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Overview

Variational formulations in mechanics - a powerful tool to study:
— Symmetry and conservation laws;

— Reduction;

— Inclusion of constraints;

— Structure preserving numerical schemes;

— Derivation of new models;

Question: how can we extend these variational formulations to nonequilibrium
thermodynamics?

Various variational principles related to nonequilibrium thermodynamics:
Principle of least dissipation , ;
Principle of minimum entropy production
And others:

' 1 1

Our goal: develop a variational formulation that:
— Produces the complete set of evolution equations of the thermodynamical system
— Recovers the Hamilton principle "in absence of irreversible processes’.
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1. What is nonequilibrium thermodynamics?

1.1 Thermodynamics:

In a classical historical sense: not a dynamical theory!!

— Started during the industrialisation period;

— Closely related to the need to improve the efficiency of steam engines, i.e., the efficiency of
the conversion heat — work;

— Foundational work of Carnot in is book 1824:

REFLEXIONS
PUISSANCE MOTRICE|
DU FEU
SUR LES MACHINES

Nicolas Léonard Sadi Carnot (1796-1832) A famous movie from 1926

— Provides an upper limit on the efficiency 7 that any classical thermodynamic engine can
achieve during the conversion heat — work

_ Work done by the system <1 Teold

heat put into the system — Thot

Tcold (because of its reversibility).

— The famous Carnot cycle has n =1 — 7o
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— Many contributors to the field of thermodynamics: Carnot (1796-1832), Mayer
(1814-1878), Joule (1818-1899), Clausius (1822-1888), Kelvin (1824-1907), Maxwell
(1831-1879), Rayleigh (1842-1919), ....

— Since these foundational works until 1960, thermodynamics has been a

phenomenological theory mainly restricted to the description of either:
@ equilibrium states

@ quasi-static processes: processes that happen slowly enough for the system to

remain in internal equilibrium.
~» does not aim to describe the dynamic evolution of the system.

— Such a classical theory can be developed in a well established setting ( ),
governed by the well-known first and second laws.

- Main quantities:
@ The energy [J] of the system: the ability of the system to do work;

@ The entropy [J/K] of the system: a measure of its disorder and of the
unavailability of its energy to do work.
(Clausius, based on Carnot)
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- The two laws of thermodynamics (more precise later):

First law: For any system: AU = AW" 4 AQ ™" + AMt
Second law: For an adiabatically closed system (AQ®" =0 = AM™"): AS > 0.

- Usual quantities in thermodynamics (e.g., case of a fluid with one component):
— Extensive variables:

Energy U, Entropy S, Number of moles N, Volume V

Fundamental relation:
U = U(S, V, N) (energy representation) homogeneous of degree one;
S =5(U, V,N) (entropy representation) homogeneous of degree one.

— Intensive variables: in the energy representation:

Temperature T = g—g Pressure p = 72—5, Chemj;al potential u = g—%
- Extensive VS intensive variables: = = (§
1 v ] + 1 | — -y
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1.2 Nonequilibrium thermodynamics:
Goal: describe the macroscopic evolution of thermodynamical systems out of equilibrium.

- Also useful to predict final equilibrium states!

- There are systems, e.g., the controversial adiabatic piston problem, for which classical

thermodynamics cannot predict the final equilibrium state,

b o F“:U o The adiabatic piston problem:

3, { Yo S - Two fixed cylinders, one adiabatic movable piston
{ o i 'ﬁ : - A brake maintain first the piston at rest
' P ‘ ! PO ! Fr@ : . . P .
R ‘ : - ‘ 2 S| ! - Each two fluids are in equilibrium with

LS |[my, e i m TU ma, az

—_— ! : p1(0), T1(0), V1(0) and p2(0), T2(0), V2(0)
z ¢ - The brake is released:

~ find the final equilibrium state

- Importance of the transport phenomena:
matter (e.g., diffusion), heat (e.g., conduction), momentum (e.g., viscosity)

- Importance of the expression of the associated entropy production involving possible
cross-effects (Onsager’s relations).

