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The Gribov problem in standard gauge theory
Gauge transformations

General setting for first part:

@ M smooth manifold (space-time, rigorously, should be
compact)

o G finite dimensional Lie group

o m: P — M principal G-bundle
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The Gribov problem in standard gauge theory
Gauge transformations

Definition Aut(P)

An automorphism of P is a diffeomorphism ¢ : P — P which is
G-equivariant, that is ¢(p- g) = ¢(p) - g forall p€ P and g € G.
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The Gribov problem in standard gauge theory
Gauge transformations

Definition Aut(P)

An automorphism of P is a diffeomorphism ¢ : P — P which is
G-equivariant, that is ¢(p- g) = ¢(p) - g forall p€ P and g € G.

Every ¢ € Aut(P) induces a diffeomorphism & on the basis
manifold. The map which associates @ € Diff (M) to ¢ € Aut(P)
is a group homomorphism H.

Patrizia Vitale with F. Canfora, M. Kurkov, L. Rosa  The Gribov problem in Noncommutative Quantum Field Theory



The Gribov problem in standard gauge theory
Gauge transformations

Definition Aut(P)

An automorphism of P is a diffeomorphism ¢ : P — P which is
G-equivariant, that is ¢(p- g) = ¢(p) - g forall p€ P and g € G.

Every ¢ € Aut(P) induces a diffeomorphism & on the basis
manifold. The map which associates @ € Diff (M) to ¢ € Aut(P)
is a group homomorphism H.

Definition G(P)

The gauge group of P is G(P) :=ker(H). Its elements are called
gauge transformations or also vertical automorphisms.
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Gauge transformations
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The Gribov problem in standard gauge theory

Gauge transformations

@ G ~ Map(R* — G). Physical request: g(x) — 1 as |x| — oo
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The Gribov problem in standard gauge theory
Gauge transformations

@ G ~ Map(R* — G). Physical request: g(x) — 1 as |x| — oo
@ A= space of gauge connections of (P, M, G), locally maps
A:M— QY (M) og
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The Gribov problem in standard gauge theory
Gauge transformations

@ G ~ Map(R* — G). Physical request: g(x) — 1 as |x| — oo
@ A= space of gauge connections of (P, M, G), locally maps
A:M— QY (M) og
AS = gAg ™' +dgg ™!
@ A pure theory of fundamental interactions (no matter fields) is
a theory where the dynamical fields are the gauge connections
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The Gribov problem in standard gauge theory
Gauge transformations

@ G ~ Map(R* — G). Physical request: g(x) — 1 as |x| — oo
@ A= space of gauge connections of (P, M, G), locally maps
A:M— QY (M) og

A8 = gAg~! + dgg?

@ A pure theory of fundamental interactions (no matter fields) is
a theory where the dynamical fields are the gauge connections
@ B = A/G space of physical configurations
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The Gribov problem in standard gauge theory
Gauge transformations

@ G ~ Map(R* — G). Physical request: g(x) — 1 as |x| — oo
@ A= space of gauge connections of (P, M, G), locally maps
A:M— QY (M) og
AS = gAg ™' +dgg ™!
@ A pure theory of fundamental interactions (no matter fields) is
a theory where the dynamical fields are the gauge connections
@ B = A/G space of physical configurations
Classical Euclidean action for gauge fields
1 1
S[A] = ZTr/Fp,VF“V = E /AZM”VAi

with F=dA+ANA
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The Gribov problem in standard gauge theory
Gauge transformations

@ G ~ Map(R* — G). Physical request: g(x) — 1 as |x| — oo
@ A= space of gauge connections of (P, M, G), locally maps
A:M— QY (M) og
A8 = gAg~! + dgg?
@ A pure theory of fundamental interactions (no matter fields) is

a theory where the dynamical fields are the gauge connections
@ B = A/G space of physical configurations

Classical Euclidean action for gauge fields

1 1
S[A] = ZTr/Fp,VF“V = E/AZMuVAi

with F=dA+ANA

My = —06,, + 0,0, (E.D.)

not invertible because of gauge invariance
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The Gribov problem in standard gauge theory
Gauge transformations

