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Introduction

We 1ntroduce a notion of a homotopy momentum section
on a Lie algebroid over a pre-multisymplectic manifold. A
homotopy momentum section 1s a generalization of a mo-
mentum map and a momentum section on a pre-symplectic
manifold, and 1s also a generalization of a homotopy mo-
mentum map on a multisymplectic manifold. A gauged
nonlinear sigma model with Wess-Zumino term with Lie
algebroid gauging has this structure.

"Homotopy momentum sections on multisymplectic mani-
folds,” Y. Hirota and NI, arXiv: 2110.12305 [math.SG]

Lie algebroids and differentials

Definition 1.1 A Lie algebroid (E,p,|—,—]) is a vector
bundle I over a smooth manifold M with a bundle map
p . B — 1M called the anchor map, and a Lie bracket
—,—| : [(F) x I'(E) — I'(F) satisfying the Leibniz rule,

1, fea] = fler, ea] + pler)f - e,

fore; e I'(E) and f € C°(M).

Definition 1.2 A Lie algebroid differential
Ed: T(AME*) — (A" E*) is defined by

Fdafey, . ..
m+1

+Z

1<i<g<m+1

where o € I'(AN"E*) and e; € T'(F).

We introduce an ordinary connection on the vector bundle
E,V :T'(F) - I'I"M ® E), which is a R-linear map
satisfying the Leibniz rule, V(fe) = fVe + (df) ® e for
ec'(E)and f € C*(M).

Definition 1.3 An E-connection on a vector bundle E' with

respect to a Lie algebroid E is a R-linear map *V
['(E') — ['(EF* ® F') satisfying

’ €m+1)

61,...,62',...,€m_|_1)

Z+J Y 5
alei, ejl, ey €yt €5y €mit),

EV(fe) = fPVee + (ple) f)e

forec I'(E), ¢ e I'(E) and f € C*(M).

If a normal connection V on £ 1s given, a (canonical)
E-connection on a tangent bundle, *V NTM) —
['(E* ® T'M) is defined by

(1)

PV = Ly + p(Vye) =

ple),v] + p(Vye),

where e € ['(E) and v € X(M).

Definition 1.4 For QF(M, \N"E*) = T(A*"T*M @ N"E*),
the E-exterior covariant derivative *dV : QF(M, N"E*) —
QF (M, N"LE*) is defined by

Edva(eh SR 6m—l—l) (2)
m—+1
— (_1)2_1Ev€z‘(&(617 7é27 76m+1))
1=1
+ Z (—1)i+j()é([€i, ej], €ly. .., é@, Cee (ij, Cee €m+1)7

I<i<y<m+1

for o € Q¥ (M, N"E*) and e; € T'(E).

Homotopy momentum sections

Definition 1.5 A pre-n-plectic manifold is a pair (M, w),
where M is a smooth manifold and w is a closed (n + 1)-
form on M.

We introduce a series of k-forms taking values in A" *E*,
. € Q5(M,A"FE*), where k = 0,...,n — 1.

Definition 1.6 A formal sum p = > 71— . is called a ho-

motopy momentum section if [ satisfies
e N
n
(V4 EdV ) = — Z LZH_kw. 3)
k=0
N /

Here, L];w c Q" F(M, A*E*) is given by

[’];w(vk—i—la R 7vn—|—1>(617 R ek)

= w(pler), - -, pler), Vhty - - Vs

fore;,...,ep € I'(F)and vp.q,..., 0,0 € X(M).
Expanding the equation by form degree, Equation (3) 1s the
following n + 1 equations,

v:un—l — _pr7
Vi1 + 5dY py = —LZ+1_kw, (k=1,...,n—1)
Edv,u() _ Ed,u() _ _L’n—l—lw

Example 1.7 (Momentum map on symplectic manifold)
The Lie group action on M induces an action Lie algebroid
structure on a trivial bundle £ = M x g with a Lie algebra
g of G. V = d with the de Rham differential d.

w has only one component | = pg € C(M, g*) which
is regarded as . M — g*. Equation (3) reduces to two
equations,

Edpg = —i’w.

At = — 1, p

It is equivalent to the condition of the momentum map,

dpo = —tpw,  puoller, e2]) = ad; poler).

for ey, es € g.

Example 1.8 (Momentum map on multisymp. manifold)
Let n > 2 and (M,w) be an n-plectic manifold with an
n-plectic form w.

If we set u. = 0fork =0,...,n— 2, uhas only one com-
ponent, ann — 1 form . = p,_ € Q" M, g*). Equation
reduces to two equations,

dptn—1 = —tw,  pnoi(ler, e2]) = adg p,-1(e2).

for ey, es € g.

Example 1.9 (Momentum section on sympl. manifold)
lake n = 1 and a general Lie algebroid E. M is a
pre-symplectic manifold. Similar to the momentum map,
a homotopy momentum section [ is only one component
= py € I'(E*). Equation (3) reduces to two equations,

Vi =

Ey, _ 2
dpo = —tw.

