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sin Pedro, y por eso mi primer agradecimiento es para él. Gracias por todo lo que me has enseñado,
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Resumen

El ret́ıculo de Banach libre generado por un espacio de Banach es un objeto libre que asigna a cada
espacio de Banach E un ret́ıculo de Banach, denotado FBLrEs, y un embebimiento lineal de E
en FBLrEs con la propiedad universal de extender de forma única cualquier operador de E en un
ret́ıculo de Banach a un homomorfismo de ret́ıculos definido en FBLrEs. En esta tesis, estudiamos
la conexión entre este objeto libre y varias nociones de ret́ıculos de Banach y construcciones uni-
versales. Concretamente, proponemos una solución al problema de encontrar una representación
expĺıcita del ret́ıculo de Banach con p-estimaciones superiores libre, un análogo del ret́ıculo de
Banach libre en la categoŕıa de ret́ıculos de Banach con p-estimaciones superiores, y construimos
push-outs en las categoŕıas de ret́ıculos de Banah p-convexos y con p-estimaciones superiores, ex-
plorando por el camino algunas diferencias fundamentales entre estas dos clases de ret́ıculos de
Banach tan relevantes. También investigamos cómo los biduales, que se comportan como objetos
libres entre las categoŕıas de espacios de Banach y espacios de Banach duales, interaccionan con los
ret́ıculos de Banach libres, lo que nos lleva a introducir el ret́ıculo de Banach dual libre generado
por un espacio de Banach. A continuación, empleamos técnicas de interpolación y extrapolación
con el fin de comprender mejor los espacios de funciones positivamente homogéneas en los que se
construyen los ret́ıculos de Banach libres. Finalmente, nos centramos en la cuestión más aplicada
de la recuperación de fase estable, un problema proveniente de la cristalograf́ıa de rayos X que con-
siste en recuperar de forma estable una señal a partir de la medida de su módulo. Recientemente
se han propuesto los ret́ıculos de Banach como el marco abstracto adecuado para modelizar este
problema. Siguiendo esta aproximación, proporcionamos una caracterización de los subespacios de
un ret́ıculo de Banach complejo que hacen recuperación de fase estable y estudiamos la existencia
de subespacios infinito-dimensionales haciendo recuperación de fase estable en espacios de funciones
continuas.
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Abstract

The free Banach lattice generated by a Banach space is a free object that assigns to every Banach
space E a Banach lattice, denoted FBLrEs, and a linear embedding from E into FBLrEs with the
universal property that every operator from E to a Banach lattice extends uniquely to a lattice
homomorphism on FBLrEs. In this dissertation, we study the connections of this free object with
several Banach lattice notions and universal constructions. Namely, we provide a solution to the
problem of finding an explicit representation for the free Banach lattice with upper p-estimates,
which is an analogue of the free Banach lattice in the category of Banach lattices with upper p-
estimates, and we construct push-outs in the categories of p-convex Banach lattices and Banach
lattices with upper p-estimates, exploring some fundamental differences between these two relevant
classes of Banach lattices along the way. We also investigate how biduals, that behave as free
objects between the categories of Banach spaces and dual Banach spaces, interact with free Banach
lattices, which leads us to introduce the free dual Banach lattice generated by a Banach space. Next,
we apply interpolation and extrapolation techniques in order to better understand the spaces of
positively homogeneous functions in which free Banach lattices are constructed. Finally, we focus on
the more applied topic of stable phase retrieval, a problem from X-ray crystallography consisting in
recovering stably a signal from the measurement of its modulus. Banach lattices have been recently
suggested as the suitable framework to model this problem. Following this approach, we provide a
characterization of the subspaces of complex Banach lattices doing stable phase retrieval and study
the existence of infinite-dimensional subspaces doing stable phase retrieval in spaces of continuous
functions.
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Notation

‚ E,F,G will generally denote Banach spaces, whereas X,Y, Z will be used for Banach lattices.

‚ BE and SE denote the unit ball and the unit sphere of a Banach space E, respectively.

‚ X` denotes the positive cone of a Banach lattice X, that is, the set of positive elements.

‚ spanpAq and latpAq denote the subspace and the sublattice generated by the set A, respectively.

‚ An operator is a linear and bounded map between Banach spaces.

‚ An embedding is an invertible operator with continuous inverse, that is, an isomorphism onto
its image.

‚ idE : E Ñ E denotes the identity operator on a Banach space E.

‚ E˚ denotes the dual of a Banach space E, and E˚˚ the bidual. JE : E Ñ E˚˚ is the canonical
isometric embedding from E into its bidual.

‚ CpKq denotes the space of continuous functions over a compact Hausdorff space K, and 1 or
1K will denote the constant 1 function on K.

‚ If 1 ď p ď 8, p˚ denotes its conjugate exponent, defined by 1
p ` 1

p˚ “ 1.

‚ HrEs denotes the space of positively homogeneous functions from E˚ to R. For 1 ď p ď 8,
HprEs is the ideal of HrEs of weakly p-summing functions.

ix





Introducción

Los objetos libres son una construcción común en matemáticas, de la que podemos encontrar ejem-
plos en álgebra, topoloǵıa o análisis. Estos objetos categóricos permiten extender aplicaciones entre
objetos en una categoŕıa grande (t́ıpicamente la de conjuntos, pero también espacios topológicos o
espacios de Banach) a morfismos en una categoŕıa más pequeña con alguna estructura adicional,
como linealidad, topoloǵıa, orden, etc. Consideremos por ejemplo un espacio vectorial generado por
una base de Hamel peaqaPA indexada por un conjunto A. Este espacio es esencialmente único, salvo
permutaciones de los elementos de la base, por lo que podemos fijar como representación el espacio
c00pAq de sucesiones de soporte finito indexadas en A. Además, este espacio vectorial satisface la
siguiente propiedad universal: dado un espacio vectorial X y una aplicación f : A Ñ X, existe una
aplicación lineal pf : c00pAq Ñ X tal que pfpeaq “ fpaq para todo a P A, que viene dada por la
expresión pfp

ř

aPA xaeaq “
ř

aPA xafpaq.

c00pAq
pf

##

A

OO

f
// X

Nótese que una vez que las imágenes de los elementos de la base ea han sido fijadas por la aplicación
f , la extensión pf queda uńıvocamente determinada por la propia linealidad de la aplicación. Esta
propiedad universal es la que caracteriza los objetos libres, en este caso el espacio vectorial libre
sobre el conjunto A.

En el lenguaje de la teoŕıa de categoŕıas, un objeto libre se define de la siguiente manera. Sean
C y D dos categoŕıas y u : C Ñ D un funtor fiel (faithful), esto es, un funtor que es inyectivo en los
conjuntos de homomorfismos entre objetos. Considérese por ejemplo la situación t́ıpica en la que
la categoŕıa D contiene a C y el funtor u representa un funtor olvido que “olvida” la estructura
adicional que teńıa C respecto de D (en el ejemplo anterior, D seŕıa la categoŕıa de conjuntos y
aplicaciones, C la de espacios vectoriales y aplicaciones lineales, y u : C Ñ D el funtor olvido que
representa los espacios vectoriales como conjuntos sin estructura adicional y las aplicaciones lineales
como simples aplicaciones entre conjuntos). Entonces, dado un objeto A en D, un objeto libre en
C respecto de A es un objeto FA de C, junto con un morfismo j : A Ñ upFAq de D, que satisface
la siguiente propiedad universal: para todo objeto X en C y todo morfismo f : A Ñ upXq de D,
existe un único morfismo pf : FA Ñ X de C tal que up pfq ˝ j “ f .

upFAq

up pfq

##

FA

pf
��

A

j

OO

f
// upXq X

Cabe destacar que la propiedad universal implica que si un objeto libre existe, es único (salvo
isomorfismo de la categoŕıa).
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2 Introducción

La principal fuente de ejemplos de objetos libres es el álgebra. En efecto, un teorema clásico
del álgebra universal (véase [71, Theorem 2.9]) garantiza la existencia de objetos libres generados
por conjuntos en una amplia variedad de categoŕıas, que incluyen espacios vectoriales, grupos,
anillos, ret́ıculos vectoriales... Por otra parte, obtener una descripción concreta de un objeto libre
como la que nos proporciona c00pAq para el espacio vectorial libre no es en general tan sencillo, y
puede requerir un esfuerzo adicional. Sin embargo, en aquellos contextos en los que se dispone de
una representación expĺıcita del objeto libre, esta suele ser una construcción bastante natural. Aśı
sucede por ejemplo con el grupo libre sobre un conjunto, que asocia a cada conjunto A un grupo GA
formado por todas las palabras finitas cuyos caracteres son elementos de A y sus inversos formales
(módulo cancelación), el espacio vectorial generado por una base presentado anteriormente, que
asocia a cada conjunto A un espacio vectorial generado por una base de Hamel de cardinalidad |A|,
representado por c00pAq, o el anillo de polinomios sobre un conjunto de variables, que asigna a cada
conjunto A un anillo de polinomios con coeficientes en Z y variables indexadas por los elementos
de A.

También se pueden encontrar objetos libres en topoloǵıa, generalmente bajo la forma de com-
pleciones o compactificaciones. Por ejemplo, la compactificación de Stone–Čech de un espacio
topológico X (ver [59]) es un espacio compacto y Hausdorff βX junto con una aplicación con-
tinua j : X Ñ βX que satisfacen que para cualquier aplicación continua f : X Ñ K, con K
compacto y Hausdorff, existe una única función continua pf : βX Ñ K tal que pfj “ f . En este
ejemplo, los espacios compactos y Hausdorff (con funciones continuas) ocupan el papel de la ca-
tegoŕıa pequeña C, mientras que la categoŕıa grande D se corresponde con los espacios topológicos
arbitrarios (también con funciones continuas). Un procedimiento similar se puede usar para cons-
truir compleciones y clausuras en diferentes contextos, como la compleción de un espacio métrico
(añadiendo los ĺımites de todas las sucesiones de Cauchy) o la compleción en orden de un ret́ıculo
o álgebra booleana (añadiendo los supremos e ı́nfimos de todo conjunto acotado en orden).

Pasando al análisis, nos damos cuenta de que los objetos libres no han sido tan estudiados como
en álgebra. Pese a que el resultado de álgebra universal mencionado anteriormente se puede adaptar
para probar la existencia de objetos libres en ciertos contextos de interés para los analistas (véase
por ejemplo [77]), obtener una representación expĺıcita se vuelve más delicado, en parte porque las
categoŕıas consideradas suelen combinar una estructura algebraica y topológica. Por otra parte,
hay construcciones clásicas en análisis que satisfacen la propiedad universal de un objeto libre y
sin embargo rara vez se las presenta como tales. Un ejemplo bastante náıf de lo anterior es ℓ1pAq,
el espacio de Banach de las sucesiones absolutamente sumables indexadas por el conjunto A, que
se comporta como el espacio de Banach libre generado por el conjunto A. En efecto, este espacio
tiene la propiedad de que para todo espacio de Banach E y toda aplicación acotada T : A Ñ E,
existe una única extensión pT : ℓ1pAq Ñ E como operador (lineal y acotado) prescrita por la relación
pTea “ Ta para cada a P A, que además satisface que } pT } “ supaPA }Ta}. Aunque la restricción
adicional de tener que considerar únicamente aplicaciones acotadas de A en E, necesaria para que
el objeto libre exista, se puede reformular empleando en lugar de la categoŕıa de espacios de Banach
la de las bolas unidad de espacios de Banach con restricciones de operadores contractivos entre los
correspondientes espacios como morfismos, este simple ejemplo ilustra cómo trabajar en categoŕıas
“anaĺıticas” no es tan automático como en el marco puramente algebraico.

Otro ejemplo ubicuo de objeto libre en la teoŕıa de espacios de Banach que raramente se considera
desde esta perspectiva se puede encontrar en la categoŕıa Ban˚ de espacios de Banach duales con
operadores débil*-débil* continuos (equivalentemente, operadores adjuntos). En este contexto, es
fácil comprobar que dado un espacio de Banach E, su segundo dual o bidual E˚˚ junto con el
embebimiento canónico JE : E Ñ E˚˚ se comporta como el espacio de Banach dual libre generado
por E, dado que para todo operador sobre un espacio de Banach dual T : E Ñ F ˚ existe una única
extensión débil*-débil* continua a E˚˚ dada por pT ˚JF q˚ “ J˚

FT
˚˚:
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E˚˚ T˚˚
// F ˚˚˚

J˚
F
��

E

JE

OO

T // F ˚

A pesar de lo anterior, existen algunos objetos libres que han llamado la atención de la comunidad
de espacios de Banach en las últimas décadas (véase la revisión bibliográfica [53]). Uno de ellos es
el espacio de Banach Lipschitz libre sobre un espacio métrico (también llamado espacio de Arens–
Eells o espacio de costes de transporte). Este espacio ha atráıdo el interés de investigadores de la
teoŕıa no lineal de espacios de Banach y la geometŕıa métrica, especialmente desde su aparición
en [61] y [122], dado que establecen un puente entre la categoŕıa de espacios métricos con punto
base (esto es, espacios métricos M con un punto distinguido 0 P M) y aplicaciones Lipschitz que
preservan el 0, y la de espacios de Banach con operadores. Más concretamente, FpMq es un espacio
de Banach junto con una isometŕıa δM : M Ñ FpMq tal que toda aplicación Lipschitz f de M en
un espacio de Banach E que mande 0 P M a 0 P E se puede extender de forma única a un operador
pf : FpMq Ñ E, de tal forma que pfδM “ f y } pf} “ }f}Lip, la mejor constante Lipschitz de f . Dado
un espacio métrico M , FpMq admite una representación expĺıcita como el subespacio del dual de
Lip0pMq (el espacio de Banach de las funciones Lipschitz de M a R que preservan el 0, equipado
con la norma } ¨ }Lip) generado por los funcionales evaluación δp con p P M dados por δppfq “ fppq

para cada f P Lip0pMq. Se tiene que FpMq es de hecho un predual de Lip0pMq, aunque todav́ıa no
se sabe si FpMq es el único predual. Remitimos al lector al monográfico [60] y las referencias que
contiene para más información sobre el tema, y a [105] para algunas notas históricas sobre el origen
de estos espacios. Mencionamos también que algunas construcciones similares han sido consideradas
en el marco de los espacios cuasi métricos y cuasi normados [4], y los espacios asimétricos (aquellos
en los que la distancia no es simétrica) [41].

Otro ejemplo de objeto libre, proveniente, esta vez, del análisis complejo, es el espacio de Banach
holomorfo libre. Esta construcción, que fue introducida por Mujica en [99, Theorem 2.1], inspirado
por el teorema de Dixmier–Ng (véase también [44, p. 417]), asigna a cada abierto U de un espacio
de Banach complejo E un espacio de Banach complejo G8pUq y una función holomorfa y acotada
δU : U Ñ G8pUq que satisfacen la siguiente propiedad universal: para todo espacio de Banach
complejo F y toda función holomorfa acotada f : U Ñ F existe un único operador C-lineal
pf : G8pUq Ñ F tal que pfδU “ f y } pf} “ }f}8. Este espacio se puede identificar de forma expĺıcita
como el subespacio de H8pUq˚, el dual del espacio de las funciones holomorfas acotadas de U en C,
que son continuas al restringirlas a la bola unidad de H8pUq equipada con la topoloǵıa compacto-
abierta. Al igual que en el caso Lipschitz, G8pUq es un predual de H8pUq, pero sigue siendo un
problema abierto determinar si este predual es único.

La última construcción a considerar es el ret́ıculo de Banach libre generado por un espacio de
Banach, sobre el cual versa esta tesis. Dado un espacio de Banach E, el ret́ıculo de Banach libre
sobre E es un ret́ıculo de Banach FBLrEs junto con una isometŕıa lineal ϕE : E Ñ FBLrEs

que satisface que para todo ret́ıculo de Banach X y todo operador T : E Ñ X existe un único
homomorfismo de ret́ıculos pT : FBLrEs Ñ X tal que pTϕE “ T y } pT } “ }T }. Este objeto fue
introducido por Avilés, Rodŕıguez y Tradacete [11], generalizando los ret́ıculos de Banach libres
generados por conjuntos estudiados por de Patger y Wickstead [106]. Tal y como veremos más
adelante, los autores de [11] también dieron una construcción expĺıcita de FBLrEs partiendo de
las representaciones de los ret́ıculos vectoriales libres como espacios de funciones [16, 28]. Desde la
aparición de [11] ha habido un número creciente de publicaciones que extienden el conocimiento
existente sobre este objeto y lo generalizan a otros contextos, como los ret́ıculos de Banach libres
con condiciones de convexidad [75], los ret́ıculos de Banach libres complejos [68] o los ret́ıculos de
Banach libres generados por ret́ıculos [12].

Los ejemplos de objetos libres presentados anteriormente han atráıdo el interés de la comu-
nidad investigadora porque proporcionan un puente entre áreas relevantes del análisis. Estas nuevas
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conexiones nos permiten desarrollar diccionarios entre propiedades de diferentes categoŕıas que se
encuentran en correspondencia, estudiar nuevas familias de espacios con propiedades determinadas,
encontrar contraejemplos a conjeturas existentes, o transferir técnicas de un área a otra. En esta
tesis doctoral, nos centraremos en el estudio del ret́ıculo de Banach libre generado por un espacio
de Banach y algunas de las construcciones relacionadas con el mismo. La estructura del trabajo es
la siguiente:

El Caṕıtulo 1 contiene nociones preliminares. Comenzaremos recordando los aspectos básicos de
la teoŕıa de ret́ıculos de Banach necesarios para el resto de la tesis. A continuación, introduciremos
las nociones de p-convexidad y p-estimaciones superiores, que jugarán un papel central en los
siguientes caṕıtulos, y resumiremos las propiedades principales de estas dos clases de ret́ıculos
de Banach. En analoǵıa con el caso p-convexo, donde los espacios Lp juegan un papel central,
señalaremos la importancia de Lp,8 entre los ret́ıculos de Banach con p-estimaciones superiores y
enumeraremos algunas de sus propiedades. Finalmente, repasaremos la construcción del ret́ıculo
de Banach libre generado por un espacio de Banach, aśı como otros desarrollos recientes del área,
tales como los ret́ıculos de Banach p-convexos libres.

En el Caṕıtulo 2 abordaremos varias cuestiones relacionadas con las p-estimaciones superiores.
Históricamente, la p-convexidad se ha estudiado de forma más detallada que las p-estimaciones
superiores, en parte por su conexión con los espacios Lp y la mayor variedad de herramientas
que estos espacios traen consigo. Un ejemplo de esta asimetŕıa puede encontrarse en [75] donde
se prueba la existencia tanto del ret́ıculo de Banach p-convexo libre como del ret́ıculo de Banach
con p-estimaciones superiores libre a través de un argumento abstracto, pero sin embargo solo se
proporciona una construcción expĺıcita para el caso p-convexo. Quedó formulado como un problema
abierto en [75, Remark 6.2], que fue posteriormente reiterado en [103, p. 91], determinar si el ret́ıculo
de Banach con p-estimaciones superiores libre, o en general cualquier otro ret́ıculo de Banach libre,
se pod́ıa representar como un ret́ıculo de funciones. El problema es el siguiente. Dado un espacio
de Banach E, el ret́ıculo vectorial libre generado por E, denotado FVLrEs, es denso en FBLp,8rEs,
el ret́ıculo de Banach con p-estimaciones superiores libre, o equivalentemente, FBLp,8rEs es la
compleción de FVLrEs bajo cierta norma. Por otra parte, FVLrEs se puede representar fácilmente
como subret́ıculo de CphpBE˚q, el espacio de las funciones positivamente homogéneas y débil*
continuas en BE˚ , y la inclusión es continua cuando se equipa a FVLrEs y CphpBE˚q con la norma
de FBLp,8rEs y la norma del supremo, respectivamente. Sin embargo, no es cierto en general que
un homomorfismo de ret́ıculos inyectivo definido sobre un ret́ıculo vectorial normado se extienda
de forma inyectiva a su compleción. Esta propiedad queda caracterizada en el Teorema 2.1.6, y
no se sabe si FVLrEs satisface dicha propiedad con respecto a FBLp,8rEs, ni siquiera cuando
consideramos exclusivamente la inclusión a CphpBE˚q.

Motivados por este problema, y con el objetivo de entender mejor las p-estimaciones superio-
res, introducimos en la Sección 2.1.1 el ret́ıculo de Banach libre generado por un espacio de Ba-
nach E asociado a una clase C de ret́ıculos de Banach, denotado FBLCrEs, y deducimos algunas
de sus propiedades. Partiendo de las clases Cp y Cp,8 de ret́ıculos de Banach p-convexos y con
p-estimaciones superiores, respectivamente, nuestra aproximación al problema en la Sección 2.2
consiste en buscar clases más simples de ret́ıculos de Banach que induzcan normas equivalentes
en los correspondientes ret́ıculos de Banach libres hasta alcanzar clases que admitan una fórmula
expĺıcita para la norma (t́ıpicamente, estas clases estarán formadas por ret́ıculos de Banach finito-
dimensionales). Usando los teoremas de factorización clásicos de Maurey (Teorema 1.2.3) y Pisier
(Teorema 1.2.4), demostramos un teorema de representación de ret́ıculos p-convexos y con p-
estimaciones superiores, respectivamente, (Teorema 2.2.1) que nos permite reducir las clases Cp y
Cp,8 a las clases de ℓ8-sumas de espacios Lp y Lp,8, respectivamente. Estas clases se pueden reducir
de nuevo hasta llegar a las clases de un solo elemento tLpr0, 1su y tLp,8r0, 1su usando propiedades
generales de la Sección 2.1.1, y un argumento técnico de la Sección 2.2.3 permite simplificar las
clases una vez más, obteniendo como resultado final las clases tℓnp : n P Nu y tℓnp,8 : n P Nu. Las
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conclusiones de este argumento se resumen en los Teoremas 2.2.13 y 2.2.14, donde recuperamos la
norma de FBLprEs hallada en [75, Theorem 6.1] y proporcionamos una norma expĺıcita equivalente
para FBLp,8rEs. También caracterizamos las clases D cuyo ret́ıculo de Banach libre asociado es
isométrico o isomorfo a FBLprEs o FBLp,8rEs, respectivamente. Nótese que la norma expĺıcita
obtenida en el Teorema 2.2.14 no puede ser isométrica a la norma original de FBLp,8rEs, tal y
como probamos en 2.2.15. Más concretamente, proporcionamos un ejemplo de un ret́ıculo de Ba-
nach que satisface una p-estimación superior con constante 1 pero no se embebe isométricamente
en ninguna ℓ8-suma de espacios Lp,8 (véase el Ejemplo 2.2.9).

A continuación, dedicamos la Sección 2.3 a estudiar push-outs y otras nociones categóricas en
subcategoŕıas de ret́ıculos de Banach como Cp o Cp,8. Reproduciendo la construcción de [14], de-
mostramos la existencia de push-outs isométricos en cualquier categoŕıa C que sea cerrada bajo
cocientes y ℓ8-sumas (Teorema 2.3.1). Más aún, demostramos en el Teorema 2.3.2 que los push-
outs en la categoŕıa de ret́ıculos de Banach p-convexos preservan isometŕıas. Sin embargo, no se
puede aplicar el mismo argumento en el caso de las p-estimaciones superiores, dado que emplea
técnicas de p-convexificación y p-concavificación, que no tienen un análogo para p-estimaciones
superiores. Pese a esto, demostramos que los push-outs con p-estimaciones superiores transforman
isometŕıas en isomorfismos con distorsión controlada por una constante universal, proporcionando
dos demostraciones diferentes de este resultado (Teorema 2.3.3). En la Sección 2.3.2 usamos los
push-outs construidos en la sección anterior para dar una solución al problema del embebimiento
para ret́ıculos de Banach libres con p-estimaciones superiores (ver Teorema 2.3.6). Dado un embe-
bimiento isométrico entre espacios de Banach ι : F Ñ E, este problema consiste en caracterizar
cuando el homomorfismo de ret́ıculos ι “ yϕEι : FBLp,8rF s Ñ FBLp,8rEs es también un embe-
bimiento. El mismo argumento usado para los ret́ıculos de Banach con p-estimaciones superiores,
junto con una propiedad de ℓp estrechamente ligada a la inyectividad en la categoŕıa de ret́ıculos
de Banach p-convexos con operadores positivos (Teorema 2.3.7), nos permite recuperar la solución
original de [103, Theorem 3.7] al problema del embebimiento para el caso p-convexo. Esto señala
otra diferencia entre la p-convexidad y las p-estimaciones superiores, dado que el Teorema 2.3.10
demuestra que ℓp,8 no satisface la correspondiente propiedad de inyectividad para los ret́ıculos
de Banach con p-estimaciones superiores. Concluimos el caṕıtulo con la Sección 2.4, dedicada a
extender resultados de Reisner [111] sobre factorizaciones de operadores por operadores p-convexos
y q-cóncavos al contexto de operadores que factorizan por operadores pp, p2q-convexos y pq, q2q-
cóncavos, para p2 P tp,8u y q2 P t1, qu.

En el Caṕıtulo 3 estudiamos nociones de dualidad en ret́ıculos de Banach libres. El punto de
partida es la concepción del bidual de un espacio de Banach como un objeto libre en la categoŕıa
de espacios de Banach duales con operadores débil*-débil* continuos (equivalentemente, adjuntos).
Esto motiva investigar la relación entre duales libres y ret́ıculos de Banach libres en dos direcciones
diferentes. La primera es demostrar que el ret́ıculo de Banach libre sobre un bidual se embebe reticu-
lar e isométricamente en el bidual del ret́ıculo de Banach libre generado por el espacio de Banach
original (Teorema 3.2.2). Para ello, desarrollamos en la Sección 3.1 una representación simplificada
del ret́ıculo de Banach libre generado por un espacio de Banach dual E˚ usando el Principio de
Reflexividad Local. Más espećıficamente, probamos que FBLrE˚s se puede representar como un
espacio de funciones sobre E en lugar de sobre E˚˚. Esto nos permite establecer el Teorema 3.2.2,
obteniendo como consecuencia resultados de representabilidad finita para el ret́ıculo de Banach
libre sobre un bidual con respecto al ret́ıculo de Banach libre sobre el espacio de Banach original.
También observamos que un argumento similar se puede emplear para obtener resultados análogos
en otros contextos, como espacios CpKq libres (Teorema 3.2.9) y ultraproductos de ret́ıculos de
Banach libres (Teorema 3.2.10). La otra ĺınea de investigación seguida en este caṕıtulo consiste en la
construcción de un objeto libre en la categoŕıa de duales de ret́ıculos de Banach con homomorfismos
de ret́ıculos débil*-débil* continuos. Probamos que dicho objeto existe en el caso p-convexo con 1 ă

p ď 8, y coincide con el bidual del ret́ıculo de Banach p-convexo libre. En el caso general (p “ 1),
demostramos que este objeto libre coincide con el bidual del ret́ıculo de Banach libre si y solo si el
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espacio de Banach generador no contiene una copia complementada de ℓ1. Pese a algunos resultados
parciales, queda como problema abierto determinar la existencia de este objeto libre cuando el
espacio de Banach contiene una copia complementada de ℓ1. A continuación, continuamos en la
Sección 3.5 con el estudio iniciado en [103, Section 3] de la correspondencia entre las propiedades
de un operador entre espacios de Banach y las del homomorfismo de ret́ıculos entre ret́ıculos de
Banach libres que este induce, caracterizando la propiedad de preservar copias complementadas
de ℓ1. Finalmente, en la Sección 3.6 proporcionamos una aplicación de los ret́ıculos de Banach
libres al estudio de los homomorfismos de ret́ıculos que alcanzan la norma, demostrando que todo
homomorfismo de ret́ıculos en un AM-espacio alcanza la norma. Este resultado se puede comparar
con el hecho trivial de que todo homomorfismo de ret́ıculos en un espacio CpKq alcanza su norma
en la función constantemente 1, siendo la principal diferencia que en los AM-espacios no hay, en
principio, unidad fuerte.

El Caṕıtulo 4 está dedicado al estudio de los espacios de funciones positivamente homogéneas
HprEs, 1 ď p ď 8, en los que se construyen los ret́ıculos de Banach p-convexos libres, y sus generali-
zaciones, los espacios Hp;qrEs, 1 ď q ď p ď 8. Tras recordar algunas propiedades de estos espacios,
aplicaremos técnicas de interpolación y extrapolación para comprender mejor cómo se ordenan estos
espacios con respecto a la inclusion, y cuándo estas inclusiones son estrictas. Concretamente, apli-
caremos el método real de interpolación (Proposición 4.2.2) y el método de Calderón–Lozanovskii
(Teorema 4.2.7) a ciertos pares de ret́ıculos de Banach compatibles dentro de esta familia, obte-
niendo estimaciones para las normas de estos nuevos espacios y proporcionando ejemplos en los que
las inclusiones inducidas por estas desigualdades son estrictas. También demostramos en el Teo-
rema 4.3.1 que HprEs se puede extrapolar a partir de la familia pHqrEsqqąp usando el ∆ método,
y damos más ejemplos de inclusiones estrictas entre espacios Hp;q. Concluimos el caṕıtulo estu-
diando en detalle las inclusiones entre espacios Hp;qrEs en el caso E “ ℓ1, obteniendo que todas las
inclusiones entre espacios Hp;qrℓ1s son estrictas (Proposición 4.3.5).

Finalmente, el Caṕıtulo 5 cambia el tema de los ret́ıculos de Banach libres por otro más aplicado
dentro de la teoŕıa de ret́ıculos de Banach: la recuperación de fase estable (SPR por sus siglas
en inglés, stable phase retrieval). Este problema, que tiene aplicaciones en áreas tales como la
cristalograf́ıa de rayos X, la astronomı́a, la f́ısica cuántica o el reconocimiento de voz, consiste en
estudiar cuándo una señal se puede recuperar a partir de su módulo de forma estable bajo pertur-
baciones. Comenzamos el caṕıtulo analizando el problema y su conexión con el marco abstracto de
los ret́ıculos de Banach y, a continuación, proporcionamos una caracterización de los subespacios
de un ret́ıculo de Banach complejo que hacen SPR (Teorema 5.2.7), en ĺınea con el correspondiente
resultado para el caso real [48, Theorem 6.1]. Tras esto, extendemos algunos resultados de [48]
sobre la existencia de subespacios infinito-dimensionales de espacios CpKq reales haciendo SPR
al marco complejo. En particular, caracterizamos los espacios CpKq que contienen un subespacio
infinito-dimensional haciendo SPR (Teorema 5.3.7). En la Sección 5.4 estudiamos la Pregunta 6.4
de [48], donde se conjetura una versión cuantitativa de [48, Theorem 6.1] (o el Teorema 5.3.7, res-
pectivamente), proporcionando una respuesta afirmativa tanto en el caso real como en el complejo.
Finalmente, en la Sección 5.5 iniciamos un estudio preliminar de cómo la propiedad de contener
un subespacio haciendo SPR se preserva bajo ciertas operaciones con ret́ıculos de Banach, como
sumas o cocientes.
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Free objects are a common construction in mathematics. We can find examples of them in algebra,
topology or analysis. These categorical objects allow us to extend maps from objects in a large
category (typically sets, but also topological spaces or Banach spaces) to morphisms in a smaller
category with some additional structure, such as linearity, topology, order, etc. Consider for instance
a vector space generated by a Hamel basis peaqaPA indexed by a set A. This space will be essentially
unique, up to permutations of the elements of the basis, so we can fix as a representation the
space c00pAq of finitely supported sequences indexed by A. Moreover, this vector space satisfies
the following universal property: given any vector space X and any map f : A Ñ X, there exists
a linear map pf : c00pAq Ñ X such that pfpeaq “ fpaq for every a P A, given by the expression
pfp
ř

aPA xaeaq “
ř

aPA xafpaq.

c00pAq
pf

##

A

OO

f
// X

Note that once the images of the basis elements ea are prescribed by the map f , the extension map
pf is uniquely determined by linearity. This universal property is what characterizes a free object,
in this case the free vector space over a set A.

In the language of category theory, a free object can be defined as follows. Let C and D be two
categories and u : C Ñ D a faithful functor, i.e., a functor that is injective on the sets of morphisms
between objects. Consider for instance the typical situation where the category D is larger than C
and the functor u represents a forgetful functor that “forgets” the additional structure of C with
respect to D (in the example above, D would be the category of sets and maps, C corresponds to the
category of vector spaces and linear maps, and u : C Ñ D is the forgetful functor that represents
vector spaces as plain sets with no additional structure and linear maps as maps between sets).
Then, given an object A of D, a free object in C with respect to A is an object FA of C, together
with a morphism j : A Ñ upFAq of D, satisfying the following universal property: for every object
X of C and every morphism f : A Ñ upXq of D, there exists a unique morphism pf : FA Ñ X of C
such that up pfq ˝ j “ f .

upFAq

up pfq

##

FA

pf
��

A

j

OO

f
// upXq X

It should be noted that this universal property implies that free objects are unique (up to isomor-
phism of the category) whenever they exist.

The main source of examples of free objects is algebra. Indeed, a well-known theorem from
universal algebra (cf. [71, Theorem 2.9]) guarantees the existence of free objects generated by sets

7
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in a wide range of categories, which include vector spaces, groups, rings, vector lattices... On the
other hand, obtaining a concrete representation for the free object as the one provided by c00pAq

for the free vector space is not as straightforward in general, and might require an additional effort.
However, in those contexts where an explicit description of the free object is available, they tend
to be very natural constructions. This is the case of the free group over a set, which associates to
every set A a group GA that consists of all the finite words whose characters are elements of A and
their formal inverses (modulo cancellation), the vector space generated by a basis discussed above,
which associates to every set A the vector space generated by a Hamel basis of cardinality |A|,
represented by c00pAq, or the ring of polynomials over a set of variables, which assigns to any set
A the ring of polynomials with coefficients on Z and variables indexed by the elements of A.

Free objects can also be found in topology, usually under the form of completions or compact-
ifications. For instance, the Stone–Čech compactification of a topological space X (cf. [59]) is a
compact Hausdorff space βX together with a continuous map j : X Ñ βX satisfying that for
every continuous function f : X Ñ K with K a compact Hausdorff space there exists a unique
continuous function pf : βX Ñ K such that pfj “ f . In this example, compact Hausdorff spaces
(with continuous functions) play the role of the category C, whereas the larger category D corre-
sponds to arbitrary topological spaces (with continuous functions). A similar scheme can be used
to construct different instances of completions or closures, such as the completion of a metric space
(adding limits of Cauchy sequences) or the order completion of lattices or boolean algebras (adding
infima and suprema of order bounded sets).

Moving on to analysis, we notice that free objects are not as well studied as in algebra. Even
though the above-mentioned result from universal algebra can be adapted to show the existence of
free objects in some contexts of interest for analysts (see for instance [77]), obtaining an explicit
representation becomes more intricate, partly because the categories considered are a combination
of algebraic and topological structures. On the other hand, there are classical constructions of
analysis that satisfy the universal property of a free object between certain categories, even though
they are not usually seen as such. A very naive example of this is ℓ1pAq, the Banach space of all
the absolutely summable sequences indexed by a set A, which behaves as the free Banach space
generated by the set A. Indeed, this space has the property that for every Banach space E and
every bounded map T : A Ñ E, there exists a unique extension pT : ℓ1pAq Ñ E as a (linear and
bounded) operator prescribed by the relation pTea “ Ta for every a P A, which moreover satisfies
} pT } “ supaPA }Ta}. Though the additional restriction of considering only bounded maps from A
to E, necessary for the free object to exist, can be restated by replacing the category of Banach
spaces with the category of unit balls of Banach spaces with restrictions of contractive operators
between the corresponding spaces as morphisms, this simple example illustrates how working with
“analytical” categories is not as straightforward as the purely algebraic setting.

Another ubiquitous example of a free object in Banach space theory that is rarely considered
from this perspective can be found in the category Ban˚ of dual Banach spaces with weak*-to-
weak* continuous operators (equivalently, adjoint operators). In this setting, it is easy to check
that for a Banach space E, the second dual or bidual E˚˚ together with the canonical embedding
JE : E Ñ E˚˚ behaves as the free dual Banach space generated by E, as for every operator into
a dual Banach space T : E Ñ F ˚ there is a unique weak*-to-weak* continuous extension to E˚˚

given by pT ˚JF q˚ “ J˚
FT

˚˚:

E˚˚ T˚˚
// F ˚˚˚

J˚
F
��

E

JE

OO

T // F ˚
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Notwithstanding, there exist some free objects that have raised the attention of the Banach
space theory community in the recent decades (see the survey [53]). One of them is the Lipschitz
free Banach space over a metric space (also known as Arens–Eells space or transportation cost
space). These spaces have attracted the interest of researchers in the non-linear theory of Banach
spaces and metric geometry, specially since their appearance in [61] and [122], as they establish a
bridge between the categories of pointed metric spaces (i.e., metric spaces M with a distinguished
point 0 P M) with Lipschitz maps that preserve 0, and Banach spaces with (linear and bounded)
operators. More specifically, FpMq is a Banach space together with an isometry δM : M Ñ FpMq

such that every Lipschitz map f from M to a Banach space E sending 0 P M to 0 P E can be
extended uniquely to an operator pf : FpMq Ñ E, in such a way that pfδM “ f and } pf} “ }f}Lip,
the best Lipschitz constant of f . Given a metric space M , FpMq admits an explicit construction
as the subspace of the dual of Lip0pMq (the Banach space of Lipschitz functions from M to R
that preserve the 0 endowed with the norm } ¨ }Lip) generated by the evaluation functionals δp
with p P M given by δppfq “ fppq for every f P Lip0pMq. It turns out that FpMq is actually a
predual of Lip0pMq, even though it is still unknown whether FpMq is a unique predual. We refer
the reader to the survey [60] and the references therein for further information on the topic, and
[105] for historical notes on the origin of these spaces. We also mention that similar constructions
have been considered in the setting of quasi-metric and quasi-normed spaces [4], and asymmetric
spaces (those where the distance is not symmetric) [41].

Another example of free object coming, this time, from complex analysis is the holomorphic free
Banach space. This construction, that was introduced by Mujica in [99, Theorem 2.1], inspired by
the Dixmier–Ng theorem (see also [44, p. 417]), assigns to every open subset U of a complex Banach
space E a complex Banach space G8pUq and a bounded holomorphic function δU : U Ñ G8pUq with
the following universal property: for every complex Banach space F and every bounded holomorphic
function f : U Ñ F there exists a unique C-linear operator pf : G8pUq Ñ F such that pfδU “ f
and } pf} “ }f}8. This space can be explicitly identified as the subspace of functionals of H8pUq˚,
the dual of the space of bounded holomorphic functions from U to C, that are continuous when
they are restricted to the unit ball of H8pUq endowed with the compact-open topology. As in the
Lipschitz case, G8pUq is a predual of H8pUq, but it is still an open problem whether this predual
is unique.

The last construction that will be discussed is the free Banach lattice generated by a Banach
space, to which this dissertation is devoted. Given a Banach space E, the free Banach lattice over
E is a Banach lattice FBLrEs together with a linear isometry ϕE : E Ñ FBLrEs satisfying that
for every Banach lattice X and operator T : E Ñ X there exists a unique lattice homomorphism
pT : FBLrEs Ñ X such that pTϕE “ T and } pT } “ }T }. This object was introduced by Avilés,
Rodŕıguez and Tradacete [11], generalizing the free Banach lattice generated by a set studied by de
Patger and Wickstead [106]. As we will see, the authors of [11] also provided an explicit construction
of FBLrEs based on the representations of free vector lattices as lattices of functions [16, 28]. Since
the appearence of [11] there has been an increasing number of publications extending the available
knowledge about this object and generalizing it to other settings, such as free Banach lattices with
convexity conditions [75], complex free Banach lattices [68] or free Banach lattices generated by
lattices [12].

The examples of free objects presented above have attracted the interest of researchers because
they provide a bridge between relevant areas of analysis. These new connections allow us to develop
dictionaries of properties within different categories that are in correspondence, study new fami-
lies of spaces with prescribed properties, find counterexamples to existing conjectures, or transfer
techniques from one area into the other. In this dissertation, we will focus on the study of the free
Banach lattice generated by a Banach space and some of its related constructions. The structure
is the following:
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Chapter 1 will be devoted to preliminary notions. We will start recalling the basic theory of
Banach lattices that will be required for the rest of the dissertation. Next, we will introduce the
notions of p-convexity and upper p-estimates, which will play a central role in subsequent chapters,
and discuss the main properties of these classes of Banach lattices. Analogously to the p-convex
setting, where Lp-spaces play a prominent role, we will point out the importance of Lp,8 among
Banach lattices with upper p-estimates and describe some of its features. Finally, we will review
the construction of the free Banach lattice generated by a Banach space, as well as some of the
recent developments in the topic, such as free p-convex Banach lattices.

In Chapter 2 we will study several notions related with upper p-estimates. Traditionally, p-
convexity has been much better understood than upper p-estimates, partly because of the connec-
tion with Lp-spaces and the broader toolbox that comes with them. A particular example of this
asymmetry can be found in [75], where the existence of both the free p-convex Banach lattice and
the free Banach lattice with upper p-estimates was established via an abstract argument, but the
authors were able to provide an explicit construction only in the p-convex setting. It was stated as
an open question in [75, Remark 6.2] and later reiterated in [103, p. 91] whether the free Banach
lattice with upper p-estimates, or in general any other free Banach lattice, could be represented
as a lattice of functions. The issue is the following: If E is a Banach space, the free vector lattice
generated by E, FVLrEs, is dense in FBLp,8rEs, the free Banach lattice with upper p-estimates,
or equivalently, FBLp,8rEs is the completion of FVLrEs under a certain norm. Moreover, FVLrEs

can be easily represented as a sublattice of CphpBE˚q, the space of positively homogeneous and
weak* continuous functions on BE˚ , and the inclusion is continuous when FVLrEs and CphpBE˚q

are endowed with the norm of FBLp,8rEs and the supremum norm, respectively. However, it is not
always true that an injective lattice homomorphism on a normed vector lattice extends injectively
to its completion. This property is characterized in Theorem 2.1.6, and it was not know whether
FVLrEs satisfies such property with respect to FBLp,8rEs, not even when we only consider the
inclusion into CphpBE˚q.

Motivated by this problem and the goal of better understanding upper p-estimates, we introduce
in Section 2.1.1 the free Banach lattice generated by a Banach space E associated to an arbitrary
class C of Banach lattices, denoted FBLCrEs, and deduce some of their properties. Considering
the classes Cp of p-convex Banach lattices and Cp,8 of Banach lattices with upper p-estimates as
our starting point, our approach in Section 2.2 is to find simpler classes of Banach lattices which
induce equivalent norms on the corresponding free Banach lattices until we obtain a class that
admits an explicit formula for the norm (typically, this class will be composed of finite-dimensional
Banach lattices). Using the classical factorization theorems of Maurey (Theorem 1.2.3) and Pisier
(Theorem 1.2.4), we show a representation theorem for p-convex Banach lattices and Banach lattices
with upper p-estimates (Theorem 2.2.1) that allows us to reduce the classes Cp and Cp,8 to the
classes of ℓ8-sums of Lp and Lp,8-spaces, respectively. These classes can be further reduced to
the singleton classes tLpr0, 1su and tLp,8r0, 1su using general properties from Section 2.1.1, and
a technical argument from Section 2.2.3 simplifies the classes one more time, obtaining as a final
result the classes tℓnp : n P Nu and tℓnp,8 : n P Nu. The conclusions of the previous argument are
summarized in Theorems 2.2.13 and 2.2.14, where we recover the norm of FBLprEs established in
[75, Theorem 6.1] and provide an equivalent explicit renorming for FBLp,8rEs. We also characterize
all the classes D whose associated free Banach lattice is isometric or isomorphic to FBLprEs or
FBLp,8rEs, respectively. It should be noted that the explicit norm obtained in Theorem 2.2.14
cannot be isometric to the original norm of FBLp,8rEs, as we show in Proposition 2.2.15. This is
done by constructing an example of a Banach lattice satisfying upper p-estimates with constant 1
that does not isometrically embed into an ℓ8-sum of Lp,8-spaces (see Example 2.2.9).

Next, we devote Section 2.3 to study push-outs and other categorical notions in restricted cat-
egories of Banach lattices such as Cp or Cp,8. Replicating the construction of [14], we show the
existence of isometric push-outs in a category C whenever it is closed under quotients and ℓ8-sums
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(Theorem 2.3.1). Moreover, we show in Theorem 2.3.2 that push-outs in the category of p-convex
Banach lattices preserve isometries. However, the same argument cannot be adapted to the setting
of upper p-estimates, as it uses techniques of p-convexification and p-concavification, which do not
have an upper p-estimate analogue. In spite of this, we show that upper p-estimates push-outs
transform isometries into isomorphisms with distortion bounded by a universal constant, and we
provide two different proofs of this fact (see Theorem 2.3.3). In Section 2.3.2 we use the push-outs
that we have constructed in order to provide a solution to the embedding problem for free Banach
lattices with upper p-estimates (Theorem 2.3.6). Provided ι : F Ñ E an isometric embedding
between Banach spaces, this problem consists in characterizing when the lattice homomorphism
ι “ yϕEι : FBLp,8rF s Ñ FBLp,8rEs is an embedding as well. The same argument used for Banach
lattices with upper p-estimates, together with a property of ℓp closely related to injectivity in the
category of p-convex Banach lattices with positive operators (Theorem 2.3.7), allows us to recover
the original solution from [103, Theorem 3.7] to the embedding problem for the p-convex case. This
points out another difference between p-convexity and upper p-estimates, since Theorem 2.3.10
shows that ℓp,8 does not satisfy the corresponding injectivity property for Banach lattices with
upper p-estimates. We finish the chapter with Section 2.4, which is dedicated to extend some re-
sults from Reisner [111] on factorization of operators through p-convex and q-concave operators
to the setting of operators which factor through pp, p2q-convex and pq, q2q-concave operators, for
p2 P tp,8u and q2 P t1, qu.

We devote Chapter 3 to investigate duality notions in free Banach lattices. The starting point is
the understanding of the bidual of a Banach space as a free object in the category of dual Banach
spaces with weak*-to-weak* continuous (i.e. adjoints) operators. This motivates us to investigate
the relation between free duals and free Banach lattices in two different directions. The first one is
to show that the free Banach lattice of a bidual space embeds lattice isometrically into the bidual
of the free Banach lattice of the original Banach space (Theorem 3.2.2). To do so, we develop in
Section 3.1 a simpler representation of the free Banach lattice over a dual Banach space E˚ using
the Principle of Local Reflexivity. More specifically, we prove that FBLrE˚s can be realized as a
space of functions over E instead of E˚˚. This allows us to establish Theorem 3.2.2, obtaining as
a consequence some finite representability results for the free Banach lattice of a bidual space with
respect to the free Banach lattice of the original Banach space. We also observe that a similar
argument can be used to obtain analogous results in other contexts, such as free CpKq-spaces
(Theorem 3.2.9) and ultraproducts of free Banach lattices (Theorem 3.2.10). The other line of
research we pursue in this chapter is the construction of a free object in the category of duals of
Banach lattices with weak*-to-weak* continuous lattice homomorphisms. We show that such object
exists in the p-convex setting for 1 ă p ď 8, and coincides with the bidual of the free p-convex
Banach lattice. In the general case (p “ 1), we show that the free object coincides with the bidual of
the free Banach lattice if and only if the generating space does not contain a complemented copy of
ℓ1. In spite of some partial results, it is left as an open question whether it exists when the Banach
space contains ℓ1 complemented. Next, in Section 3.5 we continue the study initiated in [103,
Section 3] of the correspondence between the properties of an operator between Banach spaces and
the lattice homomorphism between free Banach lattices that it induces, characterizing the property
of preserving complemented copies of ℓ1. Finally, in Section 3.6 we provide an application of free
Banach lattices to the study of norm attaining lattice homomorphisms, showing that every lattice
homomorphism on an AM-space attains its norm. This should be compared with the trivial fact
that every lattice homomorphism on a CpKq-space attains its norm on the constant 1 function, the
main difference being that in general there is no strong unit in an AM-space.

Chapter 4 is dedicated to the study of the spaces of positively homogeneous functions HprEs,
1 ď p ď 8, in which free p-convex Banach lattices are constructed, and the spaces Hp;qrEs,
1 ď q ď p ď 8, that generalize them. After reviewing some known facts concerning these spaces,
we will apply interpolation and extrapolation techniques to better understand how these spaces
are ordered with respect to inclusion, and when these inclusions are strict. More specifically, we
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apply the real method (Proposition 4.2.2) and the Calderón–Lozanovskii method (Theorem 4.2.7)
to certain compatible pairs of Banach lattices within this family, obtaining bounds for the norms
of these new spaces and providing examples where the inclusions induced by these inequalities are
strict. We also show in Theorem 4.3.1 that HprEs can be extrapolated from the family pHqrEsqqąp

using the ∆ method, and give more examples of strict inclusions between Hp;q-spaces. We conclude
the chapter studying in detail the inclusions between Hp;qrEs spaces for the case E “ ℓ1, obtaining
that all the inclusions between Hp;qrℓ1s spaces are strict (Proposition 4.3.5).

Finally, Chapter 5 changes the topic of free objects for a more applied subject within Banach
lattice theory: stable phase retrieval (SPR). This problem, that has applications in many areas such
as X-ray crystallography, astronomy, quantum physics or speech recognition, consist in studying
when a signal can be recovered from its modulus in a stable way. We begin the chapter reviewing the
problem and its connections with the abstract framework of Banach lattices, and next, we provide a
characterization of the subspaces of complex Banach lattices that do SPR (Theorem 5.2.7), in line
with the corresponding result for real scalars [48, Theorem 6.1]. After this, we extend some results
from [48] concerning the existence of infinite-dimensional SPR subspaces in real CpKq-spaces to the
complex setting. In particular, we characterize the CpKq-spaces containing an infinite-dimensional
SPR subspace (Theorem 5.3.7). In Section 5.4 we study Question 6.4 from [48], where a quantitative
version of [48, Theorem 6.1] (respectively, Theorem 5.3.7) is conjectured, providing an affirmative
answer for both the real and the complex case. Finally, in Section 5.5 we initiate a preliminary
study of the stability of the property of containing SPR subspaces under certain operations with
Banach lattices, such as direct sums or quotients.



Chapter 1

Preliminary notions on Banach lattices and free

Banach lattices

1.1 Banach lattices

A vector lattice is a vector space X over R endowed with a partial order ď that is compatible with
the linear structure and admits lattice operations, i.e.,

˝ if x, y P X are such that x ď y, then x` z ď y ` z for every z P X and λx ď λy for every scalar
λ ą 0;

˝ for every x, y P X there exist the least upper bound and the greatest lower bound of the set tx, yu,
called the supremum and infimum, respectively, and denoted x_ y and x^ y.

A vector lattice X with a norm }¨} compatible with the order, that is, }x} ď }y} whenever |x| ď |y|,
where |x| “ x_p´xq is the absolute value, is called a normed vector lattice. If the norm is complete,
X is said to be a Banach lattice. Many classical Banach spaces are also examples of Banach lattices.
This is the case, among many others, for the sequence spaces ℓp, the spaces of p-integrable functions
Lppµq, the Lorentz spaces Lp,qpµq, and the spaces CpKq of continuous functions over a compact
Hasdorff spaceK, when they are endowed with the coordinatewise, almost everywhere and pointwise
order and lattice operations, respectively. Banach lattices will be the main object of study of this
dissertation. Throughout the text, we will follow the standard notation used in classical textbooks
such as [88] or [96].

Vector lattices have a much richer subspace structure than vector spaces. Let X be a vector
lattice and Y subspace of X. If Y is closed under the lattice operations (supremum, infimum,
absolute value...), it is called a sublattice. If Y is solid, that is, whenever |x| ď |y| and y P Y we
have x P Y , then Y is said to be an ideal. An ideal Y satisfying that whenever x “ supA with
A Ď Y , then x P Y is called a band. Moreover, if there is a linear projection P : X Ñ X such
that P pXq “ Y and 0 ď Px ď x for every x P X`, where X` :“ tx P X : x ě 0u denotes the
positive cone, then Y is a projection band. Given a subset A of X, latpAq and IpAq will denote the
sublattice and the ideal generated by A, that is, the smallest sublattice or ideal that contains the
set A, respectively. If V is a vector subspace, then we can represent the sublattice generated by V
(cf. [5, Exercise 8, p. 204]) as

latpV q “

" m
ł

i“1

xi ´

n
ł

j“1

yj : pxiq
m
i“1, pyjq

n
j“1 Ď V

*

. (1.1)

We will constantly use this fact to represent elements of the free vector lattice generated by a
Banach space (see Section 1.3).

The lattice order makes possible a wider diversity of operators as well. Let X and Y be vector
lattices and T : X Ñ Y a linear map. T is called positive if x ď y implies that Tx ď Ty, or
equivalently, if T pX`q Ď Y`, and it is said to be regular if it is the difference of positive operators.

13
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Every positive operator from a Banach lattice to a normed vector lattice is bounded. If T preserves
the lattice operations (it suffices to check that it preserves just one of the operations, for instance,
the absolute value: T |x| “ |Tx| for every x P X) it is called a lattice homomorphism. Observe
that every lattice homomorphism is positive. T is said to be interval preserving if it is positive
and T r0, xs “ r0, Txs for every x P X`, where r0, xs “ ty P X : 0 ď y ď xu is the order interval
generated by x. There is a duality relation between lattice homomorphisms and interval preserving
maps that will be exploited in Chapter 3, see [96, Theorem 1.4.19]. Finally, observe that the range
of a lattice homomorphism is a sublattice and its kernel is an ideal, whereas the image of an interval
preserving operator is an ideal.

If X is a Banach lattice, its dual X˚ can also be endowed with a lattice order compatible with
the original dual norm. Given x˚, y˚ P X˚, we say that x˚ ď y˚ if y˚ ´x˚ is a positive operator from
X to R. The lattice operations with respect to this order are described by the Riesz–Kantorovich
formulas: if x˚, y˚ P X˚ and x P X`, then

px˚ _ y˚qpxq “ suptx˚px´ yq ` y˚pyq : 0 ď y ď xu,

and
px˚ ^ y˚qpxq “ inftx˚px´ yq ` y˚pyq : 0 ď y ď xu.

Actually, these formulas can be used to endow of a vector lattice structure the space of regular
operators between two (Archimedean) vector lattices X and Y whenever the target space Y is
Dedekind complete, that is, there exists suppAq for every subset A Ă Y satisfying that there is
x P Y with y ď x for every y P A (cf. [96, Theorem 1.3.2]). In particular, the dual of every Banach
lattice is a Dedekind complete Banach lattice.

Another related property of Banach lattices is the order continuity of the norm. A Banach lattice
X is order continuous if every decreasing net in X` whose infimum is 0 satisfies that the infimum
of the norms is also 0. There are many equivalent characterizations of order continuity (see [96,
Section 2.4]), such as X sitting as an ideal in its bidual or every order interval of X being weakly
compact.

As it can be deduced from the examples, Banach lattices are an abstraction of classical spaces of
functions. It turns out that, in a certain way, the spaces of functions are the only type of Banach
lattices that exists. For instance, if X is a Banach lattice, it was established in [89, Lemma 3.4]
that there exist a family of probability measures Γ and a lattice isometric embedding (i.e., a lattice
homomorphism that is also an isometric embedding into the image) of X into the space

ℓ8pL1pµqqµPΓ “

!

f “ pfµqµPΓ : fµ P L1pµq, }f} “ sup
µPΓ

}fµ}L1pµq ă 8

)

.

Moreover, every Banach lattice resembles locally a CpKq-space: if X is a Banach lattice and e is
a non-zero positive element, then Ipteuq “ tx P X : |x| ď λ e for some λ ą 0u, the principal
ideal generated by e, can be identified with a CpKq-space by means of Kakutani’s representation
theorem for AM-spaces (cf. [96, Theorem 2.1.3]). Recall that a Banach lattice X is said an AM-space
if }x_ y} “ }x} _ }y} for every x, y P X`.

This similarity with function spaces endows Banach lattices with an interesting feature, usually
referred to as Krivine’s functional calculus. Given a Banach lattice X and some vectors x1, . . . , xn P

X, this functional calculus enables to define uniquely in X expressions of the form hpx1, . . . , xnq

for any h continuous and positively homogeneous function over Rn, that is, hpλt1, . . . , λtnq “

λhpt1, . . . , tnq for every λ ě 0 and pt1, . . . , tnq P Rn. Examples of these expressions are p
řn
i“1 |xi|

pq
1
p

for 1 ă p ă 8, |x1|1´θ|x2|θ for 0 ă θ ă 1, or in general functions that cannot be obtained
by just using a finite number of linear and lattice operations over the vectors x1, . . . , xn. This
correspondence allows us to immediately translate well-known equalities and inequalities of real
numbers to Banach lattices. Moreover, the uniqueness of functional calculus implies that it is
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preserved under lattice homomorphisms. Note that if the Banach lattice X happens to be a space
of functions with the usual pointwise or almost everywhere order, the corresponding functional
calculus for vectors f1, . . . , fn P X and a positively homogeneous expression h : Rn Ñ R consists of
the function given by hpf1, . . . , fnqptq “ hpf1ptq, . . . , fnptqq for every t in the domain. The details
of the construction can be found in [43, Chapter 16], [88, Section 1.d] or [96, Theorem 2.1.20].

The local similarity with the spaces of functions is also used in the definition of complex Banach
lattices. Let X be a real Banach lattice. The complexification of X, denoted by XC, is the complex
vector spaceXˆX ” X‘iX endowed with the usual coordinatewise addition and the multiplication
by complex scalars given by pa` ibqpx1 ` ix2q “ ax1 ´ bx2 ` ipbx1 ` ax2q for x1, x2 P X, a, b P R. It
is well known that the modulus of a complex-valued function f “ f1` if2 is given by the expression

|f | “
a

|f1|2 ` |f2|2 “ sup
␣

f1 cos θ ` f2 sin θ : θ P r0, 2πs
(

.

Analogously, we can define the modulus of an element x “ x1 ` ix2 P XC as

|x| “
a

|x1|2 ` |x2|2 “ sup
␣

x1 cos θ ` x2 sin θ : θ P r0, 2πs
(

,

using a CpKq-representation to show that this supremum exists. Observe that |x| is an element of
X, so we can define a norm in the whole complexification XC by }x}XC “ }|x|}, in such a way that
pXC, } ¨ }XCq is a complex Banach space. We call complex Banach lattice to the complexification
XC of a real Banach lattice X endowed with the modulus and the norm defined in this way. Note
that Banach spaces of complex-valued functions such as CpK;Cq or Lppµ;Cq are particular cases
of complex Banach lattices, as they are the complexification of their real-valued version CpK;Rq

or Lppµ;Rq. We will only work with complex Banach lattices in Chapter 5. Throughout the rest of
the chapters, all the Banach lattices and Banach spaces will be assumed to be real.

1.2 Convexity in Banach lattices

A representation theorem due to Kakutani (see for instance [88, Theorem 1.b.2] or [96, Theorem
2.7.1]) establishes that if a Banach lattice X has a p-additive norm for some 1 ď p ă 8, that is, if
}x`y}p “ }x}p` }y}p for every pair of disjoint elements x, y P X (x, y P X are called disjoint when
|x| ^ |y| “ 0), then X is lattice isometric to Lppµq for some measure µ. One can wonder what can
be said about X if the equality above is replaced by an inequality. This leads to the definition of
p-convexity, p-concavity, upper and lower p-estimates, and other related notions (see [43, Chapter
16] and [88, Sections 1.d and 1.f]). Recall that in a Banach lattice we can define expressions such

as
`
řn
i“1 |xi|

p
˘

1
p via functional calculus.

Definition 1.2.1. Let X be a Banach lattice, E a Banach space and 1 ď p, q ď 8.

(1) An operator T : E Ñ X is pp, qq-convex if there exists a constant K ą 0 such that∥∥∥∥ˆ n
ÿ

i“1

|Txi|
q

˙

1
q
∥∥∥∥ ď K

ˆ n
ÿ

i“1

}xi}
p

˙

1
p

(1.2)

for every x1, . . . , xn P E and n P N. The best constant K satisfying (1.2) is called the pp, qq-
convexity constant of T and is denoted Kpp,qqpT q.

(2) An operator T : X Ñ E is pp, qq-concave if there exists a constant K ą 0 such that

ˆ n
ÿ

i“1

}Txi}
p

˙

1
p

ď K

∥∥∥∥ˆ n
ÿ

i“1

|xi|
q

˙

1
q
∥∥∥∥ (1.3)
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for every x1, . . . , xn P X and n P N. The best constant K satisfying (1.3) is called the pp, qq-
concavity constant of T and is denoted Kpp,qqpT q.

(3) A Banach lattice X is pp, qq-convex (respectively, pp, qq-concave) if the identity operator iX :

X Ñ X is pp, qq-convex (respectively, pp, qq-concave), and Kpp,qqpXq “ Kpp,qqpiXq is called the
pp, qq-convexity constant of X (respectively, Kpp,qqpXq “ Kpp,qqpiXq is called the pp, qq-concavity
constant of X).

(4) If p “ q, we will simply say that T or X is p-convex (respectively, p-concave) and write KppqpT q

or KppqpXq (respectively, KppqpT q or KppqpXq) instead.

A similar property can be introduced for Banach lattices when we require the inequalities above
to be witnessed only on disjoint vectors.

Definition 1.2.2. Let X be a Banach lattice and 1 ď p ď 8.

(1) X is said to satisfy an upper p-estimate if there exists a constant K ě 1 such that∥∥∥∥ n
ÿ

i“1

xi

∥∥∥∥ ď K

ˆ n
ÿ

i“1

}xi}
p

˙

1
p

(1.4)

for every (positive) pairwise disjoint x1, . . . , xn P X and n P N. The best constant K satisfying
(1.4) is called the upper p-estimates constant of X and is denoted KpÒpqpXq.

(2) X is said to satisfy a lower p-estimate if there exists a constant K ě 1 such that

ˆ n
ÿ

i“1

}xi}
p

˙

1
p

ď K

∥∥∥∥ n
ÿ

i“1

xi

∥∥∥∥ (1.5)

for every (positive) pairwise disjoint x1, . . . , xn P X and n P N. The best constant K satisfying
(1.5) is called the lower p-estimates constant of X and is denoted KpÓpqpXq.

Note that every pp, qq-convex or pp, qq-concave operator must be bounded, and the norm is
bounded by the corresponding pp, qq-convexity or pp, qq-concavity constant. Clearly, every bounded
operator T : E Ñ X is 1-convex with Kp1qpT q “ }T }, as every Banach lattice satisfies the triangular
inequality, and every operator T : X Ñ E is 8-concave with Kp8qpT q “ }T }, since the norm in X is
monotone with respect to the order. The same argument yields that every Banach lattice satisfies
an upper 1-estimate and a lower 8-estimate. Moreover, it can be seen that upper 8-estimates
and 8-convexity are both equivalent to being lattice isomorphic to an AM-space (i.e., being 8-
convex with constant 1). Similarly, lower 1-estimates and 1-concavity are equivalent to being lattice
isomorphic to an AL-space (i.e., being 1-concave with constant 1). Therefore, Definition 1.2.2 is
only relevant for 1 ă p ă 8. Finally, observe that if q ă p and T : E Ñ X is pp, qq-convex, then

necessarily T “ 0. Indeed, if x P E, it follows that n
1
q }Tx} ď n

1
pKpp,qqpT q}x} for every n P N, so

Tx “ 0. Similarly, if p ă q and T : X Ñ E is pp, qq-concave, then T “ 0. Actually, the only relevant
cases for pp, qq-convexity are q “ p and q “ 8; and q “ p and q “ 1 for pp, qq-concavity (cf. [43,
Corollary 16.6]).

As one could expect, the notions of convexity and concavity are related by duality: an operator
T is pp, qq-convex (respectively, pp, qq-concave), if and only if T ˚ is pp˚, q˚q-concave (respectively,
pp˚, q˚q-convex), with the same constant [43, Theorem 16.21] (hereby, p˚ “

p
p´1 denotes the con-

jugate exponent of p). A similar statement holds for upper and lower p-estimates [88, Proposition
1.f.5]. Observe that pp, qq-convexity, pp, qq-concavity, upper p-estimates and lower p-estimates are
lattice isomorphic properties, and they are inherited by closed sublattices and lattice quotients.
Moreover, an arbitrary ℓ8 sum of p-convex Banach lattices (respectively, Banach lattices with up-
per p-estimates) with uniformly bounded constants is again p-convex (satisfies an upper p-estimate).
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Similarly, an arbitrary ℓ1 sum of p-concave Banach lattices (respectively, Banach lattices with lower
p-estimates) with uniformly bounded constants is again p-concave (satisfies a lower p-estimate).

It is clear that every p-convex (p-concave) Banach lattice satisfies an upper (lower) p-estimate
with the same constant. It is also true (see [88, Proposition 1.f.6]) that for a Banach lattices the
notions of upper (lower) p-estimates and pp,8q-convexity (pp, 1q-concavity) coincide. It can be
shown that every p-convex (p-concave) operator is q-convex (q-concave) for every q ă p (q ą p),
and the q-convexity constant is non-decreasing (the q-concavity is non-increasing) [88, Proposition
1.d.5]. Moreover, every pp,8q-convex (pp, 1q-concave) operator is q-convex (q-concave) for every
q ă p (q ą p), with constant KpqqpT q ď Cp,qK

pp,8qpT q (KpqqpT q ď Cp˚,q˚Kpp,1qpT q), where Cp,q is

a constant that explodes as pp ´ qq
´ 1

p when q Ñ p´. This a consequence of [108, Theorem 2.4],
[120, Theorem 21.3] and [43, Theorem 16.5], which establish a connection between pp, qq-concave
operators and pp, qq-summing operators on CpKq-spaces, which have been much more studied
(see also [88, Theorem 1.f.7] for a proof using probabilistic arguments). In Corollary 2.2.2 we will
provide an alternative proof of this fact via a representation theorem for Banach lattices with upper
p-estimates. We will also show that the converse is not true (see Example 2.2.3).

