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Interpolation functors, Fredholm operators

Interpolation functors, Fredholm operator)

Definition

A mapping F: B — B from the category B of all couples of Banach spaces into
the category B of all Banach spaces is said to be an interpolation functor (or
method) if, for any couple X := (Xo, X1), the Banach space F(Xg, X1) is
intermediate with respect to X (i.e., Xo N X1 C F(Xp, X1) C Xo + X1), and

T: F(Xo,Xl) — F(Y()7 Yl) forall T: (Xo,Xl) — (Yo, Yl),
where T: (Xo, X1) — (Yo, Y1) means that T: Xy + X1 — Yo + Y1 is a linear

operator such that the restrictions T|x,: Xo — Yo, T|x,: X1 — Y are bounded
operators.

Remark. The space of all operators T : X — Y is a Banach space equipped with
the norm

1Ty = max {|| T|xIx—=vo> | Tlx [ —v: }
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Interpolation functors, Fredholm operators

e The real method. For 6 € (0,1) and p € [1,00], (X0, X1)g,p is defined as the
Banach space of all x € Xy + X; equipped with the norm

> o dt\YP
Ixllo.p = ( / [reK(r,x;xn") ,

t

where

K(t,x; X) = inf{[|x0l|x, + t]lxtllx; x = x0 +x}, t>0.
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Interpolation functors, Fredholm operators

e The complex method. Let S := {z € C; 0 < Rez < 1} be an open strip on
the plane. For a given 6 € (0,1) and any couple X = (Xo, X1) we denote by
F(X) the Banach space of all bounded continuous functions f: 5 — Xo + X3
on the closure S that are analytic on S, and

Rot—=f(j+it)eX;, j=0,1

is a bounded continuous function, and equipped with the norm

175y = mx { sup (i), sup IFC1-+ )] ).
teR teR

The (lower) complex interpolation space [X]y := {f(6); f € F(X)} and is
equipped with the norm:

Ixllo = inf {IIFll - zy: F(6) = x}.
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Interpolation functors, Fredholm operators

e Variants of the complex method. Let B be the class of all Banach spaces over
the complex field. A mapping X': B — B is called a pseudolattice lattice (on
Z), if it satisfy the following conditions:

(i) for every B € B the space X(B) consists of B valued sequences

{bn} = {bn}necz modelled on Z;

(i) whenever A is a closed subspace of B it follows that X'(A) is a closed
subspace of X(B);

(iii) there exists a positive constant C such that, for all A, B € B and all
bounded linear operators T: A — B and every sequence {a,} € X(A), the
sequence { Ta,} € X(B) and satisfies the estimate

I{Tan}|x(8) < ClITla~8l{an} 2 (a):

(iv) |bmlle < [[{bn}]|x(B) for each m € Z, all {b,} € X(B) and all Banach
spaces B.
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Interpolation functors, Fredholm operators

e For every Banach couple B= (Bo, B1) and every couple of pseudolattices
X = (X, X;): B — B, let 7(X, B) be the Banach space of all By N By
valued sequences {by}ncz such that {e€b,},c7 € Xj(B;) (j = 0,1), equipped
with the norm.

160}l 72,5 = max {I1{bn} | x(80): [1{€"bn} | xs(81) }-

e Following Cwikel-Kalton-Milman—Rochberg (2002), for every s in the
annulus A := {z € C; 1 < |z| < e}, we define the Banach space éxﬂs to
consist of all elements of the form b = )" _, s"b, (convergence in By + B
with {b,} € j(z’\?, é) equipped with the norm

el =t {1468 b= 3057}

nez

The map B é;\?.s is an interpolation method (on B).
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Interpolation functors, Fredholm operators

e A couple X = (Xo, X1) of Banach pseudolattices, is said to be translation
invariant if for any Banach space B,

H{Sk({bn}HEZ}H_X‘J(B) = H{bn}HEZH.Xj(B); JE {0, 1}

for all {bn}nez € Xj(B), each k € Z, where S is the left-shift operator
defined by S{b,} = {bni1}.

o« X = (Xo, A1) is said to be a rotation invariant Banach couple of
pseudolattices whenever the rotation map

{bn}nez = {€" bn}nez

is an isometry of Xj(B) onto itself for every real 7 and every Banach space B.

M. Mastyto (UAM) Fredholm operators on interpolation spaces 9/39



Definition
A bounded linear operator T: X — Y between Banach spaces is said to be

semi-Fredholm if T(X) is closed in Y and at least one of the spaces ker T,
Y /T (X) is finite-dimensional. Then the index of T is given by

ind(T) :=dim(ker T) —dim(Y/T(X)).

