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Resumen

El reticulo de Banach libre generado por un espacio de Banach es un objeto libre que asigna a cada
espacio de Banach E un reticulo de Banach, denotado FBL[E], y un embebimiento lineal de E
en FBL[E] con la propiedad universal de extender de forma tnica cualquier operador de E en un
reticulo de Banach a un homomorfismo de reticulos definido en FBL[E]. En esta tesis, estudiamos
la conexién entre este objeto libre y varias nociones de reticulos de Banach y construcciones uni-
versales. Concretamente, proponemos una solucion al problema de encontrar una representacién
explicita del reticulo de Banach con p-estimaciones superiores libre, un analogo del reticulo de
Banach libre en la categoria de reticulos de Banach con p-estimaciones superiores, y construimos
push-outs en las categorias de reticulos de Banah p-convexos y con p-estimaciones superiores, ex-
plorando por el camino algunas diferencias fundamentales entre estas dos clases de reticulos de
Banach tan relevantes. También investigamos cémo los biduales, que se comportan como objetos
libres entre las categorias de espacios de Banach y espacios de Banach duales, interaccionan con los
reticulos de Banach libres, lo que nos lleva a introducir el reticulo de Banach dual libre generado
por un espacio de Banach. A continuacién, empleamos técnicas de interpolacién y extrapolacién
con el fin de comprender mejor los espacios de funciones positivamente homogéneas en los que se
construyen los reticulos de Banach libres. Finalmente, nos centramos en la cuestiéon més aplicada
de la recuperacién de fase estable, un problema proveniente de la cristalografia de rayos X que con-
siste en recuperar de forma estable una senal a partir de la medida de su moédulo. Recientemente
se han propuesto los reticulos de Banach como el marco abstracto adecuado para modelizar este
problema. Siguiendo esta aproximacién, proporcionamos una caracterizacién de los subespacios de
un reticulo de Banach complejo que hacen recuperacion de fase estable y estudiamos la existencia
de subespacios infinito-dimensionales haciendo recuperacién de fase estable en espacios de funciones
continuas.






Abstract

The free Banach lattice generated by a Banach space is a free object that assigns to every Banach
space E a Banach lattice, denoted FBL[E], and a linear embedding from E into FBL[E] with the
universal property that every operator from E to a Banach lattice extends uniquely to a lattice
homomorphism on FBL[E]. In this dissertation, we study the connections of this free object with
several Banach lattice notions and universal constructions. Namely, we provide a solution to the
problem of finding an explicit representation for the free Banach lattice with upper p-estimates,
which is an analogue of the free Banach lattice in the category of Banach lattices with upper p-
estimates, and we construct push-outs in the categories of p-convex Banach lattices and Banach
lattices with upper p-estimates, exploring some fundamental differences between these two relevant
classes of Banach lattices along the way. We also investigate how biduals, that behave as free
objects between the categories of Banach spaces and dual Banach spaces, interact with free Banach
lattices, which leads us to introduce the free dual Banach lattice generated by a Banach space. Next,
we apply interpolation and extrapolation techniques in order to better understand the spaces of
positively homogeneous functions in which free Banach lattices are constructed. Finally, we focus on
the more applied topic of stable phase retrieval, a problem from X-ray crystallography consisting in
recovering stably a signal from the measurement of its modulus. Banach lattices have been recently
suggested as the suitable framework to model this problem. Following this approach, we provide a
characterization of the subspaces of complex Banach lattices doing stable phase retrieval and study
the existence of infinite-dimensional subspaces doing stable phase retrieval in spaces of continuous
functions.
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Notation

e F. F,G will generally denote Banach spaces, whereas X, Y, Z will be used for Banach lattices.
e Bp and Sg denote the unit ball and the unit sphere of a Banach space E, respectively.

e X, denotes the positive cone of a Banach lattice X, that is, the set of positive elements.

e span(A) and lat(A) denote the subspace and the sublattice generated by the set A, respectively.
e An operator is a linear and bounded map between Banach spaces.

e An embedding is an invertible operator with continuous inverse, that is, an isomorphism onto
its image.

e idp : F — FE denotes the identity operator on a Banach space F.

e FE* denotes the dual of a Banach space E, and E** the bidual. Jg : E — E** is the canonical
isometric embedding from FE into its bidual.

e C(K) denotes the space of continuous functions over a compact Hausdorff space K, and 1 or
1 x5 will denote the constant 1 function on K.

e If 1 < p < oo, p* denotes its conjugate exponent, defined by % + # =1.

e H[FE] denotes the space of positively homogeneous functions from E* to R. For 1 < p < oo,
H,[FE] is the ideal of H[E] of weakly p-summing functions.

ix






Introducciéon

Los objetos libres son una construcciéon comin en matemaéticas, de la que podemos encontrar ejem-
plos en algebra, topologia o analisis. Estos objetos categéricos permiten extender aplicaciones entre
objetos en una categoria grande (tipicamente la de conjuntos, pero también espacios topoldgicos o
espacios de Banach) a morfismos en una categoria més pequena con alguna estructura adicional,
como linealidad, topologia, orden, etc. Consideremos por ejemplo un espacio vectorial generado por
una base de Hamel (e,)qec4 indexada por un conjunto A. Este espacio es esencialmente tinico, salvo
permutaciones de los elementos de la base, por lo que podemos fijar como representacion el espacio
coo(A) de sucesiones de soporte finito indexadas en A. Ademds, este espacio vectorial satisface la
siguiente propiedad universal: dado un espacio vectorial X y una aplicacién f:+A— X, existe una

aplicacién lineal f : coo(A) — X tal que f(es) = f(a) para todo a € A, que viene dada por la
expresion f(,c4 Ta€a) = Digen Taf(a).

Co0 (A)

1

Notese que una vez que las imédgenes de los elementos de la base e, han sido fijadas por la aplicacion
f, la extensién f queda univocamente determinada por la propia linealidad de la aplicacién. Esta
propiedad universal es la que caracteriza los objetos libres, en este caso el espacio vectorial libre
sobre el conjunto A.

f
4>f X

En el lenguaje de la teoria de categorias, un objeto libre se define de la siguiente manera. Sean
C y D dos categorias y u : C — D un funtor fiel (faithful), esto es, un funtor que es inyectivo en los
conjuntos de homomorfismos entre objetos. Considérese por ejemplo la situacién tipica en la que
la categoria D contiene a C y el funtor w representa un funtor olvido que “olvida” la estructura
adicional que tenia C respecto de D (en el ejemplo anterior, D serfa la categoria de conjuntos y
aplicaciones, C la de espacios vectoriales y aplicaciones lineales, y v : C — D el funtor olvido que
representa los espacios vectoriales como conjuntos sin estructura adicional y las aplicaciones lineales
como simples aplicaciones entre conjuntos). Entonces, dado un objeto A en D, un objeto libre en
C respecto de A es un objeto F4 de C, junto con un morfismo j : A — u(F4) de D, que satisface
la siguiente propiedad universal: para todo objeto X en C y todo morfismo f : A — u(X) de D,
existe un tnico morfismo f : F4 — X de C tal que u(f)oj = f.

u(Fa) Fyu
e
A 4f>u(X) X

Cabe destacar que la propiedad universal implica que si un objeto libre existe, es tunico (salvo
isomorfismo de la categoria).
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La principal fuente de ejemplos de objetos libres es el algebra. En efecto, un teorema clasico
del élgebra universal (véase [71, Theorem 2.9]) garantiza la existencia de objetos libres generados
por conjuntos en una amplia variedad de categorias, que incluyen espacios vectoriales, grupos,
anillos, reticulos vectoriales... Por otra parte, obtener una descripciéon concreta de un objeto libre
como la que nos proporciona cgg(A) para el espacio vectorial libre no es en general tan sencillo, y
puede requerir un esfuerzo adicional. Sin embargo, en aquellos contextos en los que se dispone de
una representacion explicita del objeto libre, esta suele ser una construccién bastante natural. Asi
sucede por ejemplo con el grupo libre sobre un conjunto, que asocia a cada conjunto A un grupo G4
formado por todas las palabras finitas cuyos caracteres son elementos de A y sus inversos formales
(médulo cancelacién), el espacio vectorial generado por una base presentado anteriormente, que
asocia a cada conjunto A un espacio vectorial generado por una base de Hamel de cardinalidad | A|,
representado por coo(A), o el anillo de polinomios sobre un conjunto de variables, que asigna a cada
conjunto A un anillo de polinomios con coeficientes en Z y variables indexadas por los elementos
de A.

También se pueden encontrar objetos libres en topologia, generalmente bajo la forma de com-
pleciones o compactificaciones. Por ejemplo, la compactificacién de Stone—Cech de un espacio
topolo’gico X (ver [59]) es un espacio compacto y Hausdorff X junto con una aplicacién con-
tinua j : X — BX que satisfacen que para cualquier aplicacion continua f: X — K, con K
compacto y Hausdorff, existe una tnica funcién continua f 68X — K tal que f 7 = f. En este
ejemplo, los espacios compactos y Hausdorff (con funciones continuas) ocupan el papel de la ca-
tegoria pequenia C, mientras que la categoria grande D se corresponde con los espacios topolégicos
arbitrarios (también con funciones continuas). Un procedimiento similar se puede usar para cons-
truir compleciones y clausuras en diferentes contextos, como la complecién de un espacio métrico
(anadiendo los limites de todas las sucesiones de Cauchy) o la complecién en orden de un reticulo
o algebra booleana (anadiendo los supremos e infimos de todo conjunto acotado en orden).

Pasando al analisis, nos damos cuenta de que los objetos libres no han sido tan estudiados como
en algebra. Pese a que el resultado de algebra universal mencionado anteriormente se puede adaptar
para probar la existencia de objetos libres en ciertos contextos de interés para los analistas (véase
por ejemplo [77]), obtener una representacion explicita se vuelve mds delicado, en parte porque las
categorias consideradas suelen combinar una estructura algebraica y topolégica. Por otra parte,
hay construcciones clasicas en analisis que satisfacen la propiedad universal de un objeto libre y
sin embargo rara vez se las presenta como tales. Un ejemplo bastante naif de lo anterior es ¢1(A),
el espacio de Banach de las sucesiones absolutamente sumables indexadas por el conjunto A, que
se comporta como el espacio de Banach libre generado por el conjunto A. En efecto, este espacio
tiene la propiedad de que para todo espacio de Banach E y toda aplicacién acotada T : A— FE,
existe una tnica extension T: 0 (A) — E como operador (lineal y acotado) prescrita por la relacién
Teq, = Ta para cada a € A, que ademés satisface que HTH = SUp,e4 ||Tall. Aunque la restriccién
adicional de tener que considerar inicamente aplicaciones acotadas de A en F, necesaria para que
el objeto libre exista, se puede reformular empleando en lugar de la categoria de espacios de Banach
la de las bolas unidad de espacios de Banach con restricciones de operadores contractivos entre los
correspondientes espacios como morfismos, este simple ejemplo ilustra como trabajar en categorias
“analfticas” no es tan automético como en el marco puramente algebraico.

Otro ejemplo ubicuo de objeto libre en la teoria de espacios de Banach que raramente se considera
desde esta perspectiva se puede encontrar en la categoria Ban® de espacios de Banach duales con
operadores débil*-débil* continuos (equivalentemente, operadores adjuntos). En este contexto, es
facil comprobar que dado un espacio de Banach F, su segundo dual o bidual E** junto con el
embebimiento canénico Jg : E — E** se comporta como el espacio de Banach dual libre generado
por E, dado que para todo operador sobre un espacio de Banach dual T : E — F* existe una tnica
extension débil*-débil* continua a E** dada por (T%*Jp)* = J5T**:
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A pesar de lo anterior, existen algunos objetos libres que han llamado la atencién de la comunidad
de espacios de Banach en las tltimas décadas (véase la revisién bibliogréfica [53]). Uno de ellos es
el espacio de Banach Lipschitz libre sobre un espacio métrico (también llamado espacio de Arens—
Eells o espacio de costes de transporte). Este espacio ha atraido el interés de investigadores de la
teoria no lineal de espacios de Banach y la geometria métrica, especialmente desde su aparicién
n [61] y [122], dado que establecen un puente entre la categoria de espacios métricos con punto
base (esto es, espacios métricos M con un punto distinguido 0 € M) y aplicaciones Lipschitz que
preservan el 0, y la de espacios de Banach con operadores. Mas concretamente, F (M) es un espacio
de Banach junto con una isometria dpr : M — F(M) tal que toda aplicacién Lipschitz f de M en
un espacio de Banach £/ que mande 0 € M a 0 € E se puede extender de forma tnica a un operador
[ F(M)— E, de tal forma que forr = f y ||f| = || f]vLip, la mejor constante Lipschitz de f. Dado
un espacio métrico M, F(M) admite una representacién explicita como el subespacio del dual de
Lipy(M) (el espacio de Banach de las funciones Lipschitz de M a R que preservan el 0, equipado
con la norma | - ||Lip) generado por los funcionales evaluacién §, con p € M dados por §,(f) = f(p)
para cada f € Lipy(M). Se tiene que F (M) es de hecho un predual de Lipy(M), aunque todavia no
se sabe si F(M) es el unico predual. Remitimos al lector al monogréfico [60] y las referencias que
contiene para mas informacién sobre el tema, y a [105] para algunas notas histéricas sobre el origen
de estos espacios. Mencionamos también que algunas construcciones similares han sido consideradas
en el marco de los espacios cuasi métricos y cuasi normados [4], y los espacios asimétricos (aquellos

en los que la distancia no es simétrica) [41].

Otro ejemplo de objeto libre, proveniente, esta vez, del andlisis complejo, es el espacio de Banach
holomorfo libre. Esta construccién, que fue introducida por Mujica en [99, Theorem 2.1}, inspirado
por el teorema de Dixmier—Ng (véase también [44, p. 417]), asigna a cada abierto U de un espacio
de Banach complejo E un espacio de Banach complejo G*(U) y una funcién holomorfa y acotada
oy : U — G®(U) que satisfacen la siguiente propiedad universal: para todo espacio de Banach
compleJo F y toda funcién holomorfa acotada f : U — F existe un tnico operador C-lineal
F:G®°U) - Ftal que fou = f v |fll = | fl. Este espacio se puede identificar de forma explicita
como el subespacio de H*(U)*, el dual del espacio de las funciones holomorfas acotadas de U en C,
que son continuas al restringirlas a la bola unidad de H*(U) equipada con la topologia compacto-
abierta. Al igual que en el caso Lipschitz, G*(U) es un predual de H*(U), pero sigue siendo un
problema abierto determinar si este predual es tinico.

La ultima construccién a considerar es el reticulo de Banach libre generado por un espacio de
Banach, sobre el cual versa esta tesis. Dado un espacio de Banach F, el reticulo de Banach libre
sobre E es un reticulo de Banach FBL[E] junto con una isometria lineal ¢p : E — FBL[E]
que satisface que para todo reticulo de Banach X y todo operador T' : E — X existe un tnico
homomorfismo de reticulos 7' : FBL[E] — X tal que T¢p = T y |T|| = |T|. Este objeto fue
introducido por Avilés, Rodriguez y Tradacete [11], generalizando los reticulos de Banach libres
generados por conjuntos estudiados por de Patger y Wickstead [106]. Tal y como veremos més
adelante, los autores de [11] también dieron una construccién explicita de FBL[FE] partiendo de
las representaciones de los reticulos vectoriales libres como espacios de funciones [16, 28]. Desde la
aparicién de [11] ha habido un nidmero creciente de publicaciones que extienden el conocimiento
existente sobre este objeto y lo generalizan a otros contextos, como los reticulos de Banach libres
con condiciones de convexidad [75], los reticulos de Banach libres complejos [68] o los reticulos de
Banach libres generados por reticulos [12].

Los ejemplos de objetos libres presentados anteriormente han atraido el interés de la comu-
nidad investigadora porque proporcionan un puente entre areas relevantes del andlisis. Estas nuevas
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conexiones nos permiten desarrollar diccionarios entre propiedades de diferentes categorias que se
encuentran en correspondencia, estudiar nuevas familias de espacios con propiedades determinadas,
encontrar contraejemplos a conjeturas existentes, o transferir técnicas de un area a otra. En esta
tesis doctoral, nos centraremos en el estudio del reticulo de Banach libre generado por un espacio
de Banach y algunas de las construcciones relacionadas con el mismo. La estructura del trabajo es
la siguiente:

El Capitulo 1 contiene nociones preliminares. Comenzaremos recordando los aspectos bésicos de
la teoria de reticulos de Banach necesarios para el resto de la tesis. A continuacién, introduciremos
las nociones de p-convexidad y p-estimaciones superiores, que jugardn un papel central en los
siguientes capitulos, y resumiremos las propiedades principales de estas dos clases de reticulos
de Banach. En analogia con el caso p-convexo, donde los espacios L, juegan un papel central,
senialaremos la importancia de Ly, o, entre los reticulos de Banach con p-estimaciones superiores y
enumeraremos algunas de sus propiedades. Finalmente, repasaremos la construccién del reticulo
de Banach libre generado por un espacio de Banach, asi como otros desarrollos recientes del area,
tales como los reticulos de Banach p-convexos libres.

En el Capitulo 2 abordaremos varias cuestiones relacionadas con las p-estimaciones superiores.
Historicamente, la p-convexidad se ha estudiado de forma més detallada que las p-estimaciones
superiores, en parte por su conexién con los espacios L, y la mayor variedad de herramientas
que estos espacios traen consigo. Un ejemplo de esta asimetria puede encontrarse en [75] donde
se prueba la existencia tanto del reticulo de Banach p-convexo libre como del reticulo de Banach
con p-estimaciones superiores libre a través de un argumento abstracto, pero sin embargo solo se
proporciona una construccién explicita para el caso p-convexo. Quedé formulado como un problema
abierto en [75, Remark 6.2], que fue posteriormente reiterado en [103, p. 91|, determinar si el reticulo
de Banach con p-estimaciones superiores libre, o en general cualquier otro reticulo de Banach libre,
se podia representar como un reticulo de funciones. El problema es el siguiente. Dado un espacio
de Banach FE, el reticulo vectorial libre generado por E, denotado FVL[E], es denso en FBLP*[E],
el reticulo de Banach con p-estimaciones superiores libre, o equivalentemente, FBL”®[E] es la
complecién de FVL[E] bajo cierta norma. Por otra parte, FVL[E] se puede representar facilmente
como subreticulo de Cpj,(Bpg+), el espacio de las funciones positivamente homogéneas y débil*
continuas en Bpx, y la inclusién es continua cuando se equipa a FVL[E] y Cp,(Bg+) con la norma
de FBLP*[FE] y la norma del supremo, respectivamente. Sin embargo, no es cierto en general que
un homomorfismo de reticulos inyectivo definido sobre un reticulo vectorial normado se extienda
de forma inyectiva a su complecién. Esta propiedad queda caracterizada en el Teorema 2.1.6, y
no se sabe si FVL[F] satisface dicha propiedad con respecto a FBLP®[FE], ni siquiera cuando
consideramos exclusivamente la inclusién a Cpp(Bgs ).

Motivados por este problema, y con el objetivo de entender mejor las p-estimaciones superio-
res, introducimos en la Seccién 2.1.1 el reticulo de Banach libre generado por un espacio de Ba-
nach E asociado a una clase C de reticulos de Banach, denotado FBL [E], y deducimos algunas
de sus propiedades. Partiendo de las clases C, y C, « de reticulos de Banach p-convexos y con
p-estimaciones superiores, respectivamente, nuestra aproximaciéon al problema en la Seccién 2.2
consiste en buscar clases més simples de reticulos de Banach que induzcan normas equivalentes
en los correspondientes reticulos de Banach libres hasta alcanzar clases que admitan una férmula
explicita para la norma (tipicamente, estas clases estaran formadas por reticulos de Banach finito-
dimensionales). Usando los teoremas de factorizacion clasicos de Maurey (Teorema 1.2.3) y Pisier
(Teorema 1.2.4), demostramos un teorema de representacién de reticulos p-convexos y con p-
estimaciones superiores, respectivamente, (Teorema 2.2.1) que nos permite reducir las clases C, y
Cp,»0 a las clases de £-sumas de espacios Ly, y L, «, respectivamente. Estas clases se pueden reducir
de nuevo hasta llegar a las clases de un solo elemento {L,[0,1]} y {Lp [0, 1]} usando propiedades
generales de la Seccién 2.1.1, y un argumento técnico de la Seccion 2.2.3 permite simplificar las
clases una vez mas, obteniendo como resultado final las clases {; : n € N} y {£} , : n € N}. Las
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conclusiones de este argumento se resumen en los Teoremas 2.2.13 y 2.2.14, donde recuperamos la
norma de FBLP[E] hallada en [75, Theorem 6.1] y proporcionamos una norma explicita equivalente
para FBLP*°[E]. También caracterizamos las clases D cuyo reticulo de Banach libre asociado es
isométrico o isomorfo a FBLP[E] o FBLP®*[E], respectivamente. Nétese que la norma explicita
obtenida en el Teorema 2.2.14 no puede ser isométrica a la norma original de FBL»*[FE], tal y
como probamos en 2.2.15. Méas concretamente, proporcionamos un ejemplo de un reticulo de Ba-
nach que satisface una p-estimacion superior con constante 1 pero no se embebe isométricamente
en ninguna /-suma de espacios Ly, o (véase el Ejemplo 2.2.9).

A continuacién, dedicamos la Seccién 2.3 a estudiar push-outs y otras nociones categoricas en
subcategorfas de reticulos de Banach como C, o Cp . Reproduciendo la construccién de [14], de-
mostramos la existencia de push-outs isométricos en cualquier categoria C que sea cerrada bajo
cocientes y {y-sumas (Teorema 2.3.1). Més atin, demostramos en el Teorema 2.3.2 que los push-
outs en la categoria de reticulos de Banach p-convexos preservan isometrias. Sin embargo, no se
puede aplicar el mismo argumento en el caso de las p-estimaciones superiores, dado que emplea
técnicas de p-convexificacién y p-concavificacién, que no tienen un andlogo para p-estimaciones
superiores. Pese a esto, demostramos que los push-outs con p-estimaciones superiores transforman
isometrias en isomorfismos con distorsién controlada por una constante universal, proporcionando
dos demostraciones diferentes de este resultado (Teorema 2.3.3). En la Seccién 2.3.2 usamos los
push-outs construidos en la seccién anterior para dar una solucién al problema del embebimiento
para reticulos de Banach libres con p-estimaciones superiores (ver Teorema 2.3.6). Dado un embe-
bimiento isométrico entre espacios de Banach ¢ : F' — F este problema consiste en caracterizar
cuando el homomorfismo de reticulos 7 = ¢pt : FBLP*[F] — FBLP®[E] es también un embe-
bimiento. El mismo argumento usado para los reticulos de Banach con p-estimaciones superiores,
junto con una propiedad de ¢, estrechamente ligada a la inyectividad en la categoria de reticulos
de Banach p-convexos con operadores positivos (Teorema 2.3.7), nos permite recuperar la solucién
original de [103, Theorem 3.7] al problema del embebimiento para el caso p-convexo. Esto senala
otra diferencia entre la p-convexidad y las p-estimaciones superiores, dado que el Teorema 2.3.10
demuestra que ¢, no satisface la correspondiente propiedad de inyectividad para los reticulos
de Banach con p-estimaciones superiores. Concluimos el capitulo con la Seccién 2.4, dedicada a
extender resultados de Reisner [111] sobre factorizaciones de operadores por operadores p-convexos
y g-céncavos al contexto de operadores que factorizan por operadores (p,p2)-convexos y (g, q2)-
céncavos, para ps € {p, 0}y g2 € {1, q}.

En el Capitulo 3 estudiamos nociones de dualidad en reticulos de Banach libres. El punto de
partida es la concepcién del bidual de un espacio de Banach como un objeto libre en la categoria
de espacios de Banach duales con operadores débil*-débil* continuos (equivalentemente, adjuntos).
Esto motiva investigar la relacion entre duales libres y reticulos de Banach libres en dos direcciones
diferentes. La primera es demostrar que el reticulo de Banach libre sobre un bidual se embebe reticu-
lar e isométricamente en el bidual del reticulo de Banach libre generado por el espacio de Banach
original (Teorema 3.2.2). Para ello, desarrollamos en la Seccién 3.1 una representacién simplificada
del reticulo de Banach libre generado por un espacio de Banach dual E* usando el Principio de
Reflexividad Local. Méas especificamente, probamos que FBL[E*| se puede representar como un
espacio de funciones sobre E en lugar de sobre E**. Esto nos permite establecer el Teorema 3.2.2,
obteniendo como consecuencia resultados de representabilidad finita para el reticulo de Banach
libre sobre un bidual con respecto al reticulo de Banach libre sobre el espacio de Banach original.
También observamos que un argumento similar se puede emplear para obtener resultados analogos
en otros contextos, como espacios C(K) libres (Teorema 3.2.9) y ultraproductos de reticulos de
Banach libres (Teorema 3.2.10). La otra linea de investigacién seguida en este capitulo consiste en la
construccion de un objeto libre en la categoria de duales de reticulos de Banach con homomorfismos
de reticulos débil*-débil* continuos. Probamos que dicho objeto existe en el caso p-convexo con 1 <
p < o0, y coincide con el bidual del reticulo de Banach p-convexo libre. En el caso general (p = 1),
demostramos que este objeto libre coincide con el bidual del reticulo de Banach libre si y solo si el
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espacio de Banach generador no contiene una copia complementada de ¢1. Pese a algunos resultados
parciales, queda como problema abierto determinar la existencia de este objeto libre cuando el
espacio de Banach contiene una copia complementada de ¢;. A continuacién, continuamos en la
Seccién 3.5 con el estudio iniciado en [103, Section 3] de la correspondencia entre las propiedades
de un operador entre espacios de Banach y las del homomorfismo de reticulos entre reticulos de
Banach libres que este induce, caracterizando la propiedad de preservar copias complementadas
de /1. Finalmente, en la Seccién 3.6 proporcionamos una aplicacién de los reticulos de Banach
libres al estudio de los homomorfismos de reticulos que alcanzan la norma, demostrando que todo
homomorfismo de reticulos en un AM-espacio alcanza la norma. Este resultado se puede comparar
con el hecho trivial de que todo homomorfismo de reticulos en un espacio C(K) alcanza su norma
en la funcién constantemente 1, siendo la principal diferencia que en los AM-espacios no hay, en
principio, unidad fuerte.

El Capitulo 4 estd dedicado al estudio de los espacios de funciones positivamente homogéneas
H,[FE],1 < p < o, en los que se construyen los reticulos de Banach p-convexos libres, y sus generali-
zaciones, los espacios Hp,,[E], 1 < g < p < c0. Tras recordar algunas propiedades de estos espacios,
aplicaremos técnicas de interpolacién y extrapolacién para comprender mejor cémo se ordenan estos
espacios con respecto a la inclusion, y cuando estas inclusiones son estrictas. Concretamente, apli-
caremos el método real de interpolacién (Proposicién 4.2.2) y el método de Calderén—Lozanovskii
(Teorema 4.2.7) a ciertos pares de reticulos de Banach compatibles dentro de esta familia, obte-
niendo estimaciones para las normas de estos nuevos espacios y proporcionando ejemplos en los que
las inclusiones inducidas por estas desigualdades son estrictas. También demostramos en el Teo-
rema 4.3.1 que H,[E] se puede extrapolar a partir de la familia (H,[E])s>p usando el A método,
y damos mads ejemplos de inclusiones estrictas entre espacios H.,. Concluimos el capitulo estu-
diando en detalle las inclusiones entre espacios Hp4[E] en el caso E = 1, obteniendo que todas las
inclusiones entre espacios Hy,4[¢1] son estrictas (Proposicién 4.3.5).

Finalmente, el Capitulo 5 cambia el tema de los reticulos de Banach libres por otro més aplicado
dentro de la teoria de reticulos de Banach: la recuperacién de fase estable (SPR por sus siglas
en inglés, stable phase retrieval). Este problema, que tiene aplicaciones en dreas tales como la
cristalografia de rayos X, la astronomia, la fisica cudntica o el reconocimiento de voz, consiste en
estudiar cudndo una senal se puede recuperar a partir de su médulo de forma estable bajo pertur-
baciones. Comenzamos el capitulo analizando el problema y su conexién con el marco abstracto de
los reticulos de Banach y, a continuacién, proporcionamos una caracterizacién de los subespacios
de un reticulo de Banach complejo que hacen SPR (Teorema 5.2.7), en linea con el correspondiente
resultado para el caso real [48, Theorem 6.1]. Tras esto, extendemos algunos resultados de [48]
sobre la existencia de subespacios infinito-dimensionales de espacios C(K) reales haciendo SPR
al marco complejo. En particular, caracterizamos los espacios C(K) que contienen un subespacio
infinito-dimensional haciendo SPR (Teorema 5.3.7). En la Seccién 5.4 estudiamos la Pregunta 6.4
de [48], donde se conjetura una versién cuantitativa de [48, Theorem 6.1] (o el Teorema 5.3.7, res-
pectivamente), proporcionando una respuesta afirmativa tanto en el caso real como en el complejo.
Finalmente, en la Seccién 5.5 iniciamos un estudio preliminar de céomo la propiedad de contener
un subespacio haciendo SPR se preserva bajo ciertas operaciones con reticulos de Banach, como
sumas o cocientes.
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Free objects are a common construction in mathematics. We can find examples of them in algebra,
topology or analysis. These categorical objects allow us to extend maps from objects in a large
category (typically sets, but also topological spaces or Banach spaces) to morphisms in a smaller
category with some additional structure, such as linearity, topology, order, etc. Consider for instance
a vector space generated by a Hamel basis (e4)q.e4 indexed by a set A. This space will be essentially
unique, up to permutations of the elements of the basis, so we can fix as a representation the
space coo(A) of finitely supported sequences indexed by A. Moreover, this vector space satisfies
the following universal property: given any vector space X and any map f : A — X, there exists
a linear map I coo(A) — X such that f(ea) = f(a) for every a € A, given by the expression

f(Daea Taa) = Dpen Taf ().
coo(A)

*

X}
—>f X
Note that once the images of the basis elements e, are prescribed by the map f, the extension map
f is uniquely determined by linearity. This universal property is what characterizes a free object,
in this case the free vector space over a set A.

In the language of category theory, a free object can be defined as follows. Let C and D be two
categories and u : C — D a faithful functor, i.e., a functor that is injective on the sets of morphisms
between objects. Consider for instance the typical situation where the category D is larger than C
and the functor u represents a forgetful functor that “forgets” the additional structure of C with
respect to D (in the example above, D would be the category of sets and maps, C corresponds to the
category of vector spaces and linear maps, and u : C — D is the forgetful functor that represents
vector spaces as plain sets with no additional structure and linear maps as maps between sets).
Then, given an object A of D, a free object in C with respect to A is an object F4 of C, together
with a morphism j : A — u(Fy4) of D, satisfying the following universal property: for every object
X of C and every morphism f: A — u(X) of D, there exists a unique morphism f: Fp— X ofC
such that u(f) oj=f.

u(Fa) A Fy
e
A4f>u(X) X

It should be noted that this universal property implies that free objects are unique (up to isomor-
phism of the category) whenever they exist.

The main source of examples of free objects is algebra. Indeed, a well-known theorem from
universal algebra (cf. [71, Theorem 2.9]) guarantees the existence of free objects generated by sets
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in a wide range of categories, which include vector spaces, groups, rings, vector lattices... On the
other hand, obtaining a concrete representation for the free object as the one provided by coo(A)
for the free vector space is not as straightforward in general, and might require an additional effort.
However, in those contexts where an explicit description of the free object is available, they tend
to be very natural constructions. This is the case of the free group over a set, which associates to
every set A a group G4 that consists of all the finite words whose characters are elements of A and
their formal inverses (modulo cancellation), the vector space generated by a basis discussed above,
which associates to every set A the vector space generated by a Hamel basis of cardinality |A|,
represented by coo(A), or the ring of polynomials over a set of variables, which assigns to any set
A the ring of polynomials with coefficients on Z and variables indexed by the elements of A.

Free objects can also be found in topology, usually under the form of completions or compact-
ifications. For instance, the Stone-Cech compactification of a topological space X (cf. [59]) is a
compact Hausdorff space X together with a continuous map j : X — [X satisfying that for
every continuous function f : X — K with K a compact Hausdorfl space there exists a unique
continuous function f : X — K such that fj = f. In this example, compact Hausdorff spaces
(with continuous functions) play the role of the category C, whereas the larger category D corre-
sponds to arbitrary topological spaces (with continuous functions). A similar scheme can be used
to construct different instances of completions or closures, such as the completion of a metric space
(adding limits of Cauchy sequences) or the order completion of lattices or boolean algebras (adding
infima and suprema of order bounded sets).

Moving on to analysis, we notice that free objects are not as well studied as in algebra. Even
though the above-mentioned result from universal algebra can be adapted to show the existence of
free objects in some contexts of interest for analysts (see for instance [77]), obtaining an explicit
representation becomes more intricate, partly because the categories considered are a combination
of algebraic and topological structures. On the other hand, there are classical constructions of
analysis that satisfy the universal property of a free object between certain categories, even though
they are not usually seen as such. A very naive example of this is ¢1(A), the Banach space of all
the absolutely summable sequences indexed by a set A, which behaves as the free Banach space
generated by the set A. Indeed, this space has the property that for every Banach space E and
every bounded map T : A — E, there exists a unique extension 7" : ¢;(A) — E as a (linear and
bg\unded) operator prescribed by the relation fea = Ta for every a € A, which moreover satisfies
IT| = supgea |Ta|. Though the additional restriction of considering only bounded maps from A
to E, necessary for the free object to exist, can be restated by replacing the category of Banach
spaces with the category of unit balls of Banach spaces with restrictions of contractive operators
between the corresponding spaces as morphisms, this simple example illustrates how working with
“analytical” categories is not as straightforward as the purely algebraic setting.

Another ubiquitous example of a free object in Banach space theory that is rarely considered
from this perspective can be found in the category Ban* of dual Banach spaces with weak*-to-
weak* continuous operators (equivalently, adjoint operators). In this setting, it is easy to check
that for a Banach space E, the second dual or bidual E** together with the canonical embedding
Jg : B — E** behaves as the free dual Banach space generated by E, as for every operator into
a dual Banach space T : E — F* there is a unique weak™-to-weak™ continuous extension to E**
given by (T*Jp)* = JpT**:

P S ok
B —— F
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Notwithstanding, there exist some free objects that have raised the attention of the Banach
space theory community in the recent decades (see the survey [53]). One of them is the Lipschitz
free Banach space over a metric space (also known as Arens—Eells space or transportation cost
space). These spaces have attracted the interest of researchers in the non-linear theory of Banach
spaces and metric geometry, specially since their appearance in [61] and [122], as they establish a
bridge between the categories of pointed metric spaces (i.e., metric spaces M with a distinguished
point 0 € M) with Lipschitz maps that preserve 0, and Banach spaces with (linear and bounded)
operators. More specifically, F(M) is a Banach space together with an isometry dy; : M — F(M)
such that every Lipschitz map f from M to a Banach space E sending 0 € M to 0 € E can be
extended uniquely to an operator f : F(M) — E, in such a way that féy = f and | f| = | f|vip,
the best Lipschitz constant of f. Given a metric space M, F(M) admits an explicit construction
as the subspace of the dual of Lipy(M) (the Banach space of Lipschitz functions from M to R
that preserve the 0 endowed with the norm | - |ri,) generated by the evaluation functionals 0,
with p € M given by d,(f) = f(p) for every f € Lipg(M). It turns out that F(M) is actually a
predual of Lipg(M), even though it is still unknown whether F(M) is a unique predual. We refer
the reader to the survey [60] and the references therein for further information on the topic, and
[105] for historical notes on the origin of these spaces. We also mention that similar constructions
have been considered in the setting of quasi-metric and quasi-normed spaces [4], and asymmetric
spaces (those where the distance is not symmetric) [41].

Another example of free object coming, this time, from complex analysis is the holomorphic free
Banach space. This construction, that was introduced by Mujica in [99, Theorem 2.1}, inspired by
the Dixmier—Ng theorem (see also [44, p. 417]), assigns to every open subset U of a complex Banach
space E a complex Banach space G*(U) and a bounded holomorphic function éy : U — G*(U) with
the following universal property: for every complex Banach space F' and every bounded holomorphic
function f : U — F there exists a unique C-linear operator f : G*(U) — F such that foy = f
and | f| = ||f]«x- This space can be explicitly identified as the subspace of functionals of H*(U)*,
the dual of the space of bounded holomorphic functions from U to C, that are continuous when
they are restricted to the unit ball of H*(U) endowed with the compact-open topology. As in the
Lipschitz case, G*(U) is a predual of H*(U), but it is still an open problem whether this predual
is unique.

The last construction that will be discussed is the free Banach lattice generated by a Banach
space, to which this dissertation is devoted. Given a Banach space E, the free Banach lattice over
E is a Banach lattice FBL[E] together with a linear isometry ¢ : E — FBL[E] satisfying that
for every Banach lattice X and operator T : E — X there exists a unique lattice homomorphism
T : FBL[E] — X such that Tégp = T and HfH = ||T"|. This object was introduced by Avilés,
Rodriguez and Tradacete [11], generalizing the free Banach lattice generated by a set studied by de
Patger and Wickstead [106]. As we will see, the authors of [11] also provided an explicit construction
of FBL[E] based on the representations of free vector lattices as lattices of functions [16, 28]. Since
the appearence of [11] there has been an increasing number of publications extending the available
knowledge about this object and generalizing it to other settings, such as free Banach lattices with
convexity conditions [75], complex free Banach lattices [68] or free Banach lattices generated by
lattices [12].

The examples of free objects presented above have attracted the interest of researchers because
they provide a bridge between relevant areas of analysis. These new connections allow us to develop
dictionaries of properties within different categories that are in correspondence, study new fami-
lies of spaces with prescribed properties, find counterexamples to existing conjectures, or transfer
techniques from one area into the other. In this dissertation, we will focus on the study of the free
Banach lattice generated by a Banach space and some of its related constructions. The structure
is the following:
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Chapter 1 will be devoted to preliminary notions. We will start recalling the basic theory of
Banach lattices that will be required for the rest of the dissertation. Next, we will introduce the
notions of p-convexity and upper p-estimates, which will play a central role in subsequent chapters,
and discuss the main properties of these classes of Banach lattices. Analogously to the p-convex
setting, where L,-spaces play a prominent role, we will point out the importance of L, among
Banach lattices with upper p-estimates and describe some of its features. Finally, we will review
the construction of the free Banach lattice generated by a Banach space, as well as some of the
recent developments in the topic, such as free p-convex Banach lattices.

In Chapter 2 we will study several notions related with upper p-estimates. Traditionally, p-
convexity has been much better understood than upper p-estimates, partly because of the connec-
tion with L,-spaces and the broader toolbox that comes with them. A particular example of this
asymmetry can be found in [75], where the existence of both the free p-convex Banach lattice and
the free Banach lattice with upper p-estimates was established via an abstract argument, but the
authors were able to provide an explicit construction only in the p-convex setting. It was stated as
an open question in [75, Remark 6.2] and later reiterated in [103, p. 91] whether the free Banach
lattice with upper p-estimates, or in general any other free Banach lattice, could be represented
as a lattice of functions. The issue is the following: If E is a Banach space, the free vector lattice
generated by E, FVL[E], is dense in FBL?*[E], the free Banach lattice with upper p-estimates,
or equivalently, FBL»®[FE] is the completion of FVL[E] under a certain norm. Moreover, FVL[E]
can be easily represented as a sublattice of Cp,(Bg+), the space of positively homogeneous and
weak™® continuous functions on Bg+, and the inclusion is continuous when FVL[E] and Cpp,(Bgx)
are endowed with the norm of FBL”®[E] and the supremum norm, respectively. However, it is not
always true that an injective lattice homomorphism on a normed vector lattice extends injectively
to its completion. This property is characterized in Theorem 2.1.6, and it was not know whether
FVL[E] satisfies such property with respect to FBL”®[E], not even when we only consider the
inclusion into Cpp(Bgx).

Motivated by this problem and the goal of better understanding upper p-estimates, we introduce
in Section 2.1.1 the free Banach lattice generated by a Banach space E associated to an arbitrary
class C of Banach lattices, denoted FBLC[E], and deduce some of their properties. Considering
the classes C, of p-convex Banach lattices and C, o of Banach lattices with upper p-estimates as
our starting point, our approach in Section 2.2 is to find simpler classes of Banach lattices which
induce equivalent norms on the corresponding free Banach lattices until we obtain a class that
admits an explicit formula for the norm (typically, this class will be composed of finite-dimensional
Banach lattices). Using the classical factorization theorems of Maurey (Theorem 1.2.3) and Pisier
(Theorem 1.2.4), we show a representation theorem for p-convex Banach lattices and Banach lattices
with upper p-estimates (Theorem 2.2.1) that allows us to reduce the classes C, and Cp to the
classes of {y-sums of L, and L, ,-spaces, respectively. These classes can be further reduced to
the singleton classes {Lp[0,1]} and {Ly [0, 1]} using general properties from Section 2.1.1, and
a technical argument from Section 2.2.3 simplifies the classes one more time, obtaining as a final
result the classes {¢ : n € N} and {{} ,, : n € N}. The conclusions of the previous argument are
summarized in Theorems 2.2.13 and 2.2.14, where we recover the norm of FBLP[E] established in
[75, Theorem 6.1] and provide an equivalent explicit renorming for FBL”®[ E]. We also characterize
all the classes D whose associated free Banach lattice is isometric or isomorphic to FBLP[E] or
FBLP”®[E], respectively. It should be noted that the explicit norm obtained in Theorem 2.2.14
cannot be isometric to the original norm of FBLP®[FE], as we show in Proposition 2.2.15. This is
done by constructing an example of a Banach lattice satisfying upper p-estimates with constant 1
that does not isometrically embed into an £,-sum of L, »-spaces (see Example 2.2.9).

Next, we devote Section 2.3 to study push-outs and other categorical notions in restricted cat-
egories of Banach lattices such as C, or Cp . Replicating the construction of [14], we show the
existence of isometric push-outs in a category C whenever it is closed under quotients and £,-sums
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(Theorem 2.3.1). Moreover, we show in Theorem 2.3.2 that push-outs in the category of p-convex
Banach lattices preserve isometries. However, the same argument cannot be adapted to the setting
of upper p-estimates, as it uses techniques of p-convexification and p-concavification, which do not
have an upper p-estimate analogue. In spite of this, we show that upper p-estimates push-outs
transform isometries into isomorphisms with distortion bounded by a universal constant, and we
provide two different proofs of this fact (see Theorem 2.3.3). In Section 2.3.2 we use the push-outs
that we have constructed in order to provide a solution to the embedding problem for free Banach
lattices with upper p-estimates (Theorem 2.3.6). Provided ¢ : FF — FE an isometric embedding
between Banach spaces, this problem consists in characterizing when the lattice homomorphism
7= ¢pt: FBLP®[F] - FBLP»®[E] is an embedding as well. The same argument used for Banach
lattices with upper p-estimates, together with a property of ¢, closely related to injectivity in the
category of p-convex Banach lattices with positive operators (Theorem 2.3.7), allows us to recover
the original solution from [103, Theorem 3.7] to the embedding problem for the p-convex case. This
points out another difference between p-convexity and upper p-estimates, since Theorem 2.3.10
shows that /), ,» does not satisfy the corresponding injectivity property for Banach lattices with
upper p-estimates. We finish the chapter with Section 2.4, which is dedicated to extend some re-
sults from Reisner [111] on factorization of operators through p-convex and g-concave operators
to the setting of operators which factor through (p, p2)-convex and (g, g2)-concave operators, for

p2 € {p, 0} and ¢2 € {1,q}.

We devote Chapter 3 to investigate duality notions in free Banach lattices. The starting point is
the understanding of the bidual of a Banach space as a free object in the category of dual Banach
spaces with weak*-to-weak® continuous (i.e. adjoints) operators. This motivates us to investigate
the relation between free duals and free Banach lattices in two different directions. The first one is
to show that the free Banach lattice of a bidual space embeds lattice isometrically into the bidual
of the free Banach lattice of the original Banach space (Theorem 3.2.2). To do so, we develop in
Section 3.1 a simpler representation of the free Banach lattice over a dual Banach space E* using
the Principle of Local Reflexivity. More specifically, we prove that FBL[E*] can be realized as a
space of functions over E instead of E**. This allows us to establish Theorem 3.2.2, obtaining as
a consequence some finite representability results for the free Banach lattice of a bidual space with
respect to the free Banach lattice of the original Banach space. We also observe that a similar
argument can be used to obtain analogous results in other contexts, such as free C'(K)-spaces
(Theorem 3.2.9) and ultraproducts of free Banach lattices (Theorem 3.2.10). The other line of
research we pursue in this chapter is the construction of a free object in the category of duals of
Banach lattices with weak*-to-weak™® continuous lattice homomorphisms. We show that such object
exists in the p-convex setting for 1 < p < oo, and coincides with the bidual of the free p-convex
Banach lattice. In the general case (p = 1), we show that the free object coincides with the bidual of
the free Banach lattice if and only if the generating space does not contain a complemented copy of
£1. In spite of some partial results, it is left as an open question whether it exists when the Banach
space contains ¢; complemented. Next, in Section 3.5 we continue the study initiated in [103,
Section 3] of the correspondence between the properties of an operator between Banach spaces and
the lattice homomorphism between free Banach lattices that it induces, characterizing the property
of preserving complemented copies of ¢1. Finally, in Section 3.6 we provide an application of free
Banach lattices to the study of norm attaining lattice homomorphisms, showing that every lattice
homomorphism on an AM-space attains its norm. This should be compared with the trivial fact
that every lattice homomorphism on a C'(K)-space attains its norm on the constant 1 function, the
main difference being that in general there is no strong unit in an AM-space.

Chapter 4 is dedicated to the study of the spaces of positively homogeneous functions H,[E],
1 < p < o, in which free p-convex Banach lattices are constructed, and the spaces H4[FE],
1 < g < p < o0, that generalize them. After reviewing some known facts concerning these spaces,
we will apply interpolation and extrapolation techniques to better understand how these spaces
are ordered with respect to inclusion, and when these inclusions are strict. More specifically, we
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apply the real method (Proposition 4.2.2) and the Calderén—Lozanovskii method (Theorem 4.2.7)
to certain compatible pairs of Banach lattices within this family, obtaining bounds for the norms
of these new spaces and providing examples where the inclusions induced by these inequalities are
strict. We also show in Theorem 4.3.1 that Hp[E] can be extrapolated from the family (Hy[E])g>p
using the A method, and give more examples of strict inclusions between H,,,-spaces. We conclude
the chapter studying in detail the inclusions between Hp.,[FE] spaces for the case E = {1, obtaining
that all the inclusions between H).,[¢1] spaces are strict (Proposition 4.3.5).

Finally, Chapter 5 changes the topic of free objects for a more applied subject within Banach
lattice theory: stable phase retrieval (SPR). This problem, that has applications in many areas such
as X-ray crystallography, astronomy, quantum physics or speech recognition, consist in studying
when a signal can be recovered from its modulus in a stable way. We begin the chapter reviewing the
problem and its connections with the abstract framework of Banach lattices, and next, we provide a
characterization of the subspaces of complex Banach lattices that do SPR (Theorem 5.2.7), in line
with the corresponding result for real scalars [48, Theorem 6.1]. After this, we extend some results
from [48] concerning the existence of infinite-dimensional SPR subspaces in real C'(K)-spaces to the
complex setting. In particular, we characterize the C'(K)-spaces containing an infinite-dimensional
SPR subspace (Theorem 5.3.7). In Section 5.4 we study Question 6.4 from [48], where a quantitative
version of [48, Theorem 6.1] (respectively, Theorem 5.3.7) is conjectured, providing an affirmative
answer for both the real and the complex case. Finally, in Section 5.5 we initiate a preliminary
study of the stability of the property of containing SPR subspaces under certain operations with
Banach lattices, such as direct sums or quotients.



Chapter 1

Preliminary notions on Banach lattices and free
Banach lattices

1.1 Banach lattices

A wector lattice is a vector space X over R endowed with a partial order < that is compatible with
the linear structure and admits lattice operations, i.e.,

o if x,y € X are such that x <y, then x + z < y + 2z for every z € X and Az < Ay for every scalar
A>0;

o for every x,y € X there exist the least upper bound and the greatest lower bound of the set {z, y},
called the supremum and infimum, respectively, and denoted x v y and = A y.

A vector lattice X with a norm |- | compatible with the order, that is, |z| < |y| whenever |z| < |y],
where |z| = z v (—x) is the absolute value, is called a normed vector lattice. If the norm is complete,
X is said to be a Banach lattice. Many classical Banach spaces are also examples of Banach lattices.
This is the case, among many others, for the sequence spaces ¢, the spaces of p-integrable functions
L,(n), the Lorentz spaces Ly 4(pt), and the spaces C(K) of continuous functions over a compact
Hasdorff space K, when they are endowed with the coordinatewise, almost everywhere and pointwise
order and lattice operations, respectively. Banach lattices will be the main object of study of this
dissertation. Throughout the text, we will follow the standard notation used in classical textbooks
such as [88] or [96].

Vector lattices have a much richer subspace structure than vector spaces. Let X be a vector
lattice and Y subspace of X. If Y is closed under the lattice operations (supremum, infimum,
absolute value...), it is called a sublattice. If Y is solid, that is, whenever |z| < |y| and y € Y we
have x € Y, then Y is said to be an ideal. An ideal Y satisfying that whenever z = sup A with
A C Y, then x € Y is called a band. Moreover, if there is a linear projection P : X — X such
that P(X) =Y and 0 < Pz < x for every x € X, where X := {x € X : z > 0} denotes the
positive cone, then Y is a projection band. Given a subset A of X, lat(A) and I(A) will denote the
sublattice and the ideal generated by A, that is, the smallest sublattice or ideal that contains the
set A, respectively. If V' is a vector subspace, then we can represent the sublattice generated by V
(cf. [5, Exercise 8, p. 204]) as

(V) = { Ve = Vo @ ) = V | (11)
i=1 j=1

We will constantly use this fact to represent elements of the free vector lattice generated by a
Banach space (see Section 1.3).

The lattice order makes possible a wider diversity of operators as well. Let X and Y be vector
lattices and T : X — Y a linear map. T is called positive if x < y implies that Tx < Ty, or
equivalently, if T'(X ;) < Yy, and it is said to be regular if it is the difference of positive operators.

13
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Every positive operator from a Banach lattice to a normed vector lattice is bounded. If T" preserves
the lattice operations (it suffices to check that it preserves just one of the operations, for instance,
the absolute value: T'|z| = |Tz| for every z € X) it is called a lattice homomorphism. Observe
that every lattice homomorphism is positive. T' is said to be interval preserving if it is positive
and T'[0,z] = [0,Tx] for every x € X, where [0,z] = {y € X : 0 < y < x} is the order interval
generated by x. There is a duality relation between lattice homomorphisms and interval preserving
maps that will be exploited in Chapter 3, see [96, Theorem 1.4.19]. Finally, observe that the range
of a lattice homomorphism is a sublattice and its kernel is an ideal, whereas the image of an interval
preserving operator is an ideal.

If X is a Banach lattice, its dual X* can also be endowed with a lattice order compatible with
the original dual norm. Given z*, y* € X*, we say that * < y* if y* — 2™ is a positive operator from
X to R. The lattice operations with respect to this order are described by the Riesz—Kantorovich
formulas: if z*,y* € X* and x € X, then

(% v y*)(x) = sup{z™(z —y) + y*(y) : 0 < y < =z},

and
(@ Ay*)(2) =inf{z*(z —y) +y*(y) : 0 <y < z}.

Actually, these formulas can be used to endow of a vector lattice structure the space of regular
operators between two (Archimedean) vector lattices X and Y whenever the target space Y is
Dedekind complete, that is, there exists sup(A) for every subset A < Y satisfying that there is
x €Y with y < x for every y € A (cf. [96, Theorem 1.3.2]). In particular, the dual of every Banach
lattice is a Dedekind complete Banach lattice.

Another related property of Banach lattices is the order continuity of the norm. A Banach lattice
X is order continuous if every decreasing net in X, whose infimum is 0 satisfies that the infimum
of the norms is also 0. There are many equivalent characterizations of order continuity (see [96,
Section 2.4]), such as X sitting as an ideal in its bidual or every order interval of X being weakly
compact.

As it can be deduced from the examples, Banach lattices are an abstraction of classical spaces of
functions. It turns out that, in a certain way, the spaces of functions are the only type of Banach
lattices that exists. For instance, if X is a Banach lattice, it was established in [89, Lemma 3.4]
that there exist a family of probability measures I" and a lattice isometric embedding (i.e., a lattice
homomorphism that is also an isometric embedding into the image) of X into the space

Co(Ta()yer = {F = Fuduer : fu € a0, IF) = sup | fully < 0}
pel’

Moreover, every Banach lattice resembles locally a C'(K)-space: if X is a Banach lattice and e is
a non-zero positive element, then I({e}) = {zr € X : |z| < Ae for some A > 0}, the principal
ideal generated by e, can be identified with a C'(K)-space by means of Kakutani’s representation
theorem for AM-spaces (cf. [96, Theorem 2.1.3]). Recall that a Banach lattice X is said an AM-space
if & vyl =[] v |y for every 2,y e X

This similarity with function spaces endows Banach lattices with an interesting feature, usually
referred to as Krivine’s functional calculus. Given a Banach lattice X and some vectors z1,...,z, €
X, this functional calculus enables to define uniquely in X expressions of the form h(zq,...,x,)
for any h continuous and positively homogeneous function over R™, that is, h(At1,...,At,) =
Ah(ty, ..., ty,) for every A = 0 and (t1,...,t,) € R". Examples of these expressions are (3., |xz|p)%
for 1 < p < o, |z1|*?)22|? for 0 < 6 < 1, or in general functions that cannot be obtained
by just using a finite number of linear and lattice operations over the vectors zi,...,x,. This
correspondence allows us to immediately translate well-known equalities and inequalities of real
numbers to Banach lattices. Moreover, the uniqueness of functional calculus implies that it is
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preserved under lattice homomorphisms. Note that if the Banach lattice X happens to be a space
of functions with the usual pointwise or almost everywhere order, the corresponding functional
calculus for vectors fi,..., f, € X and a positively homogeneous expression i : R™ — R consists of
the function given by h(fi,..., fu)(t) = h(f1(t),..., fn(t)) for every t in the domain. The details
of the construction can be found in [43, Chapter 16], [88, Section 1.d] or [96, Theorem 2.1.20].

