Universidad Auténoma
de Madrid

UA

Department of Mathematics
Doctoral Programme in Mathematics

Problems in Elliptic and Parabolic PDEs

coming from Probability, Geometry
and (Game theory

Presented by:
Irene Gonzalvez Martinez

Supervisors:

Prof. Fernando Quirds Gracian
Prof. Fernando Soria de Diego

Madrid, 2025
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Introduccién y resumen

El objetivo de esta tesis doctoral es recopilar los cinco articulos que la autora ha desarro-
llado durante los 1iltimos cuatro anos. El marco de estos trabajos es el de las Ecuaciones
en Derivadas Parciales y sus conexiones con la Probabilidad, la Geometria y la Teoria de
Juegos. En particular, en esta tesis presentamos los trabajos recogidos en:

e [48], M.M. Gonzélez, I. Gonzalvez and F. Quirds. “Traveling wave behavior for
Fisher-KPP equations on the hyperbolic space”. Pronto disponible en arXiv.

e [19], I. Gonzélvez, A. Miranda and J.D Rossi. “Monotone iterations of two obstacle
problem with different operators”. J. Elliptic Parabol Equations. 10.1 2024, pp
679-709.

e [50], I. Gonzdlvez, A. Miranda and J.D Rossi. “The two membranes problem in a re-
gular tree”. Proceedings of the Royal Society of Edinburgh: Section A Mathematics.
2025, pp 1-30.

e [51], I. Gonzélvez, A. Miranda, J.D Rossi and, J. Ruiz-Cases. “Finding the convex
hull of a set using the flow by minimal curvature with an obstacle. A game theoretical
approach”. 2025. Aceptado en Communications in Analysis and Geometry.

e [52], I. Gonzdlvez, F. Quirés, F. Soria and Z. Vondracek. “On the nonlocal heat
equation for certain Lévy operators and the uniqueness of positive solutions”. 2025.
arXiv:2504.04246

0.0.1 Ecuaciones en Derivadas Parciales: un campo transversal.

Una ecuacién en derivadas parciales (EDP) es una ecuacién que involucra una funcién
desconocida y sus derivadas parciales de distintos érdenes. El origen de las EDP esta
profundamente relacionado con la observacién de la naturaleza. Al estudiar fenémenos
fisicos y bioldgicos, uno descubre que existen relaciones intrinsecas entre ciertas magnitudes
y sus variaciones en el tiempo y en el espacio. Por ejemplo, mediante las EDPs se pueden
describir como se propaga el calor, como una mutacién beneficiosa se extiende en una
poblacién, como evoluciona una burbuja de jabén en el tiempo o como se deforma una
membrana eldstica en presencia de un obstaculo rigido.
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En el caso de la modelizacién de la difusién del calor, en 1822, Fourier propone usar la

siguiente ecuacion
u — Au=0 in R? x (0, 00) (0.0.1)

La ecuacion anterior, denominada ecuacion del calor, describe la evolucion en el tiempo de
u, que representa la densidad de temperatura. Dicha ecuaciéon nos indica que u varia en el
tiempo a la misma velocidad que la suma de sus segundas derivadas espaciales.

La ecuacién (0.0.1) también es conocida como la ecuacion de difusion. De manera
intuitiva, la difusién es un fenémeno en el cual una cantidad (como una poblacién, el
calor, el agua o el dinero) se desplaza desde una region de alta concentracién hacia otra de
baja concentracion, con el objetivo de alcanzar una distribucién més uniforme. Asi pues, la
ecuacion de difusion es una expresion matematica que modela como ciertos procesos tienden
a evolucionar hacia un estado de mayor desorden con el tiempo. Ademas, en 1905, Einstein
descubrié la relacién entre esta ecuacién y los paseos aleatorios (movimiento browniano).

Por otro lado, en 1937, de manera simultanea pero independiente, Fisher y el grupo
conformado por Kolmogorov, Petrovskii y Piskunov (KPP) modelaron la propagacién de
un gen ventajoso en una poblacién [41, 64]. Considerando 0 < wu(z,t) < 1 la proporcién
de la poblacion que, en el tiempo ¢ y en el punto x, posee la mutacion beneficiosa. Si se
tiene en cuenta unicamente la seleccién natural, es decir, la reaccién, u satisface la ecuacién
diferencial ordinaria introducida por Verhulst en 1845:

uy = u(l —u) in R? x (0, 00)

que solo involucra una derivada temporal. Sin embargo, Fisher y el grupo KPP contem-
plaron la posibilidad de que la descendencia de un individuo ubicado en el punto z no
permaneciera en el mismo lugar, sino que pudiera establecerse en un entorno alrededor de
x. Esto introdujo en el problema el fenémeno de difusién. Como resultado, u se rige por
la ecuacién en derivadas parciales de reaccion-difusién

uy — Au=u(l —u) in R x (0, 00). (0.0.2)

Respecto a la modelizacion de la evolucion de la burbuja de jabén, se puede observar
que su forma debido a la tension superficial evoluciona de tal manera que busca disminuir
su area de la forma mas eficiente. Como consecuencia, la pompa de jabon evoluciona por
curvatura media. Si u es una funcién cuyo conjunto de nivel cero representa la burbuja de
jabon, entonces u satisface

g — | V| div (&) —0 inR? x (0, 00). (0.0.3)
[Vl
La ecuacién anterior fue estudiada por primera vez mediante soluciones viscosas por Evans
y Spruck en su articulo [40] de 1991.
Por 1ltimo, con el siguiente problema asociado a una ecuacién eliptica finalizamos esta
exposicién sobre unos ejemplos de EDPs clasicas. Dado un dominio acotado Q C R, el
problema de obstaculo

{min{—Au,u -} =0 1inQ, (0.0.4)

u=f on 0f).
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describe como se comporta un membrana u en equilibrio sujeta por el borde a un bastidor f
cuando se encuentra con un objeto voluminoso y rigido llamado obstaculo ¢. El obstaculo
obliga a la membrana a adoptar su forma en el conjunto de coincidencia, definido como el
espacio o regién de contacto entre ambas superficies. En el conjunto de no coincidencia la
membrana se mantine en equilibrio por encima del obstaculo.

Este problema se cataloga en los problemas de frontera libre, ya que borde entre los
conjuntos de contacto y no contacto es a priori desconocida. De ahi que se denomine
“libre” a dicha frontera. El estudio de la regularidad de la frontera libre en el problema del
obstaculo ha atraido el interés de muchos matematicos como Lewy, Stampacchia, Nirenberg
y Caffarelli, entre otros.

Ademas, como resumié Freidman en [42], el problema de obstéculo tiene aplicaciones
en muchos otros contextos, como en matematicas financieras y control 6ptimo.

Las ecuaciones y problemas anteriores son ejemplos clasicos de como modelar fenémenos
naturales usando EDPs. Una vez elegido qué problema se quiere estudiar, el siguiente paso
es abordar (al menos una de) las siguientes preguntas fundamentales:

e Existencia y unicidad: Dada una EDP, la primera pregunta que se debe responder
es si existe una funcién que la satisfaga (una solucién). La segunda es saber si esta
solucion es tnica bajo las condiciones dadas. Si la existencia o la unicidad no se
cumplen, el problema se considera mal planteado (en inglés an ill-posed problem).

Un ejemplo de un problema mal planteado es el problema de Cauchy para la ecuacién
del calor (0.0.1). Cuando la traza inicial es idénticamente cero, existen infinitas
soluciones, como por ejemplo la solucién trivial (la funcién nula) y cualquier miltiplo
del contraejemplo de Tychonov, [109].

Para abordar este problema y obtener unicidad, es necesario imponer condiciones
adicionales. Por ejemplo, condiciones sobre el crecimiento de la solucién, [109], o
imponer que la solucién sea no negativa, [5].

En esta tesis, se aborda la cuestion de existencia y unicidad para una generalizacién
de la ecuacion del calor en el Capitulo 2.

e Resultados cualitativos: Una vez que se ha demostrado que el problema asociado
a una EDP admite una solucién y esta es unica (es decir, es un problema bien
planteado), el siguiente objetivo es describir la solucién. Los dos tipos de resultados
cualitativos mas comunes son los relacionados, por un lado, con la regularidad, y por
el otro, con el comportamiento asintético.

— La teoria de regularidad se ocupa del estudio de la integrabilidad y la diferen-
ciabilidad de la solucién.

— El comportamiento asintético se refiere a si la solucién presenta algin ratio de
decaimiento en el infinito, ya sea en el espacio o en el tiempo, o si converge a
un perfil especifico.




En el Capitulo 3 estudiamos el comportamiento a largo plazo de la solucion del
problema de Cauchy asociado a una ecuacién de reaccién-difusiéon en el espacio
hiperbdlico para una familia de datos iniciales apropiados. Obtenemos que la
solucién converge a una onda viajera especifica, traveling wave, en coordenadas
moéviles (en el tiempo). En el Capitulo 3 también se estudia el comportamiento
asintético de la solucion al problema del obstdaculo para un operador eliptico
y degenerado que modela la evoluciéon por curvatura minima. Se obtiene que
supernivel cero converge a la envoltura convexa del soporte del obstaculo.

e Como obtener una solucién: Otro objetivo en el estudio de las EDP es obtener la
solucién de un problema asociado a una ecuacién dada. A veces, es posible construir
un método algoritmico para obtener una solucién (como hacemos en el Capitulo 5),
mientras que en otros casos, se puede utilizar un enfoque de teoria de juegos para
obtener la solucién (como se muestra en el Capitulo 4 y en la tltima subseccién del
Capitulo 5).

Por otro lado, en problemas lineales con existencia y unicidad a menudo es posible
obtener una férmula de representacién (como se hace en el Capitulo 2).

Ademas, el hecho de proporcionar una férmula o un método para encontrar una
solucion a menudo conlleva poder obtener resultados cualitativos para dicha solucién.

Por otro lado, la teoria de las EDPs esta profundamente conectada con otras areas de
las matematicas, de las cuales toma herramientas y técnicas para abordar estas cuestiones
fundamentales. A su vez, las EDPs proporcionan a estos campos nuevas perspectivas y
resultados que contribuyen a su desarrollo.

En particular, las EDPs estudiadas en esta tesis estan estrechamente relacionadas con
los campos de la Probabilidad, la Geometria y la Teoria de Juegos:

Probabilidad. Una de las conexiones mas estrechas entre la Probabilidad y las EDPs es
el movimiento browniano y la ecuacién del calor, (1.0.1).

El movimiento browniano describe como una particula se mueve de forma aleatoria en
un fluido. Matematicamente, el movimiento browniano es un proceso estocastico. Es decir,
dado un espacio de probabilidad (€2, A, P), el movimiento browniano es una familia de vari-
ables aletorias definidas en dicho espacio de probabilidad, indexadas en tiempo ¢ y tomando
valores en RY que satisfacen las siguientes propiedades: X tiene incrementos independientes
y es casi seguramente continua (almost surely continuous), Xy = 0 con probabilidad 1 y
X; — X sigue una distribucién normal con media cero y matriz de covarianza 2(t — s)/
para todo t > s > 0.

Ademas, el moviento browniano X tiene funcién caracteristica

R[] = e Her para todo £ € R% ¢t >0
y P :R? x (0,00) — R nticleo del calor asociado

P(z,t) = F(e71) (z), zeRY t>0.
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donde F denota la transformada de Fourier.
La relacion entre el movimiento browniano X y la ecuacion del calor se establece a
través del generador infinitesimal de X: el laplaciano A. Este se obtiene como

P(-,t -
Af = tim PO =T toda f € CR(RY).
t—0 t
Como consecuencia de lo anterior, u = P(-,t) * f es una solucién de la ecuacién del

calor (0.0.1) para toda f funcién suave.

Por otro lado, los procesos de Lévy generalizan el movimiento browniano al permitir
discontinuidades en sus trayectorias. A diferencia del movimiento browniano, que tiene
trayectorias continuas, los procesos de Lévy pueden realizar saltos finitos.

Los ejemplos carasteristicos de este tipo de procesos son los procesos a-estables y
simétricos Y = (¥*),., con o € (0,2). Para un valor fijo de alfa «, la funcién
carasteristica y el nicleo del calor asociado a Y* viene dado por

E[e®Y] = et PY(x,t) = ]-"(e_”"a)(x), &,z eRY t>0.
Por tanto, el generador infinitesimal de Y¢, denotado como —(—A)O‘/ 2 es dado por

_(_A)a/2f -— lim Pa('7t) *f—f

t—0 t

para toda f € C>°(RY). (0.0.5)

El operador (—A)*/2 es denominado como el laplaciano o /2-fraccionario. La notacién y el
nombre provienen del comportamiento de las derivadas bajo la transformada de Fourier y
del hecho de que

F(=ANE) =1EP(FNE, F(=A)"H)E) =*(Ff)E), R

Una de las definiciones equivalentes del laplaciano «/2-fraccionario (en todo el espacio
R?) es la siguiente, expresada en términos de sus segundas diferencias:

(—A)*2f(z) = Cygq /J[ (f(z) — %( flox—y)— fla+ y)))%, (0.0.6)

para z € R?y f suave donde Cy, es una constante positiva que depende de la dimension d
y del parametro a.

La férmula anterior resalta la naturaleza no local del laplaciano fraccionario, que surge
de los saltos de su proceso de Lévy asociado. La expresién (0.0.6) muestra que el compor-
tamiento de la funcién f lejos del punto x juega un papel significativo, en contraste con el
laplaciano clésico.

Ademas, gracias a (0.0.5), para f suave, la funcién u = P(-,t) % f resuelve la ecuacion
fraccionaria del calor

u + (=A)2u =0, R?x (0,00).

Debido al comportamiento no local del laplaciano fraccionario, la ecuacién del calor
fraccionaria y sus analogos para otros procesos de Lévy sirven como modelos simplificados
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para fenémenos que exhiben difusiéon anémala o interacciones de largo alcance. Por ejem-
plo, dos casos de comportamientos aleatorios discontinuos en la naturaleza son la movilidad
de cargas en semiconductores amorfos [22] y los patrones de busqueda de alimento de los
monos arana en libertad en los bosques del Yucatan [96].

En el Capitulo 2, aprovechamos la caracterizacion del nicleo del calor en términos de
un proceso de Lévy para estudiar la existencia, unicidad y traza inicial de soluciones no
negativas para ecuaciones del calor no locales.

Geometria. La relacion entre la Geometria y las EDPs se remonta a los primeros desarro-
llos en este segundo campo: estudio de problemas con un importante caracter geométrico,
como el problema isoperimétrico o la curva tautdcrona, son algunos de los precursores del
desarrollo de las EDPs dentro del marco del Célculo de Variaciones.

A su vez, el nacimiento de la teoria de las EDPs proporcion6 a la Geometria nuevas
perspectivas y herramientas. Por ejemplo, Euler, utilizando la geometria diferencial (muy
relacionada con las EDPs), obtuvo la primera ecuacién analitica de las geodésicas, y La-
grange la primera ecuacién diferencial para describir una superficie minima (en términos
de las ecuaciones de Euler-Lagrange).

A finales del siglo XX, la relacién entre la Geometria y las EDPs se hizo ain mas
evidente con el surgimiento del Analisis Geométrico de la mano de Karen Uhlenbeck,
ganadora de un Premio Abel. Esta subdisciplina emplea tanto métodos geométricos en el
estudio de las EDPs como aplica la teoria de las EDPs a la Geometria.

Por otro lado, Caffarelli, también galardonado con el Premio Abel, aplico la teoria de
las EDPs para caracterizar las singularidades que aparecen en problemas de frontera libre.
Entre muchas otras contribuciones, estudié desde una perspectiva analitica la geometria de
la frontera libre en problemas como el problema de obstéaculo (ver (0.0.4)) y el problema de
Stefan (que describe la evolucion en el tiempo del borde de un hielo sumergido en agua).

Ademas de estas importantes lineas de investigacién abiertas por estos dos galardonados
con el Premio Abel, existe un interés reciente en revisar los problemas clasicos de las EDPs
cambiando el espacio euclideo por variedades, [14, 35, 75, 76, 94, 95, 113]. Estos problemas,
mas alld de su interés matematico intrinseco, nos ayudan a entender como las soluciones
de las EDPs dependen del entorno circundante. Esta dependencia a menudo no se observa
cuando se elige el espacio euclideo como el espacio ambiente.

Por ejemplo, consideremos la ecuacién andloga a (1.0.1) en el espacio hiperbélico H?

uy — Agau =0 in H? x (0, 00) (0.0.7)

donde Aga denota el operador de Laplace-Beltrami en dicho espacio. Tal y como Vazquez
recalca en [113], la solucién fundamental de (0.0.7) decae en tiempo exponencialmente mas
rapido que su homologo en el espacio euclideo. Esto se debe al desplazamiento desde el
infinito, el comportamiento repelente de la frontera ideal del espacio hiperbdlico. Como
consecuencia de este fendmeno, como muestra [75], la propagacién de un gen beneficioso
en el espacio hiperbélico modelado por la ecuacién

wy — Aga = u(l —u) in H? x (0, 00) (0.0.8)
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no esta siempre garantizada, a diferencia del caso euclideo donde la solucién de (0.0.2)
siempre presenta propagacion. Esto ilustra como el comportamiento en el infinito de una
variedad es otro factor importante a tener en cuenta en el estudio de las ecuaciones de
reaccion-difusion.

En el Capitulo 3 presentamos nuevos resultados que exploran las implicaciones de la ge-
ometria del espacio hiperbdlico en la ecuacion de reaccién-difusion (1.0.9) y para ecuaciones
con lado derecho mas general dado por funciones tipo KPP. En el Capitulo 5, regresamos
al problema de obstaculo para construir una solucién al problema de las dos membranas
mediante iteraciones.

Teoria de Juegos. Para mostrar la profunda relacion entre la teoria de juegos y las
EDPs, introducimos a continuaciéon un juego tedrico para ilustrarlo. En [63], los autores
proporcionan una interpretacién del movimiento por curvatura media (la evolucién de una
burbuja de jabén) a través de un juego determinista de dos personas y suma cero.

Una versién de las reglas del juego son:

i) El tablero: sea © un dominio acotado de R? y el soporte de una funcién g dada.
Aqui ug respresenta una funcién de pagos.

ii) Los jugadores: hay dos jugadores: Paul y Carol. El objetivo de Paul es ganar tanto
dinero como pueda, es decir, quiere maximizar uy. Por otro lado, Carol debe pagar
a Paul lo que gane. Por lo tanto, el proposito de Carol es reducir al minimo las
ganancias de Paul. Para ello, su meta es bien expulsar a Paul del tablero €2y, porque
en el exterior uy toma valores negativos, o bien, si esto no es posible, llevar a Paul al
punto de €2 donde uy alcanza su minimo.

iii) Movimientos permitidos: sea = = zy la posicion inicial, t = ¢y > 0 el tiempo inicial
y € > 0 fijo. En cada i-¢sima ronda, Paul elige d — 1 vectores unitarios ortogonales
{v},...,v5 '} y Carol selecciona un coleccién de signos b} = +1 con j = 1,....,d — 1

después de la eleccion de Paul. Asi pues, la siguiente posicion en el tablero viene
dada por

.o

_ J,J
xi—xi_1+d_1 E b;v;
Jj=1

y el tiempo decrece acorde a t; = t; 1 — %52. Después de n = (%W turnos, el juego
acaba y Carol paga a Paul el cémputo ug(z,,).

Para una representacion visual del juego, consultese la figura 1.
Heuristicamente, la funcion valor del juego, es decir, el coste final optimizado por
ambos jugadores viene dada por

uf(x,t) = maximo valor de ug(z,) empezando en z € R? en tiempo ¢ > 0.
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Ronda Tiempo
i=0 t=to€ SN
=1 t=to— %
. 2
i - t=ty—i%
T bip1€vi1 T
C 2y _
i1=%F=n t=0

Tne

Q[)C]RQ

Figure 1: Juego asociado al movimiento por curvatura media en R2.

La funcién valor satisface una ecuacién que, por analogia con el analisis armoénico, de-
sempena el papel de una férmula del valor medio. Esta ecuacion, conocida como el principio
de programacion dindmica (DPP por sus siglas en inglés), estd dada por

d—1
ut(z,t) = sup min ug(x+ﬁ2ijj,t— %52)
{{vl,...,vdfl}CRd:<vi,vj):5ij {{blv---vbdfl}c{il} j=1

El punto clave es que, usando el desarroyo de Taylor y la teoria de soluciones viscosas,
se puede establecer una conexién entre la Teoria de Juegos y las EDPs. Especificamente,
cuando € — 0, la familia de funciones {u°}.-o converge a la solucién viscosa de (0.0.3).

Una vez establecido el puente entre ambos campos, es posible combinar resultados de
los dos. Por ejemplo, se obtiene que el conjunto de nivel cero de la funcién limite evoluciona
segun la curvatura media. Esto, a su vez, implica que si € es lo suficientemente pequeno y
el juego se desarrolla durante un tiempo suficientemente largo, Carol gana. La razén es que
la solucién de (0.0.3) se extingue en tiempo finito. Ademads, gracias a la convergencia, se
pueden implementar estrategias para ambos jugadores que proporcionan una comprension
intuitiva de como evoluciona la burbuja de jabon (y formas més complejas) a lo largo del
tiempo.

En el Capitulo 4, en linea con la discusion anterior, definiremos un juego determinista
de suma cero entre dos jugadores para obtener la envolvente convexa de un conjunto via
el flujo por curvatura minima.

Ademas, en el Capitulo 5, se proporcionara una interpretacién del problema de las dos
membranas a través de un juego tedrico y probabilistico.
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0.0.2 Resultados principales

Teoria de Widder para la ecuacion del calor no local para ciertos
operadores de Lévy

En el Capitulo 2 presentamos los resultados del articulo [52],

On the nonlocal heat equation for certain Lévy operators
and the uniqueness of positive solutions,

escrito por Fernando Quirés, Fernando Soria, Zoran Vondracek (UZ) y la autora de ésta
memoria de tesis.

Como explicamos anteriormente en la Introduccion de ésta tesis, el problema de Cauchy
para la ecuacién de calor cldsica (1.0.1) no esté bien planteado en general. Para establecer
unicidad, Widder propuso en 1944, [116], un enfoque innovador. Sugirié estudiar este
problema dentro de la clase de soluciones no negativas, basandose en el hecho fisico de que
la temperatura siempre permanece por encima del cero absoluto. En 1971, Aronson [5]
complet6 la teoria de unicidad para soluciones no negativas en el marco clasico (local).

En este capitulo, motivados por los trabajos [12, 19], en los cuales los autores estudia-
ron la unicidad de soluciones no negativas para la ecuacién de calor fraccionaria (1.0.7),
desarrollamos una teoria de tipo Widder para ecuaciones de calor no locales de la forma

O+ Lu=0 inRx (0,7), (0.0.9)

dénde L es un operador de Lévy tan general como sea posible, d > 1y T € (0,4+00). De
este modo, consideramos soluciones no negativas y buscamos condiciones sobre el operador
que garanticen: (i) la unicidad de soluciones no negativas, tanto de soluciones clasicas como
de soluciones muy débiles, con una traza inicial dada; (ii) la existencia de una traza inicial
perteneciente a una cierta clase admisible; y (iii) la existencia de una solucién, expresada
mediante una formula de representacion, para cualquier traza inicial admisible.

Estos resultados se obtienen inicialmente para operadores de Lévy puramente no locales

de la forma
Licu(z) = /HZ[ (uta) - u(z+y) ; uz = y)>K(y) dy, (0.0.10)

donde K : R = R es un niucleo de Lévy positivo y simétrico, comparable con funciones

radiales de crecimiento polinomial mixto. Después, extendemos estos resultados a oper-
, . . . ¢

adores mas generales, incluyendo operadores anisotrépicos de la forma £, = ijl Lk,,

¢ € {1,...,d}, donde cada Lg,es de la forma (0.0.10) y actiia tinicamente en subespacios
R%, con R? = R4 x ... x R%. Asimismo, consideramos operadores que combinan una
parte local y una no local, es decir, operadores como La g := —A + Lk, con Li dado
por (0.0.10).

El esquema que seguimos para obtener una respuesta afirmativa a las tres cuestiones
planteadas es el siguiente: comenzamos estableciendo propiedades fundamentales del niicleo
del calor asociado a L, las cuales nos permiten demostrar nuestros resultados principales.
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En particular, utilizando los resultados de [10], obtenemos que el nicleo del calor en dos
tiempos distintos es comparable y que el nicleo de Lévy K y el nicleo del calor tienen
colas comparables

A continuacién, dividimos nuestra estrategia en dos partes. En primer lugar, estudi-
amos soluciones muy débiles, abordando la unicidad, la existencia de una traza inicial y
la existencia de soluciones. Nuestro objetivo es obtener una férmula de representacion
para soluciones muy débiles que sean no negativas o que satisfagan una condicién integral
adecuada, expresada en términos del niicleo del calor.

En segundo lugar, investigamos las soluciones clasicas, centrandonos en la unicidad de
las soluciones cldsicas no negativas de (0.0.9). La idea clave en esta parte es demostrar
que cualquier solucién cldsica no negativa es también una solucién muy débil (no nega-
tiva). Dado que previamente hemos establecido una férmula de representaciéon para solu-
ciones muy débiles no negativas, esto nos permite obtener directamente nuestro resultado
principal: una férmula de representacién para soluciones clésicas no negativas de (0.0.9).
Queremos descar que, a diferencia del caso local, no es inmediato que una solucion clasica
sea también una solucién muy débil. Esta dificultad surge debido a la naturaleza no local
del nicleo de Lévy.

También demostramos la existencia de soluciones clésicas cuando los operadores Ly, £,
y L k estdn relacionados con el laplaciano fraccionario, empleando la teoria de funciones
de Bernstein.

El problema KPP en el espacio hiperbdlico

El Capitulo 3 esta dedicado a los resultados de [48],
Traveling wave behavior for Fisher-KPP equations on the hyperbolic space,

un articulo coescrito por Marfa del Mar Gonzalez (UAM), Fernando Quirés y la autora de
la tesis.
Estudiamos el comportamiento asintotico preciso de la solucion al problema de KPP
U = AHdU -+ f(U), Hd X (07 OO),
u(-,0) = up, 4
en el espacio hiperbdlico H¢ con d > 2. Aqui, Ay« representa el operador de Laplace-
Beltrami en H? y f es una funcién tipo KPP, como por ejemplo f(s) := s(1—s), s € [0, 1].
Nuestra motivacién es comprender como la geometria hiperbdlica afecta la evolucién del
problema anterior, asi como analizar sus diferencias y similitudes con el problema analogo
en el contexto euclideo.
Por un lado, una de las diferencias radica en la cuestion de la propagacion frente a la
extincion. En [7], los autores demuestran que, para un dato inicial admisible, la solucién del
problema de KPP en el espacio euclideo siempre alcanza el nivel maximo de saturacion en

conjuntos compactos, es decir, la propagaciéon siempre ocurre. Por otro lado, en el pionero
articulo [75], los autores muestran que, en el espacio hiperbdlico, existe una competencia
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entre la fuente f y A1, (aqui A; es el infimo del espectro de —Apa). Establecen que si
f'(0) > Ay ocurre la propagacién, mientras que si f'(0) < A; la solucién se extingue
(extincién). En el Capitulo 4 abordamos el caso critico en el que f'(0) = Ay, demostrando
que se produce extincién para una familia de datos iniciales.

Por otro lado, la principal similitud es que, siempre que ocurre la propagacion, la
solucion del problema de KPP en ambos espacios converge hacia una onda viajera de ve-
locidad minima ., en un sistema de coordenadas méviles. Para el caso euclideo, véase [56,
84, 100, 101].

Sin embargo, en este capitulo demostramos que el sistema de coordenadas médviles en
el espacio hiperbdlico presenta diferencias importantes con su analogo euclideo.

Mas precisamente, demostramos que el tipo de simetrias del dato inicial determina la
eleccién del sistema de coordenadas moviles en el cual la solucién converge a ®.,. Exis-ten
tres tipos de simetrias, que estan estrechamente relacionados con los tres tipos de isometrias
de H?: elipticas, parabdlicas e hiperbdlicas.

Ademas, probamos que los términos dependientes del tiempo en las coordenadas moviles
también estan dictados por la geometria del espacio hiperbdlico. El desplazamiento desde
el infinito en H? afecta directamente al término lineal del sistema de coordenadas en
movimiento, el cual depende tnicamente de la dimensién de H?. Asimismo, es nece-
sario introducir una correccion logaritmica que se mantiene constante en los tres tipos
de invariancia.

Ambos aspectos representan una diferencia significativa respecto al problema analogo
en el espacio euclideo. En R?, existen tinicamente dos tipos de invariancia que determinan
la eleccion del sistema de coordenadas en movimiento: rotaciones y traslaciones (correspon-
dientes a los dos tipos de isometrias: elipticas y parabdlicas). Ademds, el término lineal
del sistema de coordenadas moviles en el espacio euclideo no depende de la dimension,
mientras que la correccién logaritmica si depende del tipo de invariancia del dato inicial.

Aproximacién tedrica basada en un juego para recuperar

la envoltura convexa de un conjunto
via el flujo por curvatura minima

Los resultados presentados en el Capitulo 4 estdn publicados en el articulo [51] escrito
Alfredo Miranda (UBA), Julio D. Rossi (UBA), Jorge Ruiz-Cases (UAM) y la autora de
la tesis bajo el nombre de

Finding the convex hull of a set using the flow by minimal curvature
with an obstacle. A game theoretical approach.

El objetivo de este capitulo es estudiar el comportamiento asintético de la solucion del
problema del obstaculo parabdlico para una ecuaciéon completamente no lineal degenerada,
que modela el movimiento por curvatura minima de una hipersuperficie.

Demostramos que, bajo ciertas condiciones sobre la condicion inicial y el obstéculo,
el conjunto de positividad de esta solucién converge a la envolvente convexa del conjunto
donde el obstaculo es positivo cuando ¢ tiende a infinito.
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Mas precisamente, utilixamos el enfoque de conjuntos de nivel (level set approach) para
describir la evolucién geométrica de una familia de R?hipersuperfices {Q}+>0 hacia el
envolvente convexo de un conjunto acotado K C R?, co(K).

Suponemos que existe una funcién u : R? x [0, 00) — R cuyos superniveles de nivel cero
son {2, para cada t > 0, y que satisface la siguiente propiedad:

Q — co(K) ast— 0. (0.0.11)

Nosotros demostramos que u puede ser descrita como la solucion del problema

{max{ — Qu(e,t) = L (u(z, 1), 0(x) — u(e, )} =0, (2,1) €R?x {t >0}, (0.0.12)

u(z,0) = ug(x), z € RY
donde .Z es el operador eliptico y degenerado dado por

L(u(z)) = |3;P=f1 (— (D2u(x)v,v>>.
oLV f(z)

que modela la evolucién por curvatura minima y donde ¢ es una funciéon suave cuyo
supernivel zero es el conjunto K.

La idea de considerar el flujo por curvatura minima radica en el hecho de que la envol-
vente convexa de un conjunto dado K se caracteriza por la propiedad de que su frontera
puede ser tocada por hiperplanos que dejan a un lado de ellos todos los puntos de K.
Ademas, nétese que cualquier punto que pertenezca a co(K) \ K también pertenece a uno
de estos hiperplanos. En dicho punto, la curvatura principal de la frontera debe ser cero,
mientras que las demdas curvaturas deben ser no negativas para garantizar la convexidad
de co(K).

Por lo tanto, tenemos que co(K) es una solucién a la curvatura minima igual a cero
en los puntos de la frontera que no pertenecen a K (es decir, donde la superficie no toca
el obstdculo). Dado que nuestro objetivo, co(K), es una solucién estacionaria de nues-
tra ecuacién de evolucion, resulta natural esperar que recuperemos la envolvente convexa
cuando el tiempo tienda a infinito para las soluciones del problema (0.0.12)

En este capitulo, nuestro primer paso es establecer la existencia y unicidad de soluciones
para el problema del obstéaculo (1.0.13), utilizando un principio de comparacién y el método
de Perron. Para ello, nos basaremos en la teoria previamente desarrollada para soluciones
de viscosidad en flujos geométricos; véase [36, 45, 78, 79)].

Una vez establecida la existencia y unicidad, centramos nuestra atencién en el compor-
tamiento asintético de las soluciones. Para obtener nuestro resultado principal (0.0.11),
utilizamos un juego determinista de suma cero para dos jugadores, inspirado en resultados
previos de [63] y [82].

En este juego, los jugadores son Paul, cuyo objetivo es maximizar el resultado esperado,
y Carol, que busca minimizarlo. Para un ¢ > 0 fijo, en cada turno del juego, los jugadores
realizan una serie de elecciones que les permiten moverse un paso de tamano € a la siguiente
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posiciéon. El objetivo principal de Paul es alcanzar el obstaculo K, ya que, al hacerlo,
gana automdéticamente. Si Carol impide este objetivo, el segundo propésito de Paul es
permanecer dentro de co(K). Por otro lado, el primer objetivo de Carol es expulsar a
Paul hacia g, ya que alli el coste final es negativo. El coste final optimizado por ambos
jugadores, comenzando en x y en el tiempo ¢, estd dado por el valor del e-juego, denotado
por uf(z,t).

Los puntos clave para obtener (0.0.11) son, por un lado, que las funciones valor u*
convergen a la solucién u del problema parabdlico del obstéculo (1.0.13) cuando € — 0. Por
otro lado, al introducir el concepto de e-convexidad y considerar estrategias que permiten
a los jugadores alcanzar sus objetivos, demostramos que el supernivel cero de u®, para ¢
suficientemente pequeno, aproxima (bajo ciertas hipdtesis sobre K y ug) a la envolvente
convexa de K cuando t — oo.

El problema de las dos membranas

El Capitulo 5 esta dedicado a presentar los resultados recogidos en
e [49], Monotone iterations of two obstacle problem with different operators,
e [50], The two membranes problem in a reqular tree,

dos trabajos coescritos por Alfredo Miranda (UBA), Julio D. Rossi (UBA) y la autora de
ésta memoria para optar al titulo de doctor.

Sea 2 un dominio Lipschitz y acotado y T un arbol regular. Consideramos L; y Ls 6
bien dos operadores diferenciales definidos sobre funciones u : {2 — R 6 bien dos operadores
tipo media que actian en funciones u : T + R. De manera similar, sean (f, g) un par de
funciones ordenadas en 0€) o en OT.

Una solucion al problema de las dos membranas en €2 o en T con operadores L; y Ly y
dato de frontera (f,g) es un par de funciones (u,v) que satisface

min{Ll(u)( ), (u—v)(m)} reQ 6xeT,
maX{Lg(v)( ), (v—u)(:p)} reQl 6xeT,
u(z) = f(x), v(z) = g(x), r€ed 6z edT.

En otras palabras, u es la soluciéon del obtaculo por abajo con operador L;, obstaculo v
y condicion de Dirichlet g mientras que v es la solucion del problema del obstéculo por
arriba con operador Lo, obstaculo u y dato de frontera f.

El problema de las dos membranas para laplaciano fue considerado por primera vez
en [111] mediante argumentos variacionales. Una vez que se ha obtenido la existencia
de una solucién (en un sentido apropiado), surgen numerosas cuestiones de interés, como
la unicidad, la regularidad de las funciones involucradas, la descripcion del conjunto de
contacto, la regularidad de dicho conjunto, entre otras. Véanse [27, 26, 104], la tesis doc-
toral [112} y las referencias alli citadas. Ademads, versiones mas generales de este problema
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involucrando mas de dos membranas han sido estudiada por diversos autores (véanse, por
ejemplo, [9, 31, 34]).

En este Capitulo 5, por un lado, establecemos la existencia de soluciones para el pro-
blema de las dos membranas en un arbol bajo condiciones adecuadas sobre los datos en la
frontera y los términos fuente involucrados. Obsérvese que la existencia de solucién para el
problema de las dos membranas en un dominio esta siempre garantizada por una aplicacién
clasica del método de Perron cuando L y Ls son operadores elipticos generales.

Por otro lado, analizamos iteraciones del problema del obstdculo en ambos espacios
ambiente. Resolvemos de manera iterativa el problema del obstaculo desde arriba o desde
abajo para dos operadores distintos, L; y L, con obstaculos dados por las funciones
obtenidas en el paso terativo previo.

Asimismo, cuando el espacio ambiente es (), implementamos este método iterativo en
dos enfoques distintos: el marco variacional, cuando los operadores L y Lo admiten la
forma en divergencia, y el enfoque basado en soluciones de viscosidad, para operadores
més generales (siempre que sean elipticos). Comenzamos el método iterativo con una
supersolucion o una subsolucién de uno de los operadores. El procedimiento descrito en
este capitulo genera dos sucesiones mondtonas de funciones las cuales convergen a una
solucion del problema de las dos membranas.

Cuando es espacio ambiente es un arbol T, con un método iterativo analogo obtenemos
una solucién al problema de las dos membranas en un arbol. Ademds, gracias a este
método, cuando los datos de frontera f y g estan estrictamente separados, demostramos
que el conjunto de coincidencia estd alejado de la frontera y, en consecuencia, contiene solo
un numero finito de nodos. Finalmente, proporcionamos una interpretacién del problema
de las dos membranas en un arbol desde la teoria de juegos.
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Chapter 1

Introduction and Main Results

The aim of this PhD dissertation is to encompass the five papers that the author has carried
out over the past four years. The framework of these works is Partial Differential Equations
and their connections with Probability, Geometry and Game theory. Specifically, in this
thesis, we present the works compiled in:

e [48], M.M. Gonzélez, I. Gonzalvez and F. Quirés. “Traveling wave behavior for
Fisher-KPP equations on the hyperbolic space”. Coming soon on arXiv.

e [19], I. Gonzélvez, A. Miranda and J.D Rossi. “Monotone iterations of two obstacle
problem with different operators”. J. Elliptic Parabol Equations. 10.1 2024, pp
679-709.

e [50], I. Gonzéalvez, A. Miranda and J.D Rossi. “The two membranes problem in a re-
gular tree”. Proceedings of the Royal Society of Edinburgh: Section A Mathematics.
2025, pp 1-30.

e [51], I. Gonzélvez, A. Miranda, J.D Rossi and, J. Ruiz-Cases. “Finding the convex
hull of a set using the flow by minimal curvature with an obstacle. A game theoretical
approach”. 2025. Accepted in Communications in Analysis and Geometry.

e [52], I. Gonzdlvez, F. Quirés, F. Soria and Z. Vondracek. “On the nonlocal heat
equation for certain Lévy operators and the uniqueness of positive solutions”. 2025.
arXiv:2504.04246

1.0.1 Partial Differential Equations: a transversal field

A partial differential equation (PDE) is an equation involving an unknown function and its
partial derivaties of different orders. The origin of PDEs is deeply related with the obser-
vation of nature. When studying physical and biological phenomena, one finds that there
are intrinsic relationships between quantities and their variations over time and space. For
example, PDEs can describe how heat propagates, how a beneficial mutation propagates in
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CHAPTER 1. INTRODUCTION AND MAIN RESULTS

a population, how a soap bubble evolves in time or how an elastic membrane is deformed
in the presence of a rigid obstacle.
In the case of modelling the heat propagation, in 1822, Fourier proposed using the
following equation
u — Au=0 in R? x (0,00) (1.0.1)

The above, called the heat equation, describes the evolution in time of u, the density of the
temperature. That equation tell us that u varies in time at the same rate that the sum of
its second spatial derivaties.

The equation (1.0.1) is also known as the diffusion equation. Roughly speaking, diffu-
sion is a phenomenon in which a quantity or substance (such as a population, heat, water,
money...) moves from a region of high concentration to one of low concentration, aiming
to achieve a more uniform distribution. Then, the diffusion equation is a mathematical
expression that modeled how processes tend to move toward greater disorder over time.
Moreover, in 1905, Einstein discovered the relationship between that equation and the
random walks (Brownian motions).

On the other hand, in 1937, simultaneously but independently, Fisher and the group
formed by Kolmogorov, Petrovskii, and Piskunov, (KPP), modeled the propagation of
an advantageous gene in a population, [41, 64]. Let 0 < wu(z,t) < 1 be the proportion
of the population that, at time ¢ and at point x, possess the beneficial mutation. Then,
considering only the natural selecction, that is, the reaction, u satisfies the ordinary partial
equation

uy = u(l —u) in R? x (0, 00)

introducted by Verhulst in 1845 that only involves a time derivate. However, Fisher and
the KPP group contemplated the possibility that the offspring of an invidual located at
point x need not remain in the same place. It could be established in an environment
around that point x. This introduced the phenomenon of diffusion. As a result, they
established that u is governed by the reaction-diffusion PDE

uy — Au=u(l —u) in R? x (0, 00). (1.0.2)

Regarding soap bubble, one can observe that it evolves in such a way to decrease its
area most efficiently due to surface tension. That is, it evolves by mean curvature. If u is
a function whose zero level set represents the soap bubble, then u satisfies

Vu .
ur — |Vu| div <—> =0 in R?x (0, 00). (1.0.3)
Vu
The above PDE has been introduced in terms of viscosity solutions in 1991 by Evans and
Spruck, [40].

To finish this exposition of a sample of classical PDEs, we introduce a problem asociated

to an elliptic equation. Given a bounded domain 2 C R¢, the obstacle problem

{min{—Au,u -} =0 inQ,

(1.0.4)
u=f on 05},
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describes how a membrane wu, which is balanced and fastened to a fixed boundary f,
behaves when it encounters a rigid and voluminous object: the obstacle 1. The obstacle
constrains the membrane, forcing it to conform to its shape within the obstacle set, i.e.,
the region where the membrane and the obstacle are in contact. In the non-contact set,
the membrane remains above the obstacle and in equilibrium.

This problem falls within the category of free boundary problems because the interface
between the contact and non-contact sets (the free boundary) is a priori unknown. The
study of the regularity of the free boundary has attracted the interest of many mathemati-
cians, such as Lewy, Stampacchia, Nirenberg and Caffarelli, among others. Moreover, as
Friedman summarized in [42], the obtacle problem has aplications to may other contexts
such as financial math and optimal control.

The aforementioned equations are classical examples of modeling natural phenomena
using PDEs. Once a specific equation is chosen for study, one must address (at least one
of) the following fundamental questions:

e Existence and uniqueness: Given a PDE, the first question to answer is whether there
exists a function that satisfies it (a solution). The second is know if this solution is
unique under the given conditions. If existence or uniqueness fails, the problem is
called ill-posed.

An example of such an ill-posed problem is the Cauchy problem for the heat equa-
tion (1.0.1). When the initial trace is identically zero, there exist infinitely many
solutions, such the trivial solution (the null function) and any multiple of Tychonov’s
counterexample [109].

To address this issue and obtain uniqueness, one have to impose additional conditions.
For example, conditions over the growth of the solution, [109], or to impose the
solution to be nonnegative, [5].

The question of existence and uniqueness for a generalization of the heat equation is
adressed in Chapter 2.

e Qualitative results: Once that it has been proved that the problem asociated to
some PDE admits an unique solution (it is a well-posed problem), the next goal is to
describre the solution. The two most common types of qualitative results are those
related, on the one hand, to regularity properties, and on the other hand, to the
asymptotic behavior of solutions.

— Regularity theory is concerned with the study of the integrability and differen-
tiability of the solution.

— Asymptotic behavior refers to whether the solution exhibits some decay rate at
infinity in space or time or if it converges to a specific profile.
In Chapter 3 we study the long-time bahaviour of the solution of the Cauchy
problem associated to a reaction-diffusion equation in the hyperbolic space for
a family of appropiate initial data. We obtain that solution converges to a
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specific trawelingwave in a moving coordinates. In Chapter 3 we also study the
asymptotic behavior of the solution of the parabolic obstacle problem for a fully
nonlinear and elliptic operator that models the evolution by minimal curvature
flow. We obtain that the zero superlevel set of such solution converges to the
convex hull of the support of the obstacle. ¢

e Construction of solutions: Another aim in the study of PDEs is to obtain an explicit
solution of a problem associated with a given equation. Sometimes, it is possible
to construct an algorithmic method to obtain a solution (as we do in Chapter 5),
while in other cases, a game-theoretical approach can be used to derive the solution
(as shown in Chapter 4 and in the last subsection of Chapter 5). In linear problems
where existence and uniqueness hold, it is often possible to obtain a representation
formula (as it is done in Chapter 2).

Moreover, being able to give a formula or a method to obtain a solution often infers
qualitative results to that solution.

Notably, the theory of PDEs is deeply connected with other areas of mathematics,
from which it draws tools and techniques to explore these fundamental questions. Con-
versely, PDEs provide these fields with new perspectives and results that contribute to
their advancement.

In particular, the PDEs studied in this dissertation are closely related to the fields of
Probability, Geometry and Game theory:

Probability. One of the strongest conections between Probability and PDEs is the Brow-
nian motion and the heat equation, (1.0.1).

The Browian motion describes how particles move randomly in a fluid. Mathematically,
the Brownian motion is a stochastic process. To be precise, let (€2, 4, P) be a probabilty
space. The Brownian motion X := (Xt) +>o 1s a familly of radon variables defined in that
probability space indexed by time ¢ and tgking values in R? that satisfies the following: X
has independent increments and it is almost surely continuous, Xy = 0 with probability 1
and X; — X, is normally distributed with zero mean and coviariance matrix 2(¢t — s)/ for
all t > s > 0. Moreover, the Brownian motion X has the following characteristic function

E[e®X] = e_ﬂfP, for all ¢ € RY, t >0,
and an associated heat kernel P : R? x (0,00) — R given by
P(a,t) = F(e7)(z), zeRY t>0,

where F denotes the Fourier transform.
The conection between the Brownian motion X and the heat equation is obtained
through the infinitesimal generator of X: the Laplacian A. It is obtained as
P(-,t)x f—
Aleim—( )t f-7

t—0

for all f € C°(RY).

4
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As a consequence of the above, u = P(-,t) x f is a solution to the heat equation (1.0.1) for
all smooth function f.

On the other hand, Lévy processes generalize the Brownian motion by allowing for
discontinuities in their trajectories. Unlike the Brownian motion, which exhibits continuous
paths, Lévy processes can make finite jumps.

The main characteristic examples of this type of processes are the symmetric a-stable
processes Y = (Y;a) o With a € (0,2). For a fixed «, the characteristic function and the
heat kernel P“ associated to Y* are given by

E[e®Y] = et PY(x,t) = .F(e_t|'|a)(x), &,z eRY t>0.
Then, the associated infinitesimal generator of Y*, denoted by —(—A)%/? is obtained as

Pa('vt)*f_f
t

—(=A)2f .= lim

t—0

for all f € C>°(RY). (1.0.5)

The operator (—A)*/2 is called the a/2-fractional Laplacian. Its notation and name arise
from the behavior of derivatives under the Fourier transform and the fact that

F(=ANE) = [EP(FNE©), F=2)2f)E) = lE*(FFE), R

One of the equivalent characterizations of the «/2-fractional Laplacian of a smooth
function f in R is the following, expressed in terms of its second differences:

8 50) = Can [f U@ =S (10 = Fe ) (109

for x € R? where Cy,, is a positive constant depended on d and «.

The above formula highlights the nonlocal nature of the fractional Laplacian, which
araises from the jumps of its associated Lévy process. The expression (1.0.6) shows that
the behavior of the function f far from the point x plays a significant role, in contrast with
the clasical Laplacian.

Moreover, thanks to (1.0.5), for a f smooth, u = P*(-,t) % f solves the fractional heat
equation

u + (=A)2u =0, R?x (0,00). (1.0.7)

Due to the nonlocal behavior of the fractional Laplacian, the fractional heat equation
and their analogous for others Lévy processes serves as toy models for phenomena exhibiting
anomalous diffusion or long-range interactions. For instance, two examples of discontinuous
random behaviors in nature are mobility of charges in amorphous semiconductors, [22], and
the foraging patterns of freeranging spider monkeys in the forest of Yucatan, [96].

In Chapter 2, we take advantage of the characterization of the heat kernel in terms of a
Lévy process to study the existence, uniqueness and initial trace of nonnegative solutions
for generalized nonlocal heat equations.

Geometry. The relationship between Geometry and PDEs dates back to the earliest devel-
opments in this second field. The study of problems with important geometrical character,

5
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such as the isoperimetric problem or the tautochrone curve, are some of the precursors to
the development of PDEs through the framework of the Calculus of Variations.

In turn, the birth of the theory of PDEs provided Geometry with new perspectives and
tools. For example, Euler, using Differential Geometry (very related with PDEs), derivated
the first analytical geodesic equation and Lagrage obtained the first differential equation
to describe a minimal surface in terms of Euler-Lagrange equations.

At the end of the 20" century, the relationship between Geometry and PDEs became
even more evident with the emergence of Geometric Analysis, pioneered by the Abel Prize
laureate Karen Uhlenbeck. This sub-discipline uses both geometric methods in the study
of PDEs and applies PDEs theory to Geometry.

On the other hand, the also Abel Prize honered Caffarelli applied the theory of PDEs
to characterize singularities that appear in free-boundary problems. Among many other
contributions, he studied from an analytic perspective the geometry of the free boundary
in problems such as the obtacle problem (see (1.0.4)) and Stefan problem (which describes
the evolution over time of interface of submerged in water).

Futhermore, apart from these remarkable lines of research opened by theses two Abel
Prize winners, there is a recent interest in revisiting the classical PDE problem by changing
the ambient Euclidean space to manifolds, [14, 35, 75, 76, 94, 95, 113]. These problems,
beyond their intrinsic mathematical interest, helps us to understand how the solutions of
PDEs depend on the surrounding environment. This dependence is often not observed
when the PDE is posed on the Euclidean space.

For example, let us consider the analogous equation of (1.0.1) in the hyperbolic space H¢

wy — Agau =0 in H? x (0, 00), (1.0.8)

where Aga denotes Laplace-Beltrami operator in that space. As Véazquez remaks in [113],
the fundamental solution of (1.0.8) decays in time exponentially faster than its counterpart
in Euclidean space. This is due to the drift from infinity, the repellent behavior of the ideal
boundary of the hyperbolic space. As a consequence of this phenomenon, as [75] shows,
the propagation of a beneficial gene in the hyperbolic space modeled by the equation

w — Agau = u(l —u) in H? x (0, 00), (1.0.9)

is not always guaranteed, unlike in the Euclidean setting, where the solution to (1.0.2) has
always propagation. This illustrates how the behavior at infinity in a manifold is another
important factor to consider in the study of reaction-diffusion equations.

In Chapter 3, we present new results that continue exporing the implications of the geo-
metry of the hyperbolic space for generalizations of the reaction-diffusion equation (1.0.9).
In Chapter 5 we go back to the obstacle problem to construct a solution of the two mem-
branes problem via iterations.

Game theory. To show the deep relation between Game theory and PDEs, let us intro-
duce a game to ilustrate it. In [63], the authors provide an interpretation of the motion by

6
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mean curvature (the evolution of a soap bubble) via a deterministic two-person, zero-sum
game.
A version of the the rules of that game are the following:

i) The board: let Qy be a bounded domain of R%. It is the support a given function w,
the (initial) cost function.

ii) The players: there are two players, Paul and Carol. Paul aims to earn as much
money as possible. That is, his goal is to maxime the ug. On the other hand, Carol
must pay Paul whatever he earns. Consequently, Carol’s goal is to minimize Paul’s
earnings. Therefore, to achieve this, she will attempt to either push Paul out of the
board §2y, where ug takes negative values, or, if that is not possible, to guide Paul
towards the location within €}y, where uy attains its minimum.

iii) Allowed moves: let x = ¢ be the initial position, ¢ = ¢, > 0 the initial time and
fix ¢ > 0. At the i—th round, Paul chooses of d — 1 othogonall unitary vectors
{v},...,v97 '} and Carol selects a collection of sign b} = £1 for j = 1,....,d — 1 after

- Uy

Paul’s choice. Then, the next position of the game is given by
oo
Ti=Ti—1 + b?,U‘?a
1o Dbl
J=1
and time decreases acording to t; = t;_1 — %52. After n = (%ﬂ rounds, the game
ends and Carol pays the terminal cost ug(z,) to Paul.

For a visual representation of the game, see Figure 1.1.

Round
i=0

QOCR2

Figure 1.1: Game associated to motion by mean curvature in R2.

Heuristically, the value function of the game, that is, the final cost optimized by both
players is given by

uf(x,t) = maximal value of ug(z,) starting from z € R? at time ¢ > 0.

7
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This satisfies an equation that, by analogy with harmonic analysis, plays the role of a
mean value formula. This equation, known as the dynamic programming principle (DPP),
is given by

Q

-1
ut(z,t) = sup min u® (x + 5 Vol t — %82).
{{vl,...,’vd_l}CRd: (v¥,vT)=6;; {{b1:-~~7bd71}c{i1} 1

<.
Il

The key point is that, by applying a Taylor expansion and the theory of viscosity
solutions, one can establish a connection between Game Theory and PDEs. Specifically,
as € — 0, the family of functions {u®}.~o converges to the viscosity solution of (1.0.3).

Once the bridge between both fields is established, we can combining results from both.
For example, we obtain that the zero level set of the limiting function evolves by mean
curvature. This, in turn, implies that if € is sufficiently small and the game is played for a
long enough time, Carol wins. The reason is that the solution to (1.0.3) has an extinction
time. Moreover, thanks to the convergence, we can implement strategies for both players
that provide an intuitive understanding of how the soap bubble (and more complex forms)
evolves over time.

In Chapter 4, in the spirit of the above discussion, we will define a deterministic two-
person, zero-sum game to find the convex envelope of a set via the minimal curvature flow.
Moreover, in Chapter 5 we provide an interpretation of the two membranes problem via
theoretical and probabilistic game.

1.0.2 Main results

A Widder’s type theory for the nonlocal heat equation for
certain Lévy operators

In Chapter 2, we present the results in [52] by Fernando Quirds, Fernando Soria, Zoran
Vondracek (UZ) and the author of this dissertation memoir under the name

On the nonlocal heat equation for certain Lévy operators
and the uniqueness of positive solutions.

As we explained before in the Introduction of this thesis, the Cauchy problem for the
classical heat equation (1.0.1) is not well-posed in general. To establish uniqueness, Widder,
in 1944, [116], proposed a groundbreaking approach. He suggested studying this problem
within the class of nonnegative solutions, based on the fact that temperatures always
remain above absolute zero. In 1971, Aronson, [5], completed the theory of uniqueness for
nonnegative solutions in the classical (local) setting.

In this chapter, motivated by the papers [12, 19], where the authors studied the unique-
ness of nonnegative solutions to the fractional heat equation (1.0.7), we develop a Widder-
type theory for nonlocal heat equations of the form

O+ Lu=0 inRx (0,7), (1.0.10)

8
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where L is a Lévy-type operator as general as possible, d > 1 and T' € (0,400). Thus,

we consider nonnegative solutions and look for conditions on the operator that ensure:

(i) uniqueness of nonnegative classical and very weak solutions with a given initial trace;

(ii) the existence of an initial trace, belonging to certain admissibility class; and (iii) the

existence of a solution, given by a representation formula, for any admissible initial trace.
Such results are obtained first for purely nonlocal Lévy operators

Lrulz) = /J[ () - uz+y) u wz = y)>K(y) dy, (1.0.11)

where K : R — R is a positive symmetric Lévy kernel, comparable to radial functions
with mixed polynomial growth. Latter we extended to more general operators, inclu-
ding anisotropic ones such as £, = Z§:1 Lg;, £ € {1,...,d}, where each Lg; is of the
form (1.0.11) and acts only on the subspace R%, with RY = R% x - - x R% and operators
that have both a local and a nonlocal part, namely operators of the form La = —A+Ly,
with L as in (1.0.11).

The scheme we follow to obtain positive answerto the three questions is as follows. We
begin by establishing fundamental properties of the heat kernel associated with £ which
allow us to prove our main results. In particular, using the results of [10], we obtain that
the heat kernel at two different times is comparable and that the Lévy kernel K and the
heat kernel have comparable tails.

Next, we split our strategy into two parts. First, we study very weak solutions, ad-
dressing uniqueness, the existence of an initial trace, and existence of solutions. Our goal
is to obtain a representation formula for very weak solutions that are either nonnegative
or satisfy a suitable integral condition, expressed in terms of the heat kernel.

Second, we investigate classical solutions, focusing on uniqueness for nonnegative classi-
cal solutions to (1.0.10). The key idea in this part is to prove that any nonnegative classical
solution is also a (nonnegative) very weak solution. Since we have already established a
representation formula for nonnegative very weak solutions, this directly yields our main
result: a representation formula for nonnegative classical solutions to (1.0.10). We empha-
size that, unlike the local case, it is not straightforeard that a classical solution is also a
very weak solution. This complexity arises due to the non local nature of the Lévy kernel.

We also prove existence of classical solution when L, £, and L g are related to the
fractional Laplacian, using the theory of Bernstein functions.

The KPP problem on the hyperbolic space
Chapter 3 is devoted to presenting the results in [48],

Traveling wave behavior for Fisher-KPP equations on the hyperbolic space,
a joint work with Maria del Mar Gonzalez (UAM) and Fernando Quirds.
We study the sharp long-time behavior of solution to KPP problem
uy = Agau + f(’d), H? x (07 00)7
u(+,0) = o, H
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in the hyperbolic space H¢ with d > 2. Here, Aya is the Laplace-Beltrami operator in H¢
and f is a Fisher-KPP function, for example f(s) :=s(1 —s), s € [0, 1].

Our motivation is to understand how hyperbolic geometry affects the evolution of the
above problem and their differences and similarities with the analogous problem in the
Euclidean setting.

On the one hand, one of the differences lies in the question of propagation vs. extinc-
tion. In [7], the authors prove that for, an admissible initial datum, the solution of the
Euclidean KPP problem always reaches the maximum saturation level in compact sets, i.e,
propagation always occurs. While, in the pioneering article [75], the authors show that,
in the hyperbolic space, there is a competition between the source f and A, the infimum
of the spectrum of —Aya; (spectral gap). They establish that if f/(0) > A; propagation
occurs and if f/(0) < A; the solution vanishes (eztinction). In chapter 4 we adress the
critical case where f’(0) = A; proving that extinction ocurrs for a family of initial data.

On the other hand, the major similarity is that, whenever propagation occurs, the
solution to the KPP problem in both spaces converges to a trawelingwave of minimal
speed @, in a moving coordinate frame. For the Euclidean case, we refere to [56, 84, 100,
101]. However, in this work, we show that the moving frame in hyperbolic space exhibits
significant differences compared to its Euclidean counterpart.

More precisely, we prove that the type of invariances of the initial datum determine the
choice of the moving coordinate system in which the solution converges to ®.,. There are
three types of invariance, which are closely related to the three types of isometries of H:
elliptic, parabolic, and hyperbolic.

In addition, we prove that the time-dependent terms in the moving coordinates are also
dictated by the geometry of hyperbolic space. The drift from infinity in H¢ directly affects
the linear term of the moving frame, which depends only on the dimension of H¢. We also
need to introduce a logarithmic correction, which remains the same across all three types
of invariance.

Both aspects represent a significant difference from the analogous KPP problem in
Euclidean space. In the Euclidean setting, there are only two types of invariance that
determine the choice of the moving frame: rotations and translations (corresponding to
the two types of isometries: elliptic and parabolic). Furthermore, the linear term of the
moving frame in the Euclidean space does not depend on the dimension, whereas the
logarithmic correction does depend on the type of invariance of the initial datum.

A game theoretical approach to the convex hull of a set via
minimal curvature flow

The results we present in Chapter 4 are published in [51] by Alfredo Miranda (UBA),
Julio D. Rossi (UBA), Jorge Ruiz-Cases (UAM) and the author of this thesis under the

name

Finding the convex hull of a set using the flow by minimal curvature
with an obstacle. A game theoretical approach.

10
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The aim of this chapter is to study the asymptotic behavior of the solution to the
parabolic obstacle problem for a degenerate fully nonlinear equation that models the motion
by minimal curvature of a hypersurface. We prove (under certain conditions on the initial
condition and the obstacle) that the positivity set of this solution converges to the convex
hull of the set where the obstacle is positive as ¢t goes to infinity.

More precisely, to describe the geometric evolution to a family of R?hypersufaces
{Q4}+>0 to the convex hull of a bounded set K C RY, co(K), we use a level set approach.
Assume that there is a function u : R? x [0,00) — R which its zero superlevel sets are
for each t > 0 satifying that

Oy — co(K) ast— oc. (1.0.12)

Then, we prove that v can be modell as the solution to

{max{ — Owu(z,t) — L(u(z, 1)), v(z) — u(m,t)} =0, (z,t) € R?x{t >0},

1.0.13
u(z,0) = ug(x), r € RY, ( )

where .Z is the elliptic and degenerate operator given by

L) = inf (= (Du()v,v)),
that encode the envolution by minimal curvature and 1 is assume to be a smooth function
which zero superlevel set is K.

The idea of considering the minimal curvature flow is in that the convex hull of a given
set K is characterized by the property that its boundary can be touched by supporting
hyperplanes. Note that a point that belongs to co(K) \ K also belongs to a one of these
supporting hyperplanes. Then, in that point, the main curvature of the boundary has to be
zero, while all the other curvatures need to be nonnegative in order to ensure the convexity
of co(K).

Therefore, we have that co(K) is a solution to the minimal curvature equal to zero
at boundary points that are not in K (where the surface does not touch the obstacle).
Since our target (co(K)) is a stationary solution to our evolution equation it seems natural
to expect that we find the convex hull in the long time behavior of the solutions to our
parabolic problem (1.0.13).

In this chapter, our first step is to prove existence and uniqueness of solutions of the
obstacle problem (1.0.13) via a comparison principle and Perron’s method. We will rely
on previous theory developed for viscosity solutions to geometric flows, see [36, 45, 78, 79].

Once that we have obtain existence and uniqueness, we turn our attention to their
asymptotic behavior. To obtain our main result (1.0.12) we use a deterministic two-person
zero-sum game inspired by previous results by [63] and [82].

In this game, the players are Paul who wants to maxize the expect outcome and Carol
who aims to minizime it. For a fixed € > 0, in each round of the game the players perform
a series of chooices that allow them to move a e-step to the next position. The main goal
of Paul is to achieve the obstacle K because there he automatically wins. If Carol does not

11
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allow it, the second Paul’s objetive is to remain in the co(K). While, the Carol’s first aim
is to expel Paul to €2y since there the terminal cost is negative. The final cost opimized by
both players starting at « and time ¢ is given by the value of the e- game u®(z, ).

The key points to obtain (1.0.12) are the following: the value functions u® converge to
the solution u of the parabolic obstacle problem (1.0.13) as ¢ — 0. On the other hand,
introducing the concept of e-convexity and considering strategies that enable the players
to achieve their objectives, we prove that the zero superlevel set of u®, for € small enough,
approximates (under certain hypotheses on K and wg) the convex hull of K as ¢t — oo.

The two membranes problem

Chapter 5 is devoted to presenting the results published in:

e [49], Monotone iterations of two obstacle problem with different operators,

e [50], The two membranes problem in a reqular tree,

two joint works with Alfredo Miranda (UBA) and Julio D. Rossi (UBA).

Let €2 be a bounded Lipschitz domain and T be a regular tree. Consider L; and Lo be
two differential operators defined in functions u : {2 — R or two operators L; and Ly given
by mean value formulas acting on functions u : T — R. Similary, let (f,g) be a pair of
ordered functions in 02 or in OT.

A solution to the two membranes problem in 2 or in T with operators L; and L, and
boundary datum (f, g) is a pair of funtions (u,v) satisfying

min {Ll(u)(x), (u— U)(:L’)} =0, z€Q orxeT,

maX{Lg(v)(x), (v — u)(x)} =0, r€Q orzeT,
u(z) = f(z), v(x) = g(z), x €00 orx e JdT.

That is, u is the solution of the obstacle problem from below with operator L, obstacle v
and Dirichlet condition g; while v is the solution of the obstacle problem from above with
operator Lg, obstacle v and boundary datum f.

The two membranes problem for the Laplacian was first considered in [111] using vari-
ational arguments. Once existence of a solution (in an appropriate sense) is obtained, a
lot of interesting questions arise, such us uniqueness, regularity of the involved functions,
a description of the contact set, the regularity of the contact set, etc. See [26, 27, 104],
the dissertation [112] and references therein. Futhermore, a more general version of this
problem involving more than two membranes was considered by several authors (see for
example [9, 31, 34]).

In this Chapter 5, first, we establish the existence of solutions of the two membranes
problem in a tree under adequate conditions on the boundary data and the involved source
terms. Observe that the existence of a solution to the two membranes problem in a domain
is guaranteed by a classical application of Perron’s method, provided that L; and Ly are
general elliptic operators.

12
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Second, we analyze iterations of the obstacle problem in both ambient spaces. We solve
iteratively the obstacle problem from above or below for two different operators L; and Lo
with obstacles given by the previous functions in the iterative process.

Moreover, when the ambient space is 2, we implement this iterative method in two
different frameworks: the variational setting, where L; and Lo admit a divergence form,
and via viscosity solutions, where we consider more general elliptic operators. We initiate
the iterations with a supersolution or a subsolution of one of the operators. The procedure
described in this chapter generates two monotone sequences of functions that converge to
a solution to the two membranes problem for the two different operators.

Similarly, we apply an analogous iterative method to obtain a solution to the two
membranes problem in a tree. Futhermore, thanks to this method, when the boundary
data f and g are strictly separated, we prove that the coincidence set is separated from the
boundary and, consequently, it contains only a finite number of nodes. Finally, we provide
a game theoretical interpretation of the two membranes problem in a tree.

13



Chapter 2

A Widder’s type theory for the
nonlocal heat equation for certain
Lévy operators

In this chapter we address the results presented in [52] named On the nonlocal heat equation
for certain Lévy operators and the uniqueness of positive solutions by Fernando Quiréds,
Fernando Soria, Zoran Vondracek (UZ) and the author of this dissertation memoir.

2.1 Introduction

Goal. Our aim is to develop a Widder-type theory for nonlocal heat equations of the form
o+ Lu=0 inRx (0,7), (NLHE)

where L is a Lévy-type operator as general as possible and 7" € (0, +o00). Thus, we consider

nonnegative solutions to the problem and look for conditions on £ that guarantee: (i)

uniqueness of nonnegative classical and very weak solutions with a given initial trace;

(ii) the existence of an initial trace, belonging to certain admissibility class; and (iii) the

existence of a solution, given by a representation formula, for any admissible initial trace.
We start by considering the case of purely nonlocal Lévy operators of the form

Lru(x) = /Qf (u(x) _ulzty) —g G y)>K(y) dy, (2.1.1)

where K : R? — R is a positive symmetric Lévy kernel, that is, a measurable function
such that

K(z) >0, K(z)=K(—z) forae z¢cR? /Rd(l Ay K(y)dy < oo,  (A0)

with a A b := min{a,b}. We will give additional growth conditions on K allowing us to
answer in the positive to all three questions: uniqueness, existence of a trace, and existence
of a solution with a given (admissible) initial trace.
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EQUATION FOR CERTAIN LEVY OPERATORS

A careful analysis of the proofs will allow us to extend the results to some more general
purely nonlocal operators of the form

Lou(x) = /Jf (u(x) _wlrty) Fule - y)) dv(y), (2.1.2)

2

where v is a symmetric Lévy measure, that is, a nonnegative Radon measure on R¢\ {0}
satisfying

v(B) = v(~B) for all B € B(RY), /Rdu Alyl?) du(y) < oo, (A,)

with v not necessarily absolutely continuous with respect to the Lebesgue measure. Here
B(R?) denotes the o-algebra of Borel sets in R Our results cover, for instance, the
family of anisotropic operators £, = Z§:1 Lk, L € {l,...,d}, where each L, is of the
form (2.1.1) and acts only on the subspace R%, with RY = R% x ... x R%,

We will finally consider Lévy operators having both a local and a nonlocal part, namely
operators of the form L g := —A+ Lk, with L asin (2.1.1). We will also obtain positive
answers to the three questions if the kernel K satisfies the same growth conditions as in
the purely nonlocal case.

