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Introduccion

Las extensiones de cuerpos puramente inseparables son un objeto de especial interés
para el Algebra Conmutativa. Han sido estudiadas ampliamente, en particular, con
vistas a desarrollar un analogo de la teoria de Galois clasica establecida para extensio-
nes separables de cuerpos. El principal objetivo de esta tesis es estudiar la extensién
de esta nocién de extensiones puramente inseparables al caso de extensiones de anillos
y generalizar algunas de las propiedades y resultados que se conocen para extensiones
de cuerpos puramente inseparables a este contexto més amplio.

Palabras clave: Extensiones puramente inseparables de anillos, torres de anillos,
operadores diferenciales, p-bases, médulos proyectivos, extensiones modulares.

Codigos de clasificacion MSC: 13B05, 13N10, 13C10, 14M15, 14L.17

Motivacion

En lo que sigue, suponemos que todos los anillos son conmutativos, con unidad,
1 # 0, y de caracteristica prima p > 0.

Sea A C C una extension de anillos con estas condiciones. Decimos que un ele-
mento z € C tiene exponente finito si existe un entero e > 0 tal que zP° € A, el menor
entero con esta propiedad se conoce como el exponente del elemento. Decimos que la
extension de anillos A C C tiene exponente finito si existe un entero e > 0 tal que
todo elemento x € C' tiene exponente como mucho e, o dicho de otro modo, tal que
xP° € A para todo x € C. El minimo entero e que satisface esta propiedad se llama
ezponente de la extension y lo denotamos por exp(C/A).

Las extensiones de cuerpos puramente inseparables son extensiones de cuerpos
K C L tales que cada elemento x € L tiene exponente finito sobre K. Han sido
estudiadas ampliamente por autores como S. Shatz ([60]), S. U. Chase ([16]) v G.
Pickert ([51], [52]). Nos centraremos en las extensiones finitas. En este caso, si K C L
es un extensién de cuerpos finita y puramente inseparable, se sabe que para cualquier
clausura algebraica K del cuerpo K, tenemos un isomorfismo de K-algebras L ®g
K = K[X1,...,X,]/(XP" ... XE™) para ciertos e; > 0 (ver [54]). De hecho, las
extensiones finitas puramente inseparables de cuerpos se pueden caracterizar entre las
extensiones finitas usando esta propiedad que acabamos de describir.

Una version similar de la propiedad anterior fue usada por F. Pauer en [49] para
generalizar la nocién de extensiones puramente inseparables al caso de anillos. En
este contexto, el papel de la clausura algebraica es reemplazado por una extensién de



Introduccion

anillos fielmente plana. De manera mas precisa, definiremos una extension puramente
inseparable de anillos como sigue:

Definicion 0.1. Una extension de anillos A C C' es puramente inseparable si cumple
las siguientes condiciones:

(i) A C C tiene exponente finito,
(ii) C es un A-modulo finitamente generado y proyectivo, y

(ili) para cada ideal primo p C A, hay una extension fielmente plana A, — A’ de
anillos tal que hay un isomorfismo Cp, ®4, A’ = A'[Xy, ... X (X XET
para ciertos enteros e; > 0.

El término original empleado por F. Pauer para nombrar a estas extensiones era
dlgebras especiales. Fue tiempo después cuando el término puramente inseparable se
uso para referirse a estas extensiones (|55]). Advertimos al lector, que este término ha
sido utilizado también en la literatura con otros matices. Por un lado, M. E. Sweedler
lo usé también (|61]) con este mismo proposito de extender la definicién de extensio-
nes de cuerpos puramente inseparables a las &lgebras sobre un anillo, pero con una
perspectiva diferente. Mas adelante, su definicién de inseparabilidad fue considerada
por A. Holleman, quien establecié una relacién entre estas y las extensiones radiciales
(|33]), y por S. Satd, quien la reformulé més adelante a una nocién mas fuerte ([57]).
Estas otras definiciones de dlgebras puramente inseparables son méas amplias que la
ofrecida por F. Pauer. De hecho, estas la incluyen como la subclase méas pequena que
contiene a las extensiones de cuerpos puramente inseparables y que es cerrada por
cambio de base y por descenso fielmente plano.

Por este motivo, nos acercaremos a las extensiones puramente inseparables de
anillos desde la mencionada perspectiva de F. Pauer, que coincide con la dada por
S. Yuan para el caso de exponente uno. Daremos méas detalles més adelante, pero
anticipamos algunas pistas. Por un lado, S. Yuan estudi6 las extensiones puramente
inseparables de exponente uno, o ezxtensiones Galois como las llamé, en relacién con las
p-bases ([68]) y también en términos del concepto de anillos diferencialmente simples
(|66]). Por otro lado, F. Pauer dio en [49] una coleccion de condiciones equivalentes
que caracterizaban las extensiones de anillos puramente inseparables en términos de
los médulos de diferenciales y de las sucesiones normales de generadores, una nocion
que generaliza en cierto sentido el concepto de p-bases al caso de exponente mayor.
Extendi6 algunas ideas de R. Rasala ([54]), que habia tratado previamente el caso
particular de las algebras especiales sobre un cuerpo. Por nuestra parte, la principal
contribucién es extender la lista de caracterizaciones de las extensiones de anillos
puramente inseparables usando operadores diferenciales.

Volviendo al caso de cuerpos, uno de los principales intereses relacionados con las
extensiones puramente inseparables es desarrollar un teoria de “Galois” como la teoria
clasica que se aplica a extensiones separables. A grandes rasgos, lo que se intenta es
establecer una correspondencia entre ciertas subextensiones de una extensién de cuer-
pos puramente inseparable y ciertos subobjetos de un objeto algebraico. Encontramos
diferentes aproximaciones a este problema, pero distinguimos dos de ellas.
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El primer enfoque se centra en los subcuerpos intermedios de una extension fi-
nita puramente inseparable de cuerpos. Es bien conocido que dada una extension
de cuerpos puramente inseparable K C L, cualquier subcuerpo intermedio F, i.e.,
K C E C L, es tal que las subextensiones K C EF y E C L son también puramen-
te inseparables. El caso de exponente uno fue tratado por N. Jacobson (|34], [36]),
quien establecié una correspondencia biyectiva entre los cuerpos intermedios de una
extensiéon finita puramente inseparable de cuerpos de exponente uno K C L vy las
subalgebras de Lie restringidas de Derg(L). Mientras que el caso general ha sido
estudiado recientemente por L. Brantner and J. Waldron ([10]). Ellos extienden la co-
rrespondencia de Jacobson a todos los subcuerpos intermedios de cualquier extensiéon
finita puramente inseparable de cuerpos K C L usando pariticiones de algebroides
de Lie y métodos de geometria algebraica derivada. Sin embargo, estamos lejos de
obtener tal correspondencia para extensiones de anillos puramente inseparables. Co-
mo explicaremos méas adelante, la situacién en el caso de anillos conmutativos es méas
complicada, puesto que no todo subanillo intermedio B de una extensiéon de anillos
puramente inseparable A C C es tal que ambas extensiones A C By B C C son
puramente inseparables. De hecho, nuestra contribucién en este sentido es aportar
algunas condiciones que garantizan esta situacién.

El segundo enfoque de las teorfas “Galois” puramente inseparables se centra en
algunos subcuerpos intermedios de una extensién finita puramente inseparable que
juegan el papel de las extensiones normales en la teoria separable. Estos subcuerpos
intermedios de interés son aquellos que inducen las subextensiones conocidas como
extensiones modulares. Uno puede encontrar en [62], [23] y [15] algunas corresponden-
cias, relacionadas con derivaciones de Hasse-Schmidt, para los subcuerpos intermedios
E de una extensién de cuerpos finita puramente inseparable K C L tal que £ C L
es una extensién modular. La nocién de extension modular fue introducida por M. E.
Sweedler en [62], que las caracteriz6 como extensiones finitas de cuerpos puramente
inseparables K C L que satisfacen las siguientes condiciones equivalentes:

€1

1) Hay un isomorfismo L ~ K[X1,..., X,|/(XV " —aq,..., Xﬁen —ay) para algunos
1 g
a; € K y enteros e; > 0.

(2) K es el cuerpo de constantes de el conjunto de derivaciones de orden superior
de la extensiéon K C L.

(3) LP" y K son linealmente disjuntos para todo e > 0.

Recientemente, M. Wechter ha establecido en [64] otra caracterizacion de las extensio-
nes de cuerpos modulares involucrando operadores diferenciales. Ha demostrado que
la siguiente condicién es equivalente a las anteriores para cualquier extension finita
puramente inseparable de cuerpos K C L:

(4) Para todo entero e > 0, el L-espacio vectorial Difle’; (L) esta generado por el LP -

subespacio de operadores diferenciales D € Diff?; (L) tales que D(ka) c
para todo k < e.

Como explicaremos méas adelante, nuestra contribucién en este tema es extender la
definicién de extensiones modulares al contexto de anillos usando una nocién més
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Introduccion

general de p-base, relacionada con la presentacion dada en (1), y con la disjuncién
lineal como en (3).

Finalmente, observamos que hay también una correspondencia més general que
aplica a cualquier extension finita de cuerpos, no necesariamente de caracteristica
prima. Se conoce como la correspondencia de Jacobson-Bourbaki, que establece una
correspondencia biyectiva entre los cuerpos intermedios de una extensién finita de
cuerpos K C L y las K-subdlgebras unitarias del algebra de endomorfismos lineales
Endg (L) que son también L-subespacios vectoriales a izquierda ([38, I, §2, Theorem
2|). Esta correspondencia se ha extendido al caso no conmutativo de los anillos de
division ([37], [31], [20]). Puesto que nuestro interés es generalizar algunos resultados
que aplican para extensiones de cuerpos, es natural preguntarse si la correspondencia
de Jacobson-Bourbaki se puede extender al caso de extensiones de anillos conmutati-
vos. En este sentido, nuestra contribucién es generalizar este teorema para extensiones
de anillos conmutativos que son proyectivas y cuyos espectros son homeomorfos. En
particular, esta correspondencia se puede aplicar a extensiones de anillos puramente
inseparables.

Resultados principales y conclusiones

Los resultados incluidos en esta tesis provienen de dos fuentes. La primera es el articulo
Differentiably simple rings and ring extensions defined by p-basis (|12]|) publicado en
Journal of Pure and Applied Algebra y escrito por la autora de la tesis en colaboracion
con D. Sulca y O. Villamayor. La segunda es una pre-publicacion Purely inseparable
extensions of rings ([11]), que es trabajo conjunto con D. Sulca. A continuacion, damos
una descripcién de los resultados més relevantes obtenidos.

Ezxtensiones puramente inseparables de exponente uno

Las extensiones de anillos puramente inseparables de exponente uno fueron in-
troducidas por S. Yuan ([68]) bajo el nombre de estensiones de Galois puramente
inseparables de exponente uno, o simplemente extensiones Galois. Las definié como
sigue:

Definicion 0.2. Una extensién finita de anillos A C C es una extension Galois de
exponente uno si:

(i) A C C tiene exponente como mucho uno, i.e., C? C A,
(ii) C es un A-modulo proyectivo, y

(iii) para cada ideal primo p C A, la extension A, C Cp := C ®4 A, admite una
p-base, i.e., existe un isomorfismo Cy ~ Ap[X1, ..., Xn]/( XV —aq,..., X8 — ay,)
de Ap-élgebras para ciertos a; € Ap.

S. Yuan estudi6 la relacién entre estas extensiones y los anillos diferencialmente
simples ([66]) y las derivaciones ([68]). De hecho, sus resultados muestran que la
condicion (iii) en la definicién anterior pueden reemplazarse por cualquiera de las
siguientes propiedades:

viii



(v) para cada ideal primo p C A, el anillo C},/pC, es diferencialmente simple, i.e.,
los tinicos ideales I C C,,/pC,, tales que D(I) C I para toda derivaciéon D son el
ideal trivial y el propio anillo.

(vi) Enda(C) = C[Der4(C)] como A-algebras.

Ademas, E. Kunz exploré la conexion entre las p-bases v los modulos de diferenciales
de Kéhler ([44]). Usando su perspectiva, las extensiones Galois de exponente uno se
pueden caracterizar como extensiones de anillos A C C' de exponente uno tales que el
médulo de diferenciales {2/ 4 es un C-médulo proyectivo.

En esta tesis, estudiamos las extensiones puramente inseparables de exponente
uno desde la perspectiva de los operadores diferenciales. En la Seccion 2.2 del segundo
capitulo, probamos la Proposicién 2.62 y la Proposicién 2.67, que llevan a la siguiente
nueva caracterizacién de las extensiones Galois:

Teorema 0.3. Sea A C C una extension finita de anillos de exponente como mu-
cho uno. Entonces A C C' es puramente inseparable si y solo si C es un A-mddulo
proyectivo y Der4(C) es un C-sumando directo de End 4 (C).

También revisamos y ofrecemos nuevas pruebas para las caracterizaciones resul-
tantes del trabajo de S. Yuan y E. Kunz. Resumimos estas caracterizaciones en el
siguiente teorema, que puede encontrarse en la Seccion 2.2.

Teorema 0.4. Dada una extension finita de anillos de exponente como mucho uno
A C C, son equivalentes:

(1) A C C es una extension puramente inseparable (como en la Definicion 0.1).
(2) ACC es una extension Galois (como en la Definicion 0.2).

(3) C es un A-mddulo proyectivo, y Cy/pCy es diferencialmente simple para cada
ideal primo p C A.

(4) Qcya es un C-mddulo proyectivo.
(5) C es un A-mddulo proyectivo y End4(C) = C[Der4(C)].

(6) C es un A-mdédulo proyectivo y Der4(C') es un C-sumando directo de End 4 (C).

Uno de nuestros objetivos es generalizar este teorema al contexto de extensiones
de anillos de exponente mayor, es decir, obtener caracterizaciones para extensiones de
anillos puramente inseparables de exponente finito cualquiera.

Volviendo a la perspectiva original de S. Yuan, su motivacion radicaba en desa-
rrollar una teorfa de Galois para las extensiones de anillos puramente inseparables de
exponente uno. Consigui6 extender la correspondencia de Jacobson para extensiones
de cuerpos (|36]) al contexto de extensiones Galois de exponente uno. Concretamente,
probé que cada subanillo intermedio B de una extension de Galois A C C, tal que
B C C es también Galois, se corresponde univocamente con una subalgebra de Lie
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Introduccion

restringida de Dery(C) que es a su vez un C-sumando directo de Der(C') como C-
modulo (|68, Theorem 13]). También demostré que tal subanillo intermedio B cumple
que A C B es Galois ([68, Theorem 11]). Después, usando métodos homologicos, M.
André caracterizé estos subanillos intermedios como aquellos tales que C es proyectivo
como B-moédulo (|1, Théoréme 71]).

En esta tesis, nos centramos en las torres Galois de anillos de rango diferencial fijo,
es decir, torres de anillos A C B C C'talesque A C C, B C C'y A C B son extensiones
Galois de exponente uno tales que los C-moédulos Q¢4 y Q¢ p tienen rango constante.
Dada una extension Galois A C C, tal que Q¢4 tiene rango constante como C-
modulo, definimos un functor cuyo conjunto de A-puntos es el conjunto de torres
Galois de rango diferencial fijo.

Definicion 0.5. Dada una extensiéon Galois A C C, tal que ¢/, tiene rango cons-
tante n como C-moédulo, y dado un entero fijo 0 < r < n, el functor de Yuan asociado
a A C C yres el functor covariante de la categoria de A-algebras en la categoria de
conjuntos dado por

yg/A: Alg 4 — Sets

"C B C I —.
A/'_){B/Subanino:A—B—C®AA ¢ }

B' C C' es Galois y Qcv/ps tiene rango r

En la Seccion 2.3 del segundo capitulo, probamos que este functor es representable
por un esquema sobre A quasi-proyectivo (Teorema 2.92) y estudiamos algunas de las
propiedades geométricas (Teorema 2.95). Mas precisamente, probamos el siguiente
resultado:

Teorema 0.6. Dada una extension Galois A C C, tal que Q¢4 liene rango constante
n como C-mddulo, y un entero fijo 0 < r < n, el functor de Yuan Y[, , es representable
por un esquema sobre A quasi-proyectivo y liso que tiene fibras lisas irreducibles de
dimension (p" —p" ") (n —1).

Ezxtensiones puramente inseparables de exponente mayor

Regresamos al caso de exponente mayor. Como hemos mencionado, las extensiones
de anillos puramente inseparables fueron introducidas como dlgebras especiales por F.
Pauer ([|49]). Las presenté como extensiones finitas de anillos A C C' de exponente
finito que satisfacen las siguientes condiciones equivalentes:

(1) C es un A-médulo proyectivo, y para cada ideal primo p C A, existe una exten-
si6n de anillos fielmente plana A, — A’ que induce un isomorfismo de A’-algebras
Co@a, A =A[Xy,.. .,Xn]/<Xfel,...,X£En) para algunos e; > 0.

(2) C es un A-modulo proyectivo y para cada ideal primo p C A, hay enteros

positivos e; > --- > e, y polinomios P; € Ay[Xyq,...,X;—1] parai =1,...,n,
tales que C, admite una prgsentaciéne_como ép—algebra Cy = Aplz1,..., 2]
definida por las relaciones = " = Py(«] *,... 2! ) parai=1,...,n.

X



3) El médulo de diferenciales Q 4iope1,4 €s un A[CP‘]-mo6dulo proyectivo para todo
A[CP°)/A
e > 0.

En cierto sentido, estas equivalencias pueden verse como una generalizacién al caso
de exponente mayor de las equivalencias (1)<(2)<(4) del Teorema 0.4 que resume
las caracterizaciones de las extensiones puramente inseparables de exponente uno.

Mas tarde, P. Sancho de Salas estudié la nocién de dlgebra diferencialmente ho-
mogénea, es decir, una A-algebra C' que es plana, de presentacion finita y tal que el
moédulo de partes principales P]é /4 €8 proyectivo sobre C' para todo & > 0. Probé en
[56] que las extensiones puramente inseparables son dlgebras diferencialmente homo-
géneas de exponente finito. En otras palabras, demostré que para una extension finita
de anillos A C C de exponente finito la siguiente condiciéon es equivalente a las tres
propiedades enunciadas previamente:

(4) El mo6dulo de partes principales P'é /4 €8 proyectivo sobre C para todo k& > 0.

En esta tesis, alargamos la lista de equivalencias usando operadores diferenciales.
En la Seccién 3.2 del tercer capitulo, probamos un resultado de extension de operadores
diferenciales (Proposicion 3.39), que nos permite enunciar una nueva caracterizacion
de las extensiones puramente inseparables en términos de ciertos moédulos de opera-
dores diferenciales. Como una combinacién de la Proposicién 3.47 y la Proposicion
3.43, obtenemos una caracterizaciéon de las extensiones puramente inseparables que
generaliza el Teorema 0.3 al caso de exponente mayor del siguiente modo:

Teorema 0.7. Sea A C C una extensidn finita de anillos de exponente finito. Enton-
ces A C C es puramente inseparable si y solo si C es un A[CP"]-mddulo proyectivo
para todo e > 0, y el mddulo de operadores diferenciales Diffﬁ; (C) es un C-sumando
directo de End 4(C') como C-mddulo para todo e > 0.

Ademiés, usando técnicas de operadores diferenciales, volvemos a obtener desde
una perspectiva distinta la caracterizacién en términos de los médulos de partes prin-
cipales correspondiente a la propiedad (4) anterior. En conclusion, podemos resumir
las caracterizaciones para extensiones de anillos puramente inseparables en el siguiente
teorema:

Teorema 0.8. Dada una extension finita de anillos A C C de exponente finito, son
equivalentes:

(1) A C C es puramente inseparable (como en la Definicion 0.1).

(2) C es un A-mddulo proyectivo y para cada ideal primo p C A, la extension de
anillos Ay C Cy es una sucesion normal de generadores, i.e., existe una presen-

tacion Cy = Aplxy, ..., x,] definida por las relaciones xfﬁl = Pi(xzfei, e wfiil)
para ciertos enteros e; > -+ > e, > 0 y polinomios P; € Ay [X1,...,Xi—1], para
1=1,...,n.

(3) El médulo de diferenciales Q gicveq/a €5 un A[CP"])-mddulo proyectivo para todo
entero e > 0.
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(4) C es un A[CP"]-médulo proyectivo y el C-mddulo de operadores diferenciales
Diff?; (C) es un sumando directo de End(C) como C-médulo, para todo e > 0.

(5) El mdédulo de partes principales Pge/A es proyectivo sobre C para todo e > 0.

Torres puramente inseparables de anillos

Continuamos con las torres puramente inseparables. Como hemos explicado an-
teriormente, uno de los principales intereses de la teoria puramente inseparable de
cuerpos es comprender las subextensiones intermedias de una extensiéon puramente
inseparable y establecer alguna correspondencia entre estas y otros subobjetos de otro
objeto algebraico. Estamos interesados en la comprension de las torres puramente in-
separables de anillos, es decir, torres de anillos A C B C C talesque AC C, BCC
y A C B son extensiones puramente inseparables.

En el caso de exponente uno, dada una extension Galois A C C', M. André probd
que los subanillos intermedios B que inducen torres puramente inseparables son exac-
tamente aquellos tales que C' es proyectivo como B-mdédulo. Sin embargo, la situacion
se complica cuando tratamos con exponente mayor. Si A C C es una extension pu-
ramente de exponente mayor que uno y B es un subanillo intermedio tal que C' es
proyectivo como B-modulo, no es cierto en general que A C By B C C sean tam-
bién puramente inseparables (ver Ejemplo 3.52). Por tanto, en esta tesis, mostraremos
algunas condiciones para los subanillos intermedios B de una extensién puramente in-
separable A C C que garantizan que ambas subextensiones A C By B C C son
también puramente inseparables. Con este propoésito, introducimos la siguiente clase
de extensiones de anillos:

Definicion 0.9. Una extension finita de anillos A C C de exponente finito es una
F-extension si C es un A[CP"]-médulo proyectivo para todo e > 0.

Observamos que toda extensién puramente inseparable es en particular una JF-
extension. En la Seccion 3.3, probamos que imponiendo esta condicién a ciertas subex-
tensiones de una extension puramente inseparable A C C relacionadas con el subanillo
intermedio B, obtenemos una torre puramente inseparable A C B C C. De manera
més precisa, demostramos:

Teorema 0.10. Sea A C C una extension de anillos puramente inseparable y sea B
un subanillo intermedio tal que A C B y B C C son F-extensiones. St A C B[C’pe}
es una F-extension para todo e > 1, entonces A C B C C es una torre puramente
inseparable.

Usando el teorema anterior, obtenemos la siguiente caracterizacién para las torres
puramente inseparables de exponente dos:

Corolario 0.11. Sea A C C una extension de anillos puramente inseparable de ex-
ponente dos y sea B un subanillo intermedio. Entonces A C B C C es una torre
puramente inseparable si y solo si AC B y B C C son ambas F-extensiones.
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Ademiés, estudiamos cudndo la composicién de dos extensiones puramente inse-
parables A C B y B C C inducen una torre puramente inseparable A C B C C.
Mostramos que esto ocurre si imponemos algunas condiciones adicionales:

Teorema 0.12. Sean A C B y B C C extensiones de anillos puramente inseparables.
Si A C B[CP"] es una F-extension para todo e > 0, entonces A C C es también
puramente inseparable.

Por dltimo sefialamos que, como no comprendemos completamente las torres de
extensiones puramente inseparables, estamos lejos de obtener una teoria de Galois
puramente inseparable para anillos como las que han sido desarrolladas en el caso de
cuerpos. No obstante, al trabajar con estas extensiones, hemos obtenido una genera-
lizacion de la correspondencia de Jacobson-Bourbaki para subcuerpos intermedios de
una extension finita de cuerpos cualquiera (|38, I, §2, Theorem 2|) al caso de ciertas
subextensiones de anillos conmutativos de cualquier caracteristica. De hecho, demos-
tramos en la Seccion 1.3 del primer capitulo el siguiente resultado, que es aplicable
para extensiones de anillos puramente inseparables.

Theorem 0.1. Sea A C C una extension finita de anillos tal que C es proyectivo
como A-mddulo. Supongamos que el morfismo inducido Spec(C) — Spec(A) es un
homeomorfismo. Entonces hay una biyeccion entre el subconjunto de anillos

PC/A = {B .

B es un subanillo intermedio A C B C C
y C es un B-mddulo proyectivo

y el subconjunto de subdlgebras

DC’/A = {H

H es una A-subdlgebra unitaria de Enda(C) y
un sumando directo de Enda(C) como C-mddulo

dado por las siguientes aplicaciones inversas

Pcja — Dgyas Doja — Poja
B —Endg(C) H —Byg:={xeC:|p,z]=0, VpeH}.

Extensiones modulares de anillos

Hemos mencionado que hay una subclase de extensiones de cuerpos puramente
inseparables que es particularmente interesante, esto es, las extensiones modulares.
En esta tesis, extendemos la nocién original de extensiones modulares de cuerpos al
contexto de anillos. Siguiendo una de las caracterizaciones de M. E. Sweedler (62,
Theorem 1]) y usando la nocién de p-bases generalizadas introducida por S. Yuan
(|67]), definimos las extensiones modulares de anillos como sigue:

Definition 0.2. Una extension finita de anillos A C C es una extension modular si

(1) A C C tiene exponente finito, i.e., CP° C A para algtn e > 0;

(2) C es un A-modulo proyectivo; y
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(3) para cadaideal primo p C A, la extension A, C C tiene una p-base generalizada,
i.e., hay un isomorfismo Cp ~ A,[X1, ..., X,]/(XP™" —ay, ..., X5 —a,) de A,-
algebras para algunos a; € Ay y enteros e; > 0.

En la Seccién 4.2 del cuarto capitulo, mostramos que cualquier extensién modular
de anillos es puramente inseparable (Proposicion 4.33). También las caracterizamos
entre las extensiones puramente inseparables como aquellas que satisfacen una con-
diciéon de disjuncion lineal (Teorema 4.38), como ocurre en el caso de cuerpos. Méas
precisamente, nuestro resultado final es:

Teorema 0.13. Sea A C C una extension finita de anillos de exponente finito. En-
tonces A C C es modular si y solo si A C C es puramente inseparable, y los anillos
CP" y A son linealmente disjuntos para todo e > 0.

Algunas preguntas abiertas

Se puede percibir que el tema de las extensiones puramente inseparables de anillos
no estd agotado y que quedan algunas preguntas naturales por responder. Incluimos
a continuacién algunas de estas preguntas que en las que esperamos trabajar en el
futuro.

Anillos diferencialmente simples y extensiones de exponente superior. Recordamos
que un anillo R es diferencialmente simple si los tnicos ideales I C R tales que
D(I) C I para cualquier derivacion D: R — R son 0 y R. Como repasamos en la
Subseccion 2.1.4 del segundo capitulo, L. R. Harper demostrdé que cualquier anillo
Noetheriano diferencialmente simple A de caracteristica p tiene una presentacion A ~
K[Xy,...,X,]/(XP, ..., X}F) para cierto cuerpo de coeficientes K. Usando esta nocion
de anillo diferencialmente simple, las extensiones puramente inseparables de exponente
uno se pueden caracterizar como extensiones finitas de anillos A C C' de exponente
uno tales que C' es un A-modulo proyectivo y Cy,/pCy, es diferencialmente simple para
cada ideal primo p C A. Continuando con el trabajo de S. Yuan en [67], es natural
preguntarse si esta caracterizacién se puede extender al caso de exponente mayor, es
decir, si se puede definir una nocién similar de anillos diferencialmente simples usando
derivaciones de Hasse-Schmidt u operadores diferenciales de orden superior, que nos
permita caracterizar las extensiones puramente inseparables de exponente mayor y tal
que exista un anélogo del teorema de estructura de Harper.

Una correspondencia de Galois para torres puramente inseparables de anillos. En
el caso de exponente uno, sabemos que los subanillos intermedios B de una extensiéon
Galois de exponente uno A C C, tal que A C By B C C son también Galois, son
aquellos tales que C' es un B-mdédulo proyectivo. También sabemos que estos subani-
llos intermedios estan en correspondencia biyectiva con ciertas subdlgebras de Lie de
Der4(C). Para el caso de exponente mayor, hemos encontrado condiciones suficientes
para que un subanillo intermedio B de una extensién puramente inseparable de anillos
A C C induzca una torre puramente ingeparable A C B C C'. Nos gustaria encontrar
las condiciones necesarias sobre estos subanillos intermedios para que esta situacién
ocurra. En otras palabras, queremos caracterizar todos los subanillos intermedios B de
una extension puramente inseparable de anillos A C C tal que A C B C C es una torre
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puramente inseparable. Ademaés, si uno pudiera obtener tal caracterizacion, también
querria trabajar en otras dos direcciones. Por un lado, establecer una correspondencia
entre estos subanillos y otros subobjetos de un objeto algebraico, generalizando la
ya conocida correspondencia de Yuan para exponente uno. Por otro lado, definir un
functor representable, como el functor de Yuan para el caso de exponente uno (ver
Definicion 0.5), que parametriza estas subextensiones intermedias.

Extensiones modulares y operadores diferenciales. Fsté claro que los operadores
diferenciales juegan un papel importante en el estudio de las extensiones puramente
inseparables. Los recientes resultados de M. Wechter [64] muestran que hay también
una conexion con las extensiones modulares de cuerpos. Nos gustaria entender esta re-
lacién y, si es posible, generalizarla al contexto de anillos. Esto es, nos gustarfa obtener
una caracterizacién de las extensiones modulares usando operadores diferenciales.

Resumen de contenidos

La tesis esta organizada en cuatro capitulos, que contienen todos los resultados expli-
cados anteriormente, y un breve apéndice, que recopila algunos resultados bésicos del
Algebra Conmutativa que se usan sisteméticamente a lo largo de la tesis.

El Capitulo 1 estd dedicado a los médulos proyectivos. Ofrecemos una breve in-
troduccién a estas estructuras algebraicas, en particular, a las extensiones finitas de
anillos A C C tales que C es proyectivo como A-modulo. Repasamos algunas propie-
dades béasicas que seran utilizadas frecuentemente en la tesis. También nos centramos
en algunas subextensiones intermedias de extensiones finitas y proyectivas de anillos.
En este contexto, demostramos una generalizacién del la correspondencia de Jacobson-
Bourbaki establecida el Teorema 0.1.

El Capitulo 2 estudia las extensiones de anillos puramente inseparables de expo-
nente uno, o extensiones Galois (ver Definicion 0.2). Incluimos aqui algunos prelimi-
nares sobre derivaciones, diferenciales de Kahler, p-bases y anillos diferencialmente
simples, que son conceptos que se usan para caracterizar las extensiones Galois. Con-
siderando las derivaciones como operadores diferenciales de orden uno, probamos el
Teorema 0.3 que nos da una caracterizacién para estas extensiones. Ademas, repasa-
mos el concepto de torres Galois de anillos y definimos el functor de Yuan como en
la Definicién 0.5. Demostramos el Teorema 0.6 sobre representabilidad del functor de
Yuan por un esquema y estudiamos sus propiedades geométricas.

El Capitulo 3 se ocupa de las extensiones de anillos puramente inseparables en ge-
neral (Definicion 0.1). Primero revisamos las caracterizaciones originales de F. Pauer
en términos de sucesiones normales de generadores y los médulos de diferenciales. Des-
pués estudiamos estas extensiones desde la perspectiva de los operadores diferenciales
y obtenemos una caracterizaciéon en el Teorema 0.7. También usamos estas técnicas
de operadores diferenciales para volver a obtener una caracterizacién que involucra a
los médulos de partes principales. En conclusién, obtenemos el Teorema 0.8. Ademas,
estudiamos las torres puramente inseparables de anillos y ofrecemos condiciones su-
ficientes para que una torre de anillos A C B C C sea puramente inseparable. Estas
condiciones se condensan en Teorema 0.10, Corolario 0.11 y Teorema 0.12.
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El Capitulo 4 se enfoca en la extensiones modulares de anillos Comenzamos con
algunos preliminares sobre disjuncién lineal y p-bases generalizadas. Después, los usa-
mos para extender la definicién original de extensiones modulares de cuerpos al caso
de anillos (Definicion 0.2). Probamos que estas extensiones son exactamente las exten-
siones puramente inseparables que satisfacen ciertas propiedades de disjuncién lineal
como en el Teorema 0.13.

Para facilitar la lectura, cada capitulo incluye al inicio una breve introduccién y
una vision general de la organizacién de las secciones.

xvi



Introduction

Purely inseparable extensions of fields are an object of interest in Commutative Al-
gebra. They have been studied extensively, in particular with a view to develop an
analogue of the classical Galois theory established for separable field extensions. The
main objective of this thesis is to study the extension of the notion of purely insepa-
rable extensions to the setting of rings and to generalize some of the properties and
results that are already known for purely inseparable field extensions to this broader
context.

Keywords: Purely inseparable extensions of rings, towers of rings, differential oper-
ators, p-basis, projective modules, modular extensions

MSC Classification Codes: 13B05, 13N10, 13C10, 14M15, 141.17

Motivation

For now on, we consider all the rings to be commutative with unity, 1 # 0, and of
prime characteristic p > 0.

Let A C C be such a ring extension. An element x € C' is said to have finite
ezponent if there exists an integer e > 0 such that 27" € A, and the minimal integer
with this property is known as the exponent of the element. The ring extension A C C
is said to have finite exponent if there is an integer e > 0 such that every element
x € C has exponent at most e, or, such that P° € A for any € C. The minimal e
satisfying this condition is called the exponent of the extension and we denote it by

exp(C/A).

Purely inseparable extensions of fields are field extensions K C L such that every
element x € L has finite exponent over K. They have been widely studied by authors
as S. Shatz (|60]), S. U. Chase ([16]) and G. Pickert ([51], [52]). We will focus on finite
extensions. In this case, if K C L is a finite purely inseparable field extension, it is
well-known that for any algebraic closure K of the field K, we have an isomorphism of
K-algebras L @ K = K[X1,..., X,]/(XP" ... XE™) for some e; > 0 (see [54]). In
fact, finite purely inseparable field extensions can be characterized among finite field
extensions by the described property.

A similar version of the above property was used by F. Pauer in [49] to generalize
the notion of purely inseparable extension to the setting of rings. In this context, the
role of the algebraic closure is replaced by a faithfully flat extension of rings. More
precisely, we define a purely inseparable ring extension as follows:
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Definition 0.3. A ring extension A C C' is purely inseparable if it satisfies the next
conditions:

(i) A C C has finite exponent,
(ii) C is a finitely generated projective A-module, and

(iii) for each prime ideal p C A, there is a faithfully flat ring extension A, — A’ such
that there is an isomorphism C, ®4, A’ = A'[Xy, ..., Xp]J(XPT L XETY for
some e; > 0.

The original term used by F. Pauer to name these extensions was that of special
algebras. 1t was some time later when the term purely inseparable was used to refer to
these extensions ([55]). We should warn the reader that this term has been also used
in the literature with different meanings. In fact, M. E. Sweedler also used it ([61])
with the same purpose of extending the definition of purely inseparable extension of
fields to algebras over a ring from a different perspective. Then his definition for
inseparability was considered by A. Holleman, who stated a relation between these
and radicial extensions ([33]), and by S. Satd, who reformulated it later into a stronger
notion ([57]). These other definitions of purely inseparable algebras are wider than
the one given by F. Pauer. In fact, they include it as the smaller subclass containing
purely inseparable field extensions that is closed by base change and faithfully flat
descent.

For this reason, we will approach purely inseparable ring extensions from the men-
tioned perspective given by F. Pauer, which coincides with the one given by S. Yuan
for the exponent one case. We will go into more detail later, but we anticipate some
hints. On the one hand, S. Yuan studied purely inseparable extensions of exponent
one, or Galois extensions as he called them, in relation with p-basis ([68]) and also in
terms of the notion of differentiably simple rings (|66]). On the other hand, F. Pauer
gave in [49] a collection of equivalent conditions that characterize purely inseparable
ring extensions in terms of the modules of differentials and the normal generating
sequences, a notion that generalizes in some sense the concept of p-basis to the higher
exponent setting. He extended some ideas from R. Rasala ([54]), who treated pre-
viously the particular case of special algebras over a field. By our side, our main
contribution is to enlarge the list of characterizations of purely inseparable extensions
of rings using differential operators.

Returning to the setting of fields, one of the principal interests related to purely
inseparable field extensions is to develop a “Galois” theory as the classical one that
holds for separable extensions. Roughly speaking, it is intended to establish a corre-
spondence between certain subextensions of a purely inseparable field extension and
certain subobjects of an algebraic object. There have been different approaches with
this purpose, but we distinguish two of them.

The first approach focuses on the intermediate subfields of a finite purely insepa-
rable field extension. It is well-known that given a purely inseparable field extension
K C L, any intermediate subfield F, i.e., K C E C L, is such that the subextensions
K C F and E C L are also purely inseparable. The exponent one case was treated
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by N. Jacobson ([34], [36]), who established a one-to-one correspondence between the
intermediate fields of a finite purely inseparable field extension of exponent one K C L
and restricted Lie subalgebras of Derg (L). While the general case has been studied re-
cently by L. Brantner and J. Waldron ([10]). They extend Jacobson’s correspondence
to all the intermediate subfields of an arbitrary finite purely inseparable field extension
K C L by using partition Lie algebroids and methods of derived algebraic geometry.
However, we are far from obtaining such a correspondence for purely inseparable ring
extensions. As we will explain later, the situation in the case of commutative rings
is more complicated, since not every intermediate subring B of a purely inseparable
ring extension A C C is such that both A C B and B C C' are purely inseparable. In
fact, our contribution in this direction is to give some conditions that ensure that this
situation occurs.

The second approach of purely inseparable “Galois” theories is to focus on some
intermediate subfields of a finite purely inseparable extension that play the role of
normal extensions in the separable theory. These intermediate subfields of interest are
those that induce the subextensions known as modular extensions. One can find in
[62], [23] and [15] some correspondences, related to the Hasse-Schmidt derivations, for
the intermediate subfields F of a finite purely inseparable field extension K C L such
that £ C L is a modular extension. The notion of modular extension was introduced
by M. E. Sweedler in [62]|, who characterized them as finite purely inseparable field
extensions K C L that satisfy the following equivalent conditions:

(1) There is an isomorphism L ~ K[Xq,... ,X,J/(Xfe1 —ay,..., X0 —a,) for
some a; € K and e; > 0.

(2) K is the field of constants of the set of higher derivations of the extension K C L.

(3) LP" and K are linearly disjoint for all e > 0.

Recently, another characterization of modular field extensions involving differential
operators has been stated by M. Wechter (|64]). He has proved that the next condition
is equivalent to previous ones for any finite purely inseparable field extension K C L:

(4) For any integer e > 0, the L-vector space Diff’;; (L) is generated by the LP°-

subspace of differential operators D € Diﬂ"’;;(L) such that D(ka) C LP" for all
k<e.

As we will explain later, our contribution on this topic is to extend the definition of
modular extensions to the setting of rings using a generalized notion of p-basis, related
to the presentation given in (1), and linearly disjointedness as in (3).

Finally, we observe that there is also a more general correspondence that applies
for any finite extension of fields, not necessarily of prime characteristic. It is known as
the Jacobson-Bourbaki correspondence, which establishes a one-to-one correspondence
between the intermediate fields of a finite field extension K C L and the unital K-
subalgebras of the algebra of linear endomorphisms Endg (L) that are also left L-
vector subspaces ([38, I, §2, Theorem 2|). This correspondence has been extended to
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the non-commutative setting of division rings ([37], [31], [20]). Since our interest is
to generalize some results that apply to field extensions, it is natural to ask if the
Jacobson-Bourbaki correspondence can be extended to the setting of commutative
ring extensions. In this sense, our contribution is a generalization of this theorem
for commutative ring extensions that are projective and have homeomorphic spectra,
which applies in particular to purely inseparable ring extensions.

Main results and conclusions

The results included in these thesis can be found in two sources. The first one is
the article Differentiably simple rings and ring extensions defined by p-basis ([12])
published in the Journal of Pure and Applied Algebra and written by the author of
the thesis in collaboration with D. Sulca and O. Villamayor. The second one is the
pre-print Purely inseparable extensions of rings ([11]), which is joint work with D.
Sulca. We give now a description of the main results in the order in which they were
obtained.

Purely inseparable extensions of exponent one

Purely inseparable rings extensions of exponent one were introduced by S. Yuan
(|68]), under the name of purely inseparable Galois extensions of exponent one, or
simply Galois extensions. He defined them as:

Definition 0.4. A finite extension of rings A C C is a Galois extension of exponent
one if:

(i) A C C has exponent at most one, i.e., C? C A,
(ii) C is a projective A-module, and

(iii) for each prime ideal p C A, the extension A, C Cy := C ®4 A, admits a p-basis,
Le., there is an isomorphism C, ~ A,[X1,..., X,]/(X{ — a1,...,Xh — ap) of
Ap-algebras for some a; € Ay.

S. Yuan studied the relation of these extensions with differentiably simple rings
([66]) and derivations ([68]). In fact, his results show that condition (iii) in the above
definition can be replaced by any of the following properties:

(v) for each prime ideal p C A, the ring C,/pC, is differentiably simple, i.e., the
only ideals I C C},/pC}, such that D(I) C I for any derivation D are the trivial
ideal and the ring itself.

(vi) End4(C) = C[Der4(C)] as A-algebras.
Moreover, E. Kunz explored the connection between p-basis and the modules of Kéhler
differentials ([44]). So, using his perspective, Galois extensions of exponent one can

be characterized as ring extensions A C C' of exponent one such that the module of
differentials €¢/4 is a projective C-module.

XX



In this thesis, we study purely inseparable extensions of exponent one from the
perspective of differential operators. In Section 2.2 in the second chapter, we prove
Proposition 2.62 and Proposition 2.67, which lead to the following new characteriza-
tion of Galois extensions:

Theorem 0.5. Let A C C be a finite ring extension of exponent at most one. Then
A C C is purely inseparable if and only if C is a projective A-module and Der 4(C') is
a C-direct summand of End 4 (C).

We also revisit and give some new proofs for the characterizations resulting from
the work of S. Yuan and E. Kunz. We summarize all the mentioned characterizations
in the next theorem, which can be found at the end of Section 2.2.

Theorem 0.6. For a finite ring extension of exponent at most one A C C, the
following are equivalent:

(1) A C C is a purely inseparable extension (as in Definition 0.3).
(2) ACC isa Galois extension (as in Definition 0.4).

3) C is a projective A-module and Cy,/pC is differentiably simple for each prime
p p
ideal p C A.

(4) Qcya is a projective C-module.
(5) C is a projective A-module and End(C) = C[Der4(C)].

(6) C is a projective A-module and Der4(C) is a C-direct summand of Enda(C).

One of our aims is to generalize this theorem to the setting of ring extensions
of higher exponent, that is, to obtain characterizations for purely inseparable ring
extensions of arbitrary exponent.

Returning to the original perspective of S. Yuan, his motivation was to develop a
Galois theory for purely inseparable ring extensions of exponent one. He managed to
extend Jacobson’s correspondence for field extensions ([36]) to the setting of Galois
extensions of exponent one ([68]). Namely, he proved that each intermediate subring B
of a Galois extension A C C, such that B C C is also Galois, correspond univocally to
a restricted Lie subalgebra of Der 4(C') that is also a C-direct summand of Der 4(C') as
C-module ([68, Theorem 13]). He also demonstrated that such an intermediate subring
B satisfies also that A C B is Galois ([68, Theorem 11|). Later, using homological
methods, M. André characterized these intermediate subrings as those such that C' is
projective as a B-module (|1, Théoréme 71]).

In this thesis, we focus on Galois towers of rings of fixed differential rank, that is,
tower of rings A C B C C such that A C C, B C C and A C B are Galois extensions
of exponent one such that the C-modules €¢/4 and Q¢/p have constant rank. Given
a Galois extension A C C, such that Q¢4 has constant rank as C-module, we define
a functor whose set of A-points is the set of Galois towers of fixed differential rank.
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Definition 0.7. For a Galois extension A C C, such that {c/4 has constant rank
n as C-module, and for a fixed integer 0 < r < n, the Yuan functor associated to
A C C and r is the covariant functor from the category of A-algebras to the category
of sets given by

yg/A: Alg 4 — Sets

/ / : .
Al {B subring : B’ C (" is Galois and Q¢ has rank r

ANCB CCasA =, }(

In Section 2.3 in the second chapter, we prove that this functor is representable
by a quasi-projective A-scheme (Theorem 2.92) and we study some of its geometric
properties (Theorem 2.95). More precisely, we prove the following result:

Theorem 0.8. For a Galois extension A C C, such thal Q¢4 has constant rank n as
C-module, an for a fived integer 0 < r < n, the Yuan functor yg/A 1s representable by
a quasi-projective and smooth A-scheme that has smooth irreducible fibers of dimension

n o__ . n—r

(p" —p" ") (n—1).

Purely inseparable ring extensions of higher exponent

We now turn to the case of higher exponent. As we have already mentioned, purely
inseparable ring extensions were introduced as special algebras by F. Pauer ([49]). He
presented them as finite ring extensions A C C of finite exponent that satisfy the
following equivalent conditions:

(1) Cis a projective A-module, and for each prime ideal p C A, there is a faithfully
flat ring extension A, — A’ that induces an isomorphism of A’-algebras C} ® 4,

A = AXy,. .., X,/ (XPT L XE™Y for some e; > 0.

(2) C is a projective A-module and for each prime ideal p C A, there are positive
integers e; > --- > e, and polynomials P; € Ap[Xy,..., X; 1] fori=1,...,n,
such that C, admites‘ a preseritation as Ap-algebra Cy, = Ap[zy,...,x,) with
defining relations ot " = Pi(z} *,...,al ) fori=1,... n.

(3) The module of differentials Q 4(cpe1/4 is a projective A[CP"]-module for all e > 0.

In some sense, these equivalences can be seen as a generalization to the higher expo-
nent setting of the equivalences (1)< (2)<(4) from Theorem 0.6 that summarizes the
characterizations of purely inseparable extensions of exponent one.

Later, P. Sancho de Salas studied the notion of differentially homogeneous algebra,
that is, an A-algebra C' that is flat, of finite presentation, and such that the module
of principal parts Pg /4 18 projective over C for all k > 0. He proved in [56] that
purely inseparable extensions are differentiably homogeneous algebras that have finite
exponent. In other words, he proved that for a finite ring extension A C C of finite
exponent, the following condition is also equivalent to the three properties stated
above:
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(4) The C-module of principal parts P’é/A is projective for all £ > 0.

In this thesis, we enlarge the above list of equivalences using differential operators.
In Section 3.2 in the third chapter, we prove a result on extensions of differential op-
erators (Proposition 3.39), which allows us to state a new characterization of purely
inseparable extensions in terms of some modules of differential operators. As a com-
bination of Proposition 3.47 and Proposition 3.43, we obtain a characterization for
purely inseparable extensions that generalizes Theorem 0.5 to the higher exponent
setting as follows:

Theorem 0.9. Let A C C be a finite ring extension of finite exponent. Then A C C' is
purely inseparable if and only if C is a projective A[CP"]-module for all e > 0, and the
module of differential operators Diﬂ'{f(C) is a C-module direct summand of End 4(C)
for all e > 0.

In addition, using techniques on differential operators, we re-obtain from a different
perspective the characterization in terms of the modules of principal parts correspond-
ing to property (4) above. In conclusion, we can summarize the characterizations of
purely inseparable ring extensions in the next theorem:

Theorem 0.10. For a finite ring extension A C C of finite exponent, the following
are equivalent:

(1) A C C is purely inseparable (as in Definition 0.3).

(2) C is a projective A-module and for each prime ideal p C A, the ring extension
A, C Gy has a normal generating sequence (NGS), i.e., there is a presentation

Cp = Az, ..., x,) with defining relations given by xfcl = Pi(acjloei, - ,xfiil) for
some integers e; > --- > e, > 0 and polynomials P; € Ap[Xl,...,Xi_l], for
1=1,...,n.