If ind(T) is finite, T is called a Fredholm operator.

Properties: (1) If T: X — Y is a Fredholm operator, then the dual operator
T*:Y* — X* is also Fredholm and

ind(T*) = —ind(T).

(2)If T: X > Y and S: Y — Z are Fredholm operators, then ST: X — Z is
also a Fredholm operator with

ind(ST) = ind(T) + ind(S).
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Interpolation functors, Fredholm operators

(3) A strictly singular perturbation of a Fredholm operator remains Fredholm and
has the same index, i.e., if T: X — Y is a Fredholm operator and S: X — Y is
a strictly singular operator, then T + S is a Fredholm operator and

ind(T +S) =ind(T).

(4) If X is a Banach space and S: X — X is a strictly singular (in particular
a compact) operator, then Ix — \S is a Fredholm operator for every A with

ind(lx — AS) = 0.

(5) Every Fredholm operator T: X — Y between Banach spaces has
a pseudoinverse which is also Fredholm operator, i.e., such an operator
S: Y — X satisfying:

TST=T.

In particular this yields that the equation Tx = y has a solution if and only
if Sy is a solution of this equation.
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Interpolation functors, Fredholm operators

Theorem

(Atkinson) For an operator T: X — Y between Banach spaces the following
statements are equivalent:

(i) T is Fredholm operator.

(ii) There exist compact (finite rank) operators Ki: X — X and K. Y = Y
and an operator S: Y — X such that

ST:/)(—Kl and TS:/y—KQ.

Theorem

(Kato) If T: X — Y is a Fredholm operator between Banach spaces, then for any
operator S: X — Y such that

IT] < ~(S) := inf{||Sx]||y; dist(x, ker S) > 0}.
Then T + S is Fredholm with

dim(ker (T + S)) < dim(ker T), ind(T +S) =ind(T).
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Interpolation functors, Fredholm operators

Theorem

(I. Ya. Shneiberg, 1974) Let T: (Xo, X1) — (Yo, Y1) be an operator between
Banach couples. Then the following statements are true:

(i) If T: [Xo, Xilo. — [Yo, Yile. is invertible for some 0. € (0,1), then there
exists € > 0 such that

T: [Xo, Xi]o. — [Yo, Yilo.

is invertible for all 6 € (0. — £,0. + ¢).

(ii) If T: [Xo, X1]o. — [Yo, Yile. is Fredholm for some 6, € (0, 1), then there
exists ¢ > 0 such that

T: [Xo, Xi]o — [Yo, Yilo

is Fredholm and the index is constant for all 0 € (0, —¢,0. + ¢).
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Interpolation functors, Fredholm operators

Let Q@ C R" (n > 2) be a domain above the graph of real-valued Lipschitz
function defined in R"~* (i.e., Q = {(x, ¢(x) + t); x € R""*, ¢t > 0}, where
¢: R"™ 1 — R is a Lipschitz function).

Question: For which 1 < p < oo the Dirichlet problem for the Laplacian:
Au=0 in Q (%)

under the conditions M(u) € LP(0) and u|spq = f € LP(0R) has a solution?
Here, M stands for the nontangential maximal operator given by

M(u)(x) = sup{lu(y)[; y € Q, [x — y| < 2dist(y,0Q)}, x € 0Q
and u|gq is defined (in the sense of nontangential convergence to the boundary) by

uloa(x) = lim  u(y), x€0Q.
|x—y| <2 dist(y,9)
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Interpolation functors, Fredholm operators

e R. Coifman, A. Mclntosh and Y. Meyer (1982); G. Verechota (1984).
1
IM(DF)|ero0) < Clliflleo0),  Dfloa = (§/+/C> £,

for every f € LP(02), 1 < p < co. The solution of the Dirichlet problem (i)
is given by
1 -1
u(x) = D((EH—IC) f)(x), x €8

whenever the inverse (5/+ IC)_l exists in LP(0Q). Here D is the harmonic
double layer potential operator defined by

_L [ y=x ” N
pi) = - | X doty). xen
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Interpolation functors, Fredholm operators

and [ its principial-value boundary version given by

KF(x) = fim — LY =X eV doly),  x € 09,
=0+ Wn Jyeoq, |x—y|>e Ix — y‘n

where w), is the area of the unit sphere in R”, and /() is the outward unit normal
defined at almost every boundary point y € 052.

e Verchota proved that 3/ + K is invertible on L?(9<2). From Shnieberg's result
it follows that there exists € > 0 such that for all p € (2 —£,2 4 ¢)

1
51+ K: LP(00) - L7(00)

is invertible.
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The domination property for interpolation functors

The domination property for interpolation functors
(Asekritova, Kruglyak, M.)