The local similarity with the spaces of functions is also used in the definition of complex Banach
lattices. Let X be a real Banach lattice. The complexification of X, denoted by X, is the complex
vector space X x X = X@iX endowed with the usual coordinatewise addition and the multiplication
by complex scalars given by (a + ib)(x1 + ize) = axy — bry + i(bxy + axs) for x1,292 € X, a,be R. It
is well known that the modulus of a complex-valued function f = fi +1if, is given by the expression

1= VIR + 1f22 = sup{ficos0 + fosing : 0 [0,27]}.

Analogously, we can define the modulus of an element x = 1 + ixs € X¢ as

|z| = /|21 + |22]? = sup{z:l cosf 4+ xosinf : O ¢ [0,2%]},

using a C'(K)-representation to show that this supremum exists. Observe that |z| is an element of
X, so we can define a norm in the whole complexification X¢ by |z|x. = |/|z||, in such a way that
(Xc, || - |Ixe) is a complex Banach space. We call complex Banach lattice to the complexification
Xc of a real Banach lattice X endowed with the modulus and the norm defined in this way. Note
that Banach spaces of complex-valued functions such as C(K;C) or L,(u; C) are particular cases
of complex Banach lattices, as they are the complexification of their real-valued version C'(K;R)
or L,(p; R). We will only work with complex Banach lattices in Chapter 5. Throughout the rest of
the chapters, all the Banach lattices and Banach spaces will be assumed to be real.

1.2 Convexity in Banach lattices

A representation theorem due to Kakutani (see for instance [88, Theorem 1.b.2] or [96, Theorem
2.7.1]) establishes that if a Banach lattice X has a p-additive norm for some 1 < p < o0, that is, if
|z +y|P = |z|? + ||y|? for every pair of disjoint elements x,y € X (z,y € X are called disjoint when
|z| A ly| = 0), then X is lattice isometric to L,(p) for some measure p. One can wonder what can
be said about X if the equality above is replaced by an inequality. This leads to the definition of
p-convexity, p-concavity, upper and lower p-estimates, and other related notions (see [43, Chapter
16] and [88, Sections 1.d and 1.f]). Recall that in a Banach lattice we can define expressions such

as (31, |#|P)” via functional calculus.

Definition 1.2.1. Let X be a Banach lattice, E a Banach space and 1 < p,q < o0.

(1) An operator T : E — X s (p, q)-convex if there exists a constant K > 0 such that

[ |Txiq>éH <x (3 x) 12)

for every x1,...,x, € E and n € N. The best constant K satisfying (1.2) is called the (p,q)-
convexity constant of T' and is denoted K9 (T).

(2) An operator T : X — E is (p, q)-concave if there exists a constant K > 0 such that

1

(§mer)’ <ol (ee)|
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for every x1,...,x, € X and n € N. The best constant K satisfying (1.3) is called the (p,q)-
concavity constant of 7' and is denoted K, y(T).

(8) A Banach lattice X is (p,q)-convex (respectively, (p,q)-concave) if the identity operator ix :
X — X is (p,q)-convex (respectively, (p,q)-concave), and KD (X) = K®9(ix) is called the
(p, q)-convexity constant of X (respectively, K, o(X) = K, q)(ix) is called the (p,q)-concavity
constant of X ).

(4) If p = q, we will simply say that T or X is p-convex (respectively, p-concave) and write K®)(T)
or KP)(X) (respectively, K (T) or K;)(X)) instead.
A similar property can be introduced for Banach lattices when we require the inequalities above

to be witnessed only on disjoint vectors.

Definition 1.2.2. Let X be a Banach lattice and 1 < p < 0.

(1) X is said to satisfy an upper p-estimate if there exists a constant K > 1 such that

<K (zn] ]xiFD); (1.4)

1=1

n

S

i=1

for every (positive) pairwise disjoint x1,...,x, € X and n € N. The best constant K satisfying
(1.4) is called the upper p-estimates constant of X and is denoted K("P)(X).

(2) X is said to satisfy a lower p-estimate if there exists a constant K > 1 such that

N
(2 uxiup) <K
=1

for every (positive) pairwise disjoint x1,...,x, € X and n € N. The best constant K satisfying
(1.5) is called the lower p-estimates constant of X and is denoted K ,)(X).

n

S

=1

(1.5)

Note that every (p,q)-convex or (p,q)-concave operator must be bounded, and the norm is
bounded by the corresponding (p, ¢)-convexity or (p, ¢)-concavity constant. Clearly, every bounded
operator T : E — X is 1-convex with K(1)(T) = |T7||, as every Banach lattice satisfies the triangular
inequality, and every operator T': X — F is co-concave with K(,,)(T) = ||T'], since the norm in X is
monotone with respect to the order. The same argument yields that every Banach lattice satisfies
an upper l-estimate and a lower oo-estimate. Moreover, it can be seen that upper co-estimates
and oo-convexity are both equivalent to being lattice isomorphic to an AM-space (i.e., being oo-
convex with constant 1). Similarly, lower 1-estimates and 1-concavity are equivalent to being lattice
isomorphic to an AL-space (i.e., being 1-concave with constant 1). Therefore, Definition 1.2.2 is
only relevant for 1 < p < co0. Finally, observe that if ¢ < p and T : E — X is (p, q)-convex, then

necessarily 7" = 0. Indeed, if z € E, it follows that n%HT:EH < nv K Pa) (T)|z| for every n € N, so
Tz = 0. Similarly, if p < gand T : X — E is (p, ¢)-concave, then T' = 0. Actually, the only relevant
cases for (p,q)-convexity are ¢ = p and ¢ = o0; and ¢ = p and g = 1 for (p, q)-concavity (cf. [43,
Corollary 16.6]).

As one could expect, the notions of convexity and concavity are related by duality: an operator
T is (p,q)-convex (respectively, (p,q)-concave), if and only if T* is (p*, ¢*)-concave (respectively,
(p*, ¢*)-convex), with the same constant [43, Theorem 16.21] (hereby, p* = 1% denotes the con-
jugate exponent of p). A similar statement holds for upper and lower p-estimates [88, Proposition
1.£.5]. Observe that (p, g)-convexity, (p,q)-concavity, upper p-estimates and lower p-estimates are
lattice isomorphic properties, and they are inherited by closed sublattices and lattice quotients.
Moreover, an arbitrary £, sum of p-convex Banach lattices (respectively, Banach lattices with up-
per p-estimates) with uniformly bounded constants is again p-convex (satisfies an upper p-estimate).
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Similarly, an arbitrary ¢ sum of p-concave Banach lattices (respectively, Banach lattices with lower
p-estimates) with uniformly bounded constants is again p-concave (satisfies a lower p-estimate).

It is clear that every p-convex (p-concave) Banach lattice satisfies an upper (lower) p-estimate
with the same constant. It is also true (see [88, Proposition 1.f.6]) that for a Banach lattices the
notions of upper (lower) p-estimates and (p,o0)-convexity ((p,1)-concavity) coincide. It can be
shown that every p-convex (p-concave) operator is g-convex (g-concave) for every ¢ < p (¢ > p),
and the g-convexity constant is non-decreasing (the g-concavity is non-increasing) [88, Proposition
1.d.5]. Moreover, every (p,0)-convex ((p,1)-concave) operator is g-convex (g-concave) for every
q < p (g > p), with constant K(@(T) < C,, ,KP*)(T) (K@)(T) < Cpx ¢+ K, 1)(T)), where Gy, is

1

a constant that explodes as (p — ¢) » when ¢ — p~. This a consequence of [108, Theorem 2.4],
[120, Theorem 21.3] and [43, Theorem 16.5], which establish a connection between (p, g)-concave
operators and (p,q)-summing operators on C(K)-spaces, which have been much more studied
(see also [88, Theorem 1.£.7] for a proof using probabilistic arguments). In Corollary 2.2.2 we will
provide an alternative proof of this fact via a representation theorem for Banach lattices with upper
p-estimates. We will also show that the converse is not true (see Example 2.2.3).

Following with some examples, the prototypical Banach lattice that is p-convex and p-concave is
Ly (p). By the results mentioned above, it follows that L,(x) is also r-convex for every 1 < r < p and
s-concave for every p < s < 0. Actually, it can be checked that if L,,(u) is infinite-dimensional, then
it is r-convex if and only if 1 < r < p, and it is s-concave if and only if p < s < oo0. This follows from
the straightforward fact that if an infinite-dimensional Banach lattice satisfies an upper r-estimate
and a lower s-estimate, then r < s. Another renowned family of examples are Lorentz spaces. In
[39] it is established that for 1 < ¢ < p, Ly 4(p) is g-convex and satisfies a lower p-estimate, but
is not p-concave, whereas for p < ¢ < 00 we have that L, ,(¢) is g-concave and satisfies an upper
p-estimate, but is not p-convex.

Several results on factorization of p-convex/concave operators [94] and representation of p-
convex/concave Banach lattices [54, 78] point towards L, as the model space for p-convexity and
p-concavity. On the other hand, for upper and lower p-estimates, the canonical spaces seem to be
L, o, sometimes called weak-L,, and L, 1, respectively [54, 108]. Let us recall some facts about
these spaces. Let (£2, X, u) be a measure space and f a measurable function in (2, we define its
decreasing rearrangement f* : [0, 00) — [0,0) by

FE(@) i=1nf{\ > 0: pf|f] > \} < t}.

Given 1 < p < o0, the space Ly 1(p) is the set of all measurable functions f : 2 — R such that the
norm

© o1 d
1l = | 205

is finite. Similarly, the space Ly, (1) is the set of all measurable functions f such that the quasinorm
1 1
f 2y i= supt? f5(t) = sup Au({[f] > A})7
>0 A>0

is finite. Note, in particular, that every f € L, o (1) has o-finite support. It is easy to check that
the quasinorm of L, »(u) is equivalent to the dual norm of Ly« ; (1) with equivalence constant p*,
in other words, Ly (1) is the dual of Ly« 1(1) (up to a lattice isomorphic renorming). Actually,
Ly (1) admits many different lattice renormings: for each 1 <7 < p, let

()

These norms are all equivalent to the quasinorm [63, Exercise 1.1.12]:

3=

£l = sup  p(A)
L O<p(A)<owo
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1
p T
10tse <171y, < (525) WAl for cvery £ € Lycn() (1.6

Moreover, given f € Ly (pt), the norms | f|, ) are increasing in r € [1,p). Observe that for each
P,00

1<r<p, L][Dr,lo(u) = (Lpoo(p), | - HLZ[)T]OC) is a Banach lattice that satisfies an upper p-estimate with

constant 1. Hence, L« 1(u) satisfies a lower p*-estimate. Unless stated otherwise, throughout the
dissertation we will assume that Ly o (1) is endowed with the norm |||,y , and we will simply de-
P,00

note this norm by |||z, , or |- |- As usual, when the measure space is the natural numbers with
the counting measure we will write ¢, . Similarly, when referring to the predual space Ly« (1),

we will write L;[;k],l(:“) when it is endowed with the dual norm induced by | - || AR and, we will

simply write Ly 1() in the default case r = 1.

As we mentioned earlier, the spaces L;, Ly, o and L, 1 play a special role in the theory of concavity
and convexity, as the following results due to Maurey [94] and Pisier [108] illustrate:

Theorem 1.2.3 (Maurey’s Factorization Theorem). Let 1 < r < p < o, E a Banach space,
T:E — L.(n) a linear operator and C > 0. The following are equivalent:

(1) T is p-convex with K®)(T) < C.
(2) There exists a normalized g € L1(u)+ such that for every x € E,

1
lg=0c{Te=0} and |g" " Tx|L, g < Clz].

(3) There exists a normalized g € Ly(p)+ such that {g = 0} < {Tx = 0} for every x € E, and
T = MR, where R : E — Ly(g - p) giwven by Rx = g T is bounded with |IR| < C and
M : L,(g-p) — Ly(p) is the multiplication operator by g%.

L Ly ()

S A

Lp(g - 1)

E

Theorem 1.2.4 (Pisier’s Factorization Theorem). Let 1 < r < p < o, E a Banach space and
T:FE — L.() a linear operator. The following are equivalent:
(1) There exists C > 0 such that T is (p,0)-convex with K®*)(T) < C.

(2) There exists C' > 0 and a normalized g € L1(u)+ such that for every x € E and measurable
subset B < {2

3=

1
p

ITaxslz, ) < 'l ( ngdu)

(8) There exists C" > 0 and a normalized g € L1(u)+ such that for every x € E,
— — —% "
{g=0} < {Tx =0} and |g Tx“L,[f:lo(g-u) < C"|z|.
(4) There exists C" > 0 and a normalized g € Li(u)+ such that {g = 0} < {Txz = 0} for every

z € FE, and T = MR, where R : E — Lz[:!,o(g - ) given by Rx = g_%Tx s bounded with
|R| < C”" and M Lg:lo(g 1) — Ly (u) is the multiplication operator by g%.
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1 1
Moreover, C < C" < C' < (1— %)5*?0,

Both results have their corresponding dual statements for concave operators:

Theorem 1.2.5. Let 1 < q < s < o0, E a Banach space, T : Ls(u) — E a linear operator and
C > 0. The following are equivalent:

(1) T is q-concave with K(T) < C.
(2) There exists a normalized g € L1(p)+ such that for every f € Lg(u),

_1
ITFIl < Clfg™ =Ly g-)-

(8) There exists a normalized g € L1(p)+ such that T = SM, where M : Ly(p) — Ly(g - i) is the
multiplication operator by gfé and S : Ly(g - p) — E is bounded with |S|| < C.

Ly(g - 1)

Theorem 1.2.6. Let 1 < g < s < o, E a Banach space and T : Ls(n) — E a linear operator. The

following are equivalent:

(1) There exists C > 0 such that T is (q,1)-concave with K41)(T) < C.

(2) There exists C' > 0 and a normalized g € L1(u)+ such that for every f € Ls(n) and measurable
subset B < (2

1
s

IT(x8)] < 1l (fBgdu) ’

(3) There exists C" > 0 and a normalized g € L1(p)+ such that for every f € Lg(u),

Tl <C" -1 . ‘
51 < g H e

(4) There exists C" > 0 and a normalized g € Li(u). such that T = SM, where M : Ly(p) —

Lgsf](g - ) is the multiplication operator by gfi and S : Lgsj](g -p) — E is bounded with

I1S] < c”.

Ls(p) a E

* 1
Moreover, C < C" < C' < (1 — )% ¥ (.
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For concave operators defined on Lq,, or more generally, on C(K)-spaces, the analogues of the two
last results are Pietsch’s Factorization Theorem (see for instance [120, Theorem 9.2]) and Pisier’s
generalization for (p, 1)-concave operators [108, Theorem 2.4]. This is a consequence of the simple
fact that an operator defined on a C(K)-space is (p, q)-concave if and only if it is (p, ¢)-summing.
The previous factorization theorems will be used intensively in Chapter 2, to establish, for in-
stance, a representation result for arbitrary Banach lattices with upper p-estimates in the spirit of
[89, Lemma 3.4], or an explicit renorming for the free Banach lattice with upper p-estimates.

Focusing now on p-convexity, there exists an abstract procedure to generate a p-convex Banach
lattice from an arbitrary Banach lattice, called p-convezification. The idea behind this technique
is to emulate the fact that we can generate L,(p) for any 1 < p < oo from L; by sending every

function f € L to f% = sgn(f)|f|%. This map is clearly non linear, but the image of L; is L,. When
instead of L1 we have an arbitrary Banach lattice X, we cannot raise every element of X to the
power %, as this is not a positively homogeneous map. However, there is a way of circumventing this
issue by redefining the linear operations of sum and multiplication by scalars in X using functional
calculus, so that the resulting space is a p-convex Banach lattice. This process can be reversed, in
the same way that we can recover L; from L, by raising every element to the power p (preserving
the sign). It should be noted that this procedure, called p-concavification, will provide a Banach
lattice only if the input space is p-convex. In general, it will only generate a quasi-Banach lattice.

This is the case, for instance, of Ly for ¢ < p: the p-concavification of L, is L e, which cannot be
endowed with a Banach lattice norm. The following proposition summarizes both constructions.
The details can be found in [88, Section 1.d]. Recall that in this context, for every 0 < o < o0 we
write t7 := sgn(t)|t].

Proposition 1.2.7. Let X be a Banach lattice. For every 0 < o < o0, define for every x,y € X
and o € R the operations

Ty = (JUU'FyU)% and QQUCC::CY%‘SU.

Let 1 < p < 0.

(1) The set X endowed with the linear operations @1 and ©1, the same order of X and the norm
p p

1
Il == |- is a p-convexr Banach lattice with p-convezity constant 1, called the p-convexification
of X and denoted X,

(2) If X is p-convez, the set X endowed with the linear operations @, and @, and the same order
of X can be provided with a norm || - || that is K®)(X)P-equivalent to | - |P, in such a way that
the resulting space is a Banach latlice, called the p-concavification of X and denoted X ).

It should be noted that if a Banach lattice X has already some additional concavity or convexity
properties, or satisfies an upper or lower estimate, then X® and X(p) have the same properties
modified by a factor of p and 113, respectively, with some natural adaptations on the constants. These
techniques of p-convexification and p-concavification can be used to obtain renorming results that
allow us to assume that the constants of convexity, concavity and upper and lower estimates of
our Banach lattice are 1 (see [88, Proposition 1.d.8 and Lemma 1.f.11]). For instance, if we start
with a p-convex Banach lattice X, then (X(p))(p) provides a K®)(X)-equivalent renorming of X
with p-convexity constant 1. In particular, if K ® (X) = 1, both norms coincide. Finally, observe
that since lattice homomorphisms preserve functional calculus, a lattice homomorphism between
Banach lattices is also a lattice homomorphism between the corresponding p-convexifications or p-
concavifications. Another useful property is the following: if T': X — Y is a lattice homomorphism
between (p-convex) Banach lattices and we p-convexify (p-concavify) the spaces, the map 7' is again
a lattice homomorphism with respect to the new Banach lattice structure. This is a consequence
of the fact that lattice homorphisms preserve functional calculus.
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1.3 Free Banach lattices

Free Banach lattices were first introduced by de Patger and Wickstead in 2015. In [106], they show
the existence of the free Banach lattice generated by a set A, which is a Banach lattice FBL(A)
together with a bounded map j : A — FBL(A) satisfying that for every Banach lattice X and
bounded map T : A — X there exists a unique lattice homomorphism extension T: FBL(A) - A
satisfying that 7 = T and T = supye 4 |Ta|. The construction is based on the free vector lattice
over a set A, a well known construction from the 60’s [16, 28] that admits an explicit representation
as the sublattice of RE" generated by the evaluation functions Sa(z*) = 2%(a), 2* € R4, with a € A.
The authors defined a norm on FVL(A) such that the completion satisfies the desired universal
property. In this seminal paper, they also study some general properties of FBL(A), characterize
the number of generators of A in terms of Banach lattice properties of FBL(A), and use the new
tool to study projectivity in the category of Banach lattices with lattice homomorphisms (see [106,
Definition 10.1]).

Motivated by this work, Avilés, Rodriguez and Tradacete introduced in [11] the free Banach
lattice generated by a Banach space E. This object consist of a Banach lattice FBL[E] and a linear
isometric embedding ¢p : & — FBL[E] satisfying that for every Banach lattice X and every
operator T : E — X there exists a unique extension T : FBL[E] — X as a lattice homomorphism
such that T¢p = T and moreover HfH =|T|.

FBL[E]

al X

E — X
This object generalizes the free Banach lattice generated by a set introduced by de Patger and
Wickstead: if A is a set, then FBL(A) is lattice isometric to FBL[¢1(A)]. In other words, the free
Banach lattice generated by a set is the composition of two free objects: the free Banach space
generated by the set and the free Banach lattice generated by a Banach space.

Another important contribution of [11] is that an explicit expression for the norm of FBL[E] is
provided. This allows them to represent FBL[E] as a Banach lattice of functions. The construction
goes as follows: Let

H[E]:={f: E* > R : f positively homogeneous}

(recall the definition of a positively homogeneous function from Section 1.1), which becomes a vector
lattice when it is endowed with the pointwise order and lattice operations (i.e., f € H[F]; if and
only if f(z*) = 0 for every z* € E*). Observe that the functions of H[E] are uniquely determined
by their values on Sgx, so H[E] can be identified with RSz*. We define for every f € H[F] the
expression

m

1F a1 = sup{z )] meN, @) € B, sup 3 |t (o) < 1}. (L7)

i=1 veBp =1
and consider the set
Hy[E] :={f € H[E]: | fu, 5 < 0}
It is standard to check that (H1[E], | - ||g,[£)) is @ Banach lattice. Moreover, the map

¢p : E— H,[E]
x —> 0yp(z*) = x*(x),2* € E*
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defines a linear isometric embedding of F into Hi[E]. It turns out that the sublattice generated by
the image of ¢ satisfies the universal property of the free vector lattice generated by a vector space:
every linear map 7' from E to an (Archimedean) vector lattice X extends uniquely to a lattice ho-
momorphism from T: lat(¢g(FE)) — X in such a way that fqﬁE = T. Hence, we will denote the
sublattice by FVL[E] := lat(¢g(F)). The extension mechanism is already prescribed by the struc-
ture of FVL[E]: if f = F(J,,...,0,,) is described by a finite lattice-linear expression F' evaluated
on a finite number of elements d,,, ..., d,, € ¢g(E), then its image by the lattice homomorphism T
must be T f=F(Tz,...,Tz;). However, the representation of f is not necessarily unique, but it
can be showed that the map T is well defined. An additional argument shows that if X is a Banach

lattice and T : E — X is bounded, then 7' is bounded from (FVL[E], | - e, () to X. Hence, it

can be extended to the closure of FVL[E] in Hi[E]. Therefore, the Banach lattice F VL[E]Hl L]

satisfies the universal property of the free Banach lattice generated by E [11, Theorem 2.5], so we
denote it by FBL[E].

The next step in the history of free Banach lattices comes with the introduction of the free
Banach lattice generated by a lattice [12]. Recall that a lattice is a partially ordered set with an
order that admits two operations of supremum (v) and infimum (A), and a lattice homomorphism
in this setting is a map between lattices that preserve the lattice operations. In contrast with
the situation of the free Banach lattice generated by a Banach space, where the forgetful functor
deletes the lattice structure of a Banach lattice to present it as a Banach space, for the free
Banach lattice generated by a lattice the “forgotten” information corresponds to the linear and
normed structure. More specifically, the free Banach lattice generated by a lattice IL is a Banach
lattice FBL(LL) and a bounded lattice homomorphism ¢ : . - FBL(L) such that every bounded
lattice homomorphism 7' : . — X, with X a Banach lattice, extends uniquely to a linear lattice
homomorphism 7 : FBL(L) — X such that T¢ =T and HfH = sup,er, |Tx||. The authors of [12]
provide an explicit description of FBL(L), which is actually isomorphic to an AM-space (see [8,
Theorem 3.9] or [27, Proposition 7.4] for a direct proof). Recent works on free Banach lattices over
lattices have focused on studying projectivity [7, 13|, the embedding problem (see Section 2.3.2
for a statement in the setting of free Banach lattices over Banach spaces) [8] and norm-attaining
lattice homomorphisms [27].

Moving back to free Banach lattices over Banach spaces, there has been some modifications of
the original definition that have yielded free Banach lattices in other relevant classes of Banach
lattices. Namely, in [75] the authors showed the existence of free Banach lattices under convexity
conditions generated by a Banach space E, which included as particular cases the free p-convex
Banach lattice over E, denoted FBLP[E], and the free Banach lattice with upper p-estimates over
E, denoted FBL”"*[E]. As one could expect, given 1 < p < o0, FBLP[E] is a p-convex Banach
lattice with constant 1, with a linear isometric embedding ¢p : E — FBLP[E], satisfying that for
every operator T : E — X, where X is a p-convex Banach lattice with constant 1, there exists
a unique extension as a lattice homomorphism 7' : FBL?[E] — X with |T| = |T|. The same
definition, replacing p-convexity by upper p-estimates, applies for FBLP*[E]. Note that the case
p = 1 reduces to the original FBL[E], since every Banach lattice is 1-convex with constant 1. As
it is customary, the p-convex setting turned out to be more accessible than the upper p-estimates
setting, since the authors of [75] were able to provide an explicit construction for FBLP[E], but not
for FBL”®[E]. The description they found was similar to [11]: for every f € H[FE], they defined
the norm

-
|—

[l = sup{@f(xz‘)rp)p men G < 2 (Sitr) <1} a9

CCEBE i=1

for 1 < p < oo and
| flapm == sup | f(2%)] (1.9)

.’L‘*EBE*
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for p = o0, and considered the Banach lattice

Hy[E] :={f € H[ET: | f|, [ <},

which is p-convex with constant 1. This Banach lattice can be understood as a space of non-linear
positively homogeneous p-summing functions from E* to R. The operator ¢g previously defined
is again an isometric embedding, and the closure of FVL[E] under the norm | - |,z behaves as
the free p-convex Banach lattice over E. In particular, this construction allows them to show that
FBL®[E] coincides with Cpy(Bgx), the space of weak* continuous and positively homogeneous
functions on Bgs endowed with the supremum norm, and contains FBLP[E] for every 1 < p < .
On the other hand, the proof of the existence of FBLP”**[E], which is valid in general for any of such
convexity conditions, in particular p-convexity, follows an abstract approach, more similar to the
procedure described in [121] or the one that will be used in Section 2.1.1 to construct free Banach
lattices associated to arbitrary classes of Banach lattice. The idea of the proof is to define a lattice
norm on FVL[E] which is maximal among all the seminorms satisfying certain convexity condition
(in this case, the upper p-estimates inequality) and complete it to obtain the free Banach lattice
under that particular convexity condition. As it was explained in the introduction, it cannot be
guaranteed that the inclusion map of FVL[E] into Cpy(Bg+) will still be injective after taking the
completion. This problem of finding an explicit representation for FBL”*[E] was later reiterated
in [103], an extensive memoir on free Banach lattices where the spaces FBLP[E] are studied in full
detail. Chapter 2 in this dissertation will be partly devoted to providing a solution to this problem.
Another variation of the free Banach lattice over a Banach space that has appeared in the last
years is the free complex Banach lattice, denoted FBL¢[E], which adapts the construction carried
out in the reals to the setting of complex scalars [68].

Throughout this dissertation, we will focus on free Banach lattices generated by Banach spaces,
leaving aside their analogues for lattices and sets. This is the object that has attracted most of the
attention of the Banach lattice community in recent years. For instance, it is shown in [10] that
FBL[E] has the countable chain condition (ccc), that is, every disjoint family in FBL[E] must be
countable. Another example is [9], where free Banach lattices generated by Banach spaces that are
also Banach lattices are studied. If X is a Banach lattice, the universal property of FBL[X] implies
the existence of an onto lattice homomorphism z/d} : FBL[X] — X such that z'/d}gbx = idx.
Motivated by the work of Godefroy and Kalton on Lipschitz free spaces [61], the authors of [9]
study the lattice lifting property, that is, the Banach lattices X that admit a lattice embedding
a: X — FBL[X] such that idxa = idx. They show that projective Banach lattices, in particular
certain C'(K)-spaces, Banach spaces with a 1-unconditional basis that induces the order and free
Banach lattices satisfy this lattice lifting property.

Another interesting feature of free objects in general, and in particular free Banach lattices, is
that they establish a bridge that allows us to characterize certain properties of one category in
terms of properties of the other category. The memoir [103] contains some equivalences between
Banach space properties of E and Banach lattice properties of FBL[E] that can be added to this
“dictionary”:

Theorem 1.3.1. Let E be a Banach space. Then:

(1) E has finite dimension if and only if FBL[E] has a strong unit.

(2) E is separable if and only if FBL[E]| has a quasi-interior point.

(8) E contains a complemented subspace isomorphic to {1 if and only if FBL[E] contains a sublattice
isomorphic to 1.

(4) The identity operator idgx : E* — E* is (p*,1)-summing if and only if FBL[E] satisfies an
upper p-estimate.
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This program can also be extended to the study of properties of the corresponding morphisms.
Given Banach spaces F and F and T': £ — F' a linear and bounded operator, we can consider
the lattice homomorphism T = ¢rT : FBL[E] — FBL[F], which makes the following diagram
commutative:

FBL[E] — L FBL[F]

o] To

E — F
Then, T and T are related in the following way [103, Section 3.1]:

Theorem 1.3.2. Let E and F be Banach spaces and T : E — F and T : FBL[E] — FBL[F] as
above. Then:

(1) T is injective if and only if T is injective.
(2) T has dense range if and only if T has dense range.
(3) T is onto if and only if T is onto.

(4) T is an embedding if and only if T is an embedding and there exists some C' > 0 such that for
everyn € N, e > 0 and S : E — (1 there exists an extension S : E — (1 with || S]] < C(1+¢)||S]|.

In Corollary 3.5.3 we will establish a similar characterization for the operators that do not
preserve a copy of /1 complementably. Note that the previous result implies that if £ and F' are
isomorphic, then FBL[E] and FBL[F'] are lattice isomorphic. Nevertheless, the reverse question is
still open: namely, suppose that FBL[E] and FBL[F] are lattice isomorphic, are E and F necessarily
linearly isomorphic? Note that in the complex case, this question has a negative answer (see [68]).

We conclude this introduction to free Banach lattices reviewing some of their applications to Ba-
nach lattice theory. More detailed explanations can be found in the survey paper [53]. As mentioned
earlier, free Banach lattices over sets were used in [106, Theorem 10.3] to characterize projective
Banach lattices. Moreover, FBL[¢5(I")] with I" uncountable was the first example of a Banach lat-
tice that is weakly compactly generated as a Banach lattice (LWCG), but not as a Banach space
(WCGQG) [11, Section 5]. This answered negatively a question asked by Diestel during a conference
in 2011. Another counterexample, this time to a question raised in [119, Remark 4.4] concerning
the existence of a subspace of a Banach lattice with no bibasic sequence, was provided in [103,
Theorem 7.5]. Certain free Banach lattices have also been the first examples of Banach lattices
with lattice homomorphisms to R that do not attain their norm [42]. Finally, free Banach lattices
have been used to construct other categorical objects in the category of Banach lattices, such as
isometric push-outs [14]. This topic will be further developed in Section 2.3.



Chapter 2

Free Banach lattices and upper p-estimates

In general, much more is known about p-convexity and p-concavity than upper and lower p-
estimates. This is partly due to the fact that L,-spaces, which model p-convexity and p-concavity,
are better understood and easier to work with than L, « of L, 1, the spaces that play an analogous
role for upper and lower p-estimates, respectively. Additionally, some techniques that are very use-
ful in the former setting, such as p-convexifications and p-concavifications, do not have an analogue
in the latter. The aim of this chapter is to clarify some questions whose answers are well-known in
the p-convex setting, but remain unknown in the framework of upper p-estimates. It is based on:

[54] E. Garcia-Sénchez, D. H. Leung, M.A. Taylor, P. Tradacete, Banach lattices with upper p-
estimates: free and injective objects. Math. Ann. 391 (2025), 3363-3398.

[55] E. Garcia-Sdnchez, D. H. Leung, M.A. Taylor, P. Tradacete, Banach lattices with upper p-
estimates: factorizations. In preparation.

Our main motivation stems from the absence of an explicit construction for the free Banach
lattice with upper p-estimates, whose existence was shown in [75] by abstract methods. To tackle this
question, we define in Section 2.1 free Banach lattices over a Banach space F associated to arbitrary
classes of Banach lattices and study their properties. These Banach lattices are constructed by
completing certain lattice norms defined on FVL[E], the free vector lattice over E, following a
similar approach to [75]. Therefore, we face the same problem of determining whether the injective
map that represents FVL[E] as a sublattice of Cp,(Bgx), the space of continuous and positively
homogenous functions on Bgx endowed with the weak™ topology, admits an injective extension to
such completion (see [75, Remark 6.2]). This question can be understood as a weaker instance of the
general problem of characterizing those normed vector lattices such that continuous and injective
lattice homomorphisms defined on them extend injectively to the completion. We will study this
problem in Section 2.1.2.

In Section 2.2 we use free Banach lattices associated to certain classes of Banach lattices to pro-
vide an explicit representation of, FBL”®[E], the free Banach lattice with upper p-estimates. This
is done by observing that the class of Banach lattices with upper p-estimates coincides with the
class of sublattices of f,-sums of L, -spaces (see Theorem 2.2.1). However, this identification is
only isomorphic, not isometric, as we show in Section 2.2.2. This fact, combined with an argument
developed in Section 2.2.3 that allows us to represent explicitly the free Banach lattice associated to
the singleton class {L,, (1)}, yields the main result of the section, Theorem 2.2.14, which provides
an explicit equivalent renorming for the free Banach lattice with upper p-estimates. The same anal-
ysis is carried out for the class of p-convex Banach lattices, providing an alternative proof of [75,
Theorem 6.1]. Additionally, in Section 2.2.5 we characterize all classes of Banach lattices whose as-
sociated free Banach lattice is FBL?"*[E] or FBLP[E], respectively. Finally, we devote Section 2.2.6
to determine whether the multiple renormings that can be equipped on L, are responsible for
the universal isomorphism constant that appears in Theorem 2.2.1 and Theorem 2.2.14.

25
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Next, we devote Section 2.3 to solve the embedding problem for free Banach lattices with upper
p-estimates. If + : ' — F is an isometric embedding between Banach spaces, this problem aims
to characterize when the canonical extension 7 : FBL»*[E] — FBLP*[F] is an embedding too.
Our approach requires the construction of push-outs in the class of Banach lattices with upper
p-estimates that preserve embeddings, which is carried out in Section 2.3.1. We then use these
push-outs to show Theorem 2.3.6. The last part of the section is devoted to analyzing the differences
between the solution obtained in [103, Theorem 3.7] for p-convex Banach lattices and our solution,
which stems from fundamental differences in the injectivity properties of £, and ¢, o, (see Theorems
2.3.7 and 2.3.10).

Finally, in Section 2.4 we extend some results from Reisner [111] on factorization through p-
convex and g-concave operators to the setting of operators which factor through (p, p2)-convex and
(¢, g2)-concave operators, for ps € {p, 0} and ¢z € {1, q}.

2.1 An abstract construction of free Banach lattices and the problem of the
explicit representation

2.1.1 The free Banach lattice associated to a class of Banach lattices

Let C be a (non-empty and non-zero) class of Banach lattices. For instance, C could be the class of
L, « spaces or the class of Banach lattices satisfying an upper p-estimate with constant 1. Given a
Banach space E, define a norm p¢ on FVL[E] by

pc(f) = Sup{HffHX :XeC, T:E— X is a linear contraction}.

Note that pc(f) is finite for every f € FVL[E]. Indeed, by (1.1), every f € FVL[E] can be
represented as

for some (z;);2;, (y;)j—; < E. Therefore,

m n m n
\/ Tzi = \/ Ty;| < X |Tzil + ), [Tyl
i=1 j=1

i=1 j=1

ITf| =

and hence
m

ITfIx < D) willx + ) lyslx < oo,
i=1 j=1
which does not depend on the map 7. It is standard to check that p¢ is a lattice norm on FVL[E].
The free Banach lattice generated by E associated to C is the completion of (FVL[E], p¢) and is
denoted by FBLC[E]. It is easy to see that ¢p : E — FBLC[E] is a linear isometric embedding.
Define an enlarged class of Banach lattices C so that Y € C if and only if Y is lattice isometric to
a closed sublattice of a Banach lattice of the form

loo(Xy)ver = {(Ty)rer : Ty € Xy, [[(#9)rer oo = SUIE |z | < oo},
~e

where X, € C for all v € I'. Note that we do not require the X,’s to be distinct.

Remark 2.1.1. Let C; be the class of all Banach lattices. Then, FBLE[E] coincides with FBL[E],
the free Banach lattice generated by E introduced in [11].
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Remark 2.1.2. Observe that for every f € FVL[E] € H[E], pc(f) dominates | f| [z defined in
(1.9), so there exists a continuous and injective lattice homomorphism j : (FVL[E], pc) — Cpn(Bgx)
given by the restriction to Bpx.

Pr0p051t10n 2.1.3. Suppose that Y € C and T : E — Y is a bounded lmea'r operator. Then
T : (FVL[E], pc) — Y is a continuous vector lattice homomorphism such that HTH IT|.

Proof. By the universal property of the free vector lattice, there exists a lattice homomorphism
T : FVL[E] — Y that extends T. Note that ¢p : E — (FVL[E], pc) is an isometric embedding
and T¢p = T. Hence, |T| < |T|. On the other hand, suppose that Y is a closed sublattice
of X, where X = l(Xy),er, with X, € C for all 4. Let 7, be the projection from X onto
X,. Then n,T : E — X, is a bounded linear operator with |m,T| < |7T’|. By definition of pc,
HW,YT fll < |7 pc( ) for any fe FVL[ ]. As 7, is a lattice homomorphism, by the uniqueness of
Tr,YT we have 7T»YT = 7T,YT Thus, |Tf] = sup, H777TfH |T| pc(f) for any f € FVL[E]. This shows
that | < |7, n

Obviously, the operator T in Proposition 2.1.3 extends to a lattice homomorphism from FBLC [E]
to Y, still denoted by T’

Corollary 2.1.4. Let E be a Banach space. For any non-empty class C of Banach lattices, the
norms pe and pg agree on FVL[E]. In particular, FBL[E] = FBLC[E] as Banach lattices.

Proof. Since C < C it is clear that pc < pg. On the other hand, suppose that f € FVL[E] and € > 0
are given. There exists Y € C and a linear contraction T : E — Y such that pz(f) < (1+¢)|Tf].
By Proposition 2.1.3, [T f| < |T| pe(f) = pc(f). It follows that pz < pc. O

The class C can be understood as a “completion” of the class C so that it remains closed under
free objects:

Proposition 2.1.5. The Banach lattice FBLC[E] belongs to the class C.

Proof. For any f € FVL[E] and n € N, there exists Xy, € C and a linear contraction Ty, : £ —
X¢n so that pe(f) < (1 + %)Hff\an Let X = (oo(Xfn)pervig]nen. Clearly, X € C. We define
j : FBLC[E] — X by jg = (J/’f\ng) #n- Obviously, j is a lattice homomorphism. Let g € FVL[E].
By definition, pc(g) = Hff\nQH for all (f,n). Hence, j is a linear contraction. On the other hand,
ligl = ||fg\ng|| > 5 pe(g) for all n, implying that [jg|| > pc(g). This shows that j : FVL[E] — X
is a lattice isometry. Consequently, j : FBLC[E] — X is as well. O

The above discussion motivates the question of finding necessary and sufficient conditions on
classes of Banach lattices C and D so that p¢c and pp coincide, or at least, are equivalent. In
Section 2.2.5, after some tools have been developed, we will be able to provide a complete solution
to this question when C is either the class of p-convex Banach lattices with constant 1, or the class
of Banach lattices satisfying an upper p-estimate with constant 1.

2.1.2 Extension of injective homomorphisms to the norm completion

It is not obvious in general that a representation of a normed free object can be extended to its
completion. In particular, in Section 2.1.1 we defined FBLC[E] as the completion of (FVL[E], pc),
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for which there is a continuous lattice homomorphic injection (FVL[E], p¢) — C(Bgx) (see Re-
mark 2.1.2). However, it is not clear in general whether the continuous extension to FBLC[E] of this
canonical inclusion will still be an injection. This is known to be true when FBLC[E] = FBLP[E]
with 1 < p < oo, that is, when C is the class of all Banach lattices [11] or when it is the class
of p-convex Banach lattices with p-convexity constant 1 [75] (see Theorem 2.2.17 for a complete
characterization of the classes such that FBLC[E] = FBLP[E]). Theorem 2.2.12 below also provides
new cases where FBLC[E] is fully contained in C'(Bgx), but in all of these situations the argument
heavily relies on an explicit representation of the norm pe¢. This is the reason why the question
of finding a function lattice representation for FBLP*[E] asked in [75, Remark 6.2] has remained
unanswered until the present. In [37] it is shown that under certain order continuity assumptions
(which are not fulfilled in our situation) continuous lattice homomorphic injections retain their
injectivity after being extended to the norm completion. Moreover, it is wrongly claimed in [116,
Lemma 14] that any continuous lattice homomorphic injection from a normed vector lattice to a
Banach lattice lifts injectively to the completion. Note that if this were the case, it would provide
a straightforward solution to the question above. In this subsection, we give a complete character-
ization of when continuous injective lattice homomorphisms extend injectively to the completion,
and, in particular, show that this need not always be the case. Afterwards, in Section 2.2.4, we will
provide an explicit representation for the norm of FBLP*[E], solving affirmatively the question
raised in [75, Remark 6.2].

Throughout this subsection X will be a vector lattice equipped with a lattice norm and Y will be
a Banach lattice* We denote the norm completion of X by X and consider polar sets with respect
to the duality (X, X*): for A < X, set A° = {z* € X* : 2*(a) < 1, Va € A}.

Theorem 2.1.6. Let X be a normed vector lattice equipped with a lattice norm and let X be its
norm completion. The following are equivalent.
(1) For any Banach lattice Y, any bounded injective lattice homomorphism T : X — Y extends to

an injective lattice homomorphism T : X — Y.

(2) For any 0 <z € X, I,nX # {0}, where I, is the closed ideal in X generated by .

Proof. (1)=(2) Suppose that there exists 0 < z € X so that I, n X = {0}. By [114, Proposition
I1.4.7], (I;)° is an ideal in X*. Define p : X — R by

)= swp ()l
x*e(ly)°NBxx
Since (I;)° N Bxx is a solid subset of By, p is a lattice semi-norm on X such that p(-) < | - [. If

0 <wue X, then u ¢ I,. Since I, is a closed subspace of X, there exists * € (I;)° n Bxx such that
x*(u) # 0. Hence, p(u) > 0. This shows that p is a norm on X.

Denote by X, the vector lattice X normed by pandlet i: X — X, < )/(\p be the formal identity,
where )/(\p is the norm completion of X,. By construction, ¢ is a bounded linear injective lattice
homomorphism. By (1), 7 extends to an injective bounded linear operator it X - )/(\p. Denote by
p the norm on X By injectivity of i, iz # 0. Let ¢ = ﬁ(/z\x) > 0. There exists (z,,) in X that
converges to z in X. By continuity, (iz,) converges in X to ¢x. Choose N large enough so that

plizy —iz) < $. Then p(izy) > §. By definition of p, there exists z* € (I;)° n Bx* so that
|z*(xn)| > §. By definition of p again, * defines a bounded linear functional on X, with norm

p*(x*) < 1, that extends to a continuous functional z* defined on )/(\p with p*(z*) < 1. Moreover,
2*(iz) = lim 2" (izy) = lim2*(2,) = 2*(2).
n n

Hence,
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2% (@) = |2 ()] = la* (i) | - Alizy —i2) 9" (=) > £ — £ =0,

This is impossible since x € I, and x* € (I)°.

(2)=(1) Let T': X — Y be as in (1), and assume that its extension T is not injective. There
exists some x € X x # 0, such that Tr = 0. Since T is a lattice homomorphism, we can assume
that « > 0. Let I, be the closed ideal in X generated by z. By (2), there is a non-zero element
z € I, n X. Since I, is the closure of the ideal generated by z, there exists a sequence (zy,), S X
converging to z in X and some positive scalars (An)n such that 0 < |z,| < Apz. Therefore,

0< [Tz < ATz =0

and R R
Tz=Tz=1lmTz, =0,
n

so by the injectivity of T" we conclude that z must be zero. This is a contradiction. O

The following example taken from [25] illustrates the above situation.

Example 2.1.7. Let X S co consist of all (an) € co such that there exists m € N so that a, = -
for alln = m. Clearly, X is a vector sublattice of co with e, € X if n = 2. Moreover, for any n = 2,
Ty = e + Zk:n e,f € X and (x,,) converges to e in co. Thus, e; € X. It follows that X = cq, that
18, the morm completion of X is cy. Let I < ¢y be the span generated by ey, which coincides with
the ideal generated by e1. Clearly I n X = {0}. On the other hand, if Py is the band projection onto
I and T s the restriction of id,, - Py to the sublAattice X, then T : X — ¢y is an injective lattice

homomorphism, but its extension T = id., — P : X = co — co vanishes on e1, so it is not injective.

2.2 An explicit representation of the free Banach lattice with upper p-estimates

2.2.1 Representations of p-convex Banach lattices and Banach lattices with
upper p-estimates

Taking as a starting point the classical result from [89] that allows us to represent any Banach
lattice as a sublattice of an f,-sum of Li-spaces, we will use Maurey’s and Pisier’s factorization
theorems, stated in Section 1.2, to improve it in order to represent p-convex Banach lattices and
Banach lattices with upper p-estimates inside of £,-sums of L,-spaces and L,, -spaces, respectively.

Theorem 2.2.1. Let X be a Banach lattice and 1 < p < c0.

(1) If X is p-convex, then there are a family I' of probability measures and a lattice isomorphism

J 2 X = Lo (Lp (1) ) per

such that |z| < |Jz|| < K®)(X)|z| for all z € X.
(2) If X satisfies an upper p-estimate, then there are a family I of probability measures and a lattice

isomorphism
J: X — goo(Lp,oo(,u))uEF

such that |z| < |Jz| < K (X)|z| for all z € X, where ~, := (1 — %)%_1.
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Proof. Let x € S = {z € X4 : ||z|| = 1}. Choose z* € X7 such that |z*| = 1 and z*(z) = 1.
Define p, : X — R by p,(2) = z*(]z]). Then p, induces an AL-norm p, on X/kerp,. Let ¢, :
X — X/kerp, be the quotient map. By Kakutani’s Representation Theorem for AL-spaces [88,
Theorem 1.b.2], we know that the completion of (X/ker p,, p,) is lattice isometric to Li(u,) for
some measure [, so let us denote by i, : X/ker p, — L1(u,) the formal inclusion, that satisfies
li2qz2|l L, () = Pr(qez) = pz(z) = 1. Since X is p-convex or satisfies an upper p-estimate (i.e.,
it is (p,00)-convex), depending on the case, and i,q, is a contractive lattice homomorphism, it
follows that i,q, is p-convex or (p, o0)-convex, respectively, with the same constant as X. Therefore,
Theorems 1.2.3 and 1.2.4 yield that there exists g, € L1(pe)+ with [gz|z,(.,) = 1, such that i,q,
factors as M, R,, with R,z = g; Yi,q,2 for any z € X, M, is the operator of multiplication by g,,
and

) < K (X) o],

HszHLp(gx.M)<K(p)(X)HCBH, respectively, [Ruz|r, (gope

Define
J: X =l (Lp(ga - pta))aes, respectively J: X — lo(Lpoo(9e - foz))zes

by Jz = (Rz2)zes- It is clear that R,, and thus, J, are lattice homomorphisms. Moreover, ||.J|| =
SUp,eg || Rz| is bounded by K®)(X) or 4, K("P)(X), respectively. On the other hand, since M, is a
contraction in both cases, for every x € S we have that, in the p-convex setting,

[Tzl = | Ral 1, (g, p0) = lia®l Ly (ue) = 1

and in the (p, o0)-convex setting

|J2]l 2 |Ral| 1, 0 (g0-pre) Z Niw@alLy ua) = 1-

It follows that |Jz| = |z| for all x € X in both cases. O

As a corollary, we obtain an alternative proof of the fact that every (p, c0)-convex Banach lattice
(and, by [96, Theorem 2.8.7] every (p,o0)-convex operator) is g-convex for every ¢ < p, with a
1

constant that explodes as (p — ¢) » when ¢ — p~. To our knowledge, there existed two proofs of
this fact: The proof presented in [43, Corollary 16.7] exploits a connection between (p, q)-concave
operators and (p,q)-summing operators on C(K)-spaces (see [43, Theorem 16.5]) and a result
from Pisier [108, Theorem 2.4] that generalizes Pietsch’s factorization theorem for (p, ¢)-summing
operators (see also [120, Theorem 21.3]). On the other hand, the proof presented in [88, Theorem
1.£.7] uses a probabilistic argument. The argument presented here also relies on results from Pisier
(namely, [108, Theorem 1.1] instead of [108, Theorem 2.4]), but has some advantages with respect
to the other proofs. First of all, it is more direct than the one presented in [43], as it does not
require to go through (p, ¢)-summing operators. On the other hand, the proof is quite simple and
does not require techniques from other areas.

Corollary 2.2.2. Let 1 < p < o and assume that X is a Banach lattice satisfying an upper
1

p-estimate. Then it is q-convex for every 1 < q < p with constant K9 (X) < <p%q> a 'ypK(Tp) (X).

Proof. First of all, by Theorem 2.2.1 we know that X lattice embeds with distortion ~y,K (1P) (X))
into a Banach lattice of the form o (Lyp oo (ft))uer, with g a probability measure for every p e I
Now, let us fix 1 < ¢ < p and observe that by (1.6) each of the factors Ly, o (x) is lattice isomorphic

1

to Ll[,(flo (), with distortion (p%q) 7 Now, it suffices to show that Lz[,?io(u) is g-convex with constant
1: given f1,..., fn € L][flo (1) and a measurable set A with p(A) > 0, it follows that

“( LZ |fi|qdu>}' - (2 (1t

1
4, ¢ n

()’ < ()

Q=
Q=
Q|

1(A)
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Taking the supremum over all the sets A we obtain that

H (2 |f¢|q>q (2 111, )
PR

Since g-convexity is preserved under taking f,-sums, sublattices and isomorphisms, we conclude

that X is g-convex with constant K (9 (X) < (p%q) ‘ 7, K1) (X). O

The following example illustrates that the reverse implication is not true:

Example 2.2.3. Let 1 < p < 0. The space X = €, ({p), formed by the sequences of vectors

T = (2 )ren such that xy € £, for every k e N and |T||x := |([|zx]e, )k e, o is finite, does not satisfy
1

an upper p-estimate, but is q-convexr with constant (p q) for every 1 < g < p.

Proof. We start by showing that X is g-convex for any 1 < ¢ < p. Recall that both ¢, and ¢,  are
(4)

g-convex with constant 1 and <p’%q> 7 respectively. Given z() = (2 Vken, € X, @ = 1,...,n, we

G ] (G |-G, ),

have

Lp,o0
1

< ((21| u);)k - (i\(m ), ")’ )
= )(ZH(” Ie,), m>;=<p’jq)é(§|m<i>|§(>;,

where the first and the second inequalities follow from the g-convexity of £, and £, «, respectively.

To show that X does not satisfy an upper p-estimate (i.e., is not (p,o0)-convex), let us assume
that the coordinates in ¢, and ¢, », are indexed starting on 0. Let us fix n > 1 and denote by

(ej)72o the canonical basis of £,. For k = 0,...,n—1, we write al®) = Z;";Ol Q(k45),€j for the cyclic
permutations of the coefficients ay, = (k + 1)1%* — kz%* over the set {0,...,n — 1}. Here, by i,, we
mean i mod n. We consider for i = 0,...,n — 1 the (finite) sequences () = (x,g)),;‘ozo € X given
by :z,(j) = Qi) €i for k=0,...,n—1 and x,(f) = ( for k = n. It is clear that for every ¢,

1
| n-l P 1
||f(l)HX _ H(a(m)n)ﬁléﬂfm = [ (o) OHzpOO =1, so (Z |x(1)|§(> =nr.
i=0

On the other hand, for every k =0,...,n—1,

\/\x =S aergnes = a®.

1=0

SO
n—1 n—1 Q) n—1 n-1 1
oY — i _ H (k) _ 5
H\/ kg ‘ H( \/ |z}, ) <Ha Hep)k:() 0o Apnr,
1=0 X =0 Ly k=0'le, . ’
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1
- 1
where A, = (Z;:ol 04?) " is the norm of a*) in ¢, for every k, and nr is the norm in ¢, o of
the constant 1 vector on the set {0,...,n — 1}. It is not difficult to check that A, diverges as
1 1
n — 0. More specifically, ay ~ (k + 1) » uniformly on k, so A, ~ (ZZ:I k:*l)P, which diverges.
1
—1 y—(4 D
| /(T 17015 )" = Ap are

not uniformly bounded, so X cannot be (p, c0)-convex. O

To conclude the argument, observe that the quotients H\/?:_O1 1z

We can formulate a dual version of Theorem 2.2.1 for g-concave Banach lattices and Banach
lattices with lower g-estimates:

Theorem 2.2.4. Let X be a Banach lattice and 1 < g < 0.

(1) If X is q-concave, then there are a family I' of probability measures and an onto interval
preserving positive operator

Q: lr(Lg(p))per — X
such that Bx € Q(By) € K4)(X)Bx, where Y = {1(Lq(11)) yer -

(2) If X satisfies an lower g-estimate, then there are a family I’ of probability measures and an
onto interval preserving positive operator

Q: El(Lq,l(N))ueF - X

such that Bx S Q(By) S 74+ K(1q)(X)Bx, where Y = {1(Lq1(p))uer (recall that here, Ly is
endowed with the dual norm induced by | - |, n ).
a*,0

For the proof, we will need the following general facts:
Lemma 2.2.5.
(1) LetT, : Yy — X be almost interval preserving operators for everyy € I', such that sup.cp |15 <
0, and let Y = 01(Yy)yer. Then,

T: Y — X
Y= Wyer — TY =2 er Thyy

is an almost interval preserving operator with |T| < sup,ep [T5]-

(2) Let Y be order continuous, X a KB-space and T : 'Y — X an almost interval preserving
operator. Then T s interval preserving.

Proof. (1) It is standard to check (cf. [88, p. 47]) that Y* = (Y )1er and T*z* = (T52%)ser,
which is clearly a lattice homomorphism. Therefore, 7' must be almost interval preserving by [96,
Theorem 1.4.19].

(2) Y is order continuous, so Jy : Y — Y** is interval preserving [96, Theorem 2.4.2]. Moreover,
X is a KB-space, so Jx(X) is a projection band in X** [96, Theorem 2.4.12 and Theorem 1.2.9],
so there exists an interval preserving operator P : X** — X such that PJx is the identity on X.
Since T is almost interval preserving, T%* : Y** — X** is interval preserving. But observe that

T = PJxT = PT**Jy,

so T must be interval preserving, as it is the composition of interval preserving operators. O
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Proof of Theorem 2.2.J. We start as in the proof of Theorem 2.2.1 by fixing z € S = {z € X :
|z] = 1} and considering the quotient ¢, : X* — X*/ker p,, where p,(z*) = |z*|(x), and i, :
X*/ker p, — L1 (py) is the inclusion into the completion of (X*/ker p,, p,), which is an AL-space
denoted L1 (p). It is clear that i,q, is a ¢*-convex operator with constant K, (X) (respectively,
(¢*, 00)-convex operator with constant K(|4(X)). By Theorem 1.2.3 (respectively, Theorem 1.2.4),
there exists a normalized g, € Li(g;)+ such that i, = M, R,, where R,x* = g% (ipqex™) is defined
from X* into Lgx(ge - prr) with norm K, (X) (vespectively, Ly o (9 - ptz) With norm g K(y4)(X))
and M, is the operator of multiplication by g..

