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Resumen

Esta tesis propone un marco teórico unificado para estudiar la integrabilidad de sistemas hamilto-
nianos de dimensión finita mediante la geometría de Haantjes. Combinando los fundamentos de
la mecánica geométrica con la teoría clásica de integrabilidad de Arnold-Liouville, demostramos el
papel crucial de los operadores de Nijenhuis y Haantjes en la estructura de los sistemas dinámicos.
La clave reside en que la anulación de la torsión de estos operadores asegura la integrabilidad de las
distribuciones de sus autovectores y permite construir cartas locales donde estos operadores adop-
tan formas diagonales o por bloques. Estos resultados ofrecen un criterio elegante y potente para la
separación de variables en la ecuación de Hamilton-Jacobi.

En este contexto, realizamos un estudio exhaustivo de las álgebras de Haantjes y analizamos sus
propiedades algebraicas y geométricas. Nuestros resultados muestran que estas estructuras per-
miten definir de forma natural a las coordenadas de Darboux-Haantjes, que cumplen una doble
función: simplifican la estructura simpléctica a su forma canónica y descomponen la ecuación de
Hamilton-Jacobi en subsistemas más abordables, simplificando así el problema de integración. Esta
metodología evita los complejos análisis espectrales tradicionales y los sustituye por técnicas tenso-
riales y algebraicas precisas, proporcionando herramientas eficaces para estudiar sistemas integrables.

Uno de los aportes centrales de este trabajo es el tratamiento de la superintegrabilidad. Demos-
tramos que los sistemas hamiltonianos con más integrales de movimiento que grados de libertad
poseen múltiples estructuras de Haantjes, donde cada una de ellas está asociada a distintas coorde-
nadas de separación. Esta multiplicidad no solo revela simetrías ocultas del sistema, sino que amplía
la teoría clásica de separación de variables, permitiendo integrar explícitamente modelos complejos
que antes resultaban inaccesibles. La claridad y la generalidad de estos resultados resalta la utilidad
práctica del enfoque de Haantjes.

La tesis discute además el problema de la separabilidad parcial. Cuando no es posible separar
todas las variables en la ecuación de Hamilton-Jacobi, demostramos que incluso en variedades sim-
plécticas de Haantjes no semisimples o no maximales puede lograrse desacoplar un subconjunto de
variables. Las coordenadas de Darboux-Haantjes obtenidas, aunque no permiten una separación
completa, aportan información crucial sobre la dinámica de sistemas complejos, ampliando así el
abanico de técnicas disponibles para estudiar su integrabilidad.

Estudiamos también la aplicación del formalismo de Haantjes en sistemas hamiltonianos en pre-
sencia de campos magnéticos. Al incorporar geométricamente los efectos de los potenciales vecto-
riales, desarrollamos un método que permite analizar modelos integrables con interacciones mag-
néticas sin necesidad de fijar un gauge específico. Este enfoque, relacionado con la geometría de
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Stäckel, reafirma la versatilidad del enfoque de Haantjes y ofrece nuevas perspectivas sobre las sime-
trías de sistemas en presencia de campos magnéticos.

Ampliando la teoría clásica, generalizamos las torsiones de Nijenhuis y Haantjes a niveles supe-
riores, lo que permite definir las álgebras de Haantjes generalizadas. En estas álgebras, la anulación
de las torsiones de nivel superior garantiza la diagonalización por bloques simultánea de familias
de operadores que conmutan. Este avance representa un salto cualitativo en el estudio las formas
normales de campos de operadores, con aplicaciones tanto teóricas como computacionales.

Como contribución complementaria, en el capítulo final desarrollamos un método de discreti-
zación al estilo Frobenius para ecuaciones diferenciales de segundo orden con coeficientes analíti-
cos, basado en el cálculo de operadores finitos y en las álgebras de Rota. Este proceso de discretización
preserva propiedades clave de los modelos continuos como son la regla de Leibniz y la relación con
las soluciones analíticas exactas, creando un puente entre sistemas integrables continuos y discretos.
En particular, obtuvimos discretizaciones exactas para ecuaciones clásicas (Airy, Hermite, Bessel),
abriendo nuevos caminos para modelizar sistemas con propiedades inherentemente discretas.

En definitiva, esta tesis establece un enfoque unificado para estudiar la integrabilidad y sepa-
ración de variables en sistemas hamiltonianos. Al combinar geometría diferencial avanzada con téc-
nicas algebraicas modernas, nuestros resultados no solo consolidan principios fundamentales de la
mecánica geométrica, sino que abren nuevas líneas de investigación en áreas como son los opera-
dores con espectro complejo, la adaptación del formalismo de Haantjes a variedades de contacto o
cosimplécticas para sistemas disipativos o dependientes del tiempo, y la exploración de álgebras de
Haantjes generalizadas en el contexto de los modelos integrables. Este trabajo sienta bases sólidas
para futuras investigaciones teóricas y para aplicaciones prácticas, ampliando significativamente las
herramientas disponibles para analizar y discretizar sistemas dinámicos complejos.



Abstract

This thesis is framed within the quest for a unified theoretical approach to address the integrabi-
lity of finite-dimensional Hamiltonian systems through an in-depth study of Haantjes geometry.
Building upon the fundamentals of geometric mechanics and the classical theory of integrability in
the Arnold-Liouville sense, our work explores the decisive role played by Nijenhuis and Haantjes
operators in structuring dynamical systems. The key of this approach lies in the vanishing of the
torsion of these operators, which guarantees the integrability of the eigendistributions generated by
their eigenvectors and enables the construction of local charts in which these operators assume di-
agonal or block-diagonal forms. Such tensorial properties provide a powerful and elegant criterion
for achieving the separation of variables in the Hamilton-Jacobi equation.

Within this framework, we rigorously investigate the algebraic and geometric properties of Haan-
tjes algebras. Our analysis shows that these algebras naturally lead to the definition of Darboux-
Haantjes coordinates, which both bring the symplectic structure into its canonical form and de-
couple the Hamilton-Jacobi equation into subsystems that depend on fewer variables, thereby sig-
nificantly simplifying the integration process. Our methodology, based on refined tensorial and
algebraic techniques, circumvents the need for exhaustive spectral analysis while providing clear
and effective tools for the study of integrable systems.

A fundamental aspect of our study is the treatment of superintegrability. We prove that Hamilto-
nian systems possessing more integrals of motion than degrees of freedom are endowed with multi-
ple Haantjes structures, each associated with its own set of separable coordinates. This multiplicity
not only reveals hidden symmetries inherent to the system but also extends the traditional separa-
tion theory, offering novel methods for the explicit integration of complex models. The clarity and
generality of these results underscore the practical utility of the Haantjes framework in addressing
problems that were previously intractable.

In addition, the thesis addresses the topic of partial separability. When total separation of varia-
bles in the Hamilton-Jacobi equation is unattainable, our results demonstrate that even non-semi-
simple or non-maximal symplectic-Haantjes manifolds allow for the effective decoupling of a subset
of variables. In these cases, the resulting Darboux-Haantjes coordinates, though not yielding com-
plete separation, still offer valuable insights into the dynamics of complex systems, thereby broad-
ening the scope of separability techniques available for Hamiltonian systems.

Another central contribution of this work is the application of the Haantjes formalism to Hamil-
tonian systems immersed in magnetic fields. By naturally incorporating the effects of vector poten-
tials into the geometric structure, we develop a gauge-independent method for analyzing integrable
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models in the presence of magnetic interactions. This treatment, which is closely related to Stäckel
geometry, not only reinforces the versatility of the Haantjes approach but also provides new per-
spectives on the integrability and symmetry properties of magnetic systems.

Furthermore, we extend the classical theory by generalizing Nijenhuis and Haantjes torsions to
higher levels. This generalization leads to the definition of generalized Haantjes algebras, wherein
the vanishing of higher-level torsions sets tensorial conditions that ensure the simultaneous block-
diagonalization of families of commuting operators. These results represent a significant advance
in our ability to obtain normal forms for operator fields on differentiable manifolds, offering both
theoretical insight and practical computational advantages.

Finally, an auxiliary but noteworthy contribution of this thesis is its extension into the discrete
domain. In the final chapter, we present a Frobenius-type theory for the discretization of second-
order differential equations with analytic coefficients, based on finite operator calculus and Rota
algebras. This discretization scheme preserves key features of the continuous models–such as the
Leibniz rule and the inheritance of exact analytic solutions–thus establishing a clear bridge between
continuous and discrete integrable structures. In particular, we obtain exact discretizations for clas-
sical equations including those of Airy, Hermite, and Bessel, thereby opening new possibilities for
modeling and analysis in contexts where data are naturally discrete.

In summary, this thesis provides a unified and technically robust framework for the study of inte-
grability and variable separation in Hamiltonian systems. By synthesizing advanced concepts from
differential geometry with modern algebraic techniques, our results not only consolidate funda-
mental principles in geometric mechanics but also set the stage for further research in areas such as
operators with complex eigenvalues, the adaptation of the symplectic-Haantjes formalism to con-
tact and cosymplectic manifolds for dissipative or time-dependent systems, and the deep explo-
ration of generalized Haantjes algebras within integrable models. This work lays a solid foundation
for future theoretical and applied investigations, broadening the horizon of methods available for
the integration and discretization of complex dynamical systems.



Las cosas podían haber sucedido de cualquier otra manera y, sin em-
bargo, sucedieron así.

Miguel Delibes, El camino

Prelude

Everything is in motion, even that which appears still.

In the documentary “El sol del membrillo” (Dream of Light), by Víctor Erice, the painter Antonio
López observes the quince tree in his garden with an almost mystical patience, as though he wished
to unravel the secrets of the universe woven into the branches and fruits. Armed with his brush, he
embarks on the quest to capture an instant where time seems to stand still. Yet, he soon becomes
aware of the futility of this endeavor: movement reveals itself even in the details we often overlook.
The sunlight that caresses the tree slips by—imperceptible yet relentless—transforming shadows,
softening hues, redrawing contours; the breeze whispers through the branches, setting the leaves in
a subtle sway; the quinces, ripe with the promise of descent, hint at their inevitable fall. In spite of
the painter’s ardent and ritualistic effort, he appears not so much to capture the scene as to engage
in a silent dialogue with it—a dance in which what he seeks to fix has already changed. Day after
day, his brush lags behind a nature that never ceases, a world in perpetual metamorphosis.

This struggle against the inevitable echoes words spoken centuries ago by Heraclitus: “Every-
thing flows” (Πάντα ῥεῖ ). Nothing remains; all that exists is immersed in a river of ceaseless trans-
formations. The eternal, unyielding flow spares no moment: what is today will be no more tomor-
row. All is in becoming, even that which our senses deem immobile. Even in the serene guise of
the quince tree, even in the stillness captured by Erice’s camera, this truth emerges. The tree grows,
ages, lives, and breathes, albeit in a cadence too subtle for the naked eye. There is no repose in the
universe; a secret choreography transforms every instant into the next, every form into its becoming.

With the creation of this thesis, I invite you to contemplate and heighten your awareness of move-
ment in all its manifestations—unraveling the laws that govern everything from the oscillating
rhythm of a pendulum to the orbits of distant stars, from the delicate flutter of a leaf to the grand
cycles of the seasons—finding in the simple and everyday a gateway to the profound.

1



2 Prelude

In what concerns me, with the fervor of Antonio López’s brush and in pursuit of my own dia-
logue with change, I am writing these pages with the aim of devising methods to solve the equations
of motion that describe a myriad of physical systems. More specifically, my aim is advancing the
theory of separability of the Hamilton-Jacobi equation, where the tools I develop hold promising
applications in other branches of mathematics.

With this objective in mind, this thesis is organized into four parts. In the first part we introduce
the core concepts of geometric mechanics. Chapter 1 presents the Hamilton-Jacobi framework and
discusses the differential geometric tools–such as the Schouten-Nijenhuis bracket and the struc-
tures of symplectic, Poisson, and Jacobi manifolds–that allow us to approach the problem of mo-
tion, as well as the formulation of Lax systems and generalized Stäckel systems. Chapter 2 then lays
the algebraic foundations by reviewing the major contributions of the Dutch school in differential
geometry, with a focus on the Frölicher-Nijenhuis bracket, Nijenhuis and Haantjes tensors, and
the construction of Haantjes algebras, emphasizing their diagonalization properties.

The second part centers on symplectic Haantjes manifolds as the natural setting for integrable
dynamics and the separation of variables. In this section, four chapters develop the subject further.
Chapter 3 revisits different geometric approaches to the separability (bi-Hamiltonian manifolds,
Nijenhuis symplectic manifolds, and Haantjes manifolds), but it is focussed in symplectic Haantjes
manifolds and their main properties in relation to integrable systems. Chapter 4 examines systems
displaying superintegrability, where multiple Haantjes algebras can be associated with a single sys-
tem, leading to multiseparability. In Chapter 5, we explore cases in which full separability is not
possible but a partial decoupling of variables can still be achieved, owing to the presence of non-
semisimple or non-maximal Haantjes algebras. Chapter 6 extends the framework to encompass
Hamiltonian systems influenced by magnetic fields, demonstrating that the symplectic Haantjes
setting naturally accommodates such interactions without the need to fix a gauge.

The third part is devoted to generalized aspects of the theory. In Chapter 7 we study generalized
Nijenhuis torsions and the corresponding generalized Haantjes algebras, examining their block-
diagonalization properties and the role of torsion polarizations. This chapter not only broadens the
classical approach but also provides new algebraic structures that are instrumental in understanding
the integrability of more complex systems.

The fourth and final part addresses topics related to the main line of inquiry, yet distinct in their
own right. Chapter 8 explores a Frobenius-type theory for discrete systems, presenting a rigorous
discretization scheme for second-order differential equations with analytic coefficients. This ap-
proach preserves key features of the continuous models and establishes a clear connection between
continuous and discrete integrable structures.

The thesis concludes with general remarks on the topics discussed and potential directions for
future research, along with three appendices containing calculations whose detailed presentation
would have interrupted the flow of the discussion.

Before delving into the main content of the thesis, it is important to note that all parts except Part
I are almost entirely original. Specifically, Chapters 4 through 8 are completely original, and Chap-
ter 3–where I introduce various geometric frameworks for studying the separation of variables in
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the Hamilton-Jacobi equation–includes several significant original contributions. This progres-
sion reflects a deepening understanding of symplectic-Haantjes manifolds and their application
to new scenarios. Notable original contributions in Chapter 3 include the analysis of commu-
tativity in 𝜔ℋ algebras (Proposition 3.3.1), the discussion on the existence and construction of
Darboux–Haantjes coordinates (Sections 3.3.3 and 3.3.6), the formulation of the Jacobi-Haantjes
theorem (Theorem 3.4.2), the treatment of separation of variables in the Drach-Holt type system
(Section 3.5), the introduction of a new geometric lift for constructing Haantjes operators in the
cotangent space (Section 3.6), and the derivation of necessary conditions for a function to generate
a Haantjes chain (Theorem 3.3.3 and Corollary 3.3.1).

As Eugene Wigner observed, the way in which mathematics so aptly describes the laws of physics is
a remarkable gift — one we neither fully understand nor deserve. The following chapters explore
how this connection unfolds in the study of motion.





Part I

I N T R O D U C T I O N





El mundo hay que fabricárselo uno mismo, hay que crear peldaños
que te suban, que te saquen del pozo. Hay que inventar la vida porque
acaba siendo verdad.

Ana María Matute, El libro de Ana María Matute: antología de
literatura y vida

1
Integrability and Hamilton-Jacobi theory

To describe the world in its first principles, you must unsee it. Let the crimson of au-
tumn fade to shadow; let the roar of rivers dissolve into silence. Strip the bark from the tree, the
flesh from the bone, the pigment from the eye. What remains is not emptiness, but architecture: the
curve of a planet’s arc through void, the torsion of a pendulum’s swing, the geodesic etched by light
across spacetime. Geometry does not ignore life–it unknots life’s tangles. Galileo traced parabolas
in falling stones; Euler wrote the moon’s dance in differentials. Here, in this rarefied space, the uni-
verse is not a cacophony of things but a silent lexicon of lines, symmetries, and connections. To
wield these tools is to converse with the unseen: the scaffolding beneath the skin of reality.

This chapter explores the geometric foundations of classical mechanics, where smooth manifolds
and algebraic structures encode the principles of motion and integrability. At its core lies symplectic
geometry, a framework that equips phase spaces with a canonical structure to describe Hamiltonian
dynamics, linking symmetries to conserved quantities through the geometry of Poisson brackets.
Moving beyond the rigidity of symplectic manifolds, we generalize to Poisson manifolds, where de-
generate brackets accommodate constrained systems, and further to Jacobi manifolds, which relax
classical axioms to unify contact geometry and non-conservative dynamics.

The pursuit of integrability threads through these structures. Liouville’s theorem asserts that sys-
tems with sufficient conserved quantities unravel into solvable motion, while Arnold’s refinement
frames such systems as linear flows on invariant tori, parameterized by action-angle coordinates.
Together, they transmute dynamics into orderly evolution, charting trajectories as predictably as
celestial mechanics.
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8 integrability and hamilton-jacobi theory

Central to this discourse is the Hamilton-Jacobi (HJ) formalism, a method that recasts dynami-
cal trajectories through generating functions. The principal advantage of this approach arises when
complex systems admit separation into independent coordinates. Owing to the topic’s significance,
separability criteria have been rigorously developed, including the Levi-Civita test, Benenti’s theo-
rem, and the Jacobi-Sklyanin separation equations.

The chapter culminates with the study of two families of completely integrable systems, where
theory converges with application. Generalized Stäckel systems, constructed from separable po-
tentials and diagonal metrics, exemplify classical separation techniques, while Lax pairs –matrix
equations preserving spectral invariants– reveal integrability in systems ranging from particle col-
lisions to nonlinear waves. These frameworks are not mere pedagogical examples but foundational
constructs, anticipating their recurrence in quantum mechanics and field theory.

This exposition is structured as follows. Section 1.1 introduces symplectic manifolds as the foun-
dational framework for Hamiltonian mechanics, revisits the Schouten-Nijenhuis bracket as a cor-
nerstone of Poisson geometry, and extends the formalism to Poisson and Jacobi manifolds, estab-
lishing a unified geometric language for mechanical systems. Section 1.2 details the Liouville-Arnold
theorem and its implications for classical integrability, emphasizing action-angle variables. Section
1.3 derives the Hamilton-Jacobi equation through canonical and geometric perspectives, including
separability criteria. Section 1.4 analyzes integrable systems, including Stäckel models and Lax pairs,
with the Jacobi-Calogero model as a paradigmatic case. The discussion synthesizes insights from [1,
5, 53, 86, 101, 111, 130].

1.1 preliminaries on geometric mechanics

Geometric mechanics provides a unifying framework for classical mechanics by describing physical
systems in terms of geometric structures on smooth manifolds. In this setting, the phase space of a
mechanical system is modeled by differentiable manifolds endowed with either a Poisson structure
or, in the nondegenerate case, a symplectic structure. This approach not only encapsulates the al-
gebraic properties of observables via the Poisson bracket but also clarifies the role of Hamiltonian
vector fields in generating the system’s time evolution.

In what follows, let 𝑀 be a smooth real manifold. We denote by𝑇𝑀 the tangent bundle of 𝑀 and
by 𝑇∗𝑀 its cotangent bundle. The sections of 𝑇𝑀 form the Lie algebra of smooth vector fields,
denoted by 𝔛(𝑀), while the sections of 𝑇∗𝑀 constitute the space of smooth 1-forms, denoted
by Ω1(𝑀). For each nonnegative integer 𝑝, the module Ω𝑝 (𝑀) := Γ (∧𝑝 (𝑇∗𝑀)) consists of
differential 𝑝-forms on 𝑀 , and 𝔛𝑝 (𝑀) := Γ (∧𝑝 (𝑇𝑀)) denotes the space of 𝑝-vector fields (or
multivector fields). We will assume that all functions and tensor fields are smooth, though this
standard regularity condition can often be weakened in many results.



1.1 preliminaries on geometric mechanics 9

1.1.1 Symplectic Manifolds

A symplectic structure endows a manifold with rich geometric features that provide a natural frame-
work for formulating the equations of motion and interpreting the evolution of a system. In partic-
ular, it establishes a one-to-one correspondence between smooth functions and vector fields via the
symplectic form. This correspondence is essential for linking the energy function (or Hamiltonian)
of a system with the flow describing its time evolution.

Definition 1.1.1. A symplectic structure on a differentiable manifold 𝑀 is a closed and nondegen-
erate 2-form𝜔 ∈ Ω2(𝑀).

Since𝜔 is nondegenerate, such a structure can exist only on even-dimensional manifolds. Thus,
we define:

Definition 1.1.2. A symplectic manifold is a pair (𝑀 ,𝜔), where 𝑀 is an even-dimensional differ-
entiable manifold endowed with a symplectic structure𝜔.

Henceforth, we assume that any symplectic manifold has dimension 2𝑛. Moreover, these mani-
folds are orientable since𝜔 defines a volume form known as the symplectic or Liouville volume:

Ω𝜔 :=
(−1)𝑛(𝑛−1)/2

𝑛!
𝜔𝑛 =

(−1)𝑛(𝑛−1)/2
𝑛!

𝜔 ∧𝜔 ∧ · · · ∧𝜔︸              ︷︷              ︸
𝑛 times

. (1.1)

A fundamental result in symplectic geometry is the Darboux theorem.

Theorem 1.1.1 (Darboux). Let (𝑀 ,𝜔) be a symplectic manifold of dimension 2𝑛. Then for every
point 𝑥 ∈ 𝑀 there exists an open neighborhood 𝑈 ⊂ 𝑀 and a local coordinate chart (𝒒, 𝒑) :=
(𝑞1, 𝑞2, . . . , 𝑞𝑛, 𝑝1, 𝑝2, . . . , 𝑝𝑛) on𝑈 such that the symplectic form𝜔 takes the standard form

𝜔 =
𝑛∑︁
𝑖=1

d𝑞𝑖 ∧ d𝑝𝑖 . (1.2)

The coordinates (𝑞𝑖 , 𝑝𝑖) are called Darboux or symplectic coordinates.

Darboux’s theorem implies that locally all symplectic manifolds are isomorphic to the standard
symplectic vector space; hence, the only local invariant (up to symplectomorphism) is the dimen-
sion. In Darboux coordinates, the Liouville volume is expressed as

Ω𝜔 = d𝑞1 ∧ d𝑞2 ∧ · · · ∧ d𝑞𝑛 ∧ d𝑝1 ∧ d𝑝2 ∧ · · · ∧ d𝑝𝑛 . (1.3)

The nondegeneracy of𝜔 induces a canonical bundle isomorphism𝜔♭ : 𝔛(𝑀) → Ω1(𝑀), defined
by

𝜔♭ (𝑋) := 𝜔(𝑋 , · ) , 𝑋 ∈ 𝔛(𝑀) . (1.4)

Its inverse, denoted by𝜔♯ := (𝜔♭)−1, allows us to introduce the following notion.



10 integrability and hamilton-jacobi theory

Definition 1.1.3. The symplectic gradient of a function 𝐻 ∈ 𝐶∞(𝑀) is defined as the vector field

𝑋𝐻 := 𝜔♯ (d𝐻) , (1.5)

or, equivalently, as the unique vector field satisfying that the interior product of𝜔 with 𝑋𝐻 yields

𝜄𝑋𝐻𝜔 = d𝐻 . (1.6)

The triple (𝑀 ,𝜔,𝐻) is then called a Hamiltonian system with Hamiltonian function 𝐻.

Note that if two functions differ by a locally constant term, they yield the same symplectic gra-
dient. Moreover, by the antisymmetry of 𝜔, one immediately sees that 𝑋𝐻 (𝐻) = 0; that is, the
flow of 𝑋𝐻 preserves the level sets of 𝐻. In this thesis we consider only autonomous Hamiltonian
systems, i.e., those in which𝐻 is time-independent, corresponding physically to energy-conserving
systems.

We also introduce the related notion of a Hamiltonian vector field.

Definition 1.1.4. A vector field 𝑋 ∈ 𝔛(𝑀) is called a Hamiltonian vector field if there exists a
function 𝐻 ∈ 𝐶∞(𝑀) such that 𝑋 = 𝑋𝐻 .

Proposition 1.1.1. For a vector field 𝑋 ∈ 𝔛(𝑀), the following statements are equivalent:

(i) 𝑋 is a Hamiltonian vector field.

(ii) 𝜄𝑋𝜔 is exact.

(iii) the Lie derivative of𝜔 with respect to 𝑋 vanishes, i.e., L𝑋𝜔 = 0.

A remarkable result concerning Hamiltonian vector fields is that they preserve the powers of the
symplectic form. In particular, we have the following theorem.

Theorem 1.1.2 (Liouville). The Liouville volume is invariant under the flow of any Hamiltonian
vector field, i.e., L𝑋𝐻Ω𝜔 = 0.

In Darboux coordinates, the symplectic gradient of a Hamiltonian function 𝐻 is given by

𝑋𝐻 =
𝑛∑︁
𝑖=1

(
𝜕𝐻

𝜕𝑝𝑖

𝜕

𝜕𝑞𝑖
− 𝜕𝐻

𝜕𝑞𝑖
𝜕

𝜕𝑝𝑖

)
. (1.7)

Thus, an integral curve 𝛾(𝑡) = (𝒒(𝑡), 𝒑(𝑡)) of 𝑋𝐻 satisfies

¤𝛾 :=
d𝛾
d𝑡

= 𝑋𝐻 ◦ 𝛾 , (1.8)

if and only if it fulfills Hamilton’s equations:

¤𝑞𝑖 (𝑡) = 𝜕𝐻

𝜕𝑝𝑖
, ¤𝑝𝑖 (𝑡) = − 𝜕𝐻

𝜕𝑞𝑖
, 𝑖 = 1, 2, . . . , 𝑛 . (1.9)

Therefore, in the geometric formulation of mechanics, the evolution of a physical system is gov-
erned by a Hamiltonian vector field that both generates the system’s flow and encodes its dynamics.

We now recall a fundamental algebraic concept.
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Definition 1.1.5. [130] A Poisson bracket is a bilinear, antisymmetric biderivation {·, ·} : 𝐶∞(𝑀) ×
𝐶∞(𝑀) → 𝐶∞(𝑀), satisfying the Jacobi identity

{ 𝑓 , {𝑔, ℎ}} + {𝑔, {ℎ, 𝑓 }} + {ℎ, { 𝑓 , 𝑔}} = 0 , (1.10)

for all 𝑓 , 𝑔, ℎ ∈ 𝐶∞(𝑀).

The symplectic structure on 𝑀 naturally induces a Poisson bracket. For any 𝑓 , 𝑔 ∈ 𝐶∞(𝑀),
one defines

{ 𝑓 , 𝑔} := −𝜄𝑋 𝑓 𝜄𝑋𝑔𝜔 = 𝜔(𝑋 𝑓 , 𝑋𝑔) . (1.11)

This can also be expressed as
{ 𝑓 , 𝑔} = L𝑋𝑔 𝑓 , (1.12)

which represents the variation of 𝑓 along the flow generated by 𝑋𝑔.
Thus, the Poisson bracket endows 𝐶∞(𝑀) with an R-algebra structure. Moreover, since 𝜔 is

closed, the set of Hamiltonian vector fields is closed under the Lie bracket:

[𝑋 𝑓 , 𝑋𝑔] + 𝑋{ 𝑓 ,𝑔} = 0 . (1.13)

In Darboux coordinates, the Poisson bracket takes the form

{ 𝑓 , 𝑔} =
𝑛∑︁
𝑖=1

(
𝜕 𝑓

𝜕𝑞𝑖
𝜕𝑔

𝜕𝑝𝑖
− 𝜕 𝑓

𝜕𝑝𝑖

𝜕𝑔

𝜕𝑞𝑖

)
, (1.14)

so that the canonical coordinates satisfy

{𝑞𝑖 , 𝑞 𝑗} = 0 , {𝑝𝑖 , 𝑝 𝑗} = 0 , {𝑞𝑖 , 𝑝 𝑗} = 𝛿𝑖𝑗 , (1.15)

where 𝛿𝑖
𝑗

is the Kronecker delta.

To further clarify the geometry of submanifolds in a symplectic manifold, we introduce the notion
of the symplectic orthogonal complement. Let 𝑁 ⊂ 𝑀 be a submanifold of the symplectic manifold
(𝑀 ,𝜔). For each point 𝑥 ∈ 𝑁 , define the symplectic orthogonal complement of the tangent space
𝑇𝑥𝑁 as

(𝑇𝑥𝑁)𝜔 := {𝑋 ∈ 𝑇𝑥𝑀 : 𝜔(𝑋 ,𝑌 ) = 0 ∀𝑌 ∈ 𝑇𝑥𝑁} .
In many contexts, one refers to the collection

𝑁𝜔 :=
⋃
𝑥∈𝑁

(𝑇𝑥𝑁)𝜔

as the symplectic orthogonal complement of 𝑁 .
It is a standard fact that for every 𝑥 ∈ 𝑁 we have

dim𝑇𝑥𝑁 + dim(𝑇𝑥𝑁)𝜔 = dim𝑇𝑥𝑀 and
(
(𝑇𝑥𝑁)𝜔

)𝜔 = 𝑇𝑥𝑁 .

These identities naturally raise the question of whether one always has the direct-sum decomposi-
tion 𝑇𝑥𝑁 ⊕ (𝑇𝑥𝑁)𝜔 = 𝑇𝑥𝑀 . In general, this decomposition need not hold globally, as 𝑇𝑥𝑁 and
(𝑇𝑥𝑁)𝜔 may have a nontrivial intersection.

Based on these properties, one classifies submanifolds as follows:
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Definition 1.1.6. Let (𝑀 ,𝜔) be a symplectic manifold and 𝑁 ⊂ 𝑀 a submanifold. Then:

• 𝑁 is isotropic if 𝑇𝑥𝑁 ⊂ (𝑇𝑥𝑁)𝜔 for every 𝑥 ∈ 𝑁 .

• 𝑁 is coisotropic if (𝑇𝑥𝑁)𝜔 ⊂ 𝑇𝑥𝑁 for every 𝑥 ∈ 𝑁 .

• 𝑁 is Lagrangian if 𝑇𝑥𝑁 = (𝑇𝑥𝑁)𝜔 for every 𝑥 ∈ 𝑁 .

• 𝑁 is a symplectic submanifold if 𝑇𝑥𝑁 ∩ (𝑇𝑥𝑁)𝜔 = {0} for every 𝑥 ∈ 𝑁 .

The existence of Darboux coordinates naturally gives rise to a natural Lagrangian foliation. In
these coordinates, the projection onto the 𝑞-variables defines a foliation whose leaves, determined
by constant values of the momenta (𝑝1, . . . , 𝑝𝑛), are Lagrangian submanifolds. In other words,
locally the phase space decomposes into invariant Lagrangian leaves, which play a fundamental role
in the integrability and quantization of the system. Conversely, a Lagrangian foliation guarantees
the existence of local Darboux coordinates adapted to the foliation, with the leaves identified as
level sets of either the 𝑝𝑖 or the 𝑞𝑖 , depending on the chosen orientation.

1.1.2 The Schouten-Nijenhuis bracket

The Schouten-Nijenhuis (SN) bracket, also known as the Schouten bracket, was originally intro-
duced in 1940 by Jan A. Schouten [171, 172] as an extension of the Lie bracket to tensor fields on a
differentiable manifold. His motivation was related to the theory of invariants, so he searched for
differential brackets of tensorial quantities and succeeded in defining a bracket for two arbitrary
contravariant tensors, by imposing it to be a derivative in each of its arguments. In this way he
obtained a bracket for contravariant tensors which are completely symmetric or completely anti-
symmetric (also known as multivectors). Although the work in both cases is similar in spirit, the
latter case has become more popular because of its direct applications in differential geometry and
mathematical physics.

The SN bracket for multivectors was later studied in more detail in 1955 by Albert Nijenhuis
[143], who determined its main properties. In the 1970s, the mathematician André Lichnerowicz
linked this bracket to classical mechanics. Specifically, he defined the Poisson and Jacobi structures
[112, 113] and observed that one could deduce intrinsic conditions under which a field of bivectors
defines a Poisson bracket, using the SN bracket for this purpose (see Proposition 1.1.2).

In this section we will only introduce the SN bracket for completely antisymmetric contravariant
tensors, whose properties and applications can be found, for instance, in [193].

Definition 1.1.7. The SN bracket for multivectors is uniquely defined as the bilinear operation [·, ·]SN:
𝔛𝑝 (𝑀) × 𝔛𝑞 (𝑀) → 𝔛𝑝+𝑞−1(𝑀) which satisfies the following properties for all 𝑃 ∈ 𝔛𝑝 (𝑀),
𝑄 ∈ 𝔛𝑞 (𝑀), 𝑅 ∈ 𝔛𝑟 (𝑀):

• Graded antisymmetry:
[𝑃,𝑄]SN = (−1) 𝑝𝑞 [𝑄, 𝑃]SN ; (1.16)
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• Graded Leibniz rule:

[𝑃,𝑄 ∧ 𝑅]SN = [𝑃,𝑄]SN ∧ 𝑅 + (−1) (𝑝+1)𝑞𝑄 ∧ [𝑃, 𝑅]SN ; (1.17)

• Graded Jacobi identity:

(−1) 𝑝 (𝑟−1) [𝑃, [𝑄, 𝑅]SN]SN + (−1)𝑞 (𝑝−1) [𝑄, [𝑅, 𝑃]SN]SN
+ (−1)𝑟 (𝑞−1) [𝑅, [𝑃,𝑄]SN]SN = 0 . (1.18)

Consider two multivectors 𝑃 ∈ 𝔛𝑝 (𝑀) and 𝑄 ∈ 𝔛𝑞 (𝑀). To obtain the local expression in
coordinates of the SN bracket [𝑃,𝑄]SN, we can first assume that they are decomposable, i.e. 𝑃 =
𝑋1 ∧ 𝑋2 ∧ . . . ∧ 𝑋𝑝 and 𝑄 = 𝑌1 ∧𝑌2 ∧ . . . ∧𝑌𝑞 , where 𝑋𝑖 ,𝑌 𝑗 ∈ 𝔛(𝑀), 𝑖 = 1, 2, . . . , 𝑝; 𝑗 =
1, 2, . . . , 𝑞. In this case we get

[𝑃,𝑄]SN = (−1) 𝑝+1
𝑝∑︁
𝑖=1

𝑞∑︁
𝑗=1

(−1)𝑖+ 𝑗 [𝑋𝑖 ,𝑌 𝑗] ∧ 𝑋1 ∧ . . . ∧ 𝑋 𝑖 ∧ . . . ∧ 𝑋𝑝

∧𝑌1 ∧ . . . ∧𝑌 𝑗 ∧ . . . ∧𝑌𝑞 , (1.19)

where [𝑋𝑖 ,𝑌 𝑗] is the Lie bracket of the vector fields 𝑋𝑖 and𝑌 𝑗 , and 𝑋 𝑖 (resp.𝑌 𝑗 ) denotes the omis-
sion of 𝑋𝑖 (resp.𝑌 𝑗 ) in the product.

Since in general 𝑃 and𝑄 can be written in a local chart (𝑥1, 𝑥2, . . . , 𝑥𝑛) of 𝑀 as

𝑃 =
1

𝑝!

𝑛∑︁
𝑖1,𝑖2,...,𝑖𝑝=1

𝑃𝑖1𝑖2...𝑖𝑝
𝜕

𝜕𝑥𝑖1
∧ 𝜕

𝜕𝑥𝑖2
∧ . . . ∧ 𝜕

𝜕𝑥𝑖𝑝
,

𝑄 =
1

𝑞!

𝑛∑︁
𝑗1, 𝑗2,..., 𝑗𝑞=1

𝑄 𝑗1 𝑗2... 𝑗𝑞
𝜕

𝜕𝑥 𝑗1
∧ 𝜕

𝜕𝑥 𝑗2
∧ . . . ∧ 𝜕

𝜕𝑥 𝑗𝑞
;

(1.20)

we conclude from the expression (1.19) that

[𝑃,𝑄]SN =
(−1) 𝑝
𝑝! 𝑞!

𝑛∑︁
𝑘=1

(
𝑛∑︁

𝑖1,...,𝑖𝑝=1

𝑛∑︁
𝑗2,..., 𝑗𝑞=1

𝑞 𝑄𝑘 𝑗2... 𝑗𝑞
𝜕𝑃𝑖1...𝑖𝑝

𝜕𝑥𝑘

𝜕

𝜕𝑥𝑖1
∧ . . . ∧ 𝜕

𝜕𝑥𝑖𝑝

∧ 𝜕

𝜕𝑥 𝑗2
∧ . . . ∧ 𝜕

𝜕𝑥 𝑗𝑞

+
𝑛∑︁

𝑖2,...,𝑖𝑝=1

𝑛∑︁
𝑗1,..., 𝑗𝑞=1

(−1) 𝑝𝑝 𝑃𝑘𝑖2...𝑖𝑝
𝜕𝑄 𝑗1... 𝑗𝑞

𝜕𝑥𝑘

𝜕

𝜕𝑥𝑖2
∧ . . . ∧ 𝜕

𝜕𝑥𝑖𝑝

∧ 𝜕

𝜕𝑥 𝑗1
∧ . . . ∧ 𝜕

𝜕𝑥 𝑗𝑞

)
. (1.21)

Remark 1.1.1. When 𝑋 ∈ 𝔛(𝑀) (and𝑄 ∈ 𝔛𝑞 (𝑀)), the SN bracket reduces to the Lie derivative
of𝑄 with respect to 𝑋 , i.e. [𝑋 ,𝑄]SN ≡ L𝑋𝑄. Likewise, when 𝑋 ,𝑌 ∈ 𝔛(𝑀), this operation reduces
to the Lie bracket, [𝑋 ,𝑌 ]SN ≡ [𝑋 ,𝑌 ].
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1.1.3 Poisson Manifolds

Poisson brackets, when regarded as abstract algebraic structures, admit a rich geometric interpre-
tation that provides deeper insight into dynamical systems. In Section 1.1.1 we saw that a Poisson
bracket can be naturally defined on a symplectic manifold; however, one may consider more general
differentiable manifolds endowed with arbitrary Poisson brackets. This framework will be useful
in Section 3.1 when introducing bi-Hamiltonian systems.

Definition 1.1.8. A Poisson manifold is a differentiable manifold𝑀 equipped with a Poisson bracket
{·, ·} : 𝐶∞(𝑀) ×𝐶∞(𝑀) → 𝐶∞(𝑀).

Since the Poisson bracket is a biderivation, its value at any point 𝑥 ∈ 𝑀 depends only on the
differentials d 𝑓 (𝑥) and d𝑔(𝑥). As stated in [2, Theorem 4.2.16], this observation motivates the def-
inition of an antisymmetric bivector field 𝑷:Ω1(𝑀) ×Ω1(𝑀) → 𝐶∞(𝑀) such that

{ 𝑓 , 𝑔} = 𝑷 (d 𝑓 , d𝑔) . (1.22)

The bivector 𝑷 is commonly called the Poisson bivector. In local coordinates (𝑥1, 𝑥2, . . . , 𝑥𝑛), its
components are given by 𝑃𝑖 𝑗 = {𝑥𝑖 , 𝑥 𝑗}, so that the Poisson bracket can be written as

{ 𝑓 , 𝑔} =
𝑛∑︁

𝑖, 𝑗=1
𝑃𝑖 𝑗 𝜕 𝑓

𝜕𝑥𝑖
𝜕𝑔

𝜕𝑥 𝑗
. (1.23)

An important question is under what conditions an arbitrary bivector field defines a Poisson bracket.
This is answered by the following proposition.

Proposition 1.1.2. A bivector field 𝑷 ∈ 𝔛2(𝑀) is a Poisson bivector if and only if its SN bracket
with itself vanishes, i.e., [𝑷, 𝑷]SN = 0.

On a symplectic manifold (𝑀 ,𝜔), the inverse of the isomorphism in Eq. (1.4) yields the Poisson
bivector induced by 𝜔, namely, 𝑷 := 𝜔♯ : Ω1(𝑀) → 𝔛(𝑀). However, not every Poisson mani-
fold admits a symplectic structure; the two notions coincide if and only if the Poisson bivector is
nondegenerate.

Using the Poisson bivector 𝑷, one may express the symplectic gradient of a function𝐻 ∈ 𝐶∞(𝑀)
as

𝑋𝐻 = 𝑷 d𝐻 . (1.24)

This formulation underlies the equivalence between the symplectic and Poisson descriptions of
Hamiltonian dynamics in the nondegenerate case, while the Poisson framework is more general
and extends the notion of Hamiltonian vector fields.
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1.1.4 Jacobi Manifolds

Although not the primary focus of this thesis, another generalization that extends the concepts of
symplectic and Poisson manifolds is provided by Jacobi manifolds. As explained in [129], both Kir-
illov [91] and Lichnerowicz [112] independently arrived at equivalent definitions of this structure.

In Lichnerowicz’s formulation, a differentiable manifold 𝑀 is equipped with a bivector field
Λ and a vector field 𝐸 . A Jacobi structure on 𝑀 is given by a bilinear map (the Jacobi bracket)
{·, ·} : 𝐶∞(𝑀) ×𝐶∞(𝑀) → 𝐶∞(𝑀), defined for 𝑓 , 𝑔 ∈ 𝐶∞(𝑀) by

{ 𝑓 , 𝑔} := Λ(d 𝑓 , d𝑔) + ⟨ 𝑓 d𝑔 − 𝑔 d 𝑓 , 𝐸⟩ , (1.25)

where ⟨·, ·⟩ denotes the natural pairing between a 1-form and a vector field, and subject to the
compatibility conditions

[𝐸 ,Λ]𝑆𝑁 = L𝐸Λ = 0 and [Λ,Λ]𝑆𝑁 = 2𝐸 ∧Λ . (1.26)

A manifold endowed with the triple (𝑀 ,Λ, 𝐸) is called a Jacobi manifold.
Alternatively, Kirillov introduced an equivalent definition via the notion of “local Lie algebras,”

requiring that the Jacobi bracket be antisymmetric, satisfy the Jacobi identity, and be local in the
sense that the support of { 𝑓 , 𝑔} is contained in the intersection of the supports of 𝑓 and 𝑔.

The compatibility conditions in Eq. (1.26) ensure that the Jacobi bracket is a Lie bracket. How-
ever, it does not satisfy the standard Leibniz rule but rather a weak Leibniz rule:

{ 𝑓 , 𝑔ℎ} = { 𝑓 , 𝑔}ℎ + { 𝑓 , ℎ}𝑔 + 𝑔ℎ 𝐸 ( 𝑓 ) , (1.27)

for all 𝑓 , 𝑔, ℎ ∈ 𝐶∞(𝑀). In particular, a Jacobi manifold reduces to a Poisson manifold if and only
if 𝐸 = 0.

In this context, the Hamiltonian vector field associated with a function𝐻 ∈ 𝐶∞(𝑀) is defined
by

𝑋𝐻 = Λ♯ ◦ d𝐻 + 𝐻 𝐸 , (1.28)

where the bundle map Λ♯ : Ω1(𝑀) → 𝔛(𝑀) is defined by

⟨𝛽,Λ♯ (𝛼)⟩ := Λ(𝛼, 𝛽) ∀𝛼, 𝛽 ∈ Ω1(𝑀) .

Jacobi manifolds are relevant in classical mechanics since, in the case where Λ is nondegenerate and
𝐸 is a Reeb vector field, the structure defines a contact manifold.

1.2 integrability in classical hamiltonian mechanics

We can describe the evolution of a function defined on a symplectic manifold in terms of the Pois-
son bracket naturally induced on it. Indeed, let 𝑓 be a smooth function on 𝑀 and let 𝛾(𝑡) be the
trajectory of the Hamiltonian system (𝑀 ,𝜔,𝐻). Then, we have

¤𝑓 (𝑡) = d( 𝑓 ◦ 𝛾)
d𝑡

= L ¤𝛾 𝑓 = L𝑋𝐻◦𝛾 𝑓 = { 𝑓 ,𝐻} ◦ 𝛾 . (1.29)
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Therefore, if a function 𝑓 commutes with the Hamiltonian function 𝐻, { 𝑓 ,𝐻} = 0, it will be
constant and we will say that it is a (first) integral of motion.

In general we will say that two functions 𝑓 , 𝑔 ∈ 𝐶∞(𝑀) are in involution if they Poisson-
commute, { 𝑓 , 𝑔} = 0. This concept will be central to the discussion of the integrability of Hamil-
ton’s equations, i.e. the solvability of the dynamics of a system.

One of the most important results on this topic dates from the mid-nineteenth century, and it was
proved by Edmond Bour [29] for autonomous systems and generalized by Joseph Liouville [114]
for the non-autonomous case.

Theorem 1.2.1 (Liouville). If a Hamiltonian system with 𝑛 degrees of freedom has 𝑛 integrals of the
motion (𝐻1 = 𝐻,𝐻2, . . . ,𝐻𝑛) in involution and functionally independent on the intersection of the
level sets of the 𝑛 functions 𝐻𝑖 = 𝑐𝑖 , where 𝑐𝑖 are 𝑛 real constants, then the solution of the associated
Hamilton’s equations can be found by quadratures.

By integrability by quadratures, we mean that we can determine the solutions of the system by
a finite number of steps involving algebraic operations, including the inversion of functions; and
the integration of known functions, called quadratures. This systems are said to be integrable in the
Liouville sense.

Liouville’s theorem was generalized by Kozlov in 1983, following the ideas of Mishchenko and
Fomenko on the “noncommutative Liouville theorem” [134]. Instead of requiring that the first
integrals be in involution, Kozlov imposed that they form a solvable algebra. This result also holds
for non-autonomous systems.

Theorem 1.2.2 (Theorem 1, [95]). Let 𝑀 be a symplectic manifold. Suppose that a Hamiltonian
system has 𝑛 = 1

2
dim𝑀 first integrals (𝐻1 = 𝐻,𝐻2, . . . ,𝐻𝑛):𝑀 × R → R, satisfying

𝜕𝐻𝑖

𝜕𝑡
+ {𝐻𝑖 ,𝐻} = 0, 𝑖 = 1, . . . , 𝑛,

and such that their Poisson brackets are given by

{𝐻𝑖 ,𝐻 𝑗} =
𝑛∑︁

𝑘=1
𝑐𝑘𝑖 𝑗𝐻𝑘 , 𝑐𝑘𝑖 𝑗 ∈ R, 𝑖, 𝑗 = 1, . . . , 𝑛.

If

(i) on the level set

𝑀𝒉 := {(𝑥, 𝑡) ∈ 𝑀 × R | 𝐻𝑖 (𝑥, 𝑡) = ℎ𝑖 , 1 ≤ 𝑖 ≤ 𝑛},

the functions 𝐻1,𝐻2, . . . ,𝐻𝑛 are functionally independent;

(ii) the structure constants satisfy
𝑛∑︁

𝑘=1
𝑐𝑘𝑖 𝑗𝐻𝑘 = 0 for all 𝑖, 𝑗 = 1, . . . , 𝑛 ;
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(iii) the Lie algebra generated by the linear combinations
∑𝑛

𝑖=1 𝜆𝑖𝐻𝑖 , with 𝜆𝑖 ∈ R, is solvable;

then the solutions of the Hamiltonian system that lie on 𝑀𝒉 can be obtained by quadratures.

In 1978, Vladimir I. Arnold also extended and refined Liouville’s theorem:

Theorem 1.2.3 (Arnold-Liouville, [5]). Let (𝑀 ,𝜔) be a symplectic manifold of dimension 2𝑛. Sup-
pose there exist 𝑛 smooth functions (𝐻1, . . . ,𝐻𝑛) ∈ 𝐶∞(𝑀) that are in involution. Consider the
joint level set of these functions,

𝑀𝒉 := {𝑥 ∈ 𝑀 | 𝐻𝑖 (𝑥) = ℎ𝑖 , 1 ≤ 𝑖 ≤ 𝑛} , (1.30)

and assume that the 𝑛 functions 𝐻𝑖 are functionally independent on 𝑀𝒉 . Then:

(i) 𝑀𝒉 is a smooth manifold, invariant under the phase flow of the Hamiltonian 𝐻 = 𝐻1.

(ii) If 𝑀𝒉 is compact and connected, it is diffeomorphic to the 𝑛-dimensional torus

𝑇𝑛 = {(𝜙1, . . . , 𝜙𝑛) mod 2𝜋} . (1.31)

(iii) The phase flow of 𝐻 induces conditionally periodic motion on 𝑀𝒉 ; in angular coordinates 𝝓 =
(𝜙1, . . . , 𝜙𝑛), this motion satisfies

d𝝓
d𝑡

= 𝝂(𝒉) . (1.32)

(iv) The canonical equations with Hamiltonian 𝐻 are integrable by quadratures.

Remark 1.2.1. If 𝑀𝒉 is compact and connected, there exists a canonical transformation (𝒒, 𝒑) →
(𝝓, 𝑱), where (𝝓, 𝑱) ∈ 𝑇𝑛 ×𝑉 (with𝑉 an open subset of R𝑛) is a set of Darboux coordinates called
action-angle variables. In this chart, the angles𝝓 = (𝜙1, 𝜙2, . . . , 𝜙𝑛) parametrize the invariant torus
𝑇𝑛, while the actions 𝑱 = (𝐽1, 𝐽2, . . . , 𝐽𝑛) are constants of the motion. Moreover, the Hamiltonian
𝐻 depends solely on the actions 𝑱, making the dynamics separable. Hamilton’s equations reduce to

d𝐽𝑖
d𝑡

= − 𝜕𝐻
𝜕𝜙𝑖

= 0,
d𝜙𝑖

d𝑡
=
𝜕𝐻

𝜕𝐽𝑖
= constant, 𝑖 = 1, 2, . . . , 𝑛, (1.33)

and can be trivially integrated as

𝑱(𝑡) = 𝑱(0), 𝝓(𝑡) = 𝝓(0) + 𝝂(𝑱) 𝑡 (mod 2𝜋), (1.34)

where 𝜈𝑘 (𝑱) := 𝜕𝐻
𝜕𝐽𝑘

are the frequencies of the system.

Remark 1.2.2. This theorem establishes that the phase space of an autonomous Hamiltonian system
with as many integrals of motion as degrees of freedom is foliated into invariant tori, provided the
trajectories are bounded. The motion on each torus is conditionally periodic, with trajectories that are
either periodic or dense depending on the ratios of the system’s frequencies.
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Remark 1.2.3. In completely integrable systems, the Liouville-Arnold theorem provides action-angle
coordinates (a type of Darboux coordinates) where Lagrangian tori (leaves of the foliation) are de-
fined by constant action variables. This exemplifies how Darboux coordinates encode foliations into
symplectically orthogonal, non-intersecting leaves.

The geometric structure of invariant tori is remarkably robust under small perturbations, as de-
scribed by the Kolmogorov-Arnold-Moser (KAM) theorem. Specifically, the KAM theorem en-
sures that, for sufficiently smooth and non-degenerate Hamiltonians, many of these invariant tori
persist under small perturbations, albeit they may become slightly deformed. This result, intro-
duced in [92] (1954) and rigorously proved and extended later in [4] (1963) and [137] (1962), under-
scores the stability of integrable systems under realistic physical conditions.

Definition 1.2.1. A completely integrable Hamiltonian system is non-degenerate if

det
[
𝜕𝜈𝑘

𝜕𝐽𝑖

]
≡ det

[
𝜕2𝐻

𝜕𝐽𝑖 𝜕𝐽𝑘

]
≠ 0 , 𝑖, 𝑘 = 1, 2, . . . , 𝑛 . (1.35)

Proposition 1.2.1. If a system is non-degenerate, the invariant tori are uniquely determined in the
phase space as geometric structures, independent of the specific choice of action-angle coordinates (𝝓, 𝑱).
However, the parametrization of these coordinates remains non-unique, reflecting the flexibility in
describing the dynamics within each torus.

Remark 1.2.4. Superintegrable systems, which will be discussed in Chapter 4, violate the non-degeneracy
condition due to their additional integrals of motion. These extra constraints, however, often lead to
regular dynamics such as closed periodic trajectories or other invariant structures. Although this differs
from the assumptions of the KAM theorem, the stability of superintegrable systems arises from their
over-constrained nature.

1.3 hamilton-jacobi theory

Hamilton-Jacobi theory is a fundamental milestone in theoretical physics. It was first developed by
Sir William Rowan Hamilton (1805–1865), who sought to unify the concepts of geometrical optics
and mechanics through an elegant mathematical formulation. Inspired by the trajectories of light
rays, Hamilton extended these principles to the motion of mechanical systems, reducing the study
of complex dynamics to a partial differential equation (PDE) known as the Hamilton-Jacobi (HJ)
equation [68, 69].

Shortly afterwards, Carl Gustav Jacob Jacobi (1804–1851) further developed this theory by resolv-
ing certain mathematical issues and applying it to new problems [84]. This formulation not only
revolutionized the study of classical mechanics but also influenced the development of quantum
mechanics, serving as an important precursor to de Broglie’s and Schrödinger’s wave theories.
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1.3.1 Hamilton-Jacobi Equation

We begin by considering a non-autonomous system with Hamiltonian function 𝐻 (𝒒, 𝒑, 𝑡). One
way to address the problem of integrating the corresponding Hamilton’s equations (1.9) is to find
a canonical transformation from the variables (𝒒, 𝒑) to new variables (𝑸, 𝑷), with generating func-
tion 𝑆(𝒒, 𝑷, 𝑡), such that the Hamiltonian in the new coordinates is identically zero, i.e.,𝐾 (𝑸, 𝑷, 𝑡) ≡
0. In this case, the canonical equations become trivial and both the positions and momenta remain
constant in the new coordinates.

Since the variables and the Hamiltonians before and after the canonical transformation are re-
lated by the identities

𝑝𝑖 =
𝜕𝑆(𝒒, 𝑷, 𝑡)

𝜕𝑞𝑖
, 𝑄𝑖 =

𝜕𝑆(𝒒, 𝑷, 𝑡)
𝜕𝑃𝑖

, 𝑖 = 1, 2, . . . , 𝑛, (1.36)

𝐾 (𝑸, 𝑷, 𝑡) = 𝐻 (𝒒, 𝒑, 𝑡) + 𝜕𝑆(𝒒, 𝑷, 𝑡)
𝜕𝑡

, (1.37)

we deduce that the generating function 𝑆(𝒒, 𝑷, 𝑡) must satisfy the following nonlinear first-order
PDE, known as the HJ equation:

𝐻

(
𝒒,
𝜕𝑆

𝜕𝒒
, 𝑡

)
+ 𝜕𝑆

𝜕𝑡
= 0. (1.38)

The function 𝑆 is known as Hamilton’s principal function and it satisfies the invertibility condition

det
[
𝜕2𝑆

𝜕𝑞𝑖 𝜕ℎ 𝑗

]
≠ 0, (1.39)

where we set ℎ𝑖 := 𝑃𝑖 for 𝑖 = 1, 2, . . . , 𝑛; these represent the constant momenta in the new coor-
dinates.

Remark 1.3.1. To solve the system’s dynamics, determining the general integral of the HJ equation–a
solution involving arbitrary functions of the independent variables–is unnecessary. Instead, a com-
plete integral suffices. This is defined as a solution containing 𝑛 independent constants (where 𝑛 is the
number of degrees of freedom) and an arbitrary additive constant (irrelevant to the dynamics, as 𝑆
appears only through its derivatives).

Since, in this work, we deal only with autonomous systems, we can seek a solution 𝑆 of the HJ
equation (1.38) of the form

𝑆(𝒒, 𝒉, 𝑡) = 𝑊 (𝒒, 𝒉) − 𝐸 (𝒉) 𝑡, (1.40)

where 𝐸 is a smooth function of the 𝑛 constants 𝒉 = (ℎ1, ℎ2, . . . , ℎ𝑛) satisfying 𝜕𝐸/𝜕𝒉 ≠ 0.
With the ansatz (1.40), the HJ equation reduces to its stationary version

𝐻

(
𝒒,
𝜕𝑊

𝜕𝒒

)
= 𝐸 (𝒉), (1.41)
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with 𝐸 identified as the total energy. The function𝑊 , known as Hamilton’s characteristic function,
satisfies the nondegeneracy condition

det
[
𝜕2𝑊

𝜕𝑞𝑖 𝜕ℎ 𝑗

]
= det

[
𝜕2𝑆

𝜕𝑞𝑖 𝜕ℎ 𝑗

]
≠ 0. (1.42)

Let𝑄 be the configuration manifold associated with the Hamiltonian system (𝑇∗𝑄,𝜔,𝐻). As
a consequence of the following theorem,𝑊 can be understood geometrically.

Proposition 1.3.1 (Theorem 4.1, [16]). The image of a 1-form 𝜎:𝑄 → 𝑇∗𝑄, viewed as a section of
𝑇∗𝑄, is a Lagrangian submanifold of𝑇∗𝑄 if and only if 𝜎 is closed.

In particular, when a 1-form 𝜎 is exact, every differentiable function 𝐺:𝑄 → R generates a
Lagrangian submanifold 𝐿 ⊂ 𝑇∗𝑄 as the image of its differential d𝐺 ≡ 𝜎, considered as a section
of 𝑇∗𝑄. In this case, we say that 𝐺 is the generating function of 𝐿. Consequently, if (𝒒, 𝒑) are
canonical coordinates, the submanifold 𝐿 is defined by the equations

𝑝𝑖 =
𝜕𝐺

𝜕𝑞𝑖
(𝒒), 𝑖 = 1, . . . , 𝑛. (1.43)

Therefore, geometrically,𝑊 can be interpreted as the generating function of a Lagrangian foli-
ation of 𝑇∗𝑄; this foliation is both transverse to the fibers and compatible with 𝐻. It is explicitly
defined by the 𝑛 parametric equations for the momenta:

𝑝𝑖 =
𝜕𝑊

𝜕𝑞𝑖
(𝒒; ℎ1, ℎ2, . . . , ℎ𝑛), 𝑖 = 1, . . . , 𝑛. (1.44)

Owing to condition (1.42), these equations can be solved for the constants (ℎ1, . . . , ℎ𝑛), yielding

ℎ𝑖 = 𝐻𝑖 (𝒒, 𝒑), (1.45)

where 𝒑 = (𝑝1, . . . , 𝑝𝑛). These relations provide 𝑛 independent integrals of motion that are in
involution with each other and with 𝐻. In particular, these integrals are vertically independent,
meaning that

det
[
𝜕𝐻𝑖

𝜕𝑝𝑘

]
≠ 0. (1.46)

Thus, a complete integral𝑊 for𝐻 determines a completely integrable Hamiltonian system (𝐻1,
𝐻2, . . . ,𝐻𝑛) in the sense of Liouville and Arnold, and it provides a common solution of the station-
ary HJ equations associated with the Hamiltonians of the system. Conversely, a family of indepen-
dent functions (𝐻1, . . . ,𝐻𝑛) that are in involution and vertically independent determines a com-
plete integral of the HJ equations by solving Eqs. (1.45) with respect to the momenta (𝑝1, . . . , 𝑝𝑛).

Although this is the classical method to derive the HJ equation, it can also be interpreted in geomet-
rical terms. In the upcoming section, we discuss autonomous systems using a geometric approach,
following [167].
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1.3.2 Geometric approach to the Hamilton-Jacobi problem

The geometric Hamilton-Jacobi theory provides a powerful framework for understanding Hamil-
tonian systems through symplectic geometry. Consider a Hamiltonian system (𝑇∗𝑄,𝜔,𝐻), where
𝑇∗𝑄 is the cotangent bundle of the configuration manifold𝑄,𝜔 is the canonical symplectic form,
and 𝐻 is the Hamiltonian function. The dynamics are governed by the Hamiltonian vector field
𝑋𝐻 satisfying 𝜄𝑋𝐻𝜔 = d𝐻.

At its core, the HJ problem seeks to simplify these dynamics through geometric constraints. We
begin with the generalized formulation:

Definition 1.3.1. A pair (𝑋 ,𝛼), consisting of a vector field 𝑋 ∈ 𝔛(𝑄) and a 1-form 𝛼 ∈ Ω1(𝑄), is
said to solve the generalized Hamiltonian Hamilton-Jacobi problem if every integral curve 𝛾 : R →
𝑄 of 𝑋 lifts via 𝛼 to an integral curve of 𝑋𝐻 . In other words, if d𝛾

d𝑡 = 𝑋 ◦ 𝛾, then d
d𝑡 (𝛼 ◦ 𝛾) =

𝑋𝐻 (𝛼 ◦ 𝛾).

This relationship is captured diagrammatically by the commutation of the associated maps:

R 𝑄

𝑇𝑄

𝑇∗𝑄

𝑇 (𝑇∗𝑄)

𝑇𝛼

𝑇𝜋𝑄

𝑋 𝑋𝐻

𝛼

𝜋𝑄𝛾

Theorem 1.3.1 (Theorem 1, [167]). The following characterizations are equivalent:

(i) (𝑋 ,𝛼) is a solution of the generalized HJ problem.

(ii) The vector field satisfies 𝑋𝐻 ◦ 𝛼 = 𝑇𝛼 ◦ 𝑋 , so that 𝑋 = 𝑇𝜋𝑄 ◦ 𝑋𝐻 ◦ 𝛼, in which case 𝑋 is
called the vector field associated with 𝛼.

(iii) The submanifold Im(𝛼) ⊂ 𝑇∗𝑄 is invariant under 𝑋𝐻 , meaning that 𝑋𝐻 is tangent to
Im(𝛼).

(iv) The integral curves of 𝑋𝐻 with initial conditions in Im(𝛼) project onto the integral curves of
𝑋 .

(v) The differential condition 𝜄𝑋d𝛼 = −d(𝛼∗𝐻) holds, where 𝛼∗ denotes the pullback by 𝛼.

The standard HJ problem further requires that 𝛼 be closed, ensuring the local existence of gen-
erating functions and establishing a connection with Lagrangian submanifolds:
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Definition 1.3.2. A 1-form 𝛼 is said to solve the Hamiltonian HJ problem if it satisfies the general-
ized problem and is closed. Locally, one may write 𝛼 = d𝑊 for some function𝑊 : 𝑄 → R, called the
generating function.

Theorem 1.3.2. For 𝛼 = d𝑊 , the following conditions are equivalent:

(i) 𝛼 is a solution of the standard Hamilton-Jacobi problem.

(ii) Im(𝛼) is a Lagrangian submanifold of 𝑇∗𝑄 invariant under 𝑋𝐻 , and 𝑊 serves as a local
generating function for this Lagrangian submanifold.

(iii) The equation d(𝛼∗𝐻) = 0 holds, implying that the function 𝐻 ◦ d𝑊 : 𝑄 → R is locally
constant.

This local constancy appears in coordinates as the classical HJ equation:

𝐻

(
𝑞𝑖 ,

𝜕𝑊

𝜕𝑞𝑖

)
= 𝐸 ≡ constant,

which corresponds to Eq. (1.41).
Complete solutions extend this framework by parameterizing families of solutions. A complete

solution {𝛼𝒉} induces a foliation of the phase space where each leaf corresponds to conserved quan-
tities. More precisely, if we define the map

Φ : 𝑄 × R𝑛 → 𝑇∗𝑄, Φ(𝑞, 𝒉) = 𝛼𝒉 (𝑞),

then Φ is a local diffeomorphism.
This geometric perspective unifies several fundamental concepts: the symplectic structure en-

codes dynamics via 𝑋𝐻 , closed 1-forms generate invariant Lagrangian submanifolds, and complete
solutions correspond to the action-angle variables of integrable systems. In this way, the Hamilton-
Jacobi equation emerges not merely as a computational tool but as a structural feature of the sym-
plectic landscape, linking local generating functions to global foliations of the phase space.

1.3.3 Separation of variables for the Hamilton-Jacobi equation

Solving the HJ equation is generally challenging because no universal method exists for its solution.
However, the technique of separation of variables (SoV) has proven to be highly effective [86, 101].

To illustrate this method, consider the case where the stationary HJ equation involves a specific
variable 𝑞1 and its associated derivative 𝜕𝑊

𝜕𝑞1
in a combination that is independent of the remaining

variables, derivatives, and time. This combination is represented by a function 𝜑
(
𝑞1, 𝜕𝑊

𝜕𝑞1

)
. In this

scenario, the variable 𝑞1 is said to be separable, and the HJ equation takes the form

𝐻

(
𝜑

(
𝑞1,

𝜕𝑊

𝜕𝑞1

)
, 𝑞2, . . . , 𝑞𝑛,

𝜕𝑊

𝜕𝑞2
, . . . ,

𝜕𝑊

𝜕𝑞𝑛

)
= 𝐸 . (1.47)
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In this case, a solution may be sought in the form

𝑊 = 𝑊1(𝑞1; 𝒉) + ~
𝑊 (𝑞2, . . . , 𝑞𝑛; 𝒉), (1.48)

where, because 𝑞1 appears only through the function 𝜑, one sets

𝜑

(
𝑞1,

𝜕𝑊1

𝜕𝑞1

)
= ℎ1, (1.49)

with ℎ1 constant. Meanwhile, the function ~
𝑊 satisfies the reduced equation

𝐻

(
ℎ1, 𝑞2, . . . , 𝑞𝑛,

𝜕
~
𝑊

𝜕𝑞2
, . . . ,

𝜕
~
𝑊

𝜕𝑞𝑛

)
= 𝐸 . (1.50)

The equation for𝑊1 is an ordinary differential equation (ODE) that can be solved by quadratures:

𝑊1(𝑞1; ℎ1, . . . , ℎ𝑛) =
∫ 𝑞1 𝜕𝑊1

𝜕𝜉
(𝜉; ℎ1, . . . , ℎ𝑛) d𝜉, (1.51)

while the reduced equation for ~
𝑊 is a PDE in fewer variables than the original HJ equation.

In favorable cases, this procedure can be applied iteratively to fully solve the problem by succes-
sive quadratures. A system is said to be (totally) separable if there exists a coordinate system in which
Hamilton’s characteristic function can be expressed as

𝑊 =
𝑛∑︁

𝑘=1
𝑊𝑘 (𝑞𝑘 ; ℎ1, . . . , ℎ𝑛) =

𝑛∑︁
𝑘=1

∫ 𝑞𝑘 𝜕𝑊𝑘

𝜕𝜉𝑘
(𝜉𝑘 ; ℎ1, . . . , ℎ𝑛) d𝜉𝑘 . (1.52)

When only a subset of the coordinates can be separated, the system is referred to as partially sepa-
rable [44, 150, 160, 177]. This intermediate case will be explored in detail in Chapter 5.

Given the fundamental importance of separability in the context of the HJ equation, it has been
a central topic of study in classical mechanics. On one hand, criteria have been developed to de-
termine whether a Hamiltonian system is separable in a particular coordinate system, as will be
discussed in Section 1.3.4. On the other hand, novel geometric and algebraic techniques have been
proposed to identify the coordinate systems in which the HJ equation of an integrable Hamilto-
nian system becomes separable. These approaches will be examined in Chapter 3 and throughout
this thesis.

1.3.4 Separability criteria

The problem of finding separating variables for integrable Hamiltonian systems has been exten-
sively investigated. In 1904, Levi-Civita proposed a test which permits to establish whether a given
Hamiltonian separates in an assigned coordinate system.
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Theorem 1.3.3 (Levi-Civita, [105]). The HJ equation (1.38) related to a Hamiltonian function 𝐻 is
separable in a specific chart (𝒒, 𝒑) if and only if the following set of 1

2
𝑛(𝑛− 1) equations is identically

satisfied:

𝜕𝐻

𝜕𝑝𝑖

𝜕𝐻

𝜕𝑝 𝑗

𝜕2𝐻

𝜕𝑞𝑖𝜕𝑞 𝑗
− 𝜕𝐻

𝜕𝑝𝑖

𝜕𝐻

𝜕𝑞 𝑗

𝜕2𝐻

𝜕𝑞𝑖𝜕𝑝 𝑗

− 𝜕𝐻

𝜕𝑞𝑖
𝜕𝐻

𝜕𝑝 𝑗

𝜕2𝐻

𝜕𝑝𝑖𝜕𝑞
𝑗

+ 𝜕𝐻

𝜕𝑞𝑖
𝜕𝐻

𝜕𝑞 𝑗

𝜕2𝐻

𝜕𝑝𝑖𝜕𝑝 𝑗

= 0 , 1 ≤ 𝑖 < 𝑗 ≤ 𝑛, (1.53)

where there is no summation over the indices.

In the same spirit, but using more modern geometric techniques, we have the subsequent re-
sults. First, Benenti’s analysis led to the following theorem, which will be of crucial importance
throughout the thesis.

Theorem 1.3.4 (Benenti, [10, 13]). An integrable family of Hamiltonian functions (𝐻1,𝐻2, . . . ,𝐻𝑛)
is totally separable in a set of canonical coordinates (𝒒, 𝒑) if and only if they are in separable involu-
tion, i.e., if they satisfy the relations

{𝐻𝑖 ,𝐻 𝑗}|𝑘 =
𝜕𝐻𝑖

𝜕𝑞𝑘

𝜕𝐻 𝑗

𝜕𝑝𝑘
− 𝜕𝐻𝑖

𝜕𝑝𝑘

𝜕𝐻 𝑗

𝜕𝑞𝑘
= 0 , 𝑘 = 1, 2, . . . , 𝑛 , (1.54)

where no summation over 𝑘 is understood. In this case, we shall say that the Hamiltonians (𝐻1, . . . ,𝐻𝑛)
are in total separable involution or T -involution (this notion was originally named “separable invo-
lution” or S-involution in [10]).

However, such theorem as well as the Levi-Civita test are not constructive, and do not allow us to
determine a complete integral of the HJ equation. A constructive approach for the determination
of separating variables was given by Sklyanin [174] within the framework of Lax systems.

Theorem 1.3.5 (Jacobi-Sklyanin). The integrable family of Hamiltonian functions (𝐻1,𝐻2, . . . ,𝐻𝑛)
is separable in a set of canonical coordinates (𝒒, 𝒑) if there exist 𝑛 suitable equations, called the Jacobi-
Sklyanin separation equations (SE) for {𝐻𝑖}1≤𝑖≤𝑛, having the form

Φ𝑖 (𝑞𝑖 , 𝑝𝑖 ;𝐻1,𝐻2, . . . ,𝐻𝑛) = 0 , det
[
𝜕Φ𝑖

𝜕𝐻 𝑗

]
≠ 0 , 𝑖 = 1, 2, . . . , 𝑛 . (1.55)

When 𝐻1 = ℎ1, . . . ,𝐻𝑛 = ℎ𝑛, the SE represent implicitly the Lagrangian transversal foliation
(1.44). Moreover, the SE allow us to construct a separated solution to the HJ equations. In fact, by
solving Eqs. (1.55) with respect to the momenta 𝑝𝑘 , one gets the Lagrangian foliation in the form
of a set of separated first-order ODEs:

𝑝𝑘 =
𝜕𝑊𝑘

𝜕𝑞𝑘
(𝑞𝑘 ; ℎ1, . . . , ℎ𝑛) , 𝑘 = 1, . . . , 𝑛 , (1.56)

which implies that𝑊 acquires the additively separated expression (1.52).
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Nevertheless, the three above-mentioned criteria of separability are not intrinsic: in order to be
applied, they require the explicit knowledge of the local chart (𝒒, 𝒑). To overcome such a draw-
back, in the last decades the modern theory of SoV has been conceived in the context of symplectic
and Poisson geometry; in particular, the bi-Hamiltonian theory has offered a fundamental geomet-
ric insight into the theory of integrable systems [52, 125]. These approaches, together with more
modern ones, will be analyzed in the following chapter.

1.4 remarkable families of integrable systems

1.4.1 Generalized and classical Stäckel systems

Among all the possible SE (1.55), we can consider, as an important example, the case where they are
affine in the functions (𝐻1, . . . ,𝐻𝑛). Within this scenario lies the large class of generalized Stäckel
systems introduced by Arnold, Kozlov, and Neishtadt (AKN) in [6], which provides us with a novel
insight in the theory of completely separable systems. More precisely, they considered the SE

𝑛∑︁
𝑗=1

𝑆𝑖 𝑗 (𝑞𝑖) 𝐻 𝑗 − 𝑓𝑖 (𝑞𝑖 , 𝑝𝑖) = 0 , 𝑖 = 1, . . . , 𝑛 , (1.57)

leading to the AKN Hamiltonian functions

𝐻 𝑗 =
𝑛∑︁

𝑘=1

~
𝑆 𝑗𝑘

det 𝑺
𝑓𝑘 (𝑞𝑘 , 𝑝𝑘) , 𝑗 = 1, . . . , 𝑛 . (1.58)

In the previous expressions, 𝑆𝑖 𝑗 are the elements of a Stäckel matrix 𝑺(𝒒) (i.e., an invertible matrix
whose 𝑖th row depends only on the coordinate 𝑞𝑖), ~

𝑆 𝑗𝑘 denotes the cofactor of the element 𝑆𝑘 𝑗 ,
and 𝑓𝑘 (𝑞𝑘 , 𝑝𝑘) are the so-called Stäckel functions. Equivalently, Eqs. (1.58) can be written in matrix
form as 

𝐻1

...
𝐻𝑛

 = 𝑺−1


𝑓1(𝑞1, 𝑝1)

...
𝑓𝑛 (𝑞𝑛, 𝑝𝑛)

 , (1.59)

where

|𝑭⟩ :=


𝑓1(𝑞1, 𝑝1)

...
𝑓𝑛 (𝑞𝑛, 𝑝𝑛)

 (1.60)

is said to be a Stäckel vector.
It can be shown that the functions 𝐻 𝑗 are in involution among each other; consequently, they

represent a completely integrable Hamiltonian system. Recently, a new approach to totally separa-
ble systems within the framework of Stäckel geometry has been developed in [124].
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A specific yet very important case of this family of systems is that of the classical separable Stäckel
systems [148, 177]. These are recovered from Eqs. (1.58) when the Stäckel functions take the form

𝑓𝑘 (𝑞𝑘 , 𝑝𝑘) =
1

2
𝑝2𝑘 +𝑊𝑘 (𝑞𝑘) , 𝑘 = 1, . . . , 𝑛 . (1.61)

Thus, we obtain the Hamiltonian function

𝐻1 =
1

2

𝑛∑︁
𝑗=1
𝑔 𝑗 𝑗 (𝒒) 𝑝2𝑗 +𝑉 (𝒒) , (1.62)

which is quadratic and orthogonal in the momenta. Here, the functions 𝑔 𝑗 𝑗 (𝒒) =
~
𝑆1 𝑗

det 𝑆 can be
regarded as the diagonal components of the inverse of a metric tensor over the configuration space
𝑄:

𝑮 :=
𝑛∑︁
𝑗=1
𝑔 𝑗 𝑗 (𝒒) 𝜕

𝜕𝑞 𝑗
⊗ 𝜕

𝜕𝑞 𝑗
. (1.63)

Moreover,𝑉 (𝒒) = ∑𝑛
𝑗=1 𝑔

𝑗 𝑗 (𝒒)𝑊 𝑗 (𝑞 𝑗) is the corresponding potential energy.

1.4.2 Lax pairs

The Lax pair method was developed by the mathematician Peter Lax in 1968 [104], and it allows us
to obtain invariants of differential equations of the form d𝒙

d𝑡 = 𝑓 (𝒙), with 𝒙 = (𝑥1, 𝑥2, . . . , 𝑥𝑛),
when we are able to express them in the form of the Lax equation, which is defined as follows:

Definition 1.4.1. A Lax pair is a pair of linear operators 𝑳, 𝑴 that explicitly depend on an evolu-
tion parameter 𝑡 (and also possibly on the 𝒙-coordinates), act on a Hilbert space and satisfy the Lax
equation:

d𝑳
d𝑡

= [𝑴, 𝑳] , (1.64)

where [𝑴, 𝑳] = 𝑴𝑳 − 𝑳𝑴 is the usual commutator of two operators.

Remark 1.4.1. The Lax equation (1.64) is invariant under the transformation

𝑳 ↦→ 𝑳 ′ = 𝑵 𝑳 𝑵−1 , 𝑴 ↦→ 𝑴 ′ = 𝑵 𝑴 𝑵−1 + d𝑵
d𝑡

𝑵−1 , (1.65)

where 𝑵(𝒙, 𝑡) is an invertible linear operator. Therefore, the Lax pair associated with a problem is
not unique.

Remark 1.4.2. We can interpret the Lax equation as the compatibility condition of the system
𝑳 𝑋 = 𝜆 𝑋 ,
d𝑋
d𝑡

= 𝑴 𝑋 ;
(1.66)
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where the parameter𝜆 is time-independent. This spectral problem was of great help in the development
of the Inverse Scattering Method (ISM), originally introduced in 1967 by Gardner, Greene, Kruskal
and Miura to solve the Korteweg-de Vries (KdV) equation [63].

Theorem 1.4.1. The operator 𝑳 is isospectral, i.e. its spectrum is independent of 𝑡.

Proof. To prove this result, we first deduce that 𝑳(𝑡) is similar to 𝑳(0). We do this by defining the
invertible matrix 𝑼(𝑡) that satisfies d𝑼

d𝑡 = 𝑴𝑼 with initial condition 𝑼(0) = 𝑰. Thus, by direct
computation, we can prove that the operator 𝑳(𝑡) = 𝑼(𝑡) 𝑳(0)𝑼−1(𝑡) is the solution of the Lax
equation with initial condition 𝑳(0), so that 𝑳(𝑡) is indeed similar to 𝑳(0).

Then we observe that two matrices related by a similarity transformation have the same eigenval-
ues. Thus, if 𝑳(0) 𝑋 = 𝜆 𝑋 , then

𝑳(𝑡) (𝑼 𝑋) = 𝑼 𝑳(0)𝑼−1 (𝑼 𝑋) = 𝜆 (𝑼 𝑋) . (1.67)

It is therefore concluded that the eigenvalues of 𝑳 are conserved along the evolution. □

However, there is another way in which we can use the operator 𝑳 to calculate the constants of
motion:

Theorem 1.4.2. The traces of the powers of the operator 𝑳 provide 𝑛 conserved quantities, which are
not necessarily independent:

d
d𝑡

(
tr 𝑳𝑘

)
= 0 , 𝑘 = 1, 2, . . . . (1.68)

Proof. This result can be derived by direct calculation using the Lax equation (1.64) and the cyclic
property of the trace. □

In practice, this approach is more useful for obtaining conserved quantities associated with a
system. Nevertheless, to be integrable in the Liouville sense, there would have to be enough of them
and they would have to be in involution, which is not always true but is easy to check.

Example 1.4.1 (Calogero model). To exemplify the use of Lax pairs, we will introduce here the
Calogero model, which will also serve to illustrate the concepts presented in Chapters 4 and 5 of this
thesis. This system was introduced by Francesco Calogero in 1969 [33] and further studied in [35]; and
it describes the behaviour of 𝑛 particles in a line interacting with an inverse square potential. Thus,
the Hamiltonian function of the model is

𝐻 =
1

2

𝑛∑︁
𝑖=1

𝑝2𝑖 +
𝑛∑︁

𝑖, 𝑗 =1; 𝑖< 𝑗

1

(𝑞𝑖 − 𝑞 𝑗)2

≡ 1

2

𝑛∑︁
𝑖=1

𝑝2𝑖 +𝑉Cal ,

(1.69)
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where𝑉Cal :=
∑𝑛

𝑖, 𝑗 =1; 𝑖< 𝑗
1

(𝑞𝑖−𝑞 𝑗 )2 is the potential energy of the system. Hamilton’s canonical equa-
tions (1.9) associated with this system can be expressed in terms of the Lax equation (1.64) by introduc-
ing the operators 𝑳 and 𝑴 [138, 146]:

𝑳 𝑗𝑘 = 𝛿 𝑗𝑘 𝑝 𝑗 + (1 − 𝛿 𝑗𝑘)
𝑖

𝑞 𝑗 − 𝑞𝑘
, 𝑗 , 𝑘 = 1, 2, . . . , 𝑛 ; (1.70)

𝑴 𝑗𝑘 = −𝛿 𝑗𝑘
𝑛∑︁

𝑙=1, 𝑙≠ 𝑗

𝑖

(𝑞 𝑗 − 𝑞𝑙)2
+ (1 − 𝛿 𝑗𝑘)

𝑖

(𝑞 𝑗 − 𝑞𝑘)2
,

𝑗 , 𝑘 = 1, 2, . . . , 𝑛 , 𝑗 ≠ 𝑘 . (1.71)

Our subsequent discussions will be restricted to the three-particle case (𝑛 = 3), which we shall refer to as
the Jacobi-Calogero model. This case had already been studied by Jacobi more than a century earlier
[83], but it fell into oblivion until its rediscovery in [148]. We can derive constants of motion for the
Jacobi-Calogero model from the operator 𝑳 as

𝐻𝑘 =
1

𝑘
tr 𝑳𝑘 , 𝑘 = 1, 2, 3, (1.72)

which explicitly take the expressions

𝐻1 = 𝑝1 + 𝑝2 + 𝑝3 , (1.73)

𝐻2 =
1

2

(
𝑝21 + 𝑝22 + 𝑝23

)
+ 1

(𝑞1 − 𝑞2)2 + 1

(𝑞1 − 𝑞3)2 + 1

(𝑞2 − 𝑞3)2 ≡ 𝐻 , (1.74)

𝐻3 =
1

3

(
𝑝
3
1 + 𝑝

3
2 + 𝑝

3
3

)
+ 𝑝1 + 𝑝2
(𝑞1 − 𝑞2)2 +

𝑝1 + 𝑝3
(𝑞1 − 𝑞3)2 +

𝑝2 + 𝑝3
(𝑞2 − 𝑞3)2 . (1.75)

These quantities are sufficient to ensure integrability in the Liouville sense, since they are functionally
independent and in involution. Additionally, the function 𝐻2 coincides with the Hamiltonian of the
system.



¿Quién puede entender los mil hilos que unen las almas de los hombres
y el alcance de sus palabras?

Carmen Laforet, Nada

2
Nijenhuis and Haantjes operators

Time has a way of burying things–not out of neglect, but like the earth holds a seed, wait-
ing for the right season to stir. Some ideas, like stories half-told, slip into silence, only to resurface
decades later in the hands of strangers. You might call it chance. Or perhaps it’s the quiet persistence
of curiosity: a thread dropped by one thinker, frayed by years, yet still strong enough for another
to grasp and follow. There’s a kinship in this–how a life’s work, shelved and dusted by history, can
suddenly feel alive again, as if it had been waiting all along for someone to notice, to lean in and
ask, What if? It’s not resurrection. It’s conversation. A dialogue across eras, where the past doesn’t
speak to us, but through us, in the language of questions we’ve only just learned to hear. Such is the
story of Haantjes’ discoveries.

In the early 20th century, a distinct geometric school emerged in the Netherlands, anchored by
Jan Arnoldus Schouten’s (1883–1971) pioneering work in tensor calculus. A polymath whose career
bridged engineering and pure mathematics, Schouten redefined the language of differential geom-
etry through his systematic study of “direct quantities”–what we now call tensors. His Ricci Cal-
culus (1954) became a cornerstone, synthesizing decades of insights into a cohesive framework. Yet
Schouten’s legacy extended beyond notation: his 1940 discovery of a differential concomitant for
pairs of contravariant tensors–later named the Schouten-Nijenhuis bracket–laid the groundwork
for modern Poisson geometry. This bracket, a graded generalization of the Lie derivative, would
quietly permeate mathematics, from deformation theory to symplectic geometry, though its full
significance took decades to unfold.

29
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Schouten’s intellectual heir, Albert Nijenhuis (1926–2015), refined and expanded this vision. In
his 1951 thesis, Nijenhuis introduced a tensor measuring the obstruction to integrability of geomet-
ric structures–aptly termed torsion for its conceptual kinship with the torsion of complex mani-
folds. Just as torsion in complex geometry quantifies the failure of an almost complex structure
to be holomorphic, the Nijenhuis torsion encodes the deviation of a general operator from inte-
grability. This choice of nomenclature bridged disciplines, embedding his work into both differ-
ential and complex geometry. Nijenhuis’ collaboration with Alfred Frölicher further yielded the
Frölicher-Nijenhuis bracket, a graded Lie algebra structure on vector-valued forms that became cru-
cial in deformation theory. Unlike Schouten’s bracket, which persisted as a quiet undercurrent,
Nijenhuis’ torsion tensor swiftly gained prominence, underpinning foundational results such as
the Newlander-Nirenberg theorem for complex structures.

Yet not all threads of the Netherlands school flourished equally. In 1955, Johannes Haantjes (1916–
1956)–a former assistant to Schouten–introduced operators of profound subtlety in an article that
languished in obscurity, cited only twice before 1996. The Haantjes torsion, a higher-order obstruc-
tion to integrability, demanded intricate tensor calculations impractical in the pre-computational
era. Its neglect mirrored the fate of Haantjes himself, who died young, leaving his work dormant
until Evgeny Ferapontov’s late 20th-century revival. The concept reappeared in algebraic contexts
through Bogoyavlenskij’s investigations [19, 22], while its resurgence emerged mainly in the frame-
work of infinite-dimensional hydrodynamic chains at the hands of Ferapontov. Today, Haantjes’
operators resurface as keystones in classical Hamiltonian systems, their algebraic elegance offering
new pathways to integrability. This resurgence underscores a recurring truth: ideas, like seeds, often
require the right season to germinate.

