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Nomenclature

OGF
EGF

D(z, R)

II=

Ordinary generating function

Exponential generating function

Probability (referred to certain probability space)
Expectation (referred to certain probability space)
Variance (referred to certain probability space)
Sum of independent random variables

Unit disk in the complex plane C

Disk of center z € C and radius R 0 in the complex plane C

Equality in distribution of two random variables

k-th falling factorial of x
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Notations

e Asymptotically equivalent: for two functions f, g we say that f is asymptotically equiv-
alent to g, as t T R, denoted f ~ g, as t T R, if

lim & =
R g(t)

e Comparable: for two functions f,g we say f is comparable with g, as ¢t 1 R, denoted
f(t) < g(t), as t T R, if there are constants C, ¢ > 0 such that

Cﬁgg))gc, ast T R.

e Big O and Little o notation: For two functions f, g we say that f is a big O of g, ast 1 R,
denoted f = O(g), as t T R, if there exists a constant C' > 0 such that

lf@®)] < Clg(t)], ast?TR.

For the same two functions we say that f is a little o of g, as t T R, denoted f = o(g), as
t1T R, if

ft)

im
R g(t)

e Convergence in distribution of a sequence of random variables: for a sequence of

random variables Z,, and a random variable Z, the notation Z, 4z , as n — 0o, means that
Zy converge in distribution towards Z, as n — oo.
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Introduction

The theory of Khinchin families connects Probability Theory and Complex Analysis. Along this
PhD thesis, we exploit this connection to obtain, using a variety of local central limit theorems,
asymptotic formulas for the coefficients of analytic functions with non-negative coefficients. We
give criteria for a power series to have certain specific, and in most cases, computable, asymptotic
formula.

The theory of Khinchin families was initiated and is strongly influenced by the work of Walter
K. Hayman, see [48], Paul C. Rosembloom, see [83] and Luis Baez-Duarte, see [6]. We can assign
to each power series f in the class K, having radius of convergence R > 0, a family of random
variables (X¢)(o r)- This theory examines the behavior of this family of random variables, and also
of its normalized version, as t T R.

It turns out that, under certain conditions, the behavior of this family of random variables
encodes the asymptotic behavior of the coefficients of the power series f. In this thesis we develop
a complete theory of Khinchin families, including operations with power series and criteria to be
in some of the relevant classes of functions; we also study and organize the different connections
between these families of random variables and the function theoretical properties of the functions
in the class K.

We thought it could be of interests to classify functions having certain probabilistic properties
on the Khinchin family side; some of these classes of functions give sufficient conditions to have an
specifics asymptotic formula for the coefficients of f.

A relevant result in this theory is the following:
f is in the Hayman class = f is Strongly Gaussian = f is Gaussian

In this line we also have that strongly Gaussian power series conform clans. This chain of im-
plications tells us that a characterization, or simple criteria, for being on any of these classes of
functions would be really useful.

These classes of functions allow us to classify power series with non-negative coefficients and
determine whether this theory applies to some of them. This question is complex, but at the same
time relevant: for instance, some of the generating functions of the partitions of integers are in
these classes of functions, and this allows us to find asymptotic formulas for their coefficients.

xvii
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Motivated by this classifying objective we obtain, in some cases, simple criteria for a function
to be in some of the classes of functions mentioned above; for instance, for one of the most relevant
classes in here, the Hayman class.

This thesis aims to harmonize the various asymptotic formulas for combinatorial or probabilistic
objects within a single framework. With this aim we have extended some of the classes of functions
and also studied the coefficients of large powers of analytic functions. One of our main goals was
to consolidate and develop some aspects of a comprehensive theory: providing a guidebook for
combinatorialists or probabilists, a series of results, or basic criteria, where they can follow a step-
by-step process, verify if certain straightforward conditions are met, and then derive an asymptotic
formula for the object of study. However, this is not the sole primary goal; we are also profoundly
interested in the functional theoretical properties of these classes of functions and their connections
to the respective Khinchin families (such as the case of f € I being an entire function).



Conclusions

The organization of this thesis is as follows:

In Chapter [1| we study the elementary properties of Khinchin families. We introduce the mean
and the variance of a Khinchin family, these functions play a very relevant role in this theory and
studying their growth and range is very important; for instance the mean and variance functions
appear in the characteristic function of a normalized Khinchin family and also in Hayman’s formula
for the coefficients of a power series. Later on we introduce three critical components of this
theory: the characteristic function of a Khinchin family, Hayman’s formula for the coefficients,
and the fulcrum of a power series in the class IC, these three objects are ubiquitous in this thesis.
We conclude this first chapter by studying the moment generating function of a Khinchin family,
including Chernoff bounds, and connecting the Wiman-Valiron theory with the theory of Khinchin
families.

The main contributions in Chapter [1] are:

e Subsection where we study the range of the variance of certain canonical products in
the class Q. This gives us a platform to illustrate the behavior of the variance.

e Lemma where we characterize the range of the mean of a Khinchin family.

e A new proof of Theorem which allows us to extend this result to the absolute central

moments of the respective Khinchin family. See also Subsection where we study the
range of the variance.

e Lemma which implies that the normalized Khinchin families are continuous in distri-
bution, see also Lemma |1.3.4

e Proposition [1.3.5] gives a zero-free region for the characteristic function of a power series
f € K (and also for the power series f).

e Lemma [1.3.9] expresses the moments of the normalized Khinchin family in terms of certain
quotients of derivatives of the fulcrum (and vice versa).

e We also organize the different operations with power series and how this translates into
operations in the Khinchin family side, see Subsection [1.3.6]

e In Subsection we relate the moment generating function of a Khinchin family with its
fulerum. We also give Chernoff bounds for Khinchin families, see Proposition [1.4.6]

Xix



XX

e In Proposition[1.5.7, using ideas from the Wyman-Valiron Theory, we obtain some differential
inequalities for the fulcrum of an entire function f € K. These inequalities will be relevant
in Chapter

In Chapter [2| we study the moments of a Khinchin family and their asymptotic properties.
Later on we introduce the concept of clan: this concept comes from [48], in that case refereed to
Hayman functions. We will see later on, in Chapter [3, that strongly Gaussian power series are
clans. In this chapter we study the function theoretical properties of entire functions in relation
with their Khinchin families, for instance we give a formula for the order of an entire function in
terms of the moments of a Khinchin family. We also give counterexamples which prove that not
every entire function is a clan, though they are always weak clans. We conclude this chapter by
proving that entire functions of finite order having one Borel exceptional value are clans.

The main contributions in Chapter [2] are:

e Lemma This lemma allows us to obtain asymptotic formulas, in terms of the expecta-
tion, for the non-integer moments of a Khinchin family.

e In Lemma|2.3.9|we prove that certain quotients of moments of Khinchin families are increasing
with respect to the respective powers. See also Corollaries [2.3.10| and [2.3.11] for comparisons
of moments.

e Lemma gives an equivalent definition of clan in terms of the derivatives of f € K.
We also prove in there that transcendental entire functions f € K are weak clans. See also
Subsection [2.4.6 and in particular Proposition [2.4.6

e Theorem [2.4.4] which allows us to build counterexamples proving that not every transcenden-
tal entire function f € K is a clan. In this line see also Lemma ?? and Corollary

e In Theorem we prove that for any p > 0 the p-th moments of a Khinchin clan have an
asymptotic in terms of the mean function.

e In Theorem we give a characterization of clans in terms of the mean function.

e Lemma expresses certain quotients of a function f € IC in terms of a series of factorial
moments divided by powers of the mean of the Khinchin family. Later on this allows to give
a characterization of clans in terms of f it self, see Theorem

e In Corollary we obtain a characterization of clans in terms of the moment generating
function (in this case E(eXt ™/®) ) and = v(t) = In(1 + 1/m(1))).

e Theorem [2.5.1] gives the order of an entire function in terms of the moments of a Khinchin
family.

e Proposition gives an inequality for the order of an entire function in terms of the quotient

Ft)my(t).

e Proposition gives that canonical products with negative zeros in X conform clans.

e Theorem [2.5.9] gives sufficient conditions for an entire function of finite order pi> 0 to be a
clan.

e Theorem proves that entire functions with one Borel exceptional value are clans. In
this line Proposition gives that the product of a polynomial and the exponential of an
entire function of finite order in I is always a clan; This proves that the exponential of an
entire function of finite order is always a clan.



xxi

In Chapter |3| we introduce uniform conditions on the Khinchin family side that give a local
central limit theorem for the Khinchin families and therefore an asymptotic formula for the coef-
ficients of the power series. There are, at least, three relevant classes of functions in this theory:
Gaussian power series, strongly Gaussian power series and the Hayman functions. We study the
function theoretical, and also the probabilistic, properties of these families. In some cases we give
criteria for a power series in K to be in some of these classes and prove that certain specific families
of power series, which are relevant from a combinatorial point of view, are in these classes.

The main contributions in Chapter [3] are:

For non-vanishing power series: we give criteria in terms of the fulcrum to be Gaussian; see
Theorems and See also Remark for a generalization of these results.

Under certain hypothesis, we give necessary conditions, for a non-vanishing power series
f € K, to be a Gaussian, see Corollary

We prove that the exponential of a polynomial e € K is a Gaussian power series, see
Proposition |3.1.14

We prove a moment criteria for a power series in K to be Gaussian. This criteria applies
to general power series f € IC, see Theorem [3.1.19] We prove by means of this criteria that
canonical products with negative zeros f € Q such that lims ;(t) = 400 are Gaussian,

see Theorem [B.1.211

We prove that certain operations with power series preserve being Gaussian. For instance
we prove that under certain simple conditions the power series h = P f, where P € K is a
polynomial and f € K a Gaussian power series, is Gaussian, see Theorem [3.1.32

In Theorem we prove that strongly Gaussian power series are Gaussian.
In Corollary [3.2.10] we prove that strongly Gaussian power series are clans.

In Corollary we prove certain asymptotic properties of strongly Gaussian power series
f € K. As a consequence of this result we obtain that for strongly Gaussian power series we
always have My = +o00.

We prove that certain operations with power series preserve the property of being strongly
Gaussian. For instance we prove that under certain simple conditions the composition of a
polynomial P € K with a strongly Gaussian power series f € K gives a strongly Gaussian
power series h = P f, see Theorem

In Lemma we prove that the cut of a Hayman function f € K should have certain
asymptotic restrictions (with respect to the variance JQc(t))

In Theorem [3.3.4]| we give criteria, in terms of the fulcrum, for the major arc condition to
hold. This criteria applies to non-vanishing power series in K.

In Sections[3.4] [3.5]and [3.6] we extend the definitions of Gaussian, strongly Gaussian and Hay-
man functions to uniformly Gaussian, uniformly strongly Gaussian and uniformly Hayman.
Some of these extensions will be used, for instance, in Chapters [4] and [6]

In Chapter [4) we study exponential power series, that is, power series of the form f = e9, with
g € P. As explained in Section this exponential structure is very relevant in combinatorics;
an instance of this structure is given by the ordinary generating functions of the different sort of
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partitions of integers. Later on we give criteria for an exponential power series f = e9, with g € P,
to be Gaussian and also criteria for this power series to be in the Hayman class. This last criteria
for the Hayman class gives very simple conditions in terms of the coefficients of g for f = €9, with
g € P, to be in the Hayman class, see Theorems [4.3.17] and [4.3.15] We conclude this chapter by
proving, using Theorem that most of the generating functions of the partitions of integers
are in the Hayman class.

The main contributions in Chapter [4] are:

We adapt the criteria from Chapter |3| for a power series to be Gaussian to the case f = e9
with g € P. These criteria are much simpler now and are given in terms of g, see Theorems

and See also Remark for a generalization of these results.

Under certain hypothesis we give necessary condition, in terms of g € P, for f = €9 to be
Gaussian, see Corollary See also Remark for a generalization of this result.

In Theorem we give a moment criteria for an exponential power series to be Gaussian.
See also Remark there we give a characterization of Gaussianity for power series f = e9,
with g € P verifying certain hypothesis.

In Theorem we give a first criteria in terms of g € P for a power series f = e9 to be
in the Hayman class. See also Theorem for further criteria.

In Theorems[4.3.17]and [4.3.15| we give very simple criteria in terms of the coefficients of g € P
for f = €9 to be in the Hayman class.

Using Theorems [4.3.17] and [4.3.15) we prove that the EGF of the Bell numbers is in the
Hayman class, see Theorem We also prove by means of Theorem that the OGF
of the partitions of integers P, see Theorem of the plane partitions M, see Theorem
and the OGF of the partitions in arithmetic progression P, ;, see Theorem are

in the Hayman class.

In Theorem |4.3.22] we give criteria for an exponential f = e9, with g € K to be uniformly
Hayman. We also prove, using this criteria, that the exponential of a polynomial in I is
uniformly Hayman.

In Chapter [5] we apply all the previous machinery to the exponential generating functions of the
Bell numbers and also to the generating functions of the partitions of integers; partitions, partitions
into distinct parts, partitions in arithmetic progression, some colored and plane partitions. All
these functions are in the Hayman class, and therefore are strongly Gaussian. We also prove that
these generating functions are in the hypothesis of Baéz-Duarte Theorem and therefore their
coeflicients have an asymptotic formula given by this theorem.

The main contributions in Chapter [5] are:

Using all the previous machinery we greatly simplify the proofs of the asymptotic formulas
for the different sort of partitions of integers, see Section [5.1] For the partitions of integers
see Theorem this is Hardy-Ramanujan Theorem. For the partitions of integers into
different parts see Theorem [5.1.15] For the partitions of integers into arithmetic progression
see Theorem this is Ingham’s Theorem. For the plane partitions see Theorem [5.1.17
this is Wright’s Theorem. For the colored partitions with coloring sequence (j%); 1 see

Theorem [5.1.18
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e For the partitions of sets we give a very simple proof of the asymptotic formula for the Bell
numbers, see Section [5.2] and in particular Theorem [5.2.1]

In Chapter [6}, and searching for a unified approach, we study large powers of analytic functions.
Using a variety of local central limit theorems we give asymptotic formulas for the coefficients
of power series ", for large values of n, when the index of the coefficient has some asymptotic
restriction. One instance of this situation is given by Lagrange’s inversion formula, the Otter-
Meir-Moon Theorem and its extensions. This last theorem has two interpretations: the first
interpretations give an asymptotic formula for the coefficients of the generating functions of different
families of rooted, weighted, combinatorial trees, this depends on € K, and, on the Khinchin
family side, for the probabilities associated to certain (Galton-Watson) random trees, this depends
on the Khinchin family associated to  (offspring distribution). We also treat the asymptotics
for Lagrangian distributions, an instance of these kind of distributions being the Borel-Tanner
distribution.

The main contributions in Chapter [6] are:

e We unify under the same setting different asymptotic formulas for large powers of analytic
functions with non-negative coefficients. We greatly simplify the proofs using the Theory of
Khinchin families.

e We simplify the proof of Theorem and its extensions. The Theory of Khinchin families
seems to be tailor made to deal with the extremal cases in a very simple way, see also Theorem
[6.7.2l and the other cases in there.



Introduccién

La teoria de las familias de Khinchin conecta la Teoria de la Probabilidad y el Anélisis Complejo.
A lo largo de esta tesis doctoral, explotamos esta conexién para obtener, utilizando una variedad de
teoremas locales del limite central, férmulas asintéticas para los coeficientes de funciones analiticas
con coeficientes no negativos. En esta tesis damos criterios para que una serie de potencias tenga
una féormula asintética especifica y, en la mayoria de los casos, computable.

La teorfa de las familias de Khinchin fue iniciada y estd fuertemente influenciada por el trabajo
de Walter K. Hayman, véase [48], Paul C. Rosenbloom, véase [83| y Luis Béez-Duarte, véase [6]. A
cada serie de potencias f en la clase I, con radio de convergencia R > 0, le podemos asignar una
familia de variables aleatorias (X¢)|o r). Esta teorfa examina el comportamiento de esta familia de
variables aleatorias, y también de su versién normalizada, a medida que t 1 R.

Resulta que, bajo ciertas condiciones, el comportamiento de esta familia de variables aleatorias
cuando t T R codifica el comportamiento asintético de los coeficientes de la serie de potencias f. En
esta tesis desarrollamos una teoria completa de las familias de Khinchin, incluyendo operaciones con
series de potencias y criterios para estar en algunas de las clases relevantes de funciones; también
estudiamos y organizamos las diferentes conexiones entre estas familias de variables aleatorias y
las propiedades de las funciones en la clase K (desde el punto de vista de la teoria de funciones).

Antes de embarcarnos en esta tesis doctoral pensamos que podria ser de interés clasificar fun-
ciones que tienen ciertas propiedades probabilisticas del lado de la familia de Khinchin; algunas de
estas clases de funciones dan condiciones suficientes para tener una férmula asintética especifica
para los coeficientes de f.

Un resultado relevante en esta teoria es el siguiente:
f estd en la clase de Hayman = f es fuertemente gausiana = f es gausiana

En esta linea también tenemos que las series de potencias fuertemente gausianas conforman clanes.
Esta cadena de implicaciones nos dice que una caracterizacién, o criterios simples, para estar en
cualquiera de estas clases de funciones seria realmente ttil.

Estas clases de funciones nos permiten clasificar series de potencias con coeficientes no negativos
y determinar si esta teoria aplica o no. Esta cuestién es compleja y al mismo tiempo relevante: por
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ejemplo, algunas de las funciones generatrices de las particiones de enteros estan en estas clases de
funciones, y esto nos permite encontrar férmulas asintéticas para sus coeficientes.

Motivados por este objetivo clasificador, obtenemos, en algunos casos, criterios simples para
que una funcién esté en algunas de las clases de funciones mencionadas; por ejemplo, para una de
las clases mas relevantes aqui, la clase de Hayman.

Esta tesis pretende armonizar las diversas féormulas asintéticas para objetos combinatorios o
probabilisticos dentro de un mismo marco. Con este objetivo hemos extendido algunas de las clases
de funciones y también estudiado los coeficientes de grandes potencias de funciones analiticas. Uno
de nuestros objetivos principales ha sido consolidar y desarrollar algunos aspectos de una teoria
integral: proporcionando una guia para cualquier matematico interesado en encontrar formulas
asintoticas para objetos combinatorios o probabilisticos, una serie de resultados, o criterios basicos,
que se puedan seguir paso a paso, verificar si se cumplen ciertas condiciones sencillas, y luego derivar
una férmula asintética para el objeto de estudio. Sin embargo, este no es el tinico objetivo; también
estamos profundamente interesados en las propiedades tedricas (desde el punto de vista de la teoria
de funciones) de estas clases de funciones y sus conexiones con las respectivas familias de Khinchin
(como por ejemplo el caso de f € K una funcién entera).



Conclusiones

Los resultados contenidos en esta tesis doctoral son los siguientes:

En el Capitulo [1] estudiamos las propiedades elementales de las familias de Khinchin. Intro-
ducimos la media y la varianza de una familia de Khinchin; estas funciones desempenan un papel
muy relevante en esta teoria y estudiar su crecimiento y rango es muy importante. Por ejemplo,
las funciones de media y varianza aparecen en la funcién caracteristica de una familia de Khinchin
normalizada y también en la férmula de Hayman para los coeficientes de una serie de potencias.
Posteriormente, introducimos tres componentes criticos de esta teorfa: la funcién caracteristica de
una familia de Khinchin, la férmula de Hayman para los coeficientes y el fulcrum de una serie
de potencias en la clase K, estos tres objetos son ubicuos en esta tesis. Concluimos este primer
capitulo estudiando la funcién generatriz de momentos de una familia de Khinchin, incluyendo
las cotas de Chernoff, y conectando la teoria de Wiman-Valiron con la teoria de las familias de
Khinchin.

Las principales contribuciones del Capitulo [1] son:

e Subseccién donde estudiamos el rango de la varianza de ciertos productos canénicos en
la clase Q. Esto nos da una plataforma para ilustrar el comportamiento de la varianza.

e Lema donde caracterizamos el rango de la media de una familia de Khinchin.

e Una nueva prueba del Teorema |1.2.3|que nos permite extender este resultado a los momentos
centrales absolutos de la respectiva familia de Khinchin. Véase también la Subseccion [1.2.5
donde estudiamos el rango de la varianza.

e Lemall.3.2; que implica en particular que las familias de Khinchin normalizadas son continuas
en distribucién, véase también el Lema [1.3.4

e Proposicién [1.3.5 da una regién libre de ceros para la funcién caracteristica de una serie de
potencias f € K (y también para la serie de potencias f).

e Lema [1.3.9] expresa los momentos de la familia de Khinchin normalizada en términos de
ciertos cocientes de derivadas del fulcrum (y viceversa).

e También organizamos las diferentes operaciones con series de potencias y como se traducen
en operaciones en el lado de la familia de Khinchin, véase la Subseccién [1.3.6]

e En la Subseccién [1.4.2 relacionamos la funcién generatriz de momentos de una familia de
Khinchin con su fulcrum. También damos cotas de Chernoff para las familias de Khinchin,
véase la Proposicién [1.4.6]

xxVvil



XxXViil

e En la Proposicién utilizando ideas de la teoria de Wiman-Valiron, obtenemos algunas
desigualdades diferenciales para el fulcrum de una funcién entera f € K. Estas desigualdades
seran relevantes en el Capitulo

En el Capitulo [2| estudiamos los momentos de una familia de Khinchin y sus propiedades
asintéticas. Posteriormente, introducimos el concepto de clan: este concepto proviene de [48], en
ese caso relacionado con las funciones de Hayman. Veremos mas adelante, en el Capitulo |3, que las
series de potencias fuertemente gausianas son clanes. En este capitulo estudiamos las propiedades
tedricas de las funciones enteras en relacion con sus familias de Khinchin, por ejemplo, damos
una férmula para el orden de una funcién entera en términos de los momentos de una familia
de Khinchin. También damos contraejemplos que prueban que no toda funcién entera es un clan,
aunque siempre son clanes débiles. Concluimos este capitulo demostrando que las funciones enteras
de orden finito que tienen un valor excepcional de Borel son clanes.

Las principales contribuciones del Capitulo [2]son:

e Lemal|2.3.6/ Este lema nos permite obtener férmulas asintéticas, en términos de la esperanza,
para los momentos no enteros de una familia de Khinchin.

e En el Lema demostramos que ciertos cocientes de momentos de familias de Khinchin
son crecientes respecto a las respectivas potencias. Véanse también los Corolarios y
para comparaciones de momentos.

e Lema da una definicién equivalente de clan en términos de las derivadas de f € K.
También demostramos alli que las funciones enteras trascendentales f € K son clanes débiles.
Véase también la Subseccién y en particular la Proposicion [2.4.6

e El Teorema [2.4.4] nos permite construir contraejemplos que prueban que no toda funcién
entera trascendental f € K es un clan. En esta linea véase también el Lema 7?7 y el Corolario
2.4.5

e En el Teorema demostramos que para cualquier p > 0 los momentos p-ésimos de un
clan tienen un asintdtico en términos de la funciéon media.

e En el Teorema [2.4.11] damos una caracterizacién de clanes en términos de la funcién media.

e Lema expresa ciertos cocientes de una funcién f € K en términos de una serie de
momentos factoriales divididos por potencias de la media de la familia de Khinchin. Posteri-
ormente, esto permite dar una caracterizacion de clanes en términos de f, véase el Teorema
2.4.17

e En el Corolario 2.4.18 obtenemos una caracterizacién de clanes en términos de cierta funcién
generatriz de momentos (en este caso E(eXt ™) )y = p(t) = In(1 + 1/m(1))).

e El Teorema [2.5.1] da el orden de una funcién entera en términos de los momentos de una
familia de Khinchin.

e La Proposicién [2.5.3/ da una desigualdad para el orden de una funcién entera en términos del
cociente J%(t)/mf(t).

e La Proposicién da que los productos candnicos con ceros negativos y que pertenecen a
la clase KC son clanes.

e El Teorema da condiciones suficientes para que una funcién entera de orden finito pi»> 0
sea un clan.
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El Teorema demuestra que las funciones enteras con un valor excepcional de Borel
son clanes. En esta linea, la Proposicién da que el producto de un polinomio y la
exponencial de una funcién entera de orden finito en I es siempre un clan; esto demuestra
que la exponencial de una funcién entera de orden finito es siempre un clan.

En el Capitulo [3] introducimos condiciones uniformes en el lado de las familias de Khinchin que
proporcionan un teorema local del limite central para las familias de Khinchin y, por lo tanto, una
férmula asintotica para los coeficientes de la serie de potencias. Hay, al menos, tres clases de fun-
ciones que son relevantes para esta teoria: las series de potencias gausianas, las series de potencias
fuertemente gausianas y las funciones de Hayman. En este capitulo estudiamos las propiedades
tedricas de estas clases de funciones, asi como las probabilisticas. En algunos casos, damos criterios
para que una serie de potencias en K pertenezca a alguna de estas clases y demostramos que ciertas
familias especificas de series de potencias, que son relevantes desde un punto de vista combinatorio,
estan en estas clases.

Las principales contribuciones del Capitulo [3]son:

Para series de potencias no nulas: damos criterios en términos del fulcrum para que una serie
de potencias sea gausiana; ver Teoremas y [3.1.6. Véase también la Observacién
para una generalizacién de estos resultados.

Bajo ciertas hipdtesis, damos condiciones necesarias, para que una serie de potencias no nula
f € K, sea gausiana, ver Corolario [3.1.8

Demostramos que la exponencial de un polinomio ef” € K es una serie de potencias gausiana,
ver Proposicién [3.1.14

Demostramos un criterio de momentos para que una serie de potencias en K sea gausiana.
Este criterio se aplica a series de potencias generales f € K, ver Teorema|3.1.19] Demostramos
mediante este criterio que los productos candnicos con ceros negativos f € Q tales que

lim; oo ]20(75) = 400 son gaussianos, ver Teorema [3.1.21

Demostramos que ciertas operaciones con series de potencias preservan ser gausiana. Por
ejemplo, demostramos que bajo ciertas condiciones simples la serie de potencias h = P f,
donde P € K es un polinomio y f € K una serie de potencias gausiana, es gausiana, ver

Teorema [3.1.32]

En el Teorema demostramos que las series de potencias fuertemente gausianas son
gausianas.

En el Corolario [3.2.10] demostramos que las series de potencias fuertemente gausianas son
clanes.

En el Corolario|3.2.11] demostramos ciertas propiedades asintéticas de las series de potencias
fuertemente gausianas f € K. Como consecuencia de este resultado, obtenemos que para las
series de potencias fuertemente gausianas siempre tenemos My = +o0.

Demostramos que ciertas operaciones con series de potencias preservan la propiedad de ser
fuertemente gausianas. Por ejemplo, demostramos que bajo ciertas condiciones simples la
composicién de un polinomio P € K con una serie de potencias fuertemente gausiana f € IC
da una serie de potencias fuertemente gausiana h = P f, ver Teorema |3.2.14
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En el Lema demostramos que el corte de una funcién de Hayman f € K debe tener
ciertas restricciones asintéticas (con respecto a la varianza ]20(75))

En el Teorema damos criterios, en términos del fulcrum, para que se cumpla la condicién
del arco mayor. Este criterio se aplica a series de potencias no nulas en K.

En las Secciones|[3.4] [3.5]y [3.6|extendemos las definiciones de funciones gausianas, fuertemente
gausianas y de Hayman a funciones uniformemente gausianas, uniformemente fuertemente
gausianas y uniformemente de Hayman. Algunas de estas extensiones se utilizaran, por
ejemplo, en los Capitulos [4] y [6]

En el Capitulo [4]estudiamos series de potencias exponenciales, es decir, series de potencias de la
forma f = €9, con g € P. Como se explica a lo largo de la Secciéon esta estructura exponencial
es muy relevante en combinatoria; un ejemplo de esta estructura lo dan las funciones generatrices
ordinarias de los diferentes tipos de particiones de enteros. Mds adelante damos criterios para que
una serie de potencias exponencial f = e9, con g € P, sea gausiana y también criterios para que
esta serie de potencias pertenezca a la clase de Hayman. Este tltimo criterio para la clase de
Hayman da condiciones muy simples en términos de los coeficientes de g para que f = e9, con
g € P, pertenezca a la clase de Hayman, ver Teoremas y Concluimos este capitulo
demostrando, a través del Teorema que la mayoria de las funciones generatrices de las
particiones de enteros pertenecen a la clase de Hayman.

Las principales contribuciones del Capitulo [4|son:

Adaptamos los criterios del Capitulo [3| para que una serie de potencias sea gausiana al caso
f =e¢e9 con g € P. Estos criterios son mucho més simples ahora y se dan en términos de g,
ver Teoremas y Véase también la Observacion [4.3.4] para una generalizacién de
estos resultados.

Bajo ciertas hipétesis, damos una condicién necesaria, en términos de g € P, para que f = e9
sea gausiana, ver Corolario Véase también la Observacién [4.3.4]para una generalizacién
de este resultado.

En el Teorema damos un criterio de momentos para que una serie de potencias expo-
nencial sea gausiana. Véase también la Observacién [£.3.6, donde damos una caracterizacién
de la gausianidad para series de potencias f = €9, con g € P que verifican ciertas hipdtesis
de acotacion.

En el Teorema |4.3.12] damos un primer criterio en términos de g € P para que una serie de
potencias f = e9 pertenezca a la clase de Hayman. Véase también el Teorema |4.3.13| para
més criterios.

En los Teoremas |4.3.17| y [4.3.15| damos criterios muy simples en términos de los coeficientes
de g € P para que f = Y pertenezca a la clase de Hayman.

Utilizando los Teoremas [4.3.17| y 4.3.15] demostramos que la EGF de los nimeros de Bell
estd en la clase de Hayman, ver Teorema También demostramos, mediante el Teorema
que la OGF de las particiones de enteros P, ver Teorema de las particiones
planas M, ver Teorema y la OGF de las particiones en progresion aritmética Py, ver
Teorema [5.1.11} estan en la clase de Hayman.
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e En el Teorema [4.3.22| damos criterios para que una exponencial f = €9, con g € K sea
uniformemente Hayman. También demostramos, utilizando este criterio, que la exponencial
de un polinomio en K es uniformemente Hayman.

En el Capitulo |5 aplicamos toda la maquinaria anterior a las funciones generatrices exponen-
ciales de los niimeros de Bell y también a las funciones generatrices de las particiones de enteros;
particiones, particiones en partes distintas, particiones en progresion aritmética, algunas parti-
ciones coloreadas y particiones planas. Todas estas funciones estéan en la clase de Hayman, y por lo
tanto son fuertemente gausianas. También demostramos que estas funciones generatrices estan en
las hipotesis del Teorema de Baéz-Duarte y por lo tanto sus coeficientes tienen una férmula
asintotica dada por este teorema.

Las principales contribuciones del Capitulo |5|son:

e Utilizando toda la maquinaria anterior simplificamos en gran medida las demostraciones de
las féormulas asintéticas para los diferentes tipos de particiones de enteros, ver Seccién
Para las particiones de enteros, ver Teorema [5.1.14] este es el Teorema de Hardy-Ramanujan.
Para las particiones de enteros en partes distintas, ver Teorema |[5.1.15| Para las particiones
de enteros en progresion aritmética, ver Teorema [5.1.16] este es el Teorema de Ingham. Para
las particiones planas, ver Teorema[5.1.17| este es el Teorema de Wright. Para las particiones
coloreadas con secuencia de colores (j°); 1, ver Teorema

e Para las particiones de conjuntos, damos una demostracion muy simple de la férmula asintética
para los ntimeros de Bell, ver Seccién y en particular el Teorema [5.2.1

En el Capitulo [6] y buscando un enfoque unificado, estudiamos grandes potencias de fun-
ciones analiticas. Utilizando una variedad de teoremas locales del limite central, damos férmulas
asintoticas para los coeficientes de las series de potencias ", para valores grandes de n, cuando el
indice del coeficiente tiene alguna restriccién asintética. Un ejemplo de esta situacién viene dado
por la férmula de inversién de Lagrange, el Teorema de Otter-Meir-Moon y sus extensiones. Este
daltimo teorema tiene dos interpretaciones: la primera interpretacién da una férmula asintética
para los coeficientes de las funciones generatrices de diferentes familias de arboles combinatorios
con raiz (y con pesos), esto depende de € K, y, en el lado de la familia de Khinchin, para las
probabilidades asociadas a ciertos arboles aleatorios (Galton-Watson), esto depende de las familias
de Khinchin asociada a  (distribucién de la descendencia). También tratamos los asintéticos de
las distribuciones Lagrangianas, siendo un ejemplo de este tipo de distribuciones la distribucién de
Borel-Tanner.

Las principales contribuciones del Capitulo [6] son:

e Unificamos bajo el mismo marco diferentes féormulas asintéticas para grandes potencias de
funciones analiticas con coeficientes no negativos. Simplificamos en gran medida las de-
mostraciones utilizando la Teoria de familias de Khinchin.

e Simplificamos la demostraciéon del Teorema y sus extensiones. La Teoria de familias de
Khinchin parece estar hecha a medida para tratar los casos extremos de una manera muy
simple, ver también el Teorema [6.7.2]y aledafios.
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In this first chapter we collect the basic definitions and properties of Khinchin families. After
describing the most basic definitions, and also some examples of interest, we discuss the growth
and range of the mean and variance functions. These functions play an important role in this
theory; understanding their intrinsic properties will be essential.

Later on, we introduce the characteristic function and the fulcrum of a power series. We
describe their properties and related results; one of these results being Hayman’s formula for the
coefficients of a power series: this formula represents the n-th coefficient of a power series in terms
of the characteristic function of its Khinchin family.

We continue with the study of the moment generating function of a Khinchin family and then
apply this study to the Chernoff bounds for Khinchin families. Following the lead of Rosenbloom
[83] and Schumitzky [88] we conclude this chapter connecting the Wiman-Valiron’s theory with the
theory of Khinchin families. This connection between the Wiman-Valiron theory and the theory
of Khinchin families suggests certain concentration properties of entire Khinchin families that will
become apparent in subsequent chapters.

This chapter is based on the papers:



1.1. KHINCHIN FAMILIES 3
e Macia, V.J. et al. Khinchin families and Hayman class. Comput. Methods Funct. Theory
21 (2021), 851-904, see [17]

e Macia, V.J. et al. Growth of power series with nonnegative coefficients, and Moments of
power series distributions. (submitted) arXiv:2401.14473v2, see [19].

1.1 Khinchin families

We denote by K the class of non-constant power series
o0
f(z) = Z}ann
n=0

with positive radius of convergence, which have non-negative Taylor coefficients and such that
ag > 0. Since f € K is non-constant, at least one coeflicient other than ag is positive.

A relevant property of the power series f € KC is that

M(f,t) = max |f(z)| = max|f(z)| = f(t), forany ¢ € [0,R),

|z|<t |z|=t

we will use this property assiduously.

The Khinchin family of such a power series f € K with radius of convergence R > 0 is the
family of random variables (X¢).c(o,r) With values in {0,1,...} and with mass functions given by

anl”
ON

Notice that f(t) > 0 for each ¢t € [0, R). For t = 0, we define Xy = 0. Formally, the definition of X
is consistent with the general expression for ¢ € (0, R), with the convention that 0° = 1, meaning
that P(Xp =0) = 1.

P(X;=n)= foreachn Oandte (0,R).

No hypothesis upon joint distribution of the variables X; is considered. Each (Xi);c(o,r) is a
family of random variables and not a stochastic process.

1.1.1 Shifted Khinchin families

Sometimes it is convenient to consider power series g(z) = > o, b,z with radius of convergence
R > 0 and non-negative coefficients with at least two positive coefficients, but which may have
g(0) = 0. We say then that g is in the shifted class Ks. Thus g € Ky if there exists an integer [ 0
such that

9(2)/7' € K,

i.e., if there exists a power series f(z) € K with radius of convergence R > 0 such that g(z) = 2! f(2),
for z € D(0, R).
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To each g € K5 we associate a Khinchin family (Y;); ¢(,r) as above:

P(Y; =n)=0b,t"/g(t), forn Oandte(0,R).

If (Zt)iepo,r) is the Khinchin family of f € K, then

v, L7 +1,

including, Yy = [.

1.1.2 Examples of Khinchin families

Now,

we will showcase some examples of Khinchin families that will be the benchmark along this

thesis. In general, we will refer to these basic families, defined below, to exemplify the definitions
and the applications.

A. The basic families

The first examples of Khinchin families are linked to the most basic and familiar discrete random
variables with values in {0, 1,...}, that is, Bernoulli, binomial, geometric (or Pascal), negative
binomial and Poisson.

If f(z) =1+ z, then for each ¢t > 0, the variable X; is a Bernoulli variable with parameter
t/(1+1t). Observe that

1 t
P(X;=0) = 1 and P(X;=1)= 117 for any ¢ € [0, +00).
If f(2) = (14+2)N = Zr]:[:o JT\LT 2", with an integer N 1, then for each t > 0, the variable
Xy, a discrete random variable taking values on {0,1,2,..., N}, is a binomial variable with

parameters N and t/(1 4+ t), that is,

o = (Dl () () € 75)

for any 0 <n < N and ¢ € (0, +00).

If f(z) =1/(1 %), then for each t € [0,1), the variable X; is a geometric or Pascal variable
(number of failures until first success) with success probability 1 ¢, that is,

P(X;=n)=t"(1 t), foranyn Oandte]|0,1).
If f(z) = 1/(1 2)V, then for each t € (0,1), the variable X; is a negative binomial with
parameters N and 1 t.

If f(z) = e*, then, for each ¢t > 0, the random variable X; is a Poisson variable of parameter
t.
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We will refer to the Khinchin families associated to f(z) = €*, f(z) = 1+ z and to f(z) =
1/(1  z) as Poisson, Bernoulli and Pascal family, respectively.

o If f(2) =anzV+ay 12V '+ -+ag € K, with an integer N 1 and ay # 0, is a polynomial
of degree N. For each ¢ > 0 the random variable X; takes values in the set {0,1,...,N}.
The Bernoulli and binomial families are particular cases of f € IC a polynomial.

B. Khinchin families and partitions

Here we study the Khinchin families associated to the generating functions of combinatorial objects
related to partitions. Our first example is the EGF of the Bell numbers, these numbers give the
number of partitions of a set of certain fixed size. We continue studying the OGF of the partitions
of integers (different cases: in different parts, in arithmetic progression etc.).

e The EGF B(z) of B,, the Bell numbers, is given by the entire function

z B
_ e 1 _ n.n
B(z)=e —Eon!z, for any z € C.
n=

For any n 1, the sequence B,, gives the number of partitions of a set of size n. We adhere
to the convention that By = 1 and therefore B € K.

e The OGF of the number of partitions of an integer n, the partition function, given by

:ﬁl 1zj :ib(n)z”, for z € D,

j=1 n=0

is in K.

e The OGF Q(z) of partitions into distinct parts g(n) (which is also the OGF of partitions into
odd parts) is given by:

o (o.] 1 o
H1+Z] Hm:Zq(n)z", fOI’ZGD,
J=1 7=0 z n=0
is also in K. Observe that
P(z)
(1.1.1) Q(z) = P2 for z € D.
e For integers a,b 1, the infinite product
ad 1
(112) Pab Hw, forzG]D,

Jj=0
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the OGF of the partitions whose parts lie in the arithmetic progression {aj +b:j 0} is
also in K. Observe that Py 1 = P and that P> = Q.

For integers a  1,b 0, the infinite product W2 given by

00 1 -
Wo(z) = H (W)J , forzeD,

J=1

is also in K. We have W = P. Also, Wi(z), known as the MacMahon function [63], turns
out to be the OGF of plane partitions; see [7] for a simple proof. Besides, W2 (z) is the OGF
of partitions with parts which are a-th powers of positive integers. In general, W2(z) is the
OGF of colored partitions.

C. Other families of combinatorial interest

Here we give some examples of EGF which are exponentials of certain power series in ICs;. This
structure usually appears when studying certain combinatorial objects. See Chapter[4] in particular
Section for further details.

e The EGF of the functions from {1,...,n} into {1,...,n} is given by

Observe that g is in 5. The EGF of the sets of functions from {1,...,n} to itself is given
by f(z) = €9, which is in K.

e The EGF of the rooted labeled Cayley trees is given by

T(z) = Z nn! 2"

n=1

and therefore T is in /C;. The EGF of the forests of rooted labeled Cayley trees is given by
F(z) =€T®), and is in K.

D. Entire functions of genus 0 with negative zeros

We consider transcendenta]E] entire functions f in K of genus 0 whose zeros are all real and negative.
Due to Hadamard’s factorization these functions have the form

f(2) :aH <1+bz>} for any 2z € C,
=1 !

!Transcendental entire functions are entire functions which are not polynomials.
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where a > 0 and (b;); 1 is an increasing sequence of positive real numbers verifying that
OOE ﬁ < 40
— D '
j=1

The zeros of f are real and negative. We normalize f(0) = a = 1.

We denote by
Nit)y=4#{j 1:b;<t}, fort>0,

the counting function of the zeros of f. This is a non-decreasing function verifying that N(¢) — +oo,
as t — +oo. We denote by Q C K the class of entire functions f € K with genus 0 and (real)
negative zeros which are normalized in such a way that f(0) = 1.

1.2 Mean and variance functions

For the mean and variance of X; we reserve the notation m¢(t) = E(X;) and J%(t) = V(Xy), for
t € [0, R). In terms of the power series f € K, the mean and the variance of X; may be written as

- t;/(g) - t%m(f (), 3t)=tmj(t), fortel0,R).

(1.2.1) m(t)

Observe that for any ¢ € [0, R) we have

mslt) = B(X) = _h s
n=0

ORNIOR
and )
HO = BX) ECG? =m0 mple) + L = o),
Here we have used that
(122) BOXP) =BG 1)+ 800 = Dm0,

and also that

Therefore J%(t) = tm/y(t).
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A first look at the range of the mean

For each t € (0, R), the variable X is not a constant, and so f( ) =tm f( ) > 0. Consequently,
my(t) is strictly increasing in [0, R), though, in general, ¢(t) is not increasing. We denote

1.2, My =1
(12.3) 7 = limmy (L)

The mean my is an increasing diffeomorphism from [0, R) to [0, My).

For g € Ks, with Khinchin family (Y;), we also write m,(t) = E(Y;) and 2(t) = V(Y3). If
g(z) = z°h(z), with s 1 and h € K we have that

my(t) = s+ma(t) and  2(t)= ().

For finite radius of convergence R > 0 and for any integer k& 1, the function f(¢) and all
its derivatives f(*)(t) are increasing functions on the interval [0, R). For k 1, we denote with
f%)(R) the limit

FRR) 2 im 1O @),
including
F(R) 2 L £(2)
these limits exist, although they could be +oc.
For R = oo we distinguish two cases: If f is a transcendental entire function in &, then the
function f(t), and all its derivatives, are increasing functions on the interval [0, +00), besides

lim f® (t) = +o0, for any integer £ 0.

t——+o0

If f is a polynomial in K of degree N 1, then f() (t) is an increasing function for 0 <k < N 1,
besides

lim f® (¢ (t) = +o0, for any integer 0 < k< N 1

t—o0

and

lim f™M@#) =N and  lim f®)=0, forany k> N.

t—+00 t—+00

1.2.1 Some examples

Here we compute the mean and the variance of the basic families. We also give examples for
the mean and variance of some families of combinatorial interest, for instance for the OGF of the
partitions of integers P.



1.2. MEAN AND VARIANCE FUNCTIONS 9

A. Mean and variance of the basic families

Now we introduce the basic families. These families will appear recurrently along this text.

For f(z) =1+ z the radius of convergence is R = co. The associated Khinchin family (X;)
is the Bernoulli family, then, for any ¢ 0, the mean and variance functions are given by
t t
=— d 2(t) = .
e o 0=

my(t)

In this case My = 1 and therefore my is a diffeomorphism from [0, +o00) onto [0,1).

For f(z) = (1 + 2)V, with an integer N 1, the radius of convergence is R = oco. The
associated Khinchin family (X;) is the binomial family, then, for any ¢ 0, the mean and
variance functions are given by

Nt ) Nt

myg(t) = 1 and  $(t) = T

In this case My = N and therefore my is a diffeomorphism from [0, +o00) onto [0, N).

For f(2) =1/(1 z) the radius of convergence is R = 1. The associated Khinchin family (X;)
is the Geometric (or Pascal) family, then, for any ¢ € [0, 1), the mean and variance functions
are given by

my(t) = o and ]Qc(t) = (1—it)2'

In this case My = 400 and therefore my is a diffeomorphism from [0, +00) onto [0, 4+00).

For f(z) = 1/(1  2z)", with an integer N 1, the radius of convergence is R = 1. The
associated Khinchin family (X;) is the Geometric (or Pascal) family, then, for any ¢ € [0, 1),
the mean and variance functions are given by

Nt ) Nt

my(t) = T3 and  %(t) = aror

In this case My = +o00 and therefore my is a diffeomorphism from [0, 4+00) onto [0, +00).

For f(z) = €* the radius of convergence is R = co. The associated family (X) is the Poisson
family, then, for any ¢ 0, the mean and variance functions are given by

ms(t) =t, and He)y=t.
In this case My = 400 and therefore my is a diffeomorphism from [0, 4+-00) to [0, 4+00).

For f(2) = anzN +any 12V '4---+ag € K, with an integer N 1 and ay # 0, a polynomial
of degree N = deg(f), the associated family (X;) takes values in {0,1,2,..., N} and
_NaNtN—i—(N 1)CLN 1tN 1+-~-+a1t

1.2.4 t) = :
(124) my(t) ant™ +ay 1N 1+ + ag
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therefore My = deg(f) = N and my is a diffeomorphism from [0, 4+00) onto [0, V).

Observe that
0 ifjAN
1 ifj=N

t——+o0

that is, X; converges in distribution, as ¢ — 400, towards the constant random variable
X =N=degf.

We have, see equation ([1.2.2), that

t—+o0 t——+o0 t—+o0

2 ¢l
lim E(X?) = lim (E(X;(X; 1)) +my(t)) = lim (% mf(t)ﬁ

then

lim E(X?)= lim (w mf(t))}—N(N 1) N=N->

t—+o00 t—+o0 \  f(t)

Using the previous limits we conclude that, for a polynomial f € K, we always have

(1.2.5) lim ()= lim E(X7) E(Xy)® =0.

t—+00 t——+00

As we shall see, the reciprocal is also true, i.e. polynomials in K are characterized by (|1.2.5)),
see Theorem [1.2.3 below for further details.

B. Khinchin families and partitions

Here we study the mean and variance functions of generating functions associated to certain types
of partitions. The expressions collected in here will be useful in subsequent chapters, see, for
instance, Chapter

e For B(z) = ¢ !, the EGF of the Bell numbers B,,, the radius of convergence is R = co. For
any t 0, because of (1.2.1), the mean and the variance functions of B are given by

mp(t) =te!, and  %(t) = (t + t?)e.
In this case Mp = +oo and mp is a diffeomorphism from [0, +00) onto [0, +00).

e For P(z), the OGF of the partition of integers p(n), the radius of convergence is R = 1.
Recall that

o0
1
P(z) = Jl;[l}ﬁ, for any z € .
By using (1.2.1), and the logarithmic derivative of P, we find that

(1.2.6) mp(t) = Z}% and () = Z%,
=1 =1
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for any t € [0,1). Observe that

t
T <mp(t) < %(t), foranyte|0,1),
therefore My = 400 and my is a diffeomorphism from [0, 1) onto [0, +00). We also have that
limtﬂ %(t) = +00.

By Euler summation, one may obtain convenient asymptotic formulas describing the behavior
of mp(t) and %(t), ast 1 1

(1.2.7) mp(t) ~ T o2 p(t) ~ (12C(2t))3,

ast 1 1.
See, for instance, Chapter

e For Q(z), the OGF of the partitions of integers in distinct parts q(n), the radius of convergence
is R = 1. Recall that

W) 1 NOR = S
Q(Z) = H(1+ZJ) = HW, for anyzE]D).
Jj=1 j=0

For any ¢ € [0,1), using ([1.2.1), and the logarithmic derivative of @, we find that

D= J7 @ ~—= 2= J @ =
mq(t) = Z 144 Z 1 ¢ and Q(t> - Z (14 t3)2 B Z (1 )2’
j=1 j 1odd j=1 j 1odd

Observe that

(1.2.8) Qz) =

for any z € D,

here we use that the partitions of integers into odd parts are in bijection with the partitions
of integers into distinct parts or simply that 1 2% = (1 27)(1 + 2%):

Tl ey TT L) =) P()
Q(2) E(H ) E o Eal

Taking logarithmic derivatives in ((1.2.8) we can write
(1.2.9) mq(t) =mp(t) 2mp(t?), for anyt € [0,1).
and therefore using the expressions for mg we find that

% < mo(t) < mp(t), foranyte0,1).

Here mp denotes the mean associated to P, the OGF of the partitions of integers.
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Similarly, but now using equation ((1.2.9), we find that
é(t) = 2(t) 4 %(t?), foranyte[0,1).

and therefore

S A< B, forawien)

In this case Mg = +oo and mg is a diffeomorphism from [0, 1) onto [0, +00). We also have
that limgq é(t) = +00. Observe that

mo(t) < 3(t), foranyte(0,1),
this follows from the inequality

jtI j2tI

a o) -0 o

for any ¢ €[0,1) and j 1.

For integers a,b 1, the power series P, ;(z), the OGF of the partitions in the arithmetic
progression A = {aj+b:j 0}, has radius of convergence R = 1. Recall that P, is given
by the infinite product

(o]
1
Poy(2) = H}W, for any 2z € D,
3=0
see ([1.1.2) for further details. In this case, for any ¢ € [0,1), we have

_ jt! 2 _ 72t
mp,,(t) = Z Fl 7 and P, (t) = Z }7(1 )
JeA jeA
Taking a = b =1 we have A = {1,2,...} and therefore we retrieve the mean and variance of
P(z), the OGF of the partitions of integers.

Fixing a = 2 and b = 1 we obtain that A is the set of odd natural numbers, and therefore we
retrieve the mean and variance of Q(z), the OGF of the partitions into distinct parts (and
equivalently in odd parts).

The previous example can be easily generalized by taking a subset A of {1,2,...}. In this
case we obtain

1
Pu(z) = H}1 5, 2€D.
jeA

This is the OGF of the partitions with parts in A.
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By using the same argument than above we have

jt? v
(1.2.10) mp,(t) =Y T ond Pa(t) = Z}W
= 0 )

for any t € [0,1). We have that Mp, = +oo and therefore mp, is a diffeomorphism from
[0,1) onto [0, +00). We also have that lim; %;A (t) = +oc.

Observe that, for J = min A, we have the inequality

Jt!
(1 tf)

this follows combining equation ((1.2.10]) and the inequality

<mp,(t) < $,(t), foranytel0,1),

L i
(1 )~

forany t €[0,1) and j 1.

e For any pair of integers a1 and b 0, the infinite product W, (2) is the OGF of the
colored partitions, this power series has radius of convergence R = 1. Recall that

oo jb

1 J
Wf(z)-H(l zj“> , for any z € D.

j=1

For any ¢ € [0, 1), the mean and variance functions are given by
o j2atja

. ~a o0
b JO b
RIS 9 APV WO i ae S
=1 =1

respectively. In this case My,» = +oo and therefore my;» is a diffeomorphism from [0,1) onto
[0, +00). We also have that limyy 7, (£) = +00.

C. Other Khinchin families of combinatorial interests

Here we study the mean and variance functions of some exponential power series. As mentioned
before this exponential structure is ubiquitous in combinatorics, see, for instance, Chapter

e The EGF of the functions from {1,2,...,n} into {1,2,...,n} is given by

=" 1
g(z) = Z}ﬁz”, for any |z] < e

n=1

see [32, p. 111 - 11.3.2]. Consider the EGF of the sets of functions from {1,2,...,n} to
{1,2,...,n}, that is, f(z) = e9(*) then

t",  and jzr(t) =tg'(t) + t2g"(t),

n=1
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for any ¢ € [0,1/e). Applying Stirling’s formula we find that lim; /. mf(t) = +oo, therefore
My = +o00 and the mean my is a diffeomorphism from [0,1/e) onto [0, 4+00).

Observe that
mg(t) < ‘?'(t), for any ¢t € [0,1/e),
then we also have that limgy /. ]20(15) = +00.

The EGF of the bijective functions from {1,2,...,n} onto {1,2,...,n}, that is, the EGF of
the permutations is given by

n! z
g(z)zzaznzl = for any z € D.

The EGF of sets of bijective function from {1,2,...,n} onto {1,2,...,n} is given by f(z) =
e92) | therefore, for any t € [0,1), we have

Observe that My = 400 and therefore my is diffeomorphism from [0, 1) onto [0, +00).

The EGF of the rooted labeled Cayley trees is given by

3
—
—_

T(z) = Z}n—'z”, for any |z| < —.

QN

This power series is in Ks. Stirling’s formula gives that limy . T'(2) < 400 and T' extends
to be continuous on the closure of D(0,1/e). Observe that

nt 1 1 1

nlem ~ \/Qmpﬁ/? ’

as n — o0.

For the first derivative we have, using again Stirling’s formula, that lim /. T'(t) = o0,
therefore My = 400 and myp is a diffeomorphism from [0,1/e) onto [0, +00).

1.2.2 Mean and variance in terms of coe cients

We may also write the mean and variance in terms of the Taylor coefficients a,, of f. For the mean
we have

(1.2.11) FOmp(t) = napt™,
n=0

(1.2.12) F@Pms? =Y napt" * = Zt”(Zan ra(n k)lc)}
n=0

n=0 k=0
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Besides, for the moment of order 2, we have
(1.2.13) F(H)’E(X?) Z ant™ Z}z2ant”
2, 1.2
_ Z}"(Z}M ka,@[@n k)2 +k ]) ,
n=0 k=0
and thus for the variance J%(t), and any ¢ € (0, R), we have that

(1.2.14) F0)? 3(t) = FOPE(X?) () my(t)?

zg}n(é}zn sl ) k).

1.2.3 Mean and variance functions of some canonical products.

In order to explore the behavior of the variance function J%(t), for large values of ¢ > 0, we
introduce now, as an illustrative example, the mean and the variance functions of some canonical
products with negative zeros.

Class Q C K of canonical products: We define the class O of entire functions of genus 0 with
negative zeros as follows: let (bg)r 1 be a sequence of positive numbers increasing to oo in such a
way that Z}il 1/by, < 400 and let the canonical product f be

(1.2.15) f(z) = H}(l + é) for z € C.
=1

this infinite product gives an entire function in K, which has as zeros { bg,k 1}, the class Q C K
is the subclass of K formed by these canonical products . We denote with

Nit)y=#{k 1:b,<t}, fort>0,

the counting function of zeros of f. Thus N(t) counts the number of zeros of f in the disk D(0, ).

For the mean and variance functions of f, we have, from (1.2.1), that

oo

(1.2.16)

0 byt
d 2=y ——, fort 0.
wd 10 ; Ero)?

Recall that

bt _
(t+bp)2  t+0by

for any t > 0 and any k£ 1,
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and also that

bit
by >t >0
t }(ku)
<
t+ by
}, if by < t.
It follows from these two estimates that
(1.2.17) J%(t) <my(t) <2 j%(t) + N(t), foranyt>0.

Estimates of J%(t) for the canonical product f of (1.2.15). We will see later that these

canonical products provide interesting examples of the behavior of J%(t), which we now estimate

precisely, following the lead of Hayman in [49, Theorem 4].

We assume from the start that
(1.2.18) byy1  2bg, forany k£ 1.

Consider the positive function ¢(z) = z/(1+x)?, for z > 0. This function yttains a maximum
value of 1/4 at x = 1, and satisfies

1
(1.2.19) < p(x) <z, forxe(0,1), and o< o(x) <1/x, forax>1.
x

R

We can write

oo
Ft) = _p(t/by), foranyt<0.
k=1
For each n 2, we let I,, denote the interval

I, = [\/bn 1bn, \/bnbn—i-l] .

For t € I,,n 2, and k > n, we have t/b; < 1 and, on account of (1.2.18)), we have that
b 28 (tDp, 1. Thus, using (T.2.19)), we see that

t 1 2t b
Z(p% <t2—§ <2 " foranytel,n 2.
= by, = b — bpy1 b1

Besides, for t € I,,n 2, and k < n, we have t/b; > 1 and, on account of (|1.2.18]), we have
that by < b, 1/2" ' *. Thus, using (1.2.19)), we see that

t 1 2 bnl
SN b < b, 1 <2 ,
§¢%<tzk_t L=V,

k<n

for any t € I,,n 2.
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It follows then that

(1.2.20) gmpbi < Jze(t) < gmpbi —|—4max{\/l}n/bn+1, \/bn 1/bn}, for any t € I, .

n

and so, using that ¢(z) decreases whenever  moves away from 1,

1
sSup ?”(t) < f—|—4max{\/§n/bn+1, \/bn 1/bn}7
(1.2.21) teln 4

inf 3(6) i { VB orr, Voe 1760

tely,

for any n 2.

1.2.4 Growth and range of the mean.

Since the mean function my(t) is increasing, its range is given by [0, My). See equation ([1.2.3) for
the definition of M.

The case where My = oo is particularly relevant. If M; = oo, then my(t) is a diffeomorphism
from [0, R) onto [0,+00) and, in particular, for each n 1, there exists a unique t, € (0, R)
such that m¢(t,) = n. These t, play an important role in Hayman’s identity, see (1.3.31), and in
Hayman’s asymptotic formula, see equation .

The power series f € K such that

1.2.22 My =1li t 1
( ) 7 tlTI}I%m( ) >

comprise a subclass K*¥that will be relevant in future chapters, see Chapter [l If f € K*, the
unique value 7€ (0, R) such that m(7) = 1, is called the apex of f. This apex 7iis characterized
by 7f'(7) = f(7). Observe that the existence of apex for f precludes f from being a polynomial
of degree 1, and, in particular, implies that f”(7) > 0.

The following discussion, collected later on as a Lemma, describes the quite specific cases where
My < +o00; This is Lemma 2.2 of [17].

Let f € K with radius of convergence R > 0 and assume that M; < oo. Then

Yo g nagt" _tf'()
Yoo ant™  f(1)

For any fixed to € (0, R), we then have upon integration in (x) that

(xx) In (%) }S My 1In (;) , fortelty,R).

Let us distinguish now between radius of convergence R being finite or not.

(x) m(t) =

<My, forte(0,R).
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o If R < +00 and M < oo, then (%) implies that limy g f(¢) < co and then ) 7 ja, R" < 0.
And, besides, from (x) we deduce also that

() > ha,R" < co.

n=0

And, conversely, if () holds and f in K has radius of convergence R, then

ooy nap R"

M =
d D meo an 1"

< 0.

o If R = co and My < oo, then (%%) implies that f is a polynomial. And conversely, see
equation ((1.2.4), and the discussion in there, for a polynomial f in K of degree N, one actually
has M f= N.

In summary:

Lemma 1.2.1 (Lemma 2.2 of [17]). For f(z) = >_7" ;anz"™ in K with radius of convergence R > 0,
we have My < oo in just the following two cases:

(1) if R < o0 and ) .7 yna, R" < oo,
(2) and if R =00 and f is a polynomial.

