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Cone structures

Let V be a vector space.

Definition

A smooth hypersurface C0 embedded in V \ {0} is a strong cone when it
satisfies the following properties:

1 Conic: for all v ∈ C0, the radial direction spanned by v , {λv : λ > 0},
is included in C0.

2 Salient: if v ∈ C0, then −v /∈ C0.

3 Convex interior: C0 is the boundary in V \ {0} of an open subset
A0 ⊂ V \ {0} (the C0-interior) which is convex, in the sense that, for
any u,w ∈ A0, the segment
[u,w ] := {λu + (1− λ)w : 0 ≤ λ ≤ 1} ⊂ V is included entirely in A0.

(iv) (Non-radial) strong convexity: the second fundamental form of C0 as
an affine hypersurface of V is positive semi-definite (with respect to
an inner direction N pointing out to A0) and its radical at each point
v ∈ C0 is spanned by the radial direction {λv : λ > 0}.
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It turns out that all the strong cones can be constructed as follows:

Let Π be a hyperplane of V which does not contain the zero vector.

When n > 2, consider any compact connected embedded
hypersurface (without boundary) S0 of Π, which is the boundary of
an open bounded region B0 of Π by the Jordan-Brouwer Theorem.

Let C0 ⊂ V (resp. A0 ⊂ V ) be the set containing all the open
half-lines departing from 0 and meeting S0 (resp. B0).

see Prop 2.6 of

MAJV and Miguel Sánchez, On the definition and examples of
cones and Finsler spacetimes, arXiv:1805.06978 [math.DG].

In the following JavSan18.
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Cone Structures

Definition

Let M be a manifold of dimension n ≥ 2. A (strong) cone structure C is
an embedded hypersurface of TM such that, for each p ∈ M:

(a) C is tranverse to the fibers of the tangent bundle, that is, if v ∈ Cp,
then Tv (TpM) + TvC = Tv (TM), and

(b) each Cp := TpM ∩ C is a strong cone in TpM.

The inner domain of each Cp will be denoted by Ap and A := ∪p∈MAp,
which will be called a cone domain.

The first condition appears also if one wants to define a Riemannian
metric using the unit bundle

it turns out that the notion of cone structure is what one needs to
define Causality Notions and obtain the main results: v ∈ A is
timelike and v ∈ C is lightlike.
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Cone triples

Lemma

Given a cone structure C, one can find on M:
(a) a timelike 1-form Ω (that is, Ω(v) > 0 for any causal vector v),
(b) an Ω-unit timelike vector field T (T is timelike and Ω(T ) ≡ 1).

Proof: see Lema 2.15 of JavSan18

Theorem

Let C be a cone structure. For any choice of timelike 1-form Ω and Ω-unit
timelike vector field T , there exists a unique (smooth) Finsler metric F on
the vector bundle ker Ω ⊂ TM such that, for any vp ∈ TM \ 0

vp ∈ C ⇐⇒ vp = F (π(vp))Tp + π(vp). (1)

Conversely, for any cone triple (Ω,T ,F ), ∃ a (unique) cone structure C
satisfying (1); such a C will be said associated with the cone triple.

Proof: see Prop. 2.17 of JavSan18
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Time-dependent Zermelo problem

When the maximum speeds are time-dependent, then the natural setting
of the problem is the following.

Consider the product manifold M = R× S , where the natural
projection t : R× S → R represents the (non-relativistic) time and let
Ω = dt and T = ∂t .
the t-dependent indicatrices given by the maximum speeds provide a
Finsler metric Z on the bundle ker(Ω) and, so, we have a cone triple
(dt, ∂t ,Z ) and its corresponding cone structure C.
choosing also an instant of departure t0 ∈ R, we must consider curves
α̃ which depart from (t0, x) and arrive at R× {y}, and look for the
first arriving (or critical arriving) ones.
With no loss of generality we can assume that they are parametrized
by t, i.e., α̃(t) = (t, α(t)), with t ∈ [t0, t0 + AT (α)].
The restriction of travelling at a speed no bigger than vm means that
α̃ is a causal curve for C, and AT (α) is interpreted as the arrival time.
The requirement of travelling at maximum speed is equivalent to
consider lightlike curves for C.
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Cone geodesics

