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(X,w,J) closed Kahler manifold, G C U(n) compact Lie group.

group action GxX— X:(u,x)— ux

Infinitesimal action g = Lie(G) — Vect(X) : £ — V¢.
Lx:g% Txx, Lxé- = V&(X), XEX

Ve is a Hamiltonian vector field generated by He = (11,¢).

moment map e X =g

w(Lx€, X) = (du(x)x; §),
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GIT: Moment maps
(X,w,J) closed Kahler manifold, G C U(n) compact Lie group.

Hamiltonian group action GxX— X:(ux)— ux

Infinitesimal action g = Lie(G) — Vect(X) : £ — ;.
Lx:g% Txx, Lxé- = V&(X), XEX

Ve is a Hamiltonian vector field generated by He = (11,¢).

v

Equivariant moment map w:X—g*

W(LXE?) - <d,LL(X)},§>, (1)
w(Lx€, Lyn) = (u(x), [€,7])- (2)

v

= = = = =
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(X,w,J) closed Kahler manifold, G C U(n) compact Lie group.

Hamiltonian group action GxX— X:(ux)— ux

Infinitesimal action g = Lie(G) — Vect(X) : £ — ;.
Lx:g% Txx, Lxé- = V&(X), XEX
Ve is a Hamiltonian vector field generated by He = (11,¢).

Equivariant moment map w:X—g*

w(Lx€, X) = (du(x)X,€), (1)
(LX€7 fo]) < ( )7[57 f]]> (Z)J

Marsden—Weinstein quotient

X)G = u~'(0)/G
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GIT: Moment maps
(X,w,J) closed Kahler manifold, G C U(n) compact Lie group.

Hamiltonian group action GxX— X:(ux)— ux

Infinitesimal action g = Lie(G) — Vect(X) : £ — ;.
Lx:g% Txx, Lxé- = V&(X), XEX
Ve is a Hamiltonian vector field generated by He = (11,¢).

Equivariant moment map w:X—g*

w(Lx€, X) = (du(x)X,€), (1)
(fo./ fo]) < ( )7[57 f]]> (Z)J

Marsden—Weinstein quotient
X/G = u(0)/G
This is a symplectic manifold (in good cases).

= = = =
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(X,w,J) closed Kahler manifold, G C U(n) compact Lie group.

Complexified group G¢ := {exp(in)u|n € g, u € G} € GL(n,C)
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¢ is a complex Lie group.
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(X,w,J) closed Kahler manifold, G C U(n) compact Lie group.

Complexified group G¢ := {exp(in)u|n € g, u € G} € GL(n,C)

|
G " by
Take ¥ = Aut(X,J) = G acts holomorphically on (X, J).)
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(X,w,J) closed Kahler manifold, G C U(n) compact Lie group.

Complexified group G¢ := {exp(in)u|n € g, u € G} C GL(n,C)
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GIT: The complexified group 2115

(X,w,J) closed Kahler manifold, G C U(n) compact Lie group.

Complexified group G¢ := {exp(in)u|n € g, u € G} C GL(n,C)

G° LS (& +in) = Lx& + JLxn

Take ¥ = Aut(X,J) == G° acts holomorphically on (X, J).

Complex quotient

X/G°
In general, this quotient is not Hausdorff.
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(X,w,J) closed Kahler manifold, G C U(n) compact Lie group.

Complexified group G€ := {exp(in)u|n € g, u € G} C GL(n,C)

G° L3(& +in) = Lx& + JLxn

Take ¥ = Aut(X,J) = G acts holomorphically on (X, J).)

Complex quotient

XpS/GC
x € X is y-polystable <= G°(x)np'(0) # 0.

.
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(X,w,J) closed Kahler manifold, G C U(n) compact Lie group.

Complexified group G€ := {exp(in)u|n € g, u € G} C GL(n,C)

G° LS(€ +in) = Lx& + JLxn

Take ¥ = Aut(X,J) = G° acts holomorphically on (X, J)

V.

Complex quotient

XpS/GC o~ XSS/N
x € X is y-polystable <= G°(x)npu'(0) # 0.
x € X is y-semistable <= G°(x)np~'(0) # 0.
X~y <= G°(x)NG°(y)npu 1(0) # 0.

.
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(X,w,J) closed Kahler manifold, G C U(n) compact Lie group.

Complexified group G€ := {exp(in)u|n € g, u € G} C GL(n,C)

G LE(€ +in) = L& + JLyn

Take ¥ = Aut(X,J) = G acts holomorphically on (X, J).

Complex quotient = Symplectic quotient

|
| \
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(X,w,J) closed Kahler manifold, G C U(n) compact Lie group.

Complexified group G€ := {exp(in)u|n € g, u € G} C GL(n,C)

G LE(€ +in) = L& + JLyn

Take ¥ = Aut(X,J) = G acts holomorphically on (X, J).

Complex quotient = Symplectic quotient
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x € Xis py-polystable <=  G°(x) N~ '(0) # 0.
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(X,w,J) closed Kahler manifold, G C U(n) compact Lie group.

Complexified group G€ := {exp(in)u|n € g, u € G} C GL(n,C)

G LE(€ +in) = L& + JLyn

Take ¥ = Aut(X,J) = G acts holomorphically on (X, J).

Complex quotient = Symplectic quotient

XPS /G 22 X35/~ = X//G
x € Xis py-polystable <=  G°(x) N~ '(0) # 0.
x € X is y-semistable <=  G°(x )rm 1(0) # 0.
X~y = GYX)NGe(y)np(0) # 0.

GIT: Study this quotient (Mumford, Kempf, Ness, Kirwan, ...).

|
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GIT: The complexified group 2115

(X,w,J) closed Kahler manifold, G C U(n) compact Lie group.

Complexified group G€ := {exp(in)u|n € g, u € G} C GL(n,C)

G LE(€ +in) = L& + JLyn

Take ¥ = Aut(X,J) = G acts holomorphically on (X, J).

Complex quotient = Symplectic quotient

|
| \

XPS/GC =2 X5 )~ = X//G
x € Xis py-polystable <=  G°(x) N~ '(0) # 0.
x € X is y-semistable <=  G°(x )ﬂ/l, 1(0) # 0.
X~y = GYX)NGe(y)np(0) # 0.
GIT: Study this quotient (Mumford, Kempf, Ness, Kirwan, ...).
How can one characterize stability?

Dietmar Salamon Almost complex structures and Hamiltonian symplectomorphisms



GIT: The Moment—Weight inequality

v

= = =

Dietmar Salamon Almost complex structures and Hamiltonian symplectomorphisms




GIT: The Moment—Weight inequality

Mumford weights
For x € X and 0 # ¢ € g define

W (%,€) = lim (u(exp(it€)),€).

v

= = =
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GIT: The Moment—Weight inequality

Mumford weights
For x € X and 0 # ¢ € g define

W (%,€) = lim (u(exp(it€)),€).

