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Bac Lgmund

Auscher and Martell "Weighted norm inequalities, off-diagonal estimates and
elliptic operators. Part 1II:Harmonic Analysis of elliptic operators,” JEA 241
(2006) 703-746.

L=—divA(x)V, A€c&(LA).

o Functional calculus for L, and weighted f.c.

o Riesz transform estimates (Auscher) HVL’U 2f Hp ~ [Ifll,,
p- <pP<4q+

o RT weighted estimates HVL_

o S Wl
p—rw <p <q+/ (s0)
o Reverse inequalities for v/L. max {1, po } <p<p+,

|2, =

o Square function estimates.
o Commutators with bmo functions [|[¢ (L), b][|,, < [|bllgmo [f],, (more).
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Weights, A, and reverse Holder classes

A weight is any nonnegative locally integrable function u in IR".

@ The Ay classp > 1

[U]a, = sgp]éu(x) dx <]€3 zfﬂlldx)p_l < 0.

o The Aj class

[u] 4, = supesssup u (x)flj[ u (x) dx < co.
B xeB B

@ The RH, classs > 1
1/s

[Ulgy, = sgp (]éu (x) dx) - (ﬁu (x)° dx) < oo

o The RH class

[Ulrp, = sgp esssup i (x) <]éu (x) dx) o < oo.

x€B
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Some well known properties of Ap weights

@ A CAy CAjfor1 <p<g<oo.
oRHooCRHqCRpror1<p<q<oo

00 — U Ap U RHS .

1<p<co 1<s<co

o Ay is left open
ucAy, p>l=Je>0:uchy.

© RH; is right open
u € RH;, s <oo=>de>0:u € RHgy,.
.
ol<p<oouech, <= w "t eA,p=p/(p-1).
o If w € A then dw is doubling.
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Some notation: Given an Euclidean ball B = B, (x) C R" denote by
°C(B)=4B
o C;(B)=2"B/2B,j > 2.
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Extended Calderén-Zygmund theory

Theorem 1 (Auscher and Martell (II-I1I))

Given w € Ay with doubling order D, 1 < py < qo < oo,
T: L% (w) — L% (w) (bounded) sublinear, { A}, o linear from L into
L% (w). Suppose that VB = B, f € L with support(f) C Band j > 2,

1/po

(]ﬁw) TU=A)fIP dw) " <20 (]g £ dw> ,

]
and forj > 1,
Vo 1/po
A, f|70 dw <¢o(j <][ podw) ;
(fcjw) A ) <g0) (4,17
where }_g (j) < co. Then for all py < p < qo, there is a constant C such that for
allf € L2,
1T llr ) < € Ifllp (@) -
Off-diagonal estimates and Weighted elliptic operators




Background New results
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Extended Calderén-Zygmund theory

Theorem 2 (Auscher and Martell (II-11T))

Givenw € Ay, 1 < pg < go < oo, T sublinear and bounded on LP0 (w), { A },~¢
linear and bounded from D C LP° (w) into LP° (w) , and S linear from D into
measurable functions on R". Suppose that Vf € D, B = B,

(]i|T(I—Ar)f|p0dw>l/P0 < ];g(j) (]£7+13|5f|p°dW>1/p°,
(f, rasin) - _ sl (.., TP 0 "

where Y g (j) < co. Then for all py < p < qo, and weights

v € Ap/p, (W) NRH 1y (w), there is a constant C such that for all f € D,

1 Tf Ml p o dewy < CUSF Il (o doo) -
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00000008000

Operators given by sesquilinear forms

Let a be a sesquilinear form with dense domain D (a) C H in a Hilbert
space H such that

o Rea(u,u) >0,  (accretive)
. 1/2
o |a(u,0)] <M [[ully [[o]lo, with [[fll, = Rea (£.f) + (£, )",
(continuous).
o (D(a),|],)is complete (closed),

Rios Off-diagonal estimates and Weighted elliptic operators 9 /31



Background
00000008000

Operators given by sesquilinear forms

Let a be a sesquilinear form with dense domain D (a) C H in a Hilbert
space H such that

o Rea(u,u) >0,  (accretive)

o |a(u,0)| <M |lul; [[0]lo, with [fll, = (Rea (f.f) + (f. ),
(continuous).

