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INTRODUCTION

Spin chains of Haldane—Shastry type have been extensively studied as the
prototypical examples of one-dimensional lattice models with long-range
interactions, due to their remarkable physical and mathematical properties.

Applications:
o conformal field theory
e fractional statistics and anyons,
@ quantum chaos vs. integrability
@ quantum information theory

@ quantum simulation of long-range magnetism.
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HS spin chain
o Connection with the (dynamical) spin Sutherland model
o Polychronakos's freezing trick — chain’s partition function

@ Other models:

> Calogero — Polychronakos—Frahm (PF) spin chain
> Inozemtsev — Frahm—Inozemtsev (FI) spin chain

spin = su(m) spin
Supersymmetric models:

su(m|n), sites are either su(m) bosons or su(n) fermions
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Thermodynamics of spin chains of HS type

Haldane

Transfer matrix method, used by Frahm and Inozemtsev (magnetization in an
external constant magnetic field)

Spin 1/2 chains of HS type in a constant magnetic field (Enciso, Finkel,
Gonzalez-Ldpez)

Supersymmetric case, su(1]|1) HS chain (with a chemical potential term):
equivalence to a free, translationally invariant fermion system (Carrasco,
Finkel, Gonzélez-Lépez, Rodriguez, Tempesta)

It cannot be applied to the su(1|1) PF and FI chains nor to chains of HS type
with m>1lorn>1
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Conformal field theory
o Connection between su(2) HS chain and the level-1 su(2)
Wess—Zumino—Novikov—Witten conformal field theory (CFT)

e su(n) HS chain (with no magnetic field or chemical potential term) is critical
(zapless), with central charge ¢ = n— 1.

o Extended to the su(m|n), m > 1, PF chain with central charge
c=m—1+n/2

@ su(1]|1) HS chain with a chemical potential: critical with central charge ¢ =1
(for a certain range of values of the chemical potential
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Thermodynamics and critical behavior of su(m|n) spin chains of HS type with a
general chemical potential term

e chains' partition functions (connection with vertex models)

e transfer matrix

o free energy per site in the thermodynamic limit

e thermodynamics and criticality of supersymmetric chains of HS type with
1<mn<?2

> Low-temperature behavior of the free energy per site

» Values of the chemical potentials for which these chains are critical, central
charge.

» Phase transitions at zero temperature
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SPIN CHAINS

THE HAMILTONIAN
Ho= D Jy(1—P{™)

1<i<j<N

Haldane, Shastry, Polychronakos, Frahm, Inozemtsiev, ...

Spin states, su(M):

Ist,...,sn), sie{l,....,M}, V=M R" dimv=mN

Coupling constants: J; > 0

Exchange operators: P’.(jml")
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e Polychronakos-Frahm (PF):

J
Ji' = )
RGEs

& = zeros of Hermite polynomials

e Haldane-Shastry (HS):

J i
JI" = ) i = N
Y 2sin?(& - §) S=N
e Frahm-Inozemtsiev (FI):
J
e28 = zeros of Laguerre polynomials
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EXCHANGE OPERATORS

Bosonic model (s; € {1,...,m})
Polychronakos

Pij|st, . ySisee s Sjyee oy SN) = |S1,- -y Sjs ety Siyeeny SN
Supersymmetric model (s; € {1,...,m+ n})
Basu-Mallick, Bondyopadhaya, Hikami, Sen, Gonzalez-Lépez, Finkel, Enciso, Barba, ...
si€e B={1,...,m} = bosons
s;se F={m+1,...,m+ n} = fermions

P,'j|51,...,S,',...,Sj,...,SN> :6,'7,'+1’_,_7j|51,...,Sj,...75,',...,SN>

1, si, sj bosons
(-1)?, {si,sj} = {fermion, boson},
p = number of fermions in positions i +1,...,j—1

-1, si, sj fermions
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SUPERSYMMETRIC su(1|1), N =3

0 O 0 0 0 0 0 O

o 2 -1 -1 0 0 0 O

0 -1 2 -1 0 0 0 0

g 201 -1 2 0 0 0 0

HS=310 0 o0 0 4 -1 1 O

0 O 0 0o -1 4 -1 0

0 O 0 0 1 -1 4 0

00 0 0 0 0 0 6
E={0,20,8}, 2™ =244 +2¢" q=cf, f=_—
kg T
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THE CALOGERO-SUTHERLAND MODEL