Choose an invariant inner product on g.

v
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GIT: The Moment—Weight inequality

Mumford weights
For x € X and 0 # ¢ € g define

W (%,€) = lim (u(exp(it€)),€).

Choose an invariant inner product on g.
Theorem (Moment-weight inequality)

For every x € X we have
wp —Wu(%:9)

< 'nf Jn(gx)| (3)
oxceg €l

A

v
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GIT: The Moment—Weight inequality

Mumford weights
For x € X and 0 # ¢ € g define

W (%,€) = lim (u(exp(it€)),€).

Choose an invariant inner product on g.
Theorem (Moment-weight inequality)

For every x € X we have
sup M) < ot (o) ©
o£eeq 1€

and RHS > 0 (i.e. x is p-unstable) implies equality.

A

v
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GIT: The Moment—Weight inequality

Mumford weights
For x € X and 0 # ¢ € g define

W (%,€) = lim (u(exp(it€)),€).

Choose an invariant inner product on g.

Theorem (Moment-weight inequality)

For every x € X we have
wp —Wu(%:9)

< 'nf Jn(gx)| (3)
oxceg €l

and RHS > 0 (i.e. x is p-unstable) implies equality.

A

Proof: Kempf—Ness, Chen—-Sun, Georgoulas—Robbin-S.

v
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GIT: The Moment—Weight inequality

Mumford weights
For x € X and 0 # ¢ € g define

W (%,€) = lim (u(exp(it€)),€).

Choose an invariant inner product on g.

Theorem (Moment-weight inequality)

For every x € X we have

—Wu(X,€)

sup
ozceg €]

and RHS > 0 (i.e. x is p-unstable) implies equality.

= i Jelerd) (3)

Proof: Kempf—Ness, Chen—-Sun, Georgoulas—Robbin-S.

Corollary (Hilbert—Mumford criterion)
xis p-unstable <<  w,(x,£) <0forsome0 # ¢ € g,

i = =
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GIT: The Moment—Weight inequality

Mumford weights
For x € X and 0 # ¢ € g define

W (%,€) = lim (u(exp(it€)),€).

Choose an invariant inner product on g.

Theorem (Moment-weight inequality)

For every x € X we have

—Wu(X,€)

sup
ozceg €]

and RHS > 0 (i.e. x is p-unstable) implies equality.

= i Jelerd) (3)

Proof: Kempf—Ness, Chen—-Sun, Georgoulas—Robbin-S.

Corollary (Hilbert—Mumford criterion)

xis p-unstable <<  w,(x,£) <0forsome0 # ¢ € g,
x is p-semistable <«  w,(x,{) >0forall 0 #¢ € g.

= = =
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GIT: The Kempf—Ness function ans
The Kempf—Ness function o, :G°/G—R

R ———————————————.
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GIT: The Kempf—Ness function ans

The Kempf—Ness function o, :G°/G—R

The lifted Kempf—Ness function ¢, : G° — R is defined by

dox(9)9 = —(u(g~'x),Im(g"'9)),  ®x(u) =0
for g € TyG® and u € G.

R R RRRRRRRRRRRRRERRRRE—————————————————————...
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The Kempf—Ness function o, :G°/G—R

The lifted Kempf—Ness function ¢, : G° — R is defined by

dox(9)g = —(u(g 'x),Im(g7'g)),  Px(u) =0
for g € TyG® and u € G.
@ &, descends to G°/G (a Hadamard space).

R R RRRRRRRRRRRRRERRRRE—————————————————————...
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The Kempf—Ness function o, :G°/G—R

The lifted Kempf—Ness function ¢, : G° — R is defined by

dox(9)g = —(u(g~'x),Im(g7'9)),  Px(u) =0
for g € TyG® and u € G.
@ &, descends to G°/G (a Hadamard space).
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GIT: The Kempf—Ness function ans

The Kempf—Ness function o, :G°/G—R

The lifted Kempf—Ness function ¢, : G° — R is defined by

dox(9)9 = —(u(g~'x),Im(g"'9)),  ®x(u) =0
for g € TyG® and u € G.
@ &, descends to G°/G (a Hadamard space).
@ &, : G°/G — R is convex along geodesics.
@ w,(x,&): asymptotic slope of ¢, along t — [exp(—if¢)].

R R RRRRRRRRRRRRRERRRRE—————————————————————...
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The Kempf—Ness function o, :G°/G—R

The lifted Kempf—Ness function ¢, : G° — R is defined by

dox(9)9 = —(u(g~'x),Im(g"'9)),  ®x(u) =0
for g € TyG® and u € G.
@ &, descends to G°/G (a Hadamard space).
@ &, : G°/G — R is convex along geodesics.
@ w,(x,&): asymptotic slope of ¢, along t — [exp(—if¢)].
@ KN Thm: x is ;-semistable < &, is bounded below.
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The Kempf—Ness function o, :G°/G—R

The lifted Kempf—Ness function ¢, : G° — R is defined by

dox(9)9 = —(u(g~'x),Im(g"'9)),  ®x(u) =0
for g € TyG® and u € G.
@ &, descends to G°/G (a Hadamard space).
@ &, : G°/G — R is convex along geodesics.
@ w,(x,&): asymptotic slope of ¢, along t — [exp(—if¢)].
@ KN Thm: x is ;-semistable < &, is bounded below.

The square of the moment map fi=3u2:X—>R

R —————————————————————————————————————————
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GIT: The Kempf—Ness function ans

The Kempf—Ness function o, :G°/G—R

The lifted Kempf—Ness function ¢, : G° — R is defined by

dox(9)9 = —(u(g~'x),Im(g"'9)),  ®x(u) =0
for g € TyG® and u € G.
@ &, descends to G°/G (a Hadamard space).
@ &, : G°/G — R is convex along geodesics.
@ w,(x,&): asymptotic slope of ¢, along t — [exp(—if¢)].
@ KN Thm: x is ;-semistable < &, is bounded below.

The square of the moment map fi=3u2:X—>R

A negative gradient flow lines of f is a solutions x : R — X of
x = —JLyu(x), x(0) = xo.
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GIT: The Kempf—Ness function ans

The Kempf—Ness function o, :G°/G—R

The lifted Kempf—Ness function ¢, : G° — R is defined by

dox(9)9 = —(u(g~'x),Im(g"'9)),  ®x(u) =0
for g € TyG® and u € G.
@ &, descends to G°/G (a Hadamard space).
@ &, : G°/G — R is convex along geodesics.
@ w,(x,&): asymptotic slope of ¢, along t — [exp(—if¢)].
@ KN Thm: x is ;-semistable < &, is bounded below.

The square of the moment map fi=3u2:X—>R

A negative gradient flow lines of f is a solutions x : R — X of
x = —JLyu(x), x(0) = xo.
The solution is x(1) = g(t)~'xo, where g : R — GC satisfies
979 =1iu(g" " x0).