o (D(a),|],)is complete (closed),

then there exists an associated operator L, such that
a(u,v) = (Lau,v)y, Yu e D(Ly), veED(a),

with D (L, ) dense in H.
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Operators given by sectorial sesquilinear forms

Let L, be the operator associated to a densely defined, accretive,
continuous, closed sesquilinear form in a Hilbert space H. If for some
0<9<7,

o |Ima(u,u)| <tan(d)Rea (u,u) (sectorial of angle )

then L, is sectorial of angle ¢ + 7, i.e.:
() (La) € Tyrg,

(ii) sup {||zR(z,La)||OP |z € C\Z_w/} <ooforallw >0+ %,
R(z L) = (z—Lg) "
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Operators given by sectorial sesquilinear forms

Let L, be the operator associated to a densely defined, accretive,
continuous, closed sesquilinear form in a Hilbert space H. If for some
0<9<7,

o |Ima(u,u)| <tan(d)Rea (u,u) (sectorial of angle )

then L, is sectorial of angle ¢ + 7, i.e.:
() (La) € Tyrg,

(ii) sup {||zR(z,La)||OP |z € C\Z_w/} <ooforallw >0+ %,

R(z L) = (z—Lg) "
A consequence of (ii) is that L, has a bounded holomorphic calculus in H.
(iif) If ¢ is a bounded holomorphic function in X,/ then

¢ (La)llop < NIl

In particular, |[e~ "oy

|y < llul|y forall £ > 0.
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Given a weight w we let

Lf (w) = {f measurable, ||f|[p ) < oo}
with [[f][ 1 () = (Jga If ()] dw)l/p. Similarly, for integers k > 0, we let

W (w) = {f € LV (w) : [D*f| € I (w)  [a] <k}

where D%f is distributional. The norm is defined as

1/p

k
Plwory = | X & [, 1D ()1 deo

J=0|al=j
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Background
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Weighted Sobolev spaces

—s/2
Let A® be the pseudodifferential operator with symbol (1 +4m? ¢ \2)

(Bessel potential).
Theorem 3 (Miller (TAMS 82))

If w € Ay then for all integers k > 0
WA (w) = A (I (w))

with equivalence of norms, i.e.:

lollwiray = [[ %], -

Moreover, W5 (w) is a Banach space and, if p = 2, H* (w) := W2 (w) is a
Hilbert space with inner product

(1, 0) bt (o ZZ/D"‘ D% (x) dw.

j=0 |af=j 7 R
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Background
[e]e] ]o]

The Fabes-Kenig-Serapioni Poincaré inequality

Given w € Asx we define

ro =inf{p:weA}, sw=sup{q:weRH,}.
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Background
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The Fabes-Kenig-Serapioni Poincaré inequality

Given w € Asx we define J

ro =inf{p:weA}, sw=-sup{q:weRH;}.

Theorem 4 (Fabes, Kenig, Serapioni, Comm. PDE 1982)

p>lLweA,p,= pn::;uip if p < nry, py, = o otherwise. Then for every

p<q<pufe€Cy (B,

<]ér If (x)]7 dw)l/q <cr (ﬁr IVf (%) dw>

Iff € C* (B,), then

< , () —fB,,wl”ldw>1/‘7 <Cr <]é IVf (x)] dw>

1/p

1/p
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Given0 < A < A < oo, we let &, (A, A) be the set of complex n x n
matrices A (x) such that

AlEP
NEIT

<
2

Re(A(x)¢,6), vEedC,
(A Eml,  YEnel,

Off-diagonal estimates and Weighted elliptic operators
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Given0 < A < A < oo, we let &, (A, A) be the set of complex n x n
matrices A (x) such that

MEP < Re(A(x)&E), VEeC!, (ellipticity),
Al = [KAX) S, V¢, n € C", (boundedness).

Forw € Ay, and A € &, (A, A), we define the sesquilinear form in H' (w)

ay (,0) = /]RnA(x) Vu - Vo dw.
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Given0 < A < A < oo, we let &, (A, A) be the set of complex n x n
matrices A (x) such that

MEP < Re(A(x)&E), VEeC!, (ellipticity),
Al = [KAX) S, V¢, n € C", (boundedness).

