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S UMMARY: Generalizin g previous results for first-order field theories [3, 4], conserved quantities
and different kinds of symmetries are studied for second order Lagrangian field theories. As an application
we analyze the case of the Hilbert-Einstein formulation of the gravitational field. (Work 1n progress).

JET BUNDLES. SECOND-ORDER LAGRANGIAN FIELD THEORIES

(See [9]). Let & 5 M be a fiber bundle, dim E = m + n, over an orientable m-dimensional manifold
M, whose volume form is n € 2" (M), and let J*7 be the kth-order jet bundle. The kth prolongation
of a local section of 7, ¢ € ['(r), to J¥r is denoted by j*¢ € T'(7*). Points in J*r are denoted by j%¢,
r € M and ¢ € I'(m) being a representative of the equivalence class. If » < k, natural projections are:

Wf:JkWHJTW ok Jhr — B ke Jhr — M
Jio = Jpd jig — d(z) jig — @
Observe that 77 o wlg = 7T,,l?, 7775 = 7%, 7T]]§ = Id jx_, and 7h = 1o, A section i) € F(frk) 1s holonomic it
jF(mh o 4p) = 1; that is, 1 is the kth prolongation of a section ¢ = 7% o 1) € I'().

If (xi, u®), 1 <1< m,1 < a < n, are local coordinates in F adapted to the bundle structure, such
that n = dz! A ... Ada™ = dmzz: then local coordinates in J*m are denoted (z*, u 7), with 0 < [I] <
(/1sa multi—index that is, an element of Z'" where every component is positive, the ith position of the

multi-index is denoted /(¢), and |I| = Z I(z) is the length of the multi-index. An expression as |/| = k

1=1
means that the expression is taken for every multi-index of length k. The element 1; € Z™ is defined as

1,(7) = &7, n(ij) is a combinatorial factor which n(zg) = 1 fori = j, and n(ij) = 2 for i # 7). The

coordinate total derivatives are [6, 9]: D, = T Z u§ I+1, 7,0 . For every function f, D, f =1, D, f.
]=0
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Definition 5. A conservation law or a conserved quantity of (J*m, Q) is a form € € Q2™ 1 (M) such
that 1L(X)E .= (=1)"TLi(X)dE = 0, for every X € ket Q.

Theorem 2. A form & € Q2" Y (M) is a conserved quantity of (J*m, Q) if. and only if, L(Z)E = 0, for
every Z € ker" ().

Proposition 2. If £ € 2" Y M) is a conserved quantity of (J¥7,Qp) and X € kerZ‘( ) Cp, then & is
closed on the integral submanifolds of X: if j¢: S — M is an integral submanifold, then d jgf = 0.

Theorem 3. (Noether): If Y € %(ka) is an infinitesimal Cartan symmetry of (Jkﬂ',ﬂﬁ), with
(Y = d&y. Then, for every X € ker!! )y (and hence for every X € kerz;”( I (2r), we have that

L(X)& = 0; that is, any Hamiltonian (m — 1)-form &y associated with Y is a conserved quantity. (It
is usually called a Noether current). As a particular case, if (Y )OO, = 0then & = i(Y)O .

Definition 6. If ), is a premultisymplectic form (i.e., it is 1-degenerate) then the vector fields Y &

ker Q- are the (infinitesimal) gauge symmetries of (J"m, Q).

Definition 1. [4]. An m-multivector field in J kris a skew-symmetric contravariant tensor of order m
in JFw. The set of m-multivector fields in J*r is denoted X"(J kﬂ').