Dietmar Salamon Almost complex structures and Hamiltonian symplectomorphisms




GIT: The Kempf—Ness function ans

The Kempf—Ness function o, :G°/G—R

The lifted Kempf—Ness function ¢, : G° — R is defined by

dox(9)9 = —(u(g~'x),Im(g"'9)),  ®x(u) =0
for g € TyG® and u € G.
@ &, descends to G°/G (a Hadamard space).
@ &, : G°/G — R is convex along geodesics.
@ w,(x,&): asymptotic slope of ¢, along t — [exp(—if¢)].
@ KN Thm: x is ;-semistable < &, is bounded below.

The square of the moment map fi=3u2:X—>R

A negative gradient flow lines of f is a solutions x : R — X of
x = —JLyu(x), x(0) = xo.
The solution is x(t) = g(t)~'xo, where g : R — G° satisfies

979 =in(g "x0)-
This is the negative gradient flow of the Kempf—Ness function.
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Almost complex structures: The moment map

(M, w) closed symplectic 2n-manifold, p := w?"/n! volume form.
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Almost complex structures: The moment map

(M, w) closed symplectic 2n-manifold, p := w?"/n! volume form.
J(M,w) = {J € Q°(M,End(TM)) ’ J? = —1, comp with w}.
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Almost complex structures: The moment map

(M, w) closed symplectic 2n-manifold, p := w?"/n! volume form.
J(M,w) = {J € Q°(M,End(TM)) ’ J? = —1, comp with w}.
7 (M,w) is an infinite-dimensional K&hler manifold
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Almost complex structures: The moment map

(M, w) closed symplectic 2n-manifold, p := w?"/n! volume form.
J(M,w) = {J € Q°(M,End(TM)) ’ J? = —1, comp with w}.
7 (M,w) is an infinite-dimensional K&hler manifold

Ty 7(M,w) = {J € Q(M,End(TM))|JJ + JJ = 0, J = J*}
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Almost complex structures: The moment map

(M, w) closed symplectic 2n-manifold, p := w?"/n! volume form.

J(M,w) = {J € Q°(M,End(TM)) ’ J? = —1, comp with w}.

7 (M,w) is an infinite-dimensional K&hler manifold

Ty J(M,w) = {Je QO(M End(TM))|JJ+JJ 0, J= J*}
symplectlc form: QJ(J1,J2 — - fMtr J1JJ2)
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Almost complex structures: The moment map
(M, w) closed symplectic 2n-manifold, p := w?"/n! volume form.
J(M,w) = {J € Q°(M,End(TM)) ’ J? = —1, comp with w}.

7 (M,w) is an infinite-dimensional K&hler manifold

Ty #(M,w)={J € QO(M End(TM))|JJ+ JJ=0,J=J}
symplectlc form: QJ(J1,J2 — - fM tr J1 JJg)

complex structure: J o JJd
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Almost complex structures: The moment map
(M, w) closed symplectic 2n-manifold, p := w?"/n! volume form.
J(M,w) = {J € Q°(M,End(TM)) ’ J? = —1, comp with w}.

7 (M,w) is an infinite-dimensional K&hler manifold

Ty #(M,w)={J € QO(M End(TM))|JJ+ JJ=0,J=J}
symplectlc form: QJ(J1,J2 — - fM tr J1 JJg)

complex structure: J o JJd (compatible with —).
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Almost complex structures: The moment map
(M, w) closed symplectic 2n-manifold, p := w?"/n! volume form.
J(M,w) = {J € Q°(M,End(TM)) ’ J? = —1, comp with w}.

7 (M,w) is an infinite-dimensional K&hler manifold

Ty #(M,w)={J € QO(M End(TM))|JJ+ JJ=0,J=J}
symplectlc form: QJ(J1,J2 — - fM tr J1 JJg)

complex structure: J o JJd (compatible with —).

Theorem (Quillen, Fujiki, Donaldson 1997)
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Almost complex structures: The moment map
(M, w) closed symplectic 2n-manifold, p := w?"/n! volume form.
J(M,w) = {J € Q°(M,End(TM)) ’ J? = —1, comp with w}.

7 (M,w) is an infinite-dimensional K&hler manifold
T #/(M,w) = {J € Q°(M, End(TM))|JJ+ JJ=0,J=1J}

symplectlc form: QJ(J1,J2 — - fM tr J1 JJg)
complex structure: J o JJd (compatible with —).

Theorem (Quillen, Fujiki, Donaldson 1997)

The action of Ham(M,w) on _# (M, w) is Hamiltonian
with the moment map 7 (M,w) — Q3(M):J — S,, 4 — C.,.
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Almost complex structures: The moment map
(M, w) closed symplectic 2n-manifold, p := w?"/n! volume form.
J(M,w) = {J € Q°(M,End(TM)) ’ J? = —1, comp with w}.

7 (M,w) is an infinite-dimensional K&hler manifold

Ty #(M,w)={J € QO(M End(TM))|JJ+ JJ=0,J=J}
symplectlc form: QJ(J1,J2 — - fM tr J1 JJg)

complex structure: J o JJd (compatible with —).

Theorem (Quillen, Fujiki, Donaldson 1997)

The action of Ham(M,w) on _# (M, w) is Hamiltonian

with the moment map 7 (M,w) — Q3(M):J — S,, 4 — C.,.
S..u = (2Ric, s Aw"1/(n—1)!)/pis the scalar curvature.
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Almost complex structures: The moment map

(M, w) closed symplectic 2n-manifold, p := w?"/n! volume form.
J(M,w) = {J € Q°(M,End(TM)) ’ J? = —1, comp with w}.

7 (M,w) is an infinite-dimensional K&hler manifold

T) /(M w) = {Je QO(M End(TM))|JJ+ JJ=0,J=1J}
symplectlc form: QJ(J1,J2 — - fM tr J1 JJ2)

complex structure: J o JJd (compatible with —).

Theorem (Quillen, Fujiki, Donaldson 1997)

The action of Ham(M,w) on _# (M, w) is Hamiltonian
with the moment map I (M,w) — QS(M) :J S, — Co.
S..u = (2Ric, s Aw"1/(n—1)!)/pis the scalar curvature.

