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Chapter 1

Introduccion

1.1 El problema de Muskat

En esta tesis tratamos con el movimiento de un fluido incompresible en un medio poroso. De forma mas
precisa, consideramos una situacion fisica propuesta por Morris Muskat en [49], debido a sus aplicaciones para la
extraccion de petrdleo. Mds alld de estas aplicaciones, la complejidad de este movimiento ha capturado la atencion
de muchos matemadticos en las tltimas décadas. Existencia local y regularidad, formacion de singularidades y el
comportamiento a gran escala son, entre otras, algunas de las cuestiones que se han estudiado. Nuestro objetivo
serd mostrar la existencia de un nuevo tipo de soluciones y estudiar su comportamiento.

El problema de Muskat modela la interacciéon de dos fluidos inmisibles e incompresibles con diferentes
densidades los cuales habitan un medio poroso. Los fluidos estdn separados por una interfaz, la cual divide
el plano IR? en dos dominios Q. (¢) y _(t). La ecuacién que gobierna la dindmica de los fluidos es la ley de
Darcy

%vi(x, t) = —VpH(x,t) — pr(x,t)ge; en Q.

Donde, v* es la velocidad del fluido, p* la densidad y p* la presién de cada €. La viscosidad s, la
permeabilidad  y g la gravedad son constantes y asumiremos que son todas igual a 1. La densidad esta definida
por

Jr
_ P (Xu t)? X &€ Q+<t>7 _ 2
p(x,t) = { pm(x,1), x€Q_(2), para  x = (z,y) € R,
y satisface la ecuacion de conservacion de masa
oip(x,t) +v(x,t) - Vp(x,t) =0 en R

en un sentido débil. En esta tesis, asumiremos que la densidad es una funcién paso y, entonces p=(x,t) = p*,

con pty p~ valores constantes. La velocidad estd dada por

B vi(x,t), x € Q.(t),
vl = { vo(x, 1), xe Q. (1),

y ademads asumiremos que los fluidos son incompresibles, es decir
div(v¥)(x,t) =0 en Q.
La interfaz que comparten los fluidos estd parametrizada por una curva arbitraria

00L(t) ={z(a,t) = (z1(a, 1), 22(a, 1)) : @ € RY,

3
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como se ve en la siguiente figura.

Q,(t), P ~ (Zl(a’t)722(a’t))

Ademas, la ley de Darcy y la condicién de incompresibilidad son suplementadas por las siguientes condiciones
de frontera

(vt—=v ) n=0 en 004,
pr=p  en 00,
donde n denota el vector normal unitario J§)_, que apunta a {2_
__ Oam(at)
 [Gaz (e )]
Notese, que la primera condicion de frontera implica que div(v) = 0 en un sentido débil. La formulacion
matematica de este problema es la misma que la de dos fluidos incompresibles en una celda de Hele-Shaw, ver

[57]. Formalmente, el problema de Muskat se puede reducir al estudio de una ecuacién de evolucién para la
interfaz, la cual estd dada por

-+ B B
3tz(a,t) = upv Z1(Of,t) 2'1((1/ B,t)

27 < z(a,t) —z(a— 5B t)|2(aaz(a, t) — Ouz(a — B,1)) dB. (1.1.1)

Cuando la interfaz estd parametrizada por la gréfica de una funcién (z, h(z,t)), la ecuacion anterior se reduce

d ——pt : axh ) — Uz et)
L = E o py [ Glet) 0t - )
dt 27 r 02+ (h(z,t) — h(z — a,t))?
La estabilidad de la ecuacion de Muskat depende fuertemente del signo de la funcién de Rayleigh-Taylor, la
cual estd dada por

da. (1.1.2)

RT(x,t) = —(Vp (x,t) — VpT(x,t)) 'n, x € I0..

En el caso donde parametrizamos la interfaz por z(«, t) esta funcién se lee como

B On21 (i, t)
RT(a,t) = —ph)
(,t) = (p~ —p )|aaz(w)|2
Si parametrizamos la interfaz por el grafo de una funcién (x, h(z,t)) obtenemos
1
RT(z,t) = (p~ —pt)—
(z,t) = (p~ —p )1+(8xf(x))2

Cuando RT > 0, entonces el fluido més pesado estd por debajo, el problema es estable. En este régimen, la
existencia local de soluciones es conocida, asi como la existencia global para dato inicial pequefio en un espacio
de funciones adecuado. Sin embargo, si el fluido més pesado estd por encima, la situacién es inestable y (1.1.2)
estd mal planteado. Haremos un resumen de la literatura que trata sobre este problema en la seccion 1.3.

4
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1.2 Contenido de la tesis

Esta tesis estd dividida en 5 capitulos. En el capitulo 2, estudiaremos la existencia de soluciones de la ecuacion
de Muskat con crecimiento cuadratico en el infinito. Los primeros estudios que demostraron la existencia de
soluciones para el problema de Muskat consideraban el caso de interfaces que eran asintticamente planas o
periddicas (en la variable horizontal). Muy recientemente, varios autores han proporcionado algunos resultados
que también prueban la existencia de soluciones con cierto crecimiento en el infinito (ver la seccion 1.3 para un
resumen). De manera notable, ninguna de estas soluciones han alcanzado un crecimiento cuadrético hasta nuestro
resultado.
En el capitulo 2, asumiremos que la interfaz es parametrizada por el grafo de una funcién h, es decir

00y (t) = {(x,h(z,t)) : z € R}
y nos enfocaremos en la existencia local de soluciones no triviales de tipo
h(x,t) = 2° + ct + g(x,t),

donde ¢ pertenece a un espacio de Sobolev adecuado. En particular g tiende a cero y, de manera notable, las
soluciones crecen cuadriticamente en el infinito.
El resultado principal del capitulo 2 es el siguiente y estd publicado en [59].

Teorema 1. Dada s > 3, p~ > p*,y gy € H*(R). Entonces existe un tiempo Ty = T(||go||z=) > 0y una funcion
g € L>([0,Ty] : H*(R)) n Wte([0,Ty] : H*1(R)) tal que la funcién

h(z,t) = 2* + (p~ — p )t + g(a.1)
es solucion de la ecuacion de Muskat con h(z,0) = 2% + go(x).

Para demostrar el teorema 1, primeramente se encuentra una ecuacién de evolucién para la funcién g(x,t) a
partir de la ecuacién de Muskat. En esta nueva ecuacidn de evolucién, hallamos nuevos nucleos en los cuales
se tiene una dependencia explicita en la variable z. La dependencia en x es una de las principales diferencias
con la ecuacién de Muskat cldsica. El primer objetivo serd encontrar una estimacion a priori de la energia de la
funcién g(z,t). Como es usual, la energfa se define como la norma en espacios de Sobolev, es decir, ||g|| s (r)-
Dedicamos una seccion completa para encontrar la estimacién de la energia. El capitulo culmina con el estudio
del sistema regularizado de esta ecuacion. Las soluciones de la regularizacion son obtenidas por el Teorema de
Picard. La funcién g en el teorema serd obtenida como limite de este sistema regularizado gracias a la estimacion
de energia.

El capitulo 3 se enfoca en la buiisqueda de singularidades tipo turning cuando la interfaz es parametrizada por
una curva

00L(t) ={z(a,t) : @« € R},

donde
z(a,t) = d(a,t) + (o, ® + ct).

Aqui d se comporta de manera que la interfaz crece cuadraticamente en el infinito.

Una pregunta natural que surge después de probar la existencia de soluciones con crecimiento cuadrético en
el infinito es si estas soluciones persisten para siempre o, por el contrario, si existen soluciones que desarrollan
una singularidad. Demostraremos que, de hecho, ocurre el segundo caso mencionado.

En este capitulo el resultado principal es el siguiente.

Teorema 2. Existen soluciones de la ecuacion de Muskat que desarrollan una singularidad de tipo turning y que
crecen cuadrdticamente en el infinito.
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En una singularidad de tipo furning la solucién empieza en el régimen estable, esto significa que el fluido
mads denso estd por debajo, de modo que puede ser parametrizada como el grafo de un funcién. Después, en un
tiempo finito la solucién gira y ya no puede parametrizarse como el grafo de una funcién, y hay una parte de la
interfaz donde el fluido mas denso esta por encima. En estas singularidades, la solucion pasa del régimen estable
al régimen inestable Por lo tanto, la funciéon de Rayleigh-Taylor RT pasa de ser positiva RT' > 0 a negativa
RT < 0.

Para demostrar el teorema 2, primeramente se debe garantizar la existencia local de soluciones para datos
iniciales cuya funcién de Rayleigh-Taylor no es estrictamente positiva. Esto se logra utilizando una versién
abstracta del Teorema de Cauchy-Kowaleski, (ver [54] y [53]), por lo que se debe considerar un entorno adecuado
para su aplicacién. De hecho construimos una escala de Banach { X, },-¢, que consiste de funciones analiticas
definidas sobre una banda en el plano complejo. Las condiciones que se necesitan verificar en el Teorema de
Cauchy-Kowaleski son, la acotacion y la condicion Lipschitz del operador (1.4.3) en { X, },~0. La demostracién
de estas propiedades comprende cuatro secciones de este capitulo. Una vez completada la existencia local en
{X, },>0, se demuestra la existencia de soluciones que comienzan en el régimen estable, y en tiempo finito pasan
al régimen inestable. El capitulo 4 contiene la demostracion de resultados auxiliares usados en los capitulos 2 y
3.

En el capitulo 5, consideramos una modificacién de la ecuacién de Muskat que tiene en cuenta la tension
superficial. Esta nueva fuerza se introduce a través de una discontinuidad en el salto de la presion a lo largo de la
interfaz, proporcional a la curvatura.

En este caso, no tratamos con soluciones que crecen cuadraticamente en el infinito, sino con interfaces
asintOticamente planas.

En este capitulo damos una descripcién de las soluciones estacionarias para el problema de Muskat con
tension superficial, buscando soluciones 27-periddicas. Esto puede ser alcanzado reduciendo la ecuacioén de
Muskat (1.2.1) a una ecuacion diferencial ordinaria. La ecuacién de Muskat con tension superficial estd dada por

(z(o,t) — 2(6,1))
|z(,t) — 2(5,1)|

oot = 3-pv [ 2 05 [e(a(B.0) + (5 — p7)2a(8.0] 08,

z(a,0) = z°(a),

(1.2.1)

donde v > 0 es el pardmetro de tension superficial y « es la curvatura de z. Para un tratamiento del caso con
diferentes viscosidades, ver [47], en este caso hemos considerado viscosidades iguales. Por lo tanto, las soluciones
estacionarias de (1.2.1) son soluciones de la ecuacién

Oo | 7(2) (@) + g(p™ — p7)z2(a) | = 0. (1.2.2)

Reciprocamente, una solucién de (1.2.2) es una solucién estacionaria de (1.2.1) y por lo tanto una solucién
estacionaria del problema de Muskat. De este modo, una curva z: R — IR? es una solucién estacionaria de
(1.2.1) si satisface

—(Z? TR +g(pt — p )z = const. (1.2.3)

Ehrnstrom, Escher y Matioc en [33] encontraron un valor umbral con la siguiente propiedad: si el coeficiente
de tensioén superficial se mantiene por debajo de este umbral, existe una solucién de (1.2.3), que puede
parametrizarse como el grafo de una funcién 27-periédica h(«), es decir, (z1(a), z2()) = (o, h(«)). Ademds,
cuando el coeficiente de tension superficial se aproxima a este umbral desde abajo, la pendiente mdxima de la
curva tiende a infinito. Estamos interesados en describir una solucion con el siguiente dato inicial

2(0) = (0,0) and Z(0) = (—0,1), o >0, (1.2.4)

donde o es un pardmetro. En lo siguiente B(z,y) representa a la funcién Beta

Bla,y) = /O £1(1—#)"~1dt, Re(z), Re(y) > 0.
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El resultado principal de este capitulo es el siguiente teorema, el cual se encuentra publicado en [58], aqui
hemos encontrado un régimen de tensiones superficiales por encima del limite de Ehrnstrom, Escher y Matioc,
donde existen soluciones estacionarias, pero que dejan de ser un grafo. Sea

el valor encontrado por Ehrnstrom, Escher y Matioc estd dado por

1 31
= —B2 (22
o2 (4 2)
Teorema 3. Existe un \* > 0 mds pequeiio que A, tal que para cada A € (\*, \,] existe un tinico 0 = o(\) €

[0,00) y una curva z suave y periddica en la variable horizontal que es solucion de la ecuacion estacionaria
(1.2.2) y que no se auto-interseca.

Nota 1. Las soluciones del teorema 3 no pueden ser parametrizadas como el grafo de una funcion («, h(a)).

1.3 Resumen de resultados previos

El problema de Muskat ha sido estudiado extensivamente en las ultimas décadas. El primer resultado sobre
existencia local fue establecido por Yi en [62], usando el método de iteracion de Newton. Es importante destacar
que en este trabajo no se considera la fuerza de gravedad, pero si diferentes viscosidades, obteniendo soluciones
clésicas del problema.

Ambrose en [6] usando una formulacién para el dngulo tangente de la interfaz, demostré existencia local en
el espacio H*(R) con s > 3, considerando diferentes viscosidades y diferentes densidades.

Por un lado, Caflish, Siegel and Howinson demostraron en [60] el mal planteamiento del problema para
el caso inestable con densidades iguales y diferentes viscosidades. Por otro lado, Cérdoba y Gancedo en [26]
demostraron el mal planteamiento en el caso inestable para diferentes densidades, siguiendo las ideas presentadas
[60]. En este mismo articulo, Cérdoba y Gancedo demostraron existencia local de soluciones para el caso en 2d
y 3d en espacios de Sobolev H*(R),s > 3y H*(IR?),s > 4 respectivamente. Fueron los primeros en introducir
la formulacién de la ecuacién de Muskat (1.1.2).

En [21], Constantin, Gancedo, Shvydkoy y Vicol demostraron existencia local para dato pequefio en W2P(IR)
con p € (1,00]. Matioc en [46] demostré existencia local en H*(IR) con s € (3/2,2) en un escenario funcional
analitico cuasilineal. Alazard y Lazar demostraron en [1] existencia local para dato inicial en H'(R) N H?(RR)
para s > 3/2, para obtener este resultado hicieron uso de célculo paradiferencial, explotanto la parte no lineal de
la ecuacion de Muskat.

En [18], Cheng, Granero-Belichén and Shkoller demostraron la existencia global para dato pequefio en H*(T)
con diferentes densidades y diferentes viscosidades, los autores utilizaron una formulaciéon Lagrangiana del
problema.

Las soluciones de la ecuacién de Muskat (1.1.2) satisfacen L?(IR) y L>°(IR) principios del maximo en tiempo,
como demostraron Cérdoba y Gancedo en [27] y, Constantin, Cérdoba, Gancedo y Strain en [20] respectivamente.
Los cuales estdn dados por

[AC L) < [[holl Lo (r),

T—pt [ h(y,s) — h(x,s 2
T 0 JRJR y—x

Otra propiedad notable de las soluciones, es su invariancia por la escala

ha(z,t) = AN Th(Az, At),
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es decir, si h es una solucién, entonces h, también es solucion. Los espacios que son invariantes bajo esta escala
son llamados criticos, por ejemplo

H3*(R) y WH(R).

En [21], Constantin, Gancedo, Shvydkoy y Vicol, ademds de demostrar la existencia local, demostraron
existencia global, cuando la pendiende de la interfaz i’ se mantiene acotada. Posteriormente, en [9] Cameron
estableci6 existencia global en el espacio C''¢(R) usando un criterio en términos del producto del supremo e
infimo de la pendiente del dato inicial.

Para datos pequefos, Constantin, Cérdoba, Gancedo y Strain en [20] demostraron la existencia global
de soluciones en H?(IR) con una derivada pequefia en el dlgebra de Wiener A(IR). También establecieron
la existencia global de soluciones para dato inicial en W!*>*(IR) con la condicién ||h{||r~ < 1. En un trabajo
posterior [19] los mismos autores, junto con Rodriguez-Piazza, extendieron este resultado al caso 3d. En la misma
dimensi6n, Gancedo y Lazar en [40] demostraron existencia global para el espacio critico H?(IR?) N W 1> (IR?).

En [30], Cérdoba y Lazar demostraron la existencia global en el espacio H*?(R) N H*?(R) con una
condicién en H%/2(IR) haciendo uso de integrales oscilatorias y una nueva formulacién de la ecuacién de Muskat.

Alazard y Nguyen demostraron en [4], con un enfoque diferente, el mismo resultado de [40] y ademads la
existencia de soluciones para datos iniciales que no son de tipo Lipschitz. En [51] Nguyen establecio la existencia
global para dato inicial pequefio en espacios de Besov B;O,l (R%).

En el caso 3d, Gancedo y Lazar demostraron en [40] la existencia global para el espacio critico H 2(R?) N
W1’°°(1R2). Alazard y Nguyen probaron en [4], utilizando un enfoque diferente, el mismo resultado que en [40]
y establecieron la existencia de soluciones para datos iniciales no-Lipschitz. Nguyen y Pausader demostraron en
[52] la existencia local para datos iniciales en el espacio subcritico H*(IR?), donde s > 1 + d/2.

En un trabajo posterior [2], Alazard y Nguyen demostraron la existencia local para dato inicial pequefio en
el espacio critico W5°(R) N H3/?(IR), y la existencia global de soluciones para dato inicial pequefio. En [3]
los mismos autores demostraron la existencia local y global para datos iniciales no Lipschitz. Recientemente los
mismos autores en [5], demostraron la existencia local para dato pequefio en H*?(IR) y la existencia global en
H32(R) con una condicién pequefia en la norma H3/2(R).

En [31] Deng, Lei y Lin construyeron soluciones débiles globales bajo la suposicion que la interfaz inicial es
decreciente y mondtona con un comportamiento asintdtico en el infinito, i.e. fo(x) — a,2 — oo. Cameron en
[10] demostré la existencia de soluciones en el caso 3d que son no acotadas y tienen crecimiento sublineal. En
[42], Garcia-Juarez, Gomez-Serrano, Nguyen y Pausader demostraron la existencia de soluciones auto-similares.
En [41], Garcia-Judrez, Gémez-Serrano, Haziot y Pausader demostraron la existencia local cuando la interfaz
inicial tiene multiples esquinas y crecimiento lineal en el infinito.

Es importante mencionar que ninguno de estos resultados permite crecimiento cuadratico de la interfaz en el
infinito.

Cérdoba, Cérdoba y Gancedo demostraron, en [23], existencia local en H k (T) con k > 3, considerando
diferentes viscosidades y RT positiva. En un trabajo posterior, los mismos autores en [24], estudiaron el caso 3d
para una superficie H* considerando diferentes viscosidades. Gancedo, Garcia-Judrez, Patel y Strain demostraron
en [37] existencia global en los casos 2d y 3d, también considerando diferentes viscosidades.

En el régimen inestable p* > p~, la ecuacién de Muskat estd mal planteada, ver por ejemplo [26] y
[60], entonces soluciones tipo mixing son usadas para describir este escenario. En [11], Castro, Cérdoba y
Faraco estudiaron este tipo de soluciones haciendo uso de la integracién convexa y la teoria de operadores
pseudodiferenciales, ver también el trabajo de L. Székelyhidi, [61]. En la misma direccién se puede consultar
[16], [55], [8]y [36].

Mengual en [48] estudid el caso inestable con diferentes viscosidades. Recientemente Castro, Faraco y
Gebhard en [15], estudiaron la disipacién de energia de potencial mdxima como un criterio de seleccidon para
subsoluciones. Para otros resultados que conciernen a integracion convexa aplicado a IPM, ver [25] y [44].
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1.3.1 Singularidades

Respecto al estudio de singularidades a tiempo finito, Castro, Cérdoba, Fefferman, Gancedo y Lopez-Fernandez
en [14], demostraron que existe un subconjunto abierto de datos iniciales en H* tal que la condicién de Rayleigh-
Taylor se pierde en tiempo finito. Esto significa que la interfaz inicial es un grafo RT > 0, entonces en un tiempo
finito la interfaz deja de ser un grafo, RT < 0. Este fenémeno se conoce como turning singularity.

En [12] Castro, Cérdoba, Fefferman y Gancedo, demostraron que existen soluciones que pierden la condicién
de Rayleigh-Taylor y después en un tiempo finito, pierden regularidad. Estas soluciones singulares se han
extendido en tiempo como soluciones tipo mixing, ver [17].

Coérdoba, Gomez-Serrano y Zlato§ demostraron en [28] la existencia de soluciones que inician en el régimen
inestable, entonces pasan al régimen estable y finalmente regresan al régimen inestable. Los mismos autores en
[29] establecieron la existencia de soluciones que comienzan en el régimen estable, pasan al inestable y finalmente
regresan al estable.

Todos estos estudios se han realizado para interfaces asintéticamente planas o periddicas. En esta tesis, nos
ocuparemos de soluciones con crecimiento cuadrético en el infinito.

1.3.2 Soluciones estacionarias

La tension superficial es una fuerza que puede surgir en la interfaz debido a la diferente naturaleza de los fluidos.
Normalmente, este efecto se modela a través de la ley de Laplace-Young. Esta ley establece que, en presencia
de tension superficial, la diferencia del limite de la presion sobre la interfaz es proporcional a su curvatura. De
hecho,

pt—p  =7k(2)

donde v > 0 es un pardmetro que mide la intensidad del efecto de la tension superficial. En este caso, el problema
de frontera libre estd bien planteado sin importar el signo de la funcién de Rayleigh-Taylor (ver [32] y [35]). Esto
se debe a que la tensidn superficial elimina la condicion de inestabilidades de Rayleigh-Taylor. Este problema ha
sido estudiado extensivamente, ver por ejemplo [43], [34], [56], [7], [39] y [38].

La existencia de soluciones estacionarias para el problema de Muskat con un coeficiente de tensién superficial
grande fue estudiada por Ehrnstrom, Escher and Matioc en [33]. En términos generales, demostraron que existe
una rama de soluciones, parametrizada por

de la forma («, hy()). Aqui, A € (0, \*), con A* > 0 siendo un nimero finito y semi-explicito. Acontece que,
cuando A — A*, la pendiente de h,(0) — oo. Este hecho hace que Ehrnstrom, Escher y Matioc no continten las
soluciones mads alld de A*. Realizaremos esta extension parametrizando la interfaz como una curva

T T

en el intervalo o € (=7, 7). Notemos que, dado que A > 0, necesitamos que p* > p~. Después de eso,

construiremos la solucion en el resto de los puntos utilizando las simetrias de la ecuacion.
Noétese que, dado que A\ > 0, requerimos que pt > p~.

1.4 El problema de Muskat para la parabola

El primer paso es demostrar que f(x,t) = 2% + ct es una solucién explicita de la ecuacién de Muskat. Se tiene el
siguiente lema.

Lema 1. La pardbola f(x,t) = 2 + ct es solucién de la ecuacion de Muskat con c = p~ — p™ > 0.
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Demostracion. Primero calculamos las diferencias
f(x) = f(z —a) = a2z — a),
8xf<x) - axf($ - OZ) = 20&,
8tf = C.
Entonces sustituimos en la ecuacion de Muskat

- _ pt 22
c:p p / a do
R

27 a? + a?(2z — a)?

p—/ﬁ/ 1
= do
T r 1+ (22 — a)?

=£ -7 / du, u=2r—«
R

14wz 7

~ (zy2? + et + g(x,t))

Q_(t), p~

La figura anterior ilustra la situacién que abordamos. Por renormalizacién tomaremos p~ —p™ = 27. Entonces
la funcién f(z,t) = x* + 27t es solucion explicita de la ecuacion de Muskat y representa a una parabola que se
mueve a lo largo del eje vertical cuando ¢ — +o00. Ahora, deduciremos la ecuacién de evolucion para la funcién
g que se estudia en el capitulo 2.

En lo que sigue, omitiremos la dependencia del tiempo. Primero definimos la diferencia d,¢g(x) y la pendiente
Aug(x) por

g(x) —g(r —
g() = 9(0) —gla—0) ¥ Aggla) = LI,
Al sustituir la funcién h = f + g en la ecuacion de Muskat (1.1.2), observamos que g satisface

0809 () Ao f ()
T+ Aoh(@) e @ TPV /R 1+ (Auh(2))?

También omitiremos la dependencia en x en la diferencia A, g(x). Por la definicién de f tenemos

B Oz A f
27T—/1R—1+(Aaf)2 da.

ig(x) + 27 = PV/ da. (1.4.1)
at e

10
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De este modo afiadiendo el término 27 al lado derecho de la ecuacion (1.4.1), obtenemos la siguiente expresion

i 00 (=2)(Aah+Aaf)
90 =PV [ T e Y AT a1 (R

Definimos los siguientes nicleos

o 1 o Ah+ AL f
Ko =1rgmme 9= 2aramna e
Entonces la ecuacién (1.4.1) es equivalente a la ecuacién
%g(m t) PV/ 0:Aog(2)K (z, o) dav + PV/ Ang(z)G(z, o) da. (1.4.2)
R R

Enfatizamos que el andlisis de la ecuacion (1.4.2) para la evolucién de g(z, t) presenta diferencias con respecto
al analisis de la ecuacién (1.1.2) en espacios de Sobolev H*(IR) o H*(IR) con 0 < k < 2. En efecto, el crecimiento
cuadrético en el infinito introduce una degeneracion de los niicleos en el infinito que necesitan ser comprendidos.
En adicidn, la dependencia explicita de la variable  conduce al estudio de operadores pseudodiferenciales, lo
que es opuesto a los operadores diferenciales que aparecen en el estudio de la ecuacion de Muskat cldsica. Para
aclarar la diferencia entre los nucleos, en la ecuacién de Muskat clasica, el nicleo es de la forma

K(y, h(z), h(z —y)),

mientras que en la ecuacion (1.4.2) tenemos dos nucleos de la forma

K(z,y,g(x), g(x —y)).
De modo que, el objetivo serd demostrar la existencia local (1.4.2) para un dato inicial g(x,0) = go(z) €
H*(R).
En la segunda parte de las tesis, para comenzar se tiene el siguiente resultado, que es consecuencia directa del
lema anterior.

Corolario 1. La curva p(a,t) = (o, @ + ct) es solucién de la ecuacion de Muskat con c = p~ — p™.

Como en el caso anterior, derivamos una ecuacidon de evolucién para la desviacion d = z — p, usando la
ecuacion (1.1.1). Se tiene

o,d(a, ) PV/ |21 ) =2l =50 gy 1)~ duala— 5.4)) dB — Oyl t)

z(a,t) — z(a — 5, 1)]?

Entonces, F(d)(«, t) tiene la siguiente expresion

z1(a,t) — 21(a = B, 1)
R [2(o,t) —z(a = 5, 1)]?
Dada una desviacion inicial d°(«), queremos resolver la ecuacion anterior (1.4.3) con la condicién inicial
d(a,0) = d%«).
Para controlar este tipo de términos, trabajaremos con las transformadas de Hilbert de funciones racionales.
Recordemos que la transformada de Hilbert estd definida por

) :%PVANxT_Wdy

y la trasformada de Hilbert truncada estd dada por

F(d)(a,t) = PV (Onz(t,t) — Opz(av — 5,1))dB — (0, 2m). (1.4.3)

f(ﬂc—y)d

ly|<e Yy

H|y|<6f(x) = lPV

7

Y.

Un hecho importante que se usard a lo largo de la tesis es que ambos operadores, la transformada de Hilbert y
la trasformada de Hilbert truncada, son acotados de L? a L2.

11
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Chapter 1

Introduction

1.1 The Muskat problem

This thesis deals with the motion of an incompresible and inviscid fluid in a porous medium. More precisely, we
will consider a physical situation proposed by Morris Muskat in [49] because of its applications for oil extraction.
Beyond these applications, the complexity of this motion has captured the attention of many mathematicians in
last decades. Local existence and regularity, singularity formation, and large behaviour are, among others, some
questions that have been studied. The main goal for us will be to show the existence of a new type of solutions
and to study its behaviour.

The Muskat problem models the interaction of two immiscibles and incomprensible fluids with different
densities in a porous medium. The fluids are separated by an interface, which divides the plane IR? in two
domains €2, and €2_. The equation governing the dynamic of the fluids is Darcy’s law

%Vi(x, t) = —Vp=(x,t) — p=(x,t)ges  in Q.

Where, v* is the velocity fluid, p* the density and p* the pressure for each .. The viscosity s, the
permeability x and g the gravity are constants and we will assume that they are all equal to 1. The density is
defined by

_ 10+(X7t>7 X € QJr(t)u
plx,t) = { (1), x €9 (1)

and satisfies the mass conservation equation

for x=(r,y) € R?

oip(x,t) +v(x,t) - Vp(x,t) =0 in R?
in a weak sense. In this thesis, we assume that the density is a step function, then p*(x,t) = p*, where p* are

constants. The velocity is given by

_JvT(xt), xeQu(t),
v(x,t) = { v (x,1), x€Q_(1),

and we will also assume that the fluids are incompressible, that is
div(v*) =0 in Q.
The interface shared by the fluids is parameterized by an arbitrary curve
00L(t) =A{z(a,t) = (z1(a, 1), 22(a, 1)) : v € RY,

13
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as we see in the next figure.

Fluid+
Q-i— (t) ) p+

Fluid—

Q_(t), P ~ (Zl(a’t)722(a’t))

Additionally, the Darcy’s law and the incompressibility condition are supplemented by the following boundary
conditions
t—v)n=0 in 004,

pt=p in 00,

(v

where n denotes the unit normal vector to J€)_, pointing out €2_
0, 2(cv)
- Oaz(a) P
Notice, the first boundary condition implies that div(v) = 0 in a weak sense. The mathematical formulation

of this problem is the same as that for two incompressible fluids in a Hele-Shaw cell, see [57]. Formally, the
Muskat problem can be reduced to the study of an evolution equation for the interface, which is given by

n—

- _ gt
P _—p z1(a,t) — z1(a = B,t)
0, t)==———PV Oaz(,t) — Duz(a — B,1))dS. 1.1.1
D= Y el t) — afa— g A T el = 0) A5 (D
When the interface is parameterized by the graph of a function (z, h(x)), the last equation reduces to

d p~—pt / a - (Oph(z,t) — Ouh(z — a, t))

—h(x,t) = —PV da. 1.1.2

et = @+ (h(@t) —h(z —a ) @ (1.1.2)

The stability of the Muskat equation, strongly depends on the sign of the Rayleigh-Taylor function, which is

given by
RT(x,t) = —(Vp (x,t) — VpT(x,t)) 'n, x€ 0.

In the case where we parameterize the interface by z(«, t) this function reads

_ 8a21 (Oé t)
RT(«,t) = —ph)
If we parameterize the interface by the graph of a function (z, h(z,t)) we just have
1

RT(z,t) = (p~ — Pﬂm-

When RT > 0, thus the heaviest fluid is below, the problem is stable. In this regime, local existence of
solutions is very well known, as well as global existence for small initial data in suitable functional spaces.
However, if the heaviest fluid is above, the situation is unstable and (1.1.2) is ill-posed. We will review some of
the literature dealing with these issues in section 1.3.

14
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1.2 Content of the thesis

This thesis is divided in 5 chapter. In chapter 2, we will study the existence of solutions of the Muskat equation
with quadratic growth at the infinity. The first studies showing existence of solutions for the Muskat problem
considered the case of either asymptotically flat or periodic (in the horizontal variable) interfaces. Very recently,
some results proving also existence of solutions with some growth at the infinity have been provided by several
authors (see section 1.3 for a summary). Remarkably, none of these solutions had reached quadratic growth until
our result.

In chapter 2, we will assume that the interface is parameterized by the graph of a function A, that is

00L(t) =A{(x,h(x,t)) : € R}
and we will focus on the local existence of non trivial solutions of the form
h(z,t) = 2* +ct + g(x,1),

where g is in a suitable Sobolev space. In particular g tends to zero, and remarkably, the solutions grow
quadratically at infinity.
The main result of chapter 2 is the following and is published in [59].

Theorem 1. Let s > 3, p~ > p™, and go € H*(R). Then there exists a time Ty = T(||go||g=) > 0 and a function
g € L>([0,Tp] : H*(R)) nWh>([0, To] : H*~*(R)) such that the function

h(z,t) =2+ (p~ — p")t +g(x,1)
solves (1.1.2) with h(z,0) = 22 + go(x).

In order to proof theorem 1, firstly we derive an evolution equation for the function g(x,t) from the Muskat
equation. In this new evolution equation, we find new kernels that have an explicit dependence on the variable x.
The dependence on x is one of the main difference compared to the classical Muskat equation. The first objective
is to find an a priori estimate of the energy of the function g(z,t). As usual, the energy is defined as the norm
in Sobolev spaces, that is, ||g||z=(r). We dedicate a complete section to finding the energy estimate. The chapter
concludes with the study of a regularization of this equation. Solutions for the regularization are obtained by a
Picard Theorem. The function g in the theorem, will be obtained as a limit of these solutions thanks to the energy
estimates.

Chapter 3 focuses on the search of turning singularities when the interface is parameterized by a curve

00L(t) =A{z(a,t) : a € R},

where
z(a,t) = d(a,t) + (o, ® + ct).

Here d is such that the interface grows quadratically at the infinity.

A natural question that arises after proving the existence of solutions with quadratic growth at the infinity, is
whether these solutions live forever or whether, on the contrary, there exist solutions that develop a singularity.
We will prove that, in fact, the second previous case happens.

The main result of this chapter is the following.

Theorem 2. There are solutions to the Muskat equation that grow quadratically at the infinity and develop a
turning singularity.

In a turning singularity the solution starts in the stable regime, this means the densest fluid is below, thus the
function can be parameterize by the graph of a function. Then, at some finite time, the solution turns, it can not

15



Content of the thesis

be parameterize as the graph of function, and there is a part of interface where the densest fluid is above. In this
singularities the solution passes from the stable to the unstable regime. Therefore, the Rayleigh-Taylor function
RT passes from RT > 0 to RT < 0.

In order to prove theorem 2, firstly local existence of solutions must be guaranteed for initial data in the case
where the Rayleigh-Taylor function is not strictly positive. This is achieve using an abstract version of Cauchy-
Kowaleski’s Theorem (see [54] and [53]), then a suitable setting must be considered for its application. Indeed,
we construct a scale of Banach spaces { X, },~¢, which consists of analytic functions defined over a strip in the
complex plane. The conditions of the Cauchy-Kowaleski’s Theorem that need to be verified are the boundedness
and the Lipschitz condition of the operator (1.4.4) in {X,},~o. The proof of these properties comprises four
sections of this chapter. Once local existence in { X, },~¢ is completed, the existence of solutions that start in the
stable regime and, in finite time, transition to the unstable regime, is proved. The chapter 4 contains the proofs of
auxiliary results used in chapters 2 and 3.

In chapter 5, we consider a modification of the Muskat equation that takes into account surface tension. This
new force is introduced through a jump discontinuity of the pressure across the interface, proportional to the
curvature.

In this case, we do not deal with solutions which grow quadratically at the infinity, but with asymptotically
flat interfaces.

In this chapter we give a description of the stationary solutions for the Muskat problem with surface tension,
looking for 27-periodic solutions. This can be achieved by reducing the Muskat equation (1.2.1) to an ordinary
differential equation. The Muskat equation with surface tension is given by

_ 1 (z(cr,t) — z(B, )" -
8tZ(Oé,t) - %PV/IR |Z(Oé,t) _ Z(B,t)|2 aﬁ [WK(Z(B,t)) + g(p - P >Z2<67t> dﬁ,

z(a,0) = z°(a).

(1.2.1)

where v > ( is the surface tension parameter and « is the curvature of z. For a treatment of the case with different
viscosities, see [47], in this case we consider equal viscosities. Therefore, the stationary solutions of (1.2.1) are
solutions of the equation

0o |78 (2) () +(p" — p7)z2()| = 0. (12.2)

Conversely, a solution of (1.2.2) is a stationary solution of (1.2.1) and therefore a stationary solution of the
Muskat problem. Thus, a curve z: R — IR? is a stationary solution of (1.2.1) if satisfies

2128 — 22

VW +g(p" — p~ )z = const. (1.2.3)

Ehrnstrom, Escher and Matioc in [33] found a threshold with the following property: if the surface tension
coefficient remains below this threshold, there exists a solution of (1.2.3), that can be parameterized as the graph
of a 2m-periodic function h(«), i.e., (z1(a), z2(a)) = (e, h(«)). In addition, when the surface tension coefficient
approaches to this threshold from below, the maximal slope of the curve tends to infinity. We are interested in
describing a solution satisfying the following condition

z(0) = (0,0) and Z(0)=(—0,1), o>0, (1.2.4)
where o is a parameter. In the following B(z, y) stands for the Beta function,
1
Bla,y) = / £1(1—4)"~1dt, Re(z), Re(y) > 0.
0
The main result of this chapter is the following theorem, published in [58]. Here we have found a regime of

surface tensions above the limit of Ehrnstrom, Escher, and Matioc, where stationary solutions exist, but which
cease to be a graph. Let
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the value found by Ehrnstrom, Escher, and Matioc is given by

1 31
=B 2.
A 272 (4’ 2)
Theorem 3. There exists \* > 0 smaller than \,, such that for each \ € (\*, \,| there exists a unique o0 = o(\) €

[0, 00) and a smooth and periodic in the horizontal variable curve z which solves the steady-state equation (1.2.2)
and that does not self-intersect.

Remark 1. The solutions in theorem 3 can not be parameterized as the graph of a function (o, h(«)).

1.3 Summary of previous results

The Muskat problem has been extensively studied in the last decades. The first local existence result was
established by Yi in [62], using Newton’s iteration method. It is important to note that this work gravity is
not considered, but different viscosities are taken into account, obtaining classical solutions to the problem.

Ambrose in [6], using a formulation for the tangent angle, proved local existence in the space H*(IR) where
s > 3, considering different viscosities and different densities.

In one hand, Caflish, Siegel and Howison proved in [60] ill-posedness of the problem for the unstable case
with equal densities and different viscosities. On the other hand, Cérdoba and Gancedo in [26] proved the ill-
posedness in the unstable case for different densities, following the ideas presented in [60]. In this same work
Cérdoba and Gancedo proved the local existence for the 2d and 3d case in Sovolev spaces H*(IR),s > 3, and
H*(R?), s > 4 respectively. They were the first who introduced the formulation of the Muskat equation (1.1.2).

In [21], Constantin, Gancedo, Shvydkoy and Vicol proved local existence for initial data in W*?(R) for
p € (1,00]. Matioc in [46] proved local existence for initial data H*(IR) with s € (3/2,2) in a quasilinear
analytic functional setting. Alazard and Lazar established in [1] local existence for initial data in " (R)N H? (R)
with s > 3/2, to obtain this result, they make use of paradifferential calculus, exploiting the nonlinear part of the
Muskat equation.

In [18] Cheng, Granero-Belichén and Shkoller proved global existence for a small initial data in H?(T) with
different viscosities and densities. The authors make use of a Lagrangian formulation for the problem.

Solutions of the Muskat equation (1.1.2) satisfy a L°(IR) and L?(IR) maximum principles, as proven Cérdoba
and Gancedo in [27] and, Constantin, Cérdoba, Gancedo and Strain in [20]. Which are given by

1A, Ol =@y < 1ol =)

“—pt [ h(y,s) — h(x,s 2
Itz + 2 [ [ (1 (P2 R aydods = ol
2m 0 JRJR y—x

Another property of solutions, is their scale invariance

ha(z,t) = A Th(z, At),

i.e. if h is a solution then /) is also a solution. The spaces which are invariant under this scaling are called critical
spaces, for example . '
H3*(R) and W1(R).

In [21], Constantin, Gancedo, Shvydkoy and Vicol, besides proving local existence, they proved global
existence, when the slope /' remains bounded. Later, in [9], Cameron established global existence in C' 1‘(]R)
using a criteria in terms of the product of the supremum and infimum of the slope of the initial data.

For a small data Constantin, Cérdoba, Gancedo and Strain in [20] proved global existence for initial data in
H3(R) with a small derivative in the Wiener algebra A(IR). They also established the existence of global weak
solutions for initial data in W*°(IR) with the condition ||h}|/z~ < 1. In a subsequent paper [19], the same
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authors, together with Rodriguez-Piazza, extended these results to the 3d case. In the same dimension Gancedo
and Lazar in [40], proved global existence for the critical space H?(R?) N /1> (IR?).

In [30], Cérdoba and Lazar proved global existence for initial data in the space H*/?(IR) N H%2(R) with
a small assumption over H? 2(R), by making use of oscillatory integrals and a new formulation of the Muskat
equation.

Alazard and Nguyen proved in [4], using a different approach, the same result of [40] and established the
existence of solutions for a non-Lipschitz initial data. In [51] Nguyen established the global existence for small
initial data in the Besov space B, ; (R%).

In the 3d case, Gancedo and Lazar in [40], proved global existence for the critical space 2(IR?) N/ 1> (IR?).
Alazard and Nguyen proved in [4], using a different approach, the same result of [40] and established the existence
of solutions for a non-Lipschitz initial data. Nguyen and Pausader proved in [52] the local existence for initial
data in the subcritical space H*(IR¢), where s > 1 + d/2.

In a posterior work [2], Alazard and Nguyen proved local existence for an initial data in the critical space
W (R) N H3/?(R), and the existence of global solutions for small initial data. In [3] the same authors showed
local and global existence for non-Lipschitz initial data. Recently, in [5] they proved local existence for initial
data in /7%/?(R) and global existence in H3/?(IR) with a small condition over [73/?(RR).

In [31] Deng, Lei and Lin constructed global weak solutions under the assumptions that the initial interface is
monotonically decreasing with asymptotic behavior at infinity i.e. fo(x) — a,x — oco. Cameron in [10] proved
the existence of solutions in the 3d case that are unbounded and has sublinear growth. In [42], Garcia-Judrez,
Gomez-Serrano, Nguyen and Pausader proved the existence of self-similar solutions. In [41], Garcia-Judrez,
Gomez-Serrano, Haziot and Pausader proved local existence when the initial interface has multiple corners and
linear growth at infinity.

It is important to mention that none of these results allow for quadratic growth of the interface at infinity

Cérdoba, Cérdoba and Gancedo proved, in [23], local existence in H k(T) with £ > 3, considering different
viscosities and positive RT. In a posterior work, the same authors treated in [24] the 3d case for a H* surface
considering different viscosities. Gancedo, Garcia-Judrez, Patel and Strain in [37] proved global existence for
small initial data in both 2d and 3d cases, also considering different viscosities.

In the unstable regime p™ > p~, the Muskat equation is ill-posed, see [26] and [60], then mixing solutions are
used to describe this scenario. In [11], Castro, Cérdoba and Faraco studied this kind of solutions using convex
integration and the theory of pseudodifferential operators, ses also the work of L. Székelyhidi, see [61]. In the
same direction see [16], [55], [8] and [36].

Mengual in [48] studied the unstable case with different viscosities. Recently Castro, Faraco and Gebhard
in [15] studied maximal potential energy dissipation as a selection criterion for subsolutions. For others results
concerning convex integration applied to IPM, see [25] and [44].

1.3.1 Singularities

Regarding the study of finite time singularities, Castro, Cérdoba, Fefferman, Gancedo and Lépez-Fernandez in
[14], proved that there is an open subset of initial data in H* such that the Rayleigh-Taylor condition breaks down
in finite time. This means that the initial interface is a graph RT > 0, then in a finite time the interface is not a
graph, RT < 0. This phenomenon is called turning singularity.

In [12] Castro, Cérdoba, Fefferman and Gancedo, proved that there exist solutions which lose the Rayleigh-
Taylor condition and, after that, lose regularity in finite time. These singular solutions have been extended in time
as mixing solutions in [17].

Cérdoba, Gomez-Serrano and Zlatos proved in [28] the existence of solutions that start in the unstable regime,
then become stable and finally return to the unstable regime. The same authors in [29] established the existence
of solutions that start in the stable regime, then become unstable and finally return to the stable regime.

All these studies have been realized for either asymptotically flat or periodic interfaces. In this thesis, we will
deal with solutions with quadratic growth at the infinity.
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1.3.2 Steady-state solutions

Surface tension is a force that can arise on the interface due to the different nature of the fluids. Usually, this effect
is modeled through the Laplace-Young law. This law states that, in presence of surface tension, the difference of
the limit of pressure over the interface is proportional to its curvature. Indeed,

pt—p =7k(2),

where v > 0 is a parameter which measures the strength of the surface tension effect. In this case, the free
boundary evolution problem is well posed no matter the sign of the Rayleigh-Taylor function (see [32] and [35]).
This is because the surface tension eliminates the Rayleigh-Taylor instabilities condition. This problem has been
studied extensively, let us quote, for example, [43], [34], [56], [7], [39], [38] and [50]

The existence of stationary solutions for the Muskat problem with a large surface tension coefficient were
studied by Ehrnstrom, Escher and Matioc in [33]. Roughly speaking, they proved that there a branch of solutions,
parameterized by

of the form («, hy(«)). Here, A € (0, A*), with A* > 0 some finite and semi-explicit number. It happens that,
when A — \* the slope of h,(0) — oo. This fact makes that Ehrnstrom, Escher and Matioc do not continue the
solutions further \*. We will realize this extension by parameterizing the interface as a curve

z(a) = (h(a), a),

in the interval o € (—7%,75). After that we will construct the solution in the rest of the points by using the

symmetries of the equation.
Notice that since A > 0, we required p™ > p~.

1.4 The Muskat problem for the parabola

The first step is to prove that f(x,t) = x? + ct is an explicit solution of the Muskat equation. We have the
following lemma.

Lemma 1. The parabola f(x,t) = 2% + ct solves the Muskat equation (1.1.2) withc = p~ — p™ > 0.

Proof. First we compute the differences

f@) = flz —a) = a2z — o),
Ouf(x) = O0uf(x — a) = 20,
of=c

Then we substitute in the Muskat equation
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~s (z, 2% + et + g(x, 1))

Q_(¢), p~

The previous figure ilustrated the situation we are addressing. For renormalization we set p~ — p™ = 27. The
function f(z,t) = x*+ 2t is an explicit solution of the Muskat equation and represents a parabola moving along
the vertical axis as ¢ — +o00. Now, we will deduce the evolution equation for the function ¢ studied in chapter 2.
Henceforth, we will omit the dependence on time. First, we define the difference d,¢g(x) and the slope A, g(x) by

g(z) - gz —a)

6049(17) = g(x) - g(x - CY) and Aag(l‘) =

By substituting in the equation (1.1.2) the function h := f + g, we see that g satisfies

d B aang(;p) 835Aaf(x)
a0 2 = PV/ 1+ (Dah(z))? d(HPV/R T (Ao

We also omit the dependence on z in the difference A,g(z). By the definition of f we have

B Oz A f
QW_/H{—1+(Aaf)2 da.

Thus, adding the term 27 to the right side of (1.4.1), we obtain the following equation

d 9Dy 2)(Aah + Auf)
&g(a:)—PV/ (AL da—l—PV/A 1—|—Ah))( A af)2>da.
We define the kernels
o 1 L Ah+ AL f
A T o T E R e (R WA BT E W)

Then (1.4.1) 1s equivalent to the equation

%g(:ﬁ,t) = PV/ 0:Ang(2)K(z, ) da—l—PV/ A,g(2)G(z, o) dav.
R R

(1.4.1)

(1.4.2)

(1.4.3)

Let us emphasize that the analysis of equation (1.4.3) for the evolution of g(x,t) presents severals differences
with respect to the analysis of (1.1.2) in H*(R) or H *(R) spaces, with 0 < k < 2. Indeed, the quadratic growth
at infinity introduces a degeneration of the kernels at infinity that need to be understood. In addition, the explicit
dependence of x leads to pseudodifferential operators, as opposed to the differential ones which occur in the
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classical Muskat problem. To clarify the difference between kernels, in the classic Muskat equation, the kernel
has the form

K(y, h(z), h(z —y)),

while in the equation (1.4.3) we have two kernels of the form

K(x,y,9(z),9(x — y)).

