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THE QUESTION

¢: G x Q— Q action

U
T ¢: G x T"Q x T*Q symplectic action and fibered on ¢

@ How are the (symplectic) lifts of the action ¢ to the cotangent bundle T*Q?
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THE QUESTION

¢: G x Q— Q action
U
T ¢: G x T"Q x T*Q symplectic action and fibered on ¢
@ How are the (symplectic) lifts of the action ¢ to the cotangent bundle T*Q?

m: T*Q — Q is a Lagrangian fibration

@ How are the (symplectic) lifts of the action ¢ to a Lagrangian fibration
T M— Q?
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THE COTANGENT ACTION

(T ¢)g
(T"Qwq) —————> (T*Q,wq)
P,
Q £ Q
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OTHER FIBERWISE COTANGENT ACTIONS

(Dg
(T"Qwq) ————> (T*Q,wq)
P,
Q £ Q

Is it possible to consider other symplectic G-actions on (T*Q,wgq) which fiber on ¢?
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OTHER FIBERWISE COTANGENT ACTIONS

F: T"Q — T*Q diffeomorphism with mg o F = mg and F*(6q) = 0q

T

3f : Q — Q diffeomorphism such that F = T*f

F restricted to the zero section of 7q is a diffeomorphism onto the zero section of g
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OTHER FIBERWISE COTANGENT ACTIONS

F: T"Q — T*Q diffeomorphism with mg o F = mg and F*(6q) = 0q

T

3f : Q — Q diffeomorphism such that F = T*f

F restricted to the zero section of 7q is a diffeomorphism onto the zero section of g

F: T*Q — T™Q diffeomorphism with mg o F = mg and F*(wg) = wq

T

Jo: Q — T*Q closed 1-form such that
F(vq) = vq + a(q)

Ty, (F—=Id7+q) is null on vertical vectors = F(vq) — 74 doesn’t depend on the 74 € T5 Q

a(q) = F(vq) — 79
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OTHER FIBERWISE COTANGENT ACTIONS

Symplectic action

dg 0 (T*qﬁ);l = ta,, forallg € G.

A:GxQ—=T*Q, A:G—QLQ)

S (vg) = (T P)g(vg) + Ag(q), forall g € G.
(3

@ & is an affine action.
@ & is linear if and only if ® is the cotangent lift T*¢ of ¢.
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The cohomology complex induced by the action ¢

n-cochains: A: Gx .7. xG — QY Q)
C"(G,QY(Q)) the set of the n-cochains.
8y 0 C"(G,QY(Q)) = C™1(G,QY(Q)) is given by
(5¢>A)(g17 e 7gn+1) = (_1)n+1A(g27 e 7gn+l) +
n
+Z(_1)H+I+IA(g17 co 3 8i—1,8i " 8i+ls--- )gn+l) +

i=1
+¢;n+1 (A(g17 ce 7g"))‘

(C*(G,QL(Q)),d,) is a subcomplex of (C*(G,QY(Q)),ds)
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OTHER FIBERWISE COTANGENT ACTIONS

A:G— QYQ)

@ dA:Gx T*Q — T*Q given by ¢é =ta 0 (T*¢)g is an action if and only if A
is a one-cocycle with respect to the cohomology complex (C*(G,21(Q)), d).

Agn(q) = An(q) + ¢1(Ag(q)), Vg ,heGandVqgeQ.

@ ¢4 is also symplectic if and only if A is a one-cocycle with respect to the
cohomology subcomplex (C*(G,QL(Q)),d,).

(97) (wQ) = wo — H(dAg).
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OTHER FIBERWISE COTANGENT ACTIONS

If A,B: G — QL(Q) two one-cocycles with respect to (C*(G,QL(Q)),d4),

4

JF : T*Q — T*Q a symplectomorphism such that

@ mgoF =mg
(] Fo¢§‘:¢goF, forall g € G
3
[A] = [B] € H'(G, ¢, 2(Q))

A is a coboundary of (C*(G,QL(Q)), ), there is a symplectomorphim which is

fibered for g and equivariant with respect to the actions ®A and T*¢.
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LAGRANGIAN FIBRATION

mQ: T"Q — Q ﬂal(q) = T;Q Lagrangian space with respect wq

Lagrangian fibration

A fiber bundle 7 : (M,w) — Q with 7=%(q) Lagrangian submanifold of M, for all
g€

ker T = (ker Tym)®, for all x € 771(q)

(ker Txm)® ={v € TxM/w(x)(v,u) =0 for all u € ker T,7}
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LAGRANGIAN FIBRATIONS