_pr’

These equations are that | is a momentum section on a
Lie algebroid over a pre-symplectic manifold introduced by
Blohmann and Weinstein.

Homotopy momentum map
Let (M, w) be an n-plectic manifold. Suppose an action of
a Lie group G on M. The action of G induces the corre-
sponding infinitesimal Lie algebra action on M as vector
fields, p : g — 1T'M. We have two differentials on the
space, Q¥ (M, A" Fg*) = Q¥ (M) @ A" g*,d :=d ® 1 and
d(; g = 1 ® dog where d 1s the de Rham differential on
QF(M) and dcg is the Chevalley-Eilenberg differential on
AV k o

derpales, ..., emt)
- Z (_1)Z+]&([6i7 ej]v Cly .- éia RN éj’ "t 6m—|—1)~
1<i<j<m+1

Introduce i = 7", fiy, where fiy € QF(M, A" Fg*) is a
k-form taking a value in A" *g*, where k = 0,...,n — 1.

Definition 1.10 A homotopy momentum map 11 is defined by

n

Z(_ 1)n—/<:—|—1ljz—|—1—kw.

k=0

(d+dep)fi = (4)

Equivariant differential forms
Definition 1.11« € QYM, AN™E*) is called equivariant

with respect to a Lie algebroid (E, p, |—, —|) if it satisfies
EValer, ... em) =Y (1) alle,el er... 6. em),

i=1
fore,e; € I'(E).

Note: a momentum map 1s equivariant.
In this case, the -exterior covariant derivative (2) becomes

Edv&(ela SRR 6m+1> (5)
- Z (_1)Z+]&([€i7 ej]a €1y vy €iyenns é]’ Tt €m+1>'
1<i<j<m+l1

Let n > 2. A Lie group action induces an action Lie alge-
broid structure on the trivial bundle £ = M X g.

It the homotopy momentum section 4 on the action Lie al-
gebroid is equivariant, Equation (5) is “*dY = —d¢p. Thus,
the homotopy momentum section reduces to

n

_E : n+1—Fk
Lp W.

k=0

(d—decp)p =

If we take 7i;, = (—1)""*"1;, Equation (6) coincides with
Equation (4). Therefore, we obtain the following theorem.

'Theorem 1.12 Let n > 2 and a Lie algebroid be the ac-
tion Lie algebroid F; = M x g with a Lie algebra g. Then,
If the homotopy momentum section (i for the action Lie
algebroid E' is equivariant, it is a homotopy momentum

map for g.

J

Gauged nonlinear sigma model with Wess-
Zumino term

— is an (n + 1)-dimensional smooth manifold = with n-
dimensional boundary > = 0=. M is a d-dimensional man-
ifold. Suppose that M 1is a d-dimensional pre-n-plectic Rie-
mannian manifold with a metric g. F 1s a Lie algebroid over
M. Let X : = — M be a map from = to M.

We consider a gauged nonlinear sigma model by introduc-
ing a "connection’ D on . Let A € QYX, X*E) be a 1-
form on X taking a value 1n the pullback of £ correspond-
ing to ). Moreover, introduce a connection V on £ and
its connection 1-form w’ (z)da! ® e* @ e,. Take local co-
ordinate expressions of the anchor map and the Lie bracket
as

p(ea) = /02(37)82'7

(Covariant) gauge transformations are

€a; €] = Cgyl)e.

0X' = pl(X)e",
SA" = de” + CP(X) A% + wi (X)) DX

(6)
(7)

Here DX' = d X" — p!(X)A®
The action functional S is a so called Hull-Spence type,

SLA:SQ%—SH—I—SW (8)
where
1 | |
/ —g;i(X)DX"AN*xDX’
Sy = /X H,

n—1 >

(k i i

S R Z/ l{' TL . MZl...ikak+1...andX ARERWA dX™

Aak—H A Aan

where X*i'*) is the pullback of a k-form on M taking a
value in A" *E*, olb) € QF(M, A\""*E*). Requiring (8) is
invariant under gauge transformations (6) and (7), we ob-
tain geometric conditions for a metric g, H and "

The condition for the metric g is *Vg = 0.
For H and i'¥), define

Ly = (_1)(]6%—1)(71—1)/1(]{)7
w(p(61)7 s 7p(€/€>7 Uk+1y - - - 7Un—i—1)
= (—1)”_kH(p(ek), o ple1), Vit - oo, Una),
where e1,...,¢;, € I'(F) and vgyq,..., 0001 € X(M).

The action functional S; 4 1s gauge invariant iff ;. satisfy
the definition of the homotopy momentum section and the
equation,

Mi—1 = Lo,

fork=1,...

KProposition 1.13 We consider the n-dimensional nonlin-
ear sigma model with (n + 1)-dimensional WZ term. If
we consider gauging by a Lie algebroid, the theory has a

homotopy momentum section structure.
= /

.n — 1. We summarize our result.
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