- Deep impact in all branches of engineering and sciences

E.g., - successfully applied to biological processes such as protein folding and transport through membranes;
- fundamental for atmospheric circulation and weather prediction;
- fundamental for the dynamics of thermal, multiphase, multicomponent, or-viscoelastic fluids.
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Big names in non-equilibrium thermodynamics include:
Onsager (1903-1976) Nobel prize in chemistry, Stueckelberg (1905-1984),
Meixner (1908-1994), Prigogine (1917-2003) Nobel prize in chemistry.

ki -4

Non-equilibrium thermodynamics is a work in progress, not an established edifice.

Since 1960 Stueckelberg has consistently presented thermodynamics in a way similar to
mechanics, i.e. as a phenomenological theory with time evolution described by first order
differential equations ~» new point of view on macroscopic physical theories

) o [

-H—’u

[ e
e

Our variational formulations will reflect these inclusions.
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2. The two laws of nonequilibrium thermodynamics

(Stueckelberg's formulation)

- ¥ a physical system, X its exterior;

- The state of the system is defined by a set of state variables (usually a set of
mechanical variables and thermal variables);

- State functions are functions of these variables.

For every system X, there exists an extensive scalar state function E, called the
energy, which satisfies

d

IE(t) = Pyt(t) + P (t) + Pirt(t), where:

Pyst(t): power due to external forces acting on the mechanical variables of X;
Pt (t): power due to heat transfer from the exterior to X;

Pxt(t): power due to matter transfer from the exterior to X.

- Sometimes not possible to clearly distinguish between these three forms of

power (pour hot water into cold water...)
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@ A system is said to be closed if there is no exchange of matter, i.e.,
Pxt(t) = 0.
@ A system is said to be adiabatically closed if it is closed and there is no heat

exchanges, i.e., Piyt(t) = Pgrt(t) = 0.

@ A system is said to be isolated if it is adiabatically closed and there is no
mechanical power exchange, i.e., Piit(t) = Pt(t) = Pgyt(t) = 0.

- From the first law, it follows that the energy of an isolated system is constant.
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Second law:

For every system X, there exists an extensive scalar state function S, called
entropy, which obeys the following two conditions

(a) Evolution part:
If the system is adiabatically closed, the entropy S is a non-decreasing
function with respect to time, i.e.,

d
Es(t) =I(t) >0,

where /(t) is the entropy production rate of the system accounting for the
irreversibility of internal processes.

(b) Equilibrium part:
If the system is isolated, as time tends to infinity the entropy tends towards
a finite local maximum of the function S over all the thermodynamic states
p compatible with the system, i.e.,

lim S(t)= max_  S[p].

t—+o0 p compatible
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Definition:

@ The evolution of an isolated system is said to be reversible if /(t) =0,
namely, the entropy is constant.

@ The evolution of a system X is said to be reversible, if the evolution of the
total isolated system with which X interacts is reversible.

- Cyclic engines (ASgng = 0). The isolate system is Ygng U Xy U X.
Carnot is reversible AS;.; = 0, Rankine is irreverisibe ASio; > 0

Definition (Stueckelberg):

@ A simple system X is a macroscopic system for which one (scalar) thermal
variable 7 and a finite set of mechanical variables are sufficient to describe
entirely the state of the system.

From the second law of thermodynamics, we can always choose 7 = S.

@ A discrete system X is a collection X = UN_, ¥ 4 of a finite number of
interacting simple systems X 4.

- The adiabatic piston is not a simple system (S; and S3)
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INTERMEDIATE SUMMARY

@ Classical thermodynamics: field created during the industrialisation period;
study of equilibrium states and quasi-static processes.

@ Main concepts: energy and entropy; the two laws;
usual variables: U,S,V N, T, p, .

@ A controversial problem: the adiabatic piston problem cannot be solved in
the setting of classical thermodynamics. One needs the evolution equations.

@ Nonequilibrium thermodynamics: a field containing macroscopic disciplines:
classical mechanics, electromagnetism, fluid mechanics, ....

