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Abstract

Abstract

This thesis explores rigidity phenomena in the study of non-integrable distributions,
beyond the setting of contact structures.

The first part focuses on a class of maximally non-integrable distributions known
as fat distributions, which generalize contact structures to higher corank and admit
natural symplectisations and contactisations.

In our study of fat distributions we introduce prelegendrian submanifolds, which are
generalizations of Legendrians to this setting. Morally speaking, they are defined to
be those submanifolds that admit a canonical Legendrian lift into the contactisation.

Our main results show that: (1) There are infinitely many exotic prelegendrian
embeddings in the standard corank-2 fat space (C*"*1, Dyy), all formally isotopic but
pairwise non-isotopic; these prelegendrians are distinguished by pseudoholomorphic-
curve invariants of their Legendrian lifts. (2) There is a notion of prelegendrian
stabilization that produces loose Legendrian lifts; it yields further families of exotic
prelegendrians. (3) These results can be extended to non-standard fat manifolds
using nilpotentisation models and stability arguments.

In the second part, we investigate the interaction between Engel geometry and
complex geometry. We show that oriented S'-bundles over 3-manifolds admit co-real
immersions into almost complex 6-manifolds, so that the complex tangencies define
an Engel structure. In the trivial bundle case we obtain actual embeddings, and
moreover we can realize smooth knotting among these embeddings. As a consequence,
we construct broad classes of Engel structures in C?, including infinitely many knotted
embeddings that are pairwise non-isotopic but whose tangencies are Engel-homotopic.
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Resumen

Resumen

Esta tesis explora fenémenos de rigidez en el estudio de distribuciones no integrables,
mas alla del ambito de las estructuras de contacto.

La primera parte se centra en una clase de distribuciones maximamente no integrables
conocidas como distribuciones fat, que generalizan las estructuras de contacto a
corango superior y admiten simplectizaciones y contactizaciones de forma natural.

En nuestro estudio de las distribuciones fat, introducimos las subvariedades prelegen-
drianas, que son una generalizacion de las Legendrianas en este contexto. En términos
intuitivos, se definen como aquellas subvariedades que admiten un levantamiento
Legendriano canodnico en la contactizacion.

Nuestros principales resultados muestran que: (1) Existen infinitos encajes prele-
gendrianos exéticos en el espacio fat estandar de corango 2, (C*'*1 Dyy), todos
formalmente isotopicos pero no isotépicos entre si; estas prelegendrianas se distinguen
mediante invariantes de curvas pseudoholomorfas de sus levantamientos Legendrianos.
(2) Existe una nocion de estabilizacién prelegendriana que produce levantamientos
Legendrianos "loose”; esto genera nuevas familias de prelegendrianas exoticas. (3)
Estos resultados pueden extenderse a variedades fat no estandar utilizando modelos
de nilpotentizacién y argumentos de estabilidad.

En la segunda parte, investigamos la interaccién entre la geometria Engel y la
geometria compleja. Mostramos que los S*-fibrados orientados sobre 3-variedades
admiten inmersiones co-reales en variedades casi complejas de dimension 6, de modo
que las tangencias complejas definen una estructura Engel. En el caso del fibrado
trivial obtenemos un encaje, y ademas podemos realizar knotting entre dichos encajes.
Como consecuencia, construimos amplias clases de estructuras Engel en C?, incluidas
infinitos encajes anudados que son no isotépicos entre si, pero cuyas tangencias son
Engel-homotodpicas.
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Chapter 1

Introduction

1.1 Motivation and Overview

One of the central concepts in differential topology and geometry is the notion of
distribution, that is, a smooth rank-r subbundle D" C T'M™ of the tangent bundle of
an n-manifold M™. Distributions appear ubiquitously: when D is integrable in the
sense of Frobenius, it gives rise to a foliation, a cornerstone of classical topology. By
contrast, when D is non-integrable, its local geometry is richer and sometimes (e.g.
in the contact setting) it dictates global dynamical and topological features of M.

A distribution D is called bracket—generating if iterated Lie brackets of vector fields
tangent to D eventually span the whole tangent bundle. The Chow—Rashevskii
theorem then asserts that on a connected manifold endowed with such a distribution,
any two points can be joined by a horizontal path tangent to D. This observation
underpins modern sub-Riemannian geometry and geometric control [Cho39, Mon02,

ABB20).

A classical problem in differential topology is to classify bracket—generating (in
particular, maximally non-integrable) distributions up to homotopy. The guiding
dichotomy is between flexibility and rigidity. Gromov’s h-principle provides a
framework for flexibility: when a geometric condition is sufficiently underdetermined,
formal (bundle-theoretic) solutions deform into genuine solutions, so classification
up to deformation reduces to algebraic—topological data [Gro86, CEM24]. When this
deformation principle fails, rigidity arises and one needs finer geometric invariants,
beyond purely homotopical ones. A major obstacle to detecting rigidity for maximally
non-integrable distributions has been the scarcity of such invariants. Concretely, no
such invariants were known outside of contact topology.

In this thesis we address this gap by focusing on the class of corank—2 fat distributions.
The main contribution of the thesis is that, in this setting, tools from symplectic and
contact topology, most notably Gromov’s theory of pseudoholomorphic curves, can
be leveraged to build invariants and thus detect rigidity (the first example thereof
outside of the realm of contact structures).
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1.1.1 Contact geometry as the model case

Within the maximally non-integrable class, the most studied case is (r,n) =
(2m,2m + 1), corresponding to contact distributions. By Darboux’s theorem all
contact structures are locally equivalent; globally, however, they split into two regimes
with sharply different behaviour.

In dimension three, Eliashberg introduced the subclass of overtwisted contact struc-
tures, detected semi-locally by the existence of a special embedded disk with pre-
scribed characteristic foliation (an overtwisted disk). He proved an h-principle for this
subclass, that is, overtwisted structures are classified up to isotopy by the homotopy
class of the underlying oriented 2-plane field [Eli89]. This flexible picture holds
in all odd dimensions by the work of Borman—Eliashberg—Murphy, who defined a
higher—dimensional overtwisted disk and established the corresponding h-principle
[BEM15].

The complementary regime is that of tight contact structures (those containing no
overtwisted disk). Here one encounters genuine rigidity. A first striking result is due
to Bennequin, who studied submanifolds adapted to contact geometry— Legendrian
and transverse knots—and established the Thurston—Bennequin inequality in the
standard contact space (R?, £q); this certifies that (R?, &4q) (and S* with its standard
contact structure) is tight [Ben83]. Eliashberg later generalised tightness obstructions
beyond the standard case [E1i92]. Nowadays one can certify tightness via fillability:
if a contact manifold is symplectically fillable, then it is tight; in particular, Stein
(equivalently, Weinstein) fillability implies tightness [Eli90a, Nie06, Pre07, NvK07,
CE12, BEM15].

Building on this, the classification of Legendrian submanifolds has become a central
theme: these objects carry both formal (topological) data and genuinely geometric
invariants. The first exotic examples (formally isotopic but not Legendrian isotopic)
of Legendrian knots in (R3, &q) were constructed by Chekanov and Eliashberg using
the pseudoholomorphic—curve techniques initiated by Gromov [Che(2, Eli98, Gro85].
In higher dimensions, similar exotic phenomena were established in [EES05b].

On the other hand, when the ambient contact manifold M has dimension > 5, Murphy
introduced the semi-local class of loose Legendrians and proved a full hA-principle
for them [Murl9]; moreover, looseness is intimately related to overtwistedness of the
ambient contact structure [CMP19].

1.1.2 Beyond contact structures

Two natural testing grounds beyond contact structures are even-contact and Engel
distributions. Both share with contact geometry the feature of a unique local normal
form and consequently admit no local invariants [Car10, Mon93].

For (r,n) = (2m — 1,2m), corresponding to even-contact distributions, McDuff
established a full h-principle via Gromov’s convex integration, showing this class is
flexible [McD8T].
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For Engel structures, i.e. the case (r,n) = (2,4), substantial flexibility has been
discovered in recent years [Vog09, CPdPP17, CdPP20, dPV20], as well as for vari-
ous kinds of submanifolds within them [Ada07, Gei08a, CdP18, dPP19, FMAP20,
Gom?25, Keg24]. Engel structures have also been explored from a wide range of geo-
metric perspectives [Mon99, PSC14, BM17, Mit18, KV18, Yam21, Pia22]. Despite
this rapid progress in the direction of flexible behaviour, the existence of robust
rigidity phenomena in Engel topology is completely open and is a major problem in
the area.

Further instances of flexibility for other non-integrable families appear in [Ada03,
MAdP21, MA23]. In particular, beyond the contact realm, the presence and nature
of rigidity are not understood at all. The reason for this is simple: all maximally
non-integrable distributions, other than contact structures, lack global stability (in
the sense of Gray-Moser), making it highly non-trivial to define invariants that are
persistent under homotopies.

Nonetheless, guided by the flexibility /rigidity dichotomy in contact topology, we ask:

Central Question. Do rigidity phenomena arise in other classes of
maximally non-integrable distributions, or in their adapted submanifolds?

1.2 Contents of the thesis

In this thesis we address whether rigidity phenomena arise beyond contact geometry
by focusing on a class of distributions called fat distributions, a notion originating
in Weinstein’s theory of fat bundles [Wei80, Mon02]. These generalize contact
distributions to higher corank. In the case (4,6), fat distributions are precisely the
elliptic distributions conjectured to exhibit rigidity in [MAdP21].

1.2.1 Fat distributions and prelegendrians

A distribution D" C TM™ is fat if for every local 1-form a annihilating D, the
restriction da|p is symplectic. In this case we refer to (M, D) as a fat manifold.
When D has corank 1, the fatness condition is exactly the contact condition. From
the definition it follows that the rank of a fat distribution is even, say rank D = 2n.

A key feature of fat distributions is the following.

Proposition. Let D C T'M be a fat distribution. Then there exists a canonical
contact submanifold C(M,D) C (ST*M,&can), which is an isotropic fibration over
(M, D). We call C(M, D) the contactisation of (M, D).

Following the “Legendrian route” from contact topology to detect rigidity [Ben83,
Eli92, CMP19], we introduce prelegendrian submanifolds in fat manifolds.

Definition. An (n + k — 1)-dimensional submanifold A C (M?"™* D) is prelegen-
drian if dim(TA N D) = n.
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For every prelegendrian embedding A : S — (M, D), there exists a Legendrian
embedding L£(A) : S — C(M,D), called the Legendrian lift of A, such that the

following diagram commutes:

C(M,D)

o |

S A, (M, D)

That is, prelegendrians satisfy a Legendrian lifting property. This justifies the
terminology. This construction is canonical; in particular, the Legendrian isotopy
class of L(A) is a prelegendrian isotopy invariant, which we use to produce examples
of exotic prelegendrians.

While the general theory applies in any corank, our constructions focus on a class
of corank—2 fat manifolds that arise as a complex analogue of the space of contact
elements. In particular, our fat manifolds are all CP" or C" bundles over some
almost complex manifold. Among these, we single out the standard corank—2 fat
space (C**1 Dgq). In this setting, our main result reads:

Theorem A (Theorem 2.2.2). There exist infinitely many prelegendrian embeddings
Ay T?H s (CH D), 5 € Lo,

all formally prelegendrian isotopic. These prelegendrians are pairwise not prelegen-
drian isotopic, since their Legendrian lifts L(A\,) to the contactisation C(C*" ™ Dyyq)
are pairwise not Legendrian isotopic.

Since the ambient model arises from complex contact elements, there is a canonical
front projection to the underlying almost complex manifold, and our construction
proceeds by studying prelegendrian fronts. That is, fronts that represent prelegendrian
submanifolds. We develop the basics of the theory of prelegendrian fronts on this
thesis. After these tools are developed, our exotic prelegendrians are built by using
a suitable front spinning procedure.

As a by—product of the proof, we define a prelegendrian stabilisation operation; this
is the second main contribution of the work.

Theorem B. Let A C (C**! Dyy) be a prelegendrian, then there exist a prelegen-
drian s(A) such that its Legendrian lift L(s(A)) is loose.

For a complete account, see Theorem 2.2.4, and as a consequence, we also construct
exotic prelegendrians in (C?*"! Dg4) with topological types other than tori.

These results can be extended to fat distributions other than the model. The key
observations are that: (1) Even though fat distributions themselves do not enjoy
Gray stability, their contactisations do, and (2) Fat distributions do not have a
unique local model, but there is a family of models that are approximate (and, in
dimension 6, there is only one such model). These observations can be combined to
show:
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Theorem C. Any fat manifold containing a point whose nilpotentization is standard
contains compact prelegendrian submanifolds, which can also be stabilized.

In dimension 6 the result applies to all fat manifolds (see Theorem 2.2.9). In full
generality we cannot deduce that these prelegendrians are non-isotopic (since this is
sensitive to the global properties of the fat distribution), but analogues of Theorem A
and Theorem B hold if we restrict ourselves to fat distributions that are homotopic
to the standard one via a compactly-supported deformation.

1.2.2 Engel structure as complex tangencies

Our construction of prelegendrian fronts involves the study of co-real submanifolds
in almost complex manifolds. As we looked into these, we made the following
observation: It is possible to give a sufficient condition for an S'-bundle over a 3-
manifold to admit an immersion (or embedding) in C? so that the complex tangencies
define an Engel structure.

In doing so, we answer the following question due to Y. Eliashberg:

Question. Does there exist a compact 4-dimensional submanifold N C C? whose
complex tangencies Dy := TN N J(T'N) form an Engel distribution?

This question was posed as well during the workshop in Engel Topology organised at
AIM [Amel7b, AmelTal.

Concretely, we have proven the following:

Theorem D (Theorem 6.1.3). Let N be an oriented S*-bundle over a closed, oriented
3-manifold M. Then, there exists a co-real immersion g : N & C* whose complex
tangencies Ditd form an Engel distribution. If N is the trivial bundle, then g can be
chosen to be an embedding.

1.3 Guide to the content of thesis

The content of this document is based on the following two preprints:

e Eduardo Ferndndez, Alvaro del Pino, and Wei Zhou. The h-principle fails for
prelegendrians in corank 2 fat distributions. To appear, 2025

e Eduardo Fernandez, Alvaro del Pino, and Wei Zhou. Engel CR submanifolds
of C3, 2025. https://arxiv.org/abs/2509.11488

Chapter 2. Overview and main results of Part I

In this chapter we give a preview of the first project. We introduce fat manifolds and
prelegendrians and state their basic properties. We then present the main results
obtained in this project and conclude with a brief guide to the remainder of Part I.


https://arxiv.org/abs/2509.11488
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Chapter 3. Fat manifolds and spaces of complex contact
elements

In this chapter we prove, in a general framework, the contactisation property of
fat manifolds and the lifting property for prelegendrians. We also introduce the
main object of focus in this part, the space of complex contact elements (the almost
complex Grassmannian of complex hyperplanes), and compute its contactisation,
which is canonically isomorphic to the space of (real) contact elements over the base
manifold. Before doing so, we fix conventions for complex linear algebra and collect
several results on co-real submanifolds that will be used in later chapters.

Chapter 4. Prelegendrian Fronts

From this point on we work in the almost complex Grassmannian. We define the
prelegendrian front as the image of a prelegendrian under the bundle projection;
since its contactisation is the space of contact elements, this image is also the front
of its Legendrian lift. Accordingly, the first two sections recall basic facts about
Legendrian fronts, and the third reviews the front-spinning construction, which is
useful for producing high-dimensional fronts with simple singularities.

In the final two sections we introduce prelegendrian fronts and characterise a subclass
of fronts that are prelegendrian. Moreover, we show that the standard operations on
Legendrian fronts—such as stabilisation and front spinning—admit prelegendrian
analogues in our setting.

Chapter 5. Existence of prelegendrian stabilisation and exotic
prelegendrians

In this chapter we apply the theory developed in the preceding chapters to prove the
existence of stabilisation (Theorem B). We then prove Theorem A, by constructing
exotic prelegendrians in (C*"™! Dy4). Finally, using the key observation above, we
prove Theorem C and derive its consequences.

Chapter 6. Engel structures as complex tangencies

This chapter begins the second project. In the first section we state the main results
of this part. In the second, we review the necessary background, including: (1) the
notion of prolongation, which is our main recipe for constructing Engel structures;
(2) the role of convexity as a criterion for Engelness; and (3) tubular neighbourhood
models around totally real submanifolds.

Next, we discuss the construction of convex bundle immersions, which provide a
sufficient condition for an S'-bundle to admit a co-real immersion whose complex
tangencies define an Engel structure. In the following section we prove that a convex
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bundle immersion can always be realised as co-real with Engel complex tangencies.
Finally, we combine these ingredients to prove Theorem D.

Chapter 7. Open questions and future work

In this chapter we conclude the thesis with a selection of open questions and directions
for future work.
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The h-principle fails for
prelegendrians in corank 2 fat
distributions






Chapter 2

Overview and main results of Part
I

This chapter motivates and frames Part 1. We first introduce all the key objects,
without proofs. This includes fat manifolds and their contactisations, as well as the
lifting of prelegendrian submanifolds to Legendrians in the contactisation.

We then state the main results to be proven in later chapters: (1) a characterisation
of prelegendrian fronts via co-real singular loci, (2) a co-real spinning construction
yielding infinitely many formally equivalent but non—prelegendrian-isotopic tori in
the standard corank-2 fat space, and (3) the prelegendrian N-pushing procedure
that interacts compatibly with Legendrian stabilization.

The chapter closes with a short guide to the rest of Part I.

2.1 Motivation and background

Let M™ be a smooth manifold. The space of co-oriented hyperplanes in M is ST* M,
while the space of hyperplanes in M is PT*M. These manifolds carry canonical
contact structures (ST*M, &can) and (PT* M, &can) known as the space of co-oriented
contact elements, and contact elements. These contact manifolds are typical examples
of Legendrian fibrations and fit in a commuting diagram

S » RP"!
[ [
(ST*M, Ecan) > (PT"M, &can)
\ . /

Here, the map (ST*M, &ean) — (PT*M, &can) is a contact double cover induced by
the antipodal map on each Legendrian fibre.

11
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Let D be a distribution on M. The annihilator of D is the subbundle

D' ={ae€T*M:ap=0} CT*M.

The space of co-oriented hyperplanes on M containing D is denoted by SD+ C ST* M,
and the space of hyperplanes containing D by PD+ C PT*M.

In this work, we are interested in the following geometric class of maximally non-
integrable distributions that generalize contact structures to higher corank:

Definition 2.1.1. Let D be a distribution in a smooth manifold M. We say that
D is fat, and (M, D) is a fat manifold, if one of the following equivalent conditions
holds:

e For every local non-zero section o : U — D+, dalp is a symplectic form on D.

e C(M,D) = (SD*,&can) C (ST*M, Ecan) is a contact submanifold, called the
contactisation of (M, D).

o Cp(M,D) = (PD+,an) € (PT*M, Ecan), is a contact submanifold, called the
projectivised contactisation of (M, D).

e S(M,D) = (D*\Onr, dXcan) C (T* M\ 01z, dean) is a symplectic submanifold,
called the symplectisation of (M, D). A

The equivalence between all these conditions will be proved later in this part, but is
a well-known fact; see [Mon02].

From the definition it follows that the rank of D is 2n even, and that both contacti-
sations fit in a commuting diagram of isotropic fibrations

Skt > RP*!
[ |
C(M, D) » Cp(M, D)
\ /

(M, D)

where k is the corank of D. The map C(M, D) — Cp(M, D) is a contact double cover
induced by the antipodal map on the isotropic fibres.

Remark 2.1.2. For a distribution ¢ of corank 1 on a manifold M, being fat is the
same as being contact. In this case, Cp(M, &) = (M, ). C(M, &) is the co-orientable
double cover of (M, ), which is disconnected if (M, &) is co-orientable. S(M,€) is
the (complete)! symplectisation of (M, &). A

In contact topology it is customary to assume that & = ker  is co-oriented. The choice of
contact form « defines a splitting S(M, €) = (M x R*,d(ta)), and it is common to treat only the
positive half (M x (0, +00),d(ta)) as the symplectisation of (M, §).

12
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Remark 2.1.3. In the degenerate case (M, D) = (M, {0}), we recover the space
of co-oriented contact elements, resp. contact elements, as the contactisation, resp.
projectivised contactisation, of (M, {0}). A

It follows that the contactisations of a fat manifold (M, D) are compact whenever M
is compact. In particular, Gray stability and its variants, such as the contact isotopy
extension theorem, apply to them, yielding effective fat invariants:

Lemma 2.1.4. Let (M,D) be a compact fat manifold. The contactomorphism
class of C(M, D) and Cp(M, D) is invariant under homotopies of the underlying fat
structure.

This indicates that it is reasonable to pursue the use of symplectic and contact
invariants—e.g., those arising from pseudoholomorphic curves—in order to establish
rigidity phenomena for fat manifolds. In this thesis, we successfully follow this
program to find rigidity for a certain class submanifolds of fat manifolds, called
prelegendrians:

Definition 2.1.5. Let (M?"™* D7) be a fat manifold. A (n + k — 1)-submanifold
AR C (M, D) is said to be prelegendrian if dimTA ND = n. A

Sometimes, when dealing with a prelegendrian submanifold A, we will abuse notation
and treat it as an embedding by fixing some inclusion. This will be clear from
context.

Remark 2.1.6. A generic Legendrian germ L C C(M, D) projects to a germ of a
prelegendrian in (M, D). This follows from the fact that a generic germ is transverse
to the projection to (M, D). A

Remark 2.1.7. Prelegendrian submanifolds of contact manifolds are precisely
Legendrian submanifolds. A

The terminology prelegendrian is justified by the following lifting property (Proposi-
tion 3.1.13). Let A : S < (M?"** D) be a prelegendrian embedding. Then, there
exists a unique® Legendrian embedding £(A) : N < C(M, D) making the following
diagram commute:

C(M, D)

o |
S (M, D)

An analogous property holds for the projective contactisation. We will refer to £L(A)
as Legendrian lift. The construction of the Legendrian lift is canonical. In particular,
if £(Ag) and L£(A4) are not Legendrian isotopic, then Ay and A; are not prelegendrian
isotropic. The prelegendrian isotopy invariant that we will use to build our exotic
prelegendrians is precisely the Legendrian lift.

2Being precise one should fix a prelegendrian co-orientation. We will discuss this in detail later
in the next chapter. However, for all the prelegendrians treated in this thesis there will be always
an obvious prelegendrian co-orientation.
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Remark 2.1.8. The previously mentioned approach is somewhat reminiscent to
the theory of Legendrian co-normal lifts to provide invariants of submanifolds, e.g.
knot contact homology [OV00, Ng05, Ng14, Shel9]. In the degenerate case (M, {0})
prelegendrian submanifolds are just hypersurfaces, and its Legendrian lifts are
obtained by treating them as fronts of Legendrians in (ST*M, &can) and (PT*M, &can),
i.e. taking the co-normal lifts. A

2.2 Main results

Even though we will ultimately prove results for general fat manifolds of corank 2,
many of our constructions deal with a concrete class thereof. Namely, the almost
complex analogue of the space of (co-oriented) contact elements.