In the first case, we have My = (3 77 ynanR™)/ (> 02y anR"™). For a polynomial f € K, we
have My = deg(f).

The following Lemma gives upper and lower bounds for the quotient f( ¢)/f(¢) in terms of the
mean my(t) of the Khinchin family (X;).

Lemma 1.2.2 (Simi¢, [90]). For > 1 andt >0, with t< R, we have

my(t)ln <In <M> }<

o) <my( t)ln

Proof. Since my is an increasing function we have that

t du
my(t)In </} mf(u);<mf( t)ln
t

[ %= Fn = (12).

the result follows. O

but since
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1.2.5 Growth and range of the variance J%

Some of the results below concerning }%(t) will depend on the gaps among the indices of the power
series. We introduce next some convenient notation.

Let (ng)r 1 be the increasing sequence of indices so that a,, # 0, for each k& 1, and a,, = 0, if
n ¢ {ng:k 1}. Thus the (ay,) are the nonzero Taylor coefficients of f, and the random variables
(X:) take exactly the values (ng). Observe that n; = 0, and that for a polynomial f, the sequence
(ng)r 1 is finite. Define gap(f) and gap(f) as
(1.2.23) gap(f) =sup (ngr1 ng) and gap(f) = limsup (ngr1  nk).
k1 k—o0

It is always the case that gap(f) gap(f) 1, for any f € K which is not a polynomial. For
polynomials, we still have gap(f) 1, and we can define gap(f) = 0.

We divide the discussion on variance growth depending on whether R is infinite or finite.

A. Entire functions, R = o

A. Lower bounds for sup; J%(t) and for limsup,_, ., J%(t)

The (universal) lower bounds on ; that we are about to discuss originate with Hayman’s
results in [49] quantifying Hadamard’s three lines theorem for entire functions (not necessarily in

K). See also [2] and [57].
Theorem 1.2.3 (Boichuk-Gol'dberg, [13]). If f € K is entire, then

1 1
sup 7 eap(f)’ < Z)}

If, moreover, f is transcendental, then

imswp %) wn()? (1)}

t—o0 4 4

Recall that an entire function f is termed transcendental if it is not a polynomial.

This result is Theorem 2 of [13]. See also Theorem 1 in [1] and Lemma 2.5 in [74]. The
probabilistic argument below is simpler than the original proof; it uses the discreteness of the
random variables X;.

Proof of Theorem [1.2.3. Let (nk),]y:l be the indices of the nonzero coefficients of f, with N < +o0.
Fix k < N and take t*> 0 so that m¢(t*) = (ng41 + ng)/2, i.e., the midpoint of the interval
[, nk11]. Such t*¥exists because m ¢ (t) is a continuous (and increasing) function, m(0) = 0, and
My = oo or My = degree(f) if f is a polynomial (recall Lemma [1.2.1)).
As Xpwtakes the values ni,ng, ..., clearly [Xpw my(t*)]  5(nggr ng) with probability 1.
This gives
2 (4% *\\2 1 2
W) =B (Xew mg)® i m)
The statements now follows by taking sup and limsup in the inequality above and appealing to the
definitions of gap and gap. O
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In fact, the very same argument shows, for the absolute centered moments, that if f € K is
entire, then

1
SwpB(Xi my()F) o gap(f), for any p >0,
t>0

and, moreover, that if f is transcendental, then

1
limsupE(|X; m¢(t)|’) - gap(f)?, for any p> 0.
t—o00 2p

As for the sharpness of the sup part of Theorem consider the case f(z) = a + bz, with
a,b > 0, for which X; is a Bernoulli variable with success probability bt/(a + bt). In this case, one
has ch(t) = abt/(a + bt)?, which takes its maximum value of 1/4 at t = a/b.

In fact, the converse is also true.

Theorem 1.2.4 (Abi-Khuzzam, [1]). For f € K entire, sup; }%(t) = 1/4 if and only if f(z) =
a+ bz, with a,b > 0.

This result is Theorem 3 of [1]. See also Lemma 2.5 in [74]. The probabilistic argument below
is again simpler than the original proof.

Proof of Theorem |1.2.4. The ‘if’ part has been discussed above.

Assume that f € K is entire and that sup; JQC(t) =1/4. Theorem@gives that gap(f) = 1.
Let a,, and a,+1 be any two nonzero consecutive coefficients of f, and let #**be such that m #(t") =
n+1/2 (observe that, in any case, My n-+1). We have that | Xy my(t*)] 1/2. By hypothesis,
E((Xpw mg(t¥))?) = J%(t*) <1/4, and thus | Xy» myg(t*)| = 1/2 with probability 1, which means
that Xyvonly takes the values n and n + 1, and thus f(2) = a,2" + an412™L. Since f(0) > 0,
because f € K, it must be the case that n =0 and f(z) = a + bz, with a,b > 0. O

For the sharpness of the limsup part of Theorem[1.2.3] consider a canonical product h given by
the infinite product

(1.2.24) h(z) = ﬁ}(l + bi)
n=1 "

where (by,),, 1 is a sequence of positive numbers increasing to +oo so that holds and, in fact,
such that lim,_,cc bp41/bp, = +00; in particular, Z,} 11/bi < +o00 holds. Obviously, gap(h) =1
and gap(h) = 1. It follows directly from the estimates that limsup,_,., 2(¢) = 1/4; this
is Hayman’s example in Theorem 4 of [49]. If A is multiplied by a polynomial p in such a way that
f =ph € K, then it is still the case that limsup,_,, ]20(75) =1/4.

As it turns out, Abi-Khuzzam has characterized (see Theorem 2 in [2] and its proof) the entire
functions f € K with limsup,_, ]%(t) = 1/4 as precisely those entire functions f € K which

factorize as -
1) =0 TN+ ).
n=1 n
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where the b, are as in Hayman’s example, and where p is a polynomial.

B. Limit of 120(75) ast — oo.

Regarding the existence and possible limits of ]%(t) as t — oo, the following holds.

B.1. Polynomials. Polynomials f € IC are characterized, among the entire functions in I, by
(1.2.25) lim F(t)=0.

t—00
A direct calculation with the formulas (1.2.1) shows that for polynomials ((1.2.25) holds; in fact
J%(t) = O(1/t), as t — co. The converse follows, for instance, from Theorem |1.2.3
B.2. Transcendental functions. As shown by Hilberdink in [51], for a transcendental entire

function it is never the case that lim;_,so f(t) exists and it is finite.

However, there are entire functions f € K for which limsup,_, . ]%(t) < +oo and liminf; o 2%(t) >
0. To see this, just consider a canonical product f as in (|1.2.15)), with b, = 2", and apply ((1.2.21))

It is also possible to have lim; o, ¢(t) = oo, as shown, for instance, by the exponential function
f(2) = e*, where ]%(t) =t fort O.

We emphasize that for f € K entire, if limy o J%(t) exists, then that limit is 0 (just for
polynomials) or +o0.

C. Boundedness of ?p(t)

We discuss now when, if ever,

(1.2.26) sup ¢(t) < +oo
t>0

does hold for an entire function f € K.

For polynomials f € I, (1.2.26) holds since, in fact, in this case, lim; o ¢(t) = 0.
In general, if (1.2.26|) holds, then the order p(f) of f must be zero. (See Sectionfor details
about the order of an entire function f in K.)

To see this, observe that, since tm/;(t) = f[(t), integrating, we deduce that m¢(t) = O(Int), as
t — oo. A further integration, using (1.2.1), shows that

(1.2.27) Inf(t) = O((Int)?), ast— oc.

This gives that p(f) = 0, see (2.5.2).
Alternatively, Proposition below shows that
1
< sup 3(t) —-
P < s 30 57
If f is a polynomial, then p(f) = 0; and if f is transcendental, My = oo, and thus p(f) = 0.

However, p(f) = 0, or even the stronger condition (1.2.27)), are not enough to ensure the
boundedness of ]20(75)
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Consider the canonical product
00 2\ k
= 1 —) N
9(2) k|_|1}< o

where (b)r 1 is a sequence of positive numbers increasing to oo satisfying ((1.2.18)) and such that
> ope i k/bi < +o00. For each k1, by is a zero with multiplicity k of the entire function g € K.

Additionally, we assume also that for some constant H > 0, the b, satisfy
k H
Zkbk<an and g }S— for each n 2.
bk bn
k<n k>n

In this case,

= t
3(1‘) = ;}ﬂpéblﬂ) , for any t > 0,

where p(x) = z/(1 + z)2.

Let C' denote a generic positive constant. With the notations of Section [1.2.3 and estimating
as in there, we obtain

ngpébi)}g 2(t)<n+Cnmax /by 1/bp,\/bn/bpi1 , fort€l,andn 2

where I, = [/bn 1bn, /Bubny1]. Tt follows, in particular, since  7(b,)  n/4, that limsup, ., 2(t) =
400, and also that,

sup ;(t) < Chn.
tely,

From (|1.2.17)), we see that

(1.2.28) mg(t) < Cn + Z}c <Cn* foranyt€I,andn 2.
k<n

Consider now the specific sequence by, = eek, k 1, which satisfies the requirements above. In

this case, (|1.2.28)) translates into

mg(t) < C(Inlnt)?, fort 2.
Integrating, this gives, for this example, that
Ing(t) = O(Int(Inlnt)?) ast — oo,

which implies p(g) = 0. Notice that for any function ®(¢) slowly increasing to oo, the sequence
(bk)r 1 can be chosen so that Ing(t) = O(®(t)Int) just by making by increase fast enough. This
is the best that can be expected, because if an entire function h in K grows as In h(t) = O(Int) as
t — 0o, then h is a polynomial.
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B. Finite radius, R < o0

We now turn to functions f € K with finite radius R of convergence. We have the following results
on the behavior of J%(t) We divide the discussion according to whether My is finite or not.

e Case My = +o0.

In this case,

(1.2.29) sup  7(t) = 400,
te(0,R)

t) = +o0. To verify (1.2.29), assume that sup,c (o g) JQC(t) =5<

and also, of course, lim sup;p J%(
[0, R). Integrating between R/2 and t € (R/2, R), we would have

+o0. Thus tm/s(t) < S, for t €
that

2t
my(t) <my(R/2) + Sln (E>} for t € (R/2, R),
which implies, by letting ¢ T R < 400, that My < ms(R/2)+ SIn2 < +oo.
e Case My < +00.
If My < 400, then Y 2 na, R" < 400, see Lemma and in fact
2
tTR En:O anR" Zn:O an R"
It is always the case that limsu g ]Ze(t) > 0, since ¥ is the variance of the random variable Z

that takes, for each integer n 0, the value n with probability a,R"/(3 re,axR¥), and Z is a
non-constant variable since f is in K.

But there is no absolute positive lower bound for limsu g ;(t) For ey> 0, the power series
f(z) =1+ 22, 2"/n* is in K and has radius of convergence R = 1. We have

~eC(3) .o €0(2) eC(3) \2
T Trec M4 MmO =00 (1 ¥ 54(4)) ’
which tends to 0 as e} 0.

The example f(z) = > o0, 2"/(1 + n)? shows that limsr 120(75) = oo may happen.

1.3 Basic properties of Khinchin families

Now we study the basic properties of Khinchin families; we introduce the characteristic function of
a Khinchin family and its normalized version. Later on, we discuss continuous families of random
variables. Normalized Khinchin families are examples of continuous families of random variables,
this will be relevant when taking limits of certain differences of characteristic functions, as t 1 R.
This concept will also be relevant in the proof of some results of Chapter [6]

We pass then to the study of the fulcrum of a power series f € K. The fulcrum is a fundamental
object in the theory of Khinchin families, see, for instance, Chapter [3| and in particular Section
B.1lA and D.

Along this section we let f(z) = > janz" be a power series in K with radius of convergence
R > 0 and Khinchin family (X¢);c(o,r)-
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1.3.1 Derivative power series D; and its family

For a power series f(z) = Y 7 ja,2" in K with radius of convergence R > 0 and with at least 3
nonzero coefficients, consider the power series Dy given by

(1.3.1) Dy(z) = zf'(z), for |z] < R.

This power series Dy has radius of convergence R and lies in K. Let (X;) and (W) be the Khinchin
families associated to f and Dy, respectively; both families are defined for 0 <t < R.
Observe that for t > 0 and n 1 we have that

_napt™ 1 na,t"

St  mg(t) f(E)

(1.3.2) P(W, = n)

Thus, for t > 0 we have that

E(X?) E(X?

This gives us that the quotient E(X?)/E(X;) is monotonically increasing in the interval (0, R).
Observe that if the power series f has only two nonzero coefficients, say an, with N 1, besides
ao, then E(X?)/E(X;) = N, for any t € (0, R).

In general, we have that

1
(1.3.3) E(WP) = WE(Xf“) , for any p> 0 and any ¢ € (0, R).
f

For the power series Dy a direct application of Lemma gives that

Lemma 1.3.1 (Simi¢ [90]). For >1 andt >0, with t < R, we have

1.3.2 Normalization and characteristic functions
For each t € (0, R), we denote by X, the normalization of X;:

o Xy my(h)

X = , forte(0,R).
' £(t)

Observe that Xt is not defined for ¢t = 0.

The characteristic function of X; may be written in terms of the power series f as:

E(eXt) = i};wnc}?g = f;t(e:;) , forte(0,R)and g R,
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while for its normalized version Xt we have
E(eze"xt) = E(0Xt/ 10y Wms®/ 5O - for t € (0, R) and Oy R,

and so, )
E(e?%) = E(e%X/ 1®) | for t € (0,R) and i R.

A. Some examples of characteristic function of Khinchin families

We use the basic families to illustrate the definition of characteristic function of a Khinchin family
and its normalized version.

o Let f(z) = 1+ 2. In this case R = oo, and the mean and variance functions are my(t) = t/(1+1)
and ]20(15) = t/(1+t)?. For each t > 0, the variable X, is a Bernoulli variable with parameter
t/(1+t) and its characteristic function is

1+ tet?

1.3.4 E(e?Xt) =
(1.3.4) (e™) T

, forOygE Randt >0,

and thus

te0/Vt +e WVt

1.3.5 E(e0Xt) =
(13.5) (o) = e

, forOE Randt>0.

e Let f(2) = (1 + 2)V, with integer N 1. In this case R = oo and the mean and variance
functions are m¢(t) = Nt/(1+t) and ch(t) = Nt/(1 +t)2. For each t > 0 the variable X; is a
binomial variable with parameter N and p =t/(1 +¢) and its characteristic function is

) 1 t o\ N
(1.3.6) E(eXt) = < 1++6t > ., for Gy R and t > 0.

This last expression follows from the fact that X; is the sum of N independent Bernoulli random
variables of t/(1 4 t) or simply from (1.3.4)).

As we shall see later on, combining ((1.3.24) and (1.3.5) we find that

tez@/m+€ 104/ t/N
1+¢

N
(1.3.7) E(ewﬁt) = ) , foror Randt>0.

o Let f(z) = 1/(1 z). In this case R = 1, and the mean and variance functions are my(t) =
t/(1 t)and J%(t) =t/(1 t)% Foreacht € (0,1), the variable X is a geometric variable (number
of failures until first success) of parameter 1 ¢ and its characteristic function is

1 ¢
0X,\ _
(1.3.8) E(e"t) = 00 for Oy R and t € (0,1),
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and thus

o 1 ¢ 1 ¢
L N I A S S 1
(1.3.9) E(e"%t) [ o0 t)/\/ie TV TN for Oy R and ¢t € (0,1).

o Let f(z) =1/(1 2)V, with integer N 1. In this case R = 1, and the mean and the variance
functions are my(t) = % and J%(t) = Nt/(1 t)2. Foreacht € (0,1), the variable X; is a negative
binomial variables of parameters N 1 and p =1 ¢, and its characteristic function is

60X
E(eXt) = <1 t€i9d> , for Bype R and t € (0,1).

This last expression follows since X; is the sum of N independent geometric variables of parameter

t/(1+t) or simply from ([1.3.8).
As we shall see later on, combining ((1.3.24)), below, with (1.3.8), we conclude that

(1.3.10) E(e?¥1) < L 0 t/N)N 1 ¢ 3
.. e — [ = s
1 te/(1 t)/VNE cON/tIN 4 oi0//t/N

for any 6y R and ¢ € (0,1).

e Let f(z) = €*. In this case R = oo, and the mean and variance functions are m¢(t) = ¢ and
?(t) = t. For each ¢ > 0, the variable X; in its Khinchin family follows a Poisson distribution

with parameter ¢ and its characteristic function is

E(629Xt) _ et(ezew D) , forOgE Randt >0,

and thus
(1.3.11) E(e’o’ﬁt) = exp t(ez(e/‘/i) 1 0/Vt) , forfye Randt>0.
o Let

oo

— z _ n.n
fe) = el 1= Fran,

n=0

where B, is the n-th Bell number which counts the number of partitions of the set {1,...,n}. Then

R = 0, and the mean and variance function are my(t) = te’ and ]%(t) =t(t + 1)e.

The characteristic function is given by
E(e¥Xt) = exp " et | for e R and t > 0,

and thus

o /2

1 ——
y Vit
(1.3.12) E(e%t) = exp (éte ey el /t)(t + 1)@”2) , forOe Rand t>0.
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e Let f € Q be a transcendental entire function of genus 0 with negative zeros, normalized in such
a way that f(0) =1, then

= z

—||}<1+>, for any z € D.
- b
J=1

The characteristic function of (X3), the Khinchin family associated to f, is given by

b; + te
ZQXt
= }<b+t>’ for any ¢ 0 and 6= R.

For the normalized family (X;) we have

o/ ;0\ \}
ZeXt = ﬁ} bi +bt€+t ) F Wmy®/ 5O for any t 0 and e R.

B. Continuous families

In this section we introduce the definition of a continuous family. We want to take limits, or
limits of sequences, of random variables which are part of a Khinchin family, and therefore we need
some suitable concept of continuity. We will use this concept for instance to prove that certain
differences of characteristic functions converge to zero, see for instance the proof of Theorem [3.2.14]
or Chapter [6] where we take subsequences of Khinchin families recurrently. This concept will be
used ubiquitously along this document.

A family of random variables (Zs)se[q,p) is said to be continuous if it is continuous in distribution
in the sense that if a sequence (sy), 1 with s, € [a, ] converges to s € [a, b] then Z, converges to
Z¢ in distribution.

The family (Z)se[q is said to be L'-bounded in the interval [a, b] if

sup E (|Z;]) < +oo.
te[a,b]

Lemma 1.3.2. If the family (Zs)scja,p @5 continuous and L -bounded, then the function
(s,0) € [a,b] x R ——E(e?%) e D
18 continuous.

Proof. Take two sequences (6,,), 1 C R and (s,), 1 C [a,b] which converge, respectively, to Oy R
and s € [a,b]. First we write

(1.3.13) E(ew”Z‘S") = E(ewZS") + E(ew”z‘gn ewZS").
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By virtue of Lévy’s convergence theorem, the first term at the right-hand side of (1.3.13))
converges, as n — 0o, to E(e?s). We have the bound

E(eianzs'” eieZSn) S ’977, 0‘ E(’szn ’)7 fOI' n 1 ?

which follows from the numerical inequality: |[e®* e%| < |z y|, for all z,y € R.

Now using that (Zs)sc(q,) is L'-bounded, we conclude that
(5,0) € [a,0)] x R ——E(e¥?) e D,
is a continuous function. O
If My < 400 (and R < 400), and if, besides, ¢(R) < oo (see Section 1.3.3), then (X;) is

continuous and L'-bounded for ¢ € [a, R], (including ¢t = R) for any a € (0, R).

The (un-normalized) Khinchin family (X;), associated to any f in K with radius of convergence
R > 0, is continuous and L'-bounded on any interval [0,b] with 0 < b < R. If My < +o0 (and
R < +00) the family (X;);c(o,r) extended to the closed interval [0, R] is continuous and bounded;
observe that E(|X;|) = E(X;) < My, for t € [0, R].

C. Continuity of the normalized family (X;)

Let f € K be a power series with radius of convergence R > 0 and denote (Xt) the normalized
family associated to f.

For any a > 0 we have, applying Hélder’s inequality, that

(13.14) sup B(X)) < sup B(XAY? = 1,
t€la,R) t€la,R)

then, for any a > 0, the family (Xt)te[a,R) is L'-bounded.

Proposition 1.3.3. Assume that X’t converges in distribution, as t T R, towards certain random
variable Z, then

ImE(X;) = E(Z) =0
gg(d (Z) =0,

and

i E(X|*) = B(2]"),  for any ave [0,2).

Proof. Inequality (|1.3.14)) gives that for any a > 0 and any ave [0,2), the family ()\Q)te[aﬂ) and
the family (|)v(t|a)te[a73) are uniformly integrable, see [L0, pp. 30-32].

Combining the uniform integrability of the families with the convergence in distribution we
obtain that

ImE(X;) =E(Z) =0
ﬁr(ﬁ (Z) =0,
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and

?THR}EOXAQ) = E(|Z|a)v for any O“%E [0a2)
O

Now we prove that the characteristic function of a normalized Khinchin family is continous
as a function of two variables. The following lemma will be useful in subsequent chapters when
proving that certain, differences, or simply characteristic functions of normalized Khinchin families
evaluated at 0= 0(t), a function of ¢, for instance with 6(t) — 1 or 6(¢) — 0, as t T R, converge,
as t T R, to certain specific value.

Lemma 1.3.4. Assume that X}, converges in distribution, ast T R, towards certain random variable
Z, then, for any a > 0, the function

(5,0) € [a,R) x R ——E(e” ) ¢ D
extends to a continuous function on [a, R] x R.

Proof. Fix a > 0. If we take any closed subinterval [a,b] C (0, R) this function is continuous in
[a, b], see Lemma [1.3.2]

Take a sequence (sy,)n, 1 C [a, R) which converges to R, as n — oo, and any sequence (6,,)n, 1 C
R, which converges to 6, as n — oo, then we have

E(eien)?sn) — E(eiﬁﬁ’sn) + E(elenXSn ezGﬁsn )

Convergence in distribution implies that the first term at the right-hand side converges to E(e?X),
as n — +oo.

Now observe that

Bt %) <16, 0B(X,) <16, 0, forn 1,

which follows combining the inequality e e%| < |z y|, for all z,y € R, with the upper bound

(1.3.14]).
Thus

lim E(eiH"XSn) = E(e'%).

n—oo
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1.3.3 Extension of the Khinchin family at ¢t = R if M; < co (and R < c0)

We assume now that My < oo (and R < +00). Thus we have that Y 7 na,R" < co and also
that f(R) = >.0° janR" < co. The power series > oo ja,z" defines a continuous (actually, C!)
function on the whole closed disk cl(ID(0, R)) which extends f from the open disk D(0, R). We let
f(R) £ 3% a, R™ = limyg f(t) and define

f(R) 2> ha,R" ' =lim f'(t),
n=1

R

FI(R) 2N Th(n 1a,R" * =1lim f"(¢).
n=2

R

The second derivative above could be co. In the present case, we may extend the Khinchin family
(Xt)elo,r) of f to t € [0, R] by defining the variable Xg by
anR"™

f(R)

The extended family (Xi)ico,r) becomes continuous in distribution in the closed interval [0, R].
Observe that Xp (like any other X;, with ¢ € (0, R)) is non-constant.

The variable X has (finite) mean E(Xg) = Rf'(R)/f(R) £ m¢(R) and variance

P(Xgp=n)= foreachn 0.

S0 ynla, R™
f(R)

The variance V(Xg) is nonzero since X g is non-constant, but it could be infinite. Actually, V(Xg)
is finite if and only if 320 n%a, R" < 400 if and only if f”(R) < +oo, and in any case

V(Xg) = E(Xg)*.

If V(Xg) is finite, we write 2(R) 2 V(Xg).

If My < oo (and R < 00), we may also extend the normalized family (X;) by defining Xp =
(Xr m¢(R))/ ¢(R), with the understanding that Xp=0,if #(R) = +00. Recall that ¢(R) > 0.
The extended family ()v(t)te(& g) of normalized variables is continuous (in distribution).

1.3.4 Fulcrum F of f

A power series f in K does not vanish on the real interval [0, R), and so, it does not vanish in a
simply connected region containing that interval, or half-line. We may consider In f, a branch of
the logarithm of f which is real on [0, R), and the function F, called the fulcrum of f, which is
defined and holomorphic in a region containing (—oo,In R) and it is given by

F(z) =Inf(e?).
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In terms of the fulcrum F' of f, the mean and variance functions of the Khinchin family
associated to f may be expresses as follows:

mg(e®) = F'(s) and j%(es) =F"(s), fors<In(R).

If f does not vanish anywhere in the disk D(0, R), then the fulcrum F(z) of f is defined
everywhere in the whole half plane £z < In R.

Zero-free region

The following proposition describes the specific region where f is nonzero in terms of the argument
and the variance of the Khinchin family associated to f. This region contains the interval [0, R).

Proposition 1.3.5. Let f € K have radius of convergence R > 0. If for some t € [0, R) and some
Ove | 7, 7], we have f(te'?) =0, then

Ty

O

Thus, f € K does not vanish in

Y G Y
Qf—{z—te .|9|<2f(t)}.

Proof. For the proof we may use the following lemma.

Lemma 1.3.6 (Sakovic). Let Y be a random variable and 6ye R. If E(e?Y) = 0, then

2
evy) .
v =
Proposition follows from Lemma and from observing that if f(te’?) = 0, then E(eXt) =
f(te)/ f(t) = 0. O

Remark 1.3.7 (Alternative proof of Proposition [1.3.5). Alternatively, to verify Proposition [1.3.5|
we may use Lemma 1 of [1], which gives that for f € K

F®?  |fte?)? < 4sin®(0/2) f(t)? J%(t), for t € (0,R) and Oy [ =, 7].

If f(te') =0, then 1 < 2|sin(/2)| f(t) and thus || (t) 1. This gives a weaker result with the
constant 7 /2 replaced by 1. Lemma 1 of [1] is stated for entire functions, but it is valid for general

fekx. X

A proof of Sakovic’s Lemma[1.3.6. The bound on Lemma is sharp. Simply consider the ran-
dom variable Z which takes values 1 with probability 1/2; then V(Z) = 1 and E(e¥%) = cos¥,
which vanishes at 7/2.

The result of Sakovic appeared in [87]. As presented in the more accessible reference [84],
Lemma follows most ingenuously by considering the function

4 7t
t)=1t> 1+ —cos —
o(t) +mﬁ082’
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which happens to be positive for every ¢ € R, but for ¢ = £1. (A misprinted sign in the definition
of pyhas been corrected.) Assume that E(e?Y) = 0. Consider W =Y E(Y). We have that
E(e") = 0, and that RE(e") = E(cos(W)) = 0 and

4 4
0< E<<p G%W ) =P SEW?) 1=625V(Y) 1.

Actually, equality in the bound of Lemma only happens for the simple symmetric variable Z
given above.

A more direct proof of Lemma but with a weaker constant, appears in [5, Prop. 7.8] (see
also [17, Lemma 2.3]).
O

Remark 1.3.8. On Boichuk-Gol’berg’s Theorem [1.2.83. From Sakovic’s Lemma we may
deduce Boichuk-Gol’berg’s Theorem in the weaker form that

sup (t) 1/4,
t>0

for any entire function f € K.

We may assume that sup,-g J%(t) < +o0. Since tm'y(t) = 120(75), integrating, we deduce then

that m¢(t) = O(Int), as t — co. A further integration shows that In f(¢) = O((Int)?), as t — oo.
Thus since f € K, we have that

Inmax|f(z)| =Inf(t) = O((Int)?), ast— co.

|z|<t

The entire function f is then of order 0 and Hadamard’s factorization theorem gives that f is an
infinite canonical product or a polynomial (non-constant and not a monomial, since f € K). (This
is the starting point of Hayman’s proof of Theorem 3 of [49].) In any case, f vanishes at some
20 # 0. Write 2y = rge'?, with 79 > 0 and |fy| < 7. Lemma m gives that

ToY(ro) g/,)

and thus, that f(r¢) 1/2, and, in particular, that sup;-q J%(t) 1/4.

This reasoning also gives that if f is not a polynomial then

lim sup J%(t) 1/4.

t—00

1.3.5 Characteristic functions and moments of Xt

Let f € K be a power series with radius of convergence R > 0 and Khinchin family (X;). Fix
t = e°, for s < In(R). Proposition m gives that the characteristic function of X; is never zero
for 0| < w/2.
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This bound also gives that the function F'(s +i0/ f(t)) is well defined for any |f| < w/2. This
follows from the fact that f(e%e®®/ /() is never zero for any fixed s < In(R) and |0 < 7/2, see

Proposition [1.3.5]
For t = e®, where s < In(R), fixed, and |0| < 7/2, we have the relation

. F'(s)
eF(S+Z9/ 7@) F(s) Timizt

(1.3.15) (pyé,t(g) _ E(eieﬁt) —

This is a C*° function (with respect to 6).

Also using that F(s+i6/ ¢(t)) F(s) Ff( i z16s well defined for any fixed s < In(R) and
10| < 7/2, we obtain that

F'(s)

F”(s)l/2 0.

(1.3.16) In(E(e9Xt)) = F(s+i0/ ;(t) F(s)

Again we have a C'*° function with respect to 6.

We want to compute the derivatives of any order of (1.3.15) and ([1.3.16) at = 0. A direct

application of Faa di Bruno’s formula, see, for instance, [100, p. 217], to (1.3.15)) and (1.3.16),
respectively, gives that

Lemma 1.3.9. Let f € K be a power series with radius of convergence R > 0 and denote (X;) the
Khinchin family associated to f, then, for any t = e® € (0, R) and anyn 3, we have

FO@s) 1)
mo!...my IH} F” ]/2 > ’

(1.3.17) E(X]) = >}

2mo—+--+nmp=n

and

(1.3.18)

F) () ) nl(l, 1) 1)+ 12[} E( “gj)"”

1"(\n/2 ! ! il
F'(s) ot —n ma!...mpy! i J!

here l, = mo+ -+ +my,.

Remark 1.3.10 (Hidden moments). As we are going to see the moments of the normal distribution
are included in the sum (1.3.17)). Fix n = 2k, where £k 1 is an integer. Formula (|1.3.17)) can be

written as

: n! m FD6) 1\ (2k)!
E(X]) = Z} , ,H} R + o
2mo+---4+nmp=n mas. .- M’ J=1 F”(S)]/ J: k! (2)

mo#k

If n is odd all the terms in the sum have at least one term of the form (F)(s)/F"(s)7/2)™ as
a factor, here 1 < j < n with j # 2 and m; > 0. Observe that, for n odd, there always exists at
least one m; > 0, with 1 < j < n odd, which is positive, otherwise n would be even. X
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Remark 1.3.11 (The characteristic function of the standard normal). For comparison and later
use we apply Faa di Bruno’s formula to the characteristic function of the standard normal.

Let Z be a normally distributed random variable with E(Z) = 0 and V(Z) = 1. We have
E(e?%) =e 92/2, for any 6y R, and therefore

(x) 9(0) =I(E(e??)) = 6%/2.

Applying Faa di Bruno’s formula to (x), we obtain that, for any n 3, we have

M) (O) — () — nl(l, DI 1)t L B(Z9)\™
oo- ) fi(22)".

| | |
gt = mil...my! e 7!

here I, = mo 4+ --- + m,. Recall that Z is a standard normal random variable and therefore
E(Z) =0.

Denote h(f) = 62?/2. For any n 1, we have, applying again Fad di Bruno’s formula to
op(0) = E(eZ) = ¢ 9%/2 = exp(h(6)) that
) 0)>mj

Notice that ) (0) = 0, for any j # 2. In fact h"(0) = 1, therefore, as it is well known:

(1.3.19) E(Z")i" = >}

mi1+2ma+---+nmp=n

ml'

E(Z") =0, foroddn 1,

and

for any k£ 0.

X

Remark 1.3.12 (Bell polynomials and moments of the standard normal). There is an alternative
form of Faa di Bruno’s formula known as Riordan’s formula, see, for instance, [100, p. 219]. This
equivalent form makes use of Bell polynomials.

Applying Riordan’s formula, see [100, p. 219], we obtain an equivalent expression for [1.3.17
namely:

(132@

F//( )3/2’ ’ F”(S)(" k+1)/2

Z}Bnk T G F<><>>}

. F’”( ) ' F(n)<s) . F’”(s) F(n)(s) }
_ 2 3 n___ | ="
=B, 0,11 (s )3/2,...,2 (512 =1i"By O’I’F”(s)?’/Q""’F”(s)”/2
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where By, y(x1,...,2Zy kt1) denotes n-th incomplete exponential Bell polynomial, By, (z1,...,Zy)
denotes the n-th Bell polynomial and n 1 is an integer.

In (|1.3.20) we make use of the following property: the n-th Bell polynomial is given by

Ji
l
b

Bp(z1,...,2,) = n! Z} H}L

i 4
J1+2j2+-+njn=nli=1 (l) e
see, for instance, [82, p. 173] or [100, pp. 218-219], therefore
(1) Bp(izy, iz, ..., i",) = i"By(z1, ..., o).

Denote by Z a standard normal random variable. Applying Riordan’s formula, see [100, p.
219], we find that

(1.3.21) E(Z")i" =Y Bur(0, 1,0,...,0)=By(0, 1,0,...,0)=1i"B,(0,1,0,...,0),
k=0

where, again, By, p(21,...,%, k+1) denotes n-th incomplete exponential Bell polynomial and B, (1, . ..

denotes the n-th Bell polynomial, in each of the cases for integers n 1. For the equality at the
right-hand side we use, again, the property () of Bell polynomials.

Formula ([1.3.21)) gives that we can express the n-th moment of the standard normal in terms
of the n-th Bell polynomial. In fact we have

E(Z") = B,(0,1,0,...,0), foranyn 1,
and also, by virtue of equation ([1.3.20)), we have that

ny F(s) F)(s)
E(X{) = Ba. 0,1, F”(s)3/2"“’ F//(S)n/2

>% forany n 1.

1.3.6 Operations with power series and Khinchin families

In this section we collect results describing the Khinchin families obtained by performing operations
with one, two, or more, power series in the class IC. We also study the Khinchin families of sequences
of functions in K which converge uniformly in compact subsets to power series in K.

A. Subseries and conditional distributions
Let (X¢) be the Khinchin family associated to the power series f(z) = Y oo a,2" € K, which has
radius of convergence R > 0.

Let £ C{0,1,2,...} such that 0 € £, and let

g(z) = Z}znz”, for any z € D(0, R).
nel

)
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Assume that g € K, i.e, a,, # 0, for some n € L\ {0}. Let (Y;) be the Khinchin family associated
to the power series g.

For each t € [0, R) we have that

0, ifné¢L,
P(Y; =n) =
m =P(X;=n|X; €L), ifnel.

In other words the law of the variable Y; is the law of X; conditioned on the event X; € L.

B. Sums of power series and mixtures

Let f, g two power series in K, both with radius of convergence at least R > 0. The sum h(z) =
f(2) + g(z) is also a power series in K and has radius of convergence at least R > 0.
Let (X¢), (Y;) and (Z;) be the Khinchin families of f, g and h, respectively. We may write

P(Z;=n)= %P(Xt =n)+ ZE?;P(Yt =n), forte (0,R)andn O.

This last expression exhibits the distribution of Z; as a mixture of the distributions of X; and
Y;. In this case we have the identification

Zy 4 Xy (1 Uy)Y, foranytel0,R),

where U; is a Bernoulli variable with parameter f(¢)/h(t) which is independent of X; and Y;.

C. Product of power series and independence of families

Let f(z) = Y o ganz™ and g(z) = Y 7, b,2" be power series in K with radius of convergence
R > 0and S > 0. Let (X¢)ieo,r) and (Y1)ic(0,5) be the Khinchin families associated to f and
g, respectively. The product h = fg is also in K. Let T' = min{R, S}, and let (Z;);c(o,r) be the
Khinchin family associated to h.

The coefficients of the product h = fg are given by the convolution formula
n
¢n = COEFF,[h(z)] = Zakbn k-
k=0

Then for each t € (0,7) the law of Z; is the same that a sum of independent copies of X; and Y;:

n k
agth by, pt" F . .
P(Z,=k)= _ = P(X,=7)P(Y; =k f hk O.
( t ) kzzo (t) g(t) ]ZO ( t .]) ( t ])a or eac

In particular, if (X;)y(o,z) is the Khinchin family associated with some power series f, and if

we let Xt(l), . ,Xt(n) denote n independent copies of X; then

n . tk
P(Z}Xt(]) = k:) = COEFF f"(2) D) forany K Oandte€ (0,R).
j=1
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We collect these claims by means of the following Lemma.

Lemma 1.3.13. With the notations above, for each t € (0,T), the law of Z; is the same that the
law of the sum of independent variables with the laws of X; and Y:, i.e.,

(1.3.22) 72X, Y, foreacht €(0,R).

Thus, product of power series in IC, become, on the Khinchin family side, in sums of independent
variables and therefore, for any ¢t € [0,7), we have

mp(t) = my(t) +me(t), and  R(t)= Ft)+ ().
Using the identification (|1.3.26]) we have
E(ew%) = E(eth)E(eth), for any t € [0, R).

For the characteristic function of the powers of a power series ¢ € K we have the following:
denote (X;) and (Y;) the Khinchin families of gV, with integer N 1, and g respectively. We have
that Xy is equal, in distribution, to the sum of N 1 independent copies of the random variable
Y;, that is:

XtiY;(l)—l—---%—Yt(N), for any t € (0, R),

here Yt(l), cee, Yt(N) are independent identical copies of Y;.

For any ¢ € (0, R), the mean and the standard deviation of X; are given by

E(X;) = Nmy(t) and V(X)) =N 2(t),

then
9 Xt Nmg(t
Xt:t—mg() for any t € (0, R).

VN (1)

The characteristic function of X; and X, are given by

(1.3.23) E(cXt) = B(e)N for t € (0,R) and A R,
and

(1.3.24) E(c%) = E ((}%Y)N for t € (0, R) and 0 R,
respectively.

An instance of this situation is given by f(z) = (1+2)%, with integer N 1. Denote (X;) and
(Y;) the Khinchin families of f(z) = (1 + 2)" and g(z) = (1 + z), respectively, then

X, 2 Y;(I) Yt(N), for any t € (0,4+00),
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where Y;(l) e Yt(N) are independent identically distributed copies of Y;. Here (Y;) is the Bernoulli
family and (X;) is the binomial family.

Combining the items (1.3.24) and ([1.3.5) we find that

tez&/\/m+e 10/t /N
1+t

E(eXt) = > . forERand t > 0.

this argument proves the relation ([1.3.7). Using a similar argument, but in this case with g(z) =

1/(1 2)and f(z) =1/(1 2)V, with integer N 1, we obtain equation (1.3.10).

D. Composition of power series.

Let f(z) = > ;2 ganz™ € K a power series with radius of convergence R > 0 and g(z) =
> (b2 € K a power series with radius of convergence S > 0 and such that ¢(0) = 0.
n=0

Assume that g(D(0,5)) C D(0, R), then the composition h(z) = f(g(z)) is well defined. Denote
(Zt)ie)0,s) the Khinchin family associated to h and (Y1),c(0,r) and (Xt);c[0,5) the Khinchin families

associated to f and g, respectively. For f and g entire functions the composition it is always well
defined.

For any integer n 1 and any 0 < j < n, we have that
b)) = corrrfg(z)] = Y} byby...by,
l1+-~+lj:n

then we have

n

() A, = COEFF,[h Z}z => aq; Z} bibi, ...by, forany n >0,

=0 li+-+lj=n
and Ag = ag, for n = 0.

For any n 0, and any t € [0,.5), using (), we find that

ajg(t)! bl tl
P(Zt — n Z J Z H m
), 2
¢ , 1 j
= > Pym =iPx" - x) =n)
j=0
then we can identify Z; with the random variable Xt(l) e Xt(Yg(t)), that is,
(1.3.25) z,4x® . xM0) forany t € [0, R),

where Xt(l),Xt(Z) ... are a countable number of i.i.d. copies of X; which are independent of Yy .
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We fix the convention that the empty sum is zero and then for n = 0 we have
P(Z; =0) =P(Yyy =0), foranytel0,S9).
We collect the previous discussion by means of the following lemma.

Lemma 1.3.14. With the notations above, for each t € (0,T), the law of Z; is the same that the
law of the sum of Yy independent variables with the law of Xy, i.e.,

(1.3.26) 7 4 Xt(l) o Xt(yg(t)), for any t € [0, R),

For h(z) = f(g(z)) the fulcrum is given by the composition of the fulcrums of g and f, respec-
tively. In certain domain containing [0, In(R)) we have

The previous composition formula gives that
(1.3.27) mp(t) = my(g(t))my(t), for any t € [0, R),
and also that

(1.3.28) n(t) = Fa)mg(®)* + J(t)my(g(t)), for any t € [0, R).

This follows, as well, from the identification in distribution ({1.3.25]).

For the characteristic function of the Khinchin family associated to h = f ¢ we have the
following Lemma.

Lemma 1.3.15. With the same notations:
(e?%t) Z}’ E(eX)"  for any Oy R and t € [0, 5).
Proof. Denote f(z) =Y 2 anz" the power series expansion of f around z = 0, then

B(e"%) — tew 219 tew a 9 (t)" ZP B(ePX0)n,

g(t))

for any e R and ¢ € [0, 5) O
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E. Scaling.

For any power series g(z) = Y 5 a,2" in K of radius R > 0, we denote
Qg2 ged{n 1:a,#0}= lim ged{1 <n <N :a,#0},
N—o0
that is, if () > 1, then only the coefficients with indices which are multiple of @), are different

from 0.

If Q, > 1, then we can write g(z) = f(2%9) for a certain companion power series f € K with
radius of convergence R%s. Observe that Q =1

Let (Y:)iep0,r) be the Khinchin family of g and <Xt)te[0, R2g be the Khinchin family associated
to the power series f. We have that

y, L Qg - X0y, foranyte (0,R)).
The mean and variance functions of g and f are related by

mg(t) = Qg - mf(th) ;

S =QF 79,

for any t € [0, R).

F. Identity of families

If >0and f € K, theng= fisalsoin K, both power series have the same radius of convergence,
say R > 0, and the respective Khinchin families (X;) and (Y;) of f and ¢ coincide in distribution:

X, LV, fort € [0,R).

Conversely, assume that f(z) = 2 a,2" and g(z) = Y 7 b,2" are power series in K with
radius of convergence R > 0 and S > 0, respectively. Denote (X;) and (Y%) its respective Khinchin
families and suppose that there exists some ¢y € (0, min(R, S)) such that X, 4 Y},, then

anty bntl
"0 - 0 foreachn O,

and, therefore, if we set 2 g(to)/ f(to), we have that

b, = a,, foreachn 0.

This last equality implies that R =S and g = f in D(0, R).
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G. Sequences of power series
Let (f*), 1 be a sequence of power series in K, each of them with radius of convergence at least
R >0 and let (Xt[k}) denote the corresponding sequence of Khinchin families.

Assume that the sequence of power series (f*);, | converges uniformly on compact subsets of
D(0, R) towards a power series f in K.

The condition f € K ensures that we can associate a proper Khinchin family to f. The sequence
of power series f¥! (2) = 1/k+2* isin K, for any integer k& 1, and converges uniformly on compact
subsets of D to the constant 0, which is not in .

Let (Y;) be the Khinchin family associated to the power series f € K. For each n 0, the n-th

coefficient of fI*¥ converges to the n-th coefficient of f, and, therefore,

lim P(Xt[k] =n)=P(Y;=n), foreachn 0.

k—+o0

Consequently, for each t € (0,R) we have that Xt[k] converges in distribution towards the
random variables Y;:

lim P(X < N)=P(Y, <N), foreach N 1.

k—+o00

Also, for any moment, say, of order ¢ 1 we have

lim E ((}(t[’“])q) L E(XY),

k——+o0

since if D is the operator D = z(d/dz), then E(X]) = DUOO e equation (1.3.1) for further
details.

In particular, for each t € [0, R), we have that limg_, oo mg(t) = my(t) and limg_ 4o 2(t) =

J%(t), where my, ? and m¢(t) and ]%(t) are, respectively, the mean and variance functions of f*!

and f.

Conversely, assume that fi(z) =Y 7 al¥zn and f (z) = > 07 ganz" are power series in KC, all
of them with radius of convergence at least R > 0.

Assume, with the notations above, that Xt[k] converges in distribution towards Y;, for each
t € (0,R), as k — 400, and besides that for a certain ng 0 we have that

: k
kgrfm a% =dap,, and ap, #0.

Then the sequence f[¥ converges uniformly on compact subsets of D(0, R) towards g(z).
Let’s see: from the convergence in distribution we deduce that

agﬂ "o ap t"

kgrfoo ) = OR for each t € (0, R),
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and, therefore, that

(x)  lim fE#) = f(t), for each t € (0, R).

k—4o0

Fix T € (0, R). From (*) we deduce that

sup f*(T) < +o0.
k1

Since the f* has non-negative Taylor coefficients, we have that

sup sup | ¥ (2)] < 400
k 1|z|<T

Thus, by virtue of Montel’s Theorem, the family {1, | conforms a normal family in D(0, R).
Since limy_, o0 fF(t) = f(t), for any t € (0, R), Vitali-Porter’s Theorem allows us to conclude
that the sequence (f¥), | converges uniformly on compact subsets of D(0, R) towards f.

1.3.7 Hayman’s identity

Let f(z) = >_,2,an2z™ be a power series in K. Cauchy’s formula for the coefficient a,, in terms of
the characteristic function of its Khinchin family (Xt),c(o,r) reads

t
(1.3.29) an = 1) E(e®Xt)e “ndoy for each t € (0,R) andn 1.
21t J o<y

In terms of the characteristic function of the normalized variable X’t, it becomes

ft)

1.3.30 p=—
(1.3.30) T o (1)

/} B(e¥X1)e 00 ms0)/ 1) ggy
|0] <7 (t)

for eacht € (0,R) and n 1.

o If My = oo, we may take for each n 1 the (unique) radius ¢, € (0, R) so that m¢(t,) = n, to
write

f(tn)

1.3.31 = _J\n)
( ) T omn (t)

/} E(ewﬁt")dﬁw foreachn 1,
0] <mipy (tn)

which we call Hayman’s identity. This formula and its variants will be very relevant later on.

Although this identity (|1.3.31]) is just Cauchy’s formula with an appropriate choice of radius,
it encapsulates the saddle point method.

As we now check, if the Khinchin family (X;) may be extended to the closed interval [0, R],
then an analogous Hayman’s identity is available for ¢t = R.
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o If My < oo and (R < 0o) the power series f extends continuously to the closed disk cl(ID(0, R)),

see Section and the Khinchin family (X;).cj0,z) extends to the closed interval [0, R]. See
Section [1.2.4] and the notations therein.

We may write

an = f(RZL/} E(e¥XR)e “ndoy forn 1.
2mR |9‘<ﬂ.w

If, moreover, J%(R) < 00, e, if 3000 jn?a, R™ < oo, then X g given by

%= 2 my(R)

f(R)
is well defined and we also have that
(1.3.32) an = f(R)/} E(eze}zR) e W mp(R)/ s (B) dgoy form 1.
2rR™ §(R) Jjo|<rs(R)

1.4 Moment generating functions and Khinchin families
In this section we discuss the moment generating functions (centered or not) of Khinchin families,
and also their close connection with the fulcrum of the family.

Firstly, we consider the moment generating functions of (quite) general random variables Y.
Later on, we will apply this general concept of moment generating function to the random variables
in a Khinchin family.

1.4.1 Moment generating functions for general random variables

Let Y be a random variable that it has finite absolute moments of all orders, and we assume, in
fact, that for some py»> 0, we have that

— E(]y*
(1.4.1) Z (’k'| )\z\k, for |z] < p.
k=0 '

This means, in particular, that the power series

k=0
has positive radius of convergence, at least p.

Write my = E(Y) and v(Y) = E((Y my)¥)), for each k& 0. Observe that vg =1, v; = 0
and vy = V(Y).

The centered moment generating function of Y, defined (at least) for € ID(0, p), is given by:

v(Y)
k!

e D(0,p) — E(e " ™)) = Z
k=0
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Also, the moment generating function of Y, defined (at least) for € (0, mp), is given by:
o0
Yk
eD(0.p) - Be V) =3 U 4
k!
k=0

We have the following identity relating the two moment generating functions:

(142) e ™ (y o )Le mE(e V)= Ee & ™)) = ”’“g), for € D(0.p).
k=0 k=0

Example 1.4.1. As a basic example, consider a random wvariable Z which follows a standard
normal distribution. In this case py¥= +oo and

dr =e 2/2, for every €R.

(1.4.3) @ N

Multiplying the power series on the far left of (1.4.2) and equating coefficients with the far
right we may express the centered moments of Y in terms of the moments of Y:

k
:Z}(?)E(Yj)( my)*¥ 7, forany k 0.
j=0

This set of identities is a direct consequence of the binomial formula:
e\ .
(Y my)k — Z)( .>Y] ( ’I?’Ly)k J
. J
Jj=0

If we move the factor e ™ to the far right of ((1.4.2), multiply the two power series which are
now in the right and equate coefficients, we are able to express the moments of Y in terms of its
centered moments of Y as follows:

It is sometimes more convenient to consider the function My ( ) given by
My( )=InE e ¥ ™) ln(}—FZ}L)

Since the power series E(e (¥ ™v)) takes the value 1 at = 0, it does not vanish in a disk (0, p),
for some p.€ (0, p]. The function My ( ) is holomorphic in the disk D(0, p). We take My to be
real in the feal interval € ( p,p).
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to guarantee further that

!
(1) Z}% <1, for €D(0,p).
k=2 ’

If needed, we may reduce p

Observe that My (0) =0 and M, (0) = 0.

Example 1.4.2. For a random variable Z following a standard normal distribution, we have
Myz( )= 2/2, for every €C.

Next we relate the Taylor coefficients of My with the v (Y'), by means of the Taylor expansion
n(l+ 2) z:&1n+1 , for|z| < 1.

Appealing to () and to the expansion above we obtain that

=7 (0) = (V)

JZ; i j:m(”Z )
e Vk —vi(Y) 1= (YY) 1\3
S LB A (S

— k=2
(Y Y Y)? Y Y)is(Y
_ () 2+V3( ) 3 +(V4 ) re(Y) > 4+<V5( ) va(Y)vs( )) Sy
2! 3! 4! 8 5! 24
Equating coefficients, we obtain a sequence of polynomials Qg (z2,...,2%) in k 1 variables,

starting with k& = 2, so that for any variable Y satisfying (1.4.1) it holds that
(1.4.4) ME0) = Qp wa(Y),...,u(Y) , foranyk 2.

For the first values of k we have that

M = ()
M = v5(Y)
MP = vy(Y)  Bup(Y)?
M = us(Y)  Bua(Y)us(Y).
Each polynomial Q) satisfies
1
Qr <x2 xS ,%)L r—ka(xg,...,xk), for any r # 0 and any xa,...,xg .

Conversely, from
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we may deduce analogously the existence of polynomials Ry (x2,...,zx) in k 1 variables, starting
with k& = 2, so that for any variable Y satisfying ((1.4.1) it holds that

(1.4.5) ve(YV) =Ry MP(0),...,MP(0) , foranyk 2 .
Each polynomial Ry, satisfies the following homogeneity condition
To T3 Tk 1
(1.4.6) Ry (T—Q, pRERE T—k) = T—kRk(xg, ...,x), foranyr# 0 and any xo,...,xf.

Example 1.4.3. For a standard normal random variable Z we have myz = 0 and 1»(Z) = V(Z) =
1. Because of symmetry, all odd moments of Z are null: v 1(Z) = 0, for & 0, while for the
even moments we have that

1 (2k)!
T ok kI

vor(Z) forany £ 1.

Since Mz( )= 2/2,forany € C, we also have Méz) (0) =1 and Mék) (0) =0, for any k£ 3.

In any case,

(1.4.7) E(Z¥) = (Z) =R, 1,0,...,0 , forany k 3,
and
(1.4.8) 0=Qr 1,15(2),...,vx(Z) , forany k 3.

1.4.2 Moment generating functions of a Khinchin family and its fulcrum

Let f be a power series in K with radius of convergence R > 0 with Khinchin family (X;)cjo,r)-
And let F' denote, as usual, the fulcrum of f, which is defined in the interval (—oo,In R):

') = f(e®), fors<InR.
We have, see Section [1.3.4] that ms(e®) = F'(s) and f(s) = F"(s), for every s < InR.

Next we are going to obtain convenient expressions of the moment generating functions of each
X; in terms of f itself and more conveniently in terms of the fulcrum F.

Fix t € (0,R) and set s = Int. Since X; is a non-negative variable, the following change of
order of summation is legitimate and we have, if te < R, that

0 Xk 1 00 1 e’} . 1 e’} . e e} n k
Ol S o
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Thus with p(t) =In R Int, condition (1.4.1) is satisfied:

S P e for 121 < ptt).
k=0 '

The identity (b) actually shows that the moment generating functions of X, centered or not,
are defined for all € (—o0, p(t)) and may be written in terms of f as

} o Xiy f(te )
(1.4.9) ! foreach <InR Int,

];P(e (Xt mf(t))) —

and in terms of the fulcrum F as

% E(e X)=exp F(s+ ) F(s),
(1.4.10) foreach <InR s.

Ble X ™) —exp F(s+ ) F(s) Fls)

Recall that, t = e®, for t < In R, and abbreviate vg(t) = v (X;) = E(Xy my(s))¥), for k1.
We have,that

Mx,( )=F(s+ ) F(s) F’(s):iF(;)!(s) 7, if| |[<InR s.
Jj=2
and so
(1.4.11) F®(s)=Qp va(t),...,uu(t) , forany k 2,
and
(1.4.12) ve(t) = Ry, F@(s),...,F®(s) | forany k 2 .

1.4.3 Moment generating function of a Khinchin family and Chernoff bounds
We continue with the Khinchin family (X;),c(o,r) associated to a power series f(z) in K with radius
of convergence R and with fulcrum F(s) defined in (—oo,In R).

For t € (0,R) and s =1Int, and € R such that te < R (or s+ < InR) we have, see ((1.4.10)),
that
Ee X m®) —exp F(s+ ) F(s) F'(s) .

We may bound the expression F(s+ ) F(s) F'(s) asfollows. Fix s <InR,andlet €R
be such that s+ < InR,ie, € (—oo,(InR) s). We may write

Fis+ ) F(s) bﬁwww w@—A 2t y)dy
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with the standard convention that fba = f}) whenever a < b. For s,s + < R, the quantity
F(s+ ) F(s) F'(s) isnon-negative. Since F’ is increasing, the intermediate value theorem
gives F(s+ ) F(s)< F'(s+ ) and thus

F(s+ ) F(s) F'(s) = (F(s+ ) F(s)).

Observe that if < 0 both factors in the bound in the right of the above inequality are negative.
Define for s <InR and 0 < A < (InR) s, the quantity:

Fls+y) F'(s)

For each such s fixed, the expression (s, A) is positive and increasing for A in the indicated range.
We have, if s,s + < InR, that

E ¢ Xe m@®) < o 2/2%(s] )

The intermediate value theorem gives for s,s + < In R that

Y(s,A) <2 max F"(s+vy).
lyI<|Al
Proposition 1.4.4. For the Khinchin family (Xi)icpo,r) associated to f(z) in K with radius of
convergence R and fulcrum F, we have, for s,s+ < InR andt = e® that

(1.4.13) E e 5 m®) <o (Flst) Fs) < o 225G 1)

1.4.4 Chernoff bounds for subexponential random variables

The most simple form of concentration for a random variable Y is given by Chebyshev’s inequality
For random variables with finite, and small variance, this inequality ensures that the random
variable Y is close to its mean. Chebyshev’s inequality only requires the second moment of Y to
be finite.

We are interested in obtaining one or two sided bounds for the tails, that is large deviation
inequalities, for certain random variable Y; these are the Chernoff bounds. In this last case
we require all the moments of Y to be finite (in fact we impose that the random variable Y
is subexponential). We refer to Chapter 2 in [98] for further details about these concentration
inequalities.

Let U be a random variable. The random variable Y is termed subexponential if for a certain
A > 0 and a certain A > 0, it holds that

(1.4.14) E(e V) < el /24 for each such that | | <A.

Proposition [1.4.4] just above tell us that each random variable of a Khinchin family is actually
subexponential.

In Proposition [1.4.5] just below we are going to show that general subexponential random
variables satisfy a large deviation inequality, which as a particular case will give raise in Proposition
to a large deviations inequality for each member of a Khinchin family.
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Proposition 1.4.5. Let U be a random wvariable. Assume that for certain A > 0 and certain
A >0, it holds that

(1.4.15) Ee Y) < e 2/2)’4, for each  such that| | < A.

Then

%“““% fO<y<AA,
(1.4.16) P(Ul>y)<2:
3 Ay/2 ify AA.

A random variable satisfying ([1.4.15) for a pair of parameters A and A is called subexponential.

Proof. For y > 0, we wish to give an upper bound for the probability P(U > y). To do this, take
> 0, whose value we are going to optimize depending on y.

Markov’s inequality gives that
PU>y)=P U> y =PeV e¥ <e YEel |
and thus we obtain from that
P(U >y)<e Vel /A

For any A > 0, the parabola — y + A 2/2, decreases for € (—o0,y/A), increases for
€ (y/A, +00) and attains a minimum value of y2/(24) at = y/A.
Thus we deduce that

%f““% if0<y<AA,
(1.4.17) P(U >y) <
3 Ay/2 ify AA.

For y > 0 and > 0 we may write, analogously, that

PU< y)=P( U> y)<e VE(e V)<e bel /24,
Arguing as above, we obtain

% v/RA o<y < AA,
(1.4.18) P(U< y) <
3 Ay/2 ify AA.

Combining (|1.4.17)) and (|1.4.18)) we get ((1.4.16)).
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1.4.5 Chernoff bounds for Khinchin families

Let (Xt)iepo,r) be the Khinchin family associated to a power series f(z) in K with radius of con-
vergence R.

Let t € (0, R) and write t = e’. Proposition gives us that U = Xy  my(t) satisfies the
subexponentiality condition ([1.4.15]) for any A such that 0 < A <InR sandany A X(s,A).

Thus from Proposition we deduce

Proposition 1.4.6 (Chernoff bounds). Fort € (0, R) and A 0 such that te® < R, and we have
for s =1Int that

% Y2/ (25(s,A) if 0 <y < AX(s,A),
(1.4.19) P(lX, me@t)>y) <2
? Ay/27 ify  AX(s,A).

More generally, for any A X(s,A), we have

%y”(“), for0<y<AA,
(1.4.20) P(X: mset))>y) <2-
% Ay/2 fory AA.

Observe that the restriction te® < R is vacuous in the case of entire functions f € K.
In terms of the power series f itself, the bounds of (1.4.19)) mean that

¢ y?/(25(s,0) if 0 <y < AX(s,A),

S ant" <2f(t)-

k. my(t)|>y 3 Ay/2 ify AX(s,A).