Rational case, scalar model

1
Hsc—z,:aif+azz,.:xi2+2az(><?—>9)2

i<j
N

E=E+2ay nj, E=aN(a(N-1)+1)

i=1

n=(n,...,ny) €z
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THE sPIN CALOGERO-SUTHERLAND MODEL

Rational case, spin dynamical model

— p(min)
= A+ +zaz"leij

1<J
N

E= Eo+2aZn,-
i=1

V3 (x) = p(x)AmI") (H x"|s1, ... ,5N>>

x) = e E5 [ I — gl KPS ACID = i)

i<j
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CHEMICAL POTENTIAL

In the non-supersymmetric case we can add a magnetic field (a chemical potencial
in the supersymmetric case) to study the behavior of the system regarding the
number of particles of different types:

m+n—1
H/L = — Z MQN()
a=1
N, number operator of a € {1,...,n+ m} type particles.

Nalsi- - sn) = Nuo(s)|s1 - sn),

N

No(s) = 050

i=1

is the number of spins of type « in the state |s; - - - sy).
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The Hamiltonian is: )
H = Hy + 727-[#

The operators A, commute with the exchange operators and the energy spectrum
of the total Hamiltonian H is:

E;:EO+2a§i:n,-— QJQZM
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SYMMETRIES OF THE HAMILTONIAN

m+n—1
’H(m\n) _ ZJU(l o P/‘(jm‘n)) B Z ,u/u,-/\/(,y =Ho + Hi,

i<j a=1
e 1" is related to H("I™ by a duality relation.
U xmn s lm) s sy = (—1)2 ™)l
n(s)=0,s,€B, w(s)=1,s5€F, si=m+n+1l—s
UTtPIMy = PN UG U = Nt s

UTHIIM Y = By — HmIn) . B=2)" ;.

Moo= —Hmtntl—a i<j
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Thus the spectra of H{"™ and H(™") are related by
EC™ (1, timin) = Eo — E (i -, — 1) -
e Changes in the labeling of the bosonic or fermionic degrees of freedom:
Tag : ymn) _y glmin) £ 3¢ {1,...,m+n}

replacing all the si's equal to a by (3, and vice versa.
If 7(a) = m(B), Tap commutes with Pé.mln), and with H,.

T d Ny Tap = N3, T(;ﬁl./\/ﬂ Tap = Na

Ta_lN'Y Taﬂ:N"/ (77&0476)’

m—+n
Ta_[a:’[ H Ta,B = Ho — MQNB - H,BNoz - Z ,LL,Y./\/:y .
y=1
Y#o,B
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E,Em‘")(...,ua,...,ug,...) = E,Emln)(...,ug,...,ua,...)
(m(a) = 7(B))
the spectrum of H is invariant under permutations of the bosonic or fermionic
chemical potentials among themselves.
glnlm) — E,_ gmn_ _
o EV(pas s timin) = Bo = B (< pans -~ Hama)

(oa, ..., @m+n) = permutation of (1,..., m+ n) with
{aa,...,am}={n+1,....n+ m}, {amt1,. .-, mtn} = {1,...,n}.
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HAMILTONIANS

—Z(’)ﬁi—I—aZZx +Zaz a_xt

i<j Xi

_ p(min)
Zaz _|_a2Zx +2az ‘ZX: ij

J . m+n—1
Ho= (@ -P"™), Hy=— 3 pal,
&g

i<j

2
H:H0+7a7-lu, H="MHo+H,

s  2a
H=H*+ 77—[\&

=X
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POLYCHRONAKOS’ FREEZING TRICK

The points &; (zeros of the Hermite polynomials) are the minimum of the
potential:

2a
H= H* + 7?{]&%
In the limit a — oo
e 2a
E,J' ~ E,- + 7EJ
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T) =Y e B/teD) o 3 o B ke )5/ keT)
ij ij
ZG*EI/(’(BT) Ze 2E;/(ksT)
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T)=> e fllkT) ~ ZefE?V(ksT)Jfij/(ks 7
i i
= <Z o~ Ei/(keT) ) Ze $E/(ksT)

