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Fourier series : LP convergence

Very classical theorem

If 1< p < oo and f € Ly(R/Z). Define Syf(t) = Sh_ , f(n)e™.
Then
lim{If = Snfllp = o- (1)

Formally equivalent to the boundedness of the Hilbert transform :

« HT = (1) :||Sn|lp—p < ||H|[2_,, + density of trigonometric

polynomials.
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« (1) = HT : by Banach-Steinhaus, sup,, [|Sn||p—p < .



Fourier series : LP convergence

The convergence limy |[f — Snf]|, = O is false for p = 1,00 : if

()= 3" (1- 1) e

—N

then Wy > o (so ||Wy||; = 1), but |[HWy/|, = log n.
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Fourier synthesis in L' or L™

Theorem (Fejér)
If 1< p <ooandf € Ly(R/Z) (with f continuous if p = c0), then

lim [1f — Wa + £l = 0.

Wy * f(t) = Z’L’N (1 — %) f(n)eximnt.

More generally, for every (countable) abelian group I, consider its
Pontryagin dual I (group of homomorphisms I — {z € C: |z| = 1}).
This is a compact group, with Haar probability measure.

Thereis a sequence of oy : I — Cfinitely supported such that, for
every f € Ly(f") (with f € C°if p = oo)

If - Z@N Ml = o.
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What about other (non-abelian) groups?

There is a sequence of y : [ — C finitely supported such that, for
every f € L,(I") (with f € C° if p = o),

If - Z@N (llp = o.

What does it possibly mean ? There are two groups here, I and ...

Here we replace I'. But then what is L,(I") ? We need to define a norm
on the vector space with basis I (the trigonometric polynomials),
C[r]. Then define L,(") as the completion of C[r] for this norm.
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The norm in L, ()

Leta= > a,y(aformalsum in the space C[r]).

Combinatorial definition : if p = 2m is an even integer, we can define

P._ _—
= Y aas..as
Vseees YamyY1Y2 - Yam=1

Then use complex interpolation.

Operator algebraic definition : if \(a) € B(/,(I')) is the operator by
left-convolution by a : A(a)f(10) = >_, a,f(v~"v), then define

lallp = (IA(a)[Pde, &c)-

Fact: these two formulas define the same quantity, which is a norm
(the L, space of the von Neumann algebra of I').

It satisfies (Lp)* = Lp» and Holder |37 a,b,| < |allp|[b]p'



Fourier synthesis
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We say that I satisfies L,-Fourier synthesis if there is a sequence of
finitely supported functions ¢y : I — C such that

lim [[f — Zs@w (Ml =0

Many (most) groups satisfy L,-Fourier synthesis for all 1 < p < <.



Fourier synthesis

Every f Lp(f) has Fourier coefficients f* =" 3"_ f('y)'y”

We say that I satisfies L,-Fourier synthesis if there is a sequence of
finitely supported functions ¢y : I — C such that

lim [[f — Zs@w (Ml =0

Many (most) groups satisfy L,-Fourier synthesis for all 1 < p < <.

Conjecture
SLg>3(Z) does not satisfy L,-Fourier synthesis for any p > 4.

Equivalently for p < 2. Perhaps even p # 2?

For p = oo or p = 1 (weakest form), this is a consequence of the
(conjectured) fact that the Banach space C,;(SLg>3(Z)) does not
have Grothendieck’s approximation property.
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A technical but important variant : operator coefficients

Let S, denote the Schatten p-class : the space of T € B(¢,) such that
Tr(|T|P) < oco.

Ifa=>3"_a,ywitha, € Sp, we can make sense of the norm ||af,.
For example, if p = 2m,

lallp := > Tr(@, @ ... ).

YyeeesYam Y1 Y2 Yam =1

The completion is denoted L,(f"; Sp).

Notation (Fourier multiplier) : If ¢ : I — C, write

To i f = X, eMF (1) ITellp—co its norm on Ly(f; Sp) the
completely bounded norm of the Fourier multiplier T,.



