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INTRODUCTION
Here, we study the stratification of the Nilpotent Cone
given by the Morse Flow, the Downward Morse Flow
actually, and its relation to another strata, the Shatz
stratification. The results presented here complement
those of [1] and [11]. We present a filtration that de-
scribes the Nilpotent Cone in terms of the Downward
Morse Flow, for rank two and rank three cases. Fur-
thermore, there is possible to set the particular case of
filtration for a (1, . . . , 1)-VHS in general rank r.

PRELIMINARIES
The Hitchin Map and The Nilpotent Cone
Here, we are supposing GCD(r, d) = 1. So, the mod-
uli space of Hitchin pairs,ML(r, d), is a non-compact,
smooth complex manifold of dimension

dimC
(
ML(r, d)

)
= (r2 − 1)deg(L).

ML(r, d) is also a Riemannian manifold with a com-
plete hyperKähler metric, and there is a proper map,
the so-called Hitchin map defined by:

χ :ML(r, d) −→ H0(X,L)⊕ · · · ⊕H0(X,Lr)
[(E,Φ)] 7−→ det(Φ)

(0.1)
The Hitchin map is proper, and it is also an alge-
braically completely integrable Hamiltonian system
with respet to the symplectic holomorphic form Ω,
with a generic fibre which is a Prym variety corre-
sponding to the espectral cover of X at the image
point.
Finally, recall also that the set

χ−1(0) :=
{

[(E,Φ)] ∈ML(r, d) : χ(Φ) = 0
}

is known as the Nilpotent Cone, and has been de-
scribed by Hitchin [6], Hausel [4], among others, as
one of the most important fibres of the Hitchin map,
and the most singular at the same time.
The Hitchin map is widely studied and descripted by
Hausel [4] and [5]. Among his results, the most rele-
vant is the following assertion:

Theorem (Hausel [4, Theorem 4.4.2]). The Downward
Morse Flow ofML(r, d) coincides with the Nilpotent Cone:

χ−1(0) ∼=
⋃
λ

DM
λ .

Hence,

[(E,Φ)] ∈ χ−1(0)⇔ ∃ lim
z→∞

z · (E,Φ) ∈ML(r, d).

RESULT 1
Rank Two Hitchin Pairs in the Nilpotent Cone
From the last theorem, we can conclude our own gen-
eral results for the Hitchin pairs in the Nilpotent Cone.
First, for rank two Hitchin pairs (E,Φ) ∈ ML(2, d),
we have:

Theorem. Let [(E,Φ)] ∈ χ−1(0) be a Hitchin pair with
rk(E) = 2. Then, there is a filtration

0 = E0 ⊆ E1 ⊆ E2 = E

such that
Φ(Ej) ⊂ Ej−1 ⊗ L

and

(E∞,Φ∞) := lim
z→∞

(E, z · Φ) =
(
L1 ⊕ L2,

(
0 0
ϕ 0

))
(0.2)

is a (1, 1)-VHS where

Lj = Ej/Ej−1 and ϕ : L1 → L2 ⊗ L.

RESULT 2:
Rank Three Hitchin Pairs in the Nilpotent Cone
We would like to say that the result is analogue for rank three Hitchin pairs (E,Φ) ∈ ML(3, d), but truth is
that there is a bizard subcase where we must consider the image subsheaf of the k-Higgs field. So we get the
following:

Theorem (Th. 2 [2]). Let [(E,Φ)] ∈ χ−1(0) be a Hitchin pair with rk(E) = 3. Then:

• (a.) either there is a filtration

0 = E0 ⊆ E1 ⊆ E2 ⊆ E3 = 0 such that Φ(Ej+1) ⊂ Ej ⊗ L and

(E∞,Φ∞) := lim
z→∞

(E, z · Φ) =
(
L1 ⊕ L2 ⊕ L3,

 0 0 0
ϕ1 0 0
0 ϕ2 0

) (0.3)

is a (1, 1, 1)-VHS where Lj = Ej/Ej−1 and ϕj : Lj → Lj+1 ⊗ L

• (b.) or, there is a filtration
0 = E0 ⊆ E1 ⊆ E2 ⊆ E3 = E such that

– (b.1.) either

(E∞,Φ∞) := lim
z→∞

(E, z · Φ) =
(
V1 ⊕ V2,

(
0 0
ϕ21 0

))
(0.4)

is a (1, 2)-VHS where Vj = Ej/Ej+1 and ϕ21 : V1 → V2 ⊗ L and where Φ(Ej) ⊂ Ej+1 ⊗ L,

– (b.2.) or

(E∞,Φ∞) := lim
z→∞

(E, z · Φ) =
(
W1 ⊕W2,

(
0 0
ϕ21 0

))
(0.5)

is a (2, 1)-VHS, depending on the rank of E2, and depending also on some properties of Φ.

RESULT 3
General Rank
Suppose now that [(E,Φ)] ∈ χ−1(0) ⊆ML(r, d) is a Hitchin pair of general rank r and degree d. Let p ∈ N be the
least positive integer such that Φp = 0 and Φp−1 6= 0, and so let Nj := ker(Φj) ⊂ E be a sequence of subbundles
of E ∀j ∈ {1, ..., p}. We would like to conclude that there is a filtration

0 = E0 ⊆ E1 ⊆ ... ... ⊆ Er−1 ⊆ Ep = E such that Φ(Ej) ⊂ Ej+1 ⊗ L and

(E∞,Φ∞) := lim
z→∞

(E, z · Φ) =
( p⊕
j=1

Vj ,


0 ... ... ... 0
ϕ2 0 ... ... 0
0 ϕ3 0 ... 0
...

. . . . . . . . .
...

0 ... 0 ϕp 0


)

(0.6)

where Vj = Ej/Ej−1 and ϕj : Vj → Vj−1 ⊗ L, but this is not always true. Nevertheless, when p = r ∈ N
(E,Φ) has a filtration

0 = E0 ⊆ E1 ⊆ ... ... ⊆ Er−1 ⊆ Er = E

and so, the limit (E∞,Φ∞) will be a (1, . . . , 1)-VHS (see Th. 1 [2]).
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