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Nomenclature 

OGF Ordinary generating function 

EGF Exponential generating function 

P Probability (referred to certain probability space) 

E Expectation (referred to certain probability space) 

V Variance (referred to certain probability space) 

Sum of independent random variables 

D Unit disk in the complex plane C 

D(z, R) Disk of center z 2 C and radius R 0 in the complex plane C 

d 
= Equality in distribution of two random variables 

xk k-th falling factorial of x 
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Notations 

• Asymptotically equivalent: for two functions f, g we say that f is asymptotically equiv-
alent to g, as t " R, denoted f ⇠ g, as t " R, if  

f(t)
lim = 1. 
t"R g(t) 

• Comparable: for two functions f, g we say f is comparable with g, as t " R, denoted 
f(t) ⇣ g(t), as t " R, if there are constants C, c > 0 such that 

f(t) 
c   C, as t " R. 

g(t) 

• Big O and Little o notation: For two functions f, g we say that f is a big O of g, as t " R, 
denoted f = O(g), as t " R, if there exists a constant C >  0 such that 

|f(t)|  C|g(t)|, as t " R. 

For the same two functions we say that f is a little o of g, as t " R, denoted f = o(g), as 
t " R, if  

f(t)
lim = 0. 
t"R g(t) 

• Convergence in distribution of a sequence of random variables: for a sequence of 
d

random variables Zn and a random variable Z, the notation Zn ! Z, as n ! 1, means that 
Zn converge in distribution towards Z, as n ! 1. 
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Introduction 

The theory of Khinchin families connects Probability Theory and Complex Analysis. Along this 
PhD thesis, we exploit this connection to obtain, using a variety of local central limit theorems, 
asymptotic formulas for the coe!cients of analytic functions with non-negative coe!cients. We 
give criteria for a power series to have certain specific, and in most cases, computable, asymptotic 
formula. 

The theory of Khinchin families was initiated and is strongly influenced by the work of Walter 
K. Hayman, see [48], Paul C. Rosembloom, see [83] and Luis Báez-Duarte, see [6]. We can assign 
to each power series f in the class K, having radius of convergence R > 0, a family of random 
variables (Xt)[0,R). This theory examines the behavior of this family of random variables, and also 
of its normalized version, as t " R. 

It turns out that, under certain conditions, the behavior of this family of random variables 
encodes the asymptotic behavior of the coe!cients of the power series f . In this thesis we develop 
a complete theory of Khinchin families, including operations with power series and criteria to be 
in some of the relevant classes of functions; we also study and organize the di↵erent connections 
between these families of random variables and the function theoretical properties of the functions 
in the class K. 

We thought it could be of interests to classify functions having certain probabilistic properties 
on the Khinchin family side; some of these classes of functions give su!cient conditions to have an 
specifics asymptotic formula for the coe!cients of f . 

A relevant result in this theory is the following: 

f is in the Hayman class ) f is Strongly Gaussian ) f is Gaussian 

In this line we also have that strongly Gaussian power series conform clans. This chain of im-
plications tells us that a characterization, or simple criteria, for being on any of these classes of 
functions would be really useful. 

These classes of functions allow us to classify power series with non-negative coe!cients and 
determine whether this theory applies to some of them. This question is complex, but at the same 
time relevant: for instance, some of the generating functions of the partitions of integers are in 
these classes of functions, and this allows us to find asymptotic formulas for their coe!cients. 
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Motivated by this classifying objective we obtain, in some cases, simple criteria for a function 
to be in some of the classes of functions mentioned above; for instance, for one of the most relevant 
classes in here, the Hayman class. 

This thesis aims to harmonize the various asymptotic formulas for combinatorial or probabilistic 
objects within a single framework. With this aim we have extended some of the classes of functions 
and also studied the coe!cients of large powers of analytic functions. One of our main goals was 
to consolidate and develop some aspects of a comprehensive theory: providing a guidebook for 
combinatorialists or probabilists, a series of results, or basic criteria, where they can follow a step-
by-step process, verify if certain straightforward conditions are met, and then derive an asymptotic 
formula for the object of study. However, this is not the sole primary goal; we are also profoundly 
interested in the functional theoretical properties of these classes of functions and their connections 
to the respective Khinchin families (such as the case of f 2 K being an entire function). 



Conclusions 

The organization of this thesis is as follows: 
In Chapter 1 we study the elementary properties of Khinchin families. We introduce the mean 

and the variance of a Khinchin family, these functions play a very relevant role in this theory and 
studying their growth and range is very important; for instance the mean and variance functions 
appear in the characteristic function of a normalized Khinchin family and also in Hayman’s formula 
for the coe!cients of a power series. Later on we introduce three critical components of this 
theory: the characteristic function of a Khinchin family, Hayman’s formula for the coe!cients, 
and the fulcrum of a power series in the class K, these three objects are ubiquitous in this thesis. 
We conclude this first chapter by studying the moment generating function of a Khinchin family, 
including Cherno↵ bounds, and connecting the Wiman-Valiron theory with the theory of Khinchin 
families. 

The main contributions in Chapter 1 are: 

• Subsection 1.2.3 where we study the range of the variance of certain canonical products in 
the class Q. This gives us a platform to illustrate the behavior of the variance. 

• Lemma 1.2.1 where we characterize the range of the mean of a Khinchin family. 
• A new proof of Theorem 1.2.3 which allows us to extend this result to the absolute central 
moments of the respective Khinchin family. See also Subsection 1.2.5 where we study the 
range of the variance. 

• Lemma 1.3.2 which implies that the normalized Khinchin families are continuous in distri-
bution, see also Lemma 1.3.4. 

• Proposition 1.3.5 gives a zero-free region for the characteristic function of a power series 
f 2 K (and also for the power series f). 

• Lemma 1.3.9 expresses the moments of the normalized Khinchin family in terms of certain 
quotients of derivatives of the fulcrum (and vice versa). 

• We also organize the di↵erent operations with power series and how this translates into 
operations in the Khinchin family side, see Subsection 1.3.6. 

• In Subsection 1.4.2 we relate the moment generating function of a Khinchin family with its 
fulcrum. We also give Cherno↵ bounds for Khinchin families, see Proposition 1.4.6. 
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• In Proposition 1.5.7, using ideas from the Wyman-Valiron Theory, we obtain some di↵erential 
inequalities for the fulcrum of an entire function f 2 K. These inequalities will be relevant 
in Chapter 2. 

In Chapter 2 we study the moments of a Khinchin family and their asymptotic properties. 
Later on we introduce the concept of clan: this concept comes from [48], in that case refereed to 
Hayman functions. We will see later on, in Chapter 3, that strongly Gaussian power series are 
clans. In this chapter we study the function theoretical properties of entire functions in relation 
with their Khinchin families, for instance we give a formula for the order of an entire function in 
terms of the moments of a Khinchin family. We also give counterexamples which prove that not 
every entire function is a clan, though they are always weak clans. We conclude this chapter by 
proving that entire functions of finite order having one Borel exceptional value are clans. 

The main contributions in Chapter 2 are: 

• Lemma 2.3.6. This lemma allows us to obtain asymptotic formulas, in terms of the expecta-
tion, for the non-integer moments of a Khinchin family. 

• In Lemma 2.3.9 we prove that certain quotients of moments of Khinchin families are increasing 
with respect to the respective powers. See also Corollaries 2.3.10 and 2.3.11 for comparisons 
of moments. 

• Lemma 2.4.3 gives an equivalent definition of clan in terms of the derivatives of f 2 K. 
We also prove in there that transcendental entire functions f 2 K are weak clans. See also 
Subsection 2.4.6 and in particular Proposition 2.4.6. 

• Theorem 2.4.4 which allows us to build counterexamples proving that not every transcenden-
tal entire function f 2 K is a clan. In this line see also Lemma ?? and Corollary 2.4.5. 

• In Theorem 2.4.8 we prove that for any p >  0 the  p-th moments of a Khinchin clan have an 
asymptotic in terms of the mean function. 

• In Theorem 2.4.11 we give a characterization of clans in terms of the mean function. 
• Lemma 2.4.16 expresses certain quotients of a function f 2 K in terms of a series of factorial 
moments divided by powers of the mean of the Khinchin family. Later on this allows to give 
a characterization of clans in terms of f it self, see Theorem 2.4.17. 

• In Corollary 2.4.18 we obtain a characterization of clans in terms of the moment generating 
(Xtfunction (in this case E(e mf (t)) ) and = ⌫(t) = ln(1 + 1/mf (t))). 

• Theorem 2.5.1 gives the order of an entire function in terms of the moments of a Khinchin 
family. 

• Proposition 2.5.3 gives an inequality for the order of an entire function in terms of the quotient 
2 
f (t)/mf (t). 

• Proposition 2.5.7 gives that canonical products with negative zeros in K conform clans. 
• Theorem 2.5.9 gives su!cient conditions for an entire function of finite order ⇢ > 0 to  be  a  
clan. 

• Theorem 2.5.10 proves that entire functions with one Borel exceptional value are clans. In 
this line Proposition 2.5.11 gives that the product of a polynomial and the exponential of an 
entire function of finite order in K is always a clan; This proves that the exponential of an 
entire function of finite order is always a clan. 
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In Chapter 3 we introduce uniform conditions on the Khinchin family side that give a local 
central limit theorem for the Khinchin families and therefore an asymptotic formula for the coef-
ficients of the power series. There are, at least, three relevant classes of functions in this theory: 
Gaussian power series, strongly Gaussian power series and the Hayman functions. We study the 
function theoretical, and also the probabilistic, properties of these families. In some cases we give 
criteria for a power series in K to be in some of these classes and prove that certain specific families 
of power series, which are relevant from a combinatorial point of view, are in these classes. 

The main contributions in Chapter 3 are: 

• For non-vanishing power series: we give criteria in terms of the fulcrum to be Gaussian; see 
Theorems 3.1.4 and 3.1.6. See also Remark 3.1.9 for a generalization of these results. 

• Under certain hypothesis, we give necessary conditions, for a non-vanishing power series 
f 2 K, to be a Gaussian, see Corollary 3.1.8. 

• We prove that the exponential of a polynomial eP 2 K is a Gaussian power series, see 
Proposition 3.1.14. 

• We prove a moment criteria for a power series in K to be Gaussian. This criteria applies 
to general power series f 2 K, see Theorem 3.1.19. We prove by means of this criteria that 

2canonical products with negative zeros f 2 Q such that limt"1 f (t) = +1 are Gaussian, 
see Theorem 3.1.21. 

• We prove that certain operations with power series preserve being Gaussian. For instance 
we prove that under certain simple conditions the power series h = P f , where  P 2 K is a 
polynomial and f 2 K a Gaussian power series, is Gaussian, see Theorem 3.1.32. 

• In Theorem 3.2.9 we prove that strongly Gaussian power series are Gaussian. 
• In Corollary 3.2.10 we prove that strongly Gaussian power series are clans. 
• In Corollary 3.2.11 we prove certain asymptotic properties of strongly Gaussian power series 
f 2 K. As a consequence of this result we obtain that for strongly Gaussian power series we 
always have Mf = +1. 

• We prove that certain operations with power series preserve the property of being strongly 
Gaussian. For instance we prove that under certain simple conditions the composition of a 
polynomial P 2 K with a strongly Gaussian power series f 2 K gives a strongly Gaussian 
power series h = P f , see Theorem 3.2.14. 

• In Lemma 3.3.1 we prove that the cut of a Hayman function f 2 K should have certain 
2asymptotic restrictions (with respect to the variance 
f (t)). 

• In Theorem 3.3.4 we give criteria, in terms of the fulcrum, for the major arc condition to 
hold. This criteria applies to non-vanishing power series in K. 

• In Sections 3.4, 3.5 and 3.6 we extend the definitions of Gaussian, strongly Gaussian and Hay-
man functions to uniformly Gaussian, uniformly strongly Gaussian and uniformly Hayman. 
Some of these extensions will be used, for instance, in Chapters 4 and 6. 

In Chapter 4 we study exponential power series, that is, power series of the form f = eg, with  
g 2 P. As explained in Section 4.1 this exponential structure is very relevant in combinatorics; 
an instance of this structure is given by the ordinary generating functions of the di↵erent sort of 
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partitions of integers. Later on we give criteria for an exponential power series f = eg, with  g 2 P, 
to be Gaussian and also criteria for this power series to be in the Hayman class. This last criteria 
for the Hayman class gives very simple conditions in terms of the coe!cients of g for f = eg, with  
g 2 P, to be in the Hayman class, see Theorems 4.3.17 and 4.3.15. We conclude this chapter by 
proving, using Theorem 4.3.17, that most of the generating functions of the partitions of integers 
are in the Hayman class. 

The main contributions in Chapter 4 are: 

• We adapt the criteria from Chapter 3 for a power series to be Gaussian to the case f = eg 

with g 2 P. These criteria are much simpler now and are given in terms of g, see Theorems 
4.3.1 and 4.3.2. See also Remark 4.3.4 for a generalization of these results. 

• Under certain hypothesis we give necessary condition, in terms of g 2 P, for f = eg to be 
Gaussian, see Corollary 4.3.3. See also Remark 4.3.4 for a generalization of this result. 

• In Theorem 4.3.5 we give a moment criteria for an exponential power series to be Gaussian. 
gSee also Remark 4.3.6, there we give a characterization of Gaussianity for power series f = e , 

with g 2 P verifying certain hypothesis. 
• In Theorem 4.3.12 we give a first criteria in terms of g 2 P for a power series f = eg to be 
in the Hayman class. See also Theorem 4.3.13 for further criteria. 

• In Theorems 4.3.17 and 4.3.15 we give very simple criteria in terms of the coe!cients of g 2 P 
for f = eg to be in the Hayman class. 

• Using Theorems 4.3.17 and 4.3.15 we prove that the EGF of the Bell numbers is in the 
Hayman class, see Theorem 4.3.18. We also prove by means of Theorem 4.3.17 that the OGF 
of the partitions of integers P , see Theorem 4.3.19, of the plane partitions M , see Theorem 
4.3.21, and the OGF of the partitions in arithmetic progression Pa,b, see Theorem 5.1.11, are 
in the Hayman class. 

• In Theorem 4.3.22 we give criteria for an exponential f = eg, with  g 2 K to be uniformly 
Hayman. We also prove, using this criteria, that the exponential of a polynomial in K is 
uniformly Hayman. 

In Chapter 5 we apply all the previous machinery to the exponential generating functions of the 
Bell numbers and also to the generating functions of the partitions of integers; partitions, partitions 
into distinct parts, partitions in arithmetic progression, some colored and plane partitions. All 
these functions are in the Hayman class, and therefore are strongly Gaussian. We also prove that 
these generating functions are in the hypothesis of Baéz-Duarte Theorem 3.2.8, and therefore their 
coe!cients have an asymptotic formula given by this theorem. 

The main contributions in Chapter 5 are: 

• Using all the previous machinery we greatly simplify the proofs of the asymptotic formulas 
for the di↵erent sort of partitions of integers, see Section 5.1. For the partitions of integers 
see Theorem 5.1.14, this is Hardy-Ramanujan Theorem. For the partitions of integers into 
di↵erent parts see Theorem 5.1.15. For the partitions of integers into arithmetic progression 
see Theorem 5.1.16, this is Ingham’s Theorem. For the plane partitions see Theorem 5.1.17, 
this is Wright’s Theorem. For the colored partitions with coloring sequence (jb)j 1 see 
Theorem 5.1.18. 
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• For the partitions of sets we give a very simple proof of the asymptotic formula for the Bell 
numbers, see Section 5.2 and in particular Theorem 5.2.1. 

In Chapter 6, and searching for a unified approach, we study large powers of analytic functions. 
Using a variety of local central limit theorems we give asymptotic formulas for the coe!cients 

nof power series , for large values of n, when the index of the coe!cient has some asymptotic 
restriction. One instance of this situation is given by Lagrange’s inversion formula, the Otter-
Meir-Moon Theorem and its extensions. This last theorem has two interpretations: the first 
interpretations give an asymptotic formula for the coe!cients of the generating functions of di↵erent 
families of rooted, weighted, combinatorial trees, this depends on 2 K, and, on the Khinchin 
family side, for the probabilities associated to certain (Galton-Watson) random trees, this depends 
on the Khinchin family associated to (o↵spring distribution). We also treat the asymptotics 
for Lagrangian distributions, an instance of these kind of distributions being the Borel-Tanner 
distribution. 

The main contributions in Chapter 6 are: 

• We unify under the same setting di↵erent asymptotic formulas for large powers of analytic 
functions with non-negative coe!cients. We greatly simplify the proofs using the Theory of 
Khinchin families. 

• We simplify the proof of Theorem 6.7.1 and its extensions. The Theory of Khinchin families 
seems to be tailor made to deal with the extremal cases in a very simple way, see also Theorem 
6.7.2 and the other cases in there. 



Introducción 

La teoŕıa de las familias de Khinchin conecta la Teoŕıa de la Probabilidad y el Análisis Complejo. 
A lo largo de esta tesis doctoral, explotamos esta conexión para obtener, utilizando una variedad de 
teoremas locales del ĺımite central, fórmulas asintóticas para los coeficientes de funciones anaĺıticas 
con coeficientes no negativos. En esta tesis damos criterios para que una serie de potencias tenga 
una fórmula asintótica espećıfica y, en la mayoŕıa de los casos, computable. 

La teoŕıa de las familias de Khinchin fue iniciada y está fuertemente influenciada por el trabajo 
de Walter K. Hayman, véase [48], Paul C. Rosenbloom, véase [83] y Luis Báez-Duarte, véase [6]. A 
cada serie de potencias f en la clase K, con radio de convergencia R > 0, le podemos asignar una 
familia de variables aleatorias (Xt)[0,R). Esta teoŕıa examina el comportamiento de esta familia de 
variables aleatorias, y también de su versión normalizada, a medida que t " R. 

Resulta que, bajo ciertas condiciones, el comportamiento de esta familia de variables aleatorias 
cuando t " R codifica el comportamiento asintótico de los coeficientes de la serie de potencias f . En  
esta tesis desarrollamos una teoŕıa completa de las familias de Khinchin, incluyendo operaciones con 
series de potencias y criterios para estar en algunas de las clases relevantes de funciones; también 
estudiamos y organizamos las diferentes conexiones entre estas familias de variables aleatorias y 
las propiedades de las funciones en la clase K (desde el punto de vista de la teoŕıa de funciones). 

Antes de embarcarnos en esta tesis doctoral pensamos que podŕıa ser de interés clasificar fun-
ciones que tienen ciertas propiedades probabiĺısticas del lado de la familia de Khinchin; algunas de 
estas clases de funciones dan condiciones suficientes para tener una fórmula asintótica espećıfica 
para los coeficientes de f . 

Un resultado relevante en esta teoŕıa es el siguiente: 

f está en la clase de Hayman ) f es fuertemente gausiana ) f es gausiana 

En esta ĺınea también tenemos que las series de potencias fuertemente gausianas conforman clanes. 
Esta cadena de implicaciones nos dice que una caracterización, o criterios simples, para estar en 
cualquiera de estas clases de funciones seŕ  ´ıa realmente util. 

Estas clases de funciones nos permiten clasificar series de potencias con coeficientes no negativos 
y determinar si esta teoŕıa aplica o no. Esta cuestión es compleja y al mismo tiempo relevante: por 
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ejemplo, algunas de las funciones generatrices de las particiones de enteros están en estas clases de 
funciones, y esto nos permite encontrar fórmulas asintóticas para sus coeficientes. 

Motivados por este objetivo clasificador, obtenemos, en algunos casos, criterios simples para 
que una función esté en algunas de las clases de funciones mencionadas; por ejemplo, para una de 
las clases más relevantes aqúı, la clase de Hayman. 

Esta tesis pretende armonizar las diversas fórmulas asintóticas para objetos combinatorios o 
probabiĺısticos dentro de un mismo marco. Con este objetivo hemos extendido algunas de las clases 
de funciones y también estudiado los coeficientes de grandes potencias de funciones anaĺıticas. Uno 
de nuestros objetivos principales ha sido consolidar y desarrollar algunos aspectos de una teoŕıa 
integral: proporcionando una gúıa para cualquier matemático interesado en encontrar formulas 
asintóticas para objetos combinatorios o probabilisticos, una serie de resultados, o criterios básicos, 
que se puedan seguir paso a paso, verificar si se cumplen ciertas condiciones sencillas, y luego derivar 
una fórmula asint´ unico objetivo; tambi´ otica para el objeto de estudio. Sin embargo, este no es el ´ en 
estamos profundamente interesados en las propiedades teóricas (desde el punto de vista de la teoŕıa 
de funciones) de estas clases de funciones y sus conexiones con las respectivas familias de Khinchin 
(como por ejemplo el caso de f 2 K una función entera). 



Conclusiones 

Los resultados contenidos en esta tesis doctoral son los siguientes: 
En el Caṕıtulo 1 estudiamos las propiedades elementales de las familias de Khinchin. Intro-

ducimos la media y la varianza de una familia de Khinchin; estas funciones desempeñan un papel 
muy relevante en esta teoŕıa y estudiar su crecimiento y rango es muy importante. Por ejemplo, 
las funciones de media y varianza aparecen en la función caracteŕıstica de una familia de Khinchin 
normalizada y también en la fórmula de Hayman para los coeficientes de una serie de potencias. 
Posteriormente, introducimos tres componentes cŕıticos de esta teoŕıa: la función caracteŕıstica de 
una familia de Khinchin, la fórmula de Hayman para los coeficientes y el fulcrum de una serie 
de potencias en la clase K, estos tres objetos son ubicuos en esta tesis. Concluimos este primer 
caṕıtulo estudiando la función generatriz de momentos de una familia de Khinchin, incluyendo 
las cotas de Cherno↵, y conectando la teoŕıa de Wiman-Valiron con la teoŕıa de las familias de 
Khinchin. 

Las principales contribuciones del Caṕıtulo 1 son: 
• Subsección 1.2.3 donde estudiamos el rango de la varianza de ciertos productos canónicos en 
la clase Q. Esto nos da una plataforma para ilustrar el comportamiento de la varianza. 

• Lema 1.2.1 donde caracterizamos el rango de la media de una familia de Khinchin. 
• Una nueva prueba del Teorema 1.2.3 que nos permite extender este resultado a los momentos 
centrales absolutos de la respectiva familia de Khinchin. Véase también la Subsección 1.2.5 
donde estudiamos el rango de la varianza. 

• Lema 1.3.2; que implica en particular que las familias de Khinchin normalizadas son continuas 
en distribución, véase también el Lema 1.3.4. 

• Proposición 1.3.5 da una región libre de ceros para la función caracteŕıstica de una serie de 
potencias f 2 K (y también para la serie de potencias f). 

• Lema 1.3.9 expresa los momentos de la familia de Khinchin normalizada en términos de 
ciertos cocientes de derivadas del fulcrum (y viceversa). 

• También organizamos las diferentes operaciones con series de potencias y cómo se traducen 
en operaciones en el lado de la familia de Khinchin, véase la Subsección 1.3.6. 

• En la Subsección 1.4.2 relacionamos la función generatriz de momentos de una familia de 
Khinchin con su fulcrum. También damos cotas de Cherno↵ para las familias de Khinchin, 
véase la Proposición 1.4.6. 
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• En la Proposición 1.5.7, utilizando ideas de la teoŕıa de Wiman-Valiron, obtenemos algunas 
desigualdades diferenciales para el fulcrum de una función entera f 2 K. Estas desigualdades 
serán relevantes en el Caṕıtulo 2. 

En el Caṕıtulo 2 estudiamos los momentos de una familia de Khinchin y sus propiedades 
asintóticas. Posteriormente, introducimos el concepto de clan: este concepto proviene de [48], en 
ese caso relacionado con las funciones de Hayman. Veremos más adelante, en el Caṕıtulo 3, que las 
series de potencias fuertemente gausianas son clanes. En este caṕıtulo estudiamos las propiedades 
teóricas de las funciones enteras en relación con sus familias de Khinchin, por ejemplo, damos 
una fórmula para el orden de una función entera en términos de los momentos de una familia 
de Khinchin. También damos contraejemplos que prueban que no toda función entera es un clan, 
aunque siempre son clanes débiles. Concluimos este caṕıtulo demostrando que las funciones enteras 
de orden finito que tienen un valor excepcional de Borel son clanes. 

Las principales contribuciones del Caṕıtulo 2 son: 

• Lema 2.3.6. Este lema nos permite obtener fórmulas asintóticas, en términos de la esperanza, 
para los momentos no enteros de una familia de Khinchin. 

• En el Lema 2.3.9 demostramos que ciertos cocientes de momentos de familias de Khinchin 
son crecientes respecto a las respectivas potencias. Véanse también los Corolarios 2.3.10 y 
2.3.11 para comparaciones de momentos. 

• Lema 2.4.3 da una definición equivalente de clan en términos de las derivadas de f 2 K. 
También demostramos alĺı que las funciones enteras trascendentales f 2 K son clanes débiles. 
Véase también la Subsección 2.4.6 y en particular la Proposición 2.4.6. 

• El Teorema 2.4.4 nos permite construir contraejemplos que prueban que no toda función 
entera trascendental f 2 K es un clan. En esta ĺınea véase también el Lema ?? y el Corolario 
2.4.5. 

• En el Teorema 2.4.8 demostramos que para cualquier p >  0 los momentos p-ésimos de un 
clan tienen un asintótico en términos de la función media. 

• En el Teorema 2.4.11 damos una caracterización de clanes en términos de la función media. 
• Lema 2.4.16 expresa ciertos cocientes de una función f 2 K en términos de una serie de 
momentos factoriales divididos por potencias de la media de la familia de Khinchin. Posteri-
ormente, esto permite dar una caracterización de clanes en términos de f , véase el Teorema 
2.4.17. 

• En el Corolario 2.4.18 obtenemos una caracterización de clanes en términos de cierta función 
generatriz de momentos (en este caso E(e(Xt mf (t)) ) y  = ⌫(t) = ln(1 + 1/mf (t))). 

• El Teorema 2.5.1 da el orden de una función entera en términos de los momentos de una 
familia de Khinchin. 

• La Proposición 2.5.3 da una desigualdad para el orden de una función entera en términos del 
2cociente 
f (t)/mf (t). 

• La Proposición 2.5.7 da que los productos canónicos con ceros negativos y que pertenecen a 
la clase K son clanes. 

• El Teorema 2.5.9 da condiciones suficientes para que una función entera de orden finito ⇢ > 0 
sea un clan. 
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• El Teorema 2.5.10 demuestra que las funciones enteras con un valor excepcional de Borel 
son clanes. En esta ĺınea, la Proposición 2.5.11 da que el producto de un polinomio y la 
exponencial de una función entera de orden finito en K es siempre un clan; esto demuestra 
que la exponencial de una función entera de orden finito es siempre un clan. 

En el Caṕıtulo 3 introducimos condiciones uniformes en el lado de las familias de Khinchin que 
proporcionan un teorema local del ĺımite central para las familias de Khinchin y, por lo tanto, una 
fórmula asintótica para los coeficientes de la serie de potencias. Hay, al menos, tres clases de fun-
ciones que son relevantes para esta teoŕıa: las series de potencias gausianas, las series de potencias 
fuertemente gausianas y las funciones de Hayman. En este caṕıtulo estudiamos las propiedades 
teóricas de estas clases de funciones, aśı como las probabiĺısticas. En algunos casos, damos criterios 
para que una serie de potencias en K pertenezca a alguna de estas clases y demostramos que ciertas 
familias espećıficas de series de potencias, que son relevantes desde un punto de vista combinatorio, 
están en estas clases. 

Las principales contribuciones del Caṕıtulo 3 son: 

• Para series de potencias no nulas: damos criterios en términos del fulcrum para que una serie 
de potencias sea gausiana; ver Teoremas 3.1.4 y 3.1.6. Véase también la Observación 3.1.9 
para una generalización de estos resultados. 

• Bajo ciertas hipótesis, damos condiciones necesarias, para que una serie de potencias no nula 
f 2 K, sea gausiana, ver Corolario 3.1.8. 

• Demostramos que la exponencial de un polinomio eP 2 K es una serie de potencias gausiana, 
ver Proposición 3.1.14. 

• Demostramos un criterio de momentos para que una serie de potencias en K sea gausiana. 
Este criterio se aplica a series de potencias generales f 2 K, ver Teorema 3.1.19. Demostramos 
mediante este criterio que los productos canónicos con ceros negativos f 2 Q tales que 

2limt!1 f (t) = +1 son gaussianos, ver Teorema 3.1.21. 
• Demostramos que ciertas operaciones con series de potencias preservan ser gausiana. Por 
ejemplo, demostramos que bajo ciertas condiciones simples la serie de potencias h = P f , 
donde P 2 K es un polinomio y f 2 K una serie de potencias gausiana, es gausiana, ver 
Teorema 3.1.32. 

• En el Teorema 3.2.9 demostramos que las series de potencias fuertemente gausianas son 
gausianas. 

• En el Corolario 3.2.10 demostramos que las series de potencias fuertemente gausianas son 
clanes. 

• En el Corolario 3.2.11 demostramos ciertas propiedades asintóticas de las series de potencias 
fuertemente gausianas f 2 K. Como consecuencia de este resultado, obtenemos que para las 
series de potencias fuertemente gausianas siempre tenemos Mf = +1. 

• Demostramos que ciertas operaciones con series de potencias preservan la propiedad de ser 
fuertemente gausianas. Por ejemplo, demostramos que bajo ciertas condiciones simples la 
composición de un polinomio P 2 K con una serie de potencias fuertemente gausiana f 2 K 
da una serie de potencias fuertemente gausiana h = P f , ver Teorema 3.2.14. 



�

xxx 

• En el Lema 3.3.1 demostramos que el corte de una función de Hayman f 2 K debe tener 
2ciertas restricciones asintóticas (con respecto a la varianza 
f (t)). 

• En el Teorema 3.3.4 damos criterios, en términos del fulcrum, para que se cumpla la condición 
del arco mayor. Este criterio se aplica a series de potencias no nulas en K. 

• En las Secciones 3.4, 3.5 y 3.6 extendemos las definiciones de funciones gausianas, fuertemente 
gausianas y de Hayman a funciones uniformemente gausianas, uniformemente fuertemente 
gausianas y uniformemente de Hayman. Algunas de estas extensiones se utilizarán, por 
ejemplo, en los Caṕıtulos 4 y 6. 

En el Caṕıtulo 4 estudiamos series de potencias exponenciales, es decir, series de potencias de la 
forma f = eg, con g 2 P. Como se explica a lo largo de la Sección 4.1, esta estructura exponencial 
es muy relevante en combinatoria; un ejemplo de esta estructura lo dan las funciones generatrices 
ordinarias de los diferentes tipos de particiones de enteros. Más adelante damos criterios para que 
una serie de potencias exponencial f = eg, con g 2 P, sea gausiana y también criterios para que 
esta serie de potencias pertenezca a la clase de Hayman. Este ultimo criterio para la clase de ´ 

gHayman da condiciones muy simples en términos de los coeficientes de g para que f = e , con 
g 2 P, pertenezca a la clase de Hayman, ver Teoremas 4.3.17 y 4.3.15. Concluimos este caṕıtulo 
demostrando, a través del Teorema 4.3.17, que la mayoŕıa de las funciones generatrices de las 
particiones de enteros pertenecen a la clase de Hayman. 

Las principales contribuciones del Caṕıtulo 4 son: 

• Adaptamos los criterios del Caṕıtulo 3 para que una serie de potencias sea gausiana al caso 
f = eg con g 2 P. Estos criterios son mucho más simples ahora y se dan en términos de g, 
ver Teoremas 4.3.1 y 4.3.2. Véase también la Observación 4.3.4 para una generalización de 
estos resultados. 

• Bajo ciertas hipótesis, damos una condición necesaria, en términos de g 2 P, para que f = eg 

sea gausiana, ver Corolario 4.3.3. Véase también la Observación 4.3.4 para una generalización 
de este resultado. 

• En el Teorema 4.3.5 damos un criterio de momentos para que una serie de potencias expo-
nencial sea gausiana. Véase también la Observación 4.3.6, donde damos una caracterización 
de la gausianidad para series de potencias f = eg, con g 2 P que verifican ciertas hipótesis 
de acotación. 

• En el Teorema 4.3.12 damos un primer criterio en términos de g 2 P para que una serie de 
potencias f = eg pertenezca a la clase de Hayman. Véase también el Teorema 4.3.13 para 
más criterios. 

• En los Teoremas 4.3.17 y 4.3.15 damos criterios muy simples en términos de los coeficientes 
de g 2 P para que f = eg pertenezca a la clase de Hayman. 

• Utilizando los Teoremas 4.3.17 y 4.3.15, demostramos que la EGF de los números de Bell 
está en la clase de Hayman, ver Teorema 4.3.18. También demostramos, mediante el Teorema 
4.3.17, que la OGF de las particiones de enteros P , ver Teorema 4.3.19, de las particiones 
planas M , ver Teorema 4.3.21, y la OGF de las particiones en progresión aritmética Pa,b, ver  
Teorema 5.1.11, están en la clase de Hayman. 
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• En el Teorema 4.3.22 damos criterios para que una exponencial f = eg, con g 2 K sea 
uniformemente Hayman. También demostramos, utilizando este criterio, que la exponencial 
de un polinomio en K es uniformemente Hayman. 

En el Caṕıtulo 5 aplicamos toda la maquinaria anterior a las funciones generatrices exponen-
ciales de los números de Bell y también a las funciones generatrices de las particiones de enteros; 
particiones, particiones en partes distintas, particiones en progresión aritmética, algunas parti-
ciones coloreadas y particiones planas. Todas estas funciones están en la clase de Hayman, y por lo 
tanto son fuertemente gausianas. También demostramos que estas funciones generatrices están en 
las hipótesis del Teorema de Baéz-Duarte 3.2.8, y por lo tanto sus coeficientes tienen una fórmula 
asintótica dada por este teorema. 

Las principales contribuciones del Caṕıtulo 5 son: 

• Utilizando toda la maquinaria anterior simplificamos en gran medida las demostraciones de 
las fórmulas asintóticas para los diferentes tipos de particiones de enteros, ver Sección 5.1. 
Para las particiones de enteros, ver Teorema 5.1.14, este es el Teorema de Hardy-Ramanujan. 
Para las particiones de enteros en partes distintas, ver Teorema 5.1.15. Para las particiones 
de enteros en progresión aritmética, ver Teorema 5.1.16, este es el Teorema de Ingham. Para 
las particiones planas, ver Teorema 5.1.17, este es el Teorema de Wright. Para las particiones 
coloreadas con secuencia de colores (jb)j 1, ver Teorema 5.1.18. 

• Para las particiones de conjuntos, damos una demostración muy simple de la fórmula asintótica 
para los números de Bell, ver Sección 5.2 y en particular el Teorema 5.2.1. 

En el Caṕıtulo 6, y buscando un enfoque unificado, estudiamos grandes potencias de fun-
ciones anaĺıticas. Utilizando una variedad de teoremas locales del ĺımite central, damos fórmulas 

nasintóticas para los coeficientes de las series de potencias , para valores grandes de n, cuando el 
ı́ndice del coeficiente tiene alguna restricción asintótica. Un ejemplo de esta situación viene dado 
por la fórmula de inversión de Lagrange, el Teorema de Otter-Meir-Moon y sus extensiones. Este 
ultimo´ teorema tiene dos interpretaciones: la primera interpretación da una fórmula asintótica 
para los coeficientes de las funciones generatrices de diferentes familias de árboles combinatorios 
con ráız (y con pesos), esto depende de 2 K, y, en el lado de la familia de Khinchin, para las 
probabilidades asociadas a ciertos árboles aleatorios (Galton-Watson), esto depende de las familias 
de Khinchin asociada a (distribución de la descendencia). También tratamos los asintóticos de 
las distribuciones Lagrangianas, siendo un ejemplo de este tipo de distribuciones la distribución de 
Borel-Tanner. 

Las principales contribuciones del Caṕıtulo 6 son: 

• Unificamos bajo el mismo marco diferentes fórmulas asintóticas para grandes potencias de 
funciones anaĺıticas con coeficientes no negativos. Simplificamos en gran medida las de-
mostraciones utilizando la Teoŕıa de familias de Khinchin. 

• Simplificamos la demostración del Teorema 6.7.1 y sus extensiones. La Teoŕıa de familias de 
Khinchin parece estar hecha a medida para tratar los casos extremos de una manera muy 
simple, ver también el Teorema 6.7.2 y aledaños. 
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In this first chapter we collect the basic definitions and properties of Khinchin families. After 
describing the most basic definitions, and also some examples of interest, we discuss the growth 
and range of the mean and variance functions. These functions play an important role in this 
theory; understanding their intrinsic properties will be essential. 

Later on, we introduce the characteristic function and the fulcrum of a power series. We 
describe their properties and related results; one of these results being Hayman’s formula for the 
coe!cients of a power series: this formula represents the n-th coe!cient of a power series in terms 
of the characteristic function of its Khinchin family. 

We continue with the study of the moment generating function of a Khinchin family and then 
apply this study to the Cherno↵ bounds for Khinchin families. Following the lead of Rosenbloom 
[83] and Schumitzky [88] we conclude this chapter connecting the Wiman-Valiron’s theory with the 
theory of Khinchin families. This connection between the Wiman-Valiron theory and the theory 
of Khinchin families suggests certain concentration properties of entire Khinchin families that will 
become apparent in subsequent chapters. 

This chapter is based on the papers: 
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• Maciá, V.J. et al. Khinchin families and Hayman class. Comput. Methods Funct. Theory 
21 (2021), 851–904, see [17] 

• Maciá, V.J. et al. Growth of power series with nonnegative coe!cients, and Moments of 
power series distributions. (submitted) arXiv:2401.14473v2, see [19]. 

1.1 Khinchin families 

We denote by K the class of non-constant power series 

1X 
nf(z) =  anz 

n=0 

with positive radius of convergence, which have non-negative Taylor coe!cients and such that 
a0 > 0. Since f 2 K is non-constant, at least one coe!cient other than a0 is positive. 

A relevant property of the power series f 2 K is that 

M(f, t) = max |f(z)| = max |f(z)| = f(t), for any t 2 [0, R), 
|z|t |z|=t 

we will use this property assiduously. 

The Khinchin family of such a power series f 2 K with radius of convergence R >  0 is the  
family of random variables (Xt)t2[0,R) with values in {0, 1, . . .} and with mass functions given by 

antn 
P(Xt = n) =  , for each n 0 and t 2 (0, R) . 

f(t) 

Notice that f(t) > 0 for each t 2 [0, R). For t = 0, we define X0 ⌘ 0. Formally, the definition of X0 
is consistent with the general expression for t 2 (0, R), with the convention that 00 = 1, meaning 
that P(X0 = 0) = 1. 

No hypothesis upon joint distribution of the variables Xt is considered. Each (Xt)t2[0,R) is a 
family of random variables and not a stochastic process. 

1.1.1 Shifted Khinchin families 
P1 nSometimes it is convenient to consider power series g(z) =  bnz with radius of convergence 

n=0 
R >  0 and non-negative coe!cients with at least two positive coe!cients, but which may have 
g(0) = 0. We say then that g is in the shifted class Ks. Thus  g 2 Ks if there exists an integer l 0 
such that 

g(z)/zl 2 K , 

i.e., if there exists a power series f(z) 2 K with radius of convergence R >  0 such that g(z) =  zlf(z), 
for z 2 D(0, R). 
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4 CHAPTER 1. ELEMENTARY PROPERTIES OF KHINCHIN FAMILIES 

To each g 2 Ks we associate a Khinchin family (Yt)t 2(0,R) as above: 

P(Yt = n) =  bntn/g(t) , for n 0 and t 2 (0, R) . 

If (Zt)t2[0,R) is the Khinchin family of f 2 K, then  

d
Yt = Zt + l ,  

including, Y0 ⌘ l. 

1.1.2 Examples of Khinchin families 

Now, we will showcase some examples of Khinchin families that will be the benchmark along this 
thesis. In general, we will refer to these basic families, defined below, to exemplify the definitions 
and the applications. 

A. The basic families 

The first examples of Khinchin families are linked to the most basic and familiar discrete random 
variables with values in {0, 1, . . . }, that is, Bernoulli, binomial, geometric (or Pascal), negative 
binomial and Poisson. 

• If f(z) =  1 +  z, then for each t >  0, the variable Xt is a Bernoulli variable with parameter 
t/(1 + t). Observe that 

1 t 
P(Xt = 0) = , and P(Xt = 1) = , for any t 2 [0,+1). 

1 +  t 1 +  t 

P
N N n• If f(z) = (1 +  z)N = z , with an integer N 1, then for each t >  0, the variable 
n=0 n 

Xt, a discrete random variable taking values on {0, 1, 2, . . . , N}, is a binomial variable with 
parameters N and t/(1 + t), that is, 

✓ ◆ ✓ ◆✓ ◆n ✓ ◆
Ntn nN N t t 

P(Xt = n) = = 1 , 
n (1 t)N n 1 +  t 1 +  t 

for any 0  n  N and t 2 (0,+1). 

• If f(z) = 1/(1 z), then for each t 2 [0, 1), the variable Xt is a geometric or Pascal variable 
(number of failures until first success) with success probability 1 t, that is, 

P(Xt = n) =  tn(1 t), for any n 0 and t 2 [0, 1). 

• If f(z) = 1/(1 z)N , then for each t 2 (0, 1), the variable Xt is a negative binomial with 
parameters N and 1 t. 

z• If f(z) =  e , then, for each t > 0, the random variable Xt is a Poisson variable of parameter 
t. 



�

�
� �

�

�

�

�

�

�

5 1.1. KHINCHIN FAMILIES 

zWe will refer to the Khinchin families associated to f(z) =  e , f(z) = 1 +  z and to f(z) =  
1/(1 z) as Poisson, Bernoulli and Pascal family, respectively. 

N• If f(z) =  aN zN +aN 1z 1 +· · ·+a0 2 K, with an integer N 1 and aN 6= 0, is a polynomial 
of degree N . For each t >  0 the random variable Xt takes values in the set {0, 1, . . . , N}. 
The Bernoulli and binomial families are particular cases of f 2 K a polynomial. 

B. Khinchin families and partitions 

Here we study the Khinchin families associated to the generating functions of combinatorial objects 
related to partitions. Our first example is the EGF of the Bell numbers, these numbers give the 
number of partitions of a set of certain fixed size. We continue studying the OGF of the partitions 
of integers (di↵erent cases: in di↵erent parts, in arithmetic progression etc.). 

• The EGF B(z) of Bn, the Bell numbers, is given by the entire function 

1X Bne
z 1 z n , for any z 2 C.B(z) =  e = 

n! 
n=0 

For any n 1, the sequence Bn gives the number of partitions of a set of size n. We adhere 
to the convention that B0 = 1 and therefore B 2 K. 

• The OGF of the number of partitions of an integer n, the partition function, given by 

1Y 1
1X 

n , for z 2 D ,P (z) =  = p(n) z
j1 z

j=1 n=0 

is in K. 

• The OGF Q(z) of partitions into distinct parts q(n) (which is also the OGF of partitions into 
odd parts) is given by: 

1Y 1Y 1X1
j ) =  n , for z 2 D ,Q(z) =  (1 + z = q(n) z 

z2j+11
j=1 j=0 n=0 

is also in K. Observe that 

P (z)
(1.1.1) Q(z) =  , for z 2 D . 

P (z2) 

• For integers a, b 1, the infinite product 

1Y 1 
for z 2 D ,

aj+b ,(1.1.2) Pa,b(z) =  
1 z

j=0 
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the OGF of the partitions whose parts lie in the arithmetic progression {aj + b : j 0} is 
also in K. Observe that P1,1 ⌘ P and that P2,1 ⌘ Q. 

For integers a 1, b  0, the infinite product W b given by a 

⇣1Y ⌘
j
b1 

W b 
a (z) =  ,

ja1 z 
for z 2 D , 

j=1 

is also in K. We  have  W1
0 ⌘ P . Also, W1

1(z), known as the MacMahon function [63], turns 
out to be the OGF of plane partitions; see [7] for a simple proof. Besides, W 0(z) is  the  OGF  a 
of partitions with parts which are a-th powers of positive integers. In general, W b(z) is  the  a 
OGF of colored partitions. 

C. Other families of combinatorial interest 

Here we give some examples of EGF which are exponentials of certain power series in Ks. This  
structure usually appears when studying certain combinatorial objects. See Chapter 4, in particular 
Section 4.1, for further details. 

• The EGF of the functions from {1, . . . , n} into {1, . . . , n} is given by 

1X nn 
n g(z) =  z . 

n! 
n=1 

Observe that g is in Ks. The EGF of the sets of functions from {1, . . . , n} to itself is given 
by f(z) =  eg(z), which is in  K. 

• The EGF of the rooted labeled Cayley trees is given by 

1X n 1n 
nT (z) =  z 

n! 
n=1 

and therefore T is in Ks. The EGF of the forests of rooted labeled Cayley trees is given by 
T (z)F (z) =  e , and is in K. 

D. Entire functions of genus 0 with negative zeros 

We consider transcendental1 entire functions f in K of genus 0 whose zeros are all real and negative. 
Due to Hadamard’s factorization these functions have the form 

1Y✓ ◆ 
z 

, for any z 2 C,f(z) =  a 1 +  
bj

j=1 

1Transcendental entire functions are entire functions which are not polynomials. 
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where a >  0 and (bj )j 1 is an increasing sequence of positive real numbers verifying that 

1X 1 
< +1. 

bj
j=1 

The zeros of f are real and negative. We normalize f(0) = a = 1. 

We denote by 

N(t) = #{j 1 :  bj  t}, for t >  0, 

the counting function of the zeros of f . This is a non-decreasing function verifying that N(t) ! +1, 
as t ! +1. We denote by Q ✓ K the class of entire functions f 2 K with genus 0 and (real) 
negative zeros which are normalized in such a way that f(0) = 1. 

1.2 Mean and variance functions 

2For the mean and variance of Xt we reserve the notation mf (t) =  E(Xt) and 
f (t) =  V(Xt), for 

t 2 [0, R). In terms of the power series f 2 K, the mean and the variance of Xt may be written as 

tf 0(t) d 
(1.2.1) mf (t) =  = t ln(f(t)), 

f 
2(t) =  tm0 

f (t) , for t 2 [0, R) . 
f(t) dt 

Observe that for any t 2 [0, R) we  have  

1X antn tf 0(t) 
mf (t) =  E(Xt) =  n = ,

f(t) f(t)
n=0 

and 
t2f 00(t)2 0 

f (t) =  E(Xt 
2) E(Xt)

2 = mf (t)(1 mf (t)) + = tm
f (t),f(t) 

Here we have used that 

t2f 00(t)
(1.2.2) E(Xt 

2) =  E(Xt(Xt 1)) + E(Xt) =  + mf (t),f(t) 

and also that 
✓ 
t2f 00(t) 

◆ 
0tm
f (t) =  t ln(f(t))0 + t ln(f(t))00 = mf (t) +  mf (t)

2 . 
f(t) 

2Therefore 
f (t) =  tm0 

f (t). 
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8 CHAPTER 1. ELEMENTARY PROPERTIES OF KHINCHIN FAMILIES 

A first look at the range of the mean 
2For each t 2 (0, R), the variable Xt is not a constant, and so 
f (t) =  tm0 

f (t) > 0. Consequently, 
mf (t) is strictly increasing in [0, R), though, in general, f (t) is not increasing. We denote 

(1.2.3) Mf = lim  mf (t) . 
t"R 

The mean mf is an increasing di↵eomorphism from [0, R) to [0,Mf ). 

2For g 2 Ks, with Khinchin family (Yt), we also write mg(t) =  E(Yt) and (t) =  V(Yt). If g 
g(z) =  zsh(z), with s 1 and h 2 K we have that 

2 2 mg(t) =  s+ mh(t) and (t) =  
h
(t).g 

For finite radius of convergence R >  0 and for any integer k 1, the function f(t) and all 
its derivatives f (k)(t) are increasing functions on the interval [0, R). For k 1, we denote with 
f (k)(R) the  limit  

f (k)(R) , lim f (k)(t) , 
t"R 

including 
f(R) , lim f(t) ;

t"R 

these limits exist, although they could be +1. 

For R = 1 we distinguish two cases: If f is a transcendental entire function in K, then  the  
function f(t), and all its derivatives, are increasing functions on the interval [0,+1), besides 

lim f (k)(t) = +1 , for any integer k 0. 
t!+1 

If f is a polynomial in K of degree N 1, then f (k)(t) is an increasing function for 0  k  N 1, 
besides 

lim f (k)(t) = +1, for any integer 0  k  N 1 
t!1 

and 

lim f (N)(t) =  N ! and lim f (k)(t) = 0, for any k > N.  
t!+1 t!+1 

1.2.1 Some examples 

Here we compute the mean and the variance of the basic families. We also give examples for 
the mean and variance of some families of combinatorial interest, for instance for the OGF of the 
partitions of integers P . 
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9 1.2. MEAN AND VARIANCE FUNCTIONS 

A. Mean and variance of the basic families 

Now we introduce the basic families. These families will appear recurrently along this text. 

• For f(z) = 1 +  z the radius of convergence is R = 1. The associated Khinchin family (Xt) 
is the Bernoulli family, then, for any t 0, the mean and variance functions are given by 

t t2 mf (t) =  , and 
f (t) =  . 

1 +  t (1 + t)2 

In this case Mf = 1 and therefore mf is a di↵eomorphism from [0,+1) onto [0, 1). 

• For f(z) =  (1  +  z)N , with an integer N 1, the radius of convergence is R = 1. The  
associated Khinchin family (Xt) is the binomial family, then, for any t 0, the mean and 
variance functions are given by 

Nt  Nt2 mf (t) =  , and 
f (t) =  . 

1 +  t (1 + t)2 

In this case Mf = N and therefore mf is a di↵eomorphism from [0,+1) onto [0, N). 

• For f(z) = 1/(1 z) the radius of convergence is R = 1. The associated Khinchin family (Xt) 
is the Geometric (or Pascal) family, then, for any t 2 [0, 1), the mean and variance functions 
are given by 

t t2 mf (t) =  , and 
f (t) =  . 

1 t (1 + t)2 

In this case Mf = +1 and therefore mf is a di↵eomorphism from [0,+1) onto [0,+1). 

• For f(z) = 1/(1 z)N , with an integer N 1, the radius of convergence is R = 1. The 
associated Khinchin family (Xt) is the Geometric (or Pascal) family, then, for any t 2 [0, 1), 
the mean and variance functions are given by 

Nt  Nt2 mf (t) =  , and 
f (t) =  . 

1 t (1 + t)2 

In this case Mf = +1 and therefore mf is a di↵eomorphism from [0,+1) onto [0,+1). 
z• For f(z) =  e the radius of convergence is R = 1. The associated family (Xt) is the Poisson 

family, then, for any t 0, the mean and variance functions are given by 

2 mf (t) =  t, and 
f (t) =  t. 

In this case Mf = +1 and therefore mf is a di↵eomorphism from [0,+1) to [0,+1). 
N• For f(z) =  aN zN +aN 1z 1 +· · ·+a0 2 K, with an integer N 1 and aN 6= 0, a polynomial 

of degree N = deg(f), the associated family (Xt) takes values in {0, 1, 2, . . . , N} and 

NNaN tN + (N 1)aN 1t 1 + · · ·+ a1t (1.2.4) mf (t) =  , 
aN tN + aN 1tN 1 + · · ·+ a0 



� �

� � �

�
�

�
�

�

�

�

�

� � �

10 CHAPTER 1. ELEMENTARY PROPERTIES OF KHINCHIN FAMILIES 

therefore Mf = deg(f) =  N and mf is a di↵eomorphism from [0,+1) onto [0, N). 
Observe that ( 

0  if  j =6 N 
lim P(Xt = j) =

t!+1 1  if  j = N 

that is, Xt converges in distribution, as t ! +1, towards the constant random variable 
X ⌘ N = deg  f . 
We have, see equation (1.2.2), that 

✓ 
t2f 00(t) 

◆ 
lim E(Xt 

2) =  lim  (E(Xt(Xt 1)) + mf (t)) = lim mf (t) ,
t!+1 t!+1 t!+1 f(t) 

then 
✓ 
t2f 00(t) 

◆ 
lim E(Xt 

2) =  lim  mf (t) = N(N 1) N = N2 . 
t!+1 t!+1 f(t) 

Using the previous limits we conclude that, for a polynomial f 2 K, we always have 

2(1.2.5) lim 
f (t) =  lim  E(Xt 

2) E(Xt)
2 = 0. 

t!+1 t!+1 

As we shall see, the reciprocal is also true, i.e. polynomials in K are characterized by (1.2.5), 
see Theorem 1.2.3 below for further details. 

B. Khinchin families and partitions 

Here we study the mean and variance functions of generating functions associated to certain types 
of partitions. The expressions collected in here will be useful in subsequent chapters, see, for 
instance, Chapter 5. 

e
z 1• For B(z) =  e , the EGF of the Bell numbers Bn, the radius of convergence is R = 1. For 

any t 0, because of (1.2.1), the mean and the variance functions of B are given by 

t 2 t mB (t) =  te , and B(t) = (t + t2)e . 

In this case MP = +1 and mP is a di↵eomorphism from [0,+1) onto [0,+1). 

• For P (z), the OGF of the partition of integers p(n), the radius of convergence is R = 1. 
Recall that 

1Y 1 
P (z) =  

j , for any z 2 D. 
1 z

j=1 

By using (1.2.1), and the logarithmic derivative of P , we find that 
1 1X jtj X j2tj2(1.2.6) mP (t) =  and P (t) =  ,

1 tj (1 tj )2 
j=1 j=1 
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11 1.2. MEAN AND VARIANCE FUNCTIONS 

for any t 2 [0, 1). Observe that 

t 2 mP (t)  P (t), for any t 2 [0, 1),
1 t 

therefore Mf = +1 and mf is a di↵eomorphism from [0, 1) onto [0,+1). We also have that 
2limt"1 P (t) = +1. 

By Euler summation, one may obtain convenient asymptotic formulas describing the behavior 
2of mP (t) and 
P (t), as t " 1: 

⇣(2) 2⇣(2) 2(1.2.7) mP (t) ⇠ , P (t) ⇠ , as t " 1. 
(1 t)2 (1 t)3 

See, for instance, Chapter 5. 

• For Q(z), the OGF of the partitions of integers in distinct parts q(n), the radius of convergence 
is R = 1. Recall that 

1Y 1Y 1(1) j ) (2) for any z 2 D.Q(z) (1 + z= = ,
2j+11 z

j=1 j=0 

For any t 2 [0, 1), using (1.2.1), and the logarithmic derivative of Q, we find that 

(1) 
1X jtj (2) 

1X jtj (1) 
1X j2tj (2) 

1X j2tj2 
Q(t)mQ(t) and = = = = ,

1 +  tj 1 tj (1 + tj )2 (1 tj )2 
j=1 j=1j j1 odd  1 odd  

Observe that 

P (z)
(1.2.8) Q(z) =  , for any z 2 D,

P (z2) 

here we use that the partitions of integers into odd parts are in bijection with the partitions 
of integers into distinct parts or simply that 1 z2j = (1  zj )(1 + zj ): 

1Y 1Y (1 + zj )(1 zj ) P (z)
j ) =Q(z) =  (1 + z = .

j P (z2)1 z
j=1 j=1 

Taking logarithmic derivatives in (1.2.8) we can write 

(1.2.9) mQ(t) =  mP (t) 2mP (t
2), for any t 2 [0, 1). 

and therefore using the expressions for mQ we find that 

t  mQ(t)  mP (t), for any t 2 [0, 1). 
1 t 

Here mP denotes the mean associated to P , the OGF of the partitions of integers. 
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12 CHAPTER 1. ELEMENTARY PROPERTIES OF KHINCHIN FAMILIES 

Similarly, but now using equation (1.2.9), we find that 

2 2 2 
Q(t) =  P (t) 4 P (t

2), for any t 2 [0, 1). 

and therefore 

t 2 2 Q(t)  P (t), for any t 2 [0, 1). 
(1 t)2 

In this case MQ = +1 and mQ is a di↵eomorphism from [0, 1) onto [0,+1). We also have 
2that limt"1 Q
(t) = +1. Observe that 

2 mQ(t)  Q(t), for any t 2 [0, 1), 

this follows from the inequality 

jtj j2tj  , for any t 2 [0, 1) and j 1. 
(1 tj ) (1 tj )2 

• For integers a, b 1, the power series Pa,b(z), the OGF of the partitions in the arithmetic 
progression A = {aj + b : j 0}, has radius of convergence R = 1. Recall that Pa,b is given 
by the infinite product 

1Y 1 
Pa,b(z) =  for any z 2 D ,

aj+b ,1 z
j=0 

see (1.1.2) for further details. In this case, for any t 2 [0, 1), we have 

X jtj X j2tj2 mPa,b (t) =  
tj 

and Pa,b 
(t) =  

tj )2 . 1 (1
j2A j2A 

Taking a = b = 1  we  have  A = {1, 2, . . . } and therefore we retrieve the mean and variance of 
P (z), the OGF of the partitions of integers. 

Fixing a = 2 and b = 1 we obtain that A is the set of odd natural numbers, and therefore we 
retrieve the mean and variance of Q(z), the OGF of the partitions into distinct parts (and 
equivalently in odd parts). 

The previous example can be easily generalized by taking a subset A of {1, 2, . . . }. In  this  
case we obtain 

Y 1 
PA(z) =  

j , z  2 D. 
1 z

j2A 

This is the OGF of the partitions with parts in A. 
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13 1.2. MEAN AND VARIANCE FUNCTIONS 

By using the same argument than above we have 

jtj j2tjX X 
and 2 

PA 
(t) =(1.2.10) (t) =mPA ,

1 tj tj )2(1
j2A j2A 

for any t 2 [0, 1). We have that MPA = +1 and therefore mPA is a di↵eomorphism from 
2[0, 1) onto [0,+1). We also have that limt"1 (t) = +1.
PA 

Observe that, for J = min  A, we have the inequality 

JtJ 
2 mPA (t)  (t), for any t 2 [0, 1),

(1 tJ ) PA 

this follows combining equation (1.2.10) and the inequality 

jtj j2tj  , for any t 2 [0, 1) and j 1. 
(1 tj ) (1 tj )2 

• For any pair of integers a 1 and b 0, the infinite product Wa,b(z) is the OGF of the 
colored partitions, this power series has radius of convergence R = 1. Recall that 

✓ ◆
j
b 

1Y1 

(z) =  ,
ja1 z 

W b 
a for any z 2 D. 

j=1 

XX 

For any t 2 [0, 1), the mean and variance functions are given by 
1 1j

a 
j
a 

j2atjat 
jb jband 2 

W b 
a 
(t) =mWa

b (t) =  ,
tja tja )21 (1

j=1 j=1 

X 

respectively. In this case MW b = +1 and therefore mW b is a di↵eomorphism from [0, 1) onto 
a a 

2[0,+1). We also have that limt"1 (t) = +1.
W b 

a 

C. Other Khinchin families of combinatorial interests 

Here we study the mean and variance functions of some exponential power series. As mentioned 
before this exponential structure is ubiquitous in combinatorics, see, for instance, Chapter 4. 

• The EGF of the functions from {1, 2, . . . , n} into {1, 2, . . . , n} is given by 
1 

nn

n 1 
z , for any |z| <g(z) =  . 

n! e 
n=1 

see [32, p. 111 - II.3.2]. Consider the EGF of the sets of functions from {1, 2, . . . , n} to 
{1, 2, . . . , n}, that is, f(z) =  eg(z) then 

X1 

n! 
n=1 

n+1n 
mf (t) =  tg0(t) =  tn 2 2 00(t),, and 

f (t) =  tg0(t) +  t g 
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for any t 2 [0, 1/e). Applying Stirling’s formula we find that limt"1/e mf (t) = +1, therefore 
Mf = +1 and the mean mf is a di↵eomorphism from [0, 1/e) onto [0,+1). 
Observe that 

2 mf (t)  
f (t), for any t 2 [0, 1/e), 

2then we also have that limt"1/e f (t) = +1. 

• The EGF of the bijective functions from {1, 2, . . . , n} onto {1, 2, . . . , n}, that is, the EGF of 
the permutations is given by 

1 

n! 1 z 
n=1 

X n! 
n z 

z = , for any z 2 D.g(z) =  

The EGF of sets of bijective function from {1, 2, . . . , n} onto {1, 2, . . . , n} is given by f(z) =  
g(z)e , therefore, for any t 2 [0, 1), we have 

X 

t t(1 + t)2 mf (t) =  and 
f (t) =  . 

(1 t)2 (1 t)3 

Observe that Mf = +1 and therefore mf is di↵eomorphism from [0, 1) onto [0,+1). 

• The EGF of the rooted labeled Cayley trees is given by 

1 n 1n 
n 1 

z , for any |z| T (z) =  . 
n! e 

n=1 

This power series is in Ks. Stirling’s formula gives that limt"1/e T (z) < +1 and T extends 
to be continuous on the closure of D(0, 1/e). Observe that 

n 1n 1 1 ⇠ p , as n ! 1. 
n!en n3/22⇡ 

For the first derivative we have, using again Stirling’s formula, that limt"1/e T
0(t) = +1, 

therefore MT = +1 and mT is a di↵eomorphism from [0, 1/e) onto [0,+1). 

1.2.2 Mean and variance in terms of coe cients 

We may also write the mean and variance in terms of the Taylor coe!cients an of f . For the mean 
we have 

X1 
n(1.2.11) f(t)mf (t) =  nant , 

n=0 
X1 

nf(t)2 mf (t)
2 = nant 

XX1 n 

n=0 n=0 k=0 

⇣ ⌘ 
an kak(n k)k . 2 n(1.2.12) t= 
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Besides, for the moment of order 2, we have 

X X 
n 2 n(1.2.13) f(t)2E(Xt 

2) =  ant n ant 
n=0 n=0 

11 

X 
= t 

1 
n 

n⇣X ⇤⌘1⇥ 
k)2 + k2(nan kak ,

2 
n=0 k=0 

2 
f (t), and any t 2 (0, R), we have that and thus for the variance 

2(1.2.14) f(t)2 
f (t) =  f(t)2E(Xt 

2) f(t)2 mf (t)
2 

X 
= t 

1 
n 

n⇣X ⇤⌘1⇥ 
k)2((n k)an kak . 

2 
n=0 k=0 

Mean and variance functions of some canonical products. 
2 
f (t), for large values of t >  0,In order to explore the behavior of the variance function we 

introduce now, as an illustrative example, the mean and the variance functions of some canonical 
products with negative zeros. 

Class Q ✓ K of canonical products: We define the class Q of entire functions of genus 0 with 
negative zeros as follows: let (bk)k 1 be a sequence of positive numbers increasing to 1 in such aP 
way that 1 

k=1 1/bk < +1 and let the canonical product f be 

⇣ ⌘1Y z 
(1.2.15) f(z) =  1 +  , for z 2 C. 

bk
k=1 

this infinite product gives an entire function in K, which has as zeros { bk, k  1}, the class Q ✓ K 
is the subclass of K formed by these canonical products . We denote with 

N(t) = #{k 1 :  bk  t}, for t > 0 , 

the counting function of zeros of f . Thus  N(t) counts the number of zeros of f in the disk D(0, t). 

For the mean and variance functions of f , we have, from (1.2.1), that 

11X Xt 2 bkt (1.2.16) mf (t) =  and 
f (t) =  , for t 0. 

t+ bk (t+ bk)2 
k=1 k=1 

Recall that 

bkt t 
< , for any t > 0 and any k 1,

(t+ bk)2 t+ bk 
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16 CHAPTER 1. ELEMENTARY PROPERTIES OF KHINCHIN FAMILIES 

and also that 

t 
< 

t+ bk 

8 
>>>< 

>>>: 

bkt 2 , if bk > t > 0 
(t+bk)2 

1, if bk  t. 

It follows from these two estimates that 

2 2(1.2.17) 
f (t) < mf (t) < 2 

f (t) +  N(t), for any t > 0. 

2Estimates of 
f (t) for the canonical product f of (1.2.15). We will see later that these 

2canonical products provide interesting examples of the behavior of 
f (t), which we now estimate 

precisely, following the lead of Hayman in [49, Theorem 4]. 

We assume from the start that 

(1.2.18) bk+1 2bk, for any k 1. 

Consider the positive function '(x) =  x/(1+x)2 , for x > 0. This function ' attains a maximum 
value of 1/4 at x = 1, and satisfies 

x 1 
(1.2.19) < '(x) < x,  for x 2 (0, 1), and < '(x) < 1/x, for x > 1 . 

4 4x 

We can write 
X1 

2 
f (t) =  '(t/bk) , for any t < 0 . 

k=1 

For each n 2, we let In denote the interval 
p p

In := [ bn 1bn, bnbn+1] . 

For t 2 In, n  2, and k > n, we  have  t/bk < 1 and, on account of (1.2.18), we have that 
(n+1)bn+1.bk 2k Thus, using (1.2.19), we see that 

s 
X X 1 2t bnt 

' < t    2 , for any t 2 In, n  2 . 
bk bk bn+1 bn+1

k>n k>n 

Besides, for t 2 In, n  2, and k < n, we  have  t/bk > 1 and, on account of (1.2.18), we have 
that bk  bn 1/2n 1 k . Thus, using (1.2.19), we see that 

rX X bn 1' < bk  bn 1  2 ,
bk t t bn

k<n k<n 

1 2t 

for any t 2 In, n  2 .  
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17 1.2. MEAN AND VARIANCE FUNCTIONS 

It follows then that 
onp pt t2(1.2.20) '  

f (t)  ' + 4 max bn/bn+1, bn 1/bn , for any t 2 In . 
bn bn 

and so, using that '(x) decreases whenever x moves away from 1, 

np p o12 sup 
f (t)  + 4 max bn/bn+1, bn 1/bn , 

t2In 4 
(1.2.21) o1 np p

2inf 
f (t) min bn/bn+1, bn 1/bn , 

t2In 4 

for any n 2. 

1.2.4 Growth and range of the mean. 

Since the mean function mf (t) is increasing, its range is given by [0,Mf ). See equation (1.2.3) for 
the definition of Mf . 

The case where Mf = 1 is particularly relevant. If Mf = 1, then  mf (t) is a di↵eomorphism 
from [0, R) onto [0, +1) and, in particular, for each n 1, there exists a unique tn 2 (0, R) 
such that mf (tn) =  n. These  tn play an important role in Hayman’s identity, see (1.3.31), and in 
Hayman’s asymptotic formula, see equation (1.3.29). 

The power series f 2 K such that 

(1.2.22) Mf = lim  m(t) > 1 
t"R 

comprise a subclass K? that will be relevant in future chapters, see Chapter 6. If f 2 K?, the  
unique value ⌧ 2 (0, R) such that m(⌧) = 1, is called the apex of f . This apex ⌧ is characterized 
by ⌧f 0(⌧) =  f(⌧). Observe that the existence of apex for f precludes f from being a polynomial 
of degree 1, and, in particular, implies that f 00(⌧) > 0. 

The following discussion, collected later on as a Lemma, describes the quite specific cases where 
Mf < +1; This is Lemma 2.2 of [17]. 

Let f 2 K with radius of convergence R >  0 and assume that Mf < 1. Then  
P1 

n=0 nant
n tf 0(t)

(?) m(t) =  P1 =  Mf , for t 2 (0, R) . 
f(t)

n=0 ant
n 

For any fixed t0 2 (0, R), we then have upon integration in (?) that 

⌘ ⇣ ⌘⇣ f(t) t 
(??) ln   Mf ln , for t 2 [t0, R) . 

f(t0) t0 

Let us distinguish now between radius of convergence R being finite or not. 
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P1• If R <  +1 and Mf < 1, then  (??) implies that limt"R f(t) < 1 and then 
n=0 anR

n < 1. 
And, besides, from (?) we deduce also that 

1X 
([) nanR

n < 1 . 
n=0 

And, conversely, if ([) holds and f in K has radius of convergence R, then  
P1 

n=0 nanR
n 

Mf = P1 < 1 . 
n=0 anR

n 

• If R = 1 and Mf < 1, then  (??) implies that f is a polynomial. And conversely, see 
equation (1.2.4), and the discussion in there, for a polynomial f in K of degree N , one actually 
has Mf = N . 

In summary: 

P1Lemma 1.2.1 (Lemma 2.2 of [17]). For f(z) =  n in K with radius of convergence R >  0,
n=0 anz 

we have Mf < 1 in just the following two cases: 

P1(1) if R <  1 and 
n=0 nanR

n < 1, 

(2) and if R = 1 and f is a polynomial. 

P1 P1In the first case, we have Mf = (  
n=0 nanR

n)/( 
n=0 anR

n). For  a  polynomial  f 2 K, we  
have Mf = deg(f). 

The following Lemma gives upper and lower bounds for the quotient f( t)/f(t) in terms of the 
mean mf (t) of the Khinchin family (Xt). 

Lemma 1.2.2 (Simić, [90]). For > 1 and t >  0, with  t < R, we have 
✓ ◆ 
f( t) 

mf (t) ln   ln  mf ( t) ln  . 
f(t) 

Proof. Since mf is an increasing function we have that 

Z 
t du 

mf (t) ln  < mf (u) < mf ( t) ln  , 
ut 

but since Z Z ✓ ◆
t du t f( t) 
mf (u) = (ln f)0(u)du = ln  , 

u f(t)t t 

the result follows. 
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19 1.2. MEAN AND VARIANCE FUNCTIONS 

1.2.5 Growth and range of the variance 
f 
2 

2Some of the results below concerning 
f (t) will  depend  on the gaps among the indices of the power 

series. We introduce next some convenient notation. 

Let (nk)k 1 be the increasing sequence of indices so that ank =6 0, for each k 1, and an = 0, if 
n /2 {nk : k 1}. Thus  the  (ank ) are the nonzero Taylor coe!cients of f , and the random variables 
(Xt) take exactly the values (nk). Observe that n1 = 0, and that for a polynomial f , the  sequence  
(nk)k 1 is finite. Define gap(f) and gap(f) as 

(1.2.23) gap(f) =  sup  (nk+1 nk) and gap(f) =  lim sup  (nk+1 nk). 
k 1 k!1 

It is always the case that gap(f) gap(f) 1, for any f 2 K which is not a polynomial. For 
polynomials, we still have gap(f) 1, and we can define gap(f) = 0. 

We divide the discussion on variance growth depending on whether R is infinite or finite. 

A. Entire functions, R = 1 
2 2A. Lower bounds for supt>0 f (t) and for lim supt!1 f (t). 

The (universal) lower bounds on f that we are about to discuss originate with Hayman’s 
results in [49] quantifying Hadamard’s three lines theorem for entire functions (not necessarily in 
K). See also [2] and [57]. 

Theorem 1.2.3 (Bŏıchuk–Gol’dberg, [13]). If f 2 K is entire, then 
⇣ ⌘ 

2 sup 
f (t) 

1 
gap(f)2 1 

. 
t>0 4 4 

If, moreover, f is transcendental, then 
⇣ ⌘ 

2lim sup 
f (t) 

1 
gap(f)2 1 

. 
t!1 4 4 

Recall that an entire function f is termed transcendental if it is not a polynomial. 
This result is Theorem 2 of [13]. See also Theorem 1 in [1] and Lemma 2.5 in [74]. The 

probabilistic argument below is simpler than the original proof; it uses the discreteness of the 
random variables Xt. 

Proof of Theorem 1.2.3. Let (nk)N be the indices of the nonzero coe!cients of f , with  N  +1.
k=1 

Fix k < N  and take t? > 0 so that mf (t?) = (nk+1 + nk)/2, i.e., the midpoint of the interval 
[nk, nk+1]. Such t? exists because mf (t) is a continuous (and increasing) function, mf (0) = 0, and 
Mf = 1 or Mf = degree(f) if  f is a polynomial (recall Lemma 1.2.1). 

1As Xt? takes the values n1, n2, . . . , clearly |Xt? mf (t?)| (nk+1 nk) with probability 1.2 
This gives 

12 
f (t

?) =  E (Xt? mf (t
?))2 (nk+1 nk)

2 . 
4 

The statements now follows by taking sup and limsup in the inequality above and appealing to the 
definitions of gap and gap. 
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20 CHAPTER 1. ELEMENTARY PROPERTIES OF KHINCHIN FAMILIES 

In fact, the very same argument shows, for the absolute centered moments, that if f 2 K is 
entire, then 

1 
sup E(|Xt mf (t)|p) 2p gap(f)

p, for any p >  0, 
t>0 

and, moreover, that if f is transcendental, then 

mf (t)|p)
1 

lim sup E(|Xt 
2p gap(f)

p, for any p >  0. 
t!1 

As for the sharpness of the sup part of Theorem 1.2.3, consider the case f(z) =  a + bz, with  
a, b > 0, for which Xt is a Bernoulli variable with success probability bt/(a + bt). In this case, one 

2has 
f (t) =  abt/(a + bt)2 , which takes its maximum value of 1/4 at t = a/b. 

In fact, the converse is also true. 

2Theorem 1.2.4 (Abi-Khuzzam, [1]). For f 2 K entire, supt>0 f (t) = 1/4 if and only if f(z) =  
a + bz, with  a, b > 0. 

This result is Theorem 3 of [1]. See also Lemma 2.5 in [74]. The probabilistic argument below 
is again simpler than the original proof. 

Proof of Theorem 1.2.4. The ‘if’ part has been discussed above. 
2Assume that f 2 K is entire and that supt>0 f (t) = 1/4. Theorem 1.2.3 gives that gap(f) = 1. 

Let an and an+1 be any two nonzero consecutive coe!cients of f , and let t? be such that mf (t?) =  
n+1/2 (observe that, in any case, Mf n+1). We have that |Xt? mf (t?)| 1/2. By hypothesis, 

2E((Xt? mf (t?))2) =  
f (t

?)  1/4, and thus |Xt? mf (t?)| = 1/2 with probability 1, which means 
that Xt? only takes the values n and n + 1, and thus f(z) =  anzn + an+1zn+1. Since  f(0) > 0, 
because f 2 K, it must be the case that n = 0 and f(z) =  a + bz, with  a, b > 0. 

