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Hermitian Geometry

Definition 1 (Hermitian Geometry - Basic Definitions)

Given a Hermitian manifold (M2n, J, g), we make the following definitions.

ω = gJ (and often g) is called pluriclosed if
√
−1∂∂ω = 0.

A metric-compatible connection ∇ on a Hermitian bundle is called Hermitian if
∇J ≡ 0.

Provided ∇ is Hermitian and the bundle holomorphic as well, we will call ∇
Chern if ∇0,1 = ∂ (on TCM equiv. torsion has no (1, 1) part).

Provided ∇ is a Hermitian connection on TCM, we call ∇ Bismut if its torsion
can be lowered to a totally anti-symmetric 3-form.

It can be shown that the Chern and Bismut connections are unique when g is
pluriclosed with torsions depending on ∂ω and ∂ω. When dω = 0, these collapse
into the Levi-Civita connection.

Gauduchon (’97) showed that a complex manifold with a pluriclosed metric
admits a distinguished, one-parameter family of Hermitian connections
determined uniquely by the Chern and Bismut connections.
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Hermitian Geometry

Definition 2 (Curvature tensor, First and Second Chern-Ricci Curvature, First
Bismut-Ricci Curvature)

On a pluriclosed, Hermitian manifold (M2n, J, g) we denote by ΩC and ΩB the
curvatures of the Chern and Bismut connections on TCM respectively.

gΩC ∈ Λ1,1 ⊗ Λ1,1 gΩB ∈ Λ2 ⊗ Λ1,1

ρC = tr ΩC ∈ Λ1,1 ρB = tr ΩB ∈ Λ2

S =
√
−1ΛωΩ

C ∈ End(TM ⊗ C) (not relevant in this paper)

*jpjorda1@uci.edu Non-Kähler Calabi-Yau Geometry and Pluriclosed Flow



Background
Bismut Hermitian-Einstein

Implications for Pluriclosed Flow

Hermitian Geometry
Holomorphic Courant Algebroids
Generalized Hermitian Metrics

Holomorphic Courant Algebroids - Basic Definitions

We will be working from the following definition, which covers the general case up to
isomorphism.

Definition 3 (Exact Holomorphic Courant Algebroid)

Given a complex manifold (M, J), τ ∈ Λ3,0+2,1, dτ = 0, we define the exact
holomorphic Courant algebroid Qτ = (T 1,0 ⊕ T∗

1,0, ∂τ , ⟨, ⟩, [, ]τ , π) where:

∂τ (X + ξ) = ∂X + ∂ξ −
√
−1τ2,1,

⟨X + ξ,Y + η⟩ = 1
2
(η(X ) + ξ(Y )),

[X + ξ,Y + η]τ = [X ,Y ] + ∂(η(X )) + iX∂η − iY ∂ξ + iY iX τ
3,0,

π : T 1,0 ⊕ T∗
1,0 → T 1,0 such that π(X + ξ) = X .

In the pluriclosed setting, τ = 2
√
−1∂ω.
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Holomorphic Courant Algebroids - Generalized Metrics

Definition 4

We call G a generalized Hermitian metric on Qτ0 provided G is a Hermitian metric on
T 1,0 ⊕ T∗

1,0 of the form

G(X + ξ,X + ξ) = g(X ,X ) + g−1(iXβ, iXβ)− 2 Im(g−1(iXβ, ξ)) + g−1(ξ, ξ).

where g is a pluriclosed Hermitian metric on T 1,0 and β ∈ Λ2,0 satisfies
τ0 − ∂ωg = dβ.

Only require τ0 − ∂ω = ∂β corresponding to a loosening of equivalence from
isomorphic as holo’c Courant algebroids to isomorphic as holomorphic, orthogonal
bundles.
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Bismut Hermitian-Einstein Metrics

Definition 5

We call a Hermitian manifold (M, J, g) Bismut Hermitian-Einstein if

ρB(g) :=
√
−1 tr ΩB

g ≡ 0

ρB is a representative of c1(M).

Reduces to ρLC = 0 in Kähler setting.

ρB = ρC + dd∗ω
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Holomorphic Courant Algebroids - Bismut’s Identity

In a 1989 paper, JM Bismut proved an identity between the Chern curvature of
T 1,0 ⊕ T∗

1,0 with a twisted holo’c structure and the Bismut curvature of TCM.

Theorem 6 (’21 Garcia-Fernandez, J, Streets; ’89 Bismut)

On (M, J, ω0) pluriclosed and given ω ∈ Λ1,1
R pluriclosed and β ∈ Λ2,0 s.t.

∂β = ∂ω0 − ∂ω. From this, we can define Q√
−1∂ω and G(ω, 0) as above. We also

define an isomorphism of vector bundles.

ψg : TCM → T 1,0 ⊕ T∗
1,0, X = X 1,0 ⊕ X 0,1 7→ X 1,0 − g(X 0,1)

Define a Hermitian connection on TCM as follows.

g(∇−
X Y ,Z) = g(∇LC ,g

X Y ,Z) +
1

2
dcω(X ,Y ,Z)

This defines a holo’c structure on TCM by (∇−)0,1 and ψg can be viewed as a
holo’c isometry ψg : (TCM, (∇−)0,1) → Q√

−1∂ω .

