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Subspace averages

® o € Gr(d, n), the Grassmannian of d-dim. subspaces of R"
® scale s subspace average of f € C(R") on o

(Floo(x) = / f(x—y>‘j—3, e R
sB,No

where B,, C R" is the n-dimensional unit ball

Main problem(s)

Sharp L? (R™)-norms of the maximal operators single and multiscale
Mssf = sup(|fD)so(-),  Msf = supMs (53 f
o€ seS

in terms of #%, when X C Gr(d, n).

® d =1,n > 2 Thin Nikodym maximal operator
® 1 <d < n- 1: related to (d, n)-Kakeya and Nikodym sets
e focus on L? theory. Critical whend = n — 1.
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Fourier and plate averages
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Fourier methods: the switch lemma

d(o,7) = sup |ov - 70|, 0,7 € Gr(d,n).
vesn-1
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Fourier methods: the switch lemma

d(o,7) = sup |ov - 70|, 0,7 € Gr(d,n).
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SwITCH LEMMA. Let v, w € Gr(d, n), and § = dist(v, w). Then

W@l Yt f s
k=0 3(.‘+2kTZfS
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Fourier methods: the switch lemma

d(o,7) = sup |ov - 70|, 0,7 € Gr(d,n).
vesSn-1

SwITCH LEMMA. Let v, w € Gr(d, n), and § = dist(v, w). Then

2. s0] < S f
k=0 &

£ ().

<
+2k T =

0,8

For s6|£| < 1 both adapted to
box s7! x (8s5)~! in coordinates v, 0.

———s6l¢| = 1

/ v

]
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Fourier methods: almost orthogonality of cones

1
o > 0

—

supp Bg’s C I‘g ,

ré = {g e R™\ {0} : 'IT;TZ' < 5}

Proof. £ € supp Bg’s =
IT,é| < s71, 81E > s

5511 :k

I
/
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Almost orthogonality in the plane

THEOREM D. (Reproof of Alfonseca-Soria-Vargas) Let
U={uy,....,uns1L, V=V U---UVy C S, each V; bordered by uj, uj41.

Then [IMy |12z < ClIMullr2z) + 11;1]?2XN||MV,~||L2(R2) :

Akl

|§|N:L 4'/

S5
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Almost orthogonality in the plane

THEOREM D. (Reproof of Alfonseca-Soria-Vargas) Let
U={uy,....,uns1}, V=V U---UVy C S, each V; bordered by uj, uj41.

Then [|[My |l 2(rz) < C [IMullzz(re) + lgljas);]||MV,-||L2(R2) :

- Proof.

o Switch lemma:

)
veV; = AN~ A f

o The cones
o 5(v)
= Jn
v€eV;
'
§]~1 . )
S5t are disjoint over j.
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Algebraic almost orthogonality

THEOREM E. Let p € R[xy,...,x,] be a degree D polynomial. Then

(n-2)
IMvllpzgny s sup  [IMullpzeey + D72 sup [[Myncllpzrn -
UcS™!nZ(p) CeC(p)
#U <#V
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Algebraic almost orthogonality

THEOREM E. Let p € R[xy,...,x,] be a degree D polynomial. Then

(n-2)
IMvllpzgny s sup  [IMullpzeey + D72 sup [[Myncllpzrn -
UcS™!nZ(p) CeC(p)
#U <#V

o Precursors: Alfonseca-Soria-Vargas, Parcet-Rogers,...

o Gain: the set Z := "1 N Z(p) is a (n — 2)-dimensional algebraic variety of
controlled degree and M is better behaved when U C Z.