Definition

Let C be a cone structure. A continuous curve γ : I → M (I ⊂ R interval)
is a cone geodesic if it is locally horismotic, that is, for each s0 ∈ I and any
neighborhood V 3 γ(s0), there exists a smaller neighborhood U ⊂ V of
γ(s0) such that, if Iε := [s0 − ε, s0 + ε] ∩ I satisfies γ(Iε) ⊂ U for some
ε > 0, then:

s < s ′ ⇔ γ(s)→U γ(s ′) ∀s, s ′ ∈ Iε,

where →U is the horismotic relation for the natural restriction CU of the
cone structure to U.

Using Causal reasonings it is not difficult to be that solutions of Zermelo
problem must be cone geodesics

We will see later that cone geodesics can be seen as lightlike geodesics of
a Finsler spacetime
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Why to study Finsler spacetimes

Finsler spacetimes come into play when anisotropy appears

This happens in some unifying models as Standard-Model Extension

Indeed, A. Kostelecky obtains some (pseudo-)Finsler metrics as
effective models

there can be other applications, rather than cosmology

a very nice application consists in solving the generalized
time-dependent Zermelo problem
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How to define Finsler spacetimes

We need two types of vectors “lightlike and timelike”, in order to
distinguish “massless and massive” particles/objects:

We need curvature in order to model gravity

A (local) maximization property of geodesics is very welcomed

As a first step, we will need a pseudo-Finsler metric, in order to compute
the length of the curves and to define curvature
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Finsler spacetimes

A Finsler spacetime is a manifold M of dimension n endowed with a
(conic) pseudo-Finsler metric L : A→ (0,+∞) such that

(i) L is a Lorentz-Finsler metric (the indicatrix is strongly convex with
respect to the position vector or equivalently the index of gv is n − 1)

This condition implies local maximization

(ii) Ap = A ∩ TpM is convex, salient and connected for every p ∈ M

To be convex and salient follows from (i) with some completeness
conditions in the boundary ∂A

(iii) L extends as zero to the closure Ā of A and this extension is smooth
with non-degenerate gv

Observe that

the time-orientation is implicitly determined by A, which is connected

Causality Notions can be extended straightforward: v timelike if
v ∈ A and lightlike if L(v) = 0 but v 6= 0.
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Other definitions of Finsler spacetimes

Beem: L is defined in the whole TM with Lorentzian fundamental
tensor

Asanov: it is defined only on timelike vectors

Pfeifer and Wohlfarth: L is r -homogeneous and then they consider r
√
L

Kostelecky: the fundamental tensor could not be Lorentzian
(standard model extension)

Laemmerzahl-Perlick-Hasse: L is defined in the whole TM with
Lorentzian fundamental tensor, but not smooth in some directions,
important because of stationary Finsler manifolds examples

Aazami-MAJV: defined only on the causal cone, and not smooth in
some directions

12/43



Beem’s definition

L is defined in the whole TM with Lorentzian
fundamental tensor

in order to have a Finsler spacetime you need to fix
a lightlike cone

then you can change the metric outside the
lightlike cone without altering the properties of
causal geodesics

J. K. Beem, Indefinite Finsler spaces and timelike spaces, Canad. J.
Math., 22 (1970), pp. 1035–1039.
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Asanov’s definition

It is defined only on timelike vectors

It is not clear how to deal with light rays

G. S. Asanov, Finsler geometry, relativity and gauge theories,
Fundamental Theories of Physics, D. Reidel Publishing Co.,
Dordrecht, 1985.
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Pfeifer and Wohlfarth

L is r -homogeneous and then they consider r
√
L

it is more difficult to define a related connection
(the classical ones are not automatically defined on
the lightlike cone)

there are some interesting examples as bimetrics
and Bogoslovsy metric

Christian Pfeifer

C. Pfeifer and M. Wohlfarth, Causal structure and
electrodynamics on finsler space- times, Phys. Rev. D, 84 (2011).
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Kostelecky