Widder’s theory for the local heat equation. The Cauchy problem for the local heat equation

ou—Au=0 inR?x (0,7) (2.1.3)

is not well-posed in general: it has infinitely many classical solutions with zero initial
datum, for instance, any multiple of Tychonov’s counterexample [109]. In order to get
uniqueness, one has to restrict the class of functions within which one looks for solutions.
One possibility, that may not seem natural from a physical point of view, is to consider
only solutions that do not grow too rapidly as |z| — oo; see [109]. A second common
option is to require some integrability in space for almost every time, regarding solutions
as curves in some LP space, as is done in the Theory of Semigroups. This approach matches
well with the conservation of energy when p = 1.

D. V. Widder considered a third approach: since the Third Principle of Thermodynam-
ics asserts that temperatures remain always above zero Kelvin degrees, it is sensible to
restrict the analysis to nonnegative classical solutions. In his celebrated paper [116] he
proved two important results in this framework, both in the one-dimensional case d = 1.
The first one is a uniqueness result for nonnegative classical solutions with trivial initial
data. Unfortunately, this does not give uniqueness for other initial data, since the difference
of nonnegative solutions is not necessarily nonnegative. The second one is a representation
theorem: if u is a nonnegative classical solution of (2.1.3), there exists a nonnegative Borel
measure g such that u(-,t) = G, * p for all t > 0, where

2
||

Gy(z) = G(z,t) == (4rt)~Y?e i, zeR% >0, (2.1.4)
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is the heat kernel (or fundamental solution) of the heat equation. Besides, p cannot have
too much mass near infinity,

/J[e_|y|2/(4t) du(y) < co, t€(0,T). (2.1.5)

Some years later, Krzyzanski extended Widder’s representation theorem to higher dimen-
sions [65]; see also [4], where the uniqueness of the representing measure p is proved.
Note that (2.1.5) implies that p is locally finite, hence a Radon measure, since R? is a
locally-compact Hausdorff space.

The converse of the representation theorem is also true: if p is a Radon measure
satisfying (2.1.5), then u(-,t) = Gy * p, t > 0, is a solution to (2.1.3); see [116] for d = 1
and [5] for higher dimensions.

Widder’s representation theorem did not settle the question of uniqueness for the
Cauchy problem. For this we have to wait until Aronson’s paper [5], where he proves
that if u is the measure representing a nonnegative solution u to the heat equation (2.1.3),
then

lim (z)u(x,t)de = [ dup for all P € C.(RY); (2.1.6)
t—=0t JRd Rd
that is, u(-,t) — p as t — 07 as Radon measures in the weak® topology. This gives a
positive answer to the uniqueness question for nonnegative solutions of the Cauchy problem
having a Radon measure as initial trace, if we understand that uw has p as initial datum
when (2.1.6) holds. In this chapter the initial data is meant to be taken in this sense.

Remark 2.1.1. Let d = 1. If p is the measure representing a nonnegative solution u
to (2.1.3), then

1 1
lim /]Zu(a:,t) dr = u(a,b) + —p(a) + é,u(b) for all a,b € R with a < b;

t—0t 2

see [117]. Hence, if we understand that u has p as initial trace when

lim /]Zu(a:,t) dz = p(a,b) for all @ < b such that u{a} = pu{b} =0,

t—0t

we would have uniqueness for nonnegative solutions of the Cauchy problem; see [118]. A
similar result in higher dimensions is given in [6].

Precedents for nonlocal operators. As already announced, our purpose is to extend Widder’s
theory to the nonlocal heat equation (NLHE) for the widest possible class of nonlocal
operators £. We have two direct nonlocal precedents that have been a source of inspiration
for us, [12] and [19], both of them dealing with the special case in which £ is the fractional
Laplacian (—A)*/2 o € (0,2), an operator of the form (2.1.1) with K,(y) = Cya|y| @+
for some normalization constant Cy,; see also [86, Chapter 12]. In contrast with the
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local heat equation, the definition of very weak solution for this problem requires some
integrability, at least u € L. ((0,7T); Ly 2), where

La/z(R )= {u R? — R measurable : /J[ = |x’d+a dr < oo} .

We will have an analogous situation when dealing with more general operators, with inte-
grability spaces adapted to L.

The first of these papers, [12], gives a representation formula in terms of the initial
datum for nonnegative classical solutions to the equation that are continuous down to

= 0. This implies uniqueness. The strategy is to prove uniqueness for very weak solutions
within L ([0,T); La/2), and then show that nonnegative classical solutions are very weak
solutions in this class. This last step is not as straightforward as in the local case, due to
the nonlocal character of the fractional Laplacian. This approach can be adapted easily to
cope with more general initial data. The second paper, [19], develops a complete Widder-
type theory, though only for nonnegative very weak solutions, including the existence of
an initial trace and considering the possibility of having (admissible) nonnegative Radon
measures as initial data. The existence of a trace had already been proved in the previous
paper [20], where the authors analyze a nonlinear variant of the equation.

Let us remark that the notions of very weak solution used in [12] and [19] do not
coincide. We will make use of both of them (adapted to general operators), and of their
equivalence in certain cases.

As for Widder-type results for more general linear nonlocal operators, we are only aware
of the work [85], where the authors prove uniqueness of very weak solutions to (NLHE)
when L is an a-stable diffusion operators given by an anisotropic symmetric Lévy measure.
Such operators have motivated us to develop the general theory in Section 2.4.

Operators of the form L x have attracted some attention in recent years; see, for
instance, [33], [Zoran2] and [39]. However, we are not aware of any previous work dealing
with Widder’s theory for them.

Concepts of solution and initial trace. As we have just mentioned, there are in the literature
different notions of solution to (NLHE). Hence, before going further, let us make precise
what we will mean by a very weak solution and a classical solution to this equation.

Definition 2.1.2. A very weak solution of (NLHE) is a function v € L
that:

(RYx (0,T)) such

loc

/f/ lu(z, )]|£0(x,t)|dzdt < co for all § € C(R? x (0,T)); (2.1.7)
/f /Ju(w,t)(@te(m,t) — LO(z,t))dzdt =0 for all # € C=(R? x (0,T)). (2.1.8)

We will give, and use, an alternative definition of very weak solution in Sec-
tion 2.3; see (2.3.3)—(2.3.4).
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Definition 2.1.3. A classical solution of (NLHE) is a function v € C(R? x (0,7)) such
that O,u and Lu belong to C(R¢ x (0,T)) if £ is purely nonlocal, and moreover u €
C2(R? x (0,7)) if £ has a local part, and

(Oyu + Lu)(z,t) =0 for all (x,t) € RY x (0,7). (2.1.9)

Since we are dealing with the Cauchy problem, it is also convenient to make precise
what we mean by the “initial datum” of the problem. Let us recall that the space of Radon
measures on R? is the dual space of C.(R%). We will ask the solution to converge to the
initial datum as ¢ — 07 as Radon measures in the weak* topology (also known as vague

topology).

Definition 2.1.4. Let yy a Radon measure. We say that u € Li _(R?x (0, 7)) has (initial)
trace or initial datum gy if

ess lim (x)u(x,t)dz = / Ydpg  for all ¥ € C.(RY). (2.1.10)
t=0t  JRd R4

Mized polynomial growth. Our main goal is to show that, under certain conditions, very

weak and classical solutions to (NLHE) with initial datum g are given by the representa-

tion formula

(1) = /R P(r—y)dimoy) in B x (0,T), (RF)

Here, P;(x) is the heat kernel of (NLHE), given by P, = F(e™"™), t > 0, where F denotes
Fourier transform, and m is the Fourier symbol of £. In order to accomplish this task
when £ = (—A)%/2, the papers [12] and [19] use in an essential way that the heat kernel

associated to that operator satisfies
t
P(x) < - for (z,t) € R? x (0, 00).
(tl/s + ‘:L_P)(d—i-Q )/2

(Here and below we denote f =< g if the quotient f/g remains bounded between two
positive constants.) In particular, P, is comparable to the Lévy kernel K, of the fractional
Laplacian away from the origin for every ¢ > 0. This comparability between the heat and
the Lévy kernel will also be essential for our arguments in Section 2.3, when dealing with
more general operators Lx. Fortunately, there is a wide class of Lévy kernels K for which it
holds: those comparable to radial functions with mized polynomial growth; see [10]. Thus,
besides (A0), we will also assume that

C«—l
2] = S R

for some constant C' > 1 and some nondecreasing function ¢ : (0, +00) — (0, +00), known
as the scale function, satisfying the global (lower and upper) weak scaling conditions

for all x # 0 (A1)

R\A _ @(R) R\ 52
2) < 2 (2 <
(=) _W)_AQ(T) forall 0 < 7 < R < o0 (A2)
for constants Ay, Ay > 0 and exponents By > 31 > 0.
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Remark 2.1.5. Since the Lévy kernel K is assumed to satisfy (A0), then necessarily 5y < 2.
Note, however, that we are admitting the borderline case 35 = 2, which is not common in
the literature.

For some results we will also require the scale function ¢ to satisfy
@ € C*((1,00)), 10 /@| <e, |§"/@] <ec in[2,00) for some constant ¢ > 0. (A3)

Here is a table of examples satisfying assumptions (A0)—(A3), with its lower and upper
exponents.

Examples of operators £ or Lévy kernels K oh B
L= (=N)2 0<a<?2 « a
L= (—A)al/Q + (_A)a2/27 O<ap <ay <1 aq Qo
1 0 € S
K(x) = ’
(=) Z[7 (2 + cos(f, z)) 0<a <2 “ @
log® (1 + |x)
K(LC)ZMT, O<e<x?2 2—c¢ 2
1 2—¢
K(z) = — l<a<?2 for all 2
+2(1 4+ log% ()’

Main results and organization of the chapter. In Section 2.2, we first review some known
background about the relationship between Lévy processes and heat kernels. We then
obtain some fundamental properties of the heat kernel when the Lévy operator is of the
form Ly, with K satisfying assumptions (A0)—(A2). These properties will be useful in
proving our main results in Section 2.3. Finally, by means of Bernstein’s theorem for
completely monotone functions, we establish additional properties for the heat kernel when
L= (-A)2 a € (0,2), that will be used to prove the existence of classical solutions in
this case. For a complete description of Bernstein’s theorem see the monograph [103].

The core of the chapter is Section 2.3, where we analyze operators of the form (2.1.1),
assuming that K satisfies (A0)—(A2) (plus (A3) for some results). Let P, be the associated
heat kernel. Under these assumptions, P;, =< P, for every t1,t; > 0, an important fact in
our proofs. This is a significant difference with respect to the local heat equation, since
Gy, is never comparable to Gy, if t; # to.

In the first part of the section we focus on very weak solutions. It turns out that the
integrability condition (2.1.7) can be substituted by an integrability condition involving
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the heat kernel; see Proposition 5.2.5. Thus, a natural space for very weak solutions is
Li,.((0,7); Lp,), where

loc

Lp = {ve L (RY: / |v(x)|Py(x) dx < oo .
Rd

There is nothing special about P;, since all the functions P, ¢ > 0, are comparable. We
could have picked any other reference time instead of ¢t = 1.

We start by proving uniqueness for very weak solutions to the Cauchy problem in the
sense of the alternative definition (2.3.3)—(2.3.4); this is Theorem 2.3.5. But very weak
solutions in the sense of Definition 2.1.2 having pg as initial trace satisfy (2.3.3)—(2.3.4)
if they belong to L>((0,T); Lp,), see Proposition 2.3.3, and uniqueness for very weak
solutions in that class follows; see Corollary 2.3.6.

We next prove that nonnegative very weak solutions belong to L>((0,7); Lp,). As a
consequence we obtain a uniqueness result for them; see Corollary 2.3.10.

The third step, Theorem 2.3.15, is to show that every nonnegative very weak solution
has an initial trace which is a Radon measure satisfying the integral growth condition

/J[ P dpy < oo (GC)

The final step is to prove that if ug is a (signed) Radon measure satisfying

/f Py dlpo] < oo, (acs)

then, the function
Ul(x,t) ::/ Pi(z —y)duo(y) for all (x,t) € R? x (0, 00) (Suo)
Rd

is a very weak solution to (NLHE) in L>((0,7); Lp,) for every T > 0, having p as initial
trace; see Theorem 5.2.9. Here comes a second important difference with the local heat
equation (intimately related to the first one): the integrability of the initial trace against
the heat kernel at any time gives existence for all times. In contrast, in the local framework,
if the initial datum satisfies (2.1.5), we can only guarantee existence for ¢t € (0,7).

Remark 2.1.6. Our existence result admits Radon measures with sign changes as initial
data, though this is not necessary for Widder’s theory.

The four steps that we have just described imply in particular that a very weak so-
lution to (NLHE) in L>((0,T); Lp, ) with initial trace jq is given by the representation
formula (RF). Since nonnegative very weak solutions belong to L>((0,7); Lp, ), we have
completed Widder’s theory for this kind of solutions; see Corollary 2.3.17.

In the second part of Section 2.3 we consider classical solutions to (NLHE), still for
operators of the form (2.1.1). We give two conditions that together are sufficient for a
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classical solution to be a very weak solution; see Proposition 2.3.18. The first one, that
concerns the regularity of the function, is

/Z[<1} A,y £)|K (y) dy € LL (R x (0,T)), ()

where Au(z,y,t) := u(z,t) — 3 (u(z + y,t) + u(z — y,t)). This would correspond to the
regularity requirement u € Ci’tl in Widder’s theory for the classical heat equation, and
is used to ensure that Lu is integrable against any test function. The second one, u €
L,.((0,T); Lp,), is required by the definition of very weak solution for a nonlocal operator.
Nonnegative classical solutions always satisfy the second condition; see Corollary 2.3.23.

Thanks to Proposition 2.3.18, we can take profit of the results for very weak solutions
to prove results for classical solutions, always under the assumption (H): uniqueness and
a representation formula in the class L>((0,T); Lp,), Theorem 2.3.19; and uniqueness,
the existence of an initial trace and a representation formula for nonnegative solutions,
Theorem 2.3.24.

What about the existence of classical solutions with a given Radon measure iy as initial
trace? If pg satisfies the integral growth condition (GCS), we have a natural candidate:
the function U given by (S,,). However, proving that this very weak solution is a classical
solution is not a trivial task, and requires some assumptions, that we write in terms of
the heat kernel associated to the operator; see Theorem 2.3.25. These assumptions are
satisfied, for instance, when the operator is the fractional Laplacian.

An inspection of the proofs in Section 2.3 shows that they do not use assumptions (A0)—
(A3) directly, but their implications for the heat kernel, that could be satisfied by more
general operators. In Section 2.4 we rewrite the theorems in Section 2.3 in terms of such
conditions for the heat kernel, so that they may encompass a wider class of purely nonlocal
operators £, of the form (2.1.2) with v satisfying (A,). To show the usefulness of these
results, we check that they may be applied to the already mentioned family of anisotropic
operators L, = Z§:1 Lrk;, L € {1,...,d}, where each L, is of the form (2.1.1) and acts
only on the subspace R%, with R? = R% x ... x R%. The key here, besides the special
form of the operator, is that the heat kernel associated to L, is the product of the heat
kernels associated to each of the operators Lk, .

Finally, in Section 2.5, we consider operators having both a local and a nonlocal part,
namely La g := —A+ Lk, with Lk as in (2.1.1), and K satisfying (A0)—(A2) (and (A3)
in some cases). The results, and the proofs, go in parallel to those in Section 2.3. The clue
to deal with this kind of operators is that the heat kernel is the convolution of the heat
kernels of —A and L, which helps in several ways, and even allows to remove some of the
restrictions that we had in Section 2.3.

Some notations. Throughout the chapterwe will often use the following notations:
1

e Fourier transform: F(f)(§) = 2n) flx)e @9 de.
Rd

e Inverse Fourier transform: F~!(f)(z) = /Jff({)e“z’f) dé€.
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e Second order incremental quotients:
1
Av(z,y) == v(x) — é(v(x +y)+v(x —1y)). (2.1.11)

e Spatial cutoff functions: {Yr}r>r,, Ro > 0, where

Yr(z) =¢(x/R), xR’ for some 1) € C(RY) such that Xp, o) < ¥ < Xp,(0).-
(2.1.12)

e Set of Lebesgue points of h € L _((0,7)) with respect to a summability kernel

{mbiere L(h: {nehien) = {8 € (0,T) + |(2)] < oo, I (me xB)() = h(1)}

2.2 The heat kernel

After reviewing some known background concerning the relation between Lévy processes
and heat kernels in subsection 2.2.1, we obtain in subsection 2.2.2 several fundamental
properties of the heat kernel associated to an operator Lx with K satisfying (A0)—(A2)
that will be later used to prove our main results. When the operator is the fractional
Laplacian we obtain further properties in subsection 2.2.3, using the theory of completely
monotone functions.

2.2.1 Lévy processes and heat kernels

In this paragraph we explain the relation between Lévy processes and heat kernels, that
allows us to use well-known results for the former field to deal with the latter. Our main
references for this preliminary material are [3, 62].
Léuvy process. A stochastic process on R? is said to be a Lévy process if it starts at zero (i.e.,
Xo = 0 a.s.), has stationary and independent increments, and is continuous in probability.
A Lévy process (Xt) >0 Das a characteristic function, that determines its distribution,
given by
E[eXt] = e for all ¢ € R, t >0, (2.2.1)

where 1 : R? — C is the so-called characteristic exponent, [62, Corollary 2.5]. By Lévy-
Khintchine’s theorem [62, Theorem 6.8, ¢ is a continuous function given by Lévy-
Khintchine’s formula

vO =300 - 0.0+ [ (1= i) Wy (222)

R4

Here @ is a positive semi-definite d x d matrix with real coefficients, b € R?, and v is a Lévy
measure, that is, a nonnegative Radon (that is, Borel regular and locally finite) measure

on R?\ {0} such that
Jrani ) < .
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A triplet (Q, b, v) that satisfies the above properties is known as a Lévy triplet.
Conversely, by Lévy-Khintchine’s theorem [62, Theorem 7.5], a Lévy triplet (Q,b,v)
has univocally associated a Lévy process whose characteristic exponent is given by (2.2.2).

Markov transition density. By [62, Lemma 4.4], if (Xt) 1> 18 a Lévy process, then

pi(z, B) = / pi(x,dy) =Pz + X, € B), t>0, x€cR? BeBRY, (2.2.3)
B

is a Markov transition density: (i) B — p;(z, B) is a probability for every ¢ > 0 and
r € RY (i) (x,t) = pi(x, B) is a Borel measurable function for every B € B(R?); and (iii)
the Chapman-Kolmogorov equations hold,

prsa(, B) = / Py, Bpo(,dy) for all £,5 > 0, = € RY, B € BRY).
Rd

Besides, by definition, this Markov transition density is invariant by translations,
(2, B) =p,(0,B—2x) forallt>0 zcR? and B € B(RY).

In slight abuse of notation, we write p;(B — x) := py(0, B — z).
Feller semigroup. Associated with the above Markov transition density, we define a family
of linear operators indexed by ¢ > 0 acting on the set of bounded Borel functions By, (R9),

P, : By(RY) — By(RY), P.f(z) :=E[f(2+X,)] = g f@W)pe(z,dy), f € By(RY), z € R

(2.2.4)
Since p; is invariant under translations, it follows that P, is a convolution operator for all
t >0,

Pufla) = [ fle+ypldy) = f+ Pf(z), f€ByR), z€R, (2.2.5)

where PX(B) := p;(—B) for all Borel sets B and ¢ > 0. Moreover, the family of operators
(Pt) 1> 18 a Feller semigroup; that is, (Pt)

t>0"

e is a semigroup: Py = Pro Ps for all t, s > 0 and Py = 1d;

is sub-Markovian: if 0 < f <1 then 0 <P, f < 1;

is contractive: ||Piflloo < || f|loo;

has the Feller property: P,(Co(R?)) C Co(R?);

is strongly continuous on Cp(R?): lim [|Pf = flloc = 0 for all Co(RY).
t—0

23



CHAPTER 2. A WIDDER’S TYPE THEORY FOR THE NONLOCAL HEAT
EQUATION FOR CERTAIN LEVY OPERATORS

The strong continuity on Co(R?) implies in particular that
pr— 8 ast— 0" in the weak™ topology in (Co(R?))". (2.2.6)

Let us recall that (Co(R?)) is the set of finite Radon measures.
Infinitesimal generator. Since (Pt) is a Feller semigroup, it has an associated infinitesi-

>0
mal generator A, given by

Af = hnﬁ Ptft_ / (uniform limit) for all f in the domain of A,
t—0
D(A) = {f € Cp(RY) : 3g € Cy(R?) such that lim Pz g = 0}.
t—0+ t oo
It holds that P;(D(A)) C D(A) for all t > 0, and
%]P’tf = A(P,f) forall f € D(A), (2.2.7)

so that u(t) = P, f solves the initial value problem v’ = Au, u(0) = f in the Banach space
Co(R?). In addition,

]P’tf—f:A/fIP’sfds if f e Co(RY), Ptf—f:/f]P’sAfds if f € D(A).

As a consequence of the above properties, D(A) is dense in Cy(R%), A is a closed operator
and A determines (P);>o uniquely; see [62, Lemma 5.4, Remark 5.5]. Moreover, since
(P;)i>0 comes from a Lévy process, S(R?) C D(A), where S(R?) is the Schwartz class in
R,

Fourier symbol. By [3, Theorem 3.3.3], the infinitesimal generator A of a Feller semi-
group (P;);>0 associated with a Lévy process (X;);>0 can be expressed in terms of Fourier
transform as

Af(r) = — /Ezfﬂfxs)w(&)e“@w i, feSRY), zeR,

where 9 is the characteristic exponent of (X);>o.
The operators in the Feller semigroup (IP;);~¢ can also be rewritten via Fourier trans-
form. Indeed, P;(S(RY)) C S(R?) and, due to (2.2.4) and (2.2.1),

Puf =P [ FOQT s = [FR@R ae = [ F(pe)ere o ag
Rd d R
= <]:_1(f( - f)), B_tw(g) dg)S(Rd)XS’(]Rd) for all f € S(Rd), t Z 0.

As a consequence, using also (2.2.5), we have that

pe(dy) = ]-_l(e_tw(_y)dy) in S'(RY). (2.2.8)
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Heat kernel. A Feller semigroup (P);>o is a strong Feller semigroup if P;(By,(R%)) C
Cp(RY). We have the following important result due to Hawkes, [62, Lemma 4.9]. The
semigroup (P;)¢>o defined by (2.2.4) associated to a Lévy process (X;)i>o is a strong Feller
semigroup if and only if its Markov transition density p;, ¢ > 0 (defined in (2.2.3)) is
absolutely continuous with respect to the Lebesgue measure for all ¢ > 0; that is, if

p(dy) = P,(y)dy forallt >0

for some P, € L'(R?), known as the heat kernel of (X;);>o. Note that ||P 1 ey = 1,
since p; is a probability measure. In what follows we will use several times the alternative

notation
P(y,t) = P(y), (y,t) € R x (0, 00).

If the characteristic exponent of a Lévy process (X;)i>o satisfies e % € LY(R?) for all
t > 0, then, by Riemann-Lebesgue’s Theorem, F~!(e~™¥) € Cy(R?). Moreover, if 1 is
symmetric, by (2.2.8), (X;);>0 has a heat kernel given by

P=F e ™), t>0.
Notice that for each t > 0 we have |P;(z)| < /Lfe_w(g) d¢ = P,(0).
d
Thanks to (2.2.6) we know that the heat kernel has an initial trace:
P, — 6y ast— 0" as finite Radon measures in the weak* topology.

Besides, by Fourier transform, (F;):>o satisfies the semigroup property

P« P, =P, x P, =P, forallt,s>D0. (2.2.9)

2.2.2 Heat kernel properties for operators Lx

Our next goal is to obtain further properties of the heat kernel when the Lévy operator
L has the form (2.1.1) with K satisfying (A0)—(A2).
Fourier symbol of the operator. By Fourier transform,

@mwa@mwmeM%(mammwem

where m is the Fourier symbol of L, given by

mi(e) = /R (1- cosle ) K (y)dy, €€ R (2.2.10)

We know from the properties of the cosine function that there is a constant C' > 0 such
that
0 < 1 cos(é, y) < CLA JEPIYI2) < CL+ €)1 A [yf?). (2.211)
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Then, since K is a Lévy kernel,
0<m(&) <CA+[EP), €eR% (2.2.12)

see (A0). Moreover, because K is symmetric and (£, -) X', (o) is an odd function,

m(€) = PV, /

R4

(1— e K (y)dy = /d(l — Y (€, y) X 0) () K (y) dy.
R

Since |1— e +i(&, y) X, 0)(y)| < C(1+€]*)(1A]y|?), the last integral is finite, thanks to

the Lévy condition (A0). Therefore, m is the characteristic exponent of the Lévy process

(Y:)1>o0 that has (0,0, K (y) dy) as Lévy triplet; see Lévy-Khintchine’s formula (2.2.2). As

a consequence,

LK oy =A

where A is the infinitesimal generator associated to the process.
We now prove the continuity of the Fourier symbol and estimate its size.

Sy (2.2.13)

Proposition 2.2.1. Let m be the Fourier symbol of Lk, with K satisfying assump-
tions (A0)—(A2). Then, m € C(RY) and there exist constants 0 < Cy < Cy such that

Crlé[™ <m(€) < Cole|™  for all €] > 1, (2.2.14)
where 0 < 31 < P are the exponents in the global weak scaling conditions (A2).

Proof. Thanks to (2.2.11), we can apply the Dominated Convergence Theorem, (DCT from
now on), to obtain the desired continuity of m,

Jim (m(€:) — m(€2)) = /  Jim (cos(y &) — cosly, £1)) K (y) dy = 0.

As for the lower bound for m when || > 1, performing the change of variables y — y/|¢]
in (2.2.10),

1
m(€) = 1z (1= cos(e/I€l. K /€D

Using hypothesis (A1) and the global lower weak scaling condition in (A2),

S (< G = ) B N 3 e
Kly/lel) = Clylia(y/I€]) — Clylia(y) p(y/|€]) - Clyl?e(y)

where C'is the same constant as in (Al) and A and 5 come from (A2). Therefore,

A
> @‘f’d+’81K(y)>

m(€) = Glel* [ (1= cos(e/ el o) dy = GlelPmic e,

Since K is assumed to be positive, then m(§) > 0, with equality if and only if £ = 0;
see (2.2.10). Therefore, the continuity of m implies that

A
B1 — ;
m(§) > C1[€]7*,  where C) = oz in m(f) > 0.

The proof of the upper bound is completely analogous. ]
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The heat kernel and its regularity. Let (Y:);>o be the Lévy process with Lévy triplet
(0,0, K(y)dy). We have just seen that its characteristic exponent is m. The lower bound
for m in (2.2.14) implies that e~ € L*(R?) for all ¢+ > 0, whence, since m is symmetric,
(Y:)1>0 has a heat kernel given by

P=F ™), t>0; (2.2.15)
see (2.2.8). The lower bound also allows us to prove that the heat kernel is smooth.

Corollary 2.2.2. Let K satisfying (A0)—(A2) and let P be the heat kernel associated to L.
Then:

(i) OFP(-,t), D*P;, € Co(RY) for allt > 0, k € NU{0}, and a = (a, . .., aq) € (NU{0})%;
(i) LxP; € Co(R?) for all t > 0;
(iii) OFP € C(R? x (0,00)) for all k € NU{0}.
Proof. (i) By the definition (2.2.15) of the heat kernel via Fourier transform,
HP(t)=0fF e = F 1 (0fe™™) = FH((—1)"mPe™"™),
D*P, = D*F e ™) = F! (pe_tm) for some C-polynomial p.
Hence, the result will follow from Riemann-Lebesgue’s Lemma if we prove that
mPe ™ pe~'™ ¢ L'(R?) for all t > 0 (2.2.16)

for any £k € NU {0} and any C-polynomial p = p(&y, ..., & ).
By the lower bound for m in (2.2.14), for any k € N U {0},

—tm(¢ d m(&)d k *tm(f)d
/ (1 + ¢[F)emOde = /Jlm}”‘f’ ‘4 /{Mmra e e

(2.2.17)
< 2|B1(0)] + 2/][ EFe M qe < 00 for all ¢ > 0,
l€1>1}
from where (2.2.16) follows, since 0 < m*(&) < C(1 + [£]?*) for some constant C' > 0 for
all £ € R, by (2.2.12), and |p(&1, ..., &) < C(1+ [€]F) for all £ € RY for some constants
C >0and k € NU{0}.
(ii) We have already proved in (i) that P, € C3(R?). Hence, by Taylor’s expansion,

1
AP (z,y)| < §’|D2Pt||oo|y|2XB1(0)(y) + 2|| Pl oo X5 (0) (y) (2.2.18)

IN

1
(G1D°Pulloo + 21 Pelloc) (LA [yI7)

where A denotes the second order incremental quotients (see (2.1.11)). Hence, since K
satisfies the Lévy property (A0), we can apply the DCT to obtain

|LP,(x1)—LP(z2)] = 0 as |z1—xo] — 0, |LP(z)| < /d AP, (z,y)|K(y)dy — 0 as |z| — oo.
R
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(iii) Tt is enough to check that OF P(x,-) € C((0,00)) for all x € R?, since we already now
that OFP(-,t) € Cy(RY) for all t > 0. Consider z € R? and t;,¢, > 0. By (2.2.17), using
the DCT, we have

08 P(2, 1) — OFP(a,1a)] < /J[ mb(€) e1mE _ e=tm© de 50 as [ty — to] —> 0. [
d

Size estimates. If K satisfies (A0)—(A2), [10, Theorem 1.2] implies that the tails of the
heat kernel and the Lévy kernel are comparable uniformly in bounded times away from

zero: for each € > 0 and T" > ¢ there exists a constant C.r > 1 depending only on ¢ and
T such that

C;}K(x) < P(x) < C.pK(x) forall |z >1andt e [eT]. (Cpk)

Remember that P, € Cy(RY) for all + > 0. In particular, P, is bounded. On the other
hand, P, > 0 for all ¢ > 0; see [10, Theorem 1.2]. Combining these two facts with (Cpg),
we have that there is some constant C. 7 > 1 such that

C;;Pt(x) < Py(z) < C.pPy(x) forall z € R* and ¢, s € [¢,T). (Cp,)

Besides, since P, > 0 and continuous, for each 6 € C.(R? x [0,T]) there is Cj > 0 such
that

0(xz,t)| < C3P (z) for all (z,t) € R x [0, 7], (2.2.19)

which together with the semigroup property (2.2.9) and (Cp,) yields that there is Cj 1 > 0
such that

(P 0(-, 1)) (2)| < C3P; + Pu(z) < CipPi(x) forall (z,t) e R x [0,7].  (2.2.20)

Thanks to the positivity and continuity of P;, we can control the image of test functions
under the action of Lg.

Lemma 2.2.3. Let L = Lx with K satisfying assumptions (A0)—~(A2) and let P be the
corresponding heat kernel. Let 0 < § < 7 < oo. For each € C*(R? x [0, 7]) there is a
constant Cz > 0 such that

|Lx0(z,1)] < /Rd |AG(x,y,t)|K (y) dy < C3P,(z)  for all (x,t) € R x [5, 7).

Proof. The first inequality is immediate. As for the second, we split the integration domain
in two sets, to take profit of the different properties of K in different sets,

/Rd [AG(z,y, t)| K (y) dy = /][|<1} IAO(z,y, 1) | K (y) dy+/{ . IAO(z,y, )| K (y) dy.

J/

—~ —~

I(z,t) I1(z,t)
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By Taylor’s expansion, for each x,y € R? and ¢ € [0, 7] there is some A, [A] < 1, such
that

Let R; be such that supp((-,t)) C Bg,(0) for all t € [0, 7]. If [A[, |y[ <1, then
Supp<8jak0~( + )‘yat)) C BH—RG“(O)a Js k€ {]-a s 7d}7

whence, since P; is continuous and positive, there exists a constant Cj such that

d
> 10060z + My, t)| < CPi(x).

jk=1

The Lévy condition (A0) implies then that I(x,t) < CzPi(x) for some constant C7 > 0.
As for II, since K is symmetric,

M(a.t) < |6(z, )] K(y) dy + / 8z — v, 1)K () dy.

{lyl=1} {lyl=1}

By (2.2.19), there is a constant Cj > 0 such that |4(-,t)| < C3P; for all t € [0, 7]. Then,

I(z,t) < Cgpl<$)/

{lyl=1}

K(y)dy + Cj /{| - Pi(z —y)K(y) dy.

The integral in the first term of the right-hand side is finite, thanks to the Lévy condi-
tion (A0). To handle the second term we use that we can control the tail of K by the tail
of Pj, see (Cpg). Thus,

Pile = 9)P)dy) < Co(P@) + [ Pulo =9 dy).

R4

(z,t) < Cj (Pl(x) +/

{ly|=1}

The integral on the rightmost term is equal to Py(z), due to the semigroup property (2.2.9).
Moreover, thanks to (Cp,), there exists C' > 0 such that P, < C'P;. We conclude that

I(z,t) < C3(Pi(x) + Po(z)) < C3Pi(x). ]
Our next result shows that we can compare P; with its translations.

Lemma 2.2.4. Let L = Lk with K satisfying assumptions (A0)—(A2) and let P be the
corresponding heat kernel. Given R > 0, there exists a constant C'r > 0 such that

Pi(z —y) < CrPi(y) for ally € R? and x € Bg(0). (2.2.21)
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Proof. Let x € Br(0) and y € A, :=={y : ly| <2}U{y: |z —y| <|y|/2, ly| > 2}. Thus we
have A, C {y : ly| <2(R+1)}. Since P, € C(R?) and 0 < P; < P;(0), then Pi(z —y) <
Pi(0) < CrPy(y), where Cr = P1(0)/Cg with Cr = min{Py(y) : ly| < 2(R+ 1)} > 0.

On the other hand, if y € (A,)° = {y : |x —y| > |y|/2 > 1}, using the estimates for
P, following from (CPK) and (Al), and the fact that ¢ is a nondecreasing function that
satisfies the upper weak scaling condition in (A2), we have, for constants not depending
on ,

C . ¢ __ ¢
|z —yl%e(z —yl) ~ lyl*e(lyl/2) ~ lyl4e(lyl)

Rate of change. Our next aim is to prove that P; is essentially constant on dyadic annuli,
that is, on sets of the form {z : r < || < 2r}, with a rate of change that is independent
of r. To be more precise, we formulate the following.

Pi(x—vy) < < CPi(y). O

Definition 2.2.5. We will say that a function f : RY — (0,00) has a bounded rate of
change (or simply, that f is changing slowly) if for all 0 < p; < ps there exists a constant
C),p» = 1 such that

-1 < f(x)

C I\
Pz = f(y)

A function with this property is one that does not exhibit rapid oscillations nor a rapid
decay or growth. A typical example is that where f is monotone decreasing with a certain
polynomial decay. On the contrary, the Gaussian represents a function which does not
satisfy the condition. As we will see, the above property will be essential throughout this
work.

< Cpl,pz if py < H < p2.

The slow change of P; near zero stems from its continuity and positivity. Away from
the origin it is inherited directly from K, which has this property thanks to assumptions
(A1) and (A2). In fact, we know that the tails of P, and K are comparable. We are now
ready to prove the following.

Proposition 2.2.6. Let L = L with K satisfying assumptions (A0)—(A2) and let P be
the corresponding heat kernel. Then, Py is a slowly changing function.

Proof. Let 0 < p; < pe. We consider two cases, depending on the size of |z]|.
Let |z| < 1V p;t, where aVb := max{a,b}. If p; < |y|/|z| < po, then |y| < pa(1Vprh).
Since P is positive and continuous,

Py(v)
10

for some constant C' > 1 depending only on p; and p,, and we are done.
Suppose now that |z| > 1V p;'. Then |z|,|y| > 1 whenever p; < |y|/|z| < po. By
(Cpr), K and P; are comparable outside the ball of radius 1, whence, by hypothesis (A1),

<O forall 7| <1Vp;tand |y| < pa(1Vprh),

C—l

2iata) = 7 S et

for all |z| > 1

J]93(J]) (! )
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for some C' > 1. As a consequence,

ly|

9 d90(|y’) (x) 2 d¢(|y|> whenever —
OGS ) S C Pl T oS gy

from where the result will follow if there is a constant C' > 1 depending only on p; and ps
such that
(lyl) ||
" < C whenever p; < = < po. (2.2.22)
¢(lz) |z

Assume that p; < |y|/|z| < pa. To prove (2.2.22) we consider two cases, depending on
the size of |y| compared to |z|. If |y| > |z|, then (1V p1) < |y|/|x| < p2. Hence, by (A2),

< pyand |z| > 1V p?

ASYl

1<

M1V )P < 2(ly) < Xopl?.

p(l])

On the other hand, if |y| < |z|, then pi| < |y|/|z] < (1 A pg). Therefore, again by (A2),

- (1)
oS S S AT

As a corollary, we get the following result that will show to be useful in next section.

A p2)™t. [

Lemma 2.2.7. Let L = Lk with K satisfying assumptions (A0)~(A2) and let P be the
corresponding heat kernel. There is a constant C' > 0 such that

Pi(z) < CPy(x) for all v € RY and z € By(x). (2.2.23)

Proof. 1f |x| > 2, then |z|/2 < |z| < 3/2|z|, whence, since P; is slowly changing, P(z) <
C P (z) for some constant C' > 0 independent of z and 2. Besides, since P, € C(R?) and
0 < P, < P(0), then

Pi(z) < A0

—— Pi(z) forall |z] <2. O]
~ ming, o) P 1(7) ]

The function P, is also almost decreasing.

Proposition 2.2.8. Let L = L with K satisfying assumptions (A0)—(A2) and let P be
the corresponding heat kernel. Then, Py is almost decreasing: there exists a constant C' > 0
such that

Pi(2) < CPy(x) for all v,z € RY such that |z| < |z|.

Proof. If 1 < |z| < |z| the result follows easily, since in this region P; is comparable to
K, see (Cpg), and K is almost decreasing, see (Al). Besides, since P, € C(R?) and
O< P <Ph (0),

P1(0)

P(z) < ———
1( )— mlHBl(o) P1

Pi(x) if x| < |z < 1.

Finally, if |x| <1 < |z|, we consider £ such that |£| = 1, and, using the two previous cases
we conclude that Py(z) < CP(€) < CPi(x). O
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Remark 2.2.9. Since, by (Cp,), P, is comparable to P if ¢ > 0, and the latter is slowly
changing and almost decreasing, so is the former.

The heat kernel solves the equation. By assumption (A0), K is symmetric, whence the
associated Markov transition density is also symmetric. Then, by (2.2.5),

P,f =P+ f forall feSRY) and t > 0. (2.2.24)

Since S(R?) € D(A) and P;(S(RY)) C S(RY), using (2.2.7), (2.2.13) and (2.2.24) we get
that for every f € S(R?) the function u(t) = P f is a (classical) solution of dyu+ Lxu = 0
with initial data f.

The operators Lx and —A in principle only coincide in S(RY), see (2.2.13), and the
heat kernel at time ¢, P;, does not belong in general to this class (see for instance the case
of the fractional Laplacian). However, we are able to prove that P does not only solve the
heat equation associated to —A, but also the one associated to L.

Proposition 2.2.10. Let £ = L with K satisfying assumptions (A0)-(A2). The corre-
sponding heat kernel P is a classical solution of equation (NLHE) for every T > 0.

Proof. By Corollary 2.2.2, we already know that P,0,P, LP; € C(R? x (0,00)). Hence it
is enough to check that P; satisfies (2.1.9) for all 7" > 0.

Recall that P, € C2(R?); see Corollary 2.2.2. Hence, there is a sequence { f,} C C(R?)
such that f, — P; in Wy ™°(R%) asn — oo. Then, since K satisfies the Lévy condition (A0),

sup {[Lfn(2) = LP(2)| < sup { [ [A(fo — P)(z,9)|K(y) dy

TERC zeRd ~ JRA

<SPG =P)le [ WPKG g 20s =Pl [ K@)y >0 asn o
{lyI<1} {lyl=1}

That is, Lf, — LP; uniformly as n — oo. But, since f, € C*(R?) c S(R?), then
Lf, = —Af, for all n € N; see (2.2.13). Thus, we have proved that —Af, — LP,
uniformly as n — oo converges uniformly to LP; as n — oco. Since A is a closed operator
(see [62, Remark 5.5]), we conclude that P, € D(A) and — AP, = LP,.

By (2.2.7), since P, € D(A) for all h > 0, then %PtPh = AP, P, for all h > 0. But,
thanks to (2.2.24) and the semigroup property (2.2.9), we have that PP, = P, for all
t > 0 and h > 0, whence we conclude that P; satisfies (2.1.9). O

Corollary 2.2.11. Let L = Lk with K satisfying assumptions (A0)—(A2). The corre-
sponding heat kernel P is a very weak solution to equation (NLHE) for every T > 0.
Proof. By Proposition 2.2.2, P € C(R¢ x (0,0)), whence P € LL (R x (0,T)).

Let us check that P satisfies (2.1.7). Given § € C®(R? x (0,T)),let 0 <e <7< T
such that supp(f) C R? x (g,7). Using Lemma 2.2.3, the symmetry of P;, the semigroup
property (2.2.9), and (Cp,),

/f/ Pz |£9wt!dxdt<09/f/ Py(z)Py(z) dz dt
(2.2.25)

S Og /fp1+t<0) dt S CQ’TT_Pl(()) < 0.

N =
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Let us prove now that P satisfies (2.1.8). By (2.2.25), using first Fubini-Tonelli’s
Theorem and then changing variables, we obtain that

/f/R Pz, H)£0(z, 1 dxdt_/f/Rd /]RdP(x,L‘)AG(J;,y,t)K(y) dydedt
- [ [ 5 [ Paosseyasaga @220
/@]Z/]R / AP(z,y,1)0(z,t) dz dy dt.

On the other hand, since 0 < P,(z) < B(0) for all z € R% ¢ > 0, and P € C(R? x
(0,00)), see Corollary 2.2.2 (iii), then [|FP|loc < maxe - Pt(O) =c, < o0ift € eT].

Besides, using Fourier transform and the estimate from below for the symbol m in (2.2.14),
|0:0; Pi()| < / €ill€;le ™) de < / EPe dg = c. <00, zER? tee,7],
Rd Rd

foralli,j € {1,...,d}. These estimates together with (2.2.18) yield [AP(z,y,t)| < C..(1A
ly|?) for some constant C.. > 0 depending only on ¢ and 7. Therefore,

/jz//W“HAPIy, >IK(>dydxdt<OgT/f4d 10D A K () dydadt < oo,

since 0 is a test function. As a consequence, using Fubini-Tonelli’s Theorem again, we have

that
/f/RdG(a:,t)EP(x,t) dxdt:/j/Rd /Rd 0(z, )AP(z,y,t)K(y) dy dz di .
:/T /Rd K(y) /ﬂz[e(x,t)AP(a:,y,t) dz dy dt. -

Combining (2.2.26) and (2.2.27), we get that

/f/ (x,t)LO(x,t)dxdt = /f/ (x,t)LP(x,t)tdz dt.
Ré R

Thus, since P is a classical solution to (NLHE), (see Proposition 2.2.10), and integrating
by parts in time, we conclude that

/f/Rd P(z,t)L0(x,t) dxdt:—/f Rdﬁ(x,t)atP(x,t) dxdt:/f/Rd Pz, 1)0,0(x, t) dz @,

2.2.3 Completely monotone functions and fractional heat kernels

We now devote our attention to the fractional Laplacian of order o, a € (0,2), denoted
by (—A)*/2. Tt is defined as the operator L, with Lévy kernel, satisfying hypotheses

(A0)-(A3), 1
o Cia B — cos(&1) B
Ka(y) = [y]d+a and Co = (/J[ BER ) :
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The Fourier multiplier of this operator is m(§) = |£|*, whence the corresponding heat
kernel, that we will denote by P®(z) or P%(z,t), is given by F(P*)(¢) = e I* for all
t > 0. Since the multiplier is homogeneous, the heat kernel has a self-similar structure,

P (z,t) = =¥ P(xt™,1). (2.2.28)

We will obtain estimates for P* by means of Bernstein’s Theorem for completely mono-
tone functions; for a reference see, for instance, [3, Theorem 1.3.23] and [103, Theorem
1.4].

Definition 2.2.12. A function g € C>([0, 00)) is completely monotone if (—1)"g™ > 0
for all n € NU {0}.

Ezample.  The function g,(y) = e v, y € [0,00), is completely monotone for any

€ (0,2].

Theorem 2.2.13 (Bernstein’s Theorem). If g is a completely monotone function, it is the
Laplace transform of some nonnegative Borel measure i,

:/f e~ du(s), ye€l0,00).

Remark 2.2.14. (i) The Borel measure dy, associated to the function g, in the above
example is a probability measure since, by Bernstein’s Theorem,

i) =< = [F e an(s). ve oo

which implies that 1 = g,(0) = /f dpta(s).
(ii) If & = 2, then po = &1, and if & = 1, dp(s) = (4m)~H2s73/2e71/45 4.
Corollary 2.2.15. Let P be the heat kernel associated to the operator (—A)*/?, o € (0,2).

Then,
P(z,1) = /f G(x,8)dpa(s), = €R? (2.2.29)

where i, is the Borel measure given by Bernstein’s Theorem and G is the classical heat
kernel associated to —A, given by (2.1.4).

Proof. By Bernstein’s Theorem, e™¥" = g, (|¢]?) = /f e dpun (s), whence

1 .
(67 J— 7|£‘a 77,<CE,£>
p(x,l)_@ﬂd/we e

By Tonelli’s Theorem

[Fawsseis- [F ffmsonis - gl [ < o -

34
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Therefore, since G(z,s) < G(0,s) for all z € R?, s > 0,

/f G(x,8)dpa(s) < oo for all z € RY.

As a consequence, by Fubini’s Theorem, we can interchange the integrals in (2.2.30) to get

—sm?
(z,1) /f/ﬂz[ —H@E) A€ dpra (s /f z,5)dpa(s) foralz e RY. O

The representation (2.2.29) combined with the self-similar structure (2.2.28) of the
kernel P?% allows us to obtain estimates for its derivatives. Let us state some of them
explicitly.

Proposition 2.2.16. Let P be the heat kernel associated to the operator (—A)*/?, a €
(0,2). There exists a positive constant C' = C(a, d) such that for all x € R%:

: N LYy La :
(i) |0;P(x)] < C’(l A |?|)P1 () forallj=1,...,d;

(ii) 8:0; P (x)] < (J(l A 1|2) P(z) for alli,j =1,....d;
(ili) [(z, VPM(2))| < C(lz| AL PP (2);

(iv) |0 P%(z,t)| = |LP(z)| < gPta(:v) for all t € (0,00);

(v) |0,P%(x)] <c< " ’) “(2) for all j =1,...,d and t € (0,00);

1

(vi) 0,0, P2 ()| <C<t2a o

> *(x) foralli,j=1,...,d and t € (0,00).

Proof. (i)—(ii) These properties are clearly satisfied for any bounded domain, since P* > 0

and P? € C%°(R?); see Corollary 2.2.2. Therefore, it is enough to prove them for |z| > 2.
A direct computation of the spatial derivatives of the classical heat kernel G yields

0;G(x,s) = —%G(x, s), 0;0;G(x,s) = (;—5” + %)G(m, s),
19,G(x, 5)| < @G(x s), 10:0,G(x, )| < ( ! + |x’§>G(x )
IR = g ek 25 | 8s? ’

for all (x,s) € R? x (0,00). Then, since a* < kle® for all k € N and a > 0, we have that

2

12]|0,G(x, 5)| < 4’55 G, s) = 4G (2 /2, 5), (2.2.31)
12[218:0,G (z, 5)| < 20€'5+ G, 5) = 20G(z/2, 5). (2.2.32)
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Since G(x,s) < G(0, s) for all (z,s) € R? x (0, 00), using the MVT and these estimates we
get

o) 4
G(x + he],;) Gz, s) _ 10;G(2(z, h, 5), 5)| < WG(O’S) < ‘%G(&S),
9;G(z + hem;) —0,G(x,s) _ 10,0,G(a" (2, h, 5), 5)| < |2,?|2G<0 s) < %G(O, $),

if |h] <1, because 2/, 2" € By(x) for all (z,s) € R? x (0, 00).

Since G(0,-) € L'((0,00),du,), see (2.2.29), we are allowed to interchange the deriva-
tives and the integral in the representation formula (2.2.29) for the heat kernel via the
DCT and, by (2.2.31) and (2.2.32), we obtain

orr@l = [f 0,65 duls) < |Af (0/2.5) da(s) = P /2),
18:0,P (x /faaa 7 9)dpals) < g /f (2/2, 5) dpta(s) = ’%Po‘(x/Q).

Finally, since P® is slowly changing, see Proposition 2.2.6, there is C' > 0 such that
P (x/2) < CP(x) for all x € RY, and the result follows.
(iii) It is a direct consequence of (i).
(iv) Using the self-similar form (2.2.28) of P* and (iii), we get
d 1 C
|0, P (z,t)] = = (+8) —PX(xt™) + —(at™*, VP (at™?)) < ?P{’(:B)
a a
for all t > 0. The estimate for |[LPf| follows immediately, since P solves the fractional
heat equation; see Proposition 2.2.10.
(v) Using again the self-similarity of P*, now in combination with (i), we obtain

0,P () =+ Do Ppat)| < O (o ||)a<>
(vi) Using once more the self-similarity of P*, now together with (ii),

1)P‘“( ). O

9. pa — 2a+ ot -
18:0,P2 ()] = 22+ D)|9,0, P (xt )|<c(t2@ =

2.3 Operators Lg

This section constitutes the main body of the chapter. It is devoted to develop a complete
Widder-type theory for (NLHE) when £ = Lg, with K satisfying (A0)—(A2), plus (A3)
for some results. It is divided into two parts. In the first one we focus on very weak
solutions, addressing three key topics: the existence of an initial trace when the solutions
are nonnegative, uniqueness under various conditions, and existence. In the second part,
we turn our attention to classical solutions. We begin by exploring uniqueness. Later, we
give conditions on the heat kernel guaranteing the existence of classical solutions. Such
conditions are satisfied by the heat kernel of the fractional Laplacian.
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2.3.1 Very weak solutions

We now give conditions ensuring uniqueness for very weak solutions. In addition, we
prove, on the one hand, that nonnegative very weak solutions have an initial trace which
is a Radon measure satisfying certain integral growth condition and, on the other hand,
the existence of a solution for any initial data satisfying a growth condition that coincides
with the above mentioned one when the data are nonnegative. As a corollary, we obtain
a representation formula. As a first step, we discuss a useful alternative definition of very
weak solution.

An alternative definition of very weak solution

Our notion of very weak solution requires u to be integrable against £6 for any test function
6. We will see now that this is equivalent to requiring u to be integrable against the heat
kernel at any positive time, say ¢ = 1. This equivalence relies on the Lévy kernel K and
Py being comparable far from the origin (see (Cpg)) and on Py being slowly changing by
Proposition 2.2.6.

Proposition 2.3.1. Let L = Lk, with K satisfying (A0)-(A2).
(i) Let 0 <6 <7 <T. Thenw e L*((8,7); Lp,) if and only if u € L} (R? x [, 7]) and

loc

/f/ lu(x, t)||£0(2,t)|dzdt < oo for all § € C(R? x [4, 7]). (2.3.1)

(i) w € LL.((0,T); Lp,) if and only if u € Liy (R? x (0,T)) and (2.1.7) holds.

Proof. (i) =) Since u € L'((6,7); Lp,), the local integrability in R* x [0, 7] follows im-
mediately from the positivity of P;. On the other hand, by Lemma 2.2.3, for a given
6 € C=(R? x [§,7]),

/f/R iz, )||£0(z, £)] da < Cy /f/R a8 Py () da df < oo,

<) Consider ¢ € C°(R?) such that Xp,0) < ¢ < Xpy0)- Since ¢ > 0, K is symmetric
and supp(y)) C By(0), if |z| > 4, then |Ly(z)| = [ x)w(x — y)K(y)dy. Notice that we
are avoiding the singularity of K, since |y| > 2 in thé domain of integration. On the other
hand, if |z| > 4 and |y — x| < 2, then |y| < 3|z|/2, whence

C C 3z 3z
K(y) >

= T = (225 ()

2 2

due to (Al), the fact that ¢ is nondecreasing, (Cpg), and the fact that P, is slowly
changing, see Proposition 2.2.6. Then,

|Lep(z)| = - )@Wﬁ —y)K(y)dy > CPi(x) - )@D(y) dy = CP(z) forall |z > 4.
o (x 2(0
(2.3.2)
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As a consequence, using also that Py < P(0), u € LL (R x [4,7]) and (2.3.1),

/f/ u(z, t)| Py(z) dz dt < Pi(0 /f/B u(z, t) ]dxdt+0/f/ ju(z, )| L4[(2) dz dt < co.

(ii) =) This follows directly from (i) =).

<) Let 0 < e <T" < T. We consider ¢ as in the proof of (i) <=) and ¢ : [0,7] — R such
that X 7 < o < Xjejo, 4 (r—17y/2)- Then, 9 € C>(R%x (0,T)). Hence, since P, < P;(0),
by (2.1.7) and (2.3.2), with ¢ replacing 1, we have

ff [woir@aca <o ff [ eonaee [f [ ueoieman
mlféwWﬁﬁmﬂﬂ@%ﬁéﬁ@ﬁM@W@@ma<w. =

Remark 2.3.2. Thanks to Proposition 5.2.5 (ii), if u is a very weak solution of equation
(NLHE), then u € L{,.((0,T); Lp, ).

When dealing with very weak solutions to the Cauchy Problem for (NLHE), a common
choice is asking u to be a very weak solution of the equation in the sense of Definition 2.1.2
and to take the data (in general a Radon measure p) in the sense of Definition 2.1.4; see
for instance [19]. This is our choice in the present chapter. Another option is asking u to
satisfy

we Lh(0,T): L), (233
/f / (e, )3z, 1) — £O(x,8)) dzdt = — | 6(z,0)dpo(x) for all § € CX(RE x [0,T)):
: : (2.3.4)

see for instance [12] for a definition in this spirit. Both choices have advantages and disad-
vantages. Formulation (2.3.3)—(2.3.4) facilitates obtaining uniqueness without any require-
ment of positivity or integrability, excepting (2.3.3), although it requires such conditions
to establish existence. On the contrary, proving existence is more straightforward with our
choice, but you pay the price of needing additional assumptions to achieve uniqueness.

If L = Lx with K satisfying (A0)-(A2) and u € L*°((0,7); Lp,), both notions are

equivalent. We will take profit of this equivalence later.

Proposition 2.3.3. Let £ = Lk with K satisfying (A0)-(A2). Let o be a Radon measure
and uw € L*((0,T); Lp,).

(1) If u satisfies (2.3.4), then it is a very weak solution of (NLHE) with initial trace py.
(i) If u is a very weak solution to (NLHE) with initial trace pg, then it satisfies (2.3.3)—-
(2.3.4).

Proof. (i) Condition (2.1.7) follows from Proposition 5.2.5, since L*((0,7);Lp) C
L. ((0,T); Lp, ). Moreover, since C2°(Rx (0, T)) € C(Rx[0,T)), (2.3.4) implies (2.1.8).

loc
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It remains to prove that g is the initial trace of u. To this aim, given v € C.(R?),
we would like to take H (7 — )i, 7 € (0,T), where H is the Heaviside function, as test
function in (2.3.4), and then pass to the limit 7 — 0. However, this test is not admissible,
since it does not have the required smoothness; hence, we have to proceed through an
approximation argument.

Approximating ¢ is easy: we take a sequence {¥;}jen C CZ(RY) converging to ¢
uniformly in R? such that |¢;| < MXg, ) for some constants M > 0, R > 0.

[e.9]

In order to approximate the time factor, we consider ¢y (t) = / n(s)ds, ke N, t € R,
2k¢

n(s) = {Cle sl < 1 Crti= /]te_l—ls2 ds. (2.3.5)
1

0 otherwise,

where

Then {(or) tren = {—nkFren, with ni(s) == 2Fn(2%s), s € R. Notice that {n}rey is a
summability kernel. The desired approximating sequence is then {¢] }ren, where ¢f(t) =
op(t—71) for 7€ (0,T), k > ko> —In(T—7)/In2 and t € R.

Let g;(t) = / Vj(z)u(z,t) dz. Take 1), € C(RYx[0,T)) as test function in (2.3.4).
Then, .
[evwswa- [ [ aouencn@aa=- [ aqowan @0

Since [1;| < MXpg, (o) for all j € N and P, > 0, then |;| < CP; for some C' > 0. Hence,
g; € LY(0,7)), as u € L*>=((0,T); L}Dl) - Ll((O,T);L}Pl). Therefore, (i)' *g;(T) = —g;(7)
if 7€ (0,7) N L(g;; {mk }ren), whence

k—o0

im [0 000 = ~0,r) forall 7€ 0.7 Ligs: ehaer)
Note that, by Lebesgue’s Differentiation Theorem, |(0,7") \ L(g;; {nk tren)| = 0.

Since X(_oo—2-4] < 0r < X_ooo-), then 0 < op < 1. Besides, |Li;] < CjP; (see
Lemma 2.2.3). Hence,

ok
h;n_)Soljp /f /Rd ot u(z, t)Lo(x)dedt < C kh_)rglo /f /]Rd u(z,t)P(x) dedt

e /f /R ue,t)Pi(x) dedt.

On the other hand, ¢}(0) = gp(—7) =1if 7 € (0,7) and k > —log7/log2, whence

k—o00

lim ) 0p(0); dpo = /d Y dug  for all 7 € (0,7) N L(gj; {nk }ren)-
R R

Thus, letting k — oo in (2.3.6), we obtain

/Ezf vj(x)u(z, 7) do— /R JWiduo <G /JZ /]R Jule,Pi(2)dzdt for all 7 € (0, T)NL{gj: {m}ren),
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whence

ess lim ;(z)u(x, ) dx—/ Ydpy =0. (2.3.7)
R4 Rd

T—=0t

This will be enough to complete the approximation argument. Indeed, on the one hand,
since [1h; — | = [¢; — ¥|Xpg0), J €N, then

s =1l < 10 = Lo ol (Br(0))

On the other hand, as P, > 0, there is a constant C' > 0 such that X,y < CPy, so that

/ 1 — ) (@)l 7) de < Cllb — e / u(,7)Py(x) da
Rd Rd
<Cly - ijLoo(Rd)HUHLOO((O,T);L},l)-

Therefore,

Y@ute, ) dr - /R Jdpo < /Eszj(:t)u(:vm) do — /R iy dug

+Y - ¢J||L°°(Rd)(|/‘0|(BR(O)) + C||U||L°°((0,T);L}31)>~

Since [(0,T) \ N5, L(g;; {mk }ren)| = 0, and thanks to (2.3.7), letting first 7 — 0 and then
Jj — 00, we arrive at (2.1.10), as desired.
(ii) Condition (2.3.3) follows directly from u € L>((0,T); Lp,).

Let us check that u satisfies (2.3.4). We define

/f ds, keN, teR.

It satisfies that X[Q%voo <o < AL E) for all £ € N and (@) = ng. For fixed 7 € (0,7,

let $7(t) = @p(t — 7). Given 6 € C°(R? x [0,T)), the function g6 € C°(R? x (0, 7)) for
all k > —1In7/In2. Hence, because u is a very weak solution,

/f(@;)'(t) /Rdu(x,t)é(x,t) dde/f A1) /Rdu(x,t)(ﬁté(x,t) ~ Li(z, 1)) dadt = 0.

T (r) 1, ()

(2.3.8)
Let us analyze the double limit, first a &k — oo and then as 7 — 07, of I;(7) and II(7).
As P is strictly positive, we can make the decomposition Iy (7) = Iy x(7) +12.4(7), where

L (T /f (?%)
T (7 /f /EZ[ (z,0)] é)(x’())Pl(a:)da:dt.
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Since |A(-,0)] < CP, and u € L>((0,T); Lp,), then [p,u(z,)0(x,0)dz € L'((0,T)).
Therefore, because {ny}ren is a summability kernel,

lim I; k(1) = / w(x, 7)0(x,0)dz  for a.e. 7€ (0,T),
R4

k—o0

whence, as pg is the initial trace of w,

esslim lim T 4(7) = esslim [ w(x,7)0(z,0)dz = [ 6(z,0) duo(x).

7—01t k—oo =0t JRd R4

On the other hand, since P, is strictly positive and § € C.(R% x [0,T)), by the MVT,

|§(x,5)—§(a:,0)| < ||8t0||L°° Rex (0,T))
Pi(x) — min {Pi(y)}

(y,s)€supp(6)

Besides, (¢7) = (- — 7) > 0 and supp(nx(- — 7)) C [r — 27,7 + 27¥], so that

27’6
L i (1)] < C’9~7P1 /f tny(t — T)/ |u(z, t)|Py(z) de dt
_9—k Rd
2 "
< Cé,HHuHLW((O,T);L}Dl)/]Zz_k tne(t — 1) dt.

Since ¢7(7 — 27%) = 0 and p}(r + 27%) = 1, integrating by parts we get

2~k 2~k
Og/f 1577;6(15—7')dt:7'+2_k—/JTr r(t)dt < 74 27",
99—k —92—k

because ¢}, > 0. Thus,

t=Cypt forall (z,t) x R? x [0, 7).

ess limlim sup [Io 1 (7)| < C p, | oo ((0,1);8, )essllmllmsup(7~l—21 M =0.
=0t koo k—o0

Concerning II(7), since L>((0,7T); Lp, ) € L'((0,T); Lp,), Proposition 5.2.5 (i) implies

ha
. /f/iW(fC?t”(\até(I,t)IJr|£é(x,t)\)dxdt<oo,

As a consequence, since |¢;| < 1, we may apply the DCT twice to obtain

esslim lim II;(7) = esslim /f/ w(x, t)(0,0(x,t) — LO(x,t)) dz dt
R4

70T k—oo T—0F

_ /f /R (e, )@, 1) — LA, 1)) dr it

Summarizing: by letting first & — oo and then 7 — 07 in (2.3.8) we obtain (2.3.4). O

Remark 2.3.4. An equivalence result similar to Proposition 2.3.3 is given in [108] for a
family of nonlocal operators wider than the one considered here, although within a class
of solutions more restrictive than L>((0,7); Lp, ).
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Uniqueness of very weak solutions

We will prove uniqueness of very weak solutions within two different classes:
L>((0,T); Lp,) and the class of the ones that are nonnegative.

The strategy is as follows. We first prove uniqueness for solutions in the sense of
the alternative definition (2.3.3)—(2.3.4), whence, thanks to Proposition 2.3.3, we obtain
uniqueness for very weak solutions within L*((0,T); Lp,). Next, we prove a smoothing
result for nonnegative very weak solutions, Lemma 2.3.9 below, showing that they belong
to L>°((0,7); Lp,), from where uniqueness follows.

We start with the uniqueness result for solutions in the sense of (2.3.3)—(2.3.4).

Theorem 2.3.5. Let L = L with K satisfying (A0)—(A2). Let py be a Radon measure.
Let uy and uy satisfy (2.3.3)~(2.3.4). Then, u; = uy a.e.in R? x (0,7T).

Proof. Let u = uy —us. Then u € L ([0,T); Lp,) and

/f /uz[u(x,t)(ﬁté(x,t)  L(z,t))dzdt = 0 forall § € CX(REx [0,T).  (2.3.9)

We have to prove that u = 0 for a.e. in R? x (0,T). For that purpose, it is enough to show

that
/f /j w(x,t)0(x,t)dedt =0 for all § € C°(R? x [0,7)). (2.3.10)

To this aim we will use Hilbert’s duality method. We consider a solution ¢ for the backward

problem .
Op—Lp=0 inR?x (0,7). (2.3.11)

If  belonged to C®(R? x [0,T)), we could use it as a test function in (2.3.9) to obtain

O—/f/ (x,t)(Opp(z,t) — Lo(x,t))drdt = /f/ (z,t)0(x,t) dz dt,
R4 Rd

and we would be done. Let 0 <ty < T and Ry > 0 be such that supp(d) C Bg, x [0, ).
By Duhamel’s formula,

to—t 5
P, s(x —v)0(y, s)dyds, 1) € REx [0, ty),
[ [ Pt duds, @ e R0y
= (z,t) € RY x [to,T)
is a solution to (2.3.11). However, though it has the required smoothness, it is not com-
pactly supported in space. Despite this fact, we will show that it is anyway an admissible
test function for (2.3.9).

Let {¢)r} r>R, be the family of cutoff functions given by (2.1.12). Since ¥rp € C>(RY x
[0,7")), we can use it as a test function in (2.3.9), and we have

/f /qu(x t)(VrOkp — L(Yrep)) (2, t) dz dt = 0. (2.3.13)
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The operator L satisfies the nonlocal Leibniz’s formula
L(uwv) = ulv +vLu — B(u,v), (2.3.14)

where B(u,v) is the bilinear form given by
B(u,v)(x) = /Rd(u(x) —ufz —y))(v(z) = v(z —y))K(y) dy. (2.3.15)

Then, because of (2.3.11), if R > R, we have that

VRO — L(Wrp) = 0 — pLYg + B(ig, ¢),

since 1l = 0 for all R > Ry, whence we may rewrite (2.3.13) as

oz/f/Rd u(x,t)0(z,t) dxdt—/f/Rd u(z, t)o(x, t)LYp(z, t)dzdt  (2.3.16)

¥ /f [ e Blon ).t
Rd
If the integrals

th=[f [wloco. = ff [ sk si= [ [ i e
Rd R4 Rd

Bh(z,1) = /{ ) —ale =l ) — ot~ O dy
B(a.t) := / () — Pr(z — p)lo(a.t) — ol — . 1)K (y) dy.
{ly|>1}

go to zero as R — oo, the desired result (2.3.10) will follow immediately from (2.3.16).

As for I}, since Yg(z) = ¢ (x/R), then AYg(z,y) — 0 for all z,y € R? as R — oo.
Moreover, there exists C' > 0 depending on the uniform norm of ¢ and D?, but not on
R, such that

AYg(z, )| K <COANA|- K € LYRY)  for all z € RY, R> Ry, (2.3.17)

since K is a Lévy kernel. Then, by the DCT, Lip — 0 as R — 0. On the other hand, by
(2.2.19), the semigroup property (2.2.9) and (Cp,), we have

(. t)] < Cg /f: /Rd Fomrsle —u) Pi{y) dyds (2.3.18)

to—
= Cé/ P1+t0,t,3(l') dz S Cé’Tt()Pl(iIZ').
0

Hence, since u € L; ([0, T); Lp, ), we may use the DCT to conclude that I}, — 0 as R — oo.

loc
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Let us proceed with the analysis of I3. By the MVT,

[Wr(x) — Yr(z —y)| < %I\le\oolyl, lp(z,t) —p(x —y,t)| < |Ve(z,1)|]yl,

where z € By(z). Since

—t
0;p(-,t) = /f /Rd Py_it—s(-—v)00(y,t)dyds foralli=1,...,d,

arguing as when we obtained (2.3.18), we get |0ip| < Cp5,P1. Hence, [Vip(z,1)] <
CyrPi(2) for some z € By(z). Using now (2.2.23) we conclude that

Thus, since K is a Lévy kernel,

Bz, 1) < }%Ca(;ﬁ)vaum/ WK (y) dy < %C’Pl(x) for all (z,1) € RY x [0, %)

{lyl<1}
for some constant C' > 0. Therefore, since u € L'([0,T); Lp,), by the DCT, I}, — 0 as
R — oo.