The interest in the geometry of Nijenhuis and Haantjes tensors recently has considerably in-
creased. Apart from their relevance in classical mechanics, which will be discussed in this thesis,
new applications have been found in many different contexts: for instance, the characterization of
integrable chains of partial differential equations of hydrodynamic type (see e.g. [55, 56]) and their
integrable reductions [57], as well as the study of topological field theories [119]. Also, Nijenhuis
geometry, which plays a crucial role in the theory of almost complex structures [141], has been ex-
tended to contexts as the study of analytic matrix functions, linearization theory, operator algebras
[26], and cofactor and bi-cofactor structures [15].

Situated within this lineage of inquiry, this chapter revisits key contributions of the Netherlands
school and subsequent developments. While Section 1.1.2 from the previous chapter addressed the
SN bracket, Section 2.1 introduces the FN bracket. Section 2.2 examines Nijenhuis operators and
their principal algebraic properties, followed by Section 2.3, which reintroduces Haantjes operators–
from obscurity to their resurgence in relation to the integrability of their eigendistributions. Sec-
tion 2.4 constructs Haantjes algebras that unify multiple operators.

Recalling the notation from the previous chapter, let 𝑀 be a smooth real manifold. We denote its
tangent bundle by𝑇𝑀 and its cotangent bundle by𝑇∗𝑀 . The smooth sections of𝑇𝑀 form the Lie
algebra of vector fields, written as 𝔛(𝑀), while the smooth sections of 𝑇∗𝑀 form the space of 1-
forms, denoted Ω1(𝑀). Moreover, for each nonnegative integer 𝑝, the module Ω𝑝 (𝑀) comprises
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the differential 𝑝-forms on 𝑀 , and 𝔛𝑝 (𝑀) represents the space of 𝑝-vector fields (or multivector
fields). Let 𝑲:𝔛(𝑀) → 𝔛(𝑀) be a smooth (1, 1)-tensor field, i.e., a linear operator on vector
fields. The transpose of 𝑲, denoted 𝑲⊤:Ω1(𝑀) → Ω1(𝑀), is defined by the duality pairing:

⟨𝑲⊤𝛼, 𝑋⟩ = ⟨𝛼, 𝑲𝑋⟩ ∀𝛼 ∈ Ω1(𝑀), 𝑋 ∈ 𝔛(𝑀).

Throughout this work, all tensor and vector fields are assumed to be smooth. The identity operator
on 𝔛(𝑀) is denoted by 𝑰.

2.1 the frölicher-nijenhuis bracket

In the mid-twentieth century, Alfred Frölicher and Albert Nijenhuis introduced a bracket opera-
tion on vector-valued differential forms-now known as the Frölicher–Nijenhuis (FN) bracket-that
generalizes the classical Lie bracket of vector fields.

Definition 2.1.1. Let𝑅 be a vector-valued 𝑟-form and 𝑆 a vector-valued 𝑠-form on a smooth manifold
𝑀 . The FN bracket [𝑅, 𝑆]FN is defined as the unique vector-valued (𝑟 + 𝑠)-form satisfying

L[𝑅,𝑆 ]FN := [L𝑅,L𝑆], (2.1)

where L𝑅 and L𝑆 denote the Lie derivatives along 𝑅 and 𝑆, respectively.

This bracket endows the space of vector-valued differential forms on 𝑀 with the structure of a
graded Lie algebra, as it satisfies the following properties:

• Graded antisymmetry:
[𝑅, 𝑆]FN = −(−1)𝑟𝑠 [𝑆, 𝑅]FN, (2.2)

• Graded Jacobi identity:

[𝑅, [𝑆,𝑇]FN]FN = [[𝑅, 𝑆]FN,𝑇]FN + (−1)𝑟𝑠 [𝑆, [𝑅,𝑇]FN]FN, (2.3)

for any vector-valued 𝑟-form 𝑅, 𝑠-form 𝑆, and 𝑡-form𝑇 .
In particular, when 𝑅 and 𝑆 are ordinary vector fields (i.e., elements of 𝔛(𝑀)), the FN bracket

coincides with the classical Lie bracket:

[𝑋 ,𝑌 ]FN ≡ [𝑋 ,𝑌 ] for 𝑋 ,𝑌 ∈ 𝔛(𝑀).

Of particular interest is the case where both arguments of the bracket are operator fields, which will
be the primary focus of our subsequent analysis.

Theorem 2.1.1 ([60]). Let 𝑨 and 𝑩 be two (1, 1)-tensor fields on 𝑀 . Their FN bracket is the vector-
valued 2-form defined by

[𝑨, 𝑩]FN(𝑋 ,𝑌 ) =
(
𝑨𝑩 + 𝑩𝑨

)
[𝑋 ,𝑌 ] + [𝑨𝑋 , 𝑩𝑌 ] + [𝑩𝑋 , 𝑨𝑌 ]

− 𝑨
(
[𝑋 , 𝑩𝑌 ] + [𝑩𝑋 ,𝑌 ]

)
− 𝑩

(
[𝑋 , 𝑨𝑌 ] + [𝑨𝑋 ,𝑌 ]

)
, 𝑋 ,𝑌 ∈ 𝔛(𝑀) . (2.4)
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2.2 nijenhuis operators

This section reviews fundamental properties and results related to the Nijenhuis torsion and Ni-
jenhuis operators [142, 143].

2.2.1 The Nijenhuis torsion

Let 𝑀 be a real differentiable manifold of dimension 𝑛, 𝔛(𝑀) the Lie algebra of vector fields on
𝑀 and 𝑲:𝔛(𝑀) → 𝔛(𝑀) a smooth (1, 1)-tensor field, i.e. a linear operator field. Henceforth, all
tensor and vector fields will be considered to be smooth.

Definition 2.2.1. The Nijenhuis torsion of 𝑲 is the vector-valued 2-form defined by

𝜏𝑲 (𝑋 ,𝑌 ) := 𝑲2 [𝑋 ,𝑌 ] + [𝑲𝑋 , 𝑲𝑌 ] − 𝑲
(
[𝑋 , 𝑲𝑌 ] + [𝑲𝑋 ,𝑌 ]

)
, (2.5)

where 𝑋 ,𝑌 ∈ 𝔛(𝑀) and [ · , · ] denotes the commutator of two vector fields.

In local coordinates 𝒙 = (𝑥1, . . . , 𝑥𝑛), it can be represented as the skew-symmetric (1, 2)-tensor
field

(𝜏𝑲 )𝑖𝑗 𝑘 =
𝑛∑︁

𝛼=1

(
𝜕𝑲𝑖

𝑘

𝜕𝑥𝛼
𝑲𝛼

𝑗 −
𝜕𝑲𝑖

𝑗

𝜕𝑥𝛼
𝑲𝛼

𝑘 +
(
𝜕𝑲𝛼

𝑗

𝜕𝑥𝑘
−
𝜕𝑲𝛼

𝑘

𝜕𝑥 𝑗

)
𝑲𝑖

𝛼

)
, (2.6)

containing 1
2
𝑛2 (𝑛 − 1) independent components.

The Nijenhuis torsion is also directly related to the FN bracket. Indeed, choosing both entries
equal to 𝑲 in Eq. 2.4 it follows that

𝜏𝑲 (𝑋 ,𝑌 ) =
1

2
[𝑲, 𝑲]FN(𝑋 ,𝑌 ) . (2.7)

2.2.2 Definition and examples

The vanishing of the Nijenhuis torsion is a sufficient condition for its eigendistributions to be in-
tegrable. Although this fact is of central importance for the theory, we will explain in detail what it
means and what its consequences are when we deal with the Haantjes operators (see Section 2.3.2),
since they are the main topic of this thesis. This result motivates the definition of the Nijenhuis
operators:

Definition 2.2.2. A Nijenhuis operator is a (1, 1)-tensor field whose Nijenhuis torsion identically
vanishes.

We can look at a number of simple cases to illustrate this concept.

Example 2.2.1. Since all the summands of Eq. (2.6) involve derivatives of the components of the tensor
K, we deduce that the Nijenhuis torsion of any constant operator field vanishes.
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Example 2.2.2. [27] Consider a two-dimensional manifold 𝑀 , on which we define an operator 𝑲:
𝔛(𝑀) → 𝔛(𝑀). In such a case

– if its trace is constant, then its determinant is also constant and 𝑲 is a Nijenhuis operator;

– if 𝑲 is a nilpotent operator, then it is a Nijenhuis operator.

Example 2.2.3. Let 𝑲:𝔛(𝑀) → 𝔛(𝑀) be a smooth tensor field that in some local coordinate chart
𝒙 = (𝑥1, 𝑥2, . . . , 𝑥𝑛) is represented in the diagonal form

𝑲 (𝒙) =
𝑛∑︁
𝑖=1

𝜆𝑖 (𝒙)
𝜕

𝜕𝑥𝑖
⊗ d𝑥𝑖 , (2.8)

where 𝜆𝑖 (𝒙): = 𝜆𝑖𝑖 (𝒙) are the eigenvalue fields of 𝑲. The components of its Nijenhuis torsion are

(𝜏𝑲 )𝑖𝑗 𝑘 = (𝜆 𝑗 − 𝜆𝑘)
(
𝜕𝜆 𝑗

𝜕𝑥𝑘
𝛿𝑖𝑗 +

𝜕𝜆𝑘

𝜕𝑥 𝑗
𝛿𝑖𝑘

)
. (2.9)

It is clear that (𝜏𝑲 )𝑖𝑗 𝑘 = 0 when 𝑖, 𝑗 and 𝑘 are all distinct or when 𝑗 = 𝑘 . Therefore, we can focus on
examining the 𝑛(𝑛 − 1) components

(𝜏𝑲 )𝑖𝑗 𝑘 = (𝜆 𝑗 − 𝜆𝑘)
𝜕𝜆 𝑗

𝜕𝑥𝑘
, 𝑗 ≠ 𝑘 . (2.10)

If 𝜕𝜆 𝑗

𝜕𝑥𝑘
≠ 0, each component is zero if and only if 𝜆𝑖 (𝒙) ≡ 𝜆 𝑗 (𝒙). Consequently, we can state the

following:

Lemma 2.2.1. Let 𝑲 be the diagonal operator field (2.8), and assume that its Nijenhuis torsion van-
ishes. Besides the trivial case where each eigenvalue is constant, there are several further cases. For ex-
ample,

(i) Each eigenvalue 𝜆 𝑗 depends only on the variable 𝑥 𝑗 :

𝜆 𝑗 (𝒙) = 𝜆 𝑗 (𝑥 𝑗) , 𝑗 = 1, 2, . . . 𝑛 ; (2.11)

(ii) 𝑲 has a single eigenvalue of multiplicity 𝑛, i.e. it is a multiple of the identity operator:

𝜆 𝑗 (𝒙) = 𝜆(𝒙) , 𝑗 = 1, 2, . . . 𝑛 . (2.12)

2.2.3 General properties

Proposition 2.2.1. The condition for an operator field 𝑲 to have its Nijenhuis torsion vanishing can
be expressed equivalently in terms of its Lie derivative along the flow of any vector field 𝑋 as follows:

L𝑲𝑋 𝑲 − 𝑲L𝑋 𝑲 = 0 , ∀𝑋 ∈ 𝔛(𝑀) . (2.13)
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Proof. See, for instance, Ref. [64]. □

Proposition 2.2.2. Let 𝑲:𝔛(𝑀) → 𝔛(𝑀) be a Nijenhuis operator. If its inverse 𝑲−1 exists, it is
also a Nijenhuis operator.

Proof. For instance, refer to Proposition 13.26, p. 469 of [64]. Analogously to the proof of Propo-
sition 14 from [184] (see Prop. 2.3.5), this can also be deduced from the identity

𝜏𝑲 −1 (𝑋 ,𝑌 ) = 𝑲−2 𝜏𝑲 (𝑲−1𝑋 , 𝑲−1𝑌 ) , (2.14)

which follows directly from Eq. (2.5). □

Proposition 2.2.3. Let 𝑲 be a Nijenhuis operator. For any polynomial in 𝑲 with constant coefficients
𝑎 𝑗 , that is 𝑝(𝒙, 𝑲) = ∑

𝑗 𝑎 𝑗 𝑲
𝑗 , the associated Nijenhuis tensor vanishes:

𝜏𝑲 (𝑋 ,𝑌 ) = 0 ⇒ 𝜏𝑝 (𝑲 ) (𝑋 ,𝑌 ) = 0 . (2.15)

Proof. For a demonstration, see e.g. Proposition 2.1, pp. 10-11 of [26]. □

2.2.4 Splitting theorem

One of the most remarkable properties of the Nijenhuis operators is the splitting theorem. This
result implies that, under certain conditions, these operators provide a local decomposition into
invariant subvarieties of a manifold. This greatly simplifies the analysis of their local properties,
which can be reduced to the study of operators with a single eigenvalue at each point.

Theorem 2.2.1 (Splitting theorem). Consider a Nijenhuis tensor field 𝑲 whose characteristic poly-
nomial allows an admissible factorisation in a neighbourhood of a point 𝑝 ∈ 𝑀 , i.e. in this neigh-
bourhood its characteristic polynomial 𝜒𝑲 (𝒙,𝜆) can be decomposed as a product of two factors without
common roots:

𝜒𝑲 (𝒙,𝜆) = 𝜒1(𝒙,𝜆) 𝜒2(𝒙,𝜆) . (2.16)

In that case, the distributions D𝑖 (𝒙) = ker 𝜒𝑖 (𝒙, 𝑲) , 𝑖 = 1, 2, are integrable. Note that they provide
a natural decomposition of the tangent space𝑇𝑝𝑀 = D1(𝑝) ⊕ D2(𝑝).

Furthermore, in an adapted coordinate system 𝒙 = (𝑥1,1, 𝑥1,2, . . . , 𝑥1,𝑘 , 𝑥2,1, 𝑥2,2, . . . , 𝑥2,𝑛−𝑘)
such that

D1 =
〈 𝜕

𝜕𝑥1,1
,
𝜕

𝜕𝑥1,2
, . . . ,

𝜕

𝜕𝑥1,𝑘

〉
,

D2 =
〈 𝜕

𝜕𝑥2,1
,
𝜕

𝜕𝑥2,2
, . . . ,

𝜕

𝜕𝑥2,𝑛−𝑘

〉
;

the operator 𝑲 takes the block diagonal form

𝑲 (𝒙) =
[
𝑲1(𝑥1,1, 𝑥1,2, . . . , 𝑥1,𝑘) 0

0 𝑲2(𝑥2,1, 𝑥2,2, . . . , 𝑥2,𝑛−𝑘)

]
, (2.17)
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where 𝑲1 is a block of dimension 𝑘 × 𝑘 and 𝑲2 of dimension (𝑛 − 𝑘) × (𝑛 − 𝑘). Thus, 𝑲 splits into
a direct sum of two Nijenhuis operators 𝑲 = 𝑲1 ⊕ 𝑲2.

Proof. Refer for instance Theorem 3.1, pp.19-20 of [26]. □

The theorem holds regardless of whether the eigenvalues of K are real or complex. Therefore, by
induction we can deduce that

Corollary 2.2.1. Every Nijenhuis operator can be decomposed locally in a neighbourhood of any point
𝑝 ∈ 𝑀 into the direct sum of Nijenhuis operators 𝑲 = 𝑲1 ⊕ 𝑲2 ⊕ . . ., each of which has either a
single real eigenvalue or a single complex conjugate pair of eigenvalues at the point 𝑝.

2.2.5 Normal forms for Nijenhuis operators

The characterization of normal forms of operator fields consists in finding standard representations
of these tensors via coordinate transformations. These representations preserve the fundamental
properties of the operators while facilitating their systematic study.

One of the most well-known normal forms for Nijenhuis operators is the block-diagonal form
in Jordan blocks, or even diagonal when possible, as discussed in the previous section and further
detailed in Section 2.3.3 (which is devoted to Haantjes operators but is relevant here, as Nijenhuis
operators form a subclass of them). However, beyond the Jordan form, other normal forms of Ni-
jenhuis operators have been extensively studied. We recall the normal forms for cyclic operators or
in neighborhoods of differentially non-degenerate points.

Among the various equivalent definitions, we adopt a practical one for cyclic operators.

Definition 2.2.3. A linear operator 𝑲 on an 𝑛-dimensional differentiable manifold is said to be
cyclic if the set {𝑰, 𝑲, . . . , 𝑲𝑛−1} is linearly independent.

Equivalently, the minimal polynomial of 𝑲 coincides with its characteristic polynomial, ensur-
ing that each eigenvalue has exactly one Jordan block. For this type of operator, two specific normal
forms are known, called companion forms. For brevity, we present only one of them.

Theorem 2.2.2. Let 𝑲 be a cyclic Nijenhuis tensor field with characteristic polynomial

𝑝𝑲 (𝒙,𝜆) = det(𝜆𝑰 − 𝑲) = 𝜆𝑛 + 𝜎1(𝒙) 𝜆𝑛−1 + · · · + 𝜎𝑛−1(𝒙) 𝜆 + 𝜎𝑛 (𝒙). (2.18)

Then, in a suitable local coordinate system 𝒚 = (𝑦1, 𝑦2, . . . , 𝑦𝑛), 𝑲 takes the so-called companion
form

𝑲 = 𝐽−1 𝑲comp 𝐽 , 𝑲comp =



−𝜎1(𝒚) 1 0 · · · 0

−𝜎2(𝒚) 0 1
. . . ...

...
... . . . . . . 0

−𝜎𝑛−1(𝒚) 0 · · · 0 1

−𝜎𝑛 (𝒚) 0 · · · 0 0


, (2.19)
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where 𝐽 = 𝜕(𝜎1,𝜎2,...,𝜎𝑛 )
𝜕(𝑦1,𝑦2,...,𝑦𝑛 ) is the corresponding Jacobian matrix.

Corollary 2.2.2. If the coefficients𝜎1, . . . ,𝜎𝑛 of the characteristic polynomial of 𝑲 are functionally
independent at a point 𝑝 ∈ 𝑀 (where 𝑝 is called a differentially non-degenerate point), then 𝑲 can
be uniquely reconstructed from these coefficients in a neighborhood of 𝑝. Furthermore, there exists a
coordinate system ~𝒚 = (~𝑦1, ~𝑦2, . . . , ~𝑦𝑛) in which it takes the canonical form:

~𝑲comp =



~𝑦1 1 0 · · · 0

~𝑦2 0 1
. . . ...

...
... . . . . . . 0

~𝑦𝑛−1 0 · · · 0 1

~𝑦𝑛 0 · · · 0 0


. (2.20)

Moreover, if two Nijenhuis operators 𝑲1 and 𝑲2 share the same characteristic polynomial on 𝑀 ,
and its coefficients are functionally independent almost everywhere, then 𝑲1 = 𝑲2.

2.2.6 The Newlander-Nirenberg theorem

The Newlander-Nirenberg theorem, a cornerstone of complex geometry, establishes a fundamental
criterion for the integrability of almost complex structures. It states that an almost complex mani-
fold (𝑀 , 𝑱), equipped with a fiber-preserving endomorphism 𝑱:𝑇𝑀 → 𝑇𝑀 satisfying 𝑱2 = −𝑰,
admits a complex structure if and only if the Nijenhuis tensor associated with 𝑱 vanishes identically.
Proven by Albert Newlander and Louis Nirenberg in 1957, this deep result generalizes the classical
Frobenius theorem to the complex setting, ensuring that the vanishing of the Nijenhuis tensor
guarantees the existence of local holomorphic coordinates, thereby integrating 𝑱 into a genuine
complex manifold structure. This theorem not only bridges almost complex and complex geome-
tries but also underpins modern studies of complex manifolds, deformation theory, and geometric
analysis, highlighting the profound interplay between algebraic conditions and analytic structures.
Such a result has been proved in [141], but in this discussion we are going to use a more modern
point of view [103, 197]. To do this, we must first define the concepts of complex and almost com-
plex manifolds.

Definition 2.2.4. A complex manifold 𝑀 of complex dimension 𝑛 is a topological space 𝑀 along
with a complex atlas A = {(𝑈𝛼, 𝜙𝛼)} that satisfies the following properties:

(i) Each𝑈𝛼 is an open subset of𝑀 and each 𝜙𝛼 is a homeomorphism from𝑈𝛼 onto an open subset
𝑉𝛼 ⊂ C𝑛. That is, the chart (𝑈𝛼, 𝜙𝛼) assigns the complex coordinates𝜙𝛼 (𝑝) = (𝑧1, 𝑧2, . . . , 𝑧𝑛)
in C𝑛 to each point 𝑝 ∈ 𝑈𝛼.

(ii) For any two charts (𝑈𝛼, 𝜙𝛼) and (𝑈𝛽 , 𝜙𝛽) with𝑈𝛼 ∩𝑈𝛽 ≠ ∅, the transition functions

𝜙𝛼𝛽 = 𝜙𝛼 ◦ 𝜙−1𝛽 : 𝜙𝛽 (𝑈𝛼 ∩𝑈𝛽) → 𝜙𝛼 (𝑈𝛼 ∩𝑈𝛽) (2.21)
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are holomorphic. This means that each component of 𝜙𝛼𝛽 is a holomorphic function of the com-
plex variables (𝑧1, 𝑧2, . . . , 𝑧𝑛).

Definition 2.2.5. An almost complex manifold is a differentiable manifold 𝑀 of real dimension
2𝑛 equipped with an additional geometric structure called an almost complex structure.

An almost complex structure on 𝑀 is a tensor field 𝑱 of type (1, 1) such that, at each point 𝑝 ∈ 𝑀 ,
the operator 𝑱𝑝:𝑇𝑝𝑀 → 𝑇𝑝𝑀 satisfies the following condition:

𝑱2𝑝 = −𝑰𝑝 , (2.22)

where𝑇𝑝 (𝑀) is the tangent space of 𝑀 at the point 𝑝, and 𝑰𝑝 is the identity operator on𝑇𝑝𝑀 .

We can show that every complex manifold 𝑀 of dimension 𝑛 has a natural almost complex struc-
ture, so it is additionally an almost complex manifold. In the local coordinates (𝑧1, 𝑧2, . . . , 𝑧𝑛) in
C𝑛, each 𝑧 𝑗 can be written as 𝑧 𝑗 = 𝑥 𝑗 + 𝑖𝑦 𝑗 , where 𝑥 𝑗 and 𝑦 𝑗 are real coordinates. This establishes
an isomorphism between C𝑛 and R2𝑛, given by:

(𝑧1, 𝑧2, . . . , 𝑧𝑛) ↦→ (𝑥1, 𝑥2, . . . , 𝑥𝑛, 𝑦1, 𝑦2, . . . , 𝑦𝑛). (2.23)

Similarly, the complex tangent space𝑇 C
𝑝 𝑀 can be regarded as a real vector space𝑇 R

𝑝 𝑀 of dimension
2𝑛, so we consider the basis vectors corresponding to the coordinates 𝑥 𝑗 and 𝑦 𝑗 :{

𝜕

𝜕𝑥1
,
𝜕

𝜕𝑥2
, . . . ,

𝜕

𝜕𝑥𝑛
,
𝜕

𝜕𝑦1
,
𝜕

𝜕𝑦2
, . . . ,

𝜕

𝜕𝑦𝑛

}
. (2.24)

Thus, we can define the endomorphism 𝑱𝑝 acting on the real coordinates as follows:

𝑱𝑝

(
𝜕

𝜕𝑥 𝑗

)
=

𝜕

𝜕𝑦 𝑗
, 𝑱𝑝

(
𝜕

𝜕𝑦 𝑗

)
= − 𝜕

𝜕𝑥 𝑗
. (2.25)

The almost complex structure 𝑱 satisfies 𝑱2𝑝 = −𝑰𝑝 at every point 𝑝. Crucially, this structure is
chart-independent–a property ensured by the holomorphicity of the transition functions, which
guarantees compatibility between overlapping coordinate systems.

We can also extend the definition of 𝑱𝑝 to the complex tangent space𝑇 C
𝑝 𝑀 . Given that

𝜕

𝜕𝑧 𝑗
=
1

2

(
𝜕

𝜕𝑥 𝑗
− 𝑖 𝜕
𝜕𝑦 𝑗

)
,

𝜕

𝜕𝑧 𝑗
=
1

2

(
𝜕

𝜕𝑥 𝑗
+ 𝑖 𝜕
𝜕𝑦 𝑗

)
; (2.26)

from (2.25) we deduce

𝑱𝑝

(
𝜕

𝜕𝑧 𝑗

)
= 𝑖

𝜕

𝜕𝑧 𝑗
, 𝑱𝑝

(
𝜕

𝜕𝑧 𝑗

)
= −𝑖 𝜕

𝜕𝑧 𝑗
. (2.27)

It is noteworthy that this result shows that the complex tangent space is decomposed into two dis-
joint subspaces:

𝑇 C
𝑝 𝑀 = 𝑇𝑝𝑀+ ⊕ 𝑇𝑝𝑀− , (2.28)
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where
𝑇𝑝𝑀

± = {𝑍 ∈ 𝑇𝑝𝑀 | 𝑱𝑝𝑍 = ±𝑖 𝑍}. (2.29)

In general, any almost complex structure 𝑱 provides a decomposition of the complexified tangent
bundle 𝑇 C

𝑝 𝑀 into a direct sum of two subbundles consisting of eigenvectors of the operator 𝑱

(linearly extended to𝑇 C
𝑝 𝑀) with eigenvalues 𝑖 and −𝑖.

The components of 𝑱𝑝 we have defined are constant at each point 𝑝, which allows us to con-
struct a globally smooth tensor field 𝑱 on the manifold using the local expression in (2.25). How-
ever, this global definition is not guaranteed for arbitrary even-dimensional manifolds. While every
such manifold admits local almost complex structures, these local structures may fail to patch to-
gether consistently across overlapping charts. For 𝑱 to be globally well defined, the manifold must
be equipped with a complex structure–a system of holomorphic transition functions that ensure
compatibility between the local definitions of 𝑱. This compatibility is precisely what characterizes
a complex manifold.

In short, we have discussed that a complex manifold is always itself almost complex. However, it
is not trivial for an even-dimensional differential manifold to admit an almost complex structure,
but certain restrictions on its topology must be satisfied. For instance, 𝑆4 is an even-dimensional
manifold, but it is not an almost complex manifold [175]. Similarly, not every manifold admitting
an almost complex structure is a complex manifold; for example, 𝑆6 presents an open problem in
this regard [3]. The conditions for this are given in the Newlander-Nirenberg theorem.

Theorem 2.2.3 (Newlander-Nirenberg, [141]). Let 𝑀 be a differentiable manifold of real dimen-
sion 2𝑛. An almost complex structure 𝑱 on 𝑀 is integrable (i.e., it comes from a complex structure) if
and only if the Nijenhuis tensor 𝜏𝑱 (𝑋 ,𝑌 ) = 0 for any 𝑋 ,𝑌 ∈ 𝔛(𝑀).

This result holds trivially for the complex structure 𝑱 defined from (2.25) that we have discussed,
since it is a constant operator. However, the theorem provides a useful tool for arbitrary almost
complex structures to be complex.

2.3 haantjes operators

In this section, we shall review some basic notions concerning the geometry of Haantjes torsions,
following the original papers [67, 142] and the related ones [60, 61, 143, 144]. Here we shall focus
only on the aspects of the theory which are relevant for the subsequent discussion.

2.3.1 The Haantjes torsion

Definition 2.3.1. The Haantjes torsion of 𝑲 is the vector-valued 2-form defined by

H𝑲 (𝑋 ,𝑌 ) := 𝑲2 𝜏𝑲 (𝑋 ,𝑌 ) + 𝜏𝑲 (𝑲𝑋 , 𝑲𝑌 ) − 𝑲
(
𝜏𝑲 (𝑋 , 𝑲𝑌 ) + 𝜏𝑲 (𝑲𝑋 ,𝑌 )

)
. (2.30)

This expression can also be written explicitly as [93]
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H𝑲 (𝑋 ,𝑌 ) = 𝑲4 [𝑋 ,𝑌 ] − 2 𝑲3
(
[𝑋 , 𝑲𝑌 ] + [𝑲𝑋 ,𝑌 ]

)
+ 𝑲2

(
[𝑋 , 𝑲2𝑌 ] + 4 [𝑲𝑋 , 𝑲𝑌 ] + [𝑲2𝑋 ,𝑌 ]

)
− 2 𝑲

(
[𝑲𝑋 , 𝑲2𝑌 ] + [𝑲2𝑋 , 𝑲𝑌 ]

)
+ [𝑲2𝑋 , 𝑲2𝑌 ] . (2.31)

The Nijenhuis torsion being skew-symmetric implies that the Haantjes torsion must also be
skew-symmetric. In local coordinates, it can be expressed as

(H𝑲 )𝑖𝑗 𝑘 =
𝑛∑︁

𝛼,𝛽=1

(
𝑲𝑖

𝛼 𝑲𝛼
𝛽 (𝜏𝑲 )

𝛽

𝑗𝑘
+ (𝜏𝑲 )𝑖𝛼𝛽 𝑲𝛼

𝑗 𝑲
𝛽

𝑘

− 𝑲𝑖
𝛼

(
(𝜏𝑲 )𝛼𝛽𝑘 𝑲

𝛽

𝑗
+ (𝜏𝑲 )𝛼𝑗𝛽 𝑲𝛽

𝑘

))
; (2.32)

or, more explicitly, as

(H𝑲 )𝑖𝑗 𝑘 =
𝑛∑︁

𝛼=1

(
−2(𝑲3)𝑖𝛼 𝜕[ 𝑗 𝑲

𝛼
𝑘 ] + (𝑲2)𝛼[ 𝑗 𝜕|𝛼 | (𝑲

2)𝑖
𝑘 ]

+ (𝑲2)𝑖𝛼
(
𝜕[ 𝑗 (𝑲

2)𝛼
𝑘 ] + 4

𝑛∑︁
𝛽=1

𝑲𝛽

[ 𝑗 𝜕|𝛽 | 𝑲
𝛼
𝑘 ]

)
− 2 𝑲𝑖

𝛼

𝑛∑︁
𝛽=1

(
𝑲𝛽

[ 𝑗 𝜕|𝛽 | (𝑲
2)𝛼

𝑘 ] + (𝑲2)𝛽[ 𝑗 𝜕|𝛽 | (𝑲)
𝛼
𝑘 ]

))
. (2.33)

For conciseness, we denote 𝜕 𝑗 := 𝜕
𝜕𝑥 𝑗

; and it is implied that indices within square brackets should
be skew-symmetrized, excluding those within | · |.

2.3.2 Integrable frames, Haantjes theorem and Haantjes operators

In order to formulate our approach to separability, we shall review the relationship between Haan-
tjes geometry and integrability. A more detailed treatment as well as the proofs of the statements
reviewed here are available in Refs. [184, 185].

The significance of the Haantjes tensor lies mainly in the Haantjes theorem, which essentially
implies that the vanishing of the torsion H𝑲 leads to the integrability of the eigendistributions of
the operator 𝑲. Since this statement is fundamental to the theory, it will be explained in detail.

A reference frame is a collection of 𝑛 vector fields {𝑋1, 𝑋2, . . . , 𝑋𝑛} such that, at each point 𝒙 in
an open set𝑈 ⊆ 𝑀 , they form a basis for the tangent space of𝑈 at that point,𝑇𝒙𝑈. For instance, in
a local chart {𝑈, (𝑥1, 𝑥2, . . . , 𝑥𝑛)}, we can choose the reference frame { 𝜕

𝜕𝑥1
, 𝜕
𝜕𝑥2

, . . . , 𝜕
𝜕𝑥𝑛

}, which
we refer to as the natural frame. However, this choice is just one of many possible options, so we
could consider two different frames, {𝑋1, 𝑋2, . . . , 𝑋𝑛} and {𝑌1,𝑌2, . . . ,𝑌𝑛}, and we say that they
are equivalent if there exist 𝑛 nowhere-vanishing smooth functions 𝑓𝑖 such that

𝑋𝑖 = 𝑓𝑖 (𝒙)𝑌𝑖 , 𝑖 = 1, 2, . . . , 𝑛 . (2.34)
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Definition 2.3.2. A reference frame equivalent to a natural frame is called integrable.

The following result, obtained by applying the classical Fitting lemma [85] to the module of oper-
ator fields in 𝔛(𝑀) over the ring𝐶∞(𝑀), is crucial for the spectral study of Haantjes operators.

Lemma 2.3.1 (Lemma 4, [184]). Let 𝑲 be a (1, 1)-tensor field. For any 𝒙 ∈ 𝑀 there exists a mini-
mum positive integer 𝜌(𝒙), called the Riesz index of 𝑲 at 𝒙, such that

ker 𝑲𝜌(𝒙) (𝒙) = ker 𝑲𝜌(𝒙)+1(𝒙) , Im 𝑲𝜌(𝒙) (𝒙) = Im 𝑲𝜌(𝒙)+1(𝒙) (2.35)

and
𝑇𝒙𝑀 = ker 𝑲𝜌(𝒙) (𝒙) ⊕ Im 𝑲𝜌(𝒙) (𝒙) . (2.36)

In the forthcoming considerations, given an operator 𝑲, we denote its pointwise spectrum by

spec(𝑲) :=
{
𝜆1(𝒙), . . . ,𝜆𝑠 (𝒙)

}
, 𝑠 ∈ N \ {0},

where the eigenvalues 𝜆𝑖 (𝒙) are distinct at every 𝑥 ∈ 𝑀 , smooth, and real-valued by assumption.
For each eigenvalue 𝜆𝑖 (𝒙), the corresponding generalized eigendistribution is defined as

D𝑖 := ker
(
𝑲 − 𝜆𝑖 𝑰

)𝜌𝑖 , 𝑖 = 1, . . . , 𝑠, (2.37)

where 𝜌𝑖 ∈ N \ {0} is the Riesz index associated with 𝜆𝑖 . Critically, by hypothesis, 𝜌𝑖 is constant
over 𝑀 (i.e., independent of 𝒙). When 𝜌𝑖 = 1, the distribution D𝑖 reduces to the proper eigendis-
tribution spanned by eigenvector fields of 𝑲 corresponding to 𝜆𝑖 .

Definition 2.3.3. An operator field 𝑲 is semisimple if in each open neighborhood𝑈 ⊆ 𝑀 there exists
a (possibly non-integrable) reference frame formed by proper eigenvector fields of 𝑲. Moreover, 𝑲 is
simple if all of its eigenvalues are pointwise distinct, namely 𝜆𝑖 (𝒙) ≠ 𝜆 𝑗 (𝒙), 𝑖, 𝑗 = 1, . . . , 𝑛, ∀𝒙 ∈
𝑀 .

A frame of proper eigenvectors is said to be a proper eigenframe of 𝑲. If the frame contains
generalized eigenvectors, it will be said to be a generalized eigenframe.

Definition 2.3.4. We say that a set of distributions {D1,D2, . . . ,D𝑘} is pairwise integrable if
every pair D𝑖 +D 𝑗 , 𝑖 ≠ 𝑗 , is integrable.

Definition 2.3.5. Consider a set of distributions {D1,D2, . . . ,D𝑘}. We say that such distributions
are mutually integrable if

i. each of them is integrable,

ii. they are pairwise integrable.

In 1955, J. Haantjes proved a result of crucial significance, which serves as the cornerstone of the
theory developed in this thesis:
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Theorem 2.3.1 (Haantjes, [67]). Let 𝑲:𝔛(𝑀) → 𝔛(𝑀) be an operator field and assume that the
rank of each of its generalized eigendistributions D𝑖 , 𝑖 = 1, . . . , 𝑠, is independent of 𝒙 ∈ 𝑀 . The
vanishing of the Haantjes torsion

H𝑲 (𝑋 ,𝑌 ) = 0 , ∀𝑋 ,𝑌 ∈ 𝔛(𝑀) (2.38)

is a sufficient condition to ensure the mutual integrability of the generalized eigendistributions {D1,
D2, . . . ,D𝑠}. Moreover, if 𝑲 is semisimple, the condition (2.38) is also necessary.

Therefore, by analogy with to the definition of the Nijenhuis operators in Def. 2.2.2, the Haant-
jes torsion leads to the introduction of the Haantjes operators, which is motivated by the Haantjes
theorem. This notion was introduced in [184], and the entire dissertation will be based on these
operators.

Definition 2.3.6. A Haantjes operator is a (1, 1)-tensor field whose Haantjes torsion identically
vanishes.

2.3.3 Diagonalization of Haantjes operators

An interesting consequence of Haantjes theorem (see Theorem 2.3.1) is that the vanishing of the
Haantjes torsion of an operator 𝑲 not only characterizes Haantjes operators but also guarantees
the existence of a local coordinate chart in which 𝑲 assumes a block-diagonal form.

Let 𝑲 be a Haantjes operator. We denote by 𝑟𝑖 the rank of the distribution D𝑖 associated with
𝑲. We also introduce the distribution (of corank 𝑟𝑖)

E𝑖 := Im
(
𝑲 − 𝜆𝑖 𝑰

)𝜌𝑖 = 𝑠⊕
𝑗=1, 𝑗≠𝑖

D 𝑗 , 𝑖 = 1, 2, . . . , 𝑠, (2.39)

which is spanned by all the generalized eigenvectors of 𝑲, except those associated with the eigen-
value 𝜆𝑖 (recall that, by hypothesis, 𝑲 has real eigenvalues). We shall refer to E𝑖 as a characteristic
distribution of 𝑲. Let E◦

𝑖
denote the annihilator of E𝑖 . The cotangent spaces of 𝑀 decompose as

𝑇∗
𝒙𝑀 =

𝑠⊕
𝑖=1

E◦
𝑖 (𝒙) . (2.40)

As a consequence of Haantjes theorem, each characteristic distribution E𝑖 is integrable. We de-
note by E𝑖 the foliation associated with E𝑖 and by 𝐸𝑖 (𝒙) the connected leaf through 𝒙 belonging
to E𝑖 . Given the set of distributions {E1, E2, . . . , E𝑠}, we obtain an equal number of foliations
{E1, E2, . . . , E𝑠}. This set of foliations is referred to as the characteristic web of 𝑲. The leaves 𝐸𝑖 (𝒙)
of each foliation E𝑖 are called the characteristic fibers of the web.

Definition 2.3.7. Let 𝑲:𝔛(𝑀) → 𝔛(𝑀) be a Haantjes operator. A collection of 𝑟𝑖 smooth functions
is said to be adapted to the foliation E𝑖 of the characteristic web of 𝑲 if their level sets coincide with the
characteristic fibers of E𝑖 .
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Definition 2.3.8. Let 𝑲:𝔛(𝑀) → 𝔛(𝑀) be a Haantjes operator. A parametrization of the charac-
teristic web of𝑲 is an ordered set of𝑛 independent smooth functions, denoted by ( 𝒇 1, . . . , 𝒇 𝑖 , . . . , 𝒇 𝑠),
such that for any 𝑖 = 1, . . . , 𝑠, the ordered subset 𝒇 𝑖 =

(
𝑓 𝑖,1, . . . , 𝑓 𝑖,𝑟𝑖

)
is adapted to the 𝑖th charac-

teristic foliation of the web:

𝑓 𝑖,𝑘
��
𝐸𝑖 (𝒙) = 𝑐

𝑖,𝑘 ∀𝐸𝑖 (𝒙) ∈ E𝑖 , 𝑘 = 1, . . . , 𝑟𝑖 . (2.41)

Here, 𝑐𝑖,𝑘 are real constants depending only on the indices 𝑖 and 𝑘 . In this case, we say that the collection
of these functions is adapted to the web and that each of them is a characteristic function.

Thus, an equivalent formulation of Haantjes theorem can be stated in terms of the existence of
integrable generalized eigen-frames of 𝑲.

Proposition 2.3.1. The vanishing of the Haantjes torsion of an operator field 𝑲 is a sufficient condi-
tion to guarantee that 𝑲 admits an equivalence class of integrable generalized eigenframes, in which
𝑲 assumes a block-diagonal form. Furthermore, if 𝑲 is semisimple, the condition is also necessary, and
𝑲 assumes a diagonal form; if 𝑲 is simple, then each of its proper eigen-frames is integrable.

This result motivates the following definition [184].

Definition 2.3.9. Let 𝑲 be a Haantjes operator. A local chart whose natural frame is a generalized
eigen-frame is called a Haantjes chart for 𝑲.

2.3.4 Basic examples of Haantjes operators

A number of concrete cases that fall into the definition of Haantjes operators can be found in a
simple way, as can be seen from the examples that follow.

Example 2.3.1. When dim𝑀 = 2, the Haantjes torsion of any smooth (1, 1)-tensor field vanishes.
This can be proved by a straightforward calculation.

Example 2.3.2. Every Nijenhuis operator is a Haantjes operator. This follows naturally from Eq.
(2.30), where each of the summands cancels out. Consequently, all the examples discussed in Section
2.2.2 are themselves Haantjes operators and the properties discussed in this section also hold.

Example 2.3.3. The Haantjes torsion of any diagonal operator field of the form (2.8) vanishes. In
fact, its components are

(H𝑲 )𝑖𝑗 𝑘 = (𝜆𝑖 − 𝜆 𝑗) (𝜆𝑖 − 𝜆𝑘) (𝜏𝑲 )𝑖𝑗 𝑘 = 0 , (2.42)

where (𝜏𝑲 )𝑖𝑗 𝑘 are given by Eq. (2.9).

This last example is the motivation for the following:

Proposition 2.3.2. Let 𝑲:𝔛(𝑀) → 𝔛(𝑀) be a smooth tensor field. If there exists a local coordinate
chart 𝒙 = (𝑥1, 𝑥2, . . . , 𝑥𝑛) in which 𝑲 assumes the diagonal form (2.8), then its Haantjes torsion
identically vanishes.
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Nijenhuis and Haantjes operators find natural applications in classical mechanics, as we will
illustrate with a particularly ubiquitous instance in the dynamics of rigid bodies. Consider a fi-
nite system of point masses in the 𝑛-dimensional affine Euclidean space 𝐸𝑛, represented as 𝑀 =
{(𝑃𝛾 ,𝑚𝛾)} where 𝑃𝛾 ∈ 𝐸𝑛 and 𝑚𝛾 ∈ R (with masses 𝑚𝛾 possibly negative). Within this frame-
work, two key tensor fields emerge: the planar inertia tensor (or Euler tensor in continuum mechan-
ics) and the full inertia tensor. The planar inertia tensor, defined at a point 𝑃 as the (1, 1)-tensor
field

𝑬𝑃 (𝒗) :=
∑︁
𝛾

𝑚𝛾

(
(𝑃𝛾 − 𝑃) · 𝒗

)
(𝑃𝛾 − 𝑃), 𝒗 ∈ 𝑇𝑃𝐸𝑛, (2.43)

governs rotational properties within subspaces and constitutes a Nijenhuis operator. In contrast,
the full inertia tensor, given by

I𝑃 (𝒗) :=
∑︁
𝛾

𝑚𝛾

(
|𝑃𝛾 − 𝑃 |2𝒗 −

(
(𝑃𝛾 − 𝑃) · 𝒗

)
(𝑃𝛾 − 𝑃)

)
, (2.44)

encodes the system’s full inertial behavior and is a Haantjes operator [184]. These operators exem-
plify the synergy between geometric structures and mechanical systems. Further examples from
classical mechanics and Riemannian geometry are detailed in [157, 159, 184–187, 192]. Concrete in-
stances of these ideas will be explored in subsequent chapters, illustrating their broader relevance.

2.3.5 Main properties

Some of the most important properties of these operators will be presented below. They will also
be used later to introduce interesting algebraic structures.

Proposition 2.3.3 (Proposition 1, [20]). Let 𝑲:𝔛(𝑀) → 𝔛(𝑀) be an operator field. The following
identity holds

H 𝑓 𝑰+𝑔𝑲 (𝑋 ,𝑌 ) = 𝑔4H𝑲 (𝑋 ,𝑌 ) , (2.45)

where 𝑓 , 𝑔 ∈ 𝐶∞(𝑀) are real functions and 𝑰 denotes the identity operator on 𝔛(𝑀).

It follows from this statement that if 𝑲 is a Haantjes operator, then so is 𝑓 𝑰 + 𝑔𝑲. This property
makes an important difference with respect to the Nijenhuis torsion, where the product of any
function by a Nijenhuis operator generally no longer remains a Nijenhuis operator. This can be
seen from the following equality:

𝜏 𝑓 𝑲 (𝑋 ,𝑌 ) = 𝑓 2 𝜏𝑲 (𝑋 ,𝑌 )
+ 𝑓

(
(𝑲𝑋) ( 𝑓 ) 𝑲𝑌 − (𝑲𝑌 ) ( 𝑓 ) 𝑲𝑋 +𝑌 ( 𝑓 ) 𝑲2𝑋 − 𝑋 ( 𝑓 ) 𝑲2𝑌

)
, (2.46)

where 𝑋 ( 𝑓 ) denotes the Lie derivative of the arbitrary function 𝑓 ∈ 𝐶∞(𝑀) with respect to the
vector field 𝑋 . Overall, the differential and algebraic properties of Haantjes operators are much
richer, as evidenced by the following properties.
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Proposition 2.3.4 (Corollary 3.3, [19]). Let 𝑲 be a Haantjes operator. For any polynomial in 𝑲

with coefficients 𝑎 𝑗 ∈ 𝐶∞(𝑀), that is 𝑝(𝒙, 𝑲) = ∑
𝑗 𝑎 𝑗 (𝒙) 𝑲 𝑗 , the associated Haantjes tensor also

vanishes:
H𝑲 (𝑋 ,𝑌 ) = 0 ⇒ H𝑝 (𝒙,𝑲 ) (𝑋 ,𝑌 ) = 0 . (2.47)

Proposition 2.3.5. Let 𝑲:𝔛(𝑀) → 𝔛(𝑀) be a Haantjes operator. If its inverse 𝑲−1 exists, it is
also a Haantjes operator.

Proof. As discussed in Proposition 14 of [184], this follows from the identity

H𝑲 −1 (𝑋 ,𝑌 ) = 𝑲−4H𝑲 (𝑲−2𝑋 , 𝑲−2𝑌 ) , (2.48)

which can be easily derived from Eq. (2.31). For an alternative proof, refer to Proposition 2 on page
257 of [20]. □

2.4 haantjes algebras

2.4.1 Definition

Another crucial notion is that of Haantjes algebras, which has been introduced in [184] and further
studied and generalized in [159].

Definition 2.4.1. A Haantjes algebra of rank 𝑟 is a pair (𝑀 ,ℋ) satisfying the following properties:

(i) 𝑀 is a differentiable manifold of dimension 𝑛;

(ii) ℋ is a set of Haantjes operators 𝑲:𝔛(𝑀) → 𝔛(𝑀) that generate:

– a free module of rank 𝑟 over the ring of smooth functions on 𝑀 :

H( 𝑓 𝑲1+𝑔𝑲2 ) (𝑋 ,𝑌 ) = 0 , ∀ 𝑋 ,𝑌 ∈ 𝔛(𝑀) ,
∀ 𝑓 , 𝑔 ∈ 𝐶∞(𝑀) , ∀𝑲1, 𝑲2 ∈ ℋ ;

(2.49)

– a ring w.r.t. the composition operation:

H(𝑲1 𝑲2 ) (𝑋 ,𝑌 ) = 0 , ∀𝑲1, 𝑲2 ∈ ℋ , ∀ 𝑋 ,𝑌 ∈ 𝔛(𝑀) . (2.50)

If
𝑲1 𝑲2 = 𝑲2 𝑲1 , ∀𝑲1, 𝑲2 ∈ ℋ, (2.51)

the algebra (𝑀 ,ℋ) is said to be an Abelian Haantjes algebra. Moreover, if the identity operator
𝑰 ∈ ℋ, then (𝑀 ,ℋ) will be said to be a Haantjes algebra with identity.
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In other words, the requirements (2.49) and (2.50) show thatℋ is an associative algebra of Haan-
tjes operators.

We find a natural and particularly important realization of these algebras in the sets of operators that
take a diagonal form at a given coordinate system. Consider a local chart {𝑈, 𝒙 = (𝑥1, 𝑥2, . . . , 𝑥𝑛)}
with a set of operators of the form

𝑲𝛼 =
𝑛∑︁
𝑖=1

𝜆
(𝛼)
𝑖

(𝒙) 𝜕

𝜕𝑥𝑖
⊗ d𝑥𝑖 , 𝛼 = 1, . . . , 𝑟 , (2.52)

where the arbitrary smooth functions𝜆 (𝛼)
𝑖

(𝒙) := 𝜆𝑖 (𝛼)
𝑖

(𝒙) act as their eigenvalues. Indeed, on the
one hand, the Haantjes torsion of these operators vanishes identically and the assumption (2.49) is
also satisfied under Proposition 2.3.2. On the other hand, they constitute a commutative ring which
fulfils Eq. (2.50). This type of structure will be of great relevance throughout the thesis.

Definition 2.4.2. The algebra generated by operators of the form (2.52) is said to be a diagonal Haan-
tjes algebra.

2.4.2 Haantjes coordinates

As we shall see, a crucial result for the theory of separability of Hamiltonian systems is the theo-
rem, proved in [184], ensuring that an algebra of Haantjes operators can be represented in suitable
coordinates in a block-diagonal form.

Proposition 2.4.1 (Proposition 33, [184]). Let K = {𝑲1, . . . , 𝑲𝑟 }, 𝑲𝛼:𝔛(𝑀) → 𝔛(𝑀), 𝛼 =
1, . . . , 𝑟 be a family of commuting operator fields; we assume that one of them, say 𝑲1, is a Haantjes
operator. Then, there exist local charts adapted to the spectral decomposition of 𝑲1 in which all of the
operators 𝑲𝛼 can be written simultaneously in a block-diagonal form. In addition, if we assume that

(i) all the operators of the family are Haantjes operators

(ii) all possible nontrivial intersections of their generalized eigendistributions

V𝑎 (𝒙) :=
𝑠1,...,𝑠𝑟⊕
𝑖1,...,𝑖𝑟

D (1)
𝑖1

(𝒙)
⋂

. . .
⋂

D (𝑟 )
𝑖𝑟

(𝒙) , 𝑎 = 1, . . . , 𝑣 ≤ 𝑛 , (2.53)

are pairwise integrable (i.e. any direct sum of V𝑎 is integrable), then there exist sets of local
coordinates, adapted to the decomposition

𝑇𝒙𝑀 =
𝑣⊕

𝑎=1
V𝑎 (𝒙) , 𝒙 ∈ 𝑀 , (2.54)

in which all operators 𝑲𝛼 admit simultaneously a block-diagonal form (with possibly finer
blocks).
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A simple but relevant consequence of the latter Proposition is the following result.

Corollary 2.4.1. Under the hypotheses of Proposition 2.4.1, the simultaneous block-diagonalization
property extends to the entire𝐶∞(𝑀)-algebra generated by the familyK . Specifically, ifK consists of
operators that share a common block-diagonal structure in a local coordinate system, then all𝐶∞(𝑀)-
linear combinations and products of elements of K inherit this block decomposition.

Remark 2.4.1. Each set of coordinates allowing us to write down the family K in a block-diagonal
form will be said to be a set of Haantjes coordinates. In particular, if we deal with a semisimple Haan-
tjes algebra, then each set of Haantjes coordinates allows us to write simultaneously all the operators of
the algebra in a diagonal form.

As will be discussed in Chapter 7, this theorem has been extended in [159] to the case of general-
ized Haantjes algebras of level𝑚, which are algebras whose elements are represented by generalized
Nijenhuis operators of level𝑚.

2.4.3 Unigenerated Haantjes algebras

As discussed in [184], a simple but particularly relevant class of Abelian Haantjes algebras is that
generated from a single operator 𝑳:𝔛(𝑀) → 𝔛(𝑀). This is a consequence of Proposition 2.3.4,
which ensures that an algebra whose basis consists of powers of the same Haantjes operator fulfils
all the conditions of Definition 2.4.1.

Let 𝑙 be the degree of the minimal polynomial of 𝑳. Then, we can construct a Haantjes algebra
ℒ of rank 𝑟 ≤ 𝑙 from the first 𝑙 − 1 powers of the tensor field 𝑳 together with 𝑳0 := 𝑰,

ℒ(𝑳) := span {𝑰, 𝑳, . . . , 𝑳𝑙−1, . . .} = span {𝑰, 𝑳, . . . , 𝑳𝑙−1} , (2.55)

which will be Abelian by construction. Thus we can introduce the notion of unigenerated1 Haan-
tjes algebras.

Definition 2.4.3. Let (𝑀 ,ℋ) be an Abelian Haantjes algebra of rank 𝑟 . A (1, 1)-tensor field 𝑳,
with minimal polynomial of degree 𝑙 ≥ 𝑟 , is a generator of ℋ if

ℋ ⊆ ℒ(𝑳) . (2.56)

If this is the case, we say that the algebra ℋ is a unigenerated algebra of Haantjes operators over the
ring of smooth functions on 𝑀 .

Remark 2.4.2. In virtue of the Hamilton-Cayley theorem, the degree of the minimal polynomial of
𝑳 –and thus the rank of the corresponding unigenerated algebra– cannot exceed the dimension of the
manifold, i.e., 𝑟 ≤ 𝑙 ≤ 𝑛 = dim(𝑀).

1 We borrow the terminology of unigenerated polynomial algebras from [96], although in our context it is defined for the
more general case of polynomial algebras with variable coefficients. In previous works [157, 184, 185] the same notion was
equivalently denominated “cyclic algebras”.
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Thus, all the operators of the algebra are of the form 𝑲𝛼 = 𝑝𝛼 (𝑳), where 𝑝𝛼 (𝒙,𝜆) is a suitable
polynomial in 𝜆 of degree not greater than 𝑙 − 1with coefficients in𝐶∞(𝑀).

Unigenerated algebras play an essential role in this theory, and the main reason for this lies in the
following result.

Proposition 2.4.2 (Proposition 47, [184]). Every semisimple Abelian Haantjes algebra is unigen-
erated and admits a Nijenhuis generator.

Thus, the rank of an Abelian Haantjes algebra (or any unigenerated Haantjes algebra) is determined
by the minimal polynomial degree of its generator, contingent on the identity operator’s presence.

Lemma 2.4.1 (Lemma 2, [157]). Let (𝑀 ,ℋ) be an Abelian Haantjes algebra of rank 𝑟 . An operator
𝑳 ∈ ℋ is a generator of ℋ if and only if its minimal polynomial has degree 𝑙 = 𝑟 when 𝑰 ∈ ℋ,
and 𝑙 = 𝑟 + 1 otherwise.

Proof. First, consider the case 𝑰 ∈ ℋ. Since 𝑳 ∈ ℋ, the unigenerated algebra ℒ(𝑳) satisfies
ℒ(𝑳) ⊆ ℋ. Assume 𝑳 is a generator of ℋ. By definition, ℋ ⊆ ℒ(𝑳), so the degree of the
minimal polynomial of 𝑳 is at least 𝑟 . Therefore, ℒ(𝑳) = ℋ and the minimal polynomial has
degree exactly 𝑟 . Conversely, suppose that an operator 𝑳 ∈ ℋ has a minimal polynomial of degree
𝑟 . Then ℒ(𝑳) has rank 𝑟 , so ℒ(𝑳) = ℋ, proving 𝑳 generates ℋ.

If 𝑰 ∉ ℋ, construct the extended Haantjes algebra by adding the identity operator toℋ, which
has rank 𝑟 + 1. By the previous case, 𝑳 ∈ ℋ generates the extended algebra (and therefore ℋ) if
and only if its minimal polynomial has degree 𝑟 + 1. □





Part II

S Y M P L E C T I C - H A A N T J E S G E O M E T RY A N D S E PA R A B I L I T Y





El todo puede ser mayor, menor o igual que la suma de las partes,
todo depende de la interacción que se establezca entre estas últimas.
Pensad bien en lo que acabo de decir porque ésta es una frase muy
importante, y lo es en sí misma y porque desemboca en esta otra, sólo
podemos afirmar con certeza que el todo es igual a la suma de las partes
cuando las partes se ignoran entre sí.

Almudena Grandes, El corazón helado

3
The Haantjes approach to separation of

variables

There is a train station in every life–a moment where the air thickens with the weight of
parting, where the same scene fractures into a mosaic of truths. Two faces at a platform: one feels
the shudder of the engine in their ribs, counts seconds by the slackening grip of a hand, tastes the
metallic ache of farewell sharp as the whistle’s cry. The other watches the clock’s indifferent turn,
hears only the rhythm of footsteps dissolving into schedules, feels the bag on their shoulder as a fact,
not an anchor. The train departs. A single event, split by the prism of presence. Physics, too, lives
here–in the quiet rebellion of reality, how it bends its light to the eye of the beholder yet remains,
stubbornly, itself. The universe does not care if you measure time by heartbeats or atomic clocks, if
you chart motion in tears or parsecs. It only asks that we find a language fluent enough to hold all
these versions at once, to trace the invisible threads that stitch one observer’s sunrise to another’s
twilight. Differential geometry is this language: a mathematics of perspective, where laws are not
written in stone but in the curvature between here and there, a calculus of how truths transform–
and yet, beneath every coordinate system, every shifting frame, there pulses an unchanging core, a
geometry of whispers that outlasts the storm of subjectivity.

The construction of separation variables for the HJ equation remains a cornerstone challenge in
classical mechanics, tracing its lineage to foundational contributions by Liouville, Jacobi, Stäckel,
Levi-Civita, and Arnold. These works crystallized the geometric principles of integrability and sep-
arability, framing them through symplectic structures and canonical transformations. In modern
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terms, this problem has matured into a unifying framework intertwining differential geometry, al-
gebraic topology, and spectral theory, offering fresh insights into the intrinsic geometry of inte-
grable dynamics.

Central to modern developments is the theory of bi-Hamiltonian systems, which posits that a
manifold endowed with two compatible Poisson structures can generate hierarchies of integrals of
motion through the Magri-Lenard scheme. This framework, pioneered by Magri, reveals how in-
tegrability emerges from the compatibility of geometric structures. Closely related is the concept
of symplectic-Nijenhuis (𝜔𝑁) manifolds, where a symplectic form and a Nijenhuis tensor coexist
under specific compatibility conditions. These manifolds provide a natural setting for Liouville-
Arnold integrability, as the Nijenhuis tensor encodes both the integrals of motion and their recur-
sive relations.

Building on these ideas, Magri introduced Haantjes manifolds, obtained by replacing the Ni-
jenhuis torsion with the weaker Haantjes torsion condition and by requiring the presence of an
additional geometric structure expressed in terms of a family of suitable differential forms. Haan-
tjes tensors, while less restrictive, retain the ability to diagonalize in suitable coordinates, making
them potent tools for studying integrability. In parallel, in [185] the notion of symplectic-Haantjes
(𝜔ℋ) manifolds emerged, unifying symplectic geometry with Haantjes algebras. These manifolds,
equipped with compatible (1, 1)-tensor fields, generalize the𝜔𝑁 framework by allowing an algebra
of Haantjes generators, thereby accommodating both semisimple and non-semisimple integrable
systems. The 𝜔ℋ theory, as shown in recent works, establishes that a Hamiltonian system is com-
pletely integrable if and only if it admits an 𝜔ℋ structure, with Haantjes chains replacing the tra-
ditional Lenard-Magri chains.

A key advancement lies in the connection between𝜔ℋ manifolds and SoV. For semisimple sys-
tems, the existence of a Haantjes structure guarantees the presence of Darboux-Haantjes coordi-
nates, which simultaneously diagonalize the Haantjes operators and simplify the HJ equation into
separable form. Remarkably, these coordinates coincide with Darboux-Nijenhuis coordinates in
the 𝜔𝑁 framework, bridging the two theories. However, in non-semisimple cases—exemplified
by systems like the Post-Winternitz model—the 𝜔ℋ formalism proves indispensable, as multiple
Haantjes generators are required, a feature absent in the𝜔𝑁 approach.

This chapter explores these geometric frameworks, emphasizing their role in integrability and
SoV. After reviewing bi-Hamiltonian and 𝜔𝑁 structures, we delve into Haantjes manifolds and
their symplectic counterparts, demonstrating their utility through concrete examples. The theory
is then applied to solve SoV for Drach-Holt systems and extended via a novel operator lift from
configuration space to phase space, generalizing the classical Yano lift.

This chapter systematically explores the interplay between differential geometry and the sepa-
rability of Hamilton-Jacobi equations. In Section 3.1, beginning with foundational concepts such
as bi-Hamiltonian systems and symplectic-Nijenhuis manifolds, we establish the geometric pre-
requisites for integrability. In Sections 3.2 and 3.3, we introduce Haantjes and symplectic-Haantjes
manifolds, highlighting their role in generalizing Nijenhuis geometry. Section 3.4 unifies these ideas
through the Liouville-Haantjes theorem, proving that integrability is equivalent to the existence
of an 𝜔ℋ structure. Section 3.5 demonstrates the practical efficacy of this framework by solving
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the separation problem for Drach-Holt systems, a class previously deemed non-separable, through
the construction of Darboux-Haantjes coordinates in phase space. Finally, Section 3.6 introduces
a novel geometric lift of operators from configuration space to phase space, extending the Yano lift
to preserve Haantjes structures.

3.1 bi-hamiltonian and symplectic-nijenhuis manifolds

In many respects, the bi-Hamiltonian approach represents one of the most relevant geometric
frameworks for the study of Hamiltonian systems. A bi-Hamiltonian manifold is a differentiable
manifold endowed with a pencil of Poisson structures [121]. In these settings, the theory of 𝜔𝑁
manifolds, introduced in [52, 125], is especially relevant in the construction of separation variables
for the HJ equations associated with a Hamiltonian integrable system. Such manifolds carry on a
symplectic structure𝜔 (assigned as the inverse of a non-degenerate Poisson bivector) and a compat-
ible (1, 1)-tensor field 𝑵, also called the recursion or hereditary operator, whose Nijenhuis torsion
[142] vanishes. This approach has been applied in [183] to the study of multiseparable systems. We
mention that this theory has also been generalized to the case of Poisson-Nijenhuis structures [94]
and their Lie algebroids [38, 65].

3.1.1 Bi-Hamiltonian manifolds

Bi-Hamiltonian manifolds naturally arise in the study of integrable systems and Poisson geome-
try, providing a geometric framework for understanding the hierarchical structure of conserved
quantities. A manifold is said to be bi-Hamiltonian if it is equipped with two compatible Poisson
structures, meaning that any linear combination of them is again a Poisson structure. This compat-
ibility condition plays a fundamental role in the theory of integrability, as it allows the construction
of a hierarchy of commuting Hamiltonian flows via the so-called Magri-Lenard scheme. The exis-
tence of two Poisson structures enables the recursion relations that generate conserved integrals,
often leading to the complete integrability of the system. Bi-Hamiltonian structures appear promi-
nently in the theory of soliton equations, such as the Korteweg-de Vries (KdV) and Gel’fand–Dikii
hierarchies.

Definition 3.1.1. Two Poisson brackets {·, ·}0 and {·, ·}1 are compatible if any linear combination

{·, ·}𝜆,𝜇 = 𝜆 {·, ·}0 + 𝜇 {·, ·}1 , 𝜆, 𝜇 ∈ R , (3.1)

is itself a Poisson bracket.

Equivalently, we can write this compatibility condition by means of the Poisson bivectors 𝑷0

and 𝑷1 associated with the brackets {·, ·}0 and {·, ·}1, respectively, as

[𝑷0, 𝑷0]SN = [𝑷1, 𝑷1]SN = 0 , (3.2)
[𝑷0, 𝑷1]SN = 0 . (3.3)
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Definition 3.1.2. A bi-Hamiltonian manifold (𝑀 , 𝑷0, 𝑷1) is a manifold equipped with two com-
patible Poisson brackets given by 𝑷0 and 𝑷1.

As a natural generalization to the concept of Hamiltonian vector field (see Eq. (1.24)), we define a
bi-Hamiltonian system as one that admits two compatible Hamiltonian decompositions:

𝑋 = 𝑷0d𝐻0 = 𝑷1d𝐻1 . (3.4)

The vector field 𝑋 is said to be a bi-Hamiltonian vector field.

3.1.2 Symplectic-Nijenhuis manifolds

Symplectic-Nijenhuis (or𝜔𝑁) manifolds provide a powerful geometric framework for studying in-
tegrable systems, particularly the SoV in the HJ equation. They arise naturally from bi-Hamiltonian
manifolds where one of the Poisson brackets is non-degenerate, inducing a symplectic structure.
The compatibility between this symplectic form and a second Poisson structure is encoded in a
Nijenhuis tensor, which acts as a recursion operator to generate conserved quantities and eigen-
functions essential for variable separation.

Definition 3.1.3. Consider a bi-Hamiltonian system satisfying Eq. (3.4), and suppose that the bivec-
tor 𝑷1 is non-degenerate. The recursion operator associated with this system is the tensor field 𝑵:
𝔛(𝑀) → 𝔛(𝑀) defined as

𝑵 := 𝑷0𝑷
−1
1 . (3.5)

A bi-Hamiltonian system (𝑀 , 𝑷0, 𝑷1) with a non-degenerate Poisson bivector is termed a𝜔𝑁 man-
ifold.

The compatibility condition between the Poisson bivectors (Eq. (3.3)) leads to the following fun-
damental property of this operator.

Proposition 3.1.1. The Nijenhuis torsion of the recursion operator associated to a bi-Hamiltonian
system identically vanishes.

One of the main properties of the recursion operator is that it maps symmetries of the operator
into other symmetries. Suppose that 𝑋 is a symmetry of 𝑵, so that L𝑋𝑵 = 0. According to the
Proposition 2.2.1, the vector field 𝑵𝑋 is also a symmetry. By applying this argument repeatedly, we
can conclude that if 𝑋 is a symmetry of 𝑵, then the vector fields 𝑵𝑘𝑋 , ∀𝑘 ∈ N, are also symmetries
of 𝑵. This property justifies the use of the name of recursion operator for 𝑵, as successive elements
inherit the properties of the first.

Using this result, we can analyze the symmetries of bi-Hamiltonian systems that fulfil (3.4) when
one of the bivectors, say 𝑷1, is invertible. To do this, we consider the sequence of vector fields

𝑋𝑘 = 𝑷0d𝐻𝑘 = 𝑷1d𝐻𝑘+1 . (3.6)
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Then, through the recursion operator 𝑵, we obtain the relation 𝑋𝑘+1 = 𝑵𝑋𝑘 . Thus, if the vector
field 𝑋0 is a symmetry of 𝑵, it follows that all 𝑋𝑘 , ∀𝑘 ∈ N, will also be symmetries.

Therefore, the recursion operator generates two infinite chains of vector fields and 1-forms, namely

d𝐻𝑘+1 = 𝑵𝑇d𝐻𝑘 ,
𝑋𝑘+1 = 𝑵𝑋𝑘 ,

d𝐻0 ∈ Ω1(𝑀) ,
𝑋0 ≡ 𝑋 ∈ 𝔛(𝑀) ;

(3.7)

where 𝑵𝑇 :Ω1(𝑀) → Ω1(𝑀) is the transpose operator of 𝑵. These are known as the Lenard
chains associated with a bi-Hamiltonian system, and can be represented schematically as follows:

d𝐻0 d𝐻1 d𝐻2 d𝐻3 · · ·𝑵𝑇 𝑵𝑇 𝑵𝑇 𝑵𝑇

𝑋0 𝑋1 𝑋2 𝑋3 · · ·𝑵 𝑵 𝑵 𝑵

We can summarize the inheritance of properties among the elements of the chain in the following
way:

Proposition 3.1.2. [121] Let (𝑀 , 𝑷0, 𝑷1) be a bi-Hamiltonian manifold, where 𝑷1 is non-degenerate.
Starting from the exact 1-forms d𝐻0 and d𝐻1, all the forms d𝐻𝑘 are also exact. Additionally, the
vector fields 𝑋𝑘 are bi-Hamiltonian and commute in pairs.

This result is closely related to the integrability of the system. The functions 𝐻𝑘 , derived from
the exact 1-forms d𝐻𝑘 , are in involution with respect to both Poisson brackets associated with the
bivectors 𝑷0 and 𝑷1,

{𝐻𝑖 ,𝐻 𝑗}0 = {𝐻𝑖 ,𝐻 𝑗}1 = 0 , 𝑖, 𝑗 = 1, 2, . . . ,

meaning they are integrals of motion of the system. However, for total integrability, a sufficient
number of functionally independent integrals is required, which cannot be guaranteed a priori.

3.1.3 Darboux-Nijenhuis coordinates and separability on𝜔𝑁 manifolds

In 𝜔𝑁 manifolds, there exists a class of canonical coordinates of particular importance known as
Darboux-Nijenhuis coordinates, which play a central role in the SoV for the HJ equation.

Definition 3.1.4. Given an 𝜔𝑁 manifold, a set of local coordinates (𝒒, 𝒑) = (𝑞1, 𝑞2, . . . , 𝑞𝑛,
𝑝1, 𝑝2, . . . , 𝑝𝑛) is called a set of Darboux-Nijenhuis (DN) coordinates if the symplectic form as-
sumes the Darboux form and the recursion operator 𝑵 takes the diagonal form

𝑵 =
𝑛∑︁
𝑖=1

𝑙𝑖 (𝒒, 𝒑)
(
𝜕

𝜕𝑞𝑖
⊗ d𝑞𝑖 + 𝜕

𝜕𝑝𝑖
⊗ d𝑝𝑖

)
, (3.8)

where 𝑙𝑖 ≡ 𝜆𝑖 = 𝜆𝑛+𝑖 are the eigenvalue fields of 𝑵. Consequently, the only non-vanishing Poisson
brackets are

{𝑞𝑖 , 𝑝 𝑗}1 = 𝛿𝑖𝑗 , {𝑞𝑖 , 𝑝 𝑗}0 = 𝜆𝑖𝛿𝑖𝑗 , 𝑖, 𝑗 = 1, . . . , 𝑛. (3.9)
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The eigendistributions associated with each 𝑙𝑖 are even-dimensional, as the kernel of 𝑷0 − 𝑙𝑖𝑷1

is also even-dimensional. Moreover, if the eigenvalues 𝜆𝑖 are functionally independent, they and
their conjugate momenta form a set of DN coordinates.

An 𝜔𝑁 manifold 𝑀 is regular if the eigenvalues of 𝑵 are functionally independent on 𝑀 . For
such manifolds, the following holds:

Proposition 3.1.3. In a neighborhood of a point in a regular𝜔𝑁 manifold where the eigenvalues of
𝑵 are distinct, there exist 𝑛 functions (𝜇1, . . . , 𝜇𝑛) obtainable by quadratures, which together with
(𝜆1, . . . ,𝜆𝑛) constitute DN coordinates. These coordinates are termed special Darboux-Nijenhuis
coordinates.

A defining property of DN coordinates (𝒒, 𝒑) is that their differentials span an eigenspace of
𝑵𝑇 :

𝑵𝑇d𝑞𝑖 = 𝜆𝑖d𝑞𝑖 , 𝑵𝑇d𝑝𝑖 = 𝜆𝑖d𝑝𝑖 , 𝑖 = 1, . . . , 𝑛. (3.10)

These properties make it possible to characterize separability for integrable Hamiltonian systems
within this framework:

Theorem 3.1.1 (Theorem 3.1, [52]). Let 𝑀 be an 𝜔𝑁 manifold with a simple recursion operator
𝑵 (ensuring local existence of DN coordinates), and let (𝐻1,𝐻2, . . . ,𝐻𝑛) be a set of functionally
independent Hamiltonians on 𝑀 . The following are equivalent:

(i) The foliation defined by (𝐻1,𝐻2, . . . ,𝐻𝑛) is separable in DN coordinates (and thus Lagrangian
with respect to𝜔);

(ii) The distribution tangent to the foliation defined by (𝐻1,𝐻2, . . . ,𝐻𝑛) is Lagrangian with
respect to𝜔 and invariant under 𝑵;

(iii) The Hamiltonians (𝐻1,𝐻2, . . . ,𝐻𝑛) are in bi-involution, i.e., {𝐻𝑖 ,𝐻 𝑗}0 = 0and {𝐻𝑖 ,𝐻 𝑗}1 =
0 for all 𝑖, 𝑗 = 1, 2, . . . , 𝑛.

To introduce Haantjes manifolds more intuitively in the next section, it is helpful to summarize
some properties of𝜔𝑁 manifolds, as explained in [117]. In a bi-Hamiltonian manifold (𝑀 , 𝑷0, 𝑷1)
where 𝑷1 is invertible, we have three distinguished geometric objects on the manifold𝑀 : the vector
field 𝑋 , the 1-form now denoted as 𝜃 ≡ d𝐻0, and the recursion operator 𝑵 = 𝑷0𝑷

−1
1 . These

objects satisfy the following relations:

(i) 𝑵 is a Nijenhuis operator:

𝜏𝑵 (𝑋 ,𝑌 ) = 0 , ∀ 𝑋 ,𝑌 ∈ 𝔛(𝑀) ; (3.11)

(ii) The 1-form 𝜃 is closed:
d𝜃 = 0 ; (3.12)
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(iii) The first iterated 1-form 𝑵𝑇𝜃 is closed:

d(𝑵𝑇𝜃) = 0 ; (3.13)

(iv) 𝑋 is a symmetry of the recursion operator 𝑵:

L𝑋 𝑵 = 0 , (3.14)

where L𝑋 𝑵 denotes the Lie derivative of 𝑵 with respect to 𝑋 ;

(v) 𝜃 remains constant throughout the flow determined by the vector field 𝑋 :

L𝑋 𝜃 = 0 . (3.15)

3.2 haantjes manifolds

Haantjes manifolds are a concept introduced by Franco Magri in a series of papers written since 2012
[117–119, 123], where the geometry of Haantjes operators has been related with integrable systems.
The main idea is to extend the recursion operators defined for𝜔𝑁 manifolds so that they can have
non-vanishing Nijenhuis torsion, but in a controlled way. For this purpose, some conditions are
introduced, which lead to the following definition.

Definition 3.2.1. A manifold 𝑀 is a Haantjes manifold if it possesses a distinguished 1-form 𝜃 and
a distinguished vector-valued 1-form 𝑲 that fulfil the conditions

(i) 𝑲 is a Haantjes operator:

H𝑲 (𝑋 ,𝑌 ) = 0 , ∀ 𝑋 ,𝑌 ∈ 𝔛(𝑀) ; (3.16)

(ii) The 1-form 𝜃 is closed:
d𝜃 = 0 ; (3.17)

(iii) The first iterated 1-form 𝑲𝑇𝜃 is closed:

d(𝑲𝑇𝜃) = 0 ; (3.18)

(iv) The 1-form 𝜃 annihilates the Nijenhuis torsion of 𝑲 viewed as a vector-valued 2-form on 𝑀 :

𝜃
(
𝜏𝑲 (𝑋 ,𝑌 )

)
= 0 ∀ 𝑋 ,𝑌 ∈ 𝔛(𝑀) . (3.19)

Furthermore, if there exists a vector field 𝑋 that satisfies the conditions

(v) 𝑲 is invariant under the flow generated by the vector field 𝑋 :

L𝑋 𝑲 = 0 ; (3.20)
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(vi) 𝜃 remains unchanged under the flow generated by the vector field 𝑋 :

L𝑋 𝜃 = 0 ; (3.21)

with L𝑋 representing the Lie derivative with respect to 𝑋 , then the manifold is said to be a
Haantjes manifold with symmetry.

To define his Haantjes manifolds, F. Magri starts by relaxing the requirement that the recursion
operator 𝑲 is a Nijenhuis tensor field. Instead, we simply require that it is a Haantjes tensor, which
significantly broadens its applicability. However, this modification comes with a trade-off: we can
no longer construct Lenard chains using powers of 𝑲. To address this limitation, we impose con-
dition (iv), which is crucial for the following result.

Lemma 3.2.1. Let 𝑀 be a manifold, 𝜃 a 1-form, and 𝑲 a (1, 1)-tensor field. If 𝜃 annihilates the
Nijenhuis torsion of 𝑲 and 𝑲𝑇 maps 𝜃 to a closed 1-form, then the 1-form (𝑲𝑇 )2𝜃 is closed.

Condition (iv) has the drawback of needing an explicit study for each specific case, yet it remains
interesting in its applicability.

It is noteworthy that on Haantjes manifolds, there exist two distinguished tensor fields of type
(1, 1): the identity operator 𝑰 and the operator 𝑲. In light of this fact and Lemma 3.2.1, the Lenard-
Magri chain in this context is defined as a family of tensor fields sharing the properties of these
distinguished operators, which constitute the core of the chain. The theory of these chains is a fun-
damental piece of the geometric approach to soliton hierarchies. They have been introduced to
construct integrals of motion in involution for infinite-dimensional Hamiltonian systems.

Definition 3.2.2. A Lenard-Magri chain of length 𝑝 on a Haantjes manifold of dimension 𝑛 is a
family of 𝑝 operator fields 𝑲𝑖 that includes 𝑲0 = 𝑰 and 𝑲1 = 𝑲, and meets the conditions

(i) It consists of a set of Haantjes operators:

H𝑲 𝑖 (𝑋 ,𝑌 ) = 0 , ∀ 𝑋 ,𝑌 ∈ 𝔛(𝑀) ; (3.22)

(ii) The elements of the chain pairwise commute:[
𝑲𝑖 , 𝑲 𝑗

]
= 0 , 𝑖, 𝑗 = 0, . . . , 𝑝 − 1 ; (3.23)

(iii) All of the first iterated 1-forms 𝑲𝑇
𝑖 𝜃 are closed:

d(𝑲𝑇
𝑖 𝜃) = 0 ; (3.24)

(iv) The 1-form 𝜃 annihilates the Nijenhuis torsion of every 𝑲𝑖 :

𝜃
(
𝜏𝑲 𝑖 (𝑋 ,𝑌 )

)
= 0 , ∀ 𝑋 ,𝑌 ∈ 𝔛(𝑀) . (3.25)
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The main difference regarding Lenard chains in bi-Hamiltonian systems is that, while the1-form
(𝑲𝑇 )2𝜃 is closed, it is not possible to connect an additional element to the chain because the 1-form
(𝑲𝑇 )3𝜃 is not necessarily closed. As a result, in Haantjes manifolds, Lenard-Magri chains break at
the third iteration. This set of three 1-forms (𝜃, 𝑲𝑇𝜃, (𝑲𝑇 )2𝜃) is referred to as the short Lenard
chain generated by 𝜃 and 𝑲. This can be represented schematically as follows:

𝜃 𝑲𝑇𝜃 (𝑲𝑇 )2𝜃𝑲𝑇 𝑲𝑇

A significant advantage of the Lenard-Magri chains, as defined, is that a chain of length 𝑝 involves
𝑝 operators 𝑲𝑖 . Thus, one can additionally consider the 1-forms obtained by applying two of these
operators, resulting in expressions of the form

𝜃𝑖 𝑗 = 𝑲𝑇
𝑖 𝑲

𝑇
𝑗 𝜃 . (3.26)

This family of forms is referred to as the square associated with the Lenard-Magri chain.

Proposition 3.2.1. [117] All the forms within this square are closed. Therefore, a Lenard-Magri
chain of length 𝑝 in a Haantjes manifold of dimension 𝑛 generates a square of 1

2
𝑝(𝑝 + 1) locally

exact 1-forms.

The most interesting situation arises when the chain length is equal to the manifold dimension
𝑀 . This scenario is connected to the WDVV equations [123] and the concept of the (dispersionless)
Hirota tau-function.

3.3 symplectic-haantjes manifolds

Inspired by Magri’s construction, in [185] the family of symplectic-Haantjes (or 𝜔ℋ) manifolds
was introduced. They are symplectic manifolds endowed with a compatible Haantjes algebra [184],
namely a set of Haantjes (1, 1)-tensor fields closed under linear 𝐶∞(𝑀)-combinations and prod-
ucts. In [93], a comparison between Magri’s Haantjes manifolds and𝜔ℋ manifolds has been made
by Kosmann-Schwarzbach.

We recall here the main properties of𝜔ℋ manifolds, which offer a natural theoretical framework
for the formulation of the theory of Hamiltonian integrable systems. Under suitable hypotheses,
given a Hamiltonian integrable system there exists an 𝜔ℋ manifold associated (as stated in the
Liouville-Haantjes (LH) theorem [185]). Many examples of these structures have been exhibited in
[192], [185], and [157]. The classical theory of SoV can also be formulated in the context of Haant-
jes geometry. The Jacobi-Haantjes theorem, stated in [157], establishes under mild hypotheses the
equivalence between the notions of total separability of a Hamiltonian system and the existence of
a semisimple, Abelian𝜔ℋ manifold of maximal rank. Indeed, in the semisimple case, there exists
a special class of canonical coordinates, the Darboux-Haantjes coordinates, which represent separa-
tion variables for the HJ equations and diagonalize simultaneously all the operators of the Haantjes
algebra associated with a totally separable model [157].
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We mention that a generalization of the notion of 𝜔ℋ manifolds is that of 𝑃ℋ manifolds, in-
troduced in [189], where 𝑃 is a Poisson bivector compatible with the Haantjes algebraℋ. When 𝑃
is invertible, a 𝑃ℋ structure reduces to a𝜔ℋ one.

3.3.1 Definition

Symplectic-Haantjes (or 𝜔ℋ) manifolds are symplectic manifolds endowed with an algebra of
Haantjes operators compatible with the symplectic form. Apart from their mathematical prop-
erties, these geometric structures are relevant because they provide a simple but sufficiently general
setting in which the theory of Hamiltonian integrable systems can be naturally formulated.

Definition 3.3.1. A symplectic-Haantjes (or 𝜔ℋ) manifold of class 𝑟 is a triple (𝑀 ,𝜔,ℋ) which
satisfies the following properties:

(i) (𝑀 ,𝜔) is a symplectic manifold of dimension 2𝑛;

(ii) ℋ is an Abelian Haantjes algebra of rank 𝑟 ;

(iii) (𝜔,ℋ) are algebraically compatible, that is

𝜔(𝑋 , 𝑲𝑌 ) = 𝜔(𝑲𝑋 ,𝑌 ) , ∀𝑲 ∈ ℋ , (3.27)

or equivalently
𝛀 𝑲 = 𝑲𝑇𝛀, ∀𝑲 ∈ ℋ , (3.28)

where 𝛀 := 𝜔♭ is the bundle isomorphism defined by Eq. (1.4).

If the identity operator 𝑰 belongs to ℋ, then we shall say that (𝑀 ,𝜔,ℋ) is an 𝜔ℋ manifold with
identity.

The commutativity condition in (𝑖𝑖) of the latter Definition is motivated by the following result.

Proposition 3.3.1 (Proposition 2, [160]). The set of (non-necessarily Haantjes) operators compatible
with the symplectic form 𝜔 is a𝐶∞(𝑀) module. Moreover, this module is an algebra if and only if
it is Abelian with respect to the product of operators.

Proof. The first statement follows immediately from the linearity of the compatibility condition
(3.28). Concerning the second one, we note that if 𝑲1, 𝑲2 are operators such that

𝛀𝑲1 = 𝑲𝑇
1𝛀 , 𝛀𝑲2 = 𝑲𝑇

2𝛀 , (3.29)

then
𝛀𝑲1𝑲2 = 𝑲𝑇

1𝛀𝑲2 = 𝑲𝑇
1𝑲

𝑇
2𝛀 = (𝑲2𝑲1)𝑇𝛀 . (3.30)

Thus, 𝑲1𝑲2 is compatible with the symplectic form𝜔 if and only if 𝑲1 and 𝑲2 commute. □
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As in the case of Haantjes algebras (see Sect. 2.4.1), we can also identify a natural and straight-
forward realization of Haantjes manifolds. Specifically, consider a local coordinate system 𝒙 =
(𝑥1, 𝑥2, . . . , 𝑥2𝑛), where the operators

𝑲𝛼 =
2𝑛∑︁
𝑖=1

𝜆
(𝛼)
𝑖

(𝒙) 𝜕

𝜕𝑥𝑖
⊗ d𝑥𝑖 , 𝛼 = 1, . . . , 𝑟 ,

generate a diagonal Haantjes algebra for any functions 𝜆 (𝛼)
𝑖

(𝒙) ∈ 𝐶∞(𝑀). By imposing the alge-
braic compatibility condition 3.28 on a Darboux chart 𝒙 = (𝑞1, . . . 𝑞𝑛, 𝑝1, . . . , 𝑝𝑛), we find that
the desired realization is provided by the operators

𝑲𝛼 =
𝑛∑︁
𝑖=1

𝑙
(𝛼)
𝑖

(𝒙)
( 𝜕

𝜕𝑞𝑖
⊗ d𝑞𝑖 + 𝜕

𝜕𝑝𝑖
⊗ d𝑝𝑖

)
, 𝛼 = 1, . . . , 𝑟 , (3.31)

where 𝑙 (𝛼)
𝑖

= 𝜆 (𝛼)
𝑖

(𝒙) = 𝜆 (𝛼)
𝑛+𝑖 (𝒙), 𝑖 = 1, . . . , 𝑛.

