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Background Hermitian Geometry
H phic Courant
G ed Hermitian

Hermitian Geometry

D on 1 (Hermitian Geometry - Basic De ons)

Given a Hermitian manifold (M?", J, g), we make the following definitions.
e w = gJ (and often g) is called pluriclosed if /—180w = 0.

@ A metric-compatible connection V on a Hermitian bundle is called Hermitian if
VJ=0.

@ Provided V is Hgmitian and the bundle holomorphic as well, we will call V
Chern if Vo1 = 9 (on T¢M equiv. torsion has no (1,1) part).

@ Provided V is a Hermitian connection on T¢M, we call V Bismut if its torsion
can be lowered to a totally anti-symmetric 3-form.
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Hermitian Geometry

D on 1 (Herm

Given a Hermitian manifold (M?", J, g), we make the following definitions.
e w = gJ (and often g) is called pluriclosed if /—180w = 0.

@ A metric-compatible connection V on a Hermitian bundle is called Hermitian if
VJ=0.

@ Provided V is Hgmitian and the bundle holomorphic as well, we will call V
Chern if Vo1 = 9 (on T¢M equiv. torsion has no (1,1) part).

@ Provided V is a Hermitian connection on T¢M, we call V Bismut if its torsion
can be lowered to a totally anti-symmetric 3-form.

@ It can be shown that the Chern and Bismut connections are unique when g is
pluriclosed with torsions depending on dw and Ow. When dw = 0, these collapse
into the Levi-Civita connection.
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Hermitian Geometry

D on 1 (Herm

Given a Hermitian manifold (M?", J, g), we make the following definitions.
e w = gJ (and often g) is called pluriclosed if /—180w = 0.

@ A metric-compatible connection V on a Hermitian bundle is called Hermitian if
VJ=0.

@ Provided V is Hgmitian and the bundle holomorphic as well, we will call V
Chern if Vo1 = 9 (on T¢M equiv. torsion has no (1,1) part).

@ Provided V is a Hermitian connection on T¢M, we call V Bismut if its torsion
can be lowered to a totally anti-symmetric 3-form.

@ It can be shown that the Chern and Bismut connections are unique when g is
pluriclosed with torsions depending on dw and Ow. When dw = 0, these collapse
into the Levi-Civita connection.

o Gauduchon ('97) showed that a complex manifold with a pluriclosed metric
admits a distinguished, one-parameter family of Hermitian connections
determined uniquely by the Chern and Bismut connections.
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Hermitian Geometry

Definition 2 (Curvature tensor, First and Second Chern-Ricci Curvature, First
Bismut-Ricci Curvature)

On a pluriclosed, Hermitian manifold (M2, J, g) we denote by Q€ and QF the
curvatures of the Chern and Bismut connections on T¢ M respectively.

gQC c Al,l ®A1,1 gQB c /\2 ®A1,1
p¢ =1rQ¢ e AL? B =1rQB e A?
S = V—=1A,QC € End(TM ® C) (not relevant in this paper)
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Holomorphic Courant Algebroids - Basic Definitions

We will be working from the following definition, which covers the general case up to
isomorphism.
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Holomorphic Courant Algebroids - Basic Definitions

We will be working from the following definition, which covers the general case up to
isomorphism.

Definition 3 (Exact Holomorphic Courant Algebroid)

Given a complex manifold (M, J), 7 € A30t21 d7 = 0, we define the exact
holomorphic Courant algebroid Q, = (T1° @ Tl’io,a-r, )y [, 17, ) where:

Or (X + &) = 0X + 0¢ — /1721,

(X+EY +m) = 3(n(X) +&(Y)),

X+ &Y+l =[X, Y]+ 0(n(X)) + ixOn — iy + iyixT>°,
7: TH0 @ Ty — TH0 such that m(X 4 £) = X.
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Holomorphic Courant Algebroids - Basic Definitions

We will be working from the following definition, which covers the general case up to
isomorphism.

Definition 3 (Exact Holomorphic Courant Algebroid)

Given a complex manifold (M, J), 7 € A30t21 d7 = 0, we define the exact
holomorphic Courant algebroid Q, = (T1° @ Tl’io,a-r, )y [, 17, ) where:

Or (X + &) = 0X + 0¢ — /1721,

(X+EY +m) = 3(n(X) +&(Y)),

X+ &Y+l =[X, Y]+ 0(n(X)) + ixOn — iy + iyixT>°,
7: TH0 @ Ty — TH0 such that m(X 4 £) = X.