@ 7:(M,w)— Q a Lagrangian fibration

@ a € QYQ) = Xpeq € X(M)

Complete Lagrangian fibration (M, Q, 7,w)

X+ is complete for all o € QY(Q)

FXr*a(t) : M — M is the flow of Xy« at the value t € R
(FXm*a(t))*w = w + tr*(da)
(!

p:QYQxM — M
(a,x) = FXra(1)(x)
@ i is an action: p(a + B, x) = (e, u(B, x))
@ 4 is fibered: m(u(a, x)) = 7(x)

@ 4 induces a transitive action of the abelian group T; Q on 7r71(q)

K : T;Q X Tril(q) — ﬁil(q) (ag,x) = p(a, x)
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LAGRANGIAN FIBRATIONS

e TgQx 7 Hg) = 7 (q)

(g, x) = p(ev, x)
In general, pq is not free

Ng={aq € T;Q | pglag,x) =x Vx€ 7~ 1(q)} discrete space
i
(T*Q/A\, Q,7q,wq) is a complete Lagrangian fibration
()] %Q : T*Q/N — Q fibration

@ &g the induced symplectic structure on T*Q/A
@ u: T;Q//\q X M — M is a free action
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G-LAGRANGIAN FIBRATIONS

(T*Q/N, Q,7Tq,wq) Jacobian Lagrangian fibration

associated to the complete Lagrangian fibration (M, Q, 7, w)

0:Q — Msectionof m: M — Q

(T*Q/Av Qv%Qan) = (M7 Qvﬂ-:w)
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G-LAGRANGIAN FIBRATIONS

An G-action on a Lagrangian fibration

A Lagrangian fibration (M, Q,m,w), G a Lie group, g € G

)
— =M

M g
I
Q £ Q

_—

® is symplectic

I

(M, Q, 7,w, ¢, ®) is a G-Lagrangian fibration

Examples

(T*Q,Q,mq,wq, 6, T*¢),  (T*Q/A, Q,7q,3q, ¢, T*¢)
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THE PROBLEM

(M, Q,m,w, p, ) complete G-Lagrangian fibration

How IS THE REST OF SYMPLECTIC FIBERWISE ACTIONS ON 7




G-LAGRANGIAN FIBRATIONS

(M, Q, 7,w, ¢, P) complete G-Lagrangian fibration
(T*Q/A\, Q,Tq,wq) Jacobian Lagrangian fibration

®l: G x M — M is a fiberwise symplectic action

0
for all g € G, there exists a Lagrangian section X, : Q — T*Q/A of g

P} (x) = g (fi(X4 ((x)), x)), with x € M

L:T*Q/ANxM — M

Lagrangian section of mg : (T*Q/N\,0q) — Q= section Xz : Q — T*Q/N\ of g such that

3(@g) = 0
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G-LAGRANGIAN FIBRATIONS

(M, Q,m,w, p, ) complete G-Lagrangian fibration
a Lagrangian section Xz : Q — T*Q/A of Tg

X (x) = dg(fi(X4(m(x)), X)), with x € M

¥ :G =T (T*Q/N) is a one-cocycle in (C*(G,T(T*Q/N)),ds)

@ A n-cochainisamapX:Gx .7. XxG — [(T*Q/A)
@ The coboundary operator is 54 : C"(G, (T*Q/A)) — C"Y(G, T(T*Q/N)) given by

1
6sT(g1, -1 8nt1) = (=1)"I(g2, ... gn41) +
1
+Z DS (g1, i1, 881y - - En1) T
+(T*¢) —10X(g1,..-,8n)0 ¢g,,+1
&nt+1
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G-LAGRANGIAN FIBRATIONS

IfX:G—T(T*Q/A) a map,

<I>§(x) = &g (1(Xg(7(x)), x)), with x € M, defines an action of G on M J

> is a one-cocycle in the cohomology of (C*(G,I(T*Q/A)),d4). J

The action ¢'§ is also symplectic J

Y is a one-cocycle of the cohomology in the subcomplex (C*(G, T (T*Q/N)),dy) J
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G-LAGRANGIAN FIBRATIONS

@ (M,Q,m,w,n,®P) a complete G-Lagrangian fibration
@ Y1 52: G — I (T*Q/A) are two one-cocycles with respect to

(C*(G,T(T*Q/N)),d,), and @' and &= their symplectic actions on M
respectively.