Forw € Ay, and A € &, (A, A), we define the sesquilinear form in H' (w)
ay (,0) = / A (x) Vu - Vo dw.
Rn

It easily follows that the form ay, is densely defined in L? (w), accretive,

continuous, closed, and sectorial of angle ¢ = arctan ( ,A\_zz — 1).
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Given0 < A < A < oo, we let &, (A, A) be the set of complex n x n
matrices A (x) such that

AE? < Re(A(x)&E), VEeC?, (ellipticity),
AElIml = HA@X)ER)|, V&R eC”, (boundedness).

Forw € Ay, and A € &, (A, A), we define the sesquilinear form in H' (w)
aw (1,0) = / A (x) Vu - Vo dw.

It easily follows that the form ay, is densely defined in L? (w), accretive,
. . A2
continuous, closed, and sectorial of angle ¢ = arctan (, / v 1). The

associated operator L;, has dense domain D (L;,) in L? (w) and it is
formally given by

Lot (x) = w}x) divew (x) A (x) Vit (x) = —

. ix) div A (x) Vit (x).
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Gaffney type estimates

The sectoriality of Ly, and the techniques in "The solution of the Kato square
root problem for second order operators on R"” (Lemma 2.1), Auscher, Hofmann,
Lacey, McIntosh, Tchamitchian, (Annals 2002), provide:

Theorem 5 (Cruz-Uribe, R., JEA 2008)

we Ay AeE(AAN) EFclosedinR",z € %,,0 < v < arctan ( Ai‘ A2>,
. _ d?(EF)
S ew < \ZI
He (1ef) 1p P = 11Ef 1| 2 a0
" cd?(E,F)
H |z| Ve~ * v (1gf) 1f < ‘Z' 11Ef (| 2 a0
L2(w)
e cdz(EP
Hsze “ (1ef) 1r 12(w) < SR 11Ef | 22w)
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Background
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The Kato estimate for weighted elliptic operators

Theorem 6 (Cruz-Uribe, R, TAMS 2013?)

w € Ay, A € E(A,AN), there exists C = C (n, A A, [w]AZ) such that

1
Lif| < ClUVfllw

VS 2 < \
L2 (w)

forallf € H' (w).
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The Kato estimate for weighted elliptic operators

Theorem 6 (Cruz-Uribe, R, TAMS 2013?)

w € Ay, A € E(A,AN), there exists C = C (n, A A, [w]AZ) such that

1
C IVl < \ Lif

< ClIVAllr2(w)
L2(w)

forallf € H' (w).

Auscher, Rosén, Rule, Boundary value problems for degenerate elliptic
equations and systems, (2014).

Extended Kato square root estimates to more general operators and
systems.

Rios
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Off diagonal estimates for e tlw

Definition 7 (Full off diagonal estimates)

Given 1 < p < g < 0, a family of sublinear operators {T;} satisfies full
off-diagonal estimates from L¥ (w) to L7 (w), denoted by

T; € F (L¥ (w) — LT (w))
if there exists constants C, ¢, 6 > 0 such that for all closed E and F

_p _PEF)
ITe (F1E) Trll Ly < CE7e” 7 If1El D) -

Off-diagonal estimates and Weighted elliptic operators 17 / 31



Background ew results
000000000000 000e00 00000000C

Off diagonal estimates for e tlw

Definition 7 (Full off diagonal estimates)

Given 1 < p < g < 0, a family of sublinear operators {T;} satisfies full
off-diagonal estimates from L¥ (w) to L7 (w), denoted by

Ty € F (LP (w) — L7 (w))

if there exists constants C, ¢, 6 > 0 such that for all closed E and F

_p _PEF)
ITe (F1E) Tellpa) < CE e T f1El () -

Note: By the Gaffney estimates for el we have that
eflv ¢ F (L2 (w) — L2 (w)) ,
Vive e e F (12 (w) — 12 (w)),

Hoe v € F (12 (v) — 1 ().
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Definition 8 (Off diagonal estimates on balls)

Given 1 < p < g < o0, a family of sublinear operators {T;} satisfies
off-diagonal estimates on ball from L? (w) to L7 (w), denoted by

Ty € O (LF (w) — L7 (w))

if there exists constants ¢, 61,6, > 0 such that for all balls B,

(fim (1Bf>|ww)3 <Y (W)e (£ W’dw)’l’,

where r = r(B), and for all j > 2

<][ ‘Tt (lc B)f)‘ dw) < 2ifry (%/;) b2 7@ <]{:j(B) lﬂpdw)PI
o oer B e

and

]
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The function Y

Vol

Y (s) = max{s,1/s} = exp (|Ins])

Off-diagonal estimates and V ed elliptic operators 19 /31
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Off diagonal estimates for the semigroup e

Theorem 9 (Cruz-Uribe, Martell, R.)
There exist p— = p— (Ly) < p+ (Lw) = p+ with

1<p- < () <2<2<py<oo

such that ifp_ < p < g < p4 then e v € O (I (w) — L7 (w)).