In the pluriclosed setting, 7 = 2y/—10w.
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Holomorphic Courant Algebroids - Generalized Metrics

Definition 4

We call G a generalized Hermitian metric on Q, provided G is a Hermitian metric on
T1.0 g Tl*O of the form

G(X +&X+E) = g(X,X) + g (ixB, ixB) — 2Im(g " (ix B, €)) + g 1(&, €).

where g is a pluriclosed Hermitian metric on T1:? and 3 € A2 satisfies
T0 — Owg = dp.
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Holomorphic Courant Algebroids - Generalized Metrics

Definition 4

We call G a generalized Hermitian metric on Q, provided G is a Hermitian metric on
T1.0 g Tl*O of the form

G(X +&X+E) = g(X,X) + g (ixB, ixB) — 2Im(g " (ix B, €)) + g 1(&, €).

where g is a pluriclosed Hermitian metric on T1:? and 3 € A2 satisfies
T0 — Owg = dp.

e Only require 79 — dw = O corresponding to a loosening of equivalence from
isomorphic as holo’c Courant algebroids to isomorphic as holomorphic, orthogonal
bundles.

*jpjordal@uci.edu Non-Kahler Calabi-Yau Geometry and Pluriclosed Flow



Bismut Hermitian-Einstein Metrics

Bismut's Identit

Bismut Hermitian-Einstein bilit
ili

mut Hermitian-Eir

Bismut Hermitian-Einstein

pjordal@uci.edu Non-Kahler Calabi-Yau Geometry and Pluriclosed Flow



Bismut Hermitian-Einstein Metrics

" . . . E tity
Bismut Hermitian-Einstein - !

nut Hermitian-Ein

Bismut Hermitian-Einstein Me

Definition 5

We call a Hermitian manifold (M, J, g) Bismut Hermitian-Einstein if

Be) = \/—ltngB =0
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Bismut Hermitian-Einstein Metrics

" . . . s Identity
Bismut Hermitian-Einstein Ly

ut Hermitian-Einstein

Bismut Hermitian-Einstein Metrics

Definition 5

We call a Hermitian manifold (M, J, g) Bismut Hermitian-Einstein if

Be) = \/—ltngB =0

o pB is a representative of ¢;(M).

o Reduces to pt€ = 0 in Kahler setting.

o pB = pC 4 dd*w
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Bismut Hermitian-Einstein Metrics
Bismut Hermitian-Einstein

it Hermitian-Einstein

Holomorphic Courant Algebroids - Bismut's ldentity

In a 1989 paper, JM Bismut proved an identity between the Chern curvature of
TV o T} o with a twisted holo’c structure and the Bismut curvature of TcM.
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Bismut Hermitian-Einstein Metrics

Bismut's Identity

S bili Q

Obstru to Bismut Hermitian-Einstein Metrics

Bismut Hermitian-Einstein

Holomorphic Courant Algebroids - Bismut's Identity

In a 1989 paper, JM Bismut proved an identity between the Chern curvature of
TV o T} o with a twisted holo’c structure and the Bismut curvature of TcM.

Theorem 6 ('21 Garcia-Fernandez, J, Streets; '89 Bismut)

On (M, J,wq) pluriclosed and given w € /\]%{’1 pluriclosed and B € N>0 s.t.

03 = dwo — dw. From this, we can define Q /=1, and G(w,0) as above. We also
define an isomorphism of vector bundles.

Yg: TcM = T @ T, X =X"0a X0 o X0 — g(XO1)
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Bismut Hermitian-Einstein

Holomorphic Courant Algebroids - Bismut's Identity

In a 1989 paper, JM Bismut proved an identity between the Chern curvature of
TV o T} o with a twisted holo’c structure and the Bismut curvature of TcM.

Theorem 6 ('21 Garcia-Fernandez, J, Streets; '89 Bismut)

On (M, J,wq) pluriclosed and given w € /\]%{’1 pluriclosed and B € N>0 s.t.

03 = dwo — dw. From this, we can define Q /=1, and G(w,0) as above. We also
define an isomorphism of vector bundles.

