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inversion and unitarization
e Riesz potentials: if o < d, put (Io‘f)/\(f) — |§|_af(§)

R#F(:U) — / F(w,z - w)do(w) Inversion theorem: For all f € S(R?) and « < d,
e f= %I‘O‘R#Ia_d“R i
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inversion and unitarization

e Riesz potentials: if a < d, put (I*f)™ () = |§|_aj?(f)

Rf(w,p) :/y.

R¥F(x) =

) f(y)dy

w
F(w,z w)do(w) Inversion theorem: For all f € S(R?)
R :
f= 51‘0‘72#1_0‘72 f

o

d—1

Theorem (S. Helgason) The map f — I"*Rf extends

to a unitary operator Q: L?(R?%) — L2 __ (S%"! x R).

even

/J}@
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Rf(w,p) :/y.

R7F(z) =

) f(y)dy

w
F(w,z w)do(w) Inversion theorem: For all f € S(R?)
R :
f= 51‘0‘72#1_0‘72 f

o

d—1

Theorem (S. Helgason) The map f — I"*Rf extends

to a unitary operator Q: L?(R?%) — L2 __ (S%"! x R).

even

A
J / o for d = 2, we have (I"%)(€) = |¢|"/2f(€)
p

A~ A~

o for d = 3, we have (I"%)(¢) = |¢|f(€)

-20









geometric duality and Radon transform

“Input” space “label” space

Definition. Given the family {é }eez of subsets of X, each endowed with a measure dm,
the Radon transform of f: X — C is the function Rf: = — C given by:

Sl /5 F(2)dme (x)



dual pairs - homogeneous spaces
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X ~G/K

e G a lcsc topological group
€o
. e X, = transitive G-spaces
e GG acts transitively on X with action x — g[z]
with isotropy K at xg € X
e (G acts transitively on = with action x — g.£
E~G/H

with isotropy H at & € =

N
> X ~G/K
y
)
> = ~G/H
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1s - homogeneous spaces

e G a lcsc topological group

e K and H two closed subgroups

e the points x = g1 K, and & = go H are incident if

g K NgH #0, (Chern, 1942)

o {={zc X :zand ¢ are incident}

o i ={(c€Z:x and ¢ are incident}

l (€0, €0)
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e the points x = g1 K, and & = go H are incident if

g K NgH #0, (Chern, 1942)

o {={zc X :zand ¢ are incident}

o i ={(c€Z:x and ¢ are incident}

l (€0, €0)

/<@ | . e G/(KNH)~{(x,§) : x and & are incident}
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dual pairs with measures

e G a lcsc topological group
e X, = transitive G-spaces

e Assumption: X, = admit relatively G-invariant measures dx, d§

with positive characters a: G — (0,+00) and 5: G — (0, +00)

o [ e Do =alg) [ f@yn,  fell(Xde) geC
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dual pairs with measures

e G a lcsc topological group

e X, = transitive G-spaces

Y

e Assumption: X, = admit relatively G-invariant measures dz, d§

with positive characters a: G — (0,+00) and 5: G — (0, +00)

\‘ji

v

o [ e Do =alg) [ f@yn,  fell(Xde) geC
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X ~G/K
o [fe 9%k =8 [ 1Ok  rer'Ed) geG
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dual pairs - homogeneous spaces

e G a lcsc topological group

o | oor] L
>@ . e X, = transitive G-spaces
/G:D e Assumption: X, = admit relatively G-invariant measures dx, d§
> with positive characters a: G — (0,+00) and 5: G — (0, +00)
° “HeDdz = « / x)dz, e LY(X,dz), g€ G
eon seom [ 16 Ehis = ato) [ Sy, feI'(X.d0), g
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e 0:= — (G a Borel section




dual pairs - homogeneous spaces

“ ﬁ(@[-] L&

| 3 ¢
o ¢

X ~G/K E~G/H

() é(\):H[xO]QX

e 0:= — (G a Borel section

e G a lcsc topological group
e X, = transitive G-spaces

e Assumption: X, = admit relatively G-invariant measures dx, d§

with positive characters a: G — (0,+00) and 5: G — (0, +00)

- /X F(o~ [])dz = o(g) /X f@)de,  feL\X,da), g€ G

o [fe 9% =80 [ 1Ok rer'Ed) geG

e Assumption: £, admits a relatively invariant measure m, with

positive character v: H — (0, 400), which we push to m¢ on E

/gf(w) dme(@) = [ (o(@la]) dmo(z)