@ G ~ Map(R* — G). Physical request: g(x) — 1 as |x| — oo
@ A= space of gauge connections of (P, M, G), locally maps
A:M— QY (M) og
A8 = gAg~! + dgg?
@ A pure theory of fundamental interactions (no matter fields) is

a theory where the dynamical fields are the gauge connections
@ B = A/G space of physical configurations

Classical Euclidean action for gauge fields

1 1
S[A] = ZTr/Fp,VF“V = E/AZMuVAi

with F=dA+ANA

My = —06,, + 0,0, (E.D.)

not invertible because of gauge invariance g(x) = exp a(x)
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Gauge transformations

@ G ~ Map(R* — G). Physical request: g(x) — 1 as |x| — oo
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@ G ~ Map(R* — G). Physical request: g(x) — 1 as |x| — oo
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The Gribov problem in standard gauge theory

The gauge fixing

@ Quantum theory:
Classical action S[A] — Quantum action [[A]
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The Gribov problem in standard gauge theory
The gauge fixing

@ Quantum theory:
Classical action S[A] — Quantum action [[A]

o [A] = Leg(In Z[J])[A]
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The Gribov problem in standard gauge theory
The gauge fixing

@ Quantum theory:
Classical action S[A] — Quantum action [[A]

o [A] = Leg(In Z[J])[A]

71 = / [dp(A)]exp (~STA] + J - A)
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The Gribov problem in standard gauge theory
The gauge fixing

@ Quantum theory:
Classical action S[A] — Quantum action [[A]
o INA] = Leg(In Z[J])[A]

71 = / [dp(A)]exp (~STA] + J - A)

@ But we can't perform the Gaussian integral
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The Gribov problem in standard gauge theory
The gauge fixing

@ Quantum theory:
Classical action S[A] — Quantum action [[A]

o [A] = Leg(In Z[J])[A]

71 = / [dp(A)]exp (~STA] + J - A)

@ But we can't perform the Gaussian integral unless we fix the
gauge
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The Gribov problem in standard gauge theory
The gauge fixing

@ Quantum theory:
Classical action S[A] — Quantum action [[A]

o [A] = Leg(In Z[J])[A]

71 = / [dp(A)]exp (~STA] + J - A)

@ But we can't perform the Gaussian integral unless we fix the

gauge
6(F(A) — h)
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The Gribov problem in standard gauge theory
The gauge fixing

@ Quantum theory:
Classical action S[A] — Quantum action [[A]

o [A] = Leg(In Z[J])[A]

71 = / [dp(A)]exp (~STA] + J - A)

@ But we can't perform the Gaussian integral unless we fix the

gauge
6(F(A) — h)

and integrate over equivalence classes
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The Gribov problem in standard gauge theory
The gauge fixing

@ Quantum theory:
Classical action S[A] — Quantum action [[A]

o [A] = Leg(In Z[J])[A]

71 = / [dp(A)]exp (~STA] + J - A)

@ But we can't perform the Gaussian integral unless we fix the

gauge
6(F(A) — h)

and integrate over equivalence classes

[du(A)] = [du(A/9)]
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The Gribov problem in standard gauge theory
The gauge fixing

@ Quantum theory:
Classical action S[A] — Quantum action [[A]

o [A] = Leg(In Z[J])[A]

71 = / [dp(A)]exp (~STA] + J - A)

@ But we can't perform the Gaussian integral unless we fix the

gauge
6(F(A) — h)

and integrate over equivalence classes

[du(A)] = [du(A/9)]
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The Gribov problem in standard gauge theory
The gauge fixing

This amounts to choose a surface X C A which possibly intersects
the gauge orbits only once: a section for the principal bundle

AP) <~ G

!
B(P)
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The Gribov problem in standard gauge theory
The gauge fixing

This amounts to choose a surface X C A which possibly intersects
the gauge orbits only once: a section for the principal bundle
AP) <~ G
J
B(P)

The choice of X is the gauge fixing (for example 0,A* = 0).

