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The finite Hilbert transform

0 The finite Hilbert transform
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The finite Hilbert transform

The airfoil equation

@ “The study of an ideal flow past a thin airfoil” lead in aerodynamics
to the airfoil equation:

(AE) p.v% £1 ;(—X)t dx =g(t), ae te(—1,1).
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The airfoil equation

@ “The study of an ideal flow past a thin airfoil” lead in aerodynamics
to the airfoil equation:

(AE) p.v% £1 ;(—X)t dx =g(t), ae te(—1,1).

@ Studied by:

e Birnbaum 1920’s; von Karman 1930’s; S6hngen 1940’s;
Tricomi 1950’s.
o Tricomi “Integral Equations” (1957) for the spaces LP(—1,1).
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The finite Hilbert transform

The airfoil equation

@ “The study of an ideal flow past a thin airfoil” lead in aerodynamics
to the airfoil equation:

(AE) p.v% £1 ;(—X)t dx =g(t), ae te(—1,1).

@ Studied by:
e Birnbaum 1920’s; von Karman 1930’s; S6hngen 1940’s;
Tricomi 1950’s.
o Tricomi “Integral Equations” (1957) for the spaces LP(—1,1).
o Nowadays is used in Tomography (image reconstruction).
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The finite Hilbert transform FHT

@ The finite Hilbert transform is defined, for f € L' (—=1,1), by the
principal value integral:

TE(t) :—p.v.1f1 fx) dx, te(—1,1).
1

™ X —
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The finite Hilbert transform FHT

@ The finite Hilbert transform is defined, for f € L' (—=1,1), by the
principal value integral:

T(t) == p.v.1 f ) ax
1

™ X —

te(—1,1).

)

@ The setting of the LP-spaces is not the most adequate for studying
the FHT, because:
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The finite Hilbert transform FHT

@ The finite Hilbert transform is defined, for f € L' (—=1,1), by the
principal value integral:

T(t) == p.v.1 f ) ax
1

™ X —

te(—1,1).

)

@ The setting of the LP-spaces is not the most adequate for studying
the FHT, because:

T: X — Xisinjective «— [2°(—1,1) & X.

T: X — X has non-dense range < X < [21(—1,1).
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The finite Hilbert transform

Rearrangement invariant space (r.i.s.)

Function space X on (—1,1) such that:
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The finite Hilbert transform

Rearrangement invariant space (r.i.s.)

Function space X on (—1,1) such that:
@ X consists of measurable functions, X < L%(—1,1).
@ X has a complete norm | - | x.

@ X in an ideal of measurable functions:
gl <|flae & feX — geX & |g|x < |f|x-

@ X is rearrangement invariant:
m({x :|g(x)| > A} = m({x : [f(x)| > A}, forallA>0

andfe X = geXand|g|x = |If|x-
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The finite Hilbert transform

Rearrangement invariant space (r.i.s.)

Function space X on (—1,1) such that:
@ X consists of measurable functions, X < L%(—1,1).
@ X has a complete norm | - | x.

@ X in an ideal of measurable functions:
gl <|flae & feX — geX & |g|x < |f|x-

@ X is rearrangement invariant:
m({x :|g(x)| > A} = m({x : [f(x)| > A}, forallA>0

andfe X = geXand|g|x = |If|x-

Examples: LP spaces, weak-LP spaces, Orlicz spaces, Lorentz LP-9 spaces,
Lorentz A, spaces, Marcinkiewicz spaces,.....
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The finite Hilbert transform

Boundedness of T onr.i.s.

@ Theorem (M. Riesz): For H the Hilbert transform on R
H: [P(R) - LP(R) < 1< p< .
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The finite Hilbert transform

Boundedness of T onr.i.s.

@ Theorem (M. Riesz): For H the Hilbert transform on R
H: [P(R) - LP(R) < 1< p< .

@ Theorem (Boyd): For X r.i.s.on R
HX->X < 0O<ay<ax<l1,

where the Boyd indices of X (with E; ; the dilation operator
f—f(-/1)):
log [Eqjel _ _ i 108 |E1 el <1

0<ay:= lim ay .=
SEXCT Dor dogt X T hw logt
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The finite Hilbert transform

Boundedness of T onr.i.s.

@ Theorem (M. Riesz): For H the Hilbert transform on R
H: [P(R) - LP(R) < 1< p< .

