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Introduccion y conclusiones

Tipos de EDPs

Esta tesis es una recopilacién de tres trabajos que el autor ha llevado a cabo en
los ultimos cuatro anos. El area comun de estos trabajos son las Ecuaciones en
Derivadas Parciales (EDPs) parabdlicas y elipticas. Sea Q@ C RY un dominio con
borde 052, entonces, la EDP eliptica candnica es la Ecuacion de Laplace:

—Au=0, enf(),

con condiciones de contorno en 0€). Entre muchas interpretaciones, una tipica de
esta ecuacién es que u representa una cantidad fisica (como la concentracién de
un quimico, la temperatura, etc.) en equilibrio dentro del dominio €2 bajo ciertas
condiciones en 0f). Para este tipo de ecuaciones un area de estudio significativa es
el célculo de autovalores y de cantidades asociadas a estos, como la rigidez torsional
o la capacitancia. En particular, en el Capitulo 2, abordamos el problema de op-
timizacion de forma, buscando obtener estimaciones precisas basadas en la forma
del dominio para una de estas cantidades mencionadas, la d-rigidez torsional en la
frontera.

En dicho capitulo presentamos los resultados del articulo A Steklov version of
torsional rigidity ([31]), un trabajo conjunto con Lorenzo Brasco y Maria del Mar
Gonzalez.

Por otro lado, la ecuacién diferencial parabdlica estandar es la FEcuacion del
Calor:

uy = Au, en (0,T) x £,

usualmente asociada a un estado inicial uy. Pensando en u como la temperatura en
el momento ¢ y la posicion x dentro de una region €2, esta ecuacion determina que la
temperatura varia en el tiempo a la misma velocidad que sus segundas derivadas es-
paciales. Esta ecuacion tiende a “suavizar” la funciéon desconocida u, a regularizarla.
Este tipo de ecuaciones se denominan ecuaciones de difusion.

Tanto la ecuacion de Laplace como la ecuacién del calor son lineales, es decir,
que la suma de dos soluciones también es una solucién. Sin embargo, la mayoria
de las EDPs interesantes no lo son. Entre todas las ecuaciones no lineales la més
cercana a la Ecuacion del Calor es,

uy = Au™.

Cuando m > 1 esta ecuacién se conoce como la Ecuacion de Medios Porosos (PME
en inglés) y, cuando m < 1, se llama la Fcuacidn de Difusion Rdpida (FDE en
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inglés). El nombre “Ecuacién de Medios Porosos” proviene de su uso para describir
el flujo de un gas ideal en un medio poroso homogéneo.

Tanto la PME como la FDE pertenecen a una clase mas amplia de ecuaciones
de la forma

u =V - (a(u)Vu),

donde a(u) se denomina coeficiente de difusién. En el caso de la PME y la FDE, este
coeficiente toma la forma de a(u) = mu™"!. Cuando m > 1 la ecuacién degenera
si u = 0, es decir, a(0) = 0 y la ecuacién no difunde, por lo que las soluciones con
datos iniciales de soporte compacto permanecen con soporte compacto, presentando
una especie de frontera libre donde la solucién se anula. Sin embargo, en el caso
de FDE el coeficiente de difusion a(u) tiende a infinito cuando u — 0, por lo que
incluso si los datos iniciales tienen soporte compacto, la solucién serd positiva para
todo t > 0. Como puede observarse, un pequeno cambio en la “no linealidad” genera
grandes cambios en el comportamiento de la ecuacion.

Si ahora agregamos un término de conveccion a cualquier ecuacion de difusion,
la convertimos en una ecuacion de conveccion-difusion:

u =V - (a(u)Vu) =V - (bu),

donde b denota la velocidad del flujo. Continuando con el ejemplo anterior, esta
ecuacion modela la concentracion de un gas ideal en un medio poroso condicionado
por un flujo determinado por b. Una aplicacién muy frecuente de las ecuaciones de
conveccién-difusion la encontramos en la biologia a la hora de describir movimientos
colectivos de células, como por ejemplo, en el modelo de quimiotaxis de Keller-Segel.
En este modelo las células estan sujetas a un proceso de difusién y al mismo tiempo
son atraidas por ciertas regiones ricas en nutrientes o por substancias quimicas
generadas por otras células.

El Capitulo 4 presenta los resultados del articulo A quasilinear Keller-Segel model
with saturated discontinuous advection ([75]) en el cual el autor y sus colaboradores,
Maria Gualdani y Nicola Zamponi, estudian una ecuacion cuasilineal derivada de
un modelo de quimiotaxis.

En los procesos de difusién descritos anteriormente se asume que las particulas
que forman el sistema se mueven de manera continua o, alternativamente, en in-
tervalos cortos que pueden representarse mediante una distribucién gaussiana. Al
depender tinicamente del entorno mas inmediato, es razonable que el movimiento de
las particulas esté gobernado por un operador local, por ejemplo, por el laplaciano
en el caso del movimiento browniano. Sin embargo, existen procesos de difusion
anomala que requieren operadores no locales debido a que el movimiento de las
particulas depende de la distribucién de las mismas en todo el espacio. Entre es-
tos operadores el mas utilizado y estudiado es el laplaciano fraccionario (—A)*, con
s € (0,1), que en RY se puede definir, entre otras muchas formas equivalentes, a
través de la integral singular

u(z) — u(y)
—A)* = CnsP.V. ———=dy,
(—A)u(x) N, /N lz — y|N+2s Yy
donde Cy 5 es una constante de normalizacién y P.V. indica el valor principal. Como

se puede observar, la integral es singular en x = ¥, lo que significa que para que la ex-
presion sea calculable, se requiere cierta regularidad para u en x. Esta singularidad
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es lo que, de alguna manera, representa la diferenciacion de u, ya que necesitaremos
cierta regularidad en el punto x para que la integral sea finita. Como se menciona
anteriormente, en R hay varias maneras equivalentes de definir el laplaciano frac-
cionario (a través de la Transformada de Fourier, mediante el semigrupo de calor
asociado con el operador (—A)®, etc.). Sin embargo, como veremos mas adelante,
en dominios acotados estas definiciones pueden no ser equivalentes.

El Capitulo 3 esta dedicado a la ecuacion de difusion rapida con operadores
fraccionarios, presentando los resultados del articulo The Cauchy-Dirichlet problem
for singular nonlocal diffusions on bounded domains ([23]) y de otro articulo en
preparacién que es la continuacion natural de este. Ambos articulos son trabajos
conjuntos con Matteo Bonforte y Peio Ibarrondo.

A continuacién presentamos una introduccion breve pero mas especifica de cada
uno de los capitulos de forma independiente.

Rigidez torsional en la frontera

Aqui presentamos el problema abordado en [31],
A Steklov version of torsional rigidity,

un trabajo conjunto del autor con Lorenzo Brasco y Maria del Mar Gonzalez, pub-
licado en 2023 en Communications in Contemporary Mathematics.

Tomemos la ecuacién de Laplace, agreguemos un término constante en el interior
e impongamos condiciones de contorno de Dirichlet, es decir:

~Au = 1, en (,
u = 0, en 0.
La solucién a esta ecuacién se llama funcion de tension y representa la distribucion
de la tensién generada en una viga cuando se aplica un momento sobre el eje lon-

gitudinal. €2 representa la seccion de la viga y la tension total resultante se llama
rigidez torsional, la cual puede expresarse como

. Jf ¢ dz)’
T(Q) = / udx, o equivalentemente, 7T () = sup ( .
o= Y 1

Sea A(€2) el primer autovalor de Dirichlet, es decir, la menor constante A > 0 que

satisface
~Au = MAu, en (),
u = 0, en 0f.

Una desigualdad clésica de Pdélya [122] establece que
TOND) _
€

Motivados por esta relacién entre el primer autovalor de Dirichlet y la rigidez tor-
sional, el objetivo del Capitulo 2 es encontrar un nuevo concepto de rigidez torsional
en la frontera fisicamente coherente y matematicamente interesante relacionado con
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un autovalor de Steklov modificado. Definimos este autovalor como la primera con-
stante o > 0 que satisface

—Au ou, en §Q,
(Vu,vq) = owu, en 09,

donde v es el vector normal unitario exterior de ).
Ahora, definimos la d-rigidez torsional fronteriza como

. (Jifo o dHN )
T(8:0) = sup Jo |V<,0de + 62 ﬁ(apQ dz’

donde HY~! representa la medida de Hausdorff (N —
of.

Desde un punto de vista variacional, cuando § = 1, dicho objeto corresponde a
la constante éptima para el encaje de traza de W%(Q) en L*(99).

)-dimensional de la frontera

El problema de Cauchy-Dirichlet para difusiones
no locales singulares

Esta seccion estd dedicada al problema abordado en [23],
The Cauchy-Dirichlet problem for singular nonlocal diffusions on bounded domains,

un trabajo conjunto del autor con Matteo Bonforte y Peio Ibarrondo, publicado en
2023 en Discrete and Continuous Dynamical Systems. En el Capitulo 3 también
presentamos algunos resultados nuevos de otro articulo en preparaciéon que es la
continuacion natural del mencionado anteriormente.

Estudiamos el Problema de Cauchy-Dirichlet (CDP en inglés) para una ecuacién
de difusién no lineal y no local de tipo singular de la forma

wu(t, ) = —Lu™(t, z) en (0,00) x €,
u(t,:) =0 en la frontera lateral, V¢ > 0, (1)
(0,-) = ug en ),

donde 0 < m\< 1y Q C RY es un dominio suave y acotado con N > 1.

El operador de difusién lineal £ es un operador sub-Markoviano, perteneciente
a una gran clase de operadores (locales y) no locales, que incluye las tres versiones
diferentes del "laplaciano fraccionario”, mientras que la no linealidad es de tipo
singular, es decir, u™ = |u|™ ' con 0 < m < 1. La ecuacién prototipo es la
Ecuaciéon de Difusién Répida, es decir, cuando £ = —A es el laplaciano de Dirichlet
clasico. Centramos nuestra atencién en modelos no locales cuyo prototipo es la
llamada Ecuacién de Difusién Rapida Fraccionaria, que corresponde al caso en que
L es uno de los tres laplacianos fraccionarios de Dirichlet posibles en €2: el laplaciano
fraccionario restringido (RFL en inglés, también conocido como el “estandar” o
simplemente “el” laplaciano fraccionario), el laplaciano fraccionario espectral (SFL
en inglés) y el laplaciano fraccionario censurado (CFL en inglés, también conocido
como laplaciano fraccional regional).




Dado que permitimos que el operador lineal £ sea no local, la condicién de
frontera lateral es dificil de definir en general. Superamos esta dificultad utilizando
la formulacion dual del problema y codificando las condiciones de contorno a través
de la funcion de Green del operador. Podemos reformular el (CDP) en su forma
dual mediante el operador inverso £7! como

L uy(t, ) = —u™(t, ).

Una EDP cuasilineal de quimiotaxis

A continuacién, presentamos el problema abordado en el articulo [75],
A quasilinear Keller-Segel model with saturated discontinuous advection,

un trabajo conjunto del autor con Maria Gualdani y Nicola Zamponi.

La quimiotaxis es un fenémeno biolégico que describe el movimiento colectivo de
una poblacién formada por individuos (como bacterias) que reaccionan a un estimulo
quimico externo. El modelo més simple para describir el movimiento quimiotéctico
es el propuesto por Patlak y Keller-Segel, [85, 114]. En este modelo las células
experimentan un proceso de difusion a la vez que son atraidas hacia regiones con
nutrientes o ciertas sustancias quimicas generadas por otras células.

En este trabajo nos centramos en un caso particular de un modelo de quimio-
taxis con adveccion discontinua y en ausencia de nutriente establecido por Calvez-
Hoffmann en [42]. Sea d > 1, este modelo pede expresarse como una version del
clasico Keller-Segel:

i — Ap + xdiv (/(f—%) = 0, enR?x(0,00),
—ASN-aS = p, en R? x (0, 00),

donde y > 0 es\la sensibilidad de las células al quimico y o > 0 es el decaimiento
natural del mismo. Tomando el limite singular « — oo ( reescalando S — S/« e
identificando el limite de viscosidad S = p) y escribiendo el resultado en forma de
divergencia obtenemos, formalmente, la siguiente EDP cuasilineal:

,p — div [(l(— %) Vp} =0, enR?x(0,00),
p(0) = po, en R

Nuestro objetiyo es demostrar la existencia de soluciones débiles para este problema.
Sin embargo, vemos que el coeficiente de difusién es positivo cuando |Vp| > xp,
negativo cuando |Vp| < xp v se anula con la igualdad. Por lo tanto, como enfoque
inicial, es natural demostrar la existencia del siguiente problema, modificacion del
anterior, que mantiene la dindmica principal del modelo (ambos comparten el mismo
estado estacionario) pero que lo hace matematicamente més abordable:

ip — div {(1( %)Jr Vp} = 0, en R? x (0, 00),

p(0) = po, en RY,

(2)

donde (-); denota la parte positiva, es decir, f, = max{f,0}.
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Conclusiones

En el Capitulo 2 se exponen algunas motivaciones fisicas y matematicas para estudiar
la d-rigidez torsional en la frontera. Ademas, presentamos algunas propiedades de
la funcién de tensién y estudiamos el limite § — 0. Para terminar, obtenemos
estimaciones geométricas Optimas de la J-rigidez torsional fronteriza, tanto para
conjuntos simplemente conexos en el plano como para conjuntos convexos de R¥Y.

En el Capitulo 3 proporcionamos una teoria basica completa para soluciones del
problema (1): existencia y unicidad en la mayor clase de datos conocida hasta ahora,
efectos clasicos de regularizacién (smoothing effects en inglés) LP — L™ y nuevas esti-
maciones “con pesos’ que representan una novedad también en el caso local, es decir,
uy = Au™. A la hora de probar los smoothing effects comparamos dos estrategias
diferentes: la iteracién de Moser y el método de la funcion de Green. El caracter
singular de la ecuacion implica una propiedad peculiar de las soluciones: pueden
extinguirse en tiempo finito. De hecho, mostramos tasas de extincion explicitas y
precisas tanto por arriba como por abajo. A continuacién, demostramos los llamados
Principios Globales de Harnack (GHP en inglés), que proporcionan limites superi-
ores e inferiores precisos de la solucién en términos de una funcién (casi) explicita.
Estos limites globales claramente implican los locales, las llamadas desigualdades
de Harnack intrinsecas, que comparan el supremo y el infimo de las soluciones en
”cilindros intrinsecos” adecuados, cuyo tamano depende de la soluciéon misma. Es-
tas ultimas desigualdades, a su vez, permiten deducir reqularidad de Holder en el
interior de €) y, aprovechando el GHP, extender cierta regularidad hasta la frontera.
También demostramos una regularidad interior mas alta, cuando el operador lo per-
mite, mostrando que las soluciones acotadas son realmente clasicas. Esta tltima
parte (frontera y regularidad interior méas alta) esté en proceso y forma parte de un
articulo en sus etapas finales de preparacion.

En el Capitulo 4, demostramos la existencia y la unicidad de las soluciones del
problema (2). Para ello agregamos un término de viscosidad (¢Ap,) a la ecuacién y
demostramos la existencia de soluciones de este nuevo problema regularizado. Pare
esto hacemos uso de la teoria para operadores monétonos y de un teorema de punto
fijo. La dificultad principal al eliminar el término de viscosidad es identificar el limite

del término no lineal (1 — ‘—V%) éVpg. Mediante un método de entropia, somos ca-

paces de superar este problema y \lemostrar la existencia de soluciones. Finalmente,
a través el mismo método de entropia, obtenemos la unicidad de soluciones.

vii
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Chapter 1

Introduction and conclusions

1.1 Types of PDEs

This thesis is a compilation of three works that the author has carried out over the
past four years. The common area of these works is parabolic and elliptic Partial
Differential Equations (PDEs). Let Q C RY be any domain with boundary 952, then,
the canonical linear elliptic partial differential equation is the Laplace’s Equation:

~Auy = 0, in €,
{ ( u = g, on Jf.

Among many interpretations, a typical one of this equation is that u represents
a physical quantity (such as concentration of a chemical, temperature, etc.) in
equilibrium within a domain €2 with some boundary conditions in 0€2. For equations
of this type, a significant area of study involves eigenvalues and associated quantities
such as torsional rigidity or capacity. Particularly, in Chapter 2, we deal with the
issue of shape optimization, aiming to derive sharp estimates for these quantities
based on the domain’s shape.

In the mentioned chapter we present the results of the paper A Steklov version
of torsional rigidity, see [31], a joint work with Lorenzo Brasco and Marfa del Mar

Gonzélez.
On the other hand, the standard parabolic equation is the Heat Equation:

w, = Au in (0,7) x Q C Ry x RY,

usually associated with an initial state ug. Thinking of v as the temperature at time
t and position x within a region {2, the equation tells us that the temperature will
vary in time at the same rate as its second spatial derivatives. This equation tends
to “smooth out” the unknown function, to regularize it. These types of equations
are called diffusion equations.

Both the Laplace equation and the heat equation are linear, meaning that the
sum of two solutions is also a solution. However, most interesting PDEs are nonlin-
ear, and among them, the one closest to the Heat Equation is:

uy = Au'™.



CHAPTER 1. INTRODUCTION AND CONCLUSIONS

When m > 1, this equation is known as the Porous Media Equation (PME), and
when m < 1, it is called the Fast Diffusion Equation (FDE). The name “Porous
Media Equation” stems from its use in describing the flow of an ideal gas in a
homogeneous porous medium.

Both PME and FDE belong to a broader class of equations of the form

ur =V - (a(u)Vu),

where a(u) is often referred to as the diffusion coefficient, and in the case of PME
and FDE, a(u) = mu™ . When m > 1, the equation degenerates when u = 0,
meaning a(0) = 0, and the equation does not diffuse, so solutions with initial data
of compact support remain with compact support, featuring a sort of free boundary
where the solution vanishes. However, in the case of FDE, a(u) tends to infinity as
u — 0, so even if the initial data has compact support, the solution will be positive
for all t > 0. As can be seen, between these two equations, along with the Heat
Equation, there are many similarities but also significant differences.

Now, if we add a convection term to any diffusion equation, we turn it into a
convection-diffusion equation:

u =V - (aVu) — V- (bu),

where b is the velocity at which en external flux moves. Continuing with the previous
example, this equation can model the concentration of an ideal gas in a porous
medium conditioned by a specific low with velocity b. The convection-diffusion
equation is also widely used in biology to describe the collective movement of cell
groups, such as in Keller-Segel model for Chemotaxis. In such model, cells undergo a
diffusion process while also being attracted to regions with food or certain chemicals
generated by other cells (chemotaxis), meaning they have a bias towards certain
directions.

Chapter 4 presents the results of the paper A quasilinear Keller-Segel model
with saturated discontinuous advection [75], in which the author and collaborators,
Maria Gualdani and Nicola Zamponi, study a quasilinear equation arising from a
chemotaxis model.

In the diffusion processes described above, it is assumed that the particles form-
ing the system move continuously or, alternatively, in short intervals that can be
represented by a Gaussian distribution. However, this is not always the case; for
instance, there are processes of anomalous diffusion that require non-local opera-
tors. Among these operators, the most used and studied is the fractional Laplacian
(—A)*, with s € (0, 1), which in RY has many equivalent definitions, such as through
a singular integral:

(=A)*u(z) = CyP.V. /“Q %d%

where Cy s is a normalization constant and P.V. indicates the principal value. As
can be seen, the integral is singular at x = y, meaning that for the expression to
be computable, a certain regularity for u at x is required. This singularity is what
in some way differentiates u, so we will need a certain regularity for the integral to




CHAPTER 1. INTRODUCTION AND CONCLUSIONS

be finite. As mentioned earlier, in RY, there are several equivalent ways to define
the fractional Laplacian (via the Fourier Transform, through the heat semigroup
associated with the operator (—A)*®, etc.). However, as we will see, in bounded
domains, these definitions may not be equivalent.

Chapter 3 is dedicated to the fast diffusion equation with fractional operators,
presenting the results of the paper The Cauchy-Dirichlet problem for singular non-
local diffusions on bounded domains, see [23], and of a forthcoming article which
is the natural continuation of this one. Both papers are joint works with Matteo
Bonforte and Peio Ibarrondo.

Next, we give a brief but more specific introduction of each of the chapters
independently.

1.2 Boundary torsional rigidity

Here we present the problem addressed in [31],
A Steklov version of torsional rigidity,

a joint work of the author with Lorenzo Brasco and Maria del Mar Gonzalez, pub-
lished in 2023 in Communications in Contemporary Mathematics.

Let us take the Laplace’s equation above, add a constant term in the interior
and impose Dirichlet’s boundary conditions, this is:

~Au = 1, in Q,
u = 0, on 0f.
The solution to this equation is called the stress function and represents the dis-

tribution of the stress generated in a beam due to an applied torque. The total
resultant torque due to this stress is called torsional rigidity and can be expressed

as
2

)
T(Q) = /(u dz, or equivalently, T(2) = sup :

¢ano/|v¢|2 dx

Let A1(€2) be the first Dirichlet’s eigenvalue, this is, the smallest constant A\; > 0
satisfying
~Au = ANu, in €,
{ u = 0, on 0f).

A classic inequality by Pdlya [122] states that

T (2)

<1.
€]

Motivated by this relation between the first Dirichlet’s eigenvalue and torsional
rigidity, the aim of Chapter 2 is to find a physically coherent and mathematically
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interesting new concept for boundary torsional rigidity related to a modified Steklov
eigenvalue. We define this eigenvalue as the first constant o > 0 satisfying

—Au = du, in €,
(Vu,vq) = ou, on 09,
where vq is the unit outer normal vector of 2.
Now, we define the boundary d-torsional rigidity as

T(9: 6) = sup u({? SOdHNl) | (1.2.1)
/(]Vgoﬁ dz + & /!<g02 dx

where HN =1 stands for the (N — 1)-dimensional Hausdorff measure of the boundary
o0.

From a variational point of view, when § = 1, such a new object corresponds to
the sharp constant for the trace embedding of W2(2) into L'(92).

1.3 The Cauchy-Dirichlet problem for singular
nonlocal diffusions

This section is devoted to the problem addressed in [23],
The Cauchy-Dirichlet problem for singular nonlocal diffusions on bounded domains,

a joint work of the author with Matteo Bonforte and Peio Ibarrondo, published
in 2023 in Discrete and Continuous Dynamical Systems. In Chapter 3, the one
dedicated to this problem, we also present some new results of a forthcoming paper
which is the natural continuation of the one mentioned above.

We study the Cauchy-Dirichlet Problem (CDP) for a nonlinear and nonlocal
diffusion equation of singular type of the form

hu(t, ) = —Lu™(t, ) on (0, +00) x Q,
u(t,) =0 on the lateral boundary, Vt > 0, (CDP)
(0, ) = Up in Q s

where 0\« m < 1, and Q C R¥ is a bounded smooth domain, posed on a bounded
Euclidean domain  C RY with smooth boundary and N > 1.

The linear diffusion operator L is a sub-Markovian operator, belonging to a large
class of (local and) nonlocal operators, which includes the three different versions
of the Fractional Laplacian, while the nonlinearity is of singular type, namely u™ =
lu|™ 1y with 0 < m < 1. The prototype equation is the Fast Diffusion Equation,
when £ = —A is the classical Dirichlet Laplacian. We focus our attention on
nonlocal models, whose prototype is the so-called Fractional Fast Diffusion Equation,
which corresponds to the case when L is one of the three possible Dirichlet fractional
Laplacians on 2, namely, the restricted fractional Laplacian (RFL, also known as the
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“standard” or simply “the” fractional Laplacian), the spectral fractional Laplacian
(SFL) and the censored fractional Laplacian (CFL, also known as regional fractional
Laplacian).

Since we are allowing the linear operator £ to be nonlocal, the lateral boundary
condition is tricky to define in general. We overcome this difficulty using the a dual
formulation of the problem, encoding the boundary conditions through the Green
function of the linear operator. We can reformulate (CDP) in its dual form by
means of the inverse operator £7! as

L u(t, 1) = —u™(t, ).

1.4 A quasilinear PDE from chemotaxis

Let us present the problem addressed in the preprint [75],
A quasilinear Keller-Segel model with saturated discontinuous advection,

a joint work of the author with Maria Gualdani and Nicola Zamponi.

Chemotaxis is a biological phenomenon describing the collective motion of a pop-
ulation formed of individuals (such as bacteria) that react to an external chemical
stimulus. The simplest model for describing the chemotactic motion is the one pro-
posed by Patlak and Keller-Segel, [85, 114]. In this model, cells undergo a diffusion
process while also being attracted to regions with nutrients or certain chemicals
generated by other cells, meaning they have a bias towards certain directions.

Let d > 1, in this work we focus in a particular case of the following minimal
chemotactic model, stated by Calvez-Hoffmann in [42], with discontinuous advection
and in the absence of nutrient, which can be expressed as a version of the classical
Keller-Segel:

.0 — Ap + xdiv (/(f—ﬁ) = 0, inR?x(0,00),
~ASN-aS = p,  inR?x (0,00),

where x > 0 is the chemoatractant sensitivity and o > 0 is the natural decay of the
chemical. Taking the singular limit o — oo (if we rescale S +— S/« and we identify
the vanishing viscosity limit S = p) and writing the result in divergence form we
formally get the following quasilinear PDE:

,p — div [((— %) gp} =0, inR?x (0,00),

0) = p, R

We aim to prove existence of weak solutions to this problem.

Here we see that the diffusion coefficient is positive when |Vp| > xp, negative
when |Vp| < xp and vanishes with equality. Therefore, as a first approach, it is
natural to prove existence for the following problem, which is a modification of
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(4.1.2) that maintains the main dynamics of the model (same stationary state) but
makes it more mathematically tractable:

i p — div {( —%)Jer} = 0, in R? x (0, 00),

p(0) = po, in R?,

(1.4.1)

where ()4 denotes the positive part, that is, f; = max{f,0}.

1.5 Conclusions

In Chapter 2 we give some physical and mathematical motivations to study the 4-
torsional rigidity. We present some properties of the state function in (1.2.1) and we
study the limit § — 0. We obtain sharp geometric estimates of d-torsional rigidity,
both for planar simply connected sets and for convex sets in any dimension.

In Chapter 3 we provide a complete basic theory for solutions to problem (CDP):
existence and uniqueness in the biggest class of data known so far, both for nonneg-
ative and signed solutions; sharp smoothing estimates: classical L” — L* smoothing
effects, and new weighted estimates, which represent a novelty also in local case,
ie. uy = Au™. We compare two strategies to prove smoothing effects: Moser iter-
ation VS Green function method. The singular character of the equation implies a
peculiar property of solutions: they may extinguish in finite time. Indeed we show
explicit sharp extinction rates, both from above and from below. We next prove
the so-called Global Harnack Principles (GHP), which gives precise pointwise upper
and lower bounds of the solution in terms of a (almost) explicit function. These
global bounds clearly imply the local ones, the so-called intrinsic Harnack inequali-
ties, that compare the supremum and the infimum of solutions on suitable “intrinsic
cylinders”, whose size depends on the solution itself. These latter inequalities, in
turn, allow to deduce Holder reqularity in the interior of €2 and, exploiting the GHP,
we push the regularity up to the boundary. We shall also prove higher interior
regularity, when the operator allows it, showing that bounded solutions are indeed
classical. This last part (boundary and higher interior regularity) is still a work in
progress (missing only minor technical details), and a paper is in the final stages of
preparation.

In Chapter 4 we prove existence and uniqueness of solutions of the problem
(1.4.1). This can be done by adding a viscosity term (eAp.) to the original equation.
Then, we prove existence for this new regularized problem using theory of monotone
operators and a fixed point argument. Once this is done, the main difficulty of the
chapter is removing the viscosity term, particularly, identifying the limit of the

nonlinear term (1 — Wp—;') Vp.. We are able to overcome this issue by means of

an entropy method. Finally, by the same entropy method we get uniqueness of
solutions.




Chapter 2

A Steklov version of the torsional
rigidity

In this chapter we present the results of the paper A Steklov version of torsional
rigidity, [31], a joint work of the author of this thesis with Lorenzo Brasco and Maria
del Mar Gonzalez.

2.1 A Steklov version of torsional rigidity

2.1.1 Background

In this chapter we introduce a boundary version for the torsional rigidity which is
modeled on the trace Sobolev embedding W2(Q) < L'(9Q) for an open bounded
set Q C RY with Lipschitz boundary. This will be also closely related to the Steklov
eigenvalue problem. Before we give the precise definitions in Section 2.1.2; let us
briefly recall some facts about the usual torsional rigidity and the Steklov eigenvalue
problem.

Let us consider an isotropic elastic cylindrical beam whose cross-section is repre-
sented by an open bounded simply connected set € in R?, with boundary 9. The
longitudinal axis of the beam is the z-axis, with the cross-sections perpendicular to
it. The formulation of the so-called torsion problem began at the end of the 18th
century, provided by Coulomb, for bars with circular cross section. In this case, it
is assumed that the cross-sections rotate around z-axis as a rigid body under an
applied torque. Nevertheless, because of the complex stress distribution in the bar,
this does not happen when the cross-sections do not have circular symmetry and
the problem must be reformulated.

The correct statement for beams of general shape was given (in 1856) by the
French mechanician and mathematician A. B. de Saint-Venant, who proposed that
the deformation in a twisted beam consists in two phenomena: the rotation of the
projections in the z,y plane of the cross-sections as rigid bodies, as in the circular
case; and the warping, equal for all the cross-sections, which do not remain plane
after rotation. The distribution of stress generated in the beam due to an applied
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torque is determined by the stress function, denoted by vq, which satisfies

~Avg = 1, in €,
{ < vo = 0, on 0. (2.1.1)
The total resultant torque due to this stress function is called torsional rigidity and

can be expressed as
T(Q) = /(UQ dz,

T(9) = sup M. (2.1.2)

We refer the reader to [102] for a thorough description of this physical model.