For the sharpness of the limsup part of Theorem 1.2.3, consider a canonical product h given by 
the infinite product 

1 ⇣ ⌘Y z 
(1.2.24) h(z) =  1 +  ,

bn
n=1 

where (bn)n 1 is a sequence of positive numbers increasing to +1 so that (1.2.18) holds and, in fact, P 
such that limn!1 bn+1/bn = +1; in particular, 1/bk < +1 holds. Obviously, gap(h) = 1

k 1 
2and gap(h) = 1. It follows directly from the estimates (1.2.21) that lim supt!1 h
(t) = 1/4; this 

is Hayman’s example in Theorem 4 of [49]. If h is multiplied by a polynomial p in such a way that 
2f = ph 2 K, then it is still the case that lim supt!1 f (t) = 1/4. 

As it turns out, Abi-Khuzzam has characterized (see Theorem 2 in [2] and its proof) the entire 
2functions f 2 K with lim supt!1 f (t) = 1/4 as precisely those entire functions f 2 K which 

factorize as 
1 ⇣ ⌘Y z 

f(z) =  p(z) 1 +  ,
bn

n=1 
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21 1.2. MEAN AND VARIANCE FUNCTIONS 

where the bn are as in Hayman’s example, and where p is a polynomial. 

B. Limit of 
f (t) as t ! 1  

Regarding the existence and possible limits of 

2 . 

f (t) as t ! 1  
B.1. Polynomials. Polynomials f 2 K are characterized, among the entire functions in K, by  

f (t) = 0. 

2 

2 

, the following holds. 

(1.2.25) lim 
t!1 

A direct calculation with the formulas (1.2.1) shows that for polynomials (1.2.25) holds; in fact 
2 
f (t) =  O(1/t), as t ! 1. The converse follows, for instance, from Theorem 1.2.3. 
B.2. Transcendental functions. As shown by Hilberdink in [51], for a transcendental entire 

function it is never the case that limt!1 f (t) exists and it is finite. 
22 

2 

f (t) < +1 and lim inft!1 f (t) > 
0. To see this, just consider a canonical product f as in (1.2.15), with bn = 2n , and apply (1.2.21). 

It is also possible to have limt!1 f (t) =  1, as shown, for instance, by the exponential function 

f (t) exists, then that limit is 0 (just for 

2 

However, there are entire functions f 2 K for which lim supt!1 

f(z) =  ez, where  
f (t) =  t, for t 0. 

2 K entire, if limt!1We emphasize that for f 
polynomials) or +1. 

C. Boundedness of 2 
f (t). 

We discuss now when, if ever, 

(1.2.26) sup f (t) < +1 
t>0 

does hold for an entire function f 2 K. 

For polynomials f 2 K, (1.2.26) holds since, in fact, in this case, limt!1 f (t) = 0. 
In general, if (1.2.26) holds, then the order ⇢(f) of f must be zero. (See Section 2.5 for details 

about the order of an entire function f in K.) 

To see this, observe that, since tm0 
f (t) =

2 
f (t), integrating, we deduce that mf (t) =  O(ln t), as 

t ! 1. A further integration, using (1.2.1), shows that 

(1.2.27) ln f(t) =  O((ln t)2) , as t ! 1. 

This gives that ⇢(f) = 0, see (2.5.2). 

Alternatively, Proposition 2.5.3 below shows that 

2 sup 
f (t) 

t>0 Mf 

1 
⇢(f)  · 

2 

If f is a polynomial, then ⇢(f) = 0; and if f is transcendental, Mf = 1, and thus ⇢(f) = 0. 
However, ⇢(f) = 0, or even the stronger condition (1.2.27), are not enough to ensure the 

f (t).boundedness of 
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Consider the canonical product 

1 ⇣Y z ⌘k 
g(z) =  1 +  ,

bk
k=1 

where (bk)k 1 is a sequence of positive numbers increasing to 1 satisfying (1.2.18) and such that P1 k/bk < +1. For each k 1, bk is a zero with multiplicity k of the entire function g 2 K.
k=1 

Additionally, we assume also that for some constant H >  0, the bk satisfy 

X X k H 
kbk < Hbn and  for each n 2. 

bk bn
k<n k>n 

In this case, 
1 ⇣ ⌘X t2(t) =  k ' , for any t >  0,g bk
k=1 

where '(x) =  x/(1 + x)2 . 

Let C denote a generic positive constant. With the notations of Section 1.2.3 and estimating 
as in there, we obtain 

⇣ ⌘ p pt 2 n'  g(t)  n + C nmax bn 1/bn, bn/bn+1 , for t 2 In and n 2,
bn 
p p 

2 2where In = [  bn 1bn, bnbn+1]. It follows, in particular, since g(bn) n/4, that lim supt!1 g(t) =  
+1, and also that, 

2 sup g(t)  Cn. 
t2In 

From (1.2.17), we see that 
X 

(1.2.28) mg(t)  Cn + k  Cn2 for any t 2 In and n 2. 
kn 

e
k 

Consider now the specific sequence bk = e , k 1, which satisfies the requirements above. In 
this case, (1.2.28) translates into 

mg(t)  C(ln ln t)2 , for t 2. 

Integrating, this gives, for this example, that 

ln g(t) =  O(ln t(ln ln t)2) as t ! 1, 

which implies ⇢(g) = 0. Notice that for any function #(t) slowly increasing to 1, the  sequence  
(bk)k 1 can be chosen so that ln g(t) =  O(#(t) ln  t) just by making bk increase fast enough. This 
is the best that can be expected, because if an entire function h in K grows as ln h(t) =  O(ln t) as 
t ! 1, then  h is a polynomial. 
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B. Finite radius, R <  1 

We now turn to functions f 2 K with finite radius R of convergence. We have the following results 
2on the behavior of 
f (t). We divide the discussion according to whether Mf is finite or not. 

• Case Mf = +1. 
In this case, 

2(1.2.29) sup 
f (t) = +1 , 

t2(0,R) 

2 2and also, of course, lim supt"R f (t) = +1. To verify (1.2.29), assume that supt2(0,R) f (t) =  S <  
+1. Thus  tm0 

f (t)  S, for t 2 [0, R). Integrating between R/2 and t 2 (R/2, R), we would have 
that ⇣2t⌘ 

mf (t)  mf (R/2) + S ln , for t 2 (R/2, R),
R 

which implies, by letting t " R <  +1, that Mf  mf (R/2) + S ln 2 < +1. 
• Case Mf < +1. P1If Mf < +1, then  

n=0 nanR
n < +1, see Lemma 1.2.1, and in fact 

P1 ✓P1 ◆22anRn

n=0 nanR
n 

2 n=0 n 
⌃  :=  lim  

f (t) =  P1 P1 . 
t"R

n=0 anR
n

n=0 anR
n 

2It is always the case that limt"R f (t) > 0, since ⌃ is the variance of the random variable Z P1that takes, for each integer n 0, the value n with probability anRn/( 
k=0 akR

k), and Z is a 
non-constant variable since f is in K. 

2But there is no absolute positive lower bound for limt"R f (t). For " > 0, the power series P1f(z) = 1 +  " n/n4 is in K and has radius of convergence R = 1. We have 
n=1 z 

⇣ ⌘2"⇣(3) "⇣(2) "⇣(3) 2Mf = and lim 
f (t) =  ,

1 +  "⇣(4) t"1 1 +  "⇣(4) 1 +  "⇣(4) 
which tends to 0 as " # 0. 

P1 2The example f(z) =  n/(1 + n)3 shows that limt"R f (t) =  1 may happen. 
n=0 z 

1.3 Basic properties of Khinchin families 

Now we study the basic properties of Khinchin families; we introduce the characteristic function of 
a Khinchin family and its normalized version. Later on, we discuss continuous families of random 
variables. Normalized Khinchin families are examples of continuous families of random variables, 
this will be relevant when taking limits of certain di↵erences of characteristic functions, as t " R. 
This concept will also be relevant in the proof of some results of Chapter 6. 

We pass then to the study of the fulcrum of a power series f 2 K. The fulcrum is a fundamental 
object in the theory of Khinchin families, see, for instance, Chapter 3 and in particular Section 
3.1-A and D. 

P1Along this section we let f(z) =  n be a power series in K with radius of convergence 
n=0 anz 

R >  0 and Khinchin family (Xt)t2[0,R). 
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1.3.1 Derivative power series Df and its family 
P1For a power series f(z) =  in K with radius of convergence R >  0 and with at least 3

n=0 anz
n 

nonzero coe!cients, consider the power series Df given by 

(1.3.1) Df (z) =  zf 0(z) , for |z| < R .  

This power series Df has radius of convergence R and lies in Ks. Let (Xt) and (Wt) be  the  Khinchin  
families associated to f and Df , respectively; both families are defined for 0  t < R. 

Observe that for t > 0 and n 1 we have that 

nantn 1 nantn 
(1.3.2) P(Wt = n) =  = . 

tf 0(t) mf (t) f(t) 

Thus, for t > 0 we have that 

E(Xt 
2) E(Xt 

2) 
mDf (t) =  E(Wt) =  = . 

mf (t) E(Xt) 

This gives us that the quotient E(Xt 
2)/E(Xt) is monotonically increasing in the interval (0, R). 

Observe that if the power series f has only two nonzero coe!cients, say aN , with  N 1, besides 
a0, then  E(Xt 

2)/E(Xt) =  N , for any t 2 (0, R). 

In general, we have that 

1 
E(Xp+1(1.3.3) E(W

t

p) =  ) , for any p > 0 and any t 2 (0, R) . 
mf (t) t 

For the power series Df a direct application of Lemma 1.2.2 gives that 

Lemma 1.3.1 (Simić [90]). For > 1 and t > 0, with  t < R, we have 

Df ( t) 
mDf (t) ln   ln  mDf ( t) ln  . Df (t) 

1.3.2 Normalization and characteristic functions 

˘For each t 2 (0, R), we denote by Xt the normalization of Xt: 

Xt mf (t)
X̆t = , for t 2 (0, R) . 

f (t) 

˘Observe that Xt is not defined for t = 0. 

The characteristic function of Xt may be written in terms of the power series f as: 

1X 
i✓n ant

n f(teı✓)
E(e ı✓Xt ) =  e = , for t 2 (0, R) and ✓ 2 R ,

f(t) f(t)
n=0 
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˘while for its normalized version Xt we have 

ı✓ ̆  ı✓Xt/ ı✓mf (t)/ f (t)E(e Xt ) =  E(e f (t))e , for t 2 (0, R) and ✓ 2 R , 

and so, 
ı✓X̆ t ) ı✓Xt/ f (t))E(e = E(e , for t 2 (0, R) and ✓ 2 R . 

A. Some examples of characteristic function of Khinchin families 

We use the basic families to illustrate the definition of characteristic function of a Khinchin family 
and its normalized version. 

• Let f(z) = 1+  z. In this case R = 1, and the mean and variance functions are mf (t) =  t/(1 + t) 
2and 
f (t) =  t/(1+t)2 . For each t >  0, the variable Xt is a Bernoulli variable with parameter 

t/(1+t) and its characteristic function is 

ı✓1 +  te 
(1.3.4) E(e ı✓Xt ) =  , for ✓ 2 R and t >  0 ,

1 +  t 

and thus 

ı✓/
p
t + e ı✓

p
tte 

(1.3.5) E(e ı✓X̆ t ) =  , for ✓ 2 R and t >  0 . 
1 +  t 

• Let f(z) = (1  +  z)N , with integer N 1. In this case R = 1 and the mean and variance 
2functions are mf (t) =  Nt/(1 + t) and 
f (t) =  Nt/(1 + t)2 . For each t >  0 the variable Xt is a 

binomial variable with parameter N and p = t/(1 + t) and its characteristic function is 

✓ ◆Ni✓1 +  te 
(1.3.6) E(e i✓Xt ) =  , for ✓ 2 R and t >  0. 

1 +  t 

This last expression follows from the fact that Xt is the sum of N independent Bernoulli random 
variables of t/(1 + t) or simply from (1.3.4). 

As we shall see later on, combining (1.3.24) and (1.3.5) we find that 

p p !N
ı✓/ Nt  + e ı✓ t/N te

i✓ ̆(1.3.7) E(e Xt ) =  , for ✓ 2 R and t >  0 . 
1 +  t 

• Let f(z) = 1/(1 z). In this case R = 1, and the mean and variance functions are mf (t) =  
2t/(1 t) and 
f (t) =  t/(1 t)2 . For each t 2 (0, 1), the variable Xt is a geometric variable (number 

of failures until first success) of parameter 1 t and its characteristic function is 

1 t 
(1.3.8) E(e ı✓Xt ) =  for ✓ 2 R and t 2 (0, 1) ,

1 teı✓ 
, 
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26 CHAPTER 1. ELEMENTARY PROPERTIES OF KHINCHIN FAMILIES 

and thus 
p1 t 1 t

ı✓ ̆  ı✓ t(1.3.9) E(e Xt ) =  p e = p p , for ✓ 2 R and t 2 (0, 1) . 
t)/ t ı✓ t t1 teı✓(1 e teı✓/ 

• Let f(z) = 1/(1 z)N , with integer N 1. In this case R = 1, and the mean and the variance 
2functions are mf (t) =  1 

Nt

t and 
f (t) =  Nt/(1 t)2 . For each t 2 (0, 1), the variable Xt is a negative 

binomial variables of parameters N 1 and p = 1  t, and its characteristic function is 
✓ ◆N1 t 

E(e i✓Xt ) =  , for ✓ 2 R and t 2 (0, 1). 
1 tei✓ 

This last expression follows since Xt is the sum of N independent geometric variables of parameter 
t/(1 + t) or simply from (1.3.8). 

As we shall see later on, combining (1.3.24), below, with (1.3.8), we conclude that 

✓ ◆
N 

!
N 

1 t 1
ı✓ ̆  ı✓ t/N t 

(1.3.10) E(e Xt ) =  p e 
p 

= p p , 
1 teı✓/(1 t)/ Nt  eı✓ t/N teı✓/ t/N 

for any ✓ 2 R and t 2 (0, 1). 
z• Let f(z) =  e . In this case R = 1, and the mean and variance functions are mf (t) =  t and 

2 
f (t) =  t. For each t >  0, the variable Xt in its Khinchin family follows a Poisson distribution 

with parameter t and its characteristic function is 

t(eı✓ 1)E(e ı✓Xt ) =  e , for ✓ 2 R and t >  0 , 

and thus 

ı✓ ̆  ı(✓/ t)(1.3.11) E(e Xt ) = exp  t(e 
p 

1 ı✓/
p 
t) , for ✓ 2 R and t >  0 . 

• Let 
1X Bnz nf(z) = exp(e 1) = z , 

n! 
n=0 

where Bn is the n-th Bell number which counts the number of partitions of the set {1, . . . , n}. Then  
2 tR = 1, and the mean and variance function are mf (t) =  tet and 
f (t) =  t(t+ 1)e . 

The characteristic function is given by 

te
ı✓ 

tE(e ı✓Xt ) = exp  e e , for ✓ 2 R and t >  0 , 

and thus 
t/2

e⇣ ı✓ p ⌘
t(t+1) p

ı✓ ̆  te t t/2(1.3.12) E(e Xt ) = exp  e e ı✓ t/(t+ 1)e , for ✓ 2 R and t >  0 . 
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• Let f 2 Q be a transcendental entire function of genus 0 with negative zeros, normalized in such 
a way that f(0) = 1, then 

✓ ◆1Y z 
f(z) =  1 +  , for any z 2 D. 

bj
j=1 

The characteristic function of (Xt), the Khinchin family associated to f , is given by 

1 ✓ ◆Y i✓bj + te 
E(e i✓Xt ) =  , for any t 0 and ✓ 2 R. 

bj + t
j=1 

For the normalized family (X̆t) we  have  
0 !1 1 i✓/ f (t)Y bj + te 

E(e i✓X̆ t ) =  @ A e i✓mf (t)/ f (t), for any t 0 and ✓ 2 R. 
bj + t

j=1 

B. Continuous families 

In this section we introduce the definition of a continuous family. We want to take limits, or 
limits of sequences, of random variables which are part of a Khinchin family, and therefore we need 
some suitable concept of continuity. We will use this concept for instance to prove that certain 
di↵erences of characteristic functions converge to zero, see for instance the proof of Theorem 3.2.14, 
or Chapter 6, where we take subsequences of Khinchin families recurrently. This concept will be 
used ubiquitously along this document. 

A family of random variables (Zs)s2[a,b] is said to be continuous if it is continuous in distribution 
in the sense that if a sequence (sn)n 1 with sn 2 [a, b] converges to s 2 [a, b] then  Zsn converges to 
Zs in distribution. 

The family (Zs)s2[a,b] is said to be L1-bounded in the interval [a, b] if  

sup E (|Zt|) < +1. 
t2[a,b] 

Lemma 1.3.2. If the family (Zs)s2[a,b] is continuous and L1-bounded, then the function 

(s, ✓) 2 [a, b] ⇥ R �! E(e ı✓Zs ) 2 D 

is continuous. 

Proof. Take two sequences (✓n)n 1 ✓ R and (sn)n 1 ✓ [a, b] which converge, respectively, to ✓ 2 R 
and s 2 [a, b]. First we write 

i✓n i✓nZsn i✓Zsn ).(1.3.13) E(e Zsn ) =  E(e i✓Zsn ) +  E(e e 
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By virtue of Lévy’s convergence theorem, the first term at the right-hand side of (1.3.13) 
converges, as n ! 1, to  E(eı✓Zs ). We have the bound 

i✓nZsnE(e e i✓Zsn )  |✓n ✓| E(|Z |), for n 1 ,sn 

ix iy|  |xwhich follows from the numerical inequality: |e e y|, for all x, y 2 R. 
Now using that (Zs)s2[a,b] is L1-bounded, we conclude that 

(s, ✓) 2 [a, b] ⇥ R �!E(e ı✓Zs ) 2 D , 

is a continuous function. 

If Mf < +1 (and R <  +1), and if, besides, f (R) < 1 (see Section 1.3.3), then (X̆t) is  
continuous and L1-bounded for t 2 [a,R], (including t = R) for any a 2 (0, R). 

The (un-normalized) Khinchin family (Xt), associated to any f in K with radius of convergence 
R > 0, is continuous and L1-bounded on any interval [0, b] with 0  < b < R. If  Mf < +1 (and 
R < +1) the family (Xt)t2[0,R] extended to the closed interval [0, R] is continuous and bounded; 
observe that E(|Xt|) =  E(Xt)  Mf , for t 2 [0, R]. 

C. Continuity of the normalized family (X̆t) 

Let f 2 K be a power series with radius of convergence R > 0 and denote (X̆t) the normalized 
family associated to f . 

For any a > 0 we have, applying Hölder’s inequality, that 

(1.3.14) sup E(|X̆t|)  sup E(X̆ 
t 
2)1/2 = 1, 

t2[a,R) t2[a,R) 

then, for any a > 0, the family (X̆t)t2[a,R) is L1-bounded. 

˘Proposition 1.3.3. Assume that Xt converges in distribution, as t " R, towards certain random 
variable Z, then 

lim E(X̆t) =  E(Z) = 0, 
t"R 

and 

lim E(|X̆t|↵) =  E(|Z|↵), for any ↵ 2 [0, 2). 
t"R 

Proof. Inequality (1.3.14) gives that for any a > 0 and any ↵ 2 [0, 2), the family (X̆t)t2[a,R) and 
the family (|X̆t|↵)t2[a,R) are uniformly integrable, see [10, pp. 30-32]. 

Combining the uniform integrability of the families with the convergence in distribution we 
obtain that 

lim E(X̆t) =  E(Z) = 0, 
t"R 
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and 

lim E(|X̆t|↵) =  E(|Z|↵), for any ↵ 2 [0, 2). 
t"R 

Now we prove that the characteristic function of a normalized Khinchin family is continous 
as a function of two variables. The following lemma will be useful in subsequent chapters when 
proving that certain, di↵erences, or simply characteristic functions of normalized Khinchin families 
evaluated at ✓ = ✓(t), a function of t, for instance with ✓(t) ! 1 or ✓(t) ! 0, as t " R, converge, 
as t " R, to certain specific value. 

Lemma 1.3.4. Assume that X̆t converges in distribution, as t " R, towards certain random variable 
Z, then, for any a >  0, the function 

ı✓ ̆  
(s, ✓) 2 [a, R) ⇥ R �!E(e Xs ) 2 D 

extends to a continuous function on [a, R] ⇥ R. 

Proof. Fix a >  0. If we take any closed subinterval [a, b] ✓ (0, R) this function is continuous in 
[a, b], see Lemma 1.3.2. 

Take a sequence (sn)n 1 ✓ [a, R) which converges to R, as n ! 1, and any sequence (✓n)n 1 ✓ 
R, which converges to ✓, as n ! 1, then  we have  

ı✓n ˘ ı✓ ̆i✓n ˘ i✓ ̆  XsnE(e Xsn ) =  E(e Xsn ) +  E(e e Xsn ). 

Convergence in distribution implies that the first term at the right-hand side converges to E(ei✓X ), 
as n ! +1. 

Now observe that 

˘
E(e ı✓nXsn e ı✓X̆ sn )  |✓n ✓| E(|X̆ 

sn |)  |✓n ✓| , for n 1 , 

ix iy|  |xwhich follows combining the inequality |e e y|, for all x, y 2 R, with the upper bound 
(1.3.14). 

Thus 

i✓n ˘lim E(e Xsn ) =  E(e i✓Z ) . 
n!1 
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1.3.3 Extension of the Khinchin family at t = R if Mf < 1 (and R < 1) 
P1We assume now that Mf < 1 (and R <  +1). Thus we have that 

n=0 nanR
n < 1 and also P1 P1 nthat f(R) =  < 1. The  power  series  defines a continuous (actually, C1)

n=0 anR
n

n=0 anz 
function on the whole closed disk cl(D(0, R)) which extends f from the open disk D(0, R). We let P1f(R) , 

n=0 anR
n = limt"R f(t) and define 

1X 
f 0(R) , nanR

n 1 = lim  f 0(t), 
t"R 

n=1 
1X 

f 00(R) , f 00(t).n(n 1)anR
n 2 = lim  

t"R 
n=2 

The second derivative above could be 1. In the present case, we may extend the Khinchin family 
(Xt)t2[0,R) of f to t 2 [0, R] by defining the variable XR by 

anRn 
P(XR = n) =  , for each n 0 . 

f(R) 

The extended family (Xt)t2[0,R] becomes continuous in distribution in the closed interval [0, R]. 
Observe that XR (like any other Xt, with  t 2 (0, R)) is non-constant. 

The variable XR has (finite) mean E(XR) =  Rf 0(R)/f(R) , mf (R) and variance 
P1 2anRn 

n=0 n 
V(XR) =  E(XR)

2 . 
f(R) 

The variance V(XR) is nonzero since XR is non-constant, but it could be infinite. Actually, V(XR)P1 2is finite if and only if anRn < +1 if and only if f 00(R) < +1, and in any case 
n=0 n 

2V(XR) =  lim  
f (t) . 

t"R 

2If V(XR) is  finite, we  write  
f (R) , V(XR). 

If Mf < 1 (and R <  1), we may also extend the normalized family (X̆t) by defining  X̆R = 
(XR mf (R))/ f (R), with the understanding that X̆R ⌘ 0, if f (R) = +1. Recall that f (R) > 0. 
The extended family (X̆t)t2(0,R] of normalized variables is continuous (in distribution). 

1.3.4 Fulcrum F of f 

A power  series  f in K does not vanish on the real interval [0, R), and so, it does not vanish in a 
simply connected region containing that interval, or half-line. We may consider ln f , a branch of 
the logarithm of f which is real on [0, R), and the function F , called the fulcrum of f , which  is  
defined and holomorphic in a region containing ( �1, ln R) and it is given by 

F (z) = ln  f(e z) . 
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In terms of the fulcrum F of f , the mean and variance functions of the Khinchin family 
associated to f may be expresses as follows: 

2 mf (e s) =  F 0(s) and 
f (e s) =  F 00(s), for s <  ln(R). 

If f does not vanish anywhere in the disk D(0, R), then the fulcrum F (z) of f is defined 
everywhere in the whole half plane <z <  ln R. 

Zero-free region 

The following proposition describes the specific region where f is nonzero in terms of the argument 
and the variance of the Khinchin family associated to f . This region contains the interval [0, R). 

Proposition 1.3.5. Let f 2 K have radius of convergence R >  0. If  for  some  t 2 [0, R) and some 
✓ 2 [ ⇡, ⇡], we have f(teı✓) = 0, then 

⇡ |✓| f (t) . 
2 

Thus, f 2 K does not vanish in 
n o⇡ 

⌦f = z = teı✓ : |✓| < . 
2 f (t) 

Proof. For the proof we may use the following lemma. 

Lemma 1.3.6 (Sakovic). Let Y be a random variable and ✓ 2 R. If  E(eı✓Y ) = 0, then 

⇡2 
✓2V(Y ) . 

4 

Proposition 1.3.5 follows from Lemma 1.3.6 and from observing that if f(teı✓) = 0, then E(eı✓Xt ) =  
f(teı✓)/f(t) = 0. 

Remark 1.3.7 (Alternative proof of Proposition 1.3.5). Alternatively, to verify Proposition 1.3.5 
we may use Lemma 1 of [1], which gives that for f 2 K 

2f(t)2 |f(teı✓)|2  4 sin2(✓/2)f(t)2 
f (t) , for t 2 (0, R) and ✓ 2 [ ⇡, ⇡] . 

If f(teı✓) = 0, then 1  2| sin(✓/2)| f (t) and thus |✓| f (t) 1. This gives a weaker result with the 
constant ⇡/2 replaced by 1. Lemma 1 of [1] is stated for entire functions, but it is valid for general 
f 2 K. ⇥ 

A proof of Sakovic’s Lemma 1.3.6. The bound on Lemma 1.3.6 is sharp. Simply consider the ran-
dom variable Z which takes values ±1 with probability 1/2; then V(Z) = 1 and E(eı✓Z ) = cos ✓, 
which vanishes at ⇡/2. 

The result of Sakovic appeared in [87]. As presented in the more accessible reference [84], 
Lemma 1.3.6 follows most ingenuously by considering the function 

4 ⇡t2'(t) =  t 1 +  cos ,
⇡ 2 
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which happens to be positive for every t 2 R, but for t = ±1. (A misprinted sign in the definition 
of ' has been corrected.) Assume that E(eı✓Y ) = 0. Consider W = Y E(Y ). We have that 
E(eı✓W ) = 0, and that <E(eı✓W ) =  E(cos(✓W )) = 0 and 

⇣ ⌘2 4 4 
0  E ' ✓ W = ✓2 E(W 2) 1 =  ✓2 V(Y ) 1 . 

⇡ ⇡2 ⇡2 

Actually, equality in the bound of Lemma 1.3.6 only happens for the simple symmetric variable Z 
given above. 

A more direct proof of Lemma 1.3.6, but with a weaker constant, appears in [5, Prop. 7.8] (see 
also [17, Lemma 2.3]). 

Remark 1.3.8. On Bŏ̆ıchuk-Gol’berg’s Theorem 1.2.3. From Sakovic’s Lemma 1.3.6 we may 
deduce Bŏ̆ıchuk-Gol’berg’s Theorem 1.2.3 in the weaker form that 

2 sup 
f (t) 1/4 , 

t>0 

for any entire function f 2 K. 
2We may assume that supt>0 f 

2(t) < +1. Since  tm0 
f (t) =  

f (t), integrating, we deduce then 
that mf (t) =  O(ln t), as t ! 1. A further integration shows that ln f(t) =  O((ln t)2), as t ! 1. 
Thus since f 2 K, we have that 

ln max |f(z)| = ln  f(t) =  O((ln t)2) , as t ! 1 . 
|z|t 

The entire function f is then of order 0 and Hadamard’s factorization theorem gives that f is an 
infinite canonical product or a polynomial (non-constant and not a monomial, since f 2 K). (This 
is the starting point of Hayman’s proof of Theorem 3 of [49].) In any case, f vanishes at some 
z0 =6 0. Write z0 = r0eı✓0 , with  r0 > 0 and |✓0|  ⇡. Lemma 1.3.6 gives that 

⇡ 
⇡� f (r0) ,

2 
2and thus, that f (r0) 1/2, and, in particular, that supt>0 f (t) 1/4. 

This reasoning also gives that if f is not a polynomial then 

2lim sup 
f (t) 1/4 . 

t!1 

⇥ 

˘1.3.5 Characteristic functions and moments of Xt 

Let f 2 K be a power series with radius of convergence R > 0 and Khinchin family (Xt). Fix 
s ˘t = e , for s < ln(R). Proposition 1.3.5 gives that the characteristic function of Xt is never zero 

for |✓| < ⇡/2. 
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This bound also gives that the function F (s+ i✓/ f (t)) is well defined for any |✓| < ⇡/2. This 
follows from the fact that f(esei✓/ f (t)) is never zero for any fixed s <  ln(R) and |✓| < ⇡/2, see 
Proposition 1.3.5. 

For t = es, where  s < ln(R), fixed, and |✓| < ⇡/2, we have the relation 

F 0(s)
F (s+i✓/ f (t)) F (s) i✓

i✓ ̆  
F 00(s)1/2(1.3.15) ' 

X̆ t 
(✓) =  E(e Xt ) =  e . 

This is a C1 function (with respect to ✓). 
F 0(s)Also using that F (s+ i✓/ f (t)) F (s) i✓ is well defined for any fixed s < ln(R) and 

F 00(s)1/2 

|✓| < ⇡/2, we obtain that 

F 0(s)
(1.3.16) ln(E(e i✓X̆ t )) = F (s+ i✓/ f (t)) F (s) i✓. 

F 00(s)1/2 

Again we have a C1 function with respect to ✓. 

We want to compute the derivatives of any order of (1.3.15) and (1.3.16) at ✓ = 0. A direct 
application of Faà di Bruno’s formula, see, for instance, [100, p. 217], to (1.3.15) and (1.3.16), 
respectively, gives that 

Lemma 1.3.9. Let f 2 K be a power series with radius of convergence R >  0 and denote (Xt) the 
Khinchin family associated to f , then, for any t = es 2 (0, R) and any n 3, we have 

!mjnX n! Y F (j)(s) 1 
(1.3.17) E(X̆ 

t

n) =  , 
m2! . . .mn! F 00(s)j/2 j! 

2m2+···+nmn =n j=1 

and 
!mjn

F (n)(s) X n!(ln 1)!( 1)ln+1 Y E(X̆ 
t

j )
(1.3.18) = ,

F 00(s)n/2 m2! . . .mn! j! 
2m2+...nmn =n j=1 

here ln = m2 + · · ·+ mn. 

Remark 1.3.10 (Hidden moments). As we are going to see the moments of the normal distribution 
are included in the sum (1.3.17). Fix n = 2k, where  k 1 is an integer. Formula (1.3.17) can be 
written as 

!mjnX n! Y F (j)(s) 1 (2k)!
E(X̆ 

t

n) =  + . 
m2! . . .mn! F 00(s)j/2 j! k! (2!)k 

2m2+···+nmn =n j=1 
m2 6=k 

If n is odd all the terms in the sum have at least one term of the form (F (j)(s)/F 00(s)j/2)mj as 
a factor, here 1  j  n with j 6= 2 and mj > 0. Observe that, for n odd, there always exists at 
least one mj > 0, with 1  j  n odd, which is positive, otherwise n would be even. ⇥ 
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Remark 1.3.11 (The characteristic function of the standard normal). For comparison and later 
use we apply Faà di Bruno’s formula to the characteristic function of the standard normal. 

Let Z be a normally distributed random variable with E(Z) = 0 and V(Z) = 1. We have 
E(ei✓Z ) =  e ✓

2
/2 , for any ✓ 2 R, and therefore 

(?) g(✓) = ln(E(e i✓Z )) = ✓2/2. 

Applying Faà di Bruno’s formula to (?), we obtain that, for any n 3, we have 

n ✓ ◆mjX n!(ln 1)!( 1)ln+1 Y E(Zj ) 
g(n)(0) = 0 = , 

m1! . . .mn! j! 
2m2+...nmn =n j=1 

here ln = m2 + · · ·  + mn. Recall that Z is a standard normal random variable and therefore 
E(Z) = 0. 

Denote h(✓) =  ✓2/2. For any n 1, we have, applying again Faà di Bruno’s formula to 
' Z (✓) =  E(ei✓Z ) =  e ✓

2
/2 = exp(h(✓)) that 

!
mjnX n! Y h(j)(0) 

(1.3.19) E(Zn)in = . 
m1! . . .mn! j! 

m1+2m2+···+nmn =n j=1 

Notice that h(j)(0) = 0, for any j =6 2. In fact h 00 (0) = 1, therefore, as it is well known: 

E(Zn) = 0, for odd n 1, 

and 

(2k)!
E(Z2k) =  for any k 0. 

k! (2!)k , 

⇥ 

Remark 1.3.12 (Bell polynomials and moments of the standard normal). There is an alternative 
form of Faà di Bruno’s formula known as Riordan’s formula, see, for instance, [100, p. 219]. This 
equivalent form makes use of Bell polynomials. 

Applying Riordan’s formula, see [100, p. 219], we obtain an equivalent expression for 1.3.17, 
namely: 

(1.3.20) ! 
nX F 000(s) F (n k+1)(s)

k+1E(X̆ 
t

n)in = Bn,k 0, i2, i3 , . . . , in 
F 00(s)3/2 F 00(s)(n k+1)/2 

k=0 
! ! 

F 000(s) F (n)(s) F 000(s) F (n)(s) 
= Bn 0, i2, i3 , . . . , in = inBn 0, 1, , . . . ,  

F 00(s)3/2 F 00(s)n/2 F 00(s)3/2 F 00(s)n/2 
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where Bn,k(x1, . . . , xn k+1) denotes n-th incomplete exponential Bell polynomial, Bn(x1, . . . , xn) 
denotes the n-th Bell polynomial and n 1 is an integer. 

In (1.3.20) we make use of the following property: the n-th Bell polynomial is given by 

X n jlY x 
Bn(x1, . . . , xn) =  n! l ,

(l!)jl jl!
j1+2j2+···+njn =n l=1 

see, for instance, [82, p. 173] or [100, pp. 218-219], therefore 

(†) Bn(ix1, i
2 x2, . . . , i

n xn) =  inBn(x1, . . . , xn). 

Denote by Z a standard normal random variable. Applying Riordan’s formula, see [100, p. 
219], we find that 

nX 
(1.3.21) E(Zn)in = Bn,k(0, 1, 0, . . . , 0) = Bn(0, 1, 0, . . . , 0) = inBn(0, 1, 0, . . . , 0) , 

k=0 

where, again, Bn,k(x1, . . . , xn k+1) denotes n-th incomplete exponential Bell polynomial and Bn(x1, . . . , xn) 
denotes the n-th Bell polynomial, in each of the cases for integers n 1. For the equality at the 
right-hand side we use, again, the property (†) of Bell polynomials. 

Formula (1.3.21) gives that we can express the n-th moment of the standard normal in terms 
of the n-th Bell polynomial. In fact we have 

E(Zn) =  Bn(0, 1, 0, . . . , 0), for any n 1 , 

and also, by virtue of equation (1.3.20), we have that 
! 

F 000(s) F (n)(s)
E(X̆ 

t

n) =  Bn 0, 1, , . . . ,  , for any n 1 . 
F 00(s)3/2 F 00(s)n/2 

⇥ 

1.3.6 Operations with power series and Khinchin families 

In this section we collect results describing the Khinchin families obtained by performing operations 
with one, two, or more, power series in the class K. We also study the Khinchin families of sequences 
of functions in K which converge uniformly in compact subsets to power series in K. 

A. Subseries and conditional distributions 
P1Let (Xt) be the Khinchin family associated to the power series f(z) =  n 2 K, which has 

n=0 anz 
radius of convergence R > 0. 

Let L ✓ {0, 1, 2, . . . } such that 0 2 L, and let 
X 

n g(z) =  anz , for any z 2 D(0, R). 
n2L 
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Assume that g 2 K, i.e,  an 6= 0, for some n 2  L \ {0}. Let (Yt) be the Khinchin family associated 
to the power series g. 

For each t 2 [0, R) we have that 

P(Yt = n) =  

8 
>>< 

>>: 

0, if n /2 L, 

P(Xt = n) 
= P(Xt = n|Xt 2 L), if n 2 L. 

P(Xt 2 L) 
In other words the law of the variable Yt is the law of Xt conditioned on the event Xt 2 L. 

B. Sums of power series and mixtures 

Let f, g two power series in K, both with radius of convergence at least R >  0. The sum h(z) =  
f(z) +  g(z) is also a power series in K and has radius of convergence at least R > 0. 

Let (Xt), (Yt) and (Zt) be the Khinchin families of f, g and h, respectively.  We may write  

f(t) g(t)
P(Zt = n) =  P(Xt = n) +  P(Yt = n), for t 2 (0, R) and n 0. 

h(t) h(t) 

This last expression exhibits the distribution of Zt as a mixture of the distributions of Xt and 
Yt. In this case we have the identification 

d
Zt = UtXt (1 Ut)Yt, for any t 2 [0, R), 

where Ut is a Bernoulli variable with parameter f(t)/h(t) which is independent of Xt and Yt. 

C. Product of power series and independence of families 

n=0 anz 

Khinchin family associated to h. 

P1Let f( ) =z 
R >  0 and S >  0. Let (X ) and (Y ) be the Khinchin families associated f and to ,R ,St tt t2 2(0 ) (0 ) 

K { }, respectively.  The  product  h fg  is also in Let T = min  R,S and let (Z ) be the g = ,Tt. , t2(0 ) 

The !cients of the product h fg  given by the convolution formula coe = are 

P1n nand g(z) =  bnz be power series in K with radius of convergence 
n=0 

Xn 

cn = coeffn[h(z)] = akbn k . 
k=0 

Then for each t 2 (0, T ) the law of Zt is the same that a sum of independent copies of Xt and Yt: 

XXn k 

f(t) g(t)
k=0 j=0 

aktk bn ktn k 
P(Zt = k) =  = P(Xt = j)P(Yt = k j) , for each k 0 . 

In particular, if (Xt)t2(0,R) is the Khinchin family associated with some power series f , and if 
(1) (n)we let X , . . . , X  denote n independent copies of Xt then 
t t 

n 

P X 
⇣ ⌘ kt(j) = k = coeff[k] fn(z)

t , for any k 0 and t 2 (0, R) . 
fn(t)

j=1 

X 
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We collect these claims by means of the following Lemma. 

Lemma 1.3.13. With the notations above, for each t 2 (0, T ), the  law  of  Zt is the same that the 
law of the sum of independent variables with the laws of Xt and Yt, i.e., 

d
(1.3.22) Zt = Xt Yt, for each t 2 (0, R). 

Thus, product of power series in K, become, on the Khinchin family side, in sums of independent 
variables and therefore, for any t 2 [0, T ), we have 

2 2 2 mh(t) =  mf (t) +  mg(t) , and 
h
(t) =  

f (t) +  (t) .g 

Using the identification (1.3.26) we have 

i✓ ̆  i✓Xt )E(e i✓Y̆  t ),E(e Zt ) =  E(e for any t 2 [0, R). 

For the characteristic function of the powers of a power series g 2 K we have the following: 
denote (Xt) and (Yt) the Khinchin families of gN , with integer N 1, and g respectively. We have 
that Xt is equal, in distribution, to the sum of N 1 independent copies of the random variable 
Yt, that is: 

d (1) (N)Xt = Y + · · ·+ Y , for any t 2 (0, R),
t t 

(1) (N)here Y , . . . , Y  are independent identical copies of Yt.t t 

For any t 2 (0, R), the mean and the standard deviation of Xt are given by 

2E(Xt) =  Nmg(t) and V(Xt) =  N (t),g 

then 

Xt Nmg(t)
X̆t = p , for any t 2 (0, R) . 

N f (t) 

˘The characteristic function of Xt and Xt are given by 

i✓Yt )N(1.3.23) E(e i✓Xt ) =  E(e , for t 2 (0, R) and ✓ 2 R , 

and 
⇣ ✓ ⌘N

i✓ ̆  i p Y̆  t(1.3.24) E(e Xt ) =  E e N , for t 2 (0, R) and ✓ 2 R , 

respectively. 

An instance of this situation is given by f(z) = (1+  z)N , with integer N 1. Denote (Xt) and 
(Yt) the Khinchin families of f(z) = (1 +  z)N and g(z) = (1 +  z), respectively, then 

d (1) (N)Xt = Y · · ·  Y , for any t 2 (0,+1),
t t 
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(1) (N)where Y , . . . , Y  are independent identically distributed copies of Yt. Here (Yt) is the Bernoulli 
t t 

family and (Xt) is the binomial family. 

Combining the items (1.3.24) and (1.3.5) we find that 
p p !N

ı✓/ Nt  + e ı✓ t/N te 
E(e i✓X̆ t ) =  , for ✓ 2 R and t > 0 . 

1 +  t 

this argument proves the relation (1.3.7). Using a similar argument, but in this case with g(z) =  
1/(1 z) and f(z) = 1/(1 z)N , with integer N 1, we obtain equation (1.3.10). 

D. Composition of power series. 
P1Let f(z) =  2 K a power series with radius of convergence R >  0 and g(z) =

n=0 anz
n 

P1 bnzn 2 Ks a power series with radius of convergence S > 0 and such that g(0) = 0.
n=0 

Assume that g(D(0, S)) ⇢ D(0, R), then the composition h(z) =  f(g(z)) is well defined. Denote 
(Zt)t2[0,S) the Khinchin family associated to h and (Yt)t2[0,R) and (Xt)t2[0,S) the Khinchin families 
associated to f and g, respectively. For f and g entire functions the composition it is always well 
defined. 

For any integer n 1 and any 0  j  n, we have that 
X 

b(j) = coeffn[g(z)j ] =  bl1 bl2 . . . blj ,n 
l1+···+lj =n 

then we have 
n nX X X 

(?) An = coeffn[h(z)] = aj b
( 
n

j) = aj bl1 bl2 . . . blj , for any n > 0 , 
j=0 j=0 l1+···+lj =n 

and A0 = a0, for n = 0. 

For any n 0, and any t 2 [0, S), using (?), we find that 

Antn Xn 
aj g(t)j X Yj blm t

lm 

P(Zt = n) =  = 
f(g(t)) f(g(t)) g(t)

j=0 l1+···+lj =nm=1 
nX 

(1) (j)= P(Yg(t) = j)P(X · · · X = n)
t t 

j=0 

(1) (Yg(t))then we can identify Zt with the random variable X · · · X , that is, 
t t 

d (1) (Yg(t))(1.3.25) Zt = X · · · X , for any t 2 [0, R),
t t 

(1) (2)where X , X  . . .  are a countable number of i.i.d. copies of Xt which are independent of Yg(t).t t 
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We fix the convention that the empty sum is zero and then for n = 0  we  have  

P(Zt = 0) = P(Yg(t) = 0), for any t 2 [0, S). 

We collect the previous discussion by means of the following lemma. 

Lemma 1.3.14. With the notations above, for each t 2 (0, T ), the  law  of  Zt is the same that the 
law of the sum of Yg(t) independent variables with the law of Xt, i.e., 

d (1) (Yg(t))(1.3.26) Zt = X · · · X , for any t 2 [0, R),
t t 

For h(z) =  f(g(z)) the fulcrum is given by the composition of the fulcrums of g and f , respec-
tively. In certain domain containing [0, ln(R)) we have 

H(z) = ln(h(e z)) = ln(f(g(e z))) = F (G(z)). 

The previous composition formula gives that 

(1.3.27) mh(t) =  mf (g(t))mg(t), for any t 2 [0, R), 

and also that 

2 2 2(1.3.28) 
h
(t) =  

f (g(t))mg(t)
2 + (t)mf (g(t)), for any t 2 [0, R).g 

This follows, as well, from the identification in distribution (1.3.25). 

For the characteristic function of the Khinchin family associated to h = f g we have the 
following Lemma. 

Lemma 1.3.15. With the same notations: 

1X 
E(e i✓Zt ) =  P(Yg(t) = n)E(e i✓Xt )n , for any ✓ 2 R and t 2 [0, S). 

n=0 

P1 n the power series expansion of f around zProof. Denote f(z) =  = 0, then 
n=0 anz 

11X g(tei✓)n X 
f(g(t)) g(t)n f(g(t))

n=0 n=0 

ang(t)nf(g(tei✓))
E(e i✓Zt ) =  i✓Xt )n ,P(Yg(t) = n)E(e= = 

for any ✓ 2 R and t 2 [0, S) 
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E. Scaling. 
P1For any power series g(z) =  in K of radius R > 0, we denote 

n=0 anz
n 

Qg , gcd{n 1 :  an 6= 0} = lim  gcd{1  n  N : an 6= 0} ,
N!1 

that is, if Qg > 1, then only the coe!cients with indices which are multiple of Qg are di↵erent 
from 0. 

If Qg > 1, then we can write g(z) =  f(zQg ) for a certain companion power series f 2 K with 
radius of convergence RQg . Observe that Qf = 1. 

Let (Yt)t2[0,R) be the Khinchin family of g and (Xt)t2[0,RQg ) be the Khinchin family associated 
to the power series f . We have that 

d
Yt = Qg · Xt

Qg , for any t 2 (0, R)). 

The mean and variance functions of g and f are related by 

mg(t) =  Qg · mf (t
Qg ) , 

2 2(t) =  Q2 · 
f (t

Qg ) ,g g 

for any t 2 [0, R). 

F. Identity of families 

If > 0 and f 2 K, then  g ⌘ f is also in K, both power series have the same radius of convergence, 
say R > 0, and the respective Khinchin families (Xt) and (Yt) of f and g coincide in distribution: 

d
Xt = Yt, for t 2 [0, R). 

P1 P1Conversely, assume that f(z) =  and g(z) =  bnz are power series in K with 
n=0 anz

n

n=0 
n 

radius of convergence R > 0 and S > 0, respectively. Denote (Xt) and (Yt) its  respective  Khinchin  
d

families and suppose that there exists some t0 2 (0,min(R,S)) such that Xt0 = Yt0 , then  

antn bntn 
0 = 0 , for each n 0,

f(t0) g(t0) 

4 
and, therefore, if we set = g(t0)/f(t0), we have that 

bn = an, for each n 0. 

This last equality implies that R = S and g ⌘ f in D(0, R). 
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G. Sequences of power series 

Let (f [k])k 1 be a sequence of power series in K, each of them with radius of convergence at least 
[k]R > 0 and let (X ) denote the corresponding sequence of Khinchin families. 
t 

Assume that the sequence of power series (f [k])k 1 converges uniformly on compact subsets of 
D(0, R) towards a power series f in K. 

The condition f 2 K ensures that we can associate a proper Khinchin family to f . The  sequence  
of power series f [k](z) = 1/k+zk is in K, for any integer k 1, and converges uniformly on compact 
subsets of D to the constant 0, which is not in K. 

Let (Yt) be the Khinchin family associated to the power series f 2 K. For each n 0, the n-th 
coe!cient of f [k] converges to the n-th coe!cient of f , and, therefore, 

[k]lim P(X = n) =  P(Yt = n), for each n 0.
t

k!+1 

[k]Consequently, for each t 2 (0, R) we have that X converges in distribution towards the 
t 

random variables Yt: 

[k]lim P(X  N) =  P(Yt  N), for each N 1.
t

k!+1 

Also, for any moment, say, of order q 1 we have  
⇣⇣ ⌘q⌘ 

lim E X [k] = E(X
t

q),
t

k!+1 

Dq (f)(t)since if D is the operator D = z(d/dz), then E(X
t

q) =  
f(t) , see equation (1.3.1) for further 

details. 
2In particular, for each t 2 [0, R), we have that limk!+1 mk(t) =  mf (t) and limk!+1 k
(t) =  

2 2 2 
f (t), where mk, k and mf (t) and 

f (t) are, respectively, the mean and variance functions of f [k] 

and f . P1 [k] P1Conversely, assume that fk(z) =  n zn and f(z) =  are power series in K, all 
n=0 a 

n=0 anz
n 

of them with radius of convergence at least R >  0. 
[k]Assume, with the notations above, that X converges in distribution towards Yt, for each 
t 

t 2 (0, R), as k ! +1, and besides that for a certain n0 0 we have that 

[k]lim a = an0 , 6and = 0.n0 an0
k!+1 

Then the sequence f [k] converges uniformly on compact subsets of D(0, R) towards g(z). 

Let’s see: from the convergence in distribution we deduce that 

tn0 tn0 

lim 
an 
[k 
0 
] 

= 
an0 , for each t 2 (0, R),

k!+1 f [k](t) f(t) 
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and, therefore, that 

(?)  lim  f [k](t) =  f(t), for each t 2 (0, R). 
k!+1 

Fix T 2 (0, R). From (?) we deduce that 

sup f [k](T ) < +1. 
k 1 

Since the f [k] has non-negative Taylor coe!cients, we have that 

sup sup |f [k](z)| < +1 
k 1 |z|T 

Thus, by virtue of Montel’s Theorem, the family {f [k]}k 1 conforms a normal family in D(0, R). 
Since limk!+1 f [k](t) =  f(t), for any t 2 (0, R), Vitali-Porter’s Theorem allows us to conclude 
that the sequence (f [k])k 1 converges uniformly on compact subsets of D(0, R) towards f . 

1.3.7 Hayman’s identity 
P1Let f(z) =  be a power series in K. Cauchy’s formula for the coe!cient an in terms of

n=0 anz
n 

the characteristic function of its Khinchin family (Xt)t2[0,R) reads 
Z 

(1.3.29) an =
2 
f 
⇡ 

( 
t

t 
n 
) 

E(e ı✓Xt )e ı✓n d✓ , for each t 2 (0, R) and n 1 . 
|✓|<⇡ 

˘In terms of the characteristic function of the normalized variable Xt, it becomes 
Z 

f(t) 
ı✓X̆ t )e ı✓(n mf (t))/ f (t) d✓ ,(1.3.30) an = E(e 

2⇡tn f (t) |✓|<⇡ f (t) 

for each t 2 (0, R) and n 1 .  

• If Mf = 1, we may take for each n 1 the (unique) radius tn 2 (0, R) so that mf (tn) =  n, to  
write 

Z 
f(tn) ı✓ ̆(1.3.31) an =

2⇡tn f (tn) 
E(e Xtn ) d✓ , for each n 1 , 

n |✓|<⇡ f (tn) 

which we call Hayman’s identity. This formula and its variants will be very relevant later on. 

Although this identity (1.3.31) is just Cauchy’s formula with an appropriate choice of radius, 
it encapsulates the saddle point method. 

As we now check, if the Khinchin family (Xt) may be extended to the closed interval [0, R], 
then an analogous Hayman’s identity is available for t = R. 
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• If Mf < 1 and (R <  1) the  power  series  f extends continuously to the closed disk cl(D(0, R)), 
see Section 1.3.3, and the Khinchin family (Xt)t2[0,R) extends to the closed interval [0, R]. See 
Section 1.2.4 and the notations therein. 

We may write 
f(R) 

Z 
E(e ı✓XR )e ı✓n d✓ , for n 1 .an = 

2⇡Rn 
|✓|<⇡ 

P1 
f (R) < 1, i.e.,  if  2anRn < 1, then  X̆R given by 2If, moreover, 

n=0 n 

XR mf (R)
X̆R = 

f (R) 

is well defined and we also have that 
Z 

f(R) 
ı✓X̆R ) e ı✓(n mf (R))/ f (R) d✓ ,(1.3.32) an = E(e for n 1 . 

2⇡Rn
f (R) |✓|<⇡ f (R) 

1.4 Moment generating functions and Khinchin families 

In this section we discuss the moment generating functions (centered or not) of Khinchin families, 
and also their close connection with the fulcrum of the family. 

Firstly, we consider the moment generating functions of (quite) general random variables Y . 
Later on, we will apply this general concept of moment generating function to the random variables 
in a Khinchin family. 

1.4.1 Moment generating functions for general random variables 

Let Y be a random variable that it has finite absolute moments of all orders, and we assume, in 
fact, that for some ⇢ > 0, we have that 

X1 

k!
k=0 

E(|Y |k) |z|k , for |z| < ⇢(1.4.1) . 

This means, in particular, that the power series 

X1 

k!
k=0 

E(Y k) 
k(?) z 

has positive radius of convergence, at least ⇢. 

Write mY = E(Y ) and ⌫k(Y ) =  E((Y mY )k)), for each k 0. Observe that ⌫0 = 1, ⌫1 = 0  
and ⌫2 = V(Y ). 

The centered moment generating function of Y , defined (at least) for 2 D(0, ⇢), is given by: 

X1 

k!
k=0 

⌫k(Y )2 D(0, ⇢) 7! E(e (Y mY )) =  k . 



�

� � �

�� � �� � � � �

� �

�
� �

�

� � �

� � �

��

� �

�

�
�

� � � �

� � �
�

� �

44 CHAPTER 1. ELEMENTARY PROPERTIES OF KHINCHIN FAMILIES 

Also, the moment generating function of Y , defined (at least) for 2 D(0,m⇢), is given by: 

X 
k!

k=0 

1
E(Y k)2 D(0, ⇢) 7! E(e Y ) =  k . 

We have the following identity relating the two moment generating functions: 
1X X1⇣ E(Y k) ⌘ 

k ⌫k(Y )
Y ) =  E(e (Y mY )) =(1.4.2) e mY = e mY E(e 2 D(0.⇢) ., for 

k! k!
k=0 k=0 

Example 1.4.1. As a basic example, consider a random variable Z which follows a standard 
normal distribution. In this case ⇢ = +1 and 

Z 
x e 2

/2(1.4.3) E(e Z ) =  e p 
x
2
/2 
dx = e , for every 2 R . 

R 2⇡ 

Multiplying the power series on the far left of (1.4.2) and equating coe!cients with the far 
right we may express the centered moments of Y in terms of the moments of Y : 

✓ ◆k 
k 

⌫k(Y ) =  
X 

E(Y j ) (  mY )
k j , for any k 0 . 

j
j=0 

This set of identities is a direct consequence of the binomial formula: 
✓ ◆k 
k 

(Y mY )
k = 

X 
Y j ( mY )

k j . 
j

j=0 

If we move the factor e mY to the far right of (1.4.2), multiply the two power series which are 
now in the right and equate coe!cients, we are able to express the moments of Y in terms of its 
centered moments of Y as follows: 

k ✓ ◆X k 
E(Y k) =  ⌫j m k j , for any k 0 . 

j=0 
j Y 

It is sometimes more convenient to consider the function MY ( ) given by 

⇣ 
(Y mY )MY ( ) = ln  E e = ln  1 +  

1X 
k!

k=2 

k⌫k(Y )⌘ 
. 

(YSince the power series E(e mY )) takes the value 1 at = 0, it does not vanish in a disk D(0, ⇢b), 
for some ⇢b 2 (0, ⇢]. The function MY ( ) is holomorphic in the disk D(0, ⇢b). We take MY to be 
real in the real interval 2 ( ⇢b, ⇢b). 
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If needed, we may reduce ⇢b to guarantee further that 

X 
k!

k=2 

Y (0) = 0.0 

1 k⌫k(Y ) 
< 1 , for 2 D(0, ⇢b) .(\) 

Observe that MY (0) = 0 and M 

Example 1.4.2. For a random variable Z following a standard normal distribution, we  have  
MZ ( ) =  2/2, for every 2 C. 

Next we relate the Taylor coe!cients of MY with the ⌫k(Y ), by means of the Taylor expansion 

X 
ln(1 + z) =  ( 

1 n 
1)n+1 z , for |z| < 1 . 

n 
n=1 

Appealing to (\) and to the expansion above we obtain that 

(j) ⇣M (0) 
Y 

⌘X X1 

j! k!
j=2 k=2 

1
⌫k(Y )

j = ln  k1 +  

⇣ ⌘ ⇣ ⌘2 ⇣1 ⌘311X X X1 

k! 2 k! 3 k!
k=2 k=2 k=2 

⌘ ⌘⌫2(Y ) ⌫3(Y ) ⇣⌫4(Y ) ⌫2(Y )2 ⇣⌫5(Y ) ⌫2(Y )⌫3(Y )2 3 4 5 = + + + + · · ·  
2! 3! 4! 8 5! 24 

Equating coe!cients, we obtain a sequence of polynomials Qk(x2, . . . , xk) in  k 1 variables, 
starting with k = 2, so that for any variable Y satisfying (1.4.1) it holds that 

(k)(1.4.4) M (0) = Qk ⌫2(Y ), . . . , ⌫k(Y ) , for any k 2 .
Y 

For the first values of k we have that 
(2)M = ⌫2(Y )
Y 
(3)M = ⌫3(Y )
Y 

M (4) = ⌫4(Y ) 3⌫2(Y )2 
Y 
(5)M = ⌫5(Y ) 5⌫2(Y )⌫3(Y ) .
Y 

Each polynomial Qk satisfies 
⇣ ⌘ x2 x3 xk 1 

Qk , , . . . ,  = 
k Qk(x2, . . . , xk) , for any r 6= 0 and any x2, . . . , xk .kr2 r3 r r 

⌫k(Y ) 1 ⌫k(Y ) ⌫k(Y )
k k k+ · · ·  = 

Conversely, from 
1X 

k!
k=2 

⌫k(Y ) 
k1 +  = exp  MY ( ) , 
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46 CHAPTER 1. ELEMENTARY PROPERTIES OF KHINCHIN FAMILIES 

we may deduce analogously the existence of polynomials Rk(x2, . . . , xk) in  k 1 variables, starting 
with k = 2, so that for any variable Y satisfying (1.4.1) it holds that 

(2) (k)(1.4.5) ⌫k(Y ) =  Rk M (0), . . . ,M  (0) , for any k 2 .
Y Y 

Each polynomial Rk satisfies the following homogeneity condition 
⌘⇣ 1x2 x3 xk(1.4.6) Rk k Rk(x2, . . . , xk) , for any r 6= 0 and any x2, . . . , xk ., , . . . ,  = 

2 3 kr r r r 

XX 

Example 1.4.3. For a standard normal random variable Z we have mZ = 0 and ⌫2(Z) =  V(Z) =  
1. Because of symmetry, all odd moments of Z are null: ⌫2k+1(Z) = 0, for k 0, while for the 
even moments we have that 

1 (2k)!
⌫2k(Z) =  , for any k 1 .

k k!2 

X 

(2) (k)Since MZ ( ) =  2/2, for any 2 C, we also have M
Z (0) = 1 and M

Z (0) = 0, for any k 3. 

X 

In any case, 

(1.4.7) E(Zk) =  ⌫k(Z) =  Rk 1, 0, . . . , 0 , for any k 3 , 

and 

(1.4.8) 0 =  Qk 1, ⌫3(Z), . . . , ⌫k(Z) , for any k 3 . 

X 

1.4.2 Moment generating functions of a Khinchin family and its fulcrum 

Let f be a power series in K with radius of convergence R >  0 with Khinchin family (Xt)t2[0,R). 
And let F denote, as usual, the fulcrum of f , which is defined in the interval ( �1, ln R): 

F (s)e = f(e s) , for s < ln R .  

We have, see Section 1.3.4, that mf (es) =  F 0(s) and f (s) =  F 00(s), for every s < ln R. 

Next we are going to obtain convenient expressions of the moment generating functions of each 
Xt in terms of f itself and more conveniently in terms of the fulcrum F . 

Fix t 2 (0, R) and set s = ln  t. Since  Xt is a non-negative variable, the following change of 
order of summation is legitimate and we have, if te < R, that 

1 1 1 1 ⇣ 1 ⌘E(Xt
k) (n )k1 1 1

k k n k n ant ant= n = 

X 

k! f(t) k!
k=0 
1 

f(t) k!
k=0 k=0n=0 n=0

([) 
1 f(te ) 

an(te )n = < +1 .= 
f(t) f(t)

n=0 
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47 1.4. MOMENT GENERATING FUNCTIONS AND KHINCHIN FAMILIES 

Thus with ⇢(t) =  ln  R ln t, condition (1.4.1) is satisfied: 
1X 

k=0 

E(|Xt|k) |z|k , for |z| < ⇢(t) . 
k! 

The identity ([) actually shows that the moment generating functions of Xt, centered or not, 
are defined for all 2 ( �1, ⇢(t)) and may be written in terms of f as 

(1.4.9) 

8 
>>>>< 

>>>>: 

f(te )
E(e Xt ) =  ,

f(t) 
for each < ln R ln t ,  

f(te )(Xt mf (t)E(e mf (t))) =  e ,
f(t) 

and in terms of the fulcrum F as 

(1.4.10) 

8 
>< 

>: 

E(e Xt ) =  exp  F (s+ ) F (s) , 
for each < ln R s .  

E(e (Xt mf (t))) =  exp  F (s+ ) F (s) F 0(s) , 

sRecall that, t = e , for t < ln R, and abbreviate ⌫k(t) =  ⌫k(Xt) =  E((Xt mf (s))k), for k 1. 
We have,that 

MXt ( ) =  F (s+ ) F (s) F 0(s) =  
X1 

j!
j=2 

F (j)(s) 
j , if | | < ln R s .  

and so 

(1.4.11) F (k)(s) =  Qk ⌫2(t), . . . , ⌫k(t) , for any k 2 , 

and 

(1.4.12) ⌫k(t) =  Rk F
(2)(s), . . . , F (k)(s) , for any k 2 . 

1.4.3 Moment generating function of a Khinchin family and Cherno↵ bounds 

We continue with the Khinchin family (Xt)t2[0,R) associated to a power series f(z) in  K with radius 
of convergence R and with fulcrum F (s) defined  in (  �1, ln R). 

For t 2 (0, R) and s = ln  t, and 2 R such that te < R  (or s+ < ln R) we have, see (1.4.10), 
that 

(Xt mf (t))E e = exp  F (s+ ) F (s) F 0(s) . 

We may bound the expression F (s+ ) F (s) F 0(s) as follows. Fix s < ln R, and let 2 R 
be such that s+ < ln R, i.e.,  2 ( �1, (ln R) s). We may write 

ZZ 
2 sF (s+ ) F (s) F 0(s) = F 00(s+y)( y)dy = 
f (e ey)( y)dy 

0 0 
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48 CHAPTER 1. ELEMENTARY PROPERTIES OF KHINCHIN FAMILIES 

R R 
bawith the standard convention that = whenever a < b. For s, s + < R, the quantity 

b a 
F (s + ) F (s) F 0(s) is non-negative. Since F 0 is increasing, the intermediate value theorem 
gives F (s + ) F (s) < F 0(s + ) and thus 

F (s + ) F (s) F 0(s)  (F 0(s + ) F 0(s)) . 

Observe that if < 0 both factors in the bound in the right of the above inequality are negative. 
Define for s <  ln R and 0  ⇤ < (ln R) s, the quantity: 

F 0(s + y) F 0(s)
⌃(s, ⇤) = 2 max . 

|y||⇤| y 

For each such s fixed, the expression ⌃(s, ⇤) is positive and increasing for ⇤ in the indicated range. 
We have, if s, s + < ln R, that 

(Xt mf (t)) ( 2
/2)⌃(s,| |)E e  e . 

The intermediate value theorem gives for s, s + < ln R that 

F 00(s + y) .⌃(s, ⇤)  2 max 
|y||⇤| 

Proposition 1.4.4. For the Khinchin family (Xt)t2[0,R) associated to f(z) in K with radius of 
sconvergence R and fulcrum F , we have, for s, s + < ln R and t = e that 

(Xt mf (t)) (F 0(s+ ) F 0(s))  e( 
2
/2)⌃(s,| |)(1.4.13) E e  e . 

1.4.4 Cherno↵ bounds for subexponential random variables 

The most simple form of concentration for a random variable Y is given by Chebyshev’s inequality 
For random variables with finite, and small variance, this inequality ensures that the random 
variable Y is close to its mean. Chebyshev’s inequality only requires the second moment of Y to 
be finite. 

We are interested in obtaining one or two sided bounds for the tails, that is large deviation 
inequalities, for certain random variable Y ; these are the Cherno↵ bounds. In this last case 
we require all the moments of Y to be finite (in fact we impose that the random variable Y 
is subexponential). We refer to Chapter 2 in [98] for further details about these concentration 
inequalities. 

Let U be a random variable. The random variable Y is termed subexponential if for a certain 
⇤ > 0 and a certain A >  0, it holds that 

U )  e( 
2
/2)A(1.4.14) E(e , for each such that | |  ⇤ . 

Proposition 1.4.4 just above tell us that each random variable of a Khinchin family is actually 
subexponential. 

In Proposition 1.4.5 just below we are going to show that general subexponential random 
variables satisfy a large deviation inequality, which as a particular case will give raise in Proposition 
1.4.6 to a large deviations inequality for each member of a Khinchin family. 
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49 1.4. MOMENT GENERATING FUNCTIONS AND KHINCHIN FAMILIES 

Proposition 1.4.5. Let U be a random variable. Assume that for certain ⇤ > 0 and certain 
A > 0, it  holds that  

( 2
/2)A(1.4.15) E(e U )  e , for each such that | |  ⇤ . 

Then 

(1.4.16) P(|U | > y)  2 · 

8 
>< 

>: 

y
2
/(2A)e , if 0  y  ⇤A ,  

⇤y/2e , if y ⇤A .  

A random variable satisfying (1.4.15) for a pair of parameters A and ⇤ is called subexponential. 

Proof. For y > 0, we wish to give an upper bound for the probability P(U > y). To do this, take 
> 0, whose value we are going to optimize depending on y. 

Markov’s inequality gives that 

U y UP(U > y) =  P U > y = P e e  e yE e , 

and thus we obtain from (1.4.15) that 

y ( 2
/2)AP(U > y)  e e . 

For any A > 0, the parabola 7! y + A 2/2, decreases for 2 ( �1, y/A), increases for 
2 (y/A,+1) and attains a minimum value of y2/(2A) at = y/A. 
Thus we deduce that 

(1.4.17) P(U > y)  

8 
>< 

>: 

y
2
/(2A)e , if 0  y  ⇤A ,  

⇤y/2e , if y ⇤A .  

For y > 0 and > 0 we may write, analogously, that 

y ( 2
/2)A)P(U <  y) =  P( U > y)  e yE(e U )  e e , 

Arguing as above, we obtain 

(1.4.18) P(U <  y)  

8 
>< 

>: 

y
2
/(2A)e , if 0  y  ⇤A ,  

⇤y/2e , if y ⇤A .  

Combining (1.4.17) and (1.4.18) we get (1.4.16). 
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50 CHAPTER 1. ELEMENTARY PROPERTIES OF KHINCHIN FAMILIES 

1.4.5 Cherno↵ bounds for Khinchin families 

Let (Xt)t2[0,R) be the Khinchin family associated to a power series f(z) in  K with radius of con-
vergence R. 

sLet t 2 (0, R) and write t = e . Proposition 1.4.4 gives us that U = Xt mf (t) satisfies the 
subexponentiality condition (1.4.15) for any ⇤ such that 0  ⇤ < ln R s and any A ⌃(s, ⇤). 

Thus from Proposition 1.4.5 we deduce 
Proposition 1.4.6 (Cherno↵ bounds). For t 2 (0, R) and ⇤ 0 such that te⇤ < R, and we have 
for s = ln  t that 

(1.4.19) P(|Xt mf (t)| > y)  2 · 

8 
>< 

>: 

y
2
/(2⌃(s,⇤)e , if 0  y  ⇤⌃(s, ⇤) , 

⇤y/2e , if y ⇤⌃(s, ⇤) . 

More generally, for any A ⌃(s, ⇤), we have 

(1.4.20) P(|Xt mf (t)| > y)  2 · 

8 
>< 

>: 

y
2
/(2A)e , for 0  y  ⇤A ,  

⇤y/2e , for y ⇤A .  

Observe that the restriction te⇤ < R  is vacuous in the case of entire functions f 2 K. 
In terms of the power series f itself, the bounds of (1.4.19) mean that 

8 
><X 

y
2
/(2⌃(s,⇤)) e , if 0  y  ⇤⌃(s, ⇤) , 

ant
n  2 f(t) · 

|k mf (t)|>y 
>: 
e ⇤y/2 , if y ⇤⌃(s, ⇤) . 

1.5 Khinchin families and Wiman-Valiron theory 

This section is devoted to show how the probabilistic point of view of the Khinchin families illu-
minates and provides (relatively) simple proofs of some (of the most fundamental) results of the 
Wiman-Valiron theory. The ideas and the essential ingredients of this approach are contained in 
the seminal paper [83] of Rosenbloom, and also in the paper [88] of Schumitzky. Let us mention 
that the paper of Hayman, [50], is a classical reference for the Wiman-Valiron method. 

We are going to present proofs within the framework of Khinchin families of the classical 
Wiman-Valiron Theorem and of a companion theorem due to Clunie, which claim that one or a 
few terms of an entire power series represent quite closely the whole power series. The proofs are 
based respectively in the general bounds contained in Lemma 1.5.3 and Proposition 1.4.6. In those 
preliminary (from the point of view of the Wiman-Valiron theory) results the maximum term or a 
few terms of the power series are compared to the power series as a whole and the comparison is 

2controlled by the variance function. The extra ingredient now is that this variance function 
f (t) 

could be bounded in terms of f(t), but not for all values of t, if fact for all but a set of finite 
logarithmic measure. These comparisons of f with f are based on some di↵erential inequalities 
and also on a classical lemma of Borel, which we present first. 
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51 1.5. KHINCHIN FAMILIES AND WIMAN-VALIRON THEORY 

1.5.1 Probability bounds and variance of the variables Xt 

The following bound is a useful observation about general random variables with values in the 
lattice Z. The bound follows simply from Chebyshev’s inequality. 

Lemma 1.5.1. For some absolute constant H and any random variable U taking values in Z, we  
have that 

H 
max P(U = k) p . 
k2Z 1 +  V(U) 

p
The proof below works with H = 1/(4 2). 

Lemma 1.5.1 quantifies the observation that if all the probabilities P(U = k) are small, then 
the variable U is quite spread out and its variance must be large. 

p
Proof. We may assume that V(U) < +1. And also that V(U) > 0. Let us denote µ = E(U) 

2and = V(U). 

Chebyshev’s inequality gives that 

2 2P (U µ)2 2  
1 
, and thus that P (U µ)2  2

1 
. 

2 2 

Therefore X 
21  P (U µ)2  2 = P(U = k)

2 p p
2 |k µ| 2 

p p
 max P(Z = k) · # k 2 Z : 2  |k µ|  2 

k2Z ⌘p p
 max P(Z = k) · (1 + 2 2 )  max P(Z = k) 2 2 · (1 + ) ,

k2Z k2Z 

which gives the result. 

We have used above that if I is a closed interval in R, then  #  I \ Z  1 +  |I|. 

p p
In the inequality of Lemma 1.5.1, the quantity 1 + V(U) cannot be replaced by V(U). For 

instance, for p 2 (0, 1/3), let Up be the random variable which takes the values ±1 with probability p p
p, and the value 0 with probability 1 2p. Observe that V(Up) =  2p and max(p, 1 2p) = 1  2p 
(recall that p 2 (0, 1/3)). We have 

⇣ q ⌘ p
lim max P (Up = k) · V(Up) = lim  max(p, 1 2p) · 2p = 0  . 
p#0 k2Z p#0 

Remark 1.5.2. Continuous variables. For continuous random variables, the following analogue of 
Lemma 1.5.1 holds. Let Y be a continuous random variable, with density (x), (finite) standard 
deviation and mean m. Let ⌫ denote ⌫ = supx2R (x). Chebyshev’s inequality gives that 

Z 
1 

(x)dx = P(|U m|  ) (1 ), for any > 1.
2 

|x m| 
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52 CHAPTER 1. ELEMENTARY PROPERTIES OF KHINCHIN FAMILIES 

Therefore 
✓ ◆ 

1 1 · ⌫ 
2 

1 
2 , if > 1, 

maximizing the lower bound in (taking 
p

= 1/ 3) we find that 

· ⌫ Q, 
p

with Q = 1/(3 3). 

For a random variable U distributed uniformly in the interval [ 1, 1] we have ⌫ = 1/2 and p p
= 1/ 3, and thus · ⌫ = 1/(2 3), in this case. ⇥ 

For the Khinchin family (Xt)t2[0,R) associated to f 2 K, Lemma 1.5.1 translates into the 
following inequality: 

✓ ◆⌘⇣ antn 
max · (1 + f (t)) H ,  for any t 2 [0, R) , 
n 0 f(t) 

which we write as a Lemma. 
P1Lemma 1.5.3. For a power series f(z) =  2 K with radius of convergence R >  0 we

n=0 anz
n 

have ✓ ◆ 
1 

nf(t)  max ant (1 + f (t)) , for any t 2 [0, R) . 
H n 0 

1.5.2 Di↵erential inequalities 

The following lemma is Proposition (the only one) in Fuchs’ paper [34]. 

Lemma 1.5.4 (Fuchs). Let µ be a regular Borel (positive) measure in R. Let I be a collection of 
open intervals indexed by a set ⌦: 

I = {I! : ! 2 ⌦} , 

which is such that for a constant B >  0 and any finite subcollection of pairwise disjoint intervals 
I!j , 1  j  n, it  holds that  

nX 
µ(I!j )  B .  

j=1 
S 

Then for any Borel set E such that E ⇢ I!, it  holds  that  µ(E)  2B.
!2⌦ 

In the proof we will use Besicovitch covering Theorem (valid in Rk) in the elementary one-
dimensional case. This one-dimensional covering result claims that if (Jj )m is a finite collection 

j=1 
of finite open intervals, then we can find two disjoint sets of indices U, V ⇢ {1, . . . ,m}, so that 
both the intervals {Jj ; j 2 U} and the intervals {Jj ; j 2 V } are pairwise disjoint and so that 

m[ [ [ 
Ij = Ij [ Ij . 

j=1 j2U j2V 
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53 1.5. KHINCHIN FAMILIES AND WIMAN-VALIRON THEORY 

In our applications below the measures µ are integrals against non-negative continuous functions 
in R, which are locally finite (µ(K) < +1 for any compact set K in R) and thus regular, see, for 
instance, Theorem 2.18 and Theorem 2.17 of [86]. 