Radon transform on dual pairs with measures

e Assumption: X, = admit relatively G-invariant measures dx, d§
with positive characters a: G — (0,+00) and : G — (0, +00)

e Assumption: £, admits a relatively invariant measure m, with

positive character v: H — (0,400), which we push to m¢ on E

((X, dz), (£, d§)) is a G-dual pair

with measures



Radon transform on dual pairs with measures

e Assumption: X, = admit relatively G-invariant measures dx, d§
with positive characters a: G — (0,+00) and : G — (0, +00)

_ ((X, dz), (5, df)) is a G-dual pair
e Assumption: £, admits a relatively invariant measure m, with .
with measures

positive character v: H — (0,400), which we push to m¢ on E

Radon transform on a (G-dual pair with measures:

S RAO) = [S)me(@) = [ fo(@)limo(r)

To

v










quasi-regular representations

Assumptions on the quasi-regular representations:

° ((X, dx), (=, dﬁ)) is a G-dual pair with measures

e the unitary quasi-regular representations (7, L?(X,dz)) and (7, L*(Z,d¢)), namely

m(9)fl(z) = a(g) 2 f(g7 =),  [R(9)FIE) = Blg)"2F(g7".&)

are irreducible
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° ((X, dx), (=, dﬁ)) is a G-dual pair with measures

e the unitary quasi-regular representations (7, L?(X,dz)) and (7, L*(Z,d¢)), namely

m(9)fl(z) = a(g) 2 f(g7 =),  [R(9)FIE) = Blg)"2F(g7".&)

are irreducible

e there exists a non-trivial 7-invariant A C L?*(X,dx) such that Rf is well defined for all f € A

and the adjoint of the operator R: A — L*(X,d€) has non-trivial domain
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L[]

the closure of the Radon transform

Theorem. (Alberti, Bartolucci, De Vito & FDM) R: A — L?(Z,d¢) is closable
and its closure R is a densely defined operator satisfying:

x(g) = a(g)/?B(g)~*v(go(g™ L)) .

Furthermore, R is the unique closed extension of R.

G. Alberti, F. Bartolucci, F. De Mari, E. De Vito, Unitarization and Inversion Formulae for the Radon
Transform between Dual Pairs. SIAM J. Math. Anal., 2019.
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L[]

the unitarization theorem

Theorem. (Alberti, Bartolucci, De Vito & FDM) There exists a unique positive
self-adjoint operator

7: dom(Z) D Im(R) — L*(Z, d¢)
with the property

w(9)Zr(g) ' =x(9)~'Z, g€G

such that the composite operator ZR extends to a unitary operator
Q: L*(X,dz) — L*(E,d¢) intertwining m and #, namely:

#(9)9m(g) ' =9, g€aG.

G. Alberti, F. Bartolucci, F. De Mari, E. De Vito, Unitarization and Inversion Formulae for the Radon
Transform between Dual Pairs. SIAM J. Math. Anal., 2019.
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the 1nversion theorem

Assumption: 7 is square integrable, that is: there exists ¥ € L*(X,dx),

called and admissible vector, such that the wvoice transform:

feVof, Vuf(g) ={fm(9)¥)
is an isometry of L?(X,dz) into L2(G dg). In this case:

F= [ (rlainlapdg  (veakly)
holds weakly for every f € L2(X ,dx).



the 1nversion theorem

Assumption: 7 is square integrable, that is: there exists ¥ € L*(X,dx),

called and admissible vector, such that the wvoice transform:

feVof, Vuf(g) ={fm(9)¥)
is an isometry of L*(X,dx) into L*(G,dg). In this case:

F= [ (rlainlapdg  (veakly)
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example: the shearlet group

the group generated by translations, parabolic dilations and shearing in R?