Following with some examples, the prototypical Banach lattice that is p-convex and p-concave is
Lppµq. By the results mentioned above, it follows that Lppµq is also r-convex for every 1 ď r ă p and
s-concave for every p ă s ď 8. Actually, it can be checked that if Lppµq is infinite-dimensional, then
it is r-convex if and only if 1 ď r ď p, and it is s-concave if and only if p ď s ď 8. This follows from
the straightforward fact that if an infinite-dimensional Banach lattice satisfies an upper r-estimate
and a lower s-estimate, then r ď s. Another renowned family of examples are Lorentz spaces. In
[39] it is established that for 1 ď q ă p, Lp,qpµq is q-convex and satisfies a lower p-estimate, but
is not p-concave, whereas for p ă q ď 8 we have that Lp,qpµq is q-concave and satisfies an upper
p-estimate, but is not p-convex.

Several results on factorization of p-convex/concave operators [94] and representation of p-
convex/concave Banach lattices [54, 78] point towards Lp as the model space for p-convexity and
p-concavity. On the other hand, for upper and lower p-estimates, the canonical spaces seem to be
Lp,8, sometimes called weak-Lp, and Lp,1, respectively [54, 108]. Let us recall some facts about
these spaces. Let pΩ,Σ, µq be a measure space and f a measurable function in Ω, we define its
decreasing rearrangement f˚ : r0,8q Ñ r0,8q by

f˚ptq :“ inftλ ą 0 : µt|f | ą λu ď tu.

Given 1 ă p ă 8, the space Lp,1pµq is the set of all measurable functions f : Ω Ñ R such that the
norm

~f~Lp,1
:“

ż 8

0
t
1
p f˚ptq

dt

t

is finite. Similarly, the space Lp,8pµq is the set of all measurable functions f such that the quasinorm

~f~Lp,8
:“ sup

tą0
t
1
p f˚ptq “ sup

λą0
λµpt|f | ą λuq

1
p

is finite. Note, in particular, that every f P Lp,8pµq has σ-finite support. It is easy to check that
the quasinorm of Lp,8pµq is equivalent to the dual norm of Lp˚,1pµq with equivalence constant p˚,
in other words, Lp,8pµq is the dual of Lp˚,1pµq (up to a lattice isomorphic renorming). Actually,
Lp,8pµq admits many different lattice renormings: for each 1 ď r ă p, let

}f}
L

rrs
p,8

:“ sup
0ăµpAqă8

µpAq
1
p

´ 1
r

ˆ
ż

A
|f |r dµ

˙
1
r

.

These norms are all equivalent to the quasinorm [63, Exercise 1.1.12]:
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~f~Lp,8 ď }f}
L

rrs
p,8

ď

ˆ

p

p´ r

˙
1
r

~f~Lp,8 for every f P Lp,8pµq. (1.6)

Moreover, given f P Lp,8pµq, the norms }f}
L

rrs
p,8

are increasing in r P r1, pq. Observe that for each

1 ď r ă p, L
rrs
p,8pµq “ pLp,8pµq, } ¨ }

L
rrs
p,8

q is a Banach lattice that satisfies an upper p-estimate with

constant 1. Hence, Lp˚,1pµq satisfies a lower p˚-estimate. Unless stated otherwise, throughout the
dissertation we will assume that Lp,8pµq is endowed with the norm } ¨ }

L
r1s
p,8

, and we will simply de-

note this norm by } ¨ }Lp,8 or } ¨ }p,8. As usual, when the measure space is the natural numbers with
the counting measure we will write ℓp,8. Similarly, when referring to the predual space Lp˚,1pµq,

we will write L
rrs

p˚,1pµq when it is endowed with the dual norm induced by } ¨ }
L

rrs
p,8

, and, we will

simply write Lp˚,1pµq in the default case r “ 1.

As we mentioned earlier, the spaces Lp, Lp,8 and Lp,1 play a special role in the theory of concavity
and convexity, as the following results due to Maurey [94] and Pisier [108] illustrate:

Theorem 1.2.3 (Maurey’s Factorization Theorem). Let 1 ď r ă p ă 8, E a Banach space,
T : E Ñ Lrpµq a linear operator and C ą 0. The following are equivalent:

(1) T is p-convex with KppqpT q ď C.

(2) There exists a normalized g P L1pµq` such that for every x P E,

tg “ 0u Ď tTx “ 0u and }g´ 1
rTx}Lppg¨µq ď C}x}.

(3) There exists a normalized g P L1pµq` such that tg “ 0u Ď tTx “ 0u for every x P E, and

T “ MR, where R : E Ñ Lppg ¨ µq given by Rx “ g´ 1
rTx is bounded with }R} ď C and

M : Lppg ¨ µq Ñ Lrpµq is the multiplication operator by g
1
r .

E

R
##

T // Lrpµq

Lppg ¨ µq

M

99

Theorem 1.2.4 (Pisier’s Factorization Theorem). Let 1 ď r ă p ă 8, E a Banach space and
T : E Ñ Lrpµq a linear operator. The following are equivalent:

(1) There exists C ą 0 such that T is pp,8q-convex with Kpp,8qpT q ď C.

(2) There exists C 1 ą 0 and a normalized g P L1pµq` such that for every x P E and measurable
subset B Ď Ω

}TxχB}Lrpµq ď C 1}x}

ˆ
ż

B
g dµ

˙
1
r

´ 1
p

.

(3) There exists C2 ą 0 and a normalized g P L1pµq` such that for every x P E,

tg “ 0u Ď tTx “ 0u and }g´ 1
rTx}

L
rrs
p,8pg¨µq

ď C2}x}.

(4) There exists C2 ą 0 and a normalized g P L1pµq` such that tg “ 0u Ď tTx “ 0u for every

x P E, and T “ MR, where R : E Ñ L
rrs
p,8pg ¨ µq given by Rx “ g´ 1

rTx is bounded with

}R} ď C2 and M : L
rrs
p,8pg ¨ µq Ñ Lrpµq is the multiplication operator by g

1
r .
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E

R ##

T // Lrpµq

L
rrs
p,8pg ¨ µq

M

99

Moreover, C ď C2 ď C 1 ď p1 ´ r
pq

1
p

´ 1
rC.

Both results have their corresponding dual statements for concave operators:

Theorem 1.2.5. Let 1 ă q ă s ă 8, E a Banach space, T : Lspµq Ñ E a linear operator and
C ą 0. The following are equivalent:

(1) T is q-concave with KpqqpT q ď C.

(2) There exists a normalized g P L1pµq` such that for every f P Lspµq,

}Tf} ď C}fg´ 1
s }Lqpg¨µq.

(3) There exists a normalized g P L1pµq` such that T “ SĂM , where ĂM : Lspµq Ñ Lqpg ¨ µq is the

multiplication operator by g´ 1
s and S : Lqpg ¨ µq Ñ E is bounded with }S} ď C.

Lspµq

ĂM %%

T // E

Lqpg ¨ µq

S

;;

Theorem 1.2.6. Let 1 ă q ă s ă 8, E a Banach space and T : Lspµq Ñ E a linear operator. The
following are equivalent:

(1) There exists C ą 0 such that T is pq, 1q-concave with Kpq,1qpT q ď C.

(2) There exists C 1 ą 0 and a normalized g P L1pµq` such that for every f P Lspµq and measurable
subset B Ď Ω

}T pfχBq} ď C 1}f}Lspµq

ˆ
ż

B
g dµ

˙
1
q

´ 1
s

.

(3) There exists C2 ą 0 and a normalized g P L1pµq` such that for every f P Lspµq,

}Tf} ď C2}fg´ 1
s }
L

rs˚s

q,1 pg¨µq
.

(4) There exists C2 ą 0 and a normalized g P L1pµq` such that T “ SĂM , where ĂM : Lspµq Ñ

L
rs˚s

q,1 pg ¨ µq is the multiplication operator by g´ 1
s and S : L

rs˚s

q,1 pg ¨ µq Ñ E is bounded with
}S} ď C2.

Lspµq

ĂM %%

T // E

L
rs˚s

q,1 pg ¨ µq

S

;;

Moreover, C ď C2 ď C 1 ď p1 ´ s˚

q˚ q
1
q˚ ´ 1

s˚ C.
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For concave operators defined on L8, or more generally, on CpKq-spaces, the analogues of the two
last results are Pietsch’s Factorization Theorem (see for instance [120, Theorem 9.2]) and Pisier’s
generalization for pp, 1q-concave operators [108, Theorem 2.4]. This is a consequence of the simple
fact that an operator defined on a CpKq-space is pp, qq-concave if and only if it is pp, qq-summing.
The previous factorization theorems will be used intensively in Chapter 2, to establish, for in-
stance, a representation result for arbitrary Banach lattices with upper p-estimates in the spirit of
[89, Lemma 3.4], or an explicit renorming for the free Banach lattice with upper p-estimates.

Focusing now on p-convexity, there exists an abstract procedure to generate a p-convex Banach
lattice from an arbitrary Banach lattice, called p-convexification. The idea behind this technique
is to emulate the fact that we can generate Lppµq for any 1 ă p ă 8 from L1 by sending every

function f P L1 to f
1
p :“ sgnpfq|f |

1
p . This map is clearly non linear, but the image of L1 is Lp. When

instead of L1 we have an arbitrary Banach lattice X, we cannot raise every element of X to the
power 1

p , as this is not a positively homogeneous map. However, there is a way of circumventing this
issue by redefining the linear operations of sum and multiplication by scalars in X using functional
calculus, so that the resulting space is a p-convex Banach lattice. This process can be reversed, in
the same way that we can recover L1 from Lp by raising every element to the power p (preserving
the sign). It should be noted that this procedure, called p-concavification, will provide a Banach
lattice only if the input space is p-convex. In general, it will only generate a quasi-Banach lattice.
This is the case, for instance, of Lq for q ă p: the p-concavification of Lq is L q

p
, which cannot be

endowed with a Banach lattice norm. The following proposition summarizes both constructions.
The details can be found in [88, Section 1.d]. Recall that in this context, for every 0 ă σ ă 8 we
write tσ :“ sgnptq|t|σ.

Proposition 1.2.7. Let X be a Banach lattice. For every 0 ă σ ă 8, define for every x, y P X
and α P R the operations

x‘σ y :“ pxσ ` yσq
1
σ and α dσ x :“ α

1
σ ¨ x.

Let 1 ă p ă 8.

(1) The set X endowed with the linear operations ‘ 1
p
and d 1

p
, the same order of X and the norm

~¨~ :“ }¨}
1
p is a p-convex Banach lattice with p-convexity constant 1, called the p-convexification

of X and denoted Xppq.

(2) If X is p-convex, the set X endowed with the linear operations ‘p and dp and the same order
of X can be provided with a norm ~ ¨ ~ that is KppqpXqp-equivalent to } ¨ }p, in such a way that
the resulting space is a Banach lattice, called the p-concavification of X and denoted Xppq.

It should be noted that if a Banach lattice X has already some additional concavity or convexity
properties, or satisfies an upper or lower estimate, then Xppq and Xppq have the same properties

modified by a factor of p and 1
p , respectively, with some natural adaptations on the constants. These

techniques of p-convexification and p-concavification can be used to obtain renorming results that
allow us to assume that the constants of convexity, concavity and upper and lower estimates of
our Banach lattice are 1 (see [88, Proposition 1.d.8 and Lemma 1.f.11]). For instance, if we start
with a p-convex Banach lattice X, then pXppqq

ppq provides a KppqpXq-equivalent renorming of X

with p-convexity constant 1. In particular, if KppqpXq “ 1, both norms coincide. Finally, observe
that since lattice homomorphisms preserve functional calculus, a lattice homomorphism between
Banach lattices is also a lattice homomorphism between the corresponding p-convexifications or p-
concavifications. Another useful property is the following: if T : X Ñ Y is a lattice homomorphism
between (p-convex) Banach lattices and we p-convexify (p-concavify) the spaces, the map T is again
a lattice homomorphism with respect to the new Banach lattice structure. This is a consequence
of the fact that lattice homorphisms preserve functional calculus.
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1.3 Free Banach lattices

Free Banach lattices were first introduced by de Patger and Wickstead in 2015. In [106], they show
the existence of the free Banach lattice generated by a set A, which is a Banach lattice FBLpAq

together with a bounded map j : A Ñ FBLpAq satisfying that for every Banach lattice X and
bounded map T : A Ñ X there exists a unique lattice homomorphism extension pT : FBLpAq Ñ A
satisfying that pTj “ T and } pT } “ supaPA }Ta}. The construction is based on the free vector lattice
over a set A, a well known construction from the 60’s [16, 28] that admits an explicit representation

as the sublattice of RRA
generated by the evaluation functions δapx˚q “ x˚paq, x˚ P RA, with a P A.

The authors defined a norm on FVLpAq such that the completion satisfies the desired universal
property. In this seminal paper, they also study some general properties of FBLpAq, characterize
the number of generators of A in terms of Banach lattice properties of FBLpAq, and use the new
tool to study projectivity in the category of Banach lattices with lattice homomorphisms (see [106,
Definition 10.1]).

Motivated by this work, Avilés, Rodŕıguez and Tradacete introduced in [11] the free Banach
lattice generated by a Banach space E. This object consist of a Banach lattice FBLrEs and a linear
isometric embedding ϕE : E Ñ FBLrEs satisfying that for every Banach lattice X and every
operator T : E Ñ X there exists a unique extension pT : FBLrEs Ñ X as a lattice homomorphism
such that pTϕE “ T and moreover } pT } “ }T }.

FBLrEs

pT

##

E
T

//

δE

OO

X

This object generalizes the free Banach lattice generated by a set introduced by de Patger and
Wickstead: if A is a set, then FBLpAq is lattice isometric to FBLrℓ1pAqs. In other words, the free
Banach lattice generated by a set is the composition of two free objects: the free Banach space
generated by the set and the free Banach lattice generated by a Banach space.

Another important contribution of [11] is that an explicit expression for the norm of FBLrEs is
provided. This allows them to represent FBLrEs as a Banach lattice of functions. The construction
goes as follows: Let

HrEs :“ tf : E˚ Ñ R : f positively homogeneousu

(recall the definition of a positively homogeneous function from Section 1.1), which becomes a vector
lattice when it is endowed with the pointwise order and lattice operations (i.e., f P HrEs` if and
only if fpx˚q ě 0 for every x˚ P E˚). Observe that the functions of HrEs are uniquely determined
by their values on SE˚ , so HrEs can be identified with RSE˚ . We define for every f P HrEs the
expression

}f}H1rEs :“ sup

" m
ÿ

i“1

|fpx˚
i q| : m P N, px˚

i qmi“1 Ď E˚, sup
xPBE

m
ÿ

i“1

|x˚
i pxq| ď 1

*

. (1.7)

and consider the set
H1rEs :“ tf P HrEs : }f}H1rEs ă 8u.

It is standard to check that pH1rEs, } ¨ }H1rEsq is a Banach lattice. Moreover, the map

ϕE : E ÝÑ H1rEs

x ÞÝÑ δxpx˚q “ x˚pxq, x˚ P E˚
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defines a linear isometric embedding of E into H1rEs. It turns out that the sublattice generated by
the image of ϕE satisfies the universal property of the free vector lattice generated by a vector space:
every linear map T from E to an (Archimedean) vector lattice X extends uniquely to a lattice ho-
momorphism from pT : latpϕEpEqq Ñ X in such a way that pTϕE “ T . Hence, we will denote the
sublattice by FVLrEs :“ latpϕEpEqq. The extension mechanism is already prescribed by the struc-
ture of FVLrEs: if f “ F pδz1 , . . . , δzkq is described by a finite lattice-linear expression F evaluated

on a finite number of elements δz1 , . . . , δzk P ϕEpEq, then its image by the lattice homomorphism pT

must be pTf “ F pTz1, . . . , T zkq. However, the representation of f is not necessarily unique, but it
can be showed that the map pT is well defined. An additional argument shows that if X is a Banach
lattice and T : E Ñ X is bounded, then pT is bounded from pFVLrEs, } ¨ }H1rEsq to X. Hence, it

can be extended to the closure of FVLrEs in H1rEs. Therefore, the Banach lattice FVLrEs
H1rEs

satisfies the universal property of the free Banach lattice generated by E [11, Theorem 2.5], so we
denote it by FBLrEs.

The next step in the history of free Banach lattices comes with the introduction of the free
Banach lattice generated by a lattice [12]. Recall that a lattice is a partially ordered set with an
order that admits two operations of supremum (_) and infimum (^), and a lattice homomorphism
in this setting is a map between lattices that preserve the lattice operations. In contrast with
the situation of the free Banach lattice generated by a Banach space, where the forgetful functor
deletes the lattice structure of a Banach lattice to present it as a Banach space, for the free
Banach lattice generated by a lattice the “forgotten” information corresponds to the linear and
normed structure. More specifically, the free Banach lattice generated by a lattice L is a Banach
lattice FBLxLy and a bounded lattice homomorphism ϕ : L Ñ FBLxLy such that every bounded
lattice homomorphism T : L Ñ X, with X a Banach lattice, extends uniquely to a linear lattice
homomorphism pT : FBLxLy Ñ X such that pTϕ “ T and } pT } “ supxPL }Tx}. The authors of [12]
provide an explicit description of FBLxLy, which is actually isomorphic to an AM-space (see [8,
Theorem 3.9] or [27, Proposition 7.4] for a direct proof). Recent works on free Banach lattices over
lattices have focused on studying projectivity [7, 13], the embedding problem (see Section 2.3.2
for a statement in the setting of free Banach lattices over Banach spaces) [8] and norm-attaining
lattice homomorphisms [27].

Moving back to free Banach lattices over Banach spaces, there has been some modifications of
the original definition that have yielded free Banach lattices in other relevant classes of Banach
lattices. Namely, in [75] the authors showed the existence of free Banach lattices under convexity
conditions generated by a Banach space E, which included as particular cases the free p-convex
Banach lattice over E, denoted FBLprEs, and the free Banach lattice with upper p-estimates over
E, denoted FBLp,8rEs. As one could expect, given 1 ď p ď 8, FBLprEs is a p-convex Banach
lattice with constant 1, with a linear isometric embedding ϕE : E Ñ FBLprEs, satisfying that for
every operator T : E Ñ X, where X is a p-convex Banach lattice with constant 1, there exists
a unique extension as a lattice homomorphism pT : FBLprEs Ñ X with } pT } “ }T }. The same
definition, replacing p-convexity by upper p-estimates, applies for FBLp,8rEs. Note that the case
p “ 1 reduces to the original FBLrEs, since every Banach lattice is 1-convex with constant 1. As
it is customary, the p-convex setting turned out to be more accessible than the upper p-estimates
setting, since the authors of [75] were able to provide an explicit construction for FBLprEs, but not
for FBLp,8rEs. The description they found was similar to [11]: for every f P HrEs, they defined
the norm

}f}HprEs :“ sup

"ˆ m
ÿ

i“1

|fpx˚
i q|p

˙

1
p

: m P N, px˚
i qmi“1 Ď E˚, sup

xPBE

ˆ m
ÿ

i“1

|x˚
i pxq|p

˙

1
p

ď 1

*

(1.8)

for 1 ď p ă 8 and
}f}H8rEs :“ sup

x˚PBE˚

|fpx˚q| (1.9)



1.3 Free Banach lattices 23

for p “ 8, and considered the Banach lattice

HprEs :“ tf P HrEs : }f}HprEs ă 8u,

which is p-convex with constant 1. This Banach lattice can be understood as a space of non-linear
positively homogeneous p-summing functions from E˚ to R. The operator ϕE previously defined
is again an isometric embedding, and the closure of FVLrEs under the norm } ¨ }HprEs behaves as
the free p-convex Banach lattice over E. In particular, this construction allows them to show that
FBL8rEs coincides with CphpBE˚q, the space of weak* continuous and positively homogeneous
functions on BE˚ endowed with the supremum norm, and contains FBLprEs for every 1 ď p ă 8.
On the other hand, the proof of the existence of FBLp,8rEs, which is valid in general for any of such
convexity conditions, in particular p-convexity, follows an abstract approach, more similar to the
procedure described in [121] or the one that will be used in Section 2.1.1 to construct free Banach
lattices associated to arbitrary classes of Banach lattice. The idea of the proof is to define a lattice
norm on FVLrEs which is maximal among all the seminorms satisfying certain convexity condition
(in this case, the upper p-estimates inequality) and complete it to obtain the free Banach lattice
under that particular convexity condition. As it was explained in the introduction, it cannot be
guaranteed that the inclusion map of FVLrEs into CphpBE˚q will still be injective after taking the
completion. This problem of finding an explicit representation for FBLp,8rEs was later reiterated
in [103], an extensive memoir on free Banach lattices where the spaces FBLprEs are studied in full
detail. Chapter 2 in this dissertation will be partly devoted to providing a solution to this problem.
Another variation of the free Banach lattice over a Banach space that has appeared in the last
years is the free complex Banach lattice, denoted FBLCrEs, which adapts the construction carried
out in the reals to the setting of complex scalars [68].

Throughout this dissertation, we will focus on free Banach lattices generated by Banach spaces,
leaving aside their analogues for lattices and sets. This is the object that has attracted most of the
attention of the Banach lattice community in recent years. For instance, it is shown in [10] that
FBLrEs has the countable chain condition (ccc), that is, every disjoint family in FBLrEs must be
countable. Another example is [9], where free Banach lattices generated by Banach spaces that are
also Banach lattices are studied. If X is a Banach lattice, the universal property of FBLrXs implies

the existence of an onto lattice homomorphism yidX : FBLrXs Ñ X such that yidXϕX “ idX .
Motivated by the work of Godefroy and Kalton on Lipschitz free spaces [61], the authors of [9]
study the lattice lifting property, that is, the Banach lattices X that admit a lattice embedding
α : X Ñ FBLrXs such that yidXα “ idX . They show that projective Banach lattices, in particular
certain CpKq-spaces, Banach spaces with a 1-unconditional basis that induces the order and free
Banach lattices satisfy this lattice lifting property.

Another interesting feature of free objects in general, and in particular free Banach lattices, is
that they establish a bridge that allows us to characterize certain properties of one category in
terms of properties of the other category. The memoir [103] contains some equivalences between
Banach space properties of E and Banach lattice properties of FBLrEs that can be added to this
“dictionary”:

Theorem 1.3.1. Let E be a Banach space. Then:

(1) E has finite dimension if and only if FBLrEs has a strong unit.

(2) E is separable if and only if FBLrEs has a quasi-interior point.

(3) E contains a complemented subspace isomorphic to ℓ1 if and only if FBLrEs contains a sublattice
isomorphic to ℓ1.

(4) The identity operator idE˚ : E˚ Ñ E˚ is pp˚, 1q-summing if and only if FBLrEs satisfies an
upper p-estimate.
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This program can also be extended to the study of properties of the corresponding morphisms.
Given Banach spaces E and F and T : E Ñ F a linear and bounded operator, we can consider
the lattice homomorphism T “ zϕFT : FBLrEs Ñ FBLrF s, which makes the following diagram
commutative:

FBLrEs
T // FBLrF s

E
T

//

ϕE

OO

F

ϕF

OO

Then, T and T are related in the following way [103, Section 3.1]:

Theorem 1.3.2. Let E and F be Banach spaces and T : E Ñ F and T : FBLrEs Ñ FBLrF s as
above. Then:

(1) T is injective if and only if T is injective.

(2) T has dense range if and only if T has dense range.

(3) T is onto if and only if T is onto.

(4) T is an embedding if and only if T is an embedding and there exists some C ą 0 such that for
every n P N, ε ą 0 and S : E Ñ ℓn1 there exists an extension rS : E Ñ ℓn1 with ∥rS∥ ď Cp1`εq∥S∥.

In Corollary 3.5.3 we will establish a similar characterization for the operators that do not
preserve a copy of ℓ1 complementably. Note that the previous result implies that if E and F are
isomorphic, then FBLrEs and FBLrF s are lattice isomorphic. Nevertheless, the reverse question is
still open: namely, suppose that FBLrEs and FBLrF s are lattice isomorphic, are E and F necessarily
linearly isomorphic? Note that in the complex case, this question has a negative answer (see [68]).

We conclude this introduction to free Banach lattices reviewing some of their applications to Ba-
nach lattice theory. More detailed explanations can be found in the survey paper [53]. As mentioned
earlier, free Banach lattices over sets were used in [106, Theorem 10.3] to characterize projective
Banach lattices. Moreover, FBLrℓ2pΓ qs with Γ uncountable was the first example of a Banach lat-
tice that is weakly compactly generated as a Banach lattice (LWCG), but not as a Banach space
(WCG) [11, Section 5]. This answered negatively a question asked by Diestel during a conference
in 2011. Another counterexample, this time to a question raised in [119, Remark 4.4] concerning
the existence of a subspace of a Banach lattice with no bibasic sequence, was provided in [103,
Theorem 7.5]. Certain free Banach lattices have also been the first examples of Banach lattices
with lattice homomorphisms to R that do not attain their norm [42]. Finally, free Banach lattices
have been used to construct other categorical objects in the category of Banach lattices, such as
isometric push-outs [14]. This topic will be further developed in Section 2.3.



Chapter 2

Free Banach lattices and upper p-estimates

In general, much more is known about p-convexity and p-concavity than upper and lower p-
estimates. This is partly due to the fact that Lp-spaces, which model p-convexity and p-concavity,
are better understood and easier to work with than Lp,8 of Lp,1, the spaces that play an analogous
role for upper and lower p-estimates, respectively. Additionally, some techniques that are very use-
ful in the former setting, such as p-convexifications and p-concavifications, do not have an analogue
in the latter. The aim of this chapter is to clarify some questions whose answers are well-known in
the p-convex setting, but remain unknown in the framework of upper p-estimates. It is based on:

[54] E. Garćıa-Sánchez, D. H. Leung, M.A. Taylor, P. Tradacete, Banach lattices with upper p-
estimates: free and injective objects. Math. Ann. 391 (2025), 3363–3398.

[55] E. Garćıa-Sánchez, D. H. Leung, M.A. Taylor, P. Tradacete, Banach lattices with upper p-
estimates: factorizations. In preparation.

Our main motivation stems from the absence of an explicit construction for the free Banach
lattice with upper p-estimates, whose existence was shown in [75] by abstract methods. To tackle this
question, we define in Section 2.1 free Banach lattices over a Banach space E associated to arbitrary
classes of Banach lattices and study their properties. These Banach lattices are constructed by
completing certain lattice norms defined on FVLrEs, the free vector lattice over E, following a
similar approach to [75]. Therefore, we face the same problem of determining whether the injective
map that represents FVLrEs as a sublattice of CphpBE˚q, the space of continuous and positively
homogenous functions on BE˚ endowed with the weak* topology, admits an injective extension to
such completion (see [75, Remark 6.2]). This question can be understood as a weaker instance of the
general problem of characterizing those normed vector lattices such that continuous and injective
lattice homomorphisms defined on them extend injectively to the completion. We will study this
problem in Section 2.1.2.

In Section 2.2 we use free Banach lattices associated to certain classes of Banach lattices to pro-
vide an explicit representation of, FBLp,8rEs, the free Banach lattice with upper p-estimates. This
is done by observing that the class of Banach lattices with upper p-estimates coincides with the
class of sublattices of ℓ8-sums of Lp,8-spaces (see Theorem 2.2.1). However, this identification is
only isomorphic, not isometric, as we show in Section 2.2.2. This fact, combined with an argument
developed in Section 2.2.3 that allows us to represent explicitly the free Banach lattice associated to
the singleton class tLp,8pµqu, yields the main result of the section, Theorem 2.2.14, which provides
an explicit equivalent renorming for the free Banach lattice with upper p-estimates. The same anal-
ysis is carried out for the class of p-convex Banach lattices, providing an alternative proof of [75,
Theorem 6.1]. Additionally, in Section 2.2.5 we characterize all classes of Banach lattices whose as-
sociated free Banach lattice is FBLp,8rEs or FBLprEs, respectively. Finally, we devote Section 2.2.6
to determine whether the multiple renormings that can be equipped on Lp,8 are responsible for
the universal isomorphism constant that appears in Theorem 2.2.1 and Theorem 2.2.14.

25
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Next, we devote Section 2.3 to solve the embedding problem for free Banach lattices with upper
p-estimates. If ι : E Ñ F is an isometric embedding between Banach spaces, this problem aims
to characterize when the canonical extension ι : FBLp,8rEs Ñ FBLp,8rF s is an embedding too.
Our approach requires the construction of push-outs in the class of Banach lattices with upper
p-estimates that preserve embeddings, which is carried out in Section 2.3.1. We then use these
push-outs to show Theorem 2.3.6. The last part of the section is devoted to analyzing the differences
between the solution obtained in [103, Theorem 3.7] for p-convex Banach lattices and our solution,
which stems from fundamental differences in the injectivity properties of ℓp and ℓp,8 (see Theorems
2.3.7 and 2.3.10).

Finally, in Section 2.4 we extend some results from Reisner [111] on factorization through p-
convex and q-concave operators to the setting of operators which factor through pp, p2q-convex and
pq, q2q-concave operators, for p2 P tp,8u and q2 P t1, qu.

2.1 An abstract construction of free Banach lattices and the problem of the
explicit representation

2.1.1 The free Banach lattice associated to a class of Banach lattices

Let C be a (non-empty and non-zero) class of Banach lattices. For instance, C could be the class of
Lp,8 spaces or the class of Banach lattices satisfying an upper p-estimate with constant 1. Given a
Banach space E, define a norm ρC on FVLrEs by

ρCpfq “ sup
␣

} pTf}X : X P C, T : E Ñ X is a linear contraction
(

.

Note that ρCpfq is finite for every f P FVLrEs. Indeed, by (1.1), every f P FVLrEs can be
represented as

f “

m
ł

i“1

δxi ´

n
ł

j“1

δyj

for some pxiq
m
i“1, pyjq

n
j“1 Ď E. Therefore,

| pTf | “

∣∣∣∣ mł
i“1

Txi ´

n
ł

j“1

Tyj

∣∣∣∣ ď

m
ÿ

i“1

|Txi| `

n
ÿ

j“1

|Tyj |

and hence

} pTf}X ď

m
ÿ

i“1

}xi}X `

n
ÿ

j“1

}yj}X ă 8,

which does not depend on the map T . It is standard to check that ρC is a lattice norm on FVLrEs.
The free Banach lattice generated by E associated to C is the completion of pFVLrEs, ρCq and is
denoted by FBLCrEs. It is easy to see that ϕE : E Ñ FBLCrEs is a linear isometric embedding.
Define an enlarged class of Banach lattices C so that Y P C if and only if Y is lattice isometric to
a closed sublattice of a Banach lattice of the form

ℓ8pXγqγPΓ “ tpxγqγPΓ : xγ P Xγ , }pxγqγPΓ }8 :“ sup
γPΓ

}xγ} ă 8u ,

where Xγ P C for all γ P Γ . Note that we do not require the Xγ ’s to be distinct.

Remark 2.1.1. Let C1 be the class of all Banach lattices. Then, FBLC1rEs coincides with FBLrEs,
the free Banach lattice generated by E introduced in [11].
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Remark 2.1.2. Observe that for every f P FVLrEs Ď HrEs, ρCpfq dominates }f}H8rEs defined in
(1.9), so there exists a continuous and injective lattice homomorphism j : pFVLrEs, ρCq Ñ CphpBE˚q

given by the restriction to BE˚.

Proposition 2.1.3. Suppose that Y P C and T : E Ñ Y is a bounded linear operator. Then
pT : pFVLrEs, ρCq Ñ Y is a continuous vector lattice homomorphism such that } pT } “ }T }.

Proof. By the universal property of the free vector lattice, there exists a lattice homomorphism
pT : FVLrEs Ñ Y that extends T . Note that ϕE : E Ñ pFVLrEs, ρCq is an isometric embedding
and pTϕE “ T . Hence, }T } ď } pT }. On the other hand, suppose that Y is a closed sublattice
of X, where X “ ℓ8pXγqγPΓ , with Xγ P C for all γ. Let πγ be the projection from X onto
Xγ . Then πγT : E Ñ Xγ is a bounded linear operator with }πγT } ď }T }. By definition of ρC ,

}yπγTf} ď }T } ρCpfq for any f P FVLrEs. As πγ is a lattice homomorphism, by the uniqueness of
yπγT , we have yπγT “ πγ pT . Thus, } pTf} “ supγ }πγ pTf} ď }T } ρCpfq for any f P FVLrEs. This shows

that } pT } ď }T }.

Obviously, the operator pT in Proposition 2.1.3 extends to a lattice homomorphism from FBLCrEs

to Y , still denoted by pT .

Corollary 2.1.4. Let E be a Banach space. For any non-empty class C of Banach lattices, the

norms ρC and ρC agree on FVLrEs. In particular, FBLCrEs “ FBLCrEs as Banach lattices.

Proof. Since C Ď C it is clear that ρC ď ρC . On the other hand, suppose that f P FVLrEs and ε ą 0

are given. There exists Y P C and a linear contraction T : E Ñ Y such that ρCpfq ď p1 ` εq} pTf}.

By Proposition 2.1.3, } pTf} ď }T } ρCpfq “ ρCpfq. It follows that ρC ď ρC .

The class C can be understood as a “completion” of the class C so that it remains closed under
free objects:

Proposition 2.1.5. The Banach lattice FBLCrEs belongs to the class C.

Proof. For any f P FVLrEs and n P N, there exists Xf,n P C and a linear contraction Tf,n : E Ñ

Xf,n so that ρCpfq ď p1 ` 1
nq}yTf,nf}. Let X “ ℓ8pXf,nqfPFVLrEs,nPN. Clearly, X P C. We define

j : FBLCrEs Ñ X by jg “ pyTf,ngqf,n. Obviously, j is a lattice homomorphism. Let g P FVLrEs.

By definition, ρCpgq ě }yTf,ng} for all pf, nq. Hence, j is a linear contraction. On the other hand,

}jg} ě }yTg,ng} ě n
n`1 ρCpgq for all n, implying that }jg} ě ρCpgq. This shows that j : FVLrEs Ñ X

is a lattice isometry. Consequently, j : FBLCrEs Ñ X is as well.

The above discussion motivates the question of finding necessary and sufficient conditions on
classes of Banach lattices C and D so that ρC and ρD coincide, or at least, are equivalent. In
Section 2.2.5, after some tools have been developed, we will be able to provide a complete solution
to this question when C is either the class of p-convex Banach lattices with constant 1, or the class
of Banach lattices satisfying an upper p-estimate with constant 1.

2.1.2 Extension of injective homomorphisms to the norm completion

It is not obvious in general that a representation of a normed free object can be extended to its
completion. In particular, in Section 2.1.1 we defined FBLCrEs as the completion of pFVLrEs, ρCq,
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for which there is a continuous lattice homomorphic injection pFVLrEs, ρCq ãÑ CpBE˚q (see Re-
mark 2.1.2). However, it is not clear in general whether the continuous extension to FBLCrEs of this
canonical inclusion will still be an injection. This is known to be true when FBLCrEs “ FBLprEs

with 1 ď p ď 8, that is, when C is the class of all Banach lattices [11] or when it is the class
of p-convex Banach lattices with p-convexity constant 1 [75] (see Theorem 2.2.17 for a complete
characterization of the classes such that FBLCrEs “ FBLprEs). Theorem 2.2.12 below also provides
new cases where FBLCrEs is fully contained in CpBE˚q, but in all of these situations the argument
heavily relies on an explicit representation of the norm ρC . This is the reason why the question
of finding a function lattice representation for FBLp,8rEs asked in [75, Remark 6.2] has remained
unanswered until the present. In [37] it is shown that under certain order continuity assumptions
(which are not fulfilled in our situation) continuous lattice homomorphic injections retain their
injectivity after being extended to the norm completion. Moreover, it is wrongly claimed in [116,
Lemma 14] that any continuous lattice homomorphic injection from a normed vector lattice to a
Banach lattice lifts injectively to the completion. Note that if this were the case, it would provide
a straightforward solution to the question above. In this subsection, we give a complete character-
ization of when continuous injective lattice homomorphisms extend injectively to the completion,
and, in particular, show that this need not always be the case. Afterwards, in Section 2.2.4, we will
provide an explicit representation for the norm of FBLp,8rEs, solving affirmatively the question
raised in [75, Remark 6.2].

Throughout this subsection X will be a vector lattice equipped with a lattice norm and Y will be
a Banach lattice. We denote the norm completion of X by pX and consider polar sets with respect
to the duality x pX,X˚y: for A Ď pX, set A˝ “ tx˚ P X˚ : x˚paq ď 1, @a P Au.

Theorem 2.1.6. Let X be a normed vector lattice equipped with a lattice norm and let pX be its
norm completion. The following are equivalent.

(1) For any Banach lattice Y , any bounded injective lattice homomorphism T : X Ñ Y extends to
an injective lattice homomorphism pT : pX Ñ Y .

(2) For any 0 ă x P pX, Ix XX ‰ t0u, where Ix is the closed ideal in pX generated by x.

Proof. (1)ñ(2) Suppose that there exists 0 ă x P pX so that Ix X X “ t0u. By [114, Proposition
II.4.7], pIxq˝ is an ideal in X˚. Define ρ : X Ñ R by

ρpuq “ sup
x˚PpIxq˝XBX˚

|x˚puq|.

Since pIxq˝ X BX˚ is a solid subset of BX˚ , ρ is a lattice semi-norm on X such that ρp¨q ď } ¨ }. If
0 ă u P X, then u R Ix. Since Ix is a closed subspace of pX, there exists x˚ P pIxq˝ XBX˚ such that
x˚puq ‰ 0. Hence, ρpuq ą 0. This shows that ρ is a norm on X.

Denote by Xρ the vector lattice X normed by ρ and let i : X Ñ Xρ Ď xXρ be the formal identity,

where xXρ is the norm completion of Xρ. By construction, i is a bounded linear injective lattice

homomorphism. By (1), i extends to an injective bounded linear operator pi : pX Ñ xXρ. Denote by

pρ the norm on xXρ. By injectivity of pi, pix ‰ 0. Let c “ pρppixq ą 0. There exists pxnq in X that

converges to x in pX. By continuity, pixnq converges in xXρ to pix. Choose N large enough so that

pρpixN ´ pixq ă c
2 . Then ρpixN q ą c

2 . By definition of ρ, there exists x˚ P pIxq˝ X BX˚ so that
|x˚pxN q| ą c

2 . By definition of ρ again, x˚ defines a bounded linear functional on Xρ with norm

ρ˚px˚q ď 1, that extends to a continuous functional z˚ defined on xXρ with ρ˚pz˚q ď 1. Moreover,

z˚ppixq “ lim
n
x˚pixnq “ lim

n
x˚pxnq “ x˚pxq.

Hence,
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|x˚pxq| “ |z˚ppixq| ě |x˚pixN q| ´ pρpixN ´pixq ¨ ρ˚pz˚q ą
c

2
´
c

2
“ 0.

This is impossible since x P Ix and x˚ P pIxq˝.

(2)ñ(1) Let T : X Ñ Y be as in (1), and assume that its extension pT is not injective. There
exists some x P pX, x ‰ 0, such that pTx “ 0. Since pT is a lattice homomorphism, we can assume
that x ą 0. Let Ix be the closed ideal in pX generated by x. By (2), there is a non-zero element
z P Ix X X. Since Ix is the closure of the ideal generated by x, there exists a sequence pznqn Ď pX
converging to z in pX and some positive scalars pλnqn such that 0 ď |zn| ď λnx. Therefore,

0 ď | pTzn| ď λn pTx “ 0

and
Tz “ pTz “ lim

n
pTzn “ 0,

so by the injectivity of T we conclude that z must be zero. This is a contradiction.

The following example taken from [25] illustrates the above situation.

Example 2.1.7. Let X Ď c0 consist of all panq P c0 such that there exists m P N so that an “ a1
n

for all n ě m. Clearly, X is a vector sublattice of c0 with en P X if n ě 2. Moreover, for any n ě 2,
xn :“ e1 `

ř8
k“n

ek
k P X and pxnq converges to e1 in c0. Thus, e1 P X. It follows that X “ c0, that

is, the norm completion of X is c0. Let I Ď c0 be the span generated by e1, which coincides with
the ideal generated by e1. Clearly I XX “ t0u. On the other hand, if P1 is the band projection onto
I and T is the restriction of idc0 ´ P1 to the sublattice X, then T : X Ñ c0 is an injective lattice
homomorphism, but its extension pT “ idc0 ´P1 : pX “ c0 Ñ c0 vanishes on e1, so it is not injective.

2.2 An explicit representation of the free Banach lattice with upper p-estimates

2.2.1 Representations of p-convex Banach lattices and Banach lattices with
upper p-estimates

Taking as a starting point the classical result from [89] that allows us to represent any Banach
lattice as a sublattice of an ℓ8-sum of L1-spaces, we will use Maurey’s and Pisier’s factorization
theorems, stated in Section 1.2, to improve it in order to represent p-convex Banach lattices and
Banach lattices with upper p-estimates inside of ℓ8-sums of Lp-spaces and Lp,8-spaces, respectively.

Theorem 2.2.1. Let X be a Banach lattice and 1 ă p ă 8.

(1) If X is p-convex, then there are a family Γ of probability measures and a lattice isomorphism

J : X Ñ ℓ8pLppµqqµPΓ

such that }x} ď }Jx} ď KppqpXq}x} for all x P X.

(2) If X satisfies an upper p-estimate, then there are a family Γ of probability measures and a lattice
isomorphism

J : X Ñ ℓ8pLp,8pµqqµPΓ

such that }x} ď }Jx} ď γpK
pÒpqpXq}x} for all x P X, where γp :“ p1 ´ 1

pq
1
p

´1
.
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Proof. Let x P S “ tz P X` : }z} “ 1u. Choose x˚ P X˚
` such that }x˚} “ 1 and x˚pxq “ 1.

Define ρx : X Ñ R by ρxpzq “ x˚p|z|q. Then ρx induces an AL-norm pρx on X{ ker ρx. Let qx :

X Ñ X{ ker ρx be the quotient map. By Kakutani’s Representation Theorem for AL-spaces [88,
Theorem 1.b.2], we know that the completion of pX{ ker ρx, pρxq is lattice isometric to L1pµxq for
some measure µx, so let us denote by ix : X{ ker ρx Ñ L1pµxq the formal inclusion, that satisfies
}ixqxx}L1pµxq “ pρxpqxxq “ ρxpxq “ 1. Since X is p-convex or satisfies an upper p-estimate (i.e.,
it is pp,8q-convex), depending on the case, and ixqx is a contractive lattice homomorphism, it
follows that ixqx is p-convex or pp,8q-convex, respectively, with the same constant as X. Therefore,
Theorems 1.2.3 and 1.2.4 yield that there exists gx P L1pµxq` with }gx}L1pµxq “ 1, such that ixqx
factors as MxRx, with Rxz “ g´1

x ixqxz for any z P X, Mx is the operator of multiplication by gx,
and

}Rxz}Lppgx¨µxq ď KppqpXq}x}, respectively, }Rxz}Lp,8pgx¨µxq ď γpK
pÒpqpXq}x}.

Define
J : X Ñ ℓ8pLppgx ¨ µxqqxPS , respectively J : X Ñ ℓ8pLp,8pgx ¨ µxqqxPS

by Jz “ pRxzqxPS . It is clear that Rx, and thus, J , are lattice homomorphisms. Moreover, }J} “

supxPS }Rx} is bounded by KppqpXq or γpK
pÒpqpXq, respectively. On the other hand, since Mx is a

contraction in both cases, for every x P S we have that, in the p-convex setting,

}Jx} ě }Rxx}Lppgx¨µxq ě }ixqxx}L1pµxq “ 1,

and in the pp,8q-convex setting

}Jx} ě }Rxx}Lp,8pgx¨µxq ě }ixqxx}L1pµxq “ 1.

It follows that }Jx} ě }x} for all x P X in both cases.

As a corollary, we obtain an alternative proof of the fact that every pp,8q-convex Banach lattice
(and, by [96, Theorem 2.8.7] every pp,8q-convex operator) is q-convex for every q ă p, with a

constant that explodes as pp ´ qq
´ 1

p when q Ñ p´. To our knowledge, there existed two proofs of
this fact: The proof presented in [43, Corollary 16.7] exploits a connection between pp, qq-concave
operators and pp, qq-summing operators on CpKq-spaces (see [43, Theorem 16.5]) and a result
from Pisier [108, Theorem 2.4] that generalizes Pietsch’s factorization theorem for pp, qq-summing
operators (see also [120, Theorem 21.3]). On the other hand, the proof presented in [88, Theorem
1.f.7] uses a probabilistic argument. The argument presented here also relies on results from Pisier
(namely, [108, Theorem 1.1] instead of [108, Theorem 2.4]), but has some advantages with respect
to the other proofs. First of all, it is more direct than the one presented in [43], as it does not
require to go through pp, qq-summing operators. On the other hand, the proof is quite simple and
does not require techniques from other areas.

Corollary 2.2.2. Let 1 ă p ă 8 and assume that X is a Banach lattice satisfying an upper

p-estimate. Then it is q-convex for every 1 ď q ă p with constant KpqqpXq ď

´

p
p´q

¯
1
q
γpK

pÒpqpXq.

Proof. First of all, by Theorem 2.2.1 we know that X lattice embeds with distortion γpK
pÒpqpXq

into a Banach lattice of the form ℓ8pLp,8pµqqµPΓ , with µ a probability measure for every µ P Γ .
Now, let us fix 1 ď q ă p and observe that by (1.6) each of the factors Lp,8pµq is lattice isomorphic

to L
rqs
p,8pµq, with distortion

´

p
p´q

¯
1
q
. Now, it suffices to show that L

rqs
p,8pµq is q-convex with constant

1: given f1, . . . , fn P L
rqs
p,8pµq and a measurable set A with µpAq ą 0, it follows that

µpAq
1
p

´ 1
q

ˆ
ż

A

n
ÿ

i“1

|fi|
q dµ

˙

1
q

“

ˆ n
ÿ

i“1

ˆ

µpAq
1
p

´ 1
q

ˆ
ż

A
|fi|

q dµ

˙
1
q
˙

q
˙

1
q

ď

ˆ n
ÿ

i“1

}f}
q

L
rqs
p,8pµq

˙

1
q

.
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Taking the supremum over all the sets A we obtain that∥∥∥∥ˆ n
ÿ

i“1

|fi|
q

˙

1
q
∥∥∥∥
L

rqs
p,8pµq

ď

ˆ n
ÿ

i“1

}f}
q

L
rqs
p,8pµq

˙

1
q

.

Since q-convexity is preserved under taking ℓ8-sums, sublattices and isomorphisms, we conclude

that X is q-convex with constant KpqqpXq ď

´

p
p´q

¯
1
q
γpK

pÒpqpXq.

The following example illustrates that the reverse implication is not true:

Example 2.2.3. Let 1 ă p ă 8. The space X “ ℓp,8pℓpq, formed by the sequences of vectors
x “ pxkqkPN such that xk P ℓp for every k P N and }x}X :“ }p}xk}ℓpqk}ℓp,8 is finite, does not satisfy

an upper p-estimate, but is q-convex with constant
´

p
p´q

¯
1
q
for every 1 ď q ă p.

Proof. We start by showing that X is q-convex for any 1 ď q ă p. Recall that both ℓp and ℓp,8 are

q-convex with constant 1 and
´

p
p´q

¯
1
q
, respectively. Given xpiq “ px

piq
k qkPN, P X, i “ 1, . . . , n, we

have ∥∥∥∥ˆ n
ÿ

i“1

|xpiq|q
˙

1
q
∥∥∥∥
X

“

∥∥∥∥∥
˜

ˆ n
ÿ

i“1

|x
piq
k |q

˙

1
q
¸

k

∥∥∥∥∥
X

“

∥∥∥∥∥
˜∥∥∥∥ˆ n

ÿ

i“1

|x
piq
k |q

˙

1
q
∥∥∥∥
ℓp

¸

k

∥∥∥∥∥
ℓp,8

ď

∥∥∥∥∥
˜

ˆ n
ÿ

i“1

}x
piq
k }

q
ℓp

˙

1
q
¸

k

∥∥∥∥∥
ℓp,8

“

∥∥∥∥∥
ˆ n
ÿ

i“1

∣∣∣´}x
piq
k }ℓp

¯

k

∣∣∣q˙ 1
q

∥∥∥∥∥
ℓp,8

ď

ˆ

p

p´ q

˙
1
q
ˆ n
ÿ

i“1

∥∥∥´}x
piq
k }ℓp

¯

k

∥∥∥q
ℓp,8

˙

1
q

“

ˆ

p

p´ q

˙
1
q
ˆ n
ÿ

i“1

}xpiq}
q
X

˙

1
q

,

where the first and the second inequalities follow from the q-convexity of ℓp and ℓp,8, respectively.

To show that X does not satisfy an upper p-estimate (i.e., is not pp,8q-convex), let us assume
that the coordinates in ℓp and ℓp,8 are indexed starting on 0. Let us fix n ě 1 and denote by
pejq

8
j“0 the canonical basis of ℓp. For k “ 0, . . . , n´ 1, we write apkq “

řn´1
j“0 αpk`jqnej for the cyclic

permutations of the coefficients αk “ pk ` 1q
1
p˚ ´ k

1
p˚ over the set t0, . . . , n ´ 1u. Here, by in we

mean i mod n. We consider for i “ 0, . . . , n ´ 1 the (finite) sequences xpiq “ px
piq
k q8

k“0 P X given

by x
piq
k “ αpk`iqnei for k “ 0, . . . , n´ 1 and x

piq
k “ 0 for k ě n. It is clear that for every i,

}xpiq}X “ }pαpk`iqnq
n´1
k“0}ℓp,8 “ }pαkq

n´1
k“0}ℓp,8 “ 1, so

ˆn´1
ÿ

i“0

}xpiq}
p
X

˙

1
p

“ n
1
p .

On the other hand, for every k “ 0, . . . , n´ 1,

n´1
ł

i“0

|x
piq
k | “

n´1
ÿ

i“0

αpk`iqnei “ apkq,

so ∥∥∥∥n´1
ł

i“0

|xpiq|

∥∥∥∥
X

“

∥∥∥∥∥
˜∥∥∥∥n´1

ł

i“0

|x
piq
k |

∥∥∥∥
ℓp

¸n´1

k“0

∥∥∥∥∥
ℓp,8

“

∥∥∥´}apkq}ℓp

¯n´1

k“0

∥∥∥
ℓp,8

“ Ann
1
p ,
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where An “

´

řn´1
j“0 α

p
j

¯
1
p

is the norm of apkq in ℓp for every k, and n
1
p is the norm in ℓp,8 of

the constant 1 vector on the set t0, . . . , n ´ 1u. It is not difficult to check that An diverges as

n Ñ 8. More specifically, αk « pk ` 1q
´ 1

p uniformly on k, so An «
`
řn
k“1 k

´1
˘

1
p , which diverges.

To conclude the argument, observe that the quotients
∥∥∥Žn´1

i“0 |xpiq|

∥∥∥
X

{

´

řn´1
i“0 }xpiq}

p
X

¯
1
p

“ An are

not uniformly bounded, so X cannot be pp,8q-convex.

We can formulate a dual version of Theorem 2.2.1 for q-concave Banach lattices and Banach
lattices with lower q-estimates:

Theorem 2.2.4. Let X be a Banach lattice and 1 ă q ă 8.

(1) If X is q-concave, then there are a family Γ of probability measures and an onto interval
preserving positive operator

Q : ℓ1pLqpµqqµPΓ Ñ X

such that BX Ď QpBY q Ď KpqqpXqBX , where Y “ ℓ1pLqpµqqµPΓ .

(2) If X satisfies an lower q-estimate, then there are a family Γ of probability measures and an
onto interval preserving positive operator

Q : ℓ1pLq,1pµqqµPΓ Ñ X

such that BX Ď QpBY q Ď γq˚KpÓqqpXqBX , where Y “ ℓ1pLq,1pµqqµPΓ (recall that here, Lq,1 is
endowed with the dual norm induced by } ¨ }

L
r1s

q˚,8

).

For the proof, we will need the following general facts:

Lemma 2.2.5.

(1) Let Tγ : Yγ Ñ X be almost interval preserving operators for every γ P Γ , such that supγPΓ }Tγ} ă

8, and let Y “ ℓ1pYγqγPΓ . Then,

T : Y ÝÑ X
y “ pyγqγPΓ ÞÝÑ Ty “

ř

γPΓ Tγyγ

is an almost interval preserving operator with }T } ď supγPΓ }Tγ}.

(2) Let Y be order continuous, X a KB-space and T : Y Ñ X an almost interval preserving
operator. Then T is interval preserving.

Proof. p1q It is standard to check (cf. [88, p. 47]) that Y ˚ “ ℓ8pY ˚
γ qγPΓ and T ˚x˚ “ pT ˚

γ x
˚qγPΓ ,

which is clearly a lattice homomorphism. Therefore, T must be almost interval preserving by [96,
Theorem 1.4.19].

p2q Y is order continuous, so JY : Y Ñ Y ˚˚ is interval preserving [96, Theorem 2.4.2]. Moreover,
X is a KB-space, so JXpXq is a projection band in X˚˚ [96, Theorem 2.4.12 and Theorem 1.2.9],
so there exists an interval preserving operator P : X˚˚ Ñ X such that PJX is the identity on X.
Since T is almost interval preserving, T ˚˚ : Y ˚˚ Ñ X˚˚ is interval preserving. But observe that

T “ PJXT “ PT ˚˚JY ,

so T must be interval preserving, as it is the composition of interval preserving operators.
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Proof of Theorem 2.2.4. We start as in the proof of Theorem 2.2.1 by fixing x P S “ tz P X` :

}z} “ 1u and considering the quotient qx : X˚ Ñ X˚{ ker ρx, where ρxpx˚q “ |x˚|pxq, and ix :

X˚{ ker ρx Ñ L1pµxq is the inclusion into the completion of pX˚{ ker ρx, ρxq, which is an AL-space
denoted L1pµxq. It is clear that ixqx is a q˚-convex operator with constant KpqqpXq (respectively,
pq˚,8q-convex operator with constant KpÓqqpXq). By Theorem 1.2.3 (respectively, Theorem 1.2.4),

there exists a normalized gx P L1pgxq` such that ix “ MxRx, where Rxx
˚ “ 1

gx
¨ pixqxx

˚q is defined
from X˚ into Lq˚pgx ¨µxq with norm KpqqpXq (respectively, Lq˚,8pgx ¨µxq with norm γq˚KpÓqqpXq)
and Mx is the operator of multiplication by gx.

Observe that in both cases X is a KB-space. This is due to the fact that if X satisfies a lower
q-estimate, it cannot contain a sublattice isomorphic to c0, which is equivalent to X being a KB-
space by [96, Theorem 2.4.12]. By [96, Theorem 2.4.12 and Theorem 1.2.9], there exists an interval
preserving operator P : X˚˚ Ñ X such that PJX is the identity on X. Let us define Y “ ℓ1pLqpgx ¨

µxqqxPS and Qx “ PR˚
x : Lqpgx ¨ µxq Ñ X when X is q-concave, and Y “ ℓ1pLq,1pgx ¨ µxqqxPS and

Qx “ PR˚
xJLq,1

: Lq,1pgx ¨ µxq Ñ X when X satisfies a lower q-estimate, and denote by jx and Px,
x P S, the embeddings and projections between Y and each of its factors, which are clearly interval
preserving. In both cases, the operators Qx are interval preserving (recall that Lq,1pgx ¨ µxq is a
KB-space, so in particular it is order continuous), so the compositions QxPx are interval preserving
as well, and their norms are uniformly bounded. Applying Lemma 2.2.5(1) we obtain an almost
interval preserving operator Q : Y Ñ X given by Qf “

ř

xPS Qxfx for every f “ pfxqxPS P Y ,
with norm bounded by either KpqqpXq or γq˚KpÓqqpXq. Since Y is q-concave or satisfies an upper
q-estimate, it is order continuous, and applying Lemma 2.2.5(2) we get that Q is actually interval
preserving.

To check the surjectivity of Q, observe that Qpjx1xq “ x for every x P S, where 1x denotes the
constant one function in the corresponding Lqpgx ¨µxq or Lq,1pgx ¨µxq (we only check it in the lower
q-estimate setting, as the q-concave setting is slightly easier): for every x˚ P X˚

`,

pR˚
xJLq,11xqpx˚q “ pJLq,11xqpRxx

˚q “ pRxx
˚qp1xq “

ż

ixqxx
˚

gx
1xgx dµx

“ }ixqxx
˚}L1pµxq “ ρxpx˚q “ x˚pxq “ JXxpx˚q,

so R˚
xJLq,11x “ JXx and hence Qpjx1xq “ Qx1x “ x. This fact alone already implies that Q

is onto, but actually we can show that BX Ď QpBY q. Indeed, let 0 ‰ z P BX . If z ě 0, then
z “ Qp}z}jx1xq P QpBY q for x “ z{}z} P S. Otherwise, let x “ |z|{}z} P S and use the fact that
Qx is interval preserving to find f˘ P r0,1xs such that Qxf˘ “ z˘ P r0, xs. Clearly, f “ f` ´ f´ P

r´1x,1xs, so z “ Qpjxfq P QpBY q, and the proof is concluded.

2.2.2 Banach lattices with upper p-estimates vs. sublattices of ℓ8pLp,8q

Theorem 2.2.1 points out a fundamental difference between p-convexity and upper p-estimates:
while the class of p-convex Banach lattices (with constant 1) and the class of closed sublatices
of ℓ8-sums of Lp-spaces can be identified isometrically, the class of Banach lattices with upper p-
estimates (with constant 1) and the class of closed sublattices of ℓ8-sums of Lp,8-spaces in principle
are not isometrically the same classes, but only isomorphically. Indeed, in this section we provide
an example of a Banach lattice that satisfies an upper p-estimate with constant 1 but does not
embed isometrically into any ℓ8-sums of Lp,8-spaces. This is equivalent to determining whether
the constant γp that arises in Theorem 1.2.4 and Theorem 2.2.1 can be improved to 1.

Let X,Y be Banach lattices and let 1 ď C ă 8. We say that X C-lattice embeds into Y if there
exists a lattice isomorphic injection T : X Ñ Y such that C´1}x} ď }Tx} ď }x} for all x P X.
In this case, we call T a C-lattice embedding. If C “ 1, then T is a lattice isometric embedding.
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A Banach space with a normalized 1-unconditional basis is regarded as a Banach lattice in the
coordinatewise order.

Theorem 2.2.6. Let X be a Banach lattice with a normalized 1-unconditional basis peiqi. Denote
the biorthogonal functionals by pe˚

i qi. For any C ě 1, the following statements are equivalent.

(1) For each normalized finitely supported a “
řn
i“1 aiei P X` and every ε ą 0, there exist b “

řn
i“1 bie

˚
i P X˚

` and d “ pdiq
n
i“1 P Rn` so that

řn
i“1 aibi ą 1´ε,

řn
i“1 di “ 1 and }

ř

iPI bie
˚
i }p

˚

ď

Cp
˚ ř

iPI di for any I Ď t1, . . . , nu.

(2) There is a set Γ of (probability) measures such that X C-lattice embeds into ℓ8pLp,8pµqqµPΓ .

Proof. (1)ñ(2) Let a P X` be normalized and finitely supported, and let ε ą 0 be given. Obtain
b and d from (1). Let pUiq

n
i“1 be a measurable partition of p0, 1q such that λpUiq “ di, 1 ď i ď n,

where λ denotes the Lebesgue measure. Define

Sa,ε : X Ñ Lp,8p0, 1q by Sa,ε

ˆ 8
ÿ

i“1

ciei

˙

“

n
ÿ

i“1

cibiχUi

di
.

We have

}Sa,εa} ě λp0, 1q
´ 1

p˚

ż 1

0
|Sa,εa| dλ “

n
ÿ

i“1

aibi ą 1 ´ ε.

On the other hand, if c “
ř8
i“1 ciei P BX then there exists I Ď t1, . . . , nu so that

}Sa,εc} “ λ

ˆ

ď

iPI

Ui

˙´ 1
p˚

ż

Ť

iPI Ui

|Sa,εc| dλ “

ˆ

ÿ

iPI

di

˙´ 1
p˚

ÿ

iPI

|ci|bi

“

ˆ

ÿ

iPI

di

˙´ 1
p˚

C

8
ÿ

i“1

|ci|ei,
ÿ

iPI

bie
˚
i

G

ď

ˆ

ÿ

iPI

di

˙´ 1
p˚
∥∥∥∥ÿ
iPI

bie
˚
i

∥∥∥∥ ď C.

Let Γ be the Cartesian product of the set of normalized finitely supported elements in X` and the
interval p0, 12q. It is now clear that the map T : X Ñ ℓ8pLp,8p0, 1qqpa,εqPΓ given by

Tc “ pC´1Sa,εcqpa,εqPΓ

is a C-lattice embedding.

(2)ñ(1) Let T : X Ñ ℓ8pLp,8pµqqµPΓ be a C-lattice embedding. Suppose that a “
řn
i“1 aiei is

normalized and ε ą 0. For each µ0 P Γ , let Pµ0 be the projection of ℓ8pLp,8pµqqµPΓ onto the µ0-th
component. There exists µ0 such that C}Pµ0Ta} ą 1 ´ε. Let fi “ Pµ0Tei. Choose a µ0-measurable
set U Ď suppTa such that 0 ă µ0pUq ă 8 and

C

ż

U
Pµ0Ta dµ0 ą p1 ´ εqµ0pUq

1
p˚ .

Set Ui “ U X supp fi and m “ p
řn
i“1 µ0pUiqq

1
p˚ . Define

bi “
C

m

ż

Ui

fi dµ0, di “
µ0pUiq

mp˚ , 1 ď i ď n.

We have di ě 0,
řn
i“1 di “ 1 and

n
ÿ

i“1

aibi “
C

m

ż

Ťn
i“1 Ui

n
ÿ

i“1

aifi dµ0 “
C

m

ż

Ťn
i“1 Ui

Pµ0Ta ą 1 ´ ε.
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On the other hand, suppose that I Ď t1, . . . , nu. If }
ř8
i“1 ciei} ď 1, then

C

8
ÿ

i“1

ciei,
ÿ

iPI

bie
˚
i

G

“
ÿ

iPI

cibi “
C

m

ż

Ť

iPI Ui

ÿ

iPI

cifi dµ0

ď
C

m

∥∥∥∥Pµ0T ˆ 8
ÿ

i“1

ciei

˙∥∥∥∥ µ0ˆď
iPI

Ui

˙
1
p˚

ď C

ˆ

ÿ

iPI

di

˙
1
p˚

.

This proves that }
ř

iPI bie
˚
i }p

˚

ď Cp
˚ ř

iPI di.

Remark 2.2.7. If X is a two dimensional Banach lattice that satisfies an upper p-estimate with
constant 1, then C “ 1 works in Theorem 2.2.6. Indeed, let pe1, e2q be a normalized 1-unconditional
basis for X. Suppose that a “ a1e1 `a2e2 is normalized and non-negative. Choose b “ b1e

˚
1 ` b2e

˚
2 P

X˚
` such that xa, by “ 1 “ }b}. Define di “ bp

˚

i {pbp
˚

1 ` bp
˚

2 q, i “ 1, 2. Note that X˚ satisfies a lower
p˚-estimate with constant 1 and e˚

1 and e˚
2 are disjoint, so

bp
˚

1 ` bp
˚

2 “ }b1e
˚
1}p

˚

` }b2e
˚
2}p

˚

ď }b}p
˚

“ 1.

It is easy to check that }
ř

iPI bie
˚
i }p

˚

ď
ř

iPI di for any I Ď t1, 2u and d1 ` d2 “ 1.

Corollary 2.2.8. Suppose that X is a Banach lattice with a normalized 1-unconditional basis peiqi
that C-lattice embeds into ℓ8pLp,8pµqqµPΓ . For any normalized element b “

řn
i“1 bie

˚
i P X˚

` and
any Ij Ď t1, . . . , nu, 1 ď j ď m, such that

řm
j“1 χIj “ lχt1,...,nu for some l P N, we have

m
ÿ

j“1

∥∥∥∥ÿ
iPIj

bie
˚
i

∥∥∥∥p˚

ď Cp
˚

l.

Proof. Choose a normalized a “
řn
i“1 aiei P X` so that

řn
i“1 aibi “ 1. First assume that rpeiq

n
i“1s

is uniformly convex. Let ε ą 0 be given. There exists δ ą 0 so that if b1 “
řn
i“1 b

1
ie

˚
i P X˚

`, }b1} “ 1
and xa, b1y ą 1 ´ δ, then }b´ b1} ă ε. By Theorem 2.2.6, there exists b1 P X˚

` and d “ pdiq
n
i“1 P Rn`

so that xa, b1y ą 1 ´ δ and }
ř

iPI b
1
ie

˚
i }p

˚

ď Cp
˚ ř

iPI di for any I Ď t1, . . . , nu. It follows that for
any I Ď t1, . . . , nu,∥∥∥∥ÿ

iPI

bie
˚
i

∥∥∥∥ ď

∥∥∥∥ÿ
iPI

|bi ´ b1
i|e

˚
i

∥∥∥∥ `

∥∥∥∥ÿ
iPI

b1
ie

˚
i

∥∥∥∥ ď ε|I| ` C

ˆ

ÿ

iPI

di

˙
1
p˚

.

