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Rectifiability
H" is the n-dimensional Hausdorff measure.

A set E C RY is called n-rectifiable if there are n-dimensional C! (or
Lipschitz) manifolds I'; such that #"(E \ |J; ;) = 0.
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H" is the n-dimensional Hausdorff measure.

A set E C RY is called n-rectifiable if there are n-dimensional C! (or
Lipschitz) manifolds I'; such that #"(E \ |J; ;) = 0.

A Borel measure 1 on RY is called n-rectifiable if it is of the form
dp=gdH"[E,

where E is n-rectifiable and g € L} _(H"|g).

loc

Characterization of n-rectifiable sets and measures in terms of:
@ existence of approximate tangents,
@ existence of densities,
@ the size of projections.

(Besicovitch, Federer, Mattila, Preiss...).
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Rectifiability and approximate tangents

Theorem (Besicovitch)

Let E C RY with H"(E) < co. Then E is n-rectifiable if and only if at
‘H"-a.e. z € E there exists an approximate tangent n-plane V. That is, for
all' s > 0,

im HENB(z,r)\ X(z,V,s))

r—0 rn

=0,

where X(z,V,s) is the double cone with vertex at z and axis equal to V.
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Rectifiability and densities

. . . : 1(B(x,r))
Upper n-dimensional density of p:  ©"*(x, u) = limsup,_, —
_ _ _ L B(x,r
Lower n-dimensional density of u: ©%(x, 1) = liminf,_o 7M( E,, ))
_ _ _ ] B(x,r
n-dimensional density of u: ©"(x, ) = lim, 5o M( E” ))

Theorem (Preiss)

Let ;1 be a Radon measure on RY. Then 1 is n-rectifiable if and only if
O©"(x, ) exists and is nonzero for yi-a.e. x € RY.
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AD-regular sets and uniform rectifiability

Uniform n-rectifiability is a quantitative version of n-rectifiability
introduced by David and Semmes.
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AD-regular sets and uniform rectifiability

Let E C RY. We say that it is n-AD-regular (or Ahlfors-David regular) if
Jc > 0 such that

LM <H"(B(x,r)NE)<cr" for x € E, 0 < r < diam(E).
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AD-regular sets and uniform rectifiability

Let E C RY. We say that it is n-AD-regular (or Ahlfors-David regular) if
Jc > 0 such that

LM <H"(B(x,r)NE)<cr" for x € E, 0 < r < diam(E).

E is uniformly n-rectifiable if it is n-AD-regular and there are M, 6 > 0
such that for all x € E, 0 < r < diam(E), there exists a Lipschitz map

@ :R" D B,(0,r) = RY, Lip(p) < M,

such that
H"(E N B(x,r)Ne(By(0,r))) >6r".
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AD-regular sets and uniform rectifiability

Let E C RY. We say that it is n-AD-regular (or Ahlfors-David regular) if

Jc > 0 such that
LM <H"(B(x,r)NE)<cr" for x € E, 0 < r < diam(E).
E is uniformly n-rectifiable if it is n-AD-regular and there are M, 6 > 0
such that for all x € E, 0 < r < diam(E), there exists a Lipschitz map
¢ :R"D B,(0,r) = RY  Lip(p) < M,

such that
H"(E N B(x,r)Ne(By(0,r))) >6r".

A measure p is n-AD regular if it is of the form
dp =g dH"|E,

where E is n-AD regular and g ~ 1.
w is uniformly n-rectifiable if moreover E uniformly n-rectifiable.
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Uniform rectifiability and Jones’ 3's
Given a ball B(x, r) and a measure x in RY, we denote

uslocr) =it (5 [ (T g "
S L rt yEB(x,r) r ’

where the infimum is taken over all n-planes L.
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Given a ball B(x, r) and a measure x in RY, we denote

uslocr) =it (5 [ (T g "
S L rt yEB(x,r) r ’

where the infimum is taken over all n-planes L.
Bu,p(x, r) measures how close y is to some n-plane L in B(x,r).

