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<latexit sha1_base64="iN9OlbzCcgVMNUtQayGQCT+Xfbk="></latexit>

o
<latexit sha1_base64="AJvatGnoMLqs4xUJ1hAAa+SC46s="></latexit>p

<latexit sha1_base64="or0jIq/+EO6ARce3geRZSMef8/M="></latexit>! <latexit sha1_base64="35/6QRUbjiNiJ0ns3gwOEBUs9R0=">AAACInicbVDLSgMxFM34tr6qLt0Ei9CClBkRHwtBdONSxVqhU0omk6nBPIbkjjAM/RY3/oobF4q6EvwY08dCqwcCh3PO5eaeKBXcgu9/ehOTU9Mzs3PzpYXFpeWV8uratdWZoaxBtdDmJiKWCa5YAzgIdpMaRmQkWDO6O+37zXtmLNfqCvKUtSXpKp5wSsBJnfJhEUoCt5QIfNlLqqGWrEu209pRyBV0ijyksYahepS6QF4rQiNx3Ms75Ypf9wfAf0kwIhU0wnmn/B7GmmaSKaCCWNsK/BTaBTHAqWC9UphZlhJ6R7qs5agiktl2MTixh7ecEuNEG/cU4IH6c6Ig0tpcRi7Zv8eOe33xP6+VQXLQLrhKM2CKDhclmcCgcb8vHHPDKIjcEUINd3/F9JYYQsG1WnIlBOMn/yXXO/Vgr75zsVs5PhnVMYc20CaqogDto2N0hs5RA1H0gJ7QC3r1Hr1n7837GEYnvNHMOvoF7+sbw+qkcA==</latexit>

Rf(!, p) =

Z

y·!=p
f(y)dy

the Radon transform
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<latexit sha1_base64="35/6QRUbjiNiJ0ns3gwOEBUs9R0=">AAACInicbVDLSgMxFM34tr6qLt0Ei9CClBkRHwtBdONSxVqhU0omk6nBPIbkjjAM/RY3/oobF4q6EvwY08dCqwcCh3PO5eaeKBXcgu9/ehOTU9Mzs3PzpYXFpeWV8uratdWZoaxBtdDmJiKWCa5YAzgIdpMaRmQkWDO6O+37zXtmLNfqCvKUtSXpKp5wSsBJnfJhEUoCt5QIfNlLqqGWrEu209pRyBV0ijyksYahepS6QF4rQiNx3Ms75Ypf9wfAf0kwIhU0wnmn/B7GmmaSKaCCWNsK/BTaBTHAqWC9UphZlhJ6R7qs5agiktl2MTixh7ecEuNEG/cU4IH6c6Ig0tpcRi7Zv8eOe33xP6+VQXLQLrhKM2CKDhclmcCgcb8vHHPDKIjcEUINd3/F9JYYQsG1WnIlBOMn/yXXO/Vgr75zsVs5PhnVMYc20CaqogDto2N0hs5RA1H0gJ7QC3r1Hr1n7837GEYnvNHMOvoF7+sbw+qkcA==</latexit>

Rf(!, p) =

Z

y·!=p
f(y)dy<latexit sha1_base64="iN9OlbzCcgVMNUtQayGQCT+Xfbk="></latexit>

o
<latexit sha1_base64="AJvatGnoMLqs4xUJ1hAAa+SC46s="></latexit>p

<latexit sha1_base64="or0jIq/+EO6ARce3geRZSMef8/M="></latexit>!

<latexit sha1_base64="+mX52t4ns7skoVbbiV9IC0rC5qg="></latexit>

(!, p) 2 Sd�1 ⇥ R/ ⇠

the Radon transform
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o
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Rf(!, p) =

Z

y·!=p
f(y)dy

R#F (x) =

Z

Sd�1

F (!, x · !)d�(!)
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�
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�
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F (!, x · !)d�(!)
<latexit sha1_base64="tGCJ3sO3FbarKu9vrX7U9zIjIeg="></latexit>

Inversion theorem: For all f 2 S
�
Rd

�
and ↵ < d,

<latexit sha1_base64="woQFZq6bz/xoap+551PGjxCgdPo="></latexit>

f =
1

2
I�↵R#I↵�d+1Rf
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• ↵ = ↵̇ =
d� 1

2
< d =) �↵̇ = ↵̇� d+ 1
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f =
1
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I�↵̇R#I�↵̇Rf

<latexit sha1_base64="u/WVlBAQitSzMT8qQ3h93eZgm50="></latexit>

Inversion theorem: For all f 2 S(Rd)
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<latexit sha1_base64="InMPMl657rVwmql0eeWw/AinMNY="></latexit>

Theorem (S. Helgason) The map f 7! I�↵̇Rf extends

to a unitary operator Q : L2
(Rd

) ! L2
even(S

d�1 ⇥ R).
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y·!=p
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F (!, x · !)d�(!)

<latexit sha1_base64="Yx3YjS8wHTGyr4mJfXE8NPguV0E="></latexit>

• for d = 2, we have (I�↵̇b)(⇠) = |⇠|1/2 bf(⇠)

<latexit sha1_base64="kDzq8CKw8Ulv3FNDbqQQzfe3Fb0="></latexit>

• for d = 3, we have (I�↵̇b)(⇠) = |⇠| bf(⇠)
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<latexit sha1_base64="InMPMl657rVwmql0eeWw/AinMNY="></latexit>

Theorem (S. Helgason) The map f 7! I�↵̇Rf extends

to a unitary operator Q : L2
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even(S
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<latexit sha1_base64="Mw4sDh+7meyFn/oGzcZSMbfGVis="></latexit>

f =
1

2
I�↵̇R#I�↵̇Rf

<latexit sha1_base64="u/WVlBAQitSzMT8qQ3h93eZgm50="></latexit>

Inversion theorem: For all f 2 S(Rd)



<latexit sha1_base64="tH8+I31mXj2sGY42vL5PU5bQPNw=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rGC/YA2lM120i7d3YTdjVBC/4IXD4p49Q9589+YtDlo64OBx3szzMwLYsGNdd1vZ219Y3Nru7RT3t3bPzisHB23TZRohi0WiUh3A2pQcIUty63AbqyRykBgJ5jc5X7nCbXhkXq00xh9SUeKh5xRm0v9Li8PKlW35s5BVolXkCoUaA4qX/1hxBKJyjJBjel5bmz9lGrLmcBZuZ8YjCmb0BH2MqqoROOn81tn5DxThiSMdFbKkrn6eyKl0pipDLJOSe3YLHu5+J/XS2x446dcxYlFxRaLwkQQG5H8cTLkGpkV04xQpnl2K2FjqimzWTx5CN7yy6ukXa95V7X6w2W1cVvEUYJTOIML8OAaGnAPTWgBgzE8wyu8OdJ5cd6dj0XrmlPMnMAfOJ8/YryN0A==</latexit>

⌅
<latexit sha1_base64="ucQ1kc+PJCzDBwQF4QzMg8FDEOo=">AAAB6nicbVBNS8NAEJ2tXzV+VT16WSyCp5IUUY9FLx4r2g9oQ9lsN+3SzSbsboQS+hO8eFDEq7/Im//GTZuDtj4YeLw3w8y8IBFcG9f9RqW19Y3NrfK2s7O7t39QOTxq6zhVlLVoLGLVDYhmgkvWMtwI1k0UI1EgWCeY3OZ+54kpzWP5aKYJ8yMykjzklBgrPXQdZ1CpujV3DrxKvIJUoUBzUPnqD2OaRkwaKojWPc9NjJ8RZTgVbOb0U80SQidkxHqWShIx7WfzU2f4zCpDHMbKljR4rv6eyEik9TQKbGdEzFgve7n4n9dLTXjtZ1wmqWGSLhaFqcAmxvnfeMgVo0ZMLSFUcXsrpmOiCDU2nTwEb/nlVdKu17zLWv3+otq4KeIowwmcwjl4cAUNuIMmtIDCCJ7hFd6QQC/oHX0sWkuomDmGP0CfPyDmjQs=</latexit>

X

<latexit sha1_base64="gU5qlJ2aidOA0irPfBGx4tA6DiE=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LBbBU0mKaI8FLx4rmLbQhrLZbtqlm03Y3Ygl9Dd48aCIV3+QN/+NmzQHbX0w8Hhvhpl5QcKZ0o7zbVU2Nre2d6q79t7+weFR7fikq+JUEuqRmMeyH2BFORPU00xz2k8kxVHAaS+Y3eZ+75FKxWLxoOcJ9SM8ESxkBGsjecMnZtujWt1pOAXQOnFLUocSnVHtaziOSRpRoQnHSg1cJ9F+hqVmhNOFPUwVTTCZ4QkdGCpwRJWfFccu0IVRxiiMpSmhUaH+nshwpNQ8CkxnhPVUrXq5+J83SHXY8jMmklRTQZaLwpQjHaP8czRmkhLN54ZgIpm5FZEplphok08egrv68jrpNhvudaN5f1Vvt8o4qnAG53AJLtxAG+6gAx4QYPAMr/BmCevFerc+lq0Vq5w5hT+wPn8AxdON+g==</latexit>

