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MOTIVATION: SINGER’S PROBLEM [4]
Can a plane curve be determined if its curvature is given in terms of its position?

κ = κ(x, y),
x′(t)y′′(t)− y′(t)x′′(t)
(x′(t)2 + y′(t)2)

3/2
= κ(x(t), y(t))

• Euler elastic curves [5]: κ(x, y) = µ y, µ 6= 0.
• Plane curves with curvature depending on distance to a line [1]: κ = κ(y).
• Bernoulli lemniscate [4]: κ(x, y) =

√
x2 + y2 ⇔ κ(r) = r.

MAIN RESULT: [2]
Prescribe κ = κ(r) such that rκ(r) continuous. The problem of determining a curve
α(s) = r(s) eiθ(s) (s arc length) with curvature κ(r) is solvable by three quadratures:∫

rκ(r)dr=G(r)+c, c constant; s=s(r)=
∫

rdr√
r2 − (G(r) + c)2

99K r=r(s); θ(s)=
∫
G(r(s)) + c

r(s)2
ds

• Election of constant c :
∫
rκ(r)dr 3 K(r) radial primitive curvature

• Such α is uniquely determined, up to rotations, by K(r)

κ(r)=1/r: STURM SPIRAL [3]
r(t) = ρ2(t2 + 1)
ρ > 0
θ(t) = t− 2 arctan t
(ds = r dt)

The curve; detail near origin:

EXAMPLE: CIRCLES

κ(r) ≡ κ0 > 0∫
κ0r dr = k0r

2/2+ c
s =

∫
r dr√

r2−(k0r2/2+c)2

. c = 0:
K(r) = k0r

2/2
s = (2/k0) arcsin(k0r/2)

r(s) = (2/k0) sin(k0s/2), θ(s) = k0s/2

κ(r) = λ rn−1 (λ > 0, n 6= −1, 0)

K(r) = λ
n+1r

n+1 dθ =
λ
n+1 r

n−1√
1−

(
λ
n+1

)2
r2n

dr

Sinusoidal spirals rn = n+1
λ sin (nθ)

• n = 2:
Bernoulli lemniscate
r2 = 3

λ sin 2θ

• n = 1/2:
Cardioid
r = 9

4λ2 sin
2 θ

2

• n ∈ Q:
Algebraic curves
n = 1/3, 1/4, 1/6
n = 2/3, 2/5, 2/7
n = 4/3, 5/4, 6/5

κ(r)=λ/r3 + 3µr (λ ∈ R, µ > 0)

K(r) = µr3 − λ/r dθ = µr4 − λ
r
√
r4 − (µr4 − λ)2

dr

• 1 + 4λµ > 0 :
∃ a, b 6= 0 /
µ = 1

2b2 , λ = a4−b4
2b2

Cassini ovals
r4−2a2r2 cos 2θ+a4=b4

a ∈ {1, 2, 3}, b ∈ {1, 2, 3, 4}

NEW FAMILY I: κ(r) = 2λ+ µ/r (λ = 1, µ 6= 0)

K(r) = r2 + µr, µ < 1 r(s) = cos s− µ, θ(s) = s+ µ
∫

ds
cos s−µ κ(s) =

2 cos s− µ
cos s− µ

• µ = cos γ, 0 < γ < π
(sγ ≡ sin γ, cγ ≡ cos γ, tγ ≡ tan γ)
rγ(s) = cos s− cγ
θγ(s) = s+ 2

tγ
arctanh

(
sγ

1−cγ tan s
2

)

• µ = −1
Inverse Norwich spiral
r(s) = cos s+ 1
θ(s) = s− tan s

2

The curve; detail near origin:

• µ = − cosh δ, δ > 0
(sδ ≡ sinh δ, cδ ≡ cosh δ, tδ ≡ tanh δ)
rδ(s) = cos s+ cδ

θδ(s) = s− 2
tδ
arctan

(
sδ

1+cδ
tan s

2

)

NEW FAMILY II: κ(r) = λ/
√
r2 + µ (λ > 0, µ± 1)

� κ(r) = λ/
√
r2 + 1 , λ < 1 : λ = sinβ , β ∈ (0, π/2)

(sβ ≡ sinβ, cβ ≡ cosβ, tβ ≡ tanβ)
K(r) = sinβ

√
r2 + 1

rβ(t)
2 =

cosh2(cβt)

c2β
− 1 θβ(t) = sβt+ arctan

(
tanh(cβt)

tβ

)
ds=

√
r2β + 1dt, t=sinh(cβt)/c

2
β κβ(s) =

sin β cos β√
1+cos4 β s2

, β ∈ (0, π/2)

� κ(r) = λ/
√
r2 − 1

• λ = 1
K(r) =

√
r2 − 1

Anti-clothoid
r(s) =

√
1 + 2s

θ(s) =
√
2s−arctan

√
2s

κ(s) = 1√
2s
, s > 0

.
• 0 < λ < 1 : λ = sinα ,
α ∈ (0, π/2)
(sα ≡ sinα, cα ≡ cosα, tα ≡ tanα)
K(r) = sinα

√
r2 − 1

rα(t)
2 = sinh2(cαt)

c2α
+ 1

θα(t) = sαt− arctan(tα tanh(cαt))
ds=

√
r2α − 1dt, t=cosh(cαt)/c

2
α

κα(s) =
sinα cosα√
cos4 α s2−1

• λ > 1 : λ = cosh τ , τ > 0
(sτ ≡ sinh τ , cτ ≡ cosh τ , tτ ≡ tanh τ )
K(r) = cosh τ

√
r2 − 1

rτ (t)
2 = sin2(sτ t)

s2τ
+ 1

θτ (t) = cτ t− arctan
(

tan(sτ t)
tτ

)
ds=

√
r2τ − 1dt, t=− cos(sτ t)/s

2
τ

κτ (s) =
sinh τ cosh τ√
1−sinh4 τ s2

.
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