Yg: TcM = T @ T, X =X"0a X0 o X0 — g(XO1)

e Define a Hermitian connection on T¢cM as follows.
1
g(VxY.Z)=g(ViEY,Z) + Sdw(X,Y,2)

This defines a holo’c structure on TcM by (V~)%! and 1, can be viewed as a
holo’c isometry g : (TcM, (V™)%1) — Q. /=Tow-
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Bismut Hermitian-Einstein

Holomorphic Courant Algebroids - Bismut's Identity

In a 1989 paper, JM Bismut proved an identity between the Chern curvature of
TV o T} o with a twisted holo’c structure and the Bismut curvature of TcM.

Theorem 6 ('21 Garcia-Fernandez, J, Streets; '89 Bismut)

On (M, J,wq) pluriclosed and given w € /\]%{’1 pluriclosed and B € N>0 s.t.

03 = dwo — dw. From this, we can define Q /=1, and G(w,0) as above. We also
define an isomorphism of vector bundles.

Yg: TcM = T @ T, X =X"0a X0 o X0 — g(XO1)

e Define a Hermitian connection on T¢cM as follows.
1
g(VxY.Z)=g(ViEY,Z) + Sdw(X,Y,2)

This defines a holo’c structure on TcM by (V~)%! and 1, can be viewed as a
holo’c isometry g : (TcM, (V™)%1) — Q. /=Tow-

@ Denote the Chern connection on the holo’c, Herm. vector bundle (Q\/jlaw, G)
by V. Further, V¢ = (¢4)«V ™, Q° = (g)+ Q.
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Bismut Hermitian-Einstein Metrics

Bismut's Identity

Slope Stability of Q

Obstructions to Bismut Hermitian-Einstein Metrics

Bismut Hermitian Einstein and Slope Stability of O

Bismut Hermitian-Einstein

Theorem 7 ('21 Garcia-Fernandez, J, Streets)

Given a pluriclosed manifold (M, J, go) and considering the holo’c Herm. vector
bundle associated to Q\/jwwo, we define a generalized Herm. metric G = G(w, 3).

Then the Chern connection V¢ on Q V=T8wg satisfies the following equation of
endomorphisms of the underlying vector bundle of Q V=16wp"

_,—1,11 —1 0,2 _1
- ey (5 CRE)
B B
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. - ; . 's Identity
Bismut Hermitian-Einstein

Obstructions mut Hermitian-Einstein Metrics

Bismut Hermitian Einstein and Slope Stability of O

Theorem 7 ('21 Garcia-Fernandez, J, Streets)

Given a pluriclosed manifold (M, J, go) and considering the holo’c Herm. vector
bundle associated to Q\/jwwo, we define a generalized Herm. metric G = G(w, 3).

Then the Chern connection V¢ on Q V=T8wg satisfies the following equation of
endomorphisms of the underlying vector bundle of Q V=16wp"

5 =1

_,—1,11 —1 0,2 _1
SE = V-IAQC = V—1(eV~P) (768,08 & P58
P —Pp 8

e This follows from the identity QB(X, Y, Z, W) = Q~(Z, W, X, Y) and tracing

Bismut’s identity Q€6 = (1g)+S27, it can also be verified directly by a brutal
calculation.
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. - ; . 's Identity
Bismut Hermitian-Einstein

Obstructions mut Hermitian-Einstein Metrics

Bismut Hermitian Einstein and Slope Stability of O

Theorem 7 ('21 Garcia-Fernandez, J, Streets)

Given a pluriclosed manifold (M, J, go) and considering the holo’c Herm. vector
bundle associated to Q\/jwwo, we define a generalized Herm. metric G = G(w, 3).

Then the Chern connection V¢ on Q V=T8wg satisfies the following equation of
endomorphisms of the underlying vector bundle of Q V=16wp"

5 =1

_,—1,11 —1 0,2 _1
SE = V-IAQC = V—1(eV~P) (768,08 & P58
P —Pp 8

e This follows from the identity QB(X, Y, Z, W) = Q~(Z, W, X, Y) and tracing

Bismut’s identity Q€6 = (1g)+S27, it can also be verified directly by a brutal
calculation.

@ This statement implies that g is Bismut Hermitian-Einstein iff SgG =0.
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Bismut's Identity

Slope Stability of Q

Obstructions to Bismut Hermitian-Einstein Metrics

Bismut Hermitian Einstein and Slope Stability of O

Bismut Hermitian-Einstein

Theorem 8 ('21 Garcia-Fernandez, J, Streets)

(M, J,g) a pluriclosed Hermitian manifold. Let a = [&"1] € Hy """, where & is
the unique Gauduchon metric in the conformal class of w s.t. fM w" = fM @". Let

Q=9 V10w 35 before. If g is Bismut Hermitian-Einstein, then for every subsheaf
F C Q we must have

ci(det F) - a
pa(F) = % <o.