⇠

<latexit sha1_base64="HRCWoS3k8cfPmt6MoUUe6hWJUQw=">AAAB9HicbVBNS8NAEN34WeNX1aOXxSJ4KkkR7bHgxWMF+wFNKJvNpl262cTdSbWE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDMvSAXX4Djf1tr6xubWdmnH3t3bPzgsHx23dZIpylo0EYnqBkQzwSVrAQfBuqliJA4E6wSjm5nfGTOleSLvYZIyPyYDySNOCRjJ9x55yIYEvCdu2/1yxak6c+BV4hakggo0++UvL0xoFjMJVBCte66Tgp8TBZwKNrW9TLOU0BEZsJ6hksRM+/n86Ck+N0qIo0SZkoDn6u+JnMRaT+LAdMYEhnrZm4n/eb0Morqfc5lmwCRdLIoygSHBswRwyBWjICaGEKq4uRXTIVGEgslpFoK7/PIqadeq7lW1dndZadSLOEroFJ2hC+Sia9RAt6iJWoiiB/SMXtGbNbZerHfrY9G6ZhUzJ+gPrM8f+WKRjA==</latexit>

b⇠

<latexit sha1_base64="8j51ICGivz4S+i1J99JTbSAIseY=">AAAB63icbVBNS8NAEJ2tXzV+VT16WSyCp5IU0R4LXjxWsB/QhrLZbtqlu5uwuxFL6F/w4kERr/4hb/4bkzYHbX0w8Hhvhpl5QSy4sa77jUobm1vbO+VdZ2//4PCocnzSMVGiKWvTSES6FxDDBFesbbkVrBdrRmQgWDeY3uZ+95FpwyP1YGcx8yUZKx5ySmwuPTmOM6xU3Zq7AF4nXkGqUKA1rHwNRhFNJFOWCmJM33Nj66dEW04FmzuDxLCY0CkZs35GFZHM+Oni1jm+yJQRDiOdlbJ4of6eSIk0ZiaDrFMSOzGrXi7+5/UTGzb8lKs4sUzR5aIwEdhGOH8cj7hm1IpZRgjVPLsV0wnRhNosnjwEb/XlddKp17zrWv3+qtpsFHGU4QzO4RI8uIEm3EEL2kBhAs/wCm9Iohf0jj6WrSVUzJzCH6DPH4NAjTU=</latexit>x

<latexit sha1_base64="mbJH/2EUOcX/RQenmUbIi6tEIPs=">AAAB83icbVBNS8NAEJ3Urxq/qh69BIvgqSRFtMeCF48V7Ac0oWy203bpZhN2N2IJ/RtePCji1T/jzX/jps1BWx8MPN6bYWZemHCmtOt+W6WNza3tnfKuvbd/cHhUOT7pqDiVFNs05rHshUQhZwLbmmmOvUQiiUKO3XB6m/vdR5SKxeJBzxIMIjIWbMQo0UbyfTpBOs2e5rZtDypVt+Yu4KwTryBVKNAaVL78YUzTCIWmnCjV99xEBxmRmlGOc9tPFSaETskY+4YKEqEKssXNc+fCKENnFEtTQjsL9fdERiKlZlFoOiOiJ2rVy8X/vH6qR40gYyJJNQq6XDRKuaNjJw/AGTKJVPOZIYRKZm516IRIQrWJKQ/BW315nXTqNe+6Vr+/qjYbRRxlOINzuAQPbqAJd9CCNlBI4Ble4c1KrRfr3fpYtpasYuYU/sD6/AHLmZDX</latexit>

x̌

geometric duality and Radon transform
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<latexit sha1_base64="tH8+I31mXj2sGY42vL5PU5bQPNw=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rGC/YA2lM120i7d3YTdjVBC/4IXD4p49Q9589+YtDlo64OBx3szzMwLYsGNdd1vZ219Y3Nru7RT3t3bPzisHB23TZRohi0WiUh3A2pQcIUty63AbqyRykBgJ5jc5X7nCbXhkXq00xh9SUeKh5xRm0v9Li8PKlW35s5BVolXkCoUaA4qX/1hxBKJyjJBjel5bmz9lGrLmcBZuZ8YjCmb0BH2MqqoROOn81tn5DxThiSMdFbKkrn6eyKl0pipDLJOSe3YLHu5+J/XS2x446dcxYlFxRaLwkQQG5H8cTLkGpkV04xQpnl2K2FjqimzWTx5CN7yy6ukXa95V7X6w2W1cVvEUYJTOIML8OAaGnAPTWgBgzE8wyu8OdJ5cd6dj0XrmlPMnMAfOJ8/YryN0A==</latexit>

⌅
<latexit sha1_base64="ucQ1kc+PJCzDBwQF4QzMg8FDEOo=">AAAB6nicbVBNS8NAEJ2tXzV+VT16WSyCp5IUUY9FLx4r2g9oQ9lsN+3SzSbsboQS+hO8eFDEq7/Im//GTZuDtj4YeLw3w8y8IBFcG9f9RqW19Y3NrfK2s7O7t39QOTxq6zhVlLVoLGLVDYhmgkvWMtwI1k0UI1EgWCeY3OZ+54kpzWP5aKYJ8yMykjzklBgrPXQdZ1CpujV3DrxKvIJUoUBzUPnqD2OaRkwaKojWPc9NjJ8RZTgVbOb0U80SQidkxHqWShIx7WfzU2f4zCpDHMbKljR4rv6eyEik9TQKbGdEzFgve7n4n9dLTXjtZ1wmqWGSLhaFqcAmxvnfeMgVo0ZMLSFUcXsrpmOiCDU2nTwEb/nlVdKu17zLWv3+otq4KeIowwmcwjl4cAUNuIMmtIDCCJ7hFd6QQC/oHX0sWkuomDmGP0CfPyDmjQs=</latexit>

X

<latexit sha1_base64="gU5qlJ2aidOA0irPfBGx4tA6DiE=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LBbBU0mKaI8FLx4rmLbQhrLZbtqlm03Y3Ygl9Dd48aCIV3+QN/+NmzQHbX0w8Hhvhpl5QcKZ0o7zbVU2Nre2d6q79t7+weFR7fikq+JUEuqRmMeyH2BFORPU00xz2k8kxVHAaS+Y3eZ+75FKxWLxoOcJ9SM8ESxkBGsjecMnZtujWt1pOAXQOnFLUocSnVHtaziOSRpRoQnHSg1cJ9F+hqVmhNOFPUwVTTCZ4QkdGCpwRJWfFccu0IVRxiiMpSmhUaH+nshwpNQ8CkxnhPVUrXq5+J83SHXY8jMmklRTQZaLwpQjHaP8czRmkhLN54ZgIpm5FZEplphok08egrv68jrpNhvudaN5f1Vvt8o4qnAG53AJLtxAG+6gAx4QYPAMr/BmCevFerc+lq0Vq5w5hT+wPn8AxdON+g==</latexit>

⇠

<latexit sha1_base64="HRCWoS3k8cfPmt6MoUUe6hWJUQw=">AAAB9HicbVBNS8NAEN34WeNX1aOXxSJ4KkkR7bHgxWMF+wFNKJvNpl262cTdSbWE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDMvSAXX4Djf1tr6xubWdmnH3t3bPzgsHx23dZIpylo0EYnqBkQzwSVrAQfBuqliJA4E6wSjm5nfGTOleSLvYZIyPyYDySNOCRjJ9x55yIYEvCdu2/1yxak6c+BV4hakggo0++UvL0xoFjMJVBCte66Tgp8TBZwKNrW9TLOU0BEZsJ6hksRM+/n86Ck+N0qIo0SZkoDn6u+JnMRaT+LAdMYEhnrZm4n/eb0Morqfc5lmwCRdLIoygSHBswRwyBWjICaGEKq4uRXTIVGEgslpFoK7/PIqadeq7lW1dndZadSLOEroFJ2hC+Sia9RAt6iJWoiiB/SMXtGbNbZerHfrY9G6ZhUzJ+gPrM8f+WKRjA==</latexit>

b⇠

<latexit sha1_base64="8j51ICGivz4S+i1J99JTbSAIseY=">AAAB63icbVBNS8NAEJ2tXzV+VT16WSyCp5IU0R4LXjxWsB/QhrLZbtqlu5uwuxFL6F/w4kERr/4hb/4bkzYHbX0w8Hhvhpl5QSy4sa77jUobm1vbO+VdZ2//4PCocnzSMVGiKWvTSES6FxDDBFesbbkVrBdrRmQgWDeY3uZ+95FpwyP1YGcx8yUZKx5ySmwuPTmOM6xU3Zq7AF4nXkGqUKA1rHwNRhFNJFOWCmJM33Nj66dEW04FmzuDxLCY0CkZs35GFZHM+Oni1jm+yJQRDiOdlbJ4of6eSIk0ZiaDrFMSOzGrXi7+5/UTGzb8lKs4sUzR5aIwEdhGOH8cj7hm1IpZRgjVPLsV0wnRhNosnjwEb/XlddKp17zrWv3+qtpsFHGU4QzO4RI8uIEm3EEL2kBhAs/wCm9Iohf0jj6WrSVUzJzCH6DPH4NAjTU=</latexit>x