1.5 Khinchin families and Wiman-Valiron theory

This section is devoted to show how the probabilistic point of view of the Khinchin families illu-
minates and provides (relatively) simple proofs of some (of the most fundamental) results of the
Wiman-Valiron theory. The ideas and the essential ingredients of this approach are contained in
the seminal paper [83] of Rosenbloom, and also in the paper [88] of Schumitzky. Let us mention
that the paper of Hayman, [50], is a classical reference for the Wiman-Valiron method.

We are going to present proofs within the framework of Khinchin families of the classical
Wiman-Valiron Theorem and of a companion theorem due to Clunie, which claim that one or a
few terms of an entire power series represent quite closely the whole power series. The proofs are
based respectively in the general bounds contained in Lemma and Proposition In those
preliminary (from the point of view of the Wiman-Valiron theory) results the maximum term or a
few terms of the power series are compared to the power series as a whole and the comparison is
controlled by the variance function. The extra ingredient now is that this variance function ]%(t)
could be bounded in terms of f(¢), but not for all values of ¢, if fact for all but a set of finite
logarithmic measure. These comparisons of  with f are based on some differential inequalities
and also on a classical lemma of Borel, which we present first.
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1.5.1 Probability bounds and variance of the variables X,

The following bound is a useful observation about general random variables with values in the
lattice Z. The bound follows simply from Chebyshev’s inequality.

Lemma 1.5.1. For some absolute constant H and any random variable U taking values in Z, we
have that

H
maxP(U = k) ———.
keZ 1+ (U)

The proof below works with H = 1/(4/2).

Lemma quantifies the observation that if all the probabilities P(U = k) are small, then
the variable U is quite spread out and its variance must be large.

Proof. We may assume that V(U) < 4+o00. And also that \/V(U) > 0. Let us denote p = E(U)
and 2=V(U).

Chebyshev’s inequality gives that

1 1
P (U pu)? 22§§, and thus that P (U p)? <2 2 3
Therefore )
2 2 _ _
SSPWU ow<2?= Y} PW=K
V2 <|k pl<V2
< maxP(Z=k) -# keZ: V2 <|k p/<V2

kEZ

< maxP(Z=k) -(1+2v2 )< x?g%P(Z:k))zﬂ-(H ),

which gives the result.

We have used above that if I is a closed interval in R, then # INZ <1+ |I|. O

In the inequality of Lemma the quantity 1+ 1/ V(U) cannot be replaced by /V(U). For
instance, for p € (0,1/3), let U, be the random variable which takes the values £1 with probability

p, and the value 0 with probability 1 2p. Observe that /V (U,) = v/2p and max(p,1 2p)=1 2p
(recall that p € (0,1/3)). We have

lim (}maXP(Up =k) - \/V(Up)) = lg%lmax(p, 1 2p)-2p=0.

pl0 keZ

Remark 1.5.2. Continuous variables. For continuous random variables, the following analogue of
Lemma holds. Let Y be a continuous random variable, with density (z), (finite) standard
deviation and mean m. Let videnote vif= sup,cr (x). Chebyshev’s inequality gives that

1
—), forany >1.

J | @d=PU m< ) @
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Therefore
1 1 .
. I/w 27 (} 2> } if > 1,
maximizing the lower bound in  (taking = 1/4/3) we find that

'Vd} Q7
with Q = 1/(3V/3).

For a random variable U distributed uniformly in the interval [ 1,1] we have vi/= 1/2 and
=1/v/3, and thus - = 1/(2v/3), in this case. X

For the Khinchin family (X¢)cp,g) associated to f € K, Lemma m translates into the
following inequality:

M
(h}naéc <f(t)> ) (14 f(t)) H, foranyte][0,R),
which we write as a Lemma.

Lemma 1.5.3. For a power series f(z) = Y~ jan2z"™ € K with radius of convergence R > 0 we
have

f(t) < % <r7111a8<ant") }(1 + #(t)), foranytel0,R).

1.5.2 Differential inequalities
The following lemma is Proposition (the only one) in Fuchs’ paper [34].

Lemma 1.5.4 (Fuchs). Let p be a regular Borel (positive) measure in R. Let T be a collection of
open intervals indezed by a set ):

which is such that for a constant B > 0 and any finite subcollection of pairwise disjoint intervals
I,;,1 <5 <mn, il holds that

> _jul,) < B.

Then for any Borel set E such that E C |J}cq Lw, it holds that u(F) < 2B.

In the proof we will use Besicovitch covering Theorem (valid in R¥) in the elementary one-
dimensional case. This one-dimensional covering result claims that if (J;)2; is a finite collection
of finite open intervals, then we can find two disjoint sets of indices U,V C {1,...,m}, so that
both the intervals {J;;j € U} and the intervals {J;;j € V'} are pairwise disjoint and so that

OI]-: Ul v Ul -

Jj=1 jeu JEV
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In our applications below the measures u are integrals against non-negative continuous functions
in R, which are locally finite (u(K) < +oo for any compact set K in R) and thus regular, see, for
instance, Theorem 2.18 and Theorem 2.17 of [86].

Proof. By (inner) regularity, it is enough to show that pu(K) < 2B, for any compact K C FE.
Let wi,...,wny be such that

m
Kcl|JL,.
j=1
Write J; = I, Applying the covering Theorem with the notations above we have
> W) <B and > ()
jeu JeEV
and thus that
p(K) < p(U) (U ) 5 S ki) + > k) <28,
JEU jEV jeu jev
as claimed. 0
A typical application of Lemma follows. It is an adaptation of [34, Lemma 1].

Lemma 1.5.5. Let G be a C' function defined in (a,b) C (—oo,+00) and increasing. Let A =
limg,, G(x) and B = limgy, G(x). Let  be a positive continuous function defined in (A, B) and
such that f}? (v)dv < +00.

Then there exists an open set E C (a,b) of finite Lebesgue measure so that

1 G(CE+ )
/} (w)du <1, for every x € (a,b) \ E and any > 0 such that z + < b,
G(x)
and
1 pG@)
/} (w)du <1, for every x € (a,b) \ E and any > 0 such that = >a.
Gz )

In this lemma we allow a and A to be —oo and b and B to be +o00. Of course if (a,b) is a finite
interval, there is nothing to prove.

Proof. We define E by
y
E. = =z € (a,b): there exists y € (x,b) such that y =z < /} (G(u)G' (u)du

The set Ey is open, since if x € F and y is as in the definition above, then by continuity and for
some > (0, we have that

y z2< /}y (G(uw))G'(u)du, forany z € (x ,z+ ).
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The set E, is contained in the union of a collection Z of open intervals (contained in (a, b))
which satisfy

|| </I} (G(u)G' (u)du .

Thus for any finite collection of intervals Iy, ..., I, of pairwise disjoint intervals of Z we have
that
m m b B
>l < Z}/ (G(u)G (u)du < /} (G(w)G (u)du = /} (v)dv .
j=1 j=1 1; a A

Given this, Lemma shows that |Ey| < +o0.
For any z € (a,b) \ E4 and if x <z + < b we then have that

z+ G(z+ )
=(z+ ) = /} (G(u))G’(u)du—/} (v)dv .
x G(x)
Arguing analogously or applying the above with G( z) and ( wu), we obtain E C (a,b) of
finite measure so that if z € (a,b) \ E and if z > x > a then
G(z)

=z (z ) / (G(u))G’(u)du:/} (v)dv.

Gz )
Ul

Corollary 1.5.6. Let G be a C' function defined in [a,+0c0) and increasing so that G(a) = A
and lim,_,o G(x) = +00. Then for any ey 0 there exists ¢ > a and a set E C [c,+00) of finite
Lebesgue measure so that for each x € (¢, +00) \ E we have

Glat ) Gl <Gz + Y for every >0,

G(z) G(z

) < G(x)'¥Y for every >0 such that © > c,

and besides
(v) G'(z) < G(z)+¥
Proof. Take ¢ > a so that G(c) > 1 and take (u) = 1/u'**¥for v  G(c). Then f(}i?c) (v)dv <

—+00.

Apply Lemma to obtain an exceptional set £/ C [c,400) of finite Lebesgue measure, such
that for = € [¢,400) \ F and > 0 we have that

G(z+ ) G(z+ )
/} (u)du 11/} du = Gl ) 1G($) ,
G() Glr+ )17 g Gz + )ty

and for = € [¢,+00) \ £ and > 0 such that z > ¢ we have that

/}G(w) (u)du 1/}G(w) du:G(m) Glo )

Gz ) G(x)" e ) G(x)ttey

The inequality (b) follows from by fixing = € (¢, +00) \ E and letting — 0. O




1.5. KHINCHIN FAMILIES AND WIMAN-VALIRON THEORY 55

Next, we apply Corollary to entire functions in /. Let f be an entire power series in K,
and let F' be its fulcrum defined in (—o0, +00). We have, see Section [1.3.4, that

F(s) =Inf(e®), F'(s) =my(e®) and F"(s) = J%(es), for any s € R.

Proposition 1.5.7. For f entire in KC and for ei> 0, there exists S € R and a set E C [S,+00)
of finite measure such that for s € [S,+00) \ E we have that

F(S+ ) F(s) < F(s+ )H“ﬁ’ for every >0

f(s) Fls ) _ proyee ifs>s >8,

and also that

/ F/
Fris+ ) (5) < F'(s+ )% for every >0
F"(s) < F'(s)'7*Y and i

/ !
f(s) s ) < F'(s)1+ev ifs>s >8,
Besides,
(1.5.1) F"(s) < F(s)Y7¥Y  for every s € [S,4+00) \ E.

Proof. This follows from applying Corollary|[1.5.6/with G = F and with G = F”. The last inequality
follows from applying the two previous bounds with mfinstead of €) such that (1+7)? =1+¢. O

1.5.3 Borel’s Lemma

Borel’s Lemma is a standard estimate on the growth of increasing functions which is of frequent
use in the theory of entire functions. See, for instance, [85, Chapter 9]. We shall need the following
variant of Borel’s Lemma which appears in Hayman’s paper [50] as Lemma 1: Borel’s Lemma
would correspond to the case e¢= 1.

Lemma 1.5.8 (Borel, Hayman). Let G be an increasing function defined in [a,+00) for some
a € R, and such that G(a) > 0. For every ey> 0, there exists a set E C [a,+00) of finite Lebesgue
measure so that

1
G(m + G(w)a‘) }S 2G(x), for any x € [a,+00) \ E.

The proof below follows the lines of the proof of Borel’s lemma in [85]. In general formulations
of this kind of results the functions G are not assumed to be continuous; for certain applications
not necessarily continuous functions are needed. But the assumption of continuity simplifies the
proof a bit, and in our applications below the function G are actually C°°.
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Proof. Denote yp = a and
E:={z y:Gz+1/Gx) 2G(z)}.

We are going to show that F is contained in a countable (maybe finite) collection of closed intervals
of finite total length and this that |E| < oo.
Consider Ey = [yo + 1,4+00) N E. If Ey = () we are done, and we stop. If not, let 29 = inf Ej.
Write ho = 1/G(2¢)%%nd let y; = 29 + hg. We have
. o Yo+1 and G(y1) 2G(xo).

Consider Fy = [y1 +1/2,400) N E. If E; = () we are done, and we stop. If not, let x; = inf Ej.
Write hy = 1/G(z1)%%nd let yo = 21 + hi1. We have

y2 oz y+1/2 and G(y2) 2G(21).
It the process does not stop, we obtain two sequences (x,,), o and (yn)n o such that
Yntl Tn  Yn+1/2" and G(ypt+1) 2G(z,) foranyn 0.

Continue with this process indefinitely or stop in for some n 0 we have E,, = (), in which case
the proof is finished. Since G the function is non-decreasing we also have

G(zp+1) 2G(x,), foranyn O,
thus
G(zn) 2"G(xg), foranyn 0.

Also
1 < 1 1
G(20)Y™ G(x)sR2rey
The increasing sequence (z,,), o tends to oo, because if lim, 0 x, = v € R then G(u) = +o0.
And also lim;, 00 Y, = F00.

Yntl = Tpn + h, and h, = forany n 0.

We have that [xg, +00) = U} o[zn, Tnt1]. And that

EC U [xmynJrl +2 (n+1)]
n 0

because E N [yni1 +2 Y 2,,1) = 0, by the very definition of z,1.
Finally,

00 o0 1 i 1 >0 1
|E| SZ(yn+1 xn)+2m < 1+Zhn§1+G(xO)stﬁw<oo'
n=0 n=0 n=0 n=0
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1.5.4 Maximum term

The maximum term of an entire power series is a key ingredient of the Wiman-Valiron theory.

Let g be an entire entire function g(z) = Y 7, by2", (no a priori assumptions on the coefficients
other than g being entire). The mazimum term is the function p(g,t) defined by

t 0w ulg,t) = max|by|t".
Since g is entire, we have that lim,, o |b,[t" = 0, for any ¢ 0, and thus that (g, t) is well defined:

it is a (finite) maximum, not a supremum.

Recall also the standard notation: M(g,t) = max,<;|g(t)]. The Wiman-Valiron Theorem
relates these two functions, p(g,t) and M (g,t), both defined in (0, +00).

Cauchy’s coeflicient inequality gives that
(1.5.2) |bp|t" < M(g,t), foranyn Oandanyt O,
so that
n(g,t) < M(g,t), foranyt 0.

The interesting comparison in the Wiman-Valiron theory goes in the other direction. As we
shall see, the Wiman-Valiron Theorem claims that for every entire function g the maximum term
(g, t) is not much less than the maximum modulus M (g,t) for most values of t, in a sense that
we shall make precise later on, of course.

Observe that the function f defined by the power series > ° |b,|2", is also entire, (by the
formula of Cauchy-Hadamard), and that

(1.5.3) (g, t) = p(f,t) and M(g,t) < M(f,t)= f(t), foranyt O.

This observation will mean that for the Wiman-Valiron comparison of u(g,t) and M (g,t) we could
assume that g has non-negative Taylor coefficients.

Observe also that if h is an entire function in K and if f(z) = 2zFh(z) for some integer k 1,
then

(1.5.4) pw(f,t) =t*u(h,t) and M(f,t)=t*M(h,t), foranyt 0.

This observation will mean that for the Wiman-Valiron comparison for an entire function g we
could assume that g is in K.
For an entire function f € I, we have that

p(fst)
f()

= rlglaécP(Xt =k), foranyt>0.

For a polinomial g(z) = SN b,2" of degree N, we have

n=0

(1.5.5)



58 CHAPTER 1. ELEMENTARY PROPERTIES OF KHINCHIN FAMILIES

The maximum term of the exponential function is given (asymptotically) by the following
lemma.
Lemma 1.5.9. We have
tk el
sup — X —& as t — +oo0.
k ng;! Vit
The lemma claims that for the exponential function, g(z) = €*, then
M(g,t)

————, ast—00.
In'/2 M (g, t)

p(g,t) =<

Proof. We prove that there are constants 0 < C' < D and T > 0 such that
k et tk‘
Csup— < —<Dsup—, foranyt T.
Fok T Vi TR OH Y

Along this proof we will denote by C' different absolute constants.
Fixt 1. Using Stirling’s lower bound we have
()
[ NG
Now we find the value > 0 where the function h(x), given by
(te)”
h =
@) ==
reach its maximum. This value is given by Z, the solution of In(¢) = In(&) + 1/2%, which implies

that ¢ = ze /(2% This last equality gives t < & and also that ¢ — oo implies that £ — oo,
therefore t ~ &, as t — oco. In fact: t =2+ 1/2+ O(1/%).

for any £ 1.

for any =z > 0,

Using this last expression we find that

h(z)=e 1/25/5;~\6/;, as t — 400,
z

and this implies that there exists certain 7" > 0 such that

th et
sup — < C—, foranyt>T.
h ok Vit Y

Now we prove the lower bound. Fix ¢t > 1 and take n = [t|. Stirling’s asymptotic formula
gives, for a different constant C, that

tn nyn n t
_ C ¢ CL 0677

for t large enough, therefore there exists T' > 0 such

tk el
sup — C— forany t T.

ko k! Vit
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1.5.5 Wiman-Valiron Theorem

The logarithmic measure of a set A C (0,400) is defined as [} 9. If A = {e¥ : y € B}, then
A% = Jhdy=1Bl.
We restate Lemma in terms of the maximum term of f entire in IC as

1
(15.6) [0 < =p(f 01+ 5(t), foranyt 0.
where H is some absolute constant.

Theorem 1.5.10 (Wiman-Valiron). Let g(z) = > b,2" be a non-constant entire power series.
For each ey> 0, there exists a set W = WeyC (0,+00) of finite logarithmic measure such that

M(g,t)
In'/2* 0 (g, 1)

The following proof comes from [33].

< u(g,t), foranyt € (0,400)\ W.

Proof. Some preliminary reductions. Because of , we may assume that g has non-negative
Taylor coefficients. Also, because of , we may assume that ¢ is not a polynomial and thus
that limy—o In M(g,t)/Int = +00. And, finally, because of (1.5.4), taking into account the limit
above and by reducing euf necessary, we may assume that g € K.

We are thus to prove that for a given entire function g in K and 1> 0, there is a set W C (0, 400)
of finite logarithmic measure so that

g(t) < p(g, t)In'/*T=(t), for any t ¢ W.
We already know, from (1.5.6)), that, for some absolute constant H > 0,

(1) 90) < (g, 0+ 4(1)), foranyt 0.

For the fulcrum F' of g we have, from (1.5.1) of Proposition [1.5.7, that there exists S € R and a
set £ C [S,+00) of finite Lebesgue measure so that

F'(s) < F(s)1*¥Y for s € [S, +00) \ E,
which translates into
(x2)  4(e%) < In/2%e/2 g(¢%), for s € [S,400) \ E .
Increasing the value S, if necessary, we have, since lims_,~ g(€®) = +o0, that
(x3) % 14+ Inl/2V/2 g(e%) < V2% (es) | for s € S, +00) \ .
Combining (1), (x2) and (%3), we obtain that
g(e®) < ulg, e®) /2= (e®),  for s € [S,+00) \ E.
The set W = {t > ¢° : Int € E} has finite logarithmic measure and we have that
g(t) < p(g,t) /2" (1), for t € [e¥,+o0) \ W,
as desired. O
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1.5.6 Clunie’s Theorem

Theorem 1.5.11 (Clunie). Let f(z) = > o7 qanz" be an entire function in K. For every ey 0
there exist T > 0 and a set C C [T,+0o0) of finite logarithmic measure such that for every t €
[T, 400) \ C we have that

% yz/(me(t)l+ey)’ fo'r 0< Y < mf(t) R
P X, mst)>y <2
? y/(2mf(t)“)(” for 0<y< mf(t) .

In other terms, for ¢t € [T, 4+o00) \ C, we have

Z} ant™ < 2f(t)e v /@m0 gor 0 < y <mg(t).
Ik mg(t)>y

The following proof of Theorem [1.5.11|is patterned after [88].

Proof. We may assume that f is not a polynomial and thus that
_ . _ . ! _
My = tliglomf(t) = slgroloF (s) = +00.

Here F' denotes the fulcrum of f.

From Proposition with /2, we obtain S € R and a set E C [S,+00) of finite Lebesgue
measure such that for s € [S, +00) \ E we have that

Y(s,A) < F'(s+A)*/2 for A >0suchthats A S.
To reach this conclusion we have used that F'(s) < F'(s+ ), if 0.

By increasing S and augmenting E if necessary, we have from the Borel-Hayman Lemma, [1.5.8],

that
1

F’(S)a

F'<3+ ‘)}<2F’(s), for s € [S,+00) \ E.
Thus
1 21+E/2

! 149 /
E(S, Fls) < F’(s)E/QF (s)' ™% for s ¢ E and such that s 1/F'(s) S.

Since limg_,~ F'(s) = 400, we may increase the value of S again so that
1 10 \1+ey
Z(S,WS)EQ<F(S) 8, fOI'SG[S,OO)\E.

Define T = ¢ and the set C = {e® : s € E}. The set C has finite logarithmic measure.

Finally, we appeal to Proposition [1.4.6, as remarked in the formulation ((1.4.20)), to deduce that
for any t € [T, 400) \ C' it holds that

P |X; mgt) >y <2e v/ @mp(O) Y  por every y such that 0 <y <my(t),

and
P X, mspt)>y <2 v?/@ms0 - for every y such that y my(t) .
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This chapter deals with the beautiful interplay between function theoretical properties of the
holomorphic functions f € K and certain probabilistic properties of their associated Khinchin
families (X;) as t 1 R, in particular, the behavior as ¢ T R of the mean m¢(t) = E(X;), of the
variance J%(t) = V(X}) or, in general, of the moments E(X}), for p > 0.

For instance, in Section we will provide simple proofs, of probabilistic nature, of some
lower bounds and asymptotic lower bounds of ¢(t), as t T R, quantifying Hadamard’s three lines
theorem, due to Hayman [49], Boichuk and Gol’dberg [13], Abi-Khuzzam [2] and others. Later, see
Theorem [2.5.1]and Proposition[2.5.3} we will show, for entire functions f in K, how the growth of the
mean m¢(t) and, in general, of the moments E(X?), with p > 0, and of the quotient ?(t)/mf(t),
relate to the order of f, generalizing some results of Pélya and Szeg6, and of Baez-Duarte.

It turns out, Theorem m that for clans, limyr E(X?)/E(X)? = 1, for any p > 0. For
instance, the ordinary generating function of the partitions of integers P(z) = [[re, 1/(1 2zF)

is a clan, and for the family (X;);~o associated to P we obtain readily, for any p > 0, that
E(XP) ~((2)P/(1 t)*,ast 1 1.

For entire functions in K, Pélya and Szegé [81] showed that entire functions with non-negative
coefficients of finite order piysuch that lim; .o In f(t)/tP¥exists and is positive are clans; we show,
more generally, see Theorem in Section that entire functions in K of regular growth (in
a precise sense) are clans.

The entire gap series with non-negative coefficients presented in Section furnish the basic
examples of entire functions of any order p, with 0 < py< 400, which are not clans. A classical
result of Pfluger and Pélya [80] ensures that these entire gap series have no Borel exceptional
values. We show in Theorem that entire functions in I with one Borel exceptional value are
always clans.

This chapter is mainly based on the paper:

e Macia, V.J. et al. Growth of power series with nonnegative coefficients, and Moments of
power series distributions. (submitted) arXiv:2401.14473v2, see [19].

2.1 Moments

In this section we compute the moments of any order of a Khinchin family (Xt)te[o, R)- For integers
n 0, these moments admit closed expressions in terms of f itself, but these expressions are much
more intricate than those for the mean my(t) and the variance ]20(75)
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Using the operator D, recall that Df(z) = zf'(z), see equation (1.3.1), we have that

E(X]) = Z}zqa" , foranyte|0,R).

To express these moments in terms of f and some of its derivatives we make use of falling
factorials. Stirling number of the second kind allow to express the powers z" in terms of falling
factorials x(z 1)...(z j+1). Recall that the Stirling number of the second kind S(n, j) counts
the number of partitions of a set of size n in j (non-empty) subsets. In fact we have:

:Z]ﬁ(n,j)m(x 1)...(z j+1), foranyn 1.

Here S(n,0) = 0, for any n 1. For n = 0 we stick to the conventions that S(0,0) = 1, 2° = 1 and
also that x(z 1)...(x j+1)if j =0. For more details see, for instance, [REF Stirling Second
Kind - Flajolet].

We will use the notation L =zx(x 1)...(x j+1) to denote the j-th falling factorial of =
and, analogously, X2 = X(X 1)...(X 7+ 1) to denote the j-th falling factorial of a random
variable X. With this notation in mind, for any Khinchin family (X;), we have

(2.1.1) X[ = Z}S(n,j)Xg, forany n 1 andt € [0,R).

For any j 0, the j-th factorial moment of the Khinchin family (X;) is given by

Iy _ o jant" _ 'f(j)(t)
(2.1.2) E(th)_nz_:njf(t) =t/ OB for any t € (0, R).

Using (2.1.1) and (2.1.2), we conclude that

X = En:}S'(n,j)tj f;j()t()t), forany n 0 andt € [0, R).
=0

We collect this expression by means of the following Lemma.

Lemma 2.1.1. Let f € K be power series with radius of convergence R > 0 and denote (Xt)(o,r)
its Khinchin family, then

o9
zb e

foranyn 0 andt€[0,R).
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Some examples: moments of the most basic families

e For f(z) =1+ z and its Bernoulli family we have
t t

T+t 1+¢

Observe that in this case X}' = Xy, for any n 1.

E(X]) =S(n,1) foranyt Oandn 1,
e For f(z) =1/(1 z) and its Pascal family we have

t
(L )7’

for any ¢t € [0,1) and n 1.

n
E(X]) =Y B(n,j);!
j=1
In particular, for ¢ =1 /2, we have that n-th moment of the geometric variable of parameter
1/2 is By, the n-th ordered Bell’s number.

e For f(z) = e* and its Poisson family we have

n
E(X]) = z:}fa’(n,j)tj7 for any ¢t € [0,1) and n 1.
j=1
In particular, for t = 1, we have that the n-th moment of the Poisson variable of parameter
1 is B, the n-th Bell number.

2.1.1 Central and absolute central moments

The expression for the general central moments in terms of f is a little bit more involved:
bk
B m(0)) =3 [;)( 0* tmio* BCx)

(2.1.3) =0 . f0
_ . k lm k L.
—%gﬁ}k(l)su,j)( Dt e oL

Using the previous equality we can find upper bounds for the absolute central moments, these
moments are difficult to compute in terms of f.

We will use the following, special, notations for the third and fourth absolute central moments:
(2.1.4) 3t =E(X; m@)?) and &'(t)=E(X; m)*),
for any t € [0, R).
Jensen’s inequality implies that
(t) < k(t), foranyt €]0,R).

This inequality will prove useful in determining upper bounds for (¢). While the fourth central
moment, x*(t), can be expressed in a closed form, the third absolute central moment, 3(¢), remains,
a priori, unmanageable (at least for ¢ close to R, see equation , for the expression of (¢)3,
for ¢ close to 0).
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2.1.2 The moments determine the family

The following proposition claims that Khinchin families are determined by their moments at any
t = to.

Proposition 2.1.2. Let (Xy) and (Y;) be the Khinchin families associated to f,g € IC, respec-
tively. Assume that f and g have radius of convergence R,S, respectively, and also that for
to € (0,min{R, S}) we have that

E(X;) =E(Yy), foranyk O,

then R = S and there exists > 0 such that f(z) = ¢g(z), for any z € D(0, R). In fact X, 4 Y;,
for any t € (0, R).

Proof. We have that E(X]) = E(Y}¥), for any & 0, this implies that all the factorial moments
of Xy, and Yy, are equal. Equation ([2.1.2) gives that

= 0 for any £ 0.

The previous equality implies that, for z in a small disk around z = tg, we have

) TS R TGS o HETR Y
k=0 9(to) k=0

then both power series are identical in a small disk around z = ¢y and the identity principle gives
that R =S and f(z) = g¢(2), for any z € D(0, R), with = f(t0)/g(t0). O

2.1.3 Recurrence for the moments and the central moments
For a Khinchin family (X)) and any integer r 0 denote
() =B(X]) and i) =B((X, mp()").

Thus p1(t) = mg(t) and fia(t) = ?(t) We add the convention that uo(t) = 1 = fio(t), for every
te (0,R).

For the moments and the central moments we have the following differential recurrences.
Lemma 2.1.3. With the same notations:
i1 () = my (O (0) + 4 (8),  fort e [0,R) andr 0.
and

frr1 () =t (t) + v 1(t) ]2c(t), fort € [0, R) and any integer r 1.
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Proof. Taking derivatives in

1 o
Hor (t) = }Lrantn
70 2
we deduce that

prs1(t) = my (&) e (t) + tpl(t), for any t € [0,R) and r 0.

For the centered moments we have that
o0 tn
ar(t) = Z%(n my(t))", for any t € [0, R) and any integer 0,
n=0

taking derivatives we find that
fir1(t) = t(fi,(8) + vty 1 (O)m (1))
tin (1) +rie 1(t) (),

for t € [0, R) and any integer r 1. O

2.1.4 Sequences of power series and moments

Assume that (f [k})k 1 is a sequence of functions in /C, all of them with radius of convergence at
least R > 0 and also that f¥ converges uniformly on compact subsets to a function f € K, with
radius of convergence R > 0.

For each k& 1 denote (Xt[k]) the Khinchin family of f¥/ and by (X;) the Khinchin family
2

associated to f. In the same vein denote my, 2 and my(t) and #(t) the respective mean and
variance.

We already know, see Chapter |1 that for each ¢ € (0, R) the sequence of random variables
(Xt[k]) converges in distribution towards a variables X;.

For ai> 0, we denote mq i(t) = E ((kt[k])a) fand meq(t) = E(X7). For moments of integer
order ¢ we have

1

t) = ——DIf(t),
see equation ((1.3.1) for the definition of D, and thus
1
_ q r[k]

converges to me(t), for t € (0, R).

Proposition 2.1.4. With the same notation than above, for each t € (0, R), and each ai> 0 we
have that

im B (X)) = ECxey,

k—4o00
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Proof. Fix t € (0, R) and ay> 0. Let e 0 be given and fix r € (¢, R). Take K 1 such that
1FE(2) f(2) <e, if|zl=randk K.
Cauchy’s formula gives that

Y

alf a,| < —, foreachn Oandk K.
T

Fixing a bigger K, if necessary, we can assume that

1 1 1 2
t

[0 I G R {0

f[T(t) 0 for any £ K.

We write
K\ o > no”éigﬂ]t” >, "
E(<}(t > ) E(Xt):Z}Tt Z}—t
L A— 1 1
_Z} 2 nt” <f““]() f(t)>

Estimating, for k& K:

B((M)") Bowm) <= g (1) 43 w) ?

Corollary 2.1.5. With the previous notation, for any t € (0, R) we have

lim my(t) = mys(t), and lim 2(t) = J%(t)

k—o0 k—o0

Another corollary, which will be useful later on, register the convergence of the even centered
moments of (Xt[k]) %o the even centered moments of (X3).

Corollary 2.1.6. With the previous notations, for t € (0, R) and any integer j 1 we have
lim B (1X i) ) 3= BIX, mp()f).
k—o0

Proof. 1t is enough to observe that E(|X; my(¢)[%j) = E(X; m(
t

))¥) is written as a linear
combination of terms (a total of 2j + 1 terms) of the form E(X;)m(t)%

t
)2 s,
O

2.2 Moments of a Khinchin family near 0

Let f(z) = > 2 anz" be a power series in K with radius of convergence R > 0. Let (X¢);cpo,r)

be its Khinchin family and my(t) and ]%(t) be, respectively, the mean and variance of X, for

te€[0,R).
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2.2.1 Analycity of the moments near 0

Let’s study the moments E(X}), for ¢ close to 0. Take S € (0, R) such that f(z) # 0 for any z in
the open disk (0, .S). For any integer k& 1 we have

1 oo
E(X{) = 70 - Z‘W

Therefore, the moments E(X[) are the restriction to the interval [0,S) of the holomorphic
function

- ,
— m Zajjkzj, for any z € D(0, 5).
=0

This implies that the moments E(X}) and the central moments E((X; m(t))¥), see equation
(2.1.3)), are analytic functions (i.e the restriction of certain analytic function to the real interval

(0,5)).

The absolute central moments E(|X; m(t)|*) are also analytic for t € (0,5’) (that is, these
moments are given by the restriction of an analytic function to the interval (0,.5")). The argument
justifying this is the following: the mean m(t) is an increasing function; we distinguish two cases:
there exists m/e (0, R) such that m(7) = 1 (this is the case My > 1) or m(t) < 1 for any t € (0, R);
in this case we choose Ty= R.

For any t € [0,7), the mean, m(¢t), verifies the inequality m(t) < 1, and therefore, in this
interval, we have

m(t)F) = m(t)k— 3 n o m k Qnt”
oy K O =m0 X mOrG
—E(X; m@)))+Q+( D"*Ym@* 2 for any t € (0, 7).

f(t)’

We take S’ = min{r, S} and then the absolute central moment E(|X; m(¢)|¥) is the restriction
of certain holomorphic function in D(0, S”) to the open interval (0,5").

An immediate consequence of the previous analysis is that, for ¢ close to s = 0, we can find an
explicit expression for 3(¢). Equation (2.2.1) gives that

(2.2.2) 3() = E((Xy  m(t)?) + 2m(t)3%, for any ¢ € (0,5").

2.2.2 Asymptotic behavior of the moments near 0

We study now the asymptotic behavior of the moments for ¢ close to zero. Let f € K be a power
series with radius of convergence R > 0. Assume first that f/(0) = a; > 0. In this case, we have
that

mf(t):%t+0(t2) and fc(t):Z—;t+O(t2), astl 0,
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and, besides, that

ao

E(X, m;0)) =2t+0() and ﬂE(|Xt\3)=@+O(t)7 ast ] 0.

In general, if for & 1, we have a; > 0, but a; =0, for 1 < j < k, then

2
—tF+O(tF) and  F(t) = %tk + O, ast]o,
0

k:ak

my(t) =
ag

and, besides, that

(X, my)f) = %

t* + O@t*™) and tk/QE(|Xt|3)=@+O(t), ast 0.
k

ag

2.3 Asymptotic behavior of the moments of the most basic fami-
lies

For 0 and ¢ € [0, R), the moment E(Xf) of exponent  of X; maybe be written in terms of
the power series of f as

o) g ant”
B Zo}l 0N

We are particularly interested in the comparison of the moment E(Xf ) of exponent  with the
mean E(X;), which acts as a sort of unit, as ¢ T R.

We would like to consider also moments of negative exponents of the X;. But since P(X; =
0) = ag/f(t) > 0, we consider instead of X; the variable Y; which is just X; conditioned on being
positive: Y; = (X¢|X; 1), which takes values in {1,2,...}:

ant™

ft) a0 M) ao”

These variables Y;, conditioned versions of the X;, are defined for t € (0, R).

P(Yi=n)= forn landte (0,R).

We describe next the asymptotics of the moments of the most basic families.

2.3.1 Moments of geometric and negative binomial variables

For the geometric family associated to f(z) =1/(1 z) we have

Proposition 2.3.1. If (X¢)o<t<1 is the Khinchin family of 1/(1  z), then for 0

lim E(Xtﬁ% =
t1T1 E(Xt>ﬂw

( +1).
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Observe that for this family E(X;) =¢/(1 t), for 0 <t < 1, and thus E(X;) ~ 1/(1 t) as
t— 1.

This estimate of moments is actually equivalent to the following growth estimate of certain
power series.

o
Lemma 2.3.2. For >0, we have Z}I&/’lt” ~ () ast 1.

n=1

1
T o

Proof. From the binomial expansion, it follows that

L (4 ),
i Z)W_ZO ()n!z, for 2] <1,

and form Stirling’s formula that

(n+ ) n!
Onl ~ ()7

(2.3.1) as n — oo,

O

For moments of negative exponents for the conditioned versions Y; of the X; of the geometric
family, we have, as t — 1,

()1 t), for >1,
EY, 7) ~ %1 t)lnli, for =1,
1 Ha t)3,  for €10,1).

The following estimates of moments of the negative binomial of parameter N associated to
1/(1  2)N are a consequence again of Lemma 2.3.2L

Proposition 2.3.3. Let N be an integer N 1 and let (Xt)o<t<1 be the Khinchin family of
/(1 2)N. For >0,
E(X)) _ (+N)

I - .
L E(X)PT  (N)NPY

For this negative binomial family we have that E(X;) = Nt/(1 ), for t € [0,1).

As for moments of negative exponents for the conditioned versions Y; of the X; of this negative
binomial family of parameter N, we have, as t — 1,

(i(((#l) (1 )V, for >N,
E(Y, By (i\f) (1 t)¥In %t’ for =N,
}(]\EN) ) (1 15, for €[0,N).
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2.3.2 Moments of Bernoulli and binomial variables

For the Khinchin family (X¢)o<t<oo 0of a polynomial f of degree N we have that X; tends in
distribution to the constant N as t — oo and also that for 0:

lim E(X]) = N= lim E(X;)%

t—o0 t—o0
Particular instances of this polynomial case are the Bernoulli family and the binomial family

which are the Khinchin families, respectively, of f(z) = 1+ z (of degree 1) and of f(z) = (1 +2)"
(of degree N).

For moments of negative exponents with the conditioned versions Y; = E(X;|X; 1) we have
that
: B _ B 1 8
Ji B Y= N i B

2.3.3 Moments of Poisson variables

The Poisson family (X;); o is the Khinchin family associated to the exponential function e*. For
t > 0, the variable X; is a Poisson variable with parameter ¢, and thus E(X;) = ¢.
For > 0 and t > 0 the moment of exponent of X; is given by

e n, t
_\pste
_nz:;)}l n!

The relevant power series comparison for the Poisson family corresponding to Lemma for
the case of the geometric family is the following proposition.

Proposition 2.3.4. For 0, we have that
& n
Z}L&L' Nt%t, ast — oo,
= n

and -
1t el
Z Bl —B ast — 00.
n=1
The Proposition [2.3.4, of analytic character, is equivalent to the combination of the propositions

[2.3.7) and [2.3.8] which record the asymptotics results of the moments of the Poisson variables.
Actually, we shall derive these results about moments probabilistically and not using Proposition
2.3.4| which we leave as a corollary.

Remark 2.3.5 (Analytic proof of Proposition [2.3.4). A proof of analytic character is the following:
upon derivation of ! =Y " /n!, we deduce that for any integer k 1,

o0
1)... k+1
Z n(n_ 1) ‘(” ™ )tn =tFet,  for any t € R.
n!
n=0
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From there, it follows that

o0

nk
Z}Ht” ~thel,  ast — oo

n=0
Convexity and Jensen’s inequality imply that, for any > 0,

By
S oFoin ~tfet,  ast - oo,
0 .
X

An application of Jensen’s inequality will allow to reduce some discussions below to the case of
integer exponents. This lemma will also be useful in other sections.

Lemma 2.3.6. Let (Up)o<t<r and 0 < R < oo, be a family of non-negative random variables such
that for some p > 1,
E(U?) ~E(U)?, ast? R.

Then, for any € (0,p],
E(U’) ~EU)" ast 1 R.
Proof. Let 1 < < p. We have from Jensen’s inequality that

E(U;) < E(U])Y5< BUP)VP.

The result follows in this case, since, by hypothesis, E(Uf)l/p ~E(U), ast T R.
For € (0,1), consider u € (0,1) such that 1 = w+p(1 wu). Jensen’s inequality gives that
E(U) < B(U,)*
By Holder’s inequality
E(U:) < B(U))"B(Uf)'

The result follows from these two inequalities, since, by hypothesis and the definition of u, we have
that E(UP)! “ ~ E(U;)! P, ast 1 R. O

We split the discussion of the moments of X} into those of positive exponents, Proposition [2.3.7
and those of negative exponents, Proposition which together prove Proposition [2.3.4

e Moments of positive exponent.

Z and for any > 0, we

Proposition 2.3.7. For the family (X;)o<i<co associated to f(z) = e
have

E(X7) ~ t""=E(X,)? ast— .

This statement is the first part of Proposition [2.3.4]
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Proof. We will first show that the result holds when = k is an integer and after that we will
extend it to any > 0 by means of Lemma [2.3.6

Notice that E(X;) = my(t) =t and V(X;) = ]Qc(t) =t, for t > 0, and thus E(X?) = t*> + ¢, for
t > 0, which means that the result holds for k£ = 2. For k = 1, it holds trivially.

Let £ 1 be an integer. Upon differentiating k times the identity e = Y >°  ¢"/n!, we see that

net

E X (X, 1)...(X; k+1) Z}zn 1)---(n k+1)

tn k

tZ}zn 1) (n k-f—l)

=", fort 0.

For integer k 1, we may write the monomials 2* in terms of the falling factorials x(x
1)...(z j+1) and Stirling numbers of the second kind as

k

=Bk 1)...(x j+1)

J=0

and thus the kth moment of X; is given by the polynomial

k
= Zb(k’ j)tj
=0

Since S(k,k) =1, for k1, we see that for each integer k& 1
E(XF) ~t*F  ast— 0.
Lemma, [2 finishes the proof. O

e Moments of negative exponent.

Consider next the variables Z; which are the reciprocals of the truncated Poisson variables:

bx,, X, 1,
Z, =
0, if X, =

fort>0.

We consider now moments of positive exponents of the reciprocals (Z;);~o. Observe that for
>0,

n

f) t°° 1t
E(Z)) Znﬁ—', for any t > 0.
n=1

Proposition 2.3.8. For >0,
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In other terms,
(o)

1t e ;
Z m% ~ tiﬁd; ast — o0,
n=1
which is the second half of Proposition [2.3.4]. For precise asymptotic expansions of the negative
moments of Poisson variables we refer to [55].

For the variables Y; = (X;|X; 1) and > 0, we have that

et

E(Y, '8):E(Zf)et . fort>0,

and thus we also have
y, P Tf ~ 1 ast — oo
t Y '

Proof. On account of Lemma to prove Proposition it suffices to consider integer expo-
nents > 0.

For t > 0, the first moment, E(Z;), is given by
1t
_ ot
Z ol
Now taking the derivative with respect to t of E(Z;)e!, we see that

d 1¢m et 1
dtznn' t

for t > 0. Hence,

where oy (t) = f}(es 1)/sds.
The second moment, E(Z?), is given by

1t
- tzn2n|

and similarly,
o0

d Lt X1t b (1)
dthQn' ZE n ot

Thus, if as(t f(} a1(s)/sds then for t > 0,

E(Z?) =e tay(t).
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In general, for any integer k£ 1,

1t
E(Zf) =e tz#j =:e ‘og(t), fort>0,
n=1
with ag(t f} ap 1(s)/sds and ag(t) = e 1. To finish the proof it is enough to show that for
any mteger k0,
ot

oak(t)wt—k, ast — o0o.

By induction, we readily see that lim o ay(t)/t =1, for & 0. We prove the asymptotic formula
also by induction. Let & 1, and assume that the formula holds for & 1. (For k& = 0, it holds
trivially.)

For M > 0 we let

e = sup ap 1(O)tF e b 1.
t M

We have by the induction hypothesis that limy; .o ety = 0.
Fix M > k. Fort M, we have that

t _s M t _s
(2.3.2) (1 5&)[\}4;ds§ak(t) /0} st§(1+sw)/ﬂ}4;ds

Now, integrating by parts we obtain that

eM t es

t es 1 t es
e /]}w +
we further obtain the bound

et €M t es M t eM
(2.3.3) ¢ </} € ds < (t L

Since

tk Mk = [y sk M  k\tk  MFk
From (232) and (33)
1 ey <liminf oy (t)the * < limsup ag(t)thfe * < (1 + €M)L
~ t—oo T oo M k
Letting M — oo, we finally conclude that
bl t
ag(t) ~ #o ast—oo

as desired. O
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2.3.4 Relative growth of moments

We are comparing now, in the case My = +oo, the growth of moments of different exponents and
also the growth of the factorial moments and the moments of the X4; this is covered, respectively,
by Corollaries [2.3.10] and [2.3.11] The basic tool is the following lemma.

Lemma 2.3.9. Forl < ay<
E(X7) _ E(X/)
E(Xy)*v™ B(X;)?

Proof. Recall that the X; are non-negative variables. Write ay= u + (1  u) , with u = (
a)/( 1) €(0,1). Holder’s inequality gives that

(2.3.4) for any t € (0, R).

E(X{) = B(XF X % < BX)“B(XD)! Y,

and so that
BOP) _ (B
B(X/Y ~ \B(XY
Jensen’s inequality gives that E(Xtﬁ ) E(Xt)ﬂ , and therefore,
E(X?) < E(Xt)(l Blu _ E(Xt)azp
E(X]) ~ E(X;)%
as stated. O

From Lemma we deduce the following two corollaries.
Corollary 2.3.10. Assume My = +oo. If 1 < ay< , then
E(X
eR EEX%’; B
Proof. From Lemma [2.3.9, we have that
B(X7) _ B(X)™_
E(X) ~ E(X)

The statement follows since limy g m(t) = 400 and ap < 0. O

mf(t)‘wﬁ, for any t € (0, R).

Corollary 2.3.11. Assume My = +o00. For any integer k 1, we have that

k
lim S
'R E(X})
Proof. From Corollary [2.3.10, we deduce that
E(X/
im ( t) =0, for0<j<k.
R B(X})

The statement follows by expanding E(Xtﬁ) as E(X}) plus a linear combination of the moments
E(X}) with 0 <j < k. O
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2.4 Khinchin Clans

In the previous section, we have compared the growth of E(Xtﬁ ) with E(X;)?, as t 1 R, for the
basic examples of Khinchin families. Motivated by Hayman, [48], we introduce next a particular
kind of Khinchin families, that we call clans, for which E(X?) ~ E(X;)? as t 1 R. Concretely,

Definition 1. Let f be in K have radius of convergence R < oco. We say that f is a clan (and
also that the associated family (Xt);cjo,r) s a clan) if

t
(2.4.1) im £ g
R m(t)
For a clan, the normalized variables YV; = X;/E(X}), for t € (0, R), converge in probability to
the constant 1 as ¢t T R, since its variance V(Y;) = ]%(t)/mf(t)2 converges to 0 as t T R.
This clan condition is equivalent to
E 2
B
1R E(X¢)?

In terms of just the mean my, being a clan is equivalent to

- tm/,(t)
1R my(t)?

i

while in terms of the derivative power series Dy, the condition for being clan becomes

mp, (t)
im =1.
tTR mf(t)
Alternatively, if we define
_ J@ @)
and since
E(X?) 1
2.4.3 = + L¢(1),
( ) E(X,)?2 mf(t) f( )
we have that f is a clan if and only if
(2.4.4) ImZLg(t)=1 1/Mjs-

R

For a clan, the normalized variables Y; = X;/E(X}), for t € (0, R), converge in probability to
the constant 1, as t T R, since its variance V(Y;) = J%(t)/mf(t)Q converges to 0, as t T R.

Remark 2.4.1. For any power series f(z) = > > ja,2" in K, if N 1 is the first index n 1 so
that a, # 0, then
2 2
t t
tV f() :ﬂ, and thus lim ];()
(t) an t10 m3 (1)

see Section [2.2] for further details. X

lim
tlo m

= 400.

O
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2.4.1 First examples of clans

The Poisson family associated to f(z) = e* is a clan, since in this case m(t) = ¢ and ?(t) =t
and the radius of convergence is R = 0.

The Bernoulli and binomial families are also clans. In fact, all polynomials f are clans, since
for them f(t) — 0 and my(t) — degree(f), as t — oco. Further, we have:

Lemma 2.4.2. Let f be a clan. Then My < +oo if and only if f is a polynomial.

Proof. Polynomials in K are clans and have My finite, in fact M} coincides with its degree. Con-
versely, let f(z) = > 07 a,2" be in K, not a polynomial and with My < co. Thus, because of
Lemma we have that R < oo and > | na, R" < +o0.

Then since

E(X?) _ (Casonfant™) (30l ant™) or
BT (Cagnaarp 0 SO0

taking limit as ¢ T R, we obtain

(S PPan R (S g B
(0 g nan R |

If we set b, = anR"/(3°72, ajR7), para cada n 0, which satisfy > oo b, = 1, then (%)
becomes
[e.e] o0 9
S~ S
n=0 n=0

This means that b, = 0, for each n 0 except for one value of n. This would imply that f is a
monomial, a contradiction. O

(%)

In Section it will be shown that every f € KC of the ample class of strongly Gaussian
functions conforms a clan. Primordial examples of strongly Gaussian functions are the generating
function of the partitions and its variants (see, for example, [17] and [18]).

2.4.2 Clan in terms of f, directly

Observe that we may write

BQXP) 1 fOf0
E(X:)?  my() (0?2

(2.4.5)

Thus, we have, in terms of f directly, that f conforms a clan if and only

ol fOf" )N _
(2.4.6) lim (hf(t) + o )=1.

As a consequence of (2.4.6) we have that
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Lemma 2.4.3. Let f be a power series in K with radius of convergence R > 0 and such that
My = +o00. Then f is a clan if and only if

: S f(®)
2.4.7 limL¢(t) =lim——"—=-=1
(2.47) i L) =l = 5
It follows, from instance, that the exponential generating function of the Bell numbers (number
of partitions of sets) e¢” ! is a clan.

In particular, and because of Lemma [2.4.2] if f is an entire transcendental function in IC, then
f is a clan if and only if

O
(2.4.8) lim 0E =1.

For a polynomial f of degree N, we have that
f) @) 1

M= =1 i

For any transcendental entire function it is always the case that

. SO ()
(2.4.9) llgégf Ly(t) = htlgg)lf PR 1.
This follows from Lemma and the general identity (2.4.5). This fact has been pointed out in
191, p. 682]. Even further, assume that M; = +o0o and let ¢ be such that m¢(c) = 1. From the
identity

L) = (s(t ). ferse@n).

mg(s)
we deduce that
Jrras=it 1 ericion)
S S = or C,
_— m (1)
and so, that
1 t
lim— [ Ly(s)ds=1.
ttR t /.
This implies, in particular and given (2.4.9), that
(2.4.10) liminf L;(t) =1, for any transcendental entire function f in K.

t—o0

2.4.3 Growth of the quotient ;/m; and gaps

Let f € K, not a polynomial, have radius of convergence R > 0. As in Section [1.2.5] we denote by
(nk)32, the increasing sequence of indices of the nonzero coefficients of f. We define G(f) by

(2.4.11) G(f) = limsup £+1.

k—o00 ng
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Clearly, G(f) 1. If for a given f we had liminfy_,o ngs1/ng > 1, then f would be the sum of
a polynomial and a power series with Hadamard gaps; but notice that G(f) calls for a ‘lim sup’.
Observe that the definition of G(f) involves the quotients ny1/n, and not the differences ny1 ny
as it is the case in gap(f) and gap(f).

Theorem 2.4.4. Assume that f € KC, with radius of convergence R > 0, is not a polynomial and
that My = +o00. Then

Jimn sup (B G(f) 1
wr mp(t)  G(f)+1

The proof below mimics our proof of Theorem [1.2.3

Proof. Since My = +o00, we have that my(t) is a homeomorphism from [0, R) onto [0, +00), and
thus for any integer k there is ¢, € (0, R) so that

NnE + Nga1
m(ty) = Dok T TPhAL

For the random variable Xy, , we have that |X;, m¢(ty)] (ng41  nk)/2 with probability 1, and
thus

1
How) =B (X mp())’ (o me),
and also )
) (e nk)2.
mi(te)  (Mkgr + k)

The result follows. O

Similarly, for the general absolute central moments of the family of functions f € K as in the
statement of Theorem we have that

E(|X; myg(t)P) (G(f) 1
G(f)+1

lim sup
'R my (t)p

P
) , for any p > 0.

2.4.4 Some non examples of clans

The geometric and negative binomial families are not clans, since for f(z) = 1/(1  2)" we have
that limyy  f(2)/my(t) = 1/vV/N. If fact, for each arp> 0 the function f(z) = 1/(1 2)®, which is
in K is not a clan, because limyq  (t)/mys(t) = 1/1/c.

Theorem [2.4.4] provides us with many examples of power series in K which are not clans:
Corollary 2.4.5. Let f be in K. If My = 400 and G(f) > 1, then f is not a clan.

o [ee]
Power series, with radius of convergence R = 1, like 1+ Z sz, or, entire, like 1+ 2}22’@/(214:!)

) k=1 k=1
are in /C and are not clans.
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2.4.5 Some basic properties of clans

We register now a few properties of power series in I that are clans, that is, functions in K, with
radius of convergence R > 0, and satisfying the limit condition given in (2.4.1).

e It follows from Chebyshev’s inequality that if (X¢)ico,z) is a clan, then for any ey 0,

Xy
imP( s 1 >0
dr\Ex,) O
and thus that X;/E(X;) converges in probability to the constant 1 as ¢t T R: the random variable
X concentrates about its mean my(t) as t 1 R.
e By Lemma 2 we have that if f is a clan, then

E(X?)
tR E(X)P

=1 for any p € (0,2].

Theorem below will show that if f is a clan, then this limit result actually holds for any p > 0.

o If f is a clan (with at least three nonzero coefficients), then Dy = zf’(z) is also a clan. This
will be proved right after Theorem [2.4.8] (The condition of three nonzero coefficients excludes the
case in which the variables associated to Dy are constant.)

e Notice that if ¢ € K with radius of convergence R < oo conforms a clan, then for any

integer N 1, f(2) = g(2"V) also conforms a clan, since for ¢ € [0, RV/N), m(t) = Nmy(t") and

#(t) = N 4(tV), where my, mys, 4, and s denote the means and variances of the Khinchin
families of g and f.

If f,g € K are clans, then their product h = fg is also a clan. For we have m; = m;+m, and
2= ]2@4— 3 = 0(m?+m§) and thud 5, = o(my,). In particular, if f € £ and N 1 is an integer,
then f% is also a clan. Later, see Section we will verify that if f is a clan then Df is a clan.

o If f is an entire function in IC and f is a clan, then ef is a clan and f* is a clan for every integer
k 1. To show this, we distinguish between f polynomial or not.
If f is a polynomial in &, then f* is also polynomial in K and thus a clan. For h = e/, we have
My, = +o00. Also
h'(On(t) _ ")
TIOERIOE
and since clearly lim; . f”(t)/f'(t)? = 0 for the polynomial f, the condition of Lemma 2.4.3/holds.

+1,

If f is not a polynomial then M; = +oo. Write h = ef. Since

MO0 40
B2 f(t)2 = ( f( t )L+1
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the result follows from Lemma For powers f* the argument to show that they are clans is
analogous.

e Finally, if f and g are entire functions which are clans, then the composition f g is a clan.
This is clear if both f and g are polynomials. Otherwise, this follows from the identity

Ly(t)
my(g(t))’
and by combining Lemma |2.4.3| and the fact that, for a polynomial i in K of degree N, we have
that lim;_,oo Lp(t) =1 1/N, while lim;_,o mp(t) = N.

Ly 4(t) = Lys(g(t)) + for any ¢ > 0,

In particular, if g is an entire function which is a clan, then €9 is a clan.

2.4.6 Weak clans

We say that f € IC gives raise to a weak clan if

o B(XP)
1 f =1
MR EX) T
or, equivalently,
liminf 2 — .
ttR my(t)

Every entire function f € K is a weak clan. In fact, we have

Proposition 2.4.6. Let f be an entire function in IC. Then for every ey 0, there exists a set
Gey” (0, R) of logarithmic measure not exceeding €, such that

: (t)
() lim —% =0,
tt;g;;bmf(t)

Proof. Polynomials are clans, so we may assume that M; = +o0.

For a > 0, consider H, = {z a: J%(:E) m(x)3/2}. For x € H, we have that

mp(z) 1

mp@p? oz

and thus, by observing that My = +o00, we deduce that

/} dz 2
Dl e
. T my(a)t/?

Let a = a(e) be such that 2/m(a)'/? < ¢, then for Gey= H,(), we have that G.yhas logarithmic
measure at most etand for t ¢ Goywe have that

HO o]

mi(t) " ml%(t)

which gives (b)
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As a consequence of this result, we have that, in general, for entire functions f € IC, which are
not clans, the quantity f(t)/m¢(t) must oscillate and has not limit as t — oo.

The same proof gives the same restricted limit (avoiding a set of arbitrarily small logarithmic
measure) with ]%(t)/mf(t)H , with > 0, instead of ?(t)/mf(t)2.

In contrast, power series f € K with finite radius of convergence need not be weak clans. In
fact, for f(2) =1/(1 z), we have that limy  £(t)/m(t) =1, and for f(z) =1+1In(1/(1 z2)), we
have limyq  ¢(t)/my(t) = +o0.

In the next two examples, with radius R = 1, the quotient J%(t)/m?(t) has a positive (finite)
limit as ¢ 1" 1.

e Let g(z) =1+ Y00 n*2". In this case, we have M, = +o0, in fact,

5
mg(t)wﬁ, aStTl.

g ( )! "(t)g(t)
' 44 7)! g (t)g(t
(4) ~— Y J AN/INT

gV’ (t) e and so ltlgl e

and thus, via (2.4.5)), we deduce that

=6/5,

E(X?) 6
=21,
HEX)? 5

Thus g is not a weak clan.

o Let h(z) =1+ 3°°,2"/z% In this case, we have M), = ((3)/(1 + ((4)) < +o0. Since th'(t) =
S0 2/nd, and th(t) + 2R (t) = >_o° | 2" /n?, we readily obtain that

B(XE) _ ()0 +C)
WEX? T @

Remark 2.4.7. In general, if aye R, the power series in /IC, of radius R = 1, given by

f(z) =1+ Zno‘%n
n=1

2

X
is not a weak clan, and thus not a clan. In fact, for each «, the limit L := lim E(Xt)>2 exists
t

(including the possibility of co as limit) and it is not 1.

We have
%oo, for ap 2,
Mp=9& ap 1)

m for ac 2,
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and 0
+
{:—1—71’ for ap> 1,
I =30, for 1 ayp 3,
¢ ap 2)(14+¢( @)
} av 1) for 3> ay

2.4.7 Moments of clans

Our next result shows that for a clan f, any moment, not just the second one, is asymptotically
equivalent, as ¢t T R, to the corresponding power of m(t).

Theorem 2.4.8. If f € K with radius of convergence R < oo is a clan with associated family
(Xt)ielo,r), then

E(X?
(X) =1, for everyp > 0.

2.4.12 _
(24.12) iR B(X,)P

As a consequence of Theorem we can now prove that, as anticipated in Section [2.4.5] if f
is a clan (with at least three nonzero coefficients), then Dy = zf'(2) is also a clan. Let (X¢):cpo,r)
and (Wt)te[o, r) denote, respectively, the Khinchin families of f and of Dy.

As observed in (1.3.3), the moments of the families (W;) and (X;) are related by

1
EWF) = @ E(XP™),  for any p > 0 and any t € (0, R).

Thus,

EW?) _EX}) myt)?  EXP) (mg(t)*\?
E(W)?  ms(t) B(X7)?  my(t)? (E(Xf))

Since f is a clan, both fractions on the far right tend towards 1 as ¢ T R and, consequently, D; is,
as claimed, also a clan.

As another consequence, which we have also anticipated, observe that since the partition func-
tion P(z) = [[32,1/(1 2¥) is a clan, Theorem [2.4.8 and (1.2.7) give for the moments of its
associated family (X;) that, for any p > 0,

c2)
T o

Remark 2.4.9. Hayman, in Theorem III of [48], shows that the successive derivatives of Hayman
(admissible) functions satisfy asymptotic formulas which are equivalent to the conclusion of The-
orem limyr E(XF)/E(X;)* =1 for k1 integer. Our probabilistic proof below shows that
this conclusion is valid under the simple and more general notion of clan. X

E(XP) ~ E(X,)? ~ as t 1.
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Proof of Theorem [2.4.8] Due to Lemma[2.3.6, it is enough to prove (2.4.12)) for any integer k 1.
If f is a polynomial of degree N, we have, for any integer & 1, that lim; ,o, E(X}) = N*. In
particular,
E(Xf) Nk
lim ( t ) e
t—o00 E(Xt)k Nk
We assume now that f is not a polynomial and, consequently, that My = +oo.
We first check that

1.