We present the following definition, which is especially relevant in light of Proposition 2.4.2.

Definition 3.3.2. An𝜔ℋ manifold (𝑀 ,𝜔,ℋ) is semisimple if ℋ is a semisimple Haantjes alge-
bra.

The compatibility of the Haantjes operators with the symplectic form within this framework has
significant consequences for their eigendistributions and spectral properties, as we will discuss be-
low.

Proposition 3.3.2 (Corollary 20, [185]). Given a 2𝑛-dimensional 𝜔ℋ manifold 𝑀 , every gener-
alized eigendistribution ker(𝑲 − 𝜆𝑖 𝑰)𝜌𝑖 , 𝜌𝑖 ∈ N, is of even rank. Therefore, the geometric and
algebraic multiplicities of each eigenvalue 𝜆𝑖 (𝒙) are even.

Let us consider the spectral decomposition of the tangent spaces of 𝑀 given by

𝑇𝒙𝑀 =
𝑠⊕

𝑖=1
D𝑖 (𝒙), D𝑖 (𝒙) := ker

(
𝑲 − 𝜆𝑖 𝑰

)𝜌𝑖 (𝒙), (3.32)

where 𝜌𝑖 is the Riesz index of the eigenvalue 𝜆𝑖 . Due to the latter Proposition, as rank D𝑖 ≥ 2, 𝑖 =
1, . . . 𝑠we conclude that the number of distinct eigenvalues of any Haantjes operator 𝑲 of an𝜔ℋ
manifold is not greater than 𝑛. In particular, if the number of distinct eigenvalues of an operator
𝑲 ∈ ℋ is exactly 𝑛, the operator will be said to be maximal. This is equivalent to require that the
minimal polynomial of 𝑲,𝑚𝑲 (𝒙,𝜆) =

∏𝑛
𝑖=1

(
𝜆 − 𝜆𝑖 (𝒙)

)𝜌𝑖 , has degree 𝑙 = 𝑛.
Several other interesting results can be stated in the 𝜔ℋ geometry. We shall assume that the

distributions D 𝑗 , E𝑖 , E◦
𝑖

have constant rank. Thus, they are integrable by virtue of the Haantjes
theorem and fulfill the properties summed up in the following
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Proposition 3.3.3. Given a semisimple𝜔ℋ manifold of class 𝑛, the eigen-distributions D 𝑗 of each
generator 𝑳 are integrable and of rank 2. Their integral leaves are two-dimensional symplectic sub-
manifolds of 𝑀 and are symplectically orthogonal to each other:

𝛀(D 𝑗) = E◦
𝑗 ⇔ D 𝑗 = 𝑷(E◦

𝑗 ) = E⊥
𝑗 , (3.33)

𝛀(E 𝑗) = D◦
𝑗 ⇔ E 𝑗 = 𝑷(D◦

𝑗 ) = D⊥
𝑗 , (3.34)

𝜔(D 𝑗 ,D 𝑗) = symplectic, (3.35)
𝜔(D 𝑗 ,D𝑘) = 0 𝑗 ≠ 𝑘 . (3.36)

Here E⊥
𝑗

and D⊥
𝑗

are the symplectic orthogonal distributions of E 𝑗 and D 𝑗 , respectively.

Proof. This result is a consequence of Propositions 23 and 24 of [185]. □

In general, given a (not necessarily semisimple)𝜔ℋ manifold, the distributionsD 𝑗 , 𝑗 = 1, . . . , 𝑠,
associated with each 𝑲 ∈ ℋ are integrable and have even rank. Furthermore, the integral leaves of
these distributions are symplectic submanifolds of 𝑀 and are symplectically orthogonal to each
other, namely𝜔(D 𝑗 ,D𝑘) = 0 for 𝑗 ≠ 𝑘 .

3.3.2 Haantjes chains

The notion of Haantjes chains, which generalizes that of Lenard-Magri chains [116, 121] has been
proposed in [185, 192]. In the forthcoming analysis, Haantjes chains will enable us to build a bridge
between the Haantjes geometry and the theory of integrable systems. Other generalizations have
also been proposed in the literature during the last decades [51, 52, 135, 136, 190].

Definition 3.3.3. Let (𝑀 ,ℋ) be a Haantjes algebra of rank 𝑟 . A smooth function𝐻 is said to gener-
ate a Haantjes chain of closed1-forms of length 𝑟 if there exists a distinguished basis { ~𝑲1, ~𝑲2, . . . , ~𝑲𝑟 }
of ℋ such that

d( ~𝑲𝑇
𝛼 d𝐻) = 0 , 𝛼 = 1, . . . , 𝑟 , (3.37)

where ~𝑲𝑇
𝛼:Ω1(𝑀) → Ω1(𝑀) is the transposed operator of ~𝑲𝛼. The (locally) exact 1-forms d𝐻𝛼 such

that
d𝐻𝛼 = ~𝑲𝑇

𝛼 d𝐻 , (3.38)

which are supposed to be linearly independent, are called the elements of the Haantjes chain of length
𝑟 generated by 𝐻. The functions 𝐻𝛼 ∈ 𝐶∞(𝑀) are said to be the potential functions of the chain.

Unlike Lenard and Lenard-Magri chains, which rely on iterating powers of a single operator,
Haantjes chains in symplectic-Haantjes manifolds are generated “nonlinearly”: a generator 1-form
d𝐻 produces all elements of the chain via a family of distinct operators { ~𝑲1, ~𝑲2, . . . , ~𝑲𝑟 }. A
schematic diagram illustrating these chains is shown below.
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d𝐻

d𝐻1

d𝐻2

d𝐻3

d𝐻𝑟

· · ·

~𝑲𝑇
1

~𝑲𝑇
2

~𝑲𝑇
3

~𝑲𝑇
𝑟

The importance of strings in𝜔ℋ manifolds is due to the fact that they play the role of Poisson
brackets in this framework, as the following result illustrates.

Lemma 3.3.1 (Lemma 32, [185]). Let (𝑀 ,𝜔,ℋ) be an Abelian𝜔ℋ manifold. Then, the potential
functions 𝐻𝛼, whose differentials belong to the Haantjes chain generated by a single function 𝐻, are
in involution among each other and with 𝐻, w.r.t. the Poisson bracket defined by the Poisson operator
𝑷 = 𝛀−1.

In order to enquire about the existence of Haantjes chains for an assigned Haantjes algebra, we have
to consider the codistribution, of rank 𝑟 ≤ 𝑘 , generated by a given function𝐻 via an arbitrary basis
{𝑲1, 𝑲2, . . . , 𝑲𝑘} of ℋ, i.e.

D◦
𝐻
:= span {𝑲𝑇

1d𝐻, 𝑲
𝑇
2d𝐻, . . . , 𝑲

𝑇
𝑘 d𝐻} , (3.39)

and the distribution D𝐻 of the vector fields annihilated by them, which has rank 𝑛 − 𝑟 . Note that
such distributions do not depend on the particular choice of the basis of ℋ. The following theo-
rems offer a geometric characterization of the existence of a Haantjes chain generated by a smooth
function 𝐻 in terms of the Frobenius integrability of its associated codistribution.

Theorem 3.3.1 (Theorem 16, [185]). Let (𝑀 ,ℋ) be a Haantjes algebra of rank 𝑟 , and 𝐻 a smooth
function on 𝑀 . Let D◦

𝐻
be the codistribution (3.39), assumed of rank 𝑟 (independent on 𝒙), and let

D𝐻 be the distribution of the vector fields annihilated by the 1-forms of D◦
𝐻

. Then, the function 𝐻
generates a Haantjes chain (3.37) if and only if D◦

𝐻
(or equivalently D𝐻 ) is Frobenius-integrable.

The following result clarifies the compatibility between a given𝜔ℋ manifold and a set of func-
tions in involution.

Theorem 3.3.2 (Theorem 35, [185]). Let (𝑀 ,𝜔,ℋ) be a 2𝑛-dimensional 𝜔ℋ Abelian manifold
of class 𝑟 . Let (𝐻1,𝐻2, . . . ,𝐻𝑟 ) be 𝑟 independent functions in involution and D◦ = span {d𝐻1,
d𝐻2, . . . , d𝐻𝑟 }. The differentials (d𝐻1, d𝐻2, . . . , d𝐻𝑟 ) form a Haantjes chain generated by a smooth
function 𝐻 in involution with them if and only if 𝐻 satisfies the condition

D◦
𝐻 = D◦. (3.40)
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In addition, the subsequent theorem characterises the Hamiltonian functions that generate Haan-
tjes chains.

Theorem 3.3.3 (Theorem 3, [160]). Let (𝐻1,𝐻2, . . . ,𝐻𝑟 ) be 𝑟 independent functions in involution
and D◦ = span {d𝐻1, d𝐻2, . . . , d𝐻𝑟 }. The set (𝐻1,𝐻2, . . . ,𝐻𝑟 ) are the potential functions of
a Haantjes chain formed by (d𝐻1, d𝐻2, . . . , d𝐻𝑟 ) if and only if, for all 𝑲 ∈ ℋ, the following
invariance condition holds

𝑲𝑇 (D◦) ⊆ D◦. (3.41)

Proof. Let𝐻 be functionally dependent on (𝐻1, . . . ,𝐻𝑟 ). Then d𝐻 ∈ D◦, and𝐻 is in involution
with (𝐻1, . . . ,𝐻𝑟 ). Moreover, for each 𝑲 ∈ ℋ we have

𝑲𝑇d𝐻 = 𝑲𝑇

( 𝑟∑︁
𝑖=1

𝑓𝑖 d𝐻𝑖

)
=

𝑟∑︁
𝑖=1

𝑓𝑖 𝑲
𝑇d𝐻𝑖 . (3.42)

If the invariance condition (3.41) is fulfilled, then D◦
𝐻

⊆ D◦; in particular, having the same rank
by assumption, the two distributions coincide. Thus, we deduce that condition (3.40) is satisfied.
Conversely, if condition (3.40) is satisfied, then 𝑲𝑇d𝐻 is a linear combination of (d𝐻1, . . . , d𝐻𝑟 ).
Thus, since d𝐻 ∈ D◦, we conclude that the invariance condition (3.41) is fulfilled. □

From Theorems 3.3.2 and 3.3.3, we deduce the following

Corollary 3.3.1 (Corollary 1, [160]). A function 𝐻 generates a Haantjes chain only if it satisfies the
invariance condition

𝑲𝑇 (D◦
𝐻) ⊆ D◦

𝐻 , ∀𝑲 ∈ ℋ. (3.43)

3.3.3 Darboux-Haantjes coordinates

In analogy to the Darboux-Nijenhuis coordinates–which simultaneously trivialize a symplectic
structure into canonical form and diagonalize (or block-diagonalize) a Nijenhuis operator–one may
define Darboux-Haantjes coordinates in symplectic-Haantjes manifolds.

Definition 3.3.4. Given an 𝜔ℋ manifold, the local coordinates where all Haantjes operators take
simultaneously a block-diagonal form and the symplectic form takes the Darboux form are called
Darboux-Haantjes (DH) coordinates.

The existence of DH coordinates for Haantjes manifolds–a central element of this work–directly
follows from the theoretical framework developed in [160]. In fact, Proposition 2.4.1 guarantees
their existence, as demonstrated by the reasoning presented in that article. Precisely, the fact that
all the operators considered are Haantjes operators ensures that there exist coordinates allowing
for a simultaneous block-diagonalization. Notice that all eigendistributions V𝑎 (𝒙) are integrable,
as they are intersections of integrable distributions (see (2.53)). Moreover, they are of even rank, as
stated in 3.3.2. If they are also pairwise integrable, then the block-diagonalization can be realized
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with finer blocks. By definition, the operators are also algebraically compatible with the symplectic
form. As each of these blocks is invariant, we can restrict the symplectic form on them. Then, over
the leaves of each distributionV𝑎, one can find Darboux coordinates for the corresponding restric-
tion of the symplectic form, which is still symplectic. This is due to the fact that the distributions
are integrable and of even rank, so their integral leaves are symplectic submanifolds and are symplec-
tically orthogonal to each other (Proposition 3.3.3). Therefore, one can collect such coordinates to
obtain a local chart in 𝑀 of the form

(𝒒1, 𝒑1, . . . , 𝒒𝑣 , 𝒑𝑣) , (3.44)

where the subsets

(𝒒1, 𝒑1) = (𝑞1,1, . . . , 𝑞1,𝜎1 , 𝑝1,1, . . . , 𝑝1,𝜎1) ,
. . . ,

(𝒒𝑣 , 𝒑𝑣) = (𝑞𝑣,1, . . . , 𝑞𝑣,𝜎𝑣 , 𝑝𝑣,1, . . . , 𝑝𝑣,𝜎𝑣 ) ,

are adapted to the decomposition (2.54). In this chart, the symplectic form 𝜔 takes the Darboux
form

𝜔 =
𝑣∑︁

𝑎=1

𝜎𝑎∑︁
𝑖𝑎=1

d𝑞𝑎,𝑖𝑎 ∧ d𝑝𝑎,𝑖𝑎 , (3.45)

being
𝜎𝑎 :=

1

2
rank (V𝑎) .

Also, as a consequence of Proposition 2.4.1, each Haantjes operator 𝑲 ∈ ℋ possesses a block-
diagonal form. Then, in the chart (3.44) the operators 𝑲𝛼 ∈ ℋ can be written as

𝑲𝛼 =
𝑣∑︁

𝑎=1

𝜎𝑎∑︁
𝑗𝑎 ,𝑘𝑎=1

( (
𝑨(𝛼)
𝑎 (𝒒, 𝒑)

)𝑎, 𝑗𝑎
𝑎,𝑘𝑎

(
𝜕

𝜕𝑞𝑎, 𝑗𝑎
⊗ d𝑞𝑎,𝑘𝑎

)
+

(
𝑫 (𝛼)

𝑎 (𝒒, 𝒑)
)𝑎, 𝑗𝑎
𝑎,𝑘𝑎

(
𝜕

𝜕𝑝𝑎, 𝑗𝑎
⊗ d𝑝𝑎,𝑘𝑎

)
+

(
𝑩 (𝛼)
𝑎 (𝒒, 𝒑)

)𝑎, 𝑗𝑎
𝑎,𝑘𝑎

(
𝜕

𝜕𝑞𝑎, 𝑗𝑎
⊗ d𝑝𝑎,𝑘𝑎

)
+

(
𝑪 (𝛼)

𝑎 (𝒒, 𝒑)
)𝑎, 𝑗𝑎
𝑎,𝑘𝑎

(
𝜕

𝜕𝑝𝑎, 𝑗𝑎
⊗ d𝑞𝑎,𝑘𝑎

) )
, (3.46)

where the blocks 𝑨(𝛼)
𝑎 , 𝑩 (𝛼)

𝑎 ,𝑪 (𝛼)
𝑎 , 𝑫 (𝛼)

𝑎 are𝜎𝑎 ×𝜎𝑎 matrix-valued functions suitably chosen in
order for 𝑲𝛼 to have a vanishing Haantjes torsion. Due to the compatibility condition (3.28), the
relations

(𝑫 (𝛼)
𝑎 )𝑇 = 𝑨(𝛼)

𝑎 , 𝑩 (𝛼)
𝑎 + (𝑩 (𝛼)

𝑎 )𝑇 = 0 ,

𝑪 (𝛼)
𝑎 + (𝑪 (𝛼)

𝑎 )𝑇 = 0 , 𝛼 = 1, . . . , 𝑟 ,
(3.47)

must also be satisfied. Moreover, as the Haantjes algebraℋ is Abelian, the abovementioned blocks
have to satisfy the further conditions

[𝑨(𝛼)
𝑎 , 𝑨(𝛽)

𝑎 ] + 𝑩 (𝛼)
𝑎 𝑪 (𝛽)

𝑎 − 𝑩 (𝛽)
𝑎 𝑪 (𝛼)

𝑎 = 0 , (3.48)
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𝑨(𝛼)
𝑎 𝑩 (𝛽)

𝑎 − 𝑨(𝛽)
𝑎 𝑩 (𝛼)

𝑎 + 𝑩 (𝛼)
𝑎 (𝑨(𝛽)

𝑎 )𝑇 − 𝑩 (𝛽)
𝑎 (𝑨(𝛼)

𝑎 )𝑇 = 0 , (3.49)

𝑪 (𝛼)
𝑎 𝑨(𝛽)

𝑎 −𝑪 (𝛽)
𝑎 𝑨(𝛼)

𝑎 + (𝑨(𝛼)
𝑎 )𝑇𝑪 (𝛽)

𝑎 − (𝑨(𝛽)
𝑎 )𝑇𝑪 (𝛼)

𝑎 = 0 . (3.50)

Combining the conditions (3.47) with Eqs. (3.49) and (3.50), we deduce a useful result.

Lemma 3.3.2. The operators

𝑨(𝛼)
𝑎 𝑩 (𝛽)

𝑎 − 𝑨(𝛽)
𝑎 𝑩 (𝛼)

𝑎 , 𝑪 (𝛼)
𝑎 𝑨(𝛽)

𝑎 −𝑪 (𝛽)
𝑎 𝑨(𝛼)

𝑎 (3.51)

are skew-symmetric.

In particular, if the Haantjes algebraℋ is semisimple, the blocks 𝑩 (𝛼)
𝑎 and𝑪 (𝛼)

𝑎 vanish, whereas
the blocks 𝑨(𝛼)

𝑎 take the form 𝑨(𝛼)
𝑎 = 𝜆 (𝛼)𝑎 𝑰𝜎𝑎 , where 𝜆 (𝛼)𝑎 are the eigenvalues of 𝑲𝛼.

Corollary 3.3.2. [157] Given a semisimple Abelian𝜔ℋ manifold (𝑀 ,𝜔,ℋ), on a set of Darboux–
Haantjes coordinates each 𝑲 ∈ ℋ takes the diagonal form (3.31).

3.3.4 𝜔𝑁 and𝜔ℋ manifolds

An interesting family of 𝜔ℋ manifolds endowed with a unigenerated Haantjes algebra is repre-
sented by 𝜔𝑁 manifolds [122, 125]. In that context, unigenerated Haantjes chains convert into Ni-
jenhuis chains, as in [51], or generalized Lenard chains as in [183, 191]. In the following, we shall
discuss the relation between these two geometric structures. Precisely, we shall prove that in the
Abelian, semisimple case, there is a one-to-one correspondence between𝜔ℋ manifolds and equiv-
alence classes of 𝜔𝑁 manifolds. This correspondence does not hold in the more general, non-
semisimple case.

Let us recall that an𝜔𝑁 manifold (𝑀 ,𝜔, 𝑵) is a symplectic manifold endowed with a Nijenhuis
operator 𝑵 compatible with𝜔, that is

𝛀𝑵 = 𝑵𝑇𝛀 , (3.52)
d(𝛀𝑵) = 0 , (3.53)

where 𝛀:𝔛(𝑀) → Ω1(𝑀) is the linear map defined by 𝛀 := 𝜔♭. Condition (3.52) is equivalent
to the fact that the composed linear map 𝛀𝑵 is again skew-symmetric, therefore the tensor field
𝜔1 induced by the linear map𝜔♭

1
:= 𝛀𝑵, is a 2-form. Thus, we can compute its exterior derivative,

which is imposed to vanish by condition (3.53).
First, let us consider an𝜔𝑁manifold, and assume that its Nijenhuis operator 𝑵 admits a minimal

polynomial of degree 𝑙. Then, the manifold 𝑀 carries an associated unigenerated Haantjes algebra,
and the resulting𝜔ℋ structure is given by

(𝑀 ,𝜔, 𝑲1 = 𝑰, 𝑲2 = 𝑵, . . . , , 𝑲𝑙 = 𝑵𝑙−1) , (3.54)
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with a Haantjes algebra of rank 𝑙 ≤ dim(𝑀). In fact, each Nijenhuis operator 𝑵 is also a Haan-
tjes operator; therefore, it generates the unigenerated Haantjes algebra ℒ(𝑵). Furthermore, the
algebraic compatibility condition (3.52) assures that for all Haantjes operators

𝑲 = 𝑝𝑲 (𝒙, 𝑵) =
𝑙−1∑︁
𝑖=0

𝑎𝑖 (𝒙) 𝑵𝑖 , (3.55)

condition (iii) of Definition 3.3.1 is fulfilled.

Conversely, let us construct an 𝜔𝑁 structure starting from an Abelian, semisimple 𝜔ℋ man-
ifold. As a consequence of Propositions 37 and 38 in [185], Abelian semisimple Haantjes algebras
are always unigenerated ones. Besides, their generator can be chosen to be a Nijenhuis operator. In
this case, DH coordinates coincide with DN coordinates and one can take, as usual in the𝜔𝑁 the-
ory, the eigenvalue fields (𝑙1, . . . 𝑙𝑛) of the Nijenhuis generator of the Haantjes algebra, assumed
to be functionally independent, as half of the set of DH coordinates. Regarding the other half, we
propose in Sec. 3.3.6 a simple method for computing them, based on the analysis developed in [185]
about the characteristic web of a𝜔ℋ manifold.

Let us recall that the spectral decomposition of the tangent spaces associated to a Haantjes gen-
erator 𝑳 of a semisimple Abelian Haantjes algebra is given by

𝑇𝒙𝑀 =
𝑛⊕
𝑖=1

D𝑖 (𝒙) = D𝑖 (𝒙) ⊕ E𝑖 (𝒙) (3.56)

where

D𝑖 = ker (𝑳 − 𝜆𝑖 𝑰) , E𝑖 = Im (𝑳 − 𝜆𝑖 𝑰) =
𝑛⊕

𝑗=1, 𝑗≠𝑖
D 𝑗 , 𝑖 = 1, . . . , 𝑛 . (3.57)

Correspondingly,
E◦
𝑖 = ker

(
𝑳𝑇 − 𝜆𝑖 𝑰

)
(3.58)

and the cotangent spaces decompose as

𝑇∗
𝒙𝑀 =

𝑛⊕
𝑖=1

E◦
𝑖 (𝒙) . (3.59)

The ranks of the eigendistributions D𝑖 , of the characteristic distributions E𝑖 and of the annhilators
E◦
𝑖

, 𝑖 = 1, . . . , 𝑛 are 2, 2𝑛 − 2, 2, respectively .
As a further step, we can prove that given an Abelian semisimple𝜔ℋ manifold of class 𝑛, there

exists an 𝜔𝑁 manifold associated. To this aim, for the sake of clarity, we specialize Proposition 38,
proved in [185], to the case 𝑙 = 𝑛.
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Proposition 3.3.4. Let (𝑀 ,𝜔,ℋ) be an Abelian 2𝑛-dimensional semisimple 𝜔ℋ manifold of
class 𝑛. Let us consider the spectral decomposition (3.56) and a DH chart {𝑈, (𝑞𝑖 , 𝑝𝑖)}, 𝑖 = 1, . . . , 𝑛,
adapted to the decomposition (3.56), namely

D𝑖 =
〈
𝜕

𝜕𝑞𝑖
,
𝜕

𝜕𝑝𝑖

〉
. (3.60)

Then, each operator defined by

𝑳 =
𝑛∑︁
𝑖=1

𝑙𝑖 (𝒒, 𝒑)
(
𝜕

𝜕𝑞𝑖
⊗ d𝑞𝑖 + 𝜕

𝜕𝑝𝑖
⊗ d𝑝𝑖

)
(3.61)

is a generator ofℋ, provided that {𝑙1(𝒒, 𝒑), . . . , 𝑙𝑛 (𝒒, 𝒑)} are arbitrary, pointwise distinct smooth
functions. Therefore, every operator 𝑲 ∈ ℋ can be written in the form

𝑲 = 𝑝𝑲 (𝒙, 𝑳) =
𝑛∑︁
𝑖=1

𝜆𝑖
Π 𝑗≠𝑖 (𝑳 − 𝑙 𝑗 𝑰)
Π 𝑗≠𝑖 (𝑙𝑖 − 𝑙 𝑗)

, (3.62)

where 𝜆𝑖 = 𝜆𝑖 (𝒒, 𝒑) are the eigenvalue fields of 𝑲. In particular, if

𝑙𝑖 (𝒒, 𝒑) = 𝑙𝑖 (𝑞𝑖 , 𝑝𝑖) 𝑖 = 1, . . . , 𝑛 , (3.63)

each generator 𝑳 is a Nijenhuis operator. Each of these operators endows the manifold M with an𝜔𝑁
structure, for which the DH chart {𝑈, (𝑞𝑖 , 𝑝𝑖)}, 𝑖 = 1, . . . , 𝑛 is a DN chart.

Proof. The first part of the Theorem has been proved in [185].
Let us prove now that both conditions (3.52) and (3.53) are fulfilled by a Nijenhuis generator, that

is a generator (3.61) of the algebra ℋ which satisfies condition (3.63). We denote such Nijenhuis
generator by 𝑵. Condition (3.52) is satisfied as 𝑵 takes a diagonal form in the DH coordinates
(𝒒, 𝒑). Concerning condition (3.53), it suffices to observe that in any set of DH coordinates, the
2-form 𝛀𝑵 takes the local expression

𝛀𝑵 =
𝑛∑︁
𝑖=1

𝑙𝑖 (𝑞𝑖 , 𝑝𝑖) d𝑝𝑖 ∧ d𝑞𝑖 . (3.64)

Therefore, its exterior derivative vanishes, as can be computed by means of a direct calculation. □

We can now make precise the meaning of the correspondence between𝜔ℋ manifolds and equiv-
alence classes of𝜔𝑁 manifolds.

Given a semisimple 𝜔ℋ manifold, it admits infinitely many Nijenhuis generators. However,
they are all related. Indeed, the corresponding 𝜔𝑁 structures, although a priori different, possess
common DN coordinates which in turn are also DH coordinates for the algebra 𝜔ℋ. We shall
say that two semisimple 𝜔𝑁 structures are equivalent if they possess common DN coordinates.
It is easy to show that this property defines an equivalence relation of 𝜔𝑁 manifolds. Thus, given
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an 𝜔ℋ manifold, there exists associated an equivalence class of 𝜔𝑁 manifolds. The vice versa is
obvious, since all Nijenhuis operators of the class by construction generate the same𝜔ℋ structure,
which is endowed with a unigenerated Haantjes algebra.

More generally, given an equivalence class of Abelian, semisimple 𝜔𝑁 manifolds, one can asso-
ciate a unique 𝜔ℋ manifold. Indeed, the powers of the Nijenhuis operators of the class all diag-
onalize in the same DN chart. Therefore, from the 𝐶∞(𝑀) modules generated by them one can
define an algebra of diagonal Haantjes operators compatible with 𝜔, i.e., an 𝜔ℋ manifold. Obvi-
ously, the DN chart is a DH chart for the𝜔ℋ manifold.

From an applicative point of view, the𝜔ℋ structures represent a very flexible tool, which can be
used either to construct in a consistent way separating coordinates, or to enhance the applicability of
Nijenhuis geometry. In this regard, we have clarified the relationship between 𝜔ℋ and 𝜔𝑁 struc-
tures. The approach à la Nijenhuis represents an important theoretical framework, allowing for
the construction of separating variables via the eigenvalues of a suitable semisimple Nijenhuis op-
erator associated with a given integrable system [52]. The Haantjes geometry can complement and
integrate, for practical purposes, the Nijenhuis approach. Indeed, a semisimple Haantjes algebra
always admits a Haantjes generator; in addition, such a generator can be chosen to be a Nijenhuis
one. Therefore, a possible strategy for finding separating variables is the following: given a Hamil-
tonian system, first we can construct in a natural way a 𝜔ℋ manifold by solving the equations of
its Haantjes chains (without the need for generalized ones, as is often necessary in Nijenhuis geom-
etry [183]). Then, assuming that the algebra ℋ is semisimple and Abelian, we can always select in
ℋ a Nijenhuis generator, providing us with separating variables (the so called Darboux-Nijenhuis
(DN) coordinates). In the multiseparable case, this procedure can be repeated for all the structures
allowed by the considered system.

We mention that finding a Nijenhuis operator without the help of the 𝜔ℋ structure can be
computationally cumbersome. Usually, one tries to construct Nijenhuis operators as reductions of
bi-Hamiltonian structures associated with systems defined in a higher-dimensional space. Another
possibility is to generate𝜔𝑁 structures as Yano liftings of Nijenhuis operators defined in the config-
uration space. However, these procedures are not generally applicable: only in some cases one can
determine a system (easily tractable within the Nijenhuis approach), that by reduction gives the
original system under study (and consequently, its 𝜔𝑁 structure). Also, there are systems, as the
Drach-Holt and the Post-Winternitz ones, whose Nijenhuis structure is not obtainable as a Yano
complete lift.

Nevertheless, as shown in this thesis (and in many examples of [185, 192]), for determining an𝜔ℋ
structure a direct, computationally affordable procedure is available, since the differential equations
for the Haantjes chains are in general quite manageable.

In short, given an integrable Hamiltonian system, separating coordinates can be found in two
different ways: as DH coordinates associated with its 𝜔ℋ semisimple structures or, equivalently,
via the eigenvalues of the Nijenhuis operator generating the same𝜔ℋ structures (DN coordinates).

Interestingly enough, 𝜔ℋ manifolds appear to be a quite ubiquitous geometric structure in
the class of superintegrable systems: indeed, they exist also in cases where orthogonal separating
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variables are not allowed in𝑇∗𝑄 and are realized by non-semisimple Haantjes operators. This is the
case for the anisotropic oscillator described above, and for the Post-Winternitz system [152], which
admits two Abelian algebras of non-semisimple Haantjes operators.

3.3.5 Haantjes and𝜔ℋ manifolds

The symplectic-Haantjes and Magri’s Haantjes formulations provide two complementary geomet-
ric approaches to integrability that both employ the Haantjes condition, yet they do so through
fundamentally different methodologies. In the 𝜔ℋ framework, the Haantjes algebra becomes in-
trinsically linked to the symplectic structure by means of the compatibility condition (3.28), which
ensures that the operators respect the Hamiltonian phase space geometry. In this context, the spec-
tral data of the Haantjes operators play a direct role in unraveling the system’s integrability, with
eigenvalues corresponding to action variables and the associated eigendistributions generating La-
grangian foliations. This construction is particularly effective for Hamiltonian systems, as the sym-
plectic structure enables the systematic construction of DH coordinates and establishes direct con-
nections to the Liouville-Arnold theorem.

Magri’s formulation, on the other hand, positions the Haantjes formalism as an algebraic gener-
alization of bi-Hamiltonian theory. Its key innovation lies in relaxing the Nijenhuis condition while
preserving the torsionless Haantjes property. In this approach, the interaction between a 1-form 𝜃

and an operator 𝑲 is governed by the conditions 𝜃 (𝜏𝑲 ) = 0 and 𝑑 (𝑲𝑇𝜃) = 0. These constraints
establish a self-consistent algebraic framework that enables the generation of integrals of motion
through truncated Lenard-Magri chains.

The geometric commitments of these approaches differ significantly. While the𝜔ℋ theory em-
beds integrability rigorously within Hamiltonian mechanics by explicitly encoding phase space ge-
ometry, Magri’s framework develops abstract algebraic machinery that applies to broader classes
of recursive systems. The symplectic approach offers direct computational advantages for classical
integrable systems through its explicit spectral correspondence, whereas the algebraic formulation
provides deeper insights into structural singularities and recursive properties independent of spe-
cific geometric constraints. For a more detailed discussion, refer [93].

3.3.6 A procedure to construct DH coordinates

We can diagonalize algebras of semisimple Haantjes operators by constructing suitable coordinate
charts. To this aim, we propose the following procedure [99, 159, 184, 185].

1) Given an algebraℋ, determine the non-trivial intersections V𝑎 of the eigendistributions of
its operators (joint eigendistributions).

2) For each of the annihilators (V𝑎)◦, construct a basis of closed 1-forms.
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3) Find the characteristic coordinates by integrating them and imposing the canonical commu-
tation relations.

The coordinate chart so determined represents a set of DH coordinates for the Haantjes operators
ofℋ, namely, they simultaneously diagonalize all the operators ofℋ and are Darboux coordinates
for the (compatible) symplectic form.

The step 3) is not always easy to accomplish, so we wish to recall the strategy for the explicit construc-
tion of families of DH coordinates introduced in [157]. Under the same assumptions of Proposition
3.3.3, DH coordinates can be determined as pairs of characteristic functions of the Haantjes web
of the generator 𝑳, namely functions (𝑥𝑖 , 𝑦𝑖) which are constant on the characteristic eigendistri-
butions E𝑖 . These functions are the same as the potential functions of the exact eigen-forms of 𝑳𝑇

(due to Eq. (3.58)). Also, they fulfill the involution relations

{𝑥𝑖 , 𝑥 𝑗} = 0 , {𝑦𝑖 , 𝑦 𝑗} = 0 , 𝑖 = 1, . . . , 𝑛 , (3.65)
{𝑥𝑖 , 𝑦 𝑗} = 0 , 𝑖 ≠ 𝑗 = 1, . . . , 𝑛 (3.66)

as a consequence of properties (3.33) and (3.36). Therefore, our problem is to find pairs of charac-
teristic functions (𝑥𝑖 , 𝑦𝑖) that, in addition, are canonically conjugated:

{𝑥𝑖 , 𝑦𝑖} = 1 , 𝑖 = 1, . . . , 𝑛 .

They represent Darboux coordinates for each of bidimensional symplectic distributions E◦
𝑖

. We
present now an effective procedure for the determination of these coordinates, which can be summed
up in the following steps.

1) We determine a basis of 1-forms {𝛾𝑖 , 𝛿𝑖} for the characteristic co-distributions E◦
𝑖

of the
Haantjes generator 𝑳.

2) For each 𝑖 = 1, . . . , 𝑛, we search for an exact 1-form 𝛼𝑖 = d𝑥𝑖 ∈ E◦
𝑖

, by representing it as

𝛼𝑖 = 𝑓𝑖 𝛾𝑖 + 𝑔𝑖 𝛿𝑖 , (3.67)

and requiring that d𝛼𝑖 = 0. This step can be managed with a suitable ansatz about the form
of the two integrating factors 𝑓𝑖 and 𝑔𝑖 .

3) We find the potential function 𝑥𝑖 of the exact 1-form 𝛼𝑖 . The potential functions so deter-
mined are automatically in involution w.r.t. the Poisson bracket induced by𝜔.

4) We search for another exact 1-form 𝛽𝑖 = d𝑦𝑖 ∈ E◦
𝑖

, linearly independent of d𝑥𝑖 . To this aim,
we can represent 𝛽𝑖 as

𝛽𝑖 = ℎ𝑖 d𝑥𝑖 + 𝑟𝑖 𝛾𝑖 , (3.68)

where we have assumed, without loss of generality, that 𝛾𝑖 ∈ E◦
𝑖

is linearly independent of
d𝑥𝑖 .
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5) By requiring that the potential function 𝑦𝑖 is canonically conjugated with 𝑥𝑖 , that is

1 = {𝑥𝑖 , 𝑦𝑖} = ⟨d𝑥𝑖 , 𝑷 d𝑦𝑖⟩ = ℎ𝑖������⟨d𝑥𝑖 , 𝑷 d𝑥𝑖⟩ + 𝑟𝑖 ⟨d𝑥𝑖 , 𝑷 𝛾𝑖⟩ ,

we get the normalizing factor
𝑟𝑖 =

1

⟨d𝑥𝑖 , 𝑷𝛾𝑖⟩
.

6) Substituting 𝑟𝑖 into Eq. (3.68) and imposing that the 1-form 𝛽𝑖 is a closed 1-form, we find
the last normalizing factor ℎ𝑖 .

7) Finally, we find the potential function 𝑦𝑖 of the exact 1-form 𝛽𝑖 .

The previous task is much easier if one already knows half of the DH coordinates, say {𝑥𝑖}1≤𝑖≤𝑛.
In this case, one skips the second and third step of the previous procedure. For instance, this occurs
if one has a Haantjes generator 𝑳 which is also Nijenhuis operator. In fact, in this case, the eigenval-
ues fields of 𝑳 are just characteristic functions of the Haantjes web. Then, once the eigenvalues of 𝑳
have been computed by algebraic methods, the conjugated momenta {𝑦𝑖}1≤𝑖≤𝑛 can be determined
by means of the steps 1), 4), 5), 6), 7). We shall apply this shorter procedure in Section 3.5.

3.4 complete integrability and separation of variables in 𝜔ℋ mani-
folds

3.4.1 Haantjes theorem for integrable systems

A central feature of the theory of 𝜔ℋ manifolds is its ability to reinterpret Liouville-Arnold inte-
grability within this framework.

Theorem 3.4.1 (Liouville-Haantjes, [185]). Let 𝑀 be a 2𝑛-dimensional Abelian 𝜔ℋ manifold of
class𝑛 and (𝐻1,𝐻2, . . . ,𝐻𝑛) be smooth potential functions whose differentials belong to the Haantjes
chain generated by a single function𝐻. Then, the foliation generated by these functions is Lagrangian.
Consequently, each Hamiltonian function 𝐻 and 𝐻𝛼, 1 ≤ 𝛼 ≤ 𝑛, is integrable by quadratures.

Conversely, consider a completely integrable system with 𝑛 degrees of freedom, defined by a Hamil-
tonian𝐻 and a set of 𝑛 integrals of motion (𝐻1,𝐻2, . . . ,𝐻𝑛), in involution and independent among
each other. Let {𝜙𝑘 , 𝐽𝑘}, 𝑘 = 1, 2, . . . , 𝑛, denote a set of action-angle variables, with associated fre-
quencies 𝜈𝑘 (𝑱) = 𝜕𝐻

𝜕𝐽𝑘
. If 𝐻 is non-degenerate (see Definition 1.2.1), then 𝑀 admits, in a tubular

neighbourhood of an Arnold torus, a semisimple 𝜔ℋ structure whose Haantjes algebra is generated
by the operators

𝑲𝛼 =
𝑛∑︁
𝑖=1

𝜈
(𝛼)
𝑖

(𝑱)
𝜈𝑖 (𝑱)

(
𝜕

𝜕𝜙𝑖
⊗ d𝜙𝑖 + 𝜕

𝜕𝐽𝑖
⊗ d𝐽𝑖

)
, 𝛼 = 1, 2, . . . , 𝑛 , (3.69)

where 𝜈 (𝛼)
𝑖

(𝑱) := 𝜕𝐻𝛼
𝜕𝐽𝑖

are the frequencies of the 𝛼th linear flow.
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From the preceding result, a natural relationship emerges between action-angle variables and DH
coordinates within Haantjes geometry.

Proposition 3.4.1 (Proposition 40, [185]). Every set of action-angle variables for a completely inte-
grable system is a set of DH coordinates on the 𝜔ℋ manifold defined by the symplectic form 𝜔 and
the Haantjes algebra generated by the operators (3.69).

3.4.2 Separation of variables in𝜔ℋ manifolds

The next theorem represents our main result concerning the existence of separation variables in the
theory of𝜔ℋ manifolds.

Theorem 3.4.2 (Jacobi-Haantjes, [157]). Let 𝑀 be an Abelian semisimple𝜔ℋ manifold of class 𝑛
and (𝐻1,𝐻2, . . . ,𝐻𝑛) be a set of smooth potential functions belonging to a Haantjes chain generated
by a function 𝐻 ∈ 𝐶∞(𝑀) via the basis of operators {𝑲1, . . . , 𝑲𝑛} ∈ ℋ. Then, each set (𝒒, 𝒑) of
DH coordinates provides us with separation variables for the HJ equation associated with each function
𝐻 𝑗 .

Conversely, if 𝑀 is a symplectic manifold and (𝐻1,𝐻2, . . . ,𝐻𝑛) are 𝑛 independent, smooth func-
tions separable in a set of Darboux coordinates (𝒒, 𝒑), then they belong to the Haantjes chain generated
by the operators

𝑲𝛼 =
𝑛∑︁
𝑖=1

𝜕𝐻𝛼
𝜕𝑝𝑖

𝜕𝐻
𝜕𝑝𝑖

(
𝜕

𝜕𝑞𝑖
⊗ d𝑞𝑖 + 𝜕

𝜕𝑝𝑖
⊗ d𝑝𝑖

)
, 𝛼 = 1, . . . , 𝑛 , (3.70)

where 𝐻 is any of the functions (𝐻1, . . . ,𝐻𝑛), with 𝜕𝐻
𝜕𝑝𝑖

≠ 0 , 𝑖 = 1, . . . , 𝑛. These operators generate
a semisimple𝜔ℋ structure on 𝑀 .

Proof. Theorem 28 of [185] guarantees the existence of sets of DH coordinates for a semisimple𝜔ℋ
manifold. Therefore, it suffices to show that the functions 𝐻 𝑗 in such coordinates are in separable
involution, according to Eq. (1.54). To this aim, let us note that, due to the diagonal form of 𝑲𝑇

𝛼 in
a DH local chart, the relations

𝜕𝐻 𝑗

𝜕𝑞𝑘
= 𝜆 ( 𝑗 )

𝑘

𝜕𝐻

𝜕𝑞𝑘
, 𝑗 , 𝑘 = 1, . . . , 𝑛 , (3.71)

𝜕𝐻 𝑗

𝜕𝑝𝑘
= 𝜆 ( 𝑗 )

𝑘

𝜕𝐻

𝜕𝑝𝑘
, 𝑗 , 𝑘 = 1, . . . , 𝑛 , (3.72)

hold. Here 𝜆 ( 𝑗 )
𝑘

denotes the eigenvalues of the Haantjes operator 𝑲𝑇
𝑗 . Therefore,

{𝐻𝑖 ,𝐻 𝑗} |𝑘 = 𝜆 (𝑖)
𝑘

𝜕𝐻

𝜕𝑞𝑘
𝜆
( 𝑗 )
𝑘

𝜕𝐻

𝜕𝑝𝑘
− 𝜆 ( 𝑗 )

𝑘

𝜕𝐻

𝜕𝑞𝑘
𝜆
(𝑖)
𝑘

𝜕𝐻

𝜕𝑝𝑘
= 0 . (3.73)

In order to prove the converse statement, without loss of generality we can assume that 𝜕𝐻
𝜕𝑝𝑖

≠

0 , 𝑖 = 1, . . . , 𝑛. The operators (3.70), being diagonal in the separated coordinates, are Haantjes op-
erators. Also, they commute with each other and generate an Abelian, semisimple Haantjes algebra
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ℋ. The algebraic compatibility conditions (3.28) of the operators (3.70) with the symplectic form
are equivalent to the further conditions

𝜆
(𝛼)
𝑛+𝑖 = 𝜆

(𝛼)
𝑖

, 𝑖 = 1, . . . , 𝑛 . (3.74)

Thus, the Haantjes operators (3.70) must possess at least double eigenvalues.
Finally, we impose that the integrals of motion (𝐻1,𝐻2, . . . ,𝐻𝑛) form a Haantjes chain, which

will be generated by any of these functions, denoted by𝐻. Since every 𝑲𝛼,𝛼 = 1, . . . , 𝑛, is diagonal
in the (𝒒, 𝒑) variables, such conditions are equivalent, for each 𝛼, to the overdetermined system of
2𝑛 algebraic equations in the 𝑛 functions 𝜆 (𝛼)

𝑖

𝜆
(𝛼)
𝑖

𝜕𝐻

𝜕𝑞𝑖
=
𝜕𝐻𝛼

𝜕𝑞𝑖
, (3.75)

𝜆
(𝛼)
𝑖

𝜕𝐻

𝜕𝑝𝑖
=
𝜕𝐻𝛼

𝜕𝑝𝑖
, (3.76)

𝑖 = 1, . . . , 𝑛. In fact, the above equations are compatible, because the Benenti conditions (1.54) of
separate involution ensure that

𝜕𝐻

𝜕𝑞𝑖
𝜕𝐻𝛼

𝜕𝑝𝑖
=
𝜕𝐻

𝜕𝑝𝑖

𝜕𝐻𝛼

𝜕𝑞𝑖
, 1 ≤ 𝑖 ≤ 𝑛 . (3.77)

Consequently, the equations (3.76) provide us with the unique solution (3.70). □

Remark 3.4.1. Note that in the first implication of the previous theorem, the set of functions (𝐻1,
𝐻2, . . . ,𝐻𝑛) is in involution by virtue of Lemma 3.3.1.

Corollary 3.4.1. If 𝑀 is a symplectic manifold and (𝐻1,𝐻2, . . . ,𝐻𝑛) are 𝑛 independent,𝐶∞(𝑀)
functions separable in a set of Darboux coordinates (𝒒, 𝒑), the Haantjes operators (3.70) can be written
as

𝑲𝛼 =
𝑛∑︁
𝑖=1

𝜕𝐻𝛼
𝜕𝑝𝑖

𝜕𝐻
𝜕𝑝𝑖

Π 𝑗≠𝑖 (𝑵 − 𝜆 𝑗 𝑰)
Π 𝑗≠𝑖 (𝜆𝑖 − 𝜆 𝑗)

, (3.78)

where 𝑵 is the operator defined by

𝑵 =
𝑛∑︁
𝑖=1

𝑙𝑖 (𝑞𝑖 , 𝑝𝑖)
(
𝜕

𝜕𝑞𝑖
⊗ d𝑞𝑖 + 𝜕

𝜕𝑝𝑖
⊗ d𝑝𝑖

)
(3.79)

and {𝑙𝑖 (𝑞𝑖 , 𝑝𝑖)}1≤𝑖≤𝑛 are arbitrary, pointwise distinct smooth functions on 𝑀 . The operator 𝑵 is a
Nijenhuis operator compatible with 𝜔 and, therefore, a generator of a 𝜔ℋ structure on 𝑀 endowed
with a unigenerated Haantjes algebra, as defined by (3.54).

Remark 3.4.2. Given 𝑛 arbitrary smooth functions (𝐻1, . . . ,𝐻𝑛) on a 2𝑛-dimensional manifold
𝑀 , it is always possible to determine 𝑛 diagonal Haantjes operators 𝑲𝑖 which satisfy the chain equa-
tions 𝑲𝑇

𝑖 𝑑𝐻 = 𝑑𝐻𝑖 , where𝐻 is any of the previous functions. However, if 𝑀 is a symplectic manifold,
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the compatibility condition (3.28) of the Haantjes operators 𝑲𝑖 with the symplectic structure defined
on 𝑀 imposes 𝑛 additional constraints on the eigenvalues of these operators. Thus, the systems of 2𝑛
algebraic equations (3.75) and (3.76) can be solved if and only if 𝑛 of these equations are automatically
satisfied. This requirement is equivalent to the Benenti conditions (1.54). Consequently, the existence
for an integrable system of a Haantjes chain with semisimple operators (and consequently of a 𝜔ℋ
structure), is not at all a trivial property. The case of the superintegrable Post-Winternitz system is
illustrative of this aspect: no separation variables are known for this system, and the unique known
𝜔ℋ structures are non-semisimple ones.

3.4.3 Haantjes structures for generalized Stäckel systems

As demonstrated in [192], generalized Stäckel systems (see Section 1.4.1) can be effectively described
within the framework of symplectic-Haantjes geometry. In particular, it is shown that the Haantjes
chain

𝑲𝑇
𝑗 d𝐻1 = d𝐻 𝑗 , 𝑗 = 1, . . . , 𝑛 (3.80)

associated with the AKN Hamiltonian functions

𝐻 𝑗 =
𝑛∑︁

𝑘=1

~
𝑆 𝑗𝑘

det 𝑺
𝑓𝑘 (𝑞𝑘 , 𝑝𝑘) , 𝑗 = 1, . . . , 𝑛

admits a unique semisimple solution, given by the operators

𝑲 𝑗 :=
𝑛∑︁

𝑟=1

~
𝑆 𝑗𝑟

~
𝑆1𝑟

(
𝜕

𝜕𝑞𝑟
⊗ d𝑞𝑟 + 𝜕

𝜕𝑝𝑟
⊗ d𝑝𝑟

)
, 𝑗 = 1, . . . , 𝑛 . (3.81)

Remark 3.4.3. It is straightforward to verify that multiplying the 𝑖th row of the Stäckel matrix by
any function 𝐹𝑖 (𝑞𝑖) produces a different Stäckel matrix associated with the same coordinate web.
Notably, while this transformation modifies the Hamiltonian functions, the corresponding Haant-
jes operators remain unchanged. This invariance highlights that the Haantjes operators serve as the
tensorial representation of a given Stäckel web in𝑇∗𝑄.

Remark 3.4.4. The Haantjes operators (3.81) are independent of the specific choice of Stäckel functions
𝑓𝑘 (𝑞𝑘 , 𝑝𝑘).

A noteworthy property of the Haantjes operators associated with an AKN system is that they
can be mapped onto 𝑄 via the canonical projection 𝜋:𝑇∗𝑄 → 𝑄, (𝒒, 𝒑) ↦→ 𝒒. Specifically, we
have the following:

Proposition 3.4.2. The family of Haantjes operators (3.81) can be projected along the fibers of 𝑇∗𝑄

into the following operators:

~𝑲 𝑗 :=
𝑛∑︁

𝑟=1

~
𝑆 𝑗𝑟

~
𝑆1𝑟

𝜕

𝜕𝑞𝑟
⊗ d𝑞𝑟 , 𝑗 = 1, . . . , 𝑛 − 1. (3.82)
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Remark 3.4.5. In classical Stäckel systems, the contravariant forms of the operators (3.82) are di-
agonal Killing tensors associated with the metric (1.63). This metric provides the structure needed to
define these contravariant forms, which are in involution with respect to the SN bracket of symmetric
contravariant tensors.

3.4.4 A general procedure to construct𝜔ℋ manifolds

In order to determine the𝜔ℋ structures admitted by a separable system, we need to construct the
Haantjes chains associated with it. Precisely, we wish to solve the chain equations

d(𝑲𝑇
𝛼 d𝐻) = 0 , 𝛼 = 1, . . . ,𝑚 (3.83)

for suitable Haantjes operators 𝑲𝑇
𝛼. Generally speaking, these equations do not admit a unique

solution. Notice that the operators 𝑲𝑇
𝛼 we are interested in must be compatible with the symplectic

form 𝜔 (see Eq. (3.28)). The most general operator 𝑴 compatible with the symplectic form, in
Darboux coordinates (𝒒, 𝒑) reads

𝑴 =

[
𝑨(𝒒, 𝒑) 𝑩(𝒒, 𝒑)

𝑪 (𝒒, 𝒑) 𝑨𝑇 (𝒒, 𝒑)

]
, 𝑩 + 𝑩𝑇 = 0 , 𝑪 +𝑪𝑇 = 0 , (3.84)

where 𝑨, 𝑩, 𝑪 are 𝑛 × 𝑛 matrices with coefficients smoothly depending on the Darboux coor-
dinates. However, the operator (3.84) in general is not a Haantjes operator, unless some specific
choices for its arbitrary functions are made. Therefore, our task is to determine solutions of Eqs.
(3.83) in the class of Haantjes operators of the form (3.84). For 𝑛 = 2, the operators of the fam-
ily (3.84) can depend on up to 6 arbitrary functions; for 𝑛 = 3, up to 15 arbitrary functions are
admissible (see Appendix A).

The procedure for the determination of the 𝜔ℋ structure associated with an 𝑛-dimensional
Hamiltonian system can be summarized in the following steps. Assume that we are given a set of
functions (𝐻1, . . . ,𝐻𝑚), which are functionally independent and in involution with the potential
function 𝐻 of the generator of the chain. Note that𝑚 is not necessarily equal to 𝑛: it can be larger
than 𝑛 (superintegrable systems), equal (integrable systems) or smaller (almost integrable models).

1) Within the class of commuting operators algebraically compatible with the symplectic struc-
ture, namely of the family (3.84), determine the operators 𝑲𝛼 that solve the chain equations
(3.83).

2) Among the solutions found, choose the operators with vanishing Haantjes torsion:H𝑲 (𝑋 ,𝑌 ) =
0, ∀ 𝑋 ,𝑌 ∈ 𝔛(𝑀).

3) From these Haantjes operators, construct semisimple and/or non-semisimple Abelian 𝜔ℋ
manifolds.

4) Find the DH coordinates associated with each 𝜔ℋ manifold. They will represent either
partially or totally separated coordinates for the Hamiltonian system under scrutiny.
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This procedure is completely general. The case of superintegrable systems will be considered in
Chapter 4, and partial separability will be discussed in Chapter 5.

An alternative strategy is to use a suitable ansatz for the form of the operators 𝑲 that are supposed
to solve Eqs. (3.83). Precisely, one can start from a sub-family of operators depending on arbitrary
functions, which are both compatible with the symplectic form and have vanishing Haantjes tor-
sion. In this way, the requirement of step 2) is already fulfilled. Then, one can try to fix the arbitrary
functions available by solving Eqs. (3.83) (step 1). This approach is less general, since it presupposes
the determination a priori of special subclasses of operators of the form (3.84) which are Haantjes’
as well. This task, which in general is computationally nontrivial, is affordable in the case 𝑛 = 2;
consequently, this procedure has been adopted, for instance, in Section 4.3.

3.5 separation of variables for a drach-holt type system

The approach proposed in this paper offers an effective procedure to construct algorithmically sep-
arating variables admitted by Hamiltonian integrable systems. As a paradigmatic example, follow-
ing [157], we shall study the case of a system showing an irrational dependence on its coordinates.
Precisely, we shall consider a three-parametric deformation of the Holt potential, that has been in-
troduced in [36]:

𝐻1 =
1

2
(𝑝2𝑥 + 𝑝2𝑦) + 𝑘1

4𝑥2 + 3𝑦2

𝑦2/3
+ 𝑘2

𝑥

𝑦2/3
+

𝑘3

𝑦2/3
. (3.85)

It is integrable in the manifold 𝑀 = 𝑇∗(𝐸2 \ {𝑦 = 0}), with a third-order integral

𝐻2 = 2𝑝3𝑥 + 3𝑝𝑥 𝑝2𝑦 + 12𝑘1
(
2𝑥2 − 3𝑦2

𝑦2/3
𝑝𝑥 + 6𝑥𝑦1/3𝑝𝑦

)
+ 𝑘2

(
6𝑥

𝑦2/3
𝑝𝑥 + 9𝑦1/3𝑝𝑦

)
+ 6

𝑘3

𝑦2/3
𝑝𝑥 . (3.86)

When 𝑘1 → 0, the Hamiltonian 𝐻1 converts into the (generalized) Post-Winternitz (gPW) su-
perintegrable potential [152]. A crucial aspect is that 𝐻1 in the literature has been regarded as an
example of nonseparable system. Indeed, it is not of Stäckel type; thus is not separable by means of
an extended–point transformation. A natural question is whether there is a full canonical trans-
formation (in general difficult to find) redeeming its separability. Our theory of integrability à la
Haantjes enables us to solve this problem, since it provides us with a set of DH separation coordi-
nates, according to Theorem 3.4.2.

Remark 3.5.1. The set of conditions we obtain provides us with an overdetermined system of equa-
tions. In general, solving an overdetermined system is computationally affordable; however, an inter-
esting open question, theoretically relevant, is to find a minimal set of independent conditions ensur-
ing separability.
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3.5.1 The𝜔ℋ structure

Following the procedure of Section 3.4.4 we get a Haantjes operator linear in the momenta. In the
coordinates (𝑥, 𝑦, 𝑝𝑥 , 𝑝𝑦), it reads

𝑲(DH) = 3


2𝑝𝑥 𝑝𝑦 0 3𝑦

0 2𝑝𝑥 −3𝑦 0

0 −24𝑘1𝑦1/3 2𝑝𝑥 0

24𝑘1𝑦
1/3 0 𝑝𝑦 2𝑝𝑥


. (3.87)

Due to Lemma 2.4.1, the Haantjes operator (3.87) is a generator of the algebra ⟨𝑰, 𝑲(DH)⟩ since it
is semisimple and its minimal polynomial 𝑚𝑲 (𝑧) = 𝑧2 − 𝑏1(𝒙)𝑧 − 𝑏2(𝒙) is of degree two. More-
over, its eigenvalues 𝑙1(𝒙) and 𝑙2(𝒙) fulfil the following recursion relations

(𝑲(DH))𝑇d𝑙1 = 𝑙2 d𝑙1 , (𝑲(DH))𝑇 d𝑙2 = 𝑙1d𝑙2 , (3.88)

that is, they are potential functions of exact eigen 1-forms of (𝑲 (𝐷𝐻 ) )𝑇 . Furthermore, the recursion
relations (3.88) imply the remarkable relation

(𝑲(DH))𝑇d
(1
2

tr (𝑲(DH))
)
= d

√︃
det(𝑲(DH)) , (3.89)

which reminds us the main property of the Kowaleskaya operator appearing in the recent new the-
ory of SoV due to F. Magri [120]. Equation (3.89) implies that the two functions 1

2
tr (𝑲(DH)) =

𝑏1(𝒙) and
√︁
det(𝑲(DH)) = −𝑏2(𝒙) are potential functions of exact 1-forms belonging to a Haan-

tjes chain. Therefore, they are in involution with respect to the Poisson bracket induced by the
symplectic form 𝜔, thanks to Lemma 3.3.1. Consequently, by rewriting Eq. (3.89) in terms of the
eigenvalue fields of 𝑲(DH) it is easy to prove that

{𝑙1(𝒙), 𝑙2(𝒙)} = 0 . (3.90)

Remark 3.5.2. Let 𝑳 be an operator expressed as an affine function of a Haantjes operator 𝑲:

𝑳 = 𝑓 𝑰 + 𝑔𝑲 , (3.91)

where 𝑓 and 𝑔 are arbitrary smooth functions, with 𝑔 nowhere vanishing. Thus, the operator 𝑳 is a
Haantjes operator as a consequence of identity (2.45). From Proposition 1.2.4 of [96] it follows that the
minimal polynomials of the two operators are related by

𝑚𝑳 (𝑧) = 𝑔deg(𝑚𝐾 (𝑧) )𝑚𝑲

(1
𝑔
(𝑧 − 𝑓 )

)
,

so that they have the same number of irreducible factors with the same multiplicity. Therefore, the
eigenvalues 𝜆𝑖 of 𝑳, the eigenvalues 𝑙𝑖 of 𝑲 and their eigendistributions are related by the equations

𝜆𝑖 = 𝑓 + 𝑔 𝑙𝑖 (3.92)
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ker
(
𝑳 − 𝜆𝑖 𝑰

)𝜌𝑖 = ker
(
𝑲 − 𝑙𝑖 𝑰

)𝜌𝑖 (3.93)

for 𝑖 = 1, . . . , 𝑠 .

Remark 3.5.3. For the large class represented by the quasi-bi-Hamiltonian systems [31, 135, 136, 190]
with two degrees of freedom, we can establish a simple connection with the present theory. In fact, due
to the results of [192], we can prove that if the Haantjes operator 𝑳 in Eq. (3.91) is also a Nijenhuis
operator with

𝑓 = −1
2
tr (𝑲) , 𝑔 = 1 , (3.94)

then the Hamiltonian system under scrutiny admits a quasi-bi-Hamiltonian formulation. Therefore,
the eigenvalues of the Haantjes generator 𝑲 are themselves characteristic functions of the Haantjes web
since, by plugging the solution (3.94) into Eq. (3.92), we obtain

𝜆1 = −𝑙2 , 𝜆2 = −𝑙1 . (3.95)

In other words, the spectrum of the Haantjes generator 𝑲 coincides with the spectrum of the Nijenhuis
generator 𝑳. Therefore, the eigenvalues of the Haantjes operator (3.87) are characteristic functions of
the characteristic web associated with 𝑲 (DH) . This explains, in the case of the Drach-Holt system, the
occurrence of the recurrence relations (3.88) and the involution properties (3.90).

3.5.2 Separation Coordinates

These functions read
𝜆1 = −6 (𝑝𝑥 + 3

√︁
2𝑘1𝑦

2/3) ,

𝜆2 = −6 (𝑝𝑥 − 3
√︁
2𝑘1𝑦

2/3) .
(3.96)

They are in involution with respect to the Poisson bracket induced by𝜔, due to Eq. (3.90). In order
to get a system of DH coordinates, we apply the procedure of Section 3.3.6.

1) We have that𝑇∗
𝒙𝑀 = E◦

1(𝒙) ⊕ E◦
2(𝒙), where

E◦
1 = ker

(
(𝑲(DH))𝑇 − 𝑙1𝑰

)
= ⟨d𝜆1, 𝛾1⟩ ,

E◦
2 = ker

(
(𝑲(DH))𝑇 − 𝑙2𝑰

)
= ⟨d𝜆2, 𝛾2⟩ ,

(3.97)

with

𝛾1 = −6
√︁
2𝑘1 𝑦

1/3d𝑥 +
𝑝𝑦 𝑦

1/3 + 4
√
2𝑘1𝑥

𝑦2/3
d𝑦 + 2 𝑥

𝑦1/3
d𝑝𝑥 + 3𝑦2/3d𝑝𝑦 ,

𝛾2 = 6
√︁
2𝑘1 𝑦

1/3d𝑥 +
𝑝𝑦 𝑦

1/3 − 4
√
2𝑘1𝑥

𝑦2/3
d𝑦 + 2 𝑥

𝑦1/3
d𝑝𝑥 + 3𝑦2/3d𝑝𝑦 .

2) We find two exact 1-forms 𝛼1 = d𝜇1 = 𝑓1d𝜆1 + 𝑔1𝛾1, 𝛼2 = d𝜇2 = 𝑓2d𝜆2 + 𝑔2𝛾2 such that
their potential functions (𝜇1, 𝜇2) fulfill the canonical relations

{𝜆1, 𝜇1} = ⟨d𝜆1, 𝑷0d𝜇1⟩ = 1 , {𝜆2, 𝜇2} = ⟨d𝜆2, 𝑷0d𝜇2⟩ = 1 . (3.98)
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3) Such algebraic equations provide us with the solutions

𝑔1 = − 1

72
√
2𝑘1𝑦

1/3
, 𝑔2 =

1

72
√
2𝑘1𝑦

1/3
.

4) Now, requiring that the 1-forms 𝛼1 and 𝛼2 are closed, we find a family of solutions for
( 𝑓1, 𝑓2). The simplest choices are

𝑓1 = − 𝑥

216
√
2𝑘1𝑦

2/3
, 𝑓2 =

𝑥

216
√
2𝑘1𝑦

2/3
. (3.99)

5) Thus, we get the following momenta

𝜇1 =
1

24
√
2𝑘1

(
2
√︁
2𝑘1𝑥 − 𝑝𝑦𝑦1/3

)
, 𝜇2 =

1

24
√
2𝑘1

(
2
√︁
2𝑘1𝑥 + 𝑝𝑦𝑦1/3

)
. (3.100)

They are, by construction, canonically conjugated to the coordinates (𝜆1,𝜆2).

3.5.3 Separation Equations of Jacobi–Sklyanin

The Jacobi-Sklyanin approach represents a fundamental piece in the theory of separable systems.
Here we will establish a connection between the Haantjes geometry and the Jacobi-Sklyanin SE for
the case of the Drach-Holt system.

These equations allow one to construct a solution (𝑊 , 𝐸) of the HJ equation, according to
Eq. (1.52). The set of coordinates (3.96), (3.100), being DN coordinates, are separation variables
for both the Hamiltonian functions 𝐻1 and 𝐻2. Besides, they fulfill the Jacobi-Sklyanin SE

𝑏1𝜇
2
1 + 𝑏2𝜇1 + 𝑏3𝜆

3
1 + 𝜆1𝐻1 + 𝐻2 + 𝑏4 = 0 ,

𝑏1𝜇
2
2 + 𝑏2𝜇2 − 𝑏3𝜆

3
2 − 𝜆2𝐻1 − 𝐻2 + 𝑏4 = 0 ,

where 𝑏𝑖 , 𝑖 = 1, . . . , 4 are the constants given by

𝑏1 = 10368
√︃
2𝑘

3
1 , 𝑏2 = 216

√︁
2𝑘1 𝑘2 , 𝑏3 = − 1

216
, 𝑏4 = 18

√︁
2𝑘1𝑘3 .

We arrive therefore at the separated solutions of the HJ equation

𝑊1(𝜆1; ℎ1, ℎ2) =
1

2𝑏1

∫ 𝜆1 (
− 𝑏2 ±

√︃
𝑏22 − 4𝑏1𝑃3(𝜆)

)
d𝜆 ,

𝑊2(𝜆2; ℎ1, ℎ2) =
1

2𝑏1

∫ 𝜆2 (
− 𝑏2 ±

√︃
𝑏22 − 4𝑏1𝑄3(𝜆)

)
d𝜆 ,

where ℎ1, ℎ2 are the values of 𝐻1, 𝐻2 on the Lagrangian tori, and

𝑃3(𝜆1; ℎ1, ℎ2) = 𝑏3𝜆31 + 𝜆1ℎ1 + ℎ2 + 𝑏4 ,
𝑄3(𝜆2; ℎ1, ℎ2) = −𝑏3𝜆32 − 𝜆2ℎ1 − ℎ2 + 𝑏4 .
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3.6 construction of haantjes operators in 𝑇 ∗𝑄 : a novel geometric lift

The problem of constructing Haantjes operators on an 𝑛-dimensional manifold 𝑀 is, in general,
a hard one, as it entails solving a system of 1

2
𝑛2(𝑛 − 1) nonlinear PDE of first order in the 𝑛2

unknown components of the operators we wish to determine.
However, when 𝑀 ≡ 𝑇∗𝑄, being𝑄 the configuration space of a given mechanical system, one

can plan to simplify the problem of constructing a (𝑇∗𝑄,𝜔,ℋ) manifold by means of a geometric
procedure which allows us to lift a Haantjes operator 𝑨:𝑇𝑄 → 𝑇𝑄 to a suitable Haantjes operator
^
𝑨:𝑇 (𝑇∗𝑄) → 𝑇 (𝑇∗𝑄). The approach envisaged, in order to be effective, should preserve the van-
ishing condition of Haantjes tensors. The procedure we propose to this aim is inspired by the one
introduced in [76] for the construction of a suitable Nijenhuis operator for the Benenti systems;
later it has been successfully formulated and applied in [52] in the context of the𝜔𝑁 geometry. In
those works, from a technical point of view the complete lift from a manifold to its cotangent bun-
dle, introduced by Yano in [198], has been adopted. Although the Yano lift preserves the vanishing
of Nijenhuis tensors, unfortunately this property does not hold true for the Haantjes case: the Yano
lift of a Haantjes operator need not be another Haantjes operator.

In order to overcome this drawback, in [157] a novel geometric lifting procedure is proposed,
which generalizes Yano’s one. To this aim, let us consider an operator 𝑨:𝑇𝑄 → 𝑇𝑄 and the
canonical projection map 𝜋:𝑇∗𝑄 → 𝑄. Let us denote by ^

𝑨 a lift of 𝑨 to the cotangent bun-
dle 𝑇∗𝑄 which is required to be projectable onto 𝑨, that is to say, 𝑨 𝜋∗ = 𝜋∗

^
𝑨 . Such a condition

is fulfilled if and only if ^
𝑨 takes the following block-matrix form in a Darboux chart (𝒒, 𝒑):

^
𝑨 =

[
𝑨(𝒒) 0

𝑪 (𝒒, 𝒑) 𝑫 (𝒒, 𝒑)

]
, (3.101)

where 𝑪 and 𝑫 are 𝑛 × 𝑛 matrices depending possibly on all coordinates. In addition, we must
impose the compatibility condition with the symplectic form (3.84), which reduces the form of ^

𝑨

to
^
𝑨 =

[
𝑨(𝒒) 0

𝑪(𝒒, 𝒑) 𝑨𝑇 (𝒒)

]
𝑪 +𝑪𝑇 = 0 . (3.102)

Assuming that 𝑨 is a Haantjes operator, we wish to determine the form of the matrix 𝑪 in such a
way that ^

𝑨 is also a Haantjes operator. In the subsequent discussion, we shall prove our result for
configuration spaces of dimension 𝑛 = 2 only.

As clarified in Example 2.3.1, when dim𝑄 = 2, any operator 𝑨(𝒒) is a Haantjes operator. Then,
its lifted operator takes the form

^
𝑨 =


𝑎 𝑏 0 0

𝑐 𝑑 0 0

0 𝑟 𝑎 𝑐

−𝑟 0 𝑏 𝑑


, (3.103)
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where all the entries are functions of (𝑞1, 𝑞2) only, except for the smooth function 𝑟 = 𝑟 (𝑞1, 𝑞2, 𝑝1, 𝑝2).
Let us assume that the eigenvalues of 𝑨(𝒒) are pointwise distinct; by requiring that ^

𝑨 is a Haantjes
operator we find that the most general solution for 𝑟 is an affine function of (𝑝1, 𝑝2). Precisely,

𝑟 = 𝑓 (𝑞1, 𝑞2)𝑝1 + 𝑔(𝑞1, 𝑞2)𝑝2 + ℎ(𝑞1, 𝑞2),

where

𝑓 =
𝜕𝑎

𝜕𝑞2
− 𝜕𝑏

𝜕𝑞1
− 𝑎 − 𝑑

Δ
𝜏112 −

2𝑏

Δ
𝜏212 (3.104)

𝑔 =
𝜕𝑐

𝜕𝑞2
− 𝜕𝑑

𝜕𝑞1
+ 𝑎 − 𝑑

Δ
𝜏212 −

2𝑐

Δ
𝜏112 , (3.105)

Δ := (𝑎 − 𝑑)2 + 4𝑏𝑐 is the discriminant of the minimal polynomial of 𝑨(𝒒), 𝜏112 and 𝜏212 are
the two independent components of the Nijenhuis torsion of 𝑨(𝒒) and ℎ(𝑞1, 𝑞2) is an arbitrary
smooth function. In particular, when 𝑨(𝒒) is a Nijenhuis operator and ℎ(𝑞1, 𝑞2) = 0, the opera-
tor ^

𝑨 coincides with the Yano complete lift of 𝑨(𝒒), therefore it is still a Nijenhuis operator.
The lifting procedure presented here can be extended to the 𝑛-dimensional case, 𝑛 ≥ 3, but the

details concerning it will be published elsewhere.



Certain things they should stay the way they are. You ought to be able
to stick them in one of those big glass cases and just leave them alone. I
know that’s impossible, but it’s too bad anyway.

Jerome David Salinger, The Catcher in the Rye

4
Multiseparable Systems and

Superintegrability

AtanguillofromCádiz is a joyful interplay of balance and rhythm–a convergence of polyrhyth-
mic pulses that, though seemingly pulling in different directions, merge with inevitable precision. A
light melody drifts over a dynamic foundation where syncopated accents fall just ahead of or behind
the beat, creating a constant, unresolved tension that never disrupts the flow. Each voice, distinct
in its contrasting rhythms yet harmoniously interwoven, claims its place in a structure that is both
liberating and governed by an unseen order. It is a dance in which every step is as spontaneous as it
is guided, revealing complexity and clarity as two harmonious facets of the same movement.

Much like this intricate dance, superintegrable classical Hamiltonian systems reveal a realm of
exceptional stability and elegant complexity. These systems, the focus of this chapter, constitute
a special class of integrable systems distinguished by their remarkably rich algebraic and geomet-
ric properties [88, 133, 134, 139, 152, 180, 188]. Fundamentally, they possess more independent inte-
grals of motion than degrees of freedom. A system with 𝑛 degrees of freedom is termed maximally
superintegrable if it admits 2𝑛 − 1 functionally independent integrals of motion–the maximum
possible–whereas it is called minimally superintegrable if it has 𝑛 + 1 integrals.

Among the most famous examples of superintegrable models we find the classical harmonic os-
cillator, the Kepler potential, the Calogero-Moser potential, the Smorodinsky-Winternitz systems
and the Euler top. The presence of “hidden” symmetries, expressed by integrals which are second
(or higher) degree polynomials in the momenta, usually allows us to determine the dynamical be-

83
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haviour of the superintegrable models. In the maximal case, the bounded orbits are closed and pe-
riodic according to the Nekhoroshev’s theorem [139]. As is well known, the phase space topology
is also very rich: it can be described in terms of a symplectic bifoliation, determined by the standard
Liouville-Arnold invariant fibration [6] of Lagrangian tori, and complemented by a co-isotropic
polar foliation [54, 139].

Although this work focuses on classical systems, it is worth noting that quantum superintegrable
systems also exhibit many relevant properties. The exact solvability of a quantum Hamiltonian
systems, associated with suitable Lie algebras of raising and lowering operators, can be regarded as
the quantum analog of the classical notion of maximal superintegrability [188].

The primary aim of this chapter is to reveal a novel connection between the theory of separable
Hamiltonian systems and Haantjes geometry. In contrast to standard integrable systems, superinte-
grable systems possess more integrals of motion than degrees of freedom. While these integrals are
not all in mutual involution–resulting in non-vanishing Poisson brackets–the excess of integrals
allows for the selection of distinct subsets that do commute. Within the framework of symplectic
Haantjes structures, these commuting subsets correspond to independent operator subalgebras.
Crucially, each subalgebra defines a distinct set of separation coordinates, thereby enabling multi-
ple integrable formulations for the same physical system.

This chapter is structured as follows. In Section 4.1, Jacobi-Haantjes theorem is extended to
the case of multiseparable (and superintegrable) models. Section 4.2 is devoted to the study of the
Haantjes structures for the Smorodinsky-Winternitz systems in the plane, whereas Section 4.3 deals
with the study of the anisotropic oscillator. In Section 4.4, the𝜔ℋ manifolds associated with cer-
tain important multiseparable systems in three dimensions are determined.

4.1 multiseparable systems and haantjes geometry

A particularly interesting instance of the previous theory is represented by the case of multisepa-
rable systems. They are Hamiltonian systems that can be separated in more than one coordinate
system in their phase space. Fundamental physical examples of multiseparable systems are the 𝑛-
dimensional harmonic oscillator and the Kepler system. Another important class is represented by
the four Smorodinsky-Winternitz systems, which are the only maximally superintegrable systems
in the Euclidean plane admitting orthogonal separation variables.

Multiseparable systems are superintegrable ones, provided that the sets of separation functions
in the Hamilton-Jacobi equation related to different separation coordinates are functionally inde-
pendent. However, to our knowledge, there is no general theoretical result establishing a relation
between the two notions of superintegrability and separability. For instance, for the classical Post-
Winternitz (PW) system [152], which is maximally superintegrable, no separation coordinates are
known in phase space. Besides, due to the presence of integrals of motion of degree higher than two
as polynomials in the momenta, the PW system does not admit orthogonal separation coordinates
in its configuration space. A superintegrable system can also be simply separable, without being a
multiseparable one. This is the case for the anisotropic oscillator discussed in Section 4.3. In this ar-
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ticle, we shall focus mainly on the case of superintegrable multiseparable systems, which is perhaps
the most interesting one from a geometric and physical point of view.

In order to extend the Haantjes geometry to the case of multiseparable systems, an important,
preliminary aspect should be pointed out.

Let us consider an integrable Hamiltonian system with Hamiltonian function 𝐻; we denote by
{(𝐽𝑘 , 𝜙𝑘)}, 𝑘 = 1, . . . , 𝑛, a set of action-angle variables for the system, with associated frequencies
𝜈𝑘 (𝑱) := 𝜕𝐻

𝜕𝐽𝑘
. As discussed in 3.4.1, the LH theorem was proved under the hypothesis of nonde-

generacy for 𝐻, that is

det
[
𝜕𝜈𝑘

𝜕𝐽𝑖

]
= det

[
𝜕2𝐻

𝜕𝐽𝑖 𝜕𝐽𝑘

]
≠ 0 , (4.1)

and it states that there exists a semisimple 𝜔ℋ manifold in any tubular neighbourhood of an
Arnold torus. However, superintegrable systems just violate the condition (4.1); therefore, the LH
theorem cannot be applied to them. Nevertheless, this does not imply that 𝜔ℋ structures cannot
exist for superintegrable systems. Indeed, we can construct such structures by means of a different
approach, based on a simple consequence of Theorem 3.4.2.

Proposition 4.1.1. [157] An integrable Hamiltonian system possesses as many inequivalent separa-
tion coordinate systems as the number of the independent semisimple Abelian𝜔ℋ manifolds of class
𝑛 that it admits.

Proof. It suffices to observe that, according to Theorem 3.4.2, for each semisimple 𝜔ℋ structure
of class 𝑛 admitted by the Hamiltonian system there exists a set of DH coordinates, which play the
role of separating coordinates for the corresponding HJ equation. □

In the following sections, we shall exhibit explicitly the Haantjes structures associated with cele-
brated examples of both maximally superintegrable and multiseparable Hamiltonian systems.

4.2 haantjes structures for multiseparable systems in 𝐸2

The Smorodinsky-Winternitz (SW) systems are a family of superintegrable systems defined in the
Euclidean plane 𝐸2, which were introduced first as quantum-mechanical systems in [59, 126, 194]
and later studied from a group theoretical point of view in [173, 188]. They are all multiseparable
in 𝐸2 and admit three independent integrals of motion, expressed in terms of second-degree poly-
nomials in the momenta. Also, they are separable in at least two different orthogonal coordinate
systems in their configuration space.

In [183], the SW systems were analyzed in the context of Nijenhuis geometry. Precisely, it was
shown that a 𝜔𝑁 structure can be associated with each of them; this can be achieved by renounc-
ing the standard notion of Lenard chain, and using a generalized version of it. In this section, we
will show that a natural and more general framework for studying the geometry of SW systems is
offered by the Haantjes geometry. As we will show, one can introduce Haantjes chains and con-
struct two different 𝜔ℋ structures for each of the SW systems. In turn, according to Theorem
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3.4.2 and Proposition 4.1.1, these structures guarantee the existence of separating variables for the
SW systems.

4.2.1 Smorodinsky-Winternitz system SWI

The Hamiltonian function is

𝐻 = 𝐻1 =
1

2
(𝑝2𝑥 + 𝑝2𝑦) +

1

2
𝑎(𝑥2 + 𝑦2) + 𝑐1

𝑥2
+ 𝑐2

𝑦2
. (4.2)

This system is separable in cartesian, polar and elliptic coordinates, and admits the integrals

𝐻2 =
𝑝2𝑦

2
+ 𝑎
2
𝑦2 + 𝑐2

𝑦2
, (4.3)

𝐻3 = 2
(
𝑐2𝑝2𝑥 + (𝑥𝑝𝑦 − 𝑦𝑝𝑥)2 + 𝑎𝑐2𝑥2 + 2𝑐1

𝑦2 + 𝑐2
𝑥2

+ 2𝑐2
(
𝑥

𝑦

)2)
, (4.4)

with 𝑎, 𝑐, 𝑐1 and 𝑐2 ∈ R. A first Haantjes structure is (𝜔, 𝑰, 𝑲(SWI)
2 ), where 𝑰 is the identity oper-

ator and
𝑲(SWI)
2 = diag [0, 1, 0, 1] . (4.5)

The algebra ⟨𝑰, 𝑲(SWI)
2 ⟩ admits the Cartesian coordinates as DH coordinates: therefore they are

obviously separation coordinates for the SWI system.

We can also obtain a second Haantjes structure (𝜔, 𝑰, 𝑲(SWI)
3 ) with

𝑲(SWI)
3 = 4


𝑦2 + 𝑐2 −𝑥𝑦 0 0

−𝑥𝑦 𝑥2 0 0

0 −(𝑥𝑝𝑦 − 𝑦𝑝𝑥) 𝑦2 + 𝑐2 −𝑥𝑦
𝑥𝑝𝑦 − 𝑦𝑝𝑥 0 −𝑥𝑦 𝑥2


. (4.6)

The algebra ⟨𝑰, 𝑲(SWI)
3 ⟩ diagonalizes in elliptic coordinates (separation coordinates). If 𝑐 = 0, this

algebra diagonalizes in polar coordinates.

4.2.2 The Smorodinsky-Winternitz system SWII

The Hamiltonian function reads:

𝐻 = 𝐻1 =
1

2
(𝑝2𝑥 + 𝑝2𝑦) + 𝑎(4𝑥2 + 𝑦2) + 𝑐1𝑥 +

𝑐2

𝑦2
, (4.7)

with 𝑎, 𝑐1, 𝑐2 ∈ R. The associated integrals are

𝐻2 =
𝑝2𝑦

2
+ 𝑎𝑦2 + 𝑐2

𝑦2
, (4.8)
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𝐻3 = 𝑝𝑦 (𝑦𝑝𝑥 − 𝑥𝑝𝑦) + 2𝑎𝑥𝑦2 +
𝑐1

2
𝑦2 − 2𝑐2

𝑥

𝑦2
. (4.9)

We obtain the manifolds (𝜔, 𝑰, 𝑲(SWII)
2 ) and (𝜔, 𝑰, 𝑲(SWII)

3 ), where

𝑲(SWII)
2 = diag [0, 1, 0, 1] , (4.10)

and

𝑲(SWII)
3 =


0 𝑦 0 0

𝑦 −2𝑥 0 0

0 𝑝𝑦 0 𝑦

−𝑝𝑦 0 𝑦 −2𝑥


. (4.11)

The first structure admits the Cartesian coordinates as DH coordinates, whereas the second one
diagonalizes in parabolic coordinates.

4.2.3 The Smorodinsky-Winternitz system SWIII

The system is defined in polar coordinates (𝑟 , 𝜃, 𝑝𝑟 , 𝑝𝜃 ) by the Hamiltonian

𝐻 = 𝐻1 =
1

2

(
𝑝2𝑟 +

𝑝2
𝜃

𝑟2

)
+ 𝛼
𝑟
+ 1

𝑟2
𝛽 + 𝛾 cos 𝜃
sin2 𝜃

, (4.12)

where 𝛼, 𝛽, 𝛾 ∈ R. The integrals of motion are

𝐻2 =
𝑝2
𝜃

2
+ 𝛽 + 𝛾 cos 𝜃

sin2 𝜃
, (4.13)

𝐻3 = −𝑝𝜃
(
𝑝𝜃 cos 𝜃
𝑟

+ 𝑝𝑟 sin 𝜃
)
− 𝛼 cos 𝜃 − 𝛾 + 2𝛽 cos 𝜃 + 𝛾 cos

2 𝜃

𝑟 sin2 𝜃
. (4.14)

We can construct the Haantjes manifolds (𝜔, 𝑰, 𝑲(SWIII)
2 ) and (𝜔, 𝑰, 𝑲(SWIII)

3 ), with

𝑲(SWIII)
2 = diag [0, 𝑟2, 0, 𝑟2] , (4.15)

𝑲(SWIII)
3 = −


0 𝑟2 sin 𝜃 0 0

sin 𝜃 2𝑟 cos 𝜃 0 0

0 𝑝𝜃 cos 𝜃 0 sin 𝜃
−𝑝𝜃 cos 𝜃 0 𝑟2 sin 𝜃 2𝑟 cos 𝜃


. (4.16)

The algebra ⟨𝑰, 𝑲(SWIII)
2 ⟩ ensures the separability of the system in polar coordinates, which are in-

deed DH coordinates. Notice that if we re-write the operator 𝑲(SWIII)
2 in Cartesian coordinates, it

coincides (up to an irrelevant multiplicative factor) with the operator 𝑲(SWI)
3 , for 𝑐 = 0. Besides, the

algebra ⟨𝑰, 𝑲(SWIII)
3 ⟩ diagonalizes in parabolic coordinates. If we write the expression of 𝑲(SWIII)

3 in
cartesian coordinates, it converts into the operator 𝑲(SWII)

3 .
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4.2.4 The Smorodinsky-Winternitz system SWIV

The Hamiltonian function of this system is

𝐻 = 𝐻1 =
1

2

𝑝2
𝜉
+ 𝑝2𝜂

𝜉2 + 𝜂2 + 2𝛼 + 𝛽𝜉 + 𝛾𝜂
𝜉2 + 𝜂2 , (4.17)

where we have used the parabolic coordinates

𝑥 =
1

2
(𝜉2 − 𝜂2), 𝑦 = 𝜉𝜂. (4.18)

The corresponding integrals read

𝐻2 =
𝛾𝜉3 + 𝜉2(𝑝 𝜉 𝑝𝜂 − 𝛽𝜂) − 𝜉𝜂(𝑝2𝜉 + 𝑝2𝜂 + 4𝛼 + 𝛾𝜂) + 𝜂2(𝑝 𝜉 𝑝𝜂 + 𝛽𝜂)

𝜉2 + 𝜂2 , (4.19)

𝐻3 =
𝜉2

(
𝑝2𝜂 + 2(𝛼 + 𝛾𝜂) − 2𝛽𝜉𝜂2 − 𝜂2(𝑝2

𝜉
+ 2𝛼)

)
𝜉2 + 𝜂2 . (4.20)

In the coordinates (𝜉, 𝜂, 𝑝 𝜉 , 𝑝𝜂) we get the Haantjes structures (𝜔, 𝑰, 𝑲(SWIV)
2 ) and (𝜔, 𝑰, 𝑲(SWIV)

3 ),
with

𝑲(SWIV)
2 =


−2𝜉𝜂 𝜉2 + 𝜂2 0 0

𝜉2 + 𝜂2 −2𝜉𝜂 0 0

0 0 −2𝜉𝜂 𝜉2 + 𝜂2

0 0 𝜉2 + 𝜂2 −2𝜉𝜂


, (4.21)

𝑲(SWIV)
3 = diag [−2𝜂2, 2𝜉2,−2𝜂2, 2𝜉2] . (4.22)

These two structures are related with two different parabolic coordinate systems, with distinct axes,
which are separating coordinates for the systems SWIV. Notice that the operator 𝑲(SWIV)

3 in Carte-
sian coordinates converts into the operator −2𝑲(SWII)

3 .