<latexit sha1_base64="mbJH/2EUOcX/RQenmUbIi6tEIPs=">AAAB83icbVBNS8NAEJ3Urxq/qh69BIvgqSRFtMeCF48V7Ac0oWy203bpZhN2N2IJ/RtePCji1T/jzX/jps1BWx8MPN6bYWZemHCmtOt+W6WNza3tnfKuvbd/cHhUOT7pqDiVFNs05rHshUQhZwLbmmmOvUQiiUKO3XB6m/vdR5SKxeJBzxIMIjIWbMQo0UbyfTpBOs2e5rZtDypVt+Yu4KwTryBVKNAaVL78YUzTCIWmnCjV99xEBxmRmlGOc9tPFSaETskY+4YKEqEKssXNc+fCKENnFEtTQjsL9fdERiKlZlFoOiOiJ2rVy8X/vH6qR40gYyJJNQq6XDRKuaNjJw/AGTKJVPOZIYRKZm516IRIQrWJKQ/BW315nXTqNe+6Vr+/qjYbRRxlOINzuAQPbqAJd9CCNlBI4Ble4c1KrRfr3fpYtpasYuYU/sD6/AHLmZDX</latexit>

x̌

“input” space “label” space

geometric duality and Radon transform
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<latexit sha1_base64="tH8+I31mXj2sGY42vL5PU5bQPNw=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rGC/YA2lM120i7d3YTdjVBC/4IXD4p49Q9589+YtDlo64OBx3szzMwLYsGNdd1vZ219Y3Nru7RT3t3bPzisHB23TZRohi0WiUh3A2pQcIUty63AbqyRykBgJ5jc5X7nCbXhkXq00xh9SUeKh5xRm0v9Li8PKlW35s5BVolXkCoUaA4qX/1hxBKJyjJBjel5bmz9lGrLmcBZuZ8YjCmb0BH2MqqoROOn81tn5DxThiSMdFbKkrn6eyKl0pipDLJOSe3YLHu5+J/XS2x446dcxYlFxRaLwkQQG5H8cTLkGpkV04xQpnl2K2FjqimzWTx5CN7yy6ukXa95V7X6w2W1cVvEUYJTOIML8OAaGnAPTWgBgzE8wyu8OdJ5cd6dj0XrmlPMnMAfOJ8/YryN0A==</latexit>

⌅
<latexit sha1_base64="ucQ1kc+PJCzDBwQF4QzMg8FDEOo=">AAAB6nicbVBNS8NAEJ2tXzV+VT16WSyCp5IUUY9FLx4r2g9oQ9lsN+3SzSbsboQS+hO8eFDEq7/Im//GTZuDtj4YeLw3w8y8IBFcG9f9RqW19Y3NrfK2s7O7t39QOTxq6zhVlLVoLGLVDYhmgkvWMtwI1k0UI1EgWCeY3OZ+54kpzWP5aKYJ8yMykjzklBgrPXQdZ1CpujV3DrxKvIJUoUBzUPnqD2OaRkwaKojWPc9NjJ8RZTgVbOb0U80SQidkxHqWShIx7WfzU2f4zCpDHMbKljR4rv6eyEik9TQKbGdEzFgve7n4n9dLTXjtZ1wmqWGSLhaFqcAmxvnfeMgVo0ZMLSFUcXsrpmOiCDU2nTwEb/nlVdKu17zLWv3+otq4KeIowwmcwjl4cAUNuIMmtIDCCJ7hFd6QQC/oHX0sWkuomDmGP0CfPyDmjQs=</latexit>

X

<latexit sha1_base64="gU5qlJ2aidOA0irPfBGx4tA6DiE=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LBbBU0mKaI8FLx4rmLbQhrLZbtqlm03Y3Ygl9Dd48aCIV3+QN/+NmzQHbX0w8Hhvhpl5QcKZ0o7zbVU2Nre2d6q79t7+weFR7fikq+JUEuqRmMeyH2BFORPU00xz2k8kxVHAaS+Y3eZ+75FKxWLxoOcJ9SM8ESxkBGsjecMnZtujWt1pOAXQOnFLUocSnVHtaziOSRpRoQnHSg1cJ9F+hqVmhNOFPUwVTTCZ4QkdGCpwRJWfFccu0IVRxiiMpSmhUaH+nshwpNQ8CkxnhPVUrXq5+J83SHXY8jMmklRTQZaLwpQjHaP8czRmkhLN54ZgIpm5FZEplphok08egrv68jrpNhvudaN5f1Vvt8o4qnAG53AJLtxAG+6gAx4QYPAMr/BmCevFerc+lq0Vq5w5hT+wPn8AxdON+g==</latexit>

⇠

<latexit sha1_base64="HRCWoS3k8cfPmt6MoUUe6hWJUQw=">AAAB9HicbVBNS8NAEN34WeNX1aOXxSJ4KkkR7bHgxWMF+wFNKJvNpl262cTdSbWE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDMvSAXX4Djf1tr6xubWdmnH3t3bPzgsHx23dZIpylo0EYnqBkQzwSVrAQfBuqliJA4E6wSjm5nfGTOleSLvYZIyPyYDySNOCRjJ9x55yIYEvCdu2/1yxak6c+BV4hakggo0++UvL0xoFjMJVBCte66Tgp8TBZwKNrW9TLOU0BEZsJ6hksRM+/n86Ck+N0qIo0SZkoDn6u+JnMRaT+LAdMYEhnrZm4n/eb0Morqfc5lmwCRdLIoygSHBswRwyBWjICaGEKq4uRXTIVGEgslpFoK7/PIqadeq7lW1dndZadSLOEroFJ2hC+Sia9RAt6iJWoiiB/SMXtGbNbZerHfrY9G6ZhUzJ+gPrM8f+WKRjA==</latexit>

b⇠

<latexit sha1_base64="8j51ICGivz4S+i1J99JTbSAIseY=">AAAB63icbVBNS8NAEJ2tXzV+VT16WSyCp5IU0R4LXjxWsB/QhrLZbtqlu5uwuxFL6F/w4kERr/4hb/4bkzYHbX0w8Hhvhpl5QSy4sa77jUobm1vbO+VdZ2//4PCocnzSMVGiKWvTSES6FxDDBFesbbkVrBdrRmQgWDeY3uZ+95FpwyP1YGcx8yUZKx5ySmwuPTmOM6xU3Zq7AF4nXkGqUKA1rHwNRhFNJFOWCmJM33Nj66dEW04FmzuDxLCY0CkZs35GFZHM+Oni1jm+yJQRDiOdlbJ4of6eSIk0ZiaDrFMSOzGrXi7+5/UTGzb8lKs4sUzR5aIwEdhGOH8cj7hm1IpZRgjVPLsV0wnRhNosnjwEb/XlddKp17zrWv3+qtpsFHGU4QzO4RI8uIEm3EEL2kBhAs/wCm9Iohf0jj6WrSVUzJzCH6DPH4NAjTU=</latexit>x

<latexit sha1_base64="mbJH/2EUOcX/RQenmUbIi6tEIPs=">AAAB83icbVBNS8NAEJ3Urxq/qh69BIvgqSRFtMeCF48V7Ac0oWy203bpZhN2N2IJ/RtePCji1T/jzX/jps1BWx8MPN6bYWZemHCmtOt+W6WNza3tnfKuvbd/cHhUOT7pqDiVFNs05rHshUQhZwLbmmmOvUQiiUKO3XB6m/vdR5SKxeJBzxIMIjIWbMQo0UbyfTpBOs2e5rZtDypVt+Yu4KwTryBVKNAaVL78YUzTCIWmnCjV99xEBxmRmlGOc9tPFSaETskY+4YKEqEKssXNc+fCKENnFEtTQjsL9fdERiKlZlFoOiOiJ2rVy8X/vH6qR40gYyJJNQq6XDRKuaNjJw/AGTKJVPOZIYRKZm516IRIQrWJKQ/BW315nXTqNe+6Vr+/qjYbRRxlOINzuAQPbqAJd9CCNlBI4Ble4c1KrRfr3fpYtpasYuYU/sD6/AHLmZDX</latexit>

x̌

“input” space

<latexit sha1_base64="jLzyTMxebbLJbpKZCdvhYcYpreg="></latexit>

Definition. Given the family {⇠̂}⇠2⌅ of subsets of X, each endowed with a measure dm⇠,
the Radon transform of f : X ! C is the function Rf : ⌅ ! C given by:

<latexit sha1_base64="aut6GCXzHulHJOe1ki964nbMfVU="></latexit>

Rf(⇠) =

Z

⇠̂
f(x)dm⇠(x)

geometric duality and Radon transform

“label” space
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X ƒ G/K
<latexit sha1_base64="wKXFkc4LVaWsJQWYv4YQSAFMotA="></latexit>

� ƒ G/H
<latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit><latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit><latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit>

<latexit sha1_base64="vBsBgRqJ22iqkMoFkFylTt21BYU="></latexit>

⇠

<latexit sha1_base64="F2Gb/4FXwBSdrG0gt1E6zMuiQmw="></latexit>

⇠0
<latexit sha1_base64="9Q/x7b9QBAdqVDMIlu+d6m7BJRQ="></latexit>

b⇠0

<latexit sha1_base64="/CktPn/4XlMo4I1OYQ7rK79Xx1E="></latexit>

b⇠

<latexit sha1_base64="Q8ZKzyfPFiuchDDhRKQRZIZspSY="></latexit>x0
<latexit sha1_base64="K5A6dg7QKZTnkWCP/AOow3RXxBw="></latexit>•

dual pairs - homogeneous spaces

-18



X ƒ G/K
<latexit sha1_base64="wKXFkc4LVaWsJQWYv4YQSAFMotA="></latexit>

� ƒ G/H
<latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit><latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit><latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit>

