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Subspace averages

• f ∈ Gr(3, =), the Grassmannian of 3-dim. subspaces of R=

• scale B subspace average of 5 ∈ C(R=) on f

〈5 〉B,f (G) B
∫

B�=∩f

5 (G − ~) d~
B3
, G ∈ R=

where �= ⊂ R= is the =-dimensional unit ball
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〈5 〉B,f (G) B
∫

B�=∩f

5 (G − ~) d~
B3
, G ∈ R=

where �= ⊂ R= is the =-dimensional unit ball

Main problem(s)

Sharp !? (R=)-norms of the maximal operators single and multiscale

MΣ,B 5 B sup

f ∈Σ
〈|5 |〉B,f (·), MΣ 5 B sup

B∈(
MΣ,{B } 5

in terms of #Σ, when Σ ⊂ Gr(3, =).

• 3 = 1, = ≥ 2 �in Nikodym maximal operator

• 1 < 3 < = − 1: related to (3, =)-Kakeya and Nikodym sets

• focus on !2
theory. Critical when 3 = = − 1.
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Fourier and plate averages

〈5 〉f,B (G) ∼ �f,B 5 (G) B
∫
R=
5̂ (b)q3 (BΠfb) e

8G ·b
db
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Fourier and plate averages

〈5 〉f,B (G) ∼ �f,B 5 (G) B
∫
R=
5̂ (b)q3 (BΠfb) e

8G ·b
db = �Xf,B 5 (G) + �Xf,B 5 (G)
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Fourier and plate averages

〈5 〉f,B (G) ∼ �f,B 5 (G) B
∫
R=
5̂ (b)q3 (BΠfb) e

8G ·b
db = �Xf,B 5 (G) + �Xf,B 5 (G)

�Xf,B 5 (G) ∼
⨏

G+)X
f,B

5 , ) Xf,B B
{
~ ∈ R= : |Πf~ | ≤ B, |Πf⊥~ | < BX

}
.
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Fourier methods: the switch lemma

d(f, g) B sup

E∈S=−1

|fE − gE |, f, g ∈ Gr(3, =).

Switch lemma. Let E,F ∈ Gr(3, =), and X & dist(E,F). �en����XF,B 5 (G)��� . ∞∑
:=0

2
−:=

⨏
G+2:)X

E,B

|5 | .
����̃XE,B 5 (G)��� .
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Fourier methods: the switch lemma

d(f, g) B sup

E∈S=−1

|fE − gE |, f, g ∈ Gr(3, =).

Switch lemma. Let E,F ∈ Gr(3, =), and X & dist(E,F). �en����XF,B 5 (G)��� . ∞∑
:=0

2
−:=

⨏
G+2:)X

E,B

|5 | .
����̃XE,B 5 (G)��� .

B−1

. X

BX |b | h 1

E⊥

E

F⊥

For BX |b | . 1 both adapted to

box B−1 × (XB)−1
in coordinates E, E⊥.
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Fourier methods: almost orthogonality of cones

ΓXf

f⊥

B−1

XB |b | ' 1

� X

supp �̂Xf,B ⊂ ΓXf ,

ΓXf B

{
b ∈ R= \ {0} :

|Πfb |
|b | < X

}
Proof. b ∈ supp �̂Xf,B =⇒

|Πfb | < B−1
, X |b | > B−1

.
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Almost orthogonality in the plane

Theorem D. (Reproof of Alfonseca-Soria-Vargas) Let

* = {D1, . . . , D#+1},+ = +1 ∪ · · · ∪+# ⊂ S1
, each +9 bordered by D 9 , D 9+1.

�en ‖M+ ‖!2 (R2) ≤ � ‖M* ‖!2 (R2) + max

1≤ 9≤#




M+9




!2 (R2) .
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!2 (R2) .