Thus, our task is proving local existence of (1.4.3) with an initial data g(z,0) = go(z) € H5(R).
In the second part of the thesis, we have the following result, which is a direct consequence of the previous
lemma.

Corollary 1. The curve p(a,t) = (o, a* + ct) solves the Muskat equation (1.1.1) withc = p~ — p™.

As in the previous case, we derive an equation for the deviation d = z — p, using the Muskat equation (1.1.1).
We have

z1(a,t) — z1(a — [, t)
R |Z(a,t) —z(a = B, 1))
=F(d)(a, ).

Od(a,t) = PV (Ouz(ar,t) — Ouz(ae — B,t)) df — Oip(ay, t)

Then, F(d) has the following expression

F(d)(a,t) = pv [ 2@zl 50
R |2(a,t) —z( = B,1)]?
Given an initial deviation d°(c), we want to solve the previous equation (1.4.4) with the initial condition
d(a,0) = d%a).
To control this type of terms, we deal with the Hilbert transforms of rational functions. Recall the the Hilbert
transform is defined by

(Onz(ar,t) — Opz(a — B, 1)) dB — (0, 2m). (1.4.4)

1 —
T R Y
and the truncated Hilbert transform is given by

HMQf@):lPV zg:jﬁdy

™ lyl<e Yy

An important fact that will be used throughout the thesis is that both operators, the Hilbert transform and the
truncated Hilbert transform, are bounded from L2 to 2.
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Chapter 2

Local Existence

Here we prove local existence for the equation (1.4.3). This chapter is organized as follows: The first section
2.1 is dedicated to obtain the appropiate energy estimate for the function g. Section 2.2 is devoted to the study
of the regularized system in order to obtain existence of solutions. All the necessary lemmas to prove the energy
estimate are presented in Section 4.1, chapter 4. Troughout this chapter, we making use of the following norms

| fllen = maxsup |9} f(x)
JZk zeR

Y

| fllz = esssup|f(x)|.
rzeR

The results in this chapter have been published in [59].

2.1 The energy estimates

In this section we obtain the energy estimate for the function g, we present two main lemmas. Lemma 2
corresponds to the lower order derivative terms, while Lemma 3 deals with the highest derivative terms. Let
s be an integer, we consider the energy of the function g as the norm in the Sobolev space H*(IR),

1 1
E(t) = 5llgllz=(t) + 5102g122(2).

In order to prove local existence of solutions in H*(IR) we need an estimate for the evolution in time for the
energy [/(t). In our case, the estimate will be in polynomial form, that is
d

P sc(B@)+ E(t)? + -+ E(t)")

for a large integer /. This bound will suffice to prove that the energy of the solution is uniformly bounded in
H*(R) up to some time 7" = T'(||go|| zs) > 0.

2.1.1 Lower derivative

We start by controlling the evolution of the L?(IR) norm of g.

Lemma 2. Let g € H*(R) with s > 3, then

1d
sl < ¢ (gl

2 et ngzs). 2.1.1)
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The energy estimates

Proof. Taking the L?*(IR) product of g and g;, given by equation (1.4.3), we have

35tlal30 = [ 9@) [ 98,0 @ @) dade+ [ gle) [ Agl)Gle.0)dads

=1+1IL
Bound for I: We use the definition of the slope A, g to split
1 O.9(x —
I= / g(x)0.g(x) / —K(z,a)dads — / g(x) / MK@, a)dadz
R R & R R o
= Al - AQ.

Using Cauchy-Schwarz inequality and then estimates (4.1.1) from Lemma 18, we find that

|Ax| < |9l 221029l 2

1
PV/ —K(-,a)da
R &

< c(1+ llglle=)?llgll z2110zg]l 2.

Loe (2.1.2)

To deal with the term A,, we split the integral in the in and out parts. For the in part we have the following
decomposition

Al = / 9(2) Hoy10r9(2) K (2,0)
R (2.1.3)
0]

azg(x — Oé)
+ /Rg(x) /|a<1 2= 2K (z,a) — K(z,0)] dada,

where we use the truncated Hilbert transform H),|<;0,g, and add and subtract the kernel at zero

1
HO S e

Then applying Cauchy-Schwarz inequality, we obtain that

\ / 9() Hioge1Da9(2) K (2,0) dz| < [lg]lz2]1ngll 12 (2.1.4)
R

We denote by D(z, «) the difference of kernels
D(z,a) == K(z,a) — K(x,0). (2.1.5)

By direct calculation, together with the Fundamental Theorem of Calculus we deduce an estimate for the
difference (2.1.5)
|D(z,0)| = |K(z,a) - K(2,0)| < c(1+[|07g]lz=) |al.
Hence, for the second integral in (2.1.3), we observe that applying Cauchy-Schwarz inequality we derive the
following estimate

‘ /]Rg(x) /|a|<1 wl)(% a) dodz

«

9,9(z — a)|

—  _ \D dad
< [lotol [ P )l da ds 016
< e(1+ glle) / / 19(0)]10:9(z — o)) dz da

laj<1 JR

<c(l+lglie2)llgle2 11091l 2
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The energy estimates

For the out part, we apply Cauchy-Schwarz inequality respect to x

/]Rg(x) /|a|>IWK(x,a) dadx

0:9(r — «
< ||g||L2( Oug(z = )
R

) 2 1/2
K(z,a)da dx) .
Now we use Cauchy-Schwarz inequality respect to «

1 1/2
|Ag¥) < Hng(/ (/ 0,9(r — a)? da) (/ — K(z, a)? da) dx)
R \Jjaf>1 af>1 O
1 1/2
< ||g||Lz||axg||Lz( [ 5] K(x,a)deda) |
la|>1 a” Jr

The estimate (4.1.16) in Lemma 23 states that

43| =

al>1 o

/ K(z,0)2dz < (1 + ||9ag]l ).
R

Therefore putting together the estimates (2.1.2), (2.1.4), (2.1.6) and the inequalities for the out part we obtain
the following bound

[T] < c(1+lglle2)*llgllzz] =gl 2.

Bound for II: For the in part, using the Fundamental Theorem of Calculus we have the following formula for
the slope

1
Ang = / Or9(x + (s — 1)) ds, (2.1.7)
0

hence we obtain that

I = / / /|a<1 8pg(z + (s — 1)a)G(z, a) da dz ds.

From the definition (1.4.2) we deduce that

Ayh+ A,
Gz, a)| = | -2 Y S )
(14 (Aah)?)(1 + (Aaf)?)
Now applying the Cauchy-Schwarz inequality yields
| < 2lg]l 22101l - (2.1.8)
For the out part, expanding A, g we split the integral in two terms
" = / —G (z,a)dadr — / g(m)/ MG(L a)dadx
R la|>1 & R la|>1 a

= A3 + A4.

In A3, we control the inner integral using the estimates (4.1.7) from Lemma 19, hence

1
|As| < ‘/ —G(z,a)dadz
a|>1 «Q
<lgli|PV [ ~GC.a)dall <t gl Pl
la|>1 & oo
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Now for A4, we follow the same technique used in AS“*. First, applying Cauchy-Schwarz inequality first
respect to x and then respect to o, we deduce that

1 1/2
A <lolf( [ o5 [ Gleafdsda)
loj>1 &7 JR

The estimate (4.1.17) in Lemma 24, says that
/ G(z,a)?dr < c(1+ ||0.g|l1=)>.
R

Then the last inequality and (2.1.8) conclude the proof

[T < e (1+ [lglle)* Mgl

2.1.2 High derivative

Now we move to the second part of the energy, which involves the derivative of order s of g. We will prove the
following lemma.

Lemma 3. Let g € H*(R) with s > 3, then

s o+ gl

J0812:() < e (Il ). 2.19)

2dt

Proof. We take s = 3 and compute 9>g; from the equation (1.4.3). We have two terms

th 9pgl7. = / g(x 83/8 Ang(z)K(x, a)dadx+/ 03/ Ang(2)G(x,a) dadx
R
=TI+ IV.

We use the Leibniz product rule to get the next decomposition
III := ']1 + 3J2 + 3J3 + J4.
The goal is obtain a polynomial bound for each .J;. We start by getting a bound for J;.

Bound for J;: This term is the most singular because four derivatives acting on g. We expand 91A,g and
add and subtract the kernel at zero K (x,0), we have

le/af;g( to(x /K:z:ozdada:—/KxO )/84<a )d dx
/ 93g( / %ag(x = a) [K(x,0) — K(2,0)] dada.

Recall that the kernel at zero is given by

Using
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The energy estimates

and integration by parts, we obtain that

/Rafgg( e / L ke, 0)dade = —5/[339 x)]an/RéK(xm da dz.

The fact that H0, = A implies
Jp = 1/ [02g(x / —0, K(z, ) dad:p—/K(x, 0)02g(x)AD2g(x) dz
R
/83 /MD(x,a)dadx,

where D(z, «) is the difference K (z, ) — K(z,0). Now we use the Cérdoba-Cérdoba pointwise inequality, see
[22], then we obtain that

(2.1.10)

02 (r) Mg () > S Ao )"

Due to K (x,0) > 0, we get that

Jp < —%/ [02g(x / ~0,K (v, a)dadr — %/IRAK(:L‘ 0)[02g(x)]? dz

_/Ragg(x)/]R%D(x,a)dadx.

Using the inequalities (4.1.9) and (4.1.12) in Lemma 20 and Lemma 21, we conclude that the first two terms
above are bounded. That is, the L*>°(IR) norms of the inner integral and the operator AK (z, 0) are bounded

HPV/ l8‘,EI((~,04 da
R &

IAK (2, 0)][ e < e (1 4+ [lgllc=s)-

c(1+llglle=s)*

and

In the last two inequalities we take § = 1/2 because H3(R) — C>'/2(IR). It remains to get the bound for the
term with the difference D(z, ) in (2.1.10). First, we note that by the chain rule 9,03g(z — o) = —92g(x — ).
From here, integration by parts yields

/83 / g(w_a)D(xa)docdx—/ / 3oz — a)d (D(z’a)>dadx. (2.1.11)

Denote

O(z,a) 1= 0,[D(z,a)/al.
We split the integral (2.1.11) into the in and out parts. For the in part, we observe that

/829(@/ D2g(x — a)®(x, o) dadz
R laf<1

<[ [ s@lots - a)l|a ) dads

la|<1
<5 [ [P +10tgte — )] [0, o)] dads
|of<1
< —/lﬁxg(xﬂ ‘@(m,a)’d&dx—i—l// 02g(x — )| ®(z, )| darda,
2 Jr laj<1 2 JR Jiaj<1
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The energy estimates

where we have used Young’s inequality
1 1
b< —l|a]® + =[]
ab < lof? + 5o
Using estimate (4.1.13) from Lemma 22, we get
\@(x, Oé)X\a|<1(04)‘ <c(14lglle=s)?lal*, (2.1.12)

which is integrable near to the origin. For the second integral we change variables § = ov and y = = — « to get
[ 1ot - et o) dads = [ (8h)? [ oG+ 5.9 dsdy
R J]al<1 R |B]<1

and we have the same control (2.1.12) over |®(y + 3, 3)|. Hence the in part is bounded

4 _
—/ai’g(x—a)/ wD(x,a)dadx
R la|<1

- < c(1+ llglle=s)* 19791 7- (2.1.13)

Now we focus on the out part. First, we note that
D(x,0)| | 0uK (. 0)
o? laf

‘¢($7Q)X|a|>1(a)‘ <

Then we split in two parts. For the first part we have

/]Rai’g(x) /|a|>1 D2g(x — a)®(x, o) dads

0. K (.
< /If?i’g(m)l 029(x — a) 9K (@) 4 da (2.1.14)
R |a|>1 (0%
D
s [ [ otgte -0 252 dad,
R la>1 o

The second line of (2.1.14) can be bounded by applying Cauchy-Schwarz inequality, first with respect to z,
and then with respect to a. Then we obtain that

1edata) [ 1otte— o)
R la|>1

0K (z,)? 1/2
< egalles ([ eatza( [ da)ar)
R la|>1 «Q

1 1/2
< H@igHiz( [ L[, a>2dxda)
|a|>1 a” Jr

< c[[02gl17> (1 + [10zgllz=)".

In the last inequality we applied the estimates (4.1.18) of Lemma 25. For the second term in the right hand side
of (2.1.14), we apply Cauchy-Schwarz inequality with respect to x and then use Minkowski’s integral inequality.
Also, we note that the difference satisfies

o K (1,
w dadz
«

|D(x,a)] < 2.
Thus
D
[zl [ st —a)| 25 dada
R la|>1 «@
3 — 2 1/2
< Hagng(/ / MQQ)D(LQ) da dx)
R |o|>1 Q

3 B 2 1/2
< |92g]l .2 / / Gt TN
la|>1 R a?

< c[|9;gl7-
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Therefore, by joining the estimates for the out part and (2.1.13), we deduce that

[ 71] < e (1 + llglleaarz) lgllis- (2.1.15)

Bound for J;: The second term J, is similar to .J;, expanding 9>Ag we have

J2:/83 / —0. K(z,« dozdx—/@3 / g(x—oz)a K(z,a)dade.
R

For the last integral in .J, the change of variable x — o = y, leads to
_ 0. K (z,x —
/ D3g( / g(x a)8 K(z,a)dadr = / / 8§g(m)8§’g(y)Mdy dz.
R /R r—Yy
Define ((x,y) as the kernel

o y) = axKix,_x —y x__z (h(x{i - Z(y)h> (axf;(a:; :;cj(y))
()

We observe that ((x,y) = —((y, x), then change of variables x = y and y = x implies that

/ / 0,9(y)¢ (2, y) do dy
- /R/Ra;j’g(y)agg(x)g(%x) dy de
- /R /R 039(x)059(y)C(w, y) dz dy.

Therefore the second integral in .J5 is zero and the first integral has the same bound (2.1.15) of J;. That is

| L] < c(1+ [|gllczar2) Nl gl Fs- (2.1.16)

Bound for .J3: We split in the in and out parts

J3 = / 2g(x) / 02N ,gO K (z, ) dadz + / 03g(x) / 02N ,gO’ K (z,a) da dz
R lal<1 R la|>1
= J:.:;" + J9U
Using the estimate (4.1.15) we have the following bound
02K (,0)| < e (14 [02g]l)” + cllgllcza - Jal*,

where § = 1/2. We use the Fundamental Theorem of Calculus to obtain the following formula

O2A ag—/ Bg(z 4 (s — 1a) ds. (2.1.17)
Then using (2.1.17) and Cauchy-Schwarz inequality with respect to x we obtain that
] < / 1ozt 9 s = DK )] dace s
al<
c(1+ |lgllc2s) / /| (1+]a™) /\ Pg(z+ (s — 1)a)|dzdads @.1.18)
al<1

c(1+ llgllc=s)*l102g]17--
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where as in the previous term J,, we take 6 = 1/2. Now, for the out part expanding 9>A, g we have

s = [ Bgetga) [ oK) dads
R lo>1 &
2
/ / 09 = >82 K(z,a)dadz.
la>1 @

For the first integral in the right hand side of (2.1.19) we apply Cauchy-Schwarz inequality and use the
estimate (4.1.19) of Lemma 26. We deduce that

[oswaw [ lakeadad
R lo>1 &

(2.1.19)

1 2.1.20
< 105l @glie|) [ SoPK(zia)da (2120
|a|>1 « Loe
< c(1+ llglle2)*1029] 21|07 gll e
For the second integral in the right hand side of (2.1.19), we observe
02K (7, a) = [0.Auh)*Bi(z, @) + 0> AagBa(z, ), (2.1.21)

where
Bi(z,a) == —2K(x,0)* + 8(A.h)*K(z,a)® and By(z,a) := —2A,hK(z, ).

Then expanding the sum in (2.1.21) we obtain that

2 (0
/ ai’g(x)/ Méﬁ[((aa o) dadz == J3 + J5Y,
R laf>1 «Q ’ '

where
J??Qit = / / g( ) [aanhPBl (,a) dadx
|a|>1 «Q
and

2 J—
Iy = / Dg(x) / %9 — e n 1By, ) da da.
R |a|>1 Q

‘We notice that
| B (z, )| <10 K (z, ),

which is square integrable with respect to x, by Lemma 23. Using the Fundamental Theorem of Calculus we
deduce that
10:800] < 2(1+[|02g] ). (2.1.22)

Hence applying Cauchy-Schwarz inequality, first respect to z, then respect to ov. We find that

2 1/2
dx)
|
1
et gl Plotalaletal ([ = [ Bilea deda)
la>1 @7 JR

< c(1+lglle2)*10zgll2 110z g]l 2.

d2g(z — a

521 < ool 10,8 By(z,0) da

al>1 «Q

1/2

The second term J3'5 4 has a similar bound. In that case we use the following bounds

|Ba(w,@)| < 2K(z,0)  and  |07Aag] < 2] 03] Lol
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Therefore by joining the estimates (2.1.18) and (2.1.20) and the inequalities for J$%" and J$%" we conclude

that
| Js| < ¢ (1+ llgllezare)?llgllZs.

Bound for J;: We notice that
K (z,a) = 0,A hBs(x, ) + 02A0gBa(z, ) + 92 A0 gBs(z, @),
where

By(z,0) = [24(Aah>f((x, )? — 48(Auh)*K (z, a)4] (O Auh)2,

By(z,a) == 3] — 2K (z, a)® + 8(Auh)’ K (z, a)*] (0, A h),
Bs(x, ) := —2AhK (2, ).

Then expanding the sum in (2.1.24) we decompose Jy := Jy 1 + Jyo + Jy 3 with

Jaa —/ / (0:A09)0: A hBs(x, o) da e,
Ja2 —/ / (0:009)0?A0gBy(z, o) da du,
Ju3 —/ / (0:009)02A0gBs(z, ) dada.

Using the Fundamental Theorem of Calculus we have the following formula

8Aag—/ 2g(x + (s — 1)a) ds.
Notice

|Bs(w, )] < e (1+1079]lz),

then the estimate (2.1.22) together with the Cauchy-Schwarz inequality yields to the following bound

|<c/ / /| 02g(z + (5 — 1)a)||0.Axh|| Bs(z, )| do da ds
|| <1
< c(1+ |02gllL=)?]1029l 121102 9]l 12

For the out part, we expand 0,Ag and take J{4' := Ly + Ly, where

Li— / 02(0)ng(e) [ 0Bz 0) dads,
\

al>1 &

/ /|a . xg(a )5 A hBs(x, a) doda.

Now we expand the sum 0, A h = 2 + 0,A,g and decompose further L, := S; + Ss for

S = 2/ 03g(x)0,g(x) { / lBg(as « da} dx = 2/ )n(x)dz,
R la|>1 &
SQ—/aig(:U)axg(x)/ amAang(x, a) dadz.
R loj>1 &

(2.1.23)

(2.1.24)

(2.1.25)

(2.1.26)

(2.1.27)

(2.1.28)
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In order to get a bound of S; we need an estimate for 7(z). First we observe from (2.1.25) that

Bs(z,a) = y(z,a) |4 + 40,A49 + (0.04.9)* ],

where
Y(z,a) = 24(Ah) K (7, a)® — 48(Anh)’ K (z, a)*. (2.1.29)
We expand Bs(x, ) and decompose 7n(x) := 4n; () 4+ n2(x) for
1
mle) =PV [ Ca(ea)da,
laf>1 &

1 ) (2.1.30)
ne(z) = PV/ —y(x, @) (40:Ang + (0:A49)7) da.

lo|>1 &

We derive the bound for 7, from the estimate |y(x, «)| < ¢ and the following inequality

Oz 9|l o 029113
ol Wesl
o o]

40, 80g + (Du0g)?] < 8!

Hence
n2(2)] < ¢ (1929 o= + [|029l70)-
While for 7, the estimate (4.1.21) in Lemma 28 states that

m(@)] < e(1+lgllz<)*.

By joining the inequalities for 7; and 7, we obtain the next estimate

Il < c(1+llgller)”.

Thus, applying the Cauchy-Schwarz inequality we complete the estimate for S;. We have that

[51] < 44|3§g($)l\0zg(w)lln($)l dz < c(1+llgllcr )10 221|029l =-

The inner integral in .S, is easily bounded by using the estimate (2.1.27), we conclude that

0: A,
‘/ ng(x,oz) da| <c(1+ ||8§g||Loo)3/ la| 2 da
laj>1 & laf>1
< c(1+|03gllz=)".
Then, similarly to S, we apply the Cauchy-Schwarz inequality and use the previous bound to obtain that

|Sa] < e (14 llglle2)* 10291221979 22

The last inequality completes the estimate for L;. Now we move to Lo, analogously we take Ly := S5 + Sy,
where

«

5= [ data) | 20:0(= =) (. ) davdr,
R la|>1

542/8§g(a:)/ M@Aang(m,a)dadx.
R |a|>1

(0%
Notice that |y(z, )| < ¢ K(x, «). Using the bound (2.1.27) we derive the following estimate

0.9\ L 0,92
2ssll~ | IOuoll
o o

|Bs(x, )| < 4cK(x,a) + 4c
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The last bound together with the Cauchy-Schwarz inequality with respect to z and Minkowski’s integral
inequality leads to

1 1/2
1S3 < C||(929||L2||3zg||1:2(/ —2/ K(z,a)? dxda)
|a|>1 a” Jr

1 1
o+ el0gl o2l orgl / do

la|>1 |Oé

+cl0ugllo~ 02l Nonglls [

loo|>1 o

Then the estimate (4.1.16) in Lemma 23 implies that
S5 < e (L+ llgllor)* (1929 2211029 2.
For S,, we use the bound (2.1.27) to obtain that
[0:8agBs(x, )] < ¢ (1+[10z9]l20)*|0ug 2] .

Now, we apply the Cauchy-Schwarz and Minkoswki’s integral inequalities. Then we conclude the following
bound
|Sa] < ¢ (X + llgllo2)* 19291 2211039 2.

The last inequality completes the estimate for the our part L5**. Hence estimate (2.1.28) and bounds for L,
and L, implies that
[aal < e+ lglle=)’ gl F- (2.1.31)

For JZLZ using the formula (2.1.17) we find that

1
iy = / / 939() / Eg(x + (5 — 1))0AagBa(z, @) dada ds.
0 JR lal<1

From the identities (2.1.25) and the estimate (2.1.22) we deduce that
|Bi(z, )] < c(1+[|07g] r). (2.1.32)
Using the estimates (2.1.32), (2.1.26), (2.1.17) together with the Cauchy-Schwarz inequality, we infer
T35 < ¢ (L4 11059l )12 9[l 1105917 (2.1.33)

For the out part, expanding 02A,g we split J{%' := L3 + Ly for

L= [ B [ ~08.gBi(r.)dads
R lo>1 &
Ly=—- / D2g(x) / M@Aagﬂl(x, a) dadz.
R lo|>1 a
Recall that |0,A.g| < 2|09z || ™. We use the estimate (2.1.32) and analogously to Sy we obtain that
|Ls| < ¢ (1 + (103 gllo=) 10291110791 21039 2.
The estimate for L, is easy, because is similar to S, then we have the following bound
|La| < c(L+ 11079l 109l = 10 gl 209l 2.
Using the estimates for L3, L4 and the bound (2.1.33) we obtain that

[ Ju2] < c(L+ llgllo2)?llgllFs- (2.1.34)
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Finally for J, 3, expanding D2A.g, we split Jus = L5 + L for

Lo = [ @20 [ ~i0800)Bs(r.0) dad

L¢ = / 22g( / g(x — a)ﬁ . AagBs(z, o) dadz.

Using the indentities (2.1.25) we have the next bound
|aangB5(J}, O-/)| < 2||a§g||L°°'

Using the last bound and estimates (4.1.9) together with the Cauchy-Schwarz and Minkowski’s integral

inequalities, we deduce
|Ls| < c(1+ llgllgear2)? (193917 (2.1.35)

For Lg := L{* + L3, the out part is easy controlled by using Cauchy-Schwarz inequality and Minkowski’s
integral inequality

929(
Lout<28x 00/83 €T |‘T—
) < 20l [otot) [ AT 2136

< c||0ugll o< 1029|122

For the in part, we add and subtract 9?g(z) and Bs(z,0) in order to get LY := N; + Ny + N3 for

(0%

3 2 0h9(z — a
Ny = /Raxg(x)ﬁxg(x) /a|<1 M(Bﬂx,a) — Bs(,0)) dadz,

(0%

3 _
Ni= [t [ EEZD 0,8~ 029(0) Bt ) dad,
R lal<1

Ngz/ma3 ()29 (2) Bs (i, 0) Hypy () da

For N, we use
10: 809 — 029(2)]| < lglo2sal’,
for § = 1/2. Due to |Bs(z, )| < ¢, and applying Cauchy-Schwarz inequality with respect to x followed by the
Minkoswki integral inequality, we obtain
2 1/2
dx)

|Nﬂswm@w@mm(/
R

1/2
swwyﬂﬁmm/kw*(/m@u—aW¢ﬁ da < cllgllens 9292
al<1 R

|19l - a)llaf " da
la<1

We estimate the second term N, using the next inequality
|Bs(w, @) — Bs(x,0)] < c|Aah — 0:h()] < ¢ (1 +[|07g]|z<)-
Then, by applying the Cauchy-Schwarz and Minkoswki integral we obtain that
[No| < e (1+ llglle2)*102911 72

Finally using | Bs(x,0)| < c and the fact that the truncated Hilbert transform is bounded operator in L*(RR),
we obtain that
N3] < cl|0zgll 1|09l
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The estimates for Ny, Ny, N3, the bound (2.1.36) and the estimate (2.1.35) allow us conclude that

[ sl < e 1+ llgllgzar)glzps.
By joining the estimates (2.1.31), (2.1.34) and the last one, we complete the estimate for .J;. We obtain that

[ Ja| < c(X+llgllczar)* gl (2.1.37)
We conclude from inequalities (2.1.15), (2.1.16), (2.1.23) and (2.1.37) that

|| < c(14lgllc2ir2) gl Fs- (2.1.38)

Bound for IV: Notice

IVz/@i’g(m)@i/AagG(a:,a)dad$:2/Qfg(x)/@i[((x,a)dadzv.
R R R R

Using (2.1.24) we decompose IV := J5 + Jg + J; for
Js = 2/ 8;0’9(27)/ 0. Ao hBs(z, o) dad,
R R
Jo = 2/ 829@)/ 070agBu(r, @) da dz,
R R
Jr = 2/ 839(.’[)/ 02N ,gBs(r,a) dadz.
R R

From the identities (2.1.25) we see that Bs(x,a) = —2A,hK (z,a)?. Then we estimate J; is the same way
as Jo. Thus
| Jol < ¢ (L4 [lglle2arm)? Mgl Fs- (2.1.39)

Using the formula (2.1.17) and the inequality (2.1.32) together with the Cauchy-Schwarz inequality we find
that

|J"”|</ /a|<1/| Pyl + (s — 1)a)|| Ba(, )| da dz ds

< c(1+ (103 gllz=)1107g]I7:-

For the out part expanding 92A g we decompose J¢"* := Lz + Lg for

L= /R agg(@agg(x){ /|a>1 $B4(a:,a) da} dzr,

2 (o
L¢ = —/829(30)/ MR;(J:,@) dadz.
R la|>1

«

We denote the inner integral by
1
v(z) =PV / —By(z, a) da.
o|>1 &

Now in order to get a bound for v, we proceed in similar way to 7 in (2.1.30). Using estimates (4.1.25) in
Lemma 29 we obtain that
IVllz < e (X +llgllen)*.

Then Cauchy-Schwarz inequality yields to
|Ls| < ¢ (L + Nlgllen)* 110391l 221102 g1 -
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From identities (2.1.25) we have the next bound
Bz, )| < (141039l ) K (2, ).

For Lg, we apply the Cauchy-Schwarz inequality, first with respect to x and then respect to «, also we use
Lemma 25, then we deduce that

1/2
Lol < e+ gl ool ([ o [ K a2 arda)
a|>1
¢ (L4 110:9l1=)*10; 91l 211029l 2.

The bounds for L5 and Lg complete the estimate for the out part. We conclude

| Js| < c(1+|lgllo2)® gl 2|02 g]| e (2.1.40)

We now estimate J5, first we note
0pDah By(z, ) = y(x,a) [8 + 120,A09 + 6(0:A09)* + (0:809)°],
where (z, «) is given by (2.1.29). Then we decompose J5 := Js1+ Js2+ Js 3+ Js 4 fOr
Js1 = 8/ D3g(x )/ ~y(z, o) da dz,
J52:12/ / (z,a)0;Angdadr,
Ba=6 [ Bata) [ 2(e.0)(@.80 g dad
5.4 = / g / z,a)(0,A49)° da dz.
The bound |y(z, )| < ¢, the formula (2.1.26) and the Cauchy-Schwarz inequality imply that

[ 5is| + 1 J55] + 1J54] < ¢ (1 + [102g] ) 110291 2103 | 2.

The out part Jggt is easily bounded. By expanding 0,A,g we have Jggt := S5 + S¢ for
1
5 =0 [ gwogle) [ Sa(w.0)@.80) dad
R lo|>1 &
3 dx9(x — )
Se =—6 [ 0.g(x) ———(z, a)(0:Ang) dardex.
R | >1 o

The bound |0, A.g] < 2||0,9]|L~|a| ™! and the Cauchy-Schwarz inequality yields
[S5] < ¢ (10291l 110:9] 21|07 gl .2
While for Ss we use Minkowski’s integral inequality and we obtain that
16| < 1029 o= 10291 22 10291 22
and this completes the estimate for .J¢'. For Jg'{ we proceed similarly to Jg%’, then we conclude that
55| < cl|0xgllTee 102l 21|02 g]l 2.
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For Jg4, expanding 0, A, g we get

J5y = 12/ 29(2)0:g(x)m (x) dz — 12/ / Oeg(@ = )7(96,04) dadz,
|af>1 «

where 7 () is given as in (2.1.30). We use |y(z, )| < ¢ K(z, «) and the estimate (4.1.21) for || ||~ followed
by applying the Cauchy-Schwarz inequality we obtain that

155 | < e (L4 llgll=)*10xgll 2211979l -

Finally, from the definition (2.1.29) we split y(x, o) and decompose J5 1 := S7 + Sg for
S7—24/ /A hK(z,a)®dadz,
Sg = —48/ 8£g(x)/(Aah)3K(x,a)4 dadz.
R R

We define
(, ) := —Aaf
RN RV WL
and observe

/ ve(z, a)da = 0.
R

Expanding A,/ and adding y;, we decompose

Sy = 24/ P9(2) (AafK (z,0)° — v¢(z, a)) dozdx+24/ /AagK(x,oz)Bdozdx
R
= S71 + S

Using the Fundamental Theorem of Calculus and the Cauchy-Schwarz inequality we obtain that

|<c/ //am' D)0sg(x + (5 — 1)) K (2, 0)* da da ds

< c[|0zgll22[197g]I -

Anagolously to J§**, we expand A, g and decompose

S?%t = / 559@)9(@/ —K(£E a da dx — / / (33 _ a) K(w,a)g do dz.
’ R la|>1 O al>1 Q@

Applying the Cauchy-Schwarz inequality and using the estimates (4.1.16) and (4.1.20) from Lemma 23 and
Lemma 27 we deduce that

5751 < (L +llgllz=)llgll 2110 g]l 2

For the term S7 1, we observe
AofK(z,a)® —y5(z,0) = Aug (7, ),

where
K(z,a)? K(z,a)? K(z,a)

Dz, o) := —=Asf(Aof + Ayh) T (A’af>2 + i+ (A’af)z)Q + 0+ (AR (2.1.41)

Notice |I'(x, )| < ¢, we obtain a bound for the in part

5711 < e 102912211029 2.
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Now expanding A,g we have

1 _
Sout = / Pg(x)g(x) / v, a)dads - / / IE =D ) deda
’ R laj>1 & a>1

Using the estimate (4.1.26) from Lemma 30 and the Cauchy-Schwarz inequality we find that

’4839(:6)9(:6) /|a>1 ér(x,oz)dozdx <

For the second term in (2.1.42) we use the next bound

c(L+llgllze=)llgllz=107g]l 2.

(2, 0)] < c K (2, a) + 2| gl| o] 7"

Then we apply the Cauchy-Schwarz and Minkowski’s integral inequalities to obtain that

(67

: g(r —
[ otate) [ M=) dedal < e+ lglloolalls 0201
R || >1
and this completes the estimate for S24'. Therefore

|S7] < e (L4 llgllz=)lgllz2 110291l 2.

Finally, for Sg we expand (A,h)? and decompose Sg := Sg 1 + Ss2 + Sg 3 + Ss.4 for

Ss.1 :/029(3:)/(Aaf)3K(:E,a)4dada:,
R R

Sgo =3 Foa AogK (7, 0)* dada,
R

/ g(x /R A.f)
Sua=3 [ 0] [ Aaf(BagK w0 dad,
R R
Seq= [ O Apg)PK(z,0) dadz.
/Rxgm/R< 9)°K (z,0)* da dz

Repeating the same argument as in S7, we find that
|Ss.2 + g3+ Ssal < c(L+ |lgllor)?llgll-

For Sg 1 we consider the function
(Aaf)’

U520 = T3 AL T

(2.1.42)

(2.1.43)

we observe [ 0y da = 0. Using the Fundamental Theorem of Calculus and adding 6; we decompose Ss 1 in the

next way
5’871:/]RQ‘Z’g(as)/]R [(Aaf)gK(x,a)‘l—Hf(:v,a) dadx

:/339(96)/Aag@(x,a) davda
/ /|a|<1/ )0z9(7 + (s — 1)a)O(x, a) dr dads

(07

—|—/}Ragg(x)g(x)/ —@(x,&)dadx—A@ig(x) /|a|>1 M@(w,a) dadz,

al>1 @
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where

K(z,a)* K(z,a)?

(
T4 (Aaf2 | (4 (Daf)2)2
K(z,0)? K(z,a)
A+ B U+ (Baf)Dr )

We use a similar bound as in (4.1.23) to obtain that |©(z, «)| < ¢ (14|0.g|| = )?. Then using Cauchy-Schwarz
inequality we find a bound for the in part

1S ] < (14 (1029 ) 2[9x9l 2211039 | 2
For the last two terms we use the estimate (4.1.28) in Lemma 31, to control the inside integral, and the estimate
0(z, )| < (1 + [|0ngll=)*K (2, ).
Then Cauchy-Schwarz inequality implies

/]R@ig(m)g(x)/l l@(:c,oz) dadz

al>1 &

O(x, ) := —(Auf)*(Aof + Ah)

(2.1.44)

< c(1+lgller)*llgllz2ll0g]l -

Now we apply the Cauchy-Schwarz inequality first with respect to = and then respect to «

/]Raig(x) /|a>1 w@(%a) dadz

1 1/2
sawwmﬂww%m(/-j/memm).
la|>1 laf? Jr
The estimate (4.1.16) in Lemma 23 leads to

511 < e (1 + llgller)*llgll 2110291 e

By bringing together the inequalities for Sg 1, Ss 2, S5 3, S5 4 and the bound (2.1.43) we complete the estimate
for J5 1, and we obtain that

[ Js.1l < c(1+ llgllen)?[lgllZs-
The previous estimates for J5 o, J5 3, J5 4, and the last one, lead us to conclude that

5] < e (1 + llglle=)*llgllZ. (2.1.45)
Using the estimates (2.1.39), (2.1.40) and (2.1.45) we deduce
[V | < eI+ llgllczir2)’llglle-
Finally, using the estimate (2.1.38) we obtain
||+ [TV [ < e (1 +[gllcz2)* g/l
The Sobolev embedding H*(R) < C*1/2(R) completes the proof of the lemma. [ |
From the inequalities (2.1.1) and (2.1.9) in Lemma 2 and Lemma 3 we get

S0 900 m) < e (1F g0l

We integrate in time to obtain that

9ol s

(1~ cotoyp)

where ¢(0) = 1 + ||go|| g2 Then the solution belongs to H3(IR) up to a time

¢(0)~°

C

lg(@)l[ms <

t < =T
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2.2 Regularized system

In this section we regularize the equation (1.4.3), via mollifiers. We consider a function y € C2°(IR) that satisfies

/]RX(JJ) dr =1, x(|z|)=x(x) and x >0.

-1

For every ¢ > 0 we define x.(x) = e 'x(e 'x). We denote the convolution by

(@) = (v +9)@) = [l =)o) dv.
R
Throughout the section we use the next properties of mollifiers

Ixe0kgl oo, IxDigllze < c(€)lgllze,
0oxeg = X059, (2.2.1)
Ixeg — 9

Now we define the regularized system as follows

_ xe/ Oz Aa(Xeq") (z) K (7, ) da+xe/]RAa(xeg )(2) G(z, @) day, 2.2.2)
9°(2,0) = go(

where the regularized kernels are defined by

1
KG ) = )
e L+ (Balieg) + Baf ) (2.2.3)
G(z,a) = — 280f + Balxey)

(14 (Aalxeg?) + Aaf)?) (L + (Aaf)?)

In the next lemma we apply the Picard theorem, see [45], to the regularized system (2.2.2), where we consider
the open set O C H*(R) defined by O = {g € H*(R) : ||g||n= < ¢} for s > 3.

Lemma 4. Let ¢ > 0, then there exists a time T, > 0 and a solution g°(x,t) € C'([0,T,] : O) to the regularized
system (2.2.2) such that g(x,0) = go(x) for s > 3.

Proof. Take g1, g, € O C H*(IR). We define the auxiliary operator

_ /R 0 A (xeg) (@) K (2, @) da + / Au(xeg) (@) G (2, a) dav

R

We observe that M€ = x. x 901°. By applying the triangle inequality we have
19 (g1) — M(g2)|| 22 < ||Rallr2 + [ Rall 22,
for
Rale) = [ 2uhalvean) Kifo.)da = [ 0,80 (vign) K ) do
Rala) = [ Ba(xan)Gile.0)da— [ A(vg)Gyfo.0) do.
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where K{(x, ) and G§(z,
and subtracting 9, A (XGQQ)

are the respective kernels for the functions ¢g; and g». For R;, we note that by adding
(z, ), we find that

a)a
K5
0= [ [0 - 0.80(vege) i(,0) d

_/R&Aa(xegﬁ[f(;(x,a)_Kﬂx’a) da.

We have the following identities

8an(X€gl) - aonz(XegQ) = éXe(azg1(lL') — axgg(ﬁ)) — éXe(6x91<x — a) — ang(aj — O./)),
8an(ngz) [K;(ZB, Oé) - Kf({lf, Oéﬂ = [Aa(xﬁgl) — Aa(XeQQ) Be(gj7 a)’ (224)

Be(z,a) = 0:A0(Xcg2) 2A0f + XeAagt + XAaga) Ki (2, 0) K3(2, ).
Using the formulas (2.2.4), we obtain the next decomposition
1 1
Rl(x) = Xﬁ[amgl(x) - 81592(I)] / aKlﬁ(l’, Oé) da + Xe[gl(x) - 92(1')] / EBe<x7 Oé) da
R

R

+/ Xe[axgl(z - OZ) - 89092(a7 - a”Kf(I,Oz) da

(%

+/ Xé[gl(x - O‘)a_ gg(ﬂf — Q)]Bg(l’,&) dov

We use the estimate (4.1.1) in Lemma 18 to get a bound for 77. Now, we use the properties (2.2.1) to obtain

T3]z < e(llgallz2, €) lgr = gall 2

For 75 we decompose the integral in the next way
PV [ Bu(r.0)da i= Qule) + Qala) + Qala),
for
Q) =2 [ ZAaf - 0u8alvge) - Kl @)K, ) da,
Qule) = [ 28l 0:alx2) - Ko )5(a,0) do
Qule) = [ 28l 0:a(rc2) - Ko )5, do

Using the next estimates

1Aa(xeg:)| < IXegillpla|™  for i=1,2,
’aan(Xegzﬂ < HXea:v92|’L°°|O‘|_l

and the next bound

[Aaf Ki(z, )] <[(Aaf + Balxegr)) KT (2, )| + [Aa(Xegr) - K72, a)| < ¢ (1+ [[XDugall )
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we find that
|Q1(2)7 + Q2()™" + Qs(x)™| < ¢|XeOzg2llz= (1 + IIxegrllzee + [Ixegallzoe + [|0xxegr]Lo).
To estimate (QQ5(x)™, we add and subtract x.9,91(z), X.0%g2(x), K{(x,0) and K§(x,0). We obtain
, 1
QQ(J;)ZR = / - [Aochgl - Xea:vgl(l')} 6onc(X692>Kf<x) OZ)KS(% OZ) da

al<1 &

1
+ Bugn (%) / 110,80 (xegs) — x02g0(2)] K5, 0) K§(, @) da

lar]<1

T e (2) XD 0a(2) / LK (2,0) - Ki(z,0)] K3z, 0) da

lo|<1 &

g ()X Do) K (2, 0) / LKy, 0) - K5(2,0)] da,

laj<1 &

where the regularized kernels at zero are

o 1
K0 = 107 @ + 2t @)
K5(z,0) = :

1 + (axf<x> + XeaxQZ(x))T

In a similar way to (4.1.4) and (4.1.5) we have the following inequalities

|Aaxegr = Xe0z01(2)| < ¢ |xDogn]l L=l

|0:Aaxeg2 — Xe0a92(x)| < ¢ |[(Bexe)Dagall Lol
K (2, 0) = Ki(2,0)] < ¢ (14 [[xcD2g1l L) |,
|K5 (2, 00) — K5(,0)| < c(1+ ||xe022] 1) |-

(2.2.5)

Hence, we deduce the following
|Qa(2)™] < ¢ (lee&iglllmeraingLoo + XD gnll 2= | (Daxe) Do gal| Lo
+ Dl X202l e (14 X200 e + D2l o))
Similarly to the last term, we derive that
|Qs(z)™| < ¢ (leﬁigﬂlm||x68§g2\|Loo + [IxcBzgall Lo | (Dnxe) P2 ga | oo
+ [|xcOugall L= 1 XeO2g2l oo (1 + || X291 ] Lo + ||X53§92||L°°)>-
We recall the definition of the auxiliary function
1
Flz) = ——
(7) 1+ 22

then we decompose Q1 (x)™ by adding and subtracting x.02g>(z) and F(A,f). We take Q;(z)™ = Jy(x) +
Jo(x) + T3(z) + Tyu(x) for

1
9 (z) = / L0, Auxegs — X025 (2)] Du f K (2, 0) KS(, @) da
\

al<1 «Q

%) = xho) [ TS [Kilr0) ~ P8 Ki(r, o) o,

e (2.2.6)
) = xione) [ ALK (o)~ FA.D)] do
Ji(z) = X037 ga() /l 1 éAoéfF(AO(f)2 da.

42



Regularized system

A direct computation yields to
Kf(xv Oé) - F<Aaf) = _AaXegl(zAaf + Aaxegl>Kf(Iv O‘)F<Aaf)'
Now, we decompose J3(z) by adding and subtracting x.0,.¢1(x) and K¢(x,0), then we obtain that

33($) = _2/| l(Aaf>2 [AaXegl — X091 (l’)] Kf(xa a>F(Aaf)2 do

al<1 @

- 2X58§g2($)xeaxg1(ﬂf) / <1 é(Aafy [Kf(xv a) - Kf(xv 0)} F(Aaf)2 da
2N DRI 0) [ S PFB) do

1
() / LA [Baxegt — X001(0)] Aaxeg K5(z, ) F(Au f)? da

lo| <1

- Xeag%QQ(x)Xea'rgl (13) / lAaf [AaXegl - Xeargl (x)] Kf(l’, O‘)F(Aaf)Q da

laf<1

1

— Xe02g2(2) (X Oe (x))z/ —Aaf[Kf(w, a) — Ki(z, ())}F(Aaf)2 do

lal<1
- X€a§92(x) (Xeaxgl (:L‘))2Kf($, 0) / lesz(Aocf)Q da.
laj<1 @

Hence, using the estimates (2.2.5) we find that
[35(@)] < e (Ixe2gullz + (1+ 11X D201 1) (Do = + X Dei ) ) (22.7)

For the second term in (2.2.6) we add and subtract F'(A, f), and hence

Ja(2) = Xc0z92(2) / lAaf[KS(% a) = F(Auf)] [Ki(z,0) = F(Aaf)] da

laj<1 &

+ Xﬁigz(x)/ lAafF(Aaf)[KS(x,oz) — F(ALf)]da (2.2.8)

laj<1 &

= 3271(1') + jgg(l‘).

The term J3 »(x) in the last decomposition (2.2.8) can be bounded in similar way to (2.2.7). While for the first
one, we observe that

1
Joa(x) = Xea§92($)/ —ALfKi(z,a)K5(z, ) da

o<1 &

1
X)L ATK (@) P(Bf)da
o<1 (2.2.9)

1
— 6822[13 —ALfKS(z, ) F (A, f) da
o) [ A Ky o) F(AS)
+ v 2g0() / L AL FP(ALF)2da = D () + Ma(x) + M) + T ().

laj<1 &

The term 94(x) is bounded by lemma (17). For DMy (z) we decompose by adding and subtracting K<(x,0)
then we have

Mole) = xw) [ A [Ki(r o) ~ Kie 0] (A1) do
) 1
— X0392(2) K5 (2, 0) /a|<1 ~DafF(Aaf)da.
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Using the estimates (2.2.5) we find that

9% ()] < c|Ixedzgal ree (1 + [[XcD701 ] £oe)-
Similarly we get

9% ()] < clIxcda ree (1 + (XD 92| £oe)-

For the remaining term in (2.2.9) we add and subtract F'(A,f), K¢(x,0), K5(z,0) and x.0,¢:1(z). We find
that

Ni(x) = —2x0%g2(2) / lAaf[Aaxegl — Xeargl(x)}Kf(x, a)K5(z, ) F(Anf) da

laj<1 &

- 2X68592(x)X68x91 (z) / lAaf[Kf('Ta a) — Ki(z, O)} Ky(z, ) F(Auf) da

la|<1

24025 () XD (1) K (2, 0) / LA f [ 0) — K52, 0)] F(Auf) da

o<1 &

2y g0 () Dag (@) K, 0) K, 0) / LA F(Auf) da

laj<1 &

1
B Xﬁaggz(m) / _Aaf [AaX€gl - Xea’rgl ($)} AaXegle(l', OC)K§<.T, Oé)F(Aaf) da

o<1 &

— Xa(2) X Do () / LA f1Baxegs — Xe00g1(2)] K (2, ) KS(, ) F(Auf) dao

laj<1 &

- xeaigz(x)(xﬁzgl(x)f/ lAaf[Kf(fE,Oé) — Ki(z,0)] K3(2, ) F(Aof) day

lal<1 &

- X68§g2($)(X€8xg1(l'))2Kf($, 0) / lAaf[KS(*% a) — Kj(z, O)] F(A.f)da

laj<1 &

0o () (eug (2) IS (2, 0) K5, 0) / LA fF(Auf) da

laj<1 &

+ Xe@igg(x)/ lA,lfF(Aoéf) [Kf(x, a) — Ki(z, 0)] do

laj<1 &

+ XcOrga(x) K (2, 0) / lAa fF(ALf)da.

o<1 &
Using the bounds (2.2.5) we deduce the next estimate
9 ()] < 0{1 + [|xe@2g1] oo + |XeDug2ll oo || X D291 | Lo
+ (X2l Lo + [IXcOug1 I700) (1 + I xcD2g2 o + IIXeﬁiglIILw)}IIXeé’igzIILw-

The last inequality completes the estimate for the in part Q(z)™. Now, we use the properties of mollifiers
(2.2.1) and we conclude that

|Qu(2)™] < e€) (1+ [lgullz2)* (1 + llgallz2)ll g2l -

Therefore
T2z < c(llgullz2, lg2ll 25 €) |91 — g2l z2-

Now we move to 73, for the out part using the Cauchy-Schwarz inequality with respect to o, we find the
following bound

1 1/2
175" N2> < [Ixe(Pein —8192)HL2(/| —2/]1?[({(31:,04)2 dxd&)

al>1 &
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which is enough to control the out part. For the in part we add and subtract the term K§(x,0). This leads to the
next decomposition

/ Xe(axgl(l' — (Y) - axg2($ - a))Kf(ZE Oé) do
jal<1

a
1
= / Xe(Ozg1(z — ) — Opga(x — 04))5 Ki(z,a) — K{(z,0)| do
la|<1

X€(axgl($ B Oé) - axg2<x - a)) dov.