A technical but important variant : operator coefficients

Let S, denote the Schatten p-class : the space of T € B(¢,) such that
Tr(|T|P) < oco.

Ifa=>3"_a,ywitha, € Sp, we can make sense of the norm ||af,.
For example, if p = 2m,

lallp := > Tr(@, @ ... ).

YyeeesYam Y1 Y2 Yam =1

The completion is denoted L,(f"; Sp).

Notation (Fourier multiplier) : If ¢ : I — C, write
To :f = 20, o(NF (N ITollp—cb its norm on Ly(T; Sp) the
completely bounded norm of the Fourier multiplier T,.

In the same way as for Fourier transform vs Fourier series, all this
makes sense for locally compact groups.



Theorem (Lafforgue-dIS 11, de Laat-dlS 16)

Let I = SL3(Z). For every 4 < p < oo or1<p < %, thereis
fe Lp(f;Sp) such that, for every finitely supported W:T —C(,

If — ZW llp > 1.

If I = SLg>3(Z), the same holds for |— — g = -

Fundamental inequalities for G = SL4(R) :

There is € > o such that if ¢: G — Cis SO(d)-biinvariant and a
completely bounded L, Fourier multiplier, then ¢ has a limit at

infinity and
£(9) = ool S T llp-collgll ™=

| < 572

Open question : what about for |% -1



Results with Javier Parcet and Eric Ricard

Denote G = SL4(R) and K = SO(d).
Local Hormander-Mikhlin theorem (PRdIS 22)

Let ¢: G — R be a compactly supported function with d; +1
derivatives such that sup, d(g,1)|D*¢(x)| < co. Then T, is
completely bounded on Lp(@) for every 1 < p < co.
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Results with Javier Parcet and Eric Ricard

On the necessity of the hypotheses. ((G, K) = (SLg(R), SO(d)).
Theorem (PRALS 22)

Let p >2and d > 3 such that o := & 27%>O.If@:(1,oo)%c

2
is a function such that m(g) = ¢(||g]|) is a multiplier on L,(VNG),
then ¢ is of class C®~. Moreover, there are C and ¢, > 0 such that

+ p has a limit ¢, such that

C
XCo

(%) = Yool < I Tmllco
« For every integer 1 < kR < e and x € (1,00)

C

(k) -
[AO00] < Inles e

"



Results with Javier Parcet and Eric Ricard

Analogous results in rank 1.

Let G = SO(d, 1) (~ isometry group of real hyperbolic space of
dimension d + 1). K = O(d) maximal compact subgroup.

Theorem (PRAIS 22)

Same d, p, a. Then K-biinvariant cb multipliers of L,,(G) are of class
C~—, and similar estimates without the c;’s.

In particular,

Theorem (PRALS 22)

Every K-finite matrix coefficient of every representation of
SO(d, 1) on a Hilbert space is of class C5~'~.
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On the proofs :
Hormander-Mikhlin




Reminder of the statement

G = SLy(R), K = SO(d).
[PRdIS] Local Hormander-Mikhlin theorem

Let m: G — R be a compactly supported function with d; +1
derivatives such that sup, d(g,1)¥|D*m(x)| < cc. Then Ty is
completely bounded on Lp(@) for every 1 < p < co.
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Fourier and Schur multipliers

If m: G — Cis a continuous function. The associated Herz-Schur
multiplier is the map Sy : (ag.n)g,nec — (M(gh~")ag n)g.nec-

Classical Bozejko-Fendler theorem : for p = oo,
| Tmllcavvis)) = 1Sm llcaa(L.6))-
For1 < p < oo,
1Smllcas, (t.6)) < IITmllcaqe, @)

with equality if G amenable (Neuwirth-Ricard, Caspers-dlS).

Example (G = Z) triangular truncation and Hilbert transform.