Almost complex grasssmannians

Let (X?"*2 J) be an almost complex manifold, with n > 1. The space of J-
complex hyperplanes on (X, J) is denoted by Gr(X, J) and referred as the complex
Grassmannian of (X, J). There is a natural structure of CP"-bundle 7, : Gr(X, J) —
(X, J).

According to Proposition 3.3.5, there is a natural corank 2 fat distribution De,, on
Gr(X, J), defined as

Dean(W) = (dr) Y (W), W € Gr(X, J).

The fat manifold (Gr(X, J), Dean) is referred to as the space of J-complex contact
elements in (X, J).

The standard fat distribution Dgq on C***! is defined as follows. We consider
Gr(C", Jy4q) = C*1 x CP" and restrict ourselves to those elements in CP" rep-
resenting hyperplanes graphical over C" x {0}. This subspace can be canonically
identified with C"*! x C™ by considering the slopes of such a hyperplane. Identically,
we are considering the complement of a constant hyperplane section in C**! x CP"
and thus passing to an affine chart in each fibre. The fat manifold (C***1 Dyq) will
be called the standard (corank 2) fat space.

By construction, the contactisation of (Gr(X,.J), Dean) is the space of co-oriented
contact elements C(Gr(X, J), Dean) = (ST* X, &can ), and there is a commuting diagram

SQn+1 y (C]Pm

[ [

(ST*X, €can) Hopt » (Gr(X, J), Dean)
x0T

where the Hopf map (ST*X, &ean) — (Gr(X, J), Dean) is defined by taking the Hopf
fibration in each fibre.
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Prelegendrian fronts

Let A C (Gr(X, J), Dean) be a prelegendrian submanifold. Its prelegendrian front is
the singular hypersurface 7w, (A) C (X, J). It follows from the construction that the
prelegendrian front is nothing but the front of the Legendrian lift:

e (A) = Tr(L(A)).

Our first contribution is the characterisation of a class of prelegendrian fronts among
all legendrian fronts:

Theorem 2.2.1. Let F C (X, J) be a front with only self-intersections and cusp
singularities. Then, F is a prelegendrian front if and only if its singularity loci are
co-real in (X, J).

This structural result allows for the study prelegendrians from a topological perspec-
tive, via their fronts. In particular, it allows us to prove that the class of compact
prelegendrians A C (C?*"*!, D.,,) is non-empty, which is something not obvious just
from the definitions.

Co-real spinning

In view of Theorem 2.2.1, finding prelegendrians amounts to finding compact Legen-
drian fronts in F C C"*! = J°R?"*! whose singularity loci are co-real. To achieve
this, we will implement a (co-real) version of the front spinning construction intro-

duced by Ekholm, Etnyre and Sullivan [EES05b] (see also [EES09, Goll4, LC13]).

Co-real spinning is surprisingly flexible and will allow us to go beyond the existence
of compact prelegendrians. Indeed, we obtain the following more detailed version of

Theorem A:
Theorem 2.2.2. There exist infinitely many prelegendrian embeddings
Ay : T — (C*" Dya), s € Zso,

all formally prelegendrian isotopic. These prelegendrians are pairwise not prelegen-
drian isotopic, since their Legendrian lifts L(A) to the contactisation C(C*" 1 Dgyq)
are pairwise not Legendrian isotopic.

The Legendrian lifts £(Ay) are distinguished by their Legendrian Contact Homology
[Che02, EESO5a, EES07, EGHO00, Eli98]. That is, the h-principle fails for prelegen-
drian submanifolds in corank 2 fat distributions, and this failure can be detected by
means of symplectic and contact invariants. To the best of our knowledge this is
the first instance of rigidity in the study of maximally non-integrable distributions
beyond the contact case.

Remark 2.2.3. In fact, we prove more: there exist infinitely many corank 2 fat
manifolds that have infinitely many prelegendrians that are pairwise not prelegendrian
isotopic but are formally prelegendrian isotopic. See Remark 5.2.5 for further
details. A
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Chapter 2. Overview and main results of Part I

Prelegendrian N-pushing

To realize the formal prelegendrian isotopy between the tori from Theorem 2.2.2, we
will define an N -pushing operation along a co-real submanifold N of a prelegendrian

front. This is an adaptation of the analogous Legendrian construction treated in
[E1i90b, EES05b]3.

Recall that, given a Legendrian L C (Y,¢), with dim L > 2, there is a notion of
stabilized Legendrian s(L), which is loose in the sense of Murphy, and formally
equivalent to L, see [Eli90b, EES05b, Murl9]. This is obtained by performing an
N-pushing front move along a submanifold with x(N) = 0 near a cusp chart.

It follows that a by-product of introducing prelegendrian N-pushing is that we can
establish a stabilization procedure for prelegendrians in Gr(X, J). This leads to the
second main result of this part, a detailed version of Theorem B:

Theorem 2.2.4. Let A C (C*"™! Dyq) be a prelegendrian submanifold. Then, there
exists a prelegendrian s(A) C (C**1 Dyq), such that

o A and s(A) are formally prelegendrian isotopic by a C°-small formal isotopy.

e Their Legendrian lifts satisfy L(s(A)) = s(L(A)).

We refer to s(A) as a prelegendrian stabilization of A.

Remark 2.2.5. The construction in Theorem 2.2.4 is a prelegendrian front-move
and can be performed locally: one can arrange that A and s(A) differ only inside an
arbitrarily small ball Op (p) around a point p € A. JAN

This construction suggests that there could be a class of loose prelegendrians in
(C*"+1 D.,y) that is governed by an h-principle. Investigating this question will be
part of future work of the author.

On the other side, the prelegendrian stabilization gives a clear procedure to find exotic
pairs of prelegendrians: build prelegendrians A so that £(A) is non-loose. This follows
the same line of reasoning as in Theorem 2.2.2, since proving the non-looseness of a
Legendrian is a non-trivial task that usually requires input from pseudoholomorphic
curve theory (or its variants in generating functions, microlocal sheaf theory, etc).

Corollary 2.2.6. There exists a prelegendrian embedding
AT X §9 x - x S0 ey (C*H Dean),

where jo + - -+ + jp = n, such that L(A) C C(C* 1 Dgyy) is non-loose. In particular,
A and s(A) are formally prelegendrian isotopic but not prelegendrian isotopic.

3In [EESO5b] this operation is referred as stabilization, but we preferred to call it N-pushing
and leave the word ”stabilization” for the actual front move producing loose Legendrians, i.e. when
is performed near a cusp chart.
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Conormal lifts

We were unable to find exotic pairs of prelegendrians in (C*"*! D.,,) whose underly-
ing smooth manifold is not a (non-trivial) product. However, we can achieve this in
the more general case of the space of complex contact elements (Gr(X, J), Dean). A
natural prelegendrian submanifold is the one associated with a smooth real co-oriented
hypersurface M C (X, J), namely

Ay = (M, TM N JTM) C (Gr(X,J), Dean)-

The Legendrian lift of L(Ay) = (M, TM) C (ST*X, &can) is the co-normal lift of the
hypersurface M associated to the given co-orientation.

Therefore, our prelegendrian stabilization from Theorem 2.2.4 implies:

Corollary 2.2.7. Let Y C (X, J) be a codimension 0 compact submanifold with
connected boundary M = 0Y. Then, Ay and s(Ay) are formally prelegendrian
1sotopic but not prelegendrian isotopic.

Remark 2.2.8. If we apply Corollary 2.2.7 to the case in which (X, .J) is C"*1 we
will produce prelegendrians in C"*! x CP" that are homologically essential and thus
not contained in C?"*!. The reason is that M is likely to have a complex Gauss map
M — CP" that is homotopically non-trivial. Finding prelegendrians contained in
the standard fat C?"*! was precisely the motivation behind Theorem 2.2.2. A

General corank-2 fat distributions

It is tempting to think of (C*"*1 Dgy) as the model fat distribution of corank-2, but
this is not correct. It turns out that there is no Darboux theorem in this setting.
Nonetheless, (C?, Dyq) serves as an approzimate model when n = 1. This is explained
in Section 5.3, where we show:

Theorem 2.2.9. Fiz a fat distribution (M°,D*). Then:

e [t contains compact prelegendrians.

e The prelegendrians it contains can be stabilised.

This is the six—dimensional case of Theorem D. In higher dimensions we obtain a
weaker statement by the same method; see Section 5.3 for details.

In a similar direction, consider the following problem: we fix a path of corank-2
fat distributions (D;)scpo,1), as well as a prelegendrian A for Dy. There is no Gray
stability in this setting, so there is no reason for a path of prelegendrians (A;)seo]
in D, to exist with Ag = A. However:

Lemma 2.2.10. If A is compact, a path Ay does exist for small s. In dimension 6 a
path exists for all time if Dy = Dgq.
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On the side of rigidity, we moreover obtain:

Theorem 2.2.11. Let A and A’ be two distinct prelegendrians in (C*"*1 Dyyq), as
produced by Theorem 2.2.2 or Corollary 2.2.6. Then there is no path (D, Ag)scpo]
of corank-2 fat distributions and prelegendrians such that:

e Dy =D, = Dga-
e D, agrees with Dgq outside of a compact.

e Np=Aand Ay =N

That is, rigidity persists even if we allow homotopies of the fat structures themselves.

2.3 Guide to the rest of Part 1

Part 1 is organized as follows.

We begin in Section 3.1 by introducing the basic objects: fat manifolds and prele-
gendrians. Their fundamental properties are established, including the existence of
contactisations and Legendrian lifts, and we also set up the framework of formal
prelegendrian embeddings. Section 3.2 reviews co-real submanifolds in almost com-
plex manifolds, which will play a central role in our constructions. In Section 3.3 we
turn to examples, focusing in particular on corank-2 fat manifolds. Among them,
the space of complex contact elements (or almost complex Grassmannians) will serve
as the main class of models studied throughout this part, and we describe their
contactisations explicitly.

The next three sections shift attention to the contact-geometric side: Section 4.1
recalls Legendrian fibrations and introduces the notion of simple fronts; Section 4.2
reviews stabilization and the concept of loose Legendrians; and Section 4.3 presents
the front-spinning construction for producing higher-dimensional examples.

With this background in place, Section 4.4 introduces prelegendrian fronts. We estab-
lish a characterisation theorem (Theorem 2.2.1) and describe the basic Reidemeister
moves. In the same section we define a prelegendrian spinning construction along co-
real submanifolds, providing explicit examples in the standard model (C?*"™! Dgy).
The subsequent section, Section 4.5, adapts Legendrian front operations to the
prelegendrian setting, giving rise to the notion of prelegendrian stabilisation.

The existence of suitable co-real submanifolds is then proven in Section 5.1. This
result yields compact prelegendrians in (C*"™! Dgy) and shows that prelegendrian
stabilisation is a non-trivial operation (Theorem 2.2.4). These tools culminate in
Section 5.2, where we construct exotic prelegendrians, including infinitely many
formally isotopic but not prelegendrian isotopic tori (Theorem 2.2.2) and further
corollaries.

Finally, in Section 5.3 we move beyond the standard model, extending the discussion
to general corank-2 fat distributions. Using nilpotentisation and stability arguments,
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we establish the existence of compact prelegendrians and prelegendrian stabilisations
in this more general setting.
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Chapter 3

Fat manifolds and spaces of
complex contact elements

This chapter develops the general framework used throughout Part I. In Section 3.1
we introduce fat manifolds and prelegendrian submanifolds, prove the equivalence be-
tween fatness and the existence of contactisations/symplectisations (Theorem 3.1.6),
and establish the (projective and co-oriented) Legendrian lift for preisotropic and
prelegendrian maps (Proposition 3.1.13). We then turn to the almost complex view-
point: Section 3.2 reviews co-real submanifolds and fixes notation in complex linear
algebra, and Section 3.3 constructs corank-2 fat distributions from almost complex
Grassmannians, identifies their contactisations with spaces of contact elements (The-
orem 3.3.7), and extracts the standard model (C*"*! Dyy) and its contactisation
(Corollary 3.3.10). Finally, Section 3.3.5 records the affine-chart descriptions used
later for fronts and local operation.

3.1 Fat manifolds

In this Section we introduce the main characters of the part I: fat manifolds and
prelegendrian submanifolds. We prove the key properties about them: existence
of contactisations (Theorem 3.1.6) and Legendrian lifts (Proposition 3.1.13). We
conclude the section by introducing formal prelegendrian embeddings, which is
necessary to set up the h-principle problem.

3.1.1 Fat Distributions

Let D" C T'M be a distribution of rank r on a smooth manifold M. The Lie-bracket
of D with itself is the C°°(M)-module of vector fields

[D, D] = {[uy, us] | us,us € T'(D)}.

Throughout this thesis we will always assume that D is reqular, meaning that the
module [D, D] has constant rank, hence defines a distribution that we denote by the

21



Chapter 3. Fat manifolds and spaces of complex contact elements

same symbol.

The curvature map of D is the bundle morphism

Q:DAD—TM/D, (X,Y)— —[X,Y] mod D.

For each distribution H C T'M such that D C H, there is also an associated
H-directional curvature

O :DxD— TM/H
(X,Y)— —[X,Y] mod H.

It is often convenient to dualize this picture. The annihilator of D is the subbundle
(TM/D)* ~D* ={a € T*M : oyp = 0},

consisting of all covectors vanishing on D. Dualizing €2 and using Cartan’s formula,
we obtain the dual curvature map

Q Dt = A’D*, ar —ao0Q = —a0 e = dalp.
This map encodes the same information as €2, but from the perspective of 1-forms
rather than vector fields.

The basic link between curvature and bracket-generating properties is well known:

Lemma 3.1.1. Let D be a distribution on a manifold M. Then the following
statements are equivalent:

1. [D, D] =TM, i.e. D is bracket-generating of step 2.
2. The dual curvature Q* is a monomorphism.

3. The curvature £ is an epimorphism.

We are interested in a special subclass of step-2 distributions whose curvature exhibits
maximal non-degeneracy.

Definition 3.1.2. A distribution D of corank k on a manifold M is said to be fat
at a point p € M if, for every non-vanishing 1-form a € Dt at p, the 2-form Q*(a)
defines a symplectic form on D,,.

A distribution D is fat if it is fat at every point p € M. The pair (M, D) is called a
fat manifold, whenever D is fat. A

In other words, (M, D) is a fat manifold if and only if for every (local) non-zero
section of o : U — D™, the vector bundle (Dyy, dov) is symplectic. In particular,
fat distributions of corank 1 are precisely contact distributions. It follows that the
rank of a fat distribution D is always an even number 2n. We will usually write
(M2 D2") to denote fat manifolds of corank k.
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Remark 3.1.3. A fat distribution D?" is necessarily bracket-generating of step
2, by Lemma 3.1.1. Moreover, fat distributions are maximally non-integrable in
the following sense: The distribution D?" is fat if and only if for every hyperplane
distribution H C T'M with D C H, the H-directional curvature

Qu:DAD— TM/H,(X,Y)— —[X,Y] mod H,

is a symplectic form with values in the line bundle TM/H. In the case H = ker(a),
Qy = Q*(«). In particular, fat distributions came equipped, at least locally, with a
Sk=1_family of conformal symplectic structures. A

Inspired by [BD23], we adopt their construction and refer to it as the fatization.

Example 3.1.4. Let (W?" \,..., \x) be a smooth manifold W?" equipped with
(k — 1)-sphere of Liouville forms, i.e. a k-tuple \,..., \x € QW of 1-forms such
that

1. d); is a symplectic form for all 2 =1,... k.

2. For every (ay,...,a;) € S*~! the combination a; d\; + asdXy + - - - + ap d)y, is
symplectic.

The fatization of (W?**, \y,..., ) is the corank k fat manifold
(W x R¥. D =ker(dz; — A1) M-+ Nker(dz, — \g)),

where (21, ... ,2) are the standard coordinates on R*. To produce compact examples
one can moreover quotient R¥ to a torus T*.

The fatization is a fat manifold. Indeed, every non-zero form o € D+, can be uniquely
expressed as

o = tay(dz — i) Ftag(dzg— X))+ - tas(dze— M), (¢, (ay, . . ., az)) € (0,00) x SF71.

From here it follows that da = t(ay d\y + - - - ap dAy) is symplectic on D = TW .

A concrete example is R*. It admits a natural 2-sphere of Liouville forms coming
from the complex structures 1,7 and k given by the unit quaternions. More generally,
exact hyperkdahler manifolds provide a natural source of examples.

In the non-exact setting, one can consider a k-tuple of symplectic forms such that
any combination is symplectic. If all the forms in the tuple are of integral class, one
can consider the associated S'-bundles. Taking their product produces a T*-bundle
with fat connection. A

Beyond the contact case, i.e. corank 1, fatness is rare and highly constrained. The
following result provides a precise set of numerical restrictions:

Theorem 3.1.5 (Rayner [Ray68]). Let D" be a distribution of positive rank r and
corank k on a manifold M"*. If D" is fat, then the following numerical constraints

hold:
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e 1 is even andr >k + 1.
o Ifk>2, then 4 divides r.

o The (r — 1)-sphere ST™1 admits k-many linearly independent vector fields.

Conversely, given any pair (r, k) satisfying the above conditions, there is a germ of
fat distribution of rank r and corank k.

3.1.2 Contactisation and symplectisation of a fat manifold

Given a manifold M, we denote by A..n the canonical Liouville 1-form in T*M.
The manifold T*M carries a natural R*-action (resp. R*-action), induced by the
associated Liouville vector field. The quotient of 7*M \ 0 under this action is the
space PT*M of hyperplanes in M (resp. the space ST*M of co-oriented hyperplanes
in M). Since the action conformally expands the symplectic form, it defines a
canonical contact structure (PT*M, &.an) known as space of contact elements on M
(resp. (ST*M,&can) known as space of co-oriented contact elements).

Consider the bundle projections 7p : PT*M — M and 7w : ST*M — M. Then, the
canonical contact structure on P7T*M is

fean(a) = (domp) H(kera), o€ PT*M.

The canonical contact structure on ST*M is &.., = ker Acan, hence at a point
a € ST*M is also given by Eean(@) = (dom)~*(ker a). The canonical double covering
(ST*M, &can) — (PT*M, &can) is the co-oriented double contact cover of (PT*M, &can),
and commutes with the bundle projections.

Fix a distribution D C TM on M of rank k. Its annihilator D+ C T*M is preserved
by the previous actions. Thus, we define the RP*~!-subbundle PD+ C PT*M (resp.
the S¥~1-subbundle SD+ C ST*M). Notice that PD* (resp. SD*) is nothing but
the space of hyperplanes (resp. co-oriented hyperplanes) in M that contain D. The
bundle projections will be denoted as before.

The following characterisation of fatness is the key input we will use throughout this
part:

Theorem 3.1.6. Let D C T'M be a distribution on M. The following are equivalent:

1. D s fat.
2. DY\ 0y C(T*M, dean) is a symplectic submanifold.
3. P(DY) C (PT*M,&can) is a contact submanifold.

4. ST*M C (ST*M,&can) is a contact contact submanifold.
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Proof. The equivalence between (2), (3) and (4) is a standard fact in contact and
symplectic geometry, c.f. [CEM24, Gei08b]. We prove the equivalence between (1)
and (2): DL\ 0y € T*M is a symplectic if and only if D is fat.

Write m = dim(M), k = corank(D) and r = rank(D). Then, dim(D+) =m +k =
r + 2k is even if and only if r is even. From now on, we will assume that r = 2n is
even, hence dim(D+) = 2(n + k).

Let 9 = (q1,--.,qm) be alocal coordinate chart on an open set U C M. Trivialize
the distribution D on U by a collection of 1-forms {a1, ..., ax} such that:

D' ker oy N -+ - N ker au,.

That is, the collection {ay,...,az} forms a local frame for D+. Denote the corre-
sponding fibre coordinates by (aq, ..., ax).
Hence, (q;ay, ..., a;) gives a local coordinates on D+. The canonical Liouville 1-form

on T™M restricts to:
k
A=) a,
i=1

and its differential is:

k k

w:=d\ = d(Zaiai) = Z (dai/\ai+aidai>

Since the 1-forms «; are independent of the fibre coordinates a;, the maximal wedge
power of w has the form:

k

wmtk) = c/\ (da; A ag) A (Zai dai)n. (3.1)

i=1 =1

Realize that TD+ = TM & Vert & D @ TM/D & Vert. The first term in (3.1) is
always volume form on the subspace TM /D & Vert. Therefore, w is symplectic in
DL\ 0y if and only if the second term in (3.1) is a volume form on D" for all
(a,...,ar) # (0,...,0), which is precisely the definition of fatness. This concludes
the proof. n

Definition 3.1.7. Let (M?"% D7) be a fat manifold.

1. The projectivised contactisation of (M, D) is Cp(M, D) = (PD*, &an),

2. The (co-oriented) contactisation of (M, D) is C(M,D) = (SD*, can),

3. The symplectisation of (M, D) is S(M, D) := (D*\ 0rr, d\ean)- A
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Chapter 3. Fat manifolds and spaces of complex contact elements

3.1.3 Preisotropic and prelegendrian submanifolds

Let us introduce a class of submanifolds of fat manifolds that is specially adapted to
the geometry:

Definition 3.1.8. Let (M?"** D?") be a fat manifold. A submanifold A C
(M?+k D) is said to be preisotropic if

(TA+D)jp € TMj

has constant corank 1. A

Equivalently, A C (M?"** D) is preisotropic if

dim(TAND) =dim(A) — k + 1.

A preisotropic immersion is a parametrization of a possibly immersed preisotropic
submanifold, and a preisotropic embedding is a parametrization of an embedded
preisotropic submanifold.

Remark 3.1.9. In the contact case (M?***1 D?") preisotropic submanifolds are
precisely isotropic submanifolds. A

Every preisotropic submanifold A C (M?"* D?") carries a hyperplane distribution
Hy = (TA + D)|A,

that we will refer to as preisotropic hyperplane. A preisotropic co-orientation is
a co-orientation of Hy, i.e. an orientation of the line bundle [y := TMx/Hy. In
the examples of preisotropics treated in this thesis there will be always an obvious
preisotropic co-orientation unless otherwise stated.

Remark 3.1.10. In the contact case (M?"! D?"), the preisotropic hyperplane is
the contact structure, Hy = Dj. In particular, in co-oriented contact manifolds
every preisotropic carries a natural preisotropic co-orientation. A

Since (M?"t* D) is fat, the curvature of D along the preisotropic hyperplane H
defines a symplectic form
QHA : D|A /\D|A — A

with values on the line bundle [,.
Lemma 3.1.11. Let (M*"** D?") be a fat manifold and A C (M?**k D) ¢

preisotropic submanifold. Then, TANDx C (Da,n,) is an isotropic sub-bundle.
In particular, tk(TA N'D) < n, equivalently, dim(A) < n+k — 1.

