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Abstract
We associate to any Lie-Rinehart algebra over
a unital commutative algebra O, for instance to
any singular foliation F ⊆ X(M) on a manifold
M , a "unique" class of negatively graded Lie
∞-algebroids ≃ NQ-manifolds. [1][2]

We show that a weak symmetry action of a
Lie algebra g on F induces a unique (up to
homotopy) Lie ∞-morphism from g to the
DGLA made of vector fields on a universal NQ-
manifold of F . [3]

Weak symmetry actions
Definition.

• A weak symmetry action of a Lie algebra g on a singular foliation F on M is a K-linear map
ϱ : g −→ X(M) that satisfies:

– ∀x ∈ g, [ϱ(x),F ] ⊆ F ,

– ∀x, y ∈ g, ϱ([x, y]g)− [ϱ(x), ϱ(y)] ∈ F .

• Two weak symmetry actions, ϱ, ϱ′ : g −→ X(M) are said to be equivalent if there exists a linear
map φ : g −→ F such that ϱ− ϱ′ = φ.

Example. Let W ⊆ Cd be an affine variety and IW ⊂ C[x1, . . . , xd] its corresponding ideal. Let
FW := IWX(Cd) be the singular foliation made of vector fields vanishing on W . Any Lie algebra
morphism ϱ : g −→ X(W ) extends to a weak symmetry action of g on FW over the ambient space
Cd. Any two such extensions are equivalent.

Background
Definition.
A dg-manifold or NQ-manifold is a positively
graded manifold (M,E, E) endowed with a
degree +1 homological vector fielda Q on E,
i.e., Q ∈ X1(E) is such that Q2 = 0.

Proposition. (T. Voronov, N. Poncin,...)
There is a one-to-one correspondence between
NQ-manifolds and negatively graded Lie
∞-algebroids over M .

aA vector field on E is a graded derivation of the
algebra of functions E. We denote by X•(E) := Der•(E)
the graded Lie algebra of vector fields on E.

A first result on Lie-Rinehart algebras, e.g singular foliations
Theorem 1. [1][2]
Let F be a Lie Rinehart algebra over an algebra O.

1. Any resolution of F by free O-modules

· · · d−→ P−3
d−→ P−2

d−→ P−1
ρ−→ F −→ 0

carries a Lie ∞-algebroid structure over F whose unary bracket is ℓ1 := d.

2. Any two of such structures are unique up to homotopy equivalence.

3. In particular, when F is a singular foliation that admits a geometric resolutiona (E,d, ρ), there
exists a NQ-manifold (E,Q) over F called "universal", whose linear part is (E,d, ρ).

ai.e., P−i = Γ(E−i), for some vector bundle E−i over M .

Application to symmetries of singular foliations
Theorem 2. [3]
Let F a be singular foliation over a smooth manifold (or an affine variety) M and ϱ : g −→ X(M) be a weak symmetry action of g on F .

1. For any universal Lie ∞-algebroid (E,Q) of F , ϱ lifts to a Lie ∞-morphism of DGLAs

Φ• : (g[1], [· , · ]g)
∞
⇝ (X•(E)[1], [· , · ], adQ) .

2. Any two such lifts are homotopy equivalent.

3. Any two such lifts of any two equivalent weak symmetry actions of g on F are homotopy equivalent.

Remark. The two first terms of the Lie-∞-morphism read

• Φ0 : g → X0(E) is such that Φ0(x)[f ] = ϱ(x)[f ], and [Q,Φ0(x)] = 0, ∀x ∈ g, f ∈ C∞(M). This morphism is not a graded Lie algebra morphism,

• but there exists a linear map Φ1 : ∧2 g → X−1(E) such that for all x, y ∈ g: Φ0([x, y]g)− [Φ0(x),Φ0(y)] = [Q,Φ1(x, y)].

An obstruction theory
Proposition. [3] Let m ∈ M be a point of M . Assume that the isotropy Lie algebra gm of F at m
is Abelian. Then, for any weak symmetry action ϱ of g on F such that

ϱ([x, y]g)− [ϱ(x), ϱ(y)] = ρ(η(x, y)) ∈ F(m), for all x, y ∈ g

1. gm is a g-module.

2. The bilinear map, η|m : ∧2 g → gm, is a Chevalley-Eilenberg 2-cocycle.

3. Its class cl(η) ∈ H2(g, gm) does not depend on the choices made in the construction.

4. Furthermore, cl(η) obstructs the existence of having a strict symmetry action equivalent to ϱ.
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