Patrizia Vitale with F. Canfora, M. Kurkov, L. Rosa  The Gribov problem in Noncommutative Quantum Field Theory



The Gribov problem in standard gauge theory
The gauge fixing

This amounts to choose a surface s C A which possibly intersects
the gauge orbits only once: a section for the principal bundle

AP) <~ G
1
B(P)

The choice of X is the gauge fixing (for example 0,A* = 0).
The classical action is invariant — insensitive to the gauge fixing.
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The Gribov problem in standard gauge theory

The gauge fixing: Faddeev-Popov determinant

Locally (ignore global issues for the moment) A=Bx G =

[du(A)] = [du(B)] [du(G)]
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The Gribov problem in standard gauge theory

The gauge fixing: Faddeev-Popov determinant

Locally (ignore global issues for the moment) A=Bx G =

[du(A)] = [dp(B)] [du(9)]
for gauge transformations close to the identity [du(G)] ~ [da]

To perform the change of variable [da] — [df (A)]:
insert the Jacobian

of*(x)

DetAFP(X, y) = Detw
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The Gribov problem in standard gauge theory

The gauge fixing: Faddeev-Popov determinant

Locally (ignore global issues for the moment) A=Bx G =

[du(A)] = [dp(B)] [du(9)]
for gauge transformations close to the identity [du(G)] ~ [da]

To perform the change of variable [da] — [df (A)]:
insert the Jacobian

of*(x)
da(y)

[dpu(A)]DetA = [[du(B)][da]DetA = [du(B)] [df]

DetAFp(X, y) = Det
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The Gribov problem in standard gauge theory

The gauge fixing: Faddeev-Popov determinant

Locally (ignore global issues for the moment) A=Bx G =
[du(A)] = [du(B)] [dp(9)]
for gauge transformations close to the identity [du(G)] ~ [da]

To perform the change of variable [da] — [df (A)]:
insert the Jacobian

B of*(x)
DetAFP(X, y) = Detw

[dpu(A)]DetA = [[du(B)][da]DetA = [du(B)] [df]

and integrate over [df] with the delta function:

[du(A)] DetA §(£(A) — h(x)) = [du(B)]
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The Gribov problem in standard gauge theory
Appearance of copies

The gauge fixing is not enough to remove unphysical degrees of
freedom if the theory is non-Abelian.

@ Roughly: consider the gauge orbit
Al = gAug t+ 0,88t ~ AL+ Dya
with D, = 0, + IA,
o the gauge fixing condition O*Af = 0 yields
0,D"ar =0

which may have nontrivial solutions.

o Notice that —(9,D")3®*) (x — y)§?P is exactly the FP
determinant for this choice of gauge fixing
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The Gribov problem in standard gauge theory

Partial Summary

@ The Gribov problem manifests itself for non Abelian gauge
theories.

@ It amounts to existence of zero modes of the FP operator,
which generate unphysical field configurations.

@ These configurations are improperly taken into account in the
functional integral .
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The Gribov problem in standard gauge theory

Topological obstructions
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The Gribov problem in standard gauge theory

Topological obstructions

Back to global approach
e A is an affine space

Ar=(1—-1)A1+7A 0<7<1
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The Gribov problem in standard gauge theory
Topological obstructions

Back to global approach
e A is an affine space

Ar=(1—-1)A1+7A 0<7<1

with
A€ = gA. gt + dgg!
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The Gribov problem in standard gauge theory
Topological obstructions

Back to global approach
e A is an affine space

Ar=(1—-1)A1+7A 0<7<1

with
A€ = gA. gt + dgg!

—> topologically trivial

e G=Map(s*,G) (g(x) =1, |x] = )
= M1(G) ={g:S° = G}
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The Gribov problem in standard gauge theory
Topological obstructions

Back to global approach
e A is an affine space

Ar=(1—-1)A1+7A 0<7<1

with
A€ = gA. gt + dgg!

—> topologically trivial

e G=Map(s*,G) (g(x) =1, |x] = )
= M1(G) ={g:S° = G}

M:1(g) = Ns(G)
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The Gribov problem in standard gauge theory
Topological obstructions

Back to global approach
e A is an affine space

Ar=(1—-1)A1+7A 0<7<1

with

Af = gA-g ! + dgg !

—> topologically trivial

e G=Map(s*,G) (g(x) =1, |x] = )
= M1(G) ={g:S° = G}

N1(G) =MNs(G)
for G=UN)Ms =2, N>3; Ms=2, N=2; Ms=0, N=1
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The Gribov problem in standard gauge theory

Topological obstructions
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The Gribov problem in standard gauge theory
Topological obstructions

e 3= A/G Since

= mn(G) = ma(A) = Ta(B) = Th1(G) = ... = mo(A)

M (B) = Nk-1(9)

= both G and B only trivial for QED G = U(1).