Proof. The computation is local so we may assume that A has a fixed preisotropic
co-orientation, i.e Hy, = kera for some 1-form «, and identify 2y, = da. Since
t*a = 0, for the inclusion map ¢ : A — M, we conclude that t*da =0 on TAND,
from which the result follows. O
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3.1. Fat manifolds

This motivates the following definition:

Definition 3.1.12. A preisotropic submanifold A C (M?"** D) is said to be
subcritical if dim(A) < n+k — 1. A prelegendrian submanifold is a preisotropic
submanifold A of the maximal dimension dim(A) =n + k& — 1. A

Isotropic and Legendrian lifts to the contactisation

The following lifting property justifies the terminologies preisotropic and prelegen-
drian:

Proposition 3.1.13. Let (M?*"** D) be a fat manifold.

o Ifu:S — (M D) is a preisotropic immersion, then there exists a unique
isotropic immersion u : S — Cp(M,D), that makes the following diagram
commute:

CIP’(Mv D)

@/”l (3.2)
S (M, D)
o Ifu:S — (M*F* D) is a co-oriented preisotropic immersion, then there

exists a unique isotropic immersion u : S — C(M, D), that makes the following
diagram commute:

C(M,D)

A
’
/7
/

%MD (3.3)

/l

Moreover, if u is an embedding, then u and @ are also embeddings.

Proof. Recall that Cp(M, D) = (PD*, ean) C (PT*M, &can) while C(M, D) = (SD+, &) C
(ST*M, &can). We denote the projections by mp : Cp(M,D) — (M,D) and 7 :
C(M,D) — (M, D) respectively.

For each p € S, since u is preisotropic there is a unique 1-form &, € D+ = Ann(D)
defined up to R*-scaling, such that

du(T,N) + D, = ker &,.

In the case where u is co-oriented preisotropic, there is a unique &,, defined up
to positive Rt-scaling, that induces the given co-orientation satisfying the same

property.
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Chapter 3. Fat manifolds and spaces of complex contact elements

The lifts are defined by 4(p) = [&,] and a(p) = [&,), respectively. Differentiating
the identities mp o & = v and 7 o & = u, we obtain:

drmp(Im da,) = Im du, C ker &,

and
dr(Im da,) = Im du, C ker @,.

From here it follows that both maps are isotropic immersions. Indeed, the immersion
property is obvious. For the isotropic property, realize that at the point [a,] € PD+
the canonical contact structure is defined as &.n([ap]) = dmp ' ker(a,), the same
argument applies in the co-oriented case. [

Definition 3.1.14. Let (M?"** D?") be a fat manifold and u : S — (M,D) a
(co-oriented) preisotropic immersion. The isotropics Zp(u) = @ : S — Cp(M, D)
and Z(u) =@ : S — C(M, D), from the proposition above, are called the projective
1sotropic lift and the isotropic lift of u, respectively. A

In the prelegendrian case, we will use the notation Lp(u) = Zp(u) and L(u) = Z(u)
to denote the lifts, and we will refer to them as Legendrian lifts. When dealing with
submanifolds (not maps) we will use the same notation to denote the lifts, i.e. if
A C (M, D) is preisotropic, resp. prelegendrian, we will write Z(A), resp. L(A), to
denote the lifts, and similarly for the projective ones.

The construction of the lift is continuous for families of preisotropics. In particular,
the isotropic lifts produce effective invariants to distinguish preisotropics. For later
use, we highlight the following:

Corollary 3.1.15. Let (M?*t% D?") be a fat manifold, and Ay, Ay : S — (M, D)
two (co-oriented) prelegendrian embeddings. Then,

o If Lp(Ny) and Lp(Ay) are not Legendrian isotopic, then Ay and Ay are not
prelegendrian isotopic.

o If L(Ay) and L(Ay) are not Legendrian isotopic, then Ny and Ay are not
co-oriented prelegendrian isotopic.

Remark 3.1.16. In practice, we will want to distinguish prelegendrians without
the co-orientation information by their lift to the (co-oriented) contactisations. For
this, one would need to distinguish the set of all possible co-oriented Legendrian
lifts. When the prelegendrian is connected there are just two different lifts, and both
are related by the co-orientation reversing contactomorphism of C(M, D) given the
antipodal action in the S¥~!-fibres. Therefore, it is enough to distinguish £(Ag) and
L(A1) by means of a Legendrian invariant preserved by this action, to conclude that
Ag and A; are not prelegendrian isotopic. All the Legendrian invariants treated in
this work satisfy that property. A
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3.1. Fat manifolds

3.1.4 Formal preisotropics and prelegendrians

The study of preisotropic immersions in fat distributions was first carried out by
Gromov [Gro96], who referred to them as partially horizontal immersions, and
was subsequently developed by Bhowmick [Bho22], who completed the h-principle
analysis in certain cases via the Hamilton—Moser implicit function technique.

To state the h-principle and, at the same time, to prepare for the exotic prelegendrian
examples to which we return later, we introduce the following notion, which encodes
the formal (i.e. topological) data of being preisotropic.

Definition 3.1.17. Let (M?"™* D) be a fat manifold, and let S be a smooth
manifold.

1. A formal preisotropic immersion is a pair (f, F'), such that:

e f:S5 — M is a smooth map,
e F:T'S — TM is a bundle monomorphism covering f such that

(a) H, = F(T,S) + Dy has corank 1, for all p € S, and
(b) F(T,5) N Dypy C (Dy(py, m,) is an isotropic subspace, for all p € S.

2. A formal preisotropic embedding is a pair (f, Fy) such that:

e f: S5 — M is an embedding,

o F,: TN — TM with s € [0, 1] is a 1-parameter family of bundle monomor-
phisms covering f such that Fy = df,

e (f,F1) is a formal preisotropic immersion.

3. A formal prelegendrian immersion (resp. embedding) is a formal preisotropic
immersion (resp. embedding) of dimension n + k — 1. A

Regarding preisotropic immersions there is the following h-principle:

Theorem 3.1.18. [Bho22, Theorem 5.3] Let (M?"*k D) be a fat manifold and let
S be a smooth manifold. Then, for any subcritical formal preisotropic immersion
(f, F) from S to (M, D), there exists a homotopy of formal preisotropic immersions
(fi, Fy) such that:

o fo=/[fand Fy=F.
e f1 is a preisotropic immersion.

L] F1 = df1

In the prelegendrian case, the same statement holds provided that S is an open
manifold.
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Chapter 3. Fat manifolds and spaces of complex contact elements

Remark 3.1.19. Recall that subcritical isotropic embeddings in contact manifolds
satisfy an h-principle [CEM24], via the h-principle for isocontact embeddings in
codimension > 4. By contrast, Bhowmick establishes the result above using microflexi-
bility and microextension arguments, which yield immersions rather than embeddings.
By analogy with the rigid/flexible dichotomy in contact topology, we pursue the
failure of the h-principle for prelegendrian embeddings. The h-principle problem
for subcritical preisotropic embeddings and prelegendrian immersions remains to be
explored. A

3.2 Co-real submanifolds in almost complex man-
ifolds

In this section we recall basic facts about linear complex algebra, almost-complex
manifolds, and co-real submanifolds that we will use in subsequent sections. We
need them to 1) construct examples of corank-2 fat manifolds, and 2) build examples
of compact prelegendrians in these fat manifolds. This section also serves to fix
notation.

3.2.1 Complex linear algebra

Throughout this subsection we fix a real vector space V' of dimension 2n endowed
with a complex structure J : V — V| thereby turning V' into a complex vector space.
There is a dual complex structure J* on V* defined as J*(a) = a o J.

Definition 3.2.1. Given (V, J):

e A subspace W C V is called J-invariant if JW = W.
e A C-valued R-linear map 3 : V — C is called J-linear if S o J =1 /.

e For a subspace H C V, its complex part is the J-invariant subspace H” =
HNJH.

A subspace S C V is called real if S = {0}.

A subspace S C V called co-real if S + JS = V; equivalently, the annihilator
S+ C V*is real.

The complexification of a linear map a : V — R is the J-linear map o’ =
a—iaolJ. A

Note that if S is real then dim S < n, while if S is co-real then dim S > n.
The following lemma will be used later to build co-real submanifolds.
Lemma 3.2.2. Let S CV be co-real, and H C'V be any subspace. Then, S + H is

co-real.
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3.2. Co-real submanifolds in almost complex manifolds

Proof. Since S + JS =V, we have
(S+H)+JS+H)=S+JS+H+JH=YV,
so S+ H is co-real. O

We denote the real and complex Grassmannians of V| respectively, by:
Gri(V):={H CV : H is a k-dimensional subspace},
Grog(V, J) ={W CV : W is J-invariant} C Grog(V).

Since we will mostly work with (real or complex) hyperplane Grassmannians, we
will write Gr(V) = Gra,—1(V) and Gr(V, J) = Gra,_o(V, J), whenever there is no
possible confusion. Sometimes it is more convenient to work with the dual picture,
called Grassmannian duality:

Lemma 3.2.3. There are canonical bijections:
Gri(V) = Grop— (V™)
H— H*,
and
Grop(V, J) = Groy_op(V*, J¥)
W= W,

The Hopf map is defined as:
Hopf : Gry,—1(V) — Gra,_o(V, J)
Hw~ H.
Equivalently, Hopf(H) is the maximal J-invariant subspace contained in H. This is

well defined since every real hyperplane is co-real. Applying Grassmannian duality
and identifying with (real/complex) projectivisation, we obtain the dual Hopf map:

Hopf™ : Gri(V*) ~ P(V*) — Pc(Home(V, C)) ~ Gry(V*, J¥)
[a]r = [a”]c

In the case V = R* = C" (i.e. J = Jyq), the above dual Hopf map yields the
standard Hopf fibration:

THopt : RP?" 1 — CP™!

[pr:-ipalr > [P+ ip2 i Pan1 +ipan)c
With the notation above we recall the following linear-algebra lemma, that will be
used later.

Lemma 3.2.4. Let W € Gry,_2(V) be a subspace of codimension 2, and let ay, g €
V* be linear maps with W = ker ay Nker ag. Then W is J-invariant if and only if
af and oy are C-linearly dependent in Homg(V,C).

Proof. By Grassmannian duality (Lemma 3.2.3), W is J-invariant if and only if the

plane spang{ag, as} C V* is J*-invariant (i.e. a complex line), which is equivalent
to af and oy being C-linearly dependent. O]
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Chapter 3. Fat manifolds and spaces of complex contact elements

3.2.2 Co-real submanifolds

Let (X, J) be an almost complex manifold of real dimension 2n, ie. J:TX — TX
is a bundle isomorphism with J, : T, X — T, X making 7, X a complex vector space
for each p € X.

Definition 3.2.5. An immersion f : S — (X, J) is called co-real if for every ¢ € S
the subspace df,(7,S) C Ty X is co-real (with respect to Jy()).

A submanifold S C (X, J) is called co-real if T'S C TX is a co-real subbundle. A
The class of co-real immersions/embeddings fits into the framework of directed
immersions/embeddings [Gro86, CEM24|, and the corresponding open subset of

the Grassmannian bundle is ample. Consequently, Gromov’s convex integration
technique yields the following h-principle:

Theorem 3.2.6 (Gromov). Co-real embeddings satisfy the C°-dense, parametric
and relative to the domain, h-principle.

Next, we will state several results about co-real submanifolds. Some of them may seem
a bit unmotivated or technical, but they will become relevant in the constructions of
prelegendrian stabilizations and compact prelegendrians. The first one is a (formal)
topological obstruction to the existence of co-real embeddings in C™:

Proposition 3.2.7 ([Wel69]). If N C C™ is an oriented, co-real submanifold, then
its FEuler characteristic satisfies x(IN) = 0.

Proof. Since N is co-real in C", there is a splitting
TC"|y ~ (TN) @&n ®vner,
with vy the normal bundle, n C TN and J(n) = vy. In particular,
TN ~ (TN) @ vy.
Hence e(TN) = e((T'N)?) U e(vy). Since e(vy) = 0 (see [MST74]) it follows that:
X(N) = (e(TN),[N]) = 0. O
The following result will be fundamental in our construction of exotic prelegendrians

(Theorem 2.2.2) via prelegendrian spinning along a co-real torus. In particular, it
will allow us to find the required torus:

Lemma 3.2.8. Let (X, J) be an almost complex manifold such that m: X — N is a
vector bundle over a compact manifold N. Assume that the zero section O C X is
co-real. Then,

e For every connection Hor C T X of X, then there exists a sufficiently small
tubular neighbourhood U of Og such that Hor;y C T' Xy is a co-real subbundle.
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3.2. Co-real submanifolds in almost complex manifolds

e Fvery submanifold W C X fibred over N is fibred isotopic to a co-real subman-
ifold.

Proof. The first part is a consequence of the compactness of N and the fact that
co-reality is an open condition, since Hor, = T,N for p € N = Oy.

For the second part, fix a connection Hor of X that restricts to a connection of W,
and consider the dilation ¢; : X — X, t > 0, along the fibre directions. It follows
from the previous part and Lemma 3.2.2 that §;(W) is co-real for ¢t > 0 sufficiently
small. O

Sections of the complex tangencies

The following result will have a relevant role in proving that prelegendrian stabi-
lization does not change the formal prelegendrian isotopy class. The N appearing
in the statement will later be the co-real submanifold along which we perform the
stabilization and F will be a prelegendrian front.

Proposition 3.2.9. Let N C F C (X,J), where F is an oriented hypersurface
and N s a co-real submanifold, and suppose the normal bundle vy r admits a

nowhere-vanishing section. Set M = Op z(N) C F. Then every nowhere-vanishing,
mward-pointing section Z € P(TM|}Z)M) extends to a nowhere-vanishing section

Z e D(TMY).

Proof. Consider the tubular projection m : M — N, together with a connection
Hor € T'M. Define S = Hor. Notice that since N C X is co-real we may
assume that S C T'X))s is a co-real subbundle after possibly shrinking M. Define
F:=TM C E =TX]|y, so we have a flag of vector bundles S C F' C F over M.

Observe that
F=TM=S5®Vert =S ® 1 vnmr.

Since vy 7 — N has a nowhere vanishing section by hypothesis, we conclude that F'/.S
has a nowhere vanishing section. Therefore, we are in the situation of Lemma 3.2.10
(below) and there exists a non-zero section s : M — F/ NS = TM’ N Hor.

Finally, we will interpolate between the ”almost vertical” section Z and s near OM
to conclude. First, extend the boundary section Z : OM — TM|‘({)M to a collar
neighbourhood, and denote the extension by Z : M x 0,¢) — TM“&X[O o) Since Z

is inward-pointing, we may assume that Z is nowhere zero neither horizontal.

Then define . X

Z(p) = (1= B(p)s(p) + B(p)Z(p), forpe M,
where 8 : M — [0, 1] is a bump function supports on M x [0, ), and B|onx[o./2 = 1-
Then Z € T'(T'M”) is the required extension of Z. Indeed, it is nowhere zero because
Z(p) is not horizontal while s(p) € Hor. O

We now prove the claimed auxiliary result.
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Lemma 3.2.10. Let S C F C E be a flag of vector bundles over a manifold M such
that

o F — M is a complex vector bundle, with fiberwise complex structure J : E — FE,
e ' C E has real corank one,
e S C FE is a co-real subbundle, and

e The normal bundle F'/S admits a nowhere zero section.
Then, there exists a nowhere zero section of F7 NS over M.

Proof. Since S C FE is a co-real subbundle there is an isomorphism of vector bundles:
E~S'®JE/S)®E/S
with J(E/S) C S.
Moreover, E/S = E/F @ F/S hence, the previous isomorphism gives
E~S"aJ(F/S)® J(E/F)® F/S®E/F.
On the other hand, since F' C E has corank 1, it is automatically co-real, hence
E~F' o J(E/F)®E/F

Taking the quotient by the complex line J(E/F) @ E/F in the both expressions, we
conclude that

F/l~STqo J(F/S)® F/S,
with J(F'/S) C S, from which the result follows. O

3.3 Examples of corank 2 Fat Distributions

This section presents examples of corank-2 fat distributions. The most relevant one
is the space of complex contact elements over an almost complex manifold. We will
show that the contactisations of the later are canonically contactomorphic to the
spaces of contact elements of the underlying almost complex manifold.

3.3.1 An alternative characterisation of fatness for corank 2
To introduce the examples of corank 2 fat distributions, we will need an alternative
characterisation of of fatness in corank 2, which can be found in [Bho24, Rut23]. We

begin with an algebraic definition:
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Definition 3.3.1. Let (w1, ws) be a pair of symplectic forms on a real vector space
W. Then there exists a unique automorphism A : W — W such that:

wy(wy, wy) = wa(wy, Aws), wy,wy € W.

The automorphism A : W — W is called the connecting isomorphism of the pair
(wl, CUQ) . AN

More precisely, the connecting isomorphism is defined by A := I; ' o I, where
I; : W — W* is the isomorphism induced via I;(u) = w;(u, —).
Let D?" be a distribution on M?"*2 then the dual curvature at each point p € M is
* iR 2 yx
Q,: D,y — ND,
Choosing a basis {e1, €2} of D,-, we obtain a pair of 2-forms (w;,ws) on D, given by

W; = Q;(ez), 1= 1,2

With the above notation, we have the following:

Lemma 3.3.2. Let M*"2 be a manifold equipped with a distribution D**. Then the
following are equivalent:

1. D s fat at the point p € M.

2. The pair of 2-forms (w1, ws) associated with any basis of DPL, are symplectic on
D,, and the corresponding connecting isomorphism A has no real eigenvalues.

Proof. (=) Suppose that D is fat. Then w; and ws are symplectic by definition.
If A has a real eigenvalue, there would exist X € D, and A € R with AX = \X,
hence

(JJl(', X) = CL)Q(', AX) = )\UJQ(', X),

The linear combination w = Aw; — wy would then be degenerate, contradicting
fatness.

( <= ) Conversely, suppose some non-zero linear combination w = cjw; + cows is
not symplectic. Then there exists X € D such that:

0=w(-,X)=cw(,X)+ cuws(-, X).

Without loss of generality, assuming ¢; # 0, we obtain

(5, X) = wal- AX), A= -2

&1

which shows that A has a real eigenvalue. O
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3.3.2 Holomorphic contact manifolds

Definition 3.3.3. Let M be a complex manifold of complex dimension 2n + 1. A
holomorphic vector subbundle .Z C T'M of complex corank 1 is called a holomorphic
contact structure, if for every point p € M, there exists an open neighbourhood
U C M and such that Z|y = ker O is defined by a holomorphic 1-form © satisfying:

deO A ()" £0.
The pair (M, %) is called a holomorphic contact manifold. A
A fundamental example is C***1 with complex coordinates (zy,...,Tn, Y1, Yn, 2),

equipped with the standard holomorphic contact form:
Oua = dz+ Y yida,
i=1

whose associated holomorphic contact structure is ker(Osq).

The following classical result, which exhibits a family of fat distributions of corank 2,
appears in [BD23] and [Rut23].

Lemma 3.3.4. Let (M,.%) be a holomorphic contact manifold. We view M as a
smooth manifold and £ as a real distribution of corank 2, then £ is a fat distribution
of corank 2 on M.

Proof. By the Holomorphic Darboux Theorem [AFL17, Theorem A.2], it suffices to
prove the statement for (C*"*1 ker Oyq). Identify C***! with R*"*2 and and write
the associated real coordinates as

z =z +12, x;=2xj +1iTp, Y;=Yjp + Y.

Then, we can express the holomorphic contact form as Ogq = A1 + iAy, where

A= dz + Z(yjl dzji —yjpdrjpe), A2 = dzo + Z(yﬂ dzji + yju dzja).

J J

It is straightforward to check that .Z is spanned by the vector fields

X1 = Opjy — Yj10zy — Yj20sy,  Xjo = Opjy +Yj20z, — yj0.,
}/} = 8 Y72 = ay

Y19 29

and we compute

d)\l == Z(dyjl VAN d[L’jl - dng VAN de’jg),

J

d)\g == Z(dng VAN d[L’jl + dyjl A dl‘jg).

J
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Note that each summand of d\; and dA; depends only on the block { X1, X2, Yj1,Yj2};
hence a direct computation shows that

dA(u,v) = dis(u, Jv),

for all u,v € £, where J is denoted by the standard complex structure.

This shows that the connecting isomorphism A : £ — £ associated to (dA;, d\y)
is the restriction of J to .Z. In particular, A has no real eigenvalues, and hence .Z
is fat by Lemma 3.3.2. O

3.3.3 The space of complex contact elements

Another class of corank-2 fat distributions arises from the study of almost-complex
grassmannians, generalising the space of contact elements to the almost-complex
setting. The study of such structures in the holomorphic setting was carried out in
[FL22].

Let (X, J) be an almost-complex manifold of real dimension 2n. The almost-complex
Grassmannian of complex codimension one is the fibre bundle

7 Gro, o(X, J) — (X, J),
whose fibre over x € X is
Gr2n72(X7 J):E = Gr2nf2(TxX7 J:p)

For brevity we write Gr(X, J) for Gra,_o(X, J) and refer to it as the almost-complex
Grassmannian of (X, J). Analogously to the construction of the space of contact
elements in contact geometry, we have:

Proposition 3.3.5. Let (X, J) be an almost complex manifold. The distribution
Dean € TGr(X, J) defined by:

Dean(W) == dn Y (W), W € Gr(X, J),

1s fat. The distribution De., is called the canonical fat distribution, and the fat
manifold (Gr(X,J), Dean) is referred to as the space of complex contact elements
over (X, J).

The thesis [Rut23] treats the case dim X = 4. The general case can be established
with an analogous computation. Instead of pursuing this route, we just remark that
this will follow from the fact that its contactisation is the space of contact elements,
which will be shown below.

It is straightforward to check that the canonical fat distribution is invariant under
any diffeomorphism preserving the almost-complex structure. In particular, consider
(X, J) an almost complex manifold and g : X — X a diffeomorphism. Then, g
induces a pushforward almost complex structure g.J on X, and the map Gr(g) :
Gr(X,J) = Gr(X, g.J) is a diffeomorphism that preserves Deay.
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Remark 3.3.6. Fat structures of corank at least 2 have local invariants. The
ones we are considering are rather special. Namely, there is a submersion 7g, :
(Gr(X,J), Dean) — (X, J) whose fibres are horizontal submanifolds (i.e., tangent to
Dean)- It is at the moment unknown whether a general corank-2 fat distribution
admits such a submersion locally.

A certain local invariant of corank-2 fat distributions was introduced in [BD23]: the
degree. The distributions D.,, have degree 2. A germ of fat distribution of type
(8,10) and degree different from 2 was constructed in [BD23].