Now assume that Ij Ď t1, . . . , nu, 1 ď j ď m, and that
řm
j“1 χIj “ lχt1,...,nu for some l P N. Set

Aj “ ε|Ij | and Bj “ Cp
ř

iPIj
diq

1
p˚ . Then

ˆ m
ÿ

j“1

∥∥∥∥ÿ
iPIj

bie
˚
i

∥∥∥∥p˚˙
1
p˚

ď

ˆ m
ÿ

j“1

pAj `Bjq
p˚

˙

1
p˚

ď

ˆ m
ÿ

j“1

Ap
˚

j

˙

1
p˚

`

ˆ m
ÿ

j“1

Bp˚

j

˙

1
p˚

ď

m
ÿ

j“1

Aj `

ˆ m
ÿ

j“1

Bp˚

j

˙

1
p˚

“ ε
m
ÿ

j“1

|Ij | ` C

ˆ m
ÿ

j“1

ÿ

iPIj

di

˙

1
p˚

ď εnl ` Cl
1
p˚ .

Taking ε Ó 0 gives the desired result.

We now return to a general X with a normalized 1-unconditional basis peiq. Given a normalized
element b “

řn
i“1 bie

˚
i P X˚

` and ε ą 0, there is a uniformly convex lattice norm ~¨~ on rpeiq
n
i“1s such

that }x} ď ~x~ ď p1`εq}x} for any x P rpeiq
n
i“1s (take for instance ~¨~ “ }¨}`δ}¨}ℓn2 for δ ą 0 small

enough, which is strictly convex and hence uniformly convex, since rpeiq
n
i“1s is finite-dimensional).
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Set ui “ ei{~ei~, u˚
i “ e˚

i {~e˚
i ~ and b1 “

řn
i“1 b

1
iu

˚
i “ b{~b~. Note that puiq

n
i“1 is a 1-unconditional

basis for rpeiq
n
i“1s “ rpuiq

n
i“1s and b1 is ~¨~-normalized. Moreover, if T : rpeiq

n
i“1s Ñ ℓ8pLp,8pµqqµPΓ

is a C-lattice embedding, then

rTx “ Tx : rpuiq
n
i“1s Ñ ℓ8pLp,8pµqqµPΓ

is a p1 ` εqC-lattice embedding. Assume that Ij Ď t1, . . . , nu, 1 ď j ď m, such that
řm
j“1 χIj “

lχt1,...,nu for some l P N. By the first part,

m
ÿ

j“1

‌

‌

‌

‌

‌

ÿ

iPIj

b1
iu

˚
i

‌

‌

‌

‌

‌

p˚

ď p1 ` εqp
˚

Cp
˚

l.

Since ~b~ ď 1 ` ε, for any I Ď t1, . . . , nu we have

‌

‌

‌

‌

‌

ÿ

iPI

b1
iu

˚
i

‌

‌

‌

‌

‌

“
1

~b~

‌

‌

‌

‌

‌

ÿ

iPI

bie
˚
i

‌

‌

‌

‌

‌

ě
1

1 ` ε

∥∥∥∥ÿ
iPI

bie
˚
i

∥∥∥∥ .
Thus,

m
ÿ

j“1

∥∥∥∥ÿ
iPI

bie
˚
i

∥∥∥∥p˚

ď p1 ` εq2p
˚

Cp
˚

l.

Taking ε Ó 0 gives the desired result.

We conclude this subsection with an example that shows that γp cannot be made to be 1 in
Theorems 2.2.1 and 1.2.4.

Example 2.2.9. Suppose that 1 ă p ă 8. Denote by Cp the infimum of the set of constants C
so that every Banach lattice satisfying an upper p-estimate with constant 1 C-lattice embeds into
ℓ8pLp,8pµqqµPΓ for some set of measures Γ (this set is non-empty due to Theorem 2.2.1). Then

Cp
˚

p ě 3¨2p
˚

2p1`2p˚
q

ą 1.

Proof. Let X “ R3 so that the norm on X˚ is

}pb1, b2, b3q}X˚ “ max
␣`

|bi|
p˚

` p|bj | ` |bk|qp
˚˘ 1

p˚ : ti, j, ku “ t1, 2, 3u
(

.

It is clear that the coordinate unit vectors form a normalized 1-unconditional basis for X. Suppose
that b “ pb1, b2, b3q P X˚ and I, J are disjoint non-empty subsets of t1, 2, 3u. Without loss of
generality, we may assume that I “ tiu and J “ tj, ku, where i, j, k are distinct. Then

}bχI}
p˚

X˚ ` }bχJ}
p˚

X˚ “ |bi|
p˚

` p|bj | ` |bk|qp
˚

ď }b}p
˚

X˚ .

Thus, X˚ satisfies a lower p˚-estimate with constant 1. Hence, X satisfies an upper p-estimate
with constant 1. Suppose that X C-lattice embeds into some ℓ8pLp,8pµqqµPΓ . The vector p1 `

2p
˚

q
´ 1

p˚ p1, 1, 1q is normalized in X˚
`. By Corollary 2.2.8,

1

1 ` 2p˚ p}p1, 1, 0q}p
˚

` }p1, 0, 1q}p
˚

` }p0, 1, 1q}p
˚

q ď 2Cp
˚

.

Thus,
3 ¨ 2p

˚

2p1 ` 2p˚
q

ď Cp
˚

.

Taking infimum over the eligible C’s gives the desired result. Direct verification shows that
3¨2p

˚

2p1`2p˚
q

ą 1 if 1 ă p ă 8.
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2.2.3 The norm of the free Banach lattice associated to a rearrangement
invariant space

In this subsection, let pΩ,Σ, µq be a non-atomic σ-finite measure space and letX be a rearrangement
invariant (r.i.) Banach function space on Ω in the sense of [20, Definition II.4.1]. To be specific, X
is a vector lattice ideal of L0pΩ,Σ, µq, equipped with a complete lattice norm } ¨ }, so that f P X,
g P L0pΩ,Σ, µq and µt|f | ą tu “ µt|g| ą tu for all t ě 0 imply that g P X and }f} “ }g}. We
further assume that X has the Fatou property : Whenever fn P X, 0 ď fn Ò f a.e. and sup }fn} ă 8

then f P X and }f} “ supn }fn}. Note that we are using the definition of the Fatou property from
[88, p. 30].

Let C be the class consisting of X only. Given a Banach space E, the aim of this subsection will
be to produce a formula for the norm ρC on FVLrEs and show that FBLCrEs Ď CpBE˚q.

Given a sequence U “ pUnqn of disjoint measurable subsets of Ω so that 0 ă µpUnq ă 8 for all
n, we define for each f P L0pΩ,Σ, µq the conditional expectation over U by

PUf “
ÿ

n

ş

Un
f dµ

µpUnq
χUn .

Note that the above sum has at most one non-zero term at any given point of Ω, so is well-defined
as long as

ş

Un
f dµ is finite for every n P N. This will be the case when f P X.

Proposition 2.2.10. Let U “ pUnqn be a sequence of disjoint measurable subsets of Ω so that
0 ă µpUnq ă 8 for all n. Then PUf P X if f P X, and PU is a positive contraction on X.

Proof. First note that, since X is a Banach function space,
ş

Un
f dµ is finite for every n P N (see

property 5 in [20, Definition I.1.1]), so PUf is well-defined. It is straightforward to check that PU
is a positive contraction from L1pΩ,Σ, µq to L1pΩ,Σ, µq and from L8pΩ,Σ, µq to L8pΩ,Σ, µq.
Thus, PU is an admissible operator for the compatible pair pL1pΩ,Σ, µq, L8pΩ,Σ, µqq. Moreover,
since X is a r.i. space over a non-atomic σ-finite (in particular, resonant) measure space, it follows
from [20, Theorem II.2.2] that X is an exact interpolation space, so PU : X Ñ X is a positive
contraction.

Lemma 2.2.11. Let h1, . . . , hn P X and set h “
řn
k“1 |hk|. Given ε ą 0, there is a sequence

U “ pUnqn of disjoint measurable subsets of Ω so that 0 ă µpUnq ă 8 for all n and |hk´PUhk| ď εh,
1 ď k ď n.

Proof. We may assume that ε ă 1. Let Vi “ tεi ď h ă εi´1u. Then pViqiPZ is a sequence of
disjoint measurable subsets of Ω so that h “ hk “ 0 on p

Ť

i Viq
c for any k. Since the measure

space is σ-finite, for each i there is an at most countable measurable partition pUijqjPJi of Vi with
0 ă µpUijq ă 8 and bkij P R so that∣∣∣∣hkχVi ´

ÿ

jPJi

bkijχUij

∣∣∣∣ ď
εi`1

2
, i P Z, 1 ď k ď n.

Thus, for each 1 ď k ď n we have∣∣∣∣hk ´
ÿ

i,j

bkijχUij

∣∣∣∣ ď
ÿ

i

εi`1

2
χVi ď

εh

2
(2.1)

and ∣∣∣∣ 1

µpUijq

ż

Uij

hk dµ´ bkij

∣∣∣∣ “

∣∣∣∣ 1

µpUijq

ż

Uij

hk ´ bkijχUij dµ

∣∣∣∣ ď
εi`1

2
.
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Take U “ pUijqiPZ,jPJi . Note that PUhk “ 0 on the set p
Ť

ij Uijq
c. For 1 ď k ď n,∣∣∣∣PUhk ´

ÿ

i,j

bkijχUij

∣∣∣∣ ď
ÿ

i,j

εi`1

2
χUij “

ÿ

i

εi`1

2
χVi ď

εh

2
. (2.2)

Summing (2.1) and (2.2) gives the desired result.

Let I “ tpm, rq P N2 : m
r ď µpΩqu. If pm, rq P I, take any sequence pViq

m
i“1 of disjoint measurable

subsets of Ω such that µpViq “ r´1, 1 ď i ď m. Define a norm ρmr on Rm by

ρmrpa1, . . . , amq “

∥∥∥∥ m
ÿ

i“1

aiχVi

∥∥∥∥
X

.

Let E be a Banach space and define ρ : CpBE˚q Ñ r0,8s by

ρpfq “ sup
!

ρmrpfpx˚
1q, . . . , fpx˚

mqq : pm, rq P I, px˚
i qmi“1 Ď E˚, sup

xPBE

ρmrpx
˚
1pxq, . . . , x˚

mpxqq ď 1
)

.

By definition, ρpδxq “ }x} for any x P E. Moreover, it is easy to check that ρ is a complete lattice
norm on the vector lattice tf P CpBE˚q : ρpfq ă 8u, which contains FVLrEs. For our next result,
recall that we are considering the case C “ tXu.

Theorem 2.2.12. The norms ρ and ρC are equal on FVLrEs. In particular, FBLCrEs Ď tf P

CpBE˚q : ρpfq ă 8u.

Proof. Suppose that f P FVLrEs. There are x1, . . . , xn P E and a lattice-linear function G so
that f “ Gpδx1 , . . . , δxnq. Let ε ą 0 be given. There are pm, rq P I and x˚

1 , . . . , x
˚
m P E˚ so that

supxPBE
ρmrpx

˚
1pxq, . . . , x˚

mpxqq ď 1 and

ρpfq ď ρmrpfpx˚
1q, . . . , fpx˚

mqq ` ε “

∥∥∥∥ m
ÿ

i“1

fpx˚
i qχVi

∥∥∥∥ ` ε,

where pViq
m
i“1 is the sequence of disjoint measurable subsets of Ω chosen above, so that µpViq “ r´1,

1 ď i ď m. Define a linear operator S : FVLrEs Ñ X by Sg “
řm
i“1 gpx˚

i qχVi . It is clear that S is
a lattice homomorphism. By definition of ρ, if ρpgq ď 1, then ρmrpgpx˚

1q, . . . , gpx˚
mqq ď 1 and thus

}Sg} ď 1. Let T “ SϕE : E Ñ X. Then }T } ď 1 and pT “ S is the unique extension of T to FVLrEs

as a vector lattice. Hence
ρCpfq ě } pTf} “ }Sf},

where the last step holds since S is a lattice homomorphism. Thus, ρCpfq ě ρpfq ´ ε for any ε ą 0.
Therefore, ρCpfq ě ρpfq.

Conversely, given ε ą 0, there exists a linear contraction T : E Ñ X so that ρCpfq ď } pTf} ` ε.
Let hk “ Txk, 1 ď k ď n, and h “

řn
k“1 |hk|. By Lemma 2.2.11, there is a sequence U “ pUiqi of

disjoint measurable subsets of Ω so that 0 ă µpUiq ă 8 for all i and |hk ´ PUhk| ď εh, 1 ď k ď n.
Since G is a finite lattice-linear function, it is Lipschitz, so there is a constant CG ă 8, depending
only on G, so that

| pTf ´GpPUh1, . . . ,PUhnq| “ |Gph1, . . . , hnq ´GpPUh1, . . . ,PUhnq| ď CGεh.

Express PUhk as
ř

i akiχUi , where T ˚χUi “ y˚
i and

aki “
1

µpUiq

ż

Ui

hk dµ “
y˚
i pxkq

µpUiq
.
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Then

GpPUh1, . . . ,PUhnq “ G

ˆ

ÿ

i

a1iχUi , . . . ,
ÿ

i

aniχUi

˙

“
ÿ

i

Gpa1i, . . . , aniqχUi

“
ÿ

i

Gpδx1 , . . . , δxnqpy˚
i q

χUi

µpUiq
“
ÿ

i

fpy˚
i q

µpUiq
χUi .

Since X has the Fatou property, there exists l P N so that∥∥∥∥ l
ÿ

i“1

fpy˚
i q

µpUiq
χUi

∥∥∥∥ ą }GpPUh1, . . . ,PUhnq} ´ ε ě } pTf} ´ p1 ` CG}h}qε.

Using the Fatou property once more, choose disjoint Lebesgue measurable sets V1, . . . , Vl so that
Vi Ď Ui, µpViq P Q and

} pTf} ´ p1 ` CG}h}qε ă

∥∥∥∥ l
ÿ

j“1

fpy˚
i q

µpUiq
χVi

∥∥∥∥ .
Write µpViq “

ji
r , where ji, r P N. Decompose each Vi as a disjoint union Vi “

Ťji
s“1 Vis, with

µpVisq “ r´1. Take j0 “
řl
i“1 ji. It follows that pj0, rq P I. Consider the sequence where each

y˚
i

µpUiq

is repeated ji times. For any x P BE , let b be the element of Rj0 so that each
y˚
i pxq

µpUiq
occurs ji times.

Then

ρj0rpbq “

∥∥∥∥ l
ÿ

i“1

y˚
i pxq

µpUiq
χVi

∥∥∥∥ ď }PU pTxq} ď }T } “ 1.

Therefore, the sequence of functionals of E˚ of length j0 where each
y˚
i

µpUiq
occurs ji times satisfies

the normalization condition required in the definition of ρ. It follows, taking a to be the element

of Rj0 where each
fpy˚

i q

µpUiq
occurs ji times, that

ρpfq ě ρj0rpaq “

∥∥∥∥ l
ÿ

i“1

ji
ÿ

s“1

fpy˚
i q

µpUiq
χVis

∥∥∥∥ “

∥∥∥∥ l
ÿ

i“1

fpy˚
i q

µpUiq
χVi

∥∥∥∥
ą } pTf} ´ p1 ` CG}h}qε ě ρCpfq ´ p2 ` CG}h}qε.

Thus, ρpfq ě ρCpfq.

2.2.4 An explicit expression for the norm of FBLp,8

Theorem 2.2.1(1) has the following interpretation: Assume that 1 ă p ă 8 and let Cp be the
class of all p-convex Banach lattices with constant 1 and Xp the class of all Lppµq spaces with µ
a probability measure. Then, by Theorem 2.2.1(1), Cp Ď X p and therefore Cp “ X p. This fact,
together with the abstract framework developed in the previous sections provides an alternative
proof of [75, Theorem 6.1], where an explicit representation of FBLCprEs ” FBLprEs is given:

Theorem 2.2.13. Let E be a Banach space and let 1 ă p ă 8. The norm ρCp on FVLrEs is given
by

ρCppfq “ sup
!

}pfpx˚
kqqnk“1}ℓnp : n P N, x˚

1 , . . . , x
˚
n P E˚, sup

xPBE

}px˚
kpxqqnk“1}ℓnp ď 1

)

for any f P FVLrEs.
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Proof. For short, let us denote the expression on the right-hand side of the statement by ρp. As
observed above, by Theorem 2.2.1(1), Cp “ X p, so by Corollary 2.1.4 we obtain that for any Banach
space E, ρCp “ ρXp on FVLrEs. Now, if µ is a probability measure, there is always a non-atomic
probability measure ν such that Lppµq embeds lattice isometrically into Lppνq. Thus, ρtLppµqu ď

ρtLppνqu, where both norms are associated to the singleton classes tLppµqu and tLppνqu, respectively.
Moreover, by Theorem 2.2.12, the norm ρtLppνqu coincides with ρp. In particular, ρp ď ρCp , since
Lppνq is in the class Cp. Putting everything together we get

ρCp “ ρXp “ sup
µ finite

ρtLppµqu ď ρp ď ρCp .

Hence, ρCp “ ρp, as claimed.

The situation presented in Theorem 2.2.1(2) is slightly different due to the isomorphism constant
γp. Again, fix 1 ă p ă 8 and let Cp,8 be the class of all pp,8q-convex Banach lattices with constant
1 and Xp,8 the class of all Lp,8pµq spaces with µ a σ-finite measure. Clearly, X p,8 Ď Cp,8. On
the other hand, statement (2) in Theorem 2.2.1 establishes that any Banach lattice X P Cp,8 is
γp-lattice isomorphic to an element of X p,8. This correspondence allows us to find an explicit
representation of an equivalent norm in FBLCp,8rEs ” FBLp,8rEs for any Banach space E, solving
the question raised in [75, Remark 6.2] in the upper p-estimates setting:

Theorem 2.2.14. Let E be a Banach space and let 1 ă p ă 8. The norm ρXp,8 on FVLrEs is
given by

ρXp,8pfq “ sup
!

}pfpx˚
kqqnk“1}ℓnp,8 : n P N, x˚

1 , . . . , x
˚
n P E˚, sup

xPBE

}px˚
kpxqqnk“1}ℓnp,8 ď 1

)

for any f P FVLrEs. Moreover, ρXp,8 ď ρCp,8 ď γp ρXp,8, where γp “ p1 ´ 1
pq

1
p

´1
.

Proof. The proof of the first part of the statement is similar to that of Theorem 2.2.13. Now, since
Xp,8 Ď Cp,8, ρXp,8 ď ρCp,8 . On the other hand, let X P Cp,8. By Theorem 2.2.1, there exists
Y P X p,8 and a lattice isomorphism J : X Ñ Y so that }x} ď }Jx} ď γp}x} for all x P X. Let
T : E Ñ X be a linear contraction. Then γ´1

p JT : E Ñ Y is a linear contraction. Since J is a

lattice homomorphism, {γ´1
p JT “ γ´1

p J pT . For any f P FVLrEs,

} pTf} ď γp}γ
´1
p J pTf} “ γp}

{γ´1
p JTf} ď γpρXp,8pfq.

Taking supremum over all linear contractions T : E Ñ X for any X P Cp,8 shows that ρCp,8 ď

γpρXp,8 .

Note that FBLCp,8rEs endowed with the equivalent norm ρXp,8 satisfies the following universal
property: given any Banach lattice X satisfying an upper p-estimate with constant 1 and a linear
operator T : E Ñ X, there exists a unique lattice homomorphic extension pT : FBLCp,8rEs Ñ X
with } pT } ď γp}T }. Moreover, if X P X p,8 then actually } pT } “ }T }.

Finally, observe that Theorems 2.2.13 and 2.2.14 state that ρCp “ ρtℓpu and that ρtℓp,8u ď ρCp,8 ď

γp ρtℓp,8u. As a result, FBLCprEs “ FBLtℓpurEs and FBLCp,8rEs “ FBLtℓp,8urEs and it is clear that
both of these spaces are vector sublattices of CpBE˚q. The proof of Theorem 2.2.13 works in exactly
the same way if p “ 1, where we obtain that the free Banach lattice generated by a Banach space,
which by Remark 2.1.1 is equal to the free Banach lattice associated to the class C1 of all (1-convex)
Banach lattices, can be represented using the norm obtained in [11, Theorem 2.5].
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2.2.5 Classes of Banach lattices generating FBLp
rEs and FBLp,8

rEs.

Recall from the previous subsection that Cp and Cp,8 denote the classes of p-convex Banach lat-
tices with constant 1 and Banach lattices satisfying an upper p-estimate with constant 1, respec-
tively. We will characterize the classes of Banach lattices D so that FBLprEs ” pFBLCprEs, ρCpq

and pFBLDrEs, ρDq agree for any Banach space E, and the classes D1 so that FBLp,8rEs ”

pFBLCp,8rEs, ρCp,8q and pFBLD1

rEs, ρD1q are lattice isomorphic. But first, let us show that the

constant γp in Theorem 2.2.14 cannot be made 1, i.e., that the free Banach lattices FBLCp,8rEs

and FBLXp,8rEs are not isometric for some Banach spaces E.

For the proofs of the claims above, we need an extension of the isometric lattice-lifting property
which may be of independent interest. Recall from Section 1.3 that a Banach lattice X is said to have
the isometric lattice-lifting property if there exists a lattice isometric embedding α : X Ñ FBLrXs

such that yidXα “ idX . This property was introduced in the article [9], inspired by previous works
of Godefroy and Kalton [61] on Lipschitz-free spaces. Notably, Banach lattices ordered by a 1-
unconditional basis have this property (see [9, Theorem 4.1]). In [103, Theorem 8.3] an alternative
proof of this fact was given, which also worked when FBLrEs was replaced by FBLprEs. We now
show how to generalize these results to any class C.

Proposition 2.2.15. Let C be a class of Banach lattices, X a Banach space with a normalized
1-unconditional basis peiqi, viewed as a Banach lattice with the pointwise order induced by the basis,
and C ě 1. The following are equivalent.

(1) X C-lattice embeds into some ℓ8pXγqγPΓ with Xγ P C for every γ P Γ .

(2) For every operator T : X Ñ X, there exists a unique extension pT : FBLCrXs Ñ X satisfying
} pT } ď C}T }.

(3) There exists a unique extension yidX : FBLCrXs Ñ X of the identity idX : X Ñ X satisfying

}yidX} ď C.

(4) X C-lattice embeds into FBLCrXs.

Moreover, the C-lattice embedding α : X Ñ FBLCrXs in p4q can be chosen so that yidXα “ idX .

Proof. Clearly, p1q ñ p2q ñ p3q.

p3q ñ p4q Recall that by either [9, Theorem 4.1] or [103, Theorem 8.3] with p “ 1 there is a
lattice isometric embedding α0 : X Ñ FBLrXs, the free Banach lattice associated to C1, the class

of all Banach lattices (recall Remark 2.1.1), such that yidXα0 “ idX (here, yidX : FBLrXs Ñ X).
Moreover, since C Ď C1, the formal identity j : FBLC1rXs Ñ FBLCrXs is a continuous norm one

injection such that yidXjα0 “ idX (now, we are abusing the notation and considering the extension
yidX : FBLCrXs Ñ X given in p3q). We claim that α :“ jα0 : X Ñ FBLXp,8rXs defines a C-lattice
embedding. To prove the claim, simply note that for every x P X

1

C
}x} ď

1

}yidX}
}yidXαx} ď ρCpαxq ď ρC1pα0xq ď }x}.

This also proves the additional claim.

p4q ñ p1q It follows from Proposition 2.1.5, as FBLCrXs belongs to C.

Taking C “ 1 in the previous proposition we obtain:
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Corollary 2.2.16. Let C be a class of Banach lattices and X P C a Banach space with a normalized
1-unconditional basis peiqi, viewed as a Banach lattice with the pointwise order induced by the basis.
Then FBLCrXs contains a lattice isometric copy of X. Moreover, there exists a contractive lattice
homomorphic projection onto this sublattice.

We can apply Proposition 2.2.15 to the Banach lattice X constructed in Example 2.2.9 to con-
clude that, since X does not 1-lattice embed into ℓ8pLp,8pµqqµPΓ for any choice of measures Γ , the

extension yidX of the identity on X to FBLXp,8rXs cannot be contractive. However, if we consider
instead FBLCp,8rXs (which by Theorem 2.2.14 coincides as a set with FBLXp,8rXs, with an equiv-

alent renorming), we observe that in this setting the norm of the extension yidX becomes }idX} “ 1,
since X belongs to the class Cp,8. Therefore, the norms ρXp,8 and ρCp,8 cannot agree on FVLrXs.

Now that this is clarified, we characterize the classes of Banach lattices that generate (isometri-
cally) the free Banach lattice FBLCprEs, and those that generate (isomorphically) the free Banach
lattice FBLCp,8rEs.

Theorem 2.2.17. The following are equivalent for a class of Banach lattices D:

(1) For any Banach space E, FBLCprEs “ FBLDrEs as sets and the norms ρCp and ρD agree there.

(2) D Ď Cp and ℓp P D.

Proof. (1)ñ(2) By Corollary 2.2.16, FBLDrℓps “ FBLCprℓps contains a lattice isometric copy of ℓp.
By Proposition 2.1.5, FBLDrℓps P D. Hence, ℓp P D.

Suppose that X P D. Let ϕX : X Ñ FBLDrXs be the canonical embedding. The iden-

tity idX : X Ñ X induces a lattice homomorphic contraction yidX : FBLDrXs Ñ X so that
yidXϕX “ idX . Since FBLDrXs “ FBLCprXs lattice isometrically, this space belongs to Cp “ Cp
by Proposition 2.1.5, i.e., it is p-convex with constant 1. Hence, so does FBLDrXs{ ker yidX . Define

j : FBLDrXs{ ker yidX Ñ X by jrf s “ yidXf , where rf s is the equivalence class of f . The map j is a
lattice isomorphism so that }j} ď 1 and x “ jrδxs for any x P X. Hence, BX “ jpB

FBLDrXs{ ker yidX
q.

This shows that j is an onto lattice isometry. Therefore, X P Cp.

(2)ñ(1) Since D Ď Cp, for any Banach space E, ρD ď ρCp on FVLrEs. Similarly, since ℓp P D,
ρtℓpu ď ρD. However, ρCp “ ρtℓpu by Theorem 2.2.13 and ρD “ ρD by Corollary 2.1.4. Therefore,
we have the reverse inequality ρCp ď ρD.

For the case of Cp,8, the following result can be proven in essentially the same way as Theo-
rem 2.2.17. The only difference is that, since ℓp,8 does not have a basis, Corollary 2.2.16 cannot be
applied directly. However, we can still use Corollary 2.2.16 to embed ℓp,8 lattice isometrically into
ℓ8pFBLCp,8rℓmp,8sqmPN and continue with the rest of the proof with slight adaptations.

Theorem 2.2.18. The following are equivalent for a class of Banach lattices D:

(1) There is a constant M1 ă 8 so that for any Banach space E, FBLCp,8rEs “ FBLDrEs as sets
and 1

M1
ρD ď ρCp,8 ď M1ρD on that set.

(2) There is a constant M2 ă 8 so that any X P D satisfies an upper p-estimate with constant M2,
and ℓp,8 is M2-lattice isomorphic to a space Y P D.
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2.2.6 The renormings of weak-Lp

Recall from Section 1.2 that we chose to equip Lp,8pµq with the norm

}f}
L

r1s
p,8

:“ sup
0ăµpAqă8

µpAq
1
p

´1
ż

A
|f | dµ.

However, for each 1 ď r ă p, we could have also chosen to equip Lp,8pµq with the norm

}f}
L

rrs
p,8

:“ sup
0ăµpAqă8

µpAq
1
p

´ 1
r

ˆ
ż

A
|f |r dµ

˙
1
r

,

as it also defines a lattice norm on Lp,8pµq with upper p-estimate constant 1. For this reason, it
may be natural to ask whether the ambiguity in choosing a norm on Lp,8pµq is the reason why γp
cannot be chosen to be 1 in Theorems 2.2.1 and 2.2.14.

The aim of this subsection is to show that pLp,8pµq, } ¨ }
L

rrs
p,8

q lattice isometrically embeds into a

Banach lattice of the form ℓ8pL
r1s
p,8pνqqνPΓ . As a consequence, we deduce that the above renormings

cannot eliminate the constant γp in the aforementioned results.

Before starting, it is convenient to better understand the differences between these renormings.
As we mentioned in the previous chapter, it is well known that every Banach lattice with upper

p-estimates is r-convex for every 1 ď r ă p, with a constant that might explode as pp´ rq
´ 1

p when
r approaches p. Moreover, every r-convex Banach lattice can be renormed so that the r-convexity
constant becomes 1. As we saw in the proof of Corollary 2.2.2, it turns out that in the case of Lp,8,

the renorming L
rrs
p,8 satisfies that both the upper p-estimates constant and the r-convexity constant

are simultaneously 1. Now that we have clarified the role of the renormings, we can proceed with
the main goal of the section. We begin with some technical lemmata.

Lemma 2.2.19. Let e “ p1, . . . , 1q P Rn and let peiq
n
i“1 be the coordinate unit vector basis for Rn.

Let β, b P Rn`, }β}1, }b}1 ď 1, and let 0 ă s ă 1. Define α : Rn` Ñ R by αpxq “ pβ ¨ xq1´s pb ¨ xqs,
where ¨ is the dot product on Rn. Then α is positively homogeneous, αpeq “ }β}

1´s
1 ¨ }b}s1 ď 1 and

řm
j“1 αpxjq ď αp

řm
j“1 xjq for any sequence pxjq

m
j“1 Ď Rn`.

Proof. Let pxjq
m
j“1 Ď Rn`. Then

m
ÿ

j“1

αpxjq ď }ppβ ¨ xjq
1´sqj}ℓm1

1´s

}ppb ¨ xjq
sqj}ℓm1

s

“

ˆ

β ¨

m
ÿ

j“1

xj

˙1´s ˆ

b ¨

m
ÿ

j“1

xj

˙s

“ α

ˆ m
ÿ

j“1

xj

˙

.

The remaining assertions are clear.

Let x P Rn be expressed as pxpjqqnj“1. In the next result, for fixed i P N, we write x ă i if
maxpsuppxq ă i.

Proposition 2.2.20. There is a sequence pdiq
n
i“1 of non-negative real numbers such that for each

i,
i´1
ÿ

j“1

xpjqdj ` αpzq ´m´

i´1
ÿ

j“1

ypjqdj ď di ď m1 `

i´1
ÿ

j“1

y1pjqdj ´

i´1
ÿ

j“1

x1pjqdj ´ αpz1q

provided that m,m1 P R`, x, y, z, x
1, y1, z1 P Rn`,

x, y, x1, y1 ă i, x` z “ ei `me` y and ei ` x1 ` z1 “ m1e` y1. (2.3)
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Proof. The proof is by induction on i. For i “ 1, x “ y “ x1 “ y1 “ 0. Thus it suffices to show that

αpzq ´m ď m1 ´ αpz1q if z “ e1 `me and e1 ` z1 “ m1e.

To see this, note that

m`m1 ě αppm`m1qeq “ αpz ` z1q ě αpzq ` αpz1q,

from which the desired conclusion follows.

Assume now that dj , 1 ď j ă i, have been chosen to satisfy the proposition. To be able to choose
di satisfying the proposition, we need to show that

i´1
ÿ

j“1

xpjqdj ` αpzq ´m´

i´1
ÿ

j“1

ypjqdj ď m1 `

i´1
ÿ

j“1

y1pjqdj ´

i´1
ÿ

j“1

x1pjqdj ´ αpz1q

if m,m1, x, y, z, x1, y1, z1 satisfy (2.3). Equivalently, we must show that

i´1
ÿ

j“1

pxpjq ` x1pjqqdj ` αpzq ` αpz1q ď m`m1 `

i´1
ÿ

j“1

pypjq ` y1pjqqdj . (2.4)

If x` x1 “ y` y1, then (2.3) gives z ` z1 “ pm`m1qe. Thus, m`m1 ě αpzq `αpz1q, yielding (2.4).
Otherwise, let u “ px ` x1q ^ py ` y1q P Rn`. Then u ă i and v1 :“ x ` x1 ´ u, v2 :“ y ` y1 ´ u
are disjoint in Rn`, not both 0. Assume that j0 “ max supp v1 ą max supp v2, as the other case is
similar. Set w “ v1 ´ v1pj0qej0 . Then w, v2 ă j0, wpjq “ v1pjq if j ă j0 and

v1pj0qej0 ` w ` pz ` z1q “ pm`m1qe` v2.

Using the right inequality in the inductive hypothesis for the elements w, v2 and z ` z1 and the
positive homogeneity of α, we see that

v1pj0qdj0 ď pm`m1q `

j0´1
ÿ

j“1

v2pjqdj ´

j0´1
ÿ

j“1

v1pjqdj ´ αpz ` z1q.

Adding
ři´1
j“1 upjqdj to both sides and rearranging gives

i´1
ÿ

j“1

pxpjq ` x1pjqqdj ` αpz ` z1q ď m`m1 `

i´1
ÿ

j“1

pypjq ` y1pjqqdj .

The desired inequality (2.4) then follows since αpzq ` αpz1q ď αpz ` z1q.

Corollary 2.2.21. In the above notation, we have d “ pdiq
n
i“1 P Rn`, αpeq ď }d}1 ď 1 and

αpxq ď x ¨ d for any x P Rn`.

Proof. Let

x “ 0, y “ e´ en, z “ e, m “ 0; x1 “ e´ en, y
1 “ 0, z1 “ 0, m1 “ 1.

Note that x, y, x1, y1 ă n, x ` z “ en ` me ` y and en ` x1 ` z1 “ m1e ` y1. Thus, taking i “ n in
Proposition 2.2.20 we have

αpeq ´

n´1
ÿ

j“1

dj ď dn ď 1 ´

n´1
ÿ

j“1

dj .
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Hence, αpeq ď }d}1 ď 1. Finally, if u P Rn`, let x “ 0, z “ u, m “ 0 and y “ u ´ upnqen. Then
x` z “ upnqen `me` y. By Proposition 2.2.20 and the positive homogeneity of α,

αpuq ´

n´1
ÿ

j“1

upjqdj ď upnqdn, so αpuq ď u ¨ d.

Lemma 2.2.22. Let pΩ,Σ, µq be a measure space and 1 ă r ă p. Suppose that paiq
n
i“1 P Rn` and

pUiq
n
i“1 is a disjoint sequence in Σ with 0 ă µpUiq ă 8 so that C :“ p

řn
i“1 µpUiqq

´ 1
r

` 1
p }

řn
i“1 aiχUi}Lrpµq ď

1. There is a measure ν on Σ and a lattice homomorphism S : L
rrs
p,8pµq Ñ L

r1s
p,8pνq so that }S} ď 1

and }Sp
řn
i“1 aiχUiq} ě Cr.

Proof. Define M “
řn
j“1 µpUjq, bi “

µpUiq

M , b “ pbiq
n
i“1 and βi “ M

r
p

´1
µpUiqa

r
i , β “ pβiq

n
i“1. Clearly,

β, b P Rn` and }b}1 “ 1. Moreover,

}β}1 “ M
r
p

´1

∥∥∥∥ n
ÿ

i“1

aiχUi

∥∥∥∥r
Lrpµq

“ Cr ď 1.

Take s “ p˚p1r ´ 1
pq and define α as in Lemma 2.2.19. Note that αpeq “ }β}

1´s
1 }b}s1 “ Crp1´sq ď 1.

Obtain d using Proposition 2.2.20 and define a measure ν on Σ by νpAq “
řn
i“1

di µpAXUiq

µpUiq
and a

linear operator

S : L
rrs
p,8pµq Ñ L

r1s
p,8pνq by Sf “ M

r
p

n
ÿ

i“1

ar´1
i bi
di

fχUi .

Clearly, S is a lattice homomorphism. Note that νp
Ťn
i“1 Uiq “

řn
i“1 di ď 1. Hence,∥∥∥∥S ˆ n

ÿ

i“1

aiχUi

˙∥∥∥∥ ě M
r
p

∥∥∥∥ n
ÿ

i“1

ari bi
di

χUi

∥∥∥∥
L1pνq

“ M
r
p

n
ÿ

i“1

ari bi

“ M
r
p

´1

∥∥∥∥ n
ÿ

i“1

aiχUi

∥∥∥∥r
Lrpµq

“ Cr.

On the other hand, let f P L
rrs
p,8pµq with }f} ď 1. If A P Σ with 0 ă νpAq ă 8 then

ż

A
|Sf | dν “ M

r
p

n
ÿ

i“1

ar´1
i bi
di

ż

AXUi

|f | dν “ M
r
p

´1
n
ÿ

i“1

ar´1
i

ż

AXUi

|f | dµ

ď M
r
p

´1

∥∥∥∥ n
ÿ

i“1

ar´1
i χAXUi

∥∥∥∥
Lr˚ pµq

∥∥∥∥fχŤn
i“1pAXUiq

∥∥∥∥
Lrpµq

ď

˜

n
ÿ

i“1

βi
µpAX Uiq

µpUiq

¸
1
r˚

˜

n
ÿ

i“1

bi
µpAX Uiq

µpUiq

¸
1
r

´ 1
p

.

Let x “
`µpAXUiq

µpUiq

˘n

i“1
P Rn`. By direct calculation, 1 ´ s “

p˚

r˚ . Thus,

ż

A
|Sf | dν ď pβ ¨ xq

1´s
p˚ pb ¨ xq

s
p˚ “ αpxq

1
p˚ ď px ¨ dq

1
p˚ “ νpAq

1
p˚ .

Hence, }Sf} ď 1.

We are now in disposition of proving the claim that we made at the beginning of the subsection.
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Theorem 2.2.23. Suppose that pΩ,Σ, µq is a measure space and 1 ă r ă p. There is a set Γ of

measures on Σ so that L
rrs
p,8pµq lattice isometrically embeds into ℓ8pL

r1s
p,8pνqqνPΓ .

Proof. Let Γ be the set of simple functions f “
řn
i“1 aiχUi , where n P N, ai ą 0, 0 ă µpUiq ă 8

and pUiq
n
i“1 is a disjoint sequence in Σ satisfying

Cf “

ˆ n
ÿ

i“1

µpUiq

˙´ 1
r

` 1
p
∥∥∥∥ n
ÿ

i“1

aiχUi

∥∥∥∥
Lrpµq

ď 1.

For each f P Γ , use the above results to choose a lattice homomorphism Sf : L
rrs
p,8pµq Ñ L

r1s
p,8pνf q

so that }Sf } ď 1 and }Sff} ě Crf . Define

T : L
rrs
p,8pµq ÝÑ ℓ8pL

r1s
p,8pνf qqfPΓ

g ÞÝÑ Tg “ pSfgqfPΓ
.

Clearly, T is a lattice homomorphism and }T } ď 1. Suppose that g P L
rrs
p,8pµq` with }g}

L
rrs
p,8

“ 1.

For any ε ą 0, there exists a non-negative simple function h such that g ě h and }h}
L

rrs
p,8

ě 1 ´ ε.

Write h “
řn
i“1 aiχUi . There exists I Ď t1, . . . , nu so that

ˆ

ÿ

iPI

µpUiq

˙´ 1
r

` 1
p
∥∥∥∥ÿ
iPI

aiχUi

∥∥∥∥
r

“ }h}
L

rrs
p,8

ě 1 ´ ε.

Then f :“
ř

iPI aiχUi P Γ with Cf ě 1 ´ ε. Thus,

}Tg} ě }Sfg} ě }Sff} ě Crf ě p1 ´ εqr,

so that }Tg} ě 1. This shows that T is an isometric embedding.

2.3 A solution to the embedding problem via push-outs of Banach lattices

2.3.1 Push-outs in a class C of Banach lattices

Recall that given a category and objects X0, X1, X2 and morphisms Ti : X0 Ñ Xi, i “ 1, 2, a
push-out diagram is an object PO “ POpT1, T2q together with morphisms Si : Xi Ñ PO, i “ 1, 2,
making the following diagram commutative

X1
S1 // PO

X0
T2
//

T1

OO

X2

S2

OO

and with the universal property that if S1
i : Xi Ñ Y are such that S1

1T1 “ S1
2T2, then there is a

unique γ : PO Ñ Y such that γSi “ S1
i for i “ 1, 2, as follows:

Y

X1
S1 //

S1
1

//

PO

γ
==

X0
T2
//

T1

OO

X2

S2

OO
S1
2

NN
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In the category BL of Banach lattices and lattice homomorphisms, isometric push-outs were shown
to exist in [14]. These are push-outs satisfying the extra condition that maxt}S1}, }S2}u ď 1 and
which guarantee the inequality }γ} ď maxt}S1

1}, }S1
2}u in the universal property. The construction

of such push-outs can be adapted to Banach lattices within certain classes C, as follows.

Theorem 2.3.1. Let C be a class of Banach lattices such that C is closed under lattice quotients.
Given Banach lattices X0, X1, X2 in C and lattice homomorphisms Ti : X0 Ñ Xi for i “ 1, 2, there
is a Banach lattice POC in C and lattice homomorphisms S1, S2 so that the following is an isometric
push-out diagram in C:

X1
S1 // POC

X0
T2
//

T1

OO

X2

S2

OO

Proof. Let X1 ‘1X2 denote the direct sum equipped with the norm }px1, x2q} “ }x1}`}x2} and let
ji : Xi Ñ X1‘1X2 denote the canonical embedding for i “ 1, 2. Let ϕ : X1‘1X2 Ñ FBLCrX1‘1X2s

be the canonical embedding and Z be the (closed) ideal in FBLCrX1‘1X2s generated by the families
pϕj1|x| ´ |ϕj1x|qxPX1 , pϕj2|y| ´ |ϕj2y|qyPX2 and pϕj1T1z ´ ϕj2T2zqzPX0 . Let

POC “ FBLCrX1 ‘1 X2s{Z,

and let Si “ qϕji : Xi Ñ POC , for i “ 1, 2, where q : FBLCrX1‘1X2s Ñ POC denotes the canonical
quotient map.

Since C is closed under lattice quotients and FBLCrX1 ‘1X2s is in C, so is POC . The rest of the
proof follows exactly as in [14, Theorem 4.3].

Theorem 2.3.1 applies, in particular, when C is the class Cp of p-convex Banach lattices or the
class Cp,8 of Banach lattices with upper p-estimates (with constant 1). For these classes, we are
also interested in extending [14, Theorem 4.4], where the authors show that the isometric push-out
in the category BL that they have constructed preserves isometries. Namely, if in the definition of
push-out diagram above T1 : X0 Ñ X1 is contractive and T2 : X0 Ñ X2 is an isometric embedding,
they show that S1 : X1 Ñ PO is an isometric embedding. Extending this result to the class Cp is
straightforward using p-convexification/p-concavification techniques:

Theorem 2.3.2. Let 1 ă p ă 8 and Cp be the class of p-convex Banach lattices (with constant 1).
Let

X1
S1 // POCp

X0
T2
//

T1

OO

X2

S2

OO

be an isometric push-out diagram in Cp. If T1 is contractive and T2 is an isometric embedding, then
S1 is an isometric embedding.

Proof. Since X0, X1 and X2 are p-convex Banach lattices, we can p-concavify the spaces. The maps
Ti : X0ppq Ñ Xippq, i “ 1, 2, will still be contractive lattice homomorphisms, and moreover T2 will
still be an isometry:

}T2z}X2ppq
“ }T2z}

p
X2

“ }z}
p
X0

“ }z}X0ppq
.

Let PO be a push-out in the category of all Banach lattices for this new diagram:
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X1ppq

R1 // PO

X0ppq T2
//

T1

OO

X2ppq

R2

OO

By [14, Theorem 4.4] we know that R1 : X1ppq Ñ PO is an isometric embedding. If we p-convexify

this diagram, we obtain that for every i “ 0, 1, 2, pXippqq
ppq “ Xi, as Xi has p-convexity constant

1. Arguing as before, Ri : Xi Ñ POppq, i “ 1, 2, are contractive, and R1 is an isometry. We now
apply the minimality property of POCp to find a lattice homomorphism γ : POCp Ñ POppq such
that Ri “ γSi, i “ 1, 2, and }γ} ď maxt}R1}, }R2}u ď 1:

POppq

X1
S1 //

R1
00

POCp

γ
::

X0
T2
//

T1

OO

X2

S2

OO
R2

LL

It follows that
}y}X1 “ }R1y}POppq “ }γS1y}POppq ď }S1y}POCp ď }y}X1 ,

so S1 is an isometry.

Unfortunately, this technique cannot be used in the upper p-estimates setting, so alternative
approaches using factorization techniques are needed. However, in this result the isometry becomes
an isomorphism with a universal constant Kp:

Theorem 2.3.3. Let 1 ă p ă 8 and Cp,8 be the class of Banach lattices with upper p-estimates
(with constant 1). Let

X1
S1 // POCp,8

X0
T2

//

T1

OO

X2

S2

OO

be an isometric push-out diagram in Cp,8. There exists a universal constant Kp ě 1 depending only
on p such that if T1 is contractive and T2 is an isometric embedding, then S1 is a Kp-embedding.

At the present time, we have come up with two different proofs of this result. The first one,
presented in [54], consist of a factorization through Lp,8 argument. It uses the original statement
of Pisier [108, Theorem 1.1], which is slightly more general than Theorem 1.2.4:

Theorem 2.3.4. Let 1 ď r ă p ă 8, A Ď Lrpµq. The following are equivalent:

(1) There exists C ą 0 such that for every f1, . . . , fn P A and α1, . . . , αn P R,∥∥∥∥ n
ł

i“1

|αifi|

∥∥∥∥
Lrpµq

ď C

ˆ n
ÿ

i“1

|αi|
p

˙

1
p

.

(2) There exists C 1 ą 0 and a normalized g P L1pµq` such that for every f P A and measurable
subset B Ď Ω

}fχB}Lrpµq ď C 1

ˆ
ż

B
g dµ

˙
1
r

´ 1
p

.
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(3) There exists C2 ą 0 and a normalized g P L1pµq` such that for every f P A,

tg “ 0u Ď tf “ 0u and }g´ 1
r f}

L
rrs
p,8pg¨µq

ď C2.

Moreover, C ď C2 ď C 1 ď p1 ´ r
pq

1
p

´ 1
rC.

The constant obtained in this case is Kp “ 2
1
p˚ γp.

First proof of Theorem 2.3.3. Fix y P X1. We aim to show that }y} ď Kp}S1y}. The reverse in-
equality is trivially true since }S1} ď 1. Since we are dealing with lattice norms and lattice ho-
momorphisms, we can suppose that y is positive. By the push-out universal property, as given in
Theorem 2.3.1, it is enough to find a commutative diagram in Cp,8

X1

pT1 // Z

X0
T2
//

T1

OO

X2

pT2

OO

such that }y} ď } pT1y} and maxt} pT1}, } pT2}u ď Kp.

To this end, by [14, Theorem 4.4] we have a Banach lattice isometric push-out diagram

X1
R1 // PO

X0
T2
//

T1

OO

X2

R2

OO

such that R1 is an isometric embedding. Hence, by [14, Lemma 3.3], we can pick a positive σ-finite
element z˚ P PO˚ of norm one such that z˚pR1yq “ }y}.

The functional z˚ induces a lattice semi-norm on PO given by }z}z˚ “ z˚p|z|q. After making a
quotient by the elements of norm 0, this becomes a norm that satisfies }|z1|`|z2|}z˚ “ }z1}z˚ `}z2}z˚

for all z1, z2 P PO. This identity extends to the completion of this normed lattice, which, by
Kakutani’s representation theorem [88, Theorem 1.b.2], is lattice isometric to a Banach lattice of
the form L1pνz˚q. The quotient induces a homomorphism ψz˚ : PO Ñ L1pνz˚q of norm one.

For i “ 1, 2, let Ai “ ψz˚RipBXiq and set A “ A1 Y A2 Ď L1pνz˚q. Since the Xi satisfy an
upper p-estimate and the Ψz˚Ri are contractive lattice homomorphisms we have that for all finitely
supported sequences pαiqiPI of real numbers and pfiqiPI Ď A,∥∥∥∥ł

iPI

|αifi|

∥∥∥∥
L1pνz˚ q

ď

∥∥∥∥ ł

fiPA1

|αifi|

∥∥∥∥
L1pνz˚ q

`

∥∥∥∥ ł

fiPA2

|αifi|

∥∥∥∥
L1pνz˚ q

ď

ˆ

ÿ

fiPA1

|αi|
p

˙
1
p

`

ˆ

ÿ

fiPA2

|αi|
p

˙
1
p

ď 2
1
p˚

ˆ

ÿ

iPI

|αi|
p

˙
1
p

.

Hence, by Theorem 2.3.4, there is g P L1pνz˚q` with }g}L1pνz˚ q ď 1 and lattice homomorphisms
pRi : Xi Ñ Lp,8pgνz˚q that make the following diagram commutative

Xi

pRi $$

Ri // PO
ψz˚

// L1pνz˚q

Lp,8pgνz˚q

Mg

88
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with } pRi} ď 2
1
p˚ γp “: Kp and Mg the operator of multiplication by g, which is contractive. It

follows that

X1

pR1 // Lp,8pgνz˚q

X0
T2

//

T1

OO

X2

pR2

OO

is a commutative diagram in Cp,8 and

}y} “ z˚p|R1y|q “ }ψz˚R1y}L1pνz˚ q “ }Mg
pR1y}L1pνz˚ q ď } pR1y}Lp,8pgνz˚ q.

The second proof was obtained during the preparation of [55]. In this paper, we extend the
results from [110] (see also [111]) on minimal and maximal factorizations of p-convex and p-concave
operators, respectively, to the setting of pp,8q-convex and pp, 1q-concave operators. For this, we
analyze the Banach lattices generated by certain convex sets which are induced by these pp,8q-
convex and pp, 1q-concave operators. These arguments can be adapted to factor simultaneously two
operators as we did in the previous proof. This has the advantage of not relying on Theorem 2.3.4,

which makes the constant γp disappear, but the best constant we can obtain is Kp “ 2
1
p˚ .

Second proof of Theorem 2.3.3. We begin the proof by considering the isometric push-out diagram
in the category BL from [14, Theorem 4.4], so that R1 is an isometric embedding:

X1
R1 // PO

X0

T1

OO

T2
// X2

R2

OO

Our aim is to construct a pp,8q-convex Banach lattice Z with constant 1 and a lattice homomor-

phism ψ : Z Ñ PO with }ψ} ď 2
1
p˚ “: Kp such that for i “ 1, 2, Ri factors through Z as ψ pRi, with

pRi : Xi Ñ Z a contractive lattice homomorphism. Once this is established, it follows that pR1 must
be an isomorphism, since

}y}X1 “ }R1y}PO ď }ψ}} pR1y}Z ď Kp} pR1y}Z

for every y P X1. Moreover, by the universal property of the push-out in Cp,8 established in
Theorem 2.3.1, there exists a contractive lattice homomorphism γ : POCp,8 Ñ Z that makes the
following diagram commute:

Z

X1
S1 //

pR1
//

POCp,8

γ
;;

X0
T2

//

T1

OO

X2

S2

OO
pR2

LL

It follows that
}y}X1 ď Kp} pR1y}Z “ Kp}γS1y}Z ď Kp}S1y}POCp,8 ,

as we wanted to show.
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Let us construct such Banach lattice Z. Our candidate is Z “ spanB, for B Ď PO a certain
closed, convex and solid set (it is standard to show that such Z endowed with the Minkowski
functional is a Banach lattice) such that Z is pp,8q-convex with constant 1 and RipBXiq Ď B Ď

KpBPO. The latter will imply that Ri can be factored through Z as Ri “ ψ pRi, with pRi : Xi Ñ Z

given by pRix “ Rix and ψ : Z Ñ PO the formal identity, so that pRi is contractive and }ψ} ď Kp.
Inspired by the techniques of [55], let us choose B “ C˝˝, where

C “

#

u P PO : Dpvjq
m
j“1 Ď X1, pwjq

n
j“m`1 Ď X2 such that |u| ď

ˆ m
ł

j“1

|R1vj |

˙

_

ˆ n
ł

j“m`1

|R2wj |

˙

and

ˆ m
ÿ

j“1

}vj}
p `

n
ÿ

j“m`1

}wj}
p

˙

1
p

ď 1

+

.

and the polars are taken with respect to xPO,PO˚y. B is the closed convex hull of the solid set
C, so it is closed, convex and solid. Clearly RipBXiq Ď C Ď B. Moreover, C Ď KpBPO. Indeed if
u P C, there exist pvjq

m
j“1 Ď X1 and pwjq

n
j“m`1 Ď X2 such that

|u| ď

ˆ m
ł

j“1

|R1vj |

˙

_

ˆ n
ł

j“m`1

|R2wj |

˙

and

ˆ m
ÿ

j“1

}vj}
p `

n
ÿ

j“m`1

}wj}
p

˙

1
p

ď 1.

Therefore, using that Xi satisfy upper p-estimates with constant 1, and hence Ri are pp,8q-convex
with constant 1, we obtain that

}u} ď

∥∥∥∥ˆ m
ł

j“1

|R1vj |

˙

_

ˆ n
ł

j“m`1

|R2wj |

˙∥∥∥∥ ď

∥∥∥∥ m
ł

j“1

|R1vj |

∥∥∥∥ `

∥∥∥∥ n
ł

j“m`1

|R2wj |

∥∥∥∥
ď

ˆ m
ÿ

j“1

}vj}
p

˙

1
p

`

ˆ n
ÿ

j“m`1

}wj}
p

˙

1
p

ď 2
1
p˚ .

Since BPO is already closed and convex, it follows that B Ď KpBPO. It remains to show that Z
satisfies an upper p-estimate (equivalently, is pp,8q-convex) with constant 1. This can be done by
reproducing the arguments from [55], where the techniques and results from [110] and [96, Section
2.8] are explored from a general point of view. More specifically, we have to replicate the results of
duality of convex sets and factorization of convex and concave operator for the pp,8q-convex case,
that is, choosing σ to be the c0-norm and τ the ℓp-norm, replacing in all the proofs the roles of the
sets Cτ,σT and DT˚

τ˚,σ˚ by C and

D “

#

u˚ P PO˚ : |u˚| ě

ˆ n
ÿ

j“1

|u˚
j |p

˚
2

˙

1
p2

implies that

@J Ď t1, . . . , nu

ˆ

ÿ

jPJ

}R˚
1u

˚
j }p

˚

`
ÿ

jRJ

}R˚
2u

˚
j }p

˚

˙
1
p˚

ď 1

+

,

respectively. Since we have already provided a proof of Theorem 2.3.3 with a different value of the

constant Kp and it is not relevant to our purposes whether Kp takes the value 2
1
p˚ or 2

1
p˚ γp, as

both values are strictly greater than 1, we will omit the details of this last step in order not to
make the proof disproportionately long.

The contrast between Theorems 2.3.2 and 2.3.3 makes us wonder whether the constant Kp in
the latter result is just an artifact of the proof or, on the contrary, it is a fundamental difference
between p-convexity and upper p-estimates. It should be noted that if Kp could be taken to be
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1 in Theorem 2.3.3, this would allow us to adapt other categorical constructions from [14], such
as Banach lattices of universal disposition or separably injective Banach lattices, to the category
of Banach lattices with upper p-estimates. Another related question that we have investigated is
whether there exists a separable Banach lattice with upper p-estimates that is universal for the class
of separable Banach lattices with upper p-estimates (with constant 1). That is, a separable Banach
lattice X in Cp,8 such that any other separable Y in Cp,8 lattice isometrically (or isomorphically)
embeds into X. The existence of separable universal spaces is known for several classes of Banach
lattices [47, 87]. For instance, in [87] the authors show that Cp∆,L1r0, 1sq is universal for the class
of all separable Banach lattices, where ∆ denotes the Cantor set. Moreover, Theorem 1.2.4 can be
improved so that the operator T factors through L˝

p,8, the order continuous part of Lp,8, when E
is separable. This points towards Cp∆,L˝

p,8r0,8qq as a natural candidate.

Question 2.3.5. Is there a separable Banach lattice with upper p-estimates (with constant 1) that
is universal for this class?

2.3.2 The embedding problem

As a consequence of the above, we get a solution to the embedding problem for free Banach lattices
with upper p-estimates. Recall that if C is a class of Banach lattices and ι : F Ñ E is an isometric
embedding between Banach spaces, we can consider the unique extension ι “ yϕEι : FBLCrF s Ñ

FBLCrEs.

FBLCrF s
ι // FBLCrEs

F

ϕF

OO

ι
// E

ϕE

OO

The embedding problem consist in characterizing the pairs of Banach spaces F Ď E such that ι is
an embedding. This problem was introduced in [103, Section 3], where it was studied for the classes
Cp. Theorems 2.3.2 and 2.3.3 allow us to provide an alternative proof of this fact in the p-convex
setting and solve it for the class Cp,8.

Theorem 2.3.6. Suppose that ι : F Ñ E is an isometric embedding and let C denote either the
class Cp of p-convex Banach lattices or the class Cp,8 of Banach lattices with upper p-estimates. Let
KC “ 1 if C “ Cp and KC “ Kp if C “ Cp,8. The following are equivalent:

(1) There exists c1 ě 1 such that ι : FBLCrF s Ñ FBLCrEs is a c1-lattice embedding.

(2) There exists c2 ą 0 such that for every operator T : F Ñ X with X in C, there is Y in C, a
(norm one) KC-lattice embedding j : X Ñ Y and S : E Ñ Y so that jT “ Sι and }S} ď c2}T }.

Moreover, the constants c1 and c2 can be taken so that c2 ď c1 ď KCc2.

Proof. (1)ñ(2) Let X P C, T : F Ñ X an operator and pT : FBLCrF s Ñ X the lattice homo-
morphism extending T . By Theorem 2.3.1, let us consider the isometric push-out diagram in C for

X0 “ ιpFBLCpF qq, X1 “ X, X2 “ FBLCpEq, T1 “
pTι´1

} pTι´1}
: X0 Ñ X1 and T2 the formal identity

from X0 to X2.
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X POC

FBLCrF s ιpFBLCpF qq FBLCrEs

F E

S1

ι

pT

} pTι´1}

T1

T2

S2

ϕF

ι

ϕE

Let us write Y “ POC and j “ S1. Since T2 is an isometric embedding, we can apply Theorem 2.3.2
or Theorem 2.3.3 to obtain that j is a norm one KC-embedding. On the other hand, let S “

} pTι´1}S2ϕE : E Ñ Y . It follows that

jT “ j pTϕF “ } pTι´1}jT1ιϕF “ } pTι´1}S2T2ιϕF “ } pTι´1}S2ϕEι “ Sι,

and }S} ď } pT }}ι´1} ď c1}T }, so we can take c2 ď c1.

(2)ñ(1) First, note that }ι} “ 1. Now, take f P FVLrF s and a contraction T : F Ñ X with X
in C. By the hypothesis, there exists Y in C, a norm one KC-lattice embedding j : X Ñ Y and
S : E Ñ Y so that jT “ Sι and }S} ď c2. It follows that j pT “ pSι, so

} pTf}X “ }j´1
pSιf}X ď }j´1}}S}ρCpιfq ď KCc2ρCpιfq.

Taking the supremum over all possible contractions T we conclude that ι is a pKCc2q-embedding.

Recall that a Banach lattice X is injective if for every Banach lattice Z, every closed linear
sublattice Y of Z and every positive linear operator T : Y Ñ X there is a positive linear extension
rT : Z Ñ X with } rT } “ }T }. Equivalently [89, Proposition 3.5], X is injective if whenever X lattice
isometrically embeds into a Banach lattice Y there is a positive contractive projection from Y onto
X. Note that this notion of injectivity is closer to the category of Banach lattices with positive
linear maps, which is considerably different from the category BL of Banach lattices with lattice
homomorphisms (where in fact there are no injective objects [14]). The study of injective Banach
lattices is classical [33, 65, 82, 89, 93]. However, it seems that not much is known on injectivity (or
projectivity) in subcategories of Banach lattices.

Next, we discuss the notion of injectivity in the class of p-convex Banach lattices with positive
operators, with an aim towards providing an alternative argument to recover the POE-p (Property
of operator extension into Lp, see [103, Definition 3.8]). The original proof of [103, Theorem 3.7]
requires a result due to Pisier [109, Theorem 4] which implicitly implies the injectivity of Lp spaces
in the class of p-convex Banach lattices. This fact additionally allows one to establish an analogue
of [89, Proposition 3.5] in this restricted context (see Proposition 2.3.9 below). However, it turns
out that Theorem 2.3.6 together with Theorem 2.3.7 recover [103, Theorem 3.7] without making
use of Pisier’s arguments. The first step in this proof is to show that ℓp satisfies an a priori weaker
property than injectivity in the class of p-convex Banach lattices.

Theorem 2.3.7. Let 1 ď p ă 8 and X be a p-convex Banach lattice, and suppose that pxnq is
a disjoint positive sequence in X equivalent to the ℓp-basis. Then rpxnqs is the image of a positive
projection on X.

Proof. We may assume that X is a closed sublattice of ℓ8pLppµqqµPΓ by Theorem 2.2.1. It suffices
to show that rpxnqs is the range of a positive projection on ℓ8pLppµqqµPΓ . Assume that c}panq}p ă

}
ř

anxn} ď }panq}p for any non-zero panq P ℓp. Let m P N. There exists a finite set Γm, k P N, and a
positive contraction T : ℓ8pLppµqqµPΓ Ñ ℓ8pℓkpqΓm (by ℓ8pℓkpqΓm we mean the ℓ8-sum of |Γm| copies

of ℓkp) so that pTxnqmn“1 is a positive disjoint sequence satisfying c}panqmn“1}p ă }
řm
n“1 anTxn} ď
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}panqmn“1}p for any non-zero panqmn“1 P ℓmp . Indeed, let us fix δ ą 0 to be chosen later and observe
that for every µ P Γ we can find simple functions psµ,nqmn“1 Ď Lppµq such that 0 ď sµ,n ď Pµxn and
}Pµxn ´ sµ,n}Lppµq ď δ}Pµxn}Lppµq, where Pµ : ℓ8pLppµqqµPΓ Ñ Lppµq denotes the projection onto
the µ-th factor. The functions psµ,nqmn“1 lie in the span of a finite number of disjoint characteristic
functions pχBl

qLl“1 Ď Lppµq. Let Qµ : Lppµq Ñ spanpχBl
qLl“1 be the conditional expectation operator

associated to the collection pBlq
L
l“1, which is positive, contractive, and satisfies that∥∥∥∥Qµˆ m

ÿ

n“1

anPµxn

˙
∥∥∥∥
Lppµq

ě

∥∥∥∥Qµˆ m
ÿ

n“1

ansµ,n

˙
∥∥∥∥
Lppµq

“

∥∥∥∥ m
ÿ

n“1

ansµ,n

∥∥∥∥
Lppµq

ě p1 ´ δq

∥∥∥∥ m
ÿ

n“1

anPµxn

∥∥∥∥
Lppµq

.

It is clear that spanpχBl
qLl“1 is lattice isometric to the weighted space ℓLp pωlq, where ωl “ µpBlq

1
p .

Choosing natural numbers kµ and pslq
L
l“1 such that ωl ě

sl
kµ

řL
j“1 ωj ě p1 ´ δqωl, we can construct

a contractive lattice embedding Jµ : spanpχBl
qLl“1 Ñ ℓ

kµ
p with distortion p1 ´ δq´1. Therefore, the

operator Tµ “ JµQµPµ : ℓ8pLppµqqµPΓ Ñ ℓ
kµ
p is contractive, positive, sends pxnqmn“1 to a disjoint

sequence, and satisfies that∥∥∥∥Tµˆ m
ÿ

n“1

anxn

˙∥∥∥∥
ℓ
kµ
p

ě p1 ´ δq2
∥∥∥∥ m
ÿ

n“1

anPµxn

∥∥∥∥
Lppµq

.

Next, select a δ-net pyjq
J
j“1 in the unit sphere of rpxnqmn“1s and for each j “ 1, . . . , J fix a measure

µj P Γ such that 1 “ }yj} ď p1 ` δq}Pµjyj}Lppµjq. Taking Γm “ pµjq
J
j“1 and k “ supj kµj , and

defining
T : ℓ8pLppµqqµPΓ ÝÑ ℓ8pℓkpqΓm

x ÞÝÑ pTµjxqJj“1

(the inclusions from ℓ
kµj
p into ℓkp are implicit), it is easy to check that∥∥∥∥ m

ÿ

n“1

anxn

∥∥∥∥ ě

∥∥∥∥ m
ÿ

n“1

anTxn

∥∥∥∥ ě p1 ´ δq2
´ 1

1 ` δ
´ δ

¯

∥∥∥∥ m
ÿ

n“1

anxn

∥∥∥∥ .
Recall that c}panq}p ă }

ř

anxn} for any non-zero panq P ℓp, so in particular

c ă inf
panqPℓmp

∥∥řm
n“1 anxn

∥∥
}panqmn“1}p

“ min
panqPSℓmp

∥∥∥∥ m
ÿ

n“1

anxn

∥∥∥∥ “ cm.

Therefore, choosing δ so that p1 ´ δq2
´

1
1`δ ´ δ

¯

ą c
cm

, we get that c}panqmn“1}p ă }
řm
n“1 anTxn},

as we wanted to show.

Now, write Txn “ pynpγqqγPΓm with ynpγq P ℓkp. Define S : ℓm1 Ñ ℓ8pΓmq by

Spb1, . . . , bmq “

ˆ m
ÿ

n“1

bn}ynpγq}pp

˙

γPΓm

.