Observe that in both cases X is a KB-space. This is due to the fact that if X satisfies a lower
g-estimate, it cannot contain a sublattice isomorphic to ¢y, which is equivalent to X being a KB-
space by [96, Theorem 2.4.12]. By [96, Theorem 2.4.12 and Theorem 1.2.9], there exists an interval
preserving operator P : X** — X such that PJy is the identity on X. Let us define Y = ¢1(Lq(gz -
ta))zes and Qp = PRY : Ly(gy - 1) — X when X is g-concave, and Y = £1(Lg1(9z - fa))zes and
Qe = PR} Jr,, ¢ Lg1(gs - ptz) — X when X satisfies a lower g-estimate, and denote by j, and P,
x € S, the embeddings and projections between Y and each of its factors, which are clearly interval
preserving. In both cases, the operators (), are interval preserving (recall that Lg1(gy - pz) is a
KB-space, so in particular it is order continuous), so the compositions @, P, are interval preserving
as well, and their norms are uniformly bounded. Applying Lemma 2.2.5(1) we obtain an almost
interval preserving operator @ : Y — X given by Qf = Y res @afz for every f=(fo)wes €Y,
with norm bounded by either K4 (X) or v« K( 4 (X). Since Y is g-concave or satisfies an upper
g-estimate, it is order continuous, and applying Lemma 2.2.5(2) we get that @ is actually interval
preserving.

To check the surjectivity of @, observe that Q(j,1,) = = for every x € S, where 1, denotes the
constant one function in the corresponding L, (g - ptz:) or Lg.1(gs - ptr) (we only check it in the lower
g-estimate setting, as the g-concave setting is slightly easier): for every 2* € X7,

. *
13 qzT

(Re T, 12)(27) = (Jr,, 12)(Rea™) = (Rea™) (1) = J Loge dita

= liager™ |1y (uo) = Px(a™) = 2%(2) = Jxa(a®),

x

so RyJr,, 1. = Jxx and hence Q(j,1,) = Q.1, = z. This fact alone already implies that @
is onto, but actually we can show that Bx < Q(By). Indeed, let 0 # z € Bx. If z > 0, then
z = Q(|z]jz1z) € Q(By) for = z/|z| € S. Otherwise, let z = |z|/|z| € S and use the fact that
Q. is interval preserving to find fi € [0,1,] such that Q,f+ = z4 € [0,z]. Clearly, f = fy — f_ €
[—1,,1,], s0 2z = Q(j.f) € Q(By), and the proof is concluded. O]

2.2.2 Banach lattices with upper p-estimates vs. sublattices of £, (L, )

Theorem 2.2.1 points out a fundamental difference between p-convexity and upper p-estimates:
while the class of p-convex Banach lattices (with constant 1) and the class of closed sublatices
of £y-sums of Ly-spaces can be identified isometrically, the class of Banach lattices with upper p-
estimates (with constant 1) and the class of closed sublattices of ,-sums of L, ,-spaces in principle
are not isometrically the same classes, but only isomorphically. Indeed, in this section we provide
an example of a Banach lattice that satisfies an upper p-estimate with constant 1 but does not
embed isometrically into any f«-sums of L, ,-spaces. This is equivalent to determining whether
the constant «, that arises in Theorem 1.2.4 and Theorem 2.2.1 can be improved to 1.

Let X,Y be Banach lattices and let 1 < C < c0. We say that X C-lattice embeds into Y if there
exists a lattice isomorphic injection T : X — Y such that C~!|z| < |Tz| < |z| for all x € X.
In this case, we call T' a C-lattice embedding. If C' = 1, then T is a lattice isometric embedding.
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A Banach space with a normalized 1-unconditional basis is regarded as a Banach lattice in the
coordinatewise order.

Theorem 2.2.6. Let X be a Banach lattice with a normalized 1-unconditional basis (e;);. Denote

the biorthogonal functionals by (ef);. For any C > 1, the following statements are equivalent.

(1) For each normalized finitely supported a = Y\ | a;e; € X4 and every € > 0, there exist b =
277;%1 bief € X% andd = (d;)!, € R so that 3" ;ab; > 1—¢, > 1 di =1 and || Y] bie;"Hp* <
CP" Y. _;d; for any I < {1,...,n}.

(2) There is a set I' of (probability) measures such that X C-lattice embeds into Lo (Lpo(it))puer-

iel

Proof. (1)=(2) Let a € X1 be normalized and finitely supported, and let £ > 0 be given. Obtain
b and d from (1). Let (U;)"_; be a measurable partition of (0, 1) such that A(U;) = d;, 1 < i < n,
where A denotes the Lebesgue measure. Define

e}
cibixu;
Suc: X = Lpos(0,1) by Sac (Z ciei> =3 d’f” .

=1

We have . .
1
Sual = A0, 1) 7 f Sacaldh = Y ai > 1—c.
0 i=1

On the other hand, if ¢ = },.° | ¢;e; € Bx then there exists I < {1,...,n} so that

_ L _1
|Sa,gc|=)\(UUi> ’ f |Sace| dX = <2d,-> TN el
U

iel iel Yi iel el
71%* 0 71%*
iel i=1 el el el

Let I' be the Cartesian product of the set of normalized finitely supported elements in X, and the
interval (0, 3). It is now clear that the map T : X — €o0 (L, (0, 1))(a,e)er given by

Te= (CilSaﬁC)(a,s)eF
is a C-lattice embedding.
(2)=(1) Let T : X — lo(Lp,oo(pt))per be a C-lattice embedding. Suppose that a = 1" | a;e; is
normalized and ¢ > 0. For each pq € I', let P,, be the projection of £u(Lyp o (1)) er onto the po-th

component. There exists g such that C||P, Ta| > 1—e¢. Let f; = P, Te;. Choose a jio-measurable
set U < supp Ta such that 0 < puo(U) < o0 and

*""

C’f Py Tadpy > (1 —¢e)po(U)r*.
U
Set U; = U nsupp f; and m = (3" MO(UZ-));%*. Define

b;

CJ fi dpo, di:M 1<i<n.
U;

m mp*

We have d; >0, > ; d; =1 and

" C L C
Zaibi:J Zaifid,ung P,Ta>1-—¢.
i=1 mJIJiL, Ui io mJuUr, s
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On the other hand, suppose that I = {1,...,n}. If | 372, cie;| < 1, then

<Eclez,2be> chb—fu Y cifidug

iel el iel Y el
0 1 1
< Z’PMOT <Z Ci6i> J20) (UU) " <Zd) a .

=1 el el
This proves that | >._; b e*Hf” < or* >

O

zEI

Remark 2.2.7. If X is a two dimensional Banach lattice that satisfies an upper p-estimate with
constant 1, then C = 1 works in Theorem 2.2.6. Indeed, let (e1,e2) be a normalized 1-unconditional
basis for X. Suppose that a = aje1 + azes is normalized and non-negative. Choose b = bie + baes €

X% such that {a,by = 1 = |b]. Define d; = bf*/(bil’* + bg*), i =1,2. Note that X* satisfies a lower
p*-estimate with constant 1 and e} and e3 are disjoint, so

* * * * *
b +b5 = [bref " + [bae3 | < b =1

It is easy to check that || Y, bieX |P* < Dier i for any I < {1,2} and dy + dy = 1.

Corollary 2.2.8. Suppose that X is a Banach lattice with a normalized 1-unconditional basis (e;);

that C-lattice embeds z'nto Eoo( o)) per- For any normalized element b = Y| bieX € X§ and
any I; < {1,...,n}, 1 <j <m, such that Zj 1 X1; = Ixqu,..ny for some l € N, we have

m p* .

Z dbief| <crL

=1"4el;

Proof. Choose a normalized a = " | a;e; € X4 so that " ; a;b; = 1. First assume that [(e;)} ]
is uniformly convex. Let € > 0 be given. There exists ¢ > 0 so that if b = >3 | bleX e X%, [b| =1
and {(a,b’) >1—6, then |[b— V| < e. By Theorem 2.2.6, there exists ¥’ € X7 and d = (d )221 e R}
so that {a,b') > 1 — 6 and || Y, bief|P™ < OP* Y, d; for any I < {1,...,n}. It follows that for

iel 956
any I < {1,...,n},

Z bZG;X<

iel

<] 1bi — tfef

el

+ Z biefl| <

el

5|I|+C(Zd>l*.

el

Now assume that I; < {1,. n} 1 < j < m, and that Z;nzl x1; = Ixq,..,ny for some [ € N. Set
A; = ¢l|lj] and B; = C(Zzef d) . Then

1 1 1

Y (G < (Gr) (G

S (Sar) = Sue(

- j=1

Z bief

’LEIJ‘

5

j=1

p* 1
di> < enl + Clv»*.
Taking € | 0 gives the desired result.

We now return to a general X with a normalized 1-unconditional basis (e;). Given a normalized
element b = > | bief € X* and ¢ > 0, there is a uniformly convex lattice norm ||-|| on [(e;)?_;] such
that |z| < [|zf| < (1+¢)|z| for any = € [(e;)f_,] (take for instance ||-|| = ||-[+J]-[¢ for § > 0 small
enough, which is strictly convex and hence uniformly convex, since [(e;)! ] is finite-dimensional).
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Set u; = eif||es]l, uf = ef/|lef|| and ¥’ = > biu = b/|[b]|. Note that (u;)?_, is a 1-unconditional

i=1 "1
basis for [(e;)7_;] = [(us)}_,] and V' is || - ||-normalized. Moreover, if T": [(e;)7_;] = oo (Lp,oo (1)) per

is a C-lattice embedding, then

Ta = Ta : [(w)1] = Lo Lpoo (i) per

is a (1 + ¢)C-lattice embedding. Assume that I; < {1,...,n}, 1 < j < m, such that 37", x1;, =
Ixq1,...n) for some [ € N. By the first part,

*

m p
MDD thur| < @+epterti
j=1l ieI;
Since [|b]| < 1 + ¢, for any I < {1,...,n} we have
Z}b’-u’-k _ b Eb‘e* > ! Eb‘e*
= el = e
1€l o ”’bm el ' 1+e el '
Thus,
UL p* % K
MU bier|| < @+e)* Pl
j=1lier
Taking € | 0 gives the desired result. O

We conclude this subsection with an example that shows that v, cannot be made to be 1 in
Theorems 2.2.1 and 1.2.4.

Example 2.2.9. Suppose that 1 < p < 00. Denote by C, the infimum of the set of constants C
so that every Banach lattice satisfying an upper p-estimate with constant 1 C-lattice embeds into
Lo (Lp,oo(1t))uer for some set of measures I' (this set is non-empty due to Theorem 2.2.1). Then

Proof. Let X = R? so that the norm on X* is

1
| (b1, b2, b3) | xx = max{ (|b:|P" + (|bj] + [bs))P") P = {3, 4, k} = {1,2,3}}.

It is clear that the coordinate unit vectors form a normalized 1-unconditional basis for X. Suppose
that b = (b1,be,b3) € X* and I,J are disjoint non-empty subsets of {1,2,3}. Without loss of
generality, we may assume that I = {i} and J = {j, k}, where 4, j, k are distinct. Then

* %
L D e (TR g
[ox 15 + loxs 5 = bl j X
Thus, X* satisfies a lower p*-estimate with constant 1. Hence, X satisfies an upper p-estimate

with constant 1. Suppose that X C-lattice embeds into some €o(Lp o (ft))uer- The vector (1 +
a
2p*)_:v* (1,1,1) is normalized in X§. By Corollary 2.2.8,

* * * *
T3 U@L+ 10, D +1(0, 1, IF) < 207
Thus,
3. 20" "
- < CP.
2(1 + 2P%)
Taking infimum over the eligible C’s gives the desired result. Direct verification shows that

3.9p%
2(1+2r%)

>1if 1 <p<oo. O
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2.2.3 The norm of the free Banach lattice associated to a rearrangement
invariant space

In this subsection, let (£2, X, 1) be a non-atomic o-finite measure space and let X be a rearrangement
invariant (r.i.) Banach function space on {2 in the sense of [20, Definition II1.4.1]. To be specific, X
is a vector lattice ideal of Lo(§2, X, 1), equipped with a complete lattice norm | - ||, so that f e X,
g€ Lo(£2, X, ) and p{|f| > t} = p{lg| > t} for all t > 0 imply that g € X and |f| = |g|. We
further assume that X has the Fatou property: Whenever f, € X,0< f, 1 f a.e. and sup | f,| < o©
then f e X and ||f| = sup,, ||f|- Note that we are using the definition of the Fatou property from
88, p. 30].

Let C be the class consisting of X only. Given a Banach space E, the aim of this subsection will
be to produce a formula for the norm pe on FVL[E] and show that FBLC[E] € C(Bgx).

Given a sequence U = (U, ), of disjoint measurable subsets of {2 so that 0 < u(U,) < oo for all
n, we define for each f € Lo(£2, X, 1) the conditional expectation over U by

Su

d
Puf =), /;([J;)'LLXUH-

Note that the above sum has at most one non-zero term at any given point of {2, so is well-defined
as long as SUn f du is finite for every n € N. This will be the case when f e X.

Proposition 2.2.10. Let U = (Uy,), be a sequence of disjoint measurable subsets of 2 so that
0 < u(Uy) <o for allm. Then Pyf e X if f € X, and Py is a positive contraction on X.

Proof. First note that, since X is a Banach function space, SUn fdu is finite for every n € N (see
property 5 in [20, Definition 1.1.1}), so Py f is well-defined. It is straightforward to check that Py
is a positive contraction from L;(£2, X, u) to Li($2, X, u) and from Lo (82, X, 1) to Loo(£2, X, 1).
Thus, Py is an admissible operator for the compatible pair (L1 (£2, X, 1), Lo (£2, X, 1)). Moreover,
since X is a r.i. space over a non-atomic o-finite (in particular, resonant) measure space, it follows
from [20, Theorem II.2.2] that X is an exact interpolation space, so Py : X — X is a positive
contraction. 0

Lemma 2.2.11. Let hy,...,hy, € X and set h = >, _, |hx|. Given ¢ > 0, there is a sequence
U = (Up)n of disjoint measurable subsets of {2 so that 0 < u(Uy,) < o for alln and |hy—Pyhi| < €h,
1<k<n.

Proof. We may assume that ¢ < 1. Let V; = {&/ < h < !}, Then (V;)iez is a sequence of
disjoint measurable subsets of {2 so that h = hy = 0 on (|, V;)¢ for any k. Since the measure
space is o-finite, for each i there is an at most countable measurable partition (Uj;);es, of V; with
0 < u(Usj) < o0 and by; € R so that

8i-i—l
hexv, — Zbkz‘jXUij <5 i€eZ, 1<k<n.
Jjedi
Thus, for each 1 < k < n we have
5i+1 E:h

and |

‘ 1 J e d b ' 1 f b b aul < gitl

koW — Okij| = |77~ k— brixu,; dp| <
wUs) Ju I [ uUy) Ju, YAt 2
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Take U = (Uij)iez,jes;- Note that Pyhy, = 0 on the set (UU Uij)¢. For 1 <k <mn,

Ei-i—l Ei-‘rl ch
Puhi — ZbkinUij < Z 5 XUy = Z 5 XV S 5 (2.2)
7,7 1,] (3
Summing (2.1) and (2.2) gives the desired result. O

Let I = {(m,r) e N*: 2 < u(2)}. If (m,r) € I, take any sequence (V;); of disjoint measurable
|

subsets of {2 such that u(V;) =77, 1 <i < m. Define a norm p,,, on R™ by
m
pmr(ala cee 7am) = Z a; XVv;
=1 X

Let E be a Banach space and define p : C(Bgx) — [0, 0] by

o) = 50 { e (17, F @) 5 (myv) € L, (1) € B¥, sup pn (2 (2), . () < 1}

xEBE
By definition, p(d,) = ||z|| for any x € E. Moreover, it is easy to check that p is a complete lattice

norm on the vector lattice {f € C(Bgx) : p(f) < o0}, which contains FVL[E]. For our next result,
recall that we are considering the case C = {X}.

Theorem 2.2.12. The norms p and pc are equal on FVL[E]. In particular, FBLC[E] < {f €
C(Bpg+) : p(f) < o0}.

Proof. Suppose that f € FVL[E]. There are z1,...,2, € E and a lattice-linear function G so
that f = G(0z,,...,0z,). Let € > 0 be given. There are (m,r) € I and z7,...,z¥ € E* so that
SUPepy Pmr (27 (), ..., 25 (2)) < 1 and

m

@)Xy,

i=1

p(f) < pmr(f(21), -5 fla)) + € = +e,

where (V;)™; is the sequence of disjoint measurable subsets of {2 chosen above, so that u(V;) = =1,

1 < i < m. Define a linear operator S : FVL[E] — X by Sg = >, g(x})xv;. It is clear that S is
a lattice homomorphism. By definition of p, if p(g) < 1, then ppr(g(z7), ..., g(x},)) < 1 and thus
|Sg| <1.Let T = S¢p : E — X. Then |T| < 1and T = S is the unique extension of T to FVL[E]
as a vector lattice. Hence

pe(f) = |Tf] =1Sfl,

where the last step holds since S is a lattice homomorphism. Thus, pc(f) = p(f) —¢ for any € > 0.
Therefore, pc(f) = p(f).

Conversely, given ¢ > 0, there exists a linear contraction T : E — X so that pc(f) < HffH + €.
Let hy = Txg, 1 <k <n,and h = >};_, |h;|. By Lemma 2.2.11, there is a sequence U = (U;); of
disjoint measurable subsets of {2 so that 0 < u(U;) < oo for all ¢ and |hy, — Pyhi| < eh, 1 <k < n.
Since G is a finite lattice-linear function, it is Lipschitz, so there is a constant Cg < 00, depending
only on G, so that

ITf — G(Pyha, ..., Puhy)| = |G(h, ..., hn) — G(Pyh, ..., Puhn)| < Caeh.
Express Pyhy as Y, akixv,, where T*xy, = y¥ and

1 _ (=)
w(Us) fU- i s = w(Us)

Aki =
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Then
G(Puha, ..., Puhn) <Za11XUZ,~~,ZGmXU¢> = > Glaxi, - - ani)X0,

= ZG(éxl, O ) yE) AU D fi) e

1(Ui)
Since X has the Fatou property, there exists [ € N so that
l

f(yz
) u(U)

> |G(Puha, ..., Puhn)| = = |Tf] = (1+ Cgllh])e.

Using the Fatou property once more, choose disjoint Lebesgue measurable sets Vi,...,V; so that

Vi € Ui, (Vi) € Q and
l

ITf] - (1 +Ccllh|\€<

Write u(V;) = %, where j;, € N. Decompose each V; as a disjoint union V; = U*;Z 1 Vis, with
*
w(Vig) = r~1. Take jo = Zi’:1 Ji- It follows that (jo,r) € I. Consider the sequence where each

Y; ( )
w(Us)

(U)

is repeated j; times. For any x € Bg, let b be the element of R/ so that each
Then

occurs j; times.
*

i ;

Therefore, the sequence of functionals of E* of length j, where eac ; times satisfies
the normalization condition required in the definition of p. It follows, takmg a to be the element

Pior (b < [Pu(Tz)| < |T) = 1.

of R9 where each £ ((y )) occurs j; times, that

f(7) -
p(f) = p]()?“ ;SZI (U XVis|| = £
> |Tf| = (1 + Calhl)e = pe(f) — (2 + GHhH)
Thus, p(f) = pe(f)- O

2.2.4 An explicit expression for the norm of FBLP'™

Theorem 2.2.1(1) has the following interpretation: Assume that 1 < p < o0 and let C, be the
class of all p-convex Banach lattices with constant 1 and &), the class of all L,(u) spaces with
a probability measure. Then, by Theorem 2.2.1(1), C, < ?p and therefore C, = ?p. This fact,
together with the abstract framework developed in the previous sections provides an alternative
proof of [75, Theorem 6.1], where an explicit representation of FBLC?[E] = FBLP[E] is given:

Theorem 2.2.13. Let E be a Banach space and let 1 < p < . The norm pe, on FVL[E] is given
by
pe, (f) = sup {1 (F @ity s me N, ot wh € B¥, sup (e (@)l < 1)

xeBg

for any f € FVL[E].
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Proof. For short, let us denote the expression on the right-hand side of the statement by p,. As
observed above, by Theorem 2.2.1(1), C, = &, so by Corollary 2.1.4 we obtain that for any Banach
space E, pc, = px, on FVL[E]. Now, 1f 1 is a probability measure, there is always a non-atomic
probability measure v such that L,(u) embeds lattice isometrically into Ly(v). Thus, P{Ly(n)} <
P{L,(v)}» Where both norms are associated to the singleton classes {L;(u)} and {L,(v)}, respectively.
Moreover, by Theorem 2.2.12, the norm py, .y} coincides with p,. In particular, pp, < pc,, since
L,(v) is in the class Cp. Putting everything together we get

pC, = Px, = SUD P(L,(u)} S Pp S PCy-
w finite

Hence, pc, = pp, as claimed. ]

The situation presented in Theorem 2.2.1(2) is slightly different due to the isomorphism constant
vp- Again, fix 1 < p < 00 and let C, o be the class of all (p, c0)-convex Banach lattices with constant
1 and X, 5 the class of all L, (p) spaces with p a o-finite measure. Clearly, Xp o S Cpoo. On
the other hand, statement (2) in Theorem 2.2.1 establishes that any Banach lattice X € Cp  is
7p-lattice isomorphic to an element of X, . This correspondence allows us to find an explicit
representation of an equivalent norm in FBLC»*[E] = FBL»®[E] for any Banach space E, solving
the question raised in [75, Remark 6.2] in the upper p-estimates setting:

Theorem 2.2.14. Let E be a Banach space and let 1 < p < . The norm px, , on FVL[E] is
given by

P, (1) = sup { | (@Dl s meN, @, ah € B, sup |(wh(@))iolg,, <1}

mEBE

1
for any f e FVL[E]. Moreover, px, , < pc,.. < VpPX,., Where v, = (1 — %)5_1.
Proof. The proof of the first part of the statement is similar to that of Theorem 2.2.13. Now, since
Xpoo S Cpoos PXpe < PCpop- On the other hand, let X € Cp . By Theorem 2.2.1, there exists
Y € X, and a lattice isomorphism J : X — Y so that |z| < [Jz| < v,|z| for all x € X. Let
T : E — X be a linear contraction. Then -, 1JT : E — Y is a linear contraction. Since .J is a

lattice homomorphism, 7, 1 JT = ;' JT. For any f € FVL[E],

ITFI <l T f] = 'ypl\vleTfll VpP Xy (f)-

Taking supremum over all linear contractions T': E — X for any X € Cp o shows that pc, , <
VP Xy op - [

Note that FBL®=[E] endowed with the equivalent norm px,., satisfies the following universal
property: given any Banach lattice X satisfying an upper p-estimate with constant 1 and a linear
operator T': £ — X, there exists a unique lattice homomorphic extension T : FBLCWO[E] - X
with |7 < Y| T|l. Moreover, if X € X then actually IT| = |T].

Finally, observe that Theorems 2.2.13 and 2.2.14 state that pc, = py,} and that pgp .y < pc, ,, <
Vp Pty .}~ As a tesult, FBLY?[E] = FBL{}[E] and FBL®»*[E] = FBL!»*}[E] and it is clear that
both of these spaces are vector sublattices of C'(Bpgx). The proof of Theorem 2.2.13 works in exactly
the same way if p = 1, where we obtain that the free Banach lattice generated by a Banach space,
which by Remark 2.1.1 is equal to the free Banach lattice associated to the class C; of all (1-convex)
Banach lattices, can be represented using the norm obtained in [11, Theorem 2.5].
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2.2.5 Classes of Banach lattices generating FBLP[E| and FBLP"*[E].

Recall from the previous subsection that C, and C, o denote the classes of p-convex Banach lat-
tices with constant 1 and Banach lattices satisfying an upper p-estimate with constant 1, respec-
tively. We will characterize the classes of Banach lattices D so that FBLP[E] = (FBL[E], pc,)
and (FBLP[E], pp) agree for any Banach space E, and the classes D’ so that FBLP®[E] =
(FBLCr® [E], pc,.,) and (FBLP'[E], pp) are lattice isomorphic. But first, let us show that the
constant <y, in Theorem 2.2.14 cannot be made 1, i.e., that the free Banach lattices FBLC=[E)|
and FBLY»*[E] are not isometric for some Banach spaces E.

For the proofs of the claims above, we need an extension of the isometric lattice-lifting property
which may be of independent interest. Recall from Section 1.3 that a Banach lattice X is said to have
the isometric lattice-lifting property if there exists a lattice isometric embedding o : X — FBL[X]
such that z'/d}oz = idx. This property was introduced in the article [9], inspired by previous works
of Godefroy and Kalton [61] on Lipschitz-free spaces. Notably, Banach lattices ordered by a 1-
unconditional basis have this property (see [9, Theorem 4.1]). In [103, Theorem 8.3] an alternative
proof of this fact was given, which also worked when FBL[E] was replaced by FBLP[E]. We now
show how to generalize these results to any class C.

Proposition 2.2.15. Let C be a class of Banach lattices, X a Banach space with a normalized
1-unconditional basis (e;);, viewed as a Banach lattice with the pointwise order induced by the basis,
and C = 1. The following are equivalent.

(1) X C-lattice embeds into some Lo (Xy)yer with X, € C for every ye I'.

(2) For every operator T : X — X, there exists a unique extension T FBLC[X] — X satisfying

T < CT].
(3) There exists a unique extension 7;[; : FBLE[X] — X of the identity idy : X — X satisfying
lidx]| < C.

(4) X C-lattice embeds into FBLC[X].

Moreover, the C-lattice embedding a : X — FBLE[X] in (4) can be chosen so that idxo = idx.

Proof. Clearly, (1) = (2) = (3).

(3) = (4) Recall that by either [9, Theorem 4.1] or [103, Theorem 8.3] with p = 1 there is a
lattice isometric embedding agp : X — FBL[X], the free Banach lattice associated to Cy, the class
of all Banach lattices (recall Remark 2.1.1), such that z‘fi)\(oeo = idx (here, zfi)\( : FBL[X] — X).
Moreover, since C < C1, the formal identity j : FBLC1[X] — FBLC[X] is a continuous norm one
injection such that zfi; jog = idx (now, we are abusing the notation and considering the extension
idy : FBLC [X] — X given in (3)). We claim that o := jag : X — FBLY%»*[X] defines a C-lattice
embedding. To prove the claim, simply note that for every x € X

1 —
=lz| < —lidxaz| < pc(ax) < pe,(aoz) < [z
¢ lidx|

This also proves the additional claim.

(4) = (1) It follows from Proposition 2.1.5, as FBLC[X] belongs to C. O

Taking C' = 1 in the previous proposition we obtain:
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Corollary 2.2.16. Let C be a class of Banach lattices and X € C a Banach space with a normalized
1-unconditional basis (e;);, viewed as a Banach lattice with the pointwise order induced by the basis.
Then FBLC [X] contains a lattice isometric copy of X. Moreover, there exists a contractive lattice
homomorphic projection onto this sublattice.

We can apply Proposition 2.2.15 to the Banach lattice X constructed in Example 2.2.9 to con-
clude that, since X does not 1-lattice embed into o (Lp,xo(ft))uer for any choice of measures I, the

extension zfi;( of the identity on X to FBL*»*[X] cannot be contractive. However, if we consider
instead FBLC»*[X] (which by Theorem 2.2.14 coincides as a set with FBL*[X], with an equiv-
alent renorming), we observe that in this setting the norm of the extension idx becomes lidx]|| = 1,
since X belongs to the class Cp o. Therefore, the norms py, , and pc, , cannot agree on FVL[X].

Now that this is clarified, we characterize the classes of Banach lattices that generate (isometri-
cally) the free Banach lattice FBLS?[E], and those that generate (isomorphically) the free Banach
lattice FBLC»= [E].

Theorem 2.2.17. The following are equivalent for a class of Banach lattices D:

(1) For any Banach space E, FBLC?[E] = FBLP[E] as sets and the norms pc, and pp agree there.
(2) D<Cp and €, € D.

Proof. (1)=(2) By Corollary 2.2.16, FBLP[(,] = FBL[(,] contains a lattice isometric copy of £,.
By Proposition 2.1.5, FBLD[EP] € D. Hence, ¢, € D.

Suppose that X € D. Let ¢x : X — FBLP[X] be the canonical embedding. The iden-
tity ¢dx : X — X induces a lattice homomorphic contraction z?l} : FBLP[X] — X so that
idx¢x = idx. Since FBLP[X] = FBL®[X] lattice isometrically, this space belongs to C, = C,
by Proposition 2.1.5, i.e., it is p-convex with constant 1. Hence, so does FBLP[X]/ keridy . Define
j : FBLP[X]/ keridy — X by j[f] = i?i;f, where [ f] is the equivalence class of f. The map j is a
lattice isomorphism so that [j| < 1 and x = j[0,] for any € X. Hence, Bx = j(BFBLD[X]/ke”/d;).
This shows that j is an onto lattice isometry. Therefore, X € Cp.

(2)=(1) Since D < Cp, for any Banach space E, pp < pc, on FVL[E]. Similarly, since ¢, € D,
P,y < pp- However, pc, = pye,y by Theorem 2.2.13 and pp = pp by Corollary 2.1.4. Therefore,
we have the reverse inequality pc, < pp. O

For the case of Cp «, the following result can be proven in essentially the same way as Theo-
rem 2.2.17. The only difference is that, since ¢, o» does not have a basis, Corollary 2.2.16 cannot be
applied directly. However, we can still use Corollary 2.2.16 to embed £, «, lattice isometrically into
loo (FBLEP [£50])men and continue with the rest of the proof with slight adaptations.

Theorem 2.2.18. The following are equivalent for a class of Banach lattices D:
(1) There is a constant My < o so that for any Banach space E, FBL®»=[E] = FBLP[E] as sets
and ﬁlpp < pe,. < Mipp on that set.

(2) There is a constant My < o so that any X € D satisfies an upper p-estimate with constant M,
and Lp o 1s Ma-lattice isomorphic to a space Y € D.
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2.2.6 The renormings of weak-L,

Recall from Section 1.2 that we chose to equip me(u) with the norm

Iy, = sup w3~ [ Ifld

O<u(A) <oo

However, for each 1 < r < p, we could have also chosen to equip L, (1) with the norm

( | Iflrdu> ,
0<M(A)<oo

’ti\’—‘
sb—‘

Il == sup

as it also defines a lattice norm on L, »(p) with upper p-estimate constant 1. For this reason, it
may be natural to ask whether the ambiguity in choosing a norm on Ly, (u) is the reason why -,
cannot be chosen to be 1 in Theorems 2.2.1 and 2.2.14.

The aim of this subsection is to show that (Lp«(p), [ - |1 ) lattice isometrically embeds into a
P,00

Banach lattice of the form KOO(LI[,%O(V)) ver- As a consequence, we deduce that the above renormings
cannot eliminate the constant v, in the aforementioned results.

Before starting, it is convenient to better understand the differences between these renormings.
As we mentioned in the previous chapter, it is well known that every Banach lattice with upper
p-estimates is r-convex for every 1 < r < p, with a constant that might explode as (p —r) » when
r approaches p. Moreover, every r-convex Banach lattice can be renormed so that the r-convexity
constant becomes 1. As we saw in the proof of Corollary 2.2.2, it turns out that in the case of L, o,
the renorming Lg:lo satisfies that both the upper p-estimates constant and the r-convexity constant
are simultaneously 1. Now that we have clarified the role of the renormings, we can proceed with
the main goal of the section. We begin with some technical lemmata.

Lemma 2.2.19. Lete = (1,...,1) e R” and let (e;)]_, be the coordinate unit vector basis for R".
Let B,be R, [B]1,]Ib]1 < 1, and let 0 < s < 1. Define a : R — R by a(z) = (B-2)' 7% (b 2)*,
where - is the dot product on R™. Then « is positively homogeneous, a(e) = [ 8|17 - [b]; < 1 and
Yty a(xy) < a(XjLy xj) for any sequence (x5)TL, < RY

Proof. Let (z;)7L, < R}. Then

D ala) < (8- a7)'*)lem, [ 25)%)j e

I-s

<bix>:a<ix>

The remaining assertions are clear. O

1-s

Let x € R™ be expressed as (x(j))?_;. In the next result, for fixed i € N, we write x < i if

=1

max(supp x) < i.
Proposition 2.2.20. There is a sequence (d;)!'_, of non-negative real numbers such that for each
i

_ - i—1 -

Z Nd; + afz Z <di<m' + )y Z §)d; — o2

=1 =1 =1 =1
provided that m,m’ e Ry, z,y,z,2',y', 2" e RY,

vy, 2’y <i, x+z=e+me+y and e+ +2 =mle+y. (2.3)
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Proof. The proof is by induction on ¢. For ¢ = 1, z = y = 2/ = 3/ = 0. Thus it suffices to show that
a(z)—m<m' —a(?) if z=e +me and ey + 2 =me.
To see this, note that
m+m' = a((m+me) =a(z+2) = alz) + a(z),

from which the desired conclusion follows.

Assume now that d;, 1 < j < 4, have been chosen to satisfy the proposition. To be able to choose
d; satisfying the proposition, we need to show that

_ — i—1 _
Z )d; + Z m' + >y Z 7)dj — a2
=1 j=1 j=1 j=1

if m,m’,x,y, 2,2y, 2’ satisfy (2.3). Equivalently, we must show that

i—1

2 (1)d; + a(z) + a(z') <m+m/ +Z 7)+9'(5))d;. (2.4)

7=1
If z +2' = y+y, then (2.3) gives z+ 2/ = (m+m/)e. Thus, m+m' > a(z ) + a(2'), yielding (2 4).
Otherwise, let u = (x +2') A (y+¢') e R}. Thenu < iand vy := x4+ 2" —u, va:=y+y —u
are disjoint in R’ , not both 0. Assume that jo = maxsuppwv; > maxsuppve, as the other case is
similar. Set w = v1 — v1(jo)ej,. Then w,ve < jo, w(j) = v1(j) if j < jo and

v1(jo)ejo + w+ (2 + 2') = (m+m')e + va.

Using the right inequality in the inductive hypothesis for the elements w, vy and z + 2’ and the
positive homogeneity of a, we see that

jo—1

vi(jo)djy < (m+m') + ] va(j)d Z fdj —a(z + 2').

Adding Z i1 u( j)d; to both sides and rearranging gives

— i—1
Z ())d; + a(z+2") <m+m/ —i—Z 7) +vy'(4))d;.
The desired inequality (2.4) then follows since a(z) + a(z') < a(z + 2/). O

Corollary 2.2.21. In the above notation, we have d = (d;)!, € R}, a(e) < |d)i < 1 and
a(z) <z -d for any x € R}

Proof. Let
=0, y=e—ep, 2=, m=0; 2  =e—e,, Y =0, 2/ =0, m =1.

Note that z,y, 2’9y <n,x+ 2 =e, + me+y and e, + 2’ + 2/ = m’e + y/. Thus, taking i = n in

Proposition 2.2.20 we have
n—1
— Y di<d,<1- ) d;
j=1
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Hence, a(e) < ||d|; < 1. Finally, if u e R%}, let x = 0, 2 = u, m = 0 and y = u — u(n)e,. Then
x + z = u(n)e, + me + y. By Proposition 2.2.20 and the positive homogeneity of «,

n—1
a(u) — Z u(y)d; < u(n)d,, so o(u) <u-d.
j=1

O

Lemma 2.2.22. Let (£2, X, 1) be a measure space and 1 < r < p. Suppose that (a;)]—, € R, and
1 1
(U, is a disjoint sequence in X with 0 < u(U;) < o0 so that C == (X0, w(U:)) "7 | 20, aixw, I () <

1. There is a measure v on X and a lattice homomorphism S : Lpf(])o(,u) — LZ[},]OO(V) so that | S| <1
and |S(Xi=; aixv,)| = €.

Proof. Define M = X", u(Uy), b = "2 b = (b;)2_; and B; = M7~ p(Us)af, B = (8:);. Clealy,
B,beR% and by = 1. Moreover,

T

18l = M» =C" < 1.

LT‘(M)

n
2 a; XU;
=1

Take s = p*(1 — 1) and define « as in Lemma 2.2.19. Note that a(e) = |B]} % [b]; = C"0~9) < 1.

P
Obtain d using Proposition 2.2.20 and define a measure v on X' by v(A) = >, di p(AnTy)

and a

. w(Ui)
linear operator
nor—1
r r a; bi
S Ly () = LiL ) by Sf =05 Y By
i=1 v
Clearly, S is a lattice homomorphism. Note that v(| i, U;) = >/, di < 1. Hence,
- r||<&n alb; R
HS (EGZXU1>H = M ZTiXUi :Mpzaibi
=1 =1 L1(v) =1
T n "
=Mr! Z aiXu, =C".
=1 Ly (p)
On the other hand, let f e LU} (1) with | f| < 1. If A€ X with 0 < v(A) < oo then
[1sn1ar=ari 3 “glb’f v =25 S [ yga
A i=1 dl AmU i=1 ! AﬂU,L
<M» Y el xann, HfXU?_I(AmUi)
i=1 Ly (1) Ly (p)
N 1_1
L An Uz " L An Ul T
< Zﬁiﬂ( - ) Zbiﬂ( )
= wli) = wUi)
Let x = (“(;ﬁ?fgi)ﬁﬂ € R’} . By direct calculation, 1 — s = %t. Thus,
1-s s 1 1 1
J ISfldv < (B-z)7* (b-x)r* = a(z)r® < (z-d)r* =v(A)F.
A
Hence, |Sf|| < 1. O

We are now in disposition of proving the claim that we made at the beginning of the subsection.
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Theorem 2.2.23. Suppose that (£2, X, u) is a measure space and 1 < r < p. There is a set I' of
measures on X so that Lg]oo(u) lattice isometrically embeds into Eoo(Lz[jflo(u))Vep.

Proof. Let I" be the set of simple functions f = > | a;xv,, where n € N, a; > 0, 0 < p(U;) < ©
and (U;)!", is a disjoint sequence in X' satisfying

ey (S|

i=1 i=1 L)

< L

For each f € I', use the above results to choose a lattice homomorphism Sy : L][;:lo (1) — Ll[)l,lo(uf)
so that [[Sy| <1 and [[S¢f[ = Cf. Define

T Lyd (1) — oo (Lptke(vy)) per
g+—Tg = (Sf9)fer

Clearly, T is a lattice homomorphism and |T'| < 1. Suppose that g € Ll[,flo( )+ with [g] = 1.
P

For any € > 0, there exists a non-negative simple function h such that g = h and | Ll =>1—c¢.
Pp,90
Write h = > | aixv,. There exists [ < {1 ...,n} so that

1

(2 ,U(UZ‘)> 2 a;xu;|| = HhHL[r]OC =>1—c¢
iel iel P
Then f:= ), ;a;xu, € I' with Cy > 1 — €. Thus,
ITgll = [S¢gll = [S¢f = C; = (1 =)',
so that ||T'g|| = 1. This shows that T is an isometric embedding. O

2.3 A solution to the embedding problem via push-outs of Banach lattices
2.3.1 Push-outs in a class C of Banach lattices

Recall that given a category and objects X, X1, X2 and morphisms T; : Xo — X;, ¢ = 1,2, a
push-out diagram is an object PO = PO(T1,T,) together with morphisms S; : X; — PO, i = 1,2,
making the following diagram commutative

X, PO

s

XO TQ) XQ
and with the universal property that if Sz’. : X; — Y are such that SiTl = SéTQ, then there is a
unique v : PO — Y such that v.S; = S} for i = 1,2, as follows:
S Y
e
S1
X1 —— PO

S5
TlT Sa

XOTXQ
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In the category BL of Banach lattices and lattice homomorphisms, isometric push-outs were shown
to exist in [14]. These are push-outs satisfying the extra condition that max{[|Si|,[|S2|} < 1 and
which guarantee the inequality |v]| < max{|S1,[S5]|} in the universal property. The construction
of such push-outs can be adapted to Banach lattices within certain classes C, as follows.

Theorem 2.3.1. Let C be a class of Banach lattices such that C is closed under lattice quotients.
Given Banach lattices Xo, X1, X2 in C and lattice homomorphisms Ty : Xo — X; fori = 1,2, there
is a Banach lattice POC in C and lattice homomorphisms Sy, Sy so that the following is an isometric
push-out diagram in C:

X, 5 POC

J

X(] e X2
1o

Proof. Let X1 @®; X5 denote the direct sum equipped with the norm |(z1, z2)|| = [|z1] + |z2| and let
ji  X; = X1@®1X> denote the canonical embedding for i = 1,2. Let ¢ : X1@®; Xo — FBLC [ X161 X2]
be the canonical embedding and Z be the (closed) ideal in FBLE[X@®; X»] generated by the families
(@g1]x] = djiz])eex,, (Pi2lyl = [di2yl)yex, and (¢j1T1z — ¢j2Toz)zex,- Let

POC = FBLC[X; @, X2]/Z,

and let S; = q¢j; + X; — POC, fori = 1,2, where q : FBLS [X161 Xo] — POC denotes the canonical

quotient map.

Since C is closed under lattice quotients and FBLS [X1 @1 Xo] is in C, so is POC. The rest of the
proof follows exactly as in [14, Theorem 4.3]. O

Theorem 2.3.1 applies, in particular, when C is the class C,, of p-convex Banach lattices or the
class C, o of Banach lattices with upper p-estimates (with constant 1). For these classes, we are
also interested in extending [14, Theorem 4.4], where the authors show that the isometric push-out
in the category BL that they have constructed preserves isometries. Namely, if in the definition of
push-out diagram above T3 : Xy — X7 is contractive and T5 : Xy — X5 is an isometric embedding,
they show that S7 : X7 — PO is an isometric embedding. Extending this result to the class C, is
straightforward using p-convexification/p-concavification techniques:

Theorem 2.3.2. Let 1 < p < o and Cp be the class of p-convexr Banach lattices (with constant 1).
Let
X, —24 PO

A s

XO —_— X2
T

be an isometric push-out diagram in C,. If T} is contractive and Ty is an isometric embedding, then
S1 s an isometric embedding.

Proof. Since Xy, X1 and Xs are p-convex Banach lattices, we can p-concavify the spaces. The maps
T; : Xop)y = Xi@p), ¢ = 1,2, will still be contractive lattice homomorphisms, and moreover T will
still be an isometry:

1722l x5, = [1T221%, = l21%, = l2lxo,-

Let PO be a push-out in the category of all Banach lattices for this new diagram:
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X(p) —2— PO

a [

Xow) —g, 7 X20)

By [14, Theorem 4.4] we know that Ry : Xy
this diagram, we obtain that for every i = 0,1, 2, (Xi(p))(p) = X;, as X; has p-convexity constant

— PO is an isometric embedding. If we p-convexify

1. Arguing as before, R; : X; — POW i = 1,2, are contractive, and R; is an isometry. We now
apply the minimality property of PO to find a lattice homomorphism ~ : PO’ — PO®) such
that R; = vS;, i = 1,2, and |y| < max{|R:|, |Re} < 1:

It follows that
lylx;, = Ryl pow = 1719 pow < [1519lpocr < |¥lx1,

so 51 is an isometry. O

Unfortunately, this technique cannot be used in the upper p-estimates setting, so alternative
approaches using factorization techniques are needed. However, in this result the isometry becomes
an isomorphism with a universal constant K,:

Theorem 2.3.3. Let 1 < p < o and Cp be the class of Banach lattices with upper p-estimates
(with constant 1). Let

X, —2 pOCroe

A s

XO E— X2
Ts

be an isometric push-out diagram in Cp . There exists a universal constant K, > 1 depending only

on p such that if Th is contractive and T is an isometric embedding, then Sy is a Kp-embedding.

At the present time, we have come up with two different proofs of this result. The first one,
presented in [54], consist of a factorization through L, o, argument. It uses the original statement
of Pisier [108, Theorem 1.1], which is slightly more general than Theorem 1.2.4:

Theorem 2.3.4. Let 1 <r <p <o, AC L,(u). The following are equivalent:

(1) There exists C > 0 such that for every fi,...,fn € A and aq,...,an € R,

1
\/ laifil <C (Zn: |az’\p> .
i=1 i=1

Ly (p)

(2) There exists C' > 0 and a normalized g € L1(p)+ such that for every f € A and measurable

subset B < (2
| FxBlL, @ <C <JBgdu>

1

_1
T P
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(3) There exists C" > 0 and a normalized g € L1(p)+ such that for every f € A,

_1 ”
lg=0tcif =0} and |9~ flim g, <C°
Moreover, C < C" <C' < (1— Z)%_%C.

1
The constant obtained in this case is K, = 27% ,,.

First proof of Theorem 2.3.3. Fix y € X;. We aim to show that |y| < K,|Siy|. The reverse in-
equality is trivially true since |Si|| < 1. Since we are dealing with lattice norms and lattice ho-
momorphisms, we can suppose that y is positive. By the push-out universal property, as given in
Theorem 2.3.1, it is enough to find a commutative diagram in C, «

X, Dy

XOTXQ

such that |y| < |Tiy| and max{|T1], |T2]} < K,

To this end, by [14, Theorem 4.4] we have a Banach lattice isometric push-out diagram

X, - po

A e

X() EE— X2
Ts
such that R; is an isometric embedding. Hence, by [14, Lemma 3.3], we can pick a positive o-finite
element z* € PO* of norm one such that z*(Ry1y) = |y||.

The functional z* induces a lattice semi-norm on PO given by |z|,x = z*(|z]). After making a
quotient by the elements of norm 0, this becomes a norm that satisfies ||z1|+|z2|| .+ = |21 )%+ 22] 2%
for all z1,29 € PO. This identity extends to the completion of this normed lattice, which, by
Kakutani’s representation theorem [88, Theorem 1.b.2], is lattice isometric to a Banach lattice of
the form L (v,+). The quotient induces a homomorphism ), : PO — Li(v,*) of norm one.

For i = 1,2, let A; = ¢,«R;(Bx,) and set A = A; U Ay € Li(v,+). Since the X; satisfy an
upper p-estimate and the ¥« R; are contractive lattice homomorphisms we have that for all finitely
supported sequences («;);er of real numbers and (f;)ier S A,

\/’azfz <‘ \/ ‘azfz H \/ ’azfz
iel fieAs fieAz Li(v,%
p p g*
< D Jel) + Z [ > \azlp
fieAr fieAz iel

Hence, by Theorem 2.3.4, there is g € Ly (vx)+ with [g]z,(, ) < 1 and lattice homomorphisms

Li(v, %)

Ri: X; — Ly (gv,+) that make the following diagram commutative

2
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~ a
with |R;|| < 2%, =: K, and M, the operator of multiplication by g, which is contractive. It
follows that

R
X, — Lpoo(gva«)

TJ szz

Xo——— Xo
T>
is a commutative diagram in C, » and

Iyl = 2*(I1R1yl) = Vs Raylr, ve) = [MoBaylny ) < 1B1Y] Ly o (grs)-
OJ

The second proof was obtained during the preparation of [55]. In this paper, we extend the
results from [110] (see also [111]) on minimal and maximal factorizations of p-convex and p-concave
operators, respectively, to the setting of (p, o0)-convex and (p,1)-concave operators. For this, we
analyze the Banach lattices generated by certain convex sets which are induced by these (p, c0)-
convex and (p, 1)-concave operators. These arguments can be adapted to factor simultaneously two
operators as we did in the previous proof. This has the advantage of not relying on Theolrem 2.3.4,

which makes the constant -, disappear, but the best constant we can obtain is K, = 2¢*.

Second proof of Theorem 2.3.3. We begin the proof by considering the isometric push-out diagram
in the category BL from [14, Theorem 4.4], so that R; is an isometric embedding:

X, 2, po

A s

X(] E— X2
1>

Our aim is to construct a (p, o0)-convex Banach lattice Z with constant 1 and a lattice homomor-

1 ~
phlsm Y : Z — PO with ¢ < 2p* =: K, such that for i = 1,2, R; factors through Z as sz, with
R X; — Z a contractive lattice homomorphism. Once this is established, it follows that R1 must
be an isomorphism, since

lylx, = |Riylpo < ¢l Riylz < KHR1yHZ

for every y € X;. Moreover, by the universal property of the push-out in C, . established in
Theorem 2.3.1, there exists a contractive lattice homomorphism ~ : PO — Z that makes the
following diagram commute:

3 Z

//')
S1 C
X1 —— PO*»®
e
T Sa
X04>X2
Ty

It follows that R
lylx, < Kp|Riylz = Kp|vS1ylz < Kp|S1yl pocr.es »

as we wanted to show.
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Let us construct such Banach lattice Z. Our candidate is Z = span B, for B € PO a certain
closed, convex and solid set (it is standard to show that such Z endowed with the Minkowski
functional is a Banach lattice) such that Z is (p, o0)-convex with constant 1 and R;(Bx,) S B
K,Bpo. The latter will imply that R; can be factored through Z as R; = wRZ, with R X; — Z
given by R;z = Riz and ¢ : Z — PO the formal identity, so that R; is contractive and || <
Inspired by the techniques of [55], let us choose B = C°°; where

C= {ue PO :3(vj)iLy € Xu, (w5)] 41 S X2 such that [u] < (\/|R1vj|> % < \/ |R2wj|>
j=1

j=m+1
m n %
and (2 o+ Y ijrp) <1}.
j=1

j=m+1

and the polars are taken with respect to (PO, PO*). B is the closed convex hull of the solid set
C, so it is closed, convex and solid. Clearly R;(Bx,) < C < B. Moreover, C < K,Bpo. Indeed if

u € C, there exist (vj)7L; € X1 and (w;)7_,, 1 € X2 such that

= (Vimsl) v (V iral) (S o+ ) )’

j=m+1 7=1 j=m+1

N

1.

Therefore, using that X; satisfy upper p-estimates with constant 1, and hence R; are (p, o0)-convex
with constant 1, we obtain that

Jul <\\(J\21R1vjl> v ( V i )H

n

+| '\ [Rawy|

Jj=m+1 j=m+1
1 1
m s n AN
<(2 ||vjup) +< Y ij!p> < o,
j=1 j=m—+1

Since Bpo is already closed and convex, it follows that B < K,Bpo. It remains to show that Z
satisfies an upper p-estimate (equivalently, is (p, 00)-convex) with constant 1. This can be done by
reproducing the arguments from [55], where the techniques and results from [110] and [96, Section
2.8] are explored from a general point of view. More specifically, we have to replicate the results of
duality of convex sets and factorization of convex and concave operator for the (p, c0)-convex case,
that is, choosing o to be the cp-norm and 7 the £,-norm, replacing in all the proofs the roles of the
sets C77 and DTT:’U* by C and

1

p2
D= {u e PO* : <Z |uj |p2> implies that
—
VIS (L. 0} <Z|R P+ S IRy ) <1},

jeJ j¢J

respectively. Since we have already provided a proof of Theorem 2.3.3 with a different value of the

gl EN
constant K, and it is not relevant to our purposes whether K, takes the value 27* or 2r* -, as
both values are strictly greater than 1, we will omit the details of this last step in order not to
make the proof disproportionately long. O

The contrast between Theorems 2.3.2 and 2.3.3 makes us wonder whether the constant K, in
the latter result is just an artifact of the proof or, on the contrary, it is a fundamental difference
between p-convexity and upper p-estimates. It should be noted that if K, could be taken to be
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1 in Theorem 2.3.3, this would allow us to adapt other categorical constructions from [14], such
as Banach lattices of universal disposition or separably injective Banach lattices, to the category
of Banach lattices with upper p-estimates. Another related question that we have investigated is
whether there exists a separable Banach lattice with upper p-estimates that is universal for the class
of separable Banach lattices with upper p-estimates (with constant 1). That is, a separable Banach
lattice X in Cp o such that any other separable Y in Cp, o lattice isometrically (or isomorphically)
embeds into X. The existence of separable universal spaces is known for several classes of Banach
lattices [47, 87]. For instance, in [87] the authors show that C'(A, L1[0,1]) is universal for the class
of all separable Banach lattices, where A denotes the Cantor set. Moreover, Theorem 1.2.4 can be
improved so that the operator 1" factors through L, ., the order continuous part of Ly «, when £
is separable. This points towards C(4, L; ,,[0,0)) as a natural candidate.

Question 2.3.5. Is there a separable Banach lattice with upper p-estimates (with constant 1) that
is universal for this class?

2.3.2 The embedding problem

As a consequence of the above, we get a solution to the embedding problem for free Banach lattices
with upper p-estimates. Recall that if C is a class of Banach lattices and ¢ : F' — F is an isometric
embedding between Banach spaces, we can consider the unique extension 7 = ¢g¢ : FBL¢ [F] —
FBLC[E].

FBLC[F] —— FBLC[E]

o] To

F——E

The embedding problem consist in characterizing the pairs of Banach spaces F' € E such that 7 is
an embedding. This problem was introduced in [103, Section 3], where it was studied for the classes
Cp. Theorems 2.3.2 and 2.3.3 allow us to provide an alternative proof of this fact in the p-convex
setting and solve it for the class Cp .

Theorem 2.3.6. Suppose that v : F — E is an isometric embedding and let C denote either the
class C, of p-convex Banach lattices or the class Cp o of Banach lattices with upper p-estimates. Let
Ke=1ifC=0C, and K¢ = K, if C = Cp . The following are equivalent:

(1) There exists ¢; = 1 such that T : FBLC[F] — FBLC[E] is a c-lattice embedding.
(2) There exists co > 0 such that for every operator T : F — X with X in C, there is Y in C, a
(norm one) K¢-lattice embedding j : X — Y and S : E —Y so that jT = Su and |S| < co|T|.

Moreover, the constants c1 and co can be taken so that co < ¢ < Keco.

Proof. (1)=(2) Let X € C, T : F — X an operator and T FBLC[F] — X the lattice homo-
morphism extending 7. By Theorem 2.3.1, let us consider the isometric push-out diagram in C for

Xo = 7(FBL(F)), X; = X, X» = FBLY(E), T} = ﬁ : Xo — X; and T the formal identity
from Xj to Xo.
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x —% . poC

Rl

FBLC[F] —~ 7(FBLC(F)) —— FBLC[E]
¢FT ¢ET
F L » B

Let us write Y = POC and j = S57. Since T5 is an isometric embedding, we can apply Theorem 2.3.2
or Theorem 2.3.3 to obtain that j is a norm one Kc¢-embedding. On the other hand, let S =
[T Y Se¢p : E — Y. It follows that

JT = jTép = | Tt i Titgr = [Tt |SeTotdr = |T7 Y| Sagre = St,

and S| < [Tz < 1| T, so we can take ¢z < c;.