Finally, we deal with I3. Since |[¢g]loc = 1, |¢]lcc < ||0]lcc and K is a Lévy kernel,
then

[Vr(2) = vz —y)lle(e, ) — pl@ =y O)|K(y) < 40K (y) € LR\ Bi(0)).

Besides, |¢r(x) — ¥r(z —y)| — 0 a.e. as R — oo, whence, by the DCT, B%(z,t) — 0 for
all z € R? and 0 <t <ty as R — co. On the other hand, ||[¢r|le = 1,

B2 (,1) < 2l )] /{ K(y)dy +2 / oz — 9, )| K () dy.

ly|>1} {lyl=1}

The first term on the right-hand side is easily seen to be less or equal than C'P;(z), using
again that K is a Lévy kernel and (2.3.18). Besides, by (2.3.18), (Cpg), the semigroup
property (2.2.9), and (Cp,),

/][ lo(r —y, 1)K (y)dy < Cg/ Pi(z —y)K(y)dy < Ca/ Pi(z —y)Pi(y) dy
ly|>1} {ly|>1} {ly|>1}
< Cj Pi(z —y)Pi(y)dy = C5Ps(x) < C’(;’Tpl(x).
Rd

Thus, B(x,t) < CjpPi(x). Therefore, since u € L, ([0,T); Lp,), we may use the DCT

loc

and we get I3 — 0 as R — oo. O

As an immediate consequence of Theorem 2.3.5 and Proposition 2.3.3, we obtain unique-
ness for very weak solutions within the class L>((0,7); Lp, ).

44



CHAPTER 2. A WIDDER’S TYPE THEORY FOR THE NONLOCAL HEAT
EQUATION FOR CERTAIN LEVY OPERATORS

Corollary 2.3.6 (Uniqueness for very weak solutions within L>((0,T); Lp,)). Let L = L
with K satisfying (A0)—(A2). There is at most one very weak solution of (NLHE) belonging
to L>((0,T); Lp,) with a given initial trace.

Now we will obtain uniqueness in the class of nonnegative very weak solutions. If u is
a very weak solution, then u € Lj ((0,T); Lp,); see Remark 5.2.16. Hence, if we are able
to prove that nonnegative solutions in that class belong to u € L>((0,7); Lp, ), uniqueness
will be inherited from Corollary 2.3.6. In order to prove this smoothing result we follow
ideas from [19].

Let us start With a heuristic proof. Let u be a nonnegative very weak solution to (NLHE)
and f(t) fRd u(z,t)Py(x)dz. Then, formally (f is not necessarily smooth; it may even
be 1nﬁn1te for some times, so we will have to take some extra care when performing the
rigorous proof),

If'(t)] = Owu(z,t)Py(z)dx = Lu(z,t)P(x)de = /Rd u(z, t)LP(x)de

R4 R4

Therefore, if |LP;| < ¢P; for some constant ¢ > 0, then |f'(¢)| < ¢f(t), since u is nonneg-
ative, which yields, upon integration,

e~ Tl (t) < f(r) < etTlf(t)  for almost every 0 < t,7 < T. (2.3.19)

By Remark 5.2.16, u € L .((0,T); Lp,); hence f(ty) < oo for some time t, € (0,7T).
Therefore, by (2.3.19), we L>((0,T); Lp,).

Besides the already mentioned regularity issues, we find a second difficulty when trying
to follow the above programme: up to now, the inequality |LP;| < ¢P; is only known to
hold when L is the fractional Laplacian; see Proposition 2.2.16 (iv). To overcome this
hitch, the strategy is to construct a positive ¢ € C?(R?) comparable to P, such that
|Lo| < C¢ for some C' > 0 and use it instead of P;, multiplied by a convenient smooth
cutoff function of time, as a test function in the definition of very Weak solution. This will
yield an integrated version of the ODE inequality |¢'| < C'g, with g(¢ fRd x)dz,
that will imply that

e_clt_ﬂHu('aT)HLl(]Rd,d)dz) <l Ol @a, azy < €C|t_ﬂ||“('7T)|’L1(Rd,¢dw) (2.3.20)

for almost every 0 < ¢,7 < T'. Since P, and ¢ are comparable, this is equivalent to (2.3.19).
The first step is then to construct the desired function ¢. It is here that we need
assumption (A3).

Lemma 2.3.7. Let L = Lk with K satisfying (A0)—(A3), and B the bilinear form defined
n (2.3.15). There exist € C*(R?) and a constant ¢ > 1 such that

P < ¢ <ch, (2.3.21)
[Lo| < cg, |B(¢, 0)| < cmax{[[¢)]|c, [Vl }o  for all ¢ € CFZ(R?). (2.3.22)
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Proof. Let ¢ as in (A1)—(A3). Let ¢ € C?*(R?) such that ¢ > 0 and
1, 2| <1,
P(x) = { 1
FemD 1022

Note that ¢ satisfies (2.3.21), due to the way in which it is defined.
Let us start by proving that ¢ satisfies

/{| . [Ap(z, y)| K (y) dy < co(x), /{ yllp(x) — p(x—y)|K (y) dy < ch(z), =€ R™

ly|<1}

(2.3.23)
A direct calculation shows that there is a constant C' > 0 such that
.
Vo) < Co(1+ Z20).
Do < o+ £ Elp, oy B
D¢(x)| < Cop(x)(1+ = + (= + = )
¢(z) o(x) ¢(z)
whence, thanks to (A3), there is a constant C' > 0 such that
IVo(z)| < Co(x), |D*¢(z)| < Cop(x) for all |z| > 3. (2.3.24)

Then, applying the MVT once or twice as appropriate, if |x| > 3 and |y| < 1,
[Ag(z,y)| K (y) < [D*6(2)| [y K (y) < Co(2) |yl K (),
yllo(z) — oz —y)|K(y) < |Vo(2)||lyK(y) < Co(2)|y|*K(y),

where z = z(z,y) € By(x). Moreover, since P; is slowly changing (see Proposition 2.2.6)
and ¢ satisfies (2.3.21), we have that ¢ is also slowly changing. Then, since z € By (),

A (z,y)| K (y) < Coz)|y|*K(y),

yllp(z) — oz — y)|K(y) < Colx)|yl*K(y)

and (2.3.23) follows for |x| > 3, since K is a Lévy kernel. Besides, since ¢ > 0, applying
the MVT,

[Ad(x,y)| K (y) < [[D?*| Lo (maon [P K (y) < Cola)yl K (y),
lyllo(z) — d(x — )| K (y) < IVl Loo(maon [yI* K (y) < Cox) |yl K (y),

if o] > 3, [y <1, (2.3.25)

if |z| < 3,

(2.3.26)
whence (2.3.23) also holds for all |z| < 3, because of K being a Lévy kernel.
On the other hand, since ¢ is positive, K is a symmetric Lévy kernel, (Cpg), the
semigroup property (2.2.9), (Cp,) and (2.3.21), there is C' > 1 such that

max Ao(x, 7 ) — b(r —

([ oteiswan [f o) ot~k )
<oz K(u)d v — DK d
< 6(2) /{M (v)dy + /{ylzl}qb( DKy

<o)+ [ Al —n)RWd) <Ol + Pie) £ C0L) + () < o)
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for all z € R?. Then,

/ A (z,y)|K(y) dy < co(x), / |6(2) — ¢z — y)|K(y) dy < ch(z), = €R™
{ly=1} {ly=1}

(2.3.27)
Thus, combining (2.3.23) and (2.3.27), we obtain |L¢| < c¢, and by the MVT, for a given
Y € CE(RY),

|B(¢, 9) ()| < val\oo/ yllo(x) — oz —y)| K (y) dy

{ly|<1}
+mww/“ 6(z) — dlz — y)| K () dy
{ly|>1}
< emax{ [l [|Vlloc}b(z), = € R m

Remark 2.3.8. The key points to obtain (2.3.22) are inequalities (2.3.23) and (2.3.27). The
latter is guaranteed if ¢ has a tail comparable to P;. The former may be understood as
a weak requirement of boundedness for the Hessian and the gradient of ¢ respectively,
in relationship with the Lévy kernel K. It follows from (A3). We could have used the
existence of a function ¢ satisfying (2.3.23)—(2.3.27) as an assumption instead of (A3).
However, we prefer (A3), since it is more easily verified.

We can proceed now with a rigorous proof.

Lemma 2.3.9. Let L = Lk with K satisfying (A0)—(A3).
(i) If u is a nonnegative very weak solution to (NLHE), there is a constant ¢ > 0 such that

Il gy, < - Dlly, < ), for e tor e (0.7). (2329
(ii) If u is a nonnegative very weak solution to (NLHE), then u € L>((0,T); Lp, ).

Proof. (i) As we have just explained, it is enough to prove (2 3.20).
Since u is a very weak solution, if g(t) := fRd x)dz were well defined for all
t € (0,T) and ¢Aj, ) were an admissible test functlon we Would have

/ u(z, to)d(x )dx—/ u(z,t1)o dx—/f/Rd (2, )0 (PpXjty 1)) (2, ) dz dt
/f/Rd (z,8) L(PX,1)) (@, t) da dt = /f/w (z,8) Lo (x) du dt

for all 0 < tg < t; < T. Then, by the first inequality in (2.3.22), since u is nonnegative,
there would be C’ > 0 such that

/ u(z, to)o(z) de— /UZ[ z,t)p(x)de < (J’/f /Rdu(x,t)qb(x) dedt, 0<ty<t;<T,

(2.3.29)
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whence, using a Gronwall type argument, e~C"lo=tlg(t) < g(t;) < eClotlg(ty), to,t; €
(0,7).

However, ¢X[;,,) is not an admissible test function, and we do not know if g is well
defined for all ¢ € (0,7T'), only a.e. in (0,7), since v € L ((0,T); Lp,) (see Remark 5.2.16),
and P, and ¢ are comparable; see (2.3.21). Therefore, we will need to construct suitable
approximations of ¢ and &, ;) such that the product is a suitable test function that in
the limit yields (2.3.29) for a.e. o, ¢, € (0,7).

We approximate ¢ by ¢, n € N with v, a cutoff function of the form (2.1.12) with
R=n.

As for AXpyysp, let @ R — R as in (2.3.5). The family {n}ren given
by ne(t) :=2Fn(2%t) is a summability kernel. For 0 < ¢ < t; < T and
ko > —max{In(t; — to),Inty,In(T —t1)}/In 2, let

(t1— t)
O ( / ds, k>kg, t>0.
t() t)

Then, since 7 is symmetric,

X | <t < Rfto—de 1+ 31> (™) (t) = mi(t — to) — m(t — 1)

t0+21k t1**
for all k > ko and ¢ > 0. In particular, (') — &, — &, as k — oo in the sense of
distributions

Let gn(t) == [gau(z,t)ihy(x)p(x)dz, n € N. For notational convenience, let go.(t) =
g(t) for t > 0 Since u is a very weak solution, then u € L\ ((0,T);Lp,) (see Re-
mark 5.2.16). On the other hand, as ¢ and P, are comparable, see (2.3.21), then
Joo € LL.((0,7)) and g, € L. ((0,T)) for all n € N, whence, by Lebesgue’s Differen-
tiation Theorem, [(0,7") \ L(goo; {mk}ren)| = 0 and [(0,7") \ L(gn; {nkren)| = 0 for all
n € N. As a straightforward consequence,

(0, 7)\ () L(gn; {mi}ren)| = 0. (2.3.30)

n=1

Finally, consider two times 0 < 79 < 77 < T such that 79,71 € N0 L(gn; {1k }ren)-
Since u is a very weak solution and ¢, € C*(R? x (0,T)) for all k& > ko and
n €N,

[y [ vwownenara= [fomo [ awncwomara
(2.3.31)
Besides, thanks to (2.3.17), there is C' > 0 depending on [|9||s and ||D?i||s such that
|L1,| < C for all n € N. Moreover, by (2.3.22) there exists C' > such that [L¢] < C¢ and
|B(¢n, ¢)| < C¢ for all n € N. Therefore, by Leibniz’s formula (2.3.14), there is Cy > 0
such that
|L(1n0)(7)] < Cyop(x) for all 2 € R and n € N.
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T1

Then, since v and ¢;”™ are nonnegative, (2.3.31) yields

/f (™) (t)ga(t) dt < Cy /f e (£)gao(t) dt for all k > ko and n € N.

Then, since 7, 71 € NS, L(gn; {Mk }ren), taking & — oo,

|9n(71) — gn(70)| < Co /JZ‘ goo(t)dt  for all n € N.

Since 1, converges monotonically to 1 as n — oo and u is nonnegative, the Monotone
Convergence Theorem (MCT from now on) yields g,(7;) — goo(7:) as n — oo for i = 0, 1.
Therefore,

1900 (T1) = oo (0)] < Cs /f goo(t) dt. (2.3.32)

Since Cy does not depend on 75 and 77, we have

o0

Goo(t) < goo(m1) + Co /f go(8)ds forall t € [19,71) ﬂ (gn; {Mk Fren)- (2.3.33)

We will prove now, using an induction argument, a Gronwall-type lemma: if g, satisfies
the integral estimate (2.3.33), it satisfies a pointwise estimate.
For k =1, by (2.3.33) and (2.3.30), we have

Goo(t) < goo(T1 +02/]Z‘ Goo(T1 +C2/]Z‘goo d7“

Therefore, since

e ] i oo

we have that
Goolt) < goo(r) (1 + Calm — 1)) + C2 /f gool5) (5 — 1) ds

for all t € N2, L(g,) such that 7y <t < 7. Iterating, we obtain that

Joo(t) < goo(Tl)(Z Ci(n ‘—t + ias /]Z' (s —t ds

7=0

for all ¢t € [r9,71) N () L(gn), k € N. Note that

n=1

/]Z\ (s—=8)" —t s < (T1k+t)k/]z\ goo(s) ds < le;_? /]OZ‘ /Rdu(x,t)Pl(.r) dx
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where c is the constant in (2.3.21). Therefore,

o) < () (30 Y | T [ [ utwopa

=

for all ¢ € N%°,L(g,) such that t € [r,7) and k& € N. By Remark 5.2.16, u €
L'((70,m); Lp,) and therefore taking k — oo in the above inequality, we obtain

Joo(t) < goo(Tl)eCZ(”’t) a.e. t € (10, 71)

due to (2.3.30). Since Cy does not depend on 7y or 71, the result can be extrapolated and
we obtain

Goo(t) < Goo (7)€ ae t.7€(0,T), t <. (2.3.34)

Repeating the induction argument, starting now from

Goel1) < goclt) + C /f gools) s for all £ € [r0,7) 1 () L{gn: {1 becr)

n=1

which is also implied by (2.3.32), we arrive at
9oo(T) < goc ()€ ae. t,7 € (0,7), t <7,

which combined with (2.3.34) gives (2.3.20).
(ii) Since w is a very weak solution, u € L ((0,7);Lp, ); see Remark 5.2.16. Hence,

Ju(-, 7)[|L1, < oo for some 7 € (0,7). The result now follows from the second inequality
in (2.3.28). O

The combination of Corollary 2.3.6 and Lemma 2.3.9 (ii) yields the desired uniqueness
result for nonnegative very weak solutions.

Corollary 2.3.10 (Uniqueness for nonnegative very weak solutions). Let L = Ly with
K satisfying (A0)—~(A3). There is at most one nonnegative very weak solution of (NLHE)
with a given initial trace.

We finish this paragraph proving that nonnegative solutions have some regularity in
time.

Proposition 2.3.11. Let £ = L with K satisfying (A0)—(A3), and let u be a nonnegative
very weak solution to (NLHE).
(i) Let ¢ € C*(RY) satisfying (2.3.21)~(2.3.22). There is a constant C > 0 such that

/ u(z,m)p(x)de — | u(@, m)p(x)dr < Cllullpe oyt )Tt — Tl (2.3.35)
R4 1

Rd

for a.e. 7,79 € (0,T).
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(ii) Given ¢ € C2(RY), there is a constant Cyy > 0 such that
/d u(z, m)Y(x) de — /d u(z, 7)Y (x)de < Cw||u||Loo((07T);L}31)|Tl — Ty (2.3.36)
R R
for a.e. 1,79 € (0,T).

Proof. (i) We have seen in the proof of Lemma 2.3.9 that there is a constant C' > 0 such
that

/ u(z, m)p(x) de— /J[ u(z, m)p(x)dr < C’/f u(x,t)Py(x)dx  for ae. 7,70 € (0,7);
1/\T2

see (2.3.32) and (2.3.21). The result now follows from Lemma 2.3.9 (ii).
(ii) By Lemma 2.2.3, there is a constant Cy > 0 such that |£¢| < Cy,P;. Hence, we can
proceed as in the proof of Lemma 2.3.9, with ¢ replaced by ¢, to obtain that

/ u(z, 7)Y (z) de— /f z,m)Y(z)dr < Cy /]Z\ u(z,t)P(z)dx  for a.e. 7,75 € (0,7),
1A\T2

whence the result, thanks again to Lemma 2.3.9 (ii). O

If £ = (—A)%2, the smooth function ¢ = P®, where P® denotes the heat kernel asso-
ciated to (—A)*? (see Subsection 2.2.3), satisfies (trivially) (2.3.21). Next lemma implies
that it also satisfies (2.3.22). Therefore, nonnegative very weak solutions are Lipschitz as
functions in time with values in L}gl.

Remark 2.3.12. We already know by Proposition 2.2.16 (iv) that the first inequality
n (2.3.22) holds. However, we give an alternative proof that might be useful to deal
with other operators.

Lemma 2.3.13. Let L= (—A)*? a € (0,2), and 0 < e < T. Then, there is C > 0 such
that

(=A)* 2P| < /Rd AP (g, D) K(y)dy < CPF, By, BY)| < Cmax{|[¢]|oo, [[V]|oc } P

(2.3.37)
for allt € (e,T) where B is the bilinear form given by (2.3.15) with K = K,

Proof. The key to get (2.3.37) is to prove that there is ¢ > 1 such that
[ arealE@a <@, [ e - P - piE ) dy < o),
{lyl<1} {lyl<1}
(2.3.38)

| MR KG Ay <ePra, [ IR - Bl - p)lK() dy < cPRs9)
{ly[>1} {ly[>1}
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for all z € R? see the proof of Lemma 2.3.7. The estimates (2.3.39) are obtained easily,
following closely the proof of Lemma 2.3.7, using that K, is a symmetric Lévy kernel, K,
and P} have comparable tails (see (Cpg)), the semigroup property (2.2.9) and (Cp,).

On the other hand, by Proposition 2.2.16 (vi), using Taylor’s expansion, for x € R?
and [y <1,

AP (z,y, )| < C|D*PP(2)|lyl* < CPY(2)lyl*,
Yl P7(z) = PP (2 = y)| < [VEA()ly* < CPP )yl

where z and z’ depends on x and y and z,z" € Bj(z). Since P{(-) is slowly changing,
Proposition 2.2.6,

AP (2, y,t)] < CPY(@)|y*,  WllPP () — P (x —y)| < CPY ()"
Therefore, since K, is a Lévy kernel, we obtain (2.3.38). O
Corollary 2.3.14. Let L = (=A)*?, a € (0,2) and let u be a nonnegative very weak
solution to (NLHE). There is a constant C > 0 such that

HU(‘aTl)HL}Dl - HU('JZ)”L}JI < CHUHLOO((O,T);L}Dl)’Tl — 7| forae m,meT.

Existence of an initial trace

We now prove that every nonnegative solution has an initial trace. We also have to as-
sume (A3) for this purpose.

Theorem 2.3.15 (Existence of initial trace integrable against Py). Let £ = L with K
satisfying (A0)—(A3). Let u be a nonnegative very weak solution of (NLHE). There is a
nonnegative Radon measure py such that (2.1.10) holds; that is, g is the initial trace of .
Moreover, o satisfies the integral growth condition (GC).

Proof. Let u be a nonnegative very weak solution of (NLHE). By Remark 5.2.16, u €
Li,.((0,T); Lp, ), whence there is some T € (0,T) such that [,,u(z,T)Pi(z)dz < oo.

loc

Besides, by Lemma 2.3.9, there is some exceptional set E C (0,7) with |E| = 0 such that

/Rd u(z, t)Py(z)de < et /ﬂzd[u(x,T)Pl(x) dz < oo forallte (0,7)\ E.

On the other hand, for each R > 0, let cg := 1/ min{P;(z) : |z| < R}. This quantity is
finite for each R, since P; is continuous and P; > 0. Hence

sup / u(z,t)de < cg /J[u(x,t)Pl(x) dr < cge™ /J[u(x,f)Pl(x) dz = Ckg.
te(0,7)\E J Br(0) d d

This implies weak™ compactness in the sense of Radon measures: there exists a sequence
of times {t, }neny C (0,7) \ E with ¢, — 07 as n — oo and a nonnegative Radon measure
to such that

lim Y(x)u(x, ty)de = [ dupy  for all ¢ € C(RY).
Rd

n—oo Rd
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For a reference, see for instance [105, Theorem 4.4]. Moreover, for any R > 0, uo(Bg(0)) <
CR.

However, we are not done yet, since the limit might depend on the sequence. Let us
discard this possibility. Suppose that for some sequence {t, }nen C (0,7)\ E with £, — 0F
as n — oo we have

lim Y(x)u(x, t,)de = [ dfig(z) for all o € C.(RY).

n—oo R4 R4

If moreover ¢ € C®(R?), taking 71 = t,, and 75 = #;, in (2.3.36), we obtain

/ u(z,t,)Y(x)de — / u(z, i) (r)dr < Cyllullzoeo,ryLs yltn — te|  for all n, k € N.
R4 Rd 1

Letting first n — oo and then k& — oo, we conclude that
/ Y dpg = / Y djig(x) for all ¢ € C°(RY). (2.3.40)
Rd

By a density argument, (2.3.40) is also true for 1 € C.(R%), hence py = fip as Radon
measures on R,

To conclude, we have to prove that pg satisfies (GC). To this aim, we consider a family
of cut-off functions {1 g}r=o with ¢g as in (2.1.12). By Lemma 2.3.9, for all t € (0,T)\ F
we have

/qu(m,t)lﬁR(x)Pl(x) dr < /Rd w(z, )Py (z) dz < &7 /Jd[u(%f)ﬂ(l’) de = Cpy

Thus, letting ¢ — 01, we get YrPrdpy < Cf p, whence, by the MCT, / Py dpug <
Rd Rd

Existence of very weak solutions

We have just seen that nonnegative weak solutions to equation (NLHE) have an initial
trace po that is a Radon measure satisfying (GC). We now investigate the reciprocal. Is
it true that for any nonnegative Radon measure p satisfying (GC) there is a very weak
solution to (NLHE) having p as initial trace? We will answer to this question positively.
In fact, we will be able to construct also solutions with sign changes, if the initial trace
satisfies a suitable growth condition closely related to (GC). These solutions belong to
the class L>®((0,T); Lp,) for which there is uniqueness. As a corollary we will obtain a
representation formula.

Theorem 2.3.16. Let L = Lx with K satisfying (A0)—(A2). Let py be a Radon measure
with the admissible growth at infinity (GCS). Then, for each T > 0 the function U given
in (Sy,) is a very weak solution of (NLHE) in C(R* x (0,T)) N L>((0,T); L}, ) with initial
trace (.
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Proof. We first check that U is well defined. By (Cp,), P, < C;P; for some C; > 0
depending on t. Then, using Lemma 2.2.4 and (GCS), we obtain that

[ Ple=ndil) < 6 [ Pile =)o)

(2.3.41)
<., /ﬂzfpl(y) dlp|(y) < 00, (2,1) € RY x (0, 00).

Now, we will prove that U € LOO((O T); Lp,). By Tonelli’s theorem, the fact that P, is
symmetric, the semigroup property (2.2.9), (C Pf) and (GCS),

/u,f UG, t)|Pr(w) dv < / /RdPt@ — 2)Py(y) de dljuol (y)

=/del+t<y>druor< ><0T/ () dljuol(y) < oo for all £ € (0,T).
(2.3.42)

Let us prove next that pg is the initial trace of U. Let 1 € C.(R?). By (2.2.20)
and (GCS),

[ Jf P = i@l i) < Cro | A anlo) <o

Then, by Fubini-Tonelli’s theorem,

/{sz(x,t d:c—/Rd/th x —y)(x) duo(y dx—/Rd/RdPtx— (x) dz dpo(y).

Since P, is symmetric, we may use the DCT in L'(R? d|uol) to get

lim U(z,t)y(x) dx:/ lim /J[Pt —z)(x) de dug(y / Y(y) duo(y
t—0t JRd Rd t—0F

because P;(- — y) has the Dirac delta centered at y as initial trace; see Proposition 2.2.10.
Besides, since U € L>®((0,T); Lp ) C L},.((0,T); Lp,), by Proposition 5.2.5, U satis-
fies (2.1.7).
Finally, let us prove that U satisfies (2.1.8). Let § € C*(R? x (0,7)). Due to
Lemma 2.2.3, (2.3.42), the symmetry of P;, the semigroup property (2.2.9) and (Cp,),

/f/R /prt(a:—y)yﬁe(:c,t)ldxdluol(y) dt < Cy /f/R /RdPt(x—y)Pl(:c) dz d| ol (y) dt

< CoCrT /d Pi(y) dlpol(y) < oo
R

loc
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Since P is a very weak solution, see Corollary 2.2.11, so is any spatial translation of it,
due to the translation invariance of the equation. Therefore, using also Fubini-Tonelli’s
Theorem,

/f/xsz(x,t)w(x,t) dxdt:/Rd /f/w Py(z —y)L0(x,t) dz dt duo(y) Ve
/Rd/ /HZ[Pt:c— )00 (z, t) da dt dpo(y). -

On the other hand, using (2.2.20) and (GCS),

/Rd/f/jpt (x —y)]0:0(x, t)| do dt d|po|(y) <

Then, we can use Fubini-Tonelli’s Theorem to change the order of integration for the last
integral in (2.3.43), and we finally obtain that U satisfies (2.1.8).
Now, we will prove that U € C(R? x (0,7)). This comes from the fact that U is the
limit, uniform in compact sets, of continuous functions.
Let us define the approximating functions. For each » > 0 we define the finite Radon
measure
' (B) := po(B N B,.(0)) for all Borel set B,

and we set

et = [ Rle=nart) = [ Rl dul),

{lyl<r}

Let us check that U” € C(R? x (0,7)). Let (z1,t1) € R? x (0,T). Then

U (21, 11) = U" (2, 12)] < / | Py (21 = y) = Py (2 = y)| dpol(y)-

{lyl<r}

Since P is uniformly continuous in R? x (g,7") if 0 < ¢ < T" < T (Corollary 2.2.2), given
£ > 0 there exist 41,02 > 0 such that

[Py (21— y) — Pu(z2 —y)| <€
for each |z — 29| < d1 and |t; — t3| < da, so that we have the desired continuity,
|U"(x1,t1) — U (w2, t2)| < Elpol(B:(0)).

Let us now prove that U” converges uniformly to U in compact sets of R? x (0,T). Let
R>0and 0 <e <T'<T. We define

IL(R) = sup sup |U(z,1) — U'(2,0)| < sup sup / Pz — ) dljuol(y).
{ly|>r}

e<t<T’ |z|<R e<t<T’ |z|<R
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By (Cp,), there is a positive constant C' only depending on ¢ and T, such that Py(z) <
CP(z) for all (z,t) € R? x (g,7'). Thus, using also (2.2.21) and the growth condi-
tion (GCS) for the initial datum,

IL(R) < C / Pi(y) dljuol(y) — 0 as + — +oo,

{ly|>r}

which shows the desired uniform convergence. ]

As a corollary to our existence and uniqueness results, Theorem 5.2.9, Corollary 2.3.6
and Corollary 2.3.10, there is a representation formula for very weak solutions belonging
to L>°((0,T); Lp,) and for nonnegative very weak solutions whenever the initial datum g
is admissible.

Corollary 2.3.17 (Representation formula). Let £ = Ly with K satisfying (A0)—(A2) and
let o be a Radon measure satisfying (GCS). Let u be a very weak solution to (NLHE) with
trace po. If eitheru € L>°((0,T); Lp, ), oru is nonnegative and K satisfies in addition (A3),
then u is given by representation formula (RF).

2.3.2 Classical solutions

We consider now classical solutions. If we are able to prove that classical solutions are very
weak solutions, our uniqueness theorems for the latter class, Corollary 2.3.6 and Corol-
lary 2.3.10, will yield uniqueness for the former. In the case of nonnegative solutions,
this will also guarantee the existence of an initial trace, thanks to Theorem 2.3.15, and a
representation formula, because of Theorem 5.2.9. However, proving this is not as straight-
forward as in the case of the classical heat equation, due to the nonlocal character of the
diffusion operator £. This will be our first goal.

Next, we will give sufficient conditions, in terms of the heat kernel, ensuring the exis-
tence of a classical solution with initial trace any Radon measure p satisfying the integral
growth condition (5.2.9). Such conditions are satisfied, for instance, by the heat kernel of
the fractional heat equation.

Uniqueness of classical solutions

The following proposition presents two conditions that together are sufficient for a classical
solution, even one with sign changes, to be a very weak solution. The first condition,
denoted by (H), concerns the regularity of the function. We require a classical solution u
to possess this regularity to ensure that Lu is integrable against any test function. This
would correspond to the regularity requirement u € Ci:tl in the classical result by Widder.
The second one, the integrability condition u € L ((0,7); Lp, ), arises from the nonlocal
character of the operator £, and is required in the definition of very weak solution; see
Proposition 5.2.5. However, we will prove later that it is satisfied by all nonnegative
classical solutions.
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Proposition 2.3.18. Let £ = L with K satisfying (A0)—(A2) and u a classical solution
to (NLHE). Ifu € L{,,((0,T); Lp,) and satisfies (H), then it is a very weak solution to the
same equation.

Proof. Since u € L{, ((0,T); Lp, ), u satisfies (2.1.7); see Proposition 5.2.5.
It remains to prove that u satisfies (2.1.8). Since u is a classical solution,

0= /f | (Ol )L, 1)0(z, ) dedy = /f /R (e )00 e, )+ Lule, )0(z,1)) da dy

for all § € C=(R? x (0,T)). If

C .= /f/R /R 10(z, 1) || Au(z, y, )| K (y) dy dz dt < oo, (2.3.44)

we would have, via Fubini’s theorem, that

/f/w Lu(x,t)0(x, ) dxdy:/f/Rdu(x,t)EG(x,t)dxdy,

and we would be done. However, proving (2.3.44) is not straightforward, because of the
singularity of Lévy kernel K at the origin. It is here that we need hypothesis (H).
To prove (2.3.44), we make the decomposition C = I+ II, where

= [F L] ol ol agarar,
Rt J{jy1<1}

= /f/ / 100z, )| [ Az, v, )| K () dy dz dt.
R J{]y|>1}

The term I is finite, due to (H). As for II, since K is symmetric, then IT < II; + II, where
I —/f/ |0(x, )| |u(x, t)|dxdt/ K(y)dy,
{lyl>1}

o= [ [ o0l 0l ayar

R J {Jy|>1}
[} [utwon [ o woi e ayasa

R {lyl>1}

Asu € C(R? x (0,T)) and K is a Lévy kernel, then

II, < HeuHLl(Rdx(O,T))/ K(y)dy < oo.

{ly|>1}
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Let now 0 < € < T" < T such that supp() C Rx (¢,7"). Using (Cpx), (2.2.19), (2.2.9)
and (Cp,),

I, < Cor /f /R Ju(a, )] /HZ[ Pi(z — y)Pi(y) dyde dt = Cyy /f | et )| Pa(a) de e
< Cyr /f /R lu(x, )| Py (z) dz dt < oo,

because u € L, ((0,7); Lp, ). O

loc

Corollary 2.3.19. Let £ = Lx with K satisfying (A0)—(A2).

(i) There is at most one classical solution w € L>((0,T); Lp,) to (NLHE) satisfying (H)
with initial trace a given Radon measure.

(ii) Let K satisfy also (A3). If there exists a classical solution u € L>((0,T);Lp,)
to (NLHE) satisfying (H) with initial trace a measure po verifying (GCS), then u is given
by the representation formula (RF).

Proof. (i) Suppose that u € L*((0,T); Lp,) is a classical solution to (NLHE) that sat-

isfies (H). Since L>°((0,T);Lp,) C Li,.((0,T); Lp,), then u is a very weak solution

of (NLHE); see Proposition 2.3.18. Uniqueness now follows from Corollary 2.3.6, since

ue L*((0,T); Lp,).

(i) It follows immediately from Corollary 2.3.17, since u is a very weak solution of (NLHE).
[

We move on now to the class of nonnegative classical solutions u to (NLHE) satisfy-
ing (H). We will prove that u € L .((0,T); Lp, ), whence, by Proposition 2.3.18, it will
be a very weak nonnegative solution, from where uniqueness and a representation formula

will follow. The aforementioned integrability will be a consequence of the inequality
Ul(zx,t) ::/ Pi(x —y) duo(y) < u(z,t) for all (z,t) € R x (0,T), (2.3.45)
R4

satisfied by nonnegative classical solutions, even if (H) does not hold. The first step to
prove (2.3.45) is to obtain a maximum principle, which we do next. This only requires (A0).

Lemma 2.3.20 (A maximum principle). Let £ = Lk with K satisfying (A0). Let © C R
be non-empty, open, bounded and smooth, and v € C(2 x [0,T)) such that O € C( x
(0,7)) and Lv(x,t) is defined for all (x,t) € Q x (0,T). If

{(&sv + Lo)(2,1) <0 for all (z,) € Q@ x (0,T), (2.3.46)

v(z,t) <0 for all (z,t) € (RY % [0,7)) \ (2% (0,T)),

then v <0 for all z € RY x [0,T).
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Proof. Choose any T" € (0,T). Let (zq,to) € Q x [0,7"] such that

v(xo, to) == le[(?}:ﬁ/] v(zx,t).

Assume for contradiction that v(xg,ty) > 0. Thanks to the “boundary conditions”, nec-
essarily (zo,%9) € € x (0,7"]. Observe that dyv(zg,tp) > 0 and Av(zg,y,to) > 0 for all
y € RY, because v reaches it maximum at time to at © = . Hence, for any Ry > 0,

0 > —0w(xo, to) > Lo(zo, to) > / Av(zo, y,t0) K (y) dy.

By (0)

Let Ry > 0 be such that Q@ C Bg,(0), and |y| > 2R,. Then, |xy £ y| > Ry, whence
xo +y & Q and therefore v(xg £ y,t9) < 0. Thus,

0 2 / A’U(.ﬁlﬂ'o, Y, tO)K(y) dy 2 U($07 Z50) / K<y) dy > 07
B, (0

3R, (0)
because K is positive, see (A0), and we arrive at a contradiction. O]
We now proceed to prove (2.3.45).

Lemma 2.3.21. Let L = Lk with K satisfying (A0)—(A2). If u is a nonnegative classi-
cal solution of the nonlocal heat equation (NLHE) with initial data a nonnegative Radon
measure i, then (2.3.45) holds.

Proof. Let § € (0,T). Since u is a classical solution, u(-,6) € C(R?). We consider the
family of cutoff functions {1} r~o With ¥ as in (2.1.12). Let

hle.0) = [ Pda = p)ins)uts.5) dv.

Since the heat kernel P € C*(R? x (0,00)), see Corollary 2.2.2, and (Pt)t>0 is a strongly
continuous semigroup in Cy(R?), then v € C*°(R? x [0,T)), and solves

o + L% =0 everywhere in R? x (0,7,
v% >0 everywhere in R? x [0, 7)),
v3(+,0) = ¥r()u(-,8) everywhere in RY.

By (2.2.20),
0< U?%(wi < ||u(7 5)||LOO(BQR(O))<Pt * 'le)(J?) < CR,THU('? 5)||LOO(BQR(O))P1(‘/E)'

On the other hand, Pi(x) — 0 as |z| — oo, since P, is comparable to K away from the
origin, (Cpg), and K(z) — 0 as |z| — oo, see (Al) and (A2). Therefore, given € > 0 we
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can choose p > 0 large such that Cgr||u(-,6)| roo(Byr(0)Pi(x) < € for all |z| > p. Hence,
since u is nonnegative,

0 <ovy(z,t) <e<ulz,t+9)+e for any |z| > p, t € (0,T —9)
v%(2,0) = Yr(z)u(z,§) < u(z,d) <u(z,d) +e for any z € R
Thus, applying the Maximum Principle, Lemma 2.3.20, with Q = B,(0) to w := v}, —u’ —¢,
we get
vh(x,t) <ulz,t+0)+¢e forall (x,t) € R x [0,T —6).

Since ¢ is arbitrary,
V3 (z,t) = / Pi(z — y)vr(y)uly, §) dy < u(x,t +0) for all (z,t) € RY x [0,T — 0).
Rd
Using that the initial trace of u is pg, for all (x,t) € R¢ x (0,T) we have

/Rd Pux—y)yr(y) duoly) = esslim » Pz —y)yr(y)uly, d)dy < lim u(z,t+6) = u(w, 1),

since u € C(R? x (0,7)). Letting R — oo, using the MCT, we arrive at (2.3.45). ]

Remark 2.3.22. Thanks to inequality (2.3.45) and the fact that y is a nonnegative measure,
the integral [, P,(x —y) duo(y) is well defined as long as the nonnegative classical solution
u exists. Moreover, fRd Pydpy < u(0,1) < oo, because P; is symmetric. Hence, we do
not need to assume the integrability condition (GC) in advance in order for U to be well

defined.

We can prove now the desired integrability, and even a bit more than required.

Corollary 2.3.23. Let L = Li with K satisfying (A0)—(A2). If u is a nonnegative
classical solution of the nonlocal heat equation (NLHE) with initial trace a nonnegative
Radon measure jig, then u € Ly ([0,T); Lp,).

loc

Proof. Since u is nonnegative, it is enough to prove that for all 77 € (0,7") we have

/f /R Pi(y)u(y,7) dy dr < oc.

Let 7 € (0,7") and u" (z,t) := u(z,t +7), (z,t) € R? x [0, — 7). Since u is a classical
solution to (NLHE), so it is u7, for ¢t € (0,7 — 7). The initial trace of u” is u(-,7). By
Lemma 2.3.21,

/nszt(x —uly, 7)dy < u(z,t+7) for all (z,t) € R x (0,7 — )

/f /Rd Py(z — y)u(y, 7)dydr < /fT u(z, s)ds. (2.3.47)
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Let T" € (T',T). By (Cp,) we know that P(y) < CprpnPpr_7:(y) for all y € R%. Then,
since P, is symmetric for all times, using the estimate (2.3.47) with x = 0, we get

Jf [ romtsnnawar < cr Jf [ percomnnae

< Cpu_m /f u(0,7)dr < o0,
1"_mr

due to the fact that w(0,-) € C([T" —T1",T"]). O

At this point we have gathered all the necessary ingredients to prove what may be
considered as one of the main outcomes of the paper: a Widder-type representation for-
mula (implying uniqueness) for nonnegative classical solutions (assuming that the “energy
assumption” (H) holds).

Theorem 2.3.24. Let L = Li with K satisfying (A0)—(A3). Let u be a nonnegative
classical solution of the nonlocal heat equation (NLHE) with initial trace a nonnegative
Radon measure pg. If (H) holds, then u is given by the representation formula (RF).

Proof. Thanks to its nonnegativity, u € L .((0,T); Lp,); see Corollary 2.3.23. There-
fore, since u satisfies (H), it is a nonnegative very weak solution of (NLHE); see Proposi-
tion 2.3.18. Finally, the integral growth condition (GC) holds; see Remark 4.4.15. Thus, u
satisfies the hypotheses of Corollary 2.3.17, from where the result follows immediately. [

Existence of classical solutions

We would like to prove now that given a Radon measure pg satisfying the integral growth
condition (GCS), there is a classical solution to (NLHE) having it as initial trace. We
have a natural candidate: the function U(xz,t) = P; * ug, which is a very weak solution of
the equation and has pg as initial trace; see Theorem 5.2.9. Moreover, it belongs to the
class L>((0,T); Lp,) in which there is uniqueness. However, proving that U is a classical
solution is not a trivial task, and will require some assumptions, that we will write in terms
of the heat kernel associated to the operator. These assumptions are satisfied, for instance,
when the operator is the fractional Laplacian.

Theorem 2.3.25. Let L = L with K satisfying (A0)—(A2), po a Radon measure satis-
fying the integral growth condition (GCS), and U the very weak solution to (NLHE) given
in (S,,). Suppose that for each T'> 0 and € € (0,T') there is a constant C' > 0 such that

|0 Pi(x)| < CPi(x), /le |AP(z,y,t)|K(y)dy < CPy(z) for all (z,t) € R x (¢, 7).

(2.3.48)
(i) Then, U is a classical solution to (NLHE) within L>((0,T); Lp,) and with initial trace

Ho-
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(ii) If in addition for each T > 0 and € € (0,T) there is a constant C > 0 such that
|D?*Py(z)| < CPi(x) for all (z,t) € R x (¢,T), (2.3.49)

then U s the unique classical solution to (NLHE) with initial trace uo that satisfies (H)
and belongs to L>((0,T); Lp,).

(iii) If, in addition to all the above, K satisfies (A3) and po is nonnegative, then U is the
unique nonnegative classical solution to (NLHE) with initial trace po that satisfies (H).

Remark 2.3.26. Since K satisfies the Lévy condition (A0), it is easily checked that condi-
tion (2.3.49) implies the second condition in (2.3.48).

Remark 2.3.27. Let £ = (—=A)*/? a € (0,2). Thanks to Proposition 2.2.16 (iv) and (vi),
0,P,(z)| < Ce™'Pi(z), |D?*P(x)| < Ce ™ Py(z) forall (x,t) € R x (¢,7),

whence Theorem 2.3.25 (ii)—(iii) apply to this case.

Thanks to Theorem 5.2.9 we already know that the function U has initial datum pg and
belongs to C(R%x (0,T))NL>((0,T); Lp,), which implies that U € L ((0,T); Lp, ). Thus,
it only remains to check that 9,U belongs to C(R? x (0,7)) and that U satisfies (2.1.9).
This is what we do in the next two lemmas.

Lemma 2.3.28. Under the general assumptions of Theorem 2.5.25, 8,U(x,t) € C(R? x
(0,7)).

Proof. The first step is to prove that

U (z,t) = | 0 P(x—y,t)duo(y). (2.3.50)

R4

Let 0 <e <T' < T and (z,t) € R? x (¢,7"). By definition,

o —hm/j x—y,t+h2L P(x — >duo(y).

h—0
The MVT and the first hypothesis in (2.3.48) imply that

, < 0.P(e —y,8)| < CP(x —y)

for all 2,y € RY, t € (¢,7") and 2|h| < e A (T — T"), where ¢ depends on z, y, t, and h
and |t —t| < |h|. Moreover, C' only depends on ¢ and T". Since p satisfies (GCS), we
already know that [o, P(x —y,1)d|uo|(y) < oo for each (z,t) € R? x (¢,T"); see (2.3.41).
Therefore, applying the DCT we obtain that 0,U is well defined and

0U(z,t) = lim Ple—yt+h - Pl
h—0 Jpa h

2 duaty) = [ PG~ .0) dpoty)
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The continuity of 9,U follows from the fact that it is the limit as r — 400, uniform in
compact sets, of the approximating functions

QU (2) = / O P(x — y,t) du'(y),

R4

arguing as in the proof of continuity of U performed in Theorem 5.2.9; we omit the details.
O

Lemma 2.3.29. Under the general assumptions of Theorem 2.3.25, U satisfies (2.1.9).

Proof. We start from (2.3.50). Since P is a classical solution to the nonlocal heat equa-
tion (NLHE),

U (z,t) = — /Jd[,CP(x —y,t)dpo(y) = — /]Rd /Rd AP(x —y,z,t)K(z)dzdug(y). (2.3.51)

At this point, we would like to change the order of integration in the last integral to
conclude that 0,U + LU = 0. By the second hypothesis in (2.3.48),

[, Jf1ape =y =0l ddiulw) <€ [ P =) dluol() < .

because the last integral is finite for all z € R?, as we proved in (2.3.41). Since the last
integral in (2.3.51) converges absolutely, using Fubini-Tonelli’s Theorem

OU (x,t) = — /R d /EzfAP(x—y,z,t)K@) dpo(y) dz = — /R AU, 2, 0K (=) dz = LU (2, 1)

for all (z,t) € R? x (0,7). O

Proof of Theorem 2.3.25. (i) By Theorem 5.2.9, Lemma 2.3.28 and Lemma 2.3.29, U is a
classical solution of (NLHE) with initial trace po and U € L>=((0,T); Lp, ).

(i) It only remains to prove that U satisfies (H), since then uniqueness will follow from
Corollary 2.3.19. Given 6 € C>°(R% x (0,7T)), let 0 < e < T" < T be such that supp(f) C
R™ x (e,T"). Using the definition of U and applying Taylor’s expansion,

/f /R 0) /{ A DK ) aydsa
< Jf Lo ff K [ ape - ool
<cff [ wen I, K@) [ 1D = ez ).l () dy et

where w(z, z,y,t) € B1(0) because |y| < 1. By assumption (2.3.49),

|D2P(ZL‘ —z+ w(a:,z,y,t),t)| < Cpl(x —z —I—w(:zc,z,y,t)),
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where C only depends on ¢ and 7”. Since P is slowly changing, see Proposition 2.2.6, and
|lw| <1, and it is also symmetric we have | P (x —z+w(z, 2,y,t))| < CPi(z—x). Therefore,
using, one after another, Tonelli’s Theorem, assumption (A0), (2.2.20) and (GCS), we
arrive at

HLewon [ oo
Re {lyl<1}

<C e Y2 K (y) dy/f /Rd(P1 w160 8))(2) dljro| () dlt
<O(T"-¢) /Rd Pi(z) d|uol(2) < oo.

(iii) If po is nonnegative, then U is nonnegative. Uniqueness in the class of nonnegative
solutions satisfying (H) is then granted by Theorem 2.3.24. O

2.4 General purely nonlocal operators

We have developed in Section 2.3 a quite complete Widder-type theory for operators of
the form £ = Lx with K satisfying (A0)—(A2), plus (A3) for some results. A careful
inspection of the proofs shows that they do not use these assumptions directly, but their
implications for the heat kernel associated to the operator, that could be satisfied by
more general operators. Our aim in this section is to rewrite the theorems in terms of
this more general conditions, so that they may include a wider class of purely nonlocal
operators £, of the form (2.1.2) with v satisfying (A,). In order to check that this is not a
useless generalization, we will show that these new versions of the theorems encompass an
important class of anisotropic operators that were not covered by the theory in Section 2.3.

In addition to the Lévy condition (A,), we will always assume that the Lévy process
associated to v has a heat kernel P satisfying

P, cC(RY, P, >0 forallt>D0. (2.4.1)

Thus, we are leaving out, for instance, the case in which dv = Jdx with J € L'(R%), for
which there is a transition density but not a heat kernel, or the operator log(1 — A), with
Fourier multiplier log(1+ [£|?), that has a positive heat kernel, though not with the desired
continuity until some time has passed.

Observe that, since we are assuming that v is symmetric, so it is P, for all ¢ > 0.

2.4.1 Very weak solutions

We will be able to recover all the important results for very weak solutions, with less
restrictive assumptions than in Section 2.3.
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Alternative definitions of very weak solution

A quick inspection of the proof of Lemma 2.2.3 shows that it can be easily adapted to
show the following more general result, that will be helpful to establish the equivalence of
our two definitions of very weak solution if u € L>((0,T'); Lp,).

Lemma 2.4.1. Let L = L, of the form (2.1.2) with v satisfying (A,). Assume that it has
associated a heat kernel P satisfying (2.4.1) and

/][|>1} Pi(x —y)dv(y) < CPi(z) for all x € RY (2.4.2)

for some constant C. If € C®(R? x [§,7]), 0 < 6 < 7 < T, there is a constant Cy such
that

|L,0(x,t)] < /Rd |AO(z,y, )| dv(y) < CoPi(z), (x,t) € R x [0, 7). (2.4.3)

Remark 2.4.2. We proved in Section 2.3, under certain assumptions on K, that, given
0 € C*(R? x [6,7]), 0 < § < 7 < T, there are constants C, Ry > 0 depending on 6
such that |Lx0(x)] > CPi(x) if |z| > Ry > 0. This was helpful to prove that very weak
solutions belong to Lj,.((0,T); Lp, ). Unfortunately, hypotheses (A,), (2.4.1) and (2.4.2)
are not enough to ensure the validity of such an inequality. As a counterexample (in spatial
dimension d = 2) we consider the operator £, = (=02, )/? + (—02,,,)"/?, which satisfies
the three hypotheses, and the function (z) = 0;(z1)02(x2), with 61,0, € C°(R), so that
6 € C>(R?). If supp(6) C Bg(0) for some R > 0, then

£V9($) = 92(:162)(—82 )1/291(l’1> —{—(91((131)(—62 )1/292(1'2) =0 if ‘1‘1' > R and ’1’2’ > R.

1T T2T2

Lemma 2.4.1 is enough to show that the integrability condition (2.1.7) is satisfied if
we LS, ) ).

Proposition 2.4.3. Let L = L, and P as in Lemma 2.4.1. If u € L'([0,7]; Lp ), 0 <6 <
T <T, then

/f/ lu(x, )||£0(2,t)|dzdt < oo for all § € C(R? x [4, 7]).

As a consequence, if u € Ly ((0,T); Lp, ), u satisfies (2.1.7).

loc

With this integrability condition at hand, we can now prove the equivalence of both
definitions of very weak solution if u € L*((0,T); Lp,), just following step by step the
proof of Proposition 2.3.3.

Proposition 2.4.4. Let L = L, and P as in Lemma 2.4.1, py a Radon measure and
ue L>((0,T); Lp,).

(i) If u satisfies (2.3.4), then it is a very weak solution of (NLHE) with initial trace py.
(ii) If u is a very weak solution to (NLHE) with initial trace pg, then it satisfies (2.3.3)—
(2.3.4).
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Uniqueness for very weak solutions

We have now all the tools to prove uniqueness for very weak solutions in the sense of (2.3.3)—
(2.3.4) under two new assumptions on the kernel, that have already appeared in Section 2.3.
This is done by following the steps in the proof of Theorem 2.3.5, where now ¢ is a solution
of the backward problem 0, — L, = 6 and B is the bilinear form

Buu)(@) = [f (uo) = ule =) (o) = vle =) ). (24
taking profit of the nonlocal Leibniz’s formula
B, (uv) = ul,v +vL,u — B,(u,v).

Theorem 2.4.5. Let L = L, of the form (2.1.2) with v satisfying (A,). Assume that it
has associated a heat kernel P satisfying (2.4.1), (2.4.2), (Cp,) and (2.2.23). Let uy be a
Radon measure. If uy and uy satisfy (2.3.3)—(2.3.4), then, u; = uy a.e.in R? x (0,7).

Since by Proposition 2.4.4 a very weak solution v € L>((0,T); Lp, ) with initial datum
a Radon measure i satisfies (2.3.4), we obtain the following corollary.

Corollary 2.4.6 (Uniqueness for very weak solutions within L>((0,T); Ly, )). Let L = L,
and P as in Theorem 2.4.5. There is at most one nonnegative very weak solution of
(NLHE) belonging to L>((0,T); Lp, ) with a given initial trace.

We consider now the class of nonnegative very weak solutions that belong to
Li,.((0,T); Lp ). As in Section 2.3, the strategy to prove uniqueness in this class is to
show that very weak solutions within it belong to L>((0,T); L, ). Uniqueness will then
be inherited from Corollary 2.4.6.

The required boundedness is obtained following the proof of Lemma 2.3.9, that depends
only on the existence of a function ¢ € C?*(R?) satisfying (2.3.21)—(2.3.22), with £ = L,
and B = B,,, remembering that (2.4.3) holds. Thus we have the following result.

Lemma 2.4.7. Let L = L, of the form (2.1.2) with v satisfying (A,) and B = B, the
bilinear form defined in (2.4.4). Assume that L, has associated a heat kernel P satisfy-
ing (2.4.1) and that there is a function ¢ € C*(R?) satisfying (2.3.21)—(2.3.22).

(i) If u is a nonnegative very weak solution to (NLHE) in L ((0,T); Lp,), there is a
constant ¢ > 0 such that (2.3.28) holds.

(i) If u € L, ((0,T);Lp,) is a nonnegative very weak solution of (NLHE), then u €
L=((0,T); LL,).

Remark 2.4.8. Lemma 2.3.9 does not have v € L{ ((0,7); Lp, ) among its hypotheses,
though this fact is used in its proof. The reason is that when we consider Ly instead of
L, any very weak solution has this integrability, as noted in Remark 5.2.16. But this is
not guaranteed a priori in the case of more general operators.

Mimicking the proof of Proposition 2.3.11 we get also some regularity in time for general
operators.

66



CHAPTER 2. A WIDDER’S TYPE THEORY FOR THE NONLOCAL HEAT
EQUATION FOR CERTAIN LEVY OPERATORS

Proposition 2.4.9. Let L = L, and P as in Lemma 2.4.7, and let u be a nonnegative
very weak solution to (NLHE).

(i) Let ¢ € C*(R?) satisfying (2.3.21)~(2.3.22). There is a constant C > 0 such that (2.3.35)
holds.

(ii) Given ¢ € C2(RY), there is a constant Cy > 0 such that (2.3.36) holds.

The combination of Lemma 2.4.7 (ii) and Corollary 2.4.6 yields the desired uniqueness
result for nonnegative very weak solutions.

Corollary 2.4.10 (Uniqueness for nonnegative very weak solutions). Let L = L, and P
as in Theorem 2.4.5, and B = B,, the bilinear form defined in (2.4.4). If there is a function
¢ € C?(RY) satisfying (2.3.21)—(2.3.22), then there is at most one nonnegative very weak
solution of (NLHE) belonging to L, ((0,T); Lp,) with a given initial trace.

loc

Existence of an initial trace

The existence of an initial trace satisfying the integral growth condition (GC) for nonnega-
tive very weak solutions is based on the estimates (2.3.28); see the proof of Theorem 2.3.15.
Following that proof we obtain easily our next result.

Theorem 2.4.11 (Existence of initial trace integrable against P;). Assume the same
hypotheses as in Lemma 2.4.7. If u € L, ((0,T); Lp,) is a nonnegative very weak solution

to (NLHE), then there is a nonnegative Radon measure py such that (2.1.10) holds; that
is, 1o 18 the initial trace of u. Moreover, g satisfies the integral growth condition(GC).

Existence of very weak solutions

The existence of very weak solutions, for suitable initial data, is obtained by mimicking
the proof of Theorem 5.2.9, with two new hypotheses.

Theorem 2.4.12. Let L = L, of the form (2.1.2) with v satisfying (A,). Assume that
it has associated a heat kernel P that is a very weak solution of (NLHE) and satis-
fies (2.4.1), (Cp,) and (2.2.21). Let puo be a Radon measure with the admissible growth
at infinity (GCS). Then, for each T > 0, the function U given in (S,,) is a very weak
solution of (NLHE) in C(R% x (0,T)) N L>((0,T); Lp,) with initial trace p.

As a corollary to Theorem 2.4.12 and the uniqueness results Corollary 2.4.6 and Corol-
lary 2.4.10, solutions are given by a representation formula.

Corollary 2.4.13 (Representation formula for very weak solutions). Let £L = L, of
the form (2.1.2) with v satisfying (A,). Assume that it has associated a heat kernel P
satisfying (2.4.1), (2.4.2), (Cp,), (2.2.21) and (2.2.23), and let ug be a Radon measure
satisfying (GCS). Let u be a very weak solution to (NLHE) with trace po. If either
uw € L®((0,T); Lp,), or u is nonnegative and in addition there is a function ¢ € C*(R?)
satisfying (2.3.21)—(2.3.22), then w is given by representation formula (RF).
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2.4.2 Classical solutions

It is turn now to analyze classical solutions for general operators. We have to tailor the
energy condition (H) on the solutions to the general situation. Thus, we will look for
solutions satisfying

/]'[q} (Al y,£)] dv(y) € L, (R? x (0,T)). (i)

Uniqueness of classical solutions.

The clue for uniqueness is to prove that classical solutions satisfying the energy condi-
tion (H’) are very weak solutions, so that we can apply to them the results that we have
already obtained for the latter class. This is done easily following the proof of Proposi-
tion 2.3.18, adding assumption (2.4.2), so that we have the following result.

Proposition 2.4.14. Let L = L, and P as in Lemma 2.4.1, and u a classical solution
o (NLHE). If u € Lj,.((0,T); Lp,) and satisfies (H’), then it is a very weak solution to
the same equation.

As a consequence of Proposition 2.4.14, Corollary 2.4.6 and Corollary 2.4.13, we obtain
uniqueness for classical solutions in L*((0,T); Ly, ), and a representation formula if there
is existence in this class.

Corollary 2.4.15. Let L= L, and P as in Theorem 2.4.5.

(i) There is at most one classical solution v € L>((0,T); Lp, ) to (NLHE) satisfying (H’)
with initial trace a given Radon measure.

(i) If there exists a classical solution u € L*>((0,T);Lp,) to (NLHE) satisfying (H’)
with initial trace a measure po verifying (GCS), then u is given by the representation

formula (RF).

We move on now to the class of nonnegative classical solutions u to (NLHE) satisfy-
ing (H’). Following the strategy of Section 2.3, we will prove that they satisfy inequal-
ity (2.3.45). This will imply that they belong to L, ((0,T); Lp, ), so that they are nonneg-
ative very weak solutions because of Proposition 2.4.14. Uniqueness and a representation
formula will then follow from the results for this class of solutions.

Inequality (2.3.45) follows easily if we have a comparison principle, P € C’i’tl (R? x
(0,00)) and P, € Cyp(R%). An inspection of the proof of Lemma 2.3.20 shows that such a
comparison principle will be available for £, if the Lévy measure v satisfies that

v((Br(0))°) >0 for all R > Ry for some Ry > 0. (2.4.5)

Lemma 2.4.16 (
isfying (A,) and (
and v € C(Q x [0,
(z,t) € RT x (0,T).

maximum principle). Let £ = L, of the form (2.1.2) with v sat-
5). Let Q C RY be a non-empty, open, bounded and smooth set,
T)) such that O € C(Q x (0,T)) and Lv(z,t) is defined for all
If (2.3.46) holds, then v < 0 for all z € R? x [0,T).

A
2.4
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We can now show the validity of (2.3.45), following the proof of Lemma 2.3.21.

Lemma 2.4.17. Let L = L, of the form (2.1.2) with v satisfying (A,) and (2.4.5). Assume
that it has associated a heat kernel P satisfying (2.4.1) and (Cp,), and such that P €
Ci:tl(]Rd x (0,00)) and P, € Co(RY). If u is a nonnegative classical solution of the nonlocal
heat equation (NLHE) with initial data a nonnegative Radon measure pg, then (2.3.45)
holds.

Remark 2.4.18. Since pg is a nonnegative measure, U(x,t) is well defined as long as the
nonnegative classical solution u exists, thanks to inequality (2.3.45). Moreover, thanks to
the symmetry of Py, (GC) holds, since [, P dpo < u(0,1) < oo.

The desired integrability is now obtained easily, proceeding as in the proof of Corol-
lary 2.3.23.

Corollary 2.4.19. Let L = L, and P as in Lemma 2.4.17. If u is a nonnegative classi-
cal solution of the nonlocal heat equation (NLHE) with initial trace a nonnegative Radon
measure fi, then u € L, ([0,T); Lp,).

We have now all the elements to obtain a representation formula (implying uniqueness)
for nonnegative classical solutions, following the proof of Theorem 2.3.24.

Theorem 2.4.20. Let L = L, of the form (2.1.2) with v satisfying (A,) and (2.4.5), and
B = B, the bilinear form defined in (2.4.4). Assume that L, has associated a heat kernel P
satisfying (2.4.1), (2.4.2), (Cp,), (2.2.21) and (2.2.23), and such that P € C2} (R%x (0, c0))
and P, € Cy(R?), and that there is a function ¢ € C*(R?) satisfying (2.3.21)~(2.3.22). Let
u be a nonnegative classical solution to the nonlocal heat equation (NLHE) with initial trace
a nonnegative Radon measure pgy satisfying (GCS). If (H’) holds, then w is given by the
representation formula (RF).

Existence of classical solutions

Let pp a Radon measure (that may have sign changes) satisfying the integral growth condi-
tion (GCS). We have already obtained conditions ensuring the function U(-,t) = P, * 49 to
be a very weak solution to (NLHE) having p as initial trace; see Theorem 2.4.12. Mimick-
ing the proof of Theorem 2.3.25 we get conditions showing that it is also a classical solution.
Let us note that U belongs to the class L>°((0,T); Lp,) in which there is uniqueness.

Before proceeding, let us make a short technical detour. The starting point of our
desired existence result is Theorem 2.4.12, that requires P to be a very weak solution
to (NLHE). But our proof needs P to be a classical solution also. Do we need both
assumptions? Fortunately not. As can be easily seen following the proof Lemma 2.2.11,
under some additional mild hypothesis that we need anyway, if P is a classical solution, it
is also a very weak solution.
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Lemma 2.4.21. Let L = L, of the form (2.1.2) with v satisfying (A,). Assume that it
has associated a heat kernel P that is a classical solution to (NLHE) and satisfies (2.4.1)
and (Cp,). If

/uzf|AP(x,y,t)| dv(y) < CPy(z) for all (x,t) € R x (¢,T),

then P is also a very weak solution to (NLHE).
We can now state the existence theorem.

Theorem 2.4.22. Let L = L, of the form (2.1.2) with v satisfying (A,). Assume
that it has associated a heat kernel P that is a classical solution to (NLHE) and sat-
isfies (2.4.1), (Cp,) and (2.2.21). Let poy a Radon measure satisfying the growth condi-
tion (GCS), and U the very weak solution to (NLHE) given in (S,,). Suppose that for each
T >0 and e € (0,T) there is a constant C' > 0 such that

|0, Py (x)| < CPy(x), /Rd |AP(z,y,t)|dv(y) < CPy(z) for all (x,t) € R? x (¢,T).

(i) Then, U is a classical solution to (NLHE) within L>((0,T); Lp,) and with initial trace

Ho-
(ii) If, in addition, for each T > 0 and € € (0,T) there is a constant C > 0 such that

|D*Py(x)| < CPi(z) for all (x,t) € R x (¢,T),

then U is the unique classical solution to (NLHE) with initial trace uo that satisfies (H’)
and belongs to L>((0,T); Lp, ).

(iii) If, in addition to all the above, v satisfies (2.4.5), P satisfies (2.4.2), (2.2.23), P €
C’i:tl(]Rd x (0,00)) and P, € Co(R?), and there is a function ¢ € C*(RY) satisfying (2.3.21)—
(2.3.22), where B = B, is the bilinear form defined in (2.4.4), and uo is nonnegative,
then U is the unique nonnegative classical solution to (NLHE) with initial trace pg that
satisfies (H’).

2.4.3 A family of anisotropic operators to which the theory ap-
plies

Our goal now is to show that the general theory we have just presented includes many
interesting examples that were not covered by the results of Section 2.3. To this aim, we
will introduce a family of anisotropic operators £, that satisfy all the assumptions in the
above results.
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The Lévy measure and the operator

We consider a family of Lévy kernels {K;}_,, with £ € {1,...,d}, where each K; : RY —
(0,00) satisfies assumptions (A0)-(A2) (and (A3) for some results) with d = d;, and
Ze L d;j =d. Given y € R? we write it as y = (y1,...,%), with y; € R%, j € {1,...,(}.

=
The (in general anisotropic) measure defining our operator L, is

J4 l
dv(y) ==Y Kiy)dy, [ 66 (), yeRY, (2.4.6)
j=1 k=1 k]

where 53’“ is the Dirac delta in R%. It is easily checked that this is a Lévy measure.

Proposition 2.4.23. If K;, j € {1,...,(}, satisfy (AO) with d = d;, then v in (2.4.6)
satisfies (A,).

Proof. Since Kj is a Lévy kernel in R% for all j € {1,...,(},

L
Hrantyave) =32 [ 08l i < o =

The Lévy operator £, defined by v can be written as £, = Zﬁ:l Lk, where each of
the operators Lg; is of the form (2.1.1) and acts only on the subspace R%: to be specific,

ulTy, ..., i+ Y, ..., Te) tul®y, ..., 5 — Yiy. .., T
EKJu(m):/Jf (U(l’)— ( 1 J Yj 5) 5 ( 1 J Yj Z)>K]<y])dyj

In what follows we write for short £7 to denote £ K;-
The measure v in (2.4.6) satisfies the condition needed to apply the comparison prin-
ciple.

Proposition 2.4.24. Let v as in Proposition 2.4.253. Then v satisfies (2.4.5).

¢
Proof. Since K; > 0 for all j € {1,...,¢}, then v((Bgr(0))?) = / K;(y;)dy; >
{ly; >R}

Jj=1

0. ]

Just for the record, —L£, is the infinitesimal generator of the Lévy process X; =
(YL ...,Yf), t >0, where each (Yt])po, j € {1,..., 4}, is a Lévy process with infinitesimal

generator —L7.
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The heat kernel

As explained in Section 2, the Fourier symbol of the operator £/ is
mj(€j>:/d'(l_cos<§j7yj>)dy]’7 gj eRdjv j S {1776}
R%s
and the corresponding heat kernel P7(x;,t) = P/(z;), (z;,t) € R% x (0,00), is given by

F(P) (&) =e ™ & (¢,1) e R% x (0,00), je{l,...,(}.

Using Lévy-Khintchine’s formula we obtain the Lévy-Khintchine exponent m for the op-
erator L,,

/J[l cos(€,y)) dv(y Z/J[ (1—cos(&;,y,)) dy; = Zm’ &), €=(&,...,&) €RY

with & € R% for j € {1,...,¢}. Therefore, the heat kernel P, associated to the nonlocal
heat equation (NLHE) for this operator is given by

Pi(z) = /d e tmOel&r) q¢ = /ie—th»1mj(§j)eizfl<gj,zj> dg, -+ dé,
R
l ‘ ) ‘
- H/gf e—tm? (&) pi(€5,w;) d¢; = HPg(mj)? (z,1) € RY (0, 50).
Jj=1 ! j:].

This special structure in separate variables, combined with the special form of the Lévy
measure, is the clue to prove all the desired properties for the kernel, that will be inherited
in most of the cases from the corresponding ones for the factors P/, j € {1,...,¢}.

(AHK)

Proposition 2.4.25. Let L, of the form (2.1.2) with v given by (2.4.6) and K;, j €

..., U}, satisfying (A0)—~(A2) with d = d;. The corresponding heat kernel P belongs to
C’i’tl(Rdx (0,00))NCo(RY), satisfies (Cp,), (2.2.21), (2.2.23), (2.4.1) and (2.4.2), and solves
the equation (NLHE) in the classical and in the very weak sense.

Proof. All the properties, except (2.4.2), have already been proved for the factors P?. The
corresponding properties for P can be easily recovered from the results for the factors
thanks to the special form of the Lévy measure. We omit the details.