Since pynpγqqmn“1 is a disjoint sequence for each γ, if b “ pb1, . . . , bmq ě 0, then

}Sb} “ max
γPΓm

∥∥∥∥ m
ÿ

n“1

b
1
p
nynpγq

∥∥∥∥p
p

“

∥∥∥∥ m
ÿ

n“1

b
1
p
nTxn

∥∥∥∥p ě cp}pb
1
p
n qmn“1}pp “ cp}b}1.
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We claim that B`
ℓm8

Ď c´p co sotS˚e˚
γ : γ P Γmu. Here, for a subset A of a Banach lattice X,

soA “
Ť

aPAr´|a|, |a|s denotes the solid hull of A and, as usual, coA denotes the convex hull. To
prove the claim, note that if 0 ď y˚ R c´p co sotS˚e˚

γ : γ P Γmu then by [104, Proposition 3.1] there
exists y P pℓm1 q` so that

}y˚}8 }y}1 ě y˚pyq ą c´p max
γPΓm

pS˚e˚
γqpyq “ c´p}Sy} ě }y}1.

Hence, }y˚}8 ą 1. This completes the proof of the claim.

By the claim we can find a convex combination
ř

γPΓm
αγS

˚e˚
γ ě cp

m
hkkkkikkkkj

p1, . . . , 1q. Choose y˚
npγq P

pℓkp˚q` so that supp y˚
npγq “ supp ynpγq “: In, }y˚

npγq}p˚ “ 1 and xynpγq, y˚
npγqy “ }ynpγq}p. If

x P ℓ8pLppµqqµPΓ and Tx “ pypγqqγPΓm , let

z˚
npxq “

ÿ

γPΓm

αγ}ynpγq}p´1
p xypγq, y˚

npγqy.

It is easy to see that z˚
n is a positive linear functional and for any x P ℓ8pLppµqqµPΓ ,

}pz˚
npxqqmn“1}p ď

ÿ

γPΓm

αγ
›

›p}ynpγq}p´1
p }ypγqχIn}pq

m
n“1

›

›

p

ď
ÿ

γPΓm

αγ sup
n

}ynpγq}p´1
p

∥∥∥∥ m
ÿ

n“1

ypγqχIn

∥∥∥∥
p

ď sup
γPΓm

sup
n

}ynpγq}p´1
p }ypγq}p

ď sup
n

}Txn}p´1 ¨ }Tx} ď }Tx} ď }x}.

On the other hand, z˚
l pxnq “ 0 if l ‰ n and

z˚
npxnq “

ÿ

γPΓm

αγ}ynpγq}p´1
p xynpγq, y˚

npγqy “
ÿ

γPΓm

αγ}ynpγq}pp ě cp,

since
ř

γPΓm
αγ}ynpγq}

p
p is the n-th coordinate of the sum

ř

γPΓm
αγS

˚e˚
γ . Therefore, the map Pm

on ℓ8pLppµqqµPΓ given by

Pmx “

m
ÿ

n“1

z˚
npxq

z˚
npxnq

xn

is a positive projection from ℓ8pLppµqqµPΓ onto rpxnqmn“1s such that }Pm} ď c´p. Finally, let U
be a free ultrafilter on N. If we denote by j : rxns Ñ ℓp the lattice isomorphism that sends
pxnq to the canonical basis of ℓp, it follows that the operator R : ℓ8pLppµqqµPΓ Ñ ℓp given by
Rx “ w˚-limmÑU jPmx is a positive operator such that R|rxns “ j. Therefore, the map P “ j´1R :

ℓ8pLppµqqµPΓ Ñ rpxnqs is a positive projection onto rpxnqs.

As a corollary of Theorems 2.3.6 and 2.3.7, we recover the solution to the embedding problem
for the free p-convex Banach lattice given in [103, Theorem 3.7].

Corollary 2.3.8. Let ι : F ãÑ E be an isometric embedding, 1 ď p ă 8 and c ě 1. The following
are equivalent.

(1) ι : FBLprF s Ñ FBLprEs is a c-lattice embedding.

(2) For every operator T : F Ñ ℓp there is R : E Ñ ℓp so that T “ Rι and }R} ď c}T }.
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Proof. We use the identification FBLp “ FBLCp where Cp denotes the class of p-convex Banach
lattices and invoke Theorem 2.3.6. The implication p2q ñ p1q is clear. For the converse, we get that
there exist a p-convex Banach lattice Y , a lattice isometric embedding j : ℓp Ñ Y and S : E Ñ Y
such that jT “ Sι with }S} ď c}T }. By Theorem 2.3.7, there is a (positive) projection P : Y Ñ

jpℓpq Ď Y with }P } ď 1 (as j is an isometric embedding). Thus, we can take R “ j´1PS.

Let us conclude this section with a note on how, in general, the property stated in Theorem 2.3.7
is actually equivalent to injectivity in the class of p-convex Banach lattices, provided we make use
of Pisier’s result [109, Theorem 4].

Proposition 2.3.9. Let X be a p-convex Banach lattice with constant 1. The following are equiv-
alent:

(1) X is injective in the class of p-convex Banach lattices, i.e., given Z a p-convex Banach lattice,
Y a closed sublattice of Z and T : Y Ñ X a positive operator, there exists a positive extension
rT : Z Ñ X.

(2) If X lattice isomorphically embeds into a p-convex Banach lattice Z, there exists a positive
projection from Z onto X.

Proof. p1q ñ p2q Let J : X Ñ Z be a lattice isomorphic embedding. It suffices to apply the injec-
tivity property of X to the sublattice Y “ JpXq Ď Z and the operator J´1 : Y Ñ X.

p2q ñ p1q Let Z be a p-convex Banach lattice, Y a closed sublattice of Z and T : Y Ñ X a positive
operator. By Theorem 2.2.1, there is a lattice isometric embedding J : X Ñ ℓ8pLppµqqµPΓ for a
certain family of measures Γ , and by the hypothesis, X is complemented inside this space by means
of a positive projection P : ℓ8pLppµqqµPΓ Ñ X. For every µ P Γ let Pµ : ℓ8pLppµqqµPΓ Ñ Lppµq

be the (positive) projection onto the factor indexed by µ. Using [109, Theorem 4] we can extend
each operator PµJT to a positive operator Sµ : Z Ñ Lppµq. Gluing them together we obtain

S : Z Ñ ℓ8pLppµqqµPΓ given by Sz “ pSµzqµPΓ . The operator rT “ PS : Z Ñ X is the desired
extension.

2.3.3 ℓp,8 is not injective for Banach lattices with upper p-estimates

We now show that for any 1 ă p ă 8, ℓp,8 is not injective in the class of Banach lattices with
upper p-estimates. As in the previous section, we say that a Banach lattice X satisifying an upper
p-estimate with constant 1 is injective in the class of Banach lattices with upper p-estimates if given
any Banach lattice with upper p-estimates Z, a closed sublattice Y of Z and T : Y Ñ X a positive
operator, there exists a positive extension rT : Z Ñ X.

Theorem 2.3.10. For any 1 ă p ă 8 there is a Banach lattice X with an upper p-estimate and
an uncomplemented closed sublattice Y of X that is lattice isomorphic to ℓp,8. In particular, ℓp,8
is not injective in the class of Banach lattices with upper p-estimates.

Proof. We begin with some notation. Let X be the Banach lattice ℓ8pℓp,8qN. Clearly, X satisfies
an upper p-estimate with constant 1. We may express any x P X as x “ pxpjqq8

j“1 “ pxpi, jqq8
i,j“1,

where pxpjqq8
j“1 is a bounded sequence in ℓp,8 and xpjq “ pxpi, jqq8

i“1 P ℓp,8 for each j. Given
m P N, define Pm on X by

pPmxqpi, jq “

#

xpm, jq if i “ m,

0 if i ‰ m.
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Clearly, Pm is a band projection on X and the projection band PmpXq is lattice isometric to ℓ8

via the map

Lm : ℓ8 Ñ PmpXq, pLmyqpi, jq “

#

ypjq if i “ m, where y “ pypjqq8
j“1,

0 otherwise.

Let S be the Schreier family, i.e., all subsets I of N so that |I| ď min I. Since S is countable, we
can list its elements in a sequence pSjq

8
j“1. Given a “ paiqi P ℓp,8, let

xapi, jq “

#

ai if i P Sj ,

0 otherwise.

Denote the sequence of coordinate unit vectors in ℓp,8 by peiqi. For any j,

}pxapi, jqq8
i“1}p,8 “

∥∥∥∥ÿ
iPSj

aiei

∥∥∥∥
p,8

ď }paiq}p,8.

Hence, T : ℓp,8 Ñ X, a ÞÑ xa is a bounded linear map which is clearly a lattice homomorphism.
On the other hand, if }a}p,8 ą 1 then by (1.6) there exists a non-empty finite set L in N so that

|ai| ě pp˚|L|
1
p q´1 for all i P L. Let Sj P S be such that Sj Ď L and |Sj | ě |L|{2. Then,

}xa} ě

∥∥∥∥ÿ
iPSj

aiei

∥∥∥∥
p,8

ě pp˚|L|
1
p q´1

∥∥∥∥ÿ
iPSj

ei

∥∥∥∥
p,8

“
1

p˚

ˆ

|Sj |

|L|

˙
1
p

ě
1

p˚2
1
p

.

This shows that T is a lattice isomorphism from ℓp,8 into X.

Let Y “ T pℓp,8q. We will show that there is no bounded projection from X onto Y . Assume
on the contrary that there is a projection P from X onto Y . Then there is a sequence px˚

i q in
X˚ so that px˚

i pxqqi P ℓp,8 for any x P X and x˚
i pTaq “ ai for any i and a “ pakqk P ℓp,8. It

follows readily that px˚
i qi Ď X˚ is equivalent to the unit vector basis of ℓp˚,1. In particular, it is

an unconditional basic sequence in a Banach lattice that is q-concave for some q ă 8. Since pP ˚
i q

is a disjoint sequence of band projections on X˚, the sequence pP ˚
i x

˚
i q is disjoint and hence also

unconditional in X˚. By [88, Theorem 1.d.6(i)], for any finitely nonzero real sequence pbiq,

}pbiq}p˚,1 „

∥∥∥∥ÿ bix
˚
i

∥∥∥∥ „

∥∥∥∥bÿ

|bix˚
i |2

∥∥∥∥ ě

∥∥∥∥bÿ

|biP ˚
i x

˚
i |2

∥∥∥∥ „

∥∥∥∥ÿ biP
˚
i x

˚
i

∥∥∥∥ .
Thus, the linear map Q : X Ñ ℓp,8 defined by Qx “ pP ˚

i x
˚
i pxqqi is bounded. On the other hand,

observe that Tek P PkpXq. Therefore,

xTek, P
˚
i x

˚
i y “

#

xTei, x
˚
i y “ 1 if k “ i,

0 otherwise.
(2.5)

Hence, QTek “ ek for any k P N.

Regard Li as a lattice isometric embedding from ℓ8 into X. Define y˚
i “ L˚

i P
˚
i x

˚
i in ℓ˚

8. Let I

be a finite subset of N. Suppose that puiqiPI is a finite sequence in ℓ8 so that }p
ř

iPI |ui|
pq

1
p }8 ď 1.

Set u “
ř

iPI Liui P X. Then }u} ď }p
ř

iPI |ui|
pq

1
p }8 ď 1. Thus,

ÿ

iPI

y˚
i puiq “

ÿ

iPI

L˚
i P

˚
i x

˚
i puiq “

ÿ

iPI

pP ˚
i x

˚
i qpuq

ď }pP ˚
i x

˚
i puqq}p,8 ¨ |I|

1
p˚ “ }Qu} ¨ |I|

1
p˚ À |I|

1
p˚ .
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Making use of the duality described on [88, p. 47], we conclude that there is an absolute constant
C ă 8 so that ∥∥∥∥ˆÿ

iPI

|y˚
i |p

˚

˙
1
p˚
∥∥∥∥ ď C|I|

1
p˚ (2.6)

for any finite subset I of N. Since ℓ˚
8 is an AL-space, the bounded sequence py˚

i qi has a subsequence
py˚
ik

qk that has a splitting

y˚
ik

“ u˚
k ` v˚

k , |u˚
k| ^ |v˚

k | “ 0, pu˚
kq is almost order bounded, pv˚

k q is disjoint.

See, e.g., [125]. Since |v˚
k | ď |y˚

ik
| for all k, it follows from (2.6) that }v˚

k} Ñ 0. Thus, the whole
sequence py˚

ik
qk is almost order bounded in ℓ˚

8 and hence it is relatively weakly compact.

Since xi :“ Tei P PipXq and Li : ℓ8 Ñ PipXq is a surjective lattice isometry, we may find a
sequence pukqk in ℓ8 so that Likuk “ xik for each k. If we write uk “ pukpjqq8

j“1 then ukpjq “ 1 if
k P Sj and 0 otherwise. Hence, for any finitely supported real sequence pakqk,∥∥∥∥ÿ akuk

∥∥∥∥
8

“ sup
j

∣∣∣∣ ÿ
kPSj

ak

∣∣∣∣ .
The expression on the right is the norm of the Schreier space. The preceding equation says that pukqk

is equivalent to the unit vector basis of the Schreier space. Thus, pukqk is a weakly null sequence (in
ℓ8). Since ℓ8 has the Dunford-Pettis property, the weakly null sequence pukqk converges uniformly
to 0 on the relatively weakly compact set py˚

ik
qk. In particular,

0 “ lim y˚
ik

pukq “ limL˚
ik
P ˚
ik
x˚
ik

pukq “ limP ˚
ik
x˚
ik

pxikq.

However,
eik “ QTeik “ Qxik “ pP ˚

j x
˚
j pxikqqj .

Taking the ik-th component yields that P ˚
ik
x˚
ik

pxikq “ 1 for any k, which is the desired contradiction.

2.4 Operators factoring through a pp, p2q-convex and a pq, q2q-concave operator

In [111], Reisner studies the ideal of operators that factor through a p-convex and a q-concave op-
erator, that he denotes Mp,q. He shows that this ideal is perfect, that is, it coincides with its double
adjoint, and identifies it with the ideal Ip,q of operators factoring through a diagonal operator from
Lppµq to Lqpµq defined in [62]. In this section we replicate these results for the ideal of operators
factoring through a pp, p2q-convex and a pq, q2q-concave operator, where 1 ă p, q ă 8, p ď p2 ď 8

and 1 ď q2 ď q. Note that in light of [43, Corollary 16.7] we know that the most relevant cases will
be p2 P tp,8u and q2 P t1, qu.

Throughout the section, we will use the definitions and notation from tensor products and
operator ideals given in [62]. For instance, recall that an operator ideal is a class A of operators
between Banach spaces such that for each pair of Banach spaces E and F the set ApE,F q “

AX LpE,F q satisfies that:

(1) If x˚ P E˚ and y P F , then x˚ b y P ApE,F q, where x˚ b ypxq “ x˚pxqy is a rank one operator.

(2) ApE,F q is a linear subspace of LpE,F q.
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(3) If X and Y are Banach spaces, U P LpX,Eq, T P ApE,F q and V P LpF, Y q, then V TU P

ApX,Y q.

Moreover, a function α : A Ñ R` is an ideal norm if one has:

(4) αpx˚ b yq “ }x˚}}y} for every x˚ P E˚ and y P F .

(4) αpS ` T q ď αpSq ` αpT q for every S, T P ApE,F q.

(4) If X and Y are Banach spaces, U P LpX,Eq, T P ApE,F q and V P LpF, Y q, then αpV TUq ď

}V }αpT q}U}.

A normed (operator) ideal rA,αs is an ideal A with an ideal norm α, and we say that it is a Banach
ideal if each ApE,F q is a Banach space when endowed with α.

Given a normed ideal rA,αs, the adjoint ideal rA,αs˚ “ rA˚, α˚s is defined as follows (observe the
different use of ˚ with respect to the notation that we have been using throughout the dissertation,
where it denotes the dual of a Banach space): for each pair of Banach spaces E and F , A˚pE,F q

is the set of all T P LpE,F q such that there exists ρ ą 0 satisfying that for all finite-dimensional
Banach spaces X,Y and all U P ApY,Xq, V P LpX,Eq and W P LpF, Y q,

| trWTV U | ď ρ}W }}V }αpUq,

where tr denotes the trace of an operator defined from a finite-dimensional Banach space to itself.
The norm α˚pT q is given by the infimum of all ρ satisfying the above. α˚ is always a complete ideal
norm. An operator ideal rA,αs is perfect if rA,αs “ rA,αs˚˚. This notion is equivalent to the ideal
being finitely generated, maximal or being the adjoint of some other ideal (cf. [112, Theorem 8.11]).

Regarding tensor products, recall that if E and F are Banach spaces, a norm η on E b F is a
reasonable crossnorm if it satisfies the following properties:

(1) ηpxb yq ď }x}}y} for every x P E and y P F .

(2) For every x˚ P E˚ and y˚ P F ˚, the linear functional x˚ b y˚ on E b F that takes values
x˚ by˚pxbyq “ x˚pxqy˚pyq on elementary products xby P EbF is bounded, and }x˚ by˚} ď

}x˚}}y˚}.

A uniform crossnorm is an assignment to each pair of Banach spaces of a reasonable crossnorm on
the tensor product, in such a way that whenever E,F,G and H are Banach spaces and S : E Ñ G
and T : F Ñ H are operators, then the operator S b T : E b F Ñ G b H is bounded and
}S b T } ď }S}}T }. It is easy to check that every uniform crossnorm induces an ideal norm over
the operator ideal F of all finite rank operators via the identification FpE,F q “ E˚ bF described
in property (1) in the definition of operator ideal. We will denote this normed ideal by rF , ηs. A
uniform crossnorm η is finitely generated (see [112, p. 129], this is what [111] calls a b-norm), if
for all u P E b F ,

ηpuq “ inf ηpu;M,Nq,

where the infimum is taken over all finite-dimensional subspaces M Ď E and N Ď F such that
u P M bN , and ηpu;M,Nq denotes the η-norm of u as an element of M bN .

Let us fix 1 ă p, q ă 8, p ď p2 ď 8 and 1 ď q2 ď q. We introduce the following definition,
that generalizes the ideal rMp,q, µp,qs of operators that factor though a p-convex and a q-concave
operator introduced in [111, Section 2]:

Definition 2.4.1. Let E and F be Banach spaces. An operator T : E Ñ F belongs to the class
Mpp,p2;q,q2qpE,F q (i.e. factors pp, p2; q, q2q through a Banach lattice) if there exists a Banach lattice
X, a pp, p2q-convex operator U : E Ñ X and a pq, q2q-concave operator V : X Ñ F ˚˚ such that
JFT “ V U , where JF : F Ñ F ˚˚ denotes the canonical embedding:
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E

U   

T // F
JF // F ˚˚

X
V

==

We define µpp,p2;q,q2qpT q “ inf tKpp,p2qpUqKpq,q2qpV qu, where the infimum is taken over all possible
factorizations above.

As is customary, when p2 “ p we will simply write p instead of pp, p2q, and similarly when q2 “ q.
Our first goal is to show that Mpp,p2;q,q2q is a perfect ideal. This will be done by showing that it is
the adjoint of rF , ηpp,p2;q,q2qs

˚, where ηpp,p2;q,q2q is a uniform crossnorm defined as follows:

Definition 2.4.2. Given u P E b F , we define

ηpp,p2;q,q2qpuq “ inf

"

θpp,p2;q,q2qptxi b yiu
n
i“1q : pxiq

n
i“1 Ď E, pyiq

n
i“1 Ď F, u “

n
ÿ

i“1

xi b yi

*

,

where

θpp,p2;q,q2qptxi b yiu
n
i“1q “ sup

#

n
ÿ

i“1

ˆ 8
ÿ

k“1

|x˚
kpxiq|p2

˙

1
p2
ˆ 8
ÿ

j“1

|y˚
j pyiq|q

˚
2

˙

1

q˚
2

:

}px˚
kq8
k“1}ℓppE˚q ď 1, }py˚

j q8
j“1}ℓq˚ pF˚q ď 1

+

and q˚ and q˚
2 denote the conjugate exponents of q and q2, respectively (when p2 “ 8 or q2 “ 1,

the p2 and q˚
2 -sum must be understood as a supremum).

Following the steps of [111], the first thing to show is that:

Proposition 2.4.3. ηpp,p2;q,q2q is finitely generated.

Proof. It suffices to check that whenever we fix a representation u “
řn
i“1 xi b yi with pxiq

n
i“1 Ď M

and pyiq
n
i“1 Ď N for some finite-dimensional subspaces M Ď E and N Ď F , then

θpp,p2;q,q2qptxi b yiu
n
i“1;E,F q “ θpp,p2;q,q2qptxi b yiu

n
i“1;M,Nq.

Clearly, θpp,p2;q,q2qptxibyiu
n
i“1;E,F q ď θpp,p2;q,q2qptxibyiu

n
i“1;M,Nq, since every pair of sequences

px˚
kq8
k“1 P BℓppE˚q and py˚

j q8
j“1 P Bℓq˚ pF˚q can be restricted to M and N , respectively, to induce

sequences in BℓppM˚q and Bℓq˚ pN˚q, and the values of the sums considered in the computation of
θpp,p2;q,q2q remain unchanged.

On the other hand, θpp,p2;q,q2qptxibyiu
n
i“1;E,F q ě θpp,p2;q,q2qptxibyiu

n
i“1;M,Nq is a consequence

of Hahn–Banach Theorem: every pair of sequences pv˚
k q8
k“1 P BℓppM˚q and pw˚

j q8
j“1 P Bℓq˚ pN˚q can

be extended to sequences in BℓppE˚q and Bℓq˚ pF˚q without altering their values on pxiq
n
i“1 and

pyiq
n
i“1.

The next proposition shows the connection between the ηpp,p2;q,q2q-norm and pp, p2q-convex and
pq, q2q-concave operators.

Proposition 2.4.4. For every u P E˚ b F “ FpE,F q Ď LpE,F q,

ηpp,p2;q,q2qpuq “ inf tKpp,p2qpRqKpq,q2qpSqu ,

where the infimum is taken over all possible factorizations u “ SR with Z a finite-dimensional
Banach space with a 1-unconditional basis (endowed with the lattice order induced by the basis),
R : E Ñ Z and S : Z Ñ F .
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Proof. The proof is just an adaptation of [111, Proposition 1.3] with the corresponding changes in
the exponents. We include it for the sake of completeness.

Let u P E˚ b F and assume that it factors as u “ RS with Z a finite-dimensional Banach space
with a 1-unconditional basis, R : E Ñ Z and S : Z Ñ F . Let pei, e

˚
i qni“1 be the corresponding

basis of Z and its biorthogonal functionals. We define x˚
i “ R˚e˚

i and yi “ Sei, so that u “ SR “
řn
i“1 x

˚
i b yi. By definition,

Kpp,p2qpRq “ sup

"∥∥∥∥ n
ÿ

i“1

ˆ

ÿ

k

|x˚
i pxkq|p2

˙
1
p2

ei

∥∥∥∥ : }pxkq8
k“1}ℓppEq ď 1

*

,

Kpq,q2qpSq “ Kpq˚,q˚
2 qpS˚q “ sup

"
∥∥∥∥ n
ÿ

i“1

ˆ

ÿ

k

|y˚
j pyiq|q

˚
2

˙
1

q˚
2 e˚

i

∥∥∥∥ : }py˚
j q8
k“1}ℓq˚ pF˚q ď 1

*

.

Therefore, given ε ą 0, we can choose pxkq8
k“1 P ℓppEq and py˚

j q8
k“1 P ℓq˚pF ˚q that ε-almost attain

the supremum in the definition of θpp,p2;q,q2qptx˚
i b yiu

n
i“1q, so that

θpp,p2;q,q2qptx˚
i b yiu

n
i“1q ď

n
ÿ

i“1

ˆ 8
ÿ

k“1

|x˚
kpxiq|p2

˙

1
p2
ˆ 8
ÿ

j“1

|y˚
j pyiq|q

˚
2

˙

1

q˚
2

` ε

ď

C

n
ÿ

i“1

ˆ

ÿ

k

|x˚
i pxkq|p2

˙
1
p2

ei,
n
ÿ

i“1

ˆ

ÿ

k

|y˚
j pyiq|q

˚
2

˙
1

q˚
2 e˚

i

G

` ε

ď Kpp,p2qpRqKpq,q2qpSq ` ε.

Hence, ηpp,p2;q,q2qpuq ď Kpp,p2qpRqKpq,q2qpSq.

For the reverse inequality, let ε ą 0 and suppose that u “
řn
i“1 x

˚
i b yi is a representation such

that
θpp,p2;q,q2qptx˚

i b yiu
n
i“1q ď ηpp,p2;q,q2qpuq ` ε.

Let Z be Rn endowed with the norm

~z~ “ sup

" n
ÿ

i“1

∣∣∣∣ziˆÿ
k

|y˚
j pyiq|q

˚
2

˙
1

q˚
2

∣∣∣∣ : }py˚
j q8
k“1}ℓq˚ pF˚q ď 1

*

for z “ pziq
n
i“1 P Rn. Then, the canonical basis peiq

n
i“1 of Rn is 1-unconditional for this norm, as

~z~ is only determined by p|zi|q. We define R : E Ñ Z by R “
řn
i“1 x

˚
i b ei and S : Z Ñ F by

Sz “
řn
i“1 ziyi. It follows that u “ SR,

Kpp,p2qpRq “ sup

“ θpp,p2;q,q2qptx˚
i b yiu

n
i“1q ď ηpp,p2;q,q2qpuq ` ε,

and

Kpq,q2qpSq “ Kpq˚,q˚
2 qpS˚q “ sup

“ sup

" n
ÿ

i“1

∣∣∣∣ziˆÿ
k

|y˚
j pyiq|q

˚
2

˙
1

q˚
2

∣∣∣∣ : ~z~ ď 1, }py˚
j q8
k“1}ℓq˚ pF˚q ď 1

*

“ supt~z~ : ~z~ ď 1u “ 1.

Therefore, Kpp,p2qpRqKpq,q2qpSq ď ηpp,p2;q,q2qpuq.
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Next, we show that the ideal Mpp,p2;q,q2q defined in Definition 2.4.1 is perfect.

Proposition 2.4.5.

(1) rMpp,p2;q,q2q, µpp,p2;q,q2qs is a perfect normed ideal of operators.

(2) rMpp,p2;q,q2q, µpp,p2;q,q2qs “ rF , ηpp,p2;q,q2qs
˚˚.

Proving Proposition 2.4.5 requires some previous lemmata. Namely, we need [111, Lemma 2],
which is also valid for the case p “ 8 even though Reisner originally stated it for 1 ď p ă 8, and
an analogue of [111, Lemma 3]:

Lemma 2.4.6. Let G be a finite-dimensional subspace of an order complete Banach lattice X.
Given δ ą 0 there are pairwise disjoint pxiq

n
i“1 Ď X` and an operator W : G Ñ spanpxiq

n
i“1 such

that for all pyjq
m
j“1 Ď G and 1 ď p ď 8,

∥∥∥∥ˆ m
ÿ

j“1

|yj |
p

˙

1
p

´

ˆ m
ÿ

j“1

|Wyj |
p

˙

1
p
∥∥∥∥ ď δ

ˆ m
ÿ

j“1

}yj}
p

˙

1
p

.

Lemma 2.4.7. Assume E or F are finite-dimensional and T P LpE,F q is such that JFT “ V U
with X a Banach lattice, U : E Ñ X a pp, p2q-convex operator and V : X Ñ F ˚˚ a pq, q2q-concave
operator. Then, for every ε ą 0 there exist a finite-dimensional Z with a 1-unconditional basis and
a factorization

E

R ��

T // F

Z
S

??

with Kpp,p2qpRqKpq,q2qpSq ď p1 ` εqKpp,p2qpUqKpq,q2qpV q.

Now, we are ready to prove Proposition 2.4.5:

Proof of Proposition 2.4.5. The first statement follows from the second by [112, Theorem 8.11].

Let us first show that rMpp,p2;q,q2q, µpp,p2;q,q2qs Ď rF , ηpp,p2;q,q2qs
˚˚. Let E and F be Banach spaces

and T P Mpp,p2;q,q2qpE,F q. Assume JFT factors as in Definition 2.4.1. By Lemma 2.4.7, for every
finite-dimensional G Ď E and H Ď F ˚ (denote by i : G Ñ E and j : H Ñ F ˚ the embeddings) the
operator j˚JFTi admits a factorization

G

R ��

j˚JFT i // H˚

Z
S

==

with Z finite-dimensional with a 1-unconditional basis, such that Kpp,p2qpRqKpq,q2qpSq ď p1 `

εqKpp,p2qpUqKpq,q2qpV q. Since G and H˚ are finite-dimensional, using [107, Proposition 9.2.2] and
Proposition 2.4.4 we get

η˚˚
pp,p2;q,q2qpj

˚JFTiq “ ηpp,p2;q,q2qpj
˚JFTiq ď Kpp,p2qpRqKpq,q2qpSq ď p1 ` εqKpp,p2qpUqKpq,q2qpV q.

Observe that rF , ηpp,p2;q,q2qs
˚˚ is already a perfect ideal, as it is the adjoint of rF , ηpp,p2;q,q2qs

˚.
Therefore, by [112, Theorem 8.11] it is a finitely generated ideal, so

η˚˚
pp,p2;q,q2qpT q “ suptη˚˚

pp,p2;q,q2qpj
˚JFTiq : G Ď E,H Ď F ˚ finite-dimensionalu

ď p1 ` εqKpp,p2qpUqKpq,q2qpV q.
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It now follows that η˚˚
pp,p2;q,q2q

pT q ď µpp,p2;q,q2qpT q.

In order to show that rMpp,p2;q,q2q, µpp,p2;q,q2qs Ě rF , ηpp,p2;q,q2qs
˚˚ we will make use of a standard

ultraproduct argument, so we will omit some of the details. We refer to [66] for basic terminology and
notation on ultraproducts (see also Section 3.2.1, where ultraproducts will be considered in more
detail). Again, let us fix Banach spaces E and F and an operator in rFpE;F q, ηpp,p2;q,q2qs

˚˚. First of
all, we make use of the fact that every Banach space embeds isometrically into the ultraproduct of
a collection of its finite-dimensional subspaces (see [66, Proposition 6.2]). In particular, there exist
index sets K and L, ultrafilters UE and UF˚ over K and L (respectively), collections tGkukPK Ď

tG : G Ď E finite-dimensionalu and tHlulPL Ď tH : H Ď F ˚ finite-dimensionalu and isometric
embeddings iE : E Ñ pGkqUE

and jF˚ : F ˚ Ñ pHlqUF˚ . It follows that

Uˆ “ tC Ď K ˆ L : DA P UE , B P UF˚ such that AˆB Ď Cu

defines a filter on KˆL, so by [66, Proposition 1.1] there exists an ultrafilter U that dominates Uˆ.
If we put Gk,l “ Gk for every l P L and Hk,l “ Hl for every k P K, there exist canonical isometric

embeddings pi : pGkqUE
Ñ pGk,lqU and pj : pHlqUF˚ Ñ pHk,lqU. Finally, note that by [66, Section 7]

there exists a canonical isometric embedding φ : pH˚
k,lqU Ñ pHk,lq

˚
U.

Now, let us fix ε ą 0 and consider for each pair pk, lq P K ˆ L the finite-dimensional sub-
spaces Gk,l Ď E and Hk,l Ď F ˚ (this time we denote by ik,l : Gk,l Ñ E and jk,l : Hk,l Ñ F ˚

the embeddings). By [107, Proposition 9.2.2], Tk,l “ j˚
k,lJFTik,l P rFpGk,l, H

˚
k,lq, ηpp,p2;q,q2qs

˚˚ “

rFpGk,l, H
˚
k,lq, ηpp,p2;q,q2qs, so we can use Proposition 2.4.4 to find a finite-dimensional Zk,l with a

1-unconditional basis and operators Rk,l : Gk,l Ñ Zk,l and Sk,l : Zk,l Ñ Hk,l such that Tk,l factors
as Sk,lRk,l and

Kpp,p2qpRk,lqKpq,q2qpSk,lq ď p1 ` εqηpp,p2;q,q2qpj
˚
k,lJFTik,lq ď p1 ` εqη˚˚

pp,p2;q,q2qpT q

(the last inequality holds because rF , ηpp,p2;q,q2qs
˚˚ is a finitely generated ideal, see [112, The-

orem 8.11]). By rescaling the norm of Zk,l we can assume without loss of generality that
Kpq,q2qpSk,lq “ 1. It follows from [66, Proposition 3.2] that X “ pXk,lqU is a Banach lattice,

and it is easy to check that R “ pRk,lqU : pGk,lqU Ñ X is pp, p2q-convex with Kpp,p2qpRq ď

supk,lK
pp,p2qpRk,lq ď p1 ` εqη˚˚

pp,p2;q,q2q
pT q and S “ pSk,lqU : X Ñ pH˚

k,lqU is pq, q2q-concave with

Kpq,q2qpSq ď supk,lKpq,q2qpSk,lq “ 1. Therefore, we have obtained the following commutative dia-
gram:

E
iE // pGkqUE

pi // pGk,lqU

R
""

pTk,lqU
// pH˚

k,lqU
φ
// pHk,lq

˚
U

pj˚

// pHlq
˚
UF˚

j˚

F˚
// F ˚˚

X

S

<<

A careful computation shows that j˚
F˚

pj˚φpTk,lqUpiiE “ JFT , so for every ε ą 0 we have found a

factorization of JFT through a Banach lattice X with operators U “ RpiiE and V “ j˚
F˚

pj˚φS such
that

µpp,p2;q,q2qpT q ď Kpp,p2qpRqKpq,q2qpSq ď p1 ` εqη˚˚
pp,p2;q,q2qpT q.

We devote the last part of the section to identify the ideal Mpp,p2;q,q2q. From now on, we con-
sider only p2 P tp,8u and q2 P t1, qu, as they are the most relevant cases, even though the next
proposition can be proven for any p2 ě p and q2 ď q using the results from [55]:
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Proposition 2.4.8. Let T : E Ñ F . Then, T P Mpp,p2;q,q2qpE,F q if and only if JFT factors

E

U
��

T // F
JF // F ˚˚

X
Q

// Y

V

OO

where X is a pp, p2q-convex Banach lattice, Y is a pq, q2q-concave Banach lattice, both with con-
stant 1, U and V are contractive operators and Q is an (almost interval preserving) lattice ho-
momorphism. Moreover, µpp,p2;q,q2qpT q “ inf }Q}, where the infimum is computed over all possible
factorizations.

Proof. This is just a consequence of the fact that every pp, p2q-convex (respectively, pq, q2q-concave)
operator factors through a pp, p2q-convex (respectively, pq, q2q-concave) Banach lattice (see [111] or
[110] and [96, Theorem 2.8.7]), and the renorming results from [88, Sections 1.d and 1.f].

The following definition is an analogue in our setting of the ideal Ip,q introduced in [62].

Definition 2.4.9. An operator T : E Ñ F belongs to Ipp,p2;q,q2qpE,F q (i.e. factors through a
multiplication operator from Lp,p2pg1¨µq to Lq,q2pg2¨µq) if there exists a positive measure µ, functions
g1, g2 P L1pµq and operators A : E Ñ Lp,p2pg1 ¨ µq, D : Lp,p2pg1 ¨ µq Ñ Lq,q2pg2 ¨ µq and B :

Lq,q2pg2 ¨ µq Ñ F ˚˚ such that JFT “ BDA and D is a multiplication operator, that is, Df “ gf
for some measurable function g:

E

A
��

T // F
JF // F ˚˚

Lp,p2pg1 ¨ µq
D

// Lq,q2pg2 ¨ µq

B

OO

We define ipp,p2;q,q2qpT q “ inf t}A}}D}}B}u, where the infimum is taken over all possible factoriza-
tions above.

Theorem 2.4.10. Assume p ą q. Then rMpp,p2;q,q2q, µpp,p2;q,q2qs and rIpp,p2;q,q2q, ipp,p2;q,q2qs are iso-
morphic ideals.

Proof. rMpp,p2;q,q2q, µpp,p2;q,q2qs Ě rIpp,p2;q,q2q, ipp,p2;q,q2qs: Assume that JFT factors as in Defini-
tion 2.4.9. Since Lq,q2pg2 ¨ µq is pq, q2q-concave with constant 1, it follows that B is pq, q2q-concave
with constant }B}. On the other hand, observe that Lq,q2pg2 ¨ µq is Dedekind complete, so the
operator D has a modulus |D|, which is given by |D|f “ |g|f for every f P Lp,p2pg1 ¨ µq. Moreover,
}|D|} “ }D} and |D| is a lattice homomorphism. Therefore,∥∥∥∥ˆ n

ÿ

i“1

|Dfi|
p2

˙

1
p2
∥∥∥∥
q,q2

“

∥∥∥∥ˆ n
ÿ

i“1

||D|fi|
p2

˙

1
p2
∥∥∥∥
q,q2

ď }|D|}

∥∥∥∥ˆ n
ÿ

i“1

|fi|
p2

˙

1
p2
∥∥∥∥
p,p2

ď }D}

ˆ n
ÿ

i“1

}fi}
p2
p,p2

˙

1
p2

and D is pp, p2q-convex with constant }D}. It follows that DA is pp, p2q-convex with constant
}A}}D}, so T P Mpp,p2;q,q2qpE,F q and µpp,p2;q,q2qpT q ď }A}}D}}B}.

rMpp,p2;q,q2q, µpp,p2;q,q2qs Ď rIpp,p2;q,q2q, ipp,p2;q,q2qs: We start by considering a factorization JFT “

V QU as in Proposition 2.4.8 and fixing q ă r ă p. The case p2 “ p, q2 “ q was established in [111].
Here, we show the other three cases, which are summarized in the commutative diagrams below:
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(1) Case 1: p2 “ 8, q2 “ q. X is pp,8q-convex, so it is r-convex with constant Cp,r [88, Theorem

1.f.7]. Let rX be a latice renorming of X so that the r-convexity constant is 1 [88, Proposition
1.d.8]. By rescaling, we can assume that rQ : rX Ñ Y , the composition of Q with the renorming
isomorphism, is a contractive lattice homomorphism. Moreover, Y is already r-concave with
constant 1, so by Krivine’s Factorization Theorem (cf. [80, Théorème 2] or [110, Lemma 17]),
rQ can be factored through some Lrpµq with contractive lattice homomorphisms R : rX Ñ Lrpµq

and S : Lrpµq Ñ Y . Note that S is q-concave, so, by Theorem 1.2.5, it factors through Lqpg2 ¨µq

for some change of density 0 ď g2 P SL1pµq, with contractive factors S1 : Lrpµq Ñ Lqpg2 ¨ µq

and S2 : Lqpg2 ¨ µq Ñ Y , where S1 is the operator of multiplication by g
´ 1

r
2 . Similarly, by

Theorem 1.2.4, there exists a change of density 0 ď g1 P SL1pµq such that the composition of

the renorming of X with R (which is pp,8q-convex) factors through L
rrs
p,8pg1 ¨µq with R1 : X Ñ

L
rrs
p,8pg1 ¨µq of norm bounded by p1´ r

pq
1
p

´ 1
rCp,r}Q} and R2 : L

rrs
p,8pg1 ¨µq Ñ Lrpµq the contractive

operator of multiplication by g
1
r
1 . Composing the renorming isomorphism from L

r1s
p,8pg1 ¨µq into

L
rrs
p,8pg1 ¨µq given by (1.6) with the multiplication operators R2 and S1, we obtain the operator

D : L
r1s
p,8pg1 ¨µq Ñ Lqpg2 ¨µq of multiplication by

´

g1
g2

¯
1
r

P Lrpg2 ¨µq`, which has norm bounded

by
´

p
p´r

¯
1
r
. Putting everything together, we conclude that T P Ipp,8;qqpE,F q and, since the

factorization through Q and the exponent r P pq, pq were arbitrary, we can take the infimum
over all possibilities to get that

ipp,8;qqpT q ď inf
qărăp

"ˆ

p

p´ r

˙
2
r

´1

Cp,r

*

µpp,8;qqpT q.

E

U
��

T // F
JF // F ˚˚

X

Q

))oo //

R1

&&
ĂR1
��

rX
rQ

//

R

%%

Y

V

OO

L
r1s
p,8pg1µq

D

44
oo // L

rrs
p,8pg1µq

R2 // Lrpµq

S

66

S1 // Lqpg2µq

S2

OO

(2) Case 2: p2 “ p, q2 “ 1. The procedure is similar, but this time, we need to renorm Y with
distortion Cq˚,r˚ so that it becomes r-concave with constant 1, and after factoring through
Lrpµq with Krivine’s Theorem, we need to apply Theorem 1.2.3 and Theorem 1.2.6, and renorm

L
rr˚s

q,1 pg2 ¨ µq to recover the standard norm of L
r1s

q,1pg2 ¨ µq. Finally, we get that

ipp;q,1qpT q ď inf
qărăp

"ˆ

q˚

q˚ ´ r˚

˙
2
r˚ ´1

Cq˚,r˚

*

µpp;q,1qpT q.
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E

U
��

T // F
JF // F ˚˚

X

Q

))

R

''

rQ
//

R1

��

rY oo // Y

V

OO

Lppg1µq

D

44

R2 // Lrpµq

S

99

S1 // L
rr˚s

q,1 pg2µq oo //

S2

88

L
r1s

q,1pg2µq

ĂS2

OO

(3) Case 3: p2 “ 8, q2 “ 1. This time, both X and Y need to be renormed, introducing distortions
Cp,r and Cp˚,r˚ , respectively, and, after applying Theorem 1.2.4 and Theorem 1.2.6, we need to

renorm the corresponding L
rrs
p,8pg1 ¨ µq and L

rr˚s

q,1 pg2 ¨ µq to obtain a multiplication operator D

from L
r1s
p,8pg1 ¨ µq into L

r1s

q,1pg2 ¨ µq. This time, the relation between the ideal norms is given by

ipp,8;q,1qpT q ď inf
qărăp

"ˆ

p

p´ r

˙
2
r

´1ˆ q˚

q˚ ´ r˚

˙
2
r˚ ´1

Cp,rCq˚,r˚

*

µpp,8;q,1qpT q.

E

U
��

T // F
JF // F ˚˚

X

Q

**oo //

R1

&&
ĂR1
��

rX
rQ

//

R

%%

rY oo // Y

V

OO

L
r1s
p,8pg1µq

D

33
oo // L

rrs
p,8pg1µq

R2 // Lrpµq

S

99

S1 // L
rr˚s

q,1 pg2µq oo //

S2

88

L
r1s

q,1pg2µq

ĂS2

OO



Chapter 3

Duality on free Banach lattices

As it was mentioned in the introduction, the bidual of a Banach space satisfies the universal property
of a free object in the category of dual Banach spaces with adjoint operators with respect to the
category of Banach spaces with operators. However, despite the fact that duals of Banach lattices
also have a canonical Banach lattice structure, the bidual of a Banach lattice does not in general
satisfy the analogous universal property within the category of Banach lattices. Therefore, the aim
of this chapter is to clarify the relation between free Banach lattices, free dual spaces and free dual
Banach lattices generated by a Banach space. It is based on:

[56] E. Garćıa-Sánchez, P. Tradacete, Free dual spaces and free Banach lattices. J. Math. Anal.
Appl. 532 (2024), 127931.

Moreover, some parts of the chapter rely on new results that have not been published yet, and
Section 3.6 is based on a theorem from

[27] E. Bilokopytov, E. Garćıa-Sánchez, D. de Hevia, G. Mart́ınez-Cervantes, P. Tradacete, Norm-
attaining lattice homomorphisms and renormings of Banach lattices. J. Funct. Anal. (accepted).

Recall that the bidual or second dual E˚˚ of a Banach space E (together with the canonical
embedding JE : E Ñ E˚˚) behaves as the free dual Banach space generated by E, that is, a free
object in the category Ban˚ of dual Banach spaces with weak*-to-weak* continuous (equivalently,
adjoint) operators, with respect to the category Ban of Banach spaces with (bounded and linear)
operators, as it satisfies the following universal property: for every operator into a dual Banach
space T : E Ñ F ˚ there is a unique weak*-to-weak* continuous extension to E˚˚ given by J˚

FT
˚˚:

E˚˚ T˚˚
// F ˚˚˚

J˚
F
��

E

JE

OO

T // F ˚

If we try to replicate this construction in the subcategory of Banach lattices, the situation
is somewhat more involved. Indeed, some problem appear already in the very definition of the
category to consider. For instance, it is an open problem whether every Banach lattice which is
a dual Banach space is actually the dual of a Banach lattice. For separable dual spaces this was
solved in the affirmative by Talagrand in [117], but the non-separable case remains open. Moreover,
it should be noted that the preduals might not necessarily be isomorphic as Banach spaces, so the
weak* topologies they induce might be different. Therefore, the first aspect we should clarify is
whether we are considering the class of dual Banach lattices, that is, Banach lattices which are also
dual Banach spaces, or the class of duals of Banach lattices. Throughout this chapter we will rely
on certain Banach lattice properties of the predual space and the preadjoint operator, so we will

67
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always work with the latter. Passing now to the morphisms, it should be noted that, whereas an
operator between Banach lattices is positive if and only if its adjoint is, the adjoint of a lattice
homomorphism is an interval preserving operator and, conversely, the adjoint of an (almost) interval
preserving operator is a lattice homomorphism (see [96, Theorem 1.4.19]).

If we consider positive operators, the same construction above can be carried out to yield that
the bidual X˚˚ of a Banach lattice X is a free object in the category of duals of Banach lattices
with weak*-to-weak* continuous positive operators, with respect to the category of Banach lattices
with positive operators, to which X belongs. Indeed, if Y is a Banach lattice and T : X Ñ Y ˚

is a positive map, then both T ˚˚ : X˚˚ Ñ Y ˚˚˚ and J˚
Y : Y ˚˚˚ Ñ Y ˚ are positive, as JY is a

lattice homomorphism and hence, positive. A more intricate situation appears if we consider lattice
homomorphisms instead (see Remark 3.3.6). Henceforth, we will consider the category BL˚, whose
objects are duals of Banach lattices and the morphisms are weak*-to-weak* continuous lattice ho-
momorphisms, that is, adjoints of (almost) interval preserving operators between the corresponding
preduals. It should be noted that whenever we choose an element in this category, we are fixing
in particular its weak* topology and its Banach lattice structure, so we are actually identifying
its predual X as well. More specifically, if X˚ and Y ˚ are isomorphic (isometric) in this category,
this means that there exists an isomorphic (isometric) weak*-to-weak* continuous lattice homo-
morphism T : X˚ Ñ Y ˚. Since onto lattice homomorphism are also interval preserving (cf. [114,
Proposition II.2.5]), the preadjoint operator is also an isomorphic (isometric) interval preserving
lattice homomorphism between the predual spaces X and Y .

This chapter is mainly devoted to the study of the interplay between duality and the categories
of Banach spaces and Banach lattices, from the point of view of the universal properties of certain
constructions. First of all, in Section 3.2 we will compare the free dual space of the free Banach
lattice generated by a Banach space with the free Banach lattice generated by the corresponding
free dual space. Namely, we will show that for every Banach space E, there is a lattice isometric
embedding of FBLprE˚˚s into FBLprEs˚˚. The construction of such embedding is canonical. Indeed,
consider the embedding ϕE : E Ñ FBLprEs, take its second adjoint ϕ˚˚

E : E˚˚ Ñ FBLprEs˚˚, and

finally, extend it to the unique lattice homomorphism yϕ˚˚
E : FBLprE˚˚s Ñ FBLprEs˚˚. By means of

a careful application of the Principle of Local Reflexivity carried out in Section 3.1, we will prove
that yϕ˚˚

E is a lattice isometric embedding. Moreover, it turns out that a similar argument holds
if we replace free Banach lattices with free CpKq-spaces, or if instead of taking biduals we take
ultraproducts (see Section 3.2.1).

Next, we will explore the existence of free objects in BL˚ generated by a Banach space. The
main result, Theorem 3.3.7, establishes that FBLrEs˚˚ can be identified with the free dual Banach
lattice generated by the Banach space E precisely when E does not contain any complemented
subspace isomorphic to ℓ1. This should be compared with the p-convex setting for p ą 1, where
FBLprEs˚˚ always behaves as the free dual p-convex Banach lattice over E (see Proposition 3.3.2),
or the category AL˚ of duals of AL-spaces (Section 3.4). Section 3.3.1 will be dedicated to initiate a
preliminary study of the connections between the existence of the free dual Banach lattice generated
by ℓ1 and the understanding of w˚-closures of sublattices of duals of Banach lattices.

The last two sections are not necessarily related with the main topic of the chapter, but will
explore some other duality notions on (free) Banach lattices. Namely, Section 3.5 contains a result
in the spirit of [103, Proposition 3.2] for operators T between Banach spaces that do not preserve
a copy of ℓ1 complementably, or equivalently, such that their adjoint T ˚ is order weakly compact.
Finally, in Section 3.6 we will present the (chronologically) first proof of one of the main result of
[27], that asserts that every lattice homomorphism on an AM-space attains its norm. Even though
a more elementary proof was obtained later, the argument that will be presented has interest on
its own as an example of how free Banach lattices can be applied to the study of problems in the
theory of general Banach lattices.
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3.1 An alternative representation of FBLp
rE˚s via local reflexivity

For convenience and generality, we will state the results of the following sections in the setting of
free p-convex Banach lattices. Let E,F be Banach spaces and 1 ď p ď 8. For a function f : E Ñ F
consider the following expression for 1 ď p ă 8

∥f∥HppE,F q
:“ sup

"ˆ m
ÿ

i“1

|y˚pfpxiqq|p
˙

1
p

: sup
x˚PBE˚

ˆ m
ÿ

i“1

|x˚pxiq|p
˙

1
p

ď 1

*

, (3.1)

where y˚ P BF˚ , pxiq
m
i“1 Ď E and m P N is arbitrary, and

∥f∥H8pE,F q
:“ sup

xPBE

∥fpxq∥F (3.2)

when p “ 8. Let us denote

HppE,F q “ tf : E Ñ F : f is positively homogeneous and ∥f∥HppE,F q ă 8u.

These spaces of non-linear positively homogeneous p-summing maps, which are Banach spaces with
the norm given by (3.1) (respectively (3.2)), are relevant in the study of lattice homomorphisms
between FBLp spaces (see [84, 103]). When F “ R, we can equip HppE,Rq with the pointwise
order and lattice operations, and it becomes a Banach lattice with the above norm. In particular,
for every Banach space E we have that HprEs “ HppE

˚,Rq.

Given a Banach space E, its dual E˚ embeds into HppE
˚˚,Rq through the isometric embedding

ϕE˚ defined by pϕE˚x˚qpx˚˚q “ x˚˚px˚q for x˚ P E˚ and x˚˚ P E˚˚. In the same way, E˚ can be
embedded into HppE,Rq by means of the identity map

ψE˚ : E˚ ÝÑ HppE,Rq

x˚ ÞÝÑ ψE˚x˚ “ x˚,

which is again a linear isometry. Let us consider the composition operator

CJE : HppE
˚˚,Rq ÝÑ HppE,Rq

h ÞÝÑ CJEh “ h ˝ JE ,

where JE : E Ñ E˚˚ is the canonical embedding. This operator is well defined and has norm one,
since

sup
x˚PBE˚

ˆ m
ÿ

i“1

|x˚pxiq|p
˙

1
p

“ sup
x˚PBE˚

ˆ m
ÿ

i“1

|JExipx˚q|p
˙

1
p

(3.3)

for every pxiq
m
i“1 Ď E. It is also a lattice homomorphism, because HppE,Rq and HppE

˚˚,Rq are
equipped with the pointwise lattice operations, and it satisfies that CJEϕE˚ “ ψE˚ .

We can also define the “extension by zero” operator κE : HppE,Rq Ñ HppE
˚˚,Rq given by

κEgpx˚˚q “

#

gpJ´1
E x˚˚q if x˚˚ P JEpEq,

0 if x˚˚ R JEpEq,
for g P HppE,Rq.

Lemma 3.1.1. For every Banach space E, κE : HppE,Rq Ñ HppE
˚˚,Rq is a lattice isometric

embedding such that CJEκE “ idHppE,Rq. In particular, HppE
˚˚,Rq contains a lattice isometric

copy of HppE,Rq complemented by a lattice projection.

Proof. Let 1 ď p ă 8 (the case p “ 8 follows with the obvious modifications). Firstly, let us check
that κE is well defined. Given g P HppE,Rq, κEg is always positively homogeneous, since JEpEq
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is a linear subspace of E˚˚ and g is already positively homogeneous on E. In order to estimate
∥κEg∥HppE˚˚,Rq, we choose an arbitrary sequence px˚˚

i qmi“1 Ď E˚˚, m P N, that we can assume

without loss of generality to be of the form
␣

JEx1, . . . , JExn, x
˚˚
n`1, . . . , x

˚˚
m

(

for some 0 ď n ď m.
It follows by (3.3) that

ˆ m
ÿ

i“1

|κEgpx˚˚
i q|p

˙

1
p

“

ˆ n
ÿ

i“1

|κEgpJExiq|p
˙

1
p

“

ˆ n
ÿ

i“1

|gpxiq|p
˙

1
p

ď ∥g∥HppE,Rq sup
x˚PBE˚

ˆ n
ÿ

i“1

|x˚pxiq|p
˙

1
p

“ ∥g∥HppE,Rq sup
x˚PBE˚

ˆ n
ÿ

i“1

|JExipx˚q|p
˙

1
p

ď ∥g∥HppE,Rq sup
x˚PBE˚

ˆ m
ÿ

i“1

|x˚˚
i px˚q|p

˙

1
p

,

so ∥κEg∥HppE˚˚,Rq ď ∥g∥HppE,Rq and κE is well defined and bounded. On the other hand, given a

sequence pxiq
m
i“1 Ď E we observe making use of (3.3) again that

ˆ m
ÿ

i“1

|gpxiq|p
˙

1
p

“

ˆ m
ÿ

i“1

|κEgpJExiq|p
˙

1
p

ď ∥κEg∥HppE˚˚,Rq sup
x˚PBE˚

ˆ m
ÿ

i“1

|JExipx˚q|p
˙

1
p

“ ∥κEg∥HppE˚˚,Rq sup
x˚PBE˚

ˆ m
ÿ

i“1

|x˚pxiq|p
˙

1
p

,

so we can conclude that κE is an isometry. It can be easily checked that κE is a lattice homomor-
phism and that CJEκE “ idHppE,Rq.

Remark 3.1.2. Note that CJE is injective if and only if E is reflexive. Indeed, one implication
is clear. To check the converse, assume that E is not reflexive. By the Hahn–Banach Theorem
there exists a non-zero functional x˚˚˚ P E˚˚˚ such that x˚˚˚ “ 0 on JEpEq. Since E˚˚˚ embeds
canonically into HppE

˚˚,Rq, we can see that CJEx
˚˚˚ “ x˚˚˚ ˝ JE “ 0.

Nevertheless, if we consider instead FBLprE˚s as a sublattice of HppE
˚˚,Rq, we will see in

Proposition 3.1.5 that CJE restricted to FBLprE˚s is an isometric embedding. For the proof of this
fact, we need first to recall the Principle of Local Reflexivity (cf. [46, Theorem 6.3]) and make a
careful analysis of the approximation parameters involved in the version given next.

Theorem 3.1.3. Let E be a Banach space. For any finite-dimensional subspaces U Ď E˚˚ and
V Ď E˚ and ϵ ą 0, there exists a linear isomorphism S of U onto SpUq Ď E such that∥S∥ ∥S´1∥ ď

1 ` ϵ, x˚pSx˚˚q “ x˚˚px˚q for every x˚ P V and x˚˚ P U , and S is the identity on U X JEpEq.

In the proof given in [46, Theorem 6.3], in order to construct the operator S, a δ-net
␣

b˚˚
1 , . . . , b˚˚

n

(

of the unit sphere SU satisfying some additional properties is needed, with δ chosen in such a way
that

θpδq :“
1 ` δ

1 ´ δ

ˆ

1

1 ` δ
´ δ

1 ` δ

1 ´ δ

˙´1

ă 1 ` ϵ.

The operator S can then be defined, so that

p1 ` δq´1 ď ∥Sb˚˚
i ∥ ď 1 ` δ
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for each i “ 1, . . . , n. Under these conditions, it is straightforward to check (see [46, Ex. 1.76]) that

∥S∥ ď
1 ` δ

1 ´ δ
and ∥S´1∥ ď

ˆ

1

1 ` δ
´ δ

1 ` δ

1 ´ δ

˙´1

. (3.4)

In particular, S is invertible and ∥S∥ ∥S´1∥ ď 1 ` ϵ. The above estimates on the norm of S and its
inverse lead us to study the behaviour of δ ” δpϵq when ϵ is small. The following technical lemma
shows more precisely how this dependence on ϵ can be described.

Lemma 3.1.4. There exists some ϵ0 ą 0 such that for any ϵ P p0, ϵ0q there is a δ ” δpϵq P
`

0, ϵ
1`ϵ

˘

such that θpδq “ 1 ` ϵ.

Proof. Putting z “ 1 ` δ and λ ” λpϵq “ ϵ
1`ϵ we can transform the equation θpδq “ 1 ` ϵ into

gpzq “ 0, where gpzq “ z3 ´λz2 ` z´ 2. Our goal is to show that, for every ϵ small enough, g has a
real root z0 ” z0pϵq such that 1 ă z0 ă 1 ` λ. To do so, we will make use of Rouché’s Theorem (cf.
[50, Section VIII.2]) to compare the polynomial gpzq with fpzq “ z3 ` z ´ 2 “ pz ´ 1qpz2 ` z ` 2q,
which has a simple root when z “ 1 and two complex-conjugate roots in the half-plane Re pzq ă 0.

Let us consider the auxiliary function

ϕλprq “ ´r3 ´ p3 ` λqr2 ` p4 ´ 2λqr ´ λ.

Given r P p0, 1q, if ϕλprq ą 0, then |gpzq ´ fpzq| ă |fpzq| for all z P BDp1, rq, where Dp1, rq is the
open disc of radius r centered at 1, and BDp1, rq is its boundary. Indeed, ϕλprq ą 0 if and only if

λp1 ` rq2 ă rp4 ´ 3r ´ r2q.

In this situation,

|gpzq ´ fpzq| “ λ|z|2 ď λp1 ` rq2 ă rp4 ´ 3r ´ r2q

ď |z ´ 1| |z2 ` z ` 2| “ |fpzq|

for all z P BDp1, rq, where the last inequality is obtained as follows: since Re pzq ě 1 ´ r ą 0 for
every z P BDp1, rq, we have that

|z2 ` z ` 2| “ |pz ´ 1q2 ` 3z ` 1| ě |3z ` 1| ´|z ´ 1|2

ě |Re p3z ` 1q| ´ r2 ě 4 ´ 3r ´ r2.

Now, evaluating at r “ λ we get that ϕλpλq “ 3λ ´ 5λ2 ´ 2λ3, which is positive whenever λ is
positive and small enough. Let ϵ0 P p0, 1q be such that ϕλpλq ą 0 for every λ P p0, ϵ0q. Then, for
any ϵ P p0, ϵ0q the radius r “ λpϵq P p0, ϵ0q satisfies ϕλprq ą 0, so |gpzq ´ fpzq| ă |fpzq| for every
z P BDp1, rq. Since f has only a simple root in Dp1, rq, Rouché’s Theorem allows us to conclude
that g has a single root in Dp1, rq as well, denoted z0.

Such z0 must be real, because if z0 P CzR, then its conjugate z̄0 would be a different root of g in
Dp1, rq, which leads to a contradiction. Thus, z0 P p1 ´ r, 1 ` rq. In addition, z0 ą 1: if z0 ď 1, then
we would have 0 “ gpz0q “ z30 ´ λz20 ` z0 ´ 2 ď ´λz20 ă 0, which is also a contradiction. Taking
δpϵq “ z0 ´ 1 ą 0 the proof is concluded.

In particular, from Lemma 3.1.4 it follows that in the proof of [46, Theorem 6.3] δ can always be
chosen so that δ Ñ 0 whenever ϵ Ñ 0. This will be necessary for the next result, that states that
for a dual Banach space E˚, the norm of a function h P FBLprE˚s can be computed in a simpler
way by evaluating h only on elements of E, in contrast with the general formula (3.1), that requires
evaluations in the whole E˚˚.
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Proposition 3.1.5. Let 1 ď p ď 8. The restriction of the operator CJE to FBLprE˚s is a lattice
isometric embedding, that is, the norm of any element h P FBLprE˚s can be computed as

}h}FBLprE˚s “ sup

"ˆ m
ÿ

i“1

|hpJExiq|p
˙

1
p

: pxiq
m
i“1 Ď E, sup

x˚PBE˚

ˆ m
ÿ

i“1

|x˚pxiq|p
˙

1
p

ď 1

*

.

Proof. Let 1 ď p ă 8. First, we will show that ∥h∥FBLprE˚s “ }CJEh}HppE,Rq for every h P FVLrE˚s.
The inequality ∥h∥FBLprE˚s ě }CJEh}HppE,Rq follows from }CJE} ď 1. In order to obtain the converse
inequality, we apply Theorem 3.1.3 to the space E. On the one hand, given px˚˚

i qmi“1 Ď E˚˚, let us
consider the finite-dimensional subspace U “ span tx˚˚

1 , . . . , x˚˚
m u Ď E˚˚. On the other hand, we

can express a fixed h P FVLrE˚s as

h “

r
ł

j“1

ϕE˚x˚
j ´

r
ł

k“1

ϕE˚y˚
k

for some px˚
j qrj“1, py

˚
k qrk“1 Ď E˚. Let V “ span

␣

x˚
1 , y

˚
1 , . . . , x

˚
r , y

˚
r

(

Ď E˚. Under these circum-
stances, Theorem 3.1.3 yields that for every ϵ ą 0 there exists an isomorphism S : U Ñ SpUq Ď E
such that ∥S∥ ∥S´1∥ ď 1 ` ϵ and x˚pSx˚˚q “ x˚˚px˚q for every x˚ P V and x˚˚ P U . From this last
property it follows that

CJEhpSx˚˚
i q “

r
ł

j“1

x˚
j pSx˚˚

i q ´

r
ł

k“1

y˚
k pSx˚˚

i q

“

r
ł

j“1

x˚˚
i px˚

j q ´

r
ł

k“1

x˚˚
i py˚

k q “ hpx˚˚
i q.

Moreover,

sup
x˚PBE˚

ˆ m
ÿ

i“1

|x˚pSx˚˚
i q|p

˙

1
p

“ sup
x˚PBE˚

ˆ m
ÿ

i“1

|S˚x˚px˚˚
i q|p

˙

1
p

ď
∥∥S˚

∥∥ sup
x˚˚˚PBE˚˚˚

ˆ m
ÿ

i“1

|x˚˚˚px˚˚
i q|p

˙

1
p

“∥S∥ sup
x˚PBE˚

ˆ m
ÿ

i“1

|x˚˚
i px˚q|p

˙

1
p

.

Thus, if we choose px˚˚
i qmi“1 Ď E˚˚ satisfying supx˚PBE˚

p
řm
i“1 |x˚˚

i px˚q|pq
1
p ď 1, it follows that

ˆ m
ÿ

i“1

|hpx˚˚
i q|p

˙

1
p

“∥S∥
ˆ m
ÿ

i“1

∣∣∣∣CJEhˆSx˚˚
i

∥S∥

˙
∣∣∣∣p˙

1
p

ď
1 ` δ

1 ´ δ
}CJEh}HppE,Rq

for every ϵ ą 0 small enough, where δ has been chosen according to Lemma 3.1.4. Hence,
first letting ϵ Ñ 0, and then taking the supremum over all the possible choices of function-
als px˚˚

i qmi“1 Ď E˚˚, m P N, satisfying the p-summability condition above, we conclude that
∥h∥FBLprE˚s “ }CJEh}HppE,Rq for every h P FVLrE˚s. The result now follows from the fact that
FVLrE˚s is dense in FBLprE˚s.

The case p “ 8 is straightforward, since every function h P FBL8rE˚s is weak* continuous in
BE˚˚ [75, Theorem 5.3] and, by Goldstine’s Theorem (cf. [46, Theorem 3.96]), JEpBEq is weak*
dense in BE˚˚ .
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Remark 3.1.6. Note that R “ κE ˝ CJE |FBLprE˚s
is a lattice isometric embedding of FBLprE˚s

into HprE
˚s “ HppE

˚˚,Rq. When E is not reflexive, the image of this embedding is different from
the canonical copy of FBLprE˚s. Indeed, by construction every element of RpFBLprE˚sq vanishes
outside of JEpEq. Nevertheless, given x˚˚ P E˚˚zJEpEq, there is always a functional x˚ P E˚ such
that ϕE˚x˚px˚˚q “ x˚˚px˚q ‰ 0, so ϕE˚x˚ P FBLprE˚s but ϕE˚x˚ R RpFBLprE˚sq and hence

FBLprE˚s ‰ RpFBLprE˚sq.

3.2 FBLp
rE˚˚s embeds into FBLp

rEs˚˚

Using Proposition 3.1.5 we will show that FBLprE˚˚s embeds canonically into FBLprEs˚˚ for any
1 ď p ď 8. Before the proof of this assertion, we need some observations. First, note that [11,
Corollary 2.7] also holds for FBLprEs, 1 ď p ď 8, i.e., the lattice homomorphisms from FBLprEs

to R (or, equivalently, the atoms of FBLprEs˚) are precisely the extensions xx˚ of x˚ P E˚.

Now, consider the embedding ϕE : E Ñ FBLprEs and its second adjoint ϕ˚˚
E : E˚˚ Ñ FBLprEs˚˚.

Since FBLprEs˚˚ is a p-convex Banach lattice with p-convexity constant 1 [88, Proposition 1.d.4],

it follows that yϕ˚˚
E : FBLprE˚˚s Ñ FBLprEs˚˚ is a lattice homorphism with ∥yϕ˚˚

E ∥ “ 1.

FBLprE˚˚s
zϕ˚˚
E

''

E˚˚

ϕ˚˚
E

//

ϕE˚˚

OO

FBLprEs˚˚

E
ϕE

//

JE

OO

FBLprEs

JFBLprEs

OO

This lattice homomorphism satisfies the following property.