(2)=>(1) First, note that |[z|| = 1. Now, take f € FVL[F] and a contraction T : F — X with X
in C. By the hypothesis, there exists Y in C, a norm one KC lattice embedding j : X — Y and
S :E — Y so that jT = St and ||S| < ¢o. It follows that 5T = St, so

ITflx = 157" Sef|x < 157" 1ISlpe(@f) < Keeape(zf)-

Taking the supremum over all possible contractions T we conclude that 7 is a (K¢cg)-embedding. [J

Recall that a Banach lattice X is injective if for every Banach lattice Z, every closed linear
sublattice Y of Z and every positive linear operator T : Y — X there is a positive linear extension
T: Z — X with |T| = |T|. Equivalently [89, Proposition 3.5}, X is injective if whenever X lattice
isometrically embeds into a Banach lattice Y there is a positive contractive projection from Y onto
X. Note that this notion of injectivity is closer to the category of Banach lattices with positive
linear maps, which is considerably different from the category BL of Banach lattices with lattice
homomorphisms (where in fact there are no injective objects [14]). The study of injective Banach
lattices is classical [33, 65, 82, 89, 93]. However, it seems that not much is known on injectivity (or
projectivity) in subcategories of Banach lattices.

Next, we discuss the notion of injectivity in the class of p-convex Banach lattices with positive
operators, with an aim towards providing an alternative argument to recover the POE-p (Property
of operator extension into Ly, see [103, Definition 3.8]). The original proof of [103, Theorem 3.7]
requires a result due to Pisier [109, Theorem 4] which implicitly implies the injectivity of L, spaces
in the class of p-convex Banach lattices. This fact additionally allows one to establish an analogue
of [89, Proposition 3.5] in this restricted context (see Proposition 2.3.9 below). However, it turns
out that Theorem 2.3.6 together with Theorem 2.3.7 recover [103, Theorem 3.7] without making
use of Pisier’s arguments. The first step in this proof is to show that ¢, satisfies an a priori weaker
property than injectivity in the class of p-convex Banach lattices.

Theorem 2.3.7. Let 1 < p < w0 and X be a p-conver Banach lattice, and suppose that () is
a disjoint positive sequence in X equivalent to the l,-basis. Then [(xy)] is the image of a positive
projection on X.

Proof. We may assume that X is a closed sublattice of £ (Ly(1t))uer by Theorem 2.2.1. It suffices
to show that [(x,)] is the range of a positive projection on lo(Ly (1)) per- Assume that c|(an)|p, <
| >} anxn| < |/(an)|p for any non-zero (ay) € £,. Let m € N. There exists a finite set I}, k € N, and a
positive contraction T" : £y (Lp(pt))per — Lo (E’Ij)pm (by o (Efj)pm we mean the {,-sum of | I, | copies
of (%) so that (Tz,)j, is a positive disjoint sequence satisfying c||(an)i;|p < | Xy anTzy| <



54 2 Free Banach lattices and upper p-estimates

I(an)pe1llp for any non-zero (a,);; € £;'. Indeed, let us fix § > 0 to be chosen later and observe
that for every p € I' we can find simple functions (s, )" ; < Lp(p) such that 0 < s, , < Pz, and
1Pun — Spnl L,y < 01 Punlr, (), Wwhere Pyt Lo (Lp(p))per — Lp(p) denotes the projection onto
the p-th factor. The functions (Su,n)n:1 lie in the span of a finite number of disjoint characteristic
functions (x5, )~ S Ly(u). Let Qﬂ : Ly(p) — span(xp, )=, be the conditional expectation operator
associated to the collection (Bl) 1, which is positive, contractive, and satisfies that

o (S| o (S
n=1 Lpy(p) n=1

Lp(w)
m m
= Z AnSun > (1-9) Z anPuxy
n=1 n=1

Lp(p) Lp(p)

1
It is clear that span(yp,)E , is lattice isometric to the weighted space Eﬁ(wl), where w; = u(By)r.
Choosing natural numbers k,, and (s;)Z; such that w; > ,f—i ZJL:1 w; = (1 —6)w;, we can construct

a contractive lattice embedding J, span(XBl)l 1= Zk“ with distortion (1 — §)~!. Therefore, the

operator T, = J,QuP,u : Lo (Lyp(1t))per — 6 is contractive, positive, sends (z,)]"_; to a disjoint
sequence, and satisfies that

m
‘ T, (Z anxn> (1-— (5 Z anPuxy,
n=l1 b Lp (1)
Next, select a d-net (y]) _, in the unit sphere of [(x,);" ;] and for each j = 1,...,J fix a measure

pj € I' such that 1 = |y;| < (1 + 6)|Pu,yllz,(u,)- Taking I (uj) _, and k = sup; ky;, and
defining

T zoo(Lp(u))uer - Eoo(ﬁ’;)rm
— (T}, CL')J 1

K

the inclusions from £,/ into ¢* are implicit), it is easy to check that
p P

m

Zam

Txy,

1—5) 115_5>Hi AnTn
n=1

Recall that ¢|(an)|p < | X anzy| for any non-zero (ay) € €y, so in particular

c< inf HZM—mnnH = min Z AnZnl|l = Cm.
(@ety (an)iiolp  (an)eSep |l 2
Therefore, choosing & so that (1 — §)? (m - 5) > =, we get that c[(an)iqlp < | 202; anTwsl,

as we wanted to show.

Now, write Tn = (yn(7))rer,, With yn(7) € €5. Define S : £7* — € (I},) by

S(bi,...,bm (Z e ||P>

Since (yn (7)), is a disjoint sequence for each v, if b = (b1,...,by) = 0, then

YELm,

m p

1
> |(0n)nillp = <lo]-

|Sb| = max pr:cn
~e

moo1
D bhyn(y
Mlin=1
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We claim that B}, < ¢ Pcoso{S*e es vy € Iy} Here, for a subset A of a Banach lattice X,
s0A = Ugeal—lal, Ta denotes the solid hull of A and, as usual, co A denotes the convex hull. To
prove the claim, note that if 0 < y* ¢ c™? coso{S™e : v € I’} then by [104, Proposition 3.1] there
exists y € (¢1")+ so that

97 leo lylh = y™(y) > ™ max(S¥5)(y) = Syl = ylh.

Hence, |y*|o > 1. This completes the proof of the claim.

——
By the claim we can find a convex combination >, . ayS*e} > ¢P(1,...,1). Choose y;(7) €

(£%:)+ so that suppys(y) = suppya(y) =t Ln, |45 (V)px = 1 and yu(2),45(1)) = lyn(y)lp- If
€ los(Ly(p))per and Tz = (y(7))rer,,» let

@)= D alyaM B (), v (n)-

yElm,

It is easy to see that z¥ is a positive linear functional and for any x € fo(Ly (1)) per,

IGr@Dnily < 25 an|Uya I ly(xz, )i,

~YELm,
m
< 2 aysuw (! 2 VX,
yelm n=1 p
< sup sup [lya (V5 ly(y)lp
vel'm n

< sup [Ty [P~ - [T2) < [T < .
n

On the other hand, z(z,) = 0if [ # n and

Zn(@n) = D)y () vn () = Y] eyl (DB = &,

vE€lm vyelm,

since 3 @y [yn(7)|lp is the n-th coordinate of the sum 3, . «,S*e}. Therefore, the map P,
on Lo (Ly(p))uer given by

m

Z n

*
n

is a positive projection from fo(Ly(1t))uer onto [(xn)flnzl] such that |P,,| < ¢7P. Finally, let U
be a free ultrafilter on N. If we denote by j : [z,] — £, the lattice isomorphism that sends
() to the canonical basis of ¢, it follows that the operator R : loo(Lyp(1t))uer — £p given by
Rz = w*-lim,, ;; j Py is a positive operator such that R|[xn] = j. Therefore, the map P = j 'R :

Lo (Lp(1)) per — [(xn)] is a positive projection onto [(xy,)]. O
As a corollary of Theorems 2.3.6 and 2.3.7, we recover the solution to the embedding problem

for the free p-convex Banach lattice given in [103, Theorem 3.7].

Corollary 2.3.8. Let v : F — FE be an isometric embedding, 1 < p < o0 and ¢ = 1. The following

are equivalent.

(1) ©: FBLP|F] — FBLP[E] is a c-lattice embedding.

(2) For every operator T : F' — ), there is R: E — £, so that T = R. and |R| < ¢|T|.
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Proof. We use the identification FBL? = FBL® where Cp, denotes the class of p-convex Banach
lattices and invoke Theorem 2.3.6. The implication (2) = (1) is clear. For the converse, we get that
there exist a p-convex Banach lattice Y, a lattice isometric embedding j : ¢, - Y and S: F —» Y
such that jT = St with |S| < ¢|T|. By Theorem 2.3.7, there is a (p051tlve) projection P : Y —
j(€y) €Y with |P| <1 (as j is an isometric embedding). Thus, we can take R = j~!PS. O

Let us conclude this section with a note on how, in general, the property stated in Theorem 2.3.7
is actually equivalent to injectivity in the class of p-convex Banach lattices, provided we make use
of Pisier’s result [109, Theorem 4].

Proposition 2.3.9. Let X be a p-convex Banach lattice with constant 1. The following are equiv-
alent:

(1) X is injective in the class of p-convex Banach lattices, i.e., given Z a p-convex Banach lattice,
Y a closed sublattice of Z and T :' Y — X a positive operator, there exists a positive extension
T:7Z—->X.

(2) If X lattice isomorphically embeds into a p-conver Banach lattice Z, there exists a positive
projection from Z onto X.

Proof. (1) = (2) Let J : X — Z be a lattice isomorphic embedding. It suffices to apply the injec-
tivity property of X to the sublattice Y = J(X) € Z and the operator J~!:Y — X.

(2) = (1) Let Z be a p-convex Banach lattice, Y a closed sublattice of Z and T : Y — X a positive
operator. By Theorem 2.2.1, there is a lattice isometric embedding J : X — fo(Ly(1t))per for a
certain family of measures I', and by the hypothesis, X is complemented inside this space by means
of a positive projection P : lo(Ly(pt))per — X. For every p e I' let Py, : Lo (Lyp(pt))per — Lp(pt)
be the (positive) projection onto the factor indexed by p. Using [109, Theorem 4] we can extend
each operator P,JT to a positive operator S, : Z — Ly(u). Gluing them together we obtain
S:Z - ly(L ( )uer given by Sz = (S,2)uer. The operator T = PS: Z — X is the desired
extension. 0

2.3.3 €, 18 not injective for Banach lattices with upper p-estimates

We now show that for any 1 < p < 0, £, is not injective in the class of Banach lattices with
upper p-estimates. As in the previous section, we say that a Banach lattice X satisifying an upper
p-estimate with constant 1 is injective in the class of Banach lattices with upper p-estimates if given
any Banach lattice with upper p-estimates Z, a closed sublattice Y of Z and T : Y — X a positive
operator, there exists a positive extension T:7—X.

Theorem 2.3.10. For any 1 < p < o there is a Banach lattice X with an upper p-estimate and
an uncomplemented closed sublattice Y of X that is lattice isomorphic to £y . In particular, £}, o
18 not injective in the class of Banach lattices with upper p-estimates.

Proof. We begin with some notation. Let X be the Banach lattice £y (£, )n. Clearly, X satisfies
an upper p-estimate with constant 1. We may express any z € X as z = (2(j))j2, = (2(4,4));

i,j=1
where (z(j))72; is a bounded sequence in £, and z(j) = (z(i,7))Z; € £pun for each j. Given

m € N, define P,, on X by
. x(m,j) ifi=m
Phx)(i,j) =
( ). ) {0 it i # m.
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Clearly, P,, is a band projection on X and the projection band P,,(X) is lattice isometric to £y
via the map

y(j) ifi =m, where y = (y(j))Z1,

Ly i by — Pp(X), (L ,7) =
* (X), (Lny)(i, ) {0 otherwise.

Let S be the Schreier family, i.e., all subsets I of N so that |/| < min /. Since S is countable, we

can list its elements in a sequence (5;)52;. Given a = (a;); € £)c0, let

. a; ifielS;,
Jja(l,]):{ ’

0 otherwise.
Denote the sequence of coordinate unit vectors in ¢, by (e;);. For any j,

2, aici

ZESj

|(za(i, 4))iZ1

< [[(as)

p,0

p,o0 = p,o0-

Hence, T': {p o — X, a — x4 is a bounded linear map which is clearly a lattice homomorphism.
On the other hand, if |al, o > 1 then by (1.6) there exists a non-empty finite set L in N so that

la;| = (})”‘|L|%)_1 for all € L. Let S; € S be such that S; < L and |S;| = |L|/2. Then,

1
1 ]Sj] P 1
a;e; €; = — | — = .
2, e 2 p*<\L| p*2r

iGSj ’iES]' P00
b

1
|za] = > (p*|L|»)~*

p?w

This shows that 7" is a lattice isomorphism from ¢, » into X.

Let Y = T'(¢) ). We will show that there is no bounded projection from X onto Y. Assume
on the contrary that there is a projection P from X onto Y. Then there is a sequence (z}) in
X* so that (z)(x)); € {po for any z € X and z}(Ta) = a; for any ¢ and a = (ag)r € lpoo. It
follows readily that (z}); & X* is equivalent to the unit vector basis of £, ;. In particular, it is
an unconditional basic sequence in a Banach lattice that is g-concave for some ¢ < 0. Since (P})
is a disjoint sequence of band projections on X*, the sequence (Pxz}) is disjoint and hence also
unconditional in X*. By [88, Theorem 1.d.6(i)], for any finitely nonzero real sequence (b;),

\(bmp*,wHEbix:‘ ~H«/2bz-x;-kr? >H«/2\bipi*:cf\2 ~Hsz‘P¢*$?

Thus, the linear map @ : X — £, o defined by Qz = (P*z}(x)); is bounded. On the other hand,
observe that Tey, € Py(X). Therefore,

(Tej,xf) =1 if k=1,

i (2.5)
0 otherwise.

<Tek7 F)z*"z";k> = {

Hence, QT e, = ey, for any k € N.

Regard L; as a lattice isometric embedding from ¢y, into X. Define y;" = L P’z in % . Let I
1
be a finite subset of N. Suppose that (u;)r is a finite sequence in £y so that [|(3,c; [wil?)?[le < 1.

Set u =Y, ; Liu; € X. Then |ul| < ||(X;cs ]ui]p)%ﬂoo < 1. Thus,

D vt (w) = Y LEPFaf (ui) = Y (Pfaf)(u)

iel iel iel

1 A1 1
< (B ai (u)lp.oo - 17 = [Qul - [I]7* < [1]5¥.

el
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Making use of the duality described on [88, p. 47], we conclude that there is an absolute constant

C < o so that )
|(Zwer)”
iel

for any finite subset I of N. Since £% is an AL-space, the bounded sequence (y;); has a subsequence
(yf ) that has a splitting

‘ ek (2.6)

Y = up +op, |ug| A Jvi] =0, (uf) is almost order bounded, (vy) is disjoint.

See, e.g., [125]. Since |vf| < |y} | for all k, it follows from (2.6) that [vi| — 0. Thus, the whole
sequence (yfk) % is almost order bounded in £% and hence it is relatively weakly compact.

Since z; 1= Te; € Py(X) and L; : ¢y, — P;(X) is a surjective lattice isometry, we may find a
sequence (uy)g in foo so that Lj ug = x;, for each k. If we write uy = (ug(j))72; then ug(j) =1 if
k € S; and 0 otherwise. Hence, for any finitely supported real sequence (ax ),

o] -erlg

keS;

= sup
J

The expression on the right is the norm of the Schreier space. The preceding equation says that (uy)x
is equivalent to the unit vector basis of the Schreier space. Thus, (ug)x is a weakly null sequence (in
ly). Since £y has the Dunford-Pettis property, the weakly null sequence (uy)x converges uniformly
to 0 on the relatively weakly compact set (y; )x. In particular,

0 =limy; (ug) = lim L] P}z (ug) = lim Pz} (@;,).

U™ g 7’k 1k zk

However,
p = QTe;, = Qg = (P (z4,));-

Taking the ij-th component yields that Pz} (z;,) = 1 for any k, which is the desired contradiction.
O

2.4 Operators factoring through a (p, p2)-convex and a (g, g2)-concave operator

In [111], Reisner studies the ideal of operators that factor through a p-convex and a g-concave op-
erator, that he denotes M), ;. He shows that this ideal is perfect, that is, it coincides with its double
adjoint, and identifies it with the ideal I, ; of operators factoring through a diagonal operator from
Ly(p) to Ly(p) defined in [62]. In this section we replicate these results for the ideal of operators
factorlng through a (p, p2)-convex and a (g, g2)-concave operator, where 1 < p,q < 00, p < pg <

and 1 < g2 < ¢q. Note that in light of [43, Corollary 16.7] we know that the most relevant cases Wlll
be py € {pa OO} and g2 € {1,(]}-

Throughout the section, we will use the definitions and notation from tensor products and
operator ideals given in [62]. For instance, recall that an operator ideal is a class A of operators
between Banach spaces such that for each pair of Banach spaces E and F the set A(E,F) =
A n L(E, F) satisfies that:

(1) If 2* € E* and y € F, then z* ® y € A(E, F), where z* ® y(z) = x*(x)y is a rank one operator.
(2) A(E,F) is a linear subspace of L(E, F).
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(3) If X and Y are Banach spaces, U € L(X,E), T € A(E,F) and V € L(F,Y), then VIU €
A(X,Y).

Moreover, a function « : A — R, is an ideal norm if one has:

4) a(z* ®y) = |z*||y| for every x* € E* and y € F.
(4) a(S+T) < a(S)+ «T) for every S, T € A(E, F).

(4) If X and Y are Banach spaces, U € L(X,E), T € A(E,F) and V € L(F,Y), then a«(VTU) <
Ve ()]

A normed (operator) ideal [A, ] is an ideal A with an ideal norm «a, and we say that it is a Banach
ideal if each A(E, F') is a Banach space when endowed with «.

Given a normed ideal [A, ], the adjoint ideal [A, a]* = [A*, a*] is defined as follows (observe the
different use of * with respect to the notation that we have been using throughout the dissertation,
where it denotes the dual of a Banach space): for each pair of Banach spaces E and F, A*(E, F)
is the set of all T' e L(E, F') such that there exists p > 0 satisfying that for all finite-dimensional
Banach spaces X,Y and all U € A(Y, X), Ve L(X,E) and W e L(F,Y),

[ tr WIVU[ < p|[W[V]e(U),

where tr denotes the trace of an operator defined from a finite-dimensional Banach space to itself.
The norm o*(T') is given by the infimum of all p satisfying the above. a* is always a complete ideal
norm. An operator ideal [A, «] is perfect if [A, a] = [A, a]**. This notion is equivalent to the ideal
being finitely generated, maximal or being the adjoint of some other ideal (cf. [112, Theorem 8.11]).

Regarding tensor products, recall that if £ and F' are Banach spaces, a norm nn on F® F is a
reasonable crossmorm if it satisfies the following properties:

(1) n(z®y) < |z||y| for every z € E and y € F.

(2) For every x* € E* and y* € F*, the linear functional z* ® y* on F ® F that takes values
r*u*(z®y) = 2*(z)y*(y) on elementary products z®y € E® F' is bounded, and |z* ® y*| <
lz* ™.

A uniform crossnorm is an assignment to each pair of Banach spaces of a reasonable crossnorm on
the tensor product, in such a way that whenever E, F,G and H are Banach spaces and S : £ - G
and T : F — H are operators, then the operator S® T : EQ F — G ® H is bounded and
[SQT| < |S||T]. It is easy to check that every uniform crossnorm induces an ideal norm over
the operator ideal F of all finite rank operators via the identification F(E, F) = E* ® F described
in property (1) in the definition of operator ideal. We will denote this normed ideal by [F,n]. A
uniform crossnorm 7 is finitely generated (see [112, p. 129], this is what [111] calls a ®-norm), if
forallue EQF,
n(u) = inf y(u; M, N),

where the infimum is taken over all finite-dimensional subspaces M < E and N < F such that
ue M® N, and n(u; M, N) denotes the n-norm of u as an element of M ® N.

Let us fix 1 < p,g < 00, p < po < 0 and 1 < go < g. We introduce the following definition,
that generalizes the ideal [M), 4, f1p 4] of operators that factor though a p-convex and a g-concave
operator introduced in [111, Section 2]:

Definition 2.4.1. Let E and F be Banach spaces. An operator T : EE — F belongs to the class
My poiq.q0) (B, F) (i.e. factors (p,pe2; q, q2) through a Banach lattice) if there exists a Banach lattice
X, a (p,p2)-convex operator U : E — X and a (q,q2)-concave operator V : X — F** such that
JrT = VU, where Jp : F' — F** denotes the canonical embedding:
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Jof iy L
R /
X

We define ji(p py:q.q0)(T) = inf {K(p’pQ)(U)K( (V))}, where the infimum is taken over all possible

factorizations above.

4,92)

As is customary, when ps = p we will simply write p instead of (p, p2), and similarly when g2 = q.
Our first goal is to show that M, is a perfect ideal. This will be done by showing that it is
the adjoint of [F, 1 po:q.¢0)] " pp2ig,q) 1S @ uniform crossnorm defined as follows:

Definition 2.4.2. Given ue EQ F, we define

PiP2;4,92)
where 7

Mppasq.ae) (W) = Inf {a(p,pz;q,qz)({xi ®yitiz1) : (zi)i=1 € B, (Yi)i=1 € Fru = Z T ®yz} ;

=1

where

k\.’)*"—‘

a1 ® 1) = sup {2 <2 |p2> (2 03l )’

@) Elty %) < LIGE e rs) < 1}

and ¢* and g5 denote the conjugate exponents of g and gz, respectively (when pa = 0 or gz = 1,
the pa and g3 -sum must be understood as a supremum,).

Following the steps of [111], the first thing to show is that:

Proposition 2.4.3. n is finitely generated.

D,P23q,42)
Proof. Tt suffices to check that whenever we fix a representation v = ;" | z; ®y; with (x;)], < M
and (y;)i_; € N for some finite-dimensional subspaces M < E and N < F, then

9(p,p2;q,qz)({xi ®yitic; B, F) = 9(p7p2;q,q2)({$i ®Yifi—1; M, N).

Clearly, 0y, py:q.q0) {Ti®yi} i1 B, F) < 0 poig.q0) ({17i®yi iy ; M, N), since every pair of sequences
(xf)iL, € ng(E*) and (y7)j2, € By o+ (F%) can be restricted to M and N, respectively, to induce
sequences in By (pr+) and ng « (N*)5 "and the values of the sums considered in the computation of

O(Pﬁpz;q,qz) remain unchanged.

On the other hand, 0, .., ,12)({;@@)%};1 GEF) 2 00 poi.00) {Ti®yi}ie; M, N) is a consequence
of Hahn-Banach Theorem: every pair of sequences (vj)i_, € By, (a+) and (w})jZ; € By o+ (IVF) can
be extended to sequences in By (gx) and By o (F%) without altering their Values on (acz) ', and

(yi)iey- ]

The next proposition shows the connection between the M (p,p2;q,q2)~LOTTIL and (p, p2)-convex and
(q, g2)-concave operators.

Proposition 2.4.4. For everyue E*® F = F(E,F) < L(E,F),

n(p,pz;q,qz)(u) = inf {K(p’pQ)(R>K(q,q2)(S)} )

where the infimum is taken over all possible factorizations u = SR with Z a finite-dimensional
Banach space with a 1-unconditional basis (endowed with the lattice order induced by the basis),
R:E—>ZandS:7Z — F.
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Proof. The proof is just an adaptation of [111, Proposition 1.3] with the corresponding changes in
the exponents. We include it for the sake of completeness.

Let u € E* ® F' and assume that it factors as u = RS with Z a finite-dimensional Banach space
with a l-unconditional basis, R : E — Z and S : Z — F. Let (e;,e})l"; be the corresponding
basis of Z and its biorthogonal functionals. We define = = R*e} and y; = Se;, so that u = SR =
D, ¥ ®y;. By definition,

N Bl ) < 1},

Z (Z ot (w0l ",
(Z 0 |) er

Therefore, given € > 0, we can choose (2g);; € £p(E) and (y; )L, € £y« (F'*) that e-almost attain
the supremum in the definition of 6y, ;.4 40) ({7} @ ¥i}iL;), so that

KPP2)(R) = sup {

K

- NGl o) < 1}.

S) = K(Q*ﬂ%‘)(g*) — sup{

1
1 . s
9(1’7?27(1112 ({.%' ®y2}z 1 Z (2 ’37k ZT; ’pz) (2 q2) ? + ¢

; (Zk: |3?%'<(33k)|m>1 ez,Zn: (Z (yi) |‘12)1 e;“> +e

1=1
< KPP)(R)K (g 4)(S) + €.

Hence, 1(p.py:q.q2) (1) < K(Pvm)(R)K(q’qQ)(S).

For the reverse inequality, let £ > 0 and suppose that u = " | xF ® y; is a representation such

that
9(177;023117(12)({37? & yi}?zl) < U(p,pmm)(u) + €.

Let Z be R™ endowed with the norm

1) = sup{E . <2|y |)

for z = (z;)7_, € R". Then, the canonical basis (e;)!" ; of R™ is 1-unconditional for this norm, as
[|z]| is only determined by (|z;]). We define R: E — Z by R = 3" ,zf ®e; and S : Z — F by
Sz =", ziyi. It follows that u = SR,

Rz e ) < 1}

K®P2)(R) = sup
= 0ppasaan) {27 @ Uitiz1) < Nppoiguae) (W) + &

and

K(g,4)(5) = K(q*’q;)(S*) = sup

= sup {2 2 (2 vt (v |q2>
= sup{||z]| : |lz]l < 1} =

Therefore, K(]%PQ) (R)K(q,qQ) (S) < N(p,p2;a,q2) (u) O

w*‘H

<L )iille v ey <1
2l < 10,
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Next, we show that the ideal M, ,,., 4,) defined in Definition 2.4.1 is perfect.
Proposition 2.4.5.

(1) [Mppoiq.a0)s H(ppaiq,ae)) 8 @ perfect normed ideal of operators.
(2) [Mppiq.a)s ppoiga)] = [Fs ppoig.a)]™

Proving Proposition 2.4.5 requires some previous lemmata. Namely, we need [111, Lemma 2],
which is also valid for the case p = o even though Reisner originally stated it for 1 < p < o0, and
an analogue of [111, Lemma 3]:

Lemma 2.4.6. Let G be a finite-dimensional subspace of an order complete Banach lattice X.
Given 0 > 0 there are pairwise dzsyomt (a:l)z 1 € X+ and an operator W : G — span(z;)}_; such
that for all (y;)™ Gandl <p<

(S (G <)

7=1

Lemma 2.4.7. Assume E or F are finite-dimensional and T € L(E, F) is such that JpT = VU
with X a Banach lattice, U : E — X a (p, p2)-convex operator and V : X — F** a (q, q2)-concave
operator. Then, for every € > 0 there exist a finite-dimensional Z with a 1-unconditional basis and

a factorization
E—L F
N
Z

with K(pvPQ)(R)K(q,qQ)(S) < (1+ 5)K(P7P2)(U)K(q7qQ)(V).

31—

Now, we are ready to prove Proposition 2.4.5:

Proof of Proposition 2.4.5. The first statement follows from the second by [112, Theorem 8.11].

Let us first show that [M, p,.q.00) Bppasaae)] S [Fs Nipposqae)] ™ Let E and F' be Banach spaces
and T' € M, p,.q.40)(E, F). Assume JrT factors as in Definition 2.4.1. By Lemma 2.4.7, for every
finite-dimensional G € E and H < F* (denote by i : G — E and j : H — F* the embeddings) the
operator j*JpTi admits a factorization

] *JrTi

\/

with Z finite-dimensional with a 1-unconditional basis, such that K (p’m)(R)K(qm)(S) < (1 +

5)K(p’p2)(U)K(q,q2)(V). Since G and H* are finite-dimensional, using [107, Proposition 9.2.2] and
Proposition 2.4.4 we get

”?‘Jpz;m) (j*JFTi) =1

Observe that [F, 10 py:q.40)]** 18 already a perfect ideal, as it is the adjoint of [F,n
Therefore, by [112, Theorem 8.11] it is a finitely generated ideal, so

(7*TFT) < KPP (R)K (4,4, (S) < (14 &) KPP (U)K (g 4 (V).

(p,p2;9,92) 4,92) (

%% *

p,pz;%qz)] :

Noppaiagn) (L) = SuDAn(y .0 0y (1" JpT1) : G < E,H < F* finite-dimensional}
< (L+ ) KPP (U)K (4 40) (V).



2.4 Operators factoring through a (p, p2)-convex and a (g, g2)-concave operator 63

It now follows that 77( P2, (p)(T) < Hppaigae) (T)-

In order to show that [M(, py.q.q0)s F(ppaig.az)] 2 [Fs Mppsguae) ™ we will make use of a standard
ultraproduct argument, so we will omit some of the details. We refer to [66] for basic terminology and
notation on ultraproducts (see also Section 3.2.1, where ultraproducts will be considered in more
detail). Again, let us fix Banach spaces £/ and F' and an operator in [F(E; F'), 0 po:q.q0)] " - First of
all, we make use of the fact that every Banach space embeds isometrically into the ultraproduct of
a collection of its finite-dimensional subspaces (see [66, Proposition 6.2]). In particular, there exist
index sets K and L, ultrafilters g and Ups over K and L (respectively), collections {Gy}rex S
{G : G < F finite-dimensional} and {H;};c;, < {H : H < F* finite-dimensional} and isometric
embeddings ip : B — (Gy)y, and jpx : F* — (Hp)y,., . It follows that

Uy ={C < K x L:3A € g, B € Upx such that A x B < C}

defines a filter on K x L, so by [66, Proposition 1.1] there exists an ultrafilter 4 that dominates 4l .
If we put Gy = Gy, for every [ € L and Hj,; = H; for every k € K, there exist canonical isometric
embeddings I (Gr)yy — (Giy)y and 3  (Hp)g,s — (Hig)y. Finally, note that by [66, Section 7]
there exists a canonical isometric embedding ¢ : (Hy))u — (Hk,){-

Now, let us fix ¢ > 0 and consider for each pair (k,l) € K x L the finite-dimensional sub-
spaces G < E and Hy; < F* (this time we denote by iy : Gy; — E and ji; @ Hyp; — F*
the embeddings). By [107, Proposition 9.2.2], Ty, = ]';Ck’lJFT'L'k,l € [‘F(levHz,l)777(p,p2;q,q2)]** =
[F(Gk,i, H}lk,z)777(p7p2;q,q2)]7 so we can use Proposition 2.4.4 to find a finite-dimensional Z;; with a
1-unconditional basis and operators Ry : Gy — Zi,; and Sy : Z; — Hj such that T}, ; factors
as Si Ry, and

K(p’pQ)(Rk,l)K(qqz)(Skﬂ (1 +E)Np,paig.0) Ui g S Tig) < (L+€)n (ppz,qqz)(T)

(the last inequality holds because [F, 1 py:q.40)]** is a finitely generated ideal, see [112, The-
orem 8.11]). By rescaling the norm of Z,; we can assume without loss of generality that
K(4.4)(Sky) = 1. Tt follows from [66, Proposition 3.2] that X = (Xz;)y is a Banach lattice,
and it is easy to check that R = (R )y @ (Gri)y — X is (p,p2)-convex with K(pm)(R) <
supy, KPP (Ryp) < (14 eynfs, 0 o (T) and S = (Spo)u = X — (Hff )y is (g, gz)-concave with
K (4,42)(S) < supy; K(g4,)(Ski) = 1. Therefore, we have obtained the following commutative dia-
gram:

= i

(Tk,1)ut F* ok

El)(Gk)uE*) leu% kluL)(Hkl) (Hl)

A careful computation shows that j}*j*cp(Tkvl)u/ﬁ g = JrT, so for every € > 0 we have found a

Uy

factorization of JrT through a Banach lattice X with operators U = Riip and V = j;’;*j*cpS such
that

'“(p,pz;qm)(T) < K(p’pQ)(R)K(q,qz)(S) (1+ 6)77(10 D234, qz)( )-
O

We devote the last part of the section to identify the ideal M, ,,.; 4,)- From now on, we con-
sider only p2 € {p,o0} and g2 € {1, ¢}, as they are the most relevant cases, even though the next
proposition can be proven for any ps > p and ¢ < ¢ using the results from [55]:
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Proposition 2.4.8. Let T': £ — F. Then, T € M, p,.q.4,)(E, F) if and only if JpT factors

E*>F*>F**

U f

X—>Y

where X is a (p, p2)-convexr Banach lattice, Y is a (q,q2)-concave Banach lattice, both with con-
stant 1, U and V are contractive operators and @Q is an (almost interval preserving) lattice ho-
momorphism. Moreover, pu T) = inf ||Q||, where the infimum is computed over all possible
factorizations.

p,pz;q,qz)(

Proof. This is just a consequence of the fact that every (p, p2)-convex (respectively, (g, g2)-concave)
operator factors through a (p, p2)-convex (respectively, (g, g2)-concave) Banach lattice (see [111] or
[110] and [96, Theorem 2.8.7]), and the renorming results from [88, Sections 1.d and 1.1]. O

The following definition is an analogue in our setting of the ideal I, , introduced in [62].

Definition 2.4.9. An operator T : E — F belongs to Iy ,,.q.4)(E, F) (i.e. factors through a
multiplication operator from Ly p,(g1-ft) to L g,(g2-1t) ) if there exists a positive measure 1, functions
91,92 € Li() and operators A : B = Lypy(g1 1), D Lypy(g1 - 1) — Loga(ga - ) and B :
Ly, (92 - ) = F** such that JpT = BDA and D is a multiplication operator, that is, Df = gf
for some measurable function g:

| LN

| f

Lyps (91 1) ———5— L (92 - 1)

We define i(p py:q.q0) (1) = inf {||A[| Dl B||}, where the infimum is taken over all possible factoriza-
tions above.

Theorem 2.4.10. Assume p > q. Then [M
morphic ideals.

(p2:0,2)> F(pp2:002)] 98 [L(p poig.00)5 Uppasaan)] @TE G50~

Proof. [Myps:q.42)s Pppziaa)] 2 [Lippoiqa)s ippeiaqe)]: Assume that JpT' factors as in Defini-
tion 2.4.9. Since Lg q,(92 - 1) is (g, g2)-concave with constant 1, it follows that B is (g, ¢2)-concave
with constant |B|. On the other hand, observe that L, 4, (g2 - 1) is Dedekind complete, so the
operator D has a modulus |D|, which is given by |D|f = |g|f for every f € Ly p,(g1 - it). Moreover,
[|D||| = || D| and |D| is a lattice homomorphism. Therefore,

i=1 4,92 i=1 4,92
(2 wm) " H <D (2 5
=1

).

1
9p2>

and D is (p,pz)-convex with constant |D|. It follows that DA is (p,p2)-convex with constant
[AIID, so T e M, E, F) and py [AlD[IB]-

,pz;q,qz)( pvpz;q,qz)(T) <
[Mp.psig.ae)s Fppriaas)] S Lipipoiqae)s bppaig.a) | We start by considering a factorization JpT' =
VQU as in Proposition 2.4.8 and fixing ¢ < r < p. The case pa = p, g2 = ¢ was established in [111].
Here, we show the other three cases, which are summarized in the commutative diagrams below:
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(1)

Case 1: py = 0, g2 = ¢. X is (p, 00)-convex, so it is r-convex with constant C),, [88, Theorem
1.£.7]. Let X be a latice renorming of X so that the r-convexity constant is 1 [88, Proposition
1.d.8]. By rescaling, we can assume that @ X > Y, the composition of ) with the renorming
isomorphism, is a contractive lattice homomorphism. Moreover, Y is already r-concave with
constant 1, so by Krivine’s Factorization Theorem (cf. [80, Théoréme 2] or [110, Lemma 17]),
Q can be factored through some L, () with contractive lattice homomorphisms R : X — L, (1)
and S : L,(u) — Y. Note that S is g-concave, so, by Theorem 1.2.5, it factors through L, (g2 - 1)
for some change of density 0 < g2 € Sp,(,), with contractive factors S : LT( ) = Lg(g2 - 1)

and Sy : Ly(g2 - p) — Y, where Sy is the operator of multiplication by g, ". Similarly, by

Theorem 1.2.4, there exists a change of density 0 < g1 € Sp,(,) such that the composition of

the renorming of X with R (which is (p, 00)-convex) factors through LI[:]OO (g1-p) with Ry : X —

L][J ]Oo(gl -pt) of norm bounded by (1 _7)1,% »r| Q| and Ry : LI[JT]OO(gyu) — L,(p) the contractive
[1]

operator of multiplication by g1 Composing the renorming isomorphism from L, 3, (g1 - 1) into

L;[,,lo(gl - ) given by (1.6) with the multiplication operators Ry and Si, we obtain the operator

1

D: Lz[,{lo(gl ) = Lg(g2 - p) of multiplication by <%) "€ L.(g2-p)+, which has norm bounded

1
by (p%r) ". Putting everything together, we conclude that T € Iy oosq) (B, F) and, since the

factorization through @ and the exponent r € (q,p) were arbitrary, we can take the infimum
over all possibilities to get that

21
. . p r
Upaoig)(T) < qg}gp { <p _ 7,> Pﬂ“} Hi(p.aose) (T)-
E r F e Jas
Q
U Tv
X X Q Y

Case 2: po = p, go = 1. The procedure is similar, but this time, we need to renorm Y with
distortion Cyx ,+ so that it becomes r-concave with constant 1, and after factoring through

L,(u) with Krivine’s Theorem, we need to apply Theorem 1.2.3 and Theorem 1.2.6, and renorm
(1]

2192 - p). Finally, we get that

Lgf ](gg - 1) to recover the standard norm of L

21
, . ¢\
i(pig)(T) < inf { ( ¥ > Coe } Hi(pia.)(T)-

g<r<p (\ ¢* —r*
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E T F Ir [
Q

U TV

X @ ¥ e

R S ~

R\ / / So

(3) Case 3: py = 0, g2 = 1. This time, both X and Y need to be renormed, introducing distortions

Cpr and Cpx 4, respectively, and, after applying Theorem 1.2.4 and Theorem 1.2.6, we need to

renorm the corresponding Lz[fglo(gl - p) and Lg:f ](gg - p) to obtain a multiplication operator D
[1]

from Lj (g1 - p) into L([ﬂ(gg - 1). This time, the relation between the ideal norms is given by

p N\ g T
Up.onig1) (T) < qg}ip { (p _ r) (q* _ r*) Cpr Cge } Hip.ooiq.1) (T):

E T r Ir e
Q

d
>
14
Loy
14
—
<




Chapter 3

Duality on free Banach lattices

As it was mentioned in the introduction, the bidual of a Banach space satisfies the universal property
of a free object in the category of dual Banach spaces with adjoint operators with respect to the
category of Banach spaces with operators. However, despite the fact that duals of Banach lattices
also have a canonical Banach lattice structure, the bidual of a Banach lattice does not in general
satisfy the analogous universal property within the category of Banach lattices. Therefore, the aim
of this chapter is to clarify the relation between free Banach lattices, free dual spaces and free dual
Banach lattices generated by a Banach space. It is based on:

[56] E. Garcia-Sanchez, P. Tradacete, Free dual spaces and free Banach lattices. J. Math. Anal.
Appl. 532 (2024), 127931.

Moreover, some parts of the chapter rely on new results that have not been published yet, and
Section 3.6 is based on a theorem from

[27] E. Bilokopytov, E. Garcia-Sénchez, D. de Hevia, G. Martinez-Cervantes, P. Tradacete, Norm-
attaining lattice homomorphisms and renormings of Banach lattices. J. Funct. Anal. (accepted).

Recall that the bidual or second dual E** of a Banach space E (together with the canonical
embedding Jg : E — E**) behaves as the free dual Banach space generated by E, that is, a free
object in the category Ban* of dual Banach spaces with weak*-to-weak™ continuous (equivalently,
adjoint) operators, with respect to the category Ban of Banach spaces with (bounded and linear)
operators, as it satisfies the following universal property: for every operator into a dual Banach
space T : E — F* there is a unique weak*-to-weak™® continuous extension to E** given by J3T™*:

we  TH ok
B —— F

JET J,;

E—L—F*

If we try to replicate this construction in the subcategory of Banach lattices, the situation
is somewhat more involved. Indeed, some problem appear already in the very definition of the
category to consider. For instance, it is an open problem whether every Banach lattice which is
a dual Banach space is actually the dual of a Banach lattice. For separable dual spaces this was
solved in the affirmative by Talagrand in [117], but the non-separable case remains open. Moreover,
it should be noted that the preduals might not necessarily be isomorphic as Banach spaces, so the
weak* topologies they induce might be different. Therefore, the first aspect we should clarify is
whether we are considering the class of dual Banach lattices, that is, Banach lattices which are also
dual Banach spaces, or the class of duals of Banach lattices. Throughout this chapter we will rely
on certain Banach lattice properties of the predual space and the preadjoint operator, so we will

67
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always work with the latter. Passing now to the morphisms, it should be noted that, whereas an
operator between Banach lattices is positive if and only if its adjoint is, the adjoint of a lattice
homomorphism is an interval preserving operator and, conversely, the adjoint of an (almost) interval
preserving operator is a lattice homomorphism (see [96, Theorem 1.4.19]).

If we consider positive operators, the same construction above can be carried out to yield that
the bidual X** of a Banach lattice X is a free object in the category of duals of Banach lattices
with weak*-to-weak™ continuous positive operators, with respect to the category of Banach lattices
with positive operators, to which X belongs. Indeed, if Y is a Banach lattice and T': X — Y™*
is a positive map, then both T** : X** — Y*** and J§ : Y*** — Y* are positive, as Jy is a
lattice homomorphism and hence, positive. A more intricate situation appears if we consider lattice
homomorphisms instead (see Remark 3.3.6). Henceforth, we will consider the category BL*, whose
objects are duals of Banach lattices and the morphisms are weak*-to-weak™® continuous lattice ho-
momorphisms, that is, adjoints of (almost) interval preserving operators between the corresponding
preduals. It should be noted that whenever we choose an element in this category, we are fixing
in particular its weak™® topology and its Banach lattice structure, so we are actually identifying
its predual X as well. More specifically, if X* and Y* are isomorphic (isometric) in this category,
this means that there exists an isomorphic (isometric) weak*-to-weak™ continuous lattice homo-
morphism 7" : X* — Y™*. Since onto lattice homomorphism are also interval preserving (cf. [114,
Proposition 11.2.5]), the preadjoint operator is also an isomorphic (isometric) interval preserving
lattice homomorphism between the predual spaces X and Y.

This chapter is mainly devoted to the study of the interplay between duality and the categories
of Banach spaces and Banach lattices, from the point of view of the universal properties of certain
constructions. First of all, in Section 3.2 we will compare the free dual space of the free Banach
lattice generated by a Banach space with the free Banach lattice generated by the corresponding
free dual space. Namely, we will show that for every Banach space FE, there is a lattice isometric
embedding of FBLP[E**] into FBLP[ E]**. The construction of such embedding is canonical. Indeed,
consider the embedding ¢p : E — FBLP[E], take its second adjoint ¢}* : E** — FBLP[E]**, and

finally, extend it to the unique lattice homomorphism E*E\* : FBLP[E**] — FBLP[E]**. By means of
a careful application of the Principle of Local Reflexivity carried out in Section 3.1, we will prove
that ¢3* is a lattice isometric embedding. Moreover, it turns out that a similar argument holds
if we replace free Banach lattices with free C'(K)-spaces, or if instead of taking biduals we take
ultraproducts (see Section 3.2.1).

Next, we will explore the existence of free objects in BL* generated by a Banach space. The
main result, Theorem 3.3.7, establishes that FBL[E]** can be identified with the free dual Banach
lattice generated by the Banach space E precisely when FE does not contain any complemented
subspace isomorphic to ¢;. This should be compared with the p-convex setting for p > 1, where
FBLP[E]** always behaves as the free dual p-convex Banach lattice over E (see Proposition 3.3.2),
or the category AL* of duals of AL-spaces (Section 3.4). Section 3.3.1 will be dedicated to initiate a
preliminary study of the connections between the existence of the free dual Banach lattice generated
by ¢1 and the understanding of w™*-closures of sublattices of duals of Banach lattices.

The last two sections are not necessarily related with the main topic of the chapter, but will
explore some other duality notions on (free) Banach lattices. Namely, Section 3.5 contains a result
in the spirit of [103, Proposition 3.2] for operators T" between Banach spaces that do not preserve
a copy of £1 complementably, or equivalently, such that their adjoint T* is order weakly compact.
Finally, in Section 3.6 we will present the (chronologically) first proof of one of the main result of
[27], that asserts that every lattice homomorphism on an AM-space attains its norm. Even though
a more elementary proof was obtained later, the argument that will be presented has interest on
its own as an example of how free Banach lattices can be applied to the study of problems in the
theory of general Banach lattices.
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3.1 An alternative representation of FBLP[E*] via local reflexivity

For convenience and generality, we will state the results of the following sections in the setting of
free p-convex Banach lattices. Let E, F' be Banach spaces and 1 < p < 0. For a function f : E — F
consider the following expression for 1 < p < o©

170t 5. _SUp{(Z|y ) o (i\x*m)\p);

m*GBE* i=1

N

1}, (3.1)

where y* € Bp«, (2;)/"y < E and m € N is arbitrary, and
HfHHOO(E,F) == sup || f(2)| - (3.2)
reBg

when p = c0. Let us denote
Hp(E, F) ={f: E — F: fis positively homogeneous and || f|l3 g r) <}

These spaces of non-linear positively homogeneous p-summing maps, which are Banach spaces with
the norm given by (3.1) (respectively (3.2)), are relevant in the study of lattice homomorphisms
between FBLP spaces (see [84, 103]). When F' = R, we can equip H,(E,R) with the pointwise
order and lattice operations, and it becomes a Banach lattice with the above norm. In particular,
for every Banach space E we have that Hy[E] = H,(E*,R).

Given a Banach space E, its dual E* embeds into H,(E**,R) through the isometric embedding
¢px defined by (¢ppxx*)(z**) = x™*(z*) for * € E* and z** € E**. In the same way, E* can be
embedded into #H,(E,R) by means of the identity map

Ve B* — H,(E,R)

¥ — Yprx® = x*,

which is again a linear isometry. Let us consider the composition operator

Cy, : Hp(E*™* R) — H,(E,R)
h—— Cy h=hoJg,

where Jg : E — E** is the canonical embedding. This operator is well defined and has norm one,

) sup <Z *(a )l= sup (iuwi(x*np); (3.3

:E*EBE* i=1 x*EBE* i=1
for every (z;)/", < E. It is also a lattice homomorphism, because H,(E,R) and H,(E**,R) are
equipped with the pointwise lattice operations, and it satisfies that Cj,¢p+ = ¥p=.

We can also define the “extension by zero” operator kg : Hp(E,R) — H,(E**,R) given by

g(J5ta*™*) if 2** e Jg(E),

) = for g € H,(E,R).
keg(z*") {0 it g ), Y »(E,R)

Lemma 3.1.1. For every Banach space E, kg : Hp(E,R) — Hy(E**,R) is a lattice isometric
embedding such that Cjykp = idy,(pRr). In particular, Hp(E**,R) contains a lattice isometric
copy of Hp(E,R) complemented by a lattice projection.

Proof. Let 1 < p < o0 (the case p = o follows with the obvious modifications). Firstly, let us check
that kg is well defined. Given g € H,(E,R), kgg is always positively homogeneous, since Jg(E)
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is a linear subspace of E** and ¢ is already positively homogeneous on E. In order to estimate

|k E9llyy, (g## r)» We choose an arbitrary sequence (z7*)iL; < E**, m € N, that we can assume

without loss of generality to be of the form {JExl, o JEBT, ,x;“:} for some 0 < n < m.

It follows by (3.3) that
" 1
p
- (Xlstear)
i=1

(li |’€E9(xf*)|p>; (Z \kpg(Jpx)|

=1

7y
<oy s (it @r)
»

x*eB E* i=1
" 1
p
= HQHH,,(ER Jup Z | Jpi(x >
*eBpx \;21
m 1
p
< ll9lla, r) Sup <Z > ;
T*€Bpx \;—1
50 ||kEglly, g+ r) < |19/l (£,r) and £p is well defined and bounded. On the other hand, given a

sequence (z;)"; € E we observe making use of (3.3) again that

(i \g(xmp)’l’ - (2 mEguExz-)rp)’l’

i=1

p
e [ —— (Zum )

|=

Z‘EBE* i=1
= el oy sup (2 2 @ |p> ,
x*eB B* i=1

so we can conclude that kg is an isometry. It can be easily checked that kg is a lattice homomor-
phism and that Cj kg = idy, (g Rr)- O

Remark 3.1.2. Note that Cj, is injective if and only if E is reflexive. Indeed, one implication
1s clear. To check the converse, assume that E is not reflexive. By the Hahn—Banach Theorem
there exists a mon-zero functional x*** € E*** such that x*** = 0 on Jg(F). Since E*** embeds
canonically into Hy(E**,R), we can see that Cj,z*** = *** o Jp = 0.

Nevertheless, if we consider instead FBLP[E*] as a sublattice of #H,(E**, R), we will see in
Proposition 3.1.5 that Cj, restricted to FBLP[E*] is an isometric embedding. For the proof of this
fact, we need first to recall the Principle of Local Reflexivity (cf. [46, Theorem 6.3]) and make a
careful analysis of the approximation parameters involved in the version given next.

Theorem 3.1.3. Let E be a Banach space. For any finite-dimensional subspaces U € E** and
V € E* and € > 0, there exists a linear isomorphism S of U onto S(U) S E such that||S| ||S~| <
1 +e€, 2*(Sx™) = a**(2*) for every x* € V and z** € U, and S is the identity on U n Jg(E).

In the proof given in [46, Theorem 6.3], in order to construct the operator S, a j-net { e, b,”;*}
of the unit sphere Sy satisfying some additional properties is needed, with § chosen in such a way

that .
146 1 146\
9(5).—1_5<1+5—51_5> <l+e

The operator S can then be defined, so that

(14671 <||Sbi*|| <1496
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for each ¢ = 1,...,n. Under these conditions, it is straightforward to check (see [46, Ex. 1.76]) that

146 . 1 1+6\7"
< —— <K|——=—0——= . 4
I8l < g and 57 < (g - 075 (3.4

In particular, S is invertible and || S|| |[S™!|| < 1 + €. The above estimates on the norm of S and its
inverse lead us to study the behaviour of 6 = §(¢) when € is small. The following technical lemma
shows more precisely how this dependence on € can be described.

Lemma 3.1.4. There exists some ey > 0 such that for any € € (0, o) there is a 6 = (e) € (0, 15)
such that 0(0) =1 + e.

Proof. Putting z = 1 4+ § and A = A(e) = 15, we can transform the equation 6(d5) = 1 + € into
g(2) = 0, where g(z) = 23 — A\22 + 2 — 2. Our goal is to show that, for every e small enough, g has a
real root zg = zg(€) such that 1 < zp < 1+ \. To do so, we will make use of Rouché’s Theorem (cf.
[50, Section VIIL.2]) to compare the polynomial g(z) with f(z) = 23 + 2 -2 = (2 — 1)(2%2 + 2 + 2),
which has a simple root when z = 1 and two complex-conjugate roots in the half-plane Re (z) < 0.

Let us consider the auxiliary function
da(r) = =1 — 34+ N)r? + (4 —2\)r — A,

Given r € (0,1), if ¢x(r) > 0, then|g(z) — f(z)| <|f(2)| for all z € dD(1,r), where D(1,r) is the
open disc of radius r centered at 1, and dD(1,r) is its boundary. Indeed, ¢, (r) > 0 if and only if

M1 +7)2 <r(4—3r—1r?).
In this situation,

19(2) — f(2)] = N2> < A1 +7)2 <r(4—3r —7r?)
<lz—1]12% + 2 + 2| =|f(2)]

for all z € dD(1,7), where the last inequality is obtained as follows: since e (z) = 1 —1r > 0 for
every z € 0D(1,r), we have that

1224242/ =(z=1)2+32+1] =32+ 1| =]z — 1]
>|Re(3z+1)| —r2=4—3r —r2

Now, evaluating at 7 = A we get that ¢y(A) = 3X — 502 — 2)\3, which is positive whenever \ is
positive and small enough. Let ¢y € (0,1) be such that ¢y(\) > 0 for every A € (0,¢p). Then, for
any € € (0,¢€p) the radius r = A(e) € (0, ¢ep) satisfies ¢y(r) > 0, so [g(z) — f(2)| <|f(2)| for every
z € 0D(1,r). Since f has only a simple root in D(1,r), Rouché’s Theorem allows us to conclude
that ¢ has a single root in D(1,r) as well, denoted zp.

Such zp must be real, because if zp € C\R, then its conjugate Zy would be a different root of g in
D(1,r), which leads to a contradiction. Thus, zp € (1 —r,1+ 7). In addition, zy > 1: if 25 < 1, then
we would have 0 = g(z9) = 25 — Az% + 20 — 2 < —Az2 < 0, which is also a contradiction. Taking
d(e) = zo0 — 1 > 0 the proof is concluded. O

In particular, from Lemma 3.1.4 it follows that in the proof of [46, Theorem 6.3] § can always be
chosen so that § — 0 whenever ¢ — 0. This will be necessary for the next result, that states that
for a dual Banach space E*, the norm of a function h € FBLP[E*] can be computed in a simpler
way by evaluating h only on elements of F, in contrast with the general formula (3.1), that requires
evaluations in the whole E**.
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Proposition 3.1.5. Let 1 < p < 0. The restriction of the operator Cy, to FBLP[E*| is a lattice
isometric embedding, that is, the norm of any element h € FBLP[E*] can be computed as

1 1
T —sup{<2|h eP) s e B s (Sater) <1}

CC*EBE* i=1

Proof. Let 1 < p < 0. First, we will show that ||| pppe(gs) = [Cughlla, & r) for every h € FVL[E*].
The inequality ||h||pprepge) = |Cughlln, s r) follows from [Cy, || < 1. In order to obtain the converse
inequality, we apply Theorem 3.1.3 to the space E. On the one hand, given (z*)"; < E**, let us
consider the finite-dimensional subspace U = span {z}*,...,z}*} < E**. On the other hand, we

can express a fixed h € FVL[E*] as

T T
h=\/ b=} — \/ du+y
j=1 k=1

for some (z7)j_, (y5)h=y S E*. Let V = span {«¥,y5,... 2}, y}} = E*. Under these circum-
stances, Theorem 3.1.3 yields that for every e > 0 there exists an isomorphism S : U — S(U) € E
such that || S| [|S7L|| < 1+ € and z*(Sz**) = 2**(2*) for every * € V and x** € U. From this last

property it follows that

Cyph(Sx}™) \/x (Sz*) \/y,’:(Saz;"*)
ke

r

=V e @) = \/ 2 (i) = h(z™).
k=1

j=1
Moreover,
1 1
m P m P
s (Rlp) = s (Nlswerr)
I*GBE* i=1 CE*EBE* i=1
" :
<Is*l o (L)
e*F*EBpyns \j_]
1
P
~ 8] sup (Z 2t (a )
x eB E¥ i=1

1
Thus, if we choose (v}*)/L; © E** satisfying sup,«cp,, (272 |77 (2)[")» < 1, it follows that

(i |h<x;k*>p)’l’ s (X |enn (357

i=1
for every ¢ > 0 small enough, where & has been chosen according to Lemma 3.1.4. Hence,
first letting ¢ — 0, and then taking the supremum over all the possible choices of function-
als (), < E**, m € N, satisfying the p-summability condition above, we conclude that

I”llppreiee = |Cuphln,Er) for every h € FVL[E*]. The result now follows from the fact that
FVL[E*] is dense in FBLP[E*].