Patrizia Vitale with F. Canfora, M. Kurkov, L. Rosa  The Gribov problem in Noncommutative Quantum Field Theory



The Gribov problem in standard gauge theory
Topological obstructions

e 3= A/G Since
= mn(G) = ma(A) = Ta(B) = Th1(G) = ... = mo(A)

M (B) = Nk-1(9)

= both G and B only trivial for QED G = U(1).
(This translates into Oa =0  only trivial solutions)

_—
A#+GxB

for G = U(N),N > 2.
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e 3= A/G Since
= mn(G) = ma(A) = Ta(B) = Th1(G) = ... = mo(A)
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A#+GxB

for G = U(N),N > 2.
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The Gribov problem in standard gauge theory
Topological obstructions

Summary: Non-Abelian gauge theories do not admit global sections

This amounts to the FP operator A having non trivial zero modes
(the determinant of the Jacobian changes its sign when the surface
of gauge fixing meets the gauge orbits more than once).
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The Gribov problem in standard gauge theory

dell’ Antonio - Zwanziger solution
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The Gribov problem in standard gauge theory

dell’ Antonio - Zwanziger solution

dell’ Antonio-Zwanziger:
They have shown that the functional integral can be restricted to
the "first Gribov region” because
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The Gribov problem in standard gauge theory
dell’ Antonio - Zwanziger solution

dell’ Antonio-Zwanziger:
They have shown that the functional integral can be restricted to
the "first Gribov region” because

@ The Gribov region is bounded in every direction (in the
functional space of transverse gauge potentials).
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The Gribov problem in standard gauge theory
dell’ Antonio - Zwanziger solution

dell’ Antonio-Zwanziger:
They have shown that the functional integral can be restricted to
the "first Gribov region” because

@ The Gribov region is bounded in every direction (in the
functional space of transverse gauge potentials).

@ The Faddeev-Popov determinant changes sign at the Gribov
horizon.
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The Gribov problem in standard gauge theory
dell’ Antonio - Zwanziger solution

dell’ Antonio-Zwanziger:
They have shown that the functional integral can be restricted to
the "first Gribov region” because
@ The Gribov region is bounded in every direction (in the
functional space of transverse gauge potentials).
@ The Faddeev-Popov determinant changes sign at the Gribov
horizon.

@ Every gauge orbit passes inside the Gribov horizon.
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The Gribov problem in standard gauge theory
dell’ Antonio - Zwanziger solution

dell’ Antonio-Zwanziger:
They have shown that the functional integral can be restricted to
the "first Gribov region” because

@ The Gribov region is bounded in every direction (in the
functional space of transverse gauge potentials).

@ The Faddeev-Popov determinant changes sign at the Gribov
horizon.

@ Every gauge orbit passes inside the Gribov horizon.

When this is taken into account in the functional integral the
propagator gets modified in the infrared:
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The Gribov problem in standard gauge theory
dell’ Antonio - Zwanziger solution

dell’ Antonio-Zwanziger:
They have shown that the functional integral can be restricted to
the "first Gribov region” because

@ The Gribov region is bounded in every direction (in the
functional space of transverse gauge potentials).

@ The Faddeev-Popov determinant changes sign at the Gribov
horizon.

@ Every gauge orbit passes inside the Gribov horizon.

When this is taken into account in the functional integral the
propagator gets modified in the infrared:
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Noncommutative QED on R3"

The Moyal algebra

@ The simplest noncommutative space is modeled on the phase
space of quantum mechanics
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Noncommutative QED on R3"

The Moyal algebra

@ The simplest noncommutative space is modeled on the phase
space of quantum mechanics

@ First, go to dual description in terms of algebra of functions
on classical phase space
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Noncommutative QED on R3"

The Moyal algebra

@ The simplest noncommutative space is modeled on the phase
space of quantum mechanics

@ First, go to dual description in terms of algebra of functions
on classical phase space

@ Quantize (make it "noncommutative phase space”)
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Noncommutative QED on R3"

The Moyal algebra

@ The simplest noncommutative space is modeled on the phase
space of quantum mechanics

@ First, go to dual description in terms of algebra of functions
on classical phase space