+ Kf(m,())/

Ja|<1

From the above, a truncated Hilbert transform arises. Applying the Minkowski’s integral inequality and using
the estimates (2.2.5) we obtain that

Kf(l',Oé) B Kf(:l)’,O)
(6%

doa

1757 2 < H /| ‘ Xe(0pg1(x — @) — 0pga(x — )
al<1
+ HKf(xv 0)H|a|<1Xe(axgl - 8192)(£)HLQ
1/2
< C/ (1+ er@iglllmo)</ Xe [0g1 (= @) = Bpgo(z — )] d:c) dov
lal<1 R

+ | K5 (2,0)|| Lo [ Xe(Ong1 — Ong2)|| 12
< c([|XeD2q1] oes €)1 Xe (D91 — Dug2) || 2

L2

We use the properties of mollifiers (2.2.1) to conclude that
1T3]lz2 < c(llgrllze, €)llgr — g2 r2-

For T, we expand the sum in B, (z, «), see the definitions (2.2.4), and we repeat the argument used in 75. We
have the next decomposition

Be(‘ra a) = 2Aafo(‘T’ Oz)KS(JZ, a)aZ’Aa(XegZ) +A (Xegl)K (ZL‘ a) ;(l’, a>6ﬂcAa(X€g?>
+ AQ(X692)K1 (*Tu a)KS(:c, a)arAa<X692)'

For the second term in B.(z, o) we add and subtract the terms 0,1 (), x.02g2(z), K< (x,0) and K5(z,0)
in order to obtain

Oz Aa(Xeg2) Aa(Xeqt) K5 (z, ) K(2, @) = [0:8aXcg2 — Xe0202(2)| Aagi K (%, 0) K5 (, )
+ Xe0292(2) [Aaxegr — X091 ()] K (2, @) K5(z, @)
+ X292 () XeOngr () [ K (2, ) — Kf(2,0)]K5(x, )
+ X292 () XeOpg1 () K (2, 0) [K5(x, @) — K5(x,0)]
+ Xe0792() XDz g1 () K7 (2, 0) K5 (1, 0).

Now, we use the last decomposition and the estimates (2.2.5) together with the Minkowski’s integral inequality
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to obtain that

(A

1/2
< /| | ||<a$x€>a§gg||m||xgaxgl||m( / x5<gl<x—a>—g2<x—a>>2da:) da
al<1 R

2 1/2
dx)

[ e m D m Dy ) K ) i) do
la<1 @

1/2
< /| ‘ ||xga§gg||mr|xea§gl||mo( / xe<gl<x—a>—gg<x—a>>2dx) da
o<1 R
1/2
v Il i1 + erazglum( [ ot —a) —g2<x—a>>2dx) da
o<1 R

1/2
+ [ Il i1 + er@igﬂle)( [ tate—a —gz<x—a>>2dx) da
o<1

+ X022 e | xeOug1 || Lo | Hiap<1 X (91 — g2) | 22
< C(HngL% H92HL2>€)H91 - 92HL2-

Analogously, we obtain a similar bound for the third term in B.(z, «). For the first term in B.(z, ) we
decompose

20K (z, ) KS (2, ) = 2(Aunf + xe91) K (z, ) K5 (2, ) — 2x A1 K5 (7, ) K5(z, o),
and repeat the previous argument. Thus, we conclude that

1Tallz2 < e (llgrllzes [lg2llz2, €)llgr — gallze-

By joining the estimates for 77,75, 75 and 7T, we obtain the bound for R;. For R, we observe from the
definitions (2.2.3) and (2.2.4) the following

Rafa) =2 [ [Ki(z,0) = Kife.0)] da =2 [ [Au(vn) - Aa(g)] Bule. o) da
Thus, similarly to ?; we obtain the next estimate
[Rallz2 < c(llgillzz, [lg2llz2, €)llgr — gall .
Therefore using the properties of mollifiers (2.2.1) together with the bounds for R; and Rs, we deduce that
1M(g1) = M(g2)lls < ce 1M (g1) — M (g2)l[z2 < cllgnll2, |92l 22, )l g1 — gllz2-
Finally, we conclude
[M*(g1) — M*(g2)]

Thus the operator M€ is locally Lipschitz on the open set O. The Picard theorem implies that there exists an
unique solution ¢g¢ € C'*([0,T;] : O) of (2.2.2) which completes the proof. |

we < (llgillzz; (|2l ez, €)llgr = gallare-

Due to the properties of mollifiers (2.2.1) we use the energy estimate obtained in section 2.1 and the time of
existence 7, > 0 can be changed for a time that depends only on the initial data go € H*(IR). That is

190!l 2

(1~ cooypt) "

and it follows that ¢¢(-,¢) € H3(IR) when ¢ < T*. The next step is to prove that the regularized system forms a
Cauchy sequence with respect to the norm L?(IR) which is the next lemma where we choose Ty < T*.

lg“@)lzs <

(2.2.10)
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Lemma 5. The sequence of regularized solutions forms a Cauchy sequence in C([0,Ty] : L?*(R)) and we have
the estimate

g = g1 (1) < e (To) (e +€),
for € # € and therefore there exists a limit function g € C([0,Tp) : L*(R)) such that g° — g.
Proof. Taking the L*(R) product, we add and subtract M¢ (¢¢), then
1d € €12 € € €( € e €
st~ 9" Moe = | (97— g )M (g") = M*(g"))de

2dt
- /R (¢ — ¢ )(M“(g) — M¥ (g°))da + /R (¢ — ¢ )M (g°) — M (¢° )da

= /R(ge — g")(M*(g°) — M (g))dx + / Xe(g° = g ) (M () — M (g°) ) da.

R

To deal with the integral above, we rewrite

/Rxsf(ge —g°)(M (g°) — M (¢°))dx = / (fC = FOMf) = M(f))de,

R

where f€ = yog5, f€ = xeg¢ and M denotes the operator defined by equation (1.4.3). We write M = My + Mg
where K and G denote the respective kernels in (1.4.3). Then

/R (F* = F) (M (%) = Mic(f*))de = A+ B+C.

with
€ ¢ € e 1 1
A= [ =1@or - 1) | sirar s
i e [ D —a) 1
B=-[ - | - R AW B oL
1 1

dadz.

c= [ =1 [ o.ar

L+ (Aaf +Daf)2 1+ (Aaf +Auf9)?

By using integrations by parts we obtain that

1 / 1 1
A=—— € — 62:1385,;/— do.
2/1R(f Fr@) R @1+ (Aof+ Anfe)?
Thus, from the energy estimate, we infer
A< el fllas) I = N7 < e(To) g — g 112

To deal with B, we integrate by parts, with respect to «, hence

_ e _ re 19a(f = f)(@) = Ou(f — fI)(a — a)
B__/]R(f _f)<x)/l;a 1+(Aaf+Aafe)2 dodx

1 1

aTT (A T Auf | 2t

L= [ [t = 1@ = (= ) - ),

Then we repeat the argument used in (2.1.11) to obtain that
B < ([l f =)l = fNL < e(To)llg" — g7 IIZ--
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By computing the difference in C, we can repeat the previous arguments to obtain that

C < el Nass 1< M) F = £ < e(To)llg® = g7 12,

and we can use a similar technique to deal with the kernel G. We deduce by using the energy estimate for the L?
norm, that

< c(To)|If = Il

/R (< — F)M) — M(f))de

where ¢(T}) is independend of €.
To deal with the integral above, we rewrite

/Rxef(gs —g)(M (g°) — M (g7)) da = / (fC = FOM(F) = M(f)) da,

R

where ¢ = yog¢, f¢ = xeg¢ and M denotes the operator defined by equation (1.4.3). Using a similar analysis
to that one for than the one for the energy estimates, we obtain that

/R (= FYM(S) = M(F)) de < (T f* — 2.

where ¢(7Tp) is independend of €. Thus

1d € ¢ € ¢ €[ € €/ e € ¢
sl =9 e < llg” = g a2 llM(9) = M (g)l2 + e(To)lg" — o" 122

Now, for the first term in the last inequality we add and subtract 9t¢(¢g¢) and 9t (¢¢), then we get
1M(9°) = M (g) 22 < IXIN(g°) = M (9) |22 + XM (9) — M () |12
+ [19(g°) — M (g°)| 2
Using the properties of mollifiers (2.2.1) we deduce that
1M(g°) = M ()2 < ce|M(g) | + €I () e + |9 (g°) — M ()| 2 (2.2.1D)

The bound for the last term in (2.2.11) is obtained by applying the Lemma 4 with ¢; = x.¢° and g5 = xe 9",
that is

199 (g°) = M (g 122 < e(To)llxeg” = Xerg [l 2.
Hence by adding and subtracting ¢¢ and using the properties of mollifiers (2.2.1) we find that
IXeg” — xegllrz = [Ixeg” — 9+ 9" — Xerg“ll2

< Ixeg® = 9°llz2 + [Ixer g — 9|22
<celg g + c€llg |

Because the solutions g¢ are uniformly bounded by relation (2.2.10), we obtain

1 d € E/ € E/ € E/
sl =9 e < (@)l = g7 + e (To)(e + €)llg" = g |22
Hence
Ld € e / € 4
5&”9 — g2 < c(To)[e+€ + lg° — g |l 22].

Finally, we integrate with respect to ¢ to conclude that
lg° — g llz2(t) < e (To)(e+€),

and this completes the proof. |
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Now we prove the main result

Proof of the main Theorem 1. By Lemma 4, there exists solutions {¢¢} of the regularized problem and from the
energy estimate they are uniformly bounded in H3(IR). These solutions can be continued for all time, see theorem
3.3 in [45]. By Lemma 5 the solutions {g¢} forms a Cauchy sequence in C([0, Ty] : L*(IR)) hence {g°} converges
to a function ¢ € C([0,Tp] : L*(IR)). Now we use Sobolev interpolation, for any 0 < s < 3, there exists a
constant ¢, > 0 such that

1 flles < el FIl=2 N f115e forall  f e H*(R).

We apply the previous inequality to the difference g¢ — ¢¢' to derive the following

s < esllg = o115 gt = of 1508

(5, To) (e + €)1 g¢ — g 1573
(5,Tp)(e 4 €)13/3.

g — g°'|

<c
<c

Then {g¢°} forms a Cauchy sequence in H*(IR), and this implies strong convergence in the space C'([0, 7] :
H*(R)) for s < 3 and the limit function g satisfies the equation (1.4.3).

For the rest of the proof we follow several steps.

Step 1: Fix t € [0, T}], we use the energy estimate to obtain that {¢g(-,¢)} is a sequence uniformly bounded
in H3(IR). The Banach-Alaoglu theorem implies that there exists a subsequence {¢¢(-, )} that converges weakly
to some function g(-,t) € H*(R).

Step 2: The weak limit and the strong limit are equal pointwise in time, that is, §(-,¢) = g(-,t), where g is
the function of the strong convergence in H*(R) for all ¢ € [0, 7). We take ¢ € H*(R) and for g € H*(R) we
denote (g, ), as the dual pairing of H*(IR) and H*(IR) through the L?*(IR) product. Using the weak convergence

<ge('7t)a ()0>3 — <§('7t)790>3a as €— 0 forall % € H_3(R)7

and the inclusion L?*(R) C H3(R), we see that
/ [g°(x,t) — §(z, )] p(z)dz — 0, as e—0 forall ¢ e L*(R).
R

The strong convergence in H*(IR) implies weak convergence in H*(IR ), thus for the same function p € L?(R)
we have

(g(-,t) = g(-,t),p)s =0, as e—0.
Therefore if (-, t) # g(-,t) we get

<g(-,t) - f](-,t),(p>0 = <g('>t) - ge("t)>90>0 + <ge("t) - f](-7t),30>0 — 0

and we have a contradition, therefore the weak limit §(-,¢) is equal pointwise in time to the strong limit g(-, ).
Hence g(-,t) € H3(R) for every t € [0, Tp].

Step 3: The limit function g € C, ([0, Ty] : H3(R)). Using that H*(R) is dense in H 3(R) for s < 3, we
take ¢ € H3(R) and € > 0, then there exists ¢’ € H*(IR) such that

o —¢||—s <e

The uniform bound for ¢g¢ together with the triangle inequality and the Cauchy-Schwarz inequality implies
that

[(g“(-,t) — g, 1), )| < I(g°(-t) — g(- 1), 0 — &)sl + [((g° — 9) (- 1), )3
< 2¢(To)lle = ¢'llg-s + €' la—<llg°(t) — g(t)]

Hs-
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Using the strong convergence in H*(IR) we have
[(g°(- 1) = 9(, 1), )s| < ec(To).

The last inequality implies that
<ge('a t)a 90>3 - <g('7 t)? @)3

as € — 0 uniformly, therefore the limit (g(-, ), ¢)3 is a continuous function in time over [0, Ty], and the arbitrary
choice of ¢ € H3(R) implies that g € C, ([0, Tp] : H3(R)). [ |

Remark 2. The limit solution belongs to H*(R) for every t € [0, Ty] and we have
g € L=([0,Tp) - H(R)).

We observe that this argument is not sufficient to prove the continuity in time of the limit solution, due to the

loss of parabolicity in the equation.
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Chapter 3

Turning Singularities

This chapter focuses on the search of turning singularities for solutions with quadratic growth at the infinity. As
commented in the introduction, this kind of singularities have been already studied in [14, 12, 17, 28, 29] for
either asymptotically flat or periodic interfaces.

Recall that a turning singularities means that the initial interface can be parameterized by the graph of a
function but, at some finite time, the solution furns and loses this property. Thus, the solution initially satisfies
RT > 0 and then, in a finite time the interface, satisfies RT < 0. Here RT denotes the Rayleigh-Taylor condition.
Notice that, in this turning singularities, the solution passes from the stable to the unstable regime. In order to do
that we do not parameterize the interface by

{xeR*: x=(z, f(z,1))}

but by
{x € R?* : x=z(a,t) = (z21(, 1), 22(, 1))}

for some parameter o € IR.

Now, in order to prove the existence of this singularities we will consider an initial data that both, has vertical
slope at some point (in the rest of the point is locally the graph of function) and yields a velocity which makes
the interface to turn (passing to the unstable regime). Since, for such an initial interface, the Rayleigh-Taylor
function is zero (at the point with vertical slope) we can not apply the results in the chapter 2. Instead of that, we
will consider analytic initial data. For this kind of data we will be able to show existence of solutions even if the
Rayleigh-Taylor function is negative.

The chapter starts with the analytic setting in order to obtain local existence for analytic curves. The main
tool to prove this result will be the Cauchy-Kowaleski’s Theorem.

3.1 Analytic Setting
Given r > 0, we take the complex strip S, C C, which is defined by
S,={a+if:aeR, [¢{<r}.

Now, we consider analytic functions f in S, such that the restriction to 05, is square integrable, i.e. functions
f € L*(d8S,) such that the norm

1 12s0s) =S /R fla+ir)2da
+
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is finite. Here |- |, denotes the complex modulus. Let d(o, -) € IR? be a function where each component d; is
analytic on the complex strip for a € S,.. For an integer £ > 0, we define the space

% d(a,): R —-R?*: d= (dy,ds), d; is real in IR, and can be extended analytically to .S,,
e and d;, 0"d; € L*(9S,)

endowed with the norm
Idl%,, = ldll72(s,) + 105d[l72(s,) (3.L1.1)

which in the Fourier side is equivalent to

||d||§(rk =2 Z(l + [27n)?%) | F(d) (n)|? cosh(4mnr).

We notice that { X, ; },~¢ form a Banach scale, which means that X, , C X,/ for v’ < r. This inclusion arises
from the following inequality
1d]lx,,, < [Id]lx,,- (3.1.2)

3.1.1 The Muskat equation

The case when the interface is a general curve, the Muskat problem can be reduced to a contour equation for the
curve z = (21, 22), which is given by the following equation

21 (a, t) (v — B, 1)
1z(a,t) — z oz—ﬁ zf)|2((9 az(@,t) = Goz(a = 1)) 4B (3.1.3)

Dz(a,t) = 7_’) PV/
—M( )

where |z| is the module defined by
l2* = (21)" + ()",

We notice that these types of curves are not necessarily the graph of a function. This means that the Rayleigh-
Taylor condition can be positive or negative. Now, considering a curve

z(a,t) :=d(a,t) + p(a,t) where p(a,t):= (a,a® + 27t). (3.1.4)

We know, from Corollary 1, that a parabola is a particular solution of the Muskat equation (3.1.3). Now, we
derive an equation for the deviation d = z — p, using the Muskat equation (3.1.3). That is

Od(a,t) = M(z)(a, t) — Op(a, t)
=F(d)(a, ).

We renormalize, by setting p~ — pt = 27. Then, F(d) is expressed by

F(d)(a,t) = PV / ‘zl _—Zzl&a_ 5ﬁt)|>2(a 2, 1) — Buz(a — B,1))dB — (0, 27). (3.1.5)

In order to simplify the notation, we omit the time dependence ¢. We denote the differences Az;(«, 3) by

Az (a, B) = z1(a) — z1(a = B),

Azy(a, B) == z(a) — zo(a — ), (3.1.6)

and the modulus Q(«, 3) by
Q(a, B) :== (Az1 (7, B))* + (Az(7, B))? = |z(a) — z(a — B)|*. (3.1.7)
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Using the notation (3.1.6) and (3.1.7), we rewrite the operator F defined in (3.1.5) as follows

Az (Oé, 5)
R Q(Oév ﬂ)

where we used the following property

F(d)(a) = PV (0aAdi(cv, B), 0aA2a(cr, B)) dB — (0,27),

aaAZI (77 5) = 6(1Ad1 (77 6)

The operator F which is defined over a deviation d(«), it can be seen as two operators F = (F}, F3), which
are given by

AZl
PW/ Q@BaAﬁmﬁM@

Azl( 75)

B =LV | s

0aAzs(ar, B)df — 2m.

3.1.2 The arc-chord condition

A curve z fulfills the arc-chord condition if there exists a constant R > 0 such that for all «, 5 € IR, it is satisfied
that

18] < Rlz(a) — z(a — 5)|.
We then define the function
,62

- |z(a) —z(a = B

and we notice that z(«) satisfies the arc-chord condition if G(z) is always bounded. In this work, we assume that
the curve z = d + p satisfies the arc-chord condition. Finally we define

1G(2)||2®) = sup |G(z)(a, B)].
a,BER

3.1.3 The complex extensions

We will need to extend the operator F to the complex strip .S,., by allowing the coordinates z; to be defined over
S, whose restriction to the real line is a real function. Then, the extended operator is defined by

Az (o +1i€, B)
+1€, )

where |¢| < r. The modulus extended is given by

(OuAdi (o + i€, B), O Aza(a + i, B)) dB — (0, 2), (3.1.8)

F(d)(a + i) = PV/

Qla+i&,8) = |a(a +if) — z(a + i — B)° = |Az(a + i€, B)|* + [Az(a + i€, B)[*.
Furthermore, we extend the arc-chord condition over .S, as follows

1G(2)[|zee(s,) = sup |G(z)(a + €, 5.

a+it€S,,BER

where recall | - |, is the complex modulus.
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3.2 The Cauchy-Kowaleski’s Theorem

In order to prove the local existence result for analytic initial data, we will use the Cauchy-Kowaleski Theorem,
see for example [54] and [53]. We fix rg, Ry > 0 and consider  and R such that 0 < r < rgand 0 < Ry < R.
We define the open set

Op={d € X, : |[d||x,, <R and ||G(z)||1=(s,) < R}. (3.2.1)

Notice that O, is an open set in X, ;, due to the arc-chord condition is an open condition in this space. Thus
the operator F maps from Op C X, to X,/ for ' < r, that is

F: OR — XT/Jf.
In our case we will take £ = 3, we estate the following lemma.

Lemma 6. Consider 0 < 1’ < r and the open set O defined in (3.2.1). The operator F: Op — X, 3 is a
continuous mapping. In addition, there exists a constant cp > 0 which only depends on R > 0, such that

1. The operator is bounded
c

R
— HdHXr,sv (3.2.2)

IF(d)]

Xpg S ;

2. and is Lipschitz
c

(3.2.3)

R
IF(@) = F(d)]x,,, < ——lld" = d*[lx,

ford,d!,d? € Og deviations.

The consequence of the previous lemma and the abstract Cauchy-Kowaleski’s theorem in [54], is the local
existence theorem for analytic curves.

Theorem 4. Lerd° € X, 3 an initial analytic deviation such that z°(«) = d°(«) + («, ®) satisfies the arc-chord
conditon ||G(2°)|| L(s,,) < Ro. Then there exists an analytic solution for the Muskat equation (3.1.3) of the form

z(a,t) = d(a,t) + (o, o + 27t),
in C([-T,T] : X,3) forasmallT > 0.

The first part of Lemma 6 concerns the boundedness of the operator F'. In the following section we will prove
the property (3.2.2). We achieve this by proving that this property holds true for each coordinate of the operator
F = (F, F,). We start with the term of lower order in the norm, see the definition (3.1.1). In order to simplify the
notation we will take 7' := a £ i’ € S,.. Additionally, observe that the complex extension (3.1.8) for coordinate
F7, are given by

R@) @) =pv [ 220505 ady, 8)as,
@0 =V [ %mmc 8)d5 — 2.

Here, we recall that the restrictions to the real line are real.

3.3 Boundedness of F

The goal of this section is to establish the boundeness in L?(9.S,.) of the lower derivative of F. We will prove this
property as a consequence of four lemmas.
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Boundedness of F

3.3.1 Boundedness of F}

We denote by cp > 0 a constant that depends only on R. To simplify the notation, this constant may change
from one line to another. We omit the principal value notation PV in some integrals, but all of them should be
understood in that sense. The first lemma deals with the first coordinate and states the following.

Lemma 7. Given a deviation d € Og, the following estimate holds

[F1(d)]|2as,) < crl|Oadi||L2(5s,,)- (BD)

Proof. In order to obtain the L?(9S,,) bound, we decompose the integral F;(d) by expanding the difference

804Ad1 (’}/7 5) = aadl (’}/) - aadl (7/ - 5)

Hence, we write

; n [ A, 8) / Az (7 B) 4
Fi(d =0,d —d Oudi (' = B)———"—=
=1L(Y) = L(y).
To estimate /; in (3.3.1), we require a bound in L>(0.S,/) of the following integral
AZl (7/7 6)
PV | ————=dp. 3.3.2
w Q0 Y (332

The estimate of (3.3.2) is important, because as we will observe in the subsequents terms, a similar technique
will be employed. First, we multiply and divide the integrand by 52, and then we split the integral in the in and out
parts. For the in part, adding and subtracting 9,21 (") and 1/|0,z(~')|* we obtain the following decomposition

A N Ly R RO
18]<1 p Q(.B) B 18]<1 B Q

5
, e
*a‘m”)/ﬂ.ﬂ(cz(w Bt )

10az(7)]* = (0az1(7))” + (Baza(7))*.

First, we will establish the control in L>°(0S,/) over the first term in (3.3.3), by finding a bound for the
integrand. We use the Fundamental Theorem of Calculus to obtain the following formula

(3.3.3)

where

Az /’ 1
# — a1 (7) = / (Oaz1 (' + (s = 1)B) = Baz1 (7)) ds.
0
Notice, using definition (3.1.4) we have that 0,21 (7") = 0,d1(7') + 1. Hence, we rewrite the previous formula
as follows , .
Az (7,
S0 ) = [ (utsl/ + (5 = 1)) — (1) .
0
Then, we deduce the following inequality
Az (v, B
‘ % —0un1(Y)| < 103di]|1 (05,181, (AD)
We assume that d € Og, which implies that the curve z = d + p satisfies the arc-chord condition. Hence
62
(A2)
‘ QY. B)|.
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Boundedness of F

Thus, using the inequalities (A1) and (A2) we obtain the estimate for the first integral in (3.3.3), given by

Mﬁm(éé%ﬂa_a”””>m§%fﬁ*

The bound for the second integral in (3.3.3) follows from the estimation in the difference on the kernels, as
Lemma 32 states. We deduce

< CR.

, - )2
80,21(7 ) /|ﬂ<1 (Q(7/76> |aaz(,7/)‘2 5 ) < cp.
Therefore ‘PV Axn(,5) e (3.3.4)
st QMY B) " B

To deal with the out part in (3.3.2), we use the definition (3.1.4) to expand

AZI(W/w@) - Adl(q/’ﬁ) + Apl(fyla 6)

We obtain the next decomposition

A Ad A !
s Q(Y.B) B) s QY. B) 6) 1 QMY B)
In the first integral of (3.3.5), we use the inequality
|Ad:|| 05,y < 2||d1||z~s,,) < cr. (A3)
We make use of the arc-chord condition (A2) and (A3). Thus
Adl '7 B) 62 —92
45| < 2wy [ 1B <en (336)
’ /5>1 QM B) ' ) 8|1

For the second integral in (3.3.5), by the definition (3.1.4) we have that Ap;(7/, 5) = (. Therefore, by adding
and subtracting 32/QP(+/, 3), we find the next decomposition

1 52 ( BZ /32 ) ds 62 3
8 d - N a Ao/ -7 o\ o . .
A»MMﬂ)ﬁ o1 \Q(Y. ) @Wﬁ)6+4xwwwﬁ’ G37)

QP(.B) == Ip(v") —p(y' = B)I*. (3.3.8)

where

The Lemma 33 states that
52
’QWW%_QN%BM

then we obtain integrability for the first integral in the righ-hand side of (3.3.7). Regarding the last integral of
(3.3.7), we use Lemma 34, therefore we conclude

S CRlB’_la

1 p?
———dp| <cpg.
' /ﬁ|>1 6 Q(f}//’ﬁ) * f
Combining the previous inequality with (3.3.6), we deduce
A
’PV/ Zl(’}/ 6> < CR.
s> QY. B)
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Boundedness of F

By joining the last bound for the out part, and the inequality (3.3.4) for the in part, we find that

Azl (7/7 6)
R Q(7/7 6)

The last L>°(95S,), bound leads to an estimate for I;, see (3.3.1). By taking the L?*(9S,.) norm of I;, we find
the following bound

dp

< CR.

H PV
L= (0S,)

Az (Y, 8)
IHill0s,) = |oati) [,
(05:) Q(’Y 5) 2(3S,/)
Azl(’)/aﬁ)
LA HPV Baltf) 4 < cpllduds 2o,
LIIL2(98,1) r QY. B) L (05.0) R 111L2(0S,)
We get
1111|2205,y < crllOadi|z2(as,,)- (3.3.9)

Now we move to the second integral in (3.3.1), denoted as /,. Similar to the previous term, we require an
L*(9S,,) bound. By Splitting in the in and our parts, then adding and subtracting 9,21 (7') and 1/|9,z(v")|?, we
obtain the following decomposition

| Budy (v — B) Az (7, 2

3 5 oqr.p Y
- adw_ 220D 0a) ) g 09
|8]<1

Q0. 9)
M“Zl(”')/mqaadl(g 5)(62(526 1 )

9az1(7') ,
mhﬁmqaadlw )

(3.3.10)

Now, we observe that the last term is a truncated Hilbert transform of 0,,d;. We deduce

H\/3|<1@ di(") < crl|Hg<10ad1 | 255,

L2(88S,)

821
|0az (7

To estimate fhe first integral in (3.3.10) we consider the arc-chord condition (A2) and estimate (A1). Then,
we compute the L?(9S,,) norm and apply the Minkoski’s integral inequality. We obtain that

H /6|<1 = (AZl(g/’ - a"“”/)) @(52 5

L2(8S,)

/ Oady (7, —p)
18]<1

<en / 10uds | z2(05.) 45
|Bl<1

< cgl|0adi|z2(05.)

< cgr

L2(8S,)

For the second integral of (3.3.10), we consider the estimate from Lemma 32. Together with the Minkowski’s
integral inequality, we deduce

’ o (7) /6|<1 aadl(;/ = <Q(f’27 B3) - |8az17,)|2>

< crl|Oad|| 2205, ,)-
L2(dS,)
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Boundedness of F

Combining the last two inequalities, we deduce
113" | 2208, < crl|Oadi||z2(ss..)- (3.3.11)
Now we treat with the out part. We expand
Axn (Y, B) = Adi(v,8) + 8
and we obtain the following decomposition

B0 = [ 20 G aw

To estimate the first integral in the last expression, we use the bound (A3) and the arc-chord condition (A2).

Then we obtain
dadi (Y = B) Adi(v, B) 0adi (v — B)l. d
‘ /,3 52 e R/m EE v

Thus, by taking the L*(9S,,) norm and making use of the Minkowski’s integral inequality, we derive
Adi (v, 8) v - v
Ouis (7 < [ o [ty - 9)Eda) as
(/ (v - )05 [ (( [owntr =) s

B|>1 Q(’Y 5)
< ¢r||0adi| 1205,
Regarding the second term of 7$“*, we add and subtract 32 /QP(v/, ), the term QP (+/, 3) is defined in equation
(3.3.8). We have the following decomposition
/ aad1(7/—ﬁ) B2 dB: aadl(’)/_ﬁ)( 52 . 62 ) dﬁ
181 B QM B) 18>1 B QMW,B) Qr(,p)
8ad r 2
i / (v = B) p
181>1

ap + / Dud(+ — B) ag.
[B]>1

ds

(3.3.13)

5 v

For the first integral in the decomposition (3.3.13), we take the L?(0S,,) norm. We use the estimate from
Lemma 33, and then we apply the Minkowski’s integral inequality. We deduce

( R | J|g/>1 aadl(g_ﬁ)(Q(f’iﬁ) prj ﬁ)) )1/2

2 1/2 (3.3.14)
gcR( / ( / |8ad1(7’—5)!*\5\2dﬁ) da)
R |B]>1

< ¢ [|0adr||z2(s,)

The second integral of (3.3.13) is bounded by applying the Cauchy-Schwarz inequality with respect to 5 and
the integrability of QP(+/, 3). This yields
2 1/2
da)

( aadl('y/ - 5) 52
R
P 1 B 12
= </]R [/R’aadm - m'*dﬁ} [/|ﬁ|>1 B2QP(v', B)? dﬁ] da) (3.3.15)

B|>1 5 Qp(,y/,ﬂ)
1/2 4 1/2
_ 6]
di ()2 d 2 [ 2 ___gad
s( 1. a) ( /m»'ﬁ' / g da ﬂ)

< g ||0adr]| 205,

ds
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Boundedness of F

Notice that, in the third line of (3.3.15) we use the Lemma 38, which estates

B8
‘ /IR vy, B 4

Therefore, from (3.3.12), (3.3.14) and (3.3.15), we derive the following estimate

175 || 265,y < crllOadi||L2(0s,)

The last inequality together with the estimates for 72", bound (3.3.11), and the estimate for I;, bound (3.3.9),
allow us to deduce an L?(9S,,) bound for the first coordinate of the operator which completes the proof. |

3.3.2 Boundedness of F5
Lemma 8. Given a deviation d € Og, the following estimate holds
1F(Q) [ z2(05,,) < e |10adall 2o, + 205, (B2)
Proof. By definition (3.1.4), we expand
Oal22(7', B) = 0alda(Y', B) + 2.
and we obtain the following decomposition

A21<7/7ﬁ) / Azl(’}//?ﬁ)zﬁ
AL : SANT, P)AP
QU gy AR B)AEEPY | =R

To estimate the first integral in (3.3.16), we notice that has the same structure F;(d), see the definition (3.2.4).
We deduce the following L*(9S,) bound

A’Zl (’y/a 6)
R Q(’Ylv ﬂ)

R(d)() = PV g — 2r. (3.3.16)

0aAd2 (', B) < cgrl|0ada|| 2205 ,)- (3.3.17)

Hpv
L2(8S,/)

To deal with the remaining terms in (3.3.16), we expand

Az (Y, B) = Adi(v, B) + B.

We obtain the following decomposition

Az (v, B8)28 . [ Adi(y,8)28
M s Tery R ) Mo Ty “/@

We notice, that the first integral in (3.3.18) is similar to Fi(d), the first coordinate. Instead of having
Az (v, B) and 9,Ady (7, B), we have Ad; (v, 3) and 23. Thus, the L?*(dS,) is obtained in similar way and
we deduce the following

2
20 dﬁ — 2. (3.3.18)

Adl (’yla 6)25
R Q(/y/aﬁ)

For the final terms in (3.3.18), we notice that

2,32
43 =or.
/IRQP(%ﬂ) b =2

|rv

< cgl|di] 12(0s,)- (3.3.19)
L2(05,)
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Boundedness of F

By using the previous identity, we rewrite the difference in the following way

2&2 B ( g )
/ a0 2“‘2/1[{ o p o)

_ / Ady(, 8K (7', B) dB + / Ady(+, B)Ka(y', B) 4B
R R
=I51(7) + Is2 (7)),

where the kernels are given by

(28 + Adi (v, B))

K,(vY,8) = —25°
1(7 75) B Q(W’,ﬂ)@p(’}//,ﬂ), (3 3 20)
’ QLY,PRP(.B)
By expanding the numerator in K, (7', §), we rewrite I; 1, as follows
N F o] 25°
)= [ s ){ Q(vﬁﬁ)@pwcm]dﬁ .
R Qe By, gy ] T T e
To estimate /5, ; we expand
Ady (v, 8) = di(?) — di(v' = B).
We find the next decomposition
1 53
—=1 = dy (v — 3.3.22
stons) =00 [ g 0 [0 g eam)

For the first integral in (3.3.22), to obtain an L?(9.S,+) bound, we require an estimate in the L°°(9.S,,) norm of
the following integral

63
r Q(Y, B)QP(Y, B)

We follow the technique used for (3.3.2). We decompose in the in and out parts. For the in part, first we
multiply and divide by 3, then we add and subtract 1/|0,z(7)|*. We obtain

PV

dg.

1 3 1 ( B2 1 ) 2
- dB = — d
/|5<1 BRMW,BQP(, B) 0 <1 BAQYY, 0az(v)[? ) QP(, B) ’

B

3.3.23
) | " ( )

" 0P s1<1 BQP(Y, B)

Considering the bound from Lemma 32, we have
B 1
— < cgr|f].
G~ e, <o

Additionally, from the definition (3.1.4), it follows that

‘QP(%B) .
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Boundedness of F

Using the last two bounds, we control the first integral in the right-hand side of (3.3.23). Regarding the last
integral in (3.3.23), we use the Lemma 34 and the arc-chord condition (A2) to obtain an L*>°(9S,.) bound. Thus,

we deduce 54

1
‘ /|,8<1 BRQMW,B)QP(,B)
While for the out part, by adding and subtracting 32/QP(v', 3), we obtain the following

5 <cn. (3.3.24)

/ l 54 dﬁ _ l( BQ B 52 ) BQ dﬁ
|8]>1 5 Q(f},/,ﬁ)Qp(f}//’ﬁ) 1BI>1 B Q(W// B) Qp<7/7 6) Qp(7/7 ﬂ)

1 ﬁ4
d
'5Amﬂ@w7m g

The first integral in the previous equation can be bounded by Lemma 33. Additionally, Lemma 36 states that
the last integral is bounded. We deduce

[ 3o
1 BQM, B)QP(Y, B)

Joining the inequalities (3.3.24) and (3.3.25), and taking the L*(9S,) norm, we get

' /QWBQPVB)

The bound for the second integral in (3.3.22) is obtained in a similar way to /5, see equation (3.3.1). For the
in part by using a similar decomposition as in (3.3.10). We have

/ di(y' = B) p a5
18]<1 8 QUW,B)QrP(,B)

By T S
|B]<1 g Q(’Yl’ﬁ) |8az(7/)|2 Qp(Vlaﬂ)

1 (v —-p) B
_ dg.
- 10az(7')|? /|5<1 B QP(Y,B) P

While the decomposition for the out part, in a similar way to (3.3.13), is given by

/ di(y' — B) B a5
181>1 B QUW,B)QrP(, )

_/ @W—m(zﬁ B ) LA
i<t B QM B) QrP(H,B))QP(,B)

dai(y-p8) p*
" /| |>1 B QP(Y, B)? a7

By using the same arguments as in 2" and 1%, see (3.3.12) and (3.3.15), we obtain an L?(9.S,.) bound for
the second part of (3.3.22). We have that

H /nadml_@ QLY 5)@"(7 B) 4

Thus, the inequalities (3.3.26) and (3.3.27) allow us to conclude the following bound

5 < cpg. (3.3.25)

dp < cglldi||z25s,,) (3.3.26)

L2(88S,)

< CRHdIHLQ(BST/)- (3327)

L2(S,1)

115.1,1]2(0s,) < crlldi]|z2(as,,)- (3.3.28)
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Boundedness of F

The second integral in (3.3.21), denoted as [ 5 » has the following decomposition

1 /BQAdl 7 5 52Ad1(7 5)
_ = — d —
g 512(7) O ar. e YT / O =050 Hare 5

Once again, splitting in the in and out parts. For the in part, we add and subtract d,d; ('), then we obtain
the next decomposition

62Ad1<’7/75) _ <Ad1(7/,/@) . / > |: 53
PO TN o Tern Rl PO G B R | V5 TeTae oI eee)
53
e QOB

We can observe that, the last integral has the same kernel as that found in /5 ; ;. Thus, the bound follows from
inequalities (3.3.24) and (3.3.27). We have

dg.

ds

— Oudy (7/)

/ BQAdl(f}/aﬁ)
d d < dy|| 1285 ,)- 3.3.29
H 1(7 ) /5|<1 Q(VI,B)QP("Y/,B) 6 L2(050) >~ CRH 1||L (8S,) ( )
In a similar way, we infer
/ ﬂQAdl(Vl B) }
d — < dy|| L2 . 3.3.30
|09 ot i) ¥, < crlblos, (3330

To estimate the out part of I5 5 2, see equation (3.3.21), from the inequality (A3) and the arc-chord condition
(A2), we deduce the next inequality

/32Ad1 7 5)
QMY B)QP(H, B)|,

Thus, applying the Cauchy-Schwarz together with the Minkowski’s integral inequalities, we infer

CR|B|72.

B*Adi (v, B)
hiy = F [ d < calldil 205, (3331)
H //3>1 1< ) Qw B)QP(V 5) 235, RH 1HL (8S,4)
Therefore, from (3.3.29), (3.3.30) and (3.3.31), we get
s.12llz20s,) < crlldillz2s,) (3.3.32)

and this complete the estimate of /5 ;. Now we move on to the estimate /5. We have a similar situation. By
expanding K5 (7', ), defined in (3.3.20), we have the next decomposition

no_ / . 262Ad2<7/7ﬁ)
) = [ At )[ Q(v’,B)QP(v’,B)] v

! o 463<27, B 5) L ! !
+ /]R AdQ(/y 75) [ Q(’Y’,ﬁ)@p(v/, 5)] dﬁ T 15,2,1(7 ) + 15,2,2(7 )

The integral I; 5 ; is similar to /5 ; o, instead of having Ad, (7', ) we have Ady(v/, 5). Thus we deduce the
following inequality

152,111 2205,y < crlld2||z20s..)- (3.3.33)

For the second term I5 5 5, we expand
Adz(V’; B) = d2(7/) - dz(V, - f).
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Boundedness of F

We have that

1 B2y - / B2y - B)

—21, dp — | do(y — dg.

ifaaly r Q(7, ) Qp 7, 6 0 et B

In order to obtain the L*(9S,), we require an L>(9.S,.) bound for the following integral
B2y -
PV / ds.
QY. B) Qp (', ﬁ)

We proceed as in the integral (3.3.2). For the in part, first we multiply and divide by /3, then add and subtract
1/|042(7")|?, we have the following decomposition

B B2 —B)ds ( g 1 )52(27’—5) ds
p<1 QY. B) Qr(Y.B) B Jiscr \Q(Y.B)  10az(v)]2) Q(.B) B
1 16229 - B)
S _PET TR 8.
" |00z (7) 2 /5<15 QP(Y, B) &

For the right-hand side above, by using inequalities (4.2.1) and (A9) in the first integral and Lemma 35 in the
second integral, we infer

’ BBy -pdsl (3.3.34)

s<1 QUMY B8) QP(v,B) B

Regarding the out part we have the next decomposition

/ B2 B2y - dﬁ / ( i )52(2’/—5)@
Bs1 QMY B8) QP(Y, B) s>1 \Q(Y, B) S Qe(v.,3)) Q°(v.B) B

18429y - B)
d
+/5.>15 or(y,pe

By using Lemma 33 and Lemma 37 and (A9), we infer

’ B B2y - p)dB
1 QMY B) QP(Y,B) f

Thus, taking the L?(9S,~) norm and considering, the bounds (3.3.34) and (3.3.35), we deduce

‘ B2y —

r Q(Y.5) QP v, ﬁ ) B
Now, we move to the second integral in /5 5 ;. We follow the same technique as in (3.3.10). For the in part we
have the next decomposition

*

< cpg. (3.3.35)

*

da(y < crllda]| 205, )- (3.3.36)

2(98,)

I 53(27/_ﬁ)
/M T T e
by -8 B 1\
_//3|<1 3 (Qw,ﬁ) |aaz<v'>|2) o5 7
1 do(y = B) (B2 =B) 2y
T 102 Sy B (@pw,m |aap<v'>|2)d5

+ 2y
10az(7)I?10ap(7')]?

HI6|<1d2(’7/)-
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Boundedness of O3F

We notice from Corollary 2 and estimate (AS8) that

29’ B2y — B) 29’
<c¢gp and — < cgr|B|.
rel @A) e, =
Hence, using the Lemma 32 and applying the Minkowski’s integral inequality, we deduce the following
B2y — B)

dp

< cgl|da||z25s,,)-
L2(9S,)

H /ﬁmcw e 5@ B)

The bound for the out part can be obtained in a similar way to (3.3.13). We have the following decomposition

/ B2y = B)
da(7' — d
/g|>1 7 ﬁ)Q(V’ﬂ)QP(v’,/B) p
- dQW—ﬁ)( Y )52(27’—6)01
_/|ﬁ|<1 s QUW.B) QrP(.B)) Q»(Y.B) & (3.3.37)

5 oviyap W

For the first integral in the right-hand side of (3.3.37) we use the Lemma 33, and regarding the last integral,
we follow the same technique as in (3.3.15). We get

332y — B)

R ELLC S
Bl<1

da (v = B) dp < crl|da12(0s,,)- (3.3.38)
H /ﬁ|>l Q(’Ylaﬂ)Qp(’ylaﬂ) L2(S,1) (051)
From inequalities (3.3.36) and (3.3.38), we infer

11522/ 285,y < crlldal|r2s,)- (3.3.39)

Combining the inequalities (3.3.17), (3.3.19), (3.3.28), (3.3.32), (3.3.33) and (3.3.39) finishes the proof. M

The conclusion of this section follows from the inequalities (B1) and (B2) together with the property (3.1.2).
We infer

CR
r—r!

[F(d)||z20s,,) < ]| z2(5s,)- (B3)

3.4 Boundedness of 9°F

The next step in the proof concerns to the high order derivative. We will prove the following L?(0.S,.) estimate

CR
102F ()] 2205, < 4| x,.5-

r—r
A preliminary step is to use the property of the Banach scale, given by

C

HaiF(d)”LQ(aSw) < _RT,HaiF(d)HLQ(asT)- (3.4.1)

r

Thus, the proof of the boundedness will be complete if we prove that

102F(d) | 12(0s,) < crlld]|x,.,-

In a similar way to the lower order order term, we begin with the first coordinate of the operator.
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Boundedness of O3F

3.4.1 Boundedness of 92 F}

As in the previous section, we obtain this inequality as a consequence of several lemmas. The first lemma estates
the following

Lemma 9. Given a deviation d € Og, the following estimate holds
1021 ()| 22(05,) < cr |lldllz20s,) + [10adll2(0s,) + 195d]|22(0s,) + 10ad: ]| 22(0s,) |- (B4)
Proof. We denote v = « & ir. We compute the second order derivative, and decompose in the following way

PR (A)(y) = (J1+Jo+Js+ Js 4+ Js 4+ J6) (V)

for
L Az (7, 5) 3
Jl(’y) T R Q(’Y,ﬁ) aaAdl(’%B> dﬁa
L aaAdl(’%ﬂ) 2
JQ(V) T R Q(f% 6) 8O¢Ad1(77 6) dﬁa
A2:1 (’77 B)aiAdl (/ya B)aon(’Yv 5)
J = — d
+7) 2/]R Q(v, B)? v (3.4.2)
O Adi (7, B)?04 , o
o AZl(’%6)605Ad1(7aﬁ>a§z@(7’5)
Az (7, B)8aAdi (v, £)8aQ(v, )
J = dg.
=2 [ 00, B g
We will estimate term by term, as each term has a different kernel.
Bound for J;: For the first integral J;, by expanding
83Ad1(% B) = 83651(’7) - aidl(’Y - B),
we get
Jy=3di(y) A&y ﬁﬁ dg — / Oy (y — B) A&y 5 ) as. (3.4.3)

Notice, in both integrals we have the same kernel that we found in the equation (3.3.1). Hence, we argue in a
similar way to I; and I, in Lemma 7. We deduce the next L?(9S,.) estimate

111l z2(08,) < crll02da|r20s,)- (BS)

Bound for J,: For the second term J,, by expanding the second order derivative

aiAdl(%ﬁ) = 82611(7) - a§d1(7 — )

we have 1 0aAdy (7, B) 0. Ads (7, )
“Jo(y) = 0%d ;Vdﬁ / 92, (y — B) 222N P g (3.4.4)
3720 = %00 | = 00.5) 7068
In order to obtain an L?(9S,.) bound for J, we can observe that we need a bound for the following integral
aaAdl (77 ﬂ)
PV | —————=dp. (3.4.5)
R Q(’ya B)
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Boundedness of O3F

The strategy is similar to the one used for (3.3.2) in I;. For the in part, we multiply and divide by 32, then
adding and subtracting 9%d; () and 1/]|0,z(7)|?. We obtain

RAdy(v,8)  pB? (0 WA (7,8) ) 32
/|<1 /|<15 3ad1(7) dﬁ

d
2 omp T 3 Q0. 5)
1

+0ah) /|ﬁ|<1 5 (Q(iiﬁ) - Iaazl(v)l2> 4

The Fundamental Theorem of Calculus give us the next formula

OaAd; (7, 1
LEDOI) ) = [ @+ s = 1)9) — () s
0
And we deduce the bound
0, Ad,y (.
# — ()| < I lmrnos,. (Ad)

We use the inequalities (A4) the arc-chord condition (A2) and by Lemma 32, we can deduce the next bound
for the in part

2 2
‘ / 0aAdy (v, 8) B < cn. (3.4.6)
Bl<1

Q7. B)

Regarding the out part, we use arc chord condition (A2), and the following bound

dp

|0aAdy || Lo as,) < 2||0ady||Le@s,) < cr (AS)

and we deduce

OaAdi(y,8) B

< crlBI2 (3.4.7)
7 amp), =
Thus, the next bound follows easily
DAdy (v, 8) B2
a ’ dp| < cp.
‘/ﬁm QB .=

We combine, the previous estimate and (3.4.6). Hence, we deduce the L°>°(0S,) estimate of the integral
(3.4.5), given by
DA (v, )
R Q0.5)

Now, by taking the L?(9S,) norm of the first integral in (3.4.4), we have

< cpg.