(3) The module of differentials 2y cpe) 4 is a projective A[CP"]|-module for all e > 0.

(4) C is a projective A[CP"|-module and the module of differential operators Diff}) (C)
is a C-module direct summand of Enda(C), for all e > 0.

(5) The C-module of principal parts Pzg/A is projective for all e > 0.

Purely inseparable towers of rings

We continue with purely inseparable towers. As we have explained above, one
of the main interests of the purely inseparable theory of fields is to understand the
intermediate subextensions of a purely inseparable extension and to establish some
correspondences between them and other subojects of another algebraic object. We
are interested in the comprehension of purely inseparable towers of rings, that is, towers
of rings A C B C C such that A C C, B C C and A C B are purely inseparable
extensions.

In the exponent one case, given A C C' a Galois extension, M. André proved that
the intermediate subrings B that induce purely inseparable towers are those such that
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C is projective as a B-module. However, the situation becomes more complicated in
higher exponent. If A C C'is a purely inseparable extension of exponent greater than
one and B is an intermediate subring such that C is projective as B-module, it is not
true in general that A C B and B C C are also purely inseparable (see Example 3.52).
Therefore, in this thesis, we exhibit some conditions for the intermediate subrings B
of a purely inseparable extension A C C which ensure that both subextensions A C B
and B C C are also purely inseparable. With this purpose, we introduce the following
class of ring extensions:

Definition 0.11. A finite ring extension A C C' of finite exponent is an F-eztension
if C is a projective A[CP]-module for all e > 0.

We note that any purely inseparable extension is in particular an F-extension.
In Section 3.3, we prove that imposing this condition to certain subextensions of a
purely inseparable extension A C C related to the intermediate subring B, we obtain
a purely inseparable tower A C B C C. More precisely, what we prove that the
following:

Theorem 0.12. Let A C C be a purely inseparable ring extension and B an inter-
mediate subring such that A C B and B C C are F-extensions. If A C B[Cpe] s an
F-extension for all e > 1, then A C B C C is a purely inseparable tower.

Using the above theorem, we obtain the next characterization for purely insepa-
rable towers of exponent two:

Corollary 0.13. Let A C C be a purely inseparable ring extension of exponent two
and let B be an intermediate subring. Then A C B C C is a purely inseparable tower
if and only if A C B and B C C are both F-extensions.

In addition, we study when the composition of two purely inseparable extensions
A C B and B C C induce a purely inseparable tower A C B C C'. We show that this
holds if we impose some extra conditions:

Theorem 0.14. Let A C B and B C C be purely inseparable extensions of rings. If
A C B[CP"] is an F-extension for all e > 0, then A C C is also purely inseparable.

Lastly, as we do not understand completely purely inseparable towers of rings, we
are far from obtaining a purely inseparable Galois theory for rings as the ones that
have been developed in the case of fields. Nevertheless, when dealing with these exten-
sions, we have obtained a generalization of the Jacobson-Bourbaki correspondence for
intermediate subfields of any finite field extension ([38, I, §2, Theorem 2]) to the set-
ting of certain ring extensions of any characteristic. In fact, we prove in Section 1.3 in
the first chapter the following result, which applies in particular to purely inseparable
extensions of rings.

Theorem 0.15. Let A C C be a finite extension of rings such that C is projective as
A-module. In addition, assume that the induced morphism Spec(C) — Spec(A) is an
homeomorphism. There is a bijection between the subset of subrings

B is an intermediate subring AC B C C
PC/A =< B:

and C' is a B-projective module
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and the subset of subalgebras

D Iy, H is an unital A-subalgebra of End4(C) and
cra = " a direct summand of Enda(C) as C-module

given by the following inverse maps

Pcja — Dgyas Doja — Poja
B +—Endg(C) H +—Bg:={zxeC:|p,x]=0, VpeH}.

Modular extensions of rings

We have mentioned above that there is a subclass of purely inseparable extensions
of fields that is particularly interesting, namely, modular extensions. In this thesis,
we extend the original notion of modular extension of fields to the setting of rings.
Following one of the characterizations of M. E. Sweedler (|62, Theorem 1|) and using
a notion of generalized p-basis introduced by S. Yuan ([67]), we define a modular
extension of rings as:

Definition 0.16. A finite extension of rings A C C'is a modular extension if

(1) A C C has finite exponent, i.e., CP° C A for some e > 0;
(2) C is a projective A-module; and

(3) for each prime ideal p C A, the extension A, C C, has a generalized p-basis,

i.e., there is an isomorphism of Cy, ~ A,[X1,. .., Xn]/<X1fel —ay,..., Xh —ap)
Ap-algebras for some a; € A, and e; > 0.

In Section 4.2 in the fourth chapter, we show that any modular extension of rings
is purely inseparable (Proposition 4.33). We also characterize them among purely
inseparable extensions as those which satisfy a condition on linearly disjointedness
(Theorem 4.38), as it occurs in the setting of fields. More precisely, our final result is:

Theorem 0.17. Let A C C be a finite ring extension of finite exponent. Then A C C
is modular if and only if A C C is purely inseparable, and CP° and A are linearly
disjoint for all e > 0.

Some open questions

As one might note, the topic of purely inseparable extensions of rings is not ex-
hausted and some natural questions arise. We include here some of these questions
on which we hope to work in the future.

Differentiably simple rings and higher exponent extensions. We recall that a ring R
is differentiably simple if the only ideals I C R such that D(I) C I for any derivation
D: R— R are(0and R. As we review in Subsection 2.1.4 in the second chapter, L. R.
Harper proved that any Noetherian differentiably simple ring A of characteristic p has
a presentation A ~ K[X1,...,X,]/(X?,..., X}) for some coefficient field K. Using
this notion of differentiably simple, purely inseparable extensions of exponent one can
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be characterized as finite ring extensions A C C of exponent one such that C' is a
projective A-module and C,/pC} is differentiably simple for each prime ideal p C A.
Continuing with the work of S. Yuan in [67], it is natural to ask if this characterization
can be extended to the higher exponent setting, that is, if one can define a similar
notion of differentiably simple rings using higher derivations or differential operators
of higher order that allows us to characterize purely inseparable extensions of greater
exponent and such that there is an analogue of Harper’s structure theorem.

A Galois correspondence for purely inseparable towers of rings. In the exponent
one case, we know that the intermediate subrings B of a Galois exponent one extension
such that both A C B and B C C are also Galois, are those such that C is a
projective B-module. We also know that these intermediate subrings are in a one-to-
one correspondence with certain Lie subalgebras of Der4(C'). For the higher exponent
case, we have found sufficient conditions for an intermediate subring B of a purely
inseparable ring extension A C C to induce a purely inseparable tower A C B C C.
We would like to find the necessary conditions for the intermediate subrings to make
this situation occurs. In other words, we want to characterize all the intermediate
subrings B of a purely inseparable ring extension A C C such that A C B C C' is
a purely inseparable tower. Moreover, if one could obtain such a characterization,
one would also want to work in two more directions. On the one hand, to establish
a correspondence between those subrings and other subojects of an algebraic object,
which generalizes the already known Yuan’s correspondence for exponent one. On the
other hand, to define a representable functor, as Yuan’s functor for the exponent one
case (see Definition 0.7), which parametrizes those intermediate subextensions.

Modular extensions and differential operators. 1t is clear that differential operators
play an important role in the study of purely inseparable extensions. The recent
results of M. Wechter |64] show that they have also a relation with modular extensions
of fields. We want to understand this relation and, if possible, to generalize it to
the setting of rings. That is, we would like to obtain a characterization of modular
extensions of rings using differential operators.

Summary of contents

The thesis is organized in four chapters, which contain all the results explained before,
and a short appendix, which collects some basic results of Commutative Algebra that
are used systematically through the thesis.

Chapter 1 is dedicated to projective modules. We give a brief introduction to
these algebraic structures, in particular, to finite extensions of rings A C C such that
C is projective as A-module. We review some basics properties that will be used
frequently through the thesis. We also focus on some intermediate subextensions of
finite projective extensions of rings. In this context, we prove the generalization of
the Jacobson-Bourbaki correspondence established in Theorem 0.15.

Chapter 2 studies purely inseparable ring extensions of exponent one, or Galois
extensions (see Definition 0.4). We include here some preliminaries on derivations,
Kahler differentials, p-basis and differentiably simple rings, which are concepts that
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are used to characterize Galois extensions. Considering derivations as differential
operators of order one, we prove Theorem 0.5 that gives a new characterization for
these extensions. Moreover, we review Galois towers of rings and define the Yuan
functor as in Definition 0.7. We prove Theorem 0.8 on the representability of the
Yuan functor by an scheme and study its geometric properties.

Chapter 3 is devoted to purely inseparable extensions of rings in general (Defini-
tion 0.3). We first review the original characterizations given by F. Pauer in terms
of normal generating sequences and modules of differentials. Then we study these
extensions from the perspective of differential operators and obtain the new charac-
terization in Theorem 0.9. We also use these techniques on differential operators to
re-obtain a characterization involving the modules of principal parts. In conclusion,
we obtain Theorem 0.10. In addition, we study purely inseparable towers of rings
and provide some sufficient conditions for a tower of rings A C B C C to be purely
inseparable. These conditions are condensed in Theorem (.12, Corollary 0.13 and
Theorem 0.14.

Chapter 4 addresses modular extensions of rings. We begin with some preliminar-
ies on linearly disjointedness and generalized p-basis. Then, we use them to extend
the original definition of modular extensions of fields to the setting of rings (Defini-
tion 0.16). We prove that these extensions are exactly the purely inseparable ring
extensions that satisfy certain conditions on linearly disjointedness as in Theorem
0.17.

To ease the reading, we include also at the beginning of each chapter a short
introduction and an overview of the organization of the sections.

Notation and conventions

In this thesis, all the rings are assumed to be commutative and with unity, unless
otherwise stated. If no explicit mention is made, we assume that the rings can be of
any characteristic. In other case, it will be specified at the beginning of the section.
Throughout, p denotes a rational prime.

The set of prime ideals of a ring R is denoted by Spec(R). In fact, it is a topological
space under the Zariski topology, whose basic open subsets are of the form {p €
Spec(R) : x ¢ p} for x € R.

A ring R is local if it has only one maximal ideal. In this case, we denote by mpg
its maximal ideal and by x(R) := R/mp its residue field. We usually write (R, mpg)
to refer to such a ring.

We denote by Sets and Groups the categories of sets and groups. Given a ring
A, we denote by Alg, the category of A-algebras, where an object A" € Alg, is a
ring together with a ring homomorphism A — A’ and an arrow between two objects
A, A" € Alg, is an A-linear homomorphism of rings p: A" — A”.

We note that there is also a more general notion of algebra over a commutative
ring, that will be used punctually in some sections, for example when dealing with
endomorphisms (see discussion 1.22). Given R a commutative ring with unity, an
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associative algebra is a (non necessarily commutative) ring H whose center contains
R and that has also an structure of R-module. Since H is assumed to have an identity
element, these algebras are sometimes called unital associative algebras. When H is
assumed to be commutative, it is said to be a commutative algebra over R. In this
case, H is simply a ring together with an homomorphism of rings R — H, as we
stated in the previous paragraph. However, whether or not H is commutative, we will
simply say that H is an R-algebra when the context is clear.
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CHAPTER 1

On projective modules

This chapter is dedicated to the study of projective modules. These modules are a
particular case of flat modules which enlarge the class of free modules over a ring. The
notion of projective module was firstly introduced by H. Cartan and S. Eilenberg in
[14]. They used it to refine the definition of the torsion functor, which originally relied
on properties of free modules. They noted that using free modules was unnecessarily
restrictive and that it was sufficient to use projective modules. Later, projective
modules have become a relevant tool in Homological Algebra among other areas.

Our study of projective modules will follow the perspective of Commutative Alge-
bra. We will work mostly in the context of finite ring extensions, so we are particularly
interested in finitely generated projective modules. It is well-known that these mod-
ules coincide with the class of flat modules with finite presentation. We will pay special
attention to those that have constant finite rank. A useful fact is that the modules
with this condition can be characterized among the finitely generated modules using
the Fitting ideals.

To be more precise, the objects of interest in this thesis will be finite and projective
extensions of rings, that is, finite extensions of commutative rings with unity A C C
such that the C' is projective as a module over A. As we will show, purely inseparable
extensions of rings belong to this class of extensions. But from now on, in this chapter
we will remain in the context of finite projective extensions of rings.

Given such an extension, one of our principal interests is to understand the in-
termediate subextensions of rings that are also projective. Namely, given a finite
projective extension of rings A C C, we are interested in the intermediate subrings
B,ie., A C B C C, such that C is also projective as B-module. On the one hand,
we show that there is a correspondence between these projective subextensions and
some subalgebras of the module of endomorphisms of the extension, when Spec(A)
and Spec(C') are homeomorphic. On the other hand, assuming that C' has constant
rank over A, we use a subfunctor of the Grassmannian functor of submodules to
parametrize the intermediate projective subextensions of constant rank.

Organization. This chapter contains four sections. The first two sections serve as
an introduction to projective modules and finite projective ring extensions in general.
They are mainly expository as they collect well-known results that can be found
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in classic textbooks of algebra. The last two sections are devoted to the study of
projective intermediate subextensions of a finite projective extension of rings. The
results included here were obtained by the author of this thesis in collaboration with
D. Sulca and partially with O. Villamayor. In particular, the contents from the third
section can be found mainly in [11, §5], while the contents from the last section come
from [12].

Section 1.1 reviews the notion of projective module and some characterizations and
basic properties of these modules. We emphasize here on finite projective modules,
particularly on those with constant rank.

Section 1.2 focuses on finite projective ring extensions. We set up some properties
for finite ring extensions A C C such that C' is projective over A as a module, and for
the intermediate subrings A C B C C such that C is also projective as B-module.

Section 1.3 establishes a generalization of Jacobson-Bourbaki correspondence for
finite field extensions to the setting of finite projective extensions with homeomorphic
spectra. More accurately, given a finite ring extension A C C such that C is pro-
jective over A and the induced map between the spectra Spec(A) and Spec(C) is an
homeomorphism, we prove that each intermediate subring A C B C C such that C' is
projective over B corresponds univocally to a unital A-subalgebra of End4(C') that is
also a direct summand as left C-submodule (Theorem 1.30).

Section 1.4 introduces a parametrization for the projective subextensions of fixed
rank of a finite projective extension of rings with constant rank. More precisely, given
a finite projective ring extension A C C of constant rank m and given a positive integer
g such that ¢|m, we define a subfunctor of the Grassmannian functor of submodules,
which turns out to be representable by an scheme over A, whose set of A-points is
formed by the subrings A C B C C such that C is projective of rank ¢ over B
(Theorem 1.36).

1.1. Preliminaries on projective modules

In this section, we review some preliminaries on projective modules. We focus specially
on the study of finite projective modules. Most of the material included here is
available at classical books of Algebra, see |14, I and II| for projective modules in
general and see [9, I, §5] for finite projective modules.

We begin by recalling the definition of projective module over a ring. We warn
the reader that the original definition from H. Cartan and S. Eilenberg was for a
module over a ring, not necessarily commutative, with unity. However, we shall
restrict ourselves to the case of commutative rings. Therefore, through all the chapter,
the rings are assumed to be commutative of any characteristic and with unity. In
particular, in what follows, A denotes such a ring.

Definition 1.1 ([14, I, §2]). An A-module P is projective if for every surjection of
A-modules ¢: M — M’ the map Homyu (P, M) — Homy (P, M’) derived from ¢ is
surjective, i.e., if for each homomorphism P — M’ there exists an homomorphism
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P — M such that the following diagram commutes:

P
]
M —2 5 M 0

Note that this definition is equivalent to say that an A-module P is projective if
the functor Hom 4 (P, —) of the category of A-modules is exact ([14, II, §4, Proposition
4.6]). Indeed, the condition on Definition 1.1 asks Hom4 (P, —) to be right exact and
we already know that it is left exact ([14, II, §4, Proposition 4.4]).

Projective modules admit some interesting characterizations that will be used
frequently in this thesis. We collect these well-known equivalent conditions in the
next proposition.

Proposition 1.2 ([14, I, §2, Theorem 2.2 and Proposition 2.4]). Let P be an A-
module. The following statements are equivalent:

(1) P is a projective A-module.
(2) P is a direct summand of a free A-module.

(8) Every exact sequence of A-modules 0 — M — N — P — 0 splits.

In particular, every free module and every direct summand of a projective module is
projective.

We exhibit now some relevant properties of projective modules related to the tensor
product operation. We recall first that the tensor product of projective modules is
projective again.

Proposition 1.3 ([14, 11, §5, Proposition 5.3]). Let P and P’ be projective A-modules.
Then P ®4 P is also a projective A-module.

The following proposition formalizes that projectivity is preserved under base
change and descends along faithfully flat ring maps. The permanence of projectivity
by base change is a direct consequence of the above characterization and the fact that
direct sums commute with tensor products ([8, §4.1, Proposition 8|). The proof of the
faithfully flat descent of the projectivity is more complicated. It was originally stated
by M. Raynaud and L. Gruson in [27|, but the proof contained a mistake that was
rectified later by A. Perry in [50].

Proposition 1.4. Let A — A’ be an homomorphism of rings and let P be an A-
module.

(1) If P is projective, then P @4 A’ is a projective A'-module.

(2) If A — A’ is faithfully flat and P @4 A’ is a projective A'-module, then P is
projective as A-module.
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The first statement in the previous proposition tells us that projectivity is pre-
served by extension of scalars (|14, II, §6, Proposition 6.1]). The same does not hold
for restriction of scalars in general. However, it holds for restriction of scalars by
projective morphisms, as it is expressed in the next proposition.

Proposition 1.5 ([14, II, §6, Proposition 6.2]). Let A — A’ be a ring homomorphism
such that A’ is projective as A-module. If P is a projective A'-module, then the A-
module P obtained by restriction of scalars is also projective.

We shall draw special attention to finitely generated projective modules. These
modules can be characterized by properties as having finite presentation and being
flat or being locally free, as set out in the next proposition.

Definition 1.6. An A-module P is locally free of finite rank if for every prime ideal
p C A, there is f € A\ p such that My := M ®4 Ay is a finitely generated free
Ay-module.

Proposition 1.7 ([9, II, §5.2, Theorem 1 and Corollary 2|). For an A-module P, the
following conditions are equivalent:

(1) P is finitely generated and projective.
(2) P is locally free of finite rank.
(8) P is flat of finite presentation.

(4) P has finite presentation and Py := P®4 Ay is a free Ay-module for every prime
tdeal p C A.

Remark 1.8. It is easy to deduce from the above characterization that any finitely
generated projective module over a local ring is finite free (see [47, 1, §2, Theorem
2.5]). Indeed, I. Kaplansky proved in |39] that any projective module, not necessarily
finite, over a local ring is free.

Remark 1.9. Being flat and having finite presentation are properties that ascend by
base change and descend by faithfully flat morphisms (see Proposition A.15 and Propo-
sition A.26). Thus if P is a finite projective A-module, then for any ring homomor-
phism A — A’, the A’-module P’ := P®4 A’ is also finite and projective. Conversely,
if A — A’ is faithfully flat and P’ is finite projective over A’, then P is also finite and
projective as A-module.

We show that the dual of a module preserves the condition of being finitely gen-
erated and projective.

Proposition 1.10. Let P be a finitely generated projective A-module. Then the dual
module P* := Hom (P, A) is also a finitely generated projective A-module. In addi-
tion, P is naturally isomorphic to its double dual P**.

Proof. Since P is finitely generated and projective, there exists a positive integer m
and an A-module P’ such that P @& P’ = A™. Recall that any finite free module is
isomorphic to its dual (Proposition A.33). Thus, we have

A™ ~ Homy (A™, A) ~ Homa(P @ P, A) ~ Hom (P, A) @ Hom(P', A) = P* @ P™.
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It follows from these isomorphisms that P* is finitely generated and projective as
A-module. The final claim follows from the local characterization of finite projective
modules (Proposition 1.7) and the already mentioned fact that any finite free module
is naturally isomorphic to its double dual (Proposition A.33). O

Remark 1.11. Proposition 1.10 does not hold in general without the assumption of
finiteness. For example, consider the Z-module M := @®,enZ. It is free and, in
particular, projective. However, its dual module M* =[], . Z is not projective over
Z (see [45, 1, §2, Exercise 2.6|).

1.12. Rank of a finite projective module. Let P be a finitely generated projective
A-module. For each prime ideal p C A, the rank of the Ay,-module B, that is, the
minimal number of generators of P, as free Ay-module, is called the rank of P at p.
Recall that, by the local version of Nakayama’s Lemma (see Corollary A.35), this rank
coincides with the dimension of P® 4 k(p) as k(p)-vector space, where k(p) := Ay /pA,
is the residue field at p . If the rank of P at every p € Spec(A) is equal to m, then
P is said to have (constant) rank m. Note that if P has finite rank m as A-module,
then P ®4 A’ has the same rank as A’-module for any ring homomorphism A — A’
(19, §5.3, Proposition 4]).

Finite projective modules of constant rank are closely related to Fitting ideals. In
fact, these ideals, which were originally introduced by H. Fitting in [21], encode many
structural properties of modules. We give now the definition of Fitting Ideals and
recall some basic properties that will be used later. These results and a more detailed
introduction on this topic can be found in [44, Appendix D].

1.13. Fitting ideals. Let M be a finitely generated A-module and let ¢q,...,t, be
a system of generators of M. Let the exact sequence 0 — N — A" H M =0 be
the presentation of M defined by {t1,...,t,}, where ¢ sends each element e; of the
standard basis of A™ into ¢;, for all # = 1,...,n. The kernel N = ker(yp) admits a

system of generators {uy}xep where uy = (acg’\), ce acgf)) € A™ and then the relation
matriz of M with respect to {t1,...,t,} is defined as (xl(.)‘))izly,“n’,\@\. For1 <i<n,

we denote by F;(M) the ideal of A generated by all (n — i)-rowed subdeterminants
of this relation matrix. We set F;(M) := A, for i > n, and FA(M) := 0, for i < 0.
It can be proved that these ideals F;(M) do not depend on the special choice of the
relation matrix of M with respect to {t1,...,t,} nor on the choice of the system of
generators for M ([44, Lemma D.1 and Lemma D.2|). Thus, these ideals are intrinsic
to the A-module M.

We define Fitt{!(M) := F;(M) as the i-th Fitting ideal of the A-module M. When
the base ring A is clear, we simply write Fitt;(M). By construction, we have the
following inclusions

0 C Fitto(M) C Fitty(M) C --- C A.

The Fitting ideals behave well by base change, that is, for any ring homomorphism
A — A', the Fitting ideal Fitt (M @4 A’) coincides with A’-Fitt{!(M), the extended
ideal of Fitt!(M) under A — A’ (see [44, Rules D.4]). In particular, this property
applies for localization at any multiplicatively closed subset.
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1 ON PROJECTIVE MODULES

As it shows the following characterization, the Fitting ideals will be our main tool
to detect whether a finitely generated module is projective of a fixed rank.

Proposition 1.14. Let P be a finitely generated A-module. Then P is projective of
constant rank m if and only if the following equivalent conditions hold:

(1) Fitt;(P) =0, for i < m, and Fitt,,(P) = A.

(2) Fitt,,_1(P) = 0 and Fitt,,(P) = A.

Proof. The first equivalence is [44, Corollary D.13|. The second equivalence follows
from the fact that Fitt;(M) C Fitt;11(M) for all i € Z. O

1.2. Projective ring extensions

In this section, we collect some properties that hold for finite ring extensions A C C
such that C is a projective A-module. The results in here are developed in [12, §4.1].

Lemma 1.15. Let A C C be a finite extension of rings. If C is projective as A-
module, then the quotient C /A is also projective as A-module and, thus, the sequence
0—>A—C—C/A—0 is split exact.

Proof. Since A C C is a finite extension, we have that C is finitely generated as A-
module and projective by hypothesis. Then by Proposition 1.7, we have that Cj, is a
free Ap-module of finite rank for each p € Spec(A4). As a consequence of Nakayama’s
Lemma (see Proposition A.36), a basis for C, as Ay-module can be obtained by lifting
any basis for Cy, /pCy, over k(p). Note that we can always choose a basis for this vector
space that contains the vector corresponding to the identity element 1. Hence there
is a basis for C, over A, containing 1. This implies that A, is a direct summand of C,,
and thus the quotient (C/A), = Cp/A; is free of finite rank as Ap-module. Finally,
it is clear that A is finitely generated as A-module, and C' is finitely presented as
A-module by Proposition 1.7. Then it follows by Proposition A.25.(4) that C/A is
also finitely presented. Therefore, using the characterization in Proposition 1.7, we
conclude that C'/A is a projective A-module and, as a consequence, the exact sequence
0—+A—C— C/A— 0 splits. O

Remark 1.16. Note that any finite extension of rings A C C', such that C' is projective
over A, is faithfully flat. In fact, by Lemma 1.15, we know that the quotient C'/A is
also projective as A-module. Thus, A — C' is an injective morphism such that both
C and C/A are flat A-modules. Therefore, by Proposition A.18, the map A — C
is faithfully flat. Moreover, for any ring homomorphism A — A’, the base change
A" — O :=C®4 A is also a finite extension of rings such that C’ is projective over
A’. Indeed, by Proposition A.16, we know that A’ — C” is also faithfully flat. So, in
particular, it is injective and we can write A’ C C’. The condition of being finite and
projective follows by Remark 1.9. In addition, if C' has constant rank over A, then C’
has the same rank over A’ (see discussion 1.12.)
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The following lemmas collect some properties of ring towers A C B C C where C
is a projective module over A. The proof of the next lemma uses the fact that any
finitely generated projective module of constant rank over an Artinian ring is free,
which follows from a more general result of J.-P. Serre ([59, Théoréme 1]).

Lemma 1.17. Let A C C be a finite extension of rings such that C is a projective
A-module. Fiz B an intermediate subring, A C B C C, such that C is a projective B-
module. Then B and C/B are finitely generated projective as A-modules. Moreover,
if C has rank m as A-module and rank q as B-module. Then

(1) qlm and B has rank *} over A.

(2) The quotient module C'/B has rank m — *2 over A.

Proof. We assume first that C is a finitely generated projective A-module and that it
is also projective as B-module. By Lemma 1.15, we know that B is a direct summand
of C' as a B-module. Thus B and C/B are also A-direct summands of the finitely
generated and projective A-module C. By Proposition 1.2, this implies that both B
and C'/B are also finitely generated projective A-modules.

In addition, we assume now that C' has constant rank m over A and constant rank
q over B. We claim that B has rank s over A with gs = m. By the discussion in 1.12,
we may assume that A is a field after tensoring with x(p) for some p € Spec(A4). So
m is the dimension of C as A-vector space and C = A™. Let s be the dimension of B
over A, then B = A% as A-vector spaces. Note that B is an Artinian ring, since it is
an A-algebra of finite dimension as vector space over a field (see Proposition A.4). In
addition, C' is a finitely generated projective B-module of constant rank ¢q. Therefore,
by the observation made above, C' =2 B? as B-modules. Finally, we conclude that
A™M = O = B (A%)7, which implies m = gs. It is clear now that s = % and C/B
has rank m — s over A. O

Lemma 1.18. Let A C C be a finite extension of rings such that C is a projective
A-module. Let B be an intermediate subring, A C B C C, such that B 1is finitely
generated as A-module. If C is flat as o B-module, then C is a finitely generated
projective B-module.

Proof. Note that B is finitely generated as A-module. Then, by Proposition A.27,
we know that C has finite presentation as B-module. Thus, C is a flat B-module
of finite presentation. By Proposition 1.7, we conclude that C is a finitely generated
projective B-module. O

Remark 1.19. Let A — A’ be any ring homomorphism. Just as we noted in Remark
1.16, any tower of rings A C B C C such that C is finite and projective over both A
and B is transformed by base change into a tower of rings A’ C B4 A’ C C ®4 A
with the same properties. Moreover, if C' has fixed rank over A and B respectively,
then C ®4 A’ has the same ranks over A" and B ®4 A’ respectively (see discussion
1.12).
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Some arguments concerning finite extensions A C C can be simplified when A is
Noetherian. In particular, when we deal with some subfunctors of the Grassmannian
functor in Section 1.4, the following result will be useful to reduce the situation to the
Noetherian case.

Lemma 1.20. Let A C C be a finite extension of rings. If C is projective of rank
m as A-module, then there is a Noetherian subring Ay C A and a ring extension
Ag C Cy such that Cy is finitely generated projective of rank m as Ag-module and
C=0Cy XA A.

Proof. Since C is a finitely presented as A-module, it is a finite A-algebra of finite
presentation (see discussion A.40). We can express A as the inductive limit of its
Noetherian Z-subalgebras and apply Proposition A.42 to obtain a Noetherian subring
Apj of A and a finite Aj-algebra Cj such that Cj ®4, A = C. In addition, Cj is an
Af{-module of finite presentation because Ajf is Noetherian (see discussion A.23).

Recall that C'is projective of rank m as A-module, so we have by Proposition 1.14
that Fitt2 | (C) = 0 and Fitt(C') = A. Using that Fitt,’(C))A = Fitt2(C) = A,

m—1
we find elements f1,...,fs € Fitt;io(C(’)) and hq,...,hs € A such that fihy + -+ +
fshs = 1. We define Aj as the Af-subalgebra of A generated by hi,...,hs. We set
Co := () ® a1 Ap. Observe that Cj is an Ap-module of finite presentation, because C{

has finite presentation over A{, (see Proposition A.26).

Finally, we prove that the homomorphism Ay — Cy satisfies the required con-
ditions. It only lefts to show that Cy is a projective Ag-module of rank n, as this
implies in particular that the map Ay — Cj is injective. In order to prove it, we
use again the characterization involving Fitting ideals from Proposition 1.14. On the
one hand, Fitt2(Cp) = Fitti{)(C{))Ag, and this is equal to Ag by the way in which
we have constructed Ag. On the other hand, 0 = Fitt2 | (C) = Fittﬁ_l(C’(’))A, S0

m—1
Fittff_l(C(’)) =0 as Ap is a subring of A. Hence, Fittff_l(Cg) = Fittio_l(Cé)Ao = 0.
Thus, we conclude that Cy is a projective Apg-module of rank m. O

1.3. Generalization of the Jacobson-Bourbaki Theorem

In this section, the algebras may not be commutative or unital. The results on this
section correspond to the content in [11, §5]. Our aim is to generalize the classical
Jacobson-Bourbaki correspondence for finite field extensions to the setting of certain
finite extensions of commutative rings.

Theorem 1.21 (Jacobson-Bourbaki correspondence, [38, I, §2, Theorem 2|). Let
K C L be a finite extension of fields. Then there is a bijection between the subfields
E such that K C E C L and the unital K-subalgebras of Endg (L) that are also left
vector L-spaces.

Originally, this correspondence stems from the purpose of N. Jacobson of extend-
ing the classical Galois theory to field extensions that need not be normal or separable
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(|34], [35]). With this aim, he stated such a correspondence for finite purely insepa-
rable field extensions of exponent one between the subfields E of such an extension
K C L and the restricted Lie subalgebras of the module of derivations Derg (L) ([36]).
Recently, a generalization of this correspondence has been formulated by L. Brant-
ner and J. Waldron for purely inseparable field extensions of greater exponent using
methods of derived algebraic geometry ([10]). We will deepen these type of correspon-
dences between derivations and subextensions for purely inseparable ring extensions
of exponent one in Subsection 2.3.1 in the second chapter of the thesis, but from the
time being we will remain in a more general setting of finite extensions.

The original correspondence from N. Jacobson for purely inseparable extensions
of exponent one was quickly extended to the non-commutative case of division rings
by him ([37]) and by H. Cartan (|13]) who gave the credit of the result to N. Bour-
baki. This is the reason because the correspondence is called the Jacobson-Bourbaki
correspondence. Later on, a similar correspondence was formulated for some inter-
mediate subfields, called Galois subfields, of a commutative ring ([65]) and recently
this formulation has been expanded to the setting of the some intermediate subfields
of non-commutative rings which are finitely generated over their centers ([20]). Now,
we provide a generalization of the Jacobson-Bourbaki correspondence for projective
intermediate subrings of a finite projective extension of commutative rings with home-
omorphic spectra.

Given a finite ring extension A C C such that C is projective as A-module, we
are interested in the study of the intermediate subrings A C B C C such that C
is also projective as B-module. When this situation occurs, B is also projective as
A-module (Lemma 1.17). We want to establish a correspondence, generalizing the
Jacobson-Bourbaki, between those subrings and some subalgebras of the module of
endomorphisms in the case in which A and C have homeomorphic spectra. More
precisely, we prove that if A C C is a finite ring extension such that C' is projective as
A-module and Spec(A) and Spec(C') are homeomorphic via the map induced by the
inclusion A C C, then there is a one-to-one correspondence between the intermediate
subrings A C B C C such that C is projective over B and the unital A-subalgebras
of End 4(C) that are also direct summands as left C-submodules.

We begin by introducing some preliminaries on the module endomorphisms of a
ring extension.

1.22. Module endomorphisms of a ring extension. Let A C C be a ring extension, so C'
has a natural structure of A-module. We denote by End 4(C') the set of endomorphisms
of C" as A-module. Indeed, End4(C) has a natural structure as left C-module as
follows: if ¢ € Enda(C) and ¢ € C, we define ¢- ¢ as (c- ¢)(x) = ¢ p(z) for
every x € C. Note that under this structure, we can identify each element ¢ € C
with the multiplication map given by x + ¢ - x for each x € C'. So we can consider
C C End4(C) as a submodule. We have also a natural isomorphism of left C-modules

(1.22.1) End4(C) 2 Homg(C ®4 C,C) =: (C @4 C)*.

that assigns to each ¢ € Enda(C) a unique C-linear map ¢: C ®4 C — C such
that ¢(1 ® z) = ¢(x) for each z € C, where C ®4 C is viewed as a left C-module.
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Moreover, End4(C) is also a unital non-commutative A-algebra under composition.
Given ¢, ¢ € End4(C), we define the bracket

[, 9] :=podp—goop.

Note that, as an A-algebra, End4(C) is closed under the bracket operation. The set
of elements = € C such that [p,z] = 0 for all ¢ € End4(C) is a subring of C, since

o,z +yl = [p,x] +[p,y] and [p,xy] = [p,x]oy+zolp,y] forallz,yeC.

It is called the ring of constants of End 4(C'), since it coincides with the set of elements
x € C such that p(xc) = x - ¢(c) for all ¢ € C and ¢ € End4(C).

We study now the module of endomorphisms of a finite projective extension of
rings.

Proposition 1.23. Let A C C be a finite extension of rings such that C' is projective
as A-module. Then

(1) Enda(C) is a finitely generated projective (left) C-module.
(2) A coincides with the ring of constants of End4(C), i.e.,

A={zeC:|p,z] =0, Yo € Endy(C)}.

Proof. As we noted in (1.22.1), we have an isomorphism of left C-modules
Ends(C) ~ (C®4 C)*.

Since C is finite and projective as A-module, so is C ® 4 C' as C-module (see Remark
1.9). Finally by Proposition 1.10, we conclude that (C ® 4 C')* is also projective and
this implies (1).

Finally, we prove the equality in (2). Clearly, we have that [p,z] = 0 for any = € A,
since ¢ € End4(C) is an A-linear map. Conversely, since C' is finite and projective
over the subring A, by Lemma 1.15 we have a decomposition C' = A @ C/A. There is
also a projection map ¢: C' — A whose restriction ¢| 4 is the identity map. If z € C'is
such that [¢, z] = 0 for all ¢ € End4(C), then we have p(z) = - ¢(1). In particular,
the projection ¢ can be seen as an A-endomorphism of C' whose image lies in A. Thus,
we have x = x - ¢(1) = ¢(z) € A, as we wanted. O

We are interested in the good behaviour of the module of endomorphisms of a
finite projective extension of rings under localization. This good behaviour with lo-
calizations is a direct consequence of the next lemma, since any finitely generated and
projective module is flat and has finite presentation (Proposition 1.7).

Lemma 1.24 (]9, I, §2.10, Proposition 11]). Let A be a ring and let M be a finitely
presented A-module. Let A — A’ be a flat homomorphism of rings. For any A-module
N, there is a canonical isomorphism of A'-modules

Homu (M, N) ®4 A" — Homy (M @4 A, N @4 A)
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1.3 Generalization of the Jacobson-Bourbaki Theorem

If we consider the case of a finite projective ring extension A C C' and we take
M = N = C in the above lemma, we obtain the desired property on the localization
of the endomorphism module.

Corollary 1.25. Let A C C be a finite extension of rings such that C' is projective
as A-module. For any multiplicatively closed subset S C A, there is a canonical
isomorphism of S™1 A-modules

S~ (End4(C)) <5 Endg-14(S~10).

Our first step to generalize the Jacobson-Bourbaki correspondence to the setting of
certain ring extensions is to study the subalgebras and submodules of endomorphisms
induced by intermediate subrings B of a finite projective ring extension A C C' such
that C is also projective over B.

Proposition 1.26. Let A C C be a finite extension of rings such that C' is projective
as A-module. Let B be an intermediate subring, A C B C C, such that C is projective
as B-module. Then

(1) Endp(C) is a unital A-subalgebra of End(C).

(2) Endp(C) is a direct summand of Enda(C) as C-module.

Proof. Any B-endomorphism of C' is in particular an A-endomorphism, since A C B.
Therefore, Endp(C) is an A-subalgebra of End4(C) that contains the same identity
element, which is the identity morphism on C. This implies (1).

Now we prove (2). Since C' is projective as B-module, it follows from Proposition
1.4.(1) that C®pC is projective as C-module. Thus, by Proposition 1.2, the surjective
map of C-modules C ®4 C — C ®p C has a section. If we apply the Homg(—, C)
functor to this map, we obtain an injective map of C-modules Hom¢(C ®@p C,C) —
Hom¢(C ®4 C, C) that has a retraction. In particular, Home(C ®p C, C) is a direct
summand of Home(C' ®4 C,C). As we noted in (1.22.1), we have isomorphisms

Ends(C) ~ Home(C ®4 C,C) and Endp(C) ~ Home(C ®p C,C).

Therefore, we have proved that Endg(C) is a direct summand of Enda(C) as C-
module, as we wanted. O

Our next step is to study the ring of constants attached to certain unital subalge-
bras of the module endomorphisms of a finite projective extension of rings. We will
use the following technical lemma.

Lemma 1.27. Let A C C be a finite extension of rings such that C is a projective
A-module and the induced morphism Spec(C) — Spec(A) is a homeomorphism. Let
H C Ends(C) be a C-module direct summand. Given a prime ideal p C A, there are
f e A\ p, elements ty,...,t, € C, and endomorphisms ¢1,...,¢; € Hy, for some
I <n, such that
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(1) Cy is a free Af-module and ty, ..., t, induce a basis for this module.
(2) Hy is a free Cp-module and ¢1,. .., ¢ is a basis for this module.

(3) ¢i(t;) = 6ij in Cy for 1 <i,j <L

Proof. We begin with some observations. As we noted in (1.22.1), there is an isomor-
phism of left C-modules:

Ends(C) ~ (C®4 C)" =Homg(C ®4 C,C).

Since H is a C-direct summand of End4(C), the inclusion of C-modules H C End 4(C)
induces a surjective map (Ends(C))* — H*. Recall that any finitely generated
and projective module is canonically isomorphic to its double dual (see Proposi-
tion 1.10). Thus, using the above identification for End4(C), the dual map can
be expressed as C ®4 C — P for some C-module P such that H* ~ P, and then
H ~ H** = Hom¢(P, C). By Proposition 1.10, we deduce that P is finitely generated
and projective as C-module. So from the surjection C ® 4 C — P, we conclude that
P is a C-direct summand of C ®4 C.

Let p C A be a prime ideal. By Proposition 1.7, C,, is a free Ay-module of finite
rank, say n. Thus, by Proposition A.38, we can choose t1,...,t, € C that induce a
basis for Cp as Ap-module. Then the elements 1 ® t1,...,1® %, € C ®4 C induce
a basis for Cp ®4, Cp as (left) Cy-module. Since the spectra are homeomorphic, C,
is also a local ring. Recall that P, is a Cy-direct summand of Cy ®4, Cp. Thus, P,
is also a free Cp-module of rank, say . We can rearrange the terms if necessary, so
the images of 1 ® t1,...,1 ®¢; induce a basis for P, as Cy-module. Let ¢1,...,¢; €
Homg, (P, Cy) be the dual basis. By composition with C, ®4, C, — P,, we can
consider the homomorphisms ¢; as elements of Homc, (Cy ®4, Cp, Cp). Then, if we
identify each 1®t; € C' ®4 C with its image in Cy, ® 4, Cp, we have ¢;(1®t;) = d;; in
Cy for all 1 <4,j <. Since localization C' — C, is flat and P is a finitely presented
C-module, it follows by Lemma 1.24, that H, ~ Homg, (P, Cy). Therefore, we have
proved that ¢1,...,t, € C induce a basis for C, over A, and that ¢1,...,¢; is a basis
for H, as Cp-module such that ¢;(t;) = d;;.

Recall that the inclusion A C C induces an homeomorphism between the spectra.
Also, since C is finite and projective over A and H is finite and projective over C, we
know by Proposition 1.7 that there exists f € A\ p such that ¢1,...,¢, € C induce a

basis for C'y as Ay-module and ¢1, ..., ¢; is a basis for Hy as Cy-module. Moreover, we
can replace f by some product of f with another element, so we have also ¢;(t;) = d;;
in Uy forall 1 <4,5 <. ]

Finally, the next proposition studies the ring of constants attached to certain
unital subalgebras of the module endomorphisms of a finite projective extension of
rings. The proof has several steps and its final part is inspired in the arguments given
by S. Yuan in [67, Lemma 3.2], which are also based on G. Hochschild’s proof of
a slightly generalized form of the Jacobson-Bourbaki correspondence ([31, Theorem
2.1]). We make some modifications on these arguments to consider endomorphisms
and finite projective extensions with homeomorphic spectra.
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Proposition 1.28. Let A C C be a finite extension of rings such that C' is projective
as A-module. Assume in addition that the induced morphism Spec(C') — Spec(A) is
an homeomorphism. Let H C Enda(C) be a unital A-subalgebra that is also a direct
summand of End4(C) as a C-submodule. Let By :={x € C : [p,2] =0, Yo € H} be
the ring of constants of H. Then A C By C C is an intermediate subring and C is a
finitely generated projective Br-module. In addition, H = Endp,, (C).

Proof. Recall that By is the subring of elements of C that are constants for every
¢ € H, ie., x € By if and only if ¢(zc) = - ¢(c) for all ¢ € H and ¢ € C
(see discussion 1.22). It is clear that A C By C C and, therefore Spec(Bp) is also
homeomorphic to Spec(A) and Spec(C'). By Proposition 1.7, the result follows if we
prove that C is locally free of finite rank as By-module. Hence, we will prove that
for each prime ideal p C A there exists f € A\ p such that Cy is finitely generated
and free as (Bpy) f-module.

We first show that By behaves well under localization. That is, we have to show
that S~'By = Bg-1y for any multiplicatively closed subset S C A. We consider
the A-module M := Homu(H,Enda(C)). We define a map ®: C — M given by
®(z) = [—,z] for any x € C. Note that ® is an homomorphism of A-modules whose
kernel is By. Since H is C-module direct summand of End4(C), which is a finite
projective C-module, it follows by Proposition 1.2 that H is also a finite projective
C-module. In addition, since C is a finite projective A-module, H is also a finite
projective A-module by Proposition 1.5. In particular, H has finite presentation over
A. Since localization A — S~'A, at any multiplicative subset S C A, is flat, we have
by Lemma 1.24, an isomorphism of S~!A-modules

S™M = S~'Homy (H,EndA(C)) ~ Homg-14(S ' H,Endg-1, S™'C).

Since By is the kernel of ®, we have that S~!'By is the kernel of the map S~!C —
S~1M induced by ® when we localize. Using the above isomorphism, it is clear
that Bg-1py coincides with the kernel of the induced map. Hence, we conclude that
S_lBH = Bg-1p.

By Lemma 1.27, we know that for each prime ideal p C A there exists f €
A\ p, elements tq,...,t, € C and homomorphisms ¢1, ..., ¢, € Enda,(Cy) such that
t1,...,t, induce a basis for Cy over Ay and ¢1,...,¢; is a basis for H; as C'y-module
such that ¢;(t;) = d;; for 1 <4,j <. In addition, we show that Im ¢; C By, for all
i=1,...,1. Since ¢1,...,¢; is a basis for Hy over Cy, any ¢ € Hy can be expressed
as ¢ = 22:1 &(ti) - ¢x. Recall that Cy C Hy and that Hy is an Ag-algebra with the
composition, so ¢(x - ¢;) € Hy for any x € Cy. We have

l

l
Bla-¢i) =Y (D di))(tr)dr = »_ 6@: CGiltn)) - B = $(z) - .

k=1 k=1

In particular, if we evaluate the above expression on ¢ € Cf, we obtain ¢(¢;(c) - x) =
¢i(c) - ¢(x). Thus, for a fixed ¢ € Cy, we have

[0, i(c)](z) = B(di(c) - x) — gi(c) - d(x) =0,  forall z € Cy.
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Therefore, [p,¢pi(c)] = 0 for all ¢ € Cy and @ = 1,...,l. But this implies that
¢i(c) € By, , as we wanted.

We prove now that t1, ..., form a basis for Cy over (By)y = Bpu,. First, note
that these elements are linearly independent over BHf. In fact, if byt1 +---+bit; =0
for b; € Bp,, after applying ¢; for i = 1,...,l, we get by = --- = b = 0. It
remains to show that ¢1,...,% generate Cy as By ,-module. Let ¢ € Cy and define

di=c— Zé‘:1 ¢;(c)tj. Using that ¢;(c) € Bu,, we have ¢;(c') = ¢i(c) — ¢i(c) =0
for all ¢ = 1,...,1. This implies that ¢(¢') = 0 for all ¢ € Hy, as ¢1,...,¢; is a
Cy-basis for Hy. Since Hy is a unital Ag-subalgebra, the identity endomorphism id¢,
is contained in Hy. Thus, we have 0 = id¢,(c') = ¢/ and ¢ = St dio)t.

Finally, it is clear that any endomorphism in H is Bg-linear. Conversely, any ¢ €
Endp, (C) can be written locally as ¢ = 2221 é(ti) - ¢i. Thus, H = Endp, (C). O

Remark 1.29. Note that in the setting of Proposition 1.28, we have a tower of rings
A C By C C such that C is finite and projective as both an A-module and as a
Bp-module. Thus, by Lemma 1.17, By is also finitely generated and projective as
A-module.

The combination of Proposition 1.26 and Proposition 1.28 leads us to the next
theorem that extends the Jacobson-Bourbaki correspondence for finite field extensions
to a more general context of ring extensions.

Theorem 1.30. Let A C C be a finite extension of rings such that C' is projective as
A-module. In addition, assume that the induced morphism Spec(C) — Spec(A) is an
homeomorphism. There is a bijection between the following subset of subrings

B is an intermediate subring AC B C C
Poja=41B:

and C' is a B-projective module
and the following subset of subalgebras

D _ . H is an unital A-subalgebra of Ends(C) and
C/A = " a direct summand of End4(C) as C-module

given by the following inverse maps

Pcia — Dgyas Dcja — Peya
B — EndB(C) H = BH s

where By = {z € C : [p,x] =0, Yo € H}. Moreover, for any subring B € Pg)a,
B is finitely generated and projective as A-module and therefore Ends(B) is a finitely
generated B-module.

As we show in the next example, Theorem 1.30 does not hold in general if Spec(A)
and Spec(C') are not homeomorphic.