The proof of (2.4.2) also uses the special form (2.4.6) of the Lévy measure v and the
product structure (AHK) of P;. Indeed,

/ngl}ﬂ(z_ /]im}P] — ;)| K7 (y;) dy; f[ 'Plk(xk).

_ k=1,k#j

v~

Li(z;)
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But we can control the tail of K7 by the tail of P/; see (Cpg). Thus, using also the
semigroup property (2.2.9), for some constant C; > 0,

R%

I;(z;) < Cj /{I - Pl(z; —y;) P} (y;) dy; < C; Pl(z; —y;) P (y;) dy; = C; P (z;).
Yijl=Z

On the other hand, because of (Cp,), there exists C; > 0 such that Pj < C;P], and we
conclude that I; < C; P} for some constant C; > 0 for each j € {1,...,¢}. Therefore,

L

/][I>1} Pz —y)dv(y) < Z Cij($j) H PF(x) = Z C, Py ().

=1k#j

To check that P is a classical solution to (NLHE), we use that 0,P7 + LIP7 = 0,
j €{1,...,}. Hence, for all (z,t) € R? x (0, 00),

1 ¢ ¢ ¢
—0P(x,t) ==Y 0P (x;,t) [] Pilant)=> LPl(xjt) [[ PHzi.t) = LP(x,t).
j=1 j=1

k=1,k#j k=1,k#j

Once we know that P is a classical solution to the equation we can show that it is also
a very weak solution mimicking the proof of Lemma 2.2.11. ]

The function ¢

The last thing that we have to check is the existence of a function ¢ € C?(R?) satisfy-
ing (2.3.21)-(2.3.22). We have already proved that such function ¢’ exists for each of the
operators L7, j € {1,...,¢} (and the corresponding bilinear form B;) if the kernels K;
satisfy (A0)—(A3). Our function ¢ will then be given by

¢
() = H¢j(xj) for all 2 = (21,...,2,) € R (2.4.7)
=1

Lemma 2.4.26. Let L = L, of the form (2.1.2) with v given by (2.4.6) with functions K;,
j =1,...,0 satisfying (A0O)—(A3). Let P be the associated heat kernel, given by (AHK),
and B = B, the bilinear form defined in (2.4.4). The function ¢ defined in (2.4.7) belongs
to C*(RY) and satisfies (2.3.21)—(2.3.22).

Proof. Since P/ is comparable to ¢/ for each j € {1,...,}, (2.3.21) follows easily thanks
to the structure in separate variables of both ¢ and P.

On the other hand, since |£7¢7| < ¢;¢’ for some ¢; for all j € {1,..., ¢}, using again
the structure in separate variables of ¢ and the special form (2.4.6) of the Lévy measure
we arrive at

14 L

L) = > L¢(x;) [] .¢>k<xk) < ¢d(x) = cg(x) for all z € R™.

j=1 k=1,k#j j=1
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As for the second inequality in (2.3.22), we have |B,(¢,¢)(z)| < [|[V¥|l(z) +
9l TT(), where

I(z) = /{ o) — ot )l avi).

1) = 6(o) /{ o 0 /{ L ole ) dviy)

J/

H?(]) 112‘(})

Because of the special form (2.4.6) of the Lévy measure v and the product structure (2.4.7)
of ¢, since K; and ¢/ satisfy (2.3.25)—(2.3.26) and the kernels K7 satisfy the Lévy condi-
tion (A0), then

L 14
- M () — & (s — u K () dus k(x
Z/Jiﬂﬂ}muw]) & (e — )l () dyy [ o)

k=1,k#j
V4
= Z Cj /][ ;K5 () dy; [ [ 6" () = Cop(a).
luil<1} k=1

On the other hand, since v is a Lévy measure, then II;(z) < C¢(z). Finally, using again
the special form of v and ¢, and then, for all j € {1,...,¢}, the comparability (Cpg)
of K7 and P/ outside the origin, the semigroup property (2.2.9), (Cp,) (for P7) and the
comparability of Plj and ¢,

l
— YK (4. ) k

k=1,k#j
j:1 k 11@&] k Lk#]

¢ ?
Z H (2))Ci Pl () <> ([T ¢(@)Cid () = Co(x). O
=1 k=1,k#j =1  k=1k#j

Existence in a special case

As in the case of operators of the form Lg, we will only be able to prove existence for
a special case, namely £, = Zf.zl(—Adj)aﬂ, where o € (0,2) and (—Ay,)*/? is the d;-
dimensional a-fractional Laplacian.

We denote the heat kernels associated to (—Ag,)*/?, j =1,...,¢, and E?Zl(—Adj)a/Q
respectively by P» j=1,...,¢ and P*. We recall that

)4
P(x,t) = [[ P (xj.t), 2 =(x1,...,20) €R?, £ >0 (2.4.8)

J=1
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Then the heat kernel P* inherits the self-similar structure from the kernels P7*, j = 1,...,¢,
¢ d
Po(x,t) = [J (4P (et 1)) = =/ T PPt 1) = P (at ™, 1).
Jj=1 Jj=1
(2.4.9)
This is the clue to prove the necessary conditions for the existence result.

Proposition 2.4.27. For all e € (0,T) there is a constant C' > 0 such that
(i) [0.P (2, )| < CPP(x), (i) [D*P(2)| < CPi(x), @ €R? te(e,T).

Proof. (i) The selfsimilar structure (2.4.9) of P* and its product structure (2.4.8) imply
that
d t—d/oz £
9, P (x,t) = —Et’d/an‘(:ct’a) D wt, Vi, PP () H PPt ™)
j=1 k=1,k#j

at

On the other hand, by Proposition 2.2.16 (iii), for each j € {1,...,¢} there is a constant
C; such that |(x;t=% VP (z;t~*))| < C;P)*(2;t~*), and the result follows using (2.4.8)
and (Cp,).
(ii) There are two possibilities. If the two variables, x;, z;, 4,1 € {1,...,d}, with respect
to which we differentiate fall within the same subspace R%, j € {1,...,¢}, then, thanks
0 (2.4.8),

9;0,P () = 8;,0,P"( H PP (x),
k=1,k#j

and the result follows using Proposition 2.2.16 (vi). If, instead, each of them falls in a
different subspace, say z; in R%1 and x; in R%2, j;, 55 € {1,..., £}, j1 # j2, then,

V4
QO Py (x) = 0P ()0 PP () [ P ()

k=1,k#3j1,j2

and now the result follows using Proposition 2.2.16 (v). O

2.5 Operators having a local and a nonlocal part

We consider now operators that combine both a local and a nonlocal part, more precisely
those of the form £ = LA g = —A+ Lk, with Lk asin (2.1.1) and K satisfying (A0)-(A2)
(and (A3) in some cases). Estimates of the associated heat kernels have been the subject of
other papers, such as [9, 18] and the more recent [12]. The latter addresses the qualitative
properties of solutions to a class of fractional Schrodinger equations. However, in all three
papers only the case K = K, related to the fractional Laplacian (—A)*/2 «a € (0,2) is
considered.
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2.5.1 The heat kernel

When £ = La, with K satisfying (A0)—(A2), the Lévy process associated to equa-
tion (NLHE) is the sum of two independent Lévy processes, each one with its heat kernel:
the Lévy process associated to dyu + Lxu = 0, with heat kernel P¥X, and the Brownian
process associated to the classical heat equation, with the well-known heat kernel GG, given
in (2.1.4).

Let my be the Lévy-Khintchine exponent of Lx, given by (2.2.10). Since the Fourier
symbol of —A is |¢|?, the heat kernel P associated to L£a x is then given in terms of Fourier
transform by

F(P)(€) = e tmr@OFER) e cRI ¢ >0,

Therefore, using the properties of the Fourier transform,
Pi(z) = PX « Gy(z), z€R? t>0. (2.5.1)

Since Gy decays as the inverse of a quadratic exponential and P, as the inverse of some
polynomial (see (Cpg), (Al) and (A2)), there is a constant C; > 0 such that

Gi(r) < C,PE(x) for all z € R (2.5.2)

From this and (2.5.1) we deduce now that P; is comparable with P a key fact for what
follows.

Proposition 2.5.1. Let £ = La x with K satisfying (A0)—(A2) and let P be corresponding
heat kernel. For each t > 0 there is a constant Cy > 1 such that C’t_lPtK < P, < C,PE.

The result when K = K, can be seen in [Zoran2]. Our proof for more general kernels
K is, somehow, shorter.

Proof. As for the first inequality, since PX G; > 0, then P, > 0. Therefore, there is a
constant C; > 0 such that PX(z) < CiPy(x) for all |x| < 2. Consider now |z| > 2. If
ly| < 1, then |z — y| < |z| + 1 < 3|z|/2. Hence, since P/ is almost decreasing and slowly
changing, see Remark 2.2.9,

Py(z) > / Pt(x —y)Gi(y) dy > CtPtK(3x/2)/ Gi(y)dy > CtPtK(fU)-
{lyl<1} {lyl<1}

To prove the second inequality we make use of (2.5.2), the semigroup structure and (Cp,)
to deduce

P,(z) = PE % Gy(z) < C.PE « PE(z) = C,PE (z) < C.PE (x).
O

As a corollary of Proposition 2.5.1, since P¥X is comparable in two different times, see
(Cp,), so is P too.
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Corollary 2.5.2. Let L = La x with K satisfying (A0)—(A2) and let P be corresponding
heat kernel. For all t1,ty > 0 there exists C' > 1 such that

C'P, <P, <CP,.

Moreover, since P is slowly changing and almost decreasing for all ¢ > 0 and P[* and
P, are comparable, the heat kernel associated to £a x has also these properties.

Corollary 2.5.3. Let L = La x with K satisfying (A0)—(A2) and let P be corresponding
heat kernel. Then, P, is slowly changing and almost decreasing for allt > 0 .

2.5.2 Very weak solutions

Thanks to the comparability between PX and P;, we can develop a complete Widder-type
theory for very weak solutions for the operator La k.

Alternative definitions of very weak solution

We can adapt easily the proof of Proposition 5.2.5 to check that integrability against La 0
with 0 a test function is equivalent to integrability against P;. The only delicate point is
to check that if ¢ € C°(R?) is such that Xp, ) < ¢ < Xp,(0), then there is a constant
C > 0 such that |La gt (z)| > CPy(z) for all |x| > 4. But this follows easily from (2.3.2),
since —A is a local operator and supp(¢) C B(0). Thus we have the following result.

Proposition 2.5.4. Let L = La i, with K satisfying (A0)—(A2).

(i) Let 0 <6 <7 < T. Then u € L*((6,7); Lp,) if and only if u € Li, (R x [4,7]) and
(2.3.1) holds.

(ii) w € Li, ((0,T); Lp,) if and only if u € Li (R* x (0,T)) and (2.1.7) holds.

loc loc

It is now easy to mimic the proof of Proposition 2.3.3 (that essentially only has to deal
with the way the initial datum is taken) to show the equivalence in the class L>((0,T); L, )
between the two definitions of very weak solution that we are handling.

Proposition 2.5.5. Let L = Lax with K satisfying (A0)—(A2). Let uo be a Radon
measure and u € L>*((0,T); Lp,).

(1) If u satisfies (2.3.4), then it is a very weak solution to (NLHE) with initial trace py.
(i) If u is a very weak solution to (NLHE) with initial trace pg, then it satisfies (2.3.3)—-
(2.3.4).

Uniqueness for very weak solutions

The proof of uniqueness for very weak solutions is similar to that of Theorem 2.3.5, taking
care of an extra term in the bilinear form associated to the operator.

Theorem 2.5.6. Let L = La i with K satisfying (A0)—(A2). Let uo be a Radon measure.
Let uy and uy satisfy (2.3.3)~(2.3.4). Then, u; = uy a.e.in R? x (0,7).
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Proof. The main difference with respect to the proof of Theorem 2.3.5 is that the bilinear
form has an extra term with respect to the one appearing there, so that now it is given by

Ba i (u,v) = B(u,v) + 2(Vu, Vo),

with B as in (2.3.15). Hence, using ¢pp € C®(R? x [0,7T)) as test function in (2.3.9),
where {{)r} r>R, is the family of cutoff functions given by (2.1.12) and ¢ is the solution to
the backward problem d;p — L g = 6 in R? x (0,T) given by (2.3.12), we arrive at

O:/f /Rd u(@,1)0(a,1) dmdt—/f /RdU(m,t)w(w,t)EA,KwR(x,t) dz dt
+/f/Rd u(z,t)B(or, ¢)(z,1) dt+2/fédu(m,t)<v¢3,vw>(x,t) e

If we check that the three last terms on the right-hand side go to 0 as R — oo the proof will
be complete. The two first of them are handled essentially as in the proof of Theorem 2.3.5,
using that P; is comparable to the kernel K far from the origin, since P; is comparable to
P[ and observing also that [|Atg||e = R72||AY|| -

As for the last term, it is also handled easily, since |Vy| < C'P; (see once more the
proof of Theorem 2.3.5), |[Viogllo = RVl and u € L'((0,t); Lp,). Therefore, we
may apply the DCT to arrive at

lim /f /Rd lu(z, t)||(Vor(x), Ve(z,t))| dedt = 0. O

R—o0

As a consequence, since by Proposition 2.5.5 a very weak solution u € L*((0,T); Lp, )
with initial datum a Radon measure pq satisfies (2.3.4), we obtain the following corollary.

Corollary 2.5.7 (Uniqueness for very weak solutions within L>((0,T); L}, )). Let £ =
L with K satisfying (A0)—(A2). There is at most one very weak solution to equation
(NLHE) belonging to L>((0,T); Lp, ) with a given initial trace.

Now, we move on to the class of nonnegative very weak solutions, following the strategy
of Section 2.3.

Let ¢ € C?(R?) be the function given by Lemma 2.3.7. By Proposition 2.5.1, P, and
PK are comparable, and by (2.3.21), P, and ¢ are comparable. Hence, (2.3.21) holds: P
and ¢ are comparable. Besides, by (2.3.24) and the positivity and continuity of ¢ > 0,
there is some C' > 0 such that

[Ag] < Co, (VY. V)| < [[VU]||Ve| < OV ]wop  for all ¥ € CF(RY).

Combining this with (2.3.22) (applied to Lx), we arrive at (2.3.22) with £ = L i and
B = Ba k. Therefore, arguing as in the proof of Lemma 2.3.9, using also Proposition 2.5.4,
we have the desired smoothing effect.
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Lemma 2.5.8. Let £ = LA x with K satisfying (A0)—(A3).

(i) If u is a nonnegative very weak solution to (NLHE), there is ¢ > 0 such that (2.3.28)
holds.

(i) If u is a nonnegative very weak solution to (NLHE), then u € L>((0,T); Lp, ).

Imitating the proof of Proposition 2.3.11 we get some regularity in time for general
operators.

Proposition 2.5.9. Let L = L x with K satisfying (A0)—(A3), and let u be a nonnegative
very weak solution to (NLHE).

(i) Let ¢ € C*(R?) satisfying (2.3.21)~(2.3.22). There is a constant C > 0 such that (2.3.35)
holds.

(ii) Given ¢ € C2(RY), there is a constant Cyy > 0 such that (2.3.36) holds.

The desired uniqueness result for nonnegative very weak solutions now follows from the
combination of Lemma 2.5.8 (ii) and Corollary 2.5.7.

Corollary 2.5.10 (Uniqueness for nonnegative very weak solutions). Let £ = L x with
K satisfying (A0)—(A3). There is at most one nonnegative very weak solution of (NLHE)
with a given initial trace.

Existence of initial trace

The proof of Theorem 2.3.15 giving the existence of an initial trace satisfying the in-
tegral growth condition (GC) for nonnegative very weak solutions is based on the esti-
mates (2.3.28), and may therefore be easily adapted to cope with operators £ = Lx k.

Theorem 2.5.11 (Existence of initial trace integrable against Py). Let L = L j with K
satisfying (A0)—(A3). Let u be a nonnegative very weak solution of (NLHE) in R? x (0, 7).
There is a nonnegative Radon measure py such that (2.1.10) holds; that is, po is the initial
trace of u. Moreover, g satisfies the integral growth condition (GC).

Existence of very weak solutions

The existence of very weak solutions, for suitable initial data pyg, is obtained by imitating
the proof of Theorem 5.2.9. They will be given by U(:,t) = P, % ug. The news with
respect to that theorem are that now U € C*®(R? x (0,00)). Indeed, because of (2.5.1),
U(-,t) = Gy * (PE % ) for all t > 0, whence, since (PX ) is continuous, the regularity
of U coincides with that of G.

Theorem 2.5.12. Let L = La i with K satisfying (A0)—(A2). Let uo be a Radon measure
with the admissible growth at infinity (GCS). Then, for each T > 0, the function U given
in (Sy,) is a very weak solution of (NLHE) in C*°(R%x (0,T))NL*((0,T); Lp,) with initial
trace .

As a consequence, thanks to the uniqueness results, Corollary 2.5.7 and Corollary 2.5.10,
we have a representation formula.
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Corollary 2.5.13 (Representation formula). Let £ = La g with K satisfying (A0)—(A2)
and let 1o be a Radon measure satisfying (GCS). Let u be a very weak solution to (NLHE)
with trace po. If either uw € L>((0,T); Lp,), or u is nonnegative and K satisfies in addi-
tion (A3), then u is given by representation formula (RF).

2.5.3 Classical solutions

The main novelty in the analysis of classical solutions is that for operators £a x we don’t
need to impose the energy assumption (H), since in this case classical solutions belong by
definition to C?(R? x (0,7T)) and, therefore, are already known to satisfy it.

Uniqueness of classical solutions.

We can now imitate the proof of Proposition 2.3.18 to prove that classical solutions are
very weak solutions, the key step towards uniqueness in L>((0,T'); Lp,).

Proposition 2.5.14. Let L = La x with K satisfying (A0)~(A2). If u € L, ((0,T); Lp,)

loc
is a classical solution to (NLHE), then it is a very weak solution to the same equation.

As a byproduct of Proposition 2.5.14, Corollary 2.5.7 and Corollary 2.5.13, we obtain
uniqueness for classical solutions in L*((0,T); Lp, ), and a representation formula if there
is existence in this class.

Corollary 2.5.15. Let L = La x with K satisfying (A0)—(A2).

(i) There is at most one classical solution u € L>°((0,T); Lp,) to (NLHE) with initial trace
a given Radon measure.

(ii) If K satisfies also (A3), if there exists a classical solution u € L>((0,T);Lp,)
to (NLHE) with initial trace a measure pg verifying (GCS), then u is given by the rep-
resentation formula (RF).

To prove uniqueness of nonnegative classical solutions, we first obtain a comparison
principle. This can be done following the proof of Lemma 2.3.20, observing that at a point
(x0,to) where v achieves a maximum we have Av(xg,tg) < 0 and Lxv(z,ty) > 0, so that
ﬁA,KU(tTO,tO) > 0.

Lemma 2.5.16 (A maximum principle). Let L = La g with K satisfying (AO). Let
Q C R? be non-empty, open, bounded and smooth, and v € C(R? x [0,T)) such that
v E C’itl(Q x (0,7)) and Lxv(x,t) is defined for all (x,t) € Q x (0,T). If (2.3.46) holds,
then v <0 for all z € RY x [0,T).

We can now show the validity of (2.3.45), following the proof of Lemma 2.3.21.

Lemma 2.5.17. Let £L = La x with K satisfying (A0)—(A2), and u a nonnegative classical

solution to (NLHE) with initial data a nonnegative Radon measure pg. Then, (2.3.45)
holds.
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As a consequence, proceeding as in the proof of Corollary 2.3.23, we obtain that u €
Lioo([0,T); Lp,).
Corollary 2.5.18. Let L = La g with K satisfying (A0)—(A2), and u a nonnegative
classical solution to (NLHE) with initial data a nonnegative Radon measure pg. Then,

we LL(0,T); Lb,).

We have now all the ingredients to get a representation formula (implying uniqueness)
for nonnegative classical solutions, mimicking the proof of Theorem 2.3.24.

Theorem 2.5.19. Let L = L x with K satisfying (A0)—(A3). Let u be a nonnegative
classical solution to (NLHE) with initial trace a nonnegative Radon measure po. Then u
is given by the representation formula (RF).

Existence of classical solutions

Our goal now is to prove that, if £ = LA g, then for any Radon measure p satistying
the integral growth condition (GCS) there is a classical solution to (NLHE) having p as
initial trace. The natural candidate is the function U(x,t) = P, % uo, which is a very weak
solution of the equation and has pg as initial trace, and moreover belongs to the class
L>((0,T); Lp,) in which there is uniqueness. In the case of operators of the form L we
had to impose certain conditions on the heat kernel, namely (2.3.48), in order for such U to
be a classical solution. When £ = L g, the local part of the diffusion, the Laplacian, helps
us, and these conditions are always satisfied, as we see next. Let us remark that the energy
condition (H) is not required now for uniqueness; nevertheless, P also satisfies (2.3.49).
Besides, the local part of the operator does not require any extra hypothesis.

Lemma 2.5.20. Let L = Lax with K satisfying (A0)—(A2), and let P be the corre-
sponding heat kernel. For each T > 0 and ¢ € (0,T) there is a constant C' > 0 such
that (2.3.48)—(2.3.49) hold.

Proof. We start by proving that for all 0 < e < T there is C. 7 > 0 such that |0, P;(x)| <
C.rP, for all t € (¢,7). On the one hand, a direct computation shows that

1 |z? I L ppyar)
9. < (= <= ’
|0,0;Gy(x)] < (475 + (4?5)2)&5(3:) = <45 + (45)2) (47r€)d/2€

< C.(14 |zP)e /U1 < CLpGr(x) for all z € RY, t € (,T).

Moreover, thanks to (2.5.2) and the fact that PX satisfies (Cp,), we have Gy < CrPK,
whence

max — max : 0,0,Gy(x)| < CerPE(x) for all z € R% (2.5.3)

te[&T} 7’7]6{1 77777 d
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On the other hand, from the properties of PX and the MVT, we obtain that

LxGy(2)] < Gi(z) / K(y)dy + /¢7|[|>1} Gula — y)K (y) dy + /{ G Ky

{ly|>1}

Cer( P (2 PE(z —y)PF(y)d AG(z,y)|K(y)d
<Ca(P@r [ Ae-pP@d) [ NGk
<Car(Pr @+ FE@) + [ DGO ) dy

for some z = z(x,y) € Bi(x). Now, using (2.5.3) we conclude that

LxGi@) < Cr(PE@ + [ PEOWPEW W) < CrPl@) (254)

{lyl<1}

where, for the last inequality, we have used that P (z) < CPf(x), due to Lemma 2.2.4,
and the fact that |x — 2| < 1. As a consequence of (2.5.4), since P, = PX x G; is the
fundamental solution to (NLHE) with £ = £La k, using (2.5.3), the semigroup property of
PX and Proposition 2.5.1, we have

]&Pt(:/n)\ = ’EA,KPt(x)‘ = PtK * ﬁAJ{Gt(fE) S PtK * ’EKth ($) + PtK * ’AGt’ (fﬂ)
< C.pPF* Pf(2) < ConPE(x) < CerPi(z) for all z € RY,

which is the first inequality in (2.3.48).
Second, by (2.5.3), the semigroup property of PX and Proposition 2.5.1, we get

|D*P,| =  max | 1010;P] < Pl x e 10:0,C] < CorPf Pl =C.rPl, < CorPy
(2.5.5)

for all t € (e,7T), which is estimate (2.3.49).
Finally, we will obtain the second inequality in (2.3.48). Procceding as before, using
the MVT and (2.5.5), we get

/Rd AP (2, t)| K (y) dy < /Z[N} (Pi(x) + Pz —y)) K(y) dy + /{ |D*P,(2) |y K (y) dy

ly|<1}

< CPy(z) +/

{lyl=1}

Pz — y)K(y)dy + Cer / Pi(2)ly*K (y) dy,

{lyl<1}

where z = z(x,y,t) € Bi(x). We estimate the second term as follows

/{I . Py(x —y)K(y)dy < C/ Pz —y)Py(y) dy < OP(x) < OpPi(w),

{lyl>1}

whereas for the third term we use that P; is slowly changing (see Corollary 2.5.3), that
z € Bi(x) and that K is a Lévy kernel, to obtain

/ P(2)[yPK(y) dy < CPy(x) / YK (y)dy = CPy().
{ly|<1}

{lyI<1}
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Putting all together we have that

/J[|APt(x,t)|K(y) dy < CPi(z) for all z € R O
d

We can now reproduce the proof of Theorem 2.3.25 to arrive at our last result.

Theorem 2.5.21. Let L = La x with K satisfying (A0)—(A2), uy a Radon measure satis-
fying the integral growth condition (GCS), and U the very weak solution to (NLHE) given
in (Su). Then, for each T > 0, U is the unique classical solution to (NLHE) within
L>°((0,T); Lp,) with initial datum po. If in addition K satisfies (A3) and po is nonneg-
ative, then U is the unique nonnegative classical solution to (NLHE) with initial trace
Ho-
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Chapter 3

The KPP problem on the hyperbolic
space

This chapter is devoted to the results of [48], named Travelling wave behaviour for
Fisher-KPP equations in the hyperbolic space. This paper is authored by Maria del Mar
Gonzéalez (UAM), Fernando Quirds and the author of this thesis.

3.1 Introduction and statement of results

We study the sharp long-time behavior of solutions to the Cauchy problem for the semi-
linear parabolic Fisher-KPP equation posed in the hyperbolic space H¢, d > 2,

uy = Apau+ f(u) in H x R, u(+,0) = up in HY. (KPP)

Here Apa is the Laplace-Beltrami operator in H? and R, := (0,00). Solutions to (KPP)
are always meant in the classical sense. Throughout the paper we always assume that
0 <wup <1 and that fis a KPP function,

fec*(0,1]), f(0)=f(1)=0, f(1)<0<f(0),
f(s) >0 and f(s) < f'(0)s for all s € (0,1).

(Hy)

The main example of a KPP function is f(s) := s(1 — s), s € [0,1]. Our motivation is
to understand how the underlying hyperbolic geometry affects the evolution of solutions u
to (KPP), in comparison with the Euclidean case.

Under assumption (Hy) on the nonlinearity f, problem (KPP) has two stationary solu-
tions, one stable, u = 1, and the other unstable, u = 0. One might think that all nontrivial
solutions will converge to the stable stationary solution v = 1. But there is a competition
between the repulsion of the level 0 (measured in terms of f/(0)) and diffusion (measured
in terms of the infimum of the spectrum of the Laplace-Beltrami operator), so that in
principle solutions might also approach 0 as t goes to infinity. The first case is known
as propagation (or spreading) and the second one as eztinction (or vanishing). When the
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problem is posed in the Euclidean space, diffusion is not strong enough and, if ug is non-
trivial, there is always propagation. However, in the hyperbolic space diffusion is stronger
than in the Euclidean case, and, while for large values of f'(0) (strong repulsion) there is
propagation, if f/(0) is small, diffusion dominates and solutions become extinct; this had
already been noticed in the pioneering work of Matano, Punzo and Tesei [75]. Here, as a
first step, we explore further the dichotomy between propagation and extinction, covering
in particular the case in which f’(0) is critical, which was left open in [75].

In the case of propagation, we exploit the invariancies of the hyperbolic space in order
to describe the long-time behavior of the solution to (KPP). More precisely, if the initial
datum has some symmetry (in terms of cohomogeneity one subgroups of isometries of the
hyperbolic space), then the solution itself is also invariant, which reduces the problem to a
unidimensional PDE. We will give a moving coordinate system, that takes into account the
symmetry, in which the solution to (KPP) converges to a specific traveling wave of minimal
speed. Let us remark that, differently from the Euclidean case, where isometries consist of
rotations and translations only, the hyperbolic space has a more complex geometry with
three types of such isometries: elliptic, parabolic, and hyperbolic.

Another significant difference is that propagation in H? is slower than in R¢, due to
the stronger diffusion mentioned above. This effect is described as the drift from infinity
in the work [75], as it directly affects the velocity of the moving frame. We also need to
introduce a logarithmic correction which, contrary to the Euclidean case, stays the same
across all three types of invariance.

To explore this in greater detail, we first provide an in-depth introduction to the well-
established theory of the KPP problem in the Euclidean space. Later, we present the
known theory of that equation posed in the hyperbolic space. Finally, we introduce and
discuss our main results, together with the main ideas in the proof.

The KPP problem on R?. We summarize here some landmark results from the vast
literature on the KPP problem in the Fuclidean setting. Without being exhaustive, we
refer to [8, 7, 24, 25, 41, 56, 64, 84, 100, 101] and the references therein.

In 1937, Fisher, on the one side, and Kolmogorov, Petrovsky and Piskunov on the
other, published simultaneously, but independently, two papers, [41, 64] respectively, in
which they describe the evolution of the spatial distribution of a dominant gene within a
population. Fisher modelled it by the reaction-diffusion spatial one-dimensional equation

Up = Ugy +u(l —u) inR xRy,

where the term u(1—w) models natural selection as a saturation process, while the diffusion
term wu,, accounts for the dispersal of the descendants. On the other hand, Kolmogorov,
Petrovsky, and Piskunov proposed a more general formulation:

Up = Upe + f(u) In R xRy, (3.1.1)
where f is a reaction term satisfying condition (Hy). As a consequence, the Cauchy problem

wy = Au+ f(u) in R x Ry, u(-,0) = uy in RY, (3.1.2)
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where 1y : R? — [0,1] is a given initial condition, is known as the Fisher-KPP problem.
For short, we refer to it as the KPP problem in the Euclidean space. This is the Euclidean
counterpart of (KPP).

Being f a KPP function (see (Hy)), there exists a unique solution u to (3.1.2) and
0 <u<1inR?xR,. Moreover, since for the ODE ¢ = f(q), ¢ = 0 is an unstable
equilibrium and ¢ = 1 is a stable one, Aronson and Weinberger proved in [7] that the state
u = 1 invades the state u = 0 whenever uq is not the null function. That is, for all K

compact subsets of R?,
lim inf u(z,t) = 1. (3.1.3)

t—oozeK

Furthermore, as proven in [110] (see also [8, 7, 64]) the equation (3.1.1) admits a family
of traveling wave solutions {u.} >, (see Figure 3.1), that is, of the form u.(z,t) := U.(x—ct)
for all (z,t) € R x R, where

Cy = 2)\0, )\[) =/ f/(O) > 0, (314)

and the traveling wave profile U, : R — [0, 1] is the unique solution (up to translations) to
the ODE
U'+cU + f(U)=0 inR, (3.1.5)

that satisfies

U(—o0) = lim U(s) =1, U'<0, U(+oo)= lim U(s)=0. (3.1.6)

§——00 s—+00

T

Figure 3.1: Representation of u.(z,t) = U.(z — ct) for some ¢ > ¢y at times t; > ¢; > 0,
J > with j,7 € {1,2,3,4}.

Among all the translates that solve (3.1.5)—(3.1.6), we define the normalized traveling
wave profile of minimal speed ®., as the unique one that satisfies ®.,(0) = 1/2. This
profile ®., behaves as

Do (s) = (s +k)e " + O (e M%) s — oo (3.1.7)

with two constants > 0 and k € R.
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We now explain the illustrative case of the unidimensional KPP problem. In [64],
Kolmogorov, Petrovski and Piskunov proved that the solution u to (3.1.1) posed on R
with initial datum a step function uy = X(_ ] converges to the traveling wave profile @,
in the following sense: let h : Ry — R, the centering function, given by u(h(t),t) = 1/2.
Then,

w(x + h(t)) = Py () uniformly in z € R,  h'(t) = ¢y ast — oo.

This motivates the study of the convergence of the solution u to ®., in a coordinate system
that translates in time and moves with linear velocity cy; that is, moving coordinates
x' = x + cot + o(t). Several years later, in 1975, Aronson and Weinberger proved in [§]
that, in this setting, with nontrivial and right compactly supported initial datum ug (that
is, up # 0 and ug(x) = 0 for all x > A for some A > 0), we have

lim sup u(z,t) =0 forall ¢ > ¢, lim inf w(z,t)=1 forall 0 <c <.
t—ro0 {z>ct} t—o0 {0<z<ct}

(3.1.8)
Such ¢q is called the spreading speed.

Moreover, this result may be refined, since the speed of the moving is not exactly ¢
but there is a asymptotic logarithmic delay in the convergence of u to the traveling wave
profile ®.,. In this regard, Bramson established in [25, 24], using probabilistic methods,
that for an initial datum wy = &X{_ ), there is a constant 3 that depends on wug such that

u(z+cot — 3Int+ By + o(1)) = Peo(z) uniformly in z > 0 as t — oo. (3.1.9)

Using purely PDE arguments, in [56] the authors found a logarithmic correction in the

convergence whenever the initial datum is compactly supported from the right. As a

continuation of this work, in [84], Nolen, Roquejoffre, and Ryzhik extended these results by

reproving Bramson’s result (3.1.9). They achieved this through a comparison principle and

compactness arguments, for continuous initial data trapped between two step functions.
Consider now the multidimensional equation

uy = Au+ f(u), RIxR, (3.1.10)

with d > 1. Aronson and Weinberger proved in their famous paper [7] that the solution u
has also spreading spead ¢y whenever the intial datum is compactly supported, that is,

lim sup wu(z,t) =0 forall ¢ > ¢, lim inf w(z,t) =1 forall 0 <ec < c.
700 {Jaf>et) 100 {|a|<ct}

Moreover, the moving frame in which the solution of the multimensional equation (3.1.10)
converges to the profile @, also needs a logarithmic correction.

Several years later, for more general initial data, Roquejoffre, Roussier-Michon and
Rossi showed in a couple of papers that the choice of the coordinate system and the
constant of the logarithmic correction depend strongly on the geometry of the support of
the initial datum (see Figure 3.2). More precisely:
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(i) Ball case. In [100] the authors proved that if the initial datum ug is compactly supported
and lies between

XBRl(O) <y < XBRQ(O), for some 0 < R; < R,

then there is a bounded Lipschitz function s%° : S¥=1 — R such that

lim sup wu(z,t) — P, <|x| — cot + djf Int+ s7° <|x_|>) = 0. (3.1.11)
x

(il) Half-plane case. By [101], if the initial datum ug is trapped between two translates (in
the same direction) of the step function X(_ ), say, for simplicity,

Kooy (®q) Sup(x) < Xsop)(2q), for = (z1,...,2q) € RY,

then there exists a bounded Lipschitz function s : R%"! — R such that

lim  sup u(z,t) — D, (xd —cot + 2 Int + s3°(21, ..., xd_1)> = 0. (3.1.12)
t=00 {zeR®: z4>0} 0

(a) up is radial invariant and (b) up is translation invariant and
compactly supported. suported in a haf-space.

Figure 3.2: Propagation of the support of u.

The KPP problem in H? The preceding exposition of the KPP problem in the Eu-
clidean space naturally leads to the following questions regarding the same problem in the
hyperbolic space: Is propagation always guaranteed? If so, does the solution converge to a
traveling wave? In which coordinate system does this occur? Does this moving frame have
a spreading speed, and does it require a logarithmic correction? In this article, we aim
to address these questions, focusing on how the geometry of the hyperbolic space affects
these issues.

The first difference with the Euclidean setting is encoded \;, the infimum of the L?-
spectrum of the operator —Apa (spectral gap), which is given by

(d—1)°

)\1 = 1

(3.1.13)
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It is well known (see, for instance, Section 3.3 and the paper [113] for the necessary back-
ground) that this spectral gap due to geometry creates a stronger diffusion (sometimes
known as ballistic behavior). Non-linear variations can be found in [13, 115], for the
porous medium equation.

This effect is also present in the KPP problem on hyperbolic space. Here, Matano,
Punzo y Tesei are the pioneers in the study of (KPP) with their paper [75]. They proved
that there is a competition between the source f and A;. If f/(0) > \;, propagation takes
place, and if f/(0) < A; and the initial datum is compact there is extinction, that is, the
state u = 0 invades the state u = 1. Specifically, they establish the following result:

Theorem 3.1.1 (Theorem 3.2 in [75]). Let u be the solution to (KPP) with 0 < up < 1,
Uo 7‘é 0.

(i) If f'(0) < Ay and ug has compact support, then lim sup u(z,t) = 0.

t—o00 reHd

(i) If f'(0) > Ay, then, for any compact subset K of H, tlgglo ;g}f(u(w,t) =1.
The above result shows the first significant difference with the KPP problem in the
Euclidean space, where propagation always occurs; recall (3.1.3).
Observe also that the dichotomy between f’(0) and A; can be rephrased in terms of ¢
by setting
ce i =co— (d—1). (3.1.14)

By (3.1.4) and (3.1.13), we have propagation if and only if ¢, > 0. This can be explained
by saying that the extra diffusion due to the geometry is slowing down the propagation.
Indeed, if the initial datum wuy # 0 is compactly supported and propagation occurs, the
solution of (KPP) has spreading speed c,, as the following theorem shows:

Theorem 3.1.2 (Theorem 3.6 in [75]). Let f'(0) > A\ and uy #Z 0 compactly supported.
Then, the solution u to (KPP) satisfies

(i) lim sup u(z,t) =0 for all ¢ > c,;
E=0 (o eHd:p, (z)>ct}

(ii) lim inf u(z,t) =1 for all 0 < ¢ < ¢,
t—00 {zeH:0<p (z)<ct}

where p, : H* — [0, 00) is the hyperbolic geodesic distance to the origin.

The extra term d — 1 in the expression of ¢,, described as a drift from infinity in [75],
can be explained also from the structure of the Laplacian in H¢ (see, for instance, formula
(3.1.18) in radial coordinates). The coefficient of the drift term in radial coordinates,
differently from Euclidean space, does not vanish at infinity, but is asymptotically constant.
As a consequence, this drift from infinity must be overcome in order to have propagation.

The first goal of this paper is to address the question of propagation versus extinction,
extending Theorem 3.1.1 to include more general initial data and the critical case f'(0) =
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A1. This is done in Section 3.4. For further discussion on propagation versus extinction in
the context of the KPP problem on other complete, non-compact Riemannian manifolds,
we refer to [95].

Our second goal is to address, in the case of propagation, the convergence of the solution
of (KPP) to a traveling wave in a moving coordinate system, written in terms of the
isometries of hyperbolic space.

As the Euclidean results (3.1.11) and (3.1.12) highlight, there is a relation between
the initial datum, the coordinate system in which the solution converges to the traveling
wave and the chosen isometry. Indeed, for (3.1.12), in [101] the authors require the initial
datum to be trapped between two functions invariant under translations in one direction,
that is, invariant under the same Euclidean parabolic isometry (translations). On the other
hand, to obtain (3.1.11), one of the hypotheses in [100] is that the initial datum must be
trapped between two radial functions, i.e., between two functions that are invariant under
the same elliptic Euclidean isometry (rotations). The underlying idea is that these are
two settings where the problem can be essentially characterized in terms of solutions to an
unidimensional PDE.

In the hyperbolic space there are also subgroups of isometries that generate orbits of
co-dimension one, that is. In this setting, solutions of a PDE with symmetric initial datum
are also invariant and depend on one variable only. These are the cohomogeneity one
subgroups of isometries of H?. Here we find a sriking difference with Euclidean space since
there are three types such isometries: elliptic (¢), parabolic (p) and hyperbolic (h). In
Section 2, we provide some geometric background on H¢ and its isometries in detail, for
convenience of the non expert reader. For a representation of the invariant sets under each
isometry group of the Poincaré disk D?, a model of H?, see Figure 3.3.

H? H? H?
q
(a) Elliptic orbits (circles (b) Hyperbolic orbits (c) Parabolic orbits
centered at origin) respect hyperplane P. (horospheres centered at q)

Figure 3.3: Orbits in the Poincaré disk D? in each isometry group.

This rich structure has been explored in several PDEs, for instance [14, 76] for Allen-
Cahn, [35] for Swift-Hohenberg, and the aforementioned [75] for (KPP).
Analytically, each of the three isometry subgroups generates a coordinate system of the
form
= (pi,0;) € HY, i€ {eb,pl, (3.1.15)
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where p; is unidimensional. This yields a splitting in the expression of the Laplace-Beltrami
operator on H? (see (3.2.2)). We will consider initial data that are symmetric, that is, that
only depend on the variable p;.

Now we are able present our main result in a simplified version. For the precise state-
ment, we refer to Theorem 3.5.1.

Main result. Let f'(0) > \;. Consider ug : H? — [0, 1] that can be expressed as a unidi-
mensional p;-function for some i € {e,h,p} according to the i-coordinate system (3.1.15).
Moreover, for such t, ug is trapped between two unidimensional p;-step functions. Then,
the solution u to (KPP) with initial datum ug converges to a traveling wave of minimal
speed in the variable p;. More precisely,

lim sup u(z,t) — P (pz(x) — [eut — % logt + ﬁ]) =0 (3.1.16)

700 {zemd: pi(x)>0}

for some B € R.

Notice that the limit profile ®., in moving coordinates is the same as in the Euclidean
case, since it only depends on the solution of an ODE. Nevertheless, we find here two
important differences with respect to the Euclidean case: while the linear term of the
moving frame in H? varies with the dimension, the constant in the logarithmic correction
remains fixed and is independent of the chosen isometries. This contrasts with (3.1.11)
and (3.1.12), where the linear term is independent of the dimension while the logarithmic
correction depends on the type of invariance.

We further conjecture that the hypothesis of the initial datum being invariant (that is,
only depending on the p; variable for some i € {e, h,p}) can be replaced by wuy trapped
between two unidimensional p;-step functions, as the Euclidean results (3.1.11) and (3.1.12)
suggest. More precisely, for f/(0) > A\;, we aim to study the long-time behavior of the
solution u to the (KPP) problem with an initial datum ug : HY — [0, 1] satisfying

XKooy (pi(2)) < () < X po)(pi(x)) for all z € HY 2 p;(x) > 0. (3.1.17)

for some 0 < p; < p and some i € {e,b,p}. In this situation we expect that for some
5 : M; — R bounded, Lipschitz function

lim sup u(z,t) — D (pl(x) - [c*t — % logt + B(Gz(aj))D = 0.

200 {2emd: pi(x)>0}

Our Lemma 3.5.10 is a first step in ths direction.

A second goal for the future would be to give the intermediate asymptotics for solutions
when they vanish; that is, to determine their rate of decay to 0, and their possible conver-
gence towards a profile once the solution is rescaled to annihilate the decay. One expects
vanishing solutions to behave like a multiple of the heat kernel. One main difficulty would
be to determine the right multiple, which should be given by the asymptotic mass of the
solution. We hope to return to this problem elsewhere.

91



CHAPTER 3. THE KPP PROBLEM ON THE HYPERBOLIC SPACE

Discussion: why convergence to a traveling wave in a moving coordinate sys-
tem? Here we present a heuristic outline of the argument in the proof of our main re-
sult (3.1.16). Although the statement addresses more general initial data, we focus here on
a simplified scenario (i = e, that is, elliptic isometries) to highlight the core ideas. For this,
suppose that the initial datum 0 < ug < 1 is compactly supported and radially symmetric.
That is, there exists @ : [0,00) — [0,1] such that ug(z) = @g(p(x)) for all z € H? where
p(z) is the geodesic distance between x and a fixed pole o € H-.

We choose the polar representation of the unit disc (see Section 3.2 for the geometric
background). Since the Laplace-Beltrami operator in radial coordinates is given by

1
Agau = u,, + (d — 1) coth pu, + TASd—IU, where p = p(x) >0, (3.1.18)
sinh” p

the comparison principle holds (see Theorem 3.3.1) and the initial datum is invariant under
rotations, the solution u to (KPP) is also radial and one reduces to working with one spatial
dimension only. That is, u(z,t) = @(p(z),t) for all (z,t) belonging to H¢ x R, where the
function @ : [0,00) x Ry — [0, 1] satisfies

U = Uy, + (d — 1) cothpa, + f(a), p>0, t>0,
u,(0,t) =0, t >0,
Moreover, since
lim cothp =1,
pP—r00

we expect U(p,t) := u(p — (d — 1)t,t) to be governed for p large by the one-dimensional
Euclidean KPP equation
v =vp,+ f(v) inRxR;. (3.1.19)

Let © be the solution of (3.1.19) with a compactly supported initial datum. By (3.1.8),
v spreads with speed cy. Therefore, we predict that 4 spreads also with velocity ¢y which
implies that the asymptotic spreading speed for @ should be ¢, as given in see (3.1.14). In
fact, in [75], the authors show that u spreads in radial coordinates with velocity c,, i.e.,

) i i(p, ) =0 foralle>ec,, (i) lim inf a(pt)=1 forall0<ec< ec,.
(4) tl)rgo{ls)ljg}u(p,) orall ¢ >¢,, (i) tiglo{ognpl<ct}u(p) or a c<c

(3.1.20)
Note that the correction (d — 1) that appears in c,, that comes from the transport term,
is slowing the propagation, as we have mentioned above.

Furthermore, we will show in Proposition 3.4.6 that, even at the position p = c.t, u
vanishes as t — oo. This suggests that, as in the KPP problem in the Euclidean space, we
may need a logarithmic correction to capture the precise behavior of w.

Moreover, by (3.1.20) and Proposition 3.4.6, we anticipate that u will be near zero in
{p > c.t} as t goes to infinity. In this region, f(u) behaves asymptotically as f'(0)u. For
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that reason, we expect that u will be close to solution w of the linearized problem

wy = wpy, + (d — 1) coth pw, + f'(0)w, p>ct, t>0,
w(cit, t) =0, t>0.

Consider w(p,t) := w(p + c.t,t), then, by (3.1.14), w satisfies (in moving coordinates)

(3.1.21)

Wy = W, + [co — (d — 1) (coth(p + c.t) — 1)}, + f/(0)w, p>0, t>0,
@(0,t) =0, t> 0.

The key idea here is that, since

lim sup | coth(p + ¢,t) — 1| =0,

t—o00 p>0

the drift term in the first equation in (3.1.21) should be negligible. Hence, we expect
(p,t) := u(p + cit, t) to be comparable for ¢ large enough to the solution w of

Wy = W,y + cow, + f(0)w, p>0,t>0, w(0,t) =0, t>0.

At this point, we realize that the theory developed for the KPP problem on the Eu-
clidean space in the papers [56, 84, 100] can also be used on the hyperbolic space with
the necessary modifications. A fundamental idea in these articles is that the behavior of
W in the region {—t° < p < 19}, with small positive §, determines the behavior of w in all
R. Or, in terms of u, we expect to obtain (3.1.16) to capture the behavior @ in the region
{p = c,t + o(\/1)}. For simplicity, we only argue here for the points on the right of c,t.

Following this idea, consider

p(p,t) == e w0, p>0,1>0.
Recalling (3.1.4), p solves
Pt =Dpp, P =>0,1t>0, p(0,t) =0, t>0.

Thus the long-time behavior of p is given by a multiple of the dipole solutions to the heat

equation, that is,
2

P _p°
p(ﬂ? t) = Oéoome e, P > Oa
where a, is a positive constant that depends of the first moment of the initial datum .
This suggests that

2
w(p + ety t) < aootg%e’%e”op, p=>0

and t large enough. Combining this with the fact that ¢y = 2)\g, we obtain

w(p + ety t) < aoopefko(ﬁ%lnt), 0<p<o(\Vt) (3.1.22)
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for t large enough. This result establishes a connection with the behavior of the tail of the
traveling wave @, (see (3.1.7)), justifies the need of a logarithmic correction and establishes
the value of § in (3.1.16).
On the other hand, by (3.1.7), there is B > 0 such that
—Xo(p 3 In
Do, (p+ 2Int) < B(p+ 21nt)e 0Pt Inf)

(3.1.23)

O(p-i-%lnt) /\o(p+%1nt—5)

= Bpe_A = Qpope , as p— 00,
for some constant f € R depending on «. Then, comparing the behaviors (3.1.22)
and (3.1.23), we obtain that

U(p,t) < Py (p — (cut — % Int+ 3)) whenever p < c.t+ o(\V/1).

Finally, once that we have captured the behavior at p — c.t < v/t, we will be able to
prove that @(p,t) converges to P, (p — (et — % Int + 6)) as t goes to infinity, uniformly
for p > 0. This shows (3.1.16) and completes the proof of our main result.

Organization of the chapter. In Subsection 2, we present the necessary background
on HY, its isometries and the three coordinate systems that we will chose in our analysis.
Subsection 3 gathers known preliminary results concerning the heat kernel and the exis-
tence and uniqueness of solutions to (KPP). In Subsection 4, we extend the discussion
of propagation versus extinction. Finally, in Subsection 5, we prove our main theorem,
establishing the convergence of the solution in a specific moving coordinate system to the
traveling wave of minimal speed.

3.2 (Geometric background

For the convenience of the reader, this section collects some background on the hyperbolic
space which we believe might be helpful for the PDE community. A classical reference
is [97], while a quick summary is found in [14].

The hyperbolic space (Hd, g) is the unique simply connected, complete d-dimensional
Riemannian manifold with sectional curvature identically equal to —1.

Let dya : H? x H? — [0, 00) be the hyperbolic geodesic distance. For any two different
points in H? there is exactly one geodesic passing through them. Moreover, every geodesic
is defined on the whole real line. A subset A C H? is a totally geodesic hyperbolic subspace
if, given any two different points in A, the entire geodesic passing through them is contained
in A. A hyperplane P is a totally geodesic subset of H? of co-dimension one; in particular,
P is isomorphic to HA41!.

Let us recall the definition of the reflection across a hyperplane P C H? Consider
r € H¢\ P, then there is a unique y € P such that dy(z,y) = min.ep dya(z, 2). Let
v : R — H? be the unique geodesic passing through x and y parametrized such that
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7(0) = y and v(1) = . Then, the reflection with respect to P is the function Rp such
that
Rp:H' —» HY, Rp(x):=y(-1).

The geodesic compactification H? = He U 9H is obtained by fixing a point 2 € H? and
adding a point at both ends of each geodesic passing through x. The points of OH? can
be regarded as the points at infinity of H? A horosphere centered at ¢ € OH¢ is a closed
hypersurface of H? orthogonal to all the geodesics with endpoint ¢. Each horosphere is
isomorphic to R4,

Moreover, the hyperbolic space (H?, g) as a Riemannian manifold, has an associated
Laplace-Beltrami operator. In terms of the metric it is given by

Moo= 35" 0,(Vietg (o), 01).

det =

:

The infimum of the L%-spectrum of the operator —Apa in HY is \;, given by (3.1.13).
There are several isomorphic models to describe the H¢. In this paper, we consider two
of them: the Poincaré disk and Poincaré half-space model.
The Poincaré disk model D? is the unit ball B;(0) := {z € R? : |z| < 1}, where | - | is
the Fuclidean metric, with the Riemannian metric g given by

4 :
gji = (1_—|$‘2)25ﬂ, T € Bl(O), g, 1€ {1, ...,d}

where 0;; =1if j =l and 6;; =01if j # L.
In this model:

e geodesics are either semicircles orthogonal to 0B;(0), or diameters of B;(0).

e a subset P C H? is a hyperplane if and only if P is the intersection of B;(0) with a
(d — 1)-dimensional Euclidean sphere orthogonal to 0B;(0) or it is the intersection
of B1(0) with a Euclidean hyperplane 7 C R? such that 0 € 7.

e a horosphere with center ¢ € 9B;(0) is a (d—1)-dimensional Euclidean sphere tangent
to 0B;(0) in ¢ and contained in B;(0).

e The Laplace-Beltrami operator is

d d
1 pox— OPu  d—2 ) ou
S = 00 PP 3 G+ TR0 e

J=1

For a visual representation of some geodesics, hyperplanes and horospheres in D?, see
Figure 3.4.
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(a) Geodesics. (b) Hyperplanes.  (c) Horoespheres centered
at gq.

Figure 3.4: Poincaré disk model D3,

The Poincaré half-space model U? is the upper half-space {z € R? : x4 > 0} endowed
with the Riemannian metric

1
gji = P(Sjl’ r€RY: 24 >0, jle{l,.. d}.
d

Here:
e geodesics are either upper half-lines or upper semicircles orthogonal to {z4 = 0},

e asubset P C HY is a hyperplane if and only if P is the intersection of {z € R?: x4 >
0} with a Euclidean hyperplane orthogonal to {z4 = 0} or it is the intersection of
{x € R?: x4 > 0} with a d-dimensional Euclidean sphere with center in {x; = 0},

e for a given ¢ € OH?, we can identify ¢ with the point —oo. Then, in U¢ any horosphere
with center ¢ is given by {z; = ¢} with § > 0.

e The Laplace-Beltrami operator is

ou

. 0%
_ .2 E
AHdU/ =Xy < a_x? + (2 — d>$d8_xd

For a visual representation of some geodesics, hyperplanes and horospheres in U3, see
Figure 3.5.
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3
s sl

{z3 =0} {z3 = 0} {zs =0}

(a) Geodesics. (b) Hyperplanes. (c) Horoespheres centered at g.

Figure 3.5: Poincaré half-space model U3.

Isometries of the hyperbolic space. There are three subgroups of Isom(H?) which
have orbits in H¢ of codimension one: H,, Hy and H,. The subscripts “¢”, “h”and “p”stand
for elliptic, parabolic and hyperbolic, respectively.

H., elliptic isometries. The action of H, is by rotations around a fixed point p € H? that

we identify with the origin or by reflections across a totally geodesic hyperplane P such
that p € P. Then, the invariant sets are hyperbolic spheres centered at the origin.

Hy, hyperbolic isometries. The inclusion of Hy in Isom(HY) relies on the selection of a

totally geodesic hyperplane P C H?. Since P is isomorphic to H?!, any isometry h in
P can be uniquely extended to an isometry of the full space H?, up to a reflection across
P. The subgroup Hjy is composed of all isometries constructed in this manner. The half-
rugby ball sets (defined precisely in (3.2.1)) remain invariant under the action of hyperbolic
isometries.

H,, parabolic isometries. The parabolic isometries are Euclidean motions on each horo-

sphere centered at a point ¢ € OH?. Here, the invariant sets are the horospheres. Without
loss of generality we can identify ¢ with —oc.

We notice here that each particular isometry (elliptic, hyperbolic, parabolic) involves
a choice (the origin point, the hyperplane P, the point ¢, respectively), which will be
implicitly assumed in our discussion.

Associated with those subgroups of Isom(H?), we introduce three different coordinate
systems:

e ¢-coordinates (radial coordinates, Figure 3.6): Let x € D? = {y = (y1,...,y1) € R, |y| :=

(Z?:l %2')1/2 <1},

) i=tog (10) . 0=

1 — x| ]

Then (pe, 0.) € [0,00) x S~ and the metric has a simple expression given by g = dp? +
sinh?(p,) |d6,|?.
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Figure 3.6: Elliptic coordinates in the Poincaré disk model D3,
Arrowed lines represent the geodesics parameterised by p > 0.
We color somes hyperbolic spheres centered at the origin in blue.

e h-coordinates (Figure 3.7): Consider z € D? = {y = (y1, ..., ya) € R%, |y| < 1},

x4 = sinh(py), x; = cosh(py)fy, for je{l,..,d—1}.

Then (py, 0y) € (—00,00) x H* " and g = dp} + cosh?(py) |62
We define the half-rugby ball set of level s as

Ry(s) :={z e H*: py(z) =s  with s € (—o0, ). (3.2.1)

The name for Ry is obviously inspired by its shape in the three dimensional Poincaré disk
model D3.

~ H?

{zs =0}

(a) Poincaré disk model D3. (b) Poincaré half-space model U3.

Figure 3.7: Hyperbolic coordinates. Arrowed curves represent geodesics parameterised
by p € (—00,00). We color in orange some half-rugby balls. In red, the hyperplane P
with respect to which we consider the hyperbolic isometries.

e p-coordinates (Figure 3.8): For x € U? = {x € RY: x4 > 0}, we write

pp = —logxy, bp, =x; forjel, ., d-1
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Then (py,6,) € (—00,00) x R and g = dp} + €** |df,|*.

{ra =0}
(a) Poincaré disk model D3. (b) Poincaré half-space model U3.

Figure 3.8: Parabolic coordinates. Arrowed lines and curves represent geodesics
parameterised by p € (—oo,00). We color in green some horospheres.

Now, in the former coordinates (p,0) = (p;,6;) with ¢ € {e,h,p}, the operator Aga is
splits as

Agau = u,, + (d — 1)giu, + goAu,  (p,0) € I; x M, (3.2.2)
where

Type i| gi(p) | g5(p) I; M,

Elliptic ¢ | cothp | sinh™2p | [0,4+00) | S¥!

Hyperbolic | b | tanhp | cosh 2 p | (—o0, +00) | H!

Parabolic | p 1 e % | (—oo,+00) | R

Observe that
lim gi(p) =1 forallic {e,b,p}.

p—00

Differently from the Euclidean Laplacian in polar coordinates, here there is a drift of
constant velocity d — 1. As we have mentioned in the introduction, this is known as the
drift from infinity, that is slowing down the propagation.
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3.3 Analytic preliminaries.

Heat kernel. Let G : H? x H? x R, — R, be the fundamental solution of the hyperbolic

heat equation
vy = Agav, in H? x R, (3.3.1)
Fixed a bounded function vy : H? — R, the unique bounded solution to (3.3.1) with initial

datum vy is given by

v(z,t) = | G(z,y,t)vo(y) du(y), (3.3.2)

Ha

where dy denotes the volume element of H? The heat kernel satisfies
IG(z, )|l iay =1 for all z € HY, ¢ > 0, (3.3.3)

and is an approximation of the identity as ¢t — 0*. Moreover, there is a family of decreasing
functions { P} >0y (the heat kernel profiles) such that

G(z,y,t) = Py(dga(z,y)) x,ye€H’ ¢t>0. (3.3.4)
We have an explicit formula for this heat kernel profile. Indeed, for all » > 0,
(=)™ 1 o\" 22 )
—_ n z fd=2 1
2nn(4t)t/2 \ sinhr Or ¢ ' ' nr

Bi(r) =

2
(=)™ _@nin? 1 0 n/ se” @ .
I — ds ifd=2
9n5/27n+5/2¢3/2¢ sinh r Or (cosh s — coshr)*/? 51 e

for n € N. For a complete reference, see [54]. Moreover, in [38, Theorem 5.7.2], Davies
proved that there exists a positive constant c; > 1 such that

e hi(r) < Pi(r) < cghy(r), 72>0,t>0, (3.3.5)
where a )
+r d=3 _y 4 d—1, 12
ht(T) = W(l +r+ t) 2 e M 2 ., T Z O, t>0. (336)

By (3.1.13), hy can be rewritten as

(I+r4+t)7 (1+7)
Hi(r), where Hy(r) = , r>0,t>0.

td/2
(3.3.7)

1 —(r(d=1)t)?
at

1) =yt

Existence and uniqueness of solutions to (KPP).

Theorem 3.3.1 (Comparison Principle in H¢ for bounded functions). Consider T > 0
and g : R — R a locally Lipschitz function. Let u and U be two bounded C*(H® x (0,T))-
functions such that

u, — Agau — g(w) <0 and Ty — Agai — g(@) >0 in H x (0,7).

If u(z,0) < u(z,0) for all x € HY, then u < 7w in H? x (0,7).
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The above comparison result is contained in the proof [94, Theorem 2.6].

Proposition 3.3.2. Let uy € C(H?) with values in [0,1]. There exists a unique solution u
to (KPP) with initial datum uy. Moreover, u € C*°(H* x R, ) and 0 < u <1 in H? x R,.

Proof. 1f a solution u of (KPP) problem with initial datum wug exists, it must be a solution
to the integral equation

e.t) = [ Getmo an)+ [f [ 6ot = st ) auds. (35)

Since f has been extended as a globally Lipschitz function C? in all R with f(z) < 0
when = ¢ [0, 1], the heat kernel G : HY x H? x R, — R is the fundamental solution
of (3.3.1) and satisfies (3.3.3) and wy is a continuous and bounded function, we can repeat
the proof of [64, Theorem 1]. Then we obtain, by a standard fixed point argument, that
exists a unique u € L>®°(H? x [0,7]) solution of (3.3.8) with T only depending of the size
of uy (which is less than 1). Moreover, since G € C*(H¢ x H? x R, ) and f € C?(R),
u € C?(H x (0,7T)) and solves

uy = Agau + f(u) in H? x (0, T], u(+,0) = up on H*

in the classical sense.

As a consequence, by the the comparison principle Theorem 3.3.1, since the constant
functions u; = 0 and uy = 1 solve the first equation in the above problem due to f(0) =
f(1) =0 and 0 < ug < 1, we also have that 0 < u < 1. Then, since T only depends on
the size of the initial datum and we already know that 0 < u(-,7") < 1, we can repeat the
fixed point argument as many times as necessary to reach any time ¢ > 0. Therefore, there
exists a unique u solution to (KPP), it satisfies 0 < u < 1, and solves (3.3.8) for all ¢ > 0.
Note that this solution is unique by comparison principle Theorem 3.3.1. O]

Since the Laplace-Beltrami operator Aga is invariant under the action of isometries,
thanks to the comparison principle we have the following result:

Corollary 3.3.3 (Invariant by isometries). Let ug € C(H?) with values in [0,1] invariant
under the action of a group of isometries of the hyperbolic space. The solution u to (KPP)
with initial datum ug s invariant under the action of the same group of isometries.

3.4 Propagation vs. extinction

In this section we obtain new propagation and extinction results, not contained in [75,
Theorem 3.2]. More precisely, we address these issues for more general data and we also
study the critical case f'(0) = A; with A\; given by (3.1.13).
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Remark 3.4.1 (Linealization of equation (KPP)). A useful tool that we employ in this
section is the following linearization of equation (3.3.1). Let u be a solution of (KPP)
with initial datum wuy : HY — [0,1]. Since f is a KPP function, see (H;), we have that
f(s) < f'(0)s for all s € (0,1). Then, by the comparison principle Theorem 3.3.1, the
solution u of the lineal equation

iy = Agati + f/(0)a  in H* x R,
with @(-,0) = ug satisfies that 4 < @ in H? x R,. Moreover, since ug is bounded, @ is given
by

a(x,t) = e’ O [ Gz, y)uo(y) du(y) for all (z,t) € H? x Ry
Hd

due to the fact that the function v := e~/ (0%f satisfies the heat equation (3.3.1) with
initial datum wug.
Summarising, thanks to the above linealization we know that

u(z,t) < ef,(o)t/ Gy, y)uo(y) du(y) for all (z,t) € HY x R,. (3.4.1)
Hd

Extinction. Before we give the statement, let us start with some preliminary bounds:

Proposition 3.4.2. Let uy : H? — [0, 1] be in LP(H?) with p € [1,00). Then the solution
u to (KPP) satisfies that

/ A
1w+, E)]] Loo (ray = O(t_%e(f (O)_%)t) as t — oo. (3.4.2)

Proof. Using (3.4.1), (3.3.2) and (3.3.4) we have that

u(z, t) < ef'(o)t/dH(de(x,y))uO(y) dp(y) < e O fuol| o ey | P (i (2, )| o a2y
H
(3.4.3)
with 1/p+1/p/ = 1.
On the one hand, if p = 1, since P, is a decreasing function of the geodesic distance for
all t > 0 and using (3.3.5) and (3.3.6), there is C' > 0 such that

| P (dma(z, )| Lo ey < P(0) < Ct=32e~Mt for all x € HY, t > 0. (3.4.4)

On the other hand, if p € (1, 00),

1

7 127;/ _3 M
1P (dssa (2, )| o oy < 1P (2, )| gy | Pe (g (2, )) [ 2 oy < CE 672" (3.4.5)

for all z € H and ¢ > 0 due to (3.4.4) and the fact that ||P,(dga(z,-))||p1@e) = 1 for
all v € H? and ¢ > 0. Therefore, combining (3.4.3) with (3.4.4) or with (3.4.5), we
obtain (3.4.2). O
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As a consequence of the previous Proposition 3.4.2, we obtain the following extinction
result that covers the critical case when f/(0) = A;.

Corollary 3.4.3. Let f'(0) < A, Ifug € LP(H?), 0 <wup <1, and 1 < p < A/ f'(0), then
the solution u to (KPP) wvanishes, that is, tlim |2(-, ) || oo pray = 0.
—00

Extinction may also occurs for initial data that do not belong to any LP space except
L*>. For example, consider an initial datum whose support in parabolic coordinates is
located in the half-space {z € H" : p,(x) < Ry} for some constant Ry, as shown below
in Proposition 3.4.4. Unfortunately, the analogous result in the hyperbolic coordinates
setting cannot be proved with the current method due to the behavior of the associated
ODE.

Proposition 3.4.4. Let f'(0) < M\ and u the solution to (KPP) with ug(z) <
X(—oo,r0)(pp(2)) for some Ry > 0. Then, for all § € R,

lim sup u(z,t) =0. (3.4.6)

200 (2emd: py () >0}
Proof. Since f'(0) < Ay implies that ¢y < (d — 1), see (3.1.13) and (3.1.14), we have, due
to [7, Proposition 4.1], that there exists ¢ : [0,00) x Ry — [0, 1] such that
¢"+(d=1)¢+fg=0 mRy,  ¢(0)=1, lim g(s) =0.
Let v be the solution to
Utzvpp+(d_1>vp+f<v) inRXR+7 U(,O,O)IQD(/)—RO), pERa
where
p(p) =1, ifp<0 andp(p)=q(p)if p > 0.
Then, since f(0) = 0 and ¢ > 0, by the comparison principle, v > 0. Moreover, by the
proof of [7, Theorem 5.1], it holds that v,(-,¢) < 0 for all £ > 0 and for all 6 € R

lim sup v(p,t) = 0.
700 {p>5}
As a consequence, by (3.2.2) and the comparison principle (Theorem 3.3.1), we have
that the solution v to (KPP) problem with initial datum ug(z) < X(_o re)(pp(z)) With
x € H?, satisfies that

0 < wu(z,t) <v(pp(z),t) for all (z,t) € H x Ry,
and this yields (3.4.6). O

Propagation. Theorem 3.1.1, which ensures propagation, and the fact that the Laplace-
Beltrami operator Aga is invariant under isometries yield the following result.

The following proposition is is a consequence of the comparison principle, which yields
a stronger result than Theorem 3.1.2 (Theorem 3.6 in [75]) for some initial data, since it
shows uniform convergence in sets that may not be compact.
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Proposition 3.4.5. Let f(0) > A\ and uy : HY — [0, 1] satisfying that for some i €
{e,h,p} and some vy : I; — [0,1], vo Z 0,

uo(w) > vo(ps(x))  for all x € H™.
Then the solution u to the (KPP) problem satisfies that, for all § > 0,
lim inf u(z,t) = 1. (3.4.7)

t—o0 {weH:|p;(x)|<d}
Proof. Let @ be the solution to (KPP) with initial datum a(x,0) = vo(p;(x)) for all x € R.
Then, by Theorem 3.1.1 and the comparison principle (Theorem 3.3.1), we have that
lu(-,t)|| ooy — 1 as t — oo if K is a compact subset of HY. Moreover, by Corollary 3.3.3,
ﬁ(l‘, t) = U(pl(‘r)a t) Then,

lim inf a(z,t) =1 forall § > 0.
t=00 {aeH|p,(x) <0}

Finally, by the comparison principle (Theorem 3.3.1) again, we obtain (3.4.7). O

In view of Theorem 3.1.2, the solution u with nontrivial, compactly supported initial
datum spreads with velocity ¢ = ¢,. However, the following result shows that even at
velocity ¢ = ¢, we have that the solution vanishes. Moreover, it proves that to capture the
behavior of u we need a logarithmic correction in the velocity.