Moment map identities (with «(vy)w = dH, L£,J =, J + [J, VV]):
Qu(J, Ly, ) = / 5., ) Hp, (@)
Jm

Q(Lopds Lygd) = / S.J{F.Glp. (5)
M



Complex structures: analogy with GIT (Donaldson) e

[ ar | ocsoKahlergeometry
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Complex structures: analogy with GIT (Donaldson) e

[ ar | ocsoKahlergeometry

o compact Kahler mfld (X,w,J) | © (L7 (M.,w),Q,J s JJ)
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Complex structures: analogy with GIT (Donaldson) e

[ ar | ocsoKahlergeometry

@ compact Kéhler mfld (X, w, J) ° (f(M,w),Q,U — JJ)
@ compact Lie gp G, g = Lie(G) @ Ham(M,w), Q%(M)/R
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Complex structures: analogy with GIT (Donaldson) e

[ ar | ocsoKahlergeometry

o compact Kahler mfld (X,w,J) | © (L7 (M.,w),Q,J s JJ)
@ compact Lie gp G, g = Lie(G) @ Ham(M,w), Q%(M)/R
@ moment map i : X — Lie(G)* @ scalarcurvJ— S,y — G,
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Complex structures: analogy with GIT (Donaldson) e

[ ar | ocsoKahlergeometry

o compact Kahler mfld (X,w,J) | © (L7 (M.w),Q,d s JJ)
@ compact Lie gp G, g = Lie(G) @ Ham(M,w), Q%(M)/R
@ moment map i : X — Lie(G)* @ scalarcurvJ— S,y — G,

@ moment map sqrd f = }|u/? @ Calabi J — § [1,(Suu— Cu)?%r
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Complex structures: analogy with GIT (Donaldson) e

[ ar | ocsoKahlergeometry

o compact Kahler mfld (X,w,J) | © (L7 (M.,w),Q,J s JJ)
@ compact Lie gp G, g = Lie(G) @ Ham(M,w), Q%(M)/R
@ moment map i : X — Lie(G)* @ scalarcurvJ— S,y — G,

@ moment map sqrd f = }|u[? @ Calabi J — § [1,(Suy — Cu)?%r
@ gradient flow x = —JL,y(x) o gradient flow J = —JL,, J
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Complex structures: analogy with GIT (Donaldson) e

[ ar | ocsoKahlergeometry

o compact Kahler mfld (X,w,J) | © (L7 (M.w),Q,d s JJ)

@ compact Lie gp G, g = Lie(G) @ Ham(M,w), Q%(M)/R

@ moment map i : X — Lie(G)* @ scalarcurvJ— S,y — G,
°

o

°

moment map sqrd f = 3|/ @ CalabiJ — 1 [1,(S,u—cu)?%r
gradient flow x = —JLy/(x) o gradient flow J = —JL,, J
Mumford weights w,,(x, &) @ Futaki—Donaldson invariants
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Complex structures: analogy with GIT (Donaldson) e

[ ar | ocsoKahlergeometry

o compact Kahler mfld (X,w,J) | © (L7 (M.w),Q,d s JJ)

@ compact Lie gp G, g = Lie(G) @ Ham(M,w), Q%(M)/R

@ moment map . : X — Lie(G)* | @ scalarcurvJ — S, —C,

@ moment map sqrd f = J|u/? @ CalabiJ — 1 [1,(S,u—cu)?%r
@ gradient flow x = —JL,/(x) o gradient flow J = —JL,, J

@ Mumford weights w,,(x, &) @ Futaki—Donaldson invariants
@ ,-polystability @ K-polystability (YTD)
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Complex structures: analogy with GIT (Donaldson) e

[ ar | ocsoKahlergeometry

o compact Kahler mfld (X,w,J) | © (L7 (M.w),Q,d s JJ)

@ compact Lie gp G, g = Lie(G) @ Ham(M,w), Q%(M)/R

@ moment map . : X — Lie(G)* | @ scalarcurvJ — S, —C,

@ moment map sqrd f = J|u/? @ CalabiJ — 1 [1,(S,u—cu)?%r
@ gradient flow x = —JL,/(x) o gradient flow J = —JL,, J

@ Mumford weights w,,(x, &) e Futaki-Donaldson invariants
@ .-polystability @ K-polystability (YTD)

@ G°/G @ Kahler potentials .77
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Complex structures: analogy with GIT (Donaldson) e

[ ar | ocsoKahlergeometry

o compact Kahler mfld (X,w,J) | © (L7 (M.w),Q,d s JJ)

@ compact Lie gp G, g = Lie(G) @ Ham(M,w), Q%(M)/R

@ moment map . : X — Lie(G)* | @ scalarcurvJ — S, —C,

@ moment map sqrd f = J|u/? @ CalabiJ — 1 [1,(S,u—cu)?%r
@ gradient flow x = —JL,/(x) o gradient flow J = —JL,, J

@ Mumford weights w,,(x, &) e Futaki-Donaldson invariants
@ .-polystability @ K-polystability (YTD)

® G°/G @ Kahler potentials /7 > h

wh=w+ 3d(dhod) >0
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Complex structures: analogy with GIT (Donaldson) e

[ ar | ocsoKahlergeometry

o compact Kahler mfld (X,w,J) | © (L7 (M.w),Q,d s JJ)

@ compact Lie gp G, g = Lie(G) @ Ham(M,w), Q%(M)/R

@ moment map . : X — Lie(G)* | @ scalarcurvJ — S, —C,

@ moment map sqrd f = J|u/? @ CalabiJ — 1 [1,(S,u—cu)?%r

@ gradient flow x = —JL,/(x) o gradient flow J = —JL,, J

@ Mumford weights w,,(x, &) e Futaki-Donaldson invariants

@ .-polystability @ K-polystability (YTD)

® G°/G @ Kahler potentials /7 > h
wh=w+ 3d(dhod) >0

@ Kempf-Ness ¢, : G°/G — R @ Mabuchifctl .7, : 77 — R
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Complex structures: analogy with GIT (Donaldson) e

[ ar | ocsoKahlergeometry

o compact Kahler mfld (X,w,J) | © (L7 (M.w),Q,d s JJ)

@ compact Lie gp G, g = Lie(G) @ Ham(M,w), Q%(M)/R

@ moment map . : X — Lie(G)* | @ scalarcurvJ — S, —C,

@ moment map sqrd f = J|u/? @ CalabiJ — 1 [1,(S,u—cu)?%r
@ gradient flow x = —JL,/(x) o gradient flow J = —JL,, J

@ Mumford weights w,,(x, &) e Futaki-Donaldson invariants
@ .-polystability @ K-polystability (YTD)

® G°/G @ Kahler potentials /7 > h

wh=w+ 3d(dhod) >0
@ Kempf-Ness ¢, : G°/G — R @ Mabuchifetl .7, : ) — R
dox(9)g=—(ulg™'x).Im(g~'q)) | d.Ay(h)h= [}(Supy — Cu)hwp/n!
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Complex structures: analogy with GIT (Donaldson) e

[ ar | ocsoKahlergeometry

o compact Kahler mfld (X,w,J) | © (L7 (M.w),Q,d s JJ)

@ compact Lie gp G, g = Lie(G) @ Ham(M,w), Q%(M)/R

@ moment map . : X — Lie(G)* | @ scalarcurvJ — S, —C,

@ moment map sqrd f = J|u/? @ CalabiJ — 1 [1,(S,u—cu)?%r
@ gradient flow x = —JL,/(x) o gradient flow J = —JL,, J

@ Mumford weights w,,(x, &) e Futaki-Donaldson invariants
@ .-polystability @ K-polystability (YTD)