¢ Also holds for My ;. Leads via polynomial partitioning to
TuEOREM B. (DP-Parissis, 2021)

1
sup ||MV,1f||L2(R3) <kt Nz log[k] N
vcs?
#V=N?
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Proof: algebraic almost-orthogonality

Let P € R[xy, x2, x3] degree < D; C € C(P) cc. of S? \ Z(P).
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Proof: algebraic almost-orthogonality

Let P € R[xy, x2, x3] degree < D; C € C(P) cc. of S? \ Z(P).

e pveVnC 5(0) — dist(0,Z (P)) — dist(v,0,)
3 . 2

2
* L={feR’:|E 0] <5(v)lE]}
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Proof: algebraic almost-orthogonality

Let P € R[xy, x2, x3] degree < D; C € C(P) cc. of S? \ Z(P).

v EeVNC, 8(0) = dist(v,zZ(P)) _ dist(zv,vz)

o T,={feR%: £ 0] < 8(0)|E]}
o [Bl.f]" (%20 = Eelys

(switch) |AS f| <

e
Az)z,sf
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e eV NC,80) = dist(v,zZ(P)) _ dist(zv,vz)

° T, ={feR¥:|& 0] < 8(0)|E]}

o [Blf]"(©)#0 = £eTys

o (switch) |AS,f] < |AS . f
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Proof: algebraic almost-orthogonality
Let P € R[xy, x2, x3] degree < D; C € C(P) cc. of S? \ Z(P).

e 0eVnC ) =

dlst(v Z(P)) _ dist( 0,0;)

= {EeR: [E- 0] < 8(0)lE]}
[BJ.f]" () 20 = FeT,s

(switch) [AS f] < [AS

® Jc= U rU,ch=flc.

veVNC
ifé elcthenétNC# 0

&0

IMyll2—2 < sup ||MVZ||2—>2+‘/B sup |[|[Mynclla—2
VzcZ(P) CeC(P)
#Vz <N?

©=sup#{Ce C(P): £} <D.

2
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The case of 1-varieties on S%: better behaved?
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The case of 1-varieties on S%: better behaved?

Theorem (DP-Parissis, AJM2020)

IfV C Z where Z C S? is a real 1-dim. algebraic variety of degree D

1 3
IMy1fllc2ws) S D2 (log #V) 2| fll2(ms)
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Theorem (DP-Parissis, AJM2020)

IfV C Z where Z C S? is a real 1-dim. algebraic variety of degree D

1 3
IMy1fllc2ws) S D2 (log #V) 2| fll2(ms)

® If Z is a single parametrizable polynomial curve this result is rather
easy and originally due to Cordoba (variational estimate) (see also
Christ, Duoandikoetxea, Rubio de Francia).

® General 1-dim. variety: issues caused by existence of up to O(D?)
1
connected components of Z. Dependence Dz is crucial
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The case of 1-varieties on S%: better behaved?

Theorem (DP-Parissis, AJM2020)

IfV C Z where Z C S? is a real 1-dim. algebraic variety of degree D

1 3
IMy1fllc2ws) S D2 (log #V) 2| fll2(ms)

® If Z is a single parametrizable polynomial curve this result is rather
easy and originally due to Cordoba (variational estimate) (see also
Christ, Duoandikoetxea, Rubio de Francia).

® General 1-dim. variety: issues caused by existence of up to O(D?)
1
connected components of Z. Dependence Dz is crucial

® My in place of My ;: we do not know.
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My along polynomial directions

Theorem A (FDP-IP, 2018)

Let Z,, € R” be a m-dimensional algebraic variety. Then

Myl gy & N5

uniformly over V' C Z,, with #V < N™. Sharp up to £

Rem. Estimate uniform over degree D transverse complete intersections
I = {x ER":Pi(x)=...=Pp_pm(x) = 0}, rankDP = n —m, max degP; < D.

Example: degree < D polynomial graph over m variables.