PARTITION FUNCTION OF THE SPIN CHAIN

L Z(2aT/J)
A= a|l>oo Z5¢(2aT/J)
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PARTITION FUNCTION OF THE DYNAMICAL MODELS

e Partition function of the scalar model

N
/2aT 1
Zse _ JE/(2a) - —e YT
< _j > q I];[ 1 7 qJ, ) q €

Eo = aN + a°N(N — 1)

e Partition function of the spin dynamical model

2aT\ JEs/(2a) IS K - 1
z(%1) = e Y s 0e

kePy i=1

N
Y (k) = Zq > jm1 s

sen
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POLYCHRONAKOS’ FREEZING TRICK
Z(2aT/J)
zZs¢(2aT/J)

e Partition function of the spin chain:

(ZZk)quJKH )

kePn

::2

(1-¢%)

53758



PARTITION FUNCTION OF THE SPIN CHAIN

N—r
Z= Z ¥ (k) g’ s E(K) H (1 - qu(K/))
kePy =1
I (PF)

E(i) = qi(N i), (HS)
i(c+i—1), (FI)

Ki=> ki {Ki,....Ky_}={L....,N}\{Ki, ..., K}

=1
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PARTITION FUNCTION

N is the total symmetrizer with respect to simultaneous permutations of
coordinates and spin variables,

KPS = NGRS <A, 1< <N,
H is represented by an upper triangular matrix in an appropriate basis

In,s) ( Hx”’~ )

2
Sy =lssn), p() = e 2 x - xP.

i<j
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The states are a (non-orthonormal) basis of A(L?(RV) ® X(™I")) if n and s satisfy
1) nj=nigforalli=1,...,N—1.
H) If nj = Nit1 then s; < Sit1 fors; € B, or 5; < Sit1 for s; € F.

The action of Hy on this basis is

Holn,s) = Er?,s|nvs> + Z G/ ns|n’, s”)

[n"|<|n],s’

Cns'ns € C, E,?,s =2aln|+ E.

‘H1 commutes with the symmetrizer A
7‘[1|I’I S (Z'usl)‘n s

and the spectrum of H is given by

2a
Ens = 2aln| — v Zﬂs; + Eo
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SOME DETAILS ON THE PARTITION FUNCTION

Parametrize n
N=(V1,. .., V1., Vpyeoo, Uy
———

———
ki kr

vp>--->1, 20, k+---+k =N, k>0Vi

k = (ki,..., k,): ordered partitions of the integer N, Py (v;,...,v;): sector.
Partition function

Z_lk Vi B
207/ - FY YA,
kePy vi>-->v, 20 sen
s € n = all possible multiindices s € {1,...,m + n}" satisfying condition ii)

(given n)

SaSe - [leth), o= Y Ya i Y R
2. :

i=1 i+j=k 1< < <sikm 1<Kh < <[i<n
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o Complete symmetric polynomials

P xP
Z X1 Xmm7

prtotpm=i

h,‘(Xl, N ,Xm)

o Elementary symmetric polynomials

ej(Xla"'7Xn)E Z Xpy o Xl s

1<h << i<n

@ Supersymmetric elementary polynomial

ex(X1, . oy Xm| Y1y s ¥n) = Z hi(x1, ..., Xm)ei(¥1, -, Yn)-
i+j=k
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o(k) = Z hi(g™", ..., q "m)ei(g L. g )
i+j=

= ek(q #17 ct qiﬂm‘qiﬂn&l, ey qi'u""Jr")7
r
B | DO
= Ek(q_l“v ey q_um|q_ﬂm+1, RN q_u’"’*").