14



Fourier and Schur multipliers, 2

Non-amenable G : wide open! But

Theorem (PRALS 22)

Let1 < p < c0. If Q C G is compact, then there is a compact subset
Y =3%(Q,p) C Gand C = C(Q, p) such that

1Tl caee, @) < ClISmllea(s,(Lx))-

So the Theorem follows from

Theorem (Conde-Alonso-Gonzalez-Pérez-Parcet-Tablate 22+)

Let > be a compact manifold of dimension d, and ¢: ¥ x ¥ — C be
a function of class C:*" outside of the diagonal, with a controlled
explosion on the diagonal. Then the map (ax,) — (M(X,Y)axy)xy IS
bounded on Sp(L,X).
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On the proofs : Harmonic analysis
on the sphere and Lafforgue’s
rank o reduction




Reminder of the statement

G = SLq4(R), K = SO(d).

Theorem [PRdIS]

Letp >2and d > 3suchthata:= 92 — 91 > 0. 1f : (1,00) — €
is a function such that m(g) = ¢(||g]|) is a multiplier on L,(VNG),
then ¢ is of class C*~. Moreover, there are C and ¢, > 0 such that

+ © has a limit ¢, such that

C
6(x) = @ocl < ITinllcp -
« For every integer 1 < kR < aand x € (1, )

C

(k) -
[FO00] < ITnles e

Proof : Rank o reduction.



Harmonic analysis on the sphere S"’

ST ={x=(X,.... %) €RT[ DY x? =1},
If m: [—1,1] — Cis a function, we are interested in the Schur
multiplier Sp, : B(Ly(S9~")) — B(Lo(S™")) given by
A = (Axy)xyesi— = (M((X,¥))xy)x yesi—-
Proposition (Lafforgue-dlS, de Laat-dlS, PRdIS)

Letp>2+ﬁ,eta::%—%>o.lfsm is bounded on

Sp(L2(S97")), then m is of class C*~ on (—1,1).



Harmonic analysis on the sphere S"’

ST ={x=(X,.... %) €RT[ DY x? =1},
If m: [—1,1] — Cis a function, we are interested in the Schur
multiplier Sp, : B(Ly(S9~")) — B(Lo(S™")) given by
A = (Axy)xyesi— = (M((X,¥))xy)x yesi—-
Proposition (Lafforgue-dlS, de Laat-dlS, PRdIS)

Letp>2+ﬁ,eta::%—%>o.lfsm is bounded on

Sp(L2(S97")), then m is of class C*~ on (—1,1).

Open question : what about when2 < p < 7472

Toy question : (spherical Hilbert transform) Let m(6) = 1550. IS Sm,
bounded on S, for some p # 27



Harmonic analysis on the sphere, 2

For 6 € [—1,1], define an operator Ts on L,(S"™")

Tsf (x) = average of f on {y € S"7" | (x,y) = §}.

(Lafforgue-dlS, de Laat-dlS) If § € (—1,1), Ts € Sp((L(S"~"))) if and
onlyif p > 2+ 2.

. h=2 n—1

(Parcet-Ricard-dlS) The map & € (—1,1) — T5 € Sp(L,SO(n)) if of
class €~ (C* if a ¢ N).
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K = SO5 maximal compact. 1 0 O
U= 0O * * N K ~S0(2).
O * x

K\G/K




Weyl chamber exploration, n = 3 (Lafforgue)

Take G = SL;(R),

K = SO5 maximal compact. 1 0 O
U= 0O * * N K ~S0(2).
O * x

U\K/U } K\G/K




Weyl chamber exploration, n = 3 (Lafforgue)

Take G = SL;(R),

K = SO5 maximal compact. 1 0 O
U= 0O * * N K ~S0(2).
O * x

K\G/K




Weyl chamber exploration, n = 3 (Lafforgue)

Take G = SL;(R),

K = SO5 maximal compact. 1 0 O
U= 0O * * N K ~S0(2).
O * x

'”'”-.__K\G/K
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