® G°/G @ Kahler potentials /7 > h

wh=w + 3d(dho J) >0

@ Kempf-Ness ¢, : G°/G — R @ Mabuchifctl .7, : ) — R

dox(9)g=—(1(g~"x),Im(g~"g)) | d.Ay(h)h= [},(S.,— Cu)hwp/n!
KN flow g='g = iu(g~'x) Calabi flow dwp = —d(dS,,, y o J)
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Complex structures: analogy with GIT (Donaldson) e

[ ar | ocsoKahlergeometry

o compact Kahler mfld (X,w,J) | © (L7 (M.w),Q,d s JJ)

@ compact Lie gp G, g = Lie(G) @ Ham(M,w), Q%(M)/R

@ moment map . : X — Lie(G)* | @ scalarcurvJ — S, —C,

@ moment map sqrd f = J|u/? @ CalabiJ — 1 [1,(S,u—cu)?%r
@ gradient flow x = —JL,/(x) o gradient flow J = —JL,, J

@ Mumford weights w,,(x, &) e Futaki-Donaldson invariants
@ .-polystability @ K-polystability (YTD)

® G°/G @ Kahler potentials /7 > h

wh=w+ 3d(dho J) >0

@ Kempf-Ness ¢, : G°/G — R @ Mabuchifctl .7, : 77 — R

dx(9)g=—(u(g™'x).Im(g™'q)) | d.ats(h)h= [},(Su,u — Cu)Pl/0!
KN flow g~ 'g = iu(g~"x) Calabi flow diwp = —d(dS,, y o J)

@ Hilbert—Mumford criterion @ YTD conjecture.
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Complex structures: analogy with GIT (Donaldson) e

[ ar | ocsoKahlergeometry

compact Kahler mfld (X, w, J)
compact Lie gp G, g = Lie(G)

moment map sqrd f = } ||
gradient flow x = —JLyu(x)
Mumford weights w,,(x, &)
p-polystability

G°/G

@ Kempf-Ness ¢, : G°/G — R

dox(9)9=—(u(g™"'x),Im(g~'9))
KN flow g~ 'g = iu(g~'x)

@ Hilbert—Mumford criterion

Dietmar Salamon

moment map . : X — Lie(G)*

o (7 (M,w),Q,Jdw— JJ)
@ Ham(M,w), Q°(M)/R
@ scalarcurvJ— S,y — G,

n

@ Calabi J — J [1,(Suy—Cu)?%;

fJEVSwJ

@ Futaki-Donaldson invariants

@ K-polystability (YTD)

@ Kahler potentials .77 > h
wh=w+ 3d(dhod) >0

@ Mabuchifetl .7, : ) — R

d.y(hyh = [1,(Suyu — Co)hull/n!
Calabi ﬂOW Otwh = —d(dSwh J O J)

@ YTD conjecture Fano: Thm

@ gradient flow J =

Almost complex structures and Hamlltonlan symplectomorphlsms



Almost complex structures: exact isotopy
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Almost complex structures: exact isotopy

Lie(Ham(M,w)) = Qg(l\/l),
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Almost complex structures: exact isotopy

Lie(Ham(M,w)) = Q9(M), complexified Lie algebra: Q9(M, C).
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Almost complex structures: exact isotopy

Lie(Ham(M,w)) = Q9(M), complexified Lie algebra: Q9(M, C).
There is no complexified Lie group!
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Almost complex structures: exact isotopy

Lie(Ham(M,w)) = Q9(M), complexified Lie algebra: Q9(M, C).
There is no complexified Lie group! However, there is an
infinitesimal action of the complex Lie algebra Q?,(I\/I, C) on the
space 7 (M,w)

Dietmar Salamon Almost complex structures and Hamiltonian symplectomorphisms



Almost complex structures: exact isotopy

Lie(Ham(M,w)) = Q9(M), complexified Lie algebra: Q9(M, C).
There is no complexified Lie group! However, there is an
infinitesimal action of the complex Lie algebra Q?,(I\/I, C) on the

space 7 (M,w) via the operators L, : Q4(M,C) — T, 7 (M, w),
LJ(F + iG) = ‘CVFJ + J‘CVGJ'
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Almost complex structures: exact isotopy

Lie(Ham(M,w)) = Q9(M), complexified Lie algebra: Q9(M, C).
There is no complexified Lie group! However, there is an
infinitesimal action of the complex Lie algebra Q?,(I\/I, C) on the

space 7 (M,w) via the operators L, : Q4(M,C) — T, 7 (M, w),
LJ(F + iG) = ‘CVFJ + J‘CVGJ'
Definition (Exact isotopy)

J,J € 7(M,w) are called exact isotopic iff there exists a path
[0,1] = #Z(M,w) x Q%(M,C) : t — (J;, F; + iG;) such that

Ot = Ly, i + JtLg, Ji (6)

for0<t<tandJy=4J, J; =.

.
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Almost complex structures: exact isotopy

Lie(Ham(M,w)) = Q9(M), complexified Lie algebra: Q9(M, C).
There is no complexified Lie group! However, there is an
infinitesimal action of the complex Lie algebra Q?,(I\/I, C) on the

space 7 (M,w) via the operators L, : Q4(M,C) — T, 7 (M, w),
LJ(F + iG) = ‘CVFJ + J‘CVGJ'
Definition (Exact isotopy)

J,J € 7(M,w) are called exact isotopic iff there exists a path
[0,1] = #Z(M,w) x Q%(M,C) : t — (J;, F; + iG;) such that

Ot = Ly, i + JtLg, Ji (6)

for0<t<tandJy=4J, J; =.

.

Exact isotopy defines an equivalence relation on 7 (M, w).
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Almost complex structures: exact isotopy

Lie(Ham(M,w)) = Q9(M), complexified Lie algebra: Q9(M, C).
There is no complexified Lie group! However, there is an
infinitesimal action of the complex Lie algebra Q?,(I\/I, C) on the

space 7 (M,w) via the operators L, : Q4(M,C) — T, 7 (M, w),
LJ(F + iG) = ‘CVFJ + J‘CVGJ'
Definition (Exact isotopy)

J,J € 7(M,w) are called exact isotopic iff there exists a path
[0,1] = #Z(M,w) x Q%(M,C) : t — (J;, F; + iG;) such that

Ot = Ly, i + JtLg, Ji (6)

for0<t<tandJy=4J, J; =.

.

Exact isotopy defines an equivalence relation on 7 (M, w).
Denote the equivalence class of J € ¢ (M, w) by

G°(J):={J € F(M,w)|J is exact isotopic to J } .



Three Conjectures 815
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Three Conjectures

(A consequence of) The Uniqueness Conjecture (U)

Given a function t — F; + iG;, equation (6) has at most one
solution t — J; for each initial condition Jy = J.

A
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Three Conjectures 815

(A consequence of) The Uniqueness Conjecture (U)

Given a function t — F; + iG;, equation (6) has at most one
solution t — J; for each initial condition Jy = J.