Theorem (David-Semmes)
Let pv be n-AD-regular. 1 is uniformly n-rectifiable iff for all xo € supp

and R >0 R dr
/ / Bua(x,r)? du(x) — < cR".
x€B(xo,R) J0O r
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Uniform rectifiability and Jones’ 3's
Given a ball B(x, r) and a measure x in RY, we denote

uslocr) =it (5 [ (T g "
S L rt yEB(x,r) r ’

where the infimum is taken over all n-planes L.
Bu,p(x, r) measures how close y is to some n-plane L in B(x,r).

Theorem (David-Semmes)
Let pv be n-AD-regular. 1 is uniformly n-rectifiable iff for all xo € supp

and R >0 R dr
/ / Bua(x,r)? du(x) — < cR".
x€B(xo,R) J0O r

@ This can be thought of as an analog of the characterization of
rectifiability in terms of existence of tangents.
@ A previous L™ version of this result for n = 1 by Peter Jones.
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Rectifiability and 3’s in the non AD-regular case

Theorem
Let uu be a Radon measure in RY such that 0 < ©™*(x, 1) < oo for pi-a.e.
x € R4, Then  is n-rectifiable if and only if

1
dr
/ Bu2(x, r)? — < oo for p-a.e x € RY.
0 r
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Rectifiability and 3’s in the non AD-regular case

Theorem
Let 11 be a Radon measure in RY such that 0 < ©™*(x, ) < oo for y-a.e.
x € R4, Then  is n-rectifiable if and only if

! o dr
/ Bua(x,r)> — < oo for u-a.e. x € R,
0 r

® = by T., and < by Azzam and T.
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Theorem
Let 11 be a Radon measure in RY such that 0 < ©™*(x, ) < oo for y-a.e.
x € R4, Then  is n-rectifiable if and only if

! o dr
/ Bua(x,r)> — < oo for u-a.e. x € R,
0 r

® = by T., and < by Azzam and T.

Corollary

Let E C R? be an H"-measurable set with H"(E) < co. The set E is
n-rectifiable if and only if

1
d
/ Brin) e 2(X, r)? Tr < oo forH"-a.e x€E.
0
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Rectifiability and 3’s in the non AD-regular case

Theorem
Let uu be a Radon measure in RY such that 0 < ©™*(x, 1) < oo for pi-a.e.
x € R4, Then  is n-rectifiable if and only if

1
dr
/ Bu2(x, r)? — < oo for p-a.e x € RY.
0 r

Previous results

@ Pajot proved = assuming p to be AD-regular.
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Rectifiability and ’'s in the non AD-regular case

Theorem
Let uu be a Radon measure in RY such that 0 < ©™*(x, 1) < oo for pi-a.e.
x € R4, Then  is n-rectifiable if and only if

1
dr
/ Bu2(x, r)? — < oo for p-a.e x € RY.
0 r

Previous results

(]

Pajot proved = assuming p to be AD-regular.

(]

Badger and Schul proved a dyadic version of = for n = 1 valid of
meaures which may not be absolutely continuous with respect to 1.

Pajot proved < for yn = H"|E assuming ©7(x, ) > 0 p-a.e.

(]

Badger and Schul proved < for i such that
0 < O7(x,pu) <O™(x,u) < o0 p-ae.
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Uniform rectifiability and densities

#(B(x, r))

Recall that w is n-rectifiable iff lim,_,q > 0 exists u-a.e.
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Uniform rectifiability and densities
n(B(x, r))

Recall that p is n-rectifiable iff lim,_q - > 0 exists p-a.e.
r

What about uniform rectifiability?
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Uniform rectifiability and densities

, . B(x, .
Recall that p is n-rectifiable iff lim,_q W > 0 exists p-a.e.
e (Blx.r) _ u(B(x.20)
u(B(x,r u(B(x,2r
Aulxr) = rn (@)
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Uniform rectifiability and densities

: . B(x, .
Recall that w is n-rectifiable iff lim,_,q W > 0 exists u-a.e.
Jenere (Bl.r)  (B(x.20)
u(B(x,r u(B(x,2r
Aulxr) = rn (@)