Let F and G be interpolation functors.
Definition
e G is said to be dominated by F for invertibility whenever, for any Banach

couples (Xp, X1) and (Yo, Y1) and any operator T: (Xp, X1) — (Yo, Y1),
invertibility of T: F(Xp, X1) = F(Yo, Y1) implies invertibility of

T: G(Xo,Xl) — G(Yo, Yl)

e G is said to be dominated by F for the Fredholmness property if for any
Banach couples (Xp, X1), (Yo, Y1) and any bounded linear operator
T: (Xo,X1) — (Yo, Y1) the Fredholmness of T: F(Xo, X1) — F(Yo, Y1)
implies the Fredholmness of

T: G(Xo,Xl) — G(Yo, Yl)
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The domination property for interpolation functors

Theorem

Suppose that the functor G is dominated by the regular functor F for invertibility.
Then, for any regular Banach couples (Xo, X1), (Yo, Y1) and any operator
T: (Xo,X1) = (Yo, Y1), the Fredholmness of

Tlrxox): F(Xo, X1) = F(Yo, Y1)
implies the Fredholmness of T |g(x,,x,): G(Xo, X1) — G(Yo, Y1) with

ind(T|6(x0,x)) = Ind( T |F(x,x))-

Theorem

Let T: (Xo, X1) = (Yo, Y1) be an operator between couples of complex Banach
spaces. If T: [Xo, Xilo, — [Yo, Yilo, is invertible for some 0. € (0,1), then

*

T: (X0, X1)6,, = (Yo, Y1)o..q

is invertible for all g € [1, oc].
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The domination property for interpolation functors

Theorem

If T: (X(),Xl) — (Yo, Yl) is such that T : [X07X1]9* — [Yo, Yl]e* is Fredholm
then for all 1 < q < oo the operator

T: (XoyXl)g*’q — (Yo, Yl)g*’q

is Fredholm and we have

ind( T|(X0,X1)9* ,q) = ind( Tl[XCth]g* )

Corollary

The real interpolation functors

KG,q( ) =( )G,q

are dominated by the functor Cy(-) :=[-]¢ for the Fredholmness property.
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The domination property for interpolation functors

Theorem

Let X = (Xo, X1) be a couple of translation and rotation invariant pseudolattices

and let T: X — Y. Assume that Ty, : )?X 0 YX 0. Is invertible for some

0. €(0,1). Then Ty: X~ o = Y~ o is invertible for all 0 in an open
neighbourhood | = {0 € (O7 1); |9 0. < e} of 0. with

_ -1

e =[2en(0) A+ Tlgovl Ty, o oxp 0 )]
where n(0..) = max { (e’ — 1)1, (e — ’*)~1}. Moreover T ! agrees with Tg:l
on Yo N'Y: and

Ty <21t el

1
0 H?X:‘ee%)_(.)z:)eg = 0. ’ o X

)
X e
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The domination property for interpolation functors

Theorem

Let X = (X, X1) be a couple of rotation and translation invariant pseudolattices
and let {Fy}gc(0,1) be a family of interpolation functors given by

Fo(Xo, X1) := (XO,X1)2769 for any Banach couple (Xp, X1). Suppose that Fy is
regular functor and Fy(Xo, X1) = Fo(Xg, Xy) for any Banach couple (Xp, X1). If
T: (Xo, X1) = (Yo, Y1) is such that the operator

Tle,. (o) Fo.(Xo, X1) = Fo.(Yo, Y1) is Fredholm.

Then there exists ¢ = (6., X') > 0 such that for any 0 € (0, — =,0, + =) the
operator

Tl (x0.x) * Fo(Xo, X1) — Fo(Yo, Y1)
is also Fredholm and ind(T|g,(x,.x,)) = ind( T, (x,x))-
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The uniqueness of inverses on intersection of a Banach couple

The uniqueness of inverses of interpolated operators

Lemma

Let (Ao, A1) and (By, B1) be Banach couples and let T: (Ao, A1) — (Bo, B1)
be such that T|a, and T|a, are invertible operators. Then, the following
conditions are equivalent:

(i) (Tla) tb=(Tla)*b, beEBNB;
(ii) T: Ag+ A1 — By + By is invertible;