A multivector field X € X™(J*7) is said to be locally decomposable if; for every p € J¥r, there is an
open neighbourhood Uy, C J¥m and X1, ..., Xy € X(Up) such that Xy, =X1 Ao A X

Locally decomposable m-multivector fields X € X""(J kﬂ') are locally associated with m-dimensional
distributions D C TJ"w. Then, X is integrable if its associated distribution is integrable. In particular,
X is holonomic if it is integrable and its integral sections are holonomic sections of 7k,

For a second-order classical field theory, a second-order Lagrangian density 1s a 72-semibasic m-form

L € 2"™(J%r); then £ = L (7)*n, where L € C™®°(J%7) is the Lagrangian function. The Lagrangian
phase bundle is J°7 and natural coordinates adapted to the fibration are (z*, u® Jus, ug,ug); 1 <i <m,
1 < a < n,and I, J are multiindices with |I| = 2, |.J| = 3. The Poincaré-Cartan m-form © , € Q" (J>r)
can be unambiguously constructed using the canonical structures of .J kx[1, 5, 6] and it is given by

m
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A second-order Lagrangian system is specified as (.J 31, Q) r). The solutions to the Lagrangian variational

problem posed by £ are holonomic sections j¢: M — J37 which are the integral submanifolds of a
locally decomposable holonomic multivector field X, € X" (J 37?) satisfying the equation

i<X£>Q£ =0. (1)

Let ket Qp = {X € ™M) | i(X)Q, = 0}. If w = (7))*n, let ket Q) be the set of m-multivector
fields satisfying the equation (1) and the ﬁS—transversality condition (X' )w # 0, but being not necessarily
locally decomposable. Then, we denote by kerzz( I (1, the set of integrable m-multivector fields satisfying

both conditions. Oviously we have that ker& 8 Qp Cker"Qp C ket Qp .

. oL g
where L, = ek Z D;Lg , L = . The Poincaré-Cartan (m + 1)-form is Q, := —dO .
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APPLICATION TO THE HILBERT-EINSTEIN ACTION

For this system, M 1s a 4-dimensional manifold representing space-time and £ 1s the manifold of Lorentzian
metrics on M. Local coordinates in £ are denoted (z", g,, 5), with 0 < o < § < 3, and dim £ = 14. The

induced coordinates in Jo7 are (z*, 9afs 9aB. 0 Jab v Jab uvp)- The Hilbert-Einstein Lagrangian is

Lpg = 09" Ras = oR,

where ¢ = \/ det(gap)|, R is the scalar curvature, R, are the components of the Ricci tensor, and
O‘B is the inverse matrix of g. The Poincaré-Cartan 3-form O associated with the Lagrangian density
£EH Lpg (7)) = Lgg d'z is

@EEH _ —Hd4£l?—|— Z LQB”udgaﬁ /\dm_lx,u 4 Z Laﬂ’ﬂydgaﬁ,u A dm_l,flj'y;
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where Ffw are the Christoffel symbols of the Levi-Civita connectionof g. Asitisusual,{ly = —dO, .

AsQp 18 W:l)’—projectable [2, 6,7, 8] the W%—Vertical vector fields in J37 are gauge symmetries.

Definition 7. 1. Let I': M — M be a diffeomorphism. The canonical lift of F' to the bundle of metrics
E is the diffeomorphism F: E — FE defined as follows: for every (x,q,) € FE, then F(x,g;) =
(F(x),(F~Y*(gz)). (Thus m o F = F o 7).

The canonical lift of J to the jet bundle J k is the diffeomorphism j EE. Jhr — Jkr defined as
follows: for every jE¢ € Jkn, then F(j5¢) = jF(F o ¢ o F~ ().

2. Let Z € X(M). The canonical lift of Z to the bundle of metrics F is the vector field Y € X(FE) whose
associated local one-parameter groups of diffeomorphisms J are the canonical lifts to the bundle of
metrics I of the local one-parameter groups of diffeomorphisms Fy of Z.

The canonical lift of Y € X(F) to the jet bundle J*7 is the vector field Y~ = j*Y € X(J¥r) whose

associated local one-parameter groups of diffeomorphisms are the canonical lifts il F of the local
one-parameter groups of diffeomorphisms F¢ of Y.

Definition 2. /. A symmetry of (J*m, Q) is a diffeomorphism ®: J*r — JFn st Oy(ker™ Qp) C
ker" Qp. If & = jkgp for a diffeormorphism ¢: I/ — E, the symmetry is natural.