~» Qur variational formulation has to reflect this

@ Stueckelberg’s formulation of the two laws

@ Properties of a system: closed, adiabatically closed, isolate, reversible,
simple, or discrete.
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3. Variational principles in mechanics

3.1 Mechanical systems

Y a mechanical system.
@ configuration manifold;
state space: the tangent bundle TQ > (q, v);

- Examples of configuration spaces:

Material point Q@ = R3 5 x

Rigid body Q = SO(3) > A

Fluid mechanics Q@ = Diff(D) 3 ¢, X €D ¢(t,X) € D

Continuum mechanics Q = Emb(D, R3)

Electrically charged fluids @ = Diff(D) © C>(D, U(1))
—_— —D

fluid motion charge
Liquid crystals Q = Diff(D) ® C*(D,S0(3))
—— —_————
fluid motion microstructure
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- Equations of motions for mechanical systems

Naturally described and studied by using the Lagrangian and Hamiltonian
formalisms

Underlying abstract structures: variational principles, symplectic and Poisson
structures

3.2 Hamilton’s principle:
- Lagrangian function
L=1L(q,q): TQ — R L = kinetic energy — potential energy

- Equations of motion: q(t) critical curve of the action functional

among curves in Q with fixed endpoints: q(0) = qo, q(T) = g7.

~» Hamilton's principle:

T T

oL doL oL

0—(5/ t dt = / <—) ogdt+—9
t),q(t)) A 9q diog) ¢ 9% qo
—_— N——

Euler-Lagrange equations  Lagrangian 1-form on TQ
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3.3 Forced mechanical systems
System not isolated in mechanics ~ P,

External force F™' : TQ — T*Q can be easily included in the variational
principle

- Hamilton's principle with force
-
5 / (et + [ (P (ale). a(0). Ga(e)) o = O
0

- Equations of motion

ext

doL_ oL _
dtog 0Oq

E(q,q) = <gg, c'1> —L(q,9)

—E = (F*',q) = Py': first law in mechanics

- Energy

d
dt
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3.4 Nonholonomic mechanical systems:

Rolling constraint: rolling ball, bike, cars,...

O

Electrical network: Infinite dimensional example:
T

Croe|==lr f1=le £l e

(Kirchhoff current law:
constraint distribution on the configuration charge space)

~» constraint distribution A C TQ.
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@ configuration manifold, L : TQ — R Lagrangian.
Nonholonomic linear constraint A C TQ, vector subbundle.

- Lagrange-d'Alembert principle

d

.
d

L(g.,q.)dt =0, where 5g = — €A and geg € A

deg_o/o (9, G:) , wheredg= —|  g-€Aand g€

e=0

- Equations of motion
doL 0oL

—— ——€AN°, geA
dtog  dq I
Can be written with a Lagrange multiplier: A = kerw
doL oL
dtdg 9dq
This is NOT a Lagrange multiplier variational principle!
(" vakonomic mechanics”, useful in control problems)
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Variational principles in Lagrangian mechanics:

@ A systematic and efficient way to recover equations or propose new models
in classical mechanics

@ Naturally extend to include external forces and linear nonholonomic
constraints

@ A natural setting to study the symmetries of the system and deduce the
corresponding conservation laws via Noether's theorem

@ Admits a temporal discretization useful to derive numerical schemes
(variational integrators)
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4. Variational formulation for the nonequilibrium

thermodynamics of simple discrete systems

4.1 From mechanics to nonequilibrium thermodynamics: why do we need
the entropy?

Mass-spring system with friction: mass m, spring constant k, friction force

1 -2 1 2
Emec = 3mx” + 5 kx

Fir(x,x) = =A% if x#0, A>0
{ (%) s i X7 Equations of motion: m% = —kx + F™

IFf < Ffr if x=0

Experiment in two steps:

- b ) (1) 0 — 1: Relaxation to an equilibrium
o =0 . . .
5 Initial mechanical state: xp # 0, X = 0.
2 I . . .o el e .
SSSSSOR IR Damped oscillations until it reaches equilibrium state: x; = 0, x; = 0.
650 Computation %Emech = xF" = —)\|x]

Isolate system: First Law = %E = 0, where E is state function

= there exists some state function U, called internal energy,
such that E = Ejpeen + U

(11) 1 — 2: Back to initial position by applying an external force F°**
First Law: ZE = Py* = Fo*'%

2
¢0<We’“:/ Potdt=E — 5 2 E — Ey=Us — Up
f

Original and final mechanical states are identical & E is a state function & U, > U;

=> there exists an additional state variable; Second Law =- this variable is'the entropy.
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First and Second Laws force us to introduce a new non-mechanical state
variable, the entropy, to distinguish the final state from the original one.