Hpv
Lo (8Sy)

a&Adl (77 6)
R Q(V?ﬁ)

82Ad1 (77 6)

Gah () RGN

< NOadr | L2 (s,
L2(35y)

L (3S,) (3.4.8)
< cpl|02di| 2 (5s,)-

The second integral in (3.4.4), is bounded in similar way to /5 in Lemma 7, see the decomposition (3.3.10).
For the in part, we consider the inequality (A4). Thus

H / g 20— DG

< CR||8§d1 2 (0s,)- (3.4.9)
L2(Sy)
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Boundedness of O3F

Regarding the out part, we use the inequality (3.4.7) in Lemma 7 and apply the Minkowski’s integral
inequality, then we get

0.Ady (7, B)
82d _ Za=" NP
/W )

<cr
L2(05,)

/ iy — B)218I
|B]>1

L2(8S,)

_ 34.10
<en / 162|205, |81 2 (54-10)
|8]>1

< cgl|O2dr || 265,

Using the inequalities (3.4.9) and (3.4.10), we obtain the L?(9S,) bound for the second term of (3.4.4).
Combining with the inequality (3.4.8) we complete the L?(9.S,) bound of Jo(7y), given by

1J2ll 22008,y < crl|02di||12(0s,)- (B6)

Bound for J;: To estimate this term, we compute the derivative 0,Q(~, §) which is given by

aaQ(’% B) = QAZI (77 B)aaAdl (77 /B) + 2Ad2(’7a B)aaAdQ(’% B) + 4Ad2(01, 5)6
+2B(2y = B)0aAds(7, B) +46%(2y — B).

We expand the difference

(3.4.11)

a§Ad1(%5) = a§d1<7) - 83#11(7 )
and we decompose J3 as follows

—%Jg(v)zé‘idlw) 2100 5. 8) a5 - / iy - 7)) 0 gyas. Gan

Q(v, B)? Q(v, B)?

In order to obtain the L?(9S,) bound for the first integral in (3.4.12), we need an L>(95S,) estimate of the
following integral

PV i;(l( 6)5 240 5)5,00+. 9 45 = 2; ), (3.4.13)
where
Ky () = 2/]R Azl(%g);@aﬁﬁ)dl(%ﬁ) 4.
Ko() ZQ/RAzl(%5)Asz((;V:§))faMz(%ﬂ) a8,
Ky(y) =4 /}R AZI(’V’C%%;;?L% 5 48, (3.4.14)
Ki(7) :2/]RAZl(%ﬁ)aag(dyzj(gsf)ﬁ(%—B) 48,
Ay T, S

The L>°(05S,) estimate for each K;, will be obtained following the same ideas of Lemma 7. We denote by
K™ the in part. We multiply and divide by 3%, then, adding and subtracting 0,21 (), 02d1(7) and 1/]|0,z(7)|?,
we obtain the following decomposition

1oy Aa(1,0) 5\ \Ba0:0) dBdi(y,f) BT dB
K7*(7) _/|5<1( Oa 1(7))

2 5 3 3 QU.BE B
aaAdl(’%ﬁ) 2 )Azl(f}/aﬁ) 54 dﬂ
Oy, 9 — 4.
T 0a(y) /w|<1 ( 5 e N CN L (3.4.15)
Az (v, B)5?
Oy, 0%d 1—d .
T %21 (1)0ai(7) /w oz Y
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Boundedness of O3F

The last integral decomposes as follows

/ Aa(n, BB 44 :/ ( g1 )Azl(%ﬁ) B dp
p<1 Q(v,B)? <t \Q(7:B)  [0az(7)? 8 Q(.B) B (3.4.16)
1 AZl(Vaﬁ) o

da.

102 E S Q)

We notice that the last integral is bounded by (3.3.4) in Lemma 7. Now, we employ the Fundamental Theorem
of Calculus to obtain the next inequality

’ Az (v, B)
B

Using the inequalities (A1), (A6), (A4) and Lemma 32, together with the arc-chord condition (A2), we deduce
a bound for the remaining terms. We infer

1
g/ 180z (y + (s — 1)B)]_ds < cx. (A6)
0

*

| K ()]« < ca. (3.4.17)

Then, using the estimate (A6), inequality (A5) and the arc-chord condition (A2), we deduce

‘Azl(a, 7)205Ada (7, B)
Q(v, B)

< cp|B| (3.4.18)

*

thus
1 AZI(’Yaﬁ)ZaaAdl(’%ﬂ)

- Kout L <
o [P

We combine the previous estimate with the inequality (3.4.17) to obtain that

48 < cn /m 16172 ds.

| K1z (s,) < cr (3.4.19)

To estimate K-, we notice that we have kernel similar to the previous term K. In this case, we add and
subtract 9,ds(y) and 92ds(7y), to obtain the following decomposition

i A 200 A 107 aaA 200 !
%K;n(v) _ /B|<1 ( d>(7, ) —(%dg(v)) 2(1,8) 0aAdo(v,8) B dp

8 s Q(v,B)* B8

aaAdQ(fyaﬂ)_ 2 )Azl(’%ﬁ) B4 %
+aad2(7)/|ﬁ|<1( R L) R BsTOWC
Az (v, B)5?
Onds ()02 d LR g,
T Oady(7)B2 () /m oy e

The bound for the last integral in the above decomposition can be deduced from (3.4.16) in (3.4.15). Then,
by using the inequalities (A1), (A4) and (A2). We obtain

K3 (7)) < cr. (3.4.20)
The out part, will once again be bounded by using the inequalities (A6), (A2) and the next inequality
| Ada|| L (05,), [|0aAda]| L (0s,) < CR- (AT)

From the previous estimate and (A2) and (A7), we infer the following bound

54 Ad2<77 ﬁ)aaAd2(7>ﬁ> Azl(’}/,ﬁ)
Q(v, B)? B g

< cglB| ™. (3.4.21)
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Boundedness of O3F

‘We derive the estimate

1 ou
slsal < [

181>1

AZl (77 6)Ad2 (ry? B)aaAdZ(/ya ﬂ)
Q(v,8)?

We combine the last estimate with (3.4.20) to obtain

dp

< / 18178 B,
* 18]>1

| K2l (as,) < CR- (3.4.22)

The next term K3 has a kernel similar to K5. In K", we add and subtract 9,21(7), 0.d2(7) and 1/]0,z(7)|?,
then we obtain the following decomposition

1 ing\ _ Ady(v, B) B Az (y,8) B %
K3'(v) = /Iﬁ|<1 <—ﬂ aad2(7))

. 5 Q0. B
Azl(’yaﬁ)ﬁ2

O d — e

* 2”)/m<l 007, 57

Then analogously to K", we use the estimates (A1), (A6) and the arc-chord condition (A2). We deduce

da.

| K3 (9)]« < ca. (3.4.23)
Regarding the out part, we use (A6), (A7) and the arc-chord condition (A2), to obtain a bound for the kernel

‘Azl(%ﬁ)AdQ(%ﬁ) B

ﬁ?) Q('Y, 6)2 < CR|B|72' (3424)

*

Then we deduce the next inequality
AZI (’yv 5)Ad2 (77 5)

1
- Kout . —3d )
()] §/|5>1 S *SCR/[3|>1|5| 8

Together with the inequality (3.4.23) and the above estimate, we obtain that

ds

| K5 o (as,) < Cr- (3.4.25)

To estimate K, for the in part, we add and subtract 9,21 (7),02da(7), 1/|042(7)|* and 2v/|0,2z(7)|2, hence
we have the next decomposition

1oing Oalda(v,8) An(yv,8) B B(2y-p)dB
Ki'(v) = /g|<1( 3adz(7))

2 B g Qp? B B
B 1 ) Az(y,B) B> B(2y—pB)dB
02d - -
N G o o e R
D2dy(v) Az (v, 8)(2y = B)
— d
" uz(m)P /|5|<1 Q(v,5) ’
where, the last integral decomposes
Az (v, B) 2y =B) ., (Azl(% B > B2 B2y —p)dp
foo =05 0= L (57 000 gm0

+ 0 () /

|B]<1

(62(27—6) 2y >%
Q(.8)  [0.z(7)*|) B
We use the inequalities (A1), (A4), (A9) and Corollary 2 to conclude that

|K{" ()]« < cr. (3.4.26)

69



Boundedness of O3F

For the out part, by using the definition (3.1.4), we expand

Azl(ﬁ)/?ﬁ) = Adl(vaﬂ) +67

hence
Lo Ady (7, 8)0aAds(v, 8)B(2y — B BOAdy (v, B)B(2y — B
—K4t(7):/ 1(7: ) 2(72)(7 ) 45+ 2(7 )gfv ) 45,
4 1B|>1 Q(v,B) 1B|>1 Q(v,B)
Considering the inequalities (A3), (A7) and (A2), we deduce that
KO <en [ (8705 +en [ (3205 <en
18]>1 18]>1
Hence, the previous inequality and estimate (3.4.26) yields to
| K4l (as,) < CR- (3.4.27)

The term K, shares a kernel similar to /4, in this case we have (3 explicitly, instead of 0,Ads (7, 3). For the
in part, we have the following decomposition

Lgingy) = /ﬁm( T PLCD N LY

4 Q(v,B) (v B QM.pB) B
3.4.28
1 Aa(18)2 =) 4 oA
T [Paz(P 181<1 Q(v,5)
Using the inequalities (A6), (A9) and Lemma 32 we deduce
| K2 ()|« < cr. (3.4.29)
Regarding the out part we expand Az (v, 5). Thus
out Adl(’%ﬁ) 62(27_/8) B2 152<2’7_6> ﬂQ
K — d - dgs.
500 /ﬁ|>1 B Q(v,8) Q(v,08) ot /ﬂ|>1 8 Q(y,8) Q(,B) y
Using the inequalities (A3), (A9) and (A2), we derive
Ad,y ( 'y B) B2y —B) B
dg| < cp. 3.4.30
‘ /5 oo BTN R (3430

For the last integral in K¢"*(y), adding and subtracting 32 /QP(~, 3) we obtain the next decomposition

/ 122y -8 B 5/ 15%(2y - 6)( B )dﬁ
1 8 Qy,B8) 75 |>1ﬁ QY. B) \Q(.B) QrP(7.5)

18%(2y - ﬁ)( BB )d
+/ﬁ>15 QP(7,8) \Q(,B) Q®(v,0) s (3.4.31)

1542y = B)
———=dg.
+/,8>1B QP(v, B)? ’

The first terms in the right-hand side of (3.4.31) are bounded by using the estimate from Lemma 33. The last
integral is bounded by considering Lemma 37, that is

‘/ 1842y = B)
B|>15 QP(v, B)?

< CR.
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Boundedness of O3F

‘We deduce
|K" ()]« < cg. (3.4.32)

Then, using the bound (3.4.29) and (3.4.32), we obtain
1 K| Lo 05,) < Cr (3.4.33)

By combining the estimates (3.4.19), (3.4.22), (3.4.25), (3.4.33) and (3.4.27), we obtain the following estimate

Az (v,5)
PV [ —————=0, < cp.
H x Q07 B) 2 Q(7, B) P Cr
Now, by taking the L?(9S,) norm, we get
Az (v, b)
02d —D22),
el 1(7) Q( ﬁ) Q(ry ﬁ) L295,)
Az (v, B) (3.4.34)
< ||02dy || 2 — Dy
= H o 1HL (0Sr) Q(77 ﬁ) Q(fy 5) Loo(85,)

< CRHaileL?(aST)-

The last bound correspond to the first integral in (3.4.12). To deal with the second integral in (3.4.12), by using
the expression for 0,Q(, 3), we have

21, 5)

PV/82d1 —5) N 9.Q(v, ) ds = ZK* (3.4.35)
for
ki) =2 [ G - SO0 ) g
K5(0) =2 [ Sy - p) S DISE S AR00) g
K3(7) =4 /}R 2di(y — B) Azl(’yg()fgiﬁ%ﬁ B 45, (3.436)
Ki(y) = 2/1Ra§d1(7 _5) AZI(%B)%&%}%?)B(% — ) 48,
K30) =4 [ G — py 22 =) g

Recall that we need an L?(9S,) estimate for each K. For the first term in (3.4.36). We split in the in and out
parts. To estimate the in part we use a similar decomposition as in K, see the decomposition (3.4.15). Thus

1 *,1M — 2 _ Azl('yaﬁ)_ )A21<77ﬁ)aaAdl(77ﬁ) ﬁ4 %
0 /m«a“dl” ’ )( g %l 75 5 QAR p

WAy (7, Az (7, tod
v [ o - o) BEAEE gt ) S T

A 2
+ Da2r(161(7) /W s = =G

da.
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Boundedness of O3F

The last integral decomposes

Az (v, 8)5?
0%d — 1—d
/m (=050 g 9P
(2 1 )Azl(%ﬁ) g% dp
10az(7)]?

B /6|<1 Sty = F) (Q(% B)  [Oaz(y 3 Qmp) B (3.4.37)
: o2d, (v — By f)

RO 18<1 Q(7,

Note that the last integral above, can be bounded following the estimates for I in Lemma 7. Hence

H /w O (v - >A(§§76/§>

For the remaining terms, we combine the last inequality together with the estimates (A6), (A1), (A4), (A2)
together with Lemma 32 and making use the Minkowski’s integral inequality, we deduce

dgs.

< CR”aidl HLQ(QST)'
L2(8Sy)

| 1/2
HKT"LHB(@ST) < CR/ - (/]R|5§d1(7 - ﬂ)lf da) ds + CRHai(hHLZ(aST) (3.4.38)

|8
< cp|@2di || r2(s,)-

Regarding the our part, we use the inequality (3.4.18) to infer a similar bound as in K¢“*. Then, applying the
Minkowski’s integral inequality, we get

1 *,0ut 2 AZl (77 5)2aaAd1 (77 5)
1K s < | [ oty 5) as
2t @50 18I>1 Q(v,5) L2(9S,)
_ 3.4.39
< CR/ 102d || 2208,y |B] > B ( )
181>1
< cpl|02di | 12(.)-
From the estimates (3.4.38) and (3.4.39), we derive
1K1 2008,) < crllOzdillzzos,)- (3.4.40)

The next terms K5 and K3 share a kernel similar to K. Hence we replicate the procedure used for K. We

have
. 4
lK;n,*(/y) _ /|;<1 a§d1(7 . ﬂ) (Ad2(776> o aad2<’7)) Azl(ﬁ)/?ﬁ) aaAd2<77 5) 5 dﬁ

2 3 B A Q(v,B)? B
aaAd (776) )Azl(77ﬁ) ﬁ4 dﬂ
Opd 9%d — a2 L) 924 — 4.
+ Dady(7) /M 2, (y 6>< 3 2dy () 5 00 BE B (3.4.41)

2
+0ud)0) [ iy - PECACH

18l<1 Q(v,B)?

The last integral is bounded as in the previous term K f"* Then, by considering the inequalities (A1), (A4),
the arc-chord condition (A2) and Lemma 32, we obtain the following L?(9.S,) bound

1K™ | 12005,y < crll02di]|L2(as,)- (3.4.42)

*,0ut

To estimate the out part K’
we infer the following bound

, we use inequality (3.4.21) and applying the Minkowski’s integral inequality,
K5 12(0s,) < crl|02di|| 12 (0s,)- (3.4.43)
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Boundedness of O3F

The inequalities (3.4.42) and (3.4.43) allow us to conclude that

15 [12205,) < crllOadillzzos,)- (3.4.44)
In the next term the decomposition is shorter, due to the explicit 3 in the kernel, following the decomposition
for Ki"
1 N, % Ad 775 Az ’77ﬁ 54 dﬁ
e = [ - (B o, ) 2200 L4
4 8l<1 B B Q.8 B
AZI (’77 6>ﬁ2
+0uala) [ ity - B ds.
I81<1 Q(y,8)?
Then using the Minkowski’s integral inequality, we get
15 205,y < crllOZdalli2os, ). (3.4.45)

Once again, we use the Minkowski’s integral inequality and estimate (3.4.24) to deduce the following

||K§’out”L2(8Sr) < CRH3c2yd1||L2(asr)- (3.4.46)

Therefore, using (3.4.46) and (3.4.45), we arrive to

K3 | 220s,) < CRHaidlﬂL?(asr)- (3.4.47)

To estimate K}, we have the next decomposition

1 .
§K3n’*(7)

_ 21 o[ GaDda(v,8) )Azl(%ﬂ) Bt B2y—p)d

/mda“dl(” ﬁ)( 3 0e) )5 0n 87 B B e

32 1 )Azl(%ﬁ) 52 B2y —p)ds -

0%d 0%d — — —
“2”)/%“(” m(cm,m Gz00P) " 8 Q0B B B

33612(7) AZl(% 5)(27 - 5)

+

e 02d, (v — dg.
[Oaz(7)]? /|5<1 =h0 =000, 8) g

Where, the last integral decomposes as follows

2 aAn(y,B)(2y -8
/|g<la“d1” N R

[ (AR08 5 B2y — ) ds
_/ﬁ|<18“d1” B)( 5 “’”)@(W) 5B

2g (=8 2y \dB
+ da21(7) /|5<1 Oadi (7 5)< Q(, 8) \8az('y)2\) B

[0z (7)?

Regarding the last term, we use the inequality (A8) given by
ot

|00z (7)?

+ Higr0has ().

< CR.

*
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Boundedness of O3F

and Corollary 2. Thus by taking the L?(0.S,) norm and making use of the Minkowski’s integral inequality, we

derive As(r. )2 8)
2 _ 2190 T
H /B|<1 Oati(y = F) Q(v,B) 4

The remaining integrals in decomposition (3.4.48) can be bounded in an analogous way to K n by using the
estimates (A1), (A4), (A9), (A2), and Lemma 32. Thus from the Minkowski’s integral inequality we get

< cgllO2di]| L2(05,)-
L2(85,)

K" (| 2205, < crll02di]|20s,)- (3.4.49)
For the out part, we expand Az (v, ). Then we have the following decomposition

1 Ady (7, B)0.Ady (v, 8)B(2y — B)

- gxout _ 2 _
2K4 (’Y) /|B|>1 aoedl ('7 5) Q(’Y, 6)2 dﬂ
21 o o B0ada(v, B)B(2y = B)
" /m Gath(y =) Q0. B i

Once again we consider, the inequalities (A3), (A7) and (A2) and (A9) to obtain that a bound for both kernels

‘Adm, B)0ad(, ) B2 = B)| s
p? QM. B)? |~
and ) )
0uAdy(v, 8) B*(2y —B8) B s
2 < crlB|".
8 Q. 8) QMv.B)l,
Thus, from the Minkowski’s integral inequality we derive
1K1 r2(0s,) < crl|02di|12(0s,)- (3.4.50)
By joining both estimates (3.4.49) and (3.4.50) we deduce that
1K 208,y < crllOhdallL2os,)- (3.4.51)

To estimate K7, we follow the estimate for K, instead of having Ads (7, 5), we have 5. We decompose

1 s 3 1 An(y,8) B (2v—5)
)= [ o _5( - ) ’ a
0 18I<1 1y =F) Q(v,8)  10az(7)P B QB B
1 Az (v, 8)(2y = B)
+ 0 Ddi(y— B da.
0:0F Sy 20 P00,
Thus, we obtain the following L?(95S,.) bound
1K™ 12008,y < crll0zdallr2(0s,)- (3.4.52)
For the out part, we expand Az (7, 8), then we have the next decomposition
1 *,out / 2 Adl(f)/?ﬁ) ﬁQ(sz—ﬂ) 62
-Ko = osdi(y— d
50 = ) G R0y et
+/ Oadi(y = B)B*(2y = B) B a3
|8]>1 5 Q(’yaﬁ) Q('}/,ﬁ)
We follow a similar a decomposition as in (3.4.31) and use the estimates (3.3.15), then we get
||K;’OMHL2(8ST) < CRHaidlﬂL?(asr)- (3.4.53)
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Boundedness of O3F

Thus, estimates (3.4.52) and (3.4.53) yields to
1K 208,y < crllOndall2os,)- (3.4.54)

Then from the inequalities (3.4.40), (3.4.44), (3.4.47), (3.4.51) and (3.4.54), we infer

o2, (v - B) 22005 0+, 5 ds
H/ g z1(7, B)

5
Q(v, B)? < 2K lzos, (3.4.55)

L2(8Sr) i=1
< CRHﬁidlnL?(asry

Hence, we use the previous inequality (3.4.55) and the bound (3.4.34), see the decomposition (3.4.12), to
obtain that

193]l 22(05.) < crllOzdillizas,)- (B7)
Bound for J,: This following term, has a kernel similar to J3. Expanding 0,Ad; (v, ), we get

[OAN
590 = aus(y) [ 2280 Do g, 5) s
8 Ady (v, 5) o
- [ outta = 5) 520 0,0(01.5) .
We will now estimate the integral
0aAd1(7,5)
PV 008 9uQ(v,B)dp

in L>(9S,). We use the expasion (3.4.11) for 0,Q(v, #) as in J3. Then the L>°(0S,) estimate follows from the
estimates for K;. We modify the estimates by changing Az (7, 5) by 0,Ad; (7, 5). We deduce

aozAdl (77 ﬁ)

W Qg e0h)

< CR.

Hpv
L (8S,)

Under the same argument of (3.4.55), for the second integral of (3.4.56) we infer

v -5

Then, joining the two estimates above, we obtain that

< cgr||0adr] 2(0s,)-
£2(85,)

14l 208,y < crllOadh || L2ss,)- (B8)

Bound for J5: To estimate the next term J5, we deal with 92Q(, ) which is given by

aiQ(’}/, ﬁ) - 2aaAd1 (fy’ 5)2 + 2AZl (77 B)aiAdl (’77 6) + 2Ad2 (’77 ﬁ)aiAdQ (77 ﬁ)
+20,Ada(7, B)* + 8B0.Ady (v, B) + 28(2y — B)0;Ada(y, B) + 86%.

Where we have used the fact that

(3.4.57)

Azy = Ady + Apy where  Apy = (27 — ), 09.Apz =20.
By substituting the derivative, we decompose
Js(V) = (Jsa+ Jso+ I3+ Jsa+ Js5 + Js6 + J57)(7)
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for
J51 2/ AZl 8 Adl ’7 B) dﬁ’
R

AZl 3 Adl ’Y 5)82Ad1(’7 5)
Ty Q/IR Q(v, B)? 40

Az1(v, 8)0aAdy (7, 5)02Adsy (v, B)Adsy (v, )
J: d
at 2/R Q. B v
J 2/ AZl 7 5 0, Adl 7 /6)6 AdQ(’Y B) 48 (3.4.58)
54 R '7 5) 7

Az (v, 5)0 Ad1 (7, 8)B0aAda (7, B)
Fssy 8/IR Q(v, B)? e

2
Tl S/RAzwb’@Adwﬁ)ﬁ 48,
2

Jon(y) = — Q/R Az (7, )0 Ad: (v, f)ﬁ(?v B)9aAdo(1,8) 5

Bound for J; ;: To estimate this term, we expand

aaAdl (77 ﬁ) = 8ozd1 (7) - aad1</7 - 5)

to obtain the following

_1 _ A21<7 5)8 Adl(’y 5 Azl(’yaﬁ)aaAdl(ﬁY?B)2
575.1(7) = Badi(7) /]R 00, b7 g — / Oadi (v — B) 009 dg. (3.4.59)

In order to obtain the L?(0.S, ) estimate, first we will prove that the integral

AZI (’77 6)aaAdl (7’ 5)2
Py [ S

is bounded in L>°(9S,.). For the in part, we multiply and divide by 3%. Then by adding and subtracting 9,21 (),
02dy () and 1/|0,z(7)|*. We have that

dp

/ AZ1(%B)aaAd1(%ﬁ)2 dﬂ
|Bl<1 Q(’yaﬁ)Q
aozAdl (77 B) 2 ) AZl (’77 ﬁ) aozAdl (77 5) 64 dﬁ
= —— 1 0d — 4.
/5.<1 (%25 -h() )= 5 Quars 040
6Azl(775)aozAd1(ﬁY7ﬁ)
02d d
*0ah(7) 18|<1 Q(v, B)? ’
and
6A21(776>8aAd1<77ﬁ) dﬂ
18l<1 Q(v, B)?
2
:/ (aaAd;(f%B) _ (93(11(’}/)) AZI((77§)>5 dﬁ
1Bl<1 T’ (3.4.61)

2 B _ 1 Az (v, )
+a“d1<”)/w|<l (Q(%ﬁ) |8aZ<7)|) 0

aidl(V) / Az (v, B) dg.
|8]<1

T a2 ()2 Q0.0
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Boundedness of O3F

We make use of the estimate (3.3.4) in Lemma 7 for the last integral above. Next, we use the inequalities (A4),
(A6), the arc-chord condition (A2), and Lemma 32, to obtain that

AZI(’Y,ﬁ)aaAdl(W,B)Q < Chr
18]<1 Q(v, B)? -
Regarding the out part, by using (A6), (AS) and (A2), we infer
Azl(’yaﬁ)aaAdl(’%ﬁ)2 -3
<c . 3.4.62
' o0 B |, = (3462

and hence

‘/ Az (7, ﬁ )0aAdy (7, 5)
18]>1 7 ﬁ)

Therefore, by taking the L?(9.S,) bound, we get

AZl (77 B)aaAdl (’77 ﬁ)2
R s e

SCR/ |B|_3d5<CR.
* |B]>1

L2(8Sy)
Az (7, B)0aAdy (7, B)? (3.4.63)
i 72 P d
< Woutilzasy [PV [ ST A
< crl|Oadi||L2(0s,)-
For the second integral in (3.4.59), we have a similar decomposition
Az (v, 8)0.Adi (7, B)?
Opdy (v — d
/ﬁm A TN E 0
aaAdl(fy: 6) 2 > AZl(’y, 6) aozAdl (77 ﬁ) B4 dﬁ
= Ondy (v — ——— — 04 — 4.
/wﬂ ot m( 7 =h() ] =5 5 qoers O
ﬁAzl(’y,ﬁ)(?aAdl(%ﬂ)
0%d Ondy (v — d
£ 2d1(7) /M (- P 5
and
BAZl(”Y,,B)aaACh(’Y,ﬂ)
Ondy (v — d
/ﬁ.@ Y TONEIE ’
2
18I<1 B Q(v,B)
& 1 \Au(,6) (3409
02d Oad1(y — - —=d
+ait) [ andit 5)(% 5~ Ban) s

2dy(7) Az, 6)
MERTENE /M&‘“dl” DG oG5

We use the Minkowski’s integral inequality and, once again, we use inequalities (A6), (AS), (A2) to obtain

et A7, 0)00d (1, )
aad . 21\, « 1\, d
/B|<1 17 =A) Q(v. B)? 0 L2(08y)

To estimate the out part, we use the bound (3.4.62) and apply the Minkowski’s integral inequality. We deduce

Az (7, B)0aAd (7, B)? / »
8o¢d - d S aad 5 3 d
H /|6|>1 =4 Q(7,B8)? & 12(95,) |5|>1|ﬁ| 10adi L2 0s,) 4B
< CRHaaleLQ(aST),

< cr||Oadi]|L2(0s,)-
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Boundedness of O3F

Plugging the last two L?(05,.) inequalities, we derive the following

AZl(’}/, B)aaAdl (")/7 ﬁ)2
dadr (v — B) < cr|0ady]| 255,y (3.4.66)
H / Q('ya 6)2 L2(8S,) o )
We combine the inequalities (3.4.66) and (3.4.63), and we obtain
5,11l z205,) < crllOadr|L2(05,)- (3.4.67)

Bound for J; 5: We expand 92Ad; (v, ) to obtain that

1 ) Az (v, B)20,Ady (v, ) ) Az (7, 5)?0.Ady (7, B)
_Z = 0%d d dy (
2J5,2 aa 1(7)/1[{ Q(/y7/6)2 B / a 1 'V /6) Q(’}/,/B)Q

To estimate the in part, we have

Azi(y, 8)*0aAdi (7, 8) |, (Azl(%ﬁ) B )ﬁAzl(%ﬂ)@aAdl(%ﬁ)
/ﬁ|<1 Q(v,B)? 46 = I18l<1 B %oz (7) Q(v,B)?

+ Onz1(7) dg.

da.

ds

ﬁAzl (77 B)aaAdl (77 ﬁ)
181<1 Q(v,B)?

We use (Al), (A6), (AS), (A2) to control the first integral above. For the second integral, we follow the
decomposition (3.4.61). Then, we infer

‘ / A (1.870. 01 (1. 8) o
|Bl<1 Q("% 5)
Regarding the out part, by using (A6), (AS) and (A2), we deduce
AZl (’77 ﬁ)zaaAdl (’77 ﬁ) < —2
3.4.68
S | e oA
thus
‘ / AZI(V? ﬂ)QaaAdl(,yv ﬂ) < CR
[>1 Q(’% 6)2 N '
and hence
Az (7, B)20aAdy (7, B)
&2d / :
1) R Qv B)? £2(3S,)

(3.4.69)

< NOadi || L2 (s,

/ Az (7, B)20,Ad: (v, B)
R Q(v,B)?

L>°(8Sy)
< CRH3§d1||L2(asT.)-

To deal with the second part of J; 5, we decompose the in as follows

Az (7, B)20,Ady (v, B)
02dy(y — B) = d
/|B<1 Rdi(y — B) Q(v, B)? p

_ /w| By =) (M o m) BAR(L A0SD(5)

8 Q(7, B)?
2 _ BAZI<’Y7 B)aaAdl(/%ﬁ)
+0um(7) /ﬁm 02— ) =S
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Boundedness of O3F

Taking the L?(9S,) and Uusing the Minkowski’s integral inequality and estimates (A6), (A5), (A2), we

- H / B2dy(y — p) 221 B Oal (3, B)
Bl<1 o Q0. B)?

To estimate the out part, we use the bound (3.4.68) and apply the Minkowski’s integral inequality. We deduce

Az (7, B)20,Ady (v, i
H / Sdy(y — gy 21 B 0B (7, ) < / 18121102 |20, A3
Bl>1 L2(9Sy) 181>1

Qv B)?
< cpl|02di| 1258,

dp

< crl|adill L2 0s,)-
L2(58,)

dp

We combine the previous estimates and (3.4.69), then we infer
||J5,2||L2(8S,.) S cR||8Zd1 ||L2(BST)~ (3470)

Bound for J; 5: To estimate J5 3, we expand 92 Ads(7, §), we have

1 Az (7, 8)0q Ad Ady(r,
L) = 6’§dz(v)/ 1(7,8)0Bd (7, /) Ad>(7,8) o
R Q(7,8)?
) A2(1, A0 A (1, ) Ada(y, 5)
62 I ) 9 d
- f oty =) Q0. 57 ’
We replace Ads (7, ) by Az (7, 3) in the previous estimates for .J; o, we obtain
||J5,3||L2(85’r) S CRHangHIg(aSr). (3471)
Bound for J; 4: To deal with this term, we expand 0, Ads (v, 3), we have
1 Az (7, 8)0aldi (7, 5)0alAdy (v, B)
—=J, = 0ad / d
2 5,4(’)/) 2(7) R Q(’Y, 5)2 /8
A21<’Y ﬁ)aaAdl(7 5)804Ad2(7 B)
— [ &do(y - - ’ 2 dp.
/ {1 =4) Q(y, )2 ’
Now, we replace Ady(7, ) by 0,Ady(7, B) in the estimation of J5 3. We deduce
[ J5.4ll220s,) < CR||aad2||L2(asr)~ (3.4.72)

Bound for J; 5: To estimate J; 5, we expand

0aAdy (7, B) = 0ada(y) — Oada(y — ).

Thus,
_l _ AZl(ﬂy 5)8 Adl ’Y B Azl(775>aaAd1(7aB)B
() = el [ SRR a5 [ 0,0, S 0:00 45

The L?(0S,) bound can be deduced from the estimates for J5 5, see third line of (3.4.60) decomposition. We
infer
5.5/ 2(85,) < crllOadz|2(05,)- (3.4.73)

Bound for J; s: We now expand

OaAdy (7, 8) = Oadr(7) = Badi (v — ),
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Boundedness of O3F

we get

1 L A21(776)52
—g56(7) = dadi () 005

A’Zl<77 B)ﬁZ

Q(v, B)? a7

ap - /R Duch (7 — )

Using the decomposition (3.4.16) for K, and decomposition (3.4.37) for K7, in the estimation of Js;. We
deduce the following

5.6l 2(85,) < crllOadi| 2(05,)- (3.4.74)

Bound for J; ;: We expand 92Ad; (v, ), we get

1 _ Az (7, B)0aAdi (7, B)B(2y — J)
3 rl0) =) | Q0. B) Y
. 2 . A21(77 ﬂ)aaAdl (77 ﬁ)ﬁ(27 - 6)
/Ra“dm 2 Q0. B)? 4w

To estimate .J; 7, arguing as in estimates of /{4, and K7 in the estimation of J3, we derive the following
||J5,7||L2(BST) S CRHaidQHLz(aST). (3475)

Combining the estimates (3.4.67), (3.4.70), (3.4.71), (3.4.72), (3.4.73), (3.4.74) and (3.4.75), we can derive
the L?(95S,) bound for Js, given by

Wsllzzos,) < en(10adlizos, + 12d]r2s,) ), where  d = (di,dy). (BY)

Bound for Jg: For the last term, we compute 9,Q(7, 3)?, given by

9aQ(7, )

2 (3.4.76)
- {mzl (7, 8)0ards (7, 8) +2(Ads (3, 8) + Apa(7, B) ) (02 2da(, 8) + 0. Aps (3, 5)) } .

We substitute the expression (3.4.76) in Js. We obtain

0aQ(7. 8)* dB

1 o AZl (77 5)804Ad1(’77 6)
i) =Py [ S
= Joa(7) + -+ Js1a(7)
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for
A 30, Ad, (v, B)?
J6’1(’7) = 8/]R z1(7’2<7 6)31(7 /6) dﬁ,
2 2
Tat) = 4 [ 2ALOAA0 ,(m A)dm )b (1,5) o
2 2 A
Jos(7) = 4/]1{ Az (v, B) 8aAd1(vc,2(ﬁ) A)dg(q . B)0aApa(7, B) "
2 2
Joa(y) = 4/]RA21(%5) aaAd1(’YC,2€3 A)Zh(%ﬁ)aaAdz(%ﬁ) dg,
2 2 A
Jos(y) = 4/RA21(%6) c‘)aAdl(vé(ﬂ) A)pQ(V . 8)0aAp2(v, B) 05,
Jos(y) = Q/RAzl(%ﬂ)%Adl(’y, ()/)/AdQ)('}/ , 3)20,Ady (7, B)* a5,
2
Jor(r) = 4 /R Azl(%ﬁ)aaAdl(%ﬁmcgg g))gaamz(% 3)aApa(, B) 05,
J — Azi(7, 8)0aAdi (v, B)Ads(7, B)*0aApa(y, B)? (3.4.77)
a(7) = Q/R Q(v, B)? dgs,
2 2
Joo(7) = Z/RAZI(V’B)@&Adl(’Yg() aA)dz(%ﬁ) Apa(7, B) dg,
Toao(y) = 8/]R Az (7, B)0aAdi (7, B)A d2<%£()3 A)dQ(’Y , B)Ap2 (7, B)0aApa(7, B) a8,
2
J6,11(’7) - 4/IRAzl(’%ﬁ)aaAdl('}’,6)Ag§(’y,f)Ap2(’7, )0 Adg("}/,/ﬁ) dﬁ,
2
Joln) = 4 [ AZI(%B)@aAdl(%5)Ag§§%ﬁ)mpg(% a2 5 o
A 20 A
Jois(7) = 4 /R Azl(%ﬁ)‘%ﬁdl(%ﬂ)é’ag(d;(g,)ﬁ) P21, )°0ua(1. )
20, A
Jona(y) = 2 /]R Az (7, B)0adi (7, Qﬂ()wAgz)(w . 8)20aAps(v, B)? "
Bound for J; ;: To estimate thist term, we expand
Oaldi (7, B) = Oadi(7) — Oadi(y — B)
we have
3 2
Sua() = dun () [ S EAOI g
8 R Q(,8) G478)
— [ ouiaty - gy S LGOI h
- Q0. By |
We decompose the in part as follows
/ Ba(7, 001, B)” 4 o
1l<1 Qv B)?
A 29,Ady (v, B)?
= [ (B )PP GE R s s
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Boundedness of O3F

where

5A21(77ﬂ)28aAd1(775)2
= dg. 347
i) [ G0 aam

We further decompose

_ aaAdl(fy’/B) 92 BQAZ1<77 ﬁ)QﬁaAd1<77 ﬁ)
Wilr) = /Bm ( 5 a‘*dlm) 007, B 45
2 62 N 1 A21<’y,ﬁ)28aAd1<’}/,ﬁ)
T 0adi(7) /mﬂ (Q(% 5 raaz<v>|2) om0 7

Dadi(y) K{'(v)
0az(7)]2 2

Using the estimates for K in the estimation of J3 together with inequalities (A4), (A6), (AS), (4.2.1) and the
arc-chord condition (A2), we infer
IWi()]s < ck.

Then, using the last bound and estimates (A1),(A6), (AS), (A2), we deduce the following

‘/ Az (7, 5 33 W Adi (7, 5)
18l<1 ’Y 5)

Regarding the out part, from inequalities (A6), (AS), (A2), we infer the following

S CR.

AZI(’% ﬁ)?)aaAdl(’% ﬂ)Q < -3
. 3.4.80
g 2 < el (3450
Hence
Az (7, 5 33 W Ady (7, B)? / Az (v, B)°0aAdi (v, B)°
d < dp < cp.
‘/ﬁ|>1 (7, 8)? 0 . i< Q(v, B)? ) pson
By taking the L?(0S,) we derive the following
AZl(% ﬁ)gaaAdl(f}/J 5)2
Oad / d
1) R Q7. B)? 0 L2(3S,)
Azl(’}/aﬁ)gaaAdl(’Y>ﬁ)2 (3481)
< Bach | z2cos, /
|| 1||L (0Sr) R Q(’Y,B)g Lo (05,)

< cr||0adr] L2(0s,)-
To estimate the second integral in Jg ; equation (3.4.78), we consider a similar decomposition. We have

Az (7, B)*0.Adi (v, B)?
Doy (y — d
//3|<1 11 =8 Q(v, 5)3 ’

Azl(’)/?ﬁ) > ﬁAzl(Fyaﬂ)zaaAdl(Fyaﬁ)2
= Ondy(y — —————— — Ou21 d
[, 2uta =9 S ) 00, A7 ’

+ a2t (VW [Oach] (7)-
Where Wy |f], is given by

Wilfl(y) = - f(y— py22a0 ng%édl(%@

ds. (3.4.82)
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Boundedness of O3F

We further decompose

* o . aaAd1(775> 92 )B2A21(77ﬁ)28aAd1(776) d
Wi 0uh] () = /M Oudi(y — B) (—5 ) R 5
3 1 )Azl(%ﬁ)zaaAdl(%B)
02d Oudy (v — — d
oAb /|/3|<1 X m(@(m) REOE Q0. ) ’
02dy(7) K7™ [0adh](7)
0az(7)[? 2 '
Where K[ f] is given by
2
Kif1(y) = f(y=25) Az (7, 8)0a0di(7, ) dg. (3.4.83)

18l<1 Q(v, b)?

In view of the bound (3.4.40) for K " the inequalities (A4), (A6), (A5), (A2) and (4.2.1) together with the
Minkowski’s integral inequality, we obtain

Wi 10adi]l|22(85,) < cr|Oadi||L2(8s,)-

Taking the L?(9S,) norm, a making use of the Minkowski’s integral inequality and considering the control of
Wi [0ad,], estimates (A1), we infer

AZl (77 B)3ao¢Ad1 (77 5)2
Duds (7 — d
| /. a0 - B GR0 0

To estimate the out part, we consider the inequality (3.4.80) and employ Minkowski’s integral inequality

AZl (77 6)3804Ad1 (77 6)2
Ondq (v —
H /m>1 =000 B

Using the last bound, together with (3.4.84) and (3.4.81), we deduce

< cgrl|0adi||L2(0s,)- (3.4.84)
12(8S,)

ds

< cgr||0adr] L2(0s,)-
£2(95,)

16,11l 2(0s,) < crllOadi| 125,

Bound for J; »: We expand

aaAd2(77 B) = 80zd2<’7) - 8ad2(7 - 6)

we get

1 Az (7, 8)*0aAdi(y, B)*Ady(v, B)

- —=0.d d

375200 =% 2(7)/111 Q(v, B)? ’

AZl (77 ﬁ)anzAdl (77 5)2Ad2(77 6)
— [ o, - dg.
We decompose the in parts as follows,
/ A21<77/B)ZaaAdl(/%/B)zAdZ(’%ﬁ) dﬁ
18]<1 Q(v,5)?

_ AdQ(’yvﬂ) . ) ﬁAzl(r%B)zaaAdl(’%B)Z
- [, (552 -0 e
+ Oada (V)i (7)
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Boundedness of O3F

and
A 20,0dy (7, B)2Ady (7,
/ﬁ|<l aadg(’y o /8) 21(776) Q(Vl(g)gﬁ) 2(’7 /8) dﬁ
Ady(v, B) > BAz (7, 8)20aAdi (7, B)? (3.4.85)
Onda (v — ——= —0,d d
E 0 ﬁ)( B 2(7) Q(v, B)? g

+ Oada (V)W) [0ada] (7),

where W, is defined in (3.4.79) and Wy | - | is defined in (3.4.82). Using the bound for W, derived in the estimation
of Js 1 together with estimates (A1), (A6), (A5), (A2), we infer

'/ Az (7, 8)20.Ady (v, B)*Ada (7, B)
181<1 Q(v, B)?

S CR.

ds

Hence

ds

Az (v, B)20,Ad (7, B)? Ady (7,
5ad2(7)/ a(h) 1(7, ) Ada (7, 5) < cg||0adal|L2(0s,)-

18l<1 Q(v, B)?

To estimate the second integral of Jg 2, first we estimate W, [J,ds]. Using the bound already derived for
W [0ad;] in the estimation of Js 1, we deduce

L2(8S,)

Wi 0ada]l 2(55,) < crllOadz| L2(0s,)-
Now, taking the L?(9S,) in (3.4.85), and making use of the Minkowski’s integral inequality, we derive
A 20, Ad 2Ad
H/| aadz(’Y_ﬁ> Zl(’%ﬁ) 1(775) 2(775)
<1

< cg||0ada] L2(0s,)-

Q(y,B)3

L2(8S;)
Regarding the out part, we consider the following bound
AZI(’YaB)QaaAdl(’Ya/B)QAdQ(/yaﬁ) —4
<cr|BI". (3.4.86)
‘ Q7. 6)? ‘ o

Taking the L?(9.S,) and making use of the Minkowski’s integral inequality, we infer

|62l 2(8s,) < crllOadz||125s,)

Bound for J; 5: By expanding Ads(y, ) we obtain that

1 _ Az (7, B)?0.Ady (7, B)?0 Azl(%ﬁ)zaaAdl(%ﬁ)Qﬁ
Jos(y) = do() /R S a5 - / S

8
In this case 9,Aps (7, B) = 2. We can rewrite the in part as

dgs.

%Jéﬁ,’(y) = dy(V)Wi () = Wi [da] (7).

The estimate can be deduce from the estimates for Jg ; and the bound

A2:1 (77 5)2aozAd1 (77 5)25

Q0. 9 < calfl™

Hence
| J6,3ll2(0s,) < crlldallr2s,)-

84



Boundedness of O3F

Bound for J; 4: To estimate this term, we expand

0aAds(7, ) = Oada(7y) — Ouda(v, B).

Then
1
1764(7) = Oada(7) / wi(7,5)df = / Oadz(y — B)w1(y, ) dB, (3.4.87)
R R

where we denote Az (7, B)20.Ad:1 (7, B)?Aps (7, B)
W1(%5) = N a@(; ;)’3 L

Recall, from definition (3.1.4) that Aps (v, 8) = B(2v — [3). For the in part, we have

l(ﬁApz(%ﬁ)_ 2y )Azl(%ﬁ)zé’aAdl(%ﬁ)z
Q. B)  10aza() Q(v,B)?

ds

ds =
/ﬁldwl(v,ﬂ) o=/ 3

2y
T G

where W, is given by
i W ('}/) — / lAzl(f}/aﬂ)za&Adl(f}/aﬂ)z dﬁ (3 4 88)
S g B Q. B) | -

Then we further decompose
8ocAdl (’Ya ﬁ) 2 ) Azl (’Ya ﬁ)2aaAd1 (’Ya 6)2
W = —= —0:d d
0= [ s )T on e Y
+0adi(7) Ki;@).

We use the bound (3.4.40) for Ki" in the estimation of J3 and inequalities (A4), (A6), (A5), (A2). We deduce

‘WQ(’}/)L < CR.-

From Corollary 2 and estimate (A8), we derive the following

’ / wi(v,8)dB| < cg. (3.4.89)
|8]<1 *
Regarding the out part, we use inequality (A9) given by
ApQ (77 ﬂ) ﬁ2
< cg, (3.4.90)
' 6 QAL
then, using the inequalities (A6), (A5), (3.4.90) and (A2), we infer the following
[wi(7.8)|, < crlB™. (3.491)

Thus

‘/ wi(3, 8)d3 g/ [wi(7, 8)|. dB < en.
[B]>1 * 1BI>1

Now, by taking the L?(9S,) norm and combining the previous estimates with (3.4.89), we infer

Dt () /}R wi(7, ) d

< cgl|Oadz]| 1205, (3.4.92)
L2(9S)
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Boundedness of O3F

To estimate the second integral in (3.4.87), we decompose the in part as follows

/ 8ad2(’y - 6)W1(’7a 6) dﬁ
ES

:/ Oada(y — B) (ﬁmpz(%ﬂ) % )AZ1(7,5)20aAd1(%5)2
18]<1 B Q(v,B) |0az1(7)]? Q(v, 8)?

W;[0ads] (7).

ds

2y
+ S
|0az(7)[?

Where W;|f] is given by

\ o f(v = B) Azi(y, 8)?0,Ad (7, B)?
TR Q0. 77

da.

We decompose

W;[Bads] () = /ﬁ L Buda(y — B) (MdTW) o, m) Azl(%gé?ﬁjl(w) a3
N Oach (V) K1 [0ada] (7).