1 0 1 s

A, =a

N K. Guo, D. Labate, Optimally sparse multidimensional representation using shearlets, SIAM journal on
mathematical analysis, 2007

w G. Kutyniok, D. Labate, Shearlets. Applied and Numerical Harmonic Analysis, Springer, 2012

N F. Colonna, G. Easley, K. Guo, D. Labate, Radon transform inversion using the shearlet representation.
ACHA, 2010
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example: the shearlet group

dbdsda
o F= [ ] Surtbsapne.
R2 JR JR* ]a\

nig

F. Colonna, G. Easley, K. Guo, D. Labate, Radon transform inversion using the shearlet representation.
ACHA, 2010.



example: the shearlet group

A

Y 75—l

C Rf(v,t)=/Rf(t—vy,y)dy

dbdsda
o F= [ ] Surtbsapne.
R2 JR JR* ]a\

r+oy=t

N F. Colonna, G. Easley, K. Guo, D. Labate, Radon transform inversion using the shearlet representation.
ACHA, 2010.
N# F. Bartolucci, E. De Vito, F. Odone & FDM The Radon transform intertwines wavelets and shearlets.
ACHA, 2019. 11




example: the shearlet group
Y I r=1

C Rf(vat)=/Rf(t—vy,y)dy

dbds da
° f:/ // Swf(b,s,a)wb,s,aw
R2 JR JR*

o Suf(@w) s = o= [ Wy (Rp.) @+ vya)o (L)
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example: the shearlet group
Y I r=1

C Rf(vat)=/Rf(t—vy,y)dy

dbds da
° f:/ // Swf(b,s,a)wb,s,aw
R2 JR JR*

1. Radon transform

2. a 1D wayvelet transform

r+oy=t

o Syf((z,y),s,a) = |a|~**
/R -11



example: the shearlet group

A

Y 75—l

C Rf(vat)=/Rf(t—vy,y)dy

dbdsda
o F= [ ] Surtbsapne.
R2 JR JR* |a|

1. Radon transform

| - @ O\x
2. a 1D wavelet transform

r+oy=t

3.convolution with scale-dependent filter

o Suf(@w) s = o= [ W (Rp.) @+ vpa)o (Lo ,LJ

R

-11



back to the origins: symmetric spaces?

... after all Helgason’s theorem, proved in Euclidean
setting should hold true for symmetric spaces...

Theorem (S. Helgason) The map f — I"*Rf extends
to a unitary operator Q: L*(R%) — L2 _ (S ! x R).

evern

-10



back to the origins: symmetric spaces?

e X = G/K a noncompact symmetric space
e == G/MN the space of horocycles in X
e R the horocyclic Radon transform

e the unitary quasi-regular - (, and (7, L*(Z, d¢)), namely:
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e use the pseudodifferential operator A introduced by SH

e change the reference point in X i.e. for every x € X
define “coordinates” on = that are centered at x

e define the correct symmetries and hence LZ(Z)



back to the origins: symmetric spaces?

e X = G/K a noncompact symmetric space
e == G/MN the space of horocycles in X
e R the horocyclic Radon transform

—> need different techniques

: — A —
we “tune” Helgason’s constructions: L} (E) €n L} (E)
e use the pseudodifferential operator A introduced by SH Ol AoR R
e change the reference point in X i.e. for every x € X
define “coordinates” on = that are centered at x L2(X) > D(X)

e define the correct symmetries and hence LE(E) -10



the unitarization theorem

time

frequency

Theorem 7. The composite operator AR extends to a unitary operator:
2 2=
Q: L*(X) = L;(E)
which intertwines the representations m and 7, that is:

T(9)Q = Qn(g), g€G.

N# F. Bartolucci, M. Monti & FDM, Unitarization of the Radon Transform on Symmetric Spaces, ANHA,
Springer, 2021.



the unitarization theorem
! : !

Jo .
, D() *Lf)(K/M X A)

~

I®F I®F

) “(-: A) . )
L?),C(K/M x a*) »L2(K/M x a*)

Theorem 7. The composite operator AR extends to a unitary operator:
2 2=
Q: L*(X) = L;(E)
which intertwines the representations m and 7, that is:

T(9)Q = Qn(g), g€G.

N# F. Bartolucci, M. Monti & FDM, Unitarization of the Radon Transform on Symmetric Spaces, ANHA,
Springer, 2021.



unitarization: symmetric spaces and homogeneous trees

A enrE) -

MR

L;(2)

Q

£ L*(2)
v vy
AO o
D, J. L2(K/M x A)| ®,

LX) —— D(X)

time

frequency

L%’C(Q x T)

|c( % +it)|
—_—

symmetric spaces

homogeneous trees
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these are not trees!

