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Abstract

The Gukov-Manolescu series, denoted FK(x, q), is a conjectural invariant of knot complements that, in a sense, analytically continues the colored Jones polynomials [GM19].
In a recent paper [Par20], Sunghyuk Park uses the large color R-matrix of sl2 to study FK for some simple links, giving a definition of FK for positive braid knots and
computing FK for various knots and links. This procedure has been extended by Angus Gruen to all other Lie algebras sln+1 beyond sl2. In this work, we turn to the family
so2n of complex semisimple Lie algebras in Cartan’s classification, mainly focusing on the so8 case attracted by the three-fold symmetry in its Dynkin diagram D4.

Braiding and Large Color R-matrix

Definition 1 A link is a finite collection of smoothly embedded closed curves
S1 ⊔ · · · ⊔ S1 ↪→ M in a closed orientable 3-manifold M . A one-component link is
called a knot. A knot invariant is a quantity (e.g. a polynomial) defined on the
set of all knots, which takes the same value within every isotopy class. ◀

Proposition 2 Let V be a vector space and R ∈ Aut(V ⊗ V ) a solution (called
an R-matrix) to the Yang-Baxter equation

(R⊗ idV )(idV ⊗R)(R⊗ idV ) = (idV ⊗R)(R⊗ idV )(idV ⊗R).

Then, there exists a braid group representation ρn : Bn → Aut(V ⊗n) such that
ρn(σi) = Ri, ∀i = 1, . . . , n − 1. Closing the braid corresponds then to taking
the trace of the associated automorphism, an operation that is invariant under the
Markov moves and yields thus an invariant of knots and links. ◀

Definition 3 The Large Color R-matrix [Par20] for a complex semisimple Lie
algebra g corresponds to the Yang-Baxter solutions for specific infinite-dimensional
(Verma) modules of the quantum group Uq(g) over C(q, x) appearing naturally in
the large color limit of the r-th symmetric representations Vr, with x := qr. ◀

Remark 4 Given the Large Color R-matrix, R(x, q), one can recover the Gukov-
Manolescu series FK(x, q) in [GM19] by means of the quantum trace operation. ◀

General recipe

Definition 5 Let g be a c.ss. Lie algebra with Cartan matrix A = (aij)1≤i,j≤n

and root lengths D = diag(d1, . . . , dn), di =
1
2(αi, αi). Then, the algebra Uq(g) is

the algebra generated by {Xi, Yi, Hi}1≤i,j≤n and the relations

[Hi, Hj] = 0, [Xi, Yj] = δij
ehdiHi/2 − e−hdiHi/2

ehdi/2 − e−hdi/2
, qi = ehdi/2

[Hi, Xj] = aijXj, [Hi, Yj] = −aijYj,
◀
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The quantum integer is defined by [n] := qn−q−n

q−q−1 = q−n+1+q−n+3+· · ·+qn−3+qn−1.

Theorem 6 ([KR90; Ros91]) The universal R-matrix for Uq(g) is given by

R =
∏
α∈∆+

( ∞∑
ℓ=0

(1− q−2
α )ℓ

[ℓ]α!
q

ℓ(ℓ−1)
2

α (Eℓ
α ⊗ F ℓ

α)

)
exp

h

2

∑
i,j

BijHi ⊗Hj


where the order on ∆+ is given by the reduced decomposition w0 = ri1 · · · riν of
the longest element in the Weyl group (ri(αj) = αj − aijαi reflections). The
Eα and Fα are then given by

Eβs = Ti1 · · ·Tis−1
(Xis), Fβs = Ti1 · · ·Tis−1

(Yis), s = 1, . . . , ν,

with Ti specific automorphisms acting on the generators. Finally, qα is qdi =

e
hdi
2 for each α in the orbit of αi under the action of the Weyl group and

(Bij)1≤i,j≤n is the inverse matrix of DA = (diaij)1≤i,j≤n. ◀

Towards the so8 Large Color R-matrix

so(m,C) = {X ∈ gl(m,C) | X +X t = 0}
First cases: so2 ∼= C, so4 ∼= sl2 ⊕ sl2, so6 ∼= sl4, so8⇝ D4.

Proposition 7 The r-th symmetric representations of so8 are provided by consid-
ering the polynomial representation with generators
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acting on degree-r polynomials pr(x) :=
8∏

i=1

xαi

i ∈ C[x1, . . . , x8] =
∞⊕
r=0

Vr, where∑8
i=1αi = r. A suitable basis for Vr is given by the polynomials

pr(x) = xa11 x
r−a2
2 xa3−a1

3 xa2−a4
4 xa5−a3

5 xa4−a6−a7
6 xa7−a5

7 xa68

subject to

0 ≤ a1, a2 ≤ r, a1 ≤ a3 ≤ a3 + r, a2 − r ≤ a4 ≤ a2,

a3 ≤ a5 ≤ a3 + r, a5 ≤ a7 ≤ a5 + r, 0 ≤ a6 ≤ a4 − a7.

The generators may then be expressed as raising and lowering operators:

X1|r; a⟩ = i((r − a2)|r; a2 + 1⟩−(a3 − a1)|r; a1 + 1⟩)
X2|r; a⟩ = i((a2 − a4)|r; a4 + 1⟩−(a5 − a3)|r; a3 + 1⟩)
X3|r; a⟩ = i((a4 − a6 − a7)|r; a6 + 1⟩−(a7 − a5)|r; a5 + 1⟩)
X4|r; a⟩ = i((a4 − a6 − a7)|r; a7 + 1⟩−a6|r; a5 + 1, a6 − 1, a7 + 1⟩)

Y1|r; a⟩ = i(a1|r; a1 − 1⟩−(a2 − a4)|r; a2 − 1⟩)
Y2|r; a⟩ = i((a3 − a1)|r; a3 − 1⟩−(a4 − a6 − a7)|r; a4 − 1⟩)
Y3|r; a⟩ = i((a5 − a3)|r; a5 − 1⟩−a6|r; a6 − 1⟩)
Y4|r; a⟩ = i((a5 − a3)|r; a5 − 1, a6 + 1, a7 − 1⟩−(a7 − a5)|r; a7 − 1⟩)

Further, the resulting eigenvalues recover the symmetry in the so8 Cartan matrix:

H1 : +2(a1 + a2) −1(a3 + a4) −r
H2 : −1(a1 + a2) +2(a3 + a4) −1(a5 + a6) −1(a7)
H3 : −1(a3 + a4) +2(a5 + a6)
H4 : −1(a3 + a4) +2(a7)

◀
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