Past results (not mentioning the structured cases)
e 7, = S!: Stromberg ('78) uniformly distr. V,... Katz (2000) general case.
® m = 1: Cordoba (’83), Barrionuevo (’95)
® 7, = S%: Demeter ('12)
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L?-sharp bounds for singular Ms; - all d

THEOREM A. (DP-PARi1ss1s2021)
ForallN >0,1<d <n,X cGr(d,n), #2 < Nd(n=d)

d(n-d-1)

M5l 2 gm San N° 7 (log N) 7
(Rm™)

Bound is sharp in terms of N.
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L?-sharp bounds for singular Ms; - all d

THEOREM A. (DP-PARi1ss1s2021)
ForallN >0,1<d <n,X cGr(d,n), #2 < Nd(n=d)

d(n-d-1)

M5l 2 gm San N° 7 (log N) 7
(Rm™)

Bound is sharp in terms of N.

< Lower bound:
> = direct sums v ® w, w € Gr(d — 1, n) fixed, v equispaced on sn—d,

¢ Proof ingredients
® Fixd, inductonn >d+1
® Cone overlap estimates after removals of Gr(d, n — 1) clusters

® Gr(d,n — 1) estimate via switch lemma
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Spatial methods: multiscale, codimension 1, sharp

THEOREM C.Letn =d + 1 and X C Gr(d,d + 1). Then

M : LAR™) — L**(R")|| < (log#%)!,  [Mzllzz(en) < log#3.

All bounds are best possible in terms of #3.

od =1,n =2 a theorem of N. Katz (Duke, 2000)
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Spatial methods: multiscale, codimension 1, sharp

THEOREM C.Letn =d + 1 and X C Gr(d,d + 1). Then

1
M5, : L*(R") — L**(R™)|| s (log#%)?, Mz (|2 mm) < log#3.

All bounds are best possible in terms of #3.

od =1,n =2 a theorem of N. Katz (Duke, 2000)
o Methods.

® TT* type argument ~ directional Carleson embedding

® continuity/slicing estimate for Q N P, Q, P d-plates in R”

© Same abstract theorem yields a Rubio de Francia estimate
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Directional Rubio de Francia square functions

Smf () = / Fo,, (él)e“'fdg

@y, smooth cutoff to cap 6, c S¢

01, ..., 0N bdd overlap caps - arb size
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Directional Rubio de Francia square functions

snf )= [ Fom, () extae

@, smooth cutoff to cap 6, c S¢

01, ..., 0N bdd overlap caps - arb size

THEOREM J. If S;,,, £ = 1,..., N bdd overlap smooth conical projections,

N 1

(35 )

N 1
(355

1
Lo qrany 54 (log N)#{| fll a1 (res1)»

11
Spd (1og N)2 2| fll o many, 2<p<4

Ly (Rdﬂ)
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Directional Rubio de Francia square functions

121

@, smooth cutoff to cap 6, c S¢

Smf () = / Fo,, (5 )ef”fdg

01, ..., 0N bdd overlap caps - arb size

THEOREM J. If S;,,, £ = 1,..., N bdd overlap smooth conical projections,

(3 )’
(31507

REM. A proof of a related L* statement in S. Gan-S. Wu by the high-low method.
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Sa (log N) || fll a1 mas)s

L4 Rd+1

11
Spd (1og N)2 2| fll o many, 2<p<4

Ly (Rdﬂ)




Discretized Rubio de Francia square function

S -

7 Ve
y 7
Vs /j//
ar(f) = sup [KF. DI, £ € T(m k), y
ped, A /////

NNNANRNNN
NN
AN
N
=

N
N
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Discretized Rubio de Francia square function

7/
Vs /;//
a:(f) = sup [(f,$)I°, t € T(m, k), W i
pety <

/ i
1/
/”/// R
S
7

o« 2F
L Smf Lo aste, (my) ~ WSmLPkSf |l Lo (rast g, (meik))
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Discretized Rubio de Francia square function

S PR
a(f) = sup |(f. )%, ¢ € T(m, k),
gt y 4
0
\ /; 74 R
Dk ZK Y

1. IISmeLP(Rd”;fz(m)) ~ “S LPkfllLP(Rd+1;t’2(m®k))

1R
2 SnlPfI s D, (s
t

teT(mk)
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Discretized Rubio de Francia square function

