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Introduction and motivation

Two perspectives on the B-field



Two perspectives on the B-field

‚ Fundamental string background field; constituent of (NSNS) SuGra.

‚ Locally: modelled by a 2-form B P Ω2pUq.

‚ Subject to gauge transformations, which are in turn subject to gauge

transformations

B ÞÑ B ` dA , A P Ω1pUq ,

A ÞÑ A` d log g , g : U Ñ Up1q .

‚ Globally:

‚ Connection on a gerbe G, or
‚ Splitting of an exact Courant algebroid E .

Goal: Understand how these perspectives differ or agree, with an eye

towards moduli spaces of SuGra solutions.
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Warm-up

Connections on principal bundles and Atiyah algebroids



Principal bundles, locally

Let M a manifold with differentiably good open covering U “ tUauaPΛ.

‚ Let G be a Lie group. A principal G-bundle on M can be given by:

P “ tgab : Uab Ñ Gua,bPΛ , gabgbc “ gac ô δg “ 1 .

‚ A morphism P Ñ P 1 is given by

tha : Ua Ñ GuaPΛ , hbg
1
ab “ gabha .

‚ This gives us a groupoid BunpU ;Gq.

‚ The gauge group of P is GaupP q “ BunpU ;GqpP, P q.

Remark: One can enhance all these constructions to encode smooth

families of bundles, connections and morphisms on U .
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Connections on principal bundles

‚ A connection on P is given by

tAa P Ω1pUa; gquaPΛ , Aa “ g´1
ab Abgab ` g

´1
ab dgab .

‚ A morphism h : pP,Aq Ñ pP 1, A1q of G-bundles with connection is

given by a morphism h : P Ñ P 1 s.t.

h´1
a A1aha ` h

´1
a dha “ Aa .

‚ This gives a groupoid Bun∇pU ;Gq with a ‘forget’ functor

Bun∇pU ;Gq ÝÑ BunpU ;Gq.

‚ Given an isomorphism h : P Ñ P 1 and a connection A on P , we obtain

a connection on P 1 via ph´1q˚A “ thaAah
´1
a ´ h´1

a dhauaPΛ.

‚ Assigning to a bundle its set of connections gives us a functor

Con: BunpU ;Gq ÝÑ Set .

In particular, this encodes the action of GaupP q on ConpP q.
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Atiyah algebroids

Let P P BunpU ;Gq.

‚ The Atiyah algebroid of P is the vector bundle AtpP q defined as

pX ` ξaq P TUa ‘ g , pX ` ξaq „ pX, g
´1
ab ξagab ` ιXg

´1
ab dgabq

It describes infinitesimal symmetries of P .

‚ Its sections carry the bracket
“

rX ` ξas, rY ` ηas
‰

“
“

rX,Y sX ` rξa, ηasg `£Xηa ´£Y ξa
‰

‚ There is a short exact sequence (SES) of vector bundles

0 AdpP q AtpP q TM 0
πP

(Courant Algebroids on Sl. 12)
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Two perspectives on moduli of connections

There is a bijection SplitpπP q – ConpP q [Atiyah].

ùñ We can equivalently study the moduli space/stack of connections

on P through:

‚ principal connections on P and gauge transformations of P , or

‚ splittings of AtpP q Ñ TM and gauge transformations of P .

Thus, the moduli space of connections on P is

MdlpP q “ ConpP q{GaupP q

– Split
`

AtpP q
˘

{GaupP q .

Note that GaupP q ‰ AutpAtpP qq!!

5 / 19



Two perspectives on moduli of connections

There is a bijection SplitpπP q – ConpP q [Atiyah].

ùñ We can equivalently study the moduli space/stack of connections

on P through:

‚ principal connections on P and gauge transformations of P , or

‚ splittings of AtpP q Ñ TM and gauge transformations of P .

Thus, the moduli space of connections on P is

MdlpP q “ ConpP q{GaupP q

– Split
`

AtpP q
˘

{GaupP q .

Note that GaupP q ‰ AutpAtpP qq!!

5 / 19



Two perspectives on moduli of connections

There is a bijection SplitpπP q – ConpP q [Atiyah].

ùñ We can equivalently study the moduli space/stack of connections

on P through:

‚ principal connections on P and gauge transformations of P , or

‚ splittings of AtpP q Ñ TM and gauge transformations of P .

Thus, the moduli space of connections on P is

MdlpP q “ ConpP q{GaupP q

– Split
`

AtpP q
˘

{GaupP q .

Note that GaupP q ‰ AutpAtpP qq!!

5 / 19



Two perspectives on moduli of connections

There is a bijection SplitpπP q – ConpP q [Atiyah].

ùñ We can equivalently study the moduli space/stack of connections

on P through:

‚ principal connections on P and gauge transformations of P , or

‚ splittings of AtpP q Ñ TM and gauge transformations of P .

