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Introduction
We introduce a notion of a homotopy momentum section
on a Lie algebroid over a pre-multisymplectic manifold. A
homotopy momentum section is a generalization of a mo-
mentum map and a momentum section on a pre-symplectic
manifold, and is also a generalization of a homotopy mo-
mentum map on a multisymplectic manifold. A gauged
nonlinear sigma model with Wess-Zumino term with Lie
algebroid gauging has this structure.
’Homotopy momentum sections on multisymplectic mani-
folds,’ Y. Hirota and NI, arXiv: 2110.12305 [math.SG]

Lie algebroids and differentials
Definition 1.1 A Lie algebroid (E, ρ, [−,−]) is a vector
bundle E over a smooth manifold M with a bundle map
ρ : E → TM called the anchor map, and a Lie bracket
[−,−] : Γ(E)× Γ(E) → Γ(E) satisfying the Leibniz rule,

[e1, fe2] = f [e1, e2] + ρ(e1)f · e2,

for ei ∈ Γ(E) and f ∈ C∞(M).

Definition 1.2 A Lie algebroid differential
Ed : Γ(∧mE∗) → Γ(∧m+1E∗) is defined by

Edα(e1, . . . , em+1)

=

m+1∑
i=1

(−1)i−1ρ(ei)α(e1, . . . , ěi, . . . , em+1)

+
∑

1≤i<j≤m+1

(−1)i+jα([ei, ej], e1, . . . , ěi, . . . , ěj, . . . , em+1),

where α ∈ Γ(∧mE∗) and ei ∈ Γ(E).

We introduce an ordinary connection on the vector bundle
E, ∇ : Γ(E) → Γ(T ∗M ⊗ E), which is a R-linear map
satisfying the Leibniz rule, ∇(fe) = f∇e + (df ) ⊗ e for
e ∈ Γ(E) and f ∈ C∞(M).

Definition 1.3 An E-connection on a vector bundle E ′ with
respect to a Lie algebroid E is a R-linear map E∇ :
Γ(E ′) → Γ(E∗ ⊗ E ′) satisfying

E∇e(fe
′) = fE∇ee

′ + (ρ(e)f )e′, (1)

for e ∈ Γ(E), e′ ∈ Γ(E ′) and f ∈ C∞(M).

If a normal connection ∇ on E is given, a (canonical)
E-connection on a tangent bundle, E∇ : Γ(TM) →
Γ(E∗ ⊗ TM) is defined by

E∇ev := Lρ(e)v + ρ(∇ve) = [ρ(e), v] + ρ(∇ve),

where e ∈ Γ(E) and v ∈ X(M).

Definition 1.4 For Ωk(M,∧mE∗) = Γ(∧kT ∗M ⊗ ∧mE∗),
the E-exterior covariant derivative Ed∇ : Ωk(M,∧mE∗) →
Ωk(M,∧m+1E∗) is defined by

Ed∇α(e1, . . . , em+1) (2)

:=

m+1∑
i=1

(−1)i−1E∇ei(α(e1, . . . , ěi, . . . , em+1))

+
∑

1≤i<j≤m+1

(−1)i+jα([ei, ej], e1, . . . , ěi, . . . , ěj, . . . , em+1),

for α ∈ Ωk(M,∧mE∗) and ei ∈ Γ(E).

Homotopy momentum sections
Definition 1.5 A pre-n-plectic manifold is a pair (M,ω),
where M is a smooth manifold and ω is a closed (n + 1)-
form on M .

We introduce a series of k-forms taking values in ∧n−kE∗,
µk ∈ Ωk(M,∧n−kE∗), where k = 0, . . . , n− 1.

