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Yes



Yes. It’s true.



There are curves which fill
the plane.
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The first curve filling the plane was discovered in 1890 by Giuseppe Peano.
Peano’s construction implies that the unit interval can be mapped onto its
square, i.e. there exists a continuous surjection

f:[0,1] — [0,1]°.

Moreover, the unit interval can be mapped onto the cube [0, 1], onto
the tesseract [0, 1]*, and even onto the

Hilbert Cube [0, 1]
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Hans Hahn in Vienna and Stefan Mazurkiewicz in Warsaw (independently)
characterized continuous images of the unit interval as metric connected
locally connected compact spaces.

In 2001 Mary Ellen Rudin characterized continous images of compact
lines as compact monotonically normal spaces.



What is a compact line?



What is a compact line?

A compact topological space whose
topology is induced by a linear order.



What is a compact line?

A compact topological space whose
topology is induced by a linear order.

For example, the unit interval [0, 1], the long interval [0,w1] and the split
interval.
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In 1964 Treybig proved that if a product of two infinite compact spaces is
a continuous image of a compact line then such a product is necessarily
metrizable i.e. if a compact line L maps onto a product K; x Ko, then
Ki and K, are both metrizable .
In particular, a nonmetrizable compact line L cannot be mapped onto its
square L2.
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Continuous images of products of compact lines

Suppose that Ly, ..., Ly are compact lines and that K1, Ko, ..., Kgy1 are
infinite compact spaces. Moreover, suppose that there is a continuous
surjection f: Ly X ... x Ly — K1 X ... X Kg11.

In 1970 Mardesic proved that, if all K; are separable, there must be K;
and K; metrizable.

Moreover, he conjectured that indeed there are always K; and K;
metrizable (with no separability assumption).

In 2009 Avilés proved that there are always K; and K separable.

Last year Plebanek and | proved the conjecture!
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Free dimension of a compact space

Given a compact space K, we define free-dim(K) € NU {oo} so that
Q free-dim(K7) < free-dim(K) if K1 C Ka.
Q free-dim(Ki) < free-dim(K3) if Ky is a continuous image of Kj.
@ free-dim(K) < 1if K is a metric compact space.
Q free-dim(L) < 1if L is a compact line.
Q free-dim(Ki x ... x Ky) < free-dim(Ki) + ... + free-dim(Ky).

Thus, the conjecture follows from the previous points and the following
fact:

If Ki,..., Ky are nonmetrizable compact spaces and K;,; is an
infinite compact space, then free-dim(K; x ... X Ky11) > d + 1.

Notice that free-dim(Ly X ... X Lyg) < d whenever Lj,..., Ly are compact
lines.
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and L, are compact lines?

A basis for the topology of L; is given by intervals.
A basis for the topology of L; x L, is given by rectangles.
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The blue cover has 3 intervals. The -rLed cover als-; has 3 intervals. We can
find a finer cover which has 5 intervals. In general, if we have
Ci,...,Cx different covers of a compact line (made with

intervals) then we can always find a finer cover C such that
€] < 2(|Ca] +. .. + [Cl).

The blue cover has 3 rectangles. The red cover also has 3 rectangles. We
can find a finer cover which has 9 rectangles. In general, if you have
Ci,...,Cy different covers (made with rectangles) then we can

always find a finer cover C such that |C| < (2(|C1| + ... + |C4]))>.
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Let d € NU{0}. We say that a compact space K has free dimension < d
(free-dim(K) < d) if there are a topologically cofinal family € of finite
closed covers, a constant M > Q and a function x : € — N such that for
every k € N and every Cy,...,Cx € € there is a finer cover C such that

€] < M(x(C1) + ... + x(CK)? -

With this definition it is easy to check that free-dim(L) < 1if L is a
compact line, that free-dim(Kj) < free-dim(K>) if K1 C Ky or if Ky is a
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