Remark 4.2.1. The form of the Haantjes operators presented above can be geometrically interpreted,
in all cases, as the application of the generalized lifting procedure described in Section 3.6 to a suitable
Haantjes operator on the configuration space 𝐸2, related to a specific coordinate system in which it
diagonalizes. Its lifted version to the 4-dimensional phase space is again a Haantjes operator, at most
linearly depending on the momenta.

4.3 anisotropic oscillator with rosochatius terms

We shall determine now the 𝜔ℋ structures of an important physical model: the two-dimensional
anisotropic oscillator with Rosochatius terms [168]. This system in the general case with 𝑛 degrees
of freedom has been studied in [161, 164, 196], where its maximal superintegrability was established.
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In particular, in [164] the higher-order (missing) integral was determined by means of a geomet-
ric approach based on the Marsden-Weinstein reduction procedure. The anisotropic oscillator on
curved spaces has been introduced and analyzed in [7].

The Hamiltonian function of the system reads

𝐻AO =
1

2

(
𝑝2𝑥 + 𝑝2𝑦 + 𝜈2(𝑛1𝑥2 + 𝑛2𝑦2) +

𝑐1

𝑥2
+ 𝑐2

𝑦2

)
, (4.23)

where 𝑛1, 𝑛2 ∈ N\{0}, 𝑐1, 𝑐2, 𝜈 ∈ R. The integrals of motion corresponding to the one-
dimensional energies are

𝐸1 =
1

2

(
𝑝2𝑥 + 𝜈2𝑛1𝑥2 +

𝑐1

𝑥2

)
, (4.24)

𝐸2 =
1

2

(
𝑝2𝑦 + 𝜈2𝑛2𝑦2 +

𝑐2

𝑦2

)
. (4.25)

The system (4.23) is separable in Cartesian coordinates, and admits a Haantjes algebraℋ1 = ⟨𝑰, 𝑲 (AO)
1 ⟩,

with
𝑲 (AO)
1 = diag [1, 0, 1, 0] . (4.26)

However, the system admits a further integral, not related with separating coordinates. Let us
introduce the complex quantities

Δ 𝑗 = 𝑝2𝑗 +
𝑐 𝑗

𝑥2
𝑗

− 𝜈2𝑛2𝑗𝑥2𝑗 − 2𝑖𝜈𝑛 𝑗 𝑝 𝑗𝑥 𝑗 , Ψ = Δ
𝑛2
1 Δ

𝑛1
2 .

The additional, real integral is given by

ℜ(Ψ) = ℜ(Δ𝑛2
1 Δ

𝑛1
2 ), (4.27)

where ℜ(𝑧) denotes the real part of 𝑧 ∈ C.

We can obtain a second Haantjes algebra in the following way. First, we shall consider the family
of operators of the form

𝑲 =


𝑚𝑑 0 0 0

𝑚21 𝑚𝑑 0 0

0 𝑚32 𝑚𝑑 𝑚21

−𝑚32 0 0 𝑚𝑑


, (4.28)

which are Haantjes operators for any choice of the three arbitrary functions 𝑚𝑑 , 𝑚21, 𝑚32 of
(𝑥, 𝑦, 𝑝𝑥 , 𝑝𝑦). This family generalizes (up to a transposition of coordinates with momenta) the
form of the two Haantjes operators admitted by the PW system

𝐻 (PW) =
1

2
(𝑝2𝑥 + 𝑝2𝑦) + 𝑎

𝑥

𝑦2/3
, 𝑎 ∈ R. (4.29)
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Notice that the operators of the form (4.28) generically are non-semisimple ones. We shall show
that the class (4.28) also contains the explicit form of the specific Haantjes operator related to the
integral of motion (4.27).

Now, let us impose the chain equation (𝑲 (AO)
2 )𝑇 d𝐻AO = dℜ(Ψ), where 𝑲 (AO)

2 has the form
(4.28). We find the unique solution(

𝑲 (AO)
2 )𝑇 d𝐻 =

(
𝜈2(𝑚𝑑𝑛

2
1𝑥 +𝑚21𝑛

2
2𝑦) −𝑚32𝑝𝑦 −

(
𝑚𝑑𝑐1

𝑥3
+ 𝑚21𝑐2

𝑦3

))
d𝑥

+
(
𝜈2𝑚𝑑𝑛

2
2𝑦 +𝑚32𝑝𝑥 −

𝑚𝑑𝑐2

𝑦3

)
d𝑦 + (𝑚𝑑𝑝𝑥)d𝑝𝑥 + (𝑚21𝑝𝑥 +𝑚𝑑𝑝𝑦)d𝑝𝑦 ,

where

𝑚𝑑 =
1

𝑝𝑥

𝜕ℜ(Ψ)
𝜕𝑝𝑥

; (4.30)

𝑚21 =
1

𝑝𝑥

(
−
𝑝𝑦

𝑝𝑥

𝜕ℜ(Ψ)
𝜕𝑝𝑥

+ 𝜕ℜ(Ψ)
𝜕𝑝𝑦

)
; (4.31)

𝑚32 =
1

𝑝𝑥

(
− 𝜈2

(
𝑛22𝑦 +

𝑐2

𝑦3

) 1
𝑝𝑥

𝜕ℜ(Ψ)
𝜕𝑝𝑥

+ 𝜕ℜ(Ψ)
𝜕𝑦

)
. (4.32)

The explicit form of the coefficients 𝑚𝑑 , 𝑚21, 𝑚32 is reported in Appendix B. Thus, we have
proved that the system (4.23) admits a second, non-semisimple𝜔ℋ structure, withℋ2 = ⟨𝑰, 𝑲 (AO)

2 ⟩.
It is an open problem to ascertain whether the system (4.23) admits other separating coordinates in
phase space, apart from the Cartesian ones.

4.4 𝜔ℋ structures for multiseparable systems in 𝐸3

We shall analyze in detail three relevant examples of multiseparable systems in the Euclidean space
𝐸3, in the context of Haantjes geometry. One of them is maximally superintegrable, the other two
are minimally superintegrable ones [50]. For a different treatment, in the framework of the Killing-
Stäckel theory, see [14, 41]. In the following analysis, L𝑥 , L𝑦 , L𝑧 denote the components of the
angular momentum in the Cartesian frame.

4.4.1 The Kepler system with a Rosochatius-type term

We shall consider the Hamiltonian function

𝐻 = 𝐻1 =
1

2
(𝑝2𝑥 + 𝑝2𝑦 + 𝑝2𝑧) −

𝑘√︁
𝑥2 + 𝑦2 + 𝑧2

+ 𝑘1

𝑥2
+ 𝑘2

𝑦2
, (4.33)

whose integrals of motion are

𝐻2 =
1

2
|L |2 + (𝑥2 + 𝑦2 + 𝑧2)

(
𝑘1

𝑥2
+ 𝑘2

𝑦2

)
, (4.34)
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𝐻3 =
1

2
L2

𝑧 + (𝑥2 + 𝑦2)
(
𝑘1

𝑥2
+ 𝑘2

𝑦2

)
, (4.35)

𝐻4 =
1

2
L2

𝑦 +
𝑘1𝑧

2

𝑥2
, (4.36)

𝐻5 = L𝑥 𝑝𝑦 − 𝑝𝑥L𝑦 − 2𝑧
(
− 𝑘

2
√︁
𝑥2 + 𝑦2 + 𝑧2

+ 𝑘1

𝑥2
+ 𝑘2

𝑦2

)
. (4.37)

These integrals form three families of functions in involution: {𝐻1,𝐻2,𝐻3}, {𝐻1,𝐻2,𝐻4}, {𝐻1,𝐻3,𝐻5}.
The equations of the Haantjes chains associated are: 𝑲𝑇

𝑖 d𝐻 = d𝐻𝑖 (𝑖 = 1, . . . , 5), with the Haan-
tjes operators

𝑲2 =



𝑦2 + 𝑧2 −𝑥𝑦 −𝑥𝑧 0 0 0

−𝑥𝑦 𝑥2 + 𝑧2 −𝑦𝑧 0 0 0

−𝑥𝑧 −𝑦𝑧 𝑥2 + 𝑦2 0 0 0

0 −(𝑥𝑝𝑦 − 𝑦𝑝𝑥) 𝑧𝑝𝑥 − 𝑥𝑝𝑧 𝑦2 + 𝑧2 −𝑥𝑦 −𝑥𝑧
𝑥𝑝𝑦 − 𝑦𝑝𝑥 0 −(𝑦𝑝𝑧 − 𝑧𝑝𝑦) −𝑥𝑦 𝑥2 + 𝑧2 −𝑦𝑧

−(𝑧𝑝𝑥 − 𝑥𝑝𝑧) 𝑦𝑝𝑧 − 𝑧𝑝𝑦 0 −𝑥𝑧 −𝑦𝑧 𝑥2 + 𝑦2


,

(4.38)

𝑲3 =



𝑦2 −𝑥𝑦 0 0 0 0

−𝑥𝑦 𝑥2 0 0 0 0

0 0 0 0 0 0

0 −(𝑥𝑝𝑦 − 𝑦𝑝𝑥) 0 𝑦2 −𝑥𝑦 0

𝑥𝑝𝑦 − 𝑦𝑝𝑥 0 0 −𝑥𝑦 𝑥2 0

0 0 0 0 0 0


, (4.39)

𝑲4 =



𝑧2 0 −𝑥𝑧 0 0 0

0 0 0 0 0 0

−𝑥𝑧 0 𝑥2 0 0 0

0 0 𝑧𝑝𝑥 − 𝑥𝑝𝑧 𝑧2 0 −𝑥𝑧
0 0 0 0 0 0

−(𝑧𝑝𝑥 − 𝑥𝑝𝑧) 0 0 −𝑥𝑧 0 𝑥2


(4.40)
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and

𝑲5 =



−2𝑧 0 𝑥 0 0 0

0 −2𝑧 𝑦 0 0 0

𝑥 𝑦 0 0 0 0

0 0 −𝑝𝑥 −2𝑧 0 𝑥

0 0 −𝑝𝑦 0 −2𝑧 𝑦

𝑝𝑥 𝑝𝑦 0 𝑥 𝑦 0


. (4.41)

We shall also take into account the integral

𝐻6 :=
1

2
L2

𝑥 +
𝑘2𝑧

2

𝑦2
,

which is not functionally independent with respect to the other ones; however, it will play a relevant
role in the construction of separating coordinates. Imposing the chain equation 𝑲𝑇

6
d𝐻 = d𝐻6, we

get the further Haantjes operator

𝑲6 =



0 0 0 0 0 0

0 𝑧2 −𝑦𝑧 0 0 0

0 −𝑦𝑧 𝑦2 0 0 0

0 0 0 0 0 0

0 0 𝑧𝑝𝑦 − 𝑦𝑝𝑧 0 𝑧2 −𝑦𝑧
0 𝑦𝑝𝑧 − 𝑧𝑝𝑦 0 0 −𝑦𝑧 𝑦2


. (4.42)

Let us discuss now the separating coordinates admitted by the system (4.33). First, we observe that
there exist three Abelian semisimple Haantjes algebras related with the operators (4.38)-(4.41):ℋ1 =
⟨𝑰, 𝑲2, 𝑲3⟩, ℋ2 = ⟨𝑰, 𝑲2, 𝑲4⟩ and ℋ3 = ⟨𝑰, 𝑲2, 𝑲6⟩. The algebra ℋ1 = ⟨𝑰, 𝑲2, 𝑲3⟩, as was dis-
cussed in Ref. [184], diagonalizes in the spherical polar coordinates with the 𝑧-axis as the polar axis;
therefore, according to the previous discussion, they are DH coordinates and separating coordi-
nates for the Kepler system (4.33). The algebra ℋ2 diagonalizes in spherical polar coordinates with
the 𝑦-axis as the polar axis; besides, the algebraℋ3 ensures the separability of the system in spherical
polar coordinates with the 𝑥-axis as the polar axis.

We also have the algebra ℋ4 = ⟨𝑰, 𝑲3, 𝑲5⟩, which diagonalizes in the rotational parabolic coor-
dinates.

Finally, the system (4.33) separates in spherical conical coordinates. Precisely, the algebra ℋ5 =
⟨𝑰, 𝑲2, 𝑲7 = 𝑎𝑲6 + 𝑏𝑲4 + 𝑐𝑲3⟩ diagonalizes in the spherical conical coordinates 𝑢1 ∈ R, 𝑢2 ∈
R, 𝑢3 > 0, where 𝑎 ≤ 𝑢1 ≤ 𝑏 ≤ 𝑢2 ≤ 𝑐 and 𝑎, 𝑏, 𝑐 ∈ R.
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4.4.1.1 Generators of the Haantjes algebras

In order to find a generator of a unigenerated semisimple Abelian Haantjes algebra of rank 𝑛, it is
sufficient to choose inside the algebra a Haantjes operator whose minimal polynomial is of degree
𝑛, as explained in Section 2.4.3. As a consequence of this observation, we obtain that a simple (not
unique) choice for the generator for the algebra ℋ1 = ⟨𝑰, 𝑲2, 𝑲3⟩ reads

𝑳1 = 𝑲2 + 𝑲3 . (4.43)

We have

𝑲2 = 𝛼 (1)
1 𝑳1 +𝛼 (1)

2 𝑳2
1 , 𝛼

(1)
1 =

3𝑥2 + 3𝑦2 + 2𝑧2
2𝑥2 + 2𝑦2 + 𝑧2 , 𝛼

(1)
2 = − 1

2𝑥2 + 2𝑦2 + 𝑧2 , (4.44)

and

𝑲3 = 𝛽 (1)1 𝑳1 + 𝛽 (1)2 𝑳2
1 , 𝛽

(1)
1 = − 𝑥2 + 𝑦2 + 𝑧2

2𝑥2 + 2𝑦2 + 𝑧2 , 𝛽
(1)
2 =

1

2𝑥2 + 2𝑦2 + 𝑧2 . (4.45)

A generator of the algebra ℋ2 = ⟨𝑰, 𝑲2, 𝑲4⟩ is given by

𝑳2 = 𝑲2 + 𝑲4 . (4.46)

We have

𝑲2 = 𝛼 (2)
1 𝑳2 +𝛼 (2)

2 𝑳2
2 , 𝛼

(2)
1 =

3𝑥2 + 2𝑦2 + 3𝑧2
2𝑥2 + 𝑦2 + 2𝑧2 , 𝛼

(2)
2 = − 1

2𝑥2 + 𝑦2 + 2𝑧2 , (4.47)

and

𝑲4 = 𝛽 (2)1 𝑳2 + 𝛽 (2)2 𝑳2
2 , 𝛽

(2)
1 = − 𝑥2 + 𝑦2 + 𝑧2

2𝑥2 + 𝑦2 + 2𝑧2 , 𝛽
(2)
2 =

1

2𝑥2 + 𝑦2 + 2𝑧2 . (4.48)

A generator of the algebra ℋ3 = ⟨𝑰, 𝑲2, 𝑲6⟩ is 𝑳3 = 𝑲2 + 𝑲6, with

𝑲2 = 𝛼 (3)
1 𝑳3 +𝛼 (3)

2 𝑳2
3 , 𝛼

(3)
1 =

2𝑥2 + 3𝑦2 + 3𝑧2
𝑥2 + 2𝑦2 + 2𝑧2 , 𝛼

(3)
2 = − 1

𝑥2 + 2𝑦2 + 2𝑧2 , (4.49)

and

𝑲6 = 𝛽 (3)1 𝑳3 + 𝛽 (3)2 𝑳2
3 , 𝛽

(3)
1 = − 𝑥2 + 𝑦2 + 𝑧2

𝑥2 + 2𝑦2 + 2𝑧2 , 𝛽
(3)
2 =

1

𝑥2 + 2𝑦2 + 2𝑧2 . (4.50)

A generator of the algebra ℋ4 = ⟨𝑰, 𝑲3, 𝑲5⟩ is just 𝑳4 = 𝑲5, since the minimal polynomial of
𝑲5 is of degree 3. We have

𝑲3 = 𝛼 (4)
0 𝑰 + 𝛼 (4)

1 𝑳4 + 𝛼 (4)
2 𝑳2

4 ,
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with
𝛼
(4)
0 = 𝑥2 + 𝑦2, 𝛼

(4)
1 = −2𝑧, 𝛼

(4)
3 = −1 .

A generator of the algebra ℋ5 = ⟨𝑰, 𝑲2, 𝑲7⟩ is simply 𝑳5 = 𝑲7, with

𝑲2 = 𝛼 (5)
1 𝑳5 + 𝛼 (5)

2 𝑳2
5 ,

where

𝛼
(5)
1 =

(𝑏 + 𝑐)𝑥2 + (𝑎 + 𝑐)𝑦2 + (𝑎 + 𝑏)𝑧2
𝑏𝑐𝑥2 + 𝑎𝑐𝑦2 + 𝑎𝑏𝑧2 𝛼

(5)
2 = − 1

𝑐(𝑏𝑥2 + 𝑎𝑦2) + 𝑎𝑏𝑧2 .

4.4.2 A class of generalized Kepler systems

We consider a family of deformations of the Kepler system which depends on an arbitrary function
𝐹

( 𝑦
𝑥

)
. The Hamiltonian function of this family has the form

𝐻 = 𝐻1 =
1

2
(𝑝2𝑥 + 𝑝2𝑦 + 𝑝2𝑧) −

𝑘√︁
𝑥2 + 𝑦2 + 𝑧2

+ 𝑘1𝑧√︁
𝑥2 + 𝑦2 + 𝑧2(𝑥2 + 𝑦2)

+
𝐹

( 𝑦
𝑥

)
𝑥2 + 𝑦2 . (4.51)

The associated integrals of motion are

𝐻2 =
1

2
|L |2 +

𝑘1𝑧
√︁
𝑥2 + 𝑦2 + 𝑧2 + (𝑥2 + 𝑦2 + 𝑧2) 𝐹

( 𝑦
𝑥

)
𝑥2 + 𝑦2 , (4.52)

𝐻3 =
1

2
L2

𝑧 + 𝐹
( 𝑦
𝑥

)
, (4.53)

𝐻4 = L𝑥 𝑝𝑦 − 𝑝𝑥L𝑦 +
𝑘𝑧√︁

𝑥2 + 𝑦2 + 𝑧2
− 𝑘1(𝑥2 + 𝑦2 + 2𝑧2)√︁

𝑥2 + 𝑦2 + 𝑧2(𝑥2 + 𝑦2)
− 2𝑧

𝐹
( 𝑦
𝑥

)
𝑥2 + 𝑦2 . (4.54)

These integrals form two families of functions in involution: {𝐻1,𝐻2,𝐻3} and {𝐻1,𝐻3,𝐻4}. The
equations of the Haantjes chains are: 𝑲𝑇

2d𝐻 = d𝐻2, 𝑲𝑇
3d𝐻 = d𝐻3, 𝑲𝑇

5d𝐻 = d𝐻4. The Haantjes
operators associated are 𝑲2, Eq. (4.38), 𝑲3, Eq. (4.39) and 𝑲5, Eq. (4.41). We obtain again the two
Abelian, unigenerated algebras ℋ1 = ⟨𝑰, 𝑲2, 𝑲3⟩ and ℋ4 = ⟨𝑰, 𝑲3, 𝑲5⟩, whose generators have
been determined above. They provide us with the two coordinate systems admitted by the class of
Hamiltonian systems (4.51), namely the spherical polar and the rotational parabolic ones.

4.4.3 A class of anisotropic oscillators

An interesting family of deformations of the anisotropic oscillator is given by the Hamiltonian
function

𝐻 = 𝐻1 =
1

2
(𝑝2𝑥 + 𝑝2𝑦 + 𝑝2𝑧) + 𝑘 (𝑥2 + 𝑦2) + 4𝑘𝑧2 +

𝐹
( 𝑦
𝑥

)
𝑥2 + 𝑦2 . (4.55)
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where again 𝐹 is an arbitrary function of its argument. It admits the following integrals of motion:

𝐻2 =
1

2
𝑝2𝑧 + 4𝑘𝑧2, (4.56)

𝐻3 =
1

2
L2

𝑧 + 𝐹
( 𝑦
𝑥

)
, (4.57)

𝐻4 = L𝑥 𝑝𝑦 − 𝑝𝑥L𝑦 + 2𝑘𝑧(𝑥2 + 𝑦2) − 2𝑧
𝐹

( 𝑦
𝑥

)
𝑥2 + 𝑦2 . (4.58)

Therefore, this class of systems is minimally superintegrable. These integrals form two families of
functions in involution: {𝐻1,𝐻2,𝐻3} and {𝐻1,𝐻3,𝐻4}. The equations for the Haantjes chains
are: 𝑲𝑇

1d𝐻 = d𝐻2, 𝑲𝑇
3d𝐻 = d𝐻3, 𝑲𝑇

5d𝐻 = d𝐻4. The corresponding Haantjes operators are:

𝑲1 = diag [0, 0, 1, 0, 0, 1] , (4.59)

𝑲3, Eq. (4.39) and 𝑲5, Eq. (4.41). The family of systems (4.55) admits the two Abelian algebras
ℋ6 = ⟨𝑰, 𝑲1, 𝑲3⟩ and ℋ4 = ⟨𝑰, 𝑲3, 𝑲5⟩. It separates in polar cylindrical and rotational parabolic
coordinates.

The algebra ℋ6 = ⟨𝑰, 𝑲1, 𝑲3⟩ admits the generator

𝑳6 = 2𝑲1 +
1

𝑥2 + 𝑦2𝑲3 . (4.60)

We have
𝑲1 = 𝛼 (6)

1 𝑳6 + 𝛼 (6)
2 𝑳2

6, 𝛼
(6)
1 = −1

2
, 𝛼

(6)
2 =

1

2
, (4.61)

and

𝑲3 = 𝛽 (6)1 𝑳6 + 𝛽 (6)2 𝑳2
6, 𝛽

(6)
1 = 2(𝑥2 + 𝑦2), 𝛽

(6)
2 = −(𝑥2 + 𝑦2) . (4.62)

4.4.4 The Jacobi-Calogero model

To conclude the chapter, we briefly discuss the Jacobi-Calogero model, introduced in Section 1.4.2
to illustrate the application of Lax pairs in obtaining integrals of motion. In addition to being in-
tegrable in the Liouville sense, it is a maximally superintegrable system that admits five integrals
of motion [133, 180]. Moreover, it is multiseparable; in [11] it was shown that, in addition to cir-
cular cylindrical coordinates [34], four other coordinate systems allow the separability of the HJ
equation–namely, spherical, parabolic, oblate spheroidal, and prolate spheroidal coordinates.

In [192] the multiseparability of the system in circular cylindrical, spherical, and parabolic coordi-
nates is studied from the perspective of𝜔ℋ manifolds. To this end, besides the integrals (1.73)–(1.75),
three additional integrals are considered: the integral𝐻L associated with the axial angular momen-
tum, the integral 𝐻sph corresponding to the square of the angular momentum modulus, and the
integral 𝐻par related to the product of the rotational symmetry axis with the radial linear momen-
tum.
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Not all of these integrals are functionally independent; however, they are chosen to generate
alternative Haantjes structures that yield different separation coordinates, as demonstrated in Sec-
tion 4.4.1.

We recall that the Hamiltonian of the system is

𝐻 =
1

2

(
𝑝2𝑥 + 𝑝2𝑦 + 𝑝2𝑧

)
+𝑉Cal, (4.63)

where
𝑉Cal =

1

(𝑥 − 𝑦)2 + 1

(𝑥 − 𝑧)2 + 1

(𝑦 − 𝑧)2 . (4.64)

The integral 𝐻L is given by

𝐻L =
1

6

[
(𝑦 𝑝𝑧 − 𝑧 𝑝𝑦) + (𝑧 𝑝𝑥 − 𝑥 𝑝𝑧) + (𝑥 𝑝𝑦 − 𝑦 𝑝𝑥)

]2
+ 1
3

[
(𝑥 − 𝑦)2 + (𝑥 − 𝑧)2 + (𝑦 − 𝑧)2

]
𝑉Cal, (4.65)

and it plays a privileged role by being separable in all three coordinate systems under consideration.
The following operator solves the corresponding chain equation,

𝑲𝑇
7 d𝐻 = d𝐻L ,

namely,

𝑲7 =
1

3

[
𝑨 03

𝑩 𝑨

]
, (4.66)

where

𝑨 =


(𝑦 + 𝑧)2 (𝑦 − 𝑧) (𝑧 − 𝑥) (𝑦 − 𝑧) (𝑥 − 𝑦)

(𝑦 − 𝑧) (𝑧 − 𝑥) (𝑥 + 𝑧)2 (𝑧 − 𝑥) (𝑥 − 𝑦)
(𝑦 − 𝑧) (𝑥 − 𝑦) (𝑧 − 𝑥) (𝑥 − 𝑦) (𝑥 + 𝑦)2

 ,
and

𝑩 =
[
(𝑦 − 𝑧) 𝑝𝑥 + (𝑧 − 𝑥) 𝑝𝑦 + (𝑥 − 𝑦) 𝑝𝑧

] 
0 1 −1
−1 0 1

1 −1 0

 .
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The conservation of linear momentum,𝐻1 = 𝑝𝑥 + 𝑝𝑦 + 𝑝𝑧 (see Eq. (1.73)), is associated with sepa-
rability in circular cylindrical coordinates. The Haantjes chain 𝑲𝑇

8
d𝐻 = d𝐻1 is solved by choosing

the operator

𝑲8 =
1

𝑝𝑥 + 𝑝𝑦 + 𝑝𝑧



1 1 1 0 0 0

1 1 1 0 0 0

1 1 1 0 0 0

0 0 0 1 1 1

0 0 0 1 1 1

0 0 0 1 1 1


. (4.67)

The integral 𝐻sph is given by

𝐻sph =
1

2

[
(𝑦 𝑝𝑧 − 𝑧 𝑝𝑦)2 + (𝑧 𝑝𝑥 − 𝑥 𝑝𝑧)2 + (𝑥 𝑝𝑦 − 𝑦 𝑝𝑥)2

]
+ (𝑥2 + 𝑦2 + 𝑧2)𝑉Cal, (4.68)

which separates in spherical coordinates; the operator 𝑲2 introduced in Eq. (4.38) solves the chain
equation 𝑲𝑇

2d𝐻 = d𝐻sph.

Finally, the integral

𝐻par =
1

2

[
(𝑝𝑥 + 𝑝𝑦 + 𝑝𝑧) (𝑥 𝑝𝑥 + 𝑦 𝑝𝑦 + 𝑧 𝑝𝑧) − (𝑥 + 𝑦 + 𝑧) (𝑝2𝑥 + 𝑝2𝑦 + 𝑝2𝑧)

]
+ (𝑥 + 𝑦 + 𝑧)𝑉Cal

(4.69)
is separable in parabolic coordinates. Its corresponding chain equation, 𝑲𝑇

9d𝐻 = d𝐻par, is solved
by means of the Haantjes operator

𝑲9 =
1

2



−2(𝑦 + 𝑧) 𝑥 + 𝑦 𝑥 + 𝑧 0 0 0

𝑥 + 𝑦 −2(𝑥 + 𝑧) 𝑦 + 𝑧 0 0 0

𝑥 + 𝑧 𝑦 + 𝑧 −2(𝑥 + 𝑦) 0 0 0

0 𝑝𝑦 − 𝑝𝑥 𝑝𝑧 − 𝑝𝑥 −2(𝑦 + 𝑧) 𝑥 + 𝑦 𝑥 + 𝑧
−(𝑝𝑦 − 𝑝𝑥) 0 𝑝𝑧 − 𝑝𝑦 𝑥 + 𝑦 −2(𝑥 + 𝑧) 𝑦 + 𝑧
−(𝑝𝑧 − 𝑝𝑥) −(𝑝𝑧 − 𝑝𝑦) 0 𝑥 + 𝑧 𝑦 + 𝑧 −2(𝑥 + 𝑦)


.

(4.70)

The Haantjes operators introduced above can be grouped into three Abelian algebras:

ℋ7 = ⟨𝑰, 𝑲7, 𝑲8⟩, ℋ8 = ⟨𝑰, 𝑲2, 𝑲7⟩, ℋ9 = ⟨𝑰, 𝑲7, 𝑲9⟩.

These algebras are associated with the separability of the system in circular cylindrical, spherical,
and parabolic coordinates, respectively.

For the integral𝐻3 from Eq. (1.75), no semisimple Haantjes operator was found as a solution of the
associated chain equation. Nevertheless, a non-semisimple operator was computed in [160], leading
to a coordinate chart in which the system partially separates, as will be discussed in Section 5.4.1.





The art of losing isn’t hard to master;
so many things seem filled with the intent
to be lost that their loss is no disaster.

Elizabeth Bishop, One Art

5
Partial separability

Loss is inherent in living.One day we misplace our keys; memories inevitably fade, and bit by
bit, we relinquish what once seemed indispensable. Sometimes we are conscious of the absence, like
watching a bus disappear down the road; other times, life accumulates quiet forfeitures–great and
small–without our awareness until much later, if ever. In this chapter, I seek to lose with intention:
to recognize absence not as failure, but as an essential stitch in the fabric of existence.

Conceptually, we present a twofold generalization of the Jacobi-Haantjes theorem (Section 3.4.2).
For Hamiltonian systems, the existence of semisimple, maximal-rank (Abelian) Haantjes operator
algebras is equivalent to the total separability of the associated HJ equations. Thus, we relax either
the semisimplicity hypothesis or the maximal rank condition. Each scenario leads to partial separa-
bility of the system under study.

The notion of partial separability refers to the existence of a set of coordinates allowing one to
separate the HJ equations into a system of both ODEs and PDEs, the latter ones involving just a
subset of independent variables. This relevant subject, in contrast to the theory of total separability,
has received so far much less attention. The first study on partial separability dates back to 1896 and
is due to G. Di Pirro [150], who considered a generalization of the notion of Stäckel matrix. In his
construction, it was assumed that a single row of the (𝑛 − 𝑟) × (𝑛 − 𝑟) generalized Stäckel matrix,
say the first one, depends on a block of coordinates (𝑞1, . . . , 𝑞𝑟 ), whereas the remaining rows depend
each on one coordinate only, picked up from the set (𝑞𝑟+1, . . . , 𝑞𝑛). In this way, Di Pirro defined
new Hamiltonian systems admitting 𝑛− 𝑟 first integrals, which are homogeneous, quadratic in the
momenta, and orthogonally separated.

99
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Taking into account these results, in 1897, Stäckel generalized his original construction [177] by
proposing a block-Stäckel invertible matrix, in which more than one row may depend on a subset of
coordinates (which are different for each row). The number of quadratic integrals so obtained co-
incides with the number of subsets of coordinates. Further results have been contributed by Havas
[71], who considered for the first time partial separation of the HJ equation in non-orthogonal co-
ordinate systems. Subsequently, Boyer et al. obtained in [30] a complete list of all partial separable
coordinate systems for the Helmholtz and the HJ equations in non-orthogonal coordinates for the
case of four-dimensional Riemannian spaces. Recently, in [39] the notion of partial separability has
been discussed in the context of Riemannian geometry; in [44], partially separated Painlevé metrics
and their conformal deformations have been related to the classical inverse Calderón problem.

When considering non-semisimple algebras of operators, we deal with a complete family of Hamil-
tonian functions in involution (𝐻1, . . . ,𝐻𝑛) for which, in a given set of coordinates, a partial in-
volutivity condition (P-involution) holds. This means that in these coordinates, the Poisson bracket
between two integrals splits into several equations, which generalize Benenti’s conditions (1.54) (see
Definition 5.1.2 below). As we shall prove in Theorem 5.2.2, this, in turn, implies that the Hamilto-
nian family is partially separable.

Our main result is Theorem 5.2.1. Given the family (𝐻1, . . . ,𝐻𝑛), we shall prove that if one can
associate it with an Abelian algebra of non-semisimple Haantjes operators of maximal rank, then the
DH coordinates (allowing us to write all the operators simultaneously in a block-diagonal form)
also provide us with a set of partially separable coordinates for the associated HJ equations. This
result paves the way for the systematic application of non-semisimple Haantjes algebras in classical
mechanics.

In the other scenario, we shall deal with non-maximal-rank, but semisimple Haantjes algebras. We
propose two results. First, we construct a novel class of partially separated systems, which we obtain
by further generalizing the AKN construction to the case of block-Stäckel matrices. We recover as
particular instances of our construction all the partially separable systems that have been proposed
in the literature so far. Second, we interpret our novel class of Hamiltonian systems in the frame-
work of Haantjes geometry. Precisely, in Theorem 5.3.2, we prove the existence of non-maximal-
rank, semisimple 𝜔ℋ manifolds for these systems, and we provide the explicit expression of their
Haantjes algebras.

As a general comment, we wish to clarify that partial and total separability are not exclusive no-
tions. As a matter of fact, a given integrable Hamiltonian system may admit more than one 𝜔ℋ
structure, which leads either to total or to partial separability depending on whether the structure
is semisimple or non-semisimple. From a computational point of view, partial separability can also
be regarded as a useful intermediate step toward the construction of total-separation variables.

Another relevant point is that the new systems coming from Stäckel-type matrices represent an
(a priori) incomplete family of commuting Hamiltonians: we have as many Hamiltonians as the
number of sets of variables involved in the partial separation process. We mention that the original
constructions of partially separable systems by Di Pirro [150], Stäckel [178] and Painlevé [44] lead
as well to incomplete sets of Hamiltonian systems.
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However, we prove in Theorem 5.3.1 that for our non-maximal rank Stäckel-type Hamiltonian
systems, still the Benenti conditions of T -involution (1.54) hold in the set of coordinates in which
the family is defined.

To summarize, Haantjes geometry provides us with two general classes of partially separated Hamil-
tonian systems. The first class possesses non-semisimple, maximal rank Haantjes algebras associ-
ated. These Hamiltonian systems are completely integrable and are in P-involution. The associated
HJ equations are partially separable in DH coordinates.

The second class involves “incomplete” families of Hamiltonian systems: the number of integrals
explicitly known is less than 𝑛, half of the dimension of the phase space. These systems possess
semisimple, non-maximal-rank Haantjes algebras, are in standard T -involution, and, once again,
the associated HJ equations are partially separable in DH coordinates. Our main conclusion is that
symplectic-Haantjes manifolds represent a natural geometric setting for studying partially separated
Hamiltonian systems.

This chapter is based in [160], and its structure is the following. In Section 5.1, we define the
notion of partial separability and a generalization of Benenti conditions, namely the concept of P-
involution. In Section 5.2, we address the problem of partial separability for completely integrable
models; we shall show that the DH coordinates which block-diagonalize the non-semisimple Haan-
tjes algebra associated with a given integrable model also guarantee partial separability of the asso-
ciated HJ equations. In Section 5.3, we define a new class of generalized Stäckel systems and show
that they admit semisimple, non-maximal-rank symplectic-Haantjes manifolds. In Section 5.4, two
examples illustrating the application of the theory proposed are presented. Another example can
be found in Appendix D.

5.1 partial separability

5.1.1 Main definition

We shall propose a definition of partial separability inspired by the original theory of Jacobi. In
essence, we require that, given a Hamiltonian system, the corresponding Hamilton-Jacobi equa-
tions decouple into a system of PDEs, each of them depending on a different subset of independent
variables. More precisely, we have the following

Definition 5.1.1 (Generalized Separation Equations). We shall say that a 2𝑛-dimensional Hamil-
tonian system with Hamiltonian function 𝐻 is partially separable if there exist:

(1) 𝑚 ≤ 𝑛 independent smooth functions (𝐻1, . . . ,𝐻𝑚) in involution, on which𝐻 is functionally
dependent;

(2) 1 < 𝑣 ≤ 𝑛 subsets of Darboux coordinates (𝒒1, 𝒑1, . . . , 𝒒𝑣 , 𝒑𝑣) defined in the phase space;
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(3) 𝑚 separation equations of the form

𝜙𝑎, 𝑗𝑎 (𝒒𝑎, 𝒑𝑎;𝐻1, . . . ,𝐻𝑚) = 0 , 𝑎 = 1, . . . , 𝑣, 𝑗𝑎 = 1, . . . 𝑟𝑎, det
[
𝜕𝝓

𝜕𝑯

]
≠ 0

(5.1)
where 𝑟𝑎 ∈ N\{0} represents the number of equations associated with

(𝒒𝑎, 𝒑𝑎) = (𝑞𝑎,1, . . . , 𝑞𝑎,𝜎𝑎 , 𝑝𝑎,1, . . . , 𝑝𝑎,𝜎𝑎 ),

𝝓 = (𝜙1,1 . . . , 𝜙1,𝑟1 , . . . , 𝜙𝑣,1, . . . , 𝜙𝑣,𝑟𝑣 )𝑇 , 𝑯 = (𝐻1, . . . ,𝐻𝑚) and𝜎𝑎 represents the num-
ber of coordinates (or momenta) involved in the pair (𝒒𝑎, 𝒑𝑎).

These equations are a generalization of the Jacobi-Sklyanin SE (1.55) and will be referred to as
generalized separation equations (GSE). In fact, if for each 𝑎 ∈ {1, . . . , 𝑣}, 𝜎𝑎 = 1 (which implies
𝑣 = 𝑛) and 𝑟𝑎 = 1 (then 𝑣 = 𝑚 = 𝑛), one recovers the classical Jacobi’s theory of separability. A
Hamiltonian system such that 𝜎𝑎 = 𝑟𝑎 = 1will be said to be totally separable.

In this chapter, we shall study two cases in which𝜎𝑎 > 1 for some 𝑎 ∈ {1, . . . , 𝑣} (thus, 𝑣 < 𝑛):

– Case I: 𝑟𝑎 = 𝜎𝑎, implying𝑚 = 𝑛;

– Case II: 𝑟𝑎 = 1 ∀𝑎 ∈ {1, . . . , 𝑣}, implying𝑚 = 𝑣.

The Case I corresponds to the maximum possible number of (independent) separation equations
for each subset of Darboux coordinates, whereas the Case II corresponds to the minimum one.
Other possible cases, corresponding to different values of the indices (𝜎𝑎, 𝑟𝑎) are left for future
work.

Remark 5.1.1. Definition 5.1.1 can be regarded as a generalization of the approach to partial sepa-
rability developed in [150], [178], [44], [71], [39], etc. By solving, when possible, the PDEs (5.1), one
obtains a complete integral shared by the HJ equations of (𝐻1, . . . ,𝐻𝑛) which is partially additively
separated, i.e., of the form

𝑊 =
𝑣∑︁

𝑎=1
𝑊𝑎 (𝒒𝑎; ℎ1, . . . , ℎ𝑛), det

(
𝜕2𝑊

𝜕𝑞𝑖𝜕ℎ 𝑗

)
≠ 0. (5.2)

For instance, this is guaranteed in Case I, under the hypotheses of the following result.

Theorem 5.1.1. Let (𝐻1, . . . ,𝐻𝑛) be a family of 𝑛 independent functions satisfying the GSE (5.1)
with 𝑟𝑎 = 𝜎𝑎, and L𝒉 be the foliation defined by the level sets L𝒉 := {𝐻1 = ℎ1, . . . ,𝐻𝑛 = ℎ𝑛}.
Assuming that

det
[
𝜕𝝓

𝜕 𝒑

]
≠ 0 , (5.3)

the Hamiltonian system (𝐻1, . . . ,𝐻𝑛) admits a complete integral of the form (5.2) if and only if the
𝑛 × 𝑛matrix [

𝜕𝝓

𝜕 𝒑

]−1��
L𝒉

[
𝜕𝝓

𝜕𝒒

] ��
L𝒉

=
[
𝜕 𝒑

𝜕𝒒

] ��
L𝒉

(5.4)
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is a symmetric matrix. Under this assumption, the functions (𝐻1, . . . ,𝐻𝑛) are in involution with
each other. Vice versa, if there exists a complete integral of the HJ equations of the form (5.2), there exist
𝑚 separation equations of the form (5.1).

Proof. Condition (5.3) allows us to solve the GSE (5.1) with respect to 𝒑 and to get a system of 𝑛
partially separated first-order PDEs for the characteristic Hamiltonian function𝑊 (𝒒; ℎ1, . . . , ℎ𝑛),
which read

𝜕𝑊

𝜕𝑞𝑎, 𝑗𝑎
= 𝑝𝑎, 𝑗𝑎 (𝑞𝑎,1, . . . , 𝑞𝑎,𝜎𝑎 ; ℎ1, . . . , ℎ𝑛) 𝑎 = 1, . . . , 𝑣, 𝑗𝑎 = 1, . . . ,𝜎𝑎 . (5.5)

The integrability of the latter system is equivalent to the compatibility conditions

𝜕𝑝𝑏, 𝑗𝑏
𝜕𝑞𝑎, 𝑗𝑎

=
𝜕𝑝𝑎, 𝑗𝑎

𝜕𝑞𝑏, 𝑗𝑏
. (5.6)

In turn, such conditions are equivalent to the symmetry of the matrix product in the l.h.s. of Eq.
(5.4). In fact, from the GSE (5.1) it follows that for each 𝑘 = 1, . . . , 𝑛,

0 = d𝜙𝑘|L𝒉
=

𝑛∑︁
𝑖=1

(
𝜕𝜙𝑘

𝜕𝑞𝑖
d𝑞𝑖 + 𝜕𝜙𝑘

𝜕𝑝𝑖
d𝑝𝑖

)
|L𝒉

=
𝑛∑︁
𝑖=1

(
𝜕𝜙𝑘

𝜕𝑞𝑖
+

𝑛∑︁
𝑗=1

𝜕𝜙𝑘

𝜕𝑝 𝑗

𝜕𝑝 𝑗

𝜕𝑞𝑖

)
d𝑞𝑖|L𝒉

. (5.7)

Thanks to condition (5.3), Eqs. (5.7) can be solved for the matrix
[
𝜕𝒑
𝜕𝒒

] ��
L𝒉

, which gives us Eq. (5.4).

Thus, the functions (𝐻1, . . . ,𝐻𝑛) are in involution with each other. Consequently, L𝒉 is a La-
grangian foliation.

Conversely, if there exists a complete integral of the form (5.2), then the set of equations

𝑝𝑎, 𝑗𝑎 =
𝜕𝑊𝑎

𝜕𝑞𝑎, 𝑗𝑎
(𝑞𝑎,1, . . . , 𝑞𝑎,𝜎𝑎 ; ℎ1, . . . , ℎ𝑛) 𝑎 = 1, . . . , 𝑣, 𝑗𝑎 = 1, . . . ,𝜎𝑎 (5.8)

are generalized separation equations of the form (5.1), and satisfy the condition det
[
𝜕𝝓
𝜕𝑯

]
≠ 0 as a

consequence of relation (1.42).
□

Remark 5.1.2. In the case of totally separable systems, the condition of symmetry of matrix (5.4) is
obviously fulfilled as both the Jacobian matrices of 𝝓 with respect to 𝒒 and 𝒑 are diagonal.

5.1.2 Partial separability and Benenti-type conditions

We wish to show that the notion of partial separability for completely integrable Hamiltonian sys-
tems can be characterized by means of a generalization of Benenti’s relations of T -involution (1.54).
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Definition 5.1.2 (P-involution). A pair of functions (𝐻𝛼,𝐻𝛽) in involution will be said to be in par-
tially separated involution (orP-involution) with respect to the set of coordinates (𝒒1, 𝒑1, . . . , 𝒒𝑣 , 𝒑𝑣),
if the reduction of the Poisson brackets to each subset of coordinates (𝒒𝑎, 𝒑𝑎) vanishes:

{𝐻𝛼,𝐻𝛽}|𝑎=
𝜎𝑎∑︁
𝑗𝑎=1

(
𝜕𝐻𝛼

𝜕𝑞𝑎, 𝑗𝑎

𝜕𝐻𝛽

𝜕𝑝𝑎, 𝑗𝑎
− 𝜕𝐻𝛼

𝜕𝑝𝑎, 𝑗𝑎

𝜕𝐻𝛽

𝜕𝑞𝑎, 𝑗𝑎

)
= 0 , 𝑎 = 1, . . . , 𝑣 . (5.9)

In particular, if each addend in the above sums vanishes, we recover Benenti’s case ofT -involution.

The previous definition is motivated by the following

Theorem 5.1.2 (Theorem 5, [160]). Given a Hamiltonian function 𝐻, a system of Darboux coor-
dinates (𝒒1, 𝒑1, . . . , 𝒒𝑣 , 𝒑𝑣) partially separates the complete integral W (5.2) if and only if there
exists a family of independent functions (𝐻1, . . . ,𝐻𝑛) which are vertically independent (i.e., they
fulfill Eq. (1.46)) and in P-involution with each other and with 𝐻.

Proof. As is well known, the existence of a complete integral𝑊 of the HJ equation of 𝐻 is equiva-
lent to the existence of a family of 𝑛 independent functions (𝐻1, . . . ,𝐻𝑛), vertically independent
and in involution with each other and with 𝐻. We will show that𝑊 is additively separated if and
only if the functions (𝐻1, . . . ,𝐻𝑛) are in P-involution. By differentiating Eqs. (1.45) with respect
to the coordinates (𝑞1, . . . , 𝑞𝑛) and taking into account Eqs. (1.44), one gets

𝜕𝐻𝛼

𝜕𝑞 𝑗

+
𝑛∑︁

𝑘=1

𝜕𝐻𝛼

𝜕𝑝𝑘

𝜕2𝑊

𝜕𝑞 𝑗𝜕𝑞𝑘
= 0, 𝛼, 𝑗 = 1, . . . , 𝑛 . (5.10)

We shall denote by Γ 𝑗𝑘 = 𝜕2𝑊

𝜕𝑞 𝑗𝜕𝑞𝑘
the elements of the Hessian matrix of𝑊 . Let us write down the

partial Poisson brackets of two functions (𝐻𝛼,𝐻𝛽) in matrix form:

{𝐻𝛼,𝐻𝛽}|𝑎 =
〈
𝜕𝐻𝛼

𝜕𝒒𝑎
,
𝜕𝐻𝛽

𝜕 𝒑𝑎

〉
−

〈
𝜕𝐻𝛽

𝜕𝒒𝑎
,
𝜕𝐻𝛼

𝜕 𝒑𝑎

〉
=

〈
𝜕𝐻𝛼

𝜕𝒒
𝚷𝑎

𝜕𝐻𝛽

𝜕 𝒑

〉
−

〈
𝜕𝐻𝛽

𝜕𝒒
𝚷𝑎

𝜕𝐻𝛼

𝜕 𝒑

〉 (5.11)

where 𝚷𝑎 are the 𝑛 × 𝑛 block-diagonal matrices given by

𝚷𝑎 = diag [0, . . . , 𝑰𝜎𝑎 , . . . , 0] (5.12)

with 𝑣 blocks 𝜎𝑎 × 𝜎𝑎. By solving Eq. (5.10) for 𝜕𝐻𝛼
𝜕𝒒𝑎 and substituting it into Eq. (8.14), thanks to

the symmetry of 𝚪 and 𝚷𝑎, we get

{𝐻𝛼,𝐻𝛽}|𝑎 =
〈
−𝜕𝐻𝛼

𝜕 𝒑
𝚪𝚷𝑎

𝜕𝐻𝛽

𝜕 𝒑

〉
+

〈
𝜕𝐻𝛽

𝜕 𝒑
𝚪𝚷𝑎

𝜕𝐻𝛼

𝜕 𝒑

〉
= −

〈
𝜕𝐻𝛼

𝜕 𝒑

[
𝚪 ,𝚷𝑎

] 𝜕𝐻𝛽

𝜕 𝒑

〉 (5.13)
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for 𝑎 = 1, . . . , 𝑣. For each𝛼, 𝛽 = 1, . . . , 𝑛, we can collect together the partial Poisson brackets (5.13)
to form an 𝑛× 𝑛matrix 𝑷𝑎. By introducing the Jacobian matrix J of the functions (𝐻1, . . . ,𝐻𝑛)
with respect to the momenta (𝑝1, . . . , 𝑝𝑛), namely, [J]𝛼𝑘 : = 𝜕𝐻𝛼

𝜕𝑝𝑘
, we can rewrite Eqs. (5.13) in

the following matrix form
𝑷𝑎 = −J

[
𝚪 ,𝚷𝑎

]
J

𝑇 . (5.14)

Thus, the condition of P-involution with respect to the set of coordinates 𝒒𝑎 is equivalent to
the vanishing of the matrix function 𝑷𝑎. In turn, due to the vertical independence (1.46) of the
integrals of motion (𝐻1, . . . ,𝐻𝑛), such a matrix vanishes if and only if 𝚪 commutes with 𝚷𝑎, that
is [

𝚪 ,𝚷𝑎

]
= 0𝑛, 𝑎 = 1, . . . , 𝑣 . (5.15)

Taking into account that: (𝑖) the commutator in the left-hand side of Eq. (5.15) has possibly non-
vanishing elements only in the rows 𝑎, 1; . . . ; 𝑎,𝜎𝑎 and columns 𝑎, 1; . . . ; 𝑎,𝜎𝑎 (each of them
containing 𝑛 elements), with a null𝜎𝑎 ×𝜎𝑎 square block defined by the intersection of these rows
and columns, and (𝑖𝑖) Eq. (5.15) must hold for 𝑎 = 1, . . . , 𝑣, we can conclude that the condition of
P-involution is equivalent to the fact that the Hessian matrix 𝚪 has the block-diagonal structure

𝚪 = diag [𝚪1, . . . , 𝚪𝑣] , (5.16)

where 𝚪𝑎 are symmetric blocks 𝜎𝑎 × 𝜎𝑎, 𝑎 = 1, . . . , 𝑣. In turn, this is equivalent to the fact that
𝑊 is partially separated in 𝑣 addends, as in Eq. (5.2).

Therefore, by substituting 𝑊 into the HJ equations associated with 𝐻, we obtain the partial
separation of this equation. □

In [99] we proposed the following result, which completes and generalizes the statement of
Proposition 4.1.1 on multiseparable Hamiltonian systems.

Proposition 5.1.1. An integrable Hamiltonian system possesses as many inequivalent separation co-
ordinate systems as the number of independent semisimple 𝜔ℋ manifolds of class 𝑛 that it admits.
Also, for each semisimple 𝜔ℋ manifold of class 𝑟 < 𝑛, there exists an associated set of coordinates
assuring partial separation of the HJ equations admitted by the Hamiltonian system.

Proof. This result is a direct consequence of Corollary 3.3.2 and of Theorem 5.1.2. □

5.2 non-semisimple haantjes algebras and partial separability

5.2.1 Darboux-Haantjes coordinates and partial separability

A crucial step for the application of our geometric theory of partial separability is the construc-
tion of suitable sets of Darboux-Haantjes coordinates. In [185], we proved that, given an integrable
Hamiltonian system, if we associate it with an Abelian, semisimple Haantjes algebra of maximal
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rank, then we can totally separate the HJ equations in the Darboux-Haantjes coordinates diago-
nalizing the algebra. The results of this section offer a new, geometric interpretation of the non-
semisimple scenario (Case I of Definition 5.1.1). Precisely, if an integrable system admits an Abelian,
non-semisimple Haantjes algebra, then the DH variables ensuring block-diagonalization of the op-
erators of the algebra also allow us to partially separate the related HJ equations.

Theorem 5.2.1 (P-involution). Let 𝑀 be an Abelian 2𝑛-dimensional (possibly non-semisimple)
𝜔ℋ manifold of class 𝑚 ≤ 𝑛 and (𝐻1, ...,𝐻𝑚) be a family of 𝐶∞(𝑀) functions belonging to a
Haantjes chain generated by a function 𝐻, via a basis of Haantjes operators {𝑲1, ..., 𝑲𝑚} ∈ ℋ.
Then, the 𝑚 functions (𝐻1, ...,𝐻𝑚) are in P-involution with respect to any set (𝒒, 𝒑) of DH coordi-
nates.

Proof. Let {𝑈, (𝑞𝑎, 𝑗𝑎 , 𝑝𝑎, 𝑗𝑎 )}, 𝑎 = 1, ..., 𝑣, 𝑗𝑎 = 1, ...,𝜎𝑎 = 1
2

rank (V𝑎) be a Darboux-
Haantjes chart adapted to the spectral decomposition (2.54), where

V𝑎 (𝒙) := D (1)
𝑖1

(𝒙) ∩ ...∩D (𝑚)
𝑖𝑚

(𝒙) ≡ span
{ 𝜕

𝜕𝑞𝑎, 𝑗𝑎
,

𝜕

𝜕𝑝𝑎, 𝑗𝑎

}
. (5.17)

We recall that

D (𝛼)
𝑖𝛼

(𝒙) := ker(𝑲𝛼 − 𝜆 (𝛼)
𝑖𝛼

𝑰)𝜌
(𝛼)
𝑖𝛼 (𝒙), 𝛼 = 1, ...,𝑚, 𝑖𝛼 = 1, ..., 𝑠𝛼, (5.18)

where 𝜌 (𝛼)
𝑖𝛼

is the Riesz index of the eigenvalue 𝜆 (𝛼)
𝑖𝛼

and 𝑠𝛼 is the number of distinct eigenvalues
of 𝑲𝛼. Due to Eq. (3.46), the corresponding chain equations d𝐻𝛼 = 𝑲𝑇

𝛼d𝐻 are

𝜕𝐻𝛼

𝜕𝑞𝑎, 𝑗𝑎
=

𝜎𝑎∑︁
𝑘𝑎=1

(
𝜕𝐻

𝜕𝑞𝑎,𝑘𝑎

(
𝑨(𝛼)
𝑎 (𝒒, 𝒑)

)𝑎,𝑘𝑎
𝑎, 𝑗𝑎

+ 𝜕𝐻

𝜕𝑝𝑎,𝑘𝑎

(
𝑪 (𝛼)

𝑎 (𝒒, 𝒑)
)𝑎,𝑘𝑎
𝑎, 𝑗𝑎

)
, (5.19)

𝜕𝐻𝛼

𝜕𝑝𝑎, 𝑗𝑎
=

𝜎𝑎∑︁
𝑘𝑎=1

(
𝜕𝐻

𝜕𝑞𝑎,𝑘𝑎

(
𝑩 (𝛼)
𝑎 (𝒒, 𝒑)

)𝑎,𝑘𝑎
𝑎, 𝑗𝑎

+ 𝜕𝐻

𝜕𝑝𝑎,𝑘𝑎

(
(𝑨(𝛼)

𝑎 (𝒒, 𝒑))𝑇
)𝑎,𝑘𝑎
𝑎, 𝑗𝑎

)
. (5.20)

Therefore, the partial brackets involved in Benenti’s theorem read

{𝐻𝛼,𝐻𝛽}
��
𝑎, 𝑗𝑎

=
𝜎𝑎∑︁

𝑖𝑎 ,𝑘𝑎=1

(
𝜕𝐻

𝜕𝑞𝑎,𝑖𝑎

(
𝑨(𝛼)
𝑎 (𝒒, 𝒑)

)𝑎,𝑖𝑎
𝑎, 𝑗𝑎

+ 𝜕𝐻

𝜕𝑝𝑎,𝑖𝑎

(
𝑪 (𝛼)

𝑎 (𝒒, 𝒑)
)𝑎,𝑖𝑎
𝑎, 𝑗𝑎

)
(
𝜕𝐻

𝜕𝑞𝑎,𝑘𝑎

(
𝑩 (𝛽)
𝑎 (𝒒, 𝒑)

)𝑎,𝑘𝑎
𝑎, 𝑗𝑎

+ 𝜕𝐻

𝜕𝑝𝑎,𝑘𝑎

(
(𝑨(𝛽)

𝑎 (𝒒, 𝒑))𝑇
)𝑎,𝑘𝑎
𝑎, 𝑗𝑎

)
−

𝜎𝑎∑︁
𝑖𝑎 ,𝑘𝑎=1

(
𝜕𝐻

𝜕𝑞𝑎,𝑘𝑎

(
𝑩 (𝛼)
𝑎 (𝒒, 𝒑)

)𝑎,𝑘𝑎
𝑎, 𝑗𝑎

+ 𝜕𝐻

𝜕𝑝𝑎,𝑘𝑎

(
(𝑨(𝛼)

𝑎 (𝒒, 𝒑))𝑇
)𝑎,𝑘𝑎
𝑎, 𝑗𝑎

)
(
𝜕𝐻

𝜕𝑞𝑎,𝑖𝑎

(
𝑨(𝛽)
𝑎 (𝒒, 𝒑)

)𝑎,𝑖𝑎
𝑎, 𝑗𝑎

+ 𝜕𝐻

𝜕𝑝𝑎,𝑖𝑎

(
(𝑪 (𝛽)

𝑎 (𝒒, 𝒑))𝑇
)𝑎,𝑖𝑎
𝑎, 𝑗𝑎

)
. (5.21)

After a long but straightforward calculation (reported in Appendix B), we get
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{𝐻𝛼,𝐻𝛽}
��
𝑎
=

𝜎𝑎∑︁
𝑖𝑎 ,𝑘𝑎=1

(
𝜕𝐻

𝜕𝑞𝑎,𝑖𝑎

𝜕𝐻

𝜕𝑝𝑎,𝑘𝑎

( [
𝑨(𝛼)
𝑎 , 𝑨(𝛽)

𝑎

] 𝑖𝑎
𝑘𝑎

−
(
𝑩 (𝛼)
𝑎 (𝑪 (𝛽)

𝑎 )𝑇 − 𝑩 (𝛽)
𝑎 (𝑪 (𝛼)

𝑎 )𝑇
) 𝑖𝑎
𝑘𝑎

)
+ 𝜕𝐻

𝜕𝑞𝑎,𝑖𝑎

𝜕𝐻

𝜕𝑞𝑎,𝑘𝑎

(
𝑨(𝛼)
𝑎 (𝑩 (𝛽)

𝑎 )𝑇 − 𝑨(𝛽)
𝑎 (𝑩 (𝛼)

𝑎 )𝑇
) 𝑖𝑎
𝑘𝑎

+ 𝜕𝐻

𝜕𝑝𝑎,𝑖𝑎

𝜕𝐻

𝜕𝑝𝑎,𝑘𝑎

(
𝑪 (𝛼)

𝑎 𝑨(𝛽)
𝑎 −𝑪 (𝛽)

𝑎 𝑨(𝛼)
𝑎

) 𝑖𝑎
𝑘𝑎

)
. (5.22)

From the compatibility conditions (3.47) with 𝛀, and Eqs. (3.48), it follows that

𝜕𝐻

𝜕𝑞𝑎,𝑖𝑎

𝜕𝐻

𝜕𝑝𝑎,𝑘𝑎

( [
𝑨(𝛼)
𝑎 , 𝑨(𝛽)

𝑎

] 𝑖𝑎
𝑘𝑎

−
(
𝑩 (𝛼)
𝑎 (𝑪 (𝛽)

𝑎 )𝑇 − 𝑩 (𝛽)
𝑎 (𝑪 (𝛼)

𝑎 )𝑇
) 𝑖𝑎
𝑘𝑎

)
= 0 .

Moreover, from Lemma 3.3.2 we deduce that each of the two remaining addends also vanish. This
completes the proof. □

In the case of a semisimple 𝜔ℋ manifold, we can deduce a direct consequence of the previous
result.

Corollary 5.2.1. If the Haantjes algebra ℋ is semisimple, then the 𝑚 functions (𝐻1, . . . ,𝐻𝑚) are
in T -involution with respect to any set (𝒒, 𝒑) of DH coordinates, that is

{𝐻𝛼,𝐻𝛽}
��
𝑎, 𝑗𝑎

= 0 , 𝑎 = 1, . . . , 𝑣 , 𝑗𝑎 = 1, . . . ,𝜎𝑎 . (5.23)

Proof. As the algebraℋ is semisimple, the blocks 𝑩 (𝛼)
𝑎 and 𝑪 (𝛼)

𝑎 vanish whereas the blocks 𝑨(𝛼)
𝑎

are all diagonal and have the eigenvalues 𝜆 (𝛼)𝑎 of 𝑲𝛼 as diagonal elements, as can be ascertained
from Eq. (5.21). □

The converse of this corollary holds as well, as we prove in the following

Theorem 5.2.2 (Jacobi-Haantjes, [160]). Let (𝑀 ,𝜔) be a symplectic manifold and (𝐻1, . . . ,𝐻𝑚)
be 𝑚 ≤ 𝑛 vertically independent 𝐶∞(𝑀) functions which are in T -involution w.r.t. a set of Dar-
boux coordinates (𝒒, 𝒑). Then, these functions belong to the (short) Haantjes chains generated by the
Haantjes operators

𝑲𝛼 =
𝑛∑︁
𝑖=1

𝜕𝐻𝛼
𝜕𝑝𝑖

𝜕𝐻
𝜕𝑝𝑖

(
𝜕

𝜕𝑞𝑖
⊗ d𝑞𝑖 + 𝜕

𝜕𝑝𝑖
⊗ d𝑝𝑖

)
, 𝛼 = 1, . . . ,𝑚 , (5.24)

where 𝐻 is any function depending on (𝐻1, . . . ,𝐻𝑚) and fulfilling 𝜕𝐻
𝜕𝑝𝑖

≠ 0, 𝑖 = 1, . . . , 𝑛. These
operators generate a semisimple𝜔ℋ structure on 𝑀 of rank𝑚.

Proof. The proof proceeds, exactly, as the proof of Theorem 3.4.2 by simply interchanging𝑚 with
𝑛. □
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5.3 partial separability and generalized stäckel systems

The theory of partial separability can also be formulated in the case of Hamiltonian systems admit-
ting a priori less than 𝑛 integrals of motion [39, 44, 71, 147, 150, 178] (Case II of Definition 5.1.1). We
shall present here a novel formulation of this theory in the context of Haantjes geometry, which
widely extends the approach we presented in [192]. More precisely, in that article, we have deter-
mined the semisimple symplectic-Haantjes manifolds associated with the AKN systems (1.58). In
essence, they are families of 𝑛 Hamiltonians in involution, which are generated from a standard
Stäckel matrix 𝑺, but keeping arbitrary the dependence of the functions 𝑓𝑘 on the momentum 𝑝𝑘 .
By specializing the Stäckel matrix and vector from Section 1.4.1 for the AKN systems conveniently,
we have also derived directly both families of quasi-bi-Hamiltonian and classical Stäckel systems. In
other words, Haantjes geometry allows us to totally separate the AKN systems using the construc-
tion of related DH coordinates.

We shall now extend these results to a much more general family of Hamiltonian models, which
are partially separable.

5.3.1 A new family of generalized Stäckel systems

In order to introduce the class of systems we are interested, we shall first review the notion of gen-
eralized Stäckel matrix, defined in 1897 by Stäckel in [178] and by Painlevé in [147].

Definition 5.3.1. Let (𝑞1, . . . , 𝑞𝑛) be a coordinate chart, and 𝜎1, . . . ,𝜎𝑚 ∈ N\{0} be a set of
integers such that 𝜎1 + . . . + 𝜎𝑚 = 𝑛. An invertible𝑚 ×𝑚 matrix of the form

𝑺 =


𝑆11(𝒒1) · · · 𝑆1𝑚(𝒒1)
𝑆21(𝒒2) · · · 𝑆2𝑚(𝒒2)

... . . . ...
𝑆𝑚1(𝒒𝑚) · · · 𝑆𝑚𝑚(𝒒𝑚)


(5.25)

where 𝒒1 = (𝑞1,1, . . . , 𝑞1,𝜎1), . . . , 𝒒𝑚 = (𝑞𝑚,1, . . . , 𝑞𝑚,𝜎𝑚), is said to be a generalized Stäckel
matrix.

Inspired by the previous definition, we propose a novel family of Hamiltonian models.

Definition 5.3.2. Let (𝑀 ,𝜔) be a symplectic manifold and (𝑞𝑖 , 𝑝𝑖) a set of Darboux coordinates.
We introduce the class of generalized Stäckel Hamiltonians defined by

𝐻1

...
𝐻𝑚

 = 𝑺−1


𝑓1(𝒒1, 𝒑1)

...
𝑓𝑚(𝒒𝑚, 𝒑𝑚)

 , (5.26)
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where (𝐻1, . . . ,𝐻𝑚) are 𝑚 functions on 𝑀 , 𝒒1 = (𝑞1,1, . . . , 𝑞1,𝜎1), 𝒑1 = (𝑝1,1, . . . , 𝑝1,𝜎1), . . . ,
𝒒𝑚 = (𝑞𝑚,1, . . . , 𝑞𝑚,𝜎𝑚), 𝒑𝑚 = (𝑝𝑚,1, . . . , 𝑝𝑚,𝜎𝑚) and 𝑺 is a generalized𝑚 ×𝑚 Stäckel matrix,
whose 𝑎th row depends on the variables (𝒒𝑎) only. Also,

|𝑭⟩ :=


𝑓1(𝒒1, 𝒑1)

...
𝑓𝑚(𝒒𝑚, 𝒑𝑚)

 (5.27)

will be said to be a generalized Stäckel vector.

Remark 5.3.1. The family of Hamiltonian systems given by generalized Stäckel Hamiltonians (5.26)
extend significantly the family of known systems obtainable by the Stäckel geometry. The AKN systems
are realized when 𝑚 = 𝑛 (i.e. 𝜎1 = . . . = 𝜎𝑛 = 1), namely when 𝑺 is a standard Stäckel matrix
(see Section 1.4.1). In addition, if we impose that the functions 𝑓𝑘 depend just on a pair (𝑞𝑘 , 𝑝𝑘) of
canonical coordinates and that their dependence on 𝑝𝑘 is quadratic, then we get back the original
Stäckel systems [148, 177]. The models introduced by Di Pirro [150] belong to the class (5.26) if 𝑚 =
𝑛 − 1 and 𝑓𝑘 are quadratic in the momentum 𝑝𝑘 . The more general systems considered first in [178]
and then in [71], [39] and [44], related to the Painlevé metrics [147], are obtained from the class (5.26)
when 𝑺 is of the form (5.25) with𝑚 ≤ 𝑛− 1, and the Hamiltonians (𝐻1, . . . ,𝐻𝑚) are still quadratic
in the momenta.

5.3.2 Partial separability and semisimple Haantjes manifolds

In this section, we prove the existence of𝜔ℋ manifolds associated with partially separable Hamil-
tonian systems. We start with the following

Theorem 5.3.1 (T -Involution). Let (𝐻1, . . . ,𝐻𝑚) be 𝑚 generalized Stäckel Hamiltonians. Then,
any pair of functions (𝐻𝑎,𝐻𝑏) are in T -involution, that is

{𝐻𝑎,𝐻𝑏}
��
𝑐, 𝑗𝑐

= 0, 𝑐 = 1, . . . ,𝑚, 𝑗𝑐 = 1, . . . ,𝜎𝑐 . (5.28)

Proof. Observe that 𝜕 𝑓𝑐

𝜕𝑞𝑑, 𝑗𝑑
= 0 if 𝑐 ≠ 𝑑. Let us denote by 𝑆−1

𝑖 𝑗
the element in the 𝑖-th row and the

𝑗 -th column of 𝑺−1. We obtain

{𝐻𝑎,𝐻𝑏}
��
𝑐, 𝑗𝑐

=
𝑚∑︁
𝑑=1

(
𝜕𝑆−1

𝑎𝑑

𝜕𝑞𝑐, 𝑗𝑐
𝑆−1𝑏𝑐 −

𝜕𝑆−1
𝑏𝑑

𝜕𝑞𝑐, 𝑗𝑐
𝑆−1𝑎𝑐

)
𝑓𝑑

𝜕 𝑓𝑐

𝜕𝑝𝑐, 𝑗𝑐
. (5.29)

Taking into account the identity

𝜕𝑥 (𝑺−1) = −𝑺−1𝜕𝑥 (𝑺)𝑺−1 , (5.30)

where 𝑥 is any variable on which 𝑺 depends, we deduce

𝜕𝑆−1
𝑎𝑑

𝜕𝑞𝑐, 𝑗𝑐
= −𝑆−1𝑎𝑐

( 𝑚∑︁
𝑘=1

𝜕𝑆𝑐𝑘

𝜕𝑞𝑐, 𝑗𝑐
𝑆−1𝑘𝑑

)
. (5.31)
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This relation implies
𝜕𝑆−1

𝑎𝑑

𝜕𝑞𝑐, 𝑗𝑐
𝑆−1𝑏𝑐 = −𝑆−1𝑎𝑐

( 𝑚∑︁
𝑘=1

𝜕𝑆𝑐𝑘

𝜕𝑞𝑐, 𝑗𝑐
𝑆−1𝑘𝑑

)
𝑆−1𝑏𝑐 . (5.32)

It is immediate to observe that the latter identity is symmetric with respect to the interchange of
𝑎 with 𝑏. Therefore, each of the terms in the sum of Eq. (5.29) vanishes. □

Remark 5.3.2. Interestingly enough, Theorem 5.3.1 holds even in the case when each 𝑎-th row of the
Stäckel matrix 𝑺 may depend also on the variables (𝒒𝑎, 𝒑𝑎), as well as the 𝑎-th row of the generalized
Stäckel vector |𝑭⟩ (we omit the proof of this observation for simplicity). In this more general scenario,
both the elements 𝑆𝑖 𝑗 (𝒒𝑎, 𝒑𝑎) and the functions 𝑓𝑎 (𝒒𝑎, 𝒑𝑎) will be called generalized Stäckel func-
tions as they are in P-involution and are characteristic functions of the Haantjes web, by analogy with
the standard case already discussed in [185, 192].

We can now prove one of our main results.

Theorem 5.3.2. Let (𝑀 ,𝜔) be a symplectic manifold and (𝐻1, . . . ,𝐻𝑚) be𝑚 independent,𝐶∞(𝑀)
functions of the form (5.26). Then, they belong to the Lenard–Haantjes chain

𝑲𝑇
𝛼d𝐻1 = d𝐻𝛼, 𝛼 = 1, . . . ,𝑚 , (5.33)

where 𝑲𝛼 are the Haantjes operators defined by

𝑲𝛼 :=
𝑚∑︁
𝑖=1

~
𝑆𝛼𝑖
~
𝑆1𝑖

𝜎𝑖∑︁
𝑘=1

(
𝜕

𝜕𝑞𝑖,𝑘
⊗ d𝑞𝑖,𝑘 + 𝜕

𝜕𝑝𝑖,𝑘
⊗ d𝑝𝑖,𝑘

)
, 𝛼 = 1, . . . ,𝑚 . (5.34)

They generate a semisimple𝜔ℋ manifold of class𝑚.

Proof. The statement is a consequence of Theorem 5.2.2. In particular, the Haantjes operators
(5.34) are a realization of the operators (5.24) for the case of the generalized Stäckel systems defined
by the Hamiltonians (5.26). In fact, it is sufficient to observe that from Eq. (5.26) we have

𝜕𝐻𝛼
𝜕𝑝𝑎,𝑘𝑎
𝜕𝐻1

𝜕𝑝𝑎,𝑘𝑎

=
~
𝑆𝛼𝑎
~
𝑆1𝑎

𝑘𝑎 = 1, . . . ,𝜎𝑎 . (5.35)

□

5.3.3 Generalized Stäckel systems and Hamilton-Jacobi equations

We now study the problem of partial separability of the HJ equations for the generalized Stäckel
systems (5.26). The general form of the time-independent HJ equation is

𝐻

(
𝒒1, ..., 𝒒𝑚, 𝒑1 =

𝜕𝑊

𝜕𝒒1
, ..., 𝒑𝑚 =

𝜕𝑊

𝜕𝒒𝑚

)
= ℎ, (5.36)
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where ℎ is an arbitrary constant. Moreover, the𝑚 GSE (1.55) become
𝑓1(𝒒1, 𝒑1)

...
𝑓𝑚(𝒒𝑚, 𝒑𝑚)

 − 𝑺


𝐻1

...
𝐻𝑚

 =


0
...
0

 . (5.37)

They allow to split the HJ equations into the system

𝑓𝑎

(
𝒒𝑎,

𝜕𝑊

𝜕𝒒𝑎

)
− ⟨𝑺𝑎 | 𝒉 ⟩ = 0 𝑎 = 1, . . . ,𝑚 , (5.38)

where 𝑺𝑎 is the 𝑎-th row of the Stäckel matrix 𝑺, and 𝒉 = [ℎ1, . . . , ℎ𝑚]𝑇 . Notice that in this
context the number of subsets of Darboux coordinates, previously denoted by 𝑣, coincides with
the number𝑚 of Hamiltonian functions of the system.

At this stage, one is left with 𝑚 independent PDEs to solve. This task may be a nontrivial one.
However, one can study these PDEs using several techniques, including numerical methods or Lie
symmetry analysis, to solve or further reduce them.

5.3.3.1 Systems partially separable in (2,1,1) coordinates

For the sake of concreteness, we illustrate a realization of the class (5.26). Let us consider the system
𝐻1

𝐻2

𝐻3

 = 𝑺−1


𝑓1(𝑞1, 𝑝1, 𝑞2, 𝑝2)

𝑓2(𝑞3, 𝑝3)
𝑓3(𝑞4, 𝑝4)

 , (5.39)

where 𝑓1, 𝑓2 and 𝑓3 are arbitrary functions and the generalized Stäckel matrix takes the form

𝑺 =


𝑆11(𝑞1, 𝑞2) 𝑆12(𝑞1, 𝑞2) 𝑆13(𝑞1, 𝑞2)
𝑆21(𝑞3) 𝑆22(𝑞3) 𝑆23(𝑞3)
𝑆31(𝑞4) 𝑆32(𝑞4) 𝑆33(𝑞4)

 . (5.40)

The functions 𝑆𝑖 𝑗 are arbitrary, except for the condition that 𝑺 must be invertible. Thus, from Eq.
(5.39) we obtain a huge family of Hamiltonian systems (𝐻1,𝐻2,𝐻3) in involution. It explicitly
reads

𝐻1 =
1

det 𝑺
[
(𝑆22𝑆33 − 𝑆23𝑆32) 𝑓1 + (𝑆13𝑆32 − 𝑆12𝑆33) 𝑓2 + (𝑆12𝑆23 − 𝑆13𝑆22) 𝑓3

]
,

(5.41)

𝐻2 =
1

det 𝑺
[
(𝑆23𝑆31 − 𝑆21𝑆33) 𝑓1 + (𝑆11𝑆33 − 𝑆13𝑆31) 𝑓2 + (𝑆13𝑆21 − 𝑆11𝑆23) 𝑓3

]
,

(5.42)

𝐻3 =
1

det 𝑺
[
(𝑆21𝑆32 − 𝑆22𝑆31) 𝑓1 + (𝑆12𝑆31 − 𝑆11𝑆32) 𝑓2 + (𝑆11𝑆22 − 𝑆12𝑆21) 𝑓3

]
.
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(5.43)

Each of these Hamiltonian systems is partially separable in the original coordinates and satisfies
Benenti’s T -separability conditions. From relations (5.40) we obtain the set of three associated HJ
equations: 

𝑓1

(
𝑞1, 𝜕𝑊

𝜕𝑞1
, 𝑞2, 𝜕𝑊

𝜕𝑞2

)
− 𝑆11ℎ1 − 𝑆12ℎ2 − 𝑆13ℎ3 = 0

𝑓2

(
𝑞3, 𝜕𝑊

𝜕𝑞3

)
− 𝑆21ℎ1 − 𝑆22ℎ2 − 𝑆23ℎ3 = 0

𝑓3

(
𝑞4, 𝜕𝑊

𝜕𝑞4

)
− 𝑆31ℎ1 − 𝑆32ℎ2 − 𝑆33ℎ3 = 0.

(5.44)

A Hamiltonian system representing a realization of formula (5.39) is given in Section 5.4.2.

5.4 examples of partially separable hamiltonian models

As proved in the previous sections, the construction of sets of partially or totally separated vari-
ables for a given Hamiltonian model is directly related to the determination of the𝜔ℋ manifolds
associated with the model. To construct these manifolds, one can adopt the procedure detailed in
Section 3.4.4. In the following, we will discuss some examples of its application, leading to the par-
tial separability of the systems studied.

5.4.1 The Jacobi-Calogero three-particle system (Case I)

As was pointed out in [157, 185], a Hamiltonian system can support multiple distinct 𝜔ℋ struc-
tures. A key feature lies in the coexistence of semisimple and non-semisimple Haantjes operators:
while semisimple structures enable full separability in certain charts, non-semisimple ones provide
a framework for partial separability in others. This interplay demonstrates that non-semisimple
operators are not secondary tools but intrinsic geometric objects, essential in cases where semisim-
ple algebras alone cannot account for a system’s separable behavior. The theory’s richness stems
from this duality, where both operator classes–each with distinct spectral properties–contribute
uniquely to the global geometry of integrable systems.

To illustrate this point and to consider systems falling into Case I of Definition 5.1.1, we shall
consider the three-particle Jacobi-Calogero model, with the Hamiltonian function

𝐻 =
1

2

(
𝑝21 + 𝑝22 + 𝑝23

)
+𝑉Cal, (5.45)

where
𝑉Cal =

1

(𝑞1 − 𝑞2)2 + 1

(𝑞1 − 𝑞3)2 + 1

(𝑞2 − 𝑞3)2 . (5.46)

This system is both superintegrable and multiseparable, and it was previously discussed in [192]
from the perspective of the symplectic-Haantjes theory. In particular, Haantjes algebras associated
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with the cylindrical, spherical, and parabolic separation coordinates were obtained. Nevertheless,
the existence of an𝜔ℋ manifold associated with the algebra of integrals {𝐻, 𝐼1, 𝐼3}, where

𝐼1 = 𝑝1 + 𝑝2 + 𝑝3,

𝐼3 =
1

3

(
𝑝
3
1 + 𝑝

3
2 + 𝑝

3
3

)
+ 𝑝1 + 𝑝2
(𝑞1 − 𝑞2)2 +

𝑝1 + 𝑝3
(𝑞1 − 𝑞3)2 +

𝑝2 + 𝑝3
(𝑞2 − 𝑞3)2 ,

(5.47)

remained as an open problem. We address here and solve this problem by showing that there exists
an Abelian, non-semisimple Haantjes algebra associated with the family {𝐻, 𝐼1, 𝐼3}.

In order to solve the chain equations 𝑳𝑇
𝑖 d𝐻 = d𝐼𝑖 , 𝑖 = 1, 3, we start from the most general

operator compatible with the symplectic form (see Eq. (A.3)). Then, we need to fix the arbitrary
functions to satisfy the chain equations and ensure a resulting tensor with vanishing Haantjes tor-
sion.

The algebraic chain equation 𝑳𝑇
1d𝐻 = d𝐼1 can be solved by choosing for instance the operator

𝑳1 =
1

𝑝1 + 𝑝2 + 𝑝3



1 1 1 0 0 0

1 1 1 0 0 0

1 1 1 0 0 0

0 0 0 1 1 1

0 0 0 1 1 1

0 0 0 1 1 1


, (5.48)

whose Nijenhuis (and consequently, Haantjes) torsion trivially vanishes. It is semisimple, its mini-
mal polynomial is of second degree,

𝑚𝑳1 ({𝒒, 𝒑},𝜆) = 𝜆
(
𝜆 − 3

𝑝1 + 𝑝2 + 𝑝3

)
, (5.49)

and its generalized eigenvalues and eigendistributions are

𝜆1 =
3

𝑝1 + 𝑝2 + 𝑝3
, 𝜌1 = 1, D1 =

〈
𝜕

𝜕𝑞1
+ 𝜕

𝜕𝑞2
+ 𝜕

𝜕𝑞3
,
𝜕

𝜕𝑝1
+ 𝜕

𝜕𝑝2
+ 𝜕

𝜕𝑝3

〉
,

𝜆2 = 0, 𝜌2 = 1, D2 =
〈
𝜕

𝜕𝑞1
− 𝜕

𝜕𝑞2
,
𝜕

𝜕𝑞1
− 𝜕

𝜕𝑞3
,
𝜕

𝜕𝑝1
− 𝜕

𝜕𝑝2
,
𝜕

𝜕𝑝1
− 𝜕

𝜕𝑝3

〉
.

(5.50)

Similarly, the algebraic chain equation 𝑳𝑇
3d𝐻 = d𝐼3 can be solved by choosing the Haantjes

operator

𝑳3 =
1

2𝑝1 − 𝑝2 − 𝑝3



𝑓1 𝑓2 𝑓2 0 0 0

𝑓3 𝑓4 𝑓5 0 0 0

𝑓6 𝑓7 𝑓8 0 0 0

0 𝑓9 − 𝑓9 𝑓1 𝑓3 𝑓6

− 𝑓9 0 𝑓9 𝑓2 𝑓4 𝑓7

𝑓9 − 𝑓9 0 𝑓2 𝑓5 𝑓8


, (5.51)
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where

𝑓1 =
1

𝑝1 + 𝑝2 + 𝑝3

[
2𝑝1

(
𝑝21 +

1

(𝑞1 − 𝑞2)2 + 1

(𝑞1 − 𝑞3)2

)
+(𝑝2 + 𝑝3)

(
𝑝21 − 𝑝22 − 𝑝23 −

2

(𝑞2 − 𝑞3)2

)]
,

𝑓2 =
1

𝑝2 + 𝑝3

[(
𝑝21 +

1

(𝑞1 − 𝑞2)2 + 1

(𝑞1 − 𝑞3)2

)
(2𝑝1 − 𝑝2 − 𝑝3) − 𝑝1 𝑓1

]
,

𝑓3 =
(
3(𝑝1 − 𝑝2)
2𝑝1 − 𝑝2 − 𝑝3

− 𝑝2

𝑝2 + 𝑝3

)
𝑓1 + 2

(
𝑝22 +

1

(𝑞1 − 𝑞2)2 + 1

(𝑞2 − 𝑞3)2

)
−
𝑝2 + 3𝑝3
𝑝2 + 𝑝3

(
𝑝21 +

1

(𝑞1 − 𝑞2)2 + 1

(𝑞1 − 𝑞3)2

)
,

𝑓9 =
2

𝑝2 − 𝑝3

[
(2𝑝1 − 𝑝2 − 𝑝3)

(
𝑝1 + 𝑝2

(𝑞1 − 𝑞2)3 +
𝑝1 + 𝑝3

(𝑞1 − 𝑞3)3

)
+ 2

(
1

(𝑞1 − 𝑞2)3 − 1

(𝑞1 − 𝑞3)3 − 2

(𝑞2 − 𝑞3)3

)
·
(
𝑝22 +

1

(𝑞1 − 𝑞2)2 + 1

(𝑞2 − 𝑞3)2

)
−

(
2𝑝2

2𝑝1 − 𝑝2 − 𝑝3

(
1

(𝑞1 − 𝑞2)3 − 1

(𝑞1 − 𝑞3)3 − 2

(𝑞2 − 𝑞3)3

)
+ 1

(𝑞1 − 𝑞2)3 + 1

(𝑞1 − 𝑞3)3

)
𝑓1

+
(

𝑝2 + 3𝑝3
2𝑝1 − 𝑝2 − 𝑝3

(
− 1

(𝑞1 − 𝑞2)3 + 1

(𝑞1 − 𝑞3)3 + 2

(𝑞2 − 𝑞3)3

)
+ 2

(𝑞1 − 𝑞3)3 + 2

(𝑞2 − 𝑞3)3

)
𝑓2

]
,

and
𝑓4 = 𝑓1 +

1

2

(
𝑓2 − 𝑓3

)
,

𝑓5 =
1

2

(
3 𝑓2 − 𝑓3

)
,

𝑓6 = 2 𝑓2 − 𝑓3,

𝑓7 =
1

2

(
𝑓2 + 𝑓3

)
,

𝑓8 = 𝑓1 −
1

2

(
𝑓2 − 𝑓3

)
.

(5.52)

The operator (5.51) is non-semisimple. Its minimal polynomial is of third degree and reads

𝑚𝑳3 ({𝒒, 𝒑},𝜆) =
(
𝜆 − 𝑓1 + 2 𝑓2

2𝑝1 − 𝑝2 − 𝑝3

) (
𝜆 − 𝑓1 − 𝑓2

2𝑝1 − 𝑝2 − 𝑝3

)2
. (5.53)
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Its generalized eigenvalues and eigendistributions are

𝜆3 =
𝑓1 + 2 𝑓2

2𝑝1 − 𝑝2 − 𝑝3
, 𝜌3 = 1,

D3 =
〈
𝜕

𝜕𝑞1
+ 𝜕

𝜕𝑞2
+ 𝜕

𝜕𝑞3
,
𝜕

𝜕𝑝1
+ 𝜕

𝜕𝑝2
+ 𝜕

𝜕𝑝3

〉
≡ D1,

𝜆4 =
𝑓1 − 𝑓2

2𝑝1 − 𝑝2 − 𝑝3
, 𝜌4 = 2,

D4 =
〈
𝜕

𝜕𝑞1
− 𝜕

𝜕𝑞2
,
𝜕

𝜕𝑞1
− 𝜕

𝜕𝑞3
,
𝜕

𝜕𝑝1
− 𝜕

𝜕𝑝2
,
𝜕

𝜕𝑝1
− 𝜕

𝜕𝑝3

〉
≡ D2.