PARTITION FUNCTION OF THE SPIN CHAIN

N—r
P Z 5 (k) g= LIE(K) H (1 _ ng(K,!))
i=1

kePn
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ASSOCIATED VERTEX MODELS

N + 1 vertices, N bonds, o; € {1,..., m+ n} state of the bond i:

01 ON
1 2 N N+1
Spectrum:
N—1
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Generalized partition function

m+n n
Ny s (m|n)
ZY(q;xly) = Z HX ol )'Hyﬁ o) GBI
o1,...,on=1a=1 B=1

Partition function of the vertex model

2%(q) = 2"(q:1"1").
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SUPER SCHUR POLYNOMIALS

Sk(x|y) = super Schur polynomial associated to the border strip (ki,..., k)

> e se(k) N ,
D Skxly)g= =Y Edxly)g” 2 H(l — g K)).

kePy kEPy i=1

> JE(K)
Y(gixly) = > S(xly)q=

kePy
Combining these equations
=l N—r
2(ady) = Y Elxiy)at ],
kePy i=1

x € R y e R".
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The partition function of the chain can be written in a simple way using the vertex
model description:

Z(q)=2Y(q; g7, ... g Hm|gHmi L g i)
m—+n m\n)( )— Z taNa (a-) m+n ol
= Z q Z qE ()= o,
01,...,0n=1 01,...,0ny=1

Spectrum of the HS-type chains
E(o) = Zua, =J Z 6(oi,0i41)€ Zua,

The vectors 6(a) € {0,1}V=1 with components &, (o) = 6(0k, oks1) =
supersymmetric version of the motifs (Haldane et al.)
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THERMODYNAMICS: FREE ENERGY

Normalizing the Hamiltonians: the mean energy per site should tend to a finite
limit as N — oo. Since

tr P,.(jmln) =(m+n)"2(m—n), tr N, = N(m+ n)V=1,

the mean energy is

__WwH (. m—n
(m+n)N

J N—-1 J m—n N—1 N m+n
D =52 &) =3 <1(m+)) > E0) = o D
i<j i=1 i=1 a=1
N-1 s (N*—1), HS
> E() =1 ¥(N-1), PF
i=1 Y(N—1)(2N +3c—4), FI
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The mean energy per site will tend to a constant in the thermodynamic limit
N — oo if J scales as

g %, for the HS and FI chains
B for the PF chain,

K
N>
K € R independent of N and limy_o, ¢/N = > 0 finite. Then

i

JE() = Ke(x),  xi=5 w=(c—1)/N
x(1-x), HS
e(x) = < x, PF
x(yv + x), FI
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THE TRANSFER MATRICES

N—1
{K(S oi,0i41)e(x;) —

i=1

1 1
E(lu‘m + Mﬁi-1) o 5(”01 + /ucf/v)v

Z(q) = tr [A(Xo)A(X1) ... A(XN_1)} . Ass(x) = qKE(X)é(O‘ﬁ)—%(#a'HLB) )

A(x) = P(X)J(X)P(X)*l, A =Ax), Ji=Jx), Pi=P(x)

The partition function is:

Z(q) = tr [PoJo(Py *P1) -+ (PytoPn—1)In-1Py4] -
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1
Pisi=Pi+ g P'(x;) +o(N"1) =P+ O(N71)., P Py =T+0(N1),

The dominant contribution to the free energy per spin f(T) = —(T/N)log Z(q)
in the thermodynamic limit is:

-
F(T) ~ — logtr(UJo-+-JIn-1), U= Jim Pyt Po = P(1)7tP(0).

Assume that Jy - - - Jy_1 is diagonal. If A,(x) are the eigenvalues of A(x)

m-+n

N-1
tr(UJo e JNf]_) = Z Uaa/\a ) /\a = H Aa(Xl‘)
a=1 i=0
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Perron—Frobenius theorem (all the entries of A(x) are strictly positive):
The matrix A(x) has a simple positive eigenvalue, \;(x), satisfying

A1(x) > [Aa(x)|
and it follows that

Aol
lim = 1.
NI—>oo /\1 0 Vo>

Then
tr(UJO cee JN_1) Ui\ = Ug H )\1 X,

if U1 # 0. In this case, the free energy per site in the thermodynamic limit is

-1
F(T)=—T lim —ZlogAl X :—T/ log A1 (x) dx.
J0
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Left: free energy per site of the su(1|1) PF chain with s = p=K >0

for N = 10 spins, fig(T), as a function of T (solid red line) compared to its
thermodynamic limit computed withy the obtained function (dashed gray line).
Right: same plot for u = —K. Insets: difference f(T) — fy(T) for N = 10 (red),
15 (green), 20 (blue) and 25 (black) spins in the range 0 < T < 10. Note: in all
plots, fy, f and T are measured in units of K.
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SYMMETRIES OF THE FREE ENERGY

f(n‘m)(ﬂls <oy Mmdn—1; K) - KSO — Hay
+ f(mln)(_,u’ozu Homin—1 = Hoagy -y Hay = Hags _K)a