E(X{)
2.4.13 lim sup < ekl
( ) e B(X)k
Corollary 2.3.11} using that My = +o0, gives that the inequality (2.4.13) is equivalent to
k
E(X})
lim sup L2 < ekl
e B(Xp)k

which follows from ([2.4.21)) and Theorem [2.4.17
Denote V; := X;/E(X}), for t € (0, R), so that, for any integer ¥ 1 and any ¢ € (0, R)

E(X})

E(X;)k - E(Vtk)

We aim to show that for a clan, limygr E(V}¥) = 1 for any integer & 1. For k = 1, we have that
E(V;) =1, for any ¢t € (0, R), and the case k = 2 is just the definition of clan.
By (2.4.13)), for any integer k& 1, the moments of V; satisfy that

(2.4.14) limsup E(V2%) < e (2k)!.
R

Fix an integer £ 3. Consider a constant wi> 0 and apply the Jensen, Cauchy—Schwarz and
Chebyshev inequalities:

1=EWV)' <E(VH)=E V' 1y 1pey +E V1 1<
1
< 2%\ 1/2 1/2 k< oviy2 () 1 k
<EWV/)TP Ve 1 >wp + (1+w)” <E(VT) ) w¢+(1+w)7

where with 1 4 we denote the indicator function of the event A. Since f is a clan, limyr  £(t)/my(t) =
0, and this and the bound in (2.4.14) combine to imply that

1 < limsup E(V}) < (14 w)*,
'R

for any wip> 0. Therefore, lim supy; E(V}*) = 1. Now since k& 1, we have that E(V}*) E(V;)F =
1 for any t € (0, R), we get, as desired, that

lim E(VF) =1
ling B(V,")

for every integer £ 1. O



86 CHAPTER 2. MOMENTS OF A KHINCHIN FAMILY

Remark 2.4.10. Theorem [2.4.8/does not hold for general families or sequences of random variables,

i.e.,if (V;,)n 1is asequence of non-negative random variables, then the condition lim,, o E(V,2)/E(V,,)? =
1 does not imply that lim, ., E(V}Y)/E(V,,)P = 1 for p > 2 (although this would be the case for

p < 2, because of Lemma [2.3.6).

Indeed, for n 1, define V,, taking the value y/n/In(n + 1) with probability 1/(n + 1) and the
value £ (n+1) \/n/In(n+1) with probability n/(n+1). For this sequence of random variables,
we have that E(V,,) = 1 forany n 1 and lim,,_,o E(V/) =1, if p < 2, but lim,, o E(V}}) = +00,
if p> 2. X

2.4.8 Derivative Df of a clan is a clan

Next we show that if f is a clan (with at least 3 nonzero coefficients) then Df is also a clan. Let
(Xt)tejo,r) and (Wy)icjo,r) denote, respectively, the Khinchin families of f and of 2 f'(z) = Dy.

As observed in ([1.3.3) the moments of the families (IW;) and (X;) are related by

1
E(W?P) = WE(Xg’“) ., for any p> 0 and any ¢ € (0, R).

In particular,
1

E(W;) = )

E(X7),

and thus,

EW?) _ E(XP) mg(t)!

E(W)?  my(t) B(X7)?
Since f is a clan, both fractions on the right tend towards 1 as ¢ T R and, consequently, Df is, as
claimed, also a clan.

2.4.9 On the mean function of a clan.

Hayman showed in Lemmas 2 and 3 of [48]) that the mean m(t) of functions f € K in the Hayman
class cannot grow too slowly. Recall, from Section that the Hayman class is a subclass of
the class of strongly Gaussian functions, and thus, by Corollary functions in the Hayman
class are clans. Next, building upon Hayman’s approach, we present a characterization of clans in
terms of my alone.

Observe that to first order approximation we have that

myp(t+t/me(t)) = ms(t) +m’ (t)L:m (t)—l-ﬂ
' ! ! I my (1) ! my(t)’

and thus that
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This suggests that clans, for which limyr  £(t)/my(t) = 0, may be characterized in terms of the
behavior of the quotient m¢(t +¢/m¢(t))/m¢(t) as t T R. This is the content of Theorem [2.4.11

Also, to second order approximation we have, using (1.2.1)), that

, t 1 " t*
I (0 4fmg(1) I f0) % (n 1)) s 5 )0 s
(2.4.15) 1 () 11
=10 2w

which in turn suggests that clans, at least when My = 400, may be characterized in terms of the
behavior of the difference In f(t + t/my(t)) In f(t), as t T R. This is the content of Theorem
2.4.17

Theorem 2.4.11. Let f € K have radius of convergence 0 < R < o0.
If R = o0, the power series f is a clan if and only if

(2.4.16) fim T E /s ()

= 1.
'R my(t)

If R < 0o, the power series f is a clan if and only if (2.4.16]) holds, and besides,

(2.4.17) %IB (R t)mg(t) = oo.

Remark 2.4.12. The classical Borel lemma, see for instance [85, Chapter 9], claims that for any
function p(t) continuous and increasing in [ty,00) for some tg and if a > 1, then there exists an
exceptional set E of logarithmic measure at most a/(a 1) so that

pt+t/p(t) <aw(t), foranyt € [ro,+o00)\ E.

X

Proof of Theorem [2.4.11,. If f is a polynomial then lim;_,o ms(t) = deg(f), and thus (2.4.16)

holds. We may assume thus that f is not a polynomial.

For the direct part we assume that f is a clan and not a polynomial, and thus that My = +oo.
Consider ¢ € (0, R) and denote by A(t) the supremum

(s)
= Su f .
AlY) = o my(s)?

Since f conforms a clan, limy g A(t) = 0. Now, take 0 <t <r < s < R. Since ]2c(r) = rm/y(r), we

have that ,
mf(r

A(t)
mf(T)QS ro
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After integration in the interval (¢, s) and using that A is decreasing, we get that

A(t)
t

1 1
mg(t)  mg(s)

(2.4.18) <

(s t).

< A(t)In

@Hcfa

If R < oo, by taking the limit as s T R, and using that M; = +o00, we get that

1 A(t)
) =t

and since limy g A(t) = 0, we deduce that (2.4.17) holds.

So in either case, Whether R is finite or not, there exists tg € (0, R) such that t+¢/m¢(t) < R for
every t € (to, R). In , take t € (to, R) and s =t +t/my(t) < R and multiply by m¢(t) > 0
in both sides to get

(R t), fortel0,R)

my (t)
0<1 my t—i—t/mf(t) < A,

The stated result follows since limupr A(t) = 0.

Next, the converse part of the statement:

We have that My = 4-00. For R = +o00, this follows since f is not a polynomial. For R < +o0,
this follows from assumption (2.4.17)).

Observe that whether R is finite or not, we always have that t +t/m¢(t) < R for t € [to, R),
for appropriate tg, and thus that m¢(t 4 t/m¢(t)) is well defined.

Denote (t) =1+ 1/my(t). Consider the power series Df.
From Lemma [1.3.1] we have that

Df ()t
() mps(t)In (t) < IHW, for t € [to, R).
Since Df(t) = my(t) f(t), for t € [0, R), appealing to Lemma @ we have that
N Df Ot L (t)t n (t)t
w | PIO T D
<ln——— s (1)t +my ()t In (t), forte [to,R).

B my(t)

Combining the inequalities (§) and (4) and dividing by m¢(t)In (¢) we obtain that

: (01
E(Xt) _ me(t) mf(t) mf( (t)t)
1< E(Xt)2 - mf(t) < mf(t)ln @ + mf(t) , fortelty,R).

Since limyrmy( (t)t)/my(t) = 1, by hypothesis, and since limy my(t)In (t) = 1 because
limy g mys(t) = 0o, we deduce that %I}%l E(X?)/E(X;)? =1, and thus that f is a clan. O
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2.4.10 On the quotient f( t)/f(t)

Let f be in K and with radius of convergence R < 4+oo0. For > 1, we consider the quotient
f( t)/f(t). Bounds for this quotient appeared already in Lemma [1.2.2]

Lemma 2.4.13. If f is a power series in K with radius of convergence R < 400, then for > 1,
the function f( t)/f(t) is increasing fort € (0, R/ ).

Proof. Fix > 1. Consider the function ¢g(t) =In f( ¢t) Inf(¢), fort € (0,R/ ). The derivative
of g multiplied by ¢ is my( t) my(t), which is always positive, since my is strictly increasing in
(0, R). O

Lemma 2.4.14. Let f be an entire power series in IKC and > 1. If f is a polynomial of degree d,
then f( t)/f(t) is bounded for t € (0,00), in fact, limy .o f( t)/f(t) = 9. If f is transcendental,
then limy_,o f( t)/f(t) = +o0.

Proof. By Lemma [2.4.13] we have that lim; o f( )/ f(t) = sup;_,o f( t)/f(t) := H, which could
be 400 If H < +o00, then f( ") < H"f(1), para cadan 1, which, by Cauchy estimates, implies
that f is a polynomial of degree at most In H/In . Conversely, if f € K is a polynomial of degree

d then limy oo f( t)/f(t) = . O
See [81, Item 24] and also Lemma [1.2.2]

Lemma 2.4.15. Let f be an entire power series in IC. Assume that for a continuous function (t)
defined in (0,400) with values in (1,+00) we have that f( (t)t)/f(t) is bounded for t € (0,400).
Then

(1) =14+01/my(t)), ast— oo.

Proof. Assume first that f is not a polynomial. Let H > 0 be such that f( (¢)t)/f(t) < H, for
every ¢ € (0,00). Lemma[1.2.2) gives us that

() my(t)In (t) < H, forte (0,00).

Write () 2 14 (t). It is the case that lim; o, (¢) = 0; for if for a sequence ¢, converging to oo
we have that (t,) o > 0, then, using Lemma [2.4.13

SO (n)tn) A+ o)tn)
f(tn) f(tn)
but the left hand side is bounded by H while the right hand side tends to oo, because of Lemma
2.4.14

Now, from (x) we have that

O)my(t) < H (t)/In (¢),

and thus
limsup (t)mg(t) < H,

t—00
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since limy,oo (¢)/In (t) = 1.
For a polynomial we have that if f( (¢)t)/f(t) is bounded for ¢ € (0,400) then () is bounded,
which is consistent with the conclusion since lim;_, m¢(t) = degree(f). O

The discussion above leads us to consider most naturally the case (t) =14 1/my(t).

Lemma 2.4.16. Let f € K with radius of convergence R < co. Assume that

(2.4.19) there exists T € (0, R) such that t +t/mys(t) < R, for any t € [T, R).
Then
flt+t/met)) =1 E(XE
(2.4.20) T)f = Z i E((Xtt)aﬂ’ for any t € (T, R)
k=0

and, in particular,

flt+t/mp(t) 1 E(Xp)
f(t) K E(X,)F

The condition in Lemma is satisfied whenever f is a clan. To see this, observe
first that if R = 400, then is obvious. Now, if R < +00, and f is a clan, then (2.4.17)
of Theorem gives, in particular, that (R t)ms(t) > R > t, for any t € [T, R), for some
T € (0, R), and thus that ¢ + ¢/my(t) < R, for ¢ € [T, R), which is (2.4.19).

(2.4.21) forany k0.

Proof of Lemma [2.4.16] Fix t € [T, R). The radius of convergence of the Taylor expansion of f
around ¢ exceeds t/my(t), and this gives that

vl R
(2.4.22) Flt+t/mp(t)) = kzz()}]g O

Dividing by f(¢) and appealing to the expression (2.1.2) of the factorial moments of the (X;) in
terms of f, we obtain (2.4.20). The inequalities in (2.4.21)) follow since all the summands in ([2.4.20))

are non-negative. O

In the next result, as suggested by the second order approximation (2.4.15)), clans are charac-
terized as in Theorem [2.4.11} but involving In f(t) instead of m(t).

Theorem 2.4.17. Let f € K with radius of convergence R < oco. Assume that My = +oo. Then
f s a clan if and only if condition (2.4.19) holds and

. S+ t/me(t)
(2.4.23) lim In <T> ~1.

Concerning the hypothesis My = +oo of Theorem [2.4.17, observe that for any polynomial
f € K of degree N, we have that

i f(t+t/mf(t)):< 1)N<€_

1500 f(t) L+ N
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Proof. Assume first that f is a clan.

We have observed after the statement of Lemma that condition is satisfied
by clans. To verify (2.4.23), denote (t) := 1+ 1/my(t), for ¢ € (0,R). Observe that since
limy g my(t) = My = 400, we have that

(2.4.24) £1T1]r%1mf( )In (t) =1.

From Lemma we have, for T' € (0, R) as in condition (2.4.19), that
P01 _me (01)
f@ = mg()

Using (2.4.24) and ([2.4.16)) of Theorem [2.4.11] the limit (2.4.23) follows.

For the converse implication, assuming now that (2.4.19) (2.4.23) hold, we will verify that f is
a clan. It is enough to show that
E(X?
lim sup (X7)

< )
nr B(Xp)?
or, because of Corollary [2.3.11| and the hypothesis M = 400, that

myg(t)In (t) <In (mg(t)In (t)), foranyte [T,R).

E(X?)
2.4.25 lim su tl <
( ) HR P E(X;)?

Using hypothesis (2.4.19) and Lemma [2.4.16| we obtain that

flt+t 1E
w Zk— t, for t € [T, R).

R‘

Fix an integer N 3. Since the summands above are all non-negative we may bound

ft+t/ms(t)) 1
F(t) B B(X,)F

for t € [T, R).

We split the sum on the right separating the summands corresponding to k£ < 2 and those with
3<k<N:

N k
Ft +t/mg(t)) 1E 1 E
CASLI/At ASPAN T =
0] ’E Z;k
For 3 < k < N, we have that
E(X}) E(X}) E(X})

2.4.2 lim inf L2 — liminf L t
(2.4.26) i ExF T B RGO B(X)F

since Jensen’s inequality gives that E(X}) E(X;)* and limug E(th)/E(Xf) = 1, because of
Corollary 2.3.11) and the hypothesis M; = +oo.
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Fix now mye (0,1). Because of (2.4.26)), there exists S = S(N, 1) € [T, R) so that E(th)/E(Xt)k
T, for any t € [S, R) and any 3 < k < N. Thus, we have that

St +t/my(t))
T)f ﬂEk', for t € [S,R).

From this inequality and the hypothesis ([2.4.23)), we deduce that

ﬂEk.

e l—l—l—l—fhmsup
R E

Letting now m/f 1, and then N — oo, we obtain that

E(X}) 1
e 1+1+7hmsup Lt e 1 1 =,
2 ur E(X;)? 2
and conclude that ([2.4.25)) holds. O

In terms of the moment generation function of X, clans are characterized by the following
corollary.

Corollary 2.4.18. Let f € K with radius of convergence R < oo. Assume that My = +oo. Then
f s a clan if and only if condition (2.4.19) holds and

: (X0 mp@)()
(2.4.27) lim B (e mOr0) by,

where v¢(t) :=In(1 4+ 1/my(t)) fort > 0.

Proof. The results follows from the expression

R— f(t+t/m my (1)
B (et mr0) 1 t+tf/(t)f())(1+m;(t)> s

and Theorem 2.4.17 O

Observe that for polynomials in IC, (2.4.27) holds.

2.5 Entire functions in

In this section, we relate the order (of growth) of an entire function f in I with the growth of the
mean my(t) and the variance J%(t) of the associated Khinchin family.

We shall resort occasionally to the fact that for f in K, we have that

(2.5.1) max{|f(z)| : |z| <t} = max{|f(2)|: |z| =t} = f(t), foreveryt € [0,R).
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In particular, we shall be interested in the relation between the order (of growth) of f and the
growth of the mean my(t) = E(X;), of the variance JQc(t) = V(X}), and of moments E(X?), with
p > 0, of the associated family of probability distributions.

Recall that the order p(f) of an entire function f in K is given by

In In max,,|— z Inln £(¢
(2.5.2) p(f) := limsup EEAtAQIl = limsup M,

t=oo Int t—o0 Int
where we have used (2.5.1)) in the second expression. On the other hand, for any entire function
f(z) = X207 yanz", Hadamard’s formula (see Theorem 2.2.2 in [12]) gives p(f) in terms of the

coeflicients of f:

nlnn

2.5.1 The order of f entire and the moments E(X7})

We can express the order of an entire function f € K in terms of the mean m¢(t) and, in fact, of
any moment E(X?), as follows.

Theorem 2.5.1. Let f € K be an entire function of order p(f) < 4+o00. Then

In[E(X})Y/P

(2.5.4) lim sup I[E(XY) 7]
t—o0 Int

The case p = 1 of Theorem ie., limsup; . Inm¢(t)/Int = p(f), appears in Pélya and
Szegd, see item 53 in p. 9 of [81].

=p(f), foranyp 1.

Proof. We abbreviate and write

P\1/p
A, = limsup ln[E(Xi) ]

t—00 In

, forp>0.

Observe that A, < A, if 0 < p < g, by Jensen’s inequality.

(a) First we show that
A, <p(f), foranyp>0.

Fix p > 0. The inequality trivially holds if p(f) = 400, so we may assume p(f) < +oo. Let
wi> p(f) and take Ti= (wii p(f))/2. If f(z) = > 7 anz", for z € C, then Hadamard’s formula
(2.5.3) gives N = N> 0 such that

1
anp <

S ifn N.
nn

For ¢ such that t™> N, we have

T EX?) = inpan t" = Z nPa, t" + Z}n”an t"
n=1

n<twv n>twv

1
SHF(E)+ DB = f () + C
n 1
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where C' = C(w, p(f),p) < +00. Thus,
E(X?) < ™% C/f(t), ift™> N,

and so A, < w, for every wip> p(f), which implies, as desired, that A, < p(f) for p > 0 fixed above.

(b) To finish the proof, it is enough to show that p(f) < Aj, because Ay < A, for p 1, and
this, combined with part (a), would give .

We may assume that A; < +oo, since otherwise there is nothing to prove. We observe first
that, for any wip> A1, there exists T" = T}, ysuch that

my(t) = B(X;) <t“Y fort T,
which, recall (1.2.1), can be written in terms of f as

f'@)
ft)

Upon integration, the above inequality gives that

<l fort T.

1 w w :
In f(t) Inf(T)g&’ét 79, ift T,

which implies, by the very definition (2.5.2) of order, that p(f) < w. From this, we deduce, as
desired, that p(f) < A;. O

Remark 2.5.2. We mention that, if p(f) is finite, then holds also for p € (0,1).

To see this, fix p € (0,1). We just need to show that p(f) < A,. We are going to interpolate
Ay between A, and As.

Let wu=1/(2 p) € (1/2,1), so that

l=pu+2(1 wu).
By Holder’s inequality, we have that
E(X,) = B X" ") <E(XP)*E(X2)! “ for any t > 0,

and thus,
A <pul,+2(1  u)As.

By (2.5.4), A1 = Ay = p(f) < 400, so
p(f) <pulp+2(1  w)p(f).

This, substituting the value of u, gives that p(f) < A,. X



2.5. ENTIRE FUNCTIONS IN K 95

2.5.2 Entire gaps series, order and clans

Recall, from Definition (1 that an entire function f in K is a clan if

lim ()

t—o0 My (t)

We shall now exhibit examples of entire functions in K of any given order p, 0 < py< oo, which are
not clans. These (counter)examples will be used in forthcoming discussions.

Fix 0 < py< +00.

Consider the increasing sequence of integers given by n; = 0, no = 1 and ngy1 = kny, for any
k2, and let

o0 1 "
fz) =1 +; nzk/mﬁz -

The function f is entire and belongs to K. Hadamard’s formula (2.5.3) gives that p(f) = p.
Recall the gap parameter G(f) given in (2.4.11)), and observe that, in this case, G(f) =
lim supy,_, o, k = +00, so from Theorem we deduce that

im su f(t)
(2.5.5) 1 t_wop m ()

holds, and, in particular, that f is not a clan.
With the same specification of the sequence ng, the power series g and h in K given by

oo oo
g(z)—l—i-kZ}ﬁzk and h(Z)_l—i_kZ}WZk

are entire, of respective orders p(g) = 0 and p(h) = +o0, and are such that (2.5.5) holds, and so,
in particular, they are not clans.

The examples above of entire power series which are not clans are based on the seminal examples
of Borel [15], see also [101] of Whittaker, of entire functions whose lower order does not coincide
with the order.

2.5.3 The order of f entire and the quotient 7(t)/m(t)

The next result compares the order of the entire function with the quotient JQc(t) /my(t) ast — oo.

Proposition 2.5.3. Let f € K be an entire function of order p(f) < oco. Then

2

Inm g (¢ Inl
lim inf — < liminf M < liminf Lf(t)
t—oo myg(t) ~ tooo Int tsoo  Int
Inl t 1 t 2 +
< limsup IO, 2O e s Y

t—00 Int t—00 Int t—oo My (t) '
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The equality statements in the middle of the comparisons of Proposition [2.5.3] are the very
definition of order and the case p = 1 of Theorem On the other hand, Baez-Duarte shows in
Proposition 7.7 of [5] that

2(t 2(t
lim inf mf(( t)) <p(f) < lifg sup m’; (( t))-

Proof of Proposition [2.5.3. We will check first that

Inln f(t Inm s (t 7t
(2.5.6) lim sup Lf() < lim sup M < lim sup f( )
t—o0 Int t—o0 Int t—oo Mf (t)

Of course, we already know that the first two limsup coincide with the order p(f).
For the inequality on the right of (2.5.6]), let us denote

2

t
L = limsup f()
t—00 mf(t)

and assume that L < 400, since otherwise there is nothing to prove. Recall that

He) (1)
my(t)  my(t)
Take w 7# L. Then there exists T' > 0 such that

tm'y(t)

<w, foranyt T,

and, by integration, for ¢ > T,
Inmg(t) Inmy(T) <w(nt InT),

and thus
Inmg(t) Inmy(t) <L

lim sup <w, and consequently, limsup

The proof of the inequality on the left of (2.5.6),

1
timsup P2 i gup 2 @)

)
t—00 n t—00 Int

follows as above using that
tin () = m(0).
The proof of the inequalities for the liminf,
2 my(t) Inln f(t)

1
lim inf / < lim inf - < liminf ————=,
t—oo my (t) t—o0 Int t—y00 Int

is analogous. O
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Concerning Proposition a few observations are in order.

(a) The three liminf in the statement, in general, do not give the order of f, since the third one
is the lower order of f, which, for instance and again, by Borel [15], does not have to coincide with
the order.

(b) As for the third limsup in the second line: as pointed out by Béez-Duarte (see [5], p. 100),
in general, the order p(f) is not given by limsup,_, fc(t) /my(t), as proposed by Kosambi in
Lemma 4 of [59]. The example of Baéz-Duarte is the canonical product f given by

(2.5.7) f&=11 (} + i;)}

[
n=1

that is an entire function in IC. Borel’s theorem (see, for instance, Theorem 2.6.5 in [12]) tells
us that the order p(f) of any canonical product coincides with the exponent of convergence of its
zeros. The zeros of f have exponent of convergence is 3/4, and thus f has order p(f) = 3/4. From
the case p = 1 of Theorem we see that f satisfies that, say, ms(t) < C't"/8, for some C' > 0
and every t 1. As f(n*e'™/™") = 0, we obtain from Lemma @ that

1
J2c(n4) Zn4, forany n 1,

and thus that 2 )
" Ly
W E n / s fOI' any n 1.

So, for this particular function f, we have that

lim sup ch(t)/mf(t) = +o0,

t—o00

but liminf; J%(t)/mf(t) < p(f) =3/4.
Alternatively, and more generally, recall that for any pye [0,+oc], we have exhibited in

Section an entire transcendental function f € K, with order p(f) = p, and such that
limsup; .o, f(t)/ms(t) 1, and thus such that limsup, .. fc(t)/mf(t) = +o00. Also,

liminf 3(t)/my(t) < p(f) < +oo,

because of Proposition [2.5.3

(c) On the other hand, as a consequence of Proposition for an entire function f € K, we
have that if the limit lim; ch(t)/mf(t) exists (including the possibility of being oo), then the
order p(f) of f is precisely

#(t)
— lim 2.
(2.5.8) () = Jim Lo

In Béez-Duarte’s example ([2.5.7)), the limit of J%(t)/mf(t) as t — oo does not exist, and (2.5.8))
does not hold. In general, (2.5.8)) does not hold for any entire function f in K for which the lower
order does not coincide with the order.
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For the class of entire functions in K of genus zero which we are to discuss in the next Sec-

tion the identity (2.5.8) holds (see the comments after Proposition [2.5.4).
The identity (2.5.8]) also holds for the class of nonvanishing entire functions in & of finite order.

To see this, let f(2) = e9(3) € K, where ¢ is entire (not necessarily in K). We may assume that
g(t) € R for t > 0, and further that, for some 7" > 0, g(¢t) > 0 for ¢ T. Assume that f has
finite order. Hadamard’s factorization theorem gives that g is a polynomial, say of order N. Thus
p(f) = N. If the leading coefficient of the polynomial g is b, then

my(t) =tf' )/ f(t) =tgd (t) ~bNtV, ast— oo,
Ht) =tmp(t) = tg'(t) + t2¢"(t) ~ DN?* ¢V ast — oo,

Therefore, (2.5.8) holds.

2.5.4 Entire functions of genus 0 with negative zeros

We consider now entire transcendental functions f in K of genus 0 (and thus of order < 1) whose
zeros are all real and negative. See Chapter 4 of [12]. All such f are canonical products of the
form

(2.5.9) 7z =a N1+ bi) for z € C,
j=1 7
where a > 0 and (b;); 1 is an increasing sequence of positive real numbers such that
(2.5.10) iﬁ < 00.
=

The zeros by, be, bs,... of f all lie on the negative real axis.

We normalize f(0) = a = 1 in the discussion that follows. We have considered those canonical
products in Section with that normalization. We will use the notation N(¢) of the counting
function of the zeros of f:

Nit)y=#{j 1:b;<t}, fort>0,

which is a non-decreasing function such that N(t) — 0o as t — oo.

Recall, also, that Borel’s theorem tells us that the order p(f) of the canonical product coincides
with the exponent of convergence of its zeros, which, in turn (see Theorem 2.5.8 in [12]), is given
by

In N(t)

li = o(f).
imsup — p(f)

The function In f(¢), for ¢ € (0, +00), may be expressed in terms of the counting function N(t);
concretely, by integration by parts, one obtains

S (b )= T N@ T N
(2.5.11) lnf(t)—j;}ﬂ(hbj)—/o} :U(ac—i-t)d /0} y(y+1)dy
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This representation (2.5.11)) of In f(¢) in terms of the counting function N (¢) comes from [96].
From precise asymptotic information of the counting function N(¢) of f, one may obtain asymp-
totic information of the mean and variance function of the family associated to f.

Proposition 2.5.4. Let f be an entire function of genus O with only negative zeros, and given by

(2.5.9). Assume that for pye (0,1) we have

(2.5.12) N(t) ~ CtP¥ ast — oco.
Then Cri
s
~ p
(a) In f(t) sm(rp) as t — oo,
Cmpy,,
(b) my(t) Sin(rp) P, ast — oo,
Crp?
2 ~Y
(c) () sin(rp) as t — 0.

Conversely, if (a), (b) or (c) holds, then (2.5.12) holds.

It follows that for entire functions of genus 0 given by formula (2.5.9), and whenever N (t) ~ Ct*¥
as t — oo, with pi& (0,1), then
7(t)
f

lim 2 = p,

as was pointed out (but left unproved) by Béez-Duarte in Proposition 7.9 of [5], and also that equal-
ity holds in Proposition [2.5.3. Furthermore, it follows that the entire functions of Proposition|2.5.4
are clans; but see Proposition [2.5.7 for a more general statement.

Proof. That (c) = (b) = (a) follows immediately by integration, since my(t) = ¢(In f)(¢) and
J%(t) = tm/;(t); recall the formulas (1.2.1).

That (a) implies (2.5.12]) is a classical Tauberian theorem, see Valiron [96] and Titchmarsh [93|
04).
The proof of the direct part of Proposition follows from the representation (2.5.11) and
the following standard identity for the Euler Beta function:

(2.5.13) /}OO v dy = Beta(l+n,1 n)= Ty for any mye [0, 1)
o o (1+y)? ’ sin(n)’ o

The representation (2.5.11f) gives that

n _ oY > Z/pw N(ty)
tn £(¢) 75%)/0} y(y +1) (ty)’“"dy

Since N (ty)/(ty)*¥— C as t — oo and y”/(y(y + 1)) is integrable in [0, c0),

1 SR
tim 12710 :c/} .
t—oo  tPY o yly+1)




100 CHAPTER 2. MOMENTS OF A KHINCHIN FAMILY

Integrating by parts, using that pw< 1 and (2.5.13|), we obtain that
0o ym/) 1 > gy )
——dy = — — 5 dy = - .
o yly+1) po  (y+1) sin(p)

Crmp
sin(mp)
For the mean and the variance, we have the representations

o v Nty) Yy 1) N(ty)
mf“)‘tw/o} G2 e ® ?“)‘W/o} WP (e

That is,

Y ast — .

In f(t) ~

Arguing as above, (b) and (c) follow from ([2.5.12)). O

Remark 2.5.5. For general canonical products f of genus p 0 with only negative zeros, there is
a representation of In f(¢) analogous to (2.5.11)), which is the case p = 0 (see, for instance, Theorem

7.2.1 in [11]): 0 p+1 d
hlf(t) :( 1)17/0} mN(CC);

This expression means in particular that for p odd, the canonical product f is bounded by 1, for
t € (0,00), and thus shows that f is not in K. Observe, in any case, that for a primary factor
Ep(2), which for |z| < 1is Ep(2) = exp( D72, 27/j), we have that its (2p + 2)-coefficient is

p/(2(p+1)?), and therefore E,( 2/a) with a > 0, which vanishes at @, is not in K, if p  1; in
general, thus, canonical products of nonzero genus with only negative zeros are not in . X

Remark 2.5.6. For entire functions f of genus zero and only negative zeros, if the number of zeros
is comparable to a power tP%with pye (0,1) (N(t) < t, as t — 00), so are the mean and variance
of its Khinchin family. This follows most directly from the representation (2.5.11)). X

Entire functions of genus 0 with only negative zeros are always clans.

Proposition 2.5.7. Every entire function f in K defined by (2.5.9)) with E} 1 1/bj < 400 is a

clan.

Proof. Assume that f is not a polynomial. For f given by (2.5.9), we have, using ((1.2.17)), that
Ht) < my(t),

and thus J%(t)/m}(t) < 1/my(t). Since my(t) — oo as t — oo, we obtain that f is a clan. O

2.5.5 Entire functions, proximate orders and clans

For pip 0, a prozimate p-order p(t) is a continuously differentiable function defined in (0, 4+00) and
such that

t—00

lim p(t) = pyp and  lim p/(t)tInt = 0.
t—00
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Traditionally, proximate orders are allowed to have a discrete set of points where they are not
differentiable, but have both one-sided derivatives at those points, see Section 7.4 in [11].

If for a proximate p-order p(t) we write V(t) = t?), for t > 0, then (see, for instance, Lemma
5 in Section 12, Chapter I, of [60]), for every > 0 we have that

V()
(2.5.14) tli‘?om =

In other terms, the function V'(t)/t*%s a slowly varying function.

Theorem 2.5.8 (Valiron’s proximate theorem for K). If f is an entire function in KC of finite
order pyp 0, then there is a prozimate p-order p(t) such that

In £(1)

h?if:jp te(t)

See Theorem 7.4.2 in [11]; the smoothness which we require in our definition of proximate p-
order p(t) is provided by Proposition 7.4.1 and Theorem 1.8.2 (the smooth variation theorem) in
[11].

We have the following.

Theorem 2.5.9. Let f be an entire function in K of finite order pys> 0, let p(t) be a prorimate
p-order, and let 7> 0. Then

. Inf(t)
(2:5.15) Am e =
if and only if
my(t) _
(2:5.16) t—oo tP(t)

If either (2.5.15) or (2.5.16|) holds, then f is a clan.

Observe that in both and a ‘lim’ is assumed, and not a ‘lim sup’ as in Valiron’s
Theorem @, which encompass all finite order entire functions. Condition of Theorem
2.5.9| concerns entire functions that are said to have regular growth.

Comparing with Valiron’s theorem, the limit myinstead of 1 amounts no extra generality, since
replacing p(t) by p*(t) = p(t) + In7/Int, we have that p*(¢) is also a proximate p-order and

lim w =1.
t—o0 tp*()

That implies that f is a clan is due to Simié, [90]. In [90], see also [91], it is claimed,
in the terminology used here, that any entire function of finite order in K is a clan, which is not
the case; see, for instance, Section The error in the argument originates in a misprint in the
statement of Theorem 2.3.11 in p. 81 of [11]: the lim sup appearing in that statement should be a
liminf (which is what is actually proved in [11]). See also [61], p. 101, for a similar warning. The
argument of [90] shows precisely that implies that f is a clan.
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As for the implication (2.5.15) = ([2.5.16]), compare with Lemma 3.1 in [73].
For constant proximate p-order, (p(t) = p, for t > 0) that (2.5.15)) implies (2.5.16|) and then

that f is a clan is due to Pdlya and Szeg6é with an argument involving some delicate estimates:
combine items 70 and 71, of page 12, of theirs [81].

Proof. Fix > 1. Lemma/|l.2.2| gives us that
me(t)ln <Inf( t) Inf(t) <my( t)ln , fort >0,
and thus dividing by V (t) = t*®),

my(t) Inf(t) V(1) lnf(t)]}< my( 1) V(1)

1
(2:5.17) Vi) St Lvin v v SV Ve

for ¢t > 0.

We first prove that (2.5.15) = (2.5.16]). From (2.5.14), (2.5.15) and (2.5.17)), and letting ¢t — oo,

we deduce that ®) - ®)
my .. . my

< b < P .

Sm < Mimint TG

i sup =

Letting | 1, equation (2.5.16|) follows.
We now prove that (2.5.16]) = (2.5.15). Assume first that

Cm
(2.5.18) hiri}sogp o)

< +00

If (2.5.18) holds, then from the first inequality of (2.5.17)), and using (2.5.16]), we deduce that

I f(l) e I f(0)
< P
mpln +liminf =250 < Mfiminf =,
while the second inequality of ([2.5.17) gives
i In f(t) , In f(t)
P
%?iigp 2o0) < hﬁiljp 0 +7pAn .
Writing the two inequalities above as
P In f(t) P In f(t)
. . <
TP o htrgéglf "o d o hltnioo ORI TN
and by letting | 1, we get that
. Inf(1) . In f(t)
TYS hgg)lf "o and hﬂsoljp 7o) <,
so ([2.5.15) follows.
To show that (2.5.18)) holds, we first observe that

disp(s) = (slns-p'(s) + p(s)) s 1 for s >0,
s
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and from the defining properties of the proximate orders, we deduce that, for appropriately large
A >0,

d
(2.5.19) %sp(s) gsp(s) 1. foreachs A.

From (|2.5.16)), by incrementing A if necessary, we deduce that

jlnf(s):mf()<27'psp §4W5p , fors A,
s

S
where ([2.5.19)) was used in the last inequality. We thus have that
Inf(t) <Inf(A) +4r?®  a74PA - fort A,

from which we obtain that

In f(2)

i <
hftiilolp PORE 4T,
as wanted.
This argument shows in fact that
mg(t) ... Inf(t) Inf(t) 1. my(t)
< — .
pJIt“iéEf poty = Hminf =g < limsup —265 < 0 1ol 2e(0)

For another proof of this last chain of inequalities, see, for instance, Theorem 4 in [95].

Finally, we prove that (2.5.16) = f is a clan. From (2.5.14]) and (2.5.16]), and taking into

account that pi> 0, we deduce that

t
(2.5.20) fim Y P forany >0,
t—00 mf(t)

and thus that the mean my is a regularly varying function, see Section 1.4 of [11].

To show that f is a clan, we may assume that f is not a polynomial, and thus that lim;_,o, m¢(t) =
+00.

Now, ([2.5.20) implies that for any function (¢) such that (¢) > 1 and such that lim;_,o, (t) =
1, we have that

t)t
(2.5.21) lim DY
t—o0 mf(t)
To see this, fix e¢> 0. Then we have that 1 < (¢) <

1+4+e¢, fort t.. Therefore,
)

my () _ mp((1+e)t

1<

(
my(t)
Thus, limsup, o, ms( (£)t)/my(t) < (1 + &)?¥and thus ) holds.
Applying (2.5.21) with (¢) =1+ 1/my(t) and appeahng to Theorem 2.4.11} we conclude that

f is a clan. O
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2.5.6 Exceptional values and clans

The entire gap series of Section which are our basic examples of entire functions in K which
are not clans, have no Borel exceptional values. This follows, for instance, from a classical result
of Pfluger and Pélya [80]. We show next that, in general, entire functions which are not clans have
no Borel exceptional values.

Recall that, by definition, a is a Borel exceptional value of an entire function f of finite order if
the exponent of convergence of the a-values of f (i.e., the zeros of f(z) a = 0) is strictly smaller
than the order of f; a theorem of Borel claims that a non-constant entire function of finite order
can have at most one Borel exceptional value.

Theorem 2.5.10. If the entire function f € K has finite order and has one Borel exceptional
value, then f is a clan.

Proof. Let pipe the order of f. Assume that a € C is the Borel exceptional value for f. Denote with
s the exponent of convergence of the zeros of f(z) a. Thus s < p, since a is a Borel exceptional
value for f.

Let f(z) = a+ P(2)e?® be the Hadamard factorization of f, where P is the canonical product
formed with the zeros of f a, and @ is a polynomial of degree d and leading coefficient ¢ # 0.
The order of P is s, and thus the order pwf f must be the integer d.

Now,

17(t)  al = |P®)][e®C® and In|f(t) a|=In|P®)|+RQ®), fort> 0.

Take s’ € (s,d). For a certain ¢ depending on ', we have for ¢t ' that In|P(z)| < |2|¥, if
|z| = t. Besides,

RQ(t) 1
= §Rc—|—0(;>, as t — oo.
We conclude that |
lim 7n|f(t) il = R,
t—00 td
and therefore that |
lim n/f(t) = Re.
t—00 td
Observe that if Re = 0, then RQ(¢) = O(t? 1) as t — oo, and that would mean that
In f(t
lim sup nj;( ) =0,
t—o00 t

for some h such that (s <)h < d, and thus, in particular, that f would be of order at most h,
which is not the case.

Thus $c¢ > 0, and condition (2.5.15)) of Theorem holds, so f is a clan. O

For an entire function, not necessarily of finite order, a Picard exceptional value is a value
that is taken just a finite number of times. For Picard exceptional values and clans, we have the
following result, which came out in a conversation of one of the authors with Walter Bergweiler.
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Proposition 2.5.11. If f = PeY is in IKC, where P is a polynomial and g is an entire function in
IC of finite order, then f is a clan.

The value 0 is Picard exceptional for f = Pe9. It is not assumed that P is in I, but it is
assumed that g is in L. Observe also that the assumption is that ¢ is of finite order; if €9 were of
finite order, that f is a clan would follow from Theorem [2.5.10

Proof. The entire function f is transcendental, since g € K is not a constant. From Lemma [2.4.3]
we have that f is a clan if and only if lim;_,oo L¢(t) = 1. To show this, we verify first that g satisfies

(2.5.22) lim &)

t—00 g’(t)2 =0

Condition clearly holds if g is a polynomial.

Assume thus that g is not a polynomial. From the case p = 1 of Theorem applied to the
derivative ¢/, which is also of finite order, it follows that for some finite constant S > 0 and radius
R1 > 0, we have that

for ¢ .
g’(t) <t, ort> R,

Besides, since ¢’ is not a polynomial, we have, for some radius R, that ¢'(t) > t5t1 for t > R».

And thus (2.5.22) holds.
Next, a calculation, recall (2.4.2), gives that

P'(t) 1 P(t) 1 g"(t) P(t) 1
Lf(t) = 2 1

10 = (o e * 2 p g * e )/ (P 7w
Since P is a polynomial, we have that P'(t)/P(t) and P”(t)/P(t) tend to 0 as t — oo. Besides, since
g € K, we have that lim;_, ¢’(t) = +00. Using now (2.5.22)), it is deduced that limy_,o L¢(t) =
1. ]

2
+1> , fort>0.
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Let f € K be a power series with radius of convergence R > 0 and Khinchin family (X;). In this
chapter we study, and give different criteria, for the convergence in distribution of the Khinchin
family (X}), as t 1 R, to a standard normal. These are the so called Gaussian power series.

We also study uniform conditions that, combined with Hayman’s formula ((1.3.31)), give infor-
mation about the asymptotic behavior of the coefficients of f. These conditions are codified by
means of two classes of functions: strongly Gaussian power series and Hayman functions. Along
this section we also prove that, under certain conditions, some operations with power series preserve
being in each of these classes.

This chapter is partially based on the paper:

e Macia, V.J. et al. Khinchin families and Hayman class. Comput. Methods Funct. Theory
21 (2021), no. 4, 851-904, see [17].
3.1 Gaussian power series

For a power series f € K, with radius of convergence R > 0, we say that f, or its associated
Khinchin family (X}), is Gaussian if

liTI}(%l E(ewﬁt) =e 02/2, for any e R.
t

Here X; = (X; mys(t))/ f(t), for any t € (0,R). Recall that e #°/2 is the characteristic
function of the standard normal.
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A. Some basic tools in probability

We collect here, for later use, two basic tools in probability: Lévy’s convergence theorem and the
method of moments. We restrict both results to the case of the standard normal distribution.

Theorem gives, in our context, that for f € K a Gaussian power series, the family of
random variables X; converges in distribution to a standard normal random variable, as ¢ T R.

The next result follows combining Lévy’s convergence theorem with the fact that the char-
acteristic function and the cumulative distribution function of a standard normal are continuous
functions, see [102, p. 185] for the general statement.

Theorem 3.1.1 (Lévy’s convergence theorem for the standard normal). For a sequence of random
variables Z,, and Z a standard normal random variable we have that:

Zn L\ Z, asn — oo, if and only if li_>m E(e??n) = ¢ 92/2, for any Oys R.
n oo

Now we introduce the method of moments for the standard normal distribution, see [9, Theorem
30.2] for the general case. In the next result we use that the standard normal distribution is
determined by its moments, see, for instance, [9, p. 389].

Theorem 3.1.2 (Method of moments: convergence to the standard normal). Let Z,, be a sequence
of random wvariables with finite moments of any order. Denote by Z a standard normal random
variable and assume that

lim E(Z)") =E(Z™), for any integer m 1,

n—oo

then Z, converges in distribution towards Z, as n — oo.

B. Some examples
We start by checking the concept of Gaussianity on some of our basic families: the Poisson,

Bernoulli and Pascal families.

e For the Poisson family, f(z) = e*, we have a explicit expression for the characteristic functions
of each Xj:

E(ew’xt) = exp(t(ew/‘/z 1 i0/vt)), for each t > 0 and Ay R.
see (|1.3.11)).

Fixing 0y R and making ¢ — 400, we conclude that

lim E(eieﬁt) =e %2 for any OiE R.

t——+o0

Therefore, as t — 400, the Poisson random variable of parameter ¢, and normalized, that is
X; = (X; t)/V/t, converges in distribution towards the standard normal.
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e For the Bernoulli family, f(z) =1+ z, we have, see (|1.3.5), that

ted/Vt +e WVt
1+t

E(e?%t) = . forERand t >0,

therefore, fixing Gy R, we have

lim E(eX) =1, for any 0 R,

t——+o00
and X, converges in distribution towards the constant 0, as t — +00.

The previous example is a particular case of R € K a polynomial of degree N 1. In this
case the family of random variables (X;), also, converges in distribution towards the constant
0, as t — +4o0.

Indeed: recall that for any polynomial R € K we have

lim mpg(t) = deg(R) = N,

t—+o00
and that the characteristic function is given by

R(te')

B = S

for any t 0 and Oy R,

therefore, using again that R is a polynomial with deg(R) = N, we find that

(3.1.1) lim E(eXt) = ™Y for any e R.

t—-+o0

The family of random variables X; converges in distribution towards the constant random
variable N 1. This follows also from the fact that any polynomial in K conform a clan and
therefore the family of random variables X;/mpg(t) converges in probability to the constant
1, as t — 400, that is, X; converges in probability, as ¢ — +o0o, to the constant N.

Denote j = N max{0 < s < N : as # 0}. Using this notation we have
R(z) = anzN +an ;2 T4+0(zN 7)), asz— +oo,

and therefore

_tR(t) NR()  jay ;1

N ~ - .
(mpg(t) ) o) pyva— as t — +o0o
Now observe that
t2R"(t)
2(t) = t t)?

2 pl!
= (2N +1)(mg(t) N) (mg(t) N)2+<% N(N 1)>}f
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Using again that R(z) = anz¥ +an ;2 7+ 0(z" 7), as z — +oo, we conclude that

2
i1
(t)wjaNj— as t — 4o00.

2
R an ti )

We collect the previous discussion by means of the following lemma.

Lemma 3.1.3. Let R € K be a polynomial of degree N 1, then

dan ;1 2. Jan ;1
(3.1.2) (N mg(t)) b and  7(t) v ast — oo,
and therefore
N t N t 1

(3.1.3) im N MR o g g YR L

t—oo R(t) t—o0 R(t) J
Recall that j = N max{0 < s < N : as # 0}.
The characteristic function of X; is given by

E(ezﬂﬁfft) :E(ei9(Xt N)/ R(t))e W0(mr(t) N)/ r(t)
Using that R is a polynomial of degree IV:
10 t
(*) lim E(eiG(Xt N)/ R(t)) — lim R<t€ / & ))6 iON/ r(t) _ 1,

t—s+00 t——+o00 R(t)

therefore (%) gives that

lim E(eie}zt) =1, forany O R,

t—4o00

that is, for a polynomial R € IC, Lévy’s convergence theorem gives that the family of random
variables (X;) converges in distribution towards the constant random variable X = 0.

We conclude that the polynomials in I are not Gaussian.

For the Pascal family, f(z) = 1/(1 z), we have a explicit expression for the characteristic
function of the family X;:

g 1 ¢t 1 ¢
z@th e Zew =
(314) E(e ) - 1 telg(]_ t)/\/ie 6Z¢9w tele/\/i ’

for any Oy R and ¢ € (0, 1), see (1.3.9), therefore

lim B(¢#%) =

f R.
i T gy orany e
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Observe that

t t
for any ¢ € [0,1), and then
lim my () =1
w1 (1)

In summary: the family of random variables X/ f(t) converges in distribution as ¢ 1 1
towards a random variable Z, where Z is a exponentially distributed random variable with
parameter = 1, and therefore the family of random variables X, converges in distribution,
as t T 1, towards Z + 1, that is, the Pascal family is not Gaussian.

3.1.1 Criteria for non-vanishing power series to be Gaussian

In this section we give criteria for a non-vanishing power series to be Gaussian.

A. Global criteria for a non-vanishing power series to be Gaussian

Let f € K be a power series with radius of convergence R > 0. Assume that f has no zeros in the
disk D(0, R).

We can take the holomorphic logarithm In(f(z)) of f(z) which is real at z = 0 and consider
the auxiliary function, the fulcrum of f, recall that F(z) = In(f(e*)), see Subsection The
fulcrum of f is holomorphic in 2 = {z € C: R(z) < In(R)} (in practice this will be a half-plane or
the entire complex plane).

For s < In(R) and 0y R we have

62 0y patp B
F(s+i0) F(s) F'(s)ify F"(s)2:i3/} /} /} F"(s+1i )d d da,
o Jo Jo

therefore, fixing some A > 0, for any s < In(R) and |#| < A we have

2 3
|F(s+i6) F(s) F’(s)i@q/ﬁ—F"(S)HQISS|11PA|F///(3+i )!‘96-
<

Recall that F'(s) = mys(e®) and also that F"(s) = JQc(eS)7 for any s < In(R).
Fixing t = e*, for s < In(R), and changing iby 0/ £(t), we obtain that

my(t) gy O SUPLalFT (s 0 )l 6P
—= 3 Y

ln(f(t@ig/ f(t))) In(f(t)) 1 B f(t) 6

and therefore

A 92 sup| <A ’FW(S +1 )‘ |0|3
3.1.5 InE(?X) 4+ = < = Ll
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This bound bears resemblance to the bound in Berry-Esseen’s Theorem, which gives an upper
bound for the rate of convergence to a standard normal of a sum of independent and identically
distributed random variables in terms of a third moment.

As a consequence of inequality (3.1.5) we deduce the following theorem.

Theorem 3.1.4. With the previous notations, if f € K has radius of convergence R > 0, has no
zeros in the disk D(0, R), and verifies

o osupp < [F"(s+i )]
(%) sTlllnr?R) (552 =0, forany A>D0,

then f is Gaussian.

In some favorable situations we will have |F"'(s + i )| < F"(s) and therefore condition (x)
translates into

" "
i Ly, P
stin(R) F"(s)3/2  stin(R) t)

This happens, for instance, for power series f = 9, with g € K, see Chapter

Remark 3.1.5. Observe that, under the hypothesis of the Theorem [3.1.4, the characteristic func-
tion E(ewa) converges uniformly, in compact subsets of R, as t T R, to the characteristic function
of the standard normal e 9°/2. In fact we have

M o
lim |E(e?%t) e 92/2]6191/5: 0, forany M 0.
tTR M

see the definition (3.2.1) of strongly Gaussian power series below. X

We can generalize Theorem [3.1.4 in the following way: for s < In(R) and 6y R we have
92

3 4
Fs+if) F(s) F(s)is F'(s) 0 P (s)io] < sup PO (s 46 )00
. ER .

and therefore for any s < In(R), changing fvby 6/ f(e®), we find that

2 F(s) 60 _sw PO (s +i )]t

— < .
2 e 3 4(e) Al

As a consequence of the bound (xx) we obtain the following result.

(%x) ln(E(eieﬁt ) +

Theorem 3.1.6. Let f € K be a power series with radius of convergence R > 0 and having no
zeros in the disk D(0, R). Assume that

sup cg [FW(s +i )|

(t) limsup =0,
stn(R) ;%(es)
then
F///
f is Gaussian  if and only if lim & =0

stin(R) F"(s)3/2



114 CHAPTER 3. GAUSSIAN AND STRONGLY GAUSSIAN POWER SERIES

Proof. Denote t = e®, for s < In(R) and assume that f is Gaussian. Using inequality (x%), combined
with the triangle inequality, we find that

P 0P sup g [FW(s+i )] o)
lim sup —— = S lim sup s o
sTIn(R) f(e ) 3! stln(R) f(e ) 4l
therefore, for any 6 0, we have
o Fs) 1 sup e [FW(s i )] o)
lim sup —— 1l < limsup s R
stin(R)  (€°) 317 spm(m) 7(e?) 4!
Making 6~ 0, we conclude that
F///
lim sup — (5) =0.
stin(R)  7(€°)
Conversely, assume that
F///
lim sup (5) =0,

stn(R) J3f (es)

using, again, the triangle inequality we find that

o5t 62 su FO(s4+i )]0
lim sup lnE(ew%) + — < limsup P ekl - ( )l 47
stin(R) 2 stin(R) (e?) 4!

and therefore our hypothesis () implies that f is Gaussian. O
Remark 3.1.7. In general we have the inequality

IF&(s)] <sup |[FH(s+1i )|, for any s < In(R),
€R

then, using (), we also obtain that

jalCy) F@(s+i
limsupligsilglimsup SUP cr | S(j i)l =0
stn(R) f(e ) stn(R) f(e )

The following corollary is implicit in the proof of Theorem

Corollary 3.1.8. Let f € K be a power series with radius of convergence R > 0 and having no
zeros in the disk D(0, R). Assume that

sup g |[FW(s +i )|

(f)  limsup < +o0,
stin(R) ;%(es)
then
F///
f Gaussian  implies that lim i =0

stin(R) F"(s)3/2
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Remark 3.1.9 (Generalization of the previous Theorems). Any of the previous Theorems can be
generalized. First assume that for some k& 4 we have

oy S0 < P+ )
stin(R) F//(S)k/2

=0,

in this case

F)
f is Gaussian if and only if lim (s)

stin(r) F"(s)i/2 0, forany3<j <k 1

If we assume that for some £k 4 we have

: sup e |[F¥) (s +i )|
lim sup

< 400,
stin(R) F//(S)k/2

then

7
f is Gaussian  implies that  lim (5) =0, forany 3<j <k 1.

IR F”(S)j/2
X

Remark 3.1.10 (Comparing derivatives). In this remark we compare different derivatives of the
fulcrum.

Lemma 3.1.11. Let f € K be a power series with radius of convergence R > 0 and having no
zeros in the disk D(0, R), then

|F®) (s 4+i0)| < |F®) ()| + <sup |F*+D (5 4 m);) }9\ ,
a€eR

for any s < In(R) and 6y R.

Proof. For any s < In(R) and i R we have
&
F® (s 4i0) FH(s) = /} F (s 4 ia)ida
0

therefore

|F®) (s 4 i0)| < |F®) ()| + <sup |FkHD (5 4 m)\) }o\.
acR
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Lemma 3.1.12. Let f € K be a power series with radius of convergence R > 0 and having no
zeros in the disk D(0, R). Fiz k 3 and assume that

SUPecr \F(kﬂ)(s +ia)|

li =0
L TPk ’
then
, |F®) (s +i)| _ . [FR)(s)]
hntas%up W < hn;;up W, for any Oy R.
and, for any A > 0,
supjg<a [F*) (s + i6)| |F®)(s)|

lim sup < limsup ———-,
stin(R) F//(S)k/2 stin(R) F//(S)k/Z

Proof. Applying Lemma [3.1.11] we conclude that

: [FW (s +i6)| _ [FW)(s)]
lim sup W S lim sup W
stIn(R) stn(R)

and also that for any A > 0 we have

‘ suppgi<a |[FW (s +i6)] |F)(s)]
lim sup N TAE < limsup AR
stin(R) F7(s) stin(r) £"(5)

O

Corollary 3.1.13. Let f € K be a power series with radius of convergence R > 0 and having no
zeros in the disk D(0, R). Fiz k 3, and assume that

supaeg [V (s + ia)|

Cry1 = limsup < +o0,
) F(s)k/2
then, for any A > 0, we have that
su F®) (s 440 JaG)
lim sup plelSA,’/ k:/(2 ) < lim sup %f)l + Cri1A.
stin(R) F7(s) stn(r) F"(s)

Fix A > 0. For any s < In(R) we always have that

[F® ()] < sup [FF (s +i0)]
61<A

and therefore, under the conditions of Corollary [3.1.13] we have that

Fk) su F®) (s 440
ﬂ < +oo if and only if limsup Poj<a | ( )

< +o0.
k/2 stIn(R) F//(S)k/Q

lim sup
stn(R) F”(S)
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B. Direct applications of Theorem
Now we apply Theorems to some examples of Khinchin families.

B.1. Exponential of a polynomial not in £ Here we prove, using the global criteria (3.1.4),
that the exponential of a polynomial p, not necessarily in I, but with e € K is Gaussian.

Proposition 3.1.14. Let P be a polynomial and denote f(z) = eP@) | If the power series f = e’

is in K, then f = el is Gaussian.

Proof. Denote P(z) = Zl}; 0 b;z7, a polynomial of degree N 1. The fulcrum of f = e’ is given
by F(z) = P(e?) and the radius of convergence is R = oo.

We have
N .
F///(Z) _ 63ZPIII(Z) + 362ZP”(Z) + eZPI(eZ) — Z}Bbjejz 7
=0
and therefore

N
[F"(s+i0)] < D §lbsle?.
j=0

Moreover,

N
Z}jg\bj]ejSNN?’]bN\eNs, as s — +o00.
=0

On the other hand, we have

N
F'"(s) = Z}j%jejs ~ N2%byeVs,  as s — 400,

=0
therefore
i S9Poer [F™ (s +10)] _ 0.
s—r+00 F//(s)3/2

The previous limit gives, by virtue of Theorem that f = e is Gaussian. Observe that
F'(s) = J%(es) > 0, and this implies that by is a positive real number. O

B.2. Gaussianity of the Poisson family The Poisson family is the Khinchin family associated
to f(z) = e®. The fulcrum of f is given by F(z) = e?, for any z € C, then we have
suppeg | (s +40)] .. F"(s)

. . o s/2 _
sggloo F”(s)3/2 - sginoo F//(3)3/2 sginooe 0,

and therefore, applying Theorem we conclude that f(z) = e* is a Gaussian power series.
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B.3. Gaussianity of the OGF of the involutions The generating function of the involutions
is given by I(z) = exp(z + 22/2). The fulcrum of I(z) is given by F(z) = e* + €2?/2, therefore

supger [F"(s +i0)| _ .~ F"(s) : e’ + 4%

1 — — —

S—>+00 F”(8)3/2 T sS40 F”(S)3 2 8_12100 (es + 2625)3/2

Applying Theorem we conclude that I is a Gaussian power series.

B.4. Gaussianity of the Euler family Recall that the Euler family is the Khinchin family
associated to the generating function of the partitions of integers P(z). Also recall that

[o.¢]
1
P(z) = l_Il}ﬁ, for any |z| < 1.
J:
The fulcrum of F' is given by

e ek jz
(3.1.6) F(z) =In(P(e*)) = Z}og(l el?) = Z}TJ’ for any R(z) < 0,
j=1 gk 1

and therefore

Fl(z) =Y ljeki=,

ko1
F//(Z) — Z}kJQe]kZ ,
ko1
F”/(Z) _ Z}k)jSeka )
3k 1

For any ¢ 1, the Fulcrum of f, and all its derivatives, verify the inequality
’F(q)(s +1i0)| < F(q)(s) , for any s < 0 and 0% R.

We want to check that
F/N( S)

lim ————% =

510 F//( 8)3/2

Let’s see: for any s > 0 we have

S2F'( s) = Zz&js)e k) s,

k15 1

therefore

. 2 ot _ Ooxe kx T = 1 > e Ydy =
(3.1.7) lim s> F"( s)_§}/0} d ;}kﬁ/o} ye Ydy = ((2) (2).

sJ0



3.1. GAUSSIAN POWER SERIES 119

In general, by using the same argument, we obtain that for any ¢ 1, we have

lim s FO(5) = ((2) (q+1),

510
then
(3.1.8) FO>( s)~¢(2) (g+1)s @D ass|o.
We conclude then that
F( ) 3 g

P Y <o M,

therefore P is a Gaussian power series.

Remark 3.1.15. More generally, for the generating function of the partitions of integers P(z),
and for any n 3, using an analogous argument to that used in (3.1.7), we have

F( ) 2) (n+1) .91

o Y e @pet 0 P
therefore
g 3o O s +i0)] g FOCs)
510 FI'( s)n/2 = slo PM( s)n/2
Here we use that |F(" (s +if)| < F("(s), for any s < 0 and 8y R, see equation . X

C. A local criteria for Gaussianity for non-vanishing power series

Let f € K be a power series with radius of convergence R > 0. The function f has no zeros in the
interval [0, R) and, therefore, f has no zeros in a simply connected domain containing [0, R). For
instance, f has no zeros, in the region

e m
Qf—{Z—te H0) < 5 f(t)}'

see Subsection [1.3.4] for further details.

For each t € (0, R) we give a disk ; = D(¢,2tu(t)), of radius 2¢u(t), where 0 < pu(t) < 1 and
2tu(t) < R t, that is, ; C D(0, R), and such that f has no zeros in .