- Energy:

E(x,%,S) = %m)'(2 + %kx2 + U(S)

- Lagrangian: a function L = L(q,v,S): TQ xR - R
- Equation for S: If the system is isolate

d

0= EE = Ffrg 4 TS7 T = g—g the temperature.

~» Complete system of evolution equations

mx = —kx + FT mechanical equation

- 1 A
S= —7Ffr>'< = ?|X| thermal equation
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4.2 The variational formulation ( )

Theorem

Consider a simple closed system: L: TQ x R —» R, F&=t Ffr - TQ x R — T*Q, P,?,Xt.
Suppose (q(t), S(t)) satisfies
t t
) L(q,q,S)dt +/ (F**(q,4,S),dq) =0, VARIATIONAL CONDITION
ty

ty

with nonlinear nonholonomic constraint
oL 2 C fr : . ext
ﬁ(q, q,5)S = <F (9,4,S), q> — P, PHENOMENOLOGICAL CONSTRAINT

and with respect to variations §q and §S subject to

oL '
g(q, q,5)0S = <Ff’(q, q, S),6q>, VARIATIONAL CONSTRAINT

with §q(t1) = dq(t2) = 0.
Then, the curve (q(t), S(t)) satisfies

doL oL
— = = = F"%q,4,5)+ F(q,q9,5
405 9q (g,9,S)+ F™(q,4q,S),
oL

ES = <Ffr(q, q, 5)7q> — Pf/Xt.
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@ Roughly speaking: we include thermodynamics by imposing the Second Law as a
nonholonomic nonlinear constraint;

@ Pass from the phenomenological constraint to the variational constraint in a
"similar way” with nonholonomic mechanics: (more later...)

geA ~ dqg€A.

@ Assume X is isolate. In this case the evolution of the system is reversible if and
only if (F™(q(t),d(t)),4(t)) = 0. The system is reversible if and only if F™ = 0.

Proof. Applying

th t
5 [ Ua.a. S+ [ (F(a,4,5).dq) =0
t-

1 ty

and using dq(t1) = dq(t2) = 0, we get

t2 oL d oL ext oL .
/tl <<%—E%+F ,6q>+£55> dt =0.

Variational constraint ~ replace %65 by the virtual work of the friction force
(F™(4,4,5),4q). u
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Example 1: piston

System
Plel_\l
ext
% b)) ideal gas confined by a piston in a cylinder
Y pi closed system: Pyt =
o o state variables (x, X, S)
derived in
[ S from Stueckelberg's two laws
P

x

Lagrangian and forces

L(x,%,S) = %ka —U(x,S), U(x,S):=U(S,V = Ax, No)

5 e+t :
7"’%) (Nﬂo) (%) : internal energy of the gas

=2

1
U(S, N, V) = Upe(
deduced from U = cNRT and pV = NRT, c the gas constant (e.g. ¢ = % for
monoatomic gas, ¢ = g for diatomic gas), R the universal gas constant.

Friction force
F™(x,x,5) = =A(x, S)x

A(x,S) > 0 phenomenological coefficient.
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Phenomenological constraint

au C - ex
ﬁs = A(X7 S)X2 + PH t

Variational formulation

53 tr
5 [ [;m% —Ulx, 5)] dt+ [ (F(q.4.5).09) de =0,
t1 t1

subject to the variational constraint

ou :
gas = A(x, §)xdx.

Evolution equations

{ mx = p(x, S)A+ F®' — X\(x, S)x mechanical equation

TS = A(x, S)x% + P&t thermal equation
where T = % and p = fg—g.
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Example 2: including matter transport

System
Two reservoirs k = 1,2
Membrane one membrane k = m
——
| Reservoir 1 [l m [ Reservoir 2 Number of moles N(¥), k =1,2,m
Ofﬁxﬁlﬂiﬂ;;f&al . . . State variables (N(l), NG N S)
LI A JO flux "reservoir 1 — membrane”
) Him) Heo J@ flux "membrane — reservoir 2"
. . .
° internal energy U(S, N, N(2) n(m)

ou

chemical potentials k) = 350

Entropy production:

. 1
S=-= (J(l)(u(l) = tim)) + I ((my — M(z)))
see, e.g., . The fluxes are determined

phenomenologically.