De Saint-Venant himself stated in 1856 that the simply connected cross-section
with maximal torsional rigidity is the circle. In other words, he conjectured the
validity of the following inequality

or equivalently,

T(Q) < T(2), (2.1.3)

where 2* is any circle having the same area as 2. This statement was rigorously es-
tablished, almost a hundred years later, by G. Pélya using a symmetrization method
[120] and by E. Makai [103]. The latter also established the identification of equality
cases, by means of a clever quantitative improvement of the inequality (2.1.3).

The torsional problem has been extensively studied for its mathematical interest,
apart of its obvious physical importance: in addition to the classical book [122], we
refer for example to [79, 89, 116, 118], for classical results, as well as to [8, 11, 12,
13, 36, 37|, for more recent studies.

It is worth noting that formulation (2.1.2) for the torsional rigidity has a
close connection with the variational characterization of the first eigenvalue of the
Dirichlet-Laplacian and, in fact, similar techniques are used to obtain geometric
estimates for both quantities (see the references above).

We now come to the Steklov eigenvalue problem: this was originally posed by V. A.
Steklov at the turn of the 20th century as

—Au = 0, in €,
{ ({Vu, vq) = owu, on S,

where v is the unit outer normal vector. It plays an important role in the study
of the so called sloshing problem, in which the eigenvalues and eigenvectors of a
mixed Steklov problem correspond to the fundamental frequencies and modes of
vibration, respectively, of the surface of an inviscid, incompressible and heavy liquid
in a container (see [93]). Apart from this interpretation, the Steklov problem has a
large number of applications in physics and engineering. For instance, it describes
stationary states of a heat distribution on a bounded domain €2, where the heat flow
at the boundary of {2 depends on the temperature at this boundary.

8
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From a purely mathematical point of view, the Steklov problem has attracted a
lot of interest, in particular, in the framework of Spectral Shape Optimization. In
fact, the connection between the Steklov eigenvalues and the geometry of the domain
presents some peculiarities that can not be observed in other eigenvalue problems. In
1954, R. Weinstock showed in [144] that, among all simply connected plane domains
with given perimeter, the disc maximizes the first non-zero eigenvalue. Since then,
many efforts have been devoted in order to give geometric estimates for the spectrum
of the Steklov-Laplacian: without any attempt of completenes, we cite for example
[30, 38, 40, 60, 61, 66, 69, 115].

From a different point of view, the Steklov eigenvalues can be seen as the eigen-
values of the Dirichlet-to-Neumann operator

D . W22(0Q) — W 22(9Q),
f — (VHar(f),vq),

where Har(f) is the harmonic extension of f to Q. This concept is important in
many fields such as electric impedance tomography, cloaking and so on (see [93,
Section 5)).

2.1.2 The boundary torsional rigidity

Let © C RY be an open bounded set with Lipschitz boundary. Given § > 0, we
introduce a new object, the boundary o-torsional rigidity, which is defined as

2
T(9;6) = sup L . (2.1.4)
peEWL2(Q)\{0} [<|V¢\2 dz + 6 /(@2 dx

We use the symbol HV~! to indicate the (N — 1)—dimensional Hausdorff measure.
One may check (see Proposition 2.2.3 below) that the supremum is attained by any
non-zero multiple of a positive function ug s € W1%(Q) which is the weak solution
of the boundary value problem

{(—Au+52u = 0, in Q,

(Vu,vg) = 1, on 0Q. (2.1.5)
The function ugs is known as the boundary d—torsion function of . It is not
difficult to see that we have

T(Q;0) = /( ugs dHN . (2.1.6)

We note here that, while interior regularity for equation (2.1.5) is not an issue,
regularity up to the boundary is more delicate under our standing assumptions on
Q2. Thus, the Neumann condition in (2.1.5) has to be interpreted in weak sense (we
refer to Remark 2.3.2).

A strong motivation for the definition of 7'(£2;d) comes from its relation to the
(0—modified) Steklov problem. In particular, the relation to the first Steklov eigen-
value is given precisely in Proposition 2.2.6. The latter can be seen as the Steklov

9
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version of the classical Pdlya inequality relating torsional rigidity, volume and first
eigenvalue of the Dirichlet-Laplacian, see [122, Chapter V, Section 4].

Additionally, we will discuss the asymptotic behavior of both ug s and T'(€2; §), as
the positive parameter ¢ goes to 0. We will see in Theorem 2.3.4 that both quantities
(once scaled by the dimensional factor §?) converge to a geometric quantity, which
is a kind of isoperimetric—type ratio.

2.1.3 Physical interpretation

The membrane analogy, also known as soap-film analogy, was discovered by R.
Prandtl in 1903. It states that the equations governing the stress distribution on
a beam in torsion are the same as the ones describing the shape of a membrane
deformed under a pressure applied across it (see [126, Section 9.3.4] and [135]).
This fact establishes an analogy between the usual torsional rigidity and the volume
under a forced membrane.

More precisely, let € C R? be an open bounded connected set. For ease of pre-
sentation, we suppose in what follows that €2 has a smooth boundary, for example of
class C?. Let us consider a thin membrane stretched over the rigid frame represented
by 9%, with uniform tension N and under an external pressure p. Then, by applying
the equilibrium equations to this system, we get that the vertical displacement of
the membrane v(zx,y) at a point (x,y) € £ solves

~Av = p/N, inQ,
{( v = 0, on 0f). (2.1.7)

When the pressure p is constant, we recognize the usual torsion problem (2.1.1), up
to a multiplicative constant.
Here we are interested in a Neumann version of (2.1.7):

{—Au+52u = f(z), inQ,

(Vu,vg) = 0, on OS). (2.1.8)

In this case, the boundary of the membrane can move in the vertical direction but
always keeps a horizontal angle. Moreover, the applied pressure depends on both
the displacement of the membrane and the z position. For every € > 0 small enough,
let us define the e—neighbourhood of the boundary

1. )7 'hat iS,

and add a concentration effect near 02 to problem (2.

C

2 . .

—Au+d6°u = - lg., in (2.1.9)
(Vu,vg) = 0, on 0S).

where 15 denotes the characteristic function of a set E. The precise limit behavior
of this problem is proven by Arrieta, Jiménez-Casas, and Rodriguez-Bernal [6, The-
orem 4.1]. Indeed, this shows that! by taking the limit as € goes to 0, the unique

With the notation of [6], our equation (2.1.9) corresponds to [6, formula (1.4)] with the choices

a(w) =1, c(w) =b(z) = Val) = jolz) = . =0, A=0%, ful)=C,

10
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solution wu. of (2.1.9) converges in W2(Q) to the solution of

CAu+6%u = 0, inQ,
(Vu,vq) = C, on 09,

which is our problem (2.1.5).

Another possible physical motivation is the following one. We consider the time
evolution of the temperature u of a uniform heat conductor €2, with an initial temper-
ature equal to 0 and subject to a constant heat flux at the boundary. For simplicity,
we normalize such a constant flux to be 1. In other words, the function u solves

Au = wu, in QX (0,400),
u = 0, inQx{0},
Vu,vg) = 1, ondf € (0,+00).

If we introduce the fagily of probability measures {ps}s~o on the time interval
(0,400), given by
dps(t) = 6% exp(—62t) dt,

then it is not difficult to see that for every § > 0 the averaged (in time) temperature

Us(x) == /0+oou(m,t) dps(t) = 6* /(oou(x,t) et dt,

solves (2.1.5), at least formally.

In this way, we can think of ug s as a sort of averaged temperature of the heat
conductor 2; correspondingly, the quantity 7'(€2; §) can be seen as an averaged heat
content of the boundary, thanks to (2.1.6). This interpretation is quite close in spirit
to the probabilistic description of the usual torsional rigidity, in terms of Brownian
motion. We refer for example to [8, 123].

2.1.4 Main results: geometric estimates

The exact expressions of T'(€2;0) and uqs can be computed explicitly only in a few
special geometries (balls, spherical shells or the hyperrectangles, see Section 2.4).
Thus, for a general set €2, it is important to find (possibly sharp) bounds in terms
of known geometric objects. This is the main objective of this chapter.

For open simply connected sets in two dimensions, it is possible to use the confor-
mal transplantation technique: this amounts to use the Riemann mapping theorem
to conformally transplant test functions form the disk to any bounded, simply con-
nected 0 C R2. This technique yields geometric estimates of eigenvalues for simply
connected sets in the plane, see for example [119, 122, 132] and [144]. The key point
here is that the Dirichlet energy is a conformal invariant. By carefully estimating
the other norms contained in the definition of 7'(€2;6), in Theorem 2.5.4 we are
able to give a sharp lower bound for 7'(€2;0) in terms of the corresponding quantity
for the disk and what we call boundary distortion radius of €2, defined precisely in
Definition 2.5.1.

and I = 0€).

11
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On the contrary, in higher dimensions conformal mappings are not available in
general and we need to modify our approach. We restrict in this case our study
to the class of convex sets. First, in Theorem 2.5.6, we prove a sharp lower bound
on T'(£2;6) using the method of interior parallels introduced by Makai [104, 105]
and Pélya [121]. We were inspired by an estimate of Pdlya, which provides a lower
bound on the usual torsional rigidity in terms of volume and perimeter, see [121].
We point out that the convexity assumption could be replaced by the requirement
that the distance function dg to 02 is weakly superharmonic, which in general is a
weaker property, see Remark 2.5.7 below.

Finally, a sharp upper bound for 7'(€2; d) in the convex case is obtained in Theo-
rem 2.5.11: this involves geometric quantities such as the inradius and the prozimal
radius of 2. A nice by-product of our arguments is the sharp estimate of Corol-
lary 2.5.12, which involves four different geometric quantities: the volume of €2, the
(N — 1)—dimensional measure of its boundary, its proximal radius and its inradius.

Plan of the chapter. In Section 2.2 we set the main notations and discuss
the first properties of the boundary torsional rigidity. We discuss well-posedness
of the problem and present various equivalent variational characterizations, as in
the classical case. We also obtain some basic upper and lower bounds on T'(€2;4).
Then, in Section 2.3 we discuss some properties of the boundary d—torsion function
uqs of a set and its asymptotic behavior as ¢ goes to 0. In Section 2.4 we compute
the exact shape of the boundary d—torsion function, for some special sets: the
ball, the spherical shell and the hyperrectangle. Section 2.5 is entirely devoted to
prove sharp geometric estimates on the boundary d—torsional rigidity. Finally, the
Appendix contains some technical results on the proximal radius of a convex set.

2.2 Boundary torsional rigidity

2.2.1 Notation

In what follows in this chapter, we will always consider N > 2. We will indicate
by Bgr(zo) the N—dimensional open ball with radius R > 0 and center zyp € R,
When the center coincides with the origin, we will simply write Bg. Finally, we will
denote by B the ball with unit radius, centered at the origin. We also set
‘B’ = WnN.
For a € R, we will use the notation
a4 = max{a, 0}.

Let © C RY be a open bounded set, with Lipschitz boundary. We denote by vq
its unit outer normal vector, which is well-defined H"~!—almost everywhere on 9.
By do we will indicate the distance function given by

do(x) :;relgslz|x—y|, for z € Q.

It is well-known that under the standing assumptions on €2, we have the continuous
trace embedding

WL2(Q) < LYAQ),

12
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for every 1 < ¢ < 27, where
N —2
o _ N-—-2"

it N > 3,

any finite exponent > 1, if N = 2,

see for example [67, Thedrems 6.4.1 & 6.4.2]. Moreover, such an embedding is
compact, whenever 1 < ¢ < 2% see for example [67, Remark 6.10.5, points (i) &
(ii)]. For every admissible ¢, we will set

— i 2 . —
(@ =__int {leliem © lelwon =1} 0. (@21)

which is the sharp constant for such a trace embedding. Here we use the norm on

W12(Q) defined by

2
HMMW@Z(&Wﬂ%M+/WFM)7 for every € ().
Q

2.2.2 First properties

Given 0 > 0, we have defined the boundary o-torsional rigidity by (2.1.4). It is not
difficult to see that for every ¢t > 0 we have the scaling law

4]
T (t Q; E) tNT(€;9). (2.2.2)
It is also easy to check that T'(£2;9) is related to the best Sobolev—type constant in

(2.2.1). More precisely:

Lemma 2.2.1. Under the previous assumptions, we have T(€;0) < +oo and the
supremum in (2.1.4) is attained. Moreover, the following estimates hold
1 (HN=1(00))? 1 1
L OO sy < — ,
ZAS] wmin{1, 0} 7,(%)
where n1(2) is defined in (2.2.1).

Proof. We first observe that

1 frm) 0

ONTESE ) sup = — .
min{1, 0%} cewr2()\fo) / |V<p|\2 da + / o de  mindh o m(Q)

(2.2.3)

T(Q;0) <

This shows that T'(2;§) < 400 and it also proves the upper bound in (2.2.3).

Existence of an extremal for T'(€2;0) can be proved by appealing to the Direct
Method in the Calculus of Variations. It is sufficient to observe that the maximiza-
tion in (2.1.4) is equivalently performed on the set W'2(Q) \ W, *(Q). Thus, a
maximizer of (2.1.4) can be obtained by solving

inf Vol|? dm—l—(52/ 2 dx - / d’H,N‘lzl} 2.2.4
et o) {[(\ | ¢ F (2.2.4)

13
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Any minimizing sequence {®, },en of functions in W12(Q) for this problem is such
that

C
W% d / 2 de < ——— d / LdHN T =1
/S;lv(p‘ T+ ’<90n x_min{l,(S?} an ng H )

for some C' > 0 independent of n.

The first property, in conjuction with the Rellich-Kondrasov Theorem and the
compactness of the trace embedding W2(Q2) — L'(09), implies that there exists
ug € WH2(Q) such that , converges to uy (up to a subsequence), weakly in W12(Q),
strongly in L?(Q) and strongly in L'(99). In particular, ug has still unit boundary
integral. Thus the limit function ug is still admissible in (2.2.4) and, thanks to the
lower semicontinuity of the functional, we get that ug is the desired solution.

Finally, in order to prove the lower bound (2.2.3), it is sufficient to use the charac-
teristic function of €2 as a test function in the Rayleigh-type quotient which defines

T(£;96). O

Remark 2.2.2. As simple as it may appear, the lower bound in (2.2.3) is actually
sharp in some sense. This will be shown in Remark 2.3.5, as a consequence of the
asymptotic behavior of the quantity

§2T(Q;0), as 0 N\ 0.
See Theorem 2.3.4 below. For the moment, we observe that from (2.2.3) we get that
lim T(Q;9) = +oo,

5—0t
and T(£2;0) diverges precisely at a rate §—2.

As for the usual torsional rigidity, T'(€2;0) can be equivalently defined through
an unconstrained concave maximization problem:

Proposition 2.2.3. Let 6 > 0 and let Q C RY be an open bounded set, with
Lipschitz boundary. Then we have

T(Q;6) = sup {2/ god”HNl—/!<|Vg0]2 dz — 62 /@2 dx}( (2.2.5)
PEW1:2(Q) o9 Q

Moreover, the supremum in (2.2.5) is uniquely attained by a non-negative function
ugs € WH(Q), which is the weak solution of the Neumann boundary value problem

CAuA+62u = 0, inQ,
(Vu,vg) = 1, on 0.

In other words, uq s satisfies
/((Vums, V) do + 6 / uqs p do = /( dHNTY, for every ¢ € WA(Q).
Q Q

Finally, we also have

T(;9) = /( uq.s dHN L. (2.2.7)

14
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Proof. The existence of a solution for the maximization problem in (2.2.5) follows
again from the Direct Method in the Calculus of Variations. Indeed, we first observe
that by using the definition (2.2.1) of 17;(€2) and Young’s inequality we get, for every
L >0,

F(p) =2 / QdHN ! — /(W@\Q dz — 6* /!<<p2 dx
090

<2 /{ o dHY 1~ min{1, 8} |3
)

< ——— llellwra@) — min{1,6°} lollf2q)
1(Q)
1

By choosing L = min{1, 6%}/2, we obtain

1
S(p) < G lellfyr.20) + C, (2.2.8)
for some C'= C(N,€2,6) > 0. This shows that

sup  F(p) < +o0.
pEWL2(Q)

Consequently, by the estimate (2.2.8), every maximizing sequence {®, }nen is equi-
bounded in W'?(Q). Existence of a maximizer ug s can now be inferred as in the
proof of Lemma 2.2.1.

Uniqueness of the solution follows from the strict concavity of the functional,
while the definite sign property is a consequence of the uniqueness and the fact that

S(lel) = S(e), for every ¢ € W*(9).

Finally, the equation (2.2.6) is just the optimality condition for ug s, which can be
obtained by computing the first variation of the functional.

We now come to the proof of (2.2.5). We first notice that

max 2 dHN ! —/ Vo|? dz — 62 / 2 dx}
@EWLQ(Q){ /mso IVl 7
= max {2 | dHN ! —/ V|? do — 62 /gpz dx}
PEWL2(Q)\W,(Q) o9 Q

Indeed, observe that for every ¢ € Wy*(Q) we have

2 | dHN 1 — /‘<|Vgp|2 dr — 62 /(902 dz <0,
B

while, if ¢ € WH2(Q) \ W, *(Q), then for every ¢ > 0 small enough we have

2t /( | dHN ! — 2 (%(\V@F dx + 62 /902 dx) é 0.
Q Q

15
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This also gives in particular that

max {2 lo| dHN T — / V|? do — 62 /902 dx}
EWL2(Q\W; () a0 Q
= max sup {2t / || dHN ! — #2 (/ IV|? dz — 62 /@2 dx)}
PEWL2(Q)\W,2(Q) t>0 0 Q

(2.2.9)
For every ¢ € W12(Q) \ W,*(Q), the optimal choice of ¢ is given by

J[ et e
Q

\ .
/(|th|2 dz + 6° [(@2 dz

By substituting, we get (2.2.5).

t=

Let us finally prove formula (2.2.7). From (2.2.5) it follows

T(Q;0) =2 / uqs dHN ! —/ [Vug,s|? do — 67 /U?w dz.
o0

On the other hand, by taking ¢ = uq s as a test function in (2.2.6), we obtain

/(]VUQ,(;F dx + 62 /“?2,6 do = /(uQ,a dz.
Q

By joining the last two equations in display, we obtain (2.2.7). O

Definition 2.2.4. The function uqs of Proposition 2.2.3 will be called boundary
d—torsion function of 2. We also observe that such a function enjoys the following
scaling law fort > 0:

uras(x) = tuas <%)§€ for every x € tQ. (2.2.10)

It is not difficult to see that the concave maximization problem in (2.2.5) admits
a dual formulation, in the sense of Convex Analysis. This in turn permits to equiv-
alently define T'(€2;d) as a convex minimization problem. This fact will be useful in
the sequel.

Lemma 2.2.5 (Dual formulation). Let Q C RY be an open bounded set, with Lips-
chitz boundary. Let us set

—di 2 m
AT(Q) = {(¢, g) € LAQRY) x 12() . d)(:;,i;i i (1): 027?89 } (

where the conditions have to be intended in weak sense, i.e.

/ pdHN T < /(gb, Vo) dz+o? /(ggo dz, for every ¢ € W'(Q) non-negative.
oN

Then we have

T(Q:6) = i 2 d 52/%1 2.2.11
(£;9) (¢7g§2ﬁm){/,<|¢| T+ 9 x}( ( )

and the minimum is uniquely attained by the pair (Vug.s, uq.s).

16
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Proof. For every non-negative ¢ € W12(Q) and every (¢, g) € AT(Q), we have by
Young’s inequality

/ pdH" ! < /((d% Vi) dz + 67 /{(w dz
o0

\¢|2 dr + = /!<]Vg0|2 de + — /g dr + — /( dx.
This in particular gives

2 &wd%“l - (/<|v¢|2 dz + & /Q<p2 dx> < /<|¢|2 dz + &2 /<g2 dz.

and by arbitrariness of ¢ and (¢, g) we get

2 do — 2d—52/2d f /2d 52/ d
werrg?f}?()#PEO{ /8980‘7 ‘/'<VS0| ' Q(p ) 7(¢91€Ii4+(9 ol dz + g

Since the constraint ¢ > 0 can be dropped without affecting the maximum value,
recalling (2.2.5) we get

2 2 2
6002, gt o0 [0l

On the other hand, it is easy to see that the pair (¢o, go) = (Vuqs, uqs) is admissible
and it gives

st [ an 0 [ anp < 1ot are s flisan
Q

This finally proves (2.2.11) and the fact that (Vug s, uqs) is a minimizer. Its unique-
ness easily follows from the strict convexity of the variational problem in (2.2.11). O

2.2.3 Relation with a Steklov eigenvalue problem

Here we establish some relations between the boundary torsional rigidity and the
first Steklov eigenvalue of the Schrodinger-type operator

ur —Au+ 6%u

The Steklov spectrum of this operator consists of the real numbers ¢ such that the
following boundary value problem

" Au+6*u = 0, inQ,
(Vu,vq) = ou, on 09,

admits at least a non-trivial weak solution u € W'%(Q). It is well known that
the whole spectrum consists of an increasing sequence of eigenvalues {0,,(£2;9) }nen
diverging at infinity. Indeed, it is sufficient to observe that the resolvent operator

Rs @ L2(0Q) — L*09)
f — ur,

17
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is positive, self-adjoint and compact. Then we can apply the Spectral Theorem in
order to prove the claimed structure of the spectrum. Here, by uy € WH(Q) we
mean the unique weak solution to the Neumann boundary value problem

CAu+6%u = 0, inQ,
(Vu,vg) = f, on 0.

Of course, compactness of Rs is again due to the compactness of the relevant trace
embedding
Wh2(Q) — L*(09).

The first eigenvalue has the following variational characterization

/ |Vul? do + 62 l(uz dz
01(2;0) = min {2 :

ueWh2(Q)\W2(Q) / . deN—1\
Bly)

Observe that by choosing u to be the characteristic function of {2, we obtain

Q
i and thus lim o1(€2;9) = 0.

. < 2
1(20) < 0" 2N Gy 50t

This is consistent with the fact that the first eigenvalue of the Steklov-Laplacian is
0, associated to constant eigenfunctions (see for example [78, Chapter 7, Section 3]).

The relation between oy(£2;d) and T'(Q;9) follows immediately by applying
Holder’s inequality on the boundary integral

(/AézudHNl)Q < HNH09) /42 u? dHN L

This yields the following estimate, which should be compared with the classical Polya
inequality relating torsional rigidity, volume and first eigenvalue of the Dirichlet-
Laplacian, see [122, Chapter V, Section 4]:

Proposition 2.2.6. Let 6 > 0 and let Q@ C RY be an open bounded set, with
Lipschitz boundary. Then we have

01(2;0) T(€;0)
oa S b (2.2.12)

2.3 Some properties of the torsion function

In this section, we establish some quantitative properties of the function ug s and
study its asymptotic behavior as § goes to 0.

Proposition 2.3.1. Let 6 > 0 and let Q@ C RY be an open bounded set, with
Lipschitz boundary.

18
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(i) The L'(Q) norm of ugs is given by

HN=L0Q
/g(um; dor = %; (2.3.1)
(i) its trace is in L®(0N), with the following estimate: for every exponent 2 <
q < 2%
q—2 q,

T(Q;0) 7y
o < 2.3.2
faali=om = € min{1,52}nq<9>> C e

where n,(€2) is the constant defined in (2.2.1) and C, > 0 is a constant only
depending on q, which blows-up as q \( 2;

(i) we have ugs € L>(Y) and it holds

lua sl L0y < lluasllLe@o)- (2.3.3)

Proof. Point (i) simply follows by testing (2.2.6) with the characteristic function of
Q.

We now prove that ug s has a bounded trace, by using a Moser’s iteration. We first
show that it is sufficient to prove the claimed estimate (2.3.2) for 6 = 1. Indeed,
let us suppose that (2.3.2) holds true for 6 = 1, for every open bounded set, with
Lipschitz boundary. By recalling (2.2.10), we would get

1

uos(z) = 5 usa1(0 ), for z € Q,
and thus
g—2 q,
1 C, TOQ1) C Y
o (50) = — oo <4 T . 2.34
[u,s]| o< 0 5 luso1llLe@@a) < 5 0 Q) > (2.3.4)

We now observe that by its definition and a change of variable, we have

/ |Vl|? d:z:—l—/L ©® dx
ng(6 Q) = inf Jt =

1,2
PEWL2(5Q)\W,*(6Q) (/ ’(p‘quN_l)q
Q
5N2/|Vg0|2 dz + 6V /f((pQ dz
- lnf Lo Q 2
1,2 ) =
PRI sv-ng (/ lso!qd’HNl)q
0

> sV (min{l,(52}> <q(Q),

while by (2.2.2)
TQ1) = 6N T(Q6).

19
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Going back to (2.3.4), we get the claimed upper bound in (2.3.2) for § # 1, as well.

In order to prove (2.3.2) with § = 1, for notational simplicity we will write u in
place of ug ;. We fix M > 0 and 8 > 1, then we insert the test function

Y= uﬁm where uy; = min{u, M},

in the weak formulation (2.2.6). Observe that this is a feasible test function, thanks
to the Chain Rule in Sobolev spaces. We then obtain

ﬁ/ (Vu|?u’~! do + /uuf/l d:z::/ ul dHNE
<M} Q Q

By observing that

2,81 4. _ 4P ( ‘T) ’
ﬂ/‘<SM}|VU| udr = GEE /Q V u,f dz,

and using that u > u,,, from the identity above we get

48 ) ? )’ 5 -
(5+1)2/QV(UM> dx+/ﬂ(7<M> de/(}uMdHN L

This in particular entails that

g1 2 1)2
uy? sg(ﬁ*') +1>L/ ull dHNL
wi2(Q) 46 ()

By recalling the notation (2.2.1), from the trace embedding with 2 < ¢ < 2% we
obtain

nq(82) (ég({?f)qdﬂN1)3f§<:51502+]> LQu@dHN‘H (2.3.5)

which is an iterative scheme of reverse LP inequalities. Before going further, we
observe that for every 5 > 1 we have

(B+1)? B+1
17 +1§—3—+1§5+1§2@

and then define the sequence of exponents

Bo=1, 5¢+1=%(5¢+1), for i € N.

Then from (2.3.5) we get

20
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If we set for notational simplicity Y; = [Juar||s:(sq), the previous scheme can be
written as
q 1 B;
2 2 Bit1 g By ]
Yiiin < | —=05; ) for every i € N. (2.3.6)
1g(€2)

We start with ¢ = 0 and iterate (2.3.6) n times. We then obtain

we G U s e

We now wish to take the limit as n goes to oo in this estimate. For this, we observe

[ SIS

that .
i 2 n+1
;@qu(g) . asnooo,
<§>“(+§@") @S e
and

1

n—1 g\ Bn 1 n n—1 9 7
nhjglo [H 61.(2) ] = nhjEO exp 5— (g) ( (5> 10g6i> %Cq < +00.

i=0 =0

Thus from (2.3.7), we get

Yoo < C, (ﬁ)ﬁ Ofo)t

Finally, by recalling the definition of Y; and that of uy;, we get

) A=) —a=2_
- < N—1)\2(-1)
bl < (5 ) (ff o)
2 \ D =
C / wdHN !
! <77q(Q)) ( Q )
) 2 qq71) 5 q‘fl)
=C, [ —— T 6 ( .
! (nq(Q>> ( ( )>

We also used the identity (2.2.7) in the last equality. We eventually get the desired
result from the previous estimate, by arbitrariness of M > 0. This concludes the
proof of point (7).

IN

Finally, we come to the proof of point (i), i.e. the maximum principle (2.3.3). Let
us set for brevity L = |lugs||=(a0), then we have

ugs < L, on 0f).
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This implies that ¢ = (uqs — L)y € W,*(). By inserting this test function in
(2.2.6), we obtain

/<VUQ75, V(UQﬁ — L)_,.) dx + 52 /'<UQ75 ('UJQ#S — L)+ dr = 0,
Q

that is
/ |V(U975 - L)+|2 dz + 52 / uqQ,s (UQ75 - L)+ dr = 0.
Q

Since both terms are non-negative, we get that they both must vanish. This in turn
implies
V(ugs — L)+ =0, a.e. in €,
and
uq,s (UQ75 — L)+ = 0, a.e. in €.

The two informations entail that (uqs — L)+ must vanish almost everywhere in €2,
which means that

0 S uq,s S L= HUQ(;HLOQ(QQ), a.e. in €.
ThU_S we get ||U/Q75”LOO(Q) S ||UQ’6||LOO(8Q). D

Remark 2.3.2 (Regularity of uq s). We remark that by classical Elliptic Regularity,
the function uq s actually belongs to C®(2), i.e. it is a classical solution of

—Au+6u=0, in €.

However, the regularity up to the boundary is more delicate, under our standing
assumptions on ). Indeed, well-known counterexamples show that global smoothness
may fail in Lipschitz sets, already for harmonic functions and very simple boundary
data, see for example [72]. Thus in general ug s has to be considered only as a weak
solution of
CAu+6%2u = 0, inQ,
{ (Vu,vg) = 1, on 09,

i.e. the Neumann condition has to be interpreted only in weak sense.
Finally, we point out that the property uqs > 0 can actually be improved to

ug,s > 0, for every x € €,

by virtue of the minimum principle, see [62, Chapter 6, Section 4, Theorem 4].
Observe that this holds true also if ) is a disconnected set, by virtue of the non-
homogeneous Neumann condition. In other words, if ) is made of k connected
components, we must have ug s > 0 on each single component.

The boundary torsion functions are monotone with respect to the parameter 9.
This is the content of the next result:

Lemma 2.3.3 (Monotonicity). Let Q@ C RY be an open bounded set, with Lipschitz
boundary. For every 0 < dp < 01, we have

UQ.5, > UQ.s, mn .
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Proof. Let us set for simplicity
U; 1= UQ,5; 1= 0, 1.
By subtracting the equations (2.2.6) for ug and u, we get

/((V(ul—uo), Vi) do+67 / uy p dz—53 /(uo ¢ dx =0, for every o € Wh2(Q).
0

(2.3.8)
We first observe that by choosing ¢ to be the characteristic function of €2, we obtain

5% /U1 dr = (53 /4<U0 dI,
Q

and thus we must have uy #Z u;.
We then choose the test function ¢ = (u; — ug)4 in (2.3.8), which implies

/ |V (u1 — ug)y |* d + /((5% uy — 0 up) (ug — up) 4 dw = 0.
0

This can be rearranged into

/Q |V (ug —up)4|* dz + 67 /((ul —ug) (ug —ug) 4 dw = (0 — 63) [(uo (u1 —ug) 4 dz.