(5.54)

The algebra ℋ1 = span {𝑰, 𝑳1, 𝑳3} is a non-semisimple Abelian algebra of Haantjes operators
of rank 3; thus, they can be simultaneously block-diagonalized in a DH chart.

As the generalized eigen-distributions coincide, their intersections are trivial and do not provide
a finer block-diagonalization for the operators of this algebra. The corresponding annihilators are:

(D1)◦ = ⟨d𝑞1 − d𝑞2, d𝑞1 − d𝑞3, d𝑝1 − d𝑝2, d𝑝1 − d𝑝3⟩,
(D2)◦ = ⟨d𝑞1 + d𝑞2 + d𝑞3, d𝑝1 + d𝑝2 + d𝑝3⟩.

(5.55)

By integrating them, we can construct a set of Haantjes coordinates. Among them, we can select
those satisfying the canonical commutation relations, obtaining the following DH coordinates:

𝑄1 =
1

6

(
2 𝑞1 − 𝑞2 − 𝑞3

)
,

𝑃1 = 2 𝑝1 − 𝑝2 − 𝑝3 ,

𝑄2 =
1

2

(
𝑞2 − 𝑞3

)
,

𝑃2 = 𝑝2 − 𝑝3 ,

𝑄3 =
1

3

(
𝑞1 + 𝑞2 + 𝑞3

)
,

𝑃3 = 𝑝1 + 𝑝2 + 𝑝3 .
(5.56)

Notice that these simple relations become non-trivial if we express the relation between partial and
total separation variables. More precisely, the transformation relating partial and total separation
coordinates (𝔮1, 𝔮2, 𝔮3) is not of the form 𝑄1 = 𝐹1(𝔮1, 𝔮2), 𝑄2 = 𝐹2(𝔮1, 𝔮2), 𝑄3 = 𝐹3(𝔮3),
which a priori guarantees partial separability (with 𝐹1, 𝐹2, 𝐹3 arbitrary, invertible functions). In-
deed, once written, for instance, in terms of spherical coordinates, the partial separation ones read

𝑄1 = −1
6
𝑟 (sin 𝜃 (sin 𝜑 − 2 cos 𝜑) + cos 𝜃),

𝑄2 =
1

2
𝑟 (sin 𝜃 sin 𝜑 − cos 𝜃),

𝑄3 =
1

3
𝑟 (sin 𝜃 (sin 𝜑 + cos 𝜑) + cos 𝜃).

(5.57)

Similar expressions hold for the cases of cylindrical and parabolic coordinates.

Remark 5.4.1. There is much freedom in the representation of the foliation obtained by integrating
the distribution (D1)◦. Indeed, more generally, any choice of a transformation of coordinates of the
form

𝑄1 = 𝔣1(𝑞1 − 𝑞2, 𝑞1 − 𝑞3) , 𝑄2 = 𝔣2(𝑞1 − 𝑞2, 𝑞1 − 𝑞3) , 𝑄3 = 𝔣3(𝑞1 + 𝑞2 + 𝑞3) , (5.58)
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would provide Haantjes coordinates for the algebra ℋ1, where 𝔣1, 𝔣2 and 𝔣3 are arbitrary functions
that make the transformation invertible.

In the chart (5.56), the Hamiltonian function and the integrals of the motion read

𝐻 =
1

12

(
𝑃2
1 + 3𝑃2

2 + 2𝑃2
3

)
+ 1

4(𝑄2)2 + 1

(3𝑄1 +𝑄2)2 + 1

(3𝑄1 −𝑄2)2 ,

𝐼1 = 𝑃3,

𝐼3 =
1

108

[
𝑃
3
1 + 4𝑃

3
3 + 6𝑃2

1𝑃3 − 9𝑃1𝑃2
2 + 18𝑃2

2𝑃3 −
9(𝑃1 − 2𝑃3)

(𝑄2)2

+18(𝑃1 + 4𝑃3)
(

1

(3𝑄1 +𝑄2)2 + 1

(3𝑄1 −𝑄2)2

)
− 54𝑃2

(
1

(3𝑄1 +𝑄2)2 − 1

(3𝑄1 −𝑄2)2

)]
;

(5.59)
and the operators 𝑳1 and 𝑳3 in the coordinates (𝑄1,𝑄2, 𝑃1, 𝑃2,𝑄3, 𝑃3) take the block-diagonal
form

𝑳1 =
3

𝑃3



0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 1 0

0 0 0 0 0 1


(5.60)

and

𝑳3 =
1

2(𝑄2)2 (9(𝑄1)2 − (𝑄2)2)2



𝑔1 0 0 0 0 0

𝑔2 𝑔1 0 0 0 0

0 𝑔3 𝑔1 𝑔2 0 0

−𝑔3 0 0 𝑔1 0 0

0 0 0 0 𝑔4 0

0 0 0 0 0 𝑔4


, (5.61)

where

𝑔1 =
1

3𝑃1

[
(𝑄2)2(9(𝑄1)2 − (𝑄2)2)2(𝑃2

1 − 3𝑃2
2 + 4𝑃1𝑃3)

+ 9(−27(𝑄1)4 + 18(𝑄1)2(𝑄2)2 + (𝑄2)4)
]
,

𝑔2 =
3

𝑃2
1

[
(𝑄2)2(9(𝑄1)2 − (𝑄2)2)2(−𝑃2

1 + 𝑃2
2)𝑃2 + 24𝑄1(𝑄2)3𝑃1

+ 3(27(𝑄1)4 − 18(𝑄1)2(𝑄2)2 − (𝑄2)4)𝑃2
]
,
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𝑔3 = − 3

(𝑄2)3 (9(𝑄1)2 − (𝑄2)2)3 𝑃2
1

[
72𝑄1(𝑄2)5(9(𝑄1)2 − (𝑄2)2)2(3(𝑄1)2 + (𝑄2)2)𝑃1𝑃2

− (𝑄2)10(27 + (𝑄2)2(𝑃2
1 − 9𝑃2

2)) − 162(𝑄1)4(𝑄2)6(63 + 5(𝑄2)2(𝑃2
1 + 3𝑃2

2))
+ 9(𝑄1)2(𝑄2)8(−117 + (𝑄2)2(5𝑃2

1 + 3𝑃2
2)) + 1458(𝑄1)6(𝑄2)4(3 + (𝑄2)2(5𝑃2

1 + 7𝑃2
2))

+6561(𝑄1)8(9(𝑄2)2 + 5(𝑄2)4(−𝑃2
1 + 𝑃2

2) + 9(𝑄1)2(−1 + (𝑄2)2(𝑃2
1 − 𝑃2

2)))
]
,

𝑔4 =
1

3𝑃3

[
27(3(𝑄1)2 + (𝑄2)2)2 + (𝑄2)2(9(𝑄1)2 − (𝑄2)2)2(𝑃2

1 + 3𝑃2
2 + 2𝑃2

3)
]
.

The HJ equations associated with this system read(
𝜕𝑊1

𝜕𝑄1

)2
+ 3

(
𝜕𝑊1

𝜕𝑄2

)2
+ 3

(𝑄2)2 + 12

(3𝑄1 +𝑄2)2 + 12

(3𝑄1 −𝑄2)2 = ℎ,

d𝑊2

d𝑄3
= ℎ1,

𝜕𝑊1

𝜕𝑄1

[(
𝜕𝑊1

𝜕𝑄2

)2
+ 1

(𝑄2)2 − 1
2

1

(3𝑄1 +𝑄2)2 − 1
2

1

(3𝑄1 −𝑄2)2 − ℎ + 1
6
ℎ21

]
− 54𝑄1𝑄2

(9(𝑄1)2 − (𝑄2)2)2
𝜕𝑊1

𝜕𝑄2
= ℎ2,

(5.62)

where ℎ, ℎ1, ℎ2 are real constants. This reformulation simplifies the original system, reducing it to
a coupled pair of PDEs in two variables and an auxiliary ODE. The streamlined structure now lends
itself to systematic analysis–either through symmetry-based methods or computational tools–exploiting
its reduced complexity to advance toward solutions.

5.4.2 Construction of a new generalized Stäckel system (Case II)

We can construct directly new families of partially separable systems by specializing the arbitrary
functions involved in definitions (5.25) and (5.26). For instance, working in an eight-dimensional
phase space, we can specialize directly Eqs. (5.39) and (5.40) by making the choice

𝑺 =


𝑞1𝑞2 0 0

0 1 𝑞3

𝑞4 0 1

 (5.63)

for the generalized Stäckel matrix and

𝑓1 = 𝑞1𝑞2(𝑝21 + 𝑝22 + 𝑞1𝑞2),
𝑓2 = 𝑝23 + 𝑞3, (5.64)
𝑓3 = 𝑝24 + 𝑞4,
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for the elements of the Stäckel vector. In this way, we obtain the Hamiltonian system

𝐻1 = 𝑝21 + 𝑝22 + 𝑞1𝑞2,
𝐻2 = 𝑞3𝑞4(𝑝21 + 𝑝22) + 𝑝23 − 𝑞3𝑝24 + 𝑞3𝑞4(𝑞1𝑞2 − 1) + 𝑞3, (5.65)
𝐻3 = −𝑞4(𝑝21 + 𝑝22) + 𝑝24 + 𝑞4(1 − 𝑞1𝑞2).

The three GSE (5.37) explicitly read
𝑞1𝑞2𝐻1 − 𝑞1𝑞2(𝑝21 + 𝑝22 + 𝑞1𝑞2) = 0,

𝐻2 + 𝑞3𝐻3 − 𝑝23 − 𝑞3 = 0,

𝑞4𝐻1 + 𝐻3 − 𝑝24 − 𝑞4 = 0.

(5.66)

Therefore, assuming that

𝑊 (𝑞1, 𝑞2, 𝑞3, 𝑞4; ℎ1, ℎ2, ℎ3) = 𝑊1(𝑞1, 𝑞2; ℎ1, ℎ2, ℎ3)
+𝑊2(𝑞3; ℎ1, ℎ2, ℎ3) +𝑊3(𝑞4; ℎ1, ℎ2, ℎ3), (5.67)

we obtain the partially separated HJ equations

(
𝜕𝑊1

𝜕𝑞1

)2
+

(
𝜕𝑊1

𝜕𝑞2

)2
+ 𝑞1𝑞2 = ℎ1,(

𝜕𝑊2

𝜕𝑞3

)2
+ 𝑞3 − ℎ3𝑞3 = ℎ2,(

𝜕𝑊3

𝜕𝑞4

)2
+ 𝑞4 − ℎ1𝑞4 = ℎ3.

(5.68)

In the case under scrutiny, we can determine an Abelian and semisimple Haantjes algebra ℋ2 =
span {𝑲1, 𝑲2 = 𝑰, 𝑲3}, allowing for partial separation. Applying Theorem 5.3.2 by choosing 𝐻 =
𝐻2 to be the generator function of the Haantjes chains, we obtain in the chart (𝑞1, 𝑞2, 𝑞3, 𝑞4,
𝑝1, 𝑝2, 𝑝3, 𝑝4) that the Haantjes operators

𝑲1 =
1

𝑞3𝑞4
diag[1, 1, 0, 0, 1, 1, 0, 0], 𝑲3 = − 1

𝑞3
diag[1, 1, 0, 1, 1, 1, 0, 1] (5.69)

satisfy the chain equations d𝐻1 = 𝑲𝑇
1d𝐻 and d𝐻3 = 𝑲𝑇

3d𝐻, respectively.

Remark 5.4.2. In [192], it has been shown that Killing tensors for the AKN systems [6] can be natu-
rally constructed within the theory of 𝜔ℋ manifolds by projecting the Haantjes operators associated
with the AKN systems from phase space into the configuration space. This, in turn, provides a direct
connection between the Haantjes geometry and Eisenhart’s theory of Killing tensors for Stäckel systems
[49].



Para ver una cosa hay que comprenderla. El sillón presupone el cuerpo
humano, sus articulaciones y partes; las tijeras, el acto de cortar. ¿Qué
decir de una lámpara o de un vehículo? El salvaje no puede percibir la
biblia del misionero; el pasajero no ve el mismo cordaje que los hom-
bres de a bordo. Si viéramos realmente el universo, tal vez lo enten-
deríamos.

Jorge Luis Borges, There Are More Things

6
Hamiltonian integrable systems in a

magnetic field

Onaquiet afternoon, the breeze threads through the leaves, coaxing them into a dance only it
can hear. You watch their arcs and tremors–chaotic, yet somehow deliberate–as if each twist were
pulled by currents unseen. There’s a quiet thrill in realizing this: beneath the flutter of randomness
lies a rhythm written in the language of air and inertia, a choreography so precise it turns whispers
into revelation. To study this is to decipher the wind’s whispered stanzas, to trace the same hidden
order that guides a leaf’s shiver or a particle’s path through the silent pull of a magnetic hymn–proof
that even the imperceptible hums with laws waiting to be known.

The purpose of this chapter is to analyze classical integrable and superintegrable Hamiltonian
systems in magnetic fields through a novel geometric framework rooted in Haantjes geometry. Our
approach achieves two goals: first, it provides new geometric insights into known physical systems;
second, it enables the systematic construction of new magnetic models from geometric principles.

We consider Hamiltonian systems defined on a Riemannian manifold (𝑄, 𝑔), where 𝑔 is the
metric tensor on an 𝑛-dimensional differentiable manifold𝑄 (we shall focus in 𝑛 = 3). In canonical
coordinates (𝒒, 𝒑) = (𝑞1, . . . , 𝑞𝑛, 𝑝1, . . . , 𝑝𝑛) on𝑇∗𝑄, the Hamiltonian function takes the form
(with units 𝑒 = −1,𝑚 = 1):

𝐻 =
1

2
𝑔𝑖 𝑗 (𝑝𝑖 + 𝐴𝑖) (𝑝 𝑗 + 𝐴 𝑗) +𝑉 (𝒒) =

1

2
𝑔𝑖 𝑗 𝑝𝑖𝑝 𝑗 + 𝐴𝑖𝑝𝑖 +𝑈 (𝒒), (6.1)

119
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where 𝐴 is a smooth vector field (the vector potential), 𝐵 = ∇ × 𝐴 the magnetic field associated
with the model,𝑉 (𝒒) the scalar potential, and

𝑈 :=
1

2
𝐴𝑖𝐴𝑖 +𝑉 . (6.2)

The study of integrable Hamiltonian models immersed in magnetic fields, or with velocity de-
pendent potentials, originated in the 1960s with monopole-related models [81, 100, 131, 133, 199].
Systematic exploration began in the 1980s, focusing on two-dimensional Euclidean systems with
first-degree integrals in the momenta [47]. Subsequent work extended this to second-degree inte-
grals in the 2000s, leading to a partial classification [32, 42, 132, 154, 155]; while the analysis of three-
dimensional systems with the work [127], but it is still in progress (see e.g. [73, 97] and references
therein). Separability on curved Riemannian spaces has also been considered (refer for instance
[12]). Recently, in [17] a novel approach for the study of the orbits of superintegrable systems in a
magnetic field, based on Lie group theory, has been proposed.

The main idea of this chapter is to study the interplay between magnetic systems and their un-
derlying geometry. In the first part, we shall consider families of integrable Hamiltonian systems
immersed in a magnetic field, which are of physical interest, and we unravel their underlying geo-
metric structure. More precisely, we shall construct the symplectic-Haantjes manifolds associated
with the magnetic systems under investigation. Thus, we prove that the DH coordinates for these
geometric structures provide coordinate charts where the HJ equations associated with our sys-
tems separate into systems of ODEs (total separability), or ODEs and PDEs (partial separability).
Also, we shall prove that there is a direct relation between the Haantjes geometry and the Stäckel
theory of separability. We stress that, in contrast to the usual methods based on the configuration
space separation, the full generality of the Haantjes geometry, directly defined on the phase space,
bypasses the necessity of fixing a specific gauge from the very beginning for the associated vector
potentials, usually done in an ad hoc manner. Indeed, it is the geometry of the full phase space that
naturally determines the gauge needed for separation.

In the second part, we go back from geometry to magnetic systems. We will suitably generalize the
Haantjes and Stäckel geometries determined in the first part in order to construct new families of
integrable Hamiltonian systems, defined on Riemannian manifolds, immersed in suitable magnetic
fields.

A novel observation is that we can regard our new magnetic models as generalized Stäckel systems
in the sense of AKN (see Section 1.4.1). This important class of Hamiltonian integrable models
possesses an interesting geometry (see Section 3.4.3), which will be fundamental in the construction
of the new models.

This chapter presents the results of [99], and it is structured as follows. Section 6.1 establishes pre-
liminary results on Haantjes operators for cyclic coordinates. Section 6.2 reviews magnetic fields in
Riemannian geometry. Section 6.3 derives the most general 3D systems of type (6.1) separable in
cylindrical coordinates, alongside their Haantjes algebras. Section 6.4 analyzes a constant magnetic
field system, revealing three distinct symplectic-Haantjes manifolds linked to separation coordi-
nates, and examines the helical undulator. Section 6.5 constructs Stäckel geometries for the previous
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superintegrable systems via their Jacobi-Sklyanin equations; and Section 6.6 solves an inverse prob-
lem to generalize these geometries, and defines new magnetic systems. Finally, Section 6.7 explores
superintegrability in a broad class of systems immersed in a magnetic monopole field.

6.1 haantjes operators associated to cyclic coordinates

The theory of𝜔ℋ manifolds provides a natural framework for analyzing Hamiltonian systems in
the presence of magnetic fields, as we demonstrate in subsequent sections. A first example of this
framework is presented below, where we derive Haantjes operators associated with cyclic coordi-
nates

Let us consider the Hamiltonian function (6.1) and assume it is independent of the coordinate
𝑞𝑎 (i.e., 𝑞𝑎 is cyclic or ignorable). Then, as is well-known, the conjugate momenta 𝑝𝑎 is an integral
of motion, as it is in involution with𝐻. More precisely, it is in total separable involution with𝐻. In
such a situation, we can write down a Haantjes operator 𝑲𝑎 such that 𝑲𝑇

𝑎d𝐻 = d𝑝𝑎. We obtain

𝑲𝑎 =
1

𝑔𝑎𝑖 (𝑝𝑖 + 𝐴𝑖 (𝒒))

(
𝜕

𝜕𝑞𝑎
⊗ d𝑞𝑎 + 𝜕

𝜕𝑝𝑎
⊗ d𝑝𝑎

)
. (6.3)

In fact, from Eq. (3.70) it follows immediately

𝜆
(𝑎)
𝑏

=
𝜕𝐻𝑎
𝜕𝑝𝑏

𝜕𝐻
𝜕𝑝𝑏

=
𝛿𝑎𝑏

𝑔𝑏 𝑗 (𝑝 𝑗 + 𝐴 𝑗)
,

where 𝐻𝑎 := 𝑝𝑎.

6.2 magnetic fields and riemannian geometry

Let us recall some notions that we will use in what follows.

Definition 6.2.1. Let 𝑄 be a Riemannian manifold and 𝑮 be the inverse of its metric tensor. It
defines the 𝐶∞(𝑄)-linear map (denoted, with a slight abuse of notation, by 𝑮) and defined by 𝑮:
Ω1(𝑄) → 𝔛(𝑄),𝛼 ↦→ 𝑋 = 𝑮 𝛼 where 𝑋 is the unique vector field such that

𝑔(𝑋 ,𝑌 ) = ⟨𝛼,𝑌⟩ , ∀𝑌 ∈ 𝔛(𝑄) .

Such isomorphism that maps 1-forms onto vector fields is also denoted as 𝑋 = (𝛼)♯. The inverse
of such isomorphism 𝑮−1:𝔛(𝑄) → Ω1(𝑄), 𝑋 ↦→ 𝛼 = 𝑮−1𝑋 is also denoted as 𝛼 = 𝑋♭.

Let us recall that, in a 3D Riemaniann manifold, the Hodge star operator∗:Ω𝑘 (𝑄) → Ω3−𝑘 (𝑄)
evaluated on the basis 2-forms gives us

∗(d𝑞𝑖 ∧ d𝑞 𝑗) = 𝜄𝑮d𝑞 𝑗 𝜄𝑮d𝑞𝑖
√︁
det(𝑔) d𝑞1 ∧ d𝑞2 ∧ d𝑞3, (6.4)

where 𝜄𝑋 denotes the interior product of a 𝑘-form with a vector field 𝑋 .
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If 𝐴 denotes the vector field of the magnetic potential, the magnetic vector field can be defined
as 𝐵 := ∇ × 𝐴 = (∗ d(𝐴)♭)♯ = 𝑮 ∗ d(𝑮−1𝐴). In general curvilinear coordinates (𝑞1, 𝑞2, 𝑞3), we
can compute 𝐵 through the formula

∇ × 𝐴 =
1

ℎ1ℎ2ℎ3

��������
ℎ1e1 ℎ2e2 ℎ3e3
𝜕

𝜕𝑞1
𝜕

𝜕𝑞2
𝜕

𝜕𝑞3

𝐴1 𝐴2 𝐴3

�������� , (6.5)

where ( 𝜕
𝜕𝑞1

, 𝜕
𝜕𝑞2

, 𝜕
𝜕𝑞3

) are the vector fields of the natural reference frame, ℎ𝑖 =
√
𝑔𝑖𝑖 their modules

and (e1 = 1
ℎ1

𝜕
𝜕𝑞1

, e2 = 1
ℎ2

𝜕
𝜕𝑞2

, e3 = 1
ℎ3

𝜕
𝜕𝑞3

) the unit vector fields in the same directions. In the fol-
lowing, we shall denote by (𝐴1, 𝐴2, 𝐴3) the covariant components of a vector field 𝐴(𝑞1, 𝑞2, 𝑞3)
along the basis of the gradients (∇𝑞1 = 𝑮 d𝑞1,∇𝑞2 = 𝑮 d𝑞2,∇𝑞3 = 𝑮 d𝑞3).

6.3 separable systems with magnetic field in cylindrical coordinates

In this section, we shall determine the symplectic-Haantjes manifolds associated with a large class
of magnetic systems in E3: those separating in cylindrical coordinates. Our strategy will be based
on some natural ansätze together with the Jacobi-Haantjes Theorem 3.4.2.

In cylindrical coordinates (𝑟 , 𝜑, 𝑧), the Euclidean metric reads 𝑔 = diag [1, 𝑟2, 1] and the Hamil-
tonian (6.1) takes the form

𝐻 =
1

2

[
(𝑝𝑟 + 𝐴𝑟 (𝑟 , 𝜑, 𝑧))2 +

(𝑝𝜑 + 𝐴𝜑 (𝑟 , 𝜑, 𝑧))2

𝑟2
+ (𝑝𝑧 + 𝐴𝑧 (𝑟 , 𝜑, 𝑧))2

]
+𝑉 (𝑟 , 𝜑, 𝑧)

=
1

2

(
Π2
𝑟 +

Π2
𝜑

𝑟2
+Π2

𝑧

)
+𝑉 (𝑟 , 𝜑, 𝑧) ,

(6.6)

whereΠ𝑟 := 𝑝𝑟 + 𝐴𝑟 (𝑟 , 𝜑, 𝑧),Π𝜑 := 𝑝𝜑 + 𝐴𝜑 (𝑟 , 𝜑, 𝑧) andΠ𝑧 := 𝑝𝑧 + 𝐴𝑧 (𝑟 , 𝜑, 𝑧) and (𝐴𝑟 , 𝐴𝜑 , 𝐴𝑧)
are, respectively, the covariant components of the linear momentum Π = 𝑣 and the vector mag-
netic potential 𝐴, along the reference frame (∇𝑟 ,∇𝜑,∇𝑧). From Eq. (6.5) we obtain the expression
of the magnetic field:

𝐵(𝑟 , 𝜑, 𝑧) = 1
𝑟

(
𝜕𝐴𝑧

𝜕𝜑
−
𝜕𝐴𝜑

𝜕𝑧

)
e𝑟 +

(
𝜕𝐴𝑟

𝜕𝑧
− 𝜕𝐴𝑧

𝜕𝑟

)
e𝜑 + 1

𝑟

(
𝜕𝐴𝜑

𝜕𝑟
− 𝜕𝐴𝑟

𝜕𝜑

)
e𝑧 , (6.7)

where (e𝑟 , e𝜑 , e𝑧) are the unit vectors tangent to the coordinate lines. We introduce the Haantjes
algebra ℋ𝑐𝑦𝑙 associated with the cylindrical web, which is generated by the set of Haantjes (Nijen-
huis) operators

𝑳1 :=
𝜕

𝜕𝑟
⊗ d𝑟 + 𝜕

𝜕𝑝𝑟
⊗ d𝑝𝑟 , (6.8)

𝑳2 :=
𝜕

𝜕𝜑
⊗ d𝜑 + 𝜕

𝜕𝑝𝜑
⊗ d𝑝𝜑 , (6.9)
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𝑳3 :=
𝜕

𝜕𝑧
⊗ d𝑧 + 𝜕

𝜕𝑝𝑧
⊗ d𝑝𝑧 . (6.10)

In the Cartesian frame (𝑥, 𝑦, 𝑧, 𝑝𝑥 , 𝑝𝑦 , 𝑝𝑧), they take the matrix form

𝑳1 =
1

𝑥2 + 𝑦2



𝑥2 𝑥𝑦 0 0 0 0

𝑥𝑦 𝑦2 0 0 0 0

0 0 0 0 0 0

0 𝑥 𝑝𝑦 − 𝑦 𝑝𝑥 0 𝑥2 𝑥𝑦 0

−(𝑥 𝑝𝑦 − 𝑦 𝑝𝑥) 0 0 𝑥𝑦 𝑦2 0

0 0 0 0 0 0


, (6.11)

𝑳2 =



𝑦2 −𝑥𝑦 0 0 0 0

−𝑥𝑦 𝑥2 0 0 0 0

0 0 0 0 0 0

0 −(𝑥 𝑝𝑦 − 𝑦 𝑝𝑥) 0 𝑦2 −𝑥𝑦 0

𝑥 𝑝𝑦 − 𝑦 𝑝𝑥 0 0 −𝑥𝑦 𝑥2 0

0 0 0 0 0 0


, (6.12)

𝑳3 = diag [0, 0, 1, 0, 0, 1] . (6.13)

Note that they can also be obtained using the complete Yano lift [76, 198] of, respectively, the evalu-
ation of the Euler tensor at the equatorial plane 𝑧 = 0 (up to the factor (𝑥2 + 𝑦2)−1) and the inertia
tensor (in E2) of a single particle [184].

We obtained three cases of general systems in a magnetic field separable in cylindrical coordinates.
In the following discussion 𝐻1 = 𝐻.

Case 1. Let us look for an integrable system that admits as integrals of motion the momenta conju-
gated to the coordinates (𝜑, 𝑧):

𝐻2 := 𝑝𝜑 , 𝐻3 := 𝑝𝑧 . (6.14)

With this ansatz, the coordinates (𝜑, 𝑧) are ignorable in the Hamiltonian function (6.6).
Therefore,

𝐴(𝑟) = 𝐴𝑟 (𝑟) ∇𝑟 + 𝐴𝜑 (𝑟) ∇𝜑 + 𝐴𝑧 (𝑟) ∇𝑧 , 𝑉 = 𝑉 (𝑟). (6.15)

From Eq. (8.8), we obtain the magnetic field

𝐵 = −𝐴′
𝑧 (𝑟) e𝜑 +

𝐴′
𝜑 (𝑟)
𝑟

e𝑧 , (6.16)
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which is tangent to the cylindrical surfaces of the cylindrical web. As it is independent of 𝐴𝑟 ,
we can set 𝐴𝑟 = 0without loss of generality. In view of Eq. (6.6), the Hamiltonian function
of this system turns out to be

𝐻 =
1

2

(
𝑝2𝑟 +

𝑝2𝜑

𝑟2
+ 𝑝2𝑧

)
+
𝐴𝜑 (𝑟)
𝑟2

𝑝𝜑 + 𝐴𝑧 (𝑟) 𝑝𝑧 +𝑉 (𝑟) +
1

2

(
𝐴2
𝜑 (𝑟)
𝑟2

+ 𝐴2
𝑧 (𝑟)

)
. (6.17)

Thus, the Hamiltonian functions (6.14) and (6.17) are not only in involution but even in total
separable involution. Then, Eq. (6.3) implies that the corresponding semisimple Haantjes
operators that solve the chain equations 𝑲𝑇

2d𝐻 = d𝐻2 and 𝑲𝑇
3d𝐻 = d𝐻3 are

𝑲2 =
𝑟2

𝑝𝜑 + 𝐴𝜑 (𝑟)
𝑳2, 𝑲3 =

1

𝑝𝑧 + 𝐴𝑧 (𝑟)
𝑳3. (6.18)

Therefore, the HJ equations associated with the Hamiltonian system are
1
2

( (
𝜕𝑊
𝜕𝑟

)2
+ 𝑐22

𝑟2
+ 𝑐23

)
+ 𝐴𝜑 (𝑟 )

𝑟2
𝑐2 + 𝐴𝑧 (𝑟) 𝑐3 +𝑉 (𝑟) + 1

2

(
𝐴2𝜑 (𝑟 )
𝑟2

+ 𝐴2
𝑧 (𝑟)

)
= 𝑐1 ,

𝜕𝑊
𝜕𝜑

= 𝑐2 ,
𝜕𝑊
𝜕𝑧

= 𝑐3 .

By putting 𝑝𝑟 = 𝜕𝑊
𝜕𝑟

, 𝑝𝑧 = 𝜕𝑊
𝜕𝑧

, 𝑝𝜑 = 𝜕𝑊
𝜕𝜑

in the previous formulas, one obtains the
Jacobi-Skyanin separation relations.

Since it is separated, we can split 𝑊 as 𝑊 (𝑟 , 𝜑, 𝑧) = 𝑊1(𝑟) +𝑊2(𝜑) +𝑊3(𝑧). Thus, the
resulting system consists of three ODEs, and solving them yields:

𝑊 (𝑟 , 𝜑, 𝑧; 𝑐1, 𝑐2, 𝑐3) = 𝑐2 𝜑 + 𝑐3 𝑧

±
∫ √︄

−2
(
𝑐22

2𝑟2
+
𝑐23

2
− 𝑐1 +

𝐴𝜑 (𝑟)
𝑟2

𝑐2 + 𝐴𝑧 (𝑟) 𝑐3 +𝑈 (𝑟)
)
d𝑟 , (6.19)

where𝑈 (𝑟) = 𝑉 (𝑟) + 1
2

(
𝐴2𝜑 (𝑟 )
𝑟2

+ 𝐴2
𝑧 (𝑟)

)
, 𝑐1, 𝑐2, 𝑐3 are the values taken by the integrals of

motion (𝐻,𝐻2,𝐻3) on the leaves of the Lagrangian foliation.

Case 2. Let us seek an integrable system possessing the momentum conjugated to the coordinate 𝜑
as an integral of motion:

𝐻2 := 𝑝𝜑 . (6.20)

With this ansatz, the coordinate 𝜑must be ignorable in the Hamiltonian (6.6). This implies
that the vector and the scalar potentials are, respectively, of the form

𝐴(𝑟 , 𝑧) = 𝐴𝑟 (𝑟 , 𝑧) ∇𝑟 + 𝐴𝜑 (𝑟 , 𝑧) ∇𝜑 + 𝐴𝑧 (𝑟 , 𝑧) ∇𝑧 , 𝑉 = 𝑉 (𝑟 , 𝑧) , (6.21)
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where the functions 𝐴𝑟 , 𝐴𝜑 , 𝐴𝑧 ,𝑉 are smooth arbitrary functions of their arguments. We
deduce for the magnetic field the expression

𝐵 = −1
𝑟

𝜕𝐴𝜑

𝜕𝑧
e𝑟 +

(
𝜕𝐴𝑟

𝜕𝑧
− 𝜕𝐴𝑧

𝜕𝑟

)
e𝜑 + 1

𝑟

𝜕𝐴𝜑

𝜕𝑟
e𝑧 , (6.22)

so that the Hamiltonian function turns out to be

𝐻 =
1

2

(
𝑝2𝑟 +

𝑝2𝜑

𝑟2
+ 𝑝2𝑧

)
+ 𝐴𝑟 (𝑟 , 𝑧) 𝑝𝑟 +

𝐴𝜑 (𝑟 , 𝑧)
𝑟2

𝑝𝜑 + 𝐴𝑧 (𝑟 , 𝑧) 𝑝𝑧

+𝑉 (𝑟 , 𝑧) + 1
2

(
𝐴2
𝑟 (𝑟 , 𝑧) +

𝐴2
𝜑 (𝑟 , 𝑧)
𝑟2

+ 𝐴2
𝑧 (𝑟 , 𝑧)

)
, (6.23)

which is in separable involution with the integral (6.20). From Eq. (6.3) we get the semisimple
Haantjes operator for the chain 𝑲𝑇

2d𝐻 = d𝐻2:

𝑲2 =
𝑟2

𝑝𝜑 + 𝐴𝜑 (𝑟 , 𝑧)
𝑳2 . (6.24)

In order to determine another integral of motion in separable involution with (6.23) and
(6.20) and a corresponding Haantjes operator 𝑲3, we can assume that 𝜑 is ignorable in 𝑲3

and that, for simplicity, it depends on 𝑝𝜑 , 𝑝𝑧 but not on 𝑝𝑟 :

𝑲3 = diag [𝑎1, 𝑎2, 𝑎3, 𝑎1, 𝑎2, 𝑎3] ,

where𝑎𝑖 = 𝑎𝑖 (𝑟 , 𝑧, 𝑝𝜑 , 𝑝𝑧), 𝑖 = 1, 2, 3. By requiring the local exactness conditiond(𝑲𝑇
3d𝐻) =

0, we get an overdetermined system of six PDEs in three unknowns. We obtain the particular
solution

𝐴(𝑟 , 𝑧) =
(
𝑓2(𝑟) + 𝑟2 𝑓3(𝑧)

)
∇𝜑, 𝐵 = −𝑟 𝑓 ′3 (𝑧)e𝑟 +

(
𝑓 ′2 (𝑟)
𝑟

+ 2 𝑓3(𝑧)
)
e𝑧 , (6.25)

V = 𝑓5(𝑟) + 𝑓4(𝑧) −
𝑟2 𝑓 23 (𝑧)

2
− 𝑓2(𝑟) 𝑓3(𝑧), (6.26)

𝑲3 =
𝑟2 𝑓3(𝑧)
𝑝𝜑 + 𝐴𝜑

𝑳2 + 𝑳3 , (6.27)

𝐻3 =
1

2
𝑝2𝑧 + 𝑓3(𝑧) 𝑝𝜑 + 𝑓4(𝑧), (6.28)

where 𝑓2, 𝑓3, 𝑓4, 𝑓5 are arbitrary functions.

The complete integral of the set of HJ equations is

𝑊 (𝑟 , 𝜑, 𝑧; 𝑐1, 𝑐2, 𝑐3) = 𝑐2𝜑 ±
∫ √︄

−2
(
𝑐22

2𝑟2
− 𝑐1 +

𝑓2(𝑟)
𝑟2

𝑐2 + 𝑐3 + 𝑓6(𝑟)
)
d𝑟
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±
∫ √︃

−2
(
𝑓3(𝑧)𝑐2 − 𝑐3 + 𝑓4(𝑧)

)
d𝑧 , (6.29)

where 𝑓6(𝑟) = 𝑓5(𝑟) + 𝑓2(𝑟)2/2𝑟2, 𝑐1, 𝑐2, 𝑐3 are the values taken by the integrals of motion
(𝐻,𝐻2,𝐻3) on the leaves of the Lagrangian foliation.

Case 3. Let us proceed as in Case 2, by interchanging 𝜑 with 𝑧. To this aim, let us look for a Hamil-
tonian system admitting the integral

𝐻3 := 𝑝𝑧 . (6.30)

With this ansatz, the coordinate 𝑧 is ignorable in the Hamiltonian function (6.6). This im-
plies that the vector and the scalar potential are of the form

𝐴(𝑟 , 𝜑) = 𝐴𝑟 (𝑟 , 𝜑) ∇𝑟 + 𝐴𝜑 (𝑟 , 𝜑) ∇𝜑 + 𝐴𝑧 (𝑟 , 𝜑) ∇𝑧 , 𝑉 = 𝑉 (𝑟 , 𝜑), (6.31)

where the functions 𝐴𝑟 , 𝐴𝜑 , 𝐴𝑧 ,𝑉 are arbitrary (smooth) functions of 𝑟 and periodic func-
tions of 𝜑. The associated magnetic field is

𝐵 =
1

𝑟

𝜕𝐴𝑧

𝜕𝜑
e𝑟 −

𝜕𝐴𝑧

𝜕𝑟
e𝜑 + 1

𝑟

(
𝜕𝐴𝜑

𝜕𝑟
− 𝜕𝐴𝑟

𝜕𝜑

)
e𝑧 . (6.32)

The Hamiltonian function of this system reads

𝐻 =
1

2

(
𝑝2𝑟 +

𝑝2𝜑

𝑟2
+ 𝑝2𝑧

)
+ 𝐴𝑟 (𝑟 , 𝜑) 𝑝𝑟 +

𝐴𝜑 (𝑟 , 𝜑)
𝑟2

𝑝𝜑 + 𝐴𝑧 (𝑟 , 𝜑) 𝑝𝑧

+𝑉 (𝑟 , 𝜑) + 1
2

(
𝐴2
𝑟 (𝑟 , 𝜑) +

𝐴2
𝜑 (𝑟 , 𝜑)
𝑟2

+ 𝐴2
𝑧 (𝑟 , 𝜑)

)
,

(6.33)

that is in separable involution with the integral (6.30). From Eq. (6.3), we get that the follow-
ing semisimple Haantjes operator solves the chain equation 𝑲𝑇

3d𝐻 = d𝐻3:

𝑲3 =
1

𝑝𝑧 + 𝐴𝑧 (𝑟 , 𝜑)
𝑳3 . (6.34)

By analogy with the previous case, we can determine another integral of motion in separable
involution with the integrals (6.33) and (6.30), and the associated Haantjes operator 𝑲2 by
assuming that 𝑧 is ignorable in 𝑲2 and that it depends on 𝑝𝜑 , 𝑝𝑧 but not on 𝑝𝑟 :

𝑲2 = diag [𝑏1, 𝑏2, 𝑏3, 𝑏1, 𝑏2, 𝑏3],

where 𝑏𝑖 = 𝑏𝑖 (𝑟 , 𝜑, 𝑝𝜑 , 𝑝𝑧), 𝑖 = 1, 2, 3. The local exactness condition d(𝑲𝑇
2d𝐻) = 0

provides us with an overdetermined system of PDEs, from which we obtain

𝐴 =
(
𝑓1(𝑟) +

𝑓2(𝜑)
𝑟2

)
∇𝑧 , 𝐵 =

𝑓 ′2 (𝜑)
𝑟3

e𝑟 +
(
− 𝑓 ′1 (𝑟) + 2

𝑓2(𝜑)
𝑟3

)
e𝜑 , (6.35)
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𝑉 = 𝑓3(𝑟) −
𝑓1(𝑟) 𝑓2(𝜑)

𝑟2
− 𝑓 22 (𝜑)

2𝑟4
+
𝑓4(𝜑)
𝑟2

, (6.36)

𝑲2 = 𝑟2 𝑳2 +
𝑓2(𝜑)
𝑝𝑧 + 𝐴𝑧

𝑳3 , (6.37)

𝐻2 =
𝑝2𝜑

2
+ 𝑓2(𝜑) 𝑝z + 𝑓4(𝜑) . (6.38)

The complete integral of the set of HJ equations is

𝑊 (𝑟 , 𝜑, 𝑧; 𝑐1, 𝑐2, 𝑐3) = 𝑐3 𝑧 ±
∫ √︄

−2
(
𝑐23

2
− 𝑐1 +

𝑐2

𝑟2
+ 𝑓1(𝑟)𝑐3 +

1

2
𝑓 21 (𝑟) + 𝑓3(𝑟)

)
d𝑟

±
∫ √︃

−2
(
−𝑐2 + 𝑓2(𝜑)𝑐3 + 𝑓4(𝜑)

)
d𝜑 . (6.39)

Remark 6.3.1. Let us note that, if we trade the triple of the Hamiltonian functions (𝐻1,𝐻2,𝐻3)
with the triple ( ~

𝐻1 := 𝐻1 − 1
2
𝐻2

3 ,
~
𝐻2 := 𝐻2, ~

𝐻3 := 𝐻3), we get an AKN system with the
following Stäckel matrix and vector

𝑺(𝒒) =


1 − 1

𝑟2
− 𝑓1(𝑟)

0 1 − 𝑓2(𝜑)
0 0 1

 , |𝑭(𝒒, 𝒑)⟩ =


𝑝2𝑟
2
+ 𝑓 21 (𝑟 )

2
+ 𝑓3(𝑟)

𝑝2𝜑

2
+ 𝑓4(𝜑)
𝑝𝑧

 .

The modified Hamiltonian functions ~
𝐻1, ~

𝐻2, ~
𝐻3 form a Haantjes chain by means of the

modified Haantjes operators, constructed through Eq. (5.34):

~𝑲2 = 𝑟2𝑳2 +
𝑓2(𝜑)
𝐴𝑧

𝑳3 , ~𝑲3 =
1

𝐴𝑧

𝑳3;

however, they belong to the same Haantjes algebra ℋcyl. Thus, we can say that the Lagrangian
foliation generated by (𝐻1,𝐻2,𝐻3) admits the Stäckel basis ( ~

𝐻1, ~
𝐻2, ~

𝐻3). We have not been
able to find the Stäckel basis for Cases 1 and 2. The general problem of constructing a Stäckel
basis for a given Lagrangian foliation will be addressed elsewhere.

In [12], it has been proved that the three cases discussed above give the most general systems in
a magnetic field separable in cylindrical coordinates. Thus, our analysis in the geometric setting of
Haantjes algebras is coherent with the results obtained in [12] with a different approach.

6.4 superintegrability and multiseparability

The purpose of this section is to construct the symplectic-Haantjes manifolds associated with sev-
eral cases of physically relevant superintegrable magnetic systems. According to Proposition 5.1.1,
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we shall determine as many Haantjes structures as the number of separation variables admitted by
the system under analysis.

We shall first consider the case of the constant magnetic field with vanishing scalar potential. On
the one hand, this case can be regarded as a specialization of the general discussion concerning sep-
arability in cylindrical coordinates and Haantjes geometry developed in Section 6.3. On the other
hand, the presence of a constant magnetic field allows the system to possess two additional integrals
of motion. This, in turn, implies that there exist additional symplectic-Haantjes structures related
to the extra integrals, providing total or partial separation coordinates [160].

Remark 6.4.1. In Cartesian coordinates, the physical Hamiltonian that describes a system defined
in a Euclidean 3D space with a magnetic field and vanishing potential is

𝐻 =
1

2

3∑︁
𝑖=1

(
𝑝𝑖 + 𝐴𝑖 (𝒙)

)2, (6.40)

with 𝒙 = (𝑥, 𝑦, 𝑧). The components of the kinetic momentum of the system, which coincides with the
velocity vector in our units, are given by [82]

Π𝑖 (𝒙) := 𝑝𝑖 + 𝐴𝑖 (𝒙) . (6.41)

6.4.1 A superintegrable model in a constant magnetic field

The simplest magnetic system we can study in three dimensions is the one in a constant magnetic
field, that without loss of generality we can define as

𝐵(𝑥, 𝑦, 𝑧) = 𝑏 e𝑧 , (6.42)

where 𝑏 ∈ R is an arbitrary constant. The Hamiltonian model (6.40) is maximally superintegrable
[127]. The integrals of the motion of first degree in the momenta are

𝐻1 = Π𝑥 + 𝑏 𝑦 ,
𝐻2 = Π𝑦 − 𝑏 𝑥 ,
𝐻3 = Π𝑧 ,

𝐻4 = Λ𝑧 −
𝑏

2
(𝑥2 + 𝑦2) .

(6.43)

Here, Λ𝑧 = 𝑥 Π𝑦 − 𝑦Π𝑥 is the 𝑧-component of the total angular momentum. The set of these
integrals jointly with the Hamiltonian (6.40) is not functionally independent; however, another
independent, non-polynomial integral is given by

𝐻5 = −Π𝑥 cos
( 𝑏 𝑧
Π𝑧

)
−Π𝑦 sin

( 𝑏 𝑧
Π𝑧

)
. (6.44)

It commutes with𝐻1 and𝐻2. In the subsequent discussion, we shall construct Haantjes manifolds
associated with commutative Poisson subalgebras generated by the previous integrals.



6.4 superintegrability and multiseparability 129

6.4.1.1 Semisimple Haantjes operators and spectral analysis

In the following, we shall provide a set of semisimple Haantjes operators that solve the chain equa-
tion 𝑲𝑇

𝑖 d𝐻 = d𝐻𝑖 jointly with their spectral properties. We obtain for the first chain the following
operator and the corresponding eigen-distributions:

𝑲1 =
1

Π𝑥

𝑹1, (6.45)

with

𝑹1 :=



1 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 𝜕𝑥𝐴𝑦 𝜕𝑥𝐴𝑧 1 0 0

−𝜕𝑥𝐴𝑦 0 0 0 0 0

−𝜕𝑥𝐴𝑧 0 0 0 0 0


, (6.46)

and

𝜆
(1)
1 = 0 , 𝜌

(1)
1 = 1 , D1 =

〈
𝜕𝑥𝐴𝑧

𝜕

𝜕𝑦
− 𝜕𝑥𝐴𝑦

𝜕

𝜕𝑧
,
𝜕

𝜕𝑦
− 𝜕𝑥𝐴𝑦

𝜕

𝜕𝑝𝑥
,
𝜕

𝜕𝑝𝑦
,
𝜕

𝜕𝑝𝑧

〉
,

𝜆
(1)
2 =

1

Π𝑥

, 𝜌
(1)
2 = 1 , D2 =

〈
𝜕

𝜕𝑥
− 𝜕𝑥𝐴𝑦

𝜕

𝜕𝑝𝑦
− 𝜕𝑥𝐴𝑧

𝜕

𝜕𝑝𝑧
,
𝜕

𝜕𝑝𝑥

〉
.

For the second chain, we have
𝑲2 =

1

Π𝑦

𝑹2, (6.47)

with

𝑹2 :=



0 0 0 0 0 0

0 1 0 0 0 0

0 0 0 0 0 0

0 −𝜕𝑦𝐴𝑥 0 0 0 0

𝜕𝑦𝐴𝑥 0 𝜕𝑦𝐴𝑧 0 1 0

0 −𝜕𝑦𝐴𝑧 0 0 0 0


, (6.48)

and

𝜆
(2)
1 = 0 , 𝜌

(2)
1 = 1 , D3 =

〈
𝜕𝑦𝐴𝑧

𝜕

𝜕𝑥
− 𝜕𝑦𝐴𝑥

𝜕

𝜕𝑧
,
𝜕

𝜕𝑥
− 𝜕𝑦𝐴𝑥

𝜕

𝜕𝑝𝑦
,
𝜕

𝜕𝑝𝑥
,
𝜕

𝜕𝑝𝑧

〉
,

𝜆
(2)
2 =

1

Π𝑦

, 𝜌
(2)
2 = 1 , D4 =

〈
𝜕

𝜕𝑦
− 𝜕𝑦𝐴𝑥

𝜕

𝜕𝑝𝑥
− 𝜕𝑦𝐴𝑧

𝜕

𝜕𝑝𝑧
,
𝜕

𝜕𝑝𝑦

〉
.

Solving the third chain, we obtain
𝑲3 =

1

Π𝑧

𝑹3, (6.49)
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with

𝑹3 :=



0 0 0 0 0 0

0 0 0 0 0 0

0 0 1 0 0 0

0 0 −𝜕𝑧𝐴𝑥 0 0 0

0 0 −𝜕𝑧𝐴𝑦 0 0 0

𝜕𝑧𝐴𝑥 𝜕𝑧𝐴𝑦 0 0 0 1


, (6.50)

𝜆
(3)
1 = 0 , 𝜌

(3)
1 = 1 , D5 =

〈
𝜕𝑧𝐴𝑦

𝜕

𝜕𝑥
− 𝜕𝑧𝐴𝑥

𝜕

𝜕𝑦
,
𝜕

𝜕𝑥
− 𝜕𝑧𝐴𝑥

𝜕

𝜕𝑝𝑧
,
𝜕

𝜕𝑝𝑥
,
𝜕

𝜕𝑝𝑦

〉
,

𝜆
(3)
2 =

1

Π𝑧

, 𝜌
(3)
2 = 1 , D6 =

〈
𝜕

𝜕𝑧
− 𝜕𝑧𝐴𝑥

𝜕

𝜕𝑝𝑥
− 𝜕𝑧𝐴𝑦

𝜕

𝜕𝑝𝑦
,
𝜕

𝜕𝑝𝑧

〉
.

The operators 𝑹1, 𝑹2, 𝑹3 introduced above will play a significant role in the discussion of Sec-
tion 6.6. Finally,

𝑲4 =
1

Λ𝑧



𝑦2 −𝑥𝑦 0 0 0 0

−𝑥𝑦 𝑥2 0 0 0 0

0 0 0 0 0 0

0 𝑓4 𝑔4 𝑦2 −𝑥𝑦 0

− 𝑓4 0 ℎ4 −𝑥𝑦 𝑥2 0

−𝑔4 −ℎ4 0 0 0 0


, (6.51)

where
𝑓4 = −Λ𝑧 + 𝑥𝑦 (𝜕𝑥𝐴𝑥 − 𝜕𝑦𝐴𝑦) − 𝑥2 𝜕𝑦𝐴𝑥 + 𝑦2 𝜕𝑥𝐴𝑦 ,
𝑔4 = 𝑦

(
−𝑥 𝜕𝑦𝐴𝑧 + 𝑦 𝜕𝑥𝐴𝑧

)
,

ℎ4 = 𝑥
(
𝑥 𝜕𝑦𝐴𝑧 − 𝑦 𝜕𝑥𝐴𝑧

)
.

(6.52)

The spectral analysis for 𝑲4 can be performed in full analogy with the previous cases:

𝜆
(4)
1 = 0 , 𝜌

(4)
1 = 1 ,

D7 =
〈
𝑥
(
𝑥𝜕𝑦𝐴𝑧 − 𝑦𝜕𝑥𝐴𝑧

) 𝜕
𝜕𝑥

+ 𝑦
(
𝑥𝜕𝑦𝐴𝑧 − 𝑦𝜕𝑥𝐴𝑧

) 𝜕

𝜕𝑦
+ 𝑓4

𝜕

𝜕𝑧
,

𝑥𝑦
𝜕

𝜕𝑥
+ 𝑦2 𝜕

𝜕𝑦
− 𝑓4

𝜕

𝜕𝑝𝑥
, 𝑥2

𝜕

𝜕𝑥
+ 𝑥𝑦 𝜕

𝜕𝑦
+ 𝑓4

𝜕

𝜕𝑝𝑦
,
𝜕

𝜕𝑝𝑧

〉
, (6.53)

𝜆
(4)
2 =

𝑥2 + 𝑦2
Λ𝑧

, 𝜌
(4)
2 = 1 ,

D8 =
〈
𝑥𝑦

𝜕

𝜕𝑥
− 𝑥2 𝜕

𝜕𝑦
− 𝑓4

𝜕

𝜕𝑝𝑥
+ 𝑥

(
𝑥𝜕𝑦𝐴𝑧 − 𝑦𝜕𝑥𝐴𝑧

) 𝜕

𝜕𝑝𝑧
, 𝑦

𝜕

𝜕𝑝𝑥
− 𝑥 𝜕

𝜕𝑝𝑦

〉
. (6.54)
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6.4.1.2 Construction of the DH coordinates

The operators {𝑲1, . . . , 𝑲4} generate several commutative Haantjes algebras ℋ𝑖 . We shall deter-
mine the DH coordinates for these algebras, which both diagonalize all semisimple Haantjes oper-
ators of each algebra and leave the symplectic form invariant. For the sake of clarity, we discuss in
full detail the case of the algebra ℋ1 = {𝑰, 𝑲1, 𝑲3}. Defining the distributions

V1 = D1 ∩D5, V2 = D1 ∩D6, V3 = D2 ∩D5, (6.55)

we can work out the annihilators

(V1 ⊕V2)◦ = ⟨d𝑥 , 𝜕𝑥𝐴𝑦 d𝑦 + 𝜕𝑧𝐴𝑥 d𝑧 + d𝑝𝑥⟩,
(V1 ⊕V3)◦ = ⟨d𝑧 , 𝜕𝑥𝐴𝑧 d𝑥 + 𝜕𝑦𝐴𝑧 d𝑦 + d𝑝𝑧⟩,
(V2 ⊕V3)◦ = ⟨d𝑦 , 𝜕𝑥𝐴𝑦 d𝑥 + 𝜕𝑧𝐴𝑦 d𝑧 + d𝑝𝑦⟩ .

(6.56)

Integrating them, we find the set of DH coordinates

𝑞1 = 𝑥 , 𝑝1 = Π𝑥 + 𝑏 𝑦 ,
𝑞2 = 𝑦 , 𝑝2 = Π𝑦 ,
𝑞3 = 𝑧 , 𝑝3 = Π𝑧 .

(6.57)

In this chart, the operators of the algebra ℋ1 read

𝑲1 =
1

𝑝1 − 𝑏 𝑞2
diag [1, 0, 0, 1, 0, 0], 𝑲3 =

1

𝑝3
diag [0, 0, 1, 0, 0, 1] ; (6.58)

and the Hamiltonian function and the integrals of the motion read

𝐻 =
1

2

[
(𝑝1 − 𝑏 𝑞2)2 + 𝑝22 + 𝑝23

]
,

𝐻1 = 𝑝1 ,
𝐻3 = 𝑝3 .

(6.59)

We shall similarly analyse the remaining algebras, skipping most technical details. For the algebra
ℋ2 = {𝑰, 𝑲2, 𝑲3}, we define the distributions

V4 = D3 ∩D5 , V5 = D3 ∩D6 , V6 = D4 ∩D5 . (6.60)

Integrating the corresponding annihilators, we find the set of DH coordinates

𝑞1 = 𝑥 , 𝑝1 = Π𝑥 ,
𝑞2 = 𝑦 , 𝑝2 = Π𝑦 − 𝑏 𝑥 ,
𝑞3 = 𝑧 , 𝑝3 = Π𝑧 .

(6.61)
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In this chart, the operators of the algebra ℋ2 read

𝑲2 =
1

𝑝2 + 𝑏 𝑞1
diag [0, 1, 0, 0, 1, 0] , 𝑲3 =

1

𝑝3
diag [0, 0, 1, 0, 0, 1] ; (6.62)

and the Hamiltonian function and the integrals of the motion read

𝐻 =
1

2

[
𝑝21 + (𝑝2 + 𝑏 𝑞1)2 + 𝑝23

]
,

𝐻2 = 𝑝2 ,
𝐻3 = 𝑝3 .

(6.63)

Finally, for the algebraℋ3 = {𝑰, 𝑲3, 𝑲4}, the corresponding annihilators can be easily integrated in
several ways, providing us with different choices for the DH coordinates. The most natural choice
is that of cylindrical coordinates:

𝑞1 =
√︁
𝑥2 + 𝑦2 ,

𝑞2 = arctan
( 𝑦
𝑥

)
,

𝑞3 = 𝑧 ,

𝑝1 =
𝑥 Π𝑥 + 𝑦 Π𝑦√︁

𝑥2 + 𝑦2
,

𝑝2 = 𝑥
(
Π𝑦 −

𝑏

2
𝑥

)
− 𝑦

(
Π𝑥 +

𝑏

2
𝑦

)
,

𝑝3 = Π𝑧 ;

(6.64)

where the operators 𝑲3 and 𝑲4 take the form

𝑲3 =
1

𝑝3
𝑳3 , 𝑲4 =

2(𝑞1)2
2 𝑝2 + 𝑏 (𝑞1)2

𝑳2 . (6.65)

In this chart, the Hamiltonian function and the integrals of the motion read

𝐻 =
1

2

[
𝑝21 +

1

(𝑞1)2
(
𝑝2 +

𝑏

2
(𝑞1)2

)2
+ 𝑝23

]
,

𝐻3 = 𝑝3 ,
𝐻4 = 𝑝2 .

(6.66)

This case can also be obtained by specializing Case 1 of Section 6.3 by choosing 𝐵 = 𝑏 e𝑧 in Eq.
(8.14).

6.4.2 The helical undulator

This interesting magnetic model [127] is described by the Hamiltonian (6.40) with a magnetic field
of the form

𝐵(𝑥, 𝑦, 𝑧) = −𝑏3 cos
(2𝑧
𝑎

)
e𝑥 + 𝑏3 sin

(2𝑧
𝑎

)
e𝑦 , (6.67)
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where 𝑏3 and 𝑎 are arbitrary constants.1 The model is minimally superintegrable and the associated
integrals of the motion are

𝐻1 = Π𝑥 +
𝑏3 𝑎

2
cos

(2𝑧
𝑎

)
,

𝐻2 = Π𝑦 −
𝑏3 𝑎

2
sin

(2𝑧
𝑎

)
,

𝐻3 = Λ𝑧 −
𝑎

2
Π𝑧 −

1

2

[
𝑏3 𝑎 𝑥 sin

(2𝑧
𝑎

)
+ 𝑏3 𝑎 𝑦 cos

(2𝑧
𝑎

)]
.

(6.68)

Their commutation relations read

{𝐻1,𝐻2} = 0 , {𝐻1,𝐻3} = −𝐻2 , {𝐻2,𝐻3} = 𝐻1 . (6.69)

The Haantjes operators associated with this system are {𝑲1, 𝑲2, 𝑲5}, where 𝑲1 and 𝑲2 are given
by Eqs. (6.45) and (6.47) respectively, and

𝑲5 =
1

𝑎Λ𝑧 − 2 (𝑥2 + 𝑦2) Π𝑧

𝑎𝑦2 −𝑎𝑥𝑦 2𝑦 (𝑥2 + 𝑦2) 0 0 0

−𝑎𝑥𝑦 𝑎𝑥2 −2𝑥 (𝑥2 + 𝑦2) 0 0 0

𝑎2

2
𝑦 − 𝑎2

2
𝑥 𝑎 (𝑥2 + 𝑦2) 0 0 0

0 𝑓5 𝑔5 𝑎𝑦2 −𝑎𝑥𝑦 𝑎2

2
𝑦

− 𝑓5 0 ℎ5 −𝑎𝑥𝑦 𝑎𝑥2 − 𝑎2

2
𝑥

−𝑔5 −ℎ5 0 2𝑦 (𝑥2 + 𝑦2) −2𝑥 (𝑥2 + 𝑦2) 𝑎 (𝑥2 + 𝑦2)


,

(6.70)
with

𝑓5 =
𝑎

2

[
𝑎 𝑥 𝜕𝑧𝐴𝑥 + 𝑎 𝑦 𝜕𝑧𝐴𝑦 + 2

(
𝑥 𝑦

(
𝜕𝑥𝐴𝑥 − 𝜕𝑦𝐴𝑦

)
+

(
𝑦2 − 𝑥2

)
𝜕𝑥𝐴𝑦 −Λ𝑧

) ]
,

𝑔5 =
1

2
𝑎2 𝑦 𝜕𝑧𝐴𝑧 − 𝑎

(
𝑥2 + 𝑦2

)
𝜕𝑧𝐴𝑥 + 𝑎 𝑦2 𝜕𝑥𝐴𝑧 − 𝑎 𝑥 𝑦 𝜕𝑦𝐴𝑧 − 2 𝑦 (𝑦2 + 𝑥2) 𝜕𝑥𝐴𝑥

+ 2 𝑥
(
𝑥2 + 𝑦2

)
𝜕𝑥𝐴𝑦 + 2

(
𝑥2 + 𝑦2

)
Π𝑦 ,

ℎ5 = −1
2
𝑎2 𝑥 𝜕𝑧𝐴𝑧 − 𝑎

(
𝑥2 + 𝑦2

)
𝜕𝑧𝐴𝑦 + 𝑎 𝑥2 𝜕𝑦𝐴𝑧 − 𝑎 𝑥 𝑦 𝜕𝑥𝐴𝑧 + 2 𝑥 (𝑥2 + 𝑦2)𝜕𝑦𝐴𝑦

− 2 𝑦
(
𝑥2 + 𝑦2

)
𝜕𝑥𝐴𝑦 − 2

(
𝑥2 + 𝑦2

)
Π𝑥 .

1 A slightly more general system can be obtained by adding a constant contribution along the 𝑧-axis to the magnetic field
(6.67). The system so obtained is still superintegrable, but not separable in any orthogonal coordinate system on𝑄 (see
[98]).
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Integrating the annihilators associated with the algebra ℋ1 = {𝑰, 𝑲1, 𝑲2}, we find the set of DH
coordinates

𝑞1 = 𝑥 , 𝑝1 = Π𝑥 +
1

2
𝑎 𝑏3 cos

(2𝑧
𝑎

)
,

𝑞2 = 𝑦 , 𝑝2 = Π𝑦 −
1

2
𝑎 𝑏3 sin

(2𝑧
𝑎

)
,

𝑞3 = 𝑧 , 𝑝3 = Π𝑧 .

(6.71)

In this chart, the operators of the algebra ℋ1 read

𝑲1 =
1

𝑝1 − 1
2
𝑎 𝑏3 cos

( 2𝑞3
𝑎

) diag [1, 0, 0, 1, 0, 0] ,

𝑲2 =
1

𝑝2 + 1
2
𝑎 𝑏3 sin

( 2𝑞3
𝑎

) diag [0, 1, 0, 0, 1, 0] ;
(6.72)

and the Hamiltonian function and the integrals of the motion take the form

𝐻 =
1

2

[(
𝑝1 −

1

2
𝑎 𝑏3 cos

(2𝑞3
𝑎

))2
+

(
𝑝2 +

1

2
𝑎 𝑏3 sin

(2𝑞3
𝑎

))2
+ 𝑝23

]
,

𝐻1 = 𝑝1 ,
𝐻2 = 𝑝2 .

(6.73)

6.4.2.1 Partial separability of the helical undulator

We also mention that it is possible to construct a set of partial separation coordinates [39, 44, 160]
for the helical undulator. This set is related to an incomplete system of commuting Hamiltonians,
i.e. a system possessing fewer integrals than the dimension of the configuration space. In our case,
the incomplete Poisson algebra is (𝐻,𝐻3), to which corresponds the Haantjes algebra {𝑰, 𝑲5}.
The operator 𝑲5 is semisimple and diagonalizes in the chart

𝑞1 = 𝑟 ,

𝑞2 =
𝑎

2
𝜑 + 𝑧 ,

𝑞3 =
𝑎

2
𝜑 − 𝑧 ,

𝑝1 = Π𝑟 ,

𝑝2 =
2

𝑎
Π𝜑 +Π𝑧 + 𝑏3𝑟 sin

(
𝜑 + 2𝑧

𝑎

)
,

𝑝3 =
2

𝑎
Π𝜑 −Π𝑧 − 𝑏3𝑟 sin

(
𝜑 + 2𝑧

𝑎

)
.

(6.74)

These coordinates represent a set of partial separation variables. The integrals of the motion take
the form

𝐻 =
1

8(𝑞1)2

[
𝑎2(𝑝2 + 𝑝3)2 + 4(𝑞1)2

(
𝑝21 + (𝑝2 − 𝑝3)2

)
+ 4𝑏3 (𝑞1)3 sin

(2𝑞2
𝑎

) (
𝑏3 𝑞

1 sin
(2𝑞2
𝑎

)
− 2𝑝2 + 2𝑝3

)]
,

𝐻3 = 𝑎 𝑝3 .

(6.75)
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The corresponding system of HJ equations splits into a system of a PDE and an ODE, which a
priori provide an integral𝑊 for the undulator:

𝑎2
(
𝜕𝑊

𝜕𝑞2
+ 𝑐3

)2
+ 4(𝑞1)2

((
𝜕𝑊

𝜕𝑞1

)2
+

(
𝜕𝑊

𝜕𝑞2
− 𝑐3

)2)
+4𝑏3(𝑞1)3 sin

(
2𝑞2

𝑎

) (
𝑏3𝑞

1 sin
(
2𝑞2

𝑎

)
− 2 𝜕𝑊

𝜕𝑞2
+ 2 𝑐3

)
= 8(𝑞1)2𝑐,

𝜕𝑊

𝜕𝑞3
= 𝑐3,

where𝑊 = 𝑊12(𝑞1, 𝑞2) +𝑊3(𝑞3) is the Hamilton’s characteristic function and 𝑐, 𝑐3 are arbitrary
constants.

6.5 relation with the stäckel geometry: the akn systems

In this section, we shall establish a new connection between the Haantjes geometry for Hamiltonian
systems in a magnetic field and the Stäckel geometry. In particular, we shall prove that the magnetic
models discussed above belong to the generalized class of Stäckel systems introduced in [6], namely,
they are AKN systems.

To prove this result, we shall determine the Jacobi-Sklyanin SE [174] and the associated Stäckel
matrices for two specific systems, namely, the Hamiltonian superintegrable model for a constant
magnetic field and the helical undulator.

For each set of separation coordinates, there exists a corresponding set of SE and an associated
Stäckel matrix, as we shall see.

6.5.1 Stäckel analysis for the system in a constant magnetic field

We shall distinguish three cases.

(I) We shall first work in the coordinates (6.57) that diagonalize the Haantjes algebra ℋ1. In
order to obtain the corresponding Stäckel matrix, we need to rewrite the system (6.59) with
a suitable functional combination of the Hamiltonians:

~
𝐻1 = 2 𝐻 − 𝐻2

1 = −2 𝑏 𝑞2 𝑝1 + 𝑏2 (𝑞2)2 + 𝑝22 + 𝑝23 ,
~
𝐻2 = 𝐻1 = 𝑝1 , (6.76)
~
𝐻3 = 𝐻2

3 = 𝑝23 .

Now, it is easy to see that the equations

𝑺


~
𝐻1

~
𝐻2

~
𝐻3

 =


𝑓1(𝑞1, 𝑝1)
𝑓2(𝑞2, 𝑝2)
𝑓3(𝑞3, 𝑝3)

 , 𝑺 =


𝑆11(𝑞1) 𝑆12(𝑞1) 𝑆13(𝑞1)
𝑆21(𝑞2) 𝑆22(𝑞2) 𝑆23(𝑞2)
𝑆31(𝑞3) 𝑆32(𝑞3) 𝑆33(𝑞3)

 (6.77)
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can be solved by choosing

𝑺 =


0 1 0

1 2 𝑏 𝑞2 −1
0 0 1

 , (6.78)

and therefore 𝑓1(𝑞1, 𝑝1) = 𝑝1, 𝑓2(𝑞2, 𝑝2) = 𝑝22 + 𝑏2 (𝑞2)2 and 𝑓3(𝑞3, 𝑝3) = 𝑝23. Note
that Eqs. (6.77) represent the SE for our Hamiltonian model (6.76).

(II) Let us consider the DH coordinates associated with the algebra ℋ2. As before, we suitably
combine the integrals of the motion to get the Stäckel basis

~
𝐻1 = 2 𝐻 − 𝐻2

2 − 𝐻2
3 + 𝐻3 = 𝑝21 + 2 𝑏 𝑞1 𝑝2 + 𝑝3 + 𝑏2 (𝑞1)2 ,

~
𝐻2 = 𝐻2 = 𝑝2 , (6.79)
~
𝐻3 = 𝐻3 = 𝑝3 .

From Eqs. (6.77), we deduce the Stäckel matrix

𝑺 =


1 −2 𝑏 𝑞1 −1
0 1 0

0 0 1

 , (6.80)

and the Stäckel functions 𝑓1(𝑞1, 𝑝1) = 𝑝21 + 𝑏2 (𝑞1)2, 𝑓2(𝑞2, 𝑝2) = 𝑝2 and 𝑓3(𝑞3, 𝑝3) =
𝑝3.

(III) The cylindrical coordinates (6.64) diagonalize the algebraℋ3. Adopting the same procedure
as before, we obtain the Stäckel basis

~
𝐻1 = 2 𝐻 − 𝑏 𝐻4 = 𝑝21 +

𝑝22

(𝑞1)2 + 𝑝23 +
1

4
𝑏2 (𝑞1)2 ,

~
𝐻2 = 𝐻2

4 = 𝑝22 , (6.81)
~
𝐻3 = 𝐻2

3 = 𝑝23 .

The Stäckel matrix and functions are, respectively

𝑺 =


1 − 1

(𝑞1 )2 −1
0 1 0

0 0 1

 , (6.82)

and 𝑓1(𝑞1, 𝑝1) = 𝑝21 + 1
4
𝑏2 (𝑞1)2, 𝑓2(𝑞2, 𝑝2) = 𝑝22, 𝑓3(𝑞3, 𝑝3) = 𝑝23.
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6.5.2 Stäckel analysis for the helical undulator

By analogy with the previous discussion, we will work in the chart that diagonalizes the algebraℋ1

of the helical undulator. From the equations

~
𝐻1 = 2 𝐻 − 𝐻2

1 − 𝐻2
2 −

1

4
𝑎2 𝑏23 = −𝑎 𝑏3 𝑝1 cos

(2 𝑞3
𝑎

)
+ 𝑎 𝑏3 𝑝2 sin

(2 𝑞3
𝑎

)
+ 𝑝23 ,

~
𝐻2 = 𝐻1 = 𝑝1 , (6.83)
~
𝐻3 = 𝐻2 = 𝑝2 ,

using (6.77) we deduce the Stäckel matrix

𝑺 =


0 1 0

0 0 1

1 𝑎 𝑏3 cos
( 2𝑞3

𝑎

)
−𝑎 𝑏3 sin

( 2𝑞3
𝑎

)
 , (6.84)

and the Stäckel functions 𝑓1(𝑞1, 𝑝1) = 𝑝1, 𝑓2(𝑞2, 𝑝2) = 𝑝2 and 𝑓3(𝑞3, 𝑝3) = 𝑝23.

6.6 new families of magnetic systems on a riemannian space

In this section, we show that the previous geometric construction leads to new integrable models.
Precisely, we wish to solve an inverse problem: given a Stäckel matrix 𝑆, find the most general Hamil-
tonian family of systems admitting a given Haantjes web. This means that the family shares 𝑆 as the
associated Stäckel matrix and the same𝜔ℋ manifold. Systems belonging to the same Haantjes web
will automatically be separable in the same coordinate system.

The model with a constant magnetic field, being multiseparable, provides us with three different
Stäckel matrices. We will generalize them in order to construct families of separable models.

(A) Let us consider the Stäckel matrix

𝑺 =


0 1 0

1 𝑏 𝜉1(𝑞2) 𝜉2(𝑞2)
0 0 1

 , (6.85)

where 𝜉1 and 𝜉2 are arbitrary functions. It clearly generalizes the Stäckel matrix (6.78). We define
the auxiliary integrable model

𝐻1 = −𝑏 𝜉1(𝑞2) 𝜇1(𝑞1) 𝑝1 + 𝜇2(𝑞2) 𝑝22 + 𝜉2(𝑞2)𝜇3(𝑞3) 𝑝23 + 𝑏2 𝜇4(𝑞2) ,
𝐻2 = 𝜇1(𝑞1) 𝑝1 , (6.86)
𝐻3 = 𝜇3(𝑞3) 𝑝23 ,

where 𝜇1, 𝜇2, 𝜇3, 𝜇4 are additional arbitrary functions. We can consider this model as a gener-
alization of the system (6.76). The Stäckel functions for the system (D.2) are 𝑓1 = 𝜇1(𝑞1) 𝑝1,
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𝑓2 = 𝜇2(𝑞2) 𝑝22 + 𝑏2 𝜇4(𝑞2), 𝑓3 = 𝜇3(𝑞3) 𝑝23. In order to construct the “magnetic” version of
the latter model, we introduce the associated Hamiltonians

(𝐻1 + 𝐻2
2,𝐻2,𝐻3) . (6.87)

Then, using the transformation

𝑞1 = 𝑥 , 𝑝1 = Π𝑥 +
𝑏 𝜉1(𝑦)
2 𝜇1(𝑥)

, 𝜇1(𝑥) ≠ 0

𝑞2 = 𝑦 , 𝑝2 = Π𝑦 ,
𝑞3 = 𝑧 , 𝑝3 = Π𝑧 ,

(6.88)

system (6.87) provides us with the family of integrable magnetic models which are the goal of our
construction:

𝐻 = 𝜇21 (𝑥) Π2
𝑥 + 𝜇2(𝑦) Π2

𝑦 + 𝜉2(𝑦)𝜇3(𝑧) Π2
𝑧 + 𝑏2

(
𝜇4(𝑦) −

𝜉21 (𝑦)
4

)
,

𝐻1 = 𝜇1(𝑥)
(
Π𝑥 +

𝑏

2

𝜉1(𝑦)
𝜇1(𝑥)

)
, 𝐻2 = 𝜇3(𝑧) Π2

𝑧 .
(6.89)

Note that this system admits a Riemannian metric 𝑔𝑖𝑖 = diag [𝜇21 (𝑥), 𝜇2(𝑦), 𝜉2(𝑦)𝜇3(𝑧)], where
we assume 𝜇2(𝑦) > 0 and the non-vanishing functions 𝜉2(𝑦), 𝜇3(𝑧) have the same sign. The asso-
ciated magnetic field is 𝐵 = 𝑏

2
𝜉 ′1(𝑦)

√︁
𝜇2(𝑦) e𝑧 ; this condition also implies that the transformation

(7.45) is canonical.
This system admits a semisimple Haantjes algebra of operators:

𝑲1 =
1

2 𝜇1(𝑥) Π𝑥

𝑹1 , 𝑲2 =
1

𝜉2(𝑦)
𝑹3, 𝜉2(𝑦) ≠ 0 , (6.90)

with 𝑹1 and 𝑹3 defined as in Eqs. (6.46) and (6.50).

(B) As in the previous case, the form of both Stäckel matrices (7.26) and (6.82) suggests the fol-
lowing generalization:

𝑺 =


1 −𝜓1(𝑞1) 𝜓2(𝑞1)
0 1 0

0 0 1

 , (6.91)

where𝜓1(𝑞1) and𝜓2(𝑞1) are arbitrary functions. Following the same strategy (which entails some
algebraic combinations of the involved Hamiltonians), we are led to the auxiliary integrable model

𝐻1 = 𝜈1(𝑞1) 𝑝21 + 𝜓1(𝑞1) 𝜈22 (𝑞2) 𝑝22 + 𝜓2(𝑞1) 𝜈3(𝑞3) 𝑝23 + 𝜈4(𝑞1) ,
𝐻2 = 𝜈22 (𝑞2) 𝑝22 , 𝐻3 = 𝜈3(𝑞3) 𝑝23 , (6.92)
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with Stäckel functions 𝑓1 = 𝜈1(𝑞1) 𝑝21 + 𝜈4(𝑞1), 𝑓2 = 𝜈22 (𝑞2) 𝑝22, 𝑓3 = 𝜈3(𝑞3) 𝑝23. It widely
generalizes the Stäckel basis (6.81), since 𝜈1, 𝜈2, 𝜈3, 𝜈4 are also arbitrary functions. To construct,
as before, the “magnetic” version of system (6.92), we first observe that 𝐻4 = 𝜈2(𝑞2) 𝑝2 is a first
integral. Then, we consider the associated model

(𝐻1 + 𝐻4,𝐻2,𝐻3) . (6.93)

By means of the transformation

𝑞1 = 𝑥 , 𝑝1 = Π𝑥 ,

𝑞2 = 𝑦 , 𝑝2 = Π𝑦 −
1

2 𝜓1(𝑥) 𝜈2(𝑦)
, 𝜓1(𝑥), 𝜈2(𝑦) ≠ 0

𝑞3 = 𝑧 , 𝑝3 = Π𝑧 ,

(6.94)

we get the new integrable Hamiltonian family of magnetic systems

𝐻 = 𝜈1(𝑥) Π2
𝑥 + 𝜓1(𝑥) 𝜈22 (𝑦) Π2

𝑦 + 𝜓2(𝑥)𝜈3(𝑧) Π2
𝑧 + 𝜈4(𝑥) −

1

4 𝜓1(𝑥)
,

𝐻1 = 𝜈22 (𝑦)
(
Π𝑦 −

1

2 𝜓1(𝑥) 𝜈2(𝑦)

)2
, (6.95)

𝐻2 = 𝜈3(𝑧) Π2
𝑧 .

This system admits as well a Riemannian metric 𝑔𝑖𝑖 = diag [𝜈1(𝑥),𝜓1(𝑥) 𝜈22 (𝑦),𝜓2(𝑥)𝜈3(𝑧)],
when 𝜓1(𝑥), 𝜈1(𝑥) > 0 and the non-vanishing functions 𝜈3(𝑧), 𝜓2(𝑥) have the same sign. The

associated magnetic field is 𝐵 = − 𝜓 ′
1 (𝑥 )

√
𝜈1 (𝑥 )

2 𝜓
3/2
1 (𝑥 )

e𝑧 ; this ensures that the transformation (D.10) is
canonical.

Once again, we derive the associated semisimple algebra of Haantjes operators:

𝑲2 =
2 𝜓1(𝑥) 𝜈2(𝑦) Π𝑦 − 1
2 𝜓2

1 (𝑥) 𝜈2(𝑦) Π𝑦

𝑹2 , 𝑲3 =
1

𝜓2(𝑥)
𝑹3 , (6.96)

with 𝑹2 and 𝑹3 defined as in Eqs. (6.48) and (6.50).

Remark 6.6.1. Some of the restrictions on the arbitrary functions appearing in the models previously
defined can be relaxed if one wishes to define these systems on a pseudo-Riemannian geometry.

6.7 superintegrable families of magnetic monopoles with non-radial
potential in curved background

Superintegrable systems with magnetic monopole interaction have received much attention in math-
ematical physics due to their rich symmetry structures and connections to fundamental problems
in classical and quantum mechanics. To conclude this chapter, I will discuss the superintegrabil-
ity of a general family of systems immersed in a magnetic monopole field, following [128]. This
work extends known results on monopole dynamics in flat and curved spaces, demonstrating that
minimal superintegrability persists even when radial symmetry is broken.
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6.7.1 Superintegrable systems and magnetic monopoles: an overview

In the three-dimensional Euclidean space, any rotationally invariant electrostatic potential in the
presence of a monopole is at least minimally superintegrable [127, 149]. Known maximally superin-
tegrable exceptions are both the MIC-oscillator [131] and the hydrogen atom (MIC-Kepler monopole
[80, 131, 199]). Their superintegrability has been investigated and confirmed on various curved spaces,
including e.g. 3D Taub-NUT spaces of Kepler-type and oscillator-type [75, 78] and the 3D sphere
[24].

Generalizations of superintegrable systems from flat to curved spaces have been extensively stud-
ied [8, 140, 162], resulting in the discovery of several families of superintegrable systems, often de-
pending on a rational parameter related to the metric on the configuration space [37, 40, 87, 115, 156].
In the following, in analogy to the 3D generalization of the Tremblay-Turbiner-Winternitz (TTW)
and PW systems obtained in [87], we present a family of superintegrable monopole systems in 3D
curved background that include multi-fold Kepler systems [8, 79] as special cases.

Let us consider the 4D generalized Taub-NUT metric [78]

d𝑠2 = 𝑓 (𝑅) (d𝑅2 + dΘ2 + 𝑅2 sin2(Θ)dΦ2) + 𝑔(𝑅) (dΨ + cos(Θ)dΦ)2, (6.97)

for 𝑅 > 0, Θ ∈ (0, 𝜋), Φ ∈ [0, 2𝜋], Ψ ∈ [0, 4𝜋] and

𝑓 (𝑅) = 𝑅 1
𝜈
−2(𝛼1 + 𝛽1𝑅

1
𝜈 ), 𝑔(𝑅) = (𝛼1 + 𝛽1𝑅

1
𝜈 )𝑅 1

𝜈

𝛼2𝑅
2
𝜈 + 𝛽2𝑅

1
𝜈 + 1

, (6.98)

where 𝜈,𝛼𝑖 , 𝛽𝑖 are real parameters. By the conservation of the quantity 𝑘 = 𝑔(𝑅) ( ¤Ψ + cos(Θ) ¤Φ),
the corresponding free dynamics reduces to monopole systems in 3D Iwai-Katayama spaces, the so-
called multi-fold Kepler systems introduced in [79]. In particular, we have monopoles in oscillator-
type and Kepler-type Taub-NUT spaces for 𝜈 = 1

2
and 𝜈 = 1 [78], respectively. For 𝜈 = 1

2
, 𝛽1 = 0,

𝛼1 = 1, we have the MIC-oscillator monopole and for 𝜈 = 1, 𝛼1 = 0, 𝛽1 = 1, the MIC-Kepler
monopole system in Euclidean space.

Let us now consider the 3D space with the metric

d𝑠2 = 𝑟−1(𝛼1 + 𝛽1𝑟) (d𝑟2 + 𝑟2𝑚2d𝜃2 + 𝑟2 sin2(𝜃)d𝜑2),

𝜃 ∈ (0, 𝜋), 𝑟 > 0, 𝜑 ∈
[
0,
2𝜋

𝜈

]
,

(6.99)

where 𝑚 is a nonvanishing constant. For 𝜈 = 𝑚2 = 1 we have just the Iwai-Katayama space
for 𝜈 = 1. For 𝑚2 ≠ 1 we have a curved 3D space with non-constant scalar curvature given by

2(1−𝑚2 )
𝑚2 (𝛼1+𝛽1𝑟 )𝑟 +

3𝛼21
2(𝛼1+𝛽1𝑟 )3𝑟

. For 𝛼1 = 0 and 𝛽1 = 𝜈 = 1 this space is the one introduced in [87].
However, the most natural choice 𝜈 = 1 for the domain of the angular variable 𝜑 does not exhaust
all the systems of physical interest.
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The Cotton-York tensor of the metric (6.99) vanishes identically for all 𝑚, therefore the under-
lying space is conformally flat. The canonical coordinate transformations

𝑟 = 𝑅𝑚𝛿 , 𝜃 = Θ, 𝜑 = 𝑚𝛿Φ,

𝑝𝑟 =
𝑅1−𝑚𝛿𝑃𝑅

𝑚𝛿
, 𝑝𝜃 = 𝑃Θ, 𝑝𝜑 =

𝑃Φ

𝑚𝛿
,

𝛿 ∈ {−1, 1} (6.100)

brings the metric (6.99) into the conformally flat form

d𝑠2 = 𝑚2𝑅𝑚𝛿−2(𝛼1 + 𝛽1𝑅𝑚𝛿) (d𝑅2 + 𝑅2dΘ2 + 𝑅2 sin2(Θ)dΦ2),

𝑅 > 0, Φ ∈
[
0,
2𝜋

𝑚𝜈

]
,

(6.101)

that corresponds to Iwai-Katayama spaces for 𝜈 = (𝑚𝛿)−1 (after proper renaming of 𝛼1, 𝛽1).
The corresponding multi-fold Kepler systems with magnetic monopole are known to be maxi-

mally superintegrable [8, 79]. In the following Section 6.7.2, we introduce a Hamiltonian system
with non-rotationally invariant potential in the metric space (6.99) that, in the special case when
the non-radial part of the potential vanishes, it reduces to the family of multi-fold Kepler systems
for 𝜈 = (𝑚𝛿)−1. We will show in Section 6.7.3 that for 𝑚 ∈ Q, this new family of systems has
(at least) four independent integrals of motion and it is therefore minimally superintegrable. Thus,
after breaking the radial symmetry of the multi-fold Kepler system, minimal superintegrability is
preserved. The system exhibits three integrals of order at most quadratic in the momenta and the
fourth integral is generally of higher order, with its order depending on 𝑚. We conclude this dis-
cussion with some final remarks and conclusions in Section 6.7.4.