Definition 1.6 A formal sum µ =
∑n−1

k=0 µk is called a ho-
motopy momentum section if µ satisfies� �

(∇ + Ed∇)µ = −
n∑

k=0

ιn+1−k
ρ ω. (3)

� �
Here, ιkρω ∈ Ωn−k(M,∧kE∗) is given by

ιkρω(vk+1, . . . , vn+1)(e1, . . . , ek)

:= ω(ρ(ek), . . . , ρ(e1), vk+1, . . . , vn+1),

for e1, . . . , ek ∈ Γ(E) and vk+1, . . . , vn+1 ∈ X(M).
Expanding the equation by form degree, Equation (3) is the
following n + 1 equations,

∇µn−1 = −ι1ρω,

∇µk−1 +
Ed∇µk = −ιn+1−k

ρ ω, (k = 1, . . . , n− 1)
Ed∇µ0 =

Edµ0 = −ιn+1ρ ω.

Example 1.7 (Momentum map on symplectic manifold)
The Lie group action on M induces an action Lie algebroid
structure on a trivial bundle E = M × g with a Lie algebra
g of G. ∇ = d with the de Rham differential d.
µ has only one component µ = µ0 ∈ C∞(M, g∗) which
is regarded as µ : M → g∗. Equation (3) reduces to two
equations,

dµ0 = −ιρω,
Edµ0 = −ι2ρω.

It is equivalent to the condition of the momentum map,

dµ0 = −ιρω, µ0([e1, e2]) = ad∗e1µ0(e2).

for e1, e2 ∈ g.

Example 1.8 (Momentum map on multisymp. manifold)
Let n ≥ 2 and (M,ω) be an n-plectic manifold with an
n-plectic form ω.
If we set µk = 0 for k = 0, . . . , n− 2, µ has only one com-
ponent, an n − 1 form µ = µn−1 ∈ Ωn−1(M, g∗). Equation
reduces to two equations,

dµn−1 = −ιρω, µn−1([e1, e2]) = ad∗e1µn−1(e2).

for e1, e2 ∈ g.

Example 1.9 (Momentum section on sympl. manifold)
Take n = 1 and a general Lie algebroid E. M is a
pre-symplectic manifold. Similar to the momentum map,
a homotopy momentum section µ is only one component
µ = µ0 ∈ Γ(E∗). Equation (3) reduces to two equations,

∇µ0 = −ιρω,
Edµ0 = −ι2ρω.

These equations are that µ0 is a momentum section on a
Lie algebroid over a pre-symplectic manifold introduced by
Blohmann and Weinstein.

Homotopy momentum map
Let (M,ω) be an n-plectic manifold. Suppose an action of
a Lie group G on M . The action of G induces the corre-
sponding infinitesimal Lie algebra action on M as vector
fields, ρ : g → TM . We have two differentials on the
space, Ωk(M,∧n−kg∗) = Ωk(M)⊗ ∧n−kg∗, d := d ⊗ 1 and
dCE := 1 ⊗ dCE where d is the de Rham differential on
Ωk(M) and dCE is the Chevalley-Eilenberg differential on
∧n−kg∗,

dCEα(e1, . . . , em+1)

=
∑

1≤i<j≤m+1

(−1)i+jα([ei, ej], e1, . . . , ěi, . . . , ěj, . . . , em+1).

Introduce µ̂ =
∑n−1

k=0 µ̂k, where µ̂k ∈ Ωk(M,∧n−kg∗) is a
k-form taking a value in ∧n−kg∗, where k = 0, . . . , n− 1.

Definition 1.10 A homotopy momentum map µ̂ is defined by

(d + dCE)µ̂ =

n∑
k=0

(−1)n−k+1ιn+1−k
ρ ω. (4)

Equivariant differential forms
Definition 1.11α ∈ Ωl(M,∧mE∗) is called equivariant
with respect to a Lie algebroid (E, ρ, [−,−]) if it satisfies

E∇eα(e1, . . . , em) =

m∑
i=1

(−1)i−1α([e, ei], e1, . . . , ěi, . . . , em),

for e, ei ∈ Γ(E).