The left-hand side is non-negative, thus by using that 6; > g > 0, we get that

/(uo (w3 — ug)4 dx <0.

Since uy > 0 by Remark 2.3.2, the previous estimate entails that (u; — ug), must
vanish almost everywhere. This shows that

ur < ug, a.e. in €.

By the interior smoothness of both functions, this property must actually hold ev-
erywhere.

Finally, in order to obtain the strict sign, it is sufficient to observe that the
difference v = ug — u; is a non-negative smooth solution of

—Av+6jv = (6 —63)us > 0.
By using again the minimum principle, we get that
either v=0 or wv>0.

However, the first fact has been already excluded at the beginning. This concludes
the proof. [
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Theorem 2.3.4 (Asymptotics for § — 0). Let Q C RY be an open bounded con-
nected set, with Lipschitz boundary. Then we have

Jim [[V(6% ug5)| 120) = 0, (2.3.9)
and
N-1 Q)
lim 6% ugs — HT(08) =0, for every 2 < m < 0. (2.3.10)

Moreover, it also holds

iy, 5y (T (09))?
513&(5 T(Q;0) = Q) :

Proof. From the identity

/<|VUQ75|2 dx -+ 52 /(UQﬁ)Q dx = /( UQ75 dHN_l, (2311)
Q Q)

we get in particular, for every 0 < § < 1,

/ V(8% w2 da < 6 /( ey AHN T = 51T 6)
0 Q
< 54 16
~ min{l,6%} ni(2)  m(Q)
Observe that we used formula (2.2.7) and the upper bound (2.2.3). This shows
(2.3.9).

Moreover, still from (2.3.11), we also have

1
52 24 <(52/ dHN T < —
8w ax < (u <@

These show that the family of functions {0 ugs}o<s<1 C W?(Q) is equi-bounded.
By the Rellich-Kondrasov Theorem, for every infinitesimal decreasing sequence
{0n }nen there exists a function w € W12(Q) such that (up to a subsequence)

(2.3.12)

Jim 102 ugs, — w||2(0) = 0,

and

n—oo

lim [ (V(62uqy,),¢) dz = /'<<Vw, ¢) dz, for every ¢ € L*(Q;R™).
0

Moreover, thanks to (2.3.12), we actually get that it must result Vw = 0 almost
everywhere in €2. The connectedness assumption entails that w is constant on €2. In
order to identify the value of such a constant, we recall that from (2.3.1) we have

/{((5721 ugs,) de = HN"H(09Q).
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By taking the limit as n goes to oo in this identity, we finally get
/ w dr = HV1(09).

By recalling that w is constant, we get
B HNL(00Q)
Q-
We now observe that the limit function w is uniquely determined and thus does not
depend on the particular sequence {8, }nen. Thus, we can finally infer convergence
in L? of the whole family {6% uq s }o<s<1, i.e. we showed (2.3.10) for m = 2.

In order to get (2.3.10) for an exponent 2 < m < oo, it is sufficient to observe
that

_ _ 1-2

52 Uq s — HN 1(89) < 52 Uas — HN l(aQ) "
’ €] m(Q) 7 €] Loo(Q)
X 02 Uas — w B _

’ |€2] £2()

The last term converges to 0 thanks to the proof above, while the L*> norm is
uniformly bounded, thanks to the fact that by Proposition 2.3.1 we have for every

0<o<1
52 T(6 2N 7 =
10 ug )| 2o () < 1167 uasl neon) < Cy (02T (£2;0)) >T

nq(Q)

771(9)2% "
<Cq —Fr ‘ ,
! 77q(9> )

for a fixed 2 < ¢ < 2#. Observe that we also used the upper bound in (2.2.3).
Finally, the last part of the statement easily follows by taking the limit in formula
(2.2.7) and using the compactness of the trace embedding,. ]

Remark 2.3.5. With the previous result at hand, we can now prove that the lower
bound

1 (HN=1(00Q))?

— 7 T

62 |Q| —_ ( Y )7
proved in (2.2.3) is actually sharp, for every fized 6 > 0. Indeed, let us take Q C RN
an open bounded connected set, with Lipschitz boundary. By the scaling law (2.2.2),

we have

T(tQ,6) =tN T(Q;t6), for every t > 0.
We thus obtain
R _ €Y 52 N . [olkad
Jim " T (% 0) mrrmganE — w0 T 10) Gram oy 1y
_ 1 2y 1
= tl_1)rg1+(5t) T(Q;t0) ) 1,

thanks to Theorem 2.3.4.
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2.4 Exact solutions in some special sets

In what follows, we will by indicate by I, and K, the modified Bessel functions with
indezr « of first and second kind, respectively. We recall that these functions have
the following asymptotic behavior for z converging to 0

Lo(2) ~ ﬁ (@a (2.4.1)

and ,
—log (5) for a = 0,
Ko (z) ~ 2.4.2
93 fry 7 | 242)
——— | — ] , otherwise.
2 z

Here T" is the usual Gamma function. We refer to [107] or [97, Chapter 5] for the
general properties of these functions.

Lemma 2.4.1 (Balls). Let 6 > 0 and let B C RY be the ball of radius 1, centered at
the origin. Then ups is a radially symmetric increasing function. This is explicitly
given by

17N/21 (S
up,s(x) = Us(|]) where  Us(o) = e n/2-1(9 0)

, for0<p<1. (24.3)

d Insa(9)
Accordingly, we get
_ Nwn IN/2—1(5)
T(B;6 :/ upgs dHN 1 = . 2.4.4
(8:) QB b R (244)

Finally, the function o — U(0)/0 is monotone non-decreasing.

Proof. Let O be an N x N rotation matrix, we set v(z) = up (O x). Thanks to the
symmetries of B and using the change of variable y = O x, we get that v is still a
maximizer of (2.2.5). By uniqueness, we thus obtain

ups(x) =ups(Ox), for z € B.

By arbitrariness of the matrix O, this gives that up must be radially symmetric.
Thus there exists Us such that

up () = Us(|x|),

and the function Us must be the unique solution of

I {2 p(1) - /IQSO’(@)F oV do -6 /ISO(Q)Q oMt d@} ( (2.4.5)

where we set I = (0,1). We now construct the new admissible function

Lzs(@) - (it - /é((u(;(tmdt) ( (2.46)

\
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Figure 2.1: An example of function (on the left) and its rearrangement (on the
right) given by (2.4.6).

Observe that this is non-negative and non-decreasing by construction, since

o (- /(<u3<t>>+dt) 6 Ui)): > 0.

and thus ﬁg <S the composition of two non-decreasing functions. Moreover, we have

ﬁ(;(l) = U;([l) and
Us(1) /£<L13<t>>+ a<us(n) — [ vy =)

By taking the positive part on both sides and using that Us > 0, we obtain

0< 2/75 < Us.
Finally, by construction we also have

z];icg) < (o)l for a.e. o € 1.

All these properties show
ness, we obtain Us ( Us and thug, Us has the claimed monotonicity.

at Us must be another maximizer of (2.4.5). By unique-

In order to explicitly determine Uy, it is sufficient to write the optimality condition.
This is given by the boundary value problem

L0 —o(N=1)¢/ +020*) = 0, inl,
Y'(0) = 0,
P'(1) = 1

The general solution\ of the ODE is given by (see for example [97, Chapter 5, Section

7)
$(0) = C 03 I 1(60) + D0 "% Knjpa(60), C,DeR. (2.4.7)

Thus, as K, is singular at the origin by (2.4.2), the condition w’(0) = 0 implies that
D = 0. This leads to

Us(0) = C 0" % T 1(6 0).
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We impose the other boundary condition w’

(1) =1 in order to fix the constant C.
By recalling the relation (see [97, equation (5.

7.9), page 110))

d%w 1.(0)) = 0 Lns (). (2.48)

and using this with o = N/2 — 1, we finally get the expression (2.4.3).
We can now substitute this expression in (2.2.7) in order to find the explicit
formula (2.4.4) for the torsional rigidity.

At last, we prove that

Us(0) 1 infNﬂ [N/271(5 0)

Wle) = 0 - 0 do 6 Iny2(0) 7

is monotone non-decreasing. By using (2.4.8), it is easy to see that this can be
re-written as
0 " Inp(d o)

Insa(9)

W(e) =
Thus W solves the ODE
—*W' —o(N+1DW +520°W =0, in1,
with boundary conditions

Iny241(6)

W'(0)=0 and W(1) =6 T a0)

=.C§-

We notice that these can be inferred by appealing again to (2.4.8) and (2.4.1). These
properties and the first part of the proof imply that, if we denote by B’ Cc RN*+2
the (N + 2)—dimensional unit ball centered at the origin, the radially symmetric
function

w(x) := W(|z|), for z € B,

is the unique solution of

L Au+6%u = 0, in B,
(Vu,vg) = c¢s5, on OB

Thus, it is the unique maximizer of

sup {205/ gpd’HNH—/ Vl|? dx—52/ ©* dx}
L,OGWLQ(B/) OB’ ’ ’

By recalling that I, is always positive for real arguments, we get that c; > 0 and
thus the claimed monotonicity of w now follows by using the same argument as for

(2.4.5). 0
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Remark 2.4.2. By recalling the scaling laws (2.2.2) and (2.2.10), for a generic ball
of radius R > 0 we have

_ oy £ |t Iyjpa (8 2))
up,s(r) = Rupsp (E) 6 SR¥ In2(6 R) )

N WN ]N/271(5 R)
5 In2(6 R)

Lemma 2.4.3 (Spherical shells). Let § > 0. For 0 < r < R, we consider the
spherical shell

and
T(Bgr;0) = RNT (B;6 R) = RV !

Q:{xERN : r<\:c|<R}(
Then uqs 15 a radially symmetric function. This is explisitly given by
uo,s(x) = Vrrs(|z]), forz € Q,

where N N
Vrs(0) =Co0" "2 Inja—1(80) + Do o'~z Knja-1(6 0),
and the constants Coy = Cy(r, R,5) # 0 and Dy = Dy(r, R,§) # 0 are given by
. =% Knp(0r) + B2 Kypa(O R)
0o = N It )
611 F R5 (funR) Knjalr) = Inpa(r) Knpa(R) )

Tl_% IN/2(5 7") + Rl_% IN/2(5 R)

Dy = N N '
Sri=% RI-% (IN/z(T) K2 (R) = Inj2(R) KN/Q@)

Accordingly, we get

"% Koy(dr) + R KN/2(5 B)| [ % Liono0 R) + 7% L ya(6)] (
57172 R7% [Iyja(R KN>‘2 — Inja(r) Knpa(B)]

[7(1% Injp(67) + RV IN/2(5R)} H‘é T K NG R) 02 Kl—Nﬂ(‘ST)}(
5% RY"3 [Iyy(r) Kf\v/z — Inja(R) Kiyya(r)] Q

Proof. The radial symmetry of uq s can be obtained with the same prosf of Lemma
2.4.1. In order to determine uq s, we proceed as before, by seeking this time the
solution of

T(;9) = [

Co*w" —o(N—1Dw +620*w = 0, in(r,R),
w'(r) = -1,
w(R) = 1.

By recalling thd expression of the general solution (2.4.7), we can calculate the
explicit form of both constants C' and D by imposing the two boundary conditions.
Once ug s is obtained, it is sufficient to use again (2.2.7) to get T'(€2;0), as well. We
leave the details to the reader. O
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Lemma 2.4.4 (Hyperrectangle). Let 6 > 0 and let l1,0s,... . 0x > 0. If we set

Q= H( 0,0,
then we have

cosh(d z;)

S sinh(s 4 = . Q. 2.4.
<0 sinh(§4;) for every x = (a1,...,2n) € (2.4.9)

ug,s(r) =

Its boundary torsional rigidity is given by

1

N-1 N-2
5tanh(5€k)H (%) +;52H (Z’“>]<

T(;9)

HMZ

where
Y = {x cQ: |z = ﬁk} and Yhi = { € Qx| = by, 2| = &-}.

Proof. One can directly verify that (2.4.9) is a classical solution of the optimality
condition (2.2.6). In order to compute the boundary torsional rigidity, we use (2.4.9)
in formula (2.2.7). We get

h(d xy) cosh(d z;) _
T(Q: — N-1 COS k i N 1.
(£2;9) /( ugs dH Z/Z [5 Sinh(3 65) 2 5 sinh(5 ) i

We then observe that for every k € {1,..., N}, we have (observe that cosh(d xy) is
constant on Y)

cosh(6 xy) no1_ cosh(6lr) Ny
/ECC  sinh(d ¢y) M S sinh(d ¢x) HEE),

and for i # k we get
cosh(d z;) N1 4 HY 2 (Bg4)
R = — 2 )= .
[(ﬂ g sinh(d ¢;) aH 62 jl;[k( t) 92

This concludes the proof. n

2.5 Geometric estimates

2.5.1 Planar simply connected sets

We start by proving a lower bound for the boundary torsional rigidity by using
conformal transplantation, when N = 2. As we have mentioned in the introduction,
this technique has been successfully employed in order to give geometric estimates
for eigenvalues of planar sets, see for example [119, 122, 132, 144].
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Roughly speaking, it consists in producing trial functions for a variational
problem in an open simply connected set @ C R?, by simply composing functions
defined on the unit disk D = {z € R? : |z| < 1} with an holomorphic map
h : Q — . This is particularly useful when tackling problems involving the
Dirichlet integral, due to its conformal invariance.

In order to state our lower bound, let us recall a few facts on conformal mappings.
The celebrated Riemann Mapping Theorem (see [2, Chapter 6]) states that given
any simply connected region Q C R? and a point zy € €, there exists a unique (up
to a rotation) holomorphic isomorphism

fuo : D — Q with  f,,(0) = xq.

Furthermore, when 0f2 is _CLO‘, we know that this mapping can be extended up to
the boundary, it is C! in D and we have

fglgo (x) # 0, for every z € dD.
We refer to [143, Theorem 1 & Theorem 2] for this result.

Definition 2.5.1. Let Q C R? be an open bounded simply connected set, with C1®
boundary, for some 0 < o < 1. With the previous notation, we define the boundary
distortion radius of €2 by

> o 1 /2 1 %
Rq = xloré% (ﬂ /£|fxo| d?—[> :

It is readily seen from its definition that this quantity scales like a length.

. 2 . . .
Remark 2.5.2. By using that |f, |* is a subharmonic function, we get that the map

1

gt [ g
TO J{\al=0}

is monotone non-decreasing, a result originally due to G. H. Hardy, see [77, Theorem

I]. In particular, we have

, 1 , o1 , :
7,00 = (55, /‘Q':g}umﬁdw) < (5 /Qfmwdw) .

Then the definition of boundary distortion radius is maybe better appreciated by
recalling that

o = sup | f1,(0)],
ToEN

s usually called conformal radius of Q). This quantity naturally appears in many
geometric estimates for the spectrum of the Laplacian of a planar simply connected
set, see for example [119] and [122].

Finally, we may notice that the quantity

1 , 2
(5 /% i)

can be recognized as the norm of the conformal map f, in the Hardy space H(D).
We refer the reader to [91] for an introduction to these spaces.
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Lemma 2.5.3. Let Q C R? be a bounded simply connected open set, with CH®
boundary, for some 0 < o < 1. Then we have

Q] < 7R, (2.5.1)

In particular, if Q is a disk of radius R, we have Rq = R and the equality holds in
(2.5.1).

Proof. Let zy € ©, with the notation above we recall that |f, |* coincides with the
Jacobian determinant of f,,, seen as a two-dimensional change of variables. Thus

we have
o) - /E(If;fdw-
/ﬂ<|f;0|2dw = /( (/{|x|zg} |f;0|2d%1> (zg.

By using Remark 2.5.2 and the arbitrariness of o € (2, we then get the desired
estimate (2.5.1).

As for the second statement, we observe that for a disk Bgr(&p), by choosing
ro = & and

We can then write

féo(x) =Rz +€07
we have |f{ | = R and thus

Rouien < {W\f@ﬁdﬁ R

The reverse inequality follows from (2.5.1). This concludes the proof. O
We are now ready for the main result of this subsection.

Theorem 2.5.4. Let § > 0 and let Q C R? be a bounded simply connected open set,
with CY* boundary, for some 0 < o < 1. Then it holds

(7{1(89)>2 T (Bgy;9) (g T(9:6). (2.5.2)

2T Ré

Moreover, equality holds if and only if ) is a disk.

Proof. We first give the estimate under the assumption that Rao=1. By definition,
for every € > 0, there exists xy € 2 such that

% /{W frPdH <1+e. (2.5.3)

For simplicity, we indicate by u the boundary d—torsion function of the unit disk
D, given by (2.4.3). With the notation above, we use the test function @ = u o hy,,
where we have set

Py = [+ 2 — D.
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Observe that u € W12(Q), thanks to the properties of f,,. This yields
L /Q|va|2 dz + 6* /ﬁ(# dz <Ml(5)>2 /D|Vu2dw+52 /[(Mfgo(w)y?dw
) > %) (H (09))° |

o </(Q ﬂd%l) : (2.5.4)

where we used that h,, : 02 — 0D and that u is radially symmetric so that, by
(2.4.3),

on 0f).

u =

In order to estimate the integral

[ 11 du = /(u ( /(wl:g} ) ég,

1
(o) = —— 2 g,
©=5r ‘(w:g}|fo|

[ 1w o =2 /<u2<1><g>gdg.

From Remark 2.5.2 we know that o — ®(p) is monotone non-decreasing. Thus we

" /‘I(uQIf;O(w)IdeS (2 /(uwdg) o(1) = &(1) /ﬂ(u?dw.

By recalling (2.5.3), this finally gives

/Du2|f;0(w)|2dw <(1+e) /ﬂ(quw.

We insert this estimate into (2.5.4) and use that u is optimal for the disk. We get

()

T(Qs0) = \ Io(9)

we set

then we can rewrite

If we now let € go to 0 and use (2.2.7), we obtain

1 SI,(6)\° T(D;4)
T(%0) = ( 10(0) ) (H'(09)

Finally, from (2.4.4) we know that
) ]1 (5) 2m

Iy(9) B T (D 5)7

from which (2.5.2) follows, for the case R = 1.
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The general case can be obtained by scaling. Indeed, taking ¢t =1/ RQ, the scaled

set (2 = ¢ has unit boundary distortion radius. Thus, by using the first part of the
proof with ¢/t and (2.2.2), we have

T(Q;d)tQT(§;€>ét2 %)%( 5) (\2(;9)) (%;@(

This concludes the proof of the inequality.

We now come to the equality cases. We first observe that disks achieve equality in
(2.5.2), thanks to Lemma 2.5.3. Let us now suppose that €2 is such that equality
holds in (2.5.2). For simplicity, we can assume again that Rq = 1. This means
that equality must hold everywhere in the proof above. In particular, there exists
xo € 2 such that u = u o h,, must be the boundary d—torsion function of €2. This
in particular implies that u must solve

—Au+6*u=0, in (2.
By computing the Laplacian of u, which is given by
AT(@) = Wy (@) Aulhay(z)),  forz €9,

and using that u solves
—Au+62u=0, in D,

we then obtain that
(1= |nl,|?) 6% u =0, in Q.

Recalling that u is positive, the last identity entails that we must have |h}, | = 1 in
Q and thus [f, | =1 in D. This implies that f; is constant, hence f,, is actually a
linear isometry and thus €2 is a disk, with radius 1. O]

2.5.2 Convex sets: lower bound

The following technical lemma will be used in a while. We will use again the notation

I=(0,1).

Lemma 2.5.5. For every 6 > 0, we have

a(d):= sup (¢(0)) = L

peWhA() /I@ 12 dt + 5 /( g 0 tanh(d)’

ur(t) = % (% — sinh(d t)) <

attains the supremum in (2.5.5).

(2.5.5)

Moreover, the function
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Proof. An argument as in (2.2.9) yields that the maximization problem (2.5.5) can

be rephrased as
a(d) = sup {2 ©(0) — /Q@'[Q dt — 6* /902 dt} ( (2.5.6)
peWL2(I) | I

The existence of a (unique) maximizer u; for (2.5.6) is again easily proven by the
Direct Method. Moreover, by concavity of the maximization problem, we have that
¢ solves (2.5.6) if and only if it verifies the optimality condition

»(0) = /cp' ' dt + 6° /(cpl/zdt, for every 1 € W12(I).
I I

This is the weak formulation of

Lo +6%2p = 0, inl,
80/<0) = _17
¢'(1) = 0.

The latter is uniquely solved\by the function

1 [cosh(dt)
t— — | ———= —sinh(dt¢
o ( tanh(0) sinh( )) (
which then coincides with the unique maximizer u;. From (2.5.6) and the equation
in weak form we get

a(8) = 2ur(0) — /I|u}|2dt 82 /I(u% dt = u;(0).

By using the expression of uy, we conclude. O]

We recall the definition of inradius of 2, i.e.

ro = sup do(z).
z€eQ
Observe that this is the radius of a largest ball inscribed in 2. We can then prove the
following sharp lower bound on 7'(€2; d) for a convex set. This is somehow similar to
an estimate by Poélya, which provides a lower bound on the usual torsional rigidity
in terms of volume and perimeter, see [121]. We employ the same technique, i.e. the
method of interior parallels, introduced by Makai [104, 105] and Pdlya [121].

Theorem 2.5.6. Let § > 0 and let Q© C RN be an open bounded convex set. We
have the following estimate

HN-1(0Q)

T(€2; _—
(5:9) > d tanh (8 rq)

Moreover, the estimate is sharp in the following sense: we have

. T(Q;9) tanh(drg,) 1 . _
nlljgl@ H1(00,) =5 for Q, = (—n,n)V' x (=1,1).
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Proof. We first prove the estimate under the assumption that rq = 1. We define a
non-negative test function for the torsion functional (2.1.4) of the form

o(@) = ur(da(z)),  forzeQ,

where u; is the same function as in Lemma 2.5.5. We denote
Qt:{er : dQ(x):t}, for ¢ € [0, 1].

Then, by using the Coarea Formula and the fact that |Vdg| = 1 almost everywhere
in 2, we get

QUDE (/! o) (ur(0)? (#1052

/|w|2 dx+52[< dx /|u1 (z))|* dz + ° /4((Q (do(2))* d
00))?

_ (ur (0))2 (HY

/( W0 + 8 (st (t“(aﬂo i

2
Z (U[(O)) HN_I((?Q).
/( (O + 3 (ur(®)] (t
In the last inequality we used that
HYH(08,) < HNTH00), for t € (0,1), (2.5.7)

which follows from convexity, see for example [39, Lemma 2.2.2]. Observe that this
inequality is strict, for an open bounded convex set. If we now apply Lemma 2.5.5,
we get the desired estimate in the case ro = 1.

The general case now follows by scaling: indeed, by taking ¢ = 1/rq, the scaled

set © = ¢t has unit inradius. Thus, by using the first part of the proof with 4/t
and ((.;.2), we have

(=0 Ly HYTNOQ), 1 HNY0) MY
(0)=tNT (QG) ét ) - = 5 tanh (G
t

é tanh (§§
t t

We now come to the proof of the sharpness. The idea is to look for equality in
(2.5.7). For this, let us consider Q,, := (—n,n)" "1 x (=1,1) C RY. By Lemma 2.4.4
with the choices

as desired.

61:"'261\[_1:71 and €N:1;
we know that

N-1

~ cosh(dzy) 1
ua,o(r) = 9 sinh(0) * 9 sinh(on) 22_1: cosh(d ),
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and

k=1 i#k
1 N-1

N—1 » N—-2 ) ;

[T ) 2
where we used the notation ; and ¥ ; from Lemma 2.4.4. We now observe that
HNT(Zy) =2V 0N HYTN () =280 fork=1,...,N—1

HN_Q(EN,i) = 2N pN—2, fori=1,...,N —1,
while (this occurs only for N > 3)

HYN (S =20V fork=1,...,N—1,i¢e{l,...,N —1}\ {k},

)

and
HN 2 (Sen) =202 fork=1,...,N—1.

This finally shows that

1 1
T(Qn;0) ~ ———— HV Y (Ey) = ———— 2V plV ! .
(@i0)~ m F Y = sam 2 v 0 o
As for the measure of the boundary, we have
HYTH00,) =2(2n)N T+ 2(N — 1) (2n)V 2 ~ 2N N as n — 0o,

while clearly by construction we have rq, = 1. By gathering all these informations,
we get

T(Qy;0) tanh(drq,) 1 ON pN-1 B!
HN=1(09Q,) s tanh(§) 2N nN-1 tanh(d) = 5 as n — 00,
as claimed. -

Remark 2.5.7. We observe that the convexity assumption in the previous result has
been used only to guarantee the property (2.5.7). Thus Theorem 2.5.6 continues to
hold for every open bounded Lipschitz set 2 which enjoys this property. This is the
case, for example, when N = 2 and ) is simply connected or doubly connected, see
[80, Section 2/]. Other sets having property (2.5.7) are those for which the distance
function dg is weakly superharmonic in ), i.e. such that

/<Vdg, V) dz >0, for every ¢ € C5°() with ¢ > 0,

see for example [29, Remark 3.2].

We recall that on a convex set ) the distance dg is always weakly superharmonic,
since it is a concave Lipschitz function. However, the weak superharmonicity of dg
is equivalent to the convexity of Q only for dimension N = 2 (see [5, Theorem 2]),
while in higher dimension this is a weaker condition. We refer to [5, Section 5] for
an example of non-convex set with superharmonic distance.

Finally, we also recall that if Q has a C* boundary, the superharmonicity of dq
is equivalent to the fact that the mean curvature of OS) is non-negative (see [99]).
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2.5.3 Convex sets: upper bounds

By appealing to the dual formulation (2.2.11), we can obtain the following upper
bound of geometric flavor, which can be seen as a sort of Steklov version of the
so-called Diaz- Weinstein inequality (see [55]). For this, we first need to recall the
definition of high ridge set of an open bounded set Q2 C RY (see for example [50]).

This is given by
M(Q) = {:c €Q: B(x)C Q},ge
d in Q.

i.e. this is the collection of centers of maximal balls inscri

Proposition 2.5.8. Let Q C RY be an open bounded convex set. Then, we have
the following upper bound

1 N? -
T(2:0) < 5 (I#<9> + 57 \Q\) ( where Ly(Ql) = min /,Q“’ ~ ol da
(2.5.8)

Proof. Let xop € M(S2), then accordingly we have B,,(z9) C 2. Recalling Lemma
2.2.5, we make the following choices

T — o N
b0 = and 9o = o5
rQ J rQ

(2.5.9)

and observe that (¢g, go) € AT(Q). Indeed, we clearly have by construction
—diveyy + 6% g = 0, in €.
As for the flux condition on the boundary, convexity of €2 entails that
(x — zo,vq) > ra, for HN "1 —a.e. x € 09,

see for example [32, Lemma 2.1]. By appealing to Lemma 2.2.5 and to the arbitrari-
ness of zy € M(Q2), we finally get the claimed estimate. O

Remark 2.5.9. By recalling the characterization for extremals of the dual problem
(2.2.11), it is not difficult to see that estimate (2.5.8) is not sharp. Indeed, the trial
pair (2.5.9) is such that

Po # Vg.

However, thanks to Theorem 2.3.4, from (2.5.8) we recover in the limit the inequality

N—1 2 2
—(H (09)) = lim &2 T(Q;6) < N ‘Q‘,
‘Q‘ 6—07F 7’?2
that is N1Q
HNfl(aQ) S | |’
ra

which 1s sharp. Equality in the latter is attained for balls, for examples.
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Figure 2.2: The construction of the proximal radius: in bold line, the boundary of
the convex set €2; the thin black line is the high ridge M (€2). The black dot is the
proximal center, which in this particular example coincides with the center of
symmetry of the set.

Remark 2.5.10. The geometric quantity Zx(Q) defined above is quite similar to

the more usual one
Z()) = mi —xol? d
( ) z{)rgl?N [Qx x0| v

which is called polar moment of inertia of Q. However, in general we have

Z4(Q) = Z(),
and the inequality is strict, unless the barycenter of 2, which is the unique minimizer
for Z(Q2), belongs to M(£2).

We now exploit once again the dual formulation (2.2.11), in order to give a sharp
upper bound this time. At this aim, for an open bounded convex set 2 C RV, we
define its proximal radius by

Lo = inf {R >0 : 3wg € M(Q) such that Q ¢ BR(:L‘O)}.Ka
ving center

In other words, Lq is the radius of the smallest ball containing §2 and
in the high ridge set M (£2). We will call prozimal center any point xq € M(£2), such
that

Q0 C BLQ (QZ‘Q)

Such a point exists and is unique by Lemma 2.5.13 below. Observe that by con-
struction, for the proximal center we have

BTQ(IQ> CcQcC BLQ (ZL‘Q) (2.5.10)
This will be crucial for the proof of the following result.

Theorem 2.5.11. Let § > 0 and let  C RY be an open bounded convex set. With
the notation above, we have

T(Q;6) < <£—Z) o (%)2 T(By,;0). (2.5.11)

Moreover, equality holds if and only if 2 is a ball.
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Proof. Without loss of generality, we can assume that the proximal center of (2
coincides with the origin. We set for brevity

Ca,s = Uy, (Z—Z) ( (2.5.12)

where U is the function of Lemma 2.4.1. We then introduce the pair

1 1
= ——Vug, s and Jo = =—UB, s
Cas bar Cas %

)

o

where as always up, ¢ is the boundary d—torsional function of the ball By,. We
observe that by construction and using (2.5.10), we have

. 1 .
—div d)o + (52 do = @ <—AUBLQ,5 + 52 uBngv(s) - 07 in €.