Thus, the moduli space of connections on P is

MdlpP q “ ConpP q{GaupP q

– Split
`

AtpP q
˘

{GaupP q .

Note that GaupP q ‰ AutpAtpP qq!!

5 / 19



Geometric models for B-fields I

The (higher) principal bundle perspective



Gerbes

Various geometric models: certain sheaves of groupoids [Giraud; Brylinski],

bundle gerbes [Murray], maps of higher presheaves [Schreiber et al.], . . .

Here: local/Hitchin-Chatterjee gerbes (equivalent to bundle gerbes).

‚ A gerbe on M (subordinate to U) is given by a Čech 2-cocycle

G “ tgabc : Uabc Ñ Up1qua,b,cPΛ , gabcgbcd “ gabdgacd ô δg “ 1

‚ An isomorphism h : G Ñ G 1 is given by (‘twisted line bundles’)

thab : Uab Ñ Up1qua,bPΛ , pδhqabc “ g1abcg
´1
abc .

‚ Extra level: A 2-isomorphism G G 1
h

h1

ψ is given by

tψa : Ua Ñ Up1quaPΛ , h1abψa “ ψbhab .

‚ We obtain a (symmetric monoidal) 2-groupoid GrbpUq.
‚ This has π0

`

GrbpUq,b
˘

– H3pM ;Zq [Brylinski; Murray, Stevenson; Waldorf].
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Gerbes with connection

‚ A gerbe with connection is a triple pG, A,Bq, where G is a gerbe,

A “ tAab P Ω1pUabqua,bPΛ , δA “ d log g ,

B “ tBa P Ω2pUaquaPΛ , δB “ dA .

‚ A morphism pG, A,Bq Ñ pG 1, A1, B1q is a pair ph,Cq—a ‘twisted

bundle with connection’—with h : G Ñ G 1 a morphism of gerbes and

C “
 

Ca P Ω1pUa;Rq
(

aPΛ
, dCa “ B1a ´Ba ,

δC ` d log hab “ A1ab ´Aab

‚ A 2-isomorphism ψ : ph,Cq Ñ ph1, C 1q is a 2-iso ψ : hÑ h1 with

Ca “ C 1a ` d logψa

We obtain a 2-groupoid Grb∇pUq with a functor Grb∇pUq ÝÑ GrbpUq.
Relevance: Strings/SuGra, 2-bundles [R. Téllez’ talk], twisted bundles and

K-theory, functorial field theories, . . .
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The groupoid of connections on a gerbe

Definition [SB, Shahbazi]

Define ConδpGq as the fibre of Grb∇pUq Ñ GrbpUq over G.

This is a groupoid where

‚ objects are pairs pA,Bq s.t. δA “ d log g and δB “ dA,

‚ morphisms pA,Bq Ñ pA1, B1q are given by

C “
 

Ca P Ω1pUaq
(

aPΛ
, δC “ A1ab ´Aab , dCa “ B1a ´Ba .

The field strength of pA,Bq is the unique H P Ω3pMq s.t. H|Ua “ dBa.

Example: G “ I the trivial gerbe, i.e. g ” 1. Then,

π0

`

ConδpIq,b
˘

–
Ω2pMq

dΩ1pMq
, π0

`

Con5;δpIq,b
˘

– H2
dRpMq ,

π1

`

ConδpIq,b
˘

– π1

`

Conδ,5pIq,b
˘

– Ω1
clpMq ‰ 0 .

8 / 19
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Towards the gauge action: 2-groups

Definition

A 2-group is a monoidal groupoid pG,bq in which each object has

an inverse w.r.t b.

Example: pHLBunpMq,bq, the groupoid of hermitean line bundles on

M and their isomorphisms (L´1 “ L˚).

Example: GrbpUqpG,Gq

» pHLBunpMq,bq.

‚ objects: h “ thab : Uab Ñ Up1qua,bPΛ, δh “ 1,

‚ morphisms: ψ “ tψa : Ua Ñ Up1quaPΛ, δψ “ h1h´1

‚ b “ composition of gerbe morphisms, i.e. hb h1 “ thabh1abua,bPΛ.
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Gerbe connections modulo gauge

Definition

Let G P GrbpMq. The gauge 2-group of G is

GauδpGq “ GrbpUqpG,Gq »
`

HLBunpMq,b
˘

.

‚ This acts on ConδpGq and Con5;δpGq (e.g. as simplicial groups).