2

In view of the bound (3.4.40) for K} ,m) the inequalities (A4), (AS), (A2) the Minkowski’s integral inequality,
we deduce

IW3[0ada]| 12(85,) < crllOadz| L2(0s,)-

Thus the L?(95S,) bound follows from the Minkowski’s integral inequality and (A1), (A6), (A5), (A8) the
arc-chord condition (A2) and Corollary 2. We derive

< crl|0adz]| L2 (5s,)- (3.4.93)
L2(05,)

H /|/3|<1 Oaddy (v = B)wi (7, B) dB

For the out part, we consider the bound (3.4.91) and apply the Minkowski’s integral inequality. We deduce
that

< cgr||0ad2] L2(0s,)-

' / Dnds(y — B)w1 (7, B) dB
1B]>1 L2(8S,)

The last estimate together with (3.4.93) and (3.4.92) allow us conclude

| J6.4ll 295, < crl|Oadz||L2(0s,)-
Bound for J; 5: To handle this term, we expand d, Ad; (7, ), we obtain
1
§9650) =0 (1) [ wal,9)45 = [ udy ~ Bywal, )5 (3.4.94)
R R

where

Az (v, 8)%0.Adi (v, B)Apa(y, B)B
W)= Q. )P |

We decompose the in part

/ WQ(,%ﬁ) dﬁ
Bl<1

:/ <6Apz(%ﬂ)_ 2y )Azl(%ﬁ)%’aAdl(%B)
<t \ Q(r,8)  |Gaz(0)[* Q7. B)?

f)/ mn
T ompE i )

dj
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Boundedness of O3F

Once again, from inequalities (A6), (AS), (A2), (A8) and Corollary 2, together with the estimate (3.4.40) for

K7, we deduce
‘ [ w6
|Bl<1

For the out part, we consider the following

[wa(7, 8)|, < crlB™>. (3.4.95)

[ s
[8]>1
Taking the L?(9S,) norm we get

To estimate the second integral in (3.4.94), we have

S CR.
*

Thus

*S/W\sz,ﬁ)\*dﬁs%

Dud (+) /R wa(y, 8) 4B

< cg||0adi] 2(05,)-
L2(S,)

/ﬁ| Ouda(y = Bpwal. 5) 3
N ([ BAp(v,8) 2y \Azn(y, 8)’0aAdi(v, B)
- /|a|<la“d1” g >( Q0. 5) raazw)\‘*) Q0. B)?

T i
+ yao(z(,y) |2’C1 [aoadl](’y)

Once again, the L*(9S,) estimate follows from inequalities (A6), (A5), (A2), (32) and estimate for (3.4.83),
together with the Minkowski’s integral inequality. We deduce

dp

< cg||0adi ]| 2(05,)-

H/ 8ad1(7_6)w2(77/8) dﬂ
I81<1

L2(dSy)
Regarding the out part, we use the inequality (3.4.95). We can infer that
651l L2(05,) < crllOadi]|L2(0s,)-

Bound for J; 5: We expand
aaAdZ(’% ﬁ) = 8ad2(7) - aad2(7 - B)?

then
1
5766(7) = Oadz(7) / w3 (7, 5) df — / Oadz(y — B)ws(7, B) dB. (3.4.96)
R R

where we denote

A WAdy (v, B)Ady (v, B)?0.Ady (7,
wa(y. f) = (7, 8)0 MQﬁ()7 5)23(7 B)*0aAda (7, B)

We decompose the in parts as follows

/ w3(7, 8) df
|Bl<1

o 804Ad2(7a6> 92 BAZI(/%B)aaACh(’%6)Ad2(/y76)2
- /m ( 5 a“dm) Q0. ) v
+ 02dy(y)Wa(),
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in the last integral, we define

BAz (7, B)0aAdy (7, B)Ads(y, B)?
Wia(~y) := dgs. 3.4.97
57) 181<1 Q(v, B)? ’ ( )

We decompose further

_ Ady(, B) _ B2Az1 (v, B)0aAdy (7, B)Adsy (v, B)
ng_/ma (— 8ad2(7))

Q(v,p)? 47

where
52A21 (’77 ﬁ)aaAdl (77 5)Ad2 (77 6)

18l<1 Q(v,B)?

ds. (3.4.98)

and

8 Q(v,B)?

3 _ 1 BAz (7, B)0aldi (v, B)
*a“d“’”/mﬂ (Q(%ﬁ) \aazw) Q0 )

Oads(7) OaAdy (7, B) a2 52A21(%5)

() /.M( 5 a“d*'”) o Y
aad2(7)52d1 (7) / ﬁ2A21 (% 5)
|00z (7)]? p<1 QU B)?

_ Ads(, B) _ B2Az2(y, 8)0.Adi (v, B)
Wa() _/|a<1( (%dg(v)) dg

ds

dB.

Firstly, we estimate V,, we use equation (3.4.16) from the estimation of J3, to control the last integral. From
inequalities (A1), (A6), (AS), (A2) and Lemma 32, we infer the following

IWi()]+« < cr.

Secondly, the estimate for Vs, follows from the previous estimate along with the same inequalities previously
used. We infer

(W ()]« < cr.

Hence, we deduce

‘ / ws(7y, 8)dB| < cr. (3.4.99)
181<1 *
The out part, is bounded by considering the inequality

(w3(7,8)], < crlBI”° (3.4.100)

Thus

‘/ ws(7y,8)dB| < CR/ 18]7°dB < cp.
|B]>1 * 18]>1

Taking the L?(0S,) norm, and considering the previous inequality and estimate (3.4.99), we derive the
following

< cr|0adz]| L2(5s,)-
L2(8Sy)

Dt () /m wal3.9)d
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Boundedness of O3F

For the second integral in (3.4.96), we use a similar decomposition, then we have

/ Daclal(y — BYws(, B) B
|Bl<1

o i aaAd2(’77ﬂ) 92 )6AZI<77 ﬁ)aocAdl(’% B)Adg(’}/, 5)2
B /mﬂa‘“d?(” ’ >( g k0 Q0.7 v
+ 0ada(7)W;[0ads] (7).
Where we define
* BAzl(’%B)aaAdl(/%B)Ad2(776)2
W, = — ds. 3.4.101
We further decompose
W3 (7)[0ad2](7)
AdZ(f% 6) ) ﬁzAZI (77 6)811Ad1 (77 B)Ad2(77 ﬁ)
== aoz - -5 aoz
[, o0 G &) s ap
+ Oadz(7)Wi[0ad2](7),
o 0 (7, 5)0ards (v, B)Ads(r, )
* — _ Z1\7, aAd1\7, 27, ds. 4.
Wilf(7) /ﬂ IR e 5 (3.4.102)
and
; B o [Aday(v,8) )53Az1(%ﬁ)0aAd1(%/3)
Wi[0ado](v) = [B<1 Dada(y 5)( 3 Oada(7) Q(v, B)? dp
ﬁ2 1 ) BAzl(’Y?B)aaAdl(ﬁ)/?ﬁ)
Ond Onda(y — — d
+Ouh(r) [t = (67~ e Q0. A ’

aadQ(’)/) . aaAd1(77ﬁ)_ 2 ﬁ2Azl<77ﬁ)
B2 /.5|<18“d2” 4 )( 5 aadl(”) Q0.5 ¥

3ad2(’7)a§d1 (’Y) 52A21 (% 5)
Ondo(y — BY—— D2 4,
O0z(7) 2 /wﬂ R TeN eI

We make use of the Minkowsk’s integral inequality, to obtain

< cg||0ada]| 2(05,)-
12(9S,)

H/ 8ad2(7_5)w3(77/3) dﬁ
18]<1

Regarding the out part, from the inequality (3.4.100) together with the Minkowski’s inequality, we infer

< crl|Oada||L2(0s,)-
£2(8,)

H / Buda(y — BYws(, B) df
|B]>1

and we deduce that
| J6.6ll2(0s,) < crllOads| L2(5s,)-
Bound for .J; ;: We move on to estimate Js 7. By expanding 0,Ads(7, 3), and using the definitions (3.4.97)
and (3.4.101), we rewrite the in part as follows

1

5 757(7) = Bada(1)Ws(7) = W; [Gad) (7).
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Boundedness of O3F

The bound in L?(dS,.) follows from the previous estimate of Js ¢. Hence, we deduce the following

| J6,7\| 205,) < crllOadz||12(5s,)-

Bound for J; g: Using the definitions (3.4.98) and (3.4.102), we have
1 «

gJos(7) = d2(7)Wa() = Wilda]().

Hence
| J6sllL20s,) < crllda|lr2s,)-

Bound for J; o: To estimate this term, we expand 0, Ads(7, 5), we have

%Ja,g(v) = Oada(7) / wa(7, ) df - / Oadla(y = B)Wa(y, B) dB, (3.4.103)
R R

where we denote

AZl (77 ﬁ)aaAdl (77 6)804Ad2(77 /B)APQ(’% 6)2 '

walr. f) = Q(v,B)?

Then, we decompose the in part as follows

B32Aps(y, B)? 4ry? ) Az (7, B)0aAdy (77, B)0aAds (7, B)
dg = _ d
/|,8|<1W4(%ﬁ> 0 |ﬁ|<1< Q(v,6)? |0z (7)[* B32Q(v, B) g (3.4.104)
e 4,
Bz

For

Wi(y) = / 1 Az1(7, 8)0aAdi (7, 8)0aAda (7, B)

dg.
sl<1 57 Q(v, B) P

We further decompose

_ OaAds(7, B) a2 Azi(v, )0 Adi (v, B)
Ws(7) = /m <1( (%dz(’y)) ds

5 Q(v,B)
i, (B409_gu0) 5201
82d,(7)02ds () /Wl % 4.

We use the estimate (3.3.4) in Lemma 7, then we obtain the estimates for the last integral. From estimates
(A4), (A5) and (A2), we infer

|W5(’7)‘* < cp.
Hence, using a Corollary 3 we control the first integral in the right-hand side of (3.4.104). We infer

] [ witsas
1Bl<1
Regarding the out part, we use estimates (A6), (AS), (3.4.90) and (A2). We have

(wa(v, B)|, < crlB™>. (3.4.105)

< CR.
*

In view of the above inequality, we get

‘ / w7, 8) B
|B]>1

* < /w>1 (wa(v, 8)|,d8 < cr.

90



Boundedness of O3F

Taking the L?(9.S,) norm in the first term in (3.4.103), we infer the following

The second integral in (3.4.103), can be bounded by making a similar decomposition

< cgrl|Oada||L2(0s,)-
L2(3S,)

Dt () /}R wa(v,8)

/ Dacla(y — B)wa(, B) df
|B]<1

B2Aps (v, ) 47? )Azl(%ﬁ)ﬁaAdl(%B)ﬁaA@(Wﬂ)
= 0,d — — d
/Wl v =F )( CNIEER oI 72Q(1,) g
4y? ]
+ ’aaz(,w |4 W5 [aad?} (7)
where we denote
* Azl(’%ﬁ)aaAdl(’%ﬁ)aaAdQ(’%ﬁ)
We further decompose
* aaAdZ(%ﬁ) 2 ) Azl(’YuB)aaAdl(Fy?ﬁ)
Opd = Opd — — 1 97d d
Wil = | by o> () ) S0 IEA0 ) g
aaAd (77ﬁ> ) Azl(V?ﬁ)
o> O, — ZaPP VD) 52 e
+ ad2<’y) /ﬁ|<1 d2(7 6)( B ad1<7) Q(’Y, B) dﬁ

2 2 _ Azi(v,8)
02y ()04 () /w | duly = 5) LT

To deal with the last integral, we use estimates for I3” in Lemma 7. Then taking the L?(9S,) norm and using
the same estimates used for W;, as well as the Minkowski’s integral inequality, we deduce

ds.

< cg||0ad2]| L2(0s,)-
L2(3S,)

H /|m<1 Dada(y = BYwa(y, 5) AP

The out part is bounded by considering (3.4.105). Thus, we infer

| J69ll2(8s,) < crllOads| r25s,)-
Bound for J; 10: By expanding Ads(7, 5) we have

1

Tgaann) = da(a) [ wstr.m)a8 = [ ol = Bywal, )

where we denote

A Ad Ad A
W5<’}/, B) _ 21(775)804 1(7&25()7804&>3 2(776) p2(77ﬁ)6

We decompose the in part

/ ws(7, 8) dB
|8]<1

:/ (BAP2<’Y7 B) o 27 >AZl(’}/,ﬁ)aaAdl(')/,ﬁ)aaACb(’Y,B) dﬁ
<1 N Q(,5) |0z (7)[? Q(v,B)?

2y
a0

91



Boundedness of O3F

for

W) = /R A2(7,0)0.84(1, ))OAdr(7,8) 5

Q(v, B)?

Now, we decompose W, as follows

_ g1 Az (7, 8)0aAdi (7, B)0aAdy (v, 5)
W“”/M <Q(%B) |0a2<7)|2> 3007, 5) 4B+ Ws(n):

From the estimation for W5 and estimates (A6), (AS5) (A2) and Lemma 32, we deduce the following

’W6|* S CR

and from Corollary 2, we infer

] [ wss)as
|8]<1

Regarding the out part, we use estimates (A6), (A5) and (3.4.90). We have

(w5 (7, 8)|, < calfl™>

Thus by taking the L?(9S,) norm, together with the estimate of s, we can deduce the following

< cp.
*

< crl|Oads]|L2(0s,)-
12(05,)

da(7) /}R ws(7, ) 4

Next, using the decomposition

/m (= Bywi(r. )45

_ _ BAp2(v,5) 2 Az (7, 8)0aAdi (7, §)0alAds(y, B)
- /gmd?” 5)( Q0.5) |aaz<v>|2> Q0.5 4
Y

+ ‘aaZ(V)’2W6 [d2](7)7

where
Wil = [ 10y - gy SRR SRCR00 4
and
* _ 3 . 1 Az (7, B)0aAdi (7, 8)0aAda(v, B) *
i) = [, (et ~ i) Q0,9 )

Using estimates for W[ - | together with Lemma 32 and Corollary 2, we deduce

H /wq da(y = B)ws(v, 8)dB

< cr|da|22(0s,)-
L2(8S,)

We can infer
| J6,10l 22(05,) < crlldallL2(0s,)-
Bound for J 11: We expand 0,Ads (7, B),

iJﬁ,n(v) = 3ad2(7)/ we(7v,8)dS — / Dada(y — B)Ws(7, 8) dB, (3.4.106)
R R
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Boundedness of O3F

where

AZI (77 B)aaAdl (/77 6)Ad2 (77 B)Ap2 (77 B)aaAdQ(’% 6)

el f) = Q(v, B)?

We decompose the in part as follows

/ wo(7, ) 4
|B]<1

B Ady(v,8) BAz(7, B)0aAdi (v, B)Apa2(v, B)9aAds (v, B)
- /m<1 ( M?(”) Q0. BP

dp

T Oud () / wo(7, ) dB.

I81<1

Regarding the out part, we use estimates (A6), (AS), (3.4.90) and (A2). We deduce the following

|W6(% B)

, < crlf >

This yields

[ it 5

* < /|B|<1 (we(v, 8)|, dB < ca.

Thus by taking the L?*(9S,) norm, together with the estimate of previous estimate, we can deduce the
following

To deal with the second integral in (3.4.106), we decompose

Dt () /}R wo(7,8) 48

< cg||0ada] L2(05,)-
12(3S,)

/w | Dudaly = Bl )45
Ad2(77 B)
= Onda (v — — =7
/|ﬁ<1 (’V 6)< 5

T Buda() / Duda(y — Byws(v. B) dP.

18l<1

BAzl (77 5)804Ad1 (’Ya B)APQ(’% ﬁ)aaAdZ (’77 B)

Q(v, B)? 4

- 3ad2(W))

Taking the L?(0S,) norm, and making use the Minkowski’s integral inequality, together with the estimates
for Js 10, we infer

/R Dadla(y — B)wo(7, B) B

< cgl|0adz]12(0s,)-
L2(8S,)

Then

| J6,111 22(08,) < Crl|Oada||L2(08,)-

Bound for Jg 12: We expand Ady(7y, ), then we get

1

Eie,u(v) = dz(v)/va(%ﬁ) dg — /}Rdz(v — B)wr(y, 8) dB. (3.4.107)

Where we denote

A A A 2
W?(’Y,B) _ 21(775)801 Qd(lﬂ;f):é)i) p2<7> ﬁ)ﬂ
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Boundedness of O3F

and

/ wi(y, 8) dB
|8]<1

_ / (mpm,ﬂ)_ 2y )le(w)aaAdlw,ﬁ)
1Bl<1

Q0.5 a7l Q7

2y OaAdi (7, 8)* s )5%21(%»3)
" Gz M( B L T e
2v802d, () 32Dz (v, B)

dga.
02D Sy Q057

By using the decomposition (3.4.16) from the estimation of J3, we obtain the estimates for the last integral.
Then, by using inequalities (A1), (AS), (A4), (A2), (3.4.90) and Corollary 2, we derive

| [, witr

(w2 (7, 8)|, < crlB| > (3.4.108)

‘ / wa(3, B) d3
|8]<1

To estimate the second integral in (3.4.107), we have

S CR.

Regarding the out part we consider

Thus

*§/|B>1\W7(%6)\*d6§cR.

/W| (= Bwi(1. )45

B o (BAp(y,B) 2y N\ BAx(y, B)0Adi(y, B)
B /ﬁ|<1 401 B>< Q. B) |aaz(7)‘2) Q(v, B)?
2y o[ 9aAd(7, 8 s B*Az(y,B)
0P Sy 0 e R ) Rt
2792dy () 2 BPAn(,8)
" 0z /Md?” ANGTeNTE

To handle with the last integral, we apply the bound for K7 from the estimation of Js;. Then, by taking the
L?(9S,) norm and using the same estimates used for W, and the Minkowski’s integral inequality, we infer

dp
dp

dB.

< crl|da|22(0s,)-
£2(95,)

H /M dy(y = B)wi (v, )

The out part is bounded by considering (3.4.108). Thus

| 76,1211 22(05,) < crlldal12(0s,)-
Bound for J; 13: To estimate Js 13, we decompose

1

g7613(7) = Gada(v) / ws(7, 8) dB — / Oadz(y = P)ws(7, 8) A (3.4.109)
R R

where

AZl (77 B)aozAdl (’77 B)APZ (77 B)QaaAPZ (P)/: B) ]

WS(’%B) = Q(’Y;B)g)
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Boundedness of O3F

We decompose the in part as follows

B2 Aps (v, B)? 4y? ) Az (7, £)0aAdy (v, B)
dB = _
/|5<1W8(%5) ’ W( Q0BE 1) Q0. P)
4 Az (7, B)0aAdy (7, B) 48
!5’ z(7)[* Jip1<1 BQ(v, B) '

Using the decomposition (3.4.61) we control the last integral. We consider (A6), (AS5), (A2) and then using
Corollary 3 we control the first integral in the right-hand side of (3.4.110). We obtain

'/ ws (7, 8) dﬁ’ < ¢cg.
18l<1

(ws(7,B8)], < crlB| ™ (3.4.111)

‘ / ws(7, B) d3
|B]>1

Regarding the second part of (3.4.109), for the in part we have the following decomposition

dp
(3.4.110)

Regarding the out part we consider

Thus

d .
*SABM‘Ws(%B)‘* B <cr

B2 Aps (7, B)? 42 ) Az (7, B)0aAdi (v, B)
Ond — ,B)dp = — d
/|5<1 27— B)ws(r, 5)d 5|<1( Q082 1oaa) 500 ) 4
4 BAz (7, B)0aAdi (7, B)
Oy d — dgs.
T8z Syt 220 =500, 5 4

Then, using decomposition (3.4.65) we control the last integral and we infer the following

< cg||0ada]| 2(05,)-

H/ Oada(y — B)ws(v, 8) dB
181<1

L2(8S,)
Finally the out part is bounded by considering the inequality (3.4.111), we deduce
| J6,13] 22(05,) < crlldallL2(0s,)-

Bound for J; 14: Finally, to deal with J; 14 we define

AZl (77 5>Ap2(’77 6)2804Ap2 (77 5)2
Q. B)

WQ(PY?B) =

then we get

1

§004(0) = 00 (2) [ wal.3)a8 — [ Duci(s = Bywa(, 5) .

Once again, we decompose the integral in the in and out part, thus

B2 Apa (v, B)? 42 ) Az (v, B)
I\ dp = - d
/Bmw(” p)ds M( Q.02 o)) Q) Y

4 Az (v,8)
|8 z(7y)|* 181<1 Q(’V B)

dg.
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Boundedness of O3F

We use the estimate (3.3.4) in Lemma 7 to control the last integral above. Then, by using estimates (A1),
(AS), (A2), (3.4.90) and Corollary 3, we can conclude that

/|5|<1 W9(776) S CR.
For the out part, we decompose
[ watnmas
18]>1
_/ Adl(’%ﬁ) ﬂ4Ap2(/776)2 dﬁ
g1 B2 Q(v, B)?
L/ B B )Apz(%ﬁ)%&
- — d
+/|ﬁ>16(62<v,/3> ) aer v
lﬁpz(%ﬁf( pt B )d 158'Aps (1, 8)
+/|5>1 B Qp(’%B) Q(776)2 Qp(/%ﬁ)Q B+/|,3|>l 6 Qp(,%ﬁ)fﬂ ﬁ

From estimates (A6), (AS), (A9) and (A2) together with Lemma 33, we deduce

/ wa(y, 8) dB
|8]>1 *

To estimate the second integral, we decompose

< cp.

B2 Aps(v, B)? 42 )Azl(%ﬂ)
Ooudy ( — B)dB = Dody ( — _ d
/w|<1 W= BwenB)df = J Gy m( 0082 laelt) (.8 ¥
4 Az (7, B)
0,d — d
O P A T R

Then, the Minkowski’s integral inequality yields to
/ aadl(’y - ﬁ)Wg(’}/,ﬂ)
18]<1

Regarding the out part, we have

< cgr||0adr] L2(0s,)-
£2(8S,)

Ad1 B) B*Apa(y, B)?
0,d )d d
/ﬁm \(v = B)wa(y, B) df = / - oo

aadm—m 2B\ w88
+/ﬁ.>l 3 (Q(%B) Qp(%ﬁ)) Q. op Y

Oadi (v — B) Apa(v, B)? ( B _ B )

" /ﬁ|>1 6 Qp(776> Q(776>2 Qp(,y,B)Q dﬁ
dadr(y — B) B*Apa(y, B)?

L P e L

As before, we take the L?(9S,) norm and apply the Minkowski’s integral inequality in the first two terms,
while for the last one, we proceed as in (3.3.15). Thus

' [ 2= swatr.5)

Hence, we conclude that

< cgr||0adr] L2(0s,)-
£2(8S,)

| J6,14ll £288,) < crllOadr]|L2(05,)-
By combining all the L?(9.5,) estimates for .Js; we obtain that

1 J6llc2(8s,) < crlld||r2(0s,) + crl|Oad||2(5s,), Where d = (di,ds). (B10)
Then, by collecting estimates (B5), (B6), (B7), (B8), (BY) and (B10), we complete the proof. [ |
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Boundedness of O3F

3.4.2 Boundedness of 0> F)

Lemma 10. Given a deviation d € Og, the following estimate holds
105 ()| 22(05,) < cr [||d||L2(asr) + [10adl z2(05,) + [102dl2(05,) + |05dall 2205, | - (B11)
Proof. Now we deal with the second order derivative of F5. This derivative is given by

Az, B) L [ An(y, B)3
—0,A 0 _—
Q. ) CeAd(r A 520, | =A s

As in the lower derivative, the first integral in (3.4.112) has a similar structure to the first coordinate of the
operator given in (3.2.4). Thus, we can deduce from the estimate for 92 F' (d) the following

'aQ/RAZl(%B)aaAdl(%B)

¢ Qv B)
Now, our task will be to obtain an estimate for the second integral in (3.4.112). We decompose

O2Fy(d)(y) = o2 dg. (3.4.112)

dp

L2(08,)
< CR[Hde(asT) + 10ad| 2208,y + 1024 r2(0s,) + H3§d2||L2(65T)]-

o5 A % dB8 = (Jr+Js+ Jo+ J1o)(7)
for
/ﬁ¥yAm as,
kww=—245@§%%%a%Qhﬁﬁw, o
()= [ B EA 500 o
o) =2 [ 550,00, 57 4
For the first term J;, we expand
02 Ady (v, B) = Oadi(v) — Dnda(y — B).
Then
= 0%dy( /Q7 B dg — / (5’5) dg. (3.4.114)

In order to obtain an L?(9S,) estimate, first we need an L°°(9.S,) of the first integral. This estimate can be
deduced from Lemma 7. We derive

S CR.

To deal with second part of (3.4.114) we have

Rdy(y—p) B 92di(y — ) ( B 1 )
dp = — d
/|ﬂ<1 B Q(v,B) 4 18l<1 B Q(v,B)  [0az(7)? ’

|8 Zl( )2 H|B|<18 di (7).
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Boundedness of O3F

Then by taking the L?(9S,) norm and making use of the Minkowski’s integral inequality, we get

82611(7 —f) 3 d
H /6|<1 B Q(v, ) g

Regarding the out, we have the following decomposition, then

Rdi(y—5) p? a5 = aidl(’Y—ﬁ)( 3 _ B )d
/mm 5 a0 /.Bm 5 \oep e

agdl(’y —B) 3
dgs.
“J.. 6

< cR||8§d1||L2(3ST).

L2(8Sy)

B QP(v, B)
We deduce that =y ( 8) 5
A1\ — 2
ds < crl|0,d1||z2(05,)-
H /ﬁ|<1 B Q(%ﬁ) L2(8Sy) ()
Hence
1371l 22(0s,) < crllOadil|r2as,)- (B12)

To estimate Jg, we expand O, Ad1 (v, ), thus

~135(2) = B (v / GOm0 0) 43— / Ouls (7 — B) = 0,Q(1,A)AB.  (BA115)

B
Q7. b)

The kernel in (3.4.115) has the same structure as in (3.4.12), which is the decomposition for J3. Therefore by
replacing Az (v, 5) with (3 in the estimation for J3, we can deduce

18] 208,y < crllOadh || L2ss,)- (B13)
For the next term Jg, we note that J5 has a similar kernel, then we can deduce
199ll 2(05,) < crllOadl|z2as,) + crllOadl r2@s,)- (B14)
To estimate the final term J;y, we use the same technique used in Jg. We obtain the following bound
110l 22(0s,) < crlldl[r2(9s,) + crllOad]|L2(05,)- (B15)
By combining the L?(9S,) estimates (B12), (B13), (B14) and (B15) we deduce the following bound

BAz(v,8)
On | —s—m < crl|Oadllz20s,) + crllPadllz2os,).
‘ R Q(,0) L2(8S) (05 (05
The last inequality together with the bound for the first integral of (3.4.112) concludes the proof. |

From the previous two lemmas, estimates (B4) and (B11), we infer

102F(A) || 1205,y < cr | 102F1(d) || L2008,y + 102 Fa(d)]| £2(0s,)

(3.4.116)
< cpl/d||x

7,37

which is the desired estimate of the section. Thus using the property (3.4.1) we conclude

105F ()| 2(as,,

3"
Now, we combine the last inequality with the estimate for the lower order term (B3). We deduce
CR
1@, < " ld]x,,

which is the boundedness condition (3.2.2) with k = 3 of the main Lemma 6.
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Lipschitz Condition of F

3.5 Lipschitz Condition of F

The second part of Lemma 6 follows similar steps from the first part, now for the difference d' — d?, where
d!, d? € Oy are two deviations. We will prove this property as a consequence of four lemmas. Throughout this
section, we denote, for: = 1,2

Q:(,B) = |z'(v") —z'(v' = B)I%,

z'(y,8) =d'(y,8) +p' (7, 8),

Az (v, B) - AZ (7, 8) = A(z' = 2°)i(7, ),
Ad; (', 8) — AdZ (', 8) = A(d" — d?);(+, B).

2

T, B

2

(.8

We omit the principal value notation PV’ in some integrals, but all of them should be understood in that sense.

7

3.5.1 Lipschitz Condition of F}

We start by establishing an L?(9S,) bound for the difference of the lower order term. We have the following
lemma.

Lemma 11. Given two deviations d*,d? € Og, the following inequality holds
|F(d") — Fi(d?)||r20s,) < cr|lld! — d®[|L2s,) + 10a(d" — d*)1)ll20s,) |- (LD)

Proof. We decompose the difference by adding and subtracting mixed terms. We obtain

Fy(dh)(Y) = Fa(d*)(v)

AZ1<7 B) 1 Azl 7, 5 )
D7) Qe (1, 8) 4B - / 0oy, ) QxAdi(:8)dB (3.5.1)
= Dl(’v )+ Da(7') + Ds(v)
for
A 1A/
Di(y) = [ 0,8 = () Q‘?f] ’f)) as,
O AL (7,
DQ(P)/) ::/I;A(Zl Z2)1( ,>ﬁ) Ql(,ly(/,y )ﬁ) dﬁa

1 1
= [ 0. AR, B)AL2(Y, . ds.
/]R& 1(7 ﬁ) 21(7 ﬁ) [Q1<’}//,/8) QQ('}//,B) B
Bound for D;: To estimate D;(v'), we expand 9, A(d! — d?),(v/, 3), we get
/ n [ Au(,B) L pyAal.f)
Di(y) = 0,(d" — d° — Da — B)———=dp. 352
)=t~ ) [ GERas- ot - AR 68D

We observe in (3.5.2), that the integrals has the same kernel as in J;, see equation (3.4.3). Thus we can deduce
the following L?(9S,,) bound

D1l 12(08.,) < crllOa(d" — d*)1l120s,,)- (D1)

Bound for D,: We notice that
A(zl - Z2)1(7,7B) = A(dl - d2)1(77 6)
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Lipschitz Condition of F

Then we have the same situation as in D, expanding A(d! — d?),(v/, 8), we get

AN 1 32 / a AdQ 7 B /_ aaAd%<7/76>
DQ(V) B (d d )1(7) R Ql 7 B dﬂ / B) Q1(7I75>

Notice that, the kernels is similar to the kernel in (3.4.4). Therefore, we can deduce the following bound

dB.

D5l 1295, < crll(d' — d*)1ll20s,.)- (D2)
Bound for Dj: In D3 we compute the difference to obtain an explicit A(d! — d?);(~, 3) term. We have

1 B 1
Q1<7/7ﬁ> Q2<7/7ﬁ>

Y
A(z' +2%)1(+, B)
(v, B)Q2(7, B)
)
)

= A(d” - dl)l(v’,ﬁ)

353
Az + 2257, B 5:>-3)

(
Q17 B8)Q2(v, B

+A(d* —d)a(v, 6)
Then we obtain the next decomposition
Ds(v') = D31(Y') + D32(Y')
for
Das() = [ Al =, B8+, 5)d5.
Daal) = [ A& = (s 5)S2(4/.5) .

where S;(+/, ) are the following kernels

O AdL (Y, B)AZE (Y, B)A(z" +2%)i(7', B)
Q1(7/7B)Q2(7/7ﬁ) ’

To estimate Dj ;(y) we expand A(d? — d'); (v, 3). We get

Si(ﬁyla 6) =

i=1,2.

Dya(y) = (d® = d" ) (v) / Si1(7',8)dp — / (d® —d" (' — B)Si(v. B) dB. (3.54)
R R
We require an L°°(0.S,) bound for the first integral in (3.5.4). For the in part we have

, OaAdL(Y,B) o )BAZf(%B)A(Zl +2°)1(7, B)
= —— —0:d d
/|:3|<1 81(7 ?ﬁ) dﬁ Bl<1 ( 5 a 1(7) QI(W,’B)QQ(W,’B) ﬁ
BAZ(Y, B)A(z +2*)1 (7, B) 45
18]<1 Q1(v, B)Q2(7, B) 7

where the last integral decomposes as follows

ﬁAZ%<7/7 B)A(Zl + ZQ>1(,7,7 B) dﬁ
18]<1 Q17 8)Q2(7, B)
AZ%(7,7 /8) 201 > 52A<Z1 + Z2)1<7/7 5)
= — — 0,
[,.( ) QB0 5)
BA(z +2°)1(7, B)
|8]<1 Q1 (7/7 6)@2(7/7 6)

+ 023 (Y)

dg. (3.5.5)

+ aaz% (7/)

da.
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Lipschitz Condition of F

Moreover, we decompose the last integral above as follows

/ B*A(z' +2%)1(v, ) 15
<1 @Q1(v, B)Qa2(v, B)

L[ (RS )
= /|B<1 ( ﬂ aa<z +z )1(7) QI(VI,/B)QQ(/YI,B) /8 (356)
63

1 2 !
+aa(z +z )1(7) 18]<1 Ql(vlaﬁ)QZ(’y/?B)

da.

And for the last integral above, we have

3 ( 3 1 ) B
dB = - d
/5|<1 Q1(Y, B)Q2(7, B) ’ B<t \NQ1(V,8) 10z (V)2 ) Q2(7, B) y

1 1 2 1
+ 1(A)]2 / 7 ( B/ B 2( A1 2) dg.
0az! ()] 18]<1 BNQL(Y,B)  [0az*(7)|
From estimates (A1), (A4), (AS), (A2), and Lemma 32, we can deduce the following

] | sisas
|B8l<1
Regarding the out part, we use (A6), (AS5), (A2) to obtain the following bound

< cp. (3.5.7)

S:1(7, B)], < crlBI7%. (3.5.8)
Thus
‘ / Si(v,8)d| < / S1(+,8)|,dB < CR/ 1872 dB. (3.5.9)
181>1 * 18]>1 181>1
By joining the estimates (3.5.7) and (3.5.9), we get
[simas| <en
R *
Now, by taking the L?(9S,/) norm, we get obtain that
@ - ane) [ s as
R L2(05,/)
<| [srmas| - @i,
R Lo (05,) (3.5.10)

} I(d" = d*)1llz2(0s,.)

< S ' B)d + S ' B8)d
= {H/R i, B)ds L05.) H/]R 12(7, 8)dp

< cpll(d' — d*)1lz2os,)-

In the second integral of (3.5.4), we use a similar decomposition and we apply the Minkowski’s integral
inequality. For the in part, we have

/|ﬁ|<1(d2 —d")(y = BnSi(y,8)ds

— 2 _ 41 I aaAd%(VCB) 92 2/ ) >6AZ%(77B)A(Z1 +Zz>1(7/75)
- /Wl(d ah)( mlsl(—ﬁ o)) PR AE L0 g

AZ% /7 A 1 21 /7
) [ @ ay - o) SRS 0 g

1Bl<1

L>(0S,r)
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Lipschitz Condition of F

Where the last integral decomposes as follows

2 g1 I ﬁAZ%(/yla ﬁ)A(Zl + Zz)l(’y/aﬁ)
/|5<1(d d )1(7 6) Q1(7/75)Q2(7/7B) dﬁ

— / (d2 . d1)1(’7, . 6) <w _ aa2%<,y/>> /BQA(Z1 + Zz)l(’yla 6) dg. (3.5.11)
|Bl<1

ﬁ Q1<7/7B)Q2(7/76)
2¢0. 1 2 _ gl o 52A(Z1+Z2)1(7/75)d
+aa21</y >/ﬁ|<1(d d )1(7 ﬁ) Ql(/y/aﬁ)QQ(/y/aﬁ) ﬁ

Again, we decompose the last integral above as follows

2 a1y o A+ 221, B)
/|5<1(d d >1(7 5) Q1(7/75)Q2(7,7B)

- /|m<1<d2 SNy (A(Zz 2 WOD et z2)1(7’)) S dg.  (35.12)

dp

B Q1(7", 8)Q2(7', B)
1 2 / 2 1 / 63
rouet + AN [ (@ = B g s
and for the last integral we have
2 1 / 53
I oo R

_ 2 gl I 52 . 1 5
_//3|<1(d iy ﬁ)(cmc@) |aazl<v'>|2)c22w,5> 45

! (d2—d1)1(7’—6)( P )d

+\8ocz1<v’)l2/|5<1 8 Q2(7,8)  |0uz*(v, B)? ’
H\B|<1(d2 - dl)l(V’ —B)
|00z (V)00 (V) [*

From (Al), (A4), (A5), (A2), and Lemma 32, together with the Minkowski’s integral inequality, we obtain
the following estimate

H /Iﬁ (@~ A = A)Si(y, 5) dB < cgl(d' — d2)1||L2(8ST,)- (3.5.13)
<1

Lz(asrl)

Regarding the out part, we use the bound (3.5.8) and the Minkowski’s integral inequality. Then we can deduce
that

H /B|>1(d2 —d')i (v = B)Si(v, 8) dp

<on [ 187 - dllos, 45
12(8S,.,) 18]>1

(3.5.14)
< cgl/(d" — d*)1]| 208,y dB-
From estimates (3.5.10), (3.5.13) and (3.5.14), we conclude that
D31l 12008,y < crll(d" — d*)1l12(0s,,)- (3.5.15)

To estimate Ds 5, we expand
A(Zl + Z2>2(’7,7 /8) = A(dl + d2)2(7) /8) + 26(27/ - ﬁ)
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Lipschitz Condition of F

Then we rewrite

Dya(y) = /R A(? — AV, )Saa (7, 5) dB + /}R A — dVa(r, §)San(. B)dB  (35.16)

for
/oy OaAdI(Y, B)AZ (Y, B)A(d! + d?)2 (Y, )
82’1(7 ,5) o Ql(V’,ﬁ)QQ(’Y’,ﬁ) 7
S2 2(7/ ﬂ) — QaaAd%<7/7 B)AZ%(P}/? B)ﬁ(z.}/ B 5) )

Ql(’y,a ﬁ)Q?(’y/v 5)

The estimate for the first integral in D3 5 follows the same lines as the estimate of Ds 1, by replacing A(d? —
d)1(7, 8) and A(z' +22)1(v', 8) by A(d® — d)a(v, 8) and A(d! + d2)s(7, B). We infer

Next, we deal with the second integral. We expand A(d? — d')y(, 3) and obtain the following

< cgll(d® = d")al20s,)-
L2(8S,)

/RA(GI2 —d")s(v,8)S2. (7', 8) dp3

/ A(d? — ')y B)Saa(+. B) dB
R (3.5.17)

= (d2 - d1)2(7/)/ S22(7', 8)df — / (d2 - dl)Q(’Y/ — B)S22(7', B) dB.
R R
Now, we will estimate the first integral of the right-hand side above. For the in part we have

1 , 5229 = B) 29 )A»Zf(v’,ﬁ)ﬁaﬁdf(v’,ﬁ)
— S dg = _
2/|5<1 22(7,£) 45 W( 07,8 o (V)P 5007 5)
2 OAE( . B) ,>AZ%(%5)
S — GG D) g2y ) 22T P g
+|aazw>|2/m<1( 3 i) 5,05 Y
27/ 02d3 (') Az (', B)
_— —dg.
0z ()| /,3|<1 Q2(7', 8) 4

We observe that the last integral is bounded in the same manner as /; in Lemma 7. From estimates (A6), (A4),
(AS), (A2), and Corollary 2, we deduce

dp

] / Sya(7,8) dB
|8]<1

< CR.
*

Regarding the out part, by using estimates (A6), (AS), and (A2), we obtain the following bound

1S22(7,8)|, < crlB™. (3.5.18)

Hence

’/ S22(7', ) dp s/ 1S00(+', B)|. dB < cr.
1B]>1 . B>1

Now, taking the L?(9.S,) norm and considering the two previous estimates together with the inequality (3.5.1),
we derive

(@ = @) [ 8uat'.yas

< cgll(d® — d")al 205,
L2(9S,))

103



Lipschitz Condition of F

In order to obtain an estimate for the second part in (3.5.17), we decompose the in part as follows

l/ (@® —d")2 (v — B)S22(7, ) dB
|Bl<1

2
, B2(29 — ) 27/ )AZ%('V’,B)%M?(’/,B)
_ d2 _ dl _ _
/|5|<1( 2y 5)( Q7 B) 10 (IE) BQurB)
2y 2 1\ (A OuAd: (v, B) a2 g2 )Aszlvﬁ)
]8 zl(y)]? /|ﬁ|<1<d d)aly ﬁ)( B Oodi(7) Q2(Y, B) 45

2702 () AL B)
—_— d —d — B ————=dg.
T 0 ()] /|m<1< 20" = 85 gy 98

We notice that, using the estimates of I, in Lemma 7, we control the last integral above. For the remaining
terms, we take the L?(9.S,,) norm and consider estimates (A6), (A4), (A5), (A2) together with Corollary 2. Then
making use of the Minkowski’s integral inequality, we infer

ds

< cpll(d* - d1)2HL2(BST/)-
12(8S,,)

H /|5<1(d2 —d")2 (7' = B)S2.2(7, B)

Finally by using the estimate (3.5.18), we control the out part, and hence
D32l 1205, < crll(d" — d*)2ll20s,,)-
We combine the above inequality with inequality (3.5.15), then we deduce
| D3l 2(as,,) < cglld' — d2HL2(6Sr/)~ (D3)

Combining the estimates (D1), (D2) and (D3) we obtain the desired estimate (L1). |

3.5.2 Lipschitz Condition of F)
Lemma 12. Given two deviations d',d? € Og, the following inequality holds

[F2(d") — Fa(d?)|| 208,y < CR[HGI1 — d?||r2(9s.,) + [|0a(d’ — d2)2||L2(asT,)]- L2)
Proof. For the second coordinate F5, we have the following decomposition

F(dY) () = Fa(d*) () = Di(7) + Da(y) + Ds(7) + Dal),

for
1 ( 2 AZ%(V/yﬁ)
0= fasde Gl - [aade G
_ A(d' —d?), (v, 5)6
Daly) == 2/R oty W
Daly) = Q/RMW’B ) Qléf By~ @2& ﬁ)] 45
1 1

da.

Dy(v) 3_/]Rﬁz

Q1(7/7ﬁ) - QZ(’}//?ﬁ)]
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Lipschitz Condition of 0°F

Bound for D;: To estimate D; (), we follow the same lines as the estimate of the first coordinate F; by

replacing 0, Ad; (v, B) by 0,Ad5 (v, B) in the equation (3.5.1). Then we can deduce
D1 2205,y < CR[Hdl — d*||r2(9s.,) + 10a(d" — d*)2| 1205, |-

Bound for D,: By expanding A(d! — d?),(v, 3), we get

1 8
5 D2(7) = /Qwﬁ 46 = / =050 %

We notice that we have a similar kernels as in equation (3.3.18), thus the L?(9S,,) bound is automatic

1Dall 2205, < crll(d" = d®)1l|z2os..)-
Bound for Ds: To estimate D5(7'), we use the difference (3.5.3), to obtain the next decomposition
D3(7) = Ds1(7") + D32(7)

for
Dy (y) = / A(d? — d), (7, B)S: (1, B) d,
Dyl / A — dV)y(y B)Sa(, B) B,

where the kernels are given by

Adi(+', B)BA(z" +2%)i(v', B)
Qi1(+', 8)Q:2(7", B) ’

Sl(’yl,ﬁ) = = 1,2

(D4)

(D5)

We follow the estimates of D3 ; and Ds 5 by replacing Az?(+/, 3) and 9,Ad3 (v, 8) by Ad3(+/, 3) and 203 to

obtain an estimate for D5 ; and D5 5. Therefore

D3| 12008,y < crlld" — Al 12(0s,,)-

(D6)

Bound for D,: Finally, the estimate for D,, follows from the estimate from the previous Ds, by replacing

2Ad3(vy, B) by 3. Then we deduce

|Dall2(0s.,) < crlld" — d®||r2(s.,)-

By joining the previous estimates (D4), (D5), (D6) and (D7), we obtain the desired inequality (L2).

By combining the inequalities (L1) and (L2), we infer

IF(d") = F(d) 1205, < cn|ld" = @llizos,) + 10a(d" = d*)120s,) |

which is the Lipschitz condition for the lower order term.

3.6 Lipschitz Condition of 9°F

Now we move to the high order derivative. First we will use the Banach scale property, given by

|02F(d") — O3F(d?)||r2(s,

oF(dY) — L (d?)|2(s,)-
Thus, the proof will be complete if we prove the following inequality

102F (") — O2F (d?)[|2(0s,) < crlld" — d”|lx, ,

(D7)
|

(L3)

(L4)
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Lipschitz Condition of 0°F

3.6.1 Lipschitz Condition of 92 F}

For the second order derivative, we will use the decomposition (3.4.2), then we write
O2F(d)(7) = Ji(d)(7) + Ex(d) (), (3.6.1)

where J;(d) is given by
AZI (’77 6)

Q(v, B)

Lemma 13. Given two deviations d*,d* € Og, the following inequality holds

1J1(d") — J1(d?) | r2(0s,)

1,(d)(y) = PV /IR 5 Ady(+, B) az.

(LS5)
< cn|l1d? = @llcz(as,) + 10a(d" = @)llzz(os,) + 63(d" = )1 p2qas,)
Proof. Now, for two deviations d*, d?> € Op, the difference of the singular terms can be written as
Ji(d") () = Ji(d*)(7) = (Da + D5 + Ds)(v),
for
83 v, (fy B) d ,
OaAdi(v, B)
D ._/A z! —22), (v, B)——1L " 4B,
5(7) R ( )1(7 ) Ql(%ﬁ)
1 1
= aiAdQ 76 Azz PY?B - dﬂ
/]R 1(7 ) 1( ) Ql(’%ﬂ) Q2(’Yaﬁ>
To estimate D, we expand 93A(d! — d?);(v, 3), then we get
Az (y,8) Az (v,8)
Dy(v) = 92(d! — d? L h2d /03 DD dg. (3.6.2)
a(7) = 94( )1(7) O B) B - — B 000.5) B
We observe that the last decomposition is similar to (3.5.2), thus we can deduce the following
[Dallr20s,) < crllda(d! — d*)illrzos,)- (DB)
For the term next term D5, we expand
0aAdi (v, B) = 0adi (7) — Dada(v = B).
Then we get
A(z' —2%)1(7, 8) A(z' —2%)1(7, 8)
Ds(v) = O3d3 (v / 2 dp — / Rdi(y—p 22 dp. (3.6.3)
(7) 1) R Q1(7,B) R il ) Q1(7, B)
Considering

A(Zl - Z2)1(’Y7 6) = A(dl - d2)1(77 ﬁ)
Thus, in order to obtain the L?(9.S,) bound we estimate the L>(95S,.) norm of the first integral in (3.6.3). We
decompose the in part in the following way

/6|<1 = Qlww 7= / ( M . a“<d1_d2)1(”> @fiﬁ)%

1 _ g2 i - 1 %
+9a(d" — d?)1(v) /5|<1 (Ql(%ﬁ) |8az1(v)|2> B
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Lipschitz Condition of 0°F

‘We use the Fundamental Theorem of Calculus to obtain the next formula

A(d' — d?)i(v,8)
p

Thus, it follows

’A(dl —d*)i(7,8)
B

From (3.6.4) the arc-chord condition (A2) and estimates Lemma 32, we can deduce the following bound

‘/ﬁ|<1 Q1 7, 5() =

The out part is easily bounded by considering (A3), we get

‘/,6>1 7 537 m

Now, by taking the L2(8ST) norm, and using the bounds (3.6.5) and (3.6.6), we arrive to the next estimate
A(z' — z2 ,
‘aicﬁ(,y)/ ( )1(7 ﬁ) dﬁ
R Q1(

7, 5)
To estimate the second integral in (3.6.3), we decompose the in part in the following way

[ - S

— O = () = [ (Ol = Pl + (5= 1)) = 0, = () ) s

— 0a(d' = d*)1(7)| < crllOa(d’ = d*)llz=as,)|Bl- (3.6.4)

*

< cgllda(d' — d*)1llcr(os,)- (3.6.5)

< cgl(d! — @)1 = as,)- (3.6.6)

< cgll@2d3 || 208, (A — A" )1l c2(os,)- (3.6.7)
£2(8S,)

Ql(%ﬁ)

_ 2 92(. A(d' —d?)i(y,8) _ 1_ g2 B dg
_/mqa“dl” 4 >( 5 0a(d ‘”1(”) 0.5 B
1 32 320 p? _ 1 ds

*Oa(d = dO () /M Gy m(@lw) Iaazl(v)P) 5

Oa(d — d?)1(v)
0oz (7)]?