Theorem (Chousionis, Garnett, Le, T.)
Let pv be n-AD-regular. 1 is uniformly n-rectifiable iff for all xo € supp

and R >0
R 2 dr n
A,u(x,r)*du(x) — < cR".
x€B(xg,R) J0O r
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Uniform rectifiability and densities

: . B(x, .
Recall that w is n-rectifiable iff lim,_,q M > 0 exists u-a.e.
r
Jenere (Bl.r)  (B(x.20)
u(B(x,r u(B(x,2r
Aulxr) = rn (@)

Theorem (Chousionis, Garnett, Le, T.)
Let pv be n-AD-regular. 1 is uniformly n-rectifiable iff for all xo € supp

and R >0
R 2 dr n
A,u(x,r)*du(x) — < cR".
x€B(xg,R) J0O r

@ Previous C1*¢ versions of this result by Kenig-Toro,
David-Kenig-Toro and Preiss-T.-Toro.
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A coefficients in the non-AD-regular case (1)

Theorem (T., Toro)

Let ;1 be a Radon measure in RY such that
0<Of(x,pu) O™ (x,u) < oo p-ae.

The following are equivalent:
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Theorem (T., Toro)

Let ;1 be a Radon measure in RY such that
0<Of(x,pu) O™ (x,u) < oo p-ae.

The following are equivalent:

(a) p is n-rectifiable.
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A coefficients in the non-AD-regular case (1)

Theorem (T., Toro)

Let ;1 be a Radon measure in RY such that

0<Of(x,pu) O™ (x,u) < oo p-ae.

The following are equivalent:

(a) p is n-rectifiable.

1
d
(b) / Au(x,r)? Tr < oo for p-a.e. x € RY.
0
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A coefficients in the non-AD-regular case (1)

Theorem (T., Toro)

Let ;1 be a Radon measure in RY such that

0<Of(x,pu) O™ (x,u) < oo p-ae.

The following are equivalent:

(a) p is n-rectifiable.
! o dr
(b) / Au(x,r) — <o for p-a.e. x € RY.
0

(c) Iir‘% Au(x,r) =0 for p-a.e. x € RY.
r—
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A coefficients in the non-AD-regular case (1)

Theorem (T., Toro)

Let ;1 be a Radon measure in RY such that

0<Of(x,pu) O™ (x,u) < oo p-ae.
The following are equivalent:

(a) p is n-rectifiable.
! o dr
(b) / Au(x,r) — <o for p-a.e. x € RY.
0

: _ } d
(c) rll_rpo A,(x,r) =0 for p-a.e. x € RY.
@ (c)=(a) is false without the assumption ©7(x, ) > 0 p-a.e.
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A coefficients in the non-AD-regular case (2)

Theorem (T.)
Suppose n = 1.
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A coefficients in the non-AD-regular case (2)

Theorem (T.)
Suppose n = 1. Let ju be a Radon measure in RY such that

0< O (x,n) <o p-ae.

Then v is 1-rectifiable if and only if

/A“(xr — <00 p-ae
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A coefficients in the non-AD-regular case (2)

Theorem (T.)
Suppose n = 1. Let ju be a Radon measure in RY such that

0< O (x,n) <o p-ae.

Then v is 1-rectifiable if and only if

1
d
/ A,(x,r)? Tr < oo p-a.e
0

@ Other related results which compare the measure in close scales using
Wasserstein distance by Azzam, David and Toro (assuming p
doubling).
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A coefficients in the non-AD-regular case (3)

Corollary
Let E C RY, with H"(E) < oo.
In the case n =1, E is 1-rectifiable if and only if

1
d
/0 Do) (x, r)? Tr <oo Hlae xeE.

X. Tolsa (ICREA / UAB) Rectifiability, the Jones' 3 coefficients, and densities January 11, 2015 11 /19



A coefficients in the non-AD-regular case (3)

Corollary

Let E C RY, with H"(E) < oo.
In the case n =1, E is 1-rectifiable if and only if

1
d
/0 Do) (x, r)? Tr <oo Hlae xeE.