Equality is obtained iff Q splits holo’cally.
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Bismut Hermitian-Einstein

Obstructions to Bismut Hermitian-Einstein Me

Bismut Hermitian Einstein and Slope Stability of O

Theorem 8 ('21 Garcia-Fernandez, J, Streets)

(M, J,g) a pluriclosed Hermitian manifold. Let a = [&"1] € Hy """, where & is
the unique Gauduchon metric in the conformal class of w s.t. fM w" = fM @". Let
Q=9 V10w 35 before. If g is Bismut Hermitian-Einstein, then for every subsheaf
F C Q we must have

ci(det F) - a -

pa(F) = 0.

r
Equality is obtained iff Q splits holo’cally.

@ This result is immediate because ¢;(Q) =0 € H‘.13’C1(M), so 1a(Q) =0, and the
result follows from Donaldson-Uhlenbeck-Yau.
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Bismut's Identity

Slope Stability of Q

Obstructions to Bismut Hermitian-Einstein Metrics

Bismut Hermitian-Einstein

Bismut Hermitian Einstein and Slope Stability of O

Theorem 8 ('21 Garcia-Fernandez, J, Streets)

(M, J,g) a pluriclosed Hermitian manifold. Let a = [&"1] € Hy """, where & is
the unique Gauduchon metric in the conformal class of w s.t. fM w" = fM @". Let
Q=9 V10w 35 before. If g is Bismut Hermitian-Einstein, then for every subsheaf
F C Q we must have

ci(det F) - a -

pa(F) = 0.

r
Equality is obtained iff Q splits holo’cally.

@ This result is immediate because ¢;(Q) =0 € H‘.13’C1(M), so 1a(Q) =0, and the
result follows from Donaldson-Uhlenbeck-Yau.

@ Notice w — [LD"_l]Aep is complicated in general, but when n = 2, the Gauduchon
criterion v/—199&"~1 = 0 is equivalent to the pluriclosed condition.
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Bismut Hermitian-Einstein

structions to Bismut Hermitian-Einstein Metrics

Main Theorem - The Obstruction

In what follows, we call a € H3 “"~*(M) positive if there is a Gauduchon metric &

st. a=[@" " Ya.
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Bismut Hermitian-Einstein

Main Theorem - The Obstruction

In what follows, we call a € H3 “"~*(M) positive if there is a Gauduchon metric &

st. a=[@" " Ya.

Theorem 9 ('21 Garcia-Fernandez, J, Streets)

(M, J) connected, compact, complex manifold admitting a pluriclosed, Bismut
Hermitian-Einstein metric g. Then there exists a positive Aeppli class a € H/'_rl’"fl
s.t., for any complex manifold Z and any map f : M — Z with df surjective at one

point, one has
f*a(Z)-a>0.
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Bismut Hermitian-Einstein

Main Theorem - The Obstruction

In what follows, we call a € H3 “"~*(M) positive if there is a Gauduchon metric &

st. a=[@" " Ya.

Theorem 9 ('21 Garcia-Fernandez, J, Streets)

(M, J) connected, compact, complex manifold admitting a pluriclosed, Bismut
Hermitian-Einstein metric g. Then there exists a positive Aeppli class a € H/'_rl’"fl
s.t., for any complex manifold Z and any map f : M — Z with df surjective at one
point, one has

f*a(Z)-a>0.

Further, when Z = (M, J) and f = Id, one has c1(M) - a > 0 unless g is Kihler.
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Bismut Hermitian-Einstein

Obstructions to Bismut Hermitian-Einstein Metrics

Main Theorem - The Obstruction

In what follows, we call a € H3 “"~*(M) positive if there is a Gauduchon metric &
st. a=[@" " Ya.

Theorem 9 ('21 Garcia-Fernandez, J, Streets)

(M, J) connected, compact, complex manifold admitting a pluriclosed, Bismut
Hermitian-Einstein metric g. Then there exists a positive Aeppli class a € H/'_rl’"fl
s.t., for any complex manifold Z and any map f : M — Z with df surjective at one
point, one has

f*a(Z)-a>0.

Further, when Z = (M, J) and f = Id, one has c1(M) - a > 0 unless g is Kahler.