(iii) For any interpolation functor F,

T|F(A0,A1): F(Ao,Al) — F(B()7 Bl) is invertible.
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The uniqueness of inverses on intersection of a Banach couple

o Remark. Let X = (Xp, X;) be a Banach couple and T: (Xo, X1) — (X0, X1)
be an operator. If 0 < a< g <1land T, = T‘[)?]n, and Tg = T‘[)?]q are

invertible, then the inverses Tgl and Tgl do not coincide on Xy N Xj in
general.

e Example. The dilatation operator D, (a > 0, a # 1) given by D,f(t) = f(at),
t > 0 is bounded on LP = LP(R, ) for every 1 < p < oo and

o(D,, LP) = {\ € C; |A| = a ¥/P}.
If [\| = a /P, py < p < p1, then the operator T = A/ — D, is invertible on
LP =LY L], LPr=][LL>]s

witha =1—1/pg and 5 =1—1/p; but T is not invertible on LP.
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The uniqueness of inverses on intersection of a Banach couple

e M. Zafran (1980) An operator T: (Xp, X1) — (Xo, X1) is said to have the
uniqueness-of-resolvent property if

(Ta = M) onx, = (Ts = M) Hxonx,
for all &, B € [0,1] and A ¢ o(Ta) Uo(Ts).

e T.Ransford (1986) An operator T: (Xp, X1) — (Xo, Xi1) satisfies the local
uniqueness-of-resolvent condition, if for all @ € (0,1) and A ¢ o(T,), there
exists a neighbourhood U C (0, 1) of a such that (Ty — A/)~! exists and

(T@—)\/)_l:(Ta—)\/)_l‘xomxl, 0 e U.
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The uniqueness of inverses on intersection of a Banach couple

Theorem

(E. Albrecht and V. Miiller) If (X, X1) is a complex Banach couple and an
operator T: (Xo, X1) — (Xo, X1) is such that

To: [Xo, Xi]a = [X0, Xi]a

is invertible for some o € (0,1), then there exists a neighbourhood U C (0,1) of
« such that Ty is invertible and T‘g_1 agrees with T;1 on Xo N Xy for any 6 € U.
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The uniqueness of inverses on intersection of interpolated Banach spaces

The uniqueness of inverses on intersection of
interpolated Banach spaces

Definition
A family {Fg}ge(o,1) of interpolation functors is said to be stable if for any Banach
couples A = (Ag, A1) and B = (By, By) and for every operator S: A — B such
that the restriction Sy, of S to Fy, (A) is invertible for some 6, € (0, 1), there
exists € > 0 such that, for any 0 € /(0..) = (0. — 2,0, + <), we have

(i) Sp: Fo(A) — Fy(B) is invertible operator'

(ii) Syt Fo(B) — Fo(A) agrees with S, *: Fy_ (B) — Fy.(A) on By N By, ie.,

59_1)/ = Sg_ly for all y € By N By;

(111) Supge,

|\F9(B)_>F9 < C|IS,. 1||F9 B)—F,. (4) for some C = C(6.).
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The uniqueness of inverses on intersection of interpolated Banach spaces

Theorem

If X = (Xo, X1) is a Banach couple of translation and rotation invariant
pseudolattices, then the family of interpolation functors {Fy}gc(o.1) is stable,
where Fy(Ag, A1) = (Ao, A1)y,e0 for any Banach couple (Ao, A1).

Remark. Let {Fy}gc(0,1) be a stable family of interpolation functors and let
T: (X0, X1) = (Yo, Y1). Then the set of all 8 € (0,1) for which

T: FQ(XQ,Xl) — FQ(YO, Yl)

is invertible, is open, so it is a union of open disjoint intervals. These intervals we
will call intervals of invertibility of T with respect to the family {Fg}gc(o,1)-

Question. Let / € (0,1) be any interval of invertibility of T. Is it true that for any
0, 0’ € I the inverses T, ' and T,,* agree on

Fo(Yo, Y1) N For (Yo, Y1) 7
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The uniqueness of inverses on intersection of interpolated Banach spaces

Theorem

Let1 < g < oo andlet T: (Xo,X1) — (Yo, Y1) and let | C (0,1) be an interval
of invertibility of T with respect to the family {(-)s.q}oc(0,1) of real interpolation
functors. Then for any 0y, 61 € I,

Tezl(y) = Te_ll(}/)v ye (Yo, Y1)90,q N (YOa Y1)91,Q'