Lemma 3.2.1. Let 1 ď p ď 8. For every h P FBLprE˚˚s and x˚ P E˚

yϕ˚˚
E hpxx˚q “ CJE˚hpx˚q.

Proof. Given x˚ P E˚, the functional ψx˚ “ JFBLprEs˚xx˚ P FBLprEs˚˚˚ is a lattice homomorphism.

Hence, ψx˚yϕ˚˚
E is a lattice homomorphism between FBLprE˚˚s and R such that for every x˚˚ P E˚˚

we have

ψx˚yϕ˚˚
E ϕE˚˚px˚˚q “ ψx˚ϕ˚˚

E px˚˚q “ ϕ˚˚
E x

˚˚pxx˚q

“ x˚˚pϕ˚
E
xx˚q “ x˚˚px˚q “ JE˚x˚px˚˚q.

Hence, ψx˚yϕ˚˚
E ϕE˚˚ “ JE˚x˚. The uniqueness of extension allows us to conclude that ψx˚yϕ˚˚

E “

{JE˚x˚. Thus, for every h P FBLprE˚˚s we have

yϕ˚˚
E hpxx˚q “ ψx˚yϕ˚˚

E phq “ {JE˚x˚phq “ hpJE˚x˚q “ CJE˚hpx˚q,

as claimed.

This property, together with Proposition 3.1.5, allows us to show the next result.

Theorem 3.2.2. Let E be a Banach space and 1 ď p ď 8. The canonical extension yϕ˚˚
E :

FBLprE˚˚s Ñ FBLprEs˚˚ is a lattice isometric embedding.
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Proof. We begin by proving the case p ă 8. First, recall that yϕ˚˚
E has norm one, so for every

h P FBLprE˚˚s we have

∥yϕ˚˚
E h∥ ď ∥h∥FBLprE˚˚s .

To obtain the reverse inequality, let us fix a function h P FBLprE˚˚s and px˚
i qmi“1 Ď E˚ such that

sup
xPBE

ˆ m
ÿ

i“1

|x˚
i pxq|p

˙

1
p

ď 1.

We claim that
ˆ m
ÿ

i“1

|CJE˚hpx˚
i q|p

˙

1
p

ď ∥yϕ˚˚
E h∥ . (3.5)

Indeed, by Lemma 3.2.1 we have that

ˆ m
ÿ

i“1

|CJE˚hpx˚
i q|p

˙

1
p

“

ˆ m
ÿ

i“1

|yϕ˚˚
E hpxx˚

i q|
p
˙

1
p

“

m
ÿ

i“1

θiyϕ˚˚
E hpxx˚

i q

“ yϕ˚˚
E h

ˆ m
ÿ

i“1

θixx˚
i

˙

ď ∥yϕ˚˚
E h∥

∥∥∥∥ m
ÿ

i“1

θixx˚
i

∥∥∥∥ ,
where the coefficients θi are defined as

θi “ sgnpyϕ˚˚
E hpxx˚

i qq |yϕ˚˚
E hpxx˚

i q|
p´1

ˆ m
ÿ

i“1

|yϕ˚˚
E hpxx˚

i q|
p
˙

1
p

´1

.

In order to estimate the norm of
řm
i“1 θi

xx˚
i P FBLprEs˚, let us evaluate it on f P FBLprEs and

then apply Hölder’s inequality with exponent p as follows:∣∣∣∣ mÿ
i“1

θixx˚
i pfq

∣∣∣∣ ď

m
ÿ

i“1

|θifpx˚
i q|

“

ˆ m
ÿ

i“1

|yϕ˚˚
E hpxx˚

i q|
p
˙

1
p

´1 m
ÿ

i“1

|yϕ˚˚
E hpxx˚

i q|
p´1

|fpx˚
i q|

ď

ˆ m
ÿ

i“1

|yϕ˚˚
E hpxx˚

i q|
p
˙

1
p

´1ˆ m
ÿ

i“1

|yϕ˚˚
E hpxx˚

i q|
p˚pp´1q

˙

1
p˚

ˆ m
ÿ

i“1

|fpx˚
i q|p

˙

1
p

“

ˆ m
ÿ

i“1

|fpx˚
i q|p

˙

1
p

ď }f}FBLprEs.

Therefore, we have that ∥
řm
i“1 θi

xx˚
i ∥ ď 1, and inequality (3.5) follows. By Proposition 3.1.5, we

conclude that
∥h∥FBLprE˚˚s “ ∥CJE˚h∥HprEs

ď ∥yϕ˚˚
E h∥

for every h P FBLprE˚˚s, so yϕ˚˚
E is a lattice isometric embedding.

In order to prove the case p “ 8, just note that by Proposition 3.1.5 and Lemma 3.2.1 we have

∥yϕ˚˚
E h∥ ď ∥h∥FBL8rE˚˚s “ ∥CJE˚h∥H8rEs

“ sup
x˚PBE˚

|CJE˚hpx˚q|

“ sup
x˚PBE˚

|yϕ˚˚
E hpxx˚q| ď ∥yϕ˚˚

E h∥ .
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Remark 3.2.3. Note that the map yϕ˚˚
E considered in Theorem 3.2.2 is not surjective as long as

dimpEq ą 1. Indeed, this can be seen as a consequence of the fact that FBLprEs is not Dedekind
complete [103, Proposition 2.11].

Remark 3.2.4. It can be checked that the canonical embedding JFBLprEs : FBLprEs Ñ FBLprEs˚˚

can be factored as JFBLprEs “ yϕ˚˚
E JE:

FBLprEs˚˚

FBLprEs
JE

//

JFBLprEs

77

FBLprE˚˚s

zϕ˚˚
E

OO

E

ϕE

OO

JE
// E˚˚

ϕE˚˚

OO

Indeed, for every x P E it follows that

yϕ˚˚
E JEϕEpxq “ yϕ˚˚

E ϕE˚˚JEpxq “ ϕ˚˚
E JEpxq “ JFBLprEsϕEpxq.

We have that JFBLprEs and yϕ˚˚
E JE are lattice homomorphisms which coincide on the image of ϕE,

and thus they coincide on FBLprEs. This immediately yields that yϕ˚˚
E is an isometry on the image

of JE. Hence, Theorem 3.2.2 can be considered as a strengthening of this simple fact.

The following corollary is just a direct consequence of Theorem 3.2.2 and the Principle of Local
Reflexivity (Theorem 3.1.3).

Corollary 3.2.5. Let E be a Banach space and 1 ď p ď 8. Then FBLprE˚˚s is finitely repre-
sentable in FBLprEs, i.e., for every finite-dimensional subspace F Ď FBLprE˚˚s and every ϵ ą 0
there is a linear isomorphism T of F onto T pF q Ď FBLprEs such that∥T∥ ∥T´1∥ ď 1`ϵ. Moreover,

T “ J
´1
E on JEpFBLprEsq X F .

Using [22, Theorem 2] instead we can obtain a lattice version of Corollary 3.2.5. This answers a
natural question raised by an anonymous referee of the paper [56].

Corollary 3.2.6. Let E be a Banach space and 1 ď p ď 8. Then FBLprE˚˚s is lattice finitely
representable in FBLprEs, i.e., for every finite-dimensional sublattice X Ď FBLprE˚˚s and every
ϵ ą 0 there is a lattice isomorphism T of X onto T pXq Ď FBLprEs such that ∥T∥ ∥T´1∥ ď 1 ` ϵ.

Note that, in contrast with the Banach space case described in Corollary 3.2.5, the Principle of

Local Reflexivity for Banach lattices stated in [22] cannot be used to conclude that T “ J
´1
E on

JEpFBLprEsqXX. However, Proposition 3.1.5 together with an argument from [102] for computing
the norm locally allow us to prove an improved version of Corollary 3.2.6.

Theorem 3.2.7. Let E be a Banach space and 1 ď p ď 8. Then FBLprE˚˚s is lattice finitely
representable in FBLprEs, i.e., for every finite-dimensional sublattice X Ď FBLprE˚˚s and every
ϵ ą 0 there is a lattice isomorphism T of X onto T pXq Ď FBLprEs such that ∥T∥ ∥T´1∥ ď 1 ` ϵ.

Moreover, if X Ď FVLrE˚˚s then T “ J
´1
E on JEpFBLprEsq XX.

Proof. Let us assume first that the statement is true for every finite-dimensional sublattice
Y Ď FVLrE˚˚s. Given a finite-dimensional sublattice X Ď FBLprE˚˚s, we consider f1, . . . , fN P X
positive, normalized and pairwise disjoint elements that span X.

Claim: Given a Banach space F and f1, . . . , fN P FBLprF s positive and pairwise disjoint vec-
tors, for every δ ą 0 there exist g1, . . . , gN P FVLrF s positive and pairwise disjoint such that
∥fn ´ gn∥FBLprF s ă δ for every n “ 1, . . . , N .
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We will prove this claim by induction on N . The case N “ 1 is trivial, since FVLrF s` is
dense in FBLprF s`. Now, assume the claim holds for N ě 1 vectors, and let us show that it is
also true for f1, . . . , fN`1 P FBLprF s positive and pairwise disjoint vectors. Apply the induction
hypothesis to find h1, . . . , hN , hN`1 P FVLrF s` such that h1, . . . , hN are pairwise disjoint and
∥fn ´ hn∥FBLprF s ă δ

2N`1 for every n “ 1, . . . , N ` 1. Define gn “ hn ´ hn ^ hN`1 for n “ 1, . . . , N

and gN`1 “ hN`1 ´h^hN`1, where h “
řN
n“1 hn. It is easy to check that the vectors g1, . . . , gN`1

are positive and pairwise disjoint. Moreover, we have the following inequalities:

|hn ^ hN`1| ď |fn ´ hn| ^ hN`1 ` fn ^|fN`1 ´ hN`1| ` fn ^ fN`1

ď |fn ´ hn| `|fN`1 ´ hN`1| , n “ 1, . . . , N,

|h^ hN`1| ď

N
ÿ

n“1

|hn ^ hN`1| ď

N
ÿ

n“1

|fn ´ hn| `N |fN`1 ´ hN`1| .

Therefore,

|fn ´ gn| ď |fn ´ hn| `|hn ^ hN`1|
ď 2|fn ´ hn| `|fN`1 ´ hN`1| , n “ 1, . . . , N,

|fN`1 ´ gN`1| ď |fN`1 ´ hN`1| `|h^ hN`1|

ď

N
ÿ

n“1

|fn ´ hn| ` pN ` 1q|fN`1 ´ hN`1| .

Taking norms we obtain the claim.

Now, let us fix ϵ ą 0 and consider δ “ δpϵq ą 0 small. We can apply the claim to obtain
g1, . . . , gN P FVLrE˚˚s positive and pairwise disjoint such that ∥fn ´ gn∥FBLprE˚˚s ă δ for every
n “ 1, . . . , N . Denote by Y Ď FVLrE˚˚s the subspace generated by these elements, which is already
a sublattice. We can define a surjective lattice isomorphism R : X Ñ Y given by

R

ˆ N
ÿ

n“1

λnfn

˙

“

N
ÿ

n“1

λngn.

Moreover, using our initial assumption we can find a lattice embedding Q : Y Ñ FBLprEs

with ∥Q∥ ∥Q´1∥ ď 1 ` δ. Choosing δ sufficiently small we can obtain T “ QR from X onto
T pXq Ď FBLprEs with distortion below 1 ` ϵ.

Thus, it suffices to show that for every finite-dimensional sublattice Y Ď FVLrE˚˚s and every
ϵ ą 0 there is a lattice embedding T of Y into FBLprEs such that ∥T∥ ∥T´1∥ ď 1 ` ϵ.

Let Y and ϵ be as above and consider δ ą 0 to be chosen later. Since Y Ď FVLrE˚˚s, we
can find a finite-dimensional subspace F Ď E˚˚ such that Y Ď latpϕE˚˚pF qq. Analogously, if
we denote Y0 “ JEpFVLrEsq X Y , there exists a finite-dimensional subspace F0 Ď E such that
Y0 Ď latpϕE˚˚JEpF0qq. We can assume without loss of generality that JEpF0q Ď F . Now, using [102,
Proposition 4.4 and Remark 4.7] we can find a finite-dimensional subspace G Ď E˚˚ containing F
such that

∥h∥FBLprE˚˚s ď∥h∥FBLprGs ď p1 ` δq∥h∥FBLprE˚˚s

for every h P Y . Now, consider a δ-net phjq
J
j“1 in the compact set SY “ Y X SFBLprE˚˚s. We can

use Proposition 3.1.5 to choose functionals x˚
j,1, . . . , x

˚
j,K P E˚ such that

sup
xPBE

ˆ K
ÿ

k“1

|x˚
j,kpxq|p

˙

1
p

ď 1,
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and

1 “
∥∥hj∥∥FBLprE˚˚s

ď

ˆ K
ÿ

k“1

|hj ˝ JE˚px˚
j,kq|p

˙

1
p

` δ

for every j “ 1, . . . , J . Let V be the finite-dimensional subspace of E˚ generated by these px˚
j,kq

and apply Theorem 3.1.3 with G and V to obtain a linear isomorphism S : G Ñ E such that
∥S∥ ∥S´1∥ ď 1 ` δ, SJE “ idE on J´1

E pGq (in particular, on F0), and x˚pSx˚˚q “ x˚˚px˚q for every
x˚ P V and x˚˚ P G. Moreover, according to Lemma 3.1.4 we can assume that

∥S∥ ď
1 ` δ

1 ´ δ
.

Let S : FBLprGs Ñ FBLprEs be the lattice homomorphism extension of zϕES. We claim that
T “ S

∣∣
Y

: pY,∥¨∥FBLprE˚˚sq Ñ FBLprEs is a lattice embedding with distortion close to 1 for δ small

enough. To check this, first note that ∥S∥ “∥S∥ and

∥Sh∥FBLprEs ď ∥S∥∥h∥FBLprGs ď p1 ` δq∥S∥∥h∥FBLprE˚˚s

for every h P Y , so T is bounded. On the other hand, given h P Y and x˚ P V it is straightforward
to check that Shpx˚q “ h ˝ JE˚px˚q. In particular, for every j “ 1, . . . , J we have

∥Shj∥FBLprEs
ě

ˆ K
ÿ

k“1

|Shjpx˚
j,kq|p

˙

1
p

“

ˆ K
ÿ

k“1

|hj ˝ JE˚px˚
j,kq|p

˙

1
p

ě 1 ´ δ.

Since phjq is a δ-net on SY , for every h P SY there is a j such that
∥∥h´ hj

∥∥
FBLprE˚˚s

ď δ, and thus

∥Sh∥FBLprEs ě ∥Shj∥FBLprEs
´ ∥Sph´ hjq∥FBLprEs

ě 1 ´ δ ´ δp1 ` δq∥S∥ ě 1 ´ 3δ

for δ small enough. We conclude that

∥T∥ ď
p1 ` δq2

1 ´ δ
, ∥T´1∥ ď

1

1 ´ 3δ
and ∥T∥ ∥T´1∥ ď

p1 ` δq2

p1 ´ δqp1 ´ 3δq
,

so choosing δ sufficiently small we can obtain T from Y onto T pY q Ď FBLprEs with distortion
below 1 ` ϵ.

Finally, in order to obtain the last part of the statement, consider h P Y0, that can be expressed
as

h “ JE

ˆ m
ł

i“1

ϕExi ´

m
ł

i“1

ϕEyi

˙

with pxiq
m
i“1, pyiq

m
i“1 Ď F0. Using that S JEϕE “ SJE “ idE on F0 we conclude that Th “ J

´1
E h

for every h P Y0. Noting that Y0 is dense in JEpFBLprEsq X Y the argument is concluded.

3.2.1 Related constructions

Recall that in the setting of 8-convex Banach lattices, FBL8rEs coincides with the lattice of posi-
tively homogeneous weak* continuous functions over BE˚ , denoted by CphpBE˚q [103, Proposition
2.2]. Therefore, Theorem 3.2.2 asserts that CphpBE˚˚˚q embeds isometrically into CphpBE˚q˚˚. A
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similar statement holds if we replace the spaces of positively homogeneous functions with the whole
space of weak* continuous functions over the corresponding unit balls. Indeed, for any Banach space
E the Banach lattice CpBE˚q behaves as the free object over E in the subcategory of CpKq-spaces
(i.e., AM-spaces with an order unit that induces the norm) in the following sense (cf. [75, Theorem
5.4]):

Theorem 3.2.8. Let E be a Banach space. For every compact Hausdorff space K and every
operator T : E Ñ CpKq, there exists a unique lattice homomorphism rT : CpBE˚q Ñ CpKq such
that rTδE “ T and rT1E˚ “ ∥T∥1K , where δE : E Ñ CpBE˚q denotes the isometric embedding
that sends each x P E to the evaluation function δExpx˚q “ x˚pxq for x˚ P BE˚, and 1E˚ and 1K
denote the constant functions over BE˚ and K, respectively. Moreover, ∥ rT∥ “∥T∥.

In particular, given a Banach space E and its canonical embedding δE , we can consider the
operator δ˚˚

E : E˚˚ Ñ CpBE˚q˚˚, which is an isometric embedding too. Note that CpBE˚q˚˚ is
an AM-space with order unit JCpBE˚ q1E˚ . Moreover, the norm in CpBE˚q˚˚ coincides with the
order unit norm induced by JCpBE˚ q1E˚ , so by Kakutani’s Theorem (cf. [96, Theorem 2.1.3])
CpBE˚q˚˚ is lattice isometric to some CpKq-space. Consequently, Theorem 3.2.8 yields that there

exists a unique lattice homomorphism Ăδ˚˚
E : CpBE˚˚˚q Ñ CpBE˚q˚˚ such that Ăδ˚˚

E δE˚˚ “ δ˚˚
E and

Ăδ˚˚
E 1E˚˚˚ “ JCpBE˚ q1E˚ . Moreover, Ăδ˚˚

E is contractive.

CpBE˚˚˚q
Ąδ˚˚
E

''

E˚˚

δ˚˚
E

//

ϕE˚˚

OO

CpBE˚q˚˚

E
δE

//

JE

OO

CpBE˚q

JCpB
E˚ q

OO

As it was mentioned above, there is an analogue of Theorem 3.2.2 for this operator.

Theorem 3.2.9. Let E be a Banach space. Then the operator Ăδ˚˚
E : CpBE˚˚˚q Ñ CpBE˚q˚˚ is a

lattice isometric embedding.

Proof. On the one hand, we observe that the composition operator

CJE˚
: CpBE˚˚˚q ÝÑ ℓ8pBE˚q

h ÞÝÑ CJE˚h “ h ˝ JE˚

is a lattice isometric embedding as a consequence of Goldstine’s Theorem (cf. [46, Theorem 3.96]).
On the other hand, we observe that if we denote by δx˚ the evaluation functional on x˚ P BE˚

defined as
δx˚ : CpBE˚q ÝÑ R

f ÞÝÑ δx˚pfq “ fpx˚q,

then for every h P L :“ latpδE˚˚pE˚˚q Y t1E˚˚˚uq Ď CpBE˚˚˚q and x˚ P BE˚ the following identity
holds:

Ăδ˚˚
E hpδx˚q “ CJE˚hpx˚q.

Indeed, the equation is trivially true if h “ 1E˚˚˚ , and it follows easily when h “ δE˚˚x˚˚ for any
x˚˚ P E˚˚ since δ˚

Eδx˚ “ x˚. Moreover, δx˚ is a lattice homomorphism from CpBE˚q to R and
thus, an atom in CpBE˚q˚, so JCpBE˚ q˚δx˚ is also a lattice homomorphism. Since any h P L can be
represented as a finite lattice-linear expression depending only on some pδE˚˚x˚˚

i qmi“1 and 1E˚˚˚ ,
and CJE˚ is a lattice homomorphism, we obtain the identity.

Now, for every h P L it follows that
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∥h∥CpBE˚˚˚ q “ ∥CJE˚h∥ℓ8pBE˚ q
“ sup

x˚PBE˚

|CJE˚hpx˚q| “ sup
x˚PBE˚

|Ăδ˚˚
E hpδx˚q|

ď ∥Ăδ˚˚
E h∥CpBE˚ q˚˚ ď ∥Ăδ˚˚

E ∥∥h∥CpBE˚˚˚ q “∥h∥CpBE˚˚˚ q .

Since the sublattice L is dense in CpBE˚˚˚q by Stone–Weierstraß’s Theorem (cf. [96, Theorem 2.1]),
we conclude that

∥h∥CpBE˚˚˚ q “ ∥Ăδ˚˚
E h∥CpBE˚ q˚˚

for every h P CpBE˚˚˚q.

Going back to free Banach lattices, we can show an analogue of Theorem 3.2.2 when the biduals
are replaced by ultraproducts. Throughout this subsection, we will be using the notation of [66].
Recall that given an index set I, a family of Banach spaces pEiqiPI and an ultrafilter U over the set
I, the ultraproduct pEiqU of the family of Banach spaces pEiqiPI with respect to the ultrafilter U is
defined as the quotient

ℓ8pEiqiPI{NU,

where ℓ8pEiqiPI is the space of norm-bounded sequences pxiqiPI with xi P Ei and NU denotes the
subspace of sequences such that limU }xi} “ 0. The equivalence class in pEiqU of a sequence pxiqiPI
will be denoted by pxiqU, and its quotient norm can be computed easily as

}pxiqU} “ lim
U

}xi}.

If pEiqiPI and pFiqiPI are families of Banach spaces and pTiqiPI is a family of operators Ti : Ei Ñ Fi
such that supiPI }Ti} ă 8, then the ultraproduct of the family of operators pTiqiPI is defined as the
operator

pTiqU : pEiqU ÝÑ pFiqU
pxiqU ÞÝÑ pTixiqU.

It can be checked that
}pTiqU} “ lim

U
}Ti}.

We refer the reader to [66] and the bibliography therein for a complete introduction to ultraprod-
ucts and a selection of the main results in the topic. For instance, we will be constantly using the
fact that the class of Banach lattices is stable under ultraproducts (see [66, Proposition 3.2]).

Now, let pEiqiPI be a family of Banach spaces index by I, U an ultrafilter over I and 1 ď p ď 8 a
fixed exponent. Consider the canonical embeddings ϕi ” ϕEi

: Ei Ñ FBLprEis. Since supiPI }ϕi} “

1, we can define
Φ ” pϕiqU : pEiqU ÝÑ pFBLprEisqU

x “ pxiqU ÞÝÑ Φx “ pϕixiqU,

which is an isometric embedding:

}Φx} “ lim
U

}ϕixi} “ lim
U

}xi} “ }x}.

Note that pFBLprEisqU is a p-convex Banach lattice with p-convexity constant 1 (the functional
calculus in the ultraproduct of Banach lattices can be defined as the limit along U of the corre-
sponding functional calculus in each factor, and the p-sum and the limit along U commute, as the
p-sum is a continuous function of a finite number of variables), so there exists a unique lattice
homomorphism pΦ : FBLprpEiqUs Ñ pFBLprEisqU such that pΦϕpEiqU

“ Φ and }pΦ} “ }Φ} “ 1. We

can compute explicitly pΦf for any f P FVLrpEiqUs. Indeed, if we put

f “

n
ł

j“1

ϕpEiqU
xj ´

n
ł

j“1

ϕpEiqU
yj
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for some xj “ pxj,iqU, yj “ pyj,iqU P pEiqU, j “ 1, . . . , n, it follows that

pΦf “

n
ł

j“1

pΦϕpEiqU
xj ´

n
ł

j“1

pΦϕpEiqU
yj “

n
ł

j“1

Φxj ´

n
ł

j“1

Φyj

“

n
ł

j“1

pϕixj,iqU ´

n
ł

j“1

pϕiyj,iqU “

ˆ n
ł

j“1

ϕixj,i ´

n
ł

j“1

ϕiyj,i

˙

U

“ pfiqU,

where

fi “

n
ł

j“1

ϕixj,i ´

n
ł

j“1

ϕiyj,i P FVLrEis

is the same expression used to represent f , this time evaluated in the i-th component of each xj , yj .

Theorem 3.2.10. The map pΦ : FBLprpEiqUs Ñ pFBLprEisqU is a lattice isometric embedding.

Proof. First of all, recall (see [66, Section 7]) that there is a canonical isometric embedding of pE˚
i qU,

the ultraproduct of the duals, into pEiq
˚
U, the dual of the ultraproduct, given by

J : pE˚
i qU ÝÑ pEiq

˚
U

x˚ “ px˚
i qU ÞÝÑ Jx˚pxiqU “ limU x

˚
i pxiq @pxiqU P pEiqU.

Abusing the notation, we will simply assume that pE˚
i qU is contained in pEiq

˚
U. Now, let us fix

f “

n
ł

j“1

ϕpEiqU
xj ´

n
ł

j“1

ϕpEiqU
yj P FVLrpEiqUs

and pfiqiPI as above. We can compute f evaluated in a functional x˚ “ px˚
i qU P pE˚

i qU as

fpx˚q “

n
ł

j“1

x˚pxjq ´

n
ł

j“1

x˚pyjq “

n
ł

j“1

lim
U
x˚
i pxj,iq ´

n
ł

j“1

lim
U
x˚
i pyj,iq

“ lim
U

ˆ n
ł

j“1

x˚
i pxj,iq ´

n
ł

j“1

x˚
i pyj,iq

˙

“ lim
U
fipx˚

i q.

(3.6)

Moreover, since continuous functions (in particular, p-sums) commute with limU, we get that

ˆ m
ÿ

k“1

|fpx˚
kq|p

˙

1
p

“ lim
U

ˆ m
ÿ

k“1

|fipx˚
k,iq|p

˙

1
p

for every x˚
k “ px˚

k,iqU P pE˚
i qU, k “ 1, . . . ,m. Any such choice of functionals in pE˚

i qU will also
satisfy that

lim
U

˜

sup
xiPBEi

ˆ m
ÿ

k“1

|x˚
k,ipxiq|p

˙

1
p
¸

ď sup
xPBpEiqU

ˆ m
ÿ

k“1

|x˚
kpxq|p

˙

1
p

. (3.7)

Indeed, for every δ ą 0 and i P I we can pick zi P BEi such that

sup
xiPBEi

ˆ m
ÿ

k“1

|x˚
k,ipxiq|p

˙

1
p

ď

ˆ m
ÿ

k“1

|x˚
k,ipziq|p

˙

1
p

` δ,

so
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lim
U

˜

sup
xiPBEi

ˆ m
ÿ

k“1

|x˚
k,ipxiq|p

˙

1
p
¸

ď lim
U

˜

ˆ m
ÿ

k“1

|x˚
k,ipziq|p

˙

1
p
¸

` δ

ď

ˆ m
ÿ

k“1

|x˚
kpzq|p

˙

1
p

` δ ď sup
xPBpEiqU

ˆ m
ÿ

k“1

|x˚
kpxq|p

˙

1
p

` δ,

where z “ pziqU P BpEiqU
. Taking δ Ñ 0 we recover (3.7).

Next, let us fix px˚
kqmk“1 Ď pEiq

˚
U and ε ą 0, and apply the Theorem of local duality of ul-

traproducts (cf. [66, Theorem 7.3]) to find a p1 ` εq-isomorphism T : M “ spantx˚
kumk“1 Ñ

T pMq Ď pE˚
i qU satisfying that T |MXpE˚

i qU
“ idMXpE˚

i qU
and Tx˚pxq “ x˚pxq for every x˚ P M

and x P tx1, y1, . . . , xn, ynu. Moreover, according to the proof provided in [66], T can be chosen
contractive. It follows that

sup
xPBpEiqU

ˆ m
ÿ

k“1

|Tx˚
kpxq|p

˙

1
p

“ sup
xPBpEiqU

ˆ m
ÿ

k“1

|T ˚JpEiqU
xpx˚

kq|p
˙

1
p

ď sup
y˚˚PB

pEiq˚˚
U

ˆ m
ÿ

k“1

|y˚˚px˚
kq|p

˙

1
p

“ sup
xPBpEiqU

ˆ m
ÿ

k“1

|x˚
kpxq|p

˙

1
p

,

(3.8)

where in the inequality we have used that T ˚JpEiqU
x P }T ˚}BM˚ “ BM˚ extends to some y˚˚ P

BpEiq
˚˚
U

. Moreover, for every x˚ P M , we have

fpx˚q “

n
ł

j“1

ϕpEiqU
xjpx

˚q ´

n
ł

j“1

ϕpEiqU
yjpx

˚q “

n
ł

j“1

x˚pxjq ´

n
ł

j“1

x˚pyjq

“

n
ł

j“1

Tx˚pxjq ´

n
ł

j“1

Tx˚pyjq “

n
ł

j“1

ϕpEiqU
xjpTx

˚q ´

n
ł

j“1

ϕpEiqU
yjpTx

˚q “ fpTx˚q.

(3.9)

Therefore, denoting by Tx˚
k “ x˚

k “ px˚
k,iqU P pE˚

i qU and combining (3.9), (3.6), (3.7) and (3.8),
together with the fact that pRqU is a Banach algebra (cf. [66, Proposition 3.1]), we obtain that

ˆ m
ÿ

k“1

|fpx˚
kq|p

˙

1
p

“

ˆ m
ÿ

k“1

|fpTx˚
kq|p

˙

1
p

“ lim
U

ˆ m
ÿ

k“1

|fipx˚
k,iq|p

˙

1
p

ď lim
U

}fi} ¨ lim
U

˜

sup
xiPBEi

ˆ m
ÿ

k“1

|x˚
k,ipxiq|p

˙

1
p
¸

ď }pΦf} sup
xPBpEiqU

ˆ m
ÿ

k“1

|x˚
kpxq|p

˙

1
p

“ }pΦf} sup
xPBpEiqU

ˆ m
ÿ

k“1

|Tx˚
kpxq|p

˙

1
p

ď }pΦf} sup
xPBpEiqU

ˆ m
ÿ

k“1

|x˚
kpxq|p

˙

1
p

.

It follows that }f} ď }pΦf} for every f P FVLrpEiqUs. Since }pΦ} “ 1, we conclude that pΦ is an
isometry in FVLrpEiqUs, and hence in FBLprpEiqUs.
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3.3 Free p-convex dual Banach lattices

The present section will be devoted to studying the existence of free objects in the category of
duals of Banach lattices (and the subcategories of p-convex Banach lattices). Given 1 ď p ď 8,
we denote by BL˚ppq the category whose objects are p-convex Banach lattices which are duals
of Banach lattices, and whose morphisms are weak*-to-weak* continuous (equivalently, adjoint)
lattice homomorphisms.

Remark 3.3.1. Observe that when p ą 1 every object X˚ of the category BL˚ppq is canonically
lattice complemented in its bidual X˚˚˚. Consider the contractive adjoint operator J˚

X : X˚˚˚ Ñ X˚.
Indeed, since X˚ is p-convex, X must be p˚-concave, where p˚ “

p
p´1 ă 8 (cf. [88, Proposition

1.d.4]). The p˚-concavity of X for finite p˚ implies that X is order continuous, and thus it is
an ideal in X˚˚ (cf. [5, Theorems 4.9 and 4.14]). In other words, the canonical embedding JX
is an interval preserving isometric embedding, so J˚

X is a contractive weak*-to-weak* continuous
onto lattice homomorphism (cf. [96, Theorem 1.4.19]). Finally, the composition with the canonical
embedding JX˚ yields a lattice projection.

The remark above will be key to show that FBLprEs˚˚, the bidual of FBLprEs, satisfies the
universal property of the free object in the category BL˚ppq with respect to the Banach space E
when p ą 1:

Proposition 3.3.2. Let E be a Banach space and 1 ă p ď 8. Then, for every p-convex Banach
lattice X˚ which is the dual of some Banach lattice and every operator T : E Ñ X˚ there ex-
ists a unique weak*-to-weak* continuous lattice homomorphism Ť : FBLprEs˚˚ Ñ X˚, such that
Ť JFBLprEsϕE “ T . Moreover, ∥Ť∥ ď M ppqpX˚q∥T∥.

We can then say that FBLprEs˚˚ is the free p-convex dual Banach lattice generated by E.

Proof. Since X˚ is p-convex, we can consider the following commutative diagram, where pT is the
unique extension of T to FBLprEs as a lattice homomorphism:

FBLprEs˚˚
pT˚˚
// X˚˚˚

J˚
X

��

FBLprEs
pT //

JFBLprEs

OO

X˚

E

T

88

ϕE

OO

Since J˚
X is a norm one, weak*-to-weak* continuous lattice homomorphism satisfying J˚

XJX˚ “

idX˚ , it follows that the operator Ť :“ J˚
X
pT ˚˚ is also a weak*-to-weak* continuous lattice ho-

momorphism such that Ť JFBLprEsϕE “ T and ∥Ť∥ ď M ppqpXq∥T∥. Now, suppose there ex-

ists another weak*-to-weak* continuous lattice homomorphism Š : FBLprEs˚˚ Ñ X˚ satisfying
ŠJFBLprEsϕE “ T . The uniqueness of extension of T to FBLprEs implies that ŠJFBLprEs “ pT .

Since JFBLprEs has weak* dense range and both Ť and Š are weak*-to-weak* continuous, they are

uniquely determined by their values on JFBLprEspFBLprEsq. Hence, Ť “ Š.

Remark 3.3.3. The previous argument cannot be applied to the case p “ 1 because there exists
objects of BL˚ that do not have an order continuous predual (see [51] for a characterization of
this property). Consider for instance Mr0, 1s, the space of Borel measures over the interval r0, 1s,
which is the dual of the Banach lattice Cr0, 1s but does not have any order continuous predual.
Indeed, Mr0, 1s is an AL-space, so by [96, Proposition 1.4.7], all its predual Banach lattices must
be AM-spaces. Since the only order continuous AM-spaces are of the form c0pΓ q for some set Γ
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[96, Lemma 2.7.12] and the dual of c0pΓ q is ℓ1pΓ q, which is never isomorphic to Mr0, 1s (note that
L1r0, 1s lattice embeds into Mr0, 1s but not into ℓ1pΓ q), we conclude that Mr0, 1s does not have an
order continuous predual.

However, we can still define a free object in the category BL˚ of duals of Banach lattices in the
following sense.

Definition 3.3.4. Let E be a Banach space. The free dual Banach lattice over E is a Banach
lattice FBL˚rEs which is the dual of some other Banach lattice ZE, together with a linear isometric
embedding ιE : E Ñ FBL˚rEs, such that for every operator T from E to X˚, the dual of a Banach
lattice X, there exists a unique weak*-to-weak* continuous lattice homomorphism Ť : FBL˚rEs Ñ

X˚, such that Ť ιE “ T , and moreover, ∥Ť∥ “∥T∥.

By standard arguments it can be proved that whenever this object exists, it is unique in the
category BL˚. However, we do not know whether such a free object exists for every Banach space
E. The natural candidate to satisfy this definition is FBLrEs˚˚. Nevertheless, we cannot hope for
Proposition 3.3.2 to be true in general when p “ 1, as the following example shows.

Proposition 3.3.5. Let X˚ be the dual of a Banach lattice such that X˚ does not admit an
order continuous predual (take for instance X˚ “ Mp0, 1q as mentioned in Remark 3.3.3). The
pair pFBLrX˚s˚˚,KX˚q does not have the universal property of Definition 3.3.4, where KX˚ “

JFBLrX˚sϕX˚. More specifically, the identity operator idX˚ on X˚ cannot be extended to a weak*-

to-weak* continuous lattice homomorphism ǐdX˚ : FBLrX˚s˚˚ Ñ X˚ such that ǐdX˚KX˚ “ idX˚.

Proof. Suppose that there exists a weak*-to-weak* continuous lattice homomorphism ǐdX˚ :

FBLrX˚s˚˚ Ñ X˚ such that ǐdX˚KX˚ “ idX˚ . Let S : X Ñ FBLrX˚s˚ be such that S˚ “ ǐdX˚ .
Note that ǐdX˚ is an onto lattice homomorphism, so S must be an interval preserving embedding
as a consequence of the Open Mapping Principle (cf. [46, Exercise 2.49]) and [96, Theorem 1.4.19].

On the other hand, since ǐdX˚KX˚ “ idX˚ and ǐdX˚JFBLrX˚s is a lattice homomorphism, the

uniqueness of extension of idX˚ to FBLrX˚s implies that ǐdX˚JFBLrX˚s “ pidX˚ . Considering the
adjoint of this operator and composing it by the right with JX , the canonical embedding of X into
its bidual, we get that

pid
˚

X˚JX “ J˚
FBLrX˚sǐd

˚

X˚JX “ J˚
FBLrX˚sS

˚˚JX

“ J˚
FBLrX˚sJFBLrX˚s˚S “ S,

where in the last equality we have used that J˚
FBLrX˚s

JFBLrX˚s˚ “ idFBLrX˚s˚ . Using again the

Open Mapping Principle (cf. [46, Exercise 2.49]) and [96, Theorem 1.4.19] it is easy to check that
pid

˚

X˚ is an interval preserving embedding (in particular, it is injective). Thus, for every x P X` it
follows that

pid
˚

X˚pJXr0, xsq “ Sr0, xs “ r0, Sxs “ r0, pid
˚

X˚pJXxqs “ pid
˚

X˚r0, JXxs,

so JXr0, xs “ r0, JXxs and JX is interval preserving. This is equivalent to JXpXq being an ideal of
X˚˚, so by [96, Theorem 2.4.2] X must be order continuous, which is a contradiction.

Remark 3.3.6. A similar argument can be used to show that the bidual X˚˚˚ of a Banach lattice
X˚ that does not admit an order continuous predual, together with the embedding JX˚ : X˚ Ñ X˚˚˚,
cannot be a free object in the category BL˚ with respect to the category BL: the existence of a weak*-
to-weak* continuous lattice homomorphism ǐdX˚ : X˚˚˚ Ñ X˚ such that ǐdX˚JX˚ “ idX˚ would
imply that the canonical embedding of the predual, JX : X Ñ X˚˚, is the preadjoint of ǐdX˚, and
hence, an interval preserving embedding, which is not possible.
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This shows that, in general, FBLrEs˚˚ is not the free object over the Banach space E in the sense
of Definition 3.3.4. However, we can provide a characterization of when FBLrEs˚˚ “ FBL˚rEs.

Theorem 3.3.7. Let E be a Banach space. The following are equivalent:

(1) E does not contain a complemented subspace isomorphic to ℓ1.

(2) The pair pFBLrEs˚˚,KEq, with KE “ JFBLrEsϕE, coincides in the category BL˚ with the free
dual Banach lattice over E, pFBL˚rEs, ιEq.

Proof. p1q ñ p2q Let X be a Banach lattice and T : E Ñ X˚ an operator. By [23, Theorem 4],
E does not contain a complemented copy of ℓ1 if and only if E˚ does not contain a copy of c0.
Thus, applying [58, Theorem I.2] we obtain that the operator T ˚JX : X Ñ E˚ can be factored
as T ˚JX “ SR, where R : X Ñ Z, S : Z Ñ E˚ and Z is an order continuous Banach lattice.
Moreover, Z is the norm completion of a quotient of X by an ideal, and R is the canonical quotient,
so it is a lattice homomorphism, and, by [114, Proposition II.2.5], it is almost interval preserving.
Note that, in particular, T “ R˚S˚JE , and we can consider the following commutative diagram:

FBLrEs˚˚
{S˚JE

˚˚

// Z˚˚˚

J˚
Z

��

FBLrEs
{S˚JE //

JFBLrEs

OO

Z˚ R˚
// X˚

E

T

44

S˚JE

99

ϕE

OO

Since Z is order continuous, by [96, Theorem 2.4.2] JZ must be interval preserving, so using [96,

Theorem 1.4.19] we conclude that the operator Ť “ R˚J˚
Zp{S˚JEq˚˚ is a weak*-to-weak* continuous

lattice homomorphism such that Ť JFBLrEsϕE “ T . That this extension is unique follows from the
universal property of FBLrEs and the weak* density of FBLrEs inside its bidual. Since ∥R∥ ď∥T∥
and∥S∥ ď 1 by construction (see the proof in [58, Theorem I.2] for the details), it is straightforward
to check that ∥Ť∥ “∥T∥. Thus, we have proved that the pair pFBLrEs˚˚, JFBLrEsϕEq satisfies the
conditions of Definition 3.3.4.

p2q ñ p1q Let us suppose that the pair pFBLrEs˚˚,KEq has the universal property of Definition 3.3.4
but E contains a complemented copy of ℓ1. In particular, there exists a quotient P : E Ñ ℓ1. Let us
consider the separable space L1r0, 1s, which is a quotient of ℓ1 through a certain Q : ℓ1 Ñ L1r0, 1s,
and the operator R : L1r0, 1s Ñ Mr0, 1s given by

RgpAq “

ż

A
gdλ,

for each Borel set A Ď r0, 1s and g P L1r0, 1s, where λ denotes the Lebesgue measure over r0, 1s.
Note that RpBL1r0,1sq is weak* dense in BMr0,1s. Indeed, given t P r0, 1s, let pIt,nqn be a sequence

of intervals of r0, 1s of length 1
n decreasing to ttu. Then, it is straightforward to check that the

measures µt,n “ λpIt,nq´1RχIt,n P RpBL1r0,1sq converge weak* to δt, the pointwise evaluation on
t. Thus,

␣

˘δt : t P r0, 1s
(

, which is the set of extreme points of BMr0,1s [96, Proposition 2.1.2], is
contained in the w˚-closure of RpBL1r0,1sq. By Krein-Milman Theorem, we conclude that the whole
BMr0,1s lies in the w˚-closure of RpBL1r0,1sq.

FBLrEs˚˚

Ť

++
E

P
//

KE

OO

ℓ1
Q
// L1r0, 1s

R
//Mr0, 1s
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Now, consider the operator T “ RQP : E Ñ Mr0, 1s. By our assumption, there exists a weak*-
to-weak* continuous lattice homomorphism Ť : FBLrEs˚˚ Ñ Mr0, 1s such that ŤKE “ T . We
claim that Ť is onto. Indeed, fix some µ P BMr0,1s. We have seen above that RpBL1r0,1sq is weak*
dense in BMr0,1s, so there exists some net pgαqα Ď BL1r0,1s such that pRgαqα converges weak* to µ.
Since QP is onto, by the Open Mapping Theorem [46, Corollary 2.26] there exists some r ą 0 such
that BL1r0,1s Ď QP prBEq. Hence, we can find a bounded net pxαqα Ď E such that QPxα “ gα.
Now, using the weak* compactness of BFBLrEs˚˚ , we can extract a subnet pxβqβ Ď pxαqα such

that pKExβqβ is weak* convergent to some f˚˚ P FBLrEs˚˚. Evaluating on Ť we obtain that
ŤKExβ “ Rgβ converges weak* to both µ and Ť f˚˚, so µ “ Ť f˚˚ and Ť is an onto lattice
homomorphism. By [114, Proposition II.2.5], this implies that Ť is also interval preserving. Let
S : Cr0, 1s Ñ FBLrEs˚ be an operator such that Ť “ S˚. By the Open Mapping Principle (cf. [46,
Exercise 2.49]) and [96, Theorem 1.4.19] it follows that S must be an interval preserving lattice
embedding of Cr0, 1s into FBLrEs˚.

Note that FBLrEs˚ is a dual of a Banach lattice, so in particular it is (σ-)Dedekind complete.
Clearly, Cr0, 1s is not σ-Dedekind complete. Since any ideal of a σ-Dedekind complete Banach
lattice is again σ-Dedekind complete, it follows that Cr0, 1s cannot be embedded as an ideal in
FBLrEs˚. Thus, E cannot contain a complemented copy of ℓ1.

It remains an open question whether FBL˚rEs exists when E contains a complemented subspace
isomorphic to ℓ1. The following result provides some properties that FBL˚rEs must satisfy, in case
it exists. Note that all of them become trivial when FBL˚rEs happens to coincide with FBLrEs˚˚,
that is, when E does not contain a complemented copy of ℓ1.

Lemma 3.3.8. Let E be a Banach space, and assume that FBL˚rEs exists. Then:

(1) The unique extension pιE : FBLrEs Ñ FBL˚rEs of ιE as a lattice homomorphism is an isometric
embedding.

(2) ǨE : FBL˚rEs Ñ FBLrEs˚˚ is an onto interval preserving lattice homomorphism, where KE “

JFBLrEsϕE.

(3) pιEpFBLrEsq
w˚

is a subspace of FBL˚rEs linearly isometric to FBLrEs˚˚, and it is complemented
in FBL˚rEs by means of a positive contractive weak*-to-weak* continuous projection given by
J˚
ZE

pι˚˚
E ǨE.

(4) FBLrEs˚ embeds isometrically in ZE as an ideal, and it is complemented in ZE by means of a
positive contractive projection.

Proof. p1q Note that
ǨEpιEϕE “ ǨEιE “ KE “ JFBLrEsϕE .

Since both ǨEpιE and JFBLrEs are lattice homomorphisms, the uniqueness of extension of operators

to FBLrEs implies that ǨEpιE “ JFBLrEs. Now, using that JFBLrEs is an isometric embedding and

both pιE and ǨE have norm one, we obtain that

∥f∥FBLrEs “ ∥JFBLrEsf∥FBLrEs˚˚ ď∥pιEf∥FBL˚rEs ď∥f∥FBLrEs

for every f P FBLrEs.

p2q First, let us show that ǨE is onto. Given some f˚˚ P BFBLrEs˚˚ , by Goldstine’s Theorem we
know that there exists a net pfαqα Ď BFBLrEs such that pJFBLrEsfαqα is weak* convergent to f˚˚

in FBLrEs˚˚. Now, observe that ppιEfαqα Ď BFBL˚rEs, which is a weak* compact set, so there

exists a subnet ppιEfβqβ weak* convergent to some z˚ P BFBL˚rEs. Using that ǨE is weak*-to-

weak* continuous and satisfies ǨEpιE “ JFBLrEs, we conclude that f˚˚ “ ǨEz
˚. Thus, ǨE is an



86 3 Duality on free Banach lattices

onto lattice homomorphism, and by [114, Proposition II.2.5], it follows that it is interval preserving.

p3q Consider the operator J˚
ZE

pι˚˚
E : FBLrEs˚˚ Ñ FBL˚rEs. Using that J˚

ZE
JZ˚

E
is the identity on

Z˚
E “ FBL˚rEs, it follows that

ǨEJ
˚
ZE

pι˚˚
E JFBLrEs “ ǨEJ

˚
ZE
JZ˚

E
pιE “ ǨEpιE “ JFBLrEs.

Since ǨEJ
˚
ZE

pι˚˚
E is weak*-to-weak* continuous and JFBLrEs has weak* dense range, we conclude

that ǨEJ
˚
ZE

pι˚˚
E “ idFBLrEs˚˚ . This implies that J˚

ZE
pι˚˚
E is an isometric embedding. Indeed, given

any f˚˚ P FBLrEs˚˚, we have∥∥f˚˚
∥∥
FBLrEs˚˚ “ ∥ǨEJ

˚
ZE

pι˚˚
E f

˚˚∥
FBLrEs˚˚

ď ∥J˚
ZE

pι˚˚
E f

˚˚∥
FBL˚rEs

ď
∥∥f˚˚

∥∥
FBLrEs˚˚ .

The next step is to show that the range of J˚
ZE

pι˚˚
E is the subspace UE “ pιEpFBLrEsq

w˚

. The inclu-
sion J˚

ZE
pι˚˚
E pFBLrEs˚˚q Ď UE is straightforward, since J˚

ZE
pι˚˚
E is weak*-to-weak* continuous and

JFBLrEs has weak* dense range. To check the reverse inclusion, let z˚ P UE and pfαqα Ď FBLrEs

such that ppιEfαqα is weak* convergent to z˚. Using the weak* continuity of ǨE and the iden-
tity ǨEpιE “ JFBLrEs it follows that pJFBLrEsfαqα is weak* convergent to ǨEz

˚. Now, recall that

J˚
ZE

pι˚˚
E JFBLrEs “ pιE , so ppιEfαqα weak* converges to J˚

ZE
pι˚˚
E ǨEz

˚. The uniqueness of the weak*

limit implies that J˚
ZE

pι˚˚
E ǨEz

˚ “ z˚, so UE Ď J˚
ZE

pι˚˚
E pFBLrEs˚˚q. We conclude that J˚

ZE
pι˚˚
E ǨE is

a positive contractive weak*-to-weak* continuous projection over UE .

p4q By definition ǨE is weak*-to-weak* continuous, so it is the adjoint operator of some ME :

FBLrEs˚ Ñ ZE . Since ǨE is an onto interval preserving lattice homomorphism, by the Open
Mapping Principle (cf. [46, Exercise 2.49]) and [96, Theorem 1.4.19] it follows that ME is an
interval preserving lattice embedding. From the proof of p3q we know that

ppι˚EJZE
MEq˚ “ ǨEJ

˚
ZE

pι˚˚
E “ idFBLrEs˚˚ ,

so the operator pι˚EJZE
ME must be the identity on FBLrEs˚. Proceeding as before, we can see that

ME is an isometry, and that MEpι
˚
EJZE

is a positive contractive projection.

In addition to the previous result, we present a compilation of statements equivalent to FBLrEs˚˚

being isometric to FBL˚rEs in the category BL˚.

Proposition 3.3.9. Let E be a Banach space, and assume that FBL˚rEs exists. The following are
equivalent:

(1) The pair pFBLrEs˚˚,KEq coincides in the category BL˚ with the free dual Banach lattice over
E, pFBL˚rEs, ιEq.

(2) pιEpBFBLrEsq is w˚-dense in BFBL˚rEs.

(3) pιE : FBLrEs Ñ FBL˚rEs has weak* dense range.

(4) pιEpFBLrEsq
w˚

is a sublattice of FBL˚rEs.

(5) J˚
ZE

pι˚˚
E : FBLrEs˚˚ Ñ FBL˚rEs is a lattice homomorphism.

(6) ǨE : FBL˚rEs Ñ FBLrEs˚˚ is an onto weak*-to-weak* continuous lattice isometry.

(7) There exists a Banach lattice Y such that FBL˚rEs “ Y ˚˚ and ιEpEq Ď JY pY q.

(8) The unique extension ǰE : FBL˚rEs Ñ FBL˚rEs˚˚ of jE “ JFBL˚rEsιE as a weak*-to-weak*
continuous lattice homomorphism is an isometric embedding.
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Proof. p1q ñ p2q Let rιE : FBLrEs˚˚ Ñ FBL˚rEs be the unique extension of ιE to FBLrEs˚˚ as
a contractive weak*-to-weak* continuous lattice homomorphism. By standard arguments we can
show that ǨE and rιE are mutually inverse. In particular, rιEpBFBLrEs˚˚q “ BFBL˚rEs. Moreover,
pιE “ rιEJFBLrEs, JFBLrEspBFBLrEsq is w˚-dense in BFBLrEs˚˚ and rιE is weak*-to-weak* continuous,
so pιEpBFBLrEsq is w˚-dense in BFBL˚rEs.

p2q ñ p3q Trivial.

p3q ñ p4q Trivial, since pιEpFBLrEsq
w˚

“ FBL˚rEs.

p4q ñ p5q Recall from Lemma 3.3.8 that J˚
ZE

pι˚˚
E pFBLrEs˚˚q “ pιEpFBLrEsq

w˚

, and denote this
subspace by UE . Since it is a sublattice, for any f˚˚

1 P FBLrEs˚˚ there must exist some f˚˚
0 P

FBLrEs˚˚ such that
|J˚
ZE

pι˚˚
E f

˚˚
1 | “ J˚

ZE
pι˚˚
E f

˚˚
0 .

Applying the lattice homomorphism ǨE and using that ǨEJ
˚
ZE

pι˚˚
E “ idFBLrEs˚˚ we obtain that

f˚˚
0 “ |f˚˚

1 |. Thus,
|J˚
ZE

pι˚˚
E f

˚˚
1 | “ J˚

ZE
pι˚˚
E |f˚˚

1 | ,

so J˚
ZE

pι˚˚
E must be a lattice homomorphism.

p5q ñ p6q On the one hand we know from Lemma 3.3.8 that ǨEJ
˚
ZE

pι˚˚
E “ idFBLrEs˚˚ . On the

other hand, it follows from the hypothesis that J˚
ZE

pι˚˚
E ǨE is a weak*-to-weak* continuous lattice

homomorphism such that J˚
ZE

pι˚˚
E ǨEιE “ ιE . The uniqueness of extension to FBL˚rEs yields that

J˚
ZE

pι˚˚
E ǨE “ idFBL˚rEs, so ǨE is a lattice isomorphism. Since both ǨE and J˚

ZE
pι˚˚
E have norm one,

it is actually an isometry.

p6q ñ p7q Just take Y “ pιEpFBLrEsq.

p7q ñ p8q Let us show that ǰE “ J˚˚
Y , which is an isometric embedding. Indeed, the condition

ιEpEq Ď JY pY q implies that the operator J´1
Y ιE : E Ñ Y is well-defined. Thus,

J˚˚
Y ιE “ J˚˚

Y JY J
´1
Y ιE “ JY ˚˚JY J

´1
Y ιE “ JFBL˚rEsιE “ jE .

The uniqueness of extension of jE to FBL˚rEs implies that ǰE “ J˚˚
Y , as we wanted.

p8q ñ p6q We know from Lemma 3.3.8 that ǨE is onto. Let us see that it is also an isometric
embedding, and hence an isomorphism. To do so, we will check that pι˚˚

E ǨE “ ǰE . Indeed, pι˚˚
E ǨE is

a weak*-to-weak* continuous lattice homomorphism satisfying

pι˚˚
E ǨEιE “ pι˚˚

E JFBLrEsϕE “ JFBL˚rEspιEϕE “ JFBL˚rEsιE “ jE ,

so the uniqueness of extension of jE implies that pι˚˚
E ǨE “ ǰE . Since both pι˚˚

E and ǰE are isometric
embeddings, ǨE is too.

p6q ñ p1q Trivial, since ǨE is an onto isometry in the category BL˚.

Proposition 3.3.9 provides some useful information in the search for an answer to the question
of the existence of FBL˚rEs when E contains a complemented copy of ℓ1. For instance, we can



88 3 Duality on free Banach lattices

affirm that if FBL˚rEs exists, then it cannot be the bidual of a Banach lattice and cannot contain
FBLrEs˚˚ as a sublattice (at least in the canonical way described in Lemma 3.3.8).

Next, let us further simplify the problem. We claim that in order to show the existence of
FBL˚rEs for every E that contains an (isomorphic) complemented copy of ℓ1, it suffices to show
the existence of FBL˚rF s for every F that contains an isometric 1-complemented copy of ℓ1. First,
we show the following:

Lemma 3.3.10. Suppose that E and F are isomorphic Banach spaces. Then FBL˚rEs exists if
and only if FBL˚rF s exists.

Proof. The roles of E and F are interchangeable, so it suffices to show that if FBL˚rEs exists,
then FBL˚rF s exists as well. Let R : E Ñ F be an onto isomorphism, and assume without loss
of generality that }x} ď }Rx} ď }R}}x}, i.e., }R´1} ď 1. We define for every z˚ P FBL˚rEs the
following lattice norm:

~z˚~ :“ sup t} ˇpTRqz˚} : X Banach lattice, T : F Ñ X˚ contractiveu .

Clearly, ~z˚~ ď }R}}z˚}, and choosing the contraction ιER
´1 : F Ñ FBL˚rEs we get that

ˇpιER´1Rq “ ι̌E “ idFBL˚rEs, so ~z˚~ ě }z˚}. We claim that the Banach lattice Y “ pFBL˚rEs,~¨~q

together with the map ιER
´1 : F Ñ Y satisfies Definition 3.3.4 for the Banach space F . Indeed,

~ ¨ ~ induces an equivalent renorming over ZE , the predual of FBL˚rEs, given by

~z~ :“ supt|z˚pzq| : ~z˚~ ď 1u

for every z P ZE . Clearly, pZE ,~ ¨ ~q˚ “ Y , so Y is an object of BL˚. The operator ιER
´1 : F Ñ Y

is a linear isometry. Indeed,

~ιER
´1x~ “ sup t} ˇpTRqιER

´1x} : X Banach lattice, T : F Ñ X˚ contractiveu

“ sup t}TRR´1x} : X Banach lattice, T : F Ñ X˚ contractiveu ,

so
}x} “ }JFBLrF sϕFx} ď ~ιER

´1x~ ď }x}.

Finally, let X˚ be the dual of a Banach lattice X and T : F Ñ X˚ a contraction. Then, the lattice
homomorphism ˇpTRq : Y Ñ X˚ is weak*-to-weak* continuous (the isomorphism between Y and
FBL˚rEs is actually the adjoint of the isomorphism between ZE and pZE ,~ ¨ ~q, so it is weak*-
to-weak* continuous), ˇpTRqιER

´1 “ T and } ˇpTRqz˚} ď ~z˚~ for every z˚ P Y . We conclude that
FBL˚rF s exists and is given by the pair pY, ιER

´1q.

The previous lemma allows us to establish the following:

Proposition 3.3.11. FBL˚rEs exists for every Banach space E containing an (isomorphic) com-
plemented copy of ℓ1 if and only if FBL˚rF s exists for every Banach space F containing an isometric
1-complemented copy of ℓ1.

Proof. The necessary implication is trivial. In order to check the sufficiency, let E be a Banach space
that contains a complemented isomorphic copy of ℓ1, and consider an embedding j : ℓ1 Ñ E (that
we can assume to be contractive) and an onto operator Q : E Ñ ℓ1 such that jQ is a projection
onto jpℓ1q and Qj is the identity on ℓ1. We define for every x P E the equivalent renorming

~x~ “ }x} _ }Qx},

so that the Banach space F “ pE,~¨~q is isomorphic to E. It follows that j : ℓ1 Ñ F is an isometric
embedding, as for every a P ℓ1 we have
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}a} “ }Qja} ď ~ja~ “ }ja} _ }a} ď p}j} _ 1q}a} “ }a}.

Moreover, jQ : F Ñ F defines a contractive projection onto jpℓ1q: for every x P F ,

~jQx~ “ }jQx} _ }QjQx} ď p}j} _ 1q}Qx} ď ~x~.

Therefore, F contains an isometric 1-complemented copy of ℓ1, so the hypothesis yields that
FBL˚rF s exists. Since E and F are isomorphic, by Lemma 3.3.10 it follows that FBL˚rEs ex-
ists as well.

Therefore, we have reduced the problem to the following question:

Question 3.3.12. Does FBL˚rEs exists for every Banach space E containing an isometric 1-
complemented copy of ℓ1?

3.3.1 w˚-closures of sublattices

A possible approach to solve Question 3.3.12 is to better understand the process of generation of
FBL˚rEs from the Banach space E. This mechanism is clear for other related free objects, such as
the bidual (by Goldstine Theorem, the unit ball of E˚˚ can be seen as a suitable completion and
compactification of BE endowed with the weak topology induced by E), the free Banach lattice (the
process of constructing FVLrEs and completing it under the appropriate norm is well understood,
see for instance [11, 75, 121] or Sections 1.3 and 2.1) or even the free p-convex dual Banach lattice or
the free dual Banach lattice generated by a Banach space E that does not contain a complemented
copy of ℓ1 studied above, as they can be represented as the bidual of the corresponding free (p-
convex) Banach lattice.

From these examples we deduce that two main processes operate in the generation of FBL˚rEs

from E: lattice-linear expressions and w˚-limits. It is well known that in general lattice operations
on the dual of a Banach lattice are not weak* continuous, but there are some Banach lattices, such
as ℓ8, where the w˚-closure of any sublattice is again a sublattice (see the discussions [123, 124] on
https://mathoverflow.net/). Condition p4q in Proposition 3.3.9 shows that in the case that
concerns us the w˚-closure of the canonical copy of FBLrEs inside FBL˚rEs will not be a sublattice.
This motivates the following questions, which have interest on their own: given a subset of the dual
X˚ of a Banach lattice X, how many times can we iterate the operation of taking the sublattice
generated by the set and then its w˚-closure before it stabilizes on a w˚-closed sublattice of X˚?
How large can this sublattice be in terms of the original size (cardinality, character of density...) of
the generating set?

In this subsection we initiate a preliminary study of these problems and establish some partial
results that might help solve Question 3.3.12. The first thing that should be noted is that free
Banach lattices (or rather their duals) serve as a canonical model to tackle this problem. This does
not come as a surprise, as free objects usually can be used as model spaces for certain problems. Take
as an example the Complemented Subspace Problem for Banach lattices [69, Proposition 3.1] or
CpKq-spaces [19, Lemma, p. 247]: a Banach space E is isomorphic to a complemented subspace of a
Banach lattice (respectively, CpKq-space) if and only if it is complemented in FBLrEs (respectively,
CpBE˚q).

Proposition 3.3.13. Let X be a Banach lattice. Then, the operator pid
˚

X : X˚ Ñ FBLrXs˚ is a
weak*-to-weak* continuous interval preserving lattice isometric embedding and a homeomorphism
onto its image for the weak* topologies. In particular, for every A Ď X˚,

lat
´

pid
˚

XpAq

¯

“ pid
˚

XplatpAqq and pid
˚

XpAq
w˚

“ pid
˚

X

´

A
w˚

¯

.

https://mathoverflow.net/
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Proof. Given a Banach lattice X, we can consider the onto lattice homomorphism pidX : FBLrXs Ñ

X. By [114, Proposition II.2.5], pidX is also interval preserving, so by the Open Mapping Principle

(cf. [46, Exercise 2.49]) and [96, Theorem 1.4.19] pid
˚

X : X˚ Ñ FBLrXs˚ is a weak*-to-weak*

continuous interval preserving lattice isometric embedding. Moreover, pid
˚

XpX˚q is w˚-closed in

FBLrXs˚. Indeed, since pidXϕX “ idX , given a net px˚
αqα Ă X˚ such that pid

˚

Xx
˚
α

w˚

ÝÝÑ f˚ we have
that

pid
˚

Xx
˚
α “ pid

˚

Xϕ
˚
Xppid

˚

Xx
˚
αq

w˚

ÝÝÑ pid
˚

Xpϕ˚
Xf

˚q,

so the uniqueness of the limit implies that f˚ “ pid
˚

Xpϕ˚
Xf

˚q P pid
˚

XpX˚q. Finally, if we denote by

w˚|
pid

˚

XpX˚q
“ wpFBLrXs˚,FBLrXsq|

pid
˚

XpX˚q
we have that pid

˚

X : pX˚, w˚q Ñ ppid
˚

XpX˚q, w˚|
pid

˚

XpX˚q
q

is an homeomorphism. It is clearly continuous and invertible, so it suffices to check that it is open.
To do so, consider any w˚-open neighbourhood W “ tx˚ P X˚ : |x˚pxiq| ă ε, i “ 1, . . . , nu with
ε ą 0 and pxiq

n
i“1 Ă X, and observe that pidXϕXxi “ xi. Then

pid
˚

XpW q “ tf˚ P FBLrXs˚ : |f˚pϕXxiq| ă ε, i “ 1, . . . , nu X pid
˚

XpX˚q,

so the image by pid
˚

X of any w˚-open subset of X˚ is a w˚|
pid

˚

XpX˚q
-open subset of pid

˚

XpX˚q.

Therefore, given any A Ď X˚, we get that lat
´

pid
˚

XpAq

¯

“ pid
˚

XplatpAqq, since pid
˚

X is a lattice

homomorphism, and pid
˚

XpAq
w˚

“ pid
˚

X

´

A
w˚

¯

.

Next, we provide an example of a separable sublattice Z0 of an AL-space such that its w˚-closure
Z1 is not a sublattice, but the w˚-closure of the sublattice generated by Z1 is a w˚-closed sublattice
that is not w˚-separable.

Theorem 3.3.14. There exist a three level scattered compact Hausdorff space K and a sublattice
Z0 Ď CpKq˚ such that:

˝ Z0 is generated by a countable set of disjoint elements;

˝ Z1 :“ Z0
w˚

is not a sublattice;

˝ Z2 :“ latpZ1q
w˚

is a w˚-closed sublattice;

˝ Z2 is not w˚-separable.

Proof. Let tAαuαPΛ be an uncountable almost disjoint family of subsets of N, that is, a family such
that |Aα XAα1 | ă 8 for every α ‰ α1, and for every α P Λ, let Bα,0 and Bα,1 be disjoint subsets of
Aα such that Aα “ Bα,0YBα,1. Let K1 be the Mrowka–Isbell compact space induced by the familly
tAαuαPΛ as follows: in the ground (0) level we have a (discrete) copy of N, denoted by taiuiPN; in
the first level we have limit points taαuαPΛ equipped with a base of open neighbourhoods given by
the sets tai : i P Au Y taαu such that A Ď N differs from Aα in a finite quantity of elements; finally,
in the last level, we have the compactification by one point, say a8, of the above topological space.
Let K2 be the analogue construction, this time with the almost disjoint family tBα,γuαPΛ,γPt0,1u,
and denote by tbiuiPN, tbα,γuαPΛ,γPt0,1u and b8 the points in the level 0, 1 and 2, respectively. Define
K as the disjoint union of K1 and K2, and note that K is a scattered compact Hausdorff space, so
by [83, Section 2.8, Theorems 9 and 10] CpKq˚ “ ℓ1pKq “ spantδt : t P Ku, where δt denote the
evaluation functional in the point t P K.

Define Z0 :“ spantδai ` δbi : i P Nu Ď CpKq˚, which is a (norm) closed sublattice, as the

generating elements are pairwise disjoint (actually, Z0 is an isometric copy of ℓ1). Let Z1 :“ Z0
w˚

.
We claim that Z1 is not a sublattice of CpKq˚. Indeed, note that for any α P Λ and γ P t0, 1u,
δaα ` δbα,γ “ w˚ ´ limiPBα,γ pδai ` δbiq P Z1, since limiPBα,γ ai “ aα and limiPBα,γ bi “ bα,γ in K.