@ Quantize (make it "noncommutative phase space”)

@ No smooth manifold anymore
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Noncommutative QED on R3"

The Moyal algebra

@ The simplest noncommutative space is modeled on the phase
space of quantum mechanics

@ First, go to dual description in terms of algebra of functions
on classical phase space

@ Quantize (make it "noncommutative phase space”)
@ No smooth manifold anymore

@ Noncommutativity can be described in terms of a star
product: quantum mechanics in the Moyal approach

Patrizia Vitale with F. Canfora, M. Kurkov, L. Rosa  The Gribov problem in Noncommutative Quantum Field Theory



Noncommutative QED on R3"

The Moyal algebra

Patrizia Vitale

The simplest noncommutative space is modeled on the phase
space of quantum mechanics

First, go to dual description in terms of algebra of functions
on classical phase space

Quantize (make it "noncommutative phase space”)
No smooth manifold anymore

Noncommutativity can be described in terms of a star
product: quantum mechanics in the Moyal approach

Do the same for space-time — [X;, Xj| = i0);
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Noncommutative QED on R3"

The Moyal algebra

The simplest noncommutative space is modeled on the phase
space of quantum mechanics

First, go to dual description in terms of algebra of functions
on classical phase space

Quantize (make it "noncommutative phase space”)
No smooth manifold anymore

Noncommutativity can be described in terms of a star
product: quantum mechanics in the Moyal approach

Do the same for space-time — [X;, Xj| = i0);

and replace with an algebra of functions on R”, with
noncommutative star product
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Noncommutative QED on R3"

The Moyal algebra

For coordinate functions

X,'*XJ'—XJ'*X,':IIH,'_,'
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Noncommutative QED on R3"

The Moyal algebra

For coordinate functions
Xi* Xj — Xj % Xj = 19,_,

The Moyal star-product:

(F£)() = F(c)exp { 670,00
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Noncommutative QED on R3"
The Moyal algebra
For coordinate functions

X,'*XJ'—XJ'*X,':IIQ,'_,'

The Moyal star-product:

(F£)() = F(c)exp { 670,00

Notice: )
Xl f = = 0V0yf

The action for a scalar field theory
S[e] = / Oup * "¢ + Ao**

the integral is a trace
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Noncommutative QED on R3"

The Moyal algebra
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Noncommutative QED on R3"

The Moyal algebra
The Moyal algebra R2"
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Noncommutative QED on R3"

The Moyal algebra

The Moyal algebra R2"
@ It is the associative algebra [J. Gracia Bondia, Varilly '89)

LAR={TeS:TxfeS fxTeS8VfeS}
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Noncommutative QED on R3"
The Moyal algebra

The Moyal algebra R2"
@ It is the associative algebra [J. Gracia Bondia, Varilly '89)

LAR={TeS:TxfeS fxTeS8VfeS}

The star product is defined for Schwartz functions on R?"

fxg(x)= / f(x+y)g(x+ z)e_2iy”e;’}zy dy dz
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Noncommutative QED on R3"
The Moyal algebra
The Moyal algebra Rg"
@ It is the associative algebra [J. Gracia Bondia, Varilly '89)

LAR={TeS:TxfeS fxTeS8VfeS}

The star product is defined for Schwartz functions on R?"
fxg(x)= / f(x+y)g(x+ z)e_2iy”e;’}zy dy dz

and extended to tempered distributions by duality.
© is block diagonal, antisymmetric with 6; real.

0 -0
©=1| 6 0

with these defs Rg" is unital and involutive. It contains S and
polynomials. Constants are in the center.
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Noncommutative QED on R3"

The differential calculus
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Noncommutative QED on R3"

The differential calculus

@ We consider the minimal derivation based differential calculus
over the I\/onal algebra. [Dubois-Violette, Masson, Wallet]
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Noncommutative QED on R3"

The differential calculus

@ We consider the minimal derivation based differential calculus
over the I\/onal algebra. [Dubois-Violette, Masson, Wallet]
Oy = —inle[x”, ‘|, generate the Lie algebra of derivations
(inner, not a left module)
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Noncommutative QED on R3"

The differential calculus

@ We consider the minimal derivation based differential calculus
over the I\/onal algebra. [Dubois-Violette, Masson, Wallet]
Oy = —inle[x”, ‘|, generate the Lie algebra of derivations
(inner, not a left module)
d, ig, defined algebraically. Forms are constructed by duality.
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Noncommutative QED on R3"
The differential calculus

@ We consider the minimal derivation based differential calculus
over the I\/onal algebra. [Dubois-Violette, Masson, Wallet]
Oy = —inle[x”, ‘|, generate the Lie algebra of derivations
(inner, not a left module)
d, ig, defined algebraically. Forms are constructed by duality.