Proposition 3.4.6. Let f'(0) > Ay and let u be a solution to (KPP) with a compactly
supported initial datum ug : HY — [0,1]. Then,
lim sup u(z,t) =0 forall0 < C < 1/c. (3.4.8)

t—00 {zeH®: pe(z)>cst—Clogt}

Proof. Since uy is compactly supported there exists Ry > 0 such that ug(z) < X g (pe(2))
for all z € H% Then, using inequeality (3.4.1), we have that

U(SL’, t) S ef’((])t ., Gt(‘ru y)X[O,Ro} (pe (y)) dﬂ(y)

H
= s O [F R, 000), () s

for all (x,t) € H? x R, where wy_; is the volume of S¥! due to the fact that Gy(z,y) =
Py(dga(z,y)) for all z,y € H.

On the other hand, let g : R, — R, be a o(t!/?) that will be determined at the end of
the proof. If r > c,t — g(t), then dua((p,0), (r,&)) > cit — g(t) — Rg > 0 for all r € [0, Ry|
and 0,¢ € S, Therefore, since the heat kernel profile P, is decreasing in the geodesic
distance variable, we have that

0
Sup u(z,t) < ware” O Pye.t — g(t) — Ry) /f sinh® ! r dr
{zeH: pe(z)>cst—Clogt}

< Carot % exp (Aog(t)) fort >0 large enough,

due to (3.3.5), (3.3.7), (3.1.14) and (3.1.4). Taking g(t) := C'log(t) with 0 < C' < 1/¢y, we
obtain (3.4.8). O
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3.5 Propagation: convergence to a traveling wave

This section is devoted to proving our main theorem, which concerns the long-time asymp-
totic behavior of the solution u to the (KPP) problem with initial datum that satisfies
condition (A2) below for some i belonging to {e, b, p}. More precisely, we will show that u
converges to the traveling wave profile of minimal speed ®., in a moving ¢-coordinate frame
with linear velocity c., logarithmic correction with coefficient 3/cy and with a specific shift
B eR.

We consider initial data satisfying ug : H? — [0, 1] given by a unidimensional p;-function
for some i € {e, b, p} and, for such i, trapped between two unidimensional p;-step functions.
That is, ug satisfies

(A2)

up : H? — [0,1] for some i € {e,b,p}, wup = to(pi(z)) for all z € HY
there exist 0 < py < py such that X ,,1(p) < Go(p) < o, (p) for all p > 0.

Theorem 3.5.1. Let f'(0) > A\ and ug satisfying (A2) for some i € {e,h,p}. Then, the
solution u to (KPP) satisfies that

lim sup u(z,t) — D (pl(:zc) — (cut — % logt + ﬂ)) =0 (3.5.1)

£00 {zemd: pi(x)>0}
for some € R.

Strategy. Reduction to the Euclidean case and the choice of parameters. Our
aim here is to introduce several transformations to the equation in (KPP) in order to cap-
ture the dynamics of u. In particular, we will give a precise description of the behavior of
u at positions p;(z) < c,t + o(v/t), known as the diffusive region. This region is crucial
as it determines the overall behavior of w in the remaining regions (for p;(x) > 0). The
transformations we apply are strongly inspired by those introduced by Roquejoffre, Rossi
and Roussier-Michon in [100, Section 2] to address the KPP problem in the d-dimensional
Euclidean space (3.1.10). We have already introduced some of these changes in the Intro-
duction; we now formalize and describe the full picture.

Fix f'(0) > A;. Let u be the solution to (KPP) with initial datum w, satisfying (A2)
for some 7 € {¢,h,p}. Let us explain the main steps of our approach.
1. d-invariance. Since g satisfies (A2), by Corollary 3.3.3, u(z,t) = u(p;(z), t) for all points
(z,t) in H? x R, where the function @ : [; x Ry — [0, 1] satisfies

i(p,t) = pp(pst) + (d = V)gi(p)p(p;t) + f(alp;t)), p €Ly >0,
a(p, 0) = 60(p)7 pE I;.

If i = ¢, we need to add the extra condition @,(0,t) = 0 for all ¢t > 0.

2. Moving coordinates. We expect (see the discussion in the Introduction and Proposi-
tion 3.4.6) the transition zone where u is not 0 nor 1 to be located, for ¢ big enough,
around

R(t) :== cxt — klnt + po, (3.5.2)
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where ¢, is given by (3.1.14), and k and py are positive constants that we will choose later.
As a consequence, we study @ in the moving coordinates p' = p — R(t), that is,

u(p,t) = u(p+ R(t),t — 1), (3.5.3)
which is a solution to

Uy =Gy + [(d=1)(gi(p+ R(t)) = 1) + co = ¥, + f(a), p>—R(t), t>1,
a(p,1) = uo(p + R(1)), p > —R(1).

The translation in time is just to avoid difficulties with the logarithm at the initial time.

Observe that we only consider the points with p > —R(t) due to the fact that Theorem 3.5.1

is only valid for p > 0 in the original reference system.

3. Matching the asymptotics of ®.,. To compensate for the decay of ®., at infinity, given

in (3.1.7), we consider

v(p,t) := e*Pu(p,t). (3.5.4)

Thus, v solves

vy =y + (A" = 5) (v, — Aov) + eMP f(e7™Pv) — f'(O)v, p>—R(t), t>1,
o(p.1) = Mg+ R(1)) p> ~R()

where
W(p,t) = (d— 1) (gi(p + R()) ~ 1), i€ {e,b,p). (35.5)

Observe that taking py > 0 large enough, we can assume R(t) > t'/2 for all t > 1.
Therefore, h'(p,t) is bounded for all p € I;, t > 1 and i € {e, h,p}, thus overcoming the
problem introduced by the asymptote of ¢g§(p) = cothp at p = 0.

4. Self-similar coordinates. We use self-similar coordinates for the Euclidean heat equation
in order to study the behavior of v in the region p =< v/t for t > 1. Let

=, r:=1Int and w(n,7):=e"v(p,1). 3.5.6
n= (n,7) (p; 1) (3.5.6)

Here, w satisfies

{wt + L) = e T/2hing, — ()\Oﬁi + %)w + F(n, T,), ne’’? > —c.em + kT —py, T >0,

w(n, 0) = e™"ig(n + R(1)), n = —R(1),
(3.5.7)
where £ is the Fokker-Planck operator £z := —z,, — gzn — z and
ﬁi(n, 7):=€e"hi(ne? e7) — k (3.5.8)
=e’(d— 1)(91(176”2 +ee” —kT+po) — 1) —k, i€ {eb,p}
F(n,7,2): = eT/QH‘O”eT/Z)f(67/2_)‘°’7€T/2z) — " 1(0)z. (3.5.9)
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Our aim is to prove that

1_

W(n, T) = deeto(n) as T — oo in the region {n > e (G797} (3.5.10)

for some a., > 0, § a positive and small enough constant (smaller that 1/4) and

7]2

Go(n) :==mne” . (3.5.11)

Note that ¢q is a solution of L¢y = 0 for n > 0 such that ¢(0) = ¢y(c0) = 0.

To obtain (3.5.10), we will follow the same strategy as in [100]. The reason behind is
that problem (3.5.7) is very close to the one given by [100, equation (12)], with the error
terms being small, provided that k is chosen properly (as we will see in the upcoming point
6). The precise scheme is to prove the compactness of the trajectories {w(-,- + T)}rso
as T — oo in a weighted L*> norm. The limit trajectory will satisfy the Euclidean heat
equation in self-similar coordinates. Now, in order to obtain this compactness, we need to
construct sub and supersolutions to w.

5. Sub and supersolutions by translations. Let

5€(0,), moe{ny, 0} with i = (7)== 4e GO, (3.5.12)

Observe that 75 (7) vanishes exponentially fast as 7 — oo.

Our goal is to construct a subsolution in the region {n > nf ()}, i.e, to built a lower
barrier of w where p is far ahead of the front of the traveling wave, and to construct a
supersolution in the region {n > n; ()}, that is, where p is far at the right of the front of
D, .

Although the precise construction will be given in Proposition 3.5.4 below, tbe key idea
here would be to consider the translation w(n, 7) := w(n + ns, 7). It is a solution to

Wy + L= ((6 = Lns + e 2R (n + 05, 7)) dor
—()\oﬁi(n +ns,7) + %)u? + ﬁ’(n + 05, T, W), meT?+ns; > —ce” + kT —py, T >0,
w(n,0) = ety (n 4+ 15(0) + R(1)), n> —ns+ R(1).
(3.5.13)

6. Turning £ into a self-adjoint operator, and choice of k. Let us describe the general
structure at this stage. For this, let M be the operator given by

Mz = —z,, + (% -3z
Here M is self-adjoint and has an associated quadratic form in Hj(R,,ndn). It is well

known (see, for instance, the proof of [56, Lemma 2.2]) that a function that solves

{Zt+Mzz—€€_;<Zn_gz)v 7720’ T>0’ (3514)

2(0,7) =0, 7>0.

with € > 0 small enough and a fast decaying initial datum is a perturbation of e/ 8.
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Going back go our problem, consider the last transformation

772

W= e 8 W.

Then w solves

n? -

wy + Mw = 1§ (n, T)w, + (0, 7)w + F(n,ns, 7,w), ne™’?+ns > —cee™ + kT — po, 7> 0,
w(n,0) = M)+, (n + 15(0) + R(1)), n > —ns + R(1),

where

F(n,ns,,2) := eT/2+§+)\0(n+7]5)6T/2f(eT/Qféf)\O(n+n6)eT/22) _ eTf/(O)z,
l(n,ms,7) == (6 — Dms(7) + €7/2(d — 1) [gh (0 + ms)e /> + cue” — k7 + po) — 1] — ke ™™/,

Ly(n,15,7) = =Ao(d = 1)e" [g1 ((n + ns)e™™* + cue” — kT + po) — 1] — Zli(m 7)+ Aok — 5.
Our aim is to prove that w is a perturbation of some multiple of e’/ 8¢0. However, w does
not satisfy (3.5.14). Nevertheless, in [100], motivated by the difficulties that arise in the
study of the KPP problem in a d-dimensional Euclidean space in polar coordinates, the
authors develop an extensive theory of convergence in a broader setting (more precisely, for
solutions of some version of (3.5.14) with more general error terms in the right hand side),
that we will adapt for our problem in the hyperbolic space. For this purpose, the key point
is to show that [} and [} satisfy the same bounds [100, eq. (19)] for all i € {e, b, p} as their
counterparts in the euclidean case, 1 and Iy, defined in [100, transformation 7, section 2].
Thus we have to prove that l;, 7 = 1,2, vanish as 7 goes to infinity. It is precisely here

where we choose k satisfying

Aok = g (3.5.15)

Therefore,

L(n, s, ™) = —Xoe” (d — 1) [gh (0 + ns)e ™2 + ee™ — k7 + po) — 1] — 21 (n, 7).

4
On the other hand, since
2 -
o, = ¢
91(s) = 1| = =25, =, (3.5.16)
0, =79,

for s > 0, taking pyp = po(Ao) big enough such that
s(n,ms,7) = (n+n5)e 2+ e —kT+po > —€ e — kT +po > 1
for all > 0 and 7 > 0, we have |gi(s(n, 75, 7)) — 1| < %5 and

e/ sup gt (s(-,m5(7), 7)) — Ulpo0.00) = 0 as 7 —o00 foralli€ {eb,p}. (3.5.17)
5€(0,1)
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As a consequence, there exists C' > 0 depending only on d, 6 and f’(0) such that

1,5, 7)] < Cem G, [l s, m)| < C(L4m)e 2707 (3.5.18)
forallp >0, 7> 0,ns € {n;,0,n5 } with 6 € (0, 1) and i € {e,h,p}. Note that the bounds
in (3.5.18) improve the ones in [100, eq. (19)].

Remark 3.5.2. The parameter k does not depend on the dimension d; recall (3.5.15).
This is an important difference with the KPP problem in the multidimensional Euclidean
space (3.1.2), for compactly supported, symmetric initial datum. Indeed, in [100], they
need to take k = dcioz, (recall ¢g = 2)), due to the fact that the equivalent w in [100,
Transformation 7, section 2], solves

Orz+ Mz =1(n,7)zy+ la(n, 7)z + F(n+mns,7,2), where

d—1 3
l = Aoe” Aok — = ) e ™/?
1(77777577-) s + ( 0€ (7] +7]5)€T/2 T cpem — LT + Ao 2) € )
d—1 3 7
l = =o€’ Mok — = — =1
2(7777]577—) o€ (T] + 775)6T/2 + coeT — kT + Ao 9 4 1(7]77—)
where the following limit
- d—1 R d—1 R
e’ su as 7 — 00
56(0% (n+ns)e™/? + coe™ — kT L5°(0,00) o

that not converges to zero, in contrast to (3.5.17).

On the other hand, in the Euclidean space R? (with d > 1), if the initial datum wug

satisfies

X oo (Ta) < up(w1, ..., 7a) < X oo p)(Ta)
with b < a, then k = 3/¢q (see [101]). That is, k& does not depend of the dimension (and it
is exactly the same as in Rt).

Therefore, in RY, the parameter k& depends on the geometry of the support of the initial
datum in terms of the isometries of R?. Specifically, k& changes depending on whether
the initial datum can be bounded between two radial functions or two functions invariant
under some translation. In this case, k reflects the type of isometry; elliptic (radial) or
parabolic (translations) and, as a consequence, it may depend on the dimension d. In HY,
by contrast, k is independent of the type of isometry and the dimension.

Once we have understood the challenges introduced by the hyperbolic space, we are
able to adapt the results from [100].
Preliminary estimates. First, we will construct sup and sub-solutions for

2t Mz = L0, 72 + B0, 72 + Fn,ms, 7, 2), (3.5.19)
under some conditions. Specifically, we will obtain two functions w and w such that

wt + ME 2 111(777 T)wn + l22(777 T)w + F(% Ns, T, w)a
wy + Mw < lll(na T)wn + 122(777 T)w + F(na Ns; T, w)a
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in {n > ns(7)} (chosen ns(7) in (3.5.12) as we need: we will chose 75 = 7; for w and
ns = ny for w) such that w(0,7) and w(0,7) vanish as 7 — oco.

The following proposition tells us that @ and w are comparable to e7/8¢y as T — c.
This is because f is a KPP function and [¢, [} satisfy (3.5.18) for i € {e,h,p}.

Proposition 3.5.3. [100, Proposition 1] (i) We may give siz functions qi- (1), ¢ (1), £*(7)
that satisfy:

e there exists C' > 1 such that

C’le’Tq;“(T) < Ce’(%";)T, 0<g;(r)< Ce (2797 for allT >0 and j € {1,2};
e there are £, > €, > 0 such that
(1) € [éo,zo], EN(1) >0, € (1)<0 forallT>0.

(i) Let a € (0,1), v1(7) a nonnegative smooth function, identically 1 if n < a/2 and zero
if n > 2a/3, and vo(7T) be a nonnegative function, identically zero if T > 1 and equal to 1
if n > 2. Then,

2

wW(n, 7)== £ (7)e" Bdo(n) + qf (1)71(n) cos(£n) + qF (T)a(n)e 16

is a supersolution to (3.5.19) with ns = ng in the range T > 0, n > 0, whereas the function

2

_ 2 _ x _ _n
w(n, 7) == & ()" P do(n) — av (1) (1) cos(3n) — a5 (T)ra(n)e” 15
is a subsolution to (3.5.19) with ns = ny in the range 7 > 11, n > 0 for some 7 > 0.

Moreover, since gt (- + po) is in L>([—1,00)) for py > 2, for all i € {e, b, p} (here we can
see the use of the constant py in order to obtain that coth ((77 +n5)e” /2 + coe” — kT + po)
is uniformly bounded for all n > 0 and 7 > 0) we have the standard comparison principle

for (3.5.19). In addition, as wy(n) = e’\o(“%)*éﬂo(n—i-ng(())+R(1)) is compactly supported
from the right and 0 < uw < 1, we can compare w and w with w for n > 7; (where the
choice of 75 depends of W and w). Repeating the proof of [100, Proposition 5 and Corollary
1] we obtain the following proposition.

Proposition 3.5.4. [100, Proposition 5 and Corollary 1] Let f'(0) > A\ and uqy satisfy-
ing (A2). Let ¢o and w be the functions given by (3.5.11) and (3.5.6), respectively. Set
G (1), ¢ (1), €5(7) as in Proposition 3.5.3.

(i) Control of w from above and from the rear of the front. There is a pair of
positive functions (q.(7),&4 (7)) such that £,(T) is bounded and bounded away from 0 by
constants that depend only on the initial datum and the constants appearing in the equation,
whereas § € (0,1/4) such that ¢, (7) = O(e~ (277 as 7 — co. Moreover, we have that

2
n

W(n+15,7) < E(T)do(n) + ¢4 (7) (Xjo.ap/2) (1) cOS(5=1) + e )e s, n>0,7>0.
(3.5.20)
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(ii) Control of w from below and from the head of the front. There is a pair of
positive functions (q—(7),&-(T)) satisfying the same estimates as (q+(7),£4(7)) in (i) and
such that, for some 7 > 0,

n?y _n?
UA)(U + 77577') 2 f—(ﬂ%(ﬁ) - Q—(T) (X[O,ao/Q} (77) Cos(ﬁn) + 67176)6 &, n Z 07 T Z 71
(3.5.21)
Moreover, there exists C' > 0 such that

37]2

W, (n, 7)| + |w,(n,7)] < Ce” 16 forallmp >0, 7> 1. (3.5.22)
Summarizing, Proposition 3.5.3 states that there is a constant C' > 1 such that
C'po(n) < w(n,7) < Cho(n) for 7 > 0 big enough and n > 0 (3.5.23)

As explained in [100], this is the best one can do with barrier arguments, because ¢y €
Ker(£). This is far from a convergence result, since it does not even determine the right
multiple of ¢g that one should obtain in the limit. However, Proposition 3.5.4 is a first step
towards the desired result, since it will give the compactness of the trajectories {w(:,- +
T)} 7o in a spatial weighted L*°-norm.

Proposition 3.5.5. (Adaptation of [100, Theorem 2.1] and [8/, Lemma 5.1]) Consider
the same assumptions of Proposition 3.5.4. Then, there exists a positive constant c, Such
that

N

lim sup e¥s (7, 7) — Queto(n) = 0. (3.5.24)

T—00 {77>0}

Proof. We will follow the ideas of the proof of [84, Lemma 5.1]. Consider a sequence
of times {7, }nen such that 7, — 0o as n — oco. By the barriers (3.5.20) and (3.5.21),
the bounds for the derivatives (3.5.22) and using standard compactness argument, there
exists a subsequence {7, }en C {7 }nen and two functions Wy : [0,00) x Ry — R and

W : [0,00) — R such that

2 2 —
lim sup e1o W(N, T+ Tw) — Weo(n,7) =0, lim sup els w(n, Tw) — We(n) =0
W' =00 >0, 7€[0,T] =00 >0
(3.5.25)
for all T' > 0. Moreover, 1., solves
(oo )7 + Lo = 0, n>0, 7>0,
Woo(0,7) =0, T >0,
@00(77’0) - WOO(U)’ n = 0.
Then,
7]2
lim sup €16 W (N, 7) — aueo(n) =0, (3.5.26)

T—00 7]20
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where o = [ n/I/I?OO(n) dn, (we refer to [114] for the full description of solutions for the
Fokker-Planck equation). In addition, by (3.5.23), we have that a. > 0 and by (3.5.20),
(oo 18 finite.
To prove (3.5.24) we need to show that the convergence does not depend on the choice
of subsequences.
By (3.5.25), for a given € > 0, there is 7. big enough such that
2

Woo (N, T2) — toopo(n) < ce” 16 for all n>0

and, by the first limit in (3.5.26), there is n. € N (that depends also in 7.) such that

W(n, T: + 7o) — Woo(n, T2) < ce ¥ forall n > 0.
Therefore, putting all together,
W(n, Tz + 7o) — ascto(n) < 256’% for all n > 0. (3.5.27)
Now, we define

2(n,7) =0+ 03, T+ Te 4 Toy) — Wy, T+ T + Ty )0 (), (3.5.28)

where ¢ is a smooth function such that Xy 1) < ¢ < Xjg 9.
Let w € (O,% — 6). Since by Proposition 3.5.4, w is bounded and since f is a KPP

function, by Taylor expansion, there exists a constant C' > 0 such that F given by (3.5.9)
satisfies

|F(n+nf,m,0)| < Cexp (37— Xo(n+m)e2)w? < Cexp (37 — Ae’)00* < Ce ||
(3.5.20)
for all y > 0 and 7 > 0. Furthermore, since ' is given by (3.5.8), Aok = 3/2 (recall (3.5.15))
and (3.5.16), we have that

e~ T2|hi(n, 7)| + |Aohi(n, T) + )< Ce™ forallp >0, 7>0. (3.5.30)

Recall we have defined before w(n,7) = w(n + ns,7) (here ns = ni(7)). Since w

solves (3.5.13), by (3.5.20), w(nf,n) < Ce =97 for some C' > 0 and using (3.5.29)
and (3.5.30), we have that z satisfies

2+ Lz gae_w(lzn|+|z]+G(77,T)), n>7>0,
2(0,7)=0 T >0,

for some G(n,7) : [0,00) X Ry — R smooth, bounded and compactly supported in 1 and

where & = o(T.) as T, — co. Moreover, by (3.5.27), z(r,0) € L*(Ry, e’5dn). Then, by [84,
Lemma 5.2], there exists Z., : [0,00) — R such that

(aoo - Cé)QSO S Zoo S (aoo + Cé)¢07 lim sup €%|Z(77a7—) - Zoo(ﬁ)' = 0.

T—00 7720
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As a consequence, since £ is arbitrary small and since 7 (7) — 0 and by (3.5.20), w(n; , 7+
T:+7,) — 0 as 7 — oo using the definition of z from (3.5.28), the above implies (3.5.24),
as desired. n

As a corollary, following the proof of [100, Proposition 7] we obtain sharp bounds for
w.

Proposition 3.5.6. [100, Proposition 7] Consider the assumptions of Proposition 3.5./.
Let a, > 0 be the constant given by Proposition 3.5.5. Then, for every ¢ > 0 there exists
7. > 0 (possibly depending also on §) and 7. > 1 such that

(oo —Ce) (n—Ce~G=0) < (), 1) < (A +Ce)(n+Ce”GI0T) 7> 7 e [ny, ).

We are now prepared to capture the dynamics of u for all p > 0. In particular, we
will consider three different regions: the diffusive region (where p =< R(t) + o(\/1)), the
subdiffusive (0 < p < R(t) + o(+/t)) and superdiffusive (p > R(t) + o(v/t)). We will prove
that u converges uniformly to 1 in the subdiffusive region and to 0 in the superdiffusive
region (as well as @, (- — R(t))).

Furthermore, we will establish that u converges to ®.,(- — R(t) + f)), where § € R
is related with the constant a., > 0 provided in Proposition 3.5.5. We will employ the
techniques developed in [56, 84, 100].

The following result captures the behavior of u in the superdiffusive region.

Theorem 3.5.7. Consider f'(0) > A\ and wy satisfying (A2) with the corresponding i.
Then, there is C' > 0 for which the solution u to (KPP) with initial datum ug satisfies

lim sup u(z,t) =0 (3.5.31)

=00 {ze€H: pi(:p)>c*t7% logt+g(t)}
for all g : [0,00) = R such that lim;_, g(t) = oc.

Proof. By point 1) in Proposition 3.5.4 and recalling that the solution u to (KPP) is
rewritten as u(p + R(t),t) = e PtY/20(pt=1/2 Int), we have that, for each § € (0,1/4)
there is C' > 0 such that

(p+t%)?

u(p+ R(t),t) < C’e_)‘op<(p—|— e @+ t5(1 + e_lLGt)e_gT) forall p>0 and ¢t > 0.

Then, since 0 € (0,1/4) and 0 < se=s* < 1 for all s > 0, we have that for all ¢; > 0 there
is C' > 0 such that

u(p+ R(t),t) < CtY2e > forall p>0and t > t,.
Therefore, since ¢y = 2\, for all € > 0,

lim sup  u(p+ R(t),t) =0.
7 o2 (L +o) It}

Using that R(t) = cit — klnt + py with & = 3/cy (see (3.5.15)), we conclude (3.5.31). O
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Now, we will prove that u converges to 1 in the subdiffusive region.

Theorem 3.5.8. Consider f'(0) > A\ and wy satisfying (A2) with the corresponding i.
Then, the solution u to the (KPP) problem with initial datum wug satisfies that for all
g:10,00) = R such that lim;_,, g(t) = 0o, we have

lim sup u(z,t) = 1. (3.5.32)
1200 (o eHd, 0<pi(2)<ent— 2 nt—g(t)}

Proof. STEP 1. Fix m € (0,1). Let f; : [0,1] — R be a C' function such that
fl(o) = f1<m> - 07 f{(O) - f,<0)7 fl S f n [07m]7 fl >0 in <07m03533)

Then, following arguments of [7, Theorem 4.1], there exists ®,, : R — (0,m) such that

O+ @, + fi(Pe) =0 inR, (3.5.34)
Sgr_noo Dey(s) =m, Py, <0, SEI—FOO o, (s) =0,

and for some B > 1 and p; > 0
B~ lse ™ < &, (s) < Bse™™* for all s > py. (3.5.35)

Our aim is to prove that

Q(pa t) = (I)co (p - R(t) + Pg)

is a subsolution for u in {(p,t) : p € A;, t > T} where p3,T > 0 will be chosen later and

At = [0, et + /2], ifi e {h,p},
' (St et +12, ifi=c.

On the one hand, since ®,, satisfies (3.5.34), then, using (3.5.33) and the fact that
0<u<m,
uy — 1, — (d — Vgiu, — F(w) = filw) = F)+ (54 (@ D)0~ gi0)u,
< (é +(d=1)(1 = g))u,
Moreover, 1 — gt > 0 for ¢ € {h,p} and since (f’co < 0 implies u, < 0, we have that
w =y, = (d = Dgi(p)u, — f(w) <0 in {(p,1): p € A, t >0} (3.5.36)

for i € {h,p}. For i = ¢, we have g!(p) = coth p. Then,

2
1—c0thp:—2p— p >0,
e

_1’
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which implies that there exists t; > 0 such that

k ‘ ko 2(d—-1
inf (;+(d—1)(1—91)):_—¥>0 for all ¢t > 5.

PEAL(t) t ecxt — 1
Thus,

u, —u,,— (d—1)cothpu, — f(u) <0 in{(p,t):p€ A, t >t} (3.5.37)

On the other hand, by [75, Theorem 3.2 ii)] we know that there exists to > t; such that
uw(0,t) >m forall t >ty forie {h,p},
and by [75, Theorem 3.6, ii)] it holds that

inf  u(p,t) >m forallt >ty fori=rce.
{0<p<Sst}

Then, since ., < m, for all t > to, u(0,t) > u(0,?) if i € {h,p} and w(%t,t) > u(%t, t) if
1 =c¢.

In addition, since u(p+ R(t),t) = e~ 20Pt'/2(pt=1/2 Int), by Proposition 3.5.6, we have
that, for 0 € (0,1/4), there exists t3 > t5 such that

u(p+ R(t),t) > O‘?”(p — Cte ™™ forall p € [—1°,at'/?], t > ts, (3.5.38)
for some a > 1 and where a,, and C' denotes the same positive constants as in Proposi-
tion 3.5.6. Then, since there is T' > t3 such that p = /2 + % Int — py € [t at'/?] for all
t > T, using (3.5.38), we have that

—)\0t1/2 —)\otl/2

aOO€A000€
1172

am6A0006

1/2
u(et +£1%,8) > =

(tY% + kInt — py — Ct°) >

for all ¢ > T'. This implies, together with (3.5.35) and (3.5.15), that for p3 > 0 big enough,
u(eyt + 12, 1) > ule,t + 12 t) = &, (1Y% — kInt + p3) forall t > T.

Finally, since the solution of the heat equation (3.3.1) with initial datum wy is strictly
positive and f > 0, by the comparison principle, Theorem 3.3.1, we have that

min u(p, T) > 0.
{0<p<c. T+T1/?} (p )

Moreover, since lim,_,., ®.,(s) = 0, it holds that, for ps > 0 big enough,

ulp,t) >  min  u(p,T) = gy (—R(T) + p3) = Ceo(p — R(T) + p3) = u(p,t)
{0<p<e T+T1/2}

for all p € [0,c, T + T'2).
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Summarizing, v < u in the boundary 0{(p,t) : p € A;,t > T}. Therefore, taking
into account (3.5.36) and (3.5.37), by the comparison principle, u < w in the full region
{(p,t): pe Aj,t > T}.

STEP 2. Now we prove (3.5.32). Let g be such that lim g(t) = co. If i € {h,p}, by Step

§—00
L

. . > . . = o — . = _ — .
I8 opem-gn U0 Z IR o ME oy Peolom R F ) = Jim Beo (=g () pa) = m

Since u € [0,1] and m € (0, 1) arbitrary, we obtain (3.5.32) for i € {h,p}.
As for ¢ = ¢, by [75, Theorem 3.6, ii)], we know that

li inf t)=1.
P {oglpr%%*t}u(p’ )

Then, since u € [0, 1], using Step 1 and proceeding as before,

I inf t) = li inf t) > lim @, (—g(t =m.
o0 {OSps}%I%t>—g(t>}u<p ?) tg?o{%tsf)gné(t%g(t)}u(p 1) = 1 e, (=g(E) + pa) =m
Once more, since the above holds for all m € (0,1), we get (3.5.32). O

The study of the diffusive region will be a crucial step in the proof of our main Theo-
rem 3.5.1. Note that this region is where |p| < o(v/t) in moving coordinates.

Before we do that, let us give a technical lemma to show that the error between a shift
of the traveling wave of minimal speed and the solution vanishes as t goes to infinity.

Lemma 3.5.9. Let v € (0,1/2) and s : R x Ry — R be a locally bounded solution to

St — Spp— (K= 5) (s, — Aos) = O(t==2)), |p| <7, t >0,
s(=t7,t) = O(e="),  s(t7,t) =0, t>0.

Then, lim sup |s(p,t)| = 0.

b0 |p|<ty

Proof. Following ideas from the proof of [84, Proposition 4], we consider a supersolution
to (3.5.9) of the form

5(p,t) =t cos (t%) >0, |pl<t",t>0, (3.5.39)
where A > 0. It holds that
—5,(p,t) =t 25(p,t), 5p,t) > —(A+ 1)t '5(p,t) forall p| <t7, t>1,
and, using (3.5.5), (3.5.2) and (3.5.39), there exists C' > 0 such that

(W'(p,t) — 5)(5, — AoS) < Ct™'s forall [p| <17, t > 1.
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Therefore, if v € (0,1/2), there exists t, > 1 such that

St =S — (M =5)(5, = X8) = (T = (A+1+CO)t7 )5 > Ct7's forall [p| <17, t > to.

That is,
St — 5o — (K= 5)(5, — No5) = Ct=UFV | |p| <7, t > 1o,
5(—t7,t) = 5(t7,t) =t~ cos(1), t > to,
s(p,to) >ty cos(1), ol <15

Since s is a locally bounded function, there exists C' > 0 such that |s(p, to)| < C5(p, to)
for all |p| < tJ. Then, by the linearity of the equation, the comparison principle yields

—C5(p,t) < s(p,t) < Cs(p,t) forall |p| <t7, t > to.

Therefore, lim sup |s(p,t)| < lim sup C5(p,t) = 0, as desired. O

70 Jpl<tn 70 Jpl<tn
At this point, we have all the ingredients to prove our main theorem.

Proof of Theorem 3.5.1. STEP 1. Here we capture the behavior of u in the diffusive area.

For this, we estimate the difference between w and an appropriate shift to ®.,(- — R(t)) in

moving coordinates. The key idea here is to prepare u and @, in order to use Lemma 3.5.9.
Consider the family of functions

Virs(p) = (e £Ce)(p£T 7 /p), peR.

Fix §y > 0 small enough, for example 0 < §y < 1/100. By Proposition 3.5.6, there exists
g0 > 0 such that for each € € (0,¢q) there is £. > 0 such that the function v given by (3.5.4)

satisfies
0 <oz, 4 8) St t) <of, 5 (%) forall t >t..

On the one hand, let £ two functions such that

O, (£ + €5, (1) = ey, (') forallt>t..

£,00

Then, by the implicit function theorem, we have that

E ()= —In(Ao £ Ce) +O(t™™), (£E)(t) = Ot~ 1)), (3.5.40)

6760

+

= 60 the solution to

On the other hand, consider v
2= 2pp+ (W' = %) (2, — No2) + P f(e7™0rz) — f/(0)z, peE (—t*, 1), t>t.,
z(p,to) =v(p,te), pE (_tgo’tgo)’

with Dirichlet conditions

vE(t 1) = ok, 5 (1), ol (f—t0) = e M o (1, —t0) =0 for all £ > t..

€,te,00 €,60
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Since 0 < u < 1 and v(p,t) = e*Pu(p + R(t),t), we have, by the comparison principle,
v_s, (0, 1) < v(p,t) <vls (p,t) forallt >t and p € (—t°,1%). (3.5.41)
We claim that, to be proven later,

lim sup |e *PoF 50 (1) — @ (p+& 50( ))| = 0. (3.5.42)

t—o0 |p|<t50

Therefore, as a consequence of the above, since ®., is continuous and ¢ is arbitrary small,
using (3.5.40) and (3.5.41), we obtain that

lim sup |e ™ v(p,t) — Bey(p — InAyo)| = 0. (3.5.43)

t—o00 |p‘<t50

Thus, by the definition to v, (see (3.5.3) and (3.5.4)), we have

lim sup u <pi(:c),t) — O (p— et — 2 Int + 5]) =0, (3.5.44)
=00 (1 eHd: R(t)—t50 <p; (x)|<R(t)+t%0} 0

where 5 := pp + In a.
STEP 2. We now prove claim (3.5.43). Let

Vosy (1) = vs(p,t) — €7 ®(p + €5, (1)).
Then ‘/550 (p,t) is a solution to
= 20— (W= ) (20 — Mo2) = erpf(eonpviéo) - f’(O)Ujfd(p, t)

+ M7 (f(Rey (p + &5, (1)) = F(0)De, (p + 5, (1))
+((625,) — '+ F)erg, (p + 5, (1)

for all p € (—t%, %) and t > t., with Dirichlet conditions V;so (t% 1) =0,

Vi (100, 8) = e (1 — @, (—1% + %
5,60( ) ( o 550( ) for all t > t.,

‘/;:50(_t507t) _ €—A0t50(1) ( téo +§a(50( tz?o))
Vsj,fso(/)?t ) = vz s(p,te) — eMPD,, (p+ & 50( ) for all |p| < t%.

Observe that

M flem v, ) = (0025, t) + €7 (f(Pey(p+ &5, (1)) = f'(0) ey (p + €255, (1)) <0,

(3.5.45)
since f is a KPP function, see (Hy). Furthermore,
; -k 1
+ i
—h+ 2 =0(3). 3.5.46
( 5750> + t t ( )
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Moreover, we claim that there exists C' > 0 with
2D, (p)] < C(1+ p*Xypm0y(p)) for all p € R. (3.5.47)

To see this, let w be the function given by w(p) = e**®. (p), p € R. Then, w satisfies
that
Wy + dow = P f(B,,(p), pER

Therefore, since @, is decreasing, for a constant C' > 0 we have

wlp) = ~Ce = [ (@ (9)ds

Thus, using again that f is a KPP function and the fact that 0 < &, < 1 has the
decay (3.1.7), we get (3.5.47).
Then, the bound (3.5.47), together with (3.5.40) and (3.5.46), implies that

, -k / (-
sup ((ssiso) —h'+ ;)e“”@%(wf:%(t)) = O(7)). (3.5.48)
lpl<t®0

As a consequence, using Kato’s inequality |w|,, < sign(w)w,,, by (3.5.45) and (3.5.48),
there is C' > 0 such that |V$0\ is a subsolution of

2 — 2Zpp — (B = %) (2, — Aoz) = Ct=0720)  |p| <t ¢ >0,
s(—t% ) = O(e™),  s(t% t) =0, t>0.

Thus, taking dy € (0,1/2), since Vj}o is locally bounded, by Lemma 3.5.9, and the com-
parison principle we obtain (3.5.42).

STEP 3. In this final step, we will prove that u converges to ®.,(- — [c.t — % Int + §]) in
the sub and superdiffusive areas.

Since @, is a decreasing continuous function, lim . (s) =1 and lim ®.,(s) =0, we
S§——00 S5—00

get

. 3 . B
lim 1= @ (- — et = 2t +B]) oo p ) = lim (1= @y (—% — Inrsy)) = 0,

: 3 Y 5 _
tlggo Doy (- = [eut — - Int + f]) Lo (R(8)+190 00) — tlggo P, (t* —Inay) = 0.
Moreover, by Theorems 3.5.7 and 3.5.8, we have that
lim inf u(z,t) =1, lim sup u(zx,t) = 0.
1—=00 {zcHe: 0<p; (x) < R(t)—t%} t—o0 {z€H4: p;(x)>R(t)+t%0}

As a consequence,

lim sup w(pi(), 1) = By (p = [t = Lt + 5]) =0,
1200 0 eHd: 0<p; (x) <R(t)—t%0} 0
lim sup u(pi(@),t) = eylp — et = St + ) =0,

00 {2 py(x) > R(t)+1%0}

Combining this with (3.5.44) we obtain (3.5.1), and this completes the proof of our main
theorem. ]
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Future directions. As we have mentioned in the Introduction, we would like to allow
more general initial data, not necessarily unidimensional. The following lemma is a first
step toward achieving this goal.

Lemma 3.5.10. Let f(0) > A\;. Consider ug : H* — [0, 1] satisfying (3.1.17) for some
0 < p1 < p2 and some i belonging to {e,b,p}. Then, there exist 51 < Py such that for all
e >0 one may find t. > 0 such that

—e+ D¢, (pi(z) —[c. —%logt—l—ﬁl]) < u(z,t) < D (pi(x) —[cx —%logt+ﬂ2])+€ (3.5.49)
for all x € HY such that p;(z) >0 and t > t..
Proof. Consider u,u : HY — [0,1] and @&, u : I; — [0, 1] such that
uy(7) < ug(w) <Up(x), =eH,

uy(z) = Uo(ps(2)),  To(z) = Uo(pi(2)),
Xo,pr/21(p) < tg(p) < Xop(0)s  Xopa)(P) < Uo(p) < Xjo2p)(p) forall p> 0.

Let u, u and @ the solution of the (KPP) problem with initial datum wu,, ug or g respec-
tively. Then, by the comparison principle (Theorem 3.3.1), we have that

w(z,t) <wu(x,t) <u(z,t) forall (x,t) € H? x Ry. (3.5.50)

On the other had, by Theorem 3.5.1, there exists 51 < 5 such that

lim sup u (p(x), t) — @ (p() = [(co — d+ 1)t — % logt + 51}) =0,

£=00 {peHd:p(2) >0}

lim  sup u (p(x), t) — @, (p(a) = [(co — d+ 1)t — Zlogt + 52}) =0.

t=00 (1 eHd:p(2)>0}

Combining this with (5.3.4), we obtain (3.5.49). O
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Chapter 4

A game theoretical approach to the
convex hull of a set via minimal
curvature flow

This chapter is dedicated to the results of [51], named Finding the conver hull of a set
using the flow by minimal curvature with an obstacle. A game theoretical approach. This
paper is authored by Alfredo Miranda (UBA), Julio D. Rossi (UBA), Jorge Ruiz-Cases
(UAM) and the author of this thesis.

4.1 Introduction

4.1.1 Description of the main goal

The aim of this chapter is to study the asymptotic behavior of the solution to the obstacle
problem for a degenerate fully nonlinear parabolic equation that models the motion by
minimal curvature of a hypersurface. We prove (under certain conditions on the initial
condition and the obstacle) that the positivity set of this solution converges to the convex
hull of the set where the obstacle is positive as t goes to infinity.

To obtain our results we use a deterministic two-person zero-sum game (inspired by
previous results by [63] and [82]) and the theory of viscosity solutions (we will rely on
previous theory developed for viscosity solutions to geometric flows, see [36] and [45]).

Now, let us describe the main ingredients that we need to state and prove our results.
First we introduce a parabolic nonlinear partial differential equation (PDE) related to
the geometric motion by minimal curvature with an obstacle and next we describe an
associated game whose value functions approximate solutions to the PDE.
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The movement by minimal curvature with an obstacle and its associated
parabolic equation

Our aim is to describe how a hypersurface that is the boundary of a connected domain,
S = 00y C R d > 2, evolves in time according to the minimal curvature flow. We will
use a level set approach to describe this geometric evolution. Assume that there is a real
valued function, u(z,t), defined for (x,t) € R? x [0,00), and consider the zero superlevel
sets of u(z,t),

Q= {z:u(z,t) >0}

In what follows we denote by Vu(z,t) and by D?*u(x,t) the gradient and the Hessian
of u with respect to the spatial variable, x. Assume that 0f); is smooth. At a point
(x,t) € 0 we have Vu(x,t) L 0, (also assume that (x,t) is a regular point and that
we have |Vu|(z,t) = 1) and for a unitary vector v L Vu(z,t) (notice that v is tangential
to the hypersurface 9€;) the quantity —(D?u(z,t)v,v) gives the curvature of 9¢); in the
direction of v. Therefore, under these conditions, the minimum of the curvatures of 0€),
at a regular point is given by

Romin = min {I{(U)} = inf (— (Dzu(a:,t)v,w).

[v|=1 lv|=1
v tangent to a9 vl Vu(z,t)

Then, we consider the geometric evolution of the hypersurface 9€2; moving its points in the
direction of the normal vector (pointing inside the set €2;) with speed given by the minimal
curvature,

V = —Kmin on 08,

and we obtain, as the associated level set formulation for this geometric evolution, the
parabolic equation
Owu(z,t) + L(u(x,t)) =0, (4.1.1)

associated with the elliptic and degenerate operator £ given by

L(f@) = inf (— <D2f(x>v,v>). (4.1.2)
vlVf(x)

In this chapter we add to this geometric evolution the presence of an open and bounded
obstacle K (the hypersurface is stopped when it touches K'). We assume that our geometric
evolution starts with the prescribed set inside, that is, we have K CC 5. To include the
obstacle in the level set formulation, we consider a continuous function ¥ such that

K ={z:¢(x) >0}
and we assume that the initial condition for our evolution satisfies

uo(x) = u(x,0) > P(x)
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in the whole R?. Notice that under this assumption we have
K ={z:¢Y(x) >0} C{z:up(z) >0} = Q,

that is, the initial hypersurface 9y surrounds the obstacle K. Therefore, we get that
the parabolic problem that corresponds to the level set formulation for the movement by
minimum curvature with an obstacle is the following:

u(x, t) > ¥(x), (z,t) € R x {t > 0},

owu(z,t) + L(u(z,t)) >0, (z,t) € R x {t > 0}, P)
Owu(z,t) + L(u(z,t)) =0, (z,t) € {(z,t) : u(z,t) > P(x)},

u(x,0) = up(x), reR?

This problem can also be written as

{max{ ~ Sz, t) — L(u(x, 1)), (z) — u(:c,t)} =0, (2,t)€Rx{t> 0},
u(x,0) = up(x), r € R4,

For this obstacle problem we will prove that there exists a unique viscosity solution. To this
end, we first show that a comparison principle holds for (P), let @ be a supersolution and
u be a subsolution of (P), then u(z,t) > u(x,t) for every (z,t) belonging to R? x {t > 0}.
Next, we will obtain the existence and uniqueness of the solution via Perron’s method, that
is, we obtain the unique solution of the obstacle problem as the infimum of supersolutions
to u; + Lu = 0 in R? x (0,00) that are greater or equal than the obstacle ¢ and are also
greater or equal than ug at time ¢ = 0.

Once we have existence and uniqueness of solutions we turn our attention to their
asymptotic behavior. Now, we will assume that K C € (for instance, this happens when
(x) < up(z)). Let us consider again the positivity sets of u(x,t), Q = {x : u(z,t) > 0}.
According to our previous discussion, these sets encode the evolution by minimal curvature
of the hypersurface 0Qy = 0{z : ug(x) > 0} with the obstacle K = {z : ¢(x) > 0}.

Our main goal is to prove that the sets Q; = {z : u(z,t) > 0} approximate the convex
hull of K as t — oo. To get some insight on why this result holds let us look at a simple
example. In R? let K be the union of two disjoint balls,

K = B1(2,0,0) U B;(—2,0,0).

For this set K its convex hull, that we denote by co(K), is given by a tube that joins the two
balls, see Figure 4.1. Now, take a set €} that is convex and contains co(K). When the set
evolves by minimal curvature it shrinks until it touches the obstacle and then converges to
the convex hull. In fact, remark that at points on the boundary of the convex hull that are
not in K we have that one the principal curvatures is positive but the one that corresponds
to the horizontal direction is zero. Therefore, the flow by minimal curvature with K as
obstacle has this convex hull as a stationary solution, see Figure 4.1 below.
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Figure 4.1: Motion by minimal curvature flow.

Notice that this does not happens for the usual mean curvature flow. In fact, the mean
curvature of a point on the boundary of the convex hull that is not in K is strictly positive
(one of the main curvatures is zero but the other one is strictly positive), and therefore we
have that the evolution by mean curvature flow with obstacle K continues shrinking the
set when it reaches the convex hull of K, see Figure 4.2 below.

Figure 4.2: Motion by mean curvature flow.

The motion by mean curvature is nowadays a classical subject, we refer to [23, 40,
32, 44, 55, 68, 69] and references therein. Since there is only one curvature for a curve
in dimension two our evolution problem coincides with the mean curvature flow with an
obstacle studied in [47, 78, 79, 82]. However, for higher dimensions, d > 3, the minimal
curvature flow studied here is quite different from the mean curvature flow.

In the special case that the initial domain is a ball Qy = Bgr(0) C R? since all the
curvatures are equal, the evolution according to minimal curvature coincides with the
evolution by mean curvature (and is given by Bpry(0) with R'(t) = 1/R(t)) until the
first time when the surface touches the obstacle, from that time on, the two evolutions
are different. Then, when there is no obstacle, K = (), and the initial domain is a ball
Br(0) C R? we get that the surface shrinks to a point in finite time. Since there is a
comparison principle for the motion by minimal curvature we have that when K = () the
hypersurface shrinks and disappears in finite time.

A game approximation for the parabolic problem

Next, let us describe a game whose value function approximates the solution to (P).

The game is a deterministic two-person zero-sum game. As in [63], we use Paul for the
name of the first player and Carol for the second player. Take ¢ > 0 (a parameter that
controls the size of the possible movements in the game), )y C R? an open, bounded set
and K. C 2y an open set (it will be convenient that the obstacle for the game also depends

124



CHAPTER 4. A GAME THEORETICAL APPROACH TO THE CONVEX
HULL OF A SET VIA MINIMAL CURVATURE FLOW

on the parameter £). We also have two functions, ug : R — R and 1, : R — R that will
give us the final payoff of the game. We will assume that the obstacle satisfies

K. ={z:¢.(z) > 0}.

On the other hand, the function wuy(x) will give the initial condition for the limit equation
and then we assume that ug(x) > 1.(z). The initial condition uy may also depend on &
but, to simplify, we drop this dependence here.

Let x = z¢ be the initial position of the game and ¢t = t5 > 0 the initial time. The
game is played as follows: at the :—th round, Paul chooses a unitary vector v; and Carol
chooses a sign b; = +1 after Paul’s choice. Then, the next position of the game is given by

T; = xi1 + e,

while time decreases as .
ti = ti—l — 582.

As a remark we point out that one can also choose to play with x; = ;1 + V2b;v;e and
t; =t;_1 —e* as in [63, 82]. We prefer to keep the spatial steps of size ¢ in order to simplify
some computations when analyzing the game.
2t
After n = —20 rounds, the game ends and Carol pays the terminal cost ug(z,) to
€
Paul. We also add an extra stopping rule. At any round Paul has the right to quit the
game and Carol pays him the value given by the obstacle, ¢ (x;). We define u®(z,t) as the
value of this game starting at x with time ¢ (the value of the game is just the final cost
optimized by both players, Paul wants to maximize the expected outcome, while Carol
aims to minimize it). The value of the game is given by the following formula,

|’U1‘:1 b1::|:1 I'Un|:]- bn::t

ue(arg,to):max{qﬁa(xo), sup min { -+ - max {w(xn_l), sup min ug(x,_1 + bnvne)}}}

2t

for n = —20—‘ Notice that the rule that allows Paul to stop the game at any time and
€

obtain 7, ensures that the value of the game satisfies

u(z,t) > ().
After only one round of the game starting from (x,¢) we have that the outcome is given by

lu|=1b=%1 (F:)

1
u(x,t) = max {1[)8@), sup min ug(x + bve, t — 552)} , T€RY t>0,
u(x,t) = up(x), reRY t<0.

The equation that appears in (F:) is known as the Dynamic Programming Principle
(DPP) in the game literature, see [71], and reflects the rules of the game. In fact, Paul
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wants to maximize the outcome and he can choose between getting .(zq) or the value
after making one move (that is given by the supremum among directions (Paul’s choice)
of the minimum among a sign (Carol’s choice) of the value at the new position at time

to — %52). The successive positions of the game are illustrated in Figure 4.3 below.

7=0

J=1
J

j=2n

Figure 4.3: Positions playing the game.

We observe that Paul plays aiming to stay inside 2y and also trying to reach the obstacle
K.. Notice that the continuous and bounded terminal payoff, ug, is such that wug(z) > 0
for z € Qo and ug(x) < 0 for x € R?\ Q. Hence, Paul has a strong motivation to remain
inside €2y when the game ends. On the other hand, under this setting, Carol will try to
stay outside €}y and plays her best in order to evade the set K. at every move.

Now, to look for a partial differential equation related to this game, we argue formally
(one of the main goals of this chapter is to make rigorous what follows). Let us find the
asymptotic behavior as € ~ 0 of the DPP, (P.), evaluated at a smooth function with an
obstacle v that is independent of € (we will have that 1. — 1 uniformly as ¢ — 0, hence
we can assume here that 1) does not depend on ¢). Assume that for a C*! function ¢ we
have

¢(z,t) ~ max {1/1@), sup min ¢(z + bve, t — %52)} ,

lv|=1 b=+1

that is,

- {w(l') — ¢(x,t), sup min blatbve,t = 5e") —dlat —5%) Gl 1) — Hlat — 5e?) } :

[v]=1b=*1 g2 g2
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Using that ¢ € C?! and neglecting higher order terms, after multiplying by 2 the second
term, we arrive to

0 ~ max {wm — 6(a,1), sup min 2b(Vé(x,1),v) + (D*6(x, v, v) — (s, t)} .
lu]=1b=%1 € ot
Now, assume that ¢(x,t) > (). In this case, we notice that when computing the supre-
mum we want to use a vector v orthogonal to V¢(z,t) (otherwise, we can select the right
sign when we compute the minimum in order to obtain —2e~![(V¢(x, t),v)|, that is nega-
tive and large for ¢ ~ 0). Then, assuming that the vector v is orthogonal to Vo(z,t) we
obtain

0
0~ max {4(x) ~o(, 1), sup (D0(, By, ) — 20 (.1) ),

vlVe(z,t)

that is, we find the obstacle problem for the equation
09 2
E(m, t)= sup (D?¢(z,t)v,v) (4.1.3)
v|=1,
lev‘zﬁ(z,t)
with 1 as obstacle. Notice that the right hand side of our equation (4.1.3) is given by the
minimum of the curvatures of 0€,

sup <D2¢(Z)’J,t)’(},’l}> == |1|I1f ( - <D2¢(x,t)v,v>> == |H‘11n {H(U)}
v|=1, v|=1, v|=1,
vL‘Vldn(lx,t) vlVe(z,t) v tangent to a0

Then, we have that (4.1.3) is just the level set formulation of the geometric evolution of
a hypersurface by the minimum curvature with an obstacle. Hence, we conclude that the
DPP associated to the game, (P.), is related to the obstacle problem (with obstacle 1)) for
the geometric flow of a hypersurface driven by the minimum curvature. That is, the limit
as € — 0 for the value of the game, gets us back to the parabolic problem (P). In fact,
we prove that the value function of our game converges locally uniformly to the viscosity
solution to (P) as € — 0. This is an alternative proof of existence of viscosity solutions for
problem (P) that avoids the use of Perron’s method.

For similar results for the classical mean curvature flow we refer to [63, 82]. Again, we
point out that, in dimension two, our game coincides with the one studied in [63] (without
the obstacle) and in [82] (with an obstacle). However, in dimensions bigger than three the
game presented here and the game for the mean curvature flow are quite different.

Since Paul aims to maximize the payoff and Carol wants to minimize it, we introduce
the sets

QF = {x:u(x,t) > 0},

that is, the set of positions in R? where starting at time ¢ Paul expects to win (and Carol
2t

to loose) a positive payoff after [—2—‘ rounds. Notice that
€

K. ={x:¢.(x) >0} C Q
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for every t (Paul can end the game at any round and obtain a positive payoff inside the
set {z : Y. (x) > 0}).

As a consequence of the previous locally uniform convergence of u® to u, we have
that for each ¢ > 0, the set where the value function of the e-game is positive at time ¢,
Q = {x:u®(x,t) > 0} approximates as ¢ — 0 the set where the solution of the obstacle
problem is positive, Q; = {z : u(x,t) > 0}.

Finally, for ¢ fixed, we also study the shape of the sets ) for ¢ large. We find that
the limit is related to the convex hull of the set K. with respect to a notion of convexity
that takes into account that we have a fixed particular length, ¢, for the movements of
the game. Taking the limit ¢ — 0 yields the results for the asymptotic limit of €2, when
t — oo and in this way we show our main result, that €}, approaches the convex hull of K
as t — oo.

4.1.2 Statements of the main results

Let us state rigorously the main theorems that are included in this chapter.

In Subsection 4.2 we analyze the parabolic problem (P) for which we will prove the
following results: First, a comparison principle holds for viscosity sub and supersolutions
to (P) (for the precise definition of being a sub or a supersolution we refer to Subsection
4.2).

Theorem 4.1.1 (Comparison Principle). Assume that the obstacle 1 is bounded and has
a uniform modulus of continuity w, that is,

(@) = oy <w(lz—yl),  forallzyeR’

for an increasing continuous function w : [0,00) — [0, 00) such that w(0) = 0. Also assume
that the initial datum ug € C(R?) is such that

lim wy(z) = p € R

|z]—o0

and
up(z) = P(z)

for x € R If u is a viscosity subsolution and U a supersolution to problem (P), then
u(z,t) <u(x,t) in R x [0, 00).

From now on and along the whole chapter, we will assume that uy and 1 satisfy the
hypotheses in Theorem 4.1.1. We will omit the explicit mention to these hypotheses in the
following statements.

With this comparison result we can show existence and uniqueness of solutions to (P).
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Theorem 4.1.2 (Existence and uniqueness for the PDE). There exists a unique solution
u to the Obstacle Problem (P) with obstacle ¥ and initial datum ug. Moreover, u is a
continuous function in R? x [0, 00) that is given by

u(z,t) =inf {w(z,t) : weA
where

A= {w(x,t) . w is a viscosity supersolution to (P), that is,
wy + Lw >0 in R? x (0,00), w(-,t) > forall t>0 and w(-,0) > uo}.

Now, let us describe our results for the game. To this end, we first need to be precise in
the way that we enlarge the obstacle. Let us consider K. = K + B.4(0). Notice that here
we are using the dimension N to enlarge the obstacle by adding a ball or radius ed. That
the added ball has exactly radius ed has a purpose later on, but let us mention that adding
any ball B, (0) with r(¢) > ed and 7(¢) — 0 as ¢ — 0 is enough for our arguments. We
assume that

K. = K 4 B.4(0) C Q.
This holds for € small when K C €. Recall that 1 is a continuous function such that
K = {z € R*: ¢(z) > 0}.

We need to characterize the set K. = K + B.4(0) in a similar way, with a function ¢.. We
want to choose a function v, that is positive when z is an interior point of K., that is,

K. = {r € R : ¢.(z) > 0},

and such that, in addition, 1. — 1 uniformly when ¢ — 0. We use this function 1. as the
obstacle for our game. To see that there is a function 1. that fulfills our requirements we
argue as follows: We assumed that v is bounded and has a uniform modulus of continuity
w, that is,

[(x) = ¢(y)| < w(lz —yl), for all z,y € R”.

Now, assuming that w is continuous, let h. be given by

min (Y(y) + 2w(|z —y|)) if v € K.,
yeOK,
h’&‘(x) =

max (Y(y) — 2w(|z — y|)) if r € R\ K..
yEOK,

Notice that h. is uniformly continuous, h.(x) = ¢(x) for z € IK,, ¥ (z) < h.(z) for x € K,
and h.(z) < ¥ (z) for z € RY\ K.. Also notice that there is a constant C. > 0 that goes to
zero as € — 0 such that 0 < h.(z) —¢(x) < C. forx € K.\ K and 0 > h.(x) —(z) > —C:
for x € Ky \ K.. Now, we choose

max {w(x), min{h.(z) — ¥ (z), C’E}} if v € K.,
min {w(:g), max{h.(z) — P(z), —Cg}} itz € RY\ K.

In Subection 4.3 we include the following results:

Ve(z) =
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Theorem 4.1.3. Let 1. be as above, and ugy such that ug > 1. for every € small. Let
{uf}eso be a family of value functions of the game with obstacle V. and final payoff ug, that
is, for each € > 0, u® is a solution to (P.).

Then, u® converges locally uniformly as € — 0 to u, the unique solution to (P).

As a consequence, we can obtain the behavior of the positivity sets of u® as ¢ — 0.

Corollary 4.1.4. Consider
Qf ={z : u(x,t) >0} and Q :={z : u(z,t) > 0}. (4.1.4)
Then, for each t > 0, we have that

Q, C liminf QF C limsup QF C €.
e—0 e—0

Next, we drive our attention to the behavior of the positivity sets of u® as t — oo. We
need to introduce a graph G = (V, ) associated with the geometric configuration of K
and y. The vertices of the graph G are the connected components of K and two vertices
are connected by an edge if there is a segment in R? with endpoints in two connected
components of K that correspond to the two vertices, that is contained in €25. The main
hypothesis in the next results is going to be the following:

The graph G is connected. (G)

Notice that (G) holds when we have the stronger condition co(K) C €.
In the next statement recall that we denoted by co(A) the convex hull of a set A. In
Subsection 4.4 we prove:

Theorem 4.1.5. Assume that K C R? and Qo C R? satisfy condition (G). If co(K) C Qg
or d = 2, then there exists eg > 0 such that

co(K) C litrgg)lf QF C limsup Q) C co(K.) C co(K) + B4(0)

t—o0
for every 0 < e < &.

In the proof of the previous result is where we use that we enlarged the obstacle and
considered the set K. = K + B.4(0) and its associated function 1. as the obstacle for our
game. Notice that we have co(K) C li{n inf QO and limsup Q C co(K.) when we play with

—00

t—o0
K + B.4(0) and its associated function 1. as obstacle, but, in general, these inclusions are

not true if we play with K and v as the obstacle. We can give a slightly better result when
we assume that co(K) C Qp, see Subsection 4.4.

Finally, we use our previous results and some extra arguments to recover exactly the
convex hull of K when we take the limit as ¢t — oo of the geometric evolution by minimal
curvature. The following result is valid for any dimension.
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Theorem 4.1.6. Assume the K and Qg satisfy condition (G). The family of positivity
sets of the unique viscosity solution u(z,t) to the obstacle problem (P), ()0 defined
in (4.1.4), verifies

co(K) = lim .

t—o00

We want to emphasize that, for the result above, inclusions lim sup €5 C co(K.) and
t—00

co(K) C li{n inf €2, are both fundamental and original of this chapter. The main novelty
—00

of the first one, limsup 2§ C co(K.), is that we avoid the need to use co(K.). In fact it is
t—00

also true for ¢ = 0, although this is not deduced from taking the limit ¢ — 0. The second
one, co(K) C litm inf €, is completely new for N > 3. The absence of ¢ in the previous
—00

inclusion is important, since we found several difficulties when trying to prove it for ¢ > 0.
All of this will be further explained in Subsection 4.4.

4.1.3 An alternative game

Let us describe an alternative game. As before, we have two players, Paul (who wants to
maximize the final payoff) and Carol (who wants to minimize it). Again as before, the
final payoff is given by ug and an obstacle ..

Now, the rules of the game change. At each turn, Carol chooses a subspace S; of
dimension N — 1, then Paul chooses a unit vector in that subspace, v; € S, |v;| = 1, and
the new position of the game is

T = X;_1 +€V;

and time decreases as before,

1
ti = ti—l — 582.

Again, we have the stopping rule and the terminal rule. Paul has the right to end the game
at any turn and he gets the value given by the obstacle, 1.(z;) and if time is consumed

2t
(after n = [—20—‘ rounds) Paul gets the final payoff ug(zy,).
€

Let u®(x,t) be the value of this game starting at x with time ¢. For this game the
corresponding Dynamic Programming Principle (DPP) is given by

1
u(r,t) = max {wg(x), inf  sup u® (x +ve, t — —52) }, r €RY >0,
SCR?,  ves, 2 (P.)

dim(S)=d—1 |v|=1 e

us(z,t) = up(z), r €RY ¢t <0.

The partial differential equation related to this game is exactly the level set formulation
of the geometric evolution of a hypersurface by the minimum curvature with an obstacle.
To see this, formally, we find the asymptotic behavior as ¢ & 0 of the DPP, (P.), evaluated
at a smooth function ¢ assuming again that the obstacle v is independent of €. We have

1
¢(x,t) =~ max {@/JE(QZ), inf  sup ¢(z +ve, t — —52)}.
SCRd, vES, 2
dim(S)=d—1 [v|=1
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Using similar Taylor expansions as we did before we get

0 ~ max {@/J(m) — ¢(z,t), inf  sup E(ng(x,t), v) + (D*¢(z, t)v,v) — @(x,t)}
dimségikjél—l |1f,|efi © ot

Now, in the second term, we notice that when computing the infimum we use a sub-
space S orthogonal to Vé(z,t) (otherwise, we can select a unit vector v € S such that
2e YV (z,t),v) is positive and large for € ~ 0). Then, assuming that the subspace S is
orthogonal to V¢(x,t) we arrive to

0
0 ~ max {w(x) — ¢(z,t), |1s)|u:;1) (D*¢(z,t)v,v) — a—f(x,t)},

vlVe(z,t)

that is, we find the obstacle problem for the level set formulation of the geometric evolution
by the minimum curvature with an obstacle.

For this game, one can show (using similar computations to the ones gathered in Sub-
section 4.3) that the limit as € — 0 for the value of the game, gives the solution to the
parabolic problem (P).

We have chosen to include the details of the proofs of our results concerning the asymp-
totic behavior of the positivity set for the value function for our previous game and leave
to the reader the analysis of this alternative game.

4.1.4 Comments on the ideas involved in the proofs and on our
hypotheses

The idea of considering the flow by minimal curvature with an obstacle in order to recover
the convex hull of the obstacle is natural since the boundary of the convex hull of a set can
be touched by hyperplanes and when these hyperplanes touch the convex hull at points
that are not in the original set we obtain that one of the main curvatures of the boundary
has to be zero at those points, while all the other curvatures need to be nonnegative in
order for the convex hull to be a convex set. Therefore, we have that the convex hull of a
set is a solution to the minimal curvature equal to zero at boundary points that are not in
the closure of the original set (where the surface does not touch the obstacle). Since our
target (the convex hull of a set) is a stationary solution to our evolution equation it seems
natural to expect that we find the convex hull in the long time behavior of the solutions
to our parabolic problem.

We use viscosity theory to deal with the parabolic problem (P) using ideas from [78,
79]. Here we assume that the obstacle ¥ has a uniform modulus of continuity and that the
initial condition is continuous and bounded with a limit as |x| — co. These assumptions
allow us to use a doubling of variables technique in order to show the comparison principle
for our problem. Once we have a comparison principle, existence and uniqueness follow
from Perron’s method.

132



CHAPTER 4. A GAME THEORETICAL APPROACH TO THE CONVEX
HULL OF A SET VIA MINIMAL CURVATURE FLOW

The analysis of the game relies on ideas from [63, 82]. However, here we enlarge the
obstacle set and we introduce the idea of e-convexity in order to study the long time
behavior of the solutions. These modifications of the arguments in [63, 82] prove to be
quite useful for the analysis of the asymptotic behavior of the positivity sets, but introduce
new difficulties in the analysis.

The proof of the convergence of the values of the game u® to the unique viscosity
solution to (P) is based on the half-relaxed limits. Some care needs to be taken here since
taking these limits we want to obtain sub and supersolutions to the degenerate parabolic
equation (4.1.1).

Concerning the study of the asymptotic behavior of the solutions to (P) and the values
of the game we borrow some geometric ideas from [82] and use that the positivity set of
the initial condition ug contains some segments that connect the connected components of
the obstacle K (condition (G)). Without this assumption the general asymptotic result
may be false. For example, in the case where there are different connected components of
K contained in different connected components of €2y the positivity set of a solution to the
evolution problem may remain disconnected and we can only recover in the limit the union
of the convex hulls of the components that are connected. The study of the long time
behavior of the positivity set of the value function of the game relies on the construction of
clever strategies for Paul and Carol that allow us to obtain lower an upper bounds on the
sets where Paul wins (that is, for the set where the value of the game is strictly positive).

We want to highlight that our hypothesis that the obstacle set K is open can be
relaxed at some points, in particular when we have that co(K) C €y. We will make further
comments on this along the text when appropriate.

To see the utility of enlarging the obstacle considering K. = K + B.4(0) and that we
can deal with sets K that are not necessarily open, let us describe a concrete example.
Assume that we want to recover the convex hull of only two points, that is, we take
K = {z,y}. In this simple case the convex hull of K is just the segment that connects
x and y. Assume that we are in the most favorable case, the positivity set of the initial
condition contains the segment and also assume that the initial position xy is inside the
segment. In this situation, since Paul wins when the position of the game arrives to the
obstacle or remains in the segment, starting at a point inside the segment Paul will choose
that direction to play. However, if ¢ is such that the starting point z; is inside the segment
but is such that |x — z¢|/e or |y — x¢|/e is not a natural number, then Carol may choose
the signs in such a way that the position of the game for large times exits any large ball
without touching the obstacle (and then Paul loses). See Figure 4.4. Therefore, we get
that li{g lglf Q2 = K = {z,y} and in this limit we do not recover the convex hull of K (the
segment).

Nevertheless, when we enlarge the set K, taking K. = B.4(z) U B.4(y), it is simple to
observe that when z is inside the segment that connects z and y and Paul chooses that
direction, then no matter what Carol does the position will reach the obstacle or remain in
the segment and hence Paul wins. See Figure 4.4. In this case we have that the segment

co(K) is included in li{n inf €} as we wanted.
—00
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K ={z,y}

Figure 4.4: Positions of the game with or without enlarging the obstacle.

4.1.5 Precedents

Let us end this introduction with a brief description of previous results in the literature.

Our immediate precedent and source of inspiration is [82] where the author studies the
mean curvature flow with an obstacle. In two space dimensions the mean curvature flow is
the well known curve shortening problem and the curve evolution was analyzed in [43, 53]
and references therein. Without obstacles, it is known that the curve becomes convex at
some time and then it converges to a single point in finite time, provided the initial curve
is closed and smooth (43, 53]). Since there is only one curvature for a curve in dimension
two our evolution problem coincides with the one studied in [82]. However, for dimensions
bigger than two the two problems are different in nature and, as we explained before, the
evolution by minimal curvature studied here recovers the convex hull of the obstacle in the
limit as ¢ — oo; while the mean curvature flow does not.