<latexit sha1_base64="vBsBgRqJ22iqkMoFkFylTt21BYU="></latexit>

⇠

<latexit sha1_base64="F2Gb/4FXwBSdrG0gt1E6zMuiQmw="></latexit>

⇠0
<latexit sha1_base64="9Q/x7b9QBAdqVDMIlu+d6m7BJRQ="></latexit>

b⇠0

<latexit sha1_base64="/CktPn/4XlMo4I1OYQ7rK79Xx1E="></latexit>

b⇠

<latexit sha1_base64="Q8ZKzyfPFiuchDDhRKQRZIZspSY="></latexit>x0
<latexit sha1_base64="K5A6dg7QKZTnkWCP/AOow3RXxBw="></latexit>•

<latexit sha1_base64="L4Ae1OF1Mg3OJBcLwovcnJ84eIs="></latexit>

• G a lcsc topological group

<latexit sha1_base64="iHQkKX6pdXFRNt08fPPmAqp7nCI="></latexit>

•X,⌅ transitive G-spaces

dual pairs - homogeneous spaces

-18



X ƒ G/K
<latexit sha1_base64="wKXFkc4LVaWsJQWYv4YQSAFMotA="></latexit>

� ƒ G/H
<latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit><latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit><latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit>

<latexit sha1_base64="vBsBgRqJ22iqkMoFkFylTt21BYU="></latexit>

⇠

<latexit sha1_base64="F2Gb/4FXwBSdrG0gt1E6zMuiQmw="></latexit>

⇠0
<latexit sha1_base64="9Q/x7b9QBAdqVDMIlu+d6m7BJRQ="></latexit>

b⇠0

<latexit sha1_base64="/CktPn/4XlMo4I1OYQ7rK79Xx1E="></latexit>

b⇠

<latexit sha1_base64="Q8ZKzyfPFiuchDDhRKQRZIZspSY="></latexit>x0
<latexit sha1_base64="K5A6dg7QKZTnkWCP/AOow3RXxBw="></latexit>•

<latexit sha1_base64="L4Ae1OF1Mg3OJBcLwovcnJ84eIs="></latexit>

• G a lcsc topological group

<latexit sha1_base64="iHQkKX6pdXFRNt08fPPmAqp7nCI="></latexit>

•X,⌅ transitive G-spaces

X ƒ G/K
<latexit sha1_base64="wKXFkc4LVaWsJQWYv4YQSAFMotA="></latexit>

<latexit sha1_base64="2D78xR/LAZqyxXqoDqUdciV1j/Y="></latexit>o
<latexit sha1_base64="cailCwhSc6jmtCctzRB3cDhji2A="></latexit>

with isotropy K at x0 2 X

<latexit sha1_base64="Qp1UuxI5nHZoAKW+W9pXqsBezYo="></latexit>

•G acts transitively on X with action x 7! g[x]

� ƒ G/H
<latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit><latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit><latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit>

<latexit sha1_base64="2D78xR/LAZqyxXqoDqUdciV1j/Y="></latexit>o
<latexit sha1_base64="5DjS7/+o/sN2d5ZiAcluzzvrELY="></latexit>

•G acts transitively on ⌅ with action x 7! g.⇠
<latexit sha1_base64="s/qDqM51Rf4Dajf/qfbGFSUxtIg="></latexit>

with isotropy H at ⇠0 2 ⌅

dual pairs - homogeneous spaces

-18



dual pairs - homogeneous spaces

<latexit sha1_base64="v5IuWLs4ec4DkGS22ZI+p66rPhw="></latexit>

(⇠0, b⇠0)

<latexit sha1_base64="K5eDk/MxZ/18PJNlSXDkClQ8qWw="></latexit>

(⇠, b⇠)

<latexit sha1_base64="nhYHlTNpT0cTMZJ1qWeNF1Jwr/s="></latexit>

G/(K \H)

X ƒ G/K
<latexit sha1_base64="wKXFkc4LVaWsJQWYv4YQSAFMotA="></latexit>

� ƒ G/H
<latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit><latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit><latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit>

<latexit sha1_base64="vBsBgRqJ22iqkMoFkFylTt21BYU="></latexit>

⇠

<latexit sha1_base64="F2Gb/4FXwBSdrG0gt1E6zMuiQmw="></latexit>

⇠0
<latexit sha1_base64="9Q/x7b9QBAdqVDMIlu+d6m7BJRQ="></latexit>

b⇠0

<latexit sha1_base64="/CktPn/4XlMo4I1OYQ7rK79Xx1E="></latexit>

b⇠

<latexit sha1_base64="Q8ZKzyfPFiuchDDhRKQRZIZspSY="></latexit>x0
<latexit sha1_base64="K5A6dg7QKZTnkWCP/AOow3RXxBw="></latexit>•

<latexit sha1_base64="L4Ae1OF1Mg3OJBcLwovcnJ84eIs="></latexit>

• G a lcsc topological group

• K and H two closed subgroups

<latexit sha1_base64="VsAyiaA63noUk+uVvg7FhB01idU="></latexit>p <latexit sha1_base64="hWN1igYidyUz+dmpDpLR4717RY0="></latexit>⇡
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dual pairs - homogeneous spaces

<latexit sha1_base64="v5IuWLs4ec4DkGS22ZI+p66rPhw="></latexit>

(⇠0, b⇠0)

<latexit sha1_base64="K5eDk/MxZ/18PJNlSXDkClQ8qWw="></latexit>

(⇠, b⇠)

<latexit sha1_base64="nhYHlTNpT0cTMZJ1qWeNF1Jwr/s="></latexit>

G/(K \H)

X ƒ G/K
<latexit sha1_base64="wKXFkc4LVaWsJQWYv4YQSAFMotA="></latexit>

� ƒ G/H
<latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit><latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit><latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit>

<latexit sha1_base64="vBsBgRqJ22iqkMoFkFylTt21BYU="></latexit>

⇠

<latexit sha1_base64="F2Gb/4FXwBSdrG0gt1E6zMuiQmw="></latexit>

⇠0
<latexit sha1_base64="9Q/x7b9QBAdqVDMIlu+d6m7BJRQ="></latexit>

b⇠0

<latexit sha1_base64="/CktPn/4XlMo4I1OYQ7rK79Xx1E="></latexit>

b⇠

<latexit sha1_base64="Q8ZKzyfPFiuchDDhRKQRZIZspSY="></latexit>x0
<latexit sha1_base64="K5A6dg7QKZTnkWCP/AOow3RXxBw="></latexit>•

<latexit sha1_base64="L4Ae1OF1Mg3OJBcLwovcnJ84eIs="></latexit>

• G a lcsc topological group

• K and H two closed subgroups

• the points x = g1K, and ⇠ = g2H are incident if

g1K \ g2H 6= ;, (Chern, 1942)

<latexit sha1_base64="VsAyiaA63noUk+uVvg7FhB01idU="></latexit>p <latexit sha1_base64="hWN1igYidyUz+dmpDpLR4717RY0="></latexit>⇡
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dual pairs - homogeneous spaces

<latexit sha1_base64="v5IuWLs4ec4DkGS22ZI+p66rPhw="></latexit>

(⇠0, b⇠0)

<latexit sha1_base64="K5eDk/MxZ/18PJNlSXDkClQ8qWw="></latexit>

(⇠, b⇠)

<latexit sha1_base64="nhYHlTNpT0cTMZJ1qWeNF1Jwr/s="></latexit>

G/(K \H)

X ƒ G/K
<latexit sha1_base64="wKXFkc4LVaWsJQWYv4YQSAFMotA="></latexit>

� ƒ G/H
<latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit><latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit><latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit>

<latexit sha1_base64="vBsBgRqJ22iqkMoFkFylTt21BYU="></latexit>

⇠

<latexit sha1_base64="F2Gb/4FXwBSdrG0gt1E6zMuiQmw="></latexit>

⇠0
<latexit sha1_base64="9Q/x7b9QBAdqVDMIlu+d6m7BJRQ="></latexit>

b⇠0

<latexit sha1_base64="/CktPn/4XlMo4I1OYQ7rK79Xx1E="></latexit>

b⇠

<latexit sha1_base64="Q8ZKzyfPFiuchDDhRKQRZIZspSY="></latexit>x0
<latexit sha1_base64="K5A6dg7QKZTnkWCP/AOow3RXxBw="></latexit>•

<latexit sha1_base64="L4Ae1OF1Mg3OJBcLwovcnJ84eIs="></latexit>

• G a lcsc topological group

• b⇠ = {x 2 X : x and ⇠ are incident}

• x̌ = {⇠ 2 ⌅ : x and ⇠ are incident}

• K and H two closed subgroups

• the points x = g1K, and ⇠ = g2H are incident if

g1K \ g2H 6= ;, (Chern, 1942)

<latexit sha1_base64="VsAyiaA63noUk+uVvg7FhB01idU="></latexit>p <latexit sha1_base64="hWN1igYidyUz+dmpDpLR4717RY0="></latexit>⇡
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dual pairs - homogeneous spaces

<latexit sha1_base64="v5IuWLs4ec4DkGS22ZI+p66rPhw="></latexit>

(⇠0, b⇠0)

<latexit sha1_base64="K5eDk/MxZ/18PJNlSXDkClQ8qWw="></latexit>

(⇠, b⇠)

<latexit sha1_base64="nhYHlTNpT0cTMZJ1qWeNF1Jwr/s="></latexit>

G/(K \H)

X ƒ G/K
<latexit sha1_base64="wKXFkc4LVaWsJQWYv4YQSAFMotA="></latexit>

� ƒ G/H
<latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit><latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit><latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit>

