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1. Introduction

We present the solution of fractional differential equation

{Dfu(n, t) = Bu(n,t)+ g(n,t), neZ, t>0. Q)

u(n,0) = ¢(n), ui(n,0)=¢(n) neZ,
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1.

Introduction

For 1 < p < oo, the Banach space (¢P(Z), ||
f = (f(n))nez C C such that

1l : = (Z \f(n)v’>p<oo,

n=—oo

Iflloo : = supl|f(n)] < occ.
nez

|| p) are formed by

1<p<ox;

(HZ) — (P(Z) — £(Z), (¢P(Z)) = (P (Z) with £ + L =1 for

l<p<ooand p=1and p' = .

In the case that f € ¢}(Z) and g € (P(Z), then f x g € (P(Z) where

(Fxg)(n an— )g(),

j=—o0

nez,

and ||f xgll, < |Ifll1 llgllp for 1 < p < co. Note that (¢1(Z), ) is a
commutative Banach algebra with unit (we write 5o = X0).
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1.

Introduction

We apply Giielfand theory to get

opzy(f) = F(F)(T), fei(z),

=Y f(n)e™, 0€T.

neZ
Given a = (a(n))nez € £1(Z), define A € B(¢P(Z)) by convolution,

where

AB)(n) = (axb)(n), neZ,  belP(Z),
for all 1 < p < oo, ||A] = ||a]}1 and
oprz))(A) = opn(zy(a) = F(a)(T) (2)

for all 1 < p < oo, (Wiener's Lemma).
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Aims of the talk

The main aim of this talk is to study the fractional differential
equations in ¢P(Z) for 1 < p < co. To do this.

(i
(i
(ii
(iv

) We apply Giielfand theory to describe convolution operators.
) We calculate the kernel of the convolution fractional powers.
) We solve some fractional evolution equation in ¢P(Z).

) Finally we obtain explict solutions for fractional evolution
equation for some fractional powers of finite difference
operators.



2. Finite difference operators on (1(7Z)

Finite difference operators A € B(¢P(Z)) given by

m

Af(n):= > a(j)f(n—j), a€C,

j=—m

for some m € N, i.e. a = (a(n)nez) € cc(Z) are convolution
operator and the discrete Fourier Transform of a is a trigonometric

polynomial
m

Fa)o) = Y a)e”.

j=—m



2. Finite difference operators on (1(7Z)

1. Dyf(n):=f(n)—Ff(n+1)=((dp — 0_1) * F)(n);

2. D_f(n):=f(n)—f(n—1)=((60 — 01) * f)(n);

3. Agf(n) := f(n+1)=2f(n)+f(n—1) = ((6_1—200+01)*f)(n);
4. Df(n):=f(n+1)—f(n—1)=((6-1— 61) * F)(n);

5. Ayif(n):=Ff(n+2)—2f(n+1)+f(n) =

((0—2 —25_1 + do) * )(n);
A__f(n):=f(n)=2f(n—=1)+f(n—2) = ((0o—201+52)*f)(n);
7. Aggf(n) :=f(n+2)—2f(n)+f(n—2)=
((0—2 — 200 + 62) = f)(n);
for n € Z, [Bateman, 1943].

©



2. Finite difference operators on (1(7Z)

Proposition
The following equalities hold:

(i)

Ag = —(Dy++D-)=-DyD_,
D = —(Dy—D_)=(-Dy+2)D_=(D_—2I)D,,
Ngg = (Ayy —20g+A_ ) =D>f.

(i) (D+) =D-; (D-) = Dy; (Ag) = Ag; (D) =D;
(Add)' = Ddq.



2. Finite difference operators on (}(Z)

Spectrum sets of finite difference operators
Imaginary axis

— D,,D_
— Ag,Aqgq

Real axis

- A++1A——
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2. Finite difference operators on (1(7Z)

X _n_*n
z"a
e”? = E NI zeC
n=0
2n %2n
z°"a
cosh(za) := —_— zeC
= (2n)!

Proposition
Let A€ B(IP(Z)), with Af = axf, f € (P(Z) and a € (*°(Z).
Then, the Fourier transform of the semigroup {e®'};>o generated
by a is given by

f(eat)(a) — e]—'(a)(@)t'

F(cosh(at))(0) = cosh(F(a)(0)t).