Proof.
� Switch lemma:

E ∈ +9 =⇒ �
X (E)
B,E 5 ∼ �B,D 9

5

��e cones

Γ9 B
⋃
E∈+9

ΓX (E)E

are disjoint over 9 .
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Algebraic almost orthogonality

Theorem E. Let ? ∈ R[G1, . . . , G=] be a degree � polynomial. �en

‖"+ ‖!2 (R=) . sup

* ⊂S=−1∩/ (?)
#* ≤#+

‖"* ‖!2 (R=) + �
(=−2)

2 sup

C∈C(?)
‖"+∩C‖!2 (R=) .

� Precursors: Alfonseca-Soria-Vargas, Parcet-Rogers,…

� Gain: the set / B S=−1 ∩ / (?) is a (= − 2)-dimensional algebraic variety of

controlled degree and "* is be�er behaved when* ⊂ / .

� Also holds for "+ ,1. Leads via polynomial partitioning to

Theorem B. (DP-Parissis, 2021)

sup

+ ⊂S2

#+=# 2

‖"+ ,1 5 ‖!2 (R3) .: #
1

2 log
[: ] #
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Proof: algebraic almost-orthogonality

Let % ∈ R[G1, G2, G3] degree . � ; C ∈ C(%) cc. of S2 \ / (%).
^

V Vz

-

\

}

Tv

• E ∈ + ∩ C, X (E) B dist(E,/ (% ))
2

=
dist(E,EI )

2

• ΓE = {b ∈ R3 : |b · E | < X (E) |b |}

• [
�XE,B 5

]∧ (b) ≠ 0 =⇒ b ∈ ΓE,X

• (switch)

���XE,B 5 �� . ����̃XEI ,B 5 ���
• ΓC =

⋃
E∈+∩C

ΓE , )̂C 5 = 5̂ 1C.

• if b ∈ ΓC then b⊥ ∩ C ≠ ∅
• Θ = sup

b≠0

#{C ∈ C(%) : b ∈ ΓC}.

‖"+ ‖2→2 . sup

+/ ⊂/ (% )
#+/ ≤# 2

‖"+/ ‖2→2 +
√
� sup

C∈C(% )
‖"+∩C‖2→2
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�e case of 1-varieties on S2
: be�er behaved?

�eorem (DP-Parissis, AJM2020)

If + ⊂ / where / ⊂ S2 is a real 1-dim. algebraic variety of degree �

‖"+ ,1 5 ‖!2 (R3) . �
1

2 (log #+ ) 3

2 ‖ 5 ‖!2 (R3)

• If / is a single parametrizable polynomial curve this result is rather

easy and originally due to Córdoba (variational estimate) (see also

Christ, Duoandikoetxea, Rubio de Francia).

• General 1-dim. variety: issues caused by existence of up to $ (�2)
connected components of / . Dependence �

1

2 is crucial

• "+ in place of "+ ,1: we do not know.
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M+ along polynomial directions

�eorem A (FDP-IP, 2018)

Let /< ⊂ R= be a<-dimensional algebraic variety. �en


M+ ,1




!2 (R=) / #

<−1

2

uniformly over + ⊂ /< with #+ ≤ #< . Sharp up to /.

Rem. Estimate uniform over degree � transverse complete intersections

/< =
{
G ∈ R= : %1 (G) = . . . = %=−< (G) = 0

}
, rank D ®% ≡ = −<, max deg% 9 ≤ �.

Example: degree ≤ � polynomial graph over< variables.

Past results (not mentioning the structured cases)

• /1 = S
1
: Strömberg (’78) uniformly distr. + ,… Katz (2000) general case.

• < = 1: Córdoba (’83), Barrionuevo (’95)

• /2 = S
2
: Demeter (’12)
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!2
-sharp bounds for singular "Σ,1 - all 3

Theorem A. (DP-Parissis2021)

For all # > 0, 1 ≤ 3 < =, Σ ⊂ Gr(3, =), #Σ ≤ #3 (=−3)


MΣ,1




!2 (R=) .3,= #

3 (=−3−1)
2 (log# ) =−32

Bound is sharp in terms of # .