Moreover, since we have

T x
up,, 5(x) = Loupsrg (L_Q) 6 Lo Usr,, (%) <

we get that on 0 it holds

1 1 7] 11 |z]
= — _ul _— > —_— _ul -
(90, von) Cays |z °te (LQ) va, o) = Cos x| 7t (LQ v

HN~!—almost everywhere, where we used again [32, Lemma 2.1]. We then recall

that >
0 5(0) ’
%
is monotone non-decreasing by Lemma 2.4.1 and by construction
|z| > rq, for every x € 0Q.

This permits to estimate the flux of ¢g on the boundary of 2 by

1 (Ke)
> U —_
<¢07V89> el CQ}& U&LQ (LQ> (

Recalling the definition (2.5.12) of Cq 5, we finally obtain that (¢g, go) € A*(€2). By
Lemma 2.2.5, we thus obtain

1
. < 2 2 2
T(Q, (S) ~ (0975)2 |:/ |VUBLQ,6| dr+46 /Q(UBLQ’(S) dZL‘:|

< Vug, s°d +52/ ! s U
>~ (0975)2 [/{LQ | up Q,5| x . (UB 975) x (09,5)2

(2.5.13)

Q
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We now compute the constant Coq s

TQ) d (0Lg Q)l_N/QIN/2—1(5LQQ)>
lo=72

Cos =y, (2L
o ke (Ln do (§La)> > Lyya(6 Lg)

_ (QI_N/Z [N/2(5 Lq Q))

Q

7$

2—N

_ (T_Q) Inp(ra)
Lq Inj2(6 Lg)’

where we used (2.4.8) in order to compute the derivative. This concludes the proof
of the inequality.

Let us now discuss equality cases. At first, it is quite clear that for any ball we
get equality in (2.5.11). Indeed, in this case, the set M () just coincides with the
center of the ball and rq = Lo. We now assume that  C RY is an open bounded
convex set for which (2.5.11) holds as an equality. As before, we can suppose that
xq = 0. Then the equality sign must hold in all the inequalities above. In particular,
equality in (2.5.13) entails that we must have

/(uBLQ’5>2 da :/( (UBL(2’6>2 dz.
Q L

Q

By virtue of (2.5.10) and the fact that up, s does not vanish, we finally get that
|Br, \ Q| = 0.

By convexity, this fact and (2.5.10) in turn imply that {2 must coincide with the ball
Brg. [

From the previous result, we can get the following sharp geometric estimate,
involving four geometric quantities.

Corollary 2.5.12. Let Q C RY be an open bounded convex set. With the notation
above, we have
N=1(50))? Lo\’
B (09) < N?wy (22) X2 (2.5.14)
|€2] rQ
Equality holds if and only if 2 is a ball.

Proof. We multiply inequality (2.5.11) by §% and then take the limit as ¢ goes to 0.
By using Theorem 2.3.4 and (2.4.1), we get

MY 109 _ (La\® (MY (0By,))?
Q) S() Br

rQ

This gives the desired inequality (2.5.14).
It is straightforward to see that balls give equality in (2.5.14). On the other
hand, let us suppose that €2 is an open bounded convex set which attains equality
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in (2.5.14). In order to prove that 2 must be a ball, we go back to (2.5.13): with a
slightly more careful estimate, we can obtain

1
T(Q,é) < 2 |:/ |VUBLQ,5‘2 dz —|—(52 /Q(UBLQ,(;)Q dll;|

1 2 2 2
< (Cos)? [/(LQ \Vup, s dz+6 /BLQ(UBLQ,(;) dx] (

(Caps)? [(L \Q<“BLQ,5)2 dx

Q

T<BLQ, 5) (52 / 2
= — U dzx.
(Cas)? (Cas)? LQ\Q( BLQ,é)

By recalling the value of Cgq.s5, we get the following enhanced version of (2.5.11)

T(0:6) < ( )M (M) T(Byy:6) — & /{ s dw] .

Lg Ins(drq)
As in the first part of the proof, we multiply both sides by 62 and then take the
limit as § goes to 0. By Theorem 2.3.4, we now get the enhanced version of (2.5.14)

GARICD) (@) [(HN*(@BLQ))? - (HN*(@BLQ

) 2
B Qll .
5] By, B ) B9

rQ

Thus, if Q attains equality in (2.5.14), in particular it must result
|BLQ \ Q| =0,

which implies that €2 is a ball. O

Appendix A

We give in this section some elementary facts about the proximal radius of a convex
set. We start with the following

Lemma 2.5.13. Let Q C RY be an open bounded convex set. Then there exists a
unique prozimal center.

Proof. We first observe that the high ridge set M(2) is a closed convex set. This
follows from the fact that it coincides with the maximum level set {z € 2 : do(z) =
rqo} and the distance function is continuous and concave on §2. We now claim that

zeM(Q) \ yedQ

Lo = inf <max\x - y\) < (2.5.15)

and that the infimum is attained by a proximal center. Indeed, first observe that
the function

|_> —_
@ max |z —y,
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is 1—Lipschitz, as a supremum of a family of 1—Lipschitz uniformly bounded func-
tions. By recalling that M(Q) is compact, existence of a minimizer follows from
Weierstrass’ Theorem.

Let us now take xy € M(Q2) to be one of these minimizers. By taking the ball
Br(x) with R = max,epq |0 — y|, we clearly have

QC BR(xo),

and thus

o< R il = i, (masle 1)

In order to prove the reverse inequality, let » > 0 be such that there exists x,, € M ()
with the property
QC B.(x,).

This implies that
|z, —y| <, for every y € 01,

and thus
min (max |z — y]) < 7.
zeM(Q) \ yeoQ
By taking the infimum over admissible » > 0, we conclude the proof of (2.5.15).
The previous part of the proof also shows the existence of at least a proximal
center xy € M(S2). Let us suppose that x; € M(€) is another proximal center. This

implies that
QC BLQ(SL’O) N BLQ<x1>.

In particular, such an intersection is not empty and thus Lo > |xg — x1]/2. By
convexity of M(§2), the midpoint T = (x¢+x1)/2 still belongs to M (€2). If we define

= $0—$1|2
CEN AT
<Q 4 ’

we have 0 < R < Lg and by construction

QO C BLQ(SCO) N BLQ<33'1) C BR‘(E)
This violates the minimality of Lq, thus giving the desired contradiction. O

The proximal radius is actually comparable to more familiar geometric quantities,
like the diameter diam(£2) and the circumradius Rg. The latter is defined by

Rq = inf {R >0 : 3z € RV such that Q C BR(x)}(

This is the radius of the smallest ball entirely containing §2.
Lemma 2.5.14. Let Q C RY be an open bounded convex set. Then we have
Rq < Lq < diam(Q),

and both inequalities are sharp.
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Proof. The first inequality Rg < Lg is a trivial consequence of the definitions. We
also observe that we have equality for every convex set such that Rg is attained by
a ball centered on M (£2): this happens for example for every convex sets having N
orthogonal axis of symmetry.

For the second inequality, for every y € 02 and every z € M (€)) we have

|z — y| < diam(2),

by definition of diameter. Observe that the inequality is strict, since M (€) is at a
distance rq (i.e. the inradius) from the boundary 0f2, thus its points can not be
extremal for the diameter. By recalling (2.5.15), this gives the desired inequality.

In order to prove sharpness of this estimate, we confine ourselves for simplicity
to N = 2. We take the sequence of right triangles {7}, },en having vertices at

P=(=10, B=(0), Bk= (COS (1%) s (&» (

We clearly have that diam(7},) = 2. In order to compute Ly, , we observe that the
high ridge set is a singleton

M(T,) = {(an, Bn)}, with lim o, =1, lim 5, =0.
n—oo

n—o0

Thus we have

lim Ly, = lim |(a, B,) — Pi| = lim /(e + 1)2+ 82 = 2,
n—00 n—00

n—oo

as desired. n
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Chapter 3

The Cauchy-Dirichlet problem for
singular nonlocal diffusions on
bounded domains

In this chapter we present the results of the paper The Cauchy-Dirichlet problem
for singular nonlocal diffusions on bounded domains, [23], a joint work of the author
of this thesis with Matteo Bonforte and Peio Ibarrondo.

Some of the results in Section 3.4 and the totality of Section 3.5 are part of
a work in progress also with Bonforte and Ibarrondo. This paper is the natural
continuation of [23].

3.1 Introduction

In this chapter we study the homogeneous Cauchy Dirichlet Problem for a nonlinear
and nonlocal diffusion equation of singular type of the form

Ou = —Lu™ (FFDE)

posed on a bounded Euclidean domain Q C RY with smooth boundary and N >
1. The linear diffusion operator £ is a densely defined sub-Markovian operator,
allowed to be of nonlocal type, while the nonlinearity is of singular type, namely
u™ = |u|™ tu with 0 < m < 1.

We shall now review some related results and bibliography.

3.1.1 Background

On the whole space, the prototype equation is the so-called Fractional Fast Diffusion
Equation on the whole space, studied in [28, 109, 111, 112, 113],

Uy = —(—Agn )*u™ (3.1.1)

where the Fractional Laplacian is commonly represented via the hypersingular kernel

(—Apn)*f(2) = P.V./[Q%dy,
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but other equivalent definitions are possible on RY see e.g. [41, 94].

These models have received a lot of attention in the last years, especially because
of their natural interplay with probability and stochastic processes, but also for the
numerous applications, for instance to anomalous diffusions in physics and biology,
cf. [17, 98, 130]. These equations appear in boundary heat control problems [7],
and also as hydrodynamic limits of interacting particle systems with long-range
dynamics, cf. [81, 82]. We refer to [7, 26, 28, 43, 109, 130, 138, 139] for further
details about possible applications of these useful nonlinear and nonlocal diffusion
models.

A quite complete theory for the Cauchy problem on R¥ for (3.1.1) has been
developed for all m > 0, covering the Fractional Porous Medium Equation (FPME,
m > 1) and the Fractional Fast Diffusion Equation (FFDE, m < 1) by Athana-
sopoulus, Bonforte, Caffarelli, De Pablo, Quirds, Rodriguez, Stan, Del Teso, Vaquez,
Volzone and many others, see for instance the fundamental contributions [7, 28, 71,
109, 110, 111, 112, 113, 129, 134, 137, 142], including numerical methods [51, 133].
Of course, when m = 1 we have the Fractional Heat Equation (FHE) which has a
very rich literature, see [15, 25] and references therein.

These kind of problems have been extensively studied when £ = —A, in which
case the equation becomes the classical Porous Medium Equation (m > 1) or Fast
Diffusion Equation (m < 1), see for instance the monographs by DiBenedetto [56,
57], Daskalopoulos and Kenig [52] and Vazquez [140, 141].

Even if the results of this work apply also in the local case (s = 1), and provide
some novelties also for the classical FDE when £ = —A (and recover the classical
results with a different proof), we shall focus our attention in nonlocal diffusion
operators, in particular fractional Laplacian operators, emphasizing the differences
with the classical (local) case. Since we are working on a bounded domain, the situ-
ation dramatically departs from the local case: to begin with, the very definition of
“Fractional Laplacian” admits several non-equivalent versions': the Restricted Frac-
tional Laplacian (RFL), the Spectral Fractional Laplacian (SFL), and the Censored
Fractional Laplacian (CFL); see Section 3.1.5 for more details.

The Cauchy-Dirichlet problem for the classical FDE, u, = Au™, has attracted the
attention of several researchers since the celebrated paper of Berryman and Holland
[14]. The basic theory, local and global Harnack inequalities and optimal interior
regularity are well understood [52, 57, 58]. The asymptotic behaviour is a delicate
issue, started with the pioneering paper [14] and followed by progressive advances
[3, 58, 63]. The sharp asymptotic results were found only recently by Bonforte and
Figalli in [18]. Recent results appeared about optimal boundary regularity [84] and
asymptotic behaviour [83].

'We adopt this terminology, nowadays accepted in the community, which has been introduced
in previous works [20, 22, 21, 24, 26, 27] to avoid confusion in the abbreviations, but we point out
that RFL is usually known as the Standard Fractional Laplacian, or plainly Fractional Laplacian,
and CFL is often called Regional Fractional Laplacian.
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3.1.2 The Cauchy-Dirichlet Problem for singular nonlocal
diffusions.

Consider the problem

Quu(t, ) = —Lu™(t, x) on (0, +00) x Q,
u(t,-) =0 on the lateral boundary, V¢ > 0, (CDP)
(0, ) = Ug in s

where 0\« m < 1, and © C R¥ is a bounded smooth domain, which we assume at
least of class C%®, though most of the results indeed hold for C*! domains, but we
choose not to address delicate questions of boundary regularity here. Throughout
the chapter we assume N > 2s, but most of the results can be easily adapted to the
case when N =1 and s € [1/2,1).

When m = 1, we have the fractional heat equation, whose theory can be considered
nowadays classical, since Fourier analysis allows to obtain a complete basic theory
analogous to the case s = 1 of the local heat equation. However many basic questions
have been solved only recently, like sharp bounds for the heat kernel by Zhang in
[147], and more recently by many authors often by means of probabilistic techniques,
we refer to Section 3.1.5 for more details and references. Many fine properties of
solutions are based on the representation formula, and become quite simple once
good (or better, sharp) bounds on the heat kernel are known.

3.1.3 About the lateral boundary condition and the dual
formulation of the problem

Since we are allowing the linear operator £ to be nonlocal, the lateral boundary
condition is tricky to define in general, since it depends on the operator itself. Let
us make an example with the three most common Dirichlet Fractional Laplacians
on bounded domains, the Spectral (SFL), the Restricted (or the “standard”, RFL)
and the Censored (or Regional, CFL). The first one is defined as the spectral power
of the Dirichlet Laplacian, hence the boundary condition needs only to be imposed
on the topological boundary 0f2. In the case of the RFL, since the operator needs
to be defined on the whole RY, we need to impose that our solutions vanish on the
complement of €2, or we need to “restrict” the set of admissible functions to the ones
supported in Q, hence the name. As for the CFL the boundary condition is even
more subtle: the Dirichlet boundary condition holds only for s € (1/2,1), while
when s € (0,1/2] a kind of Neumann condition holds. This can be understood in
terms of the underlying censored a—stable process, see the original paper of Bogdan,
Burdzy and Chen [16], for more details.

We overcome this difficulty by means of a dual formulation of the problem,
through the Green function of the linear operator, that automatically encodes the
boundary conditions.

Degenerate VS singular diffusions: a problem at the boundary. To better understand
the issue, let us consider the local case,

uy = Au™ = mV - (u™ V)

47



CHAPTER 3. THE CAUCHY-DIRICHLET PROBLEM FOR FFDE

it is clear that when m > 1 the (time dependent) diffusion matrix ™ I becomes
zero when u does, and in particular always at the boundary. This is the cause
of the finite speed of propagation? and, in the nonlocal case, where the speed of
propagation is infinite, of the appearance of the anomalous boundary behaviour, see
[22]. On the other hand, when m < 1, the diffusion matrix becomes infinite when
u = 0, in particular on the lateral boundary. This causes some regularity issues, for
instance the restriction in the parameters 2s > 7 in the smoothing effects, and other
technical hypotheses. We shall explain in what follows all the subtle technicalities.

3.1.4 Main assumptions

In order to understand the main results, it is important to discuss our main hy-
potheses, their connections and basic implications.

Assumptions on L. The linear operator £ : dom(£) C L'(Q2) — L'(Q) is densely
defined and sub-Markovian, more precisely, it satisfies:

(A1) L is m-accretive in L'(Q)
(A2) If 0 < f <1 then 0 < e f <1, or equivalently,

(A2’) If 8 is a maximal monotone graph in R x R with 0 € 5(0),u € dom(L), Lu €
L), 1< q < oo, v e LY @V(Q) v(z) € B(u(r)) a.ec., then

/(v(x)ﬁu(w) dz >0.

We recall that the assumptions on £ are the same as in [21], where detailed proofs
of the claims below can be found as well as a rich set of examples of operators. See
also [22, 27] and Section 3.1.5.

Assumptions on £!. In order to develop the theory that follows in this paper we
will need to deal with the dual form of (CDP). Therefore, we asume that £ has an
inverse £L7!: L'(Q2) — L'(Q) that can be represented by a kernel Gq as

L fl(r) = /(«;Q(x,y)f(y) dy,

which satisfies at least one of the next assumptions, for some s € (0, 1] and for a.e.
x,y €

e There exists a constant c; o > 0 such that

C1,0
0 < Go(z,y) < [T (K1)

According to Proposition 5.1 of [21], this assumption guarantees that £7! is
compact in L?*(€2), hence that is has a discrete set of eigen-elements for L,

2Finite speed of propagation can be understood as follows: in the whole space, compactly
supported initial data produce compactly supported solutions at all times.

48



CHAPTER 3. THE CAUCHY-DIRICHLET PROBLEM FOR FFDE

namely (Ag, @x), with &, € L>*(€Q). In particular there exists a ground state
®; > 0, and the Poincaré inequality holds with Ay > 0

/\1/Qf£_1fdx§/,<f2dx or equivalently Al/S)dexS/(fﬁfdx.

The eigenfunction are always Holder continuous in the interior, see Theorem
7.1 of [21].

(K1) implies Hardy-Littlewood-Sobolev and Sobolev type inequalities: 1t has
been shown in Theorem 7.5 of [24] that assumption (K1) implies the Hardy-
Littlewood-Sobolev inequality:

2N
(2%) with (2*>/ = (3.1.2)

1] - N +2s’

) < Hellf
Moreover, following Lieb’s duality argument [101], as in Proposition 7.4 of

[24], we have that the above inequality is equivalent to the fractional Sobolev
inequality:

I fll2s < Scellfllae with 2% =

. 3.1.3
N —2s ( )

We refer to the Appendix of [24] for further details.

e The second assumption is needed when we want to take into account boundary
behaviour. Let

0 (x) := dist(x,00)”  for some v € (0, 1].

There exist ¢gq, c10 > 0 such that

c000,(2)6,(y) < Gal(z,y) < — = (ﬁ%@ AQ(‘MM Aog

= o -y N2 Q—yh x —y|

Proposition 5.3 of [21], guarantees that under this assumption, the boundary
behaviour of eigenfunction is dictated by the power v, namely

K0,(2) < Bi(2) SFO(2)  and  |D,(a)] < by (2)

In this case, eigenfunction are classical in the interior, i.e. C**®, whenever the

operator allows it, and have a sharp boundary regularity C7(€2), see Theorems
7.1 and 7.2 of [21] for more details.

It is therefore convenient to use the ground state as a smooth extension of the
distance to the boundary (to the power ), and this allows us to rephrase the
assumption (K2) as follows:

oy (o1(0) < Gali) < 20 (U0 A1) (21 1) K(S
(KS)

= o —y|N-2 &—yﬁ x —y|

49



CHAPTER 3. THE CAUCHY-DIRICHLET PROBLEM FOR FFDE

e In many examples, the Green function satisfies an even stronger estimate
1 0. 0
Galz,y) = (@) W) ) | (K4)
v =¥ \ke =yl z —y|

This is the case for instance of the three most common Fractional Laplacians,
namely for the SFL v = 1, while for RFL v = s, and CFL v = 25 — 1). See
Section 3.1.5 for more details.

Notations. We will write the L? norm in Q as ||f|l, :== ([|f|P dz)"/?, but for

weighted norms with the first eigenvalue ®; we use || f||zr ) \= (J{If|P®1 dz) i
1

in the space L () = {f € L () : ||fHLg1(Q) < +o0}. The Heawiside function

will be denoted by sign_ (f) := max{0,signf}, and positive and negative part as

[f]+ := max{0, f} and [f]- = max{0, —f}, respectively. We also use the following
notation for maxima and minima: f A g := max{f, g}, fV ¢ := min{f, g}.

3.1.5 Different fractional Laplacian operators on domains
and other examples

We briefly exhibit a number of examples to which our results apply. These include
a wide class of local and nonlocal operators. We just sketch the essential points,
we shall give the values 7,s in each example, and specify the lateral boundary
conditions. See [22; 27| for a more detailed exposition.

The Restricted Fractional Laplacian (RFL). We define the fractional Laplacian
operator acting on a bounded domain by using the integral representation on the
whole space in terms of a hypersingular kernel, namely

(—A)*f(z) = cns PV. /ﬂ(v W dy

where we restrict the operator to functions that are zero outside 2. The initial
and boundary conditions associated to (CDP) are u(t,z) = 0 in (0,00) x R¥\Q
and u(0, ) = ug. As explained in [24], such boundary condition can be understood
via the Caffarelli-Silvestre extension [41]. The sharp expression of the boundary be-
haviour for the RFL was investigated in [124]. The sharp expression of the boundary
behavior for the RFL was investigated in [125]. We refer to [24] for a careful con-
struction of the RFL in the framework of fractional Sobolev spaces, and [15] for
a probabilistic interpretation. See also [73]. For this operator, assumptions (A1),
(A2) and (K4) are satisfied with v = s, cf. [92].

Other RFL-type integral operators “with Holder coefficients” can be considered

_ a(z,y)
£i@) =PV [ @) = 1) 2R .
where a is a measurable symmetric function, bounded between two positive con-
stants, and satisfying

a(r,y) — a(z, ) Xja—y<1 < clz—y|7, with0<s<o <1,
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for some ¢ > 0. Actually, we can allow even more general kernels, cf. [26, 87]. Then,
for all s € (0,1], the Green function Gg(z,y) of L satisfies (K4) with v = s, cf.
Corollary 1.4 of [87].

Spectral Fractional Laplacian (SFL). Consider the so-called spectral definition
of the fractional power of the classical Dirichlet Laplacian Ag on 2 defined by a
formula in terms of semigroups, namely

(~ o) () /f (€29 1 (2) — (2)) e va,

where (X, ¢;),7 = 1,2,... are the eigenvalues and eigenfunctions of the classical
Dirichlet Laplacian on Q, f = fgf(x)aﬁj(:v) dx, and ||¢;]la = 1. The initial and

boundary conditions associated to [CDP) are u(t, ) = 0 on (0, 00) x9Q and u(0, -) =
ug. For this operator, assumptions (A1), (A2), and (K2) are satisfied with v = 1.
Assumption (K2) and also (K4) can be obtained by the Heat kernel estimates valid
for the case s = 1, cf. [53], as explained in [26, 27].

Spectral powers of linear operators in divergence form. Consider any operator A =
- ijzl Di(a;;0;) with uniformly elliptic C* coefficients and with discrete spectrum
(Aj, ;) (consequence of uniform ellipticity). We can build the following spectral

power of the operator: for any s € (0, 1]

o0

Lf(z):=Af(z) = Z(jquﬁj(:v), where fj = /Qf(x)qu dz .

j=1

The Green function of this operator satisfies (K2) with v = 1, see [53].

Censored Fractional Laplacian (CFL) with general kernels.  This third
kind of Fractional Laplacian was introduced in [16], in connection with censored
stable processes. The operators takes the form:

£f(x):P.V./j((f(q;)—f(y))%dy, With%<8<1,

where a(x,y) is a symmetric function of class C' bounded between two positive con-
stants. Actually, not only £ satisfies (A1), (A2), but the Green function Gg(z,y)
satisfies (K4) with v = 2s — 1, ¢f. Corollary 1.2 of [47]. The boundary condition
is a bit mysterious here: notice that when s € (0,1/2], the boundary condition
transitions from Dirichlet to a Neumann type, as explained in [16]. In this case it is
clear the advantage of the weak dual formulation (WDS) which encodes the bound-
ary condition in the Green function. In literature this is also known as Regional
Fractional Laplacian.

Other examples. As it is shown in [22, 27], this assumptions hold for many other
examples:

(i) Sums of two fractional operators: £ = (—=Aj)* + (—=Ajp)?, with0 <o <s <1,
where (—A|)® is the RFL. Here, (K4) holds with s € (0,1) and v = s, see [48].

(ii) Sum of the Laplacian and a nonlocal operator kernels

L=a(-Ajq)+ A, with0<s<1 and a>0,
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with
A,f(r) =PV, /ﬂ( (Fz +9) = F(5) — V@) - yxpier) firdr(y).

where the measure v on RY \ {0} is invariant under rotations around origin and
satisfies suitable integrability conditions at zero and infinity. Here, (K4) holds with
s=1~v=1

(iii) Schrodinger equations for non-symmetric diffusions £ = A + -V + v, where
A is a uniformly elliptic operator with C*' coefficients both in divergence and non-
divergence form, more details can be found in [88]. Here, (K4) holds with s = 1,
v =1.

(iv) Gradient perturbation of restricted fractional Laplacians, £ = (=A)* +b-V,
where b is a vector valued function belonging to a suitable Kato class. Here, (K4)
holds with v = s, see [45].

(v) Relativistic stable processes,

Ez(cl/s—A)s—c, withe>0, and 0 <s<1.

Here, (K4) holds with v = s, see [46].

3.1.6 The dual formulation of the problem

We can reformulate problem (CDP) in an equivalent dual form, by means of the
inverse operator £

{ <C_1ut(t,:c) = —u"(t, ) on (0, +00) x £,

u(0,-) = up in Q. (CDP?)

A clear advantage of this formulation is that the lateral boundary condition are
encoded in the inverse £7!. Now we define a concept of weak solution suitable for
the above formulation, firstly introduced in [26, 27].

Definition 3.1.1 (Weak dual solutions). Let T' > 0, we say that u € C((0,7T) :
L}, (Q)) is a weak dual solution of (CDP) if u™ € L'([0,7] : L} (Q)) fand

/(/Qﬁ_lu 8twdxdt:/([<umwdmdt Vap /Dy € CH(0,T) : L®(Q)) .

(WDS)

We say that u is a WDS of the Cauchy-Dirichlet Problem (CDP), corresponding to
the initial datum ug € Lg (), if moreover u € C([0,T) : Ly, (R2)), and

tl_i}[l)l [u(t) = wollzy, @) =0
A WDS is called strong if in addition t dyu € L>°((0,T) : Ly, (). A WDS is called
Minimal Weak Dual Solution (MWDS) if it is obtained as the non-decreasing limit
of a sequence of semigroup (mild, gradient flow) solutions.
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3.1.7 Main results

The basic theory for the FFDE on bounded domains is only partially understood, [24,
106, 109], and not in the generality nor in the unified framework that we present here.
We shall build a basic theory, which includes existence and uniqueness in the largest
(known so far) class of data, namely H* for signed solutions and L}Dl for nonnega-
tive ones. We also prove different energy estimates and LP — L smoothing effects.
For the proof of the smoothing estimates, we compare the classical Moser iteration
with the Green function method, providing two different proofs of the smoothing
effects, under different assumptions, in order to cover as many operators as possible.
Once solutions are bounded we see that they extinguish in finite time and we show
explicit sharp extinction rates, both above and below. Knowing this, we are able
to prove Global Harnack Principles, which gives that the solution is bounded above
and bellow globally both in space and time. GHP together with the theory of regu-
larity for parabolic nonlocal operators given by Felsinger and Kassmann in [64] will
provide Holder regularity in the interior of {2 and at the boundary. All the proofs
are constructive, meaning that all the constants in the inequalities are computable.

Plan of the chapter. In Section 3.2 we present two different strategies to
obtain smoothing effects for solutions of CDP with diverse regularity of initial data.
Section 3.3 is devoted to prove existence and uniqueness of MWDS as limit of GF
solutions. In Section 3.4 we discuss the decay of the solutions and we see how this
solutions vanish in finite time. In Section 3.5 we compute quantitative upper and
lower bounds up to the boundary and we show GHP. Then, in Section 3.6 we show
Holder regularity of the solutions. Finally, in Appendix B. we compute some useful
inequalities and a rigorous proof of the decay of Lg mnorm.

3.2 Smoothing effects. Moser iteration VS Green
function method

The aim of this section is to present two different strategies to obtain Smoothing
effects for solutions of (CDP) in order to be able to cover a larger class of operators.
First, by a Moser iteration we show boundedness of weak dual solutions with initial
data ug € LP and p depending on 0 < m < 1, the second is based on Green function
method. For these two methods, we use different assumptions, as we shall explain
carefully below. This first part will require some assumption on the operator to-
gether with the validity of functional inequalities of Sobolev and Stroock-Varopoulos
type, which we call (M1). Sometime these ingredients are not at hand, but we can
find results about the inverse of the operator. This is the key tool needed in order to
use the Green function method, introduced in [26], based on the dual formulation of
the problem, that allows to prove an “almost representation formula”, i.e. pointwise
bounds essential to prove the smoothing effects.

The advantage of the Green function method is that the proof is simpler and it
allows to obtain weighted estimates, which are new also in the case of the classical
FDE, i.e. £ = —A. As we shall see, the smoothing effect does not always hold
for merely L' or L<11>1 functions, as in the degenerate case, cf. [22, 26, 27]. As it
happens in the local case, more integrability is required to obtain bounded solutions
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to FDE, and new exponents appear: m, which can be characterized as the first m
such that L' data do not produce bounded solutions, and p. = p.(m) as the minimal
integrability required to have bounded solutions. This is carefully explained in the
monograph [140] and in the Appendix of [28]. In what follows, we present new
critical exponents in the weighted and unweighted case.

Remark 3.2.1. Boundedness of signed solutions. All our smoothing effects
are stated for nonnegative solutions, but they can easily be extended to signed
solutions, since a closer inspection of the proof reveals that they hold for nonnegative
subsolutions, hence they hold for the positive and negative part (both subsolutions)
hence for |u|, just by summing the bounds (and possibly paying a 2 in ®).