3.3.1 w˚-closures of sublattices 91

Therefore, δaα “ pδaα ` δbα,0q ^ pδaα ` δbα,1q P latpZ1q. However, δaα R Z1. To check this, note that
the function f “ χK1 ´ χK2 P CpKq defines a w˚-closed subspace rf s˝ :“ tµ P CpKq˚ : µpfq “ 0u

that contains Z0, and thus Z1, but δaα R rf s˝ as fpaαq “ 1.

Actually, we can show that

Z1 “ spantδai ` δbi , δaα ` δbα,γ , δa8 ` δb8
: i P N, α P Λ, γ P t0, 1uu. (3.10)

The inclusion (Ě) has already been proven above. In order to prove the reverse inclusion, denote by
Y the subspace in the right side of (3.10). It is clear that Z0 Ď Y . If we prove that Y is w˚-closed,
it would follow that Z1 Ď Y . Denote by fi “ χtaiu ´ χtbiu, i P N, fα “ χUα ´ χVα , α P Λ, and
f8 “ χK1 ´ χK2 , where Uα “ tai : i P Aαu Y taαu and Vα “ tbi : i P Aαu Y tbα,0, bα,1u. Note
that these functions are continuous on K, as they are combinations of characteristic functions over
clopens of K. We have

Y “

ˆ

č

iPN
rfis

˝

˙

X

ˆ

č

αPΛ

rfαs˝

˙

X rf8s˝.

The inclusion (Ď) is trivial. For the reverse inclusion, express an element µ P CpKq˚ “ ℓ1pKq as a
linear combination of the evaluation functionals

µ “
ÿ

iPN
priδai ` siδbiq `

ÿ

αPΛ

rαδaα `
ÿ

αPΛ,γPt0,1u

sα,γδbα,γ ` r8δa8 ` s8δb8

and note that if µ belongs to the set in the right side, then it follows that ri “ si for every i P N,
rα “ sα,0`sα,1 for every α P Λ and r8 “ s8, so µ P Y . Therefore, Y is the intersection of w˚-closed
subspaces, so it is w˚-closed, and thus Z1 Ď Y .

If we iterate a second time this process of taking the w˚-closure of the sublattice generated by

Z1 we obtain Z2 :“ latpZ1q
w˚

, which is already a sublattice. Actually, we claim that

Z2 “ spantδai ` δbi , δaα , δbα,γ , δa8 , δb8
: i P N, α P Λ, γ P t0, 1uu, (3.11)

so in particular it is a sublattice, as it is generated by disjoint elements. The inclusion (Ě) is clear,
since δaα , δbα,γ P latpZ1q and δa8 and δb8

can be obtained through appropriate w˚-limits of these
elements. For the reverse inclusion, we can proceed as above to show that the space in the right
side of the identity coincides with the w˚-closed space

Ş

iPNrfis
˝.

Finally, we show that Z2 is not w˚-separable. Assume there exists a countable w˚-dense subset
tµju

8
j“1 Ď Z2. Each µ P Z2 can be expressed as a linear combination

µ “
ÿ

iPN
ripδai ` δbiq `

ÿ

αPΛ

rαδaα `
ÿ

αPΛ,γPt0,1u

sα,γδbα,γ ` r8δa8 ` s8δb8

with at most a countable quantity of non zero-coefficients. Therefore, the union of the supports
of the µj is countable, so there exists some α0 P Λ such that aα0 , bα0,0, bα0,1 do not belong to
this set. It follows that the function fα0 “ χUα0

´ χVα0
, with Uα0 “ tai : i P Aα0u Y taα0u and

Vα0 “ tbi : i P Aα0u Y tbα0,0, bα0,1u, satisfies that µjpfα0q “ 0 for every j but δaα0
pfα0q “ 1, so

δaα0
P Z2ztµjuj

w˚

.

We can use this example to show the following:

Corollary 3.3.15. Assume FBL˚rℓ1s exists. Then, it is not w˚-separable.

Proof. Let us consider the map T : ℓ1 Ñ Z0 Ď CpKq˚ given by Tx “ 1
2

ř8
i“1 xipδai ` δbiq for every

x “ pxiq
8
i“1 P ℓ1, which is actually a lattice isometric embedding. In particular, BZ0 “ T pBℓ1q. We
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will show that Z2 Ď Ť pFBL˚rℓ1sq. Using (3.10) it is easy to check that BZ1 “ BZ0

w˚

. Therefore,

for every µ P BZ1 there exists a net pxσqσ Ď Bℓ1 such that Txσ
w˚

ÝÝÑ µ. We can substract a net
pxτ qτ Ď pxσqσ such that ιℓ1xτ w

˚-converges to some z˚ P BFBL˚rℓ1s. It follows that Ť z˚ “ µ,

so BZ1 Ď Ť pBFBL˚rℓ1sq. For each α P Λ and γ P t0, 1u, let z˚
α,γ P 2BFBL˚rℓ1s such that Ť z˚

α,γ “

δaα ` δbα,γ , and consider y˚
α “ z˚

α,0 ^ z˚
α,1 P 2BFBL˚rℓ1s and y˚

α,γ “ z˚
α,γ ´ y˚

α P 2BFBL˚rℓ1s. It follows

that δaα “ Ť y˚
α and δbα,γ “ Ť y˚

α,γ . Extracting w˚-convergent subnets of py˚
αqαPΛ and py˚

α,γqαPΛ,γPt0,1u

we get that δa8 , δa8 P 2Ť pBFBL˚rℓ1sq. Using (3.11) we conclude that BZ2 Ď 2Ť pBFBL˚rℓ1sq, so

Z2 Ď Ť pFBL˚rℓ1sq. Since Z2 is not w˚-separable and Ť is weak*-to-weak* continuous, it follows
that FBL˚rℓ1s is not w˚-separable either.

The previous result opens some possible paths towards proving that FBL˚rℓ1s does not exist. One
would be showing by other methods that FBL˚rℓ1s has to be w˚-separable, yielding a contradiction.
This is a reasonable claim, as the weak* topology of FBL˚rℓ1s has to be generated somehow by ℓ1,
which is separable. Moreover, the assertion is true in similar contexts: if E is separable, FBLprEs

is separable by [103, Proposition 9.4], so FBLprEs˚˚ is w˚-separable. Therefore, the free p-convex
dual Banach lattice over a separable Banach space (p ą 1) and the free dual Banach lattice over a
separable Banach space that does not contain a complemented copy of ℓ1 are w˚-separable. Another
approach would be to keep investigating w˚-closures of sublattices, seeking for countable sets that
could generate arbitrarily big w˚-closed sublattices. If this could be done in such a way that the
extension argument above could be reproduced to show that the range of certain extension operators
on FBL˚rℓ1s contain these large sublattices, we would get a contradiction, as the cardinality and
the character of w˚-density of FBL˚ℓ1 must be bounded. Further research need to be done in both
directions.

3.4 Free duals of AL-spaces

The results from the previous section can be adapted to the context of AM-spaces with order
unit, that is, AM-spaces satisfying that there exists an element e P X` such that r´e, es “ BX .
This element is unique whenever it exists, so we will refer to it as the order unit of the AM-space
X throughout this section. Recall that by Kakutani’s Representation Theorem (cf. [96, Theorem
2.1.3]), AM-spaces with order unit are in correspondence with CpKq-spaces. In this setting, we can
define the following category, denoted AL˚. On the one hand, the objects of AL˚ are AM-spaces
which are duals of Banach lattices. This a priori general assumption is actually quite informative.
Indeed, by [96, Proposition 1.4.7], X˚ is an AM-space and the dual of a Banach lattice X if and
only if X is an AL-space, and this in turn implies that X˚ must have an order unit e P X˚

` such that
the norm in X˚ coincides with the order unit norm ∥¨∥e (equivalently, r´e, es “ BX˚). This is why
we have chosen to denote the category by AL˚, as the objects are duals of AL-spaces. Even more,
making use of Kakutani’s and Dixmier’s Theorems (cf. [96, Theorems 2.1.3 and 2.1.7]), an object
is in AL˚ if and only if it can be identified with a dual CpKq-space, and these are precisely the
CpKq-spaces with K hyper-stonean (see [40, Theorem 6.4.1] for a complete characterization of this
property). On the other hand, the morphisms of the category AL˚ are weak*-to-weak* continuous
lattice homomorphisms that preserve the order unit, meaning that normalized morphisms send the
order unit of the domain to the order unit of the image.

As AM-spaces are in particular 8-convex, an analogue of Remark 3.3.1 holds for the category
AL˚. It should also be checked that J˚

X preserves the order unit, but this is a consequence of the
equality J˚

XJX˚ “ idX˚ , together with the simple fact that if e is the order unit of the AM-space
X˚, then JX˚e is the order unit of X˚˚˚. Thus, we can state a version of Proposition 3.3.2 in this
new setting. The proof is essentially the same, so we omit the details.
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Proposition 3.4.1. Let E be a Banach space. Then, for every object X˚ in AL˚ and every
operator T : E Ñ X˚ there exists a unique weak*-to-weak* continuous lattice homomorphism
Ť : CpBE˚q˚˚ Ñ X˚, such that Ť JCpBE˚ qδE “ T and Ť JCpBE˚ q1E˚ “ ∥T∥ eX˚, where 1E˚ is the

constant function on BE˚ and eX˚ is the order unit of X˚. Moreover, ∥Ť∥ “∥T∥.

Proof. Since clearly CpBE˚q˚˚ is an object of AL˚, it suffices to consider the following commutative
diagram, where rT is the extension of T to CpBE˚q given by Theorem 3.2.8:

CpBE˚q˚˚
rT˚˚
// X˚˚˚

J˚
X

��

CpBE˚q
rT //

JCpB
E˚ q

OO

X˚

E

T

88

δE

OO

The rest of the proof is similar to the one in Proposition 3.3.2.

To finish this section, let us focus on the relation between CpBE˚q and FBL8rEs, which can
be represented as CphpBE˚q in a canonical way [103, Proposition 2.2]. These Banach lattices are
never lattice isomorphic. Indeed, CpBE˚q always has an order unit, while in FBL8rEs this only
happens when E has finite dimension [103, Proposition 9.1]. In that case, FBL8rEs is lattice
isometric to CpSE˚q, which by Banach–Stone’s Theorem can never be lattice isomorphic to CpBE˚q

(cf. [96, Corollary 3.2.11]). Neither can FBL8rEs be complemented in CpBE˚q by means of a
positive projection when E has infinite dimension: if there was such a positive projection P :

CpBE˚q Ñ CpBE˚q over FBL8rEs ” CphpBE˚q, it would follow that P1E˚ should be an order unit
of FBL8rEs, which by [103, Proposition 9.1] is not possible.

The latter situation no longer holds when we compare the bidual spaces instead: FBL8rEs˚˚

is complemented in CpBE˚q˚˚ with a positive and contractive projection. This can be seen as
a consequence of the general fact that every Dedekind complete AM-space is injective (cf. [96,
Theorem 3.2.4]), since every dual of a Banach lattice is Dedekind complete. Nevertheless, in this
particular situation we have a canonical construction of the projection, and moreover, it is a lattice
homomorphism.

Proposition 3.4.2. Let KE “ JFBL8rEsϕE denote the canonical embedding of E into FBL8rEs˚˚

and ǨE : CpBE˚q˚˚ Ñ FBL8rEs˚˚ the extension of KE given by Proposition 3.4.1. Then the
operator pδ˚˚

E ǨE : CpBE˚q˚˚ Ñ CpBE˚q˚˚ is a contractive lattice projection over FBL8rEs˚˚,

where pδE is the canonical embedding of FBL8rEs into CpBE˚q given by the restriction to BE˚.

Proof. It is clear that pδ˚˚
E : FBL8rEs˚˚ Ñ CpBE˚q˚˚ is a lattice isometric embedding. From the

following commutative diagram,

FBL8rEs˚˚
pδ˚˚
E // CpBE˚q˚˚ ǨE // FBL8rEs˚˚

FBL8rEs

JFBL8rEs

OO

pδE // CpBE˚q

JCpB
E˚ q

OO

FBL8rEs

JFBL8rEs

OO

E

ϕE

gg

δE

OO

ϕE

77

it is clear that
ǨE

pδ˚˚
E KE “ ǨEJCpBE˚ q

pδEϕE “ ǨEJCpBE˚ qδE “ KE .
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By the uniqueness of extension of KE to FBL8rEs˚˚ established in Proposition 3.3.2, we conclude
that ǨE

pδ˚˚
E must be the identity on FBL8rEs˚˚, so the result follows.

Remark 3.4.3. Note that pδ˚˚
E is an embedding, but it is never surjective. Indeed, if pδ˚˚

E were a
surjective isomorphism, since it is also a lattice homomorphism, it would preserve the order unit.
Let us denote by e the order unit of FBL8rEs˚˚. Then, pδ˚˚

E e is also an order unit in CpBE˚q˚˚, so

there exists some λ ě 0 such that JCpBE˚ q1E˚ ď λpδ˚˚
E e. In particular, evaluating both elements in

the evaluation functional δ0 P CpBE˚q˚ we obtain that

1 “ 1E˚p0q “ δ0p1E˚q “ JCpBE˚ q1E˚pδ0q

ď pλpδ˚˚
E eqpδ0q “ λeppδ˚

Eδ0q “ λepp0q “ λep0q “ 0,

where we have used that pδ˚
Eδx˚ “ xx˚ for every x˚ P BE˚ and that p0, the extension of the null

functional 0 P E˚ to FBL8rEs as a lattice homomorphism, is the null functional 0 P FBL8rEs˚.
This leads us to a contradiction, so pδ˚˚

E cannot be an onto isomorphism.

3.5 Order weakly compact operators

Recall that an operator T from a Banach lattice X to a Banach space E is order weakly compact if
T r0, xs is relatively weakly compact for every x P X`. In particular, every operator defined on an
order continuous Banach lattice is order weakly compact, as every order interval is weakly compact
(see [96, Theorem 2.4.2]). An operator T : E Ñ F is said to preserve a copy of G0 if there is
a subspace G Ď E isomorphic to G0 such that T |G is an isomorphism. It is said to preserve a
copy of G0 complementably if, moreover, T pGq is complemented in F (in particular, G must be
complemented in E).

The following is a well-known fact:

Lemma 3.5.1. Let X be a Banach lattice. The following are equivalent:

(1) X contains ℓ1 as a complemented subspace.

(2) X contains ℓ1 as a sublattice.

(3) X˚ is not order continuous.

Proof. Note that by [23, Theorem 4] X contains ℓ1 as a complemented subspace if and only if
X˚ contains c0 as a subspace. By [95, Corollary I.8], this is equivalent to X˚ containing c0 as a
sublattice, which at the same time is equivalent to X containing ℓ1 as a sublattice or X˚ not being
order continuous [96, Theorem 2.4.14].

The equivalence of the first two conditions is also folklore, but we include a proof for the sake of
completeness.

Proposition 3.5.2. Let E be a Banach space, X a Banach lattice, and T : E Ñ X an operator.
The following are equivalent:

(1) T does not preserve a copy of ℓ1 complementably,

(2) T ˚ is order weakly compact,

(3) T̂ does not preserve a copy of ℓ1 complementably,

(4) T̂ ˚ is order weakly compact.
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Proof. p1q ñ p2q By [58, Theorem I.6], there exist a Banach lattice Y not containing a comple-
mented copy of ℓ1 and operators R : E Ñ Y and S : Y Ñ X such that T “ SR and S is an interval
preserving lattice homomorphism. By Lemma 3.5.1 it follows that Y ˚ has order continuous norm.
Since T ˚ “ R˚S˚ factors through Y ˚ and S˚ is interval preserving, T ˚ is order weakly compact.

p2q ñ p1q Suppose that T ˚ is order weakly compact but T preserves a copy of ℓ1 complementably.
By [5, Theorem 5.58], T ˚ factors through an order continuous Banach lattice Y . On the other hand,
T ˚ preserves a copy of ℓ8 [96, Theorem 5.1.6], so in particular Y must contain a copy of ℓ8. The
results contained in [96, Section 5.1] yield a contradiction: ℓ8 cannot have property (u), but on the
other hand every Banach lattice with order continuous norm has property (u), and so it does every
closed subspace of a Banach space with property (u).

p3q ô p4q Apply the previous implications to T̂ instead of T .

p1q ñ p4q By [58, Theorem I.6] T factors through a Banach lattice Y not containing a comple-
mented copy of ℓ1, so that we can consider the following commutative diagram.

FBLrEs
R // FBLrY s

Ŝ

��

Y
S

$$

ϕY
::

E

ϕE

OO

R

::

T
// X

Note that since R and Ŝ are lattice homomorphisms, the uniqueness of extension of T to FBLrEs

implies that T̂ “ ŜR. On the other hand, from [103, Theorem 9.18] it follows that FBLrY s does
not contain ℓ1 as a sublattice, and thus FBLrY s˚ has order continuous norm by Lemma 3.5.1.
In particular, R

˚
: FBLrY s˚ Ñ FBLrEs˚ is order weakly compact [96, Theorem 2.4.2]. Since Ŝ

is a lattice homomorphism, [96, Theorem 1.4.19] implies that Ŝ˚ is interval preserving, so we can
conclude that T̂ ˚ “ R

˚
Ŝ˚ is order weakly compact.

p4q ñ p2q It is straightforward, since T ˚ “ ϕ˚
ET̂

˚ and ϕ˚
E is weak-to-weak continuous.

As a consequence, we can add another property to the dictionary of equivalences between prop-
erties of operator T between Banach spaces and properties of the corresponding extensions T
established in [103, Proposition 3.2].

Corollary 3.5.3. Let E and F be Banach spaces. Then, an operator T : E Ñ F does not preserve
a copy of ℓ1 complementably if and only if T : FBLrEs Ñ FBLrF s does not preserve a copy of ℓ1
complementably.

Proof. The necessary implication follows from Proposition 3.5.2 and the fact that ϕFT does not
preserve a copy of ℓ1 complementably either.

To show the reverse implication, assume that T preserves a copy of ℓ1 complementably. Using
the properties of the extension T included in [103, Section 3] it can be easily seen that T preserves
a lattice copy of FBLrℓ1s lattice complementably. Since FBLrℓ1s contains ℓ1 as a complemented
sublattice [103, Theorem 9.20], it follows that T preserves a copy of ℓ1 complementably.
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3.6 An application of free Banach lattices to norm attaining lattice
homomorphisms

We end this chapter with an application of free (8-convex) Banach lattices to the general theory
of Banach lattices, more specifically, to the problem of determining when a lattice homomorphism
attains its norm. We say that a linear functional x˚ : E Ñ R is norm-attaining if there exists an
element x P BE such that x˚pxq “ }x˚}. The study of norm-attaining functionals in Banach spaces
has provided profound results, such as James’ Theorem [73], which characterizes reflexive Banach
spaces as those Banach spaces such that all their functionals attain their norm.

Banach lattices have a richer structure that allows us to study the norm attainment of positive
functionals and lattice homomorphisms as well. For instance, recently there has been an increasing
interest in the study of positive functionals, see for example [1], [92] or [104], and in the setting
of lattice homomorphisms, with contributions such as [42] and [27]. It is worth mentioning that
free Banach lattices have a prominent role in the lattice homomorphism version of the problem.
For instance, in [42] the authors use free Banach lattices to provide the first example of a lattice
homomorphism that does not attain its norm.

In this section, we will focus on lattice homomorphisms on AM-spaces. It is clear that every
lattice homomorphism on a CpKq-space attains its norm at the constant 1 function 1. However, if
we enlarge the class and consider AM-spaces instead, the situation is not as straightforward, as we
can no longer assume the existence of an order unit. Theorem 3.6.2 establishes that, despite this,
every lattice homomorphism on an AM-space also attains its norm. In [27] two very different proofs
of this fact are presented. In this section, we present what was (chronologically) the first one. Even
though it uses some advanced tools from the theory of free Banach lattices, in contrast with the
proof presented in [27, Theorem 4.3], which is much more elementary, it has interest on its own, as
it illustrates how free Banach lattices can sometimes enlighten the way for solving general Banach
lattice questions. We need first the following auxiliary lemma.

Lemma 3.6.1. Let 1 ď p ď 8 and let X be a p-convex Banach lattice with p-convexity constant 1. If
every lattice homomorphism of FBLprXs is norm-attaining, then so is every lattice homormorphism
of X.

Proof. Let x˚ : X Ñ R be a lattice homomorphism such that }x˚} “ 1. If ϕX denotes the canonical
isometric embedding of X into FBLprXs, the universal property of FBLprXs ensures the existence
of a unique lattice homomorphism pidX : FBLprXs Ñ X satisfying pidXϕX “ idX and such that
}pidX} “ 1.

If every lattice homomorphism of FBLprXs is norm-attaining, then, in particular, there exists
f P BFBLprXs such that xx˚pfq “ 1. Now, consider x˚ ˝ pidX , which is a lattice homomorphism of

FBLprXs. Since xx˚ and x˚ ˝ pidX are both lattice homomorphisms of FBLprXs which agree on
ϕXpXq, then, in fact, xx˚ “ x˚ ˝ pidX . In particular,

1 “ xx˚pfq “ px˚ ˝ pidXqpfq “ x˚ppidXfq,

and, as pidXf P BX , this shows that x˚ is norm-attaining.

Theorem 3.6.2. Every lattice homomorphism on an AM-space attains its norm.

Proof. To show that every lattice homomorphism on an AM-space attains its norm, we will check
the following statements:

(1) Every lattice homomorphism of FBL8rℓ2s attains its norm.
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(2) Given any separable Banach space E, every lattice homomorphism of FBL8rFBL8rEss attains
its norm.

(3) Given any separable Banach space E, every lattice homomorphism of FBL8rEs attains its
norm.

(4) Given any Banach space E, every lattice homomorphism of FBL8rEs attains its norm.

(5) Every lattice homomorphism of an AM-space attains its norm.

p1q Observe that since ℓ2 is reflexive then, by James’ Theorem, all its functionals are norm-attaining.
As the lattice homomorphisms of FBL8rℓ2s are of the form xx˚, for some x˚ P ℓ2 (and are defined
by xx˚pfq “ fpx˚q), this shows that every lattice homomorphism of FBL8rℓ2s attains its norm.

p2q If E is a separable Banach space, then FBL8rEs is a separable AM-space. By [86, Theorem 2],
FBL8rEs has a monotone Schauder basis, so by [103, Theorem 10.24] FBL8rFBL8rEss is lattice
isometric to FBL8rℓ2s and the conclusion follows from p1q.

p3q Since FBL8rEs is an AM-space (8-convex with constant 1), this implication is an immediate
consequence of Lemma 3.6.1 and p2q.

p4q Let E be an arbitrary Banach space. Let xx˚ be a lattice homomorphism of FBL8rEs such that
}xx˚} “ }x˚} “ 1. There is a sequence pxnqn Ď BE such that x˚pxnq Ñ 1 as n Ñ 8. We define

F :“ span
␣

xn : n P N
(

,

which is a separable subspace of E. By [103, Proposition 3.10], the mapping ι : FBL8rF s Ñ

FBL8rEs (where ι : F ãÑ E is the canonical inclusion of F into E as a subspace) is a lattice
isometric embedding.

Now observe that y˚ “ xx˚|ιpFBL8rF sq is a norm-one lattice homomorphism of ιpFBL8rF sq. Indeed,
for every n P N we have

y˚pιδxnq “ xx˚pιδxnq “ xx˚pδxn ˝ ι˚q “ pδxn ˝ i˚qpx˚q “ δxnpι˚x˚q “ ι˚x˚pxnq “ x˚pιxnq “ x˚pxnq.

Since F is separable, we know by p3q that every lattice homomorphism of FBL8rF s attains its norm,
and as ι is a lattice isometry, y˚ is norm-attaining. That is, there is f P ιpFBL8rF sq Ď FBL8rEs,
}f} “ 1 such that y˚pfq “ 1. Thus, xx˚ also attains its norm at f .

p5q It follows directly from the above and the preceding lemma.





Chapter 4

Interpolation and extrapolation of spaces of positively

homogeneous functions

The families of free p-convex Banach lattices over a Banach space E and the corresponding spaces
HprEs that contain them, with p ranging from 1 to 8, are ordered by inclusion. This nice property
motivates the study of the interpolation and extrapolation spaces that these families generate, to
which this chapter is dedicated. It is based on:

[55] E. Garćıa-Sánchez, P. Tradacete, Interpolation and extrapolation of spaces of positively homo-
geneous functions. In preparation.

Recall from Section 1.3 that given a Banach space E we denote by HrEs the space of positively
homogeneous functions from E˚ to R, and for f P HrEs we define the norms

}f}HprEs :“ sup

"ˆ m
ÿ

i“1

|fpx˚
i q|p

˙

1
p

: m P N, px˚
i qmi“1 Ď E˚, sup

xPBE

ˆ m
ÿ

i“1

|x˚
i pxq|p

˙

1
p

ď 1

*

“ sup
␣

}pfpx˚
i qqmi“1}ℓmp : m P N, px˚

i qmi“1 Ď E˚, sup
xPBE

}px˚
i pxqqmi“1}ℓmp ď 1

(

for 1 ď p ă 8, and
}f}H8rEs :“ sup

x˚PBE˚

|fpx˚q|

for p “ 8 (we will simply put }f}Hp when there is no risk of confusion) and the Banach lattices

HprEs :“ tf P HrEs : }f}Hp ă 8u,

which are p-convex with constant 1 and contain an isometric representation of FBLprEs. If we
consider instead the expression

}f}Hp,8rEs :“ sup
␣

}pfpx˚
i qqmi“1}ℓmp,8 : m P N, px˚

i qmi“1 Ď E˚, sup
xPBE

}px˚
i pxqqmi“1}ℓmp,8 ď 1

(

,

where
}paiq

m
i“1}ℓmp,8 :“ sup

A‰∅
|A|

1
p

´1
ÿ

iPA

|ai|

is the norm of the m-dimensional weak-Lp space ℓmp,8, we obtain the Banach lattice Hp,8rEs, which
satisfies an upper p-estimate with constant 1 and contains an isomorphic copy of the free Banach
lattice with upper p-estimates over E, denoted FBLp,8rEs (see Chapter 2).

Motivated by their connection to free Banach lattices, the spaces HprEs, which can also be
understood as spaces of non-linear p-summing maps from E˚ into R, were studied recently in [84].
In this work, the authors study the lattice homomorphisms between HprEs spaces and characterize

99
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some properties of the generating Banach space E such as finite dimension or reflexivity in terms
of the inclusions between some distinguished sublattices of HprEs.

Another direction of study consist in relating concavity and convexity properties of the Banach
space E, such as type and cotype, with inclusions of certain sublattices of HrEs [75, 103]. This was
initiated in [75, Section 7], where the authors introduced for every 1 ď p, q ď 8 and f P HrEs the
norm

}f}Hp;qrEs :“ sup

"ˆ m
ÿ

i“1

|fpx˚
i q|p

˙

1
p

: m P N, px˚
i qmi“1 Ď E˚, sup

xPBE

ˆ m
ÿ

i“1

|x˚
i pxq|q

˙

1
q

ď 1

*

“ sup
␣

}pfpx˚
i qqmi“1}ℓmp : m P N, px˚

i qmi“1 Ď E˚, sup
xPBE

}px˚
i pxqqmi“1}ℓmq ď 1

(

,

(when p or q are infinite, replace the respective sum by a supremum) and the Banach lattice

Hp;qrEs “

!

f P HrEs : }f}Hp;q ă 8

)

(if q “ 8, do not mistake Hp;8rEs with Hp,8rEs introduced

above). When p “ q, we recover } ¨ }HprEs and HprEs. These norms generalize the pp, qq-summing
norms to the context of non-linear positively homogeneous functions. In [75] the authors study the
hierarchy of inclusions of these spaces and show that under certain convexity hypothesis on E (E˚

having finite cotype) some of these norms are isomorphically equivalent.

In this chapter, we study the family of spaces of positively homogeneous functions from the point
of view of interpolation and extrapolation theory. We will start reviewing some basic interpolation
and extrapolation methods, as well as some known facts concerning the spaces Hp;qrEs.

Next, Section 4.2 will be devoted to the study of the interpolation spaces that lie between H1rEs

and H8rEs. After generalizing a result from Miyazaki [98] about the real interpolation of linear
pp, qq-summing operators to the setting of non-linear positively homogeneous functions, we focus
on the Calderón–Lozanovskii method, which is exclusive for compatible pairs of Banach lattices.
We show that the Calderón–Lozanovskii space Hp0rEs1´θH8rEsθ, which can be seen as the 1

1´θ -
convexification of Hp0rEs, lies between Hpθ rEs and Hpθ;p0rEs, with pθ “

p0
1´θ (Theorem 4.2.7),

and show that these inclusions are strict in general and Hp0rEs1´θH8rEsθ is not in general an
Hp;q-space.

Finally, in Section 4.3 we show that Hp;qrEs can be recovered from a suitable family of Hs;trEs

spaces using the ∆-method of extrapolation (see Theorem 4.3.1). In particular, HprEs can be
computed applying the ∆ method to the family pHsrEsqsąp. We also provide examples where some
inclusions betweenHp;q-spaces are strict. We conclude the chapter applying the results from Sections
4.2 and 4.3 to show that all the inclusions between spaces Hp;qrℓ1s are strict (see Proposition 4.3.5).

4.1 Preliminaries

We start this section recalling some basic notions from interpolation theory, adapted to the setting
of Banach lattices. We will be using the notation and terminology from [21]. A pair of Banach spaces
pX0, X1q is called a compatible couple of Banach spaces if there exists an ambient topological vector
space U and linear continuous injections ij : Xj Ñ U , j “ 0, 1. A pair of Banach lattices pX0, X1q

is called a compatible couple of Banach lattices if the space U can be chosen to be a uniformly
complete vector lattice and the maps ij are interval preserving lattice homomorphisms. Given a
compatible pair of Banach spaces (respectively, lattices) pX0, X1q, we can define the sum

X0 `X1 :“ tx0 ` x1 P U : xj P Xj , j “ 0, 1u

endowed with the norm
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}x}X0`X1
:“ inft}x0}X0 ` }x1}X1

: x “ x0 ` x1, xj P Xj , j “ 0, 1u,

and the intersection
X0 XX1 :“ tx P X0 `X1 : x P Xj , j “ 0, 1u

endowed with the norm
}x}X0XX1

:“ maxt}x}X0 , }x}X1u.

Both are Banach spaces (respectively, lattices) such that X0 X X1 Ď Xj Ď X0 ` X1, j “ 0, 1 with
contractive (respectively, contractive interval preserving lattice) inclusions.

The real method of interpolation is constructed as follows. Let pX0, X1q be a compatible pair of
Banach spaces (respectively, lattices). Given t ą 0 and x P X0 `X1, we define the K-functional

Kpt, xq ” Kpt, x;X0, X1q :“ inft}x0}X0 ` t}x1}X1
: x “ x0 ` x1, xj P Xj , j “ 0, 1u,

and consider for every 0 ă θ ă 1 and 1 ď q ď 8 the expression

}x}θ,q :“

ˆ
ż 8

0
pt´θKpt, xqqq

dt

t

˙
1
q

and the Banach space (respectively, lattice)

pX0, X1qθ,q :“ tx P X0 `X1 : }x}θ,q ă 8u.

Then, p¨, ¨qθ,q is an exact interpolation functor of exponent θ, that is:

X0 XX1 Ď pX0, X1qθ,q Ď X0 `X1

with continuous (respectively, contractive interval preserving lattice) inclusions, and for every com-
patible pair of Banach spaces pY0, Y1q and operator T : X0`X1 Ñ Y0`Y1 such that T |Xj

: Xj Ñ Yj
is bounded, j “ 0, 1, it follows that T |pX0,X1qθ,q

: pX0, X1qθ,q Ñ pY0, Y1qθ,q is bounded with norm

}T |pX0,X1qθ,q
} ď }T |X0}1´θ}T |X1}θ.

The Calderón–Lozanovskii construction was introduced by Calderón [31] for Banach lattices of
functions, and later generalized to arbitrary Banach lattices by Lozanovskii (see [90, 91] for details).
Given a compatible pair of Banach lattices pX0, X1q and 0 ă θ ă 1, the space X1´θ

0 Xθ
1 is defined

via Krivine’s functional calculus as

X1´θ
0 Xθ

1 :“ tx P X0 `X1 : |x| ď λ|x0|1´θ|x1|θ, λ ě 0, xj P BXj , j “ 0, 1u,

with the norm
}x}X1´θ

0 Xθ
1

:“ inftλ : |x| ď λ|x0|1´θ|x1|θ, xj P BXj , j “ 0, 1u.

In general, the process described above does not provide an interpolation space, but X1´θ
0 Xθ

1 is
always an intermediate space between X0 and X1, that is, a Banach lattice such that

X0 XX1 Ď X1´θ
0 Xθ

1 Ď X0 `X1

with continuous interval preserving lattice inclusions.

The idea behind extrapolation theory is the opposite of that of interpolation (see for instance
[97]). Our starting point is a family of Banach spaces (respectively, lattices) pXθqθPΘ that are strongly
compatible, i.e., there exist Banach spaces (respectively, lattices) ∆X and ΣX such that ∆X Ď Xθ Ď

ΣX for every θ P Θ with continuous (respectively, contractive interval preserving lattice) inclusions.
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If pXθqθPΘ and pYθqθPΘ are two extrapolation families, an operator T : pXθqθPΘ Ñ pYθqθPΘ will refer
to a map T : ΣX Ñ ΣY such that T |Xθ

: Xθ Ñ Yθ is uniformly bounded for every θ P Θ. In this
setting, X and Y are called extrapolation spaces (with respect to the families pXθqθPΘ and pYθqθPΘ)
if ∆X Ď X Ď ΣX , ∆Y Ď Y Ď ΣY , and T |X : X Ñ Y is bounded for every T : pXθqθPΘ Ñ pYθqθPΘ.

In this chapter, we will only study one of the simplest extrapolation methods, the ∆ method.
This method can be applied to families pXθqθPΘ such that the norms of the inclusions ∆X Ñ Xθ

are uniformly bounded in θ P Θ. If this is the case, we define

∆
θPΘ

pXθq :“

"

x P
č

θPΘ

Xθ : }x}∆pXθq :“ sup
θPΘ

}x}Xθ
ă 8

*

.

We next review how the spaces Hp;qrEs are ordered with respect to inclusion. The first thing
that should be noted is that if p ă q, then Hp;qrEs “ t0u (see [75, Lemma 7.2]), so we will always
assume that pp, qq P T :“ tpp, qq : 1 ď q ď p ď 8u. Another trivial observation is that

Hp;q1rEs Ď Hp;q0rEs

with norm 1 inclusion (equivalently, }f}Hp;q1
ě }f}Hp;q0

for every f P HrEs) whenever 1 ď q0 ď

q1 ď p ď 8. This is just a consequence of the fact that ℓq0 is contained contractively in ℓq1 . In
particular, it follows that

H8;qrEs “ H8rEs

isometrically for every 1 ď q ă 8. Indeed, one inclusion was already established, and it is clear that
}f}H8

ď }f}Hp;q for every 1 ď p, q ď 8. Regarding the space H8rEs, it should be noted that it can
be identified isometrically with ℓ8pSE˚q via the operator of restriction to SE˚ , so that the norm
on E˚ corresponds to the order unit (see [84, Section 3]). It is also true [75, Proposition 7.3] that
if ppj , qjq P T , j “ 0, 1, satisfy p1 ď p0, q1 ď q0 and 1

q1
´ 1

p1
ď 1

q0
´ 1

p0
, then }f}Hp0;q0

ď }f}Hp1;q1
.

We can summarize all as follows:

Proposition 4.1.1. Let ppj , qjq P T , j “ 0, 1, be such that p1 ď p0 and 1
q1

´ 1
p1

ď 1
q0

´ 1
p0
. Then

}f}Hp0;q0
ď }f}Hp1;q1

. In particular,

Hp1;q1rEs Ď Hp0;q0rEs.

1
p

1

1
q

1

0

( 1
p ,

1
q )

L(p, q)U(p, q)

Figure 4.1: Representation of the sets Upp, qq (dark gray) and Lpp, qq (light gray) in the square
r0, 1s2 (via the transformation pp, qq Ñ p1p ,

1
q q).
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Given pp, qq P T , let us denote by Upp, qq :“ tpp1, q1q P T : p1 ě p, 1
q1 ´ 1

p1 ě 1
q ´ 1

pu and

Lpp, qq :“ tpp1, q1q P T : p1 ď p, 1
q1 ´ 1

p1 ď 1
q ´ 1

pu (see Figure 4.1). Then the previous result can be

understood as follows: if pp1, q1q P Upp, qq, then Hp;qrEs Ď Hp1;q1rEs with norm 1 inclusion for every
Banach space E; conversely, if pp1, q1q P Lpp, qq, then Hp;qrEs Ě Hp1;q1rEs with norm 1 inclusion
for every Banach space E. Moreover, putting p “ q we obtain that the spaces HprEs are ordered
by inclusion, being H1rEs the smallest and H8rEs the largest. Finally, it was established in [75,
Proposition 7.4] that if E˚ has finite cotype r ě 2, then

Hp;qrEs “ H8rEs

with equivalence of norms for every pp, qq P T with 1
q ´ 1

p ě 1 ´ 1
r .

4.2 Interpolation of Hp;q-spaces

The aim of this section is to study the spaces of positively homogeneous functions over the dual of
a Banach space E using interpolation tools. As we mentioned earlier, the families pFBLprEsq1ďpď8

of free Banach lattices and pHprEsq1ďpď8 of Banach lattices of non-linear p-summing functions are
ordered by inclusion. Therefore, any pair of spaces of these families would immediately satisfy the
definition of a compatible pair of Banach spaces, taking FBL8rEs or H8rEs as an ambient space.
However, we would like to preserve the Banach lattice structure of these spaces while interpolating,
so we also need the inclusions to be interval preserving lattice homomorphisms. In general, it is
not true that the inclusion from FBLprEs into FBLqrEs with p ă q is interval preserving (see for
instance Theorem 4.3.2, where we show that for certain Banach spaces E, there exist elements x P E
such that the order interval generated by |δx| in FBLprEs and FBLqrEs for p ă q do not agree),
so the family pFBLprEsq1ďpď8 is not suitable for Banach lattice interpolation. On the other hand,
the spaces HprEs are ideals in HrEs, so the corresponding inclusions are interval preserving lattice
homomorphisms. This makes the family pHprEsq1ďpď8 more adequate for our purposes. Moreover,
since FVLrEs lies in HprEs for every p, it will also be contained in any intermediate space that
we generate. Therefore, the closure of FVLrEs in each intermediate space will also provide an
interesting space to study.

Once this has been clarified, it should be noted that when E is finite-dimensional, the task of dis-
tinguishing the intermediate spaces between H1rEs and H8rEs (or any other pair pHp0rEs, Hp1rEsq

with 1 ď p0 ă p1 ď 8) becomes trivial, as they are all isomorphic.

Proposition 4.2.1. Let E be a finite-dimensional Banach space. Then H1rEs “ H8rEs lattice
isomorphically. In particular, any intermediate Banach lattice between H1rEs and H8rEs is lattice
isomorphic to H8rEs.

Proof. By [84, Theorem 3.5], if E is finite-dimensional we have that for every 1 ď p ă 8 the space
HprEs coincides as a set with H8rEs. Actually, the authors show that HprEs “ IrEs, where IrEs

denotes the ideal in HrEs generated by ϕEpEq, but it is straightforward to see that }¨}, the norm on
E˚, belongs to IrEs (every norm on a finite-dimensional Banach space is equivalent to the ℓ8 norm
of the corresponding dimension, which is a finite supremum of evaluation functions). Since H8rEs

is the ideal generated by } ¨ }, we conclude that H8rEs Ď IrEs, and the reverse inclusion is clear.
Hence, the identity map from HprEs into H8rEs is a contractive bijective lattice homomorphism,
so it must be bounded below, i.e., all the Hp-norms are equivalent.

Next, observe that H1rEs Ď H8rEs with norm 1 inclusion, so H1rEs X H8rEs “ H1rEs and
H1rEs`H8rEs “ H8rEs with equality of norms. Therefore, if X is an intermediate Banach lattice
between H1rEs and H8rEs, it follows that
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1

c1
} ¨ }H8

“
1

c1
} ¨ }H1`H8

ď } ¨ }X ď c0} ¨ }H1XH8
“ c0} ¨ }H1 .

Since } ¨ }H1 is equivalent to } ¨ }H8
, the statement holds.

We continue with a result on real interpolation of Hp;qrEs spaces that reproduces an argument
from [98] for pp, qq-summing operators.

Proposition 4.2.2. Let 1 ď q ď p0 ă p1 ď 8 and 0 ă θ ă 1, and define 1
pθ

“ 1´θ
p0

` θ
p1
. Then

pHp0;qrEs, Hp1;qrEsqθ,pθ Ď Hpθ;qrEs

with continuous inclusion.

Proof. First, recall from Proposition 4.1.1 that } ¨ }Hp1;qrEs ď } ¨ }Hp0;qrEs, so Hp0;qrEs `Hp1;qrEs “

Hp1;qrEs isometrically. Now, fix f P Hp1;qrEs and t ą 0 and let us obtain a lower bound for
Kpt, f ;Hp0;qrEs, Hp1;qrEsq. To do so, consider an arbitrary decomposition f “ f0 ` f1, with fj P

Hpj ,qrEs, j “ 0, 1. Then, given a finite sequence px˚
i qmi“1 Ď E˚ such that

sup
xPBE

ˆ m
ÿ

i“1

|x˚
i pxq|q

˙

1
q

ď 1

we have

}f0}Hp0;qrEs ` t}f1}Hp1;qrEs ě }pf0px˚
i qqmi“1}ℓmp0

` t}pf1px˚
i qqmi“1}ℓmp1

ě Kpt, pfpx˚
i qqmi“1; ℓ

m
p0 , ℓ

m
p1q.

Taking the infimum over all decompositions pf0, f1q we get that

Kpt, f ;Hp0;qrEs, Hp1;qrEsq ě Kpt, pfpx˚
i qqmi“1; ℓ

m
p0 , ℓ

m
p1q,

so in particular, applying the reiteration theorem (cf. [21, Theorem 3.5.3]) for the pair pℓmp0 , ℓ
m
p1q we

obtain
}f}pHp0;q ,Hp1;qqθ,pθ

ě }pfpx˚
i qqmi“1}pℓmp0 ,ℓ

m
p1

qθ,pθ
« }pfpx˚

i qqmi“1}ℓmpθ
.

Finally, taking the supremum over all the sequences px˚
i qmi“1 we conclude that

}f}pHp0;q ,Hp1;qqθ,pθ
Á }f}Hpθ ;q

rEs.

As it was observed in Section 4.1, H8;qrEs “ H8rEs isometrically for every 1 ď q ď 8, so the
following corollary can be deduced:

Corollary 4.2.3. Let 1 ď p0 ă 8 and 0 ă θ ă 1, and define pθ “
p0
1´θ . Then

pHp0rEs, H8rEsqθ,pθ Ď Hpθ;p0rEs.

We do not know whether the reverse inclusion in Proposition 4.2.2 holds, or if there exists some
q ď r ď pθ such that Hpθ;rrEs Ď pHp0;qrEs, Hp1;qrEsqθ,pθ .

Next, we will consider the Calderón–Lozanovskii method applied to the Banach lattices Hp0rEs,
1 ď p0 ă 8 and H8rEs. This method is strongly related to the p-convexification process described
in Section 1.2, as we will explain below. Recall from Section 4.1 that we can identify isometrically
H8rEs with ℓ8pSE˚q by restricting the functions to the unit sphere, so that Hp0rEs Ď H8rEs can
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also be seen as an ideal of functions over SE˚ with the counting measure. In this setting, for every
1 ă p ă 8 the p-convexification Hp0rEsppq of Hp0rEs can be identified with the space

Hp0rEsppq “

#

´

f |SE˚

¯
1
p

: f P Hp0rEs

+

Ď ℓ8pSE˚q,

endowed with the norm }g}Hp0 rEsppq “ }gp}
1
p

Hp0 rEs
for g P Hp0rEsppq. Here, by f

1
p we understand

sgnpfq|f |
1
p . By extending these functions from SE˚ to BE˚ in a positively homogeneous way, we

can represent Hp0rEsppq as a subset of HrEs:

Hp0rEsppq “

"

f
1
p } ¨ }

1
p˚ : f P Hp0rEs

*

, (4.1)

where } ¨ } P H8rEs denotes the norm on E˚, and now the norm on Hp0rEsppq is given by the
relation

}g}Hp0 rEsppq “ }f}
1
p

Hp0
“

∥∥∥∥ gp

} ¨ }p´1

∥∥∥∥ 1
p

Hp0

,

provided g “ f
1
p } ¨ }

1
p˚ P Hp0rEsppq for a certain f P Hp0rEs.

Actually, it is well known that the p-convexification Xppq of a Banach lattice X of measurable
functions over a measure space pΩ,Σ, µq coincides isometrically with the Calderón–Lozanovskii
space X1´θL8pµqθ for θ “ 1 ´ 1

p . We reproduce the details for the particular case of Hp0rEs. We
want to show that the identification

Hp0rEsppq “ Hp0rEs1´θH8rEsθ

holds isometrically. The inclusion from left to right is clear from the representation of Hp0rEsppq

given above, as } ¨ } is the order unit of H8rEs and has norm 1. On the other hand, given g P

Hp0rEs1´θH8rEsθ, we can express it as

g “

ˆ

gp

} ¨ }p´1

˙
1
p

} ¨ }
1
p˚ .

We claim that gp

}¨}p´1 P Hp0rEs. Indeed, given arbitrary λ ą 0 and positive f0 P BHp0 rEs and

f1 P BH8rEs such that |g| ď λf
1
p

0 f
1
p˚

1 , it follows that

|g|p

} ¨ }p´1
ď λpf0

ˆ

f1
} ¨ }

˙

p
p˚

ď λpf0,

since f1 has norm 1 and } ¨ } is the order unit of H8rEs. Therefore,∥∥∥∥ gp

} ¨ }p´1

∥∥∥∥
Hp0

ď λp.

Taking the infimum over all possible λ we obtain that

}g}Hp0 rEsppq “

∥∥∥∥ gp

} ¨ }p´1

∥∥∥∥ 1
p

Hp0

ď }g}H1´θ
p0

Hθ
8
,

so the remaining inclusion is established. From this identification we obtain an explicit representa-
tion for the norm of the Calderón–Lozanovskii space Hp0rEs1´θH8rEsθ:
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}g}H1´θ
p0

Hθ
8

“

∥∥∥∥ gp

} ¨ }p´1

∥∥∥∥ 1
p

Hp0

“ sup

$

&

%

ˆ m
ÿ

i“1

ˆ

|gpx˚
i q|p

}x˚
i }p´1

˙p0˙
1

pp0

: sup
xPBE

ˆ m
ÿ

i“1

|x˚
i pxq|p0

˙

1
p0

ď 1

,

.

-

“ sup

$

&

%

ˆ m
ÿ

i“1

∣∣∣∣gpx˚
i q

}x˚
i }θ

∣∣∣∣pθ˙
1
pθ

: sup
xPBE

ˆ m
ÿ

i“1

|x˚
i pxq|p0

˙

1
p0

ď 1

,

.

-

,

where pθ “ pp0 “
p0
1´θ . It could be said that Hp0rEs1´θH8rEsθ behaves as a weighted Hpθ;p0-space,

or more specifically, a space of non-linear maps that send weakly p0-summing sequences of E˚ to
sequences in ℓpθp} ¨ }´θq.

Proceeding in a similar way we can conclude that the p-convexification of FBLp0rEs can be
represented as

FBLp0rEsppq “

"

f
1
p } ¨ }

1
p˚ : f P FBLp0rEs

*

,

and the norm is given by

}g}FBLp0 rEsppq “ }g}H1´θ
p0

Hθ
8

“ }f}
1
p

Hp0

for g “ f
1
p } ¨ }

1
p˚ P FBLp0rEsppq with f P FBLp0rEs. Recall that

ϕE : E ÝÑ FBLp0rEs

x ÞÝÑ ϕEx “ δx

is an isometric embedding, where δxpx˚q “ x˚pxq, and FBLp0rEs “ lat tδx : x P Eu. Even though
the correspondence

ϕ
ppq

E : E ÝÑ FBLp0rEsppq

x ÞÝÑ δ
1
p
x } ¨ }

1
p˚

described above is no longer linear, these functions generate FBLp0rEsppq, as will be shown below.

Proposition 4.2.4. Consider FBLp0rEsppq as a sublattice of Hp0rEs1´θH8rEsθ, with θ “ 1 ´ 1
p .

Then

FBLp0rEsppq “ lat
␣

δ
1
p
x } ¨ }

1
p˚ : x P E

(

.

Proof. One inclusion is trivial, since FBLp0rEsppq is a closed sublattice that contains δ
1
p
x } ¨ }

1
p˚ for

every x P E. For the reverse inclusion, let f P FVLrEs “ lat
␣

δx : x P E
(

, that can be represented
as

f “

m
ł

i“1

δxi ´

n
ł

j“1

δyj

for some pxiqi, pyjqj Ď E. We know that Hp0rEs1´θH8rEsθ is endowed with the pointwise order
and lattice operations, so it is clear that

ˆ m
ł

i“1

δxi

˙

1
p

} ¨ }
1
p˚ “

m
ł

i“1

`

δ
1
p
xi} ¨ }

1
p˚
˘

P lat
␣

δ
1
p
x } ¨ }

1
p˚ : x P E

(

.

Since lat
␣

δ
1
p
x } ¨ }

1
p˚ : x P E

(

is a Banach lattice, the continuous positively homogeneous expression

F pg, hq “ pgp ´ hpq
1
p is well defined for every g, h in this lattice via functional calculus, so in

particular
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f
1
p } ¨ }

1
p˚ “ F

ˆˆ m
ł

i“1

δxi

˙

1
p

} ¨ }
1
p˚ ,

ˆ n
ł

j“1

δyj

˙

1
p

} ¨ }
1
p˚

˙

belongs to lat
␣

δ
1
p
x } ¨ }

1
p˚ : x P E

(

.

Now, let f P FBLp0rEs, and take a sequence pfkqk Ď FVLrEs such that }f ´ fk}Hp0
Ñ 0. We

claim that gk “ f
1
p

k } ¨ }
1
p˚ converges to g “ f

1
p } ¨ }

1
p˚ in FBLp0rEsppq. Indeed, it can be checked using

the Mean Value Theorem that the inequality

|t
1
p ´ s

1
p |p ď C|t´ s|

holds in R2, so it is also true in the Banach lattice FBLp0rEs. In particular,

|f
1
p ´ f

1
p

k |p ď C|f ´ fk|,

so

}g ´ gk}
p

H1´θ
p0

Hθ
8

“ }pf
1
p ´ f

1
p

k qp}Hp0
ď C}f ´ fk}Hp0

Ñ 0

and therefore f
1
p } ¨ }

1
p˚ P lat

␣

δ
1
p
x } ¨ }

1
p˚ : x P E

(

for every f P FBLp0rEs.

Arguing as in the last part of the proof we also get:

Corollary 4.2.5. The inclusion ϕ
ppq

E : E Ñ FBLp0rEsppq is Hölder continuous with exponent 1
p ,

that is
}ϕ

ppq

E x´ ϕ
ppq

E y}H1´θ
p0

Hθ
8

ď C}x´ y}
1
p .

However, there is a linear way of embedding E into Hp0rEsppq “ Hp0rEs1´θH8rEsθ. It suffices
to consider the canonical operator ϕE : E Ñ Hp0rEs Ď H8rEs, which is an isometric embedding
into both Hp0rEs and H8rEs. Given x P BE , we can write |δx| “ |δx|1´θ|δx|θ, so }δx}H1´θ

p0
Hθ

8
ď 1

and ϕE : E Ñ Hp0rEs1´θH8rEsθ is bounded. Furthermore, given x P E, let x˚ P SE˚ such that
x˚pxq “ }x}. Then,

}δx}H1´θ
p0

Hθ
8

“

∥∥∥∥∥ δpx
} ¨ }p´1

∥∥∥∥∥
1
p

Hp0

ě

ˆ

|x˚pxq|p

}x˚}p´1

˙
1
p

“ }x},

so it is an isometric embedding into Hp0rEs1´θH8rEsθ. Let us denote by

Zp “ lat
␣

δx : x P E
(

“ FVLrEs Ď Hp0rEs1´θH8rEsθ.

We have the following dichotomy.

Lemma 4.2.6. Let E be a Banach space, and consider both FBLp0rEsppq and Zp as closed sublattices
of Hp0rEs1´θH8rEsθ, where θ “ 1 ´ 1

p .

(1) If E has finite dimension, then FBLp0rEsppq “ Zp.

(2) If E has infinite dimension, then FBLp0rEsppq Ę Zp and FBLp0rEsppq Ğ Zp.

Proof. (1) Observe that if E has finite dimension, then FBLp0rEs can be identified with CpSE˚q

through the restriction operator, and } ¨ } P FBLp0rEs (see for instance [103, Section 9.1]). It follows

from functional calculus that the functions δ
1
p
x } ¨ }

1
p˚ are contained in FBLp0rEs for every x P E.

Next, note that
Hp0rEs “ Hp0rEs XH8rEs Ď Hp0rEs1´θH8rEsθ
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with a norm 1 inclusion. In particular, FBLp0rEs, the closure of FVLrEs under the norm of Hp0rEs,

will be contained in Zp, the closure of FVLrEs in Hp0rEs1´θH8rEsθ. Hence, δ
1
p
x } ¨}

1
p˚ P Zp for every

x P E, and by Proposition 4.2.4, FBLp0rEsppq Ď Zp.

On the other hand, the functions δpx
}¨}p´1 are continuous on the unit sphere, so they belong to

FBLp0rEs. It follows that δx P FBLp0rEsppq for every x P E, so Zp Ď FBLp0rEsppq.

(2) If E is infinite-dimensional, consider any x P Ezt0u and take some z˚ P E˚ such that }z˚} ă 1

and z˚pxq ‰ 0. By [46, Exercise 3.39], there is a sequence pz˚
nqn Ď SE˚ such that z˚

n
w˚

ÝÝÑ z˚. In
particular,

pδ
1
p
x } ¨ }

1
p˚ qpz˚

nq “ pz˚
npxqq

1
p Ñ z˚pxq

1
p ą z˚pxq

1
p }z˚}

1
p˚ “ pδ

1
p
x } ¨ }

1
p˚ qpz˚q,

so δ
1
p
x } ¨ }

1
p˚ is not w˚-continuous on BE˚ . In particular, it does not belong to Zp Ď FBL8rEs Ď

CpBE˚ , w˚q, so Zp Ğ FBLp0rEsppq. Similarly, δpx
}¨}p´1 is not w˚-continuous on BE˚ , so it does not

belong to FBLp0rEs and consequently δx R FBLp0rEsppq and Zp Ę FBLp0rEsppq.

Next, we study where the space Hp0rEs1´θH8rEsθ is located within the ideals of HrEs:

Theorem 4.2.7. Let E be a Banach space, 1 ď p0 ă 8, 0 ă θ ă 1 and pθ “
p0
1´θ . Then

Hpθ rEs Ď Hp0rEs1´θH8rEsθ Ď Hpθ;p0rEs,

with norm 1 inclusions.

Proof. Let f P Hpθ rEs. We can write f as

|f | “ g1´θ} ¨ }θ, with g “
|f |

pθ
p0

} ¨ }
pθ
p0

´1
.

It is clear that } ¨ } P H8rEs and has norm 1. Let us see that g P Hp0rEs. Indeed, g is positively
homogeneous, and given px˚

i qmi“1 Ď E˚ such that

sup
xPBE

ˆ m
ÿ

i“1

|x˚
i pxq|p0

˙

1
p0

ď 1,

we have that

˜

m
ÿ

i“1

|gpx˚
i q|p0

¸
1
p0

ď }f}

pθ
p0

Hpθ
rEs

sup
xPBE

˜

m
ÿ

i“1

|x˚
i pxq|pθ´p0`p0

}x˚
i }pθ´p0

¸
1
p0

ď }f}

pθ
p0

Hpθ
rEs
.

Therefore,
}f}H1´θ

p0
Hθ

8
“ }g}

1´θ
Hp0

ď }f}Hpθ

and the first inclusion holds.

Now, given f P Hp0rEs1´θH8rEsθ, for every λ ą }f}H1´θ
p0

Hθ
8

there are positive f0 P BHp0 rEs,

f1 P BH8rEs such that |f | ď λf1´θ
0 fθ1 . If we fix px˚

i qmi“1 Ď E˚ such that

sup
xPBE

ˆ m
ÿ

i“1

|x˚
i pxq|p0

˙

1
p0

ď 1,
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we get that

ˆ m
ÿ

i“1

|fpx˚
i q|pθ

˙

1
pθ

ď λ

ˆ m
ÿ

i“1

f0px˚
i qp1´θqpθf1px˚

i qθpθ

˙

1
pθ

ď λ}f1}θH8rEs

ˆ m
ÿ

i“1

f0px˚
i qp0

˙

1´θ
p0

ď λ.

Taking the infimum over all possible λ and the supremum over the sequences px˚
i qmi“1 we conclude

that
}f}Hpθ ;p0

ď }f}H1´θ
p0

Hθ
8
.

However, the inclusions above are strict in general, as the following results show.

Proposition 4.2.8. Let 1 ă q ă 8 and E be an infinite-dimensional Banach space such that
E˚ contains an isomorphic copy of ℓq˚. Then, if 1 ď p0 ă q ď pθ and θ “ 1 ´

p0
pθ
, there exists

f P Hp0rEs1´θH8rEsθ such that f R Hpθ;qrEs. In particular,

Hpθ rEs Ĺ Hp0rEs1´θH8rEsθ and Hpθ;qrEs Ĺ Hpθ;p0rEs.

Proof. Let T : ℓq˚ Ñ E˚ be an isomorphic embedding such that C´1}a}ℓq˚ ď }Ta} ď }a}ℓq˚ for
every a P ℓq˚ , and denote by x˚

k “ Te˚
k, where pe˚

kq8
k“1 denotes the canonical basis of ℓq˚ . Note that

sup
xPBE

ˆ 8
ÿ

k“1

|x˚
kpxq|q

˙

1
q

“ }T ˚JE} “ }T } ď 1.

Since T is an embedding, it follows from [46, Exercise 2.49] that T ˚ : E˚˚ Ñ ℓq is an onto map.

Even more, there exists x˚˚ P E˚˚ such that T ˚x˚˚ “ b :“ pk
´ 1

p0 q8
k“1 P ℓqzℓp0 . We consider

f “ |x˚˚|1´θ} ¨ }θ, which clearly belongs to Hp0rEs1´θH8rEsθ (recall that E˚˚ embeds into Hp0rEs

by [84, Lemma 5.1]). It follows that for every n P N,

}f}Hpθ ;q
rEs ě

ˆ n
ÿ

k“1

|fpx˚
kq|pθ

˙

1
pθ

“

ˆ n
ÿ

k“1

|x˚˚px˚
kq|p0}x˚

k}θpθ

˙

1
pθ

ě C´θ

ˆ n
ÿ

k“1

|e˚
kpbq|p0

˙

1
pθ

“ C´θ

ˆ n
ÿ

k“1

1

k

˙

1
pθ

,

so f R Hpθ;qrEs. Since Hpθ rEs Ď Hpθ;qrEs and Hpθ rEs Ď Hp0rEs1´θH8rEsθ Ď Hpθ;p0rEs, it follows
that Hpθ rEs Ĺ Hp0rEs1´θH8rEsθ and Hpθ;qrEs Ĺ Hpθ;p0rEs.

Remark 4.2.9. A weaker version of the argument above can be established with a more general
assumption: if E˚ contains uniform copies of ℓnq˚, then Hpθ rEs Ĺ Hp0rEs1´θH8rEsθ whenever
1 ď p0 ă q ď pθ and θ “ 1 ´

p0
pθ
.

Otherwise, the formal identity from Hpθ rEs into Hp0rEs1´θH8rEsθ would be onto, and hence, an
isomorphism, so the norms on both spaces would be equivalent. However, if Tn : ℓnq˚ Ñ E˚ denote
the uniform embeddings for n P N, there exists a bounded sequence px˚˚

n q8
n“1 Ď E˚˚ Ď Hp0rEs such

that T ˚
nx

˚˚
n “ bn :“ pk

´ 1
p0 qnk“1 P ℓnq . Therefore, the functions fn “ |x˚˚

n |1´θ} ¨ }θ are uniformly

bounded in Hp0rEs1´θH8rEsθ but

}f}
pθ
Hpθ

rEs
Á

n
ÿ

k“1

1

k
,

which is a contradiction with the fact that both norms are equivalent.
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Example 4.2.10. Next we provide some examples of spaces where Proposition 4.2.8 and Re-
mark 4.2.9 can be applied:

(1) If E is an infinite-dimensional Banach space, then by Dvoretzky’s Theorem (see for instance
[46, Theorem 6.15]) we can find for every ε ą 0 and n P N a subspace F Ď E˚ of dimension
n which is p1 ` εq-isomorphic to ℓn2 . In particular, E˚ contains uniform copies of ℓn2 , so for
p0 ă 2 ď pθ we have a strict inclusion Hpθ rEs Ĺ Hp0rEs1´θH8rEsθ.

(2) If X is an infinite-dimensional Banach lattice, the indices of X are defined as

σpXq :“ inftr : X satisfies a lower r-estimateu

and
spXq :“ suptr : X satisfies an upper r-estimateu.

Observe that 1 ď spXq ď σpXq ď 8, σpX˚q “ spXq˚ and spX˚q “ σpXq˚. It was shown
by Krivine [81] (see also [115]) that X contains a lattice p1 ` εq-isomorphic copy of ℓnr for
every n P N and ε ą 0 when r “ σpXq and r “ spXq. Applying this result to X˚, it follows
that Hpθ rXs Ĺ Hp0rXs1´θH8rXsθ whenever p0 ă σpXq ď pθ or p0 ă spXq ď pθ. Note that
taking for instance X as ℓq or Lqr0, 1s, that satisfy σpXq “ spXq “ q, we can cover the cases
p0 ă q ď pθ ă 2 and 2 ď p0 ă q ď pθ, which were not covered by the first example.

(3) The space ℓ8 contains an isometric copy of every separable Banach space. In particular, it
contains ℓq˚ for every 1 ă q ă 8, so Hpθ rℓ1s Ĺ Hp0rℓ1s1´θH8rℓ1sθ for any choice of 1 ď p0 ă 8

and 0 ă θ ă 1. The same can be said about L1pµq.

The second inclusion of Theorem 4.2.7 can be strict as well. We provide an example in ℓ1, for
which the following well-known property will be useful.

Lemma 4.2.11. Let penq8
n“1 denote the canonical basis of ℓ1, 1 ď p ă 8 and x˚

1 , . . . , x
˚
m P ℓ8.

Then

sup
xPBℓ1

ˆ m
ÿ

i“1

∣∣x˚
i pxq

∣∣p˙ 1
p

“ sup
nPN

ˆ m
ÿ

i“1

∣∣x˚
i penq

∣∣p˙ 1
p

.

Proof. Since the vectors en are normalized, the right term is always lower or equal than the left
term. To show the reverse inequality, observe that the function ϕptq “ |t|p is convex and continuous,
so it satisfies ∣∣∣∣ 8

ÿ

k“1

λktk

∣∣∣∣p ď

8
ÿ

k“1

λk|tk|p

for any ptkq8
k“1 Ď R and pλkq8

k“1 Ď r0, 1s such that
ř8
k“1 λk “ 1. Therefore, given x “

ř8
n“1 xnen P

Bℓ1 , we have

ˆ m
ÿ

i“1

∣∣x˚
i pxq

∣∣p˙ 1
p

“∥x∥ℓ1

ˆ m
ÿ

i“1

∣∣∣∣x˚
i pxq

∥x∥ℓ1

∣∣∣∣p˙
1
p

ď

ˆ m
ÿ

i“1

∣∣∣∣ 8
ÿ

n“1

xnx
˚
i penq

∥x∥ℓ1

∣∣∣∣p˙
1
p

ď

ˆ 8
ÿ

n“1

|xn|
∥x∥ℓ1

m
ÿ

i“1

∣∣x˚
i penq

∣∣p˙ 1
p

ď sup
nPN

ˆ m
ÿ

i“1

∣∣x˚
i penq

∣∣p˙ 1
p

,

as we wanted to show.

Proposition 4.2.12. Let 1 ď p0 ă 8, 0 ă θ ă 1 and pθ “
p0
1´θ . Then, Hp0rℓ1s1´θH8rℓ1sθ Ĺ

Hpθ;p0rℓ1s.
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Proof. Let us denote by pejq
8
j“1 the canonical basis of ℓ1, and choose a countable set paj “

paj,kq8
k“1q8

j“1 that is dense in pSℓ 1
θ

q` and contains the canonical basis of ℓ 1
θ

as a subsequence

pajiq
8
i“1. For each k P N, we define the functionals x˚

k P Bℓ8
by x˚

kpejq “ a
1
p0
j,k for every j P N. Note

that x˚
kpejkq “ a

1
p0
jk,k

“ 1 for every k P N, so actually x˚
k P Sℓ8

. We claim that there is no pair of
functionals in the sequence px˚

kq8
k“1 such that one is a non-negative multiple of the other. Assume

there are different k1, k2 P N and µ ě 0 (without loss of generality, µ ď 1) such that x˚
k1

“ µx˚
k2

.
This implies that aj,k1 “ µp0aj,k2 for every j P N. In particular, if dk1 denotes the k1-th vector of
the canonical basis of ℓ 1

θ
, it follows that

}aj ´ dk1}ℓ 1
θ

ě p|1 ´ aj,k1 |
1
θ ` |aj,k2 |

1
θ qθ “ p|1 ´ µp0aj,k2 |

1
θ ` |aj,k2 |

1
θ qθ

ě min
tPr0,1s

pp1 ´ µp0tq
1
θ ` t

1
θ qθ ą 0

for every j P N, which is a contradiction with the fact that pajq
8
j“1 is dense in pSℓ 1

θ

q`. Now, we

define a function in Hrℓ1s by

fpx˚q “

#

λ if x˚ “ λx˚
k for some λ ě 0 and k P N,

0 otherwise.