<latexit sha1_base64="vBsBgRqJ22iqkMoFkFylTt21BYU="></latexit>

⇠

<latexit sha1_base64="F2Gb/4FXwBSdrG0gt1E6zMuiQmw="></latexit>

⇠0
<latexit sha1_base64="9Q/x7b9QBAdqVDMIlu+d6m7BJRQ="></latexit>

b⇠0

<latexit sha1_base64="/CktPn/4XlMo4I1OYQ7rK79Xx1E="></latexit>

b⇠

<latexit sha1_base64="Q8ZKzyfPFiuchDDhRKQRZIZspSY="></latexit>x0
<latexit sha1_base64="K5A6dg7QKZTnkWCP/AOow3RXxBw="></latexit>•

<latexit sha1_base64="L4Ae1OF1Mg3OJBcLwovcnJ84eIs="></latexit>

• G a lcsc topological group

• (X,⌅) is a dual pair if the maps x 7! x̌, ⇠ 7! b⇠ are both injective

• b⇠ = {x 2 X : x and ⇠ are incident}

• x̌ = {⇠ 2 ⌅ : x and ⇠ are incident}

• K and H two closed subgroups

• the points x = g1K, and ⇠ = g2H are incident if

g1K \ g2H 6= ;, (Chern, 1942)

<latexit sha1_base64="VsAyiaA63noUk+uVvg7FhB01idU="></latexit>p <latexit sha1_base64="hWN1igYidyUz+dmpDpLR4717RY0="></latexit>⇡
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dual pairs - homogeneous spaces

<latexit sha1_base64="v5IuWLs4ec4DkGS22ZI+p66rPhw="></latexit>

(⇠0, b⇠0)

<latexit sha1_base64="K5eDk/MxZ/18PJNlSXDkClQ8qWw="></latexit>

(⇠, b⇠)

<latexit sha1_base64="nhYHlTNpT0cTMZJ1qWeNF1Jwr/s="></latexit>

G/(K \H)

X ƒ G/K
<latexit sha1_base64="wKXFkc4LVaWsJQWYv4YQSAFMotA="></latexit>

� ƒ G/H
<latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit><latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit><latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit>

<latexit sha1_base64="vBsBgRqJ22iqkMoFkFylTt21BYU="></latexit>

⇠

<latexit sha1_base64="F2Gb/4FXwBSdrG0gt1E6zMuiQmw="></latexit>

⇠0
<latexit sha1_base64="9Q/x7b9QBAdqVDMIlu+d6m7BJRQ="></latexit>

b⇠0

<latexit sha1_base64="/CktPn/4XlMo4I1OYQ7rK79Xx1E="></latexit>

b⇠

<latexit sha1_base64="Q8ZKzyfPFiuchDDhRKQRZIZspSY="></latexit>x0
<latexit sha1_base64="K5A6dg7QKZTnkWCP/AOow3RXxBw="></latexit>•

<latexit sha1_base64="L4Ae1OF1Mg3OJBcLwovcnJ84eIs="></latexit>

• G a lcsc topological group

• G/(K \H) ' {(x, ⇠) : x and ⇠ are incident}

• b⇠ = {x 2 X : x and ⇠ are incident}

• x̌ = {⇠ 2 ⌅ : x and ⇠ are incident}

• K and H two closed subgroups

• the points x = g1K, and ⇠ = g2H are incident if

g1K \ g2H 6= ;, (Chern, 1942)

<latexit sha1_base64="VsAyiaA63noUk+uVvg7FhB01idU="></latexit>p <latexit sha1_base64="hWN1igYidyUz+dmpDpLR4717RY0="></latexit>⇡
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• (X,⌅) is a dual pair if the maps x 7! x̌, ⇠ 7! b⇠ are both injective



dual pairs - homogeneous spaces

<latexit sha1_base64="v5IuWLs4ec4DkGS22ZI+p66rPhw="></latexit>

(⇠0, b⇠0)

<latexit sha1_base64="K5eDk/MxZ/18PJNlSXDkClQ8qWw="></latexit>

(⇠, b⇠)

<latexit sha1_base64="nhYHlTNpT0cTMZJ1qWeNF1Jwr/s="></latexit>

G/(K \H)

<latexit sha1_base64="VsAyiaA63noUk+uVvg7FhB01idU="></latexit>p <latexit sha1_base64="hWN1igYidyUz+dmpDpLR4717RY0="></latexit>⇡

X ƒ G/K
<latexit sha1_base64="wKXFkc4LVaWsJQWYv4YQSAFMotA="></latexit>

� ƒ G/H
<latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit><latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit><latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit>

<latexit sha1_base64="vBsBgRqJ22iqkMoFkFylTt21BYU="></latexit>

⇠

<latexit sha1_base64="F2Gb/4FXwBSdrG0gt1E6zMuiQmw="></latexit>

⇠0
<latexit sha1_base64="9Q/x7b9QBAdqVDMIlu+d6m7BJRQ="></latexit>

b⇠0

<latexit sha1_base64="/CktPn/4XlMo4I1OYQ7rK79Xx1E="></latexit>

b⇠

<latexit sha1_base64="Q8ZKzyfPFiuchDDhRKQRZIZspSY="></latexit>x0
<latexit sha1_base64="K5A6dg7QKZTnkWCP/AOow3RXxBw="></latexit>•

<latexit sha1_base64="L4Ae1OF1Mg3OJBcLwovcnJ84eIs="></latexit>

• G a lcsc topological group

• G/(K \H) ' {(x, ⇠) : x and ⇠ are incident}

• b⇠ = {x 2 X : x and ⇠ are incident}

• x̌ = {⇠ 2 ⌅ : x and ⇠ are incident}

• K and H two closed subgroups

• the points x = g1K, and ⇠ = g2H are incident if

g1K \ g2H 6= ;, (Chern, 1942)

• double fibration
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• (X,⌅) is a dual pair if the maps x 7! x̌, ⇠ 7! b⇠ are both injective



X ƒ G/K
<latexit sha1_base64="wKXFkc4LVaWsJQWYv4YQSAFMotA="></latexit>

� ƒ G/H
<latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit><latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit><latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit>

<latexit sha1_base64="vBsBgRqJ22iqkMoFkFylTt21BYU="></latexit>

⇠

<latexit sha1_base64="F2Gb/4FXwBSdrG0gt1E6zMuiQmw="></latexit>

⇠0
<latexit sha1_base64="9Q/x7b9QBAdqVDMIlu+d6m7BJRQ="></latexit>

b⇠0

<latexit sha1_base64="/CktPn/4XlMo4I1OYQ7rK79Xx1E="></latexit>

b⇠

<latexit sha1_base64="Q8ZKzyfPFiuchDDhRKQRZIZspSY="></latexit>x0
<latexit sha1_base64="K5A6dg7QKZTnkWCP/AOow3RXxBw="></latexit>•

<latexit sha1_base64="L4Ae1OF1Mg3OJBcLwovcnJ84eIs="></latexit>

• G a lcsc topological group

<latexit sha1_base64="iHQkKX6pdXFRNt08fPPmAqp7nCI="></latexit>

•X,⌅ transitive G-spaces

dual pairs with measures
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X ƒ G/K
<latexit sha1_base64="wKXFkc4LVaWsJQWYv4YQSAFMotA="></latexit>

� ƒ G/H
<latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit><latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit><latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit>

<latexit sha1_base64="vBsBgRqJ22iqkMoFkFylTt21BYU="></latexit>

⇠

<latexit sha1_base64="F2Gb/4FXwBSdrG0gt1E6zMuiQmw="></latexit>

⇠0
<latexit sha1_base64="9Q/x7b9QBAdqVDMIlu+d6m7BJRQ="></latexit>

b⇠0

<latexit sha1_base64="/CktPn/4XlMo4I1OYQ7rK79Xx1E="></latexit>

b⇠

<latexit sha1_base64="Q8ZKzyfPFiuchDDhRKQRZIZspSY="></latexit>x0
<latexit sha1_base64="K5A6dg7QKZTnkWCP/AOow3RXxBw="></latexit>•

<latexit sha1_base64="L4Ae1OF1Mg3OJBcLwovcnJ84eIs="></latexit>

• G a lcsc topological group

<latexit sha1_base64="iHQkKX6pdXFRNt08fPPmAqp7nCI="></latexit>

•X,⌅ transitive G-spaces

<latexit sha1_base64="2fZFGrBgNfKQWS/72cG6+8axcg8="></latexit>

• Assumption: X,⌅ admit relatively G-invariant measures dx, d⇠
<latexit sha1_base64="SrtG2SFKv9lde4UlYAHf2MtEXiY="></latexit>

with positive characters ↵ : G ! (0,+1) and � : G ! (0,+1)

<latexit sha1_base64="szQk4oMuK673SgKkgMNVbnFNBPE="></latexit>

•
Z

X
f(g�1[x])dx = ↵(g)

Z

X
f(x)dx, f 2 L1(X, dx), g 2 G

<latexit sha1_base64="TQNoFYzsTpxgCAEg8+S1Yt6c2WY="></latexit>

•
Z

⌅
f(g�1.⇠)d⇠ = �(g)

Z

⌅
f(⇠)d⇠, f 2 L1(⌅, d⇠), g 2 G

dual pairs with measures

-17



X ƒ G/K
<latexit sha1_base64="wKXFkc4LVaWsJQWYv4YQSAFMotA="></latexit>

� ƒ G/H
<latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit><latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit><latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit>