1
PN\? 14946
)" < 551Gl s

The case p = o is straightforward, since every function h € FBL*[E*] is weak™ continuous in
Bpgsx [75, Theorem 5.3] and, by Goldstine’s Theorem (cf. [46, Theorem 3.96]), Jg(Bg) is weak*
dense in Bpsx. ]
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Remark 3.1.6. Note that R = kg o CJE|FBLp[E*] is a lattice isometric embedding of FBLP[E*]
into Hy|E*| = Hp(E**,R). When E is not reflexive, the image of this embedding is different from
the canonical copy of FBLP[E*]. Indeed, by construction every element of R(FBLP[E*]) vanishes
outside of Jg(E). Nevertheless, given x** € E**\Jg(FE), there is always a functional z* € E* such
that ¢pp=ax*(x**) = 2**(2*) # 0, so ¢ppxa™ € FBLP[E*| but ¢ppxx* ¢ R(FBLP[E*]) and hence

FBL?[E*] # R(FBL?[E*]).

3.2 FBLP[E**] embeds into FBLP[E]**

Using Proposition 3.1.5 we will show that FBLP[E**] embeds canonically into FBLP[E]** for any
1 < p < 0. Before the proof of this assertion, we need some observations. First, note that [11,
Corollary 2.7] also holds for FBLP[E], 1 < p < o, i.e., the lattice homomorphisms from FBLP[E]
to R (or, equivalently, the atoms of FBLP[E]*) are precisely the extensions z* of z* € E*.

Now, consider the embedding ¢ : E — FBLP[E] and its second adjoint ¢} : E** — FBLP[E|**.
Since FBLP[E]** is a p-convex Banach lattice with p-convexity constant 1 [88, Proposition 1.d.4],
it follows that ¢3* : FBLP[E**] — FBLP[E]** is a lattice homorphism with |¢5F[| = 1.

FBLP[E**]
pre
¢E**T L

E** —__ FBLP[E]**
K3k

¢
JE TJFBLP[E]

B FBL’[E]
E

This lattice homomorphism satisfies the following property.

Lemma 3.2.1. Let 1 < p < 0. For every h € FBLP[E**] and z* € E*

P h(z¥) = Cy h(z®).

Proof. Given z* € E*, the functional ¥+ = JFBLP[E]*E; e FBLP[E]*** is a lattice homomorphism.

Hence, 1), gg*E\* is a lattice homomorphism between FBLP[ E**] and R such that for every z** € E**
we have

Var O3 e (177) = Pan 63 (27) = @ 2™ (%)

— 2™ (Pha*) = ¥ (2¥) = Jpwa® ().

Hence, ,x @d)];** = Jgxx*. The uniqueness of extension allows us to conclude that wz*q/ﬁg"‘ =
Jp=x*. Thus, for every h € FBLP[E**] we have

GEFR(T¥) = pa i (h) = Tgex*(h) = h(Jgsa™) = Cy_, h(z*),
as claimed. 0

This property, together with Proposition 3.1.5, allows us to show the next result.

Theorem 3.2.2. Let E be a Banach space and 1 < p < oo. The canonical extension qg’;;\* :
FBLP[E**] — FBLP[E]** is a lattice isometric embedding.
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Proof. We begin by proving the case p < oo. First, recall that g}‘;* has norm one, so for every
h € FBLP[E**] we have

IGFA < leppogzes -
To obtain the reverse inequality, let us fix a function h € FBLP[E**] and ()", < E* such that

1

sup (Z |z (x ) <1

xGBE i=1

We claim that

B =

<Z |cJE*h<xz‘>|P) < %] (3.5)

i=1
Indeed, by Lemma 3.2.1 we have that

(Z |cJE*h<m7>\p)p _ (Z G |”)
i=1 i=1
- g (S0t <157
=1

where the coefficients 0; are defined as

1

S

0, = sen(Fh(E)) [GE(TF (Z TN )

In order to estimate the norm of >, 6’,-;? € FBLP[E]*, let us evaluate it on f € FBLP[E] and
then apply Hélder’s inequality with exponent p as follows:

) <i_§’i|eif<x:<>
- (S ) i DI 7@

=1

(2 @h@»”); (Z TR >) (Sisarr)

1=

3

—_

- (Z rf<x:<>|”)p < | flrperis

i=1

Therefore, we have that |3, Gia/c% || < 1, and inequality (3.5) follows. By Proposition 3.1.5, we
conclude that

HhHFBLP[E**] = ||CJE*hHHP ||¢ *hll

for every h € FBLP[E**], so (EE\* is a lattice isometric embedding.

In order to prove the case p = o0, just note that by Proposition 3.1.5 and Lemma 3.2.1 we have

|65 < Ihllppropmes = [Cophlly, g = s |Cupuhi(a®)]
w[E]

T EBE*

= sup |ph(z%)| < |0FR| .

:D*EBE*
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Remark 3.2.3. Note that the map gg\* considered in Theorem 3.2.2 is not surjective as long as
dim(E) > 1. Indeed, this can be seen as a consequence of the fact that FBLP[E] is not Dedekind
complete [103, Proposition 2.11].

Remark 3.2.4. It can be checked that the canonical embedding Jepre(p) : FBLP[E] — FBLP[E]**

can be factored as Jpprr(p) = a*E\*jE:

FBLP[E]**

JFBLP[E _
o5

FBL?[E] —— FBLP[E**]

JE
¢ET T¢E**

EF— s p**
JE

Indeed, for every x € E it follows that
g*E\*jE¢E($) = (E*E\*¢E**JE(:U) = ¢o% Je(x) = JpprrpPE(T).

We have that Jpgrr(g) and a*E\*jE are lattice homomorphisms which coincide on the image of ¢g,

and thus they coincide on FBLP[E]|. This immediately yields that qg*E\* s an tsometry on the image
of Jg. Hence, Theorem 3.2.2 can be considered as a strengthening of this simple fact.

The following corollary is just a direct consequence of Theorem 3.2.2 and the Principle of Local
Reflexivity (Theorem 3.1.3).

Corollary 3.2.5. Let E be a Banach space and 1 < p < o0. Then FBLP[E**] is finitely repre-
sentable in FBLP[E], i.e., for every finite-dimensional subspace F' < FBLP[E**| and every e > 0
there is a linear isomorphism T of F onto T(F) < FBLP[E] such that||T|| ||T~|| < 1+e¢. Moreover,

T =75 on Jg(FBLP[E]) N F.

Using [22, Theorem 2] instead we can obtain a lattice version of Corollary 3.2.5. This answers a
natural question raised by an anonymous referee of the paper [56].

Corollary 3.2.6. Let E be a Banach space and 1 < p < . Then FBLP[E**| is lattice finitely
representable in FBLP[E], i.e., for every finite-dimensional sublattice X < FBLP[E**| and every
€ > 0 there is a lattice isomorphism T of X onto T(X) € FBLP[E] such that||T|| |T7| < 1+e.

Note that, in contrast with the Banach space case described in Corollary 3.2.5, the Principle of
Local Reflexivity for Banach lattices stated in [22] cannot be used to conclude that T' = 7;;1 on
Je(FBLP[E]) n X. However, Proposition 3.1.5 together with an argument from [102] for computing
the norm locally allow us to prove an improved version of Corollary 3.2.6.

Theorem 3.2.7. Let E be a Banach space and 1 < p < o0. Then FBLP[E**| is lattice finitely
representable in FBLP[E], i.e., for every finite-dimensional sublattice X < FBLP[E**]| and every
€ > 0 there is a lattice isomorphism T of X onto T(X) < FBLP[E] such that |T||||T']| < 1 +e.

Moreover, if X € FVL[E**] then T = J' on Jg(FBLP[E]) N X.

Proof. Let us assume first that the statement is true for every finite-dimensional sublattice
Y < FVL[E**]. Given a finite-dimensional sublattice X < FBLP[E**], we consider fi,...,fyv € X
positive, normalized and pairwise disjoint elements that span X.

Claim: Given a Banach space F' and fi,..., fy € FBLP[F'] positive and pairwise disjoint vec-
tors, for every & > 0 there exist gi,...,gn € FVL[F] positive and pairwise disjoint such that
[fn = gnllpprrpr) < 0 for every n=1,..., N.



76 3 Duality on free Banach lattices

We will prove this claim by induction on N. The case N = 1 is trivial, since FVL[F]; is
dense in FBLP[F]. Now, assume the claim holds for N > 1 vectors, and let us show that it is
also true for fi,..., fy+1 € FBLP[F] positive and pairwise disjoint vectors. Apply the induction
hypothesis to find hi,...,hn,hyy+1 € FVL[F], such that hy,...,hy are pairwise disjoint and
frn — hnHFBLp[F] < ﬁ for every n = 1,...,N + 1. Define g, = hy, — hp A hyi1 forn=1,...,N
and gn+1 = hy+1 —h A hyi1, where h = 25:1 hy. It is easy to check that the vectors g1,...,9n+1
are positive and pairwise disjoint. Moreover, we have the following inequalities:

| A hnt] <[fn = hal A hngt + fo AlfN+1 = vl + fo A fys
<|fo — ho| +|fN+1 — hnga],n=1,...,N,

N N
|h A hivg]| < Z |hn A Wyt < Z |fn = hnl + N|fni1 — hnyl.
n=1 n=1

Therefore,

|fn _gn| <|fn - hn| +|hn N hN+1’
< 2|fn — hnl +|fvs1 — hnga|,n=1,...,N,

|fv+1 — gn+1] <|fn41— A +|h A hvial

N

n=1

Taking norms we obtain the claim.

Now, let us fix € > 0 and consider 6 = J§(¢) > 0 small. We can apply the claim to obtain
g1, .-.,9n € FVL[E**] positive and pairwise disjoint such that || f, — gnHFBLp[E**] < ¢4 for every
n=1,...,N. Denote by Y € FVL[E**] the subspace generated by these elements, which is already
a sublattice. We can define a surjective lattice isomorphism R : X — Y given by

N N
n=1 n=1

Moreover, using our initial assumption we can find a lattice embedding @ : Y — FBLP[E]
with | Q| |Q~ Y| < 1 + §. Choosing § sufficiently small we can obtain T = QR from X onto
T(X) < FBLP[E] with distortion below 1 + e.

Thus, it suffices to show that for every finite-dimensional sublattice Y € FVL[E**] and every
€ > 0 there is a lattice embedding T of Y into FBL?[E] such that | T|| ||T7}|| <1 +e.

Let Y and € be as above and consider 6 > 0 to be chosen later. Since Y < FVL[E**], we
can find a finite-dimensional subspace F' € E** such that Y < lat(¢g+«(F')). Analogously, if
we denote Yy = Jg(FVL[E]) nY, there exists a finite-dimensional subspace Fy = E such that
Yo € lat(¢ppsx Jp(Fo)). We can assume without loss of generality that Jg(Fy) < F'. Now, using [102,
Proposition 4.4 and Remark 4.7] we can find a finite-dimensional subspace G € E** containing F’
such that

1hllppLeipee) <IPllpsLepe) < (L4 0)l|PllppLepes)

for every h € Y. Now, consider a J-net (hj)‘j]:1

use Proposition 3.1.5 to choose functionals x;’-‘l, .

in the compact set Sy =Y N Spprr[gx+]. We can
., @] ¢ € E* such that

3=

K
sup ( |x;‘k(m‘)p) <1,
k=1

IEBE
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and 1
K 1

P
1= s egnsgeny < (33 50 Jon (50 40
k=1

for every 7 = 1,...,J. Let V be the finite-dimensional subspace of E* generated by these (x;kk)
and apply Theorem 3.1.3 with G and V to obtain a linear isomorphism S : G — E such that
IS| IS~ < 146, SJg = idp on J;*(G) (in particular, on Fy), and 2*(Sz**) = x**(2*) for every
x* e V and x** € G. Moreover, according to Lemma 3.1.4 we can assume that

1+6

<
ISl <

Let S : FBLP[G] — FBLP[E] be the lattice homomorphism extension of ¢5S. We claim that
T = S‘Y : (Y,||-||FBLP[E**]) — FBLP[E] is a lattice embedding with distortion close to 1 for ¢ small

enough. To check this, first note that ||S|| =||S|| and

ISkl pprepz < ISHIRIpsLerc) < (1 + OIS AllppLopmes)

for every h € Y, so T is bounded. On the other hand, given h € Y and z* € V it is straightforward
to check that Sh(z*) = h o Jg«(2*). In particular, for every j = 1,...,J we have

=
—

K P K )
ISttt > (X Brs(al ) = (S lhsoJmm(epl) > 15

k=1 k=1

Since (h;) is a d-net on Sy, for every h € Sy there is a j such that ||h — thFBL,,[ < 6, and thus

Ex¥]

||§h”FBLP[E] = H?thFBLP[E] - ||§(h - hj)HFBLp[E]
>1-6-6(1+6)S|>1-30

for ¢ small enough. We conclude that

(1+9)?
1—-6

(1+9)?

Il < A0 -30)’

T < and || 7| |T71]| <

1-36

so choosing ¢ sufficiently small we can obtain T from Y onto T(Y) < FBLP[E] with distortion
below 1 + €.

Finally, in order to obtain the last part of the statement, consider h € Yp, that can be expressed

as
h=Jg (\/ PET; — \/ ¢Eyz‘)
i=1 i=1

with (2;)™ 1, (y;)™, < Fp. Using that S Jg¢r = SJg = idg on Fy we conclude that Th = jglh
for every h € Yy. Noting that Yy is dense in Jg(FBLP[E]) N Y the argument is concluded. O

3.2.1 Related constructions

Recall that in the setting of co-convex Banach lattices, FBL*[FE] coincides with the lattice of posi-
tively homogeneous weak™® continuous functions over Bpx, denoted by Cpp,(Bg+) [103, Proposition
2.2]. Therefore, Theorem 3.2.2 asserts that Cpp,(Bps++) embeds isometrically into Cpp(Bgx)**. A
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similar statement holds if we replace the spaces of positively homogeneous functions with the whole
space of weak* continuous functions over the corresponding unit balls. Indeed, for any Banach space
E the Banach lattice C(Bpg+) behaves as the free object over E in the subcategory of C'(K)-spaces
(i.e., AM-spaces with an order unit that induces the norm) in the following sense (cf. [75, Theorem
5.4]):

Theorem 3.2.8. Let E be a Banach space. For every compact Hausdorff space K and every
operator T = E — C(K), there exists a unique lattice homomorphism T : C(Bg«) — C(K) such
that Tép = T and Tlgs = ||T|| 1k, where 65 : E — C(Bgx) denotes the isometric embedding
that sends each x € E to the evaluation function dpx(x*) = x*(x) for * € Bgx, and 1gx and 1x
denote the constant functions over Bgx and K, respectively. Moreover, | T|| =||T.

In particular, given a Banach space E and its canonical embedding dg, we can consider the
operator 03 : E** — C(Bpg+)**, which is an isometric embedding too. Note that C(Bpgx)** is
an AM-space with order unit Jo(p,,)Lg+. Moreover, the norm in C(Bg#)** coincides with the
order unit norm induced by Je(p,,)Lex, so by Kakutani’s Theorem (cf. [96, Theorem 2.1.3])
C(Bpg#*)*™ is lattice isometric to some C(K)-space. Consequently, Theorem 3.2.8 yields that there
exists a unique lattice homomorphism (5%* : C(Bg#sx) — C(Bg)** such that (%“(515** = 03" and
6%:"]1];*** = JC(BE*)]IE*- Moreover, 5%;“ is contractive.

5**
¢E**T q

E* — 5 C(Bps)*

5E*
JET TJC(BE*)

E——— C(Bpx)
E

As it was mentioned above, there is an analogue of Theorem 3.2.2 for this operator.

Theorem 3.2.9. Let E be a Banach space. Then the operator (5%* : C(Bgssx) — C(Bg)** is a
lattice isometric embedding.

Proof. On the one hand, we observe that the composition operator

CJE* : C(BE***) — goo(BE*)
h'—>CJE*h=hOJE*

is a lattice isometric embedding as a consequence of Goldstine’s Theorem (cf. [46, Theorem 3.96]).

On the other hand, we observe that if we denote by d,+ the evaluation functional on z* € Bgx

defined as
595* : C(BE*) — R

fr—=00x(f) = f(2%),

then for every h € L := lat(dps+ (E**) U {1 g#++}) € C(Bpg##+) and 2* € Bps the following identity
holds: N
05 h(0zx) = Cypy h(z™).

Indeed, the equation is trivially true if h = 1 gs#x, and it follows easily when h = dgx=2™* for any
x** e E** since 050,+ = x*. Moreover, 0.+ is a lattice homomorphism from C(Bgx) to R and
thus, an atom in C'(Bgx)*, so JO(B g )* 0.+ 1s also a lattice homomorphism. Since any h € L can be
represented as a finite lattice-linear expression depending only on some (dgs+x}™*)" | and 1 gsss,

and Uy, is a lattice homomorphism, we obtain the identity.

Now, for every h € L it follows that
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1hllsyee) = 1Comehll, 5,y = U [Crpehla®) = sup |SE(E)]

x*EBE* LL‘*EBE*
S 0E Pl eipypyer < NOE M08 ) = 1Plo(B gass) -

Since the sublattice L is dense in C(Bg#+x) by Stone-Weierstrafy’s Theorem (cf. [96, Theorem 2.1]),
we conclude that

hlletsme) = 1Al o
for every h € C(Bgssx). O

Going back to free Banach lattices, we can show an analogue of Theorem 3.2.2 when the biduals
are replaced by ultraproducts. Throughout this subsection, we will be using the notation of [66].
Recall that given an index set I, a family of Banach spaces (E;);er and an ultrafilter il over the set
I, the ultraproduct (E;)y of the family of Banach spaces (E;)ier with respect to the ultrafilter 81 is
defined as the quotient

(o (E2)ict /N,

where (o (E;);er is the space of norm-bounded sequences (z;);e; with z; € E; and Ny denotes the
subspace of sequences such that limy ||x;| = 0. The equivalence class in (E;)y of a sequence (z;)ier
will be denoted by (z;)y, and its quotient norm can be computed easily as

i)ull = lim [l .
I()ul = tim ]

If (E;)ier and (F;);es are families of Banach spaces and (7;);e; is a family of operators T; : E; — F;
such that sup,e; || T3] < 0o, then the ultraproduct of the family of operators (T;)er is defined as the
operator
(T3)u = (Ei)y — (Fi)y
(zi)y — (Lizi)y.
It can be checked that
(Tl = tim ;]

We refer the reader to [66] and the bibliography therein for a complete introduction to ultraprod-
ucts and a selection of the main results in the topic. For instance, we will be constantly using the
fact that the class of Banach lattices is stable under ultraproducts (see [66, Proposition 3.2]).

Now, let (E;);er be a family of Banach spaces index by I, 4l an ultrafilter over / and 1 <p < w a
fixed exponent. Consider the canonical embeddings ¢; = ¢, : E; — FBLP[E;]. Since sup;e; ||¢:] =
1, we can define

D= (¢i)u:  (Ei)u— (FBLP[E;])y
z = (v;)y — P = (dizi)y,

which is an isometric embedding:

Pzl =i il =i | = .
@] = lim iz = tim |:] = [

Note that (FBLP[E;])y is a p-convex Banach lattice with p-convexity constant 1 (the functional
calculus in the ultraproduct of Banach lattices can be defined as the limit along i{ of the corre-
sponding functional calculus in each factor, and the p-sum and the limit along 4 commute, as the
p-sum is a continuous function of a finite number of variables), so there exists a unique lattice
homomorphism @ : FBLP[(E;)y] — (FBL?[E;])y such that dggb(Ei)u — @ and |@] = |P| = 1. We
can compute explicitly o f for any f € FVL[(E;)y]. Indeed, if we put

n

f = \/d)(El)ux] - \/ ¢(Ei)uyj
j=1

Jj=1
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for some x; = (;4)u, ¥; = (Yji)u € (Ei)y, 7 =1,...,n, it follows that

Of = \/ P55 - \/ B)WYi = \/45% \/@%
= =1 i
(¢ix] i \/ ¢Zyj i (\/ QZ)zx] i \/ ¢Zyj z> fz)
J=1 J=1
where

= \/ ¢iwji — \/ diyji € FVL[E]
j=1 j=1

is the same expression used to represent f, this time evaluated in the i-th component of each x;,y;.

Theorem 3.2.10. The map & : FBL?[(E;)y] — (FBL?[E;])y is a lattice isometric embedding.

Proof. First of all, recall (see [66, Section 7]) that there is a canonical isometric embedding of (E})q,
the ultraproduct of the duals, into (£;), the dual of the ultraproduct, given by

Jo (B )y — (Eig
¥ = ( )u —> Jﬂ:‘ ( )u = hmu xf(wl) V(l‘l)u € (Ez)u

Abusing the notation, we will simply assume that (E;")y is contained in (E;){i. Now, let us fix

=\ den \n/qs o83 € FVL(E)q]

Jj=1 Jj=

and (f;)ier as above. We can compute f evaluated in a functional z* = (z¥)y € (Ef)y as

f(F) = \/F(ajy) - \/F(yj) = \/hmxf(x] z) - \/hmx;"(yj z)
7j=1 7j=1 7=1 J=1
n n (3.6)
~tign (/) = V7 050) ) = tin )

Moreover, since continuous functions (in particular, p-sums) commute with limy, we get that

@1 'f(x’t)'pf =ty (i |fi<%>|p>;

for every zf = (z} )y € (Ef)y, k = 1,...,m. Any such choice of functionals in (E})y will also

satisfy that
1 1
P
hm sup <Z |:U,“ ) < sup (Z |z (x > . (3.7)
x; EBE l’EB(E Jouo Ne=1

Indeed, for every § > 0 and ¢ € I we can pick z; € Bg, such that

N T
sup (Zmz,i(xi)v@) <(Z|x;:,,~<zi>|p) 5,
k=1 k=1

sz‘GBEi

SO
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1 1
mo » mo P
lim [ sup (Z ’.le(xl)’p) < lim <2 \le(zz)]p> +9
u z;€Bp, k=1 ' 4 k=1 7
1
mo P mo_ p
< <Z ]a:;:(z)|p> +6< sup (Z xZ(m’)!p) + 6,
k=1

where z = (z;)u € B(g,),- Taking § — 0 we recover (3.7).

Next, let us fix (z})7, < (E;)fi and ¢ > 0, and apply the Theorem of local duality of ul-
traproducts (cf. [66, Theorem 7.3]) to find a (1 + ¢)-isomorphism T' : M = span{z}}}", —
T(M) < (E})y satisfying that T|Mm(sz<)u = idyrn(gr), and Tz*(z) = z*(x) for every z* € M
and z € {x1,y1,...,Zn,Yn}. Moreover, according to the proof provided in [66], T can be chosen
contractive. It follows that

(Y rator) = s (X0 eear)

2€B(m;)y

H
hSAl

k=1 €B(E;) \Lk=1
m :
< sw (Z |y**<xz>|P) (3.8)
y**EB(Ei)ﬁ* k=1

m P
sup ( rmz<x>rp) |
2€B(E;)y \E=1

where in the inequality we have used that T%J g, = € | T*| B+ = By+ extends to some y** €
B(g,)z+. Moreover, for every x* € M, we have
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Therefore, denoting by Tz} = z} = (2} )y € (E})y and combining (3.9), (3.6), (3.7) and (3.8),
together with the fact that (R)g is a Banach algebra (cf. [66, Proposition 3.1]), we obtain that
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It follows that | f| < |@f] for every f € FVL[(E;)g]. Since |®| = 1, we conclude that & is an
isometry in FVL[(E;)y], and hence in FBLP[(E};)y]. O
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3.3 Free p-convex dual Banach lattices

The present section will be devoted to studying the existence of free objects in the category of
duals of Banach lattices (and the subcategories of p-convex Banach lattices). Given 1 < p < o,
we denote by BL*®) the category whose objects are p-convex Banach lattices which are duals
of Banach lattices, and whose morphisms are weak*-to-weak* continuous (equivalently, adjoint)
lattice homomorphisms.

Remark 3.3.1. Observe that when p > 1 every object X* of the category BL*®) is canonically
lattice complemented in its bidual X ***. Consider the contractive adjoint operator Ji : X*** — X*.
Indeed, since X* is p-convex, X must be p*-concave, where p* = p%l < @ (cf. [88, Proposition
1.d.4]). The p*-concavity of X for finite p* implies that X is order continuous, and thus it is
an ideal in X** (cf. [5, Theorems 4.9 and 4.14]). In other words, the canonical embedding Jx
is an interval preserving isometric embedding, so J% is a contractive weak*-to-weak* continuous
onto lattice homomorphism (cf. [96, Theorem 1.4.19]). Finally, the composition with the canonical

embedding Jx+ yields a lattice projection.

The remark above will be key to show that FBLP[E]**, the bidual of FBLP[E], satisfies the
universal property of the free object in the category BL*®) with respect to the Banach space F
when p > 1:

Proposition 3.3.2. Let E be a Banach space and 1 < p < co. Then, for every p-convex Banach
lattice X* which is the dual of some Banach lattice and every operator T : E — X* there ex-
ists a unique weak*-to-weak* continuous lattice homomorphism T : FBLP[E]** — X*, such that
TJFBL?[EWE = T. Moreover, |T| < M®)(X*)||T|.

We can then say that FBLP[E]** is the free p-convexr dual Banach lattice generated by E.

Proof. Since X™* is p-convex, we can consider the following commutative diagram, where T is the
unique extension of 7' to FBLP[E] as a lattice homomorphism:

FBLP[E]** —1%, xwes

JFBLP[E]T J(J;*}

FBLF[E] —— X*

o 4

E

Since J% is a norm one, weak*™-to-weak™ continuous lattice homomorphism satisfying J% Jx+ =
idxx, it follows that the operator T' := J}‘}f** is also a weak*-to-weak*® continuous lattice ho-
momorphism such that TJFBLp[E]¢E = T and ||T| < M®(X)||T||. Now, suppose there ex-
ists another weak*-to-weak™® continuous lattice homomorphism S : FBLP[E]** — X* satisfying
SJpprrp1¢E = T. The uniqueness of extension of T' to FBLP[E] implies that SJppreig) = T
Since Jpprr[g) has weak™® dense range and both 7" and S are weak*-to-weak* continuous, they are
uniquely determined by their values on Jygpe(g)(FBLP[E]). Hence, T' = S. O]

Remark 3.3.3. The previous argument cannot be applied to the case p = 1 because there exists
objects of BL* that do not have an order continuous predual (see [51] for a characterization of
this property). Consider for instance M[0,1], the space of Borel measures over the interval [0, 1],
which is the dual of the Banach lattice C[0,1] but does not have any order continuous predual.
Indeed, M|0,1] is an AL-space, so by [96, Proposition 1.4.7], all its predual Banach lattices must
be AM-spaces. Since the only order continuous AM-spaces are of the form co(I") for some set I’
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[96, Lemma 2.7.12] and the dual of co(I") is £1(I), which is never isomorphic to M0, 1] (note that
L1]0,1] lattice embeds into M[0,1] but not into £1(I")), we conclude that M[0,1] does not have an
order continuous predual.

However, we can still define a free object in the category BL* of duals of Banach lattices in the
following sense.

Definition 3.3.4. Let E be a Banach space. The free dual Banach lattice over E is a Banach
lattice FBL*[E] which is the dual of some other Banach lattice Zg, together with a linear isometric
embedding 1p : E — FBL*[E], such that for every operator T from E to X*, the dual of a Banach
lattice X, there exists a unique weak*-to-weak* continuous lattice homomorphism T : FBL*[E] —
X*, such that Tvg = T, and moreover, |T| =||T)|.

By standard arguments it can be proved that whenever this object exists, it is unique in the
category BL*. However, we do not know whether such a free object exists for every Banach space
E. The natural candidate to satisfy this definition is FBL[E]**. Nevertheless, we cannot hope for
Proposition 3.3.2 to be true in general when p = 1, as the following example shows.

Proposition 3.3.5. Let X* be the dual of a Banach lattice such that X* does not admit an
order continuous predual (take for instance X* = M(0,1) as mentioned in Remark 3.3.3). The
pair (FBL[X*]**, Kx«) does not have the universal property of Definition 3.5./, where Kxx =
JrBLx*)¢x*. More specifically, the identity operator idx= on X* cannot be extended to a weak™-
to-weak* continuous lattice homomorphism idxs : FBL[X*|** — X* such that idxs Kxs = idxs.

Proof. Suppose that there exists a weak*-to-weak* continuous lattice homomorphism idx+

FBL[X*]** — X* such that idysKx# = idx+. Let S : X — FBL[X*]* be such that S* = idxx.
Note that idy is an onto lattice homomorphism, so S must be an interval preserving embedding
as a consequence of the Open Mapping Principle (cf. [46, Exercise 2.49]) and [96, Theorem 1.4.19].

On the other hand, since idx#K x+ = idys and idy JrBL[x*] Is a lattice homomorphism, the
uniqueness of extension of idx+ to FBL[X*] implies that idx« JeBL[x*] = i/EiX*. Considering the

adjoint of this operator and composing it by the right with Jx, the canonical embedding of X into
its bidual, we get that

’fd;*JX = J;BL[X*]’LH;*JX = Jl«:kBL[X*]S**JX

where in the last equality we have used that J;BL[X*]JFBL[X*]* = idppp[x*]*. Using again the
Open Mapping Principle (cf. [46, Exercise 2.49]) and [96, Theorem 1.4.19] it is easy to check that

id,y v+ is an interval preserving embedding (in particular, it is injective). Thus, for every x € X it
follows that

idxx (Jx[0,2]) = S[0,2] = [0, Sz] = [0, idxs (Jxx)] = idys[0, Jxz],

so Jx[0,z] = [0, Jxx] and Jx is interval preserving. This is equivalent to Jx (X) being an ideal of
X**, so by [96, Theorem 2.4.2] X must be order continuous, which is a contradiction. O

Remark 3.3.6. A similar argument can be used to show that the bidual X*** of a Banach lattice
X* that does not admit an order continuous predual, together with the embedding Jx= : X* — X***,
cannot be a free object in the category BL* with respect to the category BL: the existence of a weak*
to-weak* continuous lattice homomorphism idxs @ X*** — X* such that idx+Jx+ = idx+ would
imply that the canonical embedding of the predual, Jx : X — X**, is the preadjoint of idxx, and
hence, an interval preserving embedding, which is not possible.
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This shows that, in general, FBL[E]** is not the free object over the Banach space F in the sense
of Definition 3.3.4. However, we can provide a characterization of when FBL[E|** = FBL*[E].

Theorem 3.3.7. Let E be a Banach space. The following are equivalent:

(1) E does not contain a complemented subspace isomorphic to ¢y.

(2) The pair (FBLIE]**, Kg), with Kg = Jypr[g)¢E, coincides in the category BL® with the free
dual Banach lattice over E, (FBL*[E],tg).

Proof. (1) = (2) Let X be a Banach lattice and 7' : E — X* an operator. By [23, Theorem 4],
E does not contain a complemented copy of ¢; if and only if E* does not contain a copy of cy.
Thus, applying [58, Theorem 1.2] we obtain that the operator T*Jx : X — E* can be factored
as T*Jx = SR, where R: X — Z, S : 7Z — E* and Z is an order continuous Banach lattice.
Moreover, Z is the norm completion of a quotient of X by an ideal, and R is the canonical quotient,
so it is a lattice homomorphism, and, by [114, Proposition II1.2.5], it is almost interval preserving.
Note that, in particular, T = R*S*Jg, and we can consider the following commutative diagram:

S/*TE**

FBL[E]** 22 7+

JFBL[E]T J{Jﬁ

FBL[E] 22, 7% _B*, x

Since Z is order continuous, by [96, Theorem 2.4.2] Jz must be interval preserving, so using [96,

Theorem 1.4.19] we conclude that the operator T = R*.J ;(ST"_E)** is a weak*-to-weak™ continuous
lattice homomorphism such that 7 JepLiE)®E = T. That this extension is unique follows from the
universal property of FBL[FE] and the weak™* density of FBL[E] inside its bidual. Since || R|| <||T|
and||S]| < 1 by construction (see the proof in [58, Theorem 1.2] for the details), it is straightforward
to check that ||T|| = ||T||. Thus, we have proved that the pair (FBL[E]**, JrBL[E|PE) satisfies the
conditions of Definition 3.3.4.

(2) = (1) Let us suppose that the pair (FBL[E]**, Kg) has the universal property of Definition 3.3.4
but E contains a complemented copy of ¢1. In particular, there exists a quotient P : E — £;. Let us
consider the separable space L1[0, 1], which is a quotient of ¢; through a certain @ : ¢; — L[0, 1],
and the operator R : L1[0,1] — M]J0, 1] given by

Rg(A) = L gdA,

for each Borel set A < [0,1] and g € L1[0,1], where A denotes the Lebesgue measure over [0, 1].
Note that R(Br,[0,1]) is weak™ dense in Byyjp 1}- Indeed, given t € [0,1], let (I;,)n be a sequence
of intervals of [0, 1] of length % decreasing to {t}. Then, it is straightforward to check that the
measures fig, = Al n) ' Rx1,,, € R(Bp,[0,1]) converge weak* to &, the pointwise evaluation on
t. Thus, {idt .t € [0, 1]}, which is the set of extreme points of B[o1) [96, Proposition 2.1.2], is
contained in the w*-closure of R(Bp, [0,1])- By Krein-Milman Theorem, we conclude that the whole
Bq(o,1] lies in the w*-closure of R(Br,(0,1])-

FBL[E]**

Kg

—
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Now, consider the operator T'= RQP : E — M]0,1]. By our assumption, there exists a weak™*-
to-weal* continuous lattice homomorphism 7' : FBL[E]** — M]J0,1] such that TKp = T. We
claim that 7 is onto. Indeed, fix some p € Bjo,1]- We have seen above that R(Bp,[g,1)) is weak™
dense in By(o,1], 0 there exists some net (ga)a S Br,[0,1] sSuch that (Rga)a converges weak™® to .
Since QP is onto, by the Open Mapping Theorem [46, Corollary 2.26] there exists some r > 0 such
that Br 1] S QP(rBg). Hence, we can find a bounded net (z,)q € E such that QPz, = ga.
Now, using the weak™ compactness of Bppyg)++, we can extract a subnet (zs5)s S (Ta)a such
that (Kpzg)s is weak™ convergent to some f** € FBL[E]**. Evaluating on 7' we obtain that
TKE:%» = Rygp converges weak® to both p and Tr** so u = Tf* and T is an onto lattice
homomorphism. By [114, Proposition I1.2.5], this implies that T is also interval preserving. Let
S : C[0,1] — FBL[E]* be an operator such that T' = S*. By the Open Mapping Principle (cf. [46,
Exercise 2.49]) and [96, Theorem 1.4.19] it follows that S must be an interval preserving lattice
embedding of C[0, 1] into FBL[E]*.

Note that FBL[E]* is a dual of a Banach lattice, so in particular it is (0-)Dedekind complete.
Clearly, C[0,1] is not o-Dedekind complete. Since any ideal of a o-Dedekind complete Banach
lattice is again o-Dedekind complete, it follows that C[0,1] cannot be embedded as an ideal in
FBL[E]*. Thus, E cannot contain a complemented copy of ;. O

It remains an open question whether FBL*[ E] exists when E contains a complemented subspace
isomorphic to ¢;. The following result provides some properties that FBL*[ E] must satisfy, in case
it exists. Note that all of them become trivial when FBL*[E] happens to coincide with FBL[E]**,
that is, when E does not contain a complemented copy of ¢7.

Lemma 3.3.8. Let E be a Banach space, and assume that FBL*[E] exists. Then:

(1) The unique extension iy : FBL[E] — FBL*[E] of g as a lattice homomorphism is an isometric
embedding.

(2) Kg : FBL*[E] — FBL[E]** is an onto interval preserving lattice homomorphism, where Kg =
JEBLE|PE-

(3) Z\E(FBL[E])M< is a subspace of FBL*[E] linearly isometric to FBL[E|**, and it is complemented
in FBL*[E] by means of a positive contractive weak*-to-weak™® continuous projection given by
J}EZ*E*K B

(4) FBL[E]* embeds isometrically in Zg as an ideal, and it is complemented in Zg by means of a
positive contractive projection.

Proof. (1) Note that

Kgpip¢r = Kptp = Kg = Jepr[p)PE-
Since both Kgig and Jrpr[E] are lattice homomorphisms, the uniqueness of extension of operators
to FBL[E] implies that Kgip = JrpLE]- Now, using that Jppy[g) is an isometric embedding and
both 7 and K have norm one, we obtain that

ks = esLe fllegpgyes <Ieefllepie <|fllesrie

for every f € FBL[E].

(2) First, let us show that Kp is onto. Given some f** € Brgy[g)#+, by Goldstine’s Theorem we
know that there exists a net (fa)a S Brprg) such that (Jppr(g]fa)a is weak™ convergent to f**
in FBL[E]**. Now, observe that (tgfa)a S Bppr*[g], Which is a weak™ compact set, so there

exists a subnet (ipfs)s weak™ convergent to some z* € Bpppxg). Using that Kpg is weak*-to-
weak* continuous and satisfies Kpip = Jrpr[E], We conclude that f** = Kpz*. Thus, Kg is an
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onto lattice homomorphism, and by [114, Proposition I1.2.5], it follows that it is interval preserving.
(3) Consider the operator J3 73" : FBL[E]** — FBL*[E]. Using that J7 7% 1s the identity on
Zy, = FBL*[E], it follows that

KpJ}, U5 JepLie) = REJEEJZLEZE = Kplp = Jrpia)-

Since KpJ; 13" is weak*-to-weak™® continuous and Jppp[g] has weak™ dense range, we conclude

that K ), A** = idppy[gp++. This implies that J7 77" is an isometric embedding. Indeed, given
any f** e FBL[E]"""7 we have

Hf**HFBL = |KeJz, 05 *”FBL[E]**

<|J3 “**f**HFBL* g1 < eprpmpes

The next step is to show that the range of J7 77" is the subspace Ug = 1p(FBL[E]) " The inclu-
sion J7 15 (FBLIE]*™) < Ug is straightforward since J3 13" is weak*-to-weak™ continuous and
JrBLE] "has weak* dense range. To check the reverse 1nclus10n let z* € Ug and (fa)a S FBL[E]
such that (Ipfa)a is weak® convergent to z*. Using the weak* continuity of Kg and the iden-
tity Kpip = Jrr(e) it follows that (Jrpr[g)fa)a is weak™ convergent to Kpz*. Now, recall that
J5 VB JeBLIE] = UE, SO (tEfa)a weak™ converges to J7 1 ”“*KEZ* The uniqueness of the weak™
limit implies that J}EZ’E*KEZ* = 2%, s0 Ug © J7 U5 (FBL[E]*™). We conclude that J7 7 T K is
a positive contractive weak*-to-weak™ continuous prOJectlon over Ug.

(4) By definition Ky is weak*-to-weak* continuous, so it is the adjoint operator of some Mg :
FBL[E]* — Zg. Since K is an onto interval preserving lattice homomorphism, by the Open
Mapping Principle (cf. [46, Exercise 2.49]) and [96, Theorem 1.4.19] it follows that Mg is an
interval preserving lattice embedding. From the proof of (3) we know that

(tgJzsMp)* = KEJEE?E* = idpBL[E]** )

so the operator 1}, Jz, Mp must be the identity on FBL[E]*. Proceeding as before, we can see that
ME is an isometry, and that Mgy, Jz,, is a positive contractive projection. ]

In addition to the previous result, we present a compilation of statements equivalent to FBL[E]**
being isometric to FBL*[E] in the category BL*.

Proposition 3.3.9. Let E be a Banach space, and assume that FBL*[E] exists. The following are

equivalent:

(1) The pair (FBL[E]**, Kg) coincides in the category BL* with the free dual Banach lattice over
E, (FBL*[E], v5).

(2) tp(BrpL(g]) is w*-dense in Bypp+(g)-

(3) tg : FBL[E] — FBL*[E] has weak* dense range.

(4) mw* is a sublattice of FBL*[E].

(5) J% v3F : FBLIE|*™ — FBL*[E] is a lattice homomorphism.

(6) KE : FBL*[E] — FBL[E]** is an onto weak*-to-weak™ continuous lattice isometry.
(7) There exists a Banach lattice Y such that FBL*[E] = Y** and 1g(F) < Jy (Y).

(8) The unique extension jgp : FBL*[E] — FBL*[E]** of jp = JeBL*[E)tE as a weak™-to-weak™
continuous lattice homomorphism is an isometric embedding.



3.3 Free p-convex dual Banach lattices 87

Proof. (1) = (2) Let i : FBL|E]** — FBL*[E] be the unique extension of (g to FBL[E]** as
a contractive weak*-to-weak™ continuous lattice homomorphism. By standard arguments we can
show that Ky and 7z are mutually inverse. In particular, ZE(BFBL[E]**> = Bppr#[g]- Moreover,
tr = IgJrBrE) JrBLE](BrBL(E]) is w*-dense in Bpprg)«+ and I is weak™-to-weak™® continuous,
SO ’L\E(BFBL[E]) is w*-dense in BFBL*[E]'

(2) = (3) Trivial.

w*

(3) = (4) Trivial, since tg(FBL[E]) = FBL*[E].

*
(4) = (5) Recall from Lemma 3.3.8 that J} ’**(FBL[E] *) = 7g(FBL[E])" , and denote this
subspace by Ug. Since it is a sublattice, for any fi* € FBL[E]** there must exist some f;*
FBL[E]** such that

*’\** *"****
|ZEE1‘_ zgtE Jo -

Applying the lattice homomorphism Kg and using that K pJ% U5 = idppLg)s+ we obtain that
* = |fi*]. Thus,

[T zotE 17| = J2,05 7]

so J7 15 must be a lattice homomorphism.

(5) = (6) On the one hand we know from Lemma 3.3.8 that KEJéEZ”E" = idppL[g)*+- On the
other hand, it follows from the hypothesis that J}E?E“K p is a weak*-to-weak™ continuous lattice
homomorphism such that J7 A’*‘*f( gtE = tg. The uniqueness of extension to FBL*[ | yields that

J ;EZ*E*K B = idpgy(g), SO K £ is a lattice isomorphism. Since both K and J3 7.l5 have norm one,
it is actually an isometry.

(6) = (7) Just take Y = tg(FBL[E]).

(7) = (8) Let us show that jp = J3*, which is an isometric embedding. Indeed, the condition
1p(E) € Jy(Y) implies that the operator Jy'tp : E — Y is well-defined. Thus,

Kp = Ky Jy e = JyssJy Jyvg = Jppprmie = je-

The uniqueness of extension of jg to FBL*[E] implies that jp = Ji*, as we wanted.

(8) = (6) We know from Lemma 3.3.8 that Kp is onto. Let us see that it is also an isometric
embedding, and hence an isomorphism. To do so, we will check that © *K 5 = jp. Indeed, 7 *K Eis
a weak™*-to-weak™ continuous lattice homomorphism satisfying

U Kpie = U5 JrpLip)19E = JreLs(p) EOE = Jrpr*(p)te = JE,

so the umqueness of extension of jg implies that 7}; *Kp = jg. Since both 7 U and JE are isometric
embeddings, K is too.

(6) = (1) Trivial, since K is an onto isometry in the category BL*. O

Proposition 3.3.9 provides some useful information in the search for an answer to the question
of the existence of FBL*[E] when E contains a complemented copy of ¢;. For instance, we can
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affirm that if FBL*[E] exists, then it cannot be the bidual of a Banach lattice and cannot contain
FBL[E]** as a sublattice (at least in the canonical way described in Lemma 3.3.8).

Next, let us further simplify the problem. We claim that in order to show the existence of
FBL*[E] for every E that contains an (isomorphic) complemented copy of /1, it suffices to show
the existence of FBL*[F] for every F that contains an isometric 1-complemented copy of ¢;. First,
we show the following:

Lemma 3.3.10. Suppose that E and F are isomorphic Banach spaces. Then FBL*[E] exists if
and only if FBL*[F] ewists.

Proof. The roles of E and F' are interchangeable, so it suffices to show that if FBL*[E] exists,
then FBL*[F] exists as well. Let R : E — F be an onto isomorphism, and assume without loss
of generality that || < |Rx| < |R||z|, i-e., |[R7Y| < 1. We define for every z* € FBL*[E] the
following lattice norm:

Il2*]|l := sup {|(TR)z*| : X Banach lattice, T : F — X* contractive} .

Clearly, ||z*|| < |R]||z*|, and choosing the contraction tpR~! : F — FBL*[E] we get that
(tpR™'R) = ip = idpgrr[g)s 0 [|2*]| = [[2*[. We claim that the Banach lattice Y = (FBL*[ET, ||-)
together with the map tpR™! : F — Y satisfies Definition 3.3.4 for the Banach space F. Indeed,
|| || induces an equivalent renorming over Zg, the predual of FBL*[E], given by

Izl == sup{["(2)] = [I="]] < 1}

for every z € Zg. Clearly, (Zg, ||-[|)* =Y, so Y is an object of BL*. The operator tgR™! : F —» Y
is a linear isometry. Indeed,
leg R~ z|| = sup {|(TR)tgR ‘x| : X Banach lattice, T : F — X* contractive}
= sup {|TRR'z|| : X Banach lattice, T : F — X* contractive},
SO
le] = | Jeripore] < lleeR™ el < .

Finally, let X™* be the dual of a Banach lattice X and T": F' — X * a contraction. Then, the lattice
homomorphism (TR) : Y — X* is weak*-to-weak™ continuous (the isomorphism between Y and

FBL*[E] is actually the adjoint of the isomorphism between Zp and (Zg, || - [[), so it is weak*-
to-weak* continuous), (TR)tgR™ = T and |(TR)z*| < ||2*|| for every z* € Y. We conclude that
FBL*[F] exists and is given by the pair (Y,tgR™1). O

The previous lemma allows us to establish the following:

Proposition 3.3.11. FBL*[E] exists for every Banach space E containing an (isomorphic) com-
plemented copy of €1 if and only if FBL*[F] exists for every Banach space F' containing an isometric
1-complemented copy of £1.

Proof. The necessary implication is trivial. In order to check the sufficiency, let E be a Banach space
that contains a complemented isomorphic copy of ¢, and consider an embedding j : ¢ — E (that
we can assume to be contractive) and an onto operator @ : E — ¢; such that j@Q is a projection
onto j(¢1) and @j is the identity on ¢1. We define for every z € E the equivalent renorming

il =l v Q]

so that the Banach space F' = (E, ||-||) is isomorphic to E. It follows that j : ¢, — F is an isometric
embedding, as for every a € ¢1 we have
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lall = |Qjal < [lall = ljal v llall < (I5] v Dal = |al.
Moreover, j@Q : F — F defines a contractive projection onto j(¢1): for every x € F,

7@ = 7Q=| v |QiQz| < ([5] v DIQz| < |l

Therefore, F' contains an isometric 1-complemented copy of ¢;, so the hypothesis yields that
FBL*[F] exists. Since E and F are isomorphic, by Lemma 3.3.10 it follows that FBL*[E] ex-
ists as well. O

Therefore, we have reduced the problem to the following question:

Question 3.3.12. Does FBL*[E] exists for every Banach space E containing an isometric 1-
complemented copy of ¢17

3.3.1 w*-closures of sublattices

A possible approach to solve Question 3.3.12 is to better understand the process of generation of
FBL*[FE] from the Banach space E. This mechanism is clear for other related free objects, such as
the bidual (by Goldstine Theorem, the unit ball of E** can be seen as a suitable completion and
compactification of Br endowed with the weak topology induced by E), the free Banach lattice (the
process of constructing FVL[E] and completing it under the appropriate norm is well understood,
see for instance [11, 75, 121] or Sections 1.3 and 2.1) or even the free p-convex dual Banach lattice or
the free dual Banach lattice generated by a Banach space E that does not contain a complemented
copy of ¢1 studied above, as they can be represented as the bidual of the corresponding free (p-
convex) Banach lattice.

From these examples we deduce that two main processes operate in the generation of FBL*[FE]
from E: lattice-linear expressions and w*-limits. It is well known that in general lattice operations
on the dual of a Banach lattice are not weak* continuous, but there are some Banach lattices, such
as o, where the w*-closure of any sublattice is again a sublattice (see the discussions [123, 124] on
https://mathoverflow.net/). Condition (4) in Proposition 3.3.9 shows that in the case that
concerns us the w*-closure of the canonical copy of FBL[E] inside FBL*[E] will not be a sublattice.
This motivates the following questions, which have interest on their own: given a subset of the dual
X* of a Banach lattice X, how many times can we iterate the operation of taking the sublattice
generated by the set and then its w*-closure before it stabilizes on a w*-closed sublattice of X*?
How large can this sublattice be in terms of the original size (cardinality, character of density...) of
the generating set?

In this subsection we initiate a preliminary study of these problems and establish some partial
results that might help solve Question 3.3.12. The first thing that should be noted is that free
Banach lattices (or rather their duals) serve as a canonical model to tackle this problem. This does
not come as a surprise, as free objects usually can be used as model spaces for certain problems. Take
as an example the Complemented Subspace Problem for Banach lattices [69, Proposition 3.1] or
C(K)-spaces [19, Lemma, p. 247]: a Banach space FE is isomorphic to a complemented subspace of a
Banach lattice (respectively, C'(K)-space) if and only if it is complemented in FBL[E] (respectively,
C(Bgx)).

Proposition 3.3.13. Let X be a Banach lattice. Then, the operator zzl; : X* —> FBL[X]* is a
weak*-to-weak* continuous interval preserving lattice isometric embedding and a homeomorphism
onto its image for the weak™® topologies. In particular, for every A < X*,

lat (i?z;’}(A)) = idy(lat(A))  and idu(A) = idy (Zw*).


https://mathoverflow.net/
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Proof. Given a Banach lattice X, we can consider the onto lattice homomorphism idy FBL[X] —
X. By [114, Proposition I1.2.5], idx is also interval preserving, so by the Open Mapping Principle

(cf. [46, Exercise 2.49]) and [96, Theorem 1.4.19] id; : X* — FBL[X]* is a weak*-to-weak™
continuous interval preserving lattice isometric embedding. Moreover, id;(X *) is w*-closed in

FBL[X]*. Indeed, since idx¢x = idx, given a net (¥)o © X™* such that z’glj(xz A f* we have
that o o . . s
idyxy = idy ¢ (idyal) = idx (¢% ),
so the uniqueness of the limit implies that f* = Z/El;(gbj( f*) e ZE;(X *). Finally, if we denote by
~ % ~ %

w*\&i;(X*) = w(FBL[X]*,FBL[X])\Z,ACI;(X*) we have that idyx : (X*, w*) — (de(X*),w*]i:i;(X*))
is an homeomorphism. It is clearly continuous and invertible, so it suffices to check that it is open.
To do so, consider any w*-open neighbourhood W = {z* € X* : [2*(2;)| < e,i = 1,...,n} with
e >0 and (z;)!; < X, and observe that idx¢xz; = z;. Then

idy (W) = {f* € FBLIX]* : |f*(oxmi)| <e,i=1,...,n} nidy(X*),

so the image by zAd;( of any w*-open subset of X* is a w*|fd* -open subset of zAd; (X™).
X

(X*)
Therefore, given any A € X*, we get that lat (ZE;(A)) = izl;(lat(A)), since z/c\l;k( is a lattice

w*

homomorphism, and zAd;(A) = ZAd; (Zw*). O

Next, we provide an example of a separable sublattice Zy of an AL-space such that its w*-closure
77 is not a sublattice, but the w*-closure of the sublattice generated by Z; is a w*-closed sublattice
that is not w*-separable.

Theorem 3.3.14. There exist a three level scattered compact Hausdorff space K and a sublattice
Zy < C(K)* such that:

o Zy is generated by a countable set of disjoint elements;
¥
o 71 := Zow is not a sublattice;
%
o Zy:=lat(Zy) s a w*-closed sublattice;

o Zsy is not w*-separable.

Proof. Let {Aq}aea be an uncountable almost disjoint family of subsets of N, that is, a family such
that |Aq N Ay| < oo for every o # o, and for every o € A, let B, o and B, be disjoint subsets of
A, such that A, = By U Bg1. Let K be the Mrowka-Isbell compact space induced by the familly
{An}aea as follows: in the ground (0) level we have a (discrete) copy of N, denoted by {a;}en; in
the first level we have limit points {aq}aea equipped with a base of open neighbourhoods given by
the sets {a; : i € A} U {as} such that A € N differs from A, in a finite quantity of elements; finally,
in the last level, we have the compactification by one point, say a«, of the above topological space.
Let K3 be the analogue construction, this time with the almost disjoint family {Ba}aeqef0,1}5
and denote by {b;}ieN, {ba.~}aedyefo,1} and by, the points in the level 0, 1 and 2, respectively. Define
K as the disjoint union of K7 and K5, and note that K is a scattered compact Hausdorff space, so
by [83, Section 2.8, Theorems 9 and 10] C(K)* = ¢,(K) = span{d; : t € K}, where §; denote the
evaluation functional in the point ¢t € K.