It can be checked that }f}Hpθ ;p0
can be computed by evaluating the corresponding expression only

at weakly p0-summing sequences which are of the form pλkx
˚
kq8
k“1 with λk ě 0 for every k P N, i.e.,

}f}Hpθ ;p0
“ sup

"ˆ 8
ÿ

k“1

λpθk

˙

1
pθ

: λk ě 0, sup
xPBℓ1

ˆ 8
ÿ

k“1

|λkx
˚
kpxq|p0

˙

1
p0

ď 1

*

.

Given any of such sequences, it follows using that pajq
8
j“1 Ď Sℓ 1

θ

is a norming set for the positive

cone of ℓ 1
1´θ

“ ℓ pθ
p0

and Lemma 4.2.11 that

ˆ 8
ÿ

k“1

λpθk

˙

1
pθ

“ }pλkqk}ℓpθ
“ }pλp0k qk}

1
p0
ℓ pθ
p0

“ sup
jPN

ˆ 8
ÿ

k“1

aj,kλ
p0
k

˙

1
p0

“ sup
jPN

ˆ 8
ÿ

k“1

pλkx
˚
kpejqqp0

˙

1
p0

“ sup
xPBℓ1

ˆ 8
ÿ

k“1

pλkx
˚
kpxqqp0

˙

1
p0

,

so }f}Hpθ ;p0
ď 1. Next, recall that f P Hp0rℓ1s1´θH8rℓ1sθ if and only if f

pθ
p0 } ¨ }

1´
pθ
p0 P Hp0rℓ1s by

(4.1). Using the relation above we get that

}f}

pθ
p0

H1´θ
p0

Hθ
8

“ }f
pθ
p0 } ¨ }

1´
pθ
p0 }Hp0

“ sup

"ˆ 8
ÿ

k“1

fpy˚
k qpθ}y˚

k}p0´pθ

˙

1
p0

: sup
xPBℓ1

ˆ 8
ÿ

k“1

|y˚
k pxq|p0

˙

1
p0

ď 1

*

“ sup

"ˆ 8
ÿ

k“1

λp0k

˙

1
p0

: λk ě 0, sup
xPBℓ1

ˆ 8
ÿ

k“1

|λkx
˚
kpxq|p0

˙

1
p0

ď 1

*

“ sup

"ˆ 8
ÿ

k“1

λp0k

˙

1
p0

: λk ě 0,

ˆ 8
ÿ

k“1

λpθk

˙

1
pθ

ď 1

*

“ 8,

so f R Hp0rℓ1s1´θH8rℓ1sθ.
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As a consequence of the above result and Example 4.2.10 (3) we obtain that Hp0rℓ1s1´θH8rℓ1sθ

does not coincide with any of the Hp;qrℓ1s spaces that lie between Hpθ rℓ1s and Hpθ;p0rℓ1s.

Corollary 4.2.13. Let 1 ď p0 ă 8, 0 ă θ ă 1 and pθ “
p0
1´θ . Then, Hp0rℓ1s1´θH8rℓ1sθ ‰ Hpθ;qrℓ1s

for every p0 ď q ď pθ.

4.3 Extrapolation of Hp;q-spaces

The first thing that we will show in this section is that Hp;qrEs coincides isometrically with the
extrapolation space obtained by applying the ∆ method to the family pHs;tpsqrEsqsąp, with 1

tpsq
:“

1
q ´ 1

p ` 1
s .

Theorem 4.3.1. Let 1 ď q ď p ă 8. Then

}f}Hp;q “ sup
sąp

}f}Hs;tpsq

for every f P HrEs and Hp;qrEs “ ∆sąppHs;tpsqrEsq isometrically. In particular, HprEs “

∆sąppHsrEsq.

Proof. Let us write
~f~p,q :“ sup

sąp
}f}Hs;tpsq

and observe that

∆
sąp

pHs;tpsqrEsq “ tf P HrEs : ~f~p,q ă 8u.

Clearly }f}Hs;tpsq
ď ~f~p,q ď }f}Hp;q for every s ą p by Proposition 4.1.1, so Hp;qrEs Ď

∆sąppHs;tpsqrEsq Ď Hs;tpsqrEs.

To show that ~f~p,q ě }f}Hp;q , let us fix f P ∆sąppHs;tpsqrEsq and n P N, and choose functionals

x˚
1 , . . . , x

˚
n P E˚ such that supxPBE

`
řn
i“1 |x˚

i pxq|q
˘

1
q ď 1. Then, by Hölder’s inequality we have that

for every s ą p (and hence tpsq ą q)

ˆ n
ÿ

i“1

|fpx˚
i q|p

˙

1
p

ď n
1
p

´ 1
s

ˆ n
ÿ

i“1

|fpx˚
i q|s

˙

1
s

ď n
1
p

´ 1
s }f}Hs;tpsq

sup
xPBE

ˆ n
ÿ

i“1

|x˚
i pxq|tpsq

˙

1
tpsq

ď n
1
p

´ 1
s ~f~p,q,

so taking s Ñ p` we get that
ˆ n
ÿ

i“1

|fpx˚
i q|p

˙

1
p

ď ~f~p,q.

It now follows that }f}Hp;q ď ~f~p,q, as we wanted to show.

Note that in general, Hp;qrEs “ ∆sąppHs;tpsqrEsq does not coincide with the intersection of all
Hs;tpsqrEs with s ą p, as the following example, that generalizes a remark from Timur Oikhberg
[101] for E “ ℓ1, shows.

Theorem 4.3.2. Let 1 ď q ď p ă 8 and E be a Banach space with a normalized basis pekq8
k“1 Ď E.

Suppose that the sequence of biorthogonal functionals pe˚
kq8
k“1 Ď E˚ is weakly q-summing. Then

Hp;qrEs Ĺ
č

sąp

Hs;tpsqrEs.

Moreover, when p “ q,
FBLprEs Ĺ

č

sąp

FBLsrEs.
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Proof. We first show that Hp;qrEs Ĺ
Ş

sąpHs;tpsqrEs. Take any 0 ď ω “ pωkq8
k“1 P p

Ş

sąp ℓsqzℓp (for

instance, ω “ pk
´ 1

p q8
k“1) and let

f “

8
ł

k“1

ωk|δek |.

Clearly, f is finite on every x˚ P E˚ and positively homogeneous. Let C “ supxPBE
p
ř8
k“1 |e˚

kpxq|qq
1
q ě

1. It follows that

C}f}Hp;q ě

ˆ n
ÿ

k“1

|fpe˚
kq|p

˙

1
p

“

ˆ n
ÿ

k“1

|ωke
˚
kpekq|p

˙

1
p

“

ˆ n
ÿ

k“1

ωpk

˙

1
p

ÝÑ 8

and f R Hp;qrEs.

On the other hand, fix s ą p and observe that fpx˚q “ supn fnpx˚q for every x˚ P E˚, where
fn “

Žn
k“1 ωk|δek | is an increasing sequence in FVLrEs, and hence, in Hs;tpsqrEs. It is easy to check

that Hs;tpsqrEs is s-convex with constant 1, so in particular it satisfies an upper s-estimate, and
thus

}fn}Hs;tpsq
ď

ˆ n
ÿ

k“1

}ωkδek}sHs;tpsq

˙

1
s

“

ˆ n
ÿ

k“1

ωsk

˙

1
s

ď }ω}ℓs .

Using [15, Lemma 4.1], which can be adapted to hold also in Hs;tpsqrEs, we conclude that
}f}Hs;tpsq

“ supn }fn}Hs;tpsq
ă 8, so f P Hs;tpsqrEs for every s ą p.

Next, assume that p “ q and let us show that FBLprEs Ĺ
Ş

sąp FBLsrEs. Consider

f “ |δe1 | ^

ˆ 8
ł

k“2

k
´ 1

p |δek |

˙

.

Clearly, f P HprEs, since 0 ď f ď |δe1 | P HprEs. We claim that }f ´ h}Hp ě p8Cq´1 for every
h P FVLrEs. Indeed, fix h P FVLrEs, that can be expressed as

h “

m
ł

i“1

δxi ´

m
ł

j“1

δyj

for some pxiqi, pyjqj Ď E by (1.1), and observe that, since pekq8
k“1 is a base of E and the lattice

operations are continuous, there exists n P N such that }h´ g}Hp ă 1
8C , where

g “

m
ł

i“1

δxni ´

m
ł

j“1

δynj P latptδe1 , . . . , δenuq

and pxni qi, py
n
j qj are the projections onto spante1, . . . , enu of the vectors pxiqi, pyjqj . Now, for every

k “ 1, . . . , n we define the functionals

x˚
k “

1

n
1
p

e˚
1 ` e˚

n`k and y˚
k “

1

n
1
p

e˚
1 .

It follows by the hypothesis that

sup
xPBE

ˆ n
ÿ

k“1

|x˚
kpxq|p

˙

1
p

ď 2
1
p˚ sup

xPBE

ˆ

|e˚
1pxq|p `

n
ÿ

k“1

|e˚
n`kpxq|p

˙

1
p

ď 2
1
p˚ C,

and
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sup
xPBE

ˆ n
ÿ

k“1

|y˚
k pxq|p

˙

1
p

“ sup
xPBE

|e˚
1pxq| “ }e˚

1} “ 1 ď 2
1
p˚ C.

Substituting we obtain that fpx˚
kq “ pn ` kq

´ 1
p , while fpy˚

k q “ 0. On the other hand, gpx˚
kq “

gpy˚
k q, as g only depends on the first n coordinates and x˚

k and y˚
k coincide when restricted to

spante1, . . . , enu. Applying these properties we obtain that

2
1
p˚ C}f ´ g}Hp ě max

"ˆ n
ÿ

k“1

|fpx˚
kq ´ gpx˚

kq|p
˙

1
p

,

ˆ n
ÿ

k“1

|fpy˚
k q ´ gpy˚

k q|p
˙

1
p
*

ě
1

2

ˆ n
ÿ

k“1

|fpx˚
kq ´ fpy˚

k q|p
˙

1
p

“
1

2

ˆ n
ÿ

k“1

1

n` k

˙

1
p

ě
1

2
1` 1

p

.

Hence, }f ´ g}Hp ě 1
4C and }f ´ h}Hp ě 1

8C , as we wanted to show.

To check that f P FBLsrEs for every s ą p, define

fn “ |δe1 | ^

ˆ n
ł

k“2

k
´ 1

p |δek |

˙

P FVLrEs

for every n ě 2 and note that

0 ď f ´ fn ď hn “

8
ł

k“n`1

k
´ 1

p |δek |.

Arguing as before, we know by [15, Lemma 4.1] that

}f ´ fn}Hs ď }hn}Hs “ sup
mąn

∥∥∥∥ m
ł

k“n`1

k
´ 1

p |δek |

∥∥∥∥
Hs

ď sup
mąn

ˆ m
ÿ

k“n`1

k
´ s

p

˙

1
s

“

ˆ 8
ÿ

k“n`1

k
´ s

p

˙

1
s

ÝÑ 0,

so f P FVLrEs
Hs

“ FBLsrEs for every s ą p.

Corollary 4.3.3. Let 1 ď q ď p ă 8, F a Banach space, and E a Banach space with a normalized
basis pekq8

k“1 Ď E. Suppose that the sequence of biorthogonal functionals pe˚
kq8
k“1 Ď E˚ is weakly

q-summing and there exists a surjective operator from F onto E. Then

Hp;qrF s Ĺ
č

sąp

Hs;tpsqrF s.

Moreover, when p “ q,
FBLprF s Ĺ

č

sąp

FBLsrF s.

Proof. Let us denote by T : F Ñ E the surjective map onto E and C “ supxPBE
p
ř8
k“1 |e˚

kpxq|qq
1
q .

By the Open Mapping Theorem (cf. [46, Corollary 2.26]), there is some δ ą 0 such that δBE Ď

T pBF q, so let pzkq8
k“1 Ď δ´1BF such that Tzk “ ek. Moreover, the sequence pT ˚e˚

kqnk“1 Ď F ˚ is
weakly q-summing for every n P N:

sup
yPBF

ˆ 8
ÿ

k“1

|T ˚e˚
kpyq|q

˙

1
q

ď }T } sup
xPBE

ˆ 8
ÿ

k“1

|e˚
kpxq|q

˙

1
q

“ }T }C.
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Emulating the argument from the proof of Theorem 4.3.2, we can conclude that

f “

8
ł

k“1

ωk|δzk | P

ˆ

č

sąp

Hs;tpsqrF s

˙

zHp;qrF s

for any 0 ď ω “ pωkq8
k“1 P p

Ş

sąp ℓsqzℓp.

On the other hand, when p “ q, we can consider the function

f “ |δz1 | ^

ˆ 8
ł

k“2

k
´ 1

p |δzk |

˙

P HprF s

and the lattice homomorphism T “ zϕET : FBLprF s Ñ FBLprEs that sends every g P FBLprF s

to Tg “ g ˝ T ˚. It is clear that T pFVLrF sq Ď FVLrEs. Moreover, in [84, Remark 6.6] the authors
explain that T can be extended to a lattice homomorphism

CT˚ : HprF s ÝÑ HprEs

g ÞÝÑ g ˝ T ˚

with norm }CT˚} “ }T }. In particular,

CT˚f “ |δe1 | ^

ˆ 8
ł

k“2

k
´ 1

p |δek |

˙

is the function that we constructed in the second part of the proof of Theorem 4.3.2 to show that
FBLprEs Ĺ

Ş

sąp FBLsrEs. It follows that

}T }}f ´ h}HprF s ě }CT˚f ´ Th}HprEs ě
1

8C

for every h P FVLrF s, so f R FBLprF s. Checking that f P FBLsrF s for every s ą p can be done
repeating the argument from Theorem 4.3.2.

Remark 4.3.4. Note that for Hp;qrF s Ĺ
Ş

sąpHs;tpsqrF s to hold it suffices to assume that there
exists an isomorphic embedding of E˚ into F ˚ (it does not need to be an adjoint operator). Indeed,
the adjoint of this embedding will induce an onto map from F ˚˚ onto E˚˚, so we can choose
uniformly bounded pz˚˚

k q8
k“1 Ď F ˚˚ whose images are the elements pekq8

k“1 Ď E. Since F ˚˚ always
embeds isometrically into Hp;qrF s for every 1 ď q ď p ď 8 (see [84, Lemma 5.1] for a proof in the
case p “ q), we can construct f as above so that it belongs to every Hs;tpsqrF s for s ą p, but not to
Hp;qrF s.

The simplest example of a Banach space E satisfying the hypothesis of Theorem 4.3.2 is ℓr for
1 ď r ď q. Therefore, we can apply Corollary 4.3.3 to any Banach space F that has a map onto ℓr.

We conclude the chapter applying the previous results to show that all the inclusions between
Hp;q-spaces described in Proposition 4.1.1 are strict when E “ ℓ1. This contrast with [75, Proposi-
tion 7.4], where some Hp;q-spaces coincide whenever E˚ has finite cotype.

Proposition 4.3.5. Let pp, qq P T . Then, Hp;qrℓ1s Ĺ Hp1;q1rℓ1s for every pp1, q1q P Upp, qqztpp, qqu

and Hp;qrℓ1s Ľ Hp1;q1rℓ1s for every pp1, q1q P Lpp, qqztpp, qqu.

Proof. Let pp1, q1q P Upp, qqztpp, qqu. If p1 “ 8, then Hp1;q1rℓ1s “ H8rℓ1s. Observe that the norm on
E˚, denoted h “ } ¨ }, belongs to H8rℓ1s, but its distance to Hp;qrℓ1s in H8rℓ1s is bounded below
by 1. Indeed, the biorthogonal functionals pe˚

kqk of the canonical basis of ℓ1 are weakly q-summing,
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so for any f P Hp;qrℓ1s we have that
ř

k |fpe˚
kq|p ď }f}

p
Hp;q

and hence fpe˚
kq tends to 0. It follows

that }h´ f}H8
ě |hpe˚

kq ´ fpe˚
kq| Ñ 1.

If p1 ă 8, then either q1 ă q or q1 ě q and hence p1 ą p. In the first case, since ℓ8 contains
a copy of ℓq˚ , we can use Example 4.2.10 (3) to obtain that Hp;qrℓ1s Ĺ Hp;q1rℓ1s Ď Hp1;q1rℓ1s. In
the second case, we use Theorem 4.3.2 to conclude that Hp;qrℓ1s Ĺ Hp1;q0rℓ1s Ď Hp1;q1rℓ1s, where
1
q0

“ 1
q ´ 1

p ` 1
p1 .

The second part of the statement follows interchanging the roles of pp, qq and pp1, q1q.



Chapter 5

Stable phase retrieval in Banach lattices

Phase retrieval problems are a family of inverse problems that aim to provide mathematical methods
of recovering a real or complex signal f from the measurement of its modulus |f |. This last chapter
of the dissertation is devoted to the study of these problems in the abstract framework of Banach
lattices. It is based on:

[32] M. Camúñez, E. Garćıa-Sánchez, D. de Hevia, A characterization of complex stable phase
retrieval in Banach lattices. Proc. Amer. Math. Soc. (accepted).

[52] E. Garćıa-Sánchez, D. de Hevia, M.A. Taylor, Subspaces of CpKq-spaces doing stable phase
retrieval. In preparation.

These works were originated during the supervised research project “Open problems in stable
phase retrieval” of the ICMAT-IMAG Doc-course in functional analysis that took place during
the month of June of 2023 at ICMAT (Madrid) and IMAG (Granada). During that month, the
instructor of the course, Mitchell Taylor, presented some open problems in stable phase retrieval
(SPR), such as the characterization of stable phase retrieval in complex Banach lattices, or the
extension of some results on the existence of SPR subspaces from the real to the complex setting.
Here, we present the solutions to some of these problems.

After introducing the phase retrieval (PR) and stable phase retrieval (SPR) problems and mo-
tivating why the abstract framework of Banach lattices is suitable for their study in Section 5.1,
we review the existing characterizations of PR and SPR for real Banach lattices and establish the
corresponding results for the complex setting (Proposition 5.2.2 and Theorem 5.2.7). It turns out
that what causes the failure of complex SPR is the existence of almost perpendicular pairs (see
Definition 5.2.6), in contrast with the real case, where this role is played by what the authors of
[48] call almost disjoint pairs.

As the paper [48] illustrates, the theory of Banach lattices has provided very useful tools to
tackle SPR-related problems in the setting of functions spaces. For instance, this abstract approach
has been successfully applied in Lp-spaces to construct infinite-dimensional subspaces doing stable
phase retrieval [30, 36, 48]. In contrast, CpKq-spaces, another classical family of function spaces
that include in particular L8-spaces, have not received attention apart from [48]. Thus, the aim
of Sections 5.3 and 5.4 is to continue the study of stable phase retrieval in CpKq-spaces initiated
in [48]. In Section 5.3, we use a separation lemma (Lemma 5.3.1) to extend results from [48] on
the existence of SPR subspaces of ℓ8 and Cr0, 1s to the complex case. Moreover, we apply Theo-
rem 5.2.7 in order to find a sufficient condition for building SPR subspaces of complex CpKq-spaces
(Lemma 5.3.5), which in turn allows us to generalize to the complex setting the characterization
of the compact spaces K such that CpKq contains an infinite-dimensional SPR subspace estab-
lished in [48, Theorem 6.1]. This equivalence can also be viewed as part of a classical program of
research in CpKq-spaces initiated in [45] that consists on characterizing Banach space/lattice/al-

117
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gebra properties of CpKq in terms of topological properties of K (see [113, p. 132] for a summary
of properties).

Section 5.4 is devoted to [48, Question 6.4], which asks for a quantitative version of the afore-
mentioned characterization. That is, if a compact space K is “large” in the sense of having α-many
non-empty Cantor–Bendixson derivatives, where α is an ordinal number, can we embed bigger SPR
subspaces inside CpKq, namely Cr1, ωαs? We show that this problem reduces to the study of SPR
embeddings between spaces of the form Cr1, ωαs (see Lemma 5.4.2 and Proposition 5.4.4). This
simplification allows us to provide a positive answer to [48, Question 6.4] for separable ordinals in
both the real and the complex framework, see Corollary 5.4.9 and Corollary 5.4.11 respectively.

Finally, the last section is dedicated to understand whether the existence of SPR subspaces of
Banach lattices is preserved under certain standard operations between Banach lattices, such as
sums, tensor products or quotients. This comes motivated by the study of SPR subspaces of Banach
lattices of the form CpK,Xq, whereK is a compact Hausdorff space andX is a Banach lattice, which
have interest in the study of SPR for solutions to certain PDEs, such as the Schrödinger equation.
The results contained in this section are preliminary, but they bring up interesting problems that
will require further research.

5.1 Motivation

Phase retrieval problems are of particular interest in applied harmonic analysis due to applications
in multiple branches of physics and engineering, such as optics, astronomy, quantum mechanics,
speech recognition, and, especially, diffraction imaging (see the surveys [64, 72] and the references
therein). In all these fields, the measuring process of a certain physical signal entails a certain loss
of information that needs to be reconstructed. More specifically, we want to recover an unknown
function from the measurements of a certain positive magnitude, such as its modulus or the modulus
of its Fourier transform. Note that there will always be a trivial ambiguity when retrieving the
phase (or sign) of a function from its modulus, since a function f and λf have the same modulus
whenever λ is a scalar of modulus one. Hence, the problem is to uniquely determine (up to this
trivial ambiguity) the phase of such target function from the information given by these positive
measurements and any other additional restriction that our target is known to satisfy a priori.
Moreover, the measurements can be influenced by the experimental procedure, that can introduce
small errors. Therefore, it becomes necessary to study the stable version of the problem, that is,
quantifying the robustness under small perturbations of the phase retrieval procedure.

Since the above problems involve linear, order theoretic and metric notions, the authors of [48]
(see also [36, 118]) suggested the framework of Banach lattices, a natural generalization of function
spaces, as the most suitable abstract setting for many phase retrieval problems, such as Fourier
phase retrieval, Gabor phase retrieval or wavelet phase retrieval. In these examples, the problem
consists in uniquely recovering an element f of a Banach space F from |Tf |, which is the modulus
of the image of f by an invertible operator T from F into a suitable target Banach lattice X. In
the case of Fourier phase retrieval, F “ X “ L2 and T is the Fourier transform, whereas for the
Gabor and wavelet phase retrieval, T corresponds to the analysis operator of a certain frame on
the Banach space F . These problems can be split into two parts: the first one is to retrieve Tf (up
to a global phase) from |Tf | within the subspace E “ T pF q Ď X, and the second one is to invert
T , a problem which is much better understood. This motivates the following definition:

Definition 5.1.1 ([48, Definition 3.1]). A subspace E of a (real or complex) Banach lattice X
does phase retrieval (PR) if whenever f, g P E satisfy |f | “ |g|, it follows that f “ λg for some
unimodular scalar λ.
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Consider the equivalence relation „ given by f „ g if and only if f “ λg for some unimodular
scalar λ. The fact that a subspace E Ď X does PR is equivalent to the injectivity, or equivalently,
the invertibility, of the map that sends any equivalence class of E{ „ to the absolute value in X of
a representative of the class. However, in applications it is also necessary to understand how stable
is the inverse map under small perturbations, such as experimental errors. That is, studying if the
inverse map has some kind of continuity, and more specifically, Lipschitz continuity:

Definition 5.1.2 ([48, Definition 3.2]). A subspace E of a (real or complex) Banach lattice X does
C-stable phase retrieval (C-SPR) if

min
|λ|“1

}f ´ λg} ď C
›

›|f | ´ |g|
›

› (5.1)

for every f, g P E. We will say that E does stable phase retrieval (SPR) if it does C-SPR for some
constant C ě 1.

Note that if a subspace does SPR, its closure does SPR as well. It is also clear that SPR implies
PR. By an isometric (resp., isomorphic) SPR-embedding of a Banach space E into a Banach
lattice X we will mean a linearly isometric (resp., isomorphic) embedding of E into X such that
the image of E does SPR in X. One focus of recent research is to characterize PR and SPR in
terms of simpler properties of the subspace or the operator that is being studied. For instance,
in the setting of frames, it has been established [2, 17, 18, 29] that real PR is equivalent to the
complement property, whereas, in the complex setting, the complement property is a necessary
condition for PR, but a characterization is not yet available. Analogously, the strong complement
property is equivalent to SPR in the real case, but it is only a necessary condition in the complex
case. In the next section, we will review the problem of characterizing phase retrieval and stable
phase retrieval in both real and complex Banach lattices, and prove one of the main results of the
chapter, Theorem 5.2.7, that provides a characterization of complex stable phase retrieval.

Before passing to this subject, let us briefly recall some facts about ordinal numbers that we will
extensively use from Section 5.3 onwards (we refer the reader to standard textbooks such as [76]
for a detailed discussion of the topic). Loosely speaking, ordinal numbers are a class of sets that
can be linearly ordered by inclusion in such a way that every set of the class is the collection of all
the sets that precede it; this family has a smallest element: the empty set, which will be denoted
by 0. More specifically, ordinal numbers satisfy that α ă β if and only if α is an element of β, and
every ordinal can be expressed as α “ tβ : β ă αu.

Given an ordinal α, we can define its successor ordinal as α ` 1 :“ α Y tαu. If α ‰ 0 is
not a successor ordinal, then it is called a limit ordinal, and it can be written as α “

Ť

βăα β.
Moreover, ordinal numbers admit some arithmetical operations, such as addition, multiplication
and exponentiation. Starting at 0, which is the empty set, we can first generate every natural
number using the successor operation. Once they have been created, it is time to introduce the first
infinite ordinal, ω “ N, which is a limit ordinal. After ω comes ω ` 1, ω ` 2, . . . , ω ` n, . . . , ω ¨ 2, ω ¨

2 ` 1, . . . , ω ¨ n, . . . , ω2, ω2 ` 1, . . . , ω2 ` ω, . . . , ω2 ¨ 2, . . . , ωn, . . . , ωω, and the list keeps going (see
[38, Chapter 10] for a light introduction to the topic). The first uncountable ordinal is denoted ω1.
In this chapter we will only work with countable ordinals, so we will not be using ordinals beyond
ω1. Every ordinal α ą 0 can be represented uniquely as

α “ wβ1 ¨ k1 ` . . .` ωβn ¨ kn, (5.2)

where n ě 1, α ě β1 ą . . . ą βn ě 0 and k1, . . . , kn are non-zero natural numbers. This representa-
tion is known as Cantor’s normal form. We can associate to every ordinal α a totally disconnected
compact Hausdorff topological space called the ordinal interval r0, αs, which can be described as
the set r0, αs “ tβ : 0 ď β ď αu endowed with the topology generated by the base of open sets
tpβ1, β2s : 0 ď β1 ă β2 ď αu, where pβ1, β2s “ tβ P r0, αs : β1 ă β ď β2u. Note that the interval
pβ1, β2s is a clopen set in this topology for every β1 ă β2.
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5.2 Characterizations of stable phase retrieval in Banach lattices

One of the main goals of the current research on (stable) phase retrieval is to find characterizations
of the sets and subspaces doing phase retrieval or stable phase retrieval that may be used to prove
further results and develop algorithms for experimental purposes. In many of the situations, the
existence of disjointly supported functions (or similar conditions) seems to be the main obstruction
for PR (see [34, 35] for some recent examples). Propositions 5.2.1 and 5.2.2 synthesize these ideas
into characterizations of PR for general Banach lattices. Before proceeding with the proofs, let us
state some facts regarding the functional calculus that will be needed.

Let X be a real Banach lattice. Recall that, given f, g P X, Krivine’s functional calculus allows
us to define the expression |fg|

1
2 “ |f |

1
2 |g|

1
2 . When X is a Banach lattice of functions with the

usual pointwise or almost everywhere order, then p|fg|
1
2 qptq “ |fptqgptq|

1
2 for every t in the domain.

Moreover, the equality

|fg|
1
2 “ p|f | _ |g|q

1
2 p|f | ^ |g|q

1
2 (5.3)

holds in R, so it can be transferred to X.

Similarly, if X is a complex Banach lattice, let X̂ be the real Banach lattice such that X “ X̂`iX̂
and let f “ f1 ` if2, g “ g1 ` ig2 P X with fj , gj P X̂, j “ 1, 2. We can define the conjugate of g as

g “ g1 ´ ig2. If X were a Banach lattice of functions, the meaning of the expression |Re pfgq |
1
2 P X̂

would be clear. For a general complex Banach lattice, we need to define this expression in X̂ by
means of functional calculus as

|Re pfgq |
1
2 “ |f1g1 ` f2g2|

1
2 “ |Re pfq Re pgq ` Im pfq Im pgq |

1
2 .

Note that the equalities
ˇ

ˇRe
´

pλfqpµgq

¯

ˇ

ˇ

1
2 “ |λ|

1
2 |µ|

1
2 |Re pfgq |

1
2 (5.4)

and

2|Re pfgq |
1
2 “

ˇ

ˇ

ˇ
|f ` g|2 ´ |f ´ g|2

ˇ

ˇ

ˇ

1
2

“
ˇ

ˇ|f ` g| ` |f ´ g|
ˇ

ˇ

1
2
ˇ

ˇ|f ` g| ´ |f ´ g|
ˇ

ˇ

1
2 (5.5)

are true in R, provided λ, µ P R. Therefore, they also hold in X̂.

Now that we have extended the expressions above to the setting of Banach lattices, let us go
back to the original question of characterizing when a subspace of a Banach lattice does phase
retrieval. In the real setting, the main and only obstruction to phase retrieval turns out to be the
existence of disjoint pairs of elements in our subspace. This fact appears implicitly in [48], but here
we provide a complete proof.

Proposition 5.2.1 (Real phase retrieval). Let E be a subspace of a real Banach lattice X. The
following are equivalent:

(1) E fails PR.

(2) There exist non-zero f, g P E such that |f | ^ |g| “ 0.

(3) There exist non-zero f, g P E such that |fg|
1
2 “ 0.

Proof. p1q ñ p2q Suppose that E fails PR. Then, there exist f, g P E with |f | “ |g| and f ‰ ˘g. In
particular, f ´ g and f ` g are non-zero elements of E, and using some of the identities stated in
[96, Theorem 1.1.1] we deduce that
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|f ` g| ^ |f ´ g| “
`

pf ` gq _ p´f ´ gq
˘

^
`

pf ´ gq _ p´f ` gq
˘

“
`

pf ` gq ^ pf ´ gq
˘

_
`

pf ` gq ^ p´f ` gq
˘

_
`

p´f ´ gq ^ pf ´ gq
˘

_
`

p´f ´ gq ^ p´f ` gq
˘

“pf ´ |g|q _ p´|f | ` gq _ p´|f | ´ gq _ p´f ´ |g|q

“
`

pf ´ |g|q _ p´f ´ |g|q
˘

_
`

p´|f | ` gq _ p´|f | ´ gq
˘

“p|f | ´ |g|q _ p´|f | ` |g|q “
ˇ

ˇ|f | ´ |g|
ˇ

ˇ “ 0.

p2q ñ p1q Let f, g P E be two disjoint vectors. Then, in particular, they are linearly indepen-
dent and so are f ` g and f ´ g. Now taking into account that f and g are disjoint we get that
|f ` g| “ |f | ` |g| “ |f ´ g|, so E fails PR.

p2q ô p3q Let f, g P E, and consider the principal ideal generated by h “ |f | ` |g| in X, Xh, which
can be identified with some CpKq by means of a bijective lattice homomorphism J : Xh Ñ CpKq

[96, Theorem 2.1.3]. On one hand, if f and g are disjoint in X, so are Jf and Jg in CpKq, where

being disjoint means having disjoint supports. Hence, Jf ¨Jg “ 0 and, in particular, |Jf ¨Jg|
1
2 “ 0.

Since J is bijective and the functional calculus is preserved by lattice homomorphisms, we recover
that |fg|

1
2 “ 0. Similarly, if |fg|

1
2 “ 0, then |Jf ¨ Jg|

1
2 “ 0, so Jf and Jg must have disjoint

supports and thus f and g are disjoint in X.

The complex case is slightly more involved, as disjointness is not the only obstruction for phase
retrieval. Indeed, if a subspace E of a complex Banach lattice X “ X̂ ` iX̂ contains two real
and linearly independent elements f, g P E X X̂, then E automatically fails phase retrieval, as it
contains the elements f` ig and f´ ig, which are linearly independent but have the same modulus.
However, E might not contain disjoint pairs (take for instance E “ spantf, gu with f and g non-
disjoint satisfying the previous conditions). In view of this, it seems that it is not condition p2q

from Proposition 5.2.1 but rather p3q that should be used in order to get a generalization to the
complex setting.

Proposition 5.2.2 (Complex phase retrieval). Let E be a subspace of a complex Banach lattice
X. The following are equivalent:

(1) E fails PR.

(2) There exist linearly independent f, g P E such that |f ´ g| “ |f ` g|.

(3) There exist linearly independent f, g P E such that |Re pfgq |
1
2 “ 0.

(4) There exist linearly independent f, g P E such that |f ` g| “ p|f |2 ` |g|2q
1
2 .

Proof. p1q ô p2q E fails PR if and only if there exist u, v P E linearly independent such that
|u| “ |v|. Considering the linearly independent combinations f “ u`v

2 and g “ u´v
2 we can write

u “ f ` g and v “ f ´ g, so conditions p1q and p2q are equivalent.

p2q ô p3q ô p4q Assume that X “ X̂`iX̂ and let f, g P E, h “ |f |`|g| P X̂ and X̂h be the principal
ideal generated by h in X̂. Then, by Kakutani’s representation Theorem [96, Theorem 2.1.3] we
can identify X̂h with some real CpK;Rq, as we did in Proposition 5.2.1, and Xh “ X̂h ` iX̂h with
CpK;Cq. Therefore, we can assume without loss of generality that f, g P CpK;Cq. It is easy to
check that

|f ` g|2 “ pf ` gqpf̄ ` ḡq “ |f |2 `|g|2 ` 2Re pfgq

and
|f ´ g|2 “ pf ´ gqpf̄ ´ ḡq “ |f |2 `|g|2 ´ 2Re pfgq ,



122 5 Stable phase retrieval in Banach lattices

so p2q, p3q and p4q are clearly equivalent on CpK;Cq. The uniqueness of functional calculus allows
us to bring this equivalence back to the complex Banach lattice X.

To illustrate the intuition behind condition (3), let a and b be complex numbers such that

Re
´

ab
¯

“ 0. This implies that argpaq “ argpbq ˘ π
2 , that is, they are perpendicular when viewed

as vectors in C “ R2. Similarly, if f and g are functions on a domain Ω with complex values, the
condition Re pfgq “ 0 implies that at each point ω P Ω, the values fpωq and gpωq are perpendicular

in C “ R2. In analogy with this, the pairs f, g in a Banach lattice X satisfying |Re pfgq |
1
2 “ 0 will

be called perpendicular pairs.

Note that phase retrieval is a purely algebraic property, so Propositions 5.2.1 and 5.2.2 could
be stated for vector lattices, as the norm does not play any role (the only requirement is that
they admit a functional calculus, see [85] for a characterization of this property). In contrast,
for stable phase retrieval the situation is not as straightforward. The authors of [48] provided a
full characterization of real stable phase retrieval by changing in Proposition 5.2.1 the notion of
disjointness by that of almost disjointness. Given ε ą 0, we say that f, g P SE is a (normalized)
ε-almost disjoint pair if }|f | ^ |g|} ď ε. Almost disjoint pairs were used to stablish a quantitative
characterization of real SPR in [48, Theorem 3.4 and Remark 3.5] (see the equivalence p1q ô p2q

and the additional statement below), which was later refined in [26, Proposition 3.4]. It turns out
that an equivalent condition can be obtained looking at products (in the functional calculus sense)
instead of infima.

Theorem 5.2.3 (Real stable phase retrieval). Let E be a subspace of a real Banach lattice X. The
following are equivalent:

(1) E fails SPR.

(2) For every ε ą 0, E contains an ε-almost disjoint pair.

(3) For every ε ą 0, there exist f, g P SE such that }|fg|
1
2 } ă ε.

Moreover, E does C-SPR if and only if E does not contain any 1
C -almost disjoint pair.

Proof. p1q ô p2q As we already mentioned, the last part of the statement was established in [48,
Theorem 3.4 and Remark 3.5], and later improved in [26, Proposition 3.4]. In particular, this yields
the equivalence between p1q and p2q.

p2q ñ p3q For every ε ą 0, take f, g P SE such that }|f | ^ |g| } ă ε. By equation (5.3) and [88,
Proposition 1.d.2(i)] we get that

}|fg|
1
2 } ď }|f | _|g| }

1
2 }|f | ^|g| }

1
2 ď 1

?
2ε.

p3q ñ p2q It is clear from equation (5.3) that |f | ^ |g| ď |fg|
1
2 , so

}|f | ^ |g|} ď }|fg|
1
2 } ď ε.

Note that p2q ñ p1q holds in the complex setting as well. More specifically, if a subspace E of a
complex Banach lattice contains a normalized ε-almost disjoint pair, then it fails SPR with constant

1
2

?
2ε

. This is probably a known fact in the community, but the proof is not as straightforward as

in the real case. For the sake of completeness, we reproduce in Proposition 5.2.5 an argument
provided by Jesús Illescas-Fiorito in his Master’s thesis [70, Remark II.3.3]. The proof is based on
[48, Theorem 3.10], whose statement we recall:

1 Here we are using that }|f | _ |g|} ď }f} ` }g} ď 2. Note that if X is an AM-space, then the factor
?
2 can be

removed in this inequality.
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Theorem 5.2.4. Let pX, } ¨ }q be a (real or complex) Banach lattice. Fix linearly independent
f, g P X, and suppose that Y “ spantf, gu is equipped with a Hilbert space norm } ¨ }H which is
K-equivalent to } ¨ }, with 1 ď K ď

?
2. Then there exist f 1, g1 P Y so that

min
|λ|“1

}f ´ λg} ď K min
|λ|“1

}f 1 ´ λg1}

, and

p}f 1}2 ` }g1}2q
1
2 ď K min

|λ|“1
}f 1 ´ λg1},

and
ˇ

ˇ|f 1| ´ |g1|
ˇ

ˇ ď
ˇ

ˇ|f | ´ |g|
ˇ

ˇ .

Theorem 5.2.4 establishes that SPR is witnessed on “almost orthogonal” vectors, meaning that
if f and g satisfy the SPR inequality (5.1), then we can find f 1 and g1 in spantf, gu that tighten
the inequality (up to a constant K ď

?
2) and moreover min|λ|“1 }f 1 ´ λg1} is bounded below by

K´1p}f 1}2 ` }g1}2q
1
2 . In particular, this allows us to assume that both terms in the SPR inequality

are large. Moreover, in the proof of [48, Theorem 3.10] we can find a method for obtaining such f 1

and g1 from f and g, that we will use to show:

Proposition 5.2.5. Let E be a subspace of a complex Banach lattice X and ε ą 0. If there exist
u, v P SE such that }|u| ^ |v|} ă ε, then E fails 1?

2ε
-SPR.

Proof. Given u, v P SE such that }|u| ^ |v|} ă ε, fix a Hilbert norm } ¨ }H on spantu, vu induced
by a scalar product x¨, ¨y such that } ¨ } ď } ¨ }H ď

?
2} ¨ }, and assume without loss of generality

that }u}H ě }v}H . Let µ “
xu,vy

|xu,vy|
(if xu, vy “ 0 take µ “ 1 instead) and denote f “ u ` µv and

g “ u´ µv. Observe that xf, gy “ }u}2H ´ }v}2H ě 0, which implies that

min
|λ|“1

}f ´ λg}H “ }f ´ g}H .

By the proof of Theorem 5.2.4, there exists some R P r0, 12 s such that f 1 “ f ´ Rpf ` gq and
g1 “ g ´Rpf ` gq satisfy that

ˇ

ˇ|f 1| ´ |g1|
ˇ

ˇ ď
ˇ

ˇ|f | ´ |g|
ˇ

ˇ

and xf 1, g1y “ 0, so
min
|λ|“1

}f 1 ´ λg1}H “ }f 1 ´ g1}H .

In particular, the fact that f 1 ´ g1 “ f ´ g “ 2µv implies that

min
|λ|“1

}f 1 ´ λg1} ě
1

?
2

min
|λ|“1

}f 1 ´ λg1}H “
1

?
2

}f 1 ´ g1}H “
2

?
2

}v}H ě
2

?
2

}v} “
2

?
2
.

On the other hand, observe that |f ` g| “ 2 |u| and |f ´ g| “ 2 |v|, so
ˇ

ˇ|f | ´ |g|
ˇ

ˇ ď |f ` g| ^ |f ´ g| ď 2 |u| ^ |v|.

Putting everything together, we conclude that

}|f 1| ´ |g1|} ď }|f | ´ |g|} ă 2ε ď
?

2ε min
|λ|“1

}f 1 ´ λg1},

so E fails 1?
2ε

-SPR.

Using again the orthogonal reduction argument provided in Theorem 5.2.4, we can obtain the
main result of the paper: a characterization of stable phase retrieval in the complex setting. In a
similar way to what happens in the real case, where the restriction of not containing disjoint pairs
of vectors in Proposition 5.2.1 became the property of not containing almost disjoint pairs, in the
complex, case condition (3) in Proposition 5.2.2 will also have a stable analogue:
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Definition 5.2.6. Let X be a complex Banach lattice and ε ą 0. We say that two elements u, v P X
form a (normalized) ε-almost perpendicular pair if }u} “ }v} “ 1 and }|Re puvq |

1
2 } ă ε.

Theorem 5.2.7 states that a subspace of a complex Banach lattice fails SPR if and only if it
contains uniformly separated ε-almost perpendicular pairs for every ε ą 0.

Theorem 5.2.7 (Complex stable phase retrieval). Let E be a subspace of a complex Banach lattice
X. The following are equivalent:

(1) E fails SPR.

(2) For every 0 ă m ă 1?
2

´ 1
2 and ε ą 0, there exist u, v P SE such that min|λ|“1 }u´λv} ě m and

}|Re puvq |
1
2 } ă ε.

(3) There exists m ą 0 satisfying that for every ε ą 0, there exist u, v P SE such that min|λ|“1 }u´

λv} ě m and }|Re puvq |
1
2 } ă ε.

Proof. p1q ñ p2q Let us fix 0 ă m ă 1?
2

´ 1
2 and ε ą 0. E fails SPR, so given any C ě 1 there exist

linearly independent f, g P E such that

min
|λ|“1

}f ´ λg} ą C}|f | ´|g| }.

Following the proof of Theorem 5.2.4 we can find a pair of linearly independent vectors f 1, g1 P Y “

spantf, gu such that }g1} ď }f 1} “ 1,

min
|λ|“1

}f 1 ´ λg1} ą
C

?
2

∥∥∣∣f 1
∣∣ ´

∣∣g1
∣∣∥∥

and

min
|λ|“1

}f 1 ´ λg1} ě
1

?
2

´

}f 1}2 ` }g1}2
¯

1
2
.

Moreover, there exists an Euclidean norm } ¨ }H on Y such that }h} ď }h}H ď
?

2}h} for every
h P Y and xf 1, g1y “ 0. Note that, in particular,

0 ď }f 1} ´ }g1} ď
∥∥∣∣f 1

∣∣ ´
∣∣g1

∣∣∥∥ ď

?
2

C
min
|λ|“1

}f 1 ´ λg1} ď
2
?

2

C
.

Let 0 ă θ ă 1 be a parameter depending only m whose value will be established later in the proof,

and assume that C ą 2
?
2

θ . Then,

1 “ }f 1} ě }g1} ě }f 1} ´
2
?

2

C
ě 1 ´ θ

and

min
|λ|“1

}f 1 ´ λg1} ě
1

?
2

´

1 ` p1 ´ θq2
¯

1
2
.

Now, let us define u1 “
f 1`g1

2 and v1 “
f 1´g1

2 . Clearly, they are linearly independent, since they
generate f 1 “ u1 ` v1 and g1 “ u1 ´ v1. Moreover, by equation (5.5) and [88, Proposition 1.d.2(i)] it
follows that

∥∥|Repu1v1q|
1
2

∥∥ “
1

2

›

›

ˇ

ˇ|f 1| ` |g1|
ˇ

ˇ

1
2
ˇ

ˇ|f 1| ´ |g1|
ˇ

ˇ

1
2
›

› ď
1

2
}|f 1| ` |g1|}

1
2 }|f 1| ´ |g1|}

1
2 ď

2
1
4

?
C
. (5.6)

On the other hand, for every unimodular λ P C we have
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2}u1 ´ λv1}2 ě }u1 ´ λv1}2H

“
1

4
}p1 ´ λqf 1 ` p1 ` λqg1}2H

“
1

4

´

|1 ´ λ|2 }f 1}2H `|1 ` λ|2 }g1}2H

¯

“
1

2

´

p1 ´ Reλq}f 1}2H ` p1 ` Reλq}g1}2H

¯

ě mint}f 1}2H , }g
1}2Hu ě mint}f 1}2, }g1}2u “ }g1}2 ě p1 ´ θq2,

and thus

min
|λ|“1

}u1 ´ λv1} ě
1 ´ θ
?

2
.

Finally, note that

1

2
?

2

´

1 ` p1 ´ θq2
¯

1
2

ď
1

2
min
|λ|“1

}f 1 ´ λg1} ď }u1} ď
1

2
p}f 1} ` }g1}q ď 1,

and the same holds for }v1}. Define u “ u1

}u1}
and v “ v1

}v1}
. Then, u and v are normalized vectors,

and they satisfy that

}u´ λv} ě
1

}u1}

˜

}u1 ´ λv1} ´

›

›

›

›

›

λ

ˆ

1 ´
}u1}

}v1}

˙

v1

›

›

›

›

›

¸

ě min
|λ|“1

}u1 ´ λv1} ´
∣∣}u1} ´ }v1}

∣∣
ě

1 ´ θ
?

2
`

1

2
?

2

´

1 ` p1 ´ θq2
¯

1
2

´ 1

for every unimodular scalar λ. Choosing θ P p0, 1q so that

m “
1 ´ θ
?

2
`

1

2
?

2

´

1 ` p1 ´ θq2
¯

1
2

´ 1

(this is always possible, since 0 ă m ă 1?
2

´ 1
2), and making

C ą max

#

8
?

2

p1 ` p1 ´ θq2qε2
,

2
?

2

θ

+

,

we can use (5.4) and (5.6) to conclude that

}|Re puvq |
1
2 } “

1

}u1}
1
2 }v1}

1
2

}|Re
´

u1v1

¯

|
1
2 } ď

˜

8
?

2

p1 ` p1 ´ θq2qC

¸
1
2

ă ε.

p2q ñ p3q is trivial.

p3q ñ p1q We want to show that the SPR condition fails in E for any constant C ą 0, that is, for
every C there is a pair of linearly independent elements f, g P E such that

min
|λ|“1

}f ´ λg} ą C}|f | ´|g| }.

Let us fix a constant C ą 0 and find m ą 0 satisfying the hypothesis. Then, we take 0 ă ε ă δm
2C ,

where δ ą 0 is a parameter depending only on m that will be fixed later, and u, v P E as in the
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statement. Let f “ u ` v and g “ u ´ v, which are clearly linearly independent. It follows using
functional calculus and (5.5) that

ˇ

ˇ|f | ´ |g|
ˇ

ˇ ď
ˇ

ˇ|f | ´ |g|
ˇ

ˇ

1
2
ˇ

ˇ|f | ` |g|
ˇ

ˇ

1
2 “ 2|Re puvq|

1
2 , (5.7)

so }|f | ´|g| } ď 2}|Re puvq |
1
2 } ď 2ε.

Now, let us provide a lower bound for the expressions }f ´ λg}, where λ is a unimodular scalar.
To do so, note that |1 ´ λ|2 `|1 ` λ|2 “ 4, so

}f ´ λg} “ }p1 ´ λqu` p1 ` λqv} ě 2M,

where
M “ inf

!

}αu` βv} : |α|2 `|β|2 “ 1
)

.

In order to bound M from below, we select δ “ p1 ` p1 ` m
2 q2q´ 1

2 ą 0, so that
?
1´δ2

δ “ 1 ` m
2 , and

we distinguish three cases:

˝ If |α| ě
?

1 ´ δ2 (equivalently, |β| ď δ), then

}αu` βv} ě }αu} ´ }βv} “ |α| ´|β| ě
a

1 ´ δ2 ´ δ “
δm

2
.

˝ If |α| ď δ (equivalently, |β| ě
?

1 ´ δ2), then

}αu` βv} ě }βv} ´ }αu} “ |β| ´|α| ě
a

1 ´ δ2 ´ δ “
δm

2
.

˝ If δ ď |α| ď
?

1 ´ δ2 (equivalently, δ ď |β| ď
?

1 ´ δ2), then δ?
1´δ2

ď r “
|β|
|α| ď

?
1´δ2

δ and

|r ´ 1| ď m
2 . Writing β

α “ reiφ we get

}αu` βv} “ |α| }u` eiφv ` pr ´ 1qeiφv} ě |α|
´

}u` eiφv} ´|r ´ 1|
¯

ě
δm

2
.

We conclude that M ě δm
2 , so we have found a pair of linearly independent vectors f and g in E

such that
C}|f | ´|g| } ď 2εC ă δm ď 2M ď min

|λ|“1
}f ´ λg}

and the proof is concluded.

Remark 5.2.8. Note that the restriction min|λ|“1 }u´λv} ě m ą 0 cannot be dropped in conditions
p2q and p3q of Theorem 5.2.7. Indeed, there exists a two dimensional subspace of C4 that does stable
phase retrieval, but for every ε ą 0 it contains a pair of linearly independent vectors u, v P SE such
that }|Re puvq |

1
2 } ă ε.

Proof. Let u “ p1, 1, 1, 0q, w “ p1, i, 0, 1q P ℓ48 (over C) and E “ spantu,wu. Given 0 ă δ ă 1, let
v “ Apiu` δwq “ Api` δ, p1 ` δqi, i, δq, where A “ p1 ` δq´1. It is clear that, for every δ, u and v

are normalized and linearly independent. Moreover, |Re puvq |
1
2 “ p

?
Aδ, 0, 0, 0q, so for every ε ą 0

we can choose δ such that 1 ´ A “ Aδ “ δ
1`δ ă ε2, so that }|Re puvq |

1
2 }8 ă ε. However, we can

observe that

min
|λ|“1

}u´ λv}8 ď

›

›

›

›

u´
i` 1

i´ 1
v

›

›

›

›

8

“
1

?
2

›

›pi´ 1qp1 ´Aqu´ pi` 1qAδw
›

›

8
ď 2Aδ ă 2ε2,
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so when ε is small the pair u, v does not satisfy the separation restriction of Theorem 5.2.7.

Next, let us show that E does SPR. To do so, it suffices to prove that E does PR, since by [48,
Corollary 3.14] PR and SPR are equivalent for finite-dimensional subspaces. By Proposition 5.2.2,
we need to check that for every pair of linearly independent vectors f, g P E, the expression
|Re pfgq |

1
2 is non-zero. Assume the contrary: there exist two linearly independent vectors f “

a1u ` b1w, g “ a2u ` b2w P E such that |Re pfgq |
1
2 “ 0. Since ℓ48 is a space of sequences, the

functional calculus coincides with the usual functional calculus in R coordinatewise, so, in particular,
we can write Re pfgq “ 0. A simple computation shows that

$

’

’

’

’

&

’

’

’

’

%

0 “pRe pa1q ` Re pb1qqpRe pa2q ` Re pb2qq ` p Im pa1q ` Im pb1qqp Im pa2q ` Im pb2qq,

0 “pRe pa1q ´ Im pb1qqpRe pa2q ´ Im pb2qq ` p Im pa1q ` Re pb1qqp Im pa2q ` Re pb2qq,

0 “Re pa1q Re pa2q ` Im pa1q Im pa2q ,

0 “Re pb1q Re pb2q ` Im pb1q Im pb2q .

Without loss of generality, we can assume that a1 “ 1, so that the third equation implies that
Re pa2q “ 0, i.e., a2 “ αi for some α P R. Substituting the information from the third and fourth
equations in the other two equations we obtain

#

0 “ α Im pb1q ` Re pb2q ,
0 “ αRe pb1q ´ Im pb2q ,

so, in particular,

a1b2 ´ a2b1 “ α Im pb1q ` Re pb2q ´ ipαRe pb1q ´ Im pb2qq “ 0.

However, by our assumption f and g are linearly independent, so a1b2 ´ a2b1 ‰ 0, which leads to
a contradiction. Therefore, Re pfgq ‰ 0, so E does PR, and hence SPR.

5.3 Existence of SPR subspaces in complex CpKq-spaces

In this section we extend to the complex setting some results from [48] concerning the SPR subspaces
of CpKq-spaces. Unless stated otherwise, throughout this section all the spaces considered will be
complex Banach spaces or lattices. We begin by proving a separation lemma.

Lemma 5.3.1. Let E be a (real or complex) Banach space and 0 ă m ă 2. Then for every x P SE
and y P BE satisfying min|λ|“1 }x´λy} ě m there exists x˚ P SE˚ such that

∣∣|x˚pxq| ´|x˚pyq|
∣∣ ě m

3 .

Proof. We distinguish two cases. If }y} ď 1´m
3 , then we choose x˚ P SE˚ to be a norming functional

for x, so that x˚pxq “ 1 and |x˚pyq| ď∥x˚∥∥y∥ ď 1´ m
3 . Otherwise, if }y} ą 1´ m

3 , then the distance
of y to the span of x, denoted Fx (here, F denotes the scalar field), must be bounded below. Indeed,
given µ P F, we can have one of the following three situations:

˝ If |µ| ą 1 ` m
3 ,

}y ´ µx} ě }µx} ´ }y} ě
m

3
.

˝ If |µ| ă 1 ´ 2m
3 ,

}y ´ µx} ě }y} ´ }µx} ě
m

3
.
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˝ If 1 ´ 2m
3 ď |µ| ď 1 ` m

3 , then
∣∣1 ´|µ|

∣∣ ď 2m
3 and

}y ´ µx} ě

∥∥∥∥y ´
µ

|µ|
x

∥∥∥∥ ´

∥∥∥∥∥
ˆ

µ

|µ|
´ µ

˙

x

∥∥∥∥∥ ě m´
2m

3
“
m

3
.

Thus, dpy,Fxq ě m
3 . Using Hahn–Banach Theorem, we can find a functional x˚ P SE˚ such that

x˚pxq “ 0 and x˚pyq “ dpy,Fxq, so the proof is concluded.

The next result generalizes [48, Lemma 4.4] to the complex setting following a similar argument.

Lemma 5.3.2. For any cardinal α there is an isometric 12-SPR embedding of ℓ8pαq into itself.

Proof. Let us denote by E “ ℓ8pαq and E˚ “ ℓ1pαq. Let pziqiPI be a dense set in SE˚
with |I| “ α,

and define the operator J : E Ñ ℓ8pIq by Jx “ pxpziqqiPI . Using Goldstine’s Theorem and the
density of pziqiPI it can be checked that J is an isometric embedding. Let us show that JpEq does
SPR in ℓ8pIq, i.e., that there is some C ą 0 such that for every x, y P E,

min
|λ|“1

}Jx´ λJy} ď C}|Jx| ´|Jy| }.

Without loss of generality we can assume that x P SE , y P BE and min|λ|“1 }x ´ λy} ě 1?
2
.

Indeed, suppose the inequality above is stablished (with some constant C 1) for x, y satisfying these
conditions. Then, given any f, g P E we can apply Theorem 5.2.4 to obtain f 1, g1 satisfying the
properties listed in the statement. In particular, denoting x “

f 1

}f 1}
and y “

g1

}f 1}
, we get that

min
|λ|“1

}Jf ´ λJg} ď
?

2 min
|λ|“1

}Jf 1 ´ λJg1} “
?

2}f 1} min
|λ|“1

}Jx´ λJy}

ď
?

2}f 1}C 1}|Jx| ´|Jy| } “
?

2C 1}
∣∣Jf 1

∣∣ ´
∣∣Jg1

∣∣ } ď
?

2C 1}|Jf | ´|Jg| },

so JpEq does SPR with constant C “
?

2C 1.

Now, if x P SE , y P BE and min|λ|“1 }x´λy} ě 1?
2
, we can apply Lemma 5.3.1 to obtain x˚ P E˚

such that
∣∣|x˚pxq| ´|x˚pyq|

∣∣ ě 1
3

?
2
. Using again Goldstine’s Theorem and the density of pziqiPI we

can find for every ε ą 0 some zi such that |x˚pxq ´ xpziq| ă ε and |x˚pyq ´ ypziq| ă ε, and thus∣∣|xpziq| ´|ypziq|
∣∣ ě 1

3
?
2

´ 2ε. It follows that

}|Jx| ´|Jy| } ě
∣∣|xpziq| ´|ypziq|

∣∣ ě
1

3
?

2
´ 2ε

for every ε ą 0, so
6

?
2}|Jx| ´|Jy| } ě 2 ě min

|λ|“1
}Jx´ λJy}

and we can take C 1 “ 6
?

2 (and C “ 12).

Remark 5.3.3. The same argument can be used to show that any E embeds isometrically into
CpBE˚q as a 12-SPR subspace by means of the cannonical embedding that sends every x P E to the
evaluation function x˚ ÞÑ x˚pxq.

As one could expect, [48, Proposition 6.2] can also be generalized to the complex setting using
Lemma 5.3.1. We include the proof for the sake of completeness.

Proposition 5.3.4. Every separable Banach space embeds isometrically into Cp∆q, and into
Cr0, 1s, as a 12-SPR subspace (here ∆ is the Cantor set).
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Proof. Given a separable Banach space E, we denote K “ pBE˚ , w˚q and j : E Ñ CpKq the
isometric embedding introduced in Remark 5.3.3. Recall that }|jx| ´|jy| } ě 1

3
?
2

for every x P SE ,

y P BE such that min|λ|“1 }x ´ λy} ě 1?
2
. Since E is separable, K is a metrizable compact, so

[79, Theorem 4.18] yields a continuous surjection h : ∆ Ñ K that defines a composition operator
H : CpKq Ñ Cp∆q, which is in particular a lattice isometric embedding. Now, since ∆ Ď r0, 1s, [3,
Theorem 4.4.4] provides an extension operator T : Cp∆q Ñ Cr0, 1s such that Tf |∆ “ f , T1 “ 1,
}T } “ 1 and Tf ě 0 for every f ě 0 (it is straightforward to check that this result is also valid in
the complex setting). In particular, T is an isometric embedding. Moreover, given x P SE , y P BE
such that min|λ|“1 }x´ λy} ě 1?

2
, Lemma 5.3.1 and the surjectivity of h implies that there is some

t P ∆ such that

1

3
?

2
ď }|jx| ´|jy| } “

∣∣|jxphptqq| ´|jyphptqq|
∣∣ “

∣∣|phptqqpxq| ´|phptqqpyq|
∣∣

“
∣∣|Hjxptq| ´|Hjyptq|

∣∣ “
∣∣|THjxptq| ´|THjyptq|

∣∣ ď }|THjx| ´|THjy| }.

Repeating the argument used in Lemma 5.3.2 we conclude that THjpEq does 12-SPR in Cr0, 1s

(and in Cp∆q).

Next, we show a technical lemma that will be the base of the main results of the paper. Inspired by
the idea from [48, Theorem 6.1] of embedding c0 into a CpKq-space by creating overlapping points
for any pair of natural numbers, we use the characterization of complex SPR from Theorem 5.2.7
to establish that if an embedding between complex CpKq-spaces satisfies a certain overlapping
property, then it will do complex SPR.

Lemma 5.3.5. Let K,L be compact Hausdorff spaces, and assume that the field of scalars is C.
Suppose that T : CpLq Ñ CpKq is a contraction that satisfies that for every pair ps, tq P LˆL there
are rs,t, rrs,t P K such that Tfprs,tq “ 1

2pfpsq ` fptqq and Tfprrs,tq “ 1
2pfpsq ` ifptqq. Then, T is an

isometric SPR embedding.

Remark 5.3.6. It should be noted that the proof works with a weaker assumption, namely, that
for every point s P L there exists rs P K such that Tfprsq “ fpsq and for every pair of distinct
points s, t P L there are rs,t, rrs,t P K such that Tfprs,tq “ 1

2pfpsq ` fptqq and Tfprrs,tq is either
1
2pfpsq ` ifptqq or 1

2pfptq ` ifpsqq.

Proof of Lemma 5.3.5. The fact that T is an isometry follows from the fact that T is contractive
and Tfprs,sq “ fpsq for every s P L. We claim that T pCpLqq does complex SPR. By Theorem 5.2.7
(choosing m “ 1

5), this is equivalent to showing that there exists some δ ą 0 such that if f, g P SCpLq

satisfy min|λ|“1 }f ´ λg} ě 1
5 , then }|Re

´

TfTg
¯

|
1
2 } ě δ, or equivalently, }Re

´

TfTg
¯

} ě δ2. Let

us fix f and g as above, and put fpsq “ Ase
iθs and gpsq “ Bse

iσs for every s P L. Lastly, let c ą 0
be a small parameter whose value will be established later. It will be useful for the rest of the proof

to write now the explicit values of Re
´

TfTg
¯

at the points rs,t and rrs,t for s, t P L:

Re
´

TfTg
¯

prs,tq “
1

4
rAsBs cospθs ´ σsq `AtBt cospθt ´ σtq

`AtBs cospθt ´ σsq `AsBt cospθs ´ σtqs,

Re
´

TfTg
¯

prrs,tq “
1

4
rAsBs cospθs ´ σsq `AtBt cospθt ´ σtq

´AtBs sinpθt ´ σsq `AsBt sinpθs ´ σtqs.

Since both f and g have norm one, there exist some s, t P L such that As “ 1 “ Bt. We distinguish
two main cases:
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Case A: At ą 9
10 or Bs ą 9

10 (without loss of generality, assume the latter).

˝ If | cospθs ´ σsq| ě c, then

}Re
´

TfTg
¯

} ě |Re
´

TfTg
¯

prs,sq| “ AsBs| cospθs ´ σsq| ě
9

10
c.

˝ If | cospθs ´ σsq| ă c, then we use the fact that min|λ|“1 }f ´ λg} ě 1
5 to find some u P L such

that
1

5
ď |fpuq ´ eipθs´σsqgpuq| ď Au `Bu. (5.8)

Note that this u must be different from s, since |fpsq ´eipθs´σsqgpsq| “ |As´Bs| “ |1´Bs| ă 1
10 .

˝ If Bu ă c, then necessarily Au ě 1
5 ´c. Since either | cospθu´σsq| or | sinpθu´σsq| is greater or

equal than 1?
2
, evaluating at rs,u or rrs,u, respectively, and applying the triangular inequality,

we get that

4}Re
´

TfTg
¯

} ě
9

10
?

2
Au ´ 3c ě

9

50
?

2
´

´

3 `
9

10
?

2

¯

c ą 0.

˝ If Au ă c, we proceed analogously.

˝ If Au, Bu ě c, we distinguish two cases again:

‚ If | cospθu ´ σuq| ě c, then

}Re
´

TfTg
¯

} ě |Re
´

TfTg
¯

pru,uq| “ AuBu| cospθu ´ σuq| ě c3.

‚ Otherwise, we are in a situation where Au, Bu ě c and | cospθs ´ σsq|, | cospθu ´ σuq| ă c.
This case requires more analysis than the previous ones, so we treat it separately:

Let ∆ “ pθs ´σsq ` pθu ´σuq “ pθs ´σuq ` pθu ´σsq. Using trigonometric relations, it is clear that
| cos∆| ě 1 ´ 2c2 and | sin∆| ď 2c. Moreover, we can write

cospθs ´ σuq “ cos∆ cospθu ´ σsq ` sin∆ sinpθu ´ σsq

and
sinpθs ´ σuq “ sin∆ cospθu ´ σsq ´ cos∆ sinpθu ´ σsq.

When cos∆ ą 0, we have that 0 ď 1 ´ cos∆ ď 2c2, so

| cospθs ´ σuq ´ cospθu ´ σsq| ď 4c,

| sinpθs ´ σuq ` sinpθu ´ σsq| ď 4c;
(5.9)

whereas when cos∆ ă 0, it follows that 0 ď 1 ` cos∆ ď 2c2, so we get

| cospθs ´ σuq ` cospθu ´ σsq| ď 4c,

| sinpθs ´ σuq ´ sinpθu ´ σsq| ď 4c.
(5.10)

According to this dichotomy, we have that:

˝ If cos∆ ą 0, then evaluating at rs,u and using (5.8), (5.9) and Bs ą 9
10 we obtain that

4|Re
´

TfTg
¯

prs,uq| ě |Bu cospθs ´ σuq `AuBs cospθu ´ σsq| ´ 2c

ě pAu `Buq| cospθs ´ σuq| ´Aup1 ´Bsq| cospθu ´ σsq|

´Au| cospθu ´ σsq ´ cospθs ´ σuq| ´ 2c

ě
1

5
| cospθs ´ σuq| ´

1

10
´ 6c,
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while at rrs,u we get

4|Re
´

TfTg
¯

prrs,uq| ě |Bu sinpθs ´ σuq ´AuBs sinpθu ´ σsq| ´ 2c

ě pAu `Buq| sinpθs ´ σuq| ´Aup1 ´Bsq| sinpθu ´ σsq|

´Au| sinpθu ´ σsq ` sinpθs ´ σuq| ´ 2c

ě
1

5
| sinpθs ´ σuq| ´

1

10
´ 6c.