3.2.1 Moser iteration

One possible strategy to prove smoothing effects is to use a variant of the celebrated
Moser iteration, following the main steps developed in [109] in the case of the frac-
tional Porous medium equation. Moser iteration relies on two main ingredients: a
suitable Sobolev inequality for the quadratic form associated to the operator, and a
Stroock-Varopoulos type inequality. This was firstly used in [109], in the case of the
Fractional Laplacian on RY and of the standard Fractional Sobolev inequality on
H*(RY), together with the relation f(ﬁf = If1% = |If] %IS(RN)‘ In our setting, we

need the following Sobolev inequality:|there exists 2* > 2 such that for all f € H(Q)

I/

2 < 82 || e = S2 /(fﬁf de = 82 [1.£%ul3. (3.2.1)

We also deduce a family of Gagliardo-Nirenberg-Sobolev (GNS) inequality: let p >
g > 0 and
qg+m—1 0 qg+m—1

2q
— <2 d ——=—+(1-0
g+m—1 ’ an ( ) 2p

Y

then, by interpolation of LP norms, we have

I 2oy < A2 002 < S e 112, (GNS)

grm—1 PR aTm—1

However, GNS are not sufficient to run Moser iteration in the nonlocal setting. We
need the Stroock-Varopoulos inequality, this is, that there exists a constant ¢, , > 0

2 2
_ gtm—1 gtm—1 gtm—1 g+m—1
/uq YLu™dz > ¢y /(u > Lu 2 dr=cp, LY 2 =Cpgq U 2
Q

2 HSQ)
(3.2.2)
So that, combining the two above inequalities, one gets
9 q+;7(:71
/ I Lu™ dr > ey T o > cquﬁ_Q% . (M1)
HE [ull,**

This implies the decay of the Li-norm, i.e. ||u(t)|, < [Ju(to)|, for all ¢ > ¢y > 0 and
all ¢ € [1,00].
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The latter inequality is the minimal assumption to run the Moser iteration. We
shall discuss under which assumption this is true. Somehow, the Stroock-Varopoulos
inequality is a quantitative version of (A2’), which only asserts that the above
integral is nonnegative.

In the local case, the validity of this (M1) is usually a consequence of the classical
ellipticity condition: there exist 0 < A < A such that for all £ € RY

N

N
if /:[f] = — Z ai(ai,jajf) <then we need >\‘€|2 S Z ﬁiai’jgj S A|£’2, (323)

i,j=1 i,j=1

and the Stroock-Varopoulos inequality follows by integration by parts and chain

rule:
ptm—1 2
/ uP Lu™ dw > A/(V(up_l) -V(u™)de = cmp/\[( Ve da
Q

and we obtain (M1) just by using the classical Sobolev inequality on H} (), with
2r =2 > 2.

In the nonlocal case, we need assumptions on the kernel of the operator: define
the operator as

i L[f)(x) = P.V. /ﬂ( (@) — F@) K(z,y) dy (3.2

restricted to functions supported in €2, and impose the ellipticity condition on the
kernel:

A
< K(x,y) <

- 3.2.5
|z — y|[N+2s = ( )

|z — y[N+2s
Under this assumptions, using the Stroock-Varopoulos inequality (3.2.2), and the
Sobolev inequality on H§(2), one can prove (M1), as it has been done for the
first time in [112]. See also [24] for more details about Sobolev spaces on bounded
domains.

Unfortunately, the above assumptions do not cover the case of the Spectral Frac-
tional Laplacian, and more generally “spectral type operators”, i.e. powers of elliptic
operators of type (3.2.3) or even of type (3.2.4). This is because spectral operators
can be represented with a kernel as follows:

=PV, /([f(x) — J)) K (2.9)dy + Bx)f(@) (326)
and there exist 0 < A < A such that for a.e. x,y € ) we have
0, ()6 0, ()6
)\% < K(z,y) < A% and 0 < B(z) < 5(;)23 . (L)

and having a kernel supported in {2 and zero at the boundary, they clearly do
not satisfy the ellipticity condition (3.2.5). We will show how to deal with these
operators more easily, with the Green function method in Section 3.2.2, but we can
also take into account the following remark.
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Assumption (K1) and (L1) imply (M1). We have seen that assumption (K1)
implies the validity of a Hardy-Littlewood (HLS) inequality: for all f € H*(Q)

2N

2 _ipl2f2 < N . $\ 9
7 = 1672008 < Hell ey with () =20 (327)
which is equivalent to the desired Sobolev inequality,
) . 2N
713 < S Iy with 2= =, (328)

by using Legendre duality, as carefully explained in Appendix 7.8 of [24].

On the other hand, the Stroock-Varopoulos inequality follows by the fact that
K(x,y) > 0, see Lemma 3.6.5 for a proof. Hence, (M1) holds under the assumption
(K1), an upper bound on the Green function, the kernel of the inverse £

We refer to [27, 21, 22| for more details and further examples of operators, briefly
summarized in Section 3.1.5.

(K1) and critical exponents for unweighted smoothings. When dealing with
the question of boundedness of solutions, it is convenient to introduce the following

exponents
N —2s q N(1—m)
me 1= an o= ——=
N b 2

As in the local case s = 1, when m < m, we have that L' data do not necessarily
produce bounded solutions, as firstly shown by Brezis and Friedman [35], see also a
thorough discussion in [140, 28].

We begin by proving how (M1) easily implies smoothing effects from L? to L4
with p. < p < q < 400.

Lemma 3.2.2 (L? - L% smoothing). Let L satisfy (Al), (A2), and (M1) with
2* = 2N/(N — 2s). Let u be a GF solution with 0 < uy € L>*(2). Then, for
all max{1,p.} < p < ¢ < +oo there exists K,, > 0 such that for allt >ty > 0:

pIp
)l | !
" th o, = 3.2.9
Ol < Foa = S i V= gy 629

where Ry, 4 only depends on p,q, N,m, s, and is given in (3.2.10).

Proof. Let us begin by deriving the L%-norm and using (M1), recalling that in this
case the constant in the Stroock-Varopoulos inequality is given by

4(q —1)m
Cm,q = — 1\2
(g+m—1)
so that
q+7r6L)71
d 4q(q — 1 2
— [ uwidx = q/ u 'O dr = —q/ wI ' Lu™ dr < -8 alg )m2 “ulnfg e
o (g m =12 775
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Few remarks are in order: first, we have to ensure that

2 2N N(1—
—p§2*: , that is prc:M.
p+m—1 N —2s 2s

Hence, we have

qg+m—1

d a9 4q(q —1 S:2
- ulder < —Fo </ u? dl’) with &Ko = Q(q >m2 (17§)(Q+m71) :
= ° Em =D gl 7

p

Integrating the above inequality on [ty, t], we get

(o) o)

qg+m—1
q0

recalling that

g+m—1 = 2sp — N(1 —m)
qf N(q—p)
we obtain
2sp — N(1 — m) =)
[ty < (20 )
Q N(q—p)
p25q7N(17m) P pjiggap_)m)
| NS arm-1Pa-p) ol Y
4q(q —1)m (2sp — N(1 —m)) t—to ’
which gives exactly (3.2.9) with the constant
Sta —p)( AN
_ NSi(g—p)lg+m—1)",\ ¢
i ( 4q(q—1)m ( )

]

Notice that we cannot let ¢ — oo in the Lemma above, since the constant blows
up. In the next theorem we use Moser iteration to prove from Lemma 3.2.9 that
solutions are bounded

Theorem 3.2.3 (L? - L>™ smoothing). Let L satisfy (A1), (A2), and (M1) with 2* =
2N/(N—2s). Letu be a nonnegative WDS with ug € LP(S2) and p > p. if m € (0, m,]
orp>1ifm € (me1). Then, there exists a constant & = K(N,m,s,p, Sz, Q) > 0
such that for any t >ty >0

5 lutto) 5 !
Dl < th O, = : 3.2.11
ol < 7G2S with Y=g (321

Proof. We split the proof in three steps: first we establish the bound (3.2.11) for
nonnegative bounded GF solutions for p > max{1, p.}, then we establish it for p = 1
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when m € (mg, 1) in Step 2, then we will deduce the final result by approximation
in Step 3.

e STEP 1. Smoothing estimates for bounded GF solutions. We begin by establishing
the bound (3.2.11) for nonnegative bounded GF solutions, more precisely we will
prove the following

Claim: Let £ satisfy (Al), (A2) and (M1) with 2* = 2N/(N — 2s) and let u be a
GF solution with 0 < ug € L>®(2). Then, for any p > max{l,p.} there exists a
constant & = ®(N,m, s,p,S¢,2) > 0 such that (3.2.11) holds for any ¢ > ¢, > 0.

Proof of the claim. Let us rewrite (3.2.9) for each k > 1 with p, = 2*p and ¢, such

that tk — tk,1 = t;%,

N(Pk_f’k—l)ﬁ

k—1 Pr—1Y%—1

(o) [l 23 (3.2.12)

Ck

Jutel < (;

k= te—1
where 9y, := 9, = (2spr, — N(1 —m))~! and

_ NSZ(pr = pe—1)(pr +m — 1)*0; 4
4pi (pr — 1)m '

Ck .

Then, let us bound ¢ uniformly in £ using the definition of py:

__Nst (pr +m — 1)2 NSz (1-5m)?
k >~ p—
8m (pr—1)(2spr—1 — N(L—=m))  8m (1 — L)(s — Nl=m))
Pk Pk
- NS2 p? o
~ 2m (p—1)(2sp— N(1 —m))
which is bounded since p > p.. Hence, we can iterate in (3.2.12)
N(pg—pr—1)
_ —k k=1l 4 Pr—1%K—1
C Pk
ool < bl
t — tk—1
A AT B =
_ S u(tg_
b — th—1 th—1 — th—2 ho2 e
N(pj—pj—1) 95951 po
C Pk e e
=11 P > lu(to)lIp*"
j=1 J j—1
1
_ N(;_1—-95) e 9y
. 2s
- { 62] °) ] ulto) 77
t—to
.}
i-1=05)

where in the last inequality we have used that (p; — pj_1)¥;_19; = ¥ 5
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Now, we see that the product is uniformly bounded with respect to k:

k ~ N@;_1-9;) - ~
2 N log(2) . N ¢ g
gé{t—t0> =exp %21](0]_1 19]) + %log (15_150) g('ﬁ]_l 19])] (

-Nlog(2) J N c
< —1 — ) (¥, =0
Sexp | =2 2op s 25108\ 1y ) (U W)

L 7j=1

B k . _

Nlog(2) j N c
< — 20y = — —
<ew | = ;2j+2810g — O

:2& C 2s
t—to

Notice that klim (pry) ™! = 2s and hm ¥ = 0. Therefore, since t > t;, for all k > 1
—00

k—o0
and decay of the LP-norm holds, we conclude that

(®)lloe = Jim u(®)lp, < Jimn Jfu(te)
N(ﬁp—ﬁk) I lﬂk

N T~ 2s
gmlp%(c ) lu(to) [ < &

k—oo t —_— tO

luto) 12"
(t —to)N0r

This is exactly (3.2.11) when p > max{1, p.} , ahd the proof of the claim is complete.
e STEP 2. The case p =1 and m € (m,,1). We extend the claim of Step 1 to the
case p = 1. Let u be a nonnegative gradient flow solution with uy € L*(2) and
m € (m,, 1). Take any p; > 1 > p,, hence u(t) satisfies the claim for p,

2sUp,
C 2sp1Yp C _
lut)lloo < ﬁ”u(to)ﬂ Pier _ W </‘<u(t0)(p1 H+1 daj)
9

2s9p, (p1—1) 259 Dpq
celtolle B ) 2 < Lt 22 LI
T =tV (t = tg)0r

where we have used Young inequality, ab < %ai +97%a bﬁ, with o = 2s9,,(p1 —1) < L.
We can eliminate the term %||u(t)|| by applying De Giorgi’s Lemma 3.6.6 and conclude
the proof of the claim also in this case.

e STEP 3. Approximation with GF solutions. We approximate the initial data 0 < ug €
LP(2) by truncation, ug, = min{ug,n}, so that ug, — up in LP. Since ug, € L>(Q) C
H*(Q), there exists a gradient flow solution w,(¢) given by Theorem 3.3.2, that is also
bounded and satisfies the Claim of Step 1. Hence, by lower semicontinuity of the L™
norm we obtain

. . _ _ 2spYyp _ — 2spd
lu(®)loe < T [l (8)]loo < T R(t — 10) N i (0) [3777 = (e — t0) N (o) 57"
This concludes the proof. [

3.2.2 Green function method

In this section we will show the advantage of the Weak Dual Formulation (WDS) and
the power of the Green function method: we shall obtain the fundamental pointwise
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estimate (3.2.17) of Lemma 3.2.5, the “almost representation formula”, the nonlinear
analogous of the representation formula in the linear case, proven in [26, 27| in the
case m > 1. Another advantage, is that we only need assumption (K1) to obtain the
same results obtained with the Moser iteration in the previous section, with a much
simpler proof. On the other hand, the Green function method allows also to prove
weighted smoothing effects, and boundary estimates: since in the nonlocal setting
it is quite rare to have weighted Sobolev type inequalities, essential to run a Moser
Iteration, here we just need to know the boundary behaviour of the Green function,
namely (K2).
Let us recall the assumptions on £7! that we will use in this section:

e There exists a constant ¢; o > 0 such that

€10
0 < Go(r,y) < ———-.
< Ga(w,y) < |z — y[N-2s

(K1)
e Let &5 > 0 be the first eigenfunction of £. Then, ®(x) < dist(z,00Q)7, and
we assume

co.0®(2)®1(y) < Go(z,y) < — 22 (/(I)l(“") /\1) ( 1(y) /\1) K(g
(K3)

R kt—yl7 v —y|

As we have already explained in Section 3.1.4, assumption (K1) guarantees existence
of a positive and bounded eigenfunction ®;, and the validity of HLS, Sobolev and
Poincaré inequalities. If we assume (K2) then ®; < dist(-,09Q)", cf. [21] for further
details. Also, (K2) implies (K3), which is more practical in the computations: ®;
turns out to be a smart and smooth extension of dist(-, 9)".

In what follows, we shall use the following useful Lemma of [21] that allows to
estimate the L9 norm of the Green function, under (K1) and (K2) assumptions.

Lemma 3.2.4 (Green function estimates I, [21]). Let Gq be the kernel of L7', and
assume that (K1) holds. Then, for all 0 < g < N/(N — 2s), there exists a constant
c2.0(q) > 0 such that

sup / Gh(z, o) da < ea0(q) . (3.2.13)

zoES)

Moreover, if (K2) holds, then for the same range of q there exists a constant
csa(q) > 0 such that, for all zo € €,

cs.0(q)P1(xg) < ([(G?)(x,xo) dl") ‘ < c.0(q)By(P1(x0)) , (3.2.14)

where B, : [0,00) — [0,00) is defined as follows:

N N
fOT N—2s+~ <g< N—-2s*

1(z0) , for0<qg< N_gsﬂ,
By(®1(x0)) = { [@a(z0) (1+ log @ (o) 7) ( Jor a4 = 5=
\
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Finally, for all0 < f € Ly (), (K2) implies that

/ f(2)Gq(z, xp) dax > co,gél(:vo)HfHLél(Q) for all xy € Q. (3.2.15)
The constants ¢; o, 7 = 0,...,5, depend only on s, N,7,q, 2, and have an explicit
expression, cf. [21].

Lemma 3.2.5 (Fundamental pointwise estimates). Assume (Al) and (A2). Let u
be a bounded and nonnegative GF solution, then for all xo € 2 and 0 < ty < t; we

have
u (Tirll, < 1_m[< 1507 t1, )GQ(I y)dy<M- (3.2.16)

i—m 1—
tl m —tgl m to m

The proof presented here is an adaptation to the FDE of the proof of Proposition
4.2 of [26], or Proposition 5.1 of [27].

Proof. Let us give first a formal proof: test the weak formulation (WDS) of the
equation with (the a priori not admissible test function) x(, ] 6,, in order to obtain
on the left-hand side

/( /ut (t, @) L7[0g,) da dt = /((u(tl,:c) — u(ty, 2))Gq(xo, z) dz,

and on the right-hand side

_ /: /(um(t,x)éxo(x) dedt = — /: Wt o) dt

Using the time monotonicity, namely that (i)f u(ty) < u(t) < ulto) (%)?ﬁ’
b )

we can estimate the time integral from above and below, and obtain (3.2.16).
XBl/n(QCO)

“Piym0) - which i
By (o)) VIHCDIS

For a rigorous proof it suffices to approximate d,, with ¢, =
admissible in the (WDS) formulation, and obtain that

t1
/ /( (t, 2)pn(z) doz dt == u™(t, zo) dt
to

at every Lebesgue point of u(t,-). Also, we shall approximate X[, ] with x, as in
Lemma 3.6.7. ]

In what follows we will only need the lower bound of (3.2.17), in the following
form:

Proposition 3.2.6 (Fundamental upper bounds). Assume (Al), (A2) and Kato’s
inequality (3.6.10). Let u be a bounded and nonnegative GF solution, then for all
2o €D and 0 <ty <7 <t <t; we have

p+m—1
t 1-m
uPT Nt 20) < cpm W /(u(T, z)? Go(xp,z)dz . (3.2.17)
— T —m
where ¢, = g{ln:nl) Note that when p = 1 the above inequality follows from

(3.2.16), and there is no need of assuming Kato’s inequality (3.6.10).
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Proof. First, we multiply the equation by puP~'Gq and integrate on [0, 7] x €. On
one hand, we obtain

/(Z/t(lpuIJl(tv z) Owu(t, x) Go(zo, z) dtde zﬂéu(tl, 2)? — u(ty, 2)?) Go(zo, ) dz.

p+m—1

m__, s

On the other hand, we use Kato’s inequality with v = u™ and f(v) = "=

_]D/t(1 /(uplﬁ (u(t, 2)™)Gq(xg, z) do dt <
<

o /t 1 [(,C(uerm_l(t,x))GQ(xo,x) dz dt

p+m—1
1
:——+pm 1/ up+m_1(t,$0)dt.
pr—m— t

Using the time monotonicity, namely that (%) {7 u(t)) < u(t), we can estimate
the time integral from above and obtain (3.2.6). O

Lemma 3.2.7 (Ly, -stability). Let u be a nonnegative GF solution with ug € Ly, (€2)
and p > 1, then

lu()llzg @ < llulo)llzy @  forevery 0<to <ty <T.

Proof. Without loss of generality, we assume u(t) € L>*(2). Let us multiply the
equation pointwise with puP~'®;yp, 4, and integrate:

/( / WP Lo @ de dt = /( /((‘)t (uP @1) Xifto,1,) dv dt
#
Up tl (1)1 dx — /(Up(to)cl)l dz .
Q

On the other hand, by Kato’s inequality we get

/ /(pup Lew™ @y dedt < —Lm_l/ /ﬁ Pl dg dt
_ )\lp(p+m—1 /(/{(erm 1®1d$dt<0
m ¢

Finally, we shall approximate X[, with X, as in Lemma 3.6.7. O]

(K2) and critical exponents for weighted smoothing effects. Before present-
ing the main results of this section we shall introduce first two new exponents that
naturally appear in this weighted setting

N +~v—2s
N

N(1—m)

Meny = 25 — 7y

and Dery =

Now, we are in a position to prove the following two results:
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Theorem 3.2.8 (L? — L™ smoothing). Let N > 2s, m € (0,1) and assume (Al),
(A2) and either (K1) or (M1). Letu be a nonnegative WDS of (CDP) corresponding
to the initial datum ug € LP(Q) with p > 1 if m € (me, 1) or p > p. if m € (0,m,].
Then, for everyt >ty > 0 we have

= lutto) 5™ . 1
)] <7 LU th 0, = :
IOl <724y, Y T s NI - m)

(3.2.18)

where 0 < K only depends on N, m,s,p and ).

Theorem 3.2.9 (L, — L™ smoothing). Let N > 2s >, m € (0,1) and assume
(A1), (A2) and (K2). Let u be a nonnegative WDS of (CDP) corresponding to the
initial datum ug € L () with p > 1 if m € (M, 1) or p > pey if m € (0,me,].
Then, for everyt >ty > 0 we have

25—7)p Vp,
HU(tO)H(Lg &)f ! - 1 ( )
L wit = . (3.2.19
" (2s=y)p—N(1-m)

[u®)ll <7 (t — to)NVrn

Proof of Theorems 3.2.8 and 3.2.9

We shall prove simultaneously Theorems 3.2.8 and 3.2.9, indeed the only differ-
ence in their proof is one step (Step 2A and 2B below) that involve Green function
estimates which hold under assumptions (K1) or (K2), respectively. This shows
how the Green function method allows to deal with both weighted and unweighted
smoothing effects essentially in the same way. It is enough to prove the result for
bounded nonnegative GF solutions u and then approximate the WDS by means of
GF solutions u,(t) starting at ug,(t) = min{ug, n}, see Step 3.
e STEP 1. Fundamental pointwise estimate and De Giorgi Lemma. Let us assume
that u is a nonnegative GF solution with ug € L*>°(Q2). Then the following estimate
holds for all 0 <ty < t;

ptm—1
ptm—1 €
m—1l—g t 1-m
u(ty) =t < 25 m————5— Sup / u' " (1, 1) Go (o, ) da
(t - 7—) t=m r€lto,t1] J Br(2o)
o €ES
pxm—1
t I-m
+ Cpm —————  Sup / u(7, )" Go(wo, ) dw.
(t = 7)T=m relto] JO\BR(xo)
0N

(3.2.20)

To prove the above inequality, we apply the Fundamental upper bounds (3.2.17) of
Proposition 3.2.6 to obtain that for all zg € Q and 0 <ty < 7 <t < ty,

ptm—1
1-m
tl

(t—7)Tm

Pt ) < € [ atra Golan,x)do. (3:2.21)
Q

Next, we split the last integral in two parts: fix R > 0 to be determined later and
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let e € (0,p+m—1)

up—i—m—l (t, xo) S

p+m—1
t 1-m
< G e ) [ () Gl ) da
(t - T) 1=m Br(zo)
ptm—1
tl 1—m »
+Cp,m 5 u (T,l’) GQ(I(),w) dz
(t—7)T=m Jo\Bg(o)
ptm—1
p«{mfl s
]_ m—1—e t -m
L Tl L S (A N L
2 (t = 7)T=m JBp(ao)
p+m—1

t 1-m
o e [ () Galeno)ds
(t—7)=7 J}\Br(zo)

by using Young’s inequality, ab < a” + 2aT b1, with o = % > 1.

Taking supremum on both sides we obtain for all 0 <ty <7 <t <y,
Ju()|IBEm <

1 —
< Sl

ptm—1

p+m—1 €
ptm—1—c t,
+2 = Q,m—l —— sup / ur " (1, 1) G20, ) dar
(t — T) 1-m Te[to,tl] BR((JU())
zoES)
ptm—1
tl 1—-m v
+ Cpm —_ Sup U(T, 33) GQ(SEO, QJ) dz.
(¢ =)= relton] Jo\BR(o)
o€

We can conclude by De Giorgi’s Lemma 3.6.6, with the function Z(t) := ||u(¢)|/2r™!
and obtain (3.2.20).

Important: The next step is the only point where we shall distinguish between
weighted (Step 2B) and unweighted smoothing effects (Step 2A).

e STEP 2.A. LP— L smoothing effects via (K1). Given any p as in Theorem 3.2.8,
we shall prove the following estimate for bounded GF solutions: for every ¢ > t; > 0
we have

_ Jutto) [ 1

; ith o, = 2.22
) oo < 7 2 vith Uy =g Na oy 022

where K > 0 only depends on N, m, s, p and (2.

The proof consists in carefully estimating the two terms in the right-hand side of
(3.2.20) separately, using assumption (K1), namely Gq (o, 7) < 1 gl — x|~V =29,

First, we observe that for all exponent 0 < g < % and ¢ = q%l > % we can use
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Holder’s inequality

/ ur e (1, 1) G (20, ) da < cl,g/
Br(=o)

1—-m+te 1 %
< Cl,QHU(T)’ q' (1—m-e) (20) |x _ x0|q(N—2s) dz
RrR\T0

_ N—q{N—2s)
< caflu(to)| ;/(Inj;s) R
_N
= cof|ulto) |y nsey BV

where c; > 0 depends on ¢, N, s and ¢; . We have also used the LP-norm decay

since if we fix € € (O, W) 6 (0,p +m — 1) we can choose ¢ := (1_5L+€) as
N
N oy _»
2s l—-m+e

On the other hand, using the LP-norm decay we have

P u(to)||?
/ U(T7 ‘T)p GQ(:EO, .T) de‘ S cl:Q/ M dx S Cl,Q H Sv[i)gllp )
Q\BR(IO) \ R

Br(zo) T — To V72

Plugging the above estimates in (3.2.20) and choosing ¢y = 0, we obtain

p+m—1
B prmoi—e [ |l 2peonvamia]E uolly 1
()™ <27 [02 e S e

p
t 2fp—N(1—m)
R= (—ll_m)
[[uoll;

and, by the time-shift invariance of the equation, we obtain the desired smoothing
effects (3.2.22) for every p > 1 if m € (m,, 1) and p > p. if m € (0,m..).

e STEP 2.B. L — L* smoothing effects via (K2). Under assumption (K2), we
shall prove the following smoothing effect for bounded GF solutions and any p as in
Theorem 3.2.9: for every t >ty > 0 we have

Finally, we choose

(25—)p Oy,
HU(tO)HLgl(Q) ! 1

No <& ith 4¢,, = .
[u®)lloo <F (t — to)N0rn wi by (2s —v)p— N(1 —m)

(3.2.23)

The proof follows analogously to STEP 2.A, that is, we have to estimate properly
the two terms of (3.2.20), but in this case we have to use assumption (K2), namely
Gal(zo, 7) < cralr — 20| V7290, (2).

q

First, observe that for every 0 < ¢ < m and ¢ = 4>

N

5 we can define
s—
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p:= ¢ (1 —m+ ¢) to obtain by Holder’s inequality that

1fm+5(7_ .Clﬁ)q)l(.l‘)
w7, 1) G o, ) dr < ¢ Q/ “ ’ dz
/BR( ’ r(20) |z — wo| N2

zo)
1
1= 1—-m+e / 1 !
oo u dx
H H ( >||Lp (Q) [ r(zo) ‘l’ - xo‘q(N+'y—2s)

q(N+“r 2s)
< czHU(to)Hme*i R
(2s—y)p—N(1—m+e)
= cz\\u(to)’\me+§ R P )

(3.2.24)

where c; > 0 depends on go, N, s, ®; and ¢ o, and we have also used the Lgl-norm

decay. Notice that we have to choose ¢ € (O, w> (C (0,p+m —1) to

ensure N
PR N
25 —ry l—-m+e

On the other hand, we use the L -norm decay to obtain

PO
/ u(r, )P Go(xg, z)dr < 0179/ wr, ) N+1 (i)s dx
Q\Bg(z0) \Br(z0) o

p
- [|u tO)HLgl(Q)
= CLQW

Plugging the above estimates in (3.2.20) and choosing ¢y = 0, we obtain

p+m—1
ol ™S oy tmie |
I Sl P T Sy S
h < (3.2.25)
luollzy @ 1
+¢3 t RN+v—=2s °

with ¢, c5 > 0 depending on p, N, s,7, ®; and ¢ . Finally, we choose in (3.2.25)

D
t (fs—v)p—N(1—m)
R = (ﬁ)
[[woll

and, by the time-shift invariance of the equation, we obtain the desired smoothing
effects (3.2.23) for every admissible p.

e STEP 3. Approzimation with GF solutions. We approximate the initial data
0 < wy € LP(Q)) by truncation, ug, = min{ug,n}, so that vy, — ug in LP. Since
Upn € L®(Q2) C H*(N2), there exists a gradient flow solution u,(t) given by Theorem
3.3.2, that is also bounded and satisfies the Claim of Step 1. Hence, by lower
semicontinuity of the > norm we obtain

lu®lloe < Tim flun(t) oo <t it — o)™ Jun (to) [277
n—oo n—oo

= R(t = to) V" Julto) ;7.
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This concludes the proof of the smoothing effects of Theorems 3.2.8 and 3.2.9 as-
suming Kato inequality.

e STEP 4. Smoothing without using Kato inequality. We notice that when p = 1, the
fundamental upper bound (3.2.17) of Proposition 3.2.5 does not require the validity
of Kato inequality, hence we can repeat Step 1 with p = 1, and obtain inequality
(3.2.20) with p = 1 without using Kato inequality. We can then repeat Steps 2.A
and 2.B respectively, and this is where the restriction p < N/(2s — 7) comes from,
as we shall see. The unweighted case corresponds to v = 0 and follows with minor
modifications.

The first integral of (3.2.20) can be estimated as in (3.2.24)

1-m+e )
/ ul_m+5(T, x) Go(xg,z)dr < C1,Q/ u (7.,]?3712(81‘) dzx
Br(zo) r(z0) | = ol

R N—g(N+y—25) l—mge 2= DpO=N(=m+e) (3'2’26)
< colulto)] prmmse g & = ca[ulto)] ooy 7o
1
where we have set py :=¢'(1 —m+¢) > 1\7(12;—:4@
We next have to estimate the second integral of (3.2.20) as follows
P

/ u(r, x) Go(xg, z)dz < CLQ/ ur, x)N-li-S/x—)Zs dz

N\ Br(zo) \Br(zo) |l‘ - x0| (3 2 27)

||U(t0)||Lq @)
< 0 pr (N 2N

with ¢’ > ﬁ, so that ¢ < QS%Y This is where the restriction on p comes from.

We would like to chose now py = ¢, and this is possible only when M < Po
q< 28 5 for all € € (0, m), which means in fact for all py € <N2(i:;n), QSIX v)' Hence,
for all such py we have
1—m+ %
m—e HUOHLZO (Qj (2s—v)pg—N(1—m+e) 04 ||U(t0) HLpO (Q)
Jut)le <27 o ———R 0
tl tl Rp )—N
with ¢y, ¢4 > 0 depending on pg, N, s,v, ®; and ¢ . Letting RPo%r0 = ||uoHLp0 (Q)
gives the desired bounds. This concludes the proof of Theorems 3.2.8 and 3.2.9.
O

3.2.3 H*— L* smoothing effects. Proof of Theorem 3.2.11

It is possible to use the LP — L™ estimate obtained above to get H* — L* smoothing
effects, for which we have to introduce another critical exponent:

N —2s

N +2s’

mg =

For this estimate it is required to be in the regime m € (mg, 1), since we need the
energy estimates below.
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Lemma 3.2.10 (GF solutions are Energy solutions). Assume (Al) and (A2) and
let u be a GF solution with uy € H*(2). Then, for every t; >t >ty > 0 we have

L lu@®hin _ 1 [[u(to) |17
= 2m (ti—t) — 2m(l+m) (tl—t)(t—to)

lu™ (t0) 170 (3.2.28)

Proof. We provide a formal proof in order to explain the main ideas, for a rigorous
proof see Proposition 11.9 of [4].