Some of the examples are:

L(v) =
√
g(v , v)+g(a, v)±

√
g(b, b)g(v , v)− g(b, v)2,

(they appear as effective models) where g is a
Lorentzian metric and a, b vectors.

the fundamental tensor could not be Lorentzian

there are always problems in the lightlike directions
Alan Kostelecky

V. A. Kostelecký, Riemann-Finsler geometry and
Lorentz-violating kinematics, Phys. Lett. B, 701 (2011), pp. 137–143.
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Laemmerzahl-Perlick-Hasse

L is smooth almost everywhere

It includes spacetimes (R×M, L) with
L(τ, v) = −τ2 + F (v)2, being F a Finsler metric
on M

These examples are non smooth in the vectors
(τ, 0), because F is non-smooth in the zero section
if it is not Riemannian

geodesics can be defined in all the direcions by
completion

Volker Perlick

C. Laemmerzahl, V. Perlick, and W. Hasse, Observable
effects in a class of spherically symmetric static finsler spacetimes,
Phys. Rev. D, 86 (2012).
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Aazami-MAJV

Defined in the causal cone

Necessarily smooth in the lightlike directions

the subset Σp = {v ∈ TpM : L(v) ≥ 1} is convex

last condition implies reverse fundamental
inequality gv (v ,w) ≥ F (v)F (w) with
F (v) =

√
L(v) when smooth

Penrose’s singularity Theorem can be extended to
this setting Amir Aazami

A. B. Aazami and M. A. J., Penrose’s singularity theorem in a
Finsler spacetime, Classical Quantum Gravity, 33 (2016), pp. 025003,
22.

In the following AaJav16
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Main properties of our definition

Causality does not depend on what happens
outside the causal cone

It is the most general definition where we have
smoothness, lightlike geodesics and maximizing
properties of geodesics

Miguel Sánchez

Proposition

Let (M, L) be a Lorentz-Finsler metric, p ∈ M. Then there exists an open
subset D of TpM such that:

for any q ∈ expp(D), the radial geodesic from p to q is, up to
reparametrizations, the unique maximizer of the Finslerian separation
among the causal curves contained in expp(D).

See Prop 6.5 of JavSan18.
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Reverse Fundamental inequality

If v ,w ∈ A, it holds the reverse Fundamental inequality:

gv (v ,w) ≥ F (v)F (w)

and the equality is attached if and only if w = λv , λ > 0.

Lemma

If β : [a, b]→ TpM is a (piecewise smooth) curve such that its image lies
in a domain D ⊂ TpM of expp starshaped and connected, such that expp

is a diffeo there, and α = expp ◦β is a causal curve, then β remains inside
the causal cone of Cp, and if α is timelike, without touching Cp.

See Lemma 6.4 of JavSan18

Lemma

Let α : [a, b]→ M be a causal curve which is not a pregeodesic. Then
there exist timelike curves from α(a) to α(b) arbitrarily close to α.

For a proof see Prop. 6.5 of AaJav16
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if the radial geodesic is lightlike, if there is another curve which is not
a lightlike pre-geodesic, then there is a timelike curve (by the above
lemma)
but then by the other lemma, there is a timelike geodesic
(contradiction with the fact that expp is a diffeo)
Assume now that the radial geodesic is timelike
given any other curve c : [0, 1]→ M from p to q, and assume that
[0, b] is the maximal interval where c is a lightlike pre-geodesic,
then put c(u) = expp(s(u)v(u)), with v : (b, 1)→ Σp,
limu→b s(u) = 0, s(1) = r̃
σ(t, u) = expp(tv(u)), T (t, u) = ∂σ