How to interpret this as a phenomenological constraint to which is naturally
associated a variational constraint?

Define the thermodynamic displacements W) such that W(k) = (k)
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Lagrangian
L(S, N NG N("’)) —U(s, N NG N(”’))
Phenomenological constraint

Using the thermodynamic displacements Wy,

ﬁs JOW1) = Wimy) + SO (Wi — Wa))

Other constraint mass conservation
N L @ 4 jm — o

Variational formulation
We need equations of evolution + thermodynamic displacements ~»

5/ L(S,ND NP Nm) 4 v'\/(k)/v(k)) dt =0,
subject to the variational constraints
L
O 55 = 4 (SWay — dWimy) + JP (W) — W),  SND + NG + sNIM =

oS
with Wy(ti) =0, for k =1,2,mand i = 1,2
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Evolution equations

{ N = Oy — @)y @) @) = — J@) matter diffusion equation

TS =—J0 (k) = Hmy) — J(2)(u(m) — 142)) thermal equation
where T = 35 and p = g—e.
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Example 3: chemical reactions
System

System of R chemical components | = 1,..., R undergoing r chemical reactions

a=1..,r
/a //a
E vl g v a=1,..,r,
I

a), ( ) forward and backward reactions associated to the reaction a
V"7, V'{: forward and backward stoichiometric coefficients for / in reaction a.

e.g., photosynthesis: 6CO5 + 6H20 — CgH120¢ + 602
6 carbon dioxide + 6 water — 1 glucose + 6 oxygen.

- Number of moles of the component /: N;.
- Internal energy of a multicomponent gas: U = U(S, Ny, ..., Ng, V)
- Affinity of reaction a: A? := — Zf’:l vipl,a=1,..r

- Mass conservation during each reaction: Lavoisier law
"rien ne se perd, rien ne se crée, tout se transforme”:

E mui =0, Ya, vi:=v"] v, m molecular weight of /
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- Entropy production _
TS = JSA° + P,
where JIT is the friction rate of reaction a, determined phenomenologically.

As before: associated variational constraint?

Define the thermodynamic displacements v, such that v, = A?.

Lagrangian
L(Nl, vy NR: 5) = —U(/Vl7 vy NR, S, \/0)7 (iSOChOI’iC)

Phenomenological constraint Using thermodynamic displacements v?:
oL . <
el Z Jéljrl)a _ P;flxt
oS gt

Other constraint Chemical constraint
R

v = E viw!
=1
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Variational formulation
We need equations of evolution + thermodynamic displacements ~»

tr R .
5/ L(Ny, ..., Nr, )+ >  W'N; | dt =0,
5%

1=1

subject to the variational constraints

r R
%55 = J¥6v® and 67 =) W/,
a=1 I1=1

Evolution equations
Ny = Jirug matter reaction equation
TS = JrA? + Pgxt thermal equation

_ U
where T = 95

Francois Gay-Balmaz (CNRS-ENS-PARIS) Nonequilibrium thermodynamics



Example 4: coupling of matter transfer and chemical reactions

Membrane transfer with several chemical components:

Chemical _ _
component I Reservoir 1 Membrane m Reservoir 2
’ ° g1 ° ° P M o
R . .
) I 1 1 [}
Chemical o © Hiy Hmy Kz

o

Svire Y DRSS WT DY
I I 1 I i i

component K

1 6] )
" . Ji Ji .
o ° o — o
K o . K o L
o iy Him) H2)

R chemical components that can - diffuse through the membrane

- undergo r chemical reactions

Number of moles NV, N N j =1, R

J,(l) flux " reservoir 1 — membrane”, for component /
J,(z) flux "membrane — reservoir 2", for component /
R

1 2 a a
U(S,{N,( )v N/( )) N/(m)})v By = W’ (k) = —ZV/ Méky a=1,..
I I=1

Thermodynamic displacements ka), W(’k) with 77 = A?k) and W(’k) = p(k).
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4.3 Variational formulation for the coupling of mechanics, matter transfer
and chemical reactions ( )