(a1,...,min—1) is a permutation of (1,...,m+ n— 1) such that
{a1,...,an} ={1,...,n}.
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THERMODYNAMIC FUNCTIONS

Density of spins of type «
of

T
The variance (per site) of the number of spins of type «

Ny =

1

o = (N2 - N2) = -1 2

oz

The internal energy, heat capacity (at constant volume) and entropy per site are
0

_ ou
.

o’

of _

_ Q2
(ﬂf)’ Cv = /8 aﬂ_

u s =2 B(u—1).
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THE su(1|1) CHAINS

Transfer matrix

Eigenvalues
M) =g g N =0

A(x) is diagonalizable for all x € [0, 1]

~(Ke()+8) g4
P(x):<q ) ! >

Free energy per site

1 1
1
(T, u) = —T/O Iog(qKE(X) +q M) dx = —p— B/o Iog(l + e_ﬂ(Kf(X)“‘))dx.

valid for the three chains of HS type.

M.A. Rodriguez (UCM) Criticality in spin chains 42 / 69



THERMODYNAMIC FUNCTIONS

Thermodynamic functions of the su(1|1) chains of HS type:

B ! dx
n = o 1 4 e—B(Ke(x)+n)

1
v = %/ sech’ [2(Ke(x) + )] dx,
0

U Ke(x) +
u:—u+/0 Heﬁ(—KE()M)dX
cv = 64/0(Ks(x)+,u) sech®[5(Ke(x) + p)] dx,
5:/0 {Iog[2cosh(§(K€(X)+,u))]
- g (Ke(x) + p) tanh(£(Ke(x) + u))}dx.
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Internal energy, specific heat and entropy (right) per site versus the temperature
for the HS (blue), PF (red) and FI (with v = 0, green) su(1]1) chains with

p/K = 1/2. The specific heat exhibits the Schottky peak, characteristic of
two-level systems like the Ising model at zero magnetic field or paramagnetic spin
1/2 anyons.

M.A. Rodriguez (UCM) Criticality in spin chains 44 / 69



THE PF CHAIN

Using the dilogarithm function

Lia(z) = —/OZ Mdn

the free energy is given by

f( Tmu) = 7‘“’ + Kiﬁz[Liz(fefﬁﬂ) o Liz(ie—ﬂ(K+H)) )

Thermodynamic functions

1 1+eP1
m=1-——log| ————

KB 1+ e~ B(K+p)
u= KLB log(1 + e PH) — KTJFBM log(1 4 e PKT1Yy — F —2p
s=Bu—1)
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CRITICAL BEHAVIOR

@ When T — 0 the free energy per unit length of a (1 + 1)-dimensional CFT

behaves as
meT?

6v
c is the central charge and v is the effective speed of light.

f(T)~f(0)—

@ The value of f at small temperatures is determined by the low energy
excitations, then the validity of this relation is taken as a strong indication of
the conformal invariance of a quantum system.

@ The equation is one of the standard methods to identify the central charge of
the Virasoro algebra of a quantum critical system.
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w>0

Ke(x)+p >0, V¥xel0,1]

Then

1
F(T, 1) — F(0, )| < T/ o PR ) - T Pn
0

the system is not critical. A similar result holds for ;1 < —Kepax, where

% , for the HS chain
E€max = Max, e(x)=11 for the PF chain
o 1+, for the FI chain.
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—Kemax < 0 <0

1/n
f(T,u)+u:—nT/ |0g(1—|—e_ﬂ(K€(X)+u))dx7
0

)2, for the HS chain
=31, for the PF and FI chains.