∂t (t, u),

U(t, u) =
∂σ

∂u
(t, u) = d expp(tv̇(u))

c(u) = σ(s(u), u), ċ(u) = ṡ(u)T (s(u), u) + U(s(u), u)
By the reverse Fund. Ineq. gT (T , ċ) ≥ F (T )F (ċ), and by the Gauss
Lemma gT (T ,U) = 0
F (T )F (ċ) ≤ gT (T , ċ) = ṡ(u)gT (T ,T ) and then ṡ(u) ≥ F (ċ)
(F (T ) = 1)

`F (c) =
∫ 1

0 F (ċ)du =
∫ 1
b F (ċ)du ≤

∫ 1
b ṡ(u)du = s(1) = r̃ .
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b F (ċ)du ≤

∫ 1
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c(u) = σ(s(u), u), ċ(u) = ṡ(u)T (s(u), u) + U(s(u), u)
By the reverse Fund. Ineq. gT (T , ċ) ≥ F (T )F (ċ), and by the Gauss
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Examples

The main reason to use several definitions are the examples (or the lack of
them)

L(x , y , z) = x4 + y4 + z4 − t4,

L(v) =
√
g(v , v) + g(a, v)±

√
g(b, b)g(v , v)− g(b, v)2,

L(τ, v) = −τ2 + F (v)2.

L(v) =
√
g1(v , v)g2(v , v) (Bimetrics)

L(v) = g(v , v)1+b/β(v)2b, −1 < b < 0 (Bogoslovsky metric)

Let us define new examples using classical (conic) Finsler metrics and
one-forms.
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Defining new examples

Let F : A ⊂ Rn → [0,+∞) be a conic Minkowski norm and ω ∈ (Rn)∗

such that

W = ω−1(1) = {v ∈ Rn : ω(v) = 1} and Σ = {v ∈ A : F (v) = 1}

intersect transversally in a connected compact subset.
Then

L(v) = ω(v)2 − F (v)2

has fundamental tensor with index n − 1 in the domain

Ã = {v ∈ A : ω(v)2 ≥ F (v)2}.

See Theorem 4.1 of JavSan18.

Even if formally they are similar to the static Finsler spacetimes
L(τ, v) = τ2 − F (v)2, they have very different properties, as they are
always smooth and do not necessarily admit any Killing vector field

The condition of the intersection can be easily satisfied
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Intersection of W with Σ

The convexity and connectedness of the domain of definition also follow
easily
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Index of the fundamental tensor

If h is the fundamental tensor of F , and g is the fundamental tensor of
L = ω2 − F 2, we have

gv (u,w) = ω(u)ω(w)− hv (u,w)

Consider v ∈ Ã = {v ∈ A : ω(v)2 ≥ F (v)2}
gv is negatively defined In Ker(ω),

Assume that L(v) > 0:

L(v) = gv (v , v) = ω(v)2 − hv (v , v) = ω(v)2 − F (v)2 > 0 by
hypothesis

Assume that L(v) = 0 and choose w ∈ ker(ω) and transveral to Σ:

then gv (v ,w) = −hv (v ,w) 6= 0, which implies that span{v ,w} is
gv -Lorentzian.

therefore there exists u ∈ span{v ,w} such that gv (u, u) > 0

As in both cases, gv is negative definite in ker(ω) and there exists a vector
where gv is positive ⇒ gv has index n − 1, as required.
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Index of the fundamental tensor

If the subset IntÃ = {v ∈ A : ω(v)2 > F (v)2} is empty, we do not
have a Finsler spacetime

But we can choose µ : M → (0,+∞) big enough in such a way that
L = µ2ω2 − F 2 is a Finsler spacetime, with
IntÃ = {v ∈ A : µ2ω(v)2 > F (v)2}
In such a case, the intersection of

W = (µω)−1(1) = {v ∈ Rn : µω(v) = 1} and Σ = {v ∈ A : F (v) = 1}

is transversal because of the convexity of Σ

Summing up: given a (conic) Finsler metric F and a one-form ω in a
manifold M, we can generate many Finsler spacetimes metrics
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If the subset IntÃ = {v ∈ A : ω(v)2 > F (v)2} is empty, we do not
have a Finsler spacetime