Off-diagonal estimates and Weighted elliptic operators
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tLy

Off diagonal estimates for the semigroup e~

Theorem 9 (Cruz-Uribe, Martell, R.)

There exist p— = p— (Ly) < p+ (Lw) = p+ with
1<p-<(2) <2<2;<py <o

such that ifp_ < p < g < py then e v € O (1P (w) — L1 (w)). )

Proof (hint).

e~tle, \/tVe e € F (L2 (w) — L2 (w)) C O (L2 (w) — L? (w)), then

(]g et (1) ]qdw) b
< (e <1Bf>]2dw)l/2 w1 (f 7ot an) [ o)

< () " (fre)”

Off-diagonal estimates and Weighted elliptic operators 20 /31
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Weighted off diagonal estimates for the semigroup e~ v

Theorem 10

w € Ay, p— (Ly) =p— <p<q<p+=p+ (Ly), and
u€ Ay (w) ARH (/g (w) we have that

e v € O (LP (udw) — L7 (udw)).
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Weighted off diagonal estimates for the semigroup e~ v

Theorem 10

we Ay p- (L) =p- <p<q<ps =p+ (Lo), and
ueA, (w) NRH,, /.y (w) we have that

e v € O (LP (udw) — L7 (udw)).

V.

Corollary 11

If wis a weight such that 1 <r, <1+ % and sy > 51y + 1, then

e o ¢ O (LZ — Lz) .

In particular, it suffices that w € A_n_ (Y RHy41.
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Off diagonal estimates for ViVe tw

Theorem 12 (Cruz-Uribe, Martell, R.)

There exist q— = q— (L) < 4+ (Lw) = g+ with
1<q-<(2) <2<gr <o

such that ifg— < p < q < q then \/tVe v € O (LF (w) — L1 (w)).
Moreover, q— (Ly) = p— (Lw).
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Off diagonal estimates for ViVe tw

Theorem 12 (Cruz-Uribe, Martell, R.)

There exist q— = q— (L) < 4+ (Lw) = g+ with

1<g9-<(2)) <2<gy <0

such that ifg— < p < q < q then \/tVe v € O (LF (w) — L1 (w)).

Moreover, q— (Ly) = p— (Lw).

Note: The proof that g4+ > 2 is nontrivial.
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Off diagonal estimates for ViVe tw

Theorem 12 (Cruz-Uribe, Martell, R.)
There exist q— = q— (Lw) < q+ (Lw) = g+ with

1<g9-<(2)) <2<gy <0

such that ifg— < p < q < q then \/tVe v € O (LF (w) — L1 (w)).
Moreover, q— (Ly) = p— (Lw).

v,

Note: The proof that g+ > 2 is nontrivial.Just use this: Caccioppoli, Poincaré,
Ghering, Hodge projection (Auscher-Martell estimates), Riesz transform
estimates, Functional calculus, Semigroup estimates.
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The functional calculus

Denote by H{* (X,) the set of holomorphic functions ¢ in the sector
Y, = {|argz| < v} which satisfy

|2

1+ |z|*

lp(2)| <c for some c,s > 0.
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New results

The functional calculus

Denote by H{* (X,) the set of holomorphic functions ¢ in the sector
Y, = {|argz| < v} which satisfy

p@) <P

1+ |z|*

for some ¢,s > 0.

Proposition 12.1 (Cruz-Uribe, Martell, R.)

Forw € Ay, A € € (A, A) fix v such that arctan (\ / 1)}—22 = 1) < v < 7. Then
forp_ (Lw) <p < ps (Lw) and any ¢ € HF (),

19 (Leo) fllr @y < Cll@llo Ifllip ()

with C independent of f and ¢.
Furthermore, ifv € A,/p_ (w) NRH

holomorphic calculus on LV (v dw) :

o (Lw)fllm vdw) = C ||fP||oo Nl o duw).