Proof. By (inner) regularity, it is enough to show that µ(K)  2B, for any compact K ⇢ E. 
Let !1, . . . ,  !m be such that 

m[
K ⇢ I!j . 

j=1 

Write Jj = I!j Applying the covering Theorem with the notations above we have 
X X 

µ(Jj )  B and µ(Jj ) 
j2U j2V 

and thus that 
⇣ [ ⌘ ⇣ [ ⌘ X X 

µ(K)  µ Ij + µ Ij  µ(Jj ) +  µ(Jj )  2B ,  
j2U j2V j2U j2V 

as claimed. 

A typical application of Lemma 1.5.4 follows. It is an adaptation of [34, Lemma 1]. 

Lemma 1.5.5. Let G be a C1 function defined in (a, b) ✓ ( �1, +1) and increasing. Let A = 
limx#a G(x) and B = limx"b G(x). Let be a positive continuous function defined in (A, B) andR 

Bsuch that (v)dv < +1.
A 

Then there exists an open set E ⇢ (a, b) of finite Lebesgue measure so that 

1 
Z 

G(x+ ) 
(u)du  1 , for every x 2 (a, b) \ E and any > 0 such that x + <  b,  

G(x) 

and 

1 
Z 

G(x) 
(u)du  1 , for every x 2 (a, b) \ E and any > 0 such that x > a . 

G(x ) 

In this lemma we allow a and A to be �1 and b and B to be +1. Of course if (a, b) is  a  finite  
interval, there is nothing to prove. 

Proof. We define E+ by 
Z 

y 
E+ = x 2 (a, b) : there  exists  y 2 (x, b) such that y x <  (G(u))G0(u)du . 

x 

The set E+ is open, since if x 2 E+ and y is as in the definition above, then by continuity and for 
some > 0, we have that 

Z 
y 

y z <  (G(u))G0(u)du, for any z 2 (x , x + ) . 
z 
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54 CHAPTER 1. ELEMENTARY PROPERTIES OF KHINCHIN FAMILIES 

The set E+ is contained in the union of a collection I of open intervals (contained in (a, b)) 
which satisfy Z 

|I| < (G(u))G0(u)du . 
I 

Thus for any finite collection of intervals I1, . . . , Im of pairwise disjoint intervals of I we have 
that 

m m Z Z 
b Z 

BX X 
|Ij | < (G(u))G0(u)du < (G(u))G0(u)du = (v)dv . 

Ij a A
j=1 j=1 

Given this, Lemma 1.5.4 shows that |E+| < +1. 
For any x 2 (a, b) \ E+ and if x < x  + < b we then have that 

Z 
x+ Z 

G(x+ ) 
= (x + ) x (G(u))G0(u)du = (v)dv . 

x G(x) 

Arguing analogously or applying the above with G( x) and ( u), we obtain E ⇢ (a, b) of 
finite measure so that if x 2 (a, b) \ E and if x > x  > a then 

Z Z 
G(x)x 

= x (x ) (G(u))G0(u)du = (v)dv . 
x G(x ) 

Corollary 1.5.6. Let G be a C1 function defined in [a, +1) and increasing so that G(a) =  A 
and limx!1 G(x) = +1. Then for any " > 0 there exists c > a  and a set E ⇢ [c, +1) of finite 
Lebesgue measure so that for each x 2 (c, +1) \ E we have 

G(x+ ) G(x)
)1+"  G(x + , for every > 0 , 

G(x) G(x )  G(x)1+" , for every > 0 such that x > c ,  

and besides 

G0(x)  G(x)1+" ([) . 

Proof. Take c > a  so that G(c) > 1 and take (u) = 1/u1+" , for u G(c). Then 
R 
G 
1 
(c) (v)dv < 

+1. 
Apply Lemma 1.5.5 to obtain an exceptional set E ⇢ [c, +1) of finite Lebesgue measure, such 

that for x 2 [c, +1) \ E and > 0 we have that 
Z 

G(x+ ) Z 
G(x+ )1 G(x+ ) G(x)

(u)du du = ,
)1+" )1+" G(x + G(x +G(x) G(x) 

and for x 2 [c, +1) \ E and > 0 such that x > c we have that 
Z 

G(x) Z 
G(x)1 G(x) G(x )

(u)du du = . 
G(x)1+" G(x)1+" 

G(x ) G(x ) 

The inequality ([) follows from by fixing x 2 (c, +1) \ E and letting ! 0. 
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Next, we apply Corollary 1.5.6 to entire functions in K. Let f be an entire power series in K, 
and let F be its fulcrum defined in ( �1,+1). We have, see Section 1.3.4, that 

s) F 00(s 2F (s) = ln  f(e s), F 0(s) =  mf (e and ) =  
f (e s) , for any s 2 R . 

Proposition 1.5.7. For f entire in K and for " > 0, there exists S 2 R and a set E ⇢ [S,+1) 
of finite measure such that for s 2 [S,+1) \ E we have that 

8 
>>< 

>>: 

F (s+ ) F (s) 
)1+"  F (s+ , for every > 0 

F (s) F (s ) 
)1+"  F (s , if s > s  > S ,  

)1+" F 0(s)  F (s and 

and also that 
8 
>>< 

>>: 

F 0(s+ ) F 0(s) 
)1+"  F 0(s+ , for every > 0 

F 0(s) F 0(s ) 
)1+"  F 0(s , if s > s  > S ,  

F 00(s )1+" )  F 0(s and 

Besides, 

F 00(s )1+" (1.5.1) )  F (s , for every s 2 [S,+1) \ E .  

Proof. This follows from applying Corollary 1.5.6 with G = F and with G = F 0 . The last inequality 
follows from applying the two previous bounds with ⌘ (instead of ") such that (1 + ⌘)2 = 1+  ". 

1.5.3 Borel’s Lemma 

Borel’s Lemma is a standard estimate on the growth of increasing functions which is of frequent 
use in the theory of entire functions. See, for instance, [85, Chapter 9]. We shall need the following 
variant of Borel’s Lemma which appears in Hayman’s paper [50] as Lemma 1: Borel’s Lemma 
would correspond to the case " = 1. 

Lemma 1.5.8 (Borel, Hayman). Let G be an increasing function defined in [a,+1) for some 
a 2 R, and such that G(a) > 0. For every " > 0, there exists a set E ⇢ [a,+1) of finite Lebesgue 
measure so that ⇣ 1 ⌘ 

G x+  2G(x) , for any x 2 [a,+1) \ E .  
G(x) " 

The proof below follows the lines of the proof of Borel’s lemma in [85]. In general formulations 
of this kind of results the functions G are not assumed to be continuous; for certain applications 
not necessarily continuous functions are needed. But the assumption of continuity simplifies the 
proof a bit, and in our applications below the function G are actually C1 . 
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56 CHAPTER 1. ELEMENTARY PROPERTIES OF KHINCHIN FAMILIES 

Proof. Denote y0 = a and 

E := {x y0 : G x + 1/G(x) " 2G(x)} . 

We are going to show that E is contained in a countable (maybe finite) collection of closed intervals 
of finite total length and this that |E| < 1. 

Consider E0 = [y0 + 1, +1) \ E. If  E0 = ; we are done, and we stop. If not, let x0 = inf  E0. 
Write h0 = 1/G(x0) " and let y1 = x0 + h0. We  have  

y1 x0 y0 + 1 and G(y1) 2G(x0) . 

Consider E1 = [y1 +1/2, +1) \ E. If  E1 = ; we are done, and we stop. If not, let x1 = inf  E1. 
Write h1 = 1/G(x1) " and let y2 = x1 + h1. We  have  

y2 x1 y1 + 1/2 and G(y2) 2G(x1) . 

It the process does not stop, we obtain two sequences (xn)n 0 and (yn)n 0 such that 

yn+1 xn yn + 1/2n and G(yn+1) 2G(xn) for any n 0 . 

Continue with this process indefinitely or stop in for some n 0 we have  En = ;, in which case 
the proof is finished. Since G the function is non-decreasing we also have 

G(xn+1) 2G(xn) , for any n 0 , 

thus 
G(xn) 2nG(x0) , for any n 0 . 

Also 
1 1 1 

yn+1 = xn + hn and hn =  , for any n 0 . 
G(xn) " G(x0) " 2n" 

The increasing sequence (xn)n 0 tends to 1, because if limn!1 xn = u 2 R then G(u) = +1. 
And also limn!1 yn = +1. 

S 
We have that [x0, +1) =  [xn, xn+1]. And that 

n 0 

[
E ⇢ [xn, yn+1 + 2  (n+1)] 

n 0 

(n+1)because E \ [yn+1 + 2  , xn+1) =  ;, by the very definition of xn+1. 

Finally, 

XXXX1 1 1 1 

|E|  (yn+1 xn) +   1 +  hn  1 +  < 1 . 
2(n+1) G(x0) " 2n" 

n=0 n=0 n=0 n=0 

1 1 1 
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57 1.5. KHINCHIN FAMILIES AND WIMAN-VALIRON THEORY 

1.5.4 Maximum term 

The maximum term of an entire power series is a key ingredient of the Wiman-Valiron theory. 
P1 nLet g be an entire entire function g(z) =  , (no a priori assumptions on the coe!cients 

n=0 bnz 
other than g being entire). The maximum term is the function µ(g, t) defined  by  

nt 0 7! µ(g, t) = max |bn|t . 
t 0 

Since g is entire, we have that limn!1 |bn|tn = 0, for any t 0, and thus that µ(g, t) is  well defined:  
it is a (finite) maximum, not a supremum. 

Recall also the standard notation: M(g, t) = max|z|t |g(t)|. The Wiman-Valiron Theorem 
relates these two functions, µ(g, t) and M(g, t), both defined in (0, +1). 

Cauchy’s coe!cient inequality gives that 

(1.5.2) |bn|tn  M(g, t) , for any n 0 and any t 0 , 

so that 
µ(g, t)  M(g, t), for any t 0 . 

The interesting comparison in the Wiman-Valiron theory goes in the other direction. As we 
shall see, the Wiman-Valiron Theorem claims that for every entire function g the maximum term 
µ(g, t) is  not much less than the maximum modulus M(g, t) for most values of t, in a sense that 
we shall make precise later on, of course. 

P1 nObserve that the function f defined by the power series |bn|z , is also entire, (by the 
n=0 

formula of Cauchy-Hadamard), and that 

(1.5.3) µ(g, t) =  µ(f, t) and M(g, t)  M(f, t) =  f(t) , for any t 0 . 

This observation will mean that for the Wiman-Valiron comparison of µ(g, t) and M(g, t) we could 
assume that g has non-negative Taylor coe!cients. 

Observe also that if h is an entire function in K and if f(z) =  zkh(z) for some integer k 1, 
then 

k(1.5.4) µ(f, t) =  t µ(h, t) and M(f, t) =  tkM(h, t) , for any t 0 . 

This observation will mean that for the Wiman-Valiron comparison for an entire function g we 
could assume that g is in K. 

For an entire function f 2 K, we have that 

µ(f, t) 
= max P(Xt = k) , for any t >  0 . 

f(t) k 0 

P
N nFor a polinomial g(z) =  bnz of degree N , we have  
n=0 

µ(g, t) M(g, t))
(1.5.5) lim = |bN | = lim  . 

t!1 tN t!1 tN 
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58 CHAPTER 1. ELEMENTARY PROPERTIES OF KHINCHIN FAMILIES 

The maximum term of the exponential function is given (asymptotically) by the following 
lemma. 

Lemma 1.5.9. We have 
k tt e 

sup ⇣ p , as t ! +1. 
k! tk 0 

The lemma claims that for the exponential function, g(z) =  ez, then  
M(g, t) 

µ(g, t) ⇣ , as t ! 1 . 
ln1/2 M(g, t) 

Proof. We prove that there are constants 0 < C  D and T > 0 such that 
k t kt e t 

C sup  p  D sup , for any t T.  
k! t k! 

Along this proof we will denote by C di↵erent absolute constants. 
Fix t 1. Using Stirling’s lower bound we have 

tk (te)k 

k 0 k 0 

 C p , for any k 1. 
k! kk k 

Now we find the value x > 0 where the function h(x), given by 
(te)x 

h(x) =  p , for any x > 0,
xx x 

reach its maximum. This value is given by x̂, the solution of ln(t) =  ln(x̂) + 1/2x̂, which  implies  
1/(2x̂)that t = x̂e . This last equality gives t < x̂ and also that t ! 1  implies that x̂ ! 1, 

therefore t ⇠ x̂, as t ! 1. In fact: t = x̂+ 1/2 +  O(1/x̂). 
Using this last expression we find that 

1/2 e
x̃ te 

h(x̂) =  e p ⇠ p , as t ! +1, 
x̂ t 

and this implies that there exists certain T > 0 such that 
k tt e 

sup  Cp , for any t > T.  
k! t 

Now we prove the lower bound. Fix t >  1 and take n = btc. Stirling’s asymptotic formula 
gives, for a di↵erent constant C, that 

n ntn n et 

k 0 

t e e 
C p Cp Cp , 

n! nn n n t 
for t large enough, therefore there exists T > 0 such  

k tt e 
sup Cp , for any t T.  

k! tk 0 
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1.5.5 Wiman-Valiron Theorem 
R 

dx yThe logarithmic measure of a set A ⇢ (0, +1) is defined as . If  A = {e : y 2 B}, then  R R A x 
dx = 

B dy = |B|.
A x 

We restate Lemma 1.5.3 in terms of the maximum term of f entire in K as 
1 

(1.5.6) f(t)  µ(f, t)(1 + f (t)) , for any t 0 . 
H 

where H is some absolute constant. 
P1 nTheorem 1.5.10 (Wiman-Valiron). Let g(z) =  bnz be a non-constant entire power series. 

n=0 
For each " > 0, there exists a set W = W" ⇢ (0, +1) of finite logarithmic measure such that 

M(g, t)  µ(g, t), for any t 2 (0, +1) \ W. 
ln1/2+✏ M(g, t) 

The following proof comes from [83]. 

Proof. Some preliminary reductions. Because of (1.5.3), we may assume that g has non-negative 
Taylor coe!cients. Also, because of (1.5.5), we may assume that g is not a polynomial and thus 
that limt!1 ln M(g, t)/ ln t = +1. And, finally, because of (1.5.4), taking into account the limit 
above and by reducing " if necessary, we may assume that g 2 K. 

We are thus to prove that for a given entire function g in K and " > 0, there is a set W ⇢ (0, +1) 
of finite logarithmic measure so that 

g(t)  µ(g, t) ln1/2+" g(t) , for any t /2 W .  

We already know, from (1.5.6), that, for some absolute constant H >  0, 
1 

(?1) g(t)  µ(g, t)(1 + g(t)) , for any t 0 . 
H 

For the fulcrum F of g we have, from (1.5.1) of Proposition 1.5.7, that there exists S 2 R and a 
set E ⇢ [S, +1) of finite Lebesgue measure so that 

F 00(s)  F (s)1+" , for s 2 [S, +1) \ E ,  

which translates into 

(?2) g(e s)  ln1/2+"/2 g(e s), for s 2 [S, +1) \ E .  

Increasing the value S, if necessary, we have, since lims!1 g(es) = +1, that 
1 

(?3) 1+ ln1/2+"/2 g(e s)  ln1/2+" g(e s) , for s 2 [S, +1) \ E .  
H 

Combining (?1), (?2) and (?3), we obtain that 

g(e s)  µ(g, e s) ln1/2+" g(e s) , for s 2 [S, +1) \ E .  

The set W = {t > eS : ln  t 2 E} has finite logarithmic measure and we have that 
Sg(t)  µ(g, t) ln1/2+" g(t) , for t 2 [e , +1) \ W ,  

as desired. 
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60 CHAPTER 1. ELEMENTARY PROPERTIES OF KHINCHIN FAMILIES 

1.5.6 Clunie’s Theorem 
P1Theorem 1.5.11 (Clunie). Let f(z) =  be an entire function in K. For every " > 0

n=0 anz
n 

there exist T >  0 and a set C ⇢ [T,+1) of finite logarithmic measure such that for every t 2 
[T,+1) \ C we have that 

8 
y
2
/(2mf (t)1+" )>e , for 0  y  mf (t) ,< 

P |Xt mf (t)| > y   2 >: y/(2mf (t) " )e , for 0  y  mf (t) . 

In other terms, for t 2 [T,+1) \ C, we have  
X 

y
2
/(2mf (t)1+" )ant

n  2f(t) e , for 0  y  mf (t) . 
|k mf (t)|>y 

The following proof of Theorem 1.5.11 is patterned after [88]. 

Proof. We may assume that f is not a polynomial and thus that 

Mf = lim  mf (t) =  lim  F 0(s) = +1 . 
t!1 s!1 

Here F denotes the fulcrum of f . 
From Proposition 1.5.7 with "/2, we obtain S 2 R and a set E ⇢ [S,+1) of finite Lebesgue 

measure such that for s 2 [S,+1) \ E we have that 

⌃(s,⇤) < F 0(s + ⇤)1+"/2 , for ⇤ > 0 such that s ⇤ S .  

To reach this conclusion we have used that F 0(s)  F 0(s + ), if 0. 
By increasing S and augmenting E if necessary, we have from the Borel-Hayman Lemma 1.5.8, 

that ⇣ ⌘ 
F 0 s +

1 
< 2F 0(s) , for s 2 [S,+1) \ E .  

F 0(s) " 

Thus 
⇣ ⌘ 21+"/2 

F 0(s)1+" ⌃ s, 
1 

< , for s /2 E and such that s 1/F 0(s) S .  
F 0(s) " F 0(s) "/2 

Since lims!1 F 0(s) = +1, we may increase the value of S again so that 
⇣ ⌘1 

⌃ s, < F 0(s)1+" , for s 2 [S,1) \ E .  
F 0(s) " 

Define T = eS and the set C = {es : s 2 E}. The  set  C has finite logarithmic measure. 
Finally, we appeal to Proposition 1.4.6, as remarked in the formulation (1.4.20), to deduce that 

for any t 2 [T,+1) \ C it holds that 
y
2
/(2mf (t)1+" )P |Xt mf (t)| > y   2e , for every y such that 0  y  mf (t) , 

and 
y
2
/(2mf (t) " )P |Xt mf (t)| > y   2e , for every y such that y mf (t) . 
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2.5 Entire functions in K . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  92 
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This chapter deals with the beautiful interplay between function theoretical properties of the 
holomorphic functions f 2 K and certain probabilistic properties of their associated Khinchin 
families (Xt) as t " R, in particular, the behavior as t " R of the mean mf (t) =  E(Xt), of the 

2variance 
f (t) =  V(Xt) or, in general, of the moments E(X

t

p), for p > 0. 

For instance, in Section 1.2.5 we will provide simple proofs, of probabilistic nature, of some 
lower bounds and asymptotic lower bounds of f (t), as t " R, quantifying Hadamard’s three lines 
theorem, due to Hayman [49], Bŏ̆ıchuk and Gol’dberg [13], Abi-Khuzzam [2] and others. Later, see 
Theorem 2.5.1 and Proposition 2.5.3, we will show, for entire functions f in K, how the growth of the 

2mean mf (t) and, in general, of the moments E(X
t

p), with p > 0, and of the quotient 
f (t)/mf (t), 

relate to the order of f , generalizing some results of Pólya and Szegő, and of Báez-Duarte. 

It turns out, Theorem 2.4.8, that for clans, limt"R E(X
t

p)/E(Xt)p = 1, for any p >  0. For Q1instance, the ordinary generating function of the partitions of integers P (z) =  1/(1 zk)
k=1 

is a clan, and for the family (Xt)t>0 associated to P we obtain readily, for any p >  0, that 
E(X

t

p) ⇠ ⇣(2)p/(1 t)2p, as t " 1. 

For entire functions in K, Pólya and Szegő [81] showed that entire functions with non-negative 
coe!cients of finite order ⇢ such that limt!1 ln f(t)/t⇢ exists and is positive are clans; we show, 
more generally, see Theorem 2.5.9 in Section 2.5, that entire functions in K of regular growth (in 
a precise sense) are clans. 

The entire gap series with non-negative coe!cients presented in Section 2.5.2 furnish the basic 
examples of entire functions of any order ⇢, with  0   ⇢  +1, which are not clans. A classical 
result of Pfluger and Pólya [80] ensures that these entire gap series have no Borel exceptional 
values. We show in Theorem 2.5.10 that entire functions in K with one Borel exceptional value are 
always clans. 

This chapter is mainly based on the paper: 

• Maciá, V.J. et al. Growth of power series with nonnegative coe!cients, and Moments of 
power series distributions. (submitted) arXiv:2401.14473v2, see [19]. 

2.1 Moments 

In this section we compute the moments of any order of a Khinchin family (Xt)t2[0,R). For integers 
n 0, these moments admit closed expressions in terms of f itself, but these expressions are much 

2more intricate than those for the mean mf (t) and the variance 
f (t). 



� �

� � �

�
� �

� �
� �

�

�

�

�

63 2.1. MOMENTS 

Using the operator D, recall that Df(z) =  zf 0(z), see equation (1.3.1), we have that 

1Dqf(t) X 
q ant

n 
E(X

t

q) =  = n , for any t 2 [0, R). 
f(t) f(t)

n=0 

To express these moments in terms of f and some of its derivatives we make use of falling 
nfactorials. Stirling number of the second kind allow to express the powers x in terms of falling 

factorials x(x 1) . . . (x j+ 1). Recall that the Stirling number of the second kind S(n, j) counts 
the number of partitions of a set of size n in j (non-empty) subsets. In fact we have: 

nX 
n x = S(n, j)x(x 1) . . . (x j + 1), for any n 1. 

j=0 

0Here S(n, 0) = 0, for any n 1. For n = 0 we stick to the conventions that S(0, 0) = 1, x = 1 and 
also that x(x 1) . . . (x j + 1) if j = 0. For more details see, for instance, [REF Stirling Second 
Kind - Flajolet]. 

jWe will use the notation x = x(x 1) . . . (x j + 1) to denote the j-th falling factorial of x 
and, analogously, Xj = X(X 1) . . . (X j + 1) to denote the j-th falling factorial of a random 
variable X. With this notation in mind, for any Khinchin family (Xt), we have 

nX 
j

(2.1.1) Xt

n = S(n, j)X
t , for any n 1 and t 2 [0, R). 

j=0 

For any j 0, the j-th factorial moment of the Khinchin family (Xt) is given by 

1X
j j ant

n

j f
(j)(t)

(2.1.2) E(X
t ) =  n = t , for any t 2 (0, R). 

f(t) f(t)
n=j 

Using (2.1.1) and (2.1.2), we conclude that 

nX 
j f

(j)(t)
E(Xt

n) =  S(n, j)t , for any n 0 and t 2 [0, R). 
f(t)

j=0 

We collect this expression by means of the following Lemma. 

Lemma 2.1.1. Let f 2 K be power series with radius of convergence R >  0 and denote (Xt)[0,R) 
its Khinchin family, then 

nX 
j f

(j)(t)
E(Xt

n) =  S(n, j)t ,
f(t)

j=0 

for any n 0 and t 2 [0, R). 
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Some examples: moments of the most basic families 

• For f(z) = 1 +  z and its Bernoulli family we have 
t t 

E(Xt

n) =  S(n, 1) = , for any t 0 and n 1,
1 +  t 1 +  t 

Observe that in this case Xn ⌘ Xt, for any n 1.t 

• For f(z) = 1/(1 z) and its Pascal family we have 
nX tj 

E(Xt

n) =  S(n, j)j! for any t 2 [0, 1) and n 1. 
j=1 

(1 t)j 
, 

In particular, for t = 1/2, we have that n-th moment of the geometric variable of parameter 
˜1/2 is  Bn, the  n-th ordered Bell’s number. 

z• For f(z) =  e and its Poisson family we have 
nX 

jE(Xt

n) =  S(n, j)t , for any t 2 [0, 1) and n 1. 
j=1 

In particular, for t = 1, we have that the n-th moment of the Poisson variable of parameter 
1 is  Bn, the  n-th Bell number. 

2.1.1 Central and absolute central moments 

The expression for the general central moments in terms of f is a little bit more involved: 
✓ ◆kX k 

lE((Xt m(t))k) =  ( 1)k m(t)k lE(Xt

l)
l 

(2.1.3) l=0 ✓ ◆X k 
j f

(j)(t)
l l = S(l, j)( 1)k m(t)k t 

l f(t)
0jlk 

Using the previous equality we can find upper bounds for the absolute central moments, these 
moments are di!cult to compute in terms of f . 

We will use the following, special, notations for the third and fourth absolute central moments: 

(2.1.4) 3(t) =  E(|Xt m(t)|3) and 4(t) =  E(|Xt m(t)|4), 

for any t 2 [0, R). 

Jensen’s inequality implies that 

(t)  (t), for any t 2 [0, R). 

This inequality will prove useful in determining upper bounds for (t). While the fourth central 
moment, 4(t), can be expressed in a closed form, the third absolute central moment, 3(t), remains, 
a priori, unmanageable (at least for t close to R, see equation (2.2.2), for the expression of (t)3 , 
for t close to 0). 
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65 2.1. MOMENTS 

2.1.2 The moments determine the family 

The following proposition claims that Khinchin families are determined by their moments at any 
t = t0. 

Proposition 2.1.2. Let (Xt) and (Yt) be the Khinchin families associated to f, g 2 K, respec-
tively. Assume that f and g have radius of convergence R,S, respectively, and also that for 
t0 2 (0,min{R,S}) we have that 

E(Xk ) =  E(Y k ), for any k 0,t0 t0 

then R = S and there exists > 0 such that f(z) =  g(z), for  any  z 2 D(0, R). In fact Xt = d 
Yt, 

for any t 2 (0, R). 

Proof. We have that E(Xk ) =  E(Y k ), for any k 0, this implies that all the factorial moments t0 t0 
of Xt0 and Yt0 are equal. Equation (2.1.2) gives that 

f (k)(t0) g(k)(t0) = , for any k 0. 
f(t0) g(t0) 

The previous equality implies that, for z in a small disk around z = t0, we have  

1 1
f(t0)X 

f (k)(t0)(z t0)
k = 

X 
g(k)(t0)(z t0), 

g(t0)
k=0 k=0 

then both power series are identical in a small disk around z = t0 and the identity principle gives 
that R = S and f(z) =  g(z), for any z 2 D(0, R), with = f(t0)/g(t0). 

2.1.3 Recurrence for the moments and the central moments 

For a Khinchin family (Xt)t2[0,R) and any integer r 0 denote 

µr(t) =  E(Xt

r) and µ̃r(t) =  E((Xt mf (t))
r). 

2Thus µ1(t) =  mf (t) and µ̃2(t) =  
f (t). We add the convention that µ0(t) ⌘ 1 ⌘ µ̃0(t), for every 

t 2 (0, R). 

For the moments and the central moments we have the following di↵erential recurrences. 

Lemma 2.1.3. With the same notations: 

µr+1(t) =  mf (t)µr(t) +  tµ0 (t), for t 2 [0, R) and r 0.r 

and 

µ̃r+1(t) =  tµ̃0 
r(t) +  rµ̃r 1(t) f 

2(t), for t 2 [0, R) and any integer r 1. 
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66 CHAPTER 2. MOMENTS OF A KHINCHIN FAMILY 

Proof. Taking derivatives in 

X 
n 

f(t) 
n=1 

1
1 

r n µr(t) =  ant 

we deduce that 
0 
rµr+1(t) =  mf (t)µr(t) +  tµ (t), for any t 2 [0, R) and r 0. 

For the centered moments we have that 
X 

f(t)
n=0 

1 
antn 

(n mf (t))
r , for any t 2 [0, R) and any integer rµ̃r(t) =  0 , 

taking derivatives we find that 
0 
r 

0(t) +  rµ̃r 1(t)mf (t))µ̃r+1(t) =  t(µ̃ 
= tµ̃0 

r 
2 
f (t),(t) +  rµ̃r 1(t) 

for t 2 [0, R) and any integer r 1. 

2.1.4 Sequences of power series and moments 

Assume that (f [k])k 1 is a sequence of functions in K, all of them with radius of convergence at 
least R >  0 and also that f [k] converges uniformly on compact subsets to a function f 2 K, with  
radius of convergence R >  0. 

For each k [k]1 denote (X
t ) the Khinchin family of f [k] and by (Xt) the Khinchin family 

associated to f . In the same vein denote mk, 2 
k and mf (t) and 2 

f (t) the respective mean and 
variance. 

We already know, see Chapter 1, that for each t 2 (0, R) the sequence of random variables 
[k](X ) converges in distribution towards a variables Xt.t ⇣⇣ ⌘

↵
⌘ 

For ↵ > 0, we denote m↵,k(t) =  E X [k] and m↵(t) =  E(Xt 
↵). For moments of integer 

t 
order q we have 

µq(t) =  
f(

1 
t) 
Dqf(t), 

see equation (1.3.1) for the definition of D, and thus 

1 Dqf [k](t).mq,k(t) =  
f [k](t) 

converges to m↵(t), for t 2 (0, R). 

Proposition 2.1.4. With the same notation than above, for each t 2 (0, R), and each ↵ > 0 we 
have that 

⇣⇣ ⌘
↵
⌘ 

lim E X [k] = E(X↵ 

k!+1 t t ). 
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67 2.2. MOMENTS OF A KHINCHIN FAMILY NEAR 0 

Proof. Fix t 2 (0, R) and ↵ > 0. Let " > 0 be given and fix r 2 (t, R). Take K 1 such that 

|f [k](z) f(z)|  ", if |z| = r and k K. 

Cauchy’s formula gives that 
" |a[ nk] an|  
rn , for each n 0 and k K. 

Fixing a bigger K, if necessary, we can assume that 

1 1 1 2  ", and  , for any k K. 
f [k](t) f(t) f [k](t) f(t) 

We write 
1 [k] 1⇣⇣ ⌘

↵
⌘ X ↵ tn X ↵ 

[k] n an n antn 
E X E(Xt 

↵) =
t f [k](t) f(t)

n=0 n=0 
✓ ◆1 [k] 1X ↵tn X(an an)n 

↵ 
1 1 

= + ann tn . 
f [k](t) f [k](t) f(t)

n=0 n=0 

Estimating, for k K: 

⇣⇣ ⌘↵⌘ X1 ✓ ◆
n X1 ! 

[k] 2 
↵ 

t 
↵ nE X

t E(Xt 
↵)  " n + ann t . 

f(t) r 
n=0 n=0 

Corollary 2.1.5. With the previous notation, for any t 2 (0, R) we have 
2 2lim mk(t) =  mf (t), and lim 
k
(t) =  

f (t). 
k!1 k!1 

Another corollary, which will be useful later on, register the convergence of the even centered ⇣ ⌘ 
[k]moments of X to the even centered moments of (Xt).t 

Corollary 2.1.6. With the previous notations, for t 2 (0, R) and any integer j 1 we have 
⇣ ⌘ 

lim E |X [k] mk(t)|2j = E(|Xt mf (t)|2j ).t
k!1 

Proof. It is enough to observe that E(|Xt mf (t)|2j) =  E((Xt m(t))2j ) is written as a linear 
scombination of terms (a total of 2j + 1 terms) of the form E(Xt

s)mf (t)2j . 

2.2 Moments of a Khinchin family near 0 
P1Let f(z) =  be a power series in K with radius of convergence R >  0. Let (Xt)t2[0,R)n=0 anz

n 

2be its Khinchin family and mf (t) and 
f (t) be, respectively, the mean and variance of Xt, for 

t 2 [0, R). 
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68 CHAPTER 2. MOMENTS OF A KHINCHIN FAMILY 

2.2.1 Analycity of the moments near 0 

Let’s study the moments E(Xt
k), for t close to 0. Take S 2 (0, R) such that f(z) =6 0 for any z in 

the open disk D(0, S). For any integer k 1 we have  

1 

f(t) 
j=0 

X1 
E(Xt

k) =  aj j
ktj . 

Therefore, the moments E(Xt
k) are the restriction to the interval [0, S) of the holomorphic 

function 
1 

f(z) 
j=0 

X1 
aj j

k zj , for any z 2 D(0, S).z 7! 

This implies that the moments E(Xt
k) and the central moments E((Xt m(t))k), see equation 

(2.1.3), are analytic functions (i.e the restriction of certain analytic function to the real interval 
(0, S)). 

The absolute central moments E(|Xt m(t)|k) are also analytic for t 2 (0, S0) (that is, these 
moments are given by the restriction of an analytic function to the interval (0, S0)). The argument 
justifying this is the following: the mean m(t) is an increasing function; we distinguish two cases: 
there exists ⌧ 2 (0, R) such that m(⌧) = 1 (this is the case Mf > 1) or m(t) < 1 for any t 2 (0, R); 
in this case we choose ⌧ = R. 

For any t 2 [0, ⌧), the mean, m(t), verifies the inequality m(t) < 1, and therefore, in this 
interval, we have 

X1 

+ (n m(t))k ant
na0E(|Xt m(t)|k) =  m(t)k 

f(t) f(t)
n=1 

a0 
(2.2.1) 

m(t))k) + (1 + (  1)k+1)m(t)k = E((Xt for any t 2 (0, ⌧). 
f(t)

, 

We take S0 = min{⌧, S} and then the absolute central moment E(|Xt m(t)|k) is the restriction 
of certain holomorphic function in D(0, S0) to the open interval (0, S0). 

An immediate consequence of the previous analysis is that, for t close to s = 0, we can find an 
explicit expression for 3(t). Equation (2.2.1) gives that 

a0(2.2.2) 3(t) =  E((Xt m(t))3) + 2m(t)3 , for any t 2 (0, S0). 
f(t) 

2.2.2 Asymptotic behavior of the moments near 0 

We study now the asymptotic behavior of the moments for t close to zero. Let f 2 K be a power 
series with radius of convergence R >  0. Assume first that f 0(0) = a1 > 0. In this case, we have 
that 

a1 a12 mf (t) =  t+ O(t2) and 
f (t) =  t+ O(t2) , as t # 0 , 

a0 a0 
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2.3. ASYMPTOTIC BEHAVIOR OF THE MOMENTS OF THE MOST BASIC FAMILIES 69 

and, besides, that 
r 

a1 a0E(|Xt mf (t)|3) =  t+ O(t2) and 
p 
tE(|X̆t|3) =  + O(t) , as t # 0 . 

a0 a1 

In general, if for k 1, we have ak > 0, but aj = 0, for 1  j < k, then  

mf (t) =  
kak tk + O(tk+1) and 

f 
2(t) =  

k2ak tk + O(tk+1) , as t # 0 , 
a0 a0 

and, besides, that 

k3 r 
ak a0k k+1) k/2 E(| ˘E(|Xt mf (t)|3) =  t + O(t and t Xt|3) =  + O(t) , as t # 0 . 
a0 ak 

2.3 Asymptotic behavior of the moments of the most basic fami-
lies 

For 0 and t 2 [0, R), the moment E(X
t 
,) of exponent of Xt maybe be written in terms of 

the power series of f as 
1 

antnX 
,E(X

t 
,) =  n . 

f(t)
n=0 

We are particularly interested in the comparison of the moment E(X
t 
,) of exponent with the 

mean E(Xt), which acts as a sort of unit, as t " R. 

We would like to consider also moments of negative exponents of the Xt. But  since  P (Xt = 
0) = a0/f(t) > 0, we consider instead of Xt the variable Yt which is just Xt conditioned on being 
positive: Yt , (Xt|Xt 1), which takes values in {1, 2, . . .}: 

antn f(t)
P(Yt = n) =  = P(Xt = n) , for n 1 and t 2 (0, R) . 

f(t) a0 f(t) a0 

These variables Yt, conditioned versions of the Xt, are defined for t 2 (0, R). 

We describe next the asymptotics of the moments of the most basic families. 

2.3.1 Moments of geometric and negative binomial variables 

For the geometric family associated to f(z) = 1/(1 z) we  have  

Proposition 2.3.1. If (Xt)0t<1 is the Khinchin family of 1/(1 z), then for 0 

E(X, 

t )lim = ( +1). 
t"1 E(Xt), 
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70 CHAPTER 2. MOMENTS OF A KHINCHIN FAMILY 

Observe that for this family E(Xt) =  t/(1 t), for 0  t <  1, and thus E(Xt) ⇠ 1/(1 t) as 
t ! 1. 

This estimate of moments is actually equivalent to the following growth estimate of certain 
power series. 

1X 
, 1tn ⇠ ( ) 

1 
, as t " 1 .Lemma 2.3.2. For > 0, we have n 

(1 t), 
n=1 

Proof. From the binomial expansion, it follows that 
1 

(1 z), ( ) n! 
n=0 

and form Stirling’s formula that 

(n+ ) n, 1 
(2.3.1) ⇠ 

X1 (n+ ) 
n z , for |z| < 1 ,= 

as n ! 1 ,,
( ) n! ( ) 

For moments of negative exponents for the conditioned versions Yt of the Xt of the geometric 
family, we have, as t ! 1, 

,E(Y ) ⇠
t 

8 
>>< 

>>: 

⇣( )(1 t), for > 1 , 
1 

(1 t) ln  , for = 1  ,
1 t 

(1 )(1 t), , for 2 [0, 1) . 

The following estimates of moments of the negative binomial of parameter N associated to 
1/(1 z)N are a consequence again of Lemma 2.3.2. 

Proposition 2.3.3. Let N be an integer N 1 and let (Xt)0t<1 be the Khinchin family of 
1/(1 z)N . For  > 0, 

E(X
t 
,) ( + N)

lim = . 
t"1 E(Xt), (N)N, 

For this negative binomial family we have that E(Xt) =  Nt/(1 t), for t 2 [0, 1). 
As for moments of negative exponents for the conditioned versions Yt of the Xt of this negative 

binomial family of parameter N , we have, as t ! 1, 

E(Y
t 

,) ⇠ 

8 
>>>>>>< 

>>>>>>: 

⇣( N+1) 
(1 t)N , for > N ,  

(N) 
1 

(1 t)N ln 
1 

, for = N ,
(N) 1 t 
(N ) 

(1 t), , for 2 [0, N) . 
(N) 
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2.3.2 Moments of Bernoulli and binomial variables 

For the Khinchin family (Xt)0t<1 of a polynomial f of degree N we have that Xt tends in 
distribution to the constant N as t ! 1 and also that for 0: 

lim E(X
t 
,) =  N, = lim  E(Xt)

, . 
t!1 t!1 

Particular instances of this polynomial case are the Bernoulli family and the binomial family 
which are the Khinchin families, respectively, of f(z) = 1 +  z (of degree 1) and of f(z) = (1 +  z)N 

(of degree N). 

For moments of negative exponents with the conditioned versions Yt = E(Xt|Xt 1) we have 
that 

, E(Yt) ,lim E(Y ) =  N , = lim  .
t

t!1 t!1 

2.3.3 Moments of Poisson variables 
zThe Poisson family (Xt)t 0 is the Khinchin family associated to the exponential function e . For 

t > 0, the variable Xt is a Poisson variable with parameter t, and thus E(Xt) =  t. 
For > 0 and t > 0 the moment of exponent of Xt is given by 

1X tn te 
,E(X

t 
,) =  n . 

n! 
n=0 

The relevant power series comparison for the Poisson family corresponding to Lemma 2.3.2 for 
the case of the geometric family is the following proposition. 

Proposition 2.3.4. For 0, we have that 
1 

tnX 
, ⇠ t, t n e , as t ! 1 , 
n! 

n=0 

and 
1X tn t1 e ⇠ , as t ! 1 . 

n, n! t, 
n=1 

The Proposition 2.3.4, of analytic character, is equivalent to the combination of the propositions 
2.3.7 and 2.3.8 which record the asymptotics results of the moments of the Poisson variables. 
Actually, we shall derive these results about moments probabilistically and not using Proposition 
2.3.4 which we leave as a corollary. 

Remark 2.3.5 (Analytic proof of Proposition 2.3.4). A proof of analytic character is the following: 
t P1 upon derivation of e = 

n=0 t
n/n!, we deduce that for any integer k 1, 

X1 
n(n 1) . . . (n k + 1) 

n k tt = t e , for any t 2 R. 
n! 

n=0 
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From there, it follows that 

1X nk 
tn ⇠ tk e t , as t ! 1. 

n! 
n=0 

Convexity and Jensen’s inequality imply that, for any > 0, 

1 
t 

X n, 

tn ⇠ t,e , as t ! 1. 
n! 

n=0 

⇥ 

An application of Jensen’s inequality will allow to reduce some discussions below to the case of 
integer exponents. This lemma will also be useful in other sections. 

Lemma 2.3.6. Let (Ut)0t<R and 0 < R   1, be a family of non-negative random variables such 
that for some p > 1, 

E(U
t

p) ⇠ E(Ut)
p , as t " R. 

Then, for any 2 (0, p], 
E(U

t 
,) ⇠ E(Ut)

, , as t " R. 

Proof. Let 1 <  p. We have from Jensen’s inequality that 

t )
1/pE(Ut)  E(U

t 
,)1/,  E(Up . 

The result follows in this case, since, by hypothesis, E(U
t

p)1/p ⇠ E(Ut), as t " R. 

For 2 (0, 1), consider u 2 (0, 1) such that 1 = u+ p(1 u). Jensen’s inequality gives that 

E(U
t 
,)  E(Ut)

, . 

By Hölder’s inequality 
uE(Ut)  E(U

t 
,)u E(U

t

p)1 ; 

The result follows from these two inequalities, since, by hypothesis and the definition of u, we  have  
,uthat E(U

t

p)1 u ⇠ E(Ut)1 , as t " R. 

We split the discussion of the moments of Xt into those of positive exponents, Proposition 2.3.7, 
and those of negative exponents, Proposition 2.3.8, which together prove Proposition 2.3.4. 

• Moments of positive exponent. 

Proposition 2.3.7. For the family (Xt)0t<1 associated to f(z) =  ez, and  for  any  > 0, we  
have 

E(X
t 
,) ⇠ t, = E(Xt)

, , as t ! 1 . 

This statement is the first part of Proposition 2.3.4. 
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Proof. We will first show that the result holds when = k is an integer and after that we will 
extend it to any > 0 by means of Lemma 2.3.6. 

2Notice that E(Xt) =  mf (t) =  t and V(Xt) =  
f (t) =  t, for t > 0, and thus E(Xt 

2) =  t2 + t, for 
t > 0, which means that the result holds for k = 2. For k = 1, it holds trivially. 

1Pt 
n=0 t

n/n!, we see that 

tne t 

Let k 1 be an integer. Upon di↵erentiating k times the identity e = 

X 
E Xt(Xt 1) . . . (Xt k + 1) = n(n 1) · · · (n k+1) 

n! 
n=k 

1 

1 

= tk e t 
X 

n(n 1) · · · (n k+1) 
ktn 

n! 
n=k 

k = t , for t 0 . 

For integer k 1, we may write the monomials xk in terms of the falling factorials x(x 
1) . . . (x j + 1) and Stirling numbers of the second kind as 

kX 
x k = S(k, j)x(x 1) . . . (x j + 1) 

j=0 

and thus the kth moment of Xt is given by the polynomial 

kX 
E(Xt

k) =  S(k, j)tj . 
j=0 

Since S(k, k) = 1, for k 1, we see that for each integer k 1 

kE(Xt

k) ⇠ t , as t ! 1 . 

Lemma 2.3.6 finishes the proof. 

• Moments of negative exponent. 

Consider next the variables Zt which are the reciprocals of the truncated Poisson variables: 
( 
1/Xt , if Xt 1 ,

Zt = for t > 0 . 
0 , if Xt = 0  , 

We consider now moments of positive exponents of the reciprocals (Zt)t>0. Observe that for 
> 0, 

tE(Z
t 
,) =  e 

1 tn1X 
, for any t > 0 . 

n, n! 
n=1 

Proposition 2.3.8. For > 0, 

1 
E(Z

t 
,) ⇠ , as t ! 1 . 

t, 



� �

�
�

�

�

�

�

� � �

�

�

�

�

74 CHAPTER 2. MOMENTS OF A KHINCHIN FAMILY 

In other terms, 
1X 1 tn et ⇠ , as t ! 1 , 

n, n! t, 
n=1 

which is the second half of Proposition 2.3.4 . For precise asymptotic expansions of the negative 
moments of Poisson variables we refer to [55]. 

For the variables Yt = (Xt|Xt 1) and > 0, we have that 

te,E(Y ) =  E(Z
t 
,) , for t >  0 ,

t te 1 

and thus we also have 
, 1 

E(Y ) ⇠ , as t ! 1 .
t t, 

Proof. On account of Lemma 2.3.6, to prove Proposition 2.3.8 it su!ces to consider integer expo-
nents > 0. 

For t >  0, the first moment, E(Zt), is given by 

1X 1 tn 
E(Zt) =  e t . 

n n! 
n=1 

tNow taking the derivative with respect to t of E(Zt)e , we see that 

d
1X 1 tn et 1 

= ,
dt n n! t 

n=1 

for t >  0. Hence, 

E(Zt) =  e 
Z 

t 
t 

0 

se

s 
1 
ds = e t↵1(t), 

R 
t swhere ↵1(t) =  (e0 1)/s ds. 

The second moment, E(Zt 
2), is given by 

1X 1 tn 
. 

n2 n! 
n=1 

tE(Zt 
2) =  e 

and similarly, 
1X 1 tn 1Xd 1 tn 1 ↵1(t) = = . 

dt n2 n! n n! t 
n=1 n=1 

R 
tThus, if ↵2(t) =  ↵1(s)/s ds then for t >  0,0 

E(Zt 
2) =  e t↵2(t) . 
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In general, for any integer k 1, 

1X tn1
tE(Zt

k) =  e =: e t↵k(t) , for t >  0 ,
kn n! 

n=1 

R 
t twith ↵k(t) =  ↵k 1(s)/s ds and ↵0(t) =  e 1. To finish the proof it is enough to show that for 0 

any integer k 0, 
te 

↵k(t) ⇠ as t ! 1 . 
tk , 

By induction, we readily see that limt#0 ↵k(t)/t = 1, for k 0. We prove the asymptotic formula 
also by induction. Let k 1, and assume that the formula holds for k 1. (For k = 0, it holds 
trivially.) 

For M >  0 we let  
k 1 t" M = sup  ↵k 1(t)t e 1 . 

t M 

We have by the induction hypothesis that limM!1 " M = 0. 

Fix M > k. For t M , we have that 
Z 

t s Z 
M Z 

t se ↵k 1(s) e 
(2.3.2) (1 " M ) k ds  ↵k(t) ds  (1 + " M ) k ds 

s s sM 0 M 

Now, integrating by parts we obtain that 
Z 

t s t M Z 
t se e e e 

k ds = 
Mk + k 

k+1 ds . 
M s tk M s 

Since Z 
t Z 

tes 1 es 
ds  

k ds , 
k+1s M sM M 

we further obtain the bound 
t M Z 

t s ⇣ t M ⌘ e e e M e e 
(2.3.3)  ds  . 

tk Mk k tk Mks M kM 

From (2.3.2) and (2.3.3), 

k k1 " M  lim inf ↵k(t)t e t  lim sup ↵k(t)t e t  (1 + " M ) 
M

. 
t!1 t!1 M k 

Letting M ! 1, we finally conclude that 

te 
↵k(t) ⇠ as t ! 1 ,

tk , 

as desired. 
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2.3.4 Relative growth of moments 

We are comparing now, in the case Mf = +1, the growth of moments of di↵erent exponents and 
also the growth of the factorial moments and the moments of the Xt; this  is  covered,  respectively,  
by Corollaries 2.3.10 and 2.3.11. The basic tool is the following lemma. 

Lemma 2.3.9. For 1 < ↵ < , 

E(Xt 
↵) E(X

t 
,)

(2.3.4) , for any t 2 (0, R). 
E(Xt)↵ 

 
E(Xt), 

Proof. Recall that the Xt are non-negative variables. Write ↵ = u + (1  u) , with  u = (  
↵)/( 1) 2 (0, 1). Hölder’s inequality gives that 

(1 u), uE(Xt 
↵) =  E(Xu X )  E(Xt)

uE(X
t 
,)1 ,t t 

and so that 
E(Xt 

↵) ⇣ E(Xt) ⌘u 
 . 

E(X, E(X, 

t ) t ) 

Jensen’s inequality gives that E(X
t 
,) E(Xt), , and therefore, 

E(Xt 
↵) E(Xt)↵  E(Xt)

(1 ,)u 

E(X
t 
,)

= 
E(Xt), 

, 

as stated. 

From Lemma 2.3.9, we deduce the following two corollaries. 

Corollary 2.3.10. Assume Mf = +1. If  1 < ↵ < , then 

E(Xt 
↵)

lim = 0  . 
t"R E(X, 

t ) 

Proof. From Lemma 2.3.9, we have that 

E(Xt 
↵) E(Xt)↵ , = mf (t)

↵ , for any t 2 (0, R). 
E(X, E(Xt), 

t ) 

The statement follows since limt"R mf (t) = +1 and ↵ < 0. 

Corollary 2.3.11. Assume Mf = +1. For any integer k 1, we have that 

E(X
t

k)
lim = 1  . 
t"R E(X

t
k) 

Proof. From Corollary 2.3.10, we deduce that 
jE(X
t )lim = 0  , for 0  j < k. 

t"R E(X
t
k) 
kThe statement follows by expanding E(X
t ) as E(Xt

k) plus a linear combination of the moments 
jE(X
t ) with  0   j < k. 
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2.4 Khinchin Clans 

In the previous section, we have compared the growth of E(X
t 
,) with  E(Xt), , as t " R, for the 

basic examples of Khinchin families. Motivated by Hayman, [48], we introduce next a particular 
kind of Khinchin families, that we call clans, for which E(Xt 

2) ⇠ E(Xt)2 as t " R. Concretely, 

Definition 1. Let f be in K have radius of convergence R  1. We  say  that  f is a clan (and 
also that the associated family (Xt)t2[0,R) is a clan) if 

f (t)
(2.4.1) lim = 0. 

t"R mf (t) 

For a clan, the normalized variables Yt = Xt/E(Xt), for t 2 (0, R), converge in probability to 
2the constant 1 as t " R, since its variance V(Yt) =  
f (t)/mf (t)2 converges to 0 as t " R. 

This clan condition is equivalent to 

E(Xt 
2)

lim = 1. 
t"R E(Xt)2 

In terms of just the mean mf , being a clan is equivalent to 

tm0 
f (t)

lim = 0, 
t"R mf (t)2 

while in terms of the derivative power series Df , the condition for being clan becomes 

mDf (t)lim = 1. 
t"R mf (t) 

Alternatively, if we define 

f(t)f 00(t)
(2.4.2) Lf (t) :=  , for t 2 (0, R),

f 0(t)2 

and since 
E(Xt 

2) 1 
(2.4.3) = + Lf (t),E(Xt)2 mf (t) 

we have that f is a clan if and only if 

(2.4.4) lim Lf (t) = 1  1/Mf · 
t"R 

For a clan, the normalized variables Yt = Xt/E(Xt), for t 2 (0, R), converge in probability to 
2the constant 1, as t " R, since its variance V(Yt) =  
f (t)/mf (t)2 converges to 0, as t " R. 

P1Remark 2.4.1. For any power series f(z) =  n in K, if  N 1 is  the first  index  n 1 so  
n=0 anz 

that an 6= 0, then 
2 2 
f (t) a0 f (t)Nlim t 2 = , and thus lim 2 = +1 . 

t#0 m
f (t) aN t#0 m

f (t) 
see Section 2.2 for further details. ⇥ 
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2.4.1 First examples of clans 
z 2The Poisson family associated to f(z) =  e is a clan, since in this case mf (t) =  t and 

f (t) =  t 
and the radius of convergence is R = 1. 

The Bernoulli and binomial families are also clans. In fact, all polynomials f are clans, since 
for them f (t) ! 0 and mf (t) ! degree(f), as t ! 1. Further,  we  have:  

Lemma 2.4.2. Let f be a clan. Then Mf < +1 if and only if f is a polynomial. 

Proof. Polynomials in K are clans and have Mf finite, in fact Mf coincides with its degree. Con-P1versely, let f(z) =  be in K, not a polynomial and with Mf < 1. Thus, because of
n=0 anz

n 
P1Lemma 1.2.1, we have that R <  1 and 

n=1 nanR
n < +1. 

Then since P1 P12E(Xt 
2) ( antn)(n=0 n 

n=0 ant
n) 

= P1 , for t 2 (0, R) ,
E(Xt)2 ( 

n=0 nant
n)2 

taking limit as t " R, we obtain 
P1 P12( anRn)(

n=0 n 
n=0 anR

n)
(?) P1 = 1  . 

( 
n=0 nanR

n)2 

P1 P1If we set bn = anRn/( 
j=0 aj R

j ), para cada n 0, which satisfy 
n=0 bn = 1, then (?) 

becomes 
1 1X X 

2 
n 2bn = nbn . 

n=0 n=0 

This means that bn = 0, for each n 0 except for one value of n. This would imply that f is a 
monomial, a contradiction. 

In Section 3.2.3 it will be shown that every f 2 K of the ample class of strongly Gaussian 
functions conforms a clan. Primordial examples of strongly Gaussian functions are the generating 
function of the partitions and its variants (see, for example, [17] and [18]). 

2.4.2 Clan in terms of f , directly 

Observe that we may write 

f(t)f 00(t)E(Xt 
2) 1 

(2.4.5) = + . 
E(Xt)2 mf (t) f 0(t)2 

Thus, we have, in terms of f directly, that f conforms a clan if and only 

⇣ f(t)f 00(t)⌘1 
(2.4.6) lim + = 1  . 

t"R mf (t) f 0(t)2 

As a consequence of (2.4.6) we have that 
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Lemma 2.4.3. Let f be a power series in K with radius of convergence R >  0 and such that 
Mf = +1. Then f is a clan if and only if 

f(t)f 00(t)
(2.4.7) lim Lf (t) = lim  = 1  . 

t"R t"R f 0(t)2 

It follows, from instance, that the exponential generating function of the Bell numbers (number 
e
z 

of partitions of sets) e 1 is a clan. 

In particular, and because of Lemma 2.4.2, if f is an entire transcendental function in K, then  
f is a clan if and only if 

f(t)f 00(t)
(2.4.8) lim = 1  . 

t!1 f 0(t)2 

For a polynomial f of degree N , we have that 

f(t)f 00(t) 1 
lim = 1  . 
t!1 f 0(t)2 N 

For any transcendental entire function it is always the case that 

f(t)f 00(t)
(2.4.9) lim inf Lf (t) =  lim inf  1 . 

t!1 t!1 f 0(t)2 

This follows from Lemma 2.4.2 and the general identity (2.4.5). This fact has been pointed out in 
[91, p. 682]. Even further, assume that Mf = +1 and let c be such that mf (c) = 1. From the 
identity ⇣ ⇣ ⌘⌘01 

Lf (s) =  s 1 , for s 2 (0, R) , 
mf (s) 

we deduce that Z 
t ⇣ 1 ⌘ 
Lf (s)ds = t 1 , for t 2 [c, R) 

c mf (t) 
and so, that Z 

t1 
lim Lf (s)ds = 1  . 
t"R t c 

This implies, in particular and given (2.4.9), that 

(2.4.10) lim inf Lf (t) = 1  , for any transcendental entire function f in K . 
t!1 

2.4.3 Growth of the quotient f /mf and gaps 

Let f 2 K, not a polynomial, have radius of convergence R >  0. As in Section 1.2.5, we denote by 
(nk)1 

k=1 the increasing sequence of indices of the nonzero coe!cients of f . We  define  G(f) by  

nk+1(2.4.11) G(f) =  lim  sup  · 
k!1 nk 
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Clearly, G(f) 1. If for a given f we had lim infk!1 nk+1/nk > 1, then f would be the sum of 
a polynomial and a power series with Hadamard gaps; but notice that G(f) calls for a ‘lim sup’. 
Observe that the definition of G(f) involves the quotients nk+1/nk, and not the di↵erences nk+1 nk 
as it is the case in gap(f) and gap(f). 

Theorem 2.4.4. Assume that f 2 K, with radius of convergence R >  0, is  not  a  polynomial  and  
that Mf = +1. Then 

f (t) G(f) 1 
lim sup · 

t"R mf (t) G(f) + 1  

The proof below mimics our proof of Theorem 1.2.3. 

Proof. Since Mf = +1, we have that mf (t) is a homeomorphism from [0, R) onto [0, +1), and 
thus for any integer k there is tk 2 (0, R) so that 

nk + nk+1 mf (tk) =  · 
2 

For the random variable Xtk , we have that |Xtk mf (tk)| (nk+1 nk)/2 with probability 1, and 
thus 

1 
nk)

22 
f (tk) =  E (Xtk mf (tk))

2 (nk+1 ,
4 

and also 
2 
f (tk) (nk+1 nk)2 

· 2m
f (tk) (nk+1 + nk)2 

The result follows. 

Similarly, for the general absolute central moments of the family of functions f 2 K as in the 
statement of Theorem 2.4.4, we have that 

E (|Xt mf (t)|p) ⇣G(f) 1⌘p 
lim sup , for any p >  0. 

t"R mf (t)p G(f) + 1  

2.4.4 Some non examples of clans 

The geometric and negative pbinomial families are not clans, since for f(z) = 1/(1 z)N we have 
that limt"1 f (t)/mf (t) = 1/ N . If fact, for each ↵ p > 0 the function f(z) = 1/(1 z)↵, which  is  
in K is not a clan, because limt"1 f (t)/mf (t) = 1/ ↵. 

Theorem 2.4.4 provides us with many examples of power series in K which are not clans: 

Corollary 2.4.5. Let f be in K. If  Mf = +1 and G(f) > 1, then f is not a clan. 

1 1X X 
2k 2k 

Power series, with radius of convergence R = 1, like 1+ z , or, entire, like 1 + z /(2k!) 
k=1 k=1 

are in K and are not clans. 
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81 2.4. KHINCHIN CLANS 

2.4.5 Some basic properties of clans 

We register now a few properties of power series in K that are clans, that is, functions in K, with  
radius of convergence R >  0, and satisfying the limit condition given in (2.4.1). 

• It follows from Chebyshev’s inequality that if (Xt)t2[0,R) is a clan, then for any " > 0, 

⇣ ⌘Xtlim P 1 >  "  = 0, 
t"R E(Xt) 

and thus that Xt/E(Xt) converges in probability to the constant 1 as t " R: the random variable 
Xt concentrates about its mean mf (t) as t " R. 

• By Lemma 2.3.6, we have that if f is a clan, then 

E(X
t

p)
lim = 1 for any p 2 (0, 2]. 
t"R E(Xt)p 

Theorem 2.4.8 below will show that if f is a clan, then this limit result actually holds for any p >  0. 

• If f is a clan (with at least three nonzero coe!cients), then Df = zf 0(z) is also a clan. This 
will be proved right after Theorem 2.4.8. (The condition of three nonzero coe!cients excludes the 
case in which the variables associated to Df are constant.) 

• Notice that if g 2 K with radius of convergence R  1 conforms a clan, then for any 
integer N 1, f(z) =  g(zN ) also conforms a clan, since for t 2 [0, R1/N ), mf (t) =  Nmg(tN ) and 
f (t) =  N g (tN ), where mg , mf , g , and f denote the means and variances of the Khinchin 

families of g and f . 

If f, g 2 K are clans, then their product h ⌘ fg  is also a clan. For we have mh = mf +mg and 
2 2 2 2 2= = o(m

f +m ) and thud = o(mh). In particular, if f 2 K and N 1 is an integer, 
h f + g g h 

then fN is also a clan. Later, see Section 2.4.8, we will verify that if f is a clan then Df is a clan. 

• If f is an entire function in K and f is a clan, then ef is a clan and fk is a clan for every integer 
k 1. To show this, we distinguish between f polynomial or not. 

fIf f is a polynomial in K, then  fk is also polynomial in K and thus a clan. For h ⌘ e , we  have  
Mh = +1. Also 

h00(t)h(t) f 00(t) 
= + 1,

h0(t)2 f 0(t)2 

and since clearly limt!1 f 00(t)/f 0(t)2 = 0 for the polynomial f , the condition of Lemma 2.4.3 holds. 

If f is not a polynomial then Mf = +1. Write  h ⌘ ef . Since  

h00(t)h(t) f 00(t) ⇣f 00(t)f(t)⌘ 1 
= + 1 =  + 1  ,

h0(t)2 f 0(t)2 f 0(t)2 f(t) 
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the result follows from Lemma 2.4.3. For powers fk the argument to show that they are clans is 
analogous. 

• Finally, if f and g are entire functions which are clans, then the composition f g is a clan. 
This is clear if both f and g are polynomials. Otherwise, this follows from the identity 

Lg(t)
Lf g(t) =  Lf (g(t)) + , for any t > 0, 

mf (g(t)) 
and by combining Lemma 2.4.3 and the fact that, for a polynomial h in K of degree N , we  have  
that limt!1 Lh(t) = 1  1/N , while  limt!1 mh(t) =  N . 

In particular, if g is an entire function which is a clan, then eg is a clan. 

2.4.6 Weak clans 

We say that f 2 K gives raise to a weak clan if 

E(Xt 
2)

lim inf = 1  , 
t"R E(Xt)2 

or, equivalently, 
f (t)

lim inf = 0  . 
t"R mf (t) 

Every entire function f 2 K is a weak clan. In fact, we have 

Proposition 2.4.6. Let f be an entire function in K. Then for every " > 0, there exists a set 
G" ⇢ (0, R) of logarithmic measure not exceeding ", such that 

f (t)
([)  lim  = 0  . 

t!1; mf (t)
t/2G" 

Proof. Polynomials are clans, so we may assume that Mf = +1. 
2For a > 0, consider Ha = {x a : 
f
(x) mf (x)3/2}. For x 2 Ha we have that 

m
f 
0 (x) 1 

, 
mf (x)3/2 x 

and thus, by observing that Mf = +1, we deduce that 
Z 

dx 2 
Ha x 

 
mf (a)1/2 . 

Let a = a(") be such that 2/mf (a)1/2  ", then for G" = Ha("), we have that G" has logarithmic 
measure at most " and for t /2 G" we have that 

2 
f
(t) 1  ,2 1/2m
f
(t) m (t)

f 

which gives ([) 
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As a consequence of this result, we have that, in general, for entire functions f 2 K, which are 
not clans, the quantity f (t)/mf (t) must oscillate and has not limit as t ! 1. 

The same proof gives the same restricted limit (avoiding a set of arbitrarily small logarithmic 
2 2measure) with 
f (t)/mf (t)1+ , with  > 0, instead of 

f (t)/mf (t)2 . 

In contrast, power series f 2 K with finite radius of convergence need not be weak clans. In  
fact, for f(z) = 1/(1 z), we have that limt"1 f (t)/mf (t) = 1, and for f(z) =  1+ ln(1/(1 z)), we 
have limt"1 f (t)/mf (t) = +1. 

2In the next two examples, with radius R = 1, the quotient 
f (t)/m

2 
f (t) has a positive (finite) 

limit as t " 1. 
P1 4 n• Let g(z) = 1 +  z . In this case, we have Mg = +1, in fact, 

n=1 n 

5 
mg(t) ⇠ 

1 
,
t

as t " 1 . 

Also 
00(t)g(t)(4 + j)! g 

g(j)(t) ⇠ and so lim = 6/5 ,
(1 t)5+j , 

t"1 g0(t)2 

and thus, via (2.4.5), we deduce that 

E(Xt 
2) 6 

lim = > 1 . 
t"1 E(Xt)2 5 

Thus g is not a weak clan. 
P1• Let h(z) = 1 +  n/z4 . In this case, we have Mh = ⇣(3)/(1 + ⇣(4)) < +1. Since  th0(t) =

n=1 zP1 P1n/n3 , and th0(t) +  t2h00(t) =  n/n2 , we readily obtain that 
n=1 z 

n=1 z 

E(Xt 
2) ⇣(2)(1 + ⇣(4)) 

lim = > 1 . 
t"1 E(Xt)2 ⇣(3)2 

Remark 2.4.7. In general, if ↵ 2 R, the  power series  in  K, of radius R = 1, given by 

X1 

f(z) = 1 +  n ↵ n z 
n=1 

E(Xt 
2)

is not a weak clan, and thus not a clan. In fact, for each ↵, the  limit  L := limt"1 exists 
E(Xt)2 

(including the possibility of 1 as limit) and it is not 1. 
We have 

Mf = 

8 
>< 

>: 

+1, for ↵ 2, 
⇣( ↵ 

1 +  ⇣( 
1) 
↵) 

for ↵ < 2 , 

https://clans.In
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and 

L = 

8 
>>>>< 

>>>>: 

↵+2 
,

↵+1
for ↵ > 1, 

+1, for 1 ↵ 3, 
⇣( ↵ 2)(1+⇣( 

⇣( ↵ 1) 
↵)) 

for 3 > ↵ . 

⇥ 

2.4.7 Moments of clans 

Our next result shows that for a clan f , any moment, not just the second one, is asymptotically 
equivalent, as t " R, to the corresponding power of mf (t). 

Theorem 2.4.8. If f 2 K with radius of convergence R  1 is a clan with associated family 
(Xt)t2[0,R), then 

E(X
t

p)
(2.4.12) lim = 1, for every p > 0. 

t"R E(Xt)p 

As a consequence of Theorem 2.4.8, we can now prove that, as anticipated in Section 2.4.5, if f 
is a clan (with at least three nonzero coe!cients), then Df = zf 0(z) is also a clan. Let (Xt)t2[0,R) 
and (Wt)t2[0,R) denote, respectively, the Khinchin families of f and of Df . 

As observed in (1.3.3), the moments of the families (Wt) and (Xt) are related by 

E(Xp+1E(W
t

p) =
1 

), for any p > 0 and any t 2 (0, R). 
mf (t) t 

Thus, 
⇣ ⌘2mf (t)2 

E(Wt)2 mf (t) E(X
t 
2)2 mf (t)3 E(X

t 
2) 

E(Wt 
2) E(Xt 

3) mf (t)2 E(Xt 
3) 

= = . 

Since f is a clan, both fractions on the far right tend towards 1 as t " R and, consequently, Df is, 
as claimed, also a clan. 

As another consequence, which we have also anticipated, observe that since the partition func-Q1tion P (z) =  1/(1 zk) is a clan, Theorem 2.4.8 and (1.2.7) give for the moments of its 
k=1 

associated family (Xt) that, for any p > 0, 

⇣(2)p 
E(X

t

p) ⇠ E(Xt)
p ⇠ , as t " 1. 

(1 t)2p 

Remark 2.4.9. Hayman, in Theorem III of [48], shows that the successive derivatives of Hayman 
(admissible) functions satisfy asymptotic formulas which are equivalent to the conclusion of The-
orem 2.4.8, limt"R E(Xt

k)/E(Xt)k = 1 for k 1 integer. Our probabilistic proof below shows that 
this conclusion is valid under the simple and more general notion of clan. ⇥ 
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85 2.4. KHINCHIN CLANS 

Proof of Theorem 2.4.8. Due to Lemma 2.3.6, it is enough to prove (2.4.12) for any integer k 1. 
If f is a polynomial of degree N , we have, for any integer k 1, that limt!1 E(Xt

k) =  Nk. In  
particular, 

E(Xt
k) Nk 

lim = 
Nk = 1. 

t!1 E(Xt)k 

We assume now that f is not a polynomial and, consequently, that Mf = +1. 
We first check that 

(2.4.13) lim sup 
E

E 
(

( 
X

X 
t

t
k 

)

) 
k  ek!. 

t"R 

Corollary 2.3.11, using that Mf = +1, gives that the inequality (2.4.13) is equivalent to 

E(X
t

k)
lim sup 

E(Xt)k  ek!, 
t"R 

which follows from (2.4.21) and Theorem 2.4.17. 
Denote Vt := Xt/E(Xt), for t 2 (0, R), so that, for any integer k 1 and any t 2 (0, R) 

E(Xt
k) 

= E(Vt

k). 
E(Xt)k 

We aim to show that for a clan, limt"R E(Vt
k) = 1 for any integer k 1. For k = 1, we have that 

E(Vt) = 1, for any t 2 (0, R), and the case k = 2 is just the definition of clan. 
By (2.4.13), for any integer k 1, the moments of Vt satisfy that 

(2.4.14) lim sup E(V 2k)  e (2k)!.t 
t"R 

Fix an integer k 3. Consider a constant ! > 0 and apply the Jensen, Cauchy–Schwarz and 
Chebyshev inequalities: 

1 =  E(Vt)
k  E(Vt

k) =  E Vt

k 1{|Vt 1|>!} + E Vt

k 1{|Vt 1|!} 

1/2 f (t) 1  E(V 2k)1/2 P |Vt 1| > ! + (1  +  !)k  E(V 2k)1/2 + (1  +  !)k ,t t mf (t) ! 

where with 1A we denote the indicator function of the event A. Since  f is a clan, limt"R f (t)/mf (t) =  
0, and this and the bound in (2.4.14) combine to imply that 

1  lim sup E(Vt

k)  (1 + !)k , 
t"R 

for any ! > 0. Therefore, lim supt"R E(Vt
k) = 1. Now since k 1, we have that E(Vt

k) E(Vt)k = 
1 for any t 2 (0, R), we get, as desired, that 

lim E(Vt

k) = 1
t"R 

for every integer k 1. 
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Remark 2.4.10. Theorem 2.4.8 does not hold for general families or sequences of random variables, 
i.e., if (Vn)n 1 is a sequence of non-negative random variables, then the condition limn!1 E(V 2)/E(Vn)2 = n 
1 does not imply that limn!1 E(Vn

p)/E(Vn)p = 1 for p >  2 (although this would be the case for 
p <  2, because of Lemma 2.3.6). 

p
Indeed, for n 1, define Vn taking the value n/ ln(n + 1) with probability 1/(n + 1) and the p

value 1 (n+1) n/ ln(n+1) with probability n/(n+1). For this sequence of random variables, 
n 

we have that E(Vn) = 1 for any n 1 and limn!1 E(Vn
p) = 1, if p  2, but limn!1 E(Vn

p) = +1, 
if p >  2. ⇥ 

2.4.8 Derivative Df of a clan is a clan 

Next we show that if f is a clan (with at least 3 nonzero coe�cients) then Df is also a clan. Let 
(Xt)t2[0,R) and (Wt)t2[0,R) denote, respectively, the Khinchin families of f and of zf 0(z) =  Df . 

As observed in (1.3.3) the moments of the families (Wt) and (Xt) are related by 

E(Xp+1E(W
t

p) =
1 

) , for any p >  0 and any t 2 (0, R) . 
mf (t) t 

In particular, 
E(Wt) =  

1 
E(Xt 

2) , 
mf (t) 

and thus, 
E(Wt 

2) E(Xt 
3) mf (t)4 

= . 
E(Wt)2 mf (t)3 E(X

t 
2)2 

Since f is a clan, both fractions on the right tend towards 1 as t " R and, consequently, Df is, as 
claimed, also a clan. 

2.4.9 On the mean function of a clan. 

Hayman showed in Lemmas 2 and 3 of [48]) that the mean mf (t) of functions f 2 K in the Hayman 
class cannot grow too slowly. Recall, from Section 3.2.3, that the Hayman class is a subclass of 
the class of strongly Gaussian functions, and thus, by Corollary 3.2.10, functions in the Hayman 
class are clans. Next, building upon Hayman’s approach, we present a characterization of clans in 
terms of mf alone. 

Observe that to first order approximation we have that 

2 t f (t) 
mf (t + t/mf (t)) ⇡ mf (t) +  m 0 

f (t) = mf (t) +  , 
mf (t) mf (t) 

and thus that 
2 mf (t + t/mf (t)) f (t)⇡ 1 +  · 

mf (t) mf (t)2 
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87 2.4. KHINCHIN CLANS 

This suggests that clans, for which limt"R f (t)/mf (t) = 0, may be characterized in terms of the 
behavior of the quotient mf (t + t/mf (t))/mf (t) as t " R. This is the content of Theorem 2.4.11. 

Also, to second order approximation we have, using (1.2.1), that 

ln f(t + t/mf (t)) ln f(t) ⇡ (ln f)0(t) 
t 

+ 
1 
(ln f)00(t) 

t2 

mf (t) 2 mf (t)2 
(2.4.15) 21 f (t) 1 1 

= 1 +  ,
2 mf (t)2 2 mf (t) 

which in turn suggests that clans, at least when Mf = +1, may be characterized in terms of the 
behavior of the di↵erence ln f(t + t/mf (t)) ln f(t), as t " R. This is the content of Theorem 
2.4.17. 

Theorem 2.4.11. Let f 2 K have radius of convergence 0 < R   1. 
If R = 1, the power series f is a clan if and only if 

mf (t + t/mf (t))
(2.4.16) lim = 1. 

t"R mf (t) 

If R <  1, the power series f is a clan if and only if (2.4.16) holds, and besides, 

(2.4.17) lim (R t) mf (t) =  1. 
t"R 

Remark 2.4.12. The classical Borel lemma, see for instance [85, Chapter 9], claims that for any 
function µ(t) continuous and increasing in [t0, 1) for some t0 and if a >  1, then there exists an 
exceptional set E of logarithmic measure at most a/(a 1) so that 

µ t + t/µ(t)  aµ(t) , for any t 2 [r0, +1) \ E .  

⇥ 

Proof of Theorem 2.4.11. If f is a polynomial then limt!1 mf (t) = deg(f), and thus (2.4.16) 
holds. We may assume thus that f is not a polynomial. 