We expect our constructions of prelegendrians to extend to arbitrary fat distributions
of corank 2, but this remains an open question. A

Contactisation of the space of complex contact elements

The contactisation of the space of complex contact elements (Gr(X, J), Dean) has a
particularly nice and geometric form:

Theorem 3.3.7. Let (X, J) be an almost complex manifold. Then,

e The projectivised contactisation Cp(Gr(X, J), Dean) is canonically contactomor-
phic to the space of contact elements (PT*X, Ecan)

o The contactisation C(Gr(X,J), Dean) is canonically contactomorphic to the
space co-oriented contact elements (ST* X, Ecan)-

Moreover, the following diagram

Rfl ¢ Sf
(PT*X &can) < (ST*X, &ean)

m%

(Gr(X,J), Dean)

Imar
(X, J)

i which the diagonal maps are the fiberwise geometric Hopf maps described in the
Section 3.2, commutes.

Proof. Recall that C(Gr(X, J), Dean) = (P(DL,), &can) and denote by 7, : Gr(X, J) —

(X, J) the Grassmannian bundle projection.

An element of P(DL,) is a pair ((x,W); H) with (z,W) € Gr(X,J) and H C

Tww)Gr(X, J) a real hyperplane. Define
d: P(DL,) — PT*X

((x,W); H) — H = (A7) @w) (H).
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3.3. Examples of corank 2 Fat Distributions

Then H is a real hyperplane in 7, X with W C H (equivalently, HNJH = W), so
® is a bundle map over (X, J). Choosing a connection on 7g, : Gr(X,J) — (X, J)
yields an inverse bundle diffeomorphism, and the resulting square commutes.

P(DY) —2—— PT*X ((x,W); H) ——— (x, H)
Gr(X,J) f (2, W)

TGr

(X, J) x

To see that ® is a contactomorphism, differentiate the diagram. By definition of the

canonical distribution &.., on P(DL,),

V€ &an(H) <= (dmp)p(v) € H = drg,((dmp)u(v)) € H
where the last implication is by the definition H.
Since the diagram commutes, we have
dpo d¥(v) = drg, ((drp)u(v)) € H

hence dW(v) € &ean(H) = (dp) ' (H) by the definition of the tautological (Liouville)
contact distribution. Thus @ is a contactomorphism.

Finally, because ® is bijective and H contains the complex hyperplane W, the map
mpod 1 PT*X — Gr(X,.J), H+—— HNJH,

is the fiberwise geometric Hopf map by construction. The same argument applies to
the co-oriented contactisation C(Gr(X,J), Dean)- O

3.3.4 Standard fat structure on C?"+!

The previous constructions can be specialised to define the standard fat distribution
on C?"t1,

Equip R?"*2 =~ C"*! with an almost complex structure J. After choosing a complex
framing, we trivialise the almost-complex Grassmannian as

Gr(R**2 J) ~ R?*"*2 x CP".

Fix a complex hyperplane H ~ CP"! in CP", and identify CP"\ H ~ C". Thus we
obtain an open subset

R?"2 x C"* C R*"*2 x CP" ~ Gr(R*"*2, ).
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Chapter 3. Fat manifolds and spaces of complex contact elements

The canonical fat structure De,, on Gr(R?"2, J) restricts to a fat distribution on
R2"+2 x C* ~ R**+2_ called the standard fat structure twisted by J and denoted

Dstd,J~

Note that the space of hyperplanes in CP" is naturally identified with the dual
projective space (CP")¥ = CP", which is homogeneous. Hence different choices of
hyperplane and framing produce homotopic fat distributions on R*"2 5o Dyq. s is
well defined up to homotopy.

In the case of J = Jyq (the standard complex structure on C"™!), the construction
yields a fat distribution on C?"*!, called the standard fat structure and denoted Dgq.
Moreover

Proposition 3.3.8. The standard fat structure Dyq on C*" ™1 coincides with standard
holomorphic contact structure ker(Ogyq).

Proof. Write the complex coordinates on C"*! as (zy,...,,, z) as in the proof of
Lemma 3.3.4. Then the canonical fat distribution D,,, on the complex Grammarian
Gr(Cm*) = C"*™! x CP" is given by

Dcan((:pl, T, 2);Jwy e wn+1]) = ker(wy dzy + -+ - + Wpaq dz))

Choosing the hyperplane H = {w,+; = 0} C CP", and affine coordinates y; = %,
the standard fat distribution is

DStd((xb v Ty Z)a (yh s ;yn)) - ker<y1 dorq +-- -+ Yn dz, + dZ),
which is ker O4q4, as required. O

Remark 3.3.9. The space of almost complex structures on R?"*? is contractible,
hence all standard fat distributions Dgq s twisted by J, are homotopic to Dgq. A

Corollary 3.3.10. The contactisation C(C*"™ Dyyq) is contactomorphic to (J'(R*"+1x
Sl)u gstd) .

Proof. By definition, (C*"*1 D) C Gr(C™"*, Jyq) is obtained from Gr(C™"*, Jq)
by taking an affine chart and, by Theorem 3.3.7, the contactisation is

C ! x §7H = ST*C™ ! o C(Gr(C™Y, o)) — Gr(C™Y, Jyq) = €™ x CP".

with the canonical contact structure. Writing the complex coordinates on C**! as
(x,...,2n, 2), and the induced homogeneous coordinates on CP", we get

C(C*> ™ Dyq) = C"™ x Hopf ({2 # 0}) = C"™ x S,
where Hopf : §?"*! C C"*! — CP" is the standard Hopf map and S = S*"*1\ {z =
0}.
On the other hand, there is a contactomorphism

ST*R*™ 2 = R*"*2 5 §2+1 — JY(SH) = T*$*"* x R

(p,a) — (a,p — {(a,P)a, (a, P)),
that induces a contactomorphism
(C" xS, €ean) == (JH(S), &xta)-

Since S ~ R?*" x S!, the result follows. O
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3.3. Examples of corank 2 Fat Distributions

3.3.5 Affine charts in the Grassmannian

It is sometimes useful to work inside an affine chart of the abstract Grassmannian,
as in the construction of (C**! Dyyq). In general, we cannot do this globally (there
may not exist a global section of Gr(X, J) — X), so we restrict to the product case
X =0 xR.

Contact case

Let X = @ x R with coordinate z on the second factor and wvertical vector field O..
Define the horizontal Grassmannian of real hyperplanes by

P(T;y, X) = {HCT,X:0,¢ H} C PT*X.

Being an open submanifold (a fiberwise affine chart) of P7™* X, it inherits the canonical
contact structure ...

Similarly, for oriented hyperplanes we write ST} X ) C ST*X. We have the following
standard identification:

Lemma 3.3.11. There exists a canonical contactomorphism between (ST}, (Q %

R)? 5(}&1’1) and (J1Q7 Scan) .

Proof. An element of ST (Q x R) is a pair ((g, z); o) with o : T,Q & T.R — R and
a(0,) # 0, hence uniquely of the form

a=dz— A\

for some A € T;7Q).

Then we define the diffeomorphism:

STy (@ xR) = J'Q =T"Q x R
((g,2); ) = ((q, N); 2).

This is straightforward to check that this is a contactomorphism. O]

Almost complex case

Now equip X = ) X R with an almost complex structure J. The horizontal complex
Grassmannian is

Gryo(X,J) ={K C T, X :0, ¢ K and K is J-invariant} C Gr(X, J),

i.e. the fiberwise open locus of complex hyperplanes avoiding the vertical line.
Equivalently, K is horizontal if and only if it does not contain the complex line
span(d,, J0,). Thus, when dimg(Q x R) = 2n, the fibre of Gry, (X, J) — X is
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Chapter 3. Fat manifolds and spaces of complex contact elements

diffeomorphic to C*~!. The fiberwise Hopf map is well defined on both horizontal
Grassmannians:

Hopf : S(T;,,X) — Grhor (X, J).
In particular, there a natural inclusion
(S(T3,, X)), €can) = C(Grpor (X, J), Dean) (3.4)

Hence any prelegendrian A C Gr(X, J) whose Legendrian lift £(A) lies in ST*X is
automatically contained in Grye (X, J) whenever £L(A) C STy X.

In the model case Q = R?"*! and X = R?"*! x R with Jyq, the horizontal complex
Grassmannian reproduces the standard structure:

(Grhor((cn+l7 Jstd)7 Dcan) = ((C2n+17 Dstd)7
and we obtain the inclusion

(J'R*, Eean) = C(C*™ Dyya). (3.5)
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Chapter 4

Prelegendrian Fronts

In this chapter we study prelegendrian submanifolds through their fronts.

The guiding idea is that, as in contact topology, fronts provide a powerful geometric
model for representing prelegendrian submanifolds. We begin by recalling the notion
of Legendrian fibrations and their associated front projections, and introduce the
class of simple fronts that will be central in our setting.

We then review stabilization and looseness for Legendrians, and adapt these con-
structions to the prelegendrian case. Next, we discuss spinning techniques that allow
us to construct higher-dimensional examples, and finally prove a characterisation of
prelegendrian fronts in almost complex Grassmannians. This naturally leads to the
definition of prelegendrian stabilization and its relation to Legendrian stabilization.

4.1 Legendrian Fronts

In view of Theorem 3.3.7, contactisations of fat complex Grassmannians are spaces of
contact elements. These are examples of Legendrian fibrations, and admit canonical
front projections, which can be used to study the Legendrians therein. In this section
we provide a basic review of Legendrian fibrations and their fronts. We will define a
subclass of fronts, which we call simple; this class will be specially relevant in our
study of prelegendrian fronts in Section 4.4. The primary references are [ANO1],

[AGV12], and [Arn90].

4.1.1 Legendrian fibrations

We begin by recalling the notion of Legendrian fibrations and front projections.

Definition 4.1.1. Let (Y?"™ ¢) be a (2n + 1)-dimensional contact manifold. A
fibre bundle

T (Y2n+17£) N Bn—l—l
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Chapter 4. Prelegendrian Fronts

over a manifold B is called a Legendrian fibration if all its fibres are Legendrian
submanifolds of Y, i.e. if ker(drg) C €. The bundle map 7 is referred as front
projection. A

Example 4.1.2. The following are examples of Legendrian fibrations:

o m: (J'Q, &) — JPQ with Q a smooth manifold.

e The concrete case mp : (JIR™, &iq) — J'R™ with Q = R" is the standard front
projection. Locally, every Legendrian fibration is contactomorphic to this one;
see for instance [ANO1, p. 72].

e The space of contact elements over a manifold X™ is a RP" !-Legendrian
fibration 7p : (PT*X, &can) — X. Similarly, the space of co-oriented contact
elements is an S"!-Legendrian fibration 7 : (ST*X, £ean) — X. A

Definition 4.1.3. A front map is a diagram consisting of an embedding of a Legen-
drian submanifold ¢ : L™ — (Y?"*1 ¢) and a Legendrian fibration 7 : (Y"1 &) —
Bn—i-l:

f S cé (Y2n+1’£) 7r_F> Bt
By abuse of notation, we often refer to f itself as the front map. The image
F = f(L) € B""! is called the wave front (or simply the front) of L or f. JAN

Front maps are smooth maps from an n-dimensional manifold to an (n + 1)-
dimensional ambient manifold, forming a distinguished class of smooth maps with
some special singularities. Roughly speaking, at each point p € L, whether regular or
singular, you still have a well-defined tangent map d,f of full rank. Those tangent
images record the original Legendrian directions and let you recover the submanifold.
Locally, every front map can be described by means of the standard front projection
mr (R E4q) — R Conversely, from a front F C R one can recover the
y-coordinates by taking the tangencies of TF !, at the very least in the smooth
points of F.

4.1.2 Front singularities and simple fronts

Let f: L™ — B"*! be a front map. We now study the singularities of the map f
at a point p € L. By singularity, we mean an equivalence class of front map germs.
Since any front map can be locally described by the standard front projection, we
always present germs of front map as f : (R™,0) — (R"™,0). The following follows
from standard transversality arguments:

Lemma 4.1.4. Let F C B be a generic simple front, then the subset of singularities
¥ (F) C B is a codimension 2 submanifold in B"*.

Here we identify a non-vertical oriented hyperplane H C TR"*! with the unique 1-form
dz —y dx on R™*! that annihilates it.
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4.2. Legendrian stabilization and loose Legendrians

The possible singularities of a germ of a front are studied by means of generating
functions or generating families of hypersurfaces [Arn90]. Although in the lower
dimensional cases (dim L < 6), the possible front singularities are stable and com-
pletely classified [ANO1, AGV12], in full generality front singularities are intractable.
In this thesis, we will focus on very simple singularities:

Definition 4.1.5. Let f : L < (Y, €) ™5 B be the front map of a Legendrian
submanifold L. We say that f has a cusp point or As-singularity at p € L, if the
germ of the front map flo, ) : Op (p) — B™*! is equivalent to

florw R xR — R™(x) x R(z)

(@1, Gn—1,t) = ((Q1,---7Qn717—3t)52t3> A

The class of (non-generic) fronts that we will work with is defined as follows:

Definition 4.1.6. Let F C B be a subset of B"™!. We say that F is a simple front
if F has a stratification

F=34(2)USau(5) U, (E)

such that

e for all p € ¥4, (F), p is a smooth point of F, i.e., F is a smooth hypersurface
near p;

o for p € ¥4,4,(X), F has a transversal self-intersection at p;

o for p € ¥4,(X), pis a cusp point of F, i.e., there exist a germ of smooth map
f:R® —» R" ~ Op (p) which parametrizes F.

In this case, the sets X4, (F), Xa,4,(2) and X 4,(2) are called smooth strata, self-
intersection strata and cusp strata of F, respectively. We define the subset of singular
points by

Z(.F) = EAlAl(E)UZAZ(Z). A

4.2 Legendrian stabilization and loose Legendrians

In this section we review the notions of Legendrian stabilization and loose Legendrians
in higher-dimensional contact manifolds, as introduced in [E1i90b, EES05b, Mur19].
All the results presented here are well-known, although we give some new proofs
that are better suited to the purposes of this thesis.
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4.2.1 N-Pushing

We introduce an operation on fronts, called N-pushing, which alters the Legendrian
isotopy class of a submanifold while preserving its formal Legendrian class, provided
certain conditions on N are satisfied. This operation is particularly useful when
showing that two Legendrians belong to the same formal class.

This construction first appeared in the works of [Eli90b, EES05b], where it was
referred to as a ”stabilization”. However, the particular construction from [EES05b]
does not, in general, produce a loose Legendrian submanifold [Murl9]. For this
reason, we adopt the term pushing, and reserve the term of stabilization for the
operation that produces a loose Legendrian, i.e. an N-pushing in a cusp chart.

Let @ be a manifold. Given a function f € C*(Q) we denote by j'f C J'Q =
T*Q x R the Legendrian submanifold of (J'Q, &xq) defined as the 1-jet of f. Given
c € R, we will use the notation cg : Q — R to denote the function with constant
value c¢. Consider the disconnected Legendrian Ly = j'0¢g Ll j'1g and a compact
submanifold N C @ together with a smooth function f : @ — [0, 2] such that

() fiovopavy =0,
(ii) f(p) > 1forpe N,
(i) f(p
(iv) The critical points of f in Op (IN) have critical values greater than 1.

(p) > 0 for p € Op(N), and

The N-pushing of Lg is the disconnected Legendrian
Ly=j'fuUj'lg

Definition 4.2.1. Let (Y*"*! ¢) be a contact manifold of dimension 2n + 1 > 5,
L CY a Legendrian submanifold and U C Y an open codimension 0 submanifold
such that

(U, LNU,E) ~ (J'Q, Lo, &a)-

The N-pushing of the Legendrian L is the Legendrian py (L) obtained by replacing
(U,Lﬂ U7 6) by (JlQaLN7gstd)- JAN

The following result is well-known. However, we will include a proof since we will
need to adapt it to the prelegendrian setting later:

Proposition 4.2.2 (Ekholm-Etnyre-Sullivan, Murphy). Let L C (Y,&) be a Legen-
drian submanifold, and suppose that the FEuler characteristic x(N) = 0 is zero. Then,
the N-pushing pn (L) is formally Legendrian isotopic to L in (Y,§).

Proof. We will to check that the Legendrians Ly = j'0o U j'1x and Ly = j'fUj'1g
are formally Legendrian isotopic by a compactly supported formal isotopy. By
simplicity we will assume that () = R" since the general case is totally analogous
after fixing a Riemannian metric.
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To do this, it is enough to find a formal Legendrian isotopy between the Legendrian em-
beddings j!0pa : R* — J'R", x = (x,0,0) and j1f : R" = J'R" x — (x, &, f(x)),
not intersecting the Legendrian j'1g.. This isotopy should be supported in a small
neighbourhood of the support of f. To construct it we will first find an isotopy of
smooth embeddings, homotopic through isotopies of embeddings to the obvious Leg-
endrian isotopy between j'0g» and j!'f induced by the linear interpolation between
the functions Og» and f.

The required isotopy of smooth embeddings will be defined by a homotopy of non-
holonomic sections of the 1-jet bundle. To define it, we will rely on the fact that
a section of the 1-jet bundle can be reinterpreted as a section of the 0-jet bundle
equipped with a family of non-vertical planes. The geometric idea behind the proof
then goes as follows: Since the Euler characteristic x(Op (N)) = x(INV) = 0 vanishes,
we can find a nowhere zero vector field Z tangent to j° f|o, (n). This is enough to
change the 1-jet information of j'f by a non-holonomic deformation. Indeed, at
every point of j°f we can tilt its non-vertical tangent planes towards the vertical, by
rotating Z towards 0,. After doing this carefully, it will be possible to interpolate
linearly between j°f and j°0rn, keeping the non-holonomic 1-jet data fixed. Having
tilted towards the vertical, the non-holonomic 1-jets will not intersect j'1g». The
argument will conclude by tilting the 1-jet until it becomes horizontal, while fixing
the 0-jet. The detailed construction of this idea is explained below.

The vector field Z is defined as follows: for z € f~!(—o00,1 + €), we define Z = Vh,
where h : j°f — R is the height function respect to the standard Euclidean metric
in R, where € > 0 is so small that there is not critical value below 1 4+ ¢. In

particular, f~([1,2]) ~ Op (N) and f~'({1}) ~ 9Op (N). Hence, x(f([1,2])) =
X(Op(N)) = x(N) =0, and we can extend Z to a nowhere-zero vector field, tangent
to j°f. The key property of this vector field is that the angle between Z with 0, is
less that /2 in the region f~![1,1 + ¢].

We will use this vector field Z to rotate the tangent space of 0-jet j°f, which at a
point (x, f(x)) is the non-vertical plane

. of n
T px)) (1" f) = ker(dz — Ix dx) C Tix, ponR™H,

where y = g—i are precisely the y-coordinates of the Legendrian j'f.

To define the non-holonomic deformation of the planes Tix nx)) (7" f) we will use a
bundle isomorphism

R@ . (]Of)*TRnJrl N (jof)*T]RnH,

where 6 : R" — [0, ) is a smooth function with compact support supp(6) € f~'[1,2],
and Rp(x) : Tix,rx)R" — T(x,f(x))R"H is a rotation of angle #(x) about the
(n — 1)-dimensional subspace orthogonal to the oriented plane span(Z(x), d.).

We define the function ¢ : R — [0, 7) to be

where
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(i) p : R — [0,1] is an increasing smooth function so that pj.<;; = 0, and
Pl{z>14e} = 1.
ii) f:R™ — (0, ) satisfies that Birn\o,(v) = 0, and over Op () is defined to be
[R™"\Op (N)

the angle
B(x) = Z£(Z(x),0.),x € Op(N).

Now we are ready to define the required homotopy of non-holonomic sections g; :
R" — J'R™, t € [0, 3], between gy = j'f and g3 = j'Ogn.

e For ¢t € [0, 1], define
9:(x) = (x,y:(x), f(x)),
where y;(x) is defined by the field of non-vertical hyperplanes along j°f given
by
Hy(x) = Rep(Tix, 10" f) = ker(dz — yi(x) dx)

e For t € [1,2], define g; just by changing the 0-jet information via a linear inter-
polation between the functions f(x) and Og» while fixing the 1-jet information.
Observe that for x € f~![1 + ¢, 2] the angle

Bx) _ )
2 2
and for x € f1[1,1+¢],

=
)

Z(Row (2(x)), 02) = B(x) = plh(x)) =~ < Blx) < T

Therefore, the non-vertical hyperplanes H;(x) = Ro(x)(T(x,f(x))j"f) are non-
horizontal for x € f7'[1,2] and this homotopy does not intersect j'1gn.

e Finally, for ¢ € [2,3], define the homotopy by fixing the 0-jet datum while
interpolating the 1-jet information y;(x) linearly to Ogn.

This homotopy of non-holonomic sections g; is clearly homotopic to the homotopy
of holonomic sections (Legendrian embeddings) between j'f and j'Og» induced
by a linear interpolation between the functions f and Og.. This concludes the
argument. O

4.2.2 Legendrian Stabilization and Loose Legendrians

The 1-dimensional Legendrian cusp Lcusp C J'R is defined by L
J'0r U j'1g N {z < 0}, while over {z > 0} the front 7p(L
cusp connecting j°0g and j°1r. See Fig. 4.1

Let @ be a (n — 1)-dimensional manifold, and define X = R x Q). Consider 1-jet
bundle J'X = J'R x T*Q, and a Legendrian submanifold Le,s, C J'R x T*Q defined
as:

cusp N {$ < O} -

Cusp) is given by a single

Lewsp = L, x Q@ € J'R x T*Q
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Figure 4.1: Left: the front of the cusp model L? Right: the stabilized front Liyese.

cusp*

where () C T*() is the 0-section.
Notice that over {x < 0} we have that

Lewsp N{z <0} = (j'0r Uj' g N{z <0}) xQ = jlo{x§0}xQ l—'jll{azSO}XQa

which is the situation described in the previous section. Therefore, given a closed
submanifold N C R x Q N{z < 0} with x(N) = 0, we define the Liyose = PN (Lecusp)-

Definition 4.2.3. Let (Y?"*1 &) be a contact manifold of dimension 2n + 1 > 5,
L CY a Legendrian submanifold and U C Y an open neighbourhood such that

(Ua LN U7 5) = (JlXa Lcusp; gstd)a

for some manifold X = R x Q). The stabilization of L is the Legendrian s(L) obtained
by replacing (U, LN U, &) by (J'X, Licose; &std)- JAN

Definition 4.2.4. Let (Y?"1 ) be a contact manifold of dimension 2n +1 > 5. A
Legendrian submanifold L C Y is loose if L = s(L') for some Legendrian submanifold

L. A

The relevance of loose Legendrians and the justification of dropping N from the
notation in the definitions relies on the following h-principle of Murphy:

Theorem 4.2.5 (Murphy [Murl9]). Two loose Legendrians are Legendrian isotopic
if and only if are formally Legendrian isotopic. Moreover, every formal Legendrian
is formally Legendrian isotopic to a genuine Legendrian by a C°-small isotopy.