Ve
//;///2/\
P //// /'
a:(f) = sup [(f.$)*, t € T(m, k), ' Y /4
ped, /4
77/
// 2

2 2F

1. IISmeLP(Rd”;fz(m)) ~ “S LPkfllLP(Rd+1;t’2(m®k))
1R
2. 1SulPefIP s D al(f)

teT(mk) IRl
2
R
3. 1Sl s oy (my) ~ Z > a(Np! . T(m) = JT(m k)
m=1teT(m) LZ(]Rd”) k
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The a;(f) are a directional Carleson sequence

N Rt
. /“ |:\t%::m |

%l:l Uy
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The a;(f) are a directional Carleson sequence

Tt Rt
Lo, /* —_—

%l:l s

1. T subordinate to U along v,ln if Ry U forsomeU € Y,allt € T
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The a;(f) are a directional Carleson sequence

Tt Rt
Lo, /* —_—

%\:l s

1. T subordinate to U along U,ln if Ry U forsomeU € Y,allt € T

2.3 > alf) s IIfI3

m teT(m)
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The a;(f) are a directional Carleson sequence

Tt Rt
Lo, /* —_—

%I:I s

1. T subordinate to U along v;, if R, C U for some U € U, allt € T

2.3 > alf) s IIfI3

m teT(m)
3. if T is subordinate to U, then

D af) s

teT

I£1%

Jvu

Ueld

(localization and Journe’s lemma)
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The abstract theorem

Theorem (Accomazzo+2020, APDE, to appear, n = 2) (DP-Parissis, 2021 n > 2)

Assume

f = sup (IfDr1g, : L'(R") — L"°(R")
teT(m)

sup
1<m<N

If {A;(f) : t € T(m),1 < m < N} is Carleson for all E ¢ R", |f| < 1g then

Z > ANg Rf Sn (log N)2|E|2

=1t€T(m) L2(R")

for all E c R, |f]| < 1g.
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The abstract theorem

Theorem (Accomazzo+2020, APDE, to appear, n = 2) (DP-Parissis, 2021 n > 2)

Assume

f = sup (IfDr1g, : L'(R") — L"°(R")
teT(m)

sup
1<m<N

If {A;(f) : t € T(m),1 < m < N} is Carleson for all E ¢ R", |f| < 1g then

Z > ANg Rf Sn (log N)2|E|2

=1t€T(m) L2(R")

for all E c R, |f]| < 1g.

Maximal function: T(m) all s x §-plates R, along vy, A;(f) = / If]
{x€R;:R(x)=R;}
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Application: quantitative polygon estimates

Tn f= Fourier restriction of f to a regular N-gon

- log range: % < p < 4 (Quantitative
Fefferman counterexample)
1 1

~a(p) = 277
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Application: quantitative polygon estimates

Tn f= Fourier restriction of f to a regular N-gon

- log range: % < p < 4 (Quantitative
Fefferman counterexample)
1 1

~a(p) = 277

Theorem (A. Cordoba, 1977, Ann. of Math.)

4
ITnfll, < ClogN)?*P)  — <p<4 (with ¢ > 8)
P g 3 <P q
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Application: quantitative polygon estimates

Tn f= Fourier restriction of f to a regular N-gon

- log range: % < p < 4 (Quantitative
Fefferman counterexample)
1 1

~a(p) = 277

Theorem (A. Cordoba, 1977, Ann. of Math.)

4
ITnfll, < ClogN)?*P)  — <p<4 (with ¢ > 8)
P g 3 <P q

Theorem (Accomazzo, DP, Hagelstein, Parissis, Roncal APDE to appear)

4
ITwfll, < ClogNY*“®, = <p<4
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Proof of polygon estimate

Main split: Tvf = Tof +| > Pef |+ TnPuf

152k <N2
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Proof of polygon estimate

Main split: Tvf = Tof +[ > Pef |+ TnPuf

1<2k N2

Z Prf

152k N2
~ i_/u

- P smooth radial cutoff
1— & ~ 27k, 2k < N?