Denote the Chern connection on the holo’c, Herm. vector bundle (Q√
−1∂ω ,G)

by ∇G . Further, ∇G = (ψg )∗∇−, ΩG = (ψg )∗Ω−.
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Bismut Hermitian Einstein and Slope Stability of Q

Theorem 7 (’21 Garcia-Fernandez, J, Streets)

Given a pluriclosed manifold (M, J, g0) and considering the holo’c Herm. vector
bundle associated to Q√

−1∂ω0
, we define a generalized Herm. metric G = G(ω, β).

Then the Chern connection ∇G on Q√
−1∂ω0

satisfies the following equation of
endomorphisms of the underlying vector bundle of Q√

−1∂ω0
.

SG
g :=

√
−1ΛωΩ

G =
√
−1(e

√
−1β)∗

(
−g−1ρ1,1B g−1ρ0,2B g−1

ρ2,0B −ρ1,1B g−1

)

This follows from the identity ΩB(X ,Y ,Z ,W ) = Ω−(Z ,W ,X ,Y ) and tracing
Bismut’s identity ΩC ,G = (ψg )∗Ω−, it can also be verified directly by a brutal
calculation.

This statement implies that g is Bismut Hermitian-Einstein iff SG
g ≡ 0.
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Bismut Hermitian Einstein and Slope Stability of Q

Theorem 8 (’21 Garcia-Fernandez, J, Streets)

(M, J, g) a pluriclosed Hermitian manifold. Let a = [ω̃n−1] ∈ Hn−1,n−1
A , where ω̃ is

the unique Gauduchon metric in the conformal class of ω s.t.
∫
M ωn =

∫
M ω̃n. Let

Q = Q√
−1∂ω as before. If g is Bismut Hermitian-Einstein, then for every subsheaf

F ⊂ Q we must have

µa(F) =
c1(detF) · a

r
≤ 0.

Equality is obtained iff Q splits holo’cally.

This result is immediate because c1(Q) = 0 ∈ H1,1
BC (M), so µa(Q) = 0, and the

result follows from Donaldson-Uhlenbeck-Yau.

Notice ω 7→ [ω̃n−1]Aep is complicated in general, but when n = 2, the Gauduchon

criterion
√
−1∂∂ω̃n−1 = 0 is equivalent to the pluriclosed condition.
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∫
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∫
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r
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Main Theorem - The Obstruction

In what follows, we call a ∈ Hn−1,n−1
A (M) positive if there is a Gauduchon metric ω̃

s.t. a = [ω̃n−1]A.

Theorem 9 (’21 Garcia-Fernandez, J, Streets)

(M, J) connected, compact, complex manifold admitting a pluriclosed, Bismut

Hermitian-Einstein metric g . Then there exists a positive Aeppli class a ∈ Hn−1,n−1
A

s.t., for any complex manifold Z and any map f : M → Z with df surjective at one
point, one has

f ∗c1(Z) · a ≥ 0.

Further, when Z = (M, J) and f = Id, one has c1(M) · a > 0 unless g is Kähler.

Corollary 10

Taking the setup of the prior theorem, if Z has c1(Z) < 0, then M cannot admit a
pluriclosed, Bismut Hermitian-Einstein metric.
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Pluriclosed Flow

Definition 11

Given (M, J) a complex manifold, a one-parameter family (ωt , βt) ∈ Λ1,1
R ⊕ Λ2,0 is said

to be a solution to pluriclosed flow provided

∂ωt

∂t
= −ρ1,1B (ωt),

∂βt

∂t
= −ρ2,0B (ωt)

Theorem 12 (’21 Garcia-Fernandez, J, Streets)

Given (M2n, J, ωt , βt) a solution to pluriclosed flow, the associated family of
generalized Hermitian metrics Gt = G(ωt , βt) on Q√

−1∂ω0
satisfies

G−1 ∂G

∂t
= −SG

g .
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Schwarz Lemma

Theorem 13 (Classical Schwarz Lemma)

Let (E, ∂, h) → (M, J, g) be a holo’c Hermitian vector bundle over a Hermitian
manifold. Then if we have a holo’c section σ ∈ H0(M, E), it must be that

∆C
g |σ|2h = |∇C

h σ|
2
g,h + h(Sh

gσ, σ)

Corollary 14 (’21 Garcia-Fernandez, J, Streets)

Let E → (M, J, g) be a holo’c vector bundle over a Hermitian manifold. If G , G̃ are
Hermitian metrics on E, then

∆C
g trG G̃ = |Υ(G , G̃)|2

G−1,G̃
+ trG G̃((SG

g − S G̃
g )·, ·).