@ Theorem (Boyd): For X r.i.s.on R
HX->X < 0O<ay<ax<l1,

where the Boyd indices of X (with E; ; the dilation operator
f—f(-/1)):

log || E log || E
t-0+  logt t—o0  logt

@ Theorem: For X r.i.s.on (—1,1)

T:-X—>X < 0O<ay<ax<1
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Inversion of the FHT

e Inversion of the FHT
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Inversion of the FHT

Inversion of the FHT

@ Tricomi gave inversion formulae for L°(—1,1) in two cases:
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Inversion of the FHT

Inversion of the FHT

@ Tricomi gave inversion formulae for L°(—1,1) in two cases:

o When1 <p<2.
e When2 < p < o0.
e Not for p = 2.
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Inversion of the FHT

Inversion of the FHT

@ Tricomi gave inversion formulae for L°(—1,1) in two cases:

o When1 <p<2.
e When2 < p < o0.
e Not for p = 2.

@ We give inversion formulae for r.i.s. X on (—1,1) in two cases :
o When1/2 <ay <ax <1.
e When0 < ay <ax <1/2.

e Notwhen 1/2 € [ay, ax].
For example, X=L29 for 1 < g < .
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Inversion of the FHT

Thecase 0 < ay <ax <1/2

Theorem (C., Okada & Ricker, 2018)
Let X be ar.i.s. on(—1,1) satisfying 0 < ay <ax < 1/2.

v
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Inversion of the FHT

Thecase 0 < ay <ax <1/2

Theorem (C., Okada & Ricker, 2018)

Let X be ar.i.s. on(—1,1) satisfying 0 < ay <ax < 1/2.
(a) T: X — X isinjective.

(o) T: X — X and satisfies TT = I, for

MT(\/?%().
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Inversion of the FHT

Thecase 0 < ay <ax <1/2

Theorem (C., Okada & Ricker, 2018)

Let X be ar.i.s. on(—1,1) satisfying 0 < ay <ax < 1/2.
(a) T: X — X isinjective.

(o) T: X — X and satisfies TT = I, for

- —V1-x2 T(%)(x).

M09 gy o}.
— x2
(d) Tisan isomorphism from R(T) onto X.

(e) X = {feXJ1 _de_} <> )

11.09.2019 10/28

4
(c) Therangeof T is R(T) = {fe X : f
|
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Inversion of the FHT

Thecase 1/2 < ay <ax < 1

Theorem (C., Okada & Ricker, 2018)
Let X be ar.i.s. on(—1,1) satisfying1/2 < ay <ax < 1.

v
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Inversion of the FHT

Thecase 1/2 < ay <ax < 1

Theorem (C., Okada & Ricker, 2018)

Let X be ar.i.s. on(—1,1) satisfying1/2 < ay <ax < 1.
(a) T: X — X is surjective and Ker(T) = (1/v/1 — x2).
(o) T: X — X and satisfies TT = I, for

T(F)(x) = T(V1=2-1(1) (0.

1— x2
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Inversion of the FHT

Thecase 1/2 < ay <ax < 1

Theorem (C., Okada & Ricker, 2018)
Let X be ar.i.s. on(—1,1) satisfying1/2 < ay <ax < 1.
(@) T: X — X is surjective and Ker(T) = (1/4/1 — x2).

(b) T: X — X and satisfies TT = 1, for

T(V1=2-1(1) (0.

T()(x) = \/ﬁ

(c) TherangeofT/sR {feX J }

(d) T isan isomorphism onto its range.

(e) X = {fe X: £1 f(x)dx = 0}®<\/11—7x2>

The finite Hilbert transform
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Inversion of the FHT

Solution to the airfoil equation Tf = g

Theorem (C., Okada & Ricker, 2018)
LetX bearis.on(—1,1).

v
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Inversion of the FHT

Solution to the airfoil equation Tf = g

Theorem (C., Okada & Ricker, 2018)
LetX bearis.on(—1,1).

@ 1/2 <ay <ax < 1:givenge X, all solutions f € X of the airfoil
equation (AE) are given by

f(x):\/11__)(2T<\/1—t2g(t))(x)+\/1/\_7xz, AeC.

v
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Inversion of the FHT

Solution to the airfoil equation Tf = g

Theorem (C., Okada & Ricker, 2018)
LetX bearis.on(—1,1).

@ 1/2 <ay <ax < 1:givenge X, all solutions f € X of the airfoil
equation (AE) are given by

f(x) = (\/1—t2g ) # AeC.

