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Abstract

The usual canonical prescription ordinarily made for the obtention of the quantum
Hamiltonian operator for a classical system leads to some ambiguities in situations
beyond the simplest ones and these ambiguities arise unavoidably when the config-
uration space has non-zero curvature, as well as in systems in Euclidean space but
with a position-dependent mass. A recently proposed method to circumvent this
difficulty for natural Hamiltonians will be described. The idea is not to quantise the
coordinates and their (classical) conjugate momenta (which is where the ambiguities
could arise), but to work directly with Killing vector fields and associated Noether
momenta in order to get in some unambiguous way the corresponding Hamiltonian
operator. The examples of one-dimensional position-dependent mass systems and
motions on constant curvature surfaces will be used to illustrate the method.
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Introduction

| meet (Luis) Alberto for the first time as a student of the academic year 1976-77 of
my course Mathematical Methods for Physicists I, and when finishing his studies in
Physics he obtained a grant for doing his Ph. D. Thesis, entitled

Estructura geométrica de los sistemas con simetria en Mecanica Clasica y Teoria

Clasica de Campos

The defence was in 1984. This was the starting point for our collaboration for almost

40 years.

Then he went for his postdoc to Paris to work in the group of Prof. Marle and
Copenhagen, and a bit later he spent a year at Berkeley to collaborate with Prof.

Weinstein.

Our first common scientific visit to Europe was to the 1st Workshop on Diff. Geom.
Methods in Classical Mechanics, an excellent idea of Willy Sarlet to connect people

of different countries with a close scientific interest






This was the beginning of a series of meetings.

The second was organised in Jaca (1987) with the collaboration of Alberto
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Particularly intense was our collaboration during the

NATO ASI-XXIIl GIFT Seminar “Recent Problems in Mathematical Physics

and the

XIX Int. Colloquium on Group Theoretical Methods in Physics

in Salamanca, 1992.
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The book is devoted to establish a geometric approach to both Classical and Quantum

Mechanics and the transition from Classical to Quantum Mechanics.

Symplectic geometry is the common framework for dealing with both types of sys-

tems.

The geometric framework for the description of classical mechanical systems is the

theory of Hamiltonian dynamical systems.

A symplectic structure w on a differentiable manifold M, or more generally a Poisson
structure, is the basic concept.

It is then possible to define an associated Poisson bracket endowing the set of func-
tions on M with a real Lie algebra structure.

The dynamics is given by the Hamiltonian vector field X5 defined by the Hamiltonian
H € C*°(M) by means of
i(Xg)w=dH.

The system of differential equations determining the integral curves of X g in Darboux
coordinates are Hamilton equations.
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A particularly interesting case is when the manifold is the cotangent bundle of the

configuration space ), M = T*(Q), endowed with its natural symplectic structure.

The states are the points of M, and the observables are the functions F' € C*°(M).
The measure of an observable F' in a state x € M is given by the evaluation map,
the result being F(x)

On the other side, the mathematical model for Quantum Theories is different. In

Quantum Mechanics in Schrédinger picture:

O (pure) states are (rays rather than) vectors ¢ of a Hilbert space (H, (-, -))
[0 observables are selfadjoint operators in H

O the results of the measure of the observable A on the pure state 1) may be any

eigenvalue of A but with probabilities such that the mean value is given by

(Y, AY)
W) ="

O dynamics is given by Schrddinger equation

The framework unifying both approaches is the theory of Hamiltonian dynamical
systems.
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Hamiltonian dynamical systems

A symplectic manifold is a pair (M,w) where M is a differentiable manifold and w is

a symplectic form, i.e. a non-degenerate closed 2-form in M, w € Z?(M): dw = 0.
Non-degeneracy of w means that for every point u € M the map @,, : T, M — T;)M:
(@y(v),0") = wy(v,0") v,v' € T, M,

is a bijection. This implies that the dimension of M is even, dim M = 2n.

@:TM — T*M is a base-preserving fibred map, i.e. the following diagram :

TM —> T*M

M———-M
idas

is commutative and induces a R-linear map between the spaces of sections of both
bundles which, with a slight abuse of notation, we also write @ : X(M) — A" (M).
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The vector fields corresponding to closed forms are called locally-Hamiltonian vector

fields and those corresponding to exact forms are said to be Hamiltonian vector fields.
O(Xu(M,w)) = BH(M),  O(xwa(M,w)) = Z1(M).
If H € C°(M), the Hamiltonian vector field X is defined by the vector field s.t.
(Xpg)w =dH

(M,w, H) is a Hamiltonian system whenever (M,w) is a symplectic manifold and
H € C*°(M): the dynamical vector field is X g

Cartan identity, Lx = i(X) od + d 0 i(X), shows that X € X y(M,w) if and only
if ,Cxw = 0.

Darboux proved that dw = 0 and regularity of w imply that around each point v € M
there is a local chart (U, ¢) such that if ¢ = (¢%,...,¢";p1,...,Pn), then

wlo =) dg" Adpi.

i=1
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Such coordinates are said to be Darboux coordinates. The expression of Xg in

Darboux coordinates is given by

" (0H O OH 0
XH‘;(apiaqi ~og apz-) |

and therefore, the local equations determining its integral curves are similar to Hamil-

ton equations.

OH
q =

Op;
, - _oH
bi = —gu

Define the Poisson bracket of two functions f,g € C*(M) as being the function
{/, 9} given by:

{f, 9} = w(Xy, Xy) = df (X,) = —dg(Xy) .
In Darboux coordinates for w the expression for {f, g} is the usual one:

N~ (0f 09 0f 09
{f,g}—Z(aqiapi 3pi3qi).

=1

16



If X,Y are locally Hamiltonian vector fields, then [X,Y] is a Hamiltonian vector
field, its Hamiltonian being w(Y, X).

It is a consequence of the relation i(X)Ly a— Lyi(X)a = i([X, Y])«a, which is valid
for any form «. We then obtain:

(X, YD)w = i(X)Lyw—Lyi(X)w=—-Lyi(X)w=
(V)X )] — dfi(V)i(X )] = —du(X, VY]

In particular, when X = X; and Y = X in the previous relation:

d{f,9} = —i([Xy, Xg)w

[Xf: Xg] = X{g-,/'}'

This shows that the set of Hamiltonian vector fields, to be denoted Xy (M, w), is an
ideal of the Lie algebra of locally-Hamiltonian vector fields X1 (M,w) and that

0——=R—=C®(M) 7= Xg(M,w) —=0

with 0 = =%~ o d, is an exact sequence of Lie algebras.
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An action ® of a Lie group G on M defines a set of fundamental vector fields
X, € X(M), a € g, by Xo(m) = Ppyue(—a) and the map X : g — X(M),
a € g — X, is a Lie algebra homomorphism,

(Xa, Xp] = Xjap)-

If the action of G is strongly symplectic, X (g) C Xu(M,w), then X is a Lie algebra
homomorphism X : g — Xg(M,w), and then there exists a linear map f : g —
C>(M), called comomentum map, making commutative the following diagram:

]
b's
0——=R—=C®(M) 7= Xg(M,w) —=0

The corresponding momentum map introduced by Souriau, is the map P : M — g*,
defined by
(P(m),a) = fo(m),  VYme M,acg.

It is not uniquely defined but two possible comomentum map differ by a linear map
r:g—R,
fa(m) = fa(m) +r(a).
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In case of exact symplectic actions on exact symplectic manifolds (M, 6), namely,
g 0 = 6,Vg € G, the fundamental vector fields X, are Hamiltonian and a como-
mentum map can be defined as f, = —i(X,)f. This is the case of an action of a Lie
group G on a cotangent bundle T*Q lifted from an action of G on its base manifold.

Recall that if X = £%(q)d/dq" € X(Q), its cotangent lift X € X(T*Q) (satisfying
L0 =0, with 6 the Liouville 1-form), § = p; d¢*, is

o _ 09

g Tog op;’

X=¢

As an instance if the configuration space is Q = R? we can consider vector fields
generating translations on Q = R?, and their correspondimg lift in T*R3, the fun-
damental vector fields in R? being X, = —a’ 8/dq", with canonical lifts X, a T*R3

The functions f, € C°°(T*R?) are defined by

fa(g,p) = —[i(Xa)0](q,p) = a'p;.
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Using fa(q,p) = (ﬁ(q,p%a) and identifying R3, as Lie algebra of translations, with

its dual, we obtain

—

P(q,p) = P.

If consider the action of SO(3,R) on R? and the induced action on T*R3, the

fundamental vector fields in R® are
-0
Xi=—¢€jrq’ qu )

with canonical lifts

~ .0 0
Xi=—¢€ji | 5 i |
€ijk <q 8qk +p] 3}%)

and consequently a comomentum map is
fi(g,p) = ni €iji =it (% p).
Using the identification of R? with its dual space we see that
P(q,p) = § % P,

i.e. the associated momentum is the angular momentum
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Dynamical systems of mechanical type

A regular natural Lagrangian system is given by a non-degenerate symmetric (0, 2)-
tensor field g on the configuration space @ and a function V' on @: The Lagrangian
function L € C*°(TQ) is given by

1 * *
Lyv(®) = 3(159)(0,0) +7°V,

where 7 : TQ) — @ is the tangent bundle.

Nondegeneracy means that the map g : TQ — T%(Q from the tangent bundle 7 :
TQ — @ to the cotangent bundle 7g : T*Q — Q, defined by (g(v), w) = g(v,w),
where v, w € T, Q, is regular.

g is a fibred map over the identity on ) and induces a map between the spaces of
sections g : X(Q) — QY(Q): (9(X),Y) =g(X,Y).

The vector field corresponding to the exact 1-form df is called grad f, i.e.

g(grad f) =df, VfeC™(Q).
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The case V' = 0 corresponds to free motion on the Riemann manifold (@, g), the

Lagrangian then being given by the kinetic energy defined by the metric g:

1 *
Ty(v) = i(TQg)(U,U), veTQ,
which can be rewritten as the following function on T'Q:
1
T, = 3 g(T1g o D, T1g 0o D),

with D being any second order differential equation vector field, i.e. a vector field
on T'Q), and therefore 77 o D = idpq, such that also T'7g o D = idpq.

If (U,q,...,q") is a local chart on Q we consider the coordinate basis of X(U)
denoted {9/9¢’ | j =1,...,n} and its dual basis for Q}(U), {d¢’ | j =1,...,n}.

A vector and a covector in a point ¢ € U are v = v/ (0/d¢’), and ¢ = p; (dg’),,
with v/ = (d¢’,v) and p; = ((,0/0¢7). The local expressions for g and T, are:

, , 1 o
9= 9ij(q)dq" ® dq’, Ty(v) = 591']'(7@(”)) v,
while the coordinate expression for the gradient of a function f € C*(Q) is:

i 50 i i
(gradf)’:gja—qu, with ng q) grj(q) = 9;.
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The dynamics is then given by a vector field ', solution of the dynamical equation
i(FL)wL = dEL.

where the energy E, of the Lagrangian system is defined by £, = AL — L, with A
being the Liouville vector field, generator of dilations along the fibres, given by

Af(v ) *f(e U)|t =0;
forallv e TQ and f € C*(TQ).

As A(T,) =2T, and A(V) =0, the total energy is E;, =T, + V.

The Cartan 1-form 0, = dL o S, where S is the vertical endomorphism, gives us an
exact 2-form w;, = —df;, which is non-degenerate when the Lagrangian is regular

and then (TQ,wy, Er) is a Hamiltonian dynamical system.

The coordinate expressions of 8, = dL o S and wy, are:

agzg Uj agk] I

01(q,v) = gij(q) V" dq’, wr = gijdg’ Adv? + 3 (861 aq

)dq Adg".

To be remarked that wy, only depends on T, and not on V/, and we can use wr
instead of wr,.
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Moreover, it can be proved that if X € X(Q) and X° € X(T'Q) is its complete lift,
XTy =Trxg,

and this property can be used to prove that the lifts of the flow of X are symplecto-
morphisms if and only if Lxg =0, i.e. X is a Killing vector field. Actually,

ﬁchL = ,CchTg = WXC(Tg) = wTCXg,
and consequently, if X is a Killing vector field, £Lxcwy, = 0. Moreover, X°(T,) = 0.

Recall also that Killing vector fields close under commutators on a Lie algebra.

Legendre transformation is regular because the (0, 2)-symmetric tensor g is assumed

to be non-degenerate: v € T,Q — a € T;Q such that (a,w) = g(v,w).

In the above mentioned local coordinates

or i ij
pi= 5 = g(@) v ' = g7 (9) p),

with g"*(q) grj(q) = 8.
The Hamiltonian is the kinetic energy of the free system in terms of momenta:

1 1,
H=39(g '(p),9 l(p))zigjpipj-
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If we consider the exact symplectic action of a Lie group G on the bundle T* (@ defined
by lifting an action of G on the base Q, if X, = £i(q)3/0q" is the infinitesimal
generator of a € g in the action on @ its lifting is given in the induced coordinate

system by ‘
0 o¢, 0
og " oqi op;

Xa = EZ(Q)
If X, is Hamiltonian, as @ = p; dg' we have that falq,p) = —pi i (q).

In the particular case of a natural Lagrangian system as the complete lift X¢ € X(7'Q)
of a Killing vector field X € X(Q) is a Hamiltonian vector field, we have an exact
action of the Lie algebra of Killing vector fields on T'QQ and the momentum map
P :TQ — Ell* is defined by

(P(z,v),a) = folz,v) = —07,(XS) = —gijv &, (z,v) € TQ,a € Hill.
and in the corresponding Hamiltonian formalism, P : T*Q — &ll* by

<P(x,p),a> = fa(x»p) = _90(5(204) = —Di é(izv (x,p) € T*Q,a € Hill.

Note also that the lift of a Killing vector field preserves the kinetic energy
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Geometric approach to Quantum Mechanics

The Schrédinger picture of Quantum mechanics admits a geometric interpretation

similar to that of classical mechanics.

A separable complex Hilbert space (#, (-, )) can be considered as a real linear space,

to be then denoted . The norm in H defines a norm in Hg, where ||9||r = ||¢||c.

The linear real space Hg is endowed with a natural symplectic structure as follows:

W(T/fl, 7;[}2) =2 Imag <wla 'l/}2>

The Hilbert Hg can be considered as a real manifold modelled by a Banach space

admitting a global chart.

The tangent space TyHr at any point ¢ € Hg can be identified with Hg itself: the
isomorphism associates 1) € H with the vector ) € T4 Hr given by:

i) = (orm) . vreceom.



The real manifold can be endowed with a symplectic 2-form w:

wy (1), 9) = 2Tmag (1, ¢') .

One can see that the constant symplectic structure w in Hg, considered as a Banach
manifold, is exact, i.e., there exists a 1-form 0 € /\1(HR) such that w = —d60. Such
a 1-form 0 € \'(H) is, for instance, the one defined by

0(¢h1)[tha] = —Tmag (Y1, ¥o).
This shows that the geometric framework for usual Schrédinger picture is that of
symplectic mechanics, as in the classical case.

A continuous vector field in Hg is a continuous map X : Hrg — Hg. For instance
for each ¢ € H, the constant vector field X, defined by

X4(¢) = ¢,
It is the generator of the one-parameter subgroup of transformations of Hg given by

B(t, ) = +1 0.
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As another particular example of vector field consider the vector field X 4 defined by

the C-linear map A : H — H, and in particular when A is skew-selfadjoint.

With the natural identification natural of THg ~ Hg x Hg, X4 is given by
XA:¢)l—> (¢,A¢) € Hr X Hr .

When A = I the vector field X is the Liouville generator of dilations along the

fibres, A = X, usually denoted A given by A(¢) = (4, ¢).

Given a selfadjoint operator A in H we can define a real function in Hg by

a(¢) = (¢, ).

a=(A,Xa).
Then,
= %a(qb +t)i=0 = % (& + t, A( + t))] =0
= 2Re (1), Ap) = 2Tmag (—i Ag, V) = w(—i Ag, ).
If we recall that the Hamiltonian vector field defined by the function a is such that
for each ¢ € TyH =H,

dag (1))

dag() = w(Xa(0), ¥),
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we see that
Xa(p) = —iAg.

Therefore if A is the Hamiltonian H of a quantum system, the Schrédinger equation
describing time-evolution plays the réle of ‘Hamilton equations’ for the Hamiltonian
dynamical system (H,w, h), where h(¢) = (¢, Ho): the integral curves of X, satisfy

¢=Xn(¢)=—iHo.

The real functions a(¢) = (¢, A¢) and b(¢) = (¢, Bp) corresponding to two selfad-
joint operators A and B satisfy

{a,b}(9) = —i (6, [A, Blg).
because
{a,0}(9) = [0(Xa, X)](6) = wo(Xa(6), Xp(0)) = 2Tmag (A0, Be),
and taking into account that
2Imag (A6, Bé) = —i[{A, Bo) — (Bo, Ad)] = —i[(p, ABS) — (6, BAY)].,

we find the above result.
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In particular, on the integral curves of the vector field X}, defined by a Hamiltonian
H,
a(¢) = {a,h}(¢) = —i(¢, [A, H]p),

what is usually known as Ehrenfest theorem:

d .
(6, A0) = =1(6,[4,H)9) .

There is another relevant symmetric (0,2) tensor field which is given by the Real
part of the inner product. It endows Hr with a Riemann structure and we have also

a complex structure J such that
g(v1,v2) = —w(Jvy, v9), w(vy,v9) = g(Juy, v9),
together with
g(Ju1, Jug) = g(v1,v2), w(Jv1, Jug) = w(vy,ve) .
The triplet (g, J,w) defines a K&hler structure in Hg and the symmetry group of
the theory must be the unitary group U(H) whose elements preserve the inner prod-

uct, or in an alternative but equivalent way (in the finite-dimensional case), by the

intersection of the orthogonal group O(2n,R) and the symplectic group Sp(2n,R).
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On the other hand, as the fundamental concept for measurements is the expectation

value of observables, two vector fields such that

(1ha, Atha) _ (11, Athr) VA € Her(H)

(Y2,1)2) (P1,91)

should be considered as indistinguishable.

This is only possible when )5 is proportional to 1. In fact it suffices to take as

observable A the orthogonal projection on 1y in the preceding relation.

Therefore we must consider rays rather than vectors the elements describing the

quantum states.
The space of states is not C but the projective space CP" .

It is possible to define a Kahler structure on CP" ™! and therefore to study Lie-Kahler
systems leading to superposition rules and to study time evolution in this projective

space.
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How to find a quantum model for a classical one?

In general the problem of ‘quantisation’ of a system is, given a classical Hamiltonian
system (M,w, H), to find a Hilbert space H and to choose the selfadjoint operator
F corresponding to the relevant observables F'.

In the simplest case of an Euclidean configuration space, the prescription is that

[0 H is the space of square integrable functions with respect to the Lebesgue

measure
[0 positions Z; have associated multiplication by x; operators and
O the momentum operators are the differential operators

N .0
.= —1 —.
Pk al‘k
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There will be some ordering ambiguities for other observables because functions of

x; commute with those of pg, but Z; does not commute with py:

[j,ﬁj] =10k, versus {x;,pr} = dik.

Many textbooks warn that this is only valid using Euclidean coordinates.
This is very restrictive, because:

What happens in other coordinates and even worse when there are no global preferred

coordinates (for instance @) is compact)?

What about position-dependent mass for which mass operator does not commute

with momentum operators?

Generalising previous procedure for a more general case of a Hamiltonian dynamical
system, Dirac assertion is that Quantisation is to be understood as a a map ( :
C>*(M) — A(H) such that

—iC({F, G}) = [C(F), ¢(G))]
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Several meanings for p;

In Classical mechanics, if the configuration space is an Euclidean space R™, p; denotes

many different and inequivalent objects:

[ p; is the i-th coordinate of a covector in a point of the configuration space
O p; is a real function in T*R™: p;(a) = a(8/0x;)

O the real function p; is the infinitesimal generator of translations along the i-th
coordinate axis, which are canonical transformations for (T*R"™, wp)

In a more general case, Q # T*R",

[ there is not a global chart,

O the momentum coordinates are local and depend on the choice of base manifold

coordinates,

O translations are not defined.
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Recall however that translations and rotations are isometries of the Euclidean space.

For natural Lagrangians defined on T'Q), with @ an arbitrary Riemann manifold,
we can consider the isometries of the Riemann metric, whose cotangent lifts are
Hamiltonian vector fields and in this way we define a strongly symplectic action of

the group of isometries, with Lie algebra &ill, on T*Q.

We are then able to define an associated momentum. The components P, of this
map are the objects to be quantised instead of the p; which is not an intrinsic but a

coordinate dependent ingredient.

This allows us to quantise functions of the momentum map by associating the func-

tion P, with ]3,1 = —i X, acting on an appropriate Hilbert space.
Consequently, we can quantise functions of the momentum map.

We can consider simple models to see how this works.

35



Position dependent mass systems

Consider a 1-dimensional system described in terms of a coordinate x by a Lagrangian
1 "
L= §m(m)x -V(z), zeR, m(z)>0,
that leads to the following nonlinear differential equation
. ]- / -2
m(z) & + Zm (x)i° =0,
with associated Hamiltonian H given by

Hz.p) = 5 st + V(o).

There is an important problem with the construction of the quantum version of H,
H — H from the classical system to the quantum one, because if the mass m
becomes a function of the spatial coordinate, m = m(z), then the quantum version

of the mass no longer commutes with the momentum.
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Different forms of presenting the kinetic term in the Hamiltonian H, as for example

1[1221 17 1
m

4 (x)p—i-p m(x)}’ T:;[\/ﬂ%pz\/ﬁ}’ Tzi[pmp},

4
are equivalent at the classical level but they lead to different and nonequivalent

Schrédinger equations.

This problem is important mainly for two reasons.

(i) There are a certain number of important areas, mainly related with problems
on condensed-matter physics (electronic properties of semiconductors, liquid
crystals, quantum dots, etc), in which the behaviour of the system depends of

an effective mass that is position-dependent.

(i) From a more conceptual viewpoint, the ordering of factors in the transition from
a commutative to a noncommutative formalism is an old question that remains

as an important open problem in the theory of quantization.
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(iii) The free motion along a simple regular curve C' looks like a position—dependent

mass system. If C is given in parametric form by x : I — R", u — x(u), its

arc-length function s(u) is an intrinsic parameter given by

ds dx dx
T @~%_f(u)>0,

and therefore

s(u) = / N GEGES

The geodesics of this metric coincide, up to reparametrisation, with the curves

solution of the Euler-Lagrange equation of the Lagrangian

1
Lo(u,vy) = 5 mo f(u) vZa

where mg is a constant with mass dimension, i.e.
4
dt

where f'(u) = df /du.

(Flu)i) = 5 /()i = flu)ii + 5 f'(w) i =0,
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Classical motion on a cycloid: A case study

Consider the motion of a particle of mass mg moving on a gravitational field along

a cycloid inverted in such a way that the origin is sited in the lowest point, namely:
x(0) = (x(9+m), —y(¥ + 7)) + (0,2R) = (R(Y + 7 +sin?), R (1 — cosv))),

ie.,
x(¥) = <R(19 + 7 +sin®), 2R sin® g) , 9 € (—m, ).

Consequently,
x(9) = (R(1 + cos¥), Rsin 1),

and then,

%> = R*(1 4 cos? ¥ + 2 cos ¥ + sin® ) = 2R?*(1 + cos¥) = 4R? cos? ;

from which we obtain (recall that 6§ € (—m,7) and therefore cos(¥/2) > 0)
ds v

v S .U
0 2Rcos§ = s(¥) =4R {sm 2}0 =4R sin 5
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The expression of the metric in these coordinates is
9
g = 2R cos 3 dv?,

i.e. the free motion is described by the Lagrangian with a position-dependent mass

given by m(9) = 2mg R cos g:
: 9
Lo(9,9) = mg R cos 5 97,

The potential function describing the action of the gravity in terms of the arc—length
s is:
52 1 g .

= —my —= >

9
V(L?)fmogy(ﬂ)meogRsmf 2m0gR16R2 5 RS

and then the Lagrangian is given by

0o 9 . LoV
L(9,9) = mg R cos 5 92 — 2mg g R sin® %,
or in terms of the canonical coordinate

1 5 1 -
L(s, $) = 5o §% — 5 Mo 4% 2
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Correspondingly, the tangent vector to the curve is

1

t(¥) = ——
(¥9) 2Rcosg

(R(1 + cos?), Rsind) = (cosg,sin g) )

which shows that the tangential force is given by

%) mo§g
F,=F -t=-— sin— = ———=
t mo gsin 2 AR 5,
while the tangential component of X is §, and then Newton's second law is
__Mog s
4R

Both expressions show that the motion along the inverted cycloid in terms of the

arc—length s is oscillatory with a constant period function

T=— =41

2T R
w g’

The initial position only fixes the amplitud of motion. This is the reason for the

tautochronous behaviour of the motion along the cycloid.
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Quantisation of motions on curves

A curve is endowed with a (local) chart given by the arc-length which turns out to
be a privileged chart. We can apply the usual canonical quantisation rule using such
a chart because the expressions of the Lagrangian and Hamiltonian for free motion
are exactly the same expressions as for the Euclidean case, i.e.

P2
2m0 '

) 1 )
Lo(s, 8) = 5o §2, Hy(s,ps) =

This means that a natural prescription is to replace the momentum pg by —i 10 /0s
as an operator acting on the Hilbert space £3(C,ds) of square integrable functions
on the curve C' vanishing on the boundary of C. As the measure ds is invariant

under length-displacements such operator is selfadjoint.
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Quantum motion on a cycloid: A case study

The quantum model for a particle of mass mg living on a cycloid as configuration
space, under the action of a gravitational force, in terms of the arc-length parameter
is like that of a harmonic oscillator with mass mg and w? = mgg/(4R), for —4R <
s < A4R.

The Hilbert space of the corresponding quantum system will be £3(—L, L) of square

integrable functions in the interval (—L, L), with L = 4R, satisfying the boundary

conditions 1 (—L) = (L) = 0, and the quantum Hamiltonian operator is given by
h?  d?

H=-1"% 1y
2m0d32+ (5),

where L 5 5 it |s| < R
_ smow” s® 1f |s <
V(s) { 5o if |s| > 4R

This problem of a confined harmonic oscillator has been studied by Ghosh. The
Hamiltonian is parity invariant and consequently the eigenfunctions are either even
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or odd functions. The time-independent Schrddinger equation is

2 42 1 |

which can be rewritten as

where
2mow
n
It is common to write € = v + 1/2, by similarity with the usual harmonic oscillator,
ie. E=(w+1/2)hw.

E =c¢hw.

z =

If we introduce now the change

P(z) = e 1g(2),

and redefine the independent variable as y = 522 the new function ¢(y) satisfies
the confluent hypergeometric equation (Abramowitz and Stegun, p 504):
d*¢ d¢
Yy—s +(b—-y)— —ay=0
Y2 +(b—y) gy =0
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d2<7>+ 1 @+
Va2 "\ 2 7Y ay

The point y = 0 is a regular singular point while y = oo is an irregular singularity. A
basis of the linear space of solutions for b ¢ 7Z is given by the confluent hypergeometric
function, also called Kummer function M (a,b,y) and its related function U(a,b,y)

with power expansions (see e.g. Abramowitz and Stegun, p 504):

M(a,by) = 1Fiaby) =Y EZ)) 77/7
n=0 n M
_ Maby) - pM1+a=b2-by)
Ula,b,y) = sin(wb) (F(l +a—b)L'(b) Y ' I'(a)I'(2—-10) >

where (a,,) denotes (a,) =ala+1)---(a+mn—1), with (ag) = 1.

The general solution ¥(s) can be written as

2 T 4 v m, L«)SZ
P(s) = e mwli/2n KA + BF((ILC)/Q)) M (‘5» %a R )

mow —v mows>
2By o s M (154, 3, e )}
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The first term on the right-hand side is an even function and the second one is odd.

Therefore, the conditions on the parameter v for ¢(s) to be an eigenfunction are

(A r((17\6)/2)) M ( 5.5 mo;;’lz) =0 for even functions

r(ﬁ/z) \/ m;;w M ( 5 M) =0 for odd functions

These equations should be used to determine the energy eigenvalues.
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Quantisation of position dependent mass systems

The usual approach make uses of the formalism (a, 8,7): T has the following ex-

pression introduced by von Roos (generalizing a previous study by BenDaniel et al.

1
Topy = 1 (mapmﬂpm7+m7pmﬁpma), a+pB+y=-1.

It is important to remark that in order to study a quantum system (in the Schrédinger
picture) we should first fix the Hilbert space H and then the (essentially) selfadjoint

operators corresponding to the relevant observables to be quantized.

Therefore the quantization of the Hamiltonian of a system means first to define
the appropriate Hilbert space of pure states, and then construction of the quantum

Hamiltonian.

In the problem of quantization of a Hamiltonian system with a PDM the definition
of the measure du defining the Hilbert space L?(R,du) strongly depends on the

characteristics of the function m(z).

a7



Note that the kinetic Lagrangian T' for motion along a curve admits an infinitesimal

symmetry given by the vector field

0 1 0

which preserves the metric distance, because Lx (ds) = 0.

In an analogous way, the kinetic Lagrangian 7" for a position dependent mass sys-
tem possesses an exact Noether symmetry. The function T is not invariant under

translations but under the action of the vector field X given by
1 0

V() O

, in the physicists language), i.e. we have X'(T) =

X(x)

(displacement 6z = e(m(x))~'/?

0, where X! denotes the tangent lift to the velocity phase space RxR (that, in

differential geometric terms, is the tangent bundle T'Q of the configuration space
@ = R) of the vector field X € X(R),

(-G

m(z) \ Ox 2m(x) /) v/’

X' (z,v) =
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Recall that given a Riemannian space (M, g), a Killing vector field X defined on M
is a symmetry of the metric g (in the sense that it satisfies Lxg = 0 where Lx
denotes the Lie derivative with respect to X). Killing vector fields also preserve the

volume ), determined by the metric, that is,
Q= gl de* Nda® Ao A dz, LxQ, =0,
where |g| denotes the determinant of the matrix g defining the Riemann structure.
One can show that if T, (z,v) = 1g;;(z)v'v7, then
XUT,)=T;, §=~Lxg.

Consequently, X is a Killing vector field for g iff X! is a symmetry for the associated
kinetic energy function T,. The above X is a Killing vector field. In fact it is a

Killing vector field of the one-dimensional m-dependent metric
g=m(z)dr®dx, ds* = m(z) da® .
The line element is invariant under the flow of the vector field X = f(x)0/0x when

fm' +2mf =0,
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and, therefore, in order to the vector field X to be a Killing vector, it should be
proportional to the vector field X, which represents (the infinitesimal generator of)
an exact Noether symmetry for the geodesic motion. If we denote by 6, the 1-form
oL
o= (52) do = dz,
L 5y ) 4 m(z)vdx

the associated Noether constant of the motion P for the free (geodesic) motion,

called Noether momentum is

P=i(X") 0, =vm(z)v.

Quasi-regular representation

The Hilbert space for a quantum system with a configuration space M is the linear
space of square integrable functions on M with respect to an appropriate measure,
L2(M,dyu).

In the case of a natural system the measure to be considered must be invariant under

the the Killing vector fields of the metric. The reason is the following:

If ®: G x M — M denotes the action of a Lie group G on a differentiable manifold

M, then the associated quasi-regular representation is given by the following action
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of G on the set of complex functions on M:

(U(g9))(x) = v(®(g~ ", ).

If M admits an invariant measure dj we can restrict the action on the set L2(M, du)

and if du is G-invariant, the representation so obtained is a unitary representation.

If a one-parameter subgroup ~y(¢) = exp(at), a € g, is considered, then the funda-
mental vector field X, € g, which is given by

(X0) () = S0 (Bexp(~ta),)je=o.

when restricted to the subspace L?(M,dpu) is a skew-selfadjoint operator provided
that the measure p is y(t)-invariant, because U(7(t)) is a one-parameter group of

unitary transformations.

The infinitesimal generator in the regular representation is a generator for a 1-
parameter group of unitary transformations, and consequently it is skew-self-adjoint
operator. Of course if we want the generators of several one-parameter groups be
skew-self-adjoint, the measure defining the Hilbert space must be invariant under

each 1-parameter subgroup.
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For the one-dimensional PDM system, the quantum system must be described by
the Hilbert space L?(IR, du,.) of square integrable functions w,r,t. an invariant under

X measure, dii,, therefore determined by the metric.

The Lebesgue measure dx is not invariant under X = f(x)0/0z, the invariance

condition for the measure du, = p(z) dx being

fo'+pf =0.

Then, the only measure invariant under X for f(z) = (m(z))~'/? is a multiple of

dpy = /m(x)de.

This automatically implies that the first-order linear operator X is skew-symmetric.
This means that the operator P representing the quantum version of the Noether
momentum P must be selfadjoint, not in the standard space L*(R) = L?(R,dx),
but in the space L*(RR,dy,) of square integrable functions with respect the PDM

measure dfi;.

Using the Legendre transformation the momentum p and velocity v are related by

p = m(z) v, so that the expressions of the Noether momenta and the Hamiltonian
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(kinetic term plus a potential) in the phase space are

and )
H= §P2+V(x).