4.3 Legendrian spinning

In low dimensions, generic fronts are simple. In contrast, a front in high dimensions
may be extremely singular and thus complicated to represent. In this section we
introduce a construction of higher-dimensional fronts that uses lower-dimensional
fronts as input. This construction is called spinning; it was introduced first in
[EES05Db] to construct of Legendrian submanifolds in R*"™'. It has been further
studied in [EES09, Goll4, LC13].
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4.3.1 Front spinning
Let us recall some basic facts about the 1-jet bundles, which is a crucial part of the
spinning construction.

Lemma 4.3.1. Let Ly and Ly be bundles over N and M, respectively, with 1-
dimensional fibres. Consider a diagram of embeddings:

LN%LM

N—— M
Then, there is an induced 1-jet bundle map:
20 (S (L), Ewa) = (T (Lar), Exa),
which 1s an isocontact embedding.

In particular, ¢ sends isotropics to isotropics. In the case dim(N) = dim(M), it
defines a map between the corresponding spaces of Legendrians:

95* : ,Seg(Jl(LN), gstd) — Seg(Jl(LM)a gstd)~

Moreover, this construction works parametrically. If ¢, is a homotopy of fibred
embeddings, then the induced isocontact embeddings ¢y and ¢; are contact isotopic.
In particular, in the equidimensional case, the induced maps between Legendrian
embedding spaces are homotopic.

Remark 4.3.2. In the case where Ly = N x R and Ly; = M x R are trivial line
bundles, the embedding e: N — M induces an isocontact embedding

T*N xR — T*M x R,

once a choice of Riemannian metrics has been made; note that in this standard
construction the R—coordinate is mapped identically.

However, for our purposes we need to modify the construction in order to impose an
additional geometric condition on the resulting spinning, which requires us to shift
the R-coordinate. Concretely, we will only consider the case of trivial line bundles,
and we will work with bundle maps of the form

p: NXxR—=MxR,
(n,z) — (e(n),z—i—h(n));

where h € C*°(N;R), and the lemma then provides the required isocontact embedding.
A

The second easy observation that we use is the following:
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Lemma 4.3.3. For every smooth manifolds N™ and K, there exists a well-defined
front-graph map:

G : Map(K, Leg(N, (J'R™, £44))) — Leg(K x N, (J'(K x R™), €44a)).

Proof. Given a L, € Map(K, £eg(N, (J'R™,&4q))), define the Legendrian embedding
Gr(Ly) € Leg(K x N, (J'K x R™),&qq)) by the front map:
Gr(Ly) : K x N = J'(K xR™) = K x J°R™, (k,n) — (k,me(Lr(n))),

where 7p : JIR™ — J°R™ is the front projection. O

Now, we can define the spinning as the following.

Definition 4.3.4. Let ¢ : K x R™ — R” be a smooth embedding of codimension
0, covered by a fibred embedding ¢ : JO(K x R™) — J'R". Let N be a smooth
manifold of dimension m. The spinning map of N along K via ¢ is defined as the
composition:

927* o GK : Map(Ka SQQ(N, (JlRma gstd))) — SEQ(K X N7 (‘]an>a é.std)' A

4.3.2 A specific spinning

We will only use the spinning map in a very concrete situation, that we describe
below. Let é : K — J'R" = R" x R, be a smooth embedding graphical over R",
that means

é = (égn,h): K 5> R" xR,

where égn : K < R" is also an embedding and h € C*(K) is a smooth function.
We further assume that the embedding ég» has trivialisable normal bundle. We fix a
framing Fr of the normal bundle of égn(K), to define an embedding:

e: K xR™ — R".
This codimension-0 embedding is naturally covered by the fibrewise isomorphism
o JU(K xR™) — J'R™  (k,v,2) > (e(k,v), z + h(k)).

Note that the map ¢ is an affine isomorphism, and is invariant along the normal
directions.

In this situation, given a family of Legendrian embeddings L;, € Map(K, Leg(N, (J'R™, &4q))),
we will denote by

Spiné,Fr[Lk] = ()5* @) GK(Lk) € QQQ(N X K, (Jan, fstd))

the spinning of the family {Ly}rer. In the cases that we will treat later the framing
will be unique so we will simply write spin,[L], and if Ly = L is a constant family
we will write sping[L].

The following result follows by combining the Ekholm-Etnyre-Sullivan computation
of the formal classes of a spinning [EES05a], together with Murphy classification
of formal Legendrians [Murl9]. However, we provide a direct proof since it will be
fundamental for our study of prelegendrians.
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Chapter 4. Prelegendrian Fronts

sping: U

Figure 4.2: A schematic depiction of the front spinning of the Legendrian unknot
U C (J'R,&sq) along the standard circle S' C R2.

Lemma 4.3.5. Let ¢ : K" ' — JR"™ be a smooth embedding, graphical over R,
with x(K) = 0. Fiz moreover a framing Fr.

If Lo, Ly € Leg(J'RY Eyq) are two Legendrian knots with Rot(Lg) = Rot(Ly), then
sping g, [Lo] and sping gy, [L1] are formally Legendrian isotopic. Moreover, the for-
mal Legendrian isotopy is induced by a sequence of Reidemeister moves of the
1-dimensional Legendrians Ly and Ly, and K-pushings along parallel copies of é(K).

Proof. Following the notations above we write e : K x R? — J°R", to denote
the tubular neighbourhood embedding of é induced by Fr, in which we identify
{k} x R? = J°R.

By the h-principle for Legendrian immersions in R3, there is a generic homotopy of
Legendrian immersions L;, t € [0, 1], between the given Legendrian knots. There
is a finite number of times 0 < ¢; < ... < t, < 1 in which a unique transverse
self-intersection of L;, appears at a point p;. The spinning of L;, t € [t; — &,t; + €],
describes precisely a K-pushing along e(K x {mp(p;)}). The result follows from
Proposition 4.2.2. []

The original definition of spinning was given in [EES05b] for K = S! and later
generalized by Golovko in [Gol14] to K = S*. They work with the standard inclusion;
specifically, they consider

é:SF e RF < {0} x R, CR*! x R™! x R,
equipped with the canonical normal framing of S¥ C R¥*! x R™~!. In this case, we
denote the spinning construction simply by sping[L] and refer to it as the standard
Sk-spinning. This yields a map
spinge : Leg(N™, (J'R™)) — Leg(SF x N™ JIR™F).
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4.4. Prelegendrian fronts

Torus spinning

For our purposes (constructing prelegendrians via spinning along a general embedding
of the torus) we need to verify that torus spinning produces the same Legendrian
isotopy class as iterated standard S'-spinning. The reason is that we understand the
effect that S'-spinning has on Legendrian Contact Homology; see [EES05h, Example
4.20].

The standard k-torus T C R**! is defined inductively as follows:

e T! =S' C R? is the standard inclusion.

e Assume that TF~! C R* is defined. Consider
Sl Q RZ(SL’l,IQ) X {O} g RQ(SL’l,QZQ) X Rkil(.’ﬁg, . ,.I‘k+1)

endowed with the canonical normal framing v ~ span(0,, Oy, - - ., Oy, ). Iden-
tifying v = R¥ and using the standard inclusion T*~' C R*¥ ~ v, we obtain the
standard embedding T* C R+,

For the standard k-torus T¥ C R**! there is also a canonical normal framing; therefore
we denote the corresponding spinning simply by spingx[L] for L € Leg(J'R™, &iq),
in complete analogy with the k-sphere case. The following lemma is immediate from
the definition of the standard k-torus.

Lemma 4.3.6. Let L C J'R™ be a Legendrian submanifold. Consider the standard
torus TF C R*1 | then
sping [L] ~ (sping: )*[L].

4.4 Prelegendrian fronts

Consider an almost complex manifold (X, J), and the associated fat manifold
(Gr(X,J),Dean). By Theorem 3.3.7, the contactisation C(Gr(X, J), Dean) is con-
tactomorphic to the unit cotangent bundle ST* X, this yields the commutative
diagram:

Hopf

(Gr(X, J), Dean) < (ST*X, &can)

(X, J)

For simplicity, we assume throughout that all prelegendrians are co-oriented (see
Section 3.1.3).
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Chapter 4. Prelegendrian Fronts

Given an embedded prelegendrian A C Gr(X, J), we will refer to mpr(A) C (X, J)
as a prelegendrian front.

Every generic Legendrian submanifold of £(A) C ST*X can be represented by its
front F = mp(L(A)) in X. However, not every front F in X is a prelegendrian front.
Strong geometric constraints must be satisfied along the singularities of the front.
The main result of this section, is a complete characterization of which simple fronts
are prelegendrian. It is a rephrasing of Theorem 2.2.1, from the Introduction:

Theorem 4.4.1 (Simple Prelegendrian Fronts). A simple front F C (X, J) is a
prelegendrian front if and only if its singular loci X = 3(F) are co-real. Moreover,
the prelegendrian A C (Gr(X,J), Dean) determined by F is unique.

Remark 4.4.2. We point out that a simple front F C (X, .J) whose cusp locus
is co-real but whose self-intersection locus is not, also defines a unique immersed
prelegendrian A C (Gr(X, J), Dean). The self-intersection points of A are precisely
the preimage by mpr of the complex points of the self-intersection locus. A

4.4.1 Proof of Theorem 4.4.1

Since the property of being a prelegendrian front is local, it suffices to work with the
germ of F. We therefore argue case by case according to the singularity type.

Let p e F C (X, J). Since F is a simple front, there exists a diffeomorphism from
an open neighbourhood of p in X onto an open neighbourhood of 0 in R?**2;

¢ (Op(p),p) = (R*"2,0),

such that, via v, the germ of the front F at (Op (p),p) is in the normal form of
Definition 4.1.6, namely:

(i) In the case of A;-singularity, F = R**! x {0} C R*"2 is the horizontal
hyperplane. These are smooth points of the front.

(ii) In the case of A;A;-singularity, the front F is the union of two hyperplanes
intersecting transversely at 0. This corresponds to a transverse self-intersection
of the front.

(iii) In the case of an As-singularity, F is parametrized by the front map f :
R2n+1 N R2n+2 given by

f . <R2n+1, O) —><R2n+2, O)

4.1
(q1s - Gons ) —(qr, -+ Gon, =317, 28%) (4.1)

This corresponds to cusp points of the front.
For simplicity, we continue to denote by J the pushforward almost—complex structure
¥, J on R?"*2, Since the almost—complex Grassmannian construction is functorial,

we may reduce to the case X = R?"*2 with F one of the three types above.
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4.4. Prelegendrian fronts

We treat each case separately. We begin with the smooth stratum (i). In this case,
the prelegendrian is determined by the complex tangencies of the front (in the contact
setting, by the real tangencies). This is the content of the following:

Proposition 4.4.3 (Smooth points). The (oriented) horizontal hyperplane F =
R2+ % {0} C R?*™2 admits a prelegendrian lift:

g :R*™ — Gr(R*™?, J) = (R x CP", Dyta,);
q— ((q,0;HNJH),

such that the following diagram commutes:

ST*R2n+2 — R2n+2 % SQn+1

L(g) Hopf (4.2)

R2n+1 2 » Gr(R*+2, J) = R*"+2 x CP"
where L£(g)(q) = ((q,0); H) is the Legendrian lift of g.
Proof. The fibrewise Hopf map Hopf : ST*R***? — Gr(R**2 J) (see Section 3.2)

sends an oriented hyperplane to its complex part. The Legendrian determined by
the hyperplane front F is parametrised by

(@155 Gant1) = (q1s -+ - Gany1, 0, H) € R x §7n
Thus the prelegendrian map is the composition

qg: RQTZ-H SN R2n+2 % SQTH—I N R2n+2 % CP”7
q — (q,0; Ho) = (q,0: Ho N JH).

Since the first projection parametrises F, g is an embedding; and it is prelegendrian
by the definition of Deyy,. O

Now, we deal with the self-intersection points (ii). In this case, the prelegendrian lift
of each smooth branch is given by the complex tangencies of the front. The lift of
both branches will be embedded if and only if the complex tangencies of each branch
are transverse. Since they intersect in a 2n-dimensional space, it is enough to require
this intersection to not be complex:

Proposition 4.4.4 (Self-intersections). Let F = H; U Hy C R*"*2 be the front
given by the union of two transversal hyperplanes. Then, it lifts to an embedded
prelegendrian if and only if ¥ = Hy N Hy is co-real.

Proof. We have that
YO J(X*) = (Hy N JH,) N (Hy N JHy)* C X,

By dimensional reasons, H; N JH,; = Hy N JH, if and only if ¥ is J-complex. O
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Finally, we consider the cusp stratum (iii). By the previous case, there is a genuine
prelegendrian lift along the smooth stratum, which extends uniquely to the cusp
points. We must check that this lift is an immersion. In the contact case this is true
because the tangent space of the front rotates continuously when one crosses the
cusp locus transversely. It follows that we must check that the complex tangencies
also rotate across the cusp locus. The following geometric condition ensures this:

Proposition 4.4.5 (Cusps points). Let f : R* Tt — R*"*2 pe the front map given
n (4.1), and F = f(R?*TY). Then f lifts to a prelegendrian embedding if and only
if ¥ = X(F) is co-real.

Proof. First, write the coordinates of R*"*2 as (1, ..., Za,42). Define the family of

1-forms oy = t dzo, 1 + dzo,io. A simple computation shows that the tangent space
of the front F is
Tf(q,t)f = ker Q.

The singular set of F is
3= f(R™ x {0}) = {2041 = Tops2 = 0} C F,
with tangent space
Tt(q0)2 = span(0y,, . . ., Op,,) = ker(dwony1) Nker( dag,42),
Therefore, the Legendrian embedding associated to f is
g R RIF2 o §2H
(q,1) = (f(aq, 1), ),

with dual identification. According to Proposition 4.4.3, the associated prelegendrian
map must be

qg: R2n+1 - ]R2n+2 % CP",
(a,t) = (f(a,t); (ar)?),

where
(at)J = ( dl’2n+1)J + (dx2n+2)‘]

is the complexification of «;.

Observe that ¢ is injective, and, moreover, is an embedding away from ¢t = 0. At
the points of {t = 0}, the vectors {D f(q.0)(0g).7 =1,...,2n} C TyqnR* 2 span a
2n-dimensional subspace, while D f ¢(9;) = 0. Therefore, g will be an immersion at
a point (q,0) if and only if Dg(q,0)(8:) = (0, D(q,0) ()’ (d:)) # 0.

Since Ty(q0)2 = ker(dwens1) Nker(dwg,42), Lemma 3.2.4 applies, i.e. Tjq02 is J-
invariant if and only if the complexifications (dzg,,1)” and (dxg, 2)” are C-linearly
dependent in Home(Ty(q,0R*" 2, C).

Assume first that ¥ is co-real. Then, {( dz2,41)7, (dZo,,2)’} are C-linearly indepen-
dent along Y. Since being linearly independent is an open coition, we may further as-
sume that they are linearly independent on R?"*2. Therefore, {( dza,41)7, (dzons2)’}
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4.4. Prelegendrian fronts

can be completed to a C-basis of Home(TR?***2 C). In that basis, the value of ¢ in
the CP" component is of the form [0:---:0:¢: 1]. In particular, the derivative
with respect to t is non-zero, hence ¢ is an immersion.

Conversely, if ¥ is not co-real, then T(q, 02 is J-invariant for some qo € R™™,
hence (dzg,,1)7, (dzg,.2)’ are C-linearly dependent at the point f(qop,0). As in the
previous case, we complete (dza,2)” to a basis {vi, ..., v, (dzo,42)’} over R?F2,
We express (dza,,1)? as a linear combination of this basis along F:

(d$2n+1)J = ai (q> t)vl + -+ an(qa t)vn + an+1(q7 t)( d$2n+2)J>

where a;(q,t) € C, i =1,...,n+1, are the coefficients. Moreover, by the assumption
of (dwany1)” and (dwa,12)” being C-linearly dependent at the point f(qo,0) we have
that:

L an+1(<10; 0) #0
o ai(qo,t) = O(t) for i = 1,. ..o, n.

Therefore, the value of g(qo,t) with ¢ sufficiently small, in the CP" component is of
the form

[tai(qo,t) - : tan(do,t) : 1+ tapsi(qo, t)] = [O(F) : -+ O(t?) : 1+ O(t)]
=[O :---: O(t?) : 1].

This implies that the derivative of g along the t-direction vanishes at the point (q, 0),
and ¢ fails to be an immersion.

]

4.4.2 Simple prelegendrian Reidemeister moves

The study of prelegendrian simple fronts conducted above can be generalised to
l-parametric families. We will say that a one-parameter family of Legendrian
fronts (F)scpo,1) in (X, J) undergoes a Reidemeister I move if (1) there is a closed
coorientable hypersurface O C F contained in the smooth locus such that (2) F; is
supported in Op (O) =2 O x R? with Op (0O)NFy =2 O x R, and (3) F; is the product
of O with the standard 1-dimensional move of R in R? (Fig. 4.3). The Reidemeister
moves II and III are defined similarly by considering O to be one of the components
of the cusp and self-intersection loci, respectively. Then:

Lemma 4.4.6. Suppose that Fo is a simple prelegendrian front. Introduce a Rei-
demeister move along a coreal submanifold O C Fy. Then, the resulting family of
fronts (Fs)scpo,1) 45 prelegendrian.

Proof. By construction, the singularities of F; /5 occur along an embedded co-real
submanifold. The argument in the proof of Proposition 4.4.4 applies verbatim for
the RII and RIII moves. For the RI move, the argument from Proposition 4.4.5
applies. O
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The resulting prelegendrian homotopies are referred to as prelegendrian Reidemeister
I, IT and III moves.

e AN X

Figure 4.3: From left to right the fronts F, C J'R, s € [0,1], of the 1-dimensional
Reidemeister moves I, II and III. The higher dimensional moves are locally modelled
on F, x R* C J°R x R" = J'R"" s € [0,1].

Remark 4.4.7. In plain words, Lemma 4.4.6 says that Reidemeister moves for
prelegendrian fronts can be performed along co-real submanifolds. In particular, let
F be a prelegendrian front and N C ¥4, (F) a codimension 1 co-real submanifold
in the smooth strata. Then, there exists a homotopy of prelegendrian fronts Fj,
s € [0, 1], that describes an RI-move along N. Moreover, since being co-real is an
open condition we may achieve that the region in the prelegendrian front F; in which
the RI appears is foliated by co-real submanifolds parallel to N. A

Remark 4.4.8. A generic 1-parametric family of Legendrians in higher-dimensions
will undergo a wider class of bifurcations than those introduced above. We expect the
same to be true for prelegendrians. Moreover, the three Reidemeister moves shown
here are not generic and will generally appear as combinations of more elementary
moves. Developing the theory further in this direction is left as an open question. A

4.4.3 Prelegendrian spinning

Theorem 4.4.1 provides a criterion ensuring that, under mild assumptions, the
Legendrians in (R¥3 &q) = (JIR?"! &q) produced by the Legendrian spinning
from Section 4.3.2 admit a prelegendrian front and therefore define prelegendrian
embeddings in (R*"*2 Dy ;). This yields an effective method to build prelegendrian
embeddings and leads us to the construction of exotic prelegendrian tori in Section 5.2.

The setup is as follows. Consider R?"*2 = JOR?"*! equipped with an almost complex
structure J. As explained in Section 4.3.2; given an embedding é = (égznt1,h) : K <
JOR?" 1 of codimension m + 1 that is graphical over R?**1  together with a framing
of ég2n+1, there is a well-defined Legendrian spinning map. This operation takes as
input a Legendrian L C (J'R™, &4q) and produces a higher-dimensional Legendrian

sping[L] € (J'R*", &a)

Our first observation concerns the singularities of the front of the Legendrian spinning:
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4.5. Prelegendrian stabilization

Lemma 4.4.9. The singular loci of the Legendrian spinning mg(sping[L]) satisfies:
S (mr(sping[L])) = ¢(K x mp(L)),
In particular,
S(mesping[L])) = || (K x {p})
peXi(mr (L))

is foliated by submanifolds diffeomorphic to K. Moreover, the leaves of this foliation
are C™-close to é(K) = (K x {0}) whenever mp(L) is C*°-small.

It is important to realize that every Legendrian in (J'R™, &q) is Legendrian isotopic
to a Legendrian whose front is C*°-small by using the contact isotopy &;(x,y,z) =
(tx, ty,t?z), for t > 0.

An important consequence is the following:

Corollary 4.4.10. Assume that ¢ : K — (R®*",.J) is a co-real embedding. Let
L C (J'R™ &qq) be a Legendrian with sufficiently C*°-small simple front. Then, the
front g (spiné[L]) 1s a prelegendrian front. In particular, it defines a prelegendrian
embedding

presping[L] € (R*"2 Dyq )

that will be referred as prelegendrian spinning of L along the (co-real embedding) é.

Proof. The previous lemma combined with Lemma 3.2.8 implies that the singularities
of the front are co-real whenever (L) is sufficiently C*°-small. The result follows
from Theorem 4.4.1. O

Remark 4.4.11. By definition, the Legendrian lift of the prelegendrian spinning is
the Legendrian spinning;:

L(prespin,g[L]) = spin,[L]. A

Remark 4.4.12. We continue using the notation of the corollary, and work still
under the same C'°-small assumption on the fronts. Assume that L, C (J'R™, &,q),
s € [0,1], is a Legendrian isotopy whose front describes a Reidemeister I, IT or
IIT move between two simple fronts Lo and L;. Then, by Lemma 4.4.6, there is a
prelegendrian isotopy

presping[L;] € (R**? Dyq.s),s € 0,1],

describing an RI, RII or RII prelegendrian move, respectively. In particular, assume
that the co-real embedding é has codimension 2 and, therefore, L is a 1-dimensional
Legendrian. Then, the prelegendrian spinning just depends, up to prelegendrian
isotopy, on the Legendrian isotopy class of L. A

4.5 Prelegendrian stabilization

In this section we develop the prelegendrian N-pushing operation along a co-real
submanifold N, describe its effect on the formal prelegendrian class, and explain how
to stabilize prelegendrians. This will lead us to the proof of Theorem 2.2.4 in the
next section.
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4.5.1 Prelegendrian N-pushing

In the contact case, the N-pushing construction is defined in the local model of the
1-jet bundle, where a natural front projection is available, and then transported via a
Darboux chart to any contact manifold. For fat distributions of corank 2 (or higher),
there is no Darboux-type theorem. For this reason, we restrict our definition to the
almost complex Grassmannian, which admits a prelegendrian front projection.

Model case
First we work in a local model where X = J°Q = @Q x R(z), which allows us to
consider the horizontal Grassmannians:

Hopf

(Grhor(X7 J), Dstd,J) < (ST}Toer gcan) = (JlQa gstd)

TPF /

(X, J)

We use the notation of Section 4.2.1.

Proposition 4.5.1. Let A C C***! be the prelegendrian with mprp(A) = j%0qU5%1o C
J°Q. Suppose that N C j°0 is a co-real submanifold that admits a non-zero section
in vx\q- Then, there exists a prelegendrian py(A) such that

o mpr(pn(A)) =70 U g,
o L(pn(A)) =pn(£(A)),
e A and pn(A) coincide outside of Grye.(Op x(N x [0,1]),J),

e pn(A) is formally isotopic to A as prelegendrians.
The prelegendrian py(A) is said to be an N-pushing of A.