<latexit sha1_base64="vBsBgRqJ22iqkMoFkFylTt21BYU="></latexit>

⇠

<latexit sha1_base64="F2Gb/4FXwBSdrG0gt1E6zMuiQmw="></latexit>

⇠0
<latexit sha1_base64="9Q/x7b9QBAdqVDMIlu+d6m7BJRQ="></latexit>

b⇠0

<latexit sha1_base64="/CktPn/4XlMo4I1OYQ7rK79Xx1E="></latexit>

b⇠

<latexit sha1_base64="Q8ZKzyfPFiuchDDhRKQRZIZspSY="></latexit>x0
<latexit sha1_base64="K5A6dg7QKZTnkWCP/AOow3RXxBw="></latexit>•

<latexit sha1_base64="L4Ae1OF1Mg3OJBcLwovcnJ84eIs="></latexit>

• G a lcsc topological group

<latexit sha1_base64="iHQkKX6pdXFRNt08fPPmAqp7nCI="></latexit>

•X,⌅ transitive G-spaces

<latexit sha1_base64="2fZFGrBgNfKQWS/72cG6+8axcg8="></latexit>

• Assumption: X,⌅ admit relatively G-invariant measures dx, d⇠
<latexit sha1_base64="SrtG2SFKv9lde4UlYAHf2MtEXiY="></latexit>

with positive characters ↵ : G ! (0,+1) and � : G ! (0,+1)

<latexit sha1_base64="szQk4oMuK673SgKkgMNVbnFNBPE="></latexit>

•
Z

X
f(g�1[x])dx = ↵(g)

Z

X
f(x)dx, f 2 L1(X, dx), g 2 G

<latexit sha1_base64="TQNoFYzsTpxgCAEg8+S1Yt6c2WY="></latexit>

•
Z

⌅
f(g�1.⇠)d⇠ = �(g)

Z

⌅
f(⇠)d⇠, f 2 L1(⌅, d⇠), g 2 G

dual pairs with measures
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X ƒ G/K
<latexit sha1_base64="wKXFkc4LVaWsJQWYv4YQSAFMotA="></latexit>

� ƒ G/H
<latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit><latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit><latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit>

<latexit sha1_base64="vBsBgRqJ22iqkMoFkFylTt21BYU="></latexit>

⇠

<latexit sha1_base64="F2Gb/4FXwBSdrG0gt1E6zMuiQmw="></latexit>

⇠0
<latexit sha1_base64="9Q/x7b9QBAdqVDMIlu+d6m7BJRQ="></latexit>

b⇠0

<latexit sha1_base64="/CktPn/4XlMo4I1OYQ7rK79Xx1E="></latexit>

b⇠

<latexit sha1_base64="Q8ZKzyfPFiuchDDhRKQRZIZspSY="></latexit>x0
<latexit sha1_base64="K5A6dg7QKZTnkWCP/AOow3RXxBw="></latexit>•

<latexit sha1_base64="L4Ae1OF1Mg3OJBcLwovcnJ84eIs="></latexit>

• G a lcsc topological group

<latexit sha1_base64="iHQkKX6pdXFRNt08fPPmAqp7nCI="></latexit>

•X,⌅ transitive G-spaces

<latexit sha1_base64="2fZFGrBgNfKQWS/72cG6+8axcg8="></latexit>

• Assumption: X,⌅ admit relatively G-invariant measures dx, d⇠
<latexit sha1_base64="SrtG2SFKv9lde4UlYAHf2MtEXiY="></latexit>

with positive characters ↵ : G ! (0,+1) and � : G ! (0,+1)

<latexit sha1_base64="szQk4oMuK673SgKkgMNVbnFNBPE="></latexit>

•
Z

X
f(g�1[x])dx = ↵(g)

Z

X
f(x)dx, f 2 L1(X, dx), g 2 G

<latexit sha1_base64="TQNoFYzsTpxgCAEg8+S1Yt6c2WY="></latexit>

•
Z

⌅
f(g�1.⇠)d⇠ = �(g)

Z

⌅
f(⇠)d⇠, f 2 L1(⌅, d⇠), g 2 G

<latexit sha1_base64="VcXoaPuD/gMYg7MJFNwG9F4Izys="></latexit>

• b⇠0 = H[x0] ✓ X

dual pairs with measures
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X ƒ G/K
<latexit sha1_base64="wKXFkc4LVaWsJQWYv4YQSAFMotA="></latexit>

� ƒ G/H
<latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit><latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit><latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit>

<latexit sha1_base64="vBsBgRqJ22iqkMoFkFylTt21BYU="></latexit>

⇠

<latexit sha1_base64="F2Gb/4FXwBSdrG0gt1E6zMuiQmw="></latexit>

⇠0
<latexit sha1_base64="9Q/x7b9QBAdqVDMIlu+d6m7BJRQ="></latexit>

b⇠0

<latexit sha1_base64="/CktPn/4XlMo4I1OYQ7rK79Xx1E="></latexit>

b⇠

<latexit sha1_base64="Q8ZKzyfPFiuchDDhRKQRZIZspSY="></latexit>x0
<latexit sha1_base64="K5A6dg7QKZTnkWCP/AOow3RXxBw="></latexit>•

<latexit sha1_base64="L4Ae1OF1Mg3OJBcLwovcnJ84eIs="></latexit>

• G a lcsc topological group

<latexit sha1_base64="iHQkKX6pdXFRNt08fPPmAqp7nCI="></latexit>

•X,⌅ transitive G-spaces

<latexit sha1_base64="2fZFGrBgNfKQWS/72cG6+8axcg8="></latexit>

• Assumption: X,⌅ admit relatively G-invariant measures dx, d⇠
<latexit sha1_base64="SrtG2SFKv9lde4UlYAHf2MtEXiY="></latexit>

with positive characters ↵ : G ! (0,+1) and � : G ! (0,+1)

<latexit sha1_base64="szQk4oMuK673SgKkgMNVbnFNBPE="></latexit>

•
Z

X
f(g�1[x])dx = ↵(g)

Z

X
f(x)dx, f 2 L1(X, dx), g 2 G

<latexit sha1_base64="TQNoFYzsTpxgCAEg8+S1Yt6c2WY="></latexit>

•
Z

⌅
f(g�1.⇠)d⇠ = �(g)

Z

⌅
f(⇠)d⇠, f 2 L1(⌅, d⇠), g 2 G

<latexit sha1_base64="a+AoidgWS6G94xYhc6NbG6tGMSw="></latexit>

�(⇠).

<latexit sha1_base64="VcXoaPuD/gMYg7MJFNwG9F4Izys="></latexit>

• b⇠0 = H[x0] ✓ X

<latexit sha1_base64="vcoaeq+vISObV5FG5AKZy/TLMFo="></latexit>

• � : ⌅ ! G a Borel section

dual pairs with measures
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X ƒ G/K
<latexit sha1_base64="wKXFkc4LVaWsJQWYv4YQSAFMotA="></latexit>

� ƒ G/H
<latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit><latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit><latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit>

<latexit sha1_base64="vBsBgRqJ22iqkMoFkFylTt21BYU="></latexit>

⇠

<latexit sha1_base64="F2Gb/4FXwBSdrG0gt1E6zMuiQmw="></latexit>

⇠0
<latexit sha1_base64="9Q/x7b9QBAdqVDMIlu+d6m7BJRQ="></latexit>

b⇠0

<latexit sha1_base64="/CktPn/4XlMo4I1OYQ7rK79Xx1E="></latexit>

b⇠

<latexit sha1_base64="Q8ZKzyfPFiuchDDhRKQRZIZspSY="></latexit>x0
<latexit sha1_base64="K5A6dg7QKZTnkWCP/AOow3RXxBw="></latexit>•

<latexit sha1_base64="L4Ae1OF1Mg3OJBcLwovcnJ84eIs="></latexit>

• G a lcsc topological group

<latexit sha1_base64="iHQkKX6pdXFRNt08fPPmAqp7nCI="></latexit>

•X,⌅ transitive G-spaces

<latexit sha1_base64="2fZFGrBgNfKQWS/72cG6+8axcg8="></latexit>

• Assumption: X,⌅ admit relatively G-invariant measures dx, d⇠
<latexit sha1_base64="SrtG2SFKv9lde4UlYAHf2MtEXiY="></latexit>

with positive characters ↵ : G ! (0,+1) and � : G ! (0,+1)

<latexit sha1_base64="szQk4oMuK673SgKkgMNVbnFNBPE="></latexit>

•
Z

X
f(g�1[x])dx = ↵(g)

Z

X
f(x)dx, f 2 L1(X, dx), g 2 G

<latexit sha1_base64="TQNoFYzsTpxgCAEg8+S1Yt6c2WY="></latexit>

•
Z

⌅
f(g�1.⇠)d⇠ = �(g)

Z

⌅
f(⇠)d⇠, f 2 L1(⌅, d⇠), g 2 G

dual pairs - homogeneous spaces
<latexit sha1_base64="K4xNm0XlGiX8Un2209uPg8hCca8="></latexit>

�(⇠)[ · ]