Example 1.31. Let K be a field and L := K x K. We can view K C L as a ring
extension via the morphism z € K +— (z,x) € L. We observe that K C L is a
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finite extension of rings such that L is projective as K-module. Indeed, L is a K-
vector space of dimension 2. In addition, we note that the inclusion K C L does not
induce an homeomorphism between the spectra, since K has only one maximal ideal
while L has two of them. Recall that Endg (L) can be identified with the matrices
in Myyo(K), where the structure as L-module is given by the left multiplication by
diagonal matrices. Let Hy and Hs be the sets of upper and lower triangular matrices
respectively. H; and Hj are unital K-subalgebras of Endg (L) and also L-submodules
that are direct summands of Endg(L). Moreover, the rings of constants attached
to H; and Hy are By, = By, = K. However, it is clear that H; # Hs, so the
correspondence in Theorem 1.30 does not hold in this case.

1.4. Grassmannian of subalgebras

In this section, we revisit the concept of Grassmannian functor in order to parametrize
certain intermediate subrings of a finite projective extension of rings with fixed rank.
The original results from this section belong to [12, §4.2]

More precisely, let A C C be a finite extension of rings such that C is a projective
A-module of rank m. We want to parametrize the A-subalgebras B of C such that
C is projective of a fixed rank over B. By Lemma 1.17, the rank of C' over B is a
positive integer g such that ¢|m and the quotient C'/B is also a projective A-module of
rank m — %. The parametrization consists in defining a functor from the category of
A-algebras to the category of sets which turns out to be representable by an A-scheme
whose set of A-points is in bijection with the set of intermediate subrings B described
before.

We begin with some preliminaries on the Grassmannian functor and its repre-
sentability. We refer to [24, §8.4] and [26, I, §9.7] for a more detailed introduction.

1.32. Grassmannian of submodules. Let A be a ring and let M be an A-module. For
any integer n > 0, we define the Grassmannian functor of submodules as

Grass) pr: Algy — Sets

N {N’ : N’ is an A’-submodule of M’ := M @4 A’, }

M'/N' is a projective A’-module of rank n

This functor is representable by an A-scheme ([26, I, Théoréme 9.7.4]). This scheme
is called the Grassmannian and it is denoted also by Grass’ 5, . Let m: Grass 5, —
Spec(A) be the structural morphism of Grass) ), as an A-scheme and let .4/ C 7" M
be the universal bundle. The representability of Grasslj 5, implies that for any A-
algebra A’ there is a natural bijection

(1.32.1) Hom 4 (Spec(A'), Grass'y /) = Grasss 5/ (A")
h— h* A .

Some geometric properties of the Grassmannian scheme are well-known. In fact,
Grassl ), is a projective A-scheme ([24, Proposition 8.14 and Proposition 8.17]).
Moreover, if M is finitely generated (resp. of finite presentation) as A-module, then
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1 ON PROJECTIVE MODULES

Grassl ), is an A-scheme of finite type (resp. of finite presentation) over A ([26, I,
Proposition 9.7.7])

As we recall in the following proposition, the Grassmannian behaves-well under
base change of rings.

Proposition 1.33 ([26, I, Proposition 9.7.6] ). Let A be a ring and let M be an
A-module. For any integer n > 0 and any A-algebra A’, there is an isomorphism of
A’-schemes:

(1.33.1) Grass'j s x4 Spec(A’) =~ Grassy yre , a7 -

Now, we introduce the functor that parametrizes the subextensions of a finite
projective ring extension of fixed rank, in which we are interested. We will show that
this functor is representable as a subfunctor of the Grassmannian functor of modules.

1.34. Grassmannian of subalgebras. Let A C C be a finite extension of rings such
that C is projective of rank m as A-module. For any positive divisor g|m, we define
the Grassmannian functor of subalgebras as the contravariant functor given by the
association:

Q’g/A: Alg 4 — Sets

A {B/:

B’ is A'-subalgebra of C" := C ®4 A/,
(' is a projective B’-module of rank ¢

In fact, for any B’ € Qg/A(A’), it follows by Lemma 1.17 that the quotient C'/B’ is

a projective A’ module of rank m — %. This shows that gg /A is a subfunctor of the
Grassmannian functor

Grrassj’_c7 : Algy — Sets

C’'/B’ is a projective A’-module of rank m — o

A s {B’ : B’ is an A’-submodule of C' := C ®4 A, }

where we consider C' with its structure as projective A-module of rank m.

Remark 1.35. Let A C C be a finite extension of rings such that C is projective of rank
m as A-module and let A — A’ be any ring homomorphism. Recall from Remark 1.16
that A’ C ¢ := C ®4 A’ is also a finite ring extension such that C’ is projective over
A’ of the same rank. Therefore, by Proposition 1.33 and the nature of the definition

m

of the functor gg S0 the inclusion of functors gg, Jar C Grassz,jg, is the base change
of the inclusion Qg /A C GrassXEF by A — A,

Finally, we prove that this Grassmannian functor of subalgebras is representable.
In each step of the proof we use [24, Proposition 8.4] which establishes some conditions
for certain functors to be representable.

Theorem 1.36. The Grassmannian functor of subalgebras gg/A is representable by a

m

quasi-projective A-scheme. More precisely, the inclusion of functors Q(qj/A - Grass:_cq
can be factorized as the composition of o quasi-compact open immersion followed by a
closed tmmersion.
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1.4 Grassmannian of subalgebras

Proof. By Lemma 1.20 and Remark 1.35, it is enough to prove the theorem under the

m

assumption that A is Noetherian. We will express the inclusion gg /A C Grass;n;q as
a composition

m

B
gg/A — Gy —> G1 — GrassACq

m

where G — GrassZL;q and Gy — G1 will be closed immersions and gg /A — Go will be
an open immersion, which is necessarily quasi-compact since A is a Noetherian ring
(see [24, Lemma 1.5]). First, we define the functors G; and Gs.

Let A’ be any A-algebra and set C' := C ®4 A’. Then A’ C C’ is also a finite
extension such that C” is a projective A’-module of rank m (see Remark 1.16). For any

A’-submodule B’ C C, we have that B’ € gg/A(A’) if and only if B’ € GrassZ;? (A)
and it is is also an A’-subalgebra of C’ such that C’ is projective of rank ¢ as B'-
module. Hence, we define the functor

G1: Algy — Sets

A {B’ € Grasstz;? (A") : B' is an A’-subalgebra of C'} (

so B € Q(qj/A(A’) if and only if B’ € G1(A’) and C’ is projective of rank g as B’-module.
Since C' is finite over A’, it follows that C’ is also finite over any A’-submodule B’.

Therefore by Proposition 1.14 we have that C” is a projective B’-module of rank ¢ if
and only if Fitt?, (C’) = 0 and Fitt? (C") = B’ Thus, we define the functor

Go: Alg, — Sets
A {B' e Gi(4) : Fitt?  (¢) = 0},

so B € Qg/A(A’) if and only if B’ € Go(A’) and Fitth,(C’) = B’. So we can describe
gg /4 28 the subfunctor of Gy given by

Qg/A: Alg 4 — Sets
A {B' € Go(A) : Fitt? (C @4 A') = B'}.

m

. . m— . . .
Now, we prove that the inclusion G; C Grass, ,? is a closed immersion. Let

T Grassj?ﬁ — Spec(A) be the structural morphism and let & C 7©*C be the
universal bundle. So for any A-algebra A’, we have a natural bijection

m

(1.36.1) Hom 4 (Spec(4’), Grassz7;?) o~ Grassj,;? (A
h— h*%.

m—m

We consider the following compositions of natural morphisms of sheaves on Grass 4 ~*:

Vv BRIAB -1 CRTCH"C —7"C/A,
w: T A—=1C—71C/A,
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1 ON PROJECTIVE MODULES

where the middle morphism in the definition of v is induced by the multiplication of

the A-algebra C. Given an A-algebra A’ and h € Hom4(Spec(A’), GrassX;?), the
condition h*v = 0 asserts that the A’-submodule h*%Z C C ®4 A’ is closed under the
multiplication of C’, and the condition h*w = 0 asserts that A’ C h*%. Thus, having
h*v = 0 and h*w = 0 is equivalent to h*#B € G1(A’). Since 7*C/% is finite locally

_m

free, G is representable and the inclusion G; € Grass, ? is a closed immersion, by
[24, Proposition 8.4].
We prove now that the inclusion Go C G is a closed immersion. Let 7: G —

Spec(A) be the structural morphism and let %; C 7*C be the universal subalgebra.
So for any A-algebra A’, we have a natural bijection

(1.36.2) Hom 4(Spec(4’),G1) ~ G1(A')
h— h*ggl .

Let vg—1: Fitt‘q%1 (7*C') — 2 denote the inclusion of the (¢ —1)-th Fitting ideal of the
P1-module 7*C. Given an A-algebra A" and a morphism of A-schemes h: Spec(A’) —
G, the Fitting ideal Fittgi?l(C’) is the image of the pullback h*v,_1, by the good
behaviour of the Fitting ideals under base change (see 1.13). Hence, under the bijec-
tion (1.36.2), the inclusion Go(A") C G;(A’) corresponds to those A-morphisms h such
that h*v,—1 = 0. Since % is finite locally free, Ga is representable and the inclusion

G2 C Gy is a closed immersion, by [24, Proposition 8.4].

Finally, we prove that the inclusion gg /A C G5 is an open immersion. Let 7w: Go —

Spec(A) be the structural morphism and let 2 C 7*C be the universal bundle. So
for any A-algebra A’, we have a natural bijection

(1.36.3) Hom 4 (Spec(A4’), Ga) ~ Go(A')
h— h*g@g .

Consider now the map vy: Fitt;?2 (7*C) — PB. By the same token as in the proof
that Go C Gy is a closed immersion, one can show that, under the natural bijec-
tion (1.36.3), the inclusion Qg/A(A/) C Gy(A') is in correspondence with those A-
morphisms h: Spec(A’) — Gy such that h*v, is surjective. We conclude by [24,
Proposition 8.4] that the inclusion Qg/A < (s is an open immersion. This completes
the proof of the theorem. O

18



CHAPTER 2

Purely inseparable Galois
extensions of exponent one

This chapter is dedicated to the study of purely inseparable extensions of exponent at
most one, that is, commutative ring extensions with unity A C C of prime character-
istic p > 0 such that

(i) CP C A;
(ii) C is a finitely generated and projective A-module; and

(iii) for each prime ideal p C A, there is a faithfully flat extension A, — A" such that
Cp®4,A’ is isomorphic to an A’-algebra of the form A’[Xy,..., X,]/(X7,..., X7})
for some n > 0.

These extensions are also called Galois extensions of exponent one and belong to the
class of finite projective extensions of rings that we studied in the previous chapter.
They were introduced by S. Yuan in [68], where he extended the Jacobson’s Galois
theory of purely inseparable field extensions of exponent one ([35], [36]) to the setting
of rings. This is why he called these extensions purely inseparable Galois, or simply
Galois. We warn the reader that this notion differs from the classical notion of Galois
extensions usually defined for separable field extensions.

Throughout this chapter, we show that Galois extensions of rings admit many
characterizations, some of them consist of replacing condition (iii) of the above defi-
nition. In fact, the original definition of Galois extension substitutes condition (iii) in
our definition of purely inseparable extension of exponent one by the next property:

(iv) C has locally, at each prime ideal, a p-basis over A.

Furthermore, S. Yuan’s results from [66] and [68] show that Galois extensions are
related to the notions of differentiably simple rings and derivations. Indeed, they
show that for a finite projective extension of exponent at most one to be Galois, the
conditions (iv), which define purely inseparable ring extensions of exponent at most
one, can be replaced by each of the following properties:
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2 PURELY INSEPARABLE GALOIS EXTENSIONS OF EXPONENT ONE

(v) for each prime ideal p C A, the ring C,/pCy is differentiably simple.

(vi) Enda(C) = C[Der4(C)] as A-algebras.

Our first interest is to enlarge the list of conditions that characterize Galois exten-
sions, with a view to extending the study to purely inseparable extensions of higher
exponent later on in Chapter 3. On the one hand, we note that the connection be-
tween derivations and Galois extensions is broader. By considering the derivations as
a submodule of the module of endomorphisms of the extension, we show that condition
(iv) can be replaced also by the next property:

(vii) Dera(C) is a C-module direct summand of End4(C).

On the other hand, we recover the well-known relation between p-basis and the
module of differentials studied by E. Kunz in [44, §5]. Using this connection, it can
be shown that Galois extensions are finite ring extensions of exponent at most one
such that the module of differentials ¢4 is a projective C-module.

S. Yuan’s motivation to study Galois extensions was to develop a Galois theory
for purely inseparable ring extensions of exponent one. With this aim, he studied the
intermediate subrings B of a Galois extension A C C such that B C C and, hence,
A C B are also Galois. We will refer to a tower of rings A C B C C satisfying these
conditions as a Galois tower of rings. Moreover, given A C C a Galois extension and
B an intermediate subring, M. André (|1]) proved using homological methods that
A C B C (Cis a Galois tower if and only if C' is projective as a B-module.

Our second interest has to do with Galois towers of rings. Given a Galois extension
A C C of constant rank, we parametrize the intermediate subrings B of fixed rank
such that A C B C C is a Galois tower by a Grassmannian functor of subalgebras as
in the first chapter. This functor is in fact an A-scheme, which we call Yuan scheme,
so we analyse some of its geometric properties.

Organization. This chapter is divided into three sections. The first one contains
various preliminaries needed to study Galois extensions of rings. A large part of the
section is expository and revisits some well-known results that can be found in [12,
§2 and §3], [44, §5 and §15|, [66] and [68]. The second section is devoted to Galois
extensions of exponent one and its different characterizations, while the third section
addresses towers of Galois extensions. Both last sections include a review of the results
from S. Yuan ([68]) and new results from [12] and [11] that complete the understanding
of Galois extensions and towers respectively. Those new results are joint work from
the author of this thesis and D. Sulca, and also partially from the collaboration with
0. Villamayor.

Section 2.1 collects some preliminaries on derivations, modules of Kéhler differen-
tials, p-basis and differentiably simple rings. We emphasize on the relation between
these notions to understand later Galois extensions. In particular, we give alternative
proofs for some important results on differentiably simple rings (Theorem 2.33 and
Theorem 2.39).
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Section 2.2 includes the main properties of Galois extensions and their character-
izations in terms of differentiably simple rings, modules of differentials and modules
of derivations (Theorem 2.71).

Section 2.3 focuses on Galois towers of rings. We introduce a parametrization for
the subrings of a Galois extension that induce a Galois tower of fixed differential ranks
(Definition 2.87). More precisely, given a Galois extension A C C' of fixed differential
rank n and an integer 0 < r < n, we study the intermediate subrings A C B C C
such that B C C is a Galois extension of differential rank r, and so A C B is also
Galois of differential rank n —r. We define the Yuan functor from the category of sets
on the category of A-algebras, whose set of A-points is formed by the tower of rings
described before. We show that this functor is representable by a quasi-projective
A-scheme (Theorem 2.92) and we study some of its geometric properties (Theorem
2.95).

2.1. Preliminaries for Galois extensions

This section contains basic concepts and results which are necessary to study Galois
extensions of rings, defined as in the previous introduction. In Subsection 2.1.1,
we revise the notion of exponent of a ring extension and some basic properties. In
Subsection 2.1.2, we introduce derivations and Ké&hler differentials. In Subsection
2.1.3, we include a quick overview on p-basis. Finally, Subsection 2.1.4 is devoted to
differentiably simple rings, in particular, we give alternative proofs for some important
results. Throughout, p denotes a fixed rational prime.

2.1.1. Exponent of a ring extension

In this subsection, all the rings are assumed to have prime characteristic p. We begin
with the notion of exponent for a ring extension.

Definition 2.1. Let A C C be aring extension. An element x € C' has finite exponent
over A if there exists an integer e > 0 such that 2P° € A. The extension A C C has
finite exponent if there is an integer e such that every x € C has exponent at most e.
The minimal e with this property is the exponent of the extension and we denote it
by exp(C/A). Note that for a trivial extension A = C the exponent is zero, and the
converse is also true.

Remark 2.2. If A C C is a ring extension with finite exponent exp(C/A) = e. Then
Spec(A) and Spec(C') are canonically homeomorphic, since the ring maps

A—=C;, C— A,

€
r—=x; r—ab .

induce continuous and mutually inverse maps on the spectra. Thus, any prime ideal
B C C can be identified with a unique prime ideal p C A and any open covering for
Spec(A) induces an open covering for Spec(C) and vice versa.
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The following lemma shows that the identification of the prime ideals from the
previous remark induce a natural identification for the modules obtained by localiza-
tion at prime ideals. The proof of the lemma uses the same argument as the proof of
[68, Lemma 3|, which was stated only for ring extensions of exponent at most one.

Lemma 2.3. Let A C C be a ring extension with finite exponent. Let P C C
be a prime ideal and let p C A be the corresponding prime ideal via the induced
homeomorphism Spec(C) — Spec(A) from Remark 2.2. For any C-module M, there
is a natural identification My = M @4 Ay =: M.

Proof. Let e := exp(C/A). We have a natural homomorphism

C®a Ay — Oy, x®%b—>% forxeC,ac Aand s € A\ p.

This map is surjective, since (x/t) € Cyp, with t € C'\ B, is the image of the element
(ztP* 1) @ (1/t7") € C ®4 Ap. We claim that the map is injective. Note that any
element in €' ®4 Ay can be written as

i®fai :x®1, where x = a;xzi- (|| sj) and s = Si.
S; S - i ;
1 XxF1 1

If ®(1/s) — (x/s) = 0 € Cy, then there is t € C'\ P such that to =0 € C. Thus,
we have

1 e 1
—=(t =0edC A,.
x ® S ( ‘/E) ® tpes ®A P
Therefore, we have C ® 4 Ay = Cq. Then for any C-module M, we conclude that

Mm:M@)CC@:M@CC@AAp:M@AAp.

O]

We introduce some notation for intermediate subalgebras that are of interest in
the study of the exponent of a ring extension. These intermediate subalgebras will
be of great interest and use later on in Chapter 3, when we study purely inseparable
extensions of rings.

2.4. Some intermediate subalgebras. Let C' be an A-algebra. For each integer e > 0,
we denote by
cld .= A[oP),

the A-subalgebra of C' generated by all elements of the form 2P° with 2 € C. Since
C can be considered as an A-module, C!¢ is also an A-submodule of C. Note that
if C is a finitely generated A-algebra, then so is each subalgebra Cl¢. In addition, if
A C C is a ring extension of finite exponent, we have Cl¢l = A for all e > exp(C/A)
and, therefore, there is a tower of ring extensions

Ac e/l ccollccollcc,
where each subextension C*t1 ¢ Cl¢ has exponent one for 0 < e < exp(C/A).
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2.1 Preliminaries for Galois extensions

Remark 2.5. Let A C C' be a ring extension and let e > 0 be any integer. Note that
CP° C A as subrings of C' if and only if Cl¢ := A[C?"] = A as A-submodules of C.
Let m: C'— C/A be the quotient homomorphism of A-modules. Then C ] = A if and
only if 7(C!¢)) = 0. Therefore, A C C has exponent e if and only if e is the minimal
integer such that (Cl¥l) = 0.

The next lemma shows that, under certain flatness hypothesis, the submodules
induced by the subalgebras in the previous discussion behave well under base exten-
sions.

Lemma 2.6. Let A C C be a finite ring extension and let A’ be an A-algebra. Assume
that either A — A’ is flat; or Cl*T1 — Clel is flat for all e > 0. Then (C ®4 A"l =
Cll @a A" as A'-submodules of C @4 A’ for all e > 0.

Proof. We first prove that Cl¢! @4 A’ is an A’-subalgebra of C @4 A’. On the one
hand, if A — A’ is flat, it is clear that the base change of Cl¢ C C induces an
inclusion Clel @4 A C C @4 A’ for all e > 0. On the other hand, we assume that
cletl] 5 clel ig flag for all e > 0. Since Cletl C Clel has exponent one, the spectra
are homeomorphic (see Remark 2.2). In particular, the induced map on the spectra,
Spec(Clet) — Spec(Cle), is surjective. Then Clet] — Cl is faithfully flat by
Proposition A.19. Moreover, CletH @4 A" — Cll @4 A’ is also faithfully flat by
Proposition A.16. In particular, the map is injective, so CleT @4 A’ C Cldd @4 A’
Since Cll @4 A" = C®4 A’ and, we conclude that Cld @4 A’ C C @4 A’ as A-modules
for all e > 0.

We show that, in both cases, the subring C!°l@ 4 A’ coincides with (C® 4 A")[ for all
e > 0. Since A C C is finite, we can write C = Alzy,...,x,] for some z1,...,2, € C
and then Cl¢l = A[:pzl’e, ., 2% ] for all e > 0. Hence, we have C @4 A’ = A'[y1,...,yn]
where y; := x; ® 1. Note that yfe = (7, @ 1) = :L‘fe ® 1. Thus, we conclude that

Cllg, A = A’[yzl’e, . ,yﬁe} =(C®a A’)[e], as we wanted. O

Remark 2.7. The proposition above applies in particular for A" = A, where p C A
is any prime ideal. Since localization A — A, is flat, we have that (C,)lel = (Cle),.

Thus, we can just write Cée] without confusion.

Using the above results we deduce some properties of the exponent for some ring
extensions. The next lemma studies the behaviour of the exponent of certain finite
ring extensions under base change. It applies for instance for finite projective ring
extensions or for base change via flat homomorphisms as localization.

Lemma 2.8. Let A C C be a finite ring extension of finite exponent and let A’ be an
A-algebra. Denote C' := C®4A'. Assume that either A — A’ is flat; or Cletl — Clel
is flat for all e > 0. Then A’ C C' has finite exponent and exp(C'/A") < exp(C/A).

Proof. We note that, under these hypothesis, we have C'l¢l = Cld @4 A’ C ¢ for
all e > 0 by Lemma 2.6. Since A C C has finite exponent, we have Cl¢l = A for
e > exp(C/A) and so C'l¢l = A’ Thus, we have A’ C C".
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We claim that C'/A’ = C/A®4 A’. In fact, the short exact sequence of A-modules
0—+A—C— C/A— 0 induces a right exact sequence

A - C@aA = (C/A) @4 A" — 0.

If A — A’is flat, then the above sequence is also left exact. If Clet — Clel ig flat,
then it is faithfully flat as shown in the proof of Lemma 2.6. Since A C C has finite
exponent, it follows from Proposition A.17 that A — C' is faithfully flat. Then C/A
is also flat (Proposition A.18) and the above exact sequence is also left exact. Hence,
we have proved that 0 - A’ — C" — (C/A)®4 A" — 0 in both cases, and this implies
that C'/A" = (C/A) @4 A’, as we wanted.

Let m: C — C/A and 7': ¢ — C"/A’ be the quotient maps. If exp(C/A) = e,
then 7(Cl¥) = 0 as we noted in Remark 2.5. Thus, using that C'/A’ = (C/A) @4 A’
and C'lel = Clel @ 4 A, we have

0=n(Cl)yo, A =7'(CF o, A) =n(C).

Therefore, we conclude that A’ C C’ has finite exponent and that exp(C’/A’) < e by
Remark 2.5. ]

Moreover, we show that the exponent of a finite ring extension is descents by
faithfully flat base change.

Lemma 2.9. Let A C C be a finite ring extension. Let A — A’ be a faithfully flat
homomorphism of rings. Denote C' .= C ®4 A’. If A” C C' has finite exponent, then
A C C has finite exponent and exp(C'/A) = exp(C'/A’).

Proof. Since A — A’ is faithfully flat, we have A’ C C" and C'/A" = (C/A) @4 A’.
In addition, we can apply Lemma 2.6 so C'l¢ = Cldl @4 A’ C ¢’ for all e > 0. Let
m: C — C/Aand n': C" — C"/A’ be the quotient maps. Then we have

r(Ch =7 (Cll @y A) = n(Cld) @4 A'.

Since A — A’ is faithfully flat, 7(C’"l)) = 0 if and only if 7(Cl¢) = 0. By Remark
2.5, we know that e is the minimum integer such that 7(Cll) = 0, and also the

minimum such that 7(C[¢) = 0. Hence, we conclude that A C C has finite exponent
and exp(C/A) = e = exp(C'/A"). O

Finally, we demonstrate in the next lemma that the exponent of a finite ring
extension can be determined by the exponent of the ring extensions obtained by
localization at prime ideals.

Lemma 2.10. Let A C C be a finite ring extension and let e > 0 be an integer.
Then A C C has finite exponent exp(C/A) = e if and only if max{exp(Cy/Ap) : p €
Spec(A)} exists and is equal to e.

Proof. Since localization A — A, is flat, we have an inclusion Ay, C Cy, = C ®4 A,
for each prime p C A. Let 7: C — C/A and mp: Cy — C, /A, be the quotient maps.
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By Lemma A.9 and Remark 2.7, we have 7(Cl¢) = 0 if and only if wp(C,Le]) =0
for every prime ideal p C A. Since the exponent of an extension is the minimum
e with this property (Remark 2.5), we conclude that exp(C/A) = e if and only if
max{exp(Cy/Ap) : p € Spec(A)} =e. O

2.1.2. Derivations and Kihler differentials

We return in this subsection to the general setting of rings of any characteristic,
commutative with unity. We give a brief introduction on derivations and review the
construction of the module of Kéhler differentials and the universal derivation. We
mostly follow the approach from E. Kunz in [44].

2.11. Module of derivations. Let C be an A-algebra and let M be a C-module.
An homomorphism of A-modules D: C — M is an A-derivation from C to M that
satisfies the Leibniz rule

D(c1e2) = e1D(c2) + caD(c1)  for all ¢1,¢0 € C.

We denote by Der(C, M) the set of A-derivations, which is also a C-submodule of
Hom4 (C, M). Observe that the construction of Dery(C, M) is functorial in M.

2.12. Module of Kdhler differentials. We consider now the A-algebra C' ® 4 C, which
has an structure as both left and right C-module. Let J be the kernel of the multi-
plication map

CRaC—C, ¢1Qcyr>cy-co.

Note that J is generated as a C-module by the elements of the form 1 ® c—c® 1 with
ceC. Weset Qg :=J/J 2 and consider it with the structure of C-module induced
from the structure of left C-module in C @4 C. The C-module Q¢4 is the module of
Kdhler differentials and the universal A-derivation is given by the map d: C' — Q¢ 4
which associates to each ¢ € C the class of 1 ® ¢ — ¢ ® 1 (|44, Definition 1.20]). We
note that d is an A-derivation satisfying the following universal property:

Proposition 2.13 (|44, Proposition 1.23|). Let C be an A-algebra and let M be a
C-module. Then for any A-derivation D: C — M there is only one C-linear map
¢: Qcya — C such that D = ¢ od. Equivalently, there is an isomorphism of C-
modules

Home (Qcja, M) — Dera(C, M), ¢~ gpod.

We recall the two fundamental exact sequences of the modules of Kéhler differen-
tials.

Proposition 2.14 (First fundamental exact sequence, [44, Proposition 3.24]). Let
B — C be an homomorphism of A-algebras. Then there is an exact sequence of
C-modules

C ®B QB/A — QC/A — QC’/B — 0.
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Proposition 2.15 (Second fundamental exact sequence, [44, Proposition 4.17]). Let
v: B — C be a surjective homomorphism of A-algebras. Let : I = ker(p), so C ~
B/I. Then there is an exact sequence of C-modules

I/I? - C®pQp/a — Qcja — 0.

The following proposition shows that finiteness conditions for C' as an A-algebra
induce good finiteness properties in {2c/4 as C-module.

Proposition 2.16. Let C' be an A-algebra.

1 [ C 8 @ mtely genemted A—algebm, then Q A 18 mtely genemted as C—
] fi c/ fi
module.

(2) If C has finite presentation as an A-algebra, then Qo4 has finite presentation
as C'-module.

Proof. Let d: C'— Q¢4 be the universal A-derivation. As it is noted in [44, Remark
1.20], the C-module Q¢4 is generated by {dc: ¢ € C'}. First, we assume that C is a
finitely generated A-algebra, say C' = Alz1,...,x,]. By an application of the Leibniz
rule, it is clear that dry, ..., dz, generate (/4 as C-module. Hence, we have proved
(1).
Now, we assume that C has finite presentation as A-algebra, so C' = A[X,..., X,|/I

for some finitely generated ideal I. Set B := A[Xj,...,X,]. Then by Proposition
2.15, the second fundamental exact sequence reads as

I/I2 — C@B QB/A _>QC’/A — 0.

Note that I/I? is finitely generated, since so is I. Let N be the kernel of the surjective
homomorphism C ®p Qp/4 — Qc/a. Since N is the image of I/I? in C ®p Qp/a
via the map in the above exact sequence, we deduce that IV is also finitely generated.
Observe also that C ®@p Qg4 is free (see [44, Example 2.5.(d)]). Thus, applying
Proposition A.25.(4) to the short exact sequence 0 = N — C ®p Qg4 — Qcya — 0,
we conclude that Q¢4 has finite presentation as C-module. O

The modules of differentials behave well also under base change. In particular,
these modules have a good behaviour under localization, and the same occurs with
the modules of derivations under some finiteness conditions.

Proposition 2.17 ([44, Proposition 4.21 and Corollary 4.22|). Let C' be an A-algebra
and let A — A’ be any homomorphism of rings. Let C' := C ® 4 A’. Then there is a
natural isomorphism

Qcrjar = Qo ®c C'.

In particular, if S C A any multiplicative subset, there is o natural isomorphism
QS—IC/S—IA ~ S_lflc/A.
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Corollary 2.18. Let C be an A-algebra of finite presentation and let M be any C-
module. For every multiplicatively closed subset S C A, there is natural isomorphism

S Ders(C, M) =5 Derg-1,4(S~1C, S7tM).

Proof. By Proposition 2.13, we have S™!Dery(C, M) ~ S~!'Hom¢(Qcja, M). By
Proposition 2.16, the C-module 2c/4 has finite presentation. Since localization is
flat, we can apply Lemma 1.24 to obtain an isomorphism S—! Homg (Qoya, M) =~
Homg-16(Qg-10/5-14, 57 M). Finally, by Proposition 2.13, we have

Homsflc(Qs—lc/SflA, S_lM) ~ Dersq(S_lC, S_lM)
and this completes the proof. O

2.19. Module of derivations revisited. We will be particularly interested in the setting
in which M = C. In this case, we denote Der4(C, C) simply as Dera(C). It is a left
C-submodule of End4(C) and it is the dual of Q¢4 via the canonical isomorphism

DGI‘A(C) = HOmC(Qc/A, C)

deduced from Proposition 2.13. However, Der4(C) is not a (non-commutative) A-
subalgebra of End 4(C) as the composition of derivations is not a derivation in general.
Instead, there is also a Lie A-algebra structure on End4(C') given by the bracket

[D,D']:=DoD"— D' oD, foreach D,D" € End4(C).

With this structure, Der4(C') is a Lie subalgebra of End4(C') since [D, D’] € Der4(C)
for all D, D’ € Der4(C). In characteristic p > 0, for each D € Der4(C), the p-times
composition DP is also in Der4(C). So Der4(C) is a restricted Lie A-algebra (see |34,
§1.1, Theorem 1]).

2.20. Absolute derivations and absolute module of differentials. Every ring C' can be
considered as a Z-algebra. In this case, we denote Der(C') := Derz(C) and we call any
derivation D € Der(C) an absolute derivation, which is simply a ring map satisfying
the Leibniz rule. We denote also Q¢ := Q¢/z and we call it the absolute module of
Kihler differentials of C.

We include here a lemma on lifting absolute derivations from quotients rings that
will be used later.

Lemma 2.21. Let B be a ring such that Qp is projective as B-module. Let C = B/I
be a quotient ring, and let m: B — C be the quotient map. If § € Der(C), then there
exists D € Der(B) such that mo D =4 o.

Proof. Note that the composition § o m: B — (' is a Z-derivation. By Proposition

2.13, 6 o7 factorizes as B N O 5 C, where d is the absolute universal derivation of
B and ¢ is some B-module homomorphism. That is, we have a commutative diagram

B—TLsC

[« L

QBLC
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Since Qp is projective and 7 is surjective, there exists a B-module homomorphism
®: Qg — B such that m o ® = ¢, in other words, we have a commutative diagram

Qp
q)// iso
>
B —7—C 0

Then we consider the composition D := ® o d. By Proposition 2.13, we have that
D: B — B is an absolute derivation and, using the equalities above, we show that it
satisfies

mToD=mo®Pod=pod=4¢om.

2.1.3. On p-basis

For this subsection, we restrict ourselves to the setting of rings of prime character-
istic p. We recall the definition and some elementary properties of p-basis for ring
extensions of exponent at most one, which can be found in |12, §3.1].

Definition 2.22. Let A C C be a ring extension of exponent at most one and let

x1,...,2n € C. The collection {z1,...,x,} is a p-basis for C over A if
(i) x1,...,zy generate C' as A-algebra, i.e, C = A[zy,...,x,], and
(ii) {z1,...,zn} is a p-independent set over A, i.e., the set of reduced monomials
{x* ... 28" : 0 < o; < p} is linearly independent over A.

By convention, in the trivial case, i.e, A = C, the empty set is the only p-basis, n =0
and the set of reduced monomials is formed by the identity element {14}.

Remark 2.23. Let A C C be a ring extension of exponent at most one. Then
{z1,...,2,} C C is a p-basis for C over A if and only if C' is a free A-module of
rank p" with basis the set of reduced monomials, or equivalently, if the A-algebra
homomorphism A[X7,...,X,] — C sending X; into z; induces an isomorphism

AlX1, o Xl /(XD — af,. . XD —al) = C.
The next example exhibits some remarkable ring extensions in which the existence
of p-basis is guaranteed.

Example 2.24. It follows by Zorn’s Lemma that every finite field extension of expo-
nent one admits a p-basis. More generally, T. Kimura and H. Niitsuma proved in [40]
that every exponent-one finite extension of regular local rings has a p-basis.

We include in the following lemma some well-known and useful properties of the
p-basis. We do not explicit a proof as it is straightforward.

Lemma 2.25. Let A C C be a ring extension of exponent at most one.
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(1) If {x1,...,x,} is a p-basis for C over A, then for any a1,...,a, € A, the set
{1 —a1,...,xy — an} is also a p-basis for C over A.

(2) Let A" be an A-algebra and set C' :== C @4 A'. If {x1,...,2,} 15 a p-basis for
C over A, then {r1 ®1,...,2, ® 1} C C’ is a p-basis for C' over A’.

(8) Let B be an intermediate ring such that AC B C C. If{x1,..., 2z} is a p-basis
for C over B and {x,11,...,x,} is a p-basis for B over A, then {x1,...,x,} is
a p-basis for C over A.

We have a particular interest in the so called splitting p-basts, which induce an
special presentation of the ring extension.

Definition 2.26. Let A C C be a ring extension of exponent at most one. A splitting
p-basis for C over Ais a p-basis {1, ..., 2, } such that 2 = 0 for all i. Equivalently, it
is a p-basis that induces an A-algebra isomorphism C' = A[Xy,..., X, ]/(XV, ..., X}).
By convention the empty set is also a splitting p-basis for any trivial extension.

We can obtain a splitting p-basis from an arbitrary p-basis by allowing a suitable
base change if necessary.

Proposition 2.27. Let A C C be a ring extension with p-basis {x1,...,x,}. Let
A C A be a ring extension such that, for each i = 1,...,n, there exists y; € A" with
y=al. Set zii=2;, 1 -1Qy; € C®a A" Then {z1,...,2,} is a splitting p-basis
of A CcCwaA.

Proof. Let C':=C®4 A'. By (2) in Lemma 2.25, we have that {z1 ®1,...,z, ® 1}
is a p-basis for C’ over A’. For each i =1,...,n, weset z; =2, ®1 —1®y; € C".
Then, by (1) in Lemma 2.25, {z1,...,2,} is also a p-basis for C’ over A’. Finally,
since 2’ = y? € A, we have 2! =0 € C’, so {z1,...,2,} is a splitting p-basis for C’
over A’ O

Note that Proposition 2.27 applies for instance with A’ = C or just A’ = A if
A = AP. Tt also applies if A = K is a field and A’ = L is any other field such that
K'YP ¢ L. In particular, if K is an algebraically closed field, then any finite extension
K C C admitting a p-basis has a splitting p-basis.

Corollary 2.28. Let A C C be a ring extension of exponent at most one that admits
a p-basis of n elements.

(1) If A = AP (e.g., A a perfect field), then C = A[Xq,..., X,]/(XV,..., X%) as
A-algebras.

(2) CoaC=C[Xq,..., X /(XV,..., XE) as (left) C-algebras.

29



2 PURELY INSEPARABLE GALOIS EXTENSIONS OF EXPONENT ONE

2.1.4. Differentiably simple rings

In this subsection, we return to the general setting, where the rings are assumed to
be commutative with unity and the characteristic will be specified in each case. We
review some basic facts about differentiably simple rings, mainly of prime charac-
teristic. In this context, we include here alternative proofs presented in [12, §2] for
two important results: the characterization of Noetherian differentiably simple rings
(Theorem 2.33), and a theorem describing the fiber of flat homomorphisms between
Noetherian differentiably simple rings (Theorem 2.39).

Differentiably simple rings were introduced by E. Posner in [53]. He showed that
these rings may be regarded as algebras over a field, which is indeed the differential
centroid of the algebra. In the characteristic zero case, he proved that differentiably
simple rings are always integral domains and that, under some finiteness conditions,
they are integrally closed in its quotient field.

Definition 2.29. Let A be a ring. An ideal I C A is differential if D(I) C I for
any absolute derivation D: A — A. The ring A is differentiably simple if the only
differential ideals are A and 0.

Example 2.30. It follows by definition that any field is a differentiably simple ring.

We are particularly interested in differentiably simple rings of prime characteristic
p. The next proposition collects some basic facts of this type of rings.

Proposition 2.31 (|66, Theorem 2.1]). Let A be a differentiably simple ring of prime
characteristic p. Then

(1) A is local and every element x in the maximal ideal satisfies 2P = 0.

(2) AP is a field and every mazimal subfield of A including AP is a coefficient field.

Proof. Let © € A be a non-unit. Recall that any derivation of A is AP-linear, so
(xP) C A is a proper differential ideal. Since A is differentiable simple, it must be
2P = 0. Thus, A is a local ring with maximal ideal m = {z € A : 2P = 0}. Note also
that AP is a field, since any ideal of AP extends to a differential ideal in A and the
only differential ideals of A are 0 and A.

Let K be any maximal subfield of A including AP. We show that A is a coefficient
field, i.e., that the restriction to K of the quotient map A — A/m is surjective. If it is
not, then there exists € A such that z—y ¢ mforanyy € K. Let a := 2P € AP C K.
Then the polynomial X? —a € K[X] is irreducible. In fact, if y € K were a root, then
yP = zP and (x — y)P = 0, which implies that x — y € m, contradicting our choice of
x. Thus, K[X]/(X? — a) is a field. Since K[z] C A is a quotient of K[X]/(X? — a),
we deduce that K[z] is also a field. This contradicts the maximality of K. Thus, K
must be a coefficient field. O

We show an example of a differentiably simple ring of characteristic p, which might
not be Noetherian.
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2.1 Preliminaries for Galois extensions

Example 2.32. Let K be a field of characteristic p and {X)} ca a collection of
variables that might not be finite. Then

C:=K[X):XeA/(X:Xel)
is a differentiably simple ring. We make some simple observations to prove it:

(1) Cisalocal ring whose maximal ideal is generated by the class of the polynomials
X with A € A.

2) It is clear that the partial derivatives =% of K[X : A € A] preserve the ideal
X x
X?: X € A). Hence, they induce derivations dy: C — C.
A

(3) The class in C of a polynomial f € K[X) : A € A] is a unit if and only if the
constant term of f is non-zero.

Let I C C be a proper differential ideal. Assume that I # 0. Then there is f €
K[X) : XA € A] included in the ideal (X : A € A), but not in the ideal (X} : X € A),
whose class in C belongs to I. Note that the condition f ¢ (X} : A € A) implies that
f has a non-zero term cXy' - X{" withc€ K and 0 <a; <pfori=1,...,n. We
consider the composition of partial derivatives

8B1 aﬁn

e Q ———

o -
B Brn
axy! aXy"

D =

Then D transforms f into a polynomial D(f) whose constant term is S1!--- 8,!-c # 0.
By (2), D induces a derivation on C, whose evaluation at the class of f coincides with
the class of D(f). By (3), we conclude that the class of f is a unit, and this contradicts
the fact that I is a proper ideal. Thus, I must be zero.

In prime characteristic, L. R. Harper determined the structure of finite dimensional
differentiably simple algebras over an algebraically closed field ([29]). He showed that
these rings are isomorphic to a truncated polynomial algebra. Later, this result was
extended to more general settings by S. Yuan ([66]) and R. E. Block ([6], [7]). The
original proofs of L. R. Harper and S. Yuan involve elaborated computations with
derivations. More recently, shorter proofs were obtained by A. K. Maloo (|46]) and
V. V. Bavula ([4]). We include here our alternative proof presented in {12, Theo-
rem 2.4] for the characterization of Noetherian differentiably simple rings of prime
characteristic. The statement for this characterization makes use of Proposition 2.31.

Theorem 2.33 (Harper). Let A be a Noetherian differentiably simple ring of char-
acteristic p. Let {x1,...,xn} be a minimal generating set for the mazimal ideal and
K C A a coefficient field. Then there is an isomorphism of K -algebras

K(X1,..., X, /(XV,...,XP)~ A
induced by the homomorphism K[X1,...,X,| = A given by X; — ;.
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Proof. Let m: K[X1,...,X,] — A be the K-algebra homomorphism given by X; — z;
and let I := ker(m). Since K is a coeflicient field for A, we have by Proposition 2.31
that A = K + m. Since {x1,...,2,} is a minimal generating set for m, the map 7 is
surjective. Recall that 2? = 0 for all z € m by Proposition 2.31, so (X7,..., X}) C I.
Thus, it only remains to check the reverse inclusion to obtain the isomorphism of the
statement.

Since {x1,...,2z,} is a minimal generating set for the maximal ideal m, its image
in m/m? induce a basis as K-vector space and 7(I) C m?. Then it follows that
I C(Xj,...,X,)% We denote by J the ideal generated by I and all the evaluations
D(f) for f € I and D € Der(K[X,...,X,]). We show that J C (X3,...,X,). Note
that the elements in I are K-linear combinations of elements of the form g - X;X;
for some g € K[X1,...,Xy] and 4,5 € {1,...,n}. In addition, for every derivation
D € Der(K[X1,...,Xn]), we have

D(g . X,LXJ) =g- X,LD(X]) +g- XJD(XrL) + XinD(g),

by an application of the Leibnitz’s rule. Since the derivations are additive maps, it is
clear that J is generated by elements in (X1,...,X,). Thus, J C (Xy,...,X,) and
m(J) is a proper ideal of A.

We claim that 7(J) is a differential ideal of A. We have to show that there is
an inclusion 6(w(J)) C 7(J) for any 6 € Der(A). We can apply Lemma 2.21 with
B = K[Xi,...,X,] and C = B/I = A, since Qp is free (see [44, Example 2.5.(d)]).
So there exists D € Der(K[X1,...,X,]) such that m o D = § ow. Then the claim
follows if we prove that D(J) C J, equivalently, if we prove that D(g) € J for all g in
a generating set for J, that is, if we prove that D(f), D(E(f)) € J for all f € I and
E € Der(K[Xy,...,X,]). On the one hand, we have 7(D(I)) = §(mw(I)) = 0 because
I = ker(m), so D(I) € I C J. On the other hand, for any E € Der(K[Xy,...,Xy])
and f € I, we have D(E(f)) = E(D(f)) — [E,D](f). Note that D(f) belongs
to I, by the previous observation. Then E(D(f)),[E,D](f) € J since E,[E,D] €
Der(K[X1,...,X,]). Hence, D(E(f)) € J as we wanted.

Finally, as A is assumed to be differentiably simple and 7(J) is a proper differential
ideal, we have w(J) = 0. Then I = J and so I C (Xy,...,X,). Assume that there is
f € I such that f ¢ (X¥,..., X}). Then, as we proved in Example 2.32, there exists
D € Der(K[Xy,...,Xy]) such that D(f) is a polynomial with a non-zero constant
term. Thus, 7(D(f)) # 0, but this is a contradiction since D(f) € J. Therefore, we
necessarily have I C (X7,..., X%) and the proof of the theorem is complete. O

Remark 2.34. Any Noetherian differentiably simple ring A of characteristic p is a (zero-
dimensional) complete intersection. In fact, by Theorem 2.33, we have an isomorphism

A~ KXy, .., X (XY, ., XE) ~ K[[ X4, ... ,Xn]]<X17_._7Xn>/<Xf, o XY
As a corollary of Harper’s Theorem we obtain the next result that will be used in

the proof of Theorem 2.39 on the fiber of flat homomorphisms between Noetherian
differentiably simple rings of characteristic p.

Corollary 2.35. Let (A, m) be a Noetherian differentiably simple ring of characteristic
p and let f € m\ m2. Then anny(f) = fP~1A.
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Proof. By Theorem 2.33, we may assume that A = K[Xq,...,X,]/(X?,..., X}) for
some coefficient field K C A and that the classes of X5,..., X,, are a minimal gener-
ating set for the maximal ideal m. Observe that f € m\m? is the class of a polynomial
from K[Xy,...,X,] with no constant term and that has a monomial term of degree
one. After a suitable change of variables, we may assume that f is the class of X. Let
A" = K[X1]/(X¥) C A. Note that A is flat as A’-module and that ann 4/ (f) = fP~1A’".
Then, by Lemma A.22, we have ann(f) = anny (f)A = fP~LA. O

We continue with the study of Noetherian differentiably simple rings of prime
characteristic. In particular, we describe in the following proposition the quotients
of those rings that are differentiably simple too. This proposition can be deduced
also from the main result of [46], which describes the maximal differential ideals of a
Noetherian local ring.

Proposition 2.36. Let (A,m) be a Noetherian differentiably simple ring of charac-
teristic p. For any proper ideal I C A, the quotient ring A/I is differentiably simple
if and only if I 1s generated by part of a minimal system of generators of m.

Proof. Let K C A be a coefficient field and I C A a proper ideal. First, we suppose
that I is generated by part of a minimal generating set for m. By Theorem 2.33, we
may assume that A = K[Xq,..., X,]/(X7,..., X%) and that I is the ideal generated
by the classes of Xi,..., X, for some r < n. If r =n, then A/I ~ K, and if r < n,
we have A/I ~ K[X,11,...,X,]/(X, ..., X%). In both cases, A/I is differentiably
simple, as we have shown in Example 2.32.

Conversely, we assume that A/I is differentiably simple. We consider the exact
sequence of K-vector spaces

0— (I+m?)/m? = m/m?> = m/(I+m?) = 0.

Note that it is split exact, so m/m? ~ ((I +m?)/m?) @ (m/(I +m?)). Then we can
take x1,...,2, € I, whose classes modulo m? form a basis for the K-vector space
(I +m?)/m?, and 2,41,...,7, € m whose classes modulo I + m? form a basis for
the K-vector space m/(I + m?). Hence, the classes of x1,...,2, € m modulo m?
form a basis for m/m2. By the local version of Nakayama’s Lemma, (Corollary A.35),
we deduce that {z1,...,z,} is a minimal generating set for m, and that x,41,...,2,
induce a minimal generating set for m/I C A/I. The way in which we have chosen the
generating system gives us a commutative diagram of homomorphisms of K-algebras

K[X1,..., X0 —> K[Xy41, ..., Xn] |

L

A AT

Ay

where m(X;) = z; for i = 1,...,n, @7(X;) = x; + 1 for i = r+1,...,n, ¢ is the
quotient map with kernel (X1,..., X,) and ¢ is the obvious quotient map. Since A/l
is differentiably simple, 7 is the surjective homomorphism from Theorem 2.33 and we
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have ker(7) = (X?,,,...,X}). From the commutativity of the diagram, we deduce
that

7 HI) =7 Hker(@)) = ¢ Hker(7)) = (X1, ..., X, XP L XE).

Therefore, I = (z1,...,z,) and, in particular, it is generated by part of a minimal
generating set for m. O

The fact stated in the following proposition was used by M. André in |1] to prove
part of Theorem 2.39 on the fiber of flat homomorphisms between Noetherian differ-
entiably simple rings of characteristic p. The argument included in the proof appeared
already in the proof of S. Yuan for [66, Theorem 11].

