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2. THE SETTING

COVARIANT HAMILTONIAN FIRST-ORDER FIELD THEORIES

The multisymplectic setting:

m: BE— M et = Sial= |l e i =" m=14+d

7'('82 g =g (2", u®;uy,) volyy = d™x
Covariant phase space: ~ P(E) = Aff(J'E)/R
U = T e
Vector bundle over E modelled on #n*(T'M) g VE”*

e B F (2, u®; pH)

A. Ibort and A. Spivak, Covariant Hamiltonian field theories on manifolds with boundary: Yang—Mills theories, J. Geom. Mech. 9(1) (2017) 47-82.



2. THE SETTING (II)

Covariant phase space: P(E) = Af(J'E)/R = JLE*
m: P(E) = E ™ (ITM)op VE*  (@*,u%pf)
Multisymplectic model

ME)=A"E Q=4do

(z#, u®; p, pi)

© = pt du” A vol, 4+ pvolyy, vol, = 19/9znVOlp
0> ANy E—=< A\ E—PE)=0
p=—H(z" u® p)

O = phdu® Avol, — H(z",u®, pt) volps



2. THE SETTING (III)

The action 5. M S E. rmod—idy Oo
“Double sections” +: & — P(E), 71 o PI=Vidiy
FP(E) x: M — P(FE), ToT o P =idy
[ x = (@, P) € FpE)
560 = [ x'0u= [ (P@)0,4"(x) ~ H(x. 9(z), P(a)) vol
% v M(E) ©
. . ul H
Sections, fields,

forms and all that... : D(;,ﬁ) N l@




2. THE SETTING (I1V)

Boundaries OM+0 zF k=1,23
II: Fppy = T Foum (@, P) = (¢, p)
w =P oz, pa:PC?oi (p,p) € T* Faumr

Canonical 1-form

0p.p) (0, 0D) = [, Pa()dp®(x)vOlonm

il a
oM — pa(s ¥
Canonical symplectic form Uc = (—¢,0] x OM

CdaM — —dOéaM volys = dt A volgyy



2. THE SETTING (V)

The fundamental formula
i *k
dSX = EL, + II"a,,

X € fpE)

dS(X)(U) — /M X* (if]d@H) —I—/ (X O Z)* (Zf]@H)

oM
Cig= (5@,5P) & TX‘FP(E)
The boundary term / (x©01)" (15On) = (Ila) (U)
oM

st duw Aol (ol ul ot voly (7:5@&%%—5136’;‘8?“




2. THE SETTING (V)

The Euler-Lagrange 1-form

EL, (U) = / X" (igdOm)
M
0d*  OH OP*  OH
== bl Ko a a
/M Kaxu 8P0’;L> i (83}“ | 8(1)@) 8 } o

The space of solutions of Euler-Lagrange equations

ELy = {x = (®,P)|EL, =0}

Q@G ok O O 8H}
ox*  OPY’ Ozt  OPe

=2, D) |



3. THE BRACKET

Canonical forms on the space of fields J P(E)
0-form: action S(x) = / X ©n
M

1-form: Euler-Lagrange form
EL,(0) = | X" (igd®n)
M

Beyond:

(U, V):/ZZ'*(X*(iUivd@H))

=¥ / (5U90a5‘/pa = 5Upa5V90a) VOIZ
D

EE= (5U(I),5UP) = TXFP(E)

— HE Wy — —d (HEO&E)




3. THE BRACKET (II)

201

S12(x) = / X Omn
M2

dS12 = EL + HEQ ay, — Hgl&gl

OMis = Yo LI

I3 ws, — I3 ws, = —d (11§, as, — I3 ax,) = d(EL)

0 — O = d(EL)
The pull-back of the 2-forms Q> Q>

along the map .: E£ < Fppy is such that

S — (7)) = d(¢”]

5L) = 0

Canonical closed 2-form on the space of solutions €L

Q =" (Q%)



3. THE BRACKET (III)

In general the canonical 2-form on the space of solutions is just
presymplectic ker 2 # 0

If the canonical 2-form {2 is symplectic, then
we may define a covariant Poisson bracket on the space
of solutions

{F,G} = Q(Xp, Xg) ix,Q=dF

DeWitt’'s formula

(. )00 = | ¥

mxm 0x()

) 0 F5
ox(y)

G is the causal Green’s function of the linearisation
of the equations of motion along the solution X

G(x,y dxdy



4. JACOBI BRACKETS

(M , 77) (== amsy (Globally hyperbolic)
Space-time
gl uw=20,1,...,d

E=MxR—=R
C,, Space of parametrized time-like geodesics such that

pp" +m? =0

B T e
) =-1  L=nuits

Cm is a contact manifold of dimension 2m-1

8- C.» . JcC, Jacobifield J' - RGSHEESN
EEhe— oo/ Contactl-form w=d06
wa(Jl, Jg) = <J1, Jé> - <J2, J{> Reeb field —’.}/



4. JACOBI BRACKETS (II)

Theorem: The 2-form w defined by the contact structure is
the canonical covariant 2-form €2 of the 1+0 field theory
on £ = M x R — R with Lagrangian L

ker ® = (4)~+ 1582 =0

Thus the canonical covariant 2-form of the theory defines a
Jacobi bracket (not Poisson)

Jacobi manifold (A, X) 7 [A7 A] — 9 Ny LxA=0
fy9l = Aldf,dg) + fX(g) — gX(f)

Jacobi structure of contact manifolds
ix6 A (dO)" = (df)" i@ AdO™ =nf AdO L.
f, gl AdO™ = (n— 1)df Adg NG A (dO)*1 + (fdg — gdf) A dO™



4. JACOBI BRACKETS (III)

0Fq 0 F5

[Fl , FQ] (’7) e /deS/ (M—M(S)GMV(S s S/) 5,.)/y

5F, L noE
22 )~ B9 () pon(s >)

G(s-s’) is the causal Green function of Jacobi’s equation

(s")

LG ()

Minkowski space-time M™
G (s,8') = P*(s—5'), Pu =1w
5 = e
= / xté(s —s1)ds  F(vy) = v*(s1) F = x#(s1)
R

2 (s1) , ©¥(s2)] (7) = P"(s1 — s2) + x"(s1)k" (s2) — =" (s2)K" (1)

kK,

m

Equal-time bracket ol =i



Congratulations!