There is a symplectomorphism F: M — M such that

roF=m (1)
I?od:o21 = ®X2 0 F, for all g e G (2)
g g ’

[='] = [=%] € H'(G, & TL(T"Q/A)) )
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FOR INFINITESIMAL ACTIONS

In the previous part of the talk, we saw that it was necessary to suppose the additional
topological completeness condition on the Lagrangian fibration. Now , we will work
with infinitesimal actions in order to obtain results without these completeness
condition.

An infinitesimal action of a Lie algebra g on a manifold M is a Lie algebra
antimorphism W : g — X(M) with respect to the Lie brackets on g and X(M), that is
Vign = ~[ve, nl

for all {,m € g.

If w is a symplectic structure on M, then W is symplectic if for all £ € g, the vector
field W(&) is symplectic, i.e. Lygyw = 0.

An infinitesimal action W : g — X(M) on a fibration 7 : M — Q is projectable if there
exists an infinitesimal action ¢ : g — ¥(Q) on Q such that

Trn(Ve) =yeom (3)

for all £ € g.

If (M, Q,7,w) is also a Lagrangian fibration and W is symplectic and projectable ,
then we said that (M, Q, w,w, W, %) is a g-infinitesimal Lagrangian fibration.
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FOR INFINITESIMAL ACTIONS

Let (M, Q, 7, w) be a Lagrangian fibration and W, v g — X(M) be symplectic
infinitesimal actions of the Lie algebra g on M whose projection onto Q is
Y g — X(Q). Then, for each § € g, there exists a closed one-form a¢ on Q such that

\Uf S \Ug +X7'r*(a5)'

a:g—)Qi(Q)
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FOR INFINITESIMAL ACTIONS

pu gx Q) - QYQ)
(€N = pul©)A) = —Lye)A

In this case the cohomogy complex is defined by:

@ A n-cochain is a map kn : gx .7. xg — QY(Q) and C"(g,2(Q)) denotes the
set of the n-cochains.

@ The coboundary operator is 8y, : C"(g, 21(Q)) — C"*1(g, 2}(Q)) given by

n+1

DG Y A M (3 [ CH (ST TR )
i=1

n+1 -

+ > (Y RRn(lg € 6 &y Bl Enpn)
e

Oykn(€rs- .. €nt1)

If we consider the n-cochains with values to the closed 1-forms on Q, we have a
subcomplex (C.(g» QE(Q))v a’tl)) of (C.(gv Ql(Q))7 81[))
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FOR INFINITESIMAL ACTIONS

Let (M, Q,,,1, V) be a g-infinitesimal Lagrangian fibration and let o : g — Q(Q)
be a linear map. Then,

@ The map Vo : g — X(M) given by
\U? :\U§+X7r*(a€) (4)

is an infinitesimal action of the Lie algebra g on M if and only if a is a
one-cocyle with respect to (C*(g, 2*(Q)),9y)-

@ V is also symplectic if and only if « is a one-cocycle with respect to the
subcomplex (C*(g, 2L(Q)), Iy )-
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FOR INFINITESIMAL ACTIONS

Let (M, Q, 7, w,, V) be a g-infinitesimal Lagrangian fibration, o, 8 : g — QL(Q) be
two 1-cocycles with respect to (C"(g, Q(Q)), ), and W< and WA be their
symplectic infinitesimal actions on (M, w) respectively, defined by the relation (4).

[a] = [8] € H'(g,%, QL(Q)) if and only if there exists a closed 1-form X on @ such
that the map F : X(M) — X(M)

satisfies the following property

F(wg) =V forall €€ g

Moreover, F is a symplectic map, that is, for all X € X(M), F(X) is a symplectic

vector field.
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CONCLUSION

¢:GXQ—Q

In the case of g : T*Q — Q: The fiberwise symplectic action on T*Q is
determined by T*¢: G x Q1(Q) — Q!(Q) and a one-cocycle A: G — QL(Q)
for the cohomology associated with T*¢ : G x Q1(Q) — Q1(Q)

In the case of a complete Lagrangian fibration 7o : M — Q: If ® is a fiberwise
symplectic action on M, the other fiberwise symplectic actions on M are
determined by ® and a one-cocycle X : G — ' (T*Q/A) for the cohomology
associated with T*¢ : G x [(T*Q/A) = I(T*Q/A)

In the case of infinitesimal g-Lagrangian fibration 7g : M — Q: If W is a
projectable symplectic action on M, the other projectable symplectic actions on
M are determined by W and a one-cocycle a : G — QL(Q) for the cohomology
associated with py : g x Q1(Q) — Q1(Q).
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Thanks .... and congratulation Alberto!!!

—
KEEP
CALM

SOLO TIENES

60...
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