The level set method for surface evolution equations was first rigorously analyzed in
[32, 40]. The level set method is applied to various surface evolution equations including
the mean curvature flow equation (with or without an obstacle), see [1, 32, 40]. For general
references on level sets formulation of geometric flows we refer to [23, 46, 55, 47, 68, 69,
79] and the book [44].

On the other hand, the relation between game theory and nonlinear PDEs is quite rich
and has attracted considerable attention in recent years. We quote [17, 63, 99, 70, 72, 73,
67, 81, 82, 87, 88, 102] and the books [16, 66]. As we have mentioned, in [63] a game for
the motion by mean curvature was studied and in [82] the same game with an obstacle
was tackled. We use some ideas for the game in dimension two that were obtained in [82].
In particular, we extend the geometric condition on the geometric configuration of the
obstacle K and the initial set € from [82] to several space dimensions. We refer to [74, 67]
for games for obstacle problems and to [81] for a game for the two membranes problem.
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4.2 The level set formulation for the movement of a
hypersurface by minimal curvature with an ob-
stacle

This subsection is devoted to the proof of Theorem 4.1.1 (comparison principle) and Theo-
rem 4.1.2 (existence and uniqueness). Although both results are standard in the theory of
viscosity solutions, we provide detailed proofs in order to make the chapter self-contained.

First, we start with the definition of what we understand by a sub and supersolution.
We recall the definition of semicontinuous functions, since they are useful when working in
the viscosity framework.

Definition 4.2.1. We say that f : R? x (0,00) — R is a lower semicontinuous function,
ls.c., at (x,t) € R? x (0, 00) if for each € > 0 there exists § > 0 such that

f(z,t) < f(y,s) +e forall (y,s) € Bs(x,t)\ {(x,t)},
or, equivalently,
f(z,t) < liminf f(y,s).

(y,8)—=(xt)
If a function f is Ls.c. at every (z,t) € R? x (0,00), we say that f is Ls.c. in R% x (0, 00).
On the other hand, we say that g : R? x (0,00) — R is an upper semicontinuous
function, u.s.c, at (z,t) € R? x (0, 00) if for each € > 0 there exists § > 0 such that

9(y,s) < gla,t) + ¢ forall (y,s) € Bs(z,t) \ {(z,1)},
or, equivalently,

limsup f(y,s) < f(z,1).
(y,8) > (a,1)

If a functions g is u.s.c. at every (x,t) € R% x (0, 00), we say that it is u.s.c. in R% x (0, 00).

We will also require the concepts of lower and upper semicontinuous envelopes of a
function.

Definition 4.2.2. The lower semicontinuous envelope of f is defined as

«(r,t) = liminf ,S).
fo(w,t) = liminf f(y,s)

It verifies that is the largest lower semicontinuous function smaller or equal than f, i.e,
fe= sup{h ‘R%x (0,00) = R ls.c. : h(x,t) < f(x,t) forall (z,t) € R x (0, oo)}
The upper semicontinuous envelope of f is

[ (z,t) = limsup f(y,s).
(y,5) = (x,t)

It verifies that is the smallest upper semicontinuous function larger or equal than f, i.e,

g" = inf {h :R? x (0,00) = R ws.c. : h(z,t) > f(x,t) for all (z,t) € R x (0, oo)}
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Now, to use viscosity theory for our operator

L(f@) = inf (= (D f(x),0)).
vlVf(z)

we look at it using the function £ : R?\ {0} x S™? = R (here S™¢ denotes the set of real
symmetric matrices) given by

Observe that, with an abuse of notation, we use £ to denote both the operator and the
function associated with it. When p = 0, we take the infimum over all the unitary vectors.
The function £ is discontinuous at p = 0. Therefore, when we define sub and supersolutions
we will need to use L,, the lower semicontinuous envelope and L£*, the upper semicontinuous
envelope of L.

Now, let us state the definition of being a viscosity subsolution and a viscosity super-
solution (we refer to [36] for more details on viscosity theory).

Definition 4.2.3. Let D C R? x (0,00) be an open set. A function u : R? x (0,00) — R
is called a viscosity subsolution of the parabolic equation (4.1.1) in D if its upper semicon-
tinuous envelope, u*, satisfies that for every ¢ € C%!(R? x (0, 00)) such that ¢ touches u*
at (z,t) € D strictly from above, that is, ¢ — «* has a strict minimum at (z,t), we have,

O1p(x,t) + L. (Vo(x,t), D*¢(x,t)) <O0.

Conversely, u : R?x (0, 00) — R is called a viscosity supersolution of the parabolic equation
(4.1.1) in D if its lower semicontinuous envelope function, u,, satisfies that for every ¢ €
C*1(R? x (0,00)) such that ¢ touches u, at (z,t) € D strictly from below, that is, u, — ¢
has a strict minimum at (x,t), we have

Op(z,t) + L*(Vo(x,t), D*¢(z,t)) > 0.

If w is both a sub and supersolution of (4.1.1), we say that w is a viscosity solution to
(4.1.1).

To motivate the following equivalent notion of viscosity solution, suppose that u is a
viscosity subsolution to the equation (4.1.1). Assume that ¢ € C%*(R? x (0,00)) is such
that ¢ — u* has a strict minimum at (z,¢). Then,

o(x,t) —u(z,t) < d(y,s) —u(y,s) forall (y,s) € R x (0,00).

With this in mind, using the Taylor’s expansion of ¢(y, s) on (x,t) we get

u(y,s) <, t) +als =)+ (p,y —x) + %(X(y—x),y—@ +o(|t —s|+|y—af*) (4.2.1)
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as (y,s) — (z,s) where
a=0p(x,t), p=Veé(x,t) and X = D*¢(z,1).

Moreover, if u € C*1(R? x (0,00)) and (4.2.1) holds for some (p, X) € R? x S¥¢ then
a = Ow(z,t), p=Vu(zr,t) and X = D?u(x,1).

Definition 4.2.4. Consider a function v : R? x (0, 00) = R. The parabolic super 2-jet of
v at (x,t), called P>Tv(z,t), is the set of all (a,p, X) € R x R? x S¥¢ such that
1

v(y,8) < v(@, Fa(s=t)+{p,y=2)+5 (X (y—2), y=z)Fo(js—tl+ly—z[") as (y,5) = (x,1).

Similarly, the parabolic lower super 2-jet of v at (x,t), that we call P v(x,t), is given by
Pru(x,t) = =P (—v)(x, t).

Furthermore, as explained in [36], if w : R? x (0,00) + R is an upper semi-
continuous function, there is a correspondence between the tuples (a,p, X) belong-
ing to P> w(x,t) and the test functions that touch w at (z,t) strictly from above:
(a,p,X) € P> w(z,t) if and only if there exists a ¢ € C*(R? x (0,00) such that
(a,p, X) = (Oyd(x,t), Vd(x,t), D*¢(x,t)) and ¢ touches w at (x,t) strictly form above.
That is, the parabolic upper super 2-jet of the upper semicontinuous function w at (z,t)
can be expressed as

¢ € C*(R? x (0,00)) and }

" ¢ — w has an strict minimun at (z, t)

732’+w(£17, t) - {(8“?(%, t)> V¢($, t>’ DQ(b(.T, t))

With the aim of applying [36, Theorem 8.2 ] in the proof of the comparison principle,
we reformulate the definition of viscosity super and subsolutions in terms of inequalities
that involves elements of parabolic super and lower 2-jets of a function.

Definition 4.2.5. Let D be non-empty subset of R? x (0, 00). Let £ be defined as before.
Consider the equation
w; + L(Vw, D*w) =0 in D. (4.2.2)

The function u : R? x (0,00) — R is called a viscosity subsolution of the above equation
(4.2.2) in D if its upper semicontinuous envelope, u*, satisfies that

a+ L.(p,X) <0 forall (a,p,X) € P> u*(z,t).

Reciprocally, we say that u is a viscosity supersolution of (4.2.2) in D if its lower semicon-
tinuous envelope, u,, satisfies that

a+ L(p,X) >0 for all (a,p,X) € P> u.(z,t).

Moreover, if u is both a sub and supersolution to (4.2.2), we say that w is a viscosity
solution to (4.2.2) in D.
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Next we will prove some important properties of £. Subsequently, as a consequence,
we will establish the equivalence between Definition 4.2.3 and Definition 4.2.5.

Proposition 4.2.6. The function L satisifies the following properties:
i) L is continuous in (R?\ {0}) x S,

i) M—X) < L.(p,X) < L(p, X) < A(—X) for all (p, X) € RY x S where

A(Y) = min {u € R; p eigenvalue of Y} = min (Yv,v) (4.2.3)

lv[=1

and
A(Y) = max {,u e R; p eigenvalue of Y} = max (Yv,v) (4.2.4)

|v[=1

for Y € S¥xd,
iii) £.(0,0) = L£*(0,0) =0 where O is the null matriz in S,

iv) L is degenerate elliptic, i.e.,
L(p,Y) < L(p, X)

whenever X <Y and p # 0.

v) L is geometric, i.e, for all a > 0 and o € RY,
L(ap,aX +op@p) = al(p, X)
for all (p, X) € (R*\ {0}) x S
Proof. We begin with the proof of 7). Let py,ps € R?\ {0} and X, X, € S99, Notice that
|L(p1, X1) — L(p2, X2)| < [L(p1, X1) — L(p1, X2)| + [L(p1, X2) — L(p2, X>)]

and
[L(p1, X1) = L(p1, X2)| < sup [{(X1 = Xp)v, v)| < || X1 — Xo.
i
Then, to prove that £ is continuous in (]Rd \ {O}) x S¥4 it remains to prove that £(-, X)
is continuous in R?\ {0} for every X € S™4. We fix (p, X) € (R?\ {0}) x S#4. We have
to show that
L(p, X) =lim L(q, X).
q—p
Let us prove first that £ is lower semicontinuous in (p, X) € (R%\ {0}) x S%*¢ on the first

variable, that is,
liminf £(g, X) > L(p, X). (4.2.5)

q—p
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We argue by contradiction. Suppose that there is a § > 0 such that

liminf £(q, X) +d < L(p, X).
g—p
Note that, due to the definition of £, L(q, X) > A(—X) for all ¢ # 0 with A\ given by
(4.2.3). Therefore, there is a sequence of vectors {g,}nen with |g,| = 1 for every n € N

such that ¢, — p and
L(qn, X) — liminf £(q, X)

a—p
as n — 0o. Then, there exists ng € N such that

L(qn, X) — g < liminf £(q, X) for all n > n,.

q—p

Putting all together, and using the definition of £, we have

J
sup (Xv,v) + = < sup(Xv,v) for all n > n,. (4.2.6)
o o

Moreover, since
sup  (Xv,v) < A(X)
{|lv|=1 vLlgn}

and the set {v € S : v L ¢,} is a compact set for all n € N, there exists a sequence of
vectors in {w,} C S with w, L g, such that the maximums are attained,

(Xwy,w,) = sup(Xv,v) for all n € N. (4.2.7)
lv|=1
vlgn

In addition, there is a subsequence {wy,, } C {w,} so that w,, — wy for some w, € S¥?
as k — oo. Observe, since wy, L ¢,, and |w,,| =1, we get

[(wnyes DY = KW, 0 = @ud | + Ktnys @nd| < 10— oy |
and this implies that the limit must satisfy
wo Lp

due to the fact that ¢,, — p as k goes to infinity. As a consequence, using (4.2.6) and
(4.2.7),

|

J
(Xwo, wo) + 3 < sup(Xv,v) +
lv|=1
vlp

< (Xwy, , wg,) for all ny > ng

and this is a contradiction, because w,, — wy as k goes to infinity.
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We now need to prove that L is upper semicontinuous in the first variable for p # 0,
that is

limsup £L(q, X) < L(p, X). (4.2.8)

q—p
To see this, we proceed by contradiction, arguing in a similar way to the one used before.
Suppose that there is a 6 > 0 such that

L(p, X)+ 0 <limsup L(q, X).
q—p
Observe that £(q, X) < A(—X) for all ¢ # 0 with A given by (4.2.4). For that reason,
there is a family of vectors {g, }nen such that ¢, — p,
L(gn, X) — limsup L(q, X)
a—p
as n goes to infinity and ng € N for which
sup (Xwv,v) + 0 < sup(Xw,v) for all n > ng.

lv|=1 lv|=1
vlgn vlp

Moreover, there exists a vector wy with wg L p and |wg| = 1 such that

(Xwp, wy) = sup(Xwv,v).

lv]=1
vlp
Therefore,
) )
(Xwp,wy) + = < sup(Xv,v) + 5 < (Xwg,wp) for all n > ny (4.2.9)
v|=1
v
with < )
. Wo — T;Ti(‘]; Qn
Wn = (woan) |’
[wo — WQn|

due to the fact that w, L ¢, and |w,| = 1. Notice that , since ¢, — p as n — oo and
wy L p, we get that w, — wy as n goes to infinity. Therefore, (4.2.9) gives a contradiction.
Thus, from (4.2.5) and (4.2.8) we have that

L(p, X) = lim £(g, X) forall (p, X) € (R {0}) x 8,

and, as a consequence, we conclude that £ is continuous in (Rd \ {O}) x Sdxd,
Next, we prove ii). Since, p # 0,

L.(p, X)= lim inf {E(q,Y) s 0<|p—q|<e, 0<|X Y] Ss},

e—0t

L(p, X) = lim+sup {L’(q,Y)  0<|p—q| <¢ 0<]X—Y]§5}

e—0
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and

AM=Y) < L(q.Y) <A(-Y) forall (¢,Y) € (RY\ {0}) x ™,
we have that,

lim inf {/\(—Y) L 0<|X—Y|< 5} < L.(p, X)

e—0t

< L*(p,X) < lim sup {A(—Y) c0< | X =Y < 5}

e—0t

for all (p, X) € R? x S™4. Therefore, we have
M=X) < L.(p, X) < L*(p, X) < A(—X) for all (p, X) € R? x S,

Moreover, the previous arguments imply that £,(0,0) = £*(0,0). Thus, we have also
proved iii).

Now, we continue the proof with ). If X,Y € S%9 are such that 0 <Y — X, then
0 < {((Y — X)v,v) for all v € RY. Therefore,

£p.Y) = inf { = (Vo) f < inf { —(Xv.0) | = £(p.X)

for all p # 0. So, L is degenerate elliptic.
Finally, we prove v). Consider p € R?\ {0}. For v L p it holds that

(p®p)v =0, (4.2.10)
and hence we have that

— (Xv, (1= Z22y0) = (1 - 222 x0,0
<XU7U>_<X ?(I |p|2 ) > <(I |p|2 )X ’ >

for every v L p and every X € S%9, due to the fact that ([ — %) is a symmetric matrix.
Then, £ can be also to be expressed as

L, X) = inf { (T~ p‘jf )Xv.o)} (%) € (R {0}) x 57

Now, since ap ® ap = o?(p ® p) and (4.2.10) holds, we have that

ap @ ap
I ——)(aX +op®p)v,v) = a((l — —=)Xv,
(= Tapp ) o) = odll =T Xene)
and, therefore, we conclude that £ is geometric. O

In the following result, we aim to provide an intuition for the scenario when the gradient
is zero. In this case, as we will see in the proof, we cannot define £(0, X) properly as the
first eigenvalue of —X. This is due to the fact that £,(0,X) = A(—X) but in general
L0, X) #MN—=X).
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Corollary 4.2.7. Let X € S™4\ {O}. Then L£.(0,X) = XN(—=X). However, there exists
X # O such that, L*(0, X) # M—X).

Proof. Let X € S4\ {O}. By i) and ii) of the previous Proposition 4.2.6, we have
AM—=X) < L.(0,X) = lir(1)1+inf{£(q,Y) c0<]gl<e, 0<|X -Y|<¢}
e—
= lim inf{L(¢, X) : 0< ¢l <e} < liI(l)lJr L(g, X)
e—

e—0t
for every family of vectors {g.}.>o such that ¢. # 0 and |g.| < . Since X € S¥4 there
is a unit vector v; that satisfies (—Xwvy,v1) = A(—X). We take a unit vector vs such that
vo L v; and define g. = evy. Therefore, we obtain

A(=X) < £.(0,X) < lim Inf {—(Xv,0) = lrglli_r;{ — (Xv,v) = A(=X)
vlevs vlvg
due to the fact that v; L vs.
Now, we will show that £*(0, X) # A(—X) in general. Let X € S such that the
eigenvalue \(—X) has multiplicity one. By definition of the upper semicontinuous envelope
and i) of Proposition 4.2.6, it holds that

L0, X) = lim sup {E(q,Y) c0<|q<e, 0<|X =YL 5} > lim L(p., X)
e—0t e—07t
for every family of vectors {p.}.~o such that p. # 0 and |p.| < e. Let v; be the unit
eigenvector associated to the eigenvalue A\(—X) as before. We take p. = ev;. Since the
eigenvalue \(—X) has multiplicity one,

. S I O X)),
L(p, X) > Elir(% L(evy, X) Irgln_ri{ (Xv,v)} > A—=X)
vlwog

This ends the proof. ]

Now, we can state that the two definitions of being a viscosity solution to our evolution
problem coincide when the test function has a nonvanishing gradient, that is, at regular

points of £. The proof follows from the fact that the function £ is continuous in (]Rd\
{0}) x S¥xd.

Theorem 4.2.8. Since L is continuous in (R?\ {0}) x S™?, the definitions 4.2.3 and
4.2.5 are equivalent for regular points of L. That is, if u is viscosity subsolution (resp.
supersolution) to (4.1.1) and ¢ € C*1(R? x (0,T)) touches u* (u.) strictly from above
(from below) and Vo(x,t) # 0, then

Orp(x,t) + L(P(x,t)) <0 (>0)

if and only iof
0p(z,t) + L(V(x,t), D*¢(x, 1)) <0 (>0).
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Finally, we introduce the notion of viscosity sub and supersolution of the obstacle
problem (P).

Definition 4.2.9. We say that u : R? x [0,00) — R is a viscosity subsolution to (P)
if its upper semicontinuous envelope, u*, satisfies that u*(z,0) < wg(z) and for every
¢ € C*1(R? x (0,00)) such that ¢ touches u* at (z,t) € R? x (0, 00) strictly from above,
that is, ¢ — u* has a strict minimum at (x,t), we have that,

mw{—&ﬂaﬂ—&@@ﬁ%ﬂ@—u@ﬂ}k&
That means, u*(z,0) < ug(x) and, if ¥(z) < u(z,t), then,
Op(x,t) + Lio(Pp(x,t)) < 0.

Equivalently, in terms of the jets P*Tu*(z,t), u is a viscosity subsolution to the problem
(P) if uy(z,0) < up(z) and

max{ —a—Lp, X),v(z) — u(a:,t)} >0 for all (a,p, X) € P>Tu*(x,1).

Conversely, u is called a viscosity supersolution to (P) if its lower semicontinuous
envelope, wu,, satisfies the following: w,(x,0) > ug(x) and for every ¢ € C%1(R? x (0, 00))
such that ¢ touches u, at (z,t) € R? x (0,00) strictly from below, that is, u, — ¢ has a
strict minimum at (z,t), we have that,

mw{—&dmﬂ—ﬁ@@ﬁLM@—u@ﬂ}gu
That is,
u(x,t) > Y(x,t), (o, to) + L (P(x0,t0)) > 0 and wu(z,0) > up(z).

Equivalently, in terms of the jets P% wu(z,t), u is a viscosity supersolution to (P) if
us(x,0) > up(z) and

max{ —a—L(p, X),¥(x) — u(az,t)} <0 for all (a,p, X) € P> u,(,1).

Finally, u is a viscosity solution to (P) if it is both a viscosity supersolution and a
viscosity subsolution.

That our problem (P) has a comparison principle is due to the fact that the problem
without the obstacle also has a comparison principle. In [78] the author adapted the proof
of Theorem 8.2 in [36] incorporating an obstacle to the problem. For completeness, we
introduce and prove the version stated in Theorem 4.1.1 of the comparison principle for
our problem.
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Proof of the Comparison Principle, Theorem 4.1.1. We prove this result arguing by con-
tradiction, assuming that we have a viscosity supersolution u and a viscosity subsolution
u such that w 2 u. The contradiction that we are pursuing comes from the application of
[36, Theorem 8.3] combined with the properties of L.

We split the proof into two steps. In the first step of the proof we include the necessary
conditions in order to apply [36, Theorem 8.2] to the function

w(*ruyvt) = Qn(xat) - ﬂ(l‘,t) - Qgs,a(xvyat)v

with (z,y,t) € R x R? x (0,T). Here u, is a modification of u and 55,,1 is an admisible
test function with doubled variables, both will be defined later. We will look at w(x,y,t)

at a family of points
{(Zeas Pesar ten)} C RTX R (0,7).

We will also prove that, at these points, w, is larger than the obstacle as well as useful
bounds for Z. , and y. . Finally, in the second step, we apply [36, Theorem 8.2] and, using
the properties of £ stated in Proposition 4.2.6, we obtain the desired contradiction.

STEP 1. For each n > 0, we take

o n
u, (x,t) = max {g(x, ) — m,zp(x)}.
Since u is a viscosity subsolution to (P), u, is a viscosity subsolution to

max{ — Ow(z,t) — L(Vw(x,t), D*w(x,t)) — %, Y — w} =0

in R? x (0,7).

We will prove that u, <. Once we get this result, taking the limit n — 0" we obtain
the desired conclusion, uv < w. To show this, we argue by contradiction. Suppose that
there exists a point (z,7) € R? x (0,T) such that

u, (T,t) —u(z,t) > 20 > 0.

We consider the function ¢, : R? x R? x (0,T) — R, given by

_ o €
Gac (w9, 1) = 1, () = ly, 1) — Tho =yl = = (I + [yP?).

Since ¢, is an upper semicontinuous function, it attains maximums in compact sets. In
addition, due to the penalization term —5(|z|*+ |y|?) and the definition of u,, we get that,
for each ¢ > 0 and 1 > 0, there exist R. > 0 and 0 < T;, < T such that

Do (i'e,ow Ue s fe,cz) = sup {¢a,6('7 g )}
RixRIx(0,T)

for some (2. o, Ue.as tea) € Br.(0) x Bg_(0) x [0,T,]. Observe that ¢. o and (¢ a, Ue.s tea)
also depend on 7 but, to simplify the notation, we are not making this dependence explicit.
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The distance between Z., and 9., remains uniformly bounded in ¢ for each positive
7 > 0 and a > 0: if € is small enough

Gove (T Verovs te) = Gea(T, T, 1) > 6 (4.2.11)

and then
_ A A PN A o, N € . ~
2] oo+ 2|00 > ﬂn(xa,sata,e)_u(?/a,sata,E) > 5+Z’xa,s_ya,€|4+§(’xa,€|2+‘ya,6’2)a (4.2.12)

which implies that there is a positive constant C' depending only on the infinity norm of u
and u such that
‘-’i'a,s - Z)a,e‘ S Ca_l/4- (4213)

Also, by (4.2.12), the sequences {|Za.|?} and {€|Ja.c|*} are bounded (with respect to both
¢ and «). Then, for each a > 0, we have

ETae, EJae — 0 as € — 0T, (4.2.14)
Moreover, for every a > 0 large enough and for every subsequence of times (£a7g) =0 C
(fmg)wo, fa,g # 0 as € — 0. This property comes from the uniform continuity of the initial

datum wug. Let us prove this by contradiction. Suppose that for some ay > 0, tAamg — 0 as
€ — 0. Then, by (4.2.11),

0 < 5 S g(j:ao,éa gao,é) - ﬂ(gao,6~7 2?Oz(),‘f)’

Suppose that there exists C' > 0 such that |Z,,z| < C’ for every € > 0. Then, by (5.2.7),
there exist Zog, Yo, € R? such that &4,z — 7o, (Up to a subsequence) and Jo,z — Yo, and
they satisfy

o — fag| < Cag /™. (4.2.15)
Here C' is the same constant that appears in (5.2.7). Hence, since u — @ is upper semicon-
tinuous, we get

0 < 6 S hm Sup (Q(i.ao,eé iao,é) _E<ga0,8~7 iao,é)) S g(i.oq,n O) _E(Qa(w O) S UO(i.ao) _UO(gao)

E—0t

since u(-,0) < up(-) < @(-,0). Therefore, since g is uniformly continuous, if ay is large
enough, we obtain from (4.2.15) the following contradiction,

)
0<o < uo(jao) - uﬂ(gao) < 5
),

On the other hand, if |Z,, | — 00 as & = 0T, by (5.2.7), |Jag.z| — 00. Then, since

u(+,0) < wuo(*) <u(-,0)
and

lim up(x) =p € R,

|z|—o00
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we have that

0 < & <limsup (w(Zagz, tag.e) = UGages bage)) < pp—p =0,

-0t

which is a contradiction. Thus, if a > 0 is large enough, we have that liminf._,q fa,s > 0.
In what follows, let us write (2,9, t) insted of (Z: 4, Uea; tea)-
Our next goal is to prove that u, is bigger that the obstacle at the point (Z,%), i.e, we

aim to show that
u,(2,t) > (7).

Let us establish this inequality arguing by contradiction. Suppose that w, (Z, t) = ().
Since ¢ < uin R? x (0,7T), we get,

0 <0 < deal®,§,1) < u,(&,9) = 0, 1) = (&) —a(g, 1)
< (@) = o) + () — (1) < v(@) - (@) < wllz —yl) Sw(Ca™),
where C' is the constant in (5.2.7). Then, if « is large enough, we obtain
0<6< ¢6a( t) < g7

and we get a contradiction. Then, we conclude that

w, (1) > ¥(2),

which implies that for every test function ¢ such that ¢ —u, > 0 and attains its maximum
at (2,1), the following inequality holds,

@u(&,1) + L(V(2,1), D*0(2,1) + 75 < 0

A
T2
since we have that # # 0.

Now, let us consider

w(w,y,t) = u, (v, t) —u(y,t) — 58@(93, y, 1),

where _ o c
Gealw,y.) = 6-al@,51) + Tl =yl + 5 (ol + Iyl?).

Notice that w(z,y,t) < 0 with equality only if (x,y,t) = (2,9,1).
STEP 2. Now, we are ready to apply [36, Theorem 8.2 | to w, leading to the following
result: for every u > 0 and for every pair of tuples (a, X), (b,Y) € R? x S¥¢ such that

A,

(a, Votrea(t, 9,1), X) € P2ru, (2,8)  and (b, Vy0.a(d,9.1),Y) € P>70(,1)

we get that
a—b=0
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and

1 X 0 ,
Gl s () < s (4.2.16)

where

~ A P -P o, L o,
A:=D2 bt i,1) = elog+ <_P ) and P:= —(2 —9)® (2 —g)+ [ — g’ I,

We remark that X and Y depend on € and «. In particular, the inequalities in (4.2.16)
give us
IX] + Y] < Culali — 2 +e) (4.2.17)

and
X =Y <2e(1+ pe)ly (4.2.18)

for some constant C', that only depends on u. Furthermore, since w, is a viscosity subso-
lution to

ow(z,t) + L(Vw(x,t), D*w(x,t)) + = =0

n
T2
at (,%) and % is a viscosity supersolution to

Onw(z,t) + L(Vw(x,t), D*w(x,t)) =0

at (,1), we obtain

4+ Lo(Viteald, §,0), X) + = <0

Y

n
T2
and .

b + E*(_vy(bf?,a(i.? :’-)7 tA)a Y) Z 0
Since a = b, using the above inequalities we obtain

0< & < LY(=Yy0eal@, §:1).Y) = Lu(Vabea(i 3.8). X).

In addition, by (4.2.18) and the fact that £ is degenerate elliptic (point ) in Proposition
4.2.6), we have

0< % S E*(_vyas,&('ia g7 tA)u X — 28(1 + ,ua)]n) - £*(vz$&a(i'7 ga 5)7 X)
On the other hand, from a direct computation, we get

Vibeald, §,0) = p+ et and — Voo o(#,9,1) = p — e where p:= ali — §*(& — §).
Thanks to (5.2.7) and (4.2.14), Vx(gs,a(;f:, §,t) and —Vyaaa(fc, i, 1) converge to the same

vector py € R? as ¢ goes to zero (up to extracting a subsequence if necessary). Moreover,
by (5.2.7) and (4.2.17), the matrices X are uniformly bounded with respect € and therefore
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X and (X — 2e(1 + pe)ly) converge to some Xy € S¥? as € goes to zero (again, up to a
subsequence). Therefore, since £* and —L, are upper semicontinuous functions, we have

0< % < lim sup (L (p+eg, X —2e(1+ pe)l,) — Lo(p+ez, X)) = (L — L) (po, Xo),
e—0

and the contradiction is straightforward. If pg # 0, then £*(po, Xo) = L.(po, Xo) since L
is continuous in (R?\ {0}) x S%*¢ as we proved in point i) of Proposition 4.2.6. If py = 0,
we have that | — g| — 0 as ¢ — 0% which implies, by (4.2.17), X, = 0, and, by point iii)
in Proposition 4.2.6, we obtain £,(0,0) = 0 = £*(0,0). In both cases, we conclude that
(£* = £.)(po, Xo) = 0 and we get the contradiction 0 < /T2 < 0.

Therefore, we have proved that u, < in R? x (0,T) for every > 0. Thus, taking the
limit n — 0, we obtain the desired result, it holds that

u<u
in R? x (0,7). O

Once we know that our evolution problem (P) has a comparison principle (Theo-
rem 4.1.1), we can prove that this problem has a unique solution. The proof of the existence
is based on Perron’s method as described in [78]. This proof also works for more general
operators L that have a comparison principle and satisfy items ¢)-v) in Proposition 4.2.6.

Now, we will prove that there is a unique solution to (P), that is, Theorem (4.1.2). Let
us consider W given by

W(z,t) =inf {w(z,t) : weA (4.2.19)

with
A= {w(x, t) : w is a viscosity supersolution (4.2.20)

wy + Lw >0 in R? x (0,00), w,(-,t) > forall ¢t>0 and w.(-,0) > uo}.

Our aim is to show that W is also a supersolution of the Obstacle Problem (P) and, in
addition, it is a subsolution to
u +Lu=0
inside the set {(z,t) : W(z,t) > ¥(x)}.
Before doing that, we need to establish that W is well defined and that it is the smallest
supersolution of the Obstacle Problem (P) using the following lemma.

Lemma 4.2.10. Let F be a family of viscosity supersolutions to u;+Lu = 0 in R% x (0, 00)
and assume that the family is bounded below. Assume

U(z,t) :inf{u(x,t) ; ue]:}

is a well defined function with U(x,t) > —oo for every (z,t) € RY x (0,00). Then, U is
also a supersolution to u; + Lu =0 in R? x (0, 00).
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Proof. Fix (zg,t9) € R? x (0,00). Suppose that (a,p, X) € P> U.(xo,to). We want to see
that
a+ F*(p, X) > 0.

Thanks to the way in which U is defined, we can take a sequence {(z,,tn, un)}nen such
that u, € F and (x,, t,, un (T, tn)) — (2o, to, Us(xo,t0)). By a parabolic version of [36,
Proposition 4.3], there exists a sequence {(Zp, n, Gn, Py Xn) fnen belonging to R? x (0, 00) x
R x R? x S such that (a,, pn, Xn) € P* Uny(2n, t,) for all n € N and

(an,pn,Xn) — (a,p, X) as n — oc.

Therefore, we have
an + L (pp, Xn) 20

due to the fact that u, is a viscosity supersolution in R? x (0, 00) for every n € N. Since
L* is upper semicontinuous, we obtain

a+ L (p,X) >0

as we wanted to show. O

In the following proposition, we show that W, defined in (4.2.19), is the smallest super-
solution of (4.1.1) that is larger than the obstacle and with initial datum larger than .
As a consequence, W is a supersolution to the Obstacle Problem (P). To prove this result,
we strongly use Lemma 4.2.10 and the fact that £ is a geometric function (see point v) in
Proposition 4.2.6).

Proposition 4.2.11. The function W : R¢ x (0,00) — R given by
W(z,t) = inf {w(z,t) : weA

with A as in (4.2.20) is well defined and belongs to A. That is, W a supersolution to (4.1.1)
in RY x (0,00) such that W(-,0) > ug and W > 9 or, equivalently, W is a supersolution
to (P). Furthermore, W (z,0) = ug(x) for all z € R and W is a lower semicontinuous
function in R x (0, 00).

Proof. We divide the proof in several steps.

FIRST STEP. We begin by constructing an upper barrier w™. We look for a function
wt € A such that w*(-,0) = ug. Consider two constants « and /3 such that 5 > 2a > 0.
Fix z € R?. We define the function

h.(x,t) = alr — z|* + Bt

for (,t) € RYx (0,00). Observe that, since D?h, = —2aly, we have that £,(Vh., D*h,) =
L*(Vh,,D*h,) = —2a in R? x (0, 00) due to the item i) in Proposition 4.2.6. Then, since

Oth.(z,t) + L(Vh,(z,t), D*h (2,1)) = f — 2a > 0
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for every (z,t) € R? x (0,00), we have that h, is a supersolution to (4.1.1) in R? x (0, c0)
for every z € R% Now, our goal is to construct a supersolution to (4.1.1) based on h,
that is ordered with the initial datum at ¢ = 0. Since uq is bounded and continuous, we
consider

H.(s) := max {uo(y) .y € RY satisfies that aly — 2> < s}, s eR.

Since L is degenerate elliptic and geometric (see Proposition 4.2.6) and H, is a nondecreas-
ing continuous function and h, is a supersolution to (4.1.1) for all 2 € RY, then, by [32,
Theorem 5.2.], the function

H,oh,(z,t) = max {uo(y) Cally =z - —2)?) < Bt}, (z,t) € R? x (0,00)

is, endeed, a supersolution to (4.1.1) for all z € R% Moreover, since H, o h, > uy and
ug > 1 , we have that H, oh, > 1 for all z € R%. Therefore, H, o h, € A for every z € R,
so A is not empty.

Now, to construct a function in A that takes the initial datum uy at ¢ = 0, we define

Ha,t) == inf {HZ o h.(z, t)},

for (z,t) € R? x [0,00). Observe that, by construction, |H, o h.||e < |luolle for every
z € R% Moreover, since H, o h, is a supersolution to (4.1.1) in R? x (0,00) for every
2z € R by Lemma 4.2.10, we get that w is also a supersolution of the parabolic equation
(4.1.1) in R? x (0, 00).
Finally, since that H, o h, > v and H, o h,(-,0) > ug(-) for every z € R? we obtain
that w™ satisfies
wt(x,t) > P(x) and wt(-,0) > ug(-).

In addition, w*(-,0) = ug(-) due to the fact that
up(r) < wh(x,0) < H, 0 hy(z,0) = max{ug(y) : aly — 2> <0} = up(x)

for every x € R%. Hence, we conclude that wt € A and w*(-,0) = ug.

SECOND STEP. We will prove that W is well defined, W € A and W (-,0) = ug(+).

First, observe that since w™ € A, w™ < ||upl|oo and w > ¥ > —||¢)|| for every w € A,
the infimum in A, W, is well defined and satisfies —||¢||cc < W < [Jugl/oo- Furthermore,
by Lemma 4.2.10, W is also a supersolution to (4.1.1) in R? x (0, o).

On the other hand, since w > 1 and w(-,0) > wg(-) for every w € A, we have that
W > and W(-,0) > uo(-). In addition, it holds that

uo(e) < W(z,0) < w* (2,0) = uo()
for every x € R O

Now, we show that W is also a subsolution to our obstacle problem.
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Proposition 4.2.12. The function defined by (4.2.19), W, is a subsolution to the obstacle
problem (P) in R x (0, 00) with W (-,0) = ug(-).

Proof. Let (wg,ty) € R? x (0,00) such that W (zg,ts) — ¥(x) > v > 0. We want to prove
that, for every (a,p, X) € P>TW*(xq, 1), it holds that

a+ L.(p,X)<0.

We will argue by contradiction. Suppose that there exists (ag, po, Xo) € P>TW*(x0, o)
such that

Our goal is to construct a supersolution U to (4.1.1) that is strictly smaller than W at
(xo,to). Notice that, by the definition of W as the infimum of supersolutions, this leads to
the desired contradiction.

First, we define

o (2, 8) 1= W (0, t0) — % +a(t — to) + (po, & — o)

1
+ §<X0(ZL’ — l‘g),ZE — JI(]> + O'(|t — to‘ -+ |l’ — ZE0|2).

where p, 0 > 0 and they will be chosen later. Observe that, since
W (o, to) > t(x0) + 7,
we have that there is a ry depending on v, |agl, |po|, |Xo| and ¥ such that

W (o, to) — g + ao(t — to) + (po, x — xo) + %(Xo(x — 29), T — x) > Y(x) + %

for every (z,t) € B, (x¢,to) (here we use the assumption that 1 is continuous). Moreover,
thanks to the fact that o > 0, the above implies that

o (2, 1) > ¥(x) + % for all (z,t) € Byy (2o, ty)-
In addition, by (4.2.21), we have
ap + L (po, Xo) > ag + Li(po, Xo) > v > 0.

Then, there exists 0 < r; < ryg where r; does not depend on o such that u,, , is supersolution
to uy + Lu = 0 in B, (xo, to).
On the other hand, we claim that we can choose o > 0 large enough such that

W(z,t) < upo(z,t)  for all % < |(2,t) — (20, to)| < 7.
Considering

7:= max W"— min W >0,
B (z0,t0) By (z0,t0)
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we have that W (xz,t) < W(xo,to) + 7 and, as a consequence,

Wiz, t) <wuyo(x,t)+ % + 7 — ap(t — to) — (po, * — o)

1
—5(Xo(x = o), — o) — (|t — to] + |z — o)

for every (x,t) € B,,(xo,tp). Now, suppose that r¢/2 < |(x,t) — (xo,to)] < ro. Then,
taking
> 2(v/3 + 7 + laolro + |polro + [Xo|r3/2)
ro 4 13

it holds that

X o
W(z,t) <uye(z,t)+ % + 7+ |ao|ro + |po|ro + %7’2 — 5(7"0 +75) = Uy o (2, 1).
Then the claim is proven.

Now, we define

min{W(x,t),u(;p(x,t)} if |(I7t) - ((L’(],t()>| <71,
U(z,t) =
W(z,t) otherwise.

Observe that, by Lemma 4.2.10 and the previous steps, U is a supersolution to u; + Lu = 0
in R? x (0,00) such that U > ¢ and U(-,0) = ug(-) (taking 7; small enough such that
U(-,0) = W(-,0)). That is, U € A with A defined in (4.2.20). As a consequence, by
the definition of W in (4.2.19) and using that W is lower semicontinuous (see Proposition
4.2.11), we get

W(ﬂ?o, to) S U*(Z'U, to).

However,
U.(o, o) = min {W(IO, to), u’y,o(x()’tO)}

= min {W(Jfo,t()), W(l’g,to) — %} = W(lL‘(),to) — % < W(I’Q,to)

*

which is a contradiction with the previous inequality. Then, we conclude that W is a
subsolution to the obstacle problem (P). O

Now we are ready to conclude the proof of Theorem 4.1.2.

Proof of Theorem 4.1.2. By Proposition 4.2.11, the function W is a viscosity supersolution
of (P) such that W (z,0) = ug for all z € R%. On the other hand, by Proposition 4.2.12, W
is a subsolution to (P). Therefore, thanks to the Comparison Principle 4.1.1, W* < W,
in R? x [0,00). Hence, W is a continuous function in R? x [0, 00) and W is the unique
solution to the obstacle problem (P). ]
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4.3 The limit of the value functions for the game is
the solution to the parabolic equation
In this subsection, we will obtain that the unique solution u to the obstacle problem (P)

is the locally uniform limit of the value functions u® of the e-game as € goes to zero, see
Theorem 4.1.3. Our strategy is to prove that the functions

u(x,t) = limSij u(y,s), ulx,t)= 1ig(i}9f W (y, 5), (4.3.1)
(y»i’)_go(%t) (y,8)— (1)

are, respectively, a viscosity subsolution and a viscosity supersolution to the problem (4.1.1)

with u(x,0) = u(z,0) = up(x). Therefore, by the Comparison Principle, Theorem 4.1.1,

we get that w < w. Since by definition u < u, we then obtain that w = u. Hence, the limit

of the family u® exists and it is the unique solution u to (4.1.1). Finally, as a consequence

of the convergence u® — u, for each t > 0 we will be able to approximate the set where

u(+,t) is positive by the set where u®(+,t) is positive for € small enough, see Corollary 4.1.4.
Notice that the final payoff is uniformly bounded,

sup max {|u0(:c)|, ]wg(a:)\} <C
z€ER

for a constant C' independent of . Therefore, we conclude that the value function of the
game, u® is uniformly bounded.

Lemma 4.3.1. There exists a constant C, independent of €, such that

sup [u®(z,t)] < C.
(z,t)EREx[0,00)

Next, we prove that the half-relaxed limits of the family u®, w and u, given by (4.3.1),
attain the initial condition.

Proposition 4.3.2. Let u and u be defined as in (4.3.1). Then
u(x,0) = u(z,0) = up(z), for every x € R%.

Proof. We give strategies for both Paul and Carol that will yield the two inequalities needed
for the proof.

PAUL’S STRATEGY. In this strategy Paul will never stop playing and collect the amount
given by the obstacle. Fix z € R?. Paul chooses vectors v, perpendicular to xj_; — z for
k=1,---n. We let Carol choose the sign freely. This implies that, independently of
Carol’s choice,

|zn — z0|? = |T0 — 2|* + N,

Let t = ne?. Then, we have that
|z, — 20| = V|10 — 2|> + .
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Since Paul has been choosing the vectors, we get a bound from below

uop () < u(xo,t), with |z, — zo| = /|xe — 2|2 + t.

CAROL’S STRATEGY. Now we let Paul choose freely the possibility to stop and obtain
the payoff given by the obstacle and the direction he wishes to point to, but Carol chooses
the sign b for k = 1,--- , n so that each x;, stays as near as possible to zy. The furthest that
each position 7, can be from z is, following the previous computation, y/|xo — z|? + . So

we get
’fn — I’Q’ < 4/ ’5130 — Z|2 + 1.

Notice that Paul could choose to stop at the obstacle at any moment. Since we selected a
particular strategy for Carol, what we get in this case is that

u® (g, t) < max {w(xo), max {¢(§1)7 - max { Y (Tp_1), uo(Ty) }}

ATTAINING THE INITIAL CONDITION. From our previous computations we have that

uo(x,) < u(xp,t) < max {@/J(xo), max {@D(fl), -+ -max {w(in_l), uo(Ty,) }}

with
|z, — 2| = V/|zo — 2|2 + ¢, |z — 2| < V/]xo — 2|> + ¢

for k =1,---n. Now, taking the limsup and liminf when ¢ — 0, zy — z and ¢t — 0, using
the continuity of ug and ¢ the we get

up(2) < u(z,0) <7T(2,0) < max {1(2), uo(2)
To conclude, observe that ug(z) > 1(z) for every z € R% So, we have obtained that
u(z,0) = u(z,0) = uo(2)
for an arbitrary z € R?, that is what we wanted to prove. O

Remark 4.3.3. When uq is a Lipschitz function, from the previous estimates in the proof
of Proposition 4.3.2, we get that

up(zn) < u(zo,t) < max {uo(xo),uo(fl), = ~uO(fn_1),uO(fn)},

with
|z, — 2| = /|®o — 2| + 1, [T, — 2| < V/]xo — 2]+t

for k =1,---n. Hence, using that ug is Lipschitz we obtain an explicit bound of the form

Juo(2) — (0, 1)] < Clo — 2| + V).
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Now, let us show that the half-relaxed limits are sub and supersolutions to our parabolic
obstacle problem. Recall that 1 is a continuous and bounded function such that

K = {zx ¢ R : y(z) > 0},

and that we have characterized the enlarged set K. = K + By.(0) in a similar way, that
is, there exists a function )., such that we have

K.={z cR%:¢.(2) >0}
and 1. — 1 uniformly when ¢ — 0.

Theorem 4.3.4. The functions @ and u defined in (4.3.1) are respectively viscosity subso-
lution and supersolutions to the obstacle problem (P).

Proof. First, remark that w is upper semicontinuous and w is lower semicontinuous. We
know that u®(x,t) > ¢ (x) thanks to the DPP. This implies that both % and u satisfy the
same inequality.

Let us write the Dynamic Programming Principle of our parabolic game as

jol=1b=%1

0 = max {wa(x) — u®(x,t), sup min {u‘s(x + bve, t — %52) - ue(a:,t)}} .

The use of this equation is the key to pass to the limit in the viscosity sense.

Let us show that % is a viscosity subsolution. To this end, let ¢ € C**(R¢ x R) be a
function such as ¢ — @ achieves a strict minimum at (zg, o) in Bg,(zo,t). We want to
prove that

min {0,6/(zo, to) + L(9(r0, 1)), W0, to) — (o) } < 0.
For every € > 0, we can choose (w.,t.) € Br,(0,1) such that

(b(xE? tE) - u€($€7 tz—:) - 83 S _ inf {¢<x7 t) - 'U/E(:C’ t)} S ¢(x7 t) - ue(a:7 t)?
Br, (zo,to
for every (z,t) € Bp,(2o,t0). As Bg,(70,ty) is a compact set, (z.,t.) converge, up to a
subsequence, to some (T,f) as ¢ — 07. We have that (Z,t) = (xg,%o), since (xg,%o) is
the only maximum of (@ — ¢) in Bpg,(x¢,%y) by construction. Rearranging the previous
expression, we get

u(y, s) —u(2e,to) < Oy, s) — o(ae, to) + 53»

for every (y, s) € Bp,(7o,0).
Evaluating the DPP expression at (z,t) = (x.,t.) we obtain

1
0 = max {ws(xe) — u®(xe, te), sup min {’w':(ﬂz:6 + bve, t. — 582) — u®(xe, te)}}

lv]=1 b==+1

< max {d%('rs) - us('rsvts)a sup min {(b(xe + bve, t. — 162) - ¢($€7ts)} + 83} :

|o|=1b==%1 2
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This says that either

1
ez (o) or s in fote. + bue,t = 22— et [+ 20
lv|=1°=

Since u(z,t) > ¥.(x), we can rewrite this as

1
Ve () = u(we,t.) or sup gmiri {qﬁ(xe + bve, t, — 552) — ¢(x., te)} +£%>0,
|v|=1°=

which, dividing by €? the inequality, is equivalent to

1.2y
Pz + bve, t. — 5¢%) ¢(Ig’t€>}+520,

e2

bl = et o p

that is,

c2

e+ bve, t. — 5€%) — (., L.
0 < max {1/15(%) _ Ue(l‘a,ta), sup Ifﬁﬂ {¢(SE + bve 5€ ) (b(w )} + 5} .
o|=1b=

Now, we divide the proof into two cases. First, assume that there is a sequence (., t.)
that satisfies that ¢.(x.) = u®(z.,t.). In this case, we have that ¢.(z.) = u®(z.,t.) for a
sequence € — 0. Thus, passing to the limit in

u(y, s) < P(we) + oy, s) — dlze, te) + 53;

that holds for every (y, s) € Bg,(wo,t0), we obtain ¥(zg) = u(x, o).
For the second case, we can assume that 1.(z.,t.) < u®(x.,t.) and, therefore, we have

{gb(xa + bve, t. — 3€%) — P, t.)

sup min

lv|=1 b==+1

= }+52O (4.3.2)

Let us analyze this expression. We have
1
¢<xa + bue, t. — 552> - Cb(xaa ta)
L, L, L,
= q§<x5,t5 —5¢ ) — ¢(ze, te) + qb(xe + bve, t. — 5 ) — (é(xg,ts —5¢ )
The first couple of terms can be estimated with a first order Taylor expansion

(b(xsa ts - %52) - ¢<w57 ts) = _%528t¢($67 ta) + 05(62):

while the second couple requires a second order Taylor expansion
1, 1,
gb(ma + bve, t. — 3¢ ) — ¢z, t. — 3¢ )

1 1 1
= b5<V¢(x5, te — 552>,v> + §€2<D2¢(x5,t6 - 5&:2)1], v) + 0.(?).
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Choose v, € SV~ such that

min
b==1

{gb(ms + bv.e, t, — %52) — ¢(we, t.) } ~ sup min {gzﬁ(xe + bue, t, — %52) — ¢(we, t.) }

2 — 2
€ lu|=1b=*1 €

such a v, € SV~! exists due to the continuity of ¢. Then,

{gb(aza + bve, t. — 1e%) — ¢(x., t.) }

sup mip 2
= L00(a.t) 3 (D0(ete — e + min { (V6 (it — 2?) 0 ) |+ o(1)
- 9 tP (e, Le 2 Te,le 25 Ve, Ve l?:l!ﬂ c L,y le 25 ; Ue O¢ .

Since |v.| = 1, up to a subsequence, we can suppose that v. — vy for some vy € S¥~!
when & — 0". This limit direction vy is going to satisfy that vy L V(xg, ). If it did not,
for € small enough we have that

(Vo (o, o), v) < <V¢(wa,t€ — %52>,va> < C{Vo(xo,to), vo)

for two positive constants ¢, C' > 0 independent of €. But if this was the case and, for
instance, (Vé(zo, o), vo) > 0, we would have that

lim min {9<V¢(x5,t€ — %52>,v€>} < lim —Cl<v¢(l’0,t0),vo> = —00.

e—0t+ b==%1 £ e—0t £

Assuming that (V¢(xg,ty),vo) < 0 we arrive to the same conclusion (since we can choose
the opposite sign, b = +1). This contradicts (4.3.2).

With the perpendicularity condition in mind, (V¢(xg,to),v9) = 0, and taking into

account that
i b<v¢( gL 2) > <0
b 2\ VO e T g e p =T

we can take limits and obtain

1 1 1 1
0< —§3t¢($0,t0) + §<D2¢(l’o,to)vojvo> < —§3t¢(~’170,t0) + ‘Sl‘lp §(D2¢(x0,t0)v,v>.
vl=1
’L)J.V(ﬁ(:l:o,to)

Hence, since @(+,0) = ug(-) (see Proposition 4.3.2), we have that w is a viscosity subsolution
for the parabolic obstacle problem, (P).

To show that u is a supersolution, the structure of the proof remains basically the same
(with the appropriate changes in the inequalities), but the last step in this case is simpler,
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since we arrive to

0> i
Z sup iy
. {(b(xe + b’Uffa ts - %52) - ¢<x57 ts) }
> sup min

lv]=1 b==+1
v1V(xe,te—1e?)

= SOt + s (Dt~ 2 0) +o.1))

[v]=1
ULV(ﬁ(xs,tsfész)

{gb(% + bve, t. — 1e%) — ¢(z, t.)

Choose vy such that

(D*¢(x0, to)vo, vo) = ‘Slllp (D*¢(x0, to)v,v).
vl=1
UJ_V¢5(x0,t0)

Define the vector w, as

1 V €7t6 — 12
We = <U07 v¢ (xsate - _82)> ¢ (:L‘ 28 )2

2 v¢ (‘/E&a t&‘ - %82)

if Vo (xe, t. — %52) # (0, and w. = 0 otherwise. Observe that

1
(vo —w:) L Vo (.735,25E — 552) )

With this in mind, we get

1 1
sup {—<D2q§<x€,ts — —€2>U, U> + 05(1)}
jvl=1 2 2
vIV(ze,t-—1e?)

1 1 - We - We
2<§D2¢<x6,t5——62> e R >+06(1)

27/ Jlvo = well [lvo — well

1

<D2¢(3:0, to)vo, Vo) = lSl|1£ §<D2¢(3¢0, to)v,v),

vJ_VQ‘)(IL'(),to)

—

N | —

since w, — 0. Therefore, we found what we wanted, that is,

1 1
0> _§at¢(x07t0) + |51|1p {§<D2¢(5’507t0)vv U>}
v|=1
v V(xo,to)

Thus, since u(-,0) = up(-) (see Proposition 4.3.2) and that we have u > 1, we obtain that
u is a viscosity supersolution to (P). O
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Our aim is to establish the convergence of the functions u® given by the deterministic
game to the solution to the parabolic problem (P). Having proved that the half relaxed
limits satisfy that @ is a viscosity subsolution and w is a viscosity supersolution to (P), our
next goal is to prove that uw and u coincide. We will achieve this using the Comparison
Principle, Theorem 4.1.1.

Proof of Theorem 4.1.3 . Consider the upper semicontinuous function @ and lower semi-
continuous function w defined by (4.3.1).
On the one hand, by definition, we have that u(x,t) < u(z,t) for all (z,t) € R?x [0, c0).
By Proposition 4.3.4, @ is subsolution and w is a supersolution of problem (P). Then,
u > u in R? x [0,00) due to the Comparison Principle, Theorem 4.1.1. Therefore, we
conclude that

u=u
which implies that u := % = u is a continuous function in R? x [0, 00). Moreover, u is the
unique solution to the obstacle problem (P) and u® converges to u pointwise in R x (0, 00).
This convergence is locally uniform. Let us show this by a contradiction argument. Assume
there is a compact set A C R? x [0, 00) such that the uniform convergence is not satisfied
there. Then, there exist a positive number p > 0, and sequences {¢; }jen, {(2;,t;)}jen C A
such that €; — 0 as j — oo and

|u¥(xj,t;) —u(xj, t;)] > p forall j € N.

Then, taking a subsequence if necessary, there exists (Z, too) € A so that (z;,t;) converges
t0 (Too, too) @8 j — 00. Since w is continuous at (T, too), and we know by the previous
part of this result that

lim U,S(y, 5) — u($0a t());
e—0t
(y,5)—>(zo,to)

we obtain that
< u (wg, t5) = ulay, )] < [u(3),t5) — u(@oo, too)| + [u(w), 1) — U(Tos, to)| — 0
when j — oo, which is a contradiction. ]

Now, recall that we we want to study the positivity sets of u° and wu,
Qf ={z : u(x,t) >0} and Q :={z : u(z,t) > 0}.

Next, as a consequence of the convergence of u® to u, we will prove that for each fixed
t>0, B
) C lim iglf QF C limsup Qf C €.
e—

e—0

Proof of Corollary 4.1.4. Fix t > 0. We start proving that

2 C liminf Q.
e—0
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Suppose that x € €);. Since
1' 3 € — &€
lgilglf Q; U ﬂ Q7
e0>00<e<eq
we want to prove that there exists €9 > 0 such that x € € for all 0 < ¢ < &y.
Using that x € €, we get that there is p > 0 such that u(x,t) > pu. By Theorem 4.1.3
, u® — w. Then, there is ¢g > 0 such that u®(x,t) > p/2 for each 0 < ¢ < ¢y. Thus, z €
for all 0 < e < gy. o
On the other hand, suppose that x ¢ £2,. Our aim is to prove that

x ¢ limsup €2;.

e—0

limsup Q; = ﬂ U Q,

£—0 e0>00<e<eq

Since

the above is equivalent to prove that there exists g > 0 for which z¢ & 2 for all 0 < € < &.
Due to the fact that = ¢ Q,, we get that there exists x4 > 0 such that u(z,t) < —p.
Using again the convergence of u® to u, we obtain that there exists ¢y > 0 such that
uf(z,t) < —p/2 for every 0 < e < g, that is, for each 0 < ¢ < gy, z & Q5. ]

4.4 Long time behavior of the value function of the
game and of the solution to the parabolic problem

The main goal of this subsection is to prove Theorem 4.1.6, that is, to prove that in the
asymptotic limit as ¢ — 400 we recover the convex hull of the obstacle as the limit of the
positivity set of the solution to the parabolic problem, that is,
co(K) = lim ;.
t—o0

In other words, we expect that the set where the solution stays positive is close to the
convex hull of K for large times. This holds for any open set K as long as the condition
on 2y and K that we called (G) is satisfied. At this point we recall that we assumed that
K is an open set. However, we can also work with a more general K, not necessarily open
(but always assuming (G)), and in this case the best that we can conclude is

co(K) C liminf €, C limsup € C co(K).
t—o0 t—00

The game is going to be our main tool in this subsection, so we will also study the
value of the game u®(x,t) for large times before taking the limit in . To this end, we need
to introduce a different notion of convexity that takes into account that there is a fixed
length for the steps that one can make in the game. With this notion of convexity (that
we will call e-convexity), we define a better suited concept of “convex hull” that is adapted
to the discrete nature of the game: the e-convex hull of a set.
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4.4.1 Defintion of s-convexity and preliminaries

Let us first present some previous definitions to understand e-convexity and see how they
reproduce the expected properties of convexity. We will write £, , as the standard segment
between = and y (including both z and y),

ﬁxvy::{z:ﬁm—k(l—@)y : 0§0§1}.

Definition 4.4.1. For 0 < ¢ < 1, we define the e-segment between x and y as

k k _
= {Z:ﬁ”(l_ﬂ)y‘ J=0,17---,M} i =Y ren

{x,y} if 2=y ¢ N.
£

Notice that when |z — y|/e & N the e-segment contains just the two points = and y.
With this definition of e-segment, we can define the concept of e-convexity.

Definition 4.4.2. A C R? is a e-convex set if for any z,y € A, 5, C A.

) x?y
Remark 4.4.3. The arbitrary intersection of e-convex sets is e-convex.

The reason behind using e-convexity and not usual convexity is that due to the discrete
nature of the game, Carol could force Paul to exit the convex hull of K, but not the e-
convex hull. Observe, for example, that if the obstacle was K = {a, b} (without enlarging
it) and £ , C €2, Paul would win if the game starts at = € £; , no matter how many plays
the game last, but would loose if z € £y \ £, if they play a large number of times.

Thanks to the fact that the intersection of e-convex sets is e-convex we can introduce
the e-convex hull of a set.

Definition 4.4.4. We define the e-convex hull of a set A, co.(A), as the smallest e-convex
set that contains A, that is,

co.(A) := m C.

{C e-convex: ACC}

Note that, thanks to the previous remark, the set co.(A) is e-convex.
With these definitions at hand, what we aim to prove is Theorem 4.1.5, that is,

co(K) C litm inf 2§ C limsup Qf C co(K.) C co(K) + B.4(0). (4.4.1)
—00

t—00

On the one hand, the ideas used in the proof of the inclusion lim sup Qf C co(K.) are a
t—o0
major novelty of this chapter. This result is derived using the characterization of of {27 in

Proposition 4.4.8 along with the strategies outlined in Definition 4.4.9, which each player
can implement to achieve their goals. The key point here is that we avoid the need to use
co(K.). We also emphasize that the inclusion holds true for ¢ = 0, although this is not
deduced directly from taking the limit as ¢ — 0.
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On the other hand, the inclusion co(K) C litm inf 2; under the hypothesis (G) is one
—00

of the most relevant results of this work. Specifically, for the case d > 3, this inclusion
constitutes the most essential contribution to the obstacle problem (P). The proof relies
on an original argument based on polygonal constructions.

We will deduce Theorem 4.1.6 from these inclusions.

Under the hypothesis that co(K) C €y we will be able to prove a stronger statement,
in fact, under this condition, we have

co(K) C co.(K.) C lig(i)gf Qf C limsup Q; C co(K.) C co(K) + B.4(0). (4.4.2)

t—o00

Now, let us state a result concerning classical convex hulls that proves the last inclusion
in the above chain.

Lemma 4.4.5. It holds that
co(K.) C co(K) + Bq(0).

Proof. Let us call U := co(K') + B.4(0). We will prove that U is convex and K. C U. Then
co(K.) C U because co(K.) is the intersection of all convex sets that contains K.
On the one hand, U is convex. By definition

U={y=xz+z:2€co(K) and z € B,40)}.

Given y1,y2 € U, y1 = 21 + 21 and yo = x9 + 29 with 21,29 € co(K) and 21, 29 € B-4(0).
Given 0 < 6 <1 let us consider

Oy + (1 — 0)yo = (0z1 + (1 — O)z2) + (021 + (1 — 0)22).

Using that co(K) and B.4(0) are convex we get that (6y; + (1 — 6)ya) € co(K) + B4(0).
On the other hand, it holds that K, C U because

K.={y=xz+z:2€ K and z € B,4(0)}
and K C co(K). O

Next, we want to characterize the e-convex hull of a set by means of the e-segments
that we introduced. We need the following auxiliary definitions.

Definition 4.4.6. Let A C R% Let us consider (°(A) := A and (°¢(A) := A. We define
0I(A) and ¢7<(A) for j € N as

FA) = {x e R: Ja,be 7(A) such that = € eavb},
PE(A) = {x cRY: Ja,bc F71(A) such that = € E;b}.

Remark 4.4.7. Observe that the sequences {/(A)}2, and {#7*(A)}7Z, are increasing se-
quences. We also have that ¢/(A) = (' (¢771(A)) and #<(A) = (1 ((12(A)).

162



CHAPTER 4. A GAME THEORETICAL APPROACH TO THE CONVEX
HULL OF A SET VIA MINIMAL CURVATURE FLOW

Notice that what the previous definitions do is add to a set the segments whose end-
points lie in the set. A naive first impression may suggest that co(A) = (*(A), but if the
dimension of the ambient space is bigger that one, this is not true in general. Next, we
are going to characterize both co(A) and co.(A) of a set A C R? with the families {¢/(A)}
and {#¢(A)}, j € N.

Proposition 4.4.8. Let A C R?. Then

co-(A) = | J0°(4),  co(A) =U(A).

J=0

Proof. We begin proving the result for the e-convex hull. First, note that the family
{¢7(A)}52, is an increasing sequence of sets as we mentioned in Remark 4.4.7. Then, if
z,y € ;2o 077 (A) are such that |z —y|/e € N, there exists k& € N such that z,y € (k= A)
which implies £; € (*71°(A) and therefore, | J;Z, #/°(A) is e-convex. Since A = (*%(A),

we obtain

co.(A) C U (< (A).

Next, we want prove that ¢™(A) C co.(A) for every n € N. For n = 1, if z € (*(A)
there exist a,b € A such that x € ¢ ,. This implies that 2 € co.(A) because co.(4) is
e-convex. Now, arguing inductively, suppose that ¢"~1€(A) C co.(A). Let x € £"°(A)\
("=1¢(A). Therefore, there exists a,b € (" 1¢(A) such that x € ¢, and, applying the
inductive hypothesis, we obtain that x € co.(A) because a,b € co.(A) and co.(A) is
e-convex. Thus,

co.(4) D U (= (A).

The last part of the proposition, namely, the fact that co(A4) = ¢¢(A) (notice that
the dimension of the ambient space plays a role here), is just a simple consequence of
Caratheodory’s Theorem. This is a standard result for the convex hull of a set, which
states that for any element x € co(A), x is the result of a convex combination of at most
d + 1 points in A. ]

Now, under our hypothesis on the relationship between co(K) and €y we will be able
to prove the chain of inclusions (4.4.1), and, with further hypotheses, (4.4.2).

First, we introduce two important strategies (a version for each player) that will help
us to understand the asymptotic behavior of the value of the game.

Definition 4.4.9. Let
{(Um bn)}nEN C Sd_l X {17 _1}

be a family of choices for Paul and Carol.
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We say that the choice {(vy, b,)}nen follows a concentric strategy at x for the e-game
if for some z € R? the sequence

ry i =x+bvy, r,=2,_1+0bv,, neN

satisfies that
|z — 2> > |z — 2|* + ne?,  for every n € N. (4.4.3)

For each starting point z and centre z, each player can implement a concentric strategy
regardless the choices of the other player (if Paul plays without stopping at the obstacle).

e Concentric strateqy for Paul: Here, at each round of the game, Paul chooses to
continue playing and a vector v,, such that v,, L z,_ 1 —z forn > 2 and v; L z — 2.
With these choices, no matter which election of sign Carol makes, we have that

21— 2P =z — 2> +&% |on— 2P =|re — 2P+ n>2.

Then, (5.3.10) holds for the sequence of positions of the game {x, },en.

e Concentric strateqy for Carol: Assume that Paul chooses to play at every round.
Let v; be the choice of Paul at the first round. Carol chooses b; = % such that
71 € Bg,(2) with Ry = |z — 2|. Then, |z; — z|> > |x — 2|? + €% with equality if and
only if v; L x — 2. For the n-th round, given Paul’s selection of a vector, v,, Carol
chooses again the sign b, = + that satisfies that z,, € Bg, (z) with R,, = |z,_1 — z|.
By an iterative argument, one can see that the sequence {z, },en satisfies (5.3.10).

Although Paul and Carol can use a concentric strategy for each z, this approach is not
always optimal. However, in some cases, merely having the option to execute this strategy
determines the winner of the game. The final outcome heavily depends on the position
of the starting point z relative to co(K) and the time ¢ at which the game starts (this
determines the maximum number of plays). For an example, see for instance the proof of
the following result.

Lemma 4.4.10. For every € > 0, it holds that

limsup Q; C co(K.) forall 0 <é<e.

t—o00

Proof. Fix € > 0 and choose x ¢ co(K.). We will prove that

r ¢ limsup () = ﬂ U QF for every 0 <& <e. (4.4.4)

=00 >0 s>t

That is, we want to prove that there exists t > 0 such that = ¢ Q;: for all s > t and all
O<e<e.
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We claim that there exists a time 7, > 0, that may depend on z, such that
u(w,t) < —p/2 forall t>7, and 0 <& <e, (4.4.5)

where p > 0 is such that uy(z) — —p as |z| — oo.

Using the claim, since Q¢ = {z € R?: u(z,s) > 0}, we have that z & Q° for all s > 7,
and 0 < € < e. Then, we have just proved (4.4.4).

Now, let us prove the claim. Since wuy is continuous function and ug(x) — —p as
|z| — oo for some p > 0, there exists Ry > 0 such that

{z e RY: uy(x) > —p/2} C By, (0).

On the other hand, since z ¢ co(K.), there exist z € R? and R, > 0 such that
co(K.) C Bg,(z) and x € 0Bg,(z) due to the fact that co(K.) is a bounded, closed and
convex set. In this situation, using the concentric strategy, playing the é-game, (with
0 < & < ¢), Carol wins. No matter which choice of v € S¥~! Paul makes, Carol can choose
the next position x; = x + vé such that |z; — z|> > R% + &% with equality if and only if
x — z L v. For the next position, x5, for any vector that Paul could choose, Carol choose
the sign that increases the distance between the position and z, that is, she chooses the
sign that ensures that |zy — z|* > |21 — z|* + €2, Then, |zo — 2|? > R3 + 2&%. Iterating this
strategy, after n rounds, we have that |z, — z|*> > R3 + né? and then we get

lzn|?> > R3 +né® — |2)*.
Taking, 7, such that 7, > R? 4 |z|?, we have
|z, ? > R34+ né® — |2 > né? — 2> > R? for all né® > 7,.
Therefore, z,, &€ Bg,(0) for all né? > 7, which implies, by the choice of Ry, that
u(z,t) <sup{ug(y) : y & Bi(0) < —p/2 forall t>7, and 0 <£<e.
This ends the proof. O

Let us improve the previous result and show that if x ¢ co(K.), then Carol has a
strategy that allows her to leave the domain ) if they play a large number of times (and
hence Paul looses).

Lemma 4.4.11. It holds that
lim sup 2§ C co(K,).
t—o00

Proof. We are going to describe a strategy for Carol so that if z is in dco(K), then it forces
Paul to eventually move to one position that is in R? \ co(K). Then, we can apply our
previous result to conclude.

Since x & co(K), there exists a hyperplane that separates = from co(K). If Paul chooses
a vector v not included in the hyperplane, Carol may choose the direction that will make
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x1 go to a positive distance to co(K'). Then, from that point, Carol may apply a concentric
strategy just like in the previous result and exit the domain €.