We insists: the function f has no zeros in the disk ¢, for any t € (0, R).

The fulcrum of f, that is, the function F(z) = log(f(e*)), is well defined and is holomorphic
in the disk D(In(t), u(t)), for any ¢t > 0. Observe that for any z € D(In(t), u(t)), we have e* € 4,
because if |z In(t)| < u(t), then

le t] =tler MO 1] <t(e!® 1) < 2tu(t),
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here we use that e 1 < 2z, for any x € (0, 1].

We can extend the variance }% to a holomorphic function in a domain by defining J%(z) =
F"(In(z)), for any z € 4, and any ¢ € (0, R) or, equivalently, by defining j%(ez) = F"(z), for any
z € D(In(¢), u(t)) and any t € (0, R).

We denote by

2(4 " (1n( 2
A(t) = zsgpt | J);e((t))’ = Zs;lpt W < 400, foranyte (0,R).

The next lemma gives an approximation of the holomorphic function h by it’s Taylor polynomial
of second order and an upper bound for A" instead of an upper bound for h"”’. See [48 p. 78].

Lemma 3.1.16. Let h(z) = > o7 a,2" be a power series with radius of convergence at least 1.
Suppose that |h"(z)| < My, for any z € D, then

(3.1.9) h(z) h(0) R'(0)z }//2(0)22 < My, for any z € D.

Proof. Cauchy’s estimates for the coefficients of h” give that, for any n 3 and any 0 <r < 1, we
have

M
nin 1)|an| < T—Z

therefore making r T 1 we obtain that

lan| < for any n 3,

n(n 1)’
then the left-hand side of (3.1.9) verifies that

oo [e.e]

1 M:
Zanzn 31213 < My 2}7 iz\?’ = —2|z|3 < My|z[?,  for any z € D.
= — nin 1) 2

O

For any holomorphic function in a disk D(a, s) and verifying that |h”(s)| < My, for any z €
D(a, s), Lemma [3.1.16| gives, rescaling, that

h"(s) M,
5 (z  a)? S?’Z al®

h(z) h(a) HK(a)(z a) , for any z € D(q, s).

Our function h and the disk D(a, s) will be the fulcrum F(z) and the disk D(In(¢), u(t)). We
obtain, writing in terms of m¢(t) and ]%(t), that

Q)

F(z) () my)(z In(t)) —
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for any z € D(In(t), u(t)).
In particular, for any z = In(t) + ifywith |0] < u(t), we have that
Z. , 0> _ Al ()
I(f () W(fD)  mp@id 1) < —
2 ()
If we take 6=/ f(t), and impose that |§] < f(¢)u(t), we obtain, passing to characteristic
functions, that

0.

2
- . forany | | <p(t) f(¢).

Theorem 3.1.17. With the previous notations, suppose that

limsup A(t) < +oo, and limpu(t) ¢(t) = +oo,
'R R

then f is Gaussian.
Proof. Fix € R. There exists tg > 0 such that | | < pu(t) ¢(t), for any t  to, therefore,

lim <1n(E(e" Xeyy 4 ;) =0.

3.1.2 Moment criteria for general f €  to be Gaussian

Let f be a power series in K with radius of convergence R > 0 with Khinchin family (X¢).(o,r)-
Notice that in this case we don’t assume that f is non-vanishing. Let F denote, as usual, the
fulerum of f, which is defined in the interval (—oo, In R):

ef'®) = f(e*), fors<InR.

To check gaussianity of the family X; we will use the so-called method of moments of conver-
gence of probability distributions. See, for instance, Billingsley, [9, Section 30]. We let Z denote a
random variable with standard normal distribution. Since the standard normal is determined by
its moments and since the normalized variables X’t have moments of all orders, we have, see [9]
Theorem 30.2] that

Lemma 3.1.18.

if lim vi(t)

=E(Z" k3, then the family X i -
tTR f(t)k (27), for cvery ’ en the family X is gaussian

Recall that v (t) denotes the k-th central moment of X;.

Using the previous lemma we obtain that



122 CHAPTER 3. GAUSSIAN AND STRONGLY GAUSSIAN POWER SERIES

Theorem 3.1.19. With the notations above, if

F®)(s)

s%ilgnR W =0, foreveryk 3,

then f is gaussian.

Proof. For k 3 we have, appealing to and to (1.4.12)), we have that

\ F"(s) 17(3)(3) IT(k)(S) . 1
F//( )2/2, F”(S)B/Z’”‘,F”(S)k/Z) - F”(S)k/2

Vi(s)
lwn( )k/2

From the hypothesis of the theorem and because of the identities (1.4.7), we deduce, as desired,

that
vk (s)

Rk( Ry (F"(s), FO(s),..., F(k)(s))

: _ _ k
s%?RW = Ri(1,0,...,0) =E(Z") forevery k 2.
then Lemma |3.1.18| gives that f is Gaussian. Ul

Canonical products in the Class @ As an example of the use of the gaussianity criterium of
Theorem we next consider the case of an entire function f in @ C IC, that is, entire functions
of genus 0 whose only zeros are negative and normalized, i.e., f(0) = 1. Because of Hadamard’s
factorization Theorem, such an f is a canonical product and may be expressed as

oo
(*) f(z)= H}(l + ;) , forany z € C.
=1 !
Recall, see Section [2.5.4] that

Z b 0 and Z b —|—t forany t O,

and also that ]%(t) < my(t), for any t > 0.

If in the expression for JQC(t) and for each ¢ > 0 we split the summands into those with b; <t
and those with b; ¢ we obtain that

(Zb +tz ) (Z}) +tz ) fort >0,

bj<t bj<t

The fulcrum F of f is given by

F(s) =1In(f(e%)) = Z}n <1 + ZS> , foranyseR.
j=1 J
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Lemma 3.1.20. For each integer k 2, there exists a constant Cy > 0 such that for any f as in
(x) and any s € R
F®) (s) < CuF"(s).

Proof. The first two derivatives of F' are given by

(b; + e5)?

0 e’ b e’
'(s) :;W, and F"(s 2}7 for any s € R.

For any integers n 1 and b > 0, and any s € R, denote

benS

An(b,s) = Gttt

Foranyn 1,b> 0 and s € R we have the inequality

be™* bet \" L pes
An(b, s) = _ A, s).
(b.9) = eyt <b + 65> bt ey = Ailbs)

and also the differential identity

d

dsA (b,s) =nAn(b,s) (n+1)Ap+1(b,s).

By iteration, we obtain, from the identity above, and for any k 2, real coefficients 4, for
k1 0,so that

d* i
ﬁAl(b, s) = Z}k’lAHl(b’ s), forany s € R and any b >0,

and thus that
d* &
@Al(b,s) glz;|kl]A1+lbs < Z}klo Aq(b,s) >0, forany se€ R andanyb>0.
. (k) oo (k 2)
For k2, since F\W(s) =3 21 A]" 7 (bj,s), we conclude that

Oode

[F®)(s |<Z

Al b],S Z| k 2[|> Z}Al bj,S kF”(S), for anysE]R.
F e }
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We use the lemma and Theorem |3.1.19| to prove

Theorem 3.1.21. Let f be a canonical product in Q given by (x). If lim;_, oo j%(t) = +o00, then
f is Gaussian.

Proof. We use Theorem [3.1.19] We are going to show that for any k£ 3
. [FW(s)]

51520 F//(S)k/Q -

But from the lemma above

[FE(s)| _ [FW(s)]
Fr(s)k/2 — F"(s)

-F”(S)l k/2 < Cy f(68)2 k’

which tends to 0, as s — oo since lims_,oo f(€®) = +o0 and k3. O
Example 3.1.22. Let f € Q be a canonical product as in (x). Assume that

N(t) ~tPY  ast — +oo,
then Proposition W gives that limg_, 4o ]%(t) = +00 and therefore Theorem implies that
f is a Gaussian power series.
3.1.3 Operations with Gaussian power series

Below these lines we study the Gaussianity of power series obtained by performing certain opera-
tions with one, two, or more, Gaussian power series. Among these operations we find the product
of Gaussian power series or the compositions of a polynomial with a Gaussian power series.

A. Subordination of Gaussian power series

Let f € K be a power series with radius of convergence R > 0.

Proposition 3.1.23. Fiz an integer N 1, then f is Gaussian if and only if h(z) = f(zV) € K,
and h is Gaussian.

Proof. Assume that f € K is Gaussian, and denote g(z) = f(zV), for any |z| < RY/N. If X, is the
Khinchin family associated to f and Y; is the Khinchin family associated to g we have

Y}iNXtN, for any t € [O,Rl/N),
then
my(t) = Nimg®), and () = N? 3V,

for any ¢ € [0, R"/N). Observe that

o Yy my(t) a NX;vo Nmy(th)
GO T T T T N )

4 X,~, foranyte (0, RYN),
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therefore

lim E(ew%) = lim E(ewj(tN) =e /2
tTRl/N tTRl/N

then g(z) = f(2V) is a Gaussian power series. The other implication follows by using again the
equality in distribution (3.1.10]). O
B. Products of Gaussian power series

Here we study the product of two, or more, Gaussian power series. Under certain conditions, the
product of Gaussian power series is also a Gaussian power series. We distinguish several cases:
products of power series with the same radius of convergence and products of power series with
different radius of convergence.

B.1. Power series with the same radius of convergence Assume that f,g € K are Gaussian
power series with radius of convergence R > 0. Denote h = fg, the product power series.

Let (X¢), (Y:) and (Z;) the Khinchin families of f, g and h respectively, then
7 4 X: Y, foranyt €][0,R),

that is, Z; is equal, in distribution, to the sum of two independent random variables. In fact we
have

ma(t) =mys(t) +mg(t), and  {(t)= F(t)+ J(),
for any ¢ € [0, R).

Assume that

lim ———= 2, with €]0,1].
1R J%(t)+ 2(t)

Therefore the limit

lim -2 = 2,
R 2(t) + 2(t)
also exists; notice that 2+ p? =1

We have

Y:;, for any t € (0, R),

then

A ) (t) & . t) <
(3111) E(e’ﬁeﬁt) —E (;m@%Xt> E <619%Yt>}
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and therefore

limE(ewﬁ?ﬁ) o 2072, 12072 _ , 0%/2)
1R

Here we use that, for any a > 0 and any ¢ > a, the characteristic function of the family (Xt) is a
continuous function, as function of two variables, see Section and in particular Lemma [1.3.4.

We collect this result by the following Proposition.

Proposition 3.1.24. Let f,g € K power series with the same radius of convergence R > 0 and
denote h = fg the product power series. Assume that f and g are Gaussian and also that

lim——————= % with €]0,1],
R J%(t)+ 2(t)

then h is a Gaussian power series.
We also have the following result:

Proposition 3.1.25. Let f,g € K power series with the same radius of convergence R > 0 and
denote h = fg the product power series. Assume that f is Gaussian and also that

lm——
R 2(t) + 2(t)

then h is a Gaussian power series.

Proof. With the same notations: for any 6y R we have

B (<50} 1 <2 = 02

here we use the inequality |e? 1| < |¢], for any O R, therefore, using that limug 4(t)/ n(t) =0,
we have that

+)
limE <3§ h“)yt) L 1, for any fyz R.

R

The result follows combining the Gaussianity of f with equation (3.1.11]). O

B.2. Power series with different radius of convergence Assume that f,g € K are power
series with finite radius of convergence R > 0 and S > 0, respectively, with S > R.

Denote by h = fg the product of f and g. This power series has radius of convergence R > 0,
recall that f,g € K. Assume that f is Gaussian and also that lim; g ]%(t) = +00, then

lim ————— =1,
R ]%(t)+ 2(t)
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and

lim 9%~ =0,
IR J%(t)—i— 2(t)

then, applying Lemma |1.3.4] we conclude that
9 ()
lim E (ew hth> }: 1, for any Ay R.
R
We finally have, using independence, that
e R AR (1)
lim E(e”#) = lim E (éz@ h(“Xt) lim E (ew h(t)Yt> }: e 2 for any e R.
t TR TR TR
Here we use, again, Lemma |(l1.3.4
We collect the previous discussion by means of the following proposition.

Proposition 3.1.26. Let f,g be power series with radius of convergence R > 0 and S > 0,
respectively, with B > S. Assume that f is Gaussian and also that limupg J%(t) = 400, then
h = fg is Gaussian.

C. Powers of Gaussian power series

Let f € K be a power series with radius of convergence R > 0. Fix an integer N 1 and denote
by h(z) = f(2)V. Assume that f is Gaussian, then we have that fV is also Gaussian.

Denote (X;) the Khinchin family associated to f and (Z;) the Khinchin family associated to h,
recall that

2,2 xW 4 x™, forany t € [0,R).
Here Xt(l), . ,Xt(N) are i.i.d copies of X;.
The previous equality in distribution gives that
mp(t) = Nmy(t), and  7(t) =N (t)?, foranyt€ [0,R),
moreover
E(eimt) = E(ewi(f/‘/ﬁ)]v, for any 6= R and t € (0, R),
therefore

: 0B\ _ 1; 0%/ VN _ 022N\ _ 022
ltlTIJI% E(e™*) %HI%E (& ) (e ) e , for any Oy R.

We collect this results by means of the following proposition.

Proposition 3.1.27. Let f € K be a power series with radius of convergence R > 0. Fix an
integer N 1 and denote by h(z) = f(2)" the N-th power of f. Assume that f is Gaussian, then
h(z) = f(2) is Gaussian.
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D. Shifts of Gaussian power series

Let f € K a power series with radius of convergence R > 0. Let C' > 0 be a constant, then, for
any integer M 0, the power series h(z) = C2zM f(z) € K.

Denote (X;) the Khinchin family associated to f and (Y;) the Khinchin family associated to h,
recall that

V,EM+ X, for any t € [0, R).
The previous equality in distribution gives that
mp(t) = M +my(t), and  F(t) = ?c(t), for any ¢ € [0, R),
and also that
Y, i)“(t, for any t € (0, R).
We collect the previous discussion in the following Proposition.

Proposition 3.1.28. Assume that f € K is Gaussian, then, for any C > 0 and any integer M 0,
the power series h(z) = CzM f(2) is Gaussian.

E. Composition of a Gaussian power series with a polynomial

Here we prove that under certain conditions the composition P f of a polynomial in P € K with
a Gaussian power series f € K is Gaussian. First, we prove some auxiliary lemmas.

Lemma 3.1.29. Let P € K be a polynomial of degree deg(P) = N 1 and f € K a power series
with radius of convergence R > 0. Denote h = P f and assume that limy g f(t) = 400 and also
that

o
O 2w =
then
O mp(t)  Nmg(t)
o %L(t)_N’ and g () 0
Proof. Using equation we have that
(3.1.12) 2ty = B(FE)mAE) +mp(f(t) 3(t), for any t € [0, R),
then
2 m2
AR S A L SO0
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Recall that for a polynomial P € K with deg(P) =N 1 we have

lim mp(t) = N,

t——+o00
see equation (|1.2.4]) and the discussion in there. Since limy g f(t) = +00, we have that limy g mp(f(t)) =
N. We also have that there exists a constant C' > 0 and certain integer j 1 such that

() 3O~Cy,  asttoo,

see equation (3.1.2) for further details. The previous asymptotic formula gives that % (f(¢))f(t)
is bounded (and goes to 0 if j > 1).

Combining all these facts with (x) we conclude that

R 2 Ome (@)

and therefore

For the second claim observe that
mp(t)  Nmg(t) mys(t) p(f(t) (mp(f(t)) N)
£(t) () p(f(t)
here we use that my(t) = mp(f(t))ms(t). Applying Lemma we conclude that
o (D) N)
iR p(f(1))

We also have, combining the asymptotic expression () with the hypothesis limy g f(t) = +o00, that
there exists a constant C' > 0 such that

my(t) p(f(t)) m(t)
N VYO e

and therefore using (x) we conclude that

=0.

ast T R,

lim mp(t)  Nmg(t) _
tTR ()

O

Lemma 3.1.30. Assume that f € K is a transcendental entire function of finite order pi» 0 such
that limy_, 4 oo J%(t) = 400, then

lim %‘(t) =N and lim ma(t) Nmf(t)

=0.
R 7(t) R 7(t)
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Proof. Using that f has finite order piy» 0, we have that for any ei> 0, there are constants C' > 0
and 71" > 0 such that

/
(3.1.13) f(f)) <Ot forany t T

See equation (2.5.2) and also Theorem for further details.

Combining (3.1.2), that is using that there exist a constant C' > 0 and 7" > 0 such that
Z(f(t)) < C/f(t), for any t T, with the inequality (3.1.13) we find that (adjusting T > 0 if
necessary) there are constants C' > 0 and M > 0 such that
thI(t)Q tM

1) Scf(t)’ forany t T,

Pf@)ms(t)? <C
and therefore

(1) lm  B(f(t)ms(t)? = 0.

t—+00

Using equation (3.1.12]) we find that

2 2 2
20 B
) )
then using (f) and the hypothesis lim;_; oo J%(t) = 400 we conclude that
20
t—+o00 ]%(t)

O

The following lemma expresses the characteristic function of the normalized Khinchin family
associated to the composition h = P f, in terms of the characteristic function of the Khinchin
family associated to f.

Lemma 3.1.31. Let P(z) = Zé\[:o a;z" € K be a polynomial of degree deg(P) =N 1and f € K
a power series with radius of convergence R > 0. Denote (X3), (Yz) and (Z;) the Khinchin families
of f,P and h =P f, respectively, then

N
E(e"%) = ZP(Yf(t) = j)E(e?X )
3=0
for any t € (0, R) and Oy R, and
. ~ N . . .
(3.1.14) E("%) = 3P (Y = §)B(0X 1)e #ma0)] )
§=0

for any t € (0, R) and Oy R.
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Proof. For any t € [0, R) and e R we have

ey = PUGED) _ Sl ey Shas @) Jieety

P(f(t) = P(f(1)

therefore
() E(7) =3 PV = H)EE").
j=0
This result is a particular case of Lemma [1.3.15 ]

We finally state and prove the main result of this subsection.

Theorem 3.1.32. Let P(z) = Z}’zo ajz’ € K be a polynomial of degree deg(P) = N 1 and
[ € K a Gaussian power series with radius of convergence R > 0. Assume that limyp f(t) = 400
and also that

m#(t)
* im Y
O OO

then h =P f is a Gaussian power series.

See also [48, p. 84], there Hayman proves that for f € K a Hayman function the composition of
a polynomial p(z) = by + b1z + ... b, 2™, with real coefficients and b, > 0, with f, i.e. the function
h =P f,is again a Hayman function, see also Section for the definition of the Hayman class.

Proof. Denote (X3), (Y;) and (Z;) the Khinchin families of f, P and h = P f, respectively. Lemma
3.1.31} in particular equation (3.1.14)), gives that for any ¢t € (0, R) and any Ayt R we have

N
o , NN

B(e4) = YP Yy = B 0y 0,

§=0
For any j 1 we have
E(e0%/ nt)ie i9¢m:(<:>) <1,
then
. 1 .y, (t)
P Yy =j B (e 00) e D <PV = ).

Given that limypg f(t) = 400, we have limypP(Y; = j) = 0, forany 0 < j < N 1, see
equation (3.1.1) and the discussion in there, and therefore

. L g}h(t)
1%1P Vi =j E(?%/ nltyie B =0,  for any integer 0 < j < N.
t
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Since X; = 1,(t)X; 4+ mp(t), the previous reasoning gives that

12 i 0 ()
%IEE(GZQ%) :grgE(ezeXt/ h(t))Ne z@%
ox, LONY %M)
=lmE (i’”tw) . G ‘
1R

combining hypothesis (x) with Lemma [3.1.29| we conclude that
t) N t
iy (8) Ny (t)

'R n(t)

We finally have, combining Lemma with the previous discussion, and the Gaussianity of
f, that

=0.

. e NN N
lim E(e®#) = lim E (J”tﬁw) - (e 92/<2N>> =e /2,
'R R

and therefore h = P f is a Gaussian power series. Ul

F. Some applications

We apply some of the previous results to some particular cases. We give an alternative proof of
the fact that the exponential of any polynomial in I is a Gaussian power series.

F.1. Product of a polynomial and a Gaussian power series Let f € K be a Gaussian power
series with radius of convergence R > 0 such that lims g ?(t) = 400 and P € K a polynomial,
then the product h = Pf is a Gaussian power series.

In this case we have

11m P(t)
1R (t)

=0,

recall that for a polynomial P € I we have lim;_, 4o 123(t) = 0, therefore applying Propositions
[3.1.25] and [3.1.24] we conclude that h = Pf is a Gaussian power series.

F.2. Exponential of a polynomial Let P be a polynomial in I, then f = e’ is a Gaussian
power series.

azP

Indeed: let a,b > 0 and p > ¢ > 1 two integers. Consider the entire functions f(z) = e**" and

g(2) = €**, then we have ]Ze(t) = ap*t? and 3(75) = bgt? and this implies that

lim —— 1 =1,
t——+o00
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recall that p > ¢q. We know that f and g are Gaussian power series, this follows combining
the Gaussinity of the exponential function with Proposition |3.1.23] therefore fg is Gaussian, see

Proposition |3.1.25
In general for a polynomial P(z) = Zﬁf:o anz" in KC, we have, applying this result, that e”’(?) =
a N an 2™ . .
e® I[,_; e*" is Gaussian.
We proved before, see Proposition [3.1.14] that the exponential of any polynomial P such that
el € K is Gaussian. In Proposition [3.1.14] we only require e’ € IC rather than P € K, as we do in

this case.

F.3. Composition of an entire function of finite order with a polynomial Let f € K be
an entire function of finite order py 0 such that lim;_, ]%(t) = 400, then we have

m2(t
lim _my® =0,

SO0

see Remark [3.1.30] for further details. Assume that f is Gaussian, then, applying Theorem [3.1.32
we conclude that P f is a Gaussian power series.

SN

3.2 Strongly Gaussian power series

Our interest in the Gaussian power series lies, fundamentally, in Hayman’s identity (|1.3.31). We
want an asymptotic formula for the Taylor coefficients a,, of a power series f € K with Khinchin
family (Xi)iepo,r) and My = +oo. The identity (1.3.31) asks for analyzing the behavior of the
integral

Top(tn) o
W 7 e
wop(tn)

as n — 400. Recall that here (¢,), 1 C (0, R) is a sequence such that my(t,) = n, for any n 1
(and therefore ¢, — R, as n — +00).

For a Gaussian power series we have pointwise convergence of the integrand in () towards
e 9°/2. Of course, this is not enough to conclude the convergence of the integral (x); we need some
kind of additional bound to conclude the convergence of the integral.

We say that the power series f € K with radius of convergence R > 0 and its Khinchin family
(X}) are strongly Gaussian, or locally Gaussian, if the following two conditions hold:

mop(t) .
(3.2.1) lim J%(t) =+o0o and lim E(et) ¢ P12 qog=0.
tTR tTR Top(t)

The strongly Gaussianity will allow us to pass to the limit in the integral term (x) and therefore
obtain asymptotic formulas for the coefficients a,, see Hayman’s identity ([1.3.31]).
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We will see later than the second condition in (3.2.1) does not follow from the Gaussianity
of the power series f. See example below. On the other hand we will also see, later, that
strongly Gaussian power series are Gaussian.

The notion of strongly Gaussian power series, at least in this context, was introduced by Baez-
Duarte, see [6].

Before continuing we test if some of the basic families are strongly Gaussian. Namely: f(z) = e?,

f(z)=1/(1+2) and f(z) =1+ z.

A. The Poisson family is strongly Gaussian

We already know that the Poisson family is Gaussian, in fact the exponential of any polynomial
in K is Gaussian, see Section The bound given by the next lemma will allow us to apply the
dominated convergence theorem, and then obtain that the Poisson family is strongly Gaussian.

We collect some bounds by means of the following lemma: we will use these bounds repeatedly
below these lines

Lemma 3.2.1. We have
1) tcos(f) t<— %t@Q, foranyt 0 and|0] <.
2) eteosl0) et < #etea foranyt 1 and |0] <.
Proof. The inequality sin(0/2) 6/, for any 0 < 6y< mycombined with identity 1  cos(f) =
2sin?(6/2) gives that
2
(%) cos(d) 1<-— —202, for any 6] < m
v

The bound (%) gives 1).

For the other inequality, using (%), and also that ¢ lande ¥ 1< ¥ forany 0 <y <2,
we find that

1
el <el exp 2/7r21§92 1 <eé' exp 2/7r202 1 <— 52 2€t02.
T

et cos(0)

Lemma 3.2.2. For f(z) = e, we have
\E(ewﬁt)\ <e 292/”2, for any Gye R such that |0 < mipg(t).

Proof. The characteristic function of X, is given by

IB( eieaxt)’ — ptlcos(8/Vt) 1)

)

see equation ([1.3.11)). Recall that ;(t) = V/t. The bound follows from Lemma O

By virtue of Lebesgue dominated convergence theorem, here we use the Gaussianity of f, see
Section and also the bound given by the previous lemma, we conclude that f(z) = e is a
strongly Gaussian power series.
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B. The Pascal and the Bernoulli family are not strongly Gaussian

The families given by f(z) = 1 + z, the Bernoulli family, and f(z) =1/(1 z), the Pascal family,
are not strongly Gaussian.

We know that these families are not Gaussian, see Chapter [3| and we will see, later on, that
strongly Gaussian power series are Gaussian.

For the Bernoulli family, and in general for any polynomial in the class K, we have that
limy 4 0o ]%(t) = 0, and therefore

wop(t) .
/} E(e?Xt) e P12 doyc dmo(t),
wop(t)
tends to 0, as t — 400, and
moyp(t)
/} e 92/20{9@5_( droy(t),
Top(t)

also tends to 0, as t — +oo. In particular any polynomial in K is not strongly Gaussian, recall
that polynomials in K are characterized by the property lim;_,+ ((t) = 0.

For the Pascal family, that is, the Khinchin family associated to f(z) = 1/(1  z), we have
myg(t) =t/(1 t)and ]20(75) =t/(1 t)?, both functions escaping to +oo, as t 1 1.

If we take t,, = n/(n + 1), then we have m¢(t,) = n, then

Top(tn . ToP(tn
/} 'S‘b( ) . #}( ) 1 tn e ieme(tn)/ f(tn)d9

E 7,01Xt d9 - n
7ro-?)b(tn) (e ) Uﬁ: ﬂU}é(tn) 1 tneze/ f(t”)

™1 t,
( >/} wl tn eloﬂf w‘mf(t”)da
= \/ﬂ/} Wﬁ ian o= ViR 27t

Here we use the identity (1.3.31). Recall that ¢, = n/(n+1), then t? = (1 1)" and

wop(tn)
lim E(e Za%)dﬁyﬁﬁ: —

n——+oo ﬂJ#)(tn)

Hayman’s identity (1.3.31) gives in this case, that is for f(z) =1/(1 2), that

wop(tn) .
l=a,= ’];(tn)/} E(¢®tm)dp, for any n 1.
2mty f(tn) wop(tn)
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3.2.1 Hayman’s local central limit Theorem

Hayman’s local central limit theorem is a central result in this Theory. The proof in here is similar,
at least in spirit, to the proof of the local central limit theorem for lattice random variables.

Theorem 3.2.3. Let f € K be a strongly Gaussian power series with radius of convergence R > 0,
then

,ﬁaw o (m®) /@ 30) _ g

lim sup
R nez f(

We take the supremum over Z, here a,, = 0, for any integer n < 0. In other terms, if for each
t € [0, R), we denote

_ my(t)
Vt_{ RO <

then Theorem [3.2.3] claims that

1
lim sup P(X; = z) £(t) e U2 =y,

tTR TEV; \Y 2T
Proof of Theorem[3.2.53. For each t € [0, R) we denote

S, 2 sup W oray(t) e (O W@ F0)
nez f(

For any n € Z and t € (0, R), Hayman’s identity (|1.3.31) gives that

n wop(t) .
anl 27ra§#)(t /} v E(eiGXt)ei(?(n mg(t))/ 1) g9
f@) mo(t)

and

Top(t) . ) )
/} B (0Kt my(0)/ (0 g /} B(e) e #2) Mo )/ 10apy

wo(t) wop(t)

+/}”"7f’() e 02/2,8(n my(t)/ 10 qgy
mop(t)

Because f is strongly Gaussian, the first integral at the right-hand side of the previous expression
is o(1) uniformly in n. For the second integral we have

Towp(t
/} Y g ot mpte) 10 dupm /}e 026000 my(®)/ 50 g o(1)
wo(t) R

— VZme (Mm@ 3O) 4oy,

Again the o(1) is uniform in n. O
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As a direct corollary of Theorem we obtain that strongly Gaussian power series have

M f = +o0.

Corollary 3.2.4. Let f € K be a strongly Gaussian power series, then My = 400.

Proof. Restricting the supremum to integers n <— 1 in Theorem we have

lim sup e (M0 MW/ 3O) _ g

TR p<—1

For each t € [0, R) the supremum is reached by taking n = 1, recall that m(t) 0, then we have

. (ms®) + 1)\ }
iR e f<t>) -
therefore
_(mg(t)+1)2
o

Strongly Gaussian power series verify that limu fe(t) = +o00, then (t) gives that My = limy g my(t) =
+00. 0

As a corollary of the previous result we have the following Theorem. Hayman enunciate the
following Theorem for power series in the Hayman class, see Section and not for strongly
Gaussian power series as we do here, see [48].

Corollary 3.2.5 (Hayman’s asymptotic formulas). Let f € K be a strongly Gaussian power series,
then

L ()
" Ve gl

here the sequence (tn)n o C (0, R) is given by my(t,) =n.

(3.2.2) as n — +o0,

Observe that strongly Gaussian power series have the property that the coefficients a, are
positive after some value of n.

Proof. Let f € K a strongly Gaussian power series, then Corollary gives that My = +o00. Let
(tn)n 0 C (0, R) be a sequence such that m¢(t,) = n.

Denote

A ant” m n)2/(2 Z(t))
St =sup ——V2mo¥(t) e (m() m)*/(2 §
! neZ f(t) 91)( )

Theorem gives that S; — 0, as t T R. By definition we have

;Elt ”> V2roy(t,) 1 <8, foreachn 1,
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then

n
lim 2ntn
n—-+o0o f(tn)

V2roy(t,) 1 =0.

Alternatively, appealing to Hayman’s identity (1.3.31)) we have
tn wop(tn) .
ap, = _Sltn) /} E(e"Xtm)df, for eachn 1,
27'('0'#)@”)752 ﬂa#}(tn)
and using that f is strongly Gaussian we find that

wop(tn) ik 52

lim E(e"%tn ) dfy= /} e U2d0y= V2mp

n—00 wop(tn) R

O

In the conditions of the previous corollary, and with the same argument, we obtain that if w,
is a good approximation of ¢,,, meaning that

mye(wn) n

lim =0,
n—-+oo f(wn)
then we obtain that
1
an, f(wn) as n — oo.

- \/72771'1/1 f(wn)wﬁ 7

We will come back to this variant later on.

Let’s see some applications of Corollary The following example give title to Hayman’s
paper: A generalization of Stirling’s formula, see [48)].

Example 3.2.6 (Stirling’s formula). For f(z) = e* = 7 2"/n! we have R = +o00, m¢(t) =t
and  ¢(t) = v/t. We have My = +oc and therefore t,, = n.

We already know that f(z) = e* is strongly Gaussian. Applying Hayman’s asymptotic formula
we find that

1 1 e’

H ~ \/27r¢</ﬁn"’

as n — oo,

which is Stirling’s formula.

Example 3.2.7 (Power series in K which are Gaussian but not strongly Gaussian). Consider the
entire function f(z) = e* , which is a power series in K, that is, R = +0o. The mean and the
variance are given by my(t) = t? and J%(t) = 4t2. Proposition [3.1.23| gives that f is Gaussian.

If we assume that f is strongly Gaussian, then Hayman’s formula will hold, but this is not
possible: the coefficients of even index are all identically zero.
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Let f € K be a strongly Gaussian power series with radius of convergence R > 0. In order to
apply Hayman’s formula we need to solve the equation m(t) = n (recall that my is an increasing
diffeomorphism) and then evaluate in that value ¢, both f(t,) and f(ty).

If the function f € K is intricate, the expression for m(t) will also be intricate and solving
my(t) = n will be difficult. Also, any estimation of ¢, would also require to estimate the values of
f(tn) and  f(ty), respectively.

The following theorem will be very relevant in future applications; it allows to circumvent the
problem of finding the sequence (t,), 1 such that my(t,) = n, which is some cases is almost
impossible, see for instance equation [1.2.6]

Theorem 3.2.8 (Baéz-Duarte asympotic formula). Let f(z) = Y o7 an2" € K a strongly Gaus-
sian power series. Assume that m¢(t) and ~(t) are functions, defined on (0, R), such that

m my(t) grows to +o0o continuously and monotonically, as t T R,
[ ~f(t) ~ f(t), ast T R,

n¢(t t
o fim )
LR £ ()
then
f(7a)

3.2.3 Ap ~ ——————, as n — 0o,
( ) T 21" p ()7
where T, is given by m¢(7,) = n, for each n 0.

Under the hypothesis of the previous lemma we have m¢(t) ~ my(t), ast 1 R. Indeed: Corollary
3.2.10, below, gives that limygrmy(t)/ ¢(t) = 400, then for any M > 0, there exists 7" > 0 such

that
mp(t)  my(t) _ Jr () s (t) (1) ; or an
£(t) (mf(t) 1) O <mf(t) 1> et T

and therefore my(t) ~ mys(t), as t T R.

Proof of Theorem [3.2.8. Using that m is monotonic we conclude that 7, — 0o, as n — co. By
definition of the sequence (7,,), o we have that ms(7,) = n and therefore

lim ")
n—oo f(TTL)
From Theorem [3.2.3] we deduce that
an, 1 () as n — 00,

~ V2roy(r,) T
and finally, given that ;(t) ~ “¢(t), as t T R, then we conclude

f(7n)
m~f(7'n)7'r?’

an as n — 00,
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3.2.2 Strongly Gaussian power series are Gaussian

We prove here that strongly Gaussian power series are Gaussian.

Theorem 3.2.9. Let f € K be a strongly Gaussian power series with radius of convergence R > 0,
then f is Gaussian.

Proof. Fix b€ R and a < b.

Denote
Sy = 2 sup \/ Toy(t) e (m() n)*/(2 (1)) , foranyte[0,R).
nez f(
Theorem gives that limy g S; = 0.
Denote
Di={n 0:mp(t)+a f(t)<n<mse(t)+b f(t)},
and

Observe that #& < f(t)|b  a|+ 1, then

an 1 x2/2 1
n%;}f @ \/ﬂay)(t) ;& e < 7\/%03&(?5) (#&)S;, foranyt 0.

Theorem gives that limy g S; = 0 and we also have that f(¢) is bounded from below for
large values of ¢, in fact limyr f(t) = +0o0. The upper bound in the previous inequality tends to
0,ast?T R.

Moreover

Z}a"t (a < X; <b).

Finally using that lim g ?(t) = 400, we have

z2/2
iy 2 = e

therefore combining all the steps in previous analysis we find that

. v 1 ’ T
£1T%P(G<Xt<b):\ﬁl/£ e Py .

2
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For negative a < 0 we have, appealing to Chebyshev’s inequality, that

. . o 9 1
a
From here we get that
li P(X, <b) < 1 1/}17 /2y 4
im sup <h)<— /e T+ —
'R ! V2mla a?
and therefore making a |— oo, we find that
li P(X, <b) < L ey
im sup <bh) < — e x.
'R ! V2Tl — oo
By using an analogous argument we also find that
v b 2
limsup P(X; < b) /} e *2dz.
tTR —0o0
We have the same inequalities for the liminf. O

3.2.3 Strongly Gaussian power series are Clans

As a consequence of Theorem [3.2.3]| we also obtain that every strongly Gaussian function conforms
a clan.

Corollary 3.2.10. Let f € K be strongly Gaussian, then f conforms a clan.
Proof. Restricting the supremum in the proof of Theorem ton= 1, we get

Ym0+ )2\ )
o (1 20 ) o

Since limy g JQC(t) = 400, because f is strongly Gaussian, we get that ((t) = o(m¢(t)), as t T
R. O

This corollary shows that a large collection of functions ranging from f(z) = e* to the generating
functions of partitions [} (1 27) 1 |z| < 1 are clans (see [17] and [18] for this and other
interesting examples).

Corollary 3.2.11. Let f € K be a strongly Gaussian power series, with radius of convergence
R >0, then, for each n 0, we have

In fact we have

f(t)

"R (b

= +00.
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Proof. Polynomials are not strongly Gaussian, recall that polynomials are characterized, among
the functions in K, by the property lim;_ oo JQc(t) =0.

Fix n 0 such that a, # 0. Theorem gives that

. ant” (m(t) m)2/(2 2(t) _
?TIE o) V2rmoy(t) e =0.

Corollary [3.2.10| gives that

lim —=% =0
ttR m(t)
therefore
tim 2 \/arop(t) = 0
im ———V 270 =0,
1R f(t)
using that a, # 0 we conclude that
" 5t

ST

Because f is strongly Gaussian there are an infinite amount of indices n such that a, # 0, and
therefore

lim & f(t)
R f(t)

=0, foranyn O.

Now using that lim; g f(t) = 400, we conclude that

t’fL
lim —— =0, for any n 0.
oR f(2) '
O

There are power series in KC that conform a clan but which are not strongly Gaussian. For
instance, if g € K is strongly Gaussian then f(z) = g(2V), with N € N, conforms a clan but it is
not strongly Gaussian since a,, = 0 when n is not a multiple of N and hence ({3.2.2) does not hold.

3.2.4 Operations with strongly Gaussian power series

Here we prove that some operations with strongly Gaussian power series preserve the property of
being strongly Gaussian.
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A. Subordination

Let @ 1 an integer. Denote K¢ the subfamily of power series in g(z) = > ° ;a,2" € K such
that a, = 0 except for those index n 0 which are multiples of Q 1.

For such power series g € Ko we have that @ divides gecd{n 1 : a, # 0}, and reciprocally,
if @ divides ged{n 1 : a, # 0}, then g € Kg. For any g € K¢ there exists a power series
f(2) = 320%  bn2™ € K such that g(z) = f(29), with ged{n  1:b, #0} = 1.

Fix g € Kg, then there exists f € K such that g(z) = f (29). If g has radius of convergence
R > 0, then f has radius of convergence R% > 0.

Denote (Xt)ieo,r) the Khinchin family of g and (Y%),c[o,gey the Khinchin family of f. Recall
that in this case

(x) X, 2Q Yo, foranytel0,R),
and therefore my(t) = Q - ms(t9) and 4(t) = Q- ;(t9), for any t € [0, R).
We also have, using (%), that
E(e%t) = B(eV:@),  for any 6 R and ¢ € (0, R).
From the previous discussion: we say that a power series g € Kq is (Q-strongly Gaussian if

Toy(t)/Q .
lim ,4(t) =+oo, and lim |E(eY@) e 92/2]d9¢: 0.
R RS 7oy(t)/Q

We have that f is strongly Gaussian if and only if g is @-strongly Gaussian.

If g is Q-strongly Gaussian, or equivalently, if f is strongly Gaussian, the asymptotic formula
for the coefficients b, of f, turns into an asymptotic formula for the coefficients ag, of g. This
asymptotic formula, written in terms of g, is

1 9(sQn)
\/ﬂf%% g(5Qn)

bng ~ Q , asn— 0.

Here the sequence (), o is given by m(t,) = n and s,q = e,

B. Products of strongly Gaussian power series

We have seen before, see Section[3.1] that under some simple conditions the product of two Gaussian
power series in K is a Gaussian power series.

Now we study the same question, but this time for strongly Gaussian power series.
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B.1 Product of power series with the same radius of convergence Assume that f,g € K
are power series with radius of convergence R > (. The product h = fg has radius of convergence
R > 0, and is, of course, in K.

Denote (X:), (Yz) and (Z;) the respective Khinchin families of f, g and h = fg. Recall that

(%) ZtiXt Y;, foranyte][0,R),

here  denotes the sum of independent copies. In particular, the previous inequality gives that
2t)= 2(t)+ 2(t) and mp(t) = mg(t) + mgy(t), for each t € [0, R).

f g
Assume that f and ¢ are strongly Gaussian and also that
2(t 2(¢
1R f(t) + 2(t) t'R f(t) + 2(t)

These conditions are always verified if f = g.

We always have limy g ,21(75) = 400, this follows from the fact that f and g are strongly Gaussian
power series.

For each t € [0, R) we write (t) = ¢(t)/ n(t) and pu(t) = 4(t)/ n(t), then we have

liminf (¢) >0 d  liminfpu(t) > 0.
i in (t)>0, an i in p(t) >

Observe that 2(t) + pu%(t) = 1, for any t € [0, R).
Using (x) we find that
E(eieﬁ?t) = E(ewd’(t)x’f)E(eie“(tm), for any 6y R and ¢ € (0, R).
Now using the equality
E(ei0¢(t)Xt>E<ei9u(t)Y’t) e 0%/2 _ E(eiGw(t)Xt) <E(ei9u(t)3u’t) e u(t)292/2>}
(3.2.4) . o .
1 nH26%/2 (E(ewwam) PNORG /2) I,
we conclude that

E(eiGw(t))?t)E(ewu(t)f’t) e 12 < E(ei(?w(t))?t) e 0072 E(ei(’u(t)?%) e HA(10/2

for any 6y R and any t € (0, R).
Using the previous inequality we find that

/ B(e?) ¢ P72 o B(eMWOX o 2002 gy,
|0 < (1) 8] <moph(t)

+/} E(eib‘u(t)f’t) e MWMO%/2 gp
0] <moyp(t)

- /} E(?%) /2 dgy
() Jo1<rop(t)

1 /} OV 02)2
T B 2 agy
1) J o) <royit) )
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We collect the previous discussion by means of the following theorem.

Theorem 3.2.12. Let f,g € K be power series with radius of convergence R > 0. Assume that
f, g are strongly Gaussian and also that

then h = fg is strongly Gaussian.

B.2 Product of power series with different radius of convergence Now we study the case
where f € K has radius of convergence R > 0 and g € K has radius of convergence S > R. Assume

that f is strongly Gaussian.

Denote (X;), (Y:) and (Z;) the respective Khinchin families of f,g and h = fg. Given that f
is strongly Gaussian, and using that limyr () = 400 combined with the fact that the radius of
convergence of g is § > R we have

/()

li =1i =1
im () =lim =0

and therefore

: o g(t)
() = lim =55 = 0-

Now we write
E(ez’GvZ?z) e 02/2 _ ( 101/; E z@,u(t))u/}) e 92/2>}

— E(e z@u(t)Yt) (E( QA(Zt)Xt) . 92/2> Lo 072 (E(eeu(t)ﬁ) 1)}’
therefore

/ E(¢%) ¢ P doye e /2 BV 1 doy
ol <m0t ol <mou(®)

+/} e P2 o 02 gpy
0] <moy(t)

T /} E(cX) /2 dgy
() Jjo1<rop(t)

Lebesgue’s dominated convergence Theorem gives that the first and second term at the right-hand
side of the previous inequality tends to 0, as ¢t T R. Here we use the following inequality: because
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(t) — 1, as t T R, we have that there exists certain 0 < 7' < Rsuch that (t) > 1/2,forT <t < R,
then

le 2/2 ¢ (t)292/2| <e /21 /8 <90 62/8, for any Gy R.
Combining that f is strongly Gaussian with the hypothesis limyr (t) = 1 we also conclude
that the third term tends to 0, as t 1 R.

This argument is also valid for the case S = R, that is, we have the same result for power series
f,g € K with the same radius of convergence.

We collect the previous discussion by means of the following theorem.

Theorem 3.2.13. Let f,g € K be power series with radius of convergence S R > 0, respectively.
Assume that f, g are strongly Gaussian and also that

2t 2(t
kR 3(t) + 5(t) itk 3(t) + 5(t)

then h = fg is strongly Gaussian.

C. Powers of strongly Gaussian power series

Assume that f € K is a strongly Gaussian power series, with radius of convergence R > 0, and
denote h = £V, for integer N 1, then h = f¥ is a strongly Gaussian power series.

In this case we have
mp(t) =N -myg(t) and  ,(t)=N- f(t), foranyt €[0,R),

therefore

. . f(t) 1 . . FN 1(t) N 1
1 t) =1 = — d 1 t) =1 =
lim (0 =lm—5y = >0 and Hmu() =lim == N

> 0,

then, by using an induction argument, which simply applies the discussion above for power series
with the same radius of convergence, we conclude that h = fV is strongly Gaussian.

If we denote (Z;) and (X;) the Khinchin families of fV and f respectively, then we have
< xH x® . x™ foranyteo,R),

here Xt(l), . ,Xt(N) are 1.i.d copies of X;. This equality also gives that ,n (t) = VN - #(t) and
men (t) = N -my(t). We also have that

o 1 o Y
7, 4 \/7N (}(t(l) Xt(N)>} for any t € (0, R),

therefore

. % > % N
E(e%) = E <&19Xt/\/ﬁ> ,  for any ye R and t € (0, R).
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The previous discussion gives that

(3.2.5) lim E(e®) ¢ /2 o= lim E(e?X/ VNN o 02/2 o ),
LR Jig|<mopy (1) TR J)g|<moyp(t)VN

This observation will be useful later when proving that the composition of a strongly Gaussian
power series with a polynomial is a strongly Gaussian power series.

D. Shifts of strongly Gaussian power series

Let f € K be a strongly Gaussian power series with radius of convergence R > 0. Denote C > 0 a
constant and M 0 a non-negative integer. We define h(z) = CzM f(z) which is a power series
in KCs.

Denote (X;) and (Y;) the Khinchin families of h and f respectively, then we have

X, L M+Y, foranytel0,R)

this implies that my(t) = M + mg(t) and 3 (t) = J%(t), for any ¢ € [0, R), and also that

E(eig’Xt) — E(ewi’ft), for any e R and ¢ € (0, R),

therefore h is a strongly Gaussian power series.

E. Composition of a strongly Gaussian power series with a polynomial

Here we prove that the composition h = P f of a polynomial of degree N 1 which is in K with
a strongly Gaussian power series f € K is a strongly Gaussian power series.

See also [48, p. 84], there Hayman proves that the composition of a polynomial of degree m,
with real coefficients and positive m-th coefficient, with a Hayman function is again a Hayman
function, see also Section for the definition of the Hayman class.

Theorem 3.2.14. Let f € K be a power series with radius of convergence R > 0 and P € K a
polynomial of degree N 1. Assume that f is strongly Gaussian and also that

m3 (1)
* im / =
i A OTIO R,

then h =P f is strongly Gaussian.

Theorem |3.2.14] is stronger than Theorem [3.1.32] Recall that strongly Gaussian power series
are Gaussian.

Proof. For f € K be a strongly Gaussian power series with radius of convergence R > 0 we always
have limy f(t) = +o00, see Corollary (3.2.11

Denote (Z;), (X;) and (Y;) the Khinchin families of h, f and P respectively. Recall that condi-
tion () implies that limyp 2(t)/ J%(t) = N, see Lemma |3.1.29



148 CHAPTER 3. GAUSSIAN AND STRONGLY GAUSSIAN POWER SERIES

The mean and variance of h are given by
mit) = mp(f())my(t) for any ¢ € [0, R),
and
n(t) = B(f(&)m3(t) +mp(f(t) (), foranyte[0,R),

see equations (1.3.27) and (1.3.28) for further details. Combining the expression for 2(t) with
the fact that f is strongly Gaussian and also with the inequality 2(t) mp(f(t)) ]20(15), for any
t € (0, R), we find that

lim 2(t) = .
tlTrg n(t) = +o0

This is the variance condition for strongly Gaussian power series.

Proposition |3.1.31] gives that
o N . . '9"”}1(75)
B(e%) = 3P Yy =J B 1O)ye N0,
j=0

for any Ay R and any t € (0, R), therefore
(326) E(ei92t> E(eiQXt/ h(t)>N€ Omp(t)/ n(t) < (1 P(Yf(t) :N)) E(eieXt/ h(t))

inequality (3.2.6) gives that

.Omy, (1)

L 0t N
/} E(c%t) E<610%> e "h® do (1 P(Yyy) =N)) E(
10| <mom(t) 101 <mou(t)

0%, L0
e h

) doy

_ _ h(t) eieafft
=1 P =N)) ) /|}9|<7r03b(t) E(e™") doip

Now using that limyg f(t) = +00 we have limy g P(Yy() = N) = 1, hypothesis (x) combined

with Lemma [3.1.29| gives that limyg 4(t)/ f(t) = 1/V/N. Using that f is strongly Gaussian we
obtain that

/} E(eXt) doy= O(1), asttR.
|0]<moy(t)
The previous analysis gives that

lim E(eiOZt) E(eiext/ h(t))Ne i0mp(t)/ (1) doy=0.
8 1| <mom(t)
Observe that for any ¢ € (0, R) and any 6y R we have

L, (mp (1) Nmp(t))

) N () e f(#)
E<619Xt/ h(t)> e o () :E(ewmt h(t))e i ()
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then

e gONDN () Nmp@)
/} E (eth h(f>) e ¥ n(® e 12 doy
6| <moy(t)

2
y . (mp(t) Nmg(t) QN
h(t)/} E(¢ X)Ne e e 30 /2 d
@) J) j<ropn)

where we change variables in the second integral: 6/ ,(t) = / f(t). Recall that combining (x)
and Lemma|3.1.29|we have limy1r 1(t)/ ;(t) = 1/V/N. Now we study the integral in the previous
equality.

‘We have
2
. (mp (1) Nmg(t)) 2 2
]_/} B(e XV “—m e
| [<mo(t)
2
R 2 . (mp (1) Nmg(t))
:ﬁ E(el Xt)N e %(1) /267, h‘f#f d
| |<moy(t)
: GO 2y oma() Nmp)
e

S/ E(e X)N ¢ N2 g +/} e N2 oo 3O @ d
| [<moy(t) | [<moy(t)

observe that

/ E(et X)N ¢ N2 g <N E(e Xy ¢ /24
| |<mop() To(t)

here we use the inequality |z w™| < N|z w|, for |z| < 1, |w| < 1, therefore, using that f is

strongly Gaussian we have

lim E(e’ X)N ¢ N2 g =y,
URJ| |<moyp(t)

this also follows from the fact that for f € K a strongly Gaussian power series we have that f%V is
strongly Gaussian, for any integer N 1.

Now observe that

2
B 2,5 . (mpy(t) Nms(t) }
) 2 b 2/2 ; malh Ampth)
hTrn e N2 oo 7B Tg F® }: 0,
tTR

here we combine (%) with Lemma [3.1.29| to obtain that

2(t t)  Nmg(t
lim g( ) =N, and lim ma(t) mf( ) =
1R %(t) 'R £(t)
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Finally dominated convergence gives that

2
A 2/2 (mp(t) Nmg(t))

lim e N2 GO e £® d =0,
TR J| |<roy(t)
and therefore h = P f is strongly Gaussian. O

D. Some applications

Here we apply some of the previous results to some particular cases.

D.1. Product of a polynomial and a strongly Gaussian power series Observe that the
product of a polynomial P € K and a strongly Gaussian power series f € K gives a strongly
Gaussian power series h = Pf.

If f is an entire function, then we apply the discussion above for power series with the same
radius of convergence. In this case we have

o P
t—+o00 h(t)

()

im =1.
R p(t)

=0, and

Recall that polynomials are characterized, among entire functions in &, by lim;_, ?D(t) =0,
that is, f € K, an entire function, is a polynomial if and only if lims_, o J%(t) =0.

If f € K has finite radius of convergence R > 0, then we apply the discussion above for power
series with different radius of convergence, to obtain that h = Pf is a strongly Gaussian power
series.

D.2. Composition of a polynomial with an exponential We already know that the Poisson
family, that is the Khinchin family associated to f(z) = e* € K, is strongly Gaussian. Recall that
my(t) =t and ?(t) =t. Fix P € K a polynomial of degree N 1. In this case we have that

m2(t
im # = lim it =0.
totoo 4(t)f(t) totooe

Applying Theorem [3.2.14] we conclude that h(z) = P(e?) is strongly Gaussian.

D.3. Composition of a polynomial with an entire function of finite order pyp 0 Let
f € K be an entire function of finite order pi» 0 which is strongly Gaussian. We already know
that in this case

Comi)
&H&;W—O’

see Lemma [3.1.30| for further details. Applying Theorem [3.2.14] we conclude that h = P f is
strongly Gaussian.
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3.3 Hayman Class

We have seen that the functions f € K which are strongly Gaussian have excellent asymptotic
properties, as t T R; local central limit theorem and asymptotic formula for the coefficients. We
have seen certain number of examples of strongly Gaussian power series.

Hayman’s power series, that we introduce now, are power series satisfying certain, concrete,
and verifiable properties and, as we will see later on, are strongly Gaussian power series. This
result, that we prove in this Section, will allow us to verify that, for instance, the Bell family is
strongly Gaussian, and obtain Moser-Wiman’s asymptotic formula for the Bell numbers. Later on,
we will also use Hayman’s power series to obtain Hardy-Ramanujan asymptotic formula.

We say that a power series f € K is in the Hayman class if

(3.3.1) (variance condition) gl}%l #(t) = +oo.

and if for certain function h : [0, R) — (0, 7], which we refer as the cut (between a major arc and
a minor arc), there hold

(3.3.2) (major arc)  lim  sup E(ewi{t)eez/2 1 =0.
TR joi<h(t) 1 (1)

(3.3.3) (minor arc)  lim () sup ]E(ewm)] =0.
R 7 (W) <0 <mop(t)

The cut h of a function f in the Hayman class is not uniquely determined.

The functions in the Hayman class are called admissible by Hayman [48]; they are also called
Hayman-admissible, or just H-admissible.

Remark 3.3.1 (Conditions to belong in the Hayman class).

e Condition 1) gives that the characteristic function of X; is approximated uniformly by
e /2 on the major arc || < h(t) £(t).

e Condition 1} gives that the characteristic function of X; is o(1/ #(t)), uniformly on the
minor arc  ¢(t)h(t) < |0] < moy(t).
X

The major arc is comparatively, and in general, smaller than the minor arc. The appellative
major is used to highlight that its contribution is, relatively, more important.

As first illustration we prove that the exponential function f(z) = e* is in the Hayman class.
This is the seminal, and primigenious, example of a function in the Hayman class.
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z

Example 3.3.2. For the exponential f(z) = e
to choose a cut function h with values in (0, 7].

The major arc condition, see (3.3.2), requires that

, we have my(t) =t and ]%(t) = t. Let’s see how

lim sup et 1 0+6%/2) 1 _

170 j01<h(t)
We have the inequality
0]
6
now using that e* 1| < el?l|z], for any 2 € C, we find that

e 1 0w 0%/2] < for any e R,

qup L 0Dy @ Ly
10]<h(t) 0

and therefore we impose the condition lim; o th(t)® = 0 on h.
The minor arc condition, see (3.3.3), requires that

lim f(t) sup et D —q
o0/ h(t)<|0]<myp

that is,
lim \/%et(cos(h(t)) D — 0.
t—o0

Now using that cos(f) 1 <-— %92, for |#| < m, we have that

et(cos(h(t)) 1) « e 2/72th(t)?

— )

and therefore, we observe that for the minor arc condition to hold we need to impose on h the
condition

lim Vte 2/m*th(t)? _
t—o00

If we take h(t) = min{mr,t “}, with aye (1/3,1/2), then both conditions, the major arc and the
minor arc condition, hold simultaneously.

3.3.1 Size of the cut

The value 6v= h(t) ¢(t) set the cut between the major and the minor arc, there both conditions
hold, and this impose certain restrictions on h.

Lemma 3.3.3. Let f € K a power series in the Hayman class, then
lim h(t t) = .
lim h(t) 5(t) = +oo

In fact, for certain ty € (0, R) we have

() iy VLD

i ,  foranyt € [to, R).
!
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Proof. For 0= h(t) ¢(t), condition (3.3.2), written in terms of f, gives that

O] w22 _ 1,

lim
e f(1)
while condition (3.3.3)), also written in terms of f, gives that
: |f (™))
lim f(t)~———— =0.
an 10 (t)

Therefore we have
eh(t)2 HOP

R f(t)

Given that limyg  f(t) = 4oc, then limyp S F(1)/2 _ oo

For certain ty € (0, R), we have that e ?‘(t)/z/ ¢(t) 1, for any t to, and therefore we
deduce (). O

On the other hand, we can assume that given A > 1 the cut function verifies that for certain
to € (0, R) we have

21 t
(x%x)  h(t) < An((t;()), for any t € (to, R).
f
Indeed. Take tg € (0, R) such that
0
(3.3.4) |f§f§))| <2 702 forany t € [to, R) and |0] < h(t),

here we use condition .

Fix t € [to, R) and assume that h(t) > A\/2In( f(t))/ £(t). We will see that in this case we
can enlarge the minor arc (and reduce the major arc) putting the cut at A\/3In( ;(¢))/ (t). We
need to check that if

A”mf((t{“” <161 < h(t),

then a similar uniform bound to that in the minor arc condition (3.3.3) holds. Observe that such
Oyare in the original major arc of f and therefore (3.3.4)) holds. Then, for those 6, we have

| (te”)] H0/2 < g, API( p(0) _ 2
f(t) - st

Denote A(t) = Ay/2In( ¢(t))/ ¢(t). Using the previous inequality we find that

|/ (te™)] 2
f(t)A(t)SS};]ﬁgh(t) f@) = ROEEE

922

< 2e

)4
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We conclude then that we can assume that, for any A > 1, there exists tg € (0, R) such that

2In( #(?)) < h(t) < g V2In( 4(t)
)

, for any t € [to, R).

O £t
In particular this implies that we can take a cut h verifying that
1 t
ny = YOO iR,
()

and therefore, in this case, we have that
w(t) ;)= \Jl( ;). asttR.

3.3.2 Global criteria for the major arc condition for non-vanishing power series

Following the ideas in the proof of Theorem we give a global criteria for non-vanishing power
series f € K to verify the major arc condition for some cut function h.

Theorem 3.3.4. Let f € K be a power series with radius of convergence R > 0 and having no
zeros in D(0, R). For h:[0,R) — (0,7] a cut function suppose that

lim sup  |F"(s+10)] %(68)3 =0,
stIn(R)  |g|<n(t) ((t)
then the major arc condition (13.5’.2) holds.
Proof. Denote t = e*, for s < In(R) and |0 < h(t) () we have
. 1rNg " 972 1" . ﬁ
|F(s+1i0) F(s) F'(s)ib# F"'(s)—|< sup |[F"(s+1i )|—,
20 Ik 50 )

therefore

. 02 sup| <u@) ;o 1 (s+i )| |6
%)) } < <h(t) s
(A)  In (E(e )) 5 =< ROE =

Using the numerical inequality |e* 1| < |z|e?l, for any z € C, we find that
(3.3.5) IB(e9%0)e?/2 1] < [In(E(e?%)e?/2)| exp(| In(B(e#X)e?”/2))) .
If we denote Q(t) = (sup| 1<h(ty po) [F" (s 47 )|> }1(t)3, inequality (A) gives that

sup  [E(e%0)e?/2 1] < (1)),
|0] <h(t) f(t)

therefore our hypothesis, that is, limy g Q(t) = 0, gives that the major arc condition ((3.3.2) holds.
O
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We also have the following corollary.
Corollary 3.3.5. With the same conditions than in the previous theorem, assume that
|\F" (s +i0)| < |F"(s)|, for any Oye R and s < In(R)
and also that

lim |F"(s)|h(e®)® =0,
sﬂnm)' (s)|h(e®)

then the magjor arc condition holds.

