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GIT: Moment maps 1/15

(X , ω, J) closed Kähler manifold, G ⊂ U(n) compact Lie group.

Hamiltonian group action G × X → X : (u, x) 7→ ux

Infinitesimal action g = Lie(G) → Vect(X ) : ξ 7→ vξ.

Lx : g → TxX , Lxξ := vξ(x), x ∈ X .

vξ is a Hamiltonian vector field generated by Hξ =
〈
µ, ξ

〉
.

Equivariant moment map µ : X → g∗

ω(Lxξ, x̂) =
〈
dµ(x)x̂ , ξ

〉
, (1)

ω(Lxξ,Lxη) =
〈
µ(x), [ξ, η]

〉
. (2)

Marsden–Weinstein quotient

X//G := µ−1(0)/G

This is a symplectic manifold (in good cases).
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(X , ω, J) closed Kähler manifold, G ⊂ U(n) compact Lie group.
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(X , ω, J) closed Kähler manifold, G ⊂ U(n) compact Lie group.

Complexified group Gc := {exp(iη)u | η ∈ g, u ∈ G} ⊂ GL(n,C)

Gc

G
?�

OO Lie(Gc) = gc = g⊕ ig

Dietmar Salamon Almost complex structures and Hamiltonian symplectomorphisms



GIT: The complexified group 2/15

(X , ω, J) closed Kähler manifold, G ⊂ U(n) compact Lie group.

Complexified group Gc := {exp(iη)u | η ∈ g, u ∈ G} ⊂ GL(n,C)

Gc

G
?�

OO

ρ // G

Lie(Gc) = gc = g⊕ ig

G is a complex Lie group.

Dietmar Salamon Almost complex structures and Hamiltonian symplectomorphisms



GIT: The complexified group 2/15

(X , ω, J) closed Kähler manifold, G ⊂ U(n) compact Lie group.

Complexified group Gc := {exp(iη)u | η ∈ g, u ∈ G} ⊂ GL(n,C)

Gc

ρc

&&
G
?�

OO

ρ // G

ρ̇c(ξ + iη) = ρ̇(ξ) + iρ̇(η)

G is a complex Lie group.
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G
?�
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ρ // G

Lc
x(ξ + iη) = Lxξ + JLxη

Take G = Aut(X , J) =⇒ Gc acts holomorphically on (X , J).
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(X , ω, J) closed Kähler manifold, G ⊂ U(n) compact Lie group.

Complexified group Gc := {exp(iη)u | η ∈ g, u ∈ G} ⊂ GL(n,C)
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ρ // G

Lc
x(ξ + iη) = Lxξ + JLxη

Take G = Aut(X , J) =⇒ Gc acts holomorphically on (X , J).

Complex quotient

X/Gc

In general, this quotient is not Hausdorff.
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How can one characterize stability?
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Mumford weights

For x ∈ X and 0 ̸= ξ ∈ g define

wµ(x , ξ) := lim
t→∞

〈
µ(exp(itξ)x), ξ

〉
.

Choose an invariant inner product on g.
Theorem (Moment-weight inequality)
For every x ∈ X we have

sup
0̸=ξ∈g

−wµ(x , ξ)
|ξ|

≤ inf
g∈Gc

|µ(gx)| (3)

and RHS > 0 (i.e. x is µ-unstable) implies equality.

Proof: Kempf–Ness, Chen–Sun, Georgoulas–Robbin–S.
Corollary (Hilbert–Mumford criterion)

x is µ-unstable ⇐⇒ wµ(x , ξ) < 0 for some 0 ̸= ξ ∈ g,

x is µ-semistable ⇐⇒ wµ(x , ξ) ≥ 0 for all 0 ̸= ξ ∈ g.
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The Kempf–Ness function Φx : Gc/G → R
The lifted Kempf–Ness function Φx : Gc → R is defined by

dΦx(g)ĝ = −
〈
µ(g−1x), Im(g−1ĝ)

〉
, Φx(u) = 0

for ĝ ∈ TgGc and u ∈ G.
Φx descends to Gc/G (a Hadamard space).
Φx : Gc/G → R is convex along geodesics.
wµ(x , ξ): asymptotic slope of Φx along t 7→ [exp(−itξ)].
KN Thm: x is µ-semistable ⇐⇒ Φx is bounded below.

The square of the moment map f := 1
2 |µ|

2 : X → R
A negative gradient flow lines of f is a solutions x : R → X of

ẋ = −JLxµ(x), x(0) = x0.

The solution is x(t) = g(t)−1x0, where g : R → Gc satisfies

g−1ġ = iµ(g−1x0).