Hgj<105d3 (7).

Now, we will take the L?(9S,) norm. For the first term in (3.6.2) we make use of the Minkowski’s integral
inequality, the arc-chord condition (A2) and (3.6.4). For the remaining terms, we make use of the Cauchy-
Schwarz inequality and Lemma 32, then we get

A(Zl - Z2)1(’7aﬁ)
O3 (y — d
H /|,8|<1 2y =) Q1(7, B) ’ L2(0S,)

< / 102(d" — @)yl 05, 192 2o, A
|Bl<1

+ cgl|0a(d! — A1l 12(0,) 053 [ 120,
+ cpllOa(d! — A1l 205 |1 H g1 <10ad | 2205, -

Regarding the out part, we consider the following inequality

Az' —2%)1(v,B)
Q1(77 5)

Oadi(y = B) < cgll(d" — d*)1l|r(as.)[0adi(y = B)LIBI 7.

*
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Lipschitz Condition of 0°F

Thus, by taking the L?(9S,) norm and using the Minkowski’s integral inequality we get

H /|B|>1 Oadi(y — B) A(ZlQ_l(:zfgg% )

From (3.6.7) and (3.6.8), we can deduce the next estimate

< cgll(d' — d®)1] o5 |10ad3 ]| L2(65,) - (3.6.8)
L2(3S))

D5l 1208,y < crll(A' = d*)1]lc2os,) + crl|0a(A" — A%)1]|L2(08,)- (D9)

For Dg, we use the equation (3.5.3), then we decompose

Ds(7) = Ds1(7) + Dg2(7)

for

Dos(y /83Ad27ﬁ) (d? — d'),84(7, B) B,
Dol /aSAcF 7, B)A(d? — d1),8, (7, ) d,

where the kernels are given by

Az (v, B)A(z +2°)1 (7, B)

Sa(7,6) = Q1(7, B)Q:2(, B) ’
AZ2(1L.A)AE +2)(7.5)
5600 0) = A )

To estimate Dg 1, we expand 92 Ad3 (v, 3), we get

Dga(7) = 33d?(7)AA(d2 d');Ss(v,8) ds — /83d2 v — B)A(d® — d")1Ss(v, B) dB. (3.6.9)

We decompose the in part as follows

A(d* — d");S3(v,8)dB

|8]<1
B A =d)(18) o s \BAZ(AAE + 22 (3, 6)
- /mm < 3 Oa(d —d M”) 017, D)0, B

d3  (3.6.10)
+0a(d* = d')i(7) " BSs(v, 8) dB.

In one hand, the last integral above correspond to (3.5.5), and therefore is bounded. On the other hand, from
(A6) and the arc-chord condition (A2), we infer

BAz (v, B)A(2! +2°)1(v, B)
Ql (77 6>Q2<77 ﬁ)ﬂ3

By taking the L?(9S,) norm and making use of the Minkowski’s integral inequality and (3.6.4), we get

3 12 A -dYi(1,8) 5 B1AZ (7, B)A(z! +2%)(7, B)
H ﬁadl(’y) /B|<1 ( B 8a(d d )1(7)> Q1(7 5)@2(7 5)ﬁ3

<on [ 08" — d)llimos 108 1nas, 4P
1Bl<1

< cgl|@2(d" — d%)1l| o5 105d || 1208, )-

< cg|BI™" (3.6.11)

*

L2(0Sr)
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Lipschitz Condition of 0°F

Regarding the last integral in (3.6.10), by taking the L?(9.S,) norm, and making use of the Cauchy-Schwarz
inequality, we deduce

H P2 (1)0.(d> — d)i(7) [ BSs(y,B)ds

181<1

L2(8S))

< NO2d || 2208, |1 Oa(d — d*)1 | 2208, BSs(v, B)dp

‘ 1Bl<1 Lo°(dS;)

By using the inequalities (A1), (A5), (A2) we get

< CR.

*

' |8]<1

Thus, we conclude that

Bd2() / A(d? — d),84(7, 8) dB
|B]<1

L2(95r) (3.6.12)

< cnl I = @) lasy + 100(d = Ellzas, |
For the out part we consider the following inequality, we get

‘ A(d* —d)i(y, B)Ss(7, ﬁ)‘* < call(d' = d)u| = os,) [B]

Thus, by taking the L?(0.S,) norm, we get

532 () /w A0 98507, 5) 4

< cgl(d' - d2)1||Loo(asr)- (3.6.13)
L2(8Sy)

The inequalities (3.6.12) and (3.6.13) yields to

B2 () / Ad? — )1 (7, B)Sa(7, B) B

R

L2(8S,)

< ex [uml — @) lonos,y + 102" — @)1 los, |

To estimate the second integral in (3.6.9), we decompose the in part as follows

/ﬁ| G = B)A — d)iSs(3, 6) 8

ol e o (D@—dN0LB) o BB, BAE + ), 6)
a /|/3|<1 Oadily ﬁ)( g Oad” ~d >1(7)) Q1(7, B)Qa(v, 8) 83

T 0u(d? — d)(7) / B2 (v — B)BSs(, B) db.

181<1

ds (3.6.14)

Thus by taking the L?(9S,) norm and applying the Minkowski’s integral inequality we get

A(dQ _d1)1(77ﬁ) )54AZ%<776)A<Z1 +Z2)1<77ﬁ)
D2y — Ou(d? — d! d
| [, ot 555 S A N ENCIT NG EER P
< cgllO2(d" — d)1 | Lo (95, 105 dz ]I L2 05,) -
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Lipschitz Condition of 0°F

To deal with the second integral in the right-hand side of (3.6.14), we use the estimates from the decomposition
(3.5.11). We deduce

0 (d — d')y() / By - B)BSs(+, B)

181<1

L2(8S,)

< ||8a(d1 - dz)l)”L?(asr) 32d?(v - 5)553(%5)

< cgl|0a(d! = d?)1)||r2(0s,)-

S

L2(8S,)

Regarding the out part, we use the inequality (3.6.11), then we obtain

< crl|@2d; || 208, | (" — A1 Lo a8,
L2(3S,)

H /Iﬁ . B3y — B)A(d* — dY)i (v, B)Ss(v, B) dB

Thus, we can conclude that
|Deallzzos,) < cr| (@2 = d)illcaos,) + 10a(@" = d)ullzzos,) -

The L?(9S,) control of Dg s is similar to the control of Ds 5, see equation (3.5.16). By expanding A(z' +
z%)5(7, B) in the kernel S4(, 3), de obtain

Dean(y / P Ad (v, B)A(A? — V)84 (7, ) d,
D6,22 /aBAd2 v 5) ( ) S42(’Y 5) ds.

Where
_ A0 AAE +2)(1. )
Sulh ) = = O Am0.s)
Si2(7,B) == 2A0 P —5)

Q1(7, B)Q2(7, B)

The estimate for Dg 5 ; can be deduced from the estimates for D ;. Then

|Dezallzzos, < cr[l1(d? = d)sllczos) + 10a(d! = d):20s, |

Next, we estimate Dg 5 2, we expand 92d3 (v, 3) then

Dg2,2(7) :aid%(V)/IRA(d —d")2842(7,8)dB — /anz v — B)A(d* — d")2Ss0(7, B)dB.  (3.6.15)

We will estimate the first integral in the right-hand side of (3.6.15). For the in part, we decompose

1 / A(d2 — dl)QS4,2(% B)dB
18]<1

2
_ Ad®—d)e(1.8) 5 0 a B2y — B)AZ (7, B)
- /|B|<1 < B %ad d )2(7)> Q1(7, 8)Q2(v, B)
1 B2(2y = B)AZ (v, B)
4)=(7) 18]<1 Q1(7, B)Qa(7, B)

dp

+ Op(d* — dg,
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Lipschitz Condition of 0°F

and the last integral above decomposes
B2y = DA (. B) 4o (ﬁ2(27 -8 _ > Az(1,5) 4
p<t Q1(7,8)Q2(v, B) <1 \ Qi(7,8)  10az* ()2 ) BQ2(v, B)

2 Az} (7, B)
_ — 2 da.
T o (VP /.M 0a0y,5)

From Corollary 2 and estimates (A6), (A2) we control the first term in the right-hand side above. While for
the last integral we use (3.3.4) and (A8). We deduce

' B2y — B)AZ (v, B)
1B8l<1 Ql(’yaﬁ)QZ(fY?ﬁ)

B

dp

<cgr

*

and hence

) [ AW - d)Sialr, )5
|8]<1 L2(8Sy)
< crl|0ad; | 1208, ]|02(d% — d')a|| Leos,)

+ 1023 | L2(05,) 19a(A* = d')all 20,

B%(2y — B) Az} (v, B)
<1 Q1(v: B)Q2(7, B)

< cn [ = d)alca(os,) + 10a(d" = )2l p2cas,) -

dp

To deal with the out part, we have the following bound

‘A(d2 —d")s(7, 8)S4a(7, 5)‘* < cgll(d® ~ d1>2”L°°(8Sr)’B|72'
We infer

To estimate the second part in (3.6.15), we decompose in similar way to the previous term. We have

! / By — B)A — dV)a(, )Ss2(7, B) B
|8]<1

2
_ 52 o (A —dY)s(y,8) 2 1 B2y = B)AzE (v, B)
B /|B|<1 Oadi(y ﬁ)( B Oa(d d )2(7)) Q1(7, B)Q=2(7, B) 40
322y = B)AZ (v, B)

+0,(d? —d )2(7)/|B<18ad1(7—5) Q1(7,8)Q2(7, B)

032 () / Ad? — dVa(7, 8)Saa(7, B) dB
|8]>1

<g I(d* = d")a||L(as,)-
£2(05,)

dg,

and the last integral decomposes

320 ﬁ2(27_5)AZ%(%6>
/ﬁ|<18ad1(7 p) Q1(7, B)Q2(7, B)

dg

_ 320 B*(2y = B) _ 2y A2(v, )
- /ﬂ Gy @)( 0:0.9) !%Zl('y)P)ﬁQz(%ﬂ)

2y 3 2 Az%(%ﬁ)
_ 0°d — ) ———~2dg.
T 2 (1) /M “hO =0 508 P

ds

Thus the Minkowski’s integral inequality yields
|Dsallzzos,) < en| (A2 = dVllcos,) + 10a(d" = d)allzzos, |
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Lipschitz Condition of 0°F
And hence
1Dl 205,y < cr|lld® = d'llczs,) + 0a(d" — d*)llz2s,) | - (D10)
By combining the inequalities (D8), (D9) and (D10), we derive the desired estimate (L5). |

Now, we move to the second part of (3.6.1). We have the following lemma.

Lemma 14. Given two deviations d*, d? € Og, the following inequality holds

|E1(d") — Ei(d?)||120s,) < cr|lld" — d%||c2s(as,) + |d" — d?[| 1208,

(L6)
+[10a(d" = d)||L2as,) + 10a(d" — d*)[ 20, |-
Proof. The remainder term E; (d) contains the J;(d)’s terms as in decomposition (3.4.2). We write
6
Ey(d)(y) =) Ji(d)(y). (3.6.16)

Bound for J,: To estimate the difference with J,, adding and subtracting mixed terms we have the following
decomposition

J2(d")(y) = J2(d%)(y) = (D7 + Ds + Dy)(),

for

1
1) =3 /}R A — ) (v, ) 220 B) 4

Ql(’%ﬁ)
aaA(dl B dZ) (77 ﬁ)
Dg(7y) :=3 /R OEAd2 (v, B) e ﬂ)l dg, (3.6.17)
L 2 A 12 2 1 _ 1
DQ(’V) T SAaaAdl(yuﬁ)aaAdl(77ﬁ> [Ql('%ﬂ) QQ(’%B)] dﬁ
For the first term, we expand 9>A(d! — d?),(v, 3), then we get

1 dadl (v, ) 0aAd (7, B)
- — 82 1 32 82 - za=mN I P )
3Dl = i = (o) [ 20T a5 - [ g 0= gy 48

We notice that D7 is similar to Jo, see equation (3.4.4) in the estimation for F;. Then we follow the estimates
(3.4.5) to (3.4.10). We deduce

| Dl 1298,y < crl|02(d" — d*)1]|20s,)- (D11)

For the second term Dg, by expanding 02 Ad3 (v, B) = 02d3(y) — 02d2(y — ), we get

O A(d! — d?)1(v, B) - D, A(d! — d?) (7, B)
@1(7,5) dﬁ /a di(y = B) 017, 8) dg. (3.6.18)

In order to obtain an L?(9S,) estimate, we require a bound in L>(95, ), for the first integral. We split the
integral in the in and out parts. We find that

OcA(d' —d*)1(1.8) ., OaA(d" —d?)i(v,8) _92(al _ a2 p? ds
/|ﬁ<1 Q1(7,B) 7= 18]>1 ( p fald d )1(7)) Qi(v,B) B

2041 _ 42 1 p? _ 1
R /ﬁm 3 (@m,m \aazl(’v)P) 4.

%Ds(v) = 02di () /R
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Lipschitz Condition of 0°F

By using the fundamental Theorem of Calculus we obtain the next estimate

OaA(d' — d?)1(7, )

- ()

B
! 3.6.19
< [ @ - ano =08 - g@ - a8
0
< |02(d" = d*)1llcsas,|Bl°,  for 6 € (0,1).
By taking the L?(9S,.) norm, using inequalities (3.6.19), (A2) and Lemma 32, we get
O A(d! — d?) (v,
|B]>1 Q1<’V7ﬁ) L2(dS,)
< a2 () 2 o5, [1192(A" — d)acsios,) + 192" — ANl z2qos, |-
Regarding, the out part is easily bounded by considering (AS5) and (A2), therefore we get
OaA(d — d?)1(v,B)
’ < cp|0a(d" — d?)1]| = (as,)-
[ ST s < cnto - lims,
Now, by taking the L?(9S,) norm, we get
O A(d! — d?) (v,
iy [ PRI D gl < s 0. — dhllsios),
18]>1 Ql(%ﬁ) L2(35S,)
Thus,
OaA(d" — d*)1(7,8)
O2d3(y / = 248
1) R Q1(7,8) L2(8Sy)
< cn (@ = ) llcsos,) + [62(" = )1 p2qas,) |-
For the second integral of (3.6.18), we decompose in an analogous way
OaA(d! —d?)i(7, B)
Ry — B)= 22 dB
/6|<1 i ) Q1(7,B)
OaA(d' — d?)1(7, ) B> dp
= 5’3@%—5(” 20 92(d — d2)i(y ac
2t =) 5 @ =0 )68 B

2l GRO =B (2 ]
0= dh() /|5<1 B (Ql(%ﬁ) |aaZ1(7)‘2> 4
02(d" — d?)(y)
|0azt (7)?

Thus, by taking the L?(0S,) norm and using the arc-chord condition (A2), Lemma 32 together with the
Minkowski’s integral inequality along with the Cauchy-Schwarz inequality, we infer

2 12 aozA(dl _d2>1(%5)
O5di(y —
H /,8|<1 wdi(7 = F) Q1(7,B)

+ Hig1<102d; (7).

L2(8S))
<cp [H(d2 —d")1llc2s0s,) + 102(d" — d?)1l 1208, | -

For the out part, once again, we use the Minkoswki’s integral inequality, then we get

H/ aidf('}/ . ﬂ)aozA(dl — d2)1(776)
18]>1

< cgl|O2d3 | 295, 10a(d" — d*)1 | o< (05,)-

Ql(’% 5)

L2(8S,)
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Lipschitz Condition of 0°F

Thus, we deduce

0oA(d" — d*)1(v, B)

’ /Raid%(w =9 Q1(7, B) 4 12(3S,)
< cn (@ = d)llcsos,) + 102(d" = d)1llz2os,) |
and we can conclude
| Ds || 22(05.) < cr [H(Gl1 — d*)1]|c2s0s,) + 1102(A" — d2)1HL2(asT)] (D12)

For the final term in (3.6.17) we compute the difference using (3.5.3), we decompose

%Dg(’Y) = Do 1(7) + Do 2(7)

for
Dosr) i= [ RAG(. M)A~ d)i(r. 5)85(0.5) s,
R (3.6.20)
Doga(7) == /Raiﬁd%(%ﬁ)ﬁ(dQ —d)s(v, B)Ss(v, B) dB,
where
A} (v, B)A(z' +2°)1(7, B)
S = !
(7. ) Q1(7.8)Q2(7. B) ’
_ 0uAdi (v, B)A(z' +2°)2(7, B)
S6<7’ﬁ) o Ql(’%ﬁ)Q2(77ﬁ> .

The next step is obtain the L?(9S,) bound, we expand

DAL (7, B) = 0adi(v) — Oadi(y = B),

then we get

Dos(n) = i) [ A = d)u(y, 8)Ss(3. )3
R (3.6.21)

_ /R 02 (v — B)A(d? — d')(v, 5)S5 (7. ) dB.

In order to obtain the L?(9S,) estimate, we control the L>(95S,) of the first integral. We split in the in and
out part, for the in part we see

/BI 1 A(d* —d")i(y, 8)Ss(v, 8) dB

- /|/3|<1 <A(d2 _5(11)1@ — Oa(d* — dl)l(’Y))BSE)(% B)dB

+ 0u(d?* — dY)1(y) BSs(7y, B) dp.

|8]<1

To deal with the last integral above, we use the estimates for S (7, (3), see decomposition (3.5.6). By replacing
AzZ(~, B) by 8. Then we can deduce the following

S CR.

' |8]<1

*
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Lipschitz Condition of 0°F

Now, by taking the L?(9.S,.) norm, we obtain that

L2(8S,)

o2 () /W A(d? — d"), (7, 8)Ss(7, 8) dB

< cn 102" = a1 lp=os,) + 10a(@" = d)illz2(os,) |

For the out part, we consider the following

A2 = (7. 9507, D), < eall(d’ — A2 1= (as, |57 (36.22)
Therefore, by taking the L*(9.S,), we find that
ezt [ s - @) msing)as]  <enl@ - dllas,,
18]>1 JRICED)
Thus we can deduce that
() [ A~ ')y, 8)Ss(3, ) 43
R L2(8Sy) (3.6.23)

< cn (@ = d)1llczos,) + 10a(d" = )1 p2cas,) -
To estimate the second integral of (3.6.21) we use a similar decomposition

/|:8| . aid%<7 - ﬂ)A(CP — d1)1<fy7 /3)83(77 /B) dﬂ
_ / aidf(v—ﬂ)(A((P _;1)1(6) (- dlw) 58.(0.5) 5
|8]<1

T 0u(d — dY)y () / B2y — B)BSs (v, B) dB.

181<1

Note that the last integral in the previous term, can be bounded as in (3.5.12). Now, by taking the L?(95S,)
norm and making use of the Minkowski’s integral inequality, the Cauchy-Schwarz inequality, estimates (3.6.4),

we infer
H /BI ) O d3(y — B)A(d* — dY)i(v, B)Ss(7, B) dB

< cg||0%(d* - d1)1HL<><>(8S7»)

/ﬁ| Gy~ 9)38s(1,5) P

L2(85y)
O2d3 | 12(0s,)

L2(8S,)

+[10a(d” — d')1 2205,

Making use of equation (3.5.12), we can deduce a bound for the last L?(9.S,) norm

< CR.

L2(8Sy)

H /ﬂ PR = 8)3850. )

For the out part, we consider the bound (3.6.22), then by taking the L?(9S,) norm and making use of the

Minkowski’s integral inequality, we get

< crll(d® — d")|[z=os,).

H /|ﬁ| ) 8§d%("y - B)A(dQ - d1)1(775)85(775) 48

L2(8Sy)
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Lipschitz Condition of 0°F

Thus,

/R RL(y — B)A(d® — '), (v, B)Ss (v, B) dB

L2(9Sr) (3.6.24)
< cr| (A" = d)illczos,) + 19a(d? = A1 120, |

From inequalities (3.6.23) and (3.6.24), we obtain that

|Doallzzos,) < er|Il@! = d?)1llcaas,) + 10a(d® = d)allzzos,

Now, the estimate for the second term Dy 5 can be deduced from the estimation for D 5. We obtain

|Docllzzos,) < er| @' = d?)allcros,) + 10a(d® = d')allizos,

Hence
1Dl 2(as.) < cr Mdl — d?||c2(0s,) + [|0a(d® — dl)HLQ(as,«)] (D13)

By joining the inequalities (D11), (D12) and (D13), we can complete the estimate for the difference with J,,
which is given by

[92(d") = J2(0%) | 2(05,) < cr | A" = dllcasios,) + [10a(d® = A)z2(os,) + 02(0% = A)illpzqosy |- AT)
Bound for J3: Now, we move to the difference with J3, from equation (3.4.2) this term is given by

[ Aa( AR (1, 5)%Q01. 5)
Jald) = Q/R 00, By

We compute the difference J3(d') — J3(d?). We add and subtract mixed terms and decompose as follows

8.

—% <J3(d1)(/}/) - J3(d2)(7)> = (Dyo + D11 + Do + Di3) (),

for
Dio(7) = /RagA(dl _ d),(v. 8) [Azl (WQIB()jag 1(7, B)] 45,
Du) = [ AGH -2t p)Ead. )| o) s
; 2A 12 h 1 (3.6.25)
D1s(vy /(9 (Q1 — Q2)(v, B)0 A (v, 5)AZ1( ,B) {W} dB,

1 1
Q1(77ﬁ)2 N QZ(V:B)2] d/ﬁ

Dis(y /8 Q2(7, ﬁ)azAdz(% 5)AZ1(7 /6)[

To estimate D1, we expand 92A(d! — d?);(v, 3), then we get

Dio(y) = 92(d" — d2)(7)/]R Az (Vélﬁ()jag;(%/@) a3

_ /]Rai(dl . d2)(’}/ . B) A2"1 (7672?();?&;;(77 ﬁ)

We notice that Dy has the same kernel as J3, in (3.4.12). Then, the L?*(9S,) estimate can be deduced from
equations (3.4.11) to (3.4.55). We obtain that

D10l r2(0s,) < crll02(d" — d*)1]|20s,)- (D14)

da.
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Lipschitz Condition of 0°F

We move on to estimate Dy;. By expanding 92 Ad?(, 3), we have that
A(z' = 2%)1(7, 8)0aQ1 (7 B)

Di1(y) = 92di(v / ds
u®) 1) R Q1(v, 8)? (3.6.26)
_ / anQ(,Y . ﬁ)A(Zl - Z2)1(775)004Q1(/y75) d/B
R ot Ql(r}/vﬁ)Q
Once again, we split in the in and out part. For the in part we have the following decomposition
/ Az —2%)1(7, 8)9aQ: (7, B) 45
18l<1 Q1(7, B)?
A(d! = d*)i(v,8) 1 2 ) B0aQ1(7, B)
= — 0s(d" —d ————=d
/6|<1 ( B ( 1) Q1(7, B)? ’
/Baan (77 B)
+ Op(dt — d? —————-dg.
( 1) |8]<1 Q1(7, B)? ’
Using the inequalities (A6), (AS), (3.4.90) and (A2) , we infer
B0@1(7, B) 1
— ) < . 3.6.27
Q:(7,8)* |, =l ( )
Then, by taking the LQ(GST) norm and using the previous estimate, we deduce the following
|8]<1 Ql (’77 B) L2(dS,)
< cgl|02di || 1208, [|02(A" — A1 L= os,) (3.6.28)

5004621(77 5)
<1 Qi(7, B)?

To complete the estimate, we require to bound the L>°(9S,.) norm of the following integral

5804621(/77 5)
s<1 @17, B)?

We can replace Az (v, 3) with 3 in the expression (3.4.13). Then, by repeating the argument used in the
estimation for J3, we obtain
5(9&@1 (77 ﬂ)

<1 @1(7,8)°
Regarding the out part, by considering the inequalities (A1), (AS) and (A2) we have the following bound

+ 1023 || L2(95,) 1 0a(d" — d*)1 1220,

Lo=(9S,)

da.

S CR.

A(dl B d2)1(77/8)a<1@1(7)/8) _
‘ @01, BP S erl(d = @)y 817 (3:6.29)
Thus the Minkowski’s integral inequality yields to
Azl —
O2d2(7) / (2" = 217, 8)0.C1 (7, ) < crll(d" = d2); ||z os,). (3.6.30)
|B]>1 Ql(’% B) L2(8Sy)

From inequalities (3.6.28) and (3.6.30), we have that
A _
‘aid%(,w/ (Z Z ) (’7 6)6 Ql(’y ﬂ)
R Q1(v, B)? L2(9Sy) (3.6.31)
< cnl(@" = d)1llczas,) + 10a(d" = )1 p2gos,) |-

dp
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Lipschitz Condition of 0°F

To deal with the second part of (3.6.26), we split in the in and out parts. For the in part we have the following
decomposition

/ﬁ|<1 3id%(’y—5)A(z _ZC)Ql(( ﬂﬂ))a Ql(/y 6) 6
_ 20 o (A —d?)i(y,8) ST BOaQ1 (7, B)

Lo - ) [ o - p) 0D g

18l<1 Q1(v,8)?
By taking the L?(0.S,) norm and making use of the Minkowski’s integral inequality, inequalities (3.6.4) and
(3.6.27), we derive the following
Azt — 22)1(7, B)0.Q1 (7, B
Bl<1 Ql(% B)? 12(3S,)
< cgl|@2(d" — d?)1] (o5, (3.6.32)

2 12 o ﬁaaQ1<77ﬁ)
/ﬁ|<1a“d1” D aar P

The las term in (3.6.32), can be bounded following estimates for (3.4.35). Thus

2 200 _ BOaQu(, B)
H/ﬂ|<1aad1(7 2 Q1(7, B)? 4

While for the out part we use the bound (3.6.29). Then, by taking the L?(9S,) norm and by using the
Minkowski’s integral inequality, we get

H/,3>182d2 ) A(z! —zél((’i’ﬁﬁ))ﬁ Q1(7, ) y

Combining the inequalities (3.6.31), (3.6.32) and (3.6.33), we infer

+10a(d’ = d*)1]l2(0s,)

Lo (8S,)

S CR.
L>(0Sr)

< CRH(dl - d2)1||L°°(8ST)~ (3.6.33)
L2(8Sy)

D11l 2295,y < cr|ll(d' = d*)1llc2(os,) + [|10a(d" — d2)1||L2(asT)]~ (D15)

To estimate D15, we compute

0a(Q1 — Q2)(7, B) = A(d" — d*)1(7, B)0aA(z" + Z°

)
+ 0,A(d! — d2)y (v, A)A (! + 2%),
LA — A7, )0 A + 2%) (3634
2)

+0,A(d" = d%)a(v, B)A(2" +2°)2
By substituting the last expression in D7, we decompose it as follows
Dia(7) = (D121 + Dizp + Diaz + Diza)(7),

for

Disa(y) = /R A — &), (v, )R AR (, BNy (7. B) dB,
D12,2(7> = /RA(dl - d2)2(776)8§Ad%<77 ﬁ)N2(776> dﬁa
Dias(y) == /]R Du A — d2),(7, B)PEAE(y, B)Ns (4, B) A,

Dina() == /R DaA(d" — d2)s(y, B)OEAGE (v, BN, (7, ) dB,
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Lipschitz Condition of 0°F

where Nj (v, ) are the kernels given by

Az (7, 8)0aA(d" +d*)i(y, 8)
N 7 — 1 ) (e} ) ’
1(7 ﬁ) Q1<77 5)2
Az (7, 8)0aA(2" +2%)s(v, B)
N 7 — 1 i (e ) ’
20:7) Q0. 57
Az? A(z' + z%)1 (v,
N3(’}’,6) 1(7 5) E ) )1(7 5)7
(v, ) (Z +Z ?)2(7, B)
Ny(7, :
For the first term we expand 92 Ad3 (v, 3), then we get
D (y 82d2 / A(d 1(7, B)Ni(v, 8) dp
(3.6.35)
- / 02y — DA — d2)1 (3, BN, (7. 5) d.
R
Once again, we split in the in and out parts. For the in part, we have the following decomposition
G CLE
Bl<1
A(d — d?), (v,
- [ (RPN, as
18l<1 p
+0a(d" = d*)1(v) BN (v, B) dB.
|8]<1
Then, by taking the L?(9.S,) norm and considering the inequality (3.6.4), we get
18<1 L2(DS,)
< crl|Oadi | 205, 1|02 (A" — d*)1]|=(os,) (3.6.36)

+ 1024 || 1208, | 0a (A" — d*)1 ]| 2208, / BN (v, 8)dB
Blk1

Lo (dSy)

To deal with the last term in (3.6.36), we decompose the in part as follows

0aA(d + d*)(v, B)
B

B Az (v, B)
Ql(/% 5)2

BNi (7, 8) df = ( _ o+ d2>1<v>) a3
|B]<1

B*AZ (v, 8)
<1 Qi(v, B)?

To estimate the last integral above, we follow the decomposition (3.4.16) used in the estimation for J3. From
inequalities (A1), (AS), the arc-chord condition (A2) and Lemma 32, we infer

I81<1

Regarding the out part, by considering (A3), (AS), (A2), we obtain that
|A(d" —d®)i(v, BN (7, B)]

I81<1

+ 95(d" +d?)1(v) dg.

S CR.
L (d5:)

(3.6.37)

< cg|[(d" = d*)1| = os,)
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Lipschitz Condition of 0°F
Then, by taking the L?(0S,) norm we get

< cgll(d' — d2)1HL<>o(asr)- (3.6.38)

H Rd(y) [ A — d?)i(y, HN: (7, 5) df
L2(85,)

181>1

By joining inequalities (3.6.36) and (3.6.38), we can deduce that

o2 () /}R A(d' — d2)1(v, B)Ny (7, 8) 4B

L2(85,) (3.6.39)
< cn|I(@ = d)1llczos,) + 10a(d" = )1 rzcas,) -

To deal with the second integral in (3.6.35), we decompose the in part as follows

/ﬂ | iy = HAE = &), AN (7, 6) 48

B
T ou(d — d?),(y) / B2 (y — B)BN, (v, B) dB

I81<1

= /6| 182d%(’y — ﬂ)(A(dl _ d2>1(775) _ Ga(dl _ d2)1(7))ﬁN1(7,6) dﬁ

and the last integral decomposes as follows

/m G (= PN, ) 45

) /ﬂl i >(aa(dl 0D g +d2)1(7)>wdﬁ

6 Ql(/y)B)Q
B2AZ (v, B)
2 dl d2 2d2 . FeERIND P
+8a( + )1<7) AB<1 aa 1(’}/ 6) Ql(’%ﬁ)z

da.

Note that the last integral can be bounded following the decomposition (3.4.37). Then, by taking the L?(9.5S,)
norm, considering the bound (3.6.4) and applying the Minkowski’s integral inequality, we derive

H [ oG- pa@ - ann s,
|8]<1 L2(8SR)

< cgl|0%(d" — d2)1||Loo(asr) (3.6.40)

/ﬂ PRy~ BN, 5) 5

+ [|0a(d" — @*)1| 1208,

L2(dS,)

Then, from inequalities (A1), (AS), the arc-chord condition (A2) and Lemma 32 we infer

< crllO2d3]| L2 (05,)-
12(95,)

H /w laid?(v—ﬂ)ﬁNl(%ﬂ)dﬁ

Regarding the out part, we use the inequality (3.6.37), thus we can conclude from inequality (3.6.40) that

1

/R (v — B)A(A" — d2), (v, BNy (v, ) dB

L%(0SR)

< cn (@ = d)1llczas,) + 10a(d" = )1 r2os,) |-
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Lipschitz Condition of 0°F

By joining the inequalities (3.6.39) and (3.6.1), we deduce
ID121lws,) < en|l(@" = dallcaos,) + 10a(d’ = d)1l20s, |

To estimate D5 5, we follow the estimates (3.6.36) to (3.6.1), by replacing A(d' — d?),(~, 8) and N (v, 3)
by A(d! — d?)s(v, 8) and Ny(v, 3). We deduce

|Draallzzos,) < cr (@ = dsllc2as,) + 10a(@' = dsllz2(0s,) |

To estimate Dio 3, we replace A(d' — d?);(v, 3) and Ny (v, 8) by d,A(d* — d?);(v, 8) and N3(v, 8), in
estimates (3.6.36) to (3.6.1). We infer

I Dl 25, < en (@ = d)illeasos,) + 102(d" = d)illzzas,)]
Finally, to estimate D, 4, we expand

A(z' +2°)5(7, B) = A(d' + d%)a(, B) + 28(2y — B).

Then we decompose in the following way
Disaln) = | BAE(. 505"~ d)alr, HNw (7,55
R

T /}R B2AG (7, )0 A(d" — d)a(, BN, 27, B) dB.

Where the kernels are given by

A2 (v, B)A(A! + d2)a (v,
Nui(7, 8) = — (v 5)@1((7 ;)2 )2(v. )
Az -
N, (7, 8) = 2= (glﬁ(L (52)Z 2

Thus, the Lz((‘?ST) bound for the first integral is automatic, and is given by

To estimate the integral with the kernel N4 »(7y, ), we notice that this kernel is similar to the kernel /', which
appears in (3.4.14) and the kernel K} in (3.4.36). We deduce

/R AR (. B0 A — d)a(y, B)Nu (7. 8) A

£2(05,)
< cp|l(@" — d*)allces(as,) + [102(A" — d*)allr2(0s,) | -

H [ ARG 908 - )ty Ny, 5) 4o

L2(8S,)
< cr| (" = d)sllcasqas,) + 192(d" = d)allzzgos, -

The last bound completes the L?(9S,.) estimate for D;,. Then we arrive to the following inequality
D12l r208,) < CR[Hdl — d*[l 2098,y + 10a(d" — d*)||L2(0s,) + [|102(d" — d2)HL2(asT)] (D16)
Finally, for D3, we compute the difference as in (3.5.3), to obtain the next decomposition
Di3(7y) = (D13g + Diga + Disz + Diga)(7)
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Lipschitz Condition of 0°F

for
Diaa() 1= [ A = a1, HOEAE(, 5)S+(1. 5) 5,
Duna(n) i= | A = a1 HOEAE(, 3)Ss(3. ),
Diaa(y) 1= [ A = d)a(r, HOEAE(, 5)Sa(r. 5) 5,
Diaa(0) i= | A = a0, HOEAG.5)S . ) 45

where the kernels are given by

aaQQ(W:ﬂ)AZ%(’%B)A( )1(776)

S0 @, PPQ:0, > ’
sm,m:aaQ2<W>QAji<vmﬁéM< 5 >z<w>’

To estimate D131, we expand 02d3 (v, 8) = 02d3(~y) — 92d3(y — ). We obtain

D131 82d2 /A 7 5)87(7 5) dp
(3.6.41)

_ /R &y — BYA(? — dY)s (v, B)Sx(y, B)dB.

In order to obtain a L*(9S,.) bound for Di3;, we estimate the first integral in L>(9S,.). For the in we have
the following decomposition

8§d%(7) A(dQ - d1)1(7,5)87(7,5) dp

I81<1

a2 2 A(d? —d')i(v,8) o 2 g1
— &) /m« ( : Ou(d” — d >1<7>)5s7<w> 4B (3:642)

+ 92d3(7)0a(d® — d')1(7) ” 1557(%5) dg.

From (A6) and the arc-chord condition (A2), we have

WS?(% B) X

Thus, by taking the L?(9.S,) norm in (3.6.42), using the estimate (3.6.4) and the Cauchy-Schwarz inequality,
we obtain that

< cglf|™! (3.6.43)

O2d3(v) A(d® — d")i(v, B)Sz(v, B) dB

1Bl<1 £2(5))
< crl|02dY| 295, 102(d" — d*)1 |1 0s,) (3.6.44)
+ crl| 023 || 1208, | 0a(d" — d%)1]| 1208, ‘ BS7(v, B)dp
|8]<1 L (0S,)
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Lipschitz Condition of 0°F

To deal with the last term in (3.6.44), we decompose in the following way

_ A(Zl"‘ZQ)(%ﬁ)_ 7 4 g2 A2 (7, 8)0aQ2(7, B)
P8 B db = ﬁ|<1( 5 Oalz + W)) 0. 02Qu(.5)

1 2 & 1 > Az (7, B)0aQa(7, B)
+ Oa(z' +2%)1(7) /ﬁ|<1 <Q2(’V DR 0r(r. B)2 dB8  (3.6.45)

Oa(z' +2%)1(7) Az (v, B)
T2 Sy Gul, 2@ B 5.

We notice that the last integral above is similar to (3.4.13). Then the bound follows from the estimates for K;
and (A6), the arc-chord condition (A2) and Lemma 32. Thus, we obtain that

18l<1

' 587(77 5) < CR-
1Bl<1
Regarding the out part, we have the following inequality
A= a')i(3, 8):(7. 8)| < enll(@ = @) lls=qos,) |52 (3.6.46)
Then, by taking the L?(9.S,) norm and using the Minkowski’s integral inequality, we get
aidf(v)/ A(d* = d")i(y, B)S+(7. B) < crll(d" — d*)illz=(os,). (3.6.47)
|8]>1 L2(85Sy)

Now, we deal with the second integral in (3.6.41). For the in part we have the following decomposition
[ G0 =@ = 918, 5) 45
Bl<1
A(d? —d! , B
- [ g = (HEEGHOD @) ) st )0
Bl<1

LR (7)0a(d — d')a () /ﬁ| BBy - 5)38:(1. )45

By taking the L?(9S,) norm and using inequalities (3.6.43), (3.6.4), together with the Minkowski’s and the
Cauchy-Schwarz inequalities, we infer

ad%(7 - B)A(dz - d1)1<77 ﬁ)S7<”)/, ﬁ)
R L2(88,)
< CRHaid%HL?(aSr)Hai(dl - d2)1||L°°(8ST) (3.6.48)
] | aan-pss.0)
|B<1

+ cg|l0a(d! — d*)1| 12,

L2(8S,)

The last term in (3.6.48), decomposes further as

/w| Gy~ 9)3Se(7,5) P

A(Zl + Z2)(776) 1 )BQAZ%(fy?ﬁ)aaQQ(V?ﬁ)
PP (v — — Oy (2" + 2%);
/mﬂ - (2 R N NI Ee N ONG R
62 1 >AZ%('}/,6)80{Q2(7,6) dﬁ

Fou ) [ 00 -9 (gt~ ) T e
N da(z' +2%)1(7) / 82d2 (v — B) Az(, 6)8 0 Q2(7, ) dB.
61<1

(3.6.49)

|0a2%(7)[? Q1(v, B)?
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Lipschitz Condition of 0°F

We notice that the last integral above is similar to (3.4.35). Then the bound follows from the estimates for
K. We obtain that

< cg| 0243 || 12(0s,)-
£2(05,)

H /w PR B30,

For the out part, we use the bound (3.6.46), then we can conclude

/IR PRy — B)A(® — '), (7, B)S:(v, B) dB

L2(35r) (3.6.50)
< cr| (@' = d)1llczos,) + 19a(@' = dallzos, |

Thus, by joining inequalities (3.6.44), (3.6.47) and (3.6.50) we can deduce the following bound

D131llz2(0s,) < cr [H(dl — d?)1lc2(0s,) + 10a(d! — d2)1||L2(aSr)]-
Now, the bound for D3 5 is automatic

| D132llz2(8s,) < cr [H(dl — d*)1lc2(os,) + 10a(d! — d2)1||L2(asr)]-
To estimate D;3 3 we expand

Az +2%)s(v, 8) = A(d" +d?)2(7, B) +26(2y — B),
then we decompose in the following way
Disaln) = [ AT, HAWE = d (3, 5)S0a(7,5) 45
+ [ AR HAGE - Al 8)S0al. )45

Where the kernels are given by

9aQ2(7, B)AZ (v, B)A(d" + d?)a(v, B)
Q1(7, B)*Qa(v, B) ’
9aQa(7, B)A2{ (v, B)B(2y = B)
Q1(775)2Q2(776> '

Hence, the bound for the first integral, can be deduced from the previous bound for D;3;. By replacing
A(d? — d")1(v, ) and S7 by A(d? — d')s(7, 8) and Sg1(7, B). Then we get

59,1(%5) =

So2(7,8) =2

R ac%Ad% (77 6)A(d2 - d1)2<77 5)89,1(77 6) dﬂ

L2(8S,)

< cr (" = d)slca(os,) + 9a(d! = d)allzqas;) .
To estimate the second integral, we decompose 92 Ad3 (v, 3), then we get
[ EAGL A~ dar, B8 (. 5)d5
= 023(3) | AW = (3. 8)S02(2 )48~ [ G = DA = Al )Saalr. )45
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Lipschitz Condition of 0°F
We decompose
) [ A~ el 0)Sua(r. 6) 43
|Bl<1
A(d? — d!
— gz [ (BT g @ - ') ) BB, ) s
181<1 p

+ 02d3(7)04(d* — dY)a(7) BSga(v,8)dp

I81<1

and

ds

o ﬁ2(27 ﬂ) o 27 AZ%(776>aaQ2(775)

FBoa(r. B)db = M(@m 3 z2(7)\2) 01(7. By
27y AZl(’Y B)
T2 OIE e Q7. 57

181<1

————20.Q2(7, B) dp.

Notice, we will deal with the same kernel, then by taking the L?*(9S,.), we can deduce the following

R aiAd% (77 5)A(d2 - d1)2<’77 6)89,2(77 5)

L2(8S,)

< cn (@ = d)allczos,) + 10a(d" = d)alrzcas,)] -

We derive
D13l z20s,) < CR[HGI1 — d?||c20s,) + |0a(d" — d?)|12(0s,) |- (D17)

By joining the bounds (D14), (D15), (D16) and (D17), we complete the estimate for the difference

19(d") = J3(@)1205,) < en| A" = dllcsas,y + 10a(d” = @)l r2gas,) + [02(Q" = d)lz20s, |- (L8)

Bound for J,: Now we move to the difference with J,, adding and subtracting mixed terms, we obtain the
following decomposition

—5(3(@)0) = 3(@)() = (Dus+ Dis + Dig + Dis)2),

for
o= fro—evo 5855
Dys(y /3 A(d )17, B)0aAdI (v, B) {8 2Q1(3,5) }
D) = [ 0u(@ — Q)0 51 (. 57 [@(2 = ] as,
Do) = [ 0,Qulr 810,08 (. 57 [le, o B)Q] as.

We notice that Dq4 and D;5 share a similar kernel as in Dy and D;;. Hence the following L2(88T) bounds
are automatic

IDullzzs,) + 1Disllzs,) < a @ = d)illcasos,) + 102" = dllzgs, | ©18)
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Lipschitz Condition of 0°F
To estimate Dq4 and D;7, we observe that have kernels similar to D5 and D;3. We deduce the following
bounds

D16l r2(0s,) + | D17l z2(as,)

(D19)
< cnlld" = llcasos,) + 10a(d" = d)llzzos,) + [62(d" = d*)|zzas,) |

From (D18) and (D19) we conclude

[94(d") = 94(d%) | 2(05,) < crlld" = dllcnsios,) + [10a(@! = d)z2(0s,) + 02(Q" = @) p2qas, |- @L9)

Bound for J5: In the next difference we have to deal with J5(d). Then we compute the difference, adding and
subtracting mixed terms. We find the next decomposition

—(J5(d") () = J5(d*) (7)) = (Dis + D19 + Dag + Do) (7).

for

Dis(y) = /R %A = &1, )24 (1:5) go g, (, 8y as,

Q1(7,5)
_ [ Al —2°)1(7, 8)0aAdi (7, B)
Dig(v) -—/IR 1(% 5) 9,Q1(v, B) dp,
Az (7, B)0aAdE (7, B) 1o _
Dn() o= [ SELEACCLD02(Q — @u)(0. ) 45,
o 2 2 2 1 _ 1
Doi(7) == /IRAZ& (7, B)0aAdi (7, B)05Q2(7, B) [Ql(%ﬁ)z Q2(7, B)? dg.
To estimate D5, we expand 0, A(d! — d?), (7, 3) then we have
Dis(y) = (" — &%) (3) g"‘%@ 2Q1(7, )48
v Aty ) (3.6.51)
R ds.
/ X ~ D) g (. g e B) 8

Then, by using the expression (3.4.57), we expand 9>Q (7, 3) and from the decomposition (3.4.58), we can
deduce the following bound

| Disl|z2(0s,) < crllOal(d" — d*)1]12(08,)- (D20)

The same argument can be used for Dq, we derive

1 D1ollr2(0s,) < crll(d" — d*)1]|r2(0s,)- (D21)

Now, we move to Doy In this case we compute the second order derivative of the difference 9% (Q,—Q5) (v, 8),
which is given by

201 (7, B) — DaQa(v, B) = A — d*)i(y, B)A(z" +2°)1(7, )
+20,A(d" — d?)1(v, B)0.A(d" + d*)1(7, B)
+A(d = d*)i(y, /A + d®)i(, B)
+ RA(d — d?)s(y, B)A(2' + 2%)a(7, B)
+20,A(d" — d*)a(7, B)0aA (2" + 2%)a(y, )
+A(d = d?),(y, HRZAA + d)a(, B).
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Lipschitz Condition of 0°F

Then, we decompose

Dao(7y) = D201 () + D202(7) + D203(7) + Daoa(y) + Daos(7) + Daoes (),

for

Dana(7) = [ AW = (3. 8)Ma(3, £) 45,
Daa(n) 1= [ 05" = &)1 (3. 8)Ma(3, ) 45,
Danaln) = [ AW = (3. 5)Ma(r, 8) 45,
Dana(1) 1= [ A" = &)l B)Ma(3. )45,
Dans(1) 1= [ 0uA(d" = d)a(3. 8)Ms(3, )45,
Daa(n) i~ [ 02 (v, /)M (7, ) dB,

where the kernels are given by

My, g) — AR DDAB, BRAM! +d?)i(3,5)

, ?1(%6)2 -
Ma(y, ) = 2270 (%5)3aAdlgi (57),85)%(61 +d(,8)
Ms(r, 3) = AZ%(%B)%MEQ%% ?2(21 L), 5)’
My, ) = AHODREEONEAC + 0.)
M (7, ) = QAZ?Wﬁ>8aAd%gl,(i>%2A<zl +2%)2(0.0)
M (v, B) = AZ%(%B)%MEQ%% ?2(# )

To estimate Do we expand the second order derivative 92A(d* + d?); (v, 3), then we have

A(dl - d2)1(77 ﬁ)aaAd%(’% /B)AZ%(’% 6)

Dooi(y) = 05(d" +d*)i(7) ds
2 1 2 — ) o 1 5 1 s
+/Raa(d +d%)i(y - B) SXCNE dg.

In order to obtain the L?(9S,) estimate, we decompose in the in and out part as follows. For the in part, we
have the following decomposition

2l 4 2 A(d! = d?)1(y, B)0aAdi (v, B) A2 (7, B)
Gald’ +dOn07) A@a Q1(7, B)? 4
= 92(d" + a2 () /|ﬁ|<1 (A(d — 5 d®).(v, B) — On(d! — d2)1(7)> 5AZ1(7Q7?<)78’a5A)51(%5) 48

BAZ (v, B)0aAd (7, )

+ 05(d" +d)1(7)0a(d — d%)1(7) Blet Q1(7,B)?

da.
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Lipschitz Condition of 0°F

Thus by taking the L?(9S,) norm, considering the estimates from (3.4.61), inequality (3.6.4) together with

the bound A 2( 80 Ad2( 8)
21 77 « 1 77
<ec 3.6.53
atnpr |, =l (3:639
we get
A(d' = d*)i(y, B)0aAdi (v, B)Azi (v, B)
82 dl +d2 v / ) [e% 1 ) 1 ) dﬁ

‘ ( 1) 18]<1 Q1(v, 8)? L2(dS,)

< cgl|O(d" + d*)1 | 208, 102(A" — d)1| L= s, (3.6.54)

BAZ (7, B)0aAdi (7, B)
18|<1 Q1(7, B8)?