Define Zy := span{ds, + 0p, : i € N} < C(K)*, which is a (norm) closed sublattice, as the

¥
generating elements are pairwise disjoint (actually, Z is an isometric copy of ¢1). Let Z; := Zo' .
We claim that Z; is not a sublattice of C'(K)*. Indeed, note that for any a € A and ~ € {0, 1},
ag + Oy, = w* —limiep,  (da;, + 0p;) € Z1, since limsep, | a; = aq and limep, , b; = ba, in K.
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Therefore, dq,, = (dan + 0ty o) A (6a + Ob, ) € lat(Z1). However, dq, ¢ Z1. To check this, note that
the function f = xx, — XKk, € C(K) defines a w*-closed subspace [f]° := {u € C(K)* : u(f) = 0}
that contains Zy, and thus Zp, but d,,, ¢ [f]° as f(aq) = 1.

Actually, we can show that
Z1 = span{da; + 0b;;0a + Obgs0as + 0y i€ Ny € A,y € {0, 1}}. (3.10)

The inclusion (2) has already been proven above. In order to prove the reverse inclusion, denote by
Y the subspace in the right side of (3.10). It is clear that Zy < Y. If we prove that Y is w*-closed,
it would follow that Z; < Y. Denote by fi = x{a;} — X(:i}> ¢ € N, fa = XU, — Xva, @ € 4, and
foo = XK, — XK,, Where Uy = {a; : i € Ay} v {aa} and V, = {b; : i € Ay} U {ba,0,ba,1}. Note
that these functions are continuous on K, as they are combinations of characteristic functions over

clopens of K. We have
v = () o (V) oLl

ieN aceA

The inclusion (<€) is trivial. For the reverse inclusion, express an element p € C(K)* = ¢1(K) as a
linear combination of the evaluation functionals

=Y (riba; + $:05,) + > Tabau + D, SarOby, + Tabay + Sahy,
ieN aed aeA,ye{0,1}

and note that if u belongs to the set in the right side, then it follows that r; = s; for every i € N,
Ta = Sa,0+Sa,1 for every a € A and 7o, = sq0, so pu € Y. Therefore, Y is the intersection of w*-closed
subspaces, so it is w*-closed, and thus Z; € Y.

If we iterate a second time this process of taking the w*-closure of the sublattice generated by

P—
Z1 we obtain Zy := lat(Zl)w , which is already a sublattice. Actually, we claim that
Zy = span{da; + 0b;; Oaps Obe s Oams b 1 € Nyav€ A,y € {0, 11}, (3.11)

so in particular it is a sublattice, as it is generated by disjoint elements. The inclusion (2) is clear,
since dq,, 0, ., € lat(Z1) and d,,, and &y, can be obtained through appropriate w*-limits of these
elements. For the reverse inclusion, we can proceed as above to show that the space in the right
side of the identity coincides with the w*-closed space (),cn[fil°-

Finally, we show that Z, is not w*-separable. Assume there exists a countable w*-dense subset
{1}, S Z>. Each p € Zy can be expressed as a linear combination

= Z 7i(0a; + Op;) + Z Tala, + Z Say0by., + To00ay + Sc00by,
1€N ae/ aeA,ye{0,1}

with at most a countable quantity of non zero-coefficients. Therefore, the union of the supports
of the p; is countable, so there exists some ag € A such that a,bag,0,ba0,1 do not belong to
this set. It follows that the function fo, = Xv., — Xva,» With Us, = {ai : i € Age} U {aq,} and
Vag = {bi : i € Ay} U {bag,0,ba0,1}, satisfies that 1;(fa,) = 0 for every j but d4,,(fa,) = 1, s0

711)*
Sany € Z2\THTTS - O

We can use this example to show the following:

Corollary 3.3.15. Assume FBL*[{1] exists. Then, it is not w*-separable.

Proof. Let us consider the map T': {1 — Zy € C(K)* given by Ta = 1 3%, 2;(4, + &,) for every
x = (z;)72, € {1, which is actually a lattice isometric embedding. In particular, Bz, = T'(By,). We
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will show that Zo € T(FBL*[¢1]). Using (3.10) it is easy to check that Bz, = W*. Therefore,
for every p € By, there exists a net (z,), S By, such that Tx, T, w. We can substrfzct a net
(x7)r € (24)s such that ¢,z w*-converges to some z* € Bpgrr,]- It follows that T2* = p,
so Bz, © T(Bpprx[e,])- For each v € A and v € {0,1}, let 2, € 2Bpppx[p,] such that Tz =
Oag + O, » and consider y3 = 23 o A 25 1 € 2Bpprxpe,] and y, o = 23, — Ya € 2Bppx(e,]- It follows
that 6., = Ty} and 6y, =VTy;’7. Extracting w*-convergent subnets of (y)qea aundv(yji,y)ae Ane{0,1}
we get that o, 0, € 27 (Bppr*e,])- Using (3.11) we conclude that Bz, < 2T(Bppy*[e,]), S0

Zy < T(FBL*[f1]). Since Z5 is not w*-separable and 7' is weak*-to-weak™ continuous, it follows
that FBL*[¢;] is not w*-separable either. O

Qoo Y YA

The previous result opens some possible paths towards proving that FBL*[¢;] does not exist. One
would be showing by other methods that FBL*[/¢;] has to be w*-separable, yielding a contradiction.
This is a reasonable claim, as the weak* topology of FBL*[/{1] has to be generated somehow by /1,
which is separable. Moreover, the assertion is true in similar contexts: if £ is separable, FBLP[E]
is separable by [103, Proposition 9.4], so FBLP[E]** is w*-separable. Therefore, the free p-convex
dual Banach lattice over a separable Banach space (p > 1) and the free dual Banach lattice over a
separable Banach space that does not contain a complemented copy of £; are w*-separable. Another
approach would be to keep investigating w™*-closures of sublattices, seeking for countable sets that
could generate arbitrarily big w*-closed sublattices. If this could be done in such a way that the
extension argument above could be reproduced to show that the range of certain extension operators
on FBL*[¢;] contain these large sublattices, we would get a contradiction, as the cardinality and
the character of w*-density of FBL*¢; must be bounded. Further research need to be done in both
directions.

3.4 Free duals of AL-spaces

The results from the previous section can be adapted to the context of AM-spaces with order
unit, that is, AM-spaces satisfying that there exists an element e € X such that [—e,e] = Bx.
This element is unique whenever it exists, so we will refer to it as the order unit of the AM-space
X throughout this section. Recall that by Kakutani’s Representation Theorem (cf. [96, Theorem
2.1.3]), AM-spaces with order unit are in correspondence with C'(K)-spaces. In this setting, we can
define the following category, denoted AL*. On the one hand, the objects of AL* are AM-spaces
which are duals of Banach lattices. This a priori general assumption is actually quite informative.
Indeed, by [96, Proposition 1.4.7], X* is an AM-space and the dual of a Banach lattice X if and
only if X is an AL-space, and this in turn implies that X* must have an order unit e € X} such that
the norm in X* coincides with the order unit norm ||-||, (equivalently, [—e, e] = Bxx). This is why
we have chosen to denote the category by AL*, as the objects are duals of AL-spaces. Even more,
making use of Kakutani’s and Dixmier’s Theorems (cf. [96, Theorems 2.1.3 and 2.1.7]), an object
is in AL* if and only if it can be identified with a dual C'(K)-space, and these are precisely the
C(K)-spaces with K hyper-stonean (see [40, Theorem 6.4.1] for a complete characterization of this
property). On the other hand, the morphisms of the category AL* are weak*-to-weak* continuous
lattice homomorphisms that preserve the order unit, meaning that normalized morphisms send the
order unit of the domain to the order unit of the image.

As AM-spaces are in particular co-convex, an analogue of Remark 3.3.1 holds for the category
AL*. Tt should also be checked that J% preserves the order unit, but this is a consequence of the
equality J%Jx+ = idx=, together with the simple fact that if e is the order unit of the AM-space
X*, then Jyxe is the order unit of X***. Thus, we can state a version of Proposition 3.3.2 in this
new setting. The proof is essentially the same, so we omit the details.
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Proposition 3.4.1. Let E be a Banach space. Then, for every object X* in AL* and every
operator T : E — X* there exists a unique weak™-to-weak™ continuous lattice homomorphism
T : C(Bg«)** — X*, such that TJ(J(BE*)5E =T and TJC(BE*)]IE* =||T|| ex*, where L« is the
constant function on Bgx and exx is the order unit of X*. Moreover, |T| =||T|.

Proof. Since clearly C(Bgx)** is an object of AL*, it suffices to consider the following commutative
diagram, where T is the extension of T to C'(Bg#) given by Theorem 3.2.8:

C(BE*)** T* R

JC(BE*)T Lf}’;

C(Bpx) —— X*

o] A

E

The rest of the proof is similar to the one in Proposition 3.3.2. O

To finish this section, let us focus on the relation between C(Bpgx) and FBL*[FE], which can
be represented as Cpy(Bpg+) in a canonical way [103, Proposition 2.2]. These Banach lattices are
never lattice isomorphic. Indeed, C'(Bgx) always has an order unit, while in FBL*[FE] this only
happens when F has finite dimension [103, Proposition 9.1]. In that case, FBL®[FE] is lattice
isometric to C'(Sg#), which by Banach—Stone’s Theorem can never be lattice isomorphic to C(Bgx)
(cf. [96, Corollary 3.2.11]). Neither can FBL*[E] be complemented in C(Bg+) by means of a
positive projection when E has infinite dimension: if there was such a positive projection P :
C(Bgx) — C(Bpgx) over FBL*[E] = Cpp(Bg+ ), it would follow that P1 g+ should be an order unit
of FBL®[FE], which by [103, Proposition 9.1] is not possible.

The latter situation no longer holds when we compare the bidual spaces instead: FBL*[E]**
is complemented in C(Bg«)** with a positive and contractive projection. This can be seen as
a consequence of the general fact that every Dedekind complete AM-space is injective (cf. [96,
Theorem 3.2.4]), since every dual of a Banach lattice is Dedekind complete. Nevertheless, in this
particular situation we have a canonical construction of the projection, and moreover, it is a lattice
homomorphism.

Proposition 3.4.2. Let K = Jppr=[g)¢E denote the canonical embedding of E into FBLE[E]**
and Kg : C(Bg«)*™ — FBL®[E]** the extension of Kg given by Proposition 3.4.1. Then the
operator SE*KE : C(Bg*)*™ — C(Bgx)** is a contractive lattice projection over FBL*[E]**,
where 8 is the canonical embedding of FBL*[E] into C(Bgx) given by the restriction to Bpsx.

Proof. Tt is clear that SE* : FBL*[E]** — C(Bpg+)** is a lattice isometric embedding. From the
following commutative diagram,

Sk

5 V
FBLZ[E]** — 2 O(Bps)** —£, FBL*[E]**

JFBLOO[E]T JC(BE* )T TJFBLOO[E]

FBLZ[E] — 2% O(By+) FBL*[E]
E

it is clear that

By
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By the uniqueness of extension of Kp to FBL®[E]** established in Proposition 3.3.2, we conclude
that Kgd3* must be the identity on FBL*[E|**, so the result follows. O

Remark 3.4.3. Note that SE* is an embedding, but it is never surjective. Indeed, if AE* were a

surjective isomorphism, since it is also a lattice homomorphism, it would preserve the order unit.
Let us denote by e the order unit of FBL®[E]**. Then, 6% e is also an order unit in C(Bg+)**, so
there exists some A = 0 such that Jo(p,.)Lepx < Mg e. In particular, evaluating both elements in
the evaluation functional 69 € C(Bgx)* we obtain that

1 =1pgx(0) = do(1p+) = JoB,) Le*(00)
< (AOEe)(60) = Ae(0%5:00) = Ae(0) = Ae(0) = 0,
where we have used that gzéx* = 7% for every x* € Bgx and that 6, the extension of the null

functional 0 € E* to FBL™[E] as a lattice homomorphism, is the null functional 0 € FBL*[E]*.
This leads us to a contradiction, so §3° cannot be an onto isomorphism.

3.5 Order weakly compact operators

Recall that an operator T' from a Banach lattice X to a Banach space E is order weakly compact if
T[0, z] is relatively weakly compact for every z € X . In particular, every operator defined on an
order continuous Banach lattice is order weakly compact, as every order interval is weakly compact
(see [96, Theorem 2.4.2]). An operator T' : E — F is said to preserve a copy of Gy if there is
a subspace G € E isomorphic to G such that T'|g is an isomorphism. It is said to preserve a
copy of Gy complementably if, moreover, T'(G) is complemented in F' (in particular, G must be
complemented in FE).

The following is a well-known fact:

Lemma 3.5.1. Let X be a Banach lattice. The following are equivalent:

(1) X contains £y as a complemented subspace.
(2) X contains £1 as a sublattice.

(3) X* is not order continuous.

Proof. Note that by [23, Theorem 4] X contains ¢; as a complemented subspace if and only if
X* contains ¢y as a subspace. By [95, Corollary 1.8], this is equivalent to X™* containing ¢y as a
sublattice, which at the same time is equivalent to X containing ¢1 as a sublattice or X* not being
order continuous [96, Theorem 2.4.14]. O

The equivalence of the first two conditions is also folklore, but we include a proof for the sake of
completeness.

Proposition 3.5.2. Let E be a Banach space, X a Banach lattice, and T : E — X an operator.
The following are equivalent:

(1) T does not preserve a copy of €1 complementably,

(2) T* is order weakly compact,

(3) T does not preserve a copy of £1 complementably,

(4) T* is order weakly compact.
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Proof. (1) = (2) By [58, Theorem 1.6], there exist a Banach lattice Y not containing a comple-
mented copy of ¢1 and operators R: EF — Y and S : Y — X such that T'= SR and S is an interval
preserving lattice homomorphism. By Lemma 3.5.1 it follows that Y* has order continuous norm.
Since T* = R*S* factors through Y* and S* is interval preserving, T* is order weakly compact.

(2) = (1) Suppose that T* is order weakly compact but T" preserves a copy of /1 complementably.
By [5, Theorem 5.58], T™* factors through an order continuous Banach lattice Y. On the other hand,
T* preserves a copy of £y [96, Theorem 5.1.6], so in particular Y must contain a copy of £4. The
results contained in [96, Section 5.1] yield a contradiction: ¢y, cannot have property (u), but on the
other hand every Banach lattice with order continuous norm has property (u), and so it does every
closed subspace of a Banach space with property (u).

(3) « (4) Apply the previous implications to T instead of T

(1) = (4) By [58, Theorem 1.6] T' factors through a Banach lattice Y not containing a comple-
mented copy of /1, so that we can consider the following commutative diagram.

FBL[E]—2% FBL[Y]

e
¢E Y S
/’ X‘
E X
T

Note that since R and S are lattice homomorphisms, the uniqueness of extension of 7' to FFBL[E]
implies that 7 = SR. On the other hand, from [103, Theorem 9.18] it follows that FBL[Y] does
not contain ¢; as a sublattice, and thus FBL[Y]* has order continuous norm by Lemma 3.5.1.
In particular, R : FBL[Y]* — FBL[E]* is order weakly compact [96, Theorem 2.4.2]. Since S
is a lattice homomorphism, [96, Theorem 1.4.19] implies that S* is interval preserving, so we can
conclude that 7% = R*S* is order weakly compact.

(4) = (2) It is straightforward, since T* = ¢%T* and ¢% is weak-to-weak continuous. O

As a consequence, we can add another property to the dictionary of equivalences between prop-
erties of operator 1" between Banach spaces and properties of the corresponding extensions T
established in [103, Proposition 3.2].

Corollary 3.5.3. Let E and F' be Banach spaces. Then, an operator T : E — F does not preserve
a copy of {1 complementably if and only if T : FBL[E] — FBL[F] does not preserve a copy of {1
complementably.

Proof. The necessary implication follows from Proposition 3.5.2 and the fact that ¢rT does not
preserve a copy of £1 complementably either.

To show the reverse implication, assume that 7' preserves a copy of ¢; complementably. Using
the properties of the extension T included in [103, Section 3] it can be easily seen that T preserves
a lattice copy of F'BL[/1] lattice complementably. Since F'BL[{1] contains ¢; as a complemented
sublattice [103, Theorem 9.20], it follows that T preserves a copy of ¢; complementably. O
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3.6 An application of free Banach lattices to norm attaining lattice
homomorphisms

We end this chapter with an application of free (co-convex) Banach lattices to the general theory
of Banach lattices, more specifically, to the problem of determining when a lattice homomorphism
attains its norm. We say that a linear functional z* : E — R is norm-attaining if there exists an
element x € Bg such that *(x) = |z*|. The study of norm-attaining functionals in Banach spaces
has provided profound results, such as James’ Theorem [73], which characterizes reflexive Banach
spaces as those Banach spaces such that all their functionals attain their norm.

Banach lattices have a richer structure that allows us to study the norm attainment of positive
functionals and lattice homomorphisms as well. For instance, recently there has been an increasing
interest in the study of positive functionals, see for example [1], [92] or [104], and in the setting
of lattice homomorphisms, with contributions such as [42] and [27]. It is worth mentioning that
free Banach lattices have a prominent role in the lattice homomorphism version of the problem.
For instance, in [42] the authors use free Banach lattices to provide the first example of a lattice
homomorphism that does not attain its norm.

In this section, we will focus on lattice homomorphisms on AM-spaces. It is clear that every
lattice homomorphism on a C'(K)-space attains its norm at the constant 1 function 1. However, if
we enlarge the class and consider AM-spaces instead, the situation is not as straightforward, as we
can no longer assume the existence of an order unit. Theorem 3.6.2 establishes that, despite this,
every lattice homomorphism on an AM-space also attains its norm. In [27] two very different proofs
of this fact are presented. In this section, we present what was (chronologically) the first one. Even
though it uses some advanced tools from the theory of free Banach lattices, in contrast with the
proof presented in [27, Theorem 4.3], which is much more elementary, it has interest on its own, as
it illustrates how free Banach lattices can sometimes enlighten the way for solving general Banach
lattice questions. We need first the following auxiliary lemma.

Lemma 3.6.1. Let1 < p < o0 and let X be a p-convex Banach lattice with p-convexity constant 1. If
every lattice homomorphism of FBLP[X] is norm-attaining, then so is every lattice homormorphism

of X.

Proof. Let z*: X — R be a lattice homomorphism such that |z*| = 1. If ¢x denotes the canonical
isometric embedding of X into FBL?[X], the universal property of FBLP[X] ensures the existence
of a unique lattice homomorphism idy : FBLP[X] — X satisfying idx¢x = idx and such that
Jidx] = 1.

If every lattice homomorphism of FBLP[X] is norm-attaining, then, in particular, there exists
f € Bpprr[x] such that z*(f) = 1. Now, consider z* oidx, which is a lattice homomorphism of

FBL?[X]. Since z* and z* o zAdz\( are both lattice homomorphisms of FBLP[X] which agree on
¢ x(X), then, in fact, z* = z* o idx. In particular,
1= 2%(f) = (@* o idx)(f) = 2™ (idx ),

and, as i:iX f € Bx, this shows that z* is norm-attaining. ]

Theorem 3.6.2. Fvery lattice homomorphism on an AM-space attains its norm.

Proof. To show that every lattice homomorphism on an AM-space attains its norm, we will check
the following statements:

(1) Every lattice homomorphism of FBL®[{s] attains its norm.
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(2) Given any separable Banach space E, every lattice homomorphism of FBL*[FBL*[FE]] attains
its norm.

(3) Given any separable Banach space E, every lattice homomorphism of FBL®[E] attains its
norm.

(4) Given any Banach space E, every lattice homomorphism of FBL*[E] attains its norm.
(5) Every lattice homomorphism of an AM-space attains its norm.
(1) Observe that since /5 is reflexive then, by James’ Theorem, all its functionals are norm-attaining.

As the lattice homomorphisms of FBL*[/5] are of the form z*, for some z* € {5 (and are defined
by z*(f) = f(x*)), this shows that every lattice homomorphism of FBL®[{2] attains its norm.

(2) If E is a separable Banach space, then FBL*[E] is a separable AM-space. By [86, Theorem 2],
FBL®[E] has a monotone Schauder basis, so by [103, Theorem 10.24] FBL®[FBL®[FE]] is lattice
isometric to FBL®[¢2] and the conclusion follows from (1).

(3) Since FBL*[E] is an AM-space (co-convex with constant 1), this implication is an immediate
consequence of Lemma 3.6.1 and (2).

(4) Let E be an arbitrary Banach space. Let z* be a lattice homomorphism of FBL®[E] such that
|x*|| = ||z*| = 1. There is a sequence (x,,), € Bg such that *(z,) — 1 as n — 00. We define

F = spﬁ{xn : neN},

which is a separable subspace of E. By [103, Proposition 3.10], the mapping 7 : FBL*[F] —
FBL®[E] (where ¢ : F — E is the canonical inclusion of F' into E as a subspace) is a lattice
isometric embedding.

Now observe that y* = z* s (FBL>[F]) is @ norm-one lattice homomorphism of Z(FBL™[F]). Indeed,
for every n € N we have

Y* (165, ) = 25 (165, ) = 2* (8, 01%) = (85, 0i*)(2*) = 8y, (F2*) = 2™ (z) = 2*(1an) = 2*(2n).

Since F is separable, we know by (3) that every lattice homomorphism of FBL®[F] attains its norm,
and as 7 is a lattice isometry, y* is norm-attaining. That is, there is f € Z(FBL®[F]) € FBL*[FE],
[f] = 1 such that y*(f) = 1. Thus, x* also attains its norm at f.

(5) It follows directly from the above and the preceding lemma. O






Chapter 4

Interpolation and extrapolation of spaces of positively
homogeneous functions

The families of free p-convex Banach lattices over a Banach space E and the corresponding spaces
H,[E] that contain them, with p ranging from 1 to oo, are ordered by inclusion. This nice property
motivates the study of the interpolation and extrapolation spaces that these families generate, to
which this chapter is dedicated. It is based on:

[55] E. Garcia-Sanchez, P. Tradacete, Interpolation and extrapolation of spaces of positively homo-
geneous functions. In preparation.

Recall from Section 1.3 that given a Banach space E we denote by H[FE] the space of positively
homogeneous functions from E* to R, and for f € H[E] we define the norms

111, = sup { (Z |f<x:>|p) " meN, @, < E* sup (Z \rv?‘(rv)p> " < 1}
=1

reBEg i=1

=sup {||(f () 1]len :meN, (z})2) < E¥, Sup (@7 (2))iZs ey < 1}
rEDER
for 1 < p < o0, and
| flmopmy i= sup [ f(z™)]

:E*EBE*

for p = oo (we will simply put | f|z, when there is no risk of confusion) and the Banach lattices
Hy[E] = {f € H[E] : | f|m, < oo},

which are p-convex with constant 1 and contain an isometric representation of FBLP[E]. If we
consider instead the expression

11, o = sup {1(f(@7))iZ1 e, - m e N, (2))iL) < E7, sup (27 (#))izlleg. < 1},
TEDE

where )
14
[(@)iy g, = sup [A[»~" > |ay
A#o ieA
is the norm of the m-dimensional weak-L,, space £}, we obtain the Banach lattice Hy o[ ], which
satisfies an upper p-estimate with constant 1 and contains an isomorphic copy of the free Banach

lattice with upper p-estimates over E, denoted FBL»*[E] (see Chapter 2).

Motivated by their connection to free Banach lattices, the spaces Hp[E], which can also be
understood as spaces of non-linear p-summing maps from E* into R, were studied recently in [84].
In this work, the authors study the lattice homomorphisms between H,[E] spaces and characterize

99
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some properties of the generating Banach space E such as finite dimension or reflexivity in terms
of the inclusions between some distinguished sublattices of H,[FE].

Another direction of study consist in relating concavity and convexity properties of the Banach
space F, such as type and cotype, with inclusions of certain sublattices of H[E] [75, 103]. This was
initiated in [75, Section 7], where the authors introduced for every 1 < p,q < o0 and f € H[E] the
norm

ity s=su { (170 ) mem oty = B sup (R latlt) <1

ZZ‘EBE i=1

=sup {[|(f(2}))il1 gy : m e N, (])iZ; < B, Sup (@ (@))iZallep <1},
TEDE

(when p or ¢ are infinite, replace the respective sum by a supremum) and the Banach lattice
H,.E] = {f e H[E]: |f|u,, < oo} (if ¢ = o0, do not mistake Hp.[E]| with Hy, »[E] introduced
above). When p = ¢, we recover | - |z g and Hp[E]. These norms generalize the (p, ¢)-summing
norms to the context of non-linear positively homogeneous functions. In [75] the authors study the
hierarchy of inclusions of these spaces and show that under certain convexity hypothesis on E (E*
having finite cotype) some of these norms are isomorphically equivalent.

In this chapter, we study the family of spaces of positively homogeneous functions from the point
of view of interpolation and extrapolation theory. We will start reviewing some basic interpolation
and extrapolation methods, as well as some known facts concerning the spaces Hp,[E].

Next, Section 4.2 will be devoted to the study of the interpolation spaces that lie between H;[F]
and Hy[E]. After generalizing a result from Miyazaki [98] about the real interpolation of linear
(p, q)-summing operators to the setting of non-linear positively homogeneous functions, we focus
on the Calderén—-Lozanovskii method, which is exclusive for compatible pairs of Banach lattices.
We show that the Calderén-Lozanovskii space Hp,[E]' " Hx[E]?, which can be seen as the {25-
convexification of Hy[E], lies between Hp,[E] and Hp,.p,[E], with pg = 2% (Theorem 4.2.7),
and show that these inclusions are strict in general and H,,[E]'"?H,[E]? is not in general an
H,,.,-space.

Finally, in Section 4.3 we show that H).,[E] can be recovered from a suitable family of H.[E]
spaces using the A-method of extrapolation (see Theorem 4.3.1). In particular, H,[E] can be
computed applying the A method to the family (H [E])s>p. We also provide examples where some
inclusions between H,,,-spaces are strict. We conclude the chapter applying the results from Sections
4.2 and 4.3 to show that all the inclusions between spaces Hp,,[¢1] are strict (see Proposition 4.3.5).

4.1 Preliminaries

We start this section recalling some basic notions from interpolation theory, adapted to the setting
of Banach lattices. We will be using the notation and terminology from [21]. A pair of Banach spaces
(X0, X1) is called a compatible couple of Banach spaces if there exists an ambient topological vector
space U and linear continuous injections i; : X; — U, j = 0,1. A pair of Banach lattices (Xo, X1)
is called a compatible couple of Banach lattices if the space U can be chosen to be a uniformly
complete vector lattice and the maps i; are interval preserving lattice homomorphisms. Given a
compatible pair of Banach spaces (respectively, lattices) (Xo, X1), we can define the sum

Xo+Xi:={zo+z1€U:z;€X;,j=0,1}

endowed with the norm



4.1 Preliminaries 101

|2 x4, = nf{llzo]x, + |21]x, : 2 = 20 + 21,25 € Xj,5 = 0,1},

and the intersection
Xon Xq = {:EEXQ+X12$EXj,j=0,1}

endowed with the norm
2] x0nx, 1= max{|z]x,, [2]x,}-

Both are Banach spaces (respectively, lattices) such that Xo n X; € X; < Xo + X3, j = 0,1 with
contractive (respectively, contractive interval preserving lattice) inclusions.

The real method of interpolation is constructed as follows. Let (Xo, X7) be a compatible pair of
Banach spaces (respectively, lattices). Given ¢t > 0 and x € Xy + X3, we define the K-functional

K(t,x) = K(t,x; Xo, X1) := inf{||zo| x, + t|z1]x, : ® = 20 + 21,25 € X, = 0,1},
and consider for every 0 < # <1 and 1 < ¢ < o the expression

loa = fmﬁeK@w»“?>;

0
and the Banach space (respectively, lattice)
(X0, X1)o,q :={zr € Xo+ X1 : |z]oq < o0}
Then, (-,-)g,q is an exact interpolation functor of exponent 6, that is:
Xon X1 < (Xo, X1)oq S Xo+ X1

with continuous (respectively, contractive interval preserving lattice) inclusions, and for every com-
patible pair of Banach spaces (Y, Y1) and operator T : Xo+ X7 — Yy +Y] such that T|Xj X —Y;
is bounded, j = 0, 1, it follows that T'|x, x,), . (X0, X1)o,g = (Yo,Y1)s,4 is bounded with norm

—0 [4
171 x0,51)6.0 | < 1T 1x0 20T L5, 1.

The Calderén—Lozanovskii construction was introduced by Calderén [31] for Banach lattices of
functions, and later generalized to arbitrary Banach lattices by Lozanovskii (see [90, 91] for details).
Given a compatible pair of Banach lattices (Xp, X1) and 0 < § < 1, the space Xé_eX f is defined
via Krivine’s functional calculus as

Xé_eXf ={reXo+ X1:|z] < )\]acg\l_e\mlle,)\ > 0,7; € Bx;,j =0,1},

with the norm
Joll -0 = mEQA < lal < Maol' |,y € B3 = 0,1):

In general, the process described above does not provide an interpolation space, but Xol_eXf is
always an intermediate space between Xy and X7, that is, a Banach lattice such that

Xon X1 XX < X0+ X4
with continuous interval preserving lattice inclusions.
The idea behind extrapolation theory is the opposite of that of interpolation (see for instance
[97]). Our starting point is a family of Banach spaces (respectively, lattices) (Xg)geo that are strongly

compatible, i.e., there exist Banach spaces (respectively, lattices) Ax and Xx such that Ax € Xy <
Y'x for every 6 € © with continuous (respectively, contractive interval preserving lattice) inclusions.
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If (Xp)geo and (Yp)geo are two extrapolation families, an operator T : (Xg)geo — (Yp)oeo will refer
to amap T : ¥x — Xy such that T'|x, : Xy — Yp is uniformly bounded for every 6 € ©. In this
setting, X and Y are called extrapolation spaces (with respect to the families (Xg)peo and (Yg)sco)
fAxc X< Xy, Ay €Y € Yy, and T|x : X — Y is bounded for every T : (Xg)oco — (Yo)oeco-

In this chapter, we will only study one of the simplest extrapolation methods, the A method.
This method can be applied to families (Xp)geo such that the norms of the inclusions Ax — Xy
are uniformly bounded in 6 € ©. If this is the case, we define

A(Xo) = {:c e ()Xo« Il acxy) = sup [, < oo} |
0cO 0cO SC)

We next review how the spaces Hp,[E] are ordered with respect to inclusion. The first thing
that should be noted is that if p < ¢, then Hp,[E] = {0} (see [75, Lemma 7.2]), so we will always
assume that (p,q) € T := {(p,q) : 1 < g < p < o0}. Another trivial observation is that

Hyg, [E] € Hpygo [ E]

with norm 1 inclusion (equivalently, |f|m,.,, = [flm,,, for every f € H[E]) whenever 1 < qo <
g1 < p < o0. This is just a consequence of the fact that ¢4, is contained contractively in £,4,. In
particular, it follows that

Hoy|E] = Hoo[E]

isometrically for every 1 < ¢ < 0. Indeed, one inclusion was already established, and it is clear that
| flz, < | flH,, for every 1 < p,q < o0. Regarding the space Hy[E], it should be noted that it can
be identified isometrically with ¢ (Sg*) via the operator of restriction to Sg«, so that the norm
on E* corresponds to the order unit (see [84, Section 3]). It is also true [75, Proposition 7.3] that

if (p]7QJ) € T7 .7 = 07 17 SatiSfy D1 < Pos 41 < Qo and qil - pil < qio - piov then Hf“HPO§‘IO < ”fHHPU‘Il'
We can summarize all as follows:
Proposition 4.1.1. Let (pj,q;) € T, j = 0,1, be such that p1 < py and qil — p% < q% — p%‘ Then

HfHHpo:qo < HfHle;ql. In particular,

Hpy .0 [E] € Hpgigo[E]-

3 =

Figure 4.1: Representation of the sets U(p, q) (dark gray) and L(p,q) (light gray) in the square

[0,1]? (via the transformation (p,q) — (%7 %))



4.2 Interpolation of Hy,.,-spaces 103

Given (p,q) € T, let us denote by U(p,q) = {(p',¢') € T : p' = p, % - z% > % — %} and
L(p,q) :={(p',¢)eT :p <p, % — 1% < % — ]%} (see Figure 4.1). Then the previous result can be

understood as follows: if (p', ¢') € U(p, q), then Hp4[E] < Hpy.o[F] with norm 1 inclusion for every
Banach space E; conversely, if (p',q') € L(p,q), then Hpy[E] 2 Hy,y[E] with norm 1 inclusion
for every Banach space E. Moreover, putting p = ¢ we obtain that the spaces H,[E]| are ordered
by inclusion, being H;[E] the smallest and Hy[E] the largest. Finally, it was established in [75,
Proposition 7.4] that if E* has finite cotype r > 2, then

Hp;q[E] = Hyp [E]

with equivalence of norms for every (p,q) € T with =>1- %

1_1
qg P

4.2 Interpolation of H,,spaces

The aim of this section is to study the spaces of positively homogeneous functions over the dual of
a Banach space E using interpolation tools. As we mentioned earlier, the families (FBLP[E])1<p<co
of free Banach lattices and (Hp[E])1<p<eo of Banach lattices of non-linear p-summing functions are
ordered by inclusion. Therefore, any pair of spaces of these families would immediately satisfy the
definition of a compatible pair of Banach spaces, taking FBL*[E] or Hy[E] as an ambient space.
However, we would like to preserve the Banach lattice structure of these spaces while interpolating,
so we also need the inclusions to be interval preserving lattice homomorphisms. In general, it is
not true that the inclusion from FBLP[E] into FBLI[E] with p < ¢ is interval preserving (see for
instance Theorem 4.3.2, where we show that for certain Banach spaces E, there exist elements x € F
such that the order interval generated by |d,| in FBLP[E] and FBLI[FE] for p < ¢ do not agree),
so the family (FBLP[E])1<p<w is not suitable for Banach lattice interpolation. On the other hand,
the spaces Hp|E] are ideals in H[E], so the corresponding inclusions are interval preserving lattice
homomorphisms. This makes the family (Hp[E])1<p<o more adequate for our purposes. Moreover,
since FVL[E] lies in H,[E] for every p, it will also be contained in any intermediate space that
we generate. Therefore, the closure of FVL[E] in each intermediate space will also provide an
interesting space to study.

Once this has been clarified, it should be noted that when E is finite-dimensional, the task of dis-
tinguishing the intermediate spaces between Hi[E] and Hy[E] (or any other pair (Hp,[E], Hp, [E])
with 1 < pp < p1 < ) becomes trivial, as they are all isomorphic.

Proposition 4.2.1. Let E be a finite-dimensional Banach space. Then Hi[E]| = Hy|[FE] lattice
isomorphically. In particular, any intermediate Banach lattice between H1[E] and Hy[E] is lattice
isomorphic to Hy|E].

Proof. By [84, Theorem 3.5|, if F is finite-dimensional we have that for every 1 < p < o the space
H,[E] coincides as a set with Hy[E]. Actually, the authors show that H,[E]| = I[E], where I[E]
denotes the ideal in H[E] generated by ¢g(E), but it is straightforward to see that |||, the norm on
E*, belongs to I[E] (every norm on a finite-dimensional Banach space is equivalent to the £ norm
of the corresponding dimension, which is a finite supremum of evaluation functions). Since Hy, [ E]
is the ideal generated by || - |, we conclude that Hy[E]| < I[E], and the reverse inclusion is clear.
Hence, the identity map from Hp[E] into Hy[E] is a contractive bijective lattice homomorphism,
so it must be bounded below, i.e., all the Hp-norms are equivalent.

Next, observe that Hi[E] € Hy[FE] with norm 1 inclusion, so Hi[E] n Hx[E] = Hi[E] and
H,[E]+ Hy|E] = Hy[E] with equality of norms. Therefore, if X is an intermediate Banach lattice
between H1[E] and Hy[E], it follows that
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1 1
e = - lsme < - Ix < coll - laiame = col - -
1 1
Since | - | g, is equivalent to | - ||z, the statement holds. O

We continue with a result on real interpolation of Hp.,[E] spaces that reproduces an argument
from [98] for (p, ¢)-summing operators.

Proposition 4.2.2. Let 1 < ¢ <py<p1 <0 and 0 < 0 < 1, and define = e = 1});09 + p%. Then

(Hpo;q[E]a Hp1;q[E])9,p9 = Hpe;q[E]

with continuous inclusion.

Proof. First, recall from Proposition 4.1.1 that | - [g, (2] < |- |5,,.4(5]> 50 HpoglE] + Hp,;[E] =
H,,.4|E] isometrically. Now, fix f € Hp 4[E] and t > 0 and let us obtain a lower bound for
K(t, ;s Hpy:ql E], Hp,:q[E]). To do so, consider an arbitrary decomposition f = fo + fi, with f; €
Hy, 4[E], j = 0,1. Then, given a finite sequence (z]);2; < E* such that

sup (Z |23 ( |‘?1>1 <1

CEEBE i=1

we have

| foll i) + t1f1lE,, g1 = [ (Fo(@i))iZelen + t(FL(@))iZa e
= ( (f( z))z 175;:&621)

Taking the infimum over all decompositions (fo, f1) we get that

K(t, f; po,q[ 1, Hpuq[E]) > K(t, (f(x;k))?ilv ;’é, Z;);

so in particular, applying the reiteration theorem (cf. [21, Theorem 3.5.3]) for the pair (£}, £))) we
obtain

Hf” (Hpgsa:Hpy:0)0.pg = > | (f(x7))i2 1” L )opg H(f(w%"))l-ll\l%.

m

Finally, taking the supremum over all the sequences (a:;")izl we conclude that

Hf”(Hpo;q»Hm;q)e,pe < Hf”Hpg;q[E]'

O

As it was observed in Section 4.1, Ho,y[E] = Ho[E] isometrically for every 1 < ¢ < o0, so the
following corollary can be deduced:

Corollary 4.2.3. Let 1 <pg <0 and 0 <0 <1, and define pg = {2%. Then

(Hpo [E]v Hy, [E])G,pe < Hpyipo [E]

We do not know whether the reverse inclusion in Proposition 4.2.2 holds, or if there exists some
q < r < pp such that Hy,.w[E] S (Hpe;[E], Hp,3q[E]),p,-

Next, we will consider the Calderén-Lozanovskii method applied to the Banach lattices Hp,[E],
1 < pp < o0 and Hy[E]. This method is strongly related to the p-convexification process described
in Section 1.2, as we will explain below. Recall from Section 4.1 that we can identify isometrically
Hy[E] with £o(SE+) by restricting the functions to the unit sphere, so that Hp,[E] € Hy[E] can
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also be seen as an ideal of functions over Sg+ with the counting measure. In this setting, for every
1 < p < 0 the p-convexification H,,[E]®) of H,[E] can be identified with the space

Hyy[E]P) = {(ﬂSE*)p 1 fe Hpo[E]} < Lo (Spx),

1
endowed with the norm HgHHpO[E]<p) = ngprIpo () for g € Hy, [E]®). Here, by f% we understand

1
sgn(f)|f|?. By extending these functions from Sgx to Bgs in a positively homogeneous way, we
can represent H,,[F]®) as a subset of H[E]:

1oL

HalEYY = {13117 : < Hu 1 (@)
where | - | € Hy[FE] denotes the norm on E*, and now the norm on H,,[E]® is given by the

relation )

1 P |w

g P

it = W1y, = ||
o I,

provided g = f%” . H’%* € Hp, [E]® for a certain f € H,,[E].

Actually, it is well known that the p-convexification X ®) of a Banach lattice X of measurable
functions over a measure space ({2,X, ) coincides isometrically with the Calderén—Lozanovskii
space X' 9L, (u)? for 6 = 1 — %. We reproduce the details for the particular case of Hy [E]. We
want to show that the identification

Hyo[B]?) = Hy,[E]'~" Ho[E]’

holds isometrically. The inclusion from left to right is clear from the representation of Hp, [E](p)
given above, as | - || is the order unit of Hy[E] and has norm 1. On the other hand, given ¢ €
H, [E]'"PHy,[E]?, we can express it as

1
gP P 1
g:<w%0””

We claim that H-\\g% € Hp,[E]. Indeed, given arbitrary A > 0 and positive f, € BHpo[E] and
1

1

f1 € By, such that [g] < AT ffT*, it follows that

gl? fPL*
-%1<VEQFO < Xfo

since f1 has norm 1 and || - | is the order unit of Hy,[E]. Therefore,

g° »
Hurl <A

Hy,

Taking the infimum over all possible A we obtain that

<9010

” HH E H gp
g (p) —
po[ 1 “ . Hp 1 o

so the remaining inclusion is established. From this identification we obtain an explicit representa-
tion for the norm of the Calderén—Lozanovskii space H,,[E]'~% Hy[E]%:
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P

|QM¢56H&::H”.P,1

Hp,
1 1
" 1
l9(2] )!”>p°> ( p0>
= sup : sup x; <1
(& (s AL
o) g(a) [P g
= sup (Z ey > : sup (Z |z} (z |p0> <1y,
=] vweBp \{2]
where pg = ppo = £%. It could be said that H,,[E]' =Y Hx[E]? behaves as a weighted H,,.,,-space,

or more spemﬁcally, a space of non-linear maps that send weakly pg-summing sequences of E* to
sequences in £, (| - |~?).

Proceeding in a similar way we can conclude that the p-convexification of FBLP°[E] can be
represented as

FBLPLEY = { 73] 17+ £ e FRLP[EL).
and the norm is given by

l9lpLroiEie = 191 1o ps = HfH?}pO
1
for g = f7| - |?* € FBL™[E]® with f € FBL?[E]. Recall that

¢p : E — FBL™[E]
T —> Qpr = 0,

is an isometric embedding, where 6,(z*) = z*(x), and FBL?[E] = lat {J, : € E}. Even though
the correspondence
0. p— FBL™[E] Q)
x> &7 | - [7¥
described above is no longer linear, these functions generate FBLP°[E] () as will be shown below.

Proposition 4.2.4. Consider FBLP[E|®) as a sublattice of Hy,[E]' " H,[E]?, with 6 = 1 — 1%'
Then

1
FBLP[E]® = Tat {02] - [#* : z € E}.

Lo
Proof. One inclusion is trivial, since FBLP[E]®) is a closed sublattice that contains 62| - |#* for

every x € E. For the reverse inclusion, let f € FVL[E] = lat {595 rxel }, that can be represented

as m n
f= \/5961' _\/693'

i=1 j=1

for some (z;);, (y;); S E. We know that H,,[E]'*"?H[E]? is endowed with the pointwise order
and lattice operations, so it is clear that

m 1 1
(\/5%) \P* :\/(5£i]\-\|1%*)elat{dj;’H-HpL*:er}.

=1

1 1
Since lat {02 - |?¥ : € E} is a Banach lattice, the continuous positively homogeneous expression

1
F(g,h) = (¢ — h?)? is well defined for every g,h in this lattice via functional calculus, so in
particular
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1 1 m P 1 m P 1
e = (Vo) 1 (Va) 1)
i=1 j=1

1 1

belongs to lat {62 || - |** : z € E}.

Now, let f € FBL?[E], and take a sequence (fx)r S FVL[E] such that |f — fi|m,, — 0. We

1 1 1
claim that g, = f,”| - ||»* converges to g = f% |-|#* in FBLP[E]®). Indeed, it can be checked using
the Mean Value Theorem that the inequality
11
[tr —s? [P < Ot — s

holds in R?, so it is also true in the Banach lattice FBLP[E]. In particular,

1 1
[f7 = FP P < Clf = fil,
SO

1 1
l9 = 98y agg = 155 = £ Lty < CIE = fility, 0
1 1 1

and therefore f7 - |#* € Tat {0F| - |#* : x € E} for every f e FBLM[E]. 0

Arguing as in the last part of the proof we also get:

Corollary 4.2.5. The inclusion qﬁg) : & — FBLP° [E](p) 1s Holder continuous with exponent %,
that is

1
1652 — ¢yl 100 < Cllz =yl

However, there is a linear way of embedding F into H,,[E]®) = H,,[E]'"?H,[E]°. It suffices
to consider the canonical operator ¢ : E — Hp,[E] < Hy[E], which is an isometric embedding
into both Hp,[E] and Hy[E]. Given z € Bp, we can write 05| = [05]'7?|62(%, so [|6z] 1050 <1

1) 5e)

and ¢p 1 E — Hpy[E]'"PHy[E]? is bounded. Furthermore, given € E, let 2* € Sg« such that

z*(z) = ||z|. Then,
1 1
ARG
> (258 = tel.
B

Hy,

&%
H(SCEHH;O_OH& = H . Hpil

so0 it is an isometric embedding into H,,[E]'~?Hy[E]’. Let us denote by
Z, =1at {6, :x € B} = FVL[E] € H,,[E]" "H,[E]’.
We have the following dichotomy.
Lemma 4.2.6. Let E be a Banach space, and consider both FBLP[E]®) and Zy as closed sublattices
of Hy [E]'"Hy[E]?, where 6 =1 — %.
(1) If E has finite dimension, then FBLP[E|®) = Z,.
(2) If E has infinite dimension, then FBLP[E]®) & Z, and FBL?[E]®) b Z,.
Proof. (1) Observe that if E has finite dimension, then FBLP°[E] can be identified with C(Sgx)
through the restriction operator, and || - | € FBLP°[E] (see for instance [103, Section 9.1]). It follows
1

= 1
from functional calculus that the functions dz | - |»* are contained in FBL|E] for every z € E.
Next, note that
Hy[E] = Hypo[E] n Ho[E] HPO[EP?eHOO[E]G
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with a norm 1 inclusion. In particular, FBLP°[E], the closure of FVL[E] under the norm of Hy,[E],

1 1
will be contained in Z,, the closure of FVL[E] in Hy,[E]'~YHy,[E]°. Hence, 6% |- »* € Z, for every
x € E, and by Proposition 4.2.4, FBL?[E]|®) C Z,,.

On the other hand, the functions H-H(s% are continuous on the unit sphere, so they belong to
FBLP[E]. It follows that &, € FBLP[E]®) for every = € E, so Z, < FBLP[E]®).

(2) If E is infinite-dimensional, consider any = € F\{0} and take some z* € E* such that |2*| < 1

and z*(x) # 0. By [46, Exercise 3.39], there is a sequence (z}), < Sg* such that 2z} W, % In
particular,

1 1 1 1 1 1 1 1
Oz [ - [77)(zn) = (zp(@))? — 2% (@)7 > 2% (@) 7|2 7F = (62 - %) (z"),
1 1
so 0z || - |»* is not w*-continuous on Bg«. In particular, it does not belong to Z, < FBL*[E] <

C(Bg*,w*), so Z, 2 FBL [E]®). Similarly, H-Hé% is not w*-continuous on Bgx, so it does not
belong to FBLP[E] and consequently &, ¢ FBLP[E]®) and Z, & FBLP[E]®). O

Next, we study where the space Hy,[E]'~"H[E]’ is located within the ideals of H[E]:
Theorem 4.2.7. Let E be a Banach space, 1 < pg <0, 0 <60 <1 and pg = {%. Then

Hyy[E] S Hpy[E]' P Hy[E]° S Hpypo [ E,

with norm 1 inclusions.

Proof. Let f € H,,[E]. We can write f as

fl=g"0 1, with g=—1—

It is clear that | - | € Ho[E] and has norm 1. Let us see that g € Hp,[E]. Indeed, g is positively
homogeneous, and given (z})!"; < E* such that

1

sup (2 23 |P0) <1

CEEBE

=1
we have that
1 L
ks - Po b ‘x ) [pe—Po+po
%) |Po < 0 Z

I R L Do = U1 oy

Therefore,
1o e, = lgli,e < 1 £,

and the first inclusion holds.

Now, given f € Hy [E]'""Hy[E]?, for every A > |f|1-60 there are positive f € By, 5]
ro [ee]
f1 € By, ) such that |f| < Afy~? 2. If we fix (z})7, < E* such that

L

sup (2 23 |P0) <1

xEBE i=1
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we get that

<Z|f |p0>p6<)\<2f 19p9f( )9p0>m
< AAl% 5 (Z fo(fvf)p°> RSN
=1

Taking the infimum over all possible A and the supremum over the sequences (z})"; we conclude
that

HfHHpg;po < ”fHH;EGHOGC

However, the inclusions above are strict in general, as the following results show.
Proposition 4.2.8. Let 1 < q < © and E be an infinite-dimensional Banach space such that
E* contains an isomorphic copy of Lyx. Then, if 1 < pg < q < pg and § = 1 — g—g, there exists
fe Hy [E1' P Hy[E) such that f ¢ Hp,q[E]. In particular,

—0 0
Hp,[E] © Hyo[E)' "°Hy[E)”  and  Hp,[E) S Hpypo [ E)-
Proof. Let T : £+ — E* be an isomorphic embedding such that C~*|al . < [Ta| < [ale,, for
every a € gx, and denote by x} = Tef, where (e})}_, denotes the canonical basis of £4x. Note that

1
sup (Z @i(e ) T g = 1T < 1

CEEE

Since T is an embedding, it follows from [46, Exercise 2.49] that 7% : E** — /, is an onto map.

1
Even more, there exists z** € E** such that T*z** = b := (k 7)., € {4\{,,- We consider
f = |z**[*=9)| - |%, which clearly belongs to Hp,[E]' Y H,[E]? (vecall that E** embeds into H,,[E]
by [84, Lemma 5.1]). It follows that for every n € N,

1

110151 (Z e |p9> <Z|$** i)
(Zie rpo)l—ce(jli);{

k=1

80 f ¢ Hpy[F]. Since Hp,[E] S Hp,o[E] and H,,[E] S Hp [E]' " Ho[E]® € Hp,po[E], it follows
that Hp,[E] & Hp,[E]'"*Hy,[E]® and Hyyg[E] S Hpgip [E)- O

Remark 4.2.9. A weaker version of the argument above can be established with a more general
assumption: if E* contains uniform copies of Ly, then Hy,[E] < Hyo [E1' P H[E]? whenever
1<py<qg<pypandf=1-— p

0"

Otherwise, the formal identity from H,,[E] into Hy,[E]' "% Hy,[E]? would be onto, and hence, an
isomorphism, so the norms on both spaces would be equivalent. However, if Ty, : £% — E* denote
the uniform embeddings for n € N, there exists a bounded sequence (z3*)*_, < E** < H, [E] such

1
that TF¥x}* = by := (k" ?0)P_, € {2 Therefore, the functions f, = |a}*[*?) - | are uniformly
bounded in Hy[E]'"YH[E]° but

51
11512 % 20 3

which is a contradiction with the fact that both norms are equivalent.
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Example 4.2.10. Next we provide some examples of spaces where Proposition 4.2.8 and Re-
mark 4.2.9 can be applied:

(1) If E is an infinite-dimensional Banach space, then by Dvoretzky’s Theorem (see for instance
[46, Theorem 6.15]) we can find for every e > 0 and n € N a subspace F < E* of dimension
n which is (1 + €)-isomorphic to £3. In particular, E* contains uniform copies of l, so for
po < 2 < pp we have a strict inclusion Hy,[E]  Hy[E]' P Hy,[E]°.

(2) If X is an infinite-dimensional Banach lattice, the indices of X are defined as
o(X) :=inf{r : X satisfies a lower r-estimate}

and
s(X) :=sup{r : X satisfies an upper r-estimate}.

Observe that 1 < s(X) < o(X) < o, o(X*) = s(X)* and s(X*) = o(X)*. It was shown
by Krivine [81] (see also [115]) that X contains a lattice (1 + €)-isomorphic copy of £ for
every n € N and € > 0 when r = o(X) and r = s(X). Applying this result to X*, it follows
that Hp,[X] © Hpo[X]' P Ho[X]? whenever py < o(X) < pg or po < s(X) < py. Note that
taking for instance X as £y or L4[0,1], that satisfy o(X) = s(X) = q, we can cover the cases
Po<qg<pg<2and?2<py<q< pg, which were not covered by the first example.

(8) The space Ly contains an isometric copy of every separable Banach space. In particular, it
contains Ly« for every 1 < q < 00, so Hp,[l1] & Hpy[(1]' " Hos[€1]? for any choice of 1 < py < 0
and 0 < 0 < 1. The same can be said about Li(u).

The second inclusion of Theorem 4.2.7 can be strict as well. We provide an example in ¢, for
which the following well-known property will be useful.

Lemma 4.2.11. Let (ey), denote the canonical basis of {1, 1 < p < w0 and x7,..., 2% € lyp.
Then
1 1
P m . »)?
sup <Z ’x > = sup (Z‘azz (en)‘ )
z€By; \;—1 neN \; 21

Proof. Since the vectors e, are normalized, the right term is always lower or equal than the left
term. To show the reverse inequality, observe that the function ¢(t) =|¢|” is convex and continuous,

so it satisfies
p o0
< Nt
k=1

for any (t£)%, € R and (Ag)2, < [0,1] such that > ;7 ; A, = 1. Therefore, given z = >, xpe, €
By, , we have
m v % m % m | 00 $n$*(€n) p %
%
(Zhrcl)” = et (Z TR E
i=1 —1 1%y ictn=1 11%lley
1 1
ol p % »
<(Z B Sl e"‘) (Z‘x (en) > ’
n=1 4 =1 =1
as we wanted to show. ]

Proposition 4.2.12. Let 1 < pg < @0, 0 < § < 1 and py = £%5. Then, Hy [(1]' P Ho[(1]° <
Hpgipo[41]-
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Proof. Let us denote by (e;);Z; the canonical basis of /1, and choose a countable set (a; =
(ajk)ily)jZ1 that is dense in (Sgl )+ and contains the canonical basis of ¢ 1as a subsequence

1

(aj,);Z;. For each k € N, we define the functionals zj; € By, by xj(e;) = a;y for every j € N. Note
1

that z7(ej,) = a;:’k. = 1 for every k € N, so actually z} € S, . We claim that there is no pair of
functionals in the sequence ()7, such that one is a non-negative multiple of the other. Assume
there are different k1, k2 € N and p > 0 (without loss of generality, 4 < 1) such that z} = pxj,.
This implies that a;x, = pPa;, for every j € N. In particular, if di, denotes the kq-th vector of
the canonical basis of ¢ 1 it follows that

1
|

0)9

1 1.9 1
laj — d, ||e% > (11— ajp|? +lajr,l?)” = (1 — pPajr,|? + |ajk,

1 1
> min ((1 — pPt)s +te)? >0
tg%g](( pPot) )

for every j € N, which is a contradiction with the fact that (a;)72; is dense in (S,

define a function in H[¢1] by

)+. Now, we

D=

Fa*) = A if 2% = Az} for some A > 0 and k€ N,
~ )] 0 otherwise.