This is the negative gradient flow of the Kempf–Ness function.
Dietmar Salamon Almost complex structures and Hamiltonian symplectomorphisms



GIT: The Kempf–Ness function 4/15

The Kempf–Ness function Φx : Gc/G → R
The lifted Kempf–Ness function Φx : Gc → R is defined by

dΦx(g)ĝ = −
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〉
, Φx(u) = 0
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〉
, Φx(u) = 0
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Almost complex structures: The moment map 5/15

(M, ω) closed symplectic 2n-manifold, ρ := ω2n/n! volume form.
J (M, ω) :=

{
J ∈ Ω0(M,End(TM))

∣∣ J2 = −1l, comp with ω
}
.

J (M, ω) is an infinite-dimensional Kähler manifold

TJJ(M, ω) = {Ĵ ∈ Ω0(M,End(TM))|ĴJ + JĴ = 0, Ĵ = Ĵ∗}
symplectic form: ΩJ(Ĵ1, Ĵ2) :=

1
2

∫
M tr(Ĵ1JĴ2)ρ.

complex structure: Ĵ 7→ JĴ (compatible with −Ω).

Theorem (Quillen, Fujiki, Donaldson 1997)

The action of Ham(M, ω) on J (M, ω) is Hamiltonian
with the moment map J (M, ω) → Ω0

ρ(M) : J 7→ Sω,J − cω.
Sω,J :=

(
2Ricρ,J ∧ ωn−1/(n − 1)!

)
/ρ is the scalar curvature.

Moment map identities (with ι(vH)ω = dH, Lv J = ∇v J + [J,∇v ]):

ΩJ(Ĵ,LvH J) =
∫

M
Ŝω(J, Ĵ)Hρ, (4)

ΩJ(LvF J,LvGJ) =
∫

M
Sω,J{F ,G}ρ. (5)
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Ŝω(J, Ĵ)Hρ, (4)

ΩJ(LvF J,LvGJ) =
∫

M
Sω,J{F ,G}ρ. (5)

Dietmar Salamon Almost complex structures and Hamiltonian symplectomorphisms



Almost complex structures: The moment map 5/15

(M, ω) closed symplectic 2n-manifold, ρ := ω2n/n! volume form.
J (M, ω) :=

{
J ∈ Ω0(M,End(TM))

∣∣ J2 = −1l, comp with ω
}
.

J (M, ω) is an infinite-dimensional Kähler manifold
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Ŝω(J, Ĵ)Hρ, (4)

ΩJ(LvF J,LvGJ) =
∫

M
Sω,J{F ,G}ρ. (5)

Dietmar Salamon Almost complex structures and Hamiltonian symplectomorphisms



Almost complex structures: The moment map 5/15

(M, ω) closed symplectic 2n-manifold, ρ := ω2n/n! volume form.
J (M, ω) :=

{
J ∈ Ω0(M,End(TM))

∣∣ J2 = −1l, comp with ω
}
.

J (M, ω) is an infinite-dimensional Kähler manifold
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ΩJ(Ĵ,LvH J) =
∫

M
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Complex structures: analogy with GIT (Donaldson) 6/15

GIT

compact Kähler mfld (X , ω, J)
compact Lie gp G, g = Lie(G)

moment map µ : X → Lie(G)∗

moment map sqrd f = 1
2 |µ|

2

gradient flow ẋ = −JLxµ(x)

Mumford weights wµ(x , ξ)
µ-polystability
Gc/G

Kempf–Ness Φx : Gc/G → R
dΦx(g)ĝ=−

〈
µ(g−1x),Im(g−1ĝ)

〉
KN flow g−1ġ = iµ(g−1x)
Hilbert–Mumford criterion

csc Kähler geometry

(J (M, ω),Ω, Ĵ 7→ JĴ)
Ham(M, ω),Ω0(M)/R
scalar curv J 7→ Sω,J − cω

Calabi J 7→ 1
2

∫
M(Sω,J − cω)2 ωn

n!

gradient flow J̇ = −JLvSω,J
J

Futaki–Donaldson invariants
K-polystability (YTD)
Kähler potentials HJ ∋ h
ωh = ω + 1

2d(dh ◦ J) > 0
Mabuchi fctl MJ : HJ → R

dMJ(h)ĥ =
∫

M(Sωh,J − cω)ĥωn
h/n!

Calabi flow ∂tωh = −d(dSωh,J ◦ J)
YTD conjecture. Fano: Thm
by Chen–Donaldson–Sun
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Mumford weights wµ(x , ξ)
µ-polystability
Gc/G

Kempf–Ness Φx : Gc/G → R
dΦx(g)ĝ=−

〈
µ(g−1x),Im(g−1ĝ)
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h/n!