First inequality. Let us differentiate the H*-norm as in (3.4.4) and use the decay of
the L'*™-norm

m m 2 m m 2
d [(umﬁum dzr < —2m (IQU Lu dx) < —2m (fS[u Lu d:z:)

dt

- f((u“”” de — ffu(to)lm dr
The result folows by integrating on [t\;].

Second inequality. We differentiate the L'*™-norm (the energy) as in (3.4.2) to
obtain the following ODE,

1 2
i ul—l—m da S _+—72n (/ ul-‘rm dx) )
dt [[u(to) H*(Q) \JQ

Then, the upper estimate follows by integrating on [to, t]. ]

From the above energy estimate easily follows:

Theorem 3.2.11 (H* — L* smoothing). Let N > 2s, m € (ms, 1) and assume
(A1), (A2) and (K1). Let u be a nonnegative WDS of (CDP) corresponding to the
initial datum uy € H*(QY). Then, for every t >ty > 0 we have

4sV14+m

[u(to)| H*(Q) 1
(t — to) NV F29)011m w 1+ 25(1+m) — N(1 —m)
(3.2.29)

[u®)]|o <7

where 0 < K only depends on N, m,s and ).

Proof of Theorem 3.2.11. We combine the energy estimate of Lemma 3.2.10 with
L™ — L% smoothing effect. Given t >ty > 0, let us choose ¢t = X2 5o that

(14+m)2s%14m 4591 4m
Ju(t)|] (@) |5 c (o)l (s
T (=N T (T m) (E— )N (f — tg)2501em
4891 4m
- (o)l -6y

(t — to)(N+23)191+m ’
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3.3 Existence and uniqueness

In this section, we prove the existence and uniqueness of MWDS. To do this, first, we
prove the existence of GF solutions, adapting to our setting the celebrated theorem
of Brezis-Komura [34, 90]. This class of solutions enjoys useful properties and we
use them to build a monotone approximating sequence, needed to build the MWDS.
In Section 3.3.2, we prove the time monotonicity of the norm and the fact that GF
solutions are strong in Lj (2), and we also give a explicit bound for ||dyul| Ly, ()
Then, we use the strong formulation of the problem to prove the T-contractivity in
Ly, (Q). In Section 3.3.3, we prove that nonnegative GF solutions are indeed WDS.
Finally, in Section 3.3.4 we give the proof of Theorem 3.3.15, and in Section 3.3.5
we prove Theorem 3.3.17.

3.3.1 Existence of GF solutions

We will construct our WDS, more precisely the MWDS, as the monotone limit of
gradient flow solutions in a suitable Hilbert space, modeled ad hoc for the operator
L. The class of nonnegative WDS contains the nonnegative semigroup solutions that
will form our approximating sequence, see Lemma 3.3.14. We shall construct such
semigroup solutions using the celebrated theory of Brezis on Maximal Monotone
Operators [34, 33|, see also Komura [90] and the excellent lecture notes [4]: we
define the free energy (or entropy functional) as follows

() = {(1% f<|u|1+m(x) de if we LM™(Q),

+o00  otherwise,

and show that £ is the subdifferential of the convex and lower-semicontinuous en-
ergy functional £ on the Hilbert space H*(2). Note that H*(Q2) is defined as the
(topological) dual space of H(f2), the domain of the quadratic form associated to
L:

H(Q) = {u c L*(Q) :/uﬁudx < oo}(

We can endow H*(Q2) with the natural scalar product and the associated norm

We refer to [24] for further details about the spaces H(Q2) and H*(§2) and their

relation with the fractional Sobolev spaces HS(f), H%Q(Q), H*(§2) and their duals
H=*(Q2). Following [4, 34, 33], we recall the definition of semigroup (or gradient
flow) solutions adapted to our setting:

(U, V) () :/uﬁ_lvda: and ||u
0

Definition 3.3.1 (Gradient flow). We say that u : (0,+00) — L'T™(Q) is a gra-
dient flow (GF) of the functional € defined above, if u(t) € AC((0,00) : H*(2))
and

—0Owu(t) € 0E(u(t)) for a.e. t € (0,00).
We say that u(t) starts from ug € H*(Q) if lirgl+ ||lu(t) — uol
t—

) = 0.
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It is well-known that if £ is convex and lower-semicontinuous then a locally
absolutely continuous curve u(t) € H*(Q2) is a GF if and only if it is a EVI solution,
see for instance Theorem 11.15 of [4]. We are now in the position to state the
celebrated Brezis-Komura Theorem, the nonlinear analogous of the Hille-Yosida or
Lumer-Phillips Theorem. The statement, adapted to our setting, reads:

Theorem 3.3.2 (Brezis-Komura [34, 90]). For every uy € H*(R2), there ezists a
unique gradient flow starting from ug that we denote by u(t) = Syug. This defines
a continuous semigroup Sy : H*(Q) — LY*™(Q) for t > 0 with the T-contraction
property in H*($2)

||(Stuo - StUO>i|

H*(Q) < ||(U() — UO):I:HH*(Q)a vVt > 0, VUQ,’UQ € H*(Q) . (331)
Moreover, GF solutions are H*-strong, namely for all'T" > 0 we have
tu™, towu e L>((0,T): H(Q)).

Indeed, GF solutions are H-energy solution, i.e. the following energy estimate for
every t >t >ty > 0 we have

(1+m) E(ult)) _ 1 [[u(to)l|7(q)
2m  (ti—t) = 2m(1+m) (i —t)(t —to)

™ ) ) <

To apply Brezis-Komura Theorem, the functional £(u) must be convex and lower
semicontinuous in H*(2) as it is proven in the following lemma:

Lemma 3.3.3. The functional £(u) is convex and lower semicontinuous in H*(2).

We prove the above lemma in Section 3.6. This is enough to prove Theorem 3.3.2,
indeed:

Proof of Theorem 3.3.2. Once we know by Lemma 3.3.3 that £ is convex and lower
semicontinuous in H*(2), the rest of the proof follows as in Theorem 2.2 of [24],
which is the adaptation to our setting of the proof of Brezis [34] for the classical
H™! case. See also [4]. O

Remark 3.3.4. (i) Note that in this class of GF solutions, the comparison principle
holds, namely by (3.3.1) it is clear that if ug < vy a.e. in €, then u < v a.e. in
(0,00) x Q. A formal proof of (3.3.1) is the following: by Kato inequality we know
that sign (u™ —v™)L(u™ —v™) > L(u™ — v™)4 so that

d . m m m m -
E||(u—v)+|§{*:—2/4<51gn+(u — ™ML — ™)L (u—v), dz

< _2/9(@/" — ™) (1~ v), d.

Indeed, this is rigorous since solutions are H*-strong, i.e. dyu(t, ) € H*(Q).
(ii) Notice that uniqueness in H* follows by (3.3.1), indeed we have the H*-
contraction (just summing the positive and negative part estimates)

[u(t) = o(1)]

HA(Q) < [|uo — vol H*(Q) for all ¢t > 0.
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(iii) Note that here we do not assume any sign condition on ug, and this is to
the best of our knowledge the largest class of data without sign restrictions, for
which existence and uniqueness hold. The above theorem generalizes the existence
and uniqueness result of [24], Theorem 2.2, where the case of SFL and RFL were
thoroughly investigated in the framework of fractional Sobolev Spaces. Most of that
theory applies also in the present case, but we have preferred to simplify the setup
aiming at a larger class of nonnegative solution, which are the WDS in the LclI>1
framework.

(iv) This Theorem follows by adapting Brezis’ proof [34] originally in the H ! frame-
work, to the present H* setting, as it has been done in [24], where more general
nonlinearities and further details are given; in particular, we recall that under as-
sumption (K1) it is possible to identify H* and H~*, when s # 3.

3.3.2 Time Monotonicity and L}pl—contractivity

In this section, we prove the Benilan-Crandall estimates, i.e. the time monotonicity
of solutions. We shall also see that nonnegative GF solutions are strong in Lj (€2),
and we show different L}Dl—contractivity of solutions. All these properties hold for GF
solutions, this makes them a very good choice to build the approximating sequence
needed to construct the MWDS, that will inherit most of these properties.

In order to prove that GF solutions are strong in L}pl(Q) we need the following
theorem of Benilan and Gariepy [9], that we restate here in our notations:

Theorem 3.3.5 (Theorem 1.1 of [9]). Let w = u 2" € WH((0,T) = Lk, (),

p(r) = lfmr% and

o= /(" p(r)dr € BV((0,T) : L ().

where BV is the class of functions of bounded variation. Then v € WH((0,7) :
Ly, (Q)) and the chain rule holds for the time derivative:

O(t) = p(w(t))Ow(t) = Owul(t) .

We recall that u € Lg (2) is a BV function if its distributional derivative d,u can
be represented by a finite Radon measure. In our case, the distributional derivative
OJyu must be a Radon measure, as the limit of incremental quotients of u that are
uniformly bounded in Lg (). Our purpose is to prove that, indeed, this limit is a
function of Lg (€2).

The following result holds for the whole class of nonnegative WDS, and will be
essential later.

Lemma 3.3.6. Let 0 < u < v be two ordered WDS of (CDP) with initial data
0 <wug <wg. Then, for all 0 <ty <t; < oo, the following property holds

/Q[U(tl) —u(ty)]®ydr < /{([v(to) — u(ty)] Py dz .
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Proof. We apply the weak formulation (WDS) to the difference v — wu, using the
admisible test function v,, = ®; x,,, where Y, is the same as in Lemma 3.6.7. Then,
the left-hand side of the equality (WDS) reads

/(/ v —uw)0pp, de dt = /(/(U—uatXnﬁ "0y drdt
L) L@(@»—wm» <@n—wum6ﬂm.

As for the other side of the equality, we have

/(/ (v —u)Opb, dedt = /(/ —u™), dz dt
e t( /((U u™ @, dzdt >0,

since u < v implies u™ < v™ whenever m > 0, and this proves the lemma. O]

The proofs of the next results, Lemmata 3.3.7, 3.3.8 and 3.3.9, follow the ideas
in [49, 9], adapted in [112] to the case of the RFL on RY and on domains. However
we offer few interesting twists and variants.

Lemma 3.3.7 (Time Monotonicity). Let u be a GF solution to (CDP), then
u
(1—m)t’
in the sense of distributions. This is the weak formulation of the fact that t —

1
t~T=m u is non increasing on t for a.e. x € ).

(3.3.2)

up <

We will adapt the classical proof of [49] for the L' case, see also [141].

Proof. First of all, notice that GF solutions satisfy T-contractivity property in H*,
hence, given two ordered solutions u < v, we have that for every 0 <ty < t; < o0,

0 < [l(ult) = o(t1)+ e, @) < Al ult) = o(tr))4]
< Al (ulto) = v(to))+]

which implies comparison in L<11>1(Q) and, particularly, almost everywhere in (2.
Consider the rescaled function

H*(Q)

H*(Q2) — 0,

ux(t,z) = )\_ﬁu()\t,x),

which is also a solution of (CDP). Now, for a fixed ¢, let us choose A\ = % with

h > 0 and observe that, A > 1 and A" < 1, hence, ux(0) < ug and uy(t) < u(t)

by comparison. Then,
h 1~m
(%}) ur(t,2) — ur (6,

(t+ h)=m — t=m uy(t, )
h e

u(t+ h,x) —u(t,x) _

1 ux(t,z) — u(t, )
h h

+ h

< (3.3.3)

72



CHAPTER 3. THE CAUCHY-DIRICHLET PROBLEM FOR FFDE

The above formula has to be understood in the distributional sense. Since we know
by Theorem 3.3.2 that GF solutions are H*-strong, namely tdyu € L*>((0,T) :
H*(£2)), this implies convergence of the right-hand side to the distributional time
derivative d;u as h — 0%, and concludes the proof. [

Lemma 3.3.8. Let u be a GF solution of (CDP), then du 2" € L ((0,T) :
L*(Q)), more precisely, we have that for all 0 < to < t; < T

- oL+ m)ulto/DWy (7 1 1
g ) @ 2\ [ (334
|| tU ||L2 ((to,t1): L2(Q2)) = 4Am?2 0+T -1 o ( )

Moreover, the bound is uniform in tqg > 0, since ||u(ty/2)| %*(Q) < ||u0||fq*(9).

Proof. We follow the strategy of Lemma 8.1. of [109] who, in turn, gives a generalized

result of the the original one in [9]. We would like to use £(t)0,u™(t,x) as test

function in the H*(Q2) formulation of the problem (see Definition 3.3.11), where

£(t) € C(0,00). However, a priori we do not know if d,u™(t,z) is sufficiently

regular for this purpose so, following the idea in [9], we will use the Steklov averages.
For any g € L{ .(R) we define the Steklov average as

VA t+hx)—g(t+h
g"(t, ) :E/< g(r,x)dr, so that og"(t,z) = gt + 1) hg( i ,:p)'

t

We already know that a GF solution satisfies the equation pointwise in the H*(2)
sense and, consequently, so does its Steklov average, i.e. for every t € (0,7)

ol = —L[(u™)"] a.e. in (2

with duu”, L[(u™)"] € H*(2). Now, we multiply the above equation by a suitable
test function ¢ and we integrate in time and space to get the following expression

/(/ ulp dr dt = /(/( Yapdzdt Ve € CH[0,T), H(S)).

At this point, notice that 9;(u™)" has the same regularity as u™, namely, by Lemma
3.2.10 we have that u™ € H(Q) so, therefore, we can take ¢ = £0,(u™)" as test
function in the equation above, where £ € C°((to/2,7)), 0 < ¢ <land { =1 €
[to, t1] for 0 <ty < t; < T. Since everything is well defined now, we have

/(/at )0 (u™) e do dt = —— (/( 5 1LY [(w™)M)|? da dt
/@(/(agWQ VVI[2 e it

Then, we apply numerical inequality (3.6.12) on the left hand side to get

Oy (uM)Oy(um™) = % u(t + B) — u(®)] [t + ) — ut)™]

4m 1 14m 14m 2 4m 14+m
> i [ ) =) = o)
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Now, notice that H@tSHLm(%}’tl) < c(% + T+m) for every ty < t; in (0,7), so that

/t< /(yat( WY da dt

1+m
_(8—)|I(9t£HLoo t tl/ /a|/:1/2 ™2 Az dt
to/2

1 +h +h
S an Y /( [ummeanoararaca
1 t1 +h +h
< S0 e g | U 1 e € e drcas
1 C 0 [l
( +m) ||at§||Loo to ;1) //2 ( ‘u -

H*(Q

) qt

IN

8m m(1l+m) t2

v (1 (6

where we have used Cauchy-Schwarz inequality, in the third line, and Lemma 3.2.10.
Finally, the result follows by taking the limit as h — 0 on the left hand side and
using Fatou’s Lemma. O

Lemma 3.3.9. Let u € H*(Q2) be a GF solution to the problem (CDP) with initial
data 0 < ug € H*(Q). Then, u is a strong solution in Lg () and for every t €
(0,7,

(I—-m)t — (1-—m)t
We will adapt the classical proof of [49] for the L' case, see also [141]. The
main difference in the L}Dl case, is that we will only use the “half” contractivity

for ordered solutions of Lemma 3.3.6, instead of the full contractivity as in original
proof of [49].

HatuHL}I,l(Q) <

Proof. We follow the same idea of the proof of Lemma 3.3.7 to get

1 1 t+h 1
e h) = w0l @ < 5 (S5 )( (Ol @+ 7 Il (D)l -

Here, using Lemma 3.3.6 and the decay of Lg (£2)-norm we arrive to

1 1 t+h\¥m 1
EHu(t +h) — U(t)HL(lI)l(Q) < 7 (T>(L —1 HUA,O\|L}I>1(Q) + EHUA,O — uoHL}I,l(Q) .

Then, passing to the limit as in Lemma 3.3.7 we get that the time increments are
bounded in Lg (£2),

t+h,z) —u(t 2[uol Ly, (@ 2A/2 .
lim [ WD) Zuta) g o @ 21 o) (3.3.5)
h—0 h (I—m)t (1—m)t
by (3.3.12), thus, we have that v € BV ((0,7), Ly, (2)). With this and Lemma 3.3.8,
applying Theorem 3.3.5 with v = u, we conclude that d,u € Ly, (). O
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The above result implies that the equation is satisfied pointwise as functions of
L, (€2). We use this fact to prove the following proposition:

Proposition 3.3.10 (T-contractivity in Lg, ). Let v and v be two GF solutions of
(CDP) with initial data ug,vg € H*(2). Then, for all 0 <ty < t; < oo we have the
following property

/ [u(ty) — v(t))]2 @y de < /([u(to) — o(to)] s ® da
Q
Notice that T-contractivity implies usual contractivity,

|u(ty) — U<t1)”L}I>1(Q) < lu(to) — U(tO)HL}I)l(Q) :

Proof. 1t is sufficient to prove the result for [ -], the case of [-]_ being completely
analogous. We start from the strong formulation of (CDP). Let us multiply the
equation by

¢(f7 I) = Sign+<u - U)CDIX[to,h](t)

and integrate in time and space. Then, notice that on one hand

/ /<8tu—8tv Ydrdt = / /u—v ) 0y (sign, (v — v)Xto,1]) 1 d dt

_ /Q[ (to) — v(to)]+ ® dz + /([u(tl) —olt))a®y da

On the other hand, we compute

/(/ (B — Op) ¥ da dt = (/( " da dt
( [(ﬁ(um ™sign,, (u — v)®; drdt
/ / )tldxdt / / — 0™ @ dwdt <0

where we have used Kato inequality (3.6.10) for the convex function [-];. O

3.3.3 Nonnegative GF solutions are WDS

In this Section, we prove a technical fact needed in Section 3.3.4, in the proof of the
existence of WDS. We will show in Lemma 3.3.12, that GF solutions, in the sense of
Def. 3.3.1, satisfy a suitable weak formulation, that characterizes an “intermediate”
class of solutions that we will call H*-solutions. Finally, Proposition 3.3.14, shows
that nonnegative H*-solutions are WDS.

We need to introduce an intermediate concept of solution, a weak formulation
suitable for GF solutions.
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Definition 3.3.11 (H*—solutions) u € C([0,T] : H*(Q)) is an H*-solution of
(CDP) if u™ € LY([0,T] : H(Q)) such that

/(/uzptdxdt /([( umLpdrdt V€ CH[0,T), H(Q)),

or equivalently,

/ /u@t @) drdt = /(/(u edrdt Ve CH[0,T), H*(2)).

Notice that both statements are equivalent due to the fact that £ is an isomor-
phism between H (€2) and H*(£2), as remarked in [24] where this concept of solutions
has been previously introduced.

We show next that GF solutions satisfy the H*(2) formulation, which constitutes
the link between the two important class of solutions of this chapter, i.e. GF and

WDS.

Lemma 3.3.12. Let u € AC),.((0,00); H*(Q2)) be a GF solution of (CDP) given by
Theorem 3.3.2, then, it is an H*-solution.

Proof. Let ¢ € R\ {0} and ¢ € CL([0,T], H*(Q)), then, from the definition of

gradient flow and subdifferential we have that
E(u+tep) > E(u) + €(—ur, ) gex a.e. int € (0,00), Voe CH[0,T], H*(2)).

Now, if we compute the Taylor expansion of |u + ep|™"! around u we get

6/|u|m_1uapdx+o(e) > —e/utﬁ_lapdx.
Q

Here, we divide by e and noticing to the fact that € can be either positive and
negative, we find

/|u|m_1ug0 de = — / w L odr a.e. int € (0,00), Ve CH[0,T], H*(2)).
0

with u; € H*(Q) and therefore |u|™ 'u € H(Q). As x : (0,00) — D(E) C H* is
absolutely continuous we have that w,, |u|™ *u € L'((0,T); H*). Finally, since L is
an isomorphism between H and H* we have that o = L1 for ¢ € H, so integrating
by parts in time we get

/(/9|u|m_1u£¢dx dt = /( [(uz/}t dzdt for all op € C}([0,T], H(Q)).

Hence u is a H* solution. O]

Lemma 3.3.13. Let u be a nonnegative GF solution with ug € Ly (Q). Then, for
every ty > tg > 0 we have

0 S /(U(to) — 'Lb(tl))q)l dx S Cm"U0|’?(1I)1(Q)(t1 — tg) y (336)

with ¢, = \||®@1]|17™. Moreover, letting T = T (ug) be the extinction time, we get

1
Hu(t)HL}}l(Q) <c(T—t)=m

(3.3.7)
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Proof. Let us derive the L}pl—norm of the solution and use Holder inequality,

d
S )@ de = — [(ﬁu%l do = —\ [<um¢1 da
at J,
> @y (/(u(t)@l dm) .

We apply the decay of Lg (2) on the right hand side and we integrate in (fo,t;) to
get

(3.3.8)

lu()llzy, @ = l[ulto)llzy @) = —>\1||¢’1|H_m||U0||TL”gI,1(Q)(t1 — to)

(3.3.6) follows by the nonnegativity of u(t). For the extinction rate, we just integrate
(3.3.8) on [t,T7. O

Proposition 3.3.14 (Nonnegative GF solutions are WDS). Let u be a GF solution
of (CDP) with initial datum 0 < ug € H*(QQ). Then, u(t) is a WDS, according to
Definition 3.1.1.

Proof. By Lemma 3.3.12, we have that u(t) is a H* solution. Therefore, let us prove
that the set of test functions in H* solutions is bigger than in the case of weak dual
solution. Since [|®q||zz = 1, we have

1ol = /(wﬁlw de < A [/

Moreover, by (3.3.12) we have that non negative solutions in H* are indeed in the

natural space for WDS:
1/2
lullzy, @) < Al

H* (Q) .

Then, we have to verify that the next equality is true

/(/Quﬁt(ﬁ_lw dz dt = /(/(E_luat(w) dz dt V% e CH[0,T), L=(Q)).

(3.3.9)

Indeed, we have

10|

2@ = / Db L) dr < 94/ /(cblc-%atw A < A7 9/ 2

and (3.3.9) holds. It remains to prove that u € C'((0,T] : Lg, (2)). From the time
monotonicity of Lemma 3.3.7, we deduce that

u(ty) —u(ty) < 1-— (t—0> F) u(ty) Vi, > tp > 0 and a.e. x € (2,

ty

and hence we have the following estimate for the positive part,

1 1
tl—m, _ tl—m,
1

[u(ty) —u(te)]y < —2—u(t;) V4 >ty>0andae v€Q. (3.3.10)

1-m
tl
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Recalling that |f[ = 2[f]; — f for any function, let us bound |lu(t1) — u(to)|[z1 ()
1

as follows
|lu(ty) — u(tO)HL}bl(Q) = 2/ [u(t1) — u(to)], ®1dz — /((Mh) —u(ty)) ®1 dz
T
tll_m — té_m m
< = [ u(t)®rdz + cmlluollfsy ()t — o),
t Q '

(3.3.11)

where we have used (3.3.10) and Lemma 3.3.13 to conclude. O

3.3.4 Existence of nonnegative MWDS

In this section we prove the existence of nonnegative MWDS by approximating WDS
from below with bounded GF solutions, which reads:

Theorem 3.3.15 (Existence and uniqueness of nonnegative MWDS in L ). Let
(A1) and (A2) hold. Then, for every 0 < ug € Lg (), there exist a unique minimal
weak dual solution u of (CDP) with

t4+h) —u(t 2[luol s, (@
lim [Ju(t) — uol[z ) =0 and lim u(t+h) —ult) < —‘1’1()
oo " h=07 h @  (L=m)t
1

Moreover, the T-contraction estimates hold: let 0 < ug,vo € Lg, () and u(t), v(t)
be the corresponding MWDS, then, for all t > 0 we have

[(u(®) —o(t))£llzy, @ < l(uo —vo)xllzy (@) -

Remark 3.3.16. (i) As for the previous Theorem, the T-contraction implies com-
parison and uniqueness in Lg_(via contractivity), but we stress on the fact that our
proof only guarantees the validity of these properties for the MWDS, a priori we
can not exclude that ug € Lg, produces other WDS.

(ii) A closer inspection of the proof reveals that the MWDS does not depend on the
particular choice of the approximating sequence, we only require the approximating
sequence to be monotone increasing, see Step 4 of the proof of Theorem 3.3.15 for
more details.

(iii) The question of uniqueness is a delicate issue in this Lg -setting, since the
energy functional is

Flu] = / W, da

which is clearly not conver when m € (0,1). A full uniqueness result for WDS is still
missing. This is an intriguing open problem and it would imply that all WDS are
minimal (hence a priori more regular). This lack of convexity makes it impossible
to apply Crandall-Liggett type Theorems, as done in the L'-setting in [10]. See [71,
134] for related uniqueness results on RY.
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(iv) A larger “existence” class of nonnegative solutions. When we deal with non-
negative functions, H*(Q) C Lg, (2), indeed by Cauchy-Schwartz inequality and the
normalization ||®;]js = 1, we get

||u||L}I> (Q):/U@1dI=/£_%(U)Eé(CD1)dJJ
! Q

1 (3.3.12)
< L7 L20; = M|y
2 2

H* (Q) .

To the best of our knowledge, the largest class of nonnegative data for which existence
of solutions to the (CDP) is guaranteed, is precisely L}bl.

Proof of Theorem 3.3.15. The proof is divided into several steps.

e STEP 1. FEumistence of the minimal limit solution.. We approximate 0 < ug €
Ly, () from below with the non-decreasing and bounded sequence 0 < ug, =
up An € L*(€). Recall that the integrability of G implies that L>(Q2) € H*(Q),
therefore ug,, € H*(Q2) for all n > 1. By monotone convergence, we have that
U, — Up in the strong Ly topology, namely

0 < [luo — wonllLy @ = /((uo — g )Py dz 2 0. (3.3.13)

Now, we are in the position to apply Theorem 3.3.2 which provides us the existence
of the nonnegative GF solution u,(t) in H*(Q2) starting at ug,. Since the L> norm
is non-increasing in time (just let p — oo in (3.4.15)), we know that w,(t) € L>(Q).
Next, Lemma 3.3.14 tells us that u, is also a WDS corresponding to the initial
datum ug, € L*(€2). Finally, since GF solutions satisfy the comparison principle,
we have that u,(t,2) < u,.1(t, z) for a.e. (t,z) € (0,00) x Q.

Since for any fixed ¢ > 0 and a.e. = € Q the sequence w,(t,z) is monotone
increasing in n, the limit exists (can be +00) and we can define our candidate limit
solution as follows

u(t, z) := liminf w, (¢, x) for a.e. (¢,x) € (0,00) x 2.
n—oo
We shall see that this limit solution defines a continuous path in ¢ — u(t) € L ().
Convergence in Lg, . Notice that for all ¢ > 0 we have that (take & > n so that

— Loy < limi — Loy < limi — |
lut) = un(8)l g, o < T inf g (8) — (1) Ly, oy < T inf g (0) = wn(0)]] 3, (0

n—-+00

0,

= |luo — UO,HHL}I)l(Q)
(3.3.14)

where the first inequality follows by Fatou’s lemma, in the second step we have used
the L}Dl contraction for ordered WDS, and finally that v, and u(0) = ug 4 tend to
ug strongly in Lg (Q2) by (3.3.13).

e STEP 2. w € C((0,7],Ly,(2)). By Proposition 3.3.14, we know that u, €
C((0,7] : Ly, (), indeed, by (3.3.11) and the decay of Hun(t)||L<1b1(Q), we have that
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forevery 0 <ty <t; <T

1 1

" =ty 1

||wn(t1) — Un(tO)HL}I)l(Q) < 1T0||U07n||Lé1(Q) + ety —to) T .
tl_m

Then, since ug, — ug strongly in Lg (€2) as explained in Step 1, we have that by
Fatou’s Lemma

Ju(t2) = ulto) g, o < Jim_ len(t2) = w0l o

_1 _1
" =ty i (3.3.15)
I S ||u0||L}I>1(Q) + Cm(ts — 1) T

1-m
tl

IN

hence u € C((0,T], Ly, (2)) as desired. Notice that the above estimate just gives
uniform boundedness of the limiting Radon measure when t, = 0, and it is not
sufficient to conclude continuity on [0, 7.

e STEP 3. The limit solution is a WDS. Let us prove that the limit solution
constructed above is a WDS in the sense of Definition 3.1.1. Indeed, we shall show
that it satisfies the weak formulation (WDS), which amounts to check that

lim /{/ﬁl(u—un)aﬂpdxdt = lim /(/!((um—u;”)wda:dt =0.
n—oo Q n—oo
\ N\ (};)

)
First, n(tice that (1) v{nishes as m — 0o as a consequence of (3.3.14)(

(I) < 3t¢ /(/{ (u—uy,) &y dzdt

<A M /‘< — u, (1)) Py dz dt =250,

On the other hand, by Proposition 3.3.10, we have that following the same argument
as for (1),

(11) < % //( By da dt < _100/ /(u—un " ®, dz dt
g(}% 1By /( ( —un())q)ldx> dt 2

We conclude that u € C((0,T7], Lg, (22)) is a MWDS.

e STEP 4. The initial datum 15 taken strongly in L}I,l. Once we have shown that
our limit solution is a WDS according to Definition 3.1.1, we need to show that it
takes the initial datum strongly in Lg , that is u € C([0,T], L, (Q)) satisfying the
limit tllrgi || u(t) —uol| Ly, = 0. Actually it is enough to check the latter which in turn

implies the Lg -continuity at zero. Let us add and substract in ||u(t) — uo| Ly, (@) the

truncation of the initial data ug,, € L*>(Q2) N H*(Q2) and the associated GF solutions
up(t) € L*(Q) N H*(Q):
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/(u(t) ~ o]y da

§/|u(t)—un(t)|®1dx+/|un(t)—un70|(1>1 d$+/<|U07n—U0|q)1d$
=)+ )+ (II1).