Note: a momentum map is equivariant.
In this case, the E-exterior covariant derivative (2) becomes

Ed∇α(e1, . . . , em+1) (5)

= −
∑

1≤i<j≤m+1

(−1)i+jα([ei, ej], e1, . . . , ěi, . . . , ěj, . . . , em+1).

Let n ≥ 2. A Lie group action induces an action Lie alge-
broid structure on the trivial bundle E = M × g.
If the homotopy momentum section µ on the action Lie al-
gebroid is equivariant, Equation (5) is Ed∇ = −dCE. Thus,
the homotopy momentum section reduces to

(d− dCE)µ = −
n∑

k=0

ιn+1−k
ρ ω.

If we take µ̂k = (−1)n−k+1µk, Equation (6) coincides with
Equation (4). Therefore, we obtain the following theorem.� �
Theorem 1.12 Let n ≥ 2 and a Lie algebroid be the ac-
tion Lie algebroid E = M×g with a Lie algebra g. Then,
If the homotopy momentum section µ for the action Lie
algebroid E is equivariant, it is a homotopy momentum
map for g.� �

Gauged nonlinear sigma model with Wess-
Zumino term
Ξ is an (n + 1)-dimensional smooth manifold Ξ with n-
dimensional boundary Σ = ∂Ξ. M is a d-dimensional man-
ifold. Suppose that M is a d-dimensional pre-n-plectic Rie-
mannian manifold with a metric g. E is a Lie algebroid over
M . Let X : Ξ → M be a map from Ξ to M .
We consider a gauged nonlinear sigma model by introduc-
ing a ’connection’ D on Σ. Let A ∈ Ω1(Σ, X∗E) be a 1-
form on Σ taking a value in the pullback of E correspond-
ing to D. Moreover, introduce a connection ∇ on E and
its connection 1-form ωb

ai(x)dx
i ⊗ ea ⊗ eb. Take local co-

ordinate expressions of the anchor map and the Lie bracket
as

ρ(ea) := ρia(x)∂i, [ea, eb] := Cc
ab(x)ec.

(Covariant) gauge transformations are

δX i = ρia(X)ϵa, (6)
δAa = dϵa + Ca

bc(X)Abϵc + ωa
bi(X)ϵbDX i. (7)

Here DX i = dX i − ρia(X)Aa.
The action functional S is a so called Hull-Spence type,

SLA = Sg + SH + Sµ, (8)

where

Sg =

∫
Σ

1

2
gij(X)DX i ∧ ∗DXj

SH =

∫
Ξ

X∗H,

Sµ =

n−1∑
k=0

∫
Σ

1

k!(n− k)!
X∗µ̃

(k)
i1...ikak+1...an

dX i1 ∧ . . . ∧ dX ik

∧Aak+1 ∧ . . . ∧ Aan,

where X∗µ̃(k) is the pullback of a k-form on M taking a
value in ∧n−kE∗, µ̃(k) ∈ Ωk(M,∧n−kE∗). Requiring (8) is
invariant under gauge transformations (6) and (7), we ob-
tain geometric conditions for a metric g, H and µ̃(k).
The condition for the metric g is E∇g = 0.
For H and µ̃(k), define

µk := (−1)(k+1)...(n−1)µ̃(k),

ω(ρ(e1), . . . , ρ(ek), vk+1, . . . , vn+1)

:= (−1)n−kH(ρ(ek), . . . , ρ(e1), vk+1, . . . , vn+1),

where e1, . . . , ek ∈ Γ(E) and vk+1, . . . , vn+1 ∈ X(M).
The action functional SLA is gauge invariant iff µk satisfy
the definition of the homotopy momentum section and the
equation,

µk−1 = ιρµk,

for k = 1, . . . , n− 1. We summarize our result.� �
Proposition 1.13 We consider the n-dimensional nonlin-
ear sigma model with (n + 1)-dimensional WZ term. If
we consider gauging by a Lie algebroid, the theory has a
homotopy momentum section structure.� �


