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Vortex tubes –
“the sinews of turbulence” 

(Moffatt)



Semi-Geostrophic Theory

• Potential vorticity advection and inversion –
Hamiltonian system and Monge-Ampère 
equation

• Legendre duality, singularities – contact 
geometry

• Symplectic and contact geometries – Kähler
geometry

• Optimal transport, minimal surfaces – calibrated 
geometry



Incompressible Navier-Stokes 
(2d/3d)

2d: Stream 
function –
Poisson eqn for 
p or Monge-
Ampère eqn
for ψ

Apply div u = 0



Vorticity and Rate of Strain
(Okubo-Weiss Criterion)

Q > 0 => vorticity dominates over rate 

of strain, Monge-Ampère equation is 
elliptic



• J.D. Gibbon (Physica D 2008 – Euler, 250 years on): 
“The elliptic equation for the pressure is by no means 
fully understood and locally holds the key to the 
formation of vortical structures through the sign of the 
Laplacian of pressure. In this relation, which is often 
thought of as a constraint, may lie a deeper knowledge of 
the geometry of both the Euler and Navier-Stokes 
equations…The fact that vortex structures are 
dynamically favoured may be explained by inherent 
geometrical properties of the Euler equations but little is 
known about these features.”



Monge-Ampère Geometry

Introduce a symplectic structure

and a two-form

On the graph of a 
function φ(x,y)

Monge-Ampère eqn



Define the Pfaffian

then ω (M-A eqn) is elliptic, and

is an almost-complex structure Iω 
2 = -Id

is an almost-Kähler manifold





Complex structure: 2d Euler

Poisson eqn

Complex 
structure



Fixing a volume form in terms of the   
symplectic structure, we define a metric

We may construct a metrically-dual two-
form for the hyperbolic MA equation.

In general, we have an almost hyper-
symplectic structure.



Generalized Solutions



Induced metric



Evolution of the Pfaffian
(cf. R., Clough & White QJRMS 2014)

• Cantwell et al 1988….Invariants of the velocity 
gradient tensor – analysis of critical points

• Laplacian of pressure is proportional to the 
second invariant of the VGT, Q(u,v), which in 2d 
is the Jacobian determinant:



A Geometric Flow



Finite Deformation of Complex 
Structure





Burgers’ vortices I

Consider a stream function 



Geometry of 3-forms I



Burgers’ vortices II





Symplectic reduction I



3d Incompressible Flows



Geometry of 3-forms II

Lychagin-Roubtsov (LR) metric



Metric and Pfaffian

Construct a linear 
operator, Kω, using LR 
metric and symplectic 
structure

The “pfaffian”



Complex structure



Symplectic reduction II







Burgers’ vortices via reduction



Summary and Outlook

• Vorticity-dominated incompressible Euler 
flows in 2D are associated with almost-
Kähler structure – a geometric version of 
the “Weiss criterion”, much studied in 
turbulence

• Using the geometry of 3-forms in six 
dimensions, we are able to generalize this 
criterion to 3D incompressible flows



• These ideas originate in models are large-
scale atmospheric flows, in which rotation 
dominates and an elliptic pde relates the 
flow velocity to the pressure field

• McIntrye and R (1996), Roubtsov and R 
(1997, 2001), Delahaies and R (2009) 
showed how hyper-Kähler structures 
provide a geometric foundation for 
understanding Legendre duality 
(singularity theory), Hamiltonian 
structure and Monge-Ampère equations, 
in semi-geostrophic theory and related 
models



• In semi-geostrophic theory, physical 
assumptions dictate that the Monge-
Ampère equation should remain elliptic: 
in Euler/Navier-Stokes no such conditions 
exist – 2/3d E/N-S may be describable in 
terms of Hitchin’s generalized geometry
(R., Wolf & McOrist)

• Further, the geometry of N-S is 
parameterized by time: a geometric flow
(of advection-diffusion type) emerges in a 
very natural way