As we have pointed out, the generator of the infinitesimal ‘translation’ symmetry,
(1/v/m(z))d/dz, is skew-Hermitian in the space L*(R, dp,) and therefore the tran-
sition from the classical system to the quantum one is given by defining the operator

P~ ﬁﬂi(?‘)(th;i>’

P as follows

so that

1, 9 1 d 1 d
— — —h — —,
mp <‘/m({I;) dl’)(4/m(x) de)
in such a way that the quantum Hamiltonian His represented by the following

Hermitian (defined on the space L?(R, dp.)) operator

i h2( 1 d)( 1 d)—i—V(w),

72 U@ &)\ ) do
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R 1 d° hj(m'(aﬂ)) d

2 m(z) da? T 4 dx

mg(x) +V(JZ),

and then the Schrédinger equation H VU = EU becomes

2 m(z) da? + 4

1 d*v R? (m’(:c)) av

m?2(x)

dx

— + V(@) ¥ =EV.

54



Constant curvature surfaces

The expression of the arc length element in geodesic polar coordinates (p, ¢) on a
constant cuvature surface M2 can be written as follows

ds2 = dp*+* sin?(y/kp) dp? , if k>0,

ds3 = dp®+ p*de?, if k=0,

ds? = dp*— Llsinh®(V—rp)de?, if k<O0.

It is possible to deal with all of them in an unified way by introducing the following

labelled trigonometric functions

cos\/KT if k>0, ﬁsin KX if k>0,
Cu(x) = 1 it k=0, Sk(z) = x if k=0,
coshy—kax if kK <0, \/%7 sinhy/—kx if Kk <0,

and the x-dependent tangent function

Tr(x) = Sk(x)/ Cr ().
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The fundamental properties of these curvature-dependent trigonometric functions are

Ci(z) +rSp(z) =1,

and
Sk(22) = 2S84 (z) Cu(x), Cw(27) = Cz(@ - F»Si(w) )
d d
%Sﬁ(x) :CK,(J:)a %CK(I) = _KSH(I)?
and therefore
i T ( ) — ;
de " T = C2(x)

With this notation the arc length element in all the three cases is:
dsi = dp® + S%(p) d¢? ,

i.e. the only nonzero components of the metric are

Gop=1.  ges=Si(p) = ¢ =1, g% =



Note that p denotes the distance along a geodesic on the manifold M?2.

The Lagrangian for the geodesic (free) motion on the spaces (S2,E?, H?) is

LOn(pa o, Upavd)) = T,@(p, ¢7Upyv¢) = ('Ui + Si(ﬂ)vi) ,

1
2

and for a general mechanical type system (Riemannian metric minus a potential)

. (v2 +SZ(p)v2) — V(p, b, ).

Ln(pv (bv Upv”(ﬁ) = 9

The corresponding Legendre transformation maps the point (p,$,v,,v4) into

(pv ¢7pp,pd>) with
Pp = Vp, Do :Si(p) Ve,

i.e. the Hamiltonian is

H=1 2+£ +Vi(p, ¢, k)
2\" s ) T

Under the x-dependent change of coordinates r = S, (p) the Lagrangian Lo, becomes

1 v} 2.2
LON(T7¢7’UT7’U¢) = 5 ﬁ +7r U¢
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and, if we define z = r cos ¢ and y = r sin ¢, the Lagrangian becomes

1 1

Lo (2, y, vz, 0y) = 312 [vi +UZ — K (zvy fyvz)Q} . ori=x? 42,

The Hamiltonian expressed interms of these coordinates can be found to be:

(02 + P — Kz py — Ypa)?) -

DO =

HOH('ra y7P,Py) =

In order to look for the Killing vector fields for the metric we recall that X =
X,0/0p+ X4 0/0¢ € X(Q) is a Killing vector field if and only if its complete lift

9 o  (0X, 09X, \ 0 [0X,  0X P
X, X Z2p by 4 I
vop 0T (ap T B9 )m,,*( o " g LO) B

is a strict symmetry of L, i.e. X°L = 0. This implies that

0X,
__F — 0
68/@ 0X,
P 2 ¢ _
Sk(p) Clp) X, + S2(p) 2 = 0.

9¢
A solution of this system is X, = 0 and X, =1, i.e. the vector field X3 = 0/0¢.
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X, only depends on ¢. A simple derivation w.r.t. ¢ in the second equation leads to

0’°X, N, ¢
8¢2 Sr;(p)m - 07
while if we derive with respect to p in the expression obtained from the third equation
3X¢7 _ _Cn(p)

- X
¢ Sk(p) "

we get
PXy 1

= X,.
pde  Si(p) "
This relation shows that X, is a solution of the equation

X,
0¢?

+X,=0,

and then the value of X4 may be then obtained from preceding relation. In summary,

we have got the other two linearly independent Killing vector fields

Culp) . 0 9 Calp)
) 00 2Tt 50)

oS p—

0
Xl—cosqﬁa—p— 96"
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Note now that the vector fields X;, X5 and X3 so defined are such that

(X1, X5] = C205¢§p—SiH¢CN((p)) 88¢ ¢ +cos¢ pp))ﬁaqs
_ Gl-10
Sx(p) 09 ’
while
9 Culp) VRt _
[X3, Xi] 8(;5 ¢C—( ?n([)) Sl;l(éagﬁ —Sln¢a* — Scn((P)) coS(é%]j -X
o o K e kP v
o Xl = [sinog o+ S eomog g = —eosa (S smogy = x

and therefore they close on a real Lie algebra isomorphic either to so(3), if Kk > 0,

50(2,1), when k < 0, or ¢(2) whenk =0, i.e. it depends on the value of .