Proposition 2.37. Let C be a differentiably simple ring, not necessarily of charac-
teristic p. Let A C C be a subring such that C is a free A-module. Then A is also
differentiably simple.

Proof. Let I be a differential ideal of A. We prove that either I = A or I = 0. We first
show that the extended ideal IC' is a differential ideal of C'. Let D: C' — C be any
absolute derivation and let {z) : A € A} be a basis for C as A-module. Then there
are additive maps Dy: A — A such that D(a) = > y5 Da(a)zy for all a € A. In
fact, each D, is an absolute derivation of A. Since i;% differential ideal, Dy(I) C I
for all A € A. Then it follows that D(I) C IC, and so D(IC) C IC, as we wanted to
show. As C' is differentiably simple, we have that IC = C or IC = 0. Finally, since C
is a free A-module, it is in particular faithfully flat, so we conclude that either I = A
or I =0. O

We recall the next proposition from E. Kunz on complete intersection rings that
will be used in the demonstration of Theorem 2.39. The proof for this fact follows from
the main result in [43], which is based on a theorem of T. Gulliksen (|28, Proposition
1.4.9]). However, E. Kunz also presented an alternative proof of his main result by
using just the main technique in the proof of T. Gulliksen’s theorem, which is J. Tate’s
method of adjoining variables to kill cycles (|63]).

Proposition 2.38 (|43, Proposition 3.3|). Let A be a complete intersection ring and
let x € A be a non-zero element. Then ann(x) is a principal ideal if and only if the
quotient ring A/{x) is a complete intersection.

Finally, we prove Theorem 2.39 that describes the fiber of flat homomorphisms
between Noetherian differentiably simple rings of characteristic p. The key point in
our proofis to establish that some ring is a complete intersection. Our proof is different
from the one given in [1], which relies on a very strong result of L. L. Avramov (|3,
Theorem 1.1]) about the homology of a general local flat extension.

Theorem 2.39 (|1, Proposition 67]). Let (A,m4) — (C,m¢) be a flat local homo-
morphism of Noetherian local rings of exponent one. If C is differentiably simple, then
so are A and C/muC.
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Proof. Since C is differentiably simple, we have that 2P = 0 for all x € mx by
Proposition 2.31. In particular, we have 2P = 0 for any « € my4, so my is nilpotent.
Then A is Artinian, by Proposition A.5, and flatness of C' over A implies that C
is free as A-module, by Corollary A.37. Therefore, we are under the hypothesis of
Proposition 2.37 and we conclude that A is differentiably simple.

Now, we prove that C'/m 4C is differentiably simple by induction on the embedding
dimension of A. If embdim(A) = 0, then my = 0. Thus, myC =0 and C/msC =C
which is differentiably simple by hypothesis. We assume now that embdim(A) > 0,
so we can choose f € my \ m4. We claim that f € m¢ \ mZ.

By Theorem 2.33, we have an isomorphism C ~ K[[Xi,...,X,]]/(X?,..., X})
for some coefficient field K C C. In particular, C' is a (zero-dimensional) complete
intersection ring as we noted in Remark 2.34. By an application of Corollary 2.35 to
the local ring (4, m4) and f € mu \ m%, we have anns(f) = fP~1A. Since A — C'is
flat, we also have by Lemma A.22 that anng(f) = fP~!C is a principal ideal. Then we
can apply Proposition 2.38 to conclude that the quotient ring C'/(f) is also a complete
intersection of dimension zero.

Let F € K[[X1,...,X,]] be a representative of f € C. So
C/(f) = K[[Xy, ..., Xo]] (X{,..., XD, F).

Note that the ideal (X7,..., X}, F) is minimally generated by n elements which can
be chosen among the previous n + 1 generators. We claim that F is one of these
generators. In other case, F is generated by XV,..., X} and f = 0 € C. Observe
that A — C' is injective, since it is a flat homomorphism between local rings (see
Corollary A.20). So we would have f = 0 € A, which contradicts f ¢ m?%. Without
loss of generality, we may assume that (X7,..., X} F) is minimally generated by
Xy, ..., XL F. Then
X! =GF + H X5 + -+ H, X},

for some G, Ha, ..., H, € K[[X1,...,X,]]. Using that annc(f) = fP~1C, we deduce
that
G=UFF'4+ XV + U X0 + ...+ U, XP

for some U,Uy,...,U, € K[[X1,...,X,]]. Then X} € (FP,FX},XY,...,X}). This
implies that necessarily F € (X1,..., X,) \ (X1,..., Xn)% Hence f € me \ m2 and
this proves the claim.

Finally, we set A := A/fA and C := C/fC, which are Noetherian rings by Propo-
sition A.3. The induced extension A — C' is a flat local homomorphism of Noetherian
local rings of exponent one such that C' is differentiably simple by Proposition 2.36.
Since embdim(A4) < embdim(A), the inductive hypothesis implies that C'/mzC is
differentiably simple. As there is an isomorphism C/m;C = C/mC, we conclude
that C/m4C is differentiably simple. O

Corollary 2.40. Let (A,m4) — (C,m¢) be a flat extension of Noetherian differen-
tiably simple rings of exponent one. Then any minimal generating set for the mazimal
ideal of A can be extended to a minimal generating set for the mazximal ideal of C.
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Proof. Let {x1,...,z,} be a minimal generating set for m4. Since A — C' is flat,
{z1,...,2,} is also a minimal generating set for the extended ideal m4C. Since C'is
differentiably simple, the fiber C'/m4C' is differentiably simple by Theorem 2.39. It
follows from Proposition 2.36 that m4C is generated by part of a minimal generating

set for mg. Since {x1,...,z,} is a minimal generating set for m4C' C m¢ and since any
two minimal generating sets must have the same length, we conclude that {xy,...,z,}
is part of minimal generating set for me. O

2.2. Galois extensions of rings

In this section, all the rings are assumed to have characteristic p. We begin with the
original definition of Galois extensions of exponent one given by S. Yuan in [68] and
some properties that are immediately deduced from it. Then we study the relation
of these extensions with differentiably simple rings (Subsection 2.2.1), the modules
of Kéhler differentials (Subsection 2.2.2) and the modules of derivations (Subsection
2.2.3). We show that Galois extensions coincide with purely inseparable extensions
of exponent one and we conclude with a compilation of characterizations of Galois
extensions (Subsection 2.2.4).

Definition 2.41. A finite extension of rings A C C' is a Galois extension of exponent
one if the following conditions hold:

(i) A C C has exponent at most one, i.e., C? C A,

(ii) C is a projective A-module, and

iii) for each prime ideal p C A, the extension A, C C, := C ®4 A, admits a p-basis.
iii) for each prime ideal p C A, the extension A, C Cy := C'® 4 A, admits a p-basi

Note that a trivial extension, i.e., A = C, is considered a Galois extension of ex-
ponent one, because trivial extensions are considered to have a p-basis (see Definition
2.22).

Remark 2.42. In the above definition, condition (i) on having exponent at most one
is redundant. Indeed, condition (iii) implies that exp(Cy/Ay) < 1 for every prime
p C A. Thus, exp(C/A) <1 by Lemma 2.10.

Remark 2.43. Note that condition (iii) in the above definition already implies that C,
is a free Ap-module for all prime ideal p C A (see Remark 2.23). Then, by Proposition
1.7, condition (ii) in the definition of Galois extension can be replaced by the condition
that C' is an A-module of finite presentation.

Remark 2.44. Observe that condition (iii) in the definition of Galois extension only
needs to be verified at maximal ideals. In fact, assume that A, C Cy, admits a p-basis
for any maximal ideal m C A. Given a prime ideal p C A, there is a maximal ideal
such that p € m. The extension A, C C} coincides with the base change of A, C Cy,
via the localization map Ay — Ap. Thus, A, C C, has a p-basis by Lemma 2.25.(2).

Galois extensions behave well under base extension and under composition when
restricted to exponent one extensions. We collect these properties in the following
lemma, which is a consequence of Lemma 2.25.
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Lemma 2.45. Let A C C be a finite extension of rings of exponent at most one.

(1) If A C C has a p-basis, then A C C is a Galois extension.

(2) Let A’ be an A-algebra. If A C C is Galois extension, then A’ C C®4 A is also
Galois.

(8) Let B be an intermediate subring such that AC BC C. IfAC B and BCC
are Galois extensions, then A C C is also a Galois extension.

Proof. We assume first that A C C has a p-basis to prove (1). Then C is a free
A-module of finite rank as we noted in Remark 2.23. In particular, C is projective
as A-module. Since A C C has a p-basis, for every prime ideal p C A, the extension
Ay C Gy := C ®4 Ay obtained by the base change A — A, also admits a p-basis by
Lemma 2.25.(2).

We suppose now that A C C is a Galois extension to demonstrate (2). Let
C':= C®y A'. Since A C C is a finite projective ring extension, we have that
A’ C ' is also a finite extension such that C’ is projective as A’-module by Remark
1.16. Then, by Remark 2.42, to show that A’ C C’ is Galois it only lefts to show that
for any prime ideal q C A’, the extension Ay C Cj has a p-basis. Recall that there is
a morphism Spec(A’) — Spec(A4) induced by A — A’. Given a prime ideal q C A/,
let p C A be the prime ideal such that q — p via the previous morphism. Hence, we
have natural maps Ay, — Ap ®4 A" — Aj. Then, by Lemma 2.25.(2), the p-basis for
Cy over Ay induces a p-basis for Cy over Aj as we wanted.

Finally, to prove (3) we take an intermediate subring B such that both A C B
and B C C are Galois. Since C is a projective as B-module and A — B is a
ring homomorphism such that B is projective as A-module, we have that C is also
projective as A-module by Proposition 1.5. Since A C C is a finite extension of
exponent at most one, in order to show that A C C is Galois, it only lefts to check that
Cy has a p-basis over A, for every prime ideal p C A. We have natural identifications
Spec(A) ~ Spec(B) ~ Spec(C) (see Remark 2.2). Then for each prime ideal p C A,
we have a p-basis for By, over A, and for C, over By,. Then by Lemma 2.25.(3), we
conclude that Cy has a p-basis over Ay, as we wanted. O

2.2.1. Galois extensions and differentiably simple rings

In this subsection, we establish a characterization of Galois extensions of exponent one
using differentiably simple rings as we do in [12, §3.1|. The next proposition relates
this notion with p-basis over a field.

Proposition 2.46. Let K C C be a finite extension of exponent at most one such
that K is a field. Then C' has p-basis over K if and only if C is differentiably simple.

Proof. If C has p-basis over K, then by Proposition 2.27 we have an isomorphism
Cog KVP ~ KVYP[X), ... X, ]/(XP, ..., XP)
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for some n. As we showed in Example 2.32, the above ring is differentiably simple.
Since K/7 is a free K-module, C®x K/ is also a free C-module by Proposition A.32.
Thus, since C @k K'/? is a differentiably simple ring such that C C C @ KY/P and
C®x KYP is a free C-module, we conclude by Proposition 2.37 that C is differentiably
simple.

We assume now that C is differentiably simple. Note that C' is Noetherian since
it has finite dimension as K-vector space (Proposition A.4). Since K C C has
exponent at most one, we have C? C K and there is a coefficient field L. C C
that contains K by Proposition 2.31. Then there is an isomorphism of L-algebras
C = L[Xy,...,X,]/(XV,..., XE) by Theorem 2.33. It is clear that the the classes of
X1, ..., X, form a p-basis for C' over L and L has also a p-basis over K since K C L is
a field extension (see Example 2.24). Thus, C has a p-basis over K by (3) in Lemma
2.45. O

Using the previous proposition, we extend the relation between p-basis and differ-
entiably simple rings to the context of flat finite extensions of local rings with exponent
one.

Proposition 2.47. Let (A,m4) C (C,m¢) be a finite flat extension of exponent at
most one between local rings. Then the following conditions are equivalent:

(1) C has a p-basis over A.
(2) C/myC has a p-basis over k(A) := A/my.

(8) C/maC is a differentiably simple ring.

Proof. 1f C has a p-basis over A, then C/msC = C®4(A/m4) has a p-basis over A/my4
by Lemma 2.45.(2). This proves the implication (1)=(2). Note that the equivalence
(2)<(3) follows by Proposition 2.46. Thus, it remains to show that (2)=-(1). Since C
is finite and flat over the local ring A, it is a free A-module of finite rank (Corollary
A.37). We choose z1,...,x2, € C whose classes module myC form a p-basis for
C/mAC over k(A). Then the classes in C/myC of the reduced monomials form a
basis for C'/myC as a k(A)-vector space. As a consequence of Nakayama’s Lemma
(see Proposition A.36), the reduced monomials on z1,...,z, form a basis for C as
free A-module. Thus, {x1,...,2z,} is a p-basis for C over A. O

Finally, we deduce immediately from the above proposition a characterization of
Galois extensions in terms of differentiably simple rings.

Corollary 2.48 (|44, Theorem 15.5|). Let A C C be a finite ring extension of exponent
at most one such that C is projective as a A-module. Then A C C is Galois if and
only if Cy/pCy is differentiably simple for each prime ideal p C A.

Furthermore, using Proposition 2.47, we can characterize Galois extensions among
finite projective extensions of finite exponent as flat families of Galois extensions.
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Corollary 2.49. Let A C C be a finite ring extension of exponent at most one such
that C' is projective as A-module. Then A C C is Galois if and only if A/m C C/mC
1s Galois for every mazimal ideal m C A.

Proof. If A C C is Galois, the extension A/m C C/mC that results from the base
change A — A/mA is Galois by Lemma 2.45.(2). Conversely, assume that A/m C
C/mC is Galois for every maximal ideal m C A. By Remark 2.44, we only have to
show that Ay, C Cy, has a p-basis. Note that Ay/mAy, ~ A/m, since localization
and taking the quotient commute. Then Ayn/mAy, C Cn/mCy has a p-basis, since
A/m C C/mC is Galois. By Proposition 2.47, this implies that Cy, has a p-basis over
An. O

2.2.2. Galois extensions and the module of differentials

In this subsection, we characterize Galois extensions of exponent one in terms of the
modules of Kdhler differentials. With this aim, we review the notion of differential
basis in relation to the notion of p-basis. We recover here some ideas from [44, §5] and
our perspective from [11, §3]. The particular case of finite extensions of exponent one
between regular local rings was previously treated by T. Kimura and H. Niitsuma in
[41].

Definition 2.50. Let C' be a finitely generated A-algebra and let zi,...,z, € C.

The collection {z1,...,z,} is a differential basis if Qc/4 is a free C-module with
basis {dx1,...,dz,}. By convention, the empty set is considered a differential basis
if C = A.

We use the next technical lemma to study the relation between p-basis and differ-
ential basis.

Lemma 2.51. Let A C C be a finite extension of rings of finite exponent. If Qc 4 =0,
then C = A.

Proof. By Lemma A.9, the equality C' = A holds if and only if C, = A, for every
prime ideal p C A. Since C is a finite A-module, by the local version of Nakayama’s
Lemma (see Lemma A.35) it is enough to prove that the inclusion x(p) — C ®4 k(p)
is an equality for each prime ideal p C A. Hence, we may assume that A is a field K.

Under these assumptions, C' is a finite K-algebra such that CP?° C K for some
e > 0 and Q¢ = 0. In particular, it follows from the homeomorphism in Remark
2.2 that C' is local. We have to prove that C' = K. Let m be the maximal ideal and
L := C/m be the residue field of C. By Proposition 2.15, the second fundamental
exact sequence is
m/m* = L ®c Qo — Qi — 0.

Then Q¢ = 0 implies that /5 = 0. Since L¥° C K, it follows by [44, Proposition
5.7.(c)|] that L = K. Therefore, since K C C, the exact sequence

O—-m—-C—=L—0
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splits, and C = K @ m. We consider the map D: C — m/m? that results from the
composition of the projection C' — m followed by the quotient map m — m/m?. It
is easy to show that D is a surjective K-derivation from C to m/m?. Recall from
Proposition 2.13 that Derg (C, m/m?) = Home Q¢ , m/m?). Then, since Q¢/x = 0,
it must be D = 0. Since D is surjective, we have m = m?. Finally, by Nakayama’s
Lemma (see (1) in Lemma A.34), we conclude that m = 0. Therefore, C = K as we
wanted. O

We show in the following lemma that the generators of an algebra over a ring are
closely related to the generators of its module of differentials.

Lemma 2.52. Let A C C be a finite extension of rings of finite exrponent. Let
r1,...,0 € C. Then C = Alxy,...,x,] if and only if dv, ..., dv, generate Qe g as
C-module. In particular, the minimum number of generators of C' as A-algebra is the
same as the minimum number of generators of Q¢4 as C-module.

Proof. Recall that ¢/, is generated by {dc: ¢ € C} as C-module. In particular,
if C = Alxy,...,x,], applying the Leibniz rule it follows that dxi,...,dx, generate
Qc/a as C-module.

Conversely, we assume that dz1, ..., dz, generate Q¢ 4 as C-module and set C' =
Alzy,...,xy,). In this case, the first fundamental exact sequence from Proposition 2.14
is

C®Cl QC’/A — QC/A — QC/C” — 0.
Then, by the previous argument, dx1,...,dx, also generate Q¢ /4 as C’-module and
C ®cr Qcrya — Qcya is surjective. Hence, we deduce that Q¢ o = 0. Since C' C C
is a finite extension such that C’?° C C for some e > 0, we can apply Lemma 2.51 to
conclude that C'= C’. Therefore, z1,...,x, generate C as A-algebra. O

We prove that the concepts of p-basis and differential basis coincide for finite
extensions of exponent one.

Proposition 2.53 ([44, Proposition 5.6]). Let A C C be a finite extension of exponent
at most one and let x1,...,x, € C. Then {x1,...,x,} is a p-basis for C over A if
and only if it is a differential basis.

Proof. Let {x1,...,z,} be a p-basis for C' over A, so we have a presentation C' =
AlXq, ., Xp) (XY =28 o) XE — ). Then by [44, Proposition 4.19], we have that
Qcya = Cdr1 @ - -- ® Cdwy, and this implies that {dz1,...,dw,} is a basis of Q¢ /4 as
C-module.

Conversely, assume that {dz1,...,dr,} is a basis of Q¢ 4 as C-module and let
C' = Alry,...,z,]. We claim that {xi,...,2,} is a p-basis of C’ over A. Tt is
clear that the set of reduced monomials generate C’ as an A-algebra, so we only
have to check that they form a p-independent set over A. Let I be the ideal of
polynomials f € A[Xy,...,X,] with degree at most p — 1 at each variable X; such
that f(z1,...,2,) =0 € C. By contradiction, we may assume that there is a f € I
such that f # 0. Without loss of generality, we assume that X; appears in some
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monomial in the expression of f. In addition, we can choose f so it contains the
non-trivial monomial with lower degree in X; appearing on the polynomials from 1.
Note that we have a relation 86—)?1(19:1 + -+ %dmn =0¢€ Qcja. Asdry,...,dz,
are linearly independent over C, we have that 86—)](: = 0 for all 7. In particular, aa—)é
is a non-trivial polynomial that belongs to I which contradicts the minimal property
of f. Thus, I = 0 and the reduced monomials on x1,...,x, are linearly independent

over A. So {x1,...,x,} is a p-basis for C’ over A.

We make an abuse of notation and denote by d both the universal derivations of
C’ and C over A. Now, by the first implication, dx1, ..., dz, generate Qcra. Then
the natural map Q¢4 ®cr C — Q¢4 is surjective. By Proposition 2.14, we have
an exact sequence Qcr/q @cr C = Qcya — Qoyor — 0, 50 Qo = 0. Finally, since
CP C ', we can apply Lemma 2.51 to conclude that C' = C’. This completes the
proof of the converse, since {x1,...,x,} is thus a p-basis for C over A. O

We can combine Lemma 2.52 and Proposition 2.53 to obtain a criteria for the
existence of p-basis for finite extensions of local rings with exponent one.

Corollary 2.54. Let A C C be an exponent at most one finite extension of local rings.
Then C has a p-basis over A if and only if Q¢4 is a flat C-module. In this case, any
minimal generating set x1,...,xy, of C as an A-algebra is a p-basis.

Proof. If {x1,...,x,} is a p-basis for C over A, then {z1,...,z,} is a differential basis
by Proposition 2.53. Thus, Q¢ /4 is a free C-module with basis {dz1,...,dz,}. In
particular, ¢4 is a flat C-module.

Conversely, assume that ¢/ is a flat C-module. Since A C C' is finite, Q¢4 is
a finite C-module by Proposition 2.16. Since C is local, Corollary A.37 implies that
Qcya is free as C-module. Then, by Proposition 2.53, we only need to prove that
if x1,...,x, is a minimal generating set for C' as A-algebra, then it is a differential
basis. Now, by Lemma 2.52, dz1,...,dz, is a minimal generating set for /4. By
Proposition A.36, we conclude that it has to be a basis. O

Finally, using the previous results, we obtain a characterization of Galois exten-
sions in terms of the module of Kéahler differentials.

Proposition 2.55. Let A C C be a finite ring extension of exponent at most one.
Then the following conditions are equivalent:

(1) ACC is a Galois extension.
(2) C is an A-module of finite presentation and Qo4 is a flat C-module.
(3) Qcya is a projective C-module.

(4) There exist fi,..., fr € A generating the unit ideal such that Cy, has a p-basis
over Ay,.
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Proof. Let A C C be a Galois extension. In particular, C has finite presentation as
A-module (Remark 2.43). Note that Q¢4 is a flat C-module if and only if (Q¢/4)p
is a flat Cp-module for every prime ideal p C A. By Proposition 2.17, we have an
isomorphism (Q2¢/4)p =~ Q¢,/4,- Since Cy has a p-basis over Ay, it follows by Corollary
2.54 that Q¢, /4, is flat and this completes the implication (1)=-(2).

Recall that any flat module of finite presentation is projective by Proposition 1.7.
Then the implication (2)=-(3) follows from the fact that if C' has finite presentation as
A-module, then Q¢4 is a C-module of finite presentation (see Proposition 2.16.(2)).

We assume now that 2c/4 is a projective C-module. The implication (3)=(4)
follows if we show that given a prime ideal p C A, there is h € A\ p such that C} has
a p-basis over Ay. Since A C (' is finite, {04 is finitely generated as C-module by
Proposition 2.16. Then Q¢4 is locally free of finite rank by Proposition 1.7. Since
Spec(A) and Spec(C') are homeomorphic (see Remark 2.2), there is f € A\p such that
ch/Af is a finite free C'y-module, say of rank n. We can choose z1,...,z, € C such
that, when they are viewed as elements of Cy, dz1,...,dx, is a minimal generating
set for Q¢, /4, as Cp-module. Then there is g € A \ p such that Qc,,/a,, 1s generated
by dzi,...,dz,, viewing z1,...,2, as elements in Cy,. By Proposition 2.17 and
Proposition A.32, chg/Afg is a free C'tg-module of rank n. Thus, dz1,...,dz, has to
be a basis. We conclude that x1,...,z, is a p-basis for Cy, over Ay, by Proposition
2.53.

If A C C satisfies condition (4), then C'is a finite locally free A-module. Hence, C'
is projective by Proposition 1.7. Given a prime ideal p C A, we can choose f; among
the generators of the unit ideal such that f; € A\ p. Then the p-basis for Cy, over
Ay, induces a p-basis for C}, over A, via the base change Ay, — A, (Lemma 2.25.(2)).
Then A C C is a Galois extension and this completes the proof of (4)=-(1). O

2.2.3. Galois extensions and derivations

In this subsection, we explore the connection between Galois rings extensions of ex-
ponent one and derivations. We recover some ideas from the work of S. Yuan (|68])
and include the new perspective given in [11, §3.3| in collaboration with D. Sulca. We
first study how derivations and p-basis are related.

2.56. Derivations associated to a p-basis. Let A C C' be a ring extension that admits
a p-basis {z1,...,z,}. We denote x* := z{*----- 22 for each a = (o, ..., ) € Nj,
and

A={a=(a1,...,an) N[ : 0<a; <p}.
Then the set of reduced monomials {x* : « € A} is a basis for C over A. For each
i € {1,...,n}, we denote by e; the n-tuple such that (e;); = J;;. Then for each ¢
there is an A-linear map 0;: C — C such that

a x0T % if oy 75 0
Ol ):{( if a; = 0

Indeed, 01, ..., 0, are A-derivations, which we call partial derivatives associated to the
p-basis {x1,...,x,}.
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Proposition 2.57. Let A C C be a ring extension with p-basis {x1,...,xn}. Then
Dery(C) is a free C-module with basis given by the partial derivatives {01, ...,0n}.
Moreover,

A =ker(Ders(C)) :={x € C: D(x) =0, VD € Deru(C)}.

Proof. Note that any A-derivation D: C' — C can be written as a C-linear combina-
tion of the partial derivatives as follows

D= 8(901)81 + -+ a(xn)é?n

Thus, {01,...,0,} is a set of generators for Dery(C) as C-module. We check that it
is linearly independent over C. Let ¢101 + ...c¢,0n, = 0 be a C-linear relation. Then,
for each i = 1,...,n, we have

¢i = (101 +...cp0h)(x;) =0.

Hence, {01, ..., 0y} is a basis for Der4(C) as C-module. This implies that ker(Der4(C)) =
N7, ker(0;). Therefore, by evaluating the derivations 0; at the reduced monomials, it
follows that NI'_; ker(0;) = A. O

Moreover, for a ring extension A C C' with p-basis, the partial derivatives asso-
ciated to the p-basis and the elements in C' generate End4(C) as an A-algebra. In
order to prove it, we introduce the Taylor operators associated to the p-basis of the
ring extension.

2.58. Taylor operators associated to a p-basis. Let A C C be a ring extension with p-
basis {x1,...,2,} asin (2.56). For each € A, we define an A-linear map dg: C' — C
given by

0p(x”) := (g) {aﬁ for each o € A,

where the binomial coefficient is defined as

C)ELLE)

We call {0g : B € A} the Taylor operators associated to the p-basis {x1,...,x,}. It
can be shown that each dg is related to the partial derivatives as follows

n

1
85:@6{310"'085"7 where 3! ::HG!-
! i=1

Proposition 2.59. Let A C C be a ring extension with p-basis {x1,...,xn}. Then
Enda(C) is a free C-module with basis given by the Taylor operators {0z : [ € A}.
Moreover, End4(C) = C[Der 4(C)].
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Proof. For each a € A, we define an A-linear map ¢o: C — A as

if o =
dal(x") = {( ifZ;Ag

Then we can express any ¢ € End4(C) as the C-linear combination

¥ = Zf(xa>¢a-

acA

a C-linear combination| of the Taylor operators {9z : § € A}. In order to show that
{0g : p € A} is a basis tdr End4(C), we have to check that it is a linearly independent
subset over C. Let ) 4 4 cg-0g = 0 be a C-linear relation. We evaluate this relation
at x® for each o € A, go we have

0= c5-05(x") = Z<ﬂ' <Z>X“_6~

BeA BeA

Observe that ¢, = E{A ¢a(x?) - 05. Thus, every ¢ € Endy(C) can be written as

Note that for g € A such that a; < S; for some i € {1,...,n}, the corresponding
term in the above sum is zero, and that for 5 = a the corresponding term is c,. Let
la] = a1 + -+ + a,. In particular, for |a| = 0, the above relation reads as ¢, = 0.
Then proceeding inductively on |a| for a € A, we deduce that cg = 0 for all 5 € A.

Finally, it is clear that C[Dera(C)] C End4(C) and the reverse inclusion is a
direct consequence of the above argument, since {J3 : 8 € A} is a basis for End4(C)

as C-module and 0g = %8161 0-++0 &g". O

Remark 2.60. If A C C is a ring extension with p-basis, then Der4(C) is a C-direct
summand of End4(C). In fact, by Proposition 2.57, the partial derivatives associated
to the p-basis form a basis for Der4(C) as C-module. Since these derivations are also
Taylor operators, they are part of a basis for End4(C) as C-module by Proposition
2.59.

We use the above results on the derivations of a ring extension with p-basis to
deduce some properties for Galois ring extensions of exponent one.

Lemma 2.61. Let A C C be a Galois extension of exponent one. Then Dera(C) is
a finitely generated and projective C'-module.

Proof. By Proposition 2.55, there exist fi,..., f, € A generating the unit ideal such
that Cy, has a p-basis over Ay,. Given a prime ideal p C A, we have f; € A\ p for
some i € {1,...,n}. Note that Dera, (Cy,) is a finite free C,-module by Proposition
2.57. Recall that C is an A-module of finite presentation as we noted in Remark 2.43.
Hence, (Dera(C))y, 2 Dery, (Cy,) by Corollary 2.18. Therefore, Ders(C) is a locally
free C-module of finite rank. Finally, we conclude that Der4(C) is finitely generated
and projective as C-module by Proposition 1.7. O

Proposition 2.62 ([68, Theorem 9]). Let A C C be a Galois extension of exponent
one. Then
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(1) Enda(C) = C[Der4(C)].

(2) Dera(C) C End4(C) is a direct summand as C-module.
In addition, A = ker(Ders(C)) ={x € C: D(x) =0, VD € Ders(C)}.

Proof. By hypothesis, C}, has a p-basis over A, for every prime ideal p C A. Thus, by
Proposition 2.59, the extension A, C C}, satisfies the next conditions:

(1) Enda,(Cyp) = Cp[Dera,(Cy)].

(2’) Dery,(Cy) € Endg,(Cy) is a direct summand as Cy-module.

Recall that A C C is a finite ring extension such that C' is a projective A-module. In
particular, C has finite presentation as A-module by Proposition 1.7. Hence, End 4(C')
and Der4(C) behave well under localization by Corollary 1.25 and Corollary 2.18.
Therefore, condition (1’) implies that (Enda(C)), ~ (C[Dera(C)]), for every prime
ideal p C A and the equality in (1) holds by Lemma A.9.

We prove now that A C C satisfies condition (2). By Proposition 1.23, End4(C) is
a finite projective C-module. In particular, it is a C-module of finite presentation by
Proposition 1.7. Note that Der4(C) is a finitely generated C-module by Lemma 2.61.
Then it follows by Proposition A.25 that the quotient End4(C)/ Der(C) has finite
presentation as C-module. Finally, by Lemma A.30, Der4(C) is a C-direct summand
of Ends(C) if and only if Dery,(Cy) is a Cp-direct summand of Enda,(Cyp) for all
p C A. Since this is condition (2), the result holds.

Finally, the last affirmation is true if and only if it holds when we localize at each
prime ideal p C A, by Lemma A.9. This result implies also that (ker(Der4(C))), ~
ker((Der(C))p). The later module is isomorphic to ker(Der 4,(Cy)) by Corollary 2.18.
Since A, = ker(Der 4, (Cy)) by Proposition 2.57, the proof is complete. O

In fact, the two conditions in the above proposition characterize Galois extensions
among finite projective ring extensions of exponent one. In [68|, S. Yuan proved that
condition (1) is sufficient for such an extension to be Galois. We include here a proof
for this fact.

Proposition 2.63 ([68, Theorem 10]). Let A C C be a finite ring extension of expo-
nent at most one such that C' is projective as A-module. If End4(C) = C[Der(C)],
then A C C is a Galois extension.

Proof. By Corollary 2.48, the extension A C C is Galois if and only if Cy/pC,, is dif-
ferentiably simple for every prime ideal p C A. So we prove this equivalent condition.

Let r(p) := Ay/pA, and Cp := Cy/pCy. We begin with some observations. Us-
ing Corollary 1.25 and Corollary 2.18, the assumptions imply that End,(Cy) =
Cp[Dera,(Cp)]. In addition, Enda,(Cp) ®4, k(p) ~ End,,)(Cy) by Lemma 1.24.
We denote by H the image of Dera, (Cy) ®4, £(p) in Endy,)(Cy). Note that H is a
module of derivations of Cy and that End,,(Cy) = Cp[H].
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Let I be a proper differential ideal of C,. Then D(I) C I for each derivation
D € H and ¢(I) C [ for any ¢ € Endﬂ(p)(é},). Thus, I can be considered as a proper
(left) End,)(Cp)-submodule of Cp,. We claim that C} has no non-trivial proper
submodules when it is considered as an End,;,)(Cy)-module. In fact, for any non-zero
r € Cp we can find ¢y € End,,(Cy) such that {ox(x) : A € A} form a basis for C)
as (p)-vector space, so any End,p)(Cp)-submodule containing a non-zero element is
equal to Cp. Therefore, since I is a proper submodule, we conclude that /I = 0 and
this completes the proof. O

In [11], we demonstrate that condition (2) in Proposition 2.62 is also sufficient
for a finite projective ring extension of exponent one to be Galois. We will recall the
proof of this fact in Proposition 2.67. With this aim, we include here the technical
lemmas used to prove it. We note that the proof of the next lemma is contained in
the last paragraph of the proof of [68, Theorem 12|, which in turn follows the lines of
G. Hochschild’s proof of |32, Theorem 1].

Lemma 2.64. Let C be a ring and let x1,...,x, € C. If there exist derivations
Dy,...,Dy of C such that

Dl(SE]) = (51']‘, [DZ,D]] = 0, Df = 0, VZ,] S {1, ... ,TL},

then {x1,...,xn} is a p-basis for C over A := N} ker(D;) and {D1,..., Dy} are the
associated partial derivatives. In particular, {D1,..., Dy} is a basis for the C-module
Der4(C).

Proof. For = (p1,...,B) € N§, weset Dg := Dfl o---oDE" Tt is easy to show that
%Dﬁ(xo‘) = (g)xa*ﬂ for all o, 8 € A, and that Dg = 0 for 8 ¢ A since DY = 0 for all
i. We claim that {z1,...,2,} is a p-basis for C" := A[z1,...,z,] over A. In fact, we
only have to check that the reduced monomials {x“ : @« € A} are linearly independent
over A. Given an A-linear relation ) /- 4 aoX® = 0, it is easy to deduce that a, =0
by evaluating each Dg on the relation)| Thus, it remains to show that ¢’ = C.

Let ¢ € C be a non-zero element. We have to prove that ¢ € C. For each a € N,
set o] := a1 + -+ 4+ a,. We define d(c) := max{|a| : « € A, D,(c) # 0}, which
exists because A is a finite set and Dg(c) = ¢ # 0. We proceed by induction on
d(c). If d(c) = 0, then D;(c) = 0 for all i. Since A = N7, ker(D;), this implies
that ¢ € A C C’. Now, suppose that d(¢) = k > 0. For each o € A such that
la| = k, we set aq := 2 Dq(c). Since [D;, D;] = 0 for all 4,5 € {1,...,n}, we have
that D;(aq) = éDaJrei (¢), for i = 1,...,n. Note that D;(an) = 0, since Dyte;, = 0
if o +e; ¢ A, and Dye,(c) is also zero if « + e; € A by the maximal property of k.
Therefore, by the definition of A, we have that a, € A. Let ¢ := ¢ — Z‘ =k QX"
If ¢ =0, then ¢ = Zézk aox® € C'. In other case, d(¢) < k and ¢ €\C’ by the

I

inductive hypothesis, s¢ ¢ € C’. Thus, C = C’, as we wanted, and {z1,...,2,} is a

p-basis for C' over A. addition, observe that the derivations Dy, ..., D, coincide
with the associated partial derivatives, so they are a basis for Der4(C) as C-module
(see Proposition 2.57). O

Lemma 2.65. Let A C C be g finite ring extension of finite exponent such that C is
projective as A-module. If Der(C) =0, then A= C.
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Proof. Let J C C ®4 C be the kernel of the multiplication map as in (2.12). Since C
is a projective A-module, the exact sequence

0—-J—>C®sC—->C—=0

splits by Proposition 1.2. So C®4 C = C & J. By Remark 1.9, C ® 4 C as finite and
projective as (left) C-module. Since J is a direct summand of C' ® 4 C| it follows by
Proposition 1.2 that J is also projective as a C-module. In addition, note that J is
finitely generated by Proposition A.25.(3).

We prove by induction that Homg(J¥/J¥1 C) = 0 for all k > 1. For k =
1, we have Homg(J/J?,C) = Home(Qc/a,C) = Dera(C) = 0, as we noted in
(2.19). Let & > 1 and suppose that Homg(J*1/J* C) = 0. We have to prove
that Home (J*/J¥1,C) = 0. We proceed by contradiction and assume that there
is a non-zero ¢ € Homg(J*/J*1 C). Then there are z € J and y € J*1, so
zy € J*, such that ¢(xy 4+ J*T1) # 0. But then the map +: J*~1/J* — C defined
by ¥ (u+ J*) := p(zu+ J**1) is a non-zero C-module homomorphism, contradicting
the inductive hypothesis. Thus, it must be Homg (J*/J*1 C) = 0.

We use the above fact to prove that J = 0. For each k& > 1, we have an exact

sequence
0— JE/JHY 5 g gk S g/ gk =0,

that induce the left exact sequence of C-modules
0 — Home(J/J*,C) = Home(J/J*L, C) — Home (J*/J5L, 0).

Since Home (J*/J¥1,C) = 0, the above left exact sequence induces an isomorphism
Home (J/J*+1,C) ~ Home(J/JF,C) for all k > 1. We claim that .J is a nilpotent
ideal, i.e., there exists n > 1 such that J"*! = 0. In fact, A C C has finite exponent,
say e, so P° € A for all x € C. Since J is generated by the elements of the form
1®x—2x®1 with x € C, we have

l@z—1@z) =1z -2 @l=2" - 101)—2” @1 =0,

and J"*! = 0for n = p°—1. Then J ~ J/J"*! and Hom¢(J, C) = Homg(J/J" L, O).
Recall that this is equal to Homg(J/J", C) = --- = Homg(J/J?,C) = 0 as we have
proved before. Therefore, we have that J* := Hom¢(J,C) = 0. Since J is a finite
projective C-module, we have by Proposition 1.10 that J ~ J**. Hence, we conclude
that J = 0.

Finally, since C®4C = C&® J and J = 0, we have that C ® 4 C = C. By Remark
1.16, A C C is faithfully flat. Thus, we deduce that C' = A, as we wanted to prove. [

Lemma 2.66. Let A C C be a finite ring extension of exponent at most one such that
C is projective as A-module. Let B be an intermediate subring, A C B C C, such
that C' has a p-basis over B. If Der4(C) = Derg(C), then A = B.

Proof. The fact that C has a p-basis over B implies that C' is a finite free B-module.
Then, by Lemma 1.17, B is a finitely generated projective A-module. Let {z1,...,z,}
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be a p-basis for C' over B and denote a; := z¥ € A. Then we have

B[X1,..., X,
(XV—ay, ..., X —ay,)

A[Xy, ... X,

C = )
(Xf—al,...,Xg—an>

By contradiction, assume that A # B. Then, by Lemma 2.65, there is a non-zero
derivation D € Der4(B). By the above equality, there is a non-zero derivation D €
Der4(C) such that D|p = D. Since D(B) # 0, D ¢ Derp(C). But this contradicts
the hypothesis Der4(C) = Derp(C). Thus A = B. O

Finally, we obtain the new criteria for a finite projective ring extension of exponent
one to be Galois.

Proposition 2.67. Let A C C be a finite extension of exponent at most one such that
C is a projective A-module. If Dery(C) is C-module direct summand of Enda(C),
then A C C is a Galois extension.

Proof. By Corollary 1.25 and Corollary 2.18, End4(C) and Dery(C) behave well
under localization. Hence, we may assume that A is a local ring. Since Spec(A) and
Spec(C) are homeomorphic (see Remark 2.2), C is also local.

Taking H = Der4(C) in Lemma 1.27, we obtain elements x1, ..., z, € C and a ba-
sis D1, ..., Dy for Ders(C') as C-module such that D;(x;) = 6;; forall 4,5 € {1,...,n}.
We show that they satisfy the conditions in Lemma 2.64, i.e., that [D;, D;] = DY =0
for all i,j € {1,...,n}. Since Ders(C) is a restricted Lie algebra, [D;, D,],D? €
Der4(C) for all 1 <4,j <mn. Then we have

[D;, Dj] = cg?)Dk, and DY =" G-k) D, for some Cg@), M e c.
k=1 k=1

Observe that cgf) = [D;, Dj](x)) = 0 and cgk) = DP(z;) =0, for k =1,...,n. Thus,
[D;,Dj] = DY =0 for all i,j € {1,...,n}, as we wanted to show. Then, by Lemma
2.64, {x1,...,xy} is a p-basis for C over B := N}, ker(D;), and Dy, ..., D, is a basis
for Derp(C') as C-module. In particular, Der4(C) = Derg(C). Finally, we conclude
that B = A by Lemma 2.66. Thus C has a p-basis over A. This implies that A C C
is Galois by Lemma 2.45.(1). O

2.2.4. Summary of characterizations of Galois extensions

In this final subsection, we collect the characterizations of Galois ring extensions of
exponent one derived from the results previously exposed. We recall first the notion
of purely inseparable ring extension of exponent one and we show that it coincides
with the notion of Galois extension.

Definition 2.68. A finite ring extension A C C is a purely inseparable extension of
exponent one if the following conditions hold:

(i) A C C has exponent at most one, i.e, CP C A,
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(ii) C is a projective A-module, and

(iii) for every prime ideal p C A, there exists a faithfully flat homomorphism A, — A’
such Cp ®4, A" has a splitting p-basis over A’.

Any Galois extension is purely inseparable, by Corollary 2.28.(2) and the fact that
it is faithfully flat (see Remark 1.16). The converse is also true by the following lemma
on faithfully flat descent of p-basis.

Lemma 2.69. Let A C C be an exponent at most one finite extension of local rings.
If there is a faithfully flat homomorphism A — A’ such that C @ A" has p-basis over
A’, then C has a p-basis over A.

Proof. Let C' :=C ®4 A’. Since A — A’ is faithfully flat, the base change C' — C’ is
also faithfully flat (Proposition A.16). Since C’ has a p-basis over A’, the C’-module
Q¢ /a0 1s flat by Proposition 2.53. Recall that Qcrja ~ Qo4 ®@c C' by Proposition
2.17. Then, Q¢4 is a flat C-module by faithfully flat descent (Proposition A.15.(2)).
Thus, we conclude that A C C has a p-basis by Corollary 2.54. 0

The above lemma implies also that Galois extensions of rings are preserved under
faithfully flat descent.

Proposition 2.70. Let A C C be a finite ring extension. If A — A’ is a faithfully
flat homomorphism of rings such that A* C C ®4 A’ is Galois, then A C C is also
Galois.

Proof. Let C' := C ®4 A’. Since A’ C (' is Galois, it is a finite ring extension such
that C’ is projective as A’-module. Since the map A — A’ is faithfully flat, we have
that A C C is also a finite projective extension of exponent one (see Proposition
1.4.(2) and Lemma 2.9). Finally, we show that C}, has a p-basis over A, for each
prime ideal p C A. Since A — A’ is faithfully flat, the induced map on the spectra
Spec(A’) — Spec(A) is surjective (Proposition A.19). Then for each prime ideal
p C A, we can choose q C A’ such that q — p in the above morphism. Note that
Ay — Aa is a flat local homomorphism between local rings, so it is faithfully flat
(Corollary A.20). Since A" C C” is Galois, the extension Ay C Cf admits a p-basis.
As Oy = Gy ®4, Ay, we conclude that A, C Cp admits also a p-basis by Lemma
2.69. O

The next theorem summarizes the equivalences of the notion of Galois ring exten-
sion of exponent one that follow from the results exposed throughout the section.

Theorem 2.71. Let A C C be a finite ring extension of exponent at most one. Then
the following conditions are equivalent:

(1) A C C is a purely inseparable extension.

(2) ACC is a Galois extension.
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3) C is a projective A-module and Cy,/pCly is differentiably simple for each prime
p p
ideal p C A.

(4) Qcya is a projective C-module.
(5) C is a projective A-module and End(C) = C[Dera(C)].

(6) C is a projective A-module and Der 4(C) is a C-direct summand of Enda(C).

Proof. The equivalence (1)<(2) is a consequence of the previous observations from
this section. Recall that corollary 2.48 establishes equivalence (2)<>(3). We have that
(2)<(4) by Proposition 2.55. The implications (2)=-(5) and (2)=(6) are a conse-
quence of Proposition 2.62. While the converse implications (5)<(2) and (6)<(2)
follow by Proposition 2.63 and Proposition 2.67 respectively. O

2.3. Towers of Galois extensions

This section is devoted to the study of Galois towers of rings from a geometric per-
spective. We begin with a review of some basic results on Galois towers of rings in
Subsection 2.3.1. Then we include some preliminaries on affine group schemes in Sub-
section 2.3.2. In particular, we study the automorphism group scheme of an extension
with splitting p-basis in Subsection 2.3.3. Finally, we introduce the Yuwan functor to
parametrize the subrings of a Galois extension that induce a Galois tower of fixed
differential ranks, we show that it is representable by an scheme and we study some
of its geometric properties in Subsection 2.3.4.

2.3.1. Basics on Galois towers of rings

In this subsection, we work in the setting of rings of prime characteristic p. We
introduce Galois towers of rings and recall two important results concerning Galois
extensions: the characterization from M. André for the intermediate subrings of a Ga-
lois extension that induce a Galois tower ([1]) and S. Yuan’s correspondence between
Galois towers and some restricted Lie subalgebras of the module of derivations (|68]).

Definition 2.72. A tower of rings A C B C C is a Galois tower if the extensions
ACC, AC B and B C C are Galois extensions of exponent one.

Towers of Galois extensions are well-understood. On the one hand, we have seen
that the composition of two Galois extensions A C B and B C C induces a Galois
tower A C B C C when A C C is a finite extension of exponent one (Lemma
2.45.(3)). On the other hand, S. Yuan proved in [68, Theorem 11| that any tower of
rings A C B C C such that C is Galois over both A and B is in fact a Galois tower.
Moreover, given A C C' a Galois extension, M. André ([1]) proved that A C B C C'is
a Galois tower if and only if C is projective as B-module, using homological methods.
We give an alternative proof using the characterization of Galois extensions in terms
of differentiably simple rings.
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Proposition 2.73 ([1, Théoréme 71]). Let A C C be a Galois extension of exponent
one and let B be an intermediate subring, A C B C C. Then B C C is Galois if and
only if C' is projective as B-module. In that case, A C B is also Galois.

Proof. We begin with some observations. Note first that both intermediate extensions
A C B and B C C have exponent at most one. Since C' is finitely generated as A-
module, it is also finitely generated as B-module (Proposition A.27.(1)).

By definition, any Galois extension B C C is such that C' is projective as B-
module. We prove the converse and assume that C' is projective as B-module. Then
B is a direct summand of C as B-module by Lemma 1.15. In particular, B is a direct
summand of C' as A-module. Since B is a direct summand of a finitely generated
A-module, it is also finitely generated over A. Therefore, A C B and B C C are
finite projective ring extensions of exponent one. By Corollary 2.48, the extensions
are Galois if we prove that the fibers are differentiably simple. That is, we have to
prove that for any prime ideals p C A and q C B with p = AN g, the rings By, /pB,
and Cy/qCy are differentiably simple.

Using the natural identifications Spec(A) ~ Spec(B) ~ Spec(C) (see Remark
2.2) and the equality C, = Cy, we have Cy/qCy ~ C,/qC,. Since A C C' is Galois,
we know that Cy,/pC, is differentiably simple by Corollary 2.48. Note that C' is a
flat B-module because C' is finite projective over B (Proposition 1.7). So the map
By /pB, — C,/pC, is also flat as it is a base change of B — C' (Proposition A.15).
Observe that both rings B,/pB, and C,/pC, are finite over the field A,/pA,, so
they are Noetherian (Proposition A.4). In brief, B,/pB, — C,/pCy is a flat local
homomorphism of Noetherian local rings. Since qB,/pB, is the maximal ideal of
By /pBy, we conclude by Theorem 2.39 that B,/pB, and C,/qC, are differentiably
simple, as we wanted. O

The motivation of S. Yuan to study Galois towers of rings was to develop a “Ga-
lois” correspondence extending the correspondence given by N. Jacobson for purely
inseparable extensions of fields of exponent one. Namely, N. Jacobson stated a one-
to-one correspondence for finite purely inseparable field extensions of exponent one
between the subfields F of such an extension K C L and the restricted Lie subalgebras
of the module of derivations Derg (L) (|36]). While, S. Yuan achieved the following

correspondence for Galois extensions of rings of exponent one.