6.7.2 New family of systems

We consider a Hamiltonian system in the 3D space with the metric (6.99) in the field of a magnetic
monopole of strength 𝑘

𝐵(𝑟 , 𝜃, 𝜑) = 𝑘

𝑟2
e𝑟 , 𝑘 ≠ 0 (6.102)

and an electrostatic potential of the form

𝑊 (𝑟 , 𝜃, 𝜑) = 𝑊1(𝑟) +
𝑊2(𝜃)

𝑟 (𝛼1 + 𝛽1𝑟)
. (6.103)

Thus, its Hamiltonian function reads

𝐻 =
𝑟

2(𝛼1 + 𝛽1𝑟)

(
Π2
𝑟 +

Π2
𝜃

𝑚2𝑟2
+

Π2
𝜑

𝑟2 sin2(𝜃)

)
+𝑊1(𝑟) +

𝑊2(𝜃)
𝑟 (𝛼1 + 𝛽1𝑟)

, 𝑚 ∈ R, 𝑚 ≠ 0, (6.104)
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where Π 𝑗 = 𝑝 𝑗 + 𝐴 𝑗 , 𝑗 = 𝑟 , 𝜃, 𝜑. The spatial coordinates take values 𝑟 > 0, 𝜃 ∈ (0, 𝜋), 𝜑 ∈[
0, 2𝜋

𝜈

]
, where 𝜈 > 0. The gauge for the magnetic field (6.102) can be chosen e.g. so that

𝐴𝑟 = 𝐴𝜃 = 0 , 𝐴𝜑 = ℓ − 𝑘 cos(𝜃) , (6.105)

where we prefer to leave the constant ℓ ∈ R arbitrary for the moment.
For𝑚2 = 𝜈 = 1 and 𝛼1 = 0we have a charged particle in the three-dimensional Euclidean space

moving under the influence of the magnetic field (6.102) and potential (6.103).
The system is rotationally invariant w.r.t to the angular variable 𝜑 and indeed in proper gauge

choice, e.g. (6.105), the coordinate 𝜑 is cyclic and 𝑝𝜑 is a constant of motion. If we set 𝑝𝜑 equal
to a constant, the corresponding reduced system is separable in the coordinates (𝑟 , 𝜃). This reflects
itself in the existence of the integrals

𝑋1 = Π𝜑 + 𝑘 cos(𝜃) and 𝑋2 = Π2
𝜃 +𝑚2

(
Π2

𝜑

sin2(𝜃) + 2𝑊2(𝜃)
)

(6.106)

that correspond to rotational invariance w.r.t to the angular variable 𝜑 and conservation of a gen-
eralization of the total angular momentum which incorporates terms due to the presence of the
magnetic field.

Let us restrict our potential to the structure

𝑊1(𝑟) =
𝛼2𝑟

2 + 𝛽2𝑟 + 𝑘2
2𝑟 (𝛼1 + 𝛽1𝑟)

and 𝑊2(𝜃) =
4
(
𝑎 cos2

(
𝜃
2

)
+ 𝑏 sin2

(
𝜃
2

) )
+ 𝑐

sin2(𝜃) , (6.107)

where 𝑎, 𝑏, 𝑐,𝛼𝑖 , 𝛽𝑖 are constants. The motivation for this assumption comes from the fact that for
𝜈 = 𝑚2 = 1we have a monopole system in Kepler-type Taub-NUT space and modified Hartmann
potential [70].

Let us choose the gauge (6.105) with ℓ = 𝑘 and use the fact that in this gauge choice 𝑝𝜑 is a
constant. Thus, we set 𝑝𝜑 = 𝑝0, 𝑝0 constant and, after the canonical scaling

𝜃 → 𝜃

𝑚
, 𝑝𝜃 → 𝑚𝑝𝜃 , (6.108)

we see that the system (6.104) reduces to the 2𝐷 system

~
𝐻 (𝑝𝑟 , 𝑝𝜃 , 𝑟 , 𝜃) =

𝑟

2(𝛼1 + 𝛽1𝑟)

(
𝑝2𝑟 +

𝑝2
𝜃

𝑟2

)
+ 1

𝑟 (𝛼1 + 𝛽1𝑟)

(
𝛼

sin2(𝜇𝜃) +
𝛽

cos2(𝜇𝜃)

)
+𝑊0(𝑟), (6.109)

where 𝑚 = 1
2𝜇

, 8𝛼 = 8𝑎 + 2𝑐 + 𝑝20, 8𝛽 = 8𝑏 + 2𝑐 + (𝑝0 + 2𝑘)2,𝑊0(𝑟) = 𝑊1(𝑟) − 𝑘2

2𝑟 (𝛼1+𝛽1𝑟 ) .
Thus, for𝛼1 = 0, 𝛽1 = 1, the system becomes the PW system [151], known to be superintegrable for
any𝑚 ∈ Q. Therefore, besides 𝑝𝜑 , 𝑋2 as in (6.106) and the Hamiltonian, we have another integral
coming from the 2D reduced system that renders the original system minimally superintegrable.
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The order of this integral depends on 𝑚. To our knowledge, this relationship between the MIC-
Kepler monopole and the PW system has not been noticed before, though the 3D system (6.104)-
(6.107) is known to be superintegrable for 𝑐 = 0,𝑚2 = 𝜈 = 1 [75]. In the following, we will prove
its minimal superintegrability for any value of the constants 𝑎, 𝑏, 𝑐,𝛼𝑖 , 𝛽𝑖 and any𝑚 ∈ Q.

By assuming 𝜈 = (𝑚𝛿)−1, 𝛿 ∈ {−1, 1}, the coordinate transformation (6.100) brings the system
(6.104) with potential (6.107) to a generalized Taub-NUT space with new Hamiltonian given by

H =
𝑅2−𝑚𝛿

2𝑚2(𝛼1 + 𝛽1𝑅𝑚𝛿)

(
Π2

𝑅 +
Π2
Θ

𝑅2
+

Π2
Φ

𝑅2 sin2(Θ)

+ 𝛼2𝑅
2𝑚𝛿 + 𝛽2𝑅𝑚𝛿 + 𝑘2

𝑅2
+
4

(
𝑎 cos2

(
Θ
2

)
+ 𝑏 sin2

(
Θ
2

))
+ 𝑐

𝑅2 sin2(Θ)

)
(6.110)

for 𝜃 ∈ (0, 𝜋) ,Φ ∈ [0, 2𝜋]. We will see in the following section 6.7.3 that system (6.104)-(6.107) is
minimally superintegrable for every rational value of𝑚 and 𝜈. As a consequence, we derive also the
superintegrability of system (6.110) and of (6.109). This extends the known results on the superin-
tegrability of the PW system and of the MIC-Kepler monopole system with modified Hartmann
potential (6.107) to the more general Taub-NUT metric space corresponding to (6.97)-(6.98).

6.7.3 Analysis of minimal superintegrability

We will work from now on with the Hamiltonian (6.104) in the coordinates (𝑟 , 𝜃, 𝜑), with potential
specified by (6.107). As we saw in the previous section, the system (6.104) has integrals 𝑋1, 𝑋2 as in
(6.106). By following [87], we look for an additional integral that renders the system minimally
superintegrable in the form

𝑋 = 𝑀 (𝑟 ,𝐻, 𝑋2) − 𝑁 (𝜃, 𝑋2, 𝑝𝜑) ≡ 𝑀 (𝑟) − 𝑁 (𝜃) (6.111)

where, in order to achieve {𝑋 ,𝐻} = 0, 𝑁 and 𝑀 have to satisfy

𝑝𝜃𝑁
′(𝜃) −𝑚2𝑝𝑟𝑟

2𝑀 ′(𝑟)
𝑚2𝑟 (𝛼1 + 𝛽1𝑟)

= 0. (6.112)

By using the conservation of 𝑝𝜑 = 𝑝0 and 𝐻 = 𝐸0, 𝑋2 = 𝐸1, cf. (6.106), we can express 𝑝𝑟
and 𝑝𝜃 as 𝑝𝑟 (𝑟 , 𝐸0, 𝐸1) and 𝑝𝜃 (𝜃, 𝐸1, 𝑝0), respectively. This allows us to solve equation (6.112)
by separation of variables, looking for 𝑁 and 𝑀 such that

𝑚2𝑝𝑟 (𝑟 , 𝐸0, 𝐸1)𝑟2𝑀 ′(𝑟) = 1 and 𝑝𝜃 (𝜃, 𝐸1, 𝑝0)𝑁 ′(𝜃) = 1. (6.113)

Let us choose the gauge as in (6.105). It is more convenient in the following computation to fix the
constants so that ℓ = 0. This implies

𝑀 (𝑟) = ±
∫

1

𝑚𝑟
√︁
− (𝑚2 (𝑟 (𝛽2 − 2𝐸0(𝛼1 + 𝛽1𝑟) + 𝛼2𝑟) + 𝑘2)) − 𝐸1

𝑑𝑟
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and

𝑁 (𝜃) =

±
∫

sin 𝜃√︃
𝐸1 −𝑚2

(
4𝑎 + 4𝑏 + 2𝑐 + 𝑝20

)
− 2𝑚2 cos(𝜃) (2𝑎 − 2𝑏 − 𝑘 𝑝0) − cos2 (𝜃) (𝐸1 + 𝑘2𝑚2)

𝑑𝜃 .

By choosing the solution with a minus sign and integrating, we find

𝑀 (𝑟) = − arccos (T1)
𝑚
√
𝐸1 + 𝑘2𝑚2

, 𝑁 (𝜃) = arcsin (T2)√
𝐸1 + 𝑘2𝑚2

, (6.114)

where

T1 =
𝑚2 (𝑟 (𝛽2 − 2𝛼1𝐸0) + 2𝑘2) + 2𝐸1

𝑚𝑟

√︃
4𝛼21𝐸

2
0𝑚

2 + 8𝛽1𝐸0𝐸1 + 4𝐸0𝑚
2 (2𝛽1𝑘2 − 𝛼1𝛽2) − 4𝛼2𝐸1 +𝑚2

(
𝛽22 − 4𝛼2𝑘2

) , (6.115)

T2 =
cos(𝜃) (𝐸1 + 𝑘2𝑚2) −𝑚2 (−2𝑎 + 2𝑏 + 𝑘 𝑝0)√︃

2𝑚4 (2𝑎2 − 2𝑎(2𝑏 + 𝑘 (𝑘 + 𝑝0)) + 2𝑏2 − 2𝑏𝑘 (𝑘 − 𝑝0) − 𝑐𝑘2) − 𝐸1𝑚
2
(
4𝑎 + 4𝑏 + 2𝑐 − 𝑘2 + 𝑝20

)
+ 𝐸2

1

.

(6.116)

In order to obtain polynomial and globally defined integrals, we consider for 𝑚 = 𝑚1
𝑚2

∈ Q,
𝑔.𝑐.𝑑.(𝑚1,𝑚2) = 1,

I = 2𝑖𝑒
1
2
𝑖 𝜋𝑚2 sin

(
𝑚1

√︁
𝐸1 + 𝑘2𝑚2 (𝑁 (𝜃) −𝑀 (𝑟))

)
,

that formally reads

I = 𝑒𝑖 𝜋𝑚2
(√︁
1 − T 2

2 + 𝑖 T2
)𝑚1 (√︁

1 − T 2
1 − 𝑖 T1

)𝑚2
−

(√︁
1 − T 2

2 − 𝑖 T2
)𝑚1 (√︁

1 − T 2
1 + 𝑖 T1

)𝑚2
. (6.117)

At this point, by using the fact that both square roots in the denominators of T1 and T2 are con-
stants of motion, by multiplyingI by suitable powers of those constants, we can obtain the simpler
integral

X =
(
−2

√︁
𝐸1 + 𝑘2𝑚2 𝑝𝑟 +

2𝐸1 +𝑚2 (𝑟 (𝛽2 − 2𝛼1𝐸0) + 2𝑘2)
𝑚𝑟

𝑖

)𝑚2
·
(
sin(𝜃)

√︁
𝐸1 + 𝑘2𝑚2 𝑝𝜃 +

(
𝑚2(2𝑎 − 2𝑏 − 𝑘 𝑝0) + cos(𝜃)

(
𝐸1 + 𝑘2𝑚2

) )
𝑖

)𝑚1
−

(
2
√︁
𝐸1 + 𝑘2𝑚2 𝑝𝑟 +

(𝑚2 (−2𝛼1𝐸0𝑟 + 2𝑘2 + 𝛽2𝑟) + 2𝐸1)
𝑚𝑟

𝑖

)𝑚2
·
(
sin(𝜃)

√︁
𝐸1 + 𝑘2𝑚2 𝑝𝜃 −

(
𝑚2(2𝑎 − 2𝑏 − 𝑘 𝑝0) + cos(𝜃)

(
𝐸1 + 𝑘2𝑚2

) )
𝑖

)𝑚1
,

(6.118)
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that except for the term
√
𝐸1 + 𝑘2𝑚2 would be polynomial in the momenta, once substituting the

explicit polynomial expressions of 𝐸0 = 𝐻 and 𝐸1 = 𝑋2 in terms of the momenta. However, let
us notice that given any complex numbers 𝑧1 = 𝑎 + 𝑏𝑖 and 𝑧2 = 𝑐 + 𝑑𝑖,

(−𝑧1)𝑚2 (𝑧2)𝑚1 − 𝑧𝑚21 𝑧
𝑚1
2 = (−𝑧1)𝑚2 (𝑧2)𝑚1 − (−1)𝑚2 (−𝑧1)𝑚2𝑧𝑚12 .

This expression equals to−2𝑖 Im((−𝑧1)𝑚2𝑧𝑚12 ) for𝑚2 even and to 2Re((−𝑧1)𝑚2𝑧𝑚12 ) for𝑚2 odd.
By expanding the product (−𝑧1)𝑚2𝑧𝑚12 we obtain

(−𝑧1)𝑚2𝑧𝑚12 = (−1)𝑚2
𝑚1∑︁
𝑗=0

𝑚2∑︁
𝑘=0

𝑖 𝑗+𝑘

(
𝑚1

𝑗

) (
𝑚2

𝑘

)
𝑎𝑚2−𝑘𝑏𝑘𝑐𝑚1− 𝑗𝑑 𝑗 .

Consequently, upon expanding the products, the integralX will include contributions of the form
(𝐸1 + 𝑘2𝑚2)

𝑚1+𝑚2−(𝑘+ 𝑗)
2 . If 𝑚2 is even, only exponents with 𝑗 + 𝑘 odd would be present (i.e. we

take only the imaginary part of the expansion as above). Since g.c.d.(𝑚1,𝑚2) = 1 by assumption,
for 𝑚2 even 𝑚1 must be odd. Therefore 𝑚1 + 𝑚2 − (𝑘 + 𝑗) is even and only integer powers of
(𝐸1 + 𝑘2𝑚2) appear in X. Otherwise, for 𝑚2 odd, only terms for 𝑗 + 𝑘 even would be in the
integral (i.e. only the real part). Therefore, for 𝑚1 odd, we have again that 𝑚1 + 𝑚2 − (𝑘 + 𝑗) is
an even number and only integer powers of (𝐸1 + 𝑘2𝑚2) are present in the integral. For𝑚1 even,
𝑚1 + 𝑚2 − (𝑘 + 𝑗) is odd. However, we can divide X by

√
𝐸1 + 𝑘2𝑚2 (which is a constant of

motion) and obtain an integral with only even powers of (𝐸1 + 𝑘2𝑚2). Therefore, we can always
achieve a polynomial integral.

6.7.4 Final remarks

In this section, we proved the minimal superintegrability of the monopole system (6.104) with po-
tential specified by (6.107). For particular values of its parameters, this system is related via confor-
mal transformation to the MIC-Kepler, the MIC-oscillator and the more general multi-fold Kepler
system (6.110) modified by the addition of a non-radial term in the potential.

In recent years, there has been active research on (super)integrable systems in curved backgrounds
or, alternatively, with position-dependent mass in Euclidean space [74, 89, 145], often resulting in
the proof of superintegrability of Kepler-related systems and oscillator-related systems in curved
spaces [9, 37, 75, 87]. Here we saw that this is also true in presence of a magnetic monopole in the
metric space corresponding to (6.99). This extends known results for Kepler-type and monopole-
type systems in generalized Taub-NUT spaces and shows that minimal superintegrability is pre-
served even if the non-radial term specified by (6.107) is added to the potential.

We attempted to search for a fifth integral by the method used in the previous section, however
with the negative result that such an integral would be polynomial only for 𝑎 = 𝑏 = 𝑐 = 0, i.e.
for vanishing angular term in the potential, and globally defined only for 𝜈 ∈ Q. Therefore we
just obtain the known result on the maximal superintegrability of the multi-fold Kepler system.
Numerical investigation seems to confirm that for generic values of the parameters 𝑎, 𝑏, 𝑐 there
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can exist bounded orbits which do not close, therefore we expect the system to be in general only
minimally superintegrable.

Let us notice that given the Hamiltonian in the form

𝐻 =
1

2
𝑓 (𝑟)

(
𝑝2𝑟 +

𝐿

𝑟2

)
, (6.119)

where 𝐿 is a constant of motion, by scaling 𝐿 → 𝐿
𝑚2

the new Hamiltonian

~
𝐻 =

1

2
𝑓 (𝑟)

(
𝑝2𝑟 +

𝐿

𝑚2𝑟2

)
(6.120)

is still integrable [115]. However, it corresponds to a system in general with different metric and there
is no guarantee that superintegrability is preserved. Therefore, the integrability of the system (6.104)
with potential (6.107) for any nonvanishing 𝑚 comes from the integrability of the corresponding
Kepler-type monopole system for𝑚 = 1. However, the superintegrability of the system for general
value of𝑚 can not be deduced as a consequence of the superintegrability of the original system, as
to our knowledge there is no proof that all the integrals survive the scaling, though this is often the
case if𝑚 is rational for many examples known [115]. It might be worth further investigation in this
direction.

We conclude by noting that the system (6.110) belongs to the Rodríguez-Tempesta family of sys-
tems, which has been conjectured to be superintegrable [162]. In the limit for vanishing strength of
the monopole and for 𝛼1 = 𝑐 = 0, the Hamiltonian (6.110) is included in it for special choices of
the parameters therein. In this perspective, it might come as a surprise that only the PW system ap-
peared here, as a 2D reduction of the system (6.104), though also the TTW system is included in the
family of systems presented in [162]. The TTW system can indeed be obtained from Hamiltonian
(6.110) (canonically conjugated to (6.104)) after setting𝑚 = 2

𝛿
, 𝑝𝜑 to constant and then performing

the scaling (6.108). This seems to suggest that also in presence of a magnetic field, a similar family
of superintegrable systems as the one introduced in [162] that includes the monopole might exist.
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Un cronopio pequeñito buscaba la llave de la puerta de calle en la mesa
de luz, la mesa de luz en el dormitorio, el dormitorio en la casa, la
casa en la calle. Aquí se detenía el cronopio, pues para salir a la calle
precisaba la llave de la puerta.

Julio Cortázar, Historias de cronopios y de famas

7
Generalized Haantjes algebras and

block-diagonalization

Adefinitionwithout purpose is like a path that goes nowhere–it leaves us trudging
in endless circles, chasing after woozles and wizzles that vanish the moment we think we’ve grasped
them. But when a concept is crafted to reveal its essence, it becomes a compass: something that
doesn’t just guide our thinking, but roots us in what truly matters. This act of purposeful defining
helps us sidestep those dizzying loops of confusion, replacing them with clarity—and in that clarity,
we find beauty. Because beauty isn’t a luxury; it’s what we need to endure life’s weight. That’s how
definitions stop being bland labels and start acting like lighthouses, cutting through the fog to show
us shores of understanding we might’ve missed.

The notion of generalized Nijenhuis torsions, introduced in [186], establishes a graded hierarchy
of tensorial conditions for (1, 1)-tensor fields, indexed by non-negative integers. Beginning with the
Lie bracket [𝑋 ,𝑌 ] as the torsion of level 0, the sequence advances to the classical Nijenhuis torsion
(level 1) and Haantjes torsion (level 2). For each𝑚 ≥ 1, the torsion of level𝑚 is defined recursively
through algebraic operations involving the tensor field and the torsion of level 𝑚 − 1. A (1, 1)-
tensor field is termed a generalized Nijenhuis operator of level 𝑚 if its torsion of level 𝑚 vanishes,
thereby unifying classical integrability criteria–such as Nijenhuis (𝑚 = 1) and Haantjes (𝑚 = 2)
operators—into a coherent infinite hierarchy.

These generalized Nijenhuis operators enable the study of the integrability of operator fields be-
yond the framework of Haantjes geometry. As an illustrative example [186, Example 44], consider

149
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the following operator defined in the chart (𝑥1, 𝑥2, 𝑥3), which is not a Haantjes operator but pos-
sesses integrable distributions, as one can verify directly. In fact, its torsion of level three 𝜏3𝑨(𝑋 ,𝑌 )
vanishes:

𝑨 =


𝜆1 𝑓 0

0 𝜆1 𝑔

0 0 𝜆2

 ,
where 𝜆1,𝜆2, 𝑓 , 𝑔 ∈ 𝐶∞(𝑀) and may depend on any combination of the variables (𝑥1, 𝑥2, 𝑥3).
To analyze the integrability of its eigendistributions, we must rely on the Theorem 7.1.1 since the
classical Haantjes theorem is not applicable. Furthermore, existing results provide no insight into
the simultaneous diagonalization of operator sets that include even one such non-Haantjes opera-
tor. To bridge these gaps, this chapter introduces generalized Haantjes algebras and systematically
investigates their structural and integrability properties. The purpose of this chapter is to establish a
new geometric setting for the block-diagonalization of operator fields on a differentiable manifold.

The problem of finding normal forms of (1, 1)-tensor fields on a differentiable manifold 𝑀
is relevant in many theoretical and applicative contexts. Indeed, it is useful in the determination
of a reduced form for a system of partial differential equations [20, 21, 23] and in the theory of
hydrodynamic-type systems [55, 56]. Besides, it finds applications in classical mechanics, since it
may allow to construct separation variables for completely integrable Hamiltonian systems [39]. In
this chapter we address this problem with a tensorial approach, based on the notion of Nijenhuis
and Haantjes torsions and their generalizations, recently introduced in [186].

From a theoretical point of view, a first result is Theorem 7.3.1. It states that for a set of commut-
ing operators on a differentiable manifold, if at least one of them is a generalized Nijenhuis operator,
then there exists a local coordinate chart where they take simultaneously a block-diagonal form.

This statement is further refined by requiring that all of the commuting operators are generalized
Nijenhuis operators of a (common) level𝑚 and their joint eigendistributions are pairwise integrable
(see Definition 2.3.4). Thus, our main result is Theorem 7.3.2 ensuring that, under these hypotheses,
on a local coordinate chart all of them take a block-diagonal form with finer blocks.

These results naturally suggest the notion of generalized Haantjes algebra of level𝑚. It consists
of a set of generalized Nijenhuis operators of the same level𝑚, forming a𝐶∞(𝑀)-module; besides,
this set is closed under the product of operators. We will discuss in detail the properties of the class
of unigenerated Haantjes algebras of level𝑚, which are generated by the independent powers of a
single generalized Nijenhuis operator.

Another crucial result is that given an operator 𝑨 whose generalized Nijenhuis torsion of level
𝑚 vanishes, any polynomial 𝑃(𝑨) whose coefficients are functions in 𝐶∞(𝑀) also has the same
level-𝑚 torsion vanishing. This property allows us to construct generalized Haantjes algebras in a
very natural and direct way. We shall present some nontrivial examples of unigenerated generalized
Haantjes algebras of level three and four. In particular, we will show how to construct local coor-
dinate charts allowing the simultaneous block-diagonalization of all the operators forming these
algebras.
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The approach proposed in this work offers a new perspective on the classical problem of the nor-
mal form of operator fields. We remind that a relevant contribution to this problem, in the spirit of
tensor analysis, was given by Bogoyavlenskij in [21, 23], where necessary and sufficient conditions
have been proposed for the existence of local charts were a given operator acquires a block-diagonal
form. The main difference with respect to those results is that we solve the problem for a complete
family of commuting operators. At the same time, no knowledge a priori of the eigendistribu-
tions of the given operators is required. This aspect is crucial, since the spectral analysis of operator
fields computationally becomes rapidly intractable by increasing the dimension of the underlying
differentiable manifold. Thus, we offer sufficient tensorial conditions for the simultaneous block-
diagonalization of a family of operators which can be easily checked with the aid of computer alge-
bra, without entering the study of their eigendistributions. Of course, for the explicit construction
of local charts where the simultaneous block-diagonalization of the family of operators given takes
place, it is necessary to determine their spectral properties. However, our result can be interpreted
as a tensorial test, ensuring a priori the block-diagonalizability of the whole family. Once this prop-
erty is ascertained for a concrete family, then one can proceed to the construction of the required
local charts.

A thorough study of the rich algebraic properties of the generalized Haantjes algebras represents
an interesting research perspective, that will be developed in future works.

This chapter includes the results of [159] and is organized as follows. First, Section 7.1 discusses an
infinite family of higher-order torsions of level𝑚, generalizing both the Nijenhuis and the Haantjes
ones. In Section 7.2, the new notion of generalized Haantjes algebra is presented. In Section 7.3,
the main theorems of the work, concerning simultaneous block-diagonalization of non-semisimple
operator fields, are proved. In Sections 7.4 and 7.5, examples of generalized Haantjes algebras are
discussed and local charts ensuring simultaneous block-diagonalization are explicitly determined.
Finally, Section 7.6 investigates polarizations of these torsions, linking them to Haantjes modules.

7.1 generalized nijenhuis operators

A novel class of generalized Nijenhuis operators of level𝑚 has been introduced via a recursive pro-
cedure in [184] and further discussed in [186, 187]. When 𝑚 = 1, they coincide with the stan-
dard Nijenhuis operators; for 𝑚 = 2, they are Haantjes operators. For 𝑚 > 2, we have genuinely
new operators. In this chapter, we will generalize the notion of Haantjes algebras to consider situ-
ations in which they may contain generalized Nijenhuis operators. We will also discuss the block-
diagonalization of these generalized algebras.

Definition 7.1.1 (Definition 7, [184]). Let 𝑨:𝔛(𝑀) → 𝔛(𝑀) be a (1, 1)-tensor field. The gener-
alized Nijenhuis torsion of 𝑨 of level𝑚, for each integer𝑚 ≥ 1, is the skew-symmetric (1, 2)-tensor
field defined by

𝜏
(𝑚)
𝑨 (𝑋 ,𝑌 ) = 𝑨2 𝜏

(𝑚−1)
𝑨 (𝑋 ,𝑌 ) + 𝜏 (𝑚−1)

𝑨 (𝑨𝑋 , 𝑨𝑌 )

− 𝑨
(
𝜏
(𝑚−1)
𝑨 (𝑋 , 𝑨𝑌 ) + 𝜏 (𝑚−1)

𝑨 (𝑨𝑋 ,𝑌 )
)
, 𝑋 ,𝑌 ∈ 𝔛(𝑀). (7.1)
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Here, we adopt the notation 𝜏 (0)𝑨 (𝑋 ,𝑌 ) := [𝑋 ,𝑌 ], 𝜏 (1)𝑨 (𝑋 ,𝑌 ) := 𝜏𝑨(𝑋 ,𝑌 ), and 𝜏 (2)𝑨 (𝑋 ,𝑌 ) :=
H𝑨(𝑋 ,𝑌 ).

Definition 7.1.2. Let 𝑨:𝔛(𝑀) → 𝔛(𝑀) be a (1, 1)-tensor field. If 𝜏 (𝑚)
𝑨 (𝑋 ,𝑌 ) = 0 for some

𝑚 ∈ N \ {0}, we say that 𝑨 is a generalized Nijenhuis operator of level𝑚.

The significance of these definitions lies in the following key result, which comprises and gener-
alizes Haantjes’ theorem. It will play a central role in the subsequent analysis.

Theorem 7.1.1 (Generalized Haantjes theorem, [186]). Let 𝑨:𝔛(𝑀) → 𝔛(𝑀) be an operator
field. Assume that

𝜏
(𝑚)
𝑨 (𝑋 ,𝑌 ) = 0 , ∀ 𝑋 ,𝑌 ∈ 𝔛(𝑀) , (7.2)

for some𝑚 ≥ 1. Then each eigen-distribution of 𝑨, as well as every direct sum of its eigen-distributions,
is integrable.

In [93], an alternative notion of generalized Nijenhuis torsion was independently proposed. In-
stead of employing a geometric and recursive approach, an algebraic construction is introduced
that considers generalized torsions of order 𝑚 associated with an arbitrary vector-valued skew-
symmetric bilinear map on a real vector space. However, this other definition will not be used in
this work.

7.1.1 Main properties

One of the most significant results concerning generalized Nijenhuis tensors is the following exten-
sion of Proposition 2.3.3, which will be crucial for defining generalized Haantjes algebras in Chapter
7.

Proposition 7.1.1 (Corollary 14, [186]). Let 𝑨 be an operator field. Then, for all 𝑓 , 𝑔 ∈ 𝐶∞(𝑀), it
holds that

𝜏
(𝑚)
𝑓 𝑰+𝑔𝑨(𝑋 ,𝑌 ) = 𝑔

2𝑚 𝜏
(𝑚)
𝑨 (𝑋 ,𝑌 ), ∀𝑚 ∈ N \ {0, 1}. (7.3)

It is also useful, from an applicative point of view, to consider the explicit action of a general-
ized Nijenhuis torsion on a pair of generalized eigenvectors of 𝑨. In [186], the following formula is
proved by induction for integers𝑚 ≥ 2:

Proposition 7.1.2. Let 𝑨 be a (1, 1)-tensor field and let 𝑋𝛼 ∈ D𝜇 and 𝑌𝛽 ∈ D𝜈 be generalized
eigenvectors of 𝑨 corresponding to the eigenvalues 𝜇 and 𝜈, respectively. Then, for any integer𝑚 ≥ 2,
the following formula holds:

𝜏
(𝑚)
𝑨 (𝑋𝛼,𝑌𝛽) =

𝑚∑︁
𝑖, 𝑗=0

(−1)𝑖+ 𝑗

(
𝑚

𝑖

) (
𝑚

𝑗

) (
𝑨 − 𝜇𝑰

)𝑚−𝑖 (
𝑨 − 𝜈𝑰

)𝑚− 𝑗 [𝑋𝛼−𝑖 ,𝑌𝛽− 𝑗], (7.4)

where

𝑨𝑋𝛼 = 𝜇 𝑋𝛼 + 𝑋𝛼−1, 𝑨𝑌𝛽 = 𝜈𝑌𝛽 +𝑌𝛽−1, 1 ≤ 𝛼 ≤ 𝜌𝜇, 1 ≤ 𝛽 ≤ 𝜌𝜈 , (7.5)

and by definition, 𝑋0 and𝑌0 are null vector fields.



7.2 generalized haantjes algebras 153

7.1.2 Block-diagonalization

As a nontrivial application of Theorem 7.1.1, one can show that for a given operator 𝑨, condition
(7.2) is sufficient to guarantee the existence of a local chart in which 𝑨 can be block-diagonalized.
We foresee relevant applications in, for example, the theory of hydrodynamic-type systems [21],
the study of partial separability of Hamiltonian systems [39], and more generally in the context of
Courant’s problems for first-order hyperbolic systems of partial differential equations [43].

In the case of a single operator with vanishing higher-order torsion, an analysis analogous to that
in Section 2.3.3 leads to the following result, which provides a simple and general tensorial criterion
for the existence of local coordinates ensuring block-diagonalizability.

Theorem 7.1.2 (Proposition 43, [186]). Let 𝑨:𝔛(𝑀) → 𝔛(𝑀) be an operator. If

𝜏
(𝑚)
𝑨 (𝑋 ,𝑌 ) = 0 ∀ 𝑋 ,𝑌 ∈ 𝔛(𝑀), (7.6)

for some𝑚 ≥ 1, then 𝑨 admits local charts adapted to the spectral decomposition of the tangent spaces
into generalized eigenspaces, in which it assumes a block-diagonal form.

7.2 generalized haantjes algebras

One of the main achievements in this context is to generalize this result to the case of families of
commuting operators. To this aim, we shall introduce a new class of operator algebras.

7.2.1 Definitions

The notion of Haantjes algebra has been introduced and discussed in [184]. In this section, we
define a class of new, generalized Haantjes algebras.

Definition 7.2.1. A generalized Haantjes algebra of level 𝑚 and rank 𝑟 is a pair (𝑀 ,ℋ (𝑚) ) with
the following properties:

(i) 𝑀 is a differentiable manifold of dimension n;

(ii) ℋ
(𝑚) is a set of operators 𝑲:𝔛(𝑀) → 𝔛(𝑀) whose Nijenhuis torsion of level 𝑚 vanishes:

𝜏
(𝑚)
𝑲 = 0. Also, they generate:

– a free module of rank 𝑟 over the ring of smooth functions on 𝑀 :

𝜏
(𝑚)
( 𝑓 𝑲1+𝑔𝑲2 ) (𝑋 ,𝑌 ) = 0 , ∀ 𝑋 ,𝑌 ∈ 𝔛(𝑀) ,

∀ 𝑓 , 𝑔 ∈ 𝐶∞(𝑀) , ∀𝑲1, 𝑲2 ∈ ℋ
(𝑚) ;

(7.7)

– a ring w.r.t. the composition operation:

𝜏
(𝑚)
(𝑲1 𝑲2 ) (𝑋 ,𝑌 ) = 0 , ∀𝑲1, 𝑲2 ∈ ℋ

(𝑚) , ∀ 𝑋 ,𝑌 ∈ 𝔛(𝑀) . (7.8)
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If
𝑲1 𝑲2 = 𝑲2 𝑲1 , ∀𝑲1, 𝑲2 ∈ ℋ

(𝑚) , (7.9)

the algebra (𝑀 ,ℋ (𝑚) ) will be said to be an Abelian generalized Haantjes algebra. Moreover, if the
identity operator 𝑰 ∈ ℋ

(𝑚) , then (𝑀 ,ℋ (𝑚) ) will be said to be a generalized Haantjes algebra with
identity.

In other words, the set ℋ (𝑚) can be regarded as an associative algebra of generalized Haantjes
operators.

The case 𝑚 = 2, namely that of standard Haantjes algebras [184], possesses several important
properties. Among them, we recall that for a given Abelian Haantjes algebra ℋ (2) ≡ ℋ there
exists an associated set of coordinates, called Haantjes coordinates, by means of which all 𝑲 ∈ ℋ

can be written simultaneously in a block-diagonal form. In particular, if ℋ is also semisimple, on
each set of Haantjes coordinates all 𝑲 ∈ ℋ can be written simultaneously in a purely diagonal
form [184].

The following result simplifies the study of the integrability of the eigendistributions of a family
of operators forming an Abelian, generalized Haantjes algebra.

Lemma 7.2.1. Let (𝑀 ,ℋ (𝑚) ) be an Abelian generalized Haantjes algebra of level 𝑚. We shall
assume that the rank of the eigendistributions of the operators belonging to ℋ (𝑚) is independent of
𝒙 ∈ 𝑀 . Then, each nontrivial intersection of these eigendistributions is integrable.

Proof. Let {𝑲1, . . . , 𝑲𝑤} be a basis of (𝑀 ,ℋ (𝑚) ), and (D (1)
𝑖1

, . . . ,D (𝑤)
𝑖𝑤

), 𝑖1 = 1, . . . , 𝑠1, . . .,
𝑖𝑤 = 1, . . . , 𝑠𝑤 , be the set of their eigendistributions. Let

V𝑎 = D (1)
𝑖1

(𝒙)
⋂

. . .
⋂

D (𝑤)
𝑖𝑤

(𝒙) 𝑎 = 1, . . . , 𝑣, 𝑣 ≤ 𝑛 (7.10)

denote a nontrivial intersection of eigendistributions of the operators {𝑲1, . . . , 𝑲𝑤}, which we call
a joint eigendistribution. Consequently, the distributionV𝑎, being the intersection of distributions
which are involutive due to Theorem 7.1.1 [186], is also involutive.

□

7.2.2 Generalized and unigenerated Haantjes algebras

A special class of commutative generalized Haantjes algebras are those generated by a single operator
𝑳 and its independent powers. We denote by ℎ the degree of the minimal polynomial of 𝑳.

Definition 7.2.2. A generalized Haantjes algebra (𝑀 ,ℋ (𝑚) ) will be said to be unigenerated if
there exists an operator 𝑳:𝔛(𝑀) → 𝔛(𝑀), with 𝜏 (𝑚)

𝑳 (𝑋 ,𝑌 ) = 0, such that ℋ (𝑚) ⊆ ℒ(𝑳),
where ℒ(𝑳) is the set of all polynomials

∑ℎ
𝑘=0 𝑐𝑘 (𝒙)𝑳𝑘 in the powers of 𝑳 with coefficients 𝑐𝑘 (𝒙) ∈

𝐶∞(𝑀).

Given a unigenerated algebra (𝑀 ,ℋ (𝑚) ) generated by an operator 𝑳, its rank is less than or
equal to ℎ. If ℎ = 𝑛 − 1, 𝑳 is a cyclic operator and the algebra will be said to be cyclic.
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Remark 7.2.1. Unigenerated Haantjes algebras of level𝑚 as algebraic structures are not rare. Indeed,
as we will prove in Theorem 7.2.1, given an operator 𝑳 with 𝜏 (𝑚)

𝑳 (𝑋 ,𝑌 ) = 0, any polynomial in 𝑳

having coefficients in 𝐶∞(𝑀) is still an operator having a vanishing torsion of the same level. Thus,
the independent powers of any operator with a given vanishing generalized torsion provide naturally
a basis of a unigenerated generalized algebra.

In the following, we shall prove this fundamental fact. To this aim, we shall use and adapt to our
general case several algebraic techniques and results introduced and proved by Bogoyavlenskij in
[19] for the case of Nijenhuis and Haantjes operators. In particular, we shall use a representation of
(1,2)-tensors in the ring 𝑆3 of polynomials of three independent variables 𝑧,𝜆, 𝜇 with coefficients
depending on 𝒙 ∈ 𝑀 . A generic polynomial of this ring has the form

𝑆(𝑧,𝜆, 𝜇) :=
𝑁∑︁

𝑖, 𝑗 ,𝑘
𝑠𝑖 𝑗𝑘 (𝒙)𝑧𝑖𝜆 𝑗𝜇𝑘 , 𝒙 ∈ 𝑀

with 𝑁 ∈ N\{0}, 𝑠𝑖 𝑗𝑘 (𝒙) ∈ 𝐶∞(𝑀). Given an operator 𝑨 and a (1,2)-tensor 𝑇 (𝑋 ,𝑌 ), we intro-
duce the representation defined by [19]

𝑅𝑆 (𝑇) (𝑋 ,𝑌 ) =
𝑁∑︁

𝑖, 𝑗 ,𝑘
𝑠𝑖 𝑗𝑘 (𝒙)𝑨𝑖𝑇 (𝑨 𝑗𝑋 , 𝑨𝑘𝑌 ) . (7.11)

Thus, the action of 𝜆 and 𝜇 is associated with the first and second arguments of 𝑇 (𝑋 ,𝑌 ), whereas
𝑧 is associated with the powers of 𝑨 acting on the values of𝑇 (𝑋 ,𝑌 ). Representation (7.11) satisfies
the basic properties

𝑅𝑆1+𝑆2 = 𝑅𝑆1 + 𝑅𝑆2 , (7.12)

𝑅𝑆1 ·𝑆2 = 𝑅𝑆2 ·𝑆1 = 𝑅𝑆1 · 𝑅𝑆2 . (7.13)

This framework allows us to represent the “tower" of generalized Nijenhuis torsions in a direct way.

Lemma 7.2.2. Let 𝑨:𝔛(𝑀) → 𝔛(𝑀) be an operator. We have:

𝜏
(𝑚+1)
𝑨 (𝑋 ,𝑌 ) = 𝑅𝜎𝜏

(𝑚)
𝑨 (𝑋 ,𝑌 ) (7.14)

where 𝜎 is the polynomial 𝜎(𝑧,𝜆, 𝜇) = (𝑧 − 𝜆) (𝑧 − 𝜇).

Proof. It is an immediate consequence of the formula (7.1), which indeed can be written as

𝑅(𝑧2−𝑧𝜆−𝑧𝜇+𝜆𝜇)𝜏
(𝑚)
𝑨 (𝑋 ,𝑌 ) =𝑨2𝜏

(𝑚)
𝑨 (𝑋 ,𝑌 ) + 𝜏 (𝑚)

𝑨 (𝑨𝑋 , 𝑨𝑌 )

− 𝑨
(
𝜏
(𝑚)
𝑨 (𝑋 , 𝑨𝑌 ) + 𝜏 (𝑚)

𝑨 (𝑨𝑋 ,𝑌 )
)

=𝜏 (𝑚+1)
𝑨 (𝑋 ,𝑌 ) .

(7.15)

□
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When𝑚 = 2, we recover the formula

H𝑨(𝑋 ,𝑌 ) = 𝑅𝜎𝜏𝑨(𝑋 ,𝑌 )

first stated in [19]. We also remind that, given a polynomial 𝑃(𝑧) =
∑𝑁

𝑘=0 𝑐𝑘 (𝒙)𝑧𝑘 , the Bézout
identity holds:

𝑃(𝑧) − 𝑃(𝜆) = (𝑧 − 𝜆)𝑄𝑃 (𝑧,𝜆) (7.16)

where

𝑄𝑃 (𝑧,𝜆) =
𝑁∑︁
𝑘=1

𝑐𝑘 (𝒙)
∑︁

𝑝+𝑞=𝑘−1
𝑧𝑝𝜆𝑞 .

We prove now a useful technical result.

Lemma 7.2.3. Let 𝑨:𝔛(𝑀) → 𝔛(𝑀) be an operator. Let 𝑷 := 𝑃(𝑨) =
∑𝑁

𝑘=0 𝑐𝑘 (𝒙)𝑨
𝑘 be a

polynomial in 𝑨 with variable coefficients. We have

𝜏
(𝑚)
𝑷 (𝑋 ,𝑌 ) = 𝑅(𝑄𝑃 (𝑧,𝜆) )𝑚 (𝑄𝑃 (𝑧,𝜇) )𝑚𝜏

(𝑚)
𝑨 (𝑋 ,𝑌 ), 𝑚 ≥ 2 . (7.17)

Proof. We shall proceed by induction over𝑚 ≥ 2. The case𝑚 = 2, corresponding to the Haantjes
torsion, has been proved in [19]. Thus, we assume that the property is true for the case of a torsion
of level 𝑚 − 1 and we prove that it holds true for the case of a torsion of level 𝑚. According to
Lemma 7.2.2, we have

𝜏
(𝑚)
𝑨 (𝑋 ,𝑌 ) = 𝑅𝜎𝜏

(𝑚−1)
𝑨 (𝑋 ,𝑌 ) (7.18)

where 𝜎 = (𝑧 − 𝜆) (𝑧 − 𝜇). Also, in terms of the operator 𝑷 expression (7.18) can be written as

𝜏
(𝑚)
𝑷 (𝑋 ,𝑌 ) = 𝑅(𝑃 (𝑧)−𝑃 (𝜆) ) (𝑃 (𝑧)−𝑃 (𝜇) )𝜏

(𝑚−1)
𝑷 (𝑋 ,𝑌 ) . (7.19)

Thus, applying twice the Bezout identity (7.16), we get

(𝑃(𝑧) − 𝑃(𝜆)) (𝑃(𝑧) − 𝑃(𝜇)) = (𝑧 − 𝜆) (𝑧 − 𝜇)𝑄𝑃 (𝑧,𝜆)𝑄𝑃 (𝑧, 𝜇) .

Exploiting property (7.13), we obtain

𝜏
(𝑚)
𝑷 (𝑋 ,𝑌 ) = 𝑅𝑄𝑃 (𝑧,𝜆)𝑄𝑃 (𝑧,𝜇)𝑅𝜎𝜏

(𝑚−1)
𝑷 (𝑋 ,𝑌 ) . (7.20)

By the induction hypothesis, we have

𝜏
(𝑚−1)
𝑷 (𝑋 ,𝑌 ) = 𝑅(𝑄𝑃 (𝑧,𝜆) )𝑚−1 (𝑄𝑃 (𝑧,𝜇) )𝑚−1𝜏

(𝑚−1)
𝑨 (𝑋 ,𝑌 ) .

Consequently, due to Eq. (7.20) and Lemma 7.2.2, we deduce that

𝜏
(𝑚)
𝑷 (𝑋 ,𝑌 ) = 𝑅(𝑄𝑃 (𝑧,𝜆) )𝑚 (𝑄𝑃 (𝑧,𝜇) )𝑚𝑅𝜎𝜏

(𝑚−1)
𝑨 (𝑋 ,𝑌 )

= 𝑅(𝑄𝑃 (𝑧,𝜆) )𝑚 (𝑄𝑃 (𝑧,𝜇) )𝑚𝜏
(𝑚)
𝑨 (𝑋 ,𝑌 ) ,

(7.21)

which completes the proof. □
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We can now state the main result of this section.

Theorem 7.2.1. Let 𝑨:𝔛(𝑀) → 𝔛(𝑀) be an operator with 𝜏 (𝑚)
𝑨 (𝑋 ,𝑌 ) = 0,𝑚 ≥ 2. Then

𝜏
(𝑚)(∑𝑁

𝑘=0 𝑐𝑘 (𝒙)𝑨
𝑘
) (𝑋 ,𝑌 ) = 0, 𝑋 ,𝑌 ∈ 𝔛(𝑀) , (7.22)

where 𝑐𝑘 (𝒙) ∈ 𝐶∞(𝑀).

Proof. Let 𝑷 := 𝑃(𝑨) = ∑𝑁
𝑘=0 𝑐𝑘 (𝒙)𝑨

𝑘 . It is sufficient to apply Lemma 7.2.3, taking into account
the assumption 𝜏 (𝑚)

𝑨 (𝑋 ,𝑌 ) = 0. □

Interestingly enough, Theorem 7.2.1 does not hold in general for the case of the Nijenhuis torsion
(i.e., 𝑚 = 1). However, as is well-known, relation (7.22) is valid for the Nijenhuis torsion if the
coefficients 𝑐𝑘 (𝒙) are all constant.

7.3 simultaneous block-diagonalization

In this section, we state our main theoretical results. We consider first the case of a single generalized
Nijenhuis operator belonging to an arbitrary family of commuting operators.

Theorem 7.3.1. Let S = {𝑲1, . . . , 𝑲𝑤}, 𝑲𝛼:𝔛(𝑀) → 𝔛(𝑀), 𝛼 = 1, . . . ,𝑤 be a set of commut-
ing operator fields; we assume that one of them, say 𝑲1, satisfies the condition

𝜏
(𝑚)
𝑲1

(𝑋 ,𝑌 ) = 0, 𝑋 ,𝑌 ∈ 𝔛(𝑀) , (7.23)

for some 𝑚 ≥ 1. Then, there exist local charts in which all of the operators 𝑲𝛼 can be written simul-
taneously in a block-diagonal form.

Proof. Assuming that condition (7.23) is satisfied, Proposition 7.1.2 ensures the existence of an
equivalence class of integrable frames and local charts where the operator 𝑲1 takes a block-diagonal
form. Such coordinates are adapted to the characteristic web associated with the spectral decom-
position of 𝑲1:

𝑇𝒙𝑀 = D𝑖 (𝒙) ⊕ E𝑖 (𝒙) =
𝑠⊕

𝑖=1
D𝑖 (𝒙) . (7.24)

with
𝒙 = (𝒙1, . . . , 𝒙𝑖 , . . . , 𝒙𝑠) . (7.25)

The variables 𝒙𝑖 = (𝑥𝑖,1, . . . , 𝑥𝑖,𝑟𝑖 ) are defined over the integral leaves of the eigendistribution D𝑖 ,
whereas the remaining ones, namely

(𝒙1, . . . , 𝒙𝑖−1, 𝒙𝑖+1, . . . , 𝒙𝑠)

are coordinates of the leaves, i.e., are constant (𝒙1 = 𝒄1, . . . , 𝒙𝑖−1 = 𝒄𝑖−1, 𝒙𝑖+1 = 𝒄𝑖+1, . . . , 𝒙𝑠 =
𝒄𝑠) on each leaf 𝐷𝑖 (𝒄) of the foliation. Here 𝒄 := (𝒄1, . . . , 𝒄𝑖−1, 𝒄𝑖+1, . . . , 𝒄𝑠). Since all opera-
tors of the set S commute, every distribution D𝑖 is invariant under the action of the operators
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{𝑲2, . . . , 𝑲𝑤}. As a direct consequence of this property, all the operators 𝑲𝛼 ∈ S in the local
chart (7.25) take a block-diagonal form, where the 𝑖th (𝑟𝑖 × 𝑟𝑖) block matrix [𝑲 (𝑖)

𝛼 ] |𝐷𝑖 (𝒄) coincides
with the matrix [𝑲𝛼 |𝐷𝑖 (𝒄) ], 𝑖 = 1, . . . , 𝑠, which represents the restricted operator 𝑲𝛼 to the leaf
𝐷𝑖 (𝒄). □

Theorem 7.3.2. Let S = {𝑲1, . . . , 𝑲𝑤}, 𝑲𝛼:𝔛(𝑀) → 𝔛(𝑀), be a set of commuting operator
fields. If

(i) all the operators of the family have vanishing generalized torsion of level𝑚:

𝜏
(𝑚)
𝑲 𝛼

(𝑋 ,𝑌 ) = 0 , 𝛼 = 1, . . . ,𝑤, 𝑋 ,𝑌 ∈ 𝔛(𝑀) (7.26)

(ii) their joint eigendistributions

V𝑎 (𝒙) :=
𝑠1,...,𝑠𝑤⊕
𝑖1,...,𝑖𝑤

D (1)
𝑖1

(𝒙)
⋂

. . .
⋂

D (𝑤)
𝑖𝑤

(𝒙) , 𝑎 = 1, . . . , 𝑣 ≤ 𝑛 (7.27)

are pairwise integrable,

then there exist sets of local coordinates, adapted to the decomposition

𝑇𝒙𝑀 =
𝑣⊕

𝑎=1
V𝑎 (𝒙) 𝒙 ∈ 𝑀 , (7.28)

in which all operators 𝑲𝛼 admit simultaneously a block-diagonal form with possibly finer blocks with
respect to those considered in Theorem 7.3.1.

Proof. According to Theorem 7.3.1, since by hypothesis 𝜏 (𝑚)
𝑲1

(𝑋 ,𝑌 ) = 0, 𝑋 ,𝑌 ∈ 𝔛(𝑀), all the
operators take simultaneously a block-diagonal form in a suitable local chart. Assume also that
𝜏
(𝑚)
𝑲2

(𝑋 ,𝑌 ) = 0. Then, the tangent space at any point 𝒙 admits the finer decomposition

𝑇𝒙𝑀 =
𝑠1,𝑠2⊕
𝑖1,𝑖2

D (1)
𝑖1

(𝒙) ∩ D (2)
𝑖2

(𝒙) , (7.29)

where D (2)
𝑖2

are the eigendistributions of 𝑲2. These eigendistributions are integrable by virtue of
Theorem 7.1.1. Consequently, the generalized Haantjes Theorem 7.1.1 can also be applied to the
restriction of 𝑲2 to 𝐷 (1)

𝑖1
(𝒄1). Therefore, there exists a transformation of coordinates, acting only

on the coordinates over the leaves of the foliation 𝐷 (1)
𝑖1

Φ:𝑀 → 𝑀 , (𝒙1, . . . , 𝒙𝑖1 , . . . , 𝒙𝑠1) ↦→ (𝒙1, . . . , 𝒚𝑖1 , . . . , 𝒙𝑠1) , (7.30)

such that the new coordinates 𝒚𝑖1 = (𝑦𝑖1,1, . . . , 𝑦𝑖1,𝑟𝑖1 ) = 𝒇 𝑖1 (𝒙𝑖1) are adapted to the decomposi-
tion

𝑇𝒙𝐷
(1)
𝑖1

(𝒄1) =
𝑠2⊕
𝑖2

D (1)
𝑖1

(𝒙) ∩ D (2)
𝑖2

(𝒙), 𝒙 ∈ 𝐷 (1)
𝑖1

(𝒄1) . (7.31)
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Thus, we have

[𝑲 (𝑖1 )
𝛼 ] =


𝑲 (𝑖1,1)

𝛼 0 0

0
. . . 0

0 0 𝑲 (𝑖1,𝑠2 )
𝛼

 , 𝛼 = 1, . . . ,𝑤 (7.32)

where [𝑲 (𝑖1, 𝑗 )
𝛼 ] |

𝐷
(1)
𝑖1

(𝒄1 )∩𝐷
(2)
𝑗

(𝒄2 )
=

[
𝑲𝛼 |

𝐷
(1)
𝑖1

(𝒄1 )∩𝐷
(2)
𝑗

(𝒄2 )

]
, 𝑗 = 1, . . . , 𝑠2. Let us consider the de-

composition

𝑇𝒙𝑀 =
𝑠1,𝑠2⊕
𝑖1,𝑖2

D (1)
𝑖1

(𝒙) ∩ D (2)
𝑖2

(𝒙) =
𝑢⊕

𝛾=1
U𝛾 (𝒙) 𝒙 ∈ 𝑀 , (7.33)

where in the direct sum (7.33) U𝛾 ≠ {0}, 𝑢 ≤ 𝑛 and 𝑟𝛾 denotes the rank of U𝛾 (
∑𝑢

𝛾=1 𝑟𝛾 = 𝑛).
Clearly, the distributions U𝛾 are invariant under the action of each operator 𝑲𝛼 ∈ S. Besides,
these distributions are involutive as are realized as the intersection of involutive distributions. By
assumption, their direct sums are also integrable. Therefore, there exist local charts in 𝑀 of the
form

{𝑈, (𝑦1,1, . . . , 𝑦1,𝑟1 ; . . . ; 𝑦𝑖1,1, . . . , 𝑦𝑖1,𝑟𝑖1 ; . . . ; 𝑦𝑠1,1, . . . , 𝑦𝑠1,𝑟𝑠1 )} (7.34)

adapted to the decomposition (7.33), where all the operators 𝑲𝛼 ∈ S admit simultaneously a (pos-
sibly) finer block-diagonal form. By extending the previous procedure to the Haantjes operators
𝑲3, . . . , 𝑲𝑤 , we obtain the decomposition

𝑇𝒙𝑀 =
𝑠1,...,𝑠𝑤⊕
𝑖1,...,𝑖𝑤

D (1)
𝑖1

(𝒙)
⋂

. . .
⋂

D (𝑤)
𝑖𝑤

(𝒙) =
𝑣⊕

𝑎=1
V𝑎 (𝒙), (7.35)

where in the direct sum (7.35)V𝑎 ≠ {0}, 𝑣 ≤ 𝑛 and 𝑟𝑎 denotes the rank ofV𝑎 (
∑𝑣

𝑎=1 𝑟𝑎 = 𝑛). Since
the involutive distributionsV𝑎 are mutually integrable as a consequence of the previous reasoning,
then there exist local charts

{𝑈, (𝒚1, . . . , 𝒚𝑎, . . . , 𝒚𝑣)} (7.36)

adapted to the decomposition (7.35), such that

V𝑎 =
〈

𝜕

𝜕𝑦𝑎,1
, . . . ,

𝜕

𝜕𝑦𝑎,𝑟𝑎

〉
𝑎 = 1, . . . , 𝑣, (7.37)

where the natural frame
{

𝜕
𝜕𝑦𝑎,1 , . . . ,

𝜕
𝜕𝑦𝑎,𝑟𝑎

}
over the leaves of V𝑎 is formed by joint generalized

eigenvector fields of the operators {𝑲1, . . . , 𝑲𝑤}. □

Remark 7.3.1. Given a generalized Haantjes algebra (𝑀 ,ℋ (𝑚) ) with generator 𝑳, the hypothesis
(𝑖𝑖) of Theorem 7.3.2 is automatically satisfied. Indeed, the joint eigendistributionsV𝑎 either coincide
with the eigendistributions of the generator 𝑳 or are direct sums of them. In both cases, since (due to
Theorem 7.1.1) the eigendistributions of 𝑳 are mutually integrable, it turns out that the direct sums of
the joint eigendistributions V𝑎 are integrable as well.



160 generalized haantjes algebras and block-diagonalization

7.3.1 The importance of the pairwise integrability

In this section, we present a case that highlights the necessity of introducing the pairwise integrabil-
ity condition for joint eigendistributions in hypothesis ii) of Theorem 7.3.2. Consider the operators
𝑲1 and 𝑲2, which in coordinates (𝑥1, 𝑥2, 𝑥3, 𝑥4) take the form

𝑲1(𝒙) =


0 0 0 0

0 0 0 0

0 0 1 0

0 0 0 1


, 𝑲2(𝒙) =


𝜆 0 0 0

0 𝜇 0 0

0 0 𝜆 (𝜆 − 𝜇) 𝑥1

0 0 0 𝜇


, (7.38)

where 𝜆 and 𝜇 are two arbitrary constants.
The second operator becomes diagonal (and constant) in the coordinate system

𝑦1 = 𝑥1 ,
𝑦2 = 𝑥2 ,
𝑦3 = 𝑥3 − 𝑥1𝑥4 ,
𝑦4 = 𝑥4 .

(7.39)

The operators 𝑲1 and 𝑲2 are indeed Nijenhuis. Consequently, they are also Haantjes operators
(and of higher order as well). One of them is uniform (i.e., constant), while the other is non-trivial.
Moreover, both operators are semisimple and commute.

Nevertheless, no coordinate system ensures the simultaneous diagonalization of both operators.
However, this does not contradict either the present theory or the previous results concerning the
simultaneous diagonalization of commuting Haantjes tensors.

The key point is that additional hypotheses are required for the theory to apply.

A) Regarding the possibility of simultaneous block-diagonalization, hypothesis ii) of Theorem
7.3.2 crucially requires the pairwise integrability of the intersections of the eigendistributions
of the two operators. A direct analysis reveals that this hypothesis is not satisfied.

Specifically, while the eigendistribution of each operator is Frobenius integrable, as are their
intersections, not all direct sums of these intersections are integrable.

In more detail, the eigendistributions of 𝑲1 and 𝑲2 are, respectively,

𝑉0 =
〈 𝜕

𝜕𝑥1
,
𝜕

𝜕𝑥2

〉
,

𝑊𝜆 =
〈 𝜕

𝜕𝑥1
,
𝜕

𝜕𝑥3

〉
,

𝑉1 =
〈 𝜕

𝜕𝑥3
,
𝜕

𝜕𝑥4

〉
;

𝑊𝜇 =
〈 𝜕

𝜕𝑥2
, 𝑥1

𝜕

𝜕𝑥3
+ 𝜕

𝜕𝑥4

〉
.

Their corresponding intersections are:

𝑉0 ∩𝑊𝜆 =
〈 𝜕

𝜕𝑥1

〉
,

𝑉1 ∩𝑊𝜆 =
〈 𝜕

𝜕𝑥3

〉
,

𝑉0 ∩𝑊𝜇 =
〈 𝜕

𝜕𝑥2

〉
;

𝑉1 ∩𝑊𝜇 =
〈
𝑥1

𝜕

𝜕𝑥3
+ 𝜕

𝜕𝑥4

〉
.
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Since𝑉0 ∩𝑊𝜆 ⊕ 𝑉1 ∩𝑊𝜇 is not integrable, hypothesis ii) of Theorem 7.3.2 does not hold,
and thus the theorem is not applicable.

B) As discussed in Section 2.4.2, a necessary and sufficient condition for two Haantjes opera-
tors to be simultaneously diagonalized is that they form a commutative Haantjes algebra of
operators. This condition, once again, is not met by 𝑲1 and 𝑲2. Although both are Haan-
tjes operators and commute, it is easy to verify that the linear combination 𝛼1𝑲1 + 𝛼2𝑲2,
where 𝛼1 and 𝛼2 are arbitrary functions, is not a Haantjes operator. Likewise, their product
𝑲1 · 𝑲2 is not a Haantjes operator.

In the following sections, we shall illustrate the results proposed. First, we will show some examples
of generalized Haantjes algebras of operator fields. Then, we shall present the explicit construction
of local charts of coordinates allowing their simultaneous block-diagonalization.

7.4 block-diagonalization of generalized haantjes algebras

As stated in Theorems 7.3.1 and 7.3.2, we can block-diagonalize families of commuting generalized
Nijenhuis operators by constructing a suitable coordinate chart. To this end, we propose the fol-
lowing procedure, analogous to the one in Section 3.3.6, except that the coordinate transformation
is not required to be canonical.

1) Determine the joint eigendistributions V𝑎 of the given family of operator fields.

2) Determine a basis of closed 1-forms for each of the the corresponding annihilators.

3) Integrate them to find the characteristic coordinates.

4) Compute the expression of the operators of the given family in these coordinates.

To illustrate this procedure, we shall first construct families of operator fields, depending on ar-
bitrary functions and having a prescribed vanishing higher-level torsion. A direct approach consists
in considering an operator field whose entries are all arbitrary functions, and imposing both that
a certain higher-level torsion is vanishing, and simultaneously that the lower-level ones are not. In
this way, one can obtain a set of differential constraints that can be solved (possibly with suitable
ansätze) to obtain families of operator fields with a vanishing higher-level torsion, still depending
on arbitrary functions. Generally speaking, there is a lot of freedom in this approach.

From this analysis it emerges that generalized Haantjes algebras are not rare. Thus, by specializing
the arbitrary functions contained in the families of operators determined according to the proce-
dure proposed, we can obtain infinitely many examples of new, higher-level Haantjes algebras.
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7.4.1 A third-level generalized Haantjes algebra

Let 𝑀 be a five-dimensional differentiable manifold. In local coordinates 𝒙 = (𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑥5),
a first example is given by the family of operators

𝑳(𝒙) =



𝑓1 1 0 1 0

𝑓1 − 𝑓2 + 1 𝑓1 + 1 − 𝑓3 𝑓1 − 𝑓2 + 1 − 𝑓3
1 0 𝑓2 + 𝑓3 1 𝑓3

𝑓2 − 𝑓1 −1 𝑓3 𝑓2 − 1 𝑓3

−1 0 − 𝑓3 − 1 −1 𝑓2 − 𝑓3 − 1


, (7.40)

where 𝑓1 = 𝑓1(𝑥1, 𝑥2), 𝑓2 = 𝑓2(𝑥3, 𝑥4, 𝑥5) and 𝑓3 = 𝑓3(𝑥3) are arbitrary functions.
A direct computation allows us to prove the following result.

Proposition 7.4.1. The family of operators 𝑳 satisfies the following properties:

• 𝜏 (3)𝑳 (𝑋 ,𝑌 ) = 0

• H𝑳 (𝑋 ,𝑌 ) ≠ 0 if and only if 𝑓 ′3 ≠ 0.

The minimal polynomial of 𝑳 is generically of fifth degree and reads

𝑚𝑳 (𝒙,𝜆) = (𝜆 − 𝑓1 − 1) (𝜆 − 𝑓1 + 1) (𝜆 − 𝑓2 + 1) (𝜆 − 𝑓2)2 . (7.41)

Thus, it coincides with the characteristic polynomial; therefore 𝑳 is a cyclic operator and the Riesz
indices 𝜌𝑖 coincide with the rank of the eigendistributions D𝑖 . Also, notice that 𝑳 is generically
non-semisimple. The eigenvalues and generalized eigenvectors of 𝑳 are

𝜆1 = 𝑓1 + 1, 𝜌1 = 1, D1 =
〈
𝜕

𝜕𝑥1
+ 2 𝜕

𝜕𝑥2
− 𝜕

𝜕𝑥4

〉
,

𝜆2 = 𝑓1 − 1, 𝜌2 = 1, D2 =
〈
𝜕

𝜕𝑥1
− 𝜕

𝜕𝑥4

〉
,

𝜆3 = 𝑓2 − 1, 𝜌3 = 1, D3 =
〈
𝑓3

𝜕

𝜕𝑥2
− 𝑓3

𝜕

𝜕𝑥4
+ 𝜕

𝜕𝑥5

〉
,

𝜆4 = 𝑓2, 𝜌4 = 2, D4 =
〈
𝜕

𝜕𝑥3
− 𝜕

𝜕𝑥5
,
𝜕

𝜕𝑥2
− 𝜕

𝜕𝑥4

〉
.

(7.42)
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From these eigendistributions, we can compute their characteristic distributions and consequently
their annihilators:

E1 = ⊕𝑖≠1D𝑖 =
〈
𝜕

𝜕𝑥1
− 𝜕

𝜕𝑥4
, 𝑓3

𝜕

𝜕𝑥2
− 𝑓3

𝜕

𝜕𝑥4
+ 𝜕

𝜕𝑥5
,
𝜕

𝜕𝑥2
− 𝜕

𝜕𝑥4
,
𝜕

𝜕𝑥3
− 𝜕

𝜕𝑥5

〉
⇒ E◦

1 = ⟨d𝑥1 + d𝑥2 + d𝑥4⟩,

E2 = ⊕𝑖≠2D𝑖 =
〈
𝜕

𝜕𝑥1
+ 2 𝜕

𝜕𝑥2
− 𝜕

𝜕𝑥4
, 𝑓3

𝜕

𝜕𝑥2
− 𝑓3

𝜕

𝜕𝑥4
+ 𝜕

𝜕𝑥5
,
𝜕

𝜕𝑥2
− 𝜕

𝜕𝑥4
,
𝜕

𝜕𝑥3
− 𝜕

𝜕𝑥5

〉
⇒ E◦

2 = ⟨d𝑥1 − d𝑥2 − d𝑥4⟩,

E3 = ⊕𝑖≠3D𝑖 =
〈
𝜕

𝜕𝑥1
+ 2 𝜕

𝜕𝑥2
− 𝜕

𝜕𝑥4
,
𝜕

𝜕𝑥1
− 𝜕

𝜕𝑥4
,
𝜕

𝜕𝑥2
− 𝜕

𝜕𝑥4
,
𝜕

𝜕𝑥3
− 𝜕

𝜕𝑥5

〉
⇒ E◦

3 = ⟨d𝑥3 + d𝑥5⟩,

E4 = ⊕𝑖≠4D𝑖 =
〈
𝜕

𝜕𝑥1
+ 2 𝜕

𝜕𝑥2
− 𝜕

𝜕𝑥4
,
𝜕

𝜕𝑥1
− 𝜕

𝜕𝑥4
, 𝑓3

𝜕

𝜕𝑥2
− 𝑓3

𝜕

𝜕𝑥4
+ 𝜕

𝜕𝑥5

〉
⇒ E◦

4 = ⟨d𝑥3, d𝑥1 + d𝑥4 + 𝑓3d𝑥5⟩.
(7.43)

Remark 7.4.1. We can easily extract an Abelian cyclic algebra ℋ (3) from the class (7.40). In order
to achieve that, for simplicity, we set 𝑓3 = 𝑥3 for all the operators of the algebra and vary the other
arbitrary functions. Observe that all the operators of the family obtained in this way will share both
the same eigendistributions and the degree of the minimal polynomial. Thus, any of them generate the
whole algebraℋ (3) with its independent powers. Notice that for this algebra the hypotheses of Theorem
7.3.2 are all satisfied, as discussed in Remark 7.3.1.

By way of an example of simultaneous block-diagonalization, we can consider the three com-
muting operators

𝑳1(𝒙) =



𝑥1 1 0 1 0

𝑥1 + 1 𝑥1 + 1 −𝑥3 𝑥1 + 1 −𝑥3

1 0 𝑥3 1 𝑥3

−𝑥1 −1 𝑥3 −1 𝑥3

−1 0 −𝑥3 − 1 −1 −𝑥3 − 1


, (7.44)

𝑳2(𝒙) =



𝑥2 1 0 1 0

𝑥2 − 𝑥5 + 1 𝑥2 + 1 −𝑥3 𝑥2 − 𝑥5 + 1 −𝑥3

1 0 𝑥3 + 𝑥5 1 𝑥3

−𝑥2 + 𝑥5 −1 𝑥3 𝑥5 − 1 𝑥3

−1 0 −𝑥3 − 1 −1 −𝑥3 + 𝑥5 − 1


, (7.45)
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𝑳3(𝒙) =



0 1 0 1 0

−𝑥4 − 𝑥3𝑥5 + 1 1 −𝑥3 −𝑥4 − 𝑥3𝑥5 + 1 −𝑥3

1 0 𝑥4 + 𝑥3 (𝑥5 + 1) 1 𝑥3

𝑥4 + 𝑥3𝑥5 −1 𝑥3 𝑥4 + 𝑥3𝑥5 − 1 𝑥3

−1 0 −𝑥3 − 1 −1 𝑥4 + 𝑥3 (𝑥5 − 1) − 1


.

(7.46)
These operators are 𝐶∞(R)-linearly independent. Any of these three operators can be chosen

to be the generator of a level-three cyclic Haantjes algebra ℋ (3) of rank 5. A basis of this algebra
is, for instance, ℬ = {𝑰, 𝑳1, 𝑳2

1, 𝑳
3
1, 𝑳

4
1}. In the following subsection, we shall determine a set of

coordinates which block-diagonalize the algebra ℋ (3) .

7.4.2 Block-diagonalization

By integrating the annihilators (7.43) of the eigendistributions of operators (7.44)-(7.46) and leav-
ing 𝑓3 = 𝑓3(𝑥3) arbitrary, we obtain a set of coordinates which block-diagonalize the algebraℋ (3) .
We have explicitly:

𝑦1 = 𝑥1 + 𝑥2 + 𝑥4,
𝑦2 = 𝑥1 − 𝑥2 − 𝑥4,
𝑦3 = 𝑥3 + 𝑥5,
𝑦4 = 𝑥3,
𝑦5 = 𝑥1 + 𝑥4 + 𝑓3(𝑥3)𝑥5.

(7.47)

Precisely, in these block-separation coordinates, the operators 𝑳1, 𝑳2, 𝑳3 read:

𝑳1(𝒚) =



1
2
(𝑦1 + 𝑦2) + 1 0 0 0 0

0 1
2
(𝑦1 + 𝑦2) − 1 0 0 0

0 0 −1 0 0

0 0 0 −𝑦3 + 2𝑦4 1

0 0 0 − (𝑦3 − 2𝑦4)2 𝑦3 − 2𝑦4


, (7.48)

𝑳2 (𝒚) =

𝑦1 + (𝑦3 − 𝑦4)𝑦4 − 𝑦5 + 1 0 0 0 0

0 𝑦1 + (𝑦3 − 𝑦4)𝑦4 − 𝑦5 − 1 0 0 0

0 0 𝑦3 − 𝑦4 − 1 0 0

0 0 0 𝑦4 1

0 0 0 − (𝑦3 − 2𝑦4)2 2𝑦3 − 3𝑦4


,

(7.49)
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𝑳3 (𝒚) =



1 0 0 0 0

0 −1 0 0 0

0 0 −1
2
(𝑦1 + 𝑦2) + 𝑦5 − 1 0 0

0 0 0 −1
2
(𝑦1 + 𝑦2) − 𝑦3 + 2𝑦4 + 𝑦5 1

0 0 0 − (𝑦3 − 2𝑦4)2 −1
2
(𝑦1 + 𝑦2) + 𝑦3 − 2𝑦4 + 𝑦5


.

(7.50)
Observe that more generally, in coordinates (7.47) the whole class (7.40) takes the block-diagonal

form

𝑳(𝒚) =



𝑓1 + 1 0 0 0 0

0 𝑓1 − 1 0 0 0

0 0 𝑓2 − 1 0 0

0 0 0 𝑓2 + 𝑓3 − (𝑦3 − 𝑦4) 𝑓 ′3 1

0 0 0 −
(
𝑓3 − (𝑦3 − 𝑦4) 𝑓 ′3

)2
𝑓2 − 𝑓3 + (𝑦3 − 𝑦4) 𝑓 ′3


, (7.51)

where 𝑓1 = 𝑓1
(
1
2
(𝑦1 + 𝑦2), 𝑦1 + (𝑦3 − 𝑦4) 𝑓3 − 𝑦5

)
, 𝑓2 = 𝑓2

(
𝑦4,−1

2
(𝑦1 + 𝑦2) − (𝑦3 − 𝑦4) 𝑓3 + 𝑦5,

𝑦3 − 𝑦4
)

and 𝑓3 = 𝑓3(𝑦4) are arbitrary functions (with 𝑓 ′3 ≠ 0).

7.5 a fourth-level generalized haantjes algebra

Let us consider the following fourth-level generalized Nijenhuis family of operator fields defined
over a seven-dimensional differentiable manifold 𝑀 , which is obtained with the same procedure
described in the previous section:

𝑲 (𝒙) =



𝑔1 𝑥1 𝑥1 + 𝑔2 −𝑥1 𝑥1 −𝑥1 𝑥1

1 𝑔5 −𝑔1 + 𝑔5 + 𝑥1 𝑔4 − 𝑔5 0 𝑔1 − 𝑔5 − 𝑥1 −1 − 𝑔4 + 𝑔5
0 0 𝑔1 0 0 0 0

1 + 𝑔1 − 𝑔4 𝑥1 𝑥1 + 𝑔2 −1 − 𝑥1 + 𝑔4 𝑥1 −𝑥1 𝑥1

0 𝑔1 − 𝑔5 𝑔1 + 𝑔3 − 𝑔5 + 1
𝑥1

−𝑔1 + 𝑔5 𝑔1 −𝑔1 + 𝑔5 − 1
𝑥1

𝑔1 − 𝑔5
0 0 𝑥1 0 0 𝑔1 − 𝑥1 0

𝑔1 − 𝑔4 𝑥1 𝑥1 + 𝑔2 −1 − 𝑥1 𝑥1 −𝑥1 1 + 𝑥1 + 𝑔4


.

(7.52)
Here 𝑔1 = 𝑔1(𝑥1, 𝑥2, 𝑥3, 𝑥4), 𝑔2 = 𝑔2(𝑥1, 𝑥2, 𝑥3, 𝑥4), 𝑔3 = 𝑔3(𝑥1, 𝑥2, 𝑥3, 𝑥4), 𝑔4 = 𝑔4(𝑥5, 𝑥6),
𝑔5 = 𝑔5(𝑥7).

As a result of a direct computation, one can prove the following

Proposition 7.5.1. The operator family (7.52) satisfies the property:

𝜏
(4)
𝑲 (𝑋 ,𝑌 ) = 0 .

In addition, its third-level torsion does not vanish whenever 𝑔3 ≠ 0.
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7.5.1 Spectral analysis

Its minimal polynomial is generically of seventh degree,

𝑚𝑲 (𝒙,𝜆) = (𝜆 − 𝑔5) (𝜆 − 𝑔4 − 1) (𝜆 − 𝑔4 + 1) (𝜆 − 𝑔1 + 𝑥1) (𝜆 − 𝑔1)3, (7.53)

and its eigenvalues and generalized eigenvectors are

𝜆1 = 𝑔5, 𝜌1 = 1, D1 =
〈
𝜕

𝜕𝑥2
− 𝜕

𝜕𝑥5

〉
,

𝜆2 = 𝑔4 + 1, 𝜌2 = 1, D2 =
〈
𝜕

𝜕𝑥2
− 𝜕

𝜕𝑥7

〉
,

𝜆3 = 𝑔4 − 1, 𝜌3 = 1, D3 =
〈
𝜕

𝜕𝑥2
+ 2 𝜕

𝜕𝑥4
+ 𝜕

𝜕𝑥7

〉
,

𝜆4 = 𝑔1 − 𝑥1, 𝜌4 = 1, D4 =
〈
𝜕

𝜕𝑥1
− (𝑥1)2 𝜕

𝜕𝑥2
+ 𝜕

𝜕𝑥4
− 𝜕

𝜕𝑥5
− (𝑥1)2 𝜕

𝜕𝑥6
+ 𝜕

𝜕𝑥7

〉
,

𝜆5 = 𝑔1, 𝜌5 = 3, D5 =
〈
𝜕

𝜕𝑥1
+ 𝜕

𝜕𝑥4
+ 𝜕

𝜕𝑥7
,
𝜕

𝜕𝑥5
,
𝜕

𝜕𝑥3
+ 𝜕

𝜕𝑥6

〉
.

(7.54)

The characteristic distributions and the corresponding annihilators are

E1 = ⊕𝑖≠1D𝑖 =
〈
𝜕

𝜕𝑥1
− (𝑥1)2 𝜕

𝜕𝑥2
+ 𝜕

𝜕𝑥4
− 𝜕

𝜕𝑥5
− (𝑥1)2 𝜕

𝜕𝑥6
+ 𝜕

𝜕𝑥7
,
𝜕

𝜕𝑥2
− 𝜕

𝜕𝑥7
,

𝜕

𝜕𝑥2
+ 2 𝜕

𝜕𝑥4
+ 𝜕

𝜕𝑥7
,
𝜕

𝜕𝑥1
+ 𝜕

𝜕𝑥4
+ 𝜕

𝜕𝑥7
,
𝜕

𝜕𝑥3
+ 𝜕

𝜕𝑥6
,
𝜕

𝜕𝑥5

〉
⇒ E◦

1 = ⟨d𝑥2 + d𝑥3 − d𝑥4 − d𝑥6 + d𝑥7⟩,

E2 = ⊕𝑖≠2D𝑖 =
〈
𝜕

𝜕𝑥1
− (𝑥1)2 𝜕

𝜕𝑥2
+ 𝜕

𝜕𝑥4
− 𝜕

𝜕𝑥5
− (𝑥1)2 𝜕

𝜕𝑥6
+ 𝜕

𝜕𝑥7
,
𝜕

𝜕𝑥2
− 𝜕

𝜕𝑥5
,

𝜕

𝜕𝑥2
+ 2 𝜕

𝜕𝑥4
+ 𝜕

𝜕𝑥7
,
𝜕

𝜕𝑥1
+ 𝜕

𝜕𝑥4
+ 𝜕

𝜕𝑥7
,
𝜕

𝜕𝑥3
+ 𝜕

𝜕𝑥6
,
𝜕

𝜕𝑥5

〉
⇒ E◦

2 = ⟨d𝑥1 + d𝑥4 − 2d𝑥7⟩,

E3 = ⊕𝑖≠3D𝑖 =
〈
𝜕

𝜕𝑥1
− (𝑥1)2 𝜕

𝜕𝑥2
+ 𝜕

𝜕𝑥4
− 𝜕

𝜕𝑥5
− (𝑥1)2 𝜕

𝜕𝑥6
+ 𝜕

𝜕𝑥7
,
𝜕

𝜕𝑥2
− 𝜕

𝜕𝑥5
,

𝜕

𝜕𝑥2
− 𝜕

𝜕𝑥7
,
𝜕

𝜕𝑥1
+ 𝜕

𝜕𝑥4
+ 𝜕

𝜕𝑥7
,
𝜕

𝜕𝑥3
+ 𝜕

𝜕𝑥6
,
𝜕

𝜕𝑥5

〉
⇒ E◦

3 = ⟨d𝑥1 − d𝑥4⟩, (7.55)

E4 = ⊕𝑖≠4D𝑖 =
〈
𝜕

𝜕𝑥2
− 𝜕

𝜕𝑥5
,
𝜕

𝜕𝑥2
− 𝜕

𝜕𝑥7
,
𝜕

𝜕𝑥2
+ 2 𝜕

𝜕𝑥4
+ 𝜕

𝜕𝑥7
,

𝜕

𝜕𝑥1
+ 𝜕

𝜕𝑥4
+ 𝜕

𝜕𝑥7
,
𝜕

𝜕𝑥3
+ 𝜕

𝜕𝑥6
,
𝜕

𝜕𝑥5

〉
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⇒ E◦
4 = ⟨d𝑥3 − d𝑥6⟩,

E5 = ⊕𝑖≠5D𝑖 =
〈
𝜕

𝜕𝑥2
− 𝜕

𝜕𝑥5
,
𝜕

𝜕𝑥2
− 𝜕

𝜕𝑥7
,
𝜕

𝜕𝑥2
+ 2 𝜕

𝜕𝑥4
+ 𝜕

𝜕𝑥7
,

𝜕

𝜕𝑥1
− (𝑥1)2 𝜕

𝜕𝑥2
+ 𝜕

𝜕𝑥4
− 𝜕

𝜕𝑥5
− (𝑥1)2 𝜕

𝜕𝑥6
+ 𝜕

𝜕𝑥7

〉
⇒ E◦

5 = ⟨d𝑥3, (𝑥1)2d𝑥1 + d𝑥6, d𝑥1 + d𝑥2 − d𝑥4 + d𝑥5 − d𝑥6 + d𝑥7⟩ .

By specializing the arbitrary functions 𝑔1, 𝑔2, 𝑔4, 𝑔5, but keeping the same function 𝑔3 in all oper-
ators to have commutativity, we easily obtain an Abelian, cyclic and fourth-level Haantjes algebra.
As in the previous example, all the operators of the family obtained in this way will share both the
same eigendistributions and the degree of the minimal polynomial. Thus, any of them generates
the whole algebra.

To illustrate the simultaneous block-diagonalization procedure, by way of an example we can
consider the three commuting operators

𝑲1(𝒙) =



𝑥2 𝑥1 𝑥1 −𝑥1 𝑥1 −𝑥1 𝑥1

1 0 𝑥1 − 𝑥2 0 0 −𝑥1 + 𝑥2 −1
0 0 𝑥2 0 0 0 0

1 + 𝑥2 𝑥1 𝑥1 −1 − 𝑥1 𝑥1 −𝑥1 𝑥1

0 𝑥2 𝑥2 −𝑥2 𝑥2 − 1
𝑥1

− 𝑥2 𝑥2

0 0 𝑥1 0 0 −𝑥1 + 𝑥2 0

𝑥2 𝑥1 𝑥1 −1 − 𝑥1 𝑥1 −𝑥1 1 + 𝑥1


, (7.56)

𝑲2(𝒙) =

𝑥3 𝑥1 − 1
𝑥1

−𝑥1 𝑥1 −𝑥1 𝑥1

1 𝑥7 𝑥1 − 𝑥3 + 𝑥7 𝑥6 − 𝑥7 0 −𝑥1 + 𝑥3 − 𝑥7 −1 − 𝑥6 + 𝑥7

0 0 𝑥3 0 0 0 0

1 + 𝑥3 − 𝑥6 𝑥1 − 1
𝑥1

−1 − 𝑥1 + 𝑥6 𝑥1 −𝑥1 𝑥1

0 𝑥3 − 𝑥7 𝑥3 − 𝑥7 −𝑥3 + 𝑥7 𝑥3 − 1
𝑥1

− 𝑥3 + 𝑥7 𝑥3 − 𝑥7

0 0 𝑥1 0 0 −𝑥1 + 𝑥3 0

𝑥3 − 𝑥6 𝑥1 − 1
𝑥1

−1 − 𝑥1 𝑥1 −𝑥1 1 + 𝑥1 + 𝑥6


,

(7.57)
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𝑲3(𝒙) =

𝑥4 𝑥1 0 −𝑥1 𝑥1 −𝑥1 𝑥1

1 1 1 + 𝑥1 − 𝑥4 −1 + 𝑥5 0 −1 − 𝑥1 + 𝑥4 −𝑥5

0 0 𝑥4 0 0 0 0

1 + 𝑥4 − 𝑥5 𝑥1 0 −1 − 𝑥1 + 𝑥5 𝑥1 −𝑥1 𝑥1

0 −1 + 𝑥4 −1 + 𝑥4 1 − 𝑥4 𝑥4 1 − 1
𝑥1

− 𝑥4 −1 + 𝑥4

0 0 𝑥1 0 0 −𝑥1 + 𝑥4 0

𝑥4 − 𝑥5 𝑥1 0 −1 − 𝑥1 𝑥1 −𝑥1 1 + 𝑥1 + 𝑥5


.

(7.58)

These operators are 𝐶∞(R)-linearly independent. Each of them generates a fourth-level Haant-
jes algebra ℋ (4) of rank 7. A basis of this algebra is given, for instance, by ℬ = {𝑰, 𝑲1, 𝑲2

1, 𝑲
3
1,

𝑲4
1, 𝑲

5
1, 𝑲6

1}. In the following subsection, we shall determine a set of coordinates which block-
diagonalize the whole algebra ℋ (4) .

7.5.2 Block-diagonalization

By integrating the annihilators (7.55) of the eigendistributions of these operators, we get the block-
separating coordinates:

𝑦1 = 𝑥2 + 𝑥3 − 𝑥4 − 𝑥6 + 𝑥7,
𝑦2 = 𝑥1 + 𝑥4 − 2𝑥7,
𝑦3 = 𝑥1 − 𝑥4,
𝑦4 = 𝑥3 − 𝑥6,
𝑦5 = 𝑥3,

𝑦6 =
(𝑥1)3
3

+ 𝑥6,

𝑦7 = 𝑥1 + 𝑥2 − 𝑥4 + 𝑥5 − 𝑥6 + 𝑥7.