For the direct part we assume that f is a clan and not a polynomial, and thus that Mf = +1. 
Consider t 2 (0, R) and denote by ((t) the  supremum  

2 
f (s)

((t) =  sup  . 
mf (s)2 

s t 

2 0Since f conforms a clan, limt"R ((t) = 0. Now, take 0 < t   r  s < R. Since  
f (r) =  rm

f (r), we 
have that 

0m
f (r) ((t) . 

mf (r)2 r 
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After integration in the interval (t, s) and using that ( is decreasing, we get that 

1 1 s ((t)
(2.4.18)  ((t) ln   (s t) . 

mf (t) mf (s) t t 

If R <  1, by taking the limit as s " R, and using that Mf = +1, we get that 

1 ((t) (R t) , for t 2 [0, R) 
mf (t) t 

and since limt"R ((t) = 0, we deduce that (2.4.17) holds. 

So in either case, whether R is finite or not, there exists t0 2 (0, R) such that t+t/mf (t) < R for 
every t 2 (t0, R). In (2.4.18), take t 2 (t0, R) and s = t+ t/mf (t) < R  and multiply by mf (t) > 0 
in both sides to get 

mf (t)
0  1  ((t) . 

mf t+ t/mf (t) 

The stated result follows since limt"R ((t) = 0. 

Next, the converse part of the statement: 
We have that Mf = +1. For R = +1, this follows since f is not a polynomial. For R < +1, 

this follows from assumption (2.4.17). 

Observe that whether R is finite or not, we always have that t + t/mf (t) < R  for t 2 [t0, R), 
for appropriate t0, and thus that mf (t+ t/mf (t)) is well defined. 

Denote (t) = 1 + 1/mf (t). Consider the power series Df . 

From Lemma 1.3.1 we have that 

Df (t)t 
(\) mDf (t) ln  (t) < ln , for t 2 [t0, R) . Df(t) 

Since Df(t) =  mf (t)f(t), for t 2 [0, R), appealing to Lemma 1.2.2 we have that 

Df (t)t mf (t)t f (t)t 
ln = ln  + ln  Df(t) mf (t) f(t)

(\\) 
mf (t)t 

 ln + mf (t)t ln (t) , for t 2 [t0, R) . 
mf (t) 

Combining the inequalities (\) and (\\) and dividing by mf (t) ln  (t) we obtain that 

mf ( (t)t) 
E(Xt 

2) mDf (t) 
ln 

mf (t) mf ( (t)t)
1  =  + , for t 2 [t0, R) . 

E(Xt)2 mf (t) mf (t) ln  (t) mf (t) 

Since limt"R mf ( (t)t)/mf (t) = 1, by hypothesis, and since limt" mf (t) ln  (t) = 1 because 
limt"R mf (t) =  1, we deduce that lim E(Xt 

2)/E(Xt)2 = 1, and thus that f is a clan. 
t"R 
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89 2.4. KHINCHIN CLANS 

2.4.10 On the quotient f( t)/f(t) 

Let f be in K and with radius of convergence R  +1. For > 1, we consider the quotient 
f( t)/f(t). Bounds for this quotient appeared already in Lemma 1.2.2. 

Lemma 2.4.13. If f is a power series in K with radius of convergence R  +1, then for > 1, 
the function f( t)/f(t) is increasing for t 2 (0, R/ ). 

Proof. Fix > 1. Consider the function g(t) = ln  f( t) ln f(t), for t 2 (0, R/ ). The derivative 
of g multiplied by t is mf ( t) mf (t), which is always positive, since mf is strictly increasing in 
(0, R). 

Lemma 2.4.14. Let f be an entire power series in K and > 1. If  f is a polynomial of degree d, 
then f( t)/f(t) is bounded for t 2 (0, 1), in fact, limt!1 f( t)/f(t) =  d. If  f is transcendental, 
then limt!1 f( t)/f(t) = +1. 

Proof. By Lemma 2.4.13, we have that limt!1 f( t)/f(t) = supt!1 f( t)/f(t) :=  H, which could 
be +1 If H <  +1, then  f( n)  Hnf(1), para cada n 1, which, by Cauchy estimates, implies 
that f is a polynomial of degree at most ln H/ ln . Conversely, if f 2 K is a polynomial of degree 
d then limt!1 f( t)/f(t) =  d . 

See [81, Item 24] and also Lemma 1.2.2. 

Lemma 2.4.15. Let f be an entire power series in K. Assume that for a continuous function (t) 
defined in (0, +1) with values in (1, +1) we have that f( (t)t)/f(t) is bounded for t 2 (0, +1). 
Then 

(t) = 1 +  O(1/mf (t)) , as t ! 1 . 

Proof. Assume first that f is not a polynomial. Let H >  0 be such that f( (t)t)/f(t)  H, for 
every t 2 (0, 1). Lemma 1.2.2 gives us that 

(?) mf (t) ln  (t)  H, for t 2 (0, 1) . 

Write (t) , 1 +  (t). It is the case that limt!1 (t) = 0; for if for a sequence tn converging to 1 
we have that (tn) 0 > 0, then, using Lemma 2.4.13 

f( (tn)tn) f((1 + 0)tn) 
f(tn) f(tn) 

but the left hand side is bounded by H while the right hand side tends to 1, because of Lemma 
2.4.14. 

Now, from (?) we have that 

(t)mf (t)  H (t)/ ln (t) , 

and thus 
lim sup (t)mf (t)  H ,  
t!1 



� �

� �

�

� �

�

90 CHAPTER 2. MOMENTS OF A KHINCHIN FAMILY 

since limt!1 (t)/ ln (t) = 1. 
For a polynomial we have that if f( (t)t)/f(t) is bounded for t 2 (0,+1) then  (t) is bounded, 

which is consistent with the conclusion since limt!1 mf (t) = degree(f). 

The discussion above leads us to consider most naturally the case (t) = 1 + 1/mf (t). 

Lemma 2.4.16. Let f 2 K with radius of convergence R  1. Assume  that  

(2.4.19) there exists T 2 (0, R) such that t + t/mf (t) < R, for  any  t 2 [T,R). 

Then 
Xf(t + t/mf (t)) 
1 

1 E(X
t

k)
(2.4.20) = for any t 2 (T,R)

f(t) k! E(Xt)k , 
k=0 

and, in particular, 

f(t + t/mf (t)) 1 E(X
t

k)
(2.4.21) for any k 0. 

f(t) k! E(Xt)k , 

The condition (2.4.19) in Lemma 2.4.16 is satisfied whenever f is a clan. To see this, observe 
first that if R = +1, then (2.4.19) is obvious. Now, if R <  +1, and f is a clan, then (2.4.17) 
of Theorem 2.4.11 gives, in particular, that (R t)mf (t) > R > t, for any t 2 [T,R), for some 
T 2 (0, R), and thus that t + t/mf (t) < R, for t 2 [T,R), which is (2.4.19). 

Proof of Lemma 2.4.16. Fix t 2 [T,R). The radius of convergence of the Taylor expansion of f 
around t exceeds t/mf (t), and this gives that 

1X 1 tkf (k)(t)
(2.4.22) f(t + t/mf (t)) = . 

k! mf (t)k 
k=0 

Dividing by f(t) and appealing to the expression (2.1.2) of the factorial moments of the (Xt) in  
terms of f , we obtain (2.4.20). The inequalities in (2.4.21) follow since all the summands in (2.4.20) 
are non-negative. 

In the next result, as suggested by the second order approximation (2.4.15), clans are charac-
terized as in Theorem 2.4.11, but involving ln f(t) instead of mf (t). 

Theorem 2.4.17. Let f 2 K with radius of convergence R  1. Assume  that  Mf = +1. Then 
f is a clan if and only if condition (2.4.19) holds and 

⌘⇣f(t + t/mf (t))
(2.4.23) lim ln = 1. 

t"R f(t) 

Concerning the hypothesis Mf = +1 of Theorem 2.4.17, observe that for any polynomial 
f 2 K of degree N , we have that 

⇣ ⌘
Nf(t + t/mf (t)) 1 

lim = 1 +  < e.  
t!1 f(t) N 
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Proof. Assume first that f is a clan. 
We have observed after the statement of Lemma 2.4.16 that condition (2.4.19) is satisfied 

by clans. To verify (2.4.23), denote (t) := 1  + 1/mf (t), for t 2 (0, R). Observe that since 
limt"R mf (t) =  Mf = +1, we have that 

(2.4.24) lim mf (t) ln  (t) = 1. 
t"R 

From Lemma 1.2.2, we have, for T 2 (0, R) as in condition (2.4.19), that 

f( (t)t) mf ( (t)t) 
mf (t) ln  (t)  ln  (mf (t) ln  (t)), for any t 2 [T,R). 

f(t) mf (t) 

Using (2.4.24) and (2.4.16) of Theorem 2.4.11, the limit (2.4.23) follows. 
For the converse implication, assuming now that (2.4.19) (2.4.23) hold, we will verify that f is 

a clan. It is enough to show that 
E(Xt 

2)
lim sup  1, 

t"R E(Xt)2 

or, because of Corollary 2.3.11 and the hypothesis Mf = +1, that 

2E(X
t )(2.4.25) lim sup  1. 

t"R E(Xt)2 

Using hypothesis (2.4.19) and Lemma 2.4.16 we obtain that 

Xf(t + t/mf (t)) 
1 

1 E(X
t

k) 
= for t 2 [T,R).

f(t) k! E(Xt)k , 
k=0 

Fix an integer N 3. Since the summands above are all non-negative we may bound 

N kXf(t + t/mf (t)) 1 E(X
t ) for t 2 [T,R).

f(t) k! E(Xt)k , 
k=0 

We split the sum on the right separating the summands corresponding to k  2 and those with 
3  k  N : 

2 N kXf(t + t/mf (t)) 1 E(X
t ) 1 E(X

t )1 + 1 +  + 
f(t) 2 E(Xt)2 k! E(Xt)k . 

k=3 

For 3  k  N , we have that 

k kE(X
t ) E(X

t ) E(Xt
k)

(2.4.26) lim inf 
E(Xt)k = lim  inf  1, 

t"R t"R E(X
t
k) E(Xt)k 

ksince Jensen’s inequality gives that E(Xt
k) E(Xt)k and limt"R E(X

t )/E(Xt
k) = 1, because of 

Corollary 2.3.11 and the hypothesis Mf = +1. 
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kFix now ⌧ 2 (0, 1). Because of (2.4.26), there exists S = S(N, ⌧) 2 [T,R) so that E(X
t )/E(Xt)k 

⌧ , for any t 2 [S, R) and any 3  k  N . Thus, we have that 

2 NXf(t + t/mf (t)) 1 E(X
t ) 1 

1 + 1 +  + ⌧ , for t 2 [S, R). 
f(t) 2 E(Xt)2 k!

k=3 

From this inequality and the hypothesis (2.4.23), we deduce that 

2 NX1 E(X
t ) 1 

e 1 + 1 +  lim sup + ⌧ · 
2 t"R E(Xt)2 k!

k=3 

Letting now ⌧ " 1, and then N ! 1, we obtain that 

21 E(X
t ) 1 

e 1 + 1 +  lim sup + e 1 1 ,
2 t"R E(Xt)2 2 

and conclude that (2.4.25) holds. 

In terms of the moment generation function of Xt, clans are characterized by the following 
corollary. 

Corollary 2.4.18. Let f 2 K with radius of convergence R  1. Assume  that  Mf = +1. Then 
f is a clan if and only if condition (2.4.19) holds and 

⇣ ⌘ 
(Xt mf (t))⌫(t)(2.4.27) lim E e = 1, 

t"R 

where ⌫f (t) := ln(1 + 1/mf (t)) for t >  0. 

Proof. The results follows from the expression 

⇣ ⌘ ⇣ ⌘f(t+t/mf (t)) 1 mf (t)(Xt mf (t))⌫(t)E e = 1 +  
f(t) mf (t) 

and Theorem 2.4.17. 

Observe that for polynomials in K, (2.4.27) holds. 

2.5 Entire functions in K 

In this section, we relate the order (of growth) of an entire function f in K with the growth of the 
2mean mf (t) and the variance 
f (t) of the associated Khinchin family. 

We shall resort occasionally to the fact that for f in K, we have that 

(2.5.1) max{|f(z)| : |z|  t} = max{|f(z)| : |z| = t} = f(t), for every t 2 [0, R). 
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In particular, we shall be interested in the relation between the order (of growth) of f and the 
2growth of the mean mf (t) =  E(Xt), of the variance 
f (t) =  V(Xt), and of moments E(X

t

p), with 
p > 0, of the associated family of probability distributions. 

Recall that the order ⇢(f) of an entire function f in K is given by 

ln ln max|z|=t{|f(z)|} ln ln f(t)
(2.5.2) ⇢(f) :=  lim  sup  = lim  sup  , 

t!1 ln t t!1 ln t 

where we have used (2.5.1) in the second expression. On the other hand, for any entire function P1f(z) =  nz , Hadamard’s formula (see Theorem 2.2.2 in [12]) gives ⇢(f) in terms of the 
n=0 a n 

coe!cients of f : 

n ln n 
(2.5.3) ⇢(f) = lim  sup  · 

n!1 ln(1/|an|) 

2.5.1 The order of f entire and the moments E(Xt

p) 

We can express the order of an entire function f 2 K in terms of the mean mf (t) and, in fact, of 
any moment E(X

t

p), as follows. 

Theorem 2.5.1. Let f 2 K be an entire function of order ⇢(f)  +1. Then 

t )
1/p]ln[E(Xp 

(2.5.4) lim sup = ⇢(f) , for any p 1. 
t!1 ln t 

The case p = 1 of Theorem 2.5.1, i.e., lim supt!1 ln mf (t)/ ln t = ⇢(f), appears in Pólya and 
Szegő, see item 53 in p. 9 of [81]. 

Proof. We abbreviate and write 

t )
1/p]ln[E(Xp 

⇤p := lim sup , for p > 0. 
t!1 ln t 

Observe that ⇤p  ⇤q if 0 < p  q, by Jensen’s inequality. 
(a) First we show that 

⇤p  ⇢(f) , for any p > 0. 

Fix p >  0. The inequality trivially holds if ⇢(f) = +1, so we may assume ⇢(f) < +1. Let P1! > ⇢(f) and take ⌧ = (! + ⇢(f))/2. If f(z) =  nz , for z 2 C, then Hadamard’s formula 
n=0 a n 

(2.5.3) gives N = N⌧ > 0 such that 

1 
an  if n N.

n/⌧ 
, 

n 
For t such that t⌧ > N , we have  

1X X X 
p n p n p nf(t) E(X

t

p) =  n an t = n an t + n an t 
n=1 nt! n>t! 

X 1
p!f(t p n/! p!f(t t ) +  n = t ) +  C ,

n/⌧ 
n 

n 
n 1 
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where C = C(!, ⇢(f), p) < +1. Thus,  

E(X
t

p)  tp! + C/f(t), if t⌧ > N,  

and so ⇤p  !, for every ! > ⇢(f), which implies, as desired, that ⇤p  ⇢(f) for p >  0 fixed above. 

(b) To finish the proof, it is enough to show that ⇢(f)  ⇤1, because ⇤1  ⇤p for p 1, and 
this, combined with part (a), would give (2.5.4). 

We may assume that ⇤1 < +1, since otherwise there is nothing to prove. We observe first 
that, for any ! > ⇤1, there  exists  T = T! such that 

mf (t) =  E(Xt)  t! , for t T,  

which, recall (1.2.1), can be written in terms of f as 

f 0(t) 
! 1< t  , for t T.  

f(t) 

Upon integration, the above inequality gives that 

1 
!ln f(t) ln f(T )  (t T!), if t T,

! 

which implies, by the very definition (2.5.2) of order, that ⇢(f)  !. From this, we deduce, as 
desired, that ⇢(f)  ⇤1. 

Remark 2.5.2. We mention that, if ⇢(f) is finite, then (2.5.4) holds also for p 2 (0, 1). 
To see this, fix p 2 (0, 1). We just need to show that ⇢(f)  ⇤p. We are going to interpolate 

⇤1 between ⇤p and ⇤2. 
Let u = 1/(2 p) 2 (1/2, 1), so that 

1 =  pu + 2(1 u). 

By Hölder’s inequality, we have that 

E(Xt) =  E(Xpu 2(1 u))  E(X
t

p)u E(Xt 
2)1 uX , for any t >  0,

t t 

and thus, 
⇤1  pu⇤p + 2(1 u) ⇤2. 

By (2.5.4), ⇤1 = ⇤2 = ⇢(f) < +1, so  

⇢(f)  pu⇤p + 2(1 u) ⇢(f). 

This, substituting the value of u, gives that ⇢(f)  ⇤p. ⇥ 
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2.5.2 Entire gaps series, order and clans 

Recall, from Definition 1, that an entire function f in K is a clan if 

f (t)
lim = 0. 
t!1 mf (t) 

We shall now exhibit examples of entire functions in K of any given order ⇢, 0   ⇢  1, which are 
not clans. These (counter)examples will be used in forthcoming discussions. 

Fix 0 < ⇢ < +1. 
Consider the increasing sequence of integers given by n1 = 0, n2 = 1 and nk+1 = knk, for any 

k 2, and let 
X1 

f(z) = 1 +  z 
nk/⇢ 

1 
nk . 

n
k=2 k 

X 

The function f is entire and belongs to K. Hadamard’s formula (2.5.3) gives that ⇢(f) =  ⇢. 
Recall the gap parameter G(f) given in (2.4.11), and observe that, in this case, G(f) =  

lim supk!1 k = +1, so from Theorem 2.4.4, we deduce that 

X 

f (t)
(2.5.5) lim sup 1 

t!1 mf (t) 

holds, and, in particular, that f is not a clan. 
With the same specification of the sequence nk, the  power series  g and h in K given by 

1 1
1 1 

z nk and h(z) = 1 +  nkg(z) = 1 +  p z 
n
2 

nk/ ln nk 
k=2 n k 

k=2 nk k 

are entire, of respective orders ⇢(g) = 0 and ⇢(h) = +1, and are such that (2.5.5) holds, and so, 
in particular, they are not clans. 

The examples above of entire power series which are not clans are based on the seminal examples 
of Borel [15], see also [101] of Whittaker, of entire functions whose lower order does not coincide 
with the order. 

2.5.3 The order of f entire and the quotient 
f 
2(t)/mf (t) 

2The next result compares the order of the entire function with the quotient 
f (t)/mf (t) as t ! 1. 

Proposition 2.5.3. Let f 2 K be an entire function of order ⇢(f)  1. Then 

2 
f (t) ln mf (t) ln ln f(t)

lim inf  lim inf  lim inf 
t!1 mf (t) t!1 ln t t!1 ln t 

2ln ln f(t) ln mf (t) f (t) lim sup = lim sup  = ⇢(f)  lim sup · 
t!1 ln t t!1 ln t t!1 mf (t) 
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The equality statements in the middle of the comparisons of Proposition 2.5.3 are the very 
definition of order and the case p = 1 of Theorem 2.5.1. On the other hand, Báez-Duarte shows in 
Proposition 7.7 of [5] that 

f (t) f (t)
lim inf  ⇢(f)  lim sup · 
t!1 mf (t) t!1 mf (t) 

Proof of Proposition 2.5.3. We will check first that 

22 

2 
f (t) 

mf (t) 
· ln ln f(t) ln mf (t)

(2.5.6) lim sup  lim sup  lim sup 
ln t ln tt!1 t!1 t!1 

Of course, we already know that the first two limsup coincide with the order ⇢(f). 
For the inequality on the right of (2.5.6), let us denote 

2 
f (t)

L = lim  sup  
t!1 mf (t) 

and assume that L <  +1, since otherwise there is nothing to prove. Recall that 

2 
f (t) 

= · 
mf (t) mf (t) 

Take !  > L. Then  there  exists  T >  0 such that 

tm0 
f (t)  !, for any t T,  

mf (t) 

and, by integration, for t > T , 

ln mf (t) ln mf (T )  !(ln t ln T ), 

and thus 
ln mf (t) ln mf (t)

lim sup  !, and consequently, lim sup  L. 
t!1 ln t t!1 ln t 

The proof of the inequality on the left of (2.5.6), 

ln ln f(t) ln mf (t)
lim sup  lim sup , 
t!1 ln t t!1 ln t 

follows as above using that 
t(ln f(t))0 = mf (t). 

The proof of the inequalities for the liminf, 

tm0 
f (t) 

2 
f (t) 

t!1 mf (t) t!1 ln t t!1 ln t 

is analogous. 

ln mf (t) ln ln f(t) lim inf  lim inf lim inf , 
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Concerning Proposition 2.5.3, a few observations are in order. 

(a) The three liminf in the statement, in general, do not give the order of f , since the third one 
is the lower order of f , which, for instance and again, by Borel [15], does not have to coincide with 
the order. 

(b) As for the third limsup in the second line: as pointed out by Báez-Duarte (see [5], p. 100), 
2in general, the order ⇢(f) is not given by lim supt!1 f (t)/mf (t), as proposed by Kosambi in 

Lemma 4 of [59]. The example of Baéz-Duarte is the canonical product f given by 
1Y⇣ n

2 ⌘ z 
(2.5.7) f(z) =  1 +  , 

n4n2 

n=1 

that is an entire function in K. Borel’s theorem (see, for instance, Theorem 2.6.5 in [12]) tells 
us that the order ⇢(f) of any canonical product coincides with the exponent of convergence of its 
zeros. The zeros of f have exponent of convergence is 3/4, and thus f has order ⇢(f) = 3/4. From 
the case p = 1 of Theorem 2.5.1, we see that f satisfies that, say, mf (t)  C t7/8 , for some C >  0 

4 i⇡/n
2 

and every t 1. As f(n e ) = 0, we obtain from Lemma 1.3.6 that 

2 4 
f (n 4)

1 
n , for any n 1,

4 
and thus that 

2 4)
f (n 1 1/2 n , for any n 1. 

mf (n4) 4C 
So, for this particular function f , we have that 

2lim sup 
f (t)/mf (t) = +1, 

t!1 

2but lim inft!1 f (t)/mf (t)  ⇢(f) = 3/4. 

Alternatively, and more generally, recall that for any ⇢ 2 [0, +1], we have exhibited in 
Section 2.5.2 an entire transcendental function f 2 K, with order ⇢(f) =  ⇢, and such that 

2lim supt!1 f (t)/mf (t) 1, and thus such that lim supt!1 f (t)/mf (t) = +1. Also, 

2lim inf 
f (t)/mf (t)  ⇢(f) < +1,

t!1 

because of Proposition 2.5.3. 

(c) On the other hand, as a consequence of Proposition 2.5.3, for an entire function f 2 K, we  
2have that if the limit limt!1 f (t)/mf (t) exists (including the possibility of being 1), then the 

order ⇢(f) of f is precisely 
2 
f (t)

(2.5.8) ⇢(f) =  lim  · 
t!1 mf (t) 

2In Báez-Duarte’s example (2.5.7), the limit of 
f (t)/mf (t) as t ! 1 does not exist, and (2.5.8) 

does not hold. In general, (2.5.8) does not hold for any entire function f in K for which the lower 
order does not coincide with the order. 
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For the class of entire functions in K of genus zero which we are to discuss in the next Sec-
tion 2.5.4, the identity (2.5.8) holds (see the comments after Proposition 2.5.4). 

The identity (2.5.8) also holds for the class of nonvanishing entire functions in K of finite order. 
To see this, let f(z) =  eg(z) 2 K, where  g is entire (not necessarily in K). We may assume that 
g(t) 2 R for t >  0, and further that, for some T >  0, g(t) > 0 for t T . Assume that f has 
finite order. Hadamard’s factorization theorem gives that g is a polynomial, say of order N . Thus  
⇢(f) =  N . If the leading coe!cient of the polynomial g is b, then  

N mf (t) =  tf 0(t)/f(t) =  tg0(t) ⇠ bN t  , as t ! 1, 
2 0 2 N 
f (t) =  tm

f (t) =  tg0(t) +  t g 00(t) ⇠ bN2 t as t ! 1. 

Therefore, (2.5.8) holds. 

2.5.4 Entire functions of genus 0 with negative zeros 

We consider now entire transcendental functions f in K of genus 0 (and thus of order  1) whose 
zeros are all real and negative. See Chapter 4 of [12]. All such f are canonical products of the 
form 

1 ⇣ ⌘Y z 
(2.5.9) f(z) =  a 1 +  , for z 2 C,

bj
j=1 

where a >  0 and (bj )j 1 is an increasing sequence of positive real numbers such that 

1X 1 
(2.5.10) < 1. 

bj
j=1 

The zeros b1, b2, b3, . . .  of f all lie on the negative real axis. 
We normalize f(0) = a = 1 in the discussion that follows. We have considered those canonical 

products in Section 1.2.3 with that normalization. We will use the notation N(t) of the counting 
function of the zeros of f : 

N(t) = #{j 1 :  bj  t}, for t >  0 , 

which is a non-decreasing function such that N(t) ! 1 as t ! 1. 
Recall, also, that Borel’s theorem tells us that the order ⇢(f) of the canonical product coincides 

with the exponent of convergence of its zeros, which, in turn (see Theorem 2.5.8 in [12]), is given 
by 

ln N(t)
lim sup = ⇢(f). 
t!1 ln t 

The function ln f(t), for t 2 (0, +1), may be expressed in terms of the counting function N(t); 
concretely, by integration by parts, one obtains 

1 ⇣ ⌘ Z 1 Z 1X t tN(x) N(ty)
(2.5.11) ln f(t) =  ln 1 +  = dx = dy. 

bj 0 x(x + t) 0 y(y + 1) 
j=1 
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This representation (2.5.11) of ln f(t) in terms of the counting function N(t) comes from [96]. 
From precise asymptotic information of the counting function N(t) of f , one may obtain asymp-

totic information of the mean and variance function of the family associated to f . 

Proposition 2.5.4. Let f be an entire function of genus 0 with only negative zeros, and given by 
(2.5.9). Assume  that  for  ⇢ 2 (0, 1) we have 

(2.5.12) N(t) ⇠ C t⇢ as t ! 1. 

Then 
(a) ln f(t) ⇠ 

C⇡ 

sin(⇡⇢) 
⇢t , as t ! 1, 

(b) mf (t) ⇠ 
C⇡⇢ 

sin(⇡⇢) 
⇢t , as t ! 1, 

C⇡⇢2 
⇢t , as t ! 1.(c) 2 ⇠( )t

f sin(⇡⇢) 

Conversely, if (a), (b) or (c) holds, then (2.5.12) holds. 

It follows that for entire functions of genus 0 given by formula (2.5.9), and whenever N(t) ⇠ Ct⇢ 

as t ! 1, with  ⇢ 2 (0, 1), then 
2 
f (t)

lim = ⇢,
t!1 mf (t) 

as was pointed out (but left unproved) by Báez-Duarte in Proposition 7.9 of [5], and also that equal-
ity holds in Proposition 2.5.3. Furthermore, it follows that the entire functions of Proposition 2.5.4 
are clans; but see Proposition 2.5.7 for a more general statement. 

Proof. That (c) ) (b) ) (a) follows immediately by integration, since mf (t) =  t(ln f)0(t) and 
2 
f (t) =  tm0 

f (t); recall the formulas (1.2.1). 
That (a) implies (2.5.12) is a classical Tauberian theorem, see Valiron [96] and Titchmarsh [93, 

94]. 
The proof of the direct part of Proposition 2.5.4 follows from the representation (2.5.11) and 

the following standard identity for the Euler Beta function: 
Z 1 ⌘y ⇡⌘ 

(2.5.13) dy = Beta(1 + ⌘, 1 ⌘) =  , for any ⌘ 2 [0, 1). 
(1 + y)2 sin(⇡⌘)0 

The representation (2.5.11) gives that 
Z 1 y⇢ N(ty)

ln f(t) =  t⇢ dy. 
y(y + 1) (ty)⇢ 0 

Since N(ty)/(ty)⇢ ! C as t ! 1 and y⇢/(y(y + 1)) is integrable in [0, 1), 
Z 1 ⇢ln f(t) y

lim = C dy. 
t⇢ y(y + 1) t!1 0 
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Integrating by parts, using that ⇢ < 1 and (2.5.13), we obtain that 
Z 1 ⇢ 

Z 1 ⇢y 1 y ⇡ 
dy = dy = · 

y(y + 1) ⇢ (y + 1)2 sin(⇡⇢)0 0 

That is, 
C⇡ 

ln f(t) ⇠ t⇢ , as t ! 1. 
sin(⇡⇢) 

For the mean and the variance, we have the representations 
Z 1 ⇢ 

Z 1y N(ty) y⇢(y 1) N(ty)
⇢ 2 ⇢ mf (t) =  t dy and 

f (t) =  t dy. 
(y + 1)2 (ty)⇢ (y + 1)3 (ty)⇢ 0 0 

Arguing as above, (b) and (c) follow from (2.5.12). 

Remark 2.5.5. For general canonical products f of genus p 0 with only negative zeros, there is 
a representation of ln f(t) analogous to (2.5.11), which is the case p = 0 (see, for instance, Theorem 
7.2.1 in [11]): Z 1 (t/x)p+1 dx 

ln f(t) = (  1)p N(x) · 
1 +  t/x x0 

This expression means in particular that for p odd, the canonical product f is bounded by 1, for 
t 2 (0, 1), and thus shows that f is not in K. Observe, in any case, that for a primary factor P1Ep(z), which for |z| < 1 is  Ep(z) =  exp(  

j=p+1 z
j /j), we have that its (2p + 2)-coe!cient is 

p/(2(p + 1)2), and therefore Ep( z/a) with  a >  0, which vanishes at a, is not in K, if  p 1; in 
general, thus, canonical products of nonzero genus with only negative zeros are not in K. ⇥ 

Remark 2.5.6. For entire functions f of genus zero and only negative zeros, if the number of zeros 
⇢is comparable to a power t⇢ with ⇢ 2 (0, 1) (N(t) ⇣ t , as t ! 1), so are the mean and variance 

of its Khinchin family. This follows most directly from the representation (2.5.11). ⇥ 

Entire functions of genus 0 with only negative zeros are always clans. 
P 

Proposition 2.5.7. Every entire function f in K defined by (2.5.9) with 1/bj < +1 is a
j 1 

clan. 

Proof. Assume that f is not a polynomial. For f given by (2.5.9), we have, using (1.2.17), that 

2 
f (t) < mf (t), 

2and thus 
f (t)/m

2 
f (t)  1/mf (t). Since mf (t) ! 1 as t ! 1, we obtain that f is a clan. 

2.5.5 Entire functions, proximate orders and clans 

For ⇢ 0, a proximate ⇢-order ⇢(t) is a continuously di↵erentiable function defined in (0, +1) and 
such that 

lim ⇢(t) =  ⇢ and lim ⇢0(t)t ln t = 0. 
t!1 t!1 
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Traditionally, proximate orders are allowed to have a discrete set of points where they are not 
di↵erentiable, but have both one-sided derivatives at those points, see Section 7.4 in [11]. 

⇢(t)If for a proximate ⇢-order ⇢(t) we  write  V (t) =  t , for t >  0, then (see, for instance, Lemma 
5 in Section 12, Chapter I, of [60]), for every > 0 we have that 

V ( t)
(2.5.14) lim = ⇢ . 

t!1 V (t) 

In other terms, the function V (t)/t⇢ is a slowly varying function. 

Theorem 2.5.8 (Valiron’s proximate theorem for K). If f is an entire function in K of finite 
order ⇢ 0, then there is a proximate ⇢-order ⇢(t) such that 

ln f(t)
lim sup = 1. 
t!1 t⇢(t) 

See Theorem 7.4.2 in [11]; the smoothness which we require in our definition of proximate ⇢-
order ⇢(t) is provided by Proposition 7.4.1 and Theorem 1.8.2 (the smooth variation theorem) in 
[11]. 

We have the following. 

Theorem 2.5.9. Let f be an entire function in K of finite order ⇢ > 0, let ⇢(t) be a proximate 
⇢-order, and let ⌧ > 0. Then 

ln f(t)
(2.5.15) lim 

t!1 t⇢(t) 
= ⌧ 

if and only if 

(2.5.16) 
mf (t)

lim = ⌧⇢. 
t!1 t⇢(t) 

If either (2.5.15) or (2.5.16) holds, then f is a clan. 

Observe that in both (2.5.15) and (2.5.16) a ‘lim’ is assumed, and not a ‘lim sup’ as in Valiron’s 
Theorem 2.5.8, which encompass all finite order entire functions. Condition (2.5.15) of Theorem 
2.5.9 concerns entire functions that are said to have regular growth. 

Comparing with Valiron’s theorem, the limit ⌧ instead of 1 amounts no extra generality, since 
replacing ⇢(t) by  ⇢?(t) =  ⇢(t) + ln  ⌧/ ln t, we have that ⇢?(t) is also a proximate ⇢-order and 

ln f(t)
lim = 1. 
t!1 t⇢?(t) 

That (2.5.16) implies that f is a clan is due to Simić, [90]. In [90], see also [91], it is claimed, 
in the terminology used here, that any entire function of finite order in K is a clan, which is not 
the case; see, for instance, Section 2.5.2. The error in the argument originates in a misprint in the 
statement of Theorem 2.3.11 in p. 81 of [11]: the lim sup appearing in that statement should be a 
lim inf (which is what is actually proved in [11]). See also [61], p. 101, for a similar warning. The 
argument of [90] shows precisely that (2.5.16) implies that f is a clan. 
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As for the implication (2.5.15) ) (2.5.16), compare with Lemma 3.1 in [73]. 
For constant proximate ⇢-order, (⇢(t) =  ⇢, for t > 0) that (2.5.15) implies (2.5.16) and then 

that f is a clan is due to Pólya and Szegö with an argument involving some delicate estimates: 
combine items 70 and 71, of page 12, of theirs [81]. 

Proof. Fix > 1. Lemma 1.2.2 gives us that 

mf (t) ln   ln f( t) ln f(t)  mf ( t) ln  , for t > 0, 

⇢(t)and thus dividing by V (t) =  t , 
i mf (t) 1 h ln f( t) V ( t) ln f(t) mf ( t) V ( t)

(2.5.17)   , for t > 0. 
V (t) ln V ( t) V (t) V (t) V ( t) V (t) 

We first prove that (2.5.15) ) (2.5.16). From (2.5.14), (2.5.15) and (2.5.17), and letting t ! 1, 
we deduce that 

mf (t) ⇢ 1 mf (t)
lim sup  ⌧  ⇢ lim inf · 

⇢(t) ln t!1 ⇢(t)
t!1 t t 

Letting # 1, equation (2.5.16) follows. 
We now prove that (2.5.16) ) (2.5.15). Assume first that 

ln f(t)
(2.5.18) lim sup < +1.

⇢(t)
t!1 t 

If (2.5.18) holds, then from the first inequality of (2.5.17), and using (2.5.16), we deduce that 

ln f(t) ln f(t)
⌧⇢ ln + lim inf   ⇢ lim inf ,

t!1 t⇢(t) t!1 t⇢(t) 

while the second inequality of (2.5.17) gives 

ln f(t) ln f(t)
⇢ lim sup  lim sup + ⌧⇢� ⇢ ln .

⇢(t) ⇢(t)
t!1 t t!1 t 

Writing the two inequalities above as 
⇢ 1 ln f(t) ⇢ 1 ln f(t)

⌧⇢  lim inf and lim sup  ⌧⇢� ⇢ ,
⇢(t) ⇢(t)ln t!1 t ln t!1 t 

and by letting # 1, we get that 

ln f(t) ln f(t)
⌧  lim inf and lim sup  ⌧,

t!1 t⇢(t) t!1 t⇢(t) 

so (2.5.15) follows. 
To show that (2.5.18) holds, we first observe that 

d 
⇢(s) 1 s ⇢(s) = (s ln s · ⇢0(s) +  ⇢(s)) s , for s > 0,

ds 
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103 2.5. ENTIRE FUNCTIONS IN K 

and from the defining properties of the proximate orders, we deduce that, for appropriately large 
A >  0, 

d ⇢
⇢(s) ⇢(s) 1(2.5.19) s s , for each s A. 

ds 2 

From (2.5.16), by incrementing A if necessary, we deduce that 

d mf (s) d
⇢(s) ⇢(s)ln f(s) =   2⌧⇢ s  1  4⌧ s , for s A,

ds s ds 

where (2.5.19) was used in the last inequality. We thus have that 

⇢(t) 4⌧A⇢(A)ln f(t)  ln f(A) + 4⌧ t , for t A, 

from which we obtain that 
ln f(t)

lim sup  4⌧, 
t!1 t⇢(t) 

as wanted. 

This argument shows in fact that 

1 mf (t) ln f(t) ln f(t) 1 mf (t)
lim inf  lim inf  lim sup  lim sup · 

⇢ t!1 t⇢(t) t!1 t⇢(t) t!1 t⇢(t) ⇢ t!1 t⇢(t) 

For another proof of this last chain of inequalities, see, for instance, Theorem 4 in [95]. 
Finally, we prove that (2.5.16) ) f is a clan. From (2.5.14) and (2.5.16), and taking into 

account that ⇢ > 0, we deduce that 

mf ( t)
(2.5.20) lim = ⇢ , for any > 0,

t!1 mf (t) 

and thus that the mean mf is a regularly varying function, see Section 1.4 of [11]. 
To show that f is a clan, we may assume that f is not a polynomial, and thus that limt!1 mf (t) =  

+1. 
Now, (2.5.20) implies that for any function (t) such that (t) > 1 and such that limt!1 (t) =  

1, we have that 

mf ( (t) t)
(2.5.21) lim = 1. 

t!1 mf (t) 

To see this, fix " > 0. Then we have that 1 < (t)  1 +  ", for t t". Therefore, 

mf ( (t) t) mf ((1 + ") t)
1   , for t t". 

mf (t) mf (t) 

Thus, lim supt!1 mf ( (t) t)/mf (t)  (1 + ")⇢ , and thus (2.5.21) holds. 
Applying (2.5.21) with (t) = 1+ 1/mf (t) and appealing to Theorem 2.4.11, we conclude that 

f is a clan. 
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2.5.6 Exceptional values and clans 

The entire gap series of Section 2.5.2, which are our basic examples of entire functions in K which 
are not clans, have no Borel exceptional values. This follows, for instance, from a classical result 
of Pfluger and Pólya [80]. We show next that, in general, entire functions which are not clans have 
no Borel exceptional values. 

Recall that, by definition, a is a Borel exceptional value of an entire function f of finite order if 
the exponent of convergence of the a-values of f (i.e., the zeros of f(z) a = 0) is strictly smaller 
than the order of f ; a theorem of Borel claims that a non-constant entire function of finite order 
can have at most one Borel exceptional value. 

Theorem 2.5.10. If the entire function f 2 K has finite order and has one Borel exceptional 
value, then f is a clan. 

Proof. Let ⇢ be the order of f . Assume that a 2 C is the Borel exceptional value for f . Denote with 
s the exponent of convergence of the zeros of f(z) a. Thus  s < ⇢, since  a is a Borel exceptional 
value for f . 

Let f(z) =  a+ P (z)eQ(z) be the Hadamard factorization of f , where  P is the canonical product 
formed with the zeros of f a, and Q is a polynomial of degree d and leading coe!cient c =6 0. 
The order of P is s, and thus the order ⇢ of f must be the integer d. 

Now, 

<Q(t)|f(t) a| = |P (t)|e and ln |f(t) a| = ln  |P (t)| + <Q(t), for t > 0. 

0 0 0 |s0 Take s0 2 (s, d). For a certain t depending on s , we have for t t that ln |P (z)|  |z , if  
|z| = t. Besides,  ⌘<Q(t) ⇣1 

= <c+ O , as t ! 1.
dt t 

We conclude that 
ln |f(t) a|

lim = <c,
dt!1 t 

and therefore that 
ln f(t)

lim = <c.
dt!1 t 

Observe that if <c = 0, then <Q(t) =  O(td 1) as t ! 1, and that would mean that 

ln f(t)
lim sup = 0,

htt!1 

for some h such that (s <) h < d, and thus, in particular, that f would be of order at most h, 
which is not the case. 

Thus <c > 0, and condition (2.5.15) of Theorem 2.5.9 holds, so f is a clan. 

For an entire function, not necessarily of finite order, a Picard exceptional value is a value 
that is taken just a finite number of times. For Picard exceptional values and clans, we have the 
following result, which came out in a conversation of one of the authors with Walter Bergweiler. 
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Proposition 2.5.11. If f = Peg is in K, where P is a polynomial and g is an entire function in 
K of finite order, then f is a clan. 

The value 0 is Picard exceptional for f = Peg. It is not assumed that P is in K, but  it  is  
assumed that g is in K. Observe also that the assumption is that g is of finite order; if eg were of 
finite order, that f is a clan would follow from Theorem 2.5.10. 

Proof. The entire function f is transcendental, since g 2 K is not a constant. From Lemma 2.4.3, 
we have that f is a clan if and only if limt!1 Lf (t) = 1. To show this, we verify first that g satisfies 

00(tg )
(2.5.22) lim = 0. 

t!1 g0(t)2 

Condition (2.5.22) clearly holds if g is a polynomial. 
Assume thus that g is not a polynomial. From the case p = 1 of Theorem 2.5.1 applied to the 

derivative g0 , which is also of finite order, it follows that for some finite constant S > 0 and radius 
R1 > 0, we have that 

00(tg ) 
S t , for t > R1. 

g0(t) 

Besides, since g0 is not a polynomial, we have, for some radius R2, that g0(t) > tS+1 , for t > R2. 
And thus (2.5.22) holds. 

Next, a calculation, recall (2.4.2), gives that 

⇣P 00(t 00(t ⌘.⇣P 0(t ⌘2) 1 P 0(t) 1 g ) ) 1 
Lf (t) =  + 2 + + 1  + 1  , for t > 0. 

P (t) g0(t)2 P (t) g0(t) g0(t)2 P (t) g0(t) 

Since P is a polynomial, we have that P 0(t)/P (t) and P 00(t)/P (t) tend to 0 as t ! 1. Besides,  since  
g 2 K, we have that limt!1 g0(t) = +1. Using now (2.5.22), it is deduced that limt!1 Lf (t) =  
1. 
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Let f 2 K be a power series with radius of convergence R > 0 and Khinchin family (Xt). In this 
chapter we study, and give di↵erent criteria, for the convergence in distribution of the Khinchin 
family (Xt), as t " R, to a standard normal. These are the so called Gaussian power series. 

We also study uniform conditions that, combined with Hayman’s formula (1.3.31), give infor-
mation about the asymptotic behavior of the coe!cients of f . These conditions are codified by 
means of two classes of functions: strongly Gaussian power series and Hayman functions. Along 
this section we also prove that, under certain conditions, some operations with power series preserve 
being in each of these classes. 

This chapter is partially based on the paper: 

• Maciá, V.J. et al. Khinchin families and Hayman class. Comput. Methods Funct. Theory 
21 (2021), no. 4, 851–904, see [17]. 

3.1 Gaussian power series 

For a power series f 2 K, with radius of convergence R >  0, we say that f , or its associated 
Khinchin family (Xt), is Gaussian if 

i✓ ̆  ✓
2
/2lim E(e Xt ) =  e , for any ✓ 2 R. 

t"R 

˘ ✓
2
/2Here Xt = (Xt mf (t))/ f (t), for any t 2 (0, R). Recall that e is the characteristic 

function of the standard normal. 

https://doi.org/10.1007/s40315-021-00420-6
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A. Some basic tools in probability 

We collect here, for later use, two basic tools in probability: Lévy’s convergence theorem and the 
method of moments. We restrict both results to the case of the standard normal distribution. 

Theorem 3.1.1 gives, in our context, that for f 2 K a Gaussian power series, the family of 
˘random variables Xt converges in distribution to a standard normal random variable, as t " R. 

The next result follows combining Lévy’s convergence theorem with the fact that the char-
acteristic function and the cumulative distribution function of a standard normal are continuous 
functions, see [102, p. 185] for the general statement. 

Theorem 3.1.1 (Lévy’s convergence theorem for the standard normal). For a sequence of random 
variables Zn and Z a standard normal random variable we have that: 

d ✓
2
/2Zn ! Z, as n ! 1, if and only if lim E(e i✓Zn ) =  e , for any ✓ 2 R. 

n!1 

Now we introduce the method of moments for the standard normal distribution, see [9, Theorem 
30.2] for the general case. In the next result we use that the standard normal distribution is 
determined by its moments, see, for instance, [9, p. 389]. 

Theorem 3.1.2 (Method of moments: convergence to the standard normal). Let Zn be a sequence 
of random variables with finite moments of any order. Denote by Z a standard normal  random  
variable and assume that 

lim E(Zm) =  E(Zm), for any integer m 1,n
n!1 

then Zn converges in distribution towards Z, as  n ! 1. 

B. Some examples 

We start by checking the concept of Gaussianity on some of our basic families: the Poisson, 
Bernoulli and Pascal families. 

z• For the Poisson family, f(z) =  e , we have a explicit expression for the characteristic functions 
˘of each Xt: 

i✓ ̆  i✓/ tE(e Xt ) =  exp(t(e 
p 

1 i✓/
p 
t)), for each t >  0 and ✓ 2 R. 

see (1.3.11). 

Fixing ✓ 2 R and making t ! +1, we conclude that 

i✓ ̆  ✓
2
/2lim E(e Xt ) =  e , for any ✓ 2 R. 

t!+1 

Therefore, as t ! +1, the Poisson random variable of parameter t, and normalized, that is p
X̆t = (Xt t)/ t, converges in distribution towards the standard normal. 
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• For the Bernoulli family, f(z) = 1 +  z, we have, see (1.3.5), that 

teı✓/
p
t + e ı✓

p
t 

ı✓ ̆  
E(e Xt ) =  , for ✓ 2 R and t >  0 ,

1 +  t 

therefore, fixing ✓ 2 R, we have  

lim E(e i✓X̆ t ) = 1, for any ✓ 2 R,
t!+1 

˘and Xt converges in distribution towards the constant 0, as t ! +1. 

• The previous example is a particular case of R 2 K a polynomial of degree N 1. In this 
case the family of random variables (X̆t), also, converges in distribution towards the constant 
0, as t ! +1. 
Indeed: recall that for any polynomial R 2 K we have 

lim mR(t) = deg(R) =  N,
t!+1 

and that the characteristic function is given by 

R(tei✓)
E(e i✓Xt ) =  , for any t 0 and ✓ 2 R,

R(t) 

therefore, using again that R is a polynomial with deg(R) =  N , we find that 
iN✓(3.1.1) lim E(e i✓Xt ) =  e , for any ✓ 2 R . 

t!+1 

The family of random variables Xt converges in distribution towards the constant random 
variable N 1. This follows also from the fact that any polynomial in K conform a clan and 
therefore the family of random variables Xt/mR(t) converges in probability to the constant 
1, as t ! +1, that is, Xt converges in probability, as t ! +1, to the constant N . 

Denote j = N max{0  s < N  : as 6= 0}. Using this notation we have 
N N j N j ),R(z) =  aN z + aN j z + o(z as z ! +1, 

and therefore 

tR0(t) NR(t) jaN j 1 
(mR(t) N) =  ⇠ as t ! +1 . 

tj 
,

R(t) aN 

Now observe that 

t2R00(t)2 
R(t) =  mR(t) mR(t)

2 + 
R(t) 

✓ 
t2R00(t) 

◆ 
= (2N + 1)(mR(t) N) (mR(t) N)2 + N(N 1) . 

R(t) 
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N NUsing again that R(z) =  aN zN + aN j z j + o(z j ), as z ! +1, we conclude that 

2 j2aN j 1 
R(t) ⇠ as t ! +1. 

aN tj 
, 

We collect the previous discussion by means of the following lemma. 

Lemma 3.1.3. Let R 2 K be a polynomial of degree N 1, then 

jaN j 1 2 j2aN j 1 
(3.1.2) (N mR(t)) ⇠ and R(t) ⇠ as t ! 1, 

tj 
,

tj 
, 

aN aN 

and therefore 

N mR(t) N mR(t) 1 
(3.1.3) lim = 0, and lim 2 = . 

t!1 R(t) t!1 
R
(t) j 

Recall that j = N 6max{0  s < N  : as = 0}. 

˘The characteristic function of Xt is given by 

i✓ ̆  i✓(Xt N)/ i✓(mR(t) N)/ R(t)E(e Xt ) =  E(e R(t))e . 

Using that R is a polynomial of degree N : 

i✓/ R(t))R(te
i✓(Xt N )/ i✓N/ (?)  lim  E(e R(t)) =  lim  e R(t) = 1  ,

t!+1 t!+1 R(t) 

therefore (?) gives that 

lim E(e i✓X̆ t ) = 1  , for any ✓ 2 R ,
t!+1 

that is, for a polynomial R 2 K, Lévy’s convergence theorem gives that the family of random 
variables (X̆t) converges in distribution towards the constant random variable X ⌘ 0. 

We conclude that the polynomials in K are not Gaussian. 

• For the Pascal family, f(z) = 1/(1 z), we have a explicit expression for the characteristic 
˘function of the family Xt: 

p1 t 1 t
ı✓ ̆  ı✓ t(3.1.4) E(e Xt ) =  p e = p p , 

1 teı✓(1 t)/ t ı✓ t teı✓/ te 

for any ✓ 2 R and t 2 (0, 1), see (1.3.9), therefore 

i✓ 

i✓ ̆  e 
lim E(e Xt ) =  , for any ✓ 2 R . 
t"1 1 i✓ 
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Observe that 
t t2 mf (t) =  and 

f (t) =  ,
1 t (1 t)2 

for any t 2 [0, 1), and then 

mf (t)
lim = 1. 
t"1 f (t) 

In summary: the family of random variables Xt/ f (t) converges in distribution as t " 1 
towards a random variable Z, where  Z is a exponentially distributed random variable with 

˘parameter = 1, and therefore the family of random variables Xt converges in distribution, 
as t " 1, towards Z + 1, that is, the Pascal family is not Gaussian. 

3.1.1 Criteria for non-vanishing power series to be Gaussian 

In this section we give criteria for a non-vanishing power series to be Gaussian. 

A. Global criteria for a non-vanishing power series to be Gaussian 

Let f 2 K be a power series with radius of convergence R > 0. Assume that f has no zeros in the 
disk D(0, R). 

We can take the holomorphic logarithm ln(f(z)) of f(z) which is real at z = 0 and consider 
the auxiliary function, the fulcrum of f , recall that F (z) =  ln(f(ez)), see Subsection 1.3.4. The 
fulcrum of f is holomorphic in ⌦ = {z 2 C : <(z) < ln(R)} (in practice this will be a half-plane or 
the entire complex plane). 

For s < ln(R) and ✓ 2 R we have 
Z 

✓ 
Z 

↵ 
Z 

,✓2 
)i✓ + F 00(s 3 F 000(s+ i )d d d↵,F (s+ i✓) F (s) F 0(s ) = i 

2 0 0 0 

therefore, fixing some A > 0, for any s < ln(R) and |✓|  A we have 

✓2 |✓|3 
)i✓ + F 00(s |F 000(s+ i )||F (s+ i✓) F (s) F 0(s ) |  sup . 

2 6| |A 

2Recall that F 0(s) =  mf (es) and also that F 00(s) =  
f (e

s), for any s < ln(R). 
sFixing t = e , for s < ln(R), and changing ✓ by ✓/ f (t), we obtain that 

mf (t) ✓2 sup| |A |F 000(s+ i )| |✓|3 
ln(f(tei✓/ f (t))) ln(f(t)) i ✓ +  ,3

f (t) 2 
f (t) 6 

and therefore 

✓2 sup| |A |F 000(s+ i )| |✓|3 
(3.1.5) ln E(e i✓X̆ t ) +   .32 

f (t) 6 
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This bound bears resemblance to the bound in Berry-Esseen’s Theorem, which gives an upper 
bound for the rate of convergence to a standard normal of a sum of independent and identically 
distributed random variables in terms of a third moment. 

As a consequence of inequality (3.1.5) we deduce the following theorem. 

Theorem 3.1.4. With the previous notations, if f 2 K has radius of convergence R > 0, has  no  
zeros in the disk D(0, R), and verifies 

sup| |A |F 000(s+ i )|
(?)  lim  = 0, for any A > 0, 

s"ln(R) F 00(s)3/2 

then f is Gaussian. 

In some favorable situations we will have |F 000(s + i )|  F 000(s) and therefore condition (?) 
translates into 

F 000(s F 000(s) )
lim = lim  = 0. 

s"ln(R) F 00(s)3/2 
s"ln(R) 

f 
3(t) 

This happens, for instance, for power series f = eg, with  g 2 Ks, see Chapter 4. 

Remark 3.1.5. Observe that, under the hypothesis of the Theorem 3.1.4, the characteristic func-
tion E(ei✓X̆

 t ) converges uniformly, in compact subsets of R, as t " R, to the characteristic function 
✓
2
/2of the standard normal e . In fact we have 

Z 
M 

i✓X̆ t )lim |E(e e ✓
2
/2|d✓ = 0, for any M 0. 

t"R M 

see the definition (3.2.1) of strongly Gaussian power series below. ⇥ 

We can generalize Theorem 3.1.4 in the following way: for s < ln(R) and ✓ 2 R we have 

✓2 ✓3 |✓|4 
)i✓ + F 00(s F 000(s |F (4)(s+ i )||F (s+ i✓) F (s) F 0(s ) )i |  sup . 

2 3! 4!2R 

and therefore for any s < ln(R), changing ✓ by ✓/ f (es), we find that 

✓2 F 000(s ✓3 sup 2R |F (4)(s+ i )| |✓|4 
i✓ ̆  )

(??) ln(E(e Xt )) + i  .3 42 
f (e

s) 3! 
f (e

s) 4! 

As a consequence of the bound (??) we obtain the following result. 

Theorem 3.1.6. Let f 2 K be a power series with radius of convergence R > 0 and having no 
zeros in the disk D(0, R). Assume  that  

sup 2R |F (4)(s+ i )|
(†)  lim sup  = 0,4 s)s"ln(R) f (e 

then 
F 000(s)

f is Gaussian if and only if lim = 0. 
s"ln(R) F 00(s)3/2 
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sProof. Denote t = e , for s < ln(R) and assume that f is Gaussian. Using inequality (??), combined 
with the triangle inequality, we find that 

|F 000(s sup 2R |F (4)(s+ i )|)| |✓|3 |✓|4 
lim sup  lim sup ,3 4 
s"ln(R) f (e

s) 3! s"ln(R) f (e
s) 4! 

therefore, for any ✓ 6= 0, we have 

|F 000(s sup 2R |F (4)(s+ i )|)| 1 |✓|
lim sup  lim sup .3 4s) s)s"ln(R) f (e 3! s"ln(R) f (e 4! 

Making ✓ ! 0, we conclude that 

F 000(s)
lim sup = 0.3 s)s"ln(R) f (e 

Conversely, assume that 

F 000(s)
lim sup = 0,3 s)s"ln(R) f (e 

using, again, the triangle inequality we find that 

✓2 sup 2R |F (4)(s+ i )| |✓|4 
i✓ ̆lim sup ln E(e Xt ) +   lim sup ,4 

s"ln(R) 2 s"ln(R) f (e
s) 4! 

and therefore our hypothesis (†) implies that f is Gaussian. 

Remark 3.1.7. In general we have the inequality 

|F (4)(s |F (4)(s+ i )|,)|  sup for any s < ln(R) , 
2R 

then, using (†), we also obtain that 

|F (4)(s sup 2R |F (4)(s+ i )|)|
lim sup  lim sup = 0. 

s)4 s)4 
s"ln(R) f (e s"ln(R) f (e 

⇥ 

The following corollary is implicit in the proof of Theorem 3.1.6. 

Corollary 3.1.8. Let f 2 K be a power series with radius of convergence R > 0 and having no 
zeros in the disk D(0, R). Assume  that  

sup 2R |F (4)(s+ i )|
(†)  lim  sup  4 < +1,

s)s"ln(R) f (e 

then 
F 000(s)

f Gaussian implies that lim = 0. 
s"ln(R) F 00(s)3/2 
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Remark 3.1.9 (Generalization of the previous Theorems). Any of the previous Theorems can be 
generalized. First assume that for some k 4 we have  

sup 2R |F (k)(s+ i )|
lim sup = 0,

F 00(s)k/2 
s"ln(R) 

in this case 

F (j)(s)
f is Gaussian if and only if lim = 0, for any 3  j  k 1. 

s"ln(R) F 00(s)j/2 

If we assume that for some k 4 we have  

sup 2R |F (k)(s+ i )|
lim sup < +1,

F 00(s)k/2 
s"ln(R) 

then 

F (j)(s)
f is Gaussian implies that lim = 0, for any 3  j  k 1. 

s"R F 00(s)j/2 

⇥ 

Remark 3.1.10 (Comparing derivatives). In this remark we compare di↵erent derivatives of the 
fulcrum. 

Lemma 3.1.11. Let f 2 K be a power series with radius of convergence R >  0 and having no 
zeros in the disk D(0, R), then 

✓ ◆ 
|F (k+1)(s+ i↵)||F (k)(s+ i✓)|  |F (k)(s)| + sup |✓| , 

↵2R 

for any s < ln(R) and ✓ 2 R. 

Proof. For any s < ln(R) and ✓ 2 R we have 

Z 
✓ 

F (k)(s+ i✓) F (k)(s F (k+1)(s+ i↵)id↵) =  
0 

therefore 
✓ ◆ 

|F (k+1)(s+ i↵)||F (k)(s+ i✓)|  |F (k)(s)| + sup |✓|. 
↵2R 
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Lemma 3.1.12. Let f 2 K be a power series with radius of convergence R >  0 and having no 
zeros in the disk D(0, R). Fix  k 3 and assume that 

sup↵2R |F (k+1)(s+ i↵)|
lim sup = 0,

F 00(s)k/2t"R 

then 

|F (k)(s+ i✓)| |F (k)(s)|
lim sup  lim sup , for any ✓ 2 R. 

F 00(s)k/2 F 00(s)k/2t"R t"R 

and, for any A > 0, 

sup|✓|A |F (k)(s+ i✓)| |F (k)(s)|
lim sup  lim sup ,

F 00(s)k/2 F 00(s)k/2 
s"ln(R) s"ln(R) 

Proof. Applying Lemma 3.1.11, we conclude that 

|F (k)(s+ i✓)| |F (k)(s)|
lim sup  lim sup . 

F 00(s)k/2 F 00(s)k/2 
s"ln(R) s"ln(R) 

and also that for any A > 0 we have  

sup|✓|A |F (k)(s+ i✓)| |F (k)(s)|
lim sup  lim sup . 

F 00(s)k/2 F 00(s)k/2 
s"ln(R) s"ln(R) 

Corollary 3.1.13. Let f 2 K be a power series with radius of convergence R > 0 and having no 
zeros in the disk D(0, R). Fix  k 3, and  assume  that  

sup↵2R |F (k+1)(s+ i↵)|
Ck+1 = lim  sup  < +1,

F 00(s)k/2 
s"ln(R) 

then, for any A > 0, we have that 

sup|✓|A |F (k)(s+ i✓)| |F (k)(s)|
lim sup  lim sup + Ck+1A .  

F 00(s)k/2 F 00(s)k/2 
s"ln(R) s"ln(R) 

Fix A > 0. For any s < ln(R) we always have that 

|F (k)(s)|  sup |F (k)(s+ i✓)| , 
|✓|A 

and therefore, under the conditions of Corollary 3.1.13, we have that 

|F (k)(s)| sup|✓|A |F (k)(s+ i✓)|
lim sup < +1 if and only if lim sup < +1. 

F 00(s)k/2 F 00(s)k/2 
s"ln(R) s"ln(R) 
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B. Direct applications of Theorem 3.1.4 

Now we apply Theorems 3.1.4 to some examples of Khinchin families. 

B.1. Exponential of a polynomial not in K Here we prove, using the global criteria (3.1.4), 
that the exponential of a polynomial p, not necessarily in K, but  with  ep 2 K is Gaussian. 

P (z) PProposition 3.1.14. Let P be a polynomial and denote f(z) =  e . If the power series f = e 
Pis in K, then f = e is Gaussian. 

jProof. Denote P (z) =  
P 

j

N 
=0 bjz , a polynomial of degree N 1. The fulcrum of f = eP is given 

by F (z) =  P (ez) and the radius of convergence is R = 1. 

We have 
N 

F 000(z) =  e 3zP 000(z) + 3e 2zP 00(z) +  e zP 0(e 
X 

jzz) =  j3bje , 
j=0 

and therefore 
NX 

|F 000(s + i✓)|  jsj3|bj |e . 
j=0 

Moreover, 

NX 
js ⇠ N3|bN |e Nsj3|bj |e , as s ! +1. 

j=0 

On the other hand, we have 

N 

F 00(s) =  
X 

j2bje
js ⇠ N2bNe Ns  , as s ! +1, 

j=0 

therefore 

sup✓2R |F 000(s + i✓)|
lim = 0. 

s!+1 F 00(s)3/2 

The previous limit gives, by virtue of Theorem 3.1.4, that f = eP is Gaussian. Observe that 
2F 00(s) =  
f (e

s) > 0, and this implies that bN is a positive real number. 

B.2. Gaussianity of the Poisson family The Poisson family is the Khinchin family associated 
z zto f(z) =  e . The fulcrum of f is given by F (z) =  e , for any z 2 C, then  we have  

sup✓2R |F 000(s + i✓)| F 000(s)
lim = lim  = lim  e s/2 = 0, 

s!+1 F 00(s)3/2 s!+1 F 00(s)3/2 s!+1 

and therefore, applying Theorem 3.1.4, we conclude that f(z) =  ez is a Gaussian power series. 
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B.3. Gaussianity of the OGF of the involutions The generating function of the involutions 
is given by I(z) = exp(z + z2/2). The fulcrum of I(z) is given by F (z) =  ez + e2z/2, therefore 

sup✓2R |F 000(s + i✓)| F 000(s) 2ses + 4e 
lim = lim  = lim  = 0  . 

s!+1 F 00(s)3/2 s!+1 F 00(s)3/2 s!+1 (es + 2e2s)3/2 

Applying Theorem 3.1.4, we conclude that I is a Gaussian power series. 

B.4. Gaussianity of the Euler family Recall that the Euler family is the Khinchin family 
associated to the generating function of the partitions of integers P (z). Also recall that 

1Y 1 
P (z) =  

j , for any |z| < 1. 
1 z

j=1 

The fulcrum of F is given by 

(3.1.6) F (z) =  ln(P (e z)) = 
1X 

log(1 
j=1 

X kjz e
jz) =e ,

k
j,k 1 

for any <(z) < 0, 

and therefore 

F 0(z) =  
X 

jekjz , 
j,k 1 
X 

F 00(z) =  jkz kj2 e , 
j,k 1 
X 

F 000(z) =  k2j3 kjz e . 
j,k 1 

For any q 1, the Fulcrum of f , and all its derivatives, verify the inequality 

|F (q)(s + i✓)|  F (q)(s) , for any s <  0 and ✓ 2 R. 

We want to check that 

F 000( s)
lim = 0. 

F 00( s)3/2s#0 

Let’s see: for any s >  0 we have  
XX 

2F 0( k(js)s s) =  (js)e s, 
k 1 j 1 

therefore 
Z 1 Z 11 

(3.1.7) lim s 2F 0( s) =  
X 

xe kxdx = 
X 

ye ydy = ⇣(2) (2). 
s#0 0 k2 0

k 1 k 1 
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119 3.1. GAUSSIAN POWER SERIES 

In general, by using the same argument, we obtain that for any q 1, we have 

q+1F (q)(lim s s) =  ⇣(2) (q + 1), 
s#0 

then 

F (q)( (q+1)(3.1.8) s) ⇠ ⇣(2) (q + 1)s , as s # 0. 

We conclude then that 

F 000( s) 3 1/2⇠ p s , as s # 0,
F 00( s)3/2 2⇣(2) 

therefore P is a Gaussian power series. 

Remark 3.1.15. More generally, for the generating function of the partitions of integers P (z), 
and for any n 3, using an analogous argument to that used in (3.1.7), we have 

F (n)( s) ⇣(2) (n+ 1) 
n/2 1⇠ s , as s # 0,

F 00( s)n/2 (⇣(2) (3))n/2 

therefore 

sup✓2R |F (n)( s+ i✓)| F (n)( s)
lim  lim = 0. 

F 00( s)n/2 F 00( s)n/2s#0 s#0 

Here we use that |F (n)(s+ i✓)|  F (n)(s), for any s < 0 and ✓ 2 R, see equation (3.1.6). ⇥ 

C. A local criteria for Gaussianity for non-vanishing power series 

Let f 2 K be a power series with radius of convergence R > 0. The function f has no zeros in the 
interval [0, R) and, therefore, f has no zeros in a simply connected domain containing [0, R). For 
instance, f has no zeros, in the region 

n o⇡ 
⌦f = z = teı✓ : |✓| < . 

2 f (t) 

see Subsection 1.3.4 for further details. 

For each t 2 (0, R) we give a disk t = D(t, 2tµ(t)), of radius 2tµ(t), where 0 < µ(t)  1 and 
2tµ(t) < R  t, that is, t ⇢ D(0, R), and such that f has no zeros in t. 

We insists: the function f has no zeros in the disk t, for  any  t 2 (0, R). 

The fulcrum of f , that is, the function F (z) = log(f(ez)), is well defined and is holomorphic 
zin the disk D(ln(t), µ(t)), for any t >  0. Observe that for any z 2 D(ln(t), µ(t)), we have e 2 t, 

because if |z ln(t)| < µ(t), then 

z z ln(t) µ(t)|e t| = t|e 1|  t(e 1)  2tµ(t), 
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xhere we use that e 1  2x, for any x 2 (0, 1]. 
2 2We can extend the variance to a holomorphic function in a domain by defining 

f (z) =
f 

2F 00(ln(z)), for any z 2 t, and any t 2 (0, R) or, equivalently, by defining 
f (e

z) =  F 00(z), for any 
z 2 D(ln(t), µ(t)) and any t 2 (0, R). 

We denote by 
2| 
f (z)| |F 00(ln(z))|

A(t) = sup  = sup  < +1, for any t 2 (0, R).2 
z2 t f (t) z2 t F 00(ln(t)) 

The next lemma gives an approximation of the holomorphic function h by it’s Taylor polynomial 
of second order and an upper bound for h00 instead of an upper bound for h000 . See [48, p. 78]. 

P1Lemma 3.1.16. Let h(z) =  be a power series with radius of convergence at least 1.
n=0 anz

n 

Suppose that |h00(z)|  M2, for  any  z 2 D, then 

h00(0) 2(3.1.9) h(z) h(0) h0(0)z z  M2|z|3 , for any z 2 D. 
2 

Proof. Cauchy’s estimates for the coe!cients of h00 give that, for any n 3 and any 0 < r < 1, we 
have 

M2 n(n 1)|an|  , 
rn 2 

therefore making r " 1 we obtain that 

M2|an|  , for any n 3 , 
n(n 1) 

then the left-hand side of (3.1.9) verifies that 
! 

X X 1
1 

n 3 
1 

M2 anz |z|3  M2 |z|3 = |z|3  M2|z|3 , for any z 2 D. 
n(n 1) 2 

n=3 n=3 

For any holomorphic function in a disk D(a, s) and verifying that |h00(s)|  M2, for any z 2 
D(a, s), Lemma 3.1.16 gives, rescaling, that 

h00(s)
h(z) h(a) h0(a)(z a) (z a)2  

M2 |z a|3 , for any z 2 D(a, s). 
2 s 

Our function h and the disk D(a, s) will  be  the  fulcrum  F (z) and the disk D(ln(t), µ(t)). We 
2obtain, writing in terms of mf (t) and 
f (t), that 

2 2 
f (t) A(t) 

f (t)
F (z) ln(f(t)) mf (t)(z ln(t)) (z ln(t))2  |z ln(t)|,

2 µ(t) 
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121 3.1. GAUSSIAN POWER SERIES 

for any z 2 D(ln(t), µ(t)). 

In particular, for any z = ln(t) +  i✓ with |✓| < µ(t), we have that 

2✓2 A(t) 
f (t)2ln(f(tei✓)) ln(f(t)) mf (t)i✓ + 

f (t)  |✓|3 . 
2 µ(t) 

If we take ✓ = / f (t), and impose that |✓|  f (t)µ(t), we obtain, passing to characteristic 
functions, that 

2 
˘ A(t)

iln(E(e Xt )) +  | |3 , for any | |  µ(t) f (t) . 2 µ(t) f (t) 

Theorem 3.1.17. With the previous notations, suppose that 

lim sup A(t) < +1, and lim µ(t) f (t) = +1, 
t"Rt"R 

then f is Gaussian. 

Proof. Fix 2 R. There  exists  t0 > 0 such that | |  µ(t) f (t), for any t t0, therefore, 
✓ ◆2 

˘ilim ln(E(e Xt )) + = 0  . 
t"R 2 

3.1.2 Moment criteria for general f 2 K to be Gaussian 

Let f be a power series in K with radius of convergence R >  0 with Khinchin family (Xt)t2[0,R). 
Notice that in this case we don’t assume that f is non-vanishing. Let F denote, as usual, the 
fulcrum of f , which is defined in the interval ( �1, ln R): 

F (s)e = f(e s) , for s < ln R .  

To check gaussianity of the family Xt we will use the so-called method of moments of conver-
gence of probability distributions. See, for instance, Billingsley, [9, Section 30]. We let Z denote a 
random variable with standard normal distribution. Since the standard normal is determined by 

˘its moments and since the normalized variables Xt have moments of all orders, we have, see [9, 
Theorem 30.2] that 

Lemma 3.1.18. 

⌫k(t)if lim = E(Zk) , for every k 3, then the family Xt is gaussian . 
t"R f (t)k 

˘Recall that ⌫k(t) denotes the k-th central moment of Xt. 

Using the previous lemma we obtain that 
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Theorem 3.1.19. With the notations above, if 

F (k)(s)
lim = 0  , for every k 3 ,

F 00(s)k/2s"ln R 

then f is gaussian. 

Proof. For k 3 we have, appealing to (1.4.6) and to (1.4.12), we have that 
⇣ F 00(s) F (3)(s) F (k)(s) ⌘ ⇣ ⌘1 

Rk , , . . . ,  = Rk F
00(s), F (3)(s), . . . , F (k)(s)

F 00(s)2/2 F 00(s)3/2 F 00(s)k/2 F 00(s)k/2 

⌫k(s) = . 
F 00(s)k/2 

From the hypothesis of the theorem and because of the identities (1.4.7), we deduce, as desired, 
that 

⌫k(s)lim = Rk(1, 0, . . . , 0) = E(Zk) for every k 2 . 
F 00(s)k/2s"ln R 

then Lemma 3.1.18 gives that f is Gaussian. 

Canonical products in the Class Q As an example of the use of the gaussianity criterium of 
Theorem 3.1.19 we next consider the case of an entire function f in Q ✓ K, that is, entire functions 
of genus 0 whose only zeros are negative and normalized, i.e., f(0) = 1. Because of Hadamard’s 
factorization Theorem, such an f is a canonical product and may be expressed as 

1 ✓ ◆Y z 
(?) f(z) =  1 +  , for any z 2 C. 

bj
j=1 

Recall, see Section 2.5.4, that 
1 1X t X tbj

mf (t) =  and f (t)
2 = , for any t 0 ,

(bj + t) (bj + t)2 
j=1 j=1 

2and also that 
f (t) < mf (t) , for any t > 0. 

2If in the expression for 
f (t) and for each t >  0 we split the summands into those with bj < t  

and those with bj t we obtain that 
⇣1 X X ⌘ ⇣1 X X ⌘1 1 12bj + t  

f (t)  bj + t , for t > 0 . 
4 t bj t bj

bj <t bj t bj <t bj t 

The fulcrum F of f is given by 
✓ ◆1X es 

F (s) = ln(f(e s)) = ln 1 +  , for any s 2 R . 
bj

j=1 
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Lemma 3.1.20. For each integer k 2, there exists a constant Ck > 0 such that for any f as in 
(?) and any s 2 R 

F (k)(s)  CkF 00(s) . 

Proof. The first two derivatives of F are given by 

1 1X s X se bje 
F 0(s) =  , and F 00(s) =  , for any s 2 R . 

(bj + es) (bj + es)2 
j=1 j=1 

For any integers n 1 and b >  0, and any s 2 R, denote 

bens 
An(b, s) =  . 

(b + es)n+1 

For any n 1, b  >  0 and s 2 R we have the inequality 
✓ ◆n 1 

An(b, s) =  =  A1(b, s) . 
bens es bes 

(b + es)n+1 b + es (b + es)2 

and also the di↵erential identity 

d 
An(b, s) =  nAn(b, s) (n + 1)An+1(b, s) . 

ds 

By iteration, we obtain, from the identity above, and for any k 2, real coe!cients k,l, for 
k l 0, so that 

k
dk X 
dsk A1(b, s) =  k,lA1+l(b, s) , for any s 2 R and any b >  0 , 

l=0 

and thus that 
!

k k
dk X X 
dsk A1(b, s)  | k,l|A1+l(b, s)  | k,l| A1(b, s) > 0, for any s 2 R and any b >  0 . 

l=0 l=0 

P1 (k 2)For k 2, since F (k)(s) =  
j=1 A1 (bj , s), we conclude that 

X1 
d(k Xk 2 ! 1 

|F (k)(s)|  
2) 
A1(bj , s)  | k 2,l| 

X 
A1(bj , s) =  CkF 00(s) , for any s 2 R . 

ds
j=1 l=0 j=1| {z } 

Ck:= 
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We use the lemma and Theorem 3.1.19 to prove 
2Theorem 3.1.21. Let f be a canonical product in Q given by (?). If  limt!+1 f (t) = +1, then 

f is Gaussian. 

Proof. We use Theorem 3.1.19. We are going to show that for any k 3 

|F (k)(s)|
lim = 0  . 
s!1 F 00(s)k/2 

But from the lemma above 

|F (k)(s)| |F (k)(s)| · F 00(s)1 k/2 s)2 k =  Ck f (e ,
F 00(s)k/2 F 00(s) 

which tends to 0, as s ! 1 since lims!1 f (es) = +1 and k 3. 