‚ The associated higher action groupoids, i.e. the derived/homotopy

quotients MdlδpGq “ ConδpGq{{GauδpGq satisfy

π0

`

MdlδpIq
˘

“
Ω2pMq

Ω2
cl,ZpMq

,

π1

`

MdlδpIq
˘

– π0pHLBun5pMq,bq – H1pM ; Up1qδq ,

π2

`

MdlδpIq
˘

– H0pM ; Up1qδq ,

π0

`

Mdl5,δpIq
˘

“
Ω2
clpMq

Ω2
cl,ZpMq

–
H2pM ;Rq
H2pM ;Zq

, π1, π2 unchanged

(Sl. 13) .
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Geometric models for B-fields II

The (higher) Atiyah algebroid perspective



Gerbes with connective structure

‘Forget the 2-form-part B of the connection everywhere’.

‚ A gerbe with connective structure is a pair pG, Aq, where

G P GrbpUq , A “ tAab P Ω1pUabqua,bPΛ , δA “ d log g .

‚ A morphism pG, Aq Ñ pG 1, A1q is a pair ph,Cq with h : G Ñ G 1 a
morphism of gerbes and

C “
 

Ca P Ω1pUaq
(

aPΛ
,

dCa “ B1a ´Ba

δC ` d log hab “ A1ab ´Aab

‚ A 2-isomorphism ψ : ph,Cq Ñ pC 1, h1q is a 2-iso ψ : hÑ h1 with

δC “ d logψa

This gives a 2-groupoid GrbapUq with functors

Grb∇pUq ÝÑ GrbapUq ÝÑ GrbpUq .
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From gerbes to Courant algebroids

‚ To pG, Aq P GrbapUq, we associate an exact Courant algebroid

EpG, Aq; this is glued together as [Hitchin]

pX ` ξaq P TUa ‘ Ω1pUaq , pX ` ξaq „ pX ` ξa ` ιXdAabq .

‚ It sits in a short exact sequence of vector bundles

0 T ˚M EpG, Aq TM 0 .π

‚ Interpretation of EpG, Aq from the gerbe perspective: it encodes

infinitesimal symmetries of pG, Aq; it is the (higher) Atiyah

algebroid of pG, Aq [Hitchin; Fiorenza, Rogers, Schreiber; Collier].

Proposition [SB, Shahbazi]

This extends to a functor E : hGrbpn.i.qa pUq ÝÑ ECAlgdpMq.

12 / 19



From gerbes to Courant algebroids

‚ To pG, Aq P GrbapUq, we associate an exact Courant algebroid

EpG, Aq; this is glued together as [Hitchin]

pX ` ξaq P TUa ‘ Ω1pUaq , pX ` ξaq „ pX ` ξa ` ιXdAabq .

‚ It sits in a short exact sequence of vector bundles

0 T ˚M EpG, Aq TM 0 .π

‚ Interpretation of EpG, Aq from the gerbe perspective: it encodes

infinitesimal symmetries of pG, Aq; it is the (higher) Atiyah

algebroid of pG, Aq [Hitchin; Fiorenza, Rogers, Schreiber; Collier].

Proposition [SB, Shahbazi]

This extends to a functor E : hGrbpn.i.qa pUq ÝÑ ECAlgdpMq.

12 / 19



From gerbes to Courant algebroids

‚ To pG, Aq P GrbapUq, we associate an exact Courant algebroid

EpG, Aq; this is glued together as [Hitchin]

pX ` ξaq P TUa ‘ Ω1pUaq , pX ` ξaq „ pX ` ξa ` ιXdAabq .

‚ It sits in a short exact sequence of vector bundles

0 T ˚M EpG, Aq TM 0 .π

‚ Interpretation of EpG, Aq from the gerbe perspective: it encodes

infinitesimal symmetries of pG, Aq; it is the (higher) Atiyah

algebroid of pG, Aq [Hitchin; Fiorenza, Rogers, Schreiber; Collier].

Proposition [SB, Shahbazi]

This extends to a functor E : hGrbpn.i.qa pUq ÝÑ ECAlgdpMq.

12 / 19



From gerbes to Courant algebroids

‚ To pG, Aq P GrbapUq, we associate an exact Courant algebroid

EpG, Aq; this is glued together as [Hitchin]

pX ` ξaq P TUa ‘ Ω1pUaq , pX ` ξaq „ pX ` ξa ` ιXdAabq .

‚ It sits in a short exact sequence of vector bundles

0 T ˚M EpG, Aq TM 0 .π

‚ Interpretation of EpG, Aq from the gerbe perspective: it encodes

infinitesimal symmetries of pG, Aq; it is the (higher) Atiyah

algebroid of pG, Aq [Hitchin; Fiorenza, Rogers, Schreiber; Collier].

Proposition [SB, Shahbazi]

This extends to a functor E : hGrbpn.i.qa pUq ÝÑ ECAlgdpMq.

12 / 19



B-fields from the Courant perspective

‚ In the Courant-algebroid perspective, a B-field is a splitting of π.