(7.59)

In these coordinates, all the operators of the algebra ℋ (4) block-diagonalize simultaneously. In
particular, by defining 𝜒 = 3

√︁
3(𝑦4 − 𝑦5 + 𝑦6), the operators 𝑲1, 𝑲2, 𝑲3 take the form:

𝑲1 (𝒚 ) =

0 0 0 0 0 0 0

0 1 0 0 0 0 0

0 0 −1 0 0 0 0

0 0 0 𝑦1 + 1
2
(𝑦2 − 𝑦3 ) − 𝑦4 − 𝜒 0 0 0

0 0 0 0 𝑦1 + 1
2
(𝑦2 − 𝑦3 ) − 𝑦4 0 0

0 0 0 0 𝜒 + 𝜒3 𝑦1 + 1
2
(𝑦2 − 𝑦3 ) − 𝑦4 − 𝜒 𝜒3

0 0 0 0 𝜒 −𝜒−1 𝑦1 + 1
2
(𝑦2 − 𝑦3 ) − 𝑦4 + 𝜒


,

(7.60)



7.6 polarizations 169

𝑲2(𝒚) =



−1
2
(𝑦2 + 𝑦3) + 𝜒 0 0 0 0 0 0

0 1 − 𝑦4 + 𝑦5 0 0 0 0 0

0 0 −1 − 𝑦4 + 𝑦5 0 0 0 0

0 0 0 𝑦5 − 𝜒 0 0 0

0 0 0 0 𝑦5 0 0

0 0 0 0 0 𝑦5 − 𝜒 𝜒3

0 0 0 0 −𝜒−1 −𝜒−1 𝑦5 + 𝜒


,

(7.61)

𝑲3(𝒚) =



1 0 0 0 0 0 0

0 1 − 𝑦1 + 𝑦5 − 𝜒 + 𝑦7 0 0 0 0 0

0 0 −1 − 𝑦1 + 𝑦5 − 𝜒 + 𝑦7 0 0 0 0

0 0 0 −𝑦3 0 0 0

0 0 0 0 −𝑦3 + 𝜒 0 0

0 0 0 0 𝜒 −𝑦3 𝜒3

0 0 0 0 0 −𝜒−1 −𝑦3 + 2𝜒


.

(7.62)
Also, in the block-separation coordinates, the family (7.52) takes a block-diagonal form:

𝑲 (𝒚) =



𝑔5 0 0 0 0 0 0

0 𝑔4 + 1 0 0 0 0 0

0 0 𝑔4 − 1 0 0 0 0

0 0 0 𝑔1 − 𝜒 0 0 0

0 0 0 0 𝑔1 0 0

0 0 0 0 𝑔2𝜒
2 + 𝜒 (1 + 𝜒2) 𝑔1 − 𝜒 𝜒3

0 0 0 0 𝑔3 + 𝑔2 + 𝜒−1 (1 + 𝜒2) −𝜒−1 𝑔1 + 𝜒


.

(7.63)
Here 𝑔1 = 𝑔1(𝜒, 𝑦1 + 1

2
(𝑦2 − 𝑦3) − 𝑦4, 𝑦5), 𝑔2 = 𝑔2(𝜒, 𝑦1 + 1

2
(𝑦2 − 𝑦3) − 𝑦4, 𝑦5), 𝑔3 =

𝑔3(𝜒, 𝑦1 + 1
2
(𝑦2 − 𝑦3) − 𝑦4, 𝑦5), 𝑔4 = 𝑔4(−𝑦1 − 𝜒 + 𝑦5 + 𝑦7,−𝑦4 + 𝑦5) and 𝑔5 = 𝑔5(−1

2
(𝑦2 +

𝑦3) + 𝜒) are arbitrary functions of their arguments.

7.6 polarizations

Another interesting concept related to the torsions introduced in the previous sections is that of
their polarization. As explained in [102], a polarization is defined as the process of going from a
homogeneous to a multilinear form. Therefore, to conclude this chapter, we will give some hints
of this idea by following the article [187], defining the polarization of generalized Nijenhuis torsions
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and discussing one of its direct algebraic applications in the characterization of Haantjes𝐶∞(𝑀)-
modules of operator fields.

7.6.1 Defect and polarization of torsions

A first example of this notion can be found in the fact that the FN bracket for (1, 1)-tensor fields
(see Eq. (2.4)) is the polarization of the Nijenhuis torsion. Since the Nijenhuis torsion 𝜏𝑨(𝑋 ,𝑌 ) is
a quadratic form depending on the entries of the operator 𝑨, it can be polarized in a natural way.
By doing so, one obtains that the bilinear form obtained coincides with the FN bracket:

[𝑨, 𝑩]FN(𝑋 ,𝑌 ) = 𝜏𝑨+𝑩 (𝑋 ,𝑌 ) − (𝜏𝑨(𝑋 ,𝑌 ) + 𝜏𝑩 (𝑋 ,𝑌 )) . (7.64)

This result can be extended to derive the multilinear polarizations of generalized Nijenhuis tor-
sions of arbitrary level𝑚. To achieve this, the authors in [187] adopt the approach proposed in [48],
introducing the concept of defect of a torsion of level 𝑚 and defining the associated polarization 2-
form based on this notion.

Definition 7.6.1. Let 𝑨1, 𝑨2, . . . , 𝑨𝑛 be a set of operator fields. The defect of index 𝑘 of the gener-
alized Nijenhuis torsion of level𝑚 is the vector-valued 2-form defined by

Δ
(𝑚)
𝑘

(𝑨1, 𝑨2, . . . , 𝑨𝑘) (𝑋 ,𝑌 ) :=
∑︁

I⊆{1,2,...,𝑘}
(−1)𝑘−|I | 𝜏 (𝑚)∑

𝑖∈I 𝑨𝑖
(𝑋 ,𝑌 ) , (7.65)

where 𝑘 ,𝑚 ∈ N \ {0}. Here, I denotes any non-empty subset extracted from {1, 2, . . . , 𝑘}, and |I |
represents its cardinality.

By construction, this quantity is symmetric in its arguments (𝑨1, 𝑨2, . . . , 𝑨𝑘). Moreover, it
satisfies the following properties.

Proposition 7.6.1. The defect of index 𝑘 is additive in each of its entries 𝑨𝑖 , 𝑖 = 1, . . . , 𝑘 , if and
only if it fulfils

Δ
(𝑚)
𝑘+1(𝑨1, 𝑨2, . . . , 𝑨𝑘+1) (𝑋 ,𝑌 ) = 0 . (7.66)

Proposition 7.6.2. For 𝑘 > 2𝑚, it holds that

Δ
(𝑚)
𝑘

(𝑨1, 𝑨2, . . . , 𝑨𝑘) (𝑋 ,𝑌 ) = 0 . (7.67)

Building on this concept, we define the vector-valued 2-form representing the polarization form
associated with the generalized Nijenhuis torsions using the polarization identity proposed in [102]
(see Eq. (2.6.5), p. 43). This form corresponds to the defect of index 𝑘 when 𝑘 = 2𝑚, where 𝑚
represents the level of the generalized torsion.

Definition 7.6.2. The polarization of the Nijenhuis torsion of level𝑚 is the vector-valued 2-form

P (𝑚) (𝑨1, 𝑨2, . . . , 𝑨2𝑚) (𝑋 ,𝑌 ) := Δ
(𝑚)
2𝑚 (𝑨1, 𝑨2, . . . , 𝑨2𝑚) (𝑋 ,𝑌 )

=
∑︁

I⊆{1,2,...,2𝑚}
(−1)2𝑚−|I | 𝜏 (𝑚)∑

𝑖∈I 𝑨𝑖
(𝑋 ,𝑌 ) , (7.68)

where𝑚 is a non-zero natural number, 𝑋 ,𝑌 ∈ 𝔛(𝑀) and 𝑨1, 𝑨2, . . . , 𝑨2𝑚 are (1, 1)-tensor fields.
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Remark 7.6.1. When defining polarizations, it is usual to include a factor 1
(2𝑚) ! , as seen for instance

in [102]. In this case, however, it was decided to omit it so that the case with𝑚 = 1 exactly recovers the
FN bracket (2.4):

P (1) (𝑨1, 𝑨2) (𝑋 ,𝑌 ) ≡ [𝑨1, 𝑨2]𝐹𝑁 (𝑋 ,𝑌 ) . (7.69)

It is also possible to introduce an equivalent alternative definition following the approach of
[153], which is also useful:

P (𝑚) (𝑨1, 𝑨2, . . . , 𝑨2𝑚) (𝑋 ,𝑌 ) :=
𝜕2𝑚

𝜕𝜆1 𝜕𝜆2 . . . 𝜕𝜆2𝑚
𝜏
(𝑚)∑2𝑚
𝑖=1 𝜆𝑖 𝑨𝑖

(𝑋 ,𝑌 ) . (7.70)

Here, the 𝜆𝑖 are distinct arbitrary real parameters.
Besides, when all its entries are equal, we recover the corresponding generalized Nijenhuis tor-

sion:
𝜏
(𝑚)
𝑨 (𝑋 ,𝑌 ) = Δ

(𝑚)
1 (𝑨) (𝑋 ,𝑌 ) = 1

(2𝑚)!P
(𝑚) (𝑨, . . . , 𝑨︸    ︷︷    ︸

2𝑚 times

) (𝑋 ,𝑌 ) . (7.71)

A study of the properties of the polarization form can be found in the article [187], among which
we highlight the following.

Proposition 7.6.3. If the operator fields 𝑨𝑖 , 𝑖 = 1, 2, . . . 2𝑚, pairwise commute, then for𝑚 ≥ 2, the
polarization of the generalized Nijenhuis torsion is𝐶∞(𝑀)-multilinear.

Since one instance where the commutativity condition is trivially satisfied occurs when all the
operators are equal, this result is relevant to generalized Nijenhuis torsions. In fact, it aligns with the
discussion found in Proposition 2.3.3 regarding the Haantjes torsion, as well as with Proposition
7.1.1 for generalized torsions.

7.6.2 Generalized Haantjes modules and vector spaces

The polarizations described above play an essential role in the study of generalized𝐶∞(𝑀)-modules
of Nijenhuis operators. In [184] the notion of Haantjes modules, namely modules of Haantjes op-
erators, was introduced; but the polarisations allow the characterisation of more general modules,
defined in [186, 187].

Definition 7.6.3. A generalized Haantjes module of level𝑚 is a pair (𝑀 ,ℋ (𝑚)
M ) which satisfies the

following conditions:

(i) 𝑀 is a differentiable manifold of dimension n ;

(ii) ℋ
(𝑚)
M is a set of operators 𝑲:𝔛(𝑀) → 𝔛(𝑀) whose Nijenhuis torsion of level𝑚 vanishes, i.e.,

𝜏
(𝑚)
𝑲 = 0. Furthermore, they fulfil

𝜏
(𝑚)
( 𝑓 𝑲1+𝑔𝑲2 ) (𝑋 ,𝑌 ) = 0 , ∀ 𝑋 ,𝑌 ∈ 𝔛(𝑀) ,

∀ 𝑓 , 𝑔 ∈ 𝐶∞(𝑀) , ∀𝑲1, 𝑲2 ∈ ℋ
(𝑚)
M .

(7.72)
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Therefore, a generalized Haantjes module consists of a free module of generalized Nijenhuis
operators of level𝑚 over the ring of smooth functions on𝑀 . In the specific case where the functions
𝑓 and 𝑔 in the property (7.72) are restricted to be real constants, we refer to it as a generalized

Haantjes vector space of level𝑚.
As the following result shows, the generalized Haantjes modules can be described in terms of

polarizations.

Theorem 7.6.1. Let 𝑀 be a differentiable manifold, and let 𝑨, 𝑩:𝔛(𝑀) → 𝔛(𝑀) be two gener-
alized Nijenhuis operators of level 𝑚. For 𝑚 ≥ 1, 𝑨 and 𝑩 generate a generalized Haantjes vector
space of level𝑚 if and only if the 2𝑚 − 1 differential conditions

P (𝑚) ( 𝑨, . . . , 𝑨︸    ︷︷    ︸
2𝑚 − 𝑘 times

, 𝑩, . . . , 𝑩︸    ︷︷    ︸
𝑘 times

) (𝑋 ,𝑌 ) = 0 , 𝑘 = 1, 2, . . . , 2𝑚 − 1 (7.73)

are satisfied. Moreover, for𝑚 ≥ 2, if 𝑨 and 𝑩 commute, they generate a generalized Haantjes module
of level𝑚 if and only if the same conditions (7.73) are satisfied.
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Split the Lark – and you’ll find the Music –
Bulb after Bulb, in Silver rolled –
Scantilly dealt to the Summer Morning,
Saved for your Ear when Lutes be old.

Emily Dickinson, Split the Lark – and you’ll find the Music

8
A Frobenius-type theory for discrete

systems

Consider a blade of steel, glinting in countless hands-shaping marble in a sculptor’s grip,
parting tissue beneath a surgeon’s light, slicing wheat under a gilded moon. It is weapon, tool, artist;
edges honed to infinite purposes, yet bound by a single truth: its sharpness divides the whole. The
blade does not question what it cuts. It exists to sever, to dissect, to lay bare the hidden layers of
things. Its essence is not in the act of division, but in the clarity it leaves behind.

Integrability, like the blade, adapts its edge to the task at hand. In classical mechanics, it is the
Liouville-Arnold theorem–a sculptor’s chisel, revealing symmetries in the grain of Hamiltonian
chaos, carving order from motion with conserved quantities. For quantum realms, it becomes a
surgeon’s scalpel: observables must commute, entanglement unraveled into solvable threads. When
nonlinear waves surge against the cliffs of PDEs, integrability swings like a scythe, reaping an infinite
harvest of conserved currents to tame turbulence. Yet beneath these guises lies a shared core–the
blade’s unwavering purpose. Poincaré once reflected, “A system of differential equations is only more
or less integrable” ; so too does the blade’s efficacy depend on the hand that guides it. Even in discrete
landscapes, where difference equations replace differential flows, integrability endures–a crystalline
fracture of order, unexpected yet precise, proving that division can forge unity.

This final chapter turns to integrability in discrete systems. A central challenge in modern math-
ematical physics lies in discretizing dynamical models while preserving their symmetries and in-
tegrability, as seen in formulations for ODEs and PDEs [18, 66, 110, 179]. Discrete approaches to
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quantum mechanics, for instance, arise in quantum gravity frameworks [58, 62, 170], where space-
time itself is granular. Here, integrability becomes both a tool and a compass, guiding structure
through the lattice.

A crucial difficulty when formulating these discretizations is presented by the no-go theorem
proved in [90]. This theorem states that it is impossible to define a field theory on an infinite lat-
tice equipped with a nontrivial product that simultaneously satisfies Leibniz’s rule, translational
invariance, and locality.

To circumvent this drawback, methods such as the computation of time-scales (see [72]) have
been developed, which waive Leibniz’s rule. This approach is based on unifying discrete and contin-
uous calculus by defining a general domain that may be continuous, discrete, or mixed (time-scales
or, more generally, measure chains) along with appropriate jump operators. It has been widely stud-
ied in recent years (see monograph [25]), yielding many results and applications.

Another possibility is offered by the finite operator theory (also called umbral calculus), developed
by G. C. Rota and collaborators [165, 166, 169] as a language to unify the study of polynomial se-
quences and combinatorial problems. Its ideas have been employed as a novel theoretical framework
for discretizing quantum-mechanical models [46, 106–109] and for multiscale analysis of dynamical
systems on a lattice [108].

A consistent approach based on Roman-Rota theory was formulated more recently. The essen-
tial idea is to preserve Leibniz’s rule by using discrete operators that act as derivatives with respect to
a nonstandard multiplication rule. This idea was proposed from different perspectives and contexts
(e.g., [28, 77, 195]), and later in [181, 182].

From a technical point of view, an appropriate nonlocal product of functions is defined that
acts on the basic polynomials associated with a given discrete derivative (delta operator) in the same
manner as the standard local product acts on monomials. In this way, the class of exact solutions
expressed in terms of power series is preserved. Formally, the algebraic structure on which the dis-
cretization process is implemented is that of a Rota algebra [181], namely, a formal differential Ga-
lois algebra of power series equipped with a delta operator and a suitable product that ensures the
derivation property.

The nonlocality issue of this approach is resolved by identifying the lattice points where the dy-
namics occurs with the set of zeros of the basic polynomials associated with the given delta operator.
This fundamental requirement addresses the main problem encountered in previous “umbral” ap-
proaches to discretization, which were formulated in the language of (typically divergent) formal
power series.

In [181, 182] the approach was developed within a categorical framework, and discrete analogs
were obtained for a large class of linear and nonlinear dynamical systems whose coefficients are
expressed in terms of polynomials. A discretization of the Euler equation was proposed in [163].
Moreover, a discrete analog of classical Frobenius theory for the analysis of ODE singularities was
developed in [158]; this last example serves to illustrate the procedure.

Sections 8.1-8.3 present a brief review of some elementary notions and fundamental results of the
Roman-Rota formulation of the theory of difference operators, which provides a natural language
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for defining the theory of basic, Appell, and Sheffer sequences of polynomials. This approach can be
regarded as the modern version of the umbral calculus of the 19th century introduced by Sylvester,
Cayley, Blissard, and others [45]. After introducing these concepts, Sections 8.4 and 8.5 develop a
Frobenius-type theory for analyzing regular and regular singular points, building on the framework
proposed in [158]. In Section 8.6, this methodology is applied to the Bessel equation, demonstrating
its practical utility.

8.1 basic notions of finite operator calculus

Let N denote the set of nonnegative integers and let K be a field of characteristic zero. Denote by
F [[K]] the algebra of formal power series in 𝑥, and by P the space of polynomials in the variable
𝑥 ∈ K. Throughout this discussion, K = R.

Definition 8.1.1. An operator𝑇ℎ:P → P satisfying

𝑇ℎ𝑝(𝑥) = 𝑝(𝑥 + ℎ) for ℎ > 0,

is called a shift operator.

For simplicity, we will adopt the notation𝑇 := 𝑇ℎ, with ℎ = 1.

Definition 8.1.2. An operator 𝑆 is called shift-invariant if it commutes with every shift operator𝑇ℎ.

Let A denote the algebra of shift-invariant operators, equipped with the usual operations (sum
and product of operators, and product of a scalar with an operator).

Definition 8.1.3. A shift-invariant operator𝑄 is called a delta operator if𝑄𝑥 = constant ≠ 0.

It immediately follows the following result.

Corollary 8.1.1. For each constant 𝑐 ∈ R,𝑄 𝑐 = 0.

The concept of the delta operator has been extensively investigated in the literature (see, e.g.,
[169]). Typical examples include the standard derivative 𝐷, the forward discrete derivative Δ+ =
𝑇 − 1, the backward derivative Δ− = 1 −𝑇−1, and the symmetric derivative Δ𝑠 = 𝑇−𝑇−1

2
.

Denote by 𝑡𝑘 the operator 𝐷𝑘 . Then its action on a polynomial is given by 𝑡𝑘 𝑝(𝑥) = 𝑝 (𝑘 ) (𝑥) =
𝑑𝑘 𝑝 (𝑥 )
𝑑𝑥𝑘

. Extending this action by linearity, we can associate a differential operator with a formal
power series:

𝐹 (𝑡) =
∑︁
𝑘

𝑎𝑘𝑡
𝑘

𝑘 !
⇒ 𝐹 (𝐷) =

∑︁
𝑘

𝑎𝑘𝐷
𝑘

𝑘 !
.

This correspondence permits delta operators to be represented in terms of a function 𝑞(𝑡), called
the representative of𝑄. For instance, a non-standard example is the Gould operator𝑞𝐺 (𝑡) = 𝑒𝑎𝑡 (𝑒𝑏𝑡 −
1). Another interesting case is the Abel operator 𝑞𝐴(𝑡) = 𝑡𝑒𝜎𝑡 , whose basic sequence is the set of
Abel polynomials 𝑝𝐴𝑛 (𝑥) = 𝑥(𝑥 − 𝑛𝜎)𝑛−1 [166].
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Definition 8.1.4. A sequence of polynomials {𝑝𝑛 (𝑥)}𝑛∈N is called the sequence of basic polynomials
associated with a delta operator𝑄 if the following conditions hold:

(i) 𝑝0(𝑥) = 1 ;

(ii) 𝑝𝑛 (0) = 0 for all 𝑛 > 0 ;

(iii) 𝑄 𝑝𝑛 (𝑥) = 𝑛 𝑝𝑛−1(𝑥) .

It is well known that there exists a unique sequence of basic polynomials associated with any
delta operator [169]. For instance, if𝑄 = 𝐷, the sequence is given by 𝑝𝑛 (𝑥) = 𝑥𝑛. For the forward
and backward discrete derivatives Δ±, one obtains

𝑝±0 (𝑥) = 1 , 𝑝±𝑛 (𝑥) := 𝑥(𝑥 ∓ 1) (𝑥 ∓ 2) · · · (𝑥 ∓ (𝑛 − 1)) , (8.1)

respectively. In the case of Δ𝑠 , the basic polynomials are expressed in terms of Gould polynomials
[108], which constitute the basic sequence for the operator 𝑞𝐺 .

8.2 pincherle derivative and basic polynomials

The following technique, discussed in [107], permits the determination of the basic polynomials
associated with an arbitrary delta operator through the algebraic notion of the Pincherle derivative.
Let the operator of multiplication by 𝑥 be denoted by 𝑥: 𝑝(𝑥) ↦→ 𝑥 𝑝(𝑥) .

Definition 8.2.1. The Pincherle derivative of a delta operator𝑄 ∈ A is defined by

𝑄 ′ := [𝑄, 𝑥] . (8.2)

If𝑄 is a delta operator, then𝑄 ′ is invertible [169]. An operator 𝛽 ∈ A is determined by requiring
that the Heisenberg–Weyl algebra is satisfied [106]:

[𝑄, 𝑥𝛽] = 1 . (8.3)

For a given delta operator 𝑄, the operator 𝛽, called the conjugate operator of 𝑄, exists uniquely
and is given by 𝛽 = (𝑄 ′)−1. In particular, for𝑄 = 𝐷, one has 𝛽 = 1; for𝑄 = Δ+, 𝛽 = 𝑇−1; and
for𝑄 = Δ− , 𝛽 = 𝑇 .

Thus, the basic polynomials associated with a delta operator𝑄 can be obtained via the relation

𝑝𝑛 (𝑥) = (𝑥𝛽)𝑛 · 1. (8.4)

8.3 discretization of dynamical systems: rota algebras

For a given delta operator 𝑄, its family of basic polynomials {𝑝𝑛 (𝑥)}𝑛∈N forms a basis for the
algebra of formal power series F . Consequently, any function 𝑓 ∈ F can be expanded as a formal
series

𝑓 (𝑥) =
∞∑︁
𝑛=0

𝑎𝑛 𝑝𝑛 (𝑥) .
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In F , we define the ∗-product, an associative and commutative operation, by

𝑝𝑛 (𝑥) ∗ 𝑝𝑚(𝑥) := 𝑝𝑛+𝑚(𝑥) . (8.5)

This product, in the context of the forward difference operator Δ+, was introduced in [195] and
[77], and it extends naturally by linearity to spaces of formal power series. If functions 𝑓 , 𝑔 ∈ F are
defined on a set of points L ⊂ R (referred to as the lattice L) and are expanded in the polynomial
basis provided by the basic sequence {𝑝𝑛 (𝑥)}𝑛∈N, the following fundamental relation holds:

Δ+( 𝑓 ∗ 𝑔) = (Δ+ 𝑓 ) ∗ 𝑔 + 𝑓 ∗ (Δ+𝑔) . (8.6)

In other words, Δ+ acts as a derivation with respect to the ∗-product, thereby restoring the Leibniz
rule on F . Moreover, by identifying the lattice L with the set of zeros of the basic polynomials, all
the formal series become truncated.

Based on these ideas, for any delta operator 𝑄 the notion of a Rota algebra can be defined (see
[181]), providing a natural framework for the discretization procedure described above.

Definition 8.3.1. A Rota differential algebra is a Galois differential algebra (F ,𝑄), where (F ,+, ·, ∗𝑄)
denotes an associative algebra of formal power series, the product ∗𝑄 being the composition law defined
by (8.5), and𝑄 is a delta operator acting as a derivation on F :

(i) 𝑄(𝑎 + 𝑏) = 𝑄(𝑎) +𝑄(𝑏) , 𝑄(𝜆𝑎) = 𝜆𝑄(𝑎) , 𝜆 ∈ K ;

(ii) 𝑄(𝑎 ∗ 𝑏) = 𝑄(𝑎) ∗ 𝑏 + 𝑎 ∗𝑄(𝑏) .

It was proved in [181] that there exists a unique Rota algebra (F ,𝑄) associated with a given delta
operator𝑄.

Hence, the discretization procedure consists in associating with a given ODE a formal equation
defined within a Rota algebra by replacing the continuous derivative 𝐷 with a delta operator 𝑄
(which acts as a Galois operator, as in Eq. (8.6)) and substituting the basic sequence 𝑥𝑛 with the
basic polynomials 𝑝𝑛 (𝑥).

𝐷 𝑄

𝑝𝑛 (𝑥)𝑥𝑛

This discretization scheme extends the umbral correspondence discussed in [46, 107, 109, 169] be-
cause it is no longer defined solely on formal power series but becomes effective. Due to the trunca-
tion phenomenon described above, it yields standard finite-difference dynamical models that admit
convergent solutions in one-to-one correspondence with the analytic solutions of the original con-
tinuous model [181, 182, 195]. Different choices of 𝑄 (and, hence, of the associated Rota algebra)
lead to different discrete models that share the same family of solutions, mutatis mutandis. In this
technical sense, the discretization is said to preserve integrability.
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8.4 generalizing frobenius analysis on the lattice: regular points

8.4.1 Statement of the problem

This section summarizes the main results presented in [158] concerning the discretization of the
second-order linear differential equation

𝑦 ′′ + 𝐴(𝑥)𝑦 ′ + 𝐵(𝑥)𝑦 = 0 . (8.7)

More generally, our aim is to construct a theory on a discrete lattice that preserves the main results
of the standard Frobenius approach based on the singularity analysis of Eq. (8.7).

According to standard terminology, if 𝐴(𝑥) and 𝐵(𝑥) are analytic functions in a neighborhood
of a given point 𝑥0, then 𝑥0 is called a regular point of the equation; otherwise, it is singular. Assum-
ing that 𝑥 = 0 is a regular point, the functions 𝐴(𝑥) and 𝐵(𝑥) admit the power series expansions

𝐴(𝑥) =
∞∑︁
𝑛=0

𝑎𝑛𝑥
𝑛, 𝐵(𝑥) =

∞∑︁
𝑛=0

𝑏𝑛𝑥
𝑛, (8.8)

which converge in a neighborhood of 𝑥 = 0. As is well known [176], there exists a basis for the
solution space of Eq. (8.7) consisting of two analytic functions with convergence radius 𝑅 ≥ 𝑅0 :=
min{𝑅1, 𝑅2}, where 𝑅1 and 𝑅2 denote the convergence radii of the series representing 𝐴(𝑥) and
𝐵(𝑥), respectively. The coefficients in the series solutions are uniquely determined once the initial
conditions are fixed. In particular, the general form of the two independent series solutions is given
by

𝑦(𝑥) =
∞∑︁
𝑘=0

𝜁𝑘𝑥
𝑘 . (8.9)

The discrete counterpart of Eq. (8.7) is introduced by means of the formal series

𝑢(𝑥) =
∞∑︁
𝑘=0

𝜁𝑘 𝑝𝑘 (𝑥) , (8.10)

where {𝑝𝑘 (𝑥)}𝑘∈N are the basic polynomials associated with a given delta operator𝑄. Also define
the formal series

𝐹 (𝑥) :=
∞∑︁
𝑘=0

𝑎𝑘 𝑝𝑘 (𝑥) , 𝐺 (𝑥) :=
∞∑︁
𝑘=0

𝑏𝑘 𝑝𝑘 (𝑥) , (8.11)

where {𝑎𝑘}𝑘∈N and {𝑏𝑘}𝑘∈N are the coefficients appearing in (8.8).

Definition 8.4.1. Let 𝑄 be a delta operator and let {𝑝𝑛 (𝑥)}𝑛∈N be the associated family of basic
polynomials. We define the class of discrete dynamical systems by

𝑄2𝑢(𝑥) + 𝐹 (𝑥) ∗𝑄𝑢(𝑥) +𝐺 (𝑥) ∗ 𝑢(𝑥) = 0 , (8.12)

where the operations are defined on the Rota algebra (F ,+, ·, ∗𝑄).
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Lemma 8.4.1. The dynamical model (8.12) admits the formal solution

𝑢(𝑥) =
∞∑︁
𝑘=0

𝜁𝑘 𝑝𝑘 (𝑥) , (8.13)

where the coefficients 𝜁𝑘 are determined by the recurrence relation

𝜁𝑘+2 = − 1

(𝑘 + 2) (𝑘 + 1)

𝑘∑︁
𝑚=0

[(𝑚 + 1)𝑎𝑘−𝑚 𝜁𝑚+1 + 𝑏𝑘−𝑚 𝜁𝑚] . (8.14)

Remark 8.4.1. As a direct consequence of Lemma 8.4.1, the class of analytic solutions of Eq. (8.7) is
inherited by every discrete representative of Eq. (8.12) in the sense that every solution of the form (8.9)
for Eq. (8.7) defines a corresponding solution of the form (8.10) for Eq. (8.12).

The family of systems (8.12) can also be represented as a standard difference equation once a dif-
ference delta operator 𝑄 is chosen, with a dependent variable 𝑢𝑛 defined on a suitable lattice L
(namely, the set of zeros of the basic polynomials associated with 𝑄). In the subsequent discus-
sion the focus is on the case 𝑄 = Δ+. In this case, the lattice L+ consists of the points 𝑥 = 𝑛,
𝑛 = 0, 1, 2, . . .. We define

𝑢𝑛 := 𝑢(𝑛) =
𝑛∑︁

𝑘=0
𝜁𝑘 𝑝

+
𝑘 (𝑛) =

𝑛∑︁
𝑘=0

𝜁𝑘
𝑛!

(𝑛 − 𝑘)! . (8.15)

This relation can be inverted [181]:

𝜁𝑘 =
𝑘∑︁
𝑗=0

(−1)𝑘− 𝑗

𝑗 !(𝑘 − 𝑗)! 𝑢 𝑗 . (8.16)

Combining the inversion formula (8.16) with Lemma 8.4.1 yields the following result.

Theorem 8.4.1. Consider the family of difference equations

𝑢𝑛+2 − 2𝑢𝑛+1 + 𝑢𝑛 +
𝑛∑︁
𝑙=0

𝑛!
(𝑛 − 𝑙)! [𝑎𝑙 𝑢𝑛−𝑙+1 − (𝑎𝑙 − 𝑏𝑙) 𝑢𝑛−𝑙] = 0 , (8.17)

where 𝑛 ∈ N and 𝑎𝑙 , 𝑏𝑙 ∈ R are the coefficients in the series expansions (8.8). Then, the function
𝑦(𝑥) =

∑∞
𝑘=0 𝜁𝑘 𝑥

𝑘 is a solution of the differential equation (8.7) if and only if the series 𝑢𝑛 =∑𝑛
𝑘=0 𝜁𝑘

𝑛!
(𝑛−𝑘 ) ! is a solution of the difference equation (8.17).

Thus, Eq. (8.17) represents the discrete counterpart of Eq. (8.7) on the lattice L+; it can also be
regarded as the realization of the abstract equation (8.12) on the Rota algebra (F ,+, ·, ∗Δ+). All
these results can be generalized to any other delta operators following the same procedure; indeed,
an equivalent result to Theorem 8.4.1 for Δ− is also established in [158]. Hereafter, for the sake of
concreteness, we will list some basic examples of discrete models arising from Eq. (8.17).
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8.4.2 A constant coefficient model

The constant coefficient equation

𝑦 ′′ + 𝛼𝑦 ′ + 𝛽𝑦 = 0 (8.18)

with 𝑎0 = 𝛼, 𝑎𝑙 = 0, 𝑙 ≥ 1, 𝑏0 = 𝛽, 𝑏𝑙 = 0, 𝑙 ≥ 1 provides us with the difference equation

𝑢𝑛+2 + (𝛼 − 2)𝑢𝑛+1 − (𝛼 − 𝛽 − 1)𝑢𝑛 = 0 (8.19)

whose independent solutions, inherited from those of Eq. (8.18) are

𝑢
(1)
𝑛 =

𝑛∑︁
𝑘=0

(
√︁
𝛼2 − 4𝛽 − 𝛼)𝑘

2𝑘𝑘 !
𝑛!

(𝑛 − 𝑘)! , 𝑢
(2)
𝑛 =

𝑛∑︁
𝑘=0

(−1)𝑘 (
√︁
𝛼2 − 4𝛽 + 𝛼)𝑘

2𝑘𝑘 !
𝑛!

(𝑛 − 𝑘)! .

8.4.3 The Airy equation

One of the most interesting examples of the application of the above theory is the Airy equation

𝑦 ′′ − 𝑥𝑦 = 0 (8.20)

which, in quantum mechanics, represents the Schrödinger equation for a particle in a one-dimensional
constant force field.

The discrete version of it is readily obtained from Eq. (8.17) by taking 𝑎𝑙 = 0, 𝑙 ≥ 0, 𝑏0 = 0,
𝑏1 = −1, 𝑏𝑙 = 0, 𝑙 ≥ 2. We immediately obtain an interesting discrete model.

Definition 8.4.2. The difference equation

𝑢𝑛+2 − 2𝑢𝑛+1 + 𝑢𝑛 − 𝑛𝑢𝑛−1 = 0, 𝑛 ∈ N (8.21)

will be said to be the discrete Airy equation on L+.

The following discrete Airy functions provide the two independent solutions of the Airy differ-
ence equation (8.21):

Ai(𝑛) =
𝑛∑︁

𝑘=0

1

3𝑘𝑘 !2 · 5 · · · (3𝑘 − 1)
𝑛!

(𝑛 − 3𝑘)! ,

Bi(𝑛) =
𝑛∑︁

𝑘=0

1

3𝑘𝑘 !4 · 7 · · · (3𝑘 + 1)
𝑛!

(𝑛 − (3𝑘 + 1))! .



8.4 generalizing frobenius analysis on the lattice: regular points 183

8.4.4 The Hermite equation

The Hermite equation
𝑦 ′′ − 2𝑥𝑦 ′ + 2𝜆𝑦 = 0 (8.22)

can be discretized by taking 𝑎0 = 0, 𝑎1 = −2, 𝑎𝑙 = 0, 𝑙 ≥ 2, 𝑏0 = 2𝜆, 𝑏𝑙 = 0, 𝑙 ≥ 1.

Definition 8.4.3. The Hermite difference equation is

𝑢𝑛+2 − 2𝑢𝑛+1 + (1 + 2𝜆 − 2𝑛)𝑢𝑛 + 2𝑛𝑢𝑛−1 = 0. (8.23)

By way of an example, we shall consider the Hermite polynomials 𝐻𝑁 (𝑥) which are exact solu-
tions of the Hermite equation for 𝜆 = 𝑁 , being 𝑁 a nonnegative integer. For instance, for 𝑁 = 3,
the Hermite polynomial

𝐻3(𝑥) = 8𝑥3 − 12𝑥 (8.24)

corresponds to the function

𝑢𝑛 = 8𝑝+3 (𝑛) − 12𝑝+1 (𝑛) = 8𝑛3 − 24𝑛2 + 4𝑛, (8.25)

which is an exact solution of the Hermite difference equation (8.23) for 𝜆 = 3 :

𝑢𝑛+2 − 2𝑢𝑛+1 + (7 − 2𝑛)𝑢𝑛 + 2𝑛𝑢𝑛−1 = 0. (8.26)

8.4.5 Continuum limit

We shall discuss the continuum limits of the large family of discrete models introduced in this sec-
tion. To this aim, we will introduce a step size ℎ and define a regular mesh of points on R≥0, indexed
by 𝑛ℎ, 𝑛 ∈ N. We will consider the double limit ℎ → 0 and 𝑛→ ∞ while keeping 𝑛ℎ finite. The
basic polynomials associated with Δ+

ℎ
= 𝑇ℎ−1

ℎ
are now 𝑝+

𝑘
(𝑥) = ∏𝑘−1

𝑗=0 (𝑥 − 𝑗 ℎ). Thus,

𝑝+𝑘 (𝑛ℎ) = ℎ
𝑘

𝑘−1∏
𝑗=0

(𝑛 − 𝑗) = 𝑛!ℎ𝑘

(𝑛 − 𝑘)! . (8.27)

Consequently, the coefficients 𝜁𝑘 are given by:

𝜁𝑘 =
1

ℎ𝑘

𝑘∑︁
𝑗=0

(−1)𝑘− 𝑗

𝑗 !(𝑘 − 𝑗)!𝑢 𝑗 , (8.28)

with

𝑢𝑛 = 𝑢(𝑛ℎ) =
𝑛∑︁

𝑘=0
𝜁𝑘 𝑝

+
𝑘 (𝑛ℎ) =

𝑛∑︁
𝑘=0

𝑛!ℎ𝑘𝜁𝑘
(𝑛 − 𝑘)! . (8.29)
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The action of Δ+
ℎ

on a solution is expressed by

Δ+
ℎ𝑢 =

1

ℎ
(𝑢𝑛+1 − 𝑢𝑛) =

1

ℎ

(
𝑛+1∑︁
𝑘=0

(𝑛 + 1)!ℎ𝑘𝜁𝑘
(𝑛 + 1 − 𝑘)! −

𝑛∑︁
𝑘=0

𝑛!ℎ𝑘𝜁𝑘
(𝑛 − 𝑘)!

)
(8.30)

=
𝑛+1∑︁
𝑘=0

ℎ𝑘−1𝜁𝑘

(
(𝑛 + 1)!

(𝑛 + 1 − 𝑘)! −
𝑛!

(𝑛 − 𝑘)!

)
=

𝑛+1∑︁
𝑘=0

𝑘𝜁𝑘
𝑛!ℎ𝑘−1

(𝑛 − (𝑘 − 1))! =
𝑛+1∑︁
𝑘=0

𝑘𝜁𝑘 𝑝
+
𝑘−1(𝑛ℎ).

Consequently,

(Δ+
ℎ)

2𝑢 =
1

ℎ2
(𝑢𝑛+2 − 2𝑢𝑛+1 + 𝑢𝑛) =

𝑛+2∑︁
𝑘=0

𝑘 (𝑘 − 1)𝜁𝑘 𝑝+𝑘−2(𝑛ℎ). (8.31)

The equation (8.17) on our mesh takes the form

1

ℎ2
(𝑢𝑛+2 − 2𝑢𝑛+1 + 𝑢𝑛) +

𝑛∑︁
𝑙=0

𝑛!ℎ𝑙

(𝑛 − 𝑙)!

[𝑎𝑙
ℎ
(𝑢𝑛−𝑙+1 − 𝑢𝑛−𝑙) + 𝑏𝑙 𝑢𝑛−𝑙

]
= 0, (8.32)

which reproduces Eq. (8.7) in the continuum limit. For instance, the difference Airy equation be-
comes

1

ℎ2
(𝑢𝑛+2 − 2𝑢𝑛+1 + 𝑢𝑛) − 𝑛ℎ𝑢𝑛−1 = 0, (8.33)

whereas the difference Hermite equation reads

1

ℎ2
(𝑢𝑛+2 − 2𝑢𝑛+1 + 𝑢𝑛) + 2𝜆𝑢𝑛 − 2𝑛(𝑢𝑛 − 𝑢𝑛−1) = 0. (8.34)

In the continuum limit, they coincide with the differential equations (8.20) and (8.22) respectively.

8.5 frobenius theory for regular singular points

This section recapitulates the extension of the analysis from [158] to the more general case of dif-
ferential equations of the form (8.7) that possess regular singular points. To this end, we rewrite
Eq. (8.7) as

𝑥2𝑦 ′′ + 𝑅(𝑥)𝑦 ′ + 𝑆(𝑥)𝑦 = 0 , (8.35)

where the functions 𝑅(𝑥) := 𝑥2𝐴(𝑥) and 𝑆(𝑥) := 𝑥2𝐵(𝑥), are analytic. In order to restrict the
singularity of 𝐴(𝑥) to at most a simple pole, one imposes 𝑅(0) = 0. Thus, one may write

𝑅(𝑥) =
∞∑︁
𝑘=1

𝑟𝑘𝑥
𝑘 , 𝑆(𝑥) =

∞∑︁
𝑘=0

𝑠𝑘𝑥
𝑘 . (8.36)

According to classical Frobenius theory, there exists a solution of Eq. (8.35) of the form

𝑦(𝑥) = 𝑥𝜆
∞∑︁
𝑘=0

~
𝜁 𝑘𝑥

𝑘 , (8.37)



8.5 frobenius theory for regular singular points 185

where 𝜆 is a root of the indicial polynomial

𝜆(𝜆 − 1) + 𝑟1𝜆 + 𝑠0 = 0 . (8.38)

Restricting the analysis to the case of real roots, and assuming that the larger root is a non-negative
integer, the solution can be written as

𝑦(𝑥) =
∞∑︁
𝑘=0

~
𝜁 𝑘𝑥

𝜆+𝑘 =
∞∑︁
𝑘=𝜆

~
𝜁 𝑘−𝜆𝑥

𝑘 =
∞∑︁
𝑘=0

𝜁𝑘𝑥
𝑘 , (8.39)

with the understanding that 𝜁𝑘 = 0 for 𝑘 = 0, . . . ,𝜆 − 1. The subsequent procedure follows that
of the regular case.

By analogy with the previous discussion, the formal series (8.10) is introduced (assuming 𝑟0 = 0),
and we define the dynamical system by

𝑝2(𝑥) ∗𝑄2𝑢(𝑥) +𝑉 (𝑥) ∗𝑄𝑢(𝑥) +𝑊 (𝑥) ∗ 𝑢(𝑥) = 0, (8.40)

on the abstract Rota algebra (F ,+, ·, ∗𝑄), where

𝑉 (𝑥) =
∞∑︁
𝑙=1

𝑟𝑙 𝑝𝑙 (𝑥) , 𝑊 (𝑥) =
∞∑︁
𝑙=0

𝑠𝑙 𝑝𝑙 (𝑥) .

Substituting 𝑢𝑛 =
∑𝑛

𝑘=0 𝜁𝑘 𝑝𝑘 (𝑛) and after suitable simplification, Eq. (8.40) takes the form

∞∑︁
𝑘=0

{
𝑘 (𝑘 − 1)𝜁𝑘 +

𝑘∑︁
𝑙=0

[(𝑘 − 𝑙)𝑟𝑙+1 + 𝑠𝑙] 𝜁𝑘−𝑙

}
𝑝𝑘 (𝑥) = 0 . (8.41)

Hence, we obtain the recurrence relation

[𝑘 (𝑘 − 1) + 𝑘𝑟1 + 𝑠0] 𝜁𝑘 +
𝑘∑︁
𝑙=1

[(𝑘 − 𝑙)𝑟𝑙+1 + 𝑠𝑙] 𝜁𝑘−𝑙 = 0 , 𝑘 = 0, 1, . . . , (8.42)

which implies in particular that

𝑠0 𝜁0 = 0 ,
(𝑟1 + 𝑠0) 𝜁1 + 𝑠1 𝜁0 = 0 ,

(2 + 2𝑟1 + 𝑠0) 𝜁2 + (𝑟2 + 𝑠1) 𝜁1 + 𝑠2 𝜁0 = 0 ,
. . .

The difference equation for 𝑢𝑛 =
∑𝑛

𝑘=0 𝜁𝑘 𝑝𝑘 (𝑛) is obtained from Eq. (8.41). In the case𝑄 = Δ+,
by applying the inversion formula (8.16) and using the basic polynomials 𝑝+

𝑘
(𝑛), the following result

is deduced.
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Theorem 8.5.1. Consider the class of discrete dynamical systems

𝑛(𝑛 − 1) (𝑢𝑛 − 2𝑢𝑛−1 + 𝑢𝑛−2) +
𝑛∑︁
𝑙=0

𝑛!
(𝑛 − 𝑙)! [𝑟𝑙 𝑢𝑛−𝑙+1 − (𝑟𝑙 − 𝑠𝑙) 𝑢𝑛−𝑙] = 0 , (8.43)

where 𝑛 ∈ N and 𝑟𝑙 , 𝑠𝑙 ∈ R are the coefficients of the series expansions (8.36). Then, the function
𝑦(𝑥) =

∑∞
𝑘=0 𝜁𝑘 𝑥

𝑘 is a solution of the differential equation (8.35) if and only if the series 𝑢𝑛 =∑𝑛
𝑘=0 𝜁𝑘

𝑛!
(𝑛−𝑘 ) ! is a solution of the difference equation (8.43).

Thus, the family of difference equations (8.43) can be regarded as the discrete version of the
ordinary differential equations (8.35). Both the continuum limit and the analysis for other delta
operators can be performed analogously.

8.6 a discrete bessel equation

The theoretical framework developed above allows us to introduce, for example, a natural dis-
cretization for the Bessel equation. Due to the relevance of the Bessel equation in many application
contexts, we shall discuss its discretization in detail here.

8.6.1 The zero-order Bessel equation

Let us discuss first the simplest example of the zero-order Bessel differential equation, which reads

𝑥2𝑦 ′′ + 𝑥𝑦 ′ + 𝑥2𝑦 = 0 (8.44)

and admits, as an independent solution, the zero-order Bessel function

𝐽0(𝑥) =
∞∑︁
𝑘=0

(−1)𝑘
(𝑘 !)222𝑘

𝑥2𝑘 = 1 − 𝑥
2

4
+ 𝑥4

64
− 𝑥6

2304
+ · · · (8.45)

In this case, 𝑅(𝑥) = 𝑥, 𝑆(𝑥) = 𝑥2. For 𝑛 ≥ 2, we obtain a remarkable difference equation.

Definition 8.6.1. The zero-order discrete Bessel equation is given by

𝑛𝑢𝑛 − (2𝑛 − 1)𝑢𝑛−1 + 2(𝑛 − 1)𝑢𝑛−2 = 0. (8.46)

The discrete version of the Bessel function (8.45) 𝐽0(𝑥) arising from our theory is

𝑢𝑛 =
∞∑︁
𝑘=0

(−1)𝑘
(𝑘 !)222𝑘

𝑝+2𝑘 (𝑛) =
[𝑛/2]∑︁
𝑘=0

(−1)𝑘𝑛!
22𝑘 (𝑛 − 2𝑘)!(𝑘 !)2

, (8.47)

which represents a solution of the difference equation (8.46). Precisely, from Eq. (8.46) we obtain
the relation

𝑛

∞∑︁
𝑘=0

(−1)𝑘𝑛!
22𝑘 (𝑛 − 2𝑘)!(𝑘 !)2

− (2𝑛 − 1)
∞∑︁
𝑘=0

(−1)𝑘 (𝑛 − 1)!
22𝑘 (𝑛 − 1 − 2𝑘)!(𝑘 !)2
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+ 2(𝑛 − 1)
∞∑︁
𝑘=0

(−1)𝑘 (𝑛 − 2)!
22𝑘 (𝑛 − 2 − 2𝑘)!(𝑘 !)2

. (8.48)

It can be simplified, leading us to the expression

∞∑︁
𝑘=0

(−1)𝑘
22𝑘𝑛(𝑘 !)2(𝑛 − 2𝑘)!

[𝑛2 − (4𝑘 + 1) (𝑛 − 2𝑘)], (8.49)

which vanishes for 𝑛 ≥ 2.

8.6.1.1 Continuum limit

With the same construction as in the case of regular points, one can easily derive, in a lattice of step
ℎ, the expression

(𝑛 + 2)2𝑢𝑛+2 − 2(𝑛 + 2)2𝑢𝑛+1 + (𝑛 + 2)2𝑢𝑛
+ (𝑛 + 2)𝑢𝑛+1 − (𝑛 + 2)𝑢𝑛 + (𝑛 + 1) (𝑛 + 2)ℎ2𝑢𝑛 = 0, (8.50)

which can be written as:

((𝑛 + 2)ℎ)2 𝑢𝑛+2 − 2𝑢𝑛+1 + 𝑢𝑛
ℎ2

+ (𝑛 + 2)ℎ𝑢𝑛+1 − 𝑢𝑛
ℎ

+ (𝑛 + 1) (𝑛 + 2)ℎ2𝑢𝑛 = 0. (8.51)

In the limit (ℎ → 0, 𝑛→ ∞ and 𝑛ℎ finite) we easily recover the zero-order Bessel equation.

8.6.2 The Bessel equation of order 𝜈

Let us extend the previous discussion to the Bessel equation of order 𝜈 ∈ N\{0}:

𝑥2𝑦 ′′ + 𝑥𝑦 ′ + (𝑥2 − 𝜈2)𝑦 = 0. (8.52)

In this case, 𝑅(𝑥) = 𝑥, 𝑆(𝑥) = 𝑥2 − 𝜈2. Thus, the non-vanishing coefficients are

𝑟1 = 1, 𝑠0 = −𝜈2, 𝑠2 = 1. (8.53)

Therefore, Eq. (8.43) converts into a simpler relation.

Definition 8.6.2. The difference equation

(𝑛2 − 𝜈2)𝑢𝑛 − 𝑛(2𝑛 − 1)𝑢𝑛−1 + 2𝑛(𝑛 − 1)𝑢𝑛−2 = 0 (8.54)

is said to be the discrete Bessel equation of order 𝜈 ∈ N\{0}.
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8.6.2.1 Exact solutions

From the Bessel function of the first class and order 𝜈

𝐽𝜈 (𝑥) =
∞∑︁
𝑘=0

(−1)𝑘
22𝑘+𝜈𝑘 !(𝑘 + 𝜈)!

𝑥2𝑘+𝜈 (8.55)

we can define its discrete counterpart

𝑢𝑛 =
[ (𝑛−𝜈)/2]∑︁

𝑘=0

(−1)𝑘
22𝑘+𝜈𝑘 !(𝑘 + 𝜈)!

𝑝+2𝑘+𝜈 (𝑛), (8.56)

which is an exact solution of (8.54).
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Es que todo es muy raro, en cuanto te fijas un poco. Lo raro es vivir. Que
estemos aquí sentados, que hablemos y se nos oiga, poner una frase de-
trás de otra sin mirar ningún libro, que no nos duela nada, que lo que
bebemos entre por el camino que es y sepa cuándo tiene que torcer, que
nos alimente el aire y a otros ya no, que según el antojo de las vísceras
nos den ganas de hacer una cosa o la contraria y que de esas ganas de-
penda a lo mejor el destino, es mucho a la vez, tú, no se abarca, y lo
más raro es que lo encontramos normal.

Carmen Martín Gaite, Lo raro es vivir

Conclusions and future perspectives

In the spirit of T.S. Eliot’s words, We shall not cease from exploration, and the end of all our
exploring will be to arrive where we started and know the place for the first time, this thesis embodies
a journey of discovery through the intricate landscapes of Haantjes geometry, integrable systems,
and discrete analysis. Our exploration has led us to revisit classical concepts with fresh insights,
ultimately revealing the elegant structures that underpin both continuous and discrete models in
Hamiltonian dynamics. As we return to the starting point enriched by our findings, we now per-
ceive our original framework in a new light–deeper, more coherent, and brimming with possibilities
for further inquiry.

The introductory chapters have set the stage by providing a comprehensive overview of geomet-
ric mechanics. We recalled the definition of symplectic manifolds and the associated Poisson and
Jacobi structures, which play a pivotal role in modern Hamiltonian dynamics. The review of clas-
sical integrability via the Arnold-Liouville theorem and the Hamilton-Jacobi approach allowed us
to motivate the search for suitable coordinate systems for separation of variables. In parallel, the
theory of operator fields was revisited with a focus on Nijenhuis and Haantjes tensors. In partic-
ular, we detailed how the vanishing of the Nijenhuis (and, more generally, the Haantjes) torsion
is intimately connected with the integrability of eigen-distributions. This framework provided the
necessary background to understand how Haantjes algebras lead to the construction of local coor-
dinate systems in which operator fields assume a block-diagonal form–a key feature that underpins
the subsequent original contributions. The collective contributions of this thesis demonstrate that
Haantjes geometry offers a unifying and versatile framework for addressing several central issues in
the theory of integrable systems. The approach presented here is distinguished by its coordinate-
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independent nature, which allows for the derivation of integrability conditions directly from the
algebraic properties of tensor fields.

One of the main strengths of our work is its applicability to both semisimple and non-semisimple
cases. In the superintegrable scenario, the identification of multiple Haantjes structures provides
a deep insight into the hidden symmetries of the system. In contrast, the introduction of partial
separability through non-semisimple𝜔ℋ manifolds makes it possible to deal with systems that do
not admit a complete separation of variables. Such flexibility is crucial when confronting real-world
problems where symmetries may be only partially realized or where the system exhibits inherent
complexity.

In addition, our tensorial methods are well suited for implementation in computer algebra sys-
tems. The tests for vanishing torsion and the procedures for constructing Darboux–Haantjes co-
ordinates can be algorithmically implemented, thus providing effective computational tools for
researchers working on integrable systems. Such developments are expected to facilitate further
progress in both the theoretical and applied aspects of integrability.

In Chapter 4, we addressed the problem of classical multiseparable Hamiltonian systems and su-
perintegrability within the context of Haantjes geometry. Our work shows that a superintegrable
system, which by definition possesses more independent integrals of motion than degrees of free-
dom, naturally admits several Haantjes structures. Each structure is associated with a distinct sepa-
rable coordinate system, thereby providing alternative representations for the integrals of motion.
In particular, we have demonstrated that the existence of multiple compatible Haantjes algebras
guarantees that the Hamilton-Jacobi equation admits additive separation in different coordinate
charts. This result not only extends the classical theory of separability but also has practical com-
putational advantages when constructing explicit solutions for systems of physical interest, such
as the Smorodinsky-Winternitz models. Our analysis establishes a clear correspondence between
the spectral properties of the Haantjes operators and the separability structure of the underlying
dynamical system.

In Chapter 5, a theory of partial separability is developed based on non-semisimple symplectic-
Haantjes manifolds. In many physically relevant cases, complete separability is too restrictive; hence,
it is essential to consider situations in which only a subset of variables can be separated. By relax-
ing the hypothesis of semisimplicity or maximal rank for the Haantjes algebras, we introduced the
concept of partial separability. This framework leads to the construction of Darboux-Haantjes co-
ordinates that block-diagonalize the operators of the Haantjes algebra. Such coordinates allow the
Hamilton-Jacobi equations to be split into a mixture of ordinary and partial differential equations.
The resulting theory generalizes classical approaches to separability and provides a unified geomet-
ric interpretation of integrable systems that admit only partial separation of variables. This contri-
bution is particularly relevant in complex systems where complete separation may not be attainable,
yet one can still exploit underlying symmetries to achieve significant simplification.

Chapter 6 is devoted to the study of Hamiltonian systems immersed in external magnetic fields
from the perspective of symplectic-Haantjes geometry. In this setting, the Hamiltonian is modified
by the presence of a vector potential, which in turn gives rise to a magnetic field. We have shown
that even in the presence of such external interactions, one can construct a compatible 𝜔ℋ man-
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ifold. The corresponding Haantjes algebra naturally encodes the magnetic contributions, and the
associated Darboux-Haantjes coordinates yield a separated form for the Hamilton-Jacobi equation.
Moreover, by exploiting the underlying Stäckel geometry, our analysis has led to the derivation of
new families of integrable Hamiltonian models. These models extend the class of known magnetic
systems and provide fresh perspectives on the interplay between gauge freedom and separability.
The results obtained in this chapter suggest that the Haantjes approach offers an intrinsic and uni-
fied framework for understanding integrability even when non-conservative forces are present. The
incorporation of magnetic fields into the Haantjes framework underscores the robustness of our
methods. The ability to construct compatible symplectic-Haantjes structures in the presence of
gauge fields provides an elegant geometric explanation for the separability observed in many classi-
cal magnetic systems. Furthermore, by linking Haantjes geometry with the Stäckel approach, our
work opens the possibility of discovering new integrable models that are amenable to explicit solu-
tion techniques.

In Chapter 7 we have studied a generalization of classical Nijenhuis torsions by defining higher-
order torsions. This new perspective allows one to consider generalized Nijenhuis operators whose
vanishing torsions imply integrability conditions for the eigen-distributions of operator fields. A
key outcome of this analysis is the definition of generalized Haantjes algebras. These algebras consist
of operators whose higher-level torsions vanish and are closed under the usual operations of addi-
tion and composition. The main theorem of this chapter guarantees that if a family of commuting
operator fields has vanishing generalized torsion of a given level, then there exists a local coordinate
chart in which all these operators are simultaneously block-diagonalizable. This result provides a
powerful tensorial test for the block-diagonalizability of operator families, thereby bypassing the
need for explicit spectral analysis. The generalized framework not only extends the classical theory
but also opens new avenues for investigating normal forms of operator fields in various contexts.

In Chapter 8, a novel Frobenius-type framework for discrete dynamical systems is developed,
providing a rigorous method to discretize second-order differential equations with analytic coef-
ficients. By leveraging finite operator calculus and the theory of Rota algebras, the chapter estab-
lishes a discretization scheme that preserves key properties of the continuous models, such as the
Leibniz rule and the exact correspondence of analytic solutions. This approach applies to prototyp-
ical equations–including the Airy, Hermite, and Bessel equations–yielding discrete analogues that
maintain both integrability and the structure of their singularities. Thus, a bridge is built between
continuous and discrete analysis, opening new perspectives for the study of integrable systems on
lattices and offering a robust foundation for future research in numerical methods, quantum me-
chanics on discrete spaces, and the general theory of discrete integrable models.

The results presented in this work open several promising avenues for future research. A primary
objective is to develop a comprehensive theory of normal forms for Haantjes operators. Indeed,
unlike the semisimple case, where there exists a unique normal form (the diagonal one), in the non-
semisimple case much less is known. Although current studies have largely focused on operators
with real eigenvalues, there remains a significant need to investigate the full classification of Haant-
jes operators, including the case when these operators exhibit complex eigenvalues. Such an exten-
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sion would not only enrich the theoretical framework but also offer new insights into the spectral
properties and integrability conditions of operator fields in various dynamical systems.

Another compelling direction is the adaptation of the symplectic-Haantjes formalism to other
geometric settings. In particular, it would be highly beneficial to extend the existing framework
from symplectic manifolds to contact and cosymplectic manifolds. This generalization is expected
to facilitate the study of systems with dissipation or explicit time dependence, where the tradi-
tional symplectic approach is often inadequate. By formulating a contact or cosymplectic version
of Haantjes geometry, one could potentially uncover novel integrability properties and develop ef-
fective methods for the separation of variables in non-conservative systems.

The class of generalized Stäckel systems (5.26), which a priori possess less than 𝑛 integrals of
motion in involution, may admit a subfamily of completely integrable systems. Thus, it would be
important to ascertain in full generality which conditions on the generalized Stäckel matrix (5.25)
ensure the existence of further integrals necessary to complete the set of available Hamiltonians in
involution. It would also be interesting to study the co-isotropic foliation associated with partially
separable systems in the case of an incomplete family of Hamiltonians.

Another relevant question concerns the existence of non-semisimple Haantjes algebras. Given an
integrable system, one can construct an associated semisimple Haantjes algebra due to the existence
of action-angle variables defined on the Lagrangian foliation of invariant Liouville-Arnold tori.
When we deal with superintegrable systems, additional integrals of motion are available. They are in
involution with the Hamiltonian, but not necessarily with each other. Presently, it is an open prob-
lem whether one might associate with these additional integrals symplectic-Haantjes manifolds, in
particular non-semisimple ones. This is the case, for instance, for the Jacobi-Calogero three-particle
system discussed in Section 5.4.1. We believe that the solution to this problem is strictly related to
the general study of normal forms for Haantjes operators.

There is also a need to deepen the understanding of the application of symplectic-Haantjes man-
ifolds in magnetic systems. The interplay between magnetic fields and Haantjes structures has al-
ready shown promising results, yet many aspects remain unexplored. Future research should focus
on elucidating how these geometric frameworks can be systematically applied to construct and an-
alyze integrable models in the presence of magnetic interactions. Such studies could lead to the
discovery of new magnetic models and provide a clearer interpretation of gauge invariance and sep-
arability in Hamiltonian dynamics.

In parallel, further investigations into generalized Haantjes algebras in the context of integrable
systems are warranted. The generalization of classical Nijenhuis and Haantjes torsions to higher-
order torsions introduces a rich algebraic structure that is still not completely understood. A deeper
exploration of the properties, representations, and applications of these generalized algebras is likely
to yield substantial advances in the classification of integrable systems, as well as in the construction
of novel classes of Hamiltonian models. This line of inquiry could bridge existing gaps between
algebraic and geometric methods in the study of integrability.

Additional perspectives arise from the work on superintegrable and partially separable systems.
In the context of superintegrability, the existence of multiple Haantjes structures associated with
distinct separable coordinate systems suggests that a more systematic classification of these struc-
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tures may reveal new hidden symmetries. The development of algorithmic techniques for detecting
and exploiting these Haantjes structures remains an open challenge with significant potential for
advancing both theoretical and computational aspects of integrable systems. A particularly intrigu-
ing direction is the application of the Haantjes chains approach to the TTW potential, a family of
superintegrable systems in the Euclidean plane characterized by higher-degree polynomial integrals
of motion. To our knowledge, this methodology has not yet been applied to such systems, and its ex-
ploration could yield novel insights into their integrability properties. Similarly, the study of partial
separability, particularly through the lens of non-maximal-rank Haantjes algebras, invites further
inquiry. Refining the concept of partial separability and extending the generalized Stäckel theory to
encompass such systems could provide novel tools for the analysis of complex dynamical behaviors
that lie between full integrability and chaotic regimes.

Overall, these research directions highlight the vast potential of Haantjes geometry as a unifying
framework in the theory of integrable systems. By bridging traditional symplectic methods with
new geometric and algebraic approaches, future work in this area promises to deepen our under-
standing of integrability, separability, and superintegrability across a broad spectrum of physical
and mathematical applications.

Moreover, further research on invariant discretizations promises to deepen our understanding of
symmetry preservation in discrete models and opens several promising avenues. First, extending this
framework to quantum-mechanical systems and quantum field theories could unify finite operator
theory and Rota algebras with foundational physical models, enhancing computational and struc-
tural fidelity. Second, addressing the open problem of initial and boundary value problems within
this theoretical context may deepen the understanding of stability and convergence properties in
singularity-adapted discretizations. Finally, a critical future direction lies in rigorously analyzing the
symmetry properties of these discrete systems through Lie group theory, which would not only elu-
cidate their geometric invariants but also advance the broader goal of constructing discretizations
that inherently preserve continuous symmetries.

I know not what tomorrow will bring.





A
Operators compatible with the symplectic

form for two and three-dimensional
systems

Let 𝜔ℋ be a 2𝑛-dimensional symplectic-Haantjes manifold. In Section 3.4.4, we discussed that
the most general operator compatible with the symplectic form is (3.84). However, it is useful to
consider the explicit form of these operators for 𝑛 = 2 and 𝑛 = 3.

In the case where 𝑛 = 2, the resulting operator can be writen in Darboux coordinates as

𝑴 =
2∑︁

𝑖, 𝑗=1
𝑚𝑖 𝑗

(
𝜕

𝜕𝑞𝑖
⊗ d𝑞 𝑗 + 𝜕

𝜕𝑝 𝑗

⊗ d𝑝𝑖
)
+𝑚14

(
𝜕

𝜕𝑞1
⊗ d𝑝2 −

𝜕

𝜕𝑞2
⊗ d𝑝1

)
+𝑚32

(
𝜕

𝜕𝑝1
⊗ d𝑞2 − 𝜕

𝜕𝑝2
⊗ d𝑞1

)
,

(A.1)

where𝑚11, 𝑚12, 𝑚21, 𝑚22, 𝑚14, 𝑚32 are 6 arbitrary functions that depend on the variables (𝑞1, 𝑞2,
𝑝1, 𝑝2). To make the expressions easier to read, it is useful to represent these operators using the
matrix notation

𝑴 =


𝑚11 𝑚12 0 𝑚14

𝑚21 𝑚22 −𝑚14 0

0 𝑚32 𝑚11 𝑚21

−𝑚32 0 𝑚12 𝑚22


. (A.2)
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Analogously, for 𝑛 = 3 the most general operator compatible with the symplectic form is

𝑴 =
3∑︁

𝑖, 𝑗=1
𝑚𝑖 𝑗

(
𝜕

𝜕𝑞𝑖
⊗ d𝑞 𝑗 + 𝜕

𝜕𝑝 𝑗

⊗ d𝑝𝑖
)
+𝑚15

(
𝜕

𝜕𝑞1
⊗ d𝑝2 −

𝜕

𝜕𝑞2
⊗ d𝑝1

)
+𝑚16

(
𝜕

𝜕𝑞1
⊗ d𝑝3 −

𝜕

𝜕𝑞3
⊗ d𝑝1

)
+𝑚26

(
𝜕

𝜕𝑞2
⊗ d𝑝3 −

𝜕

𝜕𝑞3
⊗ d𝑝2

)
+𝑚42

(
𝜕

𝜕𝑝1
⊗ d𝑞2 − 𝜕

𝜕𝑝2
⊗ d𝑞1

)
+𝑚43

(
𝜕

𝜕𝑝1
⊗ d𝑞3 − 𝜕

𝜕𝑝3
⊗ d𝑞1

)
+𝑚53

(
𝜕

𝜕𝑝2
⊗ d𝑞3 − 𝜕

𝜕𝑝3
⊗ d𝑞2

)
,

(A.3)

where𝑚11, 𝑚12, 𝑚13, 𝑚21, 𝑚22, 𝑚23, 𝑚31, 𝑚32, 𝑚33, 𝑚15 𝑚16, 𝑚26, 𝑚42, 𝑚43, 𝑚53 are 15 ar-
bitrary functions that depend on the variables (𝑞1, 𝑞2, 𝑞3, 𝑝1, 𝑝2, 𝑝3). In the matrix notation, it
reads

𝑴 =



𝑚11 𝑚12 𝑚13 0 𝑚15 𝑚16

𝑚21 𝑚22 𝑚23 −𝑚15 0 𝑚26

𝑚31 𝑚32 𝑚33 −𝑚16 −𝑚26 0

0 𝑚42 𝑚43 𝑚11 𝑚21 𝑚31

−𝑚42 0 𝑚53 𝑚12 𝑚22 𝑚32

−𝑚43 −𝑚53 0 𝑚13 𝑚23 𝑚33


. (A.4)

It is straightforward to obtain equivalent expressions for𝑛 ≥ 4, but these have not been necessary
in this work.



B
On the Haantjes structure of the

anisotropic oscillator

As an illustrative example of the form of the integral of motion ℜ(Ψ), Eq. (4.27), admitted by the
anisotropic oscillator with Rosochatius terms (4.23), we shall consider the case 𝑛1 = 1, 𝑛2 = 3. The
integral (4.27) reads explicitly

ℜ(Ψ) = 9 𝜈8𝑥6𝑦2 + 27 𝑐1
2𝜈4𝑦2

𝑥2
− 27 𝑐1 𝑥2𝜈6𝑦2 +

𝑐1
3𝑐2

𝑥6𝑦2
(B.1)

− 9 𝑐1
3𝜈2𝑦2

𝑥6
− 𝜈6𝑥6𝑐2

𝑦2
− 3 𝑐1

2𝜈2𝑐2

𝑥2𝑦2
+ 3 𝑐1 𝑥

2𝜈4𝑐2

𝑦2

+
(
162 𝑐1 𝜈

4𝑦2 − 135 𝜈6𝑥4𝑦2 + 3 𝑐1
2𝑐2

𝑥4𝑦2
− 27 𝑐1

2𝜈2𝑦2

𝑥4
− 18 𝑐1 𝜈

2𝑐2

𝑦2
+ 15 𝜈

4𝑥4𝑐2

𝑦2

)
px2

+
(
𝑐1

3

𝑥6
− 𝜈6𝑥6 − 3 𝑐1

2𝜈2

𝑥2
+ 3 𝑐1 𝑥2𝜈4

)
py2 +

(
3
𝑐1

2

𝑥4
− 18 𝑐1 𝜈2 + 15 𝜈4𝑥4

)
px2py2

+ px6py2 +
(
36
𝑐1

2𝜈2𝑦

𝑥3
− 72 𝑐1 𝑥𝜈4𝑦 + 36 𝜈6𝑥5𝑦

)
py px

+
(
135 𝜈4𝑥2𝑦2 + 3 𝑐1 𝑐2

𝑥2𝑦2
− 27 𝑐1 𝜈

2𝑦2

𝑥2
− 15 𝜈

2𝑥2𝑐2

𝑦2

)
px4

+
(
𝑐2

𝑦2
− 9 𝜈2𝑦2

)
px6 +

(
72
𝑐1 𝜈

2𝑦

𝑥
− 120 𝜈4𝑥3𝑦

)
py px3 +

(
3
𝑐1

𝑥2
− 15 𝜈2𝑥2

)
px4py2

+ 36 𝜈2px5𝑥py 𝑦
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and the elements of the Haantjes operator are

𝑚𝑑 = − 270 𝜈6𝑥4𝑦2 + 324 𝑐1 𝜈4𝑦2 + 30
𝜈4𝑥4𝑐2

𝑦2
− 54 𝑐1

2𝜈2𝑦2

𝑥4
− 36 𝑐1 𝜈

2𝑐2

𝑦2
(B.2)

+ 6 𝑐1
2𝑐2

𝑥4𝑦2
+

(
540 𝜈4𝑥2𝑦2 − 108 𝑐1 𝜈

2𝑦2

𝑥2
− 60 𝜈

2𝑥2𝑐2

𝑦2
+ 12 𝑐1 𝑐2

𝑥2𝑦2

)
px2

+
(
30 𝜈4𝑥4 − 36 𝑐1 𝜈2 + 6

𝑐1
2

𝑥4

)
py2 +

(
−60 𝜈2𝑥2 + 12 𝑐1

𝑥2

)
px2py2

+
py
px

(
36
𝜈2𝑐1

2𝑦

𝑥3
− 72 𝑐1 𝑥𝜈4𝑦 + 36 𝜈6𝑥5𝑦

)
+ 180 px3𝑥𝑦𝜈2py

+
(
−360 𝜈4𝑥3𝑦 + 216 𝑐1 𝜈

2𝑦

𝑥

)
px py +

(
−54 𝜈2𝑦2 + 6 𝑐2

𝑦2

)
px4 + 6 px4py2,

𝑚21 =36
𝜈2𝑐1

2𝑦

𝑥3
− 72 𝑐1 𝑥𝜈4𝑦 + 36 𝜈6𝑥5𝑦 +

(
72
𝑐1 𝜈

2𝑦

𝑥
− 120 𝜈4𝑥3𝑦

)
px2 (B.3)

+
(
360 𝜈4𝑥3𝑦 − 216 𝑐1 𝜈

2𝑦

𝑥

)
py2

+
py
px

(
36
𝑐1 𝜈

2𝑐2

𝑦2
− 2 𝜈6𝑥6 + 270 𝜈6𝑥4𝑦2 + 2 𝑐1

3

𝑥6
+ 6 𝑐1 𝑥2𝜈4

−324 𝑐1 𝜈4𝑦2 − 30
𝜈4𝑥4𝑐2

𝑦2
− 6 𝑐1

2𝜈2

𝑥2
+ 54 𝑐1

2𝜈2𝑦2

𝑥4
− 6 𝑐1

2𝑐2

𝑥4𝑦2

)
+

(
−30 𝜈2𝑥2 + 54 𝜈2𝑦2 + 6 𝑐1

𝑥2
− 6 𝑐2

𝑦2

)
py px3 +

(
60 𝜈2𝑥2 − 12 𝑐1

𝑥2

)
py3px

− 6 py3px3 + 2 px5py − 180 px2𝑦𝑥𝜈2py2

+
(
30 𝜈4𝑥4 − 540 𝜈4𝑥2𝑦2 + 6 𝑐1

2

𝑥4
− 36 𝑐1 𝜈2

+108 𝑐1 𝜈
2𝑦2

𝑥2
+ 60 𝜈

2𝑥2𝑐2

𝑦2
− 12 𝑐1 𝑐2

𝑥2𝑦2

)
px py

+
py3

px

(
−30 𝜈4𝑥4 − 6 𝑐1

2

𝑥4
+ 36 𝑐1 𝜈2

)
+ 36 px4𝑦𝑥𝜈2

+
py2

px2

(
−36 𝜈6𝑥5𝑦 + 72 𝑐1 𝑥𝜈4𝑦 − 36

𝜈2𝑐1
2𝑦

𝑥3

)
,

𝑚32 =
(
324 𝑦𝜈4𝑐1 + 972

𝑦3𝜈4𝑐1

𝑥2
− 30 𝜈

4𝑥4𝑐2

𝑦3

+1080 𝜈
4𝑥2𝑐2

𝑦
− 54 𝑦𝜈

2𝑐1
2

𝑥4
− 60 𝜈

2𝑥2𝑐2
2

𝑦5
− 6 𝑐1

2𝑐2

𝑥4𝑦3

)
px

+
(
12
𝑐1 𝑐2

2

𝑥2𝑦5
+ 36 𝑐1 𝜈

2𝑐2

𝑦3
− 216 𝑐1 𝜈

2𝑐2

𝑥2𝑦
− 270 𝑥4𝑦𝜈6 − 4860 𝑥2𝑦3𝜈6

)
px
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+
(
216

𝑐1 𝜈
2𝑐2

𝑥𝑦2
+ 36 𝜈6𝑥5 + 3240 𝑥3𝑦2𝜈6

+36 𝜈
2𝑐1

2

𝑥3
− 72 𝑐1 𝑥𝜈4 − 1944

𝑐1 𝜈
4𝑦2

𝑥
− 360 𝜈

4𝑥3𝑐2

𝑦2

)
py

+
(
−54 𝑐1 𝜈

2𝑦

𝑥2
+ 30 𝜈

2𝑥2𝑐2

𝑦3
− 108 𝑐2 𝜈

2

𝑦

−6 𝑐1 𝑐2
𝑥2𝑦3

+ 270 𝜈4𝑥2𝑦 + 486 𝑦3𝜈4 + 6 𝑐2
2

𝑦5

)
px3

+ 1

px

(
−54 𝑐1 𝑥2𝜈6𝑦 − 2916 𝑦3𝜈6𝑐1 + 2

𝜈6𝑥6𝑐2

𝑦3
− 540 𝜈

6𝑥4𝑐2

𝑦

+54 𝑐1
2𝜈4𝑦

𝑥2
+ 486 𝑦

3𝜈4𝑐1
2

𝑥4
+ 30 𝜈

4𝑥4𝑐2
2

𝑦5
− 18 𝑐1

3𝜈2𝑦

𝑥6

)
+ 1

px

(
−2 𝑐1

3𝑐2

𝑥6𝑦3
+ 6 𝑐1

2𝑐2
2

𝑥4𝑦5
− 6 𝑐1 𝑥

2𝜈4𝑐2

𝑦3
+ 648 𝑐1 𝜈

4𝑐2

𝑦
+ 6 𝜈

2𝑐1
2𝑐2

𝑥2𝑦3

−108 𝜈
2𝑐1

2𝑐2

𝑥4𝑦
− 36 𝑐1 𝜈

2𝑐2
2

𝑦5
+ 18 𝜈8𝑥6𝑦 + 2430 𝑥4𝑦3𝜈8

)
+

(
−18 𝑦𝜈2 − 2 𝑐2

𝑦3

)
px5 +

(
−54 𝑦𝜈2 + 6 𝑐2

𝑦3

)
py2px3

+
(
540 𝜈4𝑥2𝑦 − 60 𝜈

2𝑥2𝑐2

𝑦3
+ 12 𝑐1 𝑐2

𝑥2𝑦3
− 108 𝑐1 𝜈

2𝑦

𝑥2

)
px py2

+
(
−120 𝜈4𝑥3 − 1620 𝜈4𝑥𝑦2 + 72 𝑐1 𝜈

2

𝑥
+ 180 𝜈

2𝑥𝑐2

𝑦2

)
px2py

+
py
px2

(
−72 𝑐1 𝑥𝜈

4𝑐2

𝑦2
+ 36 𝜈

2𝑐1
2𝑐2

𝑥3𝑦2
− 324 𝜈8𝑥5𝑦2

−324 𝑐1
2𝜈4𝑦2

𝑥3
+ 648 𝑐1 𝑥𝜈6𝑦2 + 36

𝜈6𝑥5𝑐2

𝑦2

)
+
py2

px

(
−36 𝑐1 𝜈

2𝑐2

𝑦3
− 270 𝑥4𝑦𝜈6 − 54 𝑦𝜈

2𝑐1
2

𝑥4

+6 𝑐1
2𝑐2

𝑥4𝑦3
+ 324 𝑦𝜈4𝑐1 + 30

𝜈4𝑥4𝑐2

𝑦3

)
+ 36 px4𝑥𝜈2py. (B.4)





C
Partial brackets in the proof of Theorem

5.2.1

We report here the explicit computation leading to Eq. (5.22):

{𝐻𝛼,𝐻𝛽}
��
𝑎
=

𝜎𝑎∑︁
𝑗𝑎=1

(
𝜕𝐻𝛼

𝜕𝑞𝑎, 𝑗𝑎

𝜕𝐻𝛽

𝜕𝑝𝑎, 𝑗𝑎
−
𝜕𝐻𝛽

𝜕𝑞𝑎, 𝑗𝑎

𝜕𝐻𝛼

𝜕𝑝𝑎, 𝑗𝑎

)
=

𝜎𝑎∑︁
𝑗𝑎=1

(( 𝜎𝑎∑︁
𝑖𝑎=1

𝜕𝐻

𝜕𝑞𝑎,𝑖𝑎
(𝑨(𝛼)

𝑎 )𝑖𝑎
𝑗𝑎
+ 𝜕𝐻

𝜕𝑝𝑎,𝑖𝑎
(𝑪 (𝛼)

𝑎 )𝑖𝑎
𝑗𝑎

)
( 𝜎𝑎∑︁
𝑘𝑎=1

𝜕𝐻

𝜕𝑞𝑎,𝑘𝑎
(𝑩 (𝛽)

𝑎 )𝑘𝑎
𝑗𝑎

+ 𝜕𝐻

𝜕𝑝𝑎,𝑘𝑎
((𝑨(𝛽)

𝑎 )𝑇 )
𝑘𝑎

𝑗𝑎

)
−

𝜎𝑎∑︁
𝑘𝑎=1

(
𝜕𝐻

𝜕𝑞𝑎,𝑘𝑎
(𝑩 (𝛼)

𝑎 )𝑘𝑎
𝑗𝑎

+ 𝜕𝐻

𝜕𝑝𝑎,𝑘𝑎
((𝑨(𝛼)

𝑎 )𝑇 )𝑘𝑎
𝑗𝑎

)
( 𝜎𝑎∑︁
𝑖𝑎=1

𝜕𝐻

𝜕𝑞𝑎,𝑘𝑎
(𝑨(𝛽)

𝑎 )𝑖𝑎
𝑗𝑎
+ 𝜕𝐻

𝜕𝑝𝑎,𝑘𝑎
((𝑪 (𝛽)

𝑎 )𝑇 )𝑖𝑎
𝑗𝑎

))
=

𝜎𝑎∑︁
𝑖𝑎 , 𝑗𝑎 ,𝑘𝑎=1

(
𝜕𝐻

𝜕𝑞𝑎,𝑖𝑎

𝜕𝐻

𝜕𝑝𝑎,𝑘𝑎

(
(𝑨(𝛼)

𝑎 )𝑖𝑎
𝑗𝑎
(𝑨(𝛽)

𝑎 ) 𝑗𝑎
𝑘𝑎

− (𝑨(𝛼)
𝑎 ) 𝑗𝑎

𝑘𝑎
(𝑨(𝛽)

𝑎 )𝑖𝑎
𝑗𝑎

)
+ 𝜕𝐻

𝜕𝑞𝑎,𝑘𝑎

𝜕𝐻

𝜕𝑝𝑎,𝑖𝑎

(
(𝑪 (𝛼)

𝑎 )𝑖𝑎
𝑗𝑎
(𝑩 (𝛽)

𝑎 )𝑘𝑎
𝑗𝑎

− (𝑩 (𝛼)
𝑎 )𝑘𝑎

𝑗𝑎
(𝑪 (𝛽)

𝑎 )𝑖𝑎
𝑗𝑎

)
203
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+ 𝜕𝐻

𝜕𝑞𝑎,𝑖𝑎

𝜕𝐻

𝜕𝑞𝑎,𝑘𝑎

(
(𝑨(𝛼)

𝑎 )𝑖𝑎
𝑗𝑎
(𝑩 (𝛽)

𝑎 )𝑘𝑎
𝑗𝑎

− (𝑩 (𝛼)
𝑎 )𝑘𝑎

𝑗𝑎
(𝑨(𝛽)

𝑎 )𝑖𝑎
𝑗𝑎

)
+ 𝜕𝐻

𝜕𝑝𝑎,𝑖𝑎

𝜕𝐻

𝜕𝑝𝑎,𝑘𝑎

(
(𝑪 (𝛼)

𝑎 )𝑖𝑎
𝑗𝑎
(𝑨(𝛽)

𝑎 ) 𝑗𝑎
𝑘𝑎

− (𝑨(𝛼)
𝑎 ) 𝑗𝑎

𝑘𝑎
(𝑪 (𝛽)

𝑎 )𝑖𝑎
𝑗𝑎

))
.



D
Partial and total separability of a

completely integrable system

In Chapter 5 we showed that an integrable system may admit more than one𝜔ℋ structure. In par-
ticular, depending on whether one associates a semisimple or a non-semisimple Haantjes algebra,
the corresponding HJ equations can be completely or partially separable. This example illustrates
how, by choosing different Haantjes algebras, both partial and total separability can emerge within
the same integrable framework, thereby highlighting the compatibility between these two scenar-
ios.

To illustrate this point, we associate both a non-semisimple maximal Haantjes algebra (corre-
sponding to Case (I) of Definition 5.1.1) and a semisimple one to a given integrable system, thereby
obtaining charts in which the system is partially or totally separable, respectively. Consider the sys-
tem defined by the following Hamiltonian functions:

𝐻1 = 4𝑝21 + 2𝑝22 + 4𝑝23 + 𝑞1
(
𝑞1 + 2

)
+ 4(𝑞2)2 + 𝑞3

(
𝑞3 − 2

)
+ 4𝑞1𝑞2 + 2𝑞1𝑞3 + 4𝑞2𝑞3, (D.1)

𝐻2 = 𝑝21 + 𝑝23 − 2𝑝1𝑝3 + 𝑞1 − 𝑞3, (D.2)

𝐻3 = 𝑝1 − 𝑝2 + 𝑝3. (D.3)

This system is not totally separable in the original coordinates, since they do not satisfy Benenti’s
relations or the Levi-Civita test (see Section 1.3.4).
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Let us start by considering the chain equationd𝐻2 = 𝑲𝑇
2d𝐻1. The following Nijenhuis operator

solves it:

𝑲2 =
1

4



1 0 −1 0 0 0

0 0 0 0 0 0

−1 0 1 0 0 0

0 0 0 1 0 −1
0 0 0 0 0 0

0 0 0 −1 0 1


. (D.4)

Its minimal polynomial is of second degree,𝑚𝑲2 (𝒒, 𝒑,𝜆) = 𝜆
(
𝜆 − 1

2

)
, and its eigenvalues and

eigenvectors are

𝜆
(2)
1 = 0, D (2)

1 = span
{
𝜕

𝜕𝑞1
+ 𝜕

𝜕𝑞3
,
𝜕

𝜕𝑞2
,
𝜕

𝜕𝑝1
+ 𝜕

𝜕𝑝3
,
𝜕

𝜕𝑝2

}
,

𝜆
(2)
2 =

1

2
, D (2)

2 = span
{
𝜕

𝜕𝑞1
− 𝜕

𝜕𝑞3
,
𝜕

𝜕𝑝1
− 𝜕

𝜕𝑝3

}
.