Calabi flow ∂tωh = −d(dSωh,J ◦ J)
YTD conjecture. Fano: Thm
by Chen–Donaldson–Sun

Dietmar Salamon Almost complex structures and Hamiltonian symplectomorphisms



Complex structures: analogy with GIT (Donaldson) 6/15

GIT

compact Kähler mfld (X , ω, J)
compact Lie gp G, g = Lie(G)

moment map µ : X → Lie(G)∗

moment map sqrd f = 1
2 |µ|

2

gradient flow ẋ = −JLxµ(x)
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∫

M(Sωh,J − cω)ĥωn
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Almost complex structures: exact isotopy 7/15

Lie(Ham(M, ω)) ∼= Ω0
ρ(M), complexified Lie algebra: Ω0

ρ(M,C).
There is no complexified Lie group! However, there is an
infinitesimal action of the complex Lie algebra Ω0

ρ(M,C) on the
space J (M, ω) via the operators LJ : Ω0

ρ(M,C) → TJJ (M, ω),

LJ(F + iG) := LvF J + JLvGJ.

Definition (Exact isotopy)

J, J ′ ∈ J (M, ω) are called exact isotopic iff there exists a path
[0,1] → J (M, ω)× Ω0

ρ(M,C) : t 7→ (Jt ,Ft + iGt) such that

∂tJt = LvFt
Jt + JtLvGt

Jt (6)

for 0 ≤ t ≤ 1 and J0 = J, J1 = J ′.

Exact isotopy defines an equivalence relation on J (M, ω).
Denote the equivalence class of J ∈ J (M, ω) by

G c(J) :=
{

J ′ ∈ J (M, ω)
∣∣ J ′ is exact isotopic to J

}
.
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Three Conjectures 8/15

(A consequence of) The Uniqueness Conjecture (U)
Given a function t 7→ Ft + iGt , equation (6) has at most one
solution t 7→ Jt for each initial condition J0 = J.

The Existence Conjecture (E)

For every pair (J,G) there exists a solution t 7→ (Jt ,Ft + iGt) of
equation (6) such that J0 = J and G0 = G.

For each J ∈ J (M, ω) the space
gJ := ker(LJ) =

{
F + iG ∈ Ω0

ρ(M,C)
∣∣LvF J + JLvGJ = 0

}
is a finite-dim’l Lie algebra with the complex Poisson bracket.
The Dimension Conjecture (D)

If J, J ′ ∈ J (M, ω) are exact isotopic, then dim(gJ) = dim(gJ′).

Remark: Conjectures (E) and (D) hold in the integrable case.
Conjecture (U) holds when Ft = 0 and Gt is independent of t .
Standing Hypothesis: From now on assume (U), (E), (D).
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A Frobenius type Theorem 9/15

Theorem 1 (assuming (U) and (D)).

Let (s, t) 7→ (Js,t ,Fs,t + iGs,t) and t 7→ Ht + iKt be smooth maps
satisfying the equations ∂tJ0,t = LvHt

J0,t + J0,tLvKt
J0,t and

∂sJ = LvF J + JLvGJ. (7)

Then there exists a unique smooth map (s, t) 7→ Hs,t + iKs,t such
that H0,t + iK0,t = Ht + iKt and

∂tJ = LvH J + JLvK J, (8)
∂t(F + iG) = ∂s(H + iK ) + {F + iG,H + iK}. (9)

Corollary

If J, J ′ ∈ J (M, ω) are exact isotopic, then gJ and gJ′ are
isomorphic as complex Lie algebras.

Proof
Theorem 1 with J,F + iG,H + iK independent of t .
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An infinite-dimensional symmetric space 10/15

Let J0 ∈ J (M, ω). Assume gJ0 = 0 and that Ham(M, ω) acts
freely on G c(J0). Define the quotient space

H := G c(J0)/Ham(M, ω).

Its tangent space at p = [J] ∈ H is the quotient space

TpH =

{
LvF J + JLvGJ

∣∣F ,G ∈ Ω0
ρ(M)

}{
LvF J

∣∣F ∈ Ω0
ρ(M)

} ιp∼= Ω0
ρ(M).

Here ιp : Ω0
ρ(M) → TpH is the isomorphism

ιp(G) := [JLvGJ].

A Riemannian metric on H

For p = [J] ∈ H and v = ιp(G) ∈ TpH (with
∫

M Gρ = 0) define

∥v∥ :=

√∫
M

G2ρ
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A generalized Mabuchi functional 11/15

Theorem 2
H is an infinite-dimensional symmetric space with nonpositive
sectional curvature.
Proof of Theorem 2 (based on Theorem 1):

1: A curve t 7→ [Jt ] ∈ H is a geodesic if and only if
∂tJt = LvFt

Jt + JtLvGt
Jt , ∂tGt + {Ft ,Gt} = 0. (10)

2: The Riemann curvature tensor on H is given by
Rp(v1, v2)v3 = ιp({{G1,G2},G3}) (11)

for p = [J] ∈ H and vi = ιp(Gi) ∈ TpH .