<latexit sha1_base64="VcXoaPuD/gMYg7MJFNwG9F4Izys="></latexit>

• b⇠0 = H[x0] ✓ X

<latexit sha1_base64="vcoaeq+vISObV5FG5AKZy/TLMFo="></latexit>

• � : ⌅ ! G a Borel section

<latexit sha1_base64="paPBZ6v2qgLzKgO2qTZoGHShNwo="></latexit>

• b⇠ = �(⇠)[b⇠0]
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X ƒ G/K
<latexit sha1_base64="wKXFkc4LVaWsJQWYv4YQSAFMotA="></latexit>

� ƒ G/H
<latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit><latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit><latexit sha1_base64="HA905dZhC7HeDzudhtV/gZZPLO4="></latexit>

<latexit sha1_base64="vBsBgRqJ22iqkMoFkFylTt21BYU="></latexit>

⇠

<latexit sha1_base64="F2Gb/4FXwBSdrG0gt1E6zMuiQmw="></latexit>

⇠0
<latexit sha1_base64="9Q/x7b9QBAdqVDMIlu+d6m7BJRQ="></latexit>

b⇠0

<latexit sha1_base64="/CktPn/4XlMo4I1OYQ7rK79Xx1E="></latexit>

b⇠

<latexit sha1_base64="Q8ZKzyfPFiuchDDhRKQRZIZspSY="></latexit>x0
<latexit sha1_base64="K5A6dg7QKZTnkWCP/AOow3RXxBw="></latexit>•

<latexit sha1_base64="L4Ae1OF1Mg3OJBcLwovcnJ84eIs="></latexit>

• G a lcsc topological group

<latexit sha1_base64="iHQkKX6pdXFRNt08fPPmAqp7nCI="></latexit>

•X,⌅ transitive G-spaces

<latexit sha1_base64="2fZFGrBgNfKQWS/72cG6+8axcg8="></latexit>

• Assumption: X,⌅ admit relatively G-invariant measures dx, d⇠
<latexit sha1_base64="SrtG2SFKv9lde4UlYAHf2MtEXiY="></latexit>

with positive characters ↵ : G ! (0,+1) and � : G ! (0,+1)

<latexit sha1_base64="szQk4oMuK673SgKkgMNVbnFNBPE="></latexit>

•
Z

X
f(g�1[x])dx = ↵(g)

Z

X
f(x)dx, f 2 L1(X, dx), g 2 G

<latexit sha1_base64="TQNoFYzsTpxgCAEg8+S1Yt6c2WY="></latexit>

•
Z

⌅
f(g�1.⇠)d⇠ = �(g)

Z

⌅
f(⇠)d⇠, f 2 L1(⌅, d⇠), g 2 G

dual pairs - homogeneous spaces

<latexit sha1_base64="YxjBAgj7Ohw1CrjiaClUSui5Wis="></latexit>Z

b⇠
f(x) dm⇠(x) =

Z

b⇠0
f(�(⇠)[x]) dm0(x)

• Assumption: b⇠0 admits a relatively invariant measure m, with

positive character � : H ! (0,+1), which we push to m⇠ on b⇠

<latexit sha1_base64="K4xNm0XlGiX8Un2209uPg8hCca8="></latexit>

�(⇠)[ · ]

<latexit sha1_base64="szQk4oMuK673SgKkgMNVbnFNBPE="></latexit>

•
Z

X
f(g�1[x])dx = ↵(g)

Z

X
f(x)dx, f 2 L1(X, dx), g 2 G

<latexit sha1_base64="TQNoFYzsTpxgCAEg8+S1Yt6c2WY="></latexit>

•
Z

⌅
f(g�1.⇠)d⇠ = �(g)

Z

⌅
f(⇠)d⇠, f 2 L1(⌅, d⇠), g 2 G

<latexit sha1_base64="VcXoaPuD/gMYg7MJFNwG9F4Izys="></latexit>

• b⇠0 = H[x0] ✓ X

<latexit sha1_base64="vcoaeq+vISObV5FG5AKZy/TLMFo="></latexit>

• � : ⌅ ! G a Borel section

<latexit sha1_base64="paPBZ6v2qgLzKgO2qTZoGHShNwo="></latexit>

• b⇠ = �(⇠)[b⇠0]

-17



<latexit sha1_base64="2fZFGrBgNfKQWS/72cG6+8axcg8="></latexit>

• Assumption: X,⌅ admit relatively G-invariant measures dx, d⇠
<latexit sha1_base64="SrtG2SFKv9lde4UlYAHf2MtEXiY="></latexit>

with positive characters ↵ : G ! (0,+1) and � : G ! (0,+1)

• Assumption: b⇠0 admits a relatively invariant measure m, with

positive character � : H ! (0,+1), which we push to m⇠ on b⇠

<latexit sha1_base64="0uP2GBrYidvQ4w4Cyvj7TQM5m0g="></latexit>⇣
(X, dx), (⌅, d⇠)

⌘
is a G-dual pair}

Radon transform on dual pairs with measures

<latexit sha1_base64="1gYWSMJzgU/Fg6dhheViSc1cFOM="></latexit>

with measures

-16



<latexit sha1_base64="vBsBgRqJ22iqkMoFkFylTt21BYU="></latexit>

⇠

<latexit sha1_base64="F2Gb/4FXwBSdrG0gt1E6zMuiQmw="></latexit>

⇠0
<latexit sha1_base64="9Q/x7b9QBAdqVDMIlu+d6m7BJRQ="></latexit>

b⇠0

<latexit sha1_base64="/CktPn/4XlMo4I1OYQ7rK79Xx1E="></latexit>

b⇠

<latexit sha1_base64="K4xNm0XlGiX8Un2209uPg8hCca8="></latexit>

�(⇠)[ · ]

<latexit sha1_base64="Q8ZKzyfPFiuchDDhRKQRZIZspSY="></latexit>x0
<latexit sha1_base64="K5A6dg7QKZTnkWCP/AOow3RXxBw="></latexit>•

<latexit sha1_base64="iyFaAd/+vNFLMg9PorEWdbM9NYU="></latexit>

f
<latexit sha1_base64="Vr5QFol6cFYrkmfuV2Ny010UY/w="></latexit>

Rf

<latexit sha1_base64="2fZFGrBgNfKQWS/72cG6+8axcg8="></latexit>

• Assumption: X,⌅ admit relatively G-invariant measures dx, d⇠
<latexit sha1_base64="SrtG2SFKv9lde4UlYAHf2MtEXiY="></latexit>

with positive characters ↵ : G ! (0,+1) and � : G ! (0,+1)

• Assumption: b⇠0 admits a relatively invariant measure m, with

positive character � : H ! (0,+1), which we push to m⇠ on b⇠

<latexit sha1_base64="0uP2GBrYidvQ4w4Cyvj7TQM5m0g="></latexit>⇣
(X, dx), (⌅, d⇠)

⌘
is a G-dual pair}

<latexit sha1_base64="ncsawA3ZQcJmDgqNjn6zoFOkQqc="></latexit>

Rf(⇠) =

Z

b⇠
f(x)dm⇠(x) =

Z

b⇠0
f(�(⇠)[x])dm0(x)

<latexit sha1_base64="+cRtSBpQ/SyFm9oN2agh7EkjwUM="></latexit>

Radon transform on a G-dual pair with measures:

<latexit sha1_base64="1gYWSMJzgU/Fg6dhheViSc1cFOM="></latexit>

with measures

Radon transform on dual pairs with measures

-16



<latexit sha1_base64="qsqwmeBBS1eUnrj3ZJ9v582lKTQ="></latexit>

Assumptions on the quasi-regular representations:

quasi-regular representations

-15



<latexit sha1_base64="/Kuu10s2J9MTz3o0FwpLcYIfOwU="></latexit>

•
⇣
(X, dx), (⌅, d⇠)

⌘
is a G-dual pair with measures

<latexit sha1_base64="qsqwmeBBS1eUnrj3ZJ9v582lKTQ="></latexit>

Assumptions on the quasi-regular representations:

quasi-regular representations

-15



<latexit sha1_base64="MmGuoXJBCwA0MMLlv9gOLSazCv4="></latexit>

[⇡(g)f ](x) = ↵(g)�1/2f(g�1[x]), [b⇡(g)F ](⇠) = �(g)�1/2F (g�1.⇠)
<latexit sha1_base64="PmFkJvok61SmquRA788fyyc5Wl4="></latexit>

are irreducible

<latexit sha1_base64="/Kuu10s2J9MTz3o0FwpLcYIfOwU="></latexit>

•
⇣
(X, dx), (⌅, d⇠)

⌘
is a G-dual pair with measures

<latexit sha1_base64="T4DB2dLcEpc56qJntYaP0d81m3c="></latexit>

• the unitary quasi-regular representations (⇡, L2(X, dx)) and (b⇡, L2(⌅, d⇠)), namely

<latexit sha1_base64="qsqwmeBBS1eUnrj3ZJ9v582lKTQ="></latexit>

Assumptions on the quasi-regular representations:

quasi-regular representations

-15



<latexit sha1_base64="MmGuoXJBCwA0MMLlv9gOLSazCv4="></latexit>

[⇡(g)f ](x) = ↵(g)�1/2f(g�1[x]), [b⇡(g)F ](⇠) = �(g)�1/2F (g�1.⇠)
<latexit sha1_base64="PmFkJvok61SmquRA788fyyc5Wl4="></latexit>

are irreducible

<latexit sha1_base64="7FpxJO7ic2/1AgtZhf8GvrRcwo0="></latexit>

• there exists a non-trivial ⇡-invariant A ✓ L2(X, dx) such that Rf is well defined for all f 2 A
<latexit sha1_base64="Awjk8ZbKAEcYcIrVhChO9jEWEA4="></latexit>

and the adjoint of the operator R : A ! L2(X, d⇠) has non-trivial domain

<latexit sha1_base64="/Kuu10s2J9MTz3o0FwpLcYIfOwU="></latexit>

•
⇣
(X, dx), (⌅, d⇠)

⌘
is a G-dual pair with measures

<latexit sha1_base64="T4DB2dLcEpc56qJntYaP0d81m3c="></latexit>

• the unitary quasi-regular representations (⇡, L2(X, dx)) and (b⇡, L2(⌅, d⇠)), namely

<latexit sha1_base64="qsqwmeBBS1eUnrj3ZJ9v582lKTQ="></latexit>

Assumptions on the quasi-regular representations:

quasi-regular representations

-15



the closure of the Radon transform

<latexit sha1_base64="UgYOCeUir54ObCdKKANCl8Qmd18="></latexit>

for all g 2 G, where
<latexit sha1_base64="4QZyiH9rkke3ZNJIEVhXdsh+jjo="></latexit>

R⇡(g) = �(g)�1⇡̂(g)R,

<latexit sha1_base64="NGcVfw3XLMJcyXmlHeL2oYN9+IA="></latexit>

�(g) = ↵(g)1/2�(g)�1/2�(g�(g�1.⇠0))
�1.