F. Di Plinio (Napoli “Federico II") Codimension 1 and higher

19/22



Proof of polygon estimate

Main split: Tvf = Tof +| > Pef |+ TnPuf

152k <N?

Y T

152k N2
~ i/N

- Pt smooth radial cutoff - Px smooth radial cutoff |1 — ||| s N7
1— & ~ 27k, 2k < N? - H,, directional HT in v,.
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Radial multipliers term

Inf=Tof +| D, Pef|+TnPuf

1<2k< N2

F. Di Plinio (Napoli “Federico II") Codimension 1 and higher 20/22



Radial multipliers term

Inf=Tof +| D, Pef|+TnPuf K

152k SN? B

Oy, £ e T (mk)

1

N 2
1. (L*-reverse) ||Pcfll, S (Z ISmPkf|2)
m=1

4
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Radial multipliers term

Inf=Tof +| D, Pef|+TnPuf K

152k N2 B

Qg ¢ € T (m,k)

2

N
1. (L*-reverse) ||Pcfll, S (Z ISmPkf|2)
m=1

4

2. (triv)) Z Pef|| < (logN)i (Z|smpkf|2)

mk

1g2k<N?

4 4
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Radial multipliers term

Inf=Tof +| D, Pef|+TnPuf K

1<2k<N? B

Ok & T (m,k)

2

N
1. (L*-reverse) ||Pcfll, S (Z ISmPkf|2)
m=1

4

2. (triv)) Z Pef|| < (logN)i (Z|smpkf|2)
mk

k 2
152N 4 s 4

3. (SFE) (Z |SmPkf|2) < (log N)% [ f1l4,1 (short side of R, fixed)
m,k

4
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Outer layer term

Inf=Tof +| D, Pef|+TnPuf

152k N2
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Outer layer term

Inf=Tof +| D, Pef|+TnPuf

152k N2

ITnPufl,
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Outer layer term

i
Hoot
Inf=Tf+ Z Prf |+ INPyf
152k N2
Hew
b S-k
ITNPf1l,
N B
< (log N)«(#) (Z |Sm T Px f|2)
m=1
p
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Outer layer term

Inf=Tof+| D, Pef|+TnPuf

152k <N2

ITnPufl,

N
D 1SmTnPuf I

m=1

< (logN)“(p) (

|

P

F. Di Plinio (Napoli “Federico II")

Codimension 1 and higher

Swm
Hu

N
Z |I—ImI—Im+1SmP*f|2

m=1

= (log N)*® (
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Outer layer term

WAl

Inf=Tof+| D, Pef|+TnPuf
152k SN2

ITnPefl,

1

N 2 N 3
< (log N)*®) (Z ISmTNP*fIZ) = (log N)*(») (Z |HmHm+1SmP*f|2)

m=1 m=1

P P
1
2

N 1
< (logN)30!(P) (Z |SmP*f|2)

m=1
P
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Outer layer term

WAl

Tnf=Tof +| D Pef |+TnPef
152k SN2

ITnPufl,

N 2 N 2
< (log N)*? (Z ISmTNP*fIZ) = (log N)*) (Z |HmHm+1SmP*f|2)

m=1 m=1

P 4
N 3
< (log N (Z ISmP*flz) < (Iog N)(® ||,
m=1
P
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THANK YOU FOR YOUR ATTENTION!

Work being reported

with Toannis Parissis
® Maximal subspace averages, arXiv:2107.0210

® Maximal directional operators along algebraic varieties, Amer. J. Math. 143, no. 5 (2021),
pp. 1463-1503

with N. Accomazzo, P. Hagelstein, I. Parissis, L. Roncal

® Directional square functions, arXiv:2004.06509, to appear Analysis&PDE
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