... Tuesday morning, here
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homogeneous trees

e a tree X is an undirected, connected, loop-free graph
e g-homogeneous: each vertex has ¢ + 1 adjacent vertices

e an origin o is chosen and fixed

e d(x,y) := (number of edges between z and y)

e group of isometries: G = Aut(X)

e K := the stability group at o



homogeneous trees

e a tree X is an undirected, connected, loop-free graph
e g-homogeneous: each vertex has ¢ + 1 adjacent vertices

e an origin o is chosen and fixed

e d(x,y) := (number of edges between z and y)

e group of isometries: G = Aut(X)
e K := the stability group at o

e X =G/K
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the boundary of a tree

e chains: (z;);>0 with d(x;,z;4+1) =1 and x; # x;42
e identify chains that coincide eventually

e boundary ) : the set of equivalence classes

e ) ~ T, = { chains starting at o}

e K = K, acts transitively on I',

e —> get a K,-invariant measure u° on (2

e same game with any v € X in place of o






horocycles 1n a tree

W

T

e fix a point at the boundary w € ()






horocycles in a tree

e fix a point at the boundary w € ()

e choose two points v, w € X
e horocyclic index: K, (v,w) = § plus — ff minus
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o G =Aut(X)
e K the isotropy at o
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the Radon transform on trees

e X a g-homogeneous tree ~ G/K
o G =Aut(X)
e K the isotropy at o

e counting measure

) = 0X, eq. classes of infinite chains

() ~ T',, := {infinite chains starting at v}

G acts transitively on 2

k& o chsatinamsitiseliaenglbas— s S I iniaay it

() gets probability measures v*

notion of horocyclic index w.r.t. v € X and w € (2
horcycles: hy, ,, = {z € X : s, (v,z) = n}

= = {horocycles} ~, Q x Z

d¢ = v*-pushforward of ¥ ® ¢"dn  (indep. of v)







the

X a g-homogeneous tree ~ G/K
G = Aut(X)
K the isotropy at o

counting measure

Radon transform on trees

e notion of horocyclic index w.r.t. v € X and w € 2
e horcycles: h,, , ={z € X : k,(v,z) =n}

e = = {horocycles} ~, 2 x Z

o d¢ = v'"-pushforward of v¥ ® ¢"dn (indep. of v)

-

(X,

the horocyclic

Radon transform

=) is a G-dual pair

Rf(E) = Zf(w)

ret



the representations

e the unitary quasi-regular - (m, and (7, L*(Z, d¢)), namely:

[7(9)f1(z) = alg) ™" [7(9)F1(€) = B(g)"Y2F(g7L.¢)

are irreducible
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N[
N3

e A (wvn):q
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the unitarization theorem

N[
V|3

e A (wvn):q

e F,(w,n) = F(hg,,) < identify functions on = and functions on Q x Z

e S(Q2 x Z) Schwartz functions: W such that sup (1 + |n|)"|¥(w,n)| < +oo for all r

(w,n)

AzF, € S(Qx 7Z) for all v € X A

FecSP(BE) «—
n— Jqg Az Fy(w,n)dv? (w) is even for all v € X Y

o L2(Z) = {F € L*(Z) : F satisfies property b}

1 11—z  z—1
ec(z)= 7 12 ql d -, the Harish-Chandra c-function
q'“+q gz % —q* 2
e T=R/ long
. o, = 1189
Todm(g+ 1)



ili

the unitarization theorem

Theorem (Bartolucci, Monti & FDM) Let J: S — S be the
operator defined by

I F)(JY)(w,t) = ]c(l\/—ck_qitﬂ (I F)V(w,t) (w,t) € QUXZ

and define the operator A: SbA — SbA by:
(AF), = A~Y27(AY2E)), veX.
The composite operator AR extends to a unitary operator Q: L*(X) — L;(Z)

which satisfies:

T(9)Qf = Qr(9)f), g€G, feL*Qq).

F. Bartolucci, M. Monti & FDM , Unitarization of the Radon Transform on Homogeneous Trees. Jour:
Fourier Anal. Appl., 2021.



the unitarization theorem

critical line

Theorem (Bartolucci, Monti & FDM) Let J: S — S be the w
operator defined by

\/Cq

I ®F)(JV)(w,t) =~ —(I @ F)V(w,t) (w,t) €EQXZ

and define the operator A: SbA — SbA by:

(AF), = A~Y27(AY2E)), veX.
The composite operator AR extends to a unitary operator Q: L*(X) — L;(Z)

which satisfies:

T(9)Qf = Qr(9)f), g€G, feL*Qq).

F. Bartolucci, M. Monti & FDM , Unitarization of the Radon Transform on Homogeneous Trees. Jour:
Fourier Anal. Appl., 2021.



Thank you

UniGe ‘ MalGa