@ Vector bundles are replaced by right modules over the algebra
R2" with Hermitian structure h

h(m1 * fl, my % f2) = flT * h(ml, m2)* f2, fi € Rgn, m; € H
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Noncommutative QED on R3"

The gauge connection
The connection is defined as
V:Der(RF") x H—H, Vu(mxf)=V,mxf+mx0,f

preserving the Hermitian structure. It is completely defined by the
action on a basis of H.

Patrizia Vitale with F. Canfora, M. Kurkov, L. Rosa  The Gribov problem in Noncommutative Quantum Field Theory



Noncommutative QED on R3"
The gauge connection

The connection is defined as
V:Der(RF") x H—H, Vu(mxf)=V,mxf+mx0,f

preserving the Hermitian structure. It is completely defined by the

action on a basis of H.
We want to generalize the U(1) gauge connection
U(1) vector bundle is replaced by the right module (one generator)

H=C®R3"

(h(h. f) = f{ x ).
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Noncommutative QED on R3"
The gauge connection

The connection is defined as
V:Der(RF") x H—H, Vu(mxf)=V,mxf+mx0,f

preserving the Hermitian structure. It is completely defined by the
action on a basis of H.

We want to generalize the U(1) gauge connection

U(1) vector bundle is replaced by the right module (one generator)

H=C®R3"

(h(fi, 2) = £l £2).
e The gauge connection is defined by its action on the basis

V(1) = —iA(9,) = —iA,

sothat V,f=V,(1xf)=0.f—iA,xf
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Noncommutative QED on R3"

The gauge connection

e Gauge transformations are automorphisms of the module
preserving the Hermitian structure — the unitaries 2/(R2")
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Noncommutative QED on R3"
The gauge connection

e Gauge transformations are automorphisms of the module
preserving the Hermitian structure — the unitaries 2/(R2")
Indeed

W) =7+ F) =~y(2) x f

h(v(f), () = h(f, o) — ¥(1)Tx4(1) =1
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Noncommutative QED on R3"
The gauge connection

e Gauge transformations are automorphisms of the module
preserving the Hermitian structure — the unitaries 2/(R2")
Indeed

W) =7+ F) =~y(2) x f

h(v(f), () = h(f, o) — ¥(1)Tx4(1) =1

we pose ¥(1) = U € U(R3")
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Noncommutative QED on R3"
The gauge connection

e Gauge transformations are automorphisms of the module
preserving the Hermitian structure — the unitaries 2/(R2")
Indeed

A(F) =1L F) = (1)« f
h(v(A),(R)) = h(f, ) — 7(1)Tx~(1) =1
we pose ¥(1) = U € U(R3")

Properties of the gauge connection
o (VAY(¢) :=(VA(v19)) = Ux VAU 5 ¢
° A;j =UxA,«Ut+iUx0,U7t
© Fu = i([VI VA = Vi x)) = OuAs — 0uA, — ilAu, Al

o Fi, =UxFu Ut
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Noncommutative QED on R3"

The natural QED action
S= / d*'x Fpy * F*

is gauge and Poincaré invariant but yields new pathologies w.r.t.
the commutative case (UV/IR mixing)
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Gribov copies in NC QED
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Gribov copies in NC QED

Asymptotycally:

(F£)(x) = F(c)exp { £6°0,0, )
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Gribov copies in NC QED

Asymptotycally:
i — =
(F£)(x) = F(c)exp { £6°0,0, )

Under the U(1) gauge transformation in NCQED the gauge field A
transforms as

A= Aol =UxA,x U +iUx8,U", U = exp, (i)
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Gribov copies in NC QED

Asymptotycally:
i — =
(F£)(x) = F(c)exp { £6°0,0, )