We notice that the last term is bounded in a similar way to K", as seen in inequality (3.4.23). We have

+102(d" + d*)ullz2as,) 92 (d" — d¥)1 ]| L (as,)

L (9Sy)

H/ BAZ(, B)dulAdi (3, ) e
181<1 Q1(7, B)? L~@S,)
For the out part, from inequalities (A6), (AS) and (A2), we have that
A(dl - dz)l(’Y:B)aaAdz(fYMB)AZQ(’Yaﬁ) _
‘ Ql(%ﬂ); 1 * < cgll(d" — d*)1 | (as,)|B] > (3.6.55)
Then, by taking the L?(0.S,) norm, we have that
A(d! — d? Ad? Az?
‘ai(dl +d2)1(’y)/ ( )1(7, B)0a d;(%ﬁ) 2 (v, B) 48
18>1 Q1(v, B) 12(65,) (3.6.56)

< cgl(d" = d®)i[[z(os,)-
From inequalities (3.6.54) and (3.6.56) we can deduce

A(dl — d2)1 (7a B)aaAd%(’% B)AZ%<77 5)
o2 (d' + d?
| ) /IR @u(7, )* 12(05,) (3.6.57)

< cn[I(@ = d)1llczos,) + 10a(d" = A1 zzcas,) -

ds

The second part of (3.6.52) can be bounded in a similar way. We decompose the in part, as follows

2/ 11 2 _ A(d! = d?)i(v, B)0aAdi(y, B)AZ (v, B)
/|ﬂ|<1 Oald ¥ dnlr=5) Q1(v, 8)? 47
_ 2041 2 _ A(d' —d*)(v,8) _ 1 g2 BAZ (v, 8)0.Adi (v, B)
= [ e - o) (S 0u(a! — () ) PRS0

2 2
+aa(d1 _ d2)1(’7)/ 8§(d1 +d2)1<”)/ _ﬁ)BA 1(7’5)&1Ad1<776) dﬁ

18l<1 Q1(7, B)?

To deal with the last estimate above we use the decomposition (3.4.65). Thus by taking the L?(9S,) and
making use of the Minkowski’s integral inequality, the Cauchy-Schwarz inequality, together with the inequalities
(3.6.4) and (3.6.53), we infer

A(d' —d?)i(v, 8)0aAdi(y, B)Azi(7, B)
Q1(7, B)?
< cpl|3(d" = d*):1 |05,
+ crllda(d" — d*)1 [l 29s,) 102(A" 4+ d*)1 ]l L2(9,)-

| [ e -n as

1287 (3.6.58)
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Lipschitz Condition of 0°F

Regarding the out part we use the inequality (3.6.55), and then apply the Minkowski integral inequality. We
have that

A(d' — d?)1(y, B)BaAd3 (v, B)AZE(v, B)
92 (d* + d? — d
H/|B|>1 H(d-+d%)i(y —B) Q1(v, B)? o} L8 (3.6.59)

< cpll(d' — d*)1| oo,
From inequalities (3.6.57), (3.6.58) and (3.6.59) we can conclude that

| D20l 208,y < cr [H(d1 — d*)1]lc2(9s,) + 10a(d" — d2)1||L2(as,,.)]-

To estimate Dy we use the same argument as in Dy ;. By replacing A(d1 —

a)1(, 6) and 2A(d" +
d?);(v, 8) by 9,A(d' — d?),(v, 8) and 9, A(d' + d?),(v, B), we can conclude that

D202l 2285,) < cr [||(d1 — d2)1||02,5(857. + [|92(d" — d2)1||L2(asr)]

For the next term Do 3, we expand 92A(d' — d?); (v, ), then we get the following decomposition

Das(7) = 2(d / M, (7, 8)df — / B2(d" — d®)y(y — B)Ms(v, ) 5. (3.6.60)

Now, we split in the in and out part. The in part decomposes as follows

M3(’7a 6)d6

|B1<1
A<Z1 + Z2)1(7> 5) 1 2 ) ﬂAZ%(’Ya B)aaAd%(’% ﬁ)
= — 04 d
[, (5 ) ) S e s
BAZE (7, 8)0aAd (v, B)
aa 1 2 1 ds.
*Oulz +271(7) 181<1 Q1(v, B)? g

To estimate the last integral we follow the decomposition (3.4.61). Together with inequalities (3.6.4) and
(3.6.53), we infer

‘ Ms(7y, 8)dp| < cg.
181<1 *

For the out part by inequalities (A6), (A5) and (A2), it follows that

M3 (v, B)]« < crlB| 2 (3.6.61)

R

Then by taking the L?(9S,.) norm we derive

The second part of (3.6.60) can be bounded in a similar way, we decompose the in part as follows
[ o =t - s, 9y
Bl<1

_ 2031 12 _ A(ZlJFZz)l(%ﬁ)_ Z\ 4 2 BAZ (v, B)0Ad (7, B)

_/|6<1ao‘<d Phly ﬁ)( B Oulz + )1(7)) Q1(7. B)? v
R 2031 _ 42 _ BAZ (v, 8)0aAdi (v, B)

rourt +an0) [ ol —d - R s

Thus we can conclude that

< CR.

o2(d! < cplld" — d®||12(0s,)- (3.6.62)

L%(8SR)
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Lipschitz Condition of 0°F

Thus, by taking the L?(9S, ) norm, using the inequalities (3.6.4) and (3.6.53), and applying the Minkowski’s
integral inequality, we infer

H /ﬂ 5 Phlr - Il 3|

< cgl|@2(d" — d%)1| 2 (0,) (3.6.63)

2091 92 . BAZ (v, B)0uAdi (v, B)
/Bl<laa<d Ay - )R

The last term in (3.6.63), can be bounded by making use the inequality for (3.4.65). Thus we can deduce the
following

2031 _ 32 o BAZ (7, 8)0aAd3 (v, B)
H/ﬁ|<1aa(d Ehr=5) @Q1(7,B)?

The out part is bounded by considering the inequality (3.6.61). From inequalities (3.6.62) and (3.6.63) it
follows that

+ CRH(?Q(Zl + Z2)1HL°°(8ST)

L2(8S,)

< cgl|03(d" — @)1l 120s,)-
12(3S,)

D03l 25,y < crllOa(d! — d®)il2as,)-

To estimate Do 4, we proceed as in Dy 1, by expanding 9, A(d' + d?)a(v, B) we get

A(d' — d?)y(y, B)IaAdI (Y, B) Az (Y, B)

Dana(n) = (" + () [ o S
d' — , B)OLAd3 (v, B)AZE(,

+/]Ra§(d1 +d2)2(7—5) A( d?)a(y 53(776);(7 B)Azi(v, B) dg.

Thus, following the estimate for (3.6.52), we can deduce
|D20allzzos,) < ea| (@ = d)allcaos,) + 10a(d! = d)allozos,
The estimation for Dy 5, once again, follows from the estimation for Dy ;. Then we have that
| Dao sl 205,y < CR[H(dl — d%)s|c250s,) + [|02(d" — d2)2||L2(8S7~)]‘

Finally, to obtain a bound for Do ¢ we expand inside the kernel A(z! + z?)y(, 3) then we get

Do (7) = / 9zA(d" — d?)2(y, )M (7, 8) B,

Danga(y) = [ O2A(' = &)y, HIMaa(r 5) 5.
Thus, the bound for Do 61 (7y) follows from the estimate for Dy 3(7) and we have

| D206.11 12008, < crllOA(d" — d?)a | 120s,)-
For Dy 6.2(7) we expand 92A(d' — d?);(7). Then we get
Danaa(y) 1= 3" = d)a2) [ Maaly 945 [ 02" = &)ty = A)Maalr, )45

We notice that in the first integral above is similar to /. From estimates (3.4.26), we can derive the following

‘ /H{Mﬁ,z(%ﬁ)

S CR.
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Lipschitz Condition of 0°F

For the second integral, we notice that is similar to K (). By using the estimates (3.4.51), we deduce that

< cgl|03(d" = d%)all 1208,
12(3S))

H / B2(d! — d%)a(y — B)Ms (7, B) B

By joining the estimates for Dy ;, we can deduce that

| D2ol[ 12(08,) < [Hdl d?||c25(95,) + [10a(d" = d®)||L2(as,) + [|02(d" — d*)|[L20s,) |- (D22)
In the next term Dy, we use the difference given in (3.5.3), to
Do1() = (D211 + Da1 2 + Doy 3 + Doy 4)(7)

for

Daa() = [ AW = d'i(3.8)Su (7548
Dana() = /]R A(d? = dV)i(y, B)S1(7, B) 5,
Duian) i= [ AW = da(r, 9)8ua(1,6) 45,
Daval) = [ A= d)a(y, 8)Sulr. )45,

where the kernels S; (7, ) are given by

S11(7.5) = Az} (7, B)OaAdI (v, B)D2Q2(7, B)A(z' +2°)1(7, )
Q1<7 5)2Q2(7 @) 7

St 5) o DAL DDA )RQs(, DA + 7103,
’ Q1(7,8)Q2(v, B)? ’
S1a(7. ) = AZ(y, B)0aAdi (v, 8)02Q2(7, B)A(z + 22)2(, B)
Q1(7, 8)*Q2(v, B) 7

S1a(7. ) = Az (7, 8)0aAdi (v, 8)05Q2(7, B)A(Z! +2%)a(7, )

Ql(fYa 5)@2(77 5)2
To estimate Doy 1, we expand A(d! — d?);(v, ), then we get

Da1a(y) = (d* = d')1(v) / S11(7, 8)dB — / D1(y = B)S11(7, B) dB. (3.6.64)

In order to obtain an L?(9S,) bound we require an L>(9S,). for the first integral. We decompose in the in
and out parts. Thus

/m Su(1.8)d5
( 5)82622(7 5)

_ aozAd%<77 /B) 92 32 > ﬂAZ%(*}/,B) (zl + Z2)
N /|5|<1 < B Pa(7) Q1(7, 8)2Q2(7, B) dp (3.6.65)
+ 02di () ., 1587(%6) dB.

We notice that the last integral in (3.6.65), can be bounded following the decomposition (3.6.45). By using
inequalities (A6), (AS) and the expression (3.4.57), we deduce that

82@2(7 5)

e (3.6.66)

*
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Lipschitz Condition of 0°F

From the previoues bound (3.6.66) and the inequalities (A4), (AS), the arc-chord condition (A2) and
Lemma 32, we can derive that
‘/ Sll(/y)B)
18l<1

For the out part, from inequalities (3.6.66), (A6), (A5) and (A2), we obtain the following bound

‘ Sll<77ﬁ) *

S CR.

< cg|BI% (3.6.67)

Thus, we get

S CR.

' /W S1(7.5)

Therefore by taking the L?(9S,) norm, we can deduce the following

< |I(d" = @)1l r20s,)

(@~ a) [ S50

/IRSU(%/B)

< cgl|(dh = @)1l r2(0s,)-

L2(8Sy) L>(8SR) (3.6.68)

Regarding to the second integral in (3.6.64), for the in part, we have the following decomposition
[ @b -msun 85
18l<1

- [ @-an6-9 (MdTM - aid%m)ﬂsm, 8)ds
|8]<1

o) /w (@ == B)FSe(.0)

The control in L?(S,), follows the same lines as in (3.6.49). Thus by taking the L?(9S,) norm and making
use the Minkowski’s integral inequality we get that

H /ﬁ| 7 B)Sll<7 ﬁ) dﬁ S CRH(dl - d2>1||L2(3ST)- (3669)
<1

L2(8Sy)
Regarding the out part, we use the inequality (3.6.67) and apply the Minkowski’s integral inequality. Then we
have that

< cgl(d' - d2)1||L2(8S,~)- (3.6.70)

H / (v = B8 (7, 8) dB
181>1 L2(8S,)
From the inequalities (3.6.68), (3.6.69) and (3.6.70), we conclude that

D211l 2208,y < crll(d — d*)1]|z2(as,)-

For the second term Dy, 2, we can argue in a similar way as in the previous term. Then we deduce that

D212/l 1208,y < crll(d — d*)1]|z2(as,)-

To estimate Dy, 3, we expand inside the kernel the next term

Az +2%)s(v, 8) = A(d" +d?)2(7, 8) + 28(y — ).

Then we decompose in the following way
D1 3(7y) == Da13.1(7) + Darz2(7v),
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Lipschitz Condition of 0°F

for

D21,3,1(’Y> = / A(d2 - dl)z(%ﬁ)sls,l(%ﬁ) dsa,
Doy saly) = / A(d? — dY)y (3, B)S1a(7, ) dB.

where the kernels are given by

Az (v, B)0aAdi (v, B)05Q2(v, B)A(d" + d*)a(v, B)

Sl3,1<77 B) = Q1(776)2Q2(776) 7
A (7, B)0a A2 (7, B)D2Qs (v, B)B(2y — B)
Siza(7,8) =2 Q1(v. 9)2Qa(, B) |

The Lz(asr) bound for Dy, 3 1, follows from the estimate for Ds; ;. We have that
| D231l 22(05,) < crll(d" — d?)a]|r2(as,)-

To deal with Dy 32(7), we expand A(d — d?)s(7, 3). We have that
Daraa(n) = (@ = da(0) [ Susa(rn )5~ [ (& = daly = ) 1alr. 5)d5: (3.671)
R R

For the in part we have the following decomposition

1
1 /ﬁ|<1 S132(7, 8)d8

2

_ OaAdi (v, B) 252 )52(2’7 — B)Az (v, 5)92Qa(7, B)

B /|5|<1 ( B Oadi(7) Q1(7, 8)*Q2(7, B) 4

3*(2y = B) 2y ) (27 = B)A2(v, 8)02Qa(7, B)
O d? — d
* i) /|5|<1< Q2(7,8)  |0az*(7)[? Q1(v,8)? 0
Oad?(7)2y A2 (7, 8)02Q2(7, B)

- |0a22(7)|? /,8|<1 Q1(7, B)? a6

From the inequalities (3.6.66), (A4), (AS), (A2) and Corollary 2, we obtain that

(3.6.72)

S CR.
*

‘ / S1sa(y, B) dB
1Bl<1

For the out part, using the same bounds as in (3.6.67), we obtain the following

| S132(7, B8) |, < crlB| >, (3.6.73)

this inequality yields to

‘ / S13,2(% B)ds
[B]>1

S CR.
*

Thus, by taking the L?(0.S,) norm, we obtain that

<l(d" = d*)1llz20s,)
L2(8S,)

/ S132(7,8) dB
R

< cgl(dh = @)l r2(0s,)-

|t aato) [ Suaato.)as

L>(08R)

133



Lipschitz Condition of 0°F

Finally, for the second term in (3.6.71), we decompose the in part, as follows

%/|/3|<1<d2 —d')s(y = B)Siz,2(7, 8) A
_ 2_ g1 _ M_ 2 12 322y — B)Az (v, 8)02Q2(v, B)
‘/. R )< 8 a“dl(’”> 0,805
2 52 2 g1 . 3 . 1 Azi(v,8)02Q2(7, B)
raid) [ @ =000 gt~ ) Gt

o282() s o AR B)0ABM)PQu( )
+|aaz2<v>|2/|ﬁ|<l<d 4)a(r=H) 0:07. ) .

Then, by taking the L?(95S,), and using the same estimates as in (3.6.72), together with the Minkowski’s
integral inequality, we get

< cg|(dh = @)l r2(s,)-

H / J( = B)Sui (7, 8) dB
|B]<1

L2(8Sy)
Regarding to the out part we use the inequality (3.6.73). We deduce that

| Da132l22(05,) < crll(d" — d?)a]|r2(as,)-
Hence

D213l 1208,y < crll(d! — d?)al|2(as,)-
To deal with Dy 4, we can argue as in the previous term, this yields to

|1 Da14ll 208,y < crll(d — d?)all2(as,)-
By combining the previous estimates for Dy, ;, we get

| Dar || 1208,y < crlld" — d?||r2(0s,)- (D23)

The last inequality together with (D20), (D21) and (D22) allows us to derive the complete estimate for the
difference

195(d") = J5(d*) ]| r2(0s,)

(L10)
< cg|lld = d?[|c2sas,) + (A" — d?[|2(0s,) + [|0a(d! — d?)|12(0s,) + 105(d" — dQ)HLQ(asT)]-

Bound for J4: For the last term Jg, as in the previous terms, we add and subtract mixed terms, to obtain the
following decomposition

((d")(3) — Jo(d)(1) = (Das + Dy + Das + D) (1),

for
D) i= [ 0,8 = &(,5) 40, fiiag;g( O s,
Da(r) = [ At = ), 22D D 45
5 (3.6.74)
Du(r) = [ [0.01(3.97" — 0. u(y, p?] 2EAL DA g5
1 1

dB.

Dos(v) = / 0adi (v, B)AZ (7, 8)0aQ2(7, B)° [Ql(%ﬁ)g - Q2(7, A)°
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Lipschitz Condition of 0°F
For the first term Dy, we expand 9,A(d! — d?), (7, 3), then we get

ds

Du(y) = 0,(d! — ) (y) [ SEOTOD0D

_ /Raa(dl —d2)1(’}/—B)AZ%(’V’ﬁ)aan(’%ﬁ)Q

le/v 5)3

ds,

we observe that Dy, has the same kernel as we found in Jg, see equation (3.4.2). Therefore, the L> (0S,.) bound
is automatic. Thus,

| Dol 12(08,) < crll0a(d' — d*)1]12(05,)- (D24)

To estimate D3, we proceed in a similar way. By expanding A(d! — d?),(v, 3), we have that

aaAd% (’77 ﬁ)aan (77 B)2

= (d' — &2 d
Daslr) = )1”)/R (1. 5)° g
aaAdg(f% 6)aa 1(77 5)2
— [ (d'—d*)(y - : d
/]R( )1(’7 ﬁ) Ql(f)/;ﬁ)g 57
Then we have that
| Dasll 20,y < crll(d! — d*)1|lr2as,)- (D25)

In the next term Dy,, we use equation (3.6.34) to decompose

aan (’77 B)Q - aa@?(’% 5)2 = (aan('% 6) - aaQQ('V, 5))(80&621(77 5) + 804QQ<77 5))
then substituting the previous term in Dy4, we get
D24(7) = D2sa(7) + Das2(7),

for

o AdT (7, B)AZE (7, B)0aQ1 (7, B)

Doy (7); = /Raa<Q1 —Q2)(7,P) 0.0 ds,
2 2
D) = [ (@1 = Qu)ly, ) 2SI AR 4

Then by using the expression (3.6.34) we decompose further,

Doy 1(7) = Dag11(7) + Daa12(7) + Dasa3(7) + Dagya(y)

for

A<Z1 - Z2)1(77 B)aoch(’% B)NT(’% 5) dﬁa

/
Daira(y) = /R A} — )1 (7, £)0aQ1 (7, BN (7, B) B,
/R A2 — 22)a(v, B)0aQ1 (1, BNG (7. ) dB,

Daira(y) = /R DA — )3 (7, £)0a 01 (. BYNG(+, ) dB.
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Lipschitz Condition of 0°F

where each kernel is given by

oAz + 22)1(7, B)0uAd2 (v, B)AZE(v, B)

Ni(v,8) = 5 57 ,
Ny, 8) = 2 F Z2)1(7’21?§%i33(77B)AZ%(%5)7
Ny, 5) = A= T ZQ>2<ZBJ%§)§%@ 5)A2(.6)
N:(y. ) = A(z' + z2)2(%g)lc?§’Aﬁd)%3(%B)Azf(% B)

For the first term Dy, 1 5, we expand A(z' — z?);(7y, 3). We obtain

Dasra(y) = (d' — d2),() /R 0u@1(7, BYN; (. B) dB

_ /R (d" — d*)1(y — £)0.Q1 (v, AN} (7. B) dB.

(3.6.75)

In order to obtain the L?(9S,) bound, we first find the L>(95S,.) bound of the first integral. We decompose

the in part as follows

/W P BN 5)

B0aQ1(7, B)0aAd3 (v, B)AZ (v, )

_ /ﬂ ) (%A(zl +BZ2)1(%B)

4+ 0u(2' + 271 (7) /

I81<1

~ (a4 2())

aaAd%(/yaB) 9272 )ﬂQAZ%(’yaﬁ)aan(’%ﬂ)
(25RO

1 2 2 12 B _ 1 AZ(7,8)0.Q1 (v, B)
+ O0u(z” +2°)1(7)0,di (7) A@d (Q1(%5) |8azl(7)|2) O1(7, B)

Ou(2' +2%)1(7)02d3(7) / Az} (7, 8)0aQ1(7, B)
0azt (7)]? 18l<1 Q1(7, B)?

Combining the estimates (A6), (AS5) and the expression (3.4.57) we deduce that

aan (77 B)

/62

Ql(’yu 5)3

ds

dg.

< CR.

*

dp

(3.6.76)

(3.6.77)

Thus, from inequalities (3.6.77), (A4), (AS), (A2) and Lemma 32 we control the first three terms in (3.6.76).
To estimate the last term in (3.6.76), we use the bound for J3, see estimates for (3.4.14). We obtain that

’ /|g laaQ1<7aﬁ)N>{<775)dﬁ

S CR.
*

For the out part, by combining (3.6.77) (A6), (AS) and (A2) we get

|0aQ1 (v, NG (7, B)|, < crlBI™>.

Thus
] /w e AN, B) 45

< CR.
*
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Lipschitz Condition of 0°F
By taking the L?(9S,) norm, we get

H(dl - 0) [ 2.Qi0, 8N, 5) 9

< cgl(d' - d2)1||L2(BST)- (3.6.79)
L2(85r)

The estimate of the second part in (3.6.75) can be deduce in the same manner. We decompose the in part as
follows

/w @@= 0.0 AN, 5) 45

_ /M (%A(zl +22)(7.)

B - 6a(Z1 + Z2)1(7)) 5804621(77 5)804Ad%(’y’ 5)AZ%(’}/’ B)

d
Ql (’Ya ﬁ)3 6
aaAd%(/Yv 5) s Y > BQAZ%(P% ﬁ)aan(’ya 6)
g %) SICNC

1 2 2 12 1 32 _ 3 - 1 Az (7, 8)0.Q1 (7, B)
Foue + o) [ @ -0~ (ges - ) et o

|8]<1
Oa(2' +2°)1(7)0adi(7) a—a?) (- 3282001 (1,8)
9,21 (7) /M( W =—g G

Now, by taking the L?(0S,) and making use of the Minkowski’s integral inequality, we deduce the following

+ Ou(7t + 220 () /

I81<1

(@ = it )

dp

H /|B|<1(d1 —d*)i(y = B)0aQ1(7, BIN7 (7, B) d3

< cg|(d" = d*)1lr2(as.)-
L2(98,)

Regarding the out part, we use the inequality (3.6.78) and the Minkowski’s integral inequality. We infer

We combine (3.6.79) with the previous estimate, we deduce

< cgll(d" = A*)1]lr2(08,)-

/R (d — d)1(y — )2 01 (v, NI (7, 3) dB

L2(8S,)

[ D24,11] r2(8s,) < cgll(d" - d2)1HL2(BST)-
The bounds for Dy 12 and Doy 1 3 can be deduce from the previous estimate, then we have that

| Das1 2| r2(0s,) < crllda(d" — d*)1]|r2s,)
and
| Daa,13| 208,y < cgll(d" — d2)2||L2(8Sr)-
To deal with Dy, ; 4 we expand

A(z' +2%)s(7, 8) = A(d" +d)2(7, B) +28(27 — B).

Then we decompose
Doy 14(7) = Dasgan(7y) + Dasran(7)

for
Dasran(y) = /R B Ad" — d)(y, )01 (1, BN, (7, B) B,
Dos142(7) = / OaA(d — d?)2(v, 8)0aQ1 (v, B)N1 (v, 8) dB.

R
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Lipschitz Condition of 0°F

Where the kernels are given by
A(d' + d*)2(y, 8)0aAdi (v, B)AZE (v, B)

NZ,l(f%B) = Q1(7 B)g) )
27 — B0 Ad2 (7, B)AZ2(y,
N (7, ) im P27~ 6) Ql(vl(;)f) 4101, 6)

To estimate Day 1 4,1, We argue as in the estimation for Dy, ; ;. Hence we obtain

| Das 1,41l 22(08,) < crllOa(d" — d?)a]|r2(0s,)-

For the next term Doy 1 42 we expand 9, A(d' — d?)a(, 5), then we have

Dasraz(7) = Bald! — d2)a() /R 0a@1 (7, BN (7. B) dB
(3.6.80)
- /R Dald' — d2)a(y — B)8aQs (v, BN (. ) dB.

We will estimate the L°°(0S,.) norm of the first integral in the previous term. We decompose the in part as
follows

1
3, 0@ NG 9) 05

(77 )aan (77 /8) d

_ / <8aAd%(% B o2 (v)) B2(2y — B)A22 5
18<1 B Q1(7, B) G681
+ 82d2(’y)/ (ﬁ2(27 - 5) - 27 )AZ%<77 /8)8an<77 B) dﬁ o
T Jaa \ @ B) 10z (1) Q1(7, B)?

+ 2783&@(7) / AZ%(VJﬁ)aaQI(/%ﬂ) dﬁ
Bl<1

|Oazt (7)[? Q1(v, 8)?
From inequalities (3.6.77), (A4), (AS), (A2) and Corollary 2, we derive the following

' /wl 1 aaQ1(77 5)N172(7? ﬂ) dﬁ

< Cr
Regarding the out part, by combining the inequalities (3.6.77), (A6), (AS) and (A2), we get

‘ /w| 9@ 8)Ni(1.5) 45

< CR/ |5|_2dﬁ < CR.
* 1B]>1
By taking the L?(9.S,) norm and making use of the above estimates, we get

< cgllda(d' — d?)all20s,)-

Da(d! — d2), () /R 0u @1 (7. )N 5 (7, B) AP

L2(3S,)
To estimate the second integral in (3.6.80), we decompose the in part as follows

3 [ O =l - 90,01 NG (1,845
18l<1

_ 1 32 _ 0aAdi (7, ) 22 )52<2V—5>AZ%(%5 0aQ1(7, B)
- [ e -t p)( 2202 g2y sd.f a5

2 12 1 32 _ B2y - B) _ 2y A2 (7, 8)0.Q1 (v, B)
roii) [ ond -ty N oes) ) o
ZVaid% (7) 1 2 AZ%(% £)0.Q1 (7, B)
+ |00zt (7)]? /,3|<1 Oa(d” = Dy = ) Q1(v, B)?

dp

da.
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Lipschitz Condition of 0°F

Then, by taking the L?(9S,) norm and making use of the Minkowski’s integral inequality we get

H /|5 ) @a(dl _ d2)2(7)aaQ1(’y’ﬂ)NZ72(,%6) dﬁ

< cgl|0a(d" — d?)al|12(05,)
L2(8S))

where we have used the estimates (3.6.77), (A4), (AS5), (A2) and Corollary 2. This yields

| Dasa2l22(08,) < crllOa(d" = d?)a]|r2(0s,)-

Therefore

||D24,1,4||L2(8ST) < CRHaa(dl - d2)2||L2(BS,«)-
Combining the estimates Dy, ; ;, we obtain

|2 llz2gos,) < e[l = &l z2gos,) + 10a(d" = @)l z2(05,) |

The estimate of the second Dy, 2 can be deduce in the same manner as in Dy ;. We infer the following

|D2izll 2o,y < e[l = % r2as,) + 110u(d’ — a2l 12gos,
and then

| Dasl22(0s,) < CR[Hd1 — d?||20s,) + [|0a(d’ — d2)||L2(BST)]

It remains to prove the estimate for Dy5. By computing the difference of cubes, we obtain that

Das(v) = Das 1 () + Das2(7) + Das3(7),

for
i) = | BEALLET RO :Qlé, 5o 6): o
st = [ A :Qlé, 5o /3>: o
s = | BEALLEZ 0P :ley, 5o /3>: o

To estimate Dy5 ; we use (3.5.3) to decompose further. We have

Dos1(7) = Das11(7) + Das1.2(7),

for

Dy (7) = /R A(d? — d')y (7, B)S1s(, B) dB,
Dasa(y) = /R A(d? — d')a(, B)S1s(, B) dB.

Where the kernels are given by

S1o(, ) — QaABAAZ (. £)0:Q(0, 5 Ala + 217, )
7 Q1(7, 8)*Qa(v, B) 7

Sio(y. ) = AR AAA( B)0aQelr, f)*Alz +2°)a(1, )
’ Q1(7, 8)*Q2(v, B)

(D26)
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Lipschitz Condition of 0°F

To deal with Dy ; 1, we expand A(d? — d'); (v, 3, then we have

Das1s(7) = (d — dY)s () / S15(, B) df — / (= B BSs(r. BB (3.682)

In order to obtain an L?(9.S,.) bound, we require the L>°(9.5,) estimate of the first integral in (3.6.82). For the
in part, we have

/ SIS(’Yaﬁ) dﬁ
18]<1

_ Alz' +2°)1(1,8) 1, 2 ) BOAdR (7, B)AzE (Y, B)0aQ2(7, B)?
_/| - (7 Oule + 20 () (1,8 Qa(+. B) v
daAd} (v, ) )ﬁQAZ%(%ﬁ)aan(%B)Q

0, (2! 2 1 — 9%d? d .0.

+ Gale - 251) /|5|<1< 5 B TN To N e (3683
ﬁ2 1 )AZ%(Fyaﬂ)aaQQ(f%ﬂ)2

0, (2" 2 922 _ d

+ (Z +z )1(7) o 1(’7) /3|<1 (Q2<’Y,5) |aaZ2(P)/)|2 Ql(’}/,ﬂ)g /6

+

dga.
9.22(7) P aq.p Y

We note that the last integral in (3.6.83) can be bounded by using the estimates for Jg, as provided in the
estimates for the decomposition (3.4.77). Thus

‘/ Az} (7, 8)0.Q2(7, B)?
18]<1 Ql 7 5)

Then, from inequalities (3.6.77), (AS), (A6), (A4), (A2), (A4) and Lemma 32 we deduce that

/ 815(77/8) dﬁ
18]<1

Regarding the out part, once again by using the same inequalities, we can deduce the following bound

S15(7, B)|, < el (3.6.84)

'/ﬁ|>1 S15(7, B)

Then, by taking the L?*(dS,) norm, we get

3a(zl+z2)1(7)8§d?(v)/ AZ (7, 8)0aQ2(v, B)?
181<1

S CR.

S CR.

*

and hence

< cCpg.

H 315(7 B)dg

< cg|(dh = @)l r2(0s,)-
L2(8S,)

To estimate the second integral in (3.6.82), we use a similar decomposition. For the in part we have
[ @ = - 98ur 55
1Bl<1

_ 2 71 _ A(Z1+Z2)1(%5)_ 2l & 72 BOAd (v, B)AZ (7, 8)0aQa(v, B)?
_Aiq(d d )1(7 ﬁ)( B (%( " )1(7)) Ql(%ﬂ)?’QQ(%ﬂ)

ds

1 2 aaAd%(776) 9232 )52AZ%(775)804Q2<77 5)2
T 0u(a + 2)(y) / @) (—6 ort(n) ) o RO g
1 2 12 3 _ 1 )AZ%(%B)aaQ2(%5>2
+0a(a + 2 ()0 / " =5 )<@2<w> a20r) an.ap Y
aa(Zl + Z 82d2 AZ%(’Y, 6)801622(77 5)2
+ |0 z2 /B|<1 ~F) Q1(7, B)? 4
(3.6.85)
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Lipschitz Condition of 0°F

The bound for the last integral in the previous decomposition (3.6.85) follows from the estimates for Jg, see
(3.4.77). Thus, by taking the L?(9.S,) norm and making use of the Minkowski’s integral inequality, together with
the inequalities (3.6.77), (AS), (A6), (A4), (A2), (A4) and Lemma 32, we deduce

< cgl|(d" = @)1l r2(as.)-

H/ (v — B)S1s(7, ) dB
|B]<1

L2(8S,)

The bound for the out part, follows from estimate (3.6.84). We obtain that
1Das11ll 2205,y < crll(d' = d*)ill2s,)- (3.6.86)
For Dys 1 9, we expand A(z' + z?)3(7, 3), inside the kernel S6(, 3), then

D25,1,2(”Y) = D25,1,2,1(’}’) + D25,1,2,2(’Y),

for
D%mmmz/Am2 d')1 (v, )S1s. (7. ) B,
D25,1,22 /A ’Y 5)8162(’7 5) dg
where
S _ 0uAd (7, B)AZE (v, 8)0aQ2(7. B)*A(d + d?)a(v, B)
to1(7.6) = Q1(7, 8)°Q2(7. B) ’

2(7, 6
aocAd%(’Ya ﬁ)AZ%(’}/, B)aaQZ(/}/? 5)25(27 _ 5)
Ql(’yv ﬂ)gQQ(’% 6)

The estimate for Dys ;1 2 1. follows from the estimation for Dys ; 1. We obtain

516,2(%5) =2

| Da2s1,2.1] 22(08,) < cr||(d — d2)2||L2(8ST)' (3.6.87)

To estimate Dos 1 2.2, we expand A(d' — d?),(v, 3). We have

Dmmmzmtd%m/&MWBw / y(y — B)S162(, B) dB. (3.6.88)

We decompose the in part as follows

B

1 aaAd2(7a6> ) 62(27 - 5)AZ%(776)804Q2(776)2
- dB = FZM\LP) 522 , d
2 /ﬁ|<1 Ste2(7, 5)df 18|<1 ( B 2di(7) Q1(7, 8)*Q2(7, B)
B2y — B) 2y ) AZ3 (7, B)0aQ2(7, B)?

2 2 - d

+%*”ﬂk(chm GZOE) @e.Bp
2702d3 () AZ2 (v, B)0aQa(7, B)* q

" |0z (7)[? /ﬁ|<1 Q1(7, B8)?

Using Corollary 2 and combining the estimates for (3.6.81) and (3.6.83), we deduce

’ / 516,2(% B)
|8]<1

The out part, can be bounded by considering the following estimate

|S16,2(% 6) X

&

3.

< CR.

< cg|BI2 (3.6.89)
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Lipschitz Condition of 0°F

Then, by taking the L?(9S,) norm, we deduce

‘(dQ - dl)z(v)/l{slﬁ,z(%ﬁ) ds

Next, we estimate the second integral in (3.6.88). We have the following decomposition

1 / (d® — d")o(y — B)Si62(7, 8) dB
18l<1

< cgl(d' - d2)2||L2(as,.)- (3.6.90)
L2(9S,)

2

_ 2 _ 4l _ 0 Adi (7, B) _ 9252 B2(2y — B)A2(7, 8)0aQ2(7, B)?
- /M(d 4y =B )( 5 a“dl(”)) R
2 12 2 _ g1 _ B2y = B) _ 2y A2 (7, 8)0.Qa(7, 8)?
+Q”””[k5d )20 5%<&wa> |%ﬂww) atpp Y
278§d%<7) 2 _ 1 _ AZ%(’%B)aaQZ(fY?B)Q
+@Z%>P/de e =0—an 5 ¥

By taking the L?(9S,) norm and using the Minkowski’s integral inequality, we derive

g

| [ == a)Sat 0| < cnlla! — alhas,
18l<1 L2(8Sy)
Finally, by considering the bound (3.6.89) we can obtain an estimate for the out part. This yields to
‘ / 7 B)Sl6 2(7 B) dﬂ < CRH(dl - d2)2HL2(6ST)- (3.6.91)
L2(8S,)

Putting together the estimates (3.6.90) and (3.6.91) we arrive to the following inequality
D512/l 22(08,) < crll(d! —d?)a|l120s,)-
and therefore from the previous inequality and (3.6.87), we obtain that
D512\l 1208,y < crll(d" — d®)2|l12(0s,)- (3.6.92)
Combining the previous bound (3.6.92) and the estimation (3.6.86), we deduce
| Das 1l 12(0s,) < crlld" — d?[|r2(as,)-

The estimates for D5 5 and Dy 3 follows the same argument. Then we can infer the following bound

| Das|| r2(0s,) < crlld" — d*||r2(0s,)- (D27)
We combine the L?(95S,) estimates (D24), (D25), (D26) and the previous (D27), then we conclude that
1(d") = Jo(@) 1205, < ca| 1" = dllzz(os,) + 10u(d" = d) 1205, L1

From estimates (L7), (L8), (L9), (L10) and (L11), finally we arrive to

6
IE1(d') = Ea(d®) | z2os,y < Y 19:(d") = Ji(d) 1208,

=2

< CR[HO[1 — d?||c250s,) + 1A' — Al 12008,

+[10a(d" = d)llz2s,) + 19a(d" — d*) [ z2(s,) |-

Combining the last inequality (L6) with the estimate (L.5), we obtain the following

105 F1(d") — 0o F1(d?)l|2(s,)

f (L12)
< cnlld’ = lczsos,) + 1A' = dllx, + 63" = ) p2cos,) |-

142



Lipschitz Condition of 0°F

3.6.2 Lipschitz Condition of 0> F,

Now we deal with the second coordinate, we have the following lemma.
Lemma 15. Given two deviations d*,d* € Og, the following inequality holds

105 F2(d") — 95 Fo(d?) || r2(os,)

(L13)
<cp|lld' = d¥lcasos,) + lld' = d?|lx,, + 102(d" = d*)2]lz2s,) |

Proof. For the second coordinate, we decompose

RF(d)(y) = Fu(d)(7) + F2(d)(7),

for
_ g2 [ 2ah)
fl(d)(/Y) - aoz R Q(V,B) 8O<Ad2(,775) d/Ba
_on2 Az (v,8)8

To estimate the difference F;(d!) — F5(d?), we make use of the decomposition (3.4.113). By replacing
Do Adi (7, B) by 0, Ad (7, 3). Hence we deduce

1F1(d") = Fi(d*)l|L20s,) < cr [IIG11 = d*[lezo(as,) + 1A' — d|lx, , + [105(d" — d%)2lr29s,) |- (L14)
We have the following expression for F»(d)(7). We decompose

SFA)(0) = T(d)(7) + Ju(d)(7) + To(d)(3) + To(d) (1),

for

/ ﬁamdl as,

()= -2 [ ﬁ%g)f)aa@(m a8,

A2:1 (’Ya 6) 2
Jo(d =— —— 0 d
9( )(7) \/]Rﬁ Q(7,6)2 aQ(V?ﬁ) 67
AZl (77 B) 2
Jio(d = ——————0, ,8)7dp.
10(d)(7) 2/11{5 00, A Q(v, )" dp
For the first difference with J;, we have the following decomposition

J7(d") () — J7(d*)(7) = Ds(7) + Ds(),

for

. RA(d! —d*)i(y,8)
s = /IRB Q1(7,8) 4

Dy(7) = /}R ﬁaim%w,m[ ! !

Q1(7, B) - Q2(7, 5)] a7
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Lipschitz Condition of 0°F

The L?(9S,) bound for Ds(v), follows from the estimates for F;. Then we deduce

D5l 205,y < crllOz(d" — d*)1]12(0s,)-

To estimate Dy, we make use of the equation (3.5.3).

Dg(7y) := Ds1(7) + Ds1(7),
for

BA(z" +2%)1(v, B)
Q1(7, 8)Q2(v, B)
BA(z" 4 2%)a(v, B)
Q1(7, 8)Q2(v, B)

Dosl) = [ Al - du(y. AR5 [ ] as.

Doaln) = [ A = a0, 020G, B) [ ] as.

The estimate of Dg, follows the same lines as the estimates of Dy, see equation (3.6.20), by replacing

Do Ad2(7y, B) by 3. We deduce the following bound

IDslz0s,) < ca[ld" = dleaios,) + 10a(d? = d") 1205,
Thus
197(d") = J2(d*) ]| 2o,
< ca| 4! = dllcaos,) + 19a(d? = )]l z2(os,) + 192(A" = A1l 2gas, |
Next, we estimate the difference with Jg. We decompose as follows

1

=5 (6@ = @) ) = Drl2) + Puto) + Duta),

for

D)= [ 2GR0 00,0100, a5,
/Ba Ad? 6 Ql(’ygl)(;g(;?Q(’y?B) dﬁ,
1 1

QI(F% 6)2 N QZ(V) 5)2

- /}R BOAE(+, )0aQa(7, B) [ ag.

To estimate D;, we expand 9, A(d' — d?) (v, 3), then

B0a Ql Y, 5 2 B%Ql(%ﬁ)
Q1(v, B)? 46 - / -d) —h) Q1(7, B)?

Using the estimate for D1, in equation (3.6.25), we deduce

Di(y) = Ou(d! — d?),(7) /R

D7l 2205,y < crllda(d! — d*)1lL2(0s,)-
Next, we estimate Dg. We use the equation (3.6.34), to decompose
Ds(v) = Ds1(7) + Ds2(v) + Ds3(v) + Dsa(v),
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Lipschitz Condition of 0°F

for
o 1 12 BOAdL (v, B)0aA(z +2%)1(7, B) ]
Dulr) = [ A - d)0,9)] e | as
— 1 32 ﬁaaAd%(77 5)aaA(Z1 + Z2>2(77 5)-
Dualr) = [ A@ - d)0,9)]| o J as
._ 112 BOAdY (v, B)A(Z' +2°)1(7,5)]
D8,3<7) T /]RaozA(d d )1(’77ﬁ)|: Q1(775)2 ] dﬁa
o 1 32 BaaAd%(’y,ﬁ)A(zl + ZQ>2(77 5)_
Puat) = [ (@t = d.0) | IR J a5
We expand A(d! — d?),(v, ), we get
Ad? LA
D7) = / BOAd} (7, 5@5’( (5 +2%)1(7, ) a8
A 2 1 9 (3.6.93)
_/(dl _d2)1(7_ﬁ)ﬂaaAdl(’%B)aaA(z +z )1(7”6) dﬁ
R Ql(’%ﬁ)Q

To estimate the first integral above, we decompose the in part as follows

BOAL (v, B)0aA(Z" 4 2%)1(7, B) a3
18l<1 Q1(7, B)?

:/ (aOéA(Zl +Zz)<77ﬁ) o 8§(d1 _'_d2)1(ﬁy>> BQaaAd%('%ﬁ) dﬂ
S

ﬁ Q1(77ﬁ>2
B?0aAd} (v, B)
181<1 Ql(% 5)2

Using (3.4.16), we control the last integral. Thus we can deduce

+92(z" +2°)1(7) ds.

’ 5aaAd%(’7a6)aaA(zl +Z2)1(’77B) < cp
18l<1 Q1(7, B)? -
For the out part we consider

BOAdL (7, B)0aA(z' +2°)1(7, ) 3

‘ GACNEE =

Then
BOA; (7, )0 A(z' + 2%)1(7, B)

' 181>1 Q1(7, B)?
By taking the L?(0S,) we deduce

R e T A

To deal with the second integral in (3.6.93), we follow a similar decomposition as in the previous term, and
then apply same estimates with the Minkowski’s integral inequality. We infer

dp

< CR/ 18172 dB < cr.
* |8]>1

dp

< cgl(dh = @)1l r20s,)-
L2(8S,)

1Ds.1 | 120s,) < crll(d" — d*)1]r2s,)-

The estimate of the remaining terms, follows the same lines of the previous term. We deduce
IDsllz2(05.) < cr|ld! = @llzzos,) + 10a(d" = 41205,
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Lipschitz Condition of 0°F

Now, we estimate Dy. By using (3.5.3) we can argue as in Dy3. Thus we can deduce the following

1Dyl 12(05,) < crlld" — d?[|12(0s,)-
We deduce

19s(d") = Js(d?)l[2(0s,) < CR[HGI1 — d?[|12(05,) + [[0a(d" — dz)“L?(@&-)]-
Now we move to the difference with Jgy, then we have the following decomposition

—(Jo(d") = Jo(d?)) (7) := D1o(7) + P11 (7) + D12(7),

for

A - (B8,
D) = [ G0 5 s,
)

D) = A“gﬁya«&—@gmﬁma
ID12(7) = / A21(776)662Q2(776) [Ql(i 5)2 - QQ(; 6)2] dﬂ

(L16)

We notice that the L?(9.S,) bounds for Do, D1; and Di, follows from the estimates for Dig, Dyy and Doy

respectively, see (3.6.51), (3.6.52) and (3.6.64) decompositions. Hence, we obtain that

[Jo(d") = Jo(d*) || 220s,) < CR[Hdl — d?||c2(9s,) + 10a(d! — @) || 120s,) + 102(d" — A%)[| 12008, |-

Finally, the term Jy( 1s similar to .Js. We use the next decomposition

3 (30(@)0) = (@) ) = Do) + Dula) + Pus(r)

for

— d%),(7,8)
Dis(y /6 T i)

a Q1(775) 8&@2(77 ﬁ)
/ ﬁA Q1<77 ﬁ)g

Dy5(v) = /5A21(7 B3)8aQa(7, B)? [

D14

dg,

1 1
Ql(’%ﬁ)g - Q2(’77ﬁ)3] dﬁ

By using the decomposition (3.6.74), we conclude the next L*(9S,) bound

[310(d") = J10(d)l12(05,) < erlld" = dl|zz(as,) + [9a(d' = d*) | 2(os,) |

By joining the inequalities (L14), (L15), (L16), (L17) and (L.18), we obtain the desired estimate (L.13).

We combine estimates (L.12) with (L13) to obtain the following
102F(d") — 92F (d%) || z2(os,) < crlld' — d?[|x, -
And by using the Banach scale property (L4), we infer

C
|G () = OBF () 205, <~ ! — & x,,

Finally, putting together (L3) and (L19), we conclude

CR
[F(d) = F(d)lx,,, < —d" — dlx,,

which is the Lipschitz condition of the main Lemma 6.
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Turning Singularity

3.7 Turning Singularity

In this section we will prove the existence of a curve solution for the Muskat equation, with initial data d°(«, 0) +
(v, 042), with d° € X, 3, such that at time ¢ = 0, we are in the stable regime, and for a small time 7" > 0, we
transition to the unstable regime. We start by assuming the following conditions on the curve z = d + p,

A. z(0,0) = (0,0), passes through origin.
B. z(«,0) is an odd function.

C. 0a21(,0) > 0 up to the point & = 0 where 0,21(0,0) = 0 and 9,22(0,0) > 0. That is the slope at the
time zero is vertical at the point (0, 0).

We state the main result of this section.

Theorem 2. There exists a solution in an interval t € [—T,T], with T small enough, z = d + p, withd € X, 3,
which satisfies the arc-chord condition and such that, 0,22(0,t) > 0. In addition, fort € (0,T]

1. Oaz1(a, —t) > 0,
2. 0az(0,1) < 0.

Remark 3. This theorem proves the existence of a turning singularity for a inital data of the form zo = dg + o2,
withdy € X, 3.

The conclusion of this theorem is a direct consequence of Theorem 4 and the following lemma.

Lemma 16. There exists a initial curve z(c)) = d(a) + p(a) = (21(), 22(c)), with d € X,.3, which satisfies
the arc-chord condition and the properties A, B and C, such that

8:0021(0,0) < 0.
Proof. We define vy (a)) = 0;2z1(«v) which is given by the next integral

o(a) = py [ 2@ =zl =b)

R [2(@) —z(a = B)?