Proof. By abuse of notation, given A C R we write f~'(A) to mean j°(f|;-1(4)) C
3°f.

Consider the front F := j°f U j°1 C C"*!. This is a simple front: its singular
set consists of the transverse self-intersection j'f N j°1 = f~1({1}). Set M =
F7H[1,2]) € R** and thus OM = f~1({1}). If we allow ourselves to homotope the
section j°1 (relative boundary) and to shrink the model, we can assume, using the
fact that co-reality is an open condition, that every shifted copy N x {c} is co-real
and so is M. Therefore, F is a prelegendrian front by Lemma 3.2.8 and thus defines
a prelegendrian A’. We set py(A) := A’ and the first three claims follow.

The last claim will follow by an argument similar to the one in Proposition 4.2.2.
In this case, the extra coordinates of the prelegendrian, which are an element of
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C™ C CP", can be interpreted as the slope of the complex tangencies of the front.
Suppose we now choose a non-vanishing vector field Z € T'(j°f)” defined over Op (M).
By construction it is complex linearly independent from 0, and we can rotate it
towards the latter. This provides a formal rotation of the complex tangencies, making
them almost vertical. Once we do this, we can apply the reasoning in Proposition 4.2.2
to conclude.

It remains to produce such a Z € T'(j°f)”. Since both M and M are co-real, the
same argument as in Lemma 3.2.10 shows that there is a splitting

TM|op =T(OM) S n,

with n € TM7 and 1 ~ vgyn . Choose a generator of the line bundle 7 that is
inward-pointing along M. This yields a vector field

V:Opy(OM) — TM,

that points transversely inward along OM.

Since the gradient V f is inward-pointing on dM, we can homotope it to V' near the
boundary and, by applying Proposition 3.2.9, obtain a vector field Z on j°f such
that

o Z € (T(°6))” on f~([1,2]),
o Z=Von [T}l —-¢1+¢]),
e Z=Vfon f1(0,1—¢)).

This concludes the proof. O

General case

We now describe the N—pushing in the general almost—complex Grassmannian setting:

Theorem 4.5.2 (Prelegendrian N-pushing). Let A C (Gr(X, J), Dean) be a prele-
gendrian, F = mpr(A), N a closed manifold, and ® : N x [0,1] < X an embedding
such that:

e Ny = (N x {0}), Ny == ®(N x {1}) are contained in the smooth strata
X, (F).

e Ny is a co-real submanifold of (X, J).
o O(N x [0,1))NF = (N x {0,1}),

e the normal bundle vy,\F admits a non-zero section.
Then, there exists a prelegendrian py(A) such that:

61



Chapter 4. Prelegendrian Fronts

e ANGr(X\Op(®),J) =pn(A)N Gr(X\Op (D), J).
e The Legendrian lifts L(A) and L(pn(A)) in (PT*X, Ega) satisfy:

L(pn(A)) = pn(L(A))
e pn(A) and A are formally prelegendrian isotopic.
The prelegendrian py(A) is said to be an N-pushing of A.

Proof. Let @ == Op #(Ny) be a neighloourhood of Ny in F. The embedding ® : N x
[0,1] = X extends to an embedding ® : @ x [0, 1] = X. Thus ®(Q x [0,1]) C (X, J)
is identified with the model (@ x [0, 1], ®*.J) of Proposition 4.5.1, which yields the
result. O]

4.5.2 Prelegendrian stabilization

Following the contact geometric approach, we can use the prelegendrian N-pushing
operation to define a prelegendrian stabilization.

Definition 4.5.3. Let A C (Gr(X,J), Dean) be a prelegendrian, p € F = wpp(A)
be a smooth point, and N C Op (p) N F a co-real hypersurface. We define a new
prelegendrian as follows:

(i) Perform a prelegendrian RI move on A along N, see Remark 4.4.7. Denote the
resulting prelegendrian by Aj;.

(ii) Apply the N-pushing operation described in Theorem 4.5.2 to A; along a co-
real N’ = N of Op (N) N mpr(Ay) very close to the cusp locus of the RI-move.
Denote the resulting prelegendrian by s(A)

The prelegendrian s(A) is said to be a stabilization of A. A

The following highlights the key property of the prelegendrian stabilization:

Proposition 4.5.4. The prelegendrians A and s(A) are formally prelegendrian
1sotopic. Moreover,

In particular, L(s(A)) is loose.

Remark 4.5.5. Even though the Legendrian lift of the prelegendrian stabilization is
independent of the choice of co-real submanifold (by the h-principle of Theorem 4.2.5),
it is unclear whether the stabilized prelegendrian satisfies an h-principle as well. It
is an open question whether prelegendrian stabilization depends on the choice of
co-real submanifold V. JAN
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Existence of prelegendrian
stabilisation and exotic
prelegendrians

In this chapter we establish the existence of compact prelegendrians in the standard
corank-2 fat space (C*"*! Dyy), as well as the prelegendrian stabilisation oper-
ation introduced in the previous chapter. We then use these tools to construct
infinite families of exotic prelegendrians, thereby proving the main rigidity results
of Part I. Finally, we extend these constructions to more general fat manifolds via
nilpotentisation and stability arguments.

5.1 Existence of compact prelegendrians and prele-
gendrian stabilizations

In this section we establish the existence of compact prelegendrians in (C?*"1, Dyy)
and prelegendrian stabilizations. To do this, we will give an explicit family of a
co-real submanifolds in C"™! which is graphical over R*"*!1 C C*t! = R?"2 =
R2"*1 x R. The existence of these submanifolds implies then the existence of
prelegendrian stabilizations as discussed in the previous section, thus yielding the
proof of Theorem 2.2.4.

5.1.1 Co-real submanifolds in C"*! graphical over R?"*!

We begin by proving the existence of suitable co-real submanifolds to perform our
prelegendrian spinning. After this, Corollary 4.4.10 trivially implies the existence of
compact prelegendrians in (C*"*! Dyyq).

Proposition 5.1.1. Let F C R" be a closed submanifold. Then, there exists a
co-real embedding é : T x F — C"F! = R?+2 = R2"F! x R which is graphical over
R2"*L . In particular, there exists a co-real embedding of T?".
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Proof of Proposition 5.1.1. We use polar coordinates (r;,0;), in each C-factor of
C'*! = C x --- x C. Our construction takes place close to the Clifford torus
']I‘Téfl C C™*1, defined as the image of the embedding:

Cl:T"' =8§'x---x§' — "t

O, 00)) ((1,91);---,(1,9n);(1,9n+1)).

The Clifford torus is clearly not graphical over R?***!. However, the family of
perturbations

C(0, ... Onp1) = ((1 4 Ssin(Gprn), 00 (1,0,); (1,9n+1)),

for 0 < 6 < 1, is easily seen to be graphical over R?"1,

Since being totally real is a C'-open condition we may fix § > 0 small enough such
that C1° is totally real and graphical over R¥"*!. Write C1° = (g, sin(6,,41)), where
g : T" < R2"*1 ig the embedding obtained by projecting C1° over R2"+1,

A global trivialisation of the normal bundle of C1° can be given by
<6’r‘1 + aTn+17 87’27 e 76’/‘n> @ <82>7

where 0, spans the vertical direction in C"*! = R?"*! x R. Moreover, the first
n-vectors project to a trivialisation of the normal bundle of g in R?**1,

Consider the inclusion F' — R™; without loss of generality we may assume that it has
image in an e-ball, for € > 0 sufficiently small. After fixing a tubular neighbourhood
embedding of ¢, this inclusion induces an embedding e : T"! x F — R2n+L

The embedding é = (e,sin(f,,1)) : T"™' — C**! = R x R, is co-real for
e > 0 sufficiently small, by an application of Lemma 3.2.8. This concludes the
argument. 0

Note that the Clifford torus Tgi' € C"*! is isotopic to the standard torus (cf.
Section 4.3.2). If we take FF = T"! C R" to be the standard torus, then the
resulting embedding e : T?" — R*"*! is also isotopic to the standard torus. Hence,
by Lemma 4.3.6, we obtain:

Lemma 5.1.2. In the above situation of proposition, we can moreover assume that
é:T?" — C*! satisfies:
sping[L] = (sping:)*"[L],

for any Legendrian L C J'R™.
5.1.2 Existence of prelegendrian stabilizations

Proof of Theorem 2.2.4. Let A be a prelegendrian submanifold in (C?**! D4). Con-
sider a point ¢ € A in the smooth stratum of the prelegendrian front mpp(A). It

64



5.2. Exotic prelegendrians

follows from Proposition 5.1.1 that, possibly after a prelegendrian front homo-
topy of Op (mpr(p)) N mpr(A), there exists a codimension 2 co-real torus N C
Op (mpr(p)) N mpr(A) € C™1. This places us in the setup of Section 4.5.2. In
particular, the stabilization construction defined there is not an empty operation.

The same approach works in (Gr(X, J), Dean)- Indeed, the co-real torus from Propo-
sition 5.1.1 can be assumed to be co-real for a general J if we work in a sufficiently
small ball. Indeed, the property of being co-real is preserved under C°-perturbations
of the almost complex structure, and every almost complex structure can be assumed
to coincide with the standard one at a given point. O]

5.2 Exotic prelegendrians

In this section we will prove our main results about the failure of the h-principle for
prelegendrian embeddings: Theorem 2.2.2; Corollary 2.2.6 and Corollary 2.2.7.

5.2.1 Auxiliary Lemmas in Contact Topology

We recall two basic results in contact topology that we will need later. The first one
is standard and well-known. It follows from the functoriality of jet spaces:

Lemma 5.2.1. Let () be a smooth manifold and @ its universal cover. Then, the
contact universal cover of J*Q is

(J1Q, can) = (J'Q, Ecan).

In particular, the contact universal cover of (J'(R™ x S'), &ean) is contactomorphic
to (JlRerla gstd)'

Proof. The differential of the covering map @ — () induces a symplectic covering
map (T*Q, dAcan) = (T*Q, d)\can) which preserves the canonical 1-form. The result
follows. O

The second auxiliary result that we need follows by a standard cut-off argument with
contact Hamiltonians:

Lemma 5.2.2. Let (Y"1 £) be a contact manifold, such that its universal cover
(Y, €) is contactomorphic to (R*"™, &xq), and (B, &xwq) C (Y, €) a Darbouz ball. Let
Lo, Ly C (B,&sa) C (Y, €) be two compact Legendrian submanifolds which are not

Legendrian isotopic in the ball, then Ly and Ly are not Legendrian isotopic in (Y, §).

Proof. We prove the contrapositive. Assume that there is a Legendrian isotopy L; C
(Y,€), t € [0,1], between Lo and L;. Consider a lift (B, &ga) € (R*™, £ya) of the

Darboux ball (B, &q), together with lifts of the initial Legendrians Lo, L1 C (B, &sa)-
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We claim that, since there is a Legendrian isotopy L; C (Y,&), t € [0, 1], there
exists a Legendrian isotopy L; C (R¥™! &), t € [0,1], in the universal cover
between the Legendrians Lo and L. Indeed, the Legendrian isotopy can be lifted
to a Legendrian isotopy L; C (R*""! £44), t € [0,1], starting at Ly = Ly but
possibly ending at Legendrian lift Ly of L, which is different to L;. This lift
would be in a different lift (é, &sta) of the Darboux ball (B, &yq). Since the space
of Darboux ball embeddings into a connected contact manifold is connected, the
contact embeddings (B Ead) = (RPHL €44) and (E Eaa) = (R¥HL £4) are contact
isotopic. This implies that L, and L, are Legendrian isotopic. The concatenation
of both Legendrian isotopies is the required Legendrian isotopy L, C (R2+1 £44),
te[0,1].

Now we will show that the Legendrian isotopy L, is homotopic, relative to ¢ € {0,1},
to a Legendrian isotopy whose image is in (B ,&sta)- Since the covering map defines a
contactomorphism (B yEsta) = (B, &sta) this would imply the existence of a Legendrian
isotopy in (B, &wa) between Ly and Ly, thus concluding the proof.

Fix two auxiliary Darboux balls (By, &xq) and (By, &xa) in (R*F £,4) such that

o Ly, C By
B

[ ]
'l
N

t

B C B,.

v
N

® Dy

Since the space of Darboux balls is connected we may further assume that (By, &sta)
is the unit ball in (R?"*! £;4). Consider the contact vector field

X =220z + Z x;0x; + y;0Y;,
=1

in (R, &q), whose contact flow is the contact dilation % (x,y, 2) = (e'x, ely, e*2),
t € R. With respect to the standard contact form, X has contact Hamiltonian

H=0wX)=2z—-y -x
Let p : R**1 — [0,1] be a smooth function such that
® pp, =0 and
[ ] p|R2n+1\B = ]_.

Denote by X the contact vector field associated to the Hamiltonian H = p- H. The
required Legendrian isotopy is then

@;}T(f’t>7t S [07 1]7
where 7" >> 0 is big enough. This concludes the argument. O
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The previous lemma yields the following consequence, which, although not used later
in the manuscript, may be of independent interest.

Corollary 5.2.3. Let (Y21 &) be a contact manifold, such that its universal cover

(Y, €) is contactomorphic to (R2" £44), and L C (B, &wa) a Legendrian submanifold.
Then, if L is non-loose in (B, &sq) then it is non-loose in (Y, §).

Proof. Apply the previous result to Lo := L and L; := s(L) C B. Indeed, if Ly = L
was loose in (Y, &), then it will be Legendrian isotopic to L; = s(L) by Murphy’s
h-principle Theorem 4.2.5. O

Remark 5.2.4. A direct proof of the corollary can also be given, without invoking
the h-principle, by using contact Hamiltonians—as in Lemma 5.2.2—to push any
potential loose chart into (B, ¢). A

5.2.2 Exotic prelegendrian tori

Proof of Theorem 2.2.2. Consider the family of Legendrian Whitehead doubles of
stabilized Legendrian unknots W, C (J'R, &q) with s = 3,5, -+ -, depicted in Fig. 5.1.
By Proposition 5.1.1, there exists a co-real embedding é = (égzn+1, h) : T?* — C**1 =
R2+2 = R2"+1 x R, which is graphical over R?"+!L,

Figure 5.1: The Legendrian Wy, where s is the number of crossings in the right part.

By Corollary 4.4.10 there is well-defined infinite family of prelegendrian (2n + 1)-tori:
A, = prespin,[W,] C (C*"™ Dyyq)

obtained by prelegendrian spinning.

Observe that Rot(W;) = 0 for all s. Therefore, by Lemma 4.3.5 and Remark 4.4.12
the prelegendrian fronts of A, are related by a sequence of prelegendrian Reidemeister
moves and N-pushings along parallel copies of é(T?"). Theorem 4.5.2 then implies
that all these prelegendrians are formally isotopic. A formal prelegendrian isotopy is
depicted in Fig. 5.2.

Now we will show that the Legendrian lifts £(Ay) are pairwise not Legendrian isotopic,
which by Corollary 3.1.15 will imply that the prelegendrians Ay are pairwise not
prelegendrian isotopic and hence the result.
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: Ry ! T
i
é i . ; Ry
. —_—

Figure 5.2: A formal prelegendrian isotopy between of A; = prespin,[W;] and
prespin,[U], where U C (J'R, &yq) is the standard Legendrian unknot. The first and
fourth arrow indicate prelegendrian RII moves, and the last one several prelegendrian
RI moves along parallel copies of the co-real T?". The second and third arrow
describe a prelegendrian N-pushing along the co-real T?".

By construction,
L(As) = sping[W,] C <J1R2n+1a Estd)-

Moreover, as Legendrians in (J'R* " £.4), L(A,) and (sping: )*"[W,] are Legendrian
isotopic by Lemma 5.1.2. It was shown in [EES05b, Example 4.20] that the Legendrian
contact homologies of L(A;) are all non quasi-isomorphic, so the L(Ay) are pairwise
not Legendrian isotopic in (J'R?" ™ &.4). To conclude we need to tell them apart
in the contactisation C(C*" ™! Dyy).

Notice that there is a natural inclusion
(J1R2n+17 £std) = (ST}TM (R2n+2)7 é-can) g C(Grhor(CnJrla Jstd)a Dcan> = C(C2n+1> Dstd)a

where the first contactomorphism follows from Lemma 3.3.11 and the inclusion is the
one given in (3.5). Moreover, by Corollary 3.3.10 we have C(C*"*! Dyq) = (J*(R*" x
S1), &sa)- Hence, Lemma 5.2.1 tell us that the contact universal cover of C(C*" ™! £.4)
is (JIR?"™! £.4q). Therefore, Lemma 5.2.2 can be applied to conclude that the
Legendrian £(A;) are pairwise not Legendrian non isotopic in the contactisation
C(CQnJrl’ Dstd)~ ]

Remark 5.2.5. Let (Q?"™! x R, J) be an almost complex manifold, with universal
cover R?"*1 x R. Then, it follows from the same argument that (Grye(Q X R), Dean)
has infinitely many exotic prelegendrian (2n + 1)-tori as well. Indeed, we consider the
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prelegendrian fronts appearing in the proof and we insert them in a very small ball
Op(q, z), where (q,z) € @ x R. It will then follow that the front singularities are co-
real for J, and hence define prelegendrians in (Grye (@ X R), Dean). Our assumption
on @ then implies that the contact universal cover of C(Grpe(Q X R),Dean) is
contactomorphic to (J'R?*"T! £.4), so the same proof can conclude in the same
manner. This yields infinitely many examples of fat manifolds of corank 2 with
infinitely many exotic prelegendrians. A

5.2.3 Proof of Corollary 2.2.6

Consider the perturbation of the Clifford torus é : T « C"*! from Proposi-
tion 5.1.1. The prelegendrian embedding A : T"™! x §/0 x - .- x S — (C*"*1 D.,,)
with non-loose Legendrian lift £(A) is going to be defined as

A= prespiné[L] g (CQnJ’_la Dstd)7

for certain Legendrian L = S% x ... x S/ C (J'R", &q). To conclude that £(A) =
sping[L] C (J'R*™ ! £,4) is non-loose, we will show that £(A) is fillable [Ekh08,
Mur19]. The second part of the result will then follow from Theorem 2.2.4.

By Lemma 5.1.2, the Legendrians spin,[L] and (sping )" [L] are Legendrian isotopic.
Therefore, the proof reduces to showing the existence of a Legendrian L = S x
oo x ST C (JMR™, €4tq) such that

e [ has a simple front, so A = prespin,[L] C (C*" Dyyq) is well-defined by
Corollary 4.4.10.

e (sping )"T[L] C (J'R?" ™! £q) is Lagrangian fillable.

Let U = S C (J'R%, £4q) be the standard Legendrian unknot. Then, the Legen-
drian

L = spingy, o sping_, o -+ 0 sping;, [U] C (J'R™, &a),

satisfies the required properties: it has a simple front and, moreover, (sping: )"*[L] is
Lagrangian fillable because the SF-spinning of a fillable Legendrian is fillable [Goll4,
Remark 2]. This concludes the argument. ]

Remark 5.2.6. There is an alternative argument to conclude non-looseness in the
above construction which avoids appealing to Lagrangian fillability. Dimitroglou
Rizell and Golovko prove in [DRG15, Theorem 3.1] that S™—spinning preserves
augmentations: if the Chekanov—Eliashberg DGA of a Legendrian submanifold
admits an augmentation, then the DGA of its S™—spinning also admits one. In
particular, non-acyclicity of the DGA (equivalently, nonvanishing of linearized LCH)
is preserved under spinning. Thus, whenever L has nonzero Legendrian contact
homology, the same holds for sping.[L], which already implies that the latter is
non-loose. A
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Remark 5.2.7. It follows from [Goll4, Theorem 1.2] that we can actually find
infinitely many prelegendrians as in Corollary 2.2.6 whose Legendrian lifts are not
Legendrian isotopic. We expect these prelegendrians to be formally prelegendrian
isotopic, yielding new infinite families of exotic prelegendrians with topology not
restricted to be tori. However, the formal computation is more involved than the
case of tori, since we cannot reduce it to 1-dimensional Legendrian knot theory, as in
Lemma 4.3.5. This remains an open problem. A

5.2.4 Proof of Corollary 2.2.7

The Legendrian lift of the prelegendrian Ay = (M, TM?) C (Gr(X, J), Dean) is
L(Ay)=(M,TM) C(ST*X, &can) = C(Gr(X, J), Dean),

here the prelegendrian co-orientation is defined by the outward normal at M = 9Y

defined by Y.

We claim that £(A,s) admits an exact Lagrangian filling in (D77 X, d\can), hence is
non-loose [Ekh08, Murl19] and the result follows from Theorem 2.2.4. This must be
well-known, however we include the proof here for completeness. Fix a Riemannian
metric in M, and consider the associated metric in 7*M. Then, if v,, p € M = 9Y,

is the outward unit normal to M, we can identify the Legendrian lift as the unit
co-normal lift associated to v, i.e. L(Ay) ={(p,v;):p € M} C (ST*X, Eean)-

Consider a tubular neighbourhood of M
O:Mx(—c,e)>UCX
(p,t) = exp,(tvp),

Define ¢ : U — R by ¢(®(p,t)) = t. Then, dyip = v for p € M, ||dy| = 1,
Yynr < 0 and ¢y = 0. Since M is separating we may extend 1) to a smooth
function in X, still denoted by v such that ¢y \y < —¢ and Y;x\y > 0.

Fix a step function y : (—o0, 0] — [—1, 0] such that

e x(0) =0,
e X'(0) =1,
e 0<y(t)<lforallt<O,

e supp(x’) € (—¢,0].

Set f:Y — R by f(p) = x(¢(p)). Then L = graph(df) C T*X is an exact
Lagrangian. By definition,

dpf = X'(1(p)) dp.
From here it follows that ||(df),|| <1 for p € Int(Y') and d,f = v, for p € M = 9Y".
That is, L C (DT*X, d\) is an exact Lagrangian filling of Ay, C (ST*X, &ean) and
the result follows. O
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5.3 Constructing prelegendrians in non-standard
fat distributions

In this section we translate our previous results to more general fat distributions. To
do this we use two main tools: (1) the nilpotentisation, to be introduced next, and
(2) Gray stability for contact structures. These tools partially remedy the lack of
Darboux and Gray for fat structures of higher corank.

5.3.1 The nilpotentisation

According to Cartan’s study of normal forms of distributions, corank-2 fat distribu-
tions do not admit a Darboux type theorem. However, an approximate local form
does exist [Ge92, Mon(2], as we now explain.

Consider (M*"+2 D) fat and fix a point p € M. Then, there are local coordinates
(1, ..., Tan, 21, 22) and 1-forms

No=dz+ Y Thayda+ Ry, =12,
i,k

such that D 'Z ker A\ Mker A2. Here R; is a remainder /defect term

R; = Zfij dz; + Zgij da;,
J J

with f, g € O(|z|* + |2]?).