1—x2 1—x2

@ 0<ay<ax<1/2: g/vengeXsat/sfy/ngf (x) zdx:O,
— X
the unique solution f € X of the airfoil equatlon (AE) is

A

)
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Extension of the FHT

© Extension of the FHT
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Extension of the FHT on LP

Theorem (Okada, Ricker & Sanchez-Pérez, 2008)
For1 < p < oo with p + 2, the finite Hilbert transform

T:LP(—1,1) > LP(=1,1)

cannot be extended to a larger Banach function space.
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Extension of the FHT on LP

Theorem (Okada, Ricker & Sanchez-Pérez, 2008)
For1 < p < oo with p + 2, the finite Hilbert transform

T:LP(—1,1) > LP(=1,1)

cannot be extended to a larger Banach function space.

T
LP LP
l /
[P Z

The proof is based on Tricomi’s decomposition of LP in terms of T.
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Extension of the FHT

The extension problem for L2(—1,1)

Facts:
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Extension of the FHT

The extension problem for L2(—1,1)

Facts:
@ T:[%(—1,1) — L?(—1,1) is bounded.
@ The range T(L?) c L? is proper and dense.
@ There is no close description of functions belonging to T(L?).
Okada (1991) gave a (rather complicate) characterization of when
ge T(L?).
@ Consequently, there is no inversion formula for T on L2(—1,1).
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Extension of the FHT

The extension problem for L2(—1,1)

Facts:
@ T:[%(—1,1) — L?(—1,1) is bounded.
@ The range T(L?) c L? is proper and dense.
@ There is no close description of functions belonging to T(L?).
Okada (1991) gave a (rather complicate) characterization of when

ge T(L?).
@ Consequently, there is no inversion formula for T on L2(—1,1).
Question (1991): Is it possible to extend
T:12(—1,1) - [3(—1,1)

to a larger space: T: Z — [2(—1,1)?
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Extension of the FHT

Solution: for all r.i.s.!
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Solution: for all r.i.s.!

Theorem (C., Okada & Ricker, 2019)

Let X be ar.iss.on(—1,1) with0 < ay < @x < 1. The finite Hilbert
transform

T-X—->X

cannot be extended to any genuinely larger Banach function space
over (—1,1).
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Strategy of the proof
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Strategy of the proof

(1) Construct the function space

[T,X] = {fe L'(=1,1): T(h) e X, forall |h| < |f|},
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Strategy of the proof

(1) Construct the function space
[T,X] = {fe L'(=1,1): T(h) e X, forall |h| < |f|},

which is the optimal lattice domain for T

T

[T, X]

Guillermo P. Curbera (Univ. Sevilla) The finite Hilbert transform 11.09.2019 17/28



Strategy of the proof
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Strategy of the proof

@ Showing that [T, X] is a Banach function space (with the Fatou
property), for the norm

Il = sup {I T()Ix < 1hl < I£]},

is non-trivial as T is not a positive operator.
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Strategy of the proof

@ Showing that [T, X] is a Banach function space (with the Fatou
property), for the norm

Il = sup {I T(A)x < [A] < 11},

is non-trivial as T is not a positive operator.

@ For the proof we use a theorem of Talagrand concerning
factorization of Ly-valued measures.
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Strategy of the proof

@ Showing that [T, X] is a Banach function space (with the Fatou
property), for the norm

Il = sup {I T(A)x < [A] < 11},

is non-trivial as T is not a positive operator.

@ For the proof we use a theorem of Talagrand concerning
factorization of Ly-valued measures.

@ Since T: X — X, we always have X < [T, X].
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Strategy of the proof

@ Showing that [T, X] is a Banach function space (with the Fatou
property), for the norm

Il = sup {I T(A)x < [A] < 11},

is non-trivial as T is not a positive operator.

@ For the proof we use a theorem of Talagrand concerning
factorization of Ly-valued measures.

@ Since T: X — X, we always have X < [T, X].

@ Thus, it suffices to prove that
[T, X] < X.
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Strategy of the proof

(2) Proving [T, X] < X is equivalent to showing, for some constant
C > 0 and all simple functions ¢, that:

() Clolx < sup [ T(09)]x,
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Strategy of the proof

(2) Proving [T, X] < X is equivalent to showing, for some constant
C > 0 and all simple functions ¢, that:

() Clolx < sup [ T(09)]x,

which is showing, for ¢ := Z,’L anxa,, that

N N
> anxa, T<9' > anXAn> H
n=1 n=1 X

for some C > 0 independent of ¢.