2. Finite difference operators on (1(7Z)

Operator F()(2) Associated semigroup
—Dy z-1 e * Trxno(n) =: &z,+(n)
—D- - e X (n) =: gz, (n)
Ay z+1-— e %%1,(2z)

D z—1 JIn(22)

-D -z J,n,,(2z)

—Dy +2 z+1 e? Zr X (1)

—D_+2| 41 e 21X (1)
Ay | 222741 | SORLCE G () = b, (n)
A | Lol | EWRRPHCE) () = h, ()
JA Y 72 -2+ ;12 e ?%1,(22)x2z(n)




2. Finite difference operators on (1(7Z)

Theorem

(i) The Bessel function J, has a factorization expression given by
In(22) = (g—2,+ * &2,—)(n), neZ,zeC.

(i) The Bessel function I, admits factorization product given by

e *7Iy(22) = (82,+ * &2,-)(n),
In(22) = Uz *Jz,—)(n)-
(ii) The Bessel function e=??1,(2z)x2z(n) admits a factorization

given by

1(22)x22(n) = hy 4 (n) * 1,(22) * €72%1,(22) * h,,_(n).
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3. Fractional powers of discrete operators

The Generalized Binomial Theorem is given by

(a+ b)* = i (O.‘)aa—fbf, aeC.

=0 M

«o 1
For o > 0, <J> N-jaﬁ and ”a” S 1

e}

(0o + a)* :Z (O.[)aj, a>0.

=0 M



3. Fractional powers of discrete operators

For 0 < a < 1, the Balakrishnan's formula is expressed by

1 > dt
F(—a)/o (T(£)x =) 5175+ x € D(A).

(~A)x =



3. Fractional powers of discrete operators

For 0 < a < 1, the Balakrishnan's formula is expressed by

(—A)x = r(ia) /Ooo (T(£)x - x) t%, x € D(A).

Theorem

Let0<a <1, and Ae B({P(Z)), 1 < p < oo a generator of a
uniformly bounded semigroup, with Af = ax f, f € (P(Z) and

a € (X(Z). Then the fractional powers (—A)* is well-posedness and
it is expressed by

where

27 .
()" (n) = 5- /0 (—F(a)(6))>e ™ do.



3. Fractional powers of discrete operators

Ao (m) = (T = (—1)m(2), for m € Np.

Fractional power Kernel Explicit expression
DS K¢ A (n)xny
D= K= A (M g
(=8q)" Kd r(1(+;11nr)(r2(61¢27n)
pe K& % r(%+g4rr(1O;Jrr(1%—g+1)
(=D)° K8 | S rerpmora—gm
(=Dy +21)* K((X_D++2/) (—=1)"A*(n)xno
(=D +21)* K(OLD_+2/) (=1)™A%(n)x—n,
A¥y Kb.. A% (n)xn
AZ_ Kb__ N> (n)x—r
(—Ada)” Kad (72’)n r<a+gr+(?§¥r+(?—g+1)
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3. Fractional powers of discrete operators

Theorem
Let o € (0,1). These kernels admit following factorization
equalities.

1 Kg = K% K,

2. Kg, = K% .o % KE,

3. K§_ = K, o % K,

4 KE, = Kg, *Kg.,

5. KO = K& K%

6. K = Kg_  Kg,.



4. Fundamental solutions of fractional evolution equations

We consider the operator Bf (n) = (b* f)(n), with b € £>°(Z),
f € lP(Z), p € [1,00]. We obtain an explicit representation of
solutions of

{Dfu(n, t) = Bu(n,t)+ g(n,t), ne€Z, t>0.
u(n,0) = p(n), ut(n,0)=¢p(n) neZ.

Here 8 € (1,2] is real number. We recall that }D)f denotes the
Caputo fractional derivative given by

1 t B "
DIV = mmy | (= 9V (e)ds = (g 2 (O



4. Fundamental solutions of fractional evolution equations
For 5,v > 0, and b € ¢*°(Z) we define

° > . pB+y—1

Bao(nt) =) b¥(n)gjsq(t) = D _ b (n)c

——— X, neZ, t>N0.
= = (B +7)



4. Fundamental solutions of fractional evolution equations
For 5,v > 0, and b € ¢*°(Z) we define

o > pB+y—1
Bs(n 1) = > b9(Mgisr () = > b9(n) . neZ, t>0.
= = rGs+7)

Lemma
If b € (X(Z) then Bs (-, t) € {}(Z), for t >0 and B, > 0.
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For 5,v > 0, and b € ¢*°(Z) we define

o > pB+y—1
Bs(n 1) i= 3 b9 (n)gian, (£) = > b9(n) o neZ, t>0.
= = rGs+7)

Lemma
If b € (X(Z) then Bs (-, t) € {}(Z), for t >0 and B, > 0.