The Existence Conjecture (E)

For every pair (J, G) there exists a solution t — (J;, F; + iG;) of
equation (6) such that J, = J and Gy = G.

M —
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Three Conjectures 815

(A consequence of) The Uniqueness Conjecture (U)

Given a function t — F; + iG;, equation (6) has at most one
solution t — J; for each initial condition Jy = J.

The Existence Conjecture (E)

For every pair (J, G) there exists a solution t — (J;, F; + iG;) of
equation (6) such that J, = J and Gy = G.

For each J ¢ ¢ (M, w) the space
gy =ker(Ly) = {F+iG e QS(M, C)| Lv.d +JLygd = 0}
is a finite-dim’l Lie algebra with the complex Poisson bracket.

M —
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Three Conjectures 815

(A consequence of) The Uniqueness Conjecture (U)

Given a function t — F; + iG;, equation (6) has at most one
solution t — J; for each initial condition Jy = J.

The Existence Conjecture (E)

For every pair (J, G) there exists a solution t — (J;, F; + iG;) of
equation (6) such that J, = J and Gy = G.

v

For each J ¢ ¢ (M, w) the space

gy =ker(Ly) = {F+iG e QS(M, C)| Lv.d +JLygd = 0}
is a finite-dim’l Lie algebra with the complex Poisson bracket.
The Dimension Conjecture (D)

If J,J' € #(M,w) are exact isotopic, then dim(g,) = dim(g).
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Three Conjectures 815

(A consequence of) The Uniqueness Conjecture (U)

Given a function t — F; + iG;, equation (6) has at most one
solution t — J; for each initial condition Jy = J.

The Existence Conjecture (E)

For every pair (J, G) there exists a solution t — (J;, F; + iG;) of
equation (6) such that J, = J and Gy = G.

v

For each J ¢ ¢ (M, w) the space
gy =ker(Ly) = {F+iG e QS(M, C)| Lv.d +JLygd = 0}
is a finite-dim’l Lie algebra with the complex Poisson bracket.

The Dimension Conjecture (D)

If J,J' € #(M,w) are exact isotopic, then dim(g,) = dim(g).

Remark: Conjectures (E) and (D) hold in the integrable case.
Conjecture (U) holds when F; = 0 and G; is independent of ¢.
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Three Conjectures 815

(A consequence of) The Uniqueness Conjecture (U)

Given a function t — F; + iG;, equation (6) has at most one
solution t — J; for each initial condition Jy = J.

The Existence Conjecture (E)

For every pair (J, G) there exists a solution t — (J;, F; + iG;) of
equation (6) such that J, = J and Gy = G.

v

For each J ¢ ¢ (M, w) the space
gy =ker(Ly) = {F+iG e QS(M, C)| Lv.d +JLygd = 0}
is a finite-dim’l Lie algebra with the complex Poisson bracket.

The Dimension Conjecture (D)
If J,J' € #(M,w) are exact isotopic, then dim(g,) = dim(g).

Remark: Conjectures (E) and (D) hold in the integrable case.
Conjecture (U) holds when F; = 0 and G; is independent of ¢.
Standing Hypothesis: From now on assume (U), (E), (D).
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A Frobenius type Theorem o5

=) 7= = =
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A Frobenius type Theorem o5

Theorem 1 (assuming (U) and (D)).

Let (s, t) — (Jst, Fst +1Gst) and t — H; + iK; be smooth maps
satisfying the equations 0;Jy ; = .CVH’ Jo,t + JOJEVKt Jo,r and

Osd = Lyd +JLyGJ. (7)
Then there exists a unique smooth map (s, t) — Hs; + iKs; such
that Ho.t + 1Kot = Hi +iK; and

atJ S ‘CVHJ_'_JEVKJa (8)
O(F +iG) = 9s(H+IK)+ {F+iG H+iK}.  (9)

v

v

7= = =
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A Frobenius type Theorem o5

Theorem 1 (assuming (U) and (D)).
Let (s, t) — (Jst, Fst +1Gst) and t — H; + iK; be smooth maps
satisfying the equations 0;Jy ; = .CVH’ Jo,t + JoJﬁVKt Jo,r and
Osd = Lyd +JLyGJ. (7)
Then there exists a unique smooth map (s, t) — Hs; + iKs; such
that Hoj < iKO’[ = H; +iK; and
atJ S ‘CVHJ + JEVKJ, (8)
O(F+iG) = 0s(H+iK)+{F+iG,H+iK}. (9),
If J,J' € 7(M,w) are exact isotopic, then g, and g are
isomorphic as complex Lie algebras.

v
= = = =
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A Frobenius type Theorem o5

Theorem 1 (assuming (U) and (D)).

Let (s, t) — (Jst, Fst +1Gst) and t — H; + iK; be smooth maps
satisfying the equations 0;Jy ; = .CVH’ Jo,t + JOJEVKt Jo,r and

s = Lypd + Ly J. (7)

Then there exists a unique smooth map (s, t) — Hs; + iKs; such
that Ho.t + 1Kot = Hi +iK; and

atJ S ‘CVHJ_'_JEVKJa (8)
O(F +iG) = 9s(H+IK)+ {F+iG H+iK}.  (9)

i

If J,J' € 7(M,w) are exact isotopic, then g, and g are
isomorphic as complex Lie algebras.

Theorem 1 with J, F +iG, H + iK mdependent of t




An infinite-dimensional symmetric space
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An infinite-dimensional symmetric space

Let o € #(M,w). Assume g , = 0 and that Ham(M, w) acts
freely on ¥°(Jp).
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An infinite-dimensional symmetric space

Let o € #(M,w). Assume g , = 0 and that Ham(M, w) acts
freely on ¥¢(Jp). Define the quotient space

A = 9°(Jp)/Ham(M, w).
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An infinite-dimensional symmetric space

Let o € #(M,w). Assume g , = 0 and that Ham(M, w) acts
freely on ¥¢(Jp). Define the quotient space

A = 9°(Jp)/Ham(M, w).

Its tangent space at p = [J] € 7 is the quotient space
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An infinite-dimensional symmetric space

Let Jy € 7 (M.w). Assume g , = 0 and that Ham(M, w) acts
freely on ¥¢(Jp). Define the quotient space

A = 9°(Jp)/Ham(M, w).
Its tangent space at p = [J] € 7 is the quotient space

o $Lwd +ILGI|F G e QM)
o {LvJ|F e QO(M)}
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An infinite-dimensional symmetric space

Let Jy € 7 (M.w). Assume g , = 0 and that Ham(M, w) acts
freely on ¥¢(Jp). Define the quotient space

A = 9°(Jp)/Ham(M, w).
Its tangent space at p = [J] € 7 is the quotient space
T = {Ly:d + JEVGJ| F,Ge QB(M)}
{LVFJ| F e Qg(M)}
Here 1 : Q)(M) — Tpo7 is the isomorphism
tp(G) = [JLyJ].