We use Υ(G , G̃) to mean the difference of the G and G̃ Chern connections on E.
Moreover, if Gt = G(ωt , βt) for a solution to pluriclosed flow, we get the following
useful evolution equation.(

∂

∂t
−∆C

g

)
trG G̃ = −|Υ(G , G̃)|2

G−1,G̃
+ trG G̃(S G̃

g ·, ·)
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Main Theorem - Existence and Convergence on Bismut-flat

Theorem 15 (’21 Garcia-Fernandez, J, Streets)

(M2n, J, ωF ) compact, Bismut-flat Hermitian manifold. Given ω0 pluriclosed with

[∂ω0] = [∂ωF ] ∈ H2,1

∂
the solution to pluriclosed flow with initial metric ω0 exists on

[0,∞) and converges to a Bismut-flat metric ω∞.

C0 estimate: (
∂

∂t
−∆

)
trGF

G = −|Υ(G ,GF )|2g,G−1,GF
≤ 0

C1 (similar to Calabi C3) estimate:(
∂

∂t
−∆C

g

)
|Υ(G , G̃)|2

g,G−1,G̃
= −|∇Υ|2

g,G−1,G̃
− |∇Υ+ T ·Υ|2

g,G−1,G̃
≤ 0

Parabolic Smoothing Estimate(
∂

∂t
−∆C

g

)
(t|Υ(G ,GF )|2g,G + A trGF

G) ≤ 0

A blow up argument then gives C∞ regularity. Convergence and flatness follow
from these estimates and an argument on subsequential limits.
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Main Theorem - Moduli Space of Generalized Kähler Structures

Theorem 16 (’21 Garcia-Fernandez, J, Streets)

(M2n, J, ωF ) compact, Bismut-flat Hermitian manifold. Given ω0 pluriclosed with

[∂ω0] = [∂ωF ] ∈ H2,1

∂
then the solution to generalized Kähler-Ricci flow exists on

[0,∞) and converges to a Bismut-flat structure (M, g∞, I∞, J). In particular, I is
biholomorphic to a complex structure compatible with a Bismut-flat metric.

It is known that I evolves by:

∂

∂t
I = L

θ
♯
I
−θ

♯
J

I = ρJB · σ

σ is constant along flow lines and ρJB is integrable because its information is
equivalent to the derivative of G . So you just integrate and you get your I ’s.

This completely classifies all Bismut-flat structures on e.g. the standard Hopf
surface.
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Main Theorem - Global Existence on κ ≥ 0

Theorem 17 (’21 Garcia-Fernandez, J, Streets)

Let (M4, J) be a minimal, non-Kähler, complex surface of Kodaira dimension κ ≥ 0.
Given ω0 a pluriclosed metric on M, the solution to pluriclosed flow exists on [0,∞).

Suffices to check principal T 2-bundles over Riemann surfaces π : M4 → Σ2 with
genus ≥ 1 by Kodaira classification.

If ω pluriclosed on such a manifold, then ∃ω̃ ∈ [ω] ∈ H1,1
Aep(M) which is

T 2-invariant: ω̃ = π∗ωΣ + trh µ ∧ Jµ. Here, ωΣ is Kähler on Σ, h is a metric on
t, µ+ Jµ is a Herm., principal T 2-connection.

Ω̃B = (RΣ − |Fµ|2gΣ,h)π
∗ωΣ ⊗ π∗ωΣ + h(d trωΣ Fµ, ·)⊗ π∗ωΣ

Schwarz Lemma for sections of a holo’c, Herm. bundle applied to
Φ = π∗ ◦ p : Q → T 1,0Σ where p : Q → T 1,0M estimates |Φ|2

gΣ,G
−1 = trω π∗ωΣ.(

∂

∂t
−∆g

)
trω ωΣ ≤

1

2
RΣ(trω ωΣ)

2

Earlier Schwarz Lemma to estimate trG G̃ :
(

∂
∂t

−∆g

)
trG G̃ ≤ C trG G̃ .
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Let (M4, J) be a minimal, non-Kähler, complex surface of Kodaira dimension κ ≥ 0.
Given ω0 a pluriclosed metric on M, the solution to pluriclosed flow exists on [0,∞).

Suffices to check principal T 2-bundles over Riemann surfaces π : M4 → Σ2 with
genus ≥ 1 by Kodaira classification.

If ω pluriclosed on such a manifold, then ∃ω̃ ∈ [ω] ∈ H1,1
Aep(M) which is

T 2-invariant: ω̃ = π∗ωΣ + trh µ ∧ Jµ. Here, ωΣ is Kähler on Σ, h is a metric on
t, µ+ Jµ is a Herm., principal T 2-connection.

Ω̃B = (RΣ − |Fµ|2gΣ,h)π
∗ωΣ ⊗ π∗ωΣ + h(d trωΣ Fµ, ·)⊗ π∗ωΣ

Schwarz Lemma for sections of a holo’c, Herm. bundle applied to
Φ = π∗ ◦ p : Q → T 1,0Σ where p : Q → T 1,0M estimates |Φ|2

gΣ,G
−1 = trω π∗ωΣ.(

∂

∂t
−∆g

)
trω ωΣ ≤

1

2
RΣ(trω ωΣ)

2

Earlier Schwarz Lemma to estimate trG G̃ :
(

∂
∂t

−∆g

)
trG G̃ ≤ C trG G̃ .
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