Now, if we assume that Paul always chooses vectors included in the hyperplane H,
Carol may perform a concentric strategy inside the hyperplane so that she can also exit
the domain 2. In this case, Carol treats H N €Yy as the new domain and H Nco(K) as the
new obstacle. Carol just needs to apply the concentric strategy to move out of HN€}y. [

Remark 4.4.12. In this proof we only used that K. was an open set, but we are not using
that it is an enlarged version of K. Recall that we are assuming K to be open. Then, if
we consider the same game but using K instead of the enlarged version of K, this result
would hold just the same, that is, we can deal with = € dco(K) playing the game without
enlarging the obstacle. This fact will be used to obtain the inclusion
lim sup ; C co(K)
t—o0

that we prove next.

Notice that this inclusion cannot be deduced taking the limit as € — 0 in the previous
result, limsup Qf C co(K.).

t—o00

Theorem 4.4.13. Recall that K s an open set. We have that
limsup ; C co(K).

t—o00

Proof. Let x ¢ co(K). Then, there exists 9 > 0, depending on x, such that x & co(K,).
By the claim (4.4.5) in the proof of Lemma 4.4.10, there is a time 7, > 0 such that
uf(x,t) < —p/2 for all t > 7, and 0 < € < gy where p > 0 is the constant such that
up(z) — —p as |z| — oo. Since u® converges locally uniformly to u (see Theorem 4.1.3),
we have that u(x,t) < —pu/2 for all ¢ > 7, and every ¢ small enough and therefore,
x & lim sup £2;.

t—o00

If x € dco(K) then the result follows from Remark 4.4.12 and the previous computa-
tions. ]

Now we describe some strategies that Paul may use to win. As we already mentioned,
it is convenient to divide our arguments into different situations. We present our ideas
from the most to the least favorable situation for Paul.

4.4.2 Convex hull of K included in

For this whole subsection we assume that
co(K) C Qo and K. C Qg (for £ small).

Notice that K. C € for € small follows from K C €. Observe that when € is bigger
Paul has more opportunities to win. We are going to prove (4.4.2).

We need the next result for the first part of the chain of inclusions (4.4.2). In the next
lemma we use our choice of the enlarged obstacle as K. = K + B.4(0).
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Lemma 4.4.14. Let K C R? be an open set and let K. = K + B.4(0). Then, it holds that
co(K) C co-(K.).

Proof. First, we show that ('(K) C ('¢(K.). Choose a,b € K. Let us assume that
la —b|/e ¢ N, since the proof in the case that |a — b|/e € N is simpler and follows exactly
the same ideas.

If |a — b is not a natural multiple of ¢, there exists b in the line formed by a,b such
that |a — b| is a multiple of ¢ and the distance between b and b is at most /2 (if it was
larger than €/2 forward, it would be less than £/2 backwards and vice versa). See Figure
4.5. Notice that if |a — b| was a natural multiple of e, the only necessary change to the
proof would be choosing b="b.

Figure 4.5

Since a,b € K, then B.y4(a), Beq(b) C K.. We know that the maximum distance between
b and b is £/2, so choose § = ed — £/2 < ed and we get that Bs(b) C B.y(b). From the
construction of ¢¢(K.), we know that it contains copies of the set B; from a to b centered
at each natural multiple of ¢ between them. Then, we have that these Bs balls overlaps.
Let us compute this overlap.

Figure 4.6
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Define h as the radius of the overlap (see Figure 4.6). Then, using Pythagoras Theorem

we get that
2 N2 /en2
iﬂ:2—<% :(d--)-(ﬂ — d(d—1)? > 0.
4] 5 ed — 3 5 ( )et >0
Then, we have that the segment [a, 8] is included in ¢%¢(K.), and in particular the segment
[a, b] we were interested in is inside /°(K_). This proves (*(K) C (*<(K.).

To prove that co(K) C co.(K.), we are going to iterate the previous argument to obtain
that (*(K) C ¢*¢(K.). Since by Proposition 4.4.8 we know that co(K) = (¢(K), there is
a finite amount of iterations and our choice of K. as the set K + B.4(0) is enough (notice
that in R? we need d — 1 iterations). O

Let us treat first the situation in which €2 is e-convex. This particular case is interesting
because the set {2y preserves the e-convexity through its evolution via the game, that is,
the positivity set of the value of the game after k rounds of the game is still e-convex. To
simplify the notation let us call 2} (instead of 2_, » ,) the positivity set of the value of
the game, u®, after k plays.

Remark 4.4.15. Note that, when K C €, it holds that K, C 2, for all € > 0 small enough
and all £ € N. It is due to the fact that, if z € K., Paul can always choose to stop the
game and receives the positive payment . (x).

Lemma 4.4.16 (Preservation of e-convexity). Let Qg be e-convex. Then, Q)5 is e-convex
for any k € N and moreover,

K. Ceo(K.) C--- CQp CQpyqy T C Q.

Proof. Assume )} _, is e-convex. Let us show Qf is e-convex and 2 C Q5 _,. Let us start
with the latter. If x € Qf, we have that u(z, ke?/2) > 0. According to the DPP, this
implies that either

0 < sup min u(z £ ev, (k — 1)e%/2)
lv]=1

or

0 < ¢e(z).

This second case directly implies that z € K. C Q) due to Remark 4.4.15. Then, let us
assume that we are in the first case. If that supremum is bigger than zero, we have that
there is some vector vy such that

0< minu(x + evy, (k — 1)e%/2).

According to this expression, both x + ve,z — cv belong to €2j,_;. Since €} _; is e-convex
by assumption, we also have that x € 2;_,. Thus, € C Q5 _;.

Now let us check that € is also e-convex. Choose x,y € Qf, and z € (5 \ ({z} U{y})
(if this set is empty, the conclusion is trivial). We want to check that z € Q5. Since
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QO C Q_, both z,y € Qf ;. Using the e-convexity of this set, we get that 7 C Qf ;.

Choosing vy = ﬁ, this implies that

u(z, ke®) > max rrgn u(z £ ev, (k —1)e?/2) > min u(z & evg, (k — 1)e%/2) > 0

[v]
Hence, we conclude that z € i, making the set 2} e-convex. ]

Now we prove the main result of this subsection.

Lemma 4.4.17. Suppose that co.(K.) C Qq. Then,
co.(K.) C Qf for every k € N.

Proof. To prove that co.(K.) C Q5 for each k € N is equivalent to show that for every
time t = ke?/2, there exists a strategy for Paul such that he receives a positive payment
regardless of Carol’s choices for x € co.(K.), as a consequence of the existence of this
strategy, playing with the optimal strategy Paul also wins which implies that u®(x, ke?/2) >
0.

Suppose = € co.(K.) \ K.. Otherwise, if z € K., Paul automatically wins (he can stop
the game at this point) and receives the payment of the obstacle. Then, if z € co.(K;)\ K.,
by characterization in Proposition 4.4.8 of the e-convex hull, there exists an integer n > 0
such that © € ¢™°(K.). Then, there are a,b € " "'(K.) C co.(K.) such that z € £,
Based on this information, Paul selects the vector v = (b — a)/|b — a| because that choice
ensures the next point z; € £, no matter what Carol does. Then, if Paul and Carol only
play once, k = 1, Paul will receive a positive payoff because z; € co.(K.). That implies
Paul will either get money from the obstacle if 1y € K. or from the initial data, since
co.(K.) C Q.

If k # 1, Paul repeats the same strategy for x; choosing v = (b — a)/|b — a|. Suppose
that Carol always chooses the sign for the next the movement such that z; € £; , \ {a, b}
for each j € {1,...,k}. Consequently, at the end of the game Paul will receive a positive
payment since x; € £, C €25. On the other hand, suppose that for some j € {1,.....;k —1},
z; = a (or ; = b), then z; € ¢"1¢(K_). Thus, in the next turn, Paul’s choice will be to
select the vector v = (b; — a;)/|b; — a;| where a;,b; € ("2¢(K_ and z; € 0o, 0, C coe(Ke).
Once again, if the game concludes at this stage, Paul will obtain a positive reward since
Tjp1 € Ly, C co-(K:). However, if the game continues and z;4, ¢ K. either Paul can
keep the same strategy ensuring he wins when the time expires or Paul reaches K. and he
also wins in this case. O]

As a consequence we get the following corollary.

Corollary 4.4.18. Assume that co.(K.) C Qq, then
co.(K.) C liminf Q5.
k—o00
Moreover, when §y is e-convez, it holds that

co.(K.) C klgglo Qr.
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Proof. Since we have co.(K.) C €, thanks to Lemma 4.4.17, we get

co.(K.) C ligioilf Q5.

Moreover, if €y is e-convex, by Lemma 4.4.16, using that {Qf }ren is a monotone sequence
of sets, we obtain that

lim inf 0}, = lim sup €25,
k—o0 k—o0

]

Observe that we are not able to prove that limsup Q; C co.(K.) with a fixed . How-

k—o0
ever, in the next subsection, we will be able to prove that limsup €; C co(K') and conclude

t—00
lim €; = co(K).
t—o00

4.4.3 Convex hull of K not included in (),

For an open obstacle K and an initial open set )y, we defined in the introduction of this
chapter the graph G = (V, £) as follows: the set of vertices is given by

V= {V C R?: V is a connected component of K},
and the set of edges by
£ = {(Vl,Vg> Vi, Ve €Vand 4, , C € for some x € V; and some y € Vg}
Let us also define the open set
L= {x €Elgprabe Kl C Qo},

which is a set analogue of the graph G. It is clear that co(K) = co(L), since we have that
K C L C (*(K). Observe that if G is connected, then L is connected. That the graph G
is connected is going to be the main hypothesis of this subsection.

We start by showing the following elementary result.

Lemma 4.4.19. Let K C R? be an open set. Then, K can only have at most a countable
amount of connected components.

Proof. For each connected component of K, which are open, choose an element of Q7
belonging to the connected component. Since every one of these rational elements can
only belong to one connected component, there can be at most a countable amount of
connected components. O]
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The proof of the result in [82] requires to choose a sufficiently small ¢, depending on
the starting position x: the reason for doing that is that if the jumps are large enough, it
may happen that you jump over the set you want to land on and then the proof would not
work anymore. This fact (that one has to choose ¢ depending on the starting position x)
prevents the proofs in [82] to shed some light on the asymptotic behavior for large times
of the sets 27. At this crucial point we have to take into account that we enlarged the
obstacle set, since this will help Paul to win.

What we are going to show now is that

co(K) C liminf €. (4.4.6)

t—o0

What we would actually like to prove is that
co.(K.) C liminf O,
t—00

but there are several difficulties in order to show this. We have proved (4.4.6) in the previ-
ous subsection under the additional assumption that co(K) C €. When this hypothesis is
not in force, we want an argument that takes into the account both the concentric strategy
used in [82] and the e-convex hull of K, something that is missing for the moment.

Remark 4.4.20. Once we prove that Paul has a winning strategy in a certain region, we
can may assume without loss of generality that that region is part of the obstacle. For
example, we may assume the connected components of the obstacle K to be convex, or
that L is the obstacle, instead of K, and thus we can consider the whole obstacle as a
connected set.

From this point onwards, we have to differentiate between the proof for d = 2 and the
proof for d > 3. This is due to the fact that the proof for d = 2 is more natural for this
game, while the proof for d > 3 is a generalization of the two-dimensional one. In fact,
when d = 2 we will be able to say more than in higher dimensions, since in this case we will
be able to choose a fixed ¢, uniform for every x € co(K). The two-dimensional proof is a
slight refinement of what is done in [82], while the proof in higher dimensions is completely
new.

Let us start with the case of d = 2. We state a well-known property of the convex hull
of a path-connected set in two dimensions.

Lemma 4.4.21. If L C R? is a path-connected set, then co(L) = ¢*(L).
This next auxiliary result will be needed in the proof.

Lemma 4.4.22. Let K, Ky C R? be two connected sets, and let (a,b) € Ky x Ky. Ifr is a
line that intersects Uy \ (K1 U K5), then for any pair (x,y) € Ky x Ky the line r intersects
the segment ;.

Proof. Assume without loss of generality that the line r is the x-axis, that is, {(z,y) C
R?:y=0}.
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Ky

Ko

(=)

Figure 4.7: Scheme of the proof.

Then, if K; and K, do not touch the z-axis, they must lie either inside the set HT =
{(z,y) € R? : y > 0} or inside H {(z,y) € R? : y < 0}. If both of them are in the same
set, it is impossible that any segment would intersect the x-axis. So we can assume that
K, € H" and Ky, C H™. Therefore, due to Bolzano’s Theorem, for any couple of points
(a,b) € K x Ky, the segment ¢, joining them must intersect the z-axis. ]

Let us now write the main result of this section for two space dimensions, d = 2.

Proposition 4.4.23. Assume we are in R? and condition (G) be satisfied, that is, let the
graph G be connected. Then,
co(K) C liminf QF,
t—00

for every € small enough.

Proof. The proof follows the ideas in [82], but with a few changes to take into account that
the enlarged obstacle set, K., is going to help us. The idea is that we want to prove that
the asymptotic limit ¢ — oo can be taken for a fixed ¢ small enough, independently of the
starting position z € co(K).

CASE x € K. In this case it is clear that

u(z,t) > éréllr(nﬂg(x) >0 fort>0.

CASE z € L\ K. In this case, by the definition of L, there exists a,b in two different
connected components of K, such that x € £,; C €. With this in mind, an clear strategy
for Paul is to move along the segment ¢,;. The only consideration needed is to observe
that, since € < 2¢, Paul will not jump over the enlarged set K. and can always stop inside.
We get that

“(x,t) > mi i ' >0 fort>0.
u®(z,t) = min {ygl(ngs ws(x),yr&lfb uo(y)} or
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So far it has not been necessary to take ¢ to be small.

CASE x € cO(K)\ L. In this the case we have to slightly alter the arguments from the
ones used in [82]. Recall that co(K) = co(L) = ¢*(L), see Lemma 4.4.21.

Let us give a sketch of the argument. Since x € ¢*(L), there exists a,b € L such that
x € l,p. Now, the essential part of the argument lies in the fact that you can build a
polygonal path in L between a and b and, this polygonal, together with the segment ¢,
form a closed curve. We now perform a concentric argument for Paul so that he moves
away from the segment ¢, ;, and towards the polygonal. When the position lies close enough
to the polygonal, Paul wins, since the problem reduces to one of the previous cases.

This approach has one disadvantage, which is that for every x the polygonal chosen
may be different. And if this polygonal lies too close to the boundary of €2y, we have to take
the step € appropiately small enough so that Paul does not jump over the set. Therefore,
the step € depends on the initial position z. If we chose a polygonal path that is valid for
every x, then we avoid this problem and the ¢ step, if chosen small enough, can be valid
for every z.

Figure 4.8: Scheme of the proof.

To build this polygonal, recall that K only has a countable amount of connected com-
ponents K; with j € N (see Lemma 4.4.19). Then for each pair of connected components
K, K; with i # j such that there is a segment /,, ,. C )y with y; € K; and y; € Kj,
take this segment £, . and consider the set I'z, of all the points in these segments, that is,
[ = Ul ;-

This I';, connects all of the connected components K;, but inside of each Kj it is not
necessarily connected. We add the required polygonal paths inside of each K, which we
call 'k, to make I' .= ', UT'x a connected polygonal path. The polygonal I" is a compact
subset of L, so there exists § > 0 such that Bss(I') C L. Now we have to choose € < § to
make sure Paul cannot jump over the set. Let us also assume that 6 < 2¢. Notice that 0
is choosed depending on ¢ and that such a choice is possible for every £ small enough.

As we mentioned before, for any x € co(K) \ L there exists a,b € L such that x € £,
due to co(K) = ('(L). We are going to show that a,b can be chosen either in T' or in
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K, that is, x € ¢} (T'U K). Assume, a is in L'\ K. Then a belongs to a segment joining
two connected components without intersecting them. Hence, thanks to Lemma 4.4.22,
we can change a to be in I', and we still have = € ¢,;. We perform the same change for
b if necessary. If either a or b lie in K, we add the necessary segments inside of K to the
polygonal I' so that it connects with them, and discard unnecessary segments so that the
polygonal path starts in @ and ends in b.

Now we have the polygonal path joining a,b and lying inside of L ready. Notice that,
without loss of generality, we may assume that I' and ¢, only intersect at a and b. If we
modify I' extend the segment joining I' with a and b with a length 9, we obtain two new
corresponding endpoints, a and b. We define [ as the modified polygonal and C as the arc
that passes through the points a, x and b. Bear in mind that if @ or b were in K, aor b
may lie in K.. Observe that DUC form a closed curve. Therefore, there is a Jordan closed
curve v C I'UC, such that z € ~v. Then, thanks to the Jordan curve theorem, there exists
a bounded open set D, enclosed by the curve 7. Note that the exterior normal vector of
C points towards the set D,.

From this point the proof follows using a concentric argument for Paul. The arc C has
a center z which we take as the center for the concentric strategy. Since D, is a bounded
set, it takes at most finite time 7 such that D, C By (2), for

R, =+/|t —z|>+27

Before this time 7, we can be sure that Paul has arrived at a neighbourhood of I and thus
lies inside of L. Therefore, we are now in one of the previous cases and have concluded the
proof. O

Now, let us try to generalize the previous proof for d = 2 to any dimension d > 3. The
fundamental idea lies in the fact that Paul can always play in a two-dimensional plane as if
we were in R? by choosing vectors contained in that plane. In order to use this, we develop
a different approach to the convex hull of a set that allows us to extend the proof from R?
to R%.

Let us try to give a sketch of the proof in R3. The simplest geometrical example in
R? where we can see how the previous proof works is a triangle. If we lie inside a triangle
without one of the sides, then Paul will be able to move from the interior of the triangle
to one of the other sides. Hence, starting from the convex hull of a triangle without one of
the sides, Paul can find a strategy to win. In R3, if we think of a tetrahedron, the idea is to
move from the interior to one of the faces, and then reduce to two dimensions and move to
the sides. Observe that thinking about the previous argument in terms of triangles greatly
simplifies the geometry of the problem. The intuition behind our adaptation relies on this
idea.

We mention again one important difference between the results of d = 2 and d > 3:
in two dimensions we can give the result for a fixed € > 0, but for higher dimensions
we cannot. This is the main difference between Theorems 4.1.5 and 4.1.6, and it occurs
because in the proof of Proposition 4.4.23 we can choose the same polygonal path for every
x. This type of argument clearly does not work for d > 3.
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Let us define, for a set I', the new set
THT) := {zeRd:zeéw, withz € ., CT and y € ¢, C T, fora#banda#c}.

This definition is relevant when the set I' is polygonally connected. It is easy to observe
from this construction that 7(I') is open whenever I is open.

Figure 4.9: Construction of 7(T).

Let us define 72(I") = TH(TH(T")). Also define 7T°(T") =T Let
T = 71).
n=0

We will show that if Paul starts in co(K) plays with a strategy that bears in mind the
iterations 7¢(K), he will be able to win the game. It is immediate to observe that 74(I") C
co(I"), since this is a more restrictive construction than the one of the convex hull, so
T(I') C co(I'). What we need to prove now is that co(I') C T(I).

First, let us show that these sets preserve polygonal connectedness.

Lemma 4.4.24. Let T be a polygonally connected set. Then, T*(T') is poligonally con-
nected.

Proof. Let z,y € T*(T'). This implies that there is a segment joining = with a point b, € T
and a segment joining y with a point b, in I'. By hypothesis, there is a polygonal joining
both b, and b,, so we can extend this polygonal to join x and y. ]

Now let us prove an auxiliary lemma that will be useful.

Lemma 4.4.25. Let I' be a polygonally connected set. Then,

(NI C T(I).
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Proof. Let x,y € T'. Since I' is polygonally connected, there is a polygonal joining x and
y. Let k be the number of segments in the polygonal joining both points. We can see by
an inductive argument that the segment joining z and y is necessarily in 7%~1(I") c T(T).
Thus, ¢/(T) c T(T). O

Lemma 4.4.26. Let I' a polygonally connected set. Then,

Proof. That T(I') C T(T(I')) is obvious. We want to prove the reciprocal. It suffices to
prove that 7TH(7(I")) = T(T). If x € T*(T(I")), then this implies there exist y,z € T(T)
such that z is in ¢, ., and there are a,b,c € T(I'), b # a # ¢, such that y € £,;, C T(I)
and z € {,. C T(T'). But if a,b € T(T'), then there exist k;, ko € N such that a,b € T*(T)
and a,c € T*(T) . Recall that Lemma 4.4.24 implies 7*(I") is polygonally connected for
any k € N. Then, just like in the proof of Lemma 4.4.25, there is a polygonal in 7% (T")
joining a and b and another joining a and ¢ in 7*2(T"), so we know that for m € N such that
m > max{ki, ko } both £,, and ¢, lie inside 7™(T). Hence, x € TH(T™(T")) = T™HT) C
T(T). O

With these two lemmas we are ready to show that co(I') C T(I).
Corollary 4.4.27. Let I' be a polygonally connected set. Then,
co(I') c T(I).

Proof. We know from Proposition 4.4.8 that co(I') = ¢4(T'). Recall (*(T) = ¢*(¢1(T)).
Notice that, thanks to Lemma 4.4.25 and Lemma 4.4.26 we get 7(T') = 7 (¢'(T")), using
that 7(¢*(T")) € T (T(T)). Then, thanks to Lemma 4.4.25 again, we get that ¢*(T") C T(T).
[terating this argument we obtain that ¢*(I') C T(T), so co(I') C T(I). O

(4 T (B) THD) (€) co(l) = T*(I)

Figure 4.10: Recovering co(T") through iterations of 7%(T).
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We now have the tools to prove the main result concerning the asymptotic behavior of
our problem, that is, co(K) C liminf, ,., €, under condition (G). Recall that in this case
we cannot fix a small € for every starting point x, since the argument in Proposition 4.4.23
relies on choosing a polygonal valid for every z € co(K), but this can only be done in R?.

Theorem 4.4.28. Let condition (G) be satisfied, that is, let the graph G be connected.
Then
co(K) C liminf €.
t—o0

Proof. First, recall that G being connected implies that L is connected. Since L is also
open, it follows that it is polygonally connected. Let x € co(K) = co(L). This implies, due
to Corollary 4.4.27 that x € T (L), which means x € T*(L) for some large enough & € N.
Let us show that if 2 € T*(L) for k € N, then the Proposition 4.4.23 shows that starting
from z Paul can win. We just need to prove it for 7*(L), since T*(L) = T* (T**(L)). If
xr € TY(L), x is inside a segment with extreme points y and z, where y € £, and 2 € 4, ,
with a,b,c € L. Then the arguments done for R? imply that from x Paul can move a finite
number of steps and end up as close as needed to either ¢, or ¢, .. Recall that L is open,
so we can end up in L after a finite amount of steps choosing ¢ sufficiently small. Since
L C Qq, we just proved Paul has a strategy to win starting from z, provided that the time
is large enough. [

Proof of Theorem 4.1.6. Since limsup, . ; C co(K) was already proved in Theorem
4.4.13, the previous Theorem 4.4.28 concludes the whole proof of Theorem 4.1.6. Con-
cerning the asymptotic behavior of the minimal curvature flow with an obstacle, under the
hypotheses of the Comparison Principle Theorem 4.1.1 and condition (G), we have that

co(K) C lifn inf ; C limsup ; C co(K),
—00

t—o00

and we conclude that the limit exists,

lim Q; = co(K),

t—o00

as we wanted to show. O]
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Chapter 5

Two membranes problem

This chapter is devoted to presenting the results published in:

e [49], Monotone iterations of two obstacle problem with different operators,

e [50], The two membranes problem in a reqular tree,

two joint works with Alfredo Miranda (UBA) and Julio D. Rossi (UBA).

5.1 Introduction

In this chapter, we analyze iterations of the two membranes problem where the ambient
space is a bounded Lipschitz domain 2 and where it is a regular tree T.

Let us first describe the obstacle problem (in a domain, from above or below) and the
then two membranes problem (as described in [26]).

The obstacle problem is one of the main problems in the mathematical study of vari-
ational inequalities and free boundary problems. The problem is to find the equilibrium
position of an elastic membrane whose boundary is fixed, and which is constrained to lie
above a given obstacle. In mathematical terms, given an operator L (notice that here we
can consider fully nonlinear problems of the form Lu = F(D?u, Du,u,z)) that describes
the elastic configuration of the membrane, a bounded Lipschitz domain {2 and a boundary
datum f, the obstacle problem from below (here solutions are assumed to be above the
obstacle) reads as

u>¢ in €,

Lu >0 in €, (5.1.1)
Lu=0 in {u > ¢},

u=f on 0,

or identically
min{Lu,u — ¢} =0 in Q,
u=f on 0f2.
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When the operator L is in divergence form and is associated to an energy functional
E(u) the problem becomes a variational problem and a solution can be obtained minimizing
FE in the set of functions in the appropriate Sobolev space that are above the obstacle and
take the boundary datum. We refer to Section 5.2.1 for details.

The obstacle problem can be also stated as follows: we look for the smallest super-
solution of L (with boundary datum f) that is above the obstacle. This formulation is
quite convenient when dealing with fully nonlinear problems using viscosity solutions. We
will assume here that the problem (5.1.1) has a unique continuous viscosity solution (for
general theory of viscosity solutions we refer to [30] and [36]). This is guaranteed if L has
a comparison principle and one can construct barriers close to the boundary so that the
boundary datum f is taken continuously. See Section 5.2.2.

We can also consider the obstacle problem from above (here solutions are assumed to
be below the obstacle)

v<¢ in (),

Lv <0 in (, (5.1.2)
Lv=0 in{u < ¢},

v=g on 0f),

or equivalently

max{Lv,v — p} =0 in ,
v=g on 0f).

On the other hand, the obstacle problem can be also define when the ambient space €2
is replaced by an infinite graph with a regular structure (a regular tree) T and the involved
operator L is given by mean value formula with a source term.

In this case, formally, the obstacle problem from below in a tree with obstacle ¢ and

bounday datum f, (where ¢ and f are functions defined in T and 0T respectively), is given
by

u>¢ inT,

Lu>0 in T, (5.1.3)
Lu=0 in {u> ¢},

u=f ondT,

or identically

min{Lu,u — ¢} =0 inT,
u=f on JT.

Conversely, the obstacle problem from above with obstacle ¢ and boundary datum g
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(two functions defined in T and OT repect.) satisfies

v<y¢ inT,

Lv<0 inT, (5.1.4)
Lv=0 in {u< ¢},

v=g onJT,

or equivalently

max{Lv,v —p} =0 inT,
v=g on OT.

We refer to Section 5.3 for proper definitions and details.
In both case, where the ambient space is a domain €2 or in a tree T, the obstacle problem
from below can be viewed as follows:

e Obstacle problem from below: we look for the minimal supersolution of L (with
boundary datum f) that is above the obstacle ¢. We called

v = Q(L7 12 g)
the solution to the obstacle problem in a domain, (5.1.1), or in a tree, (5.1.3).

e Obstacle problem from above: it is the largest subsolution of L (with boundary
datum g) that is below the obstacle ¢. We will denote by

v=0(L;¢,9)
the solution to the obstacle problem in a domain, (5.1.2), or in a tree, (5.1.4).

For general references on the obstacle problem in domains (including regularity of so-
lutions, that in some cases are proved to be optimally C'!) we just mention [29], [28], [37],
[89], the survey [83] and references therein.

On the other hand, when we deal with the obstacle problem in a tree T, the first point
is to verify that the the single equation

Lu=0 inT, u=g¢g inJdT

admits a solution. In [90] it was studied the solvability for the above equation equation
where L has null source term. In section 5.2.1 we discuss the existence of solutions for
mean value fomulas Ls that admit nontrivial sources. Concerning previous results in the
literature for mean value formulas on trees we refer to [2, 15, 90, 93, 91, 92, 60, 61, 106,
107] and references therein.

The two membranes problem. Closely related to the obstacle problem, one of the
systems that attracted the attention of the PDE community is the two membranes problem.
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This problem models the behaviour of two elastic membranes that are clamped at the
boundary of a prescribed domain, they are assumed to be ordered, one membrane is above
the other, and they are subject to different external forces (the membrane that is on top
is pushed down and the one that is below is pushed up). The main assumption here is
that the two membranes do not penetrate each other (they are assumed to be ordered in
the whole domain). This situation can be modeled by two obstacle problems; the lower
membrane acts as an obstacle from below for the free elastic equation that describes the
location of the upper membrane, while, conversely, the upper membrane is an obstacle
from above for the equation for the lower membrane.

With our previous notation, a solution of the two membranes problem can be written
as

u=0(Ly,v, f) and v =0(Ly,u,g).

When the equations that obey the two membranes in a domain have a variational
structure this problem can be tackled using calculus of variations (one aims to minimize
the sum of the two energies subject to the constraint that the functions that describe the
position of the membranes are always ordered inside the domain, one is bigger or equal
than the other), see [111]. When the involved equations in a domain are not variational the
analysis relies on monotonicity arguments (using the maximum principle). Once existence
of a solution (in an appropriate sense) is obtained a lot of interesting questions arise,
like uniqueness, regularity of the involved functions, a description of the contact set, the
regularity of the contact set, etc. See [27, 26, 104], the dissertation [112] and references
therein.

On the other hand, when the ambient space is a tree, we obtain in this chapter the
existence of a solution to the two membrane problem via an iterative method (under the
conditions for the existence of solutions to the single equations for, on one side, L; and,
on the other side f, and Ly and g respectively)

For another systems of mean value formulas on trees we quote [80] where two coupled
equations (but not of obstacle type) were considered (a probabilistic interpretation of the
equations is also provided there).

Description of the main results Our main goal is to obtain solutions to the two mem-
branes problems (in a domain and in a tree) as limits of iterations of the obstacle problem.
For iterations of the obstacle problem in a different context we refer to [18].

Let us consider two different operators L; and L, (with boundary data f and g respec-
tively, we assume that f > ¢) and generate two sequences iterating the obstacle problems
from above and below. Given an initial function vy, take ug as the solution to the obstacle
problem from below for L; with boundary datum f and obstacle vy, that is,

Uy = Q(LhUo, f)'

Now, we use this ug as the obstacle from above for L, with datum ¢ and obtain

U1 = O<L27 Ug, g)
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We can iterate this procedure (solving the obstacle problem for L; or Ly with boundary
data f or g and obstacle the previous u or v) to obtain two sequences {uy, }n, {Vn}n, given
by

un:Q(Llyvnvf)v Uﬂ:O(L%unfl;g)'

Our main goal here is to show that, when the initial function vy is a subsolution for L,
with boundary datum g, then both sequences of functions {u, },, {v,}» are nondecreasing
sequences that converge to a limit pair that gives a solution of the two membranes problem,
i.e., there exists a pair of functions (., Vs) such that

Uy, —> Uso and Uy, — Voo
and the limit functions satisfy
Uso = O(L1, Voo, f) and Voo = O(Lg, Uso, g).

An analogous result can be obtained when we start the iteration with ug a supersolution
to Ly with boundary datum f and consider {u,},, {vn}n, given by

un:Q(thn—hf); UnZG(LQ,Un,g)-

In this case the sequences are non-increasing sequences and also converge to a solution to
the two membranes problem.

Moreover, where the ambient space is a tree and f and g are strictly separated, we will
prove coincidence set of Uy, and v is separeted from OT and thus it contains only a finite
number of nodes. Finaly, in Section 5.3.4, we provied a probabilistic interpretation of the
two membranes problem in a tree.

We will study this iterative scheme using three very different frameworks for the solu-
tions. On the one hand, in Section (5.2), we deal with variational methods and understand
solutions in the weak sense (this imposes that L; and L, must be in divergence form)
and next we deal with viscosity solutions (allowing L; and Ly to be general elliptic opera-
tors) for domains. On the other hand, in Section (5.3), we introduce and analyze the two
membranes problem and their terms involved.

5.2 The two membranes problem in a domain

Given two differential operators L;(D?*u, Du,u,z) and Ly(D?*v, Dv,v,x) the mathemati-
cal formulation the two membranes problem (with Dirichlet boundary conditions) is the
following:

Definition 5.2.1. A pair (u,v) is called a solution to the two membranes problem if it
solves

min { L (u)(z), (1~ v) (@)} =0, w€Q,
max { Lo(v)(z), (U—u)(x)} —0, €9,
u(z) = f(z), v(@)=g(x), =€
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That is, with our previous notation introduced in the introduction, this system can be
written as

u=0(Ly,v, f) and v =0(Ly,u,g).

Remark that, in general, the two membranes problem as stated in Definition 5.2.1 does
not have uniqueness. To see this, just take a solution to Li(D?*u) = 0 with u|gq = f and v
the solution to the obstacle problem for Ly(D?v) with u as obstacle from above, that is, v =
O(Ly,u,g). One can easily check that the pair (u, v) is a solution to the general formulation
of the two membranes problem stated Definition 5.2.1. Analogously, one can take a solution
to Ly(D?*v) = 0 with v|pn = ¢ and u the solution to the corresponding obstacle problem,
u = O(Ly,v, f), to obtain another solution to the two membranes problem. In general,
these two pairs do not coincide. For example, consider €2 as the interval (0,1), f=1,¢g=0
on 02 and the operators L;(u") = v —10 and Ly(v") = v" + 2. The solution to Li(u") = 0
with ©(0) = u(1) = 1 is u(z) = —dz(l — z) + 1 and the solution to Ly(v”) = 0 with
v(0) =v(1) = 0is ¥(x) = (1 — x) for x € (0,1). Let © = O(Ls, %, g) and @ = O(Ly, 0, f).
Both pairs (u,v) and (@,0) are solutions to the two membranes problem but they are
different. Since u is a solution and @ is a supersolution to L; with the same boundary
datum, by the comparison principle, we get © < @. On the other hand, since @ is the
solution to the obstacle problem for L;(u”) with ¢ as obstacle from below, 4 > 0. Since u
and ¥ are not ordered, we obtain that u # 1.

The two membranes problem for the Laplacian with a right hand side, that is, for
Li(D*u) = —Au+ hy and Ly(D*v) = —Av — hy, was considered in [111] using variational
arguments. Latter, in [27] the authors solve the two membranes problem for two different
fractional Laplacians of different order (two linear non-local operators defined by two differ-
ent kernels). Notice that in this case the problem is still variational. In these cases an extra
condition appears, namely, the sum of the two operators vanishes, L;(D?u) + Ly(D?v) = 0,
inside §2. Moreover, this extra condition together with the variational structure is used to
prove a O regularity result for the solution.

The two membranes problem for a fully nonlinear operator was studied in [27, 26, 104].
In particular, in [26] the authors consider a version of the two membranes problem for two
different fully nonlinear operators, Li(D?u) and Ly(D?v). Assuming that L; is convex and
that Ly(X) = —L;(—X), they prove that solutions are C*! smooth.

We also mention that a more general version of the two membranes problem involving
more than two membranes was considered by several authors (see for example [9, 31, 34]).

Variational operators. To simplify the notation and the arguments, when we deal
with the problem using variational methods, we will concentrate in the particular choice
of L1 and Lo as two different p—Laplacians; that is, we let

L,(w) =—Ayw + h, and Ly (w) = —-A,w+ hy,

where Ayw = div(|Vw|[P~2Vw), A,w = div(|[Vw|9™2Vw) are two different p—Laplacians
and hy, h, are two given functions. These operators are associated to the energies

1 1
E,(w) :§/ﬂ|Vw\p+/fhpw and B (w)= 5/Q|Vw|q+/ghqw.
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These energies are naturally well-posed in the Sobolev spaces W1?(Q) and Wh4(Q), re-
spectively.

In this variational framework the obstacle problem can be solved minimizing the energy
in the appropriate set of functions. In fact, the solution to the obstacle problem from below,
u = O(L,, ¥, f), can be obtained as the minimizer of the energy E, among functions are
constrained to be above the obstacle, that is,

@mp:mm{@w&, (5.2.1)

with
Ap, = {weW(Q) : w-feWiH(Q), vy ae Q.

The minimizer in (5.2.1) exists and is unique provided the set A¥ . is not empty. We refer
to Section 5.2.1 for details and precise definitions.

Due to the fact that the problem satisfied by the limit of the sequences constructed
iterating the obstacle problem from above and below does not have uniqueness (see the
comments after Definition 5.2.1) we need to rely on monotonicity of the sequences to obtain
convergence (rather than use compactness arguments that provide only convergence along
subsequences).

We notice at this point that, in this variational setting, one can solve the two membranes
problem just minimizing the total energy E(u,v) = E,(u)+FE,(v) in the subset of W?(2) x
Wha(Q) given by {(u,v) : u— f € WyP(Q),v —g € Wy (Q),u > v aeQ}. The fact
that there is a unique pair that minimizes E(u,v) follows from the strict convexity of
the functional using the direct method of calculus of variations. One can check that the
minimizing pair is in fact a solution to the two membranes problem given in Definition
5.2.1. However, in general, there are other solutions to the two membranes problem in the
sense of Definition 5.2.1 that are not minimizers of F(u,v). Since solutions according to
Definition 5.2.1 are, in general, not unique, we observe that the limit that we prove to exist
for the sequences that we construct iterating the obstacle problem from above and below
does not necessarily converge to the unique minimizer to E(u,v).

Fully nonlinear operators. On the other hand, when we deal with viscosity solutions
to the obstacle problems we use the general framework described in [36] and we understand
sub and supersolutions applying the operator to a smooth test function that touches the
graph of the sub/supersolution from above or below at some point in the domain. Remark
that here we can consider fully nonlinear elliptic operators that need not be in divergence
form.

When we develop the viscosity theory of the iterations in this general viscosity setting
it is more difficult to obtain estimates in order to pass to the limit in the sequences {u, },,
{vn }n and hence we have to rely again on monotonicity (that is obtained using comparison
arguments).

In the viscosity framework there is no gain in considering two particular operators.
Therefore, we will state and prove the results for two general second order elliptic operators
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that satisfy the comparison principle. However, if one looks for a model problem one can
think on two normalized p—Laplacians, that is, let

Li(w) = =f1Aw — ayAgw + h, and Ly(w) = —foAw — aaAw + hy.
Here Aw = trace(D?*w) (the usual Laplacian), A, w = (D2w|g—g‘, %) (the normalized
infinity Laplacian), «;, 5; are nonnegative coefficients and h,,, h, are continuous functions.
This operator, the normalized p—Laplacian, appears naturally when one considers game
theory to solve nonlinear PDEs, we refer to [73, 87, 88] and the recent books [16, 66].

Let us finish the introduction with a short paragraph concerning the equivalence be-
tween weak and viscosity solutions for divergence form operators. For the Dirichlet problem
Au = 0 the notions of weak and viscosity solutions coincide (and in fact the Dirichlet prob-
lem has a unique classical solution), see [58] and [98]. Moreover, the equivalence between
weak and viscosity solutions include quasi-linear equations, [59, 77], and some non-local
equations, [11, 21].

5.2.1 Variational solutions

In this subsection we will obtain two sequences of solutions to variational obstacle prob-
lems whose limits constitute a pair of functions that is a variational solution to the two
membranes problem.

Let us start by introducing some notations and definitions. We follow [57]. For short,
we write

1

Ly(w) = =Apw + hy, Ep(w) = _/ [Vwl]” + / hyw,
P Ja Q
1

L,(w) =—=Ayw + hy, E,(w) = —/ |Vw|? + / hqw,
4/ Q

for the operators and their associated energies. In this variational context, we now intro-
duce the definition of weak super and subsolutions.

Definition 5.2.2. Given p € (1,00) and h, € W~57(Q) we say that u € W?(Q) is a weak
supersolution (resp. subsolution) for £, if

/ |VulP2Vu - Vw + / hyw >0 (resp. <0)
0 Q

for all non-negative w € I/VO1 () and in this case we writte Lyu > 0 (resp. Lyu < 0)
weakly in Q. We say that u € WP(Q) is a weak solution for £, if

/ ]Vu]pZVu«Vw+/hpw =0
0 0

for all w € WyP(Q) and we write £,u = 0 weakly in Q.
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Definition 5.2.3. Given p, ¢ € (1,00), let f € Wh(Q), o € L' (2), h, € WP and
AJZZ’W = {w cWP(Q): w—f¢ Wol’p(Q), w>p a.e Q}

When AJ’Z o £ (), we say u € AJ’Z o 18 the solution of the p-Laplacian upper obstacle problem
in a varational sense with obstacle ¢ and boundary datum f if

By(u) = min {E,(w)},

D
wGAﬂ¢

i.e, u minimizes the energy associated with the operator £, := —A, + h, in the set of
functions that are above the obstacle and take the boundary datum, Aﬁ o In this case,
we denote u = O(L,, ¢, f). In Proposition 5.2.4 we show that this solution exists and is
unique provided the set A7  is not empty.

Analogously, for g € W4(Q), p € LY(Q), h, € W11 we define

K;W = {w eWh(Q): w—gc¢ Wol’q(Q), w< p ae Q}

When Aq # (), we say that v € Aq is the solution of the ¢-Laplacian lower obstacle
problem m a varational sense with obstacle ¢ and boundary g data if

E,(v) = min {Eq(w)}.

q
wEA, ,

For short, we denote v as v = O(L,, ¢, g).

Proposition 5.2.4. Let be h, € W’lp(Q) and f € WHP(Q). If A7 # O there ewists
a unique u € A7 such that Ey(u) < Ey(w) for allw € A7, i.e, there exists a unique
u € Ap’@ that minimizes the energy E, in Ap’w. That is, u = O(Ly, , f). This function
satisfies

u> @ a.e. in §Q,

Lyu>0  weakly in €2,

Lou=0  weakly in {u > p} (for ¢ continuous),

u=f a.e. in 0.

Analogously, let h, € WH4(Q) and g € WH(Q), of K;,so # (), there exists a unique
vE K:ﬁw such that E,(v) < Ey(w) for allw € K;#,. That is, v = O(L,, p,g). This function
satisfies

v< a.e. in €,

Lo <0 weakly in Q,

Lo=0 weakly in {v < ¢} (for ¢ continuous),
v=g a.e. in OS).
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Proof. Let us prove existence and uniqueness of the solution to the obstacle problem from
below. The proof is contained in Theorem 3.21 in [57] but we reproduce some details
here for completeness. Suppose that Ap # (. Since E, is a coercive and strictly convex
functional in W'P(Q)), we obtain that all minimizing sequences u; € Ap 1. converge weakly
to the same limit u € WP(Q) (that we want to show that is the unique minimizer of E,
in A7 ). Let us show that u € Af . Rellich-Kondrachov’s Theorem implies that, taking a
subsequence u; — u strongly in LP(€2). Then, taking a subsequence, we have that u; — u
a.e. in Q. Thus, since u; > ¢ a.e. Q and u; — f € Wol’p(Q) for all j > 1, we get u > ¢ a.e.
Qandu— f € Wol’p(Q).

Let us prove that u verifies the properties stated in the proposition. Let us start with
the fact that £,u > 0 weakly in Q. Since AY  is a convex set, u +t(v —u) € A7 for all
v € A7 and t € [0,1]. Thanks to the fact that £, reaches its minimum in the set Ap
u, we have that

i(t) = Bylu + (v — )

satisfies i(t) > i(0) and therefore ¢/(0) > 0. Let us compute
7(t) = /quu V(0 — )P (Vu 4+ V(0 — ) - V(o — 1) — by (0 — u)]da.
Taking t = 0, we get
7(0) = /g}nvuyp—?vu V(v =) — hy(v — w)]da > 0. (5.2.2)

If we consider w € WyP(Q) w > 0 ae. Q, and v = u +tw € A7, for t > 0 small enough,
if we come back to (5.2.2), we obtain

t/[]Vu]pQVu -Vw — hywldz >0
Q

with ¢ > 0. This implies that
Lyu>0

weakly in 2.
Finally, we show that
Lyu=0
weakly in {u(x) > ¢(z)} when ¢ is continuous. From Section 3.26 in [57] we have that
the solution to the obstacle problem with continuous obstacle becomes also continuous
(after a redefinition in a set of measure zero). Therefore, for a continuous obstacle the set
{z 1 u(z) > ¢(x)} is an open set. Take a ball

B, C {z:u(z) > p()},
and consider a nonnegative w € Wy*(B,) N Cy(B,). Using that ¢ < u in dB,, we get
v=u+tw € A7 for [¢| small enough. Then, let us come back to (5.2.2) and obtain

t/ [[VulP?Vu - Vw — hyw]dr > 0.

T
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In this case t can be positive or negative. Thus, we get

/}Z[[]Vu]p_2Vqu — hyw]dx =0,

T

wich implies

Lyu =0

weakly in B, and therefore in {u > ¢}.
The other case (an obstacle from above) is analogous. O

This minimizer of the energy is in fact the infimum of weak supersolutions are
above/below the obstacle.

Proposition 5.2.5. Let u = O(L,, ¢, f). This function satisfies
u = inf {w €A7, Lyw>0 weakly in Q}, (5.2.3)
Analogously, let v = O(L,, ¢, g), then
v = sup {w € K;w : Low <0 weakly in Q} (5.2.4)
Proof. Let us consider

u = inf {w €A7, Lyw>0 weakly in Q}

We will prove that @ = u in Q.
Let us start proving that u > u. By Proposition 5.2.4, we have

u € {w € A]’c’# . L,w >0 weakly in Q},
and then we get
u > u = inf {w € Afm . Lo,w >0 weakly in Q}
Now, let us prove that u < w. Given w € A;’M such that £,w > 0 weakly in €2, we have
/ \Vw|P~2Vw - Vv — hyvlde >0 for all v € WP ()
and then, using (5.2.2), we get

/ |VulP~2Vu - V(v —u) — hy(v —u)lde >0 for all v € Af (). (5.2.5)
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Let us consider z = min{w,u} € A7 , then u — z € WyP(Q), w — z > 0. Then
0< /Q[|Vw]p_2Vw V(u—z) = hy(u— 2)]dz
and, using (5.2.5), we obtain
0> /Q[|Vu|p_2Vu V(u—z) = hy(u— z))dz.
Substracting these inequalities we conclude that
0< /Q[(\Vw|p2Vw — |[VulP™2Vu) - V(u — 2)]dz,

which implies

0< / [(|VwP*Vw — |VulP?Vu) - V(u — w)]dx
{u>z}

using that (|b|P~2b — |a|P~?a)(a — b) < 0 (with a strict inequality for a # b) we obtain
{u > z}| = 0. Then, v = z < w. Thus, we have obtained that u < 7.
The other case is analogous. ]

Remark 5.2.6. Notice that Proposition 5.2.5 implies that the solution to the obstacle prob-
lem is monotone with respect to the obstacle in the sense that, for 1 > o, we have

Uy = Q(‘Cpagplaf) Z Ug = Q(’Cpasa%f)‘

Now, we are ready to introduce the definition of a weak solution to the two membranes
problem.

Definition 5.2.7. Let f € W'?(Q) and g € W(Q2) be two functions such that f > g in
99 in the sense of traces. Take h, € W~"?(Q) and h, € W~19(Q). We say that the pair
(u,v) withu € A7, v € qu’u is a solution of the two membranes problem if

(u,v) satisfies

ie.,

u=0(L,yv, f) and v=0(Ly,u,g),
Remark 5.2.8. In general, given a pair (f,g), the solution to the two membranes problem
is not unique.

Iterative method.
The main result of this subsection reads as follows.
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Theorem 5.2.9. Forp > q let f € W'?(Q) and g € WH4(Q) be two functions such that
[ > g in 9Q in the sense of traces and take h, € W'P(Q) and h, € W=14(Q). Let us
consider vy a weak subsolution of Lyv =0 in Q such that vg — g € Wy (Q) and then define
inductively the sequences

Up = Q(Epavna f)a Up = O(£qaun—1ag)'

Both sequences of functions {u, }°, C WP(Q), {v,}>2, C Wh(Q) converge strongly
in WP(Q) and W14(Q), respectively. Moreover, the limits of the sequences are a solution
of the two membranes problem. That is, there exists a pair of functions us € AY — and

Voo € K;uoo such that -
Uy — Uso Strongly in WHP(Q) and v, — vs strongly in WH(Q),
and, in addition, the limit pair (Us, Vo) Satisfies
Uoo = O(Ly, Voo, ) and ve = O(Ly, Uso, g).-

Proof. Notice that from the definition of the sequences as solutions to the obstacle problem
we have
Up < Up

a.e. € for each n € N. Since we assumed that the boundary data are ordered, f > ¢, and
functions in W'?(Q) and in W'4(Q) have a trace on the boundary, we can also say that
u, > v, a.e. on the boundary (with respect to the (N — 1)-dimensional measure). From
the construction of the sequences we obtain that the sets A;’M and K;un are not empty,
in fact we have that u,,_; € A? on (since v, solves an obstacle problem from above with

obstacle u,,_1, we have v, < u,_1) and v, € K‘iun (since u, solves an obstacle problem
from below with obstacle v,, we have v, < w,). Hence the sequences {u,} and {v,} are
well defined.

We will divide our arguments in several steps.

STEP 1: First, we prove a monotonicity result. The two sequences are non-decreasing.

Let us see that vy < vy a.e. €. This is due to the fact that vy is a weak subsolution of
L,v=0and v € K;ug and by (5.2.4) we have

v = sup {w eA . L,w <0 weakly in Q}

g,uo0

Then, we conclude that vy < v;.
Also we can see that ug < uy a.e. . In fact, from (5.2.3), we have

ug = inf {w € Ap’vo © Lyw >0 weakly in Q}

and then, using that vy > vg a.e. €2, we obtain that u; € A‘J’c v, and uy 1s a weak supersolution
for L,u = 0. Then, vy < u; a.e. in .
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Now, to obtain the general case, we just use an inductive argument. Suppose v,,_1 < v,
and u,_; < u, a.e. . Since v,, < u,,, we have v,, € A;u”. From (5.2.4) we have

Upi1 = SUp {w S ngun o L,w <0 weakly in Q} and L,v, <0 weakly in (2

which implies v, < v,41 a.e. 2. On the other hand, the last inequality and the fact that
U1 < Upyq EIiVe US Upyq € AZJZM. Hence, (5.2.3) implies that

u, = inf {w € A?Un : L,w >0 weakly in Q} and Lyu,41 >0 weakly in €,

and we conclude that w,, < wu,.; a.e. .

STEP 2: Our next step is to show that the sequences {u,}>° ; and {v,}>2, are bounded
in W?(Q) and W19(Q), respectively. To prove this fact let us take w € Wh9(Q) the
solution to L,w = 0 with boundary datum g¢. That is, w satisfies

L, =0 weaklyin  and w =g in J in the sense of traces.

By (5.2.4), we have that L£,v, < 0 weakly in Q, and thanks to v, —w € Wy%(Q) and the
comparison principle for £;, we obtain that

vy, < w

a.e. . Let us consider z = O(L,,w, f). Since v, < w we have z € A} = for all n € N.
Now, since u,, is the solution to the obstacle problem, u, minimizes the energy among
functions in the set A};‘,vn' Then, as z is in the former set, we get

Ep(un) < Ep(2)

for all n € N; that is, we have

P P
/fVuTJ —l—/hpun < /fVZ| +/hpz.
p Q p Q

We can rewrite this inequality to obtain

/ vu'fl|p S O(Z7p7 hp) + O(p7 hp)HunHLP(Q)- (526)

Using that u, — f € VVO1 P(Q), from Poincare’s inequality, we obtain
||, — fHLp(Q) < C||Vu, — Vf”Lp(Q) for all n € N.
Then, by the triangle inequality we get

|tn || r@) < C(f) + C||Vun||zr(q) for all n € N.
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If we come back to (5.2.6), we obtain
Hvut < Cp . )+ €ty DV

Now, if we use Young’s inequality ab < eaP + C’(a)bp' with ¢ = % in the last term, we

conclude

/ Vu,|[P < C(z,p,hy, f) forall neN.

Thus, we get the desired bound for u,, there exists a constant C' independent of n such
that
|tn|[wrp) < C forall neN.

Now, we prove that {v,} is bounded in W(Q). Since vy < v,, < u,_; we have that
vg € A7, | for all n € N. This implies

Eq(vn) < E, (vo)-

q q
/fw"‘ +/hqvn§ fwd +/hqv0.
q Q q Q

Now, we just proceed as before to obtain

That is,

|vn||wra@) < C for all neN.

STEP 3: We show strong convergence to a solution of the two membranes problem.
Since {u,} and {v,} are bounded in W'?(Q) and W'(Q) respectively, there exist
subsequences {un,,} C {u,} and {v,,} C {v,} such that

Up, = U weakly in W'P(Q) and v, — ve weakly in WH(€Q),

as n; — o0.

By the Rellich-Kondrachov theorem, there exists a subsequence {u,,} that converges
strongly in LP(£2) and a subsequence {v,,} that converges strongly in L(Q2). Extracting
again a subsequence if needed, we get

Up, — Uso aNd Uy, — Voo a.€. €2,

as nj — 0o. Using that {u,} and {v,} are increasing we obtain that the entire sequences
converge pointwise (and weakly) to the unique limits (that are given by the supremums of
the sequences). This implies that us, > Ve a.e. Q) Uy = f and vy = g a.e. 0N in the
sense of traces. This gives us us € A% o and vy, € KZ’%O.

Let us define u = O(L,, Vo, f) and v = O(L,, uco, g). Our next step is to prove that
U = Uy and v = v, a.e. 2 and to get that the convergence is strong in the corresponding

Sobolev spaces.
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First, we begin with the case of the upper membranes w,,. Since u = O(L,, Vs, f) and
U € A, we have that E,(u) < Ep(us). On the other hand, since {v,} is an increasing
sequence we have Uy, > Vs > v, for each n € N wich implies u € A?vn. Then, we have
that Ej,(u,) < E,(u).

On the other hand, by the semicontinuity of the norm, u, = us in 02 and by weak
convergence, we obtain

| Vtoo| £r(0) < lingianVunHLp(Q), /hpun — / hptus as n — oo.

Then, we have

E,(ux) < ligiogf E,(u,) < limﬁsup E,(un) < Ey(u) < Ep(us). (5.2.7)
Thus, E,(us) = E,(u). And since the energy minimizer is unique, uo, = u a.e. €.

Moreover, by (5.2.7) and the weak convergence, we have obtained that {u,,} is a minimizing
sequence of the energy and the gradient of u,, converges strongly to the gradient of u., as
n goes to infinity. Then, we conclude that

U, — Us strongly in WHP(Q) as n — oo.

Once we have seen that u., = O(Ly, Voo, f), let us prove that vy, = O(L,, Uso, g). Again,
since v, € Ag’um, we have that E,(v) < E,(vs).

Note that we cannot repeat the previous argument step by sept because we do not

know if v is in Kg,un, .- Though, it is enough to change a little our strategy (we use at this
point that p > ¢). We construct a subsequence {0,} such that o, € K;un and E,(0y,)

converges to E,(v) as n goes to infinity. We define {0, } as

—1

VUp =V — Uso + Up.

Since p > ¢ we have that 9, € Wbh(Q), ¢, — g € Wy%Q) and E,(7,) goes to E,(v)
as n — oo due to the Rellick-Kondrachov Compactness Theorem and the fact that wu,
converges to s in W1P(Q). Also we have the inequality @, < u, because v < us. Then,
Uy, € K;un which implies E,(vy41) < E4(?,). Besides, by the semicontinuity of the norm,
the fact that v,, = v, on 9 and the weak convergence, we obtain

Vool Loy < liminf [[Vu,i1||La), /hqvn+1 — / hqVso as n — 00.

As a consequence,

E,(ve) < liminf E,(v,11) < limsup Ey(v,41)

n—00 n—o0
< limsup E,(9,) = E,(v) < E,(vs)-
n—oo
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Then, E,(vs) = E4(v). By the uniqueness of the minimizer, v, = v a.e. Q. Furthermore,
from the same reasons as in the case of the upper membranes, we have that the entire
sequence converges strongly,

v, — Vs strongly in W'(Q) as n — oo.
This ends the proof. [

If p < ¢ we can also construct a pair of sequences that converges in W1P(Q) and
Whi(Q) to a solution of the two membranes problem. In this case we just have to start
the iterations of the obstacle problems with uy a weak supersolution to £,u = 0.

Theorem 5.2.10. Forp < q let f € W'(Q) and g € WH4(Q) be two functions such that
[ > g in 0Q in the sense of traces and take h, € W=1(Q) and h, € W=14(Q). Take uy a
weak supersolution to L,u =0 in Q such that ug — f € WyP(Q) and then let

Unp :Q(Lpavn—17f>7 Up, :a(cqaurmg)'

Both sequences {u,}>, C WY (Q) and {v,}°2, C WY(Q) converge strongly in
WhP(Q) and WH(Q), respectively. Moreover, the limits of the sequences are a solution
of the two membranes problem. That is, there exists a pair of functions us € Ap’voo and

Voo € K;UOO such that
Uy — Uso Strongly in WHP(Q) and v, — vs strongly in WH1(Q),
and, in addition, the limit pair (Us, Vo) Salisfies
Uso = O(Lp, Voo, f) and vy = 5(£q,uoo,g).

Proof. The difference between these sequences and the sequences defined in proposition
(5.2.9) is that, here, {u,} and {v,} are decreasing sequences.

Due to the monotonicity of the sequences, we can prove that wu, converges weakly to
some Uy, in WH?(Q) and v, converges to some v,, weakly in Wh4(Q) as n goes to infinity.

The strong convergence of v,, to v, is given in the same way that we got strong conver-
gence for u,, to us in proposition (5.2.9) thanks to {v,} is a decreasing sequence. On the
other hand, for {u,} we can reproduce the proof for {v,} in proposition (5.2.9) because
Wha(Q) — WP(Q) continuously. O

Remark 5.2.11. An alternative idea to deal with the case p < ¢ runs as follows: It can be
easily proved that

u=O(=A, + hy,, ¢, f) if and only if u = O(-=A, — h,, —p, —f).
Then, if p < ¢ we consider

p, =dq, hp’ = _hq7 f/ = -9,
¢=p hy=-h, ¢=-F
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For the problem with the new set of parameters, p’, ¢, hy, hy, f' and ¢, we can apply the it-
erative method described in Theorem (5.2.9) and get a pair (v, v/, ) such that us, € A, Ay

and v/, € Ag,%o such that v, = O(—=A, + hy, oo_,f) and v, = O(=Ay, + hy, v, g').
Thus, us = —vy, and ve, = —uf, are in A} =~ and A;u(x respectively and

Uso = O(Ly, Voo, f), and vy = 6(£q,uoo,g),

i.e, (Uso, Vso) 1s a solution for the original two membranes problem.

Remark 5.2.12. We remark that the limit depends strongly on the initial function from
where we start the iterations. We would like to highlight that {u,} and {v,} converge
t0 Uso and ve, strongly in W?(Q) and W'4(Q) respectively due to the fact that both
sequences are monotone. The monotonicity, in turn, depends on the initial function for
the iteration. Specifically, when p > ¢, the monotonicity arises because the initial datum
v is a weak subsolution of £,v = 0. On the other hand, when p < ¢ it stems from the fact
that vy is a weak supersolution of £,u = 0.

If one considers the pair (u,v) obtained as follows: let u be the solution to £,u = 0 in €2
with « = f on 992 and v the solution to the corresponding obstacle problem v = 6(£q, u,g),
then, as we have mentioned in the introduction this pair (u,v) is a solution to the two
membranes problem. Now, if one starts the iteration procedure with ug = u we obtain
that the sequences converge after only one step. In fact we get v; = O(L,,u, g) and next
the iteration gives again, that is, we have u = O(L,, v, f). This is due to the fact that
is a solution to £,u = 0 in the whole {2 with u > v; and therefore it is the solution to the
obstacle problem (with v; as obstacle from below). Analogously, if one starts with v the
solution to L£,v = 0 in 2 with v = g on 0€) we obtain u as the solution to the corresponding
obstacle problem u = O(L,, v, f). This pair (u, v) is also a solution to the two membranes
problem, but, in general the two pairs are different.

Extension to the two membranes problem for nonlocal operators If we consider
L,:=(=A,)°+h, and L,:=(-A,)" +h,
with

(—A, / |uy) — u(z)[” Q(U(y)—U(l‘))dy’

|z — y| Nt

the fractional p—Laplacian. Notice that £, and £, are associated with the energies

()P
// |x—y|N+sp o =g WA [ Ry
fu(y) — u(2)|?
/RN/ ‘NHq ———dydx + thw.

Our iterative method of the Theorem (5.2.9) gives us a pair (Us, V) that is solution
of the “new” two membranes problem whenever

W*P(Q) — W"4(Q) continuosly.

and
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To be able to define a variational solution of the obstacle problem for these new £, and
L, is nedeed that A?,so and Ag#, are closed sets under the weak topology. This is given by
Mazur’s Theorem if W*?(Q2) and W*?(Q) are reflexive Banach space and A"} | and AZW are
closed convex sets (with the norm) in W*?(Q) and W"4(Q) respectively.

5.2.2 Viscosity solutions

In this section we aim to prove similar convergence results for iterations of the obstacle
problem to a pair that solves the two membranes problems when the involved operators are
not variational. Here we will consider two nonlinear elliptic operators and we understand
solutions in the viscosity sense. To define the sequences as solutions to the corresponding
obstacle problems we need to assume that the involved operators verify the following set
of conditions:

HypoTHESIS: The operators £; and Ly verify:

e Lw = F(D*w,Vw) — h(x) with F continuous in both coordinates, such that the
comparison principle holds.

e If f is continuous, there exists a unique w € C(Q) solution to Lw = 0 in Q, w = f
in 09.

o If ¢, ¢ and f, g are continuous, then the corresponding solutions to the obstacle
problems, u = O(Ly, ¢, f) and v = O(Ls,1), g) are continuous. See Definition 5.2.18
below.

To be precise, working in the viscosity sense, we need to introduce the definition of
semicontinuous functions.

Definition 5.2.13. f : ) — R is a lower semicontinuous function, l.s.c, at x € Q if for
each € > 0 there exists a 0 > 0 such that

f(z) < f(y) + ¢ for all y € Bs(x).

If a function f is l.s.c. at every x € ), we say that f is L.s.c. in 2. The lower semicontinuous

envelope of f is
fe=sup{h:Q— R lsc.: h<f}

On the other hand, g : 2 — R is a upper semicontinuous function, u.s.c, at = € € if for
each € > 0 there exists a 6 > 0 such that

9(y) < g(x) + ¢ for all y € Bs(z).

If a functions ¢ is u.s.c. at every z € (), we say that it is u.s.c. in 2. The upper semicon-
tinuous envelope of g is

g=inf{h: Q2 —R usc.: h>f}
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Now, we give the precise definition of sub and supersolutions in the viscosity sense.

Definition 5.2.14. The function u : 2 — R is called a L-viscosity supersolution if its
lower semicontinuous envelope function, w,, satisfies the following: for every ¢ € C?(Q)
such that ¢ touches u, at x € Q strictly from below, that is, u, — ¢ has a strict minimum
at = with u.(x) = ¢(x), we have

Lo(x) > 0.

In this case, we write Lu > 0 in the viscosity sense.

Conversely, u is called a L-viscosity subsolution if its upper semicontinuous envelope
function, u*, satisfies that for every ¢ € C?(Q) such that ¢ touches u* at x € Q strictly
from above, that is, ¢ — u* has a strict minimum at x with u*(z) = ¢(z), we have

Lo(x) <0
and we write Lu < 0 in the viscosity sense.

Finally, u is a L-viscosity solution if it is both a L-viscosity supersolution and a L-
viscosity subsolution and we denote Lu = 0 in the viscosity sense.

Now, let us introduce three results concerning the limit of non-decreasing sequences of
viscosity sub or supersolutions. Although these results are not difficult to prove, they will
be crucial for the proof of our main Theorem (5.2.24) in this section.

Proposition 5.2.15. Let be {v,};>, C C(£2) a non-decreasing sequence of functions,
continuous up to the boundary such that v, is a L-viscosity subsolution for each n € N and
Up — VUso pointwise. Then, vy, is a L-viscosity subsolution.

Proof. Let be ¢ € C%(Q) such that ¢ — v, has a strict minimum at zy € Q and ¢(z) =
03 (o).

Since vZ, is upper semicontinuous, ¢ — v¥ is lower semicontinuous. Then, fixed r > 0
small enough, ¢ — v*_ reaches a minimun in D, := Q\ B,(x). Say in 2z € D,. Thanks to
—v¥ = (—Vx )« and that the sequence {v,} is non-decreasing, we have

0 < (¢ = v3)(200) < (¢ =0 )(2) < (P = vo0)(2) < (& — vn)(2) (5.2.8)

for each z € D, and for each n € N.
On the other hand, by the definition of pointwise value of the lower semicontinuous
envelope,

0= (¢ —v5)(z0) = (¢ + (—voo):) (20)

= inf lim (¢ — v ) (k).
k—ro0
{{xk}iozocg: xk_ﬂc—»oox()}

Then, given € > 0 there exists a sequence {y;} within B, 5(x¢) such that

lim [(¢ — veo) (yx)| < /3.

k—o0
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Thus, there is kg € N such that [(¢ — v ) (Y, )| < 2¢/3. Since v,, converges to v, pointwise,
there exists ng € N such that |(¢ — veo) (Yo ) — (& — vn) (Y, )| < /3 for all n > ny.
In short, for each € > 0 there exists a y € B, 2(x¢) and ny € N such that

(¢ —wv)(y) <e forall n>ny.

Since, ¢ —wv,, is a continuous function, given € < (¢p—v} )(2) one can see that the minimum
of p—wv, in Q is reached at some x; € B, /2(330) for all n > ng thanks to the above inequality
and (5.2.8). Note that ny depends on r, so we write ng = ng(r). We have ny(r) — oo and
xl — xg as r — 0. Due to the fact that v, is a £- viscosity subsolution, we have

Lo(z;) < 0.
Since L is a continuous operator we have

0> lim (£6)(x}) = (£6)( lim 27) = (£6) (o).

T—00

Therefore v, is a L-viscosity subsolution. ]

Lemma 5.2.16. Let {u,} C C(§2) a non-decreasing sequence of continuous up to the
boundary functions. If u, converge pointwise to some function us, then u is a lower
semicontinuous function in €.

Proof. Let be xy € ). Since u,, — u, pointwise, we have that for each ¢ > 0 there exists
a ng € N such that uw(z9) < up, (o) + €. On the other hand, due to the fact that u,, is
continuous there exist a 0 such that w,,(z¢) < Uy, (y) + € for all y € Bs(xg). Moreover,
thanks to the fact that the sequence {u,} is non-decreasing we get that, for every ¢ > 0
there exists 0 > 0 such that

Uoo(T0) < us(y) + ¢ for all y € Bs(xo).

The proof is finished. O

Proposition 5.2.17. Let {u,}>°, C C(2) be a non-decreasing sequence of continuous up
to the boundary functions such that u, is a L-viscosity supersolution for each n € N and
Uy — Use pointwise. Then, us is a L-viscosity supersolution.

Proof. By Lemma 5.2.16 we know that u, is a lower semicontinuous function. To prove
that e, is a L-viscosity supersolution let us consider ¢ € C%(Q) such that u.,—¢ has a strict
minimum at xy € Q such that (us — ¢)(z9) = 0. We want to obtain that (L¢)(z) > 0.

Let » > 0 be a fixed small radius. Since u,, — ¢ is lower semicontinuous, these functions
reach a positive minimum in Q \ B, (), say in 2o, € Q\ B,.(x), then, we have

0 < (Uso — D) (200) < (Uoo — @) () for all z € Q\ B,(z0).

