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Summary
The paper under review falls within the frontier between differential 
geometry and the analysis of partial differential equations. It consists 
of 115 pages and is devoted to the construction of n-dimensional 
singular manifolds with constant fractional (or non-local) curvature. 
This is a problem that arises in geometrical analysis, since a com-
mon method in the geometric classification of manifolds is the search 
for a manifold equivalent to that we wish to classify, with some type 
of constant curvature. We say “some type of curvature” because the 
curvature of the/a sphere is not the same as that of the/a hyperbolic 
space, which are two basic types of geometric modelling. 
Non-local curvatures are defined according to the fractional 
Laplacian in the manifold, which is a non-local operator. From 
the point of view of analysis, a non-local operator is that which 
not only sees what is occurring in its immediate surroundings, 
but that which also takes into account interactions with distant 
points. The canonical example is the fractional Laplacian, an in-
tegro-differential operator that is defined for s in (0,1) as

is not possible because the trajectory at a point depends on what 
occurs very far away.
If the fractional Laplacian is known, from the geometric perspec-
tive one can define the non-local curvature of order s of a man-
ifold of dimension n, for any s between 0 and n/2. It possesses 
many conformal properties (i.e., it preserves the angles) and pro-
vides a definition of general convexity. This notion of curvature 
comes from the study of the scattering theory in Einstein man-
ifolds, which is originally based on work by John von Neumann, 
Roger Penrose and Claude R. Le Brunn in 4-dimensional gravita-
tional physics, in connection with Juan Martín Maldacena’s AdS/
CFT correspondence. Thus, our curvature is deeply connected 
with the geometry of the Einstein equations.
Without entering into great detail, we will say that our new 
non-local curvature constitutes a uniparametric family of cur-
vatures that interpolates the usual curvatures (for s=1, it is the 
known scalar curvature, for s=1/2 the mean curvature, and for 
s=2 the curvature associated with the Paneitz operator). Each 
one of these in turn provides different geometric and topological 
information about the manifold that helps in its classification.
As we stated at the outset, in the paper published in the Duke 
Mathematical Journal constant curvature manifolds with singular-
ities are sought. For this construction, the classical “gluing” meth-
od is used; that is, a good singularity model is built and glued to 
the original manifold. In the local case, considered in the classical 
paper “A construction of singular solutions for a semilinear elliptic 
equation using asymptotic analysis”. J. Differential Geom. 44 (1996), 
no. 2, 331–370], by Mazzeo-Pacard [R. Mazzeo, F. Pacard], the glued 
region is easy to control. However, this constitutes the first great 
difficulty in the non-local case, since the gluing process affects the 
whole manifold and may disrupt the geometry we are seeking. 
The second major obstacle is the construction of the basic singu-
larity model. One starts by looking for radial solutions that have 
a singularity exactly at the origin. And here we come up precisely 
against the resolution of a non-local ODE, as explained above. No 
existence, uniqueness or continuous dependency theorems of the 
initial conditions for these types of equations, which constitute a 
completely unexplored field. In the result we have obtained, the 
general theory for certain types of these equations is developed, 
including Frobenius’ Theorem, which characterises the asymptot-
ic development of the solution near the singular points; the study 
of a quantity with properties similar to the Wronskian of two lin-
early independent solutions to the homogeneous equation; or the 
construction of a Green function for the reconstruction of a partic-
ular solution to the non-homogeneous equation. 
The innovatory idea in the demonstration is the characterization 
of a non-local ODE as a system of coupled second-order infinite 
dimensional equations. As a result, if one can manage to control 
this coupling, it is possible to use the classical ODE theory for a 
non-local problem. 
In short, the fractional Laplacian (and generalization to other 
non-local operators) has many applications, although they are 
technically complex precisely because of this characteristic of 
non-locality, since the classical demonstrations no longer hold. 
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The usual Laplacian Δu is an operator that models elastic re-
actions; its value at a point seeks to average the value of the 
function in its immediate surroundings, therefore it is local. The 
fractional Laplacian has this same property, but it also averag-
es distant points. It has many applications in physics, geometry 
probability and even financial mathematics – basically in any pro-
cess in which this type of non-local effect is found. In particular, 
they are associated with the Lévy process, a type of stochastic 
phenomenon that generalizes the Brownian process but which 
allows abrupt jumps. Some physical examples include the Ben-
jamin-Ono equation (which describes internal unidimensional 
deep-water waves) or the interaction of quantized electrons with 
the nucleus. It is also employed in other fields, such as financial 
models for the valuation of ecological and biological evolution 
that describe, for example, how a species adapts to its environ-
ment by means of genetic mutations. 
With the fractional Laplacian, it is possible to formulate equations 
in which the solution depends only on one variable; for example, 
the radial coordinate. The resulting equation may be regarded as 
a non-local ordinary differential equation (ODE). However, while 
the usual ODEs can be resolved by studying their phase planes 
(that is, by looking for tangent trajectories at each point of the 
vector field generated by the equation), in the non-local case this 

In this formula one may observe that, in order to determine the 
value of the operator in u(x), it is necessary to know the value of 
u(y) for every y of R^n. The fractional Laplacian derives its name 
from the fact that for s=1, by a pass to the limit, the usual Lapla-
cian operator is obtained:
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