A

Corollary 10

Taking the setup of the prior theorem, if Z has c1(Z) < 0, then M cannot admit a
pluriclosed, Bismut Hermitian-Einstein metric.

.
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Implications for Pluriclosed Flow

Pluriclosed Flow

Definition 11

Given (M, J) a complex manifold, a one-parameter family (w¢, 8t) € /\]}Q’1 @ A20 is said
to be a solution to pluriclosed flow provided

Owt 11 foJer: 2.0

E = —Pp (wt), E = —Pp (wt)
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Implications for Pluriclosed Flow

Pluriclosed Flow

Definition 11

Given (M, J) a complex manifold, a one-parameter family (w¢, 8t) € /\]}Q’1 @ A20 is said
to be a solution to pluriclosed flow provided
Owt 1,1 9Pt 2,0

. — PB (wt), E = —PB (wt)

Theorem 12 ('21 Garcia-Fernandez, J, Streets)

Given (M?", J,wt, Bt) a solution to pluriclosed flow, the associated family of
generalized Hermitian metrics Gt = G(wt, Bt) on Q\/jlawo satisfies

1%_ SG

G~ = .
ot 5
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Implications for Pluriclosed Flow

Schwarz Lemma

Theorem 13 (Classical Schwarz Lemma)

Let (£,0,h) — (M, J,g) be a holo’c Hermitian vector bundle over a Hermitian
manifold. Then if we have a holo'c section o € H°(M, £), it must be that

Aglolh = IVialz 4+ h(Sgo,0)
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Schwarz Lemma

Implications for Pluriclosed Flow

Schwarz Lemma

Theorem 13 (Classical Schwarz Lemma)

Let (£,0,h) — (M, J,g) be a holo’c Hermitian vector bundle over a Hermitian
manifold. Then if we have a holo'c section o € H°(M, £), it must be that

Agloly = [VEolZ » + h(Sfo, o)

A\

Corollary 14 ('21 Garcia-Fernandez, J, Streets)

Let € — (M, J, g) be a holo’c vector bundle over a Hermitian manifold. If G, G are
Hermitian metrics on £, then

DSt G =T(G, G) s ¢ +tre G((SE — 52)- ).

We use T(G, G) to mean the difference of the G and G Chern connections on E.
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Pluriclosed Flow

Schwarz Lemma

G ence and C
Implications for Pluriclosed Flow the S

Schwarz Lemma

Theorem 13 (Classical Schwarz Lemma)

Let (£,0,h) — (M, J,g) be a holo’c Hermitian vector bundle over a Hermitian
manifold. Then if we have a holo'c section o € H°(M, £), it must be that

Agloly = [VEolZ » + h(Sfo, o)

A\

Corollary 14 ('21 Garcia-Fernandez, J, Streets)

Let € — (M, J, g) be a holo’c vector bundle over a Hermitian manifold. If G, G are
Hermitian metrics on £, then
c ~ = Zr(cG G
Ag trg G = |T(Gv G)|26717@ +trg G((sg - Sg )" )
We use T(G, G) to mean the difference of the G and G Chern connections on E.
Moreover, if Gx = G(wt, Bt) for a solution to pluriclosed flow, we get the following
useful evolution equation.

o - - - -
(E = Agc) tr¢ G = —|T(G, G) 2@-1,@ +trg G(S£+,°)
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Global Existence and Convergence on Bismut-flat Backgrounds
Contractibility of the Sp: neralized K r Structures
Global E: n Compl urf: thx >0

Implications for Pluriclosed Flow

Main Theorem - Existence and Convergence on Bismut-flat

Theorem 15 ('21 Garcia-Fernandez, J, Streets)

(M?", J,wr) compact, Bismut-flat Hermitian manifold. Given wy pluriclosed with
[Owo] = [OwE] € H%’l the solution to pluriclosed flow with initial metric wg exists on
[0, 00) and converges to a Bismut-flat metric weo .
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Implications for Pluriclosed Flow

Theorem 15 ('21 Garcia-Fernandez, J, Streets)

(M?", J,wr) compact, Bismut-flat Hermitian manifold. Given wy pluriclosed with
[Owo] = [OwE] € H%’l the solution to pluriclosed flow with initial metric wg exists on
[0, 00) and converges to a Bismut-flat metric weo .

o (Y estimate:

P
(at A) trg, G = —|T(G,Gr)P g1 6, <O
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Implications for Pluriclosed Flow