� Lower bound:

Σ = direct sums E ⊕ l , l ∈ Gr(3 − 1, =) �xed, E equispaced on S=−3 .

� Proof ingredients

• Fix 3 , induct on = ≥ 3 + 1

• Cone overlap estimates a�er removals of Gr(3, = − 1) clusters

• Gr(3, = − 1) estimate via switch lemma
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Spatial methods: multiscale, codimension 1, sharp

Theorem C. Let = = 3 + 1 and Σ ⊂ Gr(3,3 + 1). �en

‖MΣ : !2(R=) → !2,∞(R=)‖ . (log #Σ) 1

2 , ‖MΣ‖!2 (R=) . log #Σ.

All bounds are best possible in terms of #Σ.

� 3 = 1, = = 2 a theorem of N. Katz (Duke, 2000)

�Methods.

• ))★
type argument ; directional Carleson embedding

• continuity/slicing estimate for & ∩ % , &, % 3-plates in R=

� Same abstract theorem yields a Rubio de Francia estimate
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Directional Rubio de Francia square functions

(< 5 (G) =
∫
R3+1

5̂ (b)Φ\<
(
b

|b |

)
e
8G ·b

db

Φ\< smooth cuto� to cap \< ⊂ S3

\1, . . . , \# bdd overlap caps - arb size

g.

Smf

☒EkÉ .
Theorem J. If (<, ℓ = 1, . . . , # bdd overlap smooth conical projections,


( #∑

ℓ=1

|(< 5 |2
) 1

2





!4 (R3+1)

.3 (log# ) 1

4 ‖ 5 ‖!4,1 (R3+1) ,




( #∑
ℓ=1

|(< 5 |2
) 1

2





!? (R3+1)

.?,3 (log# )
1

2
− 1

? ‖ 5 ‖!? (R3+1) , 2 ≤ ? < 4.

Rem. A proof of a related !4
statement in S. Gan-S. Wu by the high-low method.
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Discretized Rubio de Francia square function

0C (5 ) = sup

q ∈ΦC

|〈5 , q〉|2 , C ∈ T(<,:),

Sm
-1kt

%

A
2k" 2K

1. ‖(< 5 ‖!? (R3+1;ℓ2 (<)) ∼ ‖(<LP: 5 ‖!? (R3+1;ℓ2 (<⊗:))

2. |(<LP: 5 |2 .
∑

C ∈T(<,:)
0C (5 )

1'C
|'C |

3. ‖(< 5 ‖!4 (ℓ2 (<)) ∼







 #∑
<=1

∑
C ∈T(<)

0C (5 )
1'C
|'C |








2

!2 (R3+1)

, T(<) B
⋃
:

T(<,:)
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�e 0C (5 ) are a directional Carleson sequence

, [
"

Rt ↑" te
✓ Vm

V2

-
V3

1. T subordinate toU along E⊥< if 'C ⊂ * for some* ∈ U, all C ∈ T
2.

∑
<

∑
C ∈T(<)

0C (5 ) . ‖ 5 ‖22

3. if T is subordinate toU, then∑
C ∈T

0C (5 ) .
����� ⋃
* ∈U

*

����� ‖ 5 ‖2∞
(localization and Journe’s lemma)
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C ∈T(<)

0C (5 ) . ‖ 5 ‖22

3. if T is subordinate toU, then∑
C ∈T

0C (5 ) .
����� ⋃
* ∈U

*

����� ‖ 5 ‖2∞
(localization and Journe’s lemma)

F. Di Plinio (Napoli “Federico II”) Codimension 1 and higher 16 / 22



�e 0C (5 ) are a directional Carleson sequence

, [
"

Rt ↑" te
✓ Vm

V2

-
V3

1. T subordinate toU along E⊥< if 'C ⊂ * for some* ∈ U, all C ∈ T
2.

∑
<

∑
C ∈T(<)

0C (5 ) . ‖ 5 ‖22

3. if T is subordinate toU, then∑
C ∈T

0C (5 ) .
����� ⋃
* ∈U

*

����� ‖ 5 ‖2∞
(localization and Journe’s lemma)

F. Di Plinio (Napoli “Federico II”) Codimension 1 and higher 16 / 22



�e abstract theorem

�eorem (Accomazzo+2020, APDE, to appear, = = 2) (DP-Parissis, 2021 = ≥ 2)

Assume

sup

1≤<≤#






5 ↦→ sup

C ∈T(<)
〈|5 |〉'C 1'C : !1(R=) → !1,∞(R=)






 .= 1.