Therefore,

4}Re
´

TfTg
¯

} ě
1

5

´ 1
?

2
´

1

2

¯

´ 6c ą 0.

˝ If cos∆ ă 0, then again by the trigonometric relations it follows that

cosppθs ´ σsq ´ pθu ´ σuqq “ cosp∆´ 2pθu ´ σuqq ě 1 ´ 6c2. (5.11)

Then, we can split one last time in two cases:

˝ If |Au ´Bu| ě
?
24
25 , we can evaluate at rs,u and rrs,u and apply (5.10) to obtain

4|Re
´

TfTg
¯

prs,uq| ě |Bu cospθs ´ σuq `AuBs cospθu ´ σsq| ´ 2c

ě |Au ´Bu|| cospθs ´ σuq| ´Aup1 ´Bsq| cospθu ´ σsq|

´Au| cospθu ´ σsq ` cospθs ´ σuq| ´ 2c

ě

?
24

25
| cospθs ´ σuq| ´

1

10
´ 6c,

and

4|Re
´

TfTg
¯

prrs,uq| ě |Bu sinpθs ´ σuq ´AuBs sinpθu ´ σsq| ´ 2c

ě |Au ´Bu|| sinpθs ´ σuq| ´Aup1 ´Bsq| sinpθu ´ σsq|

´Au| sinpθu ´ σsq ´ sinpθs ´ σuq| ´ 2c

ě

?
24

25
| sinpθs ´ σuq| ´

1

10
´ 6c,

respectively. Again, this implies that

4}Re
´

TfTg
¯

} ě
1

5

´

?
12

5
´

1

2

¯

´ 6c ą 0.

˝ On the contrary, if |Au ´Bu| ă
?
24
25 , by (5.8) and (5.11) we have

1

25
ď |Au ´Bue

ippθs´σsq´pθu´σuqq|2

“ A2
u `B2

u ´ 2AuBu cosppθs ´ σsq ´ pθu ´ σuqq

“ |Au ´Bu|2 ` 2AuBur1 ´ cosppθs ´ σsq ´ pθu ´ σuqqs

ă
24

252
` 12c2 ă

1

25
,

which becomes a contradiction as long as we choose c ă 1
25

?
12

. Therefore, this situation is not

possible, and we have exhausted all the possibilities within Case A.
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Note that choosing 0 ă c ă 1
30p

?
12
5 ´ 1

2q and 0 ă δ2 ď mintc3, 14p15p
?
12
5 ´ 1

2q´6cqu, all the conditions
that have appeared in Case A are satisfied.

Case B: At ă 9
10 and Bs ă 9

10 (in particular, s ‰ t).

˝ If Bs ă c, we consider At:

˝ If At ă c, then

4|Re
´

TfTg
¯

prs,tq| ě | cospθs ´ σtq| ´ 3c

and
4|Re

´

TfTg
¯

prrs,tq| ě | sinpθs ´ σtq| ´ 3c,

so

4}Re
´

TfTg
¯

} ě
1

?
2

´ 3c ą 0.

˝ If At ě c, we split again:

‚ If | cospθt ´ σtq| ě c, then

}Re
´

TfTg
¯

} ě |Re
´

TfTg
¯

prt,tq| ě c2.

‚ If | cospθt ´ σtq| ă c, then evaluating again at either rs,t or rrs,t we obtain that

4}Re
´

TfTg
¯

} ě
1

?
2

´ 3c ą 0.

˝ If Bs ě c, we look at | cospθs ´ σsq|:

˝ If | cospθs ´ σsq| ě c, it follows that

}Re
´

TfTg
¯

} ě |Re
´

TfTg
¯

prs,sq| ě c2.

˝ If | cospθs ´ σsq| ă c, we split again:

‚ If At ă c, evaluating again at the points rs,t and rrs,t yields

4}Re
´

TfTg
¯

} ě
1

?
2

´ 3c ą 0.

‚ If At ě c, then we examine | cospθt ´ σtq|:

■ If | cospθt ´ σtq| ě c, then

}Re
´

TfTg
¯

} ě |Re
´

TfTg
¯

prt,tq| ě c2.

■ If | cospθt´σtq| ă c, we arrive to a situation similar to Case A, but not exactly the same,
since we might not have an analogue of the condition (5.8). Therefore, to deal with the
case At, Bs ě c and | cospθs ´ σsq|, | cospθt ´ σtq| ă c, we proceed as follows:

Let Γ “ pθs ´ σsq ` pθt ´ σtq, and observe that | cosΓ | ě 1 ´ 2c2 and we can obtain again the
estimates (5.9) and (5.10) (with the obvious modifications). We now split as in Case A:
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˝ If cosΓ ą 0, then if we evaluate at rs,t we obtain that

4|Re
´

TfTg
¯

prs,tq| ě | cospθs ´ σtq `AtBs cospθt ´ σsq| ´ 2c

ě p1 `AtBsq| cospθs ´ σtq| ´AtBs| cospθt ´ σsq ´ cospθs ´ σtq| ´ 2c

ě | cospθs ´ σtq| ´ 6c,

while at rrs,t we get

4|Re
´

TfTg
¯

prrs,tq| ě | sinpθs ´ σtq ´AtBs sinpθt ´ σsq| ´ 2c

ě p1 `AtBsq| sinpθs ´ σtq| ´AtBs| sinpθt ´ σsq ` sinpθs ´ σtq| ´ 2c

ě | sinpθs ´ σtq| ´ 6c,

so

4}Re
´

TfTg
¯

} ě
1

?
2

´ 6c ą 0.

˝ If cosΓ ă 0, then we use that At, Bs ă 9
10 , so 1 ´ AtBs ą 1

10 , and we apply the analogue of
(5.10) to obtain that

4|Re
´

TfTg
¯

prs,tq| ě | cospθs ´ σtq `AtBs cospθt ´ σsq| ´ 2c

ě p1 ´AtBsq| cospθs ´ σtq| ´AtBs| cospθt ´ σsq ` cospθs ´ σtq| ´ 2c

ě
1

10
| cospθs ´ σtq| ´ 6c,

and

4|Re
´

TfTg
¯

prrs,tq| ě | sinpθs ´ σtq ´AtBs sinpθt ´ σsq| ´ 2c

ě p1 ´AtBsq| sinpθs ´ σtq| ´AtBs| sinpθt ´ σsq ´ sinpθs ´ σtq| ´ 2c

ě
1

10
| sinpθs ´ σtq| ´ 6c,

and therefore

4}Re
´

TfTg
¯

} ě
1

10
?

2
´ 6c ą 0.

Observe that the Case B has provided new restrictions for c and δ, but it can be checked that the
choice of parameters made in Case A satisfies this new conditions. Hence, we have shown that there

is a δ ą 0 such that }|Re
´

TfTg
¯

|
1
2 } ě δ whenever f, g P SCpLq satisfy min|λ|“1 }f ´ λg} ě 1

5 , so

the proof is concluded.

The final part of the section is devoted to characterizing by means of Lemma 5.3.5 when a complex
CpKq-space contains an infinite-dimensional subspace doing SPR, generalizing [48, Theorem 6.1],
where the real case was considered. From now on, by SPR subspace we mean an infinite-dimensional
SPR subspace, unless stated otherwise. Our objective is to show the following characterization:

Theorem 5.3.7. Suppose K is a compact Hausdorff space. Then CpK;Cq has an SPR subspace if
and only if K 1 is infinite.

Recall that K 1 is the set of accumulation points of K, also known as the derived set of K. This
operation over the set K can be iterated α times for any ordinal α, yielding the α-th Cantor–
Bendixon derivative of K, denoted Kpαq. The real case was already proved in [48, Theorem 6.1],
and later expanded in [26, Theorem 5.3]. Here, we dissect the proof from [48], which contains some
claims that have interest on their own, and adapt it to the complex setting. For instance, the
necessary condition consists of a standard gliding hump argument that holds in a general context:
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Proposition 5.3.8. Let X be a (real or complex) Banach lattice that contains an infinite-
dimensional SPR subspace. Then, the closed span of the atoms of X has infinite codimension in
X.

Recall that an atom of a (real) Banach lattice X is a non-zero positive element x0 P X such
that whenever |x| ď x0, it follows that x “ λx0 for some scalar λ. The span of an atom is
always a projection band [83, p. 8]. Its corresponding band projection Px0 : X Ñ X is given by
Px0x “ λx0pxqx0, where λx0 is a lattice homomorphism from X to the scalar field. This lattice
homomorphism is called the coordinate functional associated to x0.

Proof of Proposition 5.3.8. Let E Ď X be an infinite-dimensional SPR subspace, and assume that
X0, the closed span of the atoms of X, has finite codimension. It follows that E0 “ E X X0

has infinite dimension. Let x P SE0 and ε ą 0. There exists a linear combination of atoms y “
řn
i“1 λxipyqxi, where pxiq

n
i“1 are atoms and pλxiq

n
i“1 their corresponding coordinate functionals,

such that }x´ y} ă ε. Again, E0 X
`
Şn
i“1 kerλxi

˘

must be infinite-dimensional, so in particular we
can find a norm-one vector z in this subspace. Note that z is disjoint from y (i.e., supported on
different atoms). Hence,

|x| ^ |z| ď
`

|x´ y| ` |y|
˘

^ |z| ď |x´ y| ^ |z| ` |y| ^ |z| “ |x´ y| ^ |z| ď |x´ y|,

and x and z form a normalized ε-almost disjoint pair in E. Since ε was arbitrary, Proposition 5.2.5
yields a contradiction.

Next, we show that C0r1, ω2q, that can be identified with the closed sublattice of Cr1, ω2s of
functions that vanish at ω2, contains an isometric copy of c0 doing SPR. The construction for
the complex case is just an adaptation of the real one, extracted from [48], so that it satisfies the
overlapping condition of Lemma 5.3.5. Throughout the proof, 1m1 will represent the characteristic
function of the clopen set pω ¨ pm1 ´ 1q, ω ¨m1s for any natural number m1 ě 1. Analogously, given
natural numbers m1,m2 ě 1, 1m1,m2 will stand for the characteristic of the singleton tω ¨ pm1 ´

1q `m2u.

Lemma 5.3.9. There exists an isometric SPR embedding of c0 into C0r1, ω2q.

Proof. This time, for each n P N, we define the expression

xpnq “ 11,n `
1

2
1n`1 `

1

2

n
ÿ

m“2

p1m,2n´1 ` i1m,2nq

(see Figure 5.1), which is continuous on r1, ω2s and vanishes at ω2.

The sequence pxpnqqn spans an isometric copy of c0. Indeed, given pαnqn P c00 with
Ž

n |αn| “ 1,
it follows that x “

ř

n αnx
pnq takes the value αn at the point n for every n P N, so }x} ě 1. On

the other hand, observe that x vanishes outside of r1, ω ¨ pk ` 1qs for k big enough. Moreover, the
function x takes the values αn at the point n, 0 at ω, 1

2αn at rω ¨ n` 1, ω ¨ n` 2ns Y tω ¨ pn` 1qu,
and 1

2pαn ` αmq at ω ¨ n ` 2m ´ 1 and 1
2pαn ` iαmq at ω ¨ n ` 2m for every m ą n and n P N. In

all the cases above, |x| ď 1, so we can conclude that }x} “ 1.

Moreover, it is clear that if we take rn “ n for every natural number n P N, and rm,n “

ω ¨ m ` 2n ´ 1 and rrm,n “ ω ¨ m ` 2n for every pair m ă n, then the relaxed condition from
Remark 5.3.6 holds, so Lemma 5.3.5 guarantees that E “ spantxpnq : n P Nu does complex SPR
(the fact that c0 is not a CpKq-space, but only an AM-space, is not relevant in the proof).

Finally, we recall the following topological fact (see [100, Theorem 29.2]). We will use this lemma
to build a lattice copy of C0r1, ω2q inside any CpKq with K2 ‰ ∅.
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Figure 5.1: Representation of xpnq in the complex setting. The points in r1, ω2s are ordered from
the left to the right and from the top to the bottom. Each type of line (dotted and black, dashed
and gray, solid and black) defines a function xp1q, xp2q and xp3q, respectively.

Lemma 5.3.10. Suppose K is a compact Hausdorff space, and t P U Ď K, where U is an open
set. Then there exists an open set V so that t P V Ď V Ď U .

We also recall that a perfect set P of a topological space T is a non-empty closed set which
has no isolated points, and a topological space T is said to be scattered if it does not contain any
perfect sets.

Proof of Theorem 5.3.7. The necessary condition follows from Proposition 5.3.8, equivalence piq ô

piiq in [26, Theorem 5.3], and the fact that in a CpKq-space (or more generally, in an AM-space),
the span of the atoms and the order continuous part coincide (see for instance [27, Proposition 5.11]).

To show the sufficient condition, we distinguish two cases. If K contains a perfect set, then by
[83, Theorem 2, Section 4, p.29], Cr0, 1s embeds lattice isometrically into CpKq by means of a
composition operator associated to a continuous surjection ϕ : K Ñ r0, 1s, and Cr0, 1s contains
SPR subspaces by Proposition 5.3.4. On the other hand, if K is scattered but K 1 is infinite, then
we can show the following claim:

Claim: C0r1, ω2q embeds lattice isometrically into CpKq.

Indeed, reproducing the argument from [48, Theorem 6.1], it is clear that K 1zK2 is infinite and
every point in K 1zK2 is an accumulation point of KzK 1. Therefore, applying Lemma 5.3.10 we can
find a sequence of distinct points ptkq8

k“1 Ď K 1zK2, pairwise disjoint open sets pUkq8
k“1 of K, and

open sets pVkq8
k“1, such that tk P Vk Ď Vk Ď Uk for every k P N. Since every tk is an accumulation

point of KzK 1, there exists a sequence of distinct points psj,kq8
j“1 Ď pKzK 1q X Vk for every k.
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Let gk P CpKq be such that 0 ď gk ď 1, gk|Vk
“ 1 and gk|KzUk

“ 0, and observe that χtsj,ku is

continuous for every j and k, as sj,k are isolated points. Given f P C0r1, ω2q, we define

Tf :“
8
ÿ

k“1

¨

˝fpω ¨ kqgk `

8
ÿ

j“1

`

fpω ¨ pk ´ 1q ` jq ´ fpω ¨ kq
˘

χtsj,ku

˛

‚.

We claim that Tf is a continuous function on K with }Tf} “ }f}. Indeed, the sequence of partial
sums

řJ
j“1

`

fpω ¨ pk ´ 1q ` jq ´ fpω ¨ kq
˘

χtsj,ku is Cauchy, so it converges. Moreover, each of the
summands

Fk “ fpω ¨ kqgk `

8
ÿ

j“1

`

fpω ¨ pk ´ 1q ` jq ´ fpω ¨ kq
˘

χtsj,ku

is supported on Uk and has norm }f |pωpk´1q,ωks}. Similarly, p
řK
k“1 Fkq8

K“1 is a Cauchy sequence, so
it converges in CpKq to what we have called Tf . Clearly, the operator T : C0r1, ω2q Ñ CpKq that
we have defined is a linear isometry. It is also a lattice homomorphism, since for every f P C0r1, ω2q

we have that

pT |f |qpsj,kq “ |fpω ¨ kq| ` |fpω ¨ pk ´ 1q ` jq| ´ |fpω ¨ kq| “ |fpω ¨ pk ´ 1q ` jq| “ |Tf |psj,kq

for every j, k P N, pT |f |qptq “ |fpω ¨ kq|gkptq “ |Tf |ptq for every t P Ukztsj,k : j P Nu and k P N,
and T |f | “ 0 “ |Tf | on Kz

Ť8
k“1 Uk. Hence, T |f | “ |Tf |, and T is a lattice isometric embedding,

as we wanted to show. Now that the claim is established, Lemma 5.3.9 yields that CpKq contains
an SPR copy of c0.

5.4 Quantitative SPR embeddings of CpKq-spaces

After Theorem 5.3.7 was established in [48] (for real scalars), showing that if K 1 is infinite then
CpKq contains an SPR copy of c0, the authors asked whether a quantitative version of the result
was possible:

Question 5.4.1. [48, Question 6.4] If K is “large” enough (in terms of the smallest ordinal α
for which Kpαq is finite), what SPR subspaces (other than c0) does CpKq have? Note that c0 is
isomorphic to c “ Cr0, ωs (ω is the first infinite ordinal). If Kpαq is infinite, does CpKq contain an
SPR copy of Cr0, ωαs?

Our aim in this section is to investigate this problem for infinite countable ordinals. It will be
convenient for us to work with Cr1, ωαs instead of Cr0, ωαs throughout this section in order to obtain
a slightly simpler notation when using Cantor’s normal forms; note that r1, ωαs is homeomorphic
to r0, ωαs for all α ě 1, and so Cr1, ωαs and Cr0, ωαs are lattice isometric in this case. We will show
the following (see Corollaries 5.4.9 and 5.4.11):

˝ When 0 ă α ă ω1 and the field of scalars is R, we have that if Kpαq ‰ ∅ and β P ω1 is such
that ωβ ď α ă ωβ`1, then CpKq contains an isometric SPR copy of Cr1, ωγs for every γ ă ωβ.
Moreover, if ωβ ¨ 2 ď α, then CpKq contains an isomorphic SPR copy of Cr1, ωαs.

˝ When 0 ă α ă ω1 and the field of scalars is C, we have that if Kpαq ‰ ∅ and β P ω1 is such
that ωβ ď α ă ωβ`1, then CpKq contains an isometric SPR copy of Cr1, ωγs for every γ ă ωβ.

Moreover, if |Kpωβ ¨2q| ě 2 (that is, if α ą ωβ ¨2 or α “ ωβ ¨2 and |Kpαq| ě 2), then CpKq contains
an isomorphic SPR copy of Cr1, ωαs.

The first relevant result of the section is Proposition 5.4.4, which generalizes the ideas from the
claim in the proof of Theorem 5.3.7 in order to show that if Kpαq ‰ ∅, then we can find a nice
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isometric embedding of Cr1, ωαs into CpKq. By nice we mean that, even though the embedding
may not respect the lattice operations, it does preserve SPR subspaces (see Lemma 5.4.2 below).
This fact allows us to reduce Question 5.4.1 to the study of SPR embeddings between Cr1, ωαs

spaces, which are easier to manipulate. Unless we state the opposite, in every result of this section
the field of scalars will be assumed to be R or C indistinctly.

Lemma 5.4.2. Let K,L be compact Hausdorff spaces and T : CpLq Ñ CpKq an operator with the
following property:

(∗) for every t P L there is st P K such that Tfpstq “ fptq for every f P CpLq.

Then, if E is an SPR subspace of CpLq, T pEq is an SPR subspace of CpKq.

Remark 5.4.3. Note that if an operator T : CpLq Ñ CpKq has the property (∗) defined above, then
}Tf} ě }f} for every f P CpLq. Therefore, if E is a subspace of CpLq, then it is }T }-isomorphic to
T pEq; in particular, if }T } “ 1, T is a linear isometry.

Proof of Lemma 5.4.2. Let us suppose that E is a C-SPR subspace of CpLq for some constant
C ě 1, that is, for any f, g P E we have

min
|λ|“1

}f ´ λg} ď C}|f | ´ |g|}.

Given any f, g P CpLq and any t P L,

`

|Tf | ´ |Tg|
˘

pstq “ |Tfpstq| ´ |Tgpstq| “ |fptq| ´ |gptq| “
`

|f | ´ |g|
˘

ptq,

and hence }|f | ´ |g|} ď }|Tf | ´ |Tg|}. With this in mind, we obtain for any f, g P E the following:

min
|λ|“1

}Tf ´ λTg} ď }T } min
|λ|“1

}f ´ λg} ď C}T }}|f | ´ |g|} ď C}T }}|Tf | ´ |Tg|}.

This shows that T pEq Ď CpKq does C}T }-SPR.

It turns out that every compact Hausdorff space with non-empty Kpαq ‰ ∅ has to contain an
isometric copy of Cr1, ωαs satisfying property (∗). This fact will allow us to simplify Question 5.4.1
substantially.

Proposition 5.4.4. Let α ă ω1 be a countable ordinal and K a compact Hausdorff space. Then,
if Kpαq ‰ ∅, there exists a positive linear isometry T : Cr1, ωαs Ñ CpKq that preserves the unit,
that is, T1 “ 1, and has the property (∗), i.e., for every t P r1, ωαs there is st P K such that
Tfpstq “ fptq for every f P Cr1, ωαs.

Proof. First, we will show by induction on α ă ω1 that if Kpαq ‰ ∅ and V is an open subset of
K such that V X Kpαq ‰ ∅, then there exists a positive linear isometry S : C0r1, ωαq Ñ C0pV q

with property (∗), i.e., for every t P r1, ωαs there exists st P V such that Sfpstq “ fptq for every
f P C0r1, ωαq (when t “ ωα, this should be read as Sfpstq “ 0). As usual, C0pV q stands for

␣

f P CpV q : @ε ą 0 DL Ď V compact s.t. |fpsq| ă ε @s R L
(

,

so, in particular, C0r1, ωαq can be identified with the space of continuous functions on r1, ωαs van-
ishing at ωα. Note that if f P C0pV q, then it can be extended to K by simply defining rfptq “ fptq
for t P V and rfptq “ 0 for t P KzV . Indeed, it is clear that rf is continuous on the open subsets
V and KzV . Now, fix any s0 P V zV and ε ą 0. By definition, there is a compact subset L Ď V
such that |fptq| ă ε for all s P V zL. Thus, KzL is an open neighborhood of s0 such that | rfptq| ă ε
whenever t P KzL.
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If α “ 0, our assertion is trivial. Let us assume that it is true for α ă ω1, and suppose that
Kpα`1qXV ‰ ∅, for some open subset V Ď K. Fix any s0 P Kpα`1qXV . Given thatKpα`1q “ pKpαqq1

by definition, and using the normality of K, it is easy to construct a sequence of pairwise disjoint
open subsets Vn Ď V such that for every n ě 1 there exists sn P Vn X Kpαq and s0 R Vn. By
Lemma 5.3.10, we can further assume that Vn Ď V . For every natural number n, we can use
Lemma 5.3.10 again to find an open set Un such that sn P Un Ď Un Ď Vn.

Let us consider C0pUnq. Since r1, ωαs may be identified with pωα ¨ pn´1q, ωα ¨ns, by the induction
hypothesis, given any natural number n there exists a positive linear isometry Sn : C0pωα ¨ pn ´

1q, ωα ¨ nq Ñ C0pUnq with property (∗). As we have mentioned before, any function in C0pUnq may

be extended by zero to C0pV q. We will write ĂSnf :“ ČSnpfq, so that ĂSn is a linear isometry from
C0pωα ¨ pn ´ 1q, ωα ¨ nq into C0pV q. Note that for any f P Cr1, ωαs, the function f |pωαpn´1q,ωαnq ´

fpωα ¨ nqχpωαpn´1q,ωαnq belongs to C0pωα ¨ pn´ 1q, ωα ¨ nq.

By Urysohn’s lemma, for every n ě 1 there is a continuous function gn : K Ñ r0, 1s such that
gn|Un

“ 1 and gn|KzVn
“ 0. Note that gn|V P C0pV q, since Vn Ď V . For simplicity, it will be

convenient for us to assume that the domain of each gn is V .

Finally, given f P C0r1, ωα`1q, we will define Sf as

Sf :“
8
ÿ

n“1

´

fpωα ¨ nqgn ` ĂSn
`

f |pωαpn´1q,ωαnq ´ fpωα ¨ nqχpωαpn´1q,ωαnq

˘

¯

.

For S to be well defined, we need to show that the sequence of partial sums converges. Once this
is established, it will be clear that S is a linear operator. Let f P C0r1, ωα`1q, and write

hn “ fpωα ¨ nqgn ` ĂSn
`

f |pωαpn´1q,ωαnq ´ fpωα ¨ nqχpωαpn´1q,ωαnq

˘

. (5.12)

We have that }hn}8 ď 3 suptPpωαpn´1q,ωαns |fptq|, and the summands phnqn are pairwise disjoint.
Therefore, if n ă m,∥∥∥∥ m

ÿ

k“n

hk

∥∥∥∥
8

“

∥∥∥∥ m
ł

k“n

hk

∥∥∥∥
8

“

m
ł

k“n

}hk}8 ď 3 sup
tPpωαpn´1q,ωαms

|fptq|
n,mÑ8
ÝÝÝÝÝÑ 0,

so the sequence of partial sums is Cauchy and converges in C0pV q, and Sf is well defined for every
f P C0r1, ωα`1q. Next, let us see that S is positive. Let f be a positive function in C0r1, ωα`1q. It
is enough to show that for any natural number n the summand hn defined in (5.12) is positive. If

fpωα ¨ nq “ 0, the term hn is positive, as ĂSn is positive on C0pωα ¨ pn ´ 1q, ωα ¨ nq. Suppose now
that fpωα ¨ nq ą 0 and write

g “ f |pωαpn´1q,ωαnq ´ fpωα ¨ nqχpωαpn´1q,ωαnq P C0pωα ¨ pn´ 1q, ωα ¨ nq.

We decompose g “ g` ´g´, and keeping in mind that f is positive, we deduce that }g´}8 ď fpωα ¨

nq. Since rSn is a norm-preserving operator which sends g´ to a function whose support is contained

in Un, then fpωα ¨ nqgn ě ĂSnpg´q. Now, observe that hn “
`

fpωα ¨ nqgn ´ ĂSnpg´q
˘

` ĂSnpg`q ě 0.

It remains to show that S is norm-preserving and has property (∗). We will start by checking
that }S} ď 1. Let f P C0r1, ωα`1q with }f}8 ď 1. We want to see that }Sf}8 ď 1. It should be
observed that since S is positive we may assume that f ě 0 (by replacing f by its modulus |f |). As
the addends (5.12) used to define S are pairwise disjoint, it will be enough to verify that each of
them is bounded by 1. If fpωα ¨ nq “ 0, then the corresponding summand is bounded by 1 because
ĂSn is norm-preserving, so suppose that fpωα ¨ nq ą 0. In this case, we have ĂSnpg´q ě 0 because ĂSn
is positive, and g` ď 1 ´ fpωα ¨ nq, so }ĂSnpg`q}8 ď 1 ´ fpωα ¨ nq, where

g “ f |pωαpn´1q,ωαnq ´ fpωα ¨ nqχpωαpn´1q,ωαnq.
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Thus,
0 ď

`

fpωα ¨ nqgn ´ ĂSnpg´q
˘

psq ` ĂSnpg`qpsq ď fpωα ¨ nq ` 1 ´ fpωα ¨ nq “ 1

for every s P Un, and

0 ď fpωα ¨ nqgnpsq ` ĂSnpgqpsq ď fpωα ¨ nqgnpsq ď 1

for every s P V zUn, since ĂSnpgq is supported on Un. Therefore, any term of S is bounded by 1, and
}S} ď 1. On the other hand, fix any t P r1, ωα`1q, so that t P pωα ¨ pn ´ 1q, ωα ¨ ns for some n ě 1.

By the induction hypothesis, there exists st P Un such that ĂSnfpstq “ Snfpstq “ fptq for every
f P C0pωα ¨ pn´ 1q, ωα ¨ nq. Now take any f P C0r1, ωα`1q and consider the function

f |pωαpn´1q,ωαnq ´ fpωα ¨ nqχpωαpn´1q,ωαnq

which belongs to C0pωα ¨ pn´ 1q, ωα ¨ nq, so it must satisfy

ĂSn

´

f |pωαpn´1q,ωαnq ´ fpωα ¨ nqχpωαpn´1q,ωαnq

¯

pstq “ fptq ´ fpωα ¨ nq.

Since st P Un, gnpstq “ 1, and Sfpstq “ fptq for every f P C0r1, ωα`1q. Moreover, taking into
account that we have constructed the sequence pVnq8

n“1 in such a way that s0 R Vn for any n ě 1,
it follows that Sfps0q “ 0 for every f P C0r1, ωα`1q. Finally, recall that property (∗) together with
the fact that }S} ď 1 implies that S is norm-preserving.

Next, we need to prove the transfinite step. Let α ă ω1 be a limit ordinal and assume that the
induction hypothesis holds for every β ă α. Since α is a countable limit ordinal, it has cofinality
ω, that is, there exists a sequence of strictly increasing ordinals pαnqnPω such that α “ limn αn “

supn αn. In particular, writing ωα0 “ 0 we can decompose

r1, ωαq “

8
ď

n“1

pωαn´1 , ωαns,

where each pωαn´1 , ωαns is a clopen set homeomorphic to r1, ωαns. Similarly, we have Kpαq “
Ş

βăαK
pβq “

Ş

nPωK
pαnq. Now, let V be an open set ofK that intersectsKpαq, and fix s0 P V XKpαq.

We can choose for every n a point sn P V XKpαnq different from s0, s1, . . . , sn´1. Using the normality
of K, we can find pairwise disjoint open sets Vn such that sn P Vn Ď V and s0 R Vn. Applying
Lemma 5.3.10 twice, we can further assume that Vn Ď V and select open neighborhoods Un
such that sn P Un Ď Un Ď Vn. By the induction hypothesis, there exists a positive isometry
Sn : C0pωαn´1 , ωαnq Ñ C0pUnq with property (∗), let ĂSn be its extension by zero to C0pV q. By
Urysohn lemma, we can find gn P CpKq such that 0 ď gn ď 1, gn|Un

“ 1 and gn|KzVn
“ 0. As in

the previous step, we can assume that gn P C0pV q. For every f P C0r1, ωαq we can define

Sf :“
8
ÿ

n“1

´

fpωαnqgn ` ĂSn
`

f |pωαn´1 ,ωαn q ´ fpωαnqχpωαn´1 ,ωαn q

˘

¯

.

Proceeding as in the previous inductive step, it can be checked that S is a well-defined positive
isometry with property (∗). Hence, the induction hypothesis holds for every countable ordinal α.

To conclude the proof, suppose that K is a compact Hausdorff space such that Kpαq ‰ ∅. We
have proved that given s0 P Kpαq there is a positive linear isometry S : C0r1, ωαq Ñ CpKq with the
property that for every t P r1, ωαs there exists st P V such that Sfpstq “ fptq and Sfps0q “ 0 for
every f P C0r1, ωαq. If we define

Tf :“ fpωαq1K ` S
`

f |r1,ωαq ´ fpωαqχr1,ωαq

˘

, f P Cr1, ωαs,

it is not difficult to verify that T defines a positive linear isometric embedding of Cr1, ωαs into
CpKq with the desired properties.
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Remark 5.4.5. The proof of Proposition 5.4.4 can be adapted to show that, if |Kpαq| ě 2, there
exists a positive linear isometric embedding of Cr1, ωα ¨ 2s into CpKq with property (∗). Indeed, it
suffices to consider distinct points s1, s2 P Kpαq and open neighborhoods Vi,Wi Ď K, i “ 1, 2, such
that W1 and W2 are disjoint and si P Vi Ď Vi Ď Wi, i “ 1, 2. As Vi X Kpαq ‰ ∅, by the inductive
step there exist positive linear isometries Si : C0r1, ωαq Ñ C0pViq satisfying property (∗), i “ 1, 2
(denote by rSi the extensions by 0 to CpKq), and we can find hi P CpKq such that 0 ď hi ď 1,
hi|Vi “ 1 and hi|KzWi

, i “ 1, 2. Therefore, the operator T : Cr1, ωα ¨ 2s Ñ CpKq defined as

Tf “ fpωαqh1 ` ĂS1pf |r1,ωαq ´ fpωαqχr1,ωαqq

` fpωα ¨ 2qh2 ` ĂS2pf |pωα,ωα¨2q ´ fpωαqχpωα,ωα¨2qq

for every f P Cr1, ωα ¨ 2s will satisfy the properties mentioned above. In particular, T will preserve
the SPR subspaces of Cr1, ωα ¨ 2s.

Remark 5.4.6. It should be noticed that the assumption Kpαq ‰ ∅ does not guarantee the existence
of a lattice isometric embedding T : Cr1, ωαs Ñ CpKq. Indeed, suppose that there exists a lattice
isometry T : c Ñ Cr0, 1s. Let us denote fn “ Ten for every natural number n. Note that the
functions fn are pairwise disjoint norm-one elements of Cr0, 1s. Hence, for every n there is tn P

r0, 1s such that fnptnq “ 1. Passing to a subsequence, we may assume that tn Ñ t0 in r0, 1s. Note
that fnpt0q “ 0 for every n. Moreover, as T1ptnq “ 1, it follows by the continuity of this function
that T1pt0q “ 1. Now, let I be an open interval of r0, 1s such that t0 P I and T1ptq ą 1

2 for every
t P I, and let N be such that tN P I. Now, observe that 1´eN and eN are disjoint in c, so T p1´eN q

and TeN are disjoint in Cr0, 1s. Thus, T p1´ eN q is zero on supppTeN q and is equal to T1 outside
that set. Then, I can be represented as the union of the following two disjoint non-empty open sets

A1 :“ tTeN ą 0u X I Q tN and A2 :“
␣

T p1 ´ eN q ą 0
(

X I Q t0,

which is a contradiction with the fact that I is connected.

Next, we will construct SPR embeddings of Cr1, ωαs inside Cr1, ωβs for β ą α big enough.
Recall that Cantor’s normal form allows us to express uniquely every ordinal 0 ă α ă ω1 as a finite
combination of ordinals of the form ωβ with non-zero natural coefficients. Since ωβ ¨ 0 “ 0 for every
β, the representation (5.2) can be understood as a bijection from ω1 into c00pω1,Z`q :“

␣

x : ω1 Ñ

Z` : |tγ : xpγq ‰ 0u| ă ℵ0

(

, that is, the set of sequences of non-negative integers indexed in ω1

with finite support. Observe that, in general, the coordinate-wise sum in the set c00pω1,Z`q does
not coincide with the usual sum of ordinal numbers. Given α, β P ω1, we denote by α‘β the ordinal
obtained by adding the normal forms of α and β in c00pω1,Z`q. This operation ‘ : ω1 ˆω1 Ñ ω1 is
associative, symmetric (in contrast with the usual sum of ordinals) and compatible with the order
(if α ď β, then α ‘ γ ď β ‘ γ for every γ P ω1). Moreover, it satisfies that α ‘ 1 “ α ` 1.

We will use this operation to show that for every countable ordinal α, Cr1, ωαs embeds iso-
metrically into Cr1, ωαd2s doing SPR in the real setting, and Cr1, ωαs embeds isometrically into
Cr1, ωαd2 ¨ 2s doing SPR in the complex setting, where α d 2 “ α ‘ α, with an SPR constant
independent of α. Our first step is the following construction:

Lemma 5.4.7. For every pair of ordinals α, β P ω1 there is a map Uα,β : Cr1, ωαs ˆ Cr1, ωβs Ñ

Cr1, ωα‘βs satisfying the following properties:

(i) for every f1, f2 P Cr1, ωαs and g1, g2 P Cr1, ωβs,

Uα,βpf1 ` f2, g1 ` g2q “ Uα,βpf1, g1q ` Uα,βpf2, g2q;

(ii) for every f P Cr1, ωαs, g P Cr1, ωβs and λ P R,

Uα,βpλf, λgq “ λUα,βpf, gq;
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(iii) for every f P Cr1, ωαs and g P Cr1, ωβs,

}Uα,βpf, gq}8 ď
1

2

`

}f}8 ` }g}8

˘

;

(iv) for every s P r1, ωαs and t P r1, ωβs there exists rs,t P r1, ωα‘βs such that

rUα,βpf, gqsprs,tq “
1

2

`

fpsq ` gptq
˘

.

(v) for every r P r1, ωα‘βs there exists sr P r1, ωαs and tr P r1, ωβs such that

rUα,βpf, gqsprq “
1

2

`

fpsrq ` gptrq
˘

.

Proof. First of all, we observe that for any pair 0 ď α ă β ă ω1, the construction of the map Uβ,α
is automatic once the existence of the map Uα,β is established. It suffices to define

Uβ,αpf, gq :“ Uα,βpg, fq

for f P Cr1, ωβs and g P Cr1, ωαs. The existence of the map Uα,β for every α ď β is proved by
means of two nested transfinite induction arguments, one for α P ω1 and another one for β ě α:

Induction Hypothesis (IH): Given α P ω1, if Uγ,δ is defined for every γ ă α and δ ě γ, then
Uα,β exists for every β ě α.

1. First step (α “ 0): Given β ě 0, it is straightforward to check that

U0,β : Cpt1uq ˆ Cr1, ωβs ÝÑ Cr1, ωβs

pf, gq ÞÝÑ 1
2pfp1q ` gq

is well defined and satisfies the properties of the statement.

2. Inductive step (α Ñ α ` 1): Assume that (IH) has been established for α. Let us show that
it also holds for α ` 1 by a transfinite induction argument on β ě α ` 1:

Induction Hypothesis (IH-I): Fix α P ω1, and assume that Uγ,δ has been constructed for
every γ ď α and δ ě γ. Let β ě α` 1. If Uα`1,γ is defined for every α` 1 ď γ ă β, then Uα`1,β

exists.

2.1) First step (β “ α`1): We construct Uα`1,α`1 : Cr1, ωα`1sˆCr1, ωα`1s Ñ Cr1, ωpα`1qd2s

in the following way (the order-preserving homeomorphisms that transform the clopen
subsets of r1, ωγs into intervals of the form r1, ωδs for a suitable δ by means of a translation
are not written explicitly):

Uα`1,α`1pf, gq|pωαd2`1p2n´2q,ωαd2`1p2n´1qs

“ Uα`1,α

`

f |pωαpn´1q,ωα`1s, g|pωαpn´1q,ωαns

˘

, n P N;

Uα`1,α`1pf, gq|pωαd2`1p2n´1q,ωαd2`12ns

“ Uα,α`1

`

f |pωαpn´1q,ωαns, g|pωαn,ωα`1s

˘

, n P N;

Uα`1,α`1pf, gq|tωpα`1qd2u

“
1

2

`

fpωα`1q ` gpωα`1q
˘

.
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Clearly, the function defined above satisfies conditions (i), (ii), (iii) and (v). Let us check
that it is continuous on r1, ωpα`1qd2s. By the assumption, it is continuous on each clopen
set pωαd2`1 ¨ pm ´ 1q, ωαd2`1 ¨ ms with m P N. Moreover, it is continuous on ωpα`1qd2: for
every ε ą 0 there exists n0 P N such that |fpωα`1q ´ fpsq| ă ε and |gpωα`1q ´ gptq| ă ε for
every s, t P pωα ¨ n0, ω

α`1s, so using (v) we know that for every r P pωαd2`1 ¨ 2n0, ω
pα`1qd2s

there are sr, tr P pωα ¨n0, ω
α`1s such that rUα,βpf, gqsprq “ 1

2

`

fpsrq ` gptrq
˘

, so we conclude
that

ˇ

ˇ

ˇ
rUα`1,α`1pf, gqspωpα`1qd2q ´ rUα`1,α`1pf, gqsprq

ˇ

ˇ

ˇ
ă ε.

In other words, Uα`1,α`1pf, gq is continuous on ωpα`1qd2 because of property (v) and the
fact that for every n P N, Uα`1,α`1pf, gq restricted to pωαd2`1 ¨ 2n, ωpα`1qd2s depends only
on f |pωαn,ωα`1s and g|pωαn,ωα`1s. Finally, property (iv) follows from the fact that Uα`1,α`1

and Uα,α`1 also satisfy (iv), and r1, ωpα`1qd2s2 can be decomposed as

r1, ωpα`1qd2s2 “

ˆ 8
ď

n“1

pωα ¨ pn´ 1q, ωα`1s ˆ pωα ¨ pn´ 1q, ωα ¨ ns

˙

Y

ˆ 8
ď

n“1

pωα ¨ pn´ 1q, ωα ¨ ns ˆ pωα ¨ n, ωα`1s

˙

Y tpωpα`1qd2, ωpα`1qd2qu.

The continuity of the function Uα,βpf, gq and properties (i) to (v) are checked in a similar
way in the rest of the steps, so we will omit the details.

2.2) Inductive step (β Ñ β` 1): Assuming that Uα`1,β has been established, let us construct
Uα`1,β`1 as follows:

Uα`1,β`1pf, gq|pωα‘β`1p2n´2q,ωα‘β`1p2n´1qs

“ Uα`1,β

`

f |pωαpn´1q,ωα`1s, g|pωβpn´1q,ωβns

˘

, n P N;

Uα`1,β`1pf, gq|pωα‘β`1p2n´1q,ωα‘β`12ns

“ Uα,β`1

`

f |pωαpn´1q,ωαns, g|pωβn,ωβ`1s

˘

, n P N;

Uα`1,β`1pf, gq|tωpα`1q‘pβ`1qu

“
1

2

`

fpωα`1q ` gpωβ`1q
˘

.

2.3) Limit step (β limit ordinal): If β ą α ` 1 is a limit ordinal and Uα`1,γ exists for every
α ` 1 ď γ ă β, then we can define Uα`1,β in the following way. First, observe that β is
countable, so it has cofinality ω and there is an strictly increasing sequence of ordinals pβnqn

indexed in n P ω such that β “ supn βn. Next, note that γ “ supnpα ` 1q ‘ βn exists and
γ ď α ‘ β. Indeed, the ordinals are a well-ordered set, so the subset of upper bounds of
tpα ` 1q ‘ βn : n P ωu must have a minimum, i.e., a least upper bound for the sequence,
denoted γ. Moreover, βn ă βn`1 implies that pα`1q‘βn “ α‘pβn`1q ď α‘βn`1 ď α‘β
for every n P ω, so γ ď α‘β. Using this sequence we can make the following decomposition
(hereby, ωβ0 and ωpα`1q‘β0 must be understood as the ordinal 0):

r1, ωpα`1q‘βs “

ˆ 8
ď

n“1

pωpα`1q‘βn´1 , ωpα`1q‘βns

˙

Y rωγ , ωα‘βs

Y

ˆ 8
ď

n“1

pωα‘β ¨ n, ωα‘β ¨ pn` 1qs

˙

Y tωpα`1q‘βu.

Since ppα ` 1q ‘ βnqn is strictly increasing, every clopen set pωpα`1q‘βn´1 , ωpα`1q‘βns is
homeomorphic to r1, ωpα`1q‘βns. We define
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Uα`1,βpf, gq|
pωpα`1q‘βn´1 ,ωpα`1q‘βn s

“ Uα`1,βn

`

f |pωαpn´1q,ωα`1s, g|
pωβn´1 ,ωβn s

˘

, n P N;

Uα`1,βpf, gq|rωγ ,ωα‘βs

“
1

2

`

fpωα`1q ` gpωβq
˘

;

Uα`1,βpf, gq|pωα‘βn,ωα‘βpn`1qs

“ Uα,β
`

f |pωαpn´1q,ωαns, g|pωβn ,ωβs

˘

, n P N;

Uα`1,βpf, gq|tωpα`1q‘βu

“
1

2

`

fpωα`1q ` gpωβq
˘

.

We have defined Uα`1,β for every β ě α`1, so the proof of the inductive step (IH-I) is concluded.

3. Limit step (α limit ordinal): Assume that α is a limit ordinal, and (IH) has been established
for every γ ă α. Since α has cofinality ω, there is an strictly increasing sequence of ordinals
pαnqnPω such that α “ supn αn. We construct Uα,β by transfinite induction on β ě α:

Induction Hypothesis (IH-L): Fix α P ω1 a limit ordinal, and assume that Uγ,δ has been
constructed for every γ ă α and δ ě γ. Let β ě α. If Uα,γ is defined for every α ď γ ă β, then
Uα,β exists.

3.1) First step (β “ α): We can construct Uα,α in the following way (as before, ωα0 and ωα0‘α

denote the 0 ordinal):

Uα,αpf, gq|
pωαn´1‘α

¨2,ωαn‘αs

“ Uα,αn

`

f |pωαn´1 ,ωαs, g|pωαn´1 ,ωαn s

˘

, n P N;

Uα,αpf, gq|pωαn‘α,ωαn‘α¨2s

“ Uαn,α

`

f |pωαn´1 ,ωαn s, g|pωαn ,ωαs

˘

, n P N;

Uα,αpf, gq|tωαd2u

“
1

2

`

fpωαq ` gpωαq
˘

.

3.2) Inductive step (β Ñ β ` 1): Assume that Uα,β is known. We need to construct Uα,β`1.
First observe that the sequence αn ‘ pβ` 1q is bounded below by α‘β. Let γ “ supn αn ‘

pβ`1q ď α‘β. Then, we can make the following decomposition (we are using the convention
ωα0 “ ωα0‘pβ`1q “ 0):

r1, ωα‘pβ`1qs “

ˆ 8
ď

n“1

pωαn´1‘pβ`1q, ωαn‘pβ`1qs

˙

Y rωγ , ωα‘βs

Y

ˆ 8
ď

n“1

pωα‘β ¨ n, ωα‘β ¨ pn` 1qs

˙

Y tωpα`1q‘βu.

Now, we define Uα,β`1 piecewise as:
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Uα,β`1pf, gq|
pωαn´1‘pβ`1q,ωαn‘pβ`1qs

“ Uαn,β`1

`

f |pωαn´1 ,ωαn s, g|pωβn,ωβ`1s

˘

, n P N;

Uα,β`1pf, gq|rωγ ,ωα‘βs

“
1

2

`

fpωαq ` gpωβ`1q
˘

;

Uα,β`1pf, gq|pωα‘βn,ωα‘βpn`1qs

“ Uα,β
`

f |pωαn´1 ,ωαs, g|pωβpn´1q,ωβns

˘

, n P N;

Uα,β`1pf, gq|tωα‘pβ`1qu

“
1

2

`

fpωαq ` gpωβ`1q
˘

.

3.3) Limit step (β limit ordinal): Assume that β ą α is a limit ordinal and let pβnqn be an
strictly increasing sequence indexed in ω whose supremum is β. Provided Uα,γ exists for
every α ď γ ă β, we want to define Uα,β. Let γn “ maxtαn ‘ β, α ‘ βnu, which defines a
strictly increasing sequence whose supremum, denoted γ, is bounded by α ‘ β. We make
the following decomposition of r1, ωα‘βs (here, ωγ0 “ 0):

r1, ωα‘βs “

ˆ 8
ď

n“1

pωγn´1 ¨ 2, ωγns Y pωγn , ωγn ¨ 2s

˙

Y rωγ , ωα‘βs.

Additionally, we can break each of the clopen sets above as follows:

pωγn´1 ¨ 2, ωγns “ pωγn´1 ¨ 2, ωγn´1 ¨ 2 ` ωα‘βns Y pωγn´1 ¨ 2 ` ωα‘βn , ωγns, n P N;

pωγn , ωγn ¨ 2s “ pωγn , ωγn ` ωαn‘βs Y pωγn ` ωαn‘β, ωγn ¨ 2s, n P N;

where the last set in each line is either empty or a clopen set. Now, we define Uα,β piecewise
as follows:

Uα,βpf, gq|pωγn´1 ¨2,ωγn´1 ¨2`ωα‘βn s

“ Uα,βn
`

f |pωαn´1 ,ωαs, g|
pωβn´1 ,ωβn s

˘

, n P N;

Uα,βpf, gq|pωγn´1 ¨2`ωα‘βn ,ωγn s

“
1

2

`

fpωαq ` gpωβnq
˘

, n P N;

Uα,βpf, gq|pωγn ,ωγn`ωαn‘βs

“ Uαn,β

`

f |pωαn´1 ,ωαn s, g|pωβn ,ωβs

˘

, n P N;

Uα,βpf, gq|pωγn`ωαn‘β ,ωγn ¨2s

“
1

2

`

fpωαnq ` gpωβq
˘

, n P N;

Uα,βpf, gq|rωγ ,ωα‘βs

“
1

2

`

fpωαq ` gpωβq
˘

.

With this last construction we have defined Uα,β for every β ě α, so (IH-L) holds, and hence so
does (IH) for every countable ordinal α.

Now that we have built an overlapping map for every ordinal α, we can use them to obtain the
following isometric and isomorphic results.

Theorem 5.4.8. Let K be a compact Hausdorff space, α P ω1 a countable ordinal and assume the
field of scalars is R. If Kpαd2q is non-empty, then there exists an isometric 3-SPR embedding of
Cr1, ωαs into CpKq.
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Proof. By Proposition 5.4.4, CpKq contains an isometric copy of Cr1, ωαd2s that preserve SPR
subspaces, so without loss of generality we can assume that K “ r1, ωαd2s. By Lemma 5.4.7, there
is a map Uα,α : Cr1, ωαs ˆ Cr1, ωαs Ñ Cr1, ωαd2s satisfying properties (i) to (v). Let

T : Cr1, ωαs ÝÑ Cr1, ωαd2s

f ÞÝÑ Tf “ Uα,αpf, fq.

Properties (i) and (ii) imply that T is a linear map. Moreover, (iii) implies that T is contractive,
and (iv) yields that for every s P r1, ωαs there exists rs,s P r1, ωαd2s such that Tfprs,sq “ fpsq, so
T is an isometric embedding. It remains to show that T pCr1, ωαsq does 3-SPR in Cr1, ωαd2s. Let
f and g be normalized functions in Cr1, ωαs, and find s, t P r1, ωαs such that |fpsq| “ |gptq| “ 1.

˝ If s “ t, then |Tfprs,sq| ^ |Tgprs,sq| “ |fpsq| ^ |gpsq| “ 1.

˝ If s ‰ t, we distinguish three cases:

˝ If |Tfprs,tq| ă 1
3 , then

|fptq| ě |fpsq| ´ |fpsq ` fptq| “ 1 ´ 2|Tfprs,tq| ą
1

3
,

so |Tfprt,tq| ^ |Tgprt,tq| “ |fptq| ^ |gptq| ě 1
3 .

˝ If |Tgprs,tq| ă 1
3 , then

|gpsq| ě |gptq| ´ |gpsq ` gptq| “ 1 ´ 2|Tgprs,tq| ą
1

3
,

so |Tfprs,sq| ^ |Tgprs,sq| “ |fpsq| ^ |gpsq| ě 1
3 .

˝ Otherwise, |Tfprs,tq| ^ |Tgprs,tq| ě 1
3 .

Hence, there is always a point r P r1, ωαd2s such that }|Tf | ^ |Tg|}8 ě |Tfprq| ^ |Tgprq| ě 1
3 ,

and we conclude that T pCr1, ωαsq does not contain normalized 1
3 -almost disjoint pairs, so, by [26,

Proposition 3.4], it does 3-SPR.

Corollary 5.4.9. Let 0 ă α ă ω1 be a countable ordinal, K a compact Hausdorff space with
Kpαq ‰ ∅, and assume the field of scalars is R. Let β P ω1 such that ωβ ď α ă ωβ`1. Then, CpKq

contains an isometric SPR copy of Cr1, ωγs for every γ ă ωβ. Moreover, if ωβ ¨ 2 ď α, then CpKq

contains an isomorphic SPR copy of Cr1, ωαs.

Proof. Using Cantor’s normal form (5.2) it can be easily checked that for every γ ă ωβ, we have
γ d 2 ă ωβ ď α, so using Theorem 5.4.8 we obtain an isometric 3-SPR embedding of Cr1, ωγs

into Cr1, ωγd2s, which in turn is a sublattice of Cr1, ωαs. By Proposition 5.4.4, CpKq contains an
isometric 3-SPR copy of Cr1, ωγs as well.

Next, assume that ωβ ¨2 ď α. It was established in [24, Theorem 1] that for ordinals ω ď λ ď µ ă

ω1, Cr1, λs is isomorphic (as a Banach space) to Cr1, µs if and only if µ ă λω. In particular, it can

be checked that ωα ă pωω
β

qω, so Cr1, ωαs and Cr1, ωω
β

s are linearly isomorphic. By Theorem 5.4.8,

we know that Cr1, ωω
β ¨2s, which is a sublattice of Cr1, ωαs, contains an SPR copy of Cr1, ωω

β
s, and

hence, of Cr1, ωαs. Proposition 5.4.4 yields the result.

In the complex case, the situation is not as straightforward, but it still allows us for a quantitative
answer to Question 5.4.1.
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Theorem 5.4.10. Let K be a compact Hausdorff space, α P ω1 a countable ordinal and assume
the field of scalars is C. If |Kpαd2q| ě 2, then there exists an isometric SPR embedding of Cr1, ωαs

into CpKq, and the SPR constant is uniform on α.

Proof. First, we observe that arguing as in Remark 5.4.5 we can assume without loss of generality
that K “ r1, ωαd2 ¨ 2s. Next, we use Lemma 5.4.7 to build the operator

T : Cr1, ωαs ÝÑ Cr1, ωαd2 ¨ 2s “ Cr1, ωαd2s ‘8 Cr1, ωαd2s

f ÞÝÑ Tf “ pUα,αpf, fq, Uα,αpf, ifqq.

It is clear that T is a contractive operator that satisfies the condition of Lemma 5.3.5, so it is an
isometric SPR embedding. Moreover, the SPR constant is given by the proofs of Lemma 5.3.5 and
Theorem 5.2.7, so it does not depend on α.

Repeating the argument of Corollary 5.4.9 we obtain the following:

Corollary 5.4.11. Let 0 ă α ă ω1 be a countable ordinal, K a compact Hausdorff space with
Kpαq ‰ ∅, and assume the field of scalars is C. Let β P ω1 such that ωβ ď α ă ωβ`1. Then, CpKq

contains an isometric SPR copy of Cr1, ωγs for every γ ă ωβ. Moreover, if |Kpωβ ¨2q| ě 2, that is, if
α ą ωβ ¨ 2 or α “ ωβ ¨ 2 and |Kpαq| ě 2, then CpKq contains an isomorphic SPR copy of Cr1, ωαs.

5.5 Stability of SPR under operations with Banach lattices

For some applications, it is interesting to study the (stable) phase retrieval behavior of solutions to
certain PDEs, such as the Schrödinger equation [74]. In this situation, the space where the solutions
lie is usually some CpK,Xq space, that is, a space of continuous functions f : K Ñ X, where K
is a compact Hausdorff space (typically an interval of the real line) and X is a real or complex
Banach lattice. The norm in these spaces is given by

}f} “ sup
tPK

}fptq}X .

One could wonder if the existence of (infinite-dimensional) SPR subspaces in CpK,Xq could be
characterized in a similar way to the CpKq setting. Clearly, if K 1 is infinite (and X ‰ t0u), by
Theorem 5.3.7 or its real version [48, Theorem 6.1], there exists an SPR subspace E of CpKq, so
choosing some x P SX , we can build the subspace rE “ tf b x : f P Eu, where pf b xqpkq “ fpkqx
for every k P K, so that rE is an SPR subspace of CpK,Xq. Additionally, if X already contains
an SPR subspace E Ď X, then the subspace rE “ t1 b x : x P Eu is an isometric copy of X that
does SPR in CpK,Xq. However, is it necessary that any of these two conditions holds for CpK,Xq

to have an SPR subspace? The answer is negative in general. Indeed, take K “ r0, ωs, that is,
the one point compactification of the natural numbers, and X “ Cr0, ωs. It is easy to see that
if K and L are compact spaces, then CpK,CpLqq is lattice isometric to CpK ˆ Lq. In particular,
Cpr0, ωs, Cr0, ωsq can be identified with Cpr0, ωs2q. Clearly, r0, ωs has only one accumulation point
(ω itself), so Cr0, ωs does not have SPR subspaces either. However, r0, ωs2 has an infinite number
of accumulation points, so Cpr0, ωs2q “ Cpr0, ωs, Cr0, ωsq contains SPR subspaces.

This example invites to explore the existence of SPR subspaces in Banach lattices that are gen-
erated from other Banach lattices by means of standard operations, such as sums, tensor products,
quotients, ultraproducts... For instance, a similar argument yields that X1 b|π| X2, where b|π|

denotes the Fremlin projective tensor product [49], can have an SPR subspace, even though X1

and X2 might not contain SPR subspaces. Indeed, we know by [49] that CpKq b|π| CpLq is lattice
isometric to CpK ˆ Lq, so considering X1 “ X2 “ Cr0, ωs we get that X1 b|π| X2 “ Cpr0, ωs2q
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contains SPR subspaces, while Cr0, ωs does not.

The situation with sums of Banach lattices is more involved. It is false in general that the sum
of an infinite family of Banach lattices contains an SPR subspace if and only if one of the factors
contains an SPR subspace. As a counterexample, consider ℓ8 as the ℓ8-sum of a countable number
of copies of R (see Lemma 5.3.2), or the c0-sum of a countable number of copies of c. Indeed,
c0pcq can be identified with C0r0, ω2q, and it is shown in the claim of Lemma 5.3.9 that C0r0, ω2q

contains an SPR copy of c0. However, when we restrict the problem to finite sums, CpKq-spaces
do not provide a source of counterexamples, but rather the contrary: if K and L are Hausdorff
compact spaces, then CpKq ‘8 CpLq contains an SPR subspace if and only if CpKq or CpLq do.
Just observe that CpKq ‘8 CpLq is isometric to CpK \Lq, where K \L is the disjoint union of K
and L. Clearly, pK \ Lq1 “ K 1 \ L1, so Theorem 5.3.7 and [48, Theorem 6.1] prove the claim. For
arbitrary Banach lattices the situation is unclear, but still some information can be provided.

For instance, note that if one of the Banach lattices, X1 for instance, contains an SPR-subspace,
denoted E Ď X1, then for any bounded operator T : E Ñ X2 (in particular, the null operator) we
can build the graph of T , rE “ tpx1, Tx1q : x1 P Eu Ď X1 ‘X2, which does SPR too. To check this,
assume without loss of generality that T is contractive (this can be done by rescaling the norm
in X2q and X1 ‘ X2 is endowed with the 8-sum norm. Then, rE is isometric to E, and for every
x “ px1, Tx1q, y “ py1, Ty1q P rE we have that

min
|λ|“1

}x´ λy} “ min
|λ|“1

}x1 ´ λy1} ď C}|x1| ´ |y1|} ď }|x| ´ |y|},

where C denotes the SPR constant of E. It turns out that every SPR susbpace of X1 ‘ X2 must
be the graph of an operator between subspaces of the factors.

Proposition 5.5.1. Let X1 and X2 be Banach lattices and Pi : X1‘X2 Ñ Xi denote the canonical
projection, i “ 1, 2. If E is an SPR subspace of X1 ‘X2, then one of the following holds:

(1) E is isomorphic to P1pEq and there exists a bounded operator T : P1pEq Ñ P2pEq such that
E “ tpx1, Tx1q : x1 P P1pEqu.

(2) E is isomorphic to P2pEq and there exists a bounded operator T : P2pEq Ñ P1pEq such that
E “ tpTx2, x2q : x2 P P2pEqu.

Proof. Since SPR is an isomorphic property, without loss of generality assume that X1 ‘ X2 is
endowed with the 8-sum norm. We claim that there is a constant C ě 1 such that one of the
following holds:

(1) for every x “ px1, x2q P E, }x2} ď C}x1}, or

(2) for every x “ px1, x2q P E, }x1} ď C}x2}.

Assume the contrary. Then, for every C ě 1 there exist x, y P E such that }x2} ą C}x1} and
}y1} ą C}y2}. Without loss of generality, we can assume that x, y P SE , so that

}|x1| ^ |y1|} ď }x1} ^ }y1} ď
}x2}

C
^ 1 ď

1

C

and

}|x2| ^ |y2|} ď }x2} ^ }y2} ď 1 ^
}y1}

C
ď

1

C
.

It follows that

}|x| ^ |y|} “ maxt}|x1| ^ |y1|}, }|x2| ^ |y2|}u ď
1

C
,
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so Proposition 5.2.5 (respectively [48, Theorem 3.4(i)]) yields that E fails C?
2
-SPR (respectively,

C-SPR). Since C was arbitrary, we get a contradiction.

Next, assume we are in situation (1) above (the other case is analogue). This implies that for
every x1 P P1pEq, there exists a unique x2 P P2pEq such that px1, x2q P E. Indeed, if for a certain
x1 P P1pEq there are x2, x

1
2 P P2pEq such that px1, x2q and px1, x

1
2q belong to E, in particular

p0, x2 ´ x1
2q P E, so }x2 ´ x1

2} ď C}0} “ 0 and we conclude that x2 “ x1
2. Let T : P1pEq Ñ P2pEq

be the map that assigns to every x1 P P1pEq the corresponding x2 P P2pEq such that px1, x2q P E.
Clearly, T is lineal, }T } ď C, and E “ tpx1, Tx1q : x1 P P1pEqu. In particular,

}x1} ď }px1, Tx1q} ď C}x1},

so the operator I ‘ T : P1pEq Ñ E is an onto isomorphism and P1pEq is closed.

One could conjecture that the subspace P1pEq (respectively, P2pEq) in the situation above should
do SPR, so that a subspace of X1 ‘X2 does SPR if and only if it is the graph of an SPR subspace
of one of the factors. However, this is not true in general, as the following example shows.

Example 5.5.2. Let 2 ď p ă 8. In [48, Theorem 5.3] the authors build an SPR subspace of the
(real) Lpr0, 2s “ Lpr0, 1s ‘p Lpr1, 2s given by the closed span of the functions

gj “ rj ` 2
j
pχr1`2´j ,1`21´jq, j P N,

where prjq
8
j“1 denotes the Rademacher sequence of independent, mean-zero, ˘1 random variables on

r0, 1s. Observe that, even though E does SPR in Lpr0, 2s, both projection images P1pEq and P2pEq

fail SPR (even more, they fail PR): On the one hand, P1pEq contains the Rademacher functions,
all of them having the same modulus and being linearly independent. On the other hand, P2pEq

contains a disjoint sequence of characteristic functions, so by Proposition 5.2.1 it fails PR.

Note that the example above is not a counterexample to the original conjecture that a sum of
Banach lattices contains an SPR subspace if and only if one of the factors does, since Lpr0, 1s

contains SPR subspaces [48, Section 4]. Nor does it provide a negative answer to the more specific
question of whether the domain of the operator T (in this case, P1pEq “ spantrju Ď Lpr0, 1s)
should contain a smaller subspace doing SPR, since P1pEq is dispersed (this is a consequence of
Khintchine’s inequality and Kadec-Pe lczynski dichotomy, see [48, Theorem 2.1] for a summary
of the literature on this topic), and in an order continuous Banach lattice such as Lpr0, 1s every
dispersed subspace contains an SPR subspace [48, Theorem 5.1].

Question 5.1. If X1 ‘X2 contains an infinite-dimensional SPR subspace, does it imply that X1 or
X2 contains an infinite-dimensional SPR subspace? Moreover, in the setting of Proposition 5.5.1,
can we ensure that the domain of T contains an infinite-dimensional SPR subspace?

Regarding Banach lattice quotients, we can observe that if X is a Banach lattice and I is an
ideal in X, the fact that X contains an SPR subspace does not imply that X{I contains an SPR
subspace, as the following examples show: ℓ2‘L2r0, 1s contains SPR subspaces (see for instance [36,
Examples 2 and 3]), but the quotient through L2r0, 1s is atomic, so it cannot contain SPR subspaces
by Proposition 5.3.8. The same happens in CpKq-spaces: Cr0, ω2s contains an SPR subspace, but
Cr0, ωs, which can be seen for instance as the quotient of Cr0, ω2s by its order continuous part
(the closed span of the characteristic functions of isolated points), does not contain an infinite-
dimensional SPR subspace. However, the converse seems to be true in this setting:

Proposition 5.5.3. Let K be a compact Hausdorff space and I an ideal in CpKq. If CpKq{I
contains an SPR subspace, then so does CpKq.
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Proof. By [96, Proposition 2.1.9], there exists some closed subset L Ď K such that I “ tf P CpKq :

f |L “ 0u. It can be checked that CpKq{I is lattice isometric to CpLq. Therefore, Theorem 5.3.7
and [48, Theorem 6.1] imply that L1 is infinite. Hence, K 1 must be infinite too, and CpKq must
contain an SPR subspace.

Question 5.2. Let X be a Banach lattice and I an ideal in X. Suppose that X{I contains an
infinite-dimensional SPR subspace. Does X contain an infinite-dimensional SPR subspace?

Finally, we conclude this section with a quick remark on ultraproducts, and more specifically,
ultrapowers (see [66] for a survey on the topic). It was established in [48, Proposition 4.11] that the
ultraproduct of a collection of SPR subspaces pEiqiPI of Banach lattices pXiqiPI is again an SPR
subspace of the ultraproduct of the ambient Banach lattices. In the particular case of ultrapowers,
this fact becomes straightforward, as any Banach lattice X embeds lattice isometrically into the
ultrapower XU with respect to the ultrafilter U . Hence, if X contains an SPR subspace, so does
XU . However, the converse is not true, as one might already expect: it is shown in [67, Theorem 2.4]
that ℓU2 , which can be identified with L2pµq for some measure µ, has a non-trivial purely non-atomic
part, and therefore it contains an infinite-dimensional SPR subspace (the non-atomic part contains
a lattice copy of L2 over an interval, which contains SPR subspaces by [36, Examples 2 and 3]),
even though ℓ2 does not (Proposition 5.3.8).
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9. A. Avilés, G. Mart́ınez-Cervantes, J. Rodŕıguez, P. Tradacete, A Godefroy-Kalton principle for free
Banach lattices. Israel J. Math. 247 (2022), 433–458.
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12. A. Avilés, J.D. Rodŕıguez-Abellán, The free Banach lattice generated by a lattice. Positivity 23 (2019),
581–597.
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56. E. Garćıa-Sánchez, P. Tradacete, Free dual spaces and free Banach lattices. J. Math. Anal. Appl. 532
(2024), 127931.
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92. J.L.P. Luiz, V.C.C. Miranda, On positive norm-attaining operators between Banach lattices. Preprint
https://www.arxiv.org/abs/2409.14625.

93. P.J. Mangheni, The classification of injective Banach lattices. Israel J. Math. 48 (1984), 341–347.
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