(Onz1(0) — Opz1 (v — ) dp.

Now, we compute the derivative J,v; (o). We find that

unfa) = [ DEMEI 4y [ 220D a0, g)as - [ SAOIRLAOD) g0, 5) a5

The next step will be evaluate at « = 0, by considering the assumptions over the curve z(«, t), then we have
that

Az (0,5) = di(B) + 5,

OaAdy (0, 8) = =0ady (B) — 1,
02Ad: (0, 8) = 92di(B),

Q(0,8) = (di(B) + B)* + (da(—B) + B7)*.

Additionally, we compute the derivative 0,Q(«, ) and evaluate at « = 0, that is

0aQ(0, B) = =2(d1(B) + B)(0adr(B) + 1) = 2(da(—B) + %) (Dad2(0) — Oadz(—B) + 28). (3.7.2)

(3.7.1)
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We substitute (3.7.1) and (3.7.2) in 0,v1(0), to obtain the following identity
aa’Ul (O)
_ (1 + 0adi(5))?
~ PV | B B G T
(di(B) + B)02d1 ()
S Rrrrre e e
1(8) + B) (1 + 0adi(B))

ds

- @) + oy + au(sy] as
QPV/ ((@ 5) > <d2< B)+622) L o }

(d
(
(<d1<5> ) (da(— 6)+52>2>‘
(
(

opv [ 41(6) + H)(1 + 8ud (5)) 2-(dz(—ﬁ)+62)(2B—6ad2(—5)] as.
((@1(8) + 8 + (da(=8) + 527) "+

In the second integral of the last equality (3.7.3), we use integration by parts with respect to 3. We infer

/ (d (6)+ﬁ)@2d1(6)
)+ 6)? +(=d (B) p?)?

(3.7.3)

ds

di (B
agdl —|— 1)2

[ o8+ e

n 2PV/ aﬂdl ( 1(B) + B)? 45 (3.7.4)
do(=P) + 5)? )

+2PV/ @dl(ﬁ) )< 1(8) + ) 5 [(dg(—ﬂ) +62)(25—65d2(—6))} dgs.

R ((di(B) + B)” + (dal(=B) + )

Plugging the relation (3.7.4) in (3.7.3), we obtain
(di(B) + B)(1 + Dadi(B))

Du01(0) = —20ds(0) PV / ( (da(~B) + 5°) d.
d

R ((d(8) + B)? + (da(=B) + 52)2)

Finally, the change of variable § = —a leads to

d 1 d d 2

Duvr(0) = 20,d3(0) PV / (d1(0) + a)(1 + Badi () (dr(e) + o)
r ((di(e) + )+ (da(a) +a?)?)?

The last integral (3.7.6) completes the first part of the proof. In the second part, we will prove that d,v;(0) < 0.

We choose a function d; € X, 3, with < 1/2, subject to the following condtionts, it is odd, passing through the
origin, is smooth, and satifies dgd; (0) = —1. The following functions work

da. (3.7.5)

043

1+ a?

(0]
di(a) = Tia and z(a) =di(a) +a =

For every € > (0 we define the following function
d5(r) = e~ (Z(a) — a?).

Here the function Z, € Xj3,, with small 7, is chosen as in Lmma 5.3 of [13], thus the curve z* = (z1, 22),
satisfies

_ 1()0az1 () Za(cv)
GQZQ(O)PV/]R( (02 + 2 ()22 da < 0. (3.7.6)
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Let us comment that the construction in Lemma 5.3 of [13] is made for a curve periodic in the horizontal
variable, but similar arguments work in the case of a curve with an asymptotically flat interface.
Now, we define
z°(a) = (z1(a), 25(a))  with  25(a) = d5(a) + a?.

We can then check that z¢ satisfies the properties A, B and D. Due to the fact that d5(0) = 22(0) = 0, we infer
that

2°(0) = (21(0), 25(0)) = (0, 0).

It is clear that z; is an odd function. Additionally, the function z§ satisfies
0025(0) = 04 22(0) > 0.
and therefore the property C fulfilled. We observe that

lim z5(a) = Z2(av), for a € R.

e—0

Therefore, by using the dominated convergence theorem, we obtain that

iny i) = 20,50 PV [ 2 TR
oo [ 1 2@ (@ )
_20042(0)/11{1%0( ()+Z()>2d

oy [ 2@ (@)5()
=20,50) [ E05 atep 4o <0

Thus, there exists € > 0, such that the curve z¢ (o) = (z1(), 25 («)) satisfies the required conditions, which
indicates a change in the sign of the Rayleigh-Taylor condition

)( 3da

O,v5 (0) <0

and this completes the proof.
|

Proof of the main Theorem 2. We take an initial data z°(a) = (d; (), dS («)) + (o, a?). We observe that z°(«) is
analytic and satisfies the conditions of Lemma 16. Thus, by using Theorem 4, the Cauchy-Kowaleski’s Theorem,
which guaranteed the existence of solutions with this initial data. |
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Chapter 4

Necessary Lemmas

4.1 Necessary Lemmas |

This section is devoted to the necessary lemmas used in the energy estimates. More precisely, we study the
integrability and decay properties of the kernels K and G defined in (1.4.2). Throughout the section, we will use
often the auxiliary globally Lipschitz function F': R — IR defined by

We start with the following lemma.

Lemma 17. The truncated Hilbert transform of the rational function

r(z) =

ITI’L

(1+ 22)n’
form,n € N, and m < 2n is bounded. That is
|Hyyj<1m(x)| < ¢ and |Hysar(z)] < c.

Proof. Using the definition of the Hilbert transform we have

1 1 (=g
) = 1PV [

We know that the Hilbert transform of rational function is again a rational function and |Hr(z)| < c. Firstly,
we estimate the in part. We decompose the integrand using partial fractions as follows

1 y" o b(w) —~ a(z)y + cx(z)
w—y(1+y2)”_x—y+; (L+y2)E

where b(x), aj(x) and cx(x) are bounded terms. We obtain that

n

Hyar) =20 [ ey [ g

z—yl<1 L — Y ™ 1 le—y|<1

1
cr(x ——dy.
O [T
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Necessary Lemmas 1

We deduce that | H, <17 ()| < c. The bound for the out part is easy because
Hyysir(z) = Hr(z) — Hyj<ir(2),
thus | H,~17(z)| < ¢ which completes the proof. |

Lemma 18. Let g € H*(R) with s > 3, then

'PV/RéK(-,a)da
K(z,a) = F(ALh).

We decompose the integral in the next way

<c(l+|glle2)® (4.1.1)
Lo°

Proof. Notice that by definition

1 1 1
PV/ —K(z,a)da = / —F(A.f)da +/ —[F(Axh) — F(A.f)] da (4.1.2)
R & R & R &
where the first term is the Hilbert transform of F’ that is
1 1 1
PV | —F(A,f)da=PV | —————da=n1HF(2x),
/Ra (Baf) da /]Ral—i-(Qx—&)Q o =mHF(2z)

this Hilbert transform is a rational function and is bounded. To deal with the second term in (4.1.2) we split it in
the in and out parts. We compute the difference and observe

F(Ayh) — F(ALf) = Ayg Bz, )
where
B(z,a) = =2A,fF (Ao f)F(Agh) — AngF (Ao f)F(ALR)

is a bounded term |B(z, )| < 2. Adding and subtracting 0, g(z) we have the next decomposition

[ @)~ F@a)da= [ (8~ 0i0(0)Ble. ) do

1 (4.1.3)
+ arg(x)/ —B(z, a) da.
|

al<1 &
Now, from the Fundamental Theorem of Calculus we have the next bound
|Aag — Dug(2)] < cl|P2g]lLelal. (4.1.4)
Using the bound for B(z, ) and the last inequality we obtain that
1
| a9 Bw.a)da
\

La < c||9zg] e
al|<

For the second integral in (4.1.3), adding and subtracting the terms 0, ¢(x) and F'(0,.h(z)) we obtain the next
decomposition

/| | LB(r.a)da = -2 / y AL TF(Baf) [F(Bah) ~ F(0:h(x)] da
- roa) [ S

laj<1 &

F(A.f)da

—/ l(Aag—&Ug(:):))F(Aaf)F(Aah) do

al<1 &

- xg(x)/| lF(Aaf)[F(Aah)—F(@mh(x))} da

al<1 &

— 0,g(x) F(D,h(x)) / Lr(anf) da

o<1 &
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Using the Lipschitz condition of /' and the Fundamental Theorem of Calculus we deduce that
|F(Agh) — F(0h(2))| < c|Aah — O:h(z)] < ¢ (1+ [|02g]|1=) | (4.1.5)

and from Lemma 17 we find that

LAt F(Aaf)dal <,

al<1 &

’ —F A, f)dal,

lof<1 &

|
in the last integral we recall the definition of f. Therefore we conclude from (4.1.4) and (4.1.5) that

<c(l+glle2)”.

&Eg(x)/ lB(m,oz) da

al<1 @

The bound for the out part in the second term of (4.1.3) can be deduced from the Lipschitz condition of F'
[F(Auh) = F(Auf)| < 2llglli=lal ™. (4.1.6)

Then using the fact that B(x, ) is bounded, we conclude that

< gz~

‘/m —[F(Auh) — F(ALf)] da

|>1 &

and this completes the proof. |

The following result presents a similar estimate to the previous lemma, but now for the kernel G.

Lemma 19. Let g € H*(R) with s > 3, then

HPV/ lG(~,o¢)do¢
R &

Proof. Using the function F' we rewrite the integral as

<c(1+flglle=)*. (4.1.7)

PV/ lG(x, a)da = —4/ lAafF(Aaf)F(Aah) da
R & R @
9 / L AP (A Y F(Auh) da = 4G — 26,
R &

We start with the bound for the in part in GG;. Notice that adding and subtracting F'(0,h(x)), we obtain the
next decomposition

Gl = [ SAWFFuN)[F(Bah) = F@b())] da+ FOM@) [ AfF(A.f)da

al<1 & laj<1 &
Then, in a similar way to the Lemma 18, we use the Lipschitz condition of F' to obtain that
GYI < c(T+llgllce).
Now for the out part we add and subtract F'(A, f). We find that

G;ut:/ lAafF(Aaf) [F(ALh) — F(AWf)] da+/ lAaf[F(Aaf)FdOé

al>1 & la|>1 &

Using the Lipschitz condition (4.1.6) we obtain that
|F(Aah) = F(Aaf)] < 2/gll o]l
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and from Lemma 17 we have

‘ / lAaf[F(Aa P dal <, (4.1.8)
|

al>1 &

hence
|GT < e (14 |lgllze).

In order to estimate (35, for the in part we add and subtract the terms 0, ¢(x) and F'(0,h(x)) to obtain the next
decomposition

G = /| L (Bag = 0:9(2) F(Daf) F(Doh) da

al<1 &

+ 0,9(x) /| . éF(Aa HIFAh) - F@,h(x))] da

+ O,g(x) F(0,h(x)) / LP(Auf) da

laj<1 &
which are the terms appearing in G%" and (4.1.3). Hence
GY < c(1+]lglle=)”

Finally, for the out part Ggut, we observe

xTr) — Tr — O
6o < / | 96) =9 =N pn ) (ALY da < 2lglle / o] 2 da
al>1

o la|>1
and this completes the proof. |

In the next lemma we prove similar estimates now for the derivative in = of the kernel K (z, «).

Lemma 20. Let g € H*(R) with s > 3, then

HPV/ l&CK(-,Oz da
R &

Proof. First we note that

c(1+4 ||gllczs)? for §¢€(0,s—5/2]. (4.1.9)

0. K (z,a) = F'(Ayh)0,Agh.

For the in part we add and subtract 9>h(z) and F'(9,h(z)) and decompose in the following way

PV/ l&cK(x, a)da = / F(Aah) [0:A0h — 82h ()] da
| laf<1

al<1 @ a

+ 92h(x) /| » é[F’(Aah) — F'(9,h(x))] dev.

Using the inequalities

0:80h — O2h(2)| < c|diglos - |al’,
[F'(Aah) = F'(0:h())] < ¢|Anh — 0,h(x)),

it follows the next bound
'/ —8 K(z,a)da| < c(1+||g|lc2s)? (4.1.10)
e

<1 &
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For the out part, by adding and subtracting the term (A, f) we obtain that

PV / Lo K(z,0)da = / Lrrah) - F(ALH)] 0.0k da
lo|>1 & lo|>1 & @.1.11)
1 1.
+/ —F'(ALf)(0,A4h) da.
lo|>1 &
Notice that
|F/(A04h) - F,<Aozf)| S C|Aozg|a

|0:8ah| < c(1+[|102g]lz)-

Hence the following bound is automatic
‘ - F’ Aoh) = F/(Auf)]0:Anhdal < c(1+ Haggum)/ 9(x) —g(x=a)l 4,
la|>1 Oé la|>1 «
< c(L+ 1029l =)llgll L=

For the second integral in the right hand side of (4.1.11) we expand
0 Aoh =2+ 0, A9,

and decompose
/ CF(Aaf) (0 A0h) da = 2/ CF(Aof)da + / 9(x) = 29(9” ) p F'(Anf) da
la|>1 & la|>1 & | >1 a
Notice that
F'(Aaf) = =200 fF(Aaf)® and  |[F'(Aaf)] < 2.
Using the estimate (4.1.8) we obtain that
’ —8 K(z,a)da| <c (14 gllcr).
la|>1 «
The last bound together with the estimate (4.1.10) completes the proof. [
In the following lemma we obtain a bound for AK (z,0) where K (z,0) is the kernel at zero
Lemma 21. Let g € H*(R) with s > 3, then we have the next bound
(4.1.12)

IAK (2,0)[le < c(1+ llgllces)  for € (0,5 —=5/2].

Froof. By definition of the operat()r A we have
(y7 ) 1y,

AK(z, O)——PV/K x—y)Q

where ]
HO S

K (x) and split in the in and out parts. We change variables y = = —

L[ K@-Keoy),,
™ JR Yy
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and write as
K — K(z — 1 K(x) — K(x — 1
-Keopy, L[ Ko-Keop,,, ]
ly|<1

hence

AK(z,0) = — /7

1 2K(z) — K(x+y) — K(z —y) 1 K(x) — K(y)
2m /|y|<1 W /xy|>1 - w

— Izn 4 Iout.

Using the Fundamental Theorem of Calculus we obtain the formulas

K(z)— K(x—y) = /0 K'(x+ (1 —8)y)02h(x + (1 — s)y)ds -y

and

1
K(z)—K(z+vy) = —/ K'(x + sy)02h(x + sy) ds - .
0
Let us recall that 92h(z) = 2 + 92g(x). Thus, we have the next estimate

1
2K (z) — K(z —y) — K(x +y)| < [|0: K| / 102g(x + (1 — s)y) — O2g(x + sy)| ds - |y|
0
<clyl St;plaig(x + (1= s)y) — dig(x + sy)|
z#y

< clyl"*1%2gl s,
where § = 1/2. Hence the in part on AK is bounded by

T < cllglons / P d.
ly|<1

Now, for the out part is enough to see that 0 < K (x) < 1, for all z € R. Hence

’[out‘ < 1/ |K($) _K<y>| dy
|lz—y|>1

™

2 1
<= ———dy < o,

T J|z—y|>1 ’13 - y|

and this completes the proof. |
In the following lemma we recall that ®(z, «v) is the derivative of the difference
K — K(z,0
O(z,a) == 6a{ (z,0) (z,0) :
o
Lemma 22. Let g € H*(IR) with s > 3, then for every § € (0,s — 5/2], we have
(4.1.13)

|@(x, )| <c(1+|gllcas)’[al’™, for zeR.
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Proof. Recall that F'(A,h) = K(x,«) and write

F(a) = K(z,«a) and F(0) = K(x,0).

Then we integrate in the next way

Hence

A direct computation yields to

K (z,a) = F"(ALR)[0aALh)? + F'(ALh)02ALg.

Using the Fundamental Theorem of Calculus we obtain the next indentities

2N n9(x) / / 2g(x + (rs — 1)a) — O?g(z — a)|(2s) dr ds,

uAuh(z )_/0 (s — 1)02h(z + (s — 1)a) ds,

where the integrands are bounded by

02g(x + (rs — D)a) — 02g(z — a)| < c||gllczs]al’,
02h(z + (s — 1)a)| < c(1+[|02g| ).

It follows from equation (4.1.14) that

|@(x,0)] < c|OAK (2, @) < c(1+ [lgllo2s)?|al™,

which completes the proof.

Lemma 23. Let g € H*(R) with s > 3, the kernel K (z, o) belongs to L2(R), that is

/ K(z,a)*dz < c(1+[|0.9||p<).
R
Proof. Notice that

K(z,a)? < K(z,0) < 1

and the lower bound
Agh > 2x — o — ||0,9]| Lo

Using the last lower bound, we have

1

He S e

if x>0.9]| L=

(4.1.14)

(4.1.15)

(4.1.16)
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and K (x,a) < 1 for any x € R. Then we split

/oo o 1924llz00 = 1
K(z,« dxg/ dx+/ ——dx.
0 0 loegllee 1+ (22 — )?

The first integral is bounded by ||0,.g|| L, while for the second one, the change of variable z = 2z — « implies

that
/°° 1 d <1/ dz -
——dr < - 00
o 1+Q2r—a)? T 2 g1+ 22

which completes the proof. [

Lemma 24. Let g € H*(R) with s > 3, the kernel G(z, ) belongs to L2(R), that is
/ G(z,0)*dz < c(1+ |0.9]l=)>. (4.1.17)
R

Proof. From the definition (1.4.2) we have that

2ALf + Ang
(14 (Aaf)?) (1 + (Ash)?)

We decompose the sum and observe

G2, )| < 2/Aaf[F(Acf) K (2, 0) + [|02gl L K (2, @) < (24 [|0pg | ) K (2, ).

G(r,a) = — = —2A.f + Aug)K(z,a)F(ALf).

Then
G(ZL‘, 04)2 < (2 + HaxgHLoo)QK(x’ a)z'

Now we integrate

/G(x,a)2 der < (2+ HﬁxgHLoo)z/ K(z,a)*dz
R R

then the proof follows from Lemma 23. |

Lemma 25. Let g € H*(R) with s > 3. The partial derivate with respect to « of the kernel K (x,a) belongs to
L2(R), that is

/ OuK (z,a)? dx < c (1 + ||0,g]| ). (4.1.18)
R
Proof. Recall that K (x, ) = F(A,h), then the derivative with respect to « is given by

Do K (2, ) = F'(Ayh)0,Agh.

Now we observe
F'(Auh) < 2K (z,a)

and from the Fundamental Theorem of Calculus we have
|0aA0h| <2+ (|02g] Lo,

which implies that
|0aF (2, )| < ¢ (14|09l ) K (2, a0).

then the estimate follows from Lemma 23. [ |

Lemma 26. Let g € H*(R) with s > 3, we have

<c(1+|gllc2s)* for € (0,1). (4.1.19)
Loo

HPV/l lagK(-,oé) da

al>1 &
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Proof. Using the indentity (2.1.21) we have
07 K (x,a) =(0;8a9) Bi(x, @) + (9:A.h)* By (, @)

where B;(x, ) and By(z, ) are bounded terms. We decompose the integral in the next way

/ l@gK(x,a)da:/ _(82 ( ) 3zg(x—a))Bl(x,a)da

al>1 & al>1 o?
1 2
+ —(24 0:A09)"Ba(z, o) dav.
laj>1 &

For the first integral in the right hand side, we note that | By (x, )| = |F'(A.h)| < 2 and

02g(7) — P2g(x — )| < |02g|es - |af’,  for &€ (0,1).

Therefore

‘ /|a|>1 %(@fg(a:) — 0%g(x — a)) Bi(z, a) dv

<cllgless [ o da.
Ja|>1
which is integrable. To get the bound for the second integral we observe
By(x,a) = —2F(ALh)? + 8(Ayh)*F(ALh)?,

then we proceed as in Lemma 20 to obtain that

1
‘/ | ~(0:8a0)"Ba(w, @) da| < ¢ (14 [|0ag]l1~)?,
al>1

and this completes the proof. |

Lemma 27. Let g € H*(R) with s > 3, then

1
’PV/ “K(z,0)*da| < ¢ (1+ [|g|l =), (4.1.20)
|

al>1 &

Proof. Using K (z,a) = F(Ayh) and adding a subtracting F'(A, f) we have the next decomposition

K(z,a)* = F(ALh)? [ (Agh) — F(Aaf)} + F(Ayh) [F(Aah) — F(Aaf)}F(Aaf)
[ (Aah) - F(Aaf)} F(Aaf)Q + F(Aaf)g = E(:E, a) + F(Aaf)g

Using the Lipschitz condition (4.1.6), we see that |=(z, )|/« is integrable for |a| > 1. Finally, by using
Lemma 17, we infer

‘ —Kxoz) da

lo|>1 &

1
<clolm+| [ TR0 ae] < (14 gl
lo|>1 &

and this completes the proof. |

In the next lemma we recall the definition (2.1.29)
Y(z,a) = 24(Agh) K (2, ) — 48(ALh)* K (z, a)*.
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Lemma 28. Let g € H*(IR) with s > 3, we have the next bound

<c(l+|gll=)”. (4.1.21)

'PV /| Lz, a) da

al>1 &

Proof. Recall that K (z,a) = F(A,h). Using the definition (2.1.29) we expand A,k and (A, R)? to obtain that

Yz, o) = 240 fK (z,0) + 24009 K (z,0)* — 48(An f)* K (7, a)*
— 48 - 3(Anf)?AngK (z,0)* — 48 - 3(Auf)(Aug)*K (z,a)? (4.1.22)
— 48(A09)* K (z,a)*.

The second and last terms in (4.1.22) are easily bounded by

3
lgllz _I_CHQHL‘X’

24N g K (x,0)> — 48N 09K (z, )| < ¢ .
| |af?

For the fourth term, by adding and subtracting A, g, we obtain the next decomposition
(Aaf)AagK (2, 0)" = (Ach)?AagK (z,0)" = 28:h(Aag)* K (z,0)" + (Aag)’K(z, ). (4.1.23)

Hence the fourth term in (4.1.22) is bounded by

lgllze gz~ gl
(Aaf)*AsgK (z,0)* < c +c +c :
|| |2 af?

In a similar way the fifth term is bounded by

A f(Bag)? Kz, a)] < 18lE ol
7 o la|3

For the first term adding and subtracting F'(A, f), we have the next decomposition
AofK(z,a)* = AgfF(AR)? [F(Ash) — F(Auf)]
+ Ao fF(ALR) [F(AGh) — F(ALS)] F(Auf) (4.1.24)
+ Ao f[F(Auh) = F(ALS) ] F(AS)? + AafF(Asf).

Using the Lipschitz condition (4.1.6) and estimates from Lemma 17 we obtain that

1
’ / EAafK(x, a)®da
lot]

1
< cllgll + \ [ tauroaa
la|>1 &

< c(L+lgllz).

Similarly we find that

‘ [ Ba K 0" do| < (1 + gl

We conclude the proof by using the decay at infinity for the remaining terms. |

Lemma 29. Let g € H*(R) with s > 3, we have the next bound

<c(1+]gller)? (4.1.25)

1
’PV/ —By(z,a) da
|

al>1 «Q
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Proof. Using the definition (2.1.25)
By(z, ) =3[ — 2K (z,a)® + 8(Ash)* K (z, 2)*]| 0, Ay h.
We expand the terms 9, A,k and (A,h)? in By(z, @) to obtain the following decomposition
By(r,a) = V(z,a) — 12K (1, a)® + 48(Auf)* K (z, a)*

where
U(x, ) = 960, fAGK (z,0)* — 60,A,9K (7, a)® 4+ 240, A0g(Aoh)* K (7, ).

We note that
W (z, )] <ec(llgller + lglle) lel™,

hence |¥(z, )|/« is integrable for |«| > 1. For the remaining terms in the decomposition, we follow the proofs
of Lemma 27 and Lemma 28. u

Lemma 30. Let g € H*(R) with s > 3, then

‘pv/ Ir(ea)da] < (1 + |lglli-)- (4.1.26)
\

al>1 &

Proof. Using the identity (2.1.41), we decompose the integral in two terms

1 1 1
/|a|>1 aF(a:, a)da = /a|>1 aFl(x, a)da + /|a>1 EFQ(x, a)da, (4.1.27)
for
[i(z, @) := =2(Aa f)*[F(Ach)’ F(Aof) + F(Ach) F(Aaf)? + F(Auh) F(Asf)*],
Do(2, @) := —AagAa f[F(Aah)’ F(Aof) + F(Ah)*F (Ao f)? + F(Ach)F(Ao f)°].
Notice

Ta(z, )] < 2|lgllz=lal ™,

then the second integral in (4.1.27) is bounded. While for the first one, we proceed in a similar way to (4.1.24) by
adding and subtracting F'(A, f). Then we have

(Aaf)* F(Ach)’ F(Aaf) = (Aaf)*F(Aaf)® F( — F(Auf)] F(Aaf)
+ (Daf P F(Daf)[F(Aah) = F(Auf)] F(Auf)?
+(Aq )Q[F(Aah) F( )} (Aaf)* + (Aaf)*F(Aaf)".

Using the estimate (4.1.6) and Lemma 17 we obtain that

‘ / | 1é(Aaf)2F(Aah)3F(Aaf)dOé Scngan] / | 1§<Aaf>2F<Aaf>4da <e(l+llgle=).

The remaining terms in I'; are bounded similarly and this finishes the proof. |

Lemma 31. Let g € H*(R) with s > 3, then

’PV/ —@(:1: a)da| < c(1+ ||gllr=)>. (4.1.28)
|

al>1 @
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Proof. Using the identity (2.1.44) we decompose in the next way

1 1 1
/|a|>1 ~O(r,a)da = /a|>1 ~O1(z,0)da + /a|>1 —Os(z,0) doy (4.1.29)
for
O1(7,a) = =2(Aaf)! [F(Ah) F(Auf) + F(Aah) F (Ao f)?
+ F(AR)PF (A f)® + F(ALR)F(ALf)Y],
O2(z, ) = —Ang(Aaf)’ [F(AR)PF(ALf) + F(AR)F(ALf)?
+ F(Aah)?F(Aaf)® + F(ALB)F(ALf)*].
Notice

[©2(z, )| < (14 [[0ugll=)llgllzole]

then the second integral in (4.1.29) is bounded. While for ©; we proceed in a similar way to I'; in the previous
lemma. By adding and subtracting F'(A, f), we find that

O1(z, ) = _Q(Aaf>4F(Aah)4 [F(Aah) - F(Aaf)] F(Auf) + é(:(:, a) +c (Aaf)4F(Aaf)57

where .
Oz, a)| < cllgllp=lel™.

We compute directly
F<Aah) - F(Aaf) = _Aag(2Aozf + Aag)F(Aah)F(Aaf)
Then expanding the sum we obtain that
—2(Auf) F(Aah)! [F(Agh) — F(Aaf)]F(Aaf)‘ < [2(Aaf )’ DagF (Ah) F(Aaf)?]
+ 280 /) (Aag)*F(Ach)’ F(Aaf)?|

< cllgllz=lal™" +cllglL~lal™

‘ / Loy a)da

al>1 «Q

and therefore
<c(1+|lglle=)?

which completes the proof. |

4.2 Necessary Lemmas II

This section is devoted to the necessary lemmas used in Cauchy-Kowalevski’s Theorem. More precisely, we will
present some properties of the behavior of the kernel near to the origin and far from the origin. Additionally,
we will show the integrability properties of the kernel QP(+y, 5). Unlike the previous section, along this section
Af(a, B) denotes,

Af(e, B) = fla) = fla = f).
Recall that cg > 0 is a constant that depends only on 12 and this constant may change from one line to another.
We start with the following lemma.

Lemma 32. Given a deviation d € Oy, we have the next inequality
B 1
QUMY B)  [Oaz(¥)[?

< crlBl. (4.2.1)
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Proof. We compute directly the difference, we find that

£ 1 e - Q(.8)
Q0D [0ua)E QW B)Oaal V)

In the numerator, we observe that

B210a2(y)* = Q(Y, B) = (BOazr(v) — Azi(Y, B))(BOar(v') + Az1 (7, B))
+ (B0a22(Y) — Az (v, 8))(B0a22(Y) + Az(y', B)).

By using the Fundamental Theorem of Calculus we find the following formula

4.2.2)

1
80(+) = A1, 8) = [ (Bunr(2) = Qa3 + (s~ 1)) ds
0
By definition, we notice that 0z; (") = 0,d1(7y) + 1, therefore we obtain the next bound
B0a21(7) — Az1(Y, B)|« < |03dall (a5, | BI.

and
‘ﬂaazl (7,> + AZl (’7/7 B) ’* S 2<1 + Haadl HL"O(QST/))‘ﬁ|‘
Then using the previous estimates together with the arc-chord condition (A2), we find that

(80a1(7) = Az (Y, 5))(BOaz1(Y) + A2 (Y, B))
QMY )0z (v)[? "

B (BOazni(v) — Az (Y, B)) (BOaz () + Az (v, B))
QM. B) /32 0az(7)]? ]

< 2RY02d1 | 105,y (1 + |0adi| L= s.,)) - |8

<2(1+4 R)°|A|

< cg|B|.

For the second term in (4.2.2), we see that

(B0az2(y') — Aza(v', B)) (BOaz2(v') + Aze(v', B))
QM. B) Oz ()|
B2 BOaza(Y) — Aza(v, B) BOaz2(7)
QMY B) 32 Oz (') |?
Az (7, B) BOaz2(Y) — Aza(7', B)
Q7. B) 00z (7)] '

By definition, we notice that J,22(7') = Jada(7') + 27/, then using again the Fundamental Theorem of
Calculus we have the following bound

180a22(7) — Aza (7, B)|« < (2+ ||02da| 1o (0s,)) 18I

Then we deduce

B2 Blan(y) — An(v',B) Blada(v)
Q. 5) B2 |0az(7) |,

< RY|Ouds|| 105, (2 + [|02d: || oo (05,)) 18]

(1+ R)°|A]
cr|Bl.

<
<
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In order to obtain the bound for the second term, first we see

2~/
0az(Y)|? |,

, 1 1
= 10ap(7)[?], s {I(%Z(v’)l2 \aap(v’)P] )
29 o [—(%dl (V)2 + 0adi (7)) — Oada(v') (4" + 8@(7’))}
(1+(27)2)(0az1()? + Oaz2(¥')?)
dadi(7')
Daz1(V)? 4 Oaza(V)?|,

<

2+
L+ 2y, [T+ @),
27/ aadl(’V/)Q
L4 (29)2], 1 0a21(7)? + Oaz2(7')?],
(29)? Oada ()
L+ (2921 Oaz1(7)? + Oaz2(V)? |,
27/ aad2(’Y’)2
14+ (29)2],|0az1(7)? + Oaz2(7)?],

(A8)

<

+

_|_

+ < CR.

Hence we have
‘ 52 6(%22(7’) —An(y,8) 2B
Qv 32 |00z ()]
For the last part, we expand Az (v, B) = Ada (7, B) + (27" — (), we obtain that
Ady (7', 8) BOaz2(7') — Az (v, B)
QM. B) |Oaz(')]?

< 2'(1+ R)"|8| < crlBl.

< N|Ouds|| 1o (0s,,) (2 + 1|02 da]| oo 05,1 ) R*|B]

< 2°(1+ R)°|p]
< cg|f|.

We notice that
32y = B)
QM. B) .
g2y = B)|
QP B) |,
(29 =58

IN

yos S
Py =5 ){Q(v’,ﬁ) Qp(v’,ﬁ)}
st [—Ad(y, 2B — B) + Ads(7.5))
T eyl Bl A ﬁ)[ 7+ P2y —FP00 5 }
(27— B) ’ (27 = B)

Ady(v,B)  B?
14+ (29 = B)%], |1+ (2v —B)? 8 QM B,
(29 = B) Ady(y,B)? B
L+ (29 = B)?, 32 Q(v, 8|,
(Y =B | |,Ad(y,8) 5
1+ (29 = B)?], 8 QM. B,
(29 — B) Ady(v',B)?
1+ (29 = B)?], 82 QM,pB)|, ~

Finally, we conclude that

3227 = B) BOaz2(7) — Aza(7', B)
QY. B) B |0z (y")[?

which completes the proof. |

IN

*

(A9)

IN

*

_|_

+

< cr|p|

*
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Corollary 2. Given a deviation d € Og, we have the next inequality

BAps(',8) 2
QMY B)  [0az(v)]

< cg|B. (4.2.3)

*

Proof. We add and subtract
27/52
Q. B)

Then

PAm(y.B) 2 P {A ) g } {
Q.8 10uz(")?  Q(Y,B) p2(7.8) — 29| +2v

Using the definition Apy(+/, 8) = 5(29 — ), we get

ﬁﬁpzﬁl,ﬁ) B 2,7/ _ ' /32 ( /|: 52 B 1 :|
QM. B)  0az(v)], T |Q(, B) QY. B8)  10az(y)P

Then by plugging 2/, in the estimates of previous Lemma 32, and using estimates (A8), we infer

‘ﬁApz(%B) I
QMY B)  |0az()[?

g1 }
QMY B)  0az(y)P]

—B)

+ ‘27

*

< cgl|f|.

*

[
Corollary 3. Given a deviation d € O, we have the next inequality
2A /’ 5 2 2~/ 2
A RV O T (42.4)
Q. B) |0az ()] * |,

Lemma 33. Given a deviation d € Og, we have the next inequality

B B

_ -1
‘Q(v’,ﬁ) o0y, =

*

Proof. We compute the difference

11 ] _ A B2 Adi(y,B)(28 + Adi (v, )
QM. B) QrH,p) Q(, B) QP(v,B) /32
_ Ady(, 8)(28(2 — B) + Ada (v, 8))
QMY B)QP(Y, B)

BQ

.
We use the following two inequalities

|Ady (Y, B) ]« < 2|d1 || L0,

and

’ 28 + Ady (v, )
62

< 2(1+ ||di||z=os,)|B] " < crlBl 7,

*

to conclude that

‘_ p? B2 Adi(y, B)(28 + Adi(v', B))
QMY B) Qr(v', B) B2 )

<AL+ RYBIT < el
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For the second part we find that
3 3% Ady(v,B)?
QM. B)QP(,B8) B
To deal with the final part, we see
B*Ady (v, B)B(2y = B) _ 9 B2 B2y — B) Ady(v, B)
QM B)QP(, B) Q(MY,B) Q;P(H,B) g

< AR da [ 5,87 < crlBI ™

*

—2

Then, it follows that
Ady (', B)(28(29 — B) + Ady (v, B))
QM. B)QP (Y, B)

and this completes the proof. |

<c(1+R)YBIT < crlBl ™

*

62

Lemma 34. The following integral is bounded
1 1
PV / ——dp
Bs1 BL+(C—B)?

Proof. We take ( = a + i1, then we rewrite the integral, as follows

<c¢, for (eC.

*

1 1 1 1
- 4B = d
/|ﬁ>151+(C—5)2 ’ /,Ba|>1 (a—=pB)1+ (8 +ir) 0

1 1 1
_/ﬂ_apl (a—/ﬁ)(ﬂﬂr—z’)(ﬂﬂ'rﬂ)dﬁ

We decompose in the next way

1 1 1
d
/ﬁa|>l (= 8) (B +ir—1i) (B +ir+1) 7
1 1
= A d A —d
1/|6—a|>10‘—5 o 2/|/3—a>1 (B +ir —1i) g

1
e /|B—a|>1 (B +ir +1) 47

where Ay, Ay, A3 € C are bounded terms. Recall that the integral is taken in the sense of the princial value.

Hence |
|B—al>1 & — ﬁ

For the remaining terms, we have

1
= dB =log(B + ir — 1) )
/|ﬁa|>1 B +ir —i |B—al>1
1
—————df = log(B +ir +1)
/Iﬂ—a|>1 B+ |B—a|>1

We find that

1
/lﬁ—oc>1 B+ir —i

:]%im {log(oz—FR—ir—i)—log(a+1+ir—i)+log(a—1+ir—i)—log(a—R+i7‘—i)
—00

) a+R—ir—1 a—1—ir—i
= lim log +log | ———F7— |,

R—00 a—R—i1r—1 a+1—1ir—1

we observe that the limit and the remaining term are bounded and this completes the proof. |
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Lemma 35. The next integral is bounded

6 <e¢ for (€eC.

‘/,8<151+ (C—5)

Proof. As in the previous lemma, we take ( = « + ir, then

1& 1 B+ ir
/‘5<1ﬁ1+(< ﬁ 5= /| a|>104—51_|_(ﬁ+”)2d6

Now we decompose the integrand as follows

1 B +ir
—dg
/Iﬁa|<1 a— G114+ (B+ir)?
d d d
o Eaf W e
|B—al<1 @ — g |B—al<1 B+ir —i |8—al<1 O+ir+1

where A;, Ay, A3 € C are bounded terms. We conclude the proof by observing that the integrals are finite. W

Lemma 36. The following integral is finite

<e¢, for (eC.

ds

1 1
’ /|5>1 B+ (C—8)%)?
Proof. Taking ¢ = a 4 ir, we change the variables to rewrite

1 1
dg =
—B)?)? g /B—a|>1 a— B+ (8+ir))?

da.

/ 1
|8]>1 6(1+ (C

Now we decompose

1 1
d
/B—a|>1 a—pur@+rp
dp dg 4B
1[3a>1a_/8+ 2/Boz|>1 /B"‘lr_l—i_ 3//3a|>1ﬂ+7;7“+i

dp dp
A — 4+ A —_—
e /ﬁa|>1 (6 +ar — i)Q A /|Ba>1 (ﬁ +ar + i)2’

where each A; € C is a bounded term. Following the argument used in Lemma 34 we complete the proof. |

Lemma 37. The next integral is bounded

1 — 5
‘ /ﬁ.x CITEN(EEDER

Proof. This result follows from the previous lemmas, by decomposing the integral into several finite terms. W

<e¢, for (eC.

*

Lemma 38. The next integral is bounded

[ armrre
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Proof. We split in the in and out parts,

1 1 1
/R @+ (ot irpe 4= /| T+ (@it /| @+ (@t inee
1
< cCRr-+ /|a>1 0+ (@ tir?)y da.

For the second integral we decompose in the following way

R
o =
aj>1 (1 + (o +ir)?)? pis1 (a4 ir —i)2 (a +ir +14)?

1 1
! 181>1 (o +ir —1) 2 B>1 (@ +ir — i)?

1 1
—|—A/ —d +A/ —d
3 18]>1 (a—i—zr—i—z) ﬁ 4 18]>1 (CY+ZT—|—Z)2 5

The coefficients A; € C are bounded. Then, by repeating the arguments used in Lemma 34 we conclude that
the last integral is bounded. This completes the proof. |
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Chapter 5

Steady-state solutions for the Muskat problem with surface
tension

In this chapter we deal with the following equations

2128 — 2] 2h

7W +g(py — p-)z2 = const

where (21, 23): R — R? is a curve and 2, the second component of the curve is an odd function. We set

A=gp" —p)/7-

In [33], Ehrnstrom, Escher and Matioc proved that there exists 27-periodic solutions provided the parameter
A > )\, where \, is finite. They consider the case when the interface is locally the graph of a function (x, f(z)).
Instead of that we consider a curve (g(y),y) and we are able to show that there exists 27-periodic solutions for
the case \* < A < \,, moreover we show that if A < \* the solutions there are no longer periodic. The proof in
the main theorem is obtained by analyzing a explicit formula (5.1.3) for the period. Moreover, we describe some
numerical examples that indicates \* ~ A, /7. The results in this chapter has been published in [58].

5.1 Steady-State solutions

In this section we study the steady-state solution with the conditions (1.2.4). We will impose that the curve is
27-periodic in the horizontal variable. In order to do it we will parameterize the curve as z(y) = (h(y),y) for
y € (7/2,7/2) in such a waty that h satisfies

h// ,

After solving (5.1.1) iny € (—n/2,7/2) we will use reflections with respect to x = 7/2 and =z = 37/2 to
construct a 27-periodic in the horizontal variable solution z (see figures 5.1, 5.2, 5.3 and 5.4).

To prove the main theorem we have three previous lemmas, the first about the existence of 2m-periodic
solutions, the second related to the function A — « and the third on the intersection of the solution curves.
We leave at the end of the section the proof of the main theorem.

The idea is integrate the equation (5.1.1) directly over the interval [0,y] to determine conditions in the
parameters A and «. After the integration we have the next equation

W) A o
P2~ 2" et
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In order to simplify the notations we put 3 := Taking squares and since 7’ and (\/2)y? — 3 has

o
1+ a2)172
Y Ag2
:/ 5"~ 6) _ ds (5.1.2)
RUEICERD
We observe from equation (5.1.2) that there exists a zero for 2’ and a positive value where i’ explodes, that is

/ 2.\ _ / 2 _
h< Xﬁ)-O and h( X(l—l—ﬁ))—oo

also at this point the curve is no longer the graph of the function h. We define the period of the solution curve as
the integral

the same sign, we have

T\ ) =

ds. (5.1.3)

/m (35 - 9)

: V1= (=)

Lemma 39. If )\ € (0, \,], the period (5.1.3) of the solution curve satisfies
T(\, 00) <7/2 <T()0).

Proof. Taking the change of variable 7 = s/41/2A71(1 + /), we get the next expression for the period

dr
T(\ a) \[/ \/1—i—gT S (5.1.4)

where g, (a) = (1 + 8)7% — 3. The derivatives respect to 3 and « of g,, and 3 with respect to «, are

0 o B 1
%QT(O()—T 1<0 and 90~ (Lt a2

Then from the chain rule the derivative respect to « is

9 ( )8_5 _ o1
987" Y oa T 1+ a2)?

4 (ﬂ) _ (o)) (5.1.5)

da \ /1 + gi(e) (1+ gr(a))*?

and therefore the period T'(\, «) is decreasing with respect to «. Now, if we want to determine the pair (), @)
such that T'(\, «) = 7/2, we will determine conditions on A observing its behavior as a goes to zero and infinity.
We will see explicitly that the following inequalities are satisfied

> 0.

<0

gr(a) =

hence

lim T\, a) <7/2 < hm T()\ Q).

a—r 00

For the first inequality, we compute 7'(\, 0) from (5.1.4), that is

b g.(0) dr
V14 g-(0)vV1—72

}YILI(I) T\ o) =

When a = 0, # = 0 and we have

T(A 0):1 ! /1 " d7':EL 173/4_1(1—7)1/2_1d7'. (5.1.6)
’ 2N Jo (1—1)1/2 22\ Jo
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Therefore, if we take

we get

The next step is compute the limit when o — oo in equation (5.1.3). We observe for a fixed A < A, the limit
in the integral satisfies

(giTQﬂ%ig&vr/ﬁvl+% Vﬁjﬂ
1/v2 -
:V[_<// uﬂv>‘¢1+gf )Vﬁ—ﬂ (5.1.7)
\f/ ¢1+gr 1dif2+%<ﬁ+log(2+ﬁﬂ>>'

We can see in the last integral, that for a fixed A < A,

lim T'(\, ) <0

a—r 00

moreover 1T'(\, «) — —oo, because the first integral goes to —oo. |

The value ), is the critical value found by Ehrnstrom, Escher and Matioc. When the parameter A € (\,, 1]
the steady solution correspond to a curve parameterized by the graph (z, f(z)) with f(0) = 0 and f'(0) = « (see
[33]). The next lemma provides a relation between A and «.

Lemma 40. Let A\ € (0, \.], then there exists a unique o(\) € [0,00) such that T(\,a(\)) = 7/2 and the
mapping «: (0, ] — [0, 00) is smooth, bijective and decreasing.

Proof. From lemma 39 we have T'(\, 00) < 7/2 < T'(\,0) for A € (0, \.]. Also we known that T'(\, «) is smooth
respect to A and a, hence for A € (0, A,] there exists a unique «(A) € (0, 00) such that T'(\, a(\)) = 7/2. Choose
the pair (A, «(\)) € (0, \i] x [0, 00) such that T'(\, a(\)) = 7/2, then

0= ;—)\T()\ a(N) = T (A a(N) + 0T (A a(N)) ' (N),

because 0,71,0,\T < 0 we have o/(A\) < 0. From (5.1.6) we get lim,_,,, «(\) = 0, and from (5.1.7),
limy_,o a(\) = oo. This completes the proof. [ |

To complete the proof of the main theorem we need to know if the curves solutions has intersections. We
know from (5.1.3) that the function /~ has a minimum at the point y = /2A~13, define

/wyﬁ (3v° - B)
R

which is the value of h at \/2A~15. Now we want to determine if the fact that A € (0, \,] is enough to have

I\ «) = dy

IQ@QD>—%
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this property is important because we want that the solution curve has not intersections. Taking the change of
variable 7 = s/4/2A71/3 we can rewrite the integral as

_ z ! B(r* =1 1/2 47
[()\,Oé)—\/:/o \/1_52(1—72)25/ da

Lemma 41. There exists \* < \, positive such that if X € (\*, \] then I(\,«(\)) > —m/2 and I(\*, a(\)) =
—7/2.

we have the next lemma.

Proof. We observe

—-1) 1/2 9 ( L3 )
——=2"2) >0
w = V2
because 0 < 7 < 1, then I(\, «) is increasing with respect to A. Take the pair (A, a())) € (0, A,] x [0, 00), such
that T(\, «(\)) = 7/2. Now we have

g \/7/F \/l+gT \/1d1—7-2,

B+1

then we have

.mm
2

T /3 ! +(0) dr
2 )‘*/0 V1+g.(0)vV1—72
=0
2 b

the last inequality is due to lim_,, a(\) = 0. Hence from lim,_,q a(\) = oo, we get

lim dr
)‘IE)% ( \/1 —+ 1 — ’7'2
V /3+1 gT

:g_ <§i§% \/>> («}inc}o/ﬁ ¢1+gT \/1Olj 72)
()

therefore with respect to A we have

1(0) < —g < I(\s).

The continuity of / over (0, A.] implies that there exists A* > 0 such that [ (\*) = —m /2. We take A € (A%, \,]
then by lemma 39, there exists a(\) € [0, 00) such that T'(\, «(\)) = 7/2. Since I()) is increasing with respect
to A and I(\*) = —m/2 we have

—I(\") < I(\) < I(\),
which means that

0 > —g.

172



Numerical examples

Now we can proceed to the proof of the main result theorem 3.

Proof the main theorem 3. Take A\ € (0, \.], then from lemmas 39 and 40 we find () such that T'(\) = 7/2.
Now if A > \* by lemma 41 we have value /(\) > —m/2. Hence by reflections we can construct a curve
2m-periodic which does not have self intersections and is it solution of the steady equation (5.1.1). |

5.2 Numerical examples

In this section we show some numerical examples of steady-state solutions for different values of A\. Here we
present numericals solutions, see figures 5.1, 5.2, 5.3 and 5.4, they explain the behavior of the solution curves
when A\ approaches to the value \*. These examples were produced using Mathematica. The limit curve z)-
(figure 5.3) remains 27-periodic but has self-intersections, also for A, /16 (figure 5.4) we observe that the curve
solution has self-intersections, then we can infer that A, /16 < \*.

\/g’ L+p

~

- %(nm 8

Figure 5.1: Curve solution for A, and § = 0. Figure 5.2: Curve solution for A, /2 and 5 ~ 0.225.

Za+pp 2,

x A

-JEasp

Figure 5.3: Curve solution for \* ~ A\, /7 and 5 ~ 0.46  Figure 5.4: Curve solution for \,/16 and § ~ 0.525

S Ra+m

Remark 4. It remains to have a analytical proof of the value \* that lead us to an explicit value for \*.
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