In the case n > 1, E is n-rectifiable if and only if

1
d
©7(x,H"|g) >0 and / Dy (x, 1) Tr <oo HMae xeE.
0
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Some arguments

Proof that
! 2 dr
/ /3p,2(X7 f) T <00 -a.e.
0

— u rectifiable, assuming 0 < ©™*(x, ) < oo p-a.e.
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Some arguments

Proof that
! 2 dr
/ /3u,2(X7 f) T <00 -a.e.
0

— u rectifiable, assuming 0 < ©™*(x, ) < oo p-a.e.

o o dr
We can assume that Bu2(x,r) ~ du(x) < oo.
0

We use a geometric corona decomposition:

We split the dyadic lattice D into “trees” of cubes.

For Q € D, denote ©,(Q) = 5((5)1

In each tree 7 C D with root R € D, ©,(Q) =~ ©,(R), for every Q € T.
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Some arguments

Proof that
! 2 dr
/ /3u,2(X7 f) T <00 -a.e.
0

— u rectifiable, assuming 0 < ©™*(x, ) < oo p-a.e.

We can assume that // Bua(x,r)? % du(x) < oo.
0

We use a geometric corona decomposition:

We split the dyadic lattice D into “trees” of cubes.

For Q € D, denote ©,(Q) = KH((QQ)?’

In each tree 7 C D with root R € D, ©,(Q) =~ ©,(R), for every Q € T.
On each T with root R, p is “well approximated” by g H"|l'7, where
llglloo S ©(R) and 'y is a bilipschitz image of R”.
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More arguments
We prove the Carleson type condition

> uRIHR Sl + [[ Aualxr? L dutx) <

ReRoots
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More arguments
We prove the Carleson type condition

S e )<um|+/ " Bualer? L) < o

ReERoots

Since / Z ©u(R)dp Z O.(R) (R) < o0,

R€ERoots:xeR Re&ERoots
we get

Z Ou(R) <00 p-ae.

ReERoots:xeER
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More arguments
We prove the Carleson type condition

> eur R)<Huu+/ " Bualer? L) < o

ReERoots

Since / Z ©u(R)dp Z ©u(R) 1(R) < o0,

R€ERoots:xeR Re&ERoots

Z Ou(R) <00 p-ae.

ReERoots:xeER

we get

Thus if there are infinitely many roots Ry D R» D R3 D ... that contain x,

Jim ©u(Rm) =0.
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More arguments
We prove the Carleson type condition

> eur R)<Huu+/ " Bualer? L) < o

ReERoots

Since / Z ©u(R)dp Z ©u(R) 1(R) < o0,

R€ERoots:xeR Re&ERoots

Z Ou(R) <00 p-ae.

ReERoots:xeER

we get
Thus if there are infinitely many roots Ry D R» D R3 D ... that contain x,

Jim ©u(Rm) =0.

This implies ©™*(x, u) = 0.
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More arguments
We prove the Carleson type condition

> eur R)<Huu+/ " Bualer? L) < o

ReERoots

Since / Z ©u(R)dp Z ©u(R) 1(R) < o0,

R€ERoots:xeR Re&ERoots

Z Ou(R) <00 p-ae.

ReERoots:xeER

we get

Thus if there are infinitely many roots Ry D R» D R3 D ... that contain x,
Jim ©u(Rm) =0.

This implies ©™*(x, u) = 0. Contradiction.

So p-a.e. x belongs to a finite number of roots R,,;.
If R is the one with minimal side length, then x € ['r(g_).
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Similar arguments for A,(x,r), n=1

Proof that
! o dr
/ A,(x,r) — <00 pae
0

=y rectifiable, assuming 0 < ©M*(x, ) < oo p-a.e.
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Similar arguments for A, (x,r), n=1

Proof that
! o dr
/ Ay(x,r)— <oo p-ae.
0 r

=y rectifiable, assuming 0 < ©M*(x, ) < oo p-a.e.

o o5 dr
We can assume that / Au(x,r)e —dp(x) < oo.
0 r

We use a geometric corona decomposition:

We split the dyadic lattice D into “trees” of cubes.