(D.5)

The set ℋ0 = span {𝑲1 = 𝑰, 𝑲2} represents an Abelian, semisimple Haantjes algebra of rank 2
(with 𝑲2

2 = 1
2
𝑲2). In order to get an Abelian algebra of rank 3 associated to the whole system

(D.1)-(D.3), we can extend it in two different ways. Each of them will provide us with a different
separation coordinate system.

d.1 partial separability (case (i ) )

First, we look for a non-semisimple algebra of Haantjes operators. A Haantjes operator that solves
the chain equation d𝐻3 = 𝑲𝑇

3d𝐻1 reads

𝑲3 =
1

8(𝑝1 + 𝑝3)2

𝑝1 + 𝑝3 0 𝑝1 + 𝑝3 0 0 0

−𝑝1 − 𝑝2 − 𝑝3 2(𝑝1 + 𝑝3) −𝑝1 − 𝑝2 − 𝑝3 0 0 0

𝑝1 + 𝑝3 0 𝑝1 + 𝑝3 0 0 0

0 −𝑞1 − 2𝑞2 − 𝑞3 0 𝑝1 + 𝑝3 −𝑝1 − 𝑝2 − 𝑝3 𝑝1 + 𝑝3
𝑞1 + 2𝑞2 + 𝑞3 0 𝑞1 + 2𝑞2 + 𝑞3 0 2(𝑝1 + 𝑝3) 0

0 −𝑞1 − 2𝑞2 − 𝑞3 0 𝑝1 + 𝑝3 −𝑝1 − 𝑝2 − 𝑝3 𝑝1 + 𝑝3


(D.6)

in the coordinates (𝑞1, 𝑞2, 𝑞3, 𝑝1, 𝑝2, 𝑝3). Its minimal polynomial is of third degree:𝑚𝑲3 (𝒒, 𝒑,𝜆) =
𝜆

(
𝜆 − 1

4(𝑝1+𝑝3 )

)2
. Thus, the operator is non-semisimple. Its eigenvalues and generalized eigendis-

tributions are
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𝜆
(3)
1 =

1

4(𝑝1 + 𝑝3)
, 𝜌

(3)
1 = 2 ,

D (3)
1 = span

{
𝜕

𝜕𝑞1
+ 𝜕

𝜕𝑞3
,
𝜕

𝜕𝑞2
,
𝜕

𝜕𝑝1
+ 𝜕

𝜕𝑝3
,
𝜕

𝜕𝑝2

}
= D (2)

1 = V1 , (D.7)

𝜆
(3)
2 = 0 , 𝜌

(3)
2 = 1 ,

D (3)
2 = span

{
𝜕

𝜕𝑞1
− 𝜕

𝜕𝑞3
,
𝜕

𝜕𝑝1
− 𝜕

𝜕𝑝3

}
= D (2)

2 = V2 . (D.8)

The set ℋ1 = span {𝑲1 = 𝑰, 𝑲2, 𝑲3} represents a non-semisimple Abelian Haantjes algebra of
rank 3, with 𝑲2𝑲3 = 0, 𝑲2

3 = 𝑔1𝑰 + 𝑔2𝑲2 + 𝑔3𝑲3, where

𝑔1 = − 1

16(𝑝1 + 𝑝3)2
, 𝑔2 = −2𝑔1 , 𝑔3 =

1

2(𝑝1 + 𝑝3)
.

These operators share the same generalized eigendistributions. Integrating the annihilators

V◦
1 = span

{
d𝑞1 − d𝑞3, d𝑝1 − d𝑝3

}
,

V◦
2 = span

{
d𝑞1 + d𝑞3, d𝑞2, d𝑝1 + d𝑝3, d𝑝2

}
,

(D.9)

we obtain a new DH chart (𝑄1,𝑄2, 𝑃1, 𝑃2,𝑄3, 𝑃3):

𝑄1 =
1

2
(𝑞1 + 𝑞3), 𝑄2 = 𝑞2, 𝑄3 =

1

2
(𝑞1 − 𝑞3),

𝑃1 = 𝑝1 + 𝑝3, 𝑃2 = 𝑝2, 𝑃3 = 𝑝1 − 𝑝3.
(D.10)

In this DH chart the Haantjes operators take the block-diagonal form

𝑲2 =
1

2
diag [0, 0, 0, 0, 1, 1], (D.11)

𝑲3 =
1

4𝑃2
1



𝑃1 0 0 0 0 0

−(𝑃1 + 𝑃2) 𝑃1 0 0 0 0

0 −2(𝑄1 +𝑄2) 𝑃1 −(𝑃1 + 𝑃2) 0 0

2(𝑄1 +𝑄2) 0 0 𝑃1 0 0

0 0 0 0 0 0

0 0 0 0 0 0


; (D.12)

and the integrals of the motion read

𝐻1 = 2
(
𝑃2
1 + 𝑃2

2 + 𝑃2
3

)
+ 4 (𝑄1 +𝑄2)2 + 4𝑄3, (D.13)

𝐻2 = 𝑃2
3 + 2𝑄3, (D.14)

𝐻3 = 𝑃1 − 𝑃2. (D.15)
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Since the system (D.13)-(D.15) fulfils the hypotheses of Theorem 5.2.1, it is partially separable in the
new coordinates. In fact, 𝐻1 and 𝐻3 are in P-involution:

{𝐻1,𝐻3}| (1,2) :=
𝜕𝐻1

𝜕𝑄1

𝜕𝐻3

𝜕𝑃1
− 𝜕𝐻1

𝜕𝑃1

𝜕𝐻3

𝜕𝑄1
+ 𝜕𝐻1

𝜕𝑄2

𝜕𝐻3

𝜕𝑃2
− 𝜕𝐻1

𝜕𝑃2

𝜕𝐻3

𝜕𝑄2
= 0 , (D.16)

whereas (𝐻1,𝐻2) and (𝐻1,𝐻3) are in T -involution.
The HJ equations associated with the system (D.13)-(D.15) read

2

[ (
𝜕𝑊

𝜕𝑄1

)2
+

(
𝜕𝑊

𝜕𝑄2

)2
+

(
𝜕𝑊

𝜕𝑄3

)2 ]
+ 4 (𝑄1 +𝑄2)2 + 4𝑄3 = ℎ , (D.17)(

d𝑊
d𝑄3

)2
+ 2𝑄3 = ℎ2 , (D.18)

𝜕𝑊

𝜕𝑄1
− 𝜕𝑊

𝜕𝑄2
= ℎ3 . (D.19)

Seeking a complete integral of the form

𝑊 (𝑄1,𝑄2,𝑄3; ℎ, ℎ2, ℎ3) = 𝑊1(𝑄1,𝑄2; ℎ1, ℎ2, ℎ3) +𝑊2(𝑄3; ℎ1, ℎ2, ℎ3) ,

we obtain a partially separated system of two PDEs and one ODE:

2

[(
𝜕𝑊1

𝜕𝑄1

)2
+

(
𝜕𝑊1

𝜕𝑄2

)2]
+ 4 (𝑄1 +𝑄2)2 = ℎ1, (D.20)(

d𝑊2

d𝑄3

)2
+ 2𝑄3 = ℎ2, (D.21)

𝜕𝑊1

𝜕𝑄1
− 𝜕𝑊1

𝜕𝑄2
= ℎ3 (D.22)

where ℎ = ℎ1 + 2ℎ2. The previous system can be integrated. The corresponding complete integral
is given by

𝑊 = 𝑊 (𝑄1,𝑄2,𝑄3; ℎ1, ℎ2, ℎ3) = 𝑊1(𝑄1,𝑄2; ℎ1, ℎ2, ℎ3) +𝑊2(𝑄3; ℎ1, ℎ2, ℎ3)

=
1

2

{
ℎ3(𝑄1 −𝑄2) + 1

2
(𝑄1 +𝑄2)

√︃
ℎ1 − ℎ23 − 4(𝑄1 +𝑄2)2

− 1
4

(
ℎ1 − ℎ23

)
· arctan

[2(𝑄1 +𝑄2)
√︃
ℎ1 − ℎ23 − 4(𝑄1 +𝑄2)2

−ℎ1 + ℎ23 + 4(𝑄1 +𝑄2)2

]}
+ 1
3
(ℎ2 − 2𝑄3)3/2.

(D.23)
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d.2 total separability

We can also extend the algebraℋ0 in a different way, namely, by looking for an additional, semisim-
ple Haantjes operator that solves the chain equation ~𝑲𝑇

3d𝐻1 = d𝐻3 and commutes with the gen-
erators of ℋ0. A possible choice is

~𝑲3 =
1

8(𝑝1 − 𝑝2 + 𝑝3)



1 −2 1 0 0 0

−1 2 −1 0 0 0

1 −2 1 0 0 0

0 0 0 1 −1 1

0 0 0 −2 2 −2
0 0 0 1 −1 1


, (D.24)

with minimal polynomial𝑚 ~𝑲3 (𝒒, 𝒑,𝜆) = 𝜆
(
𝜆− 1

2(𝑝1−𝑝2+𝑝3 )

)
. This operator admits two distinct

eigenvalues, whose proper eigendistributions are

𝜆
(3)
1 = 0 , 𝜌

(3)
1 = 1 ,

D (3)
1 =

〈
2
𝜕

𝜕𝑞1
+ 𝜕

𝜕𝑞2
,
𝜕

𝜕𝑞1
− 𝜕

𝜕𝑞3
,
𝜕

𝜕𝑝1
+ 𝜕

𝜕𝑝2
,
𝜕

𝜕𝑝1
− 𝜕

𝜕𝑝3

〉
, (D.25)

𝜆
(3)
2 =

1

2(𝑝1 − 𝑝2 + 𝑝3)
, 𝜌

(3)
2 = 1 ,

D (3)
2 =

〈
𝜕

𝜕𝑞1
− 𝜕

𝜕𝑞2
+ 𝜕

𝜕𝑞3
,
𝜕

𝜕𝑝1
− 2 𝜕

𝜕𝑝2
+ 𝜕

𝜕𝑝3

〉
. (D.26)

In this way, we have obtained the semisimple algebra of rank 3,ℋ2 = {𝑰, 𝑲2, ~𝑲3}, with 𝑲2
~𝑲3 =

0, ~𝑲2
3 = 𝜆 (3)2

~𝑲3. Thus, we can determine a chart where all of the operators diagonalize simultane-
ously. In turn, this will give us total separation variables for the HJ equations associated with the
system (D.1)-(D.3). We obtain the non-trivial distributions

~V1 = D (2)
1 ∩D (3)

1 =
〈
𝜕

𝜕𝑞1
+ 𝜕

𝜕𝑞2
+ 𝜕

𝜕𝑞3
,
𝜕

𝜕𝑝1
+ 2 𝜕

𝜕𝑝2
+ 𝜕

𝜕𝑝3

〉
, (D.27)

~V2 = D (2)
1 ∩D (3)

2 =
〈
𝜕

𝜕𝑞1
− 𝜕

𝜕𝑞3
,
𝜕

𝜕𝑝1
− 𝜕

𝜕𝑝3

〉
, (D.28)

~V3 = D (2)
2 ∩D (3)

1 =
〈
𝜕

𝜕𝑞1
− 𝜕

𝜕𝑞2
+ 𝜕

𝜕𝑞3
,
𝜕

𝜕𝑝1
− 2 𝜕

𝜕𝑝2
+ 𝜕

𝜕𝑝3

〉
. (D.29)

We can work out the corresponding annihilators

( ~V1 ⊕ ~V2)◦ = ⟨d𝑞1 − 2d𝑞2 + d𝑞3, d𝑝1 − d𝑝2 + d𝑝3⟩,
( ~V1 ⊕ ~V3)◦ = ⟨d𝑞1 − d𝑞3, d𝑝1 − d𝑝3⟩,
( ~V2 ⊕ ~V3)◦ = ⟨d𝑞1 + 2d𝑞2 + d𝑞3, d𝑝1 + d𝑝2 + d𝑝3⟩.

(D.30)
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Integrating them, we find the set of DH coordinates

~
𝑄1 =

1

4

(
𝑞1 + 2𝑞2 + 𝑞3

)
, ~

𝑃1 = 𝑝1 + 𝑝2 + 𝑝3,

~
𝑄2 =

1

4

(
𝑞1 − 2𝑞2 + 𝑞3

)
, ~

𝑃2 = 𝑝1 − 𝑝2 + 𝑝3,

~
𝑄3 =

1

2

(
𝑞1 − 𝑞3

)
, ~

𝑃3 = 𝑝1 − 𝑝3 ,

(D.31)

which fulfil the canonical commutation relations. In this new coordinate chart, the operators of
the algebra ℋ2 read

𝑲2 =
1

2
diag [0, 0, 1, 0, 0, 1] , ~𝑲3 =

1

2
~
𝑃2

diag [0, 1, 0, 0, 1, 0] ; (D.32)

and the Hamiltonian function and the integrals of the motion read

𝐻1 = ~
𝑃2
1 +

~
𝑃2
2 + 2

~
𝑃2
3 + 16(

~
𝑄1)2 + 4 ~

𝑄3, (D.33)
𝐻2 = ~

𝑃2
3 + 2

~
𝑄3, (D.34)

𝐻3 = ~
𝑃2. (D.35)

Searching for a Hamilton characteristic function of the totally separated form

𝑊 ( ~
𝑄1, ~

𝑄2, ~
𝑄3; ~

ℎ1, ~
ℎ2, ~

ℎ3) = 𝑊1( ~
𝑄1; ~

ℎ1, ~
ℎ2, ~

ℎ3) +𝑊2( ~
𝑄2; ~

ℎ1, ~
ℎ2, ~

ℎ3) +𝑊3( ~
𝑄3; ~

ℎ1, ~
ℎ2, ~

ℎ3) ,

the HJ equations read:(
d𝑊1

d ~
𝑄1

)2
+ 16( ~

𝑄1)2 = ~
ℎ1,

(
d𝑊3

d ~
𝑄3

)2
+ 2 ~
𝑄3 = ~

ℎ3,
d𝑊2

d ~
𝑄2

= ~
ℎ2. (D.36)

Therefore, a complete integral is:

𝑊 =
1

2

~
𝑄1

√︃
~
ℎ1 − 16 ~

𝑄2
1 +

1

8

~
ℎ1 arctan

4
~
𝑄1√︁~

ℎ1 − 16 ~
𝑄2

1

+ ~
ℎ2

~
𝑄2 + 1

3
(~
ℎ3 − 2 ~

𝑄3)3/2 . (D.37)

Observe that under the variable transformation

~
𝑄1 =

1

2
(𝑄1 +𝑄2), ~

𝑄2 =
1

2
(𝑄1 −𝑄2), ~

𝑄3 = 𝑄3,
~
𝑃1 = 𝑃1 + 𝑃2, ~

𝑃2 = 𝑃1 − 𝑃2, ~
𝑃3 = 𝑃3,

~
ℎ1 = ℎ1 − ℎ23,

~
ℎ2 = ℎ3, ~

ℎ3 = ℎ2;

(D.38)

the complete integral of Eq. (D.23) coincides with that of Eq. (D.37).

The previous approach allows us to construct total separation variables (D.31) for the system (D.1)-
(D.3) in a systematic way. However, in this case they can also be obtained in a more direct way.
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In the spirit of Eisenhart’s approach [49], by combining algebraically the Hamiltonians (D.33)-
(D.35), one can introduce the new Hamiltonian

𝐻1 = 𝐻1 − 2𝐻3 − 𝐻2
3 = (𝑝1 + 𝑝2 + 𝑝3)2 + (𝑞1 + 2𝑞2 + 𝑞3)2

𝐻2 = 𝑝1 − 𝑝2 + 𝑝3, 𝐻3 = (𝑝1 − 𝑝3)2 + (𝑞1 − 𝑞3).
(D.39)

These relations suggest one to introduce by inspection the same coordinate chart (D.31), previously
obtained via the Haantjes geometry. In these new coordinates, the Hamiltonian system

𝐻1 = 𝑃2
1 + 16(

^
𝑄1)2, 𝐻2 = 𝐻2 = ~

𝑃2
3 + 2

~
𝑄3, 𝐻3 = 𝐻3 = ~

𝑃2 (D.40)

is manifestly separated.
As discussed in Section 3.4.3, it has been shown that Killing tensors for the AKN systems can

be naturally constructed within the theory of𝜔ℋ manifolds by projecting the Haantjes operators
associated to the AKN systems from phase space into the configuration space. This, in turn, pro-
vides a direct connection between Haantjes geometry and Eisenhart’s theory of Killing tensors for
Stäckel systems.

The main advantage of Haantjes geometry is that it allows us to study the problem of separability
in a systematic way and within a unified theoretical framework, also valid for systems outside the
classical Stäckel geometry.





Bibliography

[1] R. Abraham and J. E. Marsden. Foundations of mechanics. 2nd ed. AMS Chelsea Publishing
v. 364. Providence, R.I: AMS Chelsea Pub./American Mathematical Society, 2008. isbn:
9780821844380 9781470411343.

[2] R. Abraham, J. E. Marsden, and T. Ratiu. Manifolds, Tensor Analysis, and Applications.
Ed. by J. E. Marsden, L. Sirovich, and F. John. Vol. 75. Applied Mathematical Sciences.
New York, NY: Springer New York, 1988. isbn: 9781461269908 9781461210290. doi: 10.
1007/978-1-4612-1029-0.

[3] I. Agricola, G. Bazzoni, O. Goertsches, P. Konstantis, and S. Rollenske. “On the history of
the Hopf problem.” In: Differential Geometry and its Applications 57 (Apr. 2018), pp. 1–9.
issn: 09262245. doi: 10.1016/j.difgeo.2017.10.014.

[4] V. I. Arnold. “Proof of a theorem of A. N. Kolmogorov on the invariance of quasi-periodic
motions under small perturbations of the Hamiltonian.” In: Russian Mathematical Sur-
veys 18 (1963), pp. 9–36.

[5] V. I. Arnold. Mathematical Methods of Classical Mechanics. Vol. 60. Graduate Texts
in Mathematics. New York, NY: Springer New York, 1989. isbn: 9781441930873
9781475720631. doi: 10.1007/978-1-4757-2063-1.

[6] V. I. Arnold, V. V. Kozlov, and A. I. Neishtadt. Mathematical Aspects of Classical and Ce-
lestial Mechanics. 1993. doi: 10.1007/978-3-642-61237-4.

[7] Á. Ballesteros, F. J. Herranz, Ş. Kuru, and J. Negro. “The anisotropic oscillator on curved
spaces: A new exactly solvable model.” In: Annals of Physics 373 (2016). issn: 1096035X.
doi: 10.1016/j.aop.2016.07.006.

[8] Á. Ballesteros, A. Enciso, F. J. Herranz, and O. Ragnisco. “Superintegrability on N-
dimensional curved spaces: Central potentials, centrifugal terms and monopoles.” In: An-
nals of Physics 324.6 (2009), pp. 1219–1233. issn: 00034916. doi: 10.1016/j.aop.2009.
03.001.

[9] Á. Ballesteros, A. Enciso, F. J. Herranz, O. Ragnisco, and D. Riglioni. “An exactly solvable
deformation of the Coulomb problem associated with the Taub–NUT metric.” In: Annals
of Physics 351 (Dec. 2014), pp. 540–557. issn: 0003-4916. doi: 10.1016/j.aop.2014.
09.013.

213

https://doi.org/10.1007/978-1-4612-1029-0
https://doi.org/10.1007/978-1-4612-1029-0
https://doi.org/10.1016/j.difgeo.2017.10.014
https://doi.org/10.1007/978-1-4757-2063-1
https://doi.org/10.1007/978-3-642-61237-4
https://doi.org/10.1016/j.aop.2016.07.006
https://doi.org/10.1016/j.aop.2009.03.001
https://doi.org/10.1016/j.aop.2009.03.001
https://doi.org/10.1016/j.aop.2014.09.013
https://doi.org/10.1016/j.aop.2014.09.013


214 bibliography

[10] S. Benenti. “Stäckel systems and Killing tensors.” In: Note di Matematica 9.suppl. (1989),
pp. 39–58.

[11] S. Benenti, C. Chanu, and G. Rastelli. “The super-separability of the three-body inverse-
square Calogero system.” In: Journal of Mathematical Physics 41.7 (July 2000), pp. 4654–
4678. issn: 0022-2488, 1089-7658. doi: 10.1063/1.533369.

[12] S. Benenti, C. Chanu, and G. Rastelli. “Variable separation for natural Hamiltonians
with scalar and vector potentials on Riemannian manifolds.” In: Journal of Mathemati-
cal Physics 42.5 (May 2001), pp. 2065–2091. issn: 0022-2488, 1089-7658. doi: 10.1063/
1.1340868.

[13] S. Benenti. “Separability structures on Riemannian manifolds.” In: 1980. doi: 10.1007/
bfb0089763.

[14] S. Benenti. “Orthogonal separable dynamical systems.” In: vol. 1. 1993, pp. 163–184.

[15] S. Benenti. “Special Symmetric Two-tensors, Equivalent Dynamical Systems, Cofactor and
Bi-cofactor Systems.” In: Acta Applicandae Mathematicae 87.1-3 (May 2005), pp. 33–91.
issn: 0167-8019, 1572-9036. doi: 10.1007/s10440-005-1138-9.

[16] S. Benenti. Hamiltonian Structures and Generating Families. Universitext. New York, NY:
Springer New York, 2011. isbn: 9781461414988 9781461414995. doi: 10.1007/978-1-
4614-1499-5.

[17] S. Bertrand and M. C. Nucci. “Linearity of minimally superintegrable systems in a static
electromagnetic field.” In: Journal of Physics A: Mathematical and Theoretical 56.29 (July
2023), p. 295201. issn: 1751-8113, 1751-8121. doi: 10.1088/1751-8121/acde22.

[18] A. I. Bobenko and Y. B. Suris. Discrete differential geometry: integrable structure. Gradu-
ate studies in mathematics volume 98. Providence, Rhode Island: American Mathematical
Society, 2008. isbn: 9780821847008 9781470417932.

[19] O. I. Bogoyavlenskij. “General algebraic identities for the Nijenhuis and Haantjes ten-
sors.” In: Izvestiya: Mathematics 68 (6 2004). issn: 1064-5632. doi: 10 . 1070 /

im2004v068n06abeh000511.

[20] O. I. Bogoyavlenskij. “Necessary conditions for existence of non-degenerate Hamiltonian
structures.” In: Communications in Mathematical Physics 182 (2 1996). issn: 00103616.
doi: 10.1007/bf02517890.

[21] O. I. Bogoyavlenskij. “Block-diagonalizability problem for hydrodynamic type systems.”
In: Journal of Mathematical Physics 47 (6 2006). issn: 00222488. doi: 10 . 1063 / 1 .
2206692.

[22] O. I. Bogoyavlenskij. “Algebraic identity for the Schouten tensor and bi-Hamiltonian sys-
tems.” In: Differential Geometry and its Applications 25.5 (Oct. 2007), pp. 452–460. issn:
09262245. doi: 10.1016/j.difgeo.2007.02.009.

https://doi.org/10.1063/1.533369
https://doi.org/10.1063/1.1340868
https://doi.org/10.1063/1.1340868
https://doi.org/10.1007/bfb0089763
https://doi.org/10.1007/bfb0089763
https://doi.org/10.1007/s10440-005-1138-9
https://doi.org/10.1007/978-1-4614-1499-5
https://doi.org/10.1007/978-1-4614-1499-5
https://doi.org/10.1088/1751-8121/acde22
https://doi.org/10.1070/im2004v068n06abeh000511
https://doi.org/10.1070/im2004v068n06abeh000511
https://doi.org/10.1007/bf02517890
https://doi.org/10.1063/1.2206692
https://doi.org/10.1063/1.2206692
https://doi.org/10.1016/j.difgeo.2007.02.009


bibliography 215

[23] O. I. Bogoyavlenskij. “Decoupling problem for systems of quasi-linear pde’s.” In: Commu-
nications in Mathematical Physics 269 (2 2007). issn: 00103616. doi: 10.1007/s00220-
006-0119-9.

[24] A. A. Bogush, V. V. Gritsev, Y. A. Kurochkin, and V. S. Otchik. “An algebraic treatment
of the MIC-Kepler problem on S 3 sphere.” In: Physics of Atomic Nuclei 65.6 (June 2002),
pp. 1052–1056. issn: 1063-7788, 1562-692X. doi: 10.1134/1.1490110.

[25] M. Bohner and S. G. Georgiev. Multivariable Dynamic Calculus on Time Scales. Cham:
Springer International Publishing, 2016. isbn: 9783319476193 9783319476209. doi: 10 .
1007/978-3-319-47620-9.

[26] A. V. Bolsinov, A. Y. Konyaev, and V. S. Matveev. “Nijenhuis geometry.” In: Advances in
Mathematics 394 (2022). issn: 10902082. doi: 10.1016/j.aim.2021.108001.

[27] A. V. Bolsinov, A. Y. Konyaev, and V. S. Matveev. “Nijenhuis geometry III: gl-regular Ni-
jenhuis operators.” In: Revista Matemática Iberoamericana 40.1 (Feb. 2024), pp. 155–188.
issn: 0213-2230, 2235-0616. doi: 10.4171/rmi/1416.

[28] Y. Bouguenaya and D. B. Fairlie. “A finite difference scheme with a Leibniz rule.” In: Jour-
nal of Physics A: Mathematical and General 19.6 (Apr. 1986), pp. 1049–1054. issn: 0305-
4470. doi: 10.1088/0305-4470/19/6/032.

[29] E. Bour. “Sur l’intégration des équations différentielles de la mécanique analytique.” In:
Journal de mathématiques pures et appliquées 20 (1855), pp. 185–200.

[30] C. P. Boyer, E. G. Kalnins, and W. Miller. “Separable coordinates for four-dimensional Rie-
mannian spaces.” In: Communications in Mathematical Physics 59 (3 1978). issn: 00103616.
doi: 10.1007/BF01611508.

[31] R. Brouzet, R. Caboz, J. Rabenivo, and V. Ravoson. “Two degrees of freedom quasi-bi-
Hamiltonian systems.” In: Journal of Physics A: Mathematical and General 29 (9 1996).
issn: 03054470. doi: 10.1088/0305-4470/29/9/019.

[32] J. Bérubé and P. Winternitz. “Integrable and superintegrable quantum systems in a mag-
netic field.” In: Journal of Mathematical Physics 45.5 (May 2004), pp. 1959–1973. issn:
0022-2488, 1089-7658. doi: 10.1063/1.1695447.

[33] F. Calogero. “Ground State of a One-Dimensional N -Body System.” In: Journal of Math-
ematical Physics 10.12 (Dec. 1969), pp. 2197–2200. issn: 0022-2488, 1089-7658. doi: 10.
1063/1.1664821.

[34] F. Calogero. “Solution of a Three-Body Problem in One Dimension.” In: Journal of Math-
ematical Physics 10.12 (Dec. 1969), pp. 2191–2196. issn: 0022-2488, 1089-7658. doi: 10 .
1063/1.1664820.

[35] F. Calogero. “Solution of the One-Dimensional N -Body Problems with Quadratic and/or
Inversely Quadratic Pair Potentials.” In: Journal of Mathematical Physics 12.3 (Mar. 1971),
pp. 419–436. issn: 0022-2488, 1089-7658. doi: 10.1063/1.1665604.

https://doi.org/10.1007/s00220-006-0119-9
https://doi.org/10.1007/s00220-006-0119-9
https://doi.org/10.1134/1.1490110
https://doi.org/10.1007/978-3-319-47620-9
https://doi.org/10.1007/978-3-319-47620-9
https://doi.org/10.1016/j.aim.2021.108001
https://doi.org/10.4171/rmi/1416
https://doi.org/10.1088/0305-4470/19/6/032
https://doi.org/10.1007/BF01611508
https://doi.org/10.1088/0305-4470/29/9/019
https://doi.org/10.1063/1.1695447
https://doi.org/10.1063/1.1664821
https://doi.org/10.1063/1.1664821
https://doi.org/10.1063/1.1664820
https://doi.org/10.1063/1.1664820
https://doi.org/10.1063/1.1665604


216 bibliography

[36] R. Campoamor-Stursberg, J. F. Cariñena, and M. F. Rañada. “Higher-order superintegra-
bility of a Holt related potential.” In: Journal of Physics A: Mathematical and Theoretical
46 (43 2013). issn: 17518113. doi: 10.1088/1751-8113/46/43/435202.

[37] J. F. Cariñena, M. F. Rañada, and M. Santander. “Superintegrability on the three-
dimensional spaces with curvature. Oscillator-related and Kepler-related systems on the
sphere S3 and on the hyperbolic space H3.” In: Journal of Physics A: Mathematical and
Theoretical 54.36 (Sept. 2021), p. 365201. issn: 1751-8113, 1751-8121. doi: 10.1088/1751-
8121/ac17a4.

[38] R. Caseiro. “Modular Classes of Poisson–Nijenhuis Lie Algebroids.” In: Letters in Mathe-
matical Physics 80.3 (June 2007), pp. 223–238. issn: 0377-9017, 1573-0530. doi: 10.1007/
s11005-007-0164-0.

[39] C. M. Chanu and G. Rastelli. “Block-separation of variables: A form of partial separation
for natural hamiltonians.” In: Symmetry, Integrability and Geometry: Methods and Appli-
cations (SIGMA) 15 (2019). issn: 18150659. doi: 10.3842/SIGMA.2019.013.

[40] C. M. Chanu and G. Rastelli. “On the Extended-Hamiltonian Structure of Certain Su-
perintegrable Systems on Constant-Curvature Riemannian and Pseudo-Riemannian Sur-
faces.” In: Symmetry, Integrability and Geometry: Methods and Applications (June 2020).
issn: 18150659. doi: 10.3842/SIGMA.2020.052.

[41] C. Chanu. “Separation of variables and Killing tensors in the Euclidean three-space.” PhD
thesis. 2001.

[42] F. Charest, C. Hudon, and P. Winternitz. “Quasiseparation of variables in the Schrödinger
equation with a magnetic field.” In: Journal of Mathematical Physics 48.1 (Jan. 2007),
p. 012105. issn: 0022-2488, 1089-7658. doi: 10.1063/1.2399087.

[43] R. Courant and D. Hilbert. Methods of Mathematical Physics. Vol. 2. 2008. doi: 10 .
1002/9783527617234.

[44] T. Daudé, N. Kamran, and F. Nicoleau. “Separability and Symmetry Operators for Painlevé
Metrics and their Conformal Deformations.” In: Symmetry, Integrability and Geometry:
Methods and Applications (SIGMA) 15 (2019). issn: 18150659. doi: 10 . 3842 / SIGMA .
2019.069.

[45] A. Di Bucchianico and D. Loeb. “A selected survey of umbral calculus.” In: The Electronic
Journal of Combinatorics 1 (1995). issn: 1077-8926.

[46] A. Dimakis, F. Müller-Hoissen, and T. Striker. “Umbral calculus, discretization, and quan-
tum mechanics on a lattice.” In: Journal of Physics A: Mathematical and General 29.21
(Nov. 1996), pp. 6861–6876. issn: 0305-4470, 1361-6447. doi: 10.1088/0305-4470/
29/21/017.

[47] B. Dorizzi, B. Grammaticos, A. Ramani, and P. Winternitz. “Integrable Hamiltonian sys-
tems with velocity-dependent potentials.” In: Journal of Mathematical Physics 26.12 (Dec.
1985), pp. 3070–3079. issn: 0022-2488, 1089-7658. doi: 10.1063/1.526685.

https://doi.org/10.1088/1751-8113/46/43/435202
https://doi.org/10.1088/1751-8121/ac17a4
https://doi.org/10.1088/1751-8121/ac17a4
https://doi.org/10.1007/s11005-007-0164-0
https://doi.org/10.1007/s11005-007-0164-0
https://doi.org/10.3842/SIGMA.2019.013
https://doi.org/10.3842/SIGMA.2020.052
https://doi.org/10.1063/1.2399087
https://doi.org/10.1002/9783527617234
https://doi.org/10.1002/9783527617234
https://doi.org/10.3842/SIGMA.2019.069
https://doi.org/10.3842/SIGMA.2019.069
https://doi.org/10.1088/0305-4470/29/21/017
https://doi.org/10.1088/0305-4470/29/21/017
https://doi.org/10.1063/1.526685


bibliography 217

[48] A. Drápal and P. Vojtěchovský. “Symmetric multilinear forms and polarization of poly-
nomials.” In: Linear Algebra and its Applications 431.5-7 (Aug. 2009), pp. 998–1012. issn:
00243795. doi: 10.1016/j.laa.2009.03.052.

[49] L. P. Eisenhart. “Separable Systems of Stackel.” In: The Annals of Mathematics 35 (2 1934).
issn: 0003486X. doi: 10.2307/1968433.

[50] N. W. Evans. “Superintegrability in classical mechanics.” In: Physical Review A 41 (10 1990).
issn: 10502947. doi: 10.1103/PhysRevA.41.5666.

[51] G. Falqui, F. Magri, and G. Tondo. “Reduction of bi-Hamiltonian systems and separation
of variables: An example from the Boussinesq hierarchy.” In: Theoretical and Mathemati-
cal Physics 122 (2 2000). issn: 00405779. doi: 10.1007/BF02551195.

[52] G. Falqui and M. Pedroni. “Separation of variables for bi-Hamiltonian systems.” In: Math-
ematical Physics Analysis and Geometry 6 (2 2003). issn: 13850172. doi: 10 . 1023 / A :
1024080315471.

[53] A. Fasano and S. Marmi. Analytical mechanics: an introduction. Oxford graduate texts. Ox-
ford: Oxford university press, 2013. isbn: 9780199673858.

[54] F. Fassò. “Superintegrable Hamiltonian systems: Geometry and perturbations.” In: vol. 87.
2005. doi: 10.1007/s10440-005-1139-8.

[55] E. V. Ferapontov and K. R. Khusnutdinova. “The Haantjes tensor and double waves for
multi-dimensional systems of hydrodynamic type: A necessary condition for integrability.”
In: Proceedings of the Royal Society A: Mathematical, Physical and Engineering Sciences 462
(2068 2006). issn: 14712946. doi: 10.1098/rspa.2005.1627.

[56] E. V. Ferapontov and D. G. Marshall. “Differential-geometric approach to the integrability
of hydrodynamic chains: The Haantjes tensor.” In: Mathematische Annalen 339 (1 2007).
issn: 00255831. doi: 10.1007/s00208-007-0106-2.

[57] E. V. Ferapontov and M. V. Pavlov. “Kinetic Equation for Soliton Gas: Integrable Re-
ductions.” In: Journal of Nonlinear Science 32 (2 2022). issn: 14321467. doi: 10.1007/
s00332-022-09782-0.

[58] R. Friedberg and T. Lee. “Discrete quantum mechanics.” In: Nuclear Physics B 225.1 (Oct.
1983), pp. 1–52. issn: 05503213. doi: 10.1016/0550-3213(83)90011-1.

[59] J. Friš, V. Mandrosov, Y. A. Smorodinsky, M. Uhlíř, and P. Winternitz. “On higher sym-
metries in quantum mechanics.” In: Physics Letters 16 (3 1965). issn: 00319163. doi: 10.
1016/0031-9163(65)90885-1.

[60] A. Frölicher and A. Nijenhuis. “Theory of Vector-Valued Differential Forms.” In: Inda-
gationes Mathematicae (Proceedings) 59 (1956). issn: 13857258. doi: 10.1016/s1385-
7258(56)50046-7.

https://doi.org/10.1016/j.laa.2009.03.052
https://doi.org/10.2307/1968433
https://doi.org/10.1103/PhysRevA.41.5666
https://doi.org/10.1007/BF02551195
https://doi.org/10.1023/A:1024080315471
https://doi.org/10.1023/A:1024080315471
https://doi.org/10.1007/s10440-005-1139-8
https://doi.org/10.1098/rspa.2005.1627
https://doi.org/10.1007/s00208-007-0106-2
https://doi.org/10.1007/s00332-022-09782-0
https://doi.org/10.1007/s00332-022-09782-0
https://doi.org/10.1016/0550-3213(83)90011-1
https://doi.org/10.1016/0031-9163(65)90885-1
https://doi.org/10.1016/0031-9163(65)90885-1
https://doi.org/10.1016/s1385-7258(56)50046-7
https://doi.org/10.1016/s1385-7258(56)50046-7


218 bibliography

[61] A. Frölicher and A. Nijenhuis. “Theory of Vector-Valued Differential Forms.” In: Inda-
gationes Mathematicae (Proceedings) 59 (1956). issn: 13857258. doi: 10.1016/s1385-
7258(56)50047-9.

[62] R. Gambini and J. Pullin. “Canonical Quantization of General Relativity in Discrete Space-
Times.” In: Physical Review Letters 90.2 (Jan. 2003), p. 021301. issn: 0031-9007, 1079-7114.
doi: 10.1103/PhysRevLett.90.021301.

[63] C. S. Gardner, J. M. Greene, M. D. Kruskal, and R. M. Miura. “Method for Solving the
Korteweg-de Vries Equation.” In: Physical Review Letters 19.19 (Nov. 1967), pp. 1095–1097.
issn: 0031-9007. doi: 10.1103/PhysRevLett.19.1095.

[64] V. S. Gerdjikov, G. Vilasi, A. B. Yanovski, et al. Integrable Hamiltonian Hierarchies: Spectral
and Geometric Methods. Vol. 748. Springer, 2008.

[65] J. Grabowski and P. Urbański. “Lie algebroids and Poisson-Nijenhuis structures.” In: Re-
ports on Mathematical Physics 40.2 (Oct. 1997), pp. 195–208. issn: 00344877. doi: 10 .
1016/S0034-4877(97)85916-2.

[66] B. Grammaticos, Y. Kosmann-Schwarzbach, and T. Tamizhmani. Discrete integrable sys-
tems. Lecture notes in physics, 644. OCLC: 55807889. Berlin: Springer, 2004. isbn:
9783540214250.

[67] J. Haantjes. “On Xm-forming sets of eigenvectors.” In: Indagationes Mathematicae (Pro-
ceedings) 58 (1955). issn: 13857258. doi: 10.1016/s1385-7258(55)50021-7.

[68] W. R. Hamilton. “XV. On a general method in dynamics; by which the study of the mo-
tions of all free systems of attracting or repelling points is reduced to the search and differen-
tiation of one central relation, or characteristic function.” In: Philosophical Transactions of
the Royal Society of London 124 (Dec. 1834), pp. 247–308. issn: 0261-0523, 2053-9223. doi:
10.1098/rstl.1834.0017.

[69] W. R. Hamilton. “VII. Second essay on a general method in dynamics.” In: Philosophical
Transactions of the Royal Society of London 125 (Dec. 1835), pp. 95–144. issn: 0261-0523,
2053-9223. doi: 10.1098/rstl.1835.0009.

[70] H. Hartmann. “Die Bewegung eines Körpers in einem ringförmigen Potentialfeld.” Ger-
man. In: Theoretica Chimica Acta 24.2-3 (1972), pp. 201–206. issn: 0040-5744, 1432-2234.
doi: 10.1007/BF00641399.

[71] P. Havas. “Separation of variables in the Hamilton-Jacobi Schrödinger, and related equa-
tions. II. Partial separation.” In: Journal of Mathematical Physics 16 (12 1974). issn:
00222488. doi: 10.1063/1.522489.

[72] S. Hilger. “Analysis on Measure Chains — A Unified Approach to Continuous and Dis-
crete Calculus.” In: Results in Mathematics 18.1-2 (Aug. 1990), pp. 18–56. issn: 0378-6218,
1420-9012. doi: 10.1007/BF03323153.

https://doi.org/10.1016/s1385-7258(56)50047-9
https://doi.org/10.1016/s1385-7258(56)50047-9
https://doi.org/10.1103/PhysRevLett.90.021301
https://doi.org/10.1103/PhysRevLett.19.1095
https://doi.org/10.1016/S0034-4877(97)85916-2
https://doi.org/10.1016/S0034-4877(97)85916-2
https://doi.org/10.1016/s1385-7258(55)50021-7
https://doi.org/10.1098/rstl.1834.0017
https://doi.org/10.1098/rstl.1835.0009
https://doi.org/10.1007/BF00641399
https://doi.org/10.1063/1.522489
https://doi.org/10.1007/BF03323153


bibliography 219

[73] M. F. Hoque, O. Kubů, A. Marchesiello, and L. Šnobl. “New classes of quadratically inte-
grable systems with velocity dependent potentials: non-subgroup type cases.” In: The Eu-
ropean Physical Journal Plus 138.9 (Sept. 2023), p. 845. issn: 2190-5444. doi: 10.1140/
epjp/s13360-023-04464-6.

[74] M. F. Hoque, I. Marquette, and Y.-Z. Zhang. “Quadratic algebra for superintegrable
monopole system in a Taub-NUT space.” In: Journal of Mathematical Physics 57.9 (Sept.
2016), p. 092104. issn: 0022-2488, 1089-7658. doi: 10.1063/1.4962924.

[75] M. F. Hoque, I. Marquette, and Y.-Z. Zhang. “On superintegrable monopole systems.” In:
Journal of Physics: Conference Series 965 (Feb. 2018), p. 012018. issn: 1742-6588, 1742-6596.
doi: 10.1088/1742-6596/965/1/012018.

[76] A. Ibort, F. Magri, and G. Marmo. “Bihamiltonian structures and Stäckel separability.” In:
Journal of Geometry and Physics 33 (3-4 2000). issn: 03930440. doi: 10.1016/S0393-
0440(99)00051-0.

[77] M. E. H. Ismail. Classical and Quantum Orthogonal Polynomials in One Variable.
1st ed. Cambridge University Press, Nov. 2005. isbn: 9780521782012 9780521143479
9781107325982. doi: 10.1017/CBO9781107325982.

[78] T. Iwai and N. Katayama. “Two kinds of generalized Taub-NUT metrics and the symmetry
of associated dynamical systems.” In: Journal of Physics A: Mathematical and General 27.9
(May 1994), pp. 3179–3190. issn: 0305-4470, 1361-6447. doi: 10.1088/0305-4470/27/
9/029.

[79] T. Iwai and N. Katayama. “Multifold Kepler systems—Dynamical systems all of whose
bounded trajectories are closed.” In: Journal of Mathematical Physics 36.4 (Apr. 1995),
pp. 1790–1811. issn: 0022-2488, 1089-7658. doi: 10.1063/1.531086.

[80] T. Iwai and Y. Uwano. “The four-dimensional conformal Kepler problem reduces to the
three-dimensional Kepler problem with a centrifugal potential and Dirac’s monopole field.
Classical theory.” In: Journal of Mathematical Physics 27.6 (June 1986), pp. 1523–1529. issn:
0022-2488, 1089-7658. doi: 10.1063/1.527112.

[81] R. Jackiw. “Dynamical symmetry of the magnetic monopole.” In: Annals of Physics 129.1
(Oct. 1980), pp. 183–200. issn: 00034916. doi: 10.1016/0003-4916(80)90295-X.

[82] J. D. Jackson. Classical electrodynamics. 3rd ed. New York: Wiley, 1999. isbn:
9780471309321.

[83] C Jacobi. “Problema trium corporum mutuis attractionibus cubis distantiarum inverse
proportionalibus recta linea se moventium.” In: Gesammelte Werke 4 (1866), pp. 533–539.

[84] C. G. J. Jacobi. Vorlesungen über Dynamik, Königsberg lectures of 1842-1843. G. Reimer,
1884.

[85] N. Jacobson. Basic Algebra II: Second Edition. 2nd ed. Dover Books on Mathematics. New-
buryport: Dover Publications, 2012. isbn: 9780486471877.

https://doi.org/10.1140/epjp/s13360-023-04464-6
https://doi.org/10.1140/epjp/s13360-023-04464-6
https://doi.org/10.1063/1.4962924
https://doi.org/10.1088/1742-6596/965/1/012018
https://doi.org/10.1016/S0393-0440(99)00051-0
https://doi.org/10.1016/S0393-0440(99)00051-0
https://doi.org/10.1017/CBO9781107325982
https://doi.org/10.1088/0305-4470/27/9/029
https://doi.org/10.1088/0305-4470/27/9/029
https://doi.org/10.1063/1.531086
https://doi.org/10.1063/1.527112
https://doi.org/10.1016/0003-4916(80)90295-X


220 bibliography

[86] J. V. José and E. J. Saletan. Classical dynamics: a contemporary approach. 6th printing. Cam-
bridge: Cambridge Univ. Press, 2006. isbn: 9780521636360 9780521631761.

[87] E. G. Kalnins, J. M. Kress, and W Miller. “Families of classical subgroup separable superin-
tegrable systems.” In: Journal of Physics A: Mathematical and Theoretical 43.9 (Mar. 2010),
p. 092001. issn: 1751-8113, 1751-8121. doi: 10.1088/1751-8113/43/9/092001.

[88] E. G. Kalnins, J. M. Kress, and W. Miller. Separation of variables and superintegrability: the
symmetry of solvable systems. IOP expanding physics. Bristol, UK: IOP Publishing, 2018.
isbn: 9780750313155.

[89] E. G. Kalnins, W Miller, and S Post. “Wilson polynomials and the generic superintegrable
system on the 2-sphere.” In: Journal of Physics A: Mathematical and Theoretical 40.38
(Sept. 2007), pp. 11525–11538. issn: 1751-8113, 1751-8121. doi: 10.1088/1751-8113/40/
38/005.

[90] M. Kato, M. Sakamoto, and H. So. “Taming the Leibniz rule on the lattice.” In: Journal of
High Energy Physics 2008.05 (May 2008), p. 057. issn: 1126-6708. doi: 10.1088/1126-
6708/2008/05/057.

[91] A. A. Kirillov. “Local Lie Algebras.” In: Russian Mathematical Surveys 31.4 (Aug. 1976),
pp. 55–75. issn: 0036-0279, 1468-4829. doi: 10.1070/RM1976v031n04ABEH001556.

[92] A. N. Kolmogorov. “On conservation of conditionally periodic motions for a small change
in Hamilton’s function.” In: Dokl. akad. nauk Sssr. Vol. 98. 1954, pp. 527–530.

[93] Y. Kosmann-Schwarzbach. “Beyond Recursion Operators.” In: Geometric Methods in
Physics XXXVI. Ed. by P. Kielanowski, A. Odzijewicz, and E. Previato. Cham: Springer In-
ternational Publishing, 2019, pp. 167–180. isbn: 978-3-030-01156-7. doi: 10.1007/978-
3-030-01156-7_18.

[94] Y. Kosmann-Schwarzbach and F. Magri. “Poisson-Nijenhuis structures.” French. In: An-
nales de l’I.H.P. Physique théorique 53.1 (1990), pp. 35–81. issn: 1879-2839.

[95] V. V. Kozlov. “Integrability and non-integrability in Hamiltonian mechanics.” In: Russian
Mathematical Surveys 38.1 (Feb. 1983), pp. 1–76. issn: 0036-0279, 1468-4829. doi: 10 .
1070/RM1983v038n01ABEH003330.

[96] M. Kreuzer and L. Robbiano. Computational linear and commutative algebra. 2016. doi:
10.1007/978-3-319-43601-2.

[97] O. Kubů, A. Marchesiello, and L. Šnobl. “Integrable systems in magnetic fields: the general-
ized parabolic cylindrical case.” In: Journal of Physics A: Mathematical and Theoretical 57.23
(June 2024), p. 235203. issn: 1751-8113, 1751-8121. doi: 10.1088/1751-8121/ad4936.

[98] O. Kubů, A. Marchesiello, and L. Šnobl. “New classes of quadratically integrable systems
in magnetic fields: The generalized cylindrical and spherical cases.” In: Annals of Physics 451
(Apr. 2023), p. 169264. issn: 00034916. doi: 10.1016/j.aop.2023.169264.

https://doi.org/10.1088/1751-8113/43/9/092001
https://doi.org/10.1088/1751-8113/40/38/005
https://doi.org/10.1088/1751-8113/40/38/005
https://doi.org/10.1088/1126-6708/2008/05/057
https://doi.org/10.1088/1126-6708/2008/05/057
https://doi.org/10.1070/RM1976v031n04ABEH001556
https://doi.org/10.1007/978-3-030-01156-7_18
https://doi.org/10.1007/978-3-030-01156-7_18
https://doi.org/10.1070/RM1983v038n01ABEH003330
https://doi.org/10.1070/RM1983v038n01ABEH003330
https://doi.org/10.1007/978-3-319-43601-2
https://doi.org/10.1088/1751-8121/ad4936
https://doi.org/10.1016/j.aop.2023.169264


bibliography 221

[99] O. Kubů, D. Reyes, P. Tempesta, and G. Tondo. “Hamiltonian integrable systems in a mag-
netic field and symplectic-Haantjes geometry.” In: Proceedings of the Royal Society A: Math-
ematical, Physical and Engineering Sciences 480.2301 (Nov. 2024), p. 20240076. issn: 1364-
5021, 1471-2946. doi: 10.1098/rspa.2024.0076.

[100] S. Labelle, M. Mayrand, and L. Vinet. “Symmetries and degeneracies of a charged oscillator
in the field of a magnetic monopole.” In: Journal of Mathematical Physics 32.6 (June 1991),
pp. 1516–1521. issn: 0022-2488, 1089-7658. doi: 10.1063/1.529259.

[101] L. D. Landau and E. M. Lifshitz. Mechanics. 3d ed. Course of theoretical physics v. 1. Oxford
New York: Pergamon Press, 1976. isbn: 9780750628969.

[102] J. M. Landsberg. Tensors: geometry and applications. Graduate studies in mathematics v.
128. Providence, R.I: American Mathematical Society, 2012. isbn: 9780821869079.

[103] H. B. Lawson. Lectures on minimal submanifolds. Mathematics lecture series ; 9. Berkeley,
CA: Publish or Perish, 1980. isbn: 9780914098188.

[104] P. D. Lax. “Integrals of nonlinear equations of evolution and solitary waves.” In: Communi-
cations on Pure and Applied Mathematics 21.5 (1968), pp. 467–490. issn: 0010-3640, 1097-
0312. doi: 10.1002/cpa.3160210503.

[105] T. Levi-Civita. “Sulla integrazione della equazione di Hamilton-Jacobi per separazione
di variabili.” In: Mathematische Annalen 59 (3 1904). issn: 00255831. doi: 10 . 1007 /
BF01445149.

[106] D. Levi, J. Negro, and M. A. del Olmo. “Discrete derivatives and symmetries of differ-
ence equations.” In: Journal of Physics A: Mathematical and General 34.10 (Mar. 2001),
pp. 2023–2030. issn: 0305-4470, 1361-6447. doi: 10.1088/0305-4470/34/10/306.

[107] D. Levi, P. Tempesta, and P. Winternitz. “Lorentz and Galilei invariance on lattices.” In:
Physical Review D 69.10 (May 2004), p. 105011. issn: 1550-7998, 1550-2368. doi: 10.1103/
PhysRevD.69.105011.

[108] D. Levi and P. Tempesta. “Multiple-scale analysis of dynamical systems on the lattice.” In:
Journal of Mathematical Analysis and Applications 376.1 (Apr. 2011), pp. 247–258. issn:
0022247X. doi: 10.1016/j.jmaa.2010.09.053.

[109] D. Levi, P. Tempesta, and P. Winternitz. “Umbral calculus, difference equations and the
discrete Schrödinger equation.” In: Journal of Mathematical Physics 45.11 (Nov. 2004),
pp. 4077–4105. issn: 0022-2488, 1089-7658. doi: 10.1063/1.1780612.

[110] D. Levi, P. Winternitz, and R. I. Yamilov. Continuous symmetries and integrability of dis-
crete equations. CRM monograph series / Centre de Recherches Mathématiques, Mon-
tréal volume 38. Providence, Rhode Island: American Mathematical Society, 2022. isbn:
9780821843543 9781470472382.

[111] P. Libermann and C.-M. Marle. Symplectic Geometry and Analytical Mechanics. Dor-
drecht: Springer Netherlands, 1987. isbn: 9789027724397 9789400938076. doi: 10 .

1007/978-94-009-3807-6.

https://doi.org/10.1098/rspa.2024.0076
https://doi.org/10.1063/1.529259
https://doi.org/10.1002/cpa.3160210503
https://doi.org/10.1007/BF01445149
https://doi.org/10.1007/BF01445149
https://doi.org/10.1088/0305-4470/34/10/306
https://doi.org/10.1103/PhysRevD.69.105011
https://doi.org/10.1103/PhysRevD.69.105011
https://doi.org/10.1016/j.jmaa.2010.09.053
https://doi.org/10.1063/1.1780612
https://doi.org/10.1007/978-94-009-3807-6
https://doi.org/10.1007/978-94-009-3807-6


222 bibliography

[112] A. Lichnerowicz. “Les variétés de Jacobi et leurs algèbres de Lie associées.” In: J. Math. pures
et appl. 57 (1978), pp. 453–488.

[113] A. Lichnerowicz. “Les variétés de Poisson et leurs algèbres de Lie associées.” In: Jour-
nal of Differential Geometry 12.2 (Jan. 1977). issn: 0022-040X. doi: 10 . 4310 / jdg /
1214433987.

[114] J. Liouville. “Note sur l’intégration des équations différentielles de la Dynamique, présentée
au Bureau des Longitudes le 29 juin 1853.” In: Journal de Mathématiques pures et appliquées
20 (1855), pp. 137–138.

[115] D. Lévesque, S. Post, and P. Winternitz. “Infinite families of superintegrable systems sep-
arable in subgroup coordinates.” In: Journal of Physics A: Mathematical and Theoretical
45.46 (Nov. 2012), p. 465204. issn: 1751-8113, 1751-8121. doi: 10.1088/1751-8113/45/
46/465204.

[116] F. Magri. “A geometrical approach to the nonlinear solvable equations.” In: Nonlinear Evo-
lution Equations and Dynamical Systems. Ed. by M. Boiti, F. Pempinelli, and G. Soliani.
Berlin, Heidelberg: Springer Berlin Heidelberg, 1980, pp. 233–263. isbn: 978-3-540-39197-
5.

[117] F. Magri. “Haantjes manifolds.” In: vol. 482. 2014. doi: 10.1088/1742-6596/482/1/
012028.

[118] F. Magri. “Haantjes manifolds and Veselov systems.” In: Theoretical and Mathe-
matical Physics(Russian Federation) 189 (1 2016). issn: 15739333. doi: 10 . 1134 /

S0040577916100081.

[119] F. Magri. “Haantjes Manifolds with Symmetry.” In: Theoretical and Mathemati-
cal Physics(Russian Federation) 196 (2 2018). issn: 15739333. doi: 10 . 1134 /

S0040577918080081.

[120] F. Magri. “The Kowalewski top revisited.” In: vol. 1. 2020. doi: 10 . 1017 /

9781108773287.014.

[121] F. Magri. “A simple model of the integrable Hamiltonian equation.” In: Journal of Math-
ematical Physics 19 (5 1977). issn: 00222488. doi: 10.1063/1.523777.

[122] F. Magri. “Geometry and soliton equations.” In: Atti Accad. Sci. Torino Suppl. physics 124
(1990), pp. 181–209.

[123] F. Magri. “Recursion operators and Frobenius manifolds.” In: Symmetry, Integrability and
Geometry: Methods and Applications (SIGMA) 8 (2012). issn: 18150659. doi: 10.3842/
SIGMA.2012.076.

[124] F. Magri. “A new look into the concept of separable system of Classical Mechanics.” In:
Physica D: Nonlinear Phenomena 454 (2023). issn: 01672789. doi: 10.1016/j.physd.
2023.133850.

https://doi.org/10.4310/jdg/1214433987
https://doi.org/10.4310/jdg/1214433987
https://doi.org/10.1088/1751-8113/45/46/465204
https://doi.org/10.1088/1751-8113/45/46/465204
https://doi.org/10.1088/1742-6596/482/1/012028
https://doi.org/10.1088/1742-6596/482/1/012028
https://doi.org/10.1134/S0040577916100081
https://doi.org/10.1134/S0040577916100081
https://doi.org/10.1134/S0040577918080081
https://doi.org/10.1134/S0040577918080081
https://doi.org/10.1017/9781108773287.014
https://doi.org/10.1017/9781108773287.014
https://doi.org/10.1063/1.523777
https://doi.org/10.3842/SIGMA.2012.076
https://doi.org/10.3842/SIGMA.2012.076
https://doi.org/10.1016/j.physd.2023.133850
https://doi.org/10.1016/j.physd.2023.133850


bibliography 223

[125] F. Magri and C. Morosi. “A geometrical characterization of Hamiltonian systems through
the theory of Poisson-Nijenhuis manifolds.” In: Quaderno S 19 (1984).

[126] A. A. Makarov, J. A. Smorodinsky, K. Valiev, and P. Winternitz. “A systematic search for
nonrelativistic systems with dynamical symmetries - Part I: The integrals of motion.” In: Il
Nuovo Cimento A Series 10 52 (4 1967). issn: 03693546. doi: 10.1007/BF02755212.

[127] A. Marchesiello, L. Šnobl, and P. Winternitz. “Three-dimensional superintegrable systems
in a static electromagnetic field.” In: Journal of Physics A: Mathematical and Theoretical
48.39 (Oct. 2015), p. 395206. issn: 1751-8113, 1751-8121. doi: 10.1088/1751-8113/48/
39/395206.

[128] A. Marchesiello, D. Reyes, and L. Šnobl. “Superintegrable families of magnetic monopoles
with non-radial potential in curved background.” In: Journal of Geometry and Physics 203
(Sept. 2024), p. 105261. issn: 03930440. doi: 10.1016/j.geomphys.2024.105261.

[129] C.-M. Marle. “On Jacobi Manifolds and Jacobi Bundles.” In: Symplectic Geometry,
Groupoids, and Integrable Systems. Ed. by S. S. Chern, I. Kaplansky, C. C. Moore, I. M.
Singer, P. Dazord, and A. Weinstein. Vol. 20. New York, NY: Springer US, 1991, pp. 227–
246. isbn: 9781461397212 9781461397199. doi: 10.1007/978-1-4613-9719-9_16.

[130] J. E. Marsden and T. S. Ratiu. Introduction to Mechanics and Symmetry: A Basic Exposition
of Classical Mechanical Systems. Ed. by J. E. Marsden, L. Sirovich, M. Golubitsky, and W.
Jäger. Vol. 17. Texts in Applied Mathematics. New York, NY: Springer New York, 1999.
isbn: 9781441931436 9780387217925. doi: 10.1007/978-0-387-21792-5.

[131] H. V. McIntosh and A. Cisneros. “Degeneracy in the Presence of a Magnetic Monopole.”
In: Journal of Mathematical Physics 11.3 (Mar. 1970), pp. 896–916. issn: 0022-2488, 1089-
7658. doi: 10.1063/1.1665227.

[132] E. McSween and P. Winternitz. “Integrable and superintegrable Hamiltonian systems in
magnetic fields.” In: Journal of Mathematical Physics 41.5 (May 2000), pp. 2957–2967.
issn: 0022-2488, 1089-7658. doi: 10.1063/1.533283.

[133] W. Miller, S. Post, and P. Winternitz. Classical and quantum superintegrability with appli-
cations. 2013. doi: 10.1088/1751-8113/46/42/423001.

[134] A. S. Mishchenko and A. T. Fomenko. “Generalized Liouville method of integration of
Hamiltonian systems.” In: Functional Analysis and Its Applications 12.2 (1978), pp. 113–121.
issn: 0016-2663, 1573-8485. doi: 10.1007/BF01076254.

[135] C. Morosi and G. Tondo. “Quasi-bi-Hamiltonian systems and separability.” In: Journal of
Physics A: Mathematical and General 30 (8 1997). issn: 03054470. doi: 10.1088/0305-
4470/30/8/023.

[136] C. Morosi and G. Tondo. “On a class of dynamical systems both quasi-bi-Hamiltonian and
bi-Hamiltonian.” In: Physics Letters, Section A: General, Atomic and Solid State Physics 247
(1-2 1998). issn: 03759601. doi: 10.1016/S0375-9601(98)00543-X.

https://doi.org/10.1007/BF02755212
https://doi.org/10.1088/1751-8113/48/39/395206
https://doi.org/10.1088/1751-8113/48/39/395206
https://doi.org/10.1016/j.geomphys.2024.105261
https://doi.org/10.1007/978-1-4613-9719-9_16
https://doi.org/10.1007/978-0-387-21792-5
https://doi.org/10.1063/1.1665227
https://doi.org/10.1063/1.533283
https://doi.org/10.1088/1751-8113/46/42/423001
https://doi.org/10.1007/BF01076254
https://doi.org/10.1088/0305-4470/30/8/023
https://doi.org/10.1088/0305-4470/30/8/023
https://doi.org/10.1016/S0375-9601(98)00543-X


224 bibliography

[137] J. Möser. “On invariant curves of area-preserving mappings of an annulus.” In: Nachr.
Akad. Wiss. Göttingen, II (1962), pp. 1–20.

[138] J. Moser. “Three integrable Hamiltonian systems connected with isospectral deforma-
tions.” In: Advances in Mathematics 16.2 (May 1975), pp. 197–220. issn: 00018708. doi:
10.1016/0001-8708(75)90151-6.

[139] N. N. Nehorošev. “Veränderliche Wirkungswinkel und ihre Verallgemeinerungen (Action-
angle variables, and their generalizations).” Russian. In: Tr. Mosk. Mat. O.-va 26 (1972),
pp. 181–198. issn: 0134-8663.

[140] A. Nersessian and G. Pogosyan. “Relation of the oscillator and Coulomb systems on
spheres and pseudospheres.” In: Physical Review A 63.2 (Jan. 2001), p. 020103. issn: 1050-
2947, 1094-1622. doi: 10.1103/PhysRevA.63.020103.

[141] A. Newlander and L. Nirenberg. “Complex Analytic Coordinates in Almost Complex
Manifolds.” In: The Annals of Mathematics 65 (3 1957). issn: 0003486X. doi: 10.2307/
1970051.

[142] A. Nijenhuis. “Xn-1-Forming Sets of Eigenvectors.” In: Indagationes Mathematicae (Pro-
ceedings) 54 (1951). issn: 13857258. doi: 10.1016/s1385-7258(51)50028-8.

[143] A. Nijenhuis. “Jacobi-type identities for bilinear differential concomitants of certain tensor
fields. I.” In: Indagationes Mathematicae (Proceedings) 58 (1955). issn: 13857258. doi: 10.
1016/s1385-7258(55)50054-0.

[144] A. Nijenhuis. “Jacobi-type identities for bilinear differential concomitants of certain tensor
fields. II.” In: Indagationes Mathematicae (Proceedings) 58 (1955). issn: 13857258. doi: 10.
1016/s1385-7258(55)50055-2.

[145] A. G. Nikitin. “Superintegrable and Scale-Invariant Quantum Systems with Position-
Dependent Mass.” In: Ukrainian Mathematical Journal 74.3 (Aug. 2022), pp. 405–419.
issn: 0041-5995, 1573-9376. doi: 10.1007/s11253-022-02072-8.

[146] M. Olshanetsky and A. Perelomov. “Classical integrable finite-dimensional systems related
to Lie algebras.” In: Physics Reports 71.5 (May 1981), pp. 313–400. issn: 03701573. doi: 10.
1016/0370-1573(81)90023-5.

[147] P. Painlevé. Sur les intégrales quadratiques des équations de la dynamique. 1897.

[148] A. M. Perelomov. Integrable Systems of Classical Mechanics and Lie Algebras. Basel:
Birkhäuser Basel, 1990. isbn: 9783764323363 9783034892575. doi: 10 . 1007 / 978 - 3 -
0348-9257-5.

[149] A. Peres. “Rotational Invariance of Magnetic Monopoles.” In: Physical Review 167.5 (Mar.
1968), pp. 1449–1449. issn: 0031-899X. doi: 10.1103/PhysRev.167.1449.

[150] G. D. Pirro. “Sugli integrali primi quadratici delle equazioni della meccanica.” In: Annali
di Matematica Pura ed Applicata 24 (1 1896). issn: 16181891. doi: 10.1007/BF02419532.

https://doi.org/10.1016/0001-8708(75)90151-6
https://doi.org/10.1103/PhysRevA.63.020103
https://doi.org/10.2307/1970051
https://doi.org/10.2307/1970051
https://doi.org/10.1016/s1385-7258(51)50028-8
https://doi.org/10.1016/s1385-7258(55)50054-0
https://doi.org/10.1016/s1385-7258(55)50054-0
https://doi.org/10.1016/s1385-7258(55)50055-2
https://doi.org/10.1016/s1385-7258(55)50055-2
https://doi.org/10.1007/s11253-022-02072-8
https://doi.org/10.1016/0370-1573(81)90023-5
https://doi.org/10.1016/0370-1573(81)90023-5
https://doi.org/10.1007/978-3-0348-9257-5
https://doi.org/10.1007/978-3-0348-9257-5
https://doi.org/10.1103/PhysRev.167.1449
https://doi.org/10.1007/BF02419532


bibliography 225

[151] S. Post and P. Winternitz. “An infinite family of superintegrable deformations of the
Coulomb potential.” In: Journal of Physics A: Mathematical and Theoretical 43.22 (June
2010), p. 222001. issn: 1751-8113, 1751-8121. doi: 10.1088/1751-8113/43/22/222001.

[152] S. Post and P. Winternitz. “A nonseparable quantum superintegrable system in 2D real
Euclidean space.” In: Journal of Physics A: Mathematical and Theoretical 44 (16 2011). issn:
17518113. doi: 10.1088/1751-8113/44/16/162001.

[153] C. Procesi. Lie Groups, An Approach through Invariants and Representations. Universitext.
New York, NY: Springer New York, 2007. isbn: 9780387260402. doi: 10.1007/978-0-
387-28929-8.

[154] G. Pucacco. “On Integrable Hamiltonians with Velocity Dependent Potentials.” In: Ce-
lestial Mechanics and Dynamical Astronomy 90.1-2 (Sept. 2004), pp. 109–123. issn: 0923-
2958, 1572-9478. doi: 10.1007/s10569-004-1586-y.

[155] G. Pucacco and K. Rosquist. “Integrable Hamiltonian systems with vector potentials.” In:
Journal of Mathematical Physics 46.1 (Jan. 2005), p. 012701. issn: 0022-2488, 1089-7658.
doi: 10.1063/1.1818721.

[156] M. F. Rañada. “The Post–Winternitz system on spherical and hyperbolic spaces: A proof
of the superintegrability making use of complex functions and a curvature-dependent for-
malism.” In: Physics Letters A 379.38 (Oct. 2015), pp. 2267–2271. issn: 03759601. doi: 10.
1016/j.physleta.2015.07.043.

[157] D. Reyes Nozaleda, P. Tempesta, and G. Tondo. “Classical multiseparable Hamiltonian
systems, superintegrability and Haantjes geometry.” In: Communications in Nonlinear Sci-
ence and Numerical Simulation 104 (2022). issn: 10075704. doi: 10.1016/j.cnsns.
2021.106021.

[158] D. Reyes, M. A. Rodríguez, and P. Tempesta. “A Frobenius-Type Theory for Discrete Sys-
tems.” In: Studies in Applied Mathematics 154.3 (Mar. 2025), e70037. issn: 0022-2526, 1467-
9590. doi: 10.1111/sapm.70037.

[159] D. Reyes, P. Tempesta, and G. Tondo. “Generalized Nijenhuis Torsions and Block-
Diagonalization of Operator Fields.” In: Journal of Nonlinear Science 33 (2 2023). issn:
14321467. doi: 10.1007/s00332-022-09877-8.

[160] D. Reyes, P. Tempesta, and G. Tondo. “Partial separability and symplectic-Haantjes mani-
folds.” In: Annali di Matematica Pura ed Applicata (1923 -) 203.6 (Dec. 2024), pp. 2677–
2710. issn: 0373-3114, 1618-1891. doi: 10.1007/s10231-024-01462-y.

[161] M. A. Rodríguez, P. Tempesta, and P. Winternitz. “Symmetry reduction and superinte-
grable Hamiltonian systems.” In: vol. 175. 2009. doi: 10.1088/1742-6596/175/1/
012013.

https://doi.org/10.1088/1751-8113/43/22/222001
https://doi.org/10.1088/1751-8113/44/16/162001
https://doi.org/10.1007/978-0-387-28929-8
https://doi.org/10.1007/978-0-387-28929-8
https://doi.org/10.1007/s10569-004-1586-y
https://doi.org/10.1063/1.1818721
https://doi.org/10.1016/j.physleta.2015.07.043
https://doi.org/10.1016/j.physleta.2015.07.043
https://doi.org/10.1016/j.cnsns.2021.106021
https://doi.org/10.1016/j.cnsns.2021.106021
https://doi.org/10.1111/sapm.70037
https://doi.org/10.1007/s00332-022-09877-8
https://doi.org/10.1007/s10231-024-01462-y
https://doi.org/10.1088/1742-6596/175/1/012013
https://doi.org/10.1088/1742-6596/175/1/012013


226 bibliography

[162] M. A. Rodríguez and P. Tempesta. “On higher-dimensional superintegrable systems: a new
family of classical and quantum Hamiltonian models.” In: Journal of Physics A: Mathemat-
ical and Theoretical 55.50 (Dec. 2022), 50LT01. issn: 1751-8113, 1751-8121. doi: 10.1088/
1751-8121/acaada.

[163] M. A. Rodríguez and P. Tempesta. “A new discretization of the Euler equation via the finite
operator theory.” In: Open Communications in Nonlinear Mathematical Physics Special
Issue in Memory of... (Feb. 2024), p. 12298. issn: 2802-9356. doi: 10.46298/ocnmp.
12298.

[164] M. A. Rodríguez, P. Tempesta, and P. Winternitz. “Reduction of superintegrable systems:
The anisotropic harmonic oscillator.” In: Physical Review E - Statistical, Nonlinear, and
Soft Matter Physics 78 (4 2008). issn: 15393755. doi: 10.1103/PhysRevE.78.046608.

[165] S. M. Roman and G.-C. Rota. “The umbral calculus.” In: Advances in Mathematics 27.2
(Feb. 1978), pp. 95–188. issn: 00018708. doi: 10.1016/0001-8708(78)90087-7.

[166] S. Roman. The umbral calculus. Pure and applied mathematics 111. New York: Academic
Press, 1984. isbn: 9780125943802.

[167] N. Román-Roy. “An Overview of the Hamilton–Jacobi Theory: the Classical and Geo-
metrical Approaches and Some Extensions and Applications.” In: Mathematics 9.1 (Jan.
2021), p. 85. issn: 2227-7390. doi: 10.3390/math9010085.

[168] E. Rosochatius. “Über die Bewegung eines Punktes.” In: Inaugural Dissertation Göttingen,
Unger (1877).

[169] G.-C. Rota and P. Doubilet. Finite operator calculus. New York: Academic Press, 1975. isbn:
9780125966504.

[170] C. Rovelli and L. Smolin. “Discreteness of area and volume in quantum gravity.” In: Nu-
clear Physics B 442.3 (May 1995), pp. 593–619. issn: 05503213. doi: 10 . 1016 / 0550 -
3213(95)00150-Q.

[171] J. A. Schouten. “Über Differentialkomitanten zweier kontravarianter grössen.” In: Nederl.
Akad. Wetensch., Proc. Vol. 43. 1940, pp. 449–452.

[172] J. A. Schouten. “On the differential operators of first order in tensor calculus.” In: Convegno
Internazionale di Geometria Differenziale, Italia, 1953, Edizioni Cremonese, Roma (1954),
pp. 1–7.

[173] M. B. Sheftel, P. Tempesta, and P. Winternitz. “Superintegrable systems in quantum me-
chanics and classical Lie theory.” In: Journal of Mathematical Physics 42 (2 2001). issn:
00222488. doi: 10.1063/1.1337798.

[174] E. K. E. Sklyanin. “Separation of Variables: New Trends.” In: Progress of Theoretical Physics
Supplement 118 (1995).

[175] N. Steenrod. The Topology of Fibre Bundles. (PMS-14). Princeton University Press, Dec.
1951. isbn: 9781400883875. doi: 10.1515/9781400883875.

https://doi.org/10.1088/1751-8121/acaada
https://doi.org/10.1088/1751-8121/acaada
https://doi.org/10.46298/ocnmp.12298
https://doi.org/10.46298/ocnmp.12298
https://doi.org/10.1103/PhysRevE.78.046608
https://doi.org/10.1016/0001-8708(78)90087-7
https://doi.org/10.3390/math9010085
https://doi.org/10.1016/0550-3213(95)00150-Q
https://doi.org/10.1016/0550-3213(95)00150-Q
https://doi.org/10.1063/1.1337798
https://doi.org/10.1515/9781400883875


bibliography 227

[176] W. A. Strauss. Partial differential equations: an introduction. 2nd ed. New York: Wiley,
2009. isbn: 9780470054567.

[177] P. Stäckel. Sur une classe de problemes de dynamique. Gauthier-Villars, 1893.

[178] P. Stäckel. “Ueber quadratische Integrale der Differentialgleichungen der Dynamik.” Ger-
man. In: Annali di Matematica Pura ed Applicata 25.1 (Dec. 1897), pp. 55–60. issn: 0373-
3114. doi: 10.1007/BF02580501.

[179] Y. B. Suris. The problem of integrable discretization: Hamiltonian approach. Progress in
mathematics v. 219. Basel ; Boston: Birkhäuser, 2003. isbn: 9780817669959 9783764369958.

[180] P. Tempesta, P. Winternitz, J. Harnad, W. Miller, G. Pogosyan, and M. Rodriguez, eds. Su-
perintegrability in Classical and Quantum Systems. American Mathematical Society, Nov.
2004. isbn: 9781470439514. doi: 10.1090/crmp/037.

[181] P. Tempesta. “Integrable maps from Galois differential algebras, Borel transforms and num-
ber sequences.” In: Journal of Differential Equations 255.10 (Nov. 2013), pp. 2981–2995.
issn: 00220396. doi: 10.1016/j.jde.2013.04.008.

[182] P. Tempesta. Galois differential algebras and categorical discretization of dynamical systems.
2014. doi: 10.48550/ARXIV.1407.6176.

[183] P. Tempesta and G. Tondo. “Generalized Lenard chains, separation of variables, and super-
integrability.” In: Physical Review E - Statistical, Nonlinear, and Soft Matter Physics 85 (4
2012). issn: 15393755. doi: 10.1103/PhysRevE.85.046602.

[184] P. Tempesta and G. Tondo. “Haantjes algebras and diagonalization.” In: Journal of Geome-
try and Physics 160 (2021). issn: 03930440. doi: 10.1016/j.geomphys.2020.103968.

[185] P. Tempesta and G. Tondo. “Haantjes algebras of classical integrable systems.” In: Annali
di Matematica Pura ed Applicata 201 (1 2022). issn: 16181891. doi: 10.1007/s10231-
021-01107-4.

[186] P. Tempesta and G. Tondo. “Higher Haantjes Brackets and Integrability.” In: Communi-
cations in Mathematical Physics 389 (3 2022). issn: 14320916. doi: 10.1007/s00220-
021-04233-5.

[187] P. Tempesta and G. Tondo. “Polarization of generalized Nijenhuis torsions.” In: Contem-
porary Mathematics. Ed. by I. Krasil’shchik, A. Sossinsky, and A. Verbovetsky. Vol. 789.
Providence, Rhode Island: American Mathematical Society, 2023, pp. 209–223. isbn:
9781470474096 9781470473556. doi: 10.1090/conm/789/15848.

[188] P. Tempesta, A. V. Turbiner, and P. Winternitz. “Exact solvability of superintegrable sys-
tems.” In: Journal of Mathematical Physics 42 (9 2001). issn: 00222488. doi: 10.1063/
1.1386927.

[189] G. Tondo. “Haantjes Algebras of the Lagrange Top.” In: Theoretical and Mathe-
matical Physics(Russian Federation) 196 (3 2018). issn: 15739333. doi: 10 . 1134 /

S004057791809009X.

https://doi.org/10.1007/BF02580501
https://doi.org/10.1090/crmp/037
https://doi.org/10.1016/j.jde.2013.04.008
https://doi.org/10.48550/ARXIV.1407.6176
https://doi.org/10.1103/PhysRevE.85.046602
https://doi.org/10.1016/j.geomphys.2020.103968
https://doi.org/10.1007/s10231-021-01107-4
https://doi.org/10.1007/s10231-021-01107-4
https://doi.org/10.1007/s00220-021-04233-5
https://doi.org/10.1007/s00220-021-04233-5
https://doi.org/10.1090/conm/789/15848
https://doi.org/10.1063/1.1386927
https://doi.org/10.1063/1.1386927
https://doi.org/10.1134/S004057791809009X
https://doi.org/10.1134/S004057791809009X


228 bibliography

[190] G. Tondo and C. Morosi. “Bi-Hamiltonian manifolds, quasi-bi-Hamiltonian systems and
separation variables.” In: Reports on Mathematical Physics 44 (1-2 1999). issn: 00344877.
doi: 10.1016/s0034-4877(99)80167-0.

[191] G. Tondo. “Generalized Lenard chains and multi-separability of the Smorodinsky-
Winternitz system.” In: vol. 482. 2014. doi: 10.1088/1742-6596/482/1/012042.

[192] G. Tondo and P. Tempesta. “Haantjes structures for the Jacobi-Calogero model and the
Benenti systems.” In: Symmetry, Integrability and Geometry: Methods and Applications
(SIGMA) 12 (2016). issn: 18150659. doi: 10.3842/SIGMA.2016.023.

[193] I. Vaisman. Lectures on the Geometry of Poisson Manifolds. Basel: Birkhäuser Basel, 1994.
isbn: 9783034896498 9783034884952. doi: 10.1007/978-3-0348-8495-2.

[194] P Vinternitz, Y. A. Smorodinskii, M Uglirzh, and I Frish. “Symmetry groups in classical
and quantum mechanics.” In: Yadern. Fiz. 4 (1966).

[195] R. Ward. “Discretization of integrable systems.” In: Physics Letters A 165.4 (May 1992),
pp. 325–329. issn: 03759601. doi: 10.1016/0375-9601(92)90502-D.

[196] S. Wojciechowski. “Integrability of one particle in a perturbed central quartic potential.”
In: Physica Scripta 31 (6 1985). issn: 14024896. doi: 10.1088/0031-8949/31/6/001.

[197] K. Yano and M. Kon. Structures on Manifolds. Vol. 3. Series in Pure Mathematics. World
Scientific, Feb. 1985. isbn: 9789971966157 9789814503037. doi: 10.1142/0067.

[198] K. Yano and S. Ishihara. Tangent and cotangent bundles: Differential Geometry. Pure and
applied mathematics, 16. New York: Marcel Dekker, Inc, 1973. isbn: 9780824760717.

[199] D. Zwanziger. “Exactly Soluble Nonrelativistic Model of Particles with Both Electric and
Magnetic Charges.” In: Physical Review 176.5 (Dec. 1968), pp. 1480–1488. issn: 0031-899X.
doi: 10.1103/PhysRev.176.1480.

https://doi.org/10.1016/s0034-4877(99)80167-0
https://doi.org/10.1088/1742-6596/482/1/012042
https://doi.org/10.3842/SIGMA.2016.023
https://doi.org/10.1007/978-3-0348-8495-2
https://doi.org/10.1016/0375-9601(92)90502-D
https://doi.org/10.1088/0031-8949/31/6/001
https://doi.org/10.1142/0067
https://doi.org/10.1103/PhysRev.176.1480

	Agradecimientos
	Contents
	Abbreviations
	Publications
	Resumen
	Abstract
	Prelude
	Introduction
	1 Integrability and Hamilton-Jacobi theory
	1.1 Preliminaries on Geometric Mechanics
	1.1.1 Symplectic Manifolds
	1.1.2 The Schouten-Nijenhuis bracket
	1.1.3 Poisson Manifolds
	1.1.4 Jacobi Manifolds

	1.2 Integrability in classical Hamiltonian mechanics
	1.3 Hamilton-Jacobi Theory
	1.3.1 Hamilton-Jacobi Equation
	1.3.2 Geometric approach to the Hamilton-Jacobi problem
	1.3.3 Separation of variables for the Hamilton-Jacobi equation
	1.3.4 Separability criteria

	1.4 Remarkable families of integrable systems
	1.4.1 Generalized and classical Stäckel systems
	1.4.2 Lax pairs


	2 Nijenhuis and Haantjes operators
	2.1 The Frölicher-Nijenhuis Bracket
	2.2 Nijenhuis operators
	2.2.1 The Nijenhuis torsion
	2.2.2 Definition and examples
	2.2.3 General properties
	2.2.4 Splitting theorem
	2.2.5 Normal forms for Nijenhuis operators
	2.2.6 The Newlander-Nirenberg theorem

	2.3 Haantjes operators
	2.3.1 The Haantjes torsion
	2.3.2 Integrable frames, Haantjes theorem and Haantjes operators
	2.3.3 Diagonalization of Haantjes operators
	2.3.4 Basic examples of Haantjes operators
	2.3.5 Main properties

	2.4 Haantjes algebras
	2.4.1 Definition
	2.4.2 Haantjes coordinates
	2.4.3 Unigenerated Haantjes algebras



	Symplectic-Haantjes geometry and separability
	3 The Haantjes approach to separation of variables
	3.1 Bi-Hamiltonian and symplectic-Nijenhuis manifolds
	3.1.1 Bi-Hamiltonian manifolds
	3.1.2 Symplectic-Nijenhuis manifolds
	3.1.3 Darboux-Nijenhuis coordinates and separability on N manifolds

	3.2 Haantjes manifolds
	3.3 Symplectic-Haantjes manifolds
	3.3.1 Definition
	3.3.2 Haantjes chains
	3.3.3 Darboux-Haantjes coordinates
	3.3.4 N and   manifolds
	3.3.5 Haantjes and   manifolds
	3.3.6 A procedure to construct DH coordinates

	3.4 Complete integrability and separation of variables in   manifolds
	3.4.1 Haantjes theorem for integrable systems
	3.4.2 Separation of variables in   manifolds
	3.4.3 Haantjes structures for generalized Stäckel systems
	3.4.4 A general procedure to construct   manifolds

	3.5 Separation of variables for a Drach-Holt type system
	3.5.1 The   structure
	3.5.2 Separation Coordinates
	3.5.3 Separation Equations of Jacobi–Sklyanin

	3.6 Construction of Haantjes operators in T*Q: a novel geometric lift

	4 Multiseparable Systems and Superintegrability
	4.1 Multiseparable systems and Haantjes geometry
	4.2 Haantjes structures for multiseparable systems in E2
	4.2.1 Smorodinsky-Winternitz system SWI
	4.2.2 The Smorodinsky-Winternitz system SWII
	4.2.3 The Smorodinsky-Winternitz system SWIII
	4.2.4 The Smorodinsky-Winternitz system SWIV

	4.3 Anisotropic oscillator with Rosochatius terms
	4.4   structures for multiseparable systems in E3
	4.4.1 The Kepler system with a Rosochatius-type term
	4.4.2 A class of generalized Kepler systems
	4.4.3 A class of anisotropic oscillators
	4.4.4 The Jacobi-Calogero model


	5 Partial separability
	5.1 Partial separability
	5.1.1 Main definition
	5.1.2 Partial separability and Benenti-type conditions

	5.2 Non-semisimple Haantjes algebras and partial separability
	5.2.1 Darboux-Haantjes coordinates and partial separability

	5.3 Partial separability and generalized Stäckel systems
	5.3.1 A new family of generalized Stäckel systems
	5.3.2 Partial separability and semisimple Haantjes manifolds
	5.3.3 Generalized Stäckel systems and Hamilton-Jacobi equations

	5.4 Examples of partially separable Hamiltonian models
	5.4.1 The Jacobi-Calogero three-particle system (Case I)
	5.4.2 Construction of a new generalized Stäckel system (Case II)


	6 Hamiltonian integrable systems in a magnetic field
	6.1 Haantjes operators associated to cyclic coordinates
	6.2 Magnetic fields and Riemannian geometry
	6.3 Separable systems with magnetic field in cylindrical coordinates
	6.4 Superintegrability and multiseparability
	6.4.1 A superintegrable model in a constant magnetic field
	6.4.2 The helical undulator

	6.5 Relation with the Stäckel geometry: The AKN systems
	6.5.1 Stäckel analysis for the system in a constant magnetic field
	6.5.2 Stäckel analysis for the helical undulator

	6.6 New families of magnetic systems on a Riemannian space
	6.7 Non-radial superintegrable monopoles in curved spaces
	6.7.1 Superintegrable systems and magnetic monopoles: an overview
	6.7.2 New family of systems
	6.7.3 Analysis of minimal superintegrability
	6.7.4 Final remarks



	Generalized Nijenhuis geometry
	7 Generalized Haantjes algebras and block-diagonalization
	7.1 Generalized Nijenhuis operators
	7.1.1 Main properties
	7.1.2 Block-diagonalization

	7.2 Generalized Haantjes algebras
	7.2.1 Definitions
	7.2.2 Generalized and unigenerated Haantjes algebras

	7.3 Simultaneous block-diagonalization
	7.3.1 The importance of the pairwise integrability

	7.4 Block-diagonalization of generalized Haantjes algebras
	7.4.1 A third-level generalized Haantjes algebra
	7.4.2 Block-diagonalization

	7.5 A fourth-level generalized Haantjes algebra
	7.5.1 Spectral analysis
	7.5.2 Block-diagonalization

	7.6 Polarizations
	7.6.1 Defect and polarization of torsions
	7.6.2 Generalized Haantjes modules and vector spaces



	Other related results on discrete integrability
	8 A Frobenius-type theory for discrete systems
	8.1 Basic notions of finite operator calculus
	8.2 Pincherle derivative and basic polynomials
	8.3 Discretization of dynamical systems: Rota algebras
	8.4 Generalizing Frobenius analysis on the lattice: Regular points
	8.4.1 Statement of the problem
	8.4.2 A constant coefficient model
	8.4.3 The Airy equation
	8.4.4 The Hermite equation
	8.4.5 Continuum limit

	8.5 Frobenius theory for regular singular points
	8.6 A discrete Bessel equation
	8.6.1 The zero-order Bessel equation
	8.6.2 The Bessel equation of order 



	Conclusions and appendices
	Conclusions and future perspectives
	A Operators compatible with the symplectic form in 2D and 3D systems
	B On the Haantjes structure of the anisotropic oscillator
	C Partial brackets in the proof of Theorem 5.2.1
	D Partial and total separability of a completely integrable system
	D.1 Partial separability (Case (I))
	D.2 Total separability

	Bibliography