Example 3.1.22. Let f 2 Q be a canonical product as in (?). Assume that 

N(t) ⇠ t⇢ , as t ! +1, 

2then Proposition 2.5.4 gives that limt!+1 f (t) = +1 and therefore Theorem 3.1.21 implies that 
f is a Gaussian power series. 

3.1.3 Operations with Gaussian power series 

Below these lines we study the Gaussianity of power series obtained by performing certain opera-
tions with one, two, or more, Gaussian power series. Among these operations we find the product 
of Gaussian power series or the compositions of a polynomial with a Gaussian power series. 

A. Subordination of Gaussian power series 

Let f 2 K be a power series with radius of convergence R > 0. 

Proposition 3.1.23. Fix an integer N 1, then f is Gaussian if and only if h(z) =  f(zN ) 2 K, 
and h is Gaussian. 

Proof. Assume that f 2 K is Gaussian, and denote g(z) =  f(zN ), for any |z| < R1/N . If  Xt is the 
Khinchin family associated to f and Yt is the Khinchin family associated to g we have 

d
Yt = NXtN , for any t 2 [0, R1/N ), 

then 

2 2 mg(t) =  Nmf (t
N ), and (t) =  N2 

f (t
N ),g 

for any t 2 [0, R1/N ). Observe that 

˘ Yt mg (t) d N XtN N mf (tN ) d ˘(3.1.10) Yt = = = XtN , for any t 2 (0, R1/N ), 
g(t) N f (tN ) 
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therefore 

i✓ ̆ i✓X̆ ✓
2
/2lim E(e Yt ) =  lim  E(e tN ) =  e , 

t"R1/N t"R1/N 

then g(z) =  f(zN ) is a Gaussian power series. The other implication follows by using again the 
equality in distribution (3.1.10). 

B. Products of Gaussian power series 

Here we study the product of two, or more, Gaussian power series. Under certain conditions, the 
product of Gaussian power series is also a Gaussian power series. We distinguish several cases: 
products of power series with the same radius of convergence and products of power series with 
di↵erent radius of convergence. 

B.1. Power series with the same radius of convergence Assume that f, g 2 K are Gaussian 
power series with radius of convergence R > 0. Denote h = fg, the  product  power series.  

Let (Xt), (Yt) and (Zt) the Khinchin families of f, g and h respectively, then 

d
Zt = Xt Yt, for any t 2 [0, R), 

that is, Zt is equal, in distribution, to the sum of two independent random variables. In fact we 
have 

2 2 2 mh(t) =  mf (t) +  mg(t), and 
h
(t) =  

f (t) +  (t),g 

for any t 2 [0, R). 

Assume that 
2 
f (t) 2lim 2 2 = , with 2 [0, 1]. 

t"R
f (t) +  (t)g 

Therefore the limit 
2(t)

lim g 
= µ 2 , with µ 2 [0, 1]. 

t"R
f 
2(t) +  g 

2(t) 

2also exists; notice that 2 + µ = 1. 

We have 

d f (t) g(t)˘ ˘ ˘Zt = Xt Yt, for any t 2 (0, R), 
h(t) h(t) 

then 
✓ ◆ ✓ ◆ 

f (t) g (t)
i✓ ̆  i✓ X̆ t i✓ Y̆  t 

h(t) h(t)(3.1.11) E(e Zt ) =  E e E e , 
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and therefore 

i✓ ̆  2
✓
2
/2 µ

2
✓
2
/2 ✓

2
/2lim E(e Zt ) =  e e = e . 

t"R 

Here we use that, for any a > 0 and any t > a, the characteristic function of the family (X̆t) is  a  
continuous function, as function of two variables, see Section 6.1.4, and in particular Lemma 1.3.4. 

We collect this result by the following Proposition. 

Proposition 3.1.24. Let f, g 2 K power series with the same radius of convergence R > 0 and 
denote h = fg the product power series. Assume that f and g are Gaussian and also that 

f (t 
) +  

2 )
2 , 2 [0, 1],lim with= 

f (t 

then h is a Gaussian power series. 

We also have the following result: 

Proposition 3.1.25. Let f, g 2 K power series with the same radius of convergence R > 0 and 

2 

denote h = fg the product power series. Assume that f is Gaussian and also that 

2
t"R (t)g 

2 
f (t 
) +  

)
lim = 1,2 

f (t 

then h is a Gaussian power series. 

Proof. With the same notations: for any ✓ 2 R we have 
✓ ◆ 

2
t"R (t)g 

g (t) 
g(t) g(t)

E(Y̆ 
t 
2)1/2

i✓ ˘ 
h(t) Yt 1  |✓| = |✓|E e , 

f (t) h(t) 

i✓here we use the inequality |e 1|  |✓|, for any ✓ 2 R, therefore, using that limt"R g(t)/ h(t) = 0, 
we have that 

✓ ◆ 
g (t)

i✓ ˘ 
h(t) Yt = 1, for any ✓ 2 R.lim E e 

t"R 

2 

2 

The result follows combining the Gaussianity of f with equation (3.1.11). 

B.2. Power series with di↵erent radius of convergence Assume that f, g 2 K are power 
series with finite radius of convergence R > 0 and S > 0, respectively, with S > R. 

Denote by h = fg the product of f and g. This power series has radius of convergence R > 0, 
f (t 

f (t 

recall that f, g 2 K. ) = +1, then  Assume that f is Gaussian and also that limt"R 

2 
f (t 
) +  

)
lim = 1,

2(t)t"R 
g 
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and 
2(t)

lim 2 
g 

= 0,
2

t"R
f (t) +  (t)g 

then, applying Lemma 1.3.4, we conclude that 
✓ ◆ 

g (t) ˘i✓ Ytlim E e h(t) = 1, for any ✓ 2 R . 
t"R 

We finally have, using independence, that 
✓ ◆ ✓ ◆ 

f (t) g (t)˘
i✓ ̆  i✓ Xt i✓ Y̆  t ✓

2
/2lim E(e Zt ) = lim  E e h(t) lim E e h(t) = e , for any ✓ 2 R . 

t "R t"R t"R 

Here we use, again, Lemma 1.3.4. 

We collect the previous discussion by means of the following proposition. 

Proposition 3.1.26. Let f, g be power series with radius of convergence R >  0 and S >  0, 
2respectively, with R > S. Assume  that  f is Gaussian and also that limt"R f (t) = +1, then 

h = fg  is Gaussian. 

C. Powers of Gaussian power series 

Let f 2 K be a power series with radius of convergence R >  0. Fix an integer N 1 and denote 
by h(z) =  f(z)N . Assume that f is Gaussian, then we have that fN is also Gaussian. 

Denote (Xt) the Khinchin family associated to f and (Zt) the Khinchin family associated to h, 
recall that 

d (1) (N)Zt = X + . . . X  , for any t 2 [0, R).
t t 

(1) (N)Here X , . . . , X  are i.i.d copies of Xt.t t 

The previous equality in distribution gives that 
2 mh(t) =  Nmf (t), and 
h
(t) =  N f (t)

2 , for any t 2 [0, R), 

moreover 
p

i✓ ̆  i✓ ̆E(e Zt ) =  E(e Xt/ N )N , for any ✓ 2 R and t 2 (0, R), 

therefore 
⇣ p ⌘N ⇣ ⌘

N
i✓ ̆  i✓X̆ t/ N ✓

2
/2N ✓

2
/2lim E(e Zt ) = lim  E e = e = e , for any ✓ 2 R . 

t"R t"R 

We collect this results by means of the following proposition. 

Proposition 3.1.27. Let f 2 K be a power series with radius of convergence R >  0. Fix  an  
integer N 1 and denote by h(z) =  f(z)N the N -th power of f . Assume  that  f is Gaussian, then 
h(z) =  f(z)N is Gaussian. 
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D. Shifts of Gaussian power series 

Let f 2 K a power series with radius of convergence R >  0. Let C >  0 be a constant, then, for 
any integer M 0, the power series h(z) =  CzM f(z) 2 Ks. 

Denote (Xt) the Khinchin family associated to f and (Yt) the Khinchin family associated to h, 
recall that 

d
Yt = M + Xt, for any t 2 [0, R). 

The previous equality in distribution gives that 

h
(t) =2 2( )t

f ,mh(t) =  M + mf (t), and for any t 2 [0, R), 

and also that 

d˘ ˘Yt = Xt, for any t 2 (0, R). 

We collect the previous discussion in the following Proposition. 

Proposition 3.1.28. Assume that f 2 K is Gaussian, then, for any C >  0 and any integer M 0, 
the power series h(z) =  CzM f(z) is Gaussian. 

E. Composition of a Gaussian power series with a polynomial 

Here we prove that under certain conditions the composition P f of a polynomial in P 2 K with 
a Gaussian power series f 2 K is Gaussian. First, we prove some auxiliary lemmas. 

Lemma 3.1.29. Let P 2 K be a polynomial of degree deg(P ) =  N 1 and f 2 K a power series 
with radius of convergence R >  0. Denote h = P f and assume that limt"R f(t) = +1 and also 
that 

(?) lim
t"R 

2 

2 
m

f (t) 

f (t)f(t) 
= 0, 

then 

2 

2 

2 

2 

22 

h
(t) 

f (t) 

Proof. Using equation (1.3.28) we have that 

h
(t) =  P (f(t))mf (t) +  mP (f(t)) 

f (t) 

mh(t) Nmf (t)
lim = N, and lim = 0. 
t"R t"R f (t) 

2 

2 

2 
f (t), 

1 m
f (t) 

f (t)f(t) 

(3.1.12) 

2 

for any t 2 [0, R), 

P (f(t))f(t). 

then 

2 
h
(t) 

mP (f(t)) 
= 1 +  

mP (f(t)) 
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Recall that for a polynomial P 2 K with deg(P ) =  N 1 we have  

lim mP (t) =  N,
t!+1 

see equation (1.2.4) and the discussion in there. Since limt"R f(t) = +1, we have that limt"R mP (f(t)) = 
N . We also have that there exists a constant C >  0 and certain integer j 1 such that 

P (t) ⇠ C 

P (f(t))f(t) 

2 1 
(†) as t ! +1,

tj 
, 

see equation (3.1.2) for further details. The previous asymptotic formula gives that 
is bounded (and goes to 0 if j >  1). 

2 

2 

2 

Combining all these facts with (?) we conclude that 

2 
h
(t) 

f (t)mP (f(t)) 

h
(t) 

f (t) 

lim = 1, 
t"R 

and therefore 

lim = N. 
t"R 

For the second claim observe that 

2 

2 

mh(t) Nmf (t) mf (t) P (f(t)) (mP (f(t)) N) 
= 

2 

f (t) f (t) P (f(t)) 

here we use that mh(t) =  mP (f(t))mf (t). Applying Lemma 3.1.3 we conclude that 

(mP (f(t)) N)
lim = 0  . 
t"R P (f(t)) 

We also have, combining the asymptotic expression (†) with the hypothesis limt"R f(t) = +1, that 
there exists a constant C >  0 such that 

mf (t) P (f(t)) mf (t)
0   C , as t " R, 

f (t) f (t)f(t)1/2 

and therefore using (?) we conclude that 

mh(t) Nmf (t)
lim = 0. 
t"R f (t) 

Lemma 3.1.30. Assume that f 2 K is a transcendental entire function of finite order ⇢ 0 such 
f (t) = +1, then 

h
(t) 

f (t) 

that limt!+1 

mh(t) Nmf (t)
lim = N, and lim = 0. 
t"R t"R f (t) 
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Proof. Using that f has finite order ⇢ 0, we have that for any " > 0, there are constants C > 0 
and T > 0 such that 

f 0(t) 
⇢ 1+" (3.1.13)  Ct , for any t T .  

f(t) 

See equation (2.5.2) and also Theorem 2.5.1 for further details. 

Combining (3.1.2), that is using that there exist a constant C >  0 and T >  0 such that 
2 
P (f(t))  C/f(t), for any t T , with the inequality (3.1.13) we find that (adjusting T > 0 if  

necessary) there are constants C > 0 and M > 0 such that 

t2f 0(t)2 tM 
2 
P (f(t))mf (t)

2  C  C , for any t T ,
f(t)3 f(t) 

and therefore 
2(†)  lim  P (f(t))mf (t)

2 = 0. 
t!+1 

Using equation (3.1.12) we find that 
2 22 

h
(t) P (f(t))mf (t) 

= + mP (f(t)),2 2 
f (t) f (t) 

2then using (†) and the hypothesis limt!1 f (t) = +1 we conclude that 

2 
h
(t)

lim = N .2
t!+1 

f (t) 

The following lemma expresses the characteristic function of the normalized Khinchin family 
associated to the composition h = P f , in terms of the characteristic function of the Khinchin 
family associated to f . 

P
NLemma 3.1.31. Let P (z) =  j zn 2 K be a polynomial of degree deg(P ) =  N 1 and f 2 K
j=0 a 

a power series with radius of convergence R > 0. Denote (Xt), (Yt) and (Zt) the Khinchin families 
of f, P and h = P f , respectively, then 

NX 
i✓Xt )jE(e i✓Zt ) =  P(Yf(t) = j)E(e , 

j=0 

for any t 2 (0, R) and ✓ 2 R, and  

NX 
(3.1.14) E(e i✓Z̆ t ) =  P(Yf(t) = j)E(e i✓Xt/ h(t))j e i✓mh(t)/ h(t) , 

j=0 

for any t 2 (0, R) and ✓ 2 R. 
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Proof. For any t 2 [0, R) and ✓ 2 R we have 

N N
P (f(tei✓)) X aj f(tei✓)j X aj f(t)j f(tei✓)j 

E(e i✓Zt ) = = = 
P (f(t)) P (f(t)) P (f(t)) f(t)j 

j=0 j=0 

therefore 
NX 

(†) E(e i✓Zt ) =  P(Yf(t) = j)E(e i✓Xt )j . 
j=0 

This result is a particular case of Lemma 1.3.15. 

We finally state and prove the main result of this subsection. 

Theorem 3.1.32. Let P (z) =  
P 

j

N 
=0 aj z

j 2 K be a polynomial of degree deg(P ) =  N 1 and 
f 2 K a Gaussian power series with radius of convergence R >  0. Assume  that  limt"R f(t) = +1 
and also that 

2m
f (t)

(?)  lim  = 0,2
t"R

f (t)f(t) 

then h = P f is a Gaussian power series. 

See also [48, p. 84], there Hayman proves that for f 2 K a Hayman function the composition of 
ma polynomial p(z) =  b0 + b1z+ . . . bmz , with real coe!cients and bm > 0, with f , i.e. the function 

h = P f , is again a Hayman function, see also Section 3.3 for the definition of the Hayman class. 

Proof. Denote (Xt), (Yt) and (Zt) the Khinchin families of f, P and h = P f , respectively. Lemma 
3.1.31, in particular equation (3.1.14), gives that for any t 2 (0, R) and any ✓ 2 R we have 

N 
i✓ ̆  X 

i✓ 
mh(t) 

E(e Zt ) =  P Yf(t) = j E(e i✓Xt/ h(t))j e h(t) . 
j=0 

For any j 1 we have  

i✓ 
mh(t)

i✓Xt/ h(t))jE(e e h(t)  1, 

then 
⇣ ⌘j

i✓ 
mh(t)

i✓Xt/ h(t)P Yf (t) = j E e e h(t)  P(Yf (t) = j) . 

Given that limt"R f(t) = +1, we  have  limt"R P(Yt = j) = 0, for any 0  j  N 1, see 
equation (3.1.1) and the discussion in there, and therefore 

i✓ 
mh(t)

i✓Xt/ h(t))jlim P Yf(t) = j E(e e h(t) = 0, for any integer 0  j < N.  
t"R 
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Since Xt = h(t)X̆t + mh(t), the previous reasoning gives that 

i✓ 
mh(t)

i✓ ̆  i✓Xt/ h(t))N 
h(t)lim E(e Zt) = lim  E(e e 

t"R t"R 
✓ ◆✓ 

f (t) ◆N mh(t) Nmf (t) 
i✓X̆ t i✓ 

h(t)
h(t)= lim  E e e . 

t"R 

combining hypothesis (?) with Lemma 3.1.29 we conclude that 

mh(t) Nmf (t)
lim = 0  . 
t"R h(t) 

We finally have, combining Lemma 1.3.4 with the previous discussion, and the Gaussianity of 
f , that 

✓ ◆N
f (t) ⇣ ⌘

N
i✓ ̆  i✓X̆ t

h(t) ✓
2
/(2N) ✓

2
/2lim E(e Zt) = lim  E e = e = e , 

t"R t"R 

and therefore h = P f is a Gaussian power series. 

F. Some applications 

We apply some of the previous results to some particular cases. We give an alternative proof of 
the fact that the exponential of any polynomial in K is a Gaussian power series. 

F.1. Product of a polynomial and a Gaussian power series Let f 2 K be a Gaussian power 
2series with radius of convergence R >  0 such that limt"R f (t) = +1 and P 2 K a polynomial, 

then the product h = Pf  is a Gaussian power series. 

In this case we have 

P (t)lim = 0  , 
t"R f (t) 

2recall that for a polynomial P 2 K we have limt!+1 P (t) = 0, therefore applying Propositions 
3.1.25 and 3.1.24 we conclude that h = Pf  is a Gaussian power series. 

F.2. Exponential of a polynomial Let P be a polynomial in K, then  f = eP is a Gaussian 
power series. 

Indeed: let a, b > 0 and p > q >  1 two integers. Consider the entire functions f(z) =  eazp 
and 

2g(z) =  ebzq , then  we have  
f (t) =  ap2tp and 2(t) =  bqtq and this implies that g 

2 
f (t)

lim 2 2 = 1,
t!+1 

f (t) +  (t)g 
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recall that p > q. We know that f and g are Gaussian power series, this follows combining 
the Gaussinity of the exponential function with Proposition 3.1.23, therefore fg  is Gaussian, see 
Proposition 3.1.25. 

P
N P (z)In general for a polynomial P (z) =  n in K, we have, applying this result, that e = 
n=0 anzQ

N anz
n

a0e is Gaussian. 
n=1 e 

We proved before, see Proposition 3.1.14, that the exponential of any polynomial P such that 
eP 2 K is Gaussian. In Proposition 3.1.14, we only require eP 2 K rather than P 2 K, as we do in 
this case. 

F.3. Composition of an entire function of finite order with a polynomial Let f 2 K be 
2an entire function of finite order ⇢ 0 such that limt!+1 f (t) = +1, then  we have  

2m
f (t)

lim 2 = 0,
t!+1 

f (t)f(t) 

see Remark 3.1.30 for further details. Assume that f is Gaussian, then, applying Theorem 3.1.32, 
we conclude that P f is a Gaussian power series. 

3.2 Strongly Gaussian power series 

Our interest in the Gaussian power series lies, fundamentally, in Hayman’s identity (1.3.31). We 
want an asymptotic formula for the Taylor coe!cients an of a power series f 2 K with Khinchin 
family (Xt)t2[0,R) and Mf = +1. The identity (1.3.31) asks for analyzing the behavior of the 
integral 

Z 
⇡� f (tn) 

i✓ ̆(?) E(e Xtn )d✓, 
⇡� f (tn) 

as n ! +1. Recall that here (tn)n 1 ✓ (0, R) is a sequence such that mf (tn) =  n, for any n 1 
(and therefore tn ! R, as n ! +1). 

For a Gaussian power series we have pointwise convergence of the integrand in (?) towards 
✓
2
/2e . Of course, this is not enough to conclude the convergence of the integral (?); we need some 

kind of additional bound to conclude the convergence of the integral. 

We say that the power series f 2 K with radius of convergence R > 0 and its Khinchin family 
(Xt) are strongly Gaussian, or locally Gaussian, if the following two conditions hold: 

Z 
⇡� f (t) 

2 i✓ ̆  ✓
2
/2(3.2.1) lim 

f (t) = +1 and lim E(e Xt ) e d✓ = 0  . 
t"R t"R ⇡� f (t) 

The strongly Gaussianity will allow us to pass to the limit in the integral term (?) and therefore 
obtain asymptotic formulas for the coe!cients an, see Hayman’s identity (1.3.31). 



� �

� �

� �

�

� � � �

�
� �

�
�
�
� � �

�
�
�
�

� �

�

�

134 CHAPTER 3. GAUSSIAN AND STRONGLY GAUSSIAN POWER SERIES 

We will see later than the second condition in (3.2.1) does not follow from the Gaussianity 
of the power series f . See example 3.2.7 below. On the other hand we will also see, later, that 
strongly Gaussian power series are Gaussian. 

The notion of strongly Gaussian power series, at least in this context, was introduced by Báez-
Duarte, see [6]. 

zBefore continuing we test if some of the basic families are strongly Gaussian. Namely: f(z) =  e , 
f(z) = 1/(1 + z) and f(z) = 1 +  z. 

A. The Poisson family is strongly Gaussian 

We already know that the Poisson family is Gaussian, in fact the exponential of any polynomial 
in K is Gaussian, see Section 3.1. The bound given by the next lemma will allow us to apply the 
dominated convergence theorem, and then obtain that the Poisson family is strongly Gaussian. 

We collect some bounds by means of the following lemma: we will use these bounds repeatedly 
below these lines 

Lemma 3.2.1. We have 
21) t cos(✓) t � 
⇡2 t✓2 , for any t 0 and |✓|  ⇡. 

t cos(✓) 12) e et � 2⇡2 et✓2 , for any t 1 and |✓|  ⇡. 

Proof. The inequality sin(✓/2) ✓/⇡, for any 0  ✓  ⇡ combined with identity 1 cos(✓) =  
2 sin2(✓/2) gives that 

2 
(?) cos(✓) 1 � ✓2 , for any |✓|  ⇡ . 

⇡2 

The bound (?) gives 1). 

For the other inequality, using (?), and also that t 1 and e y 1  y , for any 0  y  2,4 
we find that 

t cos(✓)e t e t  e exp 2/⇡2t✓2 1 t e exp 2/⇡2✓2 1 � 
1 

t✓2 e . 
2⇡2 

zLemma 3.2.2. For f(z) =  e , we have 

i✓ ̆ 2✓2/⇡2 |E(e Xt )|  e , for any ✓ 2 R such that |✓| < ⇡ f (t) . 

˘Proof. The characteristic function of Xt is given by 
p

i✓ ̆  t(cos(✓/ t) 1)|E(e Xt )| = e , 
p 

see equation (1.3.11). Recall that f (t) =  t. The bound follows from Lemma 3.2.1. 

By virtue of Lebesgue dominated convergence theorem, here we use the Gaussianity of f , see  
zSection 3.1, and also the bound given by the previous lemma, we conclude that f(z) =  e is a 

strongly Gaussian power series. 
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B. The Pascal and the Bernoulli family are not strongly Gaussian 

The families given by f(z) = 1 +  z, the Bernoulli family, and f(z) = 1/(1 z), the Pascal family, 
are not strongly Gaussian. 

We know that these families are not Gaussian, see Chapter 3, and we will see, later on, that 
strongly Gaussian power series are Gaussian. 

For the Bernoulli family, and in general for any polynomial in the class K, we have that 
limt!+1 f 

2(t) = 0, and therefore 

Z 
⇡� f (t) 

i✓X̆ t ) ✓
2
/2E(e e d✓  4⇡� f (t) , 

⇡� f (t) 

tends to 0, as t ! +1, and 

Z 
⇡� f (t) 

e ✓
2
/2d✓  4⇡� f (t) , 

⇡� f (t) 

also tends to 0, as t ! +1. In particular any polynomial in K is not strongly Gaussian, recall 
that polynomials in K are characterized by the property limt!+1 f (t) = 0. 

For the Pascal family, that is, the Khinchin family associated to f(z) = 1/(1 z), we have 
2mf (t) =  t/(1 t) and 
f (t) =  t/(1 t)2 , both functions escaping to +1, as t " 1. 

If we take tn = n/(n + 1), then we have mf (tn) =  n, then  

Z 
⇡� f (tn) Z 

⇡� f (tn)
i✓ ̆  1 tn i✓mf (tn)/ f (tn)d✓E(e Xt )d✓ = e

i✓/ f (tn)
⇡� f (tn) ⇡� f (tn) 1 tne 

Z 
⇡ 1 tn i↵mf (tn)d↵= f (tn) i↵ 

e 
1 tne 

Z 
⇡

⇡ 

p 1 tn p 
n = tn i↵ 

e i↵nd↵ = tn2⇡tn . 1 tne⇡ 

1Here we use the identity (1.3.31). Recall that tn = n/(n + 1), then tn = (1  )n and n n 

Z 
⇡� f (tn) 2⇡

i✓ ̆lim E(e Xt )d✓ = . 
n!+1 e⇡� f (tn) 

Hayman’s identity (1.3.31) gives in this case, that is for f(z) = 1/(1 z), that 

Z 
⇡� f (tn)f(tn) i✓ ̆  

1 =  an = E(e Xtn )d✓, for any n 1. 
2⇡tnn f (tn) ⇡� f (tn) 
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3.2.1 Hayman’s local central limit Theorem 

Hayman’s local central limit theorem is a central result in this Theory. The proof in here is similar, 
at least in spirit, to the proof of the local central limit theorem for lattice random variables. 

Theorem 3.2.3. Let f 2 K be a strongly Gaussian power series with radius of convergence R > 0, 
then 

antn p 2(m(t) n)2/(2 (t))lim sup 2⇡� f (t) e f = 0  . 
t"R n2Z f(t) 

We take the supremum over Z, here  an = 0, for any integer n <  0. In other terms, if for each 
t 2 [0, R), we denote 

⇢ 
n mf (t)Vt = : n 2 Z , 

f (t) 

then Theorem 3.2.3 claims that 

1 
x
2
/2lim sup P(X̆t = x) f (t) p e = 0. 

t"R 2⇡x2Vt 

Proof of Theorem 3.2.3. For each t 2 [0, R) we denote 

p4 antn 
(m(t) n)2/(2 2 (t))St = sup  2⇡� f (t) e f . 

n2Z f(t) 

For any n 2 Z and t 2 (0, R), Hayman’s identity (1.3.31) gives that 
Z 

⇡� f (t)antn 
i✓X̆ t )e i✓(n mf (t))/ f (t)d✓2⇡� f (t) =  E(e 

f(t) ⇡� f (t) 

and 
Z 

⇡� f (t) Z 
⇡� f (t) ⇣ ⌘ 

i✓ ̆  i✓(n mf (t))/ i✓ ̆  ✓
2
/2 i✓(n mf (t))/E(e Xt )e f (t)d✓ = E(e Xt ) e e f (t)d✓ 

⇡� f (t) ⇡� f (t) 
Z 

⇡� f (t) 
✓
2
/2 i✓(n mf (t))/ f (t)d✓ .+ e e 

⇡� f (t) 

Because f is strongly Gaussian, the first integral at the right-hand side of the previous expression 
is o(1) uniformly in n. For the second integral we have 

Z 
⇡� f (t) Z 

✓
2
/2 i✓(n mf (t))/ f (t)d✓ = ✓

2
/2 i✓(n mf (t))/e e e e f (t)d✓ + o(1) 

⇡� f (t) R 
p 2(n mf (t))2/(2 (t))= 2⇡e f + o(1). 

Again the o(1) is uniform in n. 
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As a direct corollary of Theorem 3.2.3 we obtain that strongly Gaussian power series have 
Mf = +1. 

Corollary 3.2.4. Let f 2 K be a strongly Gaussian power series, then Mf = +1. 

Proof. Restricting the supremum to integers n � 1 in Theorem 3.2.3, we have 
2(mf (t) n)2/(2 (t))lim sup e f = 0. 

t"R n� 1 

For each t 2 [0, R) the supremum is reached by taking n = 1, recall that mf (t) 0, then we have 
! 

(mf (t) + 1)2 
lim exp = 0  ,2
t"R

f (t) 

therefore 

(mf (t) + 1)2 
(†) lim  = +1.2

t"R
f (t) 

2Strongly Gaussian power series verify that limt"R f (t) = +1, then  (†) gives that Mf = limt"R mf (t) =  
+1 . 

As a corollary of the previous result we have the following Theorem. Hayman enunciate the 
following Theorem for power series in the Hayman class, see Section 3.3, and not for strongly 
Gaussian power series as we do here, see [48]. 

Corollary 3.2.5 (Hayman’s asymptotic formulas). Let f 2 K be a strongly Gaussian power series, 
then 

1 f(tn)(3.2.2) an ⇠ p , as n ! +1, 
2⇡ f (tn)tnn 

here the sequence (tn)n 0 ✓ (0, R) is given by mf (tn) =  n . 

Observe that strongly Gaussian power series have the property that the coe!cients an are 
positive after some value of n. 

Proof. Let f 2 K a strongly Gaussian power series, then Corollary 3.2.4 gives that Mf = +1. Let 
(tn)n 0 ✓ (0, R) be a sequence such that mf (tn) =  n. 

Denote 

4 antn p 
(m(t) n)2/(2 2 (t))St = sup  2⇡� f (t) e f . 

n2Z f(t) 

Theorem 3.2.3 gives that St ! 0, as t " R. By definition we have 

antn p
n 2⇡� f (tn) 1  Stn , for each n 1,

f(tn) 
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then 

antn p
nlim 2⇡� f (tn) 1 = 0  . 

n!+1 f(tn) 

Alternatively, appealing to Hayman’s identity (1.3.31) we have 
Z 

⇡� f (tn)f(tn) i✓ ̆  
an = E(e Xtn )d✓, for each n 1,

2⇡� f (tn)tn 
n ⇡� f (tn) 

and using that f is strongly Gaussian we find that 
Z 

⇡� 
Z 

f (tn) p
i✓ ̆lim E(e Xtn )d✓ = e ✓

2
/2d✓ = 2⇡ . 

n!1 
⇡� f (tn) R 

In the conditions of the previous corollary, and with the same argument, we obtain that if !n 
is a good approximation of tn, meaning that 

mf (!n) n 
lim = 0  , 

n!+1 f (!n) 

then we obtain that 

1 f(!n) an ⇠ p , as n ! 1. 
2⇡ f (!n)!n

n 

We will come back to this variant later on. 

Let’s see some applications of Corollary 3.2.5. The following example give title to Hayman’s 
paper: A generalization of Stirling’s formula, see [48]. 

P1Example 3.2.6 (Stirling’s formula). For f(z) =  e = n/n! we have  R = +1, mf (t) =  t p 
z

n=0 z 
and f (t) =  t. We  have  Mf = +1 and therefore tn = n. 

We already know that f(z) =  ez is strongly Gaussian. Applying Hayman’s asymptotic formula 
we find that 

1 1 en 
⇠ p p , as n ! 1 , 

n! 2⇡ nnn 

which is Stirling’s formula. 

Example 3.2.7 (Power series in K which are Gaussian but not strongly Gaussian). Consider the 
entire function f(z) =  ez2 

, which  is  a  power  series  in  K, that is, R = +1. The mean and the 
2variance are given by mf (t) =  t2 and 
f (t) = 4t2 . Proposition 3.1.23 gives that f is Gaussian. 

If we assume that f is strongly Gaussian, then Hayman’s formula will hold, but this is not 
possible: the coe!cients of even index are all identically zero. 
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139 3.2. STRONGLY GAUSSIAN POWER SERIES 

Let f 2 K be a strongly Gaussian power series with radius of convergence R > 0. In order to 
apply Hayman’s formula we need to solve the equation mf (t) =  n (recall that mf is an increasing 
di↵eomorphism) and then evaluate in that value tn both f(tn) and f (tn). 

If the function f 2 K is intricate, the expression for mf (t) will also be intricate and solving 
mf (t) =  n will be di!cult. Also, any estimation of tn would also require to estimate the values of 
f(tn) and f (tn), respectively. 

The following theorem will be very relevant in future applications; it allows to circumvent the 
problem of finding the sequence (tn)n 1 such that mf (tn) =  n, which is some cases is almost 
impossible, see for instance equation 1.2.6. 

P1Theorem 3.2.8 (Baéz-Duarte asympotic formula). Let f(z) =  nzn 2 K a strongly Gaus-
n=0 a 

sian power series. Assume that m̃ f (t) and ˜f (t) are functions, defined on (0, R), such that 

n m̃ f (t) grows to +1 continuously and monotonically, as t " R, 

n ˜f (t) ⇠ f (t), as t " R, 

m̃ f (t) mf (t) 
n lim = 0, 

t"R f (t) 
then 

f(⌧n)(3.2.3) an ⇠ p , as n ! 1, 
2⇡˜f (⌧n)⌧n 

n 

where ⌧n is given by m̃ f (⌧n) =  n, for each n 0. 

Under the hypothesis of the previous lemma we have m̃ f (t) ⇠ mf (t), as t " R. Indeed: Corollary 
3.2.10, below, gives that limt"R mf (t)/ f (t) = +1, then for any M > 0, there exists T > 0 such  
that 

✓ ◆ ✓ ◆ 
m̃f (t) mf (t) 

= 
f (t) 

m̃f (t) 
mf (t) 

1 
mf (t) 
f (t) 

M 
m̃f (t) 
mf (t) 

1 , for any t T.  

and therefore m̃f (t) ⇠ mf (t), as t " R. 

Proof of Theorem 3.2.8. Using that m̃ is monotonic we conclude that ⌧n ! 1, as n ! 1. By  
definition of the sequence (⌧n)n 0 we have that m̃ f (⌧n) =  n and therefore 

n mf (⌧n)
lim = 0. 
n!1 f (⌧n) 

From Theorem 3.2.3 we deduce that 
f(⌧n) an ⇠ p , as n ! 1, 

2⇡� f (⌧n)⌧n 
n 

and finally, given that f (t) ⇠ ˜f (t), as t " R, then we conclude 

f(⌧n) an ⇠ p , as n ! 1, 
2⇡˜f (⌧n)⌧n 

n 
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3.2.2 Strongly Gaussian power series are Gaussian 

We prove here that strongly Gaussian power series are Gaussian. 

Theorem 3.2.9. Let f 2 K be a strongly Gaussian power series with radius of convergence R > 0, 
then f is Gaussian. 

Proof. Fix b 2 R and a < b. 

Denote 
n p4 ant (m(t) n)2/(2 2 (t))St = sup  2⇡� f (t) e f , for any t 2 [0, R) . 

n2Z f(t) 

Theorem 3.2.3 gives that limt"R St = 0. 

Denote 

Dt = {n 0 :  mf (t) +  a f (t) < n < mf (t) +  b f (t)} , 

and 
⇢ 
n mf (t)Et = : n 2 Dt . 

f (t) 

Observe that #Et  f (t)|b a| + 1, then 

X n Xant 1 
x
2
/2 1 p e  p (#Et)St, for any t 0 . 

f(t) 2⇡� f (t) 2⇡� f (t)
n2Dt x2Et 

Theorem 3.2.3 gives that limt"R St = 0 and we also have that f (t) is bounded from below for 
large values of t, in fact limt"R f (t) = +1. The upper bound in the previous inequality tends to 
0, as t " R. 

Moreover 
X antn 

= P(a < X̆t < b) . 
f(t)

n2Dt 

2Finally using that limt"R f (t) = +1, we have  

Z 
bX 

lim 
1 

e x
2
/2 = e x

2
/2dx, 

t"R f (t) a
x2Et 

therefore combining all the steps in previous analysis we find that 
Z 

b1 
lim P(a < X̆t < b) =  p e x

2
/2dx . 

t"R 2⇡ a 
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For negative a <  0 we have, appealing to Chebyshev’s inequality, that 

1 
P(X̆t  b) P(a < X̆t  b) = P(X̆t  a)  P(|X̆t| a)  

a2 . 

From here we get that 
Z 

b1 1 
lim sup P(X̆t  b)  p e x

2
/2dx + 

t"R 2⇡ a a2 

and therefore making a #� 1, we find that 
Z 

b1 
lim sup P(X̆t  b)  p e x

2
/2dx . 

t"R 2⇡ �1 

By using an analogous argument we also find that 
Z 

b 
lim sup P(X̆t  b) e x

2
/2dx. 

t"R �1 

We have the same inequalities for the lim inf . 

3.2.3 Strongly Gaussian power series are Clans 

As a consequence of Theorem 3.2.3 we also obtain that every strongly Gaussian function conforms 
a clan. 

Corollary 3.2.10. Let f 2 K be strongly Gaussian, then f conforms a clan. 

Proof. Restricting the supremum in the proof of Theorem 3.2.3 to n = 1, we get 
✓ 

(mf (t) + 1)2 ◆ 
lim exp = 0  . 
t"R 2 f (t)2 

2Since limt"R f (t) = +1, because f is strongly Gaussian, we get that f (t) =  o(mf (t)), as t " 
R. 

This corollary shows that a large collection of functions ranging from f(z) =  ez to the generating 
1functions of partitions 

Q 
j 1(1 zj ) , |z| < 1 are clans (see [17] and [18] for this and other 

interesting examples). 

Corollary 3.2.11. Let f 2 K be a strongly Gaussian power series, with radius of convergence 
R >  0, then, for each n 0, we have 

f(t)
lim = +1 . 
t"R tn 

In fact we have 

f(t)
lim = +1 . 
t"R f (t)tn 
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Proof. Polynomials are not strongly Gaussian, recall that polynomials are characterized, among 
2the functions in K, by the property limt!+1 f (t) = 0. 

Fix n 0 such that an =6 0. Theorem 3.2.3 gives that 

antn p 2(m(t) n)2/(2 (t))
f (t) flim 2⇡� e = 0  . 

t"R f(t) 

Corollary 3.2.10 gives that 

f (t)
lim = 0  
t"R mf (t) 

therefore 

antn p
lim 2⇡� f (t) = 0, 
t"R f(t) 

using that an 6= 0 we conclude that 

tn 
f (t)

lim = 0  . 
t"R f(t) 

Because f is strongly Gaussian there are an infinite amount of indices n such that an 6= 0, and 
therefore 

tn 
f (t)

lim = 0  , for any n 0. 
t"R f(t) 

Now using that limt"R f (t) = +1, we conclude that 

tn 
lim = 0  , for any n 0. 
t"R f(t) 

There are power series in K that conform a clan but which are not strongly Gaussian. For 
instance, if g 2 K is strongly Gaussian then f(z) =  g(zN ), with N 2 N, conforms a clan but it is 
not strongly Gaussian since an ⌘ 0 when  n is not a multiple of N and hence (3.2.2) does not hold. 

3.2.4 Operations with strongly Gaussian power series 

Here we prove that some operations with strongly Gaussian power series preserve the property of 
being strongly Gaussian. 
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A. Subordination 
P1Let Q 1 an integer. Denote KQ the subfamily of power series in g(z) =  2 K such 

n=0 anz
n 

that an = 0 except for those index n 0 which are multiples of Q 1. 

For such power series g 2 KQ we have that Q divides gcd{n 61 :  an = 0}, and reciprocally, 
if Q divides gcd{n 1 :  an 6= 0}, then  g 2 KQ. For any g 2 KQ there exists a power series P1f(z) =  bnzn 2 K such that g(z) =  f(zQ), with gcd{n 1 :  bn 6= 0} = 1.

n=0 

Fix g 2 KQ, then  there  exists  f 2 K such that g(z) =  f(zQ). If g has radius of convergence 
R > 0, then f has radius of convergence RQ > 0. 

Denote (Xt)t2[0,R) the Khinchin family of g and (Yt)t2[0,RQ) the Khinchin family of f . Recall 
that in this case 

d
(?) Xt = Q · YtQ , for any t 2 [0, R), 

and therefore mg(t) =  Q · mf (tQ) and g(t) =  Q · f (tQ), for any t 2 [0, R). 

We also have, using (?), that 

i✓ ̆  i✓Y̆  
tQ ),E(e Xt ) =  E(e for any ✓ 2 R and t 2 (0, R). 

From the previous discussion: we say that a power series g 2 KQ is Q-strongly Gaussian if 

Z 
⇡� g (t)/Q 

i✓Y̆lim g(t) = +1, and lim |E(e tQ ) e ✓
2
/2|d✓ = 0. 

t"R t"R ⇡� g (t)/Q 

We have that f is strongly Gaussian if and only if g is Q-strongly Gaussian. 

If g is Q-strongly Gaussian, or equivalently, if f is strongly Gaussian, the asymptotic formula 
for the coe!cients bn of f , turns into an asymptotic formula for the coe!cients aQn of g. This  
asymptotic formula, written in terms of g, is  

1 g(sQn)
bnQ ⇠ Qp , as n ! 1 .

nQ2⇡ s g(sQn)Qn 

1/QHere the sequence (tn)n 0 is given by mf (tn) =  n and snQ = tn . 

B. Products of strongly Gaussian power series 

We have seen before, see Section 3.1, that under some simple conditions the product of two Gaussian 
power series in K is a Gaussian power series. 

Now we study the same question, but this time for strongly Gaussian power series. 
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B.1 Product of power series with the same radius of convergence Assume that f, g 2 K 
are power series with radius of convergence R >  0. The product h = fg  has radius of convergence 
R >  0, and is, of course, in K. 

Denote (Xt), (Yt) and (Zt) the respective Khinchin families of f, g and h = fg. Recall that 
d

(?) Zt = Xt Yt , for any t 2 [0, R) , 

here denotes the sum of independent copies. In particular, the previous inequality gives that 
2 2 2 
h
(t) =  

f (t) +  (t) and mh(t) =  mf (t) +  mg(t), for each t 2 [0, R).g 
Assume that f and g are strongly Gaussian and also that 

2 2 
f (t) g (t)

lim inf 2 > 0, and lim inf > 0 .
2 2 2

t"R
f (t) +  (t) t"R

f (t) +  (t)g g 

These conditions are always verified if f ⌘ g. 
2We always have limt"R h
(t) = +1, this follows from the fact that f and g are strongly Gaussian 

power series. 
For each t 2 [0, R) we  write  (t) =  f (t)/ h(t) and µ(t) =  g(t)/ h(t), then we have 

lim inf (t) > 0, and lim inf µ(t) > 0 . 
t"R t"R 

Observe that 2(t) +  µ2(t) ⌘ 1, for any t 2 [0, R). 
Using (?) we find that 

i✓ ̆  i✓ (t) ˘ i✓µ(t) ˘E(e Zt ) =  E(e Xt )E(e Yt ), for any ✓ 2 R and t 2 (0, R). 

Now using the equality 
⇣ ⌘ 

E(e i✓ (t)X̆ t )E(e i✓µ(t)Y̆ t ) e ✓
2
/2 = E(e i✓ (t)X̆ t ) E(e i✓µ(t)Y̆ t ) e µ(t)2✓2/2 

(3.2.4) ⇣ ⌘ 
µ(t)2✓2/2 i✓ (t)X̆ t ) (t)2✓2/2+ e E(e e , 

we conclude that 
i✓ (t) ˘ i✓µ(t) ˘ ✓

2
/2 i✓ (t) ˘ 2(t)✓2/2 i✓µ(t) ˘ µ

2(t)✓2/2E(e Xt )E(e Yt ) e  E(e Xt ) e + E(e Yt ) e . 

for any ✓ 2 R and any t 2 (0, R). 
Using the previous inequality we find that 

Z Z 
i✓ ̆  ✓

2
/2 i✓ (t) ˘ 2(t)✓2/2E(e Zt ) e d✓  E(e Xt ) e d✓ 

|✓|<⇡ h(t) |✓|⇡� h(t)Z 
i✓µ(t)Y̆  t ) µ

2(t)✓2/2+ E(e e d✓. 
|✓|⇡� h(t) 

Z 
1 

i✓X̆ t ) ✓
2
/2 = E(e e d✓ 

(t) |✓|⇡� f (t) 
Z 

1 
i✓Y̆  t ) ✓

2
/2+ E(e e d✓ 

µ(t) |✓|⇡� g (t) 
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145 3.2. STRONGLY GAUSSIAN POWER SERIES 

We collect the previous discussion by means of the following theorem. 

Theorem 3.2.12. Let f, g 2 K be power series with radius of convergence R >  0. Assume  that  
f, g are strongly Gaussian and also that 

2 2 
f (t) g (t)

lim inf > 0, and lim inf > 0 .2 2 2 2
t"R

f (t) +  (t) t"R
f (t) +  (t)g g 

then h = fg  is strongly Gaussian. 

B.2 Product of power series with di↵erent radius of convergence Now we study the case 
where f 2 K has radius of convergence R >  0 and g 2 K has radius of convergence S > R. Assume 
that f is strongly Gaussian. 

Denote (Xt), (Yt) and (Zt) the respective Khinchin families of f, g and h = fg. Given that f 
is strongly Gaussian, and using that limt"R f (t) = +1 combined with the fact that the radius of 
convergence of g is S > R  we have 

f (t)
lim (t) = lim  = 1  
t"R t"R h(t) 

and therefore 

g(t)
lim µ(t) = lim  = 0. 
t"R t"R h(t) 

Now we write 
⇣ ⌘ 

i✓ ̆  ✓
2
/2 i✓ (t) ˘ i✓µ(t) ˘ ✓

2
/2E(e Zt ) e = E(e Xt )E(e Yt ) e 

⇣ ⌘ ⇣ ⌘ 
i✓µ(t) ˘ ✓� (t) ˘ ✓

2
/2 ✓

2
/2 ✓µ(t) ˘ 

= E(e Yt ) E(e Xt ) e + e E(e Yt ) 1 , 

therefore 
Z Z 

i✓ ̆  ✓
2
/2 ✓

2
/2 i✓µ(t) ˘E(e Zt ) e d✓  e E(e Yt ) 1 d✓ 

|✓|⇡� h(t) |✓|⇡� h(t) 
Z 

✓
2
/2 (t)2✓2/2+ e e d✓ 

|✓|⇡� h(t) 
Z 

1 
i✓X̆ t ) ✓

2
/2+ E(e e d✓ 

(t) |✓|⇡� f (t) 

Lebesgue’s dominated convergence Theorem gives that the first and second term at the right-hand 
side of the previous inequality tends to 0, as t " R. Here we use the following inequality: because 
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(t) ! 1, as t " R, we have that there exists certain 0 < T  < R such that (t) > 1/2, for T < t < R, 
then 

✓
2
/2 (t)2✓2/2|  e ✓

2
/2 ✓

2
/8  2e ✓

2
/8|e e + e , for any ✓ 2 R. 

Combining that f is strongly Gaussian with the hypothesis limt"R (t) = 1 we also conclude 
that the third term tends to 0, as t " R. 

This argument is also valid for the case S = R, that is, we have the same result for power series 
f, g 2 K with the same radius of convergence. 

We collect the previous discussion by means of the following theorem. 

Theorem 3.2.13. Let f, g 2 K be power series with radius of convergence S R > 0, respectively. 
Assume that f, g are strongly Gaussian and also that 

2 2 
f (t) g (t)

lim = 1, and lim = 0  .2 2 2 2
t"R

f (t) +  (t) t"R
f (t) +  (t)g g 

then h = fg  is strongly Gaussian. 

C. Powers of strongly Gaussian power series 

Assume that f 2 K is a strongly Gaussian power series, with radius of convergence R >  0, and 
denote h = fN , for integer N 1, then h = fN is a strongly Gaussian power series. 

In this case we have 

mh(t) =  N · mf (t) and h(t) =  N · f (t), for any t 2 [0, R), 

therefore 

f (t) 1 f N 1 (t) N 1 
lim (t) = lim  = > 0 and lim µ(t) = lim  = > 0, 
t"R t"R h(t) N t"R t"R h(t) N 

then, by using an induction argument, which simply applies the discussion above for power series 
with the same radius of convergence, we conclude that h = fN is strongly Gaussian. 

If we denote (Zt) and (Xt) the Khinchin families of fN and f respectively, then we have 

d (1) (2) (N)Zt = X X · · · X
t , for any t 2 [0, R),

t t 

p(1) (N)here X , . . . , X  are i.i.d copies of Xt. This equality also gives that f N (t) =  N · f (t) and 
t t 

mfN (t) =  N · mf (t). We also have that 

d 1 ⇣ (1) (N ) 
⌘ 

˘ ˘ ˘= p X · · · X , for any t 2 (0, R) ,Zt t t
N 

therefore 
⇣ p ⌘N

i✓ ̆  i✓X̆ t/ NE(e Zt ) =  E e , for any ✓ 2 R and t 2 (0, R). 
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The previous discussion gives that 
Z Z p

i✓ ̆  ✓
2
/2 i✓X̆ t/ N )N ✓

2
/2(3.2.5) lim E(e Zt ) e d✓ = lim  E(e e d✓ = 0.p

t"R t"R|✓|⇡� fN (t) |✓|⇡� f (t) N 

This observation will be useful later when proving that the composition of a strongly Gaussian 
power series with a polynomial is a strongly Gaussian power series. 

D. Shifts of strongly Gaussian power series 

Let f 2 K be a strongly Gaussian power series with radius of convergence R > 0. Denote C > 0 a  
constant and M 0 a non-negative integer. We define h(z) =  CzM f(z) which  is  a  power series  
in Ks. 

Denote (Xt) and (Yt) the Khinchin families of h and f respectively, then we have 

d
Xt = M + Yt, for any t 2 [0, R) 

2 2this implies that mh(t) =  M + mf (t) and 
h
(t) =  

f (t), for any t 2 [0, R), and also that 

i✓ ̆  i✓ ̆E(e Xt ) =  E(e Yt ), for any ✓ 2 R and t 2 (0, R), 

therefore h is a strongly Gaussian power series. 

E. Composition of a strongly Gaussian power series with a polynomial 

Here we prove that the composition h = P f of a polynomial of degree N 1 which  is in  K with 
a strongly Gaussian power series f 2 K is a strongly Gaussian power series. 

See also [48, p. 84], there Hayman proves that the composition of a polynomial of degree m, 
with real coe!cients and positive m-th coe!cient, with a Hayman function is again a Hayman 
function, see also Section 3.3 for the definition of the Hayman class. 

Theorem 3.2.14. Let f 2 K be a power series with radius of convergence R >  0 and P 2 K a 
polynomial of degree N 1. Assume  that  f is strongly Gaussian and also that 

2m
f (t)

(?) lim  = 0,2
t"R

f (t)f(t) 

then h = P f is strongly Gaussian. 

Theorem 3.2.14 is stronger than Theorem 3.1.32. Recall that strongly Gaussian power series 
are Gaussian. 

Proof. For f 2 K be a strongly Gaussian power series with radius of convergence R > 0 we always 
have limt"R f(t) = +1, see Corollary 3.2.11. 

Denote (Zt), (Xt) and (Yt) the Khinchin families of h, f and P respectively. Recall that condi-
2tion (?) implies that limt"R h
(t)/ 

f 
2(t) =  N , see Lemma 3.1.29. 
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The mean and variance of h are given by 

mh(t) =  mP (f(t))mf (t) for any t 2 [0, R), 

and 

2 2 2 2 
h
(t) =  P (f(t))mf (t) +  mP (f(t)) f (t), for any t 2 [0, R), 

2see equations (1.3.27) and (1.3.28) for further details. Combining the expression for 
h
(t) with  

2 2the fact that f is strongly Gaussian and also with the inequality 
h
(t) mP (f(t)) f (t), for any 

t 2 (0, R), we find that 
2lim 
h
(t) = +1. 

t"R 

This is the variance condition for strongly Gaussian power series. 

Proposition 3.1.31 gives that 

NX 
i✓ 

mh(t)
i✓ ̆  i✓Xt/ h(t))j h(t)E(e Zt) =  P Yf(t) = j E(e e , 

j=0 

for any ✓ 2 R and any t 2 (0, R), therefore 

(3.2.6) E(e i✓Z̆ t) E(e i✓Xt/ h(t))N e i✓mh(t)/ h(t)  (1 P(Yf(t) = N)) E(e i✓Xt/ h(t)) 

inequality (3.2.6) gives that 
Z ✓ ◆N Z 

Xt i ✓mh(t) f (t) 
i✓ ̆  i✓ i✓X̆ tE(e Zt) E e h(t) e h(t) d✓  (1 P(Yf(t) = N)) E(e h(t) ) d✓ 

|✓|⇡� h(t) |✓|⇡� h(t)Z 
h(t) i✓ ̆= (1  P(Yf(t) = N)) E(e Xt) d✓ 
f (t) |✓|⇡� f (t) 

Now using that limt"R f(t) = +1 we have limt"R P(Yf(t) = N) = 1, hypothesis (?) combined p
with Lemma 3.1.29 gives that limt"R h(t)/ f (t) = 1/ N . Using that f is strongly Gaussian we 
obtain that 

Z 
E(e i✓X̆ t) d✓ = O(1), as t " R. 

|✓|⇡� f (t) 

The previous analysis gives that 
Z 

lim E(e i✓Z̆ t) E(e i✓Xt/ h(t))N e i✓mh(t)/ h(t) d✓ = 0  . 
t"R |✓|⇡� h(t) 

Observe that for any t 2 (0, R) and any ✓ 2 R we have 
⇣ ⌘

N
i✓ 

mh(t) f (t) (mh(t) Nmf (t)) 
i✓Xt/ h(t) h(t) Xt

h(t) )e h(t)i✓ ̆  i✓
E e e = E(e 
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then 
Z ✓ ◆N

f (t) (mh(t) Nmf (t))
i✓X̆ t i✓ ✓

2
/2

h(t) h(t)E e e e d✓ 
|✓|⇡� h(t) 

2Z (t)(mh(t) Nmf (t)) h 
h(t) i ˘ i 

f (t) 2(t)= E(e Xt)N e e f 

2
/2 

d 
f (t) | |⇡� f (t) 

where we change variables in the second integral: ✓/ h(t) =  / f (t). Recall that combining (?)p
and Lemma 3.1.29 we have limt"R h(t)/ f (t) = 1/ N . Now we study the integral in the previous 
equality. 

We have 
2Z (t)(mh(t) Nmf (t)) h

i 2
i X̆ t)N f (t) f

(t)
2
/2 

I = E(e e e d 
| |⇡� f (t) 

2Z (t)h (mh(t) Nmf (t)) 
i X̆ t)N f

(t)
2
/22 i 

= E(e e e f (t) d 
| |⇡� f (t) 

2Z Z h(t) 2
/2 (mh(t) Nmf (t)) 

i 2
N/2 2

N/2 (t) 
f (t) E(e X̆ t)N e d + e e f 

2 
e 
i 

d 
| |⇡� f (t) | |⇡� f (t) 

observe that 
Z Z 

i X̆ t)N 2
N/2 i X̆ t) 

2
/2E(e e d  N E(e e d 

| |⇡� f (t) ⇡� f (t) 

Nhere we use the inequality |z wN |  N |z w|, for |z|  1, |w|  1, therefore, using that f is 
strongly Gaussian we have 

Z 
˘i Xt)N 2

N/2lim E(e e d = 0, 
t"R | |⇡� f (t) 

this also follows from the fact that for f 2 K a strongly Gaussian power series we have that fN is 
strongly Gaussian, for any integer N 1. 

Now observe that 
0 1 

2 (t) 2
/2h (mh(t) Nmf (t)) 

(t)lim @e 
2
N/2 e f 

2 
e 
i 

f (t) A = 0, 
t"R 

here we combine (?) with Lemma 3.1.29 to obtain that 

2 
h
(t) mh(t) Nmf (t)

lim 2 = N, and lim = 0. 
t"R

f (t) t"R f (t) 
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150 CHAPTER 3. GAUSSIAN AND STRONGLY GAUSSIAN POWER SERIES 

Finally dominated convergence gives that 

Z h 
2(t) 2

/2 (mh(t) Nmf (t)) 
2 i2

N/2 f (t)lim e e f
(t) e d = 0, 

t"R | |⇡� f (t) 

and therefore h = P f is strongly Gaussian. 

D. Some applications 

Here we apply some of the previous results to some particular cases. 

D.1. Product of a polynomial and a strongly Gaussian power series Observe that the 
product of a polynomial P 2 K and a strongly Gaussian power series f 2 K gives a strongly 
Gaussian power series h = Pf . 

If f is an entire function, then we apply the discussion above for power series with the same 
radius of convergence. In this case we have 

P (t) f (t)
lim = 0, and lim = 1. 

t!+1 h(t) t"R h(t) 
2Recall that polynomials are characterized, among entire functions in K, by  limt!+1 P (t) = 0, 

2that is, f 2 K, an entire function, is a polynomial if and only if limt!+1 f (t) = 0. 

If f 2 K has finite radius of convergence R >  0, then we apply the discussion above for power 
series with di↵erent radius of convergence, to obtain that h = Pf  is a strongly Gaussian power 
series. 

D.2. Composition of a polynomial with an exponential We already know that the Poisson 
family, that is the Khinchin family associated to f(z) =  ez 2 K, is strongly Gaussian. Recall that 

2mf (t) =  t and 
f (t) =  t. Fix  P 2 K a polynomial of degree N 1. In this case we have that 

2m
f (t) t 

lim = lim  = 0. 
t!+1 

f 
2(t)f(t) t!+1 et 

Applying Theorem 3.2.14 we conclude that h(z) =  P (ez) is strongly Gaussian. 

D.3. Composition of a polynomial with an entire function of finite order ⇢ 0 Let 
f 2 K be an entire function of finite order ⇢ 0 which is strongly Gaussian. We already know 
that in this case 

2m
f (t)

lim 2 = 0,
t!+1 

f (t)f(t) 

see Lemma 3.1.30 for further details. Applying Theorem 3.2.14 we conclude that h = P f is 
strongly Gaussian. 
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3.3 Hayman Class 

We have seen that the functions f 2 K which are strongly Gaussian have excellent asymptotic 
properties, as t " R; local central limit theorem and asymptotic formula for the coe!cients. We 
have seen certain number of examples of strongly Gaussian power series. 

Hayman’s power series, that we introduce now, are power series satisfying certain, concrete, 
and verifiable properties and, as we will see later on, are strongly Gaussian power series. This 
result, that we prove in this Section, will allow us to verify that, for instance, the Bell family is 
strongly Gaussian, and obtain Moser-Wiman’s asymptotic formula for the Bell numbers. Later on, 
we will also use Hayman’s power series to obtain Hardy-Ramanujan asymptotic formula. 

We say that a power series f 2 K is in the Hayman class if 

(3.3.1) (variance condition) lim f (t) = +1. 
t"R 

and if for certain function h : [0, R) ! (0,⇡], which we refer as the cut (between a major arc and 
a minor arc), there hold 

i✓X̆ t )e ✓
2
/2(3.3.2) (major arc) lim sup E(e 1 = 0  . 

t"R |✓|h(t) f (t) 

i✓ ̆(3.3.3) (minor arc) lim f (t)  sup  |E(e Xt )| = 0  . 
t"R 

f (t)h(t)|✓|⇡� f (t) 

The cut h of a function f in the Hayman class is not uniquely determined. 

The functions in the Hayman class are called admissible by Hayman [48]; they are also called 
Hayman-admissible, or just H-admissible. 

Remark 3.3.1 (Conditions to belong in the Hayman class). 

• Condition (3.3.2) gives that the characteristic function of X̆t is approximated uniformly by 
✓
2
/2e on the major arc |✓|  h(t) f (t). 

• Condition (3.3.3) gives that the characteristic function of X̆t is o(1/ f (t)), uniformly on the 
minor arc f (t)h(t)  |✓|  ⇡� f (t). 

⇥ 

The major arc is comparatively, and in general, smaller than the minor arc. The appellative 
major is used to highlight that its contribution is, relatively, more important. 

zAs first illustration we prove that the exponential function f(z) =  e is in the Hayman class. 
This is the seminal, and primigenious, example of a function in the Hayman class. 
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z 2Example 3.3.2. For the exponential f(z) =  e , we  have  mf (t) =  t and 
f (t) =  t. Let’s see how 

to choose a cut function h with values in (0, ⇡]. 

The major arc condition, see (3.3.2), requires that 

t(ei✓ 1 i✓+✓
2
/2)lim sup e 1 = 0. 

t!1 |✓|h(t) 

We have the inequality 

|✓|3 
i✓|e 1 i✓ + ✓2/2|  , for any ✓ 2 R,

6 
znow using that |e 1|  e|z||z|, for any z 2 C, we find that 

t(ei✓ 1 i✓+✓
2
/2) th(t)3 1 

sup e 1  e th(t)3 ,
6|✓|h(t) 

and therefore we impose the condition limt!1 th(t)3 = 0 on h. 

The minor arc condition, see (3.3.3), requires that 
t(cos(✓) 1) = 0,lim f (t)  sup  e 

t!1 
h(t)|✓|⇡ 

that is, 
p 

t(cos(h(t))lim te 1) = 0. 
t!1 

2Now using that cos(✓) 1 � 
⇡2 ✓2 , for |✓|  ⇡, we have that 

e t(cos(h(t)) 1)  e 2/⇡2
th(t)2 

, 

and therefore, we observe that for the minor arc condition to hold we need to impose on h the 
condition 

p 
2/⇡2

th(t)2 
lim te = 0  . 
t!1 

If we take h(t) =  min{⇡, t ↵}, with  ↵ 2 (1/3, 1/2), then both conditions, the major arc and the 
minor arc condition, hold simultaneously. 

3.3.1 Size of the cut 

The value ✓ = h(t) f (t) set the cut between the major and the minor arc, there both conditions 
hold, and this impose certain restrictions on h. 

Lemma 3.3.3. Let f 2 K a power series in the Hayman class, then 

lim h(t) f (t) = +1. 
t"R 

In fact, for certain t0 2 (0, R) we have 
p

2 ln(  f (t))
(?) h(t) , for any t 2 [t0, R). 

f (t) 
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Proof. For ✓ = h(t) f (t), condition (3.3.2), written in terms of f , gives that 

lim 
ih(t))||f(te h(t)2 

e 
2 
f (t)/2 = 1, 

t"R f(t) 

while condition (3.3.3), also written in terms of f , gives that 

ih(t))||f(te 
lim f (t) = 0. 
t"R f(t) 

Therefore we have 
h(t)2 2 

f (t)/2 e 
lim = 1. 
t"R f (t) 

h(t)2 2 
f (t)/2Given that limt"R f (t) = +1, then  limt"R e = +1. 

h(t)2 2 
f (t)/2For certain t0 2 (0, R), we have that e / f (t) 1, for any t t0, and therefore we 

deduce (?). 

On the other hand, we can assume that given A >  1 the cut function verifies that for certain 
t0 2 (0, R) we  have  

p
2 ln(  f (t))

(??) h(t)  A , for any t 2 (t0, R). 
f (t) 

Indeed. Take t0 2 (0, R) such that 

|f(tei✓)| ✓
2 2 

f (t)/2(3.3.4)  2e , for any t 2 [t0, R) and |✓|  h(t),
f(t) 

here we use condition (3.3.2). p
Fix t 2 [t0, R) and assume that h(t) > A  2 ln(  f (t))/ f (t). We will see that in this case we p 

can enlarge the minor arc (and reduce the major arc) putting the cut at A 2 ln(  f (t))/ f (t). We 
need to check that if 

p
2 ln(  f (t))

A  |✓|  h(t), 
f (t) 

then a similar uniform bound to that in the minor arc condition (3.3.3) holds. Observe that such 
✓ are in the original major arc of f and therefore (3.3.4) holds. Then, for those ✓, we have  

|f(tei✓)| (t)/2 A
2 ln( f (t)) 2e 

2 
= 

f (t)A
2 . 

✓
2 2 

 2e f 
f(t) 

p
Denote A(t) =  A 2 ln(  f (t))/ f (t). Using the previous inequality we find that 

|f(tei✓)| 2 
f (t)  sup   

1
A(t)|✓|h(t) f(t) f (t)A

2 
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154 CHAPTER 3. GAUSSIAN AND STRONGLY GAUSSIAN POWER SERIES 

We conclude then that we can assume that, for any A > 1, there exists t0 2 (0, R) such that 
p p

2 ln(  f (t)) 2 ln(  f (t)) h(t)  A , for any t 2 [t0, R). 
f (t) f (t) 

In particular this implies that we can take a cut h verifying that 
p

ln( f (t))
h(t) ⇣ , as t " R ,  

f (t) 

and therefore, in this case, we have that 
q 

h(t) f (t) ⇣ ln( f (t)), as t " R .  

3.3.2 Global criteria for the major arc condition for non-vanishing power series 

Following the ideas in the proof of Theorem 3.1.4 we give a global criteria for non-vanishing power 
series f 2 K to verify the major arc condition for some cut function h. 

Theorem 3.3.4. Let f 2 K be a power series with radius of convergence R >  0 and having no 
zeros in D(0, R). For  h : [0, R) ! (0,⇡] a cut function suppose that 

! 
|F 000(s+ i✓)|lim sup h(e s)3 = 0  , 

s"ln(R) |✓|h(t) f (t) 

then the major arc condition (3.3.2) holds. 
sProof. Denote t = e , for s < ln(R) and |✓|  h(t) f (t) we  have  

✓2 |✓|3 
F 0(s)i✓ + F 00(s) |F 000(s+ i )||F (s+ i✓) F (s) |  sup ,

2 6| |h(t) f (t) 

therefore 
⇣ ⌘ ✓2 sup| |h(t) f (t) |F

000(s+ i )| |✓|3 
(4) ln E(e i✓X̆ t ) +  . 

2 f (t)3 6 

z |z|Using the numerical inequality |e 1|  |z|e , for any z 2 C, we find that 

(3.3.5) |E(e i✓X̆ t )e ✓
2
/2 1|  | ln(E(e i✓X̆ t )e ✓

2
/2)| exp(| ln(E(e i✓X̆ t )e ✓

2
/2)|) . 

⇣ ⌘ 
f (t) |F

000(s+ i )|If we denote ⌦(t) =  sup| |h(t) h(t)3 , inequality (4) gives that 

i✓ ̆  ✓
2
/2 ⌦(t)sup |E(e Xt )e 1|  ⌦(t)e , 

|✓| h(t) f (t) 

therefore our hypothesis, that is, limt"R ⌦(t) = 0, gives that the major arc condition (3.3.2) holds. 
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We also have the following corollary. 

Corollary 3.3.5. With the same conditions than in the previous theorem, assume that 

|F 000(s+ i✓)|  |F 000(s)|, for any ✓ 2 R and s < ln(R) 

and also that 

|F 000(slim )|h(e s)3 = 0, 
s"ln(R) 

then the major arc condition (3.3.2) holds. 

gAn instance of the situation presented in Corollary 3.3.5 is given by the exponentials f = e , 
with g 2 Ks. This example will be relevant later on, as encodes some relevant combinatorial 
structures, see Chapter 4 for further details. 

A. Applications of the global criteria for the major arc condition for non-vanishing 
power series 

Now we apply the previous criteria to some of our prominent examples. 

A.1. Partitions of integers. For the generating function of the partitions of integers we have 

1Y 1 
P (z) =  

j , for any |z| < 1. 
1 z

j=1 

In fact we know, see equation (3.1.8), that 

F 000( 4 s) ⇠ ⇣(2) (4)s , as s # 0. 

If we take h(e s) = min{⇡, s↵}, with  ↵ > 0, then 

F 000( 
h(e s)3 

s)h(e s)3 ⇠ ⇣(2) (4) , as s # 0.
4s 

this implies that ↵ 2 (4/3,+1) and therefore the major arc condition (3.3.2) with cut h holds for 
↵ > 4/3. 

sA.2. Exponential function. In this case we have f(z) =  ez, then  F (s) =  e , and therefore 

|F 000(s+ i✓)|h(e = F 000(s s)3 )h(t)k = e sh(e s)3 . 

Denote h(t) =  min{⇡, t ↵}, for ↵ > 0, and then 1 3↵ < 0, that is, ↵ 2 (1/3,+1). The previous 
reasoning gives that the major arc condition with cut h holds for ↵ > 1/3. 
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A.3. Exponential of a polynomial not necessarily in K. Let p(z) =  aN zN + · · ·+ a0 be a 
polynomial of degree N 1 such that ep 2 K; observe that p is not necessarily in K. We want to 
prove that f = ep verifies the major arc condition for some cut function h. 

Given that p is a polynomial, there exists a constant C >  0 such that 

|F 000(s + i✓)| ⇠ CesN , as s ! 1 , 

then, in order to apply Theorem 3.3.4, we want the cut function h to verify that 
sN h(elim e s)3 = 0. 

s!1 

If we take h(t) = min{⇡, t ↵}, with  ↵ > 0, then ↵ 2 (N/3,+1) and therefore the major arc 
condition with cut h holds for ↵  >  N/3. Observe that for p(z) =  z, a polynomial of degree N = 1, 

zwe recover the previous example: the exponential function f(z) =  e . 

Remark 3.3.6 (Heuristic: guessing the upper bound for ↵). A way of guessing the upper bound 
for ↵ in the previous examples is applying Lemma 3.3.3 to the candidate for cut function, that is, 
to impose the necessary condition for functions in the Hayman class: 

lim f (t)h(t) = +1. 
t"R 

Observe that this is simply a necessary condition and doesn’t imply that f is in the Hayman 
class. If f is in the Hayman class with cut given by h, depending on a parameter ↵, then  ↵ should 
take certain specific values, this is the claim; Outside this interval of possible values for ↵, the  
function h is not a cut function for f . 

In the previous examples we have taken h depending on a parameter ↵ (a family of cuts, recall 
that the cut function is not unique) and the possible values of ↵ which are candidates for giving a 
cut h such that f is in the Hayman class are the following: 

• Exponential function: we impose to the candidate for cut h the necessary condition 

lim f (t)h(t) = +1. 
t"R 

↵ zObserve that f (t) =  t1/2, then  h(t) f (t) =  t1/2 , for t 1, therefore if f(z) =  e is in the 
Hayman class with cut h, then  ↵ 2 (1/3, 1/2), and this is the case, the reciprocal is also true; 
see Example 3.3.2 above. 

• Generating function for the partitions of integers: again we impose to the candidate for cut 
function h the necessary condition 

lim f (t)h(t) = +1. 
t"R 

In this case we have 

f (e s) ⇠ (⇣(2) (3))1/2 s 3/2 , as s # 0, 

↵ 3/2see equation (3.1.8) for further details, then h(e s) f (e s) ⇠ ⇣(2) (3)s as s # 0. The 
previous discussion gives that if P is in the Hayman class with cut h, then  ↵ 2 (4/3, 3/2). 
We will see later on that the reciprocal is also true. 
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157 3.3. HAYMAN CLASS 

• Exponential of a polynomial not in K: we impose that 

lim f (t)h(t) = +1. 
t"R 

Notice that aN > 0 is a positive real number, because f 2 K and the variance f (t) > 0, for 
any t > 0. Moreover, there exists a constant CN > 0 such that 

N/2 
f (t) ⇠ CN t , as t ! +1, 

Ptherefore f (t)h(t) ⇠ CN tN/2h(t), as t ! +1. The previous discussion gives that if e 
is in the Hayman class with cut h, then  ↵ 2 (N/3, N/2). We will see later on that, after 
imposing certain conditions on the polynomial P , this is the case and the reciprocal is also 

ztrue. Observe that for P (z) =  z we obtain f(z) =  e and therefore we recover the interval 
(1/3, 1/2), see Example 3.3.2 above. 

⇥ 

3.3.3 Hayman class and strongly Gaussian power series 

We see here that functions in the Hayman class are strongly Gaussian. 

Theorem 3.3.7 (Hayman). If f 2 K is in the Hayman class, then f is strongly Gaussian. 

Proof. The power series f is in the Hayman class, therefore the variance condition gives that 
limt"R f (t) = +1. 

Denote 
Z 

⇡� f (t) 
It = |E(e i✓X̆ t ) e ✓

2
/2|d✓, for any t 2 (0, R). 

⇡� f (t) 

We divide the integral It in two integrals, one in the major arc, that we denote by Jt, and one 
in the minor arc that we denote by Kt, that is: 

Z 
Jt = |E(e i✓X̆ t ) e ✓

2
/2|d✓ , 

|✓|h(t) f (t) 
Z 

Kt = |E(e i✓X̆ t ) e ✓
2
/2|d✓ . 

h(t) f (t) |✓|⇡� f (t) 

For the integral Kt we have: 
Z 

i✓ ̆Kt  2⇡� f (t)  sup  |E(e Xt )| + e ✓
2
/2d✓. 

h(t) f (t)|✓|⇡� f (t) |✓| h(t) f (t) 

The first term at the right-hand side tends to 0, by virtue of the minor arc condition (3.3.3), while 
the second term tends to 0 because of Lemma 3.3.3. 
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For the integral Jt we have: 
Z 

✓
2
/2|E(e i✓X̆ t )e ✓

2
/2Jt = e 1|d✓ 

|✓|h(t) f (t) !Z 
i✓ ̆  ✓

2
/2 sup |E(e Xt )e 1| e ✓

2
/2d✓ 

|✓|h(t) f (t) R 

using the major arc condition (3.3.2) the previous integral tends to 0, as t " R. 

3.3.4 Operations with Hayman functions 

Here we prove that some operations between functions in the Hayman class preserve the property 
of being in the Hayman class. 

A. Product of functions in the Hayman class 

Now we analyze if the product of functions in the Hayman class is also in the Hayman class. 

A.1. Power series with the same radius of convergence Let f, g 2 K power series with 
radius of convergence R >  0 which are in the Hayman class with cuts hf and hg, respectively.  
Denote L = fg  the product of f and g, we prove here that L is also a Hayman function. 

Denote (Xt), (Yt) and (Zt) the Khinchin families of f, g and L, respectively. Recall that 

d
(3.3.6) Zt = Xt Yt, for any t 2 [0, R). 

The previous equality in distribution gives that for any t 2 [0, R) we have that 

2 2 2 mL(t) =  mf (t) +  mg(t) and L(t) =  
f (t) +  (t),g 

2and therefore, using that f and g are Hayman functions, we have that limt"R L
(t) = +1 and the 

variance condition holds. 

Define h(t) = min{hf (t), hg(t)}, the candidate for cut function of the product L = fg  and 
denote 

i✓X̆ t )e ✓
2
/2" f (t) =  sup  E(e 1 , for any t 2 (0, R), 

|✓|hf (t) f (t) 

and, analogously for g, we denote " g(t) the corresponding quantity for g. The major arc conditions 
for f and g can be summarized as limt"R(" f (t) +  " g(t)) = 0. 