Under the U(1) gauge transformation in NCQED the gauge field A
transforms as

A= Aol =UxA,x U +iUx8,U", U = exp, (i)
with

[ee]

exp. (F Z

=0 n t|mes
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Gribov copies in NC QED

Asymptotycally:

(F£)(x) = F(c)exp { £6°0,0, )

Under the U(1) gauge transformation in NCQED the gauge field A
transforms as

A= Aol =UxA,x U +iUx8,U", U = exp, (i)
with

[ee]

exp. (F Z

=0 n t|mes

Infinitesimally
A= Alla]l = Ay + Do+ O(a)
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Gribov copies in NC QED

Asymptotycally:
i — =
(F£)(x) = F(c)exp { £6°0,0, )

Under the U(1) gauge transformation in NCQED the gauge field A
transforms as

A= Aol =UxA,x U +iUx8,U", U = exp, (i)
with

[ee]

exp. (F Z

=0 n t|mes

Infinitesimally
A= Alla]l = Ay + Do+ O(a)

where
Dya=0ua+i(axA,—A,xa)
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Gribov copies in NCQED
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Gribov copies in NCQED

Choose the Landau gauge, 0"A, = 0 and replace for AL
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Gribov copies in NCQED

Choose the Landau gauge, 0"A, = 0 and replace for AL
OHA o] =0 —
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Gribov copies in NCQED

Choose the Landau gauge, 0"A, = 0 and replace for AL
OHA o] =0 —
0"Dyo =0

eq. of copies, which may now have non trivial solutions, compared
to the commutative case.
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Gribov copies in NCQED

Choose the Landau gauge, 0"A, = 0 and replace for AL
OHA o] =0 —
0"Dyo =0

eq. of copies, which may now have non trivial solutions, compared
to the commutative case.

Fourier transforming we get a homogeneous Fredholm equation of
second kind

a(k) = / d%q Q(q. k) a(q)

with the kernel @ given by
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Gribov copies in NCQED

Choose the Landau gauge, 0"A, = 0 and replace for AL
OHA o] =0 —

0"Dyo =0

eq. of copies, which may now have non trivial solutions, compared
to the commutative case.

Fourier transforming we get a homogeneous Fredholm equation of
second kind

a(k) = [ %4 @(a.k) a(a)
with the kernel @ given by
2ikrAL(k—q) . (1,
o) = EIRE= 0 (L)
The existence of Gribov copies has been recast into an eigenvalue
equation for the operator Q. [properties]
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Gribov copies in NCQED

Solutions
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Gribov copies in NCQED

Solutions

We want to show that gauge potentials for which this equation has
solutions exist.

Patrizia Vitale with F. Canfora, M. Kurkov, L. Rosa  The Gribov problem in Noncommutative Quantum Field Theory



Gribov copies in NCQED

Solutions

We want to show that gauge potentials for which this equation has
solutions exist.
e Simplest situation: The gauge invariant connection
_ -1
AN(X) - _e;wxy

@ it verifies the Landau gauge
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Gribov_ copies in NCQED
Solutions

We want to show that gauge potentials for which this equation has
solutions exist.
e Simplest situation: The gauge invariant connection
Aulx) = _@;leu
@ it verifies the Landau gauge
@ in Fourier transform it reads A, (k) = —i0,,,0"6(k)
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Gribov_ copies in NCQED
Solutions

We want to show that gauge potentials for which this equation has
solutions exist.

e Simplest situation: The gauge invariant connection
_ -1
Au(x) = =, x"

@ it verifies the Landau gauge
@ in Fourier transform it reads A, (k) = —i0,,,0"6(k)

the equation of copies is satisfied for arbitrary «
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Gribov_ copies in NCQED
Solutions

We want to show that gauge potentials for which this equation has
solutions exist.
e Simplest situation: The gauge invariant connection
Aulx) = _@;leu
@ it verifies the Landau gauge
@ in Fourier transform it reads A, (k) = —i0,,,0"6(k)

the equation of copies is satisfied for arbitrary «
Unfortunately, this connection is gauge invariant: a fixed point of
the gauge group — no new copies.
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Gribov copies in NCQED

Solutions
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Gribov copies in NCQED

Solutions

e Next to the simplest situation
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Gribov copies in NCQED

Solutions

e Next to the simplest situation
Au(x) ox O, x" x>
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Gribov copies in NCQED