(+/p) (w) then Ly, also has a bounded




The functional calculus, unweighted space

Corollary 13 (Cruz-Uribe, Martell, R.)

For A € € (A, A) fix v such that arctan (1/’;—22 — 1) <v < Thenifw € Ay
is such that 1 < o < 1+ 2 and sy > %1y + 1, then for any ¢ € HE (Zy),

¢ (Lw) fll2 < Cliglleo [1Fll22-

In particular, it suffices to take w € A_n (RHy41.
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Riesz transform estimates

Proposition 13.1

Foreachp— (Ly) < p < q+ (Ly), there exists C such that

v, < Ml

Furthermore, ifv € A,/p_ (w) NRH (g1/p)' (w) then

905y < Wt

Off-diagonal estimates and Weighted elliptic operators



Background New results
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Riesz transform estimates

Proposition 13.1

Foreachp— (Ly) < p < q+ (Ly), there exists C such that

vt < Wl

Furthermore, ifv € A,/p_ (w) NRH (9s/p) (w) then

905y < Wt

4

Corollary 14

Ifw € Ay, then for all weights v and exponents q such that
p-ro (W) <q<q4/ (50 (w))',

VL%, < il
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New results
o0

Square function estimates

st = ([ o2,

(/0“’ )tl/Zve—thf (x) 2 #)é

Gr,f (%)
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Square function estimates

([ foreersof )
(/000 )tl/zVe—thf ) 2‘?)?

Theorem 15

Let p— (Ly) <p < p+ (Lw) and p— (Ly) < q < g+ (Lw), then

I8t ~ Wl ¥ €L @) L2 @)

and

ICtflliry ~ Wlliay, ¥ € L9 @) (L2 ().

Sr.f (%)

Gr,f (%)
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New results
[ J8

Weighted square function estimates

Theorem 16

For all weights u and exponents p such that p_r, (w) < p < p+/ (su (w))’,

||gLuf||LP(u dw) ~ Hf”LP(u dw) 7
and for all weights v and exponents q such that p_r, (w) < g < q+/ (s (w))’,
||Gme||Lq(y dw) ~ ||f||m(v dw) *

Finally, the inequality |[f( 1oy gw) S 11GLof |1 (o o) HOMS for p— < q < oo
whenever v € Ay (w).
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Kato estimates

Theorem 17 (Cruz-Uribe, Martell, R.)

w € Ay, max {ry,p—} < p < g4, then

5]y ~ 19 Nep0)

1 (w), then

and ifv € A#} (w) ﬂRH(L]+/}H)

max{rw,p,

%]~ IVl aw) -

LP (v dw)

Off-diagonal estimates and Weighted elliptic operators



Unweighted Kato estimates

Theorem 18 (Cruz-Uribe, Martell, R.)

!/
Suppose that w € Ay and p_r1 (w) <2 < g4/ (sl (w)) , then

i) ~ 192

In particular, this holds if w € Ay (\RHy 1.

Off-diagonal estimates and Weighted elliptic operators



New results

Unweighted Kato estimates

Note on the weight conditions

r1(w) <p < we€ RHy, and 51 (w)>p < weEA,.

1
w
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New results

Unweighted Kato estimates

Note on the weight conditions

r1(w) <p < we€ RHy, and 51 (w)>p < weEA,.

1
w

e Hencep_r1 (w) < 2holds if

nry
W
nry + 2

(sw)l <2
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Unweighted Kato estimates

Note on the weight conditions

r1(w) <p < we€ RHy, and 51 (w)>p < weEA,.

1
w

e Hencep_r1 (w) < 2holds if

nry

22— (s,) <2
nrw+2(sw) <

o and2 < g4/ (s (w))l requires

1
w

ro < (1) = (sl (w))l < Ir

Off- al estimates and V ed elliptic operators 30 /31



Unweighted Kato estimates

Note on the weight conditions

r1(w) <p < we€ RHy, and 51 (w)>p < weEA,.

1
w

e Hencep_r1 (w) < 2holds if

nry

22— (s,) <2
nrw+2(sw) <

!
(w)) requires

ro < (1) = (s% (w))l < (%r

o In particular, if r,, = 1 (w € Ay), the second condition is satisfied. For
the first, we also need ;7 (s0) < 1. ie.

o and2 < g4/ (s

1
w

n+2

< Sy
3 w
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Thank you!
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