Theorem 3 (The generalized Mabuchi functional)

There exists a unique functional M : H̃ → R such that
M ([J0]) = 0 and, for p = [J] ∈ H and v = ιp(G) ∈ TpH ,

dM (p)v =

∫
M
(Sω,J − cω)Gρ. (12)

This functional is convex along geodesics.
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Proof of Theorem 3 12/15

Choose J,F ,G,H,K as in Theorem 1 with J0,t = J, J1,t = J ′. Then

d
dt M ({Js,t}s)

(12)
=

∫ 1

0

∫
M

(
Ŝω(J, ∂tJ)G + Sω,J∂tG

)
ρds

(9)
=

∫ 1

0

∫
M

(
Ŝω(J, ∂tJ)G + Sω,J

(
∂sK + {F ,K}+ {G,H}

))
ρds

(4)
= 1

2

∫ 1

0

∫
M

(
tr
(
(∂tJ)J(LvGJ)

)
− tr

(
(∂sJ)J(LvK J)

))
ρds

+

∫ 1

0

∫
M

Sω,J
(
{F ,K}+ {G,H}

)
ρds

(7),(8)
=

∫ 1

0

∫
M

(
Sω,J{G,H}+ 1

2 tr
(
(LvH J + JLvK J)J(LvGJ)

))
ρds

+

∫ 1

0

∫
M

(
Sω,J{F ,K} − 1

2 tr
(
(LvF J + JLvGJ)J(LvK J)

))
ρds

(5)
= 0.
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Three questions 13/15

Question 1 (Moment-weight inequality)

Let J ∈ J (M, ω) and let H ∈ Ω0(M) such that
∫

M Hρ = 0.
Suppose that the equation ∂tJt = JtLvH Jt , J0 = J, has a solution
t 7→ Jt ∈ J (M, ω) for 0 ≤ t <∞. Does this imply the inequality

− limt→∞
∫

M Sω,Jt Hρ
∥H∥

≤ inf
J′∈G c(J)

∥∥Sω,J′ − cω
∥∥? (13)

Question 2 (Hilbert–Mumford criterion)

Let J ∈ J (M, ω). Are the following equivalent?
(i) infJ′∈G c(J)

∥∥Sω,J′ − cω
∥∥ > 0.

(ii) There exists an H as in Q 1 such that limt→∞
∫

M Sω,Jt Hρ < 0.

Question 3 (constant scalar curvature)

Let J ∈ J (M, ω). Under which (stability) condition does there
exist an element J ′ ∈ G c(J) such that Sω,J′ = cω?
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Geodesics and the Calabi flow 14/15

Assume ∂tJt = LvFt
Jt + JtLvGt

Jt and J0 = J, and define the
isotopy ψt by ∂tψt + (vFt + JtvGt ) ◦ ψt = 0 and ψ0 = id.
Define the triple

ω′
t := ψ∗

t ω, J ′
t := ψ∗

t Jt , Ht := Gt ◦ ψt .

Then

∂tω
′
t = d(dHt ◦ J ′

t ), ∂tJ ′
t = NJ′

t
(·, v ′

t ), ι(v ′
t )ω

′
t = dHt . (14)

Case 1: Geodesics. If ∂tGt + {Ft ,Gt} = 0, then

∂tHt + |dHt |2ω′
t ,J

′
t
= 0. (15)

This is a version of the Monge–Ampère equation.
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The integrable case - Donaldson’s construction 15/15

Assume J ∈ Jint(M, ω) and H1(M,R) = {0}.
Then gJ

∼= Vect(M, J) :=
{

v ∈ Vect(M)
∣∣Lv J = 0

}
. Define

XJ :=

{
(ψ,h)

∣∣∣∣ ωh := ω + 1
2d(dh ◦ J) > 0, IJ(h) = 0,

ψ ∈ Diff0(M), ψ∗ωh = ω

}
.

Lemma 1 (assuming (U))

Let J ′ ∈ J (M, ω). Then J ′ is exact isotopic to J if and only if
there exists a pair (ψ,h) ∈ XJ such that ψ∗J = J ′.

Define

PJ :=

{
(J ′,A′)

∣∣∣∣ J ′ ∈ G c(J) and A′ : Vect(M, J) → Vect(M, J ′)
is a Lie algebra isomorphism

}
.

Lemma 2 (assuming (U))

Assume Aut(M, J) ∩ Diff0(M) = Aut0(M, J) ∼= Aut0(Vect(M, J)).
Then the map

XJ → PJ : (ψ,h) 7→ (ψ∗J, ψ∗ : Vect(M, J) → Vect(M, ψ∗J))
is bijective.
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