Lp
~ 00
= QO(M).
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An infinite-dimensional symmetric space

Let Jy € 7 (M.w). Assume g , = 0 and that Ham(M, w) acts
freely on ¥¢(Jp). Define the quotient space

A = 9°(Jp)/Ham(M, w).
Its tangent space at p = [J] € 7 is the quotient space
{LVFJ+ JEVGJ| F, G € QO(M)} tp
Tt = £ = QO(Mm).
P (L, J|F e QO(M)} p
Here ¢, QS(M) — Tp7 is the isomorphism
1p(G) = [JLy,J].

A Riemannian metric on
Forp=[J] € 2 and v = 1,(G) € TpsZ (with [,, Gp = 0) define

Ivii=y/ [ e
JM
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2 is an infinite-dimensional symmetric space with nonpositive
sectional curvature.

A,
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A generalized Mabuchi functional 1115

2 is an infinite-dimensional symmetric space with nonpositive
sectional curvature.

Proof of Theorem 2 (based on Theorem 1):
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A generalized Mabuchi functional 1115

2 is an infinite-dimensional symmetric space with nonpositive
sectional curvature.

Proof of Theorem 2 (based on Theorem 1):

1: Acurve t — [Ji] € 77 is a geodesic if and only if
Opdt = ﬁthJt = JtﬁthJt, 0:Gy + {Ft, Gt} =0. (10)
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A generalized Mabuchi functional 1115

2 is an infinite-dimensional symmetric space with nonpositive
sectional curvature.

Proof of Theorem 2 (based on Theorem 1):

1: Acurve t — [Ji] € 77 is a geodesic if and only if
Opdt = ﬁthJt = JtﬁthJt, 0:Gy + {Ft, Gt} =0. (10)

2: The Riemann curvature tensor on .77 is given by
Ro(v1, v2)vs = 1p({{G1, G2}, Gs}) (11)
forp=[J] € 7 and v; = 1p(G;) € TpH.

<
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A generalized Mabuchi functional 1115

2 is an infinite-dimensional symmetric space with nonpositive
sectional curvature.

Proof of Theorem 2 (based on Theorem 1):

1: Acurve t — [Ji] € 77 is a geodesic if and only if
Opdt = ﬁthJt = JtﬁthJt, 0:Gy + {Ft, Gt} =0. (10)

2: The Riemann curvature tensor on .77 is given by
Ro(v1, v2)vs = 1p({{G1, G2}, Gs}) (11)
forp=[J] € 7 and v; = 1p(G;) € TpH.

- __________________________________________________________________________J¢
Theorem 3 (The generalized Mabuchi functional)
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A generalized Mabuchi functional 1115

2 is an infinite-dimensional symmetric space with nonpositive
sectional curvature.

Proof of Theorem 2 (based on Theorem 1):

1: Acurve t — [Ji] € 77 is a geodesic if and only if
Opdt = ﬁthJt = JtﬁthJt, 0:Gy + {Ft, Gt} =0. (10)

2: The Riemann curvature tensor on .77 is given by
Ro(v1, v2)vs = 1p({{G1, G2}, Gs}) (11)
forp=[J] € 7 and v; = 1p(G;) € TpH.

Theorem 3 (The generalized Mabuchi functional)

There exists a unique functional .7 : ' — R such that
A ([bh]) =0and, forp=[J] € 7 and v = 1p(G) € TpH,

d.4/(p)v = /M (Su — o) Gp. (12)
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A generalized Mabuchi functional 1115

2 is an infinite-dimensional symmetric space with nonpositive
sectional curvature.

Proof of Theorem 2 (based on Theorem 1):
1: Acurve t — [Ji] € 77 is a geodesic if and only if
Opdt = ﬁthJt = JtﬁthJt, 0:Gy + {Ft, Gt} =0. (10)

2: The Riemann curvature tensor on .77 is given by
Ro(v1, v2)vs = 1p({{G1, G2}, Gs}) (11)
forp=[J] € 7 and v; = 1p(G;) € TpH.

Theorem 3 (The generalized Mabuchi functional)

There exists a unique functional .7 : ' — R such that
A ([bh]) =0and, forp=[J] € 7 and v = 1p(G) € TpH,

d.4/(p)v = /M (Su — o) Gp. (12)

This functional is convex along geodesics.
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Proof of Theorem 3 1215

Choose J, F, G, H,K as in Theorem 1 with Jy ; = J, J1 s = J'.
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Proof of Theorem 3 1215

Choose J, F, G, H,K as in Theorem 1 with Jy ; = J, Ji s = J'. Then

G ({Jst}s) 12// L(J. )G + 8, 401G p s

Q/O /M(s (J,01)G + 8.4 (05K + {F. K} + {G, H}) ) p s

@) 1

N|—

/ / (O I(Lse)) — tr((Ds) (L)) ) p O
+/0 /MSM,J({F7K}+{G,H});)ds
L /O 1 /A‘J(SW,J{G, HY 4 3t6((Ly,d + ILue)I(Led)) ) O

+/0'1/M(sw,J{F, K}—%tr((ﬁVFJ+JL',VGJ)J(EVKJ))>pdS
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V.
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Question 1 (Mo t-weight inequality)

V.
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Three questions

Question 1 (Moment-weight inequality)
Let J € 7(M,w)and let H € Q°(M) such that [,, Hp = 0.

.

.

V.

= = =
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Three questions

Question 1 (Moment-weight inequality)

Let J € 7(M,w)and let H € Q°(M) such that [,, Hp = 0.
Suppose that the equation 0;J; = J;Ly,,J;, Jy = J, has a solution
t—Jdire F(M,w)for0 <t < oo.

.

.

V.
= = =
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Three questions

Question 1 (Moment-weight inequality)

Let J € 7(M,w)and let H € Q°(M) such that [,, Hp = 0.
Suppose that the equation 0;J; = J;Ly,,J;, Jy = J, has a solution
t—Jire 7(M,w)for0 <t < oco. Does this imply the inequality

— im0 [M S, J;HF) .
Lo f —alr
IHIl <yl |Sar =6l e

V.

.

V.
= = =

=
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Three questions 19115
Question 1 (Moment-weight inequality)

Let J € 7(M,w)and let H € Q°(M) such that [,, Hp = 0.
Suppose that the equation 0;J; = J;Ly,,J;, Jy = J, has a solution
t—Jire 7(M,w)for0 <t < oco. Does this imply the inequality

— lim; oc[ Sw7J HF) .
S < e[Sy —ar (19)

V.

Question 2 (Hilbert—Mumford criterion)

Let J € 7 (M,w). Are the following equivalent?
(i) inf yege(y) || Sw,o — €| > 0.

(ii) There exists an H as in Q 1 such that lim; .. [,, S..,,Hp < 0.