Now let us analyse each addend in order to pass to the limit. Since w,(t) < u(t),
by Lemma 3.3.6 we have that

(1) = /Q(u(t) —u,(t)) P dr < /((uo — U, )Py dz.

Moreover, by construction it holds that wug, < ug, therefore

([II) = /'<(U() — UO,n)(I)l dz .

On the other hand, let us estimate (/) using that w,(t) — u,o in H*(Q) as
t — 07 by definition of GF solution and ||u,(t)||2 < ||tnol|2 for all £ > 0.
First, we prove that weak convergence in H*(£2) implies weak convergence in L?((Q)
using that H(Q) is dense in L*(Q2). Given any function ¢» € L*(Q) consider a
sequence {¢y }r>1 C H(Q) satisfying o5, — v in L*(2). Then,

[ ) = wapds = [ ) = wnohprds + /(wn(t) — o) — i) da

< /!<<un<t>—un,o>sokdx T lnt) — ol — el
< / (nlt) — uno)prdr + 2lunolla I — oxlle -
Q

If we take limit when t — 0™ we obtain

t—0t

lim v<<un(t>—un,owclac < unolls 6 —olls VE>1,

since u,(t) — wuno in H*(Q). Letting k¥ — oo above gives the weak-L?*(2) con-
vergence of u,(t) to u,o as t — 0F. Next we prove convergence of L*(Q)-norms,
namely that ||u,(t)|l2 = [|unoll2 as t — 0T, using the weak lower semicontinuity of
the norm: since u,(t) — uno in L*(Q) and ||u,(t)]|2 < |[tunoll2, we have

[tn,oll2 < liminf [|uy, (£)||2 < Timsup [lu, (£) ]2 < [lunoll2 -
t—0t t—0+

This implies strong-L?(2) convergence of u,(t) to u,o as t — 0T, since in any
Hilbert space, weak convergence plus convergence of norms implies strong conver-
gence. Then, we estimate (/1) as follows

+
(11) Z/s<lun<t> |1 e < un(8) — ozl @2 = ua(t) — wngllz =% 0,
(3.3.16)
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Finally, putting together the estimates of (I), (1/) and (/1) we have shown that

/ |U(t) — uOl(I)l dx S 2/{((1“) — un,0>q)1 dz -+ Hun(t) — Un,()HQ,
Q

which implies by (3.3.16)

t—0t

lim / |u(t) — up| Py da < 2/‘<(u0 — Uy )Py do Vn>1.
Q

We conclude taking limit when n — 400 and applying (3.3.13).

e STEP 5. Independence of approximating sequence and uniqueness of MWDS. Let
us see that MWDS does not depend on the particular choice of the approximating
sequence, we only require the approximating sequence to be monotone increasing.
We adapt here the proof of Theorem 3.2 of [28] for reader’s convenience. Let us
choose another nonnegative monotone sequence {vg} € L>(€2) which converges to
up from below. Repeating the construction of the previous steps, there exists a weak
dual solution v(t,z) € C([0,T] : L} (Q)) fenera‘ced by the GF solutions starting
from vp ;. We want to prove that u = v, ile. that the minimal weak dual solution
is unique. For this, we start by proving that u > v and then we prove the opposite
inequality. First, let us prove that u > v. By Proposition 3.3.10, we have that

n—oo

lim 4<[Uk — U+ Py < lim [V, — U]+ P1 < /!<[vo,k — Ul P1 =0,
n o Q

as vy < up by construction. This gives that v, < u for all k, so taking the limit we
get that v < u. The opposite inequality follows by exchanging the roles of u and v.

Remark. Notice that we have proven uniqueness of MWDS, which does not exclude
a priori that there can be other WDS starting from g which are not obtained as
limit of a nondecreasing sequence of GF solutions. Strong uniqueness is known so
far only for strong WDS solutions, c.f. Theorem 3.3.17.

e STEP 6. T-contractivity for MWDS. Comparison and Contractivity. We approx-
imate again ug € L}pl (Q) by the same sequence as in the uniqueness proof u, so by
Lemma 3.3.10 we have that

n—o0 0 n—o0

hm [un(tl) — /Un<t1)]iq)1 S hm ‘<[U07n — UO,n]i(I)l-

The strong L! convergence of Uo,n, Vo, implies the fact that f Upn — Von]+P1 —
f up — vo]+ P1, and Fatou’s Lemma applied on the left-hand sidp allow to conclude.
Cbnsequently, we have contractivity for MWDS, hence, uniqueness in L} , of MWDS,
as‘solutions get closer as t increases. Moreover, by T-contractivity we have that
comparison holds for MWDS; i.e. if ug(z) < vo(z) a.e € §2 then

0< /Q[U —v]4®; < /{([Uo — o]+ @1 = 0,

which implies that u(t) < v(t) a.e x € Q, as &; > 0 in the interior of €.
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e STEP 7. Boundedness of incremental quotient of u . Again, for the approximating
sequence, notice that before passing to the limit ~ — 0 in (3.3.5) we have

/( un (t + h,xi)l — Uy (t, ) B, de <

Now, we pass to the limit as n — oo on the right hand side and on the left by
Fatou’s lemma. The rest follows by the same argument as in the last part of the
proof of Lemma 3.3.9. O

2||ugn
1[(75 + R — tl_lm]—H - |JL‘11’1(Q) .
h tl—m

3.3.5 Existence of Ly -strong solutions and uniqueness

We prove now in which cases MWDS are actually L} -strong solutions and satisfy
the equation u; = —Lu"™ pointwise as functions of L}pl. Indeed, this also provides
T-contractivity hence strong uniqueness in L}pl. All of this is summarized in the
following theorem:

Theorem 3.3.17 (Lg -strong solutions). Let (Al) and (A2) hold. Then, the
MWDS w corresponding to the initial datum 0 < ug € Lg (), is moreover a Lg, -
strong solution, with the bound

2 HUOHL}I,I(Q)

V>0
(1 —m) -

[Opu(t) HL}I,l(Q) <

whenever one of the following additional conditions hold:

1. Let N > 2s > v and either (K1) or (M1) hold. Moreover, assume uy € LP(S2)
withp > 1 if m € (me, 1) or p > p. if m € (0, m,].

2. Let N,v > 2s, m € (0, %) and either (K1) or (M1) hold. Assume moreover
that ug € LP(Q) with p > 1 if m € (me, 1) or p > pe if m € (0,m,].

8. Let N > 2s > v and (K2) hold. Assume moreover that uy € Ly () with
p>1ifm e (mey, 1) orp>pey if me (0,me,].

Remark 3.3.18. Essentially the above theorem says that MWDS are strong when
they are bounded. Since the L' — L™ smoothing effects are not true for L}Dl data
when m is close to zero, it is therefore quite natural to expect that we need some
extra LP integrability on the initial datum to obtain bounded -hence strong- solutions,
as 1t will be made precise below.

Proof of Theorem 3.3.17. In the three cases we follow the same steps. We use
Theorem 3.3.5 for the MWDS in order to prove that 0,u is a integrable function, more
precisely that td,u € L*((0,T) : Ly, (22))). We have to check if the assumptions of
Theorem 3.3.5 are satisfied, namely, if the solution satisfies u € BV ((0,T) : Lg (2))

and u 2" € WW((0,7) : L, ().
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e STEP 1. w € BV((0,T) : Ly, (22)): The former condition follows by applying
Lemma 3.3.9 to the monotone increasing GF solutions u,(¢) that approximate the
MWDS u(t) and passing to the limit,

2 luonlicy, @ 2 [uollzy (@
nooo (1—m)t  (1—m)t

since we use Fatou’s Lemma and wg,, — v in Ly ().
b (Pl

e STEP 2. u =" € WHL((0,T) : Ly, (Q)): On the other hand, the latter condition

will be satisfied by Lemma 3.3.8, but first we have to bound the ||u,(to/2)| @) in

terms of [Jug ||y () in order to pass to the limit. Thus, let study the three cases
1

of Theorem 3.3.17:

1. Let u,(t) be a GF solution, then by Theorem 3.5.1, recalling the fact that
L7'®; = A\ '®,, we have

_ un(t) B
(13 = / il dr s /(w L), d
' 2spip
) - gl ™
=\ T ||un(t)||L}I>l(Q) < /‘f)\11||U0,n||L}I>1(Q)t1+—NIZ9p
1 o0 “m
ol
N uOn
S L L

m

where we have used the decay of the L}I)l-norm and Holder’s inequality. Hence,
combining the above estimate with inequality (3.3.4) of Lemma 3.3.8, we ob-
tain

1 1
||atun ||L2( (to,t1):L2()) < Cm <€ + t1) (é - E) (Un(t0/2)||%1*(ﬂ)
1 1 [[wo,nl
Scm< + )( ——) Lo, H—Luwp-
T — 1 t1 (to/2)

We can let n — oo and using Fatou’s Lemma on the left-hand side, and
that up, — up in LP(€2) on the right-hand side, therefore we conclude that

w T e WH((0,T) : L, ().

2. Let u,(t) be a GF solution, then by Theorem 3.5.1 with m < % < 1 and
L7'®; = A '®, we have
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lan @) 2= [ wn £ tunde < 2l (@75 21y g
n HQ) = [ Un Up AT = 25 i Uy AT
Q ®7m o0
1
25 1, (t _ - Sl Un(t
< oy 2l K@ﬁ%@sawam fun(®)llzy ) 2
d™ (I)wm 00
| ltoalls ™ ol
—\ — 27'rsn_1 u01 " m Uo
< FAT D ooy o i — < R ] e, N0l T
! lwonlls™
p=1 ||Ug
< mAT o je st enle

m

where we have used the decay of the L}Dl—norm and Holder’s inequality. Hence,
combining the above estimate with inequality (3.3.4) of Lemma 3.3.8, we ob-
tain
1+m
”atuﬂ “L2 ((to,t1):L%(Q))

) <
() (- e
coforte) ({2 fromitor

We can let n — oo and using Fatou’s Lemma on the left-hand side, and
that up,, — uo in LP(€2) on the right-hand side, therefore we conclude that

w s e WH((0,T) : Ly, ().

H*)

3. Let u,(t) be a GF solution, then by Theorem 3.5.1 and recalling the fact that
L71d, = )\1_1<I>1, we have

_ wp,(t _
wa;@z/%cwwm;"@ J[eeuenas
lonllyy @
1 up(t) o Uonllre (o)
=] ! n% ||un(t>||L}I>l(Q) < KA 1||u0,n||L}I)1(Q) tH;l;M
1 o0 T m
1+(25 ’Y)Pﬂp’y
o ”UOnHLp (Q)
S KA 1 ||CI)1|| 1+N19P'Y

m

where we have used the decay of the L} -norm and Holder’s inequality. Notice
that in the case p = 1 we just stop at the second inequality and the Theorem is
proven. In the rest of the cases, we combine the above estimate with inequality
(3.3.4) of Lemma 3.3.8, to obtain

0rn | <on(fo ) (o2
tUn L2((to,t1):L2(Q)) = Cm 0 T—t ty e

H*(©)
1+ 2s—7)pVIp, o4

1 1 ”“‘J"HLP @
S Cm + - O @ 1
(é T—h) (é tl)é H H (0/ ) +N19p7
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We can let n — oo and using Fatou’s Lemma on the left-hand side, and
that up, — up in LP(€2) on the right-hand side, therefore we conclude that
14+m

u e WIL((0,T) : L, (). O

3.4 Energy estimates and Finite Extinction Time

Once we have that solutions exist and are bounded for sufficiently smooth initial
data, we will prove that they vanish in finite time, with estimates from above and
below for the extinction time in different norms. Also we will show sharp time decay
estimates as t — T~ that show how bounded solution extinguish in finite time, and
constitute the first step towards the understanding of the asymptotic behaviour,
which is a really delicate issue already in the local case, cf. for instance [18].

Some of the results from this section are presented in terms of nonlinear Rayleigh
quotients and their decay along the flow:

3.4.1 Nonlinear Rayleigh Quotients and extinction rates

Let us consider the “Dual” Nonlinear Rayleigh Quotient

R Jde
IFIE" (i Aefdz) =

We shall show that Q*[u(t)] is decreasing along the FFDE flow, namely that

Q" [f]

d |,
EQ [u(t)] )

(fflu[flu dx) I (ffluHm dx) (: 0
\ (f(uﬁ—lu da:) \er

(ff/u”m dx)2 o
<f(u&ludx>*f““

<—-(1+m) 1+m)

(3.4.1)

since we have that

m—1

o (e tean) T = fue ) T ()

and also that

d yltm . . (£1/2um)2 (£—1/2u)2
T 4<1+mdx—/9u 8tudx——/!<u Lu dx-—/g( (L 1720)? dz

ey 1 )
S (VoY el N MOATEN (/( d) - (342)

where we have used the decay of the H*-norm and the Cauchy-Schwarz inequality

in the following form
2 2
/ U > I 71 : (3.4.3)
9 gl
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CHAPTER 3. THE CAUCHY-DIRICHLET PROBLEM FOR FFDE

Let us consider the Nonlinear Rayleigh Quotient
1™ e fmLfmda
alfl - -

Hf“].-‘rm B (f kf|1+mdx) 12 'm.
As before, Q[u(t)] decays along the FFDE flo

d _ 5 (Jfw Lum dz) om (Jfu™ Lu™ dx)

—Q[U(t)] 2m_ m <0
. (f(&m dn) <f(&l+m )

since (3.4.3) implies that

d

2m m m 2
< (Lu™)? dz < —9m (fQu Lu dx)

ultm = [{ul+m dx
The decay of the Nonlinear Rayleigh Quotient Q[u(t)] provides another proof of the
upper estimate of the L**™-norm without using a Sobolev-type inequality.

u"Lu™ dr = —2m/ (3.4.4)

3.4.2 Norm estimates and bounds for the extinction time

The estimates that we present about the LP-norm requires Sobolev and Stroock-
Varopoulos inequalities which can be deduced from assumption (K1) and (M1) as we
show in Section 3.2.1. For the estimates involving smoothing effects with weighted
norms we will require (K2).

Proposition 3.4.1 (H* estimates and extinction time). Assume (A1), (A2), (K1)
and let m € (0,1). Let u be a nonnegative WDS with u§ € H*(Q2), where a. < «

with o, = max{1, %} Then, there exists a finite extinction time T > 0
such that

0<T="T(up) < cq ||ug]

1-—m
HC:(Q) Va > a,,

with ¢, depending on a,m, s, N and H, . Moreover, for every 0 <ty <t < T we
have

1-m 1-m
H*(Q) < lu® (t0)| H*(Q) — Co(t —to) . (3.4.5)
Proof. Let us derive in time the H*-norm of u® for any a > a.,

d

Ca(T' = 1) < [lu(?)]

w L de = 2&/ w o L7 de = —2a/ wt Lu™ L7 de
Q

dt
2am atm—1 p—1_ « Qam 2a+m—1
<— | Lu LTudr=————— [[u dx,
a+m—1 Jq a+m—1
where we have applied Kato’s inequality (3.6.10) with f(v) = %va+z_1 and
Yy at+m—1

v = u™. Assumption (K1), ensures the validity of the HLS inequality for the H*-
norm (3 1.2), that applied to f = u® with ¢ = 2a+m L gives

i U,aﬁ_lua de S _ 2am 2a+m 1
dt Jq a+m— 1
mi\-1

2 7_[ 2at+mx1 2at+m—1
[e3 2a
LMt ( u*L! dx)
a+m—1
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CHAPTER 3. THE CAUCHY-DIRICHLET PROBLEM FOR FFDE

Integrating this ODE on the intervals [t, t] and [t, T] we conclude (3.4.5). The upper
bound of the extinction time is provided by choosing ¢ = 0 in the lower bound of
(3.4.5). O

Once we have proven the extinction of the solution, we can study the rate of
extinction. For this purpose, we provide the decay of the Lj -norm in terms of the
extinction time. This result is deduced directly from the formulation of the WDS
without assumptions on £71.

Proposition 3.4.2 (Lg, estimate and extinction time). Assume (A1), (A2), (K1)
and let m € (0,1). Let u be a nonnegative WDS with ug € Lg (Q2), and let T > 0,
be its extinction time. Then

lu@®lzy @ S a(T =67 MO<t<T,

1
with ¢g = A{ ™™
extinction time,

Oy||y. As a consequence, we have the following lower bound for the

1-m
7> Ny (Jluollzy, 19411

Proof. Let us consider the test function (7, ) = A\ ®1(x) x;,71(7) in the weak dual
formulation (we approximate x as in Lemma 3.6.7) and use that ®; satisfies
LD = \1D,

Hu(t)HL(lb— HU(T)HL;:/(/U@X[M] O, drdr =\ /( (ﬁ_lu Or X,y @1 da dr
1 1 Q
T T T
://(E_luadede://umzbdxdT:Al//um@ldasz
0 0JQ t JQ

< A1||<1>||}-m/@u<r>||z; dr < M@ ()7, (T — )

t!

where we have use Holder and the L}bl—decay in the last inequalities. The result
follows from the fact that 7 is the extinction time, hence [|u(T)|[z; = 0. O
1

Proposition 3.4.3 (H* extinction rate). Let 0 < m < 1 and u be a nonnegative
WDS with initial data ug € L' N H*(Q). Assume (A1) and (A2). If there exists
an extinction time T' > 0 and (K1) holds, then

[[u(?)]

1

@) < ¢ Q[ug) = (T — t)ﬁ for every 0 <t <T, (3.4.6)

with ¢; = (1 — m)ﬁ. In addition, if m € (ms, 1), then we also have the lower

estimate

1

@) < ¢ Q[ug| = (T — t)ﬁ for every 0 <t <T,
(3.4.7)

(T — )77 < |u(t)|

88
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with ¢y depending on m, s, N,Q) and H. Moreover, let € € (0,1) and t. = €T, then

2
1—-m t_l fOT' O < t < t
ult 1+m c Q*l 7 [ ’ . -7 3.4.8
[ ( )H1+m = [t4o] {ii(T _ t)%my forte <t <T. ( )

2
(1_m) T—m

T 1— . In addition,

where c* = and c, = e 1(1 —

t2 for 0 <t <t

€)
(3.4.9)
1,m7 forte <t <T,

Ju™ ()HH(Q SCleuo{

2+43m ] -1

_2
where c* = % and ¢, = [(1 —V1—¢)(1—¢)20+m

Proof. Proof of (3.4.6). We derive the H*-norm and use the monotonicity of
Q" [u(t)],
1+m

gt (M lude = -2 /'<u1+m dz = —2 Q*[u(t)] < /Q uﬁ_ludx) 2

1+m

> —2 Q"[u] ( [(m-ludx) :

The upper estimate follows from integrating in [¢, 7] the ODE for ||u(t)|| g
Proof of lower bound in (3.4.7). Since 1 +m > (2*) = N2fr\;s, we have that (K1)
implies HLS inequality. Therefore,

If1

Ni2s 1
e < Hel fll 2 < HelQ 2N T | f 1 -

Proof of (3.4.8). Now, we derive in time the H*-norm of the solution wu(t) and we
apply the estimate above,

14+m

((iit (uﬁ Yude = =2 [<1+mdx< 2(097-[[;) (1+m) (/ uﬁ_ludx)
0

The lower estimate follows from integrating on [t,T] the ODE for [|u(t)||g+. From
(3.2.28) and (3.4.6) we have that for every t >ty > 0
1 [lulto)ll- c? 2 (T —to) T
14m © - _ G g T Y (3.4.10
WO < oo < e Ol P (3410
Now, let t € [t.,T) with t, = ¢ T with € € (0,1) and ¢, = =<
thy >0 < t>t. and t>t) — t<T.
Introducing this ty in (3.4.10) we arrive to
1+m C% * 2 1+m
lu@liim < i Qo] = (T — )=, (3.4.11)

c(l—e)rm(l+m)
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CHAPTER 3. THE CAUCHY-DIRICHLET PROBLEM FOR FFDE

so calling ¢* = lfm we arrive to the second part in (3.4.8). For the case t < t., we
just take tg = 0 in 3.4.10 and the result follows.

Proof of (3.4.9) . For the case t > t. we use now the first part of estimate (3.2.28)
combined with the previous decay (3.4.8). For this we choose t, defined as above

such that for every ¢t > t., we have

* (T — )T
c*c 2 —t)Tm
()3 < LM ug| T ——— 3.4.12
om0y < Gt o) s (3412
Now, set t = 8=<L and notice that
ti —e T
toz%zteo — tlz(QEO—Eg)T.

So, setting € = (269 — €2) > €, i.e. ¢ = 1 — /1 —¢, we have that for every
t1 € [t.,T).

*
C C€0 2 2m

T Q*ug]=m (T — t1)1-m. 3.4.13
ey gy Tl (T = 8) (3.4.13)

™ () ) <

Setting t; = t, c* = and ¢, = —0  with ¢¢ = 1 — /1 — € we get

(3.4.9).
For t < t., from (3.2.28)

<1
2m(14+m)

u(to) % 2 VT
1 [[u(to)lI @ c] Q*[Uo]ﬁ (T —to)1 .
(tr = )(t — to)
(3.4.14)
Here we just take tg = 0, ¢ = ¢;/2 and the result follows from the estimate above. [

Proposition 3.4.4 (L? estimates and Extinction Time). Assume (A1), (A2), (M1)
and let m € (0,1). Let u be a nonnegative WDS corresponding to the initial datum
ug € LP(Q) with p > p.. Then, there exists a finite extinction time T > 0 such that

0<T =T(uop) < cpllugl, ™,

™ () 170y < om(l+m) (t — )t —to) — 2m(L +m)

where ¢, > 0 only depends on p,m,s, N, \1,S, Q. In addition, for every 0 <ty <
t <T we have

ep(T = 1) < [lu®)ll,™ < llulto)l,™ = ¢t — to) - (3.4.15)

Moreover, for everyt € [t.,T), where t. = €T with € € (0, 1), there exists c,e, which
blows up when ¢ — 0, such that

Jun

— 0 % 1+m
Ju(t)|P < cpe R T%) Q*[ug) T (T — t)Tm (3.4.16)

-

where
(L—m)= e 1
p —m)1l-m 24+3m - _ — N9
Cp,e:m [ — 1—6)(1—6)2(”’")] and Re =F/e ",
with ® as in Theorem 3.2.8. When p < 1 + m the correct exponent comes from
introducing p = 1+ m in (3.4.16) and by Holder’s inequality.
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CHAPTER 3. THE CAUCHY-DIRICHLET PROBLEM FOR FFDE

Proof. Recall that (K1) and (L1) implies (M1) and Sobolev inequality, see Section
3.2.1. Hence,

d —
T up dor = —p/( P Lu™ da < —cmp||£2up+2 ' Ik (3.4.17)
< —Cmp STUET NP 0y = —Cmpe Sz [ulr
m,p,Q2 O ﬁ m,p,Q2 O P )

where in the last inequality we have used Sobolev in the following form,

_1
%

lull 2

S 1£7 ull2,

Ull2x >

since p > p. implies

pﬁf;_l < 2" = 2. Now, integrating the ODE that [ju()][?
satisfies on the intervals [to, t] and [¢,T] we obtain (3.4.15). For the upper bound on
T, just let t =0 in (3.4.15).

Now, we prove (3.4.16). For p > 1+ m, the rest of the cases follow by Holder,

we compute

d
pr up de = —p /(up_lﬁum dz > —p||u(t)|p; ™) / u" Lu™ dz

Juol 22\
— m m — |lUo m
= PO W Ol >~ 7 ) 1™ (1) 2

for every t > to, by Theorem 3.2.8. Now, by (3.4.9), for every t > ¢ T with € € (0, 1)

d 5 ||U ||25p19 p—(14+m)
m 2
dt [(up do==p eNp N9y ™ (O 720 (3.4.18)

to

0] P U o
Nop Ny Q = [ug)(T — )T
0

where %, = /e with ¢* and c. as in (3.4.9); and % as in Theorem 3.2.8. Inte-
grating (3.4.18) over suitable [to,t;] and choosing ¢t = T and t, = t we arrive to
(3.4.16). O

Proposition 3.4.5. Let N > 2s, m € (0,1) and assume (Al), (A2) and either
(K1) or (M1). Let u be a nonnegative WDS of (FFDE) corresponding to the initial
datum ug € LP(Q) with p > 1 if m € (m,, 1) or p > p. if m € (0,m.]. Then, for all
t € lt.,T) with e € (0,1), there exists c = ¢(N,m, s,p, 2, €) blowing up when ¢ — 0,
such that

4s9p 9p 1

- Jluolly Q*[ug] o (T — )7+ 7. (3.4.19)

2sp 9, \ 250plp—(1+m)]
[l < Cooe Fe )

TN,

Proof. For every ty > €y T, by Theorem 3.2.8 and (3.4.16),

2spp
u) < 7 1L o, ]

1-m
it <76 o g, ) Qlwl”

(t —to)NVr

s 2s0p[p—(14+m)] 259p (1+m)
2 D Vp ) plP +7p (T B to) p
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with % and ¢, . as in Theorem 3.2.8 and (3.4.16) respectively. Then, we set t, = %

and € = 26y — €2, and by the same argument as in (3.4.13) we have that for every
t € te,T)

9.\ 20p[p—(1rm)] ¢
= H OHQSP ! 4s9p 259p(1+m)—NIp(l—m)
Hu(t)HOO S CSO /4660 TN,lQ Q [uo] 1-m (T — t) 1-m
where
Rclr
C?O = P Ip 1 Wlth 60 = 1 — \/]_ — €.

eév (1 — €g) 1m T-m

We finish noticing that

25U,(1+m) — NJp(1—m) o, 1
1—m C Vaml—m

]

Proposition 3.4.6. Let N > 2s > v, m € (mcn,1) and assume (Al), (A2) and
(K2). Let u be a nonnegative WDS of (FFDE) corresponding to the initial datum
ug € Ly, () and let € € (0,1), then for every t € [t.,T) with tc = €T we have

1
[u(t)]loo < C1e (T =)™, (3.4.20)
with ¢ = C1.(N,m, s,p,, A1, €) blowing up when € — 0.

Proof. By Theorem 3.2.9 and Proposition 3.4.2, for every ¢t > tg > 0

luttolllzg @ (= 1)
— 1—m
Ju®)lle <7 < L) (3421
(t _ tQ)NﬂlvV (t _ to)NﬂlW
where ¢; = /<;c§ "% and % and c; are as in Theorem 3.2.9 and Proposition 3.4.2.

Now, imposing t > ¢ T with € € (0,1) and introducing ty = ’E fET) in (3.4.21) we get

— _1
el < €1 (T =)=,

where ¢y, = ————. O
) NV —
€ 1,v (1—6) IT—m

3.5 Boundary behaviour and Global Harnack
Principles

By means of the estimates in the previous section, here we prove quantitative upper
and lower bounds of the solutions in terms of the first eigenfunction of the operator
L, that we recall to satisfy

Dy (z) < 0, () = dist(z, 09)7.
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This provides the information necessary to state our Global Harnack Principles.
In the classical setting, the first GHP for the fast diffusion equation where proven
by Kwong [96, 95] and diBenedetto, Kwong and Vespri [58], in the range m €
(msg, 1). They introduce the name “Global Harnack Principle”, because they provide
a uniform Harnack inequality globally both in space and in time. In these works, the
Harnack constants depend on the initial data uy by means of Que], that is, || Vu{||2
and ||ug|l14m- In [19], Bonforte and Figalli provide a new proof which eliminates
the dependence on Q[ug], replacing it with Q*[ug]. They also extend the result to
the whole range m € (0, 1), paying the price of an extra time exponent in the bad
range m € (0,m,]. By similar arguments to the ones in [19] we get the following
results, which provide strong quantitative information of how the lateral boundary
conditions are satisfied.

3.5.1 Upper boundary estimates

Theorem 3.5.1 (Upper boundary estimate). Let N > 2s, m € (0,1) and assume
(A1), (A2) and (K2). Let u be a nonnegative WDS of (CDP) corresponding to the
initial datum uy € LP(Q) with p > 1 if m € (m, 1) orp > p. if m € (0,m]. Then,
u(t) satisfies boundary condition and we have

luto) o™

m < -
u (t’xo) =K (t _ t0)1+Nz9p

Bi(®1(zg)) for a.e. zg € Q and YVt >ty >0, (3.5.1)

with % depending on p,m,s,v, N and Q, and By is defined as in Lemma 4.1 of [21],

1(0), for 2s > ~,
Bi(®1(x0)) := < P1(zo)(1 + |log Py (z0)|), for 2s =1, (3.5.2)
2s
1(0) 7, for 2s < ~.
In addition,
um m 2s59p 1
— < Cug, t)(T — t)Tm ~ T=m = (AFm)] (3.5.3)
1
where
) for 0 <t <T/2,
Cluo, t] = Cpps,v0 pep oy \ 250pl—(1+m)] 1 "
TN, ) Q*[ug|™=m, forT/2 <t<T.

Proof. Let us first prove 3.5.1). From Theorem 3.2.8 it follows that u(t) is bounded
for every ¢ > 0. Indeed, for a.e. xy € Q and t > 0 we have (recall that B; is defined
in (3.5.2))

/(U(t/an)GQ(ﬁoax) dz < [[u(t/2)|leol|Galzo, )|l < cillu(t/2)|lecBr(P1(w0)),
(3.5.4)
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where in the last step we have used Lemma 4.2 of [21] which requires (K2). We
remark that constant ¢; depends on m, s,y and N. Then, we use (3.5.4) in estimate
(3.2.17) with p =1, t; =t and 7 = t/2,

1
o= 9w ¢

u™(t, o) < m/(lt(t/?,x) Ga(zo, )dfc<ﬁHU(t/2)llool5’1( 1(w0)) -

Now, let us apply the smoothing estimate of Theorem 3.2.8,

9T ¢y 2T ¢y ||| 2P

A=m i [u(t/2)]| o0 Bi(®1(0)) < T 1% By (1 (z0)) .

