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Abstract. We will present basic geometric properties of families of vector fields, con-
trol systems and input-output systems, including problems of controllability, observability
and realization. The most important coordinate free properties of a family of vector fields
are determined by their (iterated) Lie brackets. The Lie bracket can be used for establish-
ing properties of the action of vector fields on a manifold. We will state the Orbit Theorem
(Stefan-Sussmann) as a far reaching generalization of the Frobenius Theorem. Next we
will state the Krener-Sussmann theorem saying that in the analytic case the iterated Lie
brackets given at a point determine the family of vector fields up to a diffeomorphism.

A finite dimensional control system can be defined as a system of ODEs

Σ : ẋ(t) = f(x(t), u(t)), x(0) = x0,

where x(t) ∈ X is a state in a smooth manifold X, u(t) ∈ U is a control function taking
values in a set U , and f : X × U → TX describes the dynamics. Under appropriate
regularity conditions, given x0 and a control function u : [0, T ] → U , the state trajectory
x : [0, T ] → X is uniquely defined. The set of points reachable from a given x0 under
admissible control functions is of basic importance for applications. We will state basic
theorems relating properties of the reachable set with Lie-algebraic properties of the vector
fields fu = f(·, u) corresponding to constant controls u ∈ U . Complete controllability, local
controllability, and accessibility of the system will be characterized when possible.

We will point out how different classes of control systems correspond to classical or
new geometric structures on manifold. This will include (non-integrable) distributions,
feedback-linearizable systems, Riemannian and sub-Riemannian structures.

Observability problem appears if instead of the state x(t) only certain function of it,

Ω : y = h(x),

is observed, where y(t) ∈ Y is an observed quantity. The data (X, f, h, x0) define a map

F : u(·) 7−→ y(·)
from a space control functions u(·) ∈ U (input functions) to observed functions y(·) ∈ Y,
called output, which has the property of causality: y(t) depends on u|[0,t], only. This map
is called input-output map of the system. For analytic systems this nonlinear map can be
efficiently represented, without integrating the equation Σ. Namely, its Taylor series which
takes the form of a Volterra series or Chen-Fliess series can be computed using the vector
fields fu = f(·, u), the observation function h, and the initial state x0.

Fundamental is the inverse problem: given a black box described by an arbitrary
nonlinear causal map F : U → Y, find if it has a state space representation Γ = (X, f, h, x0)
with a finite dimensional state space X and the dynamics and observation given by Σ and
Ω. Given F , we will present necessary and sufficient conditions for existence of a finite
dimensional internal representation Γ of F and possible constructions of Γ from F . The
basic difficulty lies in constructing a minimal states space X which is, a priori, an arbitrary
differentiable manifold.