‚ These are related to curvings on on pG, Aq, i.e. families

B “ tBa P Ω2pUaquaPΛ s.t. pG, A,Bq is a gerbe with connection:

‚ Let ConδpG, Aq be the fibre of Grb∇pUq ÝÑ GrbapUq over pG, Aq.
This is the set of curvings on pG, Aq and

Lemma: Splittings = curvings [Hitchin]

There is a canonical bijection of splittings of π and curvings

on pG, Aq: Splitδ
`

EpG, Aq
˘

– ConδpG, Aq.

‚ Let GauδpG, Aq “ GrbapUq
`

pG, Aq, pG, Aq
˘

»
`

HLBun∇pUq,b
˘

.

‚ Want to study MdlδpG, Aq “ Splitδ
`

EpG, Aq
˘

{{GauδpG, Aq

– ConδpG, Aq{{GauδpG, Aq .
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Homotopy quotients of connections

Let G P GrbpUq with connective structure A.

We have two candidate notions of B-fields: ConδpGq and ConδpG, Aq,
resulting in higher groupoids MdlδpGq and MdlδpG, Aq of B-fields.

No-Go Theorems [SB, Shahbazi]

There is no equivalence ConδpGq » ConδpG, Aq.

There is no equivalence (of 2-groups) GauδpGq » GauδpG, Aq.

However, we have:

Theorem [SB, Shahbazi]

There is an equivalence MdlδpGq » MdlδpG, Aq.

In this sense, the two models for B-fields are equivalent!
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Key ingredients in the proof

‚ Describe the homotopy quotient as an 8-categorical colimit:

MdlδpGq “ colim8

`

˚ {{GauδpGq GrbpUq Grpd8

˘

MdlδpG, Aq “ colim8

`

˚ {{GauδpG, Aq GrbapUq Grpd8
˘

ι Conδp´q

ιa Conδp´q

Compute these 8-colimits using

‚ the classification of gerbes in terms of Deligne cohomology
[Brylinski; Waldorf; Schreiber],

‚ techniques to describe 8-categorical left Kan extensions

[Joyal; Lurie; Cisinski].

ñ The above two 8-colimits are canonically equivalent in Grpd8.
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Generalisations I: Higher gerbes

‚ An n-gerbe on M is a Čech pn`1q-cocycle g valued in Up1q.

‚ A connection on an n-gerbe consists of pA1, . . . , An`1q, with Ak
certain families of k-forms on pn`2´kq-fold intersections of patches.

‚ We have π0

`

Grbn∇pUq
˘

– Ĥn`1pM ;Zq.
‚ Write Apkq “ pA1, . . . , Akq for a partial connection on G.

An n-gerbe carries n levels of partial connection;

Grbn∇pUq Grbn∇|npUq ¨ ¨ ¨ Grbn∇|1pUq GrbnpUq .pn`1
n

pnn´1 pnn´1 p10

‚ We thus obtain homotopy quotients for each k “ 0, . . . , n,

MdlδpG,Apkqq “ ConδpG,Apkqq{{GauδpG,Apkqq .

Remark: We get rid of the dependence on U by taking the colimit over

all good coverings and their refinements.
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Generalisations II: Smooth structures

Instead of individual connections and gauge transformations, we can

consider smooth families thereof:

‚ Let Cart denote the category of all manifolds c – Rm, for any m P N0,

with all smooth maps as morphisms.

‚ Let pG,Apkqq be an n-gerbe with partial connection on M .

‚ Assign to c P Cart all families of n-gerbes on cˆM with full connection

(along the M direction) which extend pG,Apkqq.
‚ This gives ConpG,Apkqq : Cartop Ñ Grpd8 (or Set∆).

‚ Similarly, define GaupG,Apkqq : Cartop Ñ Grpd8.

This induces the moduli stack MdlpG,Apkqq : Cartop ÝÑ Grpd8.

Set H “ FunpCartop,Grpd8q; view its objects as smooth spaces.
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Generalisations III: Equivalence results

‚ Let G be an n-gerbe with partial connection Apkq.
‚ For 0 ď l ď k ď n, let Aplq be the partial connection obtained from

Apkq by forgetting part of the data.

Theorem [SB, Shahbazi]

There are canonical equivalences

MdlpG,Apkqq » MdlpG,Aplqq » MdlpGq as objects in H.

Remark: This provides n` 1 ways of studying the moduli stack of

connections on an n-gerbe!

Remark: A similar theorem holds true with gauge transformations

replaced by automorphisms which cover (certain) diffeomorphisms

of the base manifold M . [SB, Shahbazi]
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Outlook/work in progress

‚ Analytic treatment of smooth structures? At least on π0-level?

‚ Infinitesimal structure of moduli spaces; tangent L8-algebroids;

slices?

‚ Global structure of moduli spaces; topology? Should now be(come)

accessible.

‚ Applications to SuGra in non-trivial topology? Since gerbes and

B-fields are sensitive to this.

‚ . . .
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Thank you for your attention!