Theorem 2.74 (Yuan’s correspondence, [68, Theorem 13]). Let A C C be a Galois
extension of exponent one. There is a bijection between the following subset of rings

G _IB. B is an intermediate subring AC B C C
CrA = " and C is a Galois extension of B

and the following subset of restricted Lie subalgebras

RLcja = {H:

H is a restricted Lie A-subalgebra of Der4(C) and
a direct summand of Der4(C) as C-module

given by the following inverse maps

ol
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o4 — RLcjas  RLcoa — Ycoya
B+ Derp(C) H — ker(H),

where ker(H) :={x € C': D(z) =0, VD € H}. Moreover, for any subring B € G4,
the intermediate extension A C B is Galois.

Remark 2.75. Using the characterization of Galois towers given in Proposition 2.73,
we have that

G _Ig. B is an intermediate subring A C B C C D
c/A— " and C is a B-projective module c/A

as in the extended version of Jacobson-Bourbaki correspondence (Theorem 1.30).

2.3.2. Preliminaries on affine group schemes

In this subsection, we return to the setting of rings in any characteristic and recall
some generalities about affine group schemes. A more detailed introduction can be
found in [18] for group schemes in general and in [48] for group schemes over a field.
We introduce the automorphism group scheme (and some variants) of an arbitrary
algebra (not necessarily commutative nor associative) that is finite and projective as
a module over the base ring. The rings in this subsection are of any characteristic,
not necessarily prime.

2.76. Group schemes and Hopf algebras. Let A be aring. We denote by Alg 4, Groups

and Sets the categories of A-algebras, groups and sets, respectively. A group functor
over A is a covariant functor

G: Alg,4 — Groups.

A group functor G is an affine group scheme over A if, in addition, the composition of
G with the forgetful functor Groups — Sets is representable by an A-algebra. In other
words, if there exists an A-algebra H and an element o € G(H), called universal, such
that for any A’ € Alg 4 there is a bijection

(2.76.1) Homy (H, A") = G(4')

v = G(p)(0).
The group structure on G endows H with a structure of commutative Hopf alge-
bra over A. It is called the Hopf algebra of G (see [48, Definition 3.3]). We write
Ag: H— H®s H and eg: H — A for the comultiplication and the counit. These
give Homy (H, A') a structure of group with trivial element H %% A — A’ and

(2.76.1) becomes a group isomorphism. An affine group scheme G is an affine alge-
braic group if A is a field and H is a finitely generated A-algebra.

Example 2.77. The most important example of affine group scheme is the general
linear group. Let P be a finitely generated projective A-module. The general linear
group of P is the group functor

GLp/4: Algy — Groups
A — GLA/(P XA Al),
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where GLA(P ®4 A") denotes the group of A’-linear automorphisms of the A’-module
P®y A, Tt is an affine group scheme over A (see [18, Ch. II, §1, 2.4]). When P is a
free A-module with a fixed basis {t1,...,t,}, then one simply writes GLp/4 = GLj,.
Note that, for any A-algebra A’, GL, (A’) is the set of invertible (m x m)-matrix with
entries in A’. Conventionally, GLg is the trivial A-scheme Spec(A). The Hopf algebra
of GL,, can be naturally identified with

H .= A[XZ‘J' 1<, < n]det(X. )

¥

with the comultiplication and the counit given by
n
Ap(Xij) = Z ik ® Xy, en(Xij) = dij .
k=1

Here the universal object o € GL,(H) is given by the H-linear map 0: PR H — PQH
such that

n
o(t;@1) =Y {i® X,

i=1
with associated matrix (X; ;). The bijection Homu(H, A") = GL,(A’) maps each
homomorphism ¢ € Homy(H, A’) to the linear transformation P ®4 A" — P ®4 A’
with associated matrix (r; ;) at the given basis, where r; ; = ¢(X; ;). Note also that,
setting A" = A, the previous bijection Hom(H, A) = GL,,(A) maps the counit ey
to the identity.

2.78. Closed subgroup schemes. Let G be an affine group scheme over A with Hopf
algebra H. We can view G as an affine scheme over A, namely Spec(H). In this
regard, G becomes a group object in the category of schemes over A. We think of
G interchangeably as a functor or as an affine scheme over A. A closed subgroup of
G is an affine group scheme G’ such that G/(A’) is a subgroup of G(4’) for every
A-algebra A’ and such that the inclusion G’ — G is a closed immersion. The Hopf
algebra H' of G’ is therefore a quotient of H and the comultiplication, and the counit
of H' are induced by the comultiplication and the counit of H.

2.79. Quotient space of a group scheme over o field. Let G be an affine algebraic
group over a field K and let H C G be a closed subgroup. A quotient space of G by
H is an algebraic K-scheme X together with an action G xX — & and a rational
point 0 € X(K) such that for any K-algebra A’:

(i) H(A") ={g € G(4') : g- 0 = 0}, where o is viewed as element of X'(A’), and

(ii) for any z € X(A’) there is a faithfully flat A’-algebra A” and ¢’ € G(A”) such
that x = ¢’ - 0, where both x and o are viewed as elements of X (A”).

A quotient space always exist for affine groups H C G as above, and it is unique up
to K-isomorphism (see [48, Appendix B]). The quotient space is denoted by G/H.
Some interesting properties of G/H are that it has dimension dim G —dim H and
that it is smooth over K if G is so (see |18, Ch. III, §3]).
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2 PURELY INSEPARABLE GALOIS EXTENSIONS OF EXPONENT ONE

2.80. Automorphism group scheme and some subgroups. Let A be a ring and C' be
a finitely generated projective A-module that has the structure of a (not necessarily
commutative nor associative) A-algebra. In other words, C is a finitely generated
projective A-module with an A-linear map mg: C @4 C — C, x ® y — xy, called
multiplication. Let M be a collection of A-submodules of C' such that for each M € M
the quotient C'/M is a projective A-module. In particular, each M ®4 A’ can be seen
as an A’-submodule of C ®4 A’ for any A’ € Alg,. We define a group functor

Autc g a: Algy — Groups
A — Aut g4 pm(C ®24 A,

where Aut 4/ p(C®4 A’) is the group of A'-linear maps 7 € GL¢/4(A") = GLa/(C®a
A’) satisfying the following two conditions:

(1) 7 is respectful with the multiplication of C' ®4 A" as A’-algebra, that is, for any
z,y € C,wehave T(zy®1) =71(z® 1)7(y ® 1).

(2) T(M®4A") C M®@4A, forany M € M. Since C@4 A" and (C®A")/(M®4A")
are both finitely generated projective A’-modules, this is the same as requiring
T(M @4 A)=M®y A

Observe that if C' has an identity 1, then any 7 € Autc/a pm(A') = Aut g pm(C @4 A')
will automatically satisfy 7(1® 1) =1® 1.

We simply write Autc 4 for Aute)s9 = Auto)a oy This group-valued functor
is in fact an affine group scheme of finite type over A (see [18, Ch. II, §1, 2.6]). In
other words, the Hopf algebra of Autc/4 is a finitely generated A-algebra.

We have seen in Example 2.77 that GL¢/4 is an affine group scheme over A. By
definition, we have an inclusion of group functors Autc/q v C GL@/a such that
Autc/apm(A') is a subgroup of GLg/a(A’) for any A-algebra A’. We show that
indeed the inclusion of functors induces an structure of closed subgroup scheme.

Proposition 2.81. The group scheme Autc s ag is a closed subgroup of GLg)a-

Proof. We have to show that Autc, s is representable and that the inclusion
Autg/am — GL@y 4 is a closed immersion. Note that Autg a v = Nrem Autca (-
Hence, we may assume that M = {M}.

We begin by setting some notation. We denote by m: C®; C — C' the multiplica-
tion of C, and for any A" € Alg 4 we denote by mar: (CRAAN@4 (CRAA) = CR4A
the A’-linear extension of m to a multiplication of C @4 A’. Let t: M — C and
7w: C'— C/M be respectively the inclusion and the quotient maps.

Let H be the Hopf algebra of GL¢/4 and 0 € GLe/a(H) = GLy(C ®a H) be
the universal H-linear automorphism. For any commutative A-algebra A’, we have a
natural bijection

(2.81.1) Homy (H, A") = GLC/A(A/)
O (C@AAIJi)C®AA'><
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2.3 Towers of Galois extensions

where ,(c ® 1) = (ide ®p)(o(c ® 1)) for any ¢ € C. In other words, o, is the base
change o ®4 A, if we make use of the identification C ®4 H ®n AZD =C®y A'. Note
that

Op GAutc/A’{]w}(A/> -~ Op OMmy :mA/o(aw X ar ch)a and

(2.81.2) , ,
(m@aA)ooyo(t®aA)=0.

In fact o, ,0mar = myro(o,®a0,) says that oy, is compatible with the multiplication
of the A’-algebra C®4A’, and (n® 4 A')oo,0(1®@4A") = 0 ensures that o,(M®4A’) C
M®a A

We now consider the maps of H-modules

compg—mpgo(cQpo)

¢: (CoaH)®g (C®aH) C®aH,

(m®aidg)ooo(t® aidgy)

U: Moo H (C/M)®a H.

Observe that given A’ € Algy and ¢ € Homa(H, A’), the base changes ® @y A/, and
U @y A, are respectively

op0omua —mu o (0, Q4 0,) and (T®aA)oo,o(L@aA).
It follows from (2.81.2) that, under the identification (2.81.1),
Autcya iy (A) = {p € Homa(H, A) : @@y A, =0 and ¥ ®py A, =0}

Since C ®4 H and (C/M) ® 4 H are finitely generated projective H-modules, we
can apply [24, Proposition 8.4] to conclude that Autc/4 (1) is a closed subgroup of
GL¢/4. This completes the proof. O

Remark 2.82. The automorphism group schemes Autg,g o behave well under base
change. In other words, for any A-algebra A’, we have

AutC//A/7M/ = Autc/AM XA Spec(A')
where C':=C ®4 A" and M :={M @4 A" : M € M}.

The automorphism group schemes of finite dimension algebras over a perfect field
is widely studied in [19]. In particular, they introduce conditions on C that ensure
that Autc/, is reduced and hence smooth.

2.3.3. Automorphism group scheme of an extension with splitting
p-basis

We assume all the rings to be of characteristic p in this subsection. We study the au-
tomorphism group scheme of an extension with splitting p-basis. That is, we analyse
Auteyy where C = A[Xy, ..., X, ]/(XT],..., X7,) for some ring A. We will consider
some specific subgroups Autc 4 aq of Autc, 4 that will be used later in the construc-
tion of the Yuan scheme.
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2 PURELY INSEPARABLE GALOIS EXTENSIONS OF EXPONENT ONE

The extensions with splitting p-basis belong to the class of purely inseparable
extensions of rings. The automorphism group schemes of this class of extensions have
been considered in the literature with different perspectives. The case of finite purely
inseparable field extensions was discussed by L. Bégueri ([5]), S. Shatz ([60]) and S.
U. Chase (|16]) in connection with Galois theory. More recently, the general case of
finite purely inseparable ring extensions was considered by F. Sancho de Salas and P.
Sancho de Salas in [55], where they gave a criterion for the automorphism group to
be integral.

In what follows, let A C C be a finite extension with splitting p-basis, that is,
with C' of the form
C=A[Xy,...,X,]/(XP, ..., XP).

Denote by z; the class of X; in C, so {x1,...,z,} is a splitting p-basis for C' over A.
Let m = (x1,...,2,) C C be the maximal ideal, and, for a fixed 0 < r < n, let

B = Alz,41,...,2,) C C.

We consider the group-valued subfunctors Autc s (pmy C Auteapy C Autg)a,
that attach to each A-algebra A’ the sets

Autea gy (A) == {o € Auty(C @4 A'): 0(Boa A') = Boa A},

o(BoaA)=B®aA,
Autc/AV{B,m}(A,) = {U S AutA/(C XA A,): O'Em ®j A/; — m®jA/ }(

We already know by Proposition 2.81, that they are closed subgroups of GL¢/4.
We can elaborate further and show that these subfunctors are indeed closed subgroups
of Autc . Indeed, we identify the group schemes that represent them.

Proposition 2.83. The group schemes Autc s (py and Autc a(pm) are repre-
sentable by closed subgroups of Autc,s. Moreover,

(1) Autcy s (pmy is isomorphic to GL, x GL,_, xAY as scheme over A, where
t+r 4+ (n—r)2 =@ "= r+ @ =1 (n-r).
(2) Autca gy =~ Auto)s (pmy X Spec(C) as schemes over A.
Proof. Let eq, ..., e, be the canonical vectors of Nj and write 0 := (0, ...,0). We set
A={a=(a1,...,an) e N[ : 0 < a; <p}, Ay :=A\{0},
B:={ecA:5,=0 fori<r}, By:=BnNA;.

Let A’ be a fixed A-algebra and set y; := z;®1fori=1,...,n. Then {y1,...,yn}
is a splitting p-basis for C @4 A’ over A’ and the elements y,11,...,y, generate
B®y A as A'-algebra (Lemma 2.25.(2)). Note that any endomorphism of A’-algebras
T:C®4 A — C®4 A satisfying 7(B®4 A') C B®4 A’ is completely determined
by its values 7(y1),...,7(yn). The possible values for these images are any elements
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2.3 Towers of Galois extensions

fi,ooosfn €C ®4 A such that ff =0,fori=1,...,n, and fr41,...,fn € B@a A"

Thus, fi,..., fn can be any elements of the form
fi=a;0+ Z ajoy®, fori=1,...,n
acA

fi =a;0+ Z aiﬁyﬁ, fori=r+1,...,n,
BEBL
with ajq,a,5 € A andaly=0fori=1,...,nand a € Ay and S € By.

As we want 7 to be an automorphism, we have to determine when is bijective.
Since C ®4 A’ is a finitely generated A’-module, this is the same as requiring that
7 is surjective. Then we have to show when fi,..., f, generate C ®4 A’ as an A’-
algebra, equivalently, when f* := f; —a;0, i = 1,...,n, generate C @4 A’ as A'-
algebra. Since m®4 A’ is nilpotent, by Proposition A.36 this is the same as requiring
that the classes of f;,..., fif € m®4 A’ modulo m? ®4 A’ generate the A’-module
(m/m2)®4 A’, which is a free A’-module of rank n. Thus, it follows that 7 is bijective
if and only if (aie;)1<ij<n € GLn(A'). Recall that a;e; = 0if j < r and i > r,
so we have (ai7ej)1§i,j§n S GLn(A/) if and only if (ai,ej)g@mn S GLT(A/) and
(e, )r1<ij<n € GLp—r(A").

Finally, observe that (a1, ..., an0) can be identified with the point of Hom4(C, A”)
corresponding to the A-algebra homomorphism which maps z; to a;. In addition,
we have T(m®4 A’') = m ®4 A’ precisely when a1 0 = -+ = apo = 0. Then, there are
natural bijections

Autcya py(A') 2 Homa(C, A') x GL,(A') x GL,_.(4) x [J(A)* x ] ((A’)B',
=1 i=r+

Autcya (pm)(A) = Homu (C/m, A') x GL(A") x GL,_.(4) x [J(A)* x ] ((A’)B/,

i=1 =7+

where A" := A \{e1,...,e,} and B’ := Bi\{e;41,...,e,}. The bijections above
show that Autc, ¢py is representable by the affine A-scheme

Spec(C) x GL, x GL,_, xAl,

where t = r|A’'|+(n—7)|B'|, and Autc /4 (B m) is represented by the closed subscheme
GL, x GL,,_, xAY,. Since |[A'| =p"—r—1and |B'| = p" " —1—(n—r), we conclude
that

r2+(n—r)2+t:r2+(n—r)2+r(p"—r—l)—i—(n—r)(p”_r—l—(n—r))
=@"-Dr+@"" -Dn-r),

and the proof is complete. O

Remark 2.84. Since Homu(C, A') = {(a1,...,a,) € (A)": a¥ = 0} is an additive
subgroup of (A")", the scheme Spec(C) is actually an affine group scheme. More-
over, Spec(C) can be identified with a subgroup of Autc/4 (p) as follows: each
A'-point (ai,...,a,) € Spec(C)(A") = Homu(C, A") can be identified with the A’-
automorphism 7 € Autcyg (g (A’) such that 7(z; ® 1) = a; + 7; ® 1.
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2 PURELY INSEPARABLE GALOIS EXTENSIONS OF EXPONENT ONE

Using the isomorphisms given in Proposition 2.83 we can deduce some geometric
properties of the automorphisms group schemes.

Corollary 2.85. If K is a field, then Autc g (pmy 45 smooth and geometrically
irreducible of dimension (p" — 1)r + (p"~" — 1)(n — r). In addition, it is the reduced
scheme of Autc (py.

Proof. The first part of the corollary is a direct consequence of the isomorphism
of K-schemes Autc/r pmy ~ GL, X GLj,—, x Al from Proposition 2.83. It is
clear also that Autc/k (pm) is a reduced subscheme of Autc/y (py, since all the
factors in the isomorphism are reduced. So, it only lefts to show that the map
Autc/k (Bmy — AUtC/K,{Jg} is surjective on points. To prove this it is enough
to show that Autc i (pm}(K) = Autc/k () (K), where K denotes an algebraic clo-
sure of K. This equality is clear, since the maximal ideal of the local ring C ® g K =
K[X1,...,X,)/(XV,..., X} is m®k K and every automorphism of a local ring fixes
the maximal ideal. O

Corollary 2.86. If K is a field, then Autc By s geometrically irreducible and has
dimension (p" — 1)r + (p"~" — 1)(n — ). It is not a reduced scheme except for the
trivial case n = 0.

Proof. The first part of the corollary is just a consequence of Remark 2.82 and Corol-
lary 2.85. We now prove the last part. By Proposition 2.81, we have an isomorphism
Auto) i gy ~ GL, x GLy— x Al x Spec(C). Since K is a reduced ring, then all
factors are reduced except for the last one that corresponds with the ring C'. Note that
C is non-reduced if n > 0, since it has non-zero nilpotent elements. Thus, Autc,x (B}
is reduced only if n = 0. O

2.3.4. Yuan scheme

In this subsection, we remain in the context of prime characteristic rings. We define a
functor in order to parametrize the Galois towers of rings whose intermediate Galois
subextensions have fixed rank. Following the results from [12, §4], we show that this
functor is representable by an scheme and we study its geometric properties.

We begin by introducing the notion of differential rank of a Galois extension of
exponent one.

Definition 2.87. A Galois extension of exponent one A C C has differential rank n
if the projective C-module Q¢/4 has constant rank n. Equivalently, if, for any prime
ideal p C A, the length of any p-basis for C, over A, is n (Proposition 2.53).

Note that any trivial extension has differential rank zero. As direct consequence of
Lemma 2.25 and Proposition 2.73, we obtain the following properties of the differential
rank of Galois extensions.

Lemma 2.88. Let A C C be o Galois extension of exponent one and differential rank
n.
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2.3 Towers of Galois extensions

(1) Let A’ be an A-algebra. Then A" C C ®4 A’ is a Galois extension of differential
rank n.

(2) Let B be an intermediate subring, i.e., A C B C C. If B C C is a Galois
extension of differential rank r, then A C B is o Galois extension of differential
rank n —r.

We are interested also in the behaviour of splitting p-basis and Galois towers with
fixed differential rank.

Proposition 2.89. Let A C C be a Galois extension of differential rank n. Let B
be an intermediate subring, A C B C C, such that B C C is a Galois extension of
differential rank r. Then there exists a finitely presented and faithfully flat A-algebra
A’ such that A C C @4 A’ has a splitting p-basis z1,...,z, such that B @4 A" =
Alzrs1,- 0y 20

Proof. We have that A C B is a Galois extension of differential rank n —r by Lemma
2.88.(2). In particular, A C B C C is a Galois tower and the induced morphisms
Spec(C) — Spec(B) — Spec(A) are homeomorphisms (see Remark 2.2). Then apply-
ing Proposition 2.55 to both extensions A C B and B C C, we deduce that there are
fi,..., fs € A generating the unit ideal such that By, has a p-basis {acy@rl, . .,J:,(f)}
over Ay, and Cfy, has a p-basis {a:gi), ... ,xgi)} over By, for each i = 1,...,s. Hence,
{xgi), . ,xg)} is a p-basis of Cy, over Ay, by Lemma 2.25.(3).

We can apply Proposition 2.27 to the extension Ay, C CY,, the p-basis {xgi), ce ng)}
and A" = Cf,, so the set {z%z), ce sz)}, where

A =2V @110 €0y 04, Cf, =CoaCy,

is a splitting p-basis of C® 4 Cy, over C,. It is clear that B&4Cy, = O, [zfq;)l, e sz)].

We set A" := Cf, x --- x Oy, and define z; := (zj(l),...,zj(s)) € C®y A for
j = 1,...,n. Observe that {z1,...,2,} is a splitting p-basis for C ®4 A" over A’
and that B ®4 A" = A'[z;41,...,2,). Thus, it only lefts to show that A — A’ is
finitely presented and faithfully flat. Note that the localization A — Ay, is flat of
finite presentation. The same happens for the extension Ay, C CYy, since Cy, is a
finite projective Ag,-module (see Proposition 1.7). Hence, the composition A — C,
is also finitely presented and flat (see Proposition A.28 and Proposition A.17). It
follows that the induced homomorphism A — A’ is flat of finite presentation since
A" = Cy, x---x Cy,. Finally, note that the induced morphism Spec(A’) — Spec(A) is
surjective, thus A’ is a faithfully flat A-algebra by Proposition A.19, as we wanted. [

Now, we define the functor whose points are the Galois towers of rings whose
intermediate Galois subextensions have fixed differential rank.

Definition 2.90. Let A C C be a Galois extension of differential rank n. Fix an
integer 0 < r < n. The Yuan functor associated to A C C and r is the covariant
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2 PURELY INSEPARABLE GALOIS EXTENSIONS OF EXPONENT ONE

functor from the category of A-algebras to the category of sets given by

yg/A; Alg 4 — Sets

/ /.
A {B " B'CC®4 A is Galois of differential rank r

ACB CO®44, }(
Note that for any B’ € yg/A(A’), the extension A’ C B’ is Galois of differential
rank n —r (Lemma 2.88).

Remark 2.91. By definition, the Yuan functor behaves well under base change. That
is, if A’ is an A-algebra and O’ := C ®4 A’, then Vorjar=Viya x4 Spec(A’).

We show that ), , is representable by a quasi-projective A-scheme. This fact is
a consequence of Theorem 1.36 on the representability of the Grassmannian functor
of subalgebras, since any Galois tower of fixed differential rank is in particular a finite
projective tower of rings of fixed constant rank.

Theorem 2.92. Let A C C be a Galois extension of differential rank n. Fiz a
non-negative integer v < n. Then the Yuan functor yg/A 1s representable by a quasi-
projective A-scheme.

Proof. By the definition of p-basis, it is clear that any Galois extension A’ C C’ has
differential rank m if and only if C’ has rank p™ as A’-module. In particular, C
has rank p™ as A-module. From this observation and Proposition 2.73, we deduce
that Y/, A= Qg /A with ¢ = p". Therefore, the representability of V. /A by a quasi-
projective A-scheme follows from Theorem 1.36. O

Since V[, /A is representable, we abuse of notation and call it also the Yuan scheme.
We show in the following example that the Yuan scheme ), /A might not be projective
over A.

Example 2.93. Let K = Fy and C = K[X,Y]/(X?%,Y?). Then C = K ® Kz ®
Ky @ Kzy, where x and y denote the class of X and Y, respectively. An element
of B € yé/K(K) is an intermediate subring K C B C C such that B C C' is Galois
of differential rank 1. In particular, C' is flat over B (Proposition 1.7). Recall that
C is differentiably simple by Example 2.32. Then B is also differentiably simple by
Proposition 2.37. Moreover, B has the form K @ K (ax + by + cxy) for some a,b,c € K
with a # 0 or b # 0 by Corollary 2.40. Therefore, yé,/K(k:) is isomorphic as a variety

to{[a:b:c] €P?(K):a#0orb#0} CP?(K), which is clearly not projective.

Finally, we study some relevant geometric properties of the Yuan scheme Y, e
We begin by analysing the fibers of the structural morphism yg/A — Spec(A). As we
noted in Remark 2.91, the Yuan scheme behaves well under base change. Thus, we
can analyse instead the Yuan scheme yg /A when A = K is a field.

We begin with the particular case in which C' is a differentiably simple ring of the
form

C=KI[X1,. .., Xp) (XD, ... XP) = klzy, ... 2],
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for a field K. Let m = (z1,...,x,) be the maximal ideal of C' and B = k[z41,...,Zy)]
for some fixed 0 < r < n. In particular, B € yg/K(K). We will show that yg/k is
a quotient space of Autg,. With this aim, we consider the natural action of the
algebraic group Autg,r on the Yuan scheme Y, /K given for any K-algebra A’ by

Aute)(A) x Vi (A) = Vo (A)
(r,B") — 7(B').

Proposition 2.94. In the setting described above, the natural action of the subgroup
Autg) i (my C Autg/x on yg/K mduces a K-isomorphism of schemes

Autc) (my/Autc/k (Bmy = Vi)

Therefore, V¢, is smooth over K and irreducible of dimension (P =p" ") (n—r).

Proof. Since the quotient space is unique up to K-isomorphism (see discussion 2.79),
the proposition follows if we prove that Y[, K with the rational point B € YV, / x(K)
verify the conditions on the definition of the quotient space Autc i, (my/Autc)k (Bm)-
In other words, we have to show that for any K-algebra A’ the next conditions hold:

(i) AutC/K’{B’m} (A/) = {T € AutC/K,{m} (A/) : T(B RK A/) =B Qg Al}, and

(ii) for any B’ € yg/K(A’) there is a faithfully flat A’-algebra A” and a map 7 €
Autcy g fmy(A”) such that B’ = 7(B), where both B’ and B are viewed as
elements of yg/K(A").

The first condition is clear by the definition of Autc)k (pm)(A’). So we only have to
verify (ii). Let B’ € yg/K(A'). Then A’ C B’ and B’ C C®x A’ are Galois extensions
of differential ranks n — r and r respectively (see Lemma 2.88). An application of
Proposition 2.89 to these extensions ensures that there exists a finitely presented
and faithfully flat A’-algebra A” and a splitting p-basis {21,...,2,} for C @k A’ @ as
A" = C g A” over A” such that B’ @ A" = A"[2,41,...,2,). We can use the
decomposition C @ A” = A” & (m @k A”) to assume that 21,...,2, € mQx A”, so
that (z1,...,2,) = m®g A”. Finally, denote by y; the image of z; € C'in C @k A",
then the assignation y; — z; for each i = 1,...,n, induces an A”-automorphism of
C ®k A” sending m ® A” onto itself and B ® ¢ A” onto B @ A”. Thus condition
(ii) is satisfied and the isomorphism between Y& Ik and the quotient space is proved.

Finally, we prove that ), K satisfies the geometric properties from the state-
ment. We know that Autg)f () is smooth over k and irreducible (by Corollary

2.85 with » = 0). Thus, as we noted in discussion 2.79, the same holds for yg/K.
In addition, using the dimensions computed in 2.85, we conclude that dim YV, K=

dim Autc) g (my — dim Autc) g fmpy = (" — 0" ") (n — 7). O
Finally, we return to the general situation where A C C' is a Galois extension

of fixed differential rank. Using the above proposition, we deduce the geometric
properties for the Yuan scheme in general.
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Theorem 2.95. Let A C C be a Galois extension of exponent one and differential
rank n. Fiz a positive integer r < n. Then the Yuan scheme yg/A 18 smooth over

Spec(A) and has smooth irreducible fibers of dimension (p" —p™~")(n—r). In addition,
if Spec(A) is irreducible (i.e., has a unique generic point), so is yg/A,

Proof. By Proposition 2.89, there exists a finitely presented faithfully flat A-algebra
A’ such that ¢ := C ®a A = A'[Xyq,..., X, /(X7,..., X}) for some n > 0. Since
yg,/A, o yg/A x 4 Spec(A’) as we noted in Remark 2.91, in order to show that yg/A
is smooth over A it is enough to show that yg,/A, is smooth over A’. Observe that
A’ C (' is a base change of the extension F, C F,[Xq,..., X,]/(X7],..., X%). Since
the Yuan scheme attached to this extension is smooth by 2.94, we conclude that Ver 4/
is also smooth over Spec(A’). The smoothness of the fibers and the formula for the
dimension follow also from Proposition 2.94.

Finally, we assume that Spec(A) is irreducible. Since yg/A — Spec(A) is smooth,

it is in particular open, then the fiber over the generic point of Spec(A) is irreducible by
Proposition 2.94. We conclude that yg/A is irreducible by [24, Proposition 3.24]. O
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CHAPTER 3

Purely inseparable extensions of
higher exponent

We have already studied purely inseparable ring extensions of exponent at most one,
or Galois extensions, in Chapter 2. Now we dedicate this chapter to the study of
purely inseparable extensions of arbitrary finite exponent, that is, commutative ring
extensions with unity A C C of prime characteristic p such that

(i) CP" C A for some e > 0;
(ii) C is a finitely generated and projective A-module; and

(iii) for each prime ideal p C A, there is a faithfully flat ring extension A, — A’ such
that C, ®4, A’ is isomorphic to an A’-algebra A’'[X, ... X (X XET
for some n > 0 and ¢; > 0.

This notion extends the notion of purely inseparable field extension to the setting
of rings. Purely inseparable extensions of fields have been widely studied by many
authors as S. Shatz ([60]), S. U. Chase ([16]) and G. Pickert ([51], [52]). The particular
case of purely inseparable ring extensions A C C in which A is a field was treated
by R. Rasala in [54]. Then F. Pauer ([49]) introduced the general case of purely
inseparable ring extensions under the name of special algebras. His original definition
contemplated a series of equivalent conditions ([49, Satz 2.2.5]) that can be seen as
an extension to the higher exponent case of some of the equivalences from Theorem
2.71 for purely inseparable extensions of exponent one. On the one hand, he gave
a condition for higher exponent extensions that might be seen as a generalization of
the exponent-one extension’s property of having a p-basis locally, at any prime ideal.
Namely, he proved that condition (iii) in the above definition can be replaced by the
next property:

(iv) for each prime ideal p C A, there is a presentation Cp, = Ap[z1,..., 2] as Ap-
algebra, whose defining relations are 27 = P;(z2", ..., 2" for some positive
integers e; > - -+ > e, and polynomials P; € A[Xq,..., X;_1].

On the other hand, he studied the connection between purely inseparable extensions
and the modules of differentials. More precisely, he proved that purely inseparable

63



3 PURELY INSEPARABLE EXTENSIONS OF HIGHER EXPONENT

extensions are finite ring extensions of finite exponent such that the module of dif-
ferentials Q 4icpe)/4 is a projective A[CP"]-module for all e > 0. Later on, P. Sancho
de Salas recovered in [56] the relation between the modules of differentials and the
modules of principal parts. He proved that purely inseparable extensions are finite
ring extensions of finite exponent such that the C-module of principal parts Plé /A is
projective for all £ > 0.

Our first interest is to extend the characterizations of Galois extensions of exponent
one from Theorem 2.71 to purely inseparable extensions of higher exponent. First,
we review the mentioned characterizations from F. Pauer that already extend the
equivalences (1) < (2) & (4) from Theorem 2.71. Then we study the connection
between differential operators and purely inseparable extensions that expands the
connection between derivations and Galois extensions previously treated in Subsection
2.2.3 from the second chapter. We prove a result on extensions of differential operators,
which is the key to give a new characterization of purely inseparable extensions in
terms of some modules of differential operators, that extends the equivalence (1) < (6)
from Theorem 2.71. Specifically, we show that a finite ring extension of finite exponent
is purely inseparable if and only if C is a projective A[CP"]-module for all 0 < e <
exp(C/A), and the module of differential operators Diff¥(C) is a C-module direct
summand of End4(C) for all £ > 0. Moreover, using these techniques on differential
operators, we re-obtain from a different perspective the characterization in terms of
the modules of principal parts. In particular, we show that a finite ring extension of
finite exponent is purely inseparable if and only if the C-module of principal parts
P’ée/A is projective for all 0 < e < exp(C/A).

Our second interest is to study purely inseparable towers of rings, that is, towers
of rings A C B C C such that A C B, B C C and A C C are purely inseparable
extensions. In Section 2.3 from the second chapter, we have discussed the exponent
one case.

On the one hand, given A C C a Galois extension of rings and B an intermediate
subring, we have shown that A C B C (' is a Galois tower if and only if C' is projective
as a B-module. The situation is more complicated for purely inseparable extensions
of higher exponent. Namely, if A C C is a purely inseparable ring extension of
exponent greater than one and B is an intermediate subring such that C' is projective
as B-module, then it is not necessarily true that A C B and B C C are also purely
inseparable. Thus, given a purely inseparable ring extension A C C and a intermediate
subring B, we look for conditions that ensure that both subextension A C B and
B C C are purely inseparable, equivalently, that A C B C C' is a purely inseparable
tower.

On the other hand, given two Galois extensions of rings A C B and B C C, we
know that A C C is also Galois if it has exponent at most one. However, it is not
that simple for purely inseparable extensions of higher exponent. Therefore, given
two purely inseparable extensions A C B and B C C, we try to answer the question
of whether the extension A C C is also purely inseparable, and so A C B C Cis a
purely inseparable tower.
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3.1 Purely inseparable extensions of rings as special algebras

Organization. This chapter is divided into three sections. The first one studies
purely inseparable extensions of rings from the original perspective of F. Pauer (|49]).
The purpose of the second section is to approach purely inseparable ring extensions
from the perspective of differential operators and modules of principal parts. The
third section addresses towers of purely inseparable extensions. The content of these
two last sections corresponds to the results presented in [11], which are joint work of
the author of this thesis and D. Sulca.

Section 3.1 reviews the notion of purely inseparable ring extensions, which was
introduced by F. Pauer under the name of special algebras. We revisit the character-
izations of purely inseparable extensions in terms of the modules of differentials and
normal generating sequences given in [49].

Section 3.2 studies purely inseparable extensions in relation to the differential
operators and the modules of principal parts. We give a new characterization for
purely inseparable ring extensions (Theorem 3.48). More precisely, we prove that a
finite ring extension of finite exponent A C C' is purely inseparable if and only if C is
projective as A[C?“]-module and Diffﬁ; (C) is a C-direct summand of End 4(C) for all
e > 0. Moreover, we re-obtain a characterization in terms of the modules of principal
parts from [56], namely, that a finite ring extension of finite exponent A C C'is purely

inseparable if and only if Pzg /A is a projective C-module for all e > 0.

Section 3.3 focuses in purely inseparable towers of rings. We first study when an
intermediate subring B of a purely inseparable extension A C C induces a purely
inseparable tower A C B C C. More precisely, we show that this holds if A C B,
B C C and A C B[CP"] are F-extensions for all e > 1 (Proposition 3.54). Later we
analyse when the composition of two purely inseparable extensions A C B and B C C
induces a purely inseparable tower A C B C C. Among other results, we prove that
this happens if A C B[CP"] is an F-extension for all e > 1 (Corollary 3.62).

3.1. Purely inseparable extensions of rings as special al-
gebras

In this section, all the rings are assumed to be of prime characteristic p. This section
is mainly expository and follows the original approach from F. Pauer in [49] to analyse
the notion of purely inseparable extensions. In Subsection 3.1.1, we study the notion
of (generalized) normal generating sequences for finite extensions with finite exponent
between local rings. In Subsection 3.1.2, we review the original equivalences that
defined purely inseparable ring extensions as special algebras.

3.1.1. (Generalized) normal generating sequences
In this subsection, we give a brief review on the notions of generalized normal gen-

erating sequence and normal generating sequences for finite extensions with finite
exponent between local rings, which were studied in detail by F. Pauer in [49].
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3 PURELY INSEPARABLE EXTENSIONS OF HIGHER EXPONENT

3.1. Minimal number of generators. Let A C C be a finite extension of local rings
with finite exponent. Recall that the A-algebras Cl¢! with e > 0 are also finite, as we
noted in discussion 2.4. For each integer e > 0, we denote

n(e) := minimum number of generators of C!° as A-algebra.

Note that this number coincides with the minimum number of generators of the Clel-
module QC[E]/A by Lemma 2.52. In addition, using the equality Qc[e]/A = Qc[s]/c[e+1],
we see that the number n(e) is also the minimal number of generators for Cl¢ as
Cletll_algebra. Tt is clear that there are inequalities

n(0) >n(l)>n(2)>--->nle) >nle+1)>---

Moreover, for e > exp(C/A), we have Cl¥l = A, so n(e) = 0. While, for 0 < e <
exp(C/A), we have n(e) > 0.

We introduce first the notion of generalized normal generating sequence. We will
show that one can always choose such a sequence for a finite extension of local rings
with finite exponent.

Definition 3.2. Let A C C be a finite extension of local rings with finite exponent.
A sequence of elements x1,...,z, € C is a generalized normal generating sequence
(GNGS) for C over A if xﬁ’e, . ,xf;(e) is a minimal generating set for Cl¢l as A-algebra,
for all 0 < e < exp(C/A).

By convention, the empty set is the only GNGS, where n = 0, for a trivial extension
A = C. The results in this section hold immediately for trivial extensions. Hence, in
the subsequent proofs we assume the extensions to have positive exponent to avoid
trivialities.

Remark 3.3. In the setting described above, let dl¢: Cldl — QC[E]/A be the universal
derivation for each e > 0. Equivalently, a sequence z1,...,x, € C is a GNGS for C
over A if ¥z, ... ,d[e]xf:(e) is a minimal generating set for Qe 4 as Clel-module
for all 0 < e < exp(C/A), by Lemma 2.52.

Remark 3.4. The order of the elements of a GNGS matters. Let A be a ring and
consider the extension C' = A[X,Y]/(XP",YP). Let z,y be the classes of X,Y in C.
Then C = Alz,y], C1 = A[zP] and C!? = A. Thus, z,y is a GNGS whilst y, z is not.

Lemma 3.5. Let A C C be a finite extension of local rings with finite exponent. Any
minimal generating set of C' as A-algebra contains a GNGS.

Proof. We proceed inductively on exp(C/A). Let {x1,...,2,} C C be any minimal
generating set for C' as A-algebra. If exp(C//A) = 1, then we are done. If exp(C/A) >
1, then 2f, ..., 2} generate Cl as A-algebra. After rearrangement, we may assume
that the first o, ..., J,‘Z(l) form a minimal generating set. If exp(C/A) = 2, then we
are done. In other case, we repeat the process. We continue in this way until the
process stops since A C C has finite exponent. 0
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3.1 Purely inseparable extensions of rings as special algebras

3.6. Sequence of normal exponents. Let A C C be a finite extension of local rings
with finite exponent. We set n := n(0) for the minimal number of generators for C' as

A-algebra, as in discussion 3.1. For each i = 1,...,n we denote by e(i) the smallest
non-negative integer e such that n(e) < i. Equivalently, we have
(3.6.1) n(e(i)) <i <nf(e(i) —1).

It is clear that exp(C/A) = e(1) > e(2) > --- > e(n) > 1. We define e(1),...,e(n) to
be the sequence of normal exponents of the extension A C C. We observe that the
sequence of minimal number of generators n(0) > n(1) > --- can be recovered from
this sequence of normal exponents e(1),...,e(n) via the formula

n(e) = max{i: e(i) > e}.
If A = C, then n(e) = 0 for all e > 0 and the sequence of normal exponents is

considered to be empty.

Remark 3.7. For a finite extension of local rings A C C' with finite exponent, let
Z1,...,Zn € C be a GNGS, which exists by Lemma 3.5. Then, for each normal
exponent e(i), where i = 1,...,n, we have

e(1) e(1) e() e(1) e(1)
p p p — p p — e
x, €Alxy ... 2 ] =Alx] ""75511(3(2‘))] =,

(2

Thus, we have relations

e(1) e(t) e(1)
p _ p (P P .
x; —R<x1 ,...,zn(e(i)))( i=1,...,n
c

for some polynomials P; € A[Y1, ..., Yy @y)], which may be assumed to have degree

lower than p¢)—¢() in the variable Y;. Using the above relations for ¢ = 1,...,n, we
obtain a surjective homomorphism of A-algebras
(3.7.1)

AlX1,. ., Xal/ <X§’E(” _ P, (f'{"e“), . ,ng:&)o =1, n> §> C, X
u

Remark 3.8. In the previous setting, note that the sum of the numbers e(i) from
the sequence of normal exponents coincides with the sum of the minimal numbers of
generators n(e), i.e.,

(3.8.1) n(0)+n(l)+---=e(l)+e2)+---+e(n).

In fact, given z1,...,x, a GNGS for C over A, which exists by Lemma 3.5, then for
each 0 < e < exp(C/A), the sequence xfe, ... ,:cfle(e) is a GNGS for Cl¢l over A. Note
that n(e) counts the number of times that the indexes n(e — 1) + 1,...,n(e) appear
on those GNGS of the intermediate subalgebras and that the index ¢ appears on those

GNGS exactly e(7) times.

We recall now the concept of normal generating sequence, which might be seen
as a possible generalization of the notion of p-basis to higher exponent extensions.
It was firstly introduced by R. Rasala for purely inseparable field extensions in [54],
where he reviewed the results from G. Pickert ([51]) on the structure equations for
these extensions. Then the notion of normal generating sequence was generalized by
F. Pauer to the setting of finite ring extensions of finite exponent.
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3 PURELY INSEPARABLE EXTENSIONS OF HIGHER EXPONENT

Definition 3.9 (|49, Definition 2.1.5]). Let A C C be a finite extension of finite
exponent. A sequence of elements x1,...,x, € C is a normal generating sequence
(NGS) for C over A if there are positive integers e; > --- > e, and polynomials P; €
AlX1,..., X1 fori=1,...,n,such that C admlts a presentatlon C = Alzy,...,xq)
whose defining relations are a? - =P, 2t 1) fori=1,...,n.

By convention, we will agree the empty set to be the only NGS for any trivial
extension, A = C. In the setting of finite extensions of local rings with finite expo-
nent, the next proposition shows that a GNGS is indeed a NGS if the intermediate
subextensions in discussion 2.4 have a p-basis. Furthermore, in a more general setting,
this result will imply that a non-trivial finite ring extension A C C of finite exponent
such that Clet1 C €l is Galois for all e > 0, always has a NGS locally at any prime
ideal.

Proposition 3.10. Let A C C be a finite extension of local rings with finite exponent
and let x1,...,x, be a GNGS for C over A. If the extension Cletl] C Ol has a
p-basis for each 0 < e < exp(C/A), then the map in (3.7.1) is an isomorphism, and
therefore x1,...,x, is a NGS for C over A.

Proof. We use the observations from Remark 3.7. We first note that the ring

AX1,. .., X0/ <Xf’€m P, (f e‘”,...,XﬂZj()l))) ; 1n>£e
s of the

on the left of (3.7.1) is a free A-module of finite rank. In fact, the clas
monomials X7 - ... X% with 0 < a; < pe® form a basis for this ring as A-module.
In particular, this implies that its rank is p¢(M*+¢(®)  We show now that C is also
free and has the same rank.

Since x1,...,x, is a GNGS for C over A, we know that the elements :Ezl’e, ceey xi(e)

form a minimal generating set for C'° as Cle*1-algebra for each 0 < e < exp(C/A).
Since Cletl ¢ Clel has a p-basis, it follows by Corollary 2.54 that z¥ ,...,xi(e) is a

p-basis for Cl9 over Clet1. In particular, Cl¢ is a free Clet-module of rank p™(© as
we noted in Remark 2.23. Using that

Acclee@/O-llc colticeldc.. . ceclcg,

we deduce that C is a free A-module of rank pn(D++n(exp(C/A)—1)
discussion 3.1 that n(e) = 0 for e > exp(C/A). Thus, we have

n(0) +n(l)+... + n(exp(C/A) = 1) =e(1) + ...+ e(n)

by Remark 3.8, and so C' has rank pe)+-te(n), Finally, we have shown that the map
in (3.7.1) is a surjective homomorphism between free A-modules of the same rank, so
it must be an isomorphism and it is clear that x1,...,x, is a NGS for C over A. [

Recall from

3.1.2. On purely inseparable extensions of rings

We begin this subsection with one of the equivalent conditions that F. Pauer ([49])
used to define the notion of special algebra. We take it as our definition of purely
inseparable extension of rings and we show the equivalent characterizations.

68



3.1 Purely inseparable extensions of rings as special algebras

Definition 3.11. A finite ring extension A C C'is purely inseparable if the following
conditions hold

(i) A C C has finite exponent,
(ii) C is a projective A-module, and

(iii) for each prime ideal p C A, there is a faithfully flat extension A, — A’ such
that C, ®4, A’ is isomorphic to an A’-algebra A'[X, ... ,Xn]/<X1fe1 L XET
for some n > 0 and ¢; > 0.

Note that any trivial extension of rings, A = C, is considered a purely inseparable
extension of exponent zero.

Remark 3.12. Observe that condition (i) in the above definition implies exp(Cy/A;) <
exp(C/A) for every prime ideal p C A by Lemma 2.10. Moreover, using Lemma 2.9
and the presentations from condition (iii), we see that exp(C,/Ay) coincides with the
exponent of the corresponding extension A" C C, ®4, A’

Remark 3.13. Note that condition (ii) in the definition of purely inseparable extension
can be replaced by the condition that C is an A-module of finite presentation as a
consequence of Proposition 1.7. In particular, the A-algebra C' has finite presentation
(see discussion A.40). In fact, C is a flat A-module as condition (iii) already implies
that Cy is a flat Ay-module for all prime ideal p C A. This follows from Proposition
A.15.(2) and the fact that A, — A’ is a faithfully flat ring extension and C, ®4, A" is
a free A’-module, in particular, flat.

Example 3.14. Any finite extension of fields K C L with finite exponent is purely
inseparable. In fact, let K be an algebraic closure of K. Then K — K is faithfully
flat and L @xg K = K[X1,..., X,]/(XP, ..., XE™) for some e; > 0 (see [54]).

We give another example of a particular class of purely inseparable extensions,
called modular extensions with splitting p-basis. These extensions will be studied later
with more detail in Subsection 4.1.3 from the last chapter.

Example 3.15. Let A be a ring and let ey > --- > e, be positive integers. We
consider the A-algebra

Ci= AlXy, ., X (XY XE™,

Then the classes of Xi,...,X,, form a NGS for C' over A and we can write C' =
Alzy,. .., z,] with defining relations 22" = ... = 25" = 0. We claim that A C C is
a purely inseparable extension. In fact, it is clear that C' has finite exponent over A,
more precisely exp(C/A) = e;. Note also that C is a finite free A-module with basis

- 2% 10 < oy < e;}. In particular, A C C is a finite extension such that C is
1 n

projective as A-module. In addition, observe that C is a local ring with maximal ideal

(x1,...,2,) and that the presentation for C' as A-algebra is as the one that appears

in the definition of purely inseparable extension. Similarly, we see that A C Cl9 is
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3 PURELY INSEPARABLE EXTENSIONS OF HIGHER EXPONENT

also purely inseparable of exponent e; — e for all 1 < e < exp(C/A). Indeed, n(e)
coincides with the largest positive integer m < n such that 2}, # 0 and then

e e

C[e] = A[,:Uﬁ) geeey $Z(€)]
and the defining relations for this A-algebra are (wzfe)pel_e =...= (:cfj(e))pen(ere =0.
Furthermore, it follows that cletll « Ol is a Galois extension of exponent one and
with p-basis zf ... 7:”]:1&@)'

The above example motivates the next proposition for purely inseparable ring
extensions in general.

Proposition 3.16. Let A C C be q finite ring extension of finite exponent. If A C C
is a purely inseparable extension, then CletU c Clel s a Galois extension for all

0 <e<exp(C/A).