The coefficients {I‘;k} depend on p and are the structure constants of the Lie algebra
structure on Dg” @ TM,/D, induced by the curvature of D. As p varies, this yields
a weak Lie algebra bundle over M, meaning that the isomorphism type of the Lie
algebra may vary from point to point. This bundle is called the nilpotentisation of
D. The Lie algebra at p defines a left-invariant fat distribution on the corresponding
Lie group; it is given precisely by the 1-forms

No=dz+ Y T day,
7.k

i.e. by removing the remainder. The following standard result tells us that this
provides an approximate model for D:

Proposition 5.3.1. Fiz a fat distribution (M*"*2 D), a point p € M, and local
coordinates (x1,..., Ty, 21, 22), as above. Let Dyoqer be the model fat distribution
associated to the nilpotentisation at p.

Then, there is a path of fat distributions (Ds)sejo.1) on R such that:

e If s >0, D; is diffeomorphic to the restriction of D to the chart.
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L DO = Dmodel-

The proof amounts to performing a suitable weighted dilation in order to get rid of
the remainder. As we take the limit as the dilation factor goes to zero, we obtain
the model structure.

For the standard fat space (C**! Dyy4), this space is itself the model, and its Lie
algebra is known as the complex Heisenberg algebra. A particularly interesting case is
n = 1. By the classification of nilpotent 6-dimensional Lie algebras [CFS05, Mag86],
there is a unique Lie algebra structure that is fat. Hence:

Corollary 5.3.2. Fiz a fat distribution (M%,D*), a point p € M, and local coordi-
nates (1, ..., %4, 21, %2), as above. Then, there is a path of fat distributions (Ds)scjo,1]
on C3 such that:

o If s >0, D, is diffeomorphic to the restriction of D to the chart.

® Dy = Dyq.

5.3.2 Prelegendrians in general fat manifolds

This language of approximate models allows us to prove:

Proof of Theorem 2.2.9. Use Corollary 5.3.2 to produce a path of fat distributions
D, starting with Dy = Dgq such that Dy is diffeomorphic to the restriction of D to
some small ball whose radius depends on s > 0. Now, consider the contactisation of
the family (B, D;), these define a family of (isotropic) bundle projections:

pr, - (U,&) = (B, D),

where U is an open manifold diffeomorphic to B x S' and B is some open 6-ball
around the origin. Consider now the prelegendrians Py in (C? Dyq) = (B, Dy)
constructed in Theorem 2.2.2, they define corresponding Legendrian lifts Ly on
C(B,Dy) = (U, &)

These Legendrian lifts can be assumed to be contained in some compact subset
K C U. Gray stability tells us that there is a small time sy > 0 such that a family
of isocontact embeddings ¢ : (K, &) — (U, &), s € [0, s, exists. Consider then the
images L == ¢s(Lg), these are Legendrians in (U, &;). Since Ly is transverse to the
projection pr, and transversality is an open condition, then Lg is transverse to pr,
for sufficiently small s > 0, hence it projects down to a prelegendrian in (B, Dy), as
desired. This proves the first claim.

For the second claim, we consider any prelegendrian A in (M, D) and zoom in at a
point p € A. The zooming argument above, in a chart, allows us to produce a path of
prelegendrians A; C (B, D;) such that Ag >~ T,A is a prelegendrian linear subspace
in (B,Dy) = (C3,Dyq). By the symmetry of the complex Heisenberg algebra, we can
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assume that Ag projects to a prelegendrian front; we can then stabilise and denote
Ao = s(Ay), and we denote its Legendrian lift by L.

In the contactisations pr,: (U, &) — (B, D;), the same construction as in the first
claim produces a path of Legendrians L, = gbs(f/o) contained in a compact set
K CU, for s € [0, s0] with so > 0 small. Furthermore, we can assume that the loose
chart of each is is contained in a compact set W C K.

Note that Ly is C*°-close to the Legendrian lift Ly = L(As). Then L, is a graph in a
Weinstein neighbourhood chart of Ly, and by cutting off with a suitable function we
produce a new path of Legendrians L such that

e [ coincides with L, in W, which contains a loose chart;

e [ coincides with L, away from Op (W).

Observe that L = Lo. By openness of transversality, we know that L’ is transverse
to pr, for sufficiently small s > 0; this defines the stabilised prelegendrian of A.

[]

The exact same reasoning shows:

Theorem 5.3.3. Fiz a fat distribution (M*"*2 D). Suppose it contains a point
whose nilpotentisation is the complex Heisenberg algebra. Then, it contains compact
prelegendrians.

5.3.3 Stability phenomena

The absence of a Darboux-type theorem for fat distributions of corank greater than
1 implies that Gray stability does not hold for these classes. Nonetheless:

Proof of Lemma 2.2.10. For the first claim we reason as in the proof of Theorem 2.2.9.
We apply Gray stability in the contactisation to the Legendrian lift. This produces a
family of Legendrians that, at least for small time, remain transverse to the projection
to the fat manifold.

For the second claim we apply the reasoning appearing in the proof of Theorem 2.2.9
parametrically. That is: we apply the nilpotentisation parametrically on s. Then,
given any prelegendrian for Dgy we may assume that it is contained in an arbi-
trary small ball, thanks to a dilation. Since Dgyq is the model structure on the
nilpotentisation, we see a copy of the prelegendrian in each D,, parametrically. []

Proof of Theorem 2.2.11. Suppose that such a path does exist. Since the homotopy
D, is compactly supported, the contactisations define a path of contact structures
that is also compactly supported. As such, Gray stability applies, telling us that the
Legendrian lifts are contactomorphic. Since the Legendrian lifts are distinguished by
LCH, this is a contradiction. O
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Chapter 6

Engel CR submanifolds

This chapter corresponds to the second part of the thesis, based on the preprint
[FdPZ25a]. While Part I studied rigidity phenomena in corank-2 fat distributions
through the notion of prelegendrians, here we turn to Engel geometry and its relation
with complex tangencies. More precisely, we investigate co-real submanifolds of
almost complex 6-manifolds whose complex tangencies carry an Engel structure. The
main contribution is a sufficient condition, in terms of convex bundle immersions,
that guarantees the existence of such embeddings and immersions. As a consequence,
we obtain a broad class of 4-manifolds that admit co-real embeddings into C3 with
Engel complex tangencies, together with families of knotted examples.

6.1 Main results of part 11

Recall that N* C C? is co-real (also called CR-regular) if D is a plane distribution.
Remarkably, Gromov proved an h-principle for co-real embeddings [Gro86, CEM24],
meaning that this condition is purely formal: an oriented 4 manifold N admits a
co-real embedding into C? if and only if N is parallelisable [Slal5]. This perfectly
matches the fact that a closed orientable 4-manifold carries an orientable Engel
structure precisely when it is parallelisable [Vog09]. As such, from an algebraic
topology viewpoint, these two geometric situations are equivalent.

More generally, one can consider co-real immersions g : N* & (X6, J) of a 4-manifold
into an almost complex manifold of real dimension 6. Co-reality means that the
complex tangencies

DY =g, " (¢.TN N J(g.TN))

have rank 2.

In this chapter we focus on 4-manifolds N given as oriented S'-bundles over oriented
3-manifolds M3. For these, we provide a sufficient condition to admit a co-real
embedding /immersion into (X, .J) so that the complex tangencies are Engel. This
sufficient condition is the existence of a convex bundle embedding/immersion g : N &
TM; i.e., a bundle map that is fibrewise embedded/immersed and whose fibrewise
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derivative, when normalised, traces a convex curve on the sphere (see Definition 6.2.5
for further details). Our main result reads as follows:

Theorem 6.1.1. Let N be an oriented S'-bundle over a closed, oriented 3-manifold
M and let g : N & T'M be a conver bundle immersion. Then, for any totally real
immersion ¢ : M % (X,J), into an almost complex manifold of real dimension
6, there exists a co-real immersion § : N % (X, J) whose complex tangencies DY
form an Engel distribution. Moreover, if g and v are embeddings, then g is also an
embedding.

The proof of Theorem 6.1.1 is based on a zooming-in argument, which is somewhat
reminiscent of Donaldson’s zooming argument used in the construction of symplectic
divisors [Don96] and of the corrugation phenomenon in h-principle [Sma59, The22].

Remark 6.1.2. Recall that a submanifold of an almost complex manifold is totally
real when its tangent space contains no complex lines. Again, Gromov proved an h-
principle for these, so the obstruction to its existence is purely formal [Gro86, CEM24].
In particular, Forstneri¢ proved that a totally real embedding ¢ : M3 < (X©, J), as
in Theorem 6.1.1, always exists [For86]. A

Theorem 6.1.1 yields a broad class of 4-manifolds that can be immersed, and infinitely
of them embedded, into C3, so that the complex tangencies define an Engel structure:

Theorem 6.1.3 (Theorem D). Let N be an oriented S'-bundle over a closed, oriented
3-manifold M. Then, there exists a co-real immersion g : N 9 C* whose complex
tangencies Dim form an Engel distribution. If N is the trivial bundle, then g can be
chosen to be an embedding.

We conjecture that g can also be chosen to be an embedding in the case that /N has
even Euler class. See Remark 6.5.2 for further details.

In the construction of the embedding g : M x S! < C? of Theorem 6.1.3 we can
prescribe the smooth isotopy class of the underlying g« py : M < C?. In particular,
we can achieve knotting for g by knotting g« p}-

Corollary 6.1.4. Let M be a closed, oriented 3-manifold. There exist infinitely
many embeddings g, : M x S' — C3, k € Z, that are pairwise non-isotopic and
whose complex tangencies D?’:td are Engel. Moreover, all these Engel structures Dg’:td
are Engel homotopic.

Remark 6.1.5. In the case where N C C3 is the 4-torus, regarded as the trivial
St-bundle over the 3-torus M = S' x S' x S!, we can match the Engel structure
defined by the complex tangencies and the derived prolonged distribution. This
can be done by choosing a base-independent (Definition 6.4.2) convex embedding
g : N «— TM, and the Clifford torus S x S! x St C C x C x C = C? as a totally
real embedding in Theorem 6.1.1. In this case, the derived prolonged distribution
and the complex tangencies match, as proven in Lemma 6.4.3. JAN
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6.2 Preliminaries

Throughout the chapter, all manifolds, distributions, and maps are smooth. To avoid
orientability issues, we assume all manifolds and bundles are equipped with fixed
orientations.

6.2.1 Engel structures

A distribution D C T'N on a manifold N is a smooth subbundle of its tangent bundle.
Given two distributions Dy, Dy, their Lie-bracket is a module of vector fields:

(D1, Ds] = {[u1,us] |uy € T'(D1),us € I'(Dq)}.

If [Dy, D5] has pointwise constant rank, it defines a distribution; we denote it by the
same symbol. Throughout, we always assume that [D;, Ds] has constant rank.

Definition 6.2.1. Let N be a 4-manifold and D C T'N a rank-2 distribution. We
say that D is Engel if D C [D,D] C [D,[D,D]] = TN. A

The Engel condition is local and C?-open, so it persists under sufficiently small C?
perturbations.

6.2.2 Prolonged distributions

Fix a closed, oriented 3-manifold M together with an oriented S'-bundle 7 : E — M.
Let STM denote the sphere bundle of oriented lines over M. We consider the
following class of rank-2 distributions [Ada02, KS13, dP18]:

Definition 6.2.2. A curve family over M is a smooth fibred map
f+E—STM.

At each p € M, let f, : E, — S(T,M) denote the restriction of f to the fibres over p.

The prolonged distribution associated to a curve family f is the rank-2 distribution
D! | CTE defined by

prol =
Dgrol(q) = (dﬂ_q)il<[’q)7

where Ly C Ty ()M is the oriented line corresponding to the point f,(q) € S(Tx)M).
A

One way to construct a curve family over M is to take the fibrewise derivative of
a bundle immersion g : E 9 TM, that is, a bundle map ¢g : £ — T'M whose fibre
maps g, : £y — T, M are immersions. Such a map induces a curve family via

t(9), =t(gp) : E, = ST, M,
t = [(g5)'(®)];
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Chapter 6. Engel CR submanifolds

where [(g,)'(t)] denotes the oriented line represented by (g,)’(¢). The following notion
may seem a bit unmotivated at this point, but it will become relevant in our main
construction:

Definition 6.2.3. If g : £ & TM is a bundle immersion, its derived prolonged
distribution is DY = D) A

der—prol "~ “prol-

6.2.3 Engel prolongations

f

We now recall a sufficient condition ensuring that a prolonged distribution Dy

Engel.

RE
Definition 6.2.4. A smooth immersion v : S* 9+ §? C R? is said to be locally convex
or simply convex) if its geodesic curvature is strictly positive everywhere. That is,
ply g y P Yy
det(v(t),7'(t),7"(t)) >0, VteSh,

with respect to the standard orientation of R3. A

A straightforward computation shows that convexity is preserved under the action
of GL™(3) on S2. Therefore, the following is well-defined:

Definition 6.2.5. A curve family f : E — STM is convez if, for each p € M, the
curve f,: B, = ST,M is convex in the above sense.

A bundle immersion g : E & TM is convex if its fibrewise derivative t(g) is
convex. JAN

The following criterion will be crucial in our construction of Engel structures. It is a
particular case of [CPdPP17, Proposition 7:

Proposition 6.2.6. Let f : E — STM be a curve family. The following statements
hold:

1) If f is a bundle immersion, then D s non-integrable.
prol

(i) If f is convex, then ngl is Engel.

Do note that, according to [CPdPP17, Proposition 7], the first statement in Proposi-
tion 6.2.6 is an if and only if, but the second one is not.

Corollary 6.2.7. If g : E & T'M is a convex bundle immersion, then Dger_prol 18
an Engel distribution on E.
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6.3. Convex curves with zero integral

6.2.4 A tubular neighbourhood for totally real submanifolds

Fix an oriented, closed n-dimensional manifold M. We write M C T'M for the zero
section. Then T(T'M) canonically splits along M:

T(TM)|p ~TM & TM =: Hor & Vert.

This allows us to consider:

Definition 6.2.8. An almost complex structure J on T'M is called splitting-adapted
if, along the zero section, J(Hor) = Vert and J : Hor >~ T'M — Vert ~ T'M is the
identity isomorphism. A

Which provides a model for the tubular neighbourhood of middle-dimensional totally
real submanifolds:

Lemma 6.2.9. Let 1 : M™ & (X?",J) be a totally real immersion (resp. embedding).
There exists an immersion (resp. embedding) of the tangent bundle ¢ : TM % X,
such that:

(Z) %O‘M =

(ii) The pullback almost complez structure ¢*(J) on TM is splitting-adapted.
Proof. For notational simplicity assume that M C X is a submanifold and ¢ is thus
the inclusion. Since M is totally real, the tangent bundle T'X along M splits as

TX|y=TM@& J(TM). Choosing an auxiliary Riemannian metric on X yields then
the tubular neighbourhood embedding

0:TM % (X, J),
q — exp, (J,(q)),

where p = projr,,(q). It is straightforward to check that ¢ satisfies the conclusions
of the lemma. O

One can then take a local chart to deduce that:

Corollary 6.2.10. Consider (T'M, J) with J splitting-adapted and fix a point p € M.
There are base (x1,...,x,) and fibre coordinates (yi,...,y,) around p such that
J = Jsa along the zero section R} C TR? = R” X RZ = C". Here J4q denotes the
standard complex structure on C".

6.3 Convex curves with zero integral

Our goal in this section is to construct Engel derived prolongations, as in Corol-
lary 6.2.7. The statement to prove reads:
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Proposition 6.3.1. Let N be an oriented S'-bundle over a closed, oriented 3-
manifold M. Then a convex bundle immersion g : N & TM exists. If N is the
trivial bundle, the map g can be assumed to be an embedding.

We will make use of the following auxiliary result:

Lemma 6.3.2. Let N be an oriented S'-bundle over a closed, oriented 3-manifold
M. Then, there ezists a bundle immersion f: N & STM. If the Euler class e(N)
s even then f can be chosen to be a bundle embedding.

Proof. By the fibrewise Hirsch-Smale h-principle, it suffices to produce a bundle
monomorphism V(N) — V(ST M) between the associated vertical bundles of N and
ST'M respectively (see [CEM24]). The existence of such a monomorphism follows
from the triviality of V(N) and STM = M x S* C M x R3, since N is oriented
and M is parallelisable [BL18, MS74]. Indeed, if we denote by 7 : N — M the
bundle projection and we fix a global trivialisation V' (/N) = N x R, then a bundle
monomorphism is given by

F:NxR—V(MxS?,
(p’ t) = (ﬂ-(p)velat . 62)'

For the embedding case observe that, since the Euler class e(N) is even, N is
isomorphic to the bundle of oriented lines of a plane distribution on M, so the result
follows (see for instance [GeiO8b, Proposition 4.3.2]). O

Our goal is to deform the bundle immersions f of Lemma 6.3.2 to make each f,
convex and then integrate. This will yield the claimed convex bundle immersions g
of Proposition 6.3.1. Concretely, this amounts to the construction of curves in R?
whose (normalised) derivatives trace convex curves in S?. For a single curve this can
be done manually: you pick a convex curve and you integrate, ensuring that the
total integral is zero, so the primitive curve is also closed. However, when dealing
with families, it is more handy to refer to Saldanha [Sall5].

6.3.1 Saldanha’s result

In what follows, we denote I = [0, 1] and think of the unit circle as S* = [0, 1]/¢1,
so that the open interval (0,1) C S! is naturally embedded therein. Write Jmm for
the space of immersions S! & S2. Following [Sall5], call a convex curve complicated
if it is not a concatenation of embedded convex loops, and write €onv® C Jmm for
the subspace of such curves. The following h-principle type result holds:

Proposition 6.3.3. [Sall5, Proposition 1.4] Let K be a compact CW-complex and
A C K a closed CW-subcomplex. For every continuous map f : (K,Op(A)) —
(Jmm, Conv®) there exists a homotopy Hs : (K,Op(A)) — (IJmm, Conv®), s € [0, 1],
such that:
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6.3. Convex curves with zero integral

(i) Hy =/,
(ii)) Hs(k) = f(k) for all (s,k) € [0,1] x Op(A),
(111) Image(H;) C Conve.

6.3.2 The zero integral condition

For our purposes we require a refinement of Proposition 6.3.3 to produce families of
convex curves with vanishing integral.

A necessary condition for a smooth curve in R?® to have integral zero is that the
convex hull of its image contains the origin 0 € R3. A stronger hypothesis, coming
from control theory and introduced in the context of convex integration by Gromov,
reads: A smooth curve 7 : St — S? strictly surrounds the origin if

Op (0) € Conv(Img ).

Equivalently, there is no non-zero vector u € R with u - y(t) > 0 for all ¢t € S'.
Geometrically, this means that Img v is not contained in any closed hemisphere.

The following allows us to achieve the zero integral condition:

Lemma 6.3.4 (Gromov’s reparametrisation lemma [Gro86, Subsection 2.4.1]). Let
K be a compact CW-complex and A C K a closed CW-subcomplex. Consider a
K -parameter family of immersions f : K — Jmm such that

(i) f(k) strictly surrounds the origin for all k € K;
1
(ii) / FUR) () dt =0 € R? for k € Op (A).
0

Then, there erists a K-parameter family of diffeomorphisms ¢ : (K,Op(A)) —
(Diff(S'),1d), such that the reparametrisations f(k) := f(k) o1 (k) satisfy

/1 f(k)@®)dt =0, forallk e K.
0

We will show that the strictly surrounding condition can be achieved for any family
of complicated curves by a suitable homotopy. For this purpose, we introduce a
convenient subclass.

Definition 6.3.5. Let «y : [0,1] — S? be a convex curve. We say that:

e 7 has a wiggle in a sub-interval [a,b], if y(a) = v(b) and 7|4 is a smooth,
closed, embedded convex curve after identifying the endpoints.

e 7 has an n-wiggle in [a, b], if there exists a partition a =ty <t; < --- <t, =b
such that v has a wiggle in [t;, t;41] for alli = 0,...,n—1, and all arcs |,
have the same image.

tiy1]
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e v n-completely surrounds the origin if there exist disjoint intervals [aq, b;] and
lag, bo] such that v has a n-wiggle in each [a;, b;], j = 1,2, and

Op (0> - COHV(Img 7’[a1,bﬂU[a2,b2]>'

In particular, v strictly surrounds 0. A

We denote by Conv!, C Conv® the space of convex curves that n-completely surround
the origin, note that if - is not complicated (i.e. if it is a concatenation of embedded
convex curves), then it never surrounds the origin. In view of Lemma 6.3.4, it is
natural to deform families of complicated convex curves so that they n—completely
surround the origin, for a fixed n > 1. This can be achieved by grafting; the precise
relative statement is as follows.

Proposition 6.3.6. Let K be a compact CW-complex and A C K a closed CW-
subcomplex. For every continuous map f : (K,Op(A)) — (Conv®, Convy ) with
n > 1, there exists a homotopy H, : (K,Op (A)) — (€onv®, Conve ,), s € [0,1], such
that

(i) Ho=f,
(1)) Hs(k) = f(k) for all (s,k) € [0,1] x Op(A),

(111) Image(H;) C €onvs.

The remainder of the section is devoted to its proof, which in turn implies Proposi-
tion 6.3.1.

6.3.3 Proof of Proposition 6.3.6 via grafting

A graftable model is a convex curve 7y : [to, 1] — S? that is tangent to some latitude
circles {z = C;} at t;, with Cy > 0 > (', and whose orientation matches the convex
orientation of those circles. Consider then a convex curve «y : St — S? that contains
a graftable model v1 = 7 +,- The grafting of ~ along [ty,?,] is the homotopy
of convex curves obtained by cutting v at ¢y, and ¢;, rotating the arc v = Y.
about the z-axis by angle 27s for s € [0, 1], and reconnecting it along the latitude
circles z = C; to the complementary arc 7[gi\(,4]- For s = 1, the resulting curve
contains two disjoint 1-wiggles whose convex hull contains the origin. In other words,
the resulting convex curve! 1-completely surrounds the origin. See Fig. 6.2 for a
schematic depiction of the grafting homotopy. We also define the n-grafting by
repeating the grafting homotopy n times, equivalently, rotate by angle 2nxs; in this
case, the resulting curve n-completely surrounds the origin.

The following lemma is implicit in Saldanha’s work:

!Technically, one needs to smooth out the homotopy constructed in this manner. This can
be done in a C'-small manner, supported in a small neighbourhood of the cutting points, while
preserving convexity. This will be implicit in the remainder of the discussion.
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6.3. Convex curves with zero integral

Figure 6.1: A graftable arc v, : [to, t1] — S?. At its endpoints, the arc is tangent to
two latitude circles.

Figure 6.2: Grafting homotopy of a graftable arc. The images depict the homotopy
at times s = 0,0.2,0.8, from left to right. In particular, in the last frame we see
that the grafting has almost completed a full loop, which will create a wiggle in the
northern hemisphere and another wiggle in the southern hemisphere (both in red).