Theor

Consider a simple closed system with - Lagrangian L : TQ x R X RRXr L, R
- External force and heat power F®** : TQ x R x RR*r T*Q, PeXt

- Fluxes F'™ : TQ x R x RR*X" & 77 Q and JI, SF ) . 7@ x R x RR*" 5 R.
Suppose (q(t), S(t), N, (k)(t) (t), (t)) satisfies
© t2 VARIATIONAL
L(q, 4,5, {n"} W )dt <Fe"t > =
2 /t1 ( (94,5, {N;"}) + Z * /fl 0 67 0, CONDITION
with nonlinear nonholonomic constraint: PHENOMENOLOGICAL & CHEMICAL CONSTRAINTS
i £ g t g Al
*5‘<Fr"’> Z( = W) + 47 Wy = W) + ZJT o —PE P = 22 v W
1
fncnon
matter transfer chemical reaction chemical constraint
and with respect to variations §q, 65, 6N,(k), 6W(’k), 61/&) subject to VARIATIONAL CONSTRAINTS

R
—55 (F™,5q) +Z (4D Wy = W) + ISP (W) — 8W)) + DI Wangy, 0y = Z Vs Why
N e’ k,a

virtual friction
virtual matter transfer el virtual

chemical reactions chemical constraint
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Then, the curve (q(t), S(t), N (t)) satisfies

d oL oL 8
= [FF o 2 mechanical equation

dt 9q aq

reaction-diffusion equations

N — J()+Jfr(2) 2 I=1,..,R.

Jfr(k)A(ak) — Pg*"  thermal equation.

—T5=—(F& q) + Y () — ¥my) + J/(Z)(ﬂz m — M) —

Nonequilibrium thermodynamics
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INTERMEDIATE SUMMARY

@ From mechanics to nonequilibrium thermodynamics:
illustrated, from a basic example, the need of introducing a new
non-mechanical state variable: the entropy.

@ Variational formulation (first look):
regard the second law as a nonlinear constraint: called " phenomenological”;
construct the associated variational constraint " virtual second law" .

@ Various examples:
First: strict application of the theorem to the piston;
Then: does the same ideas apply to matter transfer and chemical reactions?
Yes!!: define the corresponding " thermodynamic displacements”.

@ Variational formulation for simple systems:
Systems with friction, matter transfer, chemical reaction. Unifying idea:

g I, v — é&q, or, év
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5. Geometric structure of the variational formulation

- The phenomenological constraint in thermodynamics is nonlinear.
Example: given by

¢={@a59 e T@x B Je(0.0.95 = (F(@.0.5).4) } < T(@x®)
- In thermodynamics: natural definition of the virtual constraint:

oL, . w
59,65 such that g(q,q,5)55—<F (q,q,S),5q>

- In mechanics, nonlinear constraints C C TQ have been considered:
. Lagrange-d'Alembert principle?

- For Chetaev: if C ={(q,v) € TQ | R(g,v) = 0}, then
6q such that g—fj(q, v)-dg=0

- Simple examples show that Chetaev’s rule cannot be used in general (e.g., for some

systems in obtained as limits of linear constraints, already observed in
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- considers the kinematic constraint Cx and the virtual constraint Cy as
independent objects.

- Geometric setting in

kinematic constraint Cx C TQ: a submanifod
variational constraint Cyv C TQ X TQ such that

Cv(g,v) :=CvnN({(q,v)} x T4Q) are vector subspace of same dimensions

- Principe of virtual work

d

de

T
. d . .
/ L(q57 qf)dt = 03 Where 6q = -0 qE € CV(C], q) and (qa q)E:O € CK
e=07/0 de e=0

- Equations of motion

Jt0q  oq € Cv(q,9)°, (9,9) € Ck
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(1) Mechanics with linear nonholonomic constraints
CK =A~ C\/ = TQ XQ A ie. C\/(q7 V) = A(q)

~» Energy preserving

(2) Chetaev's approach:

. OR
Gk ={(q,v) € TR | Rx(q,9) = 0} ~ Cv = {(q,v,0q) | 7 ~(q,v) - ¢ = 0}
Recovers (1) if Ck linear
~> Not energy preserving in general
(3) Thermodynamics of simple and isolated systems without matter transfer and
without chemical reactions: @ ~ Q X R,