Theorem

Let T: (Xo, X1) = (Yo, Y1) be an operator between couples of complex Banach
spaces and let | C (0,1) be an interval of invertibility of T with respect to the
family {[-]o}oc(0.1)- Then for any 6o, 61 € I,

Tol(y) = To. ' (y), v € [Yo, Yalo, N [Yo, Yilo,-
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The uniqueness of inverses on intersection of interpolated Banach spaces

Definition

A family of interpolation functors {Fy}gc(o,1) satisfies the (A)-condition if for any
Banach couple A = (Ao, A1) and for any 6, 61 with 0 < 6y < 0; < 1, we have
continuous inclusions

Fo,(A) N Fo,(A) = () Fol(A) = (Fa,(A))° N (Fo, (A))°,
Oo<O0<01

where the normin - () Fy(A) is given by
00<0<6,

a 7= sup ||a i
|| H ﬂ Fo(A) P || ||F9(A)
09<6<6;

and the Gagliardo completion (Fp,(A))¢, j € {0,1} is taken with respect to the
sum Fy,(A) + Fo, (A).
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The uniqueness of inverses on intersection of interpolated Banach spaces

Definition
. A family of interpolation functors {Fj}sc(0,1) satisfies the reiteration condition if
for any Banach couple A= (Ao, A1) and for any 6, 61, A € (0,1),

we have
Fx(Fo,(A), Fo,(A)) = Fa—x)00+20, (A)-

Theorem

Let T: (Xo,X1) = (Yo, Y1) and let | C (0,1) be an interval of invertibility of

T with respect to the stable family of interpolation functors {Fy}gc(0,1). Assume
that {Fg}ge(0,1) Satisfy both the (A) and the reiteration condition. Then for any
0o, 61 € I, the inverse operators T9;1 and T9:1 agree on Fgo(?) N Fo(Y), ie.,

Tl ) = To(y), v € Foo(Y) N Fo (V).
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Appendix

The surjection modulus of operators on complex
spaces

e Let T: E — F be a linear operator between Banach spaces. The surjection
modulus of T is given by

q(T) :=sup{r > 0; T(Be) D 7BF}.

An operator T is called a surjection if g(T) > 0, which is equivalent to
T(E)=F.If||T|| =q(T) =1, then T is said to be a metric surjection (i.e.,
T maps the open unit ball of E onto the open unit ball of F).
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Appendix

Definition

Let G(X) the Banach space of all continuous functions g: S — X + X; that are
analytic on the strip S and grow no faster than C(1 + |z|) for some C > 0. We
endow G(X) with the norm

sup
5751’ |S - t|

gllg := max :

)

The upper complex interpolation space is defined by

[X)? = {g'(0); g € G}

and equipped with the quotient norm.
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Appendix

Theorem

Let X = (Xo,Xl) and Y = (Yo, Y1) be complex Banach couples, and let
T: X — Y be an operator with M’ = || 'l Then for all 6y, 0 € (0,1),

=X

/ qGo(T) - q(97 GO)M/
qo(T) = M’ max { M’ —q(6,60)q0,(T)" O}’

where qo(T) = q(T: [)?]9 - [?]a)'
400 - d(z)
1 - d(2)d(

and d is a conformal map of the open strip S onto the open disc D of the complex
plane C.

q()\,z)—‘ AzeD

4
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Appendix

e Example. The map z — tg z is a conformal map of the open strip
{z€ C; =7 < Rez < 7} onto the disc D. Thus ¢ defined by

s

cp(z):tg(zf%)E, ze$S

is a conformal map of S onto D and so q is given by

q()‘7 Z) =
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Appendix

Let (Xo, X1) be a Banach couple of complex Banach funtion lattices on a o-finite
measure space (€, T, 11). The Calderén product X3 X{ (0 < 6 < 1) is defined to
be the space of all f € L%(u) such that

I <ARIMOAL,  p—ae.

for some A > 0 and f; € X; with ||f||x; <1, j = 0,1. The Calderén product is
a Banach function Iattlce on (2, X, 1) equipped with the norm

[f =inf{X>0: |f|<A|RI'"?AI, fo € Bx,, i € Bx, }.

Theorem

Let (Xo, X1), Y = (Yo, Y1) be couples of Banach lattices with the Fatou property.
Assume that T: (Xo, X1) — (Yo, Y1) is such that T: Xy~ X — v =% vl is
an invertible operator for some 0, € (0,1). Then there exists § > 0 such that

T:X3X) — vy oYY

is an invertible operator whenever |0 — 0.,.| < ¢.
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