21— \/1+2%),  for the HS chain
X0 = — %> for the PF chain

% (—y + \/@), for the FI chain

unique root of the equation Ke(x) + p = 0 in the interval (0,1/7)
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Ke(x) + 1 is negative for 0 < x < xg and positive for xg < x < 1/7,

1/n
F(T,u) — F(0, ) = 47T/ Iog(l n e*ﬁ‘KE(XHﬂl)dx.
0

Fix A < min(xg,1/n — xp) independent of T and A=[0,x0 — A]U [xo + A, 1/7].
The integral can be approximated by

Xo+A
I(T) = / |0g<1 + e_mKE(XH“I)dx
Xo—A

Change of variables y = B|Ke(x) + | in each of the intervals [xg — A, xo]
and [xo, X0 + A]:

BlKe(o=B) 4l |o5(1 4 =Y
I(T) :I / Mdy
K\ Jo e'(x)
BIKe(xo+B)+pul | -y
+/ og(l+e )dy -
0 g'(x)
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1
+0(x —x0) =

500~ 700) EP R
BlKe(xo—A)+pu| BlKe(xo+A)+p]
I(T) :Kej(-xo) </0 —i—/o ) log(1+e™)dy
+0(T?).
i) = 2T

oo 2.,.
log(1+ e T2)= 1 0(T?
Kot |, ey £ O(T) = s 0T,

2 T2
f( Ta ,U/) = f(O*/j) - u

3
a0y O
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EFFECTIVE SPEED OF LIGHT

dE Ke'
v= | =28 (o) (HS chain).
dp p=27xp 2m
E Ke'
v dE| _KEBO) b and FI chains) .
dp perxe T

Asymptotic equation for the free energy per site

mT?
F(T, 1) = £(0, ) — /6

. +0(T?),

For —Kemax < p < 0 the chains are critical, with ¢ = 1: the free energy per site
behaves as that of a CFT with central charge c =1
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Free energy per site versus temperature (both in units of K) for the su(1]|1) HS
(blue), PF (red) and FI chains (with v =0, green) for /K = —emax/4. In all
three cases, the dashed black line represents the low-temperature approximation.
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e ;1 =0. The HS, PF and FI (with v # 0) su(1|1) chains are critical, with
central charge c =1/2

@ v = p = 0. The Fl chain is not critical:

(1.0 = ﬁ (1 ) \lfz> ((3/2) T2+ O(T?),

@ ;= —Kéemax. The PF and FI chains are critical with ¢ = 1/2. The HS chain
behaves as

F(T,—K/4) = % — % <1 — \2) ((3/2) T*? 4+ 0(T?).
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PHASE TRANSITIONS

n

uK

0.5

Zero temperature boson density n; as a function of u/K for the HS (blue), PF
(red) and FI (green for v = 0, light green for v = 1/4) chains.

The su(1|1) boson density presents a second-order (continuous) phase transition
at zero temperature
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Boson density for 11/ (Kemax) = —3/4 (solid lines) and p/(Kemax) = —1/4

(dashed lines), HS (blue), PF (red) and FI chains, with v = 0 (green) and vy =1
(light green)
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THE su(2|1) CHAINS

Its dual su(1|2) version with HS interaction can be mapped to the spin 1/2
Kuramoto—Yokoyama t-J model in an external magnetic field

Transfer matrix A(x):

g q—%(uﬁ'/lz) q—Tl
A(x) = qKE(X)—%(#H-#z) ) q—’%z ;
qKs(x)f% qKs(x)f% qKs(x)

Eigenvalues:

Ae(x) = a(x) £ y/a(x)? + gl (g — 1), 0

a(x) = ; (a7 + g7+ gF0).
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@ Perron—Frobenius eigenvalue is A;(x) = A\ (x).
o A(x) is diagonalizable for 0 < x < 1M
e Matrix P(x)

q%(uz—m) 0 %(M—Ml)
PO)= | 145550 =) =% 14 (a0 - 1)
qKs(x)+% 1 qK‘s(x)+’22

1
f(T,,U,h,UQ):—5(/L1+/L2)— T/ |og< +\/b +e‘Kﬁ€(X)—1>dx,
0

1
b(x) = 5 e BIKe()+5(mtr)] | cogh (%(m - uz)).
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CRITICAL BEHAVIOR

H2

—Kémax

—Keémax >
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H2/(K&max)