It can be checked that | f|m,,,, can be computed by evaluating the corresponding expression only
at weakly po-summing sequences which are of the form (Apx} )72, with Ay > 0 for every ke N, i.e.,

1 1
0 Py 5
| £l £, = SUP { (Z )\ZG> ‘A, =0, sup <Z Aozt (z |p0> < 1} '

k=1 z€By;

Given any of such sequences, it follows using that (a;)7,

J
cone of ¢ 1= fry and Lemma 4.2.11 that
1— PO

C Sy, is a norming set for the positive
7

1

X i 1 © PO
(33)" = 10udels, = 11, = (35w
Po J€E

k=1 p k=1
1 1
o Po © PO
=sup(2<xkxz<ej>>p°) ~ sup (zww,’:(:c))m) |
JEN N\g=1 v€Bey \p=1

yd P
50 [ fllH,py < 1. Next, recall that f e Hy[01]' =0 Ho[1]° if and only if f7o - |50 € Hy[t1] by
(4.1). Using the relation above we get that

Po 1—Po
1oy = 151 1
1 L
PO
=sup{(2 f(yZ)pGIyZI”O‘”) i (2 (e ) <1}
k=1 51
1 1
© Po Po
= sup{(Z )\20) A =0, sup <Z | Az (z ’po) < 1}
k=1 z€By,

& 7o o 7o
:sup{<2 Ag°> :)\k>0,<2 A§9> <1} = o,
k=1 k=1

SO f ¢ Hpo [gl]l—GHOO[gl]O‘ O
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As a consequence of the above result and Example 4.2.10 (3) we obtain that H,,[¢1]'~% Ho[¢1]°
does not coincide with any of the H,,4[¢1] spaces that lie between Hp,[¢1] and Hy,.p, [41]-
Corollary 4.2.13. Let 1 < pg < 0, 0 < 0 < 1 and py = £%. Then, Hp[(1]* " Hoo[01]% # Hpgiql1]
Jor every po < q < py.

4.3 Extrapolation of H,spaces

The first thing that we will show in this section is that Hp,[E] coincides isometrically with the
extrapolation space obtained by applying the A method to the family (H)[E£])s>p, With ﬁ =
1 1,1

qg p s
Theorem 4.3.1. Let 1 < q < p < o0. Then

Hf”Hp;q = Sup HfHHq,t(s')
$>p

for every f e H[E] and Hpq4[E] = Ay, (Hsys)[E]) isometrically. In particular, Hy[E] =
As>p(HS[E])‘

Proof. Let us write
£ lp.q = sup | fll 1,0,
S>p

and observe that

A(Hs;t(s)[E]) = {f € H[E] :

$>p

Clearly |fllm,,., | flz,, for every s > p by Proposition 4.1.1, so H,.[E] <

Ay p(Hsu(s)[E]) S Hgy(s) E]-
To show that || f{|p.q = | fllm,,,, let us fix f € As>p( sit(s)[£']) and n € N, and choose functionals

xf,...,x}k € E* such that sup,cp, (D7 |oF(2)[? ) < 1. Then, by Holder’s inequality we have that
for every s > p (and hence t(s) > q)
1

n % - n é n )
<Z|f(:v§‘)lp> <np <Z|f(w?)ls> 0l S0 (Z ) 03 s
=1 3

JEE E \;—=1

so taking s — p* we get that

(Z i) <)

It now follows that || f|#,., < ||fllp.q, as we wanted to show. O

Note that in general, Hp, [E] = A, ,(Hgy(s)[£]) does not coincide with the intersection of all
Hgy(s)[E] with s > p, as the following example, that generalizes a remark from Timur Oikhberg
[101] for E = ¢1, shows.

Theorem 4.3.2. Let 1 < g < p < o and E be a Banach space with a normalized basis (ey);_, < E.
Suppose that the sequence of biorthogonal functionals (ef)}_, < E* is weakly g-summing. Then

E] & ﬂ Hs;t(s)[E]
s>p

Moreover, when p = q,
FBLY[E] < (| FBL'[E

s>p
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Proof. We first show that Hy[E] & (o), Hey(s)[E]- Take any 0 < w = (wg)i2; € ((Ngsp €s)\Ep (for

instance, w = (lf%)koo:l) and let
0
F="\/ wkloe,l.
k=1

Clearly, f is finite on every z* € E* and positively homogeneous. Let C' = sup,c 5, (X lef()]9)
1. It follows that

il > (B 15e0r) = (X beiter) = (L) — o0
k=1 k=1

k=1

Q|
WV

and f ¢ H,q[E].

On the other hand, fix s > p and observe that f(z*) = sup,, fn(2*) for every x* € E*, where
fr = V=1 Wk|de, | is an increasing sequence in FVL[E], and hence, in Hy(,)[E]. It is easy to check
that H ) [E] is s-convex with constant 1, so in particular it satisfies an upper s-estimate, and

thus
S S
i < (3 Wondalin, ) = (S et) < bl

k=1 k=1
Using [15, Lemma 4.1], which can be adapted to hold also in Hgys[E], we conclude that
f ey = SuPp [ frll ey < 005 80 f € Hyy(s)[E] for every s > p.

Next, assume that p = ¢ and let us show that FBL?[E] & (,., FBL*[E]. Consider

®© _1
F= 10l (V1751041
k=2

Clearly, f € Hy[E], since 0 < f < |b,| € Hy[E]. We claim that |f — hllg, = (8C)~! for every
h € FVL[E]. Indeed, fix h € FVL[E], that can be expressed as

h=\/ 0a; — \/5%
=1 7=1

for some ()i, (y;); < E by (1.1), and observe that, since (ex);”, is a base of £ and the lattice
operations are continuous, there exists n € N such that |h — g||n, < %, where

:\Tn/(sm \Tn/ nelat el,---aden})
i=1

j=1

d (zf )z, (y7); are the projections onto span{er, ..., e,} of the vectors (z;);, (y;);. Now, for every
k=1,...,n we define the functionals
* * * * 1 *
Xy = Tel + €n+k and Y = Tel.
ne ne

It follows by the hypothesis that

1
1
sup (Z |z} (x ) < 20% sup <|el WP+ Z ler 1 (z ) < 205 C,

Q?EBE

and
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1
1
Sup <Z\yk > = sup |ef(z)| = [e7] =1 <27C.

reBEg r€BE

1
Substituting we obtain that f(z}) = (n + k) P, while f(y}) = 0. On the other hand, g(z}) =
g(y;), as g only depends on the first n coordinates and zj and ¥} coincide when restricted to
span{eq, ..., e,}. Applying these properties we obtain that

251 — gl > ma{ (31760 - g@;)w)’l’ (on- g(yz)'py}

% (gnll\f(xz) — J“'(?J;’L‘)!”)Ii - % (

Hence, |f — g u, > 1& and | f — h|n, > 5, as we wanted to show.

To check that f € FBL®[E] for every s > p, define

Fo = 0e,] A <\n/ k_;!%\) € FVL[E]

k=2

3

=+ | =
ol

N————

3 =

V

[\

e O
=

for every n > 2 and note that

o0
0<f—fa<ho= \/ K 7[5l

k=n+1

Arguing as before, we know by [15, Lemma 4.1] that

\/ k“|6ek|

If = Fallzr, < Bl = sup

k=n+1
m 1 1
< sup ( Z k‘_;> = ( Z k:_;> — 0,
MmN Ng=n+1 k=n+1
so fe€ FVL[E]HS = FBL?[E] for every s > p. O

Corollary 4.3.3. Let 1 < g < p < 0, F a Banach space, and E a Banach space with a normalized
basis (er){_; S E. Suppose that the sequence of biorthogonal functionals (e)}_, = E* is weakly
q-summing and there exists a surjective operator from F onto E. Then

F] & ﬂ Hs;t(s)[F]

$>p

Moreover, when p = q,
FBLP[F] < (| FBL[F]

s>p

Proof. Let us denote by T': F' — E the surjective map onto E and C = sup,cp,_ (D14 |ez(x)|q)%.
By the Open Mapping Theorem (cf. [46, Corollary 2.26]), there is some § > 0 such that 6Bg <
T(Br), so let (z)72, S 6~ 'Bp such that Tz, = ej. Moreover, the sequence (T*ef)?_, © F* is
weakly ¢-summing for every n € N:

1 1

0 q 0 q
sup (2 |T*ez<y>|q) < |7 sup (2 |ez<x>q) _ITiC:
yEBF k=1

IEBE k=1
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Emulating the argument from the proof of Theorem 4.3.2, we can conclude that

£ =\l € () HuagolF1) i
k=1

s>p

for any 0 < w = (wr)i2; € (Nssp £s)\lp-

s>p S

On the other hand, when p = ¢, we can consider the function

f = 16.] A (\/ k‘i|5zk|) € H,[F]
k=2

and the lattice homomorphism T' = ¢zT : FBL? [F'] — FBLP[E] that sends every g € FBLP[F]
to Tg = goT*. It is clear that T(FVL[F]) € FVL[E]. Moreover, in [84, Remark 6.6] the authors
explain that 7" can be extended to a lattice homomorphism

Cr+ : Hy|F| — H,[E]
gr— goT*

with norm |Cp«| = 7. In particular,

© _1
e f = [ds| A (\/k pm)
k=2

is the function that we constructed in the second part of the proof of Theorem 4.3.2 to show that
FBLP[E] < (),-, FBL®[E]. It follows that

$>p
— 1
ITILF = Bl > 1O f = Thl e > 5
for every h € FVL[F], so f ¢ FBLP[F]. Checking that f € FBL*[F] for every s > p can be done
repeating the argument from Theorem 4.3.2. O

Remark 4.3.4. Note that for Hpy[F] & (g, Heus)[F] to hold it suffices to assume that there
exists an isomorphic embedding of E* into F* (it does not need to be an adjoint operator). Indeed,
the adjoint of this embedding will induce an onto map from F** onto E**, so we can choose
uniformly bounded (2;*);_; < F** whose images are the elements (ey)j—, < E. Since F** always
embeds isometrically into Hyq[F'] for every 1 < ¢ < p < o (see [84, Lemma 5.1] for a proof in the
case p = q), we can construct f as above so that it belongs to every Hyy o\ [F'] for s > p, but not to

HpqF].

The simplest example of a Banach space E satisfying the hypothesis of Theorem 4.3.2 is ¢, for
1 < r < q. Therefore, we can apply Corollary 4.3.3 to any Banach space F' that has a map onto £,.

We conclude the chapter applying the previous results to show that all the inclusions between
H,,,-spaces described in Proposition 4.1.1 are strict when E = ¢;. This contrast with [75, Proposi-
tion 7.4], where some Hy,,-spaces coincide whenever E* has finite cotype.

Proposition 4.3.5. Let (p,q) € T. Then, Hpq[l1] & Hy.o[01] for every (o', q') € U(p, ¢)\{(p,q)}
and Hyg[6:] 2 Hy g [61] for every (p'.q') € L(p, )\{(p, 0)}-

Proof. Let (p',q") € U(p,q)\{(p,q)}. If p’ = o0, then Hyyy[¢1] = Hyp[l1]. Observe that the norm on
E*, denoted h = | - ||, belongs to Hy[¢1], but its distance to Hp.q[¢1] in Hyp[41] is bounded below
by 1. Indeed, the biorthogonal functionals (e} ), of the canonical basis of /1 are weakly g-summing,
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so for any f € Hp4[¢1] we have that Y, [f(ef)|P < HfH%pq and hence f(e}) tends to 0. It follows
that |h — f|m, = |h(eg) — fef)] — 1.

If p’ < oo, then either ¢ < q or ¢ > ¢ and hence p’ > p. In the first case, since £y contains
a copy of £+, we can use Example 4.2.10 (3) to obtain that Hp4[¢1] & Hpg[l1] S Hpy.g[01]. In

the second case, we use Theorem 4.3.2 to conclude that Hy.q[¢1] & Hp.q[l1] S Hp .o [¢1], where
1 _1_1,1

w - a p TP

The second part of the statement follows interchanging the roles of (p,q) and (p/, ¢'). O



Chapter 5

Stable phase retrieval in Banach lattices

Phase retrieval problems are a family of inverse problems that aim to provide mathematical methods
of recovering a real or complex signal f from the measurement of its modulus | f|. This last chapter
of the dissertation is devoted to the study of these problems in the abstract framework of Banach
lattices. It is based on:

[32] M. Camunez, E. Garcia-Sanchez, D. de Hevia, A characterization of complex stable phase
retrieval in Banach lattices. Proc. Amer. Math. Soc. (accepted).

[52] E. Garcia-Sanchez, D. de Hevia, M.A. Taylor, Subspaces of C(K)-spaces doing stable phase
retrieval. In preparation.

These works were originated during the supervised research project “Open problems in stable
phase retrieval” of the ICMAT-IMAG Doc-course in functional analysis that took place during
the month of June of 2023 at ICMAT (Madrid) and IMAG (Granada). During that month, the
instructor of the course, Mitchell Taylor, presented some open problems in stable phase retrieval
(SPR), such as the characterization of stable phase retrieval in complex Banach lattices, or the
extension of some results on the existence of SPR subspaces from the real to the complex setting.
Here, we present the solutions to some of these problems.

After introducing the phase retrieval (PR) and stable phase retrieval (SPR) problems and mo-
tivating why the abstract framework of Banach lattices is suitable for their study in Section 5.1,
we review the existing characterizations of PR and SPR for real Banach lattices and establish the
corresponding results for the complex setting (Proposition 5.2.2 and Theorem 5.2.7). It turns out
that what causes the failure of complex SPR is the existence of almost perpendicular pairs (see
Definition 5.2.6), in contrast with the real case, where this role is played by what the authors of
[48] call almost disjoint pairs.

As the paper [48] illustrates, the theory of Banach lattices has provided very useful tools to
tackle SPR-related problems in the setting of functions spaces. For instance, this abstract approach
has been successfully applied in L,-spaces to construct infinite-dimensional subspaces doing stable
phase retrieval [30, 36, 48]. In contrast, C'(K)-spaces, another classical family of function spaces
that include in particular Ly-spaces, have not received attention apart from [48]. Thus, the aim
of Sections 5.3 and 5.4 is to continue the study of stable phase retrieval in C'(K)-spaces initiated
in [48]. In Section 5.3, we use a separation lemma (Lemma 5.3.1) to extend results from [48] on
the existence of SPR subspaces of ¢y, and C[0,1] to the complex case. Moreover, we apply Theo-
rem 5.2.7 in order to find a sufficient condition for building SPR subspaces of complex C'(K)-spaces
(Lemma 5.3.5), which in turn allows us to generalize to the complex setting the characterization
of the compact spaces K such that C'(K) contains an infinite-dimensional SPR subspace estab-
lished in [48, Theorem 6.1]. This equivalence can also be viewed as part of a classical program of
research in C'(K)-spaces initiated in [45] that consists on characterizing Banach space/lattice/al-

117
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gebra properties of C'(K) in terms of topological properties of K (see [113, p. 132] for a summary
of properties).

Section 5.4 is devoted to [48, Question 6.4], which asks for a quantitative version of the afore-
mentioned characterization. That is, if a compact space K is “large” in the sense of having a-many
non-empty Cantor—Bendixson derivatives, where « is an ordinal number, can we embed bigger SPR
subspaces inside C'(K), namely C[1,w®]? We show that this problem reduces to the study of SPR
embeddings between spaces of the form C[1,w?®] (see Lemma 5.4.2 and Proposition 5.4.4). This
simplification allows us to provide a positive answer to [48, Question 6.4] for separable ordinals in
both the real and the complex framework, see Corollary 5.4.9 and Corollary 5.4.11 respectively.

Finally, the last section is dedicated to understand whether the existence of SPR subspaces of
Banach lattices is preserved under certain standard operations between Banach lattices, such as
sums, tensor products or quotients. This comes motivated by the study of SPR subspaces of Banach
lattices of the form C'(K, X), where K is a compact Hausdorff space and X is a Banach lattice, which
have interest in the study of SPR for solutions to certain PDEs, such as the Schrodinger equation.
The results contained in this section are preliminary, but they bring up interesting problems that
will require further research.

5.1 Motivation

Phase retrieval problems are of particular interest in applied harmonic analysis due to applications
in multiple branches of physics and engineering, such as optics, astronomy, quantum mechanics,
speech recognition, and, especially, diffraction imaging (see the surveys [64, 72] and the references
therein). In all these fields, the measuring process of a certain physical signal entails a certain loss
of information that needs to be reconstructed. More specifically, we want to recover an unknown
function from the measurements of a certain positive magnitude, such as its modulus or the modulus
of its Fourier transform. Note that there will always be a trivial ambiguity when retrieving the
phase (or sign) of a function from its modulus, since a function f and Af have the same modulus
whenever \ is a scalar of modulus one. Hence, the problem is to uniquely determine (up to this
trivial ambiguity) the phase of such target function from the information given by these positive
measurements and any other additional restriction that our target is known to satisfy a priori.
Moreover, the measurements can be influenced by the experimental procedure, that can introduce
small errors. Therefore, it becomes necessary to study the stable version of the problem, that is,
quantifying the robustness under small perturbations of the phase retrieval procedure.

Since the above problems involve linear, order theoretic and metric notions, the authors of [48]
(see also [36, 118]) suggested the framework of Banach lattices, a natural generalization of function
spaces, as the most suitable abstract setting for many phase retrieval problems, such as Fourier
phase retrieval, Gabor phase retrieval or wavelet phase retrieval. In these examples, the problem
consists in uniquely recovering an element f of a Banach space F' from |T f|, which is the modulus
of the image of f by an invertible operator T" from F' into a suitable target Banach lattice X. In
the case of Fourier phase retrieval, F' = X = L9 and T is the Fourier transform, whereas for the
Gabor and wavelet phase retrieval, T' corresponds to the analysis operator of a certain frame on
the Banach space F'. These problems can be split into two parts: the first one is to retrieve T'f (up
to a global phase) from |T'f| within the subspace E = T'(F) € X, and the second one is to invert
T, a problem which is much better understood. This motivates the following definition:

Definition 5.1.1 ([48, Definition 3.1]). A subspace E of a (real or complex) Banach lattice X
does phase retrieval (PR) if whenever f,g € E satisfy |f| = |g|, it follows that f = A\g for some
unimodular scalar X.
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Consider the equivalence relation ~ given by f ~ ¢ if and only if f = Ag for some unimodular
scalar . The fact that a subspace £ < X does PR is equivalent to the injectivity, or equivalently,
the invertibility, of the map that sends any equivalence class of E// ~ to the absolute value in X of
a representative of the class. However, in applications it is also necessary to understand how stable
is the inverse map under small perturbations, such as experimental errors. That is, studying if the
inverse map has some kind of continuity, and more specifically, Lipschitz continuity:

Definition 5.1.2 ([48, Definition 3.2]). A subspace E of a (real or complex) Banach lattice X does
C-stable phase retrieval (C-SPR) if

min £ — gl < C 11~ ll (5.1
for every f,g € E. We will say that E does stable phase retrieval (SPR) if it does C-SPR for some
constant C = 1.

Note that if a subspace does SPR, its closure does SPR as well. It is also clear that SPR implies
PR. By an isometric (resp., isomorphic) SPR-embedding of a Banach space E into a Banach
lattice X we will mean a linearly isometric (resp., isomorphic) embedding of E into X such that
the image of F does SPR in X. One focus of recent research is to characterize PR and SPR in
terms of simpler properties of the subspace or the operator that is being studied. For instance,
in the setting of frames, it has been established [2, 17, 18, 29] that real PR is equivalent to the
complement property, whereas, in the complex setting, the complement property is a necessary
condition for PR, but a characterization is not yet available. Analogously, the strong complement
property is equivalent to SPR in the real case, but it is only a necessary condition in the complex
case. In the next section, we will review the problem of characterizing phase retrieval and stable
phase retrieval in both real and complex Banach lattices, and prove one of the main results of the
chapter, Theorem 5.2.7, that provides a characterization of complex stable phase retrieval.

Before passing to this subject, let us briefly recall some facts about ordinal numbers that we will
extensively use from Section 5.3 onwards (we refer the reader to standard textbooks such as [76]
for a detailed discussion of the topic). Loosely speaking, ordinal numbers are a class of sets that
can be linearly ordered by inclusion in such a way that every set of the class is the collection of all
the sets that precede it; this family has a smallest element: the empty set, which will be denoted
by 0. More specifically, ordinal numbers satisfy that a < g if and only if « is an element of 8, and
every ordinal can be expressed as a = {f : f < a}.

Given an ordinal «, we can define its successor ordinal as a + 1 = a v {a}. If & # 0 is
not a successor ordinal, then it is called a limit ordinal, and it can be written as a = UB <o B
Moreover, ordinal numbers admit some arithmetical operations, such as addition, multiplication
and exponentiation. Starting at 0, which is the empty set, we can first generate every natural
number using the successor operation. Once they have been created, it is time to introduce the first
infinite ordinal, w = N, which is a limit ordinal. After w comes w+ 1, w+2,...,w+n,...,w-2,w-
24+ 1, ., weon,. w0+ W w, o w? 2, WL w®, and the list keeps going (see
[38, Chapter 10] for a light introduction to the topic). The first uncountable ordinal is denoted w.
In this chapter we will only work with countable ordinals, so we will not be using ordinals beyond
wi. Every ordinal a@ > 0 can be represented uniquely as

a=wl k4. + Pk, (5.2)

wheren > 1, a > 51 > ... > B, =0 and kq, ..., k, are non-zero natural numbers. This representa-
tion is known as Cantor’s normal form. We can associate to every ordinal a a totally disconnected
compact Hausdorff topological space called the ordinal interval [0, «], which can be described as
the set [0,a] = {8 : 0 < 8 < a} endowed with the topology generated by the base of open sets
{(B1,52] : 0 < B1 < B2 < a}, where (51,02] = {8 € [0,a] : 1 < B < P2}. Note that the interval
(B1, B2] is a clopen set in this topology for every 81 < [33.
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5.2 Characterizations of stable phase retrieval in Banach lattices

One of the main goals of the current research on (stable) phase retrieval is to find characterizations
of the sets and subspaces doing phase retrieval or stable phase retrieval that may be used to prove
further results and develop algorithms for experimental purposes. In many of the situations, the
existence of disjointly supported functions (or similar conditions) seems to be the main obstruction
for PR (see [34, 35] for some recent examples). Propositions 5.2.1 and 5.2.2 synthesize these ideas
into characterizations of PR for general Banach lattices. Before proceeding with the proofs, let us
state some facts regarding the functional calculus that will be needed.

Let X be a real Banach lattice. Recall that, given f, g € X, Krivine’s functional calculus allows
us to define the expression \fg|% = |f|%|g|% When X is a Banach lattice of functions with the
usual pointwise or almost everywhere order, then (|f g\%)(t) =|f(t) g(t)|% for every ¢ in the domain.
Moreover, the equality

1 1 1
[Falz = (If[ v gDz (] A lg])2 (5.3)
holds in R, so it can be transferred to X.
Similarly, if X is a complex Banach lattice, let X be the real Banach lattice such that X = X +iX
and let f = f1 +1if2,9 = g1 +1ig2 € X with f;,g; € X, j = 1,2. We can define the conjugate of g as

g = g1 —ige. If X were a Banach lattice of functions, the meaning of the expression |Re (fg) |% eX
would be clear. For a general complex Banach lattice, we need to define this expression in X by
means of functional calculus as

=

|Re (f9) |2 = [figr + fagol? = | Re (f) Re (g) + Tm(f) Im(g) 2.

Note that the equalities

[N

|%e ()9 )| = N[l e (£9) | (5.4)

and A
= |lf gl —glZ|If gl —1f -9l (5.5)

1
2|Re (£9) |5 = [If +g1* = | — g
are true in R, provided A, u € R. Therefore, they also hold in X.

Now that we have extended the expressions above to the setting of Banach lattices, let us go
back to the original question of characterizing when a subspace of a Banach lattice does phase
retrieval. In the real setting, the main and only obstruction to phase retrieval turns out to be the
existence of disjoint pairs of elements in our subspace. This fact appears implicitly in [48], but here
we provide a complete proof.

Proposition 5.2.1 (Real phase retrieval). Let E be a subspace of a real Banach lattice X. The
following are equivalent:

(1) E fails PR.

(2) There exist non-zero f,g € E such that |f| A |g] = 0.

(3) There exist non-zero f,g € E such that |fg|% = 0.

Proof. (1) = (2) Suppose that E fails PR. Then, there exist f,g € E with |f| = |g| and f # +g¢. In

particular, f — g and f + g are non-zero elements of F/, and using some of the identities stated in
[96, Theorem 1.1.1] we deduce that
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f+glnlf—gl=((F+9) v (=f=9) r((f—9) v (=f+9)
(F+DAf=9) v ((F+9) A (=f+9)
V(EfF=9A(F=9) v ((=f=9) A (=f+9)
(f=1lgl) v (=[fl+9) v (=|fl=9) v (=f—lg)
((fF=1gD) v (=F=1gD) v ((=[f1+9) v (=If] = 9))
(IF1=1gl) v (=11 + lgD) = [If] = lgl| = 0.

v (
A

(2) = (1) Let f,g € E be two disjoint vectors. Then, in particular, they are linearly indepen-
dent and so are f + g and f — ¢g. Now taking into account that f and g are disjoint we get that
[f + 9l =1fl+1gl = |f — gl, so E fails PR.

(2) « (3) Let f,g € E, and consider the principal ideal generated by h = |f| + |g| in X, X}, which
can be identified with some C(K') by means of a bijective lattice homomorphism J : X; — C(K)
[96, Theorem 2.1.3]. On one hand, if f and g are disjoint in X, so are Jf and Jg in C(K), where
being disjoint means having disjoint supports. Hence, Jf - Jg = 0 and, in particular, |Jf - J g|% = 0.
Since J i is bijective and the functlonal calculus is preserved by lattice homomorphisms, we recover
that |fg|2 = 0. Similarly, if |fg|2 = 0, then |Jf - Jg|2 = 0, so Jf and Jg must have disjoint
supports and thus f and g are disjoint in X. O

The complex case is slightly more involved, as disjointness is not the only obstruction for phase
retrieval. Indeed, if a subspace E of a complex Banach lattice X = X + iX contains two real
and linearly independent elements f,g € £ N X, then E automatically fails phase retrieval, as it
contains the elements f+1ig and f —ig, which are linearly independent but have the same modulus.
However, E might not contain disjoint pairs (take for instance E = span{f, g} with f and g non-
disjoint satisfying the previous conditions). In view of this, it seems that it is not condition (2)
from Proposition 5.2.1 but rather (3) that should be used in order to get a generalization to the
complex setting.

Proposition 5.2.2 (Complex phase retrieval). Let E be a subspace of a complex Banach lattice
X. The following are equivalent:

(1) E fails PR.

(2) There exist linearly independent f,g € E such that |f —g| = |f + g|.

(3) There exist linearly independent f,g € E such that | Re (f7g) |% = 0.

(4) There eist linearly independent f, g € E such that |f + g| = (|f]2 + [g]?)z.

Proof. (1) < (2) E fails PR if and only if there exist u,v € E linearly independent such that
|u| = |v]. Considering the linearly independent combinations f = “* and g = “5* we can write
u=f+gand v=f—g, soconditions (1) and (2) are equivalent.

(2) < (3) < (4) Assume that X = X +iX and let f,g € E, h = |f]+]g| € X and X}, be the principal
ideal generated by h in X. Then, by Kakutani’s representation Theorem [96, Theorem 2.1.3] we
can identify X}, with some real C(K;R), as we did in Proposition 5.2.1, and X}, = X, + X}, with
C(K;C). Therefore, we can assume without loss of generality that f,g € C(K;C). It is easy to
check that

If + 91> = (f+9)(f +3) =|f]” +]g]* + 2%Re (f7)

and

If—gl* = (f—9)(f —g) =|f]” +]g9]* — 2Re (f9),
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so (2), (3) and (4) are clearly equivalent on C(K; C). The uniqueness of functional calculus allows
us to bring this equivalence back to the complex Banach lattice X. ]

To illustrate the intuition behind condition (3), let a and b be complex numbers such that
Re (a5> = 0. This implies that arg(a) = arg(b) + 7, that is, they are perpendicular when viewed
as vectors in C = R2. Similarly, if f and g are functions on a domain {2 with complex values, the
condition Re (fg) = 0 implies that at each point w € 2, the values f(w) and g(w) are perpendicular
in C = R?. In analogy with this, the pairs f, g in a Banach lattice X satisfying | Re (fg) \% =0 will
be called perpendicular pairs.

Note that phase retrieval is a purely algebraic property, so Propositions 5.2.1 and 5.2.2 could
be stated for vector lattices, as the norm does not play any role (the only requirement is that
they admit a functional calculus, see [85] for a characterization of this property). In contrast,
for stable phase retrieval the situation is not as straightforward. The authors of [48] provided a
full characterization of real stable phase retrieval by changing in Proposition 5.2.1 the notion of
disjointness by that of almost disjointness. Given ¢ > 0, we say that f,g € Sgp is a (normalized)
e-almost disjoint pair if |||f| A |g|| < e. Almost disjoint pairs were used to stablish a quantitative
characterization of real SPR in [48, Theorem 3.4 and Remark 3.5] (see the equivalence (1) < (2)
and the additional statement below), which was later refined in [26, Proposition 3.4]. It turns out
that an equivalent condition can be obtained looking at products (in the functional calculus sense)
instead of infima.

Theorem 5.2.3 (Real stable phase retrieval). Let E be a subspace of a real Banach lattice X. The
following are equivalent:

(1) E fails SPR.
(2) For every e > 0, E contains an e-almost disjoint pair.

(8) For every e > 0, there exist f,g € Sg such that H]fg]%H <e.

Moreover, E does C-SPR if and only if E does not contain any %—almost disjoint pair.

Proof. (1) « (2) As we already mentioned, the last part of the statement was established in [48,
Theorem 3.4 and Remark 3.5], and later improved in [26, Proposition 3.4]. In particular, this yields
the equivalence between (1) and (2).

(2) = (3) For every ¢ > 0, take f,g € Sg such that |[f| Alg||| < e. By equation (5.3) and [88,
Proposition 1.d.2(i)] we get that

1 1 1
gtz < IfIvIgl2 ] Algll2 < 'v2e.

(3) = (2) It is clear from equation (5.3) that |f| A |g| < |fg\%, SO
1
LT A gl < Nl fglz] <e. O

Note that (2) = (1) holds in the complex setting as well. More specifically, if a subspace E of a
complex Banach lattice contains a normalized e-almost disjoint pair, then it fails SPR with constant

—L_ . This is probably a known fact in the community, but the proof is not as straightforward as

2\/55
in the real case. For the sake of completeness, we reproduce in Proposition 5.2.5 an argument
provided by Jests Illescas-Fiorito in his Master’s thesis [70, Remark I1.3.3]. The proof is based on

[48, Theorem 3.10], whose statement we recall:

! Here we are using that |||f| v |g|| < [If] + |g] < 2. Note that if X is an AM-space, then the factor /2 can be
removed in this inequality.
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Theorem 5.2.4. Let (X,| - |) be a (real or complex) Banach lattice. Fix linearly independent
f,9 € X, and suppose that Y = span{f, g} is equipped with a Hilbert space norm | - | g which is
K -equivalent to | - ||, with 1 < K < /2. Then there exist f',g' € Y so that

min ||f — A\g| < K min | f' — \¢
min |f = Agll < Komin | = |

, and
1 .
(1P +16'1%)? < K min |1 = ],

and

L1 =19l < |If] = gl -

Theorem 5.2.4 establishes that SPR is witnessed on “almost orthogonal” vectors, meaning that
if f and g satisfy the SPR inequality (5.1), then we can find f’ and ¢’ in span{f, g} that tighten
the inequality (up to a constant K < +/2) and moreover minjy_; |/ — A¢’| is bounded below by

K=Y f1? + Hg’HQ)% In particular, this allows us to assume that both terms in the SPR inequality
are large. Moreover, in the proof of [48, Theorem 3.10] we can find a method for obtaining such f’
and ¢’ from f and g, that we will use to show:

Proposition 5.2.5. Let E be a subspace of a complex Banach lattice X and € > 0. If there exist
u,v € S such that ||u| A |v|| < ¢, then E fails —+--SPR.

V2e
Proof. Given u,v € Sg such that ||u| A |v]| < ¢, fix a Hilbert norm || - || on span{u,v} induced
by a scalar product {-,-) such that |- | < | - ||z < v/2| - |, and assume without loss of generality

that |u|g = |v]|g. Let p = \Ezzil (if {u,v) = 0 take p = 1 instead) and denote f = u + pv and
g = u — pv. Observe that {f,g) = |lu|% — |v||% = 0, which implies that

in | f — Aglm = |f — glla
min | f = Agl = 1f = gllu

By the proof of Theorem 5.2.4, there exists some R € [0, 3] such that f/ = f — R(f + g) and
g =g — R(f + g) satisfy that
1P T=1g'l] < [1f1 = lal|
and (f',¢') =0, so
min If' =X | = 1f" =gl

In particular, the fact that f/ — ¢ = f — g = 2uv implies that

1
min | f — A¢| > —= min

min 2 min ' =g'ln = 1 = o la = ol > ol = —.
On the other hand, observe that |f + ¢g| = 2|u| and |f — g| = 2|v], so
11 =gl < [f + gl A 1f =gl < 2[u| A Jo].
Putting everything together, we conclude that
1= 19l < 1171 = gl < 2 < V2 min [f" = Ad'll,

. 1
so F fails \/Eg'SPR' O

Using again the orthogonal reduction argument provided in Theorem 5.2.4, we can obtain the
main result of the paper: a characterization of stable phase retrieval in the complex setting. In a
similar way to what happens in the real case, where the restriction of not containing disjoint pairs

of vectors in Proposition 5.2.1 became the property of not containing almost disjoint pairs, in the
complex, case condition (3) in Proposition 5.2.2 will also have a stable analogue:
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Definition 5.2.6. Let X be a complex Banach lattice and € > 0. We say that two elements u,ve X
form a (normalized) e-almost perpendicular pair if |ul = |v]| = 1 and ||| Re (uv) | | <e.

Theorem 5.2.7 states that a subspace of a complex Banach lattice fails SPR if and only if it
contains uniformly separated e-almost perpendicular pairs for every € > 0.
Theorem 5.2.7 (Complex stable phase retrieval). Let E be a subspace of a complex Banach lattice
X. The following are equivalent:
(1) E fails SPR.
(2) For every 0 <m <
[ 9%Re (up) |2] <.

(3) There exists m > 0 satisfying that for every e > 0, there exist u,v € Sg such that miny—; |u —

\/5 — 1 and e > 0, there exist u,v € Sg such that mingy—y [[u — Av| = m and

M| = m and ||| Re (uD) |2H <e.

Proof. (1) = (2) Let us fix 0 < m < % — 1 and £ > 0. E fails SPR, so given any C > 1 there exist
linearly independent f, g € E such that

win | = Agl > ClIf =lgll-

Following the proof of Theorem 5.2.4 we can find a pair of linearly independent vectors f/, ¢’ € Y =
span{f, g} such that |l¢'| < | /'] =1,

/ ¢ / /
win | = Agu>ﬁ|Hf!—\gH}

and

1 2
min /_)\/27(/2_~_ /2>
winl =391 > = (1717 + 19/

Moreover, there exists an Euclidean norm | - [ on Y such that |h| < |h|g < V2|R| for every
heY and {f’,¢") = 0. Note that, in particular,

O 2¢/2
o<1 =1l <[] =|d]|| < © in If'=Ad'| < ol

Let 0 < 8 < 1 be a parameter depending only m whose value will be established later in the proof,
and assume that C' > #. Then,

2\f

L=[f1=1d1=1f--—F>1-0
and . :
minf' =gl > 5 (1+0-07)".
Now, let us define v = ! /;g/ and v = f = . Clearly, they are linearly independent, since they

generate f/ =u + v and ¢ =/ — 0. Moreover by equation (5.5) and [88, Proposition 1.d.2(i)] it
follows that

=

2

l198e(wv)]2 | = *\Hlf\+|9|| 171~ 1g'1|2 ||<*H|f\+!9||\ 117119117 < (5.6)

&

On the other hand, for every unimodular A € C we have
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2 = M2 = Jlu’ = M

1
= 1A=+ 1+ g
_1 2 £12 29 .72
= (=PI 1+ AP 1)
1

= 5 (= ReNIF + (1 +ReN) )

> min{| /|, |¢'I3} = min{| /|2 1917} = |¢'I° = (1 - 6)?,
and thus
1-06

min [[u’ — M| > ——=
[A|=1 2

Finally, note that

1 ;1 1
55 (1 =02)" < Sminlf =gl < [l < 511+ 1o <1,
and the same holds for |[v'||. Define u = \Z;H and v = Hzi\l' Then, v and v are normalized vectors,
and they satisfy that
1 /
lu— v = —= | |u' = 2| — | (1 - ||u/|> v’
' cd
> min v’ — M| = [’ — ']
=1
1-0 1 2
z———+——(L+1—9ﬂ 1
NCEENCA G

for every unimodular scalar A\. Choosing 6 € (0, 1) so that

D=

-9, 1
m=1"%,_1
V2 242

(this is always possible, since 0 < m < % — %), and making

@+¢1—9F> 1

C > 8v/2 24/2
max
Tla+ra-o022 0
we can use (5.4) and (5.6) to conclude that
N 2
1 1 —\ 1 84/2
Re (uv) |2 = ———— || Re (w0 ) |2] < < e.
It (0m) P41 = ol ose () 1 <(1+(1_9)2)C>

(2) = (3) is trivial.

(3) = (1) We want to show that the SPR condition fails in E for any constant C' > 0, that is, for
every C there is a pair of linearly independent elements f, g € E such that

ﬁgW—AM>CNﬂ—MW

om

Let us fix a constant C' > 0 and find m > 0 satisfying the hypothesis. Then, we take 0 < e < 57,
where § > 0 is a parameter depending only on m that will be fixed later, and u,v € F as in the
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statement. Let f = v 4+ v and ¢ = u — v, which are clearly linearly independent. It follows using
functional calculus and (5.5) that

171 = lall < [1£] = lal|Z [1£] + Igl|F = 2 %Re (up)|? , (5.7)

RN
so [[[f] =gl Il < 2[[[ Re (uv) 2] < 2¢

Now, let us provide a lower bound for the expressions |f — Ag|, where X is a unimodular scalar.
To do so, note that |1 — A]> +]1 + A = 4, so
[ =2gl = (1= Mu+ 1+ No| = 2M,

where

M = inf {Jau + Bo| :|af +]8 =1}

1

In order to bound M from below, we select § = (14 (14 %)?)~2 > 0, so that 7%_52 =1+ 7%, and
we distinguish three cases:

o If|a| = +/1 — 62 (equivalently, | 3| < §), then
low + o] = [lau] — |Bv] =]a| —[8] = V1 - 6% —
o If|a| < § (equivalently, || = v/1 — 62), then

om
low + Bof| = |Bo] — lau] =8 —la] > V1 -2 =6 = =~

o If § <|a] < +/1—02 (equivalently, § < |8 < +/1—62), then \/ﬁ <r = ||£ < 15_‘5 and

|r — 1] < . Writing g = re'? we get

| | , 5
o+ 8] =lal [u + ¢*v + (r = 1)ev] =l (Ju+ o] —|r —1]) > Z-.

We conclude that M > °I*, so we have found a pair of linearly independent vectors f and ¢g in F
such that
ClIfI =gl < 2¢C < om < 2M < < Inin If = Agll

and the proof is concluded. O

Remark 5.2.8. Note that the restriction miny _y [|[u—Av| = m > 0 cannot be dropped in conditions
(2) and (3) of Theorem 5.2.7. Indeed, there exists a two dimensional subspace of C* that does stable
phase retrieval, but for every € > 0 it contains a pair of linearly independent vectors u,v € Sg such
that ||| Re (uv) ] | <e.

Proof. Let u = (1,1,1,0),w = (1,i,0,1) € ¢4, (over C) and E = span{u,w}. Given 0 < § < 1, let
v = A(iu+ dw) = A(i + 6, (1 + 6)i,i,0), where A = (1 + §)~L. It is clear that, for every §, u and v
are normalized and linearly independent. Moreover | Re (uv) \% = (VAJ,0,0,0), so for every € > 0

we can choose § such that 1 — A = Af = —5 < g2
observe that

, so that ||| Re (uv) ]%Hoo < ¢. However, we can

1+ 1
U— ——0
i

— i—1)(1— A)u — (i + ) Asw| <246 < 2¢7,

min ||u — Ao <
Al=1

1
- ﬁ”(
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so when ¢ is small the pair u, v does not satisfy the separation restriction of Theorem 5.2.7.

Next, let us show that E does SPR. To do so, it suffices to prove that E does PR, since by [48,
Corollary 3.14] PR and SPR are equivalent for finite-dimensional subspaces. By Proposition 5.2.2,
we need to check that for every pair of linearly independent vectors f,g € FE, the expression
| Re (f9) |% is non-zero. Assume the contrary: there exist two linearly independent vectors f =
aju + byw, g = agu + bow € E such that |Re (f9) |% = 0. Since /%, is a space of sequences, the
functional calculus coincides with the usual functional calculus in R coordinatewise, so, in particular,
we can write RRe (fg) = 0. A simple computation shows that

a1) + Re (b1))(Re (a) + Re (b)) + (Im (a1) + Tm (b1))(TIm (a2) + Tm (b)),
al) — Jm (bl))(iﬁe (ag) — Jm (bQ)) + (Jm (al) + fRe (bﬂ)(jm (a2> + Re (bg)),
ay) Re (az) + Im(ar) Tm (asz),

)

Re (b1) Re (b2) + Jm (bl) Jm (bg) .

Without loss of generality, we can assume that a; = 1, so that the third equation implies that
Re (az) = 0, i.e., ag = «i for some a € R. Substituting the information from the third and fourth
equations in the other two equations we obtain

0=adm(b) + Re(b),
0=aRe (b)) — Tm(b),

so, in particular,
arby — ashy = aJm (bl) + fRe (bg) - i(a Re (b1) — Jm (bg)) = 0.

However, by our assumption f and g are linearly independent, so a1by — asb; # 0, which leads to
a contradiction. Therefore, Re (fg) # 0, so E does PR, and hence SPR. O

5.3 Existence of SPR subspaces in complex C(K)-spaces

In this section we extend to the complex setting some results from [48] concerning the SPR subspaces
of C'(K)-spaces. Unless stated otherwise, throughout this section all the spaces considered will be
complex Banach spaces or lattices. We begin by proving a separation lemma.

Lemma 5.3.1. Let E be a (real or complex) Banach space and 0 < m < 2. Then for every x € Sg
and y € Bg satisfying miny =1 |z — Xy| = m there exists x* € Spx such that||z*(z)| —|z* (y)|| = 2.
Proof. We distinguish two cases. If |y| < 1—%, then we choose 2* € Sg= to be a norming functional
for z, so that z*(z) = 1 and |2*(y)| <||z*(/||ly|| < 1— 7. Otherwise, if |y| > 1— %, then the distance
of y to the span of z, denoted Fz (here, F denotes the scalar field), must be bounded below. Indeed,
given p € IF, we can have one of the following three situations:

o Iful > 1+ %, .
ly = pzl = llpel =yl = <

o If‘:u" < _2Tm7

S

ly — pl| = |yl — |pz| =
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o If 1 — 2 <|ul < 1+T§,then|1—|,u|‘ 2% and

>m— "=

1 f
ly — px| = Hy - wH - < - u) z
|1l |1l

Thus, d(y,Fx) > %. Using Hahn-Banach Theorem, we can find a functional z* € Sgx such that
x*(x) = 0 and x*(y) = d(y,Fx), so the proof is concluded. O

The next result generalizes [48, Lemma 4.4] to the complex setting following a similar argument.

Lemma 5.3.2. For any cardinal o there is an isometric 12-SPR embedding of {« () into itself.

Proof. Let us denote by E = {y () and Ey = ¢1(«). Let (2;)ier be a dense set in Sg, with|I| = «,
and define the operator J : E — {4 (1) by Jz = (2(z;))ies. Using Goldstine’s Theorem and the
density of (z;);er it can be checked that J is an isometric embedding. Let us show that J(E) does
SPR in £y (1), i.e., that there is some C' > 0 such that for every x,y € E,

nin |Jz = ATyl < Cl| Tz —[Jy| .
Without loss of generality we can assume that z € Sg, y € Br and miny_; [z — Ay| > %
Indeed, suppose the inequality above is stablished (with some constant C’) for x,y satisfying these

conditions. Then, given any f,g € E we can apply Theorem 5 2 4 to obtaln f', g satisfying the
properties listed in the statement. In particular, denoting x = W and y = H T, We get that

min |Jf — Mgl < \/ilgr‘liq |Tf = ATg'| = \@Hf’H‘grlliI} | Tz — ATy

< V2| [Jz] =Tyl | = V2C ||| = [Td | | < V2C'IlTfI =gl |,

so J(E) does SPR with constant C' = 1/2C".

Now, if z € Sg, y € Bg and minjy—; [z —Ay[ > %, we can apply Lemma 5.3.1 to obtain z* € E*
such that ||z*(z)| —|z*(y)|| = ﬁ Using again Goldstine’s Theorem and the density of (z;)ie; we

can find for every e > 0 some z; such that |z*(x) — x(2;)| < € and |2*(y) — y(z;)| < €, and thus
@(2:)| — |y (zi)]| = \f — 2e. It follows that

1
J| =Tyl | = ||z(z)| —|y(zi)|| = —= — 2¢
1] = [Tyl | =l (z0)] — |y (=] e
for every € > 0, so
6V2|| x| —|Jy|| =2 = |mln [Jx — ATy

and we can take C’ = 6v/2 (and C = 12). O

Remark 5.3.3. The same argument can be used to show that any E embeds isometrically into
C(Bgx) as a 12-SPR subspace by means of the cannonical embedding that sends every x € E to the
evaluation function x* — x*(x).

As one could expect, [48, Proposition 6.2] can also be generalized to the complex setting using
Lemma 5.3.1. We include the proof for the sake of completeness.

Proposition 5.3.4. Every separable Banach space embeds isometrically into C(A), and into
C[0,1], as a 12-SPR subspace (here A is the Cantor set).
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Proof. Given a separable Banach space E, we denote K = (Bpgx,w*) and j : F — C(K) the
isometric embedding introduced in Remark 5.3.3. Recall that ||jz| —|jy| | = for every x € Sg,
y € Bp such that miny_ [z — Ay| > ﬁ' Since E is separable, K is a metrlzable compact, so
[79, Theorem 4.18] yields a continuous surjection h : A — K that defines a composition operator
H :C(K)— C(A), which is in particular a lattice isometric embedding. Now, since A < [0, 1], [3,
Theorem 4.4.4] provides an extension operator 7' : C(A) — C[0,1] such that Tf|, = f, T1 = 1,
|T|| =1 and Tf > 0 for every f > 0 (it is straightforward to check that this result is also valid in
the complex setting). In particular T is an isometric embedding. Moreover, given x € Sg, y € Bg
such that minjy—; [z — Ay| = —5, Lemma 5.3.1 and the surjectivity of h implies that there is some
t € A such that

3} < |ljal =lgyl | =|[ljz(rE)] —1iy(RE)I] = [|(h(£))(@)] = () ()]
=||Hjz(t)] —[Hjy®I| = [|ITHjz(t)] —|THjy(t)|| < ||THjz| —|THjy||.

Repeating the argument used in Lemma 5.3.2 we conclude that THj(F) does 12-SPR in C[0, 1]
(and in C'(AQ)). O

Next, we show a technical lemma that will be the base of the main results of the paper. Inspired by
the idea from [48, Theorem 6.1] of embedding ¢y into a C'(K)-space by creating overlapping points
for any pair of natural numbers, we use the characterization of complex SPR from Theorem 5.2.7
to establish that if an embedding between complex C(K)-spaces satisfies a certain overlapping
property, then it will do complex SPR.

Lemma 5.3.5. Let K, L be compact Hausdorff spaces, and assume that the field of scalars is C.
Suppose that T : C(L) —» C(K) is a contmctz’on that satisfies that for every pair (s,t) € L x L there
are 154,51 € K such that T f(rss) = $(f(s) + f(t)) and T f(Fss) = 3(f(s) +if(t)). Then, T is an
isometric SPR embedding.

Remark 5.3.6. It should be noted that the proof works with a weaker assumption, namely, that
for every point s € L there exists rs € K such that Tf(rs) = f(s) and for every pair of distinct
points s,t € L there are 154,75y € K such that Tf(rss) = 3(f(s) + f(t)) and Tf(7s,) is either
3(f(s) +if(t) or 5(f(t) +if(s)).

Proof of Lemma 5.3.5. The fact that T is an isometry follows from the fact that T" is contractive
and T'f(rss) = f(s) for every s € L. We claim that T'(C(L)) does complex SPR. By Theorem 5.2.7
(choosing m = %), this is equivalent to showing that there exists some § > 0 such that if f, g € S¢(z,)

satisfy miny_; | f — Ag| = £, then ||| Re <Tng> 2| = 6, or equivalently, | FRe (TfTig) | = 2. Let

us fix f and ¢ as above, and put f(s) = Ase®® and g(s) = B,e's for every s € L. Lastly, let ¢ > 0
be a small parameter whose value will be established later. It will be useful for the rest of the proof

to write now the explicit values of e (Tfoq) at the points rs; and 75+ for s,t € L:

__ 1
NRe <Tng> (ret) = E[ASBS cos(s — os) + Ay By cos(0; — oy)
+AyBg cos(0y — o) + AsBycos(0s — oy)],

— 1
Re (Tng) (Tst) = Z[ASBS cos(0s — os) + Ay By cos(0; — oy)
—AyBgsin(0; — o) + AsBysin(0s — oy)].

Since both f and g have norm one, there exist some s,t € L such that A; = 1 = B;. We distinguish
two main cases:
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Case A: A; > 1% or Bs; > % (without loss of generality, assume the latter).
o If |cos(0s — os)| = ¢, then

— _— 9
|9 (TfTg) | = |9e (TfTg) (ry)| = AuBe| cos(t — 0)| = ~oc.

10
o If [cos(fs — 0s)| < ¢, then we use the fact that minjy—; [ f — Ag| = % to find some u € L such
that )
= < |f(u) = O g(u)| < Ay + Bu. (5.8)

Note that this v must be different from s, since | f(s) — e %s=7)g(s)| = |As— Bs| = |1 — Bs| < %.

o If B, < ¢, then necessarily A, > % — c. Since either | cos(0, —os)| or | sin(6,, —os)| is greater or
equal than %, evaluating at r,, or 7s,, respectively, and applying the triangular inequality,
we get that

o 9 9
4| Re (T fT > ——A,—-3c>—— — (3 +
|9 (TTyg) | ™G csm(

o If A, < ¢, we proceed analogously.

10515>c>0.

o If Ay, By = ¢, we distinguish two cases again:

o If |cos(f, — oy)| = ¢, then

98¢ (T1Tg) | = |%e (TT5) (run)| = AuBulcos(u — o0)] > ¢

e Otherwise, we are in a situation where A,, B, = ¢ and |cos(0s — 05)|,| cos(6, — o,)| < c.
This case requires more analysis than the previous ones, so we treat it separately:

Let A = (05— 05) + (0 — ou) = (05 — o) + (6, — 05). Using trigonometric relations, it is clear that
|cos Al = 1 —2¢? and | sin A| < 2¢. Moreover, we can write

cos(fs — oy,) = cos Acos(f, — os) + sin Asin(f, — o)

and
sin(fs — o,,) = sin Acos(0, — 05) — cos Asin(6,, — o).

When cos A > 0, we have that 0 < 1 — cos A < 2¢2, so

| cos(0s — o) — cos(fy, — 0s)| < 4e, (5.9)

|sin(fs — oy,) + sin(0, — 0s)| < 4c; '
whereas when cos A < 0, it follows that 0 < 1 + cos A < 2¢2, so we get

cos(fs — + cos(f, — < 4e,

| : (0s — ou) ) (Ou — o) (5.10)

|sin(0s — 0y,) — sin(f, — 05)| < 4e.

According to this dichotomy, we have that:
o If cos A > 0, then evaluating at rs, and using (5.8), (5.9) and Bs > 1% we obtain that

4| Re (Tng) (rsu)| = |Bycos(bs — oy) + AyBs cos(0,, — o5)| — 2¢
> (Ay + By)|cos(0s — oy,)| — Au(1 — Bg)| cos(8, — o)

— Ayl cos(0y, — os) — cos(0s — oy,)| — 2¢

1 1
> 5| cos(0s — oy)| — 0 6c,
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while at 7, we get

4] e (T ng) (Fsu)| = |Busin(0s — ou) — AyBysin(0y — 0s)| — 2¢
> (Ay + By)|sin(0s — o) — Au(1 — By)|sin(6, — os)|
— Ayl sin(6, — o) + sin(fs — 0y,)| — 2¢

1 1
> g\ sin(0s — oy,)| — 0~ 6e.

Therefore,

4] Re (Tng) | > % (\}5—;) —6e > 0.

o If cos A < 0, then again by the trigonometric relations it follows that
cos((0s — 04) — (0 — 04)) = cos(A —2(0, — ) = 1 — 62 (5.11)
Then, we can split one last time in two cases:

o If |Ay — Byl = \é—?, we can evaluate at 74, and 75, and apply (5.10) to obtain

4| Re (TfTig> (rsu)| = |Bucos(s — oy) + AyBs cos(0, — o5)| — 2¢
> |A, — Byl|cos(0s — o) — Au(l — Bs)| cos(0y, — o)
— Ay|cos(0y — o) + cos(ls — oy)| — 2¢

V24
25

A\

| cos(0s — 0y)| — — — 6c,

10
and
4] Rte (T ng) (Fou)| = |Busin(0s — 04) — AuBysin(f, — 04)| — 2¢
> |Ay — Byl|sin(0s — 0y,)| — Ay (1 — Bs)|sin(0, — os)|
— Ay|sin(0, — o5) —sin(fs — oy,)| — 2¢

V24

%| sin(fs — oy)| — 0 6c,

\Y

respectively. Again, this implies that

4| %e (T1Tg) | = % (\/?—;) ~6c> 0.

o On the contrary, if |4, — By| < \é—?, by (5.8) and (5.11) we have

1 < | Ay = Byei(0s=05)~(Ou=ou)2
25
= A2 + B2 —2A,B, cos((0s — 05) — (0 — 0u))

= |Ay — Bu|* + 24,By[1 — cos((6s — 04) — (6 — 00))]

24 1
2419262 <« —
Sop T S g

1
254/12°

possible, and we have exhausted all the possibilities within Case A.

which becomes a contradiction as long as we choose ¢ < Therefore, this situation is not
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Note that choosing 0 < ¢ < %(@ —1)and 0 < 6% < min{c?, %(%(\/Tﬁ —1)—6¢)}, all the conditions

that have appeared in Case A are satisfied.