<latexit sha1_base64="2UcexjRgTHa+WD6Dft53wULrv88="></latexit>

Furthermore, R is the unique closed extension of R.

<latexit sha1_base64="Wg40a5hjkB/VbMFI0J/IW69m6FU="></latexit>

Theorem. (Alberti, Bartolucci, De Vito & FDM) R : A ! L2(⌅, d⇠) is closable
and its closure R is a densely defined operator satisfying:
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Assumption: ⇡ is square integrable, that is: there exists  2 L2(X, dx),

called and admissible vector, such that the voice transform:

f 7! V f, V f(g) = hf,⇡(g) i
is an isometry of L2(X, dx) into L2(G, dg). In this case:

f =

Z

G
hf,⇡(g) i⇡(g) dg (weakly)

holds weakly for every f 2 L2(X, dx).

-12



the inversion theorem

G. Alberti, F. Bartolucci, E. De Vito & FDM Unitarization and Inversion Formulae for the Radon 
Transform between Dual Pairs. SIAM J. Math. Anal., 2019. 

<latexit sha1_base64="NmL7ZqBD4b55kUGVaBNWXVHGEaA="></latexit>

Assumption: ⇡ is square integrable, that is: there exists  2 L2(X, dx),

called and admissible vector, such that the voice transform:

f 7! V f, V f(g) = hf,⇡(g) i
is an isometry of L2(X, dx) into L2(G, dg). In this case:

f =

Z

G
hf,⇡(g) i⇡(g) dg (weakly)

holds weakly for every f 2 L2(X, dx).

-12

<latexit sha1_base64="xRQ5Ixe+zcscavF0S0tBq8bWhtk="></latexit>

Theorem (Alberti, Bartolucci, De Vito & FDM) Let  2 L2(X, dx) be an admissible

vector for ⇡ and such that Q 2 dom(I). Then for any f 2 dom(R)

f =

Z

G
�(g)hRf, b⇡(g) i⇡(g) dg

where  = IQ .
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K. Guo, D. Labate, Optimally sparse multidimensional representation using shearlets, SIAM journal on 
mathematical analysis, 2007 

G. Kutyniok, D. Labate, Shearlets. Applied and Numerical Harmonic Analysis,  Springer, 2012
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F. Colonna, G. Easley, K. Guo, D. Labate, Radon transform inversion using the shearlet representation. 
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t
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�
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Rf(v, •)

⌘
(x+ vy, a)�

⇣ v � s

|a|1/2
⌘
dv

1. Radon transform

2. a 1D wavelet transform

3.convolution with scale-dependent filter

example: the shearlet group
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back to the origins: symmetric spaces?

… after all Helgason’s theorem, proved in Euclidean 
setting should hold true for symmetric spaces…

<latexit sha1_base64="InMPMl657rVwmql0eeWw/AinMNY="></latexit>

Theorem (S. Helgason) The map f 7! I�↵̇Rf extends

to a unitary operator Q : L2
(Rd

) ! L2
even(S

d�1 ⇥ R).
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[⇡(g)f ](x) = ↵(g)�1/2f(g�1[x]), [b⇡(g)F ](⇠) = �(g)�1/2F (g�1.⇠)
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• the unitary quasi-regular representations (⇡, L2(X, dx)) and (b⇡, L2(⌅, d⇠)), namely:
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<latexit sha1_base64="DIcC4c3S5YmXoQWB4EVFedj7q38="></latexit>

•X = G/K a noncompact symmetric space
• ⌅ = G/MN the space of horocycles in X
• R the horocyclic Radon transform
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we “tune” Helgason’s constructions:

• use the pseudodi↵erential operator ⇤ introduced by SH

• change the reference point in X i.e. for every x 2 X
define “coordinates” on ⌅ that are centered at x

• define the correct symmetries and hence L2
[ (⌅)
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the unitarization theorem

<latexit sha1_base64="2Qasz4BWVisQQG2K6YmP465rJLE="></latexit>

Theorem 7. The composite operator ⇤R extends to a unitary operator:

Q : L2(X) ! L2
[ (⌅)

which intertwines the representations ⇡ and b⇡, that is:

b⇡(g)Q = Q⇡(g), g 2 G.

F. Bartolucci, M. Monti & FDM, Unitarization of the Radon Transform on Symmetric Spaces,  ANHA, 
Springer, 2021. -9
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[ (⌅)

which intertwines the representations ⇡ and b⇡, that is:

b⇡(g)Q = Q⇡(g), g 2 G.



unitarization: symmetric spaces and homogeneous trees 

symmetric spaces

homogeneous trees

| |
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homogeneous trees
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homogeneous trees

<latexit sha1_base64="yg7xN5OlX03gzIeWFebGjpeyFNE="></latexit>

• a tree X is an undirected, connected, loop-free graph
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these are not trees!

-7… Tuesday morning, here



homogeneous trees

<latexit sha1_base64="+xuW2W92Z1vfkRCgBR5xTmBLBlc="></latexit>

• q-homogeneous: each vertex has q + 1 adjacent vertices

<latexit sha1_base64="C73LHr83ibgqAn/UzZtJqvDSs8I="></latexit>

q = 2

<latexit sha1_base64="yg7xN5OlX03gzIeWFebGjpeyFNE="></latexit>

• a tree X is an undirected, connected, loop-free graph
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• d(x, y) := (number of edges between x and y)

<latexit sha1_base64="INSr7phKDmrMOepbrQkM8VDXkjE="></latexit>

d(x, y) = 3

<latexit sha1_base64="mjUJ0dwUyYHLa4xKyw/q2mMzato="></latexit>x
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• a tree X is an undirected, connected, loop-free graph
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• group of isometries: G = Aut(X)

<latexit sha1_base64="yg7xN5OlX03gzIeWFebGjpeyFNE="></latexit>

• a tree X is an undirected, connected, loop-free graph

-7
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• K := the stability group at o

<latexit sha1_base64="yg7xN5OlX03gzIeWFebGjpeyFNE="></latexit>

• a tree X is an undirected, connected, loop-free graph
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the boundary of a tree
<latexit sha1_base64="/KVM5pr4yv31Bcfpmk3gF6tOK+E="></latexit>

• chains: (xi)i�0 with d(xi, xi+1) = 1 and xi 6= xi+2
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• K = Ko acts transitively on �o
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• K = Ko acts transitively on �o
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• =) get a Ko-invariant measure µo on ⌦
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• K = Ko acts transitively on �o
<latexit sha1_base64="IQ2N65xZ/IykYvxzO7XfGHkrA0U="></latexit>

• =) get a Ko-invariant measure µo on ⌦
<latexit sha1_base64="nUnoo7wyPDNrmSjvDJrn2+lF33o="></latexit>

• same game with any v 2 X in place of o



horocycles in a tree
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horocycles in a tree
<latexit sha1_base64="xPvuawQSD+CEKrThLeOX1sRUvGk="></latexit>!

<latexit sha1_base64="IigLGNWjMFs3fPSy3ykrJPa/J30="></latexit>

• fix a point at the boundary ! 2 ⌦

-5



horocycles in a tree
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+

<latexit sha1_base64="yBxlcxrhWDgW6mBNmXHC3grTI3w="></latexit>

+ <latexit sha1_base64="Iouu1mGLd98LuPgi7mDAM1mzGHg="></latexit>�

<latexit sha1_base64="Iouu1mGLd98LuPgi7mDAM1mzGHg="></latexit>�

<latexit sha1_base64="Iouu1mGLd98LuPgi7mDAM1mzGHg="></latexit>�
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• fix a point at the boundary ! 2 ⌦

<latexit sha1_base64="vwi3lNs2rgZHf/pb+RIKiXee5bo="></latexit>w

<latexit sha1_base64="R02XQDBWZEGJwZUAPyF8hAwIrkE="></latexit>

• choose two points v, w 2 X
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• horocyclic index: !(v, w) = ] plus� ] minus

<latexit sha1_base64="vwi3lNs2rgZHf/pb+RIKiXee5bo="></latexit>w

<latexit sha1_base64="R02XQDBWZEGJwZUAPyF8hAwIrkE="></latexit>

• choose two points v, w 2 X
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