5

m c=12

m c=4/5
c=1

B c=3)2 !
c=2

5 H1/(K&max)

Phase diagram of the su(2|1) chains of HS type, K > 0. The origin and the
half-lines pi3 = 0 > po, po = 0 > w1, p1 = p2 > 0 are not critical for the FI chain
with v = 0, while the point (—Kéemax, —Kemax) and the half-lines

w1 = —Kéemax > p2, 2 = —Kemax > 1 are not critical for the HS chain.
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m c=1/2

m c=3/4
c=1

m c=3/2
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Phase diagram of the su(2|1) chains of HS type, K < 0. The origin and the
half-lines pi3 =0 > o, o =0 > uy, p1 = e > 0 are not critical for the Fl chain
with v = 0, while the points (|K|emax,0), (0, |K|emax), the segment

{p1 + 2 = |Klemax, 0 < p1 < |K|€max} and the half-lines

{ILLl = |K|5maxa M2 < O}v {:u'2 = |K‘5maxa p < 0}, H1 = f2 — |K|€max >0,

p2 = p1 — |K|emax > 0 are not critical for the HS chain.
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PHASE TRANSITIONS

@ The bosonic density n; is discontinuous along the half-line
u1 = 2 = —Kemax, and has a discontinuous gradient along the
half-lines p3 = —Kéemax = t2 and p3 =0 > pp. The bosonic density n; (and
hence n,) presents both first- and second-order phase transitions for
appropriate values of the chemical potentials p; and po.

e If K < 0 The bosonic density (and hence the remaining one ny(0)) are
continuous, although their gradient is discontinuous along several segments
and half-lines. Thus when K < 0 the chains exhibit only second-order phase
transitions at zero temperature.
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Left: fermion density at zero temperature for the su(2|1) HS chain with K > 0.
Right: same plot for the bosonic density ny, with a red line drawn to illustrate the
discontinuity along the half-line 1 = pp > —Kepax.
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Ho/(Kema) ™2

Left: fermion density at zero temperature for the su(2|1) HS chain with K < 0.
Right: same plot for the bosonic density n;.
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THE su(2|2) CHAINS

Transfer matrix

g g 2(mtn2) q-zlmtus) g%
Alx) = gKeC)=3(m+n2) g2 q slatus) g%
B qKE(X)—%(Mlﬂta) qKs(X)—%(#vam) qKE( X)—Hs3 q—”%
qKa(x)f% qu(x)f% qu(x)f% qu(x)
Eigenvalues: 0 (double) and
A X) £ \/a(x)? + (qK<0) — 1)(g-lm ) — gKeto-ns)

1
a(x) = E (qu + q*#z + qKE(X)*M + qKE(X)) .
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Perron—Frobenius eigenvalue: A;(x) = Ay (x).
A(x) is not diagonalizable when x € (0, 1), for 0 < x < 1 its Jordan canonical

form is

A(x) 0 0 o0

0 A_(x) 4 o 0

J(x) = 0 0( ) R
0 0 0 o0

Free energy per spin
1
(T, pa, 2, 13) = ~5 (p1 + p2)
1
- T / Iog[b( )

/B2 — (1 — KB (1 — e~ BKEC stz Jax,

b(x) = o BIKe()+3 (1a+ia—ps)] cosh(gm) + cosh(%(,ul _ H2)>-
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From numerical calculations,

@ K > 0 the fermionic densities n3 4 exhibit only second-order phase transitions
at T =0, while the bosonic ones n; » undergo also a first-order phase
transition across (a subset of) the plane 1 = po.

@ K < 0 the fermionic densities feature only second-order phase transitions at
zero temperature while the bosonic ones present also a first-order phase
transition across (a subset of) the plane u3z = 0.
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CONCLUSIONS

@ The thermodynamics and critical behavior of the three families of su(mj|n)
supersymmetric spin chains of Haldane—Shastry type with an additional
chemical potential term. The analysis is based on

> the computation in closed form of the partition function for an arbitrary
(finite) number of spins

> the derivation of a simple description of the spectrum in terms of
supersymmetric motifs.

@ Using the transfer matrix method, we obtain an analytic expression for the
free energy per site,

@ For the su(1]1), su(2|1) (or su(1]2)) and su(2|2) chains, we identify the
values of the chemical potentials for which the models are critical (gapless)
(low-temperature behavior of the free energy per site)

@ We show that the central charge can take rational values that are not
integers or half-integers, thus excluding the equivalence to a CFT with free
bosons and/or fermions.

@ We analyze the existence of zero-temperature phase transitions in the spin
densities.
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