Also, since u, — ¢ is continuous, there exists z, € Q\ B,.(x) where u, — ¢ reaches a
minimum in Q \ B,(x9). We claim that (u, — ¢)(z,) converges to (us — ¢)(200) as n
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to infinity. Let us continue the proof assuming this fact and prove it after finishing our
argument.
The claim implies that there exists ng = no(r) such that

0 < 3l = 8)(i0) < (10 = 0)() < (100 — 9)(0) (5:29)

for all x € Q\ B,(x0) and n > ny.
On the other hand, since wu,, converges to us, pointwise and (u., — ¢)(zo) = 0, there
exists n; = nq(r) such that

(U, — @) (x0) < %(uoo — ¢)(200) for all m > ny.

Thus, the above and (5.2.9) imply u,, — ¢ reaches its minimum in © in the interior of the
ball B, (z) for all n > ng = max{ng,n, }. Call this point ],. Then, since u,, is a L-viscosity
supersolution, we get

(Lp)(xr) >0 for all n > ng(r) with z) € B,.(xo).
Due to the fact that z], — x¢ as r — 0%, we have

(L) (o) = lim (Lo)(x7,) = 0.
r—0+
Therefore, u., is a L-viscosity supersolution in §2.
Now, we will prove the claim. Let us define we, = too — @, w,, = u, — ¢ and a,, = wy(z,).
Thanks to {u,} is a pointwise increasing sequence, {a, } is also an increasing sequence,

An = wn(zn) < wn(ZnJrl) < wn+1<zn+1) = An+41-

Moreover, the sequence is bounded above by w.,(z+) due to the fact that w, converges
pointwise to u.. Hence,

an < Wo(2n) < Wn(2oo) < Wool(2oo)-

Then, there exists a number a,, < Wy (2o0) such that a, converges to as as n tends to
infinity.

Suppose that s < Weo(200). Then, because {z,} is a colection of points in a compact
set, there exists a subsequence {z,,} C {2,} and a point Z € Q\ B, (zo) sucht that

Zn, —> 2 as Mn; — 00.
TL] ]

Since wy, is a lower semicontinuous function, for each ¢ > 0, there exists a § = J(e, z) such
that

Weo(2) < weo(y) + ¢ for all y € Bys(2).
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Due to the fact that z,, converges to z, we can suppose z,, € B;(2) for all n;. Then
Woo(Z) < Woo(2n,;) +¢ for all nj.
For each n; there exists a m; € N such that
Woo(2n;) < Wi(2n;) + € for all k& > m;.

Observe that we can construct a sequence {(n;,k;)} where k; > m; for all j € N and
(nj, kj) — (00,00) as j — oo such that

Woo(2n,) < Wi, (2n,) +¢ forall j e N.
Since aq < Woo(200) there exists €9 > 0 such that
Uoo + 260 < Weo(Zoo)-

For that ¢y the above argument implies that there exists a sequence {(n;, k;)} that goes to
(00, 0) as j — oo such that

oo + 260 < Woo(2o0) < Wi, (2n;) + 220 forall j € N

and therefore,
Qoo < Wy, (2n,) for all j € N.

On the other hand, since {a,} is a increasing sequence and ay; = wy, (z;) we have that
W, (2h;) < oo < Wy, (2,) for all j € N.

Thanks to the fact that for each j € N the functions wy, are continuous, O\ B, (7o) is
connected and z,, and 2, are in Q \ B, (zo), there exists y; € Q\ B,(zo) such that

wkj (y]) = Oco-

Thus, there is a subsequence {y;,} C {y;} and a point y € Q\ B,(z¢) such that y;, — y as
i — 00. Due to the fact that w is a lower semicontinuous function we have

wOO(y) < lim Wi, (yjz) = Qoo
yji*)y

However, this is a contradiction because y € Q \ B,(7¢) and that implies
Uoo < Woo(Zoo) < Weo(Y)-
Therefore, we have the desired equality doo = Woo(2s0)- O

Now, we are ready to introduce the definition of a solution to the obstacle problem in
the viscosity sense.
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Definition 5.2.18. Given ¢ : Q — R and f € C(99) such that f > ¢* in 9Q. We say
that u : 2 — R is a viscosity solution of the L-lower obstacle problem with obstacle ¢
and boundary datum f and we denote u = O(L, ¢, f) if u satisfies:

Uy > " in
Uy = f in 011,
Lu >0 in ) in the viscosity sense,

Lu=0 in {u, > ¢*} in the viscosity sense.

Whereas, given ¢ and ¢ such that f <), on 02, we say that v is a viscosity solution
of the L-upper obstacle problem with obstacle ¢ and boundary datum g, and we denote
v=0(L,1,q), if v satisfies:

v* <, in €,
vt =g in 092,
Ly <0 in Q in the viscosity sense,

Ly=0 in {v* <.} in the viscosity sense.

Remark 5.2.19. Note that, when w is a viscosity solution of the L-lower obstacle prob-
lem with obstacle ¢ and boundary datum f, then, its lower and upper semicontinuous
envelopes, u, and u*, are also viscosity solutions for the same problem.

The same applies to the upper obstacle, if v = O(L, %, g), then, v, = O(L,, g) and
v =0O(L,v,9).

However, we have uniqueness of solutions to the obstacle problem up to semicontinuous
envelopes.

Lemma 5.2.20. Given ¢ and f defined as before

(a) if [ > ¢ in 0L, there exists at most one lower semicontinuous function u such that

(b) if f < " in 0Q, there exists at most one upper semicontinuous function u such that

u=0(L,p, f).

Proof. We will only prove item (a), the other item is analogous.

(a) Suppose that there exists two lower semicontinuous functions solutions u; and us,
let us prove that us > uy.

In the set {u; = ¢*} we have uy > ¢* = uy. In the open set {u; > ¢*} we have that
Luy >0 and Luy =0 and ug > uy in {uy; > ¢*}. Then, by the Comparison Principle we
obtain that uy > wuy in {u; > ¢*}. Thus, we conclude that

Us > up in §.

The reverse inequality follows interchanging the roles of u; and . ]
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In view of the previous lemma, from now we will suppose that u = O(L, ¢, f) is lower

semicontinuous and v = O(L, v, f) is upper semicontinuous.
Next, we show that when the obstacles and the boundary data are ordered then the
solutions to the obstacle problems are also ordered.

Lemma 5.2.21.

(a) Given o1 and o functions such that o1 < o (a.e.) and fi, fo € C(092) such that
fi < fo, if f1 = of and fo > @5 on 09, let us consider uy = O(L, 1, f)1 and
Uy = Q(£7 9027.](2)) then

u < uy tn 2.

(b) Given 1 and 2 functions such that 11 < 1y (a.e.) and g1, g2 € C(99) such that
91 < g2, if gt < 1 and go < o on OQ, let us consider vi = O(L,¢1,g1) and
Vg = O(L"?’l/}QagQ); then

v < vy in ).

Proof. We will prove item (a), the other case is analogous.
(a) We will consider two cases:
In the set {u; = pi} we have uy > 5 > ¢ = u.
In the open set {u; > ¢} we have that Lus > 0 and Lu; = 0 and uy > wuy in
0{uy > ¢1}. Then, by the Comparison Principle we obtain that us > u; in {u; > ¢*}.
Thus uy > uq in Q. [l

Lemma 5.2.22. Given ¢ and f as before, let us consider u = O(L, p, f), then

U = min {w : Q) — R lower semicontinuous :

w>e"in Q, w>f on 09, }
Lw >0 in Q in the viscosity sensel

In the same way, if we take v =O(L, ¢, f), then

v = max {w : Q0 — R upper semicontinuous :

w< @, nQ w<f oon 09, }

Lw <0 in Q in the viscosity sense

Proof. Let us prove the first claim. Consider

U = min {w : 2 — R lower semicontinuous :

w> " in Q, w>f on 09, }

Lw >0 in Q in the viscosity sense
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Since u > ¢* in Q, u = f on 02 and Lu > 0 in ) in viscosity sense, we get
u < u.
Now, let us consider

w E {w : 2 — R lower semicontinuous :

w> " in Q, w>f on 09, }

Lw >0 in Q in the viscosity sense)

In the set {u = ¢*} we have w > ¢* = u.
In the open set {u > ¢*} we have that Lw > 0 and Lu = 0 in the viscosity sense
and w > w in O{u > ¢*}. Then, by the Comparison Principle we obtain that w > u in

{u1 > ¢*}.
Then, v < w in . Taking minimum we get

u < u.
The other case is analogous. O

Now, we introduce the definition of a solution to the two membranes problem in the
viscosity sense (this is just Definition 5.2.1 with solutions understood in the viscosity sense).

Definition 5.2.23. Given f,g € C(092) with f > g, let £1 and Ly by two operators that
satisfy the hypothesis at the begining of the section. We say a pair of functions (u,v) is a
solution of the two membranes problem with boundary data (f, g) if

u=0(Ly,v,f) and v=0O(Ls,u,g).

Our main result is the following.

Theorem 5.2.24. Given f,g and L1, Ly, let us consider vy € C () a Ly-viscosity subso-
lution such that vy < g in 02 and then define inductively the sequences

Un, :Q<£lavn7f)7 and Un :6(‘627“717179)'

Both sequences of functions {u,}>>, C C(Q), {v,}22, C C(Q) converge to some limit func-
tions us and Vs, respectively. Moreover, theses limits are a solution of the two membranes

problem with boundary data (f,g), that is,
Uso = Q(£17 Vo) f) and Voo = 6(£27 Uoso, g)

In addition, the functions us, and vy are lower semicontinuous in €2 and continuous
in the interior of the set where us touches v, i.e, in the interior of {ts = Voo }-
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Proof. As before, we divide the proof in several steps.

STEP 1: Let us start proving that {u,}5°, and {v,}>°, are non-decreasing.

Let us see that vy < v;. Recall that v; = O(Ls,ug,g) and vy = O(Ly, v, f), then
v < up and vy < ug.

In the set {v; = ug} we have vy < ug = vy.

In the open set {v; < wy} we have that Lov; = 0 and Lovy < 0 and vy > vy in
0{v1 > up}. Then, by the Comparison Principle we obtain that v; > vy in {v; > ug}.

Thus, vg < vy in €.

Now, using Lemma 5.2.21 we have uy < u;. By induction we can continue and obtain
Up < Upyq and v, < v,4q for all n > 1.

STEP 2: Let us prove that {u,}>*, and {v,}2, are bounded.

Let w € C(Q) be a Ly-solution with w = g in 9. Then, since Low = 0, we get
Lov, < 0. Moreover, we have w > v,, in 0f). Hence, applying the Comparison Principle,
we get w > v, in Q for all n > 0. This implies, together with the fact that v, > v, that
{v,} is bounded.

Now, if we consider z = O(Ly,w, f), using that v, < w by Lemma 5.2.21 u, < z and

z € C(Q2). This implies that {u,} is bounded.
STEP 3: Let us define

nh_g)lo Un () = Uoo () and 7}1_)1210 Un () = Voo ()

for all z € Q. Using that {u,} are continuous and the sequence is increasing we obtain that
Uy 18 lower semincontinuous. We also have u,, = f and v, = g in 9€). Let us consider

v :@(Eg,uoo,g).

This function v is well defined and upper semicontinuous. Our goal is to prove that v = v..

Using that u, < us, we get v, <wv for all n > 0 by Lemma 5.2.21. Then, we have that
Uoo < v and vi, < v* =wv. This implies that v% < uy. On the other hand, by Proposition
5.2.15, we have that LovZ < 0 in Q. We also have v’ > ¢ in 0€2. Now, we consider
w € C(Q2) a solution to

Low =0 in Q in the viscosity sense,
w=g in 0€).

By the Comparison Principle we have that v, < w in Q. Then vy, < w in Q and v’ <
w* = w in Q. This implies v, < g on JN and, therefore, v*, = g on 9. Finally, we will
prove that Lov% = 0 in the (open) set {v%, < us}. Let us consider zg € {v’, < us}, and
call § = oo (o) — V3 (o). Let us consider ng > 0 such that ue (o) — Uy, (z0) < 2. Using
that u,, is continuous, there exists 1; = 1;(ng) > 0 such that |, (7o) — tn, (y)| < 2 for all
y € By, (79). On the other hand, there exists 1, > 0 such that v} (y) < vi (o) + § for all
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y € By, (z0). Gathering the previous estimates we obtain

Ung () = 05 (Y) = Ung(y) = tng (o) + Ung(T0) — Uoo(0)

[
>—2 >-2

)
+ oo (o) — V5o (w0) + 5 (20) — V5 (y) >

=6

for all y € B, (zo) with n = min{n,n2}. Now, we have that u,(y) > uy,,(y) and v,(y) <
vl (y) for all n > ny. Thus

)~ 0(0) 2 1y 1) V() > 0 >0
for all n > ng and for all y € B, (x9). Then B,(zg) C {u, > v,} for all n > ny. Using
that Lov, = 0 in B, (z¢) and taking the limit we obtain Lovs = 0 in B, (x) which is the
same that Lov% = 0 in B, (x¢) because v, is lower semicontinuous. As a consequence,
Lov, > 01in B, (xg). In particular, Lov, > 0in B, (x¢) for all n > ng. Then, by Proposition
5.2.17, Lovs > 0 in B, () in the viscosity sense. Since previously we just proved that v
is a Lo-viscosity subsolution in €2, we obtain that v., is a Lo-viscosity solution in B, ().
Therefore, vo, is a Ly-viscosity solution in the set {v¥ < uco}.
Putting all together, since u, is lower semicontinuous, we obtain

v < Uy  in

Vi =g in 09,

Lovs <0 in © in the viscosity sense,

Lovee =0 in {v% < us} in the viscosity sense.
By uniqueness of the obstacle problem we get vo = v = O(L3, Uoo, g)-

Now, let us define u = O(L4, Vs, f). Using v, < v’ , we have u, 1 < u. Then, taking
the limit, us < w. On the other hand we have that Lius, > 0 in € in viscosity sense
due to Proposition 5.2.17 and u,, = f in 0€). Moreover, since u,, is lower semicontinuous,
taking lim sup in the inequality u, > v,, we obtain us, > v*_ in Q. Then, using the Lemma
5.2.22, we get u < uy. Thus, we conclude that u,, = u.

Finally, we have that u., and v, are lower semicontinuous functions in Q by Lemma,
5.2.16. Moreover, uy, is continuous in the interior of {u., = v¥ } because u., is a lower
semicontinuous and, by definition, vZ_ is an upper semicontinous function. This also implies
that v’ is a continuous function in the interior of {u,, = v }. Then, v, = v% there and
therefore v, is a continuous function in the interior of the set {uo, = v} O

Remark 5.2.25. If us or U are continuous at MHus = v}, then, both functions wu,
and v, are continuous in {2 and therefore the sequences defined in the previous theorem
converge uniformly in the whole €2.
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In fact, without loss of generality, suppose that u. is continuous in d{u. = v%}.
We will prove the above using the Comparison Principle for £;. Since Liu, = 0 in
{tuoo > v% } in the viscosity sense, we have in particular that v’ is a £;-subsolution and
Usox & L1-supersolution in {u., > v% } in the viscosity sense. Moreover, since f > g in 092,
the boundary O{us > v’ } is the disjoint union of 90 and O{u = vi }. In 09, we have
UL, = Usex by construction of u,. And in 0{u = v’ } we have also that u’, = u.. because
we have supposed uo, continuous across that bounday. Then, u’, = Usx in H{us > vi}.
Therefore, by the Comparison Principle of £, u}, < oo in {us > v2 } and therefore uy
is continuous in {us > v }. Moreover, as we have seen in the proof of the above theorem,
Uso 18 also continuous in {us > v’ }. Then u,, is continuous in Q. As a consequence, using
the latest hypothesis concerning the operator Lo, vo is continuous in the whole €, because
Uso 18 the solution of the upper obstacle problem with continuous boundary datum and
continuous obstacle.

Finally, since the continuous functions wu., and v, are the limit of the sequences of
continuous functions {u,} and {v,} in a compact set 2, the convergence is uniform.

Remark 5.2.26. As happens in the variational setting, we also have here that the limit
depends strongly on the initial function from where we start the iterations. Moreover,
the convergence of (u,,v,) to a solution of the two membranes problem relies on the
monotonicity of the sequences {u,} and {v,}. This property comes from the fact that
the initial function v is a Lo-viscosity subsolution. For this discussion in the variational
context, we refer to the arguments given in Remark 5.2.12.

5.3 The two membranes problem on trees

Our main goal of this section is to introduce and analyze the obstacle problem and the two
membranes problem when the ambient space is an infinite graph with a regular structure
(a regular tree) and the involved operators are given by mean value formulas.

A regular tree. Let us first describe the ambient space. Regular trees can be viewed
as discrete models of the unit ball of RY. A tree is, informally, an infinite graph (that we
will denote by T) in which each node but one (the root of the tree denoted by )) has exactly
m+1 connected nodes, m successors and one predecessor (the root has only m successors).
An element z in T is called a vertex and it is represented as a k-tuple for some k € N of
natural numbers between 0 and m, that is, © = (0, ay, ..., ax) where a; € {0,...,m — 1} for
all 1 < j < k. Here k is the level of z, that we denote by |z|, according to the distance (in
nodes) to the root. The root has zero level, its successors have level one, etc. Each vertex
x has m successors, that we will denote by S!'(x), and are described by

Si(z) = {(O,al, i) i€ {0,1, ... m— 1}}

where = = (0,ay,...,a;). Notice that we used a digit ¢ € {0,1,...,m — 1} to enumerate
the successors of z. In general, we will denote

Si(z) = {(O,al,...,ak,il,...,z'l): i e{01,...,m—1} for 1<j gl}

206



CHAPTER 5. TWO MEMBRANES PROBLEM

the set of successors of x = (0,ay, ..., a;) with |z| + [ level. By convention, S°(z) = {z}. If
x is not the root then x has a unique immediate predecessor, which we will denote z. We
use the notation z7 to denote the predecessor of x with |z7| = j, that is, for a node x with
|z| = k, we have 2 = (0,a4,...,qa,...,a;), then 27 = (0,a4,...,a;). Let T* C T be the
subtree with root x (the subset of the tree composed of all the consecutive successors of x).
A branch of T (that we denote by z) is an infinite sequence of vertices starting at the root,
where each of the vertices in the sequence is followed by one of its immediate successors.
The collection of all branches forms the boundary of T, denoted by dT. Observe that the
mapping ¢ : T — [0, 1] defined as

+o0
ay

wle) =) % (5.3.1)
k=0

is surjective, where z = (0,aq,...,a,...) € OT and a; € {0,1,...,m — 1} for all k € N.
When z = (0,a4,...,a;) is a vertex, we set ¢(z) = ¥((0,aq,...,ax,0,...)).

Mean value formulas and operators. Given a parameter 0 < § < 1 we define the
averaging operator L acting on functions u : T +— R as follows:

L)) =ule) ~ pu@) ~ (=) 3 ulw),  a#0 (532

and

@) = u®) ~ (3 uly). (5.3.3)
y€S1(0)

The operator L acting on u at a vertex x € T is given by the difference between the value
of u at that node and the mean value of u at the vertices that are connected with z (with
a weight given by 3 for the predecessor and (1 — 3)/m for the successors). Note that here
the distinction in the definition of Lu based on whether x = ) or not relies on the fact that
the root has no predecessor.

Now, given a function h : T — R, a solution to

is a function v : T — R that verifies

ue) = pu(@) + (1= ) (= 3 uw) +h),  w A0,

yeS1(z)

and the equation at the root of the tree that only involves the successors and is given by

u® = (= 3 ulw)) +h()

m
y€S1(0)
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Notice that the equation L(u)(x) = h(x) is an analogous in the tree of the partial differential
equation —Awu(x) = h(x) in the unit ball of RY (recall the mean value formula for harmonic
functions).

Observe that, in contrast with the introduction of this chapter, we prefer not to merge
the average operator and the source terms under the notation L. This choice is made to
emphasize and analyze the role of the source term h in the existence of solutions.

Next, in order to impose boundary conditions, we want to make precise what we un-
derstand for ulor = f.

Definition 5.3.1. Given f : [0,1] — R we say that u verifies the boundary condition
u’a']r = f if

lim u(z) = f(¢(2)),

r—2€0T

that is, if z = (0, a4,...,a,...) € OT, then

T}Lngou((o,al, ey Gp)) = f(f %)
k=1

Here and in what follows we will take this limit uniformly, that is, given € > 0 there exists
K € N such that |u(z) — f(¢¥(z))| < e for every |x| > K and every z € 9T".

Note that, if u|sgr = f, due to the fact that the limit is uniform, we have that

lim —— w) = f(s)ds (5.3.4)

Now, let us state the precise definition of being a subsolution/supersolution to Lu = h
in T, with a boundary condition u|gr = f.

Definition 5.3.2. Given an operator L defined as before, a function h : T — R and
a continuous function f : [0,1] — R, we say that v : T — R is a subsolution (resp.
supersolution) to Lu = h in T with u|sr = f if it verifies

L(u)(x) < h(z) (resp =), TET,

limsupu(x) < f(1(z)) (respliminf >).
r—2€0T

We say that u is a solution if it is both a subsolution and a supersolution.

With this definition at hand we can introduce the obstacle problem (see also Section
5.3.1).

Definition 5.3.3. Given an operator L, a function h : T — R, a continuous boundary
datum f : [0,1] — R and a function ¢ : T — R (the obstacle), we say that v : T — R
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is the solution to the obstacle problem for L — h in T with u|sr > f and obstacle ¢ from
below (¢ is assumed to satisfy limsup,_,,cor ¢(z) < f(1(2))) if it verifies

L(w)(z) = h(z), €T,

u(z) = inf{ w(z): wlx) 2e(x), zeT,
and liminf w(x) > f(¥(2))

r—2€0T

Under adequate conditions on h (see below), this is function u(x) is the unique function
that satisfies

0= max{ — L(u)(z) + h(z), p(x) — u(m)}, x €T,
lim u(z) = f(¢(2)).

r—2€0T

Analogously, given an operator L, a function h : T — R, a continuous boundary datum
g : [0,1] - R and a function ¢ : T — R (the obstacle), we say that v : T — R is the
solution to the obstacle problem for L — h in T with v|sr = g and obstacle ¢ from above
(here w is assumed to satisfy liminf, ,.cor @(x) > g(¢(2))) if it verifies

L(w)(z) < h(z), €T,

v(x) =sup  w(z) : w(z) < p(z), zeT,
and limsupw(x) < g(¢(2))

r—2€0T

Under adequate conditions on A, this can be written as
0= mm{ ~ L(0)(@) + h(z), o(z) — U(@}, zeT,
lim v(x) = g(¢(2)).

r—2€0T

With the definition of the obstacle problem we can describe the two membranes problem
in T.

Definition 5.3.4. Let L; and L, be two averaging operators defined as in (5.3.2)
and (5.3.3) (with different 8y, 52), hi,he : T — R two functions and f,g : [0,1] — R
two continuous boundary conditions. A pair (u,v) : T x T — R is a solution to the two
membranes problem if it solves the system

0= max{ — Ly(u)(x) + hi(x),v(z) — u(az)}, xeT,

(5.3.5)
0= mm{ — Ly(v)(2) + ha(z), u(z) — v(x)}, zeT,
with
i u(e) = f(0(2))
. (5.3.6)
Jimv(@) = g(y(2)).
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Based on the previous Definition 5.3.3, a pair (u, v) is a solution to the two membranes
problem (5.3.5) with initial datum (5.3.6) if and only if u is the solution to the obstacle
problem for L; — hy in T with u|sr = f and obstacle v from below and v is the solution to
the obstacle problem for Ly — hy in T with v|sr = g and obstacle u from above.

Recall that u is the solution to the obstacle problem for L; — hy in T with u|gr = f
and obstacle v from below if it is the infimum of supersolutions for L; — hy with boundary
datum f that are above the obstacle v, and analogously, v is the solution to the obstacle
problem for Ly — hy in T with v|gr = g and obstacle v from above if it is the supremum of
subsolutions for L, — he with boundary datum g that are above the obstacle w.

Let us point out that (5.3.5) has a probabilistic interpretation that we will describe in
Section 5.3.4.

Now, for short, we introduce a notation, for a node z, let

i—1

s 1E8 (L) w1

i=1 j=0 yeSi(z)

With this notation at hand, we are ready to state our main result for the two membranes
problem.

Theorem 5.3.5. Given two averaging operators, Ly and Ly defined as in (5.3.2) and (5.3.3)
(that involve two different parameters 1, [a), two different functions hy,hy : T — R and
two continuous boundary conditions f,g: [0,1] = R with f > g in [0, 1], such that

1 1

0§51<§, 0§ﬁ2<§:
lim Zk: (if_js (a7) =0
z€T,|z|=k—00 i 1— ﬂ fu ’

k

lim Z (%)k_jshz(xj) =0,

z€T,|z|=k—00 =
then, there exists a pair (u,v) : T +— R that is a solution to the two membranes problem.
That is, (u,v) solves the system (5.3.5).
Moreover, under these conditions the coincidence set {z € T : u(x) = v(x)} is finite.

To prove this result we first deal with a single equation and find necessary and sufficient
conditions for the existence of a solution. We have the following result that we believe that
has its own interest.

Theorem 5.3.6. Given an averaging operator, L, a function h : T — R and a continuous
boundary condition f :[0,1] — R, there exists a unique bounded solution to

L(u)(z) = h(x), reT,
timu(@) = F(0(),
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if and only iof
1
< -
O—ﬁ<T

k

. B \k-i
xer,ggk_,oo;(m) Sp(x?) = 0.

Under the conditions in the statement of the previous theorem we can also construct
sub and supersolutions that are the key to obtain solvability of the obstacle problem (from
above or below).

Notice that when § < % if h is such that

(5.3.7)

Sh(l‘) =0

2€T,|z|=k—o0

then the second condition in (5.3.7) holds. In fact, we have

;(%)k_@h“ﬂ')—;ﬂl(%y Su(a) +]ZO(1_ ) st
SC(%Y;(%y +max |Sh(a”) !J_ZO( )

that is small if we first choose kg large (in order to make max;>, |Sx(2?)| small) and then
send k to infinity.

To look for examples of functions h that satisfy our condition we take a function that
depends only on the level k, that is, h(y) = H(k). Then, for 0 < § < 3 the condition

Sp(z) — 0 reads as
00 k—1
lim ( ) — 0.
z€T,|z| =00 ﬁ ; j;()

Therefore, for H constant, H = cte, this condition is not verified. When 5 < lany H (k)
with limy_, H (k) = 0 satisfies the condition, but any H (k) > 0 with hm 1nf,HOO H(k)>0
does not. On the other hand, when f_—"g > 1 we need that H(k) goes to zero very fast in
order to verify the condition.

With the result for a single equation at hand, to prove our main result concerning the
two membranes problem, we use the strategy of iterate the obstacle problem from above

or below that we describe in the introduction of this chapter.

5.3.1 Existence of bounded solutions to a single equation

Our aim is to find conditions on S and the function h : T — R such that for every
continuous function f : [0, 1] — R there exists a bounded solution to the Dirichlet problem

L(u)(x) = h(x), x €T,
. (5.3.8)
Jimu(z) = f(y(2)).
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Proof of Theorem 5.3.6. First, suppose that such a bounded solution exists, then we have
a function u : T — R such that

u(e) = Bul@) + (1 - ) (- 3 ) + 1)
for 2 € T\ {0} and || = k, if we write u(z) = Bu(z) + (1 — B)u(z) we get
5(ule) — u@)) = (1 - ) ( > () u(x))) +hz).
We define w(x) for z € T\ {0} as the increment of u between z and its predecessor, i.e,

w(z) = u(x) — u().

Then, the previous equation written in terms of w reads as

sue)=(1-8) (= 3 wly) + b
yeS1(z)
1- By 1 11— By h(y)
w)= (2) = 3 w5 (5
( 3 )mzygm) y+530( 3 )yeszj(z) j
By 1 1S, B \id h(y)
w()(175) m 2 WG (+75) SZ() ;

i=1 i=1 yeSi(x) i=1 j=0 yeSI (z)
If h = 0 we have existence of a solution such that

w@)i(%)":i y ww

=1 =1 yeSi(z)

and since w is bounded (this follows from the fact that u is assumed to be bounded) we
have that the right hand side is finite. Hence, we obtain the convergence of the series

Z ( ] — B)i
i=1
that is equivalent to the condition

I6; 1
— <1 —.
1—5< <:>O<ﬂ<2
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Now, we use the notations

e BN h(y)
S =533 (725) X
i=1 j=0 yesi(z)
=/ B ) 1-5 1
=3 () = f (0.5).
G ;(1—5 oy v Pe 03
With this notation it is straightforward to check that,
oo /8 i
On the other hand, we claim that
Z Z w = f(s)ds — u(x). (5.3.10)
: - mt orz
i=1 yeSi(z) m
Assuming this claim, (5.3.9) can be rewritten as
w(x) (05 — 1) = f(s)ds —u(x) + Sp(x).
orE,
From this, we obtain that the solution u : T +— R verifies
-1 1 1
u(z) = & uw(z) + — f(s)ds + —Sn(x), x # 0. (5.3.11)
Cp %] o, Cp
Now, we have
1
w@® = 3 uly) +h(0),
yeS1(0)

and, using (5.3.11) for x € S*(0) we get

u@ == 3 (CT @+ - f)ds+ 8()) + (D),

m yESl ((Z)) CB Cﬁ 87’1':,!471L C:B
that is .
_ 1 ds+ S ) h().
w@=0 3 () F)ds+Suly)) +esh()
y€S1(0) mn
Note that

[row=25 s

yesi(p) O™
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and then we obtain

u(D) = /ff ds+— Z Su(y) + cgh(0).

yGSI(@)

Therefore, we have that u satisfies the recurrence

u(z) = Cﬁ_lu(@>+ci (s + sh( ) 240,
5 o (5.3.12)
u(0) = /ff ds—l—— Z Si(y) + cgh(0).
yeSl ()

If we iterate this recurrence up to the root we get the following formula for u; given x € T
with |z| = k for k> 1,

u(x)z(%)k/ff(s)ds#—éz (%)k_j s

k (5.3.13)
1 B \k—i
+( ) [ Z Suy) + csh(@) |+ =3 (2=) Sa(a’)
Ca 1 1-— ﬁ
where 27 denotes the predecessor of z with |2/| = j, that is, in terms of the notation
given in the introduction, for a node x with |z| = k, we have x = (a4,...,a;,...,a;) with

0<a; <m—1, then 27 = (ay,...,a;).

This function u given by (5.3.13) is well-defined, finite, and solves the equation
L(u)(z) = h(x) for x € T.

Now we just take f = 0 and we obtain that u, given by

ue) = (55) [ & s +ean®]+- 3 (725) " sl

must satisfy
lim  wu(z)=0
2€T,|z| =00

uniformly. Since (8 < =, it is clear that

tim (2) S i)+ eshi@)] =o.

k—o0 1—5 myesl(ﬂ)
Hence, we must have
k
- B \g iy —
lm 3~ (75) S =0
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as we wanted to show.

Now we proceed to prove the claim (5.3.10). We will prove by induction in N that

For N = 2 we have that

I

k=1 eskm yes! () yes?(z)

( (=) 55 (30 32 (s -u))

yeSl (z) zeS1(y)

Z
- <; > +i<2u<y>>—%<2u<y>>
PA

y€eS2(z) yeS1(z)

Now, our inductive hypothesis is

S S o (S ul) - ule)

k=1 yeSk(x) yeSN ()

m
1
m?

and we have to prove that for N + 1,

3 Z > ML (Y ) el
k=1 yeSk(a yeSN+1(z) yeSN (z)
:mNH( P> > (ue) —uw)) + v (S u) )
SN( zGSl( ) yesN (z)
- < 2 )= 3 )+ ( 3 ) -t
SN+ yeSN (z) yeSN (z)
:mN+1( NZ ) (z)

Since u have supposed that u|g, = f, we have that
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due to the fact in the definition of u|s, = f the convergence is uniform. This ends the
proof of the claim.

Conversely, assuming that the conditions on g and h, (5.3.7) hold, from our previous
computations, (5.3.13) gives us a way to construct solutions to our problem. In fact, we
can define the function u : T +— R given by

u(z) = (%)k /fﬂs)ds + iﬁ Z (%)’” T
() [ 30 S +esn®)]+ o3 (775) e

C
yes (o 7=

(5.3.14)

where, as before, 27 denotes the predecessor of z with |z7] = j.
One can check that u, given by the explicit expression (5.3.14), satisfies

Lu(z) = h(x), xeT.

Now, let us check that, when we have the solvability conditions

1
0<pB< ¢
<8<

k

' B \"g iy =
z€T, £|mmoojz (m) Sn(’) =0,

it holds that
lim u(z) = f(¥(2))

r—2z€0T

uniformly.
From (5.3.14) we get

u(z) — f(¥(2))

~(+55) /ff(S)deréi ()" o [ = W)

(a2 3, ool E %) e

Since < =, it holds that
k
Jim, (%) /f fls)ds =

lim (i)k[i S Suly) + csh(0)] = 0.

k—oo \1 — 3 m )

and also
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Now, given v > 0, since f is continuous, we have that there exists ky such that

fls)ds = f(¥(2)) <~

J
o)

for every j > ko. Now, we use that

and that f is bounded to obtain

k

é (%)’“ J)ds = f()
- -
k —j s
- éjl (%)k 8Nfsds—é;<%>lf(¢(z))
o3 (725)"
=02 -5
k—ko e
52 (T25) s 23 (7 2g) e
fo—1 5 » k—ko 3 00 B
<X () nn () e X () =5

for v small enough and k large enough. Hence, we have that

lim i;(%)w - F(s)ds — f(ib(z)) =0.

Finally, the condition

k

. 5 k—j ;
xeT,\nglk—mZ (ﬂ) Sn(’) =0,

is just what we need to ensure that

lim u(z) = f(¢(2)).

r—2€0T

This shows that there exists a solution.

Uniqueness follows for our previous arguments. In fact, if u is a solution, the increments
w(z) = u(x) —u(z) solve (5.3.9) from where we obtain (by our previous computations) that
u verifies (5.3.13). Hence, any solution to our problem is given by (5.3.13) and therefore
we conclude uniqueness of solutions. In fact, (5.3.13) is a representation formula for the
solution to (5.3.8) in terms of the functions h and f. Uniqueness also follows from the

comparison principle (see Lemma 5.3.9 below).
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Remark 5.3.7. Under our hypothesis on § and h, for f : [0, 1] — R continuous the function
wy : T — R defined as

i) = () 5 3 Sulw) + csh(0)]

L=p7tm S
L& . .
+c_ . (%) ]Sh<x])7 x#0,|z| =k,
N
wi () = — Z Sn(y) + cgh(D),
yeS1(0)

is the solution to
Liw)(x) = h(z), z€T,

li =0.
() =0

Moreover, the function wy : T — R defined as
NEn Ly (B _
wie) = (725) [f s+ Z (7o), f6as e #0kl=k

w0 = [freas

is the solution to
L(wz)(l’) = 07 YOS Ta

li = :
imwy(z) = f(y(2))

Therefore, we can write

u(x) = wn () + ws(x)

being wy the solution to (5.3.8) for a given h with f = 0 and w, the solution for a given f
with h = 0.
Remark 5.3.8. Notice that analogous arguments allow us to show that, under the same
conditions, we can build supersolutions as large as we want enlarging h (and also large
subsolutions) to the equation that satisfy the boundary condition

lim u(z) = f(¢(2)).

x—2z€0T

To this end, consider L defined as in (5.3.2) and (5.3.3) and hy, hy : T — R two functions in
the tree such that hy < hy and f a boundary continuous function. Moreover, suppose that
B, hy and hs satisfy the solvability condition. Let u; be the unique solution for the Dirichlet
problem of the single equation associated to the operator L — h; and boundary function f,
that is, u; is given by (5.3.12) for ¢ = 1,2. Then, u; a supersolution the Dirichlet problem
with L — hy and us is a subsolution for the Dirichlet problem with L — h; and f. Now,
notice that we can make u; as large as we want in a finite number of nodes just taking
h1(0) large enough.
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Let us prove the uniqueness for solutions to (5.3.8). To this end we prove that the
operator L verifies the comparison principle.

Lemma 5.3.9. (Comparison Principle) Given u,v : T — R such that
L(u)(x) > h(x), z €T,
liminf u(z) > f(¥(2)).

r—2€0T

and

L(v)(z) < h(z), zeT,

limsup v(x) < g(1(2)).

r—2€0T

Then, if f > g in [0,1], we get

u(z) > v(x), z € T.

Proof. Let us argue by contradiction, i.e., assume that

sup(v —u)(z) =6 > 0.
z€T
Let us suppose that there exists & > 1, and |zg| = k such that (v — u)(xo) > ¢ and

2
(v—u)(y) < & for all |y| < k. At that point we have
L(v)(x0) — L(u) (w0) < 0.

Solving this inequality we arrive to

0< 5 < (0= w) < Bl -+ Y 0= u)ly)
y€S(zo)
< Bl =)o) + S (- u)(w),
yES(a:o)

then

(0= u)w) < — 3 (0= u)ly).

yeS(zo)
This implies that there exists z1 € S(z¢) such that (v —u)(x1) > (v —u)(x). If we repeat
this argument we will obtain a sequence (x,,),>0 such that x,.; € S(x,) and (v—u)(xp41) >
(v —u)(z,). Thus, we get

0 < = < liminf (v — u)(zg)

0
5 Tz —2€0T
< limsup v(zg) — liminf w(z) < g(¥(z)) — f(¥(2)) <0,

T —2€0T xp—2€0T
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which is a contradiction. Now, let us consider the case

In this case we have

< (v—u)0) <

O
l\DI%

and this implies that there exists 1 € S(0) such that (v — u)(z1) > (v — w)(0). If from
this point we argue as before we obtain a contradiction. This ends the proof. O

5.3.2 The obstacle problem on trees.

We defined a solution for the obstacle problem from below and from above in the intro-
duction, see Definition 5.3.3. Now, we claim that the problem can be regarded from two
perspectives.

Definition 5.3.10. Given an operator L defined as before and a function h : T — R,
such that the conditions for solvability, (5.3.7), hold, ¢ : T — R a bounded function, and
f:]0,1] — R a continuous function such that

limsup p(x) < f(¢(2)),

r—2€0T

we say that u is a solution to the obstacle problem from below, and we note u =
O(L, h, e, f) if u verifies

L(w)(z) 2 h(z), = €T,

w(z) = inf { w(x) : wx) 2¢(x), zeT, : (5.3.15)
and liminf w(a) > £(6(2)

that is equivalent to

(5.3.16)

lim u(z) = f(¢(2)).

\ z—2z€0T

Notice that (5.3.16) can be written as

0= max{ — L(u)(z) + h(z), p(x) — u(x)}, reT,
lim u(z) = f(¥(2)).

r—2€0T
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Analogously, for g : [0,1] = R and ¢ : T — R such that

lim inf p(x) > g(1(2))

r—2z€0T

we define v a solution from above and denote v = O(L, h, ¢, g) if

L(w)(x) < h(x), z€T,

v(x) =sup  w(z) : w(z) <p(z), zeT,
and limsupw(x) < g(¥(2))

z—+2€0T
that is equivalent to
(v(x) < p(x), veT,
L(v)(w) < h(), reT,
L(v)(z) = h(z), r € {v <},
| i (@) =g(v(2)),

that can be written as
0= min{ — L(v)(z) + h(x), p(x) — v(x)}, zeT,
lim v(z) = g(¢(2)).

r—2€0T

(5.3.17)

(5.3.18)

Let us prove that both definitions (the one as inf/sup of super/subsolutions and the
one solving inequalities) of being a solution to the obstacle problem are equivalent.

Proposition 5.3.11. Consider an operator L defined as in (5.3.2) and (5.3.3), and a
function h : T — R such that the conditions for solvability, (5.3.7), hold, ¢ : T — R a

bounded function, and f :[0,1] — R a continuous function such that

limsup p(x) < f(1(2)).

r—2z€0T

Then, the function u defined by (5.3.15) is well defined and is solution to (5.3.16). Con-

versely, a solution u to (5.3.16) is also the minimizer in (5.3.15).

Analogously, for a given g : [0,1] — R a continuous function such that

liminf p(z) > g(¥(2)),

r—2z€0T

we have that the function v defined by (5.3.17) is well defined and is solution to (5.3.18).

Conversely, a solution v to (5.3.18) is the maximizer in (5.3.17).
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Proof. Let us consider the set

Ay = {w CL(w)>h, w> e, liminf w(z) > fw(z))}. (5.3.19)

r—2z€0T

This set is non empty and is bounded from below. In fact, if we consider M =
max{|| f|loo, [|¢|loc }, and wy the unique bounded solution to

L(wo)(z) = h(z), x €T,
tim = (6(2).

Note that A, , is not empty due to the fact that the function wo+ M € Ay, ,. Moreover,
if we A, wx)>p(x)>—M, then, is bounded from below. Let us define

w(z) = inf w(z). (5.3.20)

WEAf

Let us show that this function u verifies (5.3.16). In fact, using that w > ¢ for all
w € Ay, taking infimum we get u > . In addition, given w € A, ), , we have

Lw)(z) > hiz) = w<x>25w(az~)+(1—ﬁ)<% S wlw) +hix), w£0

yeS1(z)
As a consequence, if we take infimum in the right hand of the above inequalty we obtain

w(e) > Bu(@)+ (1= ) (= Y ulw)) +hl), 40

yeSt(z)
Furthermore, taking infimum in the left hand

u@) > pu@) + (1= B) (- 3 ) +hle) = L)) >hl), w A0

yeSt(x)

Analogously, we can do the same computation on the root () and obtain

u® > (= 3 ul) +hO) = L@)®) > he)

m
yeSL(0)

Finally, we have

liminf w(z) > f(¥(2))

r—2z€0T

for all w € Ay, ,, taking infimum we get

liminf u(z) > f(¥(2)).

r—2€0T
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We just proved that u € Ay, ,. Let us prove now that
L(u)(x) =0

if z € {u > ¢}. Suppose that this is not true, given z¢ € {u > ¢} such that L(u)(xg) >
h(l’o), ie.
. 1
ulwo) > Bu(@) + (1= B)(— D uly)) + ().
y€St(x)

Let us define ]

b1 = ula) = Bu(@) + (1= B)(— . ulw)) + (),
yeSk(z)
b2 = u(wo) — (o)
and
50 = min{dl, 52}

If we consider

u(z), x # X,

up(z) = S
u(z) — 50, r = Xo.

This function verifies ug > ¢,

o S
lim inf uo(z) > f(v(2))

and L(ug)(x) > h(z). In fact, L(ug)(xo) > h(xz) and then L(ug)(Zo) > h(Zyp), and for

Yo € S(zo), L(uo)(yo) = h(yo). Thus, ug € Ay, , and ug < u which is a contradiction. We

have proved that

in the set {u > ¢}.
Let us verify that

limsup u(z) < f(1(2)).

z—2z€0T

Suppose that this is not true, i.e.
limsup u(z) > f(1(2)).
r—2z€0T

Using that
limsup p(x) < f(¥(z)),

r—2z€0T

there exists k € N such that |z| > k and ¢(z) < f(¢(z)). Then, there exists o such that
[zo| > k and u(xo) > f(1/(2)). We can argue as before to make a function ug € Ay, , and
ug < u which is a contradiction.
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Conversely, assume that u solves (5.3.16) and let us prove that u is the minimizer
in (5.3.15). Since u solves (5.3.16) we have that it satisfies L(u)(z) > h(x) for z € T,

lim,.cor u(z) = f(¥(2)) and w(z) > ¢(z) and then u is a competitor in the minimization
problem (5.3.15). Therefore,

> inf :
u(z) > welAr;W w(x)

To prove the reverse inequality, call z the minimizer, that is,

z(z) = wei/{;fh w(x).

Since we have that u > z we get an inclusion for the sets where these functions touch the
obstacle,

{z:u(e) = )} C{r: 2(x) = p(x)}.

Outside the set {z : u(x) = @(x)} we have that u solves L(u)(z) = h(z) and z is a
supersolution to this equation, while the boundary conditions give

liminf z(z) > f(¢¥(2)) = lim u(z).

r—2€0T r—2z€0T

From the proof of the comparison principle, we get that

u(z) < z2(z),

and we conclude that u = z, the minimizer of (5.3.15).
Analogously, we consider

Ay = {w cL(w) < h, w<gp, limsupw(z) < g(w(z))}. (5.3.21)

r—2z€0T

This set is non empty and bounded from above. Then, we define

v(x) = sup w(x), (5.3.22)

wEAg h,e

This function v verifies (5.3.18), i.e v = O(L, h, ¢, g), and conversely, a function that
verifies (5.3.18) is given by (5.3.22). This ends the proof. O

Corollary 5.3.12. Given an operator L defined as in (5.3.2) and (5.3.3), and a function
h : T — R such that the conditions for solvability, (5.3.7), hold, ¢ : T — R a bounded
function, and f :[0,1] — R a continuous function. If

limsup ¢(x) < f(¥(2)),

r—2z€0T

there exists a unique solution for the obstacle problem from below,

O(L,h,p, f) = inf w.

WEAf b
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where A, , is defined in (5.3.19).
Analogously, if

liminf p(z) > f(¢(2)),

r—2€0T

there exists a unique solution for the obstacle problem from above,

O(L,h,p,9) = sup w.

WEAf o

where Ny, , is defined in (5.3.21).

Proof. The existence of O(L, h, ¢, f) and of O(L, h, p, g) relies on the fact that the sets
Asp, and Ay, are not empty, and there exists a M > 0 sucht that w > —M for all

w € App, and v < M for all v € Kf7h7¢, as we showed in the proof of the equivalence
of the definitions of being a solution to the obstacle problem. The uniqueness is a direct
consequence of taking the infimum or the supremum on these sets. ]

5.3.3 Existence in the two membranes problem via iterations of
the obstacle problem.

Let us show that the two membranes problem in the tree has a solution.

Proof of Theorem 5.3.5. Let us consider Ly and Ly two operators given by the mean value
formula and hq,hy : T — R that verify the solvability condition with £y, h; and (s, ho
respectively, and f, ¢ : [0,1] — R two continuous functions such that f > g. Let us start
the method with vy a bounded subsolution of the operator with boundary condition g, that
is,

LQ(U())(ZE) S hg(.f), x € T,

lim sup v (z) < g(1(2)).

x—2z€0T

With this function vy we let u; be the solution to the obstacle problem from below for the
operator Ly, right hand side h;, boundary datum f and obstacle vy, that is,

Uy = Q(Lla hl) Vo, f)
Notice that the set

Afhivo = {w s Ly(w) > hy, w >, iﬂ%é%%w(‘”) > f(@b(z))}
is not empty, since by the results in Section 5.3.1 we can construct a supersolution to our
problem with L; — h; and boundary condition f as large as we want (see Remark 5.3.8).
Therefore, the function u; can be obtained solving the minimization problem inf{w(x) :

w € Af,hlvo}'
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With this function u;, we take

(U O(L2;h27u1;9)-

Here, notice that the corresponding set

Ropaan = {0 La(w) Sy, w <, limsupw(e) < g(6(2)) }
x—2z€0T
is not empty (here we recall that we can construct large subsolutions to Ly — hs) and hence
vy can be obtained from the maximization problem sup{w(z): w € Ay p, ., }
Now, we iterate this procedure and define

un:Q(Llahluvn—luf> and URZG(L%hQaunag)'

In this way we obtain two sequences {u,}n>1, {vn}n>1. Our goal is to show that these
sequences are monotone and that they converge to a pair of functions (u,v) that is a
solution to the two membranes problem.

STEP 1: Let us start by proving that the sequences are increasing, i.e. u, > U,_1,v, >
Up_1:

We begin with v,_;. By definition of being a solution to the obstacle problem, v,
satisfies u,_1 > vp_1 , La(v,_1) < ho and lim, ,,corv,_1(x) = g(¢0(z)). Hence, v, 1 €
nghwnfl. Then, using again the definition of being a solution to the obstacle problem we
get

Uy = sup W > VUp—q-
WEAg,hz,unfl

On the other hand, u, > v, > v,_1, L1(u,) > hy and lim,_,,cor u, () = f(¢(2)), then,
using one more time the definition of being a solution to the obstacle problem, we get

Up_1 = inf w < Uy,
weAfyhlvvn—l
This ends the proof of the claim.
STEP 2: Now we will prove that the sequences are bounded.
Let us start with {u,},>1. Let w be the solution to

Ly(w)(x) = ha(x), r €T,
i w(e) = g(0(2).

By the comparison principle v, < w. Let us consider
pP= Q(Lh hla w, f)

Note that p is bounded since w is bounded and the operators satisfy the solvability condi-

tions. Since v, < w we have that p € A, for all n € N. Using (5.3.20) we get
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for all n € N.
Now we observe that {v,},>1 is bounded, since it holds that

Un Sun—l Sp

for all n € N. This ends the proof the second claim.

Thanks to Step 1 and Step 2 we can take limits as n — oo to obtain
Un () = us(z)  and  v,(x) = ve(),

for all z € T.
STEP 3 Now, we will chech that the limit pair (us, Vo) Solves the two membranes problem:
Let us prove that

Uso = O(L1, b1, V00, f)  and  ve = O(La, ho, U, g)-

First, we observe that we have

;

un(x):max{ﬁlun(:?:) +(1-=75) (% Z un(y)) +hi(x), vn,l(:c)}, x # 1,
y€Si(z)

wn®)=mac{(= 3 wa)) + ha(0), 00 (@)},

yeS1(0)

K
lim un(z) = f(¢(2)).

\ z—2z€0T

Therefore, from the monotonicity of the sequence u,, we get

o) 2 () > Brom(d) + (1= B (- 3 walw)) + (e,

yest(z)

woel®) 2 0(0) > (= 3 waly)) +a(0),

m
y€S1(0)

and
Uso () > up(x) > vy q(2).

Letting n — oo in the right hand sides we get

o) 2 Brv@) + (1= B) (= 3 wcly)) + (e,

yeS(x)
(5.3.23)
w2 (3 wcly)) + I (0),
yeS(0)
and
Uso (T) > Voo (). (5.3.24)
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Now, for v, we have

() < Ban(@) + (1= B) (= 3 wnl)) + hae),

yeSt(x)

n® < (o3 wl) +ha),

yeSt(0)

and using again the monotonicity of the sequence we get (after passing to the limit as
n — 00),

ef@) < Brone(@) + (1= Ba) (= D0 0lw)) +hale), @ £0,
yeSt(x)

(5.3.25)
00 < (= 32 vale) + hafd).

m
yest(0)

Now, for a point z in the set {2 : ux () > voo(x)} with  # () we have that w,(z) >
v, () for n large and hence we obtain, for x € {z : us () > voo(x)},

unl@) = Bra(@) + (1= ) (= 3 wa) + (),

yeSk(z)

and

(o) = Boal@) + (L= B) (= 37 waly)) + hala),

yeSk(x)

Passing to the limit as n — oo we conclude that

oo (T) = Brtie() + (1 — B1) ( 3 unly >+h1(:z:), (5.3.26)
yeSl(z)
and
1) = B8 + (1= ) (- 3 vl)) + o). (5.3.27)
y€St(x)
An analogous computation can be done when . () > v (@) to obtain
Uoo () = (% > uoo(y)) + ha(0), (5.3.28)
yeSH(D)
and .
Voo(0) = (E voo(y)) + ha(0). (5.3.29)
y€S1(0)
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Now, concerning the boundary condition of u.,, we have

lim up,(2) = f(¥(2)).

r—2z€0T

Hence, from the monotonicity of the sequence, we obtain

liminf us(z) > lm_ u,(z) = f(¥(2)).

r—2z€0T z—2z€0T

Now, since from Section 5.3.1 we know that we can construct a large supersolution for L,
with boundary datum f that we call u and we have a comparison principle, we obtain

for every x € T and every n and hence we get
Uso () < u(x).
Thanks to this inequality we obtain

limsup uoo () < lim_ w(z) = f(¢(2))

r—2€0T z—2z€0T

and hence we conclude that

lim us(z) = f((2)). (5.3.30)

x—2€0T
A similar argument shows that

lim ve(z) = g(¥(2)). (5.3.31)

r—2€0T

To conclude we just observe that (5.3.23), (5.3.24), (5.3.26), (5.3.28) and (5.3.30) show
that
Uoo = Q(Lla h17 Voo, f)

In the same way (5.3.25), (5.3.24), (5.3.27), (5.3.29) and (5.3.31) imply that
Voo = 6([/27 h27 Uoso, g)

Finally, we observe that, since we have a subsolution (called u) for L; with datum f
and a supersolution (called v) for Ly with datum g and we assumed that f > g, we have
Jim (@) = g(y(2)) < f(¥(2)) = lm u(z).

Therefore we have that
Voo () <T(x) < u(z) < Us()

for every x with |z| large enough, say |z| > C. This proves that the contact set {z :
Uso () = Voo(x)} does not contain nodes in {z : |z| > C'} and therefore the contact set is
finite. ]
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5.3.4 A probabilistic interpretation

We will provide a probabilist interpretation in terms of a theoretical game of the system

(

u(z)=max { (@) + (1 - 8)(— 3 u(y)) +hila). o)} 2 £0,
yeSt(z)
u@)=max { (37 uf)) +hi0),0(0)}
vesi®) | (5.3.32)
v(az):min{ﬁw(i) +(1- 52)<E 3 v(y))—l—hg(:v),u(x)}, v #0,
yeSt(x)
v(@):min{<% Z v(y)) +hz(@),u(®)},
yeSH(0)

\

that is, for the solutions of (5.3.5).
The related game is a two player, zero game player in two borardes. Its rules are the
following;:

e THE BOARDS: each board is a m-regular T tree. The fist board is labeled with 7 = 1
and the second with j = 2. In the first board there is a running payoff h; : T — R
and the final payoff f : [0,1] — R while in the second, the running payoff hy : T — R
and the final payoff g : [0,1] — R.

e THE PLAYERS: there are two players: Paul and Carol. The aim of Paul is to maxime
the who aims to maximize the total payoff and the goal’s Carol is to minimizes it.
To see the definition of total payoff see the bulled below.

e THE START: the game starts with a token of some node in one of the two trees,
(x0,j) with g € T and j = 1,2 (we add an index to denote at which board is the
position of the game)

If j = 1 is in the first board then Paul decides to remain in the same board and to
play one round of the game or to jump to the other board, 7 = 2. On the other hand,
j = 2, Carol decides to remain in the same board and play one round of the game or
to jump to the first board j = 1.

e ALLOWED MOVEMENTS: In each turn the players have a choice to play at the same
board or to change boards.

— MOVEMENTS IN THE j- BOARD: given a token (z,j), the player moves to
the predecessor of x with probability §; or to one of the m successors with
probability (1 — 3;)/m. She or he collects a running payoff h;(x). At the root
of the tree the token moves to one of the successors with probability 1/m.

— HOW TO CHANGE THE BOARD: in each turn, if the player consider that is more
adventagentaus for his/her purpose can choice not to play in the board where
the token is and moce to the other.
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e THE END: let M € N a fixed large number. When the the position arrives a node of
level M called x,, after a priori unknown 7, turns, the game ends.

In the last round, apart of the accumulated running payoff, if x, is in the first board,
Paul has to pay to Carol the amound encoded by f(¢(z,)) while if z,,, in the second
board the final payoff is given by g(¢(z,,,)).

Recall that, as we have explained at the beginning of the subsection, since z,,, =
(0,a1,a9, ...,a,,) is a vertex, we set ¥(x,,,) = ¥((0,a1,as, ..., ary,, 0, ...))

e THE TOTAL PAYOFF: It is given by

total payOffM (‘T07]) = f(quj(xT))X{] 1}(jTJVI) + g(w(xTM))X{j=2}(jT)
-1

( H@k)X =13 (k1) — h2($k)X{jz2}(jk+1)>-
k=0

\1

Notice that the total payoff a priori depends of the initial token (xq,j). It is the
sum of the final payoff (given by f(x,) or by g(x,) according to the board at which
the position leaves the domain) and the running payoff that is given by hq(x;) and
ha(z) corresponding to the board in which they play at step k + 1.

Value funtion and the two membranes problem.
On the one hand, Let Sp a strategy for Paul and S a strategy for Carol. The value
function wy - T x {1,2} — [0,1] for the game explaned before is given by

wy(x,1) = mf sup E(total payoff,, (x,j)) = sup 1anE(t0tal payoff,, (x, j)).

Sp Sc Sc Sp

Here the inf and sup are taken among all possible strategies of the players. In this definition
of the value of the game we penalize games that never end (both players may choose to
change boards at the same node for ever producing a game that never ends). The value
of the game wy(x, ) encodes the amount that the players expect to get/pay playing their
best with final payoffs f and g at level M. We refer to [16] for more details and precise
definitions of strategies and to the books [16] and [66] for more information concerning
games and mean value properties.
On the other hand, let us defined the pair

(wpr(z, 1), wpr(z,2)) if |z| < M,

(@), g(w(@)  if 2] = M. (5.3.33)

(war (), var () = {

That is, the above pair is a solution to the system (5.3.32) in the finite subgraph of the
tree composed by nodes of level less than M and with boundary datum (f (), g(¢)) at the
level M.

Observe that that the first and the second equation in (5.3.32) encodes all the possibili-
ties for the next position of the game in the first board . Moreover, that the maximum that

231



CHAPTER 5. TWO MEMBRANES PROBLEM

appears in both equations capture the Paul’s choice (who want to maximaze) to play or
change to the other board. Similarly, the two last equationsin (5.3.32) takes into account
all the possibilities for the game in the second board. They include a minimum since, in
this case, Carol decides to play or to change boards.

Now our goal is to stady the convergence of the pair (uy,vyr) given by(5.3.33) tas
M — oo iWe will obtain that the limit is a solution to the two membranes problem in a
tree (5.3.5) under the boundary conditions

lim u(z) = f(¢(2)),

r—2€0T

lim () = g(¢(2)).

r—2€0T

(5.3.34)

Theorem 5.3.13. Consider two continuous functions f,g : [0,1] — R and the function
¥ OT — [0,1] given by (5.3.1). Let (upr,vpr) s a solution to the system (5.3.32) in the
finite subgraph of the tree composed by nodes of level less than M and with boundary datum
(f(¥),g(4)) at the level M given by (5.3.33).

Then (upr,var) converge in subsequences to a solution of the two membranes problem
in the whole tree (5.3.32) with boundary data (5.3.34) as M goes to infinity.

Proof. From the estimates that we have proved in the previous sections for a solution
(upr, var) we know that these functions are uniformly bounded in M. Therefore, we can
extract a subsequence M; — oo such that

upg, () — u(x) and v, (7) = v(w),

for every x € T. Passing to the limit in the equations

yeSt(x)

une(e) = e { Braas(2) + (0= 50 (o 32 warly)) + o). var(a)
upr(0) —max{(% Z uM(?J)) +h1(@)>UM(®)}:

yeS1(0)
vp(z) = min {BQUM@) + (1= 52) (% Z UM(?J)) + ha(x), U’M(x)}u
y€St(z)
o = min{ (— 37 wa(w) + ha(0),un(0)}

232



CHAPTER 5. TWO MEMBRANES PROBLEM

we get that the limit (u,v) solves

) = max (@) + (=8 (0 3 uw) + i) o)},
u(®) = max { (~ > ulw) +h1(y(2)€;1(;()®)}
v(fv)Zmin{ﬁw(gi(?l—ﬂz)(— > o) + hale).ulo)
o(0) = min { (iy:%:@)”(y)> ) ;x()m},

in the whole tree.
On the other hand, since f and g are continuous, given 1 > 0 there exists M large
enough such that

[uar(2) — max f| = | f(()) — max f| <,

and
[oar () — max g| = |g(¢(z)) — maxg| <n

for every x at level M with M large enough. Therefore, we get

up () < mIaXf + 7, and vy () < max g + 1

for every x at level M large. Using that (uas, vas) converge as M — oo to (u, v) we conclude

that
limsup u(z) < f(¥(2)) +n,

x—2€0T
limsup v(z) < g(¥(2)) + 1.
x—z€0T
A similar argument using that
up(x) > rr}inf -, and vy () > Ir}ing -7

for M large gives that
liminf u(z) > f(¥(2)) — 7,

r—2€0T

liminf v(z) > g(¢(2)) — .

r—2z€0T

Therefore, since 7 is arbitrary, we conclude that (u,v) satisfies

lim u(z) = f(¢(2)),

r—2€0T

lim o(z) = g(¥(2)),

r—2€0T

and the proof is completed. [
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Conclusiones

La presente tesis doctoral consta de una introduccion seguida de cuatro capitulos princi-
pales, en los que se estudian las conexiones entre las Ecuaciones en Derivadas Parciales
con la Probabilidad, la Geometria y la Teoria de Juegos dando lugar a contribuciones sig-
nificativas en estas areas, las cuales se recopilan en cinco articulos de investigacion [48, 49,
50, 51, 52].

En primer lugar, en el Capitulo 2, desarrollamos una teoria de tipo Widder para ecua-
ciones del calor no locales asociadas a ciertos operadores de Lévy. Demostramos la unicidad
de soluciones clasicas y muy débiles no negativas con una traza inicial dada, la existencia
de una traza inicial perteneciente a una clase admisible y la existencia de una solucion,
expresada mediante una férmula de representacion, para cualquier traza inicial admisible.
Estos resultados se establecen inicialmente para operadores de Lévy puramente no locales
definidos a través de ntcleos de Lévy positivos y simétricos, comparables con funciones
radiales de crecimiento polindmico mixto, y posteriormente se extienden a operadores més
generales, incluyendo operadores anisotrépicos y operadores que combinan una parte local
con una no local.

En segundo lugar, en el Capitulo 3, estudiamos el problema de Cauchy en el espacio
hiperbdlico para la ecuacién del calor con un término de reaccién tipo Fisher-KPP. Anal-
izamos la dicotomia entre propagacién y extincion, demostrando nuevos resultados que
incluyen el caso critico en el que, a priori, no domina ni el término de reaccién ni el infimo
del espectro del operador de Laplace-Beltrami (considerado aqui como un operador posi-
tivo). En el caso de propagacién, mostramos que si el dato inicial posee un cierto tipo de
invariancia, la solucion converge asintoticamente a una onda viajera de velocidad minima
en un sistema de referencia mévil. La eleccién de este sistema de referencia depende de
la invariancia del dato inicial, la cual, a su vez, esta estrechamente relacionada con los
tres tipos de isometrias en el espacio hiperbdlico: elipticas, hiperbdlicas y parabdlicas.
Ademas, demostramos que los términos dependientes del tiempo en el sistema de referen-
cia en movimiento estan influenciados por el desplazamiento desde el infinito del espacio
hiperbdlico.

Después, en el Capitulo 4, buscamos la envolvente convexa de un conjunto mediante la
evolucién por curvatura minima de una hipersuperficie que la contiene. Para determinar
la envolvente convexa, analizamos el comportamiento en tiempos grandes de las soluciones
a un problema de obstaculo en la formulacion de conjunto de nivel del flujo geométrico
dictado por el minimo de las curvaturas principales. Demostramos que el superconjunto
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de nivel donde la solucién de este problema de obstdculo es positiva converge, cuando el
tiempo tiende a infinito, hacia la envolvente convexa del obstaculo. Nuestro enfoque se
basa en una aproximacién de tipo tedrico de juegos para este flujo geométrico, inspirada
en resultados previos para el flujo por curvatura media.

Finalmente, en el Capitulo 5, estudiamos un problema eliptico. Analizamos iteraciones
del problema del obstéculo para operadores diferenciales en un dominio de Lipschitz y para
operadores definidos mediante férmulas de valor medio en un arbol regular. Resolvemos
de manera iterativa el problema del obstaculo desde arriba o desde abajo y demostramos
que el par de funciones que se obtiene en el limite es una solucién del problema de las dos
membranas para los dos operadores considerados.

Cuando el espacio ambiente es un dominio de Lipschitz, realizamos nuestro andlisis
tanto en el marco variacional como en el de soluciones viscosas. En cambio, cuando el
espacio ambiente es un arbol regular, demostramos la existencia de soluciones bajo condi-
ciones adecuadas sobre los datos de frontera y los términos fuente involucrados. También
probamos que, si los datos de frontera estan estrictamente separados, el conjunto de co-
incidencia se mantiene alejado de la frontera y, en consecuencia, contiene tinicamente un
numero finito de nodos.

En conclusién, esta tesis contribuye a una comprensién méas amplia de las Ecuaciones
en Derivadas Parciales, aportando resultados matemaéticos profundos sobre la ecuacién
del calor para operadores de Lévy generales, ecuaciones de reaccion-difusion en el espacio
hiperbdlico, juegos tedricos para estudiar el flujo por curvatura minima y métodos iterativos
para el problema de las dos membranas.
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Conclusions

This PhD dissertation has presented an introduction followed by four main chapters, ex-
ploring the connections between Partial Differential Equations and Probability, Geometry
and Game Theory having led to significant contributions in these areas, which are sum-
marized in five research papers [48, 49, 50, 51, 52].

First, in Chapter 2 we develop a Widder-type theory for nonlocal heat equations for
certain Lévy operators. We prove uniqueness of nonnegative classical and very weak so-
lutions with a given initial trace, the existence of an initial trace, belonging to certain
admissibility class and the existence of a solution, given by a representation formula, for
any admissible initial trace. Such results are obtained first for purely nonlocal Lévy op-
erators defined through positive symmetric Lévy kernels comparable to radial functions
with mixed polynomial growth, and then extended to more general operators, including
anisotropic ones and operators that have both a local and a nonlocal part.

Second, in Chapter 3 we study the Cauchy problem on the hyperbolic space for the
heat equation with Fisher-KPP type forcing term. We address the question of propagation
versus extinction, proving new results that include the critical case where either the forcing
term or the infimum of the spectrum of the Laplace-Beltrami operator (spectral gap)
(considered here as a positive operator) a-priori dominates. In the case of propagation, we
prove that if the initial datum possesses a certain type of invariance, the solution converges
asymptotically to a traveling wave of minimal speed in a moving frame. The choice of this
moving frame depends on the invariance of the initial datum, which, in turn, is deeply
related to the three types of isometries in the hyperbolic space: elliptic, hyperbolic, and
parabolic. Moreover, we show that the time-dependent terms of the moving frame are
affected by the drift from infinity of the hyperbolic space.

Latter, in Chapter 4 we look for the convex hull of a set using the geometric evolution
by minimal curvature of a hypersurface that surrounds the set. To find the convex hull,
we study the large time behavior of solutions to an obstacle problem for the level set
formulation of the geometric flow driven by the minimum of the principal curvatures.
We prove that the superlevel set where the solution to this obstacle problem is positive
converges as time goes to infinity to the convex hull of the obstacle. Our approach is based
on a game-theoretic approximation for this geometric flow that is inspired by previous
results for the mean curvature flow.

Finally, in Chapter 5 we study an elliptic problem. Here we analyze iterations of the
obstacle problem for differential operators in a Lipschitz domain and for an operators given
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by mean value formulas setting in a regular tree. We solve iteratively the obstacle problem
from above or below and we prove that the pair of functions that we obtain at the limit
is a solution to the two membranes problem for the two different operators. When the
ambient space is a Lipschitz domain we perform our analysis in both the variational and
the viscosity settings. While the ambient space is a regular tree we show existence of
solutions under adequate conditions on the boundary data and the involved source terms.
We also show that, when the boundary data are strictly separated, the coincidence set is
separated from the boundary and thus it contains only a finite number of nodes.

In conclusion, this PhD dissertation contributes to a broader understanding of Par-
tial Differential Equations, providing deep mathematical results on the heat equation for
general Lévy operators, reaction-diffusion equations on hyperbolic space, game-theoretic
approaches to model minimal curvature flow, and iterative methods for the two membranes
problem.
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