Solutions

e Next to the simplest situation
Au(x) ox O, x" x>
2-dimensions
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Gribov copies in NCQED

Solutions

e Next to the simplest situation
Au(x) ox O, x" x>
2-dimensions

@ it satisfies the Landau gauge
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Gribov copies in NCQED

Solutions

e Next to the simplest situation
Au(x) ox O, x" x>
2-dimensions

@ it satisfies the Landau gauge

@ in Fourier transform A, (x) o< €,,(00"6(k)
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Gribov_ copies in NCQED
Solutions

e Next to the simplest situation
Au(x) ox O, x" x>
2-dimensions
@ it satisfies the Landau gauge
@ in Fourier transform A, (x) o< €,,(00"6(k)
@ zero modes equation:
2

4k
(—4k2D — 8 ek, ky 0,05 — a0 " 02k4> &(k)=0
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Gribov_ copies in NCQED
Solutions

e Next to the simplest situation
Au(x) ox O, x" x>
2-dimensions
@ it satisfies the Landau gauge
@ in Fourier transform A, (x) o< €,,(00"6(k)

@ zero modes equation:

4k?
(—4k2D — 8 ek, ky 0,05 — a0 " 02k4> &(k)=0

infinite number of solutions in terms of special functions.

0r2

2
Gnm(r, ¢) = (Cy cos ng+Cysin ngf))r\/m—1 exp(_rll_e)l_r\r/’m( 5 )
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Gribov_ copies in NCQED
Solutions

e Next to the simplest situation
Au(x) ox O, x" x>
2-dimensions
@ it satisfies the Landau gauge
@ in Fourier transform A, (x) o< €,,(00"6(k)

@ zero modes equation:

4k?
(—4k2D — 8 ek, ky 0,05 — a0 " 02k4> &(k)=0

infinite number of solutions in terms of special functions.

0r2

2
Gnm(r, ¢) = (Cy cos ng+Cysin ngf))r\/m—1 exp(_rll_e)l_r\r/’m( 5 )

can be extended to 4d case.
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Summary

Patrizia Vitale with F. Canfora, M. Kurkov, L. Rosa  The Gribov problem in Noncommutative Quantum Field Theory



Summary

e We have studied NCQED and found the equation for Gribov
copies
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Summary

e We have studied NCQED and found the equation for Gribov
copies
e We have studied some of the properties of the Fredholm equation
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Summary

e We have studied NCQED and found the equation for Gribov
copies

e We have studied some of the properties of the Fredholm equation
e We have explicitly exhibited potentials for which the equation
has an infinite number of solutions
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@ Is it possible to extend the Gribov-Zwanziger-Dell’ Antonio
restriction to NC QED?
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@ Is it possible to extend the Gribov-Zwanziger-Dell’ Antonio
restriction to NC QED?

@ What would be the modified propagator?
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@ Is it possible to extend the Gribov-Zwanziger-Dell’ Antonio
restriction to NC QED?

@ What would be the modified propagator?

@ is there any relation with the UV/IR mixing where a " Gribov
like" propagator emerges?
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@ Is it possible to extend the Gribov-Zwanziger-Dell’ Antonio
restriction to NC QED?

@ What would be the modified propagator?
@ is there any relation with the UV/IR mixing where a " Gribov
like" propagator emerges?

@ |s it possible to perform a global analysis in terms of global
properties of the algebras involved?
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@ Is it possible to extend the Gribov-Zwanziger-Dell’ Antonio
restriction to NC QED?

@ What would be the modified propagator?

@ is there any relation with the UV/IR mixing where a " Gribov
like" propagator emerges?

@ |s it possible to perform a global analysis in terms of global
properties of the algebras involved?

@ Scalar case ¢ — Ux¢p* UL
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Is it possible to extend the Gribov-Zwanziger-Dell’ Antonio
restriction to NC QED?

What would be the modified propagator?

is there any relation with the UV/IR mixing where a " Gribov
like" propagator emerges?

(]

Is it possible to perform a global analysis in terms of global
properties of the algebras involved?
Scalar case ¢ — Ux¢px U™?
s Compute S[¢y] — S[¢] and study the equation of " copies’ and
the correction to the propagator.
@ Compare with the translation invariant scalar model Gurau,

Magnen, Rivasseau, Tanasa '09
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