C

< sup
X )=t
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Strategy for proving ()

(3) Consider the probability space A = {—1,1}V.
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Strategy for proving ()

(3) Consider the probability space A = {—1,1}V.
Define the function F by

o= (o N Flo)i= | T (20nanmn)

Guillermo P. Curbera (Univ. Sevilla) The finite Hilbert transform 11.09.2019 20/28



Strategy for proving ()

(3) Consider the probability space A = {—1,1}V.
Define the function F by

7= onll e Ao F0) = | T (20nanmn)

Since A is a probability space

[Fllray <
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Strategy for proving ()

(3) Consider the probability space A = {—1,1}V.
Define the function F by

7= onll e Ao F0) = | T (20nanmn)

Since A is a probability space

[Fllray <

The claim follows if we show that

() Clolx < IFlp < |

o) < sup [ T(69)]x.
|0]=1
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Proof of («+) : | Flx(n) < supjg—1 [ T(69)]x

(4) Since oy = +1,

< ZN: UnanXA,,)

[Fllo=n) = sup
o< X
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Proof of () : Clélx < | Fll

(5) Fubini’s theorem and duality yields
N
IFloey = | |25 onanT (xa)
Al p=1

|
[ (o [ 1o

A NGy =171
> sup f lg(t) (f
gl xr=1 A

do
X

N
01| 3 onanT (xa,) (0] ) oo

n=1

T (xa,) (t)' da> dt.
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Proof of () : Clélx < | Fll

(5) Let Pp be the coordinate projections

ogeN— Pp(o) :=0pe{-1,1}.
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Proof of () : Clélx < | Fll

(5) Let Pp be the coordinate projections
ogeN— Pp(o) :=0pe{-1,1}.

For t € (—1,1) fixed, via Khintchine inequality, we have

)

N 1 N ) 5 1/2
Zananrmn)m\dwﬁ(;ranr TOa)OF )

n=1
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Proof of () : Clélx < | Fll

(5) Let Pp be the coordinate projections
ogeN— Pp(o) :=0pe{-1,1}.

For t € (—1,1) fixed, via Khintchine inequality, we have

)

Consequently, via duality again,

1 i 2 2\ "2
F||L1<A)>H< 1T (xa,) )
\/é n=1

N 1 N ) 5 1/2
ZUnanTmn)m\dwﬁ(;ranr TOa)OF )

n=1

X
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Proof of () : Clélx < | Fll

(6) From the Stein-Weiss formula for the distribution function of
T(xa), it follows that

2m(A)
e+ 1

m({te A:[T(xa) ()] > A}) =
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Proof of (**) CHCbHX HFHL1

(6) From the Stein-Weiss formula for the distribution function of
T(xa), it follows that

2m(A)
e+ 1

m({te A:[T(xa) ()] > A}) =
We set \ = 1, and find disjoint sets A’ < A, with
m(A}) = sm(Ay),

for some 0 < § < 1, with |T(xa,)| > 1 on Al.
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Proof of (**) CHQbHX HFHL1

(6) From the Stein-Weiss formula for the distribution function of
T(xa), it follows that

2m(A)
e+ 1

m({te A:[T(xa) ()] > A}) =
We set \ = 1, and find disjoint sets A’ < A, with
m(A}) = sm(Ay),

for some 0 < § < 1, with |T(xa,)| > 1 on Al.
N N2

So: (a7 ) > Y lank,
n=1 n=1
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Extension of the FHT

Proof of () :

(7) Consequently,

i N\ 12
Il > H( BT (xa) )
V2|\ &

Q.E.D.

Guillermo P. Curbera (Univ. Sevilla)
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11y

X

1 N

— Z a |X 1

\f “ niAA;

11 |

> 6] Z |an|XAn = CJ o x.
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Extension of the FHT

Consequence

Corollary (C., Okada & Ricker, 2019)

Let X be ar.i.s. on(—1,1) satisfying0 < ay <ax < 1.
Given f e L'(—1,1), the following conditions are equivalent.
(@) feX.

(b) T(fxa) € X forevery Ae B.

(c) T(f9) e X forevery 6 e L* with|0| =1 a.e.

(d) T(h) e X forevery he L° with |h| < |f| a.e.
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Extension of the FHT
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Extension of the FHT

Thank you for your attention
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