2. An infinitesimal symmetry of (J b, Q) r) is a vector field Y € X(M) whose local flows are local
symmetries or, what is equivalent, such that Y, ker"'Qp| C ket Qp. IfY = i*Z for some Z ¢
X (M), then the infinitesimal symmetry is natural.

Theorem 1. /. Let & € Diff(M) be a symmetry of (J"m, Q) such that® € Diff(J¥m) restricts to a
diffeormorphism o: M — M. Then, for every X & ker:}( I (2p, O transforms integral submanifolds

of X into integral submanifolds of ©.X, and hence X € ke]ru”}< I (p.

2.LetY € X(JFn) be an infinitesimal symmetry of (J5w, Q) and Fy a local flow of Y. If Y € X(J*)
is T-projectable then, for every X € kerz;”( I (p, F} transforms integral submanifolds of X into

integral submanifolds of Fi.X, and hence F1, X € kerZL( I (p.

Definition 3. /. A Cartan (Noether) symmetry of (J"r, Q) r) is a diffeomorphism ¢ J kx — Jkm such
that, *Qp = Qp. If, in addition, P*O, = Op, then ® is said to be an exact Cartan symmetry. If
O = jkgp for a diffeormorphism p: E — F, the Cartan symmetry is natural.

2. An infinitesimal Cartan (Noether) symmetry of (J¥r, Q) is a vector field Y € X(Jr) satisfying
that 1,(Y ) = 0. If;, in addition, (Y )OO, = 0, then ® is said to be an infinitesimal exact Cartan
symmetry. If Y = j*Z for some Z € X(E), then the infinitesimal Cartan symmetry is natural.

Canonical lifts of diffeomorphisms and vector fields preserve the canonical structures of J*7, but not ) I

Definition 4. /. A Lagrangian symmetry of (J*r, Q) is a diffeomorphism ©: J5r — J*1 such that @
leaves the canonical geometric structures of J kr invariant and L = L (O leaves L invariant).

A natural Lagrangian symmetry of (.J k. Q r) is a diffeomorphism @ J b — JFm such that & = g k O,
for some diffeomorphism 0. 2 — E, and ® leaves L invariant.

2. An infinitesimal Lagrangian symmetry of (J*m,Qr) is a vector field Y € X(J'E) such that the
canonical geometric structures of J*r are invariant underY and L(Y)L =0 (Y leaves L invariant).

An infinitesimal natural Lagrangian symmetry of (J"m, Q) is a vector field Y € X(J*) such that
Y = j*Z, for some Z € X(F), and 1(j*Z)L = 0.

Proposition 1. If &: J5r — J¥7 is a Lagrangian symmetry of (J¥7,Q ), then ®*O = O, and hence
it is an exact Cartan symmetry.

If Y € X(J*n) is an infinitesimal Lagrangian symmetry of (J*1, ), then L(Y)O, = 0, and hence it
is an infinitesimal exact Cartan symmetry.

In coordinates, if Z = u"(x )6i € X(M), the canonical lift of Z to the bundle of metrics Y € X(F) is
xh
9, out out 0
_ Y .
Y =u Y Z (axagﬂg + 8x59”@> ag(w , and then :
0 out out 9,
y! = Y, ut—
aZE'“ + Z Ol O% (656049#5 + axﬁgua> 89&5
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For every Z € X(M), we have 1(Y3) Ly = 0, because £ 7 is invariant under diffeomorphisms. As Y
is a canonical lift, it is an infinitesimal Lagrangian symmetry. Thus, Y it is an exact infinitesimal Cartan
symmetry, its associated conserved quantity is &y = z‘(YS)@ Ly and,as Op 1s ﬂif—basic,

§y = i(YS)@EEH — i(Yl)@ﬁEH - (Y&ﬁL@ﬁ’M + YaﬁyLaﬁ’V’u — U’uH) d3$M
+ (uyL(w’M - uuLaﬁ,u) dgaps N deuu + (u”Lo‘ﬁ’)‘” — u”LO‘B’)‘V) dgapg x N dZQZW :

a a
2 : 4

The vector fields of the form Y are the only natural infinitesimal Lagrangian symmetries [6, 8].
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