Cv C T(QxR) xgxr T(Q xR)~ Ck C T(Q x R)

Also mathematically recovers (1) (with @ — Q x R) if Cv does not depend on v
(forbidden by the Second Law!!).
~> Energy preserving (First Law).
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6. Variational formulation for the nonequilibrium

thermodynamics of discrete systems

6.1 Discrete systems

Recall: closed discrete system X = UN_ X4, X4 simple systems

n,

- State variables g € Qs (not ga), Sa, A=1,...,N.

- External forces: P =3, P4 =30, (F 74 g),

Fo =2 TQs xRN — T7Qs

- External heat power: P5" = AR PE=4, £ heat sources: system with Ug(Sg)
- Friction forces F(4) . TQs xRV — T*Qx

- Internal heat power exchange P54,
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6.2 Internal heat power as a " friction force”

- From the first and second law
Pi " = kas(q, S*, SP)(TP = T,

rag = kBa > 0 heat transfer phenomenological coefficient.

We write
N N N
SUPEA = =3 Ui (g, 54,50 TE, W - ( o> kac
B=1 B=1 c=1

~> suggests to write Tg = 5.

Define the thermodynamic displacement I'g such that 'rB = Tg.

- Such a variable has been considered!! (non classical heat

conduction theory): the thermal displacement.

- Introduction of ['4 ~ introduction of X4 (in entropy units, clarified in the continuum

case)
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6.3 Variational formulation ( )

Consider a closed discrete system with L, Fe<t—=4, Ffr(A) PE"A, and Jg(B).
Suppose (q(t), Sa(t), TA(t), Za(t)) satisfies
f2 . B2 VARIATIONAL
a o A ext —
o (a5 50) 4 350 - )+ e =0
with nonlinear nonholonomic constraint:
oL N (A) PHENOMENOLOICAL
=/ fr(A) - r(A)rB _ pext—A
9Sa A= <F 7q> * ;JB M= Ph > VA, CONSTRAINT
and with respect to variations 8q, 6Sa, 6TA, 6% 4, 61/(3,() subject to
fr(A fr(A 3 VARIATIONAL
62A N <F ) 6q> Z g IS, ) CONSTRAINT
Then (q(t), Sa(t)) satisfies
5 N
i%_%_ZFﬁ( )+FSXt7
dt 9g 9dq = . a oL
oL =i m and Sp=3%,, T =
S, — fr(A) fr(A)-B _ pext—A A
55,58 (F ,q>+BZ:1JB T — =t A,
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7. Variational formulation for the nonequilibrium

thermodynamics of continuum systems

7.1 Geometry of continuum mechanics

- Configuration space: @ = Emb(B,S), B compact with smooth boundary;
dimS =dim B, often S =B or S =R".

- Motion: ¢(t) € Emb(B,S)
x = p(t, X), X*: material coordinates; x* spatial coordinates
- Reference fields: pref(X), Sret(X), Gret(X), others
- Spatial fields: g(x), .....
- Lagrangian: L: T Emb(B,S) — R, general form

Lip.¢) = / (X, 9(X), (X), Tx@)pic,e(X)

1 .
= /;3 |:§pref|<p|§ucref — E(TXP, vooref JhGrog — Pret V(P) | 16t

- Boundary conditions:
I) free boundary ) fixed boundary: e.g., S = B - no slip: ¢|og = id ~ Q = Diffy(S)
- tangential:- Q = Diff(S)

Francois Gay-Balmaz (CNRS-ENS-PARIS) Nonequilibrium thermodynamics



7.2 Hamilton’s principle in reversible continuum mechanics

- Equations of motion

2]
5 / Lip.¢)dt =0, 6p(0) = 6p(T) =0, Splos = ..

Jt

D¢ ons ons
~ prcfﬁf = DIV P 4 prCchons’

o¢ fe
peons = : Piola-Kirchhoff stress tensor
aTng

BCOIIS P—

—(dV o p)*s: material body forces

-P(X): TxB x T;S — R a two-point tensor field;
-DIVP? = P s = PA, o+ PLT1, — PAAL,0" a, relative to Gyt and g
- D/Dt relative to g.