An instance of the situation presented in Corollary is given by the exponentials f = e9,
with ¢ € Ks. This example will be relevant later on, as encodes some relevant combinatorial
structures, see Chapter [4| for further details.

A. Applications of the global criteria for the major arc condition for non-vanishing
power series

Now we apply the previous criteria to some of our prominent examples.

A.1. Partitions of integers. For the generating function of the partitions of integers we have
=
P(2) = rll}ﬁ, for any |z] < 1.
j=

In fact we know, see equation (3.1.8), that
F"( s)~C(2) 4)s *, asslO.
If we take h(e *) = min{m, s}, with at>> 0, then

h(e 5)3
4 )

F"( s)h(e )3 ~((2) (4) as s | 0.

S

this implies that ay (4/3, +00) and therefore the major arc condition (3.3.2) with cut h holds for
ap> 4/3.

A.2. Exponential function. In this case we have f(z) = e*, then F(s) = e°, and therefore
|[E" (5 4+ i0)|h(e®)® = F" (s)h(t)* = e*h(e®)3.

Denote h(t) = min{m, ¢t “}, for asp> 0, and then 1 = 3k 0, that is, ae (1/3,+00). The previous
reasoning gives that the major arc condition with cut A holds for aip> 1/3.
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A.3. Exponential of a polynomial not necessarily in . Let p(z) = ayz"¥ +---+ag be a
polynomial of degree N 1 such that e € K; observe that p is not necessarily in X. We want to
prove that f = eP verifies the major arc condition for some cut function h.

Given that p is a polynomial, there exists a constant C' > 0 such that
|F" (5 +1i0)| ~ Ce*N,  as s — 00,
then, in order to apply Theorem we want the cut function h to verify that

lim e*Nh(e®) = 0.
5§—00

If we take h(t) = min{m,t “}, with at> 0, then aye (N/3,+0o0) and therefore the major arc
condition with cut A holds for o 2% N/3. Observe that for p(z) = z, a polynomial of degree N = 1,
we recover the previous example: the exponential function f(z) = e?.

Remark 3.3.6 (Heuristic: guessing the upper bound for o). A way of guessing the upper bound
for ain the previous examples is applying Lemma to the candidate for cut function, that is,
to impose the necessary condition for functions in the Hayman class:

lim ((t)h(t) = +oo.
lim 7 (£)h(t) = +o0

Observe that this is simply a necessary condition and doesn’t imply that f is in the Hayman
class. If f is in the Hayman class with cut given by h, depending on a parameter «, then aighould
take certain specific values, this is the claim; Outside this interval of possible values for «, the
function h is not a cut function for f.

In the previous examples we have taken h depending on a parameter asfa family of cuts, recall
that the cut function is not unique) and the possible values of aywhich are candidates for giving a
cut h such that f is in the Hayman class are the following:

e Exponential function: we impose to the candidate for cut h the necessary condition

lim ((t)h(t) = +oo.
lim 7 (£)h(t) = +o0

Observe that f(t) = t'/2, then h(t) ;(t) =t/? *Yfort 1, therefore if f(z) = €7 is in the
Hayman class with cut A, then aye (1/3,1/2), and this is the case, the reciprocal is also true;
see Example [3.3.2| above.

e Generating function for the partitions of integers: again we impose to the candidate for cut
function h the necessary condition

lim  ((t)h(t) = +oo.
lim 7 (£)h(t) = o0

In this case we have
ple 5y~ (¢2) (3)Y2%s 32, ass |0,

see equation (3.1.8) for further details, then h(e °) (e *) ~ ((2) (3)s®¥®/? as s | 0. The
previous discussion gives that if P is in the Hayman class with cut h, then ave (4/3,3/2).
We will see later on that the reciprocal is also true.
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e Exponential of a polynomial not in K: we impose that

lim ;(t)h(t) = +oo.
lim. (£)h(t) = +o0

Notice that ay > 0 is a positive real number, because f € K and the variance ¢(t) > 0, for
any t > 0. Moreover, there exists a constant Cy > 0 such that

$(t) ~ CNtN2) as t — 400,

therefore  ;(t)h(t) ~ Cnt™/2h(t), as t — +oo. The previous discussion gives that if e
is in the Hayman class with cut h, then aye (N/3,N/2). We will see later on that, after
imposing certain conditions on the polynomial P, this is the case and the reciprocal is also
true. Observe that for P(z) = z we obtain f(z) = e* and therefore we recover the interval

(1/3,1/2), see Example above.
X

3.3.3 Hayman class and strongly Gaussian power series

We see here that functions in the Hayman class are strongly Gaussian.
Theorem 3.3.7 (Hayman). If f € K is in the Hayman class, then f is strongly Gaussian.

Proof. The power series f is in the Hayman class, therefore the variance condition gives that
limtTR f(t) = —+00.

Denote

woy(t) .
I, = /} |E(e?Xt) e 92/2\d«9, for any t € (0, R).
wop(t)

We divide the integral I; in two integrals, one in the major arc, that we denote by J;, and one
in the minor arc that we denote by K, that is:

Jt:/} E(X) e 72|doy
01<h(t) 4(t)

Kt:/} E(?X) e /%oy
B) 1) <Iol<moy()

For the integral K; we have:

Kt < 27T0'91)(t) sup |E(67'97Xt)| +/} e 92/2d9.
h(t) f()<|0|<mop(t) 6] h(t) £(t)

The first term at the right-hand side tends to 0, by virtue of the minor arc condition (3.3.3)), while
the second term tends to 0 because of Lemma [3.3.3
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For the integral J; we have:

Jy = /} e CRE@EX)2 1|doy
B1<h(t) £ (1)

< sup |E(e"9"$(’f)692/2 1|> /}e 1240y,
B1<h(t) £(t) R

using the major arc condition ([3.3.2) the previous integral tends to 0, as ¢ 1 R. O

3.3.4 Operations with Hayman functions

Here we prove that some operations between functions in the Hayman class preserve the property
of being in the Hayman class.

A. Product of functions in the Hayman class

Now we analyze if the product of functions in the Hayman class is also in the Hayman class.

A.1. Power series with the same radius of convergence Let f,g € K power series with
radius of convergence R > 0 which are in the Hayman class with cuts hy and hgy, respectively.
Denote L = fg the product of f and g, we prove here that L is also a Hayman function.

Denote (X;), (Y;) and (Z;) the Khinchin families of f, g and L, respectively. Recall that
(3.3.6) Z2X, Y, foranytel0,R).
The previous equality in distribution gives that for any ¢ € [0, R) we have that
mr(t) =mys(t) +my(t) and ()= )+ J(b),

and therefore, using that f and g are Hayman functions, we have that lims g %(t) = +o00 and the
variance condition holds.

Define h(t) = min{h¢(t), hy(t)}, the candidate for cut function of the product L = fg and
denote

ey(t) = sup E(ei‘”?t)e(ﬂ/2 1, foranyte(0,R),
0<hy(t) f(t)

and, analogously for g, we denote eg(t) the corresponding quantity for g. The major arc conditions

for f and g can be summarized as limyp(ey(t) + eg(t)) = 0.
In addition we denote

ei@
0 s H0)

, foranyte (0,R),
hp<loi<ry f(t)

ne(t) =

~

and, anagously for g, we denote 7,(t) the corresponding quantity for g. The minor arc conditions
of f and g can be summarized as limyg(n7(t) + ny(t)) = 0.
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Lemma gives that there exists 0 < T' < R such that ¢(t)hs(t) > 1 and 4(t)he(t) > 1,
simultaneously, for any T' < t < R.

We study first the major arc for the product L = fg with cut h: using the equality in distri-
bution (3.3.6) we find that

E(e%%t) = B 10/ L)Xy o)/ L)V
therefore
E(e 1912&) 0%/2 _ E(e 10/ L(t)))?t)e( @B/ L(t))92/2E(6i9( a(8)/ L(t))f’t)e( o)/ L(t))0%/2
For |0| < h(t) L(t), that is, for fyin the potential major arc of R, we have that

7(t)

L(t

and therefore

B0 (0 <hs(0) 0, and —E101< ) o) < ho(0) 500

~—

E(e?P)e”/2 1] < ey(t) + eylt) + ey(t)ey(t),
which gives the major arc condition for L = fg.

Now we study the minor arc, that is, r(¢)h(t) <|6] < L(t)7; we analyze the quantity

|f(te® W) |g(te® 1))
ft) g(t)

LB = (1)

Assume that ¢(t) ¢(t); we argue analogously if ((t) < 4(t). We have ¢(t) < r(t) <
V2 ¢(t) and, moreover, |g(te?)| < g(t), we focus our attention in finding an upper bound for the
quantity

£(e)]

A0 = 505

We distinguish two cases:
1. Assume first that |#]  hg(t), then we have A(t,0) < ng(t).

2. Assume now that |§] < hy(t), then h(t) = hy(t) and hy(t) < |f|. This is the intermediate
zone, intersection of the major arc of f and the minor arc of g.

Because h(t) = hgy(t), the border between the major arc and the minor arc of g, we have,
using the major arc condition, that

(*) |g(i]€(1:)(t))| — e h(t)? g(t)2/2(1+5(t))

where £(t) < egl(t).
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We multiply by 4(t) and apply the minor arc bound to obtain that
g(®)e M7 SO 4 £(1)) < (1),
and therefore

J(B)e h0? 202 <MD

For > 0 fixed, the function s — e */2 iy decreasing for s> > 1/ , then given that
g(t)hg(t) > 1 and (1) ¢(t), then we have

h(t)? 3(6)/2 g (%)
t Wz 2907
slt)e ~14£(2)

As 04s in the major arc of f and also |6  h(t), we have that

10
T <o 7 30R 1 oyt < e MO O 4y,

and then we conclude that
£ _ gt
ft)  — 1+E@1)

which gives the minor arc condition.

£(@t)

(1 + (1)),

We collect the previous discussion by means of the following theorem. See [48][Thm VII]

Theorem 3.3.8 (Hayman). Let f,g € K power series with radius of convergence R > 0.
Assume that f and g are in the Hayman class with cuts hy and hg, respectively, then L = fg
belongs to the Hayman class with cut function h = min{h¢, hg}.

A.2. Power series with different radius of convergence Now we consider the case where
f is a power series in I with radius of convergence R > 0 and g is power series in K with radius
of convergence S R > 0. Assume that f is in the Hayman class and also that

Yy = sup g(t) < +o0.
te[0,R)

The power series g is not necessarily in the Hayman class. This situation includes the case in which
S > R and also the case where g is a polynomial.

We denote (X:), (Yz) and (Z;) the Khinchin families of f,g and L = fg, respectively. In this
case we have

Zy 4 X Y, foranyt €][0,R),

then we have % (t) = ]20(15)—1— 2(t), and jtherefore limyp 7 (t) = 400; this is the variance condition.

In particular this means that the product L = fg has radius R > 0.



3.3. HAYMAN CLASS 161

Observe that

im o(t) im 0 =1.
ttR 1(t) ttR 1(t)
Denote hy the cut function of f. We take as a candidate for cut function of the product L = fg
the cut function hy. We have seen before, see Subsection @, that we can take a cut function h
such that limu g h(t) = 0.

=0, and

For the minor arc, that is, for h(t) < |0 < m, we have
(0 s O] oo

hy<ip|<mp f()  g(t) £(t)

therefore, taking limits, as ¢t 1 R, we obtain the minor arc condition for L = fg.

Now we study the major arc condition, that is, |#] < h(t) r(t). Denote (t) = f(t)/ r(t)and
p(t) = 4(t)/ r(t). In this case we have

| f(te'®)]
() noyeld) <mp S0

E(ei015t)692/2 — E(eww(t)j(f)e ®)02/2 E<ei9u(t)ﬁ)eu(t)92/2
We define the functions:
A(t, 9) — E(ei&b(t))zte (t)02/2) 7
B(t,0) = E(¢™7),
C(t,0) = erMP/2
We prove now that that these functions converge uniformly to 1, when |0] < h(t) r(t), and of

course, as t T R. We collect the previous discussion by means of the following Theorem.

If 0] < h(t) r(t), then |8 (t) < h(t) f(t), and the convergence of A(t,6) follows from the
major arc condition for f.

For B(t,0) and |0] < h(t) r(t) we have, using that |[e! 1] < | |, for any € R and that

E(Y)]) < E(|Y;[*)"/?, that
[B(16) 1] < B(eON 1)) < pu(1)[6] < (1) 4(1) < Sh(t),

and because limyr h(t) = 0, we conclude that B(t,6) converges uniformly to 1, in the required
range, as t T R.

For C(t,0) and |0| < h(t) r(t), we have that u(t)[0] < h(t) 4(t) < Egh(t), then

IC(t,0) 1] <eh®™=5/2 1,

bound that tends to 0, as ¢t T R.

We collect the previous discussion by means of the following theorem.

Theorem 3.3.9. Let f,g € K be a power series with radius of convergence R >0 and S R >0,
respectively. Assume that f is in the Hayman class and also that

Yy = sup g(t) < +o0.
te[0,R)

then L = fg is in the Hayman class.
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B. Powers of functions in the Hayman class

Using the previous criteria for the product of power series in the Hayman class we will obtain that
the powers of a Hayman power series are also Hayman power series.

Theorem 3.3.10. Let f € K a power series with radius of convergence R > 0. Assume that f
is in the Hayman class with cut h, then f, with integer N 1, is in the Hayman class with cut
function h.

The previous result follows applying Theorem [3.3.8]

C. Some other operations

May be the reason for the relevance of the Hayman class in combinatorial questions is that it enjoys
some closure and small perturbation properties.

For instance, see Hayman [48]:
a) If f is in the Hayman class, then e/ is in the Hayman class, see [48][Thm. VI.]

b) If f is in the Hayman class and if R is a polynomial in K, then the product Rf is in the Hayman
class, see [48][Thm. VIII]

c) Let B(z) = 27]1\/:0 b,2z"™ be a non-constant polynomial with real coefficients such that for each
d > 1 there exists m, not a multiple of d such that b, # 0, and such that if m(d) is the largest
such m, then by,q) > 0. If e® € K, then €” is in the Hayman class. See [48][Thm. X]

3.3.5 Dominated criteria for strongly Gaussian power series

We see now an alternative criteria, a variant, of Theorem which claims that Hayman functions
are strongly Gaussian.

We still have a cut function, and its major and minor arc, but in contrast with the conditions to
belong in the Hayman class in this case we assume that the power series f is Gaussian. This relax
the condition on the major arc for Hayman functions, which this time is only a uniform bound,
instead of uniform convergence. See [6], of Baéz-Duarte, and [83], of Rosenbloom.

Theorem 3.3.11 (Dominated criteria). Let f € IC be a Gaussian power series and assume that

B we have a cut function h: [0, R) — (0, 7] and

B we have a function ® in [0,400) positive and integrable such that:

e [Major HJ:

|f ()]

0] < ®(|0] £(t)), for any || < h(t) andt € [0, R).
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In terms of characteristic functions, this condition is equivalent to
(3.3.7) E(e®) < ®(|0)), for any 0] < h(t) () andt € (0,R).
e [Minor H]:

lim ¢(t) sup M

=0.
R h)<loj<me f(t)

In terms of characteristic functions, this condition is equivalent to

(3.3.8) lim (t) sup |[E(e?%)|=0.
‘R h(t)<|0]<m

e [Variance Condition]:

(3.3.9) lim hi(t) () = +oo.

then f is strongly Gaussian.

Remark 3.3.12. The previous result is also true if the Major H condition holds for large values
of ¢, that is, if there exists 0 < T" < R such that the Major H condition hold for ¢ > T. X

The Minor H condition is the same than the minor arc condition for the power series in the
Hayman class. Hayman functions satisfy, automatically, the Major H condition. Combining this
with Lemma we have that Hayman functions verify the previous criteria.

For the Major H condition on the previous criteria, the function ®(6) is usually given by
P0)=e 0% With > 0, or o) =e 302 +wl0 with ,wi> 0 and p < 2.

The proof of the previous criteria is analogous to that of Theorem
Proof. Define

I, = /} IE(e®%e) ¢ %/2)|40.
1] <mo(t)

We need to prove that lim; 1g Iy = 0. We divide the integral I; into two integrals, the first integral
J¢ on the major arc, and the second integral K; on the minor arc.

In J; the integrand is bounded by ®(|0|) + e 0%/2 therefore using the Gaussinity of f, and
applying dominated convergence, we conclude that lims g J; = 0.

For the integral K; we have
Ky < (1) sup |E(ei9’ﬁt)| +/} e 1240
s <|0|<moy(t) 0] h(t) (t)

The first summand at the right-hand side of the previous inequality tends to 0, as ¢ T R, using the
hypothesis on the minor arc, while the second summand tends to 0 because of the the variance
condition; recall that limgp h(t) () = +o0. O
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At this point we collect the following chain of implications:
Hayman class = dominated criteria = strongly Gaussian

We also have that strongly Gaussian power series are clans and Gaussian power series. This chain
of implications give criteria to prove that certain power series is not strongly Gaussian or, even
further, that is not in the Hayman class.

3.4 Uniformly Gaussian power series

Here we introduce the concept of uniformly Gaussian power series. The main difference with the
previous concept of Gaussianity is that now we have two parameters which can escape to infinity.

We will use the notation [n—oo V tTR] to mean that 1 < n — oo or (inclusive) for some
0 <ty <t?T R. The restriction t ty > 0 is there to exclude the possibility of ¢t = 0 and n — oo,
simultaneously.

Let f(z) = > .02 obnz™ be a power series in K with radius of convergence R > 0 and let
(Xt)efo,r) be its Khinchin family.
A power series f € K and its Khinchin family (X¢).c(o,r) are called uniformly Gaussian if

iy (§7XVT) = 2 for any By R

Recall that by [n—o00 V ¢TR] we mean that 1 < n — oo or (inclusive) 0 < tp <t 1 R.

We verify now that the exponential f(z) = e* is uniformly Gaussian. We have ((t) = V%,
for t > 0 and so ¢(t)\/n = f(nt), fort > 0and n 1. For the characteristic function of the
normalized variable Xt we have that

E X —exp t VT ] z@/\/Z),

and thus that 5 5
E engt/\/ﬁ n — E 629Xnt

therefore, using that f(z) = e* is Gaussian, we obtain that

: lim ]E e0Xe/v/n :[ lim ]E efXnt — ¢ 92/2, for any Oye R.
n—oo VIiTR n—oo VitR

3.5 Uniformly strongly Gaussian families

Let f(z) = 3,2 bnz" be a power series in K with radius of convergence R > 0 and let (X¢)scpo,r)
be its Khinchin family.

We have encountered two integral convergence results: the integral form of the Local Central
Limit, see () below, and also Section in Chapter @ and the notion of strongly Gaussian power
series, definition ((3.2.1).
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e Assume that Q5 = ged{n 1:b, >0} = 1. For each fized t € (0, R), the normalized variable
)“(t is a lattice random variable with gauge function 1/ f(t), since Q5 = 1. Because of local central
limit theorem for lattice variables then we have that

() lim / E(é%”@/ﬁ)" e P12 dgy=0.

n—oo

6] <mop(t)

e If the Khinchin family (X;),c(o,r) is strongly Gaussian, then we have for each fived n. 1, that

() lm / E(§0XVm) e P2 dge= 0.
0] <moy(t)v/n
This fact follows from the bound
/ (V)" e 2 gy / B(ewX)" e o2 dpy
0| <mow(t)\/n lpl<moy(t)
< n3/2 /} E(ew)?t>} e ©/2 dpyp
lpl<moy(t)

where, after the change of variables 0= p/n, we have used that for complex numbers z,w such
that |z|, |lw| <1 we have that |z w"| <n|z w|.

Thus, for a Gaussian power series the integral
L(t) = /} B(405VE)" e 2 agy
|0|<may(t)v/n

converges to 0 as n — oo with ¢ fixed and as ¢t T R with n fixed.

Power series f in K with Khinchin family (X¢),c[o, ) are power series for which () and (1) hold
simultaneously in the sense that the involved integrals converges to 0, as n — oo or t 1T R.

Definition 2. A power series f € K and its Khinchin family (Xi)iepo,r) are called uniformly
strongly Gaussian if the following two conditions are satisfied:

Hm 5 (f) = d b i E(¢0X/vi)" o /2 g
Ol oo wd bt [ BV 0 dne

6] <royp(t) v

By [n—o0 V t1R] we mean that 1 < n — oo or (inclusive) 0 < tg < ¢ 1 R. The restriction
t  to > 0 is there to exclude the possibility of t = 0 and n — oo, simultaneously.
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By fixing n = 1 and letting ¢ T R, we observe that uniformly strongly Gaussian power series
are strongly Gaussian. In particular, if f is a uniformly strongly Gaussian power series then

My =1i t) =o00.
7 =limmy(t) = oo

Moreover, the coefficients b, of f satisfy Hayman’s asymptotic formula and in particular @)y = 1.

Let us verify that the exponential f(z) = €* is uniformly strongly Gaussian. Again we have,
see Section above, ¢(t) =+/t, fort >0 and so f(t)y/n = f(nt), fort>0andn 1. For
the characteristic function of the normalized variable X} we have that

E % =exp t eIVt 20/\/%),

and thus that
E ezH)V(t/\/ﬁ "_R 619)2'7”5

Therefore,

[ )T e [ B(e)) e o ap
6] <moy(t)v/n 6] <moy(nt)

Since €7 is strongly Gaussian, this integral tends to 0 as (nt) — oo, and thus as [n—o0 V t1 4 o).
Observe that in this case R = +o0.

3.6 Uniformly Hayman power series

The notion of uniformly Hayman power series which we are about to introduce generalizes that
of Hayman power series, see Subsection We will verify shortly that uniformly Hayman power
series are uniformly strongly Gaussian, much like power series in the Hayman class are strongly
gaussian. In Theorem see Chapter [4] provides us with an ample class of power series which
are uniformly Hayman.

Definition 3. Let f(z) be a power series in K with radius of convergence R > 0 and let (X¢)ie(o,r)
be its Khinchin family.

We say that f(z) and (Xt)icpo,r) are uniformly Hayman if for eachn 1 and t € (0, R) there
exists h(n,t) € (0,7) (called cuts) such that the following requirements are satisfied:

(3.6.1) sup E(619)2’5/‘/ﬁ)”eez/2 1 —-0, as[n—ooV tTR],
|0]<h(n,t) f(t)vn

(3.6.2) Vn f(t) sup E(?X/Vimn 0 as [n—oo V H1R],
h(nd) §(t)v/n<l|<mop(t)v/n

6. li t) = oo.
(3.6.3) lim,~ y(t) = o0
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Condition (3.6.2) may be written equivalently as

(3.6.4) Vvn f(t)  sup E(eX)" -0, as[n—oo V t1R].
h(nt)<|0]<my

As announced:
Theorem 3.6.1. Uniformly Hayman power series are uniformly strongly Gaussian.
Proof. Denote 6(n,t) = h(n,t) ¢(t)y/n. First we show, that
(3.6.5) O(n,t) - oo, as[n—oo V ITR].
Abbreviate é\r 0(n,t). By (8.6.1), we have that
E(elgj{t/\/ﬁ)em/2 — 1, as[n—oo V t1R],
while, from we obtain that
Vi f(H)E 0%/ 0, as[n—oo V t1R].
From these two limits we deduce that
Vno g(t)e 2 _, 0, as[n—oo V t1R],
and thus, since \/n ¢(t) — 0o as [n—oo V tTR] we deduce that
5@5—> o0, as[n—oo V t1R].

Denote by A(n,t), B(n,t), respectively, the supremum in (3.6.1) and (3.6.2).

‘We bound

/} E(eze)?t/\/ﬁ)n e 92/2 d0¢
[0]<h(nt) f(t)v/n
_ /} E<610)u(t/\/ﬁ)n692/2 le 6%/2 do

[0]<h(n.t) f(t)v/n
< A(n, t)V2my
and

/} E(0X/Vy e P2 agy
CONIONZTE LN

§27m?/)(t)\/ﬁB(n,t)+/} e 2 doy
0] h(n,t) §(t)vn

These two bounds and conditions (3.6.1) and (3.6.2) combined with (3.6.5) give the result.

O]
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The set constructions of combinatorial classes fits nicely within the framework of Khinchin
families. As a general reference for combinatorial classes and operations with them, we strongly
suggest:

e Chapter II in Flajolet, P. and Sedgewick, R. Analytic combinatorics. See [32].

e Arriata, R., Barbour, A. D. and Tavaré, S. Logarithmic Combinatorial Structures: a Proba-
bilistic Approach. See [4].

Most of the (ordinary or exponential) generating functions of sets of combinatorial classes are
exponentials of power series with non-negative coefficients, the object of interest of this chapter.

We will verify by means of Theorems |4.3.15| and 4.3.17| that most of the set constructions give
rise to generating functions which are in the Hayman class, so that there are asymptotic formulas
for the coefficients given by Theorems [3.2.5 and This chapter is mainly based on the papers:

e Macia, V.J. et al. Khinchin families and Hayman class. Comput. Methods Funct. Theory
21 (2021), 851-904, see [117],

e Macia, V.J. et al. Khinchin families, set constructions, partitions and exponentials, Mediterr.
J. Math., 21, 39 (2024), see [18].

4.1 Set construction of combinatorial classes

Exponentials of power series with positive coeflicients are very relevant, in particular, in Combina-
torics since they codify (most) generating functions of the set construction, which includes among
them generating functions of partitions of many sorts. Here we discuss the set construction of
combinatorial classes.

4.1.1 Labeled combinatorial classes and Sets

If g(z) = > o2 1 (bn/n!) is the exponential generating function EGF of a labeled combinatorial class

n=1
G (no object of size 0), then f(z) = e9*) = 3°°° (a,,/n!)z" is the EGF of the labeled class of sets

n=0
formed with the objects of G, termed assemblies in [4] .

Next, we consider first sets of the basics classes: sets, lists and cycles, and the sets of rooted
trees and functions.
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A. Sets of Sets

Let G be the labeled class of non-empty sets: b, = 1, for each n 1, and by = 0. Its EGF is
g(z) =€* 1. Then

f&) =exple 1)= 3 P
n=0

is the EGF of sets of sets, or, equivalently, of partitions of sets, see [32, p. 107]. Here B,, is the n-th
Bell number, which counts the number of partitions of the set {1,2,...,n}. In this case R = o
and the mean and variance functions are my(t) = te' and J%(t) = t(t + 1)e!, see also Subsection

1.1.2]
The characteristic function of the Khinchin family of f, that we denote by (X), is given by

E(eiaXt) _ exp(eteww e'), forany fpc Randt O,

and therefore

h e ife t2 \/
(4.1.1) E(eXt) = exp(e'® e VI ot it/ (t + 1)et/?)

Remark 4.1.1 (Pointed sets). The class G of pointed sets (i.e. sets with one marked element) has
EGF ¢g(z) = ze®. The class of sets of pointed sets is isomorphic to the class of idempotent maps;
its EGF f is given by f(z) = €**". See |32, p.131]. X
B. Sets of Lists

For the labeled class G of (non-empty) lists, the function g is just g(z) = z/(1  z), and therefore
f(z) = ¥/l 2) is the EGF of the sets of lists, the so called fragmented permutations. See [32
p.125]

C. Sets of Cycles

The labeled class G of (non-empty) cycles has g(z) = In(1/(1  z)) as EGF. The function f(z) =
e9) =1/(1 z) is the EGF of the sets of cycles, or, in other terms of the permutations.

The length of the cycles could be restricted. Thus for integer £ 1,
exp Z 2"/n or exp Z}z”/n
n<k n k

are the EGF of permutations such that all the cycles in their cycle decomposition have length at
most k, or at least k, respectively. We may also consider, for k& 1,

exp Z} 24/d

d 1,d|k

which is the EGF of the permutations such that ¥ is the identity.



172 CHAPTER 4. SET CONSTRUCTIONS AND EXPONENTIALS

D. Sets of Trees and Sets of Functions

Here we study the generating functions of the sets of trees and the sets of functions.

D.1. Sets of trees (forests) The class G of rooted (labeled) trees has EGF g(z) = Yo | (n™ 1/n!)2",

n=1
see [32], Section II.5.1; this is Cayley’s Theorem. The class of forests (sets) of rooted (labeled)
trees has then EGF f = e9. See also subsection C.

Cayley’s Theorem also shows that the EGF of the clas of unrooted (labeled) trees is g(z) =
Doy (0™ 2/nl),

D.2. Sets of functions The class G of functions has EGF g(z) = Y o7 ,(n"/n!)z". See [32],

n=1
Section I1.5.2. The class of sets of functions then has EGF f = e9. See also Subsection C.
4.1.2 Unlabeled combinatorial classes and Sets
We split the discussion into multisets and (proper) sets. See Section 1.2.2 in [32] and [4] as general
references for the constructions of unlabeled combinatorial classes.
A. Multisets of Unlabeled Combinatorial Classes

If C(z) = > o7 cn2" is the ordinary generating function OGF of a combinatorial (unlabeled) class

G (no object of size 0), then
1 > \}
f(z):Hﬁ:exp Zb(z )/n )
j=1 ( z ) ! n=1
is the OGF of the class of sets formed with the objects of G, termed multisets in [4].

We may write f(z) = e9(), where g is the power series

zkj 00 . }Zm R 0o .
g(z) = Z}Cj k = Z ;}Cj }E = mez .
gk 1 m=1 \jlm m=1
Observe that the power series g has non-negative coefficients:
by, = e }'cj, form 1.
m
jlm

An instance of this situation is given by the OGF P of the partitions of integers. Recall that
P is given by the infinite product

P(z) = H LI Z})(n)z”, for z € D,
j n=0

1 2
Jj=1
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the power series P is in . Here p(n) is the number of partitions of the integer n 1, and p(0) = 1.
The mean and variance functions of its Khinchin family (X;) are not so direct, see equation ((1.2.7).

In this instance, the function C' is given by C(z) = 2/(1 z),as ¢, =1, for n 1 (one object
of size n, for each n 1). And thus g has coefficients b,, = 1(m)/m, where ;(m) is the sum of
the divisors of the integer m, that is,

jlm

For general C(z) = ) 7 ¢,2" as above, the corresponding f is the OGF of the colored parti-
tions; ¢; different colors for part j.

B. Sets of Unlabeled Combinatorial Classes

If again we write C'(z) = Y o2 | ¢,2" for the ordinary generating function OGF of a combinatorial
(unlabeled) class G (no objects of size 0), then

H + 27 )99 = exp Z& 1"“0( )/>
7=1 n=1

is the OGF of the class of (proper) sets formed with the objects of G, termed selections in [4].

We may write f(z) = e9%*), where g is the power series

k+1 ki 0 }zm

) A > tiei( )F .

5k 1 m=1 \jk=m

In general, the power series g could have negative coefficients, this is the case, for instance, for
f(z)=(1+2)5(1+2%).
But for the sequence of coefficients ¢; = j¢ !, for j 1 and cis an integer ¢ 1, the coefficients
of g are non-negative; in fact, the m-th coefficient of g is
1
- oddw(m)’

m [

where

for any m 1,

. 2¢ 2
Dn) = 3} 0 and w(m) =2 Mo~
jlm, j odd

here (m) is the highest integer exponent so that 2 (™|m, and 999(m) is the sum of the c-th
powers of the odd divisors of m. This is so because of the identity

}
(4.1.2) Z G )R = } Z} J¢ Fzm , form 1

Jjk=m |m, jodd
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To verify , observe first that as functions of m, both summations in are multi-
plicative. Write m as m = 2 (M) with s odd and observe that for m = 27, with r 1, the
summation on the left is w(m) and the summation on the right is 1, while for m = s odd, the two
sums coincide and w(s) = 1.

We may also write

S M= dm) 2 o(m/2), form 1,

Jk=m

with the understanding that .(m/2) = 0 if m is odd. For the identity (4.1.2) and a variety of

relations among a number of diverse sums of divisors, we refer to [37].

More generally, if the coefficient ¢; of C'is given by ¢; = R(j), for j 1, where R is a polynomial
with non-negative integer coefficients, then the coefficients of g are non-negative.
An instance of this situation is given by the OGF of partitions with distinct parts, given by

Qz) = H?{l +20) = Zb(n)z", for any z € D.
j=1 n=0

This power series is in . Here ¢(n) is the number of partitions into distinct parts of the integer
n 1l

In this particular instance, the power series C is given by C(z) = z/(1  z2), as ¢, = 1, for
n 1, and the power series g is

m

o~y 1(m) 2 1(m/2)
9(z)=> 1+ 2"
4.2 Khinchin families of exponentials f = ¢9, with g € P

We study now the Khinchin family associated to an exponential power series, that is, f = €9, with
g a power series with non-negative coefficients and radius of convergence R > 0.

We define the class P as the class of non-constant power series g with non-negative coefficients
and having radius of convergence R > 0.

4.2.1 Mean and variance

For the mean and variance of a power series f = €9, with g € P we have the following lemma.
Lemma 4.2.1. Let f =9 with g € P a power series with radius of convergence R > 0, then
mp(t) =tg'(t) and  F(t) =tg'(t) + 29" (1),

for any t € (0, R).
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Proof. For any g € P we have that f = e9 € K. Applying the general formula for the mean and
the variance of a power series f € K, see equation ((1.2.1), we have

L0
7t)”

then, for our particular case, i.e. f =9 with g € P, we have

my(t)

and ]%(t) =tm/(t), foranyte (0,R),

mg(t) =tg'(t), for anyt e (0,R),
and therefore

Ht)=tg'(t) +t*g"(t) for any t € (0, R).

Range of the mean and the variance

The mean and variance functions of f = €9, with g € P, are very special. As we have seen before
in Subsection the limit limy g ]Qc(t) does not always exists for general f € K.

In this case, because of the expressions for the mean and the variance functions given by
Lemma both functions are monotone increasing functions (this was the case for the mean in
the general case, but not for the variance) and therefore the limits

My =i t d ¥;=1lim %t
r=lmms (@) and Xy =lim 50

always exist.

For the mean function we have that limyr m¢(t) = +o0 if and only if limy g tg' () = +o0o. This
is a particular case of Lemma [1.2.1

For the variance we have the following lemma.

Lemma 4.2.2 (Range of the variance). Let f € K be such that f = €9, where g € P is a power
series with radius of convergence R > 0. We distinguish two cases:

1. If R < 400, then

lim %(t) = if and only if  lim g"(t) = 4oo0.
im (t) = +oo if and only if tlTl}%lg() +00

2. If R = 400, then

lim  7(t) = +oo.

t——+o0
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Proof. Lemma gives that
(4.2.1) Ht)y=tg'(t) + t?¢"(t), for any t € (0, R).

Assume first that R < +oco and also that limyg ¢”(t) < 400, comparing coefficients we find
the inequality

tg'(t) < t%¢"(t) + ¢'(0)t, for any t € (0, R).

The previous inequality combined with the fact that R < +oo gives that limyupg ¢'(t) < +oo,
and therefore we conclude that limy g J%(t) < 400. Assume now that limyr ¢”(t) = +o0, then,

equation 1) gives that limy g fc(t) = +o0.

For entire power series g € P we always have lim;_, tg'(t) = +00, and therefore we conclude

from (4.2.1) that lim; sz(t) = +o00. O

The previous lemma is a particular case of Corollary below.
The mean and the variance functions of a exponential power series also verify the following
relation.

Lemma 4.2.3. Let f = €9, with g € P be an exponential power series with radius of convergence
R >0, then

my(t) < ]2c(t), for any t € [0, R).
Proof. The expressions for the mean and the variance given in Lemma 4.2.1] give that
myp(t) =tg'(t) < F(t) =tg'(t) +t°¢"(t), for any t € [0, R).

Here we use that g € P has non-negative coeflicients.

4.2.2 Fulcrum

Here we discuss the fulcrum of an exponential power series. We adapt some of the results from
Chapter |3, in particular Section to the case of exponential power series f = €9, with g € K.

A. Fulcrum of a general exponential power series

For any f € K, the holomorphic function f does not vanish on the real interval [0, R), and so, it
does not vanish in a simply connected region containing that interval. We may consider In(f), a
holomorphic branch of the logarithm of f which is real on [0, R), and the function F', the fulcrum of
f, see Chapter |1} in particular Subsection [1.3.4] is defined and holomorphic in a simply connected
region containing (—oo,In(R)). Recall that
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If f does not vanish anywhere in the disk D(0, R), then the fulcrum F' of f is defined on the
whole half-plane {z € C : R(2) < In(R)}. In this case f(z) = e9%?), where g is a holomorphic
function in D(0, R) and ¢g(0) € R, and therefore the fulcrum F of f is given by

F(z)=g(e*), for R(z) <In(R).
The mean and the variance may be expressed in terms of its fulcrum F' as
mg(t) = F'(s) and J%(t) = F"(s), fors<In(R)andt= e

These identities give an alternative proof of Lemma |4.2.1

B. Fulcrum of ¢ with g € P

Let f be the power series f = €9 with g € P a power series with radius of convergence R > 0. This
is a particular case of the case presented in A.

The interest in power series of the form f = e¢9 with g € P comes from the fact that these expo-
nentials, as explained at the beginning of this chapter, appear in many combinatorial applications.

The fulecrum F' of power series f = e9, with g € P, verifies that

IF®) (s +i0)| < FR)(s), for any fye R and s < In(R),
in fact
sup |[FF) (s 4 i0)| = F®) (s), for any s < In(R).
OeR

Our first lemma expresses the derivatives of the fulcrum F' as finite linear combination of terms
of the form e/g\)(e®), where j 1.

Lemma 4.2.4. Let f € K be such that f = €9, with g € P a power series with non-negative
coefficients and radius R > 0, then, for any k 1, there are integer constants c¢1,...,cx 1 0
such that

e

1
F(k)(s) = eksg(k)(es) + cj(esjg(j)(es)), for any s < In(R),
1

.
Il

Proof. We proceed by induction on n 1. For n =1 we have
F'(s) = e°¢'(e®), for any s < In(R).

Assume that for some n 1, there are integer constants c¢i,...,¢, 1 0 such that

n 1
FM(s) =emg™(e*) + > Fi(e¥gP(e*)), for any s < In(R),
j=1
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then, taking derivatives, we find that

n 1
FOHD(g) = (D8 g(n41) (65) 4 pens g(m) (¢5) 4 Z}jj(jejsg(j)(eS) + eU )3 g(+1) (¢9))
j=1
and then we have proved that there are integer constants ¢;,...,¢, 0 such that

FH) () = s g(nt1) (05) 4 Z}j(esjg(j)(es)), for any s < In(R).
j=1

O

From the previous lemma we obtain asymptotic comparisons for the fulcrum F' and any of its
derivatives, as s 1 In(R).

Corollary 4.2.5. Let f € K be such that f = e9, with g € P a non-constant power series with
non-negative coefficients and radius R > 0, then:

o If g is not a polynomial, then for any k 1, there exists a constants C > 0 and a polynomial
Py 1 of degree k1 such that

eksg(k)(es) < F(k)(s) < Ceksg(k) (e®)+ P 1(e®), for any s < In(R),
and therefore

F® (s) < eksg®) (&%) as st In(R).

o Ifg(z) =anz"+ -+ ag is a polynomial of degree N 1, then, for any k 1, we have

FR(s) <ane’™N,  ass— +oo.

Proof. Assume first that g(z) = ayz +--- +ag € P is a polynomial of degree N 1, then
F(s) = g(e®) = aye™N* + - + ap and therefore, for any & 1, we have

FR(e%) < aye¥®, as s — oo.

Now we study the case where g € P not a polynomial. Applying Lemma for any k& 1,
there are integer constants cy,...,c, 1 0 such that

k1
(x) F®(s) = eb*g®)(e) + 3 "}i(e¥gl)(e*)),  for any s < In(R),
j=1

and therefore, because g has non-negative coefficients, we have

(4.2.2) e g® (e5) < F®)(s),  for any s < In(R).
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Comparing coefficients, for any k& 0, we have the inequality
(4.2.3) tFg®) (1) < tFHLg* D (1) 4 k(g (0) /K1),  for any t € (0, R),

and therefore, applying inequality (4.2.3), iteratively, to each of the terms in the sum at the right-
hand side of (x), we find that there exists a constant C' > 0 and a polynomial Py ;(z) of degree
k 1 such that

F®) (s) < Ceksg®) (%) + P, 1(e®), for any s < In(R).
Now using that g is not a polynomial, we conclude that
F® (5) =< eksg®) (&%) as s 1 In(R).
0

The next corollary follows from a direct application of Corollary This corollary will be
relevant, later on, when giving criteria for an exponential power series to be Gaussian. In fact the
following corollary gives, by means of Theorem that the exponential of a polynomial in P
is always a Gaussian power series.

Corollary 4.2.6. Let f € K be such that f = €9, with g € P a power series with radius of
convergence R > 0. Assume that g € P is not a polynomial, then, for any k 3, we have
supger [FM (s +i0)| _ F®(s) _ gW(e)

F//(S)k:/Q B F//(S)k/Q = g//(s)k/2’ as s T In(R).

In the particular case that g € P is a polynomial, then

suppep [FH (s +i0)] . FW(s)
sliglo F”(s)k/Q - SEI-EIOO F”(s)k/Q =0, Joranyk 3.

Proof. This result follows combining that g € P has non-negative Taylor coefficients with Corollary

4.2.5] O

C. The fulcrum of f = ¢Y and the moments of g

Let f = e9 a power series, with g(z) = > 2 b2 € K, a power series with radius of convergence
R > 0. Denote (X¢), (Yz) and (Z;) the Khinchin families of f, g and e®, respectively.

In this case the fulcrum F' of f = €9 is given by
F(z)=g(e*) = Z})nenz, for any R(z) < In(R) and J(z) € R,
n=0
then, if we denote t = e°, for s < In(R), and for any integer k& 1 we have

FO(5) = 3" hkbue™ = g()E() = B(Zy))E(;),  for any s < In(R).
n=0
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and therefore, for any k£ 1:

(4.2.4) 0, for any s < In(R).

In fact we have

F®(s) E(V})

(*) Fi(s)F/2 = GO TRV for t = e® and s < In(R).

Inequality (4.2.4) is a particularity of power series of the form f = €9, with g € K,. For any
k 3, this is a manifestation of the fact that the variance, and all its derivatives, are non-negative
and therefore the derivatives of the variance, and the variance itself, are monotone increasing
functions.

The inequality (4.2.4) is not true for general power series f € K: for the polynomial f(z) =
1+ 2z € K we have F(s) =1In(1 + ¢®) and

ef(ef 1)

F/”(S) _ W

<0 foranys O.

Let g € K5 be a power series with radius of convergence R > 0 which is not a polynomial.
Combining (x) with Corollary for any £ 1, we have that

F®(s) E(Y}) _ 9

= b tTR.
F//(S)k/2 g(t)kz/Q 1E(YtQ)k/2 g//(t)k/2’ ast?

Let g(2) = anz™ + --- + ag € K, a polynomial of degree N 1, then, for any & 1, we have

F®(s) E(Y/) N
_  _Ns(1 k/2)
F//(S)k/2 g(t)k/2 IE(Y?)k/Q =€ ’ as § = 00,

a direct application of Theorem [3.1.4]gives that the exponential of a polynomial g € K is Gaussian.

4.2.3 Power series comparisons

In the proof of Theorems |4.3.15|and 4.3.17], we will resort to the following asymptotics for a couple
of real power series. We have already stated Lemma [4.2.7) and Proposition in Chapter |2 but
we will write them again in here for easier reference. See Chapter |2 in particular Subsection
for proofs.

Lemma 4.2.7. For >0,

(4.2.5) Z}Lwlt” ~ )(llt)W ast 1 1.

n=1



4.3. GAUSSIAN POWER SERIES FOR f =e9, WITH g € P 181

Remark 4.2.8 (Moments of geometric random variables). The power series comparison of Propo-
sition m translated into a comparison of moments of the Khinchin family (X¢).c(0,1) of 1/(1  2),
i.e, the geometric variables. Namely, the following: for > 0,

EX))~ ( +DEX)" astt1l.

For € ( L 0), the same result holds for the variable X,, the X, conditioned at being positive,
given by P(X; = k) =t* (1 t),fork 1andtc(0,1). X

Proposition 4.2.9. For 0, we have that

> Btn B"gt > 1 et
Z%}L Hwt , and zzlnﬁthlwtﬁw as t — oo.
n= n=

For negative exponents, we refer to [55] and to Remark 4.2.10| below.

Remark 4.2.10 (Moments of Poisson random variables). Proposition is actually a state-
ment about positive moments of the Poisson variable X, and also about negative moments of the
conditioned Poisson variables X;, as ¢ tends to oo. The conditional Poisson variables Xt, that is
the variable X; conditioned at being positive, are given by

e t k

~ t
P(X:k):ﬁy, for k landt>0

This moment estimation is the following: if (Xt);c(o,4-o] is the Khinchin family of e*, then for any
> 0,

E(Xtﬁ) ~tP ast — oo,
and for any <0,
E(X'tﬁ)wtﬁ, as t — 00.

See also [55] for precise asymptotic expansions of the negative moments of Poisson variables. X

4.3 Gaussian power series for f = ¢eY, with g € P

Now we study some of the classes of functions introduced in Chapter [3|in the case f = €9, with
g € P. We give criteria for these power series to be Gaussian and also to be in the Hayman class.
4.3.1 Gaussian power series

Power series f = e9 € K, with g € P a power series with radius of convergence R > 0, are non-
vanishing, then we can apply the criteria of Chapter 3] Subsection [3.1.1. Observe that in this case,
because g has non-negative coefficients, we have, for any £ 0, that

|F®) (s +i0)| < F¥)(s), for any Oy R and s < In(R),
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in fact

sup |[F®) (s +i0)| = F*) (s), for any s < In(R).
0eR

Combining the previous equality with Lemma |3.1.11] it is possible to translate the results of sub-
section to this particular case.

A. Global criteria to be Gaussian

Our first criteria, a direct translation of Theorem for f = €9, with g € P, is the following.

Theorem 4.3.1. Let f € K be such that f = e9, where g € P is a power series with radius of
convergence R > 0. If g is a polynomial or g is not a polynomial and satisfies that

g B
?TI}I% g”(t)3/2 o

(%)

then f is Gaussian.
Proof. We apply Theorem to f = €9, with g € P. Using that g has non-negative coefficients

we have that

supger | (s +i0)| _ F"(s)

F//(8)3/2 - F//(S)3/2'
First assume that ¢ is a polynomial, then Corollary gives that
(k) i (k)
i SWoer [F (s +0) . o F(s) 0.
5300 F//(s)k/z S—>—F00 F”(s)k/Q

therefore Theorem [3.1.4] gives that f = e9 is Gaussian.

Assume now that ¢ is not a polynomial, then, applying Corollary |4.2.6] we obtain that

F 3s (S "(,s
(8) = € g (6) — g (6) , aSSTln(R).
F”(s)3/2 (6259”(65))3/2 g//(es)3/2
therefore combining hypothesis (x) with Theorem [3.1.4 we obtain that f = €9 is Gaussian. O

We can generalize the previous result combining Theorem with Corollary

Theorem 4.3.2. Let f € K be such that f = €9, where g € P is a power series with radius of
convergence R > 0. If g is not and polynomial and satisfies that

A0
(T) %III% g”(t)2

p— O’
then

I | g (1)
f is Gaussian  if and only if gflf%l 9"(1)3/2 =
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Proof. We want to apply Theorem to f = e9, with g € P not a polynomial. Corollary
gives that

F'(s) _ 4"(s) FO(s) _ g®(s)

(4.3.1) FI)E ~ gi(a)i? and F(5)? = 75 as s TIn(R),
therefore, using (1), we obtain that
i sup cg |[FW(s+i ) I F®(s) 0
= 11m =
o) ) stin(i) F7(s)?

Applying Theorem we conclude that
F//I (S)

f is Gaussian  if and only if sTllinr(nR) W =0,

which is equivalent, by means of (4.3.1)), to

=0.

"
f is Gaussian  if and only if sTllinI(nR) gf(s()?/g

The following result is Corollary applied to f = e9, with g € P not a polynomial.

Corollary 4.3.3. Let f € K be such that f = e9, where g € P is a power series with radius of
convergence R > 0. If g is not a polynomial and satisfies that

g ()

lintls%up 7(5)? < 400,
then
f is Gaussian  implies that lim g7 (t) =0
iR g"(t)3/2
Proof. This result follows combining Corollary with Corollary O

Remark 4.3.4 (Generalization of the previous Theorems). Any of the previous Theorems can be
generalized using the same ideas. Let g € P be a power series with radius of convergence R > 0
which is not a polynomial. First assume that for some & 4 we have

9" (s)

limsup ———- =0,
nr o g'(s)F?

then

g9 (s)
f is Gaussian if and only if  lim ,
'R g/l(s)j/Q

=0, forany 3<j <k 1.
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Assume now that for some & 4 we have

(k)
lim sup g(s)

— = < +00,
TR g//(s)k/2

then

©)
f is Gaussian  implies that  lim g(s)

1R g"(s)i/2 =0, forany3<j <k 1.

B. Moment criteria for Gaussianity

We translate Theorem [3.1.19| to the case f = €9 with g € P not a polynomial.

Theorem 4.3.5. Let f € K be such that f = €9, where g € P has radius of convergence R > 0. If
g is not a polynomial and satisfies

(k)
g
tlTrlr%l OCE 0, foranyk 3,
then f = e9 is Gaussian.
Proof. This result follows combining Corollary with Theorem [3.1.19 O

Remark 4.3.6. Let g € P be a power series with radius of convergence R > 0 which is not a
polynomial. Assume that

(k)
lim sup g)

DS ) < +oo, forany k 3,

then
fis Gaussian  if and only if  lim g ®) _ 0 for any £ 3
YU MR g R T Y '
This result follows combining Theorem [4.3.5 with Remark X

C. Applications

Now we apply the previous criteria for Gaussianity to a variety of combinatorial examples which
have EGF given by an exponential power series, that is, generating functions of the form f = e9,
with g € P.
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C.1. EGF of the class of sets of (non-empty) sets The exponential generating function
of the class of sets of (non-empty) sets is given by f(z) = exp(e* 1), in this case the radius of
convergence R = oo and g(z) = (¢* 1) € P.

We have

g"t) € i
g”(t)3/2 Toedt/2 € )

and therefore

. g"(t) B
tlirgo g"(t)3/2 -

Applying Theorem we conclude that the EGF of the sets of (non-empty) sets is Gaussian.

C.2. EGF of the class of sets of (non-empty) lists The exponential generating function of
the class of sets of (non-empty) lists is given by

f(z) =exp(z/(1 2)), forany |z| <1.

In this case g(z) = 2z/(1 z) € P and

Jg'(t) = and ¢"(t) = for any t € (0,1),

(1 ot
therefore

"
lim 97() =
i1 g”(t)3/2
Applying Theorem we conclude that the EGF of the sets of (non-empty) lists is Gaussian.

C.3. EGPF of the class of sets of pointed sets The EGF of the class of sets of pointed sets
is given by f(z) = €**", then g(z) = ze* € P has radius of convergence R = +oc.

We have

g L+

A e = MR ez —

In fact, for any £ 3, we have

A e'(t + k)
lim = 1M ——
t—00 g”(t)k/Q t—oo (t + Q)k/Qekt/2

=0.

Then applying Theorem or Theorem we obtain that EGF of the class of sets of pointed
sets is Gaussian.
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C.4. EGF of the class of sets of cycles The EGF of the class of sets of cycles is given by

f(z) =exp(In(1/(1 2)))=1/(1 2), for|z]<1.

We already know that this power series is not Gaussian, see equation (3.1.4)) in the examples at the
beginning of Chapter |3 An alternative argument to prove that f is not Gaussian is the following:
the fulcrum F of f is given by

F(z)=In(1/(1 2))= Z}%n, for any |z| < 1,
n=1

therefore, for any £k 1, we have

sup |[F®) (s +i0)| = F¥)(s), for any s < 0.
0eR

In fact, for any s < 0, we have

F//(S) — (1 68)2’ F///(S) —

Therefore

F®(s)

. F”/(S)
1m
s10 F”(S)2

R TET

=6<+oco and =2.

Applying, for instance, Corollary we conclude that f is not Gaussian.

C.5. Some parametric families
e The power series f(z) = exp(1/(1 z) ), with > 0, are all Gaussian. Observe that
g(z) =1/(1 z) has radius of convergence R = 1 and

g"(t) _ 1
Wﬁ(l t)+7 aStTl,

then, appealing to Theorem [4.3.1] we conclude that f is Gaussian.

e Denote by f = e9 with
o0
g9(z) = anﬁ”, for |z| < 1.
n=1

The power series f = €9 with axp> 1 are also Gaussian. Indeed: observe that

[e.9]

o
t3g"(t) = > _ht", and  £2¢"(t) =Y nTH", forte (0,1).
n=1

n=1
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Appealing to Lemma we find that

1 1

7z — " -
g (t) - and g (t) - (1 t)a+3a

[ pot ast 11,

then

g/// t N
g”(tg?’)/2 = (1 t)( +1)/2, ast 11,

and therefore, for any aw> 1, we have

n
gt
e

By virtue of Theorem we have that f is Gaussian, for any ai> 1.

e Fix 0. Let f be a power series given by

X n
f(z) = exp Z}LZ”)% for any |z] < 1/e.
= n!
Notice that for = 0 we obtain the EGF of the class of sets of functions, for =1 the EGF

of the class of forests of rooted trees and for = 2 the EGF for the sets of trees.

In this case we have that
oo nn

(4.3.2) g(z) = Z}Tz”, for any |z| < 1/e,
n=1 ’

and f = €Y.

We prove now that f is Gaussian if and only if 0 < < 1/2.

Our fist lemma tell us the values of 0 for which g is continuous on the closure of D(0, 1/e).
Lemma 4.3.7. For any > 1/2, the power series g defined in (4.3.2) is continuous on the
closure of D(0,1/e).

Proof. Using Stirling’s formula we find that

43.3 LU
() Wz\m, as n — oo,

then, for any > 1/2, uniform convergence of the partial sum in the closure of D(0,1/e),
gives that the power series g is continuous on the closure of D(0, 1/e). O

For the variance J% we have the following lemma.



188

CHAPTER 4. SET CONSTRUCTIONS AND EXPONENTIALS

Lemma 4.3.8. For the variance of f = e9 we have:

— limyy e 7(t) = +oo, for any 0 < < 5/2.

2
f
— limgy /e J%(t) = J%(l/e) < +o0, for any > 5/2.
Proof. Appealing to Proposition for any 0 < < 5/2, we have

1

(4.3.4) g"(t/e) < T

ast 11,

then limyy /e ]%(t) = 4o00. For =5/2 we have
1
g"(t/e) < In (1t>} ast 11,

then

Finally we have, by virtue of equation (4.3.4), that

lim ¢"(t) < , >5/2,
t#f?eg“ +o00, for any /

which is equivalent to limgq /. J%(t) < 400, for any > 5/2, see Lemma O

Remark 4.3.9. For exponential power series, that is, power series of the form f = e9, with

g € P, we have the inequality m(t) < J%(t), see Lemma then, Lemma also gives
that limy e mys(t) = my(1/e) < +oc, for any > 5/2.

Now we apply the previous analysis to the characteristic functions of X;:

— For 1/2 < < 5/2 we have that f is continuous on the closure of D(0,1/e) and
limypy /e ch(t) = +00, then

s tei?/ 1)
lim B = 1 Oy g e R.
tTlln;lel (e™™)] R Ty ,  for any Oy
Therefore the power series f is not Gaussian, for any 1/2 < < 5/2.
In fact, for any 0 < < 3/2, we have, appealing again to Proposition that

1

mg(t/e) = (t/e)g'(t/e) =< T o ast 1.
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and therefore

(4.3.5) 771;((;//:)) =1 )72V asttl

from the previous analysis we obtain that, for any 1/2 < < 3/2, we have

- 0/ (1)
lim E(e%) = lim Jlte™ 7T

Wme)/ f(6) — 1§ e R
e , for an ,
/e t+1/e f(t) y b

and this implies that, for any 1/2 < < 3/2, the family (X;) tends in distribution
towards the constant 0, as t 1 1/e.

Similarly, but using that 3/2 < < 5/2, we have that limy, /. my(t) is finite, see the
comparison (4.3.3)), while limq /. JQc(t) = 400, see Lemma For = 3/2 we have
that

1
V1oet’

my(t) < In <1let>} and  ¢(t) < ast 1 1/e.

Then, for any 3/2 < < 5/2 we have that

t
tim "0

ttl/e f(t)

and therefore the normalized family (X;) tends in distribution towards the constant 0,
as t T 1/e. Here we use again that g is continuous on the closure of ID(0,1/e), for any
> 1/2.

For > 5/2 we have

i oy _ i e IO [F(1/e)e? 10/))
(4.3.6) lim [B(e™¥0)] = lim S = i |

for any Oye R. Here we use that f is continuous on the closure of (0, 1/e) and also

that limq /. JQc(t) 2 ?(1/6) < 400, see Lemma {4.3.7|and 4.3.8] respectively. The term
at the right-hand side of the limit (4.3.6) is periodic, then f is not Gaussian for any
> 5/2.

Finally we study the case 0 < < 1/2. Appealing again to Proposition for any
0< <9/2 we have

1
9(4)('[:/8)/\—/\W, astTl,
therefore, for 0 < < 5/2, using equation (4.3.4), we conclude that
) (¢
gi()x(l et)'/2 | astt1/e.
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For 0 < < 1/2, using an analogous argument, we find that

gl/l (t)

WX(I eyt 2 astt1/e.

and therefore, applying Theorem we conclude that f is Gaussian if and only if
0< <1/2.

In summary: f is Gaussian if and only if 0 < < 1/2; this is the answer to Question 1 of [18].
For 1/2 < < 5/2, the normalized family X; tends in distribution towards the constant 0, as
t11/e. For > 5/2 the family of random variables (X;) converges in distribution towards a
non-constant random variable X which is not a standard normal random variable.

Thus the EGF of the sets of functions ( = 0) is Gaussian, but the EGFs of the sets of trees
( =2) and of the sets of rooted trees ( = 1) are not Gaussian.

4.3.2 Hayman class for exponentials f = ¢Y with g € P

Along this section we consider again power series f = e9, with g € P a power series with radius
of convergence R > (. We are interested in conditions on g which guarantee that f = e9, a power
series in K, is in the Hayman class.

There are two results of Hayman, see [48], along this line:
(a) If g is a power series in the Hayman class, then e9 is in the Hayman class.

(b) If B(z) = by2™Y +---4by is a non-constant polynomial with non-negative coefficients and such
that Qp = gcd{n  1:b, > 0} = 1, then €? is in the Hayman class.