Case B: A; < % and B, < =% (in particular, s # t).
o If By < ¢, we consider Ay:

o If A; < ¢, then
419 (TfTg) (ra)| > |cos(hs — o7)| — 30

and
4| Re (T ng) (Fsr)] = | sin(0s — oy)| — 3¢,

SO

_ 1
4] Re (Tng) | 55 —3c>0.

o If Ay = ¢, we split again:

o If |cos(6; — or)| = ¢, then
|9 (TfTg) | = | %e (T/Tg) (rea)| =
o If |cos(8; — o1)| < ¢, then evaluating again at either s, or 754 we obtain that

— 1
4| Re (Tng) | = N 3¢ > 0.

o If Bs = ¢, we look at | cos(fs — os)|:

o If |cos(fs — os)| = ¢, it follows that

|9 (TfTg) | = | %e (TTg) (ro,s)| =

o If |cos(fs — os)| < ¢, we split again:

o If A; < ¢, evaluating again at the points rs; and 7 ; yields

4] Re (Tng) | > —3¢>0.

S
V2
e If A; > ¢, then we examine |cos(6; — oy)|:

m If |cos(6; — o¢)| = ¢, then
|9 (TfTg) | = | Re (T/Tq) (res)| =

m  If|cos(0;—o)| < ¢, we arrive to a situation similar to Case A, but not exactly the same,
since we might not have an analogue of the condition (5.8). Therefore, to deal with the
case Ay, Bs = ¢ and |cos(0s — 0y)|, | cos(0y — o1)| < ¢, we proceed as follows:

Let I' = (0s — og) + (6; — 0y), and observe that |cosI'| = 1 — 2¢? and we can obtain again the
estimates (5.9) and (5.10) (with the obvious modifications). We now split as in Case A:
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o If cosI' > 0, then if we evaluate at r,; we obtain that

4| Re (Tf?g) (rst)| = |cos(8s — o1) + Ay Bs cos(0; — o5)| — 2¢
(1 + AyBy)|cos(0s — o¢)| — A¢Bs| cos(0; — 05) — cos(0s — a1)| — 2¢

=
> |cos(0s — o¢)| — 6c,

while at 7 ; we get

4| Re <T ng) (For)| = | sin(0y — 0y) — Ay By sin(0; — o)] — 2¢
(1 + AyBy)|sin(0s — o1)| — Ay Bs|sin(6; — o) + sin(fs — o) — 2¢

>
> |sin(fs — o¢)| — 6¢,

SO
S 1
4| Re (T/Tg) | > ==~ 6c > 0.
It (1779) | >
o If cosI’ < 0, then we use that A;, By < 1%, sol— ABs > 1—10, and we apply the analogue of
(5.10) to obtain that

4| Re (Tng) (rst)| = |cos(8s — o1) + A Bs cos(0; — o5)| — 2¢
> (1 — A4By)|cos(bs — o¢)| — ArBs| cos(0y — o) + cos(0s — a1)| — 2¢

> —|cos(fs — o¢)| — 6be,

10
and
4| %te <T ng) (For)| = | sin(0y — o) — Ay By sin(f, — o)] — 2¢

> (1 — A¢By)|sin(0s — o1)| — A Bs| sin(0; — 05) — sin(0s — o¢)| — 2¢

> —|sin(fs — o) — 6c,

10
and therefore 1
1| Re (TSTg) | > —= — 6c > 0.
|9% (7/75) | > 1575
Observe that the Case B has provided new restrictions for ¢ and §, but it can be checked that the
choice of parameters made in Case A satisfies this new conditions. Hence, we have shown that there

is a § > 0 such that ||| Re (Tfﬁ) |%|| > 0 whenever f, g € Sc(ry satisfy minjy—y [|f — Agl| = %, SO
the proof is concluded. O

The final part of the section is devoted to characterizing by means of Lemma 5.3.5 when a complex
C(K)-space contains an infinite-dimensional subspace doing SPR, generalizing [48, Theorem 6.1],
where the real case was considered. From now on, by SPR subspace we mean an infinite-dimensional
SPR subspace, unless stated otherwise. Our objective is to show the following characterization:

Theorem 5.3.7. Suppose K is a compact Hausdorff space. Then C(K;C) has an SPR subspace if
and only if K' is infinite.

Recall that K’ is the set of accumulation points of K, also known as the derived set of K. This
operation over the set K can be iterated a times for any ordinal «, yielding the a-th Cantor-
Bendizon derivative of K, denoted K(®. The real case was already proved in [48, Theorem 6.1],
and later expanded in [26, Theorem 5.3]. Here, we dissect the proof from [48], which contains some
claims that have interest on their own, and adapt it to the complex setting. For instance, the
necessary condition consists of a standard gliding hump argument that holds in a general context:
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Proposition 5.3.8. Let X be a (real or complex) Banach lattice that contains an infinite-
dimensional SPR subspace. Then, the closed span of the atoms of X has infinite codimension in
X.

Recall that an atom of a (real) Banach lattice X is a non-zero positive element xy € X such
that whenever |z| < =g, it follows that x = Az for some scalar A. The span of an atom is
always a projection band [83, p. 8]. Its corresponding band projection P,, : X — X is given by
P,z = gy (x)x0, where Ay, is a lattice homomorphism from X to the scalar field. This lattice
homomorphism is called the coordinate functional associated to xg.

Proof of Proposition 5.3.8. Let E € X be an infinite-dimensional SPR subspace, and assume that
Xo, the closed span of the atoms of X, has finite codimension. It follows that Ey = E n Xj
has infinite dimension. Let z € Sg, and ¢ > 0. There exists a linear combination of atoms y =
D Az (y)xi, where (x;)!'; are atoms and (Ag,)?_; their corresponding coordinate functionals,
such that |z —y| < e. Again, Eg N (ﬂ?;l ker )\wi) must be infinite-dimensional, so in particular we
can find a norm-one vector z in this subspace. Note that z is disjoint from y (i.e., supported on
different atoms). Hence,

2l Azl < (le =yl + yl) A el < Tz —ylalzl+ 1yl Alel = o=yl A 2] < |z =yl

and x and z form a normalized e-almost disjoint pair in E. Since € was arbitrary, Proposition 5.2.5
yields a contradiction. O

Next, we show that Cp[1,w?), that can be identified with the closed sublattice of C[1,w?] of
functions that vanish at w?, contains an isometric copy of ¢y doing SPR. The construction for
the complex case is just an adaptation of the real one, extracted from [48], so that it satisfies the
overlapping condition of Lemma 5.3.5. Throughout the proof, 1,,, will represent the characteristic
function of the clopen set (w- (m; —1),w-my] for any natural number m; > 1. Analogously, given
natural numbers my,my = 1, 1,,, m, will stand for the characteristic of the singleton {w - (m; —
1) + ’ITLQ}.

Lemma 5.3.9. There exists an isometric SPR embedding of co into Co[1,w?).

Proof. This time, for each n € N, we define the expression

1 1 ¢ ,
:L,(n) = ]ll,n + §1n+1 + 5 2 (]lm,anl + Z]lm,2n)

m=2

(see Figure 5.1), which is continuous on [1,w?] and vanishes at w?.

The sequence (2(™),, spans an isometric copy of cg. Indeed, given (a,)n € cop with \/, |an| = 1,
it follows that z = Y a,z(™ takes the value , at the point n for every n € N, so |z = 1. On
the other hand, observe that = vanishes outside of [1,w - (k + 1)] for k big enough. Moreover, the
function x takes the values oy, at the point n, 0 at w, 3ay, at [w-n+ 1, w-n+2n] U {w- (n+ 1)},
and % (oy, + am) at w-n +2m — 1 and §(ay, + ioy,) at w - n + 2m for every m > n and n € N. In
all the cases above, |z| < 1, so we can conclude that |z| = 1.

Moreover, it is clear that if we take r, = n for every natural number n € N, and ry,,, =
w-m+2n —1 and 7y, = w-m + 2n for every pair m < n, then the relaxed condition from
Remark 5.3.6 holds, so Lemma 5.3.5 guarantees that £ = m{x(") : n € N} does complex SPR
(the fact that cg is not a C'(K)-space, but only an AM-space, is not relevant in the proof). O

Finally, we recall the following topological fact (see [100, Theorem 29.2]). We will use this lemma
to build a lattice copy of Cy[1,w?) inside any C(K) with K" # @.
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Figure 5.1: Representation of (™ in the complex setting. The points in [1,w?] are ordered from
the left to the right and from the top to the bottom. Each type of line (dotted and black, dashed
and gray, solid and black) defines a function M, 232 and 4, respectively.

Lemma 5.3.10. Suppose K is a compact Hausdorff space, and t € U < K, where U is an open
set. Then there exists an open set V so thatte V CcV c U.

We also recall that a perfect set P of a topological space T is a non-empty closed set which
has no isolated points, and a topological space T is said to be scattered if it does not contain any
perfect sets.

Proof of Theorem 5.5.7. The necessary condition follows from Proposition 5.3.8, equivalence (i) <
(73) in [26, Theorem 5.3], and the fact that in a C'(K)-space (or more generally, in an AM-space),
the span of the atoms and the order continuous part coincide (see for instance [27, Proposition 5.11]).

To show the sufficient condition, we distinguish two cases. If K contains a perfect set, then by
[83, Theorem 2, Section 4, p.29], C[0, 1] embeds lattice isometrically into C'(K) by means of a
composition operator associated to a continuous surjection ¢ : K — [0,1], and C[0,1] contains
SPR subspaces by Proposition 5.3.4. On the other hand, if K is scattered but K’ is infinite, then
we can show the following claim:

Claim: Cp[1,w?) embeds lattice isometrically into C(K).

Indeed, reproducing the argument from [48, Theorem 6.1], it is clear that K"\K” is infinite and
every point in K"\ K" is an accumulation point of K\K’. Therefore, applying Lemma 5.3.10 we can
find a sequence of distinct points (t)7~, < K'\K”, pairwise disjoint open sets (U);2; of K, and
open sets (V})7,, such that ¢, € V, =V, < Uy, for every k € N. Since every ¢, is an accumulation
point of K\K', there exists a sequence of distinct points (s;x)72; S (K\K') n Vi for every k.
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Let gr € C(K) be such that 0 < g < 1, gk|‘7k = 1 and gx|x\py, = 0, and observe that X{s; ) 18
continuous for every j and k, as s; are isolated points. Given f € Co[1,w?), we define

=Y | fw-R)ge+ D, (flw- (k=1) +5) = f(w- k) X(s,0)
f=1 =

We claim that T'f is a continuous function on K with |Tf| = ||f|. Indeed, the sequence of partial
sums 23-]:1 (flw-(k=1)+j) — flw- k))X{sj,k} is Cauchy, so it converges. Moreover, each of the
summands

F = w k gk + Z - 1 +j) f(w : k))X{S]‘,k}

is supported on Uy and has norm || f|((x—1)w] - Similarly, N )% isa Cauchy sequence, SO
it converges in C'(K) to what we have called T f. Clearly, the operator T : Co[1,w?) — C(K) that
we have defined is a linear isometry. It is also a lattice homomorphism, since for every f € Co[1,w?)
we have that

(TN (sjn) = 1w - B+ [flw- (k=1 + )= [flw- k)| =[flw- (k=1)+ )] = Tf[(s))

for every j,k e N, (T|f|)(t) = |f(w - k)|gr(t) = |Tf|(t) for every t € Up\{s;r : j € N} and k € N,
and T|f| = 0 = |T'f] on K\ J;—, Ux. Hence, T|f| = |Tf|, and T is a lattice isometric embedding,
as we wanted to show. Now that the claim is established, Lemma 5.3.9 yields that C'(K) contains
an SPR copy of ¢g. O

5.4 Quantitative SPR embeddings of C(K)-spaces

After Theorem 5.3.7 was established in [48] (for real scalars), showing that if K’ is infinite then
C(K) contains an SPR copy of ¢y, the authors asked whether a quantitative version of the result
was possible:

Question 5.4.1. [48, Question 6.4] If K is “large” enough (in terms of the smallest ordinal «
for which K(®) is finite), what SPR subspaces (other than ¢y) does C(K) have? Note that ¢y is
isomorphic to ¢ = C[0,w] (w is the first infinite ordinal). If K(®) is infinite, does C'(K) contain an
SPR copy of C[0,w®]?

Our aim in this section is to investigate this problem for infinite countable ordinals. It will be
convenient for us to work with C[1, w®] instead of C[0, w®] throughout this section in order to obtain
a slightly simpler notation when using Cantor’s normal forms; note that [1,w®] is homeomorphic

o [0,w”] for all @ > 1, and so C[1,w”] and C[0,w®] are lattice isometric in this case. We will show
the following (see Corollaries 5.4.9 and 5.4.11):

o When 0 < a < wy and the field of scalars is R, we have that if K(® % & and 8 € w; is such
that w? < a < wP*!, then C(K) contains an isometric SPR copy of C[1,w"] for every v < w?.
Moreover, if w? -2 < a, then C(K) contains an isomorphic SPR copy of C[1,w®].

o When 0 < a < w; and the field of scalars is C, we have that if K(®) % @ and 8 € w; is such
that w? < a < wP*!, then C(K) contains an isometric SPR copy of C[1,w?] for every v < w’.
Moreover, if | K« 2)] > 2 (that is, if @ > w? -2 or @ = w?-2 and |K(®| > 2), then C(K) contains
an isomorphic SPR copy of C[1,w®].

The first relevant result of the section is Proposition 5.4.4, which generalizes the ideas from the
claim in the proof of Theorem 5.3.7 in order to show that if K(®) # @, then we can find a nice
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isometric embedding of C[1,w®] into C(K). By nice we mean that, even though the embedding
may not respect the lattice operations, it does preserve SPR subspaces (see Lemma 5.4.2 below).
This fact allows us to reduce Question 5.4.1 to the study of SPR embeddings between C[1,w?]
spaces, which are easier to manipulate. Unless we state the opposite, in every result of this section
the field of scalars will be assumed to be R or C indistinctly.

Lemma 5.4.2. Let K, L be compact Hausdorff spaces and T : C(L) — C(K) an operator with the
following property:

(%) for everyt e L there is sy € K such that T f(s;) = f(t) for every f e C(L).

Then, if E is an SPR subspace of C(L), T(E) is an SPR subspace of C(K).

Remark 5.4.3. Note that if an operator T : C(L) — C(K) has the property (*) defined above, then
ITf| = |f| for every f € C(L). Therefore, if E is a subspace of C(L), then it is |T|-isomorphic to
T(E); in particular, if |T|| = 1, T is a linear isometry.

Proof of Lemma 5.4.2. Let us suppose that E is a C-SPR subspace of C(L) for some constant
C =1, that is, for any f,g € E we have

min |/ = A < ClIf] - lll

Given any f,g € C(L) and any t € L,

(ITf1=1Tgl) (se) = [Tf(s)| = |Tg(se)| = [F ()] = lg(@®)] = (1f] = 1g]) (®),
and hence ||| f| = |gl| < |ITf| — |Tg||. With this in mind, we obtain for any f, g € E the following:

in |Tf = XTg < |T| in If =gl < CITII[f] = lgll < CITINT f] = [Tg]ll

This shows that T'(E) < C(K) does C|T||-SPR. O

It turns out that every compact Hausdorff space with non-empty K(® = & has to contain an
isometric copy of C[1,w®] satisfying property (). This fact will allow us to simplify Question 5.4.1
substantially.

Proposition 5.4.4. Let o < wy be a countable ordinal and K a compact Hausdorff space. Then,
if K % @, there exists a positive linear isometry T : C[1,w®] — C(K) that preserves the unit,
that is, T1 = 1, and has the property (x), i.e., for every t € [1,w*] there is s; € K such that
Tf(st) = f(t) for every f e C[1,w?].

Proof. First, we will show by induction on o < wy that if K(® # @ and V is an open subset of
K such that V n K(®) % &, then there exists a positive linear isometry S : Co[1,w®) — Co(V)
with property (%), i.e., for every t € [1,w®] there exists s; € V such that Sf(s;) = f(t) for every
f e Coll,w) (when t = w®, this should be read as Sf(s;) = 0). As usual, Cy(V') stands for

{feC(V) : Ve>03L <V compact s.t. |f(s)| <e Vs¢ L},

so, in particular, Cy[1,w®) can be identified with the space of continuous functions on [1,w®] van-

ishing at w®. Note that if f € Co(V'), then it can be extended to K by simply defining f(t) = f(t)
for t € V and f(t) = 0 for t € K\V. Indeed, it is clear that f is continuous on the open subsets
V and K\V. Now, fix any sgp € V\V and € > 0. By definition, there is a compact subset L < V

such that |f(¢)| < ¢ for all s e V\L. Thus, K\L is an open neighborhood of s¢ such that |f(t)| <e
whenever t € K\L.
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If « = 0, our assertion is trivial. Let us assume that it is true for a < wy, and suppose that
K@D AV % & for some open subset V € K. Fix any sg € K@t AV . Given that K@+ = (K ()
by definition, and using the normality of K, it is easy to construct a sequence of pairwise disjoint
open subsets V;, € V such that for every n > 1 there exists s, € V, n K (@) and so ¢ V,. By
Lemma 5.3.10, we can further assume that V,, < V. For every natural number n, we can use
Lemma 5.3.10 again to find an open set U,, such that s, € U, © U, S V,.

Let us consider Cy(Uy,). Since [1,w®] may be identified with (w®-(n—1),w®-n], by the induction
hypothesis, given any natural number n there exists a positive linear isometry S, : Co(w® - (n —
1),w®-n) — Cy(U,) with property (x). As we have mentioned before, any function in Cy(U,,) may
be extended by zero to Cp(V'). We will write :S'Vn f= S‘n\(f/), so that :S’\; is a linear isometry from
Co(w™ - (n —1),w™ - n) into Co(V'). Note that for any f € C[1,w*], the function f|a(,—1)wan) —
F(@ - )X (we(n—1)wen) belongs to Co(w® - (n —1),w - n).

By Urysohn’s lemma, for every n > 1 there is a continuous function g, : K — [0, 1] such that
Inlgz = 1 and gp| K\, = 0. Note that gnly € Co(V), since V,, < V. For simplicity, it will be
convenient for us to assume that the domain of each g, is V.

Finally, given f € Co[1,w®"!), we will define Sf as

o0
Z ( gn + S (f| w(n—1),w*n) f(wa ’ n)X(WO‘("—l)vwa”))) :

For S to be well defined, we need to show that the sequence of partial sums converges. Once this
is established, it will be clear that S is a linear operator. Let f € Co[1,w®*!), and write

hyp = f(wa ' n)gn + :gvn(f‘(wa(nfl)’wan) - f(wa : n)X(wa(nfl),wan))' (512>

We have that [hy]eo < 38UPse(ya(n_1)wen) [f ()], and the summands (hy), are pairwise disjoint.
Therefore, if n < m,

m m

2| =V
k=n k=n 0
so the sequence of partial sums is Cauchy and converges in Cyp(V'), and Sf is well defined for every

f € Cp[1,w™"!). Next, let us see that S is positive. Let f be a positive function in Co[1,w®™?). Tt
is enough to show that for any natural number n the summand h,, defined in (5.12) is positive. If

m
= \/ Il <3 sup £()] 25 0,
k=n

© te(w®(n—1),wm]|

f(w®-n) =0, the term h,, is positive, as :S’\; is positive on Cp(w® - (n — 1),w® - n). Suppose now
that f(w®-n) > 0 and write

g = f|(w&(n—1)7w&n) - f(wa : n)X(wa(n—l),wan) € Co(wa : (n - ]‘)?wa ' n)

«

We decompose g = gt — ¢, and keeping in mind that f is positive, we deduce that |g™ [c < f(w®-
n). Since §n is a norm-preserving operator which sends ¢~ to a function whose support is contained
in Uy, then f(w®-n)gn = S,(g7). Now, observe that h,, = (f(w*-n)g, — :S'Z(gf)) +S,(g") = 0.

It remains to show that S is norm-preserving and has property (). We will start by checking
that [|S| < 1. Let f € Co[1,w®™) with |f]s < 1. We want to see that ||Sf|, < 1. It should be
observed that since S is positive we may assume that f > 0 (by replacing f by its modulus |f|). As
the addends (5.12) used to define S are pairwise disjoint, it will be enough to verify that each of
them is bounded by 1. If f(w®-n) = 0, then the corresponding summand is bounded by 1 because
:S'\; is norm-preserving, so suppose that f(w®-n) > 0. In this case, we have :S’Vn(g_) > 0 because :S’Vn
is positive, and gt <1 — f(w®-n), 50 [Sn(gt)|w < 1— f(w® - n), where

g = f’(wa(n_n,wan) — flw®- n)X(wa(nfl),wan)‘
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Thus,

~

0< (f(w n)gn — Sulg))(s) + Sulg™)(s) < fw® n) +1— f(w® n) =1

for every s € Uy, and
0 < f(w* - n)gn(s) + Sn(g)(s) < f(w* - n)gn(s) <1

for every s € V\U,, since §;(g) is supported on U,,. Therefore, any term of S is bounded by 1, and
|S| < 1. On the other hand, fix any t € [1,w®*!), so that t € (w* - (n — 1),w® - n] for some n > 1.
By the induction hypothesis, there exists s; € U, such that §;Lf(st) = S, f(st) = f(t) for every
feCo(w®-(n—1),w* n). Now take any f € Co[1,w**!) and consider the function

f|(w°‘(n—1),w°‘n) - f(wa ) n)X(w“(nfl),w“n)

which belongs to Cp(w® - (n — 1),w® - n), so it must satisfy
S (flwonmtyawmmy = F@ )X (1) 0y ) (50) = F(8) = Flw* ).

Since s; € Uy, gn(st) = 1, and Sf(s;) = f(t) for every f € Co[l,w®"!). Moreover, taking into
account that we have constructed the sequence (V},):"_; in such a way that so ¢ V,, for any n > 1,
it follows that Sf(sg) = 0 for every f € Co[1,w®*!). Finally, recall that property (*) together with
the fact that |S| < 1 implies that S is norm-preserving.

Next, we need to prove the transfinite step. Let o < wy be a limit ordinal and assume that the
induction hypothesis holds for every § < a. Since « is a countable limit ordinal, it has cofinality
w, that is, there exists a sequence of strictly increasing ordinals (v, )new such that a = lim, o, =
sup,, &n. In particular, writing w®® = 0 we can decompose

e}
[1,w%) = @ 0],
n=1

where each (w®-!,w*] is a clopen set homeomorphic to [1,w®"]. Similarly, we have K(® =
MNs<a K®) =N, K@), Now, let V be an open set of K that intersects K (), and fix sg € VAK(®).
We can choose for every n a point s, € V A K@) different from sq, s1, ..., sp—1. Using the normality
of K, we can find pairwise disjoint open sets V;, such that s, € V,, € V and sy ¢ V,,. Applying
Lemma 5.3.10 twice, we can further assume that V,, £ V and select open neighborhoods U,
such that s, € U, < U, < V,. By the induction hypothesis, there exists a positive isometry
Sy @ Co(w*1,w*) — Cy(U,) with property (x), let S, be its extension by zero to Co(V). By
Urysohn lemma, we can find g, € C(K) such that 0 < gn < 1, gnlg; = 1 and gn[gy, = 0. Asin
the previous step, we can assume that g, € Co(V). For every f € Cy[1,w®) we can define

o]

Sf = Z (f(w"‘")gn + Sn(f|(wan_17wan) — f(wan)X(wan717wan))) )
n=1
Proceeding as in the previous inductive step, it can be checked that S is a well-defined positive
isometry with property (x). Hence, the induction hypothesis holds for every countable ordinal a.

To conclude the proof, suppose that K is a compact Hausdorff space such that K(® # @. We
have proved that given sg € K(® there is a positive linear isometry S : Co[1,w®) — C(K) with the
property that for every ¢ € [1,w®] there exists s; € V such that Sf(s;) = f(t) and Sf(sg) = 0 for
every f € Co[l,w?). If we define

Tf:= f(wa)]lK + S(f|[1,wo‘) - f(wa)X[l,w“))7 fe C[lvwaL

it is not difficult to verify that T' defines a positive linear isometric embedding of C[1,w®] into
C(K) with the desired properties. O
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Remark 5.4.5. The proof of Proposition 5./4.4 can be adapted to show that, if |K(0‘)| > 2, there
exists a positive linear isometric embedding of C[1,w® - 2] into C(K) with property (+). Indeed, it
suffices to consider distinct points s1,s2 € K@ and open neighborhoods V;, W; € K, i = 1,2, such
that Wy and Wy are disjoint and s; € V; € V; € W;, i = 1,2. As V; n K@ % &, by the inductive
step there exist positive linear isometries S; : Co[l,w®) — Co(V;) satisfying property (*), i = 1,2
(denote by S; the extensions by 0 to C(K)), and we can find h; € C(K) such that 0 < h; < 1,
hilyz = 1 and hi|g\w,, i = 1,2. Therefore, the operator T' : C[1,w® - 2] — C(K) defined as

Tf = f(w)h1 + Si(flpwe) — F@)X[1we)
+ f(wa ’ 2)h2 + SN2(f|(wa,w°‘~2) - f(wa)X(wo‘,wo‘Q))

for every f e C[1,w® - 2] will satisfy the properties mentioned above. In particular, T will preserve
the SPR subspaces of C[1,w® - 2].

Remark 5.4.6. It should be noticed that the assumption K@) # & does not guarantee the existence
of a lattice isometric embedding T : C[1,w®] — C(K). Indeed, suppose that there exists a lattice
isometry T : ¢ — C[0,1]. Let us denote f, = Te, for every natural number n. Note that the
functions f,, are pairwise disjoint norm-one elements of C|[0,1]. Hence, for every n there is t, €
[0,1] such that f,(t,) = 1. Passing to a subsequence, we may assume that t,, — to in [0,1]. Note
that fn(to) = 0 for every n. Moreover, as T1(t,) = 1, it follows by the continuity of this function
that T1(tg) = 1. Now, let I be an open interval of [0,1] such that to € I and T1(t) > 5 for every
tel, and let N be such that ty € I. Now, observe that 1 —en and ey are disjoint in ¢, so T (1 —ep)
and Teyn are disjoint in C[0,1]. Thus, T(1 — en) is zero on supp(Ten) and is equal to T1 outside
that set. Then, I can be represented as the union of the following two disjoint non-empty open sets

Ay :={Tey >0} nI>ty and Ay:= {T(]l—eN) >0}m[9t0,
which is a contradiction with the fact that I is connected.

Next, we will construct SPR embeddings of C[1,w?] inside C[1,w?] for 8 > a big enough.
Recall that Cantor’s normal form allows us to express uniquely every ordinal 0 < a < wj as a finite
combination of ordinals of the form w? with non-zero natural coefficients. Since w? -0 = 0 for every
B, the representation (5.2) can be understood as a bijection from w; into cop(wi,Z+ ) := {:1; fwp
Zy : |{y : x(v) # 0} < Ro}, that is, the set of sequences of non-negative integers indexed in w;
with finite support. Observe that, in general, the coordinate-wise sum in the set coo(w1,Z+) does
not coincide with the usual sum of ordinal numbers. Given «, 5 € w1, we denote by a@® S the ordinal
obtained by adding the normal forms of o and £ in cpo(w1,Z+ ). This operation @ : w1 X wy — wy is
associative, symmetric (in contrast with the usual sum of ordinals) and compatible with the order
(if @ < B, then a @y < @ for every 7 € wy). Moreover, it satisfies that a ®1 = a + 1.

We will use this operation to show that for every countable ordinal «, C[1,w®] embeds iso-
metrically into C[1,w*®?] doing SPR in the real setting, and C[1,w®] embeds isometrically into
C[1,w?®?% . 2] doing SPR in the complex setting, where a ® 2 = a @ «, with an SPR constant
independent of «. Our first step is the following construction:

Lemma 5.4.7. For every pair of ordinals o, 5 € wy there is a map Uy p @ C[1,w*] x C[l,wﬁ] —
C[1,w*®P] satisfying the following properties:

(i) for every f1, f2 € C[1,w*] and g1, g2 € C[1,w"],
Uap(f1 + f2,91 + g2) = Uap(f1,91) + Ua,s(f2, 92);
(ii) for every f e C[1,w?], g € C[1,w?] and X € R,

Ua,ﬁ()‘fv Ag) = AU&,B(f: g)a
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(iii) for every f € C[1,w®] and g € C[1,w?],

1Uas(f; 9o < 5 ([1flloc + lglle0)

N | —

(iv) for every s € [1,w®] and t € [1,wP] there exists rsy € [1,w*®P] such that

[Uas(f,9)](rse) = = (f(s) + g(1)).

N =

(v) for every r € [1,w*®8] there exists s, € [1,w*] and t, € [1,w’] such that

(f(sr) +g(tr))-

| =

[Uas(f,9)](r) =

Proof. First of all, we observe that for any pair 0 < o < 8 < wy, the construction of the map Ug ,
is automatic once the existence of the map U, g is established. It suffices to define

Uﬂ,a(fvg) = Ua,ﬁ(ga f)

for f € C[1,w?] and g € C[1,w*]. The existence of the map Ua,p for every a < f3 is proved by
means of two nested transfinite induction arguments, one for « € w; and another one for § > a:

Induction Hypothesis (IH): Given a € wy, if U, is defined for every v < a and 6 > v, then
U, exists for every 3 > a.

1. First step (o = 0): Given 3 > 0, it is straightforward to check that

Upp : C({1}) x C[1,w?] — C[1,w”]
(f,9) — 5(f(1) +9)

is well defined and satisfies the properties of the statement.

2. Inductive step (o« — a + 1): Assume that (IH) has been established for a. Let us show that
it also holds for a + 1 by a transfinite induction argument on 8 > o + 1:

Induction Hypothesis (IH-I): Fix o € wy, and assume that U, ; has been constructed for
every vy < o and d = 7. Let 8 > a + 1. If Uy41, is defined for every o +1 <y < 3, then Uy418
exists.

2.1) First step (8 = a+1): We construct Uy i1 a+1 : C[1,w? ] x C[1,w* 1] — C[1,w(@F1O?)
in the following way (the order-preserving homeomorphisms that transform the clopen
subsets of [1,w?] into intervals of the form [1,w?] for a suitable § by means of a translation
are not written explicitly):

Ua+1,0+1(f; 9)|(we@2+1 (2n—2) weo2+1 (2n-1)]

= Uasr.a(flwe(n-1)we+1], 9lwa (n-1)00n) ) 1 € N3
Uatt,a+1(f,9) ’(wa®2+1(2n—1),w0@2+12n]

= Ua,a+1(£lwe (n-1)won)s lwonwati)) , n €N;

Ua+1,a+1(fa g) |{w(o‘+1)®2}

1

_ i(f(wa-i-l)_i_g(wa-i-l))'
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2.2)

2.3)
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Clearly, the function defined above satisfies conditions (i), (ii), (iii) and (v). Let us check
that it is continuous on [1,w(a+1)©2]. By the assumption, it is continuous on each clopen
set (WOt (m — 1), w2+ . with m e N. Moreover, it is continuous on w(®+)®2: for
every € > (0 there exists ng € N such that |f(w®™!) — f(s)] < e and |g(w**) — g(t)| < € for
every s,t € (w® - ng,w**1], so using (v) we know that for every r € (w*@2*1. 2ng, w(@+1)O2]
there are s,,t, € (w*-ng, w* 1] such that [Uy 5(f, 9)](r) = 3(f(sr) +9(t)), so we conclude
that

Uarta (£, @) = [Uarran (£,9)0)] <

In other words, Uy+1,0+1(f,¢g) is continuous on w(@*t1)O2 because of property (v) and the

fact that for every n € N, Uys1.0+1(f, g) restricted to (w*@?+! . 2n, w(@+DO2] depends only
on f|(onwat1] and g|(yop wet1]. Finally, property (iv) follows from the fact that Ua+1,a+1
and Up 41 also satisfy (iv), and [1,w(@*V92]2 can be decomposed as

[Lw(a-&-l)@Q]Q _ <U (wa . (TL _ 1)’wo¢+1] « (wa . (n o 1)’wo¢ . n])

n=1

<U TL _ 1 . n] % (wa . n’wa+1]> U {( (a+1)® (a+1)®2)}'

The continuity of the function U, g(f, g) and properties (i) to (v) are checked in a similar
way in the rest of the steps, so we will omit the details.

Inductive step (8 — 5+ 1): Assuming that U,41 3 has been established, let us construct
Ua+1,8+1 as follows:

Ua+1,8+1(/, g)|(wa@6+1(gn_Qwa@gH(zn_l)]

- a+1,ﬁ(f|(wa(n71),wa+1],g|(wﬁ(n_1)7w5n]),n eN;
Uat1,68+1(f, 9)|(wo®8+1(2n—1) wods+12,]

= Uap+1 (f|(w°‘(n—1),w°‘n]ag’(wﬁn’WBJrl]),n eN;

Ua+1,8+1(f, 9l juetnesny
1

= S (@) + g™,

Limit step (5 limit ordinal): If § > o + 1 is a limit ordinal and U,+1 4 exists for every
a+1 < v < B, then we can define Uy g in the following way. First, observe that f is
countable, so it has cofinality w and there is an strictly increasing sequence of ordinals (5, ),
indexed in n € w such that 8 = sup,, 5,,. Next, note that v = sup,,(a + 1) @ 3, exists and
¥ < a @ B. Indeed, the ordinals are a well-ordered set, so the subset of upper bounds of
{(a +1)® B, : n € w} must have a minimum, i.e., a least upper bound for the sequence,
denoted . Moreover, 3, < f,+1 implies that (a+ 1)(—96n =a®(fn+1l) < a®fni1 < a®f
for every n € w, so v < a@® . Using this sequence we can make the following decomposition
(hereby, w? and w(@+V®5% must be understood as the ordinal 0):

0
[1, (@ DO8] _ <U (w(aH)@ﬁnl,w(aH)@ﬁn]) O [, o]

n=1

v <G (WP ., WP . (n + 1)]) U {w(eth)osy,

n=1

Since ((a 4 1) @ Bn)n is strictly increasing, every clopen set (w(@FD®fn-1 ;(a+1)®n] jg
homeomorphic to [1,w(@ V5] We define
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Uat+1,8(f, 9| (008801 (et n@sn]
= a+1,6n (f|(w°‘(n—1),wa+1] ’ g|(wﬂn71 7w/3n]> y TV € N’

Ua+1,ﬁ(f79)|[m,wa®5]
1

= S (f@™) + g(w?);

Ua-‘rl,ﬁ(f: g)|(wa®l3n’wa®ﬂ(n+1)]
= Ua,ﬁ (f‘(wﬂ(n—l)wan],g|(w3n7w5]),n S N,

Ua+1,8(f5 9)|(wtarnesy

1

= S + g(w?).

We have defined U1 g for every 8 > a+1, so the proof of the inductive step (IH-I) is concluded.

3. Limit step (« limit ordinal): Assume that « is a limit ordinal, and (IH) has been established
for every v < «. Since « has cofinality w, there is an strictly increasing sequence of ordinals
(Qn)new such that a = sup,, a;,. We construct U, by transfinite induction on 8 > «

Induction Hypothesis (IH-L): Fix o € w; a limit ordinal, and assume that U, s has been
constructed for every v < « and 6 > 7. Let 8 > a. If U, is defined for every o <y < 3, then
Uq p exists.

3.1) First step (8 = a): We can construct U, , in the following way (as before, w®® and w®0®>
denote the 0 ordinal):

Ua,oe(f7 9)|(wan—1®a.27wan®a]

= Unan (Fliwen-1,we)s lwon-1 wen)) € N;
Ua,a(f5 9)|(wan®a gan@a.g)

= Uapa(flwon-1,wan]s gliwen wep), n € Ny

Ua,a (f7 g) |{w°‘@2}
1

= S () + gw).

3.2) Inductive step (8 — 5 + 1): Assume that U, g is known. We need to construct Uy, g41.
First observe that the sequence oy, @ (8 + 1) is bounded below by a@® . Let v = sup,, a,, @

(B+1) < a®p. Then, we can make the following decomposition (we are using the convention
w0 = @B+ = ().

o0
[LW 5+1 (U an—1@(B+1) wan®(ﬂ+l)]> U [w’y,wa@B]
OS

(U 0B .y 0®F . (y 4 1)]) U {wlerDesy,

Now, we define U, g11 piecewise as:
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Ua,g+1 (f, g)|(wan,—l@(ﬁ+1)7wan@(ﬁ+l)]
= Uamﬁ‘f'l (f|(wa”—1 wen ] g|(w5n,w5+1]) ;neN;

Ua,ﬁ+1(fag)|[w“/7wa®6]
1 (6%
= L") + g h);
Ua76+1 (f7 g)|(wa®ﬂn,wa®5(n+1)]
= Ua,ﬂ (f‘(wanfl’wa]ag‘(wﬁ(n_1)7wﬁn]),n € N7
Ua,ﬁ-i-l (fv g)|{wa®(ﬁ+1)}

1

= S (@) + g™t).

3.3) Limit step (4 limit ordinal): Assume that § > « is a limit ordinal and let (5,), be an
strictly increasing sequence indexed in w whose supremum is 3. Provided U, exists for
every a < v < f3, we want to define U, g. Let v, = max{a, ® 5,a ® f,}, which defines a
strictly increasing sequence whose supremum, denoted -y, is bounded by a @ 5. We make
the following decomposition of [1,w*®?] (here, w? = 0):

o0
[17wa@6] _ <U (w'Yn—l .2’w7n] U (w’Yn,w’Yn . 2]> U [w”,wo‘@’g].

n=1
Additionally, we can break each of the clopen sets above as follows:
(Wn=1.2 W] = (W1 2,w" 1 -2+ wa@ﬁn] U (w24 wo@ﬁn,w%], neN;
(W W 2] = (W, Wi + wan@ﬁ] U (W + wan@ﬁ,uﬂ" -2],neN;

where the last set in each line is either empty or a clopen set. Now, we define U, g piecewise
as follows:

Ua,8(f, 9l (win—1.2,07m—1.2400@8n]

= Uypg, (f|(wan_l,wa]7g|(w5n71,wﬂn])’n eN;
Ua,8(f> 9| (@m=1 24wo@8n wm)

= () + gl me

Ua,ﬁ(fv g) | (w’Y'rL wn +w0¢n®ﬂ]
= Vay,,B (f’(wanflywan],g‘(wﬁn7w6]),n € N,
Ua,ﬁ(fa g) | (w’Y’rL +wan@ﬁ7w7n.2]

= %(f(wa") ~|—g(wﬁ)),n€ N;

Ua,8(f, 9)|[wr wees)

1
= i(f(w“) + Q(W’B))-
With this last construction we have defined U, g for every 5 > «, so (IH-L) holds, and hence so
does (IH) for every countable ordinal a. O

Now that we have built an overlapping map for every ordinal «, we can use them to obtain the
following isometric and isomorphic results.

Theorem 5.4.8. Let K be a compact Hausdorff space, a € wi a countable ordinal and assume the
field of scalars is R. If K(®®2) s non-empty, then there exists an isometric 3-SPR embedding of
C[1,w®] into C(K).
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Proof. By Proposition 5.4.4, C(K) contains an isometric copy of C[1,w®®?] that preserve SPR
subspaces, so without loss of generality we can assume that K = [1,w®®?]. By Lemma 5.4.7, there
is a map Uy : C[1,w?] x C[1,w®] — C[1,w*®?] satisfying properties (i) to (v). Let

T : C[1,w*] — C[1,w®?]
fr—Tf =Uaulf f)

Properties (i) and (ii) imply that 7" is a linear map. Moreover, (iii) implies that T" is contractive,
and (iv) yields that for every s € [1,w?] there exists rs s € [1,w?®?] such that Tf(rss) = f(s), so
T is an isometric embedding. It remains to show that T(C[1,w®]) does 3-SPR in C[1,w*®?]. Let
f and g be normalized functions in C[1,w®], and find s, ¢ € [1,w®] such that |f(s)| = |g(t)| = 1.

o If s =t, then |T'f(rss)| A [Tg(rss)| = |f(s)| A |g(s)| = 1.

o If s # t, we distinguish three cases:

o If |Tf(rsy)] < %, then
F@O1 = 1f () = 1f(s) + f(O)] = 1 = 2[Tf(rss)| > é,

so [Tf(re)| A |Tg(ree)| = [FO)] A lg(t)] = 3.
o If |Tg(rsy)| < 3, then

9()] = lg(0)] ~lg(s) + 9(0)] = 1~ 2{Tg(rs)] > .

5o |Tf(rs,s)| A Tg(rss)| = [f(s)] A lg(s)] = 3.
o Otherwise, |Tf(rsz)| A |Tg(rss)| = 3.

Hence, there is always a point r € [1,w®®?] such that |||Tf| A |Tg||w = |Tf(r)| A |Tg(r)| = %,
and we conclude that T'(C[1,w®]) does not contain normalized %—almost disjoint pairs, so, by [26,
Proposition 3.4], it does 3-SPR. O]

Corollary 5.4.9. Let 0 < o < wi be a countable ordinal, K a compact Hausdorff space with
K@) £ & and assume the field of scalars is R. Let 8 € wy such that w® < a < WPt Then, C(K)
contains an isometric SPR copy of C[1,w"] for every v < wP. Moreover, if w? -2 < a, then C(K)
contains an isomorphic SPR copy of C[1,w®].

Proof. Using Cantor’s normal form (5.2) it can be easily checked that for every v < w”, we have
7®2 < w? < a, so using Theorem 5.4.8 we obtain an isometric 3-SPR embedding of C[1,w"]
into C[1,w®?], which in turn is a sublattice of C[1,w?®]. By Proposition 5.4.4, C(K) contains an
isometric 3-SPR copy of C[1,w"] as well.

Next, assume that w®-2 < a. Tt was established in [24, Theorem 1] that for ordinals w < A < p <
w1, C[1, A] is isomorphic (as a Banach space) to C[1, ] if and only if p < A“. In particular, it can
be checked that w® < (w‘*’ﬁ)w, so C[1,w*] and C[1, w‘”B] are linearly isomorphic. By Theorem 5.4.8,
we know that C[1, w“’ﬂ'Q], which is a sublattice of C[1,w®], contains an SPR copy of C[1, w“’ﬁ], and
hence, of C[1,w®]. Proposition 5.4.4 yields the result. O]

In the complex case, the situation is not as straightforward, but it still allows us for a quantitative
answer to Question 5.4.1.
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Theorem 5.4.10. Let K be a compact Hausdorff space, o € w1 a countable ordinal and assume
the field of scalars is C. If |K(®©?)| > 2, then there exists an isometric SPR embedding of C[1,w®]
into C(K), and the SPR constant is uniform on c.

Proof. First, we observe that arguing as in Remark 5.4.5 we can assume without loss of generality
that K = [1,w*®? . 2]. Next, we use Lemma 5.4.7 to build the operator

T : O[1,w?] — C[1,w? . 2] = C[1,w*®?] @y C[1,w?]
f [ Tf = (Ua,a(fa f)aUa,a(f7if))'

It is clear that T is a contractive operator that satisfies the condition of Lemma 5.3.5, so it is an
isometric SPR embedding. Moreover, the SPR constant is given by the proofs of Lemma 5.3.5 and
Theorem 5.2.7, so it does not depend on a. O

Repeating the argument of Corollary 5.4.9 we obtain the following:

Corollary 5.4.11. Let 0 < a < wi be a countable ordinal, K a compact Hausdorff space with
K@ 2 & and assume the field of scalars is C. Let 3 € wy such that w® < a < wPtl. Then, C(K)
contains an isometric SPR copy of C[1,w"] for every v < wP. Moreover, if |K(wﬁ'2)| > 2, that is, if
a>wl 2o0ra=wl2and|K®| =2, then C(K) contains an isomorphic SPR copy of C[1,w®].

5.5 Stability of SPR under operations with Banach lattices

For some applications, it is interesting to study the (stable) phase retrieval behavior of solutions to
certain PDEs, such as the Schrédinger equation [74]. In this situation, the space where the solutions
lie is usually some C(K, X) space, that is, a space of continuous functions f : K — X, where K
is a compact Hausdorff space (typically an interval of the real line) and X is a real or complex
Banach lattice. The norm in these spaces is given by

[ £l = sup [ f(2)]x-
teK

One could wonder if the existence of (infinite-dimensional) SPR subspaces in C(K, X) could be
characterized in a similar way to the C'(K) setting. Clearly, if K’ is infinite (and X # {0}), by
Theorem 5.3.7 or its real version [48, Theorem 6.1], there exists an SPR subspace E of C(K), so
choosing some z € Sx, we can build the subspace E = {f ® x : f € E}, where (f @ z)(k) = f(k)z
for every k € K, so that E is an SPR subspace of C(K, X). Additionally, if X already contains
an SPR subspace F < X, then the subspace E = {1®x:x e E} is an isometric copy of X that
does SPR in C(K, X). However, is it necessary that any of these two conditions holds for C'(K, X)
to have an SPR subspace? The answer is negative in general. Indeed, take K = [0,w], that is,
the one point compactification of the natural numbers, and X = C[0,w]. It is easy to see that
if K and L are compact spaces, then C'(K,C(L)) is lattice isometric to C(K x L). In particular,
C([0,w], C[0,w]) can be identified with C([0,w]?). Clearly, [0,w] has only one accumulation point
(w itself), so C[0,w] does not have SPR subspaces either. However, [0, w]? has an infinite number
of accumulation points, so C([0,w]?) = C([0,w], C[0,w]) contains SPR subspaces.

This example invites to explore the existence of SPR subspaces in Banach lattices that are gen-
erated from other Banach lattices by means of standard operations, such as sums, tensor products,
quotients, ultraproducts... For instance, a similar argument yields that X; ®; X2, where ®;
denotes the Fremlin projective tensor product [49], can have an SPR subspace, even though X;
and X might not contain SPR subspaces. Indeed, we know by [49] that C(K) ®, C(L) is lattice
isometric to C(K x L), so considering X; = X» = C[0,w] we get that X1 ®; X2 = C([0,w]?)
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contains SPR subspaces, while C[0,w] does not.

The situation with sums of Banach lattices is more involved. It is false in general that the sum
of an infinite family of Banach lattices contains an SPR subspace if and only if one of the factors
contains an SPR subspace. As a counterexample, consider £, as the £o-sum of a countable number
of copies of R (see Lemma 5.3.2), or the cg-sum of a countable number of copies of c. Indeed,
co(c) can be identified with Cp[0,w?), and it is shown in the claim of Lemma 5.3.9 that Cp[0,w?)
contains an SPR copy of ¢y. However, when we restrict the problem to finite sums, C'(K)-spaces
do not provide a source of counterexamples, but rather the contrary: if K and L are Hausdorff
compact spaces, then C(K) @, C(L) contains an SPR subspace if and only if C(K) or C(L) do.
Just observe that C'(K) @y C(L) is isometric to C(K u L), where K 11 L is the disjoint union of K
and L. Clearly, (K u L) = K’ 1 L', so Theorem 5.3.7 and [48, Theorem 6.1] prove the claim. For
arbitrary Banach lattices the situation is unclear, but still some information can be provided.

For instance, note that if one of the Banach lattices, X7 for instance, contains an SPR-subspace,
denoted E < X, then for any bounded operator T : E — X» (in particular, the null operator) we
can build the graph of T, E = {(x1,T21) : 21 € E} € X1 ® Xo, which does SPR too. To check this,
assume without loss of generality that 7' is contractive (this can be done by rescaling the norm
in X5) and X7 @ X5 is endowed with the co-sum norm. Then, E is isometric to FE, and for every
z = (z1,Tx1),y = (y1,Ty1) € E we have that

min |z — Ay|| = min |z1 — A < C||lz1] — < |||x| —
|>\|=1H y| m:l”l vl < Cllfer| =yl < [l = lylll,

where C' denotes the SPR constant of E. It turns out that every SPR susbpace of X7 @ X5 must

be the graph of an operator between subspaces of the factors.

Proposition 5.5.1. Let X1 and Xo be Banach lattices and P; : X1@® Xs — X; denote the canonical

projection, 1 = 1,2. If £ is an SPR subspace of X1 @ Xa, then one of the following holds:

(1) E is isomorphic to Pi(E) and there exists a bounded operator T : Py(E) — P(FE) such that
E = {(xl,Tacl) 1 I € Pl(E)}

(2) E is isomorphic to Py(E) and there exists a bounded operator T : Py(E) — Pi(E) such that
E = {(Tl‘g,l‘g) L X9 € PQ(E)}

Proof. Since SPR is an isomorphic property, without loss of generality assume that X; & X5 is
endowed with the co-sum norm. We claim that there is a constant C' > 1 such that one of the
following holds:

(1) for every x = (z1,x2) € E, |22 < C| 1], or

(2) for every @ = (1,2 € E, 1] < Cllas|].

Assume the contrary. Then, for every C' > 1 there exist x,y € E such that |zaf > C|x;| and
ly1]| > C|ya2ll. Without loss of generality, we can assume that x,y € Sg, so that

|z2| 1

< <—— Al =

llzal Ayl < llzall Al < 57 A1 < 5

and il _ 1

1

< A <1lA—/<—=.

2] A ly2lll < @2 A llyzll c S©
It follows that )
Iz A lylll = max{[|[z1| A [yal]; [|z2] A |2} < =

C’
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so Proposition 5.2.5 (respectively [48, Theorem 3.4(i)]) yields that E fails %—SPR (respectively,

C-SPR). Since C' was arbitrary, we get a contradiction.

Next, assume we are in situation (1) above (the other case is analogue). This implies that for
every z1 € P1(FE), there exists a unique xg € Po(FE) such that (z1,x2) € E. Indeed, if for a certain
x1 € Pi(E) there are zg,25, € P»2(E) such that (x1,z2) and (x1,25) belong to E, in particular
(0,29 — 2) € E, so |zg — ab| < C|0] = 0 and we conclude that zo = z4. Let T : P1(E) — Py(FE)
be the map that assigns to every z1 € P;(FE) the corresponding xs € P>(F) such that (z1,z9) € E.
Clearly, T is lineal, |T|| < C, and E = {(x1,Tx1) : 21 € P1(F)}. In particular,

[z1]l < (@1, Ta) | < Clan],

so the operator I @7 : Pi(FE) — E is an onto isomorphism and P; (F) is closed. O

One could conjecture that the subspace P;(E) (respectively, P»(E)) in the situation above should
do SPR, so that a subspace of X7 ® X3 does SPR if and only if it is the graph of an SPR subspace
of one of the factors. However, this is not true in general, as the following example shows.

Example 5.5.2. Let 2 < p < . In [}8, Theorem 5.3] the authors build an SPR subspace of the
(real) Lpy[0,2] = L,[0,1] @, Ly[1,2] given by the closed span of the functions

l’ .
9j =75+ 27 X[142-514219), T €N,

where (73-)30:1 denotes the Rademacher sequence of independent, mean-zero, +1 random variables on
[0,1]. Observe that, even though E does SPR in Ly[0,2], both projection images Pi(E) and Py(E)
fail SPR (even more, they fail PR): On the one hand, P\(E) contains the Rademacher functions,
all of them having the same modulus and being linearly independent. On the other hand, Ps(E)
contains a disjoint sequence of characteristic functions, so by Proposition 5.2.1 it fails PR.

Note that the example above is not a counterexample to the original conjecture that a sum of
Banach lattices contains an SPR subspace if and only if one of the factors does, since L[0, 1]
contains SPR subspaces [48, Section 4]. Nor does it provide a negative answer to the more specific
question of whether the domain of the operator T (in this case, Pi(E) = span{r;} < Ly[0,1])
should contain a smaller subspace doing SPR, since P;(FE) is dispersed (this is a consequence of
Khintchine’s inequality and Kadec-Pelczynski dichotomy, see [48, Theorem 2.1] for a summary
of the literature on this topic), and in an order continuous Banach lattice such as L,[0,1] every
dispersed subspace contains an SPR subspace [48, Theorem 5.1].

Question 5.1. If X; @ X, contains an infinite-dimensional SPR subspace, does it imply that X; or
X5 contains an infinite-dimensional SPR subspace? Moreover, in the setting of Proposition 5.5.1,
can we ensure that the domain of T contains an infinite-dimensional SPR subspace?

Regarding Banach lattice quotients, we can observe that if X is a Banach lattice and I is an
ideal in X, the fact that X contains an SPR subspace does not imply that X /I contains an SPR
subspace, as the following examples show: fo@® L2 [0, 1] contains SPR subspaces (see for instance [36,
Examples 2 and 3]), but the quotient through L2[0, 1] is atomic, so it cannot contain SPR subspaces
by Proposition 5.3.8. The same happens in C(K)-spaces: C[0,w?] contains an SPR subspace, but
C[0,w], which can be seen for instance as the quotient of C[0,w?] by its order continuous part
(the closed span of the characteristic functions of isolated points), does not contain an infinite-
dimensional SPR subspace. However, the converse seems to be true in this setting:

Proposition 5.5.3. Let K be a compact Hausdorff space and I an ideal in C(K). If C(K)/I
contains an SPR subspace, then so does C(K).
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Proof. By [96, Proposition 2.1.9], there exists some closed subset L € K such that I = {f € C(K) :
flz = 0}. It can be checked that C'(K)/I is lattice isometric to C'(L). Therefore, Theorem 5.3.7
and [48, Theorem 6.1] imply that L’ is infinite. Hence, K’ must be infinite too, and C'(K) must
contain an SPR subspace. O

Question 5.2. Let X be a Banach lattice and I an ideal in X. Suppose that X /I contains an
infinite-dimensional SPR subspace. Does X contain an infinite-dimensional SPR. subspace?

Finally, we conclude this section with a quick remark on ultraproducts, and more specifically,
ultrapowers (see [66] for a survey on the topic). It was established in [48, Proposition 4.11] that the
ultraproduct of a collection of SPR subspaces (F;);c; of Banach lattices (X;);es is again an SPR
subspace of the ultraproduct of the ambient Banach lattices. In the particular case of ultrapowers,
this fact becomes straightforward, as any Banach lattice X embeds lattice isometrically into the
ultrapower XY with respect to the ultrafilter &. Hence, if X contains an SPR subspace, so does
XY, However, the converse is not true, as one might already expect: it is shown in [67, Theorem 2.4]
that ¢, which can be identified with Lo (y) for some measure p, has a non-trivial purely non-atomic
part, and therefore it contains an infinite-dimensional SPR subspace (the non-atomic part contains
a lattice copy of Lo over an interval, which contains SPR subspaces by [36, Examples 2 and 3]),
even though /5 does not (Proposition 5.3.8).
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