- Boundary conditions:

1) P™(N°¢,_) =0 on B I1) nothing or P™(N’¢, _)|795 =0 on OB
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- Spatial representation:

Assume right invariance w.r.t. isotropy subgroup of the reference fields.
Define the spatial fields

P 1= Y«pref Mass density

b:= Lfg*(Grnef

S 1= .St spatial entropy

) Finger deformation

~» spatial Lagrangian
Lo 02
Uv,p,s,b) = s §p|v|g —€e(p,s, b) — pV Mg

- Equations of motion

p(Opv + v - Vv) = div g™ 4 pbons, balance of momenta
Orp +div(pv) =0, 0Oys +div(sv) =0, 0:b+ L,b=0, continuity equations

cons t cons Oe Oe cons Oe s
o =—pgitog , P=€—p——S5, Og =2 %-b
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7.2 Heat conducting viscous fluid (Navier-Stokes-Fourier)
Recall the variational formulation for the thermodynamics of discrete systems:
-need 4 and X 4;

- entropy is a dynamic variable:
L(p, i Seet)s Sret(X)  ~ L(p,#,5), S(tX)
- Friction force ~» friction stress:
(Fh.q)  ~  (PT)e:VEp
- Heat conduction:
kag(TE—-THA), TA=1  ~  Js-dT, T=T,

Js(t, X): entropy flux density;
I(t, X): temperature displacement;
T(t, X): temperature; all in material representation.

- Heat power supply:

P(%Xt ~ PEXt = /BprefRNGref'
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Theorem (Variational formulation of Navier-Stokes-Fourier equations)

The variational formulation

(5/ ( ©, 0, S /(5 - Z)f,ucret) dt =0, VARIATIONAL CONDITION
B

with no-slip boundary conditions |gop = id,

0L -

%Z— (Pfr)bé’ Ve + Js - dr — Pref R, PHENOMENOLOGICAL CONSTRAINT
%52— (Pfr)bé’ :VEop 4+ Js - doirl, VARIATIONAL CONSTRAINT

and 0T |9 = 0, yields the Navier-Stokes-Fourier system

DV .
prefﬁ = Dl\/(PconS + Pfr) + prechonS7 V = ©

with ¥ =5+ DIV Jg!!!
(S + DIV Js) = (P)’s : VBV — J5 - dT + pretR,

Moreover: 6T |op free = Js - N°¢ |55 = 0.
If in addition p.et R = 0, then the fluid is adiabatically closed.
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- Spatial representation:
Check that L and the constraints are right-invariant

~+ Similar variational formulation in spatial variable yields:
p(Ov +v - Vv) = —grad p + dive'™, = 8pp—l—ass—s
Orp + div(pv) =0,
T(9¢s +div(sv) + divjs) = (o)’ : Vv —js - dT +pr, T =%,

(familiar form of Navier-Stokes-Fourier, e.g., )
- Thermodynamic phenomenology:

Phenomenologlcal expressions for the " fluxes” o™ and js in terms of the
" affinities” Defv and dT compatible with the Second Law.

Well-known relations
2
fr — 2 (Def v)be + (( - 3,u> (divv)g® and Tjég = —kdT (Fourier law),

w1 > 0 shear viscosity, ( > 0 bulk viscosity, £ > 0 thermal conductivity.
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7.3 Multicomponent reacting viscous fluid

Works by collecting all the previous examples

p(Ov +v-Vv) = —gradp+dive™, p= anA”A + 525 — €,
Orna + div(nav) + divja = jar3,

T(0;s + div(sv) +divjs) = ()’ : Defv —js -dT —ja-dp? + jo.A% + pr,

- Thermodynamic phenomenology:

_ Js _ Lss Lsg dT Trofr _
A Las Lag| [duB|" | Ja

Positive quadratic forms & satisfy Onsager’s reciprocal relations.

Loo ['Ob:| |:§ divv

Lo Lap Ab :| (o fr) _2;L(Defvﬁg)()
a a

- Important application: atmospheric entry
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Current works:

Reduction

@ Dirac structures

@ Discretizations
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Thank you
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