Remark 4.3.10. In [72], it is shown that if ¢ is in the Hayman class, then f = e9 satisfies
the stronger (than Hayman) conditions of Harris and Schoenfeld, [47], which allow to obtain full
asymptotic expansions for the coefficients and not just asymptotic formulas. X

Remark 4.3.11. In Theorem X of [48], Hayman proves the following stronger version of (b): Let
B(z) = Zj-v:() bnz™ be a non-constant polynomial with real coefficients such that for each d > 1
there exists m, not a multiple of d, such that b,, # 0 and such that if m(d) is the largest such m,
then b,,q) > 0. If eP is in K, then e is in the Hayman class. For a direct proof of this result see
Proposition 5.1 of |17]. X

Theorem |4.3.12} stated below, which is [17, Theorem 4.1], exhibits conditions on the function
g which ensure that f is in the Hayman class.

Further, we describe in Theorem [4.3.13| a ‘practical’ approach to verify that a power series
satisfies the conditions of Theorem [4.3.12

Finally, Theorems |4.3.15| and [4.3.17| give easily verifiable conditions on the coefficients b, of g
that imply that f = €Y is in the Hayman class. These theorems may be directly applied to the
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generating functions of sets constructions (and other exponentials) to check that they belong to
the Hayman class.

Let (X¢) be the Khinchin family of f = €9, with g € P a power series with radius of convergence
R > 0. The variance condition required for f to be in the Hayman class translates readily in the
following condition in terms of g:

lim tg'(t) + t2¢"(t) = .
lin gt)+t°g"(t) =400

Observe that for g € P, not a polynomial, the variance condition implies that limyr ¢”(t) = +o00
and therefore limyg g (t) = 400, see Lemma [1.2.2]

Criteria for f =e9, with g € P, to be in the Hayman class
The following theorem is [17, Theorem 4.1].

Theorem 4.3.12. Denote f = e9, with g € P a power series with radius of convergence R > 0
which is not a polynomial.

If the variance condition

. 2 T ! 2 1 _
(4.3.7) %% $(t) = ltlTr]{zl tg'(t) +t°g"(t) = +o0.

is satisfied and there is a cut function h(t) so that

: 3 _m 3 _
(4.3.8) %I]I{lt g (t)h(t)>=0.
and that
(4.3.9) lim f(t) exp ( sup  Rg(te'?) g(t)) Eo.
"R h(t)<|0]<my

hold, then f = e9 is in the Hayman class.

Condition (4.3.23)) of Theorem |4.3.12| gives that the cut function A fulfills condition (3.3.2) on
the major arc. In terms of h and g, condition (3.3.2) on the minor arc follows from condition [4.3.9
of Theorem [4.3.12

Proof. The variance condition (4.3.22)) follows combining the variance condition (3.3.1) with Lemma
4.2.1L The major arc condition (4.3.23|) follows combining Theorem with Corollary

Finally for the minor arc condition we have

_ (e 10

|E(e1)] = oxp R(g(te’® 1)) (1)
f(t)
and therefore
sup B ) = sup exp R(g(te™)) g(t)
h(t) ;)< 0] <moy(t) h(t)<|0] <o)

—exp( s Rgte))  g(t) )}

h(t)<|0|<mi
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the previous equality gives that, in this case, that is, for f = €9, the minor arc condition (3.3.3) is
equivalent to condition (4.3.9). O

In practice, condition (4.3.9) on the cut h(t) is verified by checking that there are positive
functions U,V defined in (to, R), for some ty € (0, R), where U takes values in (0,7] and V in
(0,00) and are such that

(4.3.10) sup RNg(tey g(t) <—V(t)w?, for wy< U(t) and t € (to, R),
ol wip

and thus that the cut h is such that

(4.3.11) A(t) SU(), for t € (to,1) and lim (e VIO®?* — ¢

Thus we have the following corollary of Theorem [4.3.12] which we state as a theorem.
Theorem 4.3.13. Let g € P a power series with radius of convergence R > 0 which is not a
polynomial, and let h: [0, R) — (0,7) be a cut function.

Assume that the variance condition (4.3.22) and the condition on the major arc (4.3.23) of
Theorem [{.5.13 are satisfied.

Assume further that there are positive functions U,V defined in (to, R), for some ty € (0, R),
where U takes values in (0,7] and V in (0,00), and such that

(4.3.12) sup R(g(te” g(t)) <—V(t)w?,  for wy< U(t) and t € (to, R),
0w

and

(4.3.13) h(t) <U(t), forte (to,R) and ltlTrél f(t)e VOR®? = g,

Then f = €9 is in the Hayman class.

Proof. The pair of conditions (4.3.12)) and (4.3.13) together imply condition (4.3.9). This is so
since the first half of (4.3.13) allows us to take wi= h(t) in (4.3.12) to obtain

exp sup  R(g(te”))  g(t) ) }S exp( V(t)h(t)*), for t € (to, R),
6] h(t)
and to then to apply the second half O

Notice further that if for a function V' defined in (¢o, R), for some ¢y € (0, R), and taking values
in (0,400), we have that

(4.3.14) R(g(te)) g(t) <— V(t)8?, for |6 < mand t € (to, R),
then we may set U = 7, and the cut h is required to satisfy

43.15 lim f(t)e VOO =g

( ) lingy(t)e

Thus these two conditions (4.3.14) and 4.3.15/imply the conditions4.3.12{and [4.3.13|of Theorem
4.3.13]
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4.3.3 Coe cient criteria for g € P for f = ¢? to be in the Hayman class

Next we will exhibit easily verifiable requirements on the coefficients of g to obtain functions V'
and U so that the conditions[4.3.12]and 4.3.13]hold, or simply, a functions V' so that the conditions

(4.3.14) and (4.3.15)) are satisfied.

The announced requirements differ if the power series g is entire or has finite radius of conver-
gence; we split the discussion accordingly.

A. Case g entire, R =

Here g € P is a transcendental entire function.

Lemma 4.3.14. If g € P, a transcendental entire function, satisfies, for some >0 and B > 0
that

(4.3.16) R(g(te?)) g(t) < B0 B fort >0 and |0] < 7,

then condition (&.3.14)) is satisfied with V(t) = CePt, for some constant C > 0 depending only on
B and , and condition (4.3.15)) requires that lim;0o f(t)exp Ce’'h(t)? =0.

Proof. For t > 0 and > 0, the convexity of the exponential function = — €® in the interval
[ 1,1] gives

Bt Bt
Bt efteos®) (g COS(G))%, for Oype | ).
Thus, we have, for ¢ 1, that
pt Bt 1 2
fteos(®) et < (cos(h) 1)6 26 <Pt 26 (cos(f) 1)
26
L
T

In the second inequality, we have used that ¢ 1; the inequality 1 cos(f)  2x2/m?%, for any
x €| m,ml, yields the last step. O

Theorem 4.3.15. Let g(z) =Y ,2 by2™ € P be a power series, not a polynomial, verifying

n n

(4.3.17) BF <b, < LF’ for anyn 1,

for some constants B,L > 0 and 0 such that 2 < 3 . Then g satisfies the requirements of
Theorem [4.53.15 and, therefore, f = €9 is in the Hayman class.

Proof. Condition (4.3.17)) gives that the power series g has radius of convergence R = co. Besides,

condition (4.3.17)) and Proposition show that the variance ]%(t) satisfies that t2e/t = O( ch(t))
and ]%(t) = O(t?e !). Appealing again to Proposition we also find that t3¢g"(t) = O(t3e ?),
as t — oo.
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The variance condition (4.3.22)) is thus obviously satisfied. The major arc condition (4.3.9)
holds with the cut h(t) = e *, where ae ( /3, /2), since 3arp>

Also, for t > 0 and |0| < 7, we have that
% - n . )"
R(g(te)) g(t) = bat"(cos(nf) 1)< BZ}%(cos(nG) 1)
n=1 n=1

_ B(%(eﬁtew‘ﬁ e,Bt) < B(‘e’BtewT eﬁt) _ B(eﬁtcos(e) eﬁt)

and, consequently, condition (4.3.16)) of Lemma [4.3.14}is satisfied.

Condition (4.3.14)) is satisfied with the choice V(t) = Ce'®, t > 1, and (4.3.15) hold because
2a1< . As mentioned above, these two conditions imply condition (4.3.12)) and (4.3.13)) of Theorem
4.3.13 and thus we conclude that f is in the Hayman class. O

B. Case g not entire, R < o0

Along this section, we will repeatedly appeal to Proposition [4.2.7.

Lemma 4.3.16. If a power series g with non-negative coefficients and radius of convergence R = 1
satisfies, for some >0 and B > 0, that

(4.3.18) R(g(te?)) g(t) < B <|1 waw q 1@@)} forte (0,1) and |0| <,
then
i 1
sup (Rlg(te™))  9(t)) K C e’

forte (1/2,1) and 0 <wy< D(1  t), where C >0 and D > 0 depend only on  and B.
And, in particular, if we set V(t) = C/(1  t)**P, and U(t) = D(1 t), fort € (1/2,1), then
condition (4.3.12)) is satisfied, and condition (4.3.13|) requires that

13%1 s exp( Ch(H)?/(1 t)*F)=0.

Proof. Let > 0. For t € (0,1) and || < 7, we have that

i B 1 2\Y?
R o) < | Mw) ),

Thus, for t € (1/2,1) and 0 < wy< (1 ¢) we have that

i B 1 }
s W) 900 sw¢(<1 O 1>7

and, for w+t Dg(1 t), for Dgyg> 0 appropriate small, and some constant Cgy> 0, we have that

. B 1
o e s
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Theorem 4.3.17. Let g(z) = Y7, bn2" satisfy

B
i<bn§Li

4.3.19 B
( ) RM — Rn’

form 1,

for some constants B, L > 0, finite radius R > 0 and , > 1 such that2 <3 +1. Theng
satisfies the requirements of Theorem [{.5.13 and, therefore, f = e9 is in the Hayman class.

Proof. Inequality (4.3.19)) gives that the power series g has radius of convergence R > 0. By
considering ¢g(Rz), we may assume that R = 1. Appealing to Proposition we see that the
variance of f = e9 satisfies that

1 1
sz()( £(t)?), and }Qv(t)=0<(1t)3+)} ast 11,

and also that
t3g"(t)=0(1/1 ) ), asttl.

The variance condition (4.3.22)) is obviously satisfied. We propose the cut h(t) = (1 t)*, where
ave ( /34+4/3, /2+3/2).

The major arc condition (4.3.9) holds since 3ay> +4

For ¢t € (0,1) and |0| < 7, we have that

R(g(te)) g(t) = bpt"(cos(nd) 1) < B h’t"(cos(nd) 1)
n=1 n=1

< B5¢Z_:1 Wt”(cos(n@) 1)

o w () (7))
2 ()

where we have appealed to the comparison (4.2.5) withing Proposition Consequently, con-
dition (4.3.18]) of Lemma 4.3.16| does hold.

If weset V(1) = C/(1 t)PF3, for t € (1/2,1), ([#.3.12) is satisfied and (4.3.13)) requires that

lim f(t)exp( Ch(t)?/(1 t)5+3)}: 0,

which does hold since 2a  + 3.
Thus, the conclusion follows from Theorem [4.3.13 ]
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4.3.4 Applications of Theorems [4.3.15/ and [4.3.17

In this subsection we apply the previous criteria to a variety of exponential power series which are
EGFs of set combinatorial classes

A. Set of Labeled Classes

The EGF of the Bell is numbers, enumerating sets of (non-empty) sets, that is partitions,
is given by f(z) = e . Here g(z) =¢* 1and b, = 1/n!, for n 1. This power series
satisfies the hypothesis of Theorem [4.3.15 and therefore f is in the Hayman class.

The EGF of the sets of pointed sets is given by f(z) = €**". Here g(z) = ze?, with b, = n/n!,
for n 1. This power series satisfies the hypothesis of Theorem 4.3.15] and therefore f is in
the Hayman class.

We collect the previous discussion, for later use, by means of the following theorem.

Theorem 4.3.18. The EGF of the Bell numbers is in the Hayman class.

The power series f(z) = exp(z/(1 z)), EGF of sets of (non-empty) lists, has g(z) = z/(1  z)
with b, = 1, foranyn 1. The coefficients of the function g satisfy the hypothesis of Theorem
4.3.17| and, thus, in particular, f = €9 is in the Hayman class.

In general, using a similar argument, we obtain that f(z) =exp(z/(1 2) ),for >0, isin
the Hayman class. But f(z) =exp(In(1/(1 z))) =1/(1 z), the EGF of the sets of cycles
is not even Gaussian, as shown in Subsection 4.3.1

The EGF of the sets of functions is f(z) = e, with g(z) = > 7, (n™/n!)z", for |z| < 1/e. In
this case, the coefficients b, = n"/n! of g satisfy with R=1/eand = = 1/2,
and therefore f is in the Hayman class.

In general the exponential of Y 1 | (n™ */n!)2" is in the Hayman class if 0 < o< 1/2. As
we have seen before this power series is Gaussian if and only if 0 < aix 1/2, which is, of
course, consistent with the previous result. Recall that power series in the Hayman class are
strongly Gaussian, and therefore, Gaussian.

B. Sets of Unlabeled Classes

e For the OGF of the partitions of integers P, we have that P = e9, with

= 1 (n) P
2

where 1(n) denotes the sum of the divisors of the positive integer n. The coefficients b,, =
1(n)/n satisfy in this case the inequality

1<b, <D.n¥
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for each e1p> 0 and some constant D> 0. See Theorem 322 in [45]. (Actually we may bound
from above with In(In(n)), see Theorem 323 in [45]). Therefore the function g satisfies the
hypothesis of Theorem 4.3.17| and this means in particular that P = €Y is in the Hayman
class.

The same argument gives that the infinite product [[7Z, 1/(1 29)¢ | where the ¢; are integers
satisfying 1 < ¢; < ¢, for some constant ¢ > 1, is in the Hayman class.

We collect the previous discussion by means of the following theorem.

Theorem 4.3.19. The ordinary generating function of the partitions of integers P is in the
Hayman class.

e For the OGF of partitions into distinct parts @, given by

) o R = 1
Q(Z) (:) H(l + Z‘y) (:) H W, for any |Z| < 1,
7j=1 7j=1

we have that Q) = €9, where

IBLanu 1 . 0 odd
g(z) @ Z}(;z’w @ 3 %Zk@m) :Z}l—(n)zn’
kg 1 k 17 0 n=1 n

where ¢4 registers the sum of the odd divisors of n.

The coefficient b, = $99(n)/n satisfy the inequality

1
n

(4.3.20) < b, < D.n¥

for each 1> 0 and some constant Dgy> 0. The inequality on the left holds simply because

1|n, while the inequality on the right-hand side holds because of the inequality ¢4 < 1(n)

and Theorem 322 in [45].

These bounds, though, are not within the reach of Theorem [4.3.17} and for the function @
we will verify directly the hypothesis of Theorem |4.3.13

Using (4.3.20]), Proposition and formula
oo
i) =tg () + 129" (1) = > hZbut",
n=1

we have for the variance function 22(15) that

1 1
(1 t)2 = O( ?Q(t)) and é(t) =0 (WQ} as t T 1,

and for the function g also that g™ (t) = O(1/(1 t)47¥, as t 1 1.
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The variance condition (4.3.22)) is obviously satisfied. We propose a cut h(t) = (1 ¢)%, where
o (4/3,3/2). The major arc condition (4.3.23)) holds since 3ap> 4+ ¢, for appropriate small

ey 0.

For t € (0,1) and |§] < 7, denote z = te?, then we have

1+ te ) 2t(cos(f) 1)

= A St %(Cos(g) 1) < tleos®) /2 _ (R |22,

and so
o == G 0G) 7)) s G0 GEE) TR)
and, consequently,

e s (9) 405 )k o

Lemma [4.3.16| gives that V(t) = C/(1 ¢)3 and U(t) = D(1 t). Now, condition (4.3.13) is
satisfied since ok 3/2.

Thus the function g satisfies the conditions of Theorem [4.3.13, and, in particular Q = €9 is
in the Hayman class.

We collect the previous discussion by means of the following theorem.

Theorem 4.3.20. The ordinary generating function of the partitions of integers into distinct
parts @ is in the Hayman class.

For the OGF of the plane partitions, see [32, p. 580], we have
L
M(z) = H}ﬁ,
o (b #)
we have M = e9, with g given by
o0
o) = Y12
n=1

where 2(n) denotes the sum of the squares of the divisors of the integer n 1. For each
e 0, there is a constant C,;> 0, such that
n < M < CO.n't®Y foreachn 1
n
This follows since o(n) < n 1(n) and 1(n) < C.n'T¢¥ Thus we see that g satisfies the
condition on Theorem |4.3.17 and, in particular, we obtain that M = e is in the Hayman
class.

We collect the previous discussion by means of the following theorem.
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Theorem 4.3.21. The ordinary generating function of the plane partitions M is in the
Hayman class.

Likewise, and more generally, we see that for integer ¢ 0, the OGF of the colored partitions,
ﬁ] 1
j=1 (L 20

where each part j appears in j¢ different colors, is in the Hayman class. Observe that
n¢ < ep1(n)/n < Cent¥forn 1.

4.3.5 Uniformly Hayman exponentials
Let g(z) = > 02 g bpz™, with b, 0, for n 0, and radius of convergence R > 0. Let f € K be
given by f = e9.

One of the main results of [18], see [17, Theorem 4.1] and [18, Theorem F] gives conditions on
the powers series g that guarantees that f = €9 is in the Hayman class, and thus strongly Gaussian,
and, therefore, amenable to the Hayman asymptotic formula, see Corollary (3.2.5).

It turns out that these same conditions on g are enough for f being uniformly Hayman; this is
the content of Theorem [4.3.22]

Denote

1 9
(4.3.21) wy(t) 2 gt + 8bot? + 57539”’(75)) , forte (0,R).
This is the upper bound in Corollary here we give the constant C' > 0 and the polynomial
P, (z) explicitly. Observe that this bound is also valid for g € P a polynomial.

Theorem 4.3.22. Let g be a non-constant power series with radius of convergence R > 0 and
non-negative coefficients.

Assume that the variance condition is satisfied

(4.3.22) lim tg'(t) +t%¢"(t) = +oo.
1R
Assume further that there is a cut function h(t) satisfying
4.3.23 li th(t)® =0.
( ) lin g (£)h(?)

and that there are positive functions U,V defined in (to, R), for some ty € (0, R), where U takes
values in (0, 7] and V in (0,00) and are such that

(4.3.24) sup Rg(te¥y g(t) <—V(t)w?, forw U(t) andt € (to, R),
el i

and thus that the cut h is such that

(4.3.25) h(t) < U(t), fort € (to,1) and %n}% ft)e VORD® — ¢,

then the function f = €9 is uniformly Hayman.
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Proof. Condition (4.3.22) is directly condition ([3.6.3).

We shall verify the conditions on the cuts of the definition of uniformly Hayman power series
(3.6.1) and (3.6.4) with cuts h(n,t) given by

h(n,t) = h(t)n ?
where the parameter satisfies 1/3 < < 1/2.

From the discussion in Subsection [3.3.2] we have that
0]

o 92
InE(e¥t) 4 —

< -
5 < wy(t) @) for t € (0, R) and 6 R,

and, thus, that

o 62 013
nlnE(eleXt/ﬁ)+§ <wg(t)%, for t € (O,R) and O R.
For |§] < h(n,t) ¢(t)\/n we deduce that

o 92
nin E(eWX/vry 4 5 Swyt) h(t)3nt 38

Hypothesis (4.3.23) on h(t) and the fact that 1 3 < 0 gives us that

li t) h(t)3nt =0
sy 2o AT ,

and, thus, that condition (3.6.1) is satisfied.

Since h(n,t) < h(t) < U(t), condition (4.3.24) gives us that

nsup  Rg(te”) g(t) <—V(O)h(t)n' >,
h(n,t)<|0|<my
and so that
sup E(e?X)" < exp ( V (t)h(t)*nt 25)}
h(nt)<|0]<my
Since limyr V (£)h(t)* = oo, we have, for a certain ¢ty € (0, R) that V(¢)h(t)? 1, fort € (to, R),
and thus that
V(t)h(t)*nt 2P V(t)h(t)? +nt 2.

We deduce that

Vi ft)  sup EBEXO" <yme ™7 p(t)e VOO
h(nvt)gw‘gﬂ'd)

and, because of hypothesis (4.3.25) and since < 1/2, that condition (3.6.4) of the definition of
uniformly Hayman is satisfied. O
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In [18] a large number of exponentials f = €9 where g is a power series with non-negative
coefficients which satisfy the conditions of Theorem are exhibited. For instance, the EGF of
the Bell numbers, or the generating functions P of partitions or () of partitions into distinct parts,
are actually uniformly Hayman, and also are uniformly Hayman related examples like the EGF of
sets of pointed sets, the EGF of sets of functions or the OGF of plane partitions or of some colored
partitions. See also Chapter

Exponential of polynomials

Let g be a polynomial with non-negative coefficients g(z) = 27]:/:0 b,z" and of degree NN, so that
by > 0.

Assume that Q4 = ged{1 <n < N :b, >0} = 1. Then f = e is in the Hayman. This is a
particular case of a result of Hayman [48, Theorem X]. See |17, Proposition 5.1] for a simpler proof
of this particular case.

We are going to show next that f = e9 is actually uniformly Hayman with an argument similar
to the one used to show in [17, Proposition 5.1] that f = €9 is in the Hayman class.

Observe first that
Ht)=tgd (t) + t2g"(t) ~ N?bnt", ast— co.
Thus, the variance condition (3.6.3) of being uniformly Hayman is satisfied.

We have 1 9
wy(t) = g it 8bot? + 51t3g’”(1t) =0(tN), ast—o0.

For cuts we propose h(n,t) = h(t)n "=t Non P with o, in the interval (1/3,1/2). For
concreteness, we take ay= = 5/12.

From the proof of Theorem 4.3.22| we have that

y 2
nlnE(e0X/vVm) —f—% <wy(t)t SN/Ay, 1/4
=0t NMip V4 [ for 0] < h(n,t) s(t)/n,
and thus, we see that condition ([3.6.1) is satisfied.

Now, the proof that f = €9 is in the Hayman class of [17] gives mye (0, 7) and ¢y > 0, depending
on g, so that

sup Rg(te?) g(t) <— Cymin t,tVw? | forw mand t > tg,
0]>wy

for some constant C,; depending on g.

Thus for some t1 > tg, so that h(t) < n, for t > t1, we have that

n  sup Rg(te?) g(t) <— Cmin tn,tVt SN/op! 5/6
h(n,t)<|0|<my

= (Cmin tn,tN/6n1/6



202 CHAPTER 4. SET CONSTRUCTIONS AND EXPONENTIALS

With = min{l, N/6}, we have, for ¢ 1, that
min{tn, tN/0n'/6} ¢ p1/6  (1/2)(t +n1/%),
and thus, since [E(e?Xt)| = eMa(te?) 9(t) that

vn p(t)  sup  E(e¥)n = O(\/ﬁtN/2 exp  Cmin{tn, tV/%n!/6} )
h(n,t)<|0|<m

:o(}/ﬁexp (C/2)nl/6 >O<tN/2exp (C/2)t )

and, therefore, condition (3.6.2) is satisfied.
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In this chapter we discuss ordinary generating functions (OGFs) and exponential generating
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We want to apply the machinery developed in previous chapters to these OGFs. We will prove
that the mentioned OGFs are in the Hayman class, and therefore that these power series are
strongly Gaussian. Later on, using Baéz-Duarte asymptotic formula, see Theorem we will
provide with an asymptotic formula for the coefficients of each of the mentioned OGFs.

These asymptotic formulae of coefficients a,, of partitions of integers turn out to be always of
the form

1
n
anp ~ as n — oo
n nﬁ& ! !

for appropriate o, , , > 0.

This chapter is mainly based on the papers:

e Macia, V.J. et al. Khinchin families and Hayman class. Comput. Methods Funct. Theory
21 (2021), 851-904, see [17],

e Macia, V.J. et al. Khinchin families, set constructions, partitions and exponentials. Mediterr.
J. Math., 21, 39 (2024), see [1§].

5.1 Partitions of integers

In this section we give asymptotic formulas for the coefficients of the OGFs of different sort of
partitions of integers. In particular we give, by means of Baéz-Duarte asymptotic formula, see
Theorem asymptotic formulas for the partitions, partitions into distinct parts, partitions
with parts in an arithmetic progression, plane partitions and colored partitions.

5.1.1 Euler summation

We will use repeatedly along this chapter Euler summation’s formula, we refer to [26] for the
specifics of this summation formula.

For f € C* [0, N], with & 1, the Euler summation formula of order k reads:

f:}fc('):/}]vf(t)dt+1f(0)+1f(N)_|_k§:1ar 1)j+1£(f(j)(N) f(j)(O))
6.11) =0 T 2 2 et (G + 1)
"t g BeUt)

Here {t} denotes the fractional part of t, B;, for j 0, denotes the j th Bernoulli number (with
By = 1/2) while Bj(x), for j 0, stands for the Bernoulli polynomials. See, for instance, [26].

5.1.2 Approximation of Means and Variances

We collect here approximations of the mean and the variance functions. We will prove that these
asymptotic approximations verify the conditions of Baéz-Duarte Theorem

The precise values of the integrals in the following lemma will be invoked frequently later on.
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Lemma 5.1.1. We have

a) f?s“ln(l i 5):C(u+2) (u+1), foru> 1,

b) [§ st sds =C(u+1) (u+1), foru>0,

e S

c) f}os“ﬁda‘:{(u) (u+1), foru>1.

A. OGF of the partitions of integers P

Consider first the OGF of the partitions of integers

205

o
1
P(z) = H}ﬁ, for any |z] < 1,
j=1

with Khinchin family (X);c[0,1) and mean and variance functions

— Jjt! Rt
mp(t) = Z}ﬁ and  %(t) = Z}m, for any ¢t € (0,1).
j=1 j=1

We want an asymptotic formula for the mean and the variance of P, as s 1 1. For convenience,
we consider mp(e 9), for s > 0, and then as s | 0. We have

s 14y, e IS
mp(e *) = s Z&]S)liejs‘
j=1

Let  be the function

(z) = —, forany z > 0.

If we set (0) =0, then € C*[0,+00) and, by virtue of Lemma [5.1.1, we obtain that

/O}OO (s)ds =

¢(2)-

In addition we have that limy 4o () =0 and [§°] '(s)|ds < 4oo0.
Fixing k£ = 1 in Euler summation formula (5.1.1) we obtain that

00
0

smp(e %)= ]z:;} (js) = /} (st)dt + S/o} (st)Bi({t})dt

1
S

_ /O}OO (x)dx+/o}oo () B ({z/s})da,
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then there exists a constant C' > 0 such that
1 oo o0
smp(e ®) /} (x)dz <C | (x)|dt < +o0,
0

and therefore

In fact we have limg)o s*mp(e *) = ((2), and so
mp(e °)~ >3~ asslO.
s

For the variance function %(t) we obtain, analogously, also using Lemma that

(3)¢(2)

g3

ple *)~

We collect the previous discussion by means of the following lemma.

, assl0.

Lemma 5.1.2. Define mp(e °) = w2/(6s%) and “%(e ) = 72/(3s%), for s > 0, then
a) mp(e °) ~mp(e °), as s |0,

b) ple *)~ "ple ®), ass |0,

¢) mele D) mee D) _ o /5) = o(1), as s | 0.

ple %)

B. OGF of the partitions into distinct parts @

Now we study the mean and variance of the OGF of the partitions into distinct parts Q). Recall
that

oo oo
. 1
— 7\ —
z)—l_Il(l—l—z )_]-_Il}w7 fOI' any ‘Z| <1
J= J=

Applying Lemma combined with the identity
In(1+z)=In(1 2*) In(1 z), forze(0,1),

and its first two derivatives, we find that

Z} e ~ <2) as s 0

14+e Js 252’

9 € ¢(2)
_2]2(1+€j8)2w S3,ass¢0
j=

and again, using Euler’s summation formula (5.1.1) in a similar fashion, we obtain the following
lemma.
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Lemma 5.1.3. Define mg(e *) = ((2)/(2s*) and ~22(6 $) = ((2)/s, for s >0, then
a) mg(e ) ~mg(e ®), as s 10,
b) qle *)~ "qle ®), ass 10,

¢) Al D T8l D) _ O(/5) = o(1), as s L 0.

C. OGF of the partitions with parts in arithmetic progression F,

Now we study the mean and variance of the OGF of the partitions in the arithmetic progression
{aj+0b:j 0}, for integers a,b 1 that is, the OGF F,;. Recall that

oo

1

Pa’b(Z) = H W’ for any ’Z’ < 1.
j=1

For the mean and the variance we have, analogously,

e (aj+b)s C(2)

(5.1.2) mp,,(e °) = Z(aj +0) T ™ as s 10,

as?’

<
I
)

e (aj+b)s 24(2)

(]. e (Gj+b)s)2 asd as s 0,

(aj +b)°

M8

(5.1.3) Bole )=

<.
I
o

again, applying Euler’s summation formula (5.1.1), we find the following lemma.

Lemma 5.1.4. Define mp, (e *) =((2)/(as?) and ~]23a7b(e $) = (2¢(2))/(as?), for s > 0. Then

a) mp, (e *) ~inp,,(e ®), ass |0,

b) p.,(e ®)~"p,,(e ?),ass10,

. mp,(© %) mr,e ?) O(v/s) =o(1), as s | 0.

Pa,b(e 5)

D. Generalized OGF W? (including colored and plane partitions)

For integers @ 1 and b 0 consider the infinite product

00 1 5t
Wo(z) = H <1 ja> , for any |z| < 1.
z

Jj=1

We study the mean and variance associated to Wy ;. Consider the real function

forxz 0,
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with (0) = 0. The derivatives of order less than b of this function vanish at = 0 and x = +o0,

[ oweifler) (2

Arguing as in the previous cases, and using Euler’s summation formula (5.1.1) of order b+ 1,
we get that

— gﬁ b“) (hb:l)}‘slﬂjﬂ 0(1/s), ass 0.

Analogously,

1 b+1 b+1 } 1
S — —_—
) a@(}+ : ) <5+ ; >5ﬂwﬂvw as s} 0.
For any s > 0, denote

b+1 b+1 1
e 1o+ (1t L

1 b+1 b+1\} 1
_a<¢(i+a) <%+ a >52+(b+1)/a‘

We collect the previous discussion by means of the following lemma.

and

Lemma 5.1.5. For the functions myy(e °) and 2

Wb( %), we have

a) myp(e *) ~rmyp(e ®), as s 0,
b) (e %)~ "yple °), ass 10,

m

= O(s"1)/2a)) = o(1), as s | 0.

5.1.3 Asymptotic for the OGF's of partitions on (0,1)

In this subsection we give asymptotic formulas for the OGF's of different kind of partitions, evalu-
ated at z =¢ *, and as s | 0.
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A. OGF of the partitions of integers P

We start with the OGF of partitions P. We provide a proof since its ingredients are to be used
below to handle other OGFs of partitions.

Fix s > 0, we want to apply Euler’s summation formula (5.1.1) of order 2 to the function
f(x)= In(1 e 5%). Observe that lim, oo f(2) = limg—0o f/() = 0. We write

In(P(e *)) = Zy(j) = /1}00 f(x)dx + %f( *f /} 'z BQ {33})
=1

where Bs(y) denote the second Bernoulli polynomial (the sum starts at j = 1, then the formula is
modified to fit with these indices).

Now, applying Lemma we find that
/} In <L>ba}:1/} In <L>bx
1 1 e s s Js 1 e?®
:1/}00111 <L>bx 1/}Sln <L>}iw
s Jo 1 e* s Jo 1 e*

:C(S2)-|-ln(s) 1+0(s), asslO.
Also,
%f(l) %f’(l): ;1()—1—%—1—0() as s | 0.
and

/} 1y B2 {sc}) /1}°° ((sw>2e“ By({zp) 1

est 12 21 22

Since the function y — (y2%e¥)/(e¥ 1)? is bounded in [0, +00) and tends to 1 as y | 0, dominated
convergence gives that

/} f// BZ {x}) /1} BZ(;I}) ;d —|—o( ), as s} 0.

Thus,

In(P(e %)) = C(SQ) + %ln(s) 1+ % /1} 32(2{':6}) ﬁd r+o(l), asslO.

We may identify the constant term in the previous expression by using Euler’s summation of
order 2 between 1 and N applied to the function In(z) to obtain this way Stirling’s approximation
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in the following precise (and standard) form

In(N1) = N In(N) N+1+%ln(N)+ % (E 1) +/} Bleh L,
1

N 21 x?

B NV A\ 1 11 N By({z}) 1

_ln<\/NeN>+1 12+12N+ o1 $2d
then

1 * B 1
1 o +/} 2(2{!56})9326195 = In(v2n),

and

In(P(e %)) = C(j) + %ln(s) In(v2m) +o(1), ass|O0.

Finally, for the ordinary generating function of the partitions of integers P we have the well-
known asymptotic formula in the interval (0,1).

Lemma 5.1.6. For the ordinary generating function of the partitions of integers P we have

In(P(e *)) = <(82) + %ln(s) In(v2r)4+o0(1), assloO,
and thus

Pe %)~ \/12? 36”2/(65), ass 0.

See Hardy-Ramanujan [44], Section 3.2 (the formula for g(z) there should have (1 z)3/? instead
of v/1 x). See also, de Bruijn |26], Ex. 3 of Chapter 3, or, even, Béez-Duarte [6], formula (2.21).

B. OGF of the partitions into distinct parts @

Consider now the ordinary generating function of the partitions into distinct parts (). Recall that
oo
Qz) = H (14 2%) H}m, for any |z] < 1.
7j=1

From the infinite product for () we deduce that
Q(2)P(z%) = P(z), for any |z| < 1,
then
Qe *)=P(e *)/P(e **), ass|O0.
Using Lemma we obtain that
Qe %)~ %6”2/(128) as s} 0.

We collect the previous discussion by means of the following lemma.
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Lemma 5.1.7. For the ordinary generating function of the partitions of integers into distinct parts
Q we have

1
Qe %)~ ﬁeﬁ/(ns)’ as s | 0.

C. OGF of the partitions with parts in arithmetic progression F,;

For the ordinary generating function of the partitions with parts in the arithmetic progression
{aj+b:j 0}, witha,b 1, we have

oo
1
Poy(2) = H}W, for any |z| < 1.
=0

If ged(a,b) > 1, then P,; is not strongly Gaussian (although is Gaussian and d-strongly
Gaussian, see Subsection [3.2.4) since we can write P, ;(z) = G(2%), for some holomorphic function
in D, and thus the coefficients of P, satisfy no asymptotic formula.

In fact, if ged(a,b) = d > 1, then we have
Poy(2) = Pa/,b/(zd) , forzeD,
where @' = a/d and ¥/ = b/d. Observe that ged(a’,b') = 1.

Now we prove that P,p, with a,b 1 and ged(a,b) = 1 is in the Hayman class. In this case we
cannot use the coefficient criteria, Theorem [4.3.17] for exponential power series.

We can write P, = exp(g) where

1 0o
g(z) _ Z %Zk(aj-i-b) _ Z

k 13 0 k=1

el

2k <1 .
1 zak:ZEU(Z)’ for z € D,
k=1

where U is the rational function

holomorphic in . We want to apply Theorem to P, p, in order to apply this result we need
some preliminary lemmas.

Lemma 5.1.8. Let wye (0,7), and t € (0,1). Then

1 ¢ 1t 1t 1t
sup §R<79¢> = ?R(}i‘) and sup oy = )
w<|0|< 7 1 tet 1 tew w§|9‘§ﬂ-w1 tey 1 tew

Lemma 5.1.9. Let h(t) be defined in the interval (0,1) with values in (0,7) and such that
limgg R(t)/(1  t) =0. Let k be an integer k1. Then we have

(1t)2< 1t k1> k

1 tezh(t) =

5"

li =
H1 h(t)2
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Observe that the Taylor coefficients of U(z) = 2°/(1  2?) around z = 0 are non negative.

We search now for a cut function h(t) = (1  t)*¥with appropriate at> 0. Since ¢”'(t) =
O(1/(1 t)Y), as t 1 1, the condition ([4.3.23) of Theorem [4.3.12 m for the major arc is satisfied if
ap>4/3.

Next, the minor arc. This is where we use the condition that ged(a,b) = 1. We have

Rg(z Z

k=1

Elig=s

R(U U(z|") < R(U(2)) U(|z])), forzeD.

The inequality holds since all the summands in the series above are non positive.

The function U(z) has simple poles at the a-th roots of unity: ; = e?™i/e with 0 < j < a.
The residue of U at ; is ;’H /a.

Let us denote by R; the region R; = z =re' :1/2 <r < 1,] 2nj/a|l < m/a and let
R = Ua ! 1 R;; observe that we do not include Rg in R.
For a certain constant M > 0 we have that
b+1
) U()+—2—~ <M, forzeRjand0<j<a.
a(z )

We start analyzing RU (z) for z € R.

Lemma 5.1.10. For 0 < j < a, we have that

. 1 |z® 1

limsup su 3‘3&]2 —(1 4 cos(2mjb/a

1sup sup R(B(:) ) < 501 +cos(2mi b/a)).
t<|2|<1

Besides, for certain € (0,1) and tg € (1/2,1) we have that

L[z

RU(:)— - <

,  for every z € ﬁ}with |z] > to.

Proof. Fix 0 < j < a and z € R;. Let w € Ry such that z = ;jw. By appealing to (b) we have

that Lol 1 e ey, 1 e
A zZ w z
by RU < gcg( b ) M ‘
09 RUG) - < o p BT ) Mg
Now, for every w € D one has that

L ful eID)(l 1) U {1},

1 w

and, in particular,

1
%emw §§ 1+cos(n) , forall e R and weD.
w
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Therefore, we obtain from (bb) that

oM Ok |z|a)}< L < W Ve S 1

“a(l 2]z |2[°

with ]
i=3 1+ cos(2mjb/a) .

This bound (bbb) gives the limsup of the statement. The bound now follows since ged(a,b) =1
and 0 < j < a, implies that cos(2mjb/a) < 1. O

As a consequence of Lemma, [5.1.10| we have

6 RUG) U@ <( 1DUE) < - %t for 2 € R with |2 =t € (t, 1).

It remains to analyze RU(z) in the region Ry. For z € Ry we have that

1
U — <M
(2) a(l z) — 7
and, therefore, for z € Ry with |z| = ¢, we have that
1 1 1 1 o
RU(z) U@ <M+~ (% )
(2) ) =M+2(R— 1 t}+a(1 H @t

1 t0 b
a(l t) (1 t*) ~ a
arguing as in the case above of P and ) and increasing the ty above if necessary we deduce that
for certain > 0,

Now, < —, for each t € (0,1), and thus from Lemmas [5.1.8 and [5.1.9) and

b h(t)?
(bt) z:tiz%gm (éR U(z) U(t)) M+ e T for ¢ € (to,1).
h(t)<0)

The minor arc for {|z| = t} comprises RN{|z| = ¢} (where we have the bound (})) and the two
subarcs in Ro N {|z| = t} of those z = te'®where ||  h(t).

From (4) and () and the moderate growth of | see (5.1.2), we conclude that ai 3/2 suffices to
guarantee the minor arc condition of Theorem 4.3.12] and consequently that, under the assumption
that ged(a,b) = 1, the ogf P, is strongly Gaussian and that its coeflicients satisfy Hayman’s
formula.

We collect the previous discussion by means of the following theorem.

Theorem 5.1.11. Let a,b 1 with ged(a,b) = 1, then the ordinary generating function of the
partitions in arithmetic progression P,y is in the Hayman class.
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By a similar argument to that used for P we obtain the asymptotic formula

Theorem 5.1.12. For the ogf Py of partitions with parts in the arithmetic progression {aj+b; j
0} with integers a,b 1 that

(5.1.4) Poy(e %) £>(as)b/“ /2 exp (Cc(zi)) , asslO.

1
wa<a

Recall that Pi; = P and P»; = @, and then the previous theorem contains the asymptotic
formulas for P and Q.

D. Generalized OGF W? (including colored and plane partitions)

Now we turn to the ogf WP, with integersa 1 and b 0.
Fix s > 0. We will apply Euler summation of order b+1 to the function

f(z) = 2%In for x > 0.

1 6 Sxa )
Note that

Wi *) =3 ¥().
j=1

Observe that

oo 11 o bl 1 dy
/1} f(z)dz = as(b+1)/a/5} y a 11(11 Sy
1 1

el 1 dy 11 S btl 1 dy
st/ fo VMY e vy asiD/a )

1 b+1  b+1yy 1 11 a
=g ( )fg(bﬂ)/a b—i—llns (b+1)2

a a

For the function f at oo we have that lim, o fU) (£) =0, for 5 0. We need the values of f
and its derivatives up to order b+1 at x = 1. We have

1 1
1) =1 =In-— .
F=tm— =l o
Write f(z) = Wg(sl/“ac), where
g) =y =g G ()
1 ev" eV’ 1 '

HES) y o

! @) (st/@), for j 1.

D)= ———
Observe that fU)(1) 0 77729
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b+a

The function wiis holomorphic near 0, and its Taylor expansion starts with (1/2)y°"%, while

U)(y) = ¢ e '
) (y) =y ( ( y+zb+1 ) for 1 <j<bandy>0

b! b!
Also, n("*t1(y) = m and n(0+2) (y) = " for y > 0. And, besides,

f(b+1)(1) _ Sl/ag(b+1)(81/a) _ Sl/aw(b+1)(sl/a) Cle/an(b-i-l)(sl/a) = bla+ O(S)

With all this, we have that

1 b+1 B 4
() +Z& D A CORP AL )
b
,lnf (E& 1)+t BJH' (bb' )'> In s
Jj=1 J
i1 Bj / pi2 Boio
+GZ& D DG 'Zb+1 P el D7t 0G)

Applying Euler summation of order b+1 to 2, with b 1, just in the interval [0, 1] and taking
into account that its b-th derivative is a constant (b!, actually), we deduce that

1 B;1 bl
=+ + 1)
b+1 2 ;G ) G+ (b 5)!
Thus,
b
St it Bjy b —( 1)b+1Bb+1 r 1
G+ ) b+1 2 b+1’
for b 1, and for b = 0 also.
So, we may simplify and write
1 b+1 )
2 1)+ DL Bis1 (1) 0 (1
S(F) + +Z& GV ) 19
1 b Bb+1
= — PR
( i1 (Y b+1)n5
B4 ! Byo
17+ it (1)b+2 202y
MZ& G+ (b J) ';bJrl ; I i T O
Finally,
B ({z}) /}OO Byio({z}) da
1)0+3 (b+2)( b+2 —( 1)b+3 1/a, N2, (b+2)( 1/a, .\ Pb+2 ax
/}f o2y e = C DT s s ) = o
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The function y — y2g*+t?(y) is bounded in (0,00) and as y | 0 tends to bla. We deduce from
dominated convergence that

B ({=}) > Bpy2({z}) do
b+3 b+2) b+-2 202\ g — 1 b-‘er! Po2\ty) el 1).
J 2 e = (1)na o)
With all this we have
b+1 b+1 1

I Wi(e *) = Scul +

a S(b—i-l)/a
B
b1 Pb+1
+( 1) il In s
b J
a b+1_Bjt1 O 1 b+2_DBot2
e () RN o 1) 202y
G VTG e ) Gy
Byio({z}) dz
1)b+3p1 /} Bria(1})
OO =gy g2 o)

The constant term of the above expression may be compacted by appealing to the so called
(generalized) Glaisher-Kinkelin constants appearing (in fact, defined by) the asymptotic formula
of (generalized) hyperfactorials.

If we apply Euler summation of order b+ 2 to the function z°Inz between 1 and N, we obtain
that

1 1
E b b+1 b+1 b
}L nn = ( 1)2 n

b b1

j+1 Bir1 b
YT

b!
g+l b
N i
(F+1)!( Z z—i—l

7=1

B 1 B J
1yo+1 2041 1)+t it
OO et e Z& G+1)! (b ]'; z+1

( 1)1)—&—2((2‘122)!1)! ( 1)b+3/1}oo (b—?—;) Byo({ }) O(1/N).

Here, Hy, denotes the b-th harmonic number.

This expression (1) is the analogue of Stirling’s formula but now for the hyperfactorials vazl 59
of order b; the factorials being the case b = 0. The constant term (the sum of the terms not
depending on N) in the above expression is In GK;. These GK3,b 1 are the generalized Glaisher-
Kinkelin constants introduced by Bendersky, [8], and identified in the following closed form

( 1)b+1Bb+1
b+1

by Choudhury, [20] and Adamchik, [3]. See also, Wang, [99]. The proper (original) Glaisher-
Kinkelin constant is GK;. By taking Hy = 0, formula (x) is also valid for b = 0. The constant GK)
is actually +/2m.

(x) InGK, = H, (b)), forb 1
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We collect the previous discussion by means of the following theorem.

Theorem 5.1.13. For the ordinary generating function W? with integers a1 andb 0 we have

1 b+1 b+1 v 1
b s\ __
IWoe ©) =i+ = ( a >fs(b+1)/a ¢( b)ns

+al'( b)+o(l), asslO,

(5.1.5)

B
where for compactness we have used that (( b) = ( 1)1’%, forb 0, and therefore

ag’( b)

b sy € 1 b+1 b+1yy 1 }
(5.1.6) W,(e ) (p &P (a(w1+ . ( . )fg(bJrl)/a P ass 0.

5.1.4 Asymptotic for the partitions of integers

In this section we give asymptotic formulas for different families of partitions of integers. We
already know, see Chapter [4] in particular the applications of Theorem in there, that some
of the ordinary generating functions of the partitions of integers (with different restrictions) are in
the Hayman class, and therefore that these OGF's are strongly Gaussian power series.

Now we are in position to apply Baéz-Duarte asymptotic formula, see Theorem|(3.2.8} notice that
we previously found approximations for the mean and variance functions of each of the generating
functions for the partitions of integers and also asymptotic formulas for the generating functions
in the interval (0,1). We also proved that some of the generating functions above are in the
Hayman class. These are all the ingredients we need to find an asymptotic formula for each of
these restricted partitions of integers, as n — oo, see Theorem

A. OGF of the partitions of integers P: Theorem of Hardy-Ramanujan

We already know that the generating function of the partitions P is in the Hayman class, see
Theorem (4.3.19 and discussion in there, and therefore P is strongly Gaussian.

Lemma [5.1.2] gives approximations mp and ~“p of mp and p verifying the conditions of Baéz-
Duarte asymptotic formula, see Theorem Recall that

N R 2 . s Y
mp(e °) = 652 and ple *) = V/353/2

solving mp(e *) = n, where 7, = e *, we find that s, = 7/v/6n and therefore 7, = e m/Vén,
From the previous discussion we find that

3/4
p(Th) = (6n) and 7, =e T/

V3my
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Finally Lemma gives an asymptotic formula for P(r,):

1 2 1
~ w2 /(6sn) _ m/n/\v6
P(1y) m;/sne 23/4(371)1/46 , asn — oo,

and therefore, applying Theorem |3.2.8, we obtain the following theorem.

Theorem 5.1.14 (Hardy-Ramanujan).

I (Jn) 11 m/2/3/n
~ ~ — s — R
p(n) \/27‘_’ ( n) 7? \/gne asn (0. @]

this is Hardy-Ramanujan partition Theorem, see [44].

B. OGF of the partitions into distinct parts @

Now we obtain, by means of Baéz-Duarte asymptotic formula, see Theorem [3.2.8, an asymptotic
formula for the partitions of integers into distinct parts g(n).

The generating function @ is in the Hayman class, see Theorem [4.3.20] and this implies that
Q is strongly Gaussian. Lemma gives approximations mg and "¢ for the mean and variance

mg and . This lemma gives that these approximations verify the hypothesis of Baéz-Duarte
asymptotic formula, see Theorem

Recall that mg(e *) = 72/(12s?) and “g(e *) = 7/(v/65%?), then s, = and 7, =.
Using Lemma we obtain that

1
Qe *) ~ ﬁeﬂz/%), as s 10,

and therefore we have the following theorem

Theorem 5.1.15. For the partitions of integers into distinct parts q(n) we have

q(n) Q(Tn) _ 1 1 bis 1/3\/77’

~ = e asn — oo.
VorTg(m)Tn  4-31/4n3/4

C. OGF of the partitions in arithmetic progression F,;: Theorem of Ingham

We want to apply Baéz-Duarte asymptotic formula, see Theorem |3.2.8, to the ordinary generating
function P, ;, with a,b 1 and ged(a,b) = 1.

We proved in Theorem [5.1.11|that P, ;, with a,b 1 and ged(a,b) = 1, is in the Hayman class,
and therefore that this is a strongly Gaussian power series.

Lemma gives approximations mp, , and ~p, , for the mean and variance mp, , and p,,.
In fact we have

mp,,(e %)= C(Q)/(asz) and ~%;M(e %) = (2C(2))/(as3), for any s > 0.
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These approximations verify the hypothesis of Baéz-Duarte asymptotic formula, see Theorem

Solvm mp,,(e °*) = mp,,(7.) = n we find that s, = (¢(2)/(an))/? and therefore 7, =

a,

e *» =e¢ (€@)/(an))V/2. Observe that

~ S N 27613/4_\/1250 3/4
(tn) = “(e *n) = C(2)n = ijn .

Combining the sequence 7, the sequence ~(7'n) the asymptotic formula given by Theorem
5.1.12| and Baéz-Duarte asymptotic formula , we obtain the following theorem.

Theorem 5.1.16 (Ingham). For integers a,b 1 with ged(a,b) = 1, the number of partitions
Pap(n) of integer n 1 with parts drawn for the arithmetic sequence {aj+b:j 0} satisfies that

(5.1.7) Pap(n) ~ [\/;27”/} (2) b/(2a) 1/2( - )b/(za) 1/2+b/ - eXp Wf

as n — o0.

D. Plane and Colored Partitions: Wright’s Theorem

Again, we apply Baéz-Duarte asymptotic formula to the generating function Wlb where b 0, the
OGF of the colored partitions with coloring sequence (j°); 1.

First we discuss the plane partitions, that is, the case b = 1.

D.1. Plane partitions The MacMahon function

o0

Wi(z) H ZM 2", for any |z| < 1,

codifies the plane partitions: M, is the number of plane partitions of the integer n, for n 1, with
My =1.

We already know that M is in the Hayman class, see Theorem and therefore that M is

strongly Gaussian. We also have approximations mp; and "7 for the mean mj; and the variance

M, see Lemma These approximations verify the hypothesis of Baéz-Duarte Theorem
see Lemma [5.1.5]

In fact we have
- s 1 - 1
ma(e ®)=(3) (3) 3 and Mle %) =0) (4) - foranys>0,

and therefore s, = (¢(3) (3))Y/?/n'/3 and 7, = e ** are so that my(r,) = n and ~p(7,) =

(C(3) (3)) Von?/2.
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We also have at our disposal, see equation ([5.1.5), a suitable asymptotic formula for W% on the
interval (0,1):

1/12
(5.1.8) Whe *) ~ed'C D gl/12 CB)/s” = 2[/{ s/12660)/5* a5 510,
1
Now we are in position to apply Theorem this way we obtain the following theorem.

Theorem 5.1.17 (Wright). For number of plane partitions of an integer n we have the asymptotic
formula

de
o [ ) e (He@/ )L asn s oc,

which is Wright’s asymptotic formula for plane partitions, [104].

(5.1.9) M,

D.2. Colored partitions with coloring sequence (jb)j 1 The OGF W}, with integer b 0,
is given by the infinite product

o
1
Wh(z) = H m, for any |z] < 1.
j=1

First we prove that the OGF Wlb is in the Hayman class. Let g be the power series

[e.9]

oo

_ -b 7\ b-‘rl(n) n

g(z) = Z] In(1 z)—zin 2", forany |z| <1,
j=1 n=1

where py1(n)=3"%_, 3**1 denotes the sum of the (b4 1)-th powers of the divisors of n. For this

power series g we have W} = e9. We have already encountered 1(n) in Subsection B.

We want to apply Theorem 4.3.17|to g. Fix eip> 0 such that ey (b+1)/2, for instance ey= 1/4,
then there exists a constant D,;> 0 such that

nb < L(n) < DY foranyn 1,
n
the inequality at the right-hand side follows since j.1(n) < n’ 1(n), finally applying Theorem
322 in [45] we find that for any ey 0, there exists a constant D> 0 such that 1(n) < D.n!Te¥
for any n 1. See also B. The inequality on the left holds because n always divides n.

The previous coefficient inequality gives that W7} is in the Hayman class, see Theorem |4.3.17
and therefore Wlb is strongly Gaussian.

Lemma [5.1.5, and the discussion in there, give approximations ﬁlwlb and NWf for the mean
My and the variance W These approximations verify the hypothesis of Baéz-Duarte Theorem.
In fact we have

gple ) =Cb+2) (b+2) 5,
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and

le V=2 (b+3)

We also have an asymptotic formula for W?(e *), as s | 0, see Theorem [5.1.13| Combining all
these pieces we find the following theorem.

Theorem 5.1.18. For the colored partitions with colors in the sequence (j°); 1 and integer b 0
we have
1 b+1

b+2
LN

B, € ’
nrb

(5.1.10) COEFF[n](Wlb(z)) ~ asmn — oo ,

where
2¢( b)+1

_ L w1 [ 2F2)
ab—qu NS (b+2)§(b+2)]
2¢( b) +b+3

2(b + 2)

b=

b+2 1/(b+2)
=— (b+2)((b+2 .
b= (4200
If in the previous theorem we fix b = 0 (Hardy-Ramanujan Theorem), we obtain the asymptotic
for the partitions of integers and if we fix b = 1 we obtain the asymptotic formula for the plane
partitions (Wright’s Theorem).

For asymptotic formulae (and further asymptotic expansions) in the cases W20 and W2, of
partitions into squares and a-th powers, obtained via the circle method we refer to Vaughan [97],
Gafni [35] and the primordial Wright [106].

5.2 Partitions of sets

Recall that the EGF of the partitions of (non-empty) sets, which is the EGF of the Bell numbers
By, is given by B(z) =€ 1 =32 (B,/n!)z".

We already know that B is in the Hayman class, see Theorem [4.3.18| and the discussion in
there, in particular B is a strongly Gaussian power series. The mean and variance functions of B
are given by

mp(t) =te! and  p(t) = (t+ 1)

Let (t,) be the sequence given by mp(t,) = t,e'» = n, then t, = W(n), where W is the
Lambert function. Observe that p(t,) = /(W (n) + 1)eW® and B(t,) = exp(e™ 1).

Applying Baéz-Duarte asymptotic formula, see Theorem we find the following theorem.
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Theorem 5.2.1 (Moser-Wyman). For the Bell numbers By, we have

eeW(”) 1

B, 1
b 2w/ W () (W () + 1)V W ()

s asn — oo,

which is the asymptotic formula for Bell numbers of Moser-Wyman [68].

In contrast with the cases studied above, partitions of integers with different restrictions, this
asymptotic formula follows in a very direct way. First we can solve the equation my(t,) = n in a
very direct way by using the Lambert function. Then, the function f itself, the mean and variance
functions have simple expressions which give, in a very direct way, the previous asymptotic formula.
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In this chapter we introduce a unified approach to deal with the asymptotic behavior of the
coefficients of large powers of power series with non-negative coefficients.

The framework of this approach arises from the use of Local Central Limit Theorems for
individual lattice random variables (Theorem and also for continuous families of lattice
random variables (Theorem as a tool within the theory of Khinchin families of random
variables associated with power series.

Large powers arise while considering sums of independent copies of a random variables: if
(z) is the probability generating function of a random variable Y taking values in {0,1,...} and
Y1,...,Y, are independent copies of Y then

P(i}fj = k) = COEFF( (2)"),
j=1

and if (X¢).e(0,r) is the Khinchin family associated with some power series f, and Xt(l), e ,Xt(")

are n independent copies of X; then

() ) L f(tz)\"
P(E}Xt@) = k:) = COEFF| (f(t) > )

k
= COEFF(f"(2)) fz(t) , foranyk Oandte (0,R).
Large powers also appear in Combinatorics. For instance, if (z) is the generating function of
an unlabelled combinatorial class C, then COEFF[( (2)) is the number of the objects in the class
with weight k, while COEFF[( (2)") counts the number of lists of length n of objects of C with
total weight k. For general background on (Analytic) Combinatorics we refer to the comprehensive
treatise [32].

Along this chapter, we reserve k to signify index of the coefficient and n to denote the power to
which a power series f is raised. The power n tends to infinity. Different results appear depending
on how k behaves with n, or actually, on how k/n behaves as n — co. As we shall see the Local
Central Limit theorem for continuous families is used to handle the large exponent n while the
Khinchin families, particularly, of Gaussian (or strongly Gaussian) power series are used to handle
the coefficient index k. This chapter is mainly based on the preprint:

e Macia, V.J. et al. Large Powers asymptotics, Khinchin families and Lagrangian distributions),
ArXiv:2201.11746, see [31].
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6.1 Local Central Limit Theorem and continuous families

To obtain asymptotic results for the coefficients of large powers of power series with non-negative
coefficients we will write down formulae (to be presented in Section [6.2.2) for the coefficients of
the large powers in terms of the associated Khinchin families and Hayman’s identities.

To handle the Hayman’s identities of a Khinchin family we shall use the Local Central Limit
Theorem for lattice variables in some integral form. This is Theorem as applied to a single
lattice variable, and Theorem which is a version of the Local Central Limit Theorem for
continuous families of lattice variables. We provide a detailed proof of the latter result which
requires some preliminary material which we will discuss in Section

6.1.1 Approximation and bound of characteristic functions

For a random variable Y and integer n 1, we have for E Y/ Vi ™ the following well known
approximation, Theorem and bound, Theorem involving the third moment of Y.

Theorem 6.1.1. There exists a constant C > 0, such that for any random variable Y wverifying
that E(Y) =0, E(Y?) =1 and E(|Y]?) < oo, it holds that

3
E el@Y/\/ﬁ n e 92/2 < CE(’Y’ ) ’Lf‘e‘ < \/ﬁ

—_—, andn 1.
vn E(|Y]?)
See, for instance, [42, Lemma 6.2, Chapter 7]. In particular,
(6.1.1) lim E eY/Vn " = ¢ 92/2, for each Yz R,

n—oo

which is the Central Limit Theorem for sums of independent identically distributed copies of the
variable Y with the extra assumption of finite third absolute moment.

Theorem 6.1.2. For any random variable Y such that E(Y) =0, E(Y?) =1 and E(|Y?) < o,
we have that

E Y/ <, 92/37 for any Oysuch that |0] < éﬂﬂzgi?’) andn 1.

See, for instance, step 1 in the proof of [42, Lemma 6.2, Chapter 7].

6.1.2 Lattice distributed variables

A random variable Z is said to be lattice distributed or a lattice random variable if Z is nonconstant
and for a certain @ € R and h > 0 one has that P(Z € a + hZ) = 1. The largest h such that
P Z € a+hZ =1is called the gauge of the lattice variable Z. For gauge h, the variable (Z a)/h
takes integer values and has gauge 1.