If {�C (5 ) : C ∈ T(<), 1 ≤ < ≤ # } is Carleson for all � ⊂ R=, |5 | ≤ 1� then





 #∑
<=1

∑
C ∈T(<)

�C (5 )
1'C
|'C |








!2 (R=)

.= (log# ) 1

2 |� | 12

for all � ⊂ R=, |5 | ≤ 1� .

Maximal function: T(<) all B × X-plates 'C along E⊥< , �C (5 ) =
∫
{G ∈'C :' (G)='C }

|5 |
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Application: quantitative polygon estimates

)# 5 = Fourier restriction of 5 to a regular # -gon

· log range:
4

3
≤ ? ≤ 4 (�antitative

Fe�erman counterexample)

· U (?) =
����1
2

− 1

?

����
N

�eorem (A. Córdoba, 1977, Ann. of Math.)

‖)# 5 ‖? ≤ � (log# )@U (?) 4

3

< ? < 4 (with @ ≥ 8)

�eorem (Accomazzo, DP, Hagelstein, Parissis, Roncal APDE to appear)

‖)# 5 ‖? ≤ � (log# )4U (?) , 4

3

< ? < 4
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Proof of polygon estimate

Main split: )# 5 = )0 5 +
©­«

∑
1.2

:.# 2

%: 5
ª®¬ +)#%★5∑

1.2
:.# 2

%: 5

· %: smooth radial cuto�

1 − |b | ∼ 2
−:

, 2
: . # 2

)#%★5

· %★ smooth radial cuto�

��
1 − |b |

�� . # −2

· �< directional HT in E⊥< .
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Radial multipliers term

)# 5 = )0 5 +
©­«

∑
1.2

:.# 2

%: 5
ª®¬ +)#%★5

y
~ 1- IN

iÉ
, Px

It
,

t €1T me
,
K)

Sun

Huntin
.

Hm

P☆ : S - I,

1. (!4
-reverse) ‖%: 5 ‖4 .








(
#∑
<=1

|(<%: 5 |2
) 1

2








4

2. (triv.)







 ∑
1.2

:.# 2

%: 5








4

. (log# ) 3

4








(∑
<,:

|(<%: 5 |2
) 1

2








4

3. (SFE)








(∑
<,:

|(<%: 5 |2
) 1

2








4

. (log# ) 1

4 ‖ 5 ‖4,1 (short side of 'C �xed)
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Outer layer term

)# 5 = )0 5 +
©­«

∑
1.2

:.# 2

%: 5
ª®¬ +)#%★5 Hm

I

I

‖)#%★5 ‖?

. (log# )U (?)







(
#∑
<=1

|(<)#%★5 |2
) 1

2








?

= (log# )U (?)







(
#∑
<=1

|�<�<+1(<%★5 |2
) 1

2








?

. (log# )3U (?)







(
#∑
<=1

|(<%★5 |2
) 1

2








?

. (log# )4U (?) ‖ 5 ‖?
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THANK YOU FOR YOUR ATTENTION!

Work being reported

with Ioannis Parissis

• Maximal subspace averages, arXiv:2107.0210

• Maximal directional operators along algebraic varieties, Amer. J. Math. 143, no. 5 (2021),

pp. 1463–1503

with N. Accomazzo, P. Hagelstein, I. Parissis, L. Roncal

• Directional square functions, arXiv:2004.06509, to appear Analysis&PDE
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