Lemma 6.3.7. Let f: K — Conv® be a family of complicated convexr curves. Then,
there are:

e Compact subsets Ky, ..., K,, C K covering K.
o Compact subsets K1, K, C K; covering K;, for each j.

e Continuous functions a;, bj,c;,d; : K; — (0,1) C S, for each j, with a; <
bj <¢ < dj.

o Intervals 1;(k) = [b;(k),cj(k)] C I;(k) = [a;(k),d;(k)].
Such that:

(i) For every k € K; VK, and i # 7, it holds that I;(k) N I;(k) = 0.
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(i) Over Kj1, for each j, the arcs f(k) |1, are projectively equivalent® to a
graftable model.

(iii) Over Ko, for each j, the arcs f(k) ]fj(k) are projectively equivalent to a graftable
model.

0,1)
1;(k)

(iv) Suppose there is k € K; such that f(k) has an n-wiggle in some |a, ]
with n > 2. Then I;(k) is not fully contained in |a,b]. Moreover, [a, b
contains no wiggle.

-
N

Proof. Given a convex curve v: [0,1] — S? and ¢, € [0,1), the next step ns,(to) is
the smallest t§ > ¢ such that Vl[tovt(ﬂ does not extend to an embedded convex loop.
There are multiple reasons why the curve may not extend. Saldanha classifies the
possibilities; see the first two paragraphs of [Sall5, Sec. 9]. A step is bad if ’V‘[to,tg] is
a wiggle. Otherwise it is good.

If t; = ns,(to) and [to, 1] is a good step, then for any € > 0 there exist subintervals
[to. 1) & [fo, 1) & [fo, 1] & [0 — £ 81 + <],

such that at least one of ’V‘[tAo,tAl] or fy\[;o o) is projectively equivalent to a graftable
model. Moreover, this holds parametrically in families of good steps, see [Sall5,
Lemma 8.2, Lemma 9.1].

Consider now the sequence of next steps {ns?c(k)(O)}, for each j and k. Given the
family f : K — €onv®, we can define the subspace K; C K consisting of those k € K
such that the jth-step S;(k) := [nsi;(k)(()),ns?(f)(())] C [0,1) is good. According to
the definition of bad step, every complicated curve has at least one good step, so
{Kj;} is a cover of K. The intervals produced in this manner, for different K; and
K;, are not disjoint. However, being a good step is an open condition. This allows us
to shift all the S;(k) to the right to make them disjoint; the definition of good step
then defines the claimed I;(k) C I;(k). For details, see the first three paragraphs of

the proof of [Sall5, lemma 10.1].

For (iv), consider 7 : [0,1] — S? with an n-wiggle in [a, b] with partition a = sy <

- < 8, = b. Then, for any s; <t < s;47 with ¢ = 0,...,n — 2, it holds that
ns,(t) = t* satisfies s;41 < t7 < s;19. Moreover, [¢,¢7] is wiggle and thus a bad
step. Hence, any good step must meet [a, b] near an endpoint, i.e., inside of [sq, 1)
or (sn_1,5n). Since I;(k) is a small thickening of a good step, (iv) follows. O

Proof of Proposition 6.3.6. Our proof follows Saldanha’s approach [Sall5, Lemma 10.1].
We first treat the absolute case A = &, since f is a family of complicated convex
curves, we use the notation from Lemma 6.3.7.

Choose smaller compact subsets W;; @ K;; and W;o @ K5 for j =1,...,m, such
that

K = Int(W;1) U Int(W;).
j=1

2That is, there exists a continuous map k +— P, € PGL™(3,R) such that Py o f(k) I, (k) 1 &
graftable model.
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We construct the homotopy inductively for j = 1,..., m, modifying the family only
over K.

Set fo := f. On K, perform an n-grafting of fy(k) along I,(k) for k € Wi,
obtaining fo, and keep fo(k) = fo(k) for k ¢ K;1. On K\ Wy, interpolate with a
bump function 5: K — [0, 1] satisfying 5 =1on W;; and S =0on K \ Ky ;.

Next, on K, perform an n-grafting of fo(k) along I, (k) for k € Wy, producing
f1, and set fi(k) = fo(k:) for k ¢ Kjo; interpolate on K;o \ Wi, with another
cutoff as before. The pair of n-wiggles created in the first step lies inside I 1(k),
and the grafting homotopy (rotation about the z-axis) preserves the n-completely
surrounding condition. This yields a homotopy from fy to f; supported in Ky, with
f1(k) n-completely surrounding the origin for & € Wy U Wy 5.

Iterating this two-step procedure for j = 2,....,m yields maps fs,..., f- Because
the intervals T ; (k) are pairwise disjoint, each stage preserves the previously created
n-wiggles. Consequently, for every k € K, the curve f,,(k) n-completely surrounds
the origin.

For the relative case, fix a compact subset W C Op (A) such that A C Int(IV). We
perform the construction above with cutoffs so that the entire homotopy is supported
in K\ W. Consider k € Op(A) \ W and denote by By and Bj, the two intervals
supporting the (n+2)-wiggles. According to Lemma 6.3.7 (iv), each I;(k) can meet
By, or By, only along a subsegment that is itself not a wiggle. Since k may be in
multiple K, both ends of By or Bj, may intersect one such thickened good step.

Consequently, since the grafting is supported inside | J ; I ;(k), it can remove at most
one wiggle from each side of By, or By. It follows that at least n wiggles remain from
each. We deduce that the n-completely surrounding condition holds on the collar
Op (A) \ W, and thus globally, while the homotopy remains equal to f on W. [

6.3.4 Proof of Proposition 6.3.1

Since M is a closed, oriented 3-manifold, we can fix a trivialisation TM ~ M x R3
for the rest of the proof.

Assume first that N = M x S!' is trivial. Fix an immersed curve v : S! 9» §?
and apply Proposition 6.3.3 to homotope it to a complicated convex curve. Apply
then Proposition 6.3.6 to homotope it further so it becomes completely surrounding.
Lastly, apply Gromov’s reparametrisation Lemma 6.3.4 so its integral is zero. Denote
the resulting curve by n : S* 9+ S%.. Then 7 has a primitive v : S ¢ R3. By
transversality, after a C3®-small perturbation, we may assume that v is embedded
while t(v) remains convex. Define a convex bundle embedding by

g:MxS'— MxR*=TM; (pt)~— (p,v(t)).

This concludes the argument in the trivial bundle case.

For a general bundle N we proceed as follows. Fix a finite cover by compact subsets
{K;}j=1....m of M over which N trivialises, and a smaller cover by compact sets
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{W;}=1,..m with W; € K;. Without loss of generality, assume that the transition
maps 0;; : K; N K; x S' — K; N K; x S! are valued in SO(2), and that the refined
cover {W,} has order 3, so any point of M lies in at most 4 of the W; (see [HW15,
Theorem V.1]).

By Lemma 6.3.2, there exists a bundle immersion f : N & STM ~ M xS? C M xR3.
This immersion can be described as a collection of continuous maps

fj + Kj — Jmm, j=1...,m,

which are compatible with the transition maps in the obvious sense: on K; N K one
has fz(]i') e} Uij(k) = f](k’)

Our goal is to deform these maps so that their values lie in the subspace of convex
curves with zero total integral. Notice that the latter condition is independent of the

chosen trivialisations, because the transition functions are SO(2)-valued. After this
is achieved, the desired convex bundle immersion is obtained by fibrewise integration.

To achieve this, proceed inductively over the compact sets W; € K;, j =1,...,m.
Set n:=2-4+ 1 =9 which will be used in Proposition 6.3.6.

For the first chart, apply Proposition 6.3.3, Proposition 6.3.6 and Lemma 6.3.4 (in the
absolute case) to the map f; : K7 — Jmm. This yields a homotopy f7 : K1 — Jmm,
s € [0,1], with fY = f; and f} : K; — €onv® having zero integral. We cut off
this deformation outside of W;: we fix a bump function p : K7 — [0, 1], supported
in Op (W), with py, = 1, and define f,(k) == ff(k)(k). Since the deformation is
supported in Op (W;) it defines a global bundle immersion f: N % STM with the
required properties over W;.

Since Proposition 6.3.3, Proposition 6.3.6 and Lemma 6.3.4 admit parametric and
relative versions, the same argument can be iterated over Ws,... W,,, keeping
the previously treated region fixed at each step. Since every point of M lies in
at most four of the sets W;, the multiplicity of the wiggles may decrease by at
most 2 per step, hence by at most 8 in total. It follows that, if we start from
Convy, with n = 9, the final family will still lie in €onv{,_¢ = €onv{, so the strictly
surrounding condition persists throughout the induction. I.e., we have obtained a
bundle immersion f : N & ST M with local representatives

~

fj + Kj — Conv;,_¢ C Jmm, j=1,....,m.

We may assume that these curves have zero total integral after an application of
Lemma 6.3.4.

The final step of the proof amounts to integrating the family f . Define local maps
t
gj: Kj —>3mm(Sl,R3), g]<k)<t) ::/ fj(k)<7—)d7-7 j = 17"-7m7
0

by fibrewise integration. Since fol fi(k)(T)dr =0, each g;(k) is a closed curve in R?,

On overlaps K; N K; the families g; and g; may differ by a translation and thus not
define a bundle map. Namely, if we write

O-ij(k): St — Sl, t—t— 5(1’6‘),
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for the transition function, then we get:
t—o(k) t—=d(k)
oo = [ i = [ i)+ s dr
0

¢ ’ 5(k)
— [ B dr = g(B)) / fi(k) () dr

(k)

=i (k)
Le., the translation vector v;;: K; N K; — R? is independent of ¢, as expected.

Since R? is contractible, we can now shift the {g;} to match them up. Concretely:
choose a partition of unity {¢,} subordinate to {K;} and, define a bundle map
g: N —=TM ~ M x R3 by

g(q) = Zd)j(ﬂ(Q))gj(ﬂ(Q)), g€ N,

where 7 : N — M is the bundle projection. In the trivialisation over K; (write
k = m(q)) we have, using (g; o 0;;)(k) = g;(k) — v;;(k),

glie, (k) = 6;(k)g; (k) + Y ¢i(k)(gi 0 055) (k) = g; = > _ il vy (k).
i#j i#j

The correction term is independent of ¢ € S!, hence the fibrewise derivative satisfies
t(g9)|x, = t(g;) = f;, which is convex by construction. Therefore g is a well-defined
bundle immersion with convex fibrewise derivative. O

6.4 Zoom-in argument: proof of Theorem 6.1.1

Let N be an oriented S'-bundle over the closed, oriented 3-manifold M and let g :
N & T'M be a convex bundle immersion. According to the local model Lemma 6.2.9,
we may assume that (X, J) = (T'M, J), with J splitting-adapted and M embedded
as the zero section.

For A > 0, consider the fibrewise dilations

5y : TM — TM,

which scale each fibre by A, and define a one-parameter family of convex bundle

immersions by
g =6y09: N (TM,J).

The result will follow if we show that DgA is Engel for all sufficiently small A > 0.
To this end, we prove the following claim.

Claim 6.4.1. For every point p € M, there exists \(p) > 0 sufficiently small and a
neighbourhood U (p) of E, such that sz is Engel on U(p) for all 0 < X\ < A(p).
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Once the claim is established, Theorem 6.1.1 follows immediately by a standard
compactness argument.

Since the claim is local, choose coordinates as in Corollary 6.2.10:
R} x R} — TR

with J splitting-adapted along R3 and satisfying J = Jsq along the zero section. In
these coordinates, the family of convex bundle immersions has the form

g’\:Rixgl%Risz
(2, 1) = (2, My(2, 1)),
for some v : RS x S' — R?.
We now introduce a special case of bundle immersion that will be important in the
proof of the claim.
Definition 6.4.2. A bundle immersion g(x,t) = (z,7(x,t)) : R} x S' 4 RS x R? is
called base-independent if v does not depend on x. Equivalently, %,y = 0. A

Proof of Claim 6.4.1 and Theorem 6.1.1. We divide the proof into two steps. First,
we treat the case where g is base-independent and J = Jgq is the standard complex
structure. Then, we reduce the general case to this one by using a zooming-in
argument.

Step I: Base-independent case. We observe:

Lemma 6.4.3. If g is base-independent and J = Jgq on C* = R3 x Rz, then

2 DY

er—prol = Jsta

on R3 x S*.

Proof. By hypothesis, g(z,t) = (x,7(t)) so the differential of ¢ is the map g. =
Idzps X (7). Le., the image of g, at (z,t) is TR @ (v/(t)) € TR x TR3. The element
Jsa(7/(t)) is contained in TR2 and is identified with —+'(¢) under the canonical
identification TR3 ~ TRg. It follows that the complex tangency, pulled back to the
domain, is (7/(t), d;). This is exactly how Dy, . (z,t) was defined. O
In particular, since g was chosen to be a convex bundle immersion, we deduce
(Proposition 6.2.6) that Dy = D4, . is Engel in the base-independent, J = Jsaq
case.

Step II: The zooming argument. We now reduce the general claim to the previous
case. At an informal level, our argument is based on the fact that rescaling the
base by A — 0 makes the bundle immersion closer to being base-independent,
whereas rescaling base and fibre simultaneously forces the pulled-back almost complex
structure to converge to the standard one.
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6.5. Proof of Theorem 6.1.3 and Corollary 6.1.4

Consider the family of “zooming” coordinate changes:
A, R xR — R2 x R,
(a,b) = (pa, ub) :

for u > 0.

In the coordinates given by A, (i.e., = )), the bundle immersion ¢* becomes:
7(a,t) = (Ay) 7' (Aa,t) = (a,7(Aa, 1))
while the almost complex structure J transforms as:
‘]()t\z,b)(v) = (AN T(V) = (A (Joapn) AV)) = Jpapn(V), VV eRS xR},

which remains splitting-adapted by construction.

Lemma 6.4.4. The pairs (§*, J*) converge to (§°, Jsa) in the weak C*®-topology,
where §°(z,t) = (z,7(0,t)) is a base-independent bundle immersion.

Proof. We compute

(9" = 9°)(a,t) = (0,7(Na, t) = ~(0,1)).

Expanding v(Aa,t) in the first variable around 0 via Taylor’s theorem yields the
desired convergence. The convergence of J* to Jyq follows similarly. O

By the definition of the weak Whitney C* topology, Df}; is C*°-close to Dzjtd near
the origin. Since §° is base-independent, Step I implies that D%Std is Engel. Because

the Engel condition is C?-open, Df}]i is also Engel for A small enough. This proves
Claim 6.4.1, and therefore Theorem 6.1.1. O

6.5 Proof of Theorem 6.1.3 and Corollary 6.1.4

The last ingredient we need is Gromov’s h-principle for totally real embeddings,
combined with the fact, due to Forstneri¢ [For86, Gro86], that any embedding of a
3-manifold into C3 is formally totally real.

Proposition 6.5.1. Any embedding ¢ : M — C3 is isotopic, through embeddings, to
a totally real embedding.

Proof of Theorem 6.1.3. Let N be an oriented S'-bundle over a closed, oriented
3-manifold M. By Proposition 6.5.1, we can find a totally real embedding M — C?
in any given isotopy class. According to Proposition 6.3.1 we can construct a convex
bundle immersion g : N & T'M (an embedding when N is trivial). Then Theo-
rem 6.1.1 applies, yielding the desired co-real immersion whose complex tangencies
are Engel. O
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Chapter 6. Engel CR submanifolds

Remark 6.5.2. When e(N) is even, Lemma 6.3.2 provides a bundle embedding
g : N — TM. We conjecture that a convex bundle embedding also exists. This
would produce embeddings of more general S'-bundles in Theorem 6.1.3, and is left
as an open question. Alternatively, one may produce a convex bundle immersion
and try to achieve the fibrewise embedding condition. A

Proof of Corollary 6.1.4. The proof follows by applying the construction above to
an infinite family of totally real embeddings i, : M? «— C3, k € Z, pairwise not
smoothly isotopic.

The existence of such a family relies on the works of Haefliger and Skopenkov
[Hae62, Hae66, Sko08]. Indeed, in view of the h-principle from Proposition 6.5.1 it
is enough to find an infinite family of smooth embeddings pairwise not smoothly
isotopic to conclude. In the case M = S?, the existence of a family of embeddings
ix : S* < C3, k € Z, pairwise not smoothly isotopic follows from [Hae62, Hae66].
This proves the result for M = S3.

For the general case, consider a smooth embedding f : M? < R®> C C3, which exists
because of [Wal65]. We may assume that f is disjoint from all Haefliger’s spheres .
Then, the embeddings f#i) : M — C3, k € Z, obtained by ambient connected sum
of f and iy, are pairwise not smoothly isotopic as proved in [Sko08]. This concludes
the argument. O]
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Chapter 7

Open questions and future work

We conclude this thesis with a collection of open problems that naturally emerge
from the results presented here. These questions indicate possible directions for
further development of the theory of fat distributions, prelegendrians, and Engel
structures.

Fat manifolds and prelegendrians

A first basic problem concerns the topology of prelegendrians:

Question. Does there exist a prelegendrian embedding A : §?" ™! < (C*"*1 D) of
the sphere?

All examples constructed in this thesis arise from spinning operations, and thus
have the topology of a (non-trivial) product. It could be that understanding higher
order singularities of prelegendrian fronts is required to answer this question. More
generally, one could ask about the construction of prelegendrian embeddings of other
smooth types.

In a different direction:

Question. Does the h-principle fail for prelegendrian embeddings in corank k > 2
fat manifolds?

The case k = 4 is currently under investigation, building on the methods developed
here. For higher coranks, our understanding of fat structures is still too limited to
manipulate prelegendrians effectively.

Analogously to contact geometry, one may also ask about the role of subcritical
preisotropics in fat manifolds. The h-principle for subcritical preisotropic immer-
sions, and for prelegendrian immersions of open manifolds, has been established by
Bhowmick, building on Gromov’s work [Bho22, Gro96]. This motivates the following
problem:
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Chapter 7. Open questions and future work

Question. Does the h-principle hold for subcritical preisotropic embeddings and for
prelegendrian immersions in corank k£ > 1 fat manifolds?

For k =1 (the classical contact case), the answer is affirmative by results of Gromov

[CEM24, Gro86].

The stabilization procedure developed in Theorem 2.2.4 suggests a natural notion of
flexibility:

Question. Does there exist a class of loose prelegendrians (containing our stabilized
prelegendrians), that is governed by an h-principle?

If the answer to this question is negative, then it is not hard to see that the following
question also has a negative answer:

Question. Is the isotopy class of the prelegendrian lift £(A) a complete prelegendrian
invariant? Is it a complete prelegendrian invariant among the class of formally
equivalent prelegendrians?

This question is a concrete incarnation of Eliashberg’s “pseudoholomorphic curves or
nothing” philosophy. The problem is also analogous to the fundamental question
of whether the Legendrian isotopy class of the co-normal lift is a complete isotopy
invariant. This is known to be true for knots in R? by a celebrated result of Shende
[ENS18, Shel9]. The study of Legendrian singularities relative to isotropic foliations
[AG18] may play a role here.

Another interesting question is about the prelegendrian itself. If A C (M, D) is
prelegendrian, then Dy = TAND C TA is a distribution of A. So the following
questions are natural:

Question. (a) Let D' C TA be distribution, does there exist a prelegendrian
embedding A < (M, D) such that Dy = D'?

(b) Let A C (M, D) be a prelegendrian submanifold. Can a small perturbation of
Dy be realized by perturbations of the embedding A — (M, D)?

Finally, the most fundamental questions concern fat distributions themselves:

Question. Recall that fat distributions satisfy the h-principle on open manifolds,
according to Gromov’s h-principle for open and diff-invariant relations [CEM24,
Gro86]. Then, focusing on closed manifolds:

(a) Does the h-principle fail for corank k£ > 1 fat distributions themselves?

(b) If the answer to (a) is positive, does there exist an overtwisted class of fat
distributions?

(c) Is there a fat manifold with overtwisted contactisation?
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We conjecture that the answer to (a) is positive at least for £ = 2, in agreement with
the conjecture in [MAdP21] on (4,6) fat distributions. For (c), one possible strategy
would be to define a “pre-overtwisted” object lifting to an overtwisted disk in the
contactisation. It is worth noting that all fat manifolds appearing in this thesis (e.g.
complex Grassmannians) have tight contactisations, as these are spaces of contact
elements and hence fillable.

Engel structures and complex tangencies

Eliashberg’s question on the existence of Engel structures as CR submanifolds is
very natural from the viewpoint of contact topology,: If Y?"=1 C C" is a smooth
real hypersurface, its complex tangencies £;,, == TY N J4a(TY) define a corank-one
distribution that is contact precisely when Y is strictly pseudoconvex; moreover, in
this case, (Y,&,,,) is tight.

Our construction from Theorem 6.1.3 provides the first examples of Engel structures
arising naturally from complex geometry. Analogously to the reasoning above, this
leads to the following problem, which is very much open:

Question. Can some form of rigidity be established in Engel Topology using this
relation to Complex Geometry?

It is unclear to us how to pursue this further.

One can also ask whether the methods presented in Theorems 6.1.1 and 6.1.3
and Corollary 6.1.4 to construct Engel structures can be generalised further. Namely,
our examples are arise as small deformations of derived prolonged distributions
associated with convex bundle immersions. In particular, one cannot fully prescribe
the Engel structure in advance (not even up to homotopy). Motivated by the facts
that every parallelisable 4-manifold admits an Engel structure [Vog09] and that there
is no formal obstruction to admitting a co-real embedding into C* [Slal5, Gro86],
we are led to the following questions:

Question. Can every oriented S'-bundle with even Euler class be co-real Engel
embedded into C3? More generally, can every parallelisable 4-manifold be embedded
into C? in such a way that its complex tangencies define an Engel structure?

The following is closer to the idea of studying deformation theory in CR and complex
geometry:
Question. Suppose N C C? is co-real with Engel complex tangencies D, . Can

every perturbation of D, be induced by a perturbation of the embedding N — C3?

Guided by the characterisation of Engelness for curve families [CdPP20], one is also
naturally led to ask:

Question. Can the Cartan prolongation of a contact structure [Car24, Mon99] be
realized as the complex tangencies of a co-real submanifold in C3?
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Lastly, let us remark that the following major open question remains:

Question. Is there some form of homotopical rigidity in Engel topology?

The results of this thesis (combined with the state-of-the-art) indicate that there are
two opposing takeaways:

e Engel flexibility seems to be a generalisation of contact flexibity. Whether Engel
rigidity exists is unknown, but it suffers from the fact that Engel structures
are not fat.

e Fat rigidity appears to be the right generalisation of contact rigidity to higher
corank (and the methods of this thesis should allow us to pursue this fur-
ther). Whether there is flexibility for the construction of fat structures is very
much unclear and, in fact, all the examples we know of seem to be rather
special /geometric.
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