Let f(z) = > ;2 anz"™ be a power series in K. Let Zy = {n  1:a, # 0}. Recall the notation
Qs = gcd{Z;} from Section |1.3.6.
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If @Qf = 1, then each X; of the Khinchin family of f is a lattice variable of gauge 1 and each
)Z't is a lattice variable of gauge 1/ f(t). The condition @y = 1 is equivalent to the requirement
that for each d 1 there is n € Zy such that d { n.

In general, if y 1, then each X; of the Khinchin family of f is a lattice variable of gauge
Q and each X, is a lattice variable of gauge Q ¢/ f(2).

Lemma 6.1.3. If Z is a lattice random variable with gauge h, then
|E(e%?)| <1, for0 < 6y< 2n/h.

In particular, for each 0 < < w/h, there exists wi= wip< 1 such that
B(e2)| <wy for|0 w/h| <

See [30), Section 3.5]. The second part of the statement follows simply from continuity of the
characteristic function.

The next result is a standard inversion lemma whereas the mass function of a variable U is
expressed in terms of its characteristic function.

Lemma 6.1.4. Let U be a lattice random variable with gauge h, so that for certain a € R we have
that P(U € a+ hZ) = 1. Then
h 7/h
P(U = a + hk) = /} E(cY)e W@tkh) g0y for each k € 7.
21y w/h
In other terms, for each attainable value x of the variable U we have that

P(U = _i 7T/h]E 10U z@zde
W=a) =5 ) B sy

Proof. We may assume that a = 0 and h = 1. For each k € Z, let p, = P(U = k). Then, we have
that >, ., pr =1 and

E(e’BU) = Zbkem@ , for each fyz R,
keZ

1
and therefore, that p, = 2¢/} E(ezeU)e *0d6y) for each k € Z. dJ
s )

6.1.3 Local Central Limit Theorem for lattice variables: integral form
Theorem 6.1.5. Let Z be a lattice random variable with gauge h and such that E(Z) = 0 and
E(Z?) =1. Then

n—0o0

6| <my/m/h

lim /} E(e?Z/Vmyn ¢ /2 o= 0.
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From the convergence of this integral, the usual statement of the Local Central Limit Theorem
follows, see Section In fact, Theorem is what is actually shown (as an intermediate
step) in the usual proofs of the Local Central Limit Theorem, see, for instance, [38, Section 43]
and the proof of [30, Theorem 3.5.3].

We give a proof below with the extra assumption that E(|Y|?) < oo anticipating and as prepa-
ration for the corresponding result, Theorem for continuous families of lattice variables.

Proof. The Central Limit Theorem, as in equation (6.1.1), gives that, as n — oo, the integrand
converges towards 0 for each Gy R.
Denote 72 1/(2E(|Z|?). Theorem provides us with the bound

[E(e92Vmyr < e 910 si 0] < T/
Thus, dominated convergence implies that

() lim E(e07/Vmyn e 012 i 0
e Jle| <y

Lemma gives, in particular, a bound wye (0, 1) such that
[B(e?)| <wyp siTy< |6 </,

and so that
[B(eZ/Vm) < W, st mi/n < 10] < mfn/h.

The bound

/ E(eZ/Viyn e P12 doye /} (w" +e ©12) ay
/i <|0| </ Y/ <|0]<mfi /b

tends to 0 as n — oo. This together with (b) gives the result. O

Local Central Limit Theorem

Let Y be a random variable such that E(Y) = 0 and E(Y?) = 1. Let Y3,Y5,... be a sequence of
independent random variables each one of them distributed like Y.

Assume that Y is a lattice variable with gauge h and that P(Y € a + hZ) = 1, for some fixed
a € R.

For each n 1, we denote S,, = (Y1 + --- + Y,)/v/n. The variable S,, is likewise a lattice
variable, with gauge h/\/n.

Let V,, denote the set of values that the variable \S,, can take, i.e.

V, = {avn + kh/y/n : k € Z}.
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Applying Lemma to the variable S, and using that E(e??S») = E(e"Y/V™)" we have that

h my/n/h
B QWW mv/n/h

P(S, =) E(ezey/‘/ﬁ)"e b doy for every x € V), .

Since

1

e *2/2 _ /}e 0%/2, W 49y for every z € R,
27T¢ R

we deduce that

1 1
sup @P(Sn:;p) e T2 <§w /} E(ewY/\/ﬁ)n e 02/2 A0

€V h V 27T¢ -
6] <my/n/h
1 62/2
+ o /} e dfy
|0]>myn/h

Theorem [6.1.5] allows us to conclude from the bound above that

Corollary 6.1.6 (Local Central Limit Theorem). With the notations above,

. \/ﬁ 1 2 2
lim sup —P(S, ==z e T2 2.
n—>oox€1£1 h ( " ) \/27r1/)

6.1.4 Continuous families of lattice variables

In this subsection we introduce some results for continuous families of random variables that will
be used in the context of large powers asymptotics, see Chapter [1} in particular Subsection [6.1.4]
for the definition, and properties, of continuous family.

Recall that the (un-normalized) Khinchin family (X;) of any f in K with radius of convergence
R is continuous and bounded in any interval [0,b] with 0 < b < R. If My < +oo (and R < +00)
the family (X¢);e[o,r) extended to the closed interval [0, R] is continuous and bounded; observe that
E(|X;|) = E(X;) < My, for t € [0, R]. See Chapter |1} in particular Subsection

Let (Zs)sefa,p) e a continuous family of lattice variables. For each s € [a,b], let h(s) denote
the gauge of Z;. The gauge function h is upper semicontinuous:

limsup h(u) < h(s), for each s € [a,b].
U—S
In general, the gauge of a continuous family is not a continuous function. For instance, for s €
[0,1/2], let the variable Z take the values 0,1/2 and 1 with respective probabilities 1/2  s,2s,1/2  s.
The family (Z;) is continuous, and h(s) = 1/2, for s # 0, but h(0) = 1.
The next lemma is a counterpart of Lemma for continuous and bounded families; it follows
from Lemma by continuity and compactness.
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Lemma 6.1.7. Let (Zs)se[a,b} be a continuous and bounded family of lattice random variables, with
continuous gauge function h(s).
Let H > 0, be such that h(s) < H, for each s € [a,b].
Then,
|E(e"%:)| <1, ifsela,b] and 0 < |8] < 27/h(s).

In particular, for each 0 < < m/H, there exists wy< 1 such that

[E(e?)| Swny if 5 € [a,b] and < [6] < 7/h(s).

The next theorem is a uniform analogue of Theorem for continuous families of lattice
variables:

Theorem 6.1.8. Let (Zs)sc(qp) be a continuous family of lattice variables with gauge function h(s)
continuous in [a,b] and such that for each s € [a,b] we have that E(Zs) = 0, E(Z2?) = 1 and
E(|Zs®) < , for a certain constant > 0.

Then,

my/n/h(s)
lim sup/} E(e0%:/Viyn e P2 qog=0.
=00 selab] J  wn/h(s)

Remark 6.1.9. The hypothesis sup,¢, 4 E(|Zs|?) < 0o may be replaced by the assumption that
SUPs¢[a,b] E(|Zs]*t ) < oo, for some > 0, or even by assuming that the family (|Z5|2)s€[a’b] is
uniformly integrable.

Proof. First, we pay attention to the range of integration 0| < \/n/(4 ).
Theorem gives us that

&

E el@Zs/\/ﬁ n <e 92/37 if se [CL, b] and |0| < 4

while Theorem gives us that
vn

E ?Z:/Vn " o 12 <o ifse(a,b]and |0 < Y.

vn'
Therefore, for any sequence (sy), 1 extracted from [a,b] we deduce, from dominated conver-

gence, that
Vvn/(4)
lim E("Zsn/VMyn o 12 gy
e vnj4)

and, therefore, that

vn/(4)
(x)  lim sup /} E(e%/Vmyn e P2 qog=0.
70 selab) S vn/(4)

Fix 0 < J < H such that J < h(s) < H, for each s € [a,b]. Take m/>> 0 such that m/< 1/(4 )
and Ty< w/H.
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Since, for every s € [a,b], we have that E(|Z,|) < E(|Zs*)"/? = 1, the family (Zs)sefap) s
bounded. Thus, Lemma [6.1.7|shows that there exists w< 1 such that

IE(e%:)| < wpy if s € [a,b] and 7< 0] < 7/h(s),
and so such that
[B(e9%/Vr)m| < Wiy if s € [a,b] and m/n < |0] < my/n/h(s).

Therefore, for each s € [a, b] we have that

/ E(eZ:/Vryn o 912 gy i/ T + /} e U2dgy
TH/n<|0]<my/n/h(s) o] /n
Consequently,
(o) lim i E(e0%/Vmyn e 012 dog=0.
m/n<|0|<my/n/h(s)
Combining (%) and (xx) we obtain the result since my< 1/(4 ). O

6.2 Coe cients of large powers

We now turn our attention to the study of the asymptotic behavior of coefficients of large powers
of functions  in the class K: the behavior of the coefficient COEFF( "(2)), as n — oo.

The objective of this section is to establish appropriate expressions for the Hayman’s identities
for the coefficients COEFF[( "(2)) of (large) powers in terms of the Khinchin family of : Lemma

[6.2.2l and Lemma [6.2.3!

In forthcoming sections we will apply these lemmas to study the behavior of the coefficient
COEFF[)( "(2)) under a variety of assumptions upon the joint behavior of the index & and of the
power n. At a later stage, in Section[6.6, we will consider the asymptotic behavior of the coefficients
of h(z) ™(z) where h(z) € K.

Remark 6.2.1. The results which follow about large powers actually cover the general situation
of  with non-negative coefficients, and not just & K. To see this we may reason as follows.

If has non-negative coefficients and it is not in K, then one of the two following possibilities
occurs: 1) is a constant or a monomial like (z) = bz™, for some b # 0 and integer m 1,
which are trivial situations as coefficients and large powers are concerned, 2) (0) =0 and has
at least two non-negative coefficients, in which case, € K, and for some integer [ 1 we have
that o(z) £ (2)/z' € K, and thus COEFFp( ™) = COEFF}j, ,(¢"), for k  ni. X

Henceforth, (z) = Zj‘io bjz’ will denote a power series in K with radius of convergence R > 0,
and from now on we let (Y;);c[o,r) denote its Khinchin family.
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We reserve k to denote index of coefficient and n to denote power of . In all asymptotic
discussions below the power n tends to oo (large powers), while the index k could tend to oo in
such a way that either £ =< n (including the case when k/n tends to a finite nonzero limit) or
k = o(n) (including the possibility that k could remain fixed) or n = o(k) (which would require,
as we shall see, that the power series  is uniformly strongly Gaussian). These three cases are

discussed in Sections and respectively.
6.2.1 Auxiliary function
Recall the notation of Section [1.3.6:
Qf = ged{n 1:an7$0}:]\}im ged{1 <n <N :a, # 0}
—00

for any power series f(z) = > o2 ja,2" in K.

If Q >1,then (z)= (29 ) for a certain auxiliary power series € K which has radius of
convergence R? . Observe that Q =1 and that

COEFF[q |( "(2)) = COEFFp( "(29 ),
while for ¢ not a multiple of () , we have that
COEFF[,( "(2)) = 0.

Denote by (Zt),e(,pey the Khinchin family associated with this auxiliary function , then, see

Section [1.3.6]
,2Q -Zqo, foranyte (0,R).
The mean and variance functions of and are related by
m ()=Q +m (t?) and Z(H)=Q*  *(t?).

For each t € (0, R), the variable Y; is a lattice random variable with gauge @) . Likewise, the
normalized variable Y; is a lattice random variable with gauge h(t) = Q / (¢).

In subsequent analysis, we shall obtain asymptotic formulae for COEFF,( (2)") first under the
assumption that ¢ = 1, and then in the general case when @ 1, by considering the auxiliary
power series , with ¢ = 1, and translating the results back to

6.2.2 Hayman’s identities and large powers

We may express COEFF;( (2)") in terms of the characteristic function of the normalized variables

(ﬁ)te[()’ r) by Hayman’s identity as follows.

Lemma 6.2.2. With the notations above,

n 1 "t 1 1 0Y n N _i(nm n
(6.2.1) COEFFW( (z) ) = %w tlg )\/ﬁ(t) /} E ¢ 0Y://n e( (t) k)6/( (t)f)dﬁz/}

[0|<moy(t)v/n
for any index k1, powern 1 and for allt € (0, R).
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Proof. For t € (0, R), Cauchy’s integral formula gives that

ny _ L ()" _ 1 (f)”/} (te”)" o
COEFF[( (2)") = 57 /|}Z:t s dz = 20 15 Jopens (O e “Fdoy

1 (t)n/} oY, ok
= — E(e”")"e "Fdf
2my tk |0] <7 ( )

1"t 1 1 /} OVe/ayn anm (8) K)O/( (H)v/m)
_ o E(ez t/ vy nm ") do.
2mp th o () Jjgj<ny (v :

O

Observe that the integral expression of (6.2.1) is greatly simplified if the radius ¢ is such that
(x) mnm (t) = k. Whenever possible we will select and use that value of ¢ such that (x) holds
exactly or at least approximately.

In the next sections, we shall use the formula (6.2.1) to study the asymptotic behavior of
COEFF[)( "(2)), as n — oo, while k < n, k/n — 0 or k/n — oo.

A minor variation of the proof of Lemma above gives that if H(z) is a function holomorphic
in D(0, R), then, with the notations above, we have that

COEFF[, (H(2) (2)")
622 _1 "®1 1 /} H 1%/ OVR) | g0%i/vi matum () 16/( 0V ggy)

Compth no (1)
10| <row(t)y/m

for any index k1, power n 1 and ¢ € (0, R).

If M < oo (and R < 00), then extends to be continuous in cl(D(0, R)) and the Khinchin
family (Yt)te[o, r) extends to the closed interval by adding Yp given by

P(Yr=n)=0b0,R"/ (R), forn O.

See Section [1.2.4] and Section [1.3.7] and the notations therein. In this case, we can take t = R to
obtain the following formula for the coefficients of .

Lemma 6.2.3. With the notations above, if R < 0o and M =m (R) < oo and 2(R) < oo, then

COEFF[( (2)")

(6.2.3) _ MR 11 /} B o0V/VA M amm (R) K6/ (RIV) gy
9 RF (R) ¢ c v
|0|<mop(R)v/n

B

for any index k1 and power n 1.
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6.3 Index k and power n are comparable

In this section we discuss the asymptotic behavior of COEFF;( "(z)) when the index k and the
power n are such that k& < n, as n — oc.

The plan is to analyze the integral term in the Hayman’s identities of Section when k =< n,
as n — 00, by invoking the Local Central Limits Theorems of Section [6.1

Along this section we assume that, for certain A, B, fixed, 0 < A < B, the index k and the
power n are such that A < k/n < B.

To deal with this case, we assume additionally that M > B. This being the case, we denote
a=m Y(A)and b=m (B).
Assume first that Q= 1; a restriction to be lifted shortly in Section [6.3.1. The family of

random variables Y;, where t € [a, b], is a continuous family of lattice random variables with gauge
function h(t) =1/ (t); see Section [6.1.4] In particular, m[a%;] E(|Y:]?) < +oo.
te

)

For each n 1, define 7, by m (7,) = k/n. This choice is possible because M > B. For each
n 1, we have 7, € [a,b].

Taking t = 7,, in Hayman’s identity (6.2.1), the integral term in there simplifies to
I, 4 /} E 0¥ /vn " Ao
6] <7t (mn)v/

Since  (1,) = 1/h(7,), Theorem gives that

6.3.1 lim E /v o 02 g (.
(6.3.1)

n—oo

0| <mot)(Tn)v/n
In particular, since minyef,y  (f) > 0, we conclude that lim,, oo I = V27, and, thus, that

1 "(Tn)i 1
Ver Tk ()’

COEFF[( (2)") ~

6.3.1 General @)

We now lift the assumption that ) = 1. To simplify notation, write Q = @ 1. Consider the
auxiliary function |, so that (2) = (29).

Recall that m (t) = Qm (t9), let A’ = A/Q and B’ = B/Q and observe that M = M /Q >
B/Q=B.
Define 7/, by m (7)) = k' /n, for k' such that A’ < k'/n < B’.

n
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Since Q = 1, we have that

() comrrg( ")~ e L L e,

T Vamm)Y Ve (@)

k
Let 7, = (7/.)"/@. Take k = k'Q, observe that A < — < B and that
n

m ()= Qm ()= L _F

n n

and
() =Q  (77)-
Since COEFF[( ") = COEFF[( "), translating (f) into terms of , we get that
@ (m)"1 1
Ver T n ()’

as n — oo while A < k/n < B and k is a multiple of Q.

COEFFg( "(z)) ~

Theorem 6.3.1. For 0 < A< B < M , we have that

Q (Tn)ni 1
V2 T Vo ()

as n — oo, while A < k/n < B and k is a multiple of Q , and where 1, is given uniquely by
m (1) = k/n.

COEFF( "(z)) ~

6.3.2 With further information on k/n

We assume now that for some L such that 0 < L < +o00 and L < M | we have that k/n — L, as
n — oo. With that information, we may sharpen the asymptotic formula for COEFF( (2)") of

Theorem [6.3.11

Assume that k/n — L, where 0 < L < 400 and L < M , and, in fact, in such a way that for
some wiyE R

k 1 1
- —L+w$\/—ﬁ+o<%>} as n — 00.
or, equivalently, that
. nL k
(6.3.2) nh_}ngo Tn wip

e Suppose that L < M . Choose /e (0, R) such that m (7) = L. Observe that now we have a
fixed value of 7, and no 7, varying with n.
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Assume first that Q = 1. If we choose t = 7/in formula (6.2.1) and invoke the Local Central
Limit Theorem we readily find that

1 M) 11 wd/ () g2
COEFF[k]( (Z) )N% TSC)\/E (T)/]ie 6/ ()6 9/2d9

e w?/(2 ?(T)) L n(,r)
B Veroy(r) Vo TF

An argument much like the one in Section allows us to deduce the general case @) 1
from the case Q@ =1.

, as n — 00.

Theorem 6.3.2. If L < M and

n—00 \/ﬁ

then
w?/(2 2(7)) 1 n(r

¢ 1
Varop(r) Vo T

where Tis given by m (1) = L and k is a multiple of Q .

COEFF( (2)") ~Q , asS M — 00.

The case where £k = n 1 and thus L = 1 (and wy= 0) shall be used in the discussion of the
Otter-Meir-Moon Theorem, Theorem [6.7.1, on an asymptotic formula for the coefficients of the
solutions of Lagrange’s equation.

o Suppose L =M and R < +o0o. Observe that M < oo.

Now there is no /€ (0, R) such that m (7) = L. But extends to be continuous in cl(D(0, R))
and the family (Y;)c[0,g) may be completed with a variable Yz which has m (R) = M =L, see

Section If further 2(R) = V(Yg) < oo, which occurs if > °° ;n?b, R" < oo, then we may
use formula (6.2.3) instead of formula (6.2.1). By the same argument above, we then have

Theorem 6.3.3. If M =L and R < +oc and Y oo n?b, R" < co. If

then

coerry( (2)") ~ Q IO

where k is a multiple of Q .

Remark 6.3.4. There remains the case where L = My and R = +oo. In this case, since
M; < +oo, we have that f is a polynomial of degree deg(f) = L = My and thus, in particular,
we have that L is an integer. In the extreme case when k = Ln, we have that COEFF[,( ") = b},
where by, is the L-th coefficient (z).
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A. Binomial coe cients.

As an illustration, we apply next Theorem to binomial coefficients. We take (z) =1+ z,
which belongs to K. In this case, we have

m (t)= ——, and 2(t)= ; for t € (0, +00).

In particular, M =1.
Observe that

COEFF[( (2)") = <Z>} form landk 1.

o Let pe (0,1). Foreachn 1/p, let k = |pn]. We have that

0<p k < l.
no-n
Thus we may apply Theorem with L = p and wi= 0, to deduce that
< n > 1 1 R
I~ , asn—00.
|pn] mp(l  p) (1 p) kph

If p =1/2, we have that

(Ln72J)}“ E;a e

eletpe (0,1)and €R. Forn N,letk = |pn+ /n|, where N is chosen so that pn+ /n 1,
forn N. Then

s:p—&—\/ﬁ—i—O(%)} as n — oo,

and Theorem with L = p and wi= , gives us that

n } 1 1 2/(2p(1 p))
I~ e , asm— 00.
<Lpn + \/ﬁJ> mp(1  p) (1 p)" Fpk

For p=1/2 and € R fixed, we have that

(Ln/zf mngﬁ *

asn — oo.

B. Back to Local Central Limit Theorem

Let us assume that is the probability generating function of a certain random variable X (with
values in {0,1,2 ...}) which has mean p and standard deviation s. Assume further that has
radius of convergence R > 1 and that Q@ = 1.
We have M = limpgpm (t) > m (1) = p. For m= 1 € (0, R), we have m (7) = p and
(1) =s.
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Let Y be the random variable Y = (X  p)/s. This variable Y is a lattice random variable
with gauge h = 1/s, since Q = 1. The variable Y has E(Y) = 0 and E(Y?) = 1.

For each n 1, let S,, denote the random variable

Sp

Vit AY, X+t X, (u)\/ﬁ
N vn N sy/n ’

where X1, Xy, ... are independent copies of X and Y; = (X; p)/s, for j 1.

For k € Z, denote

o(k) = ks\l/ﬁ (g)\/ﬁ

Let V,, denote the collection of values that S,, can take:

V, = {v(k) ke Z}}

For x € V,, let k, = s\/nx + pn, so that v(k;) = x. We have

ke n s

— = —.

n K Vn

Moreover, with the notations of the hypothesis of Theorem we have that L = p and wi= sz.
Now we use that with 7= 1, we have that m (1) = u(=1), (1)=1, (1)=sandw?/ 2(1)=
22, and appealing to Theorem we obtain that

COEFF( (2)") ~ —= —_ 12

1 T
NN

, asn— 0.

Since
P(S,=2)=P(X1+ -+ X, =k;) = COEFF[kx]( ()",

we deduce that

. _ _ 1 xz2/2
Jim. svnP(S, =1z) = E{; ,
which is “consistent” with the Local Central Limit Theorem as stated in Corollary [6.1.6.

as n — oo,

6.4 Index k is little ‘0’ of n

In this section we deal with the large powers asymptotics when k/n — 0 as k,n — co.
For the discussion of this case and throughout this section we assume that '(0) # 0. This
hypothesis implies that ) = 1.

We will use formula (6.2.1) with an appropriate choice of t. To precise the limit value of the
integral term as n — oo, we shall appeal to the following lemma, akin to Lemma 2 in [65].



238 CHAPTER 6. LARGE POWERS AND LAGRANGIAN DISTRIBUTIONS

Lemma 6.4.1. Suppose that € K and '(0) # 0, then for each 0y € (0,7), there exists ¢ > 0
and r > 0 such that

e

(t) ’

Proof. Without loss of generality we assume that by = 1. We have

IE(e%%)| = ift <r and 6y < 0] < w

| (te)|? =1+ 2bitcos O O(t?), as ¢ 10,

and
| )P =142bit+0(%), as t]0.
Therefore,
oiy 2 _ | ()P 2
|E(e¥)| :W:1+2b1t(c0s9w 1)+0(t"), as tl]0.
For 6y < |0 < 7, we have cos 0y< 1 , for certain > 0, which may depend upon 6. Since,

by hypothesis, by > 0, we then have, for certain r € (0, R), that

10% 2 _ | (t629)|2 2
|E(e*)]* = e <1 2bit +0(t*), forallt<r,
Therefore, for ¢t < r we have that
. | (t619)|2
[E(e)? = O <1 bt <e ™,
as claimed. O

For n large enough, we have that k/n < M and thus we may define uniquely 7,, € (0, R) such
that m (7,) = k/n. Observe that 7, — 0, as n — oo.

We will use here the results from Section |2.2|in Chapter [2|about the moments of the Khinchin
family (Y)e[o,r) when ¢ is close to 0. Since by > 0, we have that

i $1/2 YACA S AU
(1) lin ¢ E(Y:]”) \/]bl-

b
Asm (t) = b—lt + O(?), we have that
0

bo k
T~ ——, asn —0o0.
bln

Besides,

2(rp) ~ =, asn — 00.
n
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For ¢t = 7, the expression () above tells us that

% 3
o) E“jg' ) Nﬂ, as s o0

If we choose t = 7, in formula (6.2.1), the integral term simplifies to

I, 2 /} E Ym/VE " gy
10 <rop(ra)v/m

Let us see that the integral I,, converges to v/2mias n — oo.
Theorem and (b) give that

lim E eYmb/va ™ _ /2 for all G R.

n—oo

Theorem and (b) give that there exists N 1 such that if n N, then
E Vm0/Va " <o 8 gorall 1] < VE/5.

By dominated convergence we have

n—o0

lim /} E emb/vnn o 0%/2 dfy= 0.
10|1<V’k/5

We apply lemma with g = 1/10 to ascertain that there exists N
that for all n N we have that

10
B = LOO < oeon o & <o) <

(tn)  —

and, therefore, that

|E(619Y7—n/( (Tn)\/ﬁ))’n _ n < e 7Tn

for 4 (m)v/i < 16] < mow(m) v/

Since for n large enough we have that 15 (7,)v/n < Vk/5, we may bound

239

1 and C' > 0 such

/ E(ezQYTn/ﬁ)n e 62/2 dons e CnT"(87T/3)\/E+ /} e 62/2 d0ip
VE/5<|0|<motp(mn)v/n 16| Vk/3

for n large enough.
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As n — oo, the first summand of this bound converges to 0, since nr, ~ (ag/a1)k and k — oo,
while the second summand converges to 0 since k — co. We conclude that

lim /} E(eP /vy o 072 o
VEL|0|<mov(ta)v/n
and, therefore, that
(6.4.1) lim /} E(ePm/Viyn o 072 o ).
n—oo
16| <monp(rn) /.

In particular
lim I, = lim /} E(e’eiff"/‘/ﬁ)" dO= /21
n—oo n—oo
0|<7mop(tn)v/n

In sum,
Theorem 6.4.2. If '(0) #0, then

1 ") 11

2us Tr]f % (Tn)
1 " 1
(7n) — as n — 0o,

T Vo TE kS

where k/n — 0 and 1, is given by m (7,) = k/n (for n large enough).

COEFF( (2)") ~

6.4.1 With further information on k/n

If further information on how fast k/n tends to 0 is available, then we may express the asymptotic
formula (6.4.2)) directly in terms of k£ and n and not on 7,.
We maintain the assumption that ’(0) > 0.

The function m is holomorphic and injective near 0. Its inverse m ! is actually the solution of

Lagrange’s equation with data z/m (z) = (z)/ '(z). Besides, In is holomorphic near 0, since
as € K, we have (0) > 0. Thus Lagrange’s inversion formula gives the expansion

In m! (z)zlnboJrZ}szj,
j=1

where

/

002 8= eommy (=) (1) )k Seomer (<) 7). i 1

For each j 1, the coefficient B; depends only on by, b1, ..., b;.
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Likewise,
m (2)
In . :ln(—/)m ln——l—sz
where
1 i g+l .
(6.4.3) Cj = ECOEFFU] (—,) = TBj—Ha forj 1.

Now, with the notations of the general discussion of the case k/n — 0, we have that
In (r,)"=nln (r,) =nln (m 1(}?))}: nlnby + ZBj(kj/nj 1)’
n
j=1

and also that,

kj+1

lnT/;:k,‘lnTn:k;]nm 1(@) — kln b0_|_k1 7_'_2}:,]
1

n b nd -

Using formula (6.4.3), and that B; = 1, we may write
o0

n B
644) W ()" Wrk = Wbt klnbHET 4k YRR
J

:zj 1n

Let = limsup,_,,, Ink/Inn and let J the smallest integer such that J > /(1  );if
we set J = +oo. Thus

B; kyJ+1
Z} = O(—) =o(l), asn— oo,
il 1nj ot K

and then

n k ok S B, kI
<TZ) ~ bi kph € exp( Z}—]k1>, asn — 0o.
-

1 1k
px k = 1nJ
Therefore

Theorem 6.4.3. If '(0) #0, and and J as above, then

COEFF " —=b "0y ex S , — 0.
[k]( (Z) ) mw ]{k\/> p( j:2j 11 1) asn (0]
If <1/2,then J =1, and then
nk
(6.4.5) COEFFp( (2)") ~ b} hphll o7 ~ COBFF(((bo + b12)"),  asn — oo.

For the particular case where, k = |\/n], (with =1/2, and J = 2), we have that

COEFFp( (2)") ~ b} kL G Bx asn— 00,

where By = (1/2)  (bgbg)/b3.

241



242 CHAPTER 6. LARGE POWERS AND LAGRANGIAN DISTRIBUTIONS

6.4.2 Particular case: k fixed, while n — oo

In this particular case, where k remains fixed, while n — oo, the analysis of the asymptotic behavior
of COEFF( (2)") just requires the multinomial theorem.

Observe that

k
COEFF( (2)") —COEFF[k]<E})]Z]>

j=0

The multinomial theorem gives then that

ny _ b]o bjk,

where the sum extends to all k+1-tuples (jo, ..., jx) of non-negative integers such that

Jo+n+-+jk=mn,
J1+2jo + -+ kjp = k.

For such a tuple, we have n &k < jo < m and j; < k, for 1 <i < k. We write jo =n [, with
0 <1 <k and classify by I:

COEFF[p( (2)") = Z‘(?) by > (jlji : : : ,J;:k> WL b
1=0
; 20 }

For each integer [,0 <[ < k, the interior sum C} extends to all k-tuples with j; + .-+ jr = and
J1+ 242 + -+ + kjr = k. Observe that C; does not depend upon n. Therefore

k
n n n
comrrs( (2" =3} ) "<
=0

is a polynomial in n whose degree is given by the largest [ < k such that C; # 0, and
1

COEFF( (2)") ~ by C n , asn—oo.
o Ifby #0, then Cfr # 0, and = k. In fact, the sum C} contains just one summand corre-
sponding to j; = k and jo = ... = jp = 0, and thus O = b¥. We have in this case that

COEFF[( (2)") ~ klb" Fohnk ~ <Z>§g ko, asn — 0.

In other terms and asymptotically speaking, the k-th coefficient of (z)™ behaves as the k-th
coefficient of (bg + b12)", as n — co. Compare with the formula (6.4.5), where &k — oo with n, but
slowly.
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e Ifb; =0, then the nonzero summands of C; must have j; = 0 and they must satisfy jo+- - -+jr =
[ and 2j3 + - - - + kji = k. Thus, if C is not zero, then 2 < k, and so, < k/2.
Assume further that by # 0. We distinguish now between k even and k odd.
If £ = 2q, then C,; has only one nonzero summand, the one corresponding to j» = ¢. Thus
Cy=0b3, =q=k/2, and
- k/2yk/2 k2.

COEFF [ ( (2)") ~ o0

(/210 9 asm — oo.

If Kk =2¢+1, then < g. The only nonzero summand of Cy has jo = ¢ 1,753 = 1. Thus
C, = qb? by
If b3 # 0, then C; #0, = q and

1 n
bO (k 1)/2bgk 3)/2b3n(k 1)/2’

COEFFi1( (2)") ~ iy as n — 0o.
. ((k 3)/2)
If b3 = 0, then Cy; = 0 and actually the degree is at most k/3.
e In general, if by =... =b, 1 =0, and b,, # 0, then for each h,0 < h < m 1, the coefficients

of index k = h mod (m), satisfy an asymptotic formula
COEFFj( (2)") ~ Qg pn B, asn — oo,

where pp < (k h)/m and Q) > 0.
For h =0, i.e., for those k& which are multiples of m, we have j o = k/m and, actually, that

1 k
o /mb’fn/mnk/m, as n — oo.

COEFFp( (2)") ~ Wbo

In particular, if @ =@ > 1 and k is a multiple of @, then

1 b” k/Q
(k/Q)

Observe the bg > 0. If @ is not a divisor of k, then, of course, COEFF)( (2)") = 0. for every
n 1.

COEFF[( (2)") ~ bg/Q nF/Q asn— oco.

6.5 Power n is little ‘o’ of index k

To obtain a large powers asymptotic formula in this case where k/n — oo, as n — oo, we require
more from , namely, we will assume that is uniformly strongly Gaussian. In an a previous
chapter of this document, we describe at some length these so called uniformly strongly Gaussian
power series.

Since uniformly strongly Gaussian power series are strongly Gaussian, Hayman’s asymptotic

formula (3.2.2) is valid for and thus Q@ = 1.
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The assumption of uniform strongly Gaussianity on is to be compared with the assumptions
of Gardy in [36, Theorems 5 and 6], see also [36, Section 6].

The exponential generating function of set partitions, e¢ ', and the ordinary generating func-
tion of partitions of integers, [[72; 1/(1 27) are examples of uniformly strongly Gaussian power
series.

Since  is uniformly strongly Gaussian, we have that M = +o0o, and thus we may define
(uniquely) 7, € (0, R) as being such that m (7,) = k/n. Observe that 7,, T R, as n — oo.

Now, formula (6.2.1) of Lemma with ¢t = 7,,, gives us that

n 1 n(,]_n) 1 1 10Y; n n
CoBFF ( (2)") = o T /} E Yn/vVi " qoy
101< 7t () V2

Since 7, — R, uniform Gaussianity of implies that

lim /} E /N g \/amp
n—oo

18| <ot (Tn)v/n
and we conclude that

Theorem 6.5.1. If is uniformly strongly Gaussian, then
1 "(r) 1 1
— asn — oo,

T Vo Vo ()

where k/n — 0o as n — oo and T, s such that m (1,) = k/n.

COEFF[,( (2)")

6.6 Coe cients of h(z) (2)"

Next we consider asymptotics of the coefficients of h(z) (2)™, as n — 0o, where both h and  are in

K. This is to be used in Section [6.8] which deals with Lagrangian distributions and Galton-Watson

processes: the power series h would codify the initial offspring distribution while the power series
would codify the probability distributions subsequent offspring distributions.

We assume here from the start that @ = 1.

Let h(z) = > 222, cjz’ be a power series in K. We assume throughout that the radius of
convergence of h is at least R , the radius of convergence of

We treat jointly the cases in which & < n and k = o(n), with £ — oo, by adjusting the
arguments in the previous sections (whose notations we will use liberally) in which h = 1.

Assume the hypothesis of Theorem when k =< n, and of Theorem when k = o(n)
and k — oo.

The k-th coefficient of h(z) (2)™ is given, see (6.2.2), by

1 ") 1 1 B/ (TN 0V VA T
ST Y /} h(mne )E e doy
10]< 0 (ra) /7
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where we are taking 7, such that m (7,) = k/n.
Denote by I,, the integral on the right hand-side of the previous expression.

For 0 <s<r < Rand € R we have
h(se' ) h(s) §1|m|3x|h’(z)|s| E

For k = n, we have 7, <m !(B) < R, and for k = o(n) we have 7,, — 0, so, in both cases, there
exists a constant K > 0 such that

7/ EVRY  pr ,
(V) A ) hm) < K—e

Denote by D,, the interval {6y R : |0] < wop(m,)/n}.
Using the bound (V) and writing

E ew?’f/\/ﬁ "= (E e’eﬁ/\/ﬁ " e 62/2>+€ 02/27

we conclude that

I, = h(r) / e ©/2dy h(r,) /} (B eV VT 0/2) gy

Dn, Dn
v n 0] 2 0]
0] E W0Yr, /1 92/2 ‘ do 9] /} 0</2 d6
* (/} ¢ ¢ CSNG pro( e ESNG )t
Dn Dn
0
For 04z D,,, we have that Hn < 7, and thus we see that the third term in the sum above

Tn
tends to 0, by virtue of (if k< n) or (6.4.1) (if &£ = o(n)).
The second term in the sum tends to 0, since h(7,) is bounded and the integral converges to 0,
by (6.3.1) and (6.4.1), respectively.
The fourth term in the sum tends to 0 since  (7,)y/n < Vk and [Je 02/2|9| dfoe= 2.
R

The first term in the sum is h(7,)v/2m4 o(1), since h(7,) is bounded, and so
I, = h(t)V2m o(1), asn — oo,
but, using that h(7,) is bounded from below by h(0) and recalling that h € K, we conclude that
I, = h(r,)V271(1 +0(1)), asn —oco.
We summarize the discussion above as follows.

Theorem 6.6.1. With the notations above,

e For the case k < n, one has that

COEFF (h(2) (2)") ~
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e For the case k = o(n) and k — oo, one has that

h(O) n(Tn) i asn — oo.

Vemp TF kS

Observe that, in the case k = o(n) and k — oo, we have that h(7,) — h(0) as n — oc.

COEFF [ (h(2) (2)") ~

If more information is available on how k/n tends to 0, as discussed in Section [6.4.1, we could
apply the argument and the conclusions obtained there to refine the above asymptotic formula.

Suppose that k/n — L > 0, as n — oo and that equation (6.3.2) is satisfied. Assume that
L < M . Then for = m (L), we deduce, using the Hayman’s formula (6.2.2) and arguing as in
the case h = 1, that
1 h n 1 1
(6.6.1) COBFFy (h(2) (2)™) ~ (r) "(r) 1 as n — 00.

Vor TR i (1)

Recall that the power series h has radius of convergence R and that m/e (0, R ).

To conclude, we consider the case in which k is fixed and n — co. Denote @ =Q ={n 1:
by, > 0}. Then

k
corrFyy(h(z) (2)") =D Ficoerry(z (2)")
j=0

k
:Z}jCOEFF[k 0 (2)").
j=0

The only (k j)-th coefficients of (z)™ which are nonzero are the coefficients with indices j = k,
mod ). Appealing to the case h = 1, we have that

coprFy(h(2) (2)")= Y} ¢CoBrFy ;( (2)")

0<5<k
7=k ,modQ
_ Z} /Q) bO ( J)/Qbé2 ])/Qn(k /Q (l—i-O(l)).
0<j<k
7=k ,modQ

Denoting jo =min{0 < j <k:j =k, mod @ and ¢; # 0}, we have that

1 " ) ) ]
COEFF[k}(h(Z) (Z)n) chombo (k jo)/Q bg Jo)/@Q n(k JO)/Q’ as n — 0o.

In particular, if A(0) = ¢y # 0 and if @ is a divisor of k, then

I
COEFF [ (h(2) (2)") ~co 70)] by k/Q bk/Q nF/Q asn — co.

Observe that in this case, jo = 0.
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6.7 Coe cients of solutions of Lagrange’s equation

Next we shall apply the asymptotic results about large powers of Section to obtain asymptotic
formulae for the coefficients of solutions of Lagrange’s equation when the data  of the equation
belongs to K.

6.7.1 Lagrange’s equation

We start with a function (z) which is holomorphic in a neighborhood of z = 0, has radius of
convergence R > 0 and is such that (0) # 0. Consider Lagrange’s equation:

() gw)=w (g(w)).

The solution g(w) of Lagrange’s equation with data (z) is a holomorphic function g(w) =
Y00 L Apw™ which satisfies (f) in a neighborhood of w = 0.
Assume that the data (z) of Lagrange’s equation has power series expansion

(2) = anz”, for all z € D(0, R).
n=0

The holomorphic function g(w), solution of Lagrange’s equation with data (z), is unique. In
fact, the coefficients A, of the Taylor expansion of g(w) around w = 0 are given by Lagrange’s
iwversion formula:

1
A, = - COEFF[, y( (&)™), foralln 1.

For n = 0, we have Ay = g(0) = 0.

This formula is exact for each coefficient A,, of g such that n 1.

In a more general setting, consider the coefficients of H(g(z)), where g is the solution of La-
grange’s equation with data  and H is a holomorphic function with non-negative coefficients
around z = 0, then the extended Lagrange’s inversion formula gives

(6.7.1) COEFF}, (H(g(2))) = %COEFF[H y(H'(z) (2)"), foralln 1,

and COEFF[g(H (g9(2))) = H(0).
A particular instance of this formula, that will be of interest later on, is given by the choice
H(z) = 2% for an integer ¢ 1. In this case we have

(6.7.2) COEFFy,(g(2)?) = %COEFF[n a0 (@), foralln 1,

and COEFF[(g(2)?) = H(0) = 0.

If @ > 1, then the only nonzero coefficients b, are those where the index n is a multiple
of @ .Therefore, for the solution g(w) of Lagrange’s equation with data , the only nonzero
coefficients A,, are those where the index n verifies that n 1 is a multiple of @ .

If (0) =0, then the only solution of Lagrange’s equation is g = 0, but, recall, nonetheless that
€ K implies that (0) > 0.
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6.7.2 The Otter-Meir-Moon Theorem and some extensions

The Otter-Meir-Moon Theorem, Theorem below, comes from [75, Theorem 4] and [64, The-
orem 3.1]. It gives an asymptotic formula for the coefficients A,, of g, when n 1 is a multiple of
@ and n — oo, using minimal (but crucial) information about the function

We distinguish three cases, according as M is > 1,=1 or < 1.

4 M > 1. This is the original assumption of both Otter and Meir-Moon; it means that there is a
unique 7y€ (0, R) such that m (7) = 1.

Theorem 6.7.1 (Otter-Meir-Moon theorem). Let (2) be a power series in K with radius of
convergence R > 0 and let  (z) =Y 7 by2™ be its power series expansion.

Assume that M > 1 and let Tje (0, R) be given by m (1) = 1.

Then the coefficients Ay, of the solution g(w) of Lagrange’s equation verify that

e ifn#Z1 mod Q , then A, =0,

o for the indices n such that n =1 mod @) we have the asymptotic formula

Q. m 1 )\"
(6.7.3) AnN\/ﬂw (T)n3/2< 5'7/1))7 asn — oo.

Theorem [6.7.1 of Otter and Meir-Moon follows readily from Theorem with L = 1 and
wy= 0, since k=n 1.

Given that Y
2W)=m )1 m (1) +t ((f)), for all t € [0, R),
we have
(6.7.4) ") _ 20

We thus may rewrite the conclusion of Theorem m (in Laplace’s method or saddle point ap-
proximation style) as

() 1/ (1) : .
A, ~Q 2 (7) n3/2( w) , when n 1is a multiple of @ and n — co.

¢ M =1 (and R < +00). For the case M =1, there is an Otter-Meir-Moon like theorem under
a certain non-degeneracy condition on . Recall the notations of Section [1.2.4.

Theorem 6.7.2. Let (z) be a power series in K with radius of convergence R > 0 and let
(2) = D020 bnz™ be its power series expansion.
Assume that M =1 and that R < oo, and besides that Y n%b, R" < 400 or equivalently
"(R) < 4o0.

Then the coefficients Ay, of the solution g(w) of Lagrange’s equation verify that
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e ifn#Z1 modQ , then A, =0,

o for the indices n such that n =1 mod QQ we have the asymptotic formula

(6.7.5)

Q R 1 / (R
A, ~ ( ) , — 0.
n \/ﬁw (R) n3/2 R as n (0]
The power series  extends to be continuous in cl(D(0, R)) and the Khinchin family (Y)¢o,
extends (continuously in distribution) to include a variable Yz with mean 1 and variance 2(R)

limyp 2 (t) which is finite because by hypothesis Y%  n?b, R" < +00. See Section
Theorem follows readily from Theorem with L =1 and w¢= 0, since k =n 1.

This limit case of the Otter-Meir-Moon Theorem appears as Remark 3.7 in [29, Chapter 3]; the
proof suggested there, of a different nature than the one above, comes from the Appendix of [53].
See also [67) Section 2.3.1]. In there you may find the same asymptotic result under the assumption
that is a probability generating function satisfying ((R) =limyr M (t) < o0.

Observe that, in particular, it follows from Theorem that when M > 1 and withm (1) =
1 the radius of convergence of the solution g is 7/ (7). When M =1 (and R < +00), the radius
of convergence of g is R/ (R).

[

If M =1and R = 400, then is a polynomial of degree 1. Thus (z) = a + bz, with both
a,b > 0. In this case the solution g(z) of Lagrange equation with data  is simply

g(z) = 1 azbz = Z&ab” Dzm,
n=1

and thus
A, =ab™ ', paran 1.

¢ M < 1. In this case, we necessarily have that R < oo, since R = oo and M < 1 would imply
that is a constant, which is not allowed. See Lemma [1.2.1

We assume as above that ) n?b, R" < co. As in the preceding case M = 1 above, the
power series  is continuous in cl(ID(0, R)) and the Khinchin family extends to include continuously
a random variable Yp with mean M < 1 and variance limyg 2(t) = 2(R) < oo. Assume for
simplicity that @ =1

In this case, we do not obtain a proper asymptotic formula, just only that

n 1
(6.7.6) lim AnLn3/2

For A,, we have that

Ap = lCOEFF[n ) L _"(R) 1 L

- I,
n 2myR™ 1 n3/2 (R)
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where
J /} E R/ b0 gy forn 1,
0] <moyp(R)v/n
and M 1
a(n) = n—(n) , form 1.

(R)v/n

We shall now verify that I,, tends towards 0 as n — co. We split I,, as

I, = /} (E eZGY/R/\/ﬁ "o 92/2>&1604(n)d0
[0]<moyp(R)v/n
+/}€ 02/2619a(n)d0
R

e 02/2619a(n) Ao
[0|>mp (R)v/n
The third summand obviously tends to 0, while the first summand tends to 0 on account of Theorem

the integral form of the Local Central Limit Theorem. The second summand may be written
as

/}e 0 /280(0) gy ¢ 1)/
R

to observe that since M < 1, we have that lim,_,. a(n) = —oo, and thus that this second
summand too converges to 0, as n — co.

Minami in |67, Section 2.3.2] obtains a faster rate of convergence (higher power of n) in (6.7.6
under the stronger assumption that lims g k) (1) < oo for some k3.

6.7.3 Coe cients of powers of solutions of Lagrange’s equation

We assume Q = 1. We are interested now, see Meir-Moon [65], in asymptotic formulas for the
coefficients of powers of the solution of Lagrange’s equation.

For¢g 1andn 1, the n-th coefficient of g(w)?, which we will denote by B, 4, is given by
the exact formula 7
qu = ECOEFF[n q]( (Z)n) :

e For ¢ 1 fixed, Theorem [6.3.2] gives, under the assumption M > 1 and with mygiven by
m (1) =1, that

g 1 1 ni(n)
Bn’q ~ 3/2 ()
V2mp (T)n Y
e If g and n are related by ¢ = an+ +/n+ o(y/n) as n — oo, where atg [0,1) and € R, then
for 7,ygiven by m (7o) =1 «, we obtain, analogously to (6.6.1), that

n
) , asn— oo.

o 1 (ra)\®
By e B¥C 20 4 Tov o .
sq € /—27‘_¢ (Ta) n3/2 ( ’Taw ) ) as n — oo
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Observe that
(o) =0l 0) 4 72 02
Ta) =« a) + T4 )

Coe cients of functions of solutions of Lagrange’s equation

In a more general setting, let H be a power series with non-negative coefficients.

Assume further that the radius of convergence of H is at least the radius of convergence R of
and also that M > 1. Let mbe such that m (7) = 1.

It follows from formulas (6.7.1) and (6.6.1) that the coefficients of H(g(z)), where g(z) is the

solution of Lagrange’s equation with data , satisfy:

1 H(rmp1 ( (1)
Vo (7) ¥\ T

COEFF[,(H (g(2))) )n, as n — 0o.

6.8 Probability generating functions

Let  be the probability generating function of a random variable X. We assume for convenience
that (0) # 0 and that ’(0) # 0, and further that @ = 1, that M = +oo and that the radius
of convergence of is R > 1. This last assumption implies, in particular, that the variable X has
finite moments of all orders.

Let F be the fulcrum of , see Section given by F(z) =1In (e?), in a region containing
[0,R ). Recall that in terms of the fulcrum F we have that m (t) = F'(s) and 2(t) = F"(s),
where s and t are related by e® = t.

The function e¥(*) = (&?) = Y e bn€™, which is holomorphic in a neighborhood of z = 0, is
the moment generating function of X.

If X1, Xo,... are independent copies of X, then

COEFF[k]( (Z)”) =P (M — k)}

n n

Let m (7,) = k/n and let s, be given by e*» = 7,. Observe that (7,) = e/>») and that
() = F"(sn).

In terms of the fulcrum F' (or the In of the moment generating function), we have that if & < n,

see Theorem or k/n — 0, see Theorem that

P<X1+---+Xn :k>}N 27m1 - ()"

k
n n T

_ ;(?n[F(Sn) sn(k/n)) , asn — oo.

mn F"(sy)

If  is uniformly strongly Gaussian, the asymptotic formula above holds also if k/n — oo.
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6.8.1 Lagrangian distributions (and Galton-Watson processes)

We now turn our attention to Lagrangian probability distributions. We refer to [89] for a neat
presentation of the basic theory of these probability distributions. See also [22], for a comprehensive
treatment, and [76].

We start with a probability generating function of a variable Y taking values in {0,1,...}.
We assume that is in K.

This variable Y generates a cascade or Galton-Watson random process starting (initial stage)
with a single individual. The variable Y gives the random number of immediate descendants, the
offsprings of each individual in every generation.

The random number of individuals in generation n is denoted by G,,; the generation 0 is the
initial stage. We have Gy = 1 and

Gn
(*) Gp1 = Z}Y”vj’ forn 0,
j=1

where the Y, ; are independent copies of Y.
Let us denote (1) £ limyyy /() = E(Y). Observe that '(1) =m (1).

The total progeny Z of the single individual of the generation 0 (including itself) is the random
variable Z = 3> / Gy,. This variable Z could take the value oo, but it is a proper random variable
(i.e,, P(Z < o0) = 1) if and only if (1) < 1.

Assume thus that (1) < 1. The probability generating function g of the total progeny Z is
actually the solution of Lagrange’s equation with data

Furthermore, let f be a power series with non-negative coefficients which is the probability
generating function of a random variable X taking values in {0,1,...}.

We enhance the process by allowing the size of the initial stage (generation 0) to be randomly
chosen following the distribution of X. Thus Gy = X and the evolution is determined by the
recurrence (). The total progeny Z including the individuals of the initial stage has probability
generating function f g.

This size of progeny Z is said to follow a Lagrangian distribution L( , f); ,f are called the
generators of L( , f).

If f(z) = z, then X = 1, and there is (deterministically) a single individual in the initial
generation.

We have, see ((6.7.1), that
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6.8.2 Lagrangian distributions and Khinchin families

We will have two ingredients: a Khinchin family of offspring probability distributions and a
Khinchin family of probability distribution for the initial distribution.

(A) Let (z) = ,2,bn2" be a power series in K with radius of convergence R. We assume
from the outset that Q = 1. We let (Y7).¢(o,r)

Assume that either M > 1 and then we let 7/ (0, R) be such that m () =1or M =1 and
R < oo and limyp  (t) = (R) < oo and then we let 7= R.

For each t € (0,7, we let ; denote the power series ¢(z) = (tz)/ (¢). This  is the
probability generating function of Y;, and besides, since ¢ < 7, we have that

() @)=m () <1.
For each t € (0, 7], we let g; be the solution of Lagrange’s equation with data 4:

(6.8.1) 9t(2) = 2 +(g:(2)) -

Because of (1) and the discussion above in Section gt is the probability generating function

of the random distribution of the total progeny of a single individual with offspring distribution
Y;.

We let g denote the solution of Lagrange’s equation with data , then we may write each g; in
terms of g as follows

Lemma 6.8.1. With the notations above

1

o) =59 (t/ (D)2 . fort<r

Proof. This is a consequence of the uniqueness of solution of Lagrange’s equation. Let g;(z) =
%g (t/ (t))z . Now,

z t(gt(z))zﬁ (tﬁt(Z))ZW (9 () (8)=

=3 G O =10 0/ )
= 5{/(2) .
Uniqueness gives that g:(z) = g:(z), as claimed. O

Remark 6.8.2. The g; are not the probability generating functions of a Khinchin family, but if
we change parameters and substitute ¢ by g(u) and let

Gu(2) = Gy(u) (2)

we have that g,(z) = g(uz)/g(u). The power series g is not in K but g(z)/z is in K, since
g(0) = (0) > 0. If (W,) is the Khinchin family of g(z)/z then g, is the probability generating
functions of W, + 1. X
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(B) Next, welet f(z) = 7, an,2z" be a non-constant power series with non-negative coefficients
and radius of convergence S > 0. We do not require f to be in K; in fact f(z) = 2™, for integer
m 1, is particularly relevant.

For s € (0,5) we denote by fs the power series

f(s2)
f(s)

which is the probability generating function of a random variable Xj, say.

fs(z) =

Remark 6.8.3. If the power series f were not in K, then since f is not constant, there should
exist at least one index m 1 so that a,, # 0. Thus only two cases could occur. In the first case,
f(z) = a;pz™, for some integer m 1. And in the second; there is € K and an integer [ 0 so
that f(z) = 2! (2).

In the first case (Xs) is not a Khinchin family, but X, = m, for all s € (0,.5), and therefore
there are exactly m 1 nodes in the first generation; this is the deterministic case fs(z) = 2™.

In the second case (X;)se(o,5) is a shifted Khinchin family. If f(0) > 0, then (Xs)sejo,s) is a
proper Khinchin family. X

Now, for s € (0,5) and t € (0,7], the composition fs(g:(z)) is the probability generating
function of the total progeny Zs; of a Galton-Watson process with initial distribution fs; and
offspring distribution g;. The progeny Z,; has Lagrange distribution £( ¢, f5).

For radius u > 0 such that us < .S and ut < m/and appealing to (6.7.1) we may write

P(Zs,t = ’I’L) = COEFF[n fs(gt(z)) = lCOEFFn 1] f/(Z) n(z)

s (tw)" tue )
INIONOERS 1n 27T¢/} fs tu)”

0]<my

1(n I)Gdew

If the parameter s is further restricted to sTy< ¢S, we may take u = 7/t in the expression above

and write
1 s (O /t\"'1 , (ST, v,
PZ,;=n)=—— - il A WYrg\n, u(n 1)6
(Zsa=n) =555 0r <ﬂ> nw'wa (Fe") By 09
2myf (s) ()" nd/2 (1)
/} I (%T%zem ) BTV OV gy
|0|<moy(T)/n
For Ofixed, we have that

lim £/ (iﬂézeﬂ <¢>¢ﬁ)>}gze/< (V) ”!j}
n—o00 t
an ST/ (v b0/ (Vi) ST
! 2 T n U T n /
75 ) <7 (T
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And thus taking into account the integral form of the Local Central Limit Theorem, Theorem

we deduce that
lim /} 7 (?@w/( VY (VO VT g (?5

n—oo
[0|<mo(T)v/n
and, consequently, that
1 s (n)t/t\» 1 1 1 s
6.8.2 P(Z;: =n) ~ (;2 — ’(—mj, as n — oo,
(052 et =0~ g o\ e

as long as sTy< tS, which amounts to no restriction if S = +oc.

(C)  As an illustration, consider the case where (2) = e* and f(z) = 2/, for some integer j 1.

In this case, R=S5 =00, m (t)=tand 2(t)=t. Also M = oo and T¢= 1.
For t <1 =7, we have that (z) = ¢/* 1 and for s < oo, we have that f(z) = 27. Observe
that for any s, fs is the probability generating function of the constant j.

For 0 <t <1and0 < s < oo, the variable Z, ; is the total progeny of a Galton-Watson process,
where the initial generation consists of exactly j individuals and the offspring of each individual
is given by a Poisson variable of parameter ¢. This distribution, E(et(z D, 2 ), is the Borel-Tanner
distribution with parameters ¢ and j. The case j = 1 is the Borel distribution. See [22], [79] and
189], and also the original sources [15], [43] and [92].

Using (6.8.2)), we deduce that
(6.8.3) P(Z :n)NLLt" Tl ) asn — 0o
.O. S,t \/ﬂm3/2 Y .
In fact, for the Borel-Tanner distribution with parameters ¢ and j we have the exact formula
_ l e n (tn)n J
o (n )
The asymptotic formula (6.8.3) follows then from Stirling’s formula.

(D)  Consider now the case (z) = e* and f(z) = €*, so that R = S = 0o, m (t) = t and
2(t) =t and, also, M = oo and = 1.

(6.8.4) P(Zs+ =n) formn j.

For t <1 =7, we have that ;(z) = ¢!* 1) and for s < oo, we have that fy(z) = e’ 1.

For 0 <t <1 and 0 < s < oo, the variable Z,; is the total progeny of a Galton-Watson
process, where the size of the initial generation is drawn from a Poisson distribution of parameter
s individuals and the offspring of each individual is given by a Poisson variable of parameter t.
This distribution, in Lagrangian distribution notation, is E(et(z D, sz 1)).

From (6.8.2)), we have that

1
(6.8.5) P(Zgy =n) ~ ——e®/t Sst™ 1l ) a5 n — o0,
’ V2w n3/2
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Conditioning on the size of the initial generation and using (6.8.4), we deduce for the distribu-
tion L(e! 1 5= 1) that

1
P(Z&t = n) = —

e i s(tn4s)" 's, paran 1.
n!

See [89]. The asymptotic formula (6.8.5) follows then from Stirling’s formula.

(E)  Back to Galton-Watson. Assume that is a probability generating function and that
f(2) = z. We assume that /(1) < 1, so that the total progeny Z of the Galton-Watson process
starting with a single individual and with offspring distribution is a (proper) random variable.

Assume that M > 1or M =1 with R < co and (R) < oco. In the first case we take
e (0, R) such that m (7) = 1. Since '(1) < 1, we have that m (1) = 1, and since m is
increasing we see that 1 < 7 & R. In the second case we take /= R; observe that R 1.

With ¢ =1 (so that 1(z) = (2)) and s =1 (an immaterial choice since f(z) = z), we have

1w (Yl
P(Z:n)wmw (T)( 7’¢) pvoR as n — 0o.

This is Theorem applied to the solution of Lagrange’s equation with data . Recall that

2(ry =172 "(1)/ (1), see formula |D

Limit cases

By limit cases we mean ¢t = m/and s — S, with S < co. See [70] for related results.

For t = m/and s < S we have the exact formula

1 s 1 1
P(Zsr=n) = —
(Zsimi=m) omif (s) n32 (1)
Q) / J seWC OVR) BT/ (V) gy
0] <mow(r)V/m
and the asymptotic formula.
P(Zsry=n) ~ ! ! ! as n — oo,

——my(s —,
Ve
where with a slight abuse of notation we have written sf’(s)/f(s) = ms(s), see Remark

To consider s — S, we first rewrite (b) as

1 1 1
P(Zs,w: TL) = gm:;/g mf(S) (

7)
(bb) 7 set/( (M)
[ T

B(eVBVmn 0/ (V) g

0|<may(T)v/n



6.8. PROBABILITY GENERATING FUNCTIONS 257

If Y07 nap,S™ < oo, then f extends continuously to cl(D(0, S)), and by appealing to Theorem

n=0

we readily see that

i P(Z ) !
im —— s =N) = ——————.
st m(s) (T)v2my)

More generally, if s, < S and n are such that

(1) lim '(sne V1)

AT =1, foreach €R,

then 3/
n 1
lim ——P(Z,,, =n) = ———— .
n—oco m(sp) (T)V/2m1)

For instance for f(z) = 1/(1  z), condition (f) is satisfied if s, and n are related so that

lim, 500(1  8p)yv/n = o0.
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