4
= =r = =
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Three questions 19115
Question 1 (Moment-weight inequality)

Let J € 7(M,w)and let H € Q°(M) such that [,, Hp = 0.
Suppose that the equation 0;J; = J;Ly,,J;, Jy = J, has a solution
t—Jire 7(M,w)for0 <t < oco. Does this imply the inequality

—lim 00 IM Sw7J[HF) . B 5
IHI| S T L)

V.

Question 2 (Hilbert—Mumford criterion)

Let J € 7 (M,w). Are the following equivalent?
(i) inf yege(y) || Sw,o — €| > 0.

(ii) There exists an H as in Q 1 such that lim; .. [,, S..,,Hp < 0.

Question 3 (constant scalar curvature)

Let J € 7 (M,w). Under which (stability) condition does there
exist an element J' € ¥°(J) such that S, y = cw’?
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Geodesics and the Calabi flow 1415

Assume 0;J; = EVFIJ; + JtEVGt Jr and Jy = J, and define the
isotopy ; by 0rpt + (VF, + Jivg,) o ¥y = 0 and g = id.
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Geodesics and the Calabi flow 1415

Assume 0;J; = EVFIJ; + JtEVGt Jr and Jy = J, and define the
isotopy ; by 0rpt + (VF, + Jivg,) o ¥y = 0 and g = id.
Define the triple

/. * /oK L o
Lu'[ = ¢tw, Jf = (/)tJf, Ht = Gt O Yt.
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Geodesics and the Calabi flow 1415

Assume JiJ; = Ly, Ji + JiLy, Jr and Jy = J, and define the
isotopy ; by 0rpt + (VF, + Jivg,) o ¥y = 0 and g = id.
Define the triple

wp = Yiw, Ji =iy, H; := G; o ;.
Then
Oy =d(dHro Jp), Oy = Ny(-v1),  uV))w;=dHr.  (14)
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Geodesics and the Calabi flow 1415

Assume JiJ; = Ly, Ji + JiLy, Jr and Jy = J, and define the
isotopy ; by 0rpt + (VF, + Jivg,) o ¥y = 0 and g = id.
Define the triple

wp = Yiw, Ji =iy, H; = Gy o 9y.
Then
Ow; = d(dHro J}), 01 = Ny (-, vi), (V))wi=dH:. (14)
Case 1: Geodesics. If 0;G; + {F;, G} = 0, then
OtH; + \dH;\i;ﬂJ[, =0. (15)

This is a version of the Monge—Ampére equation.
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Geodesics and the Calabi flow 1415

Assume JiJ; = Ly, Ji + JiLy, Jr and Jy = J, and define the
isotopy ; by 0rpt + (VF, + Jivg,) o ¥y = 0 and g = id.
Define the triple

wp = Yiw, Ji =iy, H; = Gy o 9y.
Then
Ow; = d(dHro J}), 01 = Ny (-, vi), (V))wi=dH:. (14)
Case 1: Geodesics. If 0;G; + {F;, G} = 0, then
OtH; + \dH;\i;ﬂJ[, =0. (15)

This is a version of the Monge—Ampére equation.
Case 2: The Calabi flow. If /; = 0 and G; = ¢, — S, ,, then

Hy =c, — Sw;,J[" (16)
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Geodesics and the Calabi flow 1415

Assume JiJ; = Ly, Ji + JiLy, Jr and Jy = J, and define the
isotopy ; by 0rpt + (VF, + Jivg,) o ¥y = 0 and g = id.
Define the triple

wp = Yiw, Ji =iy, H; := G; o 9y.
Then
Owi=d(dHro Jp), i =Ny(-.vp), «v))wi=dHr. (14)
Case 1: Geodesics. If 0;G; + {F;, G} = 0, then
OtH; + \dH;\i;ﬂJ[, =0. (15)

This is a version of the Monge—Ampére equation.
Case 2: The Calabi flow. If /; = 0 and G; = ¢, — S, ,, then

Hi = ¢, — S - (16)
Note: If J is integrable, then J; = J for all t. So these are the

standard equations for geodesics and the Calabi flow in the
space of Kéhler potentials.
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The integrable case - Donaldson’s construction 15115

Assume J € 7 (M,w) and H'(M,R) = {0}.
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The integrable case - Donaldson’s construction 15115

Assume J € 7 (M,w) and H'(M,R) = {0}.
Then gy = Vect(M, J) := {v € Vect(M) ! LyJ =0}.
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The integrable case - Donaldson’s construction 15115

Assume J € 7 (M,w) and H'(M,R) = {0}.
Then gy = Vect(M, J) := {v € Vect(M) ! £,J =0}. Define

2 — Ly wh == w + yd(dho J) > 0, Z,(h) = 0,
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The integrable case - Donaldson’s construction

Assume J € 7 (M,w) and H'(M,R) = {0}.
Then gy = Vect(M, J) := {v € Vect(M) ! £,J =0}. Define

- 1 o —
7= [ty | #h e lahe > 0. =0, )

Y € Diffo(M), Y*wp = w

Lemma 1 (assuming (U))

Let J' e 7 (M,w). Then J' is exact isotopic to J if and only if
there exists a pair (¢, h) € 2 such that ¢*J = J'.
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The integrable case - Donaldson’s construction

Assume J € 7 (M,w) and H'(M,R) = {0}.
Then gy = Vect(M, J) := {v € Vect(M) ! £,J =0}. Define

_ wh :=w + xd(dho J) >0, Z,(h) =0,
P = {(d)’ M| ye Diffo(M), 1 wp = w '

Lemma 1 (assuming (U))

Let J' e 7 (M,w). Then J' is exact isotopic to J if and only if
there exists a pair (¢, h) € 2 such that ¢*J = J'.

Define

P = {(J’,A’)

J € ¥9°(J) and A’ : Vect(M, J) — Vect(M,J") }

is a Lie algebra isomorphism
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The integrable case - Donaldson’s construction

Assume J € 7 (M,w) and H'(M,R) = {0}.
Then gy = Vect(M, J) := {v € Vect(M) ! £,J =0}. Define

_ wh :=w + xd(dho J) >0, Z,(h) =0,
P = {(d)’ M| ye Diffo(M), 1 wp = w '

Lemma 1 (assuming (U))

Let J' e 7 (M,w). Then J' is exact isotopic to J if and only if
there exists a pair (¢, h) € 2 such that ¢*J = J'.

Define

P = {(J’,A’)

J € ¥9°(J) and A’ : Vect(M, J) — Vect(M,J") }

is a Lie algebra isomorphism

Lemma 2 (assuming (U))
Assume Aut(M, J) N Diffo(M) = Autg(M, J) = Autg(Vect(M, J)).
Then the map

2y — Py (Y, h)— (W*J, " Vect(M, J) — Vect(M, *J))
is bijective.

Dietmar Salamon Almost complex structures and Hamiltonian symplectomorphisms



THANK YOU! J

Almost complex structures and Hamiltonian symplect