Estimate (3.5.1) follows from the property of semigroups (time-shift invariance).
For the weighted result with 2s > ~, we repeat this last step with the smoothing
estimate of Theorem 3.2.9,

u™(t, zo) <

1 @eetps Hu ” (25— WWM
m 21-m ¢y 27 1-m 0 Q)
u™(t, o) §m||u(t/2)||oo@1(x0) < 1—m) tHNﬂM ®q(z0). O

Now, to prove (3.5.3) we take the pointwise estimate (3.2.16) and compute

Bo) ¢ €7 gy <o (=) {7 el 555
(131(170) 1 mtm B té,m to t—to

m
lm

using that t7= is convex and so L < trm — tl ™. Now, we use (3.4.19) and we
get, for any ¢y such that ¢ty > ¢, > 0

_ 9
o) o ) o1t (T = 1) =
_ 7 . K - * 1-m
d, (xo) SC Gy FRe TNV [UO] t—to

Then, we set t, = T E‘QT and € = 2¢y — €2, as in (3.4.13). Choosing ¢, such that

€= 1/2 we have that for every t € [T/2,T)

9
u™(t, o) ol
@1 (x0> = Cm,p,s,N,Q TN/&

~ 22 [p—(14+m)]

> 259p[p—(14+m)]+

In the case t < T'/2, we just use Theorem 3.2.8 in the first inequality in (3.5.5) and
we get

) et el ol el

where C' depends on m,p,s, N and 2. The expression above implies (3.5.3) when
t<T/2. O
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Theorem 3.5.2. Let N > 2s > v, m € (mcy,1) and assume (Al), (A2) and
(K3). Let u be a nonnegative WDS of (FFDE) corresponding to the initial datum
ug € Ly, (). Then, for every t € [T/2,T) we have

u™(t, xo)

%, (o) <c, (T —t)Tn, (3.5.6)

where
lli, for0<t<T/2,
Cy = Cpps.N, —m
! P forT/2 <t<T.

Proof. We follow the same proof of Theorem 3.5.1 until (3.5.5), where we just apply
the L™ estimate (3.4.20). We choose ¢j such that the result holds for all 7/2 < ¢t. O

3.5.2 Lower boundary estimates

Theorem 3.5.3 (Lg, norm lower estimates). Let N > 2s >, m € (0,1) and as-
sume (A1), (A2) and (K3). Let u be a nonnegative WDS of (FFDE) corresponding
to the initial datum uy € LP(Q) with p > 1 if m € (m,, 1) orp > p. if m € (0, m,].
Then, for everyt € [T/2,T) we have

1 2s9p[p—(1+m)] 4

lu@)l[y, = (T = t)T=n""""7=m (3.5.7)
where
: 43512?53_771) , when m € (Mg, Moy (|,
c= % - c3 s, When m € (0,my].

450, 2sp9p \ 250p[p—(1+m)l 4
o ol
0 TNUp

In addition, 1 ug € Ly, () and m € (men, 1), then

lu(®)llzy, > (T — ). (35.8)

The constants ci,cs and ¢ depend only on m,p, s, N, .

Proof. We follow the proof in [19] for (3.5.7). First, differentiating the Lg norm
and setting p > 2m we have

d
— | u® dz = —/ L(u™)Py do = —Al/umcbl dz

at s
_ uP @y Qe < A1 Hqu < g™ (T—t)lfm
- M p—2m ,,m = p—2m || ym = p—2m || u™
Wy [Jullse ™™ I, Moo [Jullse ™ I, Moo
(3.5.9)

where we have used the lower estimate for the LP norm in (3.4.16). Now, we split
the proof in three parts depending of the range of m € (0, 1).
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e m € (mg,1). Here, we take p = 1 + m in the estimates (3.4.19) and (3.5.3)
and choose € such that
4591 4m 1 um(t 45914,

[u(®lloe < Coo,1/2Q" o] = (T =)= and - == < ¢;,1/2Q"uo] = (T —t)m
(3.5.10)

for every t € [T'/2,T), with both ¢ and ¢’ depending only on n,p, s,n and (.
Introducing (3.5.10) in (3.5.9) with p = 1 4+ m we get

14+m

d A€ T —t)=m
7 (v de < - 1 i ( 43§1+m<2m>. (3.5.11)
;@2 Cp1/2 QF [~ =

Then, integrating over [t, T we get

1+m 1
)\1 (1—m)c1*;’; (T—t)m 1
lu()lley, = — ey = (o) (T — )™
Cooﬁr;g Ch1/2 Q*[ug] T-m

for all t € [T'/2,T).
e m € (mgy,1). In this case, we are allowed to use estimates (3.4.20) and
(3.5.6) so that, setting again p = 1+ m in (3.5.9) and € = 1/2, we get for all
€ |T/2,T)

1 z 14+m 1tm _m
T — )iom T — ) Tom

d u(bld <_)\1C1+71n5n t)l S >\1C1+m< t)l

dt lullis™ 115 Nl C11/s Cme,1/2

which integrated over [¢, T gives
M (1= m)ch (T -0
1 1— C 7% —t)T=-m 1
lu(®)llzy, > L =c (T —t)™m. (3.5.12)

C1,1/2 Cme,1/2

e m € [0,m,). For the remaining case, in which we have that p > 1+m > 2m,
we introduce estimates (3.4.19) and (3.5.3) in (3.5.9) to obtain

d g (T — )
U(I)ld ~ poy
dt 1( [l ™ |

oo

m_ | 2s0p[p—(1+m)]

)\1 (T — t) 1- 1-m
2505 lp— (1t (p—2m+1)
P m 2spVp 49191) m
¢m$?%(éHW%> Qrfu] -2

which integrated over [t,T] gives

Y

2s9p[p—(14+m)]

M (L= m) (1L+ 250, (p— 2m + 1)fp— (L+m)]) " (T — )=t 1=

P 4s9p 2spIp 2819?[17_(1+m)}+ py-2m+1
pom | ot (Lol
Cp Coo e Che [UO] Reg TNDp

259p[p—(1+m)]

= ¢, (uo)(T — HTmt T i,

lu(®)lzy, >

Setting € and ¢y such that the expression above holds for t € [T'/2,T] we get the
result. O
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Theorem 3.5.4 (Global lower bounds ). Let N > 2s, m € (0,1) and assume
(A1), (A2) and (K3). Let u be a nonnegative WDS of (FFDE) corresponding to the
initial datum ug € LP(Y) and extinction time T' = T'(ug). Then, for allt € (0,T):

u™(t, x t\ ™ m_, 2s9p[p—(14+m)]
Loz (7)[7 oo s

where

€2
45914 (2=m)
i [uO} I—m

clug] = q £ = when m € (0,myg].

4s9p 2sp Op \ 259plP—(1+m)] 1 pr2mly
*[up] T=m lluollp
Ny

In addition \if ug € Ly, () and m € (m., 1), then

%1950) > ¢, (%)(W (T — ). (3.5.14)

Constants c¢,, ¢, and c5 depend only on m,p, s, N, .

when m € (mg, M|,

Proof. When t € [T'/2,T], to prove estimates (3.5.13) and (3.5.14) we compute

um(t, ) > — /(u(t,x)GQ(xo,x)dx

2 T
1l—m i —¢1m
C tTom

> t P
“1l-m i _tﬁIIU( )HL}DI(Q) 1(w0)

t\ Fm u(t)]| 1 Q)
B (f)(h 7o il

where we have used that T/(=m) — ¢1/(=m) < L qm/(=m) (T _ ) - ag t1/(1=m) jg
convex and Lemma 3.2.4. Choosing the right lower estimates for Lg -norm in 3.5.3
both results follow.

When 0 < ¢t < T'/2 we notice that by (3.2.16)

() 5

Using 0 < tg < T/2 <t < T and the estimate for %(t) when t € [T/2,T] we get the

1

result for ¢ty € (0,7/2). O

3.5.3 Global Harnack Principles

Here we combine upper and lower estimates above to get the following Global Har-
nack Principles:
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Theorem 3.5.5 (Global Harnack Principle I). Let N > 2s > v, m € (0,1) and

assume (A1), (A2) and (K3). Let u be a nonnegative WDS of (FFDE) correspond-

ing to the initial datum ug € LP(QY) with extinction time T = T(ug). Then, for all
€ (0,7), we have

t yam m L 289p[p—(14m)] m 260
<l (Tﬂ# (7 — )Pt R < I < g, (T — Rl
1

(3.5.15)

for 0 <t <T/2,

259, [p—(1+m)]+ v,
) Q*[ug]™m, for T/2 <t <T.

and
Cm7pis7N7Q

2290 ug " 250, [p—(1+m)]; | P2m L
*[UO] T TNy

Theorem 3.5.6 (Global Harnack Principle II). Let N > 2s > v, m € (m.,, 1) and

assume (A1), (A2) and (K3). Let u be a nonnegative WDS of (FFDE) correspond-

ing to the initial datum uy € Ly, (Q) with extinction time T = T(ug). Then, for all
€ (0,7, we have

c (%)T(E (T — )2 < UB20) oy op e (3.5.16)

=, for0<t<T/2,
. T—m
forT/2 <t <T,

where ¢ and € depend only on m,p, s, N, ).

Remark 3.5.7. (i) Notice that, when m € (mg, 1) we can choose p = 1+ m in
(3.5.15) and get matching exponents in the GHP:

cluo] (%)(L (T )5 < < e 7 )7

(i) When m € (m.., 1), we remove the dependence of the constant of the GHP in
the initial data, see definition of ¢ and ¢(¢) in (3.5.16).

3.6 Regularity

Once we know that solutions to (CDP) are globally positive and bounded, with
precise pointwise bounds given by the GHP, the next natural question is whether
or not they are continuous. Indeed, we show that they are Holder continuous in
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space and time and up to the boundary, cf. Theorem 3.6.1. For the general class
of operators that we consider, this is the best result that one can expect, as the
coefficients of the linear operator are, in general, only measurable and bounded.
This is proven in Theorem 3.6.1, by means of a localization argument and Holder
estimates for linear parabolic operators with measurable coefficients. An intriguing
open problem is represented by the optimality of the Holder exponent. This part
is still a work in progress, as we shall comment further on. On the one hand, we
shall show that the solution can be classical in the interior, namely C’f 425’5 for some
B € (0,1), when the operator £ allows it. We shall see how to use standard Schauder
estimates for linear operators to obtain such improvement, namely Theorem 3.6.3.
On the other hand, the GHP show that the optimal boundary regularity may differ
from the one in the interior. We conjecture that the optimal exponent is determined
by the power of the distance to the boundary in the GHP, namely o« = v/m > 0.
We notice that «v/m can be bigger than one, in which case the C* regularity has
to be understood in the sense of Cle~[o) where [a] is the integer part of a. This
would follow by exploiting the interior higher regularity and delicate localization
and scaling arguments, in the spirit of [20, 22]. From now on, we will assume the
following form of the operator:

£5(z) - /ﬂ( L =IO 4 Blojuto) 3.1

where
A <a(z,y) <A, and 0< B e L>(Q).

for some 0 < A\, A < oo. In what follows, for the sake of simplicity, we will ignore
the lower order term B(x)u(z), but all the calculations work also with this term.

We are now ready to state the first main result of this section, concerning Holder
regularity for solutions.

Theorem 3.6.1 (Interior and boundary Hoélder regularity). Let N > 2s > v, m €
(0,1) and assume (A1), (A2) and (K3). Let L be as in (3.6.1) and u be a nonnegative
WDS of (FFDE) corresponding to the initial datum vy € LP(Q2). Then, for any
O<to<ti <T

Interior regularity: There exists o € (0,1) such that

HUHCQ/QSva((tO,tl)XQE) < Ce, (3.6.2)

where, for fired 0 < €, Q. C Q is such that, if xy € €, then e < dist(xg, 0L2).
Boundary regularity: For any o/ € (0, ﬁ&_m) A «) we have that
[l g2yt < C- (36.3

The proof follows the main lines of [20, 22]. We first localize the problem in a
domain inside (0,77) x Q. Next we rewrite the nonlinear problem as a linear one
with “good” coefficients a(t, z,y), to be able to exploit the linear theory for nonlocal
parabolic operators, in our case represented by a celebrated result by Felsinger and
Kassmann [64], recalled below. We can use the GHP of Theorem 3.5.5 to ensure
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that “the coefficients a(t, x, y) are uniformly parabolic”, that is there exist constants
0 < A < Asuch that A < a(t,z,y) < A\. We finally extend the C® regularity up to
the boundary.

We recall here the key result needed in the proof of Holder regularity of solutions,
which we have adapted from [64] to our notations and we have modified by adding
a non homogeneous term f.

Theorem 3.6.2 (Felsinger-Kassmann [64]). Let L be like.

Lof(x)=PV. A(v[f(x) - f(y)]% d

with A= < a(t,z,y) < A for some 1 < A < oco. Then, there exists 3 € (0,1)
depending on N, s and A such that for every solution to dyu+ Lu = f in (0,1) x By
with || f||Le(01)xB,) < C satisfies

lullosressyaip, ) < C ([lull oo 0,1y xry)y + | FllEoo((0,1)xB1)) (
for some C' that depends only on N, 0, m, s and A.

Proof of 3.5.6. We begin by proving the interior Holder estimates. Given (to,zg) €
(0,7) x Q, let R > 4 such that

dist(xg, 0) < T —to\ "’
R - 2

and we define
. dist(zo, 092)

R
Now, define # := 2s + v(+ — 1) and rescale the equation

Ou+ Lu™ =0 in  (to,to +7%) x B,(x0) C (0,T) x Q,
so that
up(t, ) = 77 ™u(ty 4+ rot, xo 4 ra)

is solution of
Bur + Lu™ =0 in (0,1) x Bs(0). (3.6.4)

By Theorem 3.5.5, we have that for all (¢,2) € (0,1) x Bs3(0)

~V/Mefug)(T —to —rPt) =m T " < ur(t, ) < Y] (T — to — r0t) = 0
el (T =t =17t S Tist(ao + ra,oqpim =7 ol —to—r7t)T
(3.6.5)
Notice that
i) 1 < r=Y™dist(x + rx, 002)Y™ < 2RYV™ Vo € B3(0),
.. T—1
ii) 5 0 < (T —to — %) <T —tg Vit € (0,1)-
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Hence, from (3.6.5) we deduce the following bounds for u, (¢, z) with (¢,z) € (0,1) x
B3(0), 1 1
clug)(T — to) =71 < up(t, o) < euel(T —to) == 7. (3.6.6)

Now, let n € C°(B;) be such that n =1 in B;. Then, we can write

w () —u(ty) = [u(t, 2) — ue(t,y)lat, z,y) + h(t, z,y),

where

and
h(t, 2,y) = [ (t,2) — " (t,y) — u (¢, 2) +u" (t, y)|(1 = n(z —y)).
So we can write (3.6.4) as
Oty + Lagu, = fr  in (0,1) x B3(0),

where
Loru(t,x) =P.V. /ﬂév(ur(t, x) —u.(t,y))a(t, z,y) K. (z,y) dy
and
fr(t,z) = P.V. /ﬂ(v h(t,z,y)K.(z,y)dy.

Notice that, as m € (0,1) we have that

max{u =" (f 2), (G y)} T et e) —u(ty) T mindurmm(E @), u (G y) )

Then, for (t,z,y) € (0,1) x By x RY we have the following estimate
A <a(t,z,y) <A,

where

m

A= T (T to)l,g(l,m)n(:v —y)+[1—nlz—y)

and

m

A= cluo] (T — to)l-i-a(l—m)n(

r—y)+[1—nlr—y)

On the other hand, is easy to see that h(t,z,y) = 0 when |z — y| < 1. This, with
the fact that u, is bounded, leads to

| frllo01yxB < C.
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So we satisfy all conditions in Theorem 3.6.2 and we have that

HUTHC’O‘/QS’O‘((l/Q,l)xBl/Q) <C (HUTHLOO((O,l)XRN) + HfrHL‘X’((O,l)xBﬂ) (

Recalling the definition of u,., the expression above implies

=™ty + r07, 20 + rx)| — u(ty + 7, 20 + ra’)
sup

e
rir'€(1/2,1) 7 =7+ — |
x,m’EBl/z

<C.

Now, we can write

=™t + 107, 10 + rw) — u(ty + 07, 10 + 172)|

% 4 |z — 2|

Mt 4 107, oo + )| — u(te + r%7, wo 4 1)
i

5 |rfT — ror!
r2s

rmm S u(ty 4+ 107, mo + ra)| — ulte + r' o + ra’)

3+ rr — ra’|e

|7 — 7/

%+ Lire — ra/|

|rfr — ror!

This gives

af

.
[ll carasa (to410 /2,t0410) < B, o)) < CTT 2,

which, by a covering argument, yields the interior regularity result.

The Holder regularity can be extended up to the boundary by noticing that if
a < z—if, the right hand side in the above formula does not depend on r. We can
therefore let » — 0 we get the regularity up to the boundary in 2, namely inequality
(3.6.3). m

The last main result of this section consists in showing that solutions are classical
when the operator allows it. Let us be more precise: we shall provide a bound for
the C1+258%2s norm, where f3 is the Holder regularity exponent of the coefficients of
the operator £. This implies that weak dual solutions of (CDP) are classical when
bounded.

Theorem 3.6.3 (Classical solutions in the interior). Let N > 2s > v, m € (0,1)
and assume (A1), (A2) and (K3). Let L be as in (3.6.1) and u be a nonnegative
WDS of (FEDE) corresponding to the initial datum ug € LP(S2). Assume in addition

a(e,y) — a(e',y) < ez — 2P + [y — o), with B € (0,1A2),
such that B+ 2s is not an integer. Then,
[ull gres/2s2548 (19,11 x20) < Ces (3.6.7)

where C. depends only on the norm (|ull s /255 ((1,0)x 0.y, Where fr = (a A B).
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The proof relies on an improvement of the arguments used in the proof of The-
orem 3.6.1, but we replace the linear result with a Schauder estimate for uniformly
parabolic equations given by Dong and Zhang in [76, Theorem 1.1]. Unfortunately,
their result only holds for “a priori” smooth solutions, hence it does not directly ap-
ply to weak (dual) solutions as the result by Felsinger and Kassmann. This difficulty
can be overcome by an approximation argument, by means of mollifiers, incremen-
tal quotients, or simply by regularizing the initial data. As of now, this Theorem
only has a “formal proof”, which we have decided to include because it allows to
appreciate the main ideas. Making it rigorous is a work in progress (a joint work
with Bonforte and Ibarrondo, in final stages of preparation), and we sketch the
approximation argument at the end of the proof.

Proof. Let u,, L,, and f, be as in the proof of Theorem 3.6.1. Once we know that
u, € C2%((1/2,1) x By2), we just apply Theorem 1.1. by Dong and Zhang in [76].
For this, let us define v = pU,, where p € C2°(Bj)2) is a cut-off function such that
p=1in By Then, for any (¢,z) € (1/2) x B4 we have

atur + £a’7‘u,,n = 8?1,5 + ‘Ca,r [UT] —+ ﬁaﬂn [ur — 'Ur] — fT‘7
this is,
avt—{_ﬁaﬂ”vr = fT+gT7 in (1/271) X Bl/47

where
gr(ta l’) = ﬁa,r[vr - ur] =P.V. /II( \ ur(ta y)(l - p<t7 y))(l(t, z, y)Kr(]?, y) dy .
N\By 4

Notice that u,(t,y)(1 — p(t,y)) = 0 in Bys. Let us define 8 = (o A 3), where 3 is
the one in the regularity assumption of K (z,y). It is easy to see that

lgr + frllcsirzssajanyxp, ) < Co and v e CH2P((1/2,1) x RY),

and that

C (|t1 — ta]P/? + |21 — 2o
la(ty, 21, y) Ko (21,9) — a(ta, 9, y) K (29, y)| < (ftr — o] w1 — z2|™)

yN—i—Qs

Then, formally, by Theorem 1.1. in [76] we have that

[Wllensssaeaesas o/anpnye) < C (I10llom ani sy + Co)

At this point, if a > 3, and thus g; = 3, we are done. Otherwise, we repeat the
whole argument with §; = 8 and we get

et llensoraeasaessayncugug) < € (Iellonrmnasaney m + Co) ( (3.6.8)

Recalling the definition of u,, by a covering argument we get (3.6.7).
This concludes the proof for smooth solutions, hence it is still formal for general
bounded (hence Holder continuous) WDS. This is due to the fact that Theorem
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1.1. in [76] only applies to C''*#/2525%58 solutions, for some B € (0,1). In order to
make the previous proof rigorous, it is sufficient to approximate the initial data by a
sequence of ug , of smooth functions, such that g, 27 0. Next, we need to prove
that smooth data generate sufficiently smooth solutions, namely v, € Cg° implies
(at least) w, € C1*A/225+8  for which the above proof is rigorous and estimate
(3.6.8) is valid for such w,. Since the constants involved in estimate (3.6.8) do not
depend on u,,, we are allowed to take the limit as n — oo and conclude the proof.

O

Appendix B

Useful inequalities

Operators with nonnegative kernels. Let £ be an operator of the form

L[v](x) :=P.V. /([v(m) —u(y)| K(z,y) dy + B(z)v(z) with K, B>0.

(3.6.9)
We show next a simple formal proof of Kato and Stroock-Varopoulos ([131,
136]) inequalities, without any claim of originality, indeed different proofs appear
in literature for operators like £. Our proof of Stroock-Varopoulos is inspired from
[109], and from personal communications with the authors of that paper. Of course,
justifying that all the integrals involved are finite would make this proofs rigorous.
Throughout the paper, we pay attention to this fact and all the involved quantities
are finite.

Lemma 3.6.4. (Kato’s inequality). Let £ be an operator as in (3.6.9), and let

[ € C°R) be a convex function with f(0) < 0. Then, if Lv] € Ly, Kato
inequality holds in the sense of distributions:
Lf(w) < f'(v) Lv. (3.6.10)
Proof. Recall that a convex function lies above its tangent:
f) = fw) < fllv)v—-w)  Vo,weR.
Then, since K(z,y) > 0 and B(z) > 0, it holds that
Lf(v(r)) = /ﬂ(v [f (v(z)) = flo()] Kz, y) dy + B(z) f(v(z))
< [ (el = F)K(e.g) dy + Blo) (o)) - 10)
/ F/(0()) [o(w) = w)] K () dy + Bla)  (o()o()
x))Lf(v()).
O
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Lemma 3.6.5. (Stroock-Varopoulos inequality). Let £ be an operator as in
(3.6.9) with s € (0,1).Then for any q > 1

/vq_lﬁv dz > A ; D %(EI/ZU‘W * do (3.6.11)
Q

q
for all v € LY(Q) such that L3/?v € LI().

Proof. In this proof we will use the following inequality: let 0 < «, # € R such that
a+ =2, then

(a® = b*)(a® — %) > af(a —b)%,  Va,b€R, (3.6.12)

which can be proved just by Cauchy-Schwarz inequality as follows

(a—b) = ( /( at) = ( /<t 5 )’ < E a/( jb;d(i)g( /{;)ﬁldt)

B

Using the symmetry of the kernel, Fubini’s theorem and inequality (3.6.12) we get

[(vq_lﬁvdx: /ﬂ [ /Q Uq—l(@@((x)_v(y)) (2,) dy + B(x)o"(x)] (x
=y /<((1<x>vql<y>)(v 7) — v(y)Y (o, ) dy -+ /(B(x)vwdx
> 14g 1 / /( V12 (z) — v9/2(y)) K (z, ) dy dz + /(B(x)vq(x) dz

(q_ 1 /( /2£,Uq/2
q2

Now, we can use the assumption (L1) to get

a/2 ra,a/2 1/]/2 ,Uq/Q )2 q
v Ly = N dydz + [ B(x)v(z)dex,

which tells us that f(vq/ 2Lv9/? is a Dirichlet form (symmetric and closed). This

and the fact that —L\is a non-positive self-adjoint operator allows us to write
/vq/zﬁvq/z = /( L2927 4z
Q

We recall a variant of a brilliant Lemma due to De Giorgi, often used in Elliptic
equations that we adapt here for our purposes.

]

Lemma 3.6.6. (De Giorgi). Let Z(t) be a bounded nonnegative function in the
interval [to,t1]. Assume that for to < 7 <t <t we have
A B

20) S02() + e+ = € (3.6.13)

105



CHAPTER 3. THE CAUCHY-DIRICHLET PROBLEM FOR FFDE

with A,B,C >0, a>0and 0<60<1. Then

Ac(a, N\, 0)  Be(B, A, 0) C
(—to) (-t T (1-0)

Z(ty) < (3.6.14)

where
1

cla, N\, 0) = for any A€ (Qé, 1).

(1-X)° (!<— 3) (N
Proof. We define the sequence {7; P\as follows
To=t1, Tis1 =7 — (1= XN (t —to)

SO T = 1] — Efz_ol(l — MA{(t; — to) and limy,_,oo 7 = to. Now, we can iteratively
write (3.6.13) as

A B

+
(o —m)* (10— 71)
9A 0B A B
<6°Z(m) + + +0C+ *
<6°Z(r) (1 —m)* (11 —12)P (ro—m)* (0 —7)”

Z(To) SQZ(Tl) +

A k—1 9 i B k—1 9 7 k—1 .
<O%Z(m.) + =Nt —fg) ZéAﬂ“)Jr 1= 0)P —t0)? Z (AB>+CZH'

Finally, as the series on the right-hand side converges, we take the limit as k — oo
and we get (3.6.14). O

Technical proofs
Lemma 3.6.7. (Decay of Ly, -norm). Let u(t) be a nonnegative WDS, then
lu)llcy < lluto)llry, — forevery 0<to <ty <T.

Proof. We want to use the inadmissible test function (¢, z) = X, (t)®1() in the
equation, therefore we consider the C'! approximation in time 1, (¢, z) = x,,(t)®1 ()

where
(L (t—to+ 1) if teto— L t),
— 2t —ty— 1)? if t € [to,to + ),
1 if tefto+i4 -1
W=t e
1—7(t—t1—|—5) if tE[tl—E,tl),
(-t — 1)? if €[t t+ 1),
L otherwise .
Using the LHS of (WDJ), we obtain

T T T
//£_1u8t¢dxdt:/[(u@txnﬁ_ltﬁldxdt:/\l‘l/ lu®)lly Bxnt) dt
0 JO 0 0 !
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Let us show that J;x,, is an approximation of d;, — d;,. We know that

/

t—to+=) if telfto— 1t

(=]

?

[ )
nP(t—to—1) if t€ [t to+2),
Oxn = fn2t—ti+2) if telti—1t),
2t—ty— 1) if tet,ti+ 1),
0 otherwise .

\

Now, let us consider the following approximation of the identity:

2(t+1) if te[-10),
ho(t) = nf(t—21) if telo,i),
otherwise .

n—o0
since we can take limits in

It can be seen that for any f\e C(R) it holds that lim f[< hn(t)dt = £(0),

tel—mom tel-1,2]

inf 1]{f(t)} < /[(f(t)hn(t) dt < sup. {f()} Vn > 0.

Notice that the inf{f} and the sup{f} above are attained due to Weierstrass The-
oremn.
Then, as we can rewrite 0x,(t) = h,(t — ty) — h,(t — t1), we conclude that

||u(tO)HL}1,1 - Hu(tl)HLgpl = lim /£ ||“(15)||L}I>1 (hn(t = to) = hn(t — 1)) ﬁt

= lim | lu(®)ly, Oexn(t) dt

= lim A\ /(/(u Py, drdt >0,
n—oo

since using 1, as a test function in (WDS), it follows that

/( Ju®)lzs, Aa(t) dt = A /( /(m By xndedt >0 ¥n>0.

0
Proof of Lemma 3.3.3. We define j(r) = 5 |r[™"" and we notice that it satisfies
lim 20 = 4. Convexity condition follows from the convexity of j, thus, let us

|r| =400 7]

check the l.s.c condition. We have two different convergence settings:

e Let u, — uin H*(Q2) and assume VA > 0 3n € N such that [fj(u,) > .
Then, it holds that

liminf &(u,) = +o0 > E(u) .

n—oo

e Let u, — uin H*(Q2) and suppose 3\ > 0 such that ¥n € N fr(j(un) < A

107 \



CHAPTER 3. THE CAUCHY-DIRICHLET PROBLEM FOR FFDE

In this second case, we follow the same strategy as Brezis does for H~(Q) in [34].
First, we show that (u,)nen is uniformly integrable, i.e.

Ve >0 30 > 0 such that if |F| < then /<|un| <e VneN.

Let A > 2 and R be such that j‘(TT‘) > A for |r| > R. If we choose § < 55, then

2R
/\un|da::/ \un\dyﬁ—/ |up| dz
E €FE:up(x)>R} €FE:upn(x)<R}

](un) A
< L 7 < — .
_/Q " dx+/‘<Rdx_A+R(5<5

Then, we apply Dunford-Pettis theorem, which states that in bounded domains
uniformly integrable implies weakly precompact in L'(Q). Hence, (u,)neny has a
subsequence (uy, )rey Which converges weakly in L'(£2), that is,

Ji € L*(Q) such that u,, — @ in L'(Q).

Further, v = @ in H*(Q2), as {u,} already converges weakly to u in H*(Q2) and
C(Q) C L>(2) N H(2), which is dense in H.

Now, to conclude the proof, we just have to show that £(u) is weakly lower
semicontinuous in L'(Q). So, let u,, — u in L'(2), then, there exists a subsequence
(tn, )ien Which converges almost everywhere to u. Since j is non negative, we can
apply Fatou’s Lemma,

liminf/ﬂj(un) dxz/liminfj(un) da::/(hm inf {j(un)} da

n—o00 n—o0 n—oo m>n

> / lim inf {j(u,,)}dz = / liminf j(u,,) dz = /(](U) dz,
l—oo m>ny Q l—o00
where we have used in the last equality that j is continuous (notice that it suffices
to be Ls.c.). Finally, since £(u) is convex and l.s.c. in L'(Q), it holds that £(u) is
weakly Ls.c. in L'(Q) by Mazur’s Lemma.
0
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Chapter 4

A quasilinear Keller-Segel model
with saturated discontinuous
advection

In this chapter we present the results of the preprint A quasilinear Keller-Segel
model with saturated discontinