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SUMMARY: Generalizing previous results for first-order field theories [3, 4], conserved quantities
and different kinds of symmetries are studied for second order Lagrangian field theories. As an application
we analyze the case of the Hilbert-Einstein formulation of the gravitational field. (Work in progress).

JET BUNDLES. SECOND-ORDER LAGRANGIAN FIELD THEORIES

(See [9]). Let E π−→ M be a fiber bundle, dimE = m + n, over an orientable m-dimensional manifold
M , whose volume form is η ∈ Ωm(M), and let Jkπ be the kth-order jet bundle. The kth prolongation
of a local section of π, φ ∈ Γ(π), to Jkπ is denoted by jkφ ∈ Γ(π̄k). Points in Jkπ are denoted by jkxφ,
x ∈M and φ ∈ Γ(π) being a representative of the equivalence class. If r 6 k, natural projections are:

πkr : Jkπ −→ Jrπ

jkxφ 7−→ jrxφ

πk : Jkπ −→ E

jkxφ 7−→ φ(x)

π̄k : Jkπ −→ M

jkxφ 7−→ x

Observe that πsr ◦ πks = πkr , πk0 = πk, πkk = IdJkπ, and π̄k = π ◦ πk. A section ψ ∈ Γ(π̄k) is holonomic if
jk(πk ◦ ψ) = ψ; that is, ψ is the kth prolongation of a section φ = πk ◦ ψ ∈ Γ(π).

If (xi, uα), 1 6 i 6 m, 1 6 α 6 n, are local coordinates in E adapted to the bundle structure, such
that η = dx1 ∧ . . . ∧ dxm ≡ dmx; then local coordinates in Jkπ are denoted (xi, uαI ), with 0 6 |I| 6 k

(I is a multi-index; that is, an element of Zm where every component is positive, the ith position of the

multi-index is denoted I(i), and |I| =

m∑
i=1

I(i) is the length of the multi-index. An expression as |I| = k

means that the expression is taken for every multi-index of length k. The element 1i ∈ Zm is defined as
1i(j) = δ

j
i , n(ij) is a combinatorial factor which n(ij) = 1 for i = j, and n(ij) = 2 for i 6= j). The

coordinate total derivatives are [6, 9]: Di =
∂

∂xi
+

k∑
|I|=0

uαI+1i

∂

∂uαI
. For every function f , Dif := LDi

f .

Definition 1. [4]. An m-multivector field in Jkπ is a skew-symmetric contravariant tensor of order m
in Jkπ. The set of m-multivector fields in Jkπ is denoted Xm(Jkπ).
A multivector field X ∈ Xm(Jkπ) is said to be locally decomposable if, for every p ∈ Jkπ, there is an
open neighbourhood Up ⊂ Jkπ and X1, . . . , Xm ∈ X(Up) such that X|Up = X1 ∧ . . . ∧Xm.
Locally decomposable m-multivector fields X ∈ Xm(Jkπ) are locally associated with m-dimensional
distributions D ⊂ TJkπ. Then, X is integrable if its associated distribution is integrable. In particular,
X is holonomic if it is integrable and its integral sections are holonomic sections of π̄k.

For a second-order classical field theory, a second-order Lagrangian density is a π2-semibasic m-form
L ∈ Ωm(J2π); then L = L (π2)∗η, where L ∈ C∞(J2π) is the Lagrangian function. The Lagrangian
phase bundle is J3π and natural coordinates adapted to the fibration are (xi, uα, uαi , u

α
I , u

α
J); 1 ≤ i ≤ m,

1 ≤ α ≤ n, and I , J are multiindices with |I| = 2, |J | = 3. The Poincaré-Cartan m-form ΘL ∈ Ωm(J3π)

can be unambiguously constructed using the canonical structures of Jkπ [1, 5, 6] and it is given by

ΘL =

 ∂L

∂uαi
−

m∑
j=1

1

n(ij)

d

dxj
∂L

∂uα1i+1j

 (duα ∧ dm−1xi − uαi dmx) +
1

n(ij)

∂L

∂uα1i+1j

(duαi ∧ dm−1xj

− uα1i+1jd
mx) + Ldmx ≡ Liαduα ∧ dm−1xi + L

ij
α duαi ∧ dm−1xj + (L− Liαuαi − L

ij
αu

α
1i+1j)d

mx ,

where Liα =
∂L

∂uαi
−

m∑
j=1

DjL
ij
α , Lijα =

1

n(ij)

∂L

∂uα1i+1j

. The Poincaré-Cartan (m+ 1)-form is ΩL := −dΘL.

A second-order Lagrangian system is specified as (J3π,ΩL). The solutions to the Lagrangian variational
problem posed by L are holonomic sections j3φ : M → J3π which are the integral submanifolds of a
locally decomposable holonomic multivector field XL ∈ Xm(J3π) satisfying the equation

i(XL)ΩL = 0 . (1)

Let kermΩL := {X ∈ Xm(M) | i(X )ΩL = 0}. If ω = (π3)∗η, let kermω ΩL be the set of m-multivector
fields satisfying the equation (1) and the π̄3-transversality condition i(X )ω 6= 0, but being not necessarily
locally decomposable. Then, we denote by kermω(I) ΩL the set of integrablem-multivector fields satisfying
both conditions. Oviously we have that kermω(I) ΩL ⊂ kermω ΩL ⊂ kermΩL .

SYMMETRIES AND CONSERVATION LAWS

Definition 2. 1. A symmetry of (Jkπ,ΩL) is a diffeomorphism Φ: Jkπ → Jkπ s.t. Φ∗(kermΩL) ⊂
kermΩL. If Φ = jkϕ for a diffeormorphism ϕ : E → E, the symmetry is natural.

2. An infinitesimal symmetry of (Jkπ,ΩL) is a vector field Y ∈ X(M) whose local flows are local
symmetries or, what is equivalent, such that [Y, kermΩL] ⊂ kermΩL. If Y = jkZ for some Z ∈
X(M), then the infinitesimal symmetry is natural.

Theorem 1. 1. Let Φ ∈ Diff(M) be a symmetry of (Jkπ,ΩL) such that Φ ∈ Diff(Jkπ) restricts to a
diffeormorphism ϕ : M → M . Then, for every X ∈ kermω(I) ΩL, Φ transforms integral submanifolds
of X into integral submanifolds of Φ∗X , and hence Φ∗X ∈ kermω(I) ΩL.

2. Let Y ∈ X(Jkπ) be an infinitesimal symmetry of (Jkπ,ΩL) and Ft a local flow of Y . If Y ∈ X(Jkπ)

is π̄3-projectable then, for every X ∈ kermω(I) ΩL, Ft transforms integral submanifolds of X into
integral submanifolds of Ft∗X , and hence Ft∗X ∈ kermω(I) ΩL.

Definition 3. 1. A Cartan (Noether) symmetry of (Jkπ,ΩL) is a diffeomorphism Φ: Jkπ → Jkπ such
that, Φ∗ΩL = ΩL. If, in addition, Φ∗ΘL = ΘL, then Φ is said to be an exact Cartan symmetry. If
Φ = jkϕ for a diffeormorphism ϕ : E → E, the Cartan symmetry is natural.

2. An infinitesimal Cartan (Noether) symmetry of (Jkπ,ΩL) is a vector field Y ∈ X(Jkπ) satisfying
that L(Y )ΩL = 0. If, in addition, L(Y )ΘL = 0, then Φ is said to be an infinitesimal exact Cartan
symmetry. If Y = jkZ for some Z ∈ X(E), then the infinitesimal Cartan symmetry is natural.

Canonical lifts of diffeomorphisms and vector fields preserve the canonical structures of Jkπ, but not ΩL.

Definition 4. 1. A Lagrangian symmetry of (Jkπ,ΩL) is a diffeomorphism Φ: Jkπ → Jkπ such that Φ

leaves the canonical geometric structures of Jkπ invariant and Φ∗L = L (Φ leaves L invariant).
A natural Lagrangian symmetry of (Jkπ,ΩL) is a diffeomorphism Φ: Jkπ → Jkπ such that Φ = jkϕ,
for some diffeomorphism ϕ : E → E, and Φ leaves L invariant.

2. An infinitesimal Lagrangian symmetry of (Jkπ,ΩL) is a vector field Y ∈ X(J1E) such that the
canonical geometric structures of Jkπ are invariant under Y and L(Y )L = 0 (Y leaves L invariant).
An infinitesimal natural Lagrangian symmetry of (Jkπ,ΩL) is a vector field Y ∈ X(Jkπ) such that
Y = jkZ, for some Z ∈ X(E), and L(jkZ)L = 0.

Proposition 1. If Φ: Jkπ → Jkπ is a Lagrangian symmetry of (Jkπ,ΩL), then Φ∗ΘL = ΘL, and hence
it is an exact Cartan symmetry.
If Y ∈ X(Jkπ) is an infinitesimal Lagrangian symmetry of (Jkπ,ΩL), then L(Y )ΘL = 0, and hence it
is an infinitesimal exact Cartan symmetry.

Definition 5. A conservation law or a conserved quantity of (Jkπ,ΩL) is a form ξ ∈ Ωm−1(M) such
that L(X )ξ := (−1)m+1 i(X )dξ = 0, for every X ∈ kermω ΩL.

Theorem 2. A form ξ ∈ Ωm−1(M) is a conserved quantity of (Jkπ,ΩL) if, and only if, L(Z)ξ = 0, for
every Z ∈ kermΩ.

Proposition 2. If ξ ∈ Ωm−1(M) is a conserved quantity of (Jkπ,ΩL) and X ∈ kermω(I) ΩL, then ξ is
closed on the integral submanifolds of X : if jS : S ↪→M is an integral submanifold, then dj∗Sξ = 0.

Theorem 3. (Noether): If Y ∈ X(Jkπ) is an infinitesimal Cartan symmetry of (Jkπ,ΩL), with
i(Y )ΩL = dξY . Then, for every X ∈ kermω ΩL (and hence for every X ∈ kermω(I) ΩL), we have that

L(X )ξY = 0; that is, any Hamiltonian (m − 1)-form ξY associated with Y is a conserved quantity. (It
is usually called a Noether current). As a particular case, if L(Y )ΘL = 0 then ξY = i(Y )ΘL.

Definition 6. If ΩL is a premultisymplectic form (i.e., it is 1-degenerate) then the vector fields Y ∈
ker ΩL are the (infinitesimal) gauge symmetries of (Jkπ,ΩL).

APPLICATION TO THE HILBERT-EINSTEIN ACTION

For this system,M is a 4-dimensional manifold representing space-time andE is the manifold of Lorentzian
metrics on M . Local coordinates in E are denoted (xµ, gαβ), with 0 ≤ α ≤ β ≤ 3, and dimE = 14. The
induced coordinates in J3π are (xµ, gαβ, gαβ,µ, gαβ,µν, gαβ,µνρ). The Hilbert-Einstein Lagrangian is

LEH = %gαβRαβ = %R ,

where % ≡
√
|det(gαβ)|, R is the scalar curvature, Rαβ are the components of the Ricci tensor, and

gαβ is the inverse matrix of g. The Poincaré-Cartan 3-form ΘLEH associated with the Lagrangian density
LEH = LEH (π3)∗η = LEH d4x is

ΘLEH = −Hd4x +
∑
α≤β

Lαβ,µdgαβ ∧ dm−1xµ +
∑
α≤β

Lαβ,µνdgαβ,µ ∧ dm−1xν ;

Lαβ,µ =
∂L

∂gαβ,µ
−

3∑
ν=0

1

n(µν)
Dν

∂L

∂gαβ,µν
=
n(αβ)%

2

(
Γανσ(gβσgµν − gβµgσν) + Γ

β
νσ(gασgµν − gαµgσν)

)
Lαβ,µν =

1

n(µν)

∂L

∂gαβ,µν
=
n(αβ)

2
%(gαµgβν + gανgβµ − 2gαβgµν) ;

H =
∑
α≤β

Lαβ,µgαβ,µ +
∑
α≤β

Lαβ,Igαβ,I − L,

where Γ
ρ
µν are the Christoffel symbols of the Levi-Civita connection of g. As it is usual, ΩLEH = −dΘLEH .

As ΩLEH is π3
1-projectable [2, 6, 7, 8] the π3

1-vertical vector fields in J3π are gauge symmetries.

Definition 7. 1. Let F : M → M be a diffeomorphism. The canonical lift of F to the bundle of metrics
E is the diffeomorphism F : E → E defined as follows: for every (x, gx) ∈ E, then F(x, gx) :=

(F (x), (F−1)∗(gx)). (Thus π ◦ F = F ◦ π).
The canonical lift of F to the jet bundle Jkπ is the diffeomorphism jkF : Jkπ → Jkπ defined as
follows: for every jkxφ ∈ Jkπ, then F(jkxφ) := jk(F ◦ φ ◦ F−1)(x).

2. Let Z ∈ X(M). The canonical lift of Z to the bundle of metrics E is the vector field Y ∈ X(E) whose
associated local one-parameter groups of diffeomorphisms Ft are the canonical lifts to the bundle of
metrics E of the local one-parameter groups of diffeomorphisms Ft of Z.
The canonical lift of Y ∈ X(E) to the jet bundle Jkπ is the vector field Y k ≡ jkY ∈ X(Jkπ) whose
associated local one-parameter groups of diffeomorphisms are the canonical lifts j1Ft of the local
one-parameter groups of diffeomorphisms Ft of Y .

In coordinates, if Z = uµ(x)
∂

∂xµ
∈ X(M), the canonical lift of Z to the bundle of metrics Y ∈ X(E) is

Y = uµ
∂

∂xµ
−
∑
α≤β

(
∂uµ

∂xα
gµβ +

∂uµ

∂xβ
gµα

)
∂

∂gαβ
, and then :

Y 1 = uµ
∂

∂xµ
+
∑
α≤β

Yαβ
∂

∂gαβ
+
∑
α≤β

Yαβµ
∂

∂gαβ,µ
= uµ

∂

∂xµ
−
∑
α≤β

(
∂uµ

∂xα
gµβ +

∂uµ

∂xβ
gµα

)
∂

∂gαβ

−
∑
α≤β

(
∂2uν

∂xα∂xµ
gνβ +

∂2uν

∂xβ∂xµ
gαν +

∂uν

∂xα
gνβ,µ +

∂uν

∂xβ
gαν,µ +

∂uν

∂xµ
gαβ,ν

)
∂

∂gαβ,µ
.

For every Z ∈ X(M), we have L(Y 3)LEH = 0, because LEH is invariant under diffeomorphisms. As Y 3

is a canonical lift, it is an infinitesimal Lagrangian symmetry. Thus, Y 3 it is an exact infinitesimal Cartan
symmetry, its associated conserved quantity is ξY = i(Y 3)ΘLEH and, as ΘLEH is π3

1-basic,

ξY = i(Y 3)ΘLEH = i(Y 1)ΘLEH =
(
YαβL

αβ,µ + YαβνL
αβ,νµ − uµH

)
d3xµ

+
(
uνLαβ,µ − uµLαβ,ν

)
dgαβ ∧ d2xνµ +

(
uνLαβ,λµ − uµLαβ,λν

)
dgαβ,λ ∧ d2xνµ ,

where d2xµν = i

(
∂

∂xν

)
i

(
∂

∂xµ

)
d4x.

The vector fields of the form Y 3 are the only natural infinitesimal Lagrangian symmetries [6, 8].
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[5] P.L. Garcı́a, J. Muñoz-Masqué, “On the geometrical structure of higher order variational calculus”, Atti. Accad. Sci.
Torino Cl. Sci. Fis. Math. Natur. 117 (1983) suppl. 1, 127–147.

[6] D. Krupka, Introduction to Global Variational Geometry, Atlantis Studies in Variational Geometry, Atlantis Press 2015.

[7] D. Krupka, O. Stepankova, “ On the Hamilton form in second order calculus of variations”, Procs. Int. Meeting on
Geometry and Physics, 85-101. Florence 1982, Pitagora, Bologna, 1983.
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