But we can choose µ : M → (0,+∞) big enough in such a way that
L = µ2ω2 − F 2 is a Finsler spacetime, with
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Randers examples

If we begin with a Randers metric

F (v) =
√

g(v , v) + ω1(v)2 + ω1(v)

where g is a Riemannian metric on M and ω1, a one-form,

then for
another one-form ω we have that

L(v) = µ2ω(v)2 − (
√

g(v , v) + ω1(v)2 + ω1(v)︸ ︷︷ ︸
=F (v)

)2

is a Finsler spacetime metric if µ : M → (0,+∞) is big enough.

The lightlike cones of this metric are “classical” (the intersection with
hyperplanes are ellipsoids)

27/43



Randers examples

If we begin with a Randers metric

F (v) =
√

g(v , v) + ω1(v)2 + ω1(v)

where g is a Riemannian metric on M and ω1, a one-form, then for
another one-form ω we have that

L(v) = µ2ω(v)2 − (
√
g(v , v) + ω1(v)2 + ω1(v)︸ ︷︷ ︸

=F (v)

)2

is a Finsler spacetime metric if µ : M → (0,+∞) is big enough.

The lightlike cones of this metric are “classical” (the intersection with
hyperplanes are ellipsoids)

27/43



Randers examples

If we begin with a Randers metric

F (v) =
√

g(v , v) + ω1(v)2 + ω1(v)

where g is a Riemannian metric on M and ω1, a one-form, then for
another one-form ω we have that

L(v) = µ2ω(v)2 − (
√
g(v , v) + ω1(v)2 + ω1(v)︸ ︷︷ ︸

=F (v)

)2

is a Finsler spacetime metric if µ : M → (0,+∞) is big enough.

The lightlike cones of this metric are “classical” (the intersection with
hyperplanes are ellipsoids)

27/43



Kropina-type examples

If we begin with a Kropina-type conic metric

F (v) =
F1(v)2

ω1(v)

where F1 is a classical Finsler metric on M and ω1, a one-form, then for
another one-form ω we have that

L(v) = µ2ω(v)2 − F1(v)4

ω1(v)2

is a Finsler spacetime metric if µ : M → (0,+∞) is big enough

In these examples, to define the Finsler spacetime in a conic domain is
crucial

If F1 =
√
h for some Riemannian metric, then the lightlike cones of this

metric are “classical” (the intersection with hyperplanes are ellipsoids)
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Other examples

Matsumoto metrics F (v) = h(v ,v)√
h(v ,v)+β(v)

More generally, (α, β)-metrics

quartic Finsler norms:

F (x , y , z , t) = λ 4
√

x4 + y4 + z4 + t4 + µ
√

x2 + y2 + z2 + t2

with λ, µ > 0

More examples in

MAJV and M. Sánchez, On the definition and examples of Finsler
metrics, Ann. Sc. Norm. Super. Pisa Cl. Sci. (5), 13 (2014),
pp. 813–858.
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Perturbations of Classical metrics

Observe that any Lorentzian metric gL can be written as

gL(v ,w) = gR(v ,w)− ω(v)ω(w)

putting

gR(v ,w) := gL(v ,w)− 2gL(v ,T )gL(w ,T )/gL(T ,T )

for any timelike vector field T and the one-form

ω(v) =
√

2 gL(v ,T )/
√
|gL(T ,T )|.

Observe that L(v) = −gL(v , v) and then a perturbation is obtained as

L(v) = ω(v)2 − (
√
gR(v , v) + µF (v))2,

where F is a Finsler metric and µ : M → (0,+∞) a smooth function.
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Classification of Lorentz-Finsler metrics

Proposition

Let A∗ be an open conic subset and L : A∗ → R+ a (positive
2-homogeneous) pseudo-Finsler metric smoothly extendible to the
boundary of Ā∗ \ 0 as zero. Then L is Lorentz-Finsler if and only if

(i) for each v ∈ A∗ \ 0, the angular metric

hv (u,w) = gv (u,w)− 1

gv (v , v)
gv (v , u)gv (v ,w) ∀u,w ∈ Tπ(v)M

is negative semi-definite with radical spanned by v , and

(ii) for each v ∈ ∂A∗ \ 0, the one-form ωv = gv (v , ·) on Tπ(v)M is
non-trivial and the restriction of gv to kerωv is negative semi-definite
with radical spanned by v .