Theorem 15 ('21 Garcia-Fernandez, J, Streets)

(M?", J,wr) compact, Bismut-flat Hermitian manifold. Given wy pluriclosed with
[Owo] = [OwE] € H%’l the solution to pluriclosed flow with initial metric wg exists on
[0, 00) and converges to a Bismut-flat metric weo .

o (Y estimate:

0
(a - A) tre, G = —IT(G.Gr) ¢ 1 <0

o C! (similar to Calabi C3) estimate:

9 C ~\|2 2 AN - 2
(5= AE) TGO g1 g =—IVTE 1= [FT+T TR L, g <0
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Main Theorem - Existence and Convergence on Bismut-flat

Theorem 15 ('21 Garcia-Fernandez, J, Streets)

(M?", J,wr) compact, Bismut-flat Hermitian manifold. Given wy pluriclosed with
[Owo] = [OwE] € H%’l the solution to pluriclosed flow with initial metric wg exists on
[0, 00) and converges to a Bismut-flat metric weo .

o (Y estimate:

0
(a - A) tre, G = —IT(G.Gr) ¢ 1 <0

o C! (similar to Calabi C3) estimate:

0 c A\ (2 2 N T2
(5= AE) TGO g1 g =—IVTE 1= [FT+T TR L, g <0
o Parabolic Smoothing Estimate

0
(5~ AF) (4IT(6. G2 6 + Atre, 6) <0
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Main Theorem - Existence and Convergence on Bismut-flat

Theorem 15 ('21 Garcia-Fernandez, J, Streets)

(M?", J,wr) compact, Bismut-flat Hermitian manifold. Given wy pluriclosed with
[Owo] = [OwE] € H%’l the solution to pluriclosed flow with initial metric wg exists on
[0, 00) and converges to a Bismut-flat metric weo .

o (Y estimate:
0 2
(761’ — A) trge G = 7|T(G, GF)Ig,Gfl,GF <0

o C! (similar to Calabi C3) estimate:

9 C ~\|2 2 AN - 2
(5= AE) TGO g1 g =—IVTE 1= [FT+T TR L, g <0

o Parabolic Smoothing Estimate

0
(5~ AF) (4IT(6. G2 6 + Atre, 6) <0

o A blow up argument then gives C* regularity. Convergence and flatness follow
from these estimates and an argument on subsequential limits,
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Main Theorem - Moduli Space of Generalized Kahler Structures

Implications for Pluriclosed Flow

Theorem 16 ('21 Garcia-Fernandez, J, Streets)

(M?", J,wg) compact, Bismut-flat Hermitian manifold. Given wy pluriclosed with
[Owo] = [OwF] € H%‘l then the solution to generalized Kahler-Ricci flow exists on

[0, 00) and converges to a Bismut-flat structure (M, goo, lso, J). In particular, | is
biholomorphic to a complex structure compatible with a Bismut-flat metric.
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Main Theorem - Moduli Space of Generalized Kahler Structures

Implications for Pluriclosed Flow

Theorem 16 ('21 Garcia-Fernandez, J, Streets)

(M?", J,wg) compact, Bismut-flat Hermitian manifold. Given wy pluriclosed with
[Owo] = [OwF] € H%‘l then the solution to generalized Kahler-Ricci flow exists on

[0, 00) and converges to a Bismut-flat structure (M, goo, lso, J). In particular, | is
biholomorphic to a complex structure compatible with a Bismut-flat metric.

o It is known that / evolves by:

—I=1L l=ph-o
ot of -0 ~ B

@ o is constant along flow lines and pJB is integrable because its information is
equivalent to the derivative of G. So you just integrate and you get your ['s.
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Main Theorem - Moduli Space of Generalized Kahler Structures

Theorem 16 ('21 Garcia-Fernandez, J, Streets)

(M?", J,wg) compact, Bismut-flat Hermitian manifold. Given wy pluriclosed with
[Owo] = [OwF] € H%‘l then the solution to generalized Kahler-Ricci flow exists on

[0, 00) and converges to a Bismut-flat structure (M, goo, lso, J). In particular, | is
biholomorphic to a complex structure compatible with a Bismut-flat metric.

o It is known that / evolves by:

I=1L I=pl o
ot of -0 ~ B

@ o is constant along flow lines and pJB is integrable because its information is
equivalent to the derivative of G. So you just integrate and you get your ['s.