For Q € D, denote ©,(Q) = 6((8))

In each tree 7 C D, with root R € D, ©,(Q) = ©,(R), for every Q € T
On each T with root R, ju is “well approximated” by g H!|['+, where
llglloc < ©(R) and 1 is a bilipschitz image of R.
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More arguments
We prove the Carleson type condition

Z Ou( <||,u||+/ A(x,r)? —d,u(x)<oo.

Ré&ERoots
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More arguments
We prove the Carleson type condition

> OuREUR)S Il + [ Ay T dut) < o

Ré&ERoots

Since / > OuRPdu(x)= D OuR)u(R) < oo,

R€ERoots:xeER R€ERoots

Z Ou(R)? < oo p-ae.

RERoots:xeER

we get

Thus if there are infinitely many roots Ry D R» D R3 D ... that contain x,
mlinoo ©u(Rm) =0.

This implies ©*(x, 1) = 0. Contradiction.

So p-a.e. x belongs to a finite number of roots R,,;.
If R is the one with minimal side length, then x € ['r(g_).
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Another variant

Denote

o, (x.r) — MBI
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Another variant

Denote
#(B(x, )

mn

Oulx,r) =

Theorem (Azzam, T.)

Let 11 be a Radon measure in RY such that such that 0 < ©™*(x, ) < oo
for pi-a.e. x € R9. Then pu is n-rectifiable if and only if

/,B% x,r)? ©,(x, r)g<oo for ji-a.e. x € RY.
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Another variant

Denote
o, (x.r) - MBL.T).

==
Theorem (Azzam, T.)

Let j1 be a Radon measure in RY such that such that 0 < ©™*(x, i) < 0o
for ji-a.e. x € R9. Then u is n-rectifiable if and only if

1
d
/ Bu2(x,r)? ©u(x, r)P Tr < oo for pu-a.e. x € RY.
0
0.

p>
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Curvature and [3;'s
Curvature of u:

Cz(u)Z///mdu(X)du(y)du(Z),

where R(x,y, z) is the radius of the circumference that passes through
X, Y, Z.
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Curvature and [3;'s
Curvature of u:

62(u)Z///mdu(X)du(y)du(Z),

where R(x,y, z) is the radius of the circumference that passes through
X, Y, Z.

Theorem (Azzam, T.)

Let n=1. Let u be a Radon measure in R? such that u(B(x,r)) < r for
all x € R?, r > 0. Then

& d
Il + €20 = il + [ [~ Bt ©4(x.0) 5 ()

X. Tolsa (ICREA / UAB) Rectifiability, the Jones' 3 coefficients, and densities January 11, 2015 17 /19



Curvature and [3;'s
Curvature of u:

C2(u)Z///mdu(X)du(y)du(Z),

where R(x,y, z) is the radius of the circumference that passes through
X, Y, Z.

Theorem (Azzam, T.)

Let n=1. Let u be a Radon measure in R? such that u(B(x,r)) < r for
all x € R?, r > 0. Then

& d
Il + €20 = il + [ [~ Bt ©4(x.0) 5 ()

® When p is AD-regular Mattila, Melnikov and Verdera, and Jones

showed - J
r
)~ [[ Bt L (),
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A corollary regarding analytic capacity

Corollary
Let E C C be compact. Then

Y(E) = sup u(E),

where i satisfies

° d
sup @}L(X, r) —1—/ ﬁiz(x, r)? @t(x, r) Tr <1 forallxeC.
r>0 0
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A corollary regarding analytic capacity

Corollary
Let E C C be compact. Then

Y(E) = sup u(E),

where i satisfies

sup@1 (x,r) / ﬁ xr)2@}l(x,r)%§1 for all x € C.
r>0

Conjecture
Let £ C R™?! be compact. Then

K(E) ~ sup pu(E),

where i satisfies
o

sup ©}(x, r) —I—/ 2%, r)? CHES r) — < 1 forall x € R™1,
0
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The end

Thank you.
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