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A gradient Ricci soliton is a pseudo-Riemannian manifold (M, g) admitting a
solution of the equation

Hesf +ρ = λg,

where Hesf is the Hessian tensor of a smooth function f ∈ C∞(M), ρ denotes
the Ricci tensor of (M, g) and λ ∈ R.
Gradient Ricci solitons are natural generalizations of Einstein metrics, and their
interest comes from the fact that they correspond to self-similar solutions of the
Ricci flow ∂tg(t) = −2ρg(t). Since the gradient Ricci soliton equation codifies
geometric information of the manifold in terms of the Ricci curvature and second
fundamental form of the level sets of the potential function, the clasification
of gradient Ricci solitons under geometric conditions is a problem of special
interest.
Generalizing the locally conformally flat condition, four dimensional half con-
formally flat gradient Ricci solitons have been investigated in the Riemannian
and neutral signatures cases. On the other hand, the Bach tensor is conformally
invariant in dimension four and Bach-flat metrics contain half conformally flat
and conformally Einstein metrics as special cases. Hence, a natural problem is
to classify Bach-flat gradient Ricci solitons. The Riemannian case was investi-
gated in [2, 3] both in the shrinking (λ > 0) and steady (λ = 0) cases, showing
that the Bach-flat condition reduces to the locally conformally flat one under
some natural conditions.
Our purpose in this talk is to construct new examples of Bach-flat gradient
Ricci solitons in the neutral signature case. A first step is to show the exis-
tence of a wide family of Bach-flat neutral signature metrics which are neither
half conformally flat nor conformally Einstein. Next one shows that all these
metrics support steady gradient Ricci solitons whose level set hypersurfaces are
degenerate hypersurfaces, in sharp contrast with the Riemannian case [1].
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