Proof. We proceed by induction on exp(C/A). We have nothing to prove in the trivial
case. The exponent one case is true since purely inseparable extensions of exponent
one and Galois extensions are the same (see Theorem 2.71).

Assume now that exp(C/A) > 1. Note that A ¢ CI is a finite extension of
exponent exp(C/A) — 1. If this extension were purely inseparable, we could apply the
inductive hypothesis to deduce that the extension (CH)let < (CH)E is Galois for
all 0 < e < exp(C/A) —1. Since (C[el = Cle+1)] this would imply that Clet1) ¢ Clel
is Galois for 1 < e < exp(C/A). If Cll € C were Galois, the result would hold. Thus,
we prove that A ¢ Cl is purely inseparable and C!l ¢ C is Galois.

Let p C A be any prime ideal. Since A C C is purely inseparable, there is a
faithfully flat homomorphism of rings A, — A’ such that ¢’ := C, ®4, A" is of
the form A'[zy,...,x,] with defining relations ' = ... = 2% = 0 for certain

ep > --->ep > 1. Since Ay — A’ is in particular flat, we have by Lemma 2.6 that

C/[l] _ C’EI] ® 4, A/,

Thus, we have that ¢’ = Al .. ,a:fb(l)] with defining relations
(:leje)pel_e - = (mf:(e))pen(e)*e _ 0
and that {z1,...,2,} is a p-basis for C’" over C'1 as we noted in Example 3.15.

Moreover, since qg” C Cy is a finite extension of local rings and A, — A’ is faithfully
flat, we deduce that C}, has a p-basis over CF] by Lemma 2.69.

Hence, it only lefts to show that CY is a projective A-module and that C' is a
projective CM-module to conclude that A ¢ C!! is purely inseparable and Cl!l ¢ €
is Galois. Since A C C is purely inseparable, we already know that C is a finite
projective A-module. Then CI! is also finite over A (see discussion 2.4). In addition,
since C, has a p-basis over CILH
any prime ideal p C A, so C is a flat C[Y-module by Proposition A.13. Therefore, by
Lemma 1.18, we conclude that C is projective as Cl!l-module and this completes the
proof. O

, in particular, Cy is a flat C’gl]—module. This holds for
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3.1 Purely inseparable extensions of rings as special algebras

We will show that the converse of this proposition is also true. The proof will
involve the next result that ensures that an extension is purely inseparable if it has a
NGS locally at any prime ideal (see Definition 3.9).

Proposition 3.17. Let A C C be a finite ring extension of finite exponent such that
C' 1is projective as A-module. If the extension Ay C Cy has a NGS for each prime ideal
p C A, then A C C is purely inseparable.

Proof. Since A C C'is a finite ring extension of finite exponent and C' is projective as
A-module, we only have to check that for each prime ideal p C A, there is a faithfully
flat extension A, — A’ such that C, ®, A’ is isomorphic to an A’-algebra of the form
A[Xy, ., X)X XE™) with n> 0 and e; > 0.

Let p C A be a prime ideal and let z1,...,2, € Cy be a NGS for C, over A,.

Then there are positive integers e; > --- > e, and polynomials P; € A, (X1, .., Xiz1]
for i =1,...,n, such that C, = Ay[x1,...,x,] where the defining relations are given
by :L'fez = Pi(as’fel, ce xfi’ ). We can write each polynomial as
Pi(Xl, ceey Xifl) = Z aianf‘l cee Xza_ql R
aGAi

for a finite set of exponents A; C Néﬁl. We define the Ap-algebra
A= Aplzin o€ Aiyi=1,...,n]

with relations zfz = a;o. Note that A’ is a local ring and that it is a free Ap-module
with basis the monomials on z; o with exponent 3 such that 0 < 3; o < p®. Therefore,
A’ is a faithfully flat Ap-algebra. Note that C' := C, ®4, A’ has a presentation

C' = Ay[zy,. .., x,) with relations

AEDIENCOLNIC S

aE.AZ'

= 0. This completes the proof that A C C' is
O

as A'-algebra. We define y; := x; — > #i 02" -+ - 251", Then C' = A'ly1, ..., y,], and
the defining relations are exactly yf .
purely inseparable.

Using the results presented throughout this section, we recover the original char-
acterization of special algebras given by F. Pauer. That is, the next theorem collects
some equivalences for a finite ring extension of finite exponent to be purely insepara-
ble. It extends in some sense the equivalences (1) < (2) < (4) from Theorem 2.71
for exponent one extensions to the higher exponent setting.

Theorem 3.18 ([49, Satz 2.2.5|). Let A C C be a finite ring exlension of finite
exponent. Then the following conditions are equivalent:

(1) A C C is purely inseparable.
(2) Cletll ¢ Cld is a Galois extension for all 0 < e < exp(C/A).
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3 PURELY INSEPARABLE EXTENSIONS OF HIGHER EXPONENT

(3) Qcier/a 15 a projective Cl¥l-module for all 0 < e < exp(C/A).

(4) C is a projective A-module and for each prime ideal p C A, the Cy has a NGS
over Ap.

Proof. The implication (1)=(2) is Proposition 3.16. The equivalence (2)<(3) follows
directly from Proposition 2.55. It is clear that (2)=-(4) by Proposition 3.10. Finally,
(4)=-(1) is Proposition 3.17. O

As a direct consequence of the equivalence (1)<(2) in the above theorem, we
obtain two useful properties of purely inseparable ring extensions. In the first place,
the equivalence implies that for a finite ring extension of finite exponent to purely
inseparable can be checked inductively.

Corollary 3.19. Let A C C be a finite ring extension of finite exponent. Then
A C C is purely inseparable if and only if A C C!Y is purely inseparable and CV) C C
1s Galots.

Proof. The results follows from the fact that (CI)l = A[(Cl*] = A[cP*™] =
Cletl for all e > 0 and the equivalence (1)<>(2) in Theorem 3.18. O

In the second place, we see that purely inseparable extensions behave well under
base change and faithfully flat descent. The proof of next proposition relies on the fact
that purely inseparable extensions inherit this well behaviour from Galois extensions
(see Lemma 2.45.(2) and Proposition 2.70).

Proposition 3.20. Let A C C be a finite ring extension and let A — A’ be an
homomorphism of rings. Denote C' .= C ®4 A'.

(1) If A C C s purely inseparable, then A" C C’ is also purely inseparable of the
same exponent.

(2) If A — A is faithfully flat and A’ C C' is purely inseparable, then A C C is
also purely inseparable of the same exponent.

Proof. The result is trivial if A = C, so we assume that exp(C/A) > 1. Since A C C
is a finite extension such that C' is projective as A-module, we have also that A’ C C’

is a finite extension such that C’ is projective as A’-module, as we noted in Remark
1.16.

We assume first that A € C is purely inseparable. Then Clet ¢ €l i an
exponent one Galois extension for all 0 < e < exp(C/A) by Theorem 3.18. In
particular, C!¢ is a flat Cl*U-module. Hence, by Lemma 2.45.(2) we have that
Cletll @y A ¢ Cld @y A is also an exponent one Galois extension. By Lemma
2.6, we know that Cl¥ @4 A’ = €' for all e > 0. In particular, C'll = A for all
e > exp(C/A). Then it is clear that C"lc*1 ¢ €'l is Galois and has exponent one.
Hence, exp(C’/A") = exp(C/A). Using the equivalence (1)<(2) from Theorem 3.18,
we conclude that A" C C’ is purely inseparable.
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We assume now that A — A’ is faithfully flat and that A’ € C’ is purely insep-
arable. Then C'l**1 < ¢ is Galois for all 0 < e < exp(C’/A’). Since A — A’
is in particular flat, we have that C'l¢l = Cl @4 A’ for all e > 0 by Lemma 2.6.
Thus, Clet) @4 A/ ¢ Cl¥ @4 A’ is Galois. Since being Galois descends by faith-
fully flat morphisms (see Proposition 2.70), we deduce that Cl¢ ¢ Clet1 is Galois
for all 0 < e < exp(C’/A’). By Lemma 2.9, we know that exp(C’/A’) = exp(C/A).
Therefore, using again the equivalence (1)< (2) from Theorem 3.18, we conclude that
A C C is purely inseparable. ]

We end this section with another characterization from F. Pauer for purely insep-
arable extensions that describes these extensions as flat families of purely inseparable
extensions. We have seen in the exponent one case that a finite extension A C C is
Galois if and only if C' is projective as A-module and for each maximal ideal m C A
the extension A/m C C'/mC is Galois (see Corollary 2.49). However, this characteri-
zation must be refined for purely inseparable extensions of higher exponent. The key
is to ensure that for all e > 0, we have C!) @4 A/m = (C/mC)!® for every maximal
ideal m C A.

With this aim, we introduce in the next definition a class of extensions that sat-
isfies the mentioned condition. It will be particularly useful in the study of purely
inseparable towers of rings in Section 3.3 from this chapter.

Definition 3.21. A finite ring extension A C C of finite exponent is an F-extension
if Clel is a projective Clet1-module for all e > 0.

Remark 3.22. Note that if A C C is an F-extension, then A C Clel is also an F-
extension for all e > 0, because (Cl¢)*¥] = Cle+k] for any integer k > 0.

Remark 3.23. Let A C C be an F-extension. Let A — A’ be any homomorphism of
rings and denote O’ := C ®4 A’. Then A’ C C’ is also an F-extension. In particular,
C' is projective as A-module and so A’ C C’ is also a finite projective ring extension
(Remark 1.16). The extension A’ C C’ has finite exponent exp(C’/A’) < exp(C/A)
by Lemma 2.8. We also know that Cl¢/@4 A’ = €'l for all e > 0 by Lemma 2.6. Since
being projective is stable under base change (Proposition 1.4.(1)), it follows that C’l¢]
is also projective as C"l¢T-module and, therefore, A’ C €’ is also an F-extension.

Lemma 3.24. Let A C C be a finite ring extension of finite exponent. Then A C C
is an F-extension if and only if C is a projective C'®\-module for all e > 0. In this
case, Clel is also a projective A-module for all e > 0.

Proof. If A C C is an F-extension, then Cl¢ is a projective Cl¢tl-module for all
e > 0. In particular, C is projective as CM-module. By induction on e, we can
assume that C'is a projective Cl¢-module. Then we can apply Proposition 1.5 to the
projective ring map Cletll 5 ¢le and to C as projective Cle-module to deduce that

C is projective as Clet-module. Since A C C has finite exponent, the process ends
at e = exp(C/A).

Conversely, if C' is a projective Cl¢-module for all e > 0. For each e, we can
consider C' as both a finite projective Cl¢)-module and as a projective Clet-module.
Then, by Lemma 1.17, we conclude that Cl¢l is a projective Cl¢T-module.
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In addition, assume that A C C'is an F-extension. Then we have a tower of rings
A C Cle C C for all e > 0, where C is projective as both a Cl¢-module and an
A-module. Thus, we conclude that C¢ is a projective A-module by Lemma 1.17. O

Finally, we give the characterization of purely inseparable extensions as flat families
of purely inseparable extensions using the notion of F-extension.

Theorem 3.25 (|49, Satz 2.2.5|). Let A C C be a finite ring extension of finite
exponent. Then A C C s purely inseparable if and only if the following conditions
hold:

(1) A C C is an F-extension; and

(2) for any mazimal ideal m C A, the extension A/m C C/mC is purely inseparable.

Proof. If A = C', we have nothing to prove and the characterization is true. Hence,
we assume exp(C/A) > 1. Let A C C be purely inseparable. Note that it is an
F-extension by the equivalence (1)< (2) in Theorem 3.18. Taking the base change
by A — A/m, we know also that A/m C C/mC is purely inseparable by Proposition
3.20.(1).

Conversely, assume that A C C is an F-extension such that A/m C C/mC is
purely inseparable for each maximal ideal m C A. Recall that there is a natural
homeomorphism Spec(Cl) ~ Spec(A) for all e > 0 (Remark 2.2), so we can identify
the maximal ideals. By hypothesis, (C/mC)let C (C/mC)le is Galois for all e > 0.
Note that

(C/mO) = (C @4 (A/m)e = Cld @4 (4/m) = L /mclel

by Lemma 2.6. Therefore, by Corollary 2.49, we have that Clet1] ¢ Clel is Galois for all
e > 0. Finally, using Theorem 3.18, we conclude that A C C'is purely inseparable. [

3.2. Purely inseparable extensions of rings and differential
operators

This section is dedicated to the study of purely inseparable ring extensions from the
perspective of differential operators and modules of principal parts. We reproduce
the results from [11, §4| obtained by the author of this thesis in collaboration with
D. Sulca. We begin with some preliminaries on differential operators and modules
of principal parts (Subsection 3.2.1). Then we focus on the extension of differential
operators for finite ring extensions of finite exponent along some Galois intermediate
subextensions (Subsection 3.2.2). Finally, we use these properties to prove a new
characterization for purely inseparable extensions in terms of differential operators
and to re-obtain an already known characterization related to the modules of principal
parts (Subsection 3.2.3).
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3.2 Purely inseparable extensions of rings and differential operators

3.2.1. Differential operators and modules of principal parts

We maintain this subsection in the general setting of rings of any characteristic com-
mutative with unity. We give a brief introduction on differential operators and review
the construction of the modules of principal parts and the universal differential oper-
ator. We refer to [25, §16] for more details. We begin by reviewing some basic and
useful properties of the bracket operator for homomorphisms of modules.

3.26. Bracket operator. Let C be an A-algebra and let M be a C-module. For any A-
linear map D: C — M and for any = € C, we define an A-linear map [z, D]: C — M
by the formula

[z, D](c) := xD(c) — D(zc) for each c € C.

Note that for M = C, the bracket [z, D] coincides with the bracket defined for
End4(C) in discussion 1.22.

Lemma 3.27. Let C be an A-algebra and let M be a C-module. Let D: C — M be
an A-linear map. For any x,y € C and a € A, we have:

(1) (Linearity) [ax, D] = a[x, D] and [z +y, D] = [z, D] + [y, D];

(2) (Symmetry) [z, [y, D]] = [y, [z, D]];
(8) (Decomposition for a product) [xy, D] = x|y, D] + y[z, D] — [y, [z, D]];

(4) (Reduction to generators) Let S C C be a set and let n be a positive inte-
ger. If [so,[s1,]---,[sk, D]...]]] = 0 for any so,...,sx € S, then we have
[f(), [fl, [ . [fk,D] .. H] =0 fOT’ any f(), ceey fk S A[S]

Proof. Note that the linearity of the bracket stated in (1) is straightforward from
the definition. We prove properties (2) and (3) by evaluating the expressions at any
element in C. For any z,y,c € C, we have

[z, [y, D]|(c) = x[y, D](c) — [y, D|(zc) = xyD(c) — xD(yc) — yD(xc) + D(xyc).

Observe that this expression is symmetric in z,y. Thus, [z, [y, D]] = [y, [z, D]] as we
wanted. In addition, for any x,y,c € C, we have

[zy, D](c) = xyD(c) — D(zyc) = zyD(c) — xD(yc) + xD(yc) — D(xyc)
= [y, D](c) + [z, D](ye) = z[y, D](c) + y[z, D](c) — [y, [z, D]|(c).

Now we prove (4). Let f be a monomial on elements of S, i.e., f = s1-... s, with
s; € S not necessarily different. Then we define deg f to be the minimal integer n such
that f admits an expression as before. We note that, using the linearity of the bracket
from (1), the affirmation in (4) holds if we prove it for f; € A[S] that are monomial
expressions on the elements of S. Under this assumption, we proceed by induction on
deg fo+---+deg fi. If deg fo = - = deg fr = 1, then [fo, [f1,[- .-, [fk, D] .. .]]| = 0 by
hypothesis. Suppose that deg f; > 1 for some i, then we can assume that deg fo > 1
by the symmetry from (2). That is, we can write fy = sgo for some s € S and some
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monomial expression gg on S of degree lower than deg fy. We apply the decomposition
from (2) to obtain

[fo, [f1s [ - [fws DI N = slgo, [ [ - e DI I+ gols, s - e, DI
= lgo,[s, [f1, -+ [f&, DY 1))

Note that deg go +deg f1+- - - + deg fi and deg s+deg f1 + - - - +deg fi are lower than
deg fo + - - - + deg fr. Thus, all the terms on the right of the equality are zero by the
inductive hypothesis. Therefore the left side is also zero, as we wanted. O

The formulas from the next two lemmas will be used later to study the extension
of differential operators, especially in the proof of Proposition 3.39 in the following
subsection.

Lemma 3.28. Let C be an A-algebra and let M be a C-module. Then for any A-linear
map D: C — M and x1,...,xk,¢c € C, we have:

(1, [w2, [ [z DI () = Y <—1>’“-S'><s - D(xse0),
]

SClk

where [k] :={1,...,k}, xg := Hfs z; and Xge := Hfs ;.

Proof. We prove the formula by induction on k. For k = 1, it is clear since [z1, D](c) =
z1D(c) — D(z1c) by definition. Assume that £ > 1 and recall that E := [z, D] is
an A-linear map from C to M. Thus, we can apply the inductive hypothesis to
[z1, [x2,[. .., [Tk—1, F]]]] and obtain

[3917 [x% [ ce [xk—la EHH = [xlv [“TQ, SRR [mka Dm(c)

= ) (=1 EIxg - [y, D)(xse - )
SClh—\]

= Z (—1)’6717‘5')(5 (zpD(xge - ¢) — D(zpxge - ¢))
SClk—\]

= Z (—1)F " Blxguy - D(xse - ¢) + (—1)*1¥lxg - D(xgeuqny - )
SClk—Y]

= Z —1)k_‘S|XS-D(XScC).
SCk]

Note that the last equality holds because the first term inside the sum includes the
sets S C [k] containing k and the second term includes those sets that do not contain
k. O

As we show in the following lemma, the previous formula can be refined by group-
ing the repeated elements x; that appear inside the bracket.
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3.2 Purely inseparable extensions of rings and differential operators

Lemma 3.29. Let C' be an A-algebra and let M be o C-module. For any A-linear

map D: C — M and x1,...,Tm,c € C, we have:
(X1, [y [z, [z, [oo s [z, [o o [Ty [- oy [, D] -] -] - - )] (@)
- > 11 1>“S@xz(SZD g ﬁ£§(> (
EiIC[W] i=1(< i=1

where r; denotes the number of appearances of each x; on the bracket expression and
[d] :=={1,...,d} for any positive integer d.

Proof. Let k :=r; + -+ rp. There is a partition [k] = A1 & --- & A, where the 4;
are disjoint subsets such that |A4;] = r; for i = 1,...,m. If we identify each subset
A; with [r;], then choosing a subset S C [k] is equivalent to choosing a collection of
subsets S; C [ry] such that |S| = [Si| + -+ + |Si|- Then, using the formula from
Lemma 3.28, the first expression on the statement can be expressed as

Z( )k |S\XS D(xgec) = Z H )i~ \si|xLSi|D c.ﬁ$;¢—|5i>(

ScClk] SC[T‘l] i=1 i=1
i=1,.

where the last equality follows from the use of the partition of [k] and from observing
that xg = «{*----- aph and xge = ' - x P for some 0 < a; < 7. In fact,

oy = ’SZ‘ O

Now, we introduce differential operators, the modules of principal parts and some
basic properties of both.

3.30. Differential operators. Let C' be an A-algebra and let M be a C-module. An
homomorphism of A-modules D: C' — M is an A-differential operator from C to M
if there exists a non-negative integer k£ such that

(3.30.1)  [=o,[x1,[---, [z, D]...]]] =0 in Homa(C, M) for all zg, ...,z € C.

The smallest integer k& with this property is the order of the differential operator
D. We denote by Diff¥ (C, M) the set of A-differential operators from C' to M of
order at most k, which is a C-submodule of the left C-module Hom4(C, M). Note
that the construction of Diff% (C, M) is functorial in M. We make some additional
observations:

(1) The A-differential operators of order zero are just the C-linear maps D: C' — M.
In fact, for any D € Homu4(C, M) and z € C, we have

[z£,D] =0 < xD(c)=D(zc) forallce C <« D e Homc(C,M).

Since any C-linear map D: C' — M is uniquely determined by D(1) € M,
we have a natural identification Diff%(C, M) = Hom¢(C, M) ~ M given by
D+ D(1).
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3 PURELY INSEPARABLE EXTENSIONS OF HIGHER EXPONENT

(2) There is a filtration
M ~ Hom¢(C, M) = Diff% (C, M) C Difty(C, M) C --- C Homx(C, M),

of the left C-module Hom 4 (C, M) that is not exhaustive in general. The module
of A-differential operators from C to M is Diff ,(C, M) = U3, Diff’ (C, M).

(3) We can check the order of differential operators recursively. That is, D €
Diff’y (C, M) if and only if [z, D] € Diff"y 1(C, M) for all z € C.

(4) The C-module of derivations Der4(C, M) coincides with the submodule of dif-
ferential operators D € Diff (C, M) such that D(1) = 0. In fact, combining (1)
and (3), we have that D € Diffy(C, M) if and only if [z, D] € Hom¢(C, M) for
all z € C. This is the same as [z, D](c) = c[z, D](1) for all z, ¢ € C, equivalently,
this condition can be expressed as

xD(c) — D(zc) = cxD(1) — e¢D(x).

If D(1) = 0, then the above condition coincides with the Leibniz rule D(zc) =
xD(c) + e¢D(x).

(5) Given an element m € M and a A-differential operator D: C' — C of order at
most k, we define a map (m - D): C — M as the composition of D and right
multiplication by m, i.e, (m-D)(c) = D(c)m. This map is also an A-differential
operator of order at most k.

(6) From (4), we deduce that any A-differential operator of order at most 1 can
be written uniquely as a sum of a differential operator of order 0 and an A-
derivation. That is, we have a decomposition into a direct sum of C-submodules

DiffY (C, M) = M @ Ders(C, M), D = D(1)+ (D — D(1)).

When M = C, we simply write Diff 4(C) = Diff 4(C, C) and Diff¥ (C) = Diff%(C, C)
for all £ > 0.

3.31. Modules of principal parts. We consider now the A-algebra C ®4 C with the
natural structure of left C-module. Let J be the kernel of the multiplication map
C®4C — C as in discussion 2.12. For each integer k > 0, we set the quotient
C-module

PE, = (C @4 C)/JF

with the structure induced by the left C-module structure of C ®4 C. The C-module
P]é/A is the module of principal parts of order k of C' relative to A and the universal
A-differential operator of order k is given by the map

5k:C—>P]éY/A, r—1Qx,

We note that d is an A-differential operator of order k satisfying the following uni-
versal property:
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3.2 Purely inseparable extensions of rings and differential operators

Proposition 3.32 (|25, Proposition 16.8.4]). Let C be an A-algebra and let M be a
C-module. Then for any A-differential operator D: C' — M of order at most k, there
is only one C-linear map p: PIZ‘/A — C such that D = @ o 0. Equivalently, there is
an isomorphism of C-modules

Home (P 4, M) — Dift(C, M), ¢ — @ oy,

We recall some useful properties of the modules of principal parts. First, we see
that finiteness conditions for C as an A-algebra induce good finiteness properties in
the C-modules of principal parts P]é/A.

Proposition 3.33 (|25, Proposition 16.3.9 and Corollaire 16.4.22]). Let C' be an A-
algebra.

(1) If C is finitely generated as an A-algebra, then P]é’/A 18 finitely generated as
C-module.

(2) If C has finite presentation as an A-algebra, then P]é/A 18 a C-module of finite
presentation.

We review now the good behaviour of the modules of principal parts with base
change.

Proposition 3.34 ( [25, Proposition 16.4.5]). Let C be an A-algebra and let A — A’ be
any homomorphism of rings. Let C' := C®4 A’. Then there is a natural isomorphism

(3.34.1) Pt a = C' ®c Pia
In particular, if S C A is a multiplicatively closed subset, then S Pg/A ~ Plg‘*lc/S*lA'

Furthermore, under some finiteness conditions, we obtain also a good localization
property for the modules of differential operators.

Corollary 3.35. Let C be an A-algebra of finite presentation and let M be any C-
module. For every multiplicatively closed subset S C A, there is a natural isomorphism

ST Diff% (0, M) ~ Difff_, ,(S~'C, S M).

Proof. By Proposition 3.32, we have S~! Diff% (C, M) ~ S~! Hom 4 (P%, /4»M). Then,
by Proposition 3.33, the C-module Plé/A has finite presentation. Since localization
is flat, we can apply Lemma 1.24 to obtain an isomorphism S~! HornA(P]é/A, M) —
HomsflA(nglc/S,1A7 S~1M). Finally, by Proposition 3.32, we have

Homg-14(P% 10514, S~ M) ~ Diff_, ,(S7'C, §7' M)
and this completes the proof. O
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3.2.2. Extension of differential operators along Galois extensions

For this subsection, we restrict ourselves to the setting of prime characteristic p rings.
The aim of this subsection is to establish a technical result on extension of differential
operators (Proposition 3.39). More precisely, given a ring extension A C C' of finite
exponent such that A[CP] C C is Galois, we prove that every A-differential operator
on A[CP] of order at most k can be extended (locally) to an A-differential operator of
C of order at most pk.

We begin with some basic properties of the bracket and the differential operators
in prime characteristic.

Lemma 3.36. Let C be an A-algebra and let M be a C-module. For any A-linear
map D: C — M and x € C, we have

[ZE, [ 7[$7D}H = [wp7D]'

Proof. We first give an alternative expression for the bracket. Recall that Hom4(C, M)
has both natural structures of left C-module and right C-module, where left and right
multiplication by x € C' are given respectively by

Ly, Ry: Homuy(C,M) — Homa(C,M) Ly(D)=x0D and Ry(D)=Doux.

Then it is clear that the bracket defined in 3.26 can be expressed also as [z, D] =
(Ly — Ry)(D). Since L, and R, commute, we have

[z,[- [z, D]+ ]] = (Lo — Re)"(D) = (L} — RE)(D) = [¥, D].
p (
i i O
The following proposition shows that the filtration of the homomorphism module

in terms of the modules of differential operators, established in observation (2) from
the discussion 3.30, is exhaustive for finite ring extensions of finite exponent.

Proposition 3.37. Let A C C be a finite ring extension of finite exponent and let
M be a C-module. Then there exists k > 0 such that Diff (C, M) = Diff 4(C, M) =
Homy (C, M).

Proof. Let e := exp(C/A) and let S be a finite generating set for C' as an A-algebra,
say |S| = r. We set k := rp® — 1. We claim that any A-linear map D: C' — M is
a differential operator of order at most k. By the reduction to generators property

(see Lemma 3.27.(4)), this holds if we show that [so, [s1,][. .., [sk, D]...]]] = 0 for any
50, ---,SK € S from the generating set. Since S contains exactly r elements, among any
k + 1 = rp® collection of elements sg, ..., s € 5, there must be one which appears at

least p© times. By the symmetry of the bracket (see Lemma 3.27.(2)), we may assume
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that the last p® elements in sq,...,s; are all equal to a single element, say s. So we
have

(50, [s1, [ - -5 [sK: D] .. J]] = [0, [815 [ - - s [Sk—pe [85 [- - -5 [, D] - - ]]]
pE
Now we apply e times the formula for the composition froy Lemma 3.36 to the above
expression, so we obtain

[50, [51, [ - - [S—pes [8 [ [8, DI - 1] = [0, [81, [ - - » [Sk—pe, [, D] .. J]]-

pe (S
Note that the last expression is‘zero because s?° € A and D is an A-linear map. This
completes the proof. ]

We study first the restriction of differential operators of an A-algebra C to the
A-subalgebra C!Y .= A[CP].

Proposition 3.38. Let C be an A-algebra. Let M be a C-module. Then the restriction
map

res: Homa(C, M) — HOHIA(CM,M), D — D|qn,
1s a morphism of left C'-modules, and for any k > 0, it induces a restriction map
res: Diffik(C, M) — Diffk (M ar).

Equivalently, if D: C — M is an A-differential operator of order at most pk, then its
restriction D: CN — M is an A-differential operator of order at most k.

Proof. Tt is clear that res: Hom(C, M) — Hom(CM, M) is an homomorphism of
left C-modules. We prove that there is a restriction map Diﬁ'ik(C’, M) — Dift% (ct1, M)
induced by the former restriction. Let D € Diffik(C, M) and denote by 0 := D|qn
the restriction of D to CMl. We prove that  is a differential operator of order at most
k, so we have to check that [zo[z1]...,[zk, D]...]]] =0 for all zq,...,z; € C. Recall
that CP = {cP : ¢ € C} is a set of generators for C!!l as A-algebra, by definition.

Hence, using the reduction to generators property (see Lemma 3.27.(4)), we have that
0 e Dift% (U, M) if

[sh (8%, [, [82,0].. )]l = 0 € Homu(CW, M) for all sg,...,s; € C.

Note that this holds if, in particular, [sf,[s],[...,[s}, D]...]]] = 0 in Homa(C, M).
Using the formula for the composition from Lemma 3.36, we can express

(s6, s, [--s [k, D] .. Jl = [s0, [+ -+ [s0, [s15 [« o [s1, Lo oo [Swey [ - oo IS D] )20 )

p p p
Note that there are pk 4+ p terms inside the brgcket. Then, sin(e D is a differential
operator of order at most pk, we conclude that the above expression is zero. O
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We study now the extension of differential operators of the A-subalgebra C[!
to differential operators in C. The next proposition shows that if C' has a p-basis
over C, then any A-differential operator D: CIll - M can be extended to an A-
differential operator from C to M. In particular, this result implies that the restriction
map Diﬂﬂk(C, M) — Diff% (O, M), defined above in Proposition 3.38, is surjective.
We warn the reader that a similar formulation of the next result was proved under
much stronger assumptions in [56, Lemma 3.3| with completely different techniques.

Proposition 3.39. Let A C C be a ring extension of finite exponent. Assume that
CM C C admits a p-basis {x1,...,x,}. Let M be a C-module. For each A-linear map
9: CM = M, we define an A-linear map D: C — M by the formula

p(> (axa) = (aa(ca),

where co € CY and the sum is taken over the reduced monomials X == " ... 28,
with 0 < a; < p. Then there is an extension map

ext: Hom(CY, M) — Homu(C, M), 8+~ D

that is a morphism of left C'-modules such that resoext = 1d, and for each k > 0, this
map tnduces an extension map

ext: Diff¥ (ClM, M) — DIt (C, M).

Equivalently, if 9: CY' — M is an A-differential operator of order at most k, then
D:C — M is an A-differential operator of order at most pk.

Proof. Tt is clear that ext: Hom4(CW, M) — Hom4(C, M) is an homomorphism of
left C-modules such that resoext is the identity. We now prove by induction on the
order k that if 9: Cll — M is an A-differential operator of order at most k, then
D: C — M is an A-differential operator of order at most pk.

Let k = 0. Recall from (1) in discussion 3.30 that there are natural identifications
of CM-modules Diff%(CM, M) ~ Homgp (CM, M) ~ M. Then any A-differential
operator 9: C!Y' — M of order zero is a ClU-linear map and can be identified with
the multiplication by some fixed element m € M. That is, there is m € M such that
d(c) = em for all ¢ € CM. Hence, it follows from the definition of D that D(c) = em
for all ¢ € C. Therefore, since Diff%(C, M) ~ Homg(C, M) ~ M as C-modules
(see (1) in discussion 3.30), we conclude that D is an A-differential operator of order
0 =p -0, and the assertion is true.

Assume that k& > 0. For each A-differential operator 9: C[J — M of order
at most k, we have to show that the map D: C — M defined in the statement
is an A-differential operator of order at most pk. That is, we have to show that
[fos 1, [ - [fors D] - J1)] = 0 for all fo, ..., for € C. Recall that C = CM[ay, ... 2],
since x1,...,T, is a p-basis for C over Cll. In addition, since Cl) = A[C?] and
A C C has finite exponent, we have that x1, ..., x, generate C as an A-algebra. That
is, C = Alx1,...,7y] and any element in C' is an A-linear combination of monomials
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xP = ;rf Lol xﬁ" with 5; € Ng. Therefore, by the reduction to generators property

(see Lemma 3.27.(4)), it is enough to show that
(3.39.1) [Tigs [Tiy, [+ - [ip, D]l =00 Vg, ooy, € {71, ., 20}

With this aim, we first state a property on the evaluation of D at some monomials
that will be used successively in the proof. Observe that any monomial x? € C, not
necessarily reduced, admits a unique reduced expression x° = ¢x?, where ¢ € ¢l
and x? is a reduced monomial. In fact, for a monomial xP = :):f1 L :vg" € C, there
is a unique expression f; = ¢p + r; with 0 < 7; < p, and we can write x* = ex?
where

c= @M. . (@ ecl and x¥ =a. a2l
Then for any monomial x? € C with reduced form x? = ex?', we have D(x?) =
d(c)x? . In particular, for x? := :c’f_ffll ool and x¢ = - a) reduced, the

- . - - /
product x® - x? is again a monomial whose reduced form is x*x® = ex®x?" and we
have

(*) D(x*x?) = 8(c)x*x” = x*D(x") .

We now prove (3.39.1). We divide the proof in two cases according to the number
of times that each element z; of the p-basis appears in the list @;,...,z;, from the
bracket [z, [iy, [. .- [zi,, D] .. ]]]].

Case I: There is j € {1,...,n} such that x; appears at least p times in the list
Tigs - -+ Tiy, - Using the symmetry of the bracket (see Lemma 3.27.(2)), we may assume
that the last p terms in the list x;,,...,2;, are all equal to z;. Then, by the formula
from Lemma 3.36, we have
(3.39.2) [Tig, [Tiys [ - - [Tipys D] - - ] = [, [Tiys [+ - [a:ip(kil), [a:?, D]]..]]]] -

Note that the map [2%, D]: C' — M can be obtained from [z¥,d]: cll — M in a
similar way to how the map D is defined from 9. More precisely,

[x?, D] (Z caxa) = Z ?3(ca)xa - a(caxg)xa = Z ?,8} (ca) - x*.

By (3) in discussion 3.30, we know that [:U?, 9] is an A-differentdal operator from Cl
to M of order at most £k — 1. Then, by the inductive hypothesis, [:n?,D] is an A-
differential operator from C to M of order at most p(k—1). Therefore, the right term
in (3.39.2) is zero and the proof for this case is complete.

1]

Case II: Every x;j appears al most p —1 times in the lisl x;,, ..., z;, . Reordering
x1,...,Ty if necessary, we may assume that only the first m elements z1,...,z,, of
the p-basis appear on the list. We denote by r; the number of times that each x;
appears on the list. Note that 1 <r; <pand r;1 +---+ 17, = pk+ 1. Then, using the
symmetry of the bracket (see Lemma 3.27.(2)), we can rearrange the terms inside of
the brackets as

(339.3)  [wig) [@irs [+ [0, D] J]]] =
e, [ s [wos [ 22 Lo [z s fzs D] 0] ) 1 )

U
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3 PURELY INSEPARABLE EXTENSIONS OF HIGHER EXPONENT

Since [ziy, [Tiy, [ - - [Tiy,, D] - - ]]]] is an A-linear operator from C to M and z1,..., 7,
is a p-basis for C over C!Y it is enough to show that its evaluation at ¢x®, for any
c e CM and x* € C reduced monomial, is zero.

Let ex® € C where ¢ € CY and x® is a reduced monomial. For any integer r > 0,
set [r] := {1,...,r}. Then, by Lemma 3.29, the expression in (3.39.3) evaluated at
cx® is

(3.39.4)

m m ‘
_ )i~ 1Sil |S‘| ) Qm+1 an rita;—|S;
= H( D cx, Ty x; .

Using the property (*) stated at the beginning of the proof, we have

i=1

m m
Qmt1 a ritai—|Si| | _ _amt1 a rita;—|S;]
D cme"-xn”‘Hxi =Ty, apt - Doc i
=1

So the term z, 4" - 28" can be factored out from the last expression in (3.39.4).

Thus, the evaluation at ex® of (3.39.3) is zero, that is,
[xiov [$i17 [ .- [xipk7 D} .- -]H](Cxa) =0

if the following expression is also zero:

S;Clri] =1
i=1,....m

m m
(3.39.5) 3 H<<—1)”|5i|a;LSi D c- Hm;“i*“i‘si') (
i=1
To prove that the expression (3.39.5) above is zero, we consider two subcases depend-
ing on the values r; + ; for i =1,...,m.

Case 11.1: There is an index i € {1,...,m} such that r; + c; < p. Reordering
Z1,..., T, if necessary, we may assume that i = 1. Note that r1 + a3 — |S1| < p by
hypothesw so the monomial x; rten =il io veduced. Then, we can apply property (*)

to each term of the expression (3.39.5), and obtain

=2

c. H ritai— 5|> _ r1+a1 S p .. H(rﬁ‘az ISI><
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3.2 Purely inseparable extensions of rings and differential operators

Hence, the expression in (3.39.5) becomes

m m
Z (_1)T1—\31|$§1+a1 H(<_1)ri_5i|l'i5il .D c¢- H(?“’atsz) (

SiClr] =2 i=1
i=1,....m
m m
— Z (_1)7‘1—|Sl‘ T‘1+a1 Z H 7"1 |SZ‘xLSz| .D ¢- H :Z+C¥1—|Sz‘
1C[rf SiClri] = i=1
i:2,...,m

This expression is zero, because the first term in the product is

T1

S -yt = Z(—D”’ (7)=a-v=-o

S1C[r1] 1=0
This completes the proof for the first of the two subcases. We prove the one that lefts.

Case I1.2: For every i € {1,...,m}, we have r; + a; > p. For a collection
S =(S1,...,Sn) of subsets S; C [r;], we define Ug := {1 < i <m:r;+ao;—|Si| > p}.
Then the expression in (3.39.5) can be written as

(3.39.6) Z H<< )i |Si|xLSi‘ -Dlec- H J,‘:Hraii'si‘ H x:i+a¢*|S¢\

i€Ug 1¢Ug

Note that xrﬁa”” 15 is a reduced monomial for all i ¢ Us. Hence, using property (*),
we have
rita;—|S;| ritoi—|Sil | _ rita;—|S;] ritoi—|Si|
D*(‘Hxi 11 = = 11 D e I (
i€Ug i1¢Ug 1¢Ugs 1€Ug

So we can rewrite the expression in (3.39.6) as:

(3.39.7) > H ri=ISil IS H<:C?+ai_|si Do [ apres

Sl, .S, Z'%US i€Ug
SC[ }

Observe that if ¢ € Ug, then r; + a; — |S;| = p + I; for some I; < p, since r;, o; < p.

Thus, we can write
rito;—|S;| D l;
C”(’% —C'”xz’”(’ﬁa

i€Ug i€Ug i€Ug

where ¢ - [[ £y, @} € Ol and T, Us xﬁl is a reduced monomial. Using this factoriza-
tion in (3.39.7) and applying the definition of D, we obtain the following equivalent
expression:

S=(S1,...,5m) =1 1¢Ug i€Ug i€Ug
S Clri]

3 H(D T T ot (o 1
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3 PURELY INSEPARABLE EXTENSIONS OF HIGHER EXPONENT

Recall that I; = r; + a; — |S;| — p for i € Ug, so by regrouping some terms, the above
expression becomes

S=(S1,...,8m) i=1 i¢Usg i€Ug
S Clri]

Z H n |S:] H it H x{”i-&-ai—l? ole P
1 1 7
<i€Us

S=(51,..,8m) 1= igUs i€Us

- ¥ H ielsigtos ] o2 C<H<:c” <

(Slv S ) ZgUS 1€Ug
SiClri]

SiClri
) 5 fiew e T
I[-) (0

By rearranging the above sum over S = (S, ..., Sy,) according to the resulting subsets
Us C [m], the expression becomes

ICE PN G (R &)

i=1 UC[m] S=(S1,....Sm) i i¢U €U
SiClri], Us=U
(3.39.8) = [[ ;“i*‘“"’)- Y (ov-T]=t-0 cpr><
i=1 UCm igU i€U

P R | (S
=1

S:(Sl,...,Sm) t
SiClri], Us=U

I (I [

= S Clrs j¢U S;Clrs
i+ai—|Si\>p i+ —|Si¥<p

Note that the last equality in the expression for oy follows since finite sums can be
exchanged with finite products and the subsets Si,...,S,, are independent of each
other in the expression of oy.

We now claim that oy = (—1)IY! .y, for some integer y independent from the
subset U C [m]. Suppose that U C [m] is a proper subset and let V =U U {j} C [m]
for some j ¢ U. Observe that oy and oy have the same factors except the one
corresponding to j. Indeed,

S;Clry\, fcU SiCrs), SiC[ri),
o —ISN<p ita;i—|SN>p 7 i+a;—|SN<p

R
=]

<.

oy = Z( (_1)7"j—|5'j\ Z( (_1)7"11—|Si\ Z( (_1)Ti—\51:| (
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3.2 Purely inseparable extensions of rings and differential operators

oy = Z (_1)’fj—|51| Z (_1)7'1:—|S¢\ Z (_1)7‘¢—\S1:|
SjC[’I“j s jceU S,;C[T’,; s QU Sq‘,C[Ti s
4o —|SN>p i+a;i—[SN>p 7J itai—|SN<p

and the last two products on‘both‘expressions coincide. * Therefore, we have that
oy + oy = 0, because

Z( (=1)7 153l 4 Z (1) 183l = Z (=1)7 151

S;Clr; S Clrjl, S;Clr;]

rjta;—|SN<p rjta;—|Sj|=p
T
S () = —o
=0

This implies that oy = —op. Let u = oy, then by induction on |U| it is clear that
oy = (—1)|U| ~p for all U C [m)].

Hence, we can simplify the expression in (3.39.8) to

ﬁ) ( 3 (—1)[]' [0 ngc) .

i=1 UC[m i¢U iU

Finally, using the formula from Lemma 3.28, we observe that the above expression
coincides with

(3.39.9) R Hw;’rl-ai—p) (1'?7 [ ey [J}ﬁl, 8] .. H(C),

i=1

which is our final expression for (3.39.5). To conclude recall that pk+1 = ri+- - +r, <
pm, so that m > k4 1. Since 9: C!Yl — M is an A-differential operator of order at
most k, the above term in (3.39.9) is zero. This completes the proof of the second
subcase, so we have covered all the cases. ]

Corollary 3.40. Let A C C be a finite ring extension of finite exponent. If C has
a p-basis over CW, then for each k > 0 the restriction map res: Diffgk(C', M) —
Diff% (CM, M) is surjective for any C-module M.

3.2.3. Purely inseparable extensions, differential operators and mod-
ules of principal parts

We continue in the setting of rings with prime characteristic p. We use the previous
result on extension of differential operators (Proposition 3.39) to give a new char-
acterization of purely inseparable extensions in terms of the modules of differential
operators (Theorem 3.48). Moreover, we re-obtain the characterization in terms of
the modules of principal parts for purely inseparable extensions given by P. Sancho
de Salas in [56, Theorem 3.8].

We study first the modules of differential operators and the modules of principal
parts of a purely inseparable extension. In particular, we begin with a certain subclass
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3 PURELY INSEPARABLE EXTENSIONS OF HIGHER EXPONENT

of purely inseparable extensions, namely, modular extensions with splitting p-basis.
These class of extensions will be studied later with more detail in Chapter 4 from this
thesis.

Proposition 3.41. Let A be a ring and let C = Alzxq,...,x,] be an A-algebra with

defining relations 22 = .. = ab " = 0 for some integers e; > 0. Set A = {a =

(a1,...,00) EN": 0 < oy < p%}. Then

(1) P]é/A s a finite free C-module for all k > 0.

(2) For each o € A, the A-linear map A, : C — C defined as

Ao (x?) = <©xﬁa

is a differential operator of order |a| == a1 + ... + ay,.

(8) Let M be a C-module. Then each differential operator D: C — M of order at
most k can be written uniquely as

D= ZCM.AQ, mea € M.

acA
ES

Proof. We first prove (1). Note that, under these hypothesis, C' is a free A-module
with basis formed by the monomials {x® : @ € A}. Since the presentation of an
algebra is preserved by base change, the (left) C-algebra C'® 4 C obtained from C' by
application of the base change A — C has presentation C®4C = C[1®x1,...,1Qz,]

with defining relations (1 ® x;)P* = 0 for i = 1,...,n. We can make a change of
generators, so C ®4 C = Clz1,...,2,] where z; := 1 ® 2; — 2; ® 1 and the defining
relations are 2/ * = 0 for ¢ = 1,...,n. Then it is clear that C'®4 C' is a free C-module

with basis given by the monomials {z% : « € A}.

Let J be the kernel of the multiplication map C ® 4 C — C' as in discussion 3.31.
Note that J is generated as an ideal by 21, ..., z,. Hence, for each k > 0, the ideal J**!
is a free C-module generated by the subset of monomials {z* : « € A, |a| > k + 1}.
Since P’é/A = (C ®4 C)/J*1 we conclude that PIZ’/A is a free C-module generated
by the classes of the monomials in {z% : a € A, |a| < k}.

Now we show that the A-linear maps A, in (2) are differential operators. Let
{pa: C @4 C — C : a € A} be the dual basis for Homc(C ®4 C,C) of the basis
{z“ : a € A} for C ®4 C. Recall that there is a natural identification Hom¢(C ®4
C,C) = End(C), as we noted in 1.22. Let A,: C' — C be the A-endomorphisms of
C corresponding to ¢, : C ®4 C — C via this identification. Then, for any 8 € A, we
have

eal N7
IpI<iB

Aa(x) = pa(1@ %) = pa((z+x @ 1)%) = pa (<ﬁ>x67z7 <©x —a
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3.2 Purely inseparable extensions of rings and differential operators

Note also that A, is differential operator of order at most k if and only if ¢, is zero
on J*¥*1. This occurs if and only if |a| < k. Hence, A, is a differential operator of
order |a| and this completes the proof of (2).

We finally prove (3). Let M be a C-module. Since {¢, : @ € A} is a basis for
Homg(C®4C,C), it follows that any homomorphism of C-modules p: C®4C — M
can be written uniquely as

90:2 a " Pa

acA

for certain my, € M with o € A. Recall that the maps ¢, form the dual basis
of {z% : @ € A}, so mq = ¢(z%). Via the natural identification Hom4(C, M) =
Homg (C ®4 C, M), we deduce that any D € Hom(C, M) can be written uniquely
as D = ZﬁA Me - Ay for certain my € M. To conclude, we observe that D is
an A-differehtial operator of order at most k if and only if the corresponding map
@ :C ®aC > M is zero on J**1 and this occurs if and only if m, = p(z%) = 0 for
each a € A such that |a] > k+ 1. O

Remark 3.42. In the setting of the above proposition, it is clear that the operators
{As:a € A lal <k} form a basis for Diff%(C) as C-module.

Using the previous proposition and the fact that the modules of principal parts
behave well under base change, we obtain the following conclusions on the modules
of principal parts and the modules of differential operators for purely inseparable
extensions of rings in general.

Proposition 3.43. Let A C C be a purely inseparable ring extension. Then

(1) P]é,/A 15 a finitely generated projective C'-module for all k > 0.

(2) Dift%(C) is a C-module direct summand of Enda(C) for all k > 0.

Proof. We show first that PI(‘} /A is a finitely generated projective C-module. By Propo-
sition 1.7, this is equivalent to show that it is flat of finite presentation. On the one
hand, since A C C' is purely inseparable, C' has finite presentation as A-algebra (Re-
mark 3.13). Hence, PkC/A is a C-module of finite presentation by Proposition 3.33.(2).
On the other hand, to show that P]é/A is flat, it is enough to show that the Cy-module
Cp ®c P]é/A = P]ép/Ap is flat for each prime ideal p C A (see Proposition A.13 and
Proposition 3.34).