Bii(n,t) = Zb*f(n)j—':etb(n);
j=0 '

9] . 2
Byi(n,t) = Z b*(n) (;jj)| = cosh(tb)(n);
Jj=0 .

(Bﬁf}’(n? ) * ga)(t) = Bﬂﬁ+a(n7 t)? «, t>0.



4. Fundamental solutions of fractional evolution equations
DYu(n, t) = Bu(n,t) + g(n,t), neZ, t>0.
u(n,0) = p(n), u(n,0)=¢(n) neZ.

Theorem
Let b€ (X(Z), p,¢,g(-,t) € LP(Z) for t > 0 and

sup ||g(+,s)||p < oo . Then the function
s€[0,t]
u(n, t) = Z Bﬁ,l(n —m, t)@(m) + Z B,B,Z(n - m, t)¢(m)
mez meZ
t
+ Z / Bsgg(n—m,t —s)g(m,s)ds,
mez” 0

is the unique solution of the initial value problem on (P(Z) for
1< p< oo



5. Explicit solutions for fractional powers

Given p, ¢, g(-,t) € tP(Z), a € /*(Z) and
Af = axf, f e tP(Z).
Now we consider the following evolution problem

{Dfu(n, t) = +(xA)u(n, t) +g(nt), neZ t>0.
u(n,0) = p(n), ut(n,0) = ¢(n), neZ.



5. Explicit solutions for fractional powers

1. Dyf(n):=f(n)—Ff(n+1)=((do — 0_1) * f)(n);
2. D_f(n):=1f(n)—f(n—1) = ((do — 1) * F)(n);
3. Agf(n) = f(n+1)=2f(n)+f(n—1) = ((6_1—200+061)*f)(n);
4. Df(n):=f(n+1) = f(n—1) = ((6-1 — 01) * F)(n);
5. Ayyf(n):=f(n+2)—2f(n+1)+f(n) =
((0_2 —25_1 + do) = f)(n);
6. A__f(n):=f(n)=2f(n—1)+f(n—2) = ((do—201+02)*f)(n);

7. Aggf(n) :=~f(n+2)=2f(n)+f(n—2) =
((0—2 — 280 + 92) = )(n);

for n e Z.



5. Explicit solutions for fractional powers

Fractional power Kernel Explicit expression
D¢ K¢ A () xr,
A 0 Exert
—1)T(2a+1
(_Ad)a Kd F(1+o¢+n()r(?-i)-oz—n)
jn MNa+1
be K& 3 M(S+3+Dr(§-42+1)
EHE T(at1)
(=D)* Kp 2 T(S+H3+Dr(5-3+1)
(D 2" | Kepan | LA (n)xm,
(D12 | Kip | DA (mxny
AT K N (n)x 1,
=" M(2a+1
(—Add)® Kad 2 r(a+g+1()lr(a)—g+1)




5. Explicit solutions for fractional powers

A B5,
D Z < '>gj,a+7 )xo (1)
Jj=
D> (-1)" i (fjn> g+~ (t)x—n,(n)
j=0
Al (-1)" i (2?,4) 8j5-+~()xno ()
j=0
A% —1)” i <2_aj> 8+~ ()X (1)
j=0
D~ g AT aj T2 +Ozlj);-(ij) g+1)33'5+7(t)
(-Dy Z R NS N0




5. Explicit solutions for fractional powers

Ay 67,
> 1YT(2a) + 1)

—A ) ’7 . t

(=Ad) ;raj-i-n—l-l I_(og—n—f—l)gﬂj—"z()
- & (—1Y1( 2aj+1)

(A L a(t

( dd) Jz:; I— Ck_j + + ].)I_(Ck_j 1)g/31+,3( )
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