The momentum map for this case is given by

Cr(p)
sﬁ(pg
CH(P

Sk(p)

P = —0(Xy), Pi(p,¢,0p,0¢) = —Pp COS P + Py

P, = —0(X2),  Pap,¢,pppy) = —Pp sing — py
P3 = —Q(Xg), PB(P7¢vppap¢):_p¢

sin ¢

cos ¢
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The Hamiltonian of the corresponding free particle is

3
253(p)’

which can be expressed in terms of the components of the momentum map. From

P\ (cos¢ —sing Pp
(PQ) <singb cos¢) Do (SJH((Z))

po+

N —

we easily see that

Cx(p)
P!+ P} =p> +p3 =2
1 2 pp p¢ S2(p)

and consequently,

1
P12+P22+/~€P32:p?,+p3)827

2(p)
This shows that the Hamiltonian can be written as

H = P+ P? + r P2

Using Cartesian coordinates, x = r cos ¢ and y = r sin ¢, the Killing vector fields
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are:

Xi(\) = \/Waﬂ,
T
Xo(\) = \/Wag,

) )
Xs(A) = 25, ~ Vg
The conditions for a volume form vol = o(z,y) dx A dy to be invariant under such
vector fields are:

Oo 0o Az
1 2 V1 2 —( /1 2 _
V1i+Ar o dxNdy+od(v/ 1+ Ar?)Ady ( + Ar o + —z dzNdy =0,

do 0o Ayp
V1 Ar2 22 dznd dzAd(V1+Ar2)= /14 Ar? ————— | dzAdy =0
+ Ar ay TAdy—+o ax \/ + AT (\/ + 8y+ 1+)\r2> rAay )

and therefore, y times the first equation minus x times the second one gives the

invariance of the function g under rotations xdp/dy — ydp/0x = 0, which implies:

olz,y) = f(r), r*=2"+y%,

and when using such expression in the previous equations we obtain (for r # 0):

1 df Af
V1I4Ar2 - =+ ——
rdr Vifare
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and therefore,
ﬁ _ rdr

R

with general solution f proportional to

1
fr) = 77—
V14 Ar?
Natural mechanical systems involve a potential term. The two most studied sit-
uations are the harmonic oscillator and the Kepler-Coulomb system, that are the

corresponding cases for constant curvature surface motion?

The harmonic oscillator on the unit sphere, on the Euclidean plane, or on the unit

Lobachewski plane, arise as V,;(p) = 1 a® T%(p), i.e.

1 1 1
Vi(p) = 5o tan?p,  Vo(p) = 50’0, Voi(p) = 5 o® tanh”p.

Now if we consider the x-dependent change p — r = S.(p) then the Lagrangian

L(k) becomes
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and, if we change to Cartesian coordinates, we arrive to
2

1 1 2,2 21 1 T ) 0 o
L(H)zi(m)[vx+vy_ﬁ(xvy_yvx) }—504 (m), re=x"+y°.

Similarly we can use this potential terms in the corresponding Hamiltonian

As far as the Kepler-Coulomb system in constant curvature surfacs is concerned one

uses By
Vi (p) = - To(p)

1 -k Sk(p)

Vielr) =~ /15 5.00)

In Cartesian coordinate, using that C

Both cases have received a lot of attention during the last years.
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Quantisation of Noether momenta

In order to the differential operator be selfadjoint we need to consider a Hilbert space
L£2(Q,dp) such that the volume form be invariant under Xj,.

This shows that the Hilbert space of the quantisation of constant curvature surfaces

must be
1

VItArE

The Killing vector fields X7 () and X2(X) are skewsymmetric first order differential

£? <Q, dx N\ dy) .

operators generating ‘translations’, because as the functions are square integrable,

. 5 0a(z,y) dzdy T iz, y) _dz
/szl(x’y) L+ Ar2 ox VIitarz N R2 [ 1+ Ar? ox P2(w) V14

and similarly when changing = by y, suggests us to quantise the momenta operators

by associating the function Pj with P, = —iXy.

13$:—z'h\/1+m2§, P,=—ih 1+Ar2§,
x Y
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and then the quantum Hamiltonian for the free case is

~ h? o 02 0 h? o 07 0
B e A
2 oy? Y oz2 y@x@y ox yay

which can be written as
H=H, + Hy— \J?,

with
. 12 o 02 )
~ n? o 02 0
K2 0? 0? 0? 0 0
T2 2 2
= _— _— 7—2 _— _— R
4 2m (a: 8y2+y 72 xyaxay e yay)

and each term commutes with the sum of the other two and therefore with F. There-

fore we can consider three different (complete) systems of compatible observables:

{ﬁ1,ﬁ2—)\<]2}a {ﬁl_AjzvﬁZ}a {ﬁ1+ﬁ2,<]}
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The case of harmonic oscillator includes a term

1 2( r? )
G-
2 1—kr?

and it was exhaustively analysed in several papers, see e.g. J.F.C. + M.F. Rafada +
M. Santander, A quantum exactly solvable nonlinear oscillator with quasi-harmonic
behaviour, Ann. Phys. 322, 434-459 (2007)

The case of Kepler-Coulomb problem was analysed in a recent paper: C. Quesne,
Quantum oscillator and Kepler-Coulomb problems in curved spaces: deformed shape
invariance, point canonical transformations, and rational extensions, J. Math. Phys.
57, 102101 (2016) (also arXiv: 1604.04136)

Finally, let us remark that the computation of the Laplace—Beltrami operator corre-

sponding to the given metric is very easy: the metric matrix is given by

(gi7) = 1 1+Ay? —Azy
99) =732 U —dzy 1+ Aa?

with inverse
(g") = 2
Axy 1+ My
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and therefore, taking into account that

1
=det(g;;) = ——
g e(gm) T+ ar2’

the Laplace—Beltrami operator which is given by

_ 0 O
_ 1/2 1/2 ij _ .
A=l 2 (20755 ) g =detlan).
turns out to be:
9?2 9?2 0 0 2
A=14+22)=—=+1+Ap})=— +2X [z — — ) +2X .
(1+ :c)ax2+(+ y)ay2+ <x8x+yay>+ xyaxay
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