Since A C C'is purely inseparable, there is a faithfully flat extension A4, — A’
such that

C'i=Cyoa, A = A[X1,..., X, ]/ (XD, X2

n

for some integers e; > 0. We have shown in Proposition 3.41 that P]é,/A, is a finite free
C'-module, in particular, flat. We also know that P]é,,/A, = C’®cp Plép/Ap (Proposition
3.34). Note that the map C, — C” is faithfully flat, because it is a base change of the
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3 PURELY INSEPARABLE EXTENSIONS OF HIGHER EXPONENT

faithfully flat map A, — A’ (Proposition A.16). Therefore, ng/Ap is a flat Cy-module
by faithfully flat descent (Proposition A.15.(2)). This completes the proof of (1).
Now we show that (2) follows easily from (1). Indeed, we consider the exact

sequence
OﬁJ’“HHC@AC%Pg/A%O,

where J is the kernel of the multiplication map C'®4C — C as in discussion 3.31. We
have proved in (1) that P]é,/A is projective, so the sequence is split exact (Proposition
1.2). Since Homg(—, C) functor preserves split exact sequences, the following exact
sequence splits

0 — Home(J*, C) = Home(C ®4 C,C) — Homc(Pé/A, C) — 0.

Therefore, HomC(PkC/A, () is a C-module direct summand of Hom¢(C ®4 C,C) by

Lemma A.10. Using the natural identifications Homc(P]é/A,C') = Diff%(C) and
Home(C®4C,C) = End4(C) (see Proposition 3.32 and discussion 1.22 respectively),
we conclude that Diff%(C) is a C-module direct summand of End4(C). O

The purpose of this subsection is to show that the converse to the later proposition
holds for certain finite extension of rings A C C with finite exponent. We first address
this tackle from the perspective of the modules of principal parts. To this end we
discuss some properties of these modules, in particular, the relation between P%k/ A

and Pgm/A. In what follows, for each integer e > 0, we denote by

o)l - Py

the universal differential operator of order k of the A-algebra C1¢l (see discussion 3.31).

Lemma 3.44. Let C be an A-algebra, and let k > 0. Then there is a unique homo-
morphism of CM-modules P’é,[ /4 Pp C/A such that the following diagram

-,

cll *> P’“

k
P%/A

(11/A

commutes.

Proof. Note that PC/A is a C!"-module by restriction of scalars. Recall that Opk 18

an A-differential operator of order pk. Then its restriction to C! is a differential
operator res(dpy): cll — Pp C/A of order at most k by Proposition 3.38. Thus, by the

universal property of 5,£] (see Proposition 3.32), there is a unique homomorphism of
CM-modules ¢: Pclll/A — P‘gk/A such that @ o 6][61} =res(dpr). Thus, ¢ is the desired
map that makes the diagram commutative. O
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3.2 Purely inseparable extensions of rings and differential operators

Proposition 3.45. Let A C C be a finite ring extension of finite exponent. Then:
(1) There is a natural homomorphism of C-modules

C ®cn Plév[l]/A — ng/A’ 1® 5,&1167’ = (0pr)P.

(2) If C has a p-basis over CU, then the above map has a retraction

k

Proof. The homomorphism C ® Plé[lJ/A — ng/A from (1) is induced by the ho-

momorphism obtained in Lemma 3.44. To prove (2), we have to show that there is

pk

a map PC/A — C®cm P such that the composition with the map in (1) is the

k
chljA
identity in C ® P'é,[l]/A. Note that this holds if we show that for any C-module M,
the induced map

Home (P, M) = Home(C @cm Py g M) = Homep (Pl 4, M)

1174

is surjective. By the commutativity of the diagram of Lemma 3.44 and the universal

properties of d,;, and ‘51[@1} (see Proposition 3.32), this map can be identified with the
restriction map

res: Diffik(c, M) — Diff% (¢ a),

from Proposition 3.38, but we have already proved in Corollary 3.40 that this map is
surjective under the hypothesis in the statement. O

Using these properties, we show that any finite ring extension of finite exponent
whose modules of principal parts are projective is purely inseparable.

Proposition 3.46. Let A C C be a finite ring extension of finite exponent. If the C-
module P%/A is projective for all 0 < e < exp(C/A), then A C C' is purely inseparable.

Proof. There is nothing to prove in the trivial case. Hence, we assume that exp(C'/A) >
1 and that PZC’{ 4 18 a projective C-module for all 0 < e < exp(C//A). We proceed by
induction on the exponent of the extension.

We claim that Q¢4 is a projective C-module. Let J be the kernel of the multiplica-
tion map C®4C — C as in discussion 3.31. We have a decomposition C®4C = CBJ,
that induces the next equality

Piia=(C®a0)/ P =Ca(J)J*) =Co& O a

Then Q¢4 is a direct summand of the projective module PIC/A, so it is also projective
(Proposition 1.2). Moreover, since Qcjcm = Qcya and cl C C is a finite extension,
we conclude that C!l € C' is Galois (Theorem 2.71). In particular, in the case
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3 PURELY INSEPARABLE EXTENSIONS OF HIGHER EXPONENT

exp(C/A) = 1 we have ClJ = A, and this proves that A C C is Galois, or equivalently,
purely inseparable of exponent one (Theorem 2.71).

Thus, we suppose that exp(C/A) > 1. Recall that exp(Cl*/A) = exp(C/A) — 1.

We first prove that Pgm/A is a projective C!M-module for 0 < e < exp(CM/A) to

apply later the inductive hypothesis. We already know that Cll ¢ C is Galois.
Since Spec(A) and Spec(CM) are homeomorphic (Remark 2.2), there are elements

fi,..., fr € A generating the unit ideal such that Cy, has a p-basis over CJ[%} by
Proposition 2.55. Then, by Proposition 3.45, the natural map

pe pe+1
has locally a retraction of Cy-modules. Since this occurs at each open subset of
the covering generated by f1,..., fr € A, we have a global retraction of C-modules.

By Lemma A.10, this implies that C ®,n PgTI]/A is a C-module direct summand of

e+1 e
Pg/; . This module is projective by hypothesis, so C ®qn; PP, is also projective

clilja
(Proposition 1.2). Since CY — C is faithfully flat (Remark 1.16), we conclude that

Pé’,m/A is a projective C!-module for all 0 < e < exp(CM/A) (Proposition 1.4.(2)).

In this situation, we can apply the inductive hypothesis to deduce that 4 ¢ CU
is purely inseparable. Since C!!) ¢ C' is Galois, it follows that A C C is purely
inseparable by Corollary 3.19. O

We turn now to the perspective of differential operators. Using Proposition 3.39
on extension of differential operators from the previous subsection, we prove that an
F-extension is purely inseparable if the modules of differential operators are direct
summands of the module of endomorphisms. This result extends Proposition 2.67
for Galois extensions of exponent one to purely inseparable ring extensions of higher
exponent.

Proposition 3.47. Let A C C be an F-extension such that Diff’f(()’) is a C-module
direct summand of Enda(C) for all 0 < e < exp(C/A). Then A C C is purely
inseparable.

Proof. The case of trivial extensions is clear, so we suppose exp(C'/A) > 1. We proceed
by induction on the exponent. Note that the exponent one case was already settled
in Proposition 2.67. Indeed, our hypothesis are that C' is a projective A-module and
that Diff}y(C) = C @ Ders(C) is a C-module direct summand of End4(C). Since
Diff} (C') = C @ Der4(C) (see (6) in discussion 3.30), the latter implies that Der 4 (C)
is a C-module direct summand of End4(C) too.

Assume now that exp(C/A) > 1. We will reduce the proof to the setting of local
rings. Since A C C'is an F-extension, then C' is a finite projective A-module (Lemma
3.24). Thus, it only lefts to prove that the extension A, C C, is purely inseparable
for each prime ideal p C A. Note that C has finite presentation over A as it is a
projective module (Proposition 1.7), so

(Enda(C))p = Enda,(Gy) and (Diff%y (C)), = Diff!y (Cy)
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3.2 Purely inseparable extensions of rings and differential operators

by Corollary 1.25 and Corollary 3.35) respectively. The hypothesis implies that
Diff’jp(C’p) is a Cp-direct summand of Enda,(Cy), since localization commutes with
direct sum. By Remark 3.23, we also know that A, C C, is an F-extension. There-
fore, we can assume that A is local for the rest of the proof. Hence, C' and C!¢ are
also local for all e > 0 (Remark 2.2).

Recall that the extension A C C is purely inseparable if and only if A ¢ CU
is purely inseparable and C'! ¢ C is Galois (Corollary 3.19). We prove first that
Cl ¢ C is a Galois extension. Observe that C is a projective C-module, because
A C C'is an F-extension (Lemma 3.24). We consider the following tower of C-modules

Diff}y (C') = Diff 1 (C) € Endgy(C) € Enda(C).

Note that Diff},(C) is a C-module direct summand of End(C) by hypothesis and
that End,)(C) is a C-module direct summand of End4(C), since C is a projective
CM-module (Proposition 1.26). Therefore, Difflcm (C) is a C-module direct summand
of Endgpj (C). By the exponent one case, ClJ € O is Galois.

We now prove that A ¢ C!Y is purely inseparable. Since we have exp(C1/A4) =
exp(C/A) — 1, it is enough to show that A ¢ C[ satisfies the hypothesis on the
statement and apply the inductive hypothesis. It is clear that A ¢ CY is an F-
extension, since so is A C C (see Remark 3.22). Hence, it only lefts to prove that
Dift%, (C1V) is a Cl-direct summand of End4(CM) for all 0 < e < exp(Cl/4). We
consider the following commutative diagram

ext [

/\ /\
End4(C) —2— Hom,(C, C) «—— Endy(C)

(0]
ext o]
/_\ /\
e+1 e e
Diff,  (C) < Difiy (C1V, C) «—— Dift%; (C11),

where res denotes the restriction maps as in Proposition 3.38, ext is the extension
map defined in Proposition 3.39 and the unnamed maps are natural inclusions. We
show that each map ® is a retraction to the corresponding inclusion. On the one
hand, the existence of the vertical retraction ®: End4(C) — Diff’;H(C) on the left

of the diagram follows from the hypothesis that DiﬁfH(C) is a C-module direct
summand of End4(C) (see Lemma A.10). On the other hand, the existence of the
horizontal retraction maps can be justified as follows. Since we have proved that
Cll ¢ C is a Galois extension between local rings, C has a p-basis {z1,...,2,}
over ClI and the reduced monomials x® form a basis for C' as Cll-module. Then
there is a natural homomorphism of Cl-modules ¢ — C!! given by > ¢, x% — ¢,
which is a retraction to the inclusion Cl!l < C. Note that it induces Getractions
&: Homa(CM,C) — Enda(CM) and @: Diff’, (C, €) — Diff" (C1) to

inclusions.

he reverse

All the maps in the above diagram are morphisms of CM-modules. Then, fol-
lowing the arrows in the commutative diagram, we see that the map End,(C1) —
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Diﬂ?i’lS (C!), deduced from the composition of the maps in the diagram, is a retraction

of the reverse inclusion. Thus, by Lemma A.10, we conclude that Diﬁ”:(Cm) is a
CM-direct summand of End(CM).

We have shown that the extension A ¢ C[U satisfy the hypothesis in the state-
ment. Therefore, A ¢ C!! is purely inseparable by the inductive hypothesis, and this
completes the proof. ]

To sum up, as a consequence of the results in this section, we obtain the next char-
acterizations of purely inseparable extensions of rings in terms of differential operators
and modules of principal parts. It extends in some sense the equivalence (1) < (6)
from Theorem 2.71 for exponent one extensions to the higher exponent setting.

Theorem 3.48. Let A C C be a finite ring extension of finite exponent. Then the
following conditions are equivalent.

(1) A C C is purely inseparable.

(2) P]é/A s a projective C-module for all k > 0.
(3) Pi(’;/A is projective C-module for all 0 < e < exp(C/A).

(4) ACC is an F-extension and Diff%(C) is a C-direct summand of End4(C) for
all k > 0.

(5) A CC is an F-estension and Diff]j:(C') is a C-direct summand of End4(C) for
all 0 < e < exp(C/A).

Proof. The implications (1)=(2) and (1)=-(4) are set out in Proposition 3.43. It is
clear that (2) implies (3) and that (4) implies (5). Proposition 3.46 establishes that
(3)=-(1) and the implication (5)=-(1) is proved in Proposition 3.47. O

We note that the above theorem includes the characterization of purely inseparable
extensions given by P.J. Sancho de Salas in [56, Theorem 3.8|. However, we approach
the characterization from a completely different perspective.

3.3. Towers of purely inseparable extensions

The setting for this section are rings of prime characteristic p. We study towers of
purely inseparable extensions following our approach in [11, §6], which is joint work
of the author of this thesis with D. Sulca. We begin by introducing the definition of
purely inseparable tower of rings.

Definition 3.49. A tower of rings A C B C C'is a purely inseparable tower if A C C,
A C B and B C C are purely inseparable extensions. Note that if A C C has exponent
one, a purely inseparable tower of rings is exactly a Galois tower (see Definition 2.72).
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Remark 3.50. Observe that if A C B and B C C have finite exponent, then A C C
has also finite exponent. The converse is also true. More precisely,

max{exp(B/A),exp(C/B)} < exp(C/A) < exp(B/A) + exp(C/B).

This section deals with two questions regarding purely inseparable towers of rings.
We will use the notion of F-extension, introduced in the previous sections (see Def-
inition 3.21), to give some answers to the following questions. In Subsection 3.3.1,
we consider the problem of characterizing those intermediate subrings B of a purely
inseparable extension of rings A C C such that A C B and B C C are also purely
inseparable, that is, those subrings such that A C B C C is a purely inseparable
tower of rings. In Subsection 3.3.2, we study when the composition of two purely
inseparable extensions of rings A C B and B C C gives a purely inseparable tower
ACBCC.

3.3.1. Intermediate subrings of a purely inseparable ring extension

In this subsection, we look for conditions for intermediate subrings B of a purely
inseparable extension of rings A C C that guarantee that A C B C C is a purely
inseparable tower. The situation is well understood when A C C has exponent at
most one, while the problem remains open if the extension has exponent greater than
one.

However, we show some sufficient conditions that ensure that A C B C (' is a
purely inseparable extension for a given purely inseparable extension A C C of finite
exponent and an intermediate subring B. More precisely, we show that if B is an
intermediate subring of a purely inseparable extension A C C such that A C B,
B C C and A C B[CP"] are F-extensions for 1 < k < exp(C/B), then A C B C C'is
a purely inseparable tower (Proposition 3.54). In fact, for exponent two extensions,
the condition on A C B [C’pk] can be omitted, so we obtain a characterization for
purely inseparable towers in this case.

We begin by reviewing the situation for exponent one extensions. As we have
discussed in Section 2.3 from the second chapter, S. Yuan proved that if A C C is
Galois and B is an intermediate subring such that B C C' is also Galois, then A C B
is automatically Galois (|68, Theorem 11]). Furthermore, M. André proved that an
intermediate subring B defines a Galois tower A C B C C if and only if C is a
projective B-module (Proposition 2.73). Nevertheless, we can easily find examples
A C BC(C where AC C and A C B are Galois but B C C'is not.

Example 3.51. Let A = K be a field of characteristic p = 2. We consider the ring
C = KIX,Y)/(X%,Y?) = K[z, y)

which is a purely inseparable extension of exponent one over A, with p-basis {z,y},
so K C C is a Galois extension (see Lemma 2.45.(1)). We define the subring B :=
K[zy] C K[z,y] = C. Note that B is a free K-module of rank 2 and {zy} is a p-basis,
so K C B is a Galois extension (see Lemma 2.45.(1) again). We show that B C C'is
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not Galois by showing that C' is not a flat B-module. Assume on the contrary that
C is a flat B-module. Observe that C/(zy) = K[X,Y]/(X?, XY,Y?) has a basis over
B/{zxy) = K induced by {1, z,y}. Since B is a local ring, if C were flat over B, then C
would be a free B-module with basis {1, z,y} as a consequence of Nakayama’s Lemma
(see Proposition A.36). But this is impossible since (zy)x = 0 in C. Hence, C is not
a flat B-module. In particular, C' is not projective as B-module, and therefore it is
not a Galois extension by Proposition 2.73.

We focus now on purely inseparable extensions of higher exponent. We observe
that the characterization of Galois towers from Proposition 2.73 does not hold for
purely inseparable extensions of exponent greater than one. Indeed, the next example
shows a tower of rings A C B C C where A C C' is a purely inseparable ring extension
of exponent two, B C C is a Galois extension, but A C B is not purely inseparable.

Example 3.52. Let A = K be a field of characteristic p = 3. We set
B:=K[X,Y, Z,,2:] /(X3 Y3, Z} — X%, Z3 —Y?) = K[z,y, 21, 2],
which is an extension of A of exponent 2. We set
C = B[T\,T5)/(T} — z,T5 —y) = K[z,y, 21, 20, t1, ta].

By definition C' admits {t1,%2} as a p-basis over B, so B C C is a Galois extension
by Lemma 2.45.(1). Note also that the extension A C C has exponent 2. We show
that A C C is purely inseparable. Indeed, by Theorem 3.18 it is enough to show
that A C A[C?] and A[C®] C C are Galois. Note that A[C3] = K|x,y] is a Galois
extension over A with p-basis {z,y}, and

C = AlC¥[Z1, Zo, T\, To) (Z} — 2, Z3 — oy T} — 2, T35 — y)

is Galois over A[C3] with p-basis {21, z0,t1,t2}. We finally show that A C B is not
purely inseparable. By Theorem 3.18, it is enough to show that A C A[B?] is not
Galois. Since A is local, this is the same to show that A[B?] does not admit a p-basis
over A. Note that A[B3] = K[z?,y?] has a basis over K with four elements, namely,
the monomials 1,22, 52, (zy)?. Then A[B3] has rank equal to four over A, which is
not a power of p = 3. But if A C A[B?] had a p-basis, it would necessarily have rank
a power of p = 3 (see Remark 2.23).

The next lemma extends in some sense Proposition 2.73 for exponent one ring
extensions to the higher exponent case.

Lemma 3.53. Let A C C be a purely inseparable ring extension and let B be an
intermediate subring, A C B C C, such that A C B and B C C are F-extensions.
If B C C has exponent at most one, then A C B is purely inseparable and B C C' is
Galois.

Proof. If A= C or B = C, the result is trivial, so we assume that exp(C'/A) > 1 and
exp(C/B) = 1. We proceed by induction on the exponent of A C C. If exp(C/A) =1,
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3.3 Towers of purely inseparable extensions

the lemma reduces to Proposition 2.73, because C is a projective B-module as B C C
is an F-extension (see Lemma 3.24).

Suppose now that exp(C/A) > 1. We first prove that B C C is Galois. Since
exp(C/B) =1, we have C? C B and we can consider the tower

A[CPIC BcCC.

Note that A[CP] C C is Galois, because A C C is purely inseparable (see Corollary
3.19). In addition, C'is a projective B-module by Lemma 3.24. Thus, both A[C?] C B
and B C C are Galois by Proposition 2.73.

We prove now that A C B is purely inseparable. By Corollary 3.19, this follows if
we show that A C A[BP] is purely inseparable and A[BP] C B is Galois. In order to
prove that A C A[BP] is purely inseparable, we show that the tower of rings

A C A[BP] C A[CP]

satisfies the hypothesis of the lemma. Note that the extension A C A[CP] is purely
inseparable of exponent exp(C/A) — 1 (see Corollary 3.19) and that A C A[BP] is an
F-extension, because so is A C B (see Remark 3.22). Then it only lefts to check that
A[BP] C A[CP] is an F-extension of exponent at most one. In fact, A[BP] C A[CP]
has exponent at most one, since (A[CP])P C (A[B])? C A[BP] as C? C B. Moreover,
A[BP] C A[CP] is an F-extension if and only if A[CP] is a projective A[BP]-module.
So we prove the last condition. Observe that C' is a projective B-module and B is a
projective A[BP]-module by hypothesis, because B C C' and A C B are F-extensions
respectively (Lemma 3.24). Hence, C' is a projective A[BP]-module by Proposition
1.5. In addition, we know that C is a projective A[CP]-module, because the extension
A[CP] C C is Galois. Therefore, A[CP] is a projective A[BP]-module, by considering
the tower A[BP] C A[CP] C C in Lemma 1.17.

Since A C A[CP] has exponent smaller than exp(C/A) and we have proved that
A C A[BP] C A[CP] satisfies the hypothesis in the statement, we can apply the
inductive hypothesis to deduce that A C A[BP] is purely inseparable and A[BP] C
A[CP] is Galois. It only lefts to show that A[BP] C B is Galois. We consider the tower
of rings
A[BP] C A[C?] C B.

We have just proved that A[BP] C A[CP] is Galois, and we have also proved that
A[CP] C B is Galois in the second paragraph. Therefore, since A[BP] C B has
exponent at most one, we conclude that A[BP] C B is Galois by Lemma 2.45.(3).

In summary, we have proved that A C A[BP] is purely inseparable and A[BP] C B
is Galois. Hence, A C B is a purely inseparable extension by Corollary 3.19. As we
proved at the beginning that B C C is Galois, the proof of the lemma is complete. [

We use the above lemma to give sufficient conditions for an intermediate subring
of a purely inseparable extension to induce a purely inseparable tower of rings.

Proposition 3.54. Let A C C be a purely inseparable extension and let B be an
intermediate subring, A C B C C. Assume that the following conditions hold:

97



3 PURELY INSEPARABLE EXTENSIONS OF HIGHER EXPONENT

(1) A C B is an F-extension;
(2) B C C is an F-extension; and

(3) A C B[CP"] is an F-extension for all 1 < k < exp(C/B).

Then A C B C C s a purely inseparable tower. Moreover, A C B[C’pk] C C is also a
purely inseparable tower for all 1 < k < exp(C/B).

Proof. We prove that A C B[C’pk] C (' is a purely inseparable tower by induction in
k > 0. In particular, when k£ = exp(C/B), we have B[Cpk} = B and the previous
condition will imply that A C B C (' is also a purely inseparable tower.

If £ = 0, then B[Cpk] = C and the result is trivial, since A C C is purely
inseparable by hypothesis. For k > 1, we assume that A C B[Cpkil] C C'is a purely
inseparable tower and we have to prove that the tower A C B [Cpk] C C is also
purely inseparable. We first show that A C B[Cpk] is purely inseparable. For this, we
consider the tower of rings

1

A C B[cP"] C BlcP* ).
We show that this tower satisfies the conditions from Lemma 3.53. Note that A C
B[CP" '] is purely inseparable by inductive hypothesis. Observe also that A C B[CP"]
is an F-extension by assumption. In addition, B[CP"] C B[C?" '] is an extension of
exponent at most one such that B[CP""'] is projective as B[C?"]-module, because
B C C is an F-extension. Therefore, we can apply Lemma 3.53 to conclude that
A C B[CP"] is purely inseparable and B[CP"] C B[C?" '] is Galois.

Hence, it only lefts to show that B[Cpk] C B is purely inseparable. We have
already proved that B[CP"] C B[CP*™'] is Galois and B[C?""'] C C is purely insep-
arable by the inductive hypothesis. Then we conclude that B [C’pk} C C is purely
inseparable by Theorem 3.18. This completes the induction. O

In the setting of the previous proposition, if the extension A C C' has exponent
at most one, then the conditions (1) and (3) are a consequence of condition (2) (see
Proposition 2.73). Furthermore, we will show in the next result that if the exponent
of the extension is two, then conditions (1) and (2) imply condition (3). This leads
us to the following characterization for purely inseparable towers of exponent two.

Corollary 3.55. Let A C C be a purely inseparable extension of exponent two and let
B be an intermediate subring, A C B C C. Then A C B C C is a purely inseparable
tower if and only if A C B and B C C are F-extensions.

Proof. If A C B C C is a purely inseparable tower, then it is clear that both A C B
and B C C are F-extensions. We prove the converse. Observe that exp(C/B) < 2,

as we noted in Remark 3.50. Then, by Proposition 3.54, we only have to check that
A C BI|CP] is an F-extension. Note that A[(B[CP])P] = A[BP], so, equivalently, we
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have to show B[CP] is a projective A[BP|-module and that A[BP] is a projective A-
module. It is clear that the last condition holds because A C B is an F-extension
(Lemma 3.24). So we consider the tower of rings A[BP] C B[CP] C B to prove the
former. We know that B is projective over B[CP], since B C C is an F-extension
(Lemma 3.24), and it is also projective over A[BP|, as we noted before. Therefore,
considering the tower A[BP] C B[CP] C B, we deduce that B[C?] is a projective
A[BP]-module by Lemma 1.17, as we wanted. O

A similar argument to the one used in the proof of the above corollary can be used
to refine Proposition 3.54 for purely inseparable ring extensions of exponent greater
than two, as we show in the next proposition

Proposition 3.56. Let A C C be a purely inseparable extension of exponent greater
than two. Let B be an intermediate subring, A C B C C, such that AC B and BC C
are both F-extensions. If A C B[C’pk] is an F-extension for all1 < k < exp(C/A)—-2,
then A C B C C is a purely inseparable tower.

Proof. Denote e := exp(C/A). By Proposition 3.54, the result holds if we show that
A C B[CP" '] is also an F-extension. We first note that A[(B[C?"'])P"] = A[BP'"]
for all k > 1. Therefore, we have to show that B[CP" '] is projective over A[B?] and
that A[BP"] is projective over A[BP*"'] for all k > 1. Note that the last condition
is true because A C B is an F-extension. To prove that B[Cp%l] is a projective
A[BP]-module, we consider the next tower of rings

e—1

A[BP] C B C B[c¥ .

By Lemma 3.24, we have that B[Cpeil] is a projective B-module, because B C C
is an F-extension and that B is a projective A[BP]-module, because A C B is an
F-extension. Thus, B[C’peil] is a projective A[BP]- module by Proposition 1.5, and
this completes the proof. O

Remark 3.57. If A C B C C is a purely inseparable tower and A C B has exponent
one, then we will show that A C B[CP"] is an F-extension for all k in Proposition
3.61 below. However, we do not know if the same is true when A C B has exponent
greater than one.

3.3.2. Composition of purely inseparable extensions of rings

Given a tower of rings A C B C C with A C B and B C C purely inseparable, we
consider in this subsection the problem of whether A C C' is also purely inseparable,
that is, whether A C B C (' is a purely inseparable tower. As we will see, in general
we need to add some extra conditions to reach this conclusion.

We begin by analysing the mentioned problem in the exponent one case. Let
A C B and B C C be Galois extensions of exponent one. Then A C C has exponent
at most two (see Remark 3.50). If A C C has exponent at most one, then it is Galois
as we noted in Lemma 2.45.(3). However, if A C C has exponent two, we cannot
assure in general that A C C' is purely inseparable, as the following example shows.
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Example 3.58. Let A = K be a field of characteristic p = 3. We define the ring
B = K[X,Y]/(X®,Y?) = K[z,y).

It is clear that A C B is a Galois extension with p-basis {x,y}. Now we define the
ring
C := B[Z1,Z, Z3) /(73 — 2*, Z3 — xy, Z3 — y*) = K|x,y, 21, 22, 23).

Then the extension B C C is Galois with p-basis {z1, 29,23}. Note that A[C?] =
K[z? xy,y?] C K[z,y] = B. One can easily check that A[C?] is a free A-module with
a basis formed by the monomials 1,22, 2y, 32, (vy)?. Thus, A C A[C3] is an exponent
one extension such that A[C®] has rank 5 over A. Since we are in the local case, if
A C A[C3] were Galois, then A[C3] would be free of rank a power of 3 (see Remark
2.23). Since 5 is not a power of 3, A C A[C®] is not Galois. Therefore, by Theorem
3.18, A C C' is not purely inseparable.

In the next lemma, we give a characterization of purely inseparable ring extensions,
which result from the composition of two Galois extensions.

Lemma 3.59. Let A C B and B C C be Galois extensions of rings. Then A C C
1s purely inseparable if and only if A C C is an F-extension. Moreover, in this case,
A[CP] C B is also a Galois extension.

Proof. If A C C'is purely inseparable, then it is in particular an F-extension. We show
that A[CP] C B is a Galois extension. We consider the tower A[C?] C B C C. Note
that A[CP] C C is Galois by Theorem 3.18 and that B C C' is Galois by hypothesis.
Hence A[CP] C B is also Galois by Proposition 2.73.

Assume now that A C B and B C C are Galois extension and that A C C is
an F-extension. We have to prove that A C C is purely inseparable. By Remark
3.50, we know that exp(C/A) < 2. Thus, it is sufficient to prove that A C A[C?] and
A[CP] C C are Galois by Corollary 3.19. With this aim, we consider first the tower

AlC*] C BCC.

Note that C' is projective as B-module, because B C (' is Galois, and it is also
projective as A[CP]-module, because A C C'is an F-extension (Lemma 3.24). Hence,
B is a projective A[CP]-module by Lemma 1.17. We consider now the tower

A C A[C?] C B.

Since A C B is Galois and B is a projective A[CP]-module, both extensions A C A[C?]
and A[CP] C B are Galois by Proposition 2.73. Finally, using that A[CP] C B and
B C C are Galois and that A[CP] C C has exponent at most one, we conclude that
A[CP] C C is Galois by Lemma 2.45.(3). O

In the above lemma, we have shown that the composition of two Galois extensions
is Galois if and only if it is an F-extension. We now turn to the study of a more
general case. In the next propositions, we characterize the compositions of a purely
inseparable extension of higher exponent with a Galois extension.
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Proposition 3.60. Let A C B C C be a tower of ring extensions such that A C B
is purely inseparable and B C C' is Galois. Then A C C is purely inseparable if and
only if A C C is an F-extension.

Proof. If A C C is purely inseparable, we already know that A C C'is an F-extension.

Conversely, assume that A C C' is an F-extension. We have to show that A C C
is purely inseparable. By Corollary 3.19, this is equivalent to show that A C A[C?] is
purely inseparable and A[CP] C C' is Galois. We first prove that A C A[CP] is purely
inseparable. We consider the tower of rings

A C A[C?] C B.

We show that it satisfies the assumptions from Lemma 3.53. By hypothesis A C B is
purely inseparable, and A C A[C?] is an F-extension (Remark 3.22). In addition, C
is projective as A[CP]-module, because A C C' is an F-extension (Lemma 3.24), and
it is also projective as B-module, because B C C is Galois. Thus, considering the
tower A[CP] C B C C, it follows that B is a projective A[CP]-module by Lemma 1.17.
Hence, we can apply Lemma 3.53 to deduce that A C A[C?] is purely inseparable and
A[CP] C B is Galois. Therefore, it only lefts to prove that A[CP] C C is Galois. We
consider the tower of rings

AlcP) C BC C.

We have proved that A[CP] C B is Galois and we also have that B C C is Galois
by hypothesis. Since A[CP] C C has exponent at most one, we conclude by Lemma
2.45.(3) that A[CP] C C is Galois. O

Proposition 3.61. Let A C B C C be a tower of ring extensions such that A C B is
Galois and B C C is purely inseparable. Then A C C' is purely inseparable if and only
if A C C is an F-extension. Moreover, in this case, each of the extensions A C B[Cpk]
1s purely inseparable for all k > 1.

Proof. If A C C' is purely inseparable, then we know that A C C is in particular an
F-extension. We now prove the converse. More generally, we prove by induction on
exp(C/B) that if A C C is an F-extension then A C B[Cpk] is purely inseparable
for all £ > 0. Note that, for k = 0, this condition implies that A C C is purely
inseparable.

If exp(C/B) = 1, the result coincides with Lemma 3.59. So we assume that
exp(C/B) > 1. We consider the tower of rings

A C B C B[C"]

and show that it satisfies the hypothesis in the statement. Note that A C B is Galois
by assumption and that B C B[CP] is purely inseparable of exponent exp(C/B) — 1
by Corollary 3.19. We have to verify that A C B[CP] is an F-extension. For k > 1 we
have A[(B[CP])*"] = A[CP*""] since A C B has exponent at most one. Since A C C
and B C C are F-extensions, we have that C is projective over A[C’pkﬂ} and also
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k+1
]

over B[C?] by Lemma 3.24. Thus, considering the tower A[C?
deduce that B[CP] is projective over A[C?""'] by Lemma 1.17.

We can now apply the inductive hypothesis to the tower A C B C B[CP] and
conclude that A C B [Cpkﬂ] is purely inseparable for all £ > 0. Equivalently, A C
B[Cpk] is purely inseparable for all £ > 1. Hence, it only lefts to prove that A C C'is
purely inseparable. We consider the tower

C B[CP] C C, we

ACB[CP’]cC

where A C B[CP] is purely inseparable as we proved above, B[CP] C C is Galois
(Corollary 3.19), and A C C' is an F-extension by assumption. By Proposition 3.60,
the composition A C C' is purely inseparable. Then we have shown that A C B[Cpk]
is purely inseparable for all k£ > 0, as we wanted. O

Finally, as a corollary, we obtain that the composition of two purely inseparable ex-
tensions induces a purely inseparable tower if we ask some intermediate subextensions
to be F-extensions.

Corollary 3.62. Let A C B and B C C be purely inseparable extensions of rings. If
AC B[Cpk] is an F-extension for all k > 1, then A C C is purely inseparable.

Proof. We prove the result using an inductive argument. Denote e := exp(C/B).
Since B C C'is purely inseparable, for all 0 < k < e, the intermediate subextensions
B[C’pkﬂ] C B[Cpk] are Galois (Theorem 3.18). We analyse the case in which k = e—1.
We consider the next tower of rings

ACBCBICY ]

and show that it satisfies the assumptions from Proposition 3.60. By hypothesis,
A C B is purely inseparable and A C B[C’pefl] is an F-extension. In addition,
B C B[CP" '] is Galois, as we noted before. Thus, the extension A C B[CP" '] is
purely inseparable by Proposition 3.60.

Using the same argument and descending on k, we may assume that A C B[C’pkH]
is purely inseparable for each 0 < k < e. Then we consider the tower of rings

A C B[c*™"] ¢ B[],

k41
]

As we noted before, B[CP""] C B|C?"] is Galois and A C B[CP"] is an F-extension,
so A C B[C’pk] is purely inseparable by Proposition 3.60. In particular, when we reach
k = 0, we conclude that A C C' is purely inseparable. O
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CHAPTER 4

Modular extensions of rings

We dedicate this final chapter to the study of modular extensions. We will show that
modular extensions are a subclass of purely inseparable extensions, already studied
in Chapter 3. Namely, a modular extension of rings is a commutative ring extension
with unity A C C of prime characteristic p such that

(i) CP° C A for some e > 0;
(ii) C is a finitely generated and projective A-module; and

(iii) for each prime ideal p C A, the corresponding Ap-algebra C' ® 4 A, is isomorphic
1 en

to one of the form Ap[Xl,...,Xn]/<Xfe —ay,...,Xh —a,) for some n > 0,
e; > 0 and a; € Ay.

Note that if A C C has exponent at most one, then the previous definition coincides
with the definition of Galois extensions of rings, which is essentially a finite projective
extension that admits locally, at each prime, a p-basis. A sequence of elements that
induce a presentation as in (iii) will be called a generalized p-basis. This notion was
introduced by S. Yuan in [67] in order to extend the notion of p-basis for exponent
one extensions to the higher exponent setting. He proved that a finite projective ring
extension A C C of finite exponent, where A is a field, has a generalized p-basis
if and only if End4(C) = C[H] for some subset H of higher derivations such that
ker(H) = A. Equivalently, if and only if C' is “differentiably simple” with respect to
the set H of higher derivations.

However, our main interest is to understand modular extensions of rings as a
subclass of purely inseparable extensions. We show that our definition of modular
extension as a finite projective ring extension that locally admits a generalized p-basis
generalizes the original definition of modular field extensions. In the setting of fields,
these extensions were introduced by M. S. Sweedler ([62]). Indeed, he considered
modular extensions to the purely inseparable theory what normal extensions are to
separable theory. Modular field extensions have been widely studied (|22], [30], [42],
117], [64])-

Among the many characterizations of modular field extensions, M.S. Sweedler
proves in [62, Theorem 1] that a purely inseparable field extension K C L is modular
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if and only if LP° and K are linearly disjoint over their intersection for all integer
e > 0. Later, S. Sat6 uses this condition to define modularity for integral domain
extensions (|58, Theorem 1]). We will extend this characterization to our definition of
modular for ring extensions. More precisely, we will prove that a purely inseparable
extension of rings is modular if and only if the subrings CP° and A are linearly disjoint
over their intersection for all e > 0

Organization. This chapter is divided in two sections. The first one introduces some
preliminaries that are needed in the subsequent section. The second one addresses
modular ring extensions and its relation with linearly disjointedness. The contents
from this chapter are unreleased results that come from discussions between the author
of this thesis and D. Sulca.

Section 4.1 collects some preliminaries. We study the property of linearly dis-
jointedness in the general setting of rings. We introduce a notion of generalized p-
generating sequence and review the notion of generalized p-basis for finite extensions
of arbitrary finite exponent, and some of its basic properties.

Section 4.2 gives a definition of modularity for finite ring extensions in general,
that extends the classic notion for finite field extensions. We show that modular
extensions are a subclass of purely inseparable (Proposition 4.33). Moreover, we
prove that modular extensions are exactly those purely inseparable extensions A C C
such that CP" and A are linearly disjoint for all e > 0 (Theorem 4.38).

4.1. Preliminaries for modular extensions

We include in this section some basic concepts and results that are necessary to study
modular extensions of rings. In Subsection 4.1.1, we revise linearly disjointedness for
ring extensions in general and some properties under some conditions of finite projec-
tive modules. In Subsection 4.1.2, we introduce the notion of generalized p-generating
sequences for finite extensions of finite exponent between local rings. Finally, in
Subsection 4.1.3, we revise the concept of generalized p-basis and some of its basic
properties.

4.1.1. Linearly disjointedness

In this subsection, we remain in the general setting of commutative rings with unity
of any characteristic. We introduce linearly disjointedness for subrings of a given
ring. This notion was originally formulated for subalgebras of a field extension. An
introduction to this topic in the setting of fields can be found in [38, IV, §5]. We
extend some of the results in there to the more general setting of subalgebras of a ring
extension.

Definition 4.1. Let C be a ring, let A and B be subrings of C' and let R := AN B.
We denote by A[B] or B[A] the image of the natural map A®r B — C that sends a®b
into ab. The rings A and B are linearly disjoint if this map is injective, equivalently,
if A®p B is naturally isomorphic to A[B].
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Remark 4.2. Note that A and B are linearly disjoint if and only if the following
diagram is cartesian:
A —— A[B]

I I

R=ANnB — B

We show in the following lemma that the property of being linearly disjoint is a
condition that can be checked locally at every prime ideal of the underlying intersection
ring.

Lemma 4.3. Let A and B be subrings of a ring C and let R := AN B. The following
conditions are equivalent:

(1) A and B are linearly disjoint.

2) For each prime ideal p C R, the rings A, and By are linearly disjoint (as subrings
p p
of Cy).

(8) For each mazimal ideal m C R, the rings Am and By are linearly disjoint (as
subrings of C).

Proof. Let p C R be any prime ideal. Since localization R — R, commutes with
tensor product, we have (A ®g B), = Ay ®g, By. In addition, as localization is flat,
the exact sequence of R-modules,

0—-ANB—-C—-C/A®C/B—0,

remains exact after localizing at p, so R, = (AN B), = Ay, N By. Thus, the map
Ap ®R, By — C, coincides with the map (A ®g B)y, — Cp. Therefore, the lemma
follows from the fact that A ®p B — C'is injective if and only if (A ®g B), — C} is
injective for every prime p C A if and only if (A ®g C)m — Cy is injective for every
maximal ideal m C A (see Lemma A.9). O

We discuss in the next lemma the particular case in which one of the subrings A
or B of the ring C' is a free module over R := AN B. It will be very useful to prove
later some properties on linearly disjointedness.

Lemma 4.4. Let A and B be subrings of a ring C. Assume that B is a free module
over R := AN B with basis {b;}icr. Then A and B are linearly disjoint if and only if
A[B] is a free A-module with basis {b;}icr.

Proof. Observe that {1 ® b;} is a basis for A ®r B as A-module. The natural map
A®pr B — A[B] is a surjective homomorphism of A-modules that sends 1 ® b; into b;.
Hence, it is an isomorphism if and only if {b;};cr is a basis of A[B] over A. O

We establish now some results on linearly disjointedness that hold for some finite

projective extensions of rings. The next lemma shows a sufficient condition for a pair
of subrings to be linearly disjoint.
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Lemma 4.5. Let A and B be subrings of a ring C and let R := AN B. Let R
be a subring of R. Assume that B is a finitely generated projective R'-module. If
A®pg B = A[B], then R = R. In particular, A and B are linearly disjoint.

Proof. For each prime ideal p C R, the condition A ® pr B = A[B] implies that
AP[BP] = (A[B])P = (A QR B)p = Ap ®R; Bp.

In addition, note that R’ = R if and only if R, = R, for every prime ideal p C R’
(see Lemma A.9). Since linearly disjointedness can be checked locally at any prime
(Lemma 4.3), we may assume that R’ is a local ring. Then B is a finite free R'-
module (Proposition 1.7) and we can choose a basis {b;};c; for B as R’-module such
that bp = 1 (Corollary A.35).

By hypothesis, A @ B = A[B], so {b;}icr is a basis of A[B] as A-module, via
the base change R — A. Let r € R. As an element in B, it can be expressed as
r = ;e Tibi, for some 77 € R'. Since ryby = 1, € R, it follows that Zfo b € R.
Then we have a linear combination on {b;};cs, given by

> fibi - ibi | -bo =0,
i#£0 40

with coefficients in R, in particular, in A. Since {b;};cs is a basis for A[B] over A,
it follows that 7} = 0 for all ¢ # 0, so r = r(, € R’. This proves that R = R’ as we
wanted. In particular, A @z B = A[B] and we conclude that A and B are linearly
disjoint. O

Finally, we generalize [38, IV, §5, p.162, Lemma|, which was established for field
extensions, to the setting of rings. It will be very useful in the subsequent sections to
prove linear disjointedness by steps.

Lemma 4.6. Let A and B be subrings of a ring C and let R := AN B. Let A’ be
an intermediate subring R C A’ C A. Assume that B is a finite projective R-module.
Then A and B are linearly disjoint if and only if A’ and B are linearly disjoint, and,
also A and A'[B] are linearly disjoint.

Proof. By Lemma 4.3, we may assume that R is a local ring. Then B is a finite free
R-module and we can choose a basis {b; };cs that contains the identity element 1 (see
Proposition 1.7 and Corollary A.35).

We assume that A and B are linearly disjoint. We have to show that A’ and B
are linearly disjoint, and also that A and A’[B] are linearly disjoint. We note first
that AN B =R and A’ C AN A'[B], because ANB =R C A’ C A. We have that
{b; }ier is a basis for B over R by hypothesis. On the one hand, it induces a basis for
A" ®@p B over A, via the base change R — A’. Since A’ @ B — A'[B] is a surjective
homomorphism, {b;};cs generates A'[B] as A’-module. On the other hand, {b;};cs is a
basis for A®pr B, via the base change R — A. Since A and B are linearly disjoint, we
have AQr B = A[B] and {b; }ic; is indeed a basis for A[B] as A-module (Lemma 4.4).
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In particular, {b;};cs is an A’-linearly independent subset because A" C A. Thus,
as we have proved that {b;};c; generates A'[B] as A’-module, we conclude that it is
a basis and so A’ and B’ are linearly disjoint by Lemma 4.4. In addition, {b;};cs
is a basis for A @ 4» A’[B] over A via the base change A" — A. Therefore, we have
A®a A'[B] = A[B] and we conclude by Lemma 4.5 that A’ = AN A’[B] and that A
and A’[B] are also linearly disjoint.

Conversely, we suppose that A’ and B are linearly disjoint and also that A and
A'[B] are linearly disjoint. Since {b; }ies is a basis for B over R, and the rings A" and
B are linearly disjoint, it follows by Lemma 4.4 that {b;};cs is a basis for A’[B] as
free A’-module. Moreover, since A and A’[B] are linearly disjoint, it follows again by
Lemma 4.4, that {b; };cr is also a basis of A[B] as A-module Recall that {b;};cr is also
a basis for B over R, so A and B are linearly disjoint (Lemma 4.4). O

4.1.2. Generalized p-generating sequences

In this subsection, we restrict the setting to rings of prime characteristic p. We intro-
duce the notion of generalized p-generating sequence for finite extensions of local rings
with finite exponent. We begin with notation and properties on some intermediate
subrings of a ring extension.

4.7. Some intermediate subextensions of rings. Let A C C be a ring extension. For
each integer e > 0, we denote by A, := CP° N A the subring of p®-powers of C' that
belong to A. Note that the exponent of an element x € C over A coincides with the
minimum integer e > 0 such that 2P° € A, (see Definition 2.1). We have a tower of
ring extensions

. C A1 CAC...C A C A=A

Observe that if A C C has finite exponent, then A, = C?* for all e > exp(C/A). In
particular, exp(C/A) is the minimum integer e > 0 that satisfies the previous equality
of rings. For each e > 0, we consider the intermediate subextensions of rings

A, C OP°.

It is clear that CP° is an A.-subalgebra of C. In addition, since C' can be considered
as an A.-module by restriction of scalars, CP is also an A.-submodule of C. If we
assume that C is a finitely generated A-algebra, then CP° is also finitely generated
as an A-algebra. In fact, if C = Alxy,...,z,], then CP° = Ae[wzfe, ..., 2l ], because
AP C CP° N A= A,.

We note that these intermediate subextensions have a good behaviour under lo-
calization at prime ideals.

Lemma 4.8. Let A C C be a ring extension of finite exponent. Given an integer
e >0, let A, == CP" N A and q C A, be a prime ideal. Then there are natural
identifications (Cq)P" = (CP")q and (Cq)P" N Aq = (Ac)q.
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Proof. Given an integer e > 0, we consider the following commutative diagram of ring
extensions
cr' —— C

I

A, —— A

Note that all the ring extensions in the diagram have finite exponent, since A C
C has finite exponent by assumption. Then the induced maps on the spectra are
homeomorphic by Remark 2.2. Given a prime ideal q¢ C A., we denote by Q c CP°
and B C C the corresponding prime ideals via those homeomorphisms. By Lemma
2.3, we have natural identifications (Cy)?" = (Cyp)P" and (CP")y = (CP")q. Then any
element in (Cy)P" is of the form z¥"/sP" with z € C and s € C'\ P and any element
in (CP%)q is of the form "/t with € C and t € C?" \ Q. Note that s € C \ B if
and only if s*° € CP" \ Q. Thus, it is clear that (Cq)?" = (CP"), as we wanted. In
addition, we have (A¢)q = (CP" N A)q = (CP" )y N Aq = (Cq)P" N Ay O

4.9. Another minimal number of generators. Let A C C be a finite extension of local
rings with finite exponent. Recall that the A.-algebras C?* with e > 0 are also finite,
as we noted in discussion 4.7. For each integer e > 0, we denote

m(e) := minimum number of generators of CP" as A.-algebra.

Note that this number coincides with the minimum number of generators of the
CP -module Qcpe /g by Lemma 2.52. In addition, using the equality Qcpe/y, =
QCPS/AE[CpeH], we see that the number m(e) is also the minimal number of gener-

ators for CP° as A.[CP""'|-algebra. It is clear that there are inequalities
m(0) >m(l) >m(2) > --->m(e) >m(e+1) >---.

Moreover, for e > exp(C/A), we have CP° = A, so m(e

) = 0. While, for 0 < e <
exp(C/A), we have an strict inclusion A, C CP°, so m(e) > 0.

We introduce now the notion of generalized p-generating sequence. One may
realise that this notion shares many similarities with the notion of generalized normal
generating sequence (see Definition 3.2).

Definition 4.10. Let A C C be a finite extension of local rings with finite exponent.
A sequence of elements 1, ...,x, € C is a generalized p-generating sequence (GpGS)
for C over Aif zf ... P (¢) 15 @ minimal generating set for CP?" as A.-algebra and

2P € A for each i > m(e), for all 0 < e < exp(C/A).

7

By convention, the empty set is considered the only GpGS for a trivial extension
A = C. The results in this section hold immediately for trivial extensions. Hence, in
the subsequent proofs we assume the extensions to have positive exponent to avoid
trivialities.
Remark 4.11. As it occurs with GNGS, the order of the elements of a GpGS matters.
We use the same example as in that case to show this fact (see Remark 3.4). Let A
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be a ring and consider the extension C' = A[X, Y}/(sz, YP). Let x,y be the classes
of X,Y in C. Then C = Alz,y], C? = A;[2P] and CcP’ = A,. Thus, z,y is a GpGS
whilst y, x is not.

The next lemma shows that there is always a GpGS for a finite extension of local
rings with finite exponent.

Lemma 4.12. Let A C C be a finite extension of local rings with finite exponent.
Then it admits a generalized p-generating sequence.

Proof. We proceed by induction on exp(C/A). Let {x1,...,z,} C C be any minimal
generating set for C' as A-algebra. If exp(C'/A) = 1, then we have nothing to prove.
If exp(C/A) > 1, then zf,... a} generate CP as Aj-algebra. After rearrangement,
we may assume that the first 2f, ... ,mfn(l) form a minimal generating set. Let R =
{r € C: 2P € A}. We claim that RU {x1,..., 2,1} is a generating set for C' as A-
algebra. In fact, take any ¢ € C'. Then ¢? € CP and it can be written as an A;-linear

combination of monomials, namely,

=D fale))™ (a7, 0)) ") for some ag € Ay,

«

Since a, € A1 = CPN A, there exists ¢, € C such that ch, = a,. In particular, ¢, € R.
Then the above equality is equivalent to

P
am
c— anaz?l xm(S)> = 0.
(0%

Thus, the element inside the parenthesis and belongs to R. Note that we can write

_ _ al | L Om(1) a1 | L 0m(1)
c= ¢ Z CaXy ™ * v xm(l) ) + Z aly .- a:m(l)
6% (6%

and this completes the proof of the claim. As a consequence of Nakayama’s Lemma
(see Proposition A.39), we can find elements y1, ..., ys € R such that {x1,...,2,,q)}U
{y1,...,ys} is a minimal generating set for C' as A-algebra. Since y¥ € A, it is clear
that x1,...,Zy,a1), Y1, -+, Ys is a GpGS for C' over A. O

4.13. Sequence of p-exponents. Let A C C be a finite extension of local rings with
finite exponent. We set n := n(0) = m(0) for the minimal number of generators for
C' as A-algebra, as in discussion 4.9. For each i = 1,...,n we denote by f(i) the
smallest non-negative integer e such that m(e) < i. Equivalently, we have

(4.13.1) m(f(i)) <i<m(f(i)—1).
It is clear that exp(C/A) = f(1) > f(2) > --- > f(n) > 1. We define f(1),..., f(n)
to be the sequence of of p-exponents of the extension A C C. We observe that the
sequence of the minimal number of generators m(0) > m(1) > --- can be recovered
from this sequence of p-exponents via the formula,

m(e) = max{i: f(i) > e}.

If A= C, then m(e) =0 for all e > 0 and the sequence of p-exponents is considered
to be empty.
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Remark 4.14. For a finite extension of local rings A C C with finite exponent, let
Z1,...,Tn € C be a GpGS, which exists by Lemma 4.12. Note that each p-exponent
N - (%) . . . .
f(@) is such that mff € A, since m(f(i)) < i. Thus, for each i = 1,...,n, we have
a relation xff(l) = q; for some a; € A. Using these relations, we obtain a surjective
homomorphism of A-algebras
P @

(4.14.1) AlX1, ... X0/ <XA -

K ai:izl,...,n> C, X;,—uxz.
Remark 4.15. In the previous setting, note that the sum of the numbers f(i) from the
sequence of p-exponents coincides with the sum of the minimal numbers of generators
m(e), i.e.,

(4.15.1) m(0) +m(1)+--- = f(1)+ f(2)+--- + f(n).

In fact, given x1,...,z, a GpGS for C over A, which exists by Lemma 4.12, then for
each 0 < e < exp(C/A), the sequence zf | ... ,a:fn(e) is a GpGS for CP° over A,. Note
that m(e) counts the number of times that the indexes m(e — 1) +1,...,m(e) appear
on those GpGS of the intermediate subalgebras and that the index i appears on those
GpGS exactly f(i) times.

The next paragraph analyses the connection between generalized p-generating se-
quences and generalized normal generating sequences.

4.16. Relation between GpGS and GNGS. Let A C C be a finite extension between
local rings of finite exponent. Let m(e) be the minimal number of generators for CP°
as Ac.-algebra and let n(e) be the minimal number of generators for C' el as A-algebra
(see discussion 3.1). For each e > 0, there is a natural surjective map

A®y, C7° — AlCY] =: O,

Then it is clear that m(e) > n(e) for all e > 0. In addition, m(0) = n(0). Thus, it is
clear that any GpGS contains a GNGS (see Definition 3.2). Moreover, if we have that
m(e) = n(e) for e > 0, then it follows that any GpGS for C over A is indeed a GNGS.
Note also that the map is injective if and only if CP° and A are linearly disjoint over
Ao = AN CP (see Definition 4.1).

4.1.3. Generalized p-basis

In this subsection, we continue in the setting of rings of prime characteristic p. We
review the definition of generalized p-basis and establish some basic properties. We
note that this notion was introduced by S. Yuan in [67] to extend the notion of p-basis
for extensions of exponent one to the setting of ring extensions of higher exponent.

Definition 4.17. Let A C C be aring extension of finite exponent and let z1, ..., 2, €

C. For i =1,...,n, denote by e; the exponent of z; over A, i.e, the minimal integer
k

k > 0 such that 22 € A. The collection {z1,...,z,} is a generalized p-basis for C

over A if
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(i) x1,...,zy generate C as A-algebra, i.e, C = A[z1,...,x,], and
(ii) {x1,...,zn} is a generalized p-independent set over A, i.e., the set of generalized
reduced monomials {7 -... 28" : 0 < o; < p®} is linearly independent over A.

After rearrangement, we may assume that the exponents are such that e; > --- > e,
then (e1,...,ey) is the sequence of exponents of the generalized p-basis.

Remark 4.18. Let A C C be a ring extension of finite exponent. Then a collection

{z1,...,2,} C C is a generalized p-basis for C' over A with sequence of exponents
(e1,...,e,) if and only if C is a free A-module of rank p®1+ e with basis given by
the set of generalized reduced monomials {z7* - ... 2" : 0 < oy < p®}. In other

words, if the A-algebra homomorphism A[X1,...,X,] — C which maps X; to z;
induces an isomorphism

AXy, o X/ =l X ) >

n

In particular, assuming that e; > ... > e,, we have that the exponent of the extension
is exp(C'/A) = e;.

Note that if A C C has exponent at most one, the notion of generalized p-basis
coincides with the notion of p-basis (see Definition 2.22). We recall that, by conven-
tion, in the trivial case, A = C, the empty set is the only (generalized) p-basis, n =0
and the set of reduced monomials is formed by the identity element {14}. Since the
concept of generalized p-basis extends the one of p-basis to higher exponent exten-
sions, we will omit the term “generalized” for the p-basis and the reduced monomials
when the context is clear.

Remark 4.19. Unlike in the case of exponent at most one, given a field extension of
exponent greater than one, it is not true in general that the extension will admit
a generalized p-basis (see [62, Example 1.1]). Indeed, the field extensions with this
property are called modular extensions. We will extend this notion for ring extensions
in Section 4.2.

We state in the following lemma some basic and useful properties of generalized
p-basis. The proof for this result is straightforward from the definition.

Lemma 4.20. Let A C C be a ring extension. Assume that {x1,...,x,} is a gener-
alized p-basis for C over A with sequence of exponents e := (e1,...,e,). Then

(1) For each e > 0, {x1,...,x,} as a generalized p-basis for C over Cl° with se-

quence of exponents € := (€}, ..., e},) where e; = min{e, e;}.

(2) For any ay,...,an € A, {1 —a1,...,x, — an} is also a generalized p-basis for
C over A and its sequence of exponents coincides with e.

(3) For any A-algebra A, {x1 @ 1,...,2, ® 1} C C ®4 A is a generalized p-basis
for C @4 A" over A" and its sequence of exponents coincides with e.
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We formalize now the notion of generalized splitting p-basis. One may note in the
next definition that these p-basis induce an special presentation of the ring extension
which is the one that appears in the definition of purely inseparable extensions (see
Definition 3.11).

Definition 4.21. Let A C C be a ring extension of finite exponent. A gener-
alized splitting p-basis for C' over A is a p-basis {z1,...,z,} such that :rfei =0
for all . Equivalently, it is a p-basis that induces an A-algebra isomorphism C' =
A[Xq, ... ,Xn]/<Xfel,...,Xﬁen>. By convention the empty set is also a splitting p-
basis for any trivial extension.

Remark 4.22. We can reformulate the definition of purely inseparable ring extension
as follows. A finite ring extension A C C of finite exponent such that C' is projective
as A-module is purely inseparable if and only if for each prime ideal p C A, there
exists a faithfully flat ring homomorphism A, — A’ such that A’ C C, ®4 A’ has a
generalized splitting p-basis.

The next proposition shows that a generalized splitting p-basis can always be
obtained from an arbitrary generalized p-basis by allowing a suitable base change if
necessary. The proof uses the same argument as the one given for the exponent one
case (see Proposition 2.27).

Proposition 4.23. Let A C C be a ring extension with generalized p-basis {x1,...,Tn}
whit sequence of exponents e := (e1,...,e,). Let A C A’ be a ring extension such that,
for each i =1,...,n, there exists y; € A" with yfgi = xfei. Set zi =2, 01 -1®y; €
C®a A Then {z1,...,2,} is a generalized splitting p-basis for A’ C C @4 A" with
sequence of exponents e.

Proof. Let C":= C®4A". By (3) in Lemma 4.20, we have that {z;®1,...,2,®1}isa
generalized p-basis for C' over A’. Foreachi =1,...,n, weset z; := 7;®1—-1®y; € C".
Then, by (2) in Lemma 4.20, {z1,...,2,} is also a generalized p-basis for C" over A’.
Finally, since xfei = yfei € A, we have zfei =0¢€ (', 80 {z1,...,2,} is a generalized
splitting p-basis for C’ over A’ with sequence of exponents e. O
Corollary 4.24. Let A C C be a ring extension of finite exponent that admits a
generalized p-basis of n elements. Then C ®4 C ~ C[Xy,... ,Xn]/<X1{761 L XETY
as (left) C-algebras for some e; > 0.

We focus now on extensions of local rings. We study the behaviour of generalized p-
basis for these extensions in relation with some intermediate subextensions. The next
lemma implies that any generalized p-basis is in particular a generalized p-generating
sequence for extensions of local rings.

Lemma 4.25. Let A C C be an extension of local rings. For each e > 0, let Cl¢l .=
A[CP"). If{x1, ... ,l'ne} is a generalized p-basis for C over A with sequence of exponents
(e1,...,€n), then {z} ... ,a:fn(e)} is:

(1) A generalized p-basis for Ac C CP°. In particular, it is also a p-basis for
AP c o
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(2) A generalized p-basis for A C Clel. In particular, it is also a p-basis for Clet1) C
clel.

In addition, the sequence x1,...,x, is a GpGS, the rings C*° and A are linearly
disjoint and the minimal numbers of generators satisfy m(e) = n(e) = max{i : ¢; > e}
for all e > 0.

Proof. We begin with some observations. The sequence of exponents of the generalized

p-basis is assumed to be such that e; > e > ... > e,. For each e > 0, we define
ne := max{i : e; > e}. Since C' = Afz1,...,x,)], it follows that
CF" = AP [P 2l = A, 22 and Cl = A[CP] = A[2]), ..., 2P

because wfe € A, C Afor all e > ¢;. Note also that for all e < e; we have mfe ¢ A and,
so a¥ ‘ ¢ A.. Since we are in the setting of local rings, any generating set for CP° as
A,-algebra (respectively for C!¢l as A-algebra) contains a minimal generating subset.
Hence, we have n(e) < m(e) < n.. We claim that n. = m(e). By contradiction,

assume that m(e) < n.. Then we can write

or° — Ae[x’j\el, . ,x’;(jze)] for some \; € {1,...,n.}

and there exists k # A; for all i = 1,...,m(e), such that 2 ¢ A, and 2% €
A, [:Uff - ,mf\(e) ]. This implies the existence of a non-trivial relation of the general-
1 m(e)

ized reduced monomials, which is a contradiction because {z1,...,x,} is a generalized
p-basis. Therefore, m(e) = ne.

We prove (1) and (2) simultaneously. The above discussion implies that

cr° — Ae[xll’e,...,mf;(e)] and Clf = A[nge,...,xﬁj(e)].
In particular, since m(e) = ne, we have :Ufﬁ € A for all i > m(e). Thus, x1,...,x, is

a GpGS. It is clear that xfe has exponent e; — e over A, and over A. Note that

(@)™ e ()00 10 < 0y < )
is a subset of the generalized reduced monomials associated to the generalized p-basis
{z1,...,2,}. Thus, it is linearly independent over A and, in particular, over A..
Therefore, {z ... ,xf,;(e)} is a generalized p-basis for both the extension A, C CP"

and A C Cld. Tt follows immediately that it is also a p-basis for the extensions
A JCP ) C P and Cletl] C ¢l

Finally, the discussion in the previous paragraph implies that CP° is a free A,-
module and Cl¢ is a free A-module with the same basis. Then, by Lemma 4.4,
the rings CP° and A are linearly disjoint and so the map CP° ®4, A — Cld is an
isomorphism of finite free A-modules. Hence, the ranks coincide and we conclude that
m(e) = n(e). O
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The following lemma exhibits a method to obtain a generalized p-basis for a finite
exponent extension of local rings by steps related to some intermediate extensions.

Lemma 4.26. Let A C C be a finite exponent extension of local rings and let
{x1,...,2,} C C. Fiz an integer e > 0 and denote Cl¢ := A[C?"]| and n. := max{i :
e; > e}. If the following conditions hold:

(1) the set {x1,...,x,} is a generalized p-basis for C) C C, and

(2) the set {:1:11’6, e ,xﬁi} is a generalized p-basis for A C Clel.

Then {x1,...,x,} is a generalized p-basis for A C C. In particular, n. = n(e), the
minimal number of generators for Cl¢) as A-algebra.

Proof. Let e; be the exponent of z; over A and let €] be the exponent over C ] Note
that e, = e for i < n., and €} = ¢; for i > n.. That is, ¢, = min{e,e;} fori=1,...,n.
Then the set of generalized reduced monomials associated to {z1,...,2z,} can be
expressed as the following disjoint union of sets

(29 a8 0 < <p¥) ={aM .28 0 <y < pSi)

U(x’l’eal coal e 10 < ay < piTel

Observe that the first subset above is a basis for C' as A[CP"]-module and that
the second subset above is a basis for A[CP°] as A-module, respectively by (1) and
(2) in the statement. Thus, the disjoint union of the subsets forms a basis for C' as
A-module. By Remark 4.18, this implies that {z1,...,2,} is a generalized p-basis
for C over A with sequence of exponents (eq,...,e,). In addition, we conclude that
n(e) = m(e) = n. by Lemma 4.25. O

As a direct consequence of the two previous lemmas, we obtain a criteria for a
collection of elements to be a generalized p-basis for a finite exponent extension of
local rings.

Corollary 4.27. Let A C C be a finite exponent extension between local rings. A
collection of elements {x1,...,x,} is a generalized p-basis for A C C if and only if
{af ,...,azi(e)} is a p-basis for Clet1 C Cl for each 0 < e < exp(C/A).

4.2. On modular extensions of rings

In this section, all the rings have prime characteristic p. In Subsection 4.2.1, we use
generalized p-basis to give a modular extensions of rings that extends the classical one
for field extensions. In Subsection 4.2.2, we deepen in the relation of modular exten-
sions and linearly disjointedness to show that these extensions are a particular class of
purely inseparable extensions that satisfy some conditions of linearly disjointedness.
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4.2.1. Basics on modular extensions

We introduce now a notion of modular extension for rings in general and we establish
some basic properties that are easily deduced from it. We note that our definition of
modular ring extension extends the original definition of modular extension of fields
given by the equivalents conditions of [62, Theorem 1| from M.S. Sweedler.

Definition 4.28. A finite extension of rings A C C is a modular extension if the
following conditions hold

(1) A C C has finite exponent;
(2) C is a projective A-module; and

3) for each prime ideal p C A, the extension A, C C, has a generalized p-basis.
p p

Note that a modular extension of exponent at most one is exactly a Galois exten-
sion (see Definition 2.41). In particular, any trivial extension, A = C, is considered
to be a modular extension of exponent zero. Thus, the notion of modular extension
and purely inseparable extensions coincide for ring extensions of exponent at most
one. However, this notions are not the same for the higher exponent case (see Remark
4.19)

Remark 4.29. Any ring extension A C C' that admits a generalized p-basis is a modular
extension. In fact, C is a free A-module of finite rank as we noted in Remark 4.18.
In particular, C' is projective as A-module. Since A C C has a generalized p-basis,
for every prime ideal p C A, the extension A, C C} := C' ®4 A, obtained by the base
change A — A, also admits a p-basis by Lemma 4.20.(3).

Remark 4.30. Note that condition (iii) in the above definition already implies that
Cy is a free Ap-module for all prime ideal p C A (see Remark 4.18). Then, by
Proposition 1.7, condition (ii) in the definition of modular extension can be replaced
by the condition that C is an A-module of finite presentation.

Remark 4.31. Observe that condition (iii) in the definition of modular extension only
needs to be verified at maximal ideals. In fact, assume that A, C Cy admits a
generalized p-basis for any maximal ideal m C A. Given a prime ideal p C A, there
is a maximal ideal such that p € m. The extension A, C C; coincides with the
base change of Ay, C Cy, via the localization map Ay — Ap. Thus, Ay € Cp has a
generalized p-basis by Lemma 4.20.(3).

The next lemma shows that modular extensions behave well under base extension
as a consequence of Lemma 4.20. The proof is similar to the one given to prove the
good behaviour of Galois extensions of exponent one with base change (see Proposition
2.45.(2))

Lemma 4.32. Let A C C be a modular extension. Then for any homomorphism of
rings A — A’, the extension A’ C C ®4 A" is modular.

Proof. Let C' := C ®4 A’. Since A C C is a finite projective ring extension, we
have that A’ C C’ is also a finite extension such that C’ is projective as A’-module
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by Remark 1.16. In addition, the extension A’ C C’ has finite exponent by Lemma
2.8. Thus, to show that A" C C’ is modular it only lefts to show that for any prime
ideal q C A’, the extension Ay C Cf has a generalized p-basis. Recall that there is
a morphism Spec(A’) — Spec(A) induced by A — A’. Given a prime ideal q C A/,
let p C A be the prime ideal such that q — p via the previous morphism. Hence, we
have natural maps Ay, — A, ®4 A" — Aj. Then, by Lemma 4.20.(3), the generalized
p-basis for C}, over A, induces a generalized p-basis for C’c’l over Aa as we wanted. [

We demonstrate that modular extensions of rings are a subclass of purely insepa-
rable extensions of rings.

Proposition 4.33. Let A C C be a modular extensions of rings. Then A C C is
purely inseparable.

Proof. By definition, since the extension is modular, A C C' is a finite ring extension
of finite exponent such that C' is a projective A-module. Thus, to show that it is
purely inseparable it only lefts to show that for each prime ideal p C A there exists
a faithfully flat map A, — A’ such that A" C C, ® A’ has a generalized splitting
p-basis (see Definition 3.11). By assumption, the extension A, C C, has a generalized
p-basis. In addition, A, — C, is faithfully flat (see Remark 1.16). Then we conclude
that Cp C Cp ®4, Cy has a generalized splitting p-basis by Corollary 4.24. O

As a direct consequence of the properties of generalized p-basis from Subsection
4.1.3, we obtain the following result for the intermediate subalgebras of a modular
extension A C C. We will see that the converse is true under the assumption that
CP* and A are linearly disjoint (Proposition 4.37).

Lemma 4.34. Let A C C be a modular extension. For each integer e > 0, denote
Clel .= A[CP"]. Then A C Clel and Cl¥ C C are modular for all e > 0.

Proof. Tt is clear that A C C!¥l and Cl¢} C C are finite extensions of finite exponent.
Moreover, by Proposition 4.33, we know that A C C' is purely inseparable. In partic-
ular, A C C'is an F-extension by Theorem 3.25. So C'is a projective Cl¢-module and
C'l is a projective A-module by Remark 3.22 and Lemma 3.24. Finally, since local-
ization at prime ideals behaves well with the Frobenius endomorphism (see Lemma
4.8 and 2.3), we conclude by Lemma 4.20.(1) and Lemma 4.25.(2) that A C C!¢ and
Cldl C ¢ are modular. O

4.2.2. Modular extensions and linearly disjointedness

In this subsection, we study the relation between modular extensions and linearly
disjointedness. On the one hand, we show that, for any modular extension A C C,
the subrings CP° and A are linearly disjoint for all e > 0. On the other hand, we
prove that a purely ring inseparable extension satisfying these condition is modular.
In conclusion, this implies that a modular extension is exactly a purely inseparable
extension satisfying the mentioned condition. Using this characterization we re-obtain
some interesting results of modular and purely inseparable field extensions.
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4.2 On modular extensions of rings

Proposition 4.35. Let A C C be a modular extension. Then CP" and A are linearly
disjoint for all e > 0.

Proof. By Lemma 4.3 and Lemma 4.8, we know that CP° and A are linearly disjoint
if and only if (Cy)P" and A4 are linearly disjoint for every prime ideal ¢ C A.. Denote
by p the prime ideal in A corresponding to the prime ideal q via the homeomorphism
induced by A. — A (see Remark 2.2). By Lemma 2.3, we have that (Cq)?" = (Cp)?"
and A = Ap. Since A C C is modular, the extension A, C C} has a generalized
p-basis for every prime ideal p C A. Thus, (Cp)P" and A, are linearly disjoint by
Lemma 4.25 and this completes the proof. ]

We have already proved that modular ring extensions are a subclass of purely
inseparable extensions. We will show now that they are indeed the subclass of purely
inseparable extensions A C C such that CP° and A are linearly disjoint for each e > 0.
The proof will involve the following proposition on purely inseparable extensions of
local rings.

Proposition 4.36. Let A C C be a purely inseparable extension of local rings. If the
numbers of minimal generators are such that m(e) = n(e) for all e > 0, then A C C
s modular.

Proof. Let z1,...,z, be a generalized p-generating sequence for C' over A, which
exists by Lemma 4.12. Since m(e) = n(e) for all e > 0, the sequence x1,...,x, is a
generalized normal generating sequence (GNGS) as we noted in discussion 4.16. In
addition, the p-exponents and the normal exponents coincide, that is, f(i) = e(i) for
all i = 1,...,n (see discussions 3.6 and 4.13). Thus, the relations of the elements

e(i) . .
of the GNGS are 2!~ = q; for some a; € A (see Remark 3.7). Since A C C is
purely inseparable, it is also a normal generating sequence (NGS) and we have an
isomorphism

(4.36.1) A[Xl,...,Xn}/<Xfe(”—ai:z':l,...,n> C, X .

by Proposition 3.10. Then x1,...,x, is a generalized p-basis for C over A by Remark
4.18. Finally, we conclude that A C C' is modular as we noted in Remark 4.29. O

Proposition 4.37. Let A C C be a purely inseparable extension of rings. If C** and
A are linearly disjoint for all e > 0, then A C C is modular.

Proof. By definition, since the extension is purely inseparable, A C C is a finite ring
extension of finite exponent such that C is a projective A-module. Thus, to show
that it is modular it only lefts to show that for each prime ideal p C A, the extension
Ay € Cy is modular. By assumption, the extension A, C () is a purely inseparable
of local rings. We prove that the minimal numbers of generators for this extension
are such that m(e) = n(e) for all e > 0 to apply Proposition 4.36. This follows if we
show that (Cy)P" and A, are linearly disjoint for all e > 0 (see Remark 4.16), so we
prove this condition. Given a prime ideal p C A, we denote by q the prime ideal in
A, corresponding to the prime p via the homeomorphism induced by A, — A (see
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Remark 2.2). By Lemma 2.3 and Lemma 4.8, we have that (Cy)P" = (Cq)P" = (CP"),
and A, = Aq. Since C?" and A are linearly independent, we have that (Cq)pe and A
are linearly disjoint by Lemma 4.3 and this completes the proof. O

If we combine Proposition 4.33 and Proposition 4.37, we obtain the following
characterization for modular extensions of rings in terms of linearly disjointedness.

Theorem 4.38. Let A C C be a finite ring extension of finite exponent. Then A C C
1s modular if and only if the following conditions hold:

(1) C?" and A are linearly disjoint for all e > 0; and

(2) A CC is purely inseparable.

As an immediate consequence, we see that linearly disjointedness allows us to

define modular extensions inductively, using the intermediate subalgebras Cl¢ :=
A[CP).

Corollary 4.39. Let A C C be a finite ring extension of finite exponent. Then A C C
is modular if and only if C** and A are linearly disjoint, and there exists k > 0 such
that A C C¥l gnd C*] C C are modular.

Proof. If A C C' is modular, then the conditions hold by Proposition 4.35 and Lemma
4.34. Conversely, assume that C?° and A are linearly disjoint, and that A C C*) and
C C C are modular for an integer £ > 0. By Theorem 4.38, these extensions are
purely inseparable. In particular, Cl¢t1 C Clel are Galois for all e > 0 by Theorem
3.18. Thus, A C C is purely inseparable. Using that C?° and A are linearly disjoint,
the conclusion follows by Theorem 4.38 O

Furthermore, using the above characterization of modular extensions (Theorem
4.38) and the characterization of purely inseparable extensions as flat families (Theo-
rem 3.25), we easily obtain the next characterization involving the modularity of the
fibers.

Theorem 4.40. Let A C C be a finite extension of finite exponent. Then A C C is
modular if and only if the following condition holds:

(1) ACC is an F-extension;
(2) CP" and A are linearly disjoint for all e > 0; and

(8) For each maximal ideal m C A, the extension A/m C C'/mC' is modular.
Moreover, condition (3) can be replaced by

(8°) For each mazimal ideal m C A, the extension A/m C C'/mC' is purely insepara-
ble.
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Proof. If A C C is modular, then A C C' is purely inseparable by Proposition 4.33.
In particular, A C C is and F-extension by Theorem 3.25. In addition, C?* and A
are linearly disjoint by Proposition 4.35. Finally, given a maximal ideal m C A, the
extension A/m C C'/mC, obtained via the base change A — A/m, is also modular by
Lemma 4.32. In particular, it is purely inseparable.

Conversely, we assume that A C C satisfies conditions (1), (2) and (3’), since
(3) already implies (3’) by Proposition 4.33. Note that (1) and (3’) imply that A C
C is purely inseparable by Theorem 3.25. Finally, we conclude that A C C is a
modular extension because any purely inseparable extension satisfying (2) is modular
by Proposition 4.37. O

Finally, as a consequence of the above characterizations of modular ring exten-
sions, we re-obtain some well-known results of finite field extensions. On the one
hand, we deduce a characterization for modular field extensions, which was originally
established by M. E. Sweedler.

Corollary 4.41 (|62, Theorem 1]). Let K C L be a finite purely inseparable exlension
of fields. Then K C L is modular if and only if L** and K are linearly disjoint for
all e > 0.

On the other hand, we show that purely inseparable finite field extensions can be
characterized by the modularity of the induced extension at any algebraic closure.

Proposition 4.42. Let K C L be a finite field extension and let K be an algebraic
closure of K. Then K C L is purely inseparable if and only if K C L&k K is modular.

Proof. We assume first that K C L is purely inseparable and proceed by induction on
exp(L/K). If exp(L/K) < 1, then K C L is Galois and in particular, it is modular.
By Lemma 4.32, we deduce that the extension K C L ®x K, obtained via the base
change K — K, is also modular. We suppose now that exp(L/K) > 1. Then the
extension K C L' := L ® K is purely inseparable by Proposition 3.20.(1). In
addition, we have exp(L'/K) < exp(L/K) by Lemma 2.8. In particular, K C K[L']
is also purely inseparable and has exponent exp(L'/K) — 1 < exp(L/K). Then we
can apply the inductive hypothesis to deduce that K C K[L?] is modular. Note that
K C L'P because K = KP? as K is algebraically closed. Therefore, K C L'? is modular.
By Proposition 4.35, L’” and K are linearly disjoint for all ¢ > 0. Note that L’ and
K are clearly linearly disjoint, since K C L/. Thus, L'?° and K are linearly disjoint
for all e > 0. By Corollary 4.41, we conclude that K C L' = L ®x K is modular.

Conversely, we assume that K C L @ K is modular. In particular, it has finite
exponent. Since K — K is a faithfully flat homomorphism, the extension K C L also
has finite exponent by Lemma 2.9. Thus, K C L is purely inseparable. 0
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APPENDIX A

Commutative algebra

In this appendix, we collect some classical definitions, basic properties and well-known
results that are used throughout this thesis. In what follows, all rings are assumed to
be commutative with identity and all ring homomorphisms are supposed to send the
identity element of the source ring into the identity element of the target ring, unless
otherwise stated.

A.1. Some concepts of rings

In this subsection, we recall some concepts related to Noetherian, Artinian and com-
plete intersection rings.

On Noetherian and Artinian rings.

A.1. Noetherian and Artinian rings. A ring R is

e Noetherian if any ascending chain of ideals Iy C I; C ... becomes stationary,
i.e., there exists an integer n such that I; = I, for all ¢ > n.

o Artinian if any descending chain of ideals Iy D I1 O ... becomes stationary.

Note that any field is Noetherian and Artinian. Moreover, we know that every Artinian
ring is also Noetherian (see [47, Theorem 3.2]).

Proposition A.2 (|2, Proposition 6.2]). Let R be a ring. The following conditions
are equivalent:

(1) R is Noetherian.

(2) Ewvery ideal of R is finitely generated.

Proposition A.3 (|2, Proposition 6.6]). Let R be a Noetherian ring and let I C R
be an ideal. Then the quotient ring R/I is Noetherian.

Proposition A.4 (|2, Proposition 6.10]). Let K — R be an homomorphism of rings
where K is a field. If R has finite dimension as K-vector space, then R is an Artinian
ring. In particular, R is Noetherian.
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Proposition A.5 (|2, Corollary 6.11]). Let (R, m) be a local ring such that its mazimal
ideal is nilpotent. Then R is Artinian if and only if it is Noetherian.

A.6. Embedding dimension. Let (R,m) be a Noetherian local ring. The embed-
ding dimension of R is the minimal number of generators for m. We denote it by
embdim(R). By Nakayama’s Lemma (Corollary A.35), the embedding dimension of
R coincides with the minimal number of generators of m/m? as R/m-vector space.

On complete intersection rings

A.7. Completion. Let R be a ring and let I C R be an ideal.

o A descending filtration of ideals of R is a sequence of ideals R=1p 2 11 D ...
that we denote by {Ix}ren.

e The completion of R with respect to a descending filtration {Iy}ren is the ring
R := lim R/Ii, where the transition morphisms between R/Ij are reduction
modulo Ij.

e R is complete with respect to I if there is an isomorphism R = R, where R is
the completion with respect to the I-adic filtration {I}ren defined by I := I*.

A.8. Complete intersection rings. Let (R,m) be a Noetherian local ring and R be
the completion of R with respect to the m-adic filtration. By the Cohen Structure
Theorem ([47, 10, §29]), we can write R = S/I for a regular Noetherian complete local
ring S. The ring R is a complete intersection if the minimal number of generators of
I coincides with dim(S) —dim(R), where here dim denotes the Krull dimension of the
ring.

A.2. Some properties of modules

In this subsection, we collect some basic definitions and properties about modules
over a ring.

On exact sequences

Lemma A.9 ([9, I1, §3.3, Theorem 1]). Let K — M — N be a sequence of R-modules.
Then the following assertions are equivalent:

(1) The sequence K — M — N is ezact.
(2) For every prime ideal p C R, the sequence K, — M, — N, is ezact.
(8) For every maximal ideal m C R, the sequence Ky — My — Ny is ezact.

Lemma A.10 (Splitting Lemma, [8, §1.5, p.39]). Let 0 = K % M 5 N — 0 be a
short exact sequence of R-modules. Then the following statements are equivalent:
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(1) The sequence is left split, i.e., there exists a morphism u': M — K such that
wou=idg.

(2) The sequence is right split, i.e., there exists a morphism v': N — M such that
vouv = idy.

(8) The sequence is split exact, i.e., it is isomorphic to the exact sequence 0 — K —
K®&N—N—0.

In (1), we say that v is a retraction for u. In (2), we say that v’ is a section for v.

On flat and faithfully flat modules
A11. Flat and faithfully flat modules. An R-module M is

e Flat if for every injective map of R-modules N’ — N, the map N' g M —
N ®pr M obtained by tensoring with M over R is also injective.

o Faithfully flat if M is flat and for every R-module N the equality M ®r N =0
implies N = 0.

We collect some useful characterizations of flat and faithfully flat modules over a
ring.

Proposition A.12 (|9, I, §2.3, Proposition 1 and Proposition 4|). Let M be an R-
module. The following conditions are equivalent:

(1) M is flat.

(2) For every short exact sequence 0 — N’ — N — N” — 0 of R-modules, the
tensored sequence 0 — N' Qr M — N @r M — N" @r M — 0 is exact.

(8) For every exact sequence N' — N — N" of R-modules, the tensored sequence
N @rM — NRrM — N"®r M is exact.

(4) For every exact sequence 0 - K — N — M — 0 of R-modules and for every
R-module M, the tensored sequence 0 - KQrM' — NQgpM' — MQrM' — 0
1S exact.

(5) For every finitely generated ideal I C R, the homomorphism I g M — M,z ®
m — xm s injective.

Proposition A.13 ([9, 11, §3.4, Proposition 1.5|). Let M be an R-module. Then M
is flat if and only if M, is flat as Ry-module for every prime ideal p C A.

Proposition A.14 ([8, §4.2, Proposition 11]). Let M be an R-module. The following
conditions are equivalent:

(1) M is faithfully flat.
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(2) A sequence of R-modules N' — N — N" is exact if and only if the sequence
obtained by tensoring with M over R, i.e., M Qg N' - M @gr N — M ®@r N”,
1S ezact.

(3) M is flat and given a morphism of R-modules p: N' — N such that ¢ Qg
idy: NN®@r M — N ®gr M is the zero morphism, then o = 0.

(4) M is flat and for every maximal ideal m C R, we have mM # M.

We recall that being flat behaves well under base change and faithfully flat descent.

Proposition A.15 ([8, §4.4, Proposition 1]). Let R — S be an homomorphism of
rings and let M be an R-module.

(1) If M is flat, then M ®@g S is a flat S-module.

(2) If R — S is faithfully flat and M ®pr S is a flat S-module, then M is flat as
R-module.

The property of being faithfully flat also behaves well by base change.

Proposition A.16 ([9, I, §3.4, Proposition 5]). Let R — R’ be an homomorphism of
rings and let M be an R-module. If M s faithfully flat R-module, then the R'-module
M ®r R is also faithfully flat.

The following proposition relates being flat and faithfully flat with restriction of
scalars.

Proposition A.17 (]9, I, §2.7, Corollary 3 and §3.4, Proposition 7]). Let R — S
be an homomorphism of rings such that S is (faithfully) flat as R-module. If M is a
(faithfully) flat S-module, then the R-module M obtained by restriction of scalars is

(faithfully) flat.

We include some useful characterizations of faithfully flat homomorphisms of rings.

Proposition A.18 (]9, I, §3.5, Proposition 9, (a)<(b)]). Let R — S be an homo-
morphism of rings. Then R — S s faithfully flat if and only if R — S is injective
and the quotient R/S is a flat R-module.

Proposition A.19 (|9, I, §3.5, Proposition 9, (a)<(e)]|). Let R — S be a flat homo-
morphism of rings. Then R — S s faithfully flat if and only if the induced map on
the spectra Spec(S) — Spec(R) is surjective.

As a consequence of the above results we obtain the following property for flat
local morphisms of rings.

Corollary A.20. Let (R,mg) — (S, mg) be a flat local homomorphism of local rings.
Then the map is faithfully flat and injective.
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Proof. We have S ®@r (R/mpg) = S/mpS # 0, since mpS is contained in mg. Then
by Proposition A.14, R — S is faithfully flat, and, by Proposition A.18, it is also
injective. ]

On the annihilator of an element

A21. Annihilator ideal. Let M be an R-module. Given m € M, the annihilator of
m is the ideal
anng(m) :={z € R:am = 0}.

Lemma A.22. Let R — S be a flat homomorphism of rings. Let M be an R module
and m € M. Then anng(m)S = anng(m ® 1).

Proof. We have a left exact sequence 0 — anng(m) - R — M of R-modules where
the map R — M is defined by x — xm. Since R — S is flat, the induced sequence
0 — annp(m) ®r S — S — M ®p S is also left exact. Since anng(m) ®r S =
anng(m)S and the map S — M ®g S is given by s — s(m ® 1), we conclude that
anng(m)S = anng(m ® 1). O

On finitely generated and finitely presented modules

A .23. Finiteness conditions. Let M be an R-module.

e M is finitely generated (or finite) if there exists a surjection R™ — M for some
positive integer n.

o M is of finite presentation if there exists a right exact sequence R™ — R" —
M — 0 for some positive integers m,n.

In particular, every module of finite presentation is finitely generated. If R is a
Noetherian ring, then the converse is true and these finiteness conditions coincide (see
[9, I, §8, Lemma 8§]).

The finiteness conditions defined above can be checked locally at an open covering.

Lemma A.24 (]9, II, §5.1, Corollary of Proposition 3|). Let fi,..., fr € R be elements
that generate the unit ideal and let M be an R-module. Then M is finitely generated
(resp. of finite presentation) if and only if My, is finitely generated (resp. of finite
presentation) as Ry,-module for all i =1,...,r.

Proposition A.25 ([8, §1.5, Proposition 5 and Proposition 6], [47, 1 §2, Ex. 2.5]).
Let 0 - M' — M — M" — 0 be a short exact sequence of R-modules.

(1) If M" and M" are finitely generated (resp. of finite presentation), then M is
also finitely generated (resp. of finite presentation,).

(2) If M 1is finitely generated, then M" is finitely generated.

(3) If M is finitely generated and M" is of finite presentation, then M’ is finitely
generated.
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(4) If M is of finite presentation and M' is finitely generated, then M" is of finite
presentation.

Being finitely generated and finitely presented behaves by base change of rings
and faithfully flat descent.

Proposition A.26 ([8, §4.4, Proposition 1]). Let R — S be an homomorphism of
rings. Let M be an R-module.

(1) If M is finitely generated (resp. of finite presentation), then M ®pr S is also
finitely generated (resp. of finite presentation) as S-module.

(2) If R — S is faithfully flat and M Qg S is a finitely generated (resp. of finite pre-
sentation) S-module, then M is finitely generated (resp. of finite presentation)
as R-module.

We include some results on finiteness conditions related to extension and restriction
of scalars.

Proposition A.27. Let R — S be an homomorphism of rings and let M be an
S-module.

(1) If M is finitely generated as R-module, then M is finitely generated as S-module.

(2) If M has finite presentation as R-module and S is finitely generated as R-module,
then M has finite presentation as S-module.

Proof. (1) It follows from the fact that any generating system of M as an R-module is
in particular a generating system of M as S-module, because the R-module structure
of M is induced by the map R — S.

(2) Since M has finite presentation as R-module, it is clear that M is finitely
generated over R. By (1), M is also finitely generated as S-module. Thus, there
is an exact sequence of S-modules 0 - K — 5™ — M for some positive integer n
and an S-module K. This sequence can be considered as an exact sequence of R-
modules by restriction of scalars. Since M has finite presentation as R-module and
S™ ig finitely generated as R-module, it follows from Proposition A.25.(3) that K is
finitely generated as an R-module. Hence, (1) implies that K is finitely generated as
an S-module and we conclude that M has finite presentation as S-module. O

Proposition A.28. Let R — S be an homomorphism of rings such that S is finitely
generated (resp. of finite presentation) as R-module. If M is a finitely generated
(resp. of finite presentation) S-module, then the R-module M obtained by restriction
of scalars is finitely generated (resp. of finite presentation,).

Proof. Case of finitely generated modules. We have surjections S* — M and R™ — S
for some positive integers m,n. Thus, we have a surjection R™" — M and M is
finitely generated as R-module.
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Case of finite presentation modules. There is a short exact sequence of S-modules
00— K — S" - M — 0, for some positive integer n and a finite S-module K. We
can consider this sequence as an exact sequence of R-modules by restriction of scalars.
Then S™ is finitely presented as R-module and K is finite as R-module, because S
has finite presentation over R. Thus, by Proposition A.25, we conclude that M has
finite presentation as R-module. O

On direct summands and free modules

We first recall some notions related to direct summands.

A.29. Direct summand. Let M be an R-module and let N C M be a submodule.
We say that N is a direct summand of M if there exists another submodule N’ such
that M = N @& N'. Equivalently, N is a direct summand of M if and only if the exact
sequence of R-modules 0 - N — M — M/N — 0 splits.

Lemma A.30 (|9, II, §3.4, Corollary 1]|). Let M be an R-module and let N C M
be a submodule such that M/N has finite presentation over R. Then N is a direct

summand of M as R-module if and only if Ny is a direct summand of My as Ry-module
for all p € Spec(R).

Now we review some concepts related to free modules over a ring.

A.31. Free modules. Let M be an R-module and A some set. Denote RN := @( AR

€

e A subset {t): A€ A} C M is a system of generators for M as R-module ¥ the
map P, R -ty — M is a surjection.

M is an isomorphism.

e A collection (ty)aepa C M is a basis for M as R-module if the map @>(€A Rty —

e M is free if there exists an isomorphism R — M In this case, we say that M

has rank the cardinality of A, which is uniquely determined by M.

e The collection (e))aen, where ey € R®) is the element whose p-th entry is W
for all X\, i € A, is called the standard basis of R™).

Since direct sums commute with tensor product, we have the following property
for free modules.

Proposition A.32 (|8, §4.1, Corollary 9]). Let R — S be an homomorphism of rings.
If M is a free R-module, then M ®@pr S is also free as S-module.

We recall some basic and well-known properties of finite free modules.

Proposition A.33. Let M be a free R-module of finite rank n. Then

(1) M is isomorphic to R" as R-modules.

(2) The dual module M* := Homp(M, R) is also free of finite rank n.
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(8) There is a natural isomorphism of R-modules M ~ M**.

Proof. Tt is clear that if M is a free module of rank n, then there is an isomorphism
R"™ — M sending the standard basis of R™ into a basis {t¢1,...,t,} of M, that is,
e; — t; for each ¢ = 1,...,n. This proves (1). Moreover, for each element on the
basis, we define p;: M — R such that p;(x1t1 + ... + xpty) = z;. 1t is easy to show
that ¢1,...,¢, is a basis for M* that we call the dual basis of {t1,...,t,}. Thus,
M* is free of rank n as it is stated in (2). In particular, M* ~ R"™ by (1). Finally,
we have M** = (M*)* ~ (R")* ~ R" ~ M and the natural isomorphism in (3) is
given by the map M — M™** that sends each element m € M into the evaluation map
evy,: M* — M defined by ev,,(¢) = o(m). O

On Nakayama’s Lemma

We enunciate the formulation of Nakayama’s Lemma for finitely generated modules
over a ring and its version over a local ring.

Lemma A.34 (Nakayama’s Lemma, [8, §1.4, Lemma 10]). Let M be a finitely gen-
erated R-module. Let J(R) be the Jacobson radical ideal of R. If I C J(R) is an ideal
such that IM = M, then M = 0.

Corollary A.35 (Local version of Nakayama’s Lemma, |8, §1.4, Corollary 12]). Let
(R,m) be a local ring and let M be a finitely generated R-module. Then my,...,m, €
M is a system of generators for M if and only if their images generate M/mM as
R/m-vector space. Moreover, my,...,m, € M is a minimal system of generators for
M if and only if the images are a basis for M/mM as R/m-vector space.

We include some useful consequences of Nakayama’s Lemma related to the gener-
ators of the finitely generated module.

Proposition A.36 ([47, Theorem 7.10]). Let (R,m) be a local ring and let M be a
flat R-module. If x1,...,x, € M are such that their images in M/mM are linearly
independent over R/m, then x1,...,x, are linearly independent over R. In addition,
assume that M s finite or m s nilpotent. Then if x1,...,x, is also a minimal set of
generators for M, then it is a basis and M is free.

Corollary A.37. Let R be a local ring and let M be a finitely generated R-module.
Then M is free if and only if it is flat.
Proof. We know that any finite free module is in particular flat. The converse in the

local setting follows by a combination of Corollary A.35 and Proposition A.36. O

Proposition A.38. Let M be a finitely generated R-module and let p C R be a prime
ideal. If M, is a free Ry-module, then there are x1,...,x, € M whose images in M,
are a basis for M, as Ry-module.

Proof. Let x1,...,xs € M be a system of generators for M as R-module. Then
the images in M), are a system of generators for M, as Rp-module. Moreover, the
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classes of x1,...,x, module pM, generate M,/pM, as a R,/pR,-vector space. After
rearrangement if necessary, we can choose 1, . .., z,, such that their images in M, /pM,
are a basis. Since Rj is a local ring with maximal p and M, is a finite flat Rp-module,
we conclude by Proposition A.36 that x1,...,2, € M induce a basis for M, as R,-
module. O

Proposition A.39. Let R be a local ring and let M be a finitely generated R-module.
Let S be a generating set for M. If {x1,...,25s} C S are part of a minimal generating
set for M, then {x1,...,zs} can be completed to a minimal generating set for M by
adding elements of S. In addition, if M is flat, then M is free and {z1,...,zs} C S
are part of a basis for M and can be completed to a basis for M by adding elements

of S.

Proof. Denote by m the maximal ideal of the local ring R and by Z the class of an ele-
ment © € M in M/mM. We assume first that {z1,...,25} C S are part of a minimal
generating set for M. By Corollary A.35, the classes Z1,...,Zs are a R/m-linearly
independent subset of M/mM and the classes of S generate M /mM as an R/m-vector
space. Then there are elements Zsy1,...,%, € S such that {Z1,...,Zs, Ts41,--.,Tn}
is a basis for M/mM. Thus, by Corollary A.35, we conclude that {z1,...,2,} is
a minimal generating set for M as R-module. In addition, assume that M is flat,
then by Proposition A.36 the R-module M is free and {z1,..., %5, Ts41,...,2n} is a
basis. O

A.3. Some properties of algebras

In this subsection, we collect some basic definitions and properties about algebras over
a ring. Given an homomorphism of rings ¢: R — S, we say that S is an R-algebra.
When it is clear, we omit the homomorphism ¢ from the notation and denote zy
instead of p(z)y for each x € R and y € S. Any R-algebra S is in particular an
R-module.

A.40. Finiteness conditions. Let S be an R-algebra.
e S is finite if S is finitely generated as R-module.

e S is finitely generated if there exists a surjective homomorphism of R-algebras
R[Xi,...,X,] — S.

e Sis of finite presentation if there exists a surjective homomorphism of R-algebras
R[X1,...,X,] — S whose kernel is finitely generated ideal.

Note that every finite R-algebra and every R-algebra of finite presentation is finitely
generated. Moreover, any finite R-algebra is of finite presentation as R-module if and
only if it is of finite presentation as R-algebra (see [24, Proposition B.12]).

We include some results related to the above finiteness properties of algebras.
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Proposition A.41 (|24, Proposition B.10]). Let A — B — C be homomorphisms of
TINgs.

(1) If C has finite presentation as B-algebra and B has finite presentation as A-

algebra, then C is an A-algebra of finite presentation.

(2) If C is an A-algebra of finite presentation and B is a finitely generated A-algebra,
then C is a B-algebra of finite presentation.

Proposition A.42 ([24, Lemma B.9 and Proposition B.52|). Let Ry be a ring. Let
(R))xen be a filtered inductive system of Ry-algebras and set R = lim R).
—

(1) If S is an R-algebra of finite presentation, then there exists X € A and an Ry-
algebra Sy of finite presentation such that S = Sy g, R.

(2) If Sy is an Ro-algebra of finite presentation such that S := R ®pr, So is a finile
R-algebra, then there exists X € A such that the Ry-algebra Sy := Ry ®pg, So is
finite.
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