@ This completely classifies all Bismut-flat structures on e.g. the standard Hopf
surface.
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Main Theorem - Global Existence on x > 0

Theorem 17 ('21 Garcia-Fernandez, J, Streets)

Let (M*,J) be a minimal, non-Kahler, complex surface of Kodaira dimension x > 0.
Given wg a pluriclosed metric on M, the solution to pluriclosed flow exists on [0, 00).

o Suffices to check principal T2-bundles over Riemann surfaces 7 : M* — ¥2 with
genus > 1 by Kodaira classification.
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Global Existence on Complex Surfaces with < > 0

Main Theorem - Global Existence on x > 0

Theorem 17 ('21 Garcia-Fernandez, J, Streets)

Let (M*,J) be a minimal, non-Kahler, complex surface of Kodaira dimension x > 0.
Given wg a pluriclosed metric on M, the solution to pluriclosed flow exists on [0, 00).

o Suffices to check principal T2-bundles over Riemann surfaces 7 : M* — ¥2 with
genus > 1 by Kodaira classification.

o If w pluriclosed on such a manifold, then 3% € [w] € H}A’elp(M) which is

T2-invariant: & = w*wy + try, u A Ju. Here, ws is Kahler on X, h is a metric on
t, u + Ju is a Herm., principal T2-connection.
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Main Theorem - Global Existence on x > 0

Theorem 17 ('21 Garcia-Fernandez, J, Streets)

Let (M*,J) be a minimal, non-Kahler, complex surface of Kodaira dimension x > 0.
Given wg a pluriclosed metric on M, the solution to pluriclosed flow exists on [0, 00).

o Suffices to check principal T2-bundles over Riemann surfaces 7 : M* — ¥2 with
genus > 1 by Kodaira classification.

o If w pluriclosed on such a manifold, then 3% € [w] € H}A’elp(M) which is

T2-invariant: & = w*wy + try, u A Ju. Here, ws is Kahler on X, h is a metric on
t, u + Ju is a Herm., principal T2-connection.

o QB = (Ry — |FH\§zyh)7r*wz ® m*wy + h(dtros Fu, ) ® m*wy
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Main Theorem - Global Existence on x > 0

Theorem 17 ('21 Garcia-Fernandez, J, Streets)

Let (M*,J) be a minimal, non-Kahler, complex surface of Kodaira dimension x > 0.
Given wg a pluriclosed metric on M, the solution to pluriclosed flow exists on [0, 00).

o Suffices to check principal T2-bundles over Riemann surfaces 7 : M* — ¥2 with
genus > 1 by Kodaira classification.

o If w pluriclosed on such a manifold, then 3% € [w] € H}Aelp(M) which is

T2-invariant: & = w*wy + try, u A Ju. Here, ws is Kahler on X, h is a metric on
t, u + Ju is a Herm., principal T2-connection.

° QB*(R):—|F ‘gz p)T ws ® Trws + h(d tryy Fu, ) ® Tws

@ Schwarz Lemma for sections of a holo’c, Herm. bundle applied to
b=my0op:Q— TLOX where p: Q — T1OM estimates \d>| LGl = tr, T wy.

0 1
(a — Ag) try, wy < ER):(trw wz)z
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Main Theorem - Global Existence on x > 0

Theorem 17 ('21 Garcia-Fernandez, J, Streets)

Let (M*,J) be a minimal, non-Kahler, complex surface of Kodaira dimension x > 0.
Given wg a pluriclosed metric on M, the solution to pluriclosed flow exists on [0, 00).

o Suffices to check principal T2-bundles over Riemann surfaces 7 : M* — ¥2 with
genus > 1 by Kodaira classification.

o If w pluriclosed on such a manifold, then 3% € [w] € H}Aelp(M) which is
T2-invariant: & = w*wy + try, u A Ju. Here, ws is Kahler on X, h is a metric on
t, u + Ju is a Herm., principal T2-connection.

o 0B =(Rs — |F, ‘gz p)T ws ® Trws + h(d tryy Fu, ) ® Tws

@ Schwarz Lemma for sections of a holo’c, Herm. bundle applied to
d=m.0p:Q— THOX where p: Q — T1OM estimates \d>| .G = try, Trwy.

0 1
(a — Ag) try, wy < ER):(trw wz)z

o Earlier Schwarz Lemma to estimate tr¢ G: (% — Ag) trg G < Ctrg G.
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