In addition we denote 

|f(tei✓)|
⌘f (t) =  f (t)  sup  , for any t 2 (0, R),

f(t)hf (t)|✓|⇡ 

and, anagously for g, we denote ⌘g(t) the corresponding quantity for g. The minor arc conditions 
of f and g can be summarized as limt"R(⌘f (t) +  ⌘g(t)) = 0. 
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159 3.3. HAYMAN CLASS 

Lemma 3.3.3 gives that there exists 0 < T  < R  such that f (t)hf (t) > 1 and g(t)hg(t) > 1, 
simultaneously, for any T < t < R. 

We study first the major arc for the product L = fg  with cut h: using the equality in distri-
bution (3.3.6) we find that 

i✓ ̆  i✓( f (t)/ L(t))X̆ t )E(e i✓( g (t)/ L(t))Y̆  t )E(e Zt ) =  E(e 

therefore 

i✓ ̆  ✓
2
/2 i✓( f (t)/ L(t)) ˘ ( f (t)/ L(t))✓2/2E(e i✓( g (t)/ L(t)) ˘ ( g (t)/ L(t))✓2/2E(e Zt )e = E(e Xt )e Yt )e . 

For |✓|  h(t) L(t), that is, for ✓ in the potential major arc of R, we have that 

f (t) g(t)|✓|  h(t) f (t)  hf (t) f (t), and |✓|  h(t) g(t)  hg(t) g(t), 
L(t) L(t) 

and therefore 

i✓ ̆  ✓
2
/2|E(e Zt )e 1|  " f (t) +  " g(t) +  " f (t)" g(t), 

which gives the major arc condition for L = fg. 

Now we study the minor arc, that is, L(t)h(t)  |✓|  L(t)⇡; we analyze the quantity 

i✓/ L(t))| i✓/ L(t))|
i✓ ̆  |f(te |g(te 

L(t)|E(e Zt )| = L(t) . 
f(t) g(t) 

Assume that f (t) g(t); we argue analogously if f (t)  g(t). We have f (t)  L(t)  p
2 f (t) and, moreover, |g(tei✓)|  g(t), we focus our attention in finding an upper bound for the 

quantity 

|f(tei✓)|
A(t, ✓) =  f (t) . 

f(t) 

We distinguish two cases: 

1. Assume first that |✓| hf (t), then we have A(t, ✓)  ⌘f (t). 

2. Assume now that |✓|  hf (t), then h(t) =  hg(t) and hg(t)  |✓|. This is the intermediate 
zone, intersection of the major arc of f and the minor arc of g. 
Because h(t) =  hg(t), the border between the major arc and the minor arc of g, we  have,  
using the major arc condition, that 

ih(t))||g(te 
h(t)2 

(?) = e g (t)2/2(1 + "̃(t)) 
g(t) 

where "̃(t)  " g(t). 



�

� � �

� � �

� �� �
� � � �

� � �

�

� � � �

�

�

�

�

� � � �

160 CHAPTER 3. GAUSSIAN AND STRONGLY GAUSSIAN POWER SERIES 

We multiply by g(t) and apply the minor arc bound to obtain that 

h(t)2 2 
g(t)/2(1 + "̃(t))  ⌘g(t),g(t)e 

and therefore 

2 
g(t)/2  

⌘g(t) 
. 

(1 + "̃(t)) 
h(t)2 

g(t)e 

s
2
/2 2For > 0 fixed, the function s 7! e is decreasing for s > 1/ , then given that 

g(t)hg(t) > 1 and f (t) g(t), then we have 

f (t)e h(t)2 2 
f (t)/2  

⌘g(t) 
1 + "̃(t) 

. 

As ✓ is in the major arc of f and also |✓| h(t), we have that 

|f(tei✓)| ✓
2 2 

f (t)/2 h(t)2 2 
f (t)/2 e (1 + " f (t))  e (1 + " f (t)),f(t) 

and then we conclude that 

|f(tei✓)| ⌘g(t) 
f (t)  (1 + " f (t)),f(t) 1 + "̃(t) 

which gives the minor arc condition. 
We collect the previous discussion by means of the following theorem. See [48][Thm VII] 

Theorem 3.3.8 (Hayman). Let f, g 2 K power series with radius of convergence R >  0. 
Assume that f and g are in the Hayman class with cuts hf and hg, respectively, then L = fg  
belongs to the Hayman class with cut function h = min{hf , hg}. 

A.2. Power series with di↵erent radius of convergence Now we consider the case where 
f is a power series in K with radius of convergence R >  0 and g is power series in K with radius 
of convergence S R >  0. Assume that f is in the Hayman class and also that 

2⌃g = sup  (t) < +1.g

t2[0,R) 

The power series g is not necessarily in the Hayman class. This situation includes the case in which 
S > R  and also the case where g is a polynomial. 

We denote (Xt), (Yt) and (Zt) the Khinchin families of f, g and L = fg, respectively.  In  this  
case we have 

d
Zt = Xt Yt, for any t 2 [0, R), 

2 2 2 2then we have 
L
(t) =  

f (t)+ (t), and jtherefore limt"R L
(t) = +1; this is the variance condition. g 

In particular this means that the product L = fg  has radius R >  0. 
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161 3.3. HAYMAN CLASS 

Observe that 

lim 
t"R 

g(t) 
L(t) 

= 0, and lim 
t"R 

f (t) 
L(t) 

= 1. 

Denote hf the cut function of f . We take as a candidate for cut function of the product L = fg  
the cut function hf . We have seen before, see Subsection 3.3.1, that we can take a cut function h 
such that limt"R h(t) = 0. 

For the minor arc, that is, for h(t)  |✓|  ⇡, we have  

|f(tei✓)| |g(tei✓)| L(t) |f(tei✓)|
L(t)  sup   f (t)  sup  ,

f(t) g(t) f (t) f(t)h(t)|✓|⇡ h(t)|✓| ⇡ 

therefore, taking limits, as t " R, we obtain the minor arc condition for L = fg. 
Now we study the major arc condition, that is, |✓|  h(t) L(t). Denote (t) =  f (t)/ L(t) and 

µ(t) =  g(t)/ L(t). In this case we have 
i✓ ̆  ✓

2
/2 i✓ (t) ˘ (t)✓2/2 i✓µ(t) ˘ µ(t)✓2/2E(e Zt )e = E(e Xt )e · E(e Yt )e 

We define the functions: 
i✓ (t)X̆ t (t)✓2/2) ,A(t, ✓) =  E(e e 
i✓µ(t) ˘B(t, ✓) =  E(e Yt ) , 

µ(t)✓2/2C(t, ✓) =  e . 

We prove now that that these functions converge uniformly to 1, when |✓|  h(t) L(t), and of 
course, as t " R. We collect the previous discussion by means of the following Theorem. 

If |✓|  h(t) L(t), then |✓| (t)  h(t) f (t), and the convergence of A(t, ✓) follows from the 
major arc condition for f . 

For B(t, ✓) and |✓|  h(t) L(t) we have, using that |ei 1|  | |, for any 2 R and that 
E(|Y̆t|)  E(|Y̆t|2)1/2 , that 

i✓µ(t)Y̆  t|B(t✓) 1|  E(|e 1|)  µ(t)|✓|  h(t) g(t)  ⌃gh(t), 

and because limt"R h(t) = 0, we conclude that B(t, ✓) converges uniformly to 1, in the required 
range, as t " R. 

For C(t, ✓) and |✓|  h(t) L(t), we have that µ(t)|✓|  h(t) g(t)  ⌃gh(t), then 
h(t)2⌃2

/2g|C(t, ✓) 1|  e 1, 

bound that tends to 0, as t " R. 
We collect the previous discussion by means of the following theorem. 

Theorem 3.3.9. Let f, g 2 K be a power series with radius of convergence R >  0 and S R >  0, 
respectively. Assume that f is in the Hayman class and also that 

2⌃g = sup  (t) < +1.g

t2[0,R) 

then L = fg  is in the Hayman class. 
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B. Powers of functions in the Hayman class 

Using the previous criteria for the product of power series in the Hayman class we will obtain that 
the powers of a Hayman power series are also Hayman power series. 

Theorem 3.3.10. Let f 2 K a power series with radius of convergence R >  0. Assume  that  f 
is in the Hayman class with cut h, then fN , with integer N 1, is in the Hayman class with cut 
function h. 

The previous result follows applying Theorem 3.3.8. 

C. Some other operations 

May be the reason for the relevance of the Hayman class in combinatorial questions is that it enjoys 
some closure and small perturbation properties. 

For instance, see Hayman [48]: 

a) If f is in the Hayman class, then ef is in the Hayman class, see [48][Thm. VI.] 

b) If f is in the Hayman class and if R is a polynomial in K, then  the  product  Rf is in the Hayman 
class, see [48][Thm. VIII] 

P
N nc) Let B(z) =  
n=0 bnz be a non-constant polynomial with real coe!cients such that for each 

d > 1 there exists  m, not a multiple of d such that bm 6= 0, and such that if m(d) is the largest 
such m, then  bm(d) > 0. If eB 2 K, then  eB is in the Hayman class. See [48][Thm. X] 

3.3.5 Dominated criteria for strongly Gaussian power series 

We see now an alternative criteria, a variant, of Theorem 3.3.7 which claims that Hayman functions 
are strongly Gaussian. 

We still have a cut function, and its major and minor arc, but in contrast with the conditions to 
belong in the Hayman class in this case we assume that the power series f is Gaussian. This relax 
the condition on the major arc for Hayman functions, which this time is only a uniform bound, 
instead of uniform convergence. See [6], of Baéz-Duarte, and [83], of Rosenbloom. 

Theorem 3.3.11 (Dominated criteria). Let f 2 K be a Gaussian power series and assume that 

⌅ we have a cut function h : [0, R) ! (0,⇡] and 

⌅ we have a function # in [0,+1) positive and integrable such that: 

• [Major H]: 

|f(tei✓)|  #(|✓| f (t)), for any |✓|  h(t) and t 2 [0, R). 
f(t) 
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163 3.3. HAYMAN CLASS 

In terms of characteristic functions, this condition is equivalent to 

i✓ ̆(3.3.7) E(e Xt )  #(|✓|), for any |✓|  h(t) f (t) and t 2 (0, R). 

• [Minor H]: 

|f(tei✓)|
lim f (t)  sup  = 0. 
t"R f(t)h(t)|✓|⇡ 

In terms of characteristic functions, this condition is equivalent to 

i✓ ̆  
(3.3.8) lim f (t)  sup  |E(e Xt )| = 0. 

t"R h(t)|✓|⇡ 

• [Variance Condition]: 

(3.3.9) lim h(t) (t) = +1 . 
t"R 

then f is strongly Gaussian. 

Remark 3.3.12. The previous result is also true if the Major H condition holds for large values 
of t, that is, if there exists 0 < T  < R such that the Major H condition hold for t > T . ⇥ 

The Minor H condition is the same than the minor arc condition for the power series in the 
Hayman class. Hayman functions satisfy, automatically, the Major H condition. Combining this 
with Lemma 3.3.3 we have that Hayman functions verify the previous criteria. 

For the Major H condition on the previous criteria, the function #(✓) is usually given by 
�✓

2 
�✓

2+!|✓|p#(✓) =  e , with  > 0, or #(✓) =  e , with  ,! > 0 and p < 2. 

The proof of the previous criteria is analogous to that of Theorem 3.3.7. 

Proof. Define 
Z 

i✓ ̆It = |E(e Xt ) e ✓
2
/2)|d✓. 

|✓|⇡� f (t) 

We need to prove that limt "R It = 0. We divide the integral It into two integrals, the first integral 
Jt on the major arc, and the second integral Kt on the minor arc. 

✓
2
/2In Jt the integrand is bounded by #(|✓|) +  e , therefore using the Gaussinity of f , and 

applying dominated convergence, we conclude that limt"R Jt = 0. 

For the integral Kt we have 
Z 

i✓ ̆  
Kt  f (t)  sup  |E(e Xt )| + e ✓

2
/2d✓. 

f (t)h(t)|✓|⇡� f (t) |✓| h(t) f (t) 

The first summand at the right-hand side of the previous inequality tends to 0, as t " R, using  the  
hypothesis on the minor arc, while the second summand tends to 0 because of the the variance 
condition; recall that limt"R h(t) f (t) = +1. 
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At this point we collect the following chain of implications: 

Hayman class ) dominated criteria ) strongly Gaussian 

We also have that strongly Gaussian power series are clans and Gaussian power series. This chain 
of implications give criteria to prove that certain power series is not strongly Gaussian or, even 
further, that is not in the Hayman class. 

3.4 Uniformly Gaussian power series 

Here we introduce the concept of uniformly Gaussian power series. The main di↵erence with the 
previous concept of Gaussianity is that now we have two parameters which can escape to infinity. 

We will use the notation [n!1 _ t"R] to mean that 1  n ! 1  or (inclusive) for some 
0 < t0  t " R. The restriction t t0 > 0 is there to exclude the possibility of t = 0 and n ! 1, 
simultaneously. 

P1 nLet f(z) =  bnz be a power series in K with radius of convergence R >  0 and let 
n=0 

(Xt)t2[0,R) be its Khinchin family. 

A power  series  f 2 K and its Khinchin family (Xt)t2[0,R) are called uniformly Gaussian if 
⇣ p ⌘n

i✓X̆ t/ n ✓
2
/2lim E e = e , for any ✓ 2 R. 

[n!1 _ t"R] 

Recall that by [n!1 _ t"R] we mean that 1  n ! 1 or (inclusive) 0 < t0  t " R. 
p

zWe verify now that the exponential f(z) =  e is uniformly Gaussian. We have f (t) =  t,p
for t > 0 and so f (t) n = f (nt), for t > 0 and n 1. For the characteristic function of the 

˘normalized variable Xt we have that 
⌘p p

ı✓X̆ t ı✓/ tE e = exp  t e 1 ı✓/ t , 

and thus that p 
nı✓X̆ t/ n ı✓X̆ ntE e = E e , 

ztherefore, using that f(z) =  e is Gaussian, we obtain that 

ı✓X̆ t/ n n ı✓X̆ nt ✓
2
/2lim E e 

p 
=  lim  E e = e , for any ✓ 2 R . 

[n!1 _ t"R] [n!1 _ t"R] 

3.5 Uniformly strongly Gaussian families 
P1Let f(z) =  bnzn be a power series in K with radius of convergence R > 0 and let (Xt)t2[0,R)n=0 

be its Khinchin family. 

We have encountered two integral convergence results: the integral form of the Local Central 
Limit, see (†) below, and also Section 6.1 in Chapter 6, and the notion of strongly Gaussian power 
series, definition (3.2.1). 
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165 3.5. UNIFORMLY STRONGLY GAUSSIAN FAMILIES 

• Assume that Qf = gcd{n 1 :  bn > 0} = 1. For each fixed t 2 (0, R), the normalized variable 
X̆t is a lattice random variable with gauge function 1/ f (t), since Qf = 1. Because of local central 
limit theorem for lattice variables then we have that 

Z ⇣ p ⌘n
ı✓X̆ t/ n ✓

2
/2(†)  lim  E e e d✓ = 0  . 

n!1 p
|✓|⇡� f (t) n 

• If the Khinchin family (Xt)t2[0,R) is strongly Gaussian, then we have for each fixed n 1, that 
Z ⇣ p ⌘n

ı✓X̆ t/ n ✓
2
/2(‡)  lim  E e e d✓ = 0  . 

t"R p
|✓|⇡� f (t) n 

This fact follows from the bound 
Z Z⇣ ⌘n ⇣ ⌘

np p
ı✓X̆ t/ n ✓

2
/2 ı'X̆ t '

2
n/2E e e d✓ = n E e e d' 

|✓|⇡� f (t)
p
n |'|⇡� f (t)Z ⇣ ⌘ 

3/2 ı'X̆ t '
2
/2 n E e e d' , 

|'|⇡� f (t) 

p
where, after the change of variables ✓ = ' n, we have used that for complex numbers z, w such 

nthat |z|, |w|  1 we have that |z wn|  n|z w|. 

Thus, for a Gaussian power series the integral 
Z p ⌘n⇣ 

ı✓X̆ t/ n ✓
2
/2In(t) =  E e e d✓ 

p
|✓|⇡� f (t) n 

converges to 0 as n ! 1 with t fixed and as t " R with n fixed. 

Power series f in K with Khinchin family (Xt)t2[0,R) are power series for which (†) and (‡) hold 
simultaneously in the sense that the involved integrals converges to 0, as n ! 1 or t " R. 

Definition 2. A power series f 2 K and its Khinchin family (Xt)t2[0,R) are called uniformly 
strongly Gaussian if the following two conditions are satisfied: 

Z ⇣ p ⌘n
ı✓X̆ t/ n ✓

2
/2 a) lim  f (t) =  1 and b)  lim  E e e d✓ = 0  . 

t"R [n!1 _ t"R] p
|✓|⇡� f (t) n 

By [n!1 _ t"R] we mean that 1  n ! 1 or (inclusive) 0  t0  t " R. The restriction 
t t0 > 0 is there to exclude the possibility of t = 0 and n ! 1, simultaneously. 
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166 CHAPTER 3. GAUSSIAN AND STRONGLY GAUSSIAN POWER SERIES 

By fixing n = 1 and letting t " R, we observe that uniformly strongly Gaussian power series 
are strongly Gaussian. In particular, if f is a uniformly strongly Gaussian power series then 

Mf = lim  mf (t) =  1 . 
t"R 

Moreover, the coe!cients bn of f satisfy Hayman’s asymptotic formula and in particular Qf = 1. 
zLet us verify that the exponential f(z) =  e is uniformly strongly Gaussian. Again we have, p p

see Section 3.4 above, f (t) =  t, for t >  0 and so f (t) n = f (nt), for t >  0 and n 1. For 
˘the characteristic function of the normalized variable Xt we have that 

⌘p p
ı✓X̆ t ı✓/ tE e = exp  t e 1 ı✓/ t , 

and thus that p
ı✓X̆ t/ n n ı✓X̆ ntE e = E e . 

Therefore, 
Z Z⇣ p ⌘n ⇣ ⌘ 

ı✓X̆ t/ n ✓
2
/2 ı✓X̆ nt ✓

2
/2E e e d✓ = E e e d✓ . 

p
|✓|⇡� f (t) n |✓|⇡� f (nt) 

zSince e is strongly Gaussian, this integral tends to 0 as (nt) ! 1, and thus as [n!1 _ t" + 1]. 
Observe that in this case R = +1. 

3.6 Uniformly Hayman power series 

The notion of uniformly Hayman power series which we are about to introduce generalizes that 
of Hayman power series, see Subsection 3.3. We will verify shortly that uniformly Hayman power 
series are uniformly strongly Gaussian, much like power series in the Hayman class are strongly 
gaussian. In Theorem 4.3.22, see Chapter 4 provides us with an ample class of power series which 
are uniformly Hayman. 

Definition 3. Let f(z) be a power series in K with radius of convergence R >  0 and let (Xt)t2[0,R) 
be its Khinchin family. 

We say that f(z) and (Xt)t2[0,R) are uniformly Hayman if for each n 1 and t 2 (0, R) there 
exists h(n, t) 2 (0,⇡) (called cuts) such that the following requirements are satisfied: 

p
ı✓X̆ t/ n)n ✓

2
/2(3.6.1) sup p E(e e 1 ! 0, as [n!1 _ t"R] , 

|✓|h(n,t) f (t) n 

p 
ı✓X̆ t/

p
n)n(3.6.2) n f (t) psup  p E(e ! 0, as [n!1 _ t"R] , 

h(n,t) f (t) n|✓|⇡� f (t) n 

(3.6.3) lim f (t) =  1 . 
t!R 
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167 3.6. UNIFORMLY HAYMAN POWER SERIES 

Condition (3.6.2) may be written equivalently as 
p 

ı✓Xt )n(3.6.4) n f (t)  sup  E(e ! 0, as [n!1 _ t"R] . 
h(n,t)|✓|⇡ 

As announced: 

Theorem 3.6.1. Uniformly Hayman power series are uniformly strongly Gaussian. 
p

Proof. Denote ✓(n, t) =  h(n, t) f (t) n. First we show, that 

(3.6.5) ✓(n, t) ! 1  , as [n!1 _ t"R] . 

Abbreviate ✓b = ✓(n, t). By (3.6.1), we have that 
p

ı✓b ̆  b 
E(e Xt/ n)e ✓

2
/2 ! 1 , as [n!1 _ t"R] , 

while, from (3.6.2) we obtain that 
p p 

nı✓bX̆ t/ n n f (t)E e ! 0 , as [n!1 _ t"R] . 

From these two limits we deduce that 
p 
n f (t)e ✓b2/2 ! 0 , as [n!1 _ t"R] , 

p
and thus, since n f (t) ! 1  as [n!1 _ t"R] we deduce that 

b✓ ! 1  , as [n!1 _ t"R] . 

Denote by A(n, t), B(n, t), respectively, the supremum in (3.6.1) and (3.6.2). 

We bound Z p
ı✓X̆ t/ n)n ✓

2
/2E(e e d✓ 

p
|✓|h(n,t) f (t) n 

Z p
ı✓X̆ t/ n)n ✓

2
/2 ✓

2
/2 d✓= E(e e 1 e 

p
|✓|h(n,t) f (t) n 

p
 A(n, t) 2⇡ , 

and Z p
ı✓X̆ t/ n) ✓

2
/2E(e e d✓ 

p p
h(n,t) f (t) n|✓|⇡� f (t) n 

Z 
✓
2
/2 d✓ .2⇡� f (t)

p
nB(n, t) +  p e 

|✓| h(n,t) f (t) n 

These two bounds and conditions (3.6.1) and (3.6.2) combined with (3.6.5) give the result. 
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The set constructions of combinatorial classes fits nicely within the framework of Khinchin 
families. As a general reference for combinatorial classes and operations with them, we strongly 
suggest: 

• Chapter II in Flajolet, P. and Sedgewick, R. Analytic combinatorics. See [32]. 

• Arriata, R., Barbour, A. D. and Tavaré, S. Logarithmic Combinatorial Structures: a Proba-
bilistic Approach. See [4]. 

Most of the (ordinary or exponential) generating functions of sets of combinatorial classes are 
exponentials of power series with non-negative coe!cients, the object of interest of this chapter. 

We will verify by means of Theorems 4.3.15 and 4.3.17 that most of the set constructions give 
rise to generating functions which are in the Hayman class, so that there are asymptotic formulas 
for the coe!cients given by Theorems 3.2.5 and 3.2.8. This chapter is mainly based on the papers: 

• Maciá, V.J. et al. Khinchin families and Hayman class. Comput. Methods Funct. Theory 
21 (2021), 851–904, see [17], 

• Maciá, V.J. et al. Khinchin families, set constructions, partitions and exponentials, Mediterr. 
J. Math., 21, 39 (2024), see [18]. 

4.1 Set construction of combinatorial classes 

Exponentials of power series with positive coe!cients are very relevant, in particular, in Combina-
torics since they codify (most) generating functions of the set construction, which includes among 
them generating functions of partitions of many sorts. Here we discuss the set construction of 
combinatorial classes. 

4.1.1 Labeled combinatorial classes and Sets 
P1If g(z) =  (bn/n!) is the exponential generating function EGF of a labeled combinatorial class 

n=1 P1G (no object of size 0), then f(z) =  eg(z) = (an/n!)zn is the EGF of the labeled class of sets 
n=0 

formed with the objects of G, termed assemblies in [4] . 

Next, we consider first sets of the basics classes: sets, lists and cycles, and the sets of rooted 
trees and functions. 

https://doi.org/10.1017/CBO9780511801655
https://doi.org/10.4171/000
https://doi.org/10.4171/000
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171 4.1. SET CONSTRUCTION OF COMBINATORIAL CLASSES 

A. Sets of Sets 

Let G be the labeled class of non-empty sets: bn = 1, for each n 1, and b0 = 0. Its EGF is 
zg(z) =  e 1. Then 

1X Bnz nf(z) = exp(e 1) = z 
n! 

n=0 

is the EGF of sets of sets, or, equivalently, of partitions of sets, see [32, p. 107]. Here Bn is the n-th 
Bell number, which counts the number of partitions of the set {1, 2, . . . , n}. In this case R = 1 

2 tand the mean and variance functions are mf (t) =  tet and 
f (t) =  t(t + 1)e , see also Subsection 

1.1.2. 
The characteristic function of the Khinchin family of f , that we denote by (Xt), is given by 

te
i✓ 

E(e i✓Xt ) = exp(e e t), for any ✓ 2 R and t 0, 

and therefore 

t2 p q
/ t(t+1)

i✓ ̆  te
i✓e 

t t/2)(4.1.1) E(e Xt ) =  exp(e e i✓ t/(t + 1)e 

Remark 4.1.1 (Pointed sets). The class G of pointed sets (i.e. sets with one marked element) has 
zEGF g(z) =  ze . The class of sets of pointed sets is isomorphic to the class of idempotent maps; 

its EGF f is given by f(z) =  ezez 
. See [32, p.131]. ⇥ 

B. Sets of Lists 

For the labeled class G of (non-empty) lists, the function g is just g(z) =  z/(1 z), and therefore 
z/(1f(z) =  e z) is the EGF of the sets of lists, the so called fragmented permutations. See [32, 

p.125] 

C. Sets of Cycles 

The labeled class G of (non-empty) cycles has g(z) =  ln(1/(1 z)) as EGF. The function f(z) =  
eg(z) = 1/(1 z) is the EGF of the sets of cycles, or, in other terms of the permutations. 

The length of the cycles could be restricted. Thus for integer k 1, 
X X 

exp z n/n or exp z n/n 
nk n k 

are the EGF of permutations such that all the cycles in their cycle decomposition have length at 
most k, or at least k, respectively. We may also consider, for k 1, 

X 
exp z d/d 

d 1,d|k 

which is the EGF of the permutations such that k is the identity. 
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D. Sets of Trees and Sets of Functions 

Here we study the generating functions of the sets of trees and the sets of functions. 

P1 (nn n1/n!)zD.1. Sets of trees (forests) The class G of rooted (labeled) trees has EGF g(z) =  ,
n=1 

see [32], Section II.5.1; this is Cayley’s Theorem. The class of forests (sets) of rooted (labeled) 
gtrees has then EGF f = e . See also subsection 1.1.2-C. 

Cayley’s Theorem also shows that the EGF of the clas of unrooted (labeled) trees is g(z) =P1 n n(n 2/n!)z .
n=1 

P1 (n nn/n!)z . See [32], D.2. Sets of functions The class G of functions has EGF g(z) =  
n=1 

gSection II.5.2. The class of sets of functions then has EGF f = e . See also Subsection 1.1.2-C. 

4.1.2 Unlabeled combinatorial classes and Sets 

We split the discussion into multisets and (proper) sets. See Section I.2.2 in [32] and [4] as general 
references for the constructions of unlabeled combinatorial classes. 

A. Multisets of Unlabeled Combinatorial Classes 
P1 n is the ordinary generating function OGF of a combinatorial (unlabeled) class If C(z) =  

n=1 cnz 
G (no object of size 0), then 

! 11Y X 
f(z) =  = exp  C(z 

1 
n)/n ,

(1 zj )cj 
j=1 n=1 

11 

is the OGF of the class of sets formed with the objects of G, termed multisets in [4]. 

We may write f(z) =  eg(z), where  g is the power series 
0 1 

X XX zkj X m MA z@ jcj 
m g(z) =  bmzcj = = . 

k m
j,k 1 m=1 j|m m=1 

Observe that the power series g has non-negative coe!cients: 

1 X 
bn = 

m 
j|m 

jcj , for m 1. 

An instance of this situation is given by the OGF P of the partitions of integers. Recall that 
P is given by the infinite product 

11Y X 
P (z) =  = p(n)z

j 
1 

n , for z 2 D,
1 z

j=1 n=0 
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173 4.1. SET CONSTRUCTION OF COMBINATORIAL CLASSES 

the power series P is in K. Here p(n) is the number of partitions of the integer n 1, and p(0) = 1. 
The mean and variance functions of its Khinchin family (Xt) are not so direct, see equation (1.2.7). 

In this instance, the function C is given by C(z) =  z/(1 z), as cn = 1, for n 1 (one object 
of size n, for each n 1). And thus g has coe!cients bm = 1(m)/m, where  1(m) is the sum of 
the divisors of the integer m, that is, 

X 
1(m) =  j. 

j|m 

P1 n as above, the corresponding f is the OGF of the colored parti-For general C(z) =  
n=1 cnz 

tions; cj di↵erent colors for part j. 

B. Sets of Unlabeled Combinatorial Classes 
P1 n for the ordinary generating function OGF of a combinatorial If again we write C(z) =  

n=1 cnz 
(unlabeled) class G (no objects of size 0), then 

!1 

1 

1Y X 
f(z) =  (1 + zj )cj = exp  ( 1)n+1C(z n)/n 

j=1 n=1 

is the OGF of the class of (proper) sets formed with the objects of G, termed  selections in [4]. 

We may write f(z) =  eg(z), where  g is the power series 
0 1 

XX ( 1)k+1zkj X m 
1)k+1A z@g(z) =  jcj (cj = . 

k m
j,k 1 m=1 jk=m 

In general, the power series g could have negative coe!cients, this is the case, for instance, for 
f(z) = (1 +  z)5(1 + z2). 

1But for the sequence of coe!cients cj = jc , for j 1 and c is an integer c 1, the coe!cients 
of g are non-negative; in fact, the m-th coe!cient of g is 

1 odd!(m),c m 
where 

X 2c 
odd(m) =  jc and !(m) =  

2
2 (m)c +

1 
, for any m 1,c 2c 1 2c 1 

j|m, j odd 

odd here (m) is the highest integer exponent so that 2 (m)|m, and (m) is the sum of the c-th c 
powers of the odd divisors of m. This is so because of the identity 

0 1 
X X 

(4.1.2) jc( 1)k+1 = @ jcA !(m), for m 1. 
jk=m j|m, jodd 
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174 CHAPTER 4. SET CONSTRUCTIONS AND EXPONENTIALS 

To verify (4.1.2), observe first that as functions of m, both summations in (4.1.2) are multi-
plicative. Write m as m = 2  (m)s, with  s odd and observe that for m = 2r, with  r 1, the 
summation on the left is !(m) and the summation on the right is 1, while for m = s odd, the two 
sums coincide and !(s) = 1. 

We may also write 
X 

( 1)k+1jc = c(m) 2 c(m/2), for m 1, 
jk=m 

with the understanding that c(m/2) = 0 if m is odd. For the identity (4.1.2) and a variety of 
relations among a number of diverse sums of divisors, we refer to [37]. 

More generally, if the coe!cient cj of C is given by cj = R(j), for j 1, where R is a polynomial 
with non-negative integer coe!cients, then the coe!cients of g are non-negative. 

An instance of this situation is given by the OGF of partitions with distinct parts, given by 

1 1 
nQ(z) =  

Y 
(1 + zj) =  

X 
q(n)z , for any z 2 D . 

j=1 n=0 

This power series is in K. Here q(n) is the number of partitions into distinct parts of the integer 
n 1. 

In this particular instance, the power series C is given by C(z) =  z/(1 z), as cn = 1, for 
n 1, and the power series g is 

1X 
1(m) 2 1(m/2) 

m g(z) =  z . 
m 

m=1 

4.2 Khinchin families of exponentials f = eg, with  g 2 P 

We study now the Khinchin family associated to an exponential power series, that is, f = eg, with  
g a power series with non-negative coe!cients and radius of convergence R >  0. 

We define the class P as the class of non-constant power series g with non-negative coe!cients 
and having radius of convergence R >  0. 

4.2.1 Mean and variance 

For the mean and variance of a power series f = eg, with  g 2 P we have the following lemma. 

Lemma 4.2.1. Let f = eg with g 2 P a power series with radius of convergence R >  0, then 

2 2 00(t),mf (t) =  tg0(t) and 
f (t) =  tg0(t) +  t g 

for any t 2 (0, R). 
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Proof. For any g 2 P we have that f = eg 2 K. Applying the general formula for the mean and 
the variance of a power series f 2 K, see equation (1.2.1), we have 

tf 0(t) 
f (t) =  tm 

then, for our particular case, i.e. f = eg with g 2 P, we have  

mf (t) =  tg0(t), for any t 2 (0, R), 

and therefore 

f (t) =  tg 

2 

2 

0 
f (t), for any t 2 (0, R) ,mf (t) =  and ,

f(t) 

0(t) +  t2 00(t) for any t 2 (0, R).g 

2 

Range of the mean and the variance 

The mean and variance functions of f = eg, with  g 2 P, are very special. As we have seen before 
f (t) does not always exists for general f 2 K.in Subsection 1.2.5 the limit limt"R 

2 

In this case, because of the expressions for the mean and the variance functions given by 
Lemma 4.2.1, both functions are monotone increasing functions (this was the case for the mean in 
the general case, but not for the variance) and therefore the limits 

f (t)Mf = lim  mf (t) and ⌃f = lim  
t"R t"R 

2 

2 

always exist. 

For the mean function we have that limt"R mf (t) = +1 if and only if limt"R tg0(t) = +1. This  
is a particular case of Lemma 1.2.1. 

For the variance we have the following lemma. 

Lemma 4.2.2 (Range of the variance). Let f 2 K be such that f = eg, where g 2 P is a power 
series with radius of convergence R >  0. We distinguish two cases: 

1. If R <  +1, then 

f (t) = +1 

f (t) = +1. 

00(t) = +1.lim if and only if lim g
t"R t"R 

2. If R = +1, then 

lim 
t!+1 
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Proof. Lemma 4.2.1 gives that 

f (t) =  tg2 0(t) +  t2 00(t), for any t 2 (0, R).(4.2.1) g 

Assume first that R <  +1 and also that limt"R g00(t) < +1, comparing coe!cients we find 
the inequality 

tg0(t)  t2 g 00(t) +  g 0(0)t, for any t 2 (0, R). 

The previous inequality combined with the fact that R <  +1 gives that limt"R g0(t) < +1, 
f (t) < +1. 2 00(t) = +1, then,  and therefore we conclude that limt"R Assume now that limt"R g 

f (t) = +1. 

For entire power series g 2 P we always have limt!1 tg0(t) = +1, and therefore we conclude 
f (t) = +1. 

2 

2 

equation (4.2.1) gives that limt"R 

from (4.2.1) that limt!1 

The previous lemma is a particular case of Corollary 4.2.5 below. 

2 

The mean and the variance functions of a exponential power series also verify the following 
relation. 

Lemma 4.2.3. Let f = eg, with  g 2 P be an exponential power series with radius of convergence 
R >  0, then 

f (t),mf (t)  for any t 2 [0, R). 

2 

Proof. The expressions for the mean and the variance given in Lemma 4.2.1 give that 

f (t) =  tg0(t)  0(t) +  t2 00(t), for any t 2 [0, R).mf (t) =  tg g 

Here we use that g 2 P has non-negative coe!cients. 

4.2.2 Fulcrum 

Here we discuss the fulcrum of an exponential power series. We adapt some of the results from 
Chapter 3, in particular Section 3.1, to the case of exponential power series f = eg, with  g 2 K. 

A. Fulcrum of a general exponential power series 

For any f 2 K, the holomorphic function f does not vanish on the real interval [0, R), and so, it 
does not vanish in a simply connected region containing that interval. We may consider ln(f), a 
holomorphic branch of the logarithm of f which is real on [0, R), and the function F , the fulcrum of 
f , see Chapter 1, in particular Subsection 1.3.4, is defined and holomorphic in a simply connected 
region containing ( �1, ln(R)). Recall that 

F (z) = ln(f(e z)). 
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If f does not vanish anywhere in the disk D(0, R), then the fulcrum F of f is defined on the 
whole half-plane {z 2 C : <(z) < ln(R)}. In this case f(z) =  eg(z), where  g is a holomorphic 
function in D(0, R) and g(0) 2 R, and therefore the fulcrum F of f is given by 

F (z) =  g(e z), for <(z) < ln(R). 

The mean and the variance may be expressed in terms of its fulcrum F as 

2 s mf (t) =  F 0(s) and 
f (t) =  F 00(s), for s < ln(R) and t = e . 

These identities give an alternative proof of Lemma 4.2.1. 

B. Fulcrum of eg with g 2 P 

Let f be the power series f = eg with g 2 P a power series with radius of convergence R >  0. This 
is a particular case of the case presented in A. 

The interest in power series of the form f = eg with g 2 P comes from the fact that these expo-
nentials, as explained at the beginning of this chapter, appear in many combinatorial applications. 

The fulcrum F of power series f = eg, with  g 2 P, verifies that 

|F (k)(s+ i✓)|  F (k)(s), for any ✓ 2 R and s < ln(R), 

in fact 

sup |F (k)(s+ i✓)| = F (k)(s), for any s < ln(R). 
✓2R 

Our first lemma expresses the derivatives of the fulcrum F as finite linear combination of terms 
js (j)(eof the form e g s), where j 1. 

Lemma 4.2.4. Let f 2 K be such that f = eg, with  g 2 P a power series with non-negative 
coe�cients and radius R >  0, then, for any k 1, there are integer constants c1, . . . , ck 1 0 
such that 

k 1X
ks sjF (k)(s) =  e g(k)(e s) +  cj (e g(j)(e s)), for any s < ln(R), 

j=1 

Proof. We proceed by induction on n 1. For n = 1  we  have  

sF 0(s) =  e g 0(e s), for any s < ln(R). 

Assume that for some n 1, there are integer constants c1, . . . , cn 1 0 such that 

n 1X 
ns sjF (n)(s) =  e g(n)(e s) +  cj (e g(j)(e s)), for any s < ln(R), 

j=1 
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then, taking derivatives, we find that 

n 1 

F (n+1)(s) =  e(n+1)s g(n+1)(e s) +  ne ns g(n)(e s) +  
X 

cj(je
jsg(j)(e s) +  e(j+1)s g(j+1)(e s)) 

j=1 

and then we have proved that there are integer constants c̃1, . . . , c̃n 0 such that 

n 

F (n+1)(s) =  e(n+1)s (n+1)(e 
X 

sjg s) +  c̃j(e g(j)(e s)), for any s < ln(R). 
j=1 

From the previous lemma we obtain asymptotic comparisons for the fulcrum F and any of its 
derivatives, as s " ln(R). 

Corollary 4.2.5. Let f 2 K be such that f = eg, with  g 2 P a non-constant power series with 
non-negative coe�cients and radius R >  0, then: 

• If g is not a polynomial, then for any k 1, there exists a constants C > 0 and a polynomial 
Pk 1 of degree k 1 such that 

ks e g(k)(e s)  F (k)(s)  Ceks g(k)(e s) +  Pk 1(e s), for any s < ln(R), 

and therefore 

ksF (k)(s) ⇣ e g(k)(e s), as s " ln(R). 

• If g(z) =  aN zn + · · ·+ a0 is a polynomial of degree N 1, then, for any k 1, we have 

sNF (k)(s) ⇣ aN e , as s ! +1. 

Proof. Assume first that g(z) =  aN zN + · · ·  + a0 2 P is a polynomial of degree N 1, then 
F (s) =  g(es) =  aN eNs  + · · ·+ a0 and therefore, for any k 1, we have 

NsF (k)(e s) ⇣ aN e , as s ! 1. 

Now we study the case where g 2 P not a polynomial. Applying Lemma 4.2.4, for any k 1, 
there are integer constants c1, . . . , cn 1 0 such that 

k 1 
ks (k)(e 

X 
sj (j)(e(?) F (k)(s) =  e g s) +  cj(e g s)), for any s < ln(R), 

j=1 

and therefore, because g has non-negative coe!cients, we have 

ks(4.2.2) e g(k)(e s)  F (k)(s), for any s < ln(R). 
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Comparing coe!cients, for any k 0, we have the inequality 

k (k)(t k+1 (k+1)(t(4.2.3) t g )  t g ) +  tk(g(k)(0)/k!), for any t 2 (0, R), 

and therefore, applying inequality (4.2.3), iteratively, to each of the terms in the sum at the right-
hand side of (?), we find that there exists a constant C > 0 and a polynomial Pk 1(z) of degree 
k 1 such that 

F (k)(s)  Ceks g(k)(e s) +  Pk 1(e s), for any s < ln(R). 

Now using that g is not a polynomial, we conclude that 

F (k)(s ks (k)(e s),) ⇣ e g as s " ln(R). 

The next corollary follows from a direct application of Corollary 4.2.5. This corollary will be 
relevant, later on, when giving criteria for an exponential power series to be Gaussian. In fact the 
following corollary gives, by means of Theorem 3.1.19, that the exponential of a polynomial in P 
is always a Gaussian power series. 

Corollary 4.2.6. Let f 2 K be such that f = eg, with  g 2 P a power series with radius of 
convergence R > 0. Assume  that  g 2 P is not a polynomial, then, for any k 3, we have 

sup✓2R |F (k)(s+ i✓)| F (k)(s) g(k)(es) 
= ⇣ , as s " ln(R). 

F 00(s)k/2 F 00(s)k/2 g00(s)k/2 

In the particular case that g 2 P is a polynomial, then 

sup✓2R |F (k)(s+ i✓)| F (k)(s)
lim = lim  = 0, for any k 3. 
s!1 F 00(s)k/2 s!+1 F 00(s)k/2 

Proof. This result follows combining that g 2 P has non-negative Taylor coe!cients with Corollary 
4.2.5. 

C. The fulcrum of f = eg and the moments of g 
g P1Let f = e a power  series,  with  g(z) =  bnzn 2 Ks a power series with radius of convergence 

n=0 
R > 0. Denote (Xt), (Yt) and (Zt) the Khinchin families of f, g and ez, respectively.  

In this case the fulcrum F of f = eg is given by 
1X 

nzF (z) =  g(e z) =  bne , for any <(z) < ln(R) and =(z) 2 R, 
n=0 

sthen, if we denote t = e , for s < ln(R), and for any integer k 1 we have  
1X 

snF (k)(s) =  n kbne = g(t)E(Yt
k) =  E(Zg(t))E(Yt

k), for any s < ln(R). 
n=0 
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and therefore, for any k 1: 

F (k)(s)
(4.2.4) 0, for any s < ln(R). 

F 00(s)k/2 

In fact we have 

F (k)(s) E(Yt
k)

(?) = , for t = e s and s < ln(R). 
F 00(s)k/2 )k/2 

t )
k/2g(t 1E(Y 2 

Inequality (4.2.4) is a particularity of power series of the form f = eg, with  g 2 Ks. For any 
k 3, this is a manifestation of the fact that the variance, and all its derivatives, are non-negative 
and therefore the derivatives of the variance, and the variance itself, are monotone increasing 
functions. 

The inequality (4.2.4) is not true for general power series f 2 K: for the polynomial f(z) =  
1 +  z 2 K we have F (s) =  ln(1  +  es) and 

s 
F 000(s

es(e 1)
) =   0 for any s 0. 

(es + 1)3 

Let g 2 Ks be a power series with radius of convergence R >  0 which is not a polynomial. 
Combining (?) with Corollary 4.2.5, for any k 1, we have that 

F (k)(s) E(Yt
k) g(k)(t) 

= ⇣ , as t " R. 
F 00(s)k/2 )k/2 

t )
k/2 00(t)k/2g(t 1E(Y 2 g 

Let g(z) =  aN zN + · · ·+ a0 2 Ks a polynomial of degree N 1, then, for any k 1, we have 

F (k)(s) E(Yt
k) 

Ns(1 k/2)= ⇣ e , as s ! 1,
)k/2 

t )
k/2F 00(s)k/2 g(t 1E(Y 2 

a direct application of Theorem 3.1.4 gives that the exponential of a polynomial g 2 Ks is Gaussian. 

4.2.3 Power series comparisons 

In the proof of Theorems 4.3.15 and 4.3.17, we will resort to the following asymptotics for a couple 
of real power series. We have already stated Lemma 4.2.7 and Proposition 4.2.9 in Chapter 2, but 
we will write them again in here for easier reference. See Chapter 2, in particular Subsection 2.3, 
for proofs. 

Lemma 4.2.7. For > 0, 

1X 
(4.2.5) n, 1tn ⇠ ( ) 

1 
, as t " 1. 

(1 t), 
n=1 
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Remark 4.2.8 (Moments of geometric random variables). The power series comparison of Propo-
sition 4.2.7 translated into a comparison of moments of the Khinchin family (Xt)t2[0,1) of 1/(1 z), 
i.e, the geometric variables. Namely, the following: for > 0, 

E(X
t 
,) ⇠ ( + 1)E(Xt)

, , as t " 1. 

˜For 2 ( 1, 0), the same result holds for the variable Xt, the  Xt conditioned at being positive, 
given by P(X̃t = k) =  tk 1(1 t), for k 1 and t 2 (0, 1). ⇥ 

Proposition 4.2.9. For 0, we have that 
1 1X n X n tt 1 t e 

, , t n ⇠ t e , and ⇠ , as t ! 1. 
n! n, n! t, 

n=0 n=1 

For negative exponents, we refer to [55] and to Remark 4.2.10 below. 

Remark 4.2.10 (Moments of Poisson random variables). Proposition 4.2.9 is actually a state-
ment about positive moments of the Poisson variable Xt, and also about negative moments of the 

˜ ˜conditioned Poisson variables Xt, as t tends to 1. The conditional Poisson variables Xt, that is 
the variable Xt conditioned at being positive, are given by 

t ke t 
P(X̃ = k) =  , for k 1 and t > 0.

t1 e k! 
zThis moment estimation is the following: if (Xt)t2[0,+1] is the Khinchin family of e , then for any 

> 0, 

E(X
t 
,) ⇠ t, , as t ! 1, 

and for any < 0, 

, ,E(X̃ 
t ) ⇠ t , as t ! 1. 

See also [55] for precise asymptotic expansions of the negative moments of Poisson variables. ⇥ 

4.3 Gaussian power series for f = eg, with  g 2 P 

Now we study some of the classes of functions introduced in Chapter 3 in the case f = eg, with  
g 2 P. We give criteria for these power series to be Gaussian and also to be in the Hayman class. 

4.3.1 Gaussian power series 

Power series f = eg 2 K, with  g 2 P a power series with radius of convergence R > 0, are non-
vanishing, then we can apply the criteria of Chapter 3, Subsection 3.1.1. Observe that in this case, 
because g has non-negative coe!cients, we have, for any k 0, that 

|F (k)(s+ i✓)|  F (k)(s), for any ✓ 2 R and s < ln(R), 
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in fact 

sup |F (k)(s+ i✓)| = F (k)(s), for any s < ln(R). 
✓2R 

Combining the previous equality with Lemma 3.1.11 it is possible to translate the results of sub-
section 3.1.1 to this particular case. 

A. Global criteria to be Gaussian 

Our first criteria, a direct translation of Theorem 3.1.4, for f = eg, with  g 2 P, is the following. 

Theorem 4.3.1. Let f 2 K be such that f = eg, where g 2 P is a power series with radius of 
convergence R > 0. If  g is a polynomial or g is not a polynomial and satisfies that 

000(tg )
(?) lim  = 0, 

t"R g00(t)3/2 

then f is Gaussian. 

Proof. We apply Theorem 3.1.4 to f = eg, with  g 2 P. Using that g has non-negative coe!cients 
we have that 

F 000(ssup✓2R |F 000(s+ i✓)| ) 
= . 

F 00(s)3/2 F 00(s)3/2 

First assume that g is a polynomial, then Corollary 4.2.6 gives that 

sup✓2R |F (k)(s+ i✓)| F (k)(s)
lim = lim  = 0, 
s!1 F 00(s)k/2 F 00(s)k/2s!+1 

therefore Theorem 3.1.4 gives that f = eg is Gaussian. 

Assume now that g is not a polynomial, then, applying Corollary 4.2.6, we obtain that 

F 000(s 3s 000(es) 000(es)) e g g⇣ = , as s " ln(R). 
F 00(s)3/2 2sg00(e 00(es)3/2(e s))3/2 g 

therefore combining hypothesis (?) with Theorem 3.1.4 we obtain that f = eg is Gaussian. 

We can generalize the previous result combining Theorem 3.1.6 with Corollary 4.2.6. 

Theorem 4.3.2. Let f 2 K be such that f = eg, where g 2 P is a power series with radius of 
convergence R > 0. If  g is not and polynomial and satisfies that 

(4)(tg )
(†) lim  = 0,00(tt"R g )2 

then 
000(tg )

f is Gaussian if and only if lim = 0. 
t"R g00(t)3/2 
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Proof. We want to apply Theorem 3.1.6 to f = eg, with  g 2 P not a polynomial. Corollary 4.2.6 
gives that 

F 000(s 000(s F (4)(s (4)(s) g ) ) g )
(4.3.1) ⇣ and ⇣ , as s " ln(R),

F 00(s)3/2 00(s)3/2 F 00(s)2 g00(s)2g 

therefore, using (†), we obtain that 

sup 2R |F (4)(s+ i )| F (4)(s)
lim sup = lim  = 0  

F 00(s F 00(s)2 
s"ln(R) )2 

s"ln(R) 

Applying Theorem 3.1.6 we conclude that 

F 000(s)
f is Gaussian if and only if lim = 0, 

s"ln(R) F 00(s)3/2 

which is equivalent, by means of (4.3.1), to 

000(sg )
f is Gaussian if and only if lim = 0. 

s"ln(R) g00(s)3/2 

The following result is Corollary 3.1.8 applied to f = eg, with  g 2 P not a polynomial. 

Corollary 4.3.3. Let f 2 K be such that f = eg, where g 2 P is a power series with radius of 
convergence R > 0. If  g is not a polynomial and satisfies that 

(4)(tg )
lim sup < +1,00(s)2gt"R 

then 
000(tg )

f is Gaussian implies that lim = 0. 
t"R g00(t)3/2 

Proof. This result follows combining Corollary 4.2.6 with Corollary 3.1.8. 

Remark 4.3.4 (Generalization of the previous Theorems). Any of the previous Theorems can be 
generalized using the same ideas. Let g 2 P be a power series with radius of convergence R > 0 
which is not a polynomial. First assume that for some k 4 we have  

g(k)(s)
lim sup = 0,00(s)k/2t"R g 

then 

g(j)(s)
f is Gaussian if and only if lim = 0, for any 3  j  k 1. 

t"R g00(s)j/2 
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Assume now that for some k 4 we have  

g(k)(s)
lim sup < +1,00(s)k/2t"R g 

then 

g(j)(s)
f is Gaussian implies that lim = 0, for any 3  j  k 1. 

t"R g00(s)j/2 

⇥ 

B. Moment criteria for Gaussianity 

We translate Theorem 3.1.19 to the case f = eg with g 2 P not a polynomial. 

Theorem 4.3.5. Let f 2 K be such that f = eg, where g 2 P has radius of convergence R > 0. If  
g is not a polynomial and satisfies 

g(k)(t)
lim = 0, for any k 3, 
t"R g00(t)k/2 

then f = eg is Gaussian. 

Proof. This result follows combining Corollary 4.2.6 with Theorem 3.1.19. 

Remark 4.3.6. Let g 2 P be a power series with radius of convergence R >  0 which is not a 
polynomial. Assume that 

g(k)(t)
lim sup < +1, for any k 3,00(t)k/2t"R g 

then 

g(k)(t)
f is Gaussian if and only if lim = 0, for any k 3. 

t "R g00(t)k/2 

This result follows combining Theorem 4.3.5 with Remark 4.3.4. ⇥ 

C. Applications 

Now we apply the previous criteria for Gaussianity to a variety of combinatorial examples which 
ghave EGF given by an exponential power series, that is, generating functions of the form f = e , 

with g 2 P. 
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C.1. EGF of the class of sets of (non-empty) sets The exponential generating function 
zof the class of sets of (non-empty) sets is given by f(z) = exp(e 1), in this case the radius of 

zconvergence R = 1 and g(z) = (e 1) 2 P. 

We have 
000(t) tg e 

t/2 = = e , 
g00(t)3/2 3t/2e 

and therefore 
000(t)g

lim = 0. 
t!1 g00(t)3/2 

Applying Theorem 4.3.1 we conclude that the EGF of the sets of (non-empty) sets is Gaussian. 

C.2. EGF of the class of sets of (non-empty) lists The exponential generating function of 
the class of sets of (non-empty) lists is given by 

f(z) =  exp(z/(1 z)), for any |z| < 1. 

In this case g(z) =  z/(1 z) 2 P and 

2 000(t) =g 00(t) =  and g 
6 

, for any t 2 (0, 1),
(1 t)3 (1 t)4 

therefore 
000(t)g

lim = 0. 
g00(t)3/2t"1 

Applying Theorem 4.3.1 we conclude that the EGF of the sets of (non-empty) lists is Gaussian. 

C.3. EGF of the class of sets of pointed sets The EGF of the class of sets of pointed sets 
is given by f(z) =  ezez 

, then  g(z) =  zez 2 P has radius of convergence R = +1. 

We have 
000(t)g et(t + 3) 

lim = lim  = 0. 
t!1 g00(t)3/2 t!1 (t + 2)3/2e3t/2 

In fact, for any k 3, we have 

g(k)(t) et(t + k)
lim = lim  = 0. 
t!1 g00(t)k/2 kt/2t!1 (t + 2)k/2e 

Then applying Theorem 4.3.1 or Theorem 4.3.5 we obtain that EGF of the class of sets of pointed 
sets is Gaussian. 
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C.4. EGF of the class of sets of cycles The EGF of the class of sets of cycles is given by 

f(z) =  exp(ln(1/(1 z))) = 1/(1 z), for |z| < 1. 

We already know that this power series is not Gaussian, see equation (3.1.4) in the examples at the 
beginning of Chapter 3. An alternative argument to prove that f is not Gaussian is the following: 
the fulcrum F of f is given by 

1 

F (z) = ln(1/(1 z)) = , for any |z| < 1, 
n 

n=1 

therefore, for any k 1, we have 

sup |F (k)(s+ i✓)| = F (k)(s), for any s < 0 . 

X 

✓ R2 

In fact, for any s < 0, we have 

F 00(s 
1 

, F 000(s 
2 

F (4)(s 
6 

) =  ) =  , and ) =  . 
(1 es)2 (1 es)3 (1 es)4 

Therefore 

F (4)(s F 000(s) )
lim = 6  < +1 and lim = 2  . 
s"0 F 00(s)2 

s"0 F 00(s)3/2 

Applying, for instance, Corollary 3.1.8 we conclude that f is not Gaussian. 

C.5. Some parametric families 

• The power series f(z) = exp(1/(1 z) ), with > 0, are all Gaussian. Observe that 
g(z) = 1/(1 z) has radius of convergence R = 1 and 

g000(t)
) +1⇣ (1 t , as t " 1, 

g00(t)3/2 

then, appealing to Theorem 4.3.1, we conclude that f is Gaussian. 

• Denote by f = eg with 

nz 

X1 

g(z) =  n ↵ z n , for |z| < 1. 

XX 

n=1 

The power series f = eg with ↵ > 1 are also Gaussian. Indeed: observe that 

1 1 
↵+3 ↵+2t3 g 000(t) =  g 00(t) =n 2 tn , for t 2 (0, 1).and t tn n, 

n=1 n=1 
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Appealing to Lemma 4.2.7 we find that 

000(t) ⇣ 
1 00(t) ⇣ 

1 
g and g , as t " 1,

t)↵+4 t)↵+3(1 (1 

then 
000(t)g

t)(↵+1)/2⇣ (1 , as t " 1, 
g00(t)3/2 

and therefore, for any ↵ > 1, we have 

000(t)g
lim = 0  . 

g00(t)3/2t"1 

By virtue of Theorem 4.3.1 we have that f is Gaussian, for any ↵ > 1. 

• Fix 0. Let f be a power series given by 
! 1X nn 

nf(z) = exp  z , for any |z| < 1/e . 
n! 

n=1 

Notice that for = 0 we obtain the EGF of the class of sets of functions, for = 1  the  EGF  
of the class of forests of rooted trees and for = 2 the EGF for the sets of trees. 

In this case we have that 
1X nn 

n(4.3.2) g(z) =  z , for any |z| < 1/e, 
n! 

n=1 

gand f = e . 

We prove now that f is Gaussian if and only if 0  < 1/2. 

Our fist lemma tell us the values of 0 for which g is continuous on the closure of D(0, 1/e). 

Lemma 4.3.7. For any > 1/2, the power series g defined in (4.3.2) is continuous on the 
closure of D(0, 1/e). 

Proof. Using Stirling’s formula we find that 

nn 1 
(4.3.3) ⇣ , as n ! 1 ,

1/2+n!en n 

then, for any > 1/2, uniform convergence of the partial sum in the closure of D(0, 1/e), 
gives that the power series g is continuous on the closure of D(0, 1/e). 

2For the variance we have the following lemma. 
f 
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gLemma 4.3.8. For the variance of f = e we have: 

2– limt"1/e f (t) = +1, for  any  0   5/2. 
2 2– limt"1/e f (t) =  

f (1/e) < +1, for  any  > 5/2. 

Proof. Appealing to Proposition 4.2.7, for any 0  < 5/2, we have 

(4.3.4) g 00(t/e) ⇣ 
1 

, as t " 1,
(1 t)5/2 

2then limt"1/e f (t) = +1. For = 5/2 we have  
✓ ◆ 

g 00(t/e) ⇣ ln 
1 

, as t " 1,
1 t 

then 

2lim 
f (t) =  1. 

t"1/e 

Finally we have, by virtue of equation (4.3.4), that 

00(t) < +1,lim g for any > 5/2, 
t"1/e 

2which is equivalent to limt"1/e f (t) < +1, for any > 5/2, see Lemma 4.2.2. 

Remark 4.3.9. For exponential power series, that is, power series of the form f = eg, with  
2g 2 P, we have the inequality mf (t)  
f (t), see Lemma 4.2.3, then, Lemma 4.3.8 also gives 

that limt"1/e mf (t) =  mf (1/e) < +1, for any > 5/2. 

˘Now we apply the previous analysis to the characteristic functions of Xt: 

– For 1/2 <  5/2 we have that f is continuous on the closure of D(0, 1/e) and 
2limt"1/e f (t) = +1, then  

|f(tei✓/ f (t))|
i✓ ̆lim |E(e Xt )| = lim  = 1, for any ✓ 2 R. 

t"1/e t"1/e f(t) 

Therefore the power series f is not Gaussian, for any 1/2 <  5/2. 

In fact, for any 0  < 3/2, we have, appealing again to Proposition 4.2.7, that 

mf (t/e) = (t/e)g 0(t/e) ⇣ 
1 

, as t " 1. 
(1 t)3/2 
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and therefore 

mf (t/e) 
t) /2 1/4(4.3.5) ⇣ (1 , as t " 1 

f (t/e) 

from the previous analysis we obtain that, for any 1/2 < < 3/2, we have 

i✓ ̆  f(tei✓/ f (t)) 
i✓mf (t)/lim E(e Xt ) =  lim  e f (t) = 1, for any ✓ 2 R, 

t"1/e t"1/e f(t) 

and this implies that, for any 1/2 < < 3/2, the family (X̆t) tends in distribution 
towards the constant 0, as t " 1/e. 

Similarly, but using that 3/2 <  5/2, we have that limt"1/e mf (t) is  finite,  see  the  
2comparison (4.3.3), while limt"1/e f (t) = +1, see Lemma 4.3.8. For = 3/2 we have  

that 
✓ ◆ 

1 1 
mf (t) ⇣ ln and f (t) ⇣ p , as t " 1/e. 

1 et 1 et 

Then, for any 3/2   5/2 we have that 

mf (t)
lim = 0, 
t"1/e f (t) 

and therefore the normalized family (X̆t) tends in distribution towards the constant 0, 
as t " 1/e. Here we use again that g is continuous on the closure of D(0, 1/e), for any 
> 1/2. 

– For > 5/2 we have  

i✓/ f (t))| i✓/ f (1/e))|
i✓ ̆  |f(te |f((1/e)e 

(4.3.6) lim |E(e Xt )| = lim  = , 
t"1/e t"1/e f(t) f(1/e) 

for any ✓ 2 R. Here we use that f is continuous on the closure of D(0, 1/e) and also 
42 2that limt"1/e f (t) = 

f (1/e) < +1, see Lemma 4.3.7 and 4.3.8, respectively. The term 
at the right-hand side of the limit (4.3.6) is periodic, then f is not Gaussian for any 
> 5/2. 

– Finally we study the case 0   1/2. Appealing again to Proposition 4.2.7, for any 
0  < 9/2 we have  

g(4)(t/e) ⇣ 
1 

, as t " 1 ,
(1 t)9/2 

therefore, for 0  < 5/2, using equation (4.3.4), we conclude that 

(4)(t)g ⇣ (1 et)1/2 , as t " 1/e. 
g00(t)2 
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For 0   1/2, using an analogous argument, we find that 

000(t)g ⇣ (1 et)1/4 /2 , as t " 1/e. 
g00(t)3/2 

and therefore, applying Theorem 4.3.2, we conclude that f is Gaussian if and only if 
0  < 1/2. 

In summary: f is Gaussian if and only if 0  < 1/2; this is the answer to Question 1 of [18]. 
˘For 1/2 <  5/2, the normalized family Xt tends in distribution towards the constant 0, as 

t " 1/e. For > 5/2 the family of random variables (X̆t) converges in distribution towards a 
non-constant random variable X which is not a standard normal random variable. 

Thus the EGF of the sets of functions ( = 0) is Gaussian, but the EGFs of the sets of trees 
( = 2) and of the sets of rooted trees ( = 1) are not Gaussian. 

4.3.2 Hayman class for exponentials f = eg with g 2 P 

Along this section we consider again power series f = eg, with  g 2 P a power series with radius 
gof convergence R >  0. We are interested in conditions on g which guarantee that f = e , a  power  

series in K, is in the Hayman class. 

There are two results of Hayman, see [48], along this line: 

(a) If g is a power series in the Hayman class, then eg is in the Hayman class. 

(b) If B(z) =  bN zN + · · ·+ b0 is a non-constant polynomial with non-negative coe!cients and such 
that QB = gcd{n 1 :  bn > 0} = 1, then eB is in the Hayman class. 

gRemark 4.3.10. In [72], it is shown that if g is in the Hayman class, then f = e satisfies 
the stronger (than Hayman) conditions of Harris and Schoenfeld, [47], which allow to obtain full 
asymptotic expansions for the coe!cients and not just asymptotic formulas. ⇥ 

Remark 4.3.11. In Theorem X of [48], Hayman proves the following stronger version of (b): Let P
N nB(z) =  bnz be a non-constant polynomial with real coe!cients such that for each d >  1
j=0 

there exists m, not a multiple of d, such that bm 6= 0 and such that if m(d) is the largest such m, 
then bm(d) > 0. If eB is in K, then  eB is in the Hayman class. For a direct proof of this result see 
Proposition 5.1 of [17]. ⇥ 

Theorem 4.3.12, stated below, which is [17, Theorem 4.1], exhibits conditions on the function 
g which ensure that f is in the Hayman class. 

Further, we describe in Theorem 4.3.13 a ‘practical’ approach to verify that a power series 
satisfies the conditions of Theorem 4.3.12. 

Finally, Theorems 4.3.15 and 4.3.17 give easily verifiable conditions on the coe�cients bn of g 
that imply that f = eg is in the Hayman class. These theorems may be directly applied to the 
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generating functions of sets constructions (and other exponentials) to check that they belong to 
the Hayman class. 

Let (Xt) be the Khinchin family of f = eg, with  g 2 P a power series with radius of convergence 
R >  0. The variance condition required for f to be in the Hayman class translates readily in the 
following condition in terms of g: 

2 00(t)lim tg0(t) +  t g = +1 . 
t"R 

Observe that for g 2 P, not a polynomial, the variance condition implies that limt"R g00(t) = +1 
and therefore limt"R g000(t) = +1, see Lemma 4.2.2. 

Criteria for f = eg, with  g 2 P, to be in the Hayman class 

The following theorem is [17, Theorem 4.1]. 

Theorem 4.3.12. Denote f = eg, with  g 2 P a power series with radius of convergence R >  0 
which is not a polynomial. 

If the variance condition 
2 2 00(t)(4.3.7) lim 
f (t) = lim  tg0(t) +  t g = +1 . 

t"R t"R 

is satisfied and there is a cut function h(t) so that 
3 000(t) h(t)3 = 0  .(4.3.8) lim t g

t"R 

and that 
⇣ ⌘ 

(4.3.9) lim f (t) exp  sup <g(teı✓) g(t) = 0  . 
t"R h(t)|✓|⇡ 

hold, then f = eg is in the Hayman class. 

Condition (4.3.23) of Theorem 4.3.12, gives that the cut function h fulfills condition (3.3.2) on 
the major arc. In terms of h and g, condition (3.3.2) on the minor arc follows from condition 4.3.9 
of Theorem 4.3.12. 

Proof. The variance condition (4.3.22) follows combining the variance condition (3.3.1) with Lemma 
4.2.1. The major arc condition (4.3.23) follows combining Theorem 3.3.4 with Corollary 4.2.5. 
Finally for the minor arc condition we have 

i✓ ̆  |f(tei✓/ f (t))| 
i✓/|E(e Xt )| = 

f(t) 
= exp  <(g(te f (t))) g(t) 

and therefore 
i✓ ̆  

sup |E(e Xt )| =  sup  exp <(g(tei✓)) g(t) 
h(t) f (t) |✓| ⇡� f (t) h(t)|✓|⇡ 

⇣ ⌘ 
= exp  sup <(g(tei✓)) g(t) 

h(t)|✓|⇡ 
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gthe previous equality gives that, in this case, that is, for f = e , the minor arc condition (3.3.3) is 
equivalent to condition (4.3.9). 

In practice, condition (4.3.9) on the cut h(t) is verified by checking that there are positive 
functions U, V defined in (t0, R), for some t0 2 (0, R), where U takes values in (0,⇡] and V in 
(0,1) and are such that 

(4.3.10) sup <g(teı' ) g(t) � V (t) !2 , for !  U(t) and t 2 (t0, R) , 
|'| ! 

and thus that the cut h is such that 
V (t)h(t)2 

(4.3.11) h(t)  U(t), for t 2 (t0, 1) and lim (t) e = 0  . 
t"R 

Thus we have the following corollary of Theorem 4.3.12, which we state as a theorem. 

Theorem 4.3.13. Let g 2 P a power series with radius of convergence R >  0 which is not a 
polynomial, and let h : [0, R) ! (0,⇡) be a cut function. 

Assume that the variance condition (4.3.22) and the condition on the major arc (4.3.23) of 
Theorem 4.3.12 are satisfied. 

Assume further that there are positive functions U, V defined in (t0, R), for  some  t0 2 (0, R), 
where U takes values in (0,⇡] and V in (0,1), and such that 

i✓(4.3.12) sup <(g(te g(t))) � V (t)!2 , for !  U(t) and t 2 (t0, R), 
|✓| ! 

and 
V (t)h(t)2 

(4.3.13) h(t)  U(t), for t 2 (t0, R) and lim f (t)e = 0. 
t"R 

Then f = eg is in the Hayman class. 

Proof. The pair of conditions (4.3.12) and (4.3.13) together imply condition (4.3.9). This is so 
since the first half of (4.3.13) allows us to take ! = h(t) in (4.3.12) to obtain 

! 
exp sup <(g(tei✓)) g(t)  exp( V (t)h(t)2), for t 2 (t0, R), 

|✓| h(t) 

and to then to apply the second half 4.3.13. 

Notice further that if for a function V defined in (t0, R), for some t0 2 (0, R), and taking values 
in (0,+1), we have that 

(4.3.14) <(g(tei✓)) g(t) � V (t)✓2 , for |✓|  ⇡ and t 2 (t0, R), 

then we may set U ⌘ ⇡, and the cut h is required to satisfy 
V (t)h(t)2 

(4.3.15) lim f (t)e = 0. 
t"R 

Thus these two conditions (4.3.14) and 4.3.15 imply the conditions 4.3.12 and 4.3.13 of Theorem 
4.3.13 
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4.3.3 Coe cient criteria for g 2 P for f = eg to be in the Hayman class 

Next we will exhibit easily verifiable requirements on the coe!cients of g to obtain functions V 
and U so that the conditions 4.3.12 and 4.3.13 hold, or simply, a functions V so that the conditions 
(4.3.14) and (4.3.15) are satisfied. 

The announced requirements di↵er if the power series g is entire or has finite radius of conver-
gence; we split the discussion accordingly. 

A. Case g entire, R = 1 

Here g 2 P is a transcendental entire function. 

Lemma 4.3.14. If g 2 P, a transcendental entire function, satisfies, for some > 0 and B >  0 
that 

,t cos(✓) ,t),(4.3.16) <(g(tei✓)) g(t)  B(e e for t >  0 and |✓|  ⇡, 

then condition (4.3.14) is satisfied with V (t) =  Ce,t, for  some  constant  C >  0 depending only on 
B and , and  condition  (4.3.15) requires that limt!1 f (t) exp  Ce,th(t)2 = 0. 

,tx Proof. For t >  0 and > 0, the convexity of the exponential function x 7! e in the interval 
[ 1, 1] gives 

,t ,t 
,t ,t cos(✓) e e 
e e (1 cos(✓)) , for ✓ 2 [ ⇡,⇡]. 

2 

Thus, we have, for t 1, that 

,t ,t 2,e e 
,t cos(✓) e 

,t 1 
e e,t  (cos(✓) 1)  e (cos(✓) 1)

2 2 
2,1 e 

,t✓2� e . 
⇡2 

In the second inequality, we have used that t 1; the inequality 1 cos(✓) 2x2/⇡2 , for any 
x 2 [ ⇡,⇡], yields the last step. 

P1Theorem 4.3.15. Let g(z) =  bnzn 2 P be a power series, not a polynomial, verifying 
n=0 

n n 
(4.3.17) B  bn  L , for any n 1, 

n! n! 

for some constants B,L > 0 and , 0 such that 2 < 3 . Then g satisfies the requirements of 
Theorem 4.3.13 and, therefore, f = eg is in the Hayman class. 

Proof. Condition (4.3.17) gives that the power series g has radius of convergence R = 1. Besides,  
2 ,t 2condition (4.3.17) and Proposition 4.2.9 show that the variance 
f (t) satisfies that t

2e = O( 
f (t)) 

2 000(t) =  O(t3and 
f (t) =  O(t2e t). Appealing again to Proposition 4.2.9 we also find that t3g e t), 

as t ! 1. 
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The variance condition (4.3.22) is thus obviously satisfied. The major arc condition (4.3.9) 
holds with the cut h(t) =  e ↵t, where  ↵ 2 ( /3, /2), since 3↵ > . 

Also, for t >  0 and |✓|  ⇡, we have that 
1 1X X ( t)n 

<(g(tei✓)) g(t) =  bnt
n(cos(n✓) 1)  B (cos(n✓) 1) 

n! 
n=1 n=1 

,te
i✓ 

,te
i✓ 

,t cos(✓) ,t)= B(<(e ) e,t)  B(|e | e,t) =  B(e e 

and, consequently, condition (4.3.16) of Lemma 4.3.14 is satisfied. 
Condition (4.3.14) is satisfied with the choice V (t) =  Cet,, t >  1, and (4.3.15) hold because 

2↵ < . As mentioned above, these two conditions imply condition (4.3.12) and (4.3.13) of Theorem 
4.3.13, and thus we conclude that f is in the Hayman class. 

B. Case g not entire, R <  1 

Along this section, we will repeatedly appeal to Proposition 4.2.7. 

Lemma 4.3.16. If a power series g with non-negative coe�cients and radius of convergence R = 1  
satisfies, for some > 0 and B >  0, that  

✓ ◆ 
1 1 

(4.3.18) <(g(tei✓)) g(t)  B , for t 2 (0, 1) and |✓|  ⇡,|1 tei✓|, (1 t), 

then 
⇣ ⌘ 1 

sup <(g(tei✓)) g(t) � C !2 
t)2+,(1|✓| ! 

for t 2 (1/2, 1) and 0  !  D(1 t), where C >  0 and D >  0 depend only on and B. 
And, in particular, if we set V (t) =  C/(1 t)2+,, and  U(t) =  D(1 t), for  t 2 (1/2, 1), then 

condition (4.3.12) is satisfied, and condition (4.3.13) requires that 

lim f (t) exp(  Ch(t)2/(1 t)2+,) = 0  . 
t"1 

Proof. Let > 0. For t 2 (0, 1) and |✓|  ⇡, we have that 
0 1! 

2 ,/2 
B 1 t <(g(tei✓)) g(t)  @ 1A . 

(1 t), 1 tei✓ 

Thus, for t 2 (1/2, 1) and 0  !  (1 t) we have that 
✓ ◆ 

B 1 
sup <(g(tei✓)) g(t)  (1 C !2),/2 1 , 
|✓| ! (1 t), (1 t)2 

and, for !  < D,(1 t), for D, > 0 appropriate small, and some constant C, > 0, we have that 
⇣ ⌘ B 1 

sup <(g(tei✓)) g(t) � C, !2 . 
|✓| ! (1 t), (1 t)2 
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P1 nTheorem 4.3.17. Let g(z) =  
n=0 bnz satisfy 

,n n 
(4.3.19) B  bn  L , for n 1,

Rn Rn 

for some constants B,L > 0, finite  radius  R >  0 and , > 1 such that 2 < 3 + 1. Then g 
satisfies the requirements of Theorem 4.3.13 and, therefore, f = eg is in the Hayman class. 

Proof. Inequality (4.3.19) gives that the power series g has radius of convergence R >  0. By 
considering g(Rz), we may assume that R = 1. Appealing to Proposition 4.2.7 we see that the 
variance of f = eg satisfies that 

✓ ◆ 
21

= O( f (t)
2), and 

f (t) =  O 
1 

, as t " 1 , 
t)3+, t)3+(1 (1 

and also that 

3 000(t) =  O(1/(1 t)4+t g ) , as t " 1. 

The variance condition (4.3.22) is obviously satisfied. We propose the cut h(t) = (1  t)↵, where  
↵ 2 ( /3 + 4/3, /2 + 3/2). 

The major arc condition (4.3.9) holds since 3↵ > + 4  

For t 2 (0, 1) and |✓|  ⇡, we have that 

1 1X X 
,<(g(tei✓)) g(t) =  bnt

n(cos(n✓) 1)  B n tn(cos(n✓) 1) 
n=1 n=1 
X1 

(n + + 1)  B, tn(cos(n✓) 1)
( + 1)n! 

n=1 !✓ ◆ ✓ ◆ 
,+11 1 

= B, < 
(1 tei✓),+1 1 t 

!✓ ◆ 
,+1 ,+11 1  B, 1 tei✓ 1 t 

where we have appealed to the comparison (4.2.5) withing Proposition 4.2.7. Consequently, con-
dition (4.3.18) of Lemma 4.3.16 does hold. 

t),+3If we set V (t) =  C/(1 , for t 2 (1/2, 1), (4.3.12) is satisfied and (4.3.13) requires that 
⇣ ⌘ 

t),+3lim f (t) exp  Ch(t)2/(1 = 0, 
t"1 

which does hold since 2↵ < + 3. 

Thus, the conclusion follows from Theorem 4.3.13. 
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4.3.4 Applications of Theorems 4.3.15 and 4.3.17 

In this subsection we apply the previous criteria to a variety of exponential power series which are 
EGFs of set combinatorial classes 

A. Set of Labeled Classes 

• The EGF of the Bell is numbers, enumerating sets of (non-empty) sets, that is partitions, 
1 zis given by f(z) =  eez 
. Here g(z) =  e 1 and bn = 1/n!, for n 1. This power series 

satisfies the hypothesis of Theorem 4.3.15, and therefore f is in the Hayman class. 

ze
z• The EGF of the sets of pointed sets is given by f(z) =  e . Here g(z) =  zez, with  bn = n/n!, 

for n 1. This power series satisfies the hypothesis of Theorem 4.3.15, and therefore f is in 
the Hayman class. 

We collect the previous discussion, for later use, by means of the following theorem. 

Theorem 4.3.18. The EGF of the Bell numbers is in the Hayman class. 

• The power series f(z) =  exp(z/(1 z)), EGF of sets of (non-empty) lists, has g(z) =  z/(1 z) 
with bn = 1, for any n 1. The coe!cients of the function g satisfy the hypothesis of Theorem 
4.3.17 and, thus, in particular, f = eg is in the Hayman class. 

In general, using a similar argument, we obtain that f(z) =  exp(z/(1 z) ), for > 0, is in 
the Hayman class. But f(z) =  exp(ln(1/(1 z))) = 1/(1 z), the EGF of the sets of cycles 
is not even Gaussian, as shown in Subsection 4.3.1. 

P
• The EGF of the sets of functions is f(z) =  eg, with  g(z) = 1 

n=1 
n(nn/n!)z , for |z| < 1/e. In  

this case, the coe!cients bn = nn/n! of g satisfy (4.3.19) with R = 1/e and = = 1/2, 
and therefore f is in the Hayman class. 

P 
In general the exponential of 1 

n=1(n
n ↵/n!)zn is in the Hayman class if 0  ↵ < 1/2. As 

1 

we have seen before this power series is Gaussian if and only if 0  ↵ < 1/2, which is, of 
course, consistent with the previous result. Recall that power series in the Hayman class are 
strongly Gaussian, and therefore, Gaussian. 

B. Sets of Unlabeled Classes 

• For the OGF of the partitions of integers P , we have that P = eg, with  

X 
1(n) n z 
n 

n=1 

where 1(n) denotes the sum of the divisors of the positive integer n. The  coe!cients  bn = 
1(n)/n satisfy in this case the inequality 

" 1  bn  D"n , 
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for each " > 0 and some constant D" > 0. See Theorem 322 in [45]. (Actually we may bound 
from above with ln(ln(n)), see Theorem 323 in [45]). Therefore the function g satisfies the 
hypothesis of Theorem 4.3.17 and this means in particular that P = eg is in the Hayman 
class. 

Q1The same argument gives that the infinite product 
j=1 1/(1 zj)cj , where  the  cj are integers 

satisfying 1  cj  c, for some constant c >  1, is in the Hayman class. 
We collect the previous discussion by means of the following theorem. 

Theorem 4.3.19. The ordinary generating function of the partitions of integers P is in the 
Hayman class. 

• For the OGF of partitions into distinct parts Q, given by 

1 1Y Y(1) (2) 1 
Q(z) = (1 + zj) = , for any |z| < 1, 

z2j+11
j=1 j=1 

we have that Q = eg, where  

1X 1)k+1 X X odd (1) ( 
kj (2) 1 

k(2j+1) 1 (n) 
n g(z) = z = z = z ,

k k n
k,j 1 k 1;j 0 n=1 

odd where registers the sum of the odd divisors of n.1 

odd The coe!cient bn = (n)/n satisfy the inequality 1 

1 
" (4.3.20)  bn  D"n 

n 

for each " > 0 and some constant D" > 0. The inequality on the left holds simply because 
odd 1|n, while the inequality on the right-hand side holds because of the inequality  1(n)1 

and Theorem 322 in [45]. 
These bounds, though, are not within the reach of Theorem 4.3.17, and for the function Q 
we will verify directly the hypothesis of Theorem 4.3.13. 

Using (4.3.20), Proposition 4.2.7 and formula 

1X 
2 2 n 
f (t) =  tg0(t) +  t g 00(t) =  n 2bnt , 

n=1 

2we have for the variance function 
Q
(t) that 

✓ ◆ 
1 12 2 = O( Q(t)) and Q(t) =  O , as t " 1,

t)3+" (1 t)2 (1 

000(t) =  O(1/(1and for the function g also that t3g t)4+" ), as t " 1. 
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The variance condition (4.3.22) is obviously satisfied. We propose a cut h(t) =  (1  t)↵, where  
↵ 2 (4/3, 3/2). The major arc condition (4.3.23) holds since 3↵ > 4+", for appropriate small 
" > 0. 

For t 2 (0, 1) and |✓|  ⇡, denote z = tei✓, then  we have  

1 +  tei✓ 2t(cos(✓) 1) t 
t(cos(✓) 1)/2 (<(z) |z|)/2= 1 +   1 +  (cos(✓) 1)  e = e ,

1 +  t (1 + t)2 2 

and so 
✓ ✓ ✓ ◆ ◆◆ ✓ ✓ ✓ ◆ ◆◆ 

|Q(z)| 1 z |z| 1 1 1  exp <  exp < 
Q(|z|) 4 1 z 1 |z| 4 1 z 1 |z| 

and, consequently, 
✓ ◆ ✓ ✓ ◆ ◆ 
|Q(z)| 1 1 1 1 1 <(g(z)) g(|z|) = ln   <  . 
Q(|z|) 4 1 z 1 |z| 1 z 1 |z| 

Lemma 4.3.16 gives that V (t) =  C/(1 t)3 and U(t) =  D(1 t). Now, condition (4.3.13) is 
satisfied since ↵ < 3/2. 

Thus the function g satisfies the conditions of Theorem 4.3.13, and, in particular Q = eg is 
in the Hayman class. 
We collect the previous discussion by means of the following theorem. 

Theorem 4.3.20. The ordinary generating function of the partitions of integers into distinct 
parts Q is in the Hayman class. 

• For the OGF of the plane partitions, see [32, p. 580], we have 
1Y 1 

M(z) =  
j )j 

,
(1 z

j=1 

we have M = eg, with  g given by 
1 

2(n)X 
n g(z) =  z , 

n 
n=1 

where 2(n) denotes the sum of the squares of the divisors of the integer n 1. For each 
" > 0, there is a constant C" > 0, such that 

2(n) 1+" n   C"n , for each n 1 
n 

This follows since 2(n)  n 1(n) and 1(n)  C"n1+" . Thus we see that g satisfies the 
condition on Theorem 4.3.17, and, in particular, we obtain that M = eg is in the Hayman 
class. 

We collect the previous discussion by means of the following theorem. 
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Theorem 4.3.21. The ordinary generating function of the plane partitions M is in the 
Hayman class. 

Likewise, and more generally, we see that for integer c 0, the OGF of the colored partitions, 
1Y 1 

,
(1 zj )c 

j=1 

where each part j appears in jc di↵erent colors, is in the Hayman class. Observe that 
nc  c+1(n)/n  C"nc+" , for n 1. 

4.3.5 Uniformly Hayman exponentials 
P1Let g(z) =  bnzn, with  bn 0, for n 0, and radius of convergence R >  0. Let f 2 K be

n=0 
ggiven by f = e . 

One of the main results of [18], see [17, Theorem 4.1] and [18, Theorem F] gives conditions on 
the powers series g that guarantees that f = eg is in the Hayman class, and thus strongly Gaussian, 
and, therefore, amenable to the Hayman asymptotic formula, see Corollary (3.2.5). 

It turns out that these same conditions on g are enough for f being uniformly Hayman; this is 
the content of Theorem 4.3.22. 

Denote 

(4.3.21) 
1 92 3 000(t)) ,!g(t) , (b1t+ 8b2t + t g
6 2 

for t 2 (0, R) . 

This is the upper bound in Corollary 4.2.5, here we give the constant C >  0 and the polynomial 
P2(z) explicitly. Observe that this bound is also valid for g 2 P a polynomial. 

Theorem 4.3.22. Let g be a non-constant power series with radius of convergence R >  0 and 
non-negative coe�cients. 

Assume that the variance condition is satisfied 
2 00(t)(4.3.22) lim tg0(t) +  t g = +1 . 

t"R 

Assume further that there is a cut function h(t) satisfying 

(4.3.23) lim !g(t)h(t)
3 = 0  . 

t"R 

and that there are positive functions U, V defined in (t0, R), for  some  t0 2 (0, R), where U takes 
values in (0,⇡] and V in (0,1) and are such that 

(4.3.24) sup <g(teı' ) g(t) � V (t) !2 , for !  U(t) and t 2 (t0, R) , 
|'| ! 

and thus that the cut h is such that 
V (t)h(t)2 

(4.3.25) h(t)  U(t), for t 2 (t0, 1) and lim f (t) e = 0  . 
t"R 

then the function f = eg is uniformly Hayman. 
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200 CHAPTER 4. SET CONSTRUCTIONS AND EXPONENTIALS 

Proof. Condition (4.3.22) is directly condition (3.6.3). 

We shall verify the conditions on the cuts of the definition of uniformly Hayman power series 
(3.6.1) and (3.6.4) with cuts h(n, t) given by 

,h(n, t) =  h(t) n 

where the parameter satisfies 1/3 < < 1/2. 

From the discussion in Subsection 3.3.2 we have that 

✓2 |✓|3 
ı✓ ̆ln E(e Xt ) +   !g(t) , for t 2 (0, R) and ✓ 2 R ,

2 3(t) 

and, thus, that 

p ✓2 |✓|3 
ı✓X̆ t/n ln E(e n) +   !g(t) p , for t 2 (0, R) and ✓ 2 R . 

2 3(t) n 
p

For |✓|  h(n, t) f (t) n we deduce that 

n ln E(e ı✓X̆ t/
p
n) +  

✓2 
 !g(t) h(t)3 n 1 3, 

2 

Hypothesis (4.3.23) on h(t) and the fact that 1 3 < 0 gives us that 

1lim !g(t) h(t)3 n 3, = 0  , 
[n!1_t"R] 

and, thus, that condition (3.6.1) is satisfied. 

Since h(n, t)  h(t)  U(t), condition (4.3.24) gives us that 

1 2,n sup <g(teı✓) g(t) � V (t)h(t)2 n , 
h(n,t)|✓|⇡ 

and so that ⇣ ⌘ 
ı✓Xt )n 1 2,sup E(e  exp V (t)h(t)2 n . 

h(n,t)|✓|⇡ 

Since limt"R V (t)h(t)2 = 1, we have, for a certain t0 2 (0, R) that V (t)h(t)2 1, for t 2 (t0, R), 
and thus that 

1 2, 1 2,V (t)h(t)2 n V (t)h(t)2 + n . 

We deduce that 
p p 2

ı✓Xt )n V (t)h(t)2 
n f (t)  sup  E(e  ne n

1 
f (t)e , 

h(n,t)|✓|⇡ 

and, because of hypothesis (4.3.25) and since < 1/2, that condition (3.6.4) of the definition of 
uniformly Hayman is satisfied. 
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gIn [18] a large number of exponentials f = e where g is a power series with non-negative 
coe!cients which satisfy the conditions of Theorem 4.3.22 are exhibited. For instance, the EGF of 
the Bell numbers, or the generating functions P of partitions or Q of partitions into distinct parts, 
are actually uniformly Hayman, and also are uniformly Hayman related examples like the EGF of 
sets of pointed sets, the EGF of sets of functions or the OGF of plane partitions or of some colored 
partitions. See also Chapter 5. 

Exponential of polynomials 
P

N nLet g be a polynomial with non-negative coe!cients g(z) =  bnz and of degree N , so that 
n=0 

bN > 0. 
Assume that Qg = gcd{1  n  N : bn > 0} = 1. Then f = eg is in the Hayman. This is a 

particular case of a result of Hayman [48, Theorem X]. See [17, Proposition 5.1] for a simpler proof 
of this particular case. 

We are going to show next that f = eg is actually uniformly Hayman with an argument similar 
to the one used to show in [17, Proposition 5.1] that f = eg is in the Hayman class. 

Observe first that 
2 2 00(t) ⇠ N2bN t

N 
f (t) =  tg0(t) +  t g , as t ! 1 . 

Thus, the variance condition (3.6.3) of being uniformly Hayman is satisfied. 

We have 
1 92 3 000(t) N ) ,!g(t) =  b1t + 8b2t + t g = O(t as t ! 1 . 
6 2 

, N↵For cuts we propose h(n, t) =  h(t)n = t n , , with  ↵, in the interval (1/3, 1/2). For 
concreteness, we take ↵ = = 5/12. 

From the proof of Theorem 4.3.22 we have that 
p ✓2 

ı✓X̆ t/ 5N/4 1/4 n ln E(e n) +   !g(t)t n 
2 p

N/4 1/4 = O t n , for |✓|  h(n, t) f (t) n ,  

and thus, we see that condition (3.6.1) is satisfied. 

Now, the proof that f = eg is in the Hayman class of [17] gives ⌘ 2 (0, ⇡) and t0 > 0, depending 
on g, so that 

sup <g(teı✓) g(t) � Cg min t, tN !2 , for ! ⌘ and t > t0 , 
|✓|>! 

for some constant Cg depending on g. 

Thus for some t1 > t0, so that h(t) < ⌘, for t > t1, we have that 
ı✓) N 5N/6 1 5/6 n sup <g(te g(t) � C min tn, t t n 

h(n,t)|✓|⇡ 

N/6 1/6 = C min tn, t n . 
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With = min{1, N/6}, we have, for t 1, that 

N/6 1/6min{tn, t n 1/6} t n (1/2)(t + n 1/6) , 

<g(teı✓) g(t)and thus, since |E(eı✓Xt )| = e , that 
⇣ ⌘p 

ı✓Xt )n p 
N/2 N/6 1/6}n f (t)  sup  E(e = O nt exp C min{tn, t n 

h(n,t)|✓|⇡ 

⇣ ⌘ ⇣ ⌘p 1/6 N/2 = O n exp (C/2)n O t exp (C/2)t , 

and, therefore, condition (3.6.2) is satisfied. 
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Partitions of integers and partitions of sets 
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We want to apply the machinery developed in previous chapters to these OGFs. We will prove 
that the mentioned OGFs are in the Hayman class, and therefore that these power series are 
strongly Gaussian. Later on, using Baéz-Duarte asymptotic formula, see Theorem 3.2.8, we will 
provide with an asymptotic formula for the coe!cients of each of the mentioned OGFs. 

These asymptotic formulae of coe!cients an of partitions of integers turn out to be always of 
the form 

1 
n an ⇠ ↵ e , as n ! 1, 

n, 

for appropriate ↵, , , > 0. 

This chapter is mainly based on the papers: 

• Maciá, V.J. et al. Khinchin families and Hayman class. Comput. Methods Funct. Theory 
21 (2021), 851–904, see [17] , 

• Maciá, V.J. et al. Khinchin families, set constructions, partitions and exponentials. Mediterr. 
J. Math., 21, 39 (2024), see [18]. 

5.1 Partitions of integers 

In this section we give asymptotic formulas for the coe!cients of the OGFs of di↵erent sort of 
partitions of integers. In particular we give, by means of Baéz-Duarte asymptotic formula, see 
Theorem 3.2.8, asymptotic formulas for the partitions, partitions into distinct parts, partitions 
with parts in an arithmetic progression, plane partitions and colored partitions. 

5.1.1 Euler summation 

We will use repeatedly along this chapter Euler summation’s formula, we refer to [26] for the 
specifics of this summation formula. 

For f 2 Ck[0, N ], with k 1, the Euler summation formula of order k reads: 

N Z 
N k 1X 1 1 X Bj+1

f(j) =  f(t)dt + f(0) + f(N) +  ( 1)j+1 (f (j)(N) f (j)(0)) 
2 2 (j + 1)! 

j=0 0 
j=1(5.1.1) Z 

N Bk({t})+ (  1)k+1 f (k)(t) dt 
k!0 

Here {t} denotes the fractional part of t, Bj , for j 0, denotes the j th Bernoulli number (with 
B1 = 1/2) while Bj (x), for j 0, stands for the Bernoulli polynomials. See, for instance, [26]. 

5.1.2 Approximation of Means and Variances 

We collect here approximations of the mean and the variance functions. We will prove that these 
asymptotic approximations verify the conditions of Baéz-Duarte Theorem 3.2.8. 

The precise values of the integrals in the following lemma will be invoked frequently later on. 
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Lemma 5.1.1. We have 
⇣ ⌘R 1 1a) su ln s = ⇣(u + 2) (u + 1), for  u >  1,0 1 e 

R 1 s
u eb) 0 s 1 e s ds = ⇣(u + 1) (u + 1), for  u >  0, 

R 1 e s
uc) s s)2 ds = ⇣(u) (u + 1), for  u >  1.0 (1 e 

A. OGF of the partitions of integers P 

Consider first the OGF of the partitions of integers 

1Y 1 
P (z) =  

j , for any |z| < 1,
1 z

j=1 

with Khinchin family (Xt)t2[0,1) and mean and variance functions 

1 1X jtj X j2tj2 mP (t) =  and P (t) =  , for any t 2 (0, 1). 
1 tj (1 tj)2 

j=1 j=1 

We want an asymptotic formula for the mean and the variance of P , as s " 1. For convenience, 
we consider mP (e s), for s >  0, and then as s # 0. We have 

1X js 
mP (e s) =

1 
(js) 

e 
js . s 1 e

j=1 

Let be the function 

xxe 
(x) =  , for any x >  0. 

1 e x 

If we set (0) = 0, then 2 C1[0, +1) and, by virtue of Lemma 5.1.1, we obtain that 
Z 1 

(s)ds = ⇣(2). 
0 

R 1In addition we have that limx!+1 (x) = 0 and | 0(s)|ds < +1.0 

Fixing k = 1 in Euler summation formula (5.1.1) we obtain that 

1 Z 1 Z 1X 
smP (e s) =  (js) =  (st)dt + s 0(st)B1({t})dt 

j=1 0 0 
Z 1 Z 11 

= (x)dx + 0(x)B1({x/s})dx , 
s 0 0 
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then there exists a constant C >  0 such that 
Z 1 Z 1 

s)
1 

smP (e (x)dx  C | 0(x)|dt < +1, 
s 0 0 

and therefore 
⇣(2) 

smP (e s) = O(1) , as s # 0. 
s 

2In fact we have lims#0 s mP (e s) =  ⇣(2), and so 

⇣(2) 
mP (e s) ⇠ , as s # 0. 

s2 

2For the variance function 
P (t) we obtain, analogously, also using Lemma 5.1.1, that 

(3)⇣(2) 2 
P (e s) ⇠ , as s # 0.

3s 

Y 

We collect the previous discussion by means of the following lemma. 

Lemma 5.1.2. Define m̃ P (e s) =  ⇡2/(6s2) and ˜
P 
2 (e s) =  ⇡2/(3s3), for  s >  0, then 

a) mP (e s) ⇠ mP (e s), as  s # 0, 

b) P (e s) ⇠ ˜P (e s), as  s # 0, 

mP (e s) mP (e p˜ s)c) = O( s) =  o(1), as  s # 0.˜P (e s) 

B. OGF of the partitions into distinct parts Q 

Now we study the mean and variance of the OGF of the partitions into distinct parts Q. Recall 
that 

1Y1 

Q(z) =  (1 + z 
1

j) =  for any |z| < 1.
2j+1 ,1 z

j=1 j=1 

X 

Applying Lemma 5.1.1 combined with the identity 

ln(1 + x) =  ln(1  x 2) ln(1 x), for x 2 (0, 1), 

and its first two derivatives, we find that 
1 jse ⇣(2) 

mQ(e s) =  j 
js ⇠ as s # 0 

2s2 ,1 +  e
j=1 

X1 
2 
Q(e s) =  j2 

j=1 

sje ⇣(2) ⇠ , as s # 0 
(1 + e js)2 s3 

and again, using Euler’s summation formula (5.1.1) in a similar fashion, we obtain the following 
lemma. 
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207 5.1. PARTITIONS OF INTEGERS 

Lemma 5.1.3. Define m̃ Q(e s) =  ⇣(2)/(2s2) and ˜
Q 
2 (e s) =  ⇣(2)/s3, for  s >  0, then 

a) mQ(e s) ⇠ mQ(e s), as  s # 0, 

b) Q(e s) ⇠ ˜Q(e s), as  s # 0, 

mQ(e s) m̃ Q(e s) p
c) = O( s) =  o(1), as  s # 0.˜Q(e s) 

C. OGF of the partitions with parts in arithmetic progression Pa,b 

Now we study the mean and variance of the OGF of the partitions in the arithmetic progression 
{aj + b : j 0}, for integers a, b 1 that is, the OGF Pa,b. Recall that 

1Y 1 
Pa,b(z) =  for any |z| < 1.

aj+b ,1 z
j=1 

For the mean and the variance we have, analogously, 

1X (aj+b)se ⇣(2) 
s) =  (aj + b) ⇠ as s # 0 ,(5.1.2) (emPa,b , 

e (aj+b)s 21 as
j=0 
1X (aj+b)se 2⇣(2) 2 (e s) =  (aj + b)2 

Pa,b 
⇠ , as s # 0 ,(5.1.3) 

(1 e (aj+b)s)2 as3 
j=0 

again, applying Euler’s summation formula (5.1.1), we find the following lemma. 

Lemma 5.1.4. Define ˜ (e s) =  ⇣(2)/(as2) and ˜2 (e s) = (2⇣(2))/(as3), for  s >  0. Then mPa,b Pa,b 

a) (e s) ⇠ ˜ (e s), as  s # 0,mPa,b mPa,b 

b) (e (e s), as  s # 0,Pa,b 
s) ⇠ ˜Pa,b 

(e s) ˜ (e s) pmPa,b mPa,bc) = O( s) =  o(1), as  s # 0.(e s)˜Pa,b 

D. Generalized OGF W b (including colored and plane partitions) a 

For integers a 1 and b 0 consider the infinite product 

1Y✓ ◆
j
b 

1 
W b 

a (z) =  , for any |z| < 1.
ja1 z

j=1 

We study the mean and variance associated to Wa,b. Consider the real function 

x
a

ax e 
(x) =  x b , for x 0,

xa1 e 
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208 CHAPTER 5. PARTITIONS OF INTEGERS AND PARTITIONS OF SETS 

with (0) = 0. The derivatives of order less than b of this function vanish at x = 0 and x = +1, 
and 

Z 1 ✓ ◆ ✓ ◆ 
1 b + 1  b + 1  

(x)dx = ⇣ 1 +  1 +  . 
a a a0 

Arguing as in the previous cases, and using Euler’s summation formula (5.1.1) of order b + 1, 
we get that 

✓ ◆ ✓ ◆ 
1 b + 1  b + 1  1

s) =  as s # 0.(e ⇣ 1 + 1 +  + O(1/s),mW b
a s1+(b+1)/aa a a 

Analogously, 
✓ ◆ ✓ ◆ 

1 b + 1  b + 1  12 s) ⇠ as s # 0.(e ⇣ 1 +  2 +  
s2+(b+1)/a , a aW b

a a 

For any s >  0, denote 
✓ ◆ ✓ ◆ 

1 b + 1  b + 1  1
s) =m̃ W b

a
(e ⇣ 1 +  1 +  

1+(b+1)/a , a a a s 

and 
✓ ◆ ✓ ◆ 

1 b + 1  b + 1  1 
˜2 
W (e s) =  

a 
⇣ 1 +  2 +  

s2+(b+1)/a . a a b
a 

We collect the previous discussion by means of the following lemma. 

b
a
(e s) and ˜

W 
2 

b
a 
(e s), we have Lemma 5.1.5. For the functions m̃ W 

s) ⇠ m̃ W 
s), as  s # 0,a) b

a
(e b

a
(emW 

s) ⇠ ˜W 
s), as  s # 0,b) (e (eW b

a 
b
a 

s) s)(e m̃ (em b
a b

a = O(s(b+1)/(2a)) =  o(1), as  s # 0. W Wc) ˜ (e s)b
aW 

5.1.3 Asymptotic for the OGFs of partitions on (0,1) 

In this subsection we give asymptotic formulas for the OGFs of di↵erent kind of partitions, evalu-
sated at z = e , and as s # 0. 
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209 5.1. PARTITIONS OF INTEGERS 

A. OGF of the partitions of integers P 

We start with the OGF of partitions P . We provide a proof since its ingredients are to be used 
below to handle other OGFs of partitions. 

Fix s >  0, we want to apply Euler’s summation formula (5.1.1) of order 2 to the function 
f(x) =  ln(1 e sx). Observe that limx!1 f(x) =  limx!1 f 0(x) = 0. We write 

1 Z 1 Z 1X 1 1 
f 00(x) 

B2({x})ln(P (e s)) = f(j) =  f(x)dx + f(1) f 0(1) dx 
2 12 2!

j=1 1 1 

where B2(y) denote the second Bernoulli polynomial (the sum starts at j = 1, then the formula is 
modified to fit with these indices). 

Now, applying Lemma 5.1.1, we find that 
Z 1 ✓ 

1 
◆ 

1 
Z 1 ✓ 

1 
◆ 

1 
ln 

1 e sx dx = 
s s 

ln 
1 e x dx 

1 
Z 1 ✓ 

1 
◆ 

1 
Z 

s ✓ 
1 

◆ 
= 

s 0 
ln 

1 e x dx 
s 0 

ln 
1 e x dx 

= 
⇣(2) 
s 

+ ln(s) 1 +  O(s), as s # 0. 

Also, 

1 
f(1) 

2 
1 
f 0(1) = 

12 
1 
2 
ln(s) +  

1 
12 

+ O(s), as s # 0. 

and 
Z 1 B2({x})f 00(x) dx = 

2!1 

Z 1 

1 

sx(sx)2e

(esx 1)2 
B2({x}) 1 

dx. 
2! x2 

Since the function y 7! (y2ey)/(ey 1)2 is bounded in [0, +1) and tends to 1 as y # 0, dominated 
convergence gives that 

Z 1 Z 1 
f 00(x) 

B2({x}) B2({x}) 1 
dx = dx + o(1), as s # 0. 

1 2! 1 2! x2 

Thus, 
Z 1⇣(2) 1 1 B2({x}) 1 

ln(P (e s)) = + ln(s) 1 +  dx + o(1), as s # 0. 
s 2 12 1 2! x2 

We may identify the constant term in the previous expression by using Euler’s summation of 
order 2 between 1 and N applied to the function ln(x) to obtain this way Stirling’s approximation 
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in the following precise (and standard) form 
✓ ◆ Z 

N1 1 1 B2({x}) 1 
ln(N !) = N ln(N) N + 1 +  ln(N) +  1 + dx 

2 12 N 1 2! x2 

✓ ◆ Z 
NNN 1 1 1 B2({x}) 1 

= ln  p + 1 + + dx 
NeN 12 12 N 1 2! x2 

then 
Z 11 B2({x}) 1 p

1 + dx = ln(  2⇡),
12 1 2! x2 

and 
⇣(2) 1 p

ln(P (e s)) = + ln(s) ln( 2⇡) +  o(1), as s # 0. 
s 2 

Finally, for the ordinary generating function of the partitions of integers P we have the well-
known asymptotic formula in the interval (0, 1). 

Lemma 5.1.6. For the ordinary generating function of the partitions of integers P we have 

⇣(2) 1 p
ln(P (e s)) = + ln(s) ln( 2⇡) +  o(1), as s # 0 , 

s 2 
and thus 

p 
⇡
2
/(6s)P (e s) ⇠ p 1 

se , as s # 0 . 
2⇡ 

p See Hardy-Ramanujan [44], Section 3.2 (the formula for g(x) there should have (1 x)3/2 instead 
of 1 x). See also, de Bruijn [26], Ex. 3 of Chapter 3, or, even, Báez-Duarte [6], formula (2.21). 

B. OGF of the partitions into distinct parts Q 

Consider now the ordinary generating function of the partitions into distinct parts Q. Recall that 
1 1Y Y 1 

Q(z) =  (1 + zj ) =  , for any |z| < 1. 
z2j+11

j=1 j=1 

From the infinite product for Q we deduce that 

Q(z)P (z 2) =  P (z), for any |z| < 1, 

then 

Q(e s) =  P (e s)/P (e 2s), as s # 0. 

Using Lemma 5.1.6 we obtain that 

⇡
2
/(12s)Q(e s) ⇠ p 1 

e as s # 0. 
2 

We collect the previous discussion by means of the following lemma. 



�

� �

�

�

� �
�

�

�
�

�
�

���
�

�

���
���

�
�

���

� �

� ���
�

�

��� � �

211 5.1. PARTITIONS OF INTEGERS 

Lemma 5.1.7. For the ordinary generating function of the partitions of integers into distinct parts 
Q we have 

⇡
2
/(12s)Q(e s) ⇠ p 1 

e , as s # 0. 
2 

C. OGF of the partitions with parts in arithmetic progression Pa,b 

For the ordinary generating function of the partitions with parts in the arithmetic progression 
{aj + b : j 0}, with  a, b 1, we have 

1Y 1 
Pa,b(z) =  for any |z| < 1.

aj+b ,1 z
j=0 

If gcd(a, b) > 1, then Pa,b is not strongly Gaussian (although is Gaussian and d-strongly 
Gaussian, see Subsection 3.2.4) since we can write Pa,b(z) =  G(zd), for some holomorphic function 
in D, and thus the coe!cients of Pa,b satisfy no asymptotic formula. 

In fact, if gcd(a, b) =  d >  1, then we have 

Pa,b(z) =  Pa0,b0 (z d) , for z 2 D , 

0where a = a/d and b0 = b/d. Observe that gcd(a0, b0) = 1. 

Now we prove that Pa,b, with  a, b 1 and gcd(a, b) = 1 is in the Hayman class. In this case we 
cannot use the coe!cient criteria, Theorem 4.3.17, for exponential power series. 

We can write Pa,b = exp(g) where  
1 1X X bk X1 1 z 1

k(aj+b) k) ,g(z) =  z = 
ak = U(z for z 2 D ,

k k 1 z k
k 1;j 0 k=1 k=1 

where U is the rational function 
bz 

U(z) =  ,
1 za 

holomorphic in D. We want to apply Theorem 4.3.12 to Pa,b, in order to apply this result we need 
some preliminary lemmas. 

Lemma 5.1.8. Let ! 2 (0, ⇡), and  t 2 (0, 1). Then 
⇣ ⌘ ⇣ ⌘1 t 1 t 1 t 1 t 

sup < = < and sup = . 
1 teı✓ 1 teı! 1 teı✓ 1 teı!!|✓|⇡ !|✓|⇡ 

Lemma 5.1.9. Let h(t) be defined in the interval (0, 1) with values in (0, ⇡) and such that 
limt"1 h(t)/(1 t) = 0. Let k be an integer k 1. Then we have 

t)2 ⇣ ⌘(1 1 t k k 
lim 1 = . 
t"1 h(t)2 1 teıh(t) 2 
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212 CHAPTER 5. PARTITIONS OF INTEGERS AND PARTITIONS OF SETS 

Observe that the Taylor coe!cients of U(z) =  zb/(1 za) around z = 0 are non negative. 
000(tWe search now for a cut function h(t) = (1  t)↵ with appropriate ↵ > 0. Since g ) =  

O(1/(1 t)4), as t " 1, the condition (4.3.23) of Theorem 4.3.12 for the major arc is satisfied if 
↵ > 4/3. 

Next, the minor arc. This is where we use the condition that gcd(a, b) = 1. We have 

1X 1 <g(z) g(|z|) =  <(U(z k)) U(|z|k)  <(U(z)) U(|z|)) , for z 2 D . 
k

k=1 

The inequality holds since all the summands in the series above are non positive. 

The function U(z) has simple poles at the a-th roots of unity: j = e2⇡ıj/a with 0  j < a. 
The residue of U at j is j

b+1/a. 

Let us denote by Rj the region Rj = z = reı : 1/2  r <  1, | 2⇡j/a|  ⇡/a and let S
a 1e eR = Rj ; observe that we do not include R0 in R.
j=1 

For a certain constant M > 0 we have that 
b+1 
j

([) U(z) +   M ,  for z 2 Rj and 0  j < a .  
a(z j ) 

We start analyzing <U(z) for z 2 Re. 

Lemma 5.1.10. For 0 < j < a, we have that 
⇣ |a ⌘1 |z 1 

lim sup sup < U(z)  (1 + cos(2⇡j b/a)) . |b 
t"1 z2Rj ; |z 2 

t|z|1 

Besides, for certain 2 (0, 1) and t0 2 (1/2, 1) we have that 

1 |z|a 
<U(z)  , for every z 2 Re with |z| > t0 . |z|b 

Proof. Fix 0 < j < a and z 2 Rj . Let w 2 R0 such that z = j w. By appealing to ([) we  have  
that 

|a |a ⇣ ⌘ |a1 |z 1 |z 1 |w| 1 |z 
([[) <U(z)  b + M .j|z|b a(1 |z|)|z|b < 

1 w |z|b 

Now, for every w 2 D one has that 
⌘1 |w| ⇣1 1 2 D , [ {1} ,

1 w 2 2 

and, in particular, 

ı⌘ 
1 |w| 1 < e  1 + cos(⌘) , for all ⌘ 2 R and w 2 D . 
1 w 2 
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213 5.1. PARTITIONS OF INTEGERS 

Therefore, we obtain from ([[) that 
⇣ 1 |z|a ⌘ 1 |z|a 1 |z|a 

([[[) < U(z)  j + M . |z|b a(1 |z|)|z|b |z|b 

with 
1 

j = 1 + cos(2⇡ıjb/a) . 
2 

This bound ([[[) gives the lim sup of the statement. The bound now follows since gcd(a, b) = 1  
and 0 < j < a, implies that cos(2⇡ıjb/a) < 1. 

As a consequence of Lemma 5.1.10 we have 

1 1 e(\) < U(z) U(t)  ( 1)U(t) � , for z 2 R with |z| = t 2 (t0, 1) . 
a 1 t 

It remains to analyze <U(z) in the region R0. For z 2 R0 we have that 

1 
U(z)  M ,  

a(1 z) 

and, therefore, for z 2 R0 with |z| = t, we have that 

⇣ ⌘ b1 1 1 1 t < U(z) U(t)  M + < + . 
a 1 z 1 t a(1 t) (1 ta) 

b1 t b 
Now,  , for each t 2 (0, 1), and thus from Lemmas 5.1.8 and 5.1.9 and 

a(1 t) (1 ta) a 
arguing as in the case above of P and Q and increasing the t0 above if necessary we deduce that 
for certain > 0, 

⇣ ⌘ h(t)2b 
(\\)  sup  < U(z) U(t)  M + , for t 2 (t0, 1) . 

a (1 t)3 
z=te

ı✓2R0; 
h(t)|✓| 

eThe minor arc for {|z| = t} comprises R \ {|z| = t} (where we have the bound (\)) and the two 
subarcs in R0 \ {|z| = t} of those z = teı✓ where |✓| h(t). 

From (\) and (\\) and the moderate growth of , see (5.1.2), we conclude that ↵ < 3/2 su!ces to  
guarantee the minor arc condition of Theorem 4.3.12, and consequently that, under the assumption 
that gcd(a, b) = 1, the ogf Pa,b is strongly Gaussian and that its coe!cients satisfy Hayman’s 
formula. 

We collect the previous discussion by means of the following theorem. 

Theorem 5.1.11. Let a, b 1 with gcd(a, b) = 1, then the ordinary generating function of the 
partitions in arithmetic progression Pa,b is in the Hayman class. 
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By a similar argument to that used for P we obtain the asymptotic formula 

Theorem 5.1.12. For the ogf Pa,b of partitions with parts in the arithmetic progression {aj+b; j 
0} with integers a, b 1 that 

⌘ ⌘1 ⇣ b 
(as)b/a 1/2 

⇣⇣(2) 
(5.1.4) Pa,b(e s) ⇠ p exp , as s # 0 . 

2⇡ a as 

Recall that P1,1 ⌘ P and P2,1 ⌘ Q, and then the previous theorem contains the asymptotic 
formulas for P and Q. 

D. Generalized OGF W b (including colored and plane partitions) a 

Now we turn to the ogf Wa
b , with integers a 1 and b 0. 

Fix s >  0. We will apply Euler summation of order b+1 to the function 

1 
f(x) =  x b ln , for x >  0 . 

sxa1 e 

Note that 
1 

ln W b(e s) =  
X 

f(j) .a 
j=1 

Observe that 
Z 1 Z 11 1 b+1 1 dy

f(x)dx = y a ln = 
(b+1)/a e ya s 1 y1 sZ 1 Z 

s1 1 b+1 1 dy 1 1 b+1 1 dy 
= y a ln y a ln 

s(b+1)/a y s(b+1)/a ya 1 e y a 1 e y0 0 
1 b+1 ⇣b+1⌘ 1 1 1 a 

= ⇣ 1 +  ln + O(s) . 
(b+1)/aa a a s b+1 s (b+1)2 

For the function f at 1 we have that limx!1 f (j)(x) = 0, for j 0. We need the values of f 
and its derivatives up to order b+1 at x = 1. We have 

1 1 
f(1) = ln = ln  + O(s) . 

1 e s s 

1 
Write f(x) =  x), where 

b/a g(s
1/a 

s 
a1 y

b+a g(y) =  y b ln = y + y b ln a (y b ln y) . 
1 e ya eya 1 | {z }| {z } 

=⌘(y) 
=!(y) 

1 (j)(sObserve that f (j)(1) = 1/a), for j 1. 
s(b j)/a g 
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The function ! is holomorphic near 0, and its Taylor expansion starts with (1/2)yb+a, while  

j⇣ X ⌘b! 1 
⌘(j)(y) =  y b j ln y + , for 1  j  b and y >  0 . 

(b j)! b+1 i
i=1 

b! b! 
Also, ⌘(b+1)(y) =  and ⌘(b+2)(y) =  , for y >  0. And, besides, 

y y2 

1/a (b+1)(s 1/a!(b+1)(s 1/a) 1/a⌘(b+1)(sf (b+1)(1) = s g 1/a) =  s as 1/a) =  b! a + O(s) . 

With all this, we have that 

b+1
1 X Bj+1
(f(1) + f(1))+ ( 1)j+1 (f (j)(1) f (j)(1)) 

2 (j+1)! 
j=1 

⇣ b ⌘1 1 Bj+1 b! 
= ln + 

X 
( 1)j+1 ln s 

2 s (j+1)! (b j)!
j=1 

b jX 
1)j+1 Bj+1 b! X 1 

1)b+2 Bb+2 +a ( + a( b! +  O(s) . 
(j+1)! (b j)! b+1 i (b+2)! 

j=1 i=1 

Applying Euler summation of order b+1 to xb, with  b 1, just in the interval [0, 1] and taking 
into account that its b-th derivative is a constant (b!, actually), we deduce that 

b 1
1 1 Bj+1 b! 

1 =  + + 
X 

( 1)j+1 . 
b+1 2 (j+1)! (b j)!

j=1 

Thus, 
b 

Bj+1 b! 
1)b+1 Bb+1 1 1X 

( 1)j+1 = (  + ,
(j+1)! (b j)! b+1 2 b+1

j=1 

for b 1, and for b = 0 also. 

So, we may simplify and write 

b+1
1 X Bj+1
(f(1) + f(1)) + ( 1)j+1 (f (j)(1) f (j)(1)) 

2 (j+1)! 
j=1 

⇣ ⌘1 
= + (  1)b+1 Bb+1 ln s 

b+1 b+1 
b jX Bj+1 b! X 1 Bb+2 +a ( 1)j+1 + a( 1)b+2 b! +  O(s) . 

(j+1)! (b j)! b+1 i (b+2)! 
j=1 i=1 

Finally, 
Z 1 Z 1 

f (b+2)(x) 
Bb+2({x}) 1/a (b+2)(s 1/a Bb+2({x}) dx 

( 1)b+3 dx = (  1)b+3 (s x)2 g x) .
2(b+2)! (b+2)! x1 1 
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2The function y 7! y g(b+2)(y) is bounded in (0, 1) and as y # 0 tends  to  b! a. We deduce from 
dominated convergence that 

Z 1 Z 1 
f (b+2)(x) 

Bb+2({x}) Bb+2({x}) dx 
( 1)b+3 dx = (  1)b+3b! a + o(1) .

2(b+2)! (b+2)! x1 1 

With all this we have 
1 b+1 b+1 1 

ln W b(e s) =  ⇣ 1 +a s(b+1)/aa a a 

+ (  1)b+1 Bb+1 ln s 
b+1 

b j 
a X XBj+1 b! 1 Bb+2 + a ( 1)b+1 + a( 1)b+2 b! 

(b+1)2 (j+1)! (b j)! b+1 i (b+2)! 
j=1 i=1 Z 1 Bb+2({x}) dx 

+ (  1)b+3b! a + o(1) 
(b+2)! x2 

1 

The constant term of the above expression may be compacted by appealing to the so called 
(generalized) Glaisher-Kinkelin constants appearing (in fact, defined by) the asymptotic formula 
of (generalized) hyperfactorials. 

If we apply Euler summation of order b + 2 to the function xb ln x between 1 and N , we obtain 
that 

NX 1 1 1 
N b+1 n b ln n = N b+1 ln N + N b ln N 

b+1 (b+1)2 2 
n=1 

b b 1 j 

+ 
X 

( 1)j+1 Bj+1 b! 
N b j ln N + 

X 
( 1)j+1 Bj+1 b! 

N b j 
X 1 

(j+1)! (b j)! (j+1)! (b j)! b i+1 
(‡) j=1 j=1 i=1 

b j

1 X Bj+1 b! X 1 
+ (  1)b+1 Bb+1 Hb + ( 1)j+1 

b+1 (b+1)2 (j+1)! (b j)! b i+1
j=1 i=1 

1)b+2 Bb+2 1)b+3 
Z 1 b! dx 

( b! ( Bb+2({x}) + O(1/N ) .
2(b+2)! (b+2)! x1 

Here, Hb denotes the b-th harmonic number. 

This expression (‡) is the analogue of Stirling’s formula but now for the hyperfactorials 
Q

N

j=1 j
j
b 

of order b; the factorials being the case b = 0. The constant term (the sum of the terms not 
depending on N ) in the above expression is ln GKb. These  GKb, b  1 are the generalized Glaisher-
Kinkelin constants introduced by Bendersky, [8], and identified in the following closed form 

( 1)b+1Bb+1(?) ln  GKb = Hb ⇣ 0( b) , for b 1 
b+1 

by Choudhury, [20] and Adamchik, [3]. See also, Wang, [99]. The proper (original) Glaisher-
Kinkelin constant is GK1. By taking H0 = 0, formula (?) is also valid for b = 0. The constant GK0p
is actually 2⇡. 
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217 5.1. PARTITIONS OF INTEGERS 

We collect the previous discussion by means of the following theorem. 

Theorem 5.1.13. For the ordinary generating function W b with integers a 1 and b 0 we have a 

1 b+1 ⇣b+1⌘ 1 
ln W b(e s) =  ⇣ 1 +  ⇣( b) ln  sa (b+1)/a(5.1.5) a a a s 

+ a ⇣ 0( b) +  o(1) , as s # 0 , 

where for compactness we have used that ⇣( b) = (  1)b Bb+1 , for  b 0, and therefore 
b+1 

a ⇣0( b) ⌘ e 
✓ 
1 b+1 ⇣b+1 1 

◆ 
(5.1.6) Wa

b(e s) ⇠ exp ⇣ 1 +  , as s # 0.
b) a s(b+1)/as⇣( a a 

5.1.4 Asymptotic for the partitions of integers 

In this section we give asymptotic formulas for di↵erent families of partitions of integers. We 
already know, see Chapter 4, in particular the applications of Theorem 4.3.17 in there, that some 
of the ordinary generating functions of the partitions of integers (with di↵erent restrictions) are in 
the Hayman class, and therefore that these OGFs are strongly Gaussian power series. 

Now we are in position to apply Baéz-Duarte asymptotic formula, see Theorem 3.2.8: notice that 
we previously found approximations for the mean and variance functions of each of the generating 
functions for the partitions of integers and also asymptotic formulas for the generating functions 
in the interval (0, 1). We also proved that some of the generating functions above are in the 
Hayman class. These are all the ingredients we need to find an asymptotic formula for each of 
these restricted partitions of integers, as n ! 1, see Theorem 3.2.8. 

A. OGF of the partitions of integers P : Theorem of Hardy-Ramanujan 

We already know that the generating function of the partitions P is in the Hayman class, see 
Theorem 4.3.19 and discussion in there, and therefore P is strongly Gaussian. 

Lemma 5.1.2 gives approximations m̃ P and ˜P of mP and P verifying the conditions of Baéz-
Duarte asymptotic formula, see Theorem 3.2.8. Recall that 

⇡2 ⇡ 
m̃ P (e s) =  and ˜P (e s) =  p

6s2 3s3/2 

p p
sn ⇡/ 6nsolving mP (e sn ) =  n, where  ⌧n = e , we find that sn = ⇡/ 6n and therefore ⌧n = e . 

From the previous discussion we find that 

(6n)3/4 
n/ 6⇡˜P (⌧n) =  p and ⌧n = e 

p p 
.n

3⇡ 



�

�
�

� � �

�

�

�

�

� �

� � �

218 CHAPTER 5. PARTITIONS OF INTEGERS AND PARTITIONS OF SETS 

Finally Lemma 5.1.6 gives an asymptotic formula for P (⌧n): 

p p1 p 1
⇡
2
/(6sn) ⇡ n/ 6P (⌧n) ⇠ p sne = e , as n ! 1, 

2⇡ 23/4(3n)1/4 

and therefore, applying Theorem 3.2.8, we obtain the following theorem. 

Theorem 5.1.14 (Hardy-Ramanujan). 

p pP (⌧n) 1 1 
⇡ 2/3 n p(n) ⇠ p ⇠ p e , as n ! 1, 

2⇡˜P (⌧n)⌧n 4 3 nn 

this is Hardy-Ramanujan partition Theorem, see [44]. 

B. OGF of the partitions into distinct parts Q 

Now we obtain, by means of Baéz-Duarte asymptotic formula, see Theorem 3.2.8, an asymptotic 
formula for the partitions of integers into distinct parts q(n). 

The generating function Q is in the Hayman class, see Theorem 4.3.20, and this implies that 
Q is strongly Gaussian. Lemma 5.1.3 gives approximations m̃ Q and ˜Q for the mean and variance 
mQ and Q. This lemma gives that these approximations verify the hypothesis of Baéz-Duarte 
asymptotic formula, see Theorem 3.2.8. 

Recall that m̃ Q(e s) =  ⇡2/(12s2) and ˜Q(e s) =  ⇡/(
p
6s3/2), then sn = and ⌧n =. 

Using Lemma 5.1.7 we obtain that 

s) ⇠ p 1 
⇡
2
/(12s)Q(e e , as s # 0 , 

2 

and therefore we have the following theorem 

Theorem 5.1.15. For the partitions of integers into distinct parts q(n) we have 

p pQ(⌧n) 1 1 
⇡ 1/3 n q(n) ⇠ p = e , as n ! 1 . 

2⇡˜Q(⌧n)⌧n 4 · 31/4 n3/4 
n 

C. OGF of the partitions in arithmetic progression Pa,b: Theorem of Ingham 

We want to apply Baéz-Duarte asymptotic formula, see Theorem 3.2.8, to the ordinary generating 
function Pa,b, with  a, b 1 and gcd(a, b) = 1. 

We proved in Theorem 5.1.11 that Pa,b, with  a, b 1 and gcd(a, b) = 1, is in the Hayman class, 
and therefore that this is a strongly Gaussian power series. 

Lemma 5.1.4 gives approximations ˜ for the mean and variance mPa,b and .mPa,b and ˜Pa,b Pa,b 

In fact we have 

˜ (e s) =  ⇣(2)/(as 2) and ˜2 (e s) = (2⇣(2))/(as 3), for any s >  0.mPa,b Pa,b 
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219 5.1. PARTITIONS OF INTEGERS 

These approximations verify the hypothesis of Baéz-Duarte asymptotic formula, see Theorem 3.2.8. 

Solving m̃ Pa,b (e sn ) =  m̃ Pa,b (⌧n) =  n we find that sn = (⇣(2)/(an))1/2 and therefore ⌧n = 
sn (⇣(2)/(an))1/2e = e . Observe that 

s p
2a 12a3/4 3/4˜(⌧n) =  ̃ (e sn ) =  n = n . 
⇣(2) ⇡ 

Combining the sequence ⌧n, the  sequence  ̃ (⌧n), the asymptotic formula given by Theorem 
5.1.12 and Baéz-Duarte asymptotic formula (3.2.3), we obtain the following theorem. 

Theorem 5.1.16 (Ingham). For integers a, b 1 with gcd(a, b) = 1, the number of partitions 
pa,b(n) of integer n 1 with parts drawn for the arithmetic sequence {aj + b : j 0} satisfies that 

 ⇣ b ⌘ ⇣⇡2 ⌘b/(2a) ⇣ r ⌘1 1 2 p
b/(2a) 1/2(5.1.7) pa,b(n) ⇠ p a exp ⇡ n , 

n1/2+b/(2a)2 2⇡ a 6 3a 

as n ! 1. 

D. Plane and Colored Partitions: Wright’s Theorem 

Again, we apply Baéz-Duarte asymptotic formula to the generating function W b where b 0, the 1 
OGF of the colored partitions with coloring sequence (jb)j 1. 

First we discuss the plane partitions, that is, the case b = 1. 

D.1. Plane partitions The MacMahon function 

1 1Y X1 
nW1

1(z) =  M(z) =  = Mnz , for any |z| < 1,
(1 zj )j 

j=1 n=0 

codifies the plane partitions: Mn is the number of plane partitions of the integer n, for n 1, with 
M0 = 1. 

We already know that M is in the Hayman class, see Theorem 4.3.21, and therefore that M is 
strongly Gaussian. We also have approximations m̃ M and ˜M for the mean mM and the variance 
M , see Lemma 5.1.5. These approximations verify the hypothesis of Baéz-Duarte Theorem 3.2.8, 

see Lemma 5.1.5. 

In fact we have 

m̃ M (e s) =  ⇣ (3) (3) 
1 
, and ˜2 s) =  ⇣ (3) (4) 

1 
, for any s >  0 ,M (e 

s3 s4 

snand therefore sn = (⇣(3) (3))1/3/n1/3 and ⌧n = e are so that m̃ M (⌧n) =  n and ˜M (⌧n) =  
1/6 2/3(⇣(3) (3)) n . 
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220 CHAPTER 5. PARTITIONS OF INTEGERS AND PARTITIONS OF SETS 

We also have at our disposal, see equation (5.1.5), a suitable asymptotic formula for W 11 on the 
interval (0, 1): 

e 1/12 
⇣
0( 1) 1/12 ⇣(3)/s2 1/12 ⇣(3)/s2 

(5.1.8) W 11(e s) ⇠ e s e = s e , as s # 0 . 
GK 1 

Now we are in position to apply Theorem 3.2.8, this way we obtain the following theorem. 

Theorem 5.1.17 (Wright). For number of plane partitions of an integer n we have the asymptotic 
formula 

h i 
exp 

⇣ 
/1 33(⇣(3) / 4) n 2/3 

⌘ 
, as n ! 1 , 

e ⇣0( 1) 1 
⇣(3)7/36225/36(5.1.9) M n ⇠ p 

n 25/3612⇡ 

which is Wright’s asymptotic formula for plane partitions, [104]. 

D.2. Colored partitions with coloring sequence (j b)j 1 The OGF W 1 
b , with integer b 0, 

is given by the infinite product 
1Y 1 

W 1 
b(z ) =  for any |z | < 1.,

(1 z j )jb 

j=1 

First we prove that the OGF W b is in the Hayman class. Let g be the power series 1 

1X 1X
b+1(n )

j b ln(1 z j ) =  z n , for any |z | < 1 ,g (z ) =  
j=1 n=1 

n 

P 
j b+1 denotes the sum of the (b + 1)-th powers of the divisors of n .where b+1(n ) =  For this 

jk=n 
gpower series g we have W b = e . We have already encountered 1(n ) in Subsection 4.3.4-B. 1 

We want to apply Theorem 4.3.17 to g . Fix  " > 0 such that " < (b + 1)/ 2, for instance " = 1/ 4, 
then there exists a constant D " > 0 such that 

b+1(n ) 
b+" n b   D "n , for any n 1 , 

n 

the inequality at the right-hand side follows since b+1(n )  n b 
1(n ), finally applying Theorem 

322 in [45] we find that for any " > 0, there exists a constant D " > 0 such that 1(n )  D "n 1+" , 
for any n 1. See also 4.3.4-B. The inequality on the left holds because n always divides n . 

The previous coe!cient inequality gives that W b is in the Hayman class, see Theorem 4.3.17,1 
and therefore W b is strongly Gaussian. 1 

m b
W1 

Lemma 5.1.5, and the discussion in there, give approximations ˜ and ˜ b
W1 

These approximations verify the hypothesis of Baéz-Duarte Theorem. 
for the mean 

and the variance 
11 

m 
W b 

W b 

In fact we have 
1 

. 

s) =  ⇣ (b + 2) m̃ b
W1

(e (b + 2) ,
b+2s 
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221 5.2. PARTITIONS OF SETS 

and 

˜2 (e s) =  ⇣ (b + 2) (b + 3) 
1 

.
W b 

a sb+3 

We also have an asymptotic formula for W1 
b(e s), as s # 0, see Theorem 5.1.13. Combining all 

these pieces we find the following theorem. 

Theorem 5.1.18. For the colored partitions with colors in the sequence (jb)j 1 and integer b 0 
we have 

b+11 
e b n b+2

(5.1.10) coeff[n](W1 
b(z)) ⇠ ↵b , as n ! 1  , 

n,b 

where 
h i 2⇣( b)+1

1 
⇣
0( b) 1 2(b+2)

↵b = p e p (b+2)⇣(b+2) 
2⇡ b+2 

2⇣( b) +  b+3 
b = 

2(b + 2) 

b+2 1/(b+2)
b = (b+2)⇣(b+2) . 

b+1 

If in the previous theorem we fix b = 0 (Hardy-Ramanujan Theorem), we obtain the asymptotic 
for the partitions of integers and if we fix b = 1 we obtain the asymptotic formula for the plane 
partitions (Wright’s Theorem). 

For asymptotic formulae (and further asymptotic expansions) in the cases W 0 and Wa 
0 , of2 

partitions into squares and a-th powers, obtained via the circle method we refer to Vaughan [97], 
Gafni [35] and the primordial Wright [106]. 

5.2 Partitions of sets 

Recall that the EGF of the partitions of (non-empty) sets, which is the EGF of the Bell numbers 
e
z P11 nBn, is given by B(z) =  e = (Bn/n!)z .

n=0 

We already know that B is in the Hayman class, see Theorem 4.3.18 and the discussion in 
there, in particular B is a strongly Gaussian power series. The mean and variance functions of B 
are given by 

mB(t) =  tet and B(t) = (t + 1)e t . 

Let (tn) be the sequence given by mB (tn) =  tnetn = n, then  tn = W (n), where W is thep 
W (n)Lambert function. Observe that B (tn) =  (W (n) + 1)eW (n) and B(tn) =  exp(e 1). 

Applying Baéz-Duarte asymptotic formula, see Theorem 3.2.8, we find the following theorem. 
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Theorem 5.2.1 (Moser-Wyman). For the Bell numbers Bn we have 

e
W (n)Bn 1 e 1 

⇠ p p , as n ! 1 , 
n! 2⇡ W (n)(W (n)+1)eW (n)W (n)n 

which is the asymptotic formula for Bell numbers of Moser-Wyman [68]. 

In contrast with the cases studied above, partitions of integers with di↵erent restrictions, this 
asymptotic formula follows in a very direct way. First we can solve the equation mf (tn) =  n in a 
very direct way by using the Lambert function. Then, the function f itself, the mean and variance 
functions have simple expressions which give, in a very direct way, the previous asymptotic formula. 
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In this chapter we introduce a unified approach to deal with the asymptotic behavior of the 
coe�cients of large powers of power series with non-negative coe�cients. 

The framework of this approach arises from the use of Local Central Limit Theorems for 
individual lattice random variables (Theorem 6.1.5) and also for continuous families of lattice 
random variables (Theorem 6.1.8) as a tool within the theory of Khinchin families of random 
variables associated with power series. 

Large powers arise while considering sums of independent copies of a random variables: if 
(z) is the probability generating function of a random variable Y taking values in {0, 1, . . .} and 

Y1, . . . , Yn are independent copies of Y then 

⇣ n ⌘X 
P Yj = k = coeff[k]( (z)n) , 

j=1 

(1) (n)and if (Xt)t2(0,R) is the Khinchin family associated with some power series f , and X , . . . , X  
t t 

are n independent copies of Xt then 
!✓⇣ n ⌘ ◆nX 

(j) f(tz)
P X = k = coeff[k]t f(t)

j=1 
kt 

= coeff[k](fn(z)) , for any k 0 and t 2 (0, R) . 
fn(t) 

Large powers also appear in Combinatorics. For instance, if (z) is the generating function of 
an unlabelled combinatorial class C, then  coeff[k]( (z)) is the number of the objects in the class 
with weight k, while  coeff[k]( (z)n) counts the number of lists of length n of objects of C with 
total weight k. For general background on (Analytic) Combinatorics we refer to the comprehensive 
treatise [32]. 

Along this chapter, we reserve k to signify index of the coe�cient and n to denote the power to 
which a power series f is raised. The power n tends to infinity. Di↵erent results appear depending 
on how k behaves with n, or actually, on how k/n behaves as n ! 1. As we shall see the Local 
Central Limit theorem for continuous families is used to handle the large exponent n while the 
Khinchin families, particularly, of Gaussian (or strongly Gaussian) power series are used to handle 
the coe!cient index k. This chapter is mainly based on the preprint: 

• Maciá, V.J. et al. Large Powers asymptotics, Khinchin families and Lagrangian distributions, 
ArXiv:2201.11746, see [31]. 

https://arxiv.org/abs/2201.11746


�
� �

���
� �

� �
��� �

� � �

���
� � ��� � �

� �
�

�
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6.1 Local Central Limit Theorem and continuous families 

To obtain asymptotic results for the coe!cients of large powers of power series with non-negative 
coe!cients we will write down formulae (to be presented in Section 6.2.2) for the coe!cients of 
the large powers in terms of the associated Khinchin families and Hayman’s identities. 

To handle the Hayman’s identities of a Khinchin family we shall use the Local Central Limit 
Theorem for lattice variables in some integral form. This is Theorem 6.1.5, as applied to a single 
lattice variable, and Theorem 6.1.8, which is a version of the Local Central Limit Theorem for 
continuous families of lattice variables. We provide a detailed proof of the latter result which 
requires some preliminary material which we will discuss in Section 6.1.4. 

6.1.1 Approximation and bound of characteristic functions 
p 

nı✓Y/ nFor a random variable Y and integer n 1, we have for E e the following well known 
approximation, Theorem 6.1.1, and bound, Theorem 6.1.2, involving the third moment of Y . 

Theorem 6.1.1. There exists a constant C > 0, such that for any random variable Y verifying 
that E(Y ) = 0, E(Y 2) = 1  and E(|Y |3) < 1, it  holds  that  

p
ı✓Y/ n n ✓

2
/2 E(|Y |3) 

p
n 

E e e  C p , if |✓|  and n 1 . 
n E(|Y |3) 

See, for instance, [42, Lemma 6.2, Chapter 7]. In particular, 

ı✓Y/ n n ✓
2
/2(6.1.1) lim E e 

p 
= e , for each ✓ 2 R , 

n!1 

which is the Central Limit Theorem for sums of independent identically distributed copies of the 
variable Y with the extra assumption of finite third absolute moment. 

Theorem 6.1.2. For any random variable Y such that E(Y ) = 0, E(Y 2) = 1  and E(|Y |3) < 1, 
we have that 

pp
ı✓Y/ n n ✓

2
/3 n 

E e  e , for any ✓ such that |✓|  and n 1 . 
4E(|Y |3) 

See, for instance, step 1 in the proof of [42, Lemma 6.2, Chapter 7]. 

6.1.2 Lattice distributed variables 

A random variable Z is said to be lattice distributed or a lattice random variable if Z is nonconstant 
and for a certain a 2 R and h > 0 one has that P(Z 2 a + hZ) = 1. The largest h such that 
P Z 2 a+hZ = 1 is called the gauge of the lattice variable Z. For gauge h, the variable (Z a)/h 
takes integer values and has gauge 1. 

P1 nLet f(z) =  
n=0 anz be a power series in K. Let If = {n 1 :  an 6= 0}. Recall the notation 

Qf = gcd{If } from Section 1.3.6. 
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If Qf = 1, then each Xt of the Khinchin family of f is a lattice variable of gauge 1 and each 
X̆t is a lattice variable of gauge 1/ f (t). The condition Qf = 1 is equivalent to the requirement 
that for each d 1 there  is  n 2 If such that d - n. 

In general, if Qf 1, then each Xt of the Khinchin family of f is a lattice variable of gauge 
˘Qf and each Xt is a lattice variable of gauge Qf / f (t). 

Lemma 6.1.3. If Z is a lattice random variable with gauge h, then 

|E(e ı✓Z )| < 1 , for 0 < ✓ < 2⇡/h . 

In particular, for each 0 < < ⇡/h, there exists ! = ! < 1 such that 

|E(e ı✓Z )|  ! , for |✓ ⇡/h|  . 

See [30, Section 3.5]. The second part of the statement follows simply from continuity of the 
characteristic function. 

The next result is a standard inversion lemma whereas the mass function of a variable U is 
expressed in terms of its characteristic function. 

Lemma 6.1.4. Let U be a lattice random variable with gauge h, so that for certain a 2 R we have 
that P(U 2 a + hZ) = 1. Then 

h 
Z 

⇡/h 
ı✓U )e ı✓(a+kh) d✓ ,P(U = a + hk) =  E(e for each k 2 Z . 

2⇡ ⇡/h 

In other terms, for each attainable value x of the variable U we have that 

h 
Z 

⇡/h 
P(U = x) =  E(e ı✓U )e ı✓xd✓ . 

2⇡ ⇡/h 

Proof.PWe may assume that a = 0 and h = 1. For each k 2 Z, let  pk = P(U = k). Then, we have 
that = 1 and 

k2Z pk X 
ık✓E(e ı✓U ) =  pke , for each ✓ 2 R , 

k2Z 

1 
Z 

⇡ 

ık✓d✓ ,and therefore, that pk = E(e ı✓U )e for each k 2 Z . 
2⇡ ⇡ 

6.1.3 Local Central Limit Theorem for lattice variables: integral form 

Theorem 6.1.5. Let Z be a lattice random variable with gauge h and such that E(Z) = 0  and 
E(Z2) = 1. Then Z p

ı✓Z/ n)n ✓
2
/2lim E(e e d✓ = 0  . 

n!1 p
|✓|⇡ n/h 
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From the convergence of this integral, the usual statement of the Local Central Limit Theorem 
follows, see Section 6.1.3. In fact, Theorem 6.1.5 is what is actually shown (as an intermediate 
step) in the usual proofs of the Local Central Limit Theorem, see, for instance, [38, Section 43] 
and the proof of [30, Theorem 3.5.3]. 

We give a proof below with the extra assumption that E(|Y |3) < 1 anticipating and as prepa-
ration for the corresponding result, Theorem 6.1.8, for continuous families of lattice variables. 

Proof. The Central Limit Theorem, as in equation (6.1.1), gives that, as n ! 1, the integrand 
converges towards 0 for each ✓ 2 R. 

Denote ⌧ , 1/(2E(|Z|3). Theorem 6.1.2 provides us with the bound 
p

ı✓Z/ ✓
2
/6|E(e n)n|  e , si |✓|  ⌧

p
n .  

Thus, dominated convergence implies that 
Z p

ı✓Z/ n)n ✓
2
/2([)  lim  p E(e e d✓ = 0  . 

n!1 |✓|⌧ n 

Lemma 6.1.3 gives, in particular, a bound ! 2 (0, 1) such that 

|E(e ı✓Z )|  ! , si ⌧  |✓|  ⇡/h , 

and so that p p p
|E(e ı✓Z/ n)n|  !n , si ⌧ n  |✓|  ⇡ n/h . 

The bound 
Z Z ⇣ ⌘p

ı✓Z/ n)n ✓
2
/2 !n ✓

2
/2E(e e d✓  + e d✓ , 

p p p p
⌧ n|✓|⇡ n/h ⌧ n|✓|⇡ n/h 

tends to 0 as n ! 1. This together with ([) gives the result. 

Local Central Limit Theorem 

Let Y be a random variable such that E(Y ) = 0 and E(Y 2) = 1. Let Y1, Y2, . . .  be a sequence of 
independent random variables each one of them distributed like Y . 

Assume that Y is a lattice variable with gauge h and that P(Y 2 a + hZ) = 1, for some fixed 
a 2 R. 

p
For each n 1, we denote Sn = (Y1 + · · · + Yn)/ n. The variable Sn is likewise a lattice p

variable, with gauge h/ n. 

Let Vn denote the set of values that the variable Sn can take, i.e. 
p p

Vn = {a n + kh/ n : k 2 Z}. 
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228 CHAPTER 6. LARGE POWERS AND LAGRANGIAN DISTRIBUTIONS 

p
ı✓Y/ Applying Lemma 6.1.4 to the variable Sn and using that E(eı✓Sn ) =  E(e n)n , we have that 

pZ 
⇡ n/h ph 

ı✓Y/ = x) =  p E(e n)n e ı✓x d✓ , for every x 2 Vn . 
2⇡ n 

P(Sn 
⇡
p
n/h 

Since Z 
1 

x
2
/2 1 

✓
2
/2 ı✓x d✓ ,p e = e e for every x 2 R , 

2⇡ 2⇡ R 

we deduce that 
p Z pn 1 

x
2
/2 1 

ı✓Y/ ✓
2
/2 sup P(Sn = x) p e  E(e n)n e d✓ 

x2Vn h 2⇡ 2⇡ p
|✓|⇡ n/hZ 

1 
✓
2
/2 d✓ .+ e 

2⇡ p
|✓|>⇡ n/h 

Theorem 6.1.5 allows us to conclude from the bound above that 

Corollary 6.1.6 (Local Central Limit Theorem). With the notations above, 
p
n 1 

x
2
/2lim sup P(Sn = x) p e = 0  . 

n!1 hx2Vn 2⇡ 

6.1.4 Continuous families of lattice variables 

In this subsection we introduce some results for continuous families of random variables that will 
be used in the context of large powers asymptotics, see Chapter 1, in particular Subsection 6.1.4, 
for the definition, and properties, of continuous family. 

Recall that the (un-normalized) Khinchin family (Xt) of any f in K with radius of convergence 
R is continuous and bounded in any interval [0, b] with  0  < b < R. If  Mf < +1 (and R <  +1) 
the family (Xt)t2[0,R] extended to the closed interval [0, R] is continuous and bounded; observe that 
E(|Xt|) =  E(Xt)  Mf , for t 2 [0, R]. See Chapter 1, in particular Subsection 6.1.4. 

Let (Zs)s2[a,b] be a continuous family of lattice variables. For each s 2 [a, b], let h(s) denote 
the gauge of Zs. The gauge function h is upper semicontinuous: 

lim sup h(u)  h(s) , for each s 2 [a, b] . 
u!s 

In general, the gauge of a continuous family is not a continuous function. For instance, for s 2 
[0, 1/2], let the variable Zs take the values 0, 1/2 and 1 with respective probabilities 1/2 s, 2s, 1/2 s. 
The family (Zs) is continuous, and h(s) = 1/2, for s 6= 0, but h(0) = 1. 

The next lemma is a counterpart of Lemma 6.1.3 for continuous and bounded families; it follows 
from Lemma 6.1.3 by continuity and compactness. 
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229 6.1. LOCAL CENTRAL LIMIT THEOREM AND CONTINUOUS FAMILIES 

Lemma 6.1.7. Let (Zs)s2[a,b] be a continuous and bounded family of lattice random variables, with 
continuous gauge function h(s). 

Let H >  0, be such that h(s)  H, for each s 2 [a, b]. 
Then, 

|E(e ı✓Zs )| < 1, if s 2 [a, b] and 0 < |✓| < 2⇡/h(s) . 

In particular, for each 0 < ⌧ < ⇡/H, there exists !⌧ < 1 such that 

|E(e ı✓Zs )|  !⌧ , if s 2 [a, b] and ⌧  |✓|  ⇡/h(s) . 

The next theorem is a uniform analogue of Theorem 6.1.5 for continuous families of lattice 
variables: 

Theorem 6.1.8. Let (Zs)s2[a,b] be a continuous family of lattice variables with gauge function h(s) 
continuous in [a, b] and such that for each s 2 [a, b] we have that E(Zs) = 0, E(Z2) = 1  ands 
E(|Zs|3)  , for a certain constant > 0. 

Then, pZ 
⇡ n/h(s) p

ı✓Zs/ n)n ✓
2
/2lim sup p E(e e d✓ = 0  . 

n!1 
s2[a,b] ⇡ n/h(s) 

Remark 6.1.9. The hypothesis sups2[a,b] E(|Zs|3) < 1 may be replaced by the assumption that 
sups2[a,b] E(|Zs|2+ ) < 1, for some > 0, or even by assuming that the family (|Zs|2)s2[a,b] is 
uniformly integrable. ⇥ 

p
Proof. First, we pay attention to the range of integration |✓|  n/(4 ). 

Theorem 6.1.2 gives us that 
pp

ı✓Zs/ n n ✓
2
/3 n 

E e  e , if s 2 [a, b] and |✓|  ,
4 

while Theorem 6.1.1 gives us that 
pp

ı✓Zs/ n n ✓
2
/2 n 

E e e  C p , if s 2 [a, b] and |✓|  . 
n 

Therefore, for any sequence (sn)n 1 extracted from [a, b] we deduce, from dominated conver-
gence, that Z p

n/(4 ) p
ı✓Zsn / n)n ✓

2
/2lim p E(e e d✓ = 0  , 

n!1 
n/(4 ) 

and, therefore, that 
Z p

n/(4 ) p
ı✓Zs/ n)n ✓

2
/2(?)  lim  sup p E(e e d✓ = 0  . 

n!1 
s2[a,b] n/(4 ) 

Fix 0 < J  < H  such that J  h(s)  H, for each s 2 [a, b]. Take ⌧ > 0 such that ⌧ < 1/(4 ) 
and ⌧ < ⇡/H. 
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Since, for every s 2 [a, b], we have that E(|Zs|)  E(|Zs|2)1/2 = 1, the family (Zs)s2[a,b] is 
bounded. Thus, Lemma 6.1.7 shows that there exists !⌧ < 1 such that 

|E(e ı✓Zs )|  !⌧ , if s 2 [a, b] and ⌧  |✓|  ⇡/h(s) , 

and so such that 
p

ı✓Zs/ n)n|  !n p p
|E(e ⌧ , if s 2 [a, b] and ⌧ n  |✓|  ⇡ n/h(s) . 

Therefore, for each s 2 [a, b] we have that 
Z Z p p

ı✓Zs/ ✓
2
/2 ✓

2
/2d✓ .E(e n)n e d✓  !⌧ 

n⇡ n/J + e 
p p p

⌧ n|✓|⇡ n/h(s) |✓| ⌧ n 

Consequently, 
Z p

ı✓Zs/ n)n ✓
2
/2(??)  lim  sup E(e e d✓ = 0  . 

n!1 
s2[a,b] p p

⌧ n|✓|⇡ n/h(s) 

Combining (?) and (??) we obtain the result since ⌧ < 1/(4 ). 

6.2 Coe cients of large powers 

We now turn our attention to the study of the asymptotic behavior of coe!cients of large powers 
of functions in the class K: the behavior of the coe!cient coeff[k]( n(z)), as n ! 1. 

The objective of this section is to establish appropriate expressions for the Hayman’s identities 
for the coe!cients coeff[k]( n(z)) of (large) powers in terms of the Khinchin family of : Lemma 
6.2.2 and Lemma 6.2.3. 

In forthcoming sections we will apply these lemmas to study the behavior of the coe!cient 
coeff[k]( n(z)) under a variety of assumptions upon the joint behavior of the index k and of the 
power n. At a later stage, in Section 6.6, we will consider the asymptotic behavior of the coe!cients 
of h(z) n(z) where  h(z) 2 K. 

Remark 6.2.1. The results which follow about large powers actually cover the general situation 
of with non-negative coe!cients, and not just 2 K. To see this we may reason as follows. 

If has non-negative coe!cients and it is not in K, then one of the two following possibilities 
occurs: 1) is a constant or a monomial like (z) =  bzm , for some b =6 0 and integer m 1, 
which are trivial situations as coe!cients and large powers are concerned, 2) (0) = 0 and has 
at least two non-negative coe!cients, in which case, 2 Ks and for some integer l 1 we have  
that '(z) , (z)/zl 2 K, and thus coeff[k]( n) =  coeff[k nl]('

n), for k nl. ⇥ 
P1Henceforth, (z) =  

j=0 bj z
j will denote a power series in K with radius of convergence R >  0, 

and from now on we let (Yt)t2[0,R) denote its Khinchin family. 
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231 6.2. COEFFICIENTS OF LARGE POWERS 

We reserve k to denote index of coe!cient and n to denote power of . In all asymptotic 
discussions below the power n tends to 1 (large powers), while the index k could tend to 1 in 
such a way that either k ⇣ n (including the case when k/n tends to a finite nonzero limit) or 
k = o(n) (including the possibility that k could remain fixed) or n = o(k) (which would require, 
as we shall see, that the power series is uniformly strongly Gaussian). These three cases are 
discussed in Sections 6.3, 6.4 and 6.5, respectively. 

6.2.1 Auxiliary function 

Recall the notation of Section 1.3.6: 

Qf = gcd{n 1 :  an 6 gcd{1  n  N : an = 0}= 0} = lim  6 
N!1 

P1for any power series f(z) =  in K.
n=0 anz

n 

QIf Q > 1, then (z) =  (z ) for a certain auxiliary power series 2 K which has radius of 
convergence RQ . Observe that Q = 1 and that 

coeff[kQ ]( n(z)) = coeff[k]( n(zQ )), 

while for q not a multiple of Q , we have that 

coeff[q]( n(z)) = 0 . 

Denote by (Zt)t2(0,RQ) the Khinchin family associated with this auxiliary function , then, see  
Section 1.3.6, 

Yt = d 
Q · Z

t
Q , for any t 2 (0, R). 

The mean and variance functions of and are related by 
Q 2 (tQm (t) =  Q · m (t ) and 2 (t) =  Q2 · ) . 

For each t 2 (0, R), the variable Yt is a lattice random variable with gauge Q . Likewise, the 
normalized variable Y̆t is a lattice random variable with gauge h(t) =  Q / (t). 

In subsequent analysis, we shall obtain asymptotic formulae for coeff[k]( (z)n) first under the  
assumption that Q = 1, and then in the general case when Q 1, by considering the auxiliary 
power series , with  Q = 1, and translating the results back to . 

6.2.2 Hayman’s identities and large powers 

We may express coeff[k]( (z)n) in terms of the characteristic function of the normalized variables 
(Y̆t)t2[0,R) by Hayman’s identity as follows. 

Lemma 6.2.2. With the notations above, 
Z p1 n(t) 1 1 

ı✓Y̆  t/ n n ı(nm (t) k)✓/( (t)
p
n)d✓ ,coeff[k]( (z)n) =  p E e e(6.2.1) 2⇡ tk n (t) p

|✓|⇡� (t) n 

for any index k 1, power n 1 and for all t 2 (0, R). 
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Proof. For t 2 (0, R), Cauchy’s integral formula gives that 

1 
Z 

(z)n 1 (t)n Z (teı✓)n 
coeff[k]( (z)n) =  dz = e ı✓kd✓ 

2⇡ı |z|=t zk+1 2⇡ tk 
|✓|<⇡ (t)n 

Z 
1 (t)n 

ı✓Yt )n ı✓kd✓= E(e e 
2⇡ tk 

|✓|<⇡ Z p1 n(t) 1 1 
ı✓Y̆  t/ n)n ı(nm (t) k)✓/( (t)

p 
= p E(e e n)d✓. 

tk p2⇡ n (t) |✓|<⇡ (t) n 

Observe that the integral expression of (6.2.1) is greatly simplified if the radius t is such that 
(?) nm  (t) =  k. Whenever possible we will select and use that value of t such that (?) holds 
exactly or at least approximately. 

In the next sections, we shall use the formula (6.2.1) to study the asymptotic behavior of 
coeff[k]( n(z)), as n ! 1, while  k ⇣ n, k/n ! 0 or k/n ! 1. 

A minor variation of the proof of Lemma 6.2.2 above gives that if H(z) is a function holomorphic 
in D(0, R), then, with the notations above, we have that 

coeff[k](H(z) (z)n) 
p p p1 n(t) 1 1 

Z 
ı✓/( (t) n) ı✓Y̆  t/ n n ı(nm (t) k)✓/( (t)(6.2.2) = p H te E e e n)d✓ ,

2⇡ tk n (t) p
|✓|⇡� (t) n 

for any index k 1, power n 1 and t 2 (0, R). 

If M < 1 (and R <  1), then extends to be continuous in cl(D(0, R)) and the Khinchin 
family (Yt)t2[0,R) extends to the closed interval by adding YR given by 

P(YR = n) =  bnRn/ (R) , for n 0 . 

See Section 1.2.4 and Section 1.3.7 and the notations therein. In this case, we can take t = R to 
nobtain the following formula for the coe!cients of . 

Lemma 6.2.3. With the notations above, if R < 1 and M = m (R) < 1 and 2 (R) < 1, then 

coeff[k]( (z)n) 
Z p

(6.2.3) 1 n(R) 1 1 
ı✓Y̆R/

p
n n ı(nm (R) k)✓/( (R) n)d✓ ,= p E e e 

2⇡ Rk n (R) p
|✓|⇡� (R) n 

for any index k 1 and power n 1. 
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6.3 Index k and power n are comparable 

In this section we discuss the asymptotic behavior of coeff[k]( n(z)) when the index k and the 
power n are such that k ⇣ n, as n ! 1. 

The plan is to analyze the integral term in the Hayman’s identities of Section 6.2.2 when k ⇣ n, 
as n ! 1, by invoking the Local Central Limits Theorems of Section 6.1. 

Along this section we assume that, for certain A, B, fixed,  0  < A < B, the  index  k and the 
power n are such that A  k/n  B. 

To deal with this case, we assume additionally that M > B. This being the case, we denote 
a = m 1(A) and b = m 1(B). 

Assume first that Q = 1; a restriction to be lifted shortly in Section 6.3.1. The family of 
random variables Y̆t, where  t 2 [a, b], is a continuous family of lattice random variables with gauge 
function h(t) = 1/ (t); see Section 6.1.4. In particular, max E(|Y̆t|3) < +1. 

t2[a,b] 

For each n 1, define ⌧n by m (⌧n) =  k/n. This choice is possible because M > B. For each 
n 1, we have ⌧n 2 [a, b]. 

Taking t = ⌧n in Hayman’s identity (6.2.1), the integral term in there simplifies to 
Z p

ı✓ ̆ n
In , E e Y⌧n / n d✓ . 

p
|✓|⇡� (⌧n) n 

Since (⌧n) = 1/h(⌧n), Theorem 6.1.8 gives that 
Z p

ı✓ ̆ / n n
(6.3.1) lim E e Y⌧n e ✓

2
/2 d✓ = 0  . 

n!1 p
|✓|⇡� (⌧n) n 

p
In particular, since mint2[a,b] (t) > 0, we conclude that limn!1 In = 2⇡, and, thus, that 

1 n(⌧n) 1 1 
coeff[k]( (z)n) ⇠ p p , as n ! 1. 

2⇡ ⌧n
k n (⌧n) 

6.3.1 General Q 

We now lift the assumption that Q = 1. To simplify notation, write Q = Q 1. Consider the 
auxiliary function , so that (z) =  (zQ). 

Recall that m (t) =  Qm (tQ), let A0 = A/Q and B0 = B/Q and observe that M = M /Q > 
B/Q = B0 . 

Define ⌧ 0 by m (⌧ 0 ) =  k0/n, for k0 such that A0 < k0/n < B0 .n n 
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Since Q = 1, we have that 

1 (⌧ 0 )n 1 1n(\) coeff[k0]( n(z)) ⇠ p p , as n ! 1 . 
2⇡ (⌧n 

0 )k0 n (⌧n 
0 ) 

Let ⌧n = (⌧ 0 )1/Q. Take k = k0Q, observe that A <  
k 
< B and that n n 

m (⌧n) =  Qm  (⌧ 0 ) =  
k0Q 

= 
k
,n n n 

and 
(⌧n) =  Q (⌧ 0 ) .n 

Since coeff[k]( n) =  coeff[k0]( n), translating (\) into terms of , we get that 

Q (⌧n)n 1 1 
coeffk( n(z)) ⇠ p p , 

2⇡ ⌧n
k n (⌧n) 

as n ! 1 while A < k/n < B and k is a multiple of Q .  

Theorem 6.3.1. For 0 < A < B < M  , we have that 

Q (⌧n)n 1 1 
coeffk( n(z)) ⇠ p p , 

2⇡ ⌧n
k n (⌧n) 

as n ! 1, while  A  k/n  B and k is a multiple of Q , and where ⌧n is given uniquely by 
m (⌧n) =  k/n. 

6.3.2 With further information on k/n 

We assume now that for some L such that 0 < L < +1 and L  M , we have that k/n ! L, as 
n ! 1. With that information, we may sharpen the asymptotic formula for coeff[k]( (z)n) of 
Theorem 6.3.1. 

Assume that k/n ! L, where  0  < L < +1 and L  M , and, in fact, in such a way that for 
some ! 2 R 

k 1 ⇣ 1 ⌘ 
= L+ ! p + o p , as n ! 1 . 

n n n 

or, equivalently, that 

nL k 
(6.3.2) lim p = ! . 

n!1 n 

• Suppose that L < M  . Choose ⌧ 2 (0, R) such that m (⌧) =  L. Observe that now we have a 
fixed value of ⌧ , and no ⌧n varying with n. 
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235 6.3. INDEX k AND POWER n ARE COMPARABLE 

Assume first that Q = 1. If we choose t = ⌧ in formula (6.2.1) and invoke the Local Central 
Limit Theorem 6.1.5 we readily find that 

Z 
1 n(⌧) 1 1 

ı!✓/ (⌧) ✓
2
/2 d✓coeff[k]( (z)n) ⇠ p e e 

2⇡ ⌧k n (⌧) R 
!
2
/(2 (⌧))e f 

2 
1 n(⌧) 

= p p , as n ! 1. 
⌧k2⇡� f (⌧) n 

An argument much like the one in Section 6.3.1 allows us to deduce the general case Q 
from the case Q = 1. 

Theorem 6.3.2. If L < M  and 
nL k 

lim p = ! , 
n!1 n 

then 
!
2
/(2 2 (⌧))e 1 n(⌧)

coeff[k]( (z)n) ⇠ Q p p , as n ! 1. 
⌧k2⇡� (⌧) n 

where ⌧ is given by m (⌧) =  L and k is a multiple of Q . 

The case where k = n 1 and thus L = 1 (and ! = 0) shall be used in the discussion of the 
Otter-Meir-Moon Theorem, Theorem 6.7.1, on an asymptotic formula for the coe!cients of the 
solutions of Lagrange’s equation. 

• Suppose L = M and R < +1. Observe that M < 1. 

Now there is no ⌧ 2 (0, R) such that m (⌧) =  L. But  extends to be continuous in cl(D(0, R)) 
and the family (Yt)t2[0,R) may be completed with a variable YR which has m (R) =  M = L, see  P1Section 1.3.3. If further 2 (R) =  V(YR) < 1, which  occurs  if  2bnRn < 1, then  we  may  

n=0 n 
use formula (6.2.3) instead of formula (6.2.1). By the same argument above, we then have 

P1Theorem 6.3.3. If M = L and R < +1 and 2bnRn < 1. If  
n=0 n 

nL k 
lim p = ! , 
n!1 n 

then 
!
2
/(2 2 (R))e 1 n(R)

coeff[k]( (z)n) ⇠ Q p p , 
2⇡� (R) n Rk 

where k is a multiple of Q . 

Remark 6.3.4. There remains the case where L = Mf and R = +1. In this case, since 
Mf < +1, we have that f is a polynomial of degree deg(f) =  L = Mf and thus, in particular, 
we have that L is an integer. In the extreme case when k = Ln, we have that coeff[k]( n) =  b

L

n , 
where bL is the L-th coe!cient (z). ⇥ 

1 
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236 CHAPTER 6. LARGE POWERS AND LAGRANGIAN DISTRIBUTIONS 

A. Binomial coe cients. 

As an illustration, we apply next Theorem 6.3.2 to binomial coe!cients. We take (z) = 1 +  z, 
which belongs to K. In this case, we have 

t t 
m (t) =  , and 2 (t) =  , for t 2 (0, +1) . 

1 +  t (1 + t)2 

In particular, M = 1. 

Observe that ✓ ◆ 
n 

coeff[k]( (z)n) =  , for n 1 and k 1 . 
k 

• Let p 2 (0, 1). For each n 1/p, let  k = bpnc. We have that 

k 1 
0  p  . 

n n 

Thus we may apply Theorem 6.3.2 with L = p and ! = 0, to deduce that 
✓ ◆ 

n 1 1 ⇠ p as n ! 1 . bpnc 2⇡np(1 p) (1 p)n kpk , 

If p = 1/2, we have that ✓ ◆ 
2n+1n ⇠ p p , as n ! 1 . bn/2c 2⇡ n 

p p
• Let p 2 (0, 1) and 2 R. For n N , let  k = bpn+ nc, where  N is chosen so that pn+ n 1, 
for n N . Then  

k ⇣ 1 ⌘ 
= p + p + O , as n ! 1 , 

n n n 
and Theorem 6.3.2 with L = p and ! = , gives us that 

✓ ◆ 
n 1 1 2

/(2p(1 p))p ⇠ p 
k e , as n ! 1 . bpn + nc 2⇡np(1 p) (1 p)n kp 

For p = 1/2 and 2 R fixed, we have that 
✓ ◆ 

2n+1n 22p ⇠ p p e , as n ! 1 . bn/2 +  nc 2⇡ n 

B. Back to Local Central Limit Theorem 

Let us assume that is the probability generating function of a certain random variable X (with 
values in {0, 1, 2 . . .}) which has mean µ and standard deviation s. Assume further that has 
radius of convergence R >  1 and that Q = 1. 

We have M = limt"R m (t) > m  (1) = µ. For ⌧ = 1  2 (0, R), we have m (⌧) =  µ and 
(⌧) =  s. 
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237 6.4. INDEX k IS LITTLE ‘O’ OF n 

Let Y be the random variable Y = (X µ)/s. This variable Y is a lattice random variable 
with gauge h = 1/s, since  Q = 1. The variable Y has E(Y ) = 0 and E(Y 2) = 1. 

For each n 1, let Sn denote the random variable 
⇣ ⌘Y1 + · · ·+ Yn X1 + · · ·+ Xn µ p

Sn = p = p n ,  
n s n s 

where X1, X2, . . .  are independent copies of X and Yj = (Xj µ)/s, for j 1. 

For k 2 Z, denote ⇣ ⌘1 µ p 
v(k) =  k p n .  

s n s 

Let Vn denote the collection of values that Sn can take: 
n o 

Vn = v(k) :  k 2 Z . 

p
For x 2 Vn, let  kx = s nx + µn, so that v(kx) =  x. We  have  

kx s 
= µ + p x .  

n n 

Moreover, with the notations of the hypothesis of Theorem 6.3.2, we have that L = µ and ! = sx. 
Now we use that with ⌧ = 1, we have that m (1) = µ(= L), (1) = 1, (1) = s and !2/ 2 (1) = 
2x , and appealing to Theorem 6.3.2 we obtain that 

1 1 
x
2
/2coeff[k]( (z)n) ⇠ p p e , as n ! 1 . 

2⇡ s n 

Since 
P(Sn = x) =  P(X1 + · · ·+ Xn = kx) =  coeff[kx]( (z)n) , 

we deduce that 
p 1 

x
2
/2lim s n P(Sn = x) =  p e , as n ! 1 , 

n!1 2⇡ 

which is “consistent” with the Local Central Limit Theorem as stated in Corollary 6.1.6. 

6.4 Index k is little ‘o’ of n 

In this section we deal with the large powers asymptotics when k/n ! 0 as k, n ! 1. 
For the discussion of this case and throughout this section we assume that 0(0) =6 0. This 

hypothesis implies that Q = 1. 

We will use formula (6.2.1) with an appropriate choice of t. To precise the limit value of the 
integral term as n ! 1, we shall appeal to the following lemma, akin to Lemma 2 in [65]. 
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238 CHAPTER 6. LARGE POWERS AND LAGRANGIAN DISTRIBUTIONS 

Lemma 6.4.1. Suppose that 2 K and 60(0) = 0, then for each ✓0 2 (0, ⇡), there exists c >  0 
and r >  0 such that 

| (teı✓)|
ı✓ ̆ ct|E(e Yt )| =

(t) 
 e , if t  r and ✓0  |✓|  ⇡ . 

Proof. Without loss of generality we assume that b0 = 1. We have 

| (teı✓)|2 = 1 + 2b1t cos ✓ + O(t2) , as t # 0, 

and 
| (t)|2 = 1 + 2b1t + O(t2) , as t # 0. 

Therefore, 
ı✓ ̆ | (teı✓)|2 

|E(e Yt )|2 = = 1 + 2b1t (cos ✓ 1) + O(t2) , as t # 0. 
(t)2 

For ✓0  |✓|  ⇡, we have cos ✓  1 , for certain > 0, which may depend upon ✓0. Since,  
by hypothesis, b1 > 0, we then have, for certain r 2 (0, R), that 

ı✓ ̆ | (teı✓)|2 
|E(e Yt )|2 =  1 2b1t + O(t2) , for all t  r ,

(t)2 

Therefore, for t  r we have that 

ı✓ ̆ | (teı✓)|2 
b1 t|E(e Yt )|2 =  1 b1t  e ,

(t)2 

as claimed. 

For n large enough, we have that k/n < M and thus we may define uniquely ⌧n 2 (0, R) such  
that m (⌧n) =  k/n. Observe that ⌧n ! 0, as n ! 1. 

We will use here the results from Section 2.2 in Chapter 2 about the moments of the Khinchin 
family (Yt)t2[0,R) when t is close to 0. Since b1 > 0, we have that 

r 
(\) lim  t1/2 E(|Y̆t|3) =  

b0 . 
t#0 b1 

b1As m (t) =  t + O(t2), we have that 
b0 

b0 k 
⌧n ⇠ , as n ! 1 . 

b1 n 

Besides, 
2 (⌧n) ⇠ 

k
, as n ! 1 . 

n 
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239 6.4. INDEX k IS LITTLE ‘O’ OF n 

For t = ⌧n the expression (\) above tells us that 
r 

E(|Y̆⌧n |3) 1 
([) p ⇠ , as k ! 1 . 

n k 

If we choose t = ⌧n in formula (6.2.1), the integral term simplifies to 
Z p

ı✓Y̆⌧n / n n
In , E e d✓ . 

p
|✓|⇡� (⌧n) n 

p
Let us see that the integral In converges to 2⇡ as n ! 1. 

Theorem 6.1.1 and ([) give that 
p

ı ̆  ✓/ n n ✓
2
/2lim E e Y⌧n = e , for all ✓ 2 R . 

n!1 

Theorem 6.1.2 and ([) give that there exists N 1 such that if n N , then  

ı ̆  n ✓
2
/3E e Y⌧n ✓/

p
n  e , for all |✓| 

p
k/5 . 

By dominated convergence we have 
Z p

ıY̆⌧n ✓/ n n ✓
2
/2lim E e e d✓ = 0  . 

n!1 p
|✓| k/5 

We apply lemma 6.4.1 with ✓0 = 1/10 to ascertain that there exists N 1 and C >  0 such  
that for all n N we have that 

| (⌧neı✓)| c⌧n 1|E(e ı✓Y⌧n )| =
(⌧n) 

 e , for  |✓|  ⇡ ,10 

and, therefore, that 
p 

p ı✓/( (⌧n) n)) n
/( cn⌧n|E(e ı✓Y⌧n (⌧n) n))|n =

(⌧ne  e ,
(⌧n) 

p p1for (⌧n) n  |✓|  ⇡� (⌧n) n.10 p p
1Since for n large enough we have that (⌧n) n  k/5, we may bound 10 

Z Z 
ı✓Y̆⌧n /

p
n)n ✓

2
/2 d✓  e cn⌧n (8⇡/3)

p 
✓
2
/2 d✓ ,E(e e k + e 

p p p
k/5|✓|⇡� (⌧n) n |✓| k/3 

for n large enough. 
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240 CHAPTER 6. LARGE POWERS AND LAGRANGIAN DISTRIBUTIONS 

As n ! 1, the first summand of this bound converges to 0, since n⌧n ⇠ (a0/a1)k and k ! 1, 
while the second summand converges to 0 since k ! 1. We conclude that 

Z p
ı✓Y̆⌧n /lim E(e n)n e ✓

2
/2 d✓ = 0  , 

n!1 p p
k|✓|⇡� (⌧n) n 

and, therefore, that 
Z p

ı✓Y̆⌧n / n)n(6.4.1) lim E(e e ✓
2
/2 d✓ = 0  . 

n!1 p
|✓|⇡� (⌧n) n 

In particular Z 
ı✓ ̆ /lim In = lim  E(e Y⌧n 

p
n)n d✓ = 

p
2⇡ . 

n!1 n!1 p
|✓|⇡� (⌧n) n 

In sum, 

Theorem 6.4.2. If 0(0) = 06 , then 

1 n(⌧n) 1 1 
coeff[k]( (z)n) ⇠ p p

2⇡ ⌧n
k n (⌧n) 

1 n(⌧n) 1 ⇠ p p , as n ! 1 ,
⌧k2⇡ n k 

where k/n ! 0 and ⌧n is given by m (⌧n) =  k/n (for n large enough). 

6.4.1 With further information on k/n 

If further information on how fast k/n tends to 0 is available, then we may express the asymptotic 
formula (6.4.2) directly in terms of k and n and not on ⌧n. 

We maintain the assumption that 0(0) > 0. 

The function m is holomorphic and injective near 0. Its inverse m 1 is actually the solution of 
Lagrange’s equation with data z/m (z) =  (z)/ 0(z). Besides, ln is holomorphic near 0, since 
as 2 K, we have  (0) > 0. Thus Lagrange’s inversion formula gives the expansion 

1X 
1 jln m (z) = ln  b0 + Bj z , 

j=1 

where 
✓⇣ ◆ ✓⇣ ◆0 ⌘⇣ ⌘j ⌘

j 11 1 
(6.4.2) Bj = coeff[j 1] = coeff[j 1] , for j 1 . 

j 0 j 0 

For each j 1, the coe!cient Bj depends only on b0, b1, . . . , bj . 
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241 6.4. INDEX k IS LITTLE ‘O’ OF n 

Likewise, 
⇣ ⌘m 1(z)

ln = ln  
X 

+ Cj z 
1

b0 

b1 

j1 (z) = ln  m , 

0 

0z 
j=1 

where 
⇣ ⌘j1 j+1 

(6.4.3) Cj = coeff[j] Bj+1 , for j 1 .= 
j j 

1 

Now, with the notations of the general discussion of the case k/n ! 0, we have that 
X⇣ ⇣ k ⌘⌘ 

Bj (k
j /nj1 1) ,ln (⌧n)

n = n ln (⌧n) =  n ln = n ln b0 +m 
n 

j=1 

and also that, 
⇣k ⌘ 1X 

+ k ln + Cj . 
n nj 

kj+1b0 k1ln ⌧k = k ln ⌧n = k ln mn = k ln 
n b1 

j=1 

Using formula (6.4.3), and that B1 = 1, we may write 
1X 

j 1 n
j=2 

kjBjn 
(6.4.4) ln (⌧n)

n ln ⌧nk = (n k) ln  b0 + k ln b1 + k ln 
k 
+ k .

j 1 

1 

Let = lim  supn!1 ln k/ln n and let J the smallest integer such that J >  /(1 ); if = 1, 
we set J = +1. Thus  

X kj ⇣k ⌘J+1Bj 
= nO = o(1) , as n ! 1 ,

j 1 nj 1 n
j=J+1 

and then 
Jk k ⇣ X ⌘(⌧n)n n e Bj kj

k⇠ bn bk exp , as n ! 1 . 
⌧k 0 1 kk j 1j 1 nn 

j=2 

Therefore 

Theorem 6.4.3. If 0(0) = 06 , and  and J as above, then 
Jk k ⇣ X kj ⌘1 

k n e Bj
coeff[k]( (z)n) ⇠ p bn bk p exp , as n ! 1 .0 1 j 12⇡ kk k j 1 n

j=2 

If < 1/2, then J = 1, and then 
kn

kbk(6.4.5) coeff[k]( (z)n) ⇠ bn ⇠ coeff[k]((b0 + b1z)n) , as n ! 1 .0 1 k! 
p

For the particular case where, k = b nc, (with  = 1/2, and J = 2), we have that 
k 

k n 
B2coeff[k]( (z)n) ⇠ bn bk e , as n ! 1 .0 1 k! 

where B2 = (1/2) (b2b0)/b21. 
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6.4.2 Particular case: k fixed, while n ! 1  

In this particular case, where k remains fixed, while n ! 1, the analysis of the asymptotic behavior 
of coeff[k]( (z)n) just requires the multinomial theorem. 

Observe that 
⇣ k ⌘

nX 
coeff[k]( (z)n) =  coeff[k] bj z

j . 
j=0 

The multinomial theorem gives then that 

X n! j0 jkcoeff[k]( (z)n) =  b . . . b
k ,0j0! . . . jk! 

where the sum extends to all k+1-tuples (j0, . . . , jk) of non-negative integers such that 

j0 + j1 + · · ·+ jk = n, 
j1 + 2j2 + · · ·+ kjk = k. 

For such a tuple, we have n k  j0  n and ji  k, for 1  i  k. We  write  j0 = n l, with  
0  l  k and classify by l: 

k ✓ ◆ X✓ ◆X n 
l j1 + · · ·+ jk j1 jkcoeff[k]( (z)n) =  bn b1 . . . b  . 

l 0 j1, . . . , jk k 
l=0 | {z } 

,Cl 

For each integer l, 0  l  k, the interior sum Cl extends to all k-tuples with j1 + · · ·+ jk = l and 
j1 + 2j2 + · · ·+ kjk = k. Observe that Cl does not depend upon n. Therefore 

✓ ◆kX n 
lcoeff[k]( (z)n) =  bn 

0 Cl,l
l=0 

is a polynomial in n whose degree is given by the largest l  k such that Cl =6 0, and 

1 
coeff[k]( (z)n) ⇠ bn C n , as n ! 1 .0! 

• If b1 6= 0, then Ck =6 0, and = k. In fact, the sum Ck contains just one summand corre-
sponding to j1 = k and j2 = . . . = jk = 0, and thus Ck = b1 

k . We have in this case that 
✓ ◆ 

1 n
k kcoeff[k]( (z)n) ⇠ bn bk k ⇠ bn bk as n ! 1 .0 1 n 0 1 ,k! k 

In other terms and asymptotically speaking, the k-th coe!cient of (z)n behaves as the k-th 
coe!cient of (b0 + b1z)n , as n ! 1. Compare with the formula (6.4.5), where k ! 1 with n, but  
slowly. 
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243 6.5. POWER n IS LITTLE ‘O’ OF INDEX k 

• If b1 = 0, then the nonzero summands of Cl must have j1 = 0 and they must satisfy j2+· · ·+jk = 
l and 2j2 + · · ·+ kjk = k. Thus,  if  Cl is not zero, then 2l  k, and so,  k/2. 

Assume further that b2 6= 0. We distinguish now between k even and k odd. 
If k = 2q, then  Cq has only one nonzero summand, the one corresponding to j2 = q. Thus  

Cq = b2 
q , = q = k/2, and 

1 n k/2 k/2 k/2coeff[k]( (z)n) ⇠ b b n , as n ! 1 .0 2(k/2)! 

If k = 2q + 1, then  q. The only nonzero summand of Cq has j2 = q 1, j3 = 1. Thus 
1Cq = qbq b3.2 

If b3 =6 0, then Cq =6 0, = q and 

1 n (k 1)/2 (k 3)/2 (k 1)/2coeff[k]( (z)n) ⇠ b b2 b3 n , as n ! 1 .0((k 3)/2)! 

If b3 = 0, then Cq = 0 and actually the degree is at most k/3. 

• In general, if b1 = . . .  = bm 1 = 0, and bm 6= 0, then for each h, 0  h  m 1, the coe!cients 
of index k ⌘ h mod (m), satisfy an asymptotic formula 

coeff[k]( (z)n) ⇠ ⌦k,hn k,h , as n ! 1 , 

where k,h  (k h)/m and ⌦k,h > 0. 
For h = 0, i.e., for those k which are multiples of m, we have  k,0 = k/m and, actually, that 

1 n k/mbk/m k/m coeff[k]( (z)n) ⇠ b m n , as n ! 1 .0(k/m)! 

In particular, if Q = Q > 1 and k is a multiple of Q, then  

1 n k/Q k/Q k/Q coeff[k]( (z)n) ⇠ b0 b
Q n , as n ! 1 . 

(k/Q)! 

Observe the bQ > 0. If Q is not a divisor of k, then, of course, coeff[k]( (z)n) = 0. for every 
n 1. 

6.5 Power n is little ‘o’ of index k 

To obtain a large powers asymptotic formula in this case where k/n ! 1, as n ! 1, we  require  
more from , namely, we will assume that is uniformly strongly Gaussian. In an a previous 
chapter of this document, we describe at some length these so called uniformly strongly Gaussian 
power series. 

Since uniformly strongly Gaussian power series are strongly Gaussian, Hayman’s asymptotic 
formula (3.2.2) is valid for and thus Q = 1. 
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The assumption of uniform strongly Gaussianity on is to be compared with the assumptions 
of Gardy in [36, Theorems 5 and 6], see also [36, Section 6]. 

1The exponential generating function of set partitions, eez 
, and the ordinary generating func-Q1tion of partitions of integers, 

j=1 1/(1 zj ) are examples of uniformly strongly Gaussian power 
series. 

Since is uniformly strongly Gaussian, we have that M = +1, and thus we may define 
(uniquely) ⌧n 2 (0, R) as being such that m (⌧n) =  k/n. Observe that ⌧n " R, as n ! 1. 

Now, formula (6.2.1) of Lemma 6.2.2, with t = ⌧n, gives us that 
Z p1 n(⌧n) 1 1 nı✓Y̆⌧n / ncoeff[k]( (z)n) =  p E e d✓ . 

2⇡ ⌧k n (⌧n) pn 
|✓|⇡� (⌧n) n 

Since ⌧n ! R, uniform Gaussianity of implies that 
Z p p

nı✓Y̆⌧n / nlim E e d✓ = 2⇡ , 
n!1 p

|✓|⇡� (⌧n) n 

and we conclude that 

Theorem 6.5.1. If is uniformly strongly Gaussian, then 

1 n(⌧n) 1 1 
coeff[k]( (z)n) ⇠ p p , as n ! 1 ,

⌧k2⇡ n n (⌧n) 

where k/n ! 1 as n ! 1 and ⌧n is such that m (⌧n) =  k/n. 

6.6 Coe cients of h(z) (z)n 

Next we consider asymptotics of the coe!cients of h(z) (z)n , as n ! 1, where both h and are in 
K. This is to be used in Section 6.8 which deals with Lagrangian distributions and Galton-Watson 
processes: the power series h would codify the initial o↵spring distribution while the power series 

would codify the probability distributions subsequent o↵spring distributions. 
We assume here from the start that Q = 1.P1 jLet h(z) =  be a power series in K. We assume throughout that the radius of

j=0 cj z 
convergence of h is at least R , the radius of convergence of . 

We treat jointly the cases in which k ⇣ n and k = o(n), with k ! 1, by adjusting the 
arguments in the previous sections (whose notations we will use liberally) in which h ⌘ 1. 

Assume the hypothesis of Theorem 6.3.1, when k ⇣ n, and of Theorem 6.4.2, when k = o(n) 
and k ! 1. 

The k-th coe!cient of h(z) (z)n is given, see (6.2.2), by 
Z p1 n(⌧n) 1 1 p 

nı✓/( (⌧n) ı✓Y̆⌧n / np h(⌧ne n))E e d✓ ,
2⇡ ⌧n

k n (⌧n) p
|✓|⇡� (⌧n) n 
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6.6. COEFFICIENTS OF h(z) (z)n 245 

where we are taking ⌧n such that m (⌧n) =  k/n. 
Denote by In the integral on the right hand-side of the previous expression. 
For 0  s  r < R and 2 R we have 

ıh(se ) h(s)  max |h0(z)| s | | . 
|z|r 

For k ⇣ n, we  have  ⌧n  m 1(B) < R, and for k = o(n) we  have  ⌧n ! 0, so, in both cases, there 
exists a constant K > 0 such that 

ı✓/( (⌧n)
p
n)) 

|✓|
(r) h(⌧ne h(⌧n)  K p . 

(⌧n) n 
p

Denote by Dn the interval {✓ 2 R : |✓|  ⇡� (⌧n) n}. 
Using the bound (r) and writing 

⇣ ⌘p p
ı✓Y̆  t/ n n ı✓Y̆  t/ n n ✓

2
/2 ✓

2
/2E e = E e e + e , 

we conclude that 
Z Z ⇣ ⌘ 

n✓
2
/2d ı✓Y̆⌧n /

p
n ✓

2
/2In = h(⌧n) e ✓ + h(⌧n) E e e d✓ 

Dn Dn 
⇣ Z ⇣ Z 

ı✓Y̆⌧n /
p
n n ✓

2
/2 |✓| ⌘ 

✓
2
/2 |✓| ⌘ 

+ O E e e p d✓ + O e p d✓ . 
(⌧n) n (⌧n) n 

Dn Dn 

|✓|
For ✓ 2 Dn, we have that p  ⇡, and thus we see that the third term in the sum above 

(⌧n) n 
tends to 0, by virtue of (6.3.1) (if k ⇣ n) or (6.4.1) (if k = o(n)). 

The second term in the sum tends to 0, since h(⌧n) is bounded and the integral converges to 0, 
by (6.3.1) and (6.4.1), respectively. p p R 

The fourth term in the sum tends to 0 since (⌧n) n ⇣ k and e ✓
2
/2|✓|d✓ = 2. 

Rp
The first term in the sum is h(⌧n) 2⇡ + o(1), since h(⌧n) is bounded, and so 

p
In = h(⌧n) 2⇡ + o(1) , as n ! 1 , 

but, using that h(⌧n) is bounded from below by h(0) and recalling that h 2 K, we conclude that 
p

In = h(⌧n) 2⇡(1 + o(1)) , as n ! 1 . 

We summarize the discussion above as follows. 

Theorem 6.6.1. With the notations above, 

• For the case k ⇣ n, one  has  that  

1 h(⌧n) n(⌧n) 1 1 
coeff[k](h(z) (z)n) ⇠ p p , as n ! 1 . 

2⇡ ⌧n
k n (⌧n) 
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246 CHAPTER 6. LARGE POWERS AND LAGRANGIAN DISTRIBUTIONS 

• For the case k = o(n) and k ! 1, one  has  that  

h(0) n(⌧n) 1 
coeff[k](h(z) (z)n) ⇠ p p , as n ! 1 . 

⌧k2⇡ n k 

Observe that, in the case k = o(n) and k ! 1, we have that h(⌧n) ! h(0) as n ! 1. 

If more information is available on how k/n tends to 0, as discussed in Section 6.4.1, we could 
apply the argument and the conclusions obtained there to refine the above asymptotic formula. 

Suppose that k/n ! L >  0, as n ! 1  and that equation (6.3.2) is satisfied. Assume that 
L < M  . Then for ⌧ = m 1(L), we deduce, using the Hayman’s formula (6.2.2) and arguing as in 
the case h ⌘ 1, that 

1 h(⌧) n(⌧) 1 1 
(6.6.1) coeff[k](h(z) (z)n) ⇠ p p , as n ! 1 . 

2⇡ ⌧k n (⌧) 

Recall that the power series h has radius of convergence R and that ⌧ 2 (0, R  ). 

To conclude, we consider the case in which k is fixed and n ! 1. Denote Q = Q = {n 1 :  
bn > 0}. Then  

kX 
coeff[k](h(z) (z)n) =  cj coeff[k](z

j (z)n) 
j=0 

kX 
= cj coeff[k j]( (z)n). 

j=0 

The only (k j)-th coe!cients of (z)n which are nonzero are the coe!cients with indices j ⌘ k, 
mod Q. Appealing to the case h ⌘ 1, we have that 

X 
coeff[k](h(z) (z)n) =  cj coeff[k j]( (z)n) 

0jk 
j⌘k ,modQ 
X 1 n (k j)/Q (k j)/Q (k = cj b b

Q n j)/Q (1 + o(1)) .0((k j)/Q)!
0jk 

j⌘k ,modQ 

Denoting j0 = min{0  j  k : j ⌘ k, mod Q and cj = 06 }, we have that 

1 n (k j0)/Q (k j0)/Q (k j0)/Qcoeff[k](h(z) (z)n) ⇠ cj0 b0 b
Q n , as n ! 1 . 

((k j0)/Q)! 

In particular, if h(0) = c0 6= 0 and if Q is a divisor of k, then  

1 n k/Q k/Q coeff[k](h(z) (z)n) ⇠ c0 b0 b
Q nk/Q, as n ! 1 . 

(k/Q)! 

Observe that in this case, j0 = 0. 



�

 

 
 

 

 

 

 

 

�  �

�

 

�  �

�

�  �

 

  
�  
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6.7 Coe cients of solutions of Lagrange’s equation 

Next we shall apply the asymptotic results about large powers of Section 6.2 to obtain asymptotic 
formulae for the coe!cients of solutions of Lagrange’s equation when the data of the equation 
belongs to K. 

6.7.1 Lagrange’s equation 

We start with a function (z) which is holomorphic in a neighborhood of z = 0, has radius of 
convergence R > 0 and is such that (0) =6 0. Consider Lagrange’s equation: 

(†) g(w) =  w (g(w)) . 

The solution g(w) of Lagrange’s equation with data (z) is a holomorphic function g(w) =P1 nAnw which satisfies (†) in a neighborhood of w = 0.
n=1 
Assume that the data (z) of Lagrange’s equation has power series expansion 

1X 
n(z) =  bnz , for all z 2 D(0, R). 

n=0 

The holomorphic function g(w), solution of Lagrange’s equation with data (z), is unique. In 
fact, the coe!cients An of the Taylor expansion of g(w) around w = 0 are given by Lagrange’s 
inversion formula: 

1 
An = coeff[n 1]( (z)n) , for all n 1 . 

n 
For n = 0, we have A0 = g(0) = 0. 

This formula is exact for each coe!cient An of g such that n 1. 
In a more general setting, consider the coe!cients of H(g(z)), where g is the solution of La-

grange’s equation with data and H is a holomorphic function with non-negative coe!cients 
around z = 0, then the extended Lagrange’s inversion formula gives 

1 
(6.7.1) coeff[n](H(g(z))) = coeff[n 1](H

0(z) (z)n), for all n 1 , 
n 

and coeff[0](H(g(z))) = H(0). 
A particular instance of this formula, that will be of interest later on, is given by the choice 

H(z) =  zq for an integer q 1. In this case we have 

(6.7.2) coeff[n](g(z)
q) =  

q
coeff[n q]( (z)n), for all n 1 , 

n 

and coeff[0](g(z)q) =  H(0) = 0. 
If Q > 1, then the only nonzero coe!cients bn are those where the index n is a multiple 

of Q .Therefore, for the solution g(w) of Lagrange’s equation with data , the only nonzero 
coe!cients An are those where the index n verifies that n 1 is a multiple of Q . 

If (0) = 0, then the only solution of Lagrange’s equation is g ⌘ 0, but, recall, nonetheless that 
2 K implies that (0) > 0. 
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248 CHAPTER 6. LARGE POWERS AND LAGRANGIAN DISTRIBUTIONS 

6.7.2 The Otter-Meir-Moon Theorem and some extensions 

The Otter-Meir-Moon Theorem, Theorem 6.7.1 below, comes from [75, Theorem 4] and [64, The-
orem 3.1]. It gives an asymptotic formula for the coe!cients An of g, when  n 1 is a multiple of 
Q and n ! 1, using minimal (but crucial) information about the function . 

We distinguish three cases, according as M is > 1,= 1 or < 1. 

⌥ M > 1. This is the original assumption of both Otter and Meir-Moon; it means that there is a 
unique ⌧ 2 (0, R) such that m (⌧) = 1. 

Theorem 6.7.1 (Otter-Meir-Moon theorem). Let (z) be a power series in K with radius ofP1 nconvergence R > 0 and let (z) =  bnz be its power series expansion. 
n=0 

Assume that M > 1 and let ⌧ 2 (0, R) be given by m (⌧) = 1. 
Then the coe�cients An of the solution g(w) of Lagrange’s equation verify that 

• if n 6⌘ 1 mod  Q , then An = 0, 

• for the indices n such that n ⌘ 1 mod  Q we have the asymptotic formula 
⇣ ⌘nQ ⌧ 1 (⌧)

(6.7.3) An ⇠ p , as n ! 1 .
3/22⇡ (⌧) n ⌧ 

Theorem 6.7.1 of Otter and Meir-Moon follows readily from Theorem 6.3.2 with L = 1 and 
! = 0, since k = n 1. 

Given that 00(t)22 (t) =  m (t)(1 m (t)) + t , for all t 2 [0, R) ,
(t) 

we have 
00(⌧) 2 (⌧)

(6.7.4) = . 
(⌧) ⌧2 

We thus may rewrite the conclusion of Theorem 6.7.1 (in Laplace’s method or saddle point ap-
proximation style) as 

s 
⇣ ⌘

n(⌧) 1 (⌧)
An ⇠ Q , when n 1 is a multiple of Q and n ! 1 . 

2⇡ 00(⌧) n3/2 ⌧ 

⌥ M = 1 (and R < +1). For the case M = 1, there is an Otter-Meir-Moon like theorem under 
a certain non-degeneracy condition on . Recall the notations of Section 1.2.4. 

Theorem 6.7.2. Let (z) be a power series in K with radius of convergence R >  0 and let P1 n(z) =  bnz be its power series expansion. 
n=0 P1Assume that M = 1  and that R < 1, and besides that 2bnR < +1 or equivalently 

n=0 n n 

00(R) < +1. 

Then the coe�cients An of the solution g(w) of Lagrange’s equation verify that 



 

 

 

� 

 

 
�
 

�
 

�

   

  

  

 

   
 

�
�

� �

  

 

 

 

 �
 

�
 

 

�

 

�  
 

� � 

249 6.7. COEFFICIENTS OF SOLUTIONS OF LAGRANGE’S EQUATION 

• if n 6⌘ 1 mod  Q , then An = 0, 

• for the indices n such that n ⌘ 1 mod  Q we have the asymptotic formula 

⇣ ⌘
nQ R 1 (R)

(6.7.5) An ⇠ p , as n ! 1  . 
2⇡ (R) n3/2 R 

The power series extends to be continuous in cl(D(0, R)) and the Khinchin family (Yt)t2[0,R) 
extends (continuously in distribution) to include a variable YR with mean 1 and variance 2 (R) =P1limt"R 

2 (t) which is finite because by hypothesis 2bnRn < +1. See Section 1.2.4.
n=0 n 

Theorem 6.7.2 follows readily from Theorem 6.3.3 with L = 1 and ! = 0, since k = n 1. 

This limit case of the Otter-Meir-Moon Theorem appears as Remark 3.7 in [29, Chapter 3]; the 
proof suggested there, of a di↵erent nature than the one above, comes from the Appendix of [53]. 
See also [67, Section 2.3.1]. In there you may find the same asymptotic result under the assumption 

(4)(t) < 1.that is a probability generating function satisfying (4)(R) =  limt"R 

Observe that, in particular, it follows from Theorem 6.7.1 that when M > 1 and with m (⌧) =  
1 the radius of convergence of the solution g is ⌧/ (⌧). When M = 1 (and R <  +1), the radius 
of convergence of g is R/ (R). 

If M = 1 and R = +1, then  is a polynomial of degree 1. Thus (z) =  a + bz, with both 
a, b > 0. In this case the solution g(z) of Lagrange equation with data is simply 

1 
az X 

n g(z) =  = (abn 1)z . 
1 bz 

n=1 

and thus 
1An = abn , para n 1 . 

⌥ M < 1. In this case, we necessarily have that R <  1, since  R = 1 and M < 1 would imply 
that is a constant, which is not allowed. See Lemma 1.2.1. 

P1We assume as above that 2bnRn < 1. As in the preceding case M = 1 above, the 
n=0 n 

power series is continuous in cl(D(0, R)) and the Khinchin family extends to include continuously 
a random variable YR with mean M < 1 and variance limt"R 

2 (t) =  2 (R) < 1. Assume for 
simplicity that Q = 1  

In this case, we do not obtain a proper asymptotic formula, just only that 

(6.7.6) lim An 
Rn 1 

n 3/2 = 0  . 
n!1 n(R) 

For An we have that 

1 1 n(R) 1 1 
An = coeff[n

n) =  In 
n 1]( 2⇡ Rn 1 n3/2 (R) 
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where Z 
In , 

p
ı✓ ̆YR/ n n ı✓↵(n)d✓ ,E e e for n 1 , 

|✓|⇡� 
p

(R) n 

and 
nM 

↵(n) =  
(n 1)p ,

(R) n 
for n 1 . 

We shall now verify that In tends towards 0 as n ! 1. We  split  In as 
Z ⇣ ⌘ 

nı✓Y̆R/
p
n ✓

2
/2 ı✓↵(n)d✓In = E e e e 

p
|✓|⇡� (R) n 
Z 

✓
2
/2 ı✓↵(n)d✓+ e e 

R Z 
✓
2
/2 ı✓↵(n)d✓ .e e 

p
|✓|>⇡ (R) n 

The third summand obviously tends to 0, while the first summand tends to 0 on account of Theorem 
6.1.5, the integral form of the Local Central Limit Theorem. The second summand may be written 
as Z 

✓
2
/2 ı✓↵(n)d✓ = e ↵(n)2/2 e e 

R 

to observe that since M < 1, we have that limn!1 ↵(n) =  �1, and thus that this second 
summand too converges to 0, as n ! 1. 

Minami in [67, Section 2.3.2] obtains a faster rate of convergence (higher power of n) in (6.7.6) 
under the stronger assumption that limt"R 

(k)(t) < 1 for some k 3. 

6.7.3 Coe cients of powers of solutions of Lagrange’s equation 

We assume Q = 1. We are interested now, see Meir-Moon [65], in asymptotic formulas for the 
coe!cients of powers of the solution of Lagrange’s equation. 

For q 1 and n 1, the n-th coe!cient of g(w)q, which we will denote by Bn,q, is given by 
the exact formula 

Bn,q = 
q 
coeff[n q]( (z)n) . 

n 

• For q 1 fixed, Theorem 6.3.2 gives, under the assumption M > 1 and with ⌧ given by 
m (⌧) = 1, that 

q ⌧ q 1 ⇣ (⌧)⌘n 
Bn,q ⇠ p , as n ! 1 . 

2⇡ (⌧) n3/2 ⌧ 
p p

• If q and n are related by q = ↵n + n + o( n) as n ! 1, where  ↵ 2 [0, 1) and 2 R, then  
for ⌧↵ given by m (⌧↵) = 1  ↵, we obtain, analogously to (6.6.1), that 

⌧ q ⇣ ⌘
n 

, 
2
/(2 2 (⌧↵)) q ↵ 1 (⌧↵)Bn,q ⇠ e p , as n ! 1 . 

3/22⇡ (⌧↵) n ⌧↵ 
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251 6.8. PROBABILITY GENERATING FUNCTIONS 

Observe that 00(⌧↵)(⌧↵) =  ↵(1 ↵) +  ⌧2 .↵ (⌧↵) 

Coe cients of functions of solutions of Lagrange’s equation 

In a more general setting, let H be a power series with non-negative coe!cients. 

Assume further that the radius of convergence of H is at least the radius of convergence R of 
and also that M > 1. Let ⌧ be such that m (⌧) = 1. 

It follows from formulas (6.7.1) and (6.6.1) that the coe!cients of H(g(z)), where g(z) is  the  
solution of Lagrange’s equation with data , satisfy: 

⇣ ⌘n1 H 0(⌧)⌧ 1 (⌧)
coeff[n](H(g(z))) ⇠ p , as n ! 1 . 

n3/22⇡ (⌧) ⌧ 

6.8 Probability generating functions 

Let be the probability generating function of a random variable X. We assume for convenience 
that (0) 6= 0 and that 0(0) =6 0, and further that Q = 1, that M = +1 and that the radius 
of convergence of is R > 1. This last assumption implies, in particular, that the variable X has 
finite moments of all orders. 

Let F be the fulcrum of , see Section 1.3.4, given by F (z) = ln  (ez), in a region containing 
[0, R  ). Recall that in terms of the fulcrum F we have that m (t) =  F 0(s) and 2 (t) =  F 00(s), 

swhere s and t are related by e = t.P1F (z) nzThe function e = (ez) =  
n=0 bne , which is holomorphic in a neighborhood of z = 0, is 

the moment generating function of X. 
If X1, X2, . . .  are independent copies of X, then  

✓ ◆ 
X1 + · · ·+ Xn k 

coeff[k]( (z)n) =  P = . 
n n 

snLet m (⌧n) =  k/n and let sn be given by e = ⌧n. Observe that (⌧n) =  eF (sn) and that 
2 (⌧n) =  F 00(sn). 

In terms of the fulcrum F (or the ln of the moment generating function), we have that if k ⇣ n, 
see Theorem 6.3.1 or k/n ! 0, see Theorem 6.4.2, that 

✓ ◆ 
X1 + · · ·+ Xn k 1 (⌧n)n 

P = ⇠ p 
⌧kn n 2⇡n (⌧n) n 

1 
n[F (sn) sn(k/n)]= p e , as n ! 1 . 

2⇡nF 00(sn) 

If is uniformly strongly Gaussian, the asymptotic formula above holds also if k/n ! 1. 
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6.8.1 Lagrangian distributions (and Galton-Watson processes) 

We now turn our attention to Lagrangian probability distributions. We refer to [89] for a neat 
presentation of the basic theory of these probability distributions. See also [22], for a comprehensive 
treatment, and [76]. 

We start with a probability generating function of a variable Y taking values in {0, 1, . . .}. 
We assume that is in K. 

This variable Y generates a cascade or Galton-Watson random process starting (initial stage) 
with a single individual. The variable Y gives the random number of immediate descendants, the 
o↵springs of each individual in every generation. 

The random number of individuals in generation n is denoted by Gn; the generation 0 is the 
initial stage. We have G0 ⌘ 1 and 

GnX 
(?) Gn+1 = Yn,j , for n 0 , 

j=1 

where the Yn,j are independent copies of Y . 

Let us denote 0(1) , limt"1 
0(t) =  E(Y ). Observe that 0(1) = m (1). 

The total progeny Z of the single individual of the generation 0 (including itself) is the random P1variable Z = Gn. This variable Z could take the value 1, but it is a proper random variable 
n=0 

(i.e., P(Z <  1) = 1) if and only if 0(1)  1. 

Assume thus that 0(1)  1. The probability generating function g of the total progeny Z is 
actually the solution of Lagrange’s equation with data . 

Furthermore, let f be a power series with non-negative coe!cients which is the probability 
generating function of a random variable X taking values in {0, 1, . . .}. 

We enhance the process by allowing the size of the initial stage (generation 0) to be randomly 
chosen following the distribution of X. Thus  G0 = X and the evolution is determined by the 
recurrence (?). The total progeny Z including the individuals of the initial stage has probability 
generating function f g. 

This size of progeny Z is said to follow a Lagrangian distribution L( , f); , f are called the 
generators of L( , f). 

If f(z) ⌘ z, then  X ⌘ 1, and there is (deterministically) a single individual in the initial 
generation. 

We have, see (6.7.1), that 

1 
P(Z = n) =  coeff[n](f(g(z))) = coeff[n 1](f

0(z) n(z)) , for n 1 , 
n 

and P(Z = 0) = f(0). 
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253 6.8. PROBABILITY GENERATING FUNCTIONS 

6.8.2 Lagrangian distributions and Khinchin families 

We will have two ingredients: a Khinchin family of o↵spring probability distributions and a 
Khinchin family of probability distribution for the initial distribution. 

P1 n(A) Let (z) =  bnz be a power series in K with radius of convergence R. We assume 
n=0 

from the outset that Q = 1. We let (Yt)t2[0,R) 

Assume that either M > 1 and then we let ⌧ 2 (0, R) be such that m (⌧) = 1 or M = 1 and 
R <  1 and limt"R (t) =  (R) < 1 and then we let ⌧ = R. 

For each t 2 (0, ⌧ ], we let t denote the power series t(z) =  (tz)/ (t). This t is the 
probability generating function of Yt, and besides, since t  ⌧ , we have that 

(†) t 
0(1) = m (t)  1 . 

For each t 2 (0, ⌧ ], we let gt be the solution of Lagrange’s equation with data t: 

(6.8.1) gt(z) =  z t(gt(z)) . 

Because of (†) and the discussion above in Section 6.8.1, gt is the probability generating function 
of the random distribution of the total progeny of a single individual with o↵spring distribution 
Yt. 

We let g denote the solution of Lagrange’s equation with data , then we may write each gt in 
terms of g as follows 

Lemma 6.8.1. With the notations above 
1 

gt(z) =  g (t/ (t))z , for t  ⌧ . 
t 

Proof. This is a consequence of the uniqueness of solution of Lagrange’s equation. Let egt(z) =  
1 
t g (t/ (t))z . Now, 

z z 
z t(get(z)) = (t egt(z)) = (g (t/ (t))z 

(t) (t) 
1 zt 1 

= (g (t/ (t))z = g (t/ (t))z 
t (t) t 

= get(z) . 

Uniqueness gives that egt(z) =  gt(z), as claimed. 

Remark 6.8.2. The gt are not the probability generating functions of a Khinchin family, but if 
we change parameters and substitute t by g(u) and let 

geu(z) =  gg(u)(z) 

we have that egu(z) =  g(uz)/g(u). The power series g is not in K but g(z)/z is in K, since  
g0(0) = (0) > 0. If (Wu) is the Khinchin family of g(z)/z then geu is the probability generating 
functions of Wu + 1. ⇥ 
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254 CHAPTER 6. LARGE POWERS AND LAGRANGIAN DISTRIBUTIONS 

P1(B) Next, we let f(z) =  n be a non-constant power series with non-negative coe!cients 
n=0 anz 

mand radius of convergence S >  0. We do not require f to be in K; in fact f(z) =  z , for integer 
m 1, is particularly relevant. 

For s 2 (0, S) we denote by fs the power series 

f(sz)
fs(z) =  

f(s) 

which is the probability generating function of a random variable Xs, say.  

Remark 6.8.3. If the power series f were not in K, then  since  f is not constant, there should 
exist at least one index m 1 so that am =6 0. Thus only two cases could occur. In the first case, 
f(z) =  amzm , for some integer m 1. And in the second; there is 2 K and an integer l 0 so  
that f(z) =  zl (z). 

In the first case (Xs) is not a Khinchin family, but Xs ⌘ m, for all s 2 (0, S), and therefore 
mthere are exactly m 1 nodes in the first generation; this is the deterministic case fs(z) =  z . 

In the second case (Xs)s2[0,S) is a shifted Khinchin family. If f(0) > 0, then (Xs)s2[0,S) is a 
proper Khinchin family. ⇥ 

Now, for s 2 (0, S) and t 2 (0, ⌧ ], the composition fs(gt(z)) is the probability generating 
function of the total progeny Zs,t of a Galton-Watson process with initial distribution fs and 
o↵spring distribution gt. The progeny Zs,t has Lagrange distribution L( t, fs). 

For radius u >  0 such that us < S and ut  ⌧ and appealing to (6.7.1) we may write 

1 
nP(Zs,t = n) =  coeff[n] fs(gt(z)) = coeff[n 1] f

0 (z) t (z)s n 
s (tu)n 1 1 1 

Z 
ı✓)

(tueı✓)n
ı(n 1)✓d✓ .= f 0(sue e

1f(s) (t)n un n 2⇡ (tu)n 
|✓|⇡ 

If the parameter s is further restricted to s⌧ < tS, we may take u = ⌧/t in the expression above 
and write 

✓ Z◆
n 1 ⇣ ⌘ 

P(Zs,t = n) =  
1 s (⌧)n t 1 

f 0 s⌧ 
e ı✓ E(e ıY⌧ ✓)n e ı(n 1)✓d✓ 

2⇡ f(s) (t)n ⌧ n t 
|✓|⇡ 

⇣ 11 s t 1(⌧)n ⌘
n 1 

= 
2⇡ f(s) (t)n ⌧ n3/2 (⌧)Z ⇣ ⌘p p p

ı✓/( (⌧) n) ıY̆⌧ ✓/ ı✓/( (⌧)f 0 s⌧ 
e E(e n)n e n)d✓ 

t p
|✓|⇡� (⌧) n 

For ✓ fixed, we have that 
⇣ ⌘ ⇣ ⌘ s⌧ s⌧ 

f 0 ı✓/( (⌧)
p
n) ı✓/( (⌧)

p
n) = f 0lim e e 

n!1 t t 
and ⇣ ⌘ ⇣ ⌘ s⌧ s⌧ 

f 0 ı✓/( (⌧)
p
n) ı✓/( (⌧)

p
n)e e  f 0 . 

t t 
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And thus taking into account the integral form of the Local Central Limit Theorem, Theorem 
6.1.5, we deduce that 

Z ⇣ ⌘ ⇣ ⌘p p p p
f 0 s⌧ 

ı✓/( (⌧) n) ıY̆⌧ ✓/ n)n ı✓/( (⌧) n)d✓ = 2⇡f 0 s⌧ 
lim e E(e e 
n!1 t t p

|✓|⇡� (⌧) n 

and, consequently, that 
⇣ ⌘

n ⇣ ⌘1 s (⌧)n t 1 1 1 s⌧ 
(6.8.2) P(Zs,t = n) ⇠ p f 0 , as n ! 1 , 

2⇡ f(s) (t)n ⌧ n3/2 (⌧) t 

as long as s⌧ < tS, which amounts to no restriction if S = +1. 
z j(C) As an illustration, consider the case where (z) =  e and f(z) =  z , for some integer j 1. 

In this case, R = S = 1, m (t) =  t and 2 (t) =  t. Also M = 1 and ⌧ = 1. 

For t  1 =  ⌧ , we have that t(z) =  et(z 1) and for s < 1, we have that fs(z) =  zj . Observe  
that for any s, fs is the probability generating function of the constant j. 

For 0 < t  1 and 0 < s < 1, the variable Zs,t is the total progeny of a Galton-Watson process, 
where the initial generation consists of exactly j individuals and the o↵spring of each individual 

t(z 1)is given by a Poisson variable of parameter t. This distribution, L(e , zj ), is the Borel-Tanner 
distribution with parameters t and j. The case j = 1 is the Borel distribution. See [22], [79] and 
[89], and also the original sources [15], [43] and [92]. 

Using (6.8.2), we deduce that 

j 1 
n j n(1 t)(6.8.3) P(Zs,t = n) ⇠ p t e , as n ! 1 . 

3/22⇡ n 

In fact, for the Borel-Tanner distribution with parameters t and j we have the exact formula 
tn(tn)n jj e 

(6.8.4) P(Zs,t = n) =  , for n j .  
n (n j)! 

The asymptotic formula (6.8.3) follows then from Stirling’s formula. 
z z(D) Consider now the case (z) =  e and f(z) =  e , so that R = S = 1, m (t) =  t and 

2 (t) =  t and, also, M = 1 and ⌧ = 1. 
t(z s(z 1)For t  1 =  ⌧ , we have that t(z) =  e 1) and for s < 1, we have that fs(z) =  e . 

For 0 < t   1 and 0 < s <  1, the variable Zs,t is the total progeny of a Galton-Watson 
process, where the size of the initial generation is drawn from a Poisson distribution of parameter 
s individuals and the o↵spring of each individual is given by a Poisson variable of parameter t. 

t(z 1) s(z 1)).This distribution, in Lagrangian distribution notation, is L(e , e  

From (6.8.2), we have that 

1 1
s/t s n 1 n(1 t)(6.8.5) P(Zs,t = n) ⇠ p e st e , as n ! 1 . 

3/22⇡ n 
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Conditioning on the size of the initial generation and using (6.8.4), we deduce for the distribu-
t(z 1) s(ztion L(e , e  1)) that 

tn 1P(Zs,t = n) =  
1 
e s(tn+ s)n s ,  para n 1 . 

n! 

See [89]. The asymptotic formula (6.8.5) follows then from Stirling’s formula. 

(E) Back to Galton-Watson. Assume that is a probability generating function and that 
f(z) =  z. We assume that 0(1)  1, so that the total progeny Z of the Galton-Watson process 
starting with a single individual and with o↵spring distribution is a (proper) random variable. 

Assume that M > 1 or M = 1  with  R <  1 and (R) < 1. In the first case we take 
⌧ 2 (0, R) such that m (⌧) = 1. Since 0(1)  1, we have that m (1) = 1, and since m is 
increasing we see that 1  ⌧  < R. In the second case we take ⌧ = R; observe that R 1. 

With t = 1 (so that 1(z) ⌘ (z)) and s = 1 (an immaterial choice since f(z) =  z), we have 
⇣ ⌘n1 ⌧ (⌧) 1 

P(Z = n) ⇠ p , as n ! 1 . 
3/22⇡ (⌧) ⌧ n 

This is Theorem 6.7.1 applied to the solution of Lagrange’s equation with data . Recall that 
2 (⌧) =  ⌧2 00(⌧)/ (⌧), see formula (6.7.4). 

Limit cases 

By limit cases we mean t = ⌧ and s ! S, with  S < 1. See [70] for related results. 

For t = ⌧ and s < S  we have the exact formula 
1 s 1 1 

P(Zs,⌧ = n) =  
3/22⇡ f(s) n (⌧)Z

([) p p p
ı✓/( (⌧) n) ıY̆⌧ ✓/ n)n ı✓/( (⌧)f 0 se E(e e n)d✓ 

p
|✓|⇡� (⌧) n 

and the asymptotic formula. 

1 1 1 
P(Zs,⌧ = n) ⇠ p mf (s) , as n ! 1 ,

3/22⇡ (⌧) n 

where with a slight abuse of notation we have written sf 0(s)/f(s) =  mf (s), see Remark 6.8.3. 

To consider s ! S, we first rewrite  ([) as 

1 1 1 
P(Zs,⌧ = n) =  mf (s)2⇡ n3/2 (⌧) 

Z([[) f 0 ı✓/( (⌧)
p
n) p pse 

ıY̆⌧ ✓/ n)n ı✓/( (⌧) n)d✓E(e e 
p f 0(s) 

|✓|⇡� (⌧) n 
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P1If 
n=0 nanS

n < 1, then  f 0 extends continuously to cl(D(0, S)), and by appealing to Theorem 
6.1.5, we readily see that 

3/2n 1 
lim P(Z⌧,s = n) =  p . 
s"S; mf (s) (⌧) 2⇡ 
n!1 

More generally, if sn < S  and n are such that 

f 0(sne 
p
n)ı / 

(])  lim  = 1  , for each 2 R , 
n!1 f 0(sn) 

then 
3/2n 1 

lim P(Z⌧,sn = n) =  p . 
n!1 mf (sn) (⌧) 2⇡ 

For instance for f(z) = 1/(1 z), condition (]) is satisfied if sn and n are related so that p
limn!1(1 sn) n = 1. 



Bibliography 

[1] Abi-Khuzam, F. F. Maximum modulus convexity and the location of zeros of an entire function. 
Proc. Amer. Math. Soc. 106 (1989), no. 4, 1063–1068. 

[2] Abi-Khuzam, F. F. Hadamard convexity and multiplicity and location of zeros. Trans. Amer. 
Math. Soc. 347 (1995), no. 8, 3043–3051. 

[3] Adamchik, V. S. Polygamma functions of negative order. J. Comput. Appl. Math. 100 (1998), 
no. 2, 191–199. 
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[100] Warren, P.J. The Curious History of Faà di Bruno’s Formula. The American Mathematical 
Monthly, 109(3), 217–234. (2002). 

[101] Whittaker, J. M. The lower order of integral functions. J. London Math. Soc. 8 (1933), no. 1, 
20–27. 

[102] Williams, D. Probability with Martingales. Cambridge University Press, 1991. 

[103] Wilf, H. The asymptotics of eP (z) and the number of elements of each order in Sn. Bull. 
Amer. Math. Soc. (N.S.) 15 (1986), no. 2, 228–232. 

https://doi.org/10.1007/978-1-4612-0735-1
https://doi.org/10.1080/17476938908814380
https://doi.org/10.1080/17476938908814380
https://doi.org/10.2307/3214956
https://doi.org/10.2174/1876527000901010003
https://doi.org/10.1134/S0001434607050148
https://doi.org/10.2307/2333154
https://doi.org/10.1112/jlms/s1-1.1.35
https://doi.org/10.1112/plms/s2-26.1.185
https://doi.org/10.5802/afst.287
https://doi.org/10.5802/afst.287
https://doi.org/10.1142/S1793042115400096
https://doi.org/10.1017/9781108627771
https://doi.org/10.1007/s11139-017-9909-2
https://doi.org/10.1007/s11139-017-9909-2
https://doi.org/10.1080/00029890.2002.11919857
https://doi.org/10.1112/jlms/s1-8.1.20
https://doi.org/10.1017/CBO9780511813658
https://doi.org/10.1090/S0273-0979-1986-15486-8


265 BIBLIOGRAPHY 

[104] Wright, E. M. Asymptotic partition formulae I. Plane partitions. Quaterly Journal of Math-
ematics 1 (1931), 177–189. 

[105] Wright, E. M. The coe!cients of a certain power series. J. London Math. Soc. 7 (1932), no. 4, 
256–262. 

[106] Wright, E. M. Asymptotic partition formulae. III. Partitions into k-th powers. Acta Math. 
63 (1934), 143–191. 

[107] Wright, E. M. On the coe!cients of power series having exponential singularities (second 
paper). J. London Math. Soc. 24 (1949), 304–309 

https://doi.org/10.1093/qmath/os-2.1.177
https://doi.org/10.1112/jlms/s1-7.4.256
https://doi.org/10.1007/BF02547353
https://doi.org/10.1112/jlms/s1-24.4.304
https://doi.org/10.1112/jlms/s1-24.4.304

	Elementary properties of Khinchin families
	Moments of a Khinchin family
	Moments
	Some examples: moments of the most basic families
	Central and absolute central moments
	The moments determine the family
	Recurrence for the moments and the central moments
	Sequences of power series and moments

	Moments of a Khinchin family near 0
	Analycity of the moments near 0
	Asymptotic behavior of the moments near 0

	Asymptotic behavior of the moments of the most basic families
	Moments of geometric and negative binomial variables
	Moments of Bernoulli and binomial variables
	Moments of Poisson variables
	Relative growth of moments

	Khinchin Clans
	First examples of clans
	Clan in terms of f, directly
	Growth of the quotient sigmaf/mf and gaps
	Some non examples of clans
	Some basic properties of clans
	Weak clans
	Moments of clans
	Derivative Df of a clan is a clan
	On the mean function of a clan.
	On the quotient f(t)/f(t)

	Entire functions in K 
	The order of f entire and the moments E(Xtp)
	Entire gaps series, order and clans
	The order of f entire and the quotient 2f(t)/mf(t)
	Entire functions of genus 0 with negative zeros
	Entire functions, proximate orders and clans
	Exceptional values and clans


	Gaussian and strongly Gaussian power series
	Gaussian power series
	A. Some basic tools in probability
	B. Some examples
	Criteria for non-vanishing power series to be Gaussian
	A. Global criteria for a non-vanishing power series to be Gaussian
	B. Direct applications of Theorem 3.1.4
	B.1. Exponential of a polynomial not in K 
	B.2. Gaussianity of the Poisson family
	B.3. Gaussianity of the OGF of the involutions
	B.4. Gaussianity of the Euler family

	C. A local criteria for Gaussianity for non-vanishing power series

	Moment criteria for general f K  to be Gaussian
	Canonical products in the Class Q

	Operations with Gaussian power series
	A. Subordination of Gaussian power series
	B. Products of Gaussian power series
	B.1. Power series with the same radius of convergence
	B.2. Power series with different radius of convergence

	C. Powers of Gaussian power series
	D. Shifts of Gaussian power series
	E. Composition of a Gaussian power series with a polynomial
	F. Some applications
	F.1. Product of a polynomial and a Gaussian power series
	F.2. Exponential of a polynomial
	F.3. Composition of an entire function of finite order with a polynomial



	Strongly Gaussian power series
	A. The Poisson family is strongly Gaussian
	B. The Pascal and the Bernoulli family are not strongly Gaussian

	Hayman's local central limit Theorem
	Strongly Gaussian power series are Gaussian
	Strongly Gaussian power series are Clans
	Operations with strongly Gaussian power series
	A. Subordination
	B. Products of strongly Gaussian power series
	B.1 Product of power series with the same radius of convergence
	B.2 Product of power series with different radius of convergence

	C. Powers of strongly Gaussian power series

	D. Shifts of strongly Gaussian power series
	E. Composition of a strongly Gaussian power series with a polynomial
	D. Some applications
	D.1. Product of a polynomial and a strongly Gaussian power series
	D.2. Composition of a polynomial with an exponential
	D.3. Composition of a polynomial with an entire function of finite order 0

	Hayman Class
	Size of the cut
	Global criteria for the major arc condition for non-vanishing power series
	A. Applications of the global criteria for the major arc condition for non-vanishing power series
	A.1. Partitions of integers.
	A.2. Exponential function.
	A.3. Exponential of a polynomial not necessarily in K .


	Hayman class and strongly Gaussian power series
	Operations with Hayman functions
	A. Product of functions in the Hayman class
	A.1. Power series with the same radius of convergence
	A.2. Power series with different radius of convergence
	B. Powers of functions in the Hayman class
	C. Some other operations

	Dominated criteria for strongly Gaussian power series

	Uniformly Gaussian power series


	Uniformly strongly Gaussian families
	Uniformly Hayman power series
	Set Constructions and Exponentials
	Set construction of combinatorial classes
	Labeled combinatorial classes and Sets
	A. Sets of Sets
	B. Sets of Lists
	C. Sets of Cycles
	D. Sets of Trees and Sets of Functions
	D.1. Sets of trees (forests)
	D.2. Sets of functions

	Unlabeled combinatorial classes and Sets
	A. Multisets of Unlabeled Combinatorial Classes
	B. Sets of Unlabeled Combinatorial Classes


	Khinchin families of exponentials f = eg, with g P
	Mean and variance
	Range of the mean and the variance

	Fulcrum
	A. Fulcrum of a general exponential power series
	B. Fulcrum of eg with g P
	C. The fulcrum of f = eg and the moments of g

	Power series comparisons


	Gaussian power series for f=eg, with g P
	Gaussian power series
	A. Global criteria to be Gaussian
	B. Moment criteria for Gaussianity
	C. Applications
	C.1. EGF of the class of sets of (non-empty) sets
	C.2. EGF of the class of sets of (non-empty) lists
	C.3. EGF of the class of sets of pointed sets
	C.4. EGF of the class of sets of cycles
	C.5. Some parametric families


	Hayman class for exponentials f = eg with g P
	Criteria for f=eg, with g P, to be in the Hayman class

	Coefficient criteria for g P for f = eg to be in the Hayman class
	A. Case g entire, R=
	B. Case g not entire, R<

	Applications of Theorems 4.3.15 and 4.3.17
	A. Set of Labeled Classes
	B. Sets of Unlabeled Classes

	Uniformly Hayman exponentials
	Exponential of polynomials


	Partitions of integers and partitions of sets
	Partitions of integers
	Euler summation
	Approximation of Means and Variances
	A. OGF of the partitions of integers P
	B. OGF of the partitions into distinct parts Q
	C. OGF of the partitions with parts in arithmetic progression Pa,b
	D. Generalized OGF Wab (including colored and plane partitions)

	Asymptotic for the OGFs of partitions on (0,1)
	A. OGF of the partitions of integers P
	B. OGF of the partitions into distinct parts Q
	C. OGF of the partitions with parts in arithmetic progression Pa,b
	D. Generalized OGF Wab (including colored and plane partitions)

	Asymptotic for the partitions of integers
	A. OGF of the partitions of integers P: Theorem of Hardy-Ramanujan
	B. OGF of the partitions into distinct parts Q
	C. OGF of the partitions in arithmetic progression Pa,b: Theorem of Ingham
	D. Plane and Colored Partitions: Wright's Theorem
	D.1. Plane partitions
	D.2. Colored partitions with coloring sequence (jb)j 1



	Partitions of sets


	Large powers and Lagrangian distributions
	Local Central Limit Theorem and continuous families
	Approximation and bound of characteristic functions
	Lattice distributed variables
	Local Central Limit Theorem for lattice variables: integral form
	Local Central Limit Theorem

	Continuous families of lattice variables

	Coefficients of large powers
	Auxiliary function 
	Hayman's identities and large powers

	Index k and power n are comparable
	General Q
	With further information on k/n
	A. Binomial coefficients.
	B. Back to Local Central Limit Theorem


	Index k is little `o' of n
	With further information on k/n
	Particular case: k fixed, while n 

	Power n is little `o' of index k
	Coefficients of h(z)(z)n
	Coefficients of solutions of Lagrange's equation
	Lagrange's equation
	The Otter-Meir-Moon Theorem and some extensions
	Coefficients of powers of solutions of Lagrange's equation
	Coefficients of functions of solutions of Lagrange's equation


	Probability generating functions
	Lagrangian distributions (and Galton-Watson processes)
	Lagrangian distributions and Khinchin families
	Limit cases