For a proof see Prop. 4.10 of JavSan18.
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Theorem

A smooth (2-homog) L : Ā \ 0→ R, L ≥ 0, extending as zero to the
boundary of A is a Lorentz-Finsler metric if and only if there exists a
Riemannian metric gR and a conic Finsler metric F̂ : A∗ → R with
Ā \ 0 ⊂ A∗ such that

L(v) = gR(v , v)− F̂ (v)2, ∀v ∈ Ā (2)

and the following properties hold for any v ∈ Ā \ 0:

(i) whenever v ∈ A (i.e., L(v) > 0),

gR(w ,w)− ĝv (w ,w)− 1

L(v)
ĝv (v ,w)2 < 0, ∀w ∈ 〈v〉⊥gR , (3)

(ii) whenever v ∈ ∂A (i.e., L(v) = 0),

gR(w ,w)− ĝv (w ,w) < 0, ∀w ∈ 〈v〉⊥gR ∩ 〈v〉⊥ĝv \ {0} (4)

and the indicatrices of gR and F intersect transversely at v
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and the following properties hold for any v ∈ Ā \ 0:
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Proof:

Assume first that L is a Lorentz-Finsler metric.

if gR is a Riemannian metric, we can define an auxiliary
pseudo-Finsler metric L̂ given by L̂(v) = gR(v , v)− L(v) whose
fundamental tensor satisfies

ĝv (u,w) = gR(u,w)− gv (u,w),

being g the fundamental tensor of L.
At each p ∈ M, the set of directions in Ā ∩ TpM is compact;
so, up to a conformal re-scaling in the choice of gR , we can assume
that ĝv is positive definite at all v ∈ Ā \ 0,

it follows that F̂ =
√

L̂ is a conic Finsler metric defined in some
A∗ ⊃ Ā \ 0 (where L is also extendible).

For the conditions and the converse, observe that the angular metric h of
L on A is determined by

hv (w ,w) = gR(w ,w)− ĝv (w ,w)− 1

L(v)
(gR(v ,w)− ĝv (v ,w))2.

See Theorem 4.13 of JavSan18.
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L(v)
(gR(v ,w)− ĝv (v ,w))2.
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ĝv (u,w) = gR(u,w)− gv (u,w),

being g the fundamental tensor of L.
At each p ∈ M, the set of directions in Ā ∩ TpM is compact;
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(gR(v ,w)− ĝv (v ,w))2.

See Theorem 4.13 of JavSan18.

33/43



Proof:

Assume first that L is a Lorentz-Finsler metric.

if gR is a Riemannian metric, we can define an auxiliary
pseudo-Finsler metric L̂ given by L̂(v) = gR(v , v)− L(v) whose
fundamental tensor satisfies
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L(v)
(gR(v ,w)− ĝv (v ,w))2.
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Finsler spacetimes with the same cone structure

Definition

Two Lorentz-Finsler metrics L1, L2 : Ā→ [0,+∞) are said anisotropically
equivalent if there exists a smooth positive function µ : Ā \ 0→ R+ such
that L2 = µL1 away from the zero section 0. The (necessarily
0-homogeneous) function µ is called the anisotropic factor.

Theorem

Two Lorentz-Finsler metrics L1, L2 : Ā→ R+ are anisotropically equivalent
if and only if their associated cone structures are equal.

For a proof see Theorem 3.11 of JavSan18.
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Fundamental tensor of Lorentz-Finsler metrics

Theorem

Let L1, . . . , Lk : A→ (0,+∞) be Lorentz-Finsler metrics with the same
lightcone. Then L = (

√
L1 + . . .+

√
Ln)2 also determines a Finsler

spacetime.

It follows “mainly” from last proposition since

hv (w ,w) =
∑
k

√
L(v)√
Lk(v)

hkv (w ,w),

for a proof see Prop. 4.12 of Jav18.
This theorem is of great help to match locally defined Finsler spacetimes
with the same lightlike cone
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Non-smooth Lorentz-Finsler L associated with a cone triple

Proposition

For any cone triple (Ω,T ,F ) of a cone structure C, the continuous
two-homogeneous function G : TM → R,

G (tTp + wp) = t2 − F (wp)2, ∀t ∈ R, ∀wp ∈ ker(Ωp), ∀p ∈ M, (5)

is smooth everywhere but on Span(T ). Moreover, whenever it is smooth,
its fundamental tensor g is non-degenerate with index n − 1.

For a proof see Prop. 5.1 of JavSan18.

Such a G will be called the
continuous Lorentz-Finsler metric associated with (Ω,T ,F ).

Observe that G is not smooth only on vectors with wp = 0 as F 2 is
smooth away from the zero section
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The smoothing procedure of indicatrices

Theorem

Let (Ω,T ,F ) be a cone triple on M with cone C and let G be its
associated continuous Lorentz-Finsler metric with indicatrix Σ.

Let U be any neighbourhood of the section T regarded as a submanifold
of TM, which will be assumed (without loss of generality) with the closure
of U ∩ TpM compact and included in the cone domain A, for all p ∈ M.

Then, there exists a smooth hypersurface Σ̃ ⊂ TM satisfying:

(a) Σ̃ = Σ in TM away from U .

(b) Each Σ̃p = Σ̃ ∩ TpM is transverse to all the radial directions in A,
and Σ̃p is strongly convex (with respect to the position vector)
everywhere.

For a proof see Theorem 5.6 of JavSan18.
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As a direct consequence, we obtain:

Corollary

Any cone structure C is the cone structure of a (smooth) Lorentz-Finsler
metric L defined on all TM.

For a proof see Corollary 5.8 of JavSan18 .
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Cone geodesics vs lightlike pregeodesics

Theorem

Let C be a cone structure and γ : I ⊂ M a curve. The following properties
are equivalent:

(i) γ is a cone geodesic of C
(ii) γ is a lightlike pregeodesic for one (and, then, for all) Lorentz-Finsler

metric L with cone C.

In particular, all anisotropically equivalent Lorentz-Finsler metrics have the
same lightlike pregeodesics.

For a proof see Theorem 6.6 of JavSan18.
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Solving Zermelo problem

Define J+(t0, x) as the points reached from (t0, x) with causal curves, and
D((t0,x),y) as the lightlike curves from (t0, x) to R× {y}.

Corollary

Any local minimum of the AT functional on D((t0,x),y) (i.e. any solution to
the time-dependent Zermelo problem) must be a cone geodesic of C
without conjugate points except, at most, at the endpoint.

Moreover:

(a) A global minimum exists if the causal futures J+(t0, x) in C are closed
(i.e., the analogous property to causal simplicity of classical
spacetimes holds) and D((t0,x),y) 6= ∅.

Moreover, the latter property (resp. the former one) is fulfilled if Z is
upper bounded (resp. lower bounded) by any t-independent Finsler
metric (resp. complete Finsler metric) on ker(dt).

(b) All critical trajectories for the AT functional must be cone geodesics.

For a proof see Corollary 6.10 of JavSan18.
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Proof:

It uses ingredients of Causality: limit curves and Relativistic Fermat
Principle for Finsler spacetimes (by Perlick)
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Conclusions

We have introduced Cone Structures, Cone triples and the associated
Zermelo problem

We have provided a large amount of examples of (smooth) Finsler
spacetimes

These examples can be used to test the Theory

We have related cone structures with Finsler Spacetimes

We have solved Zermelo problem using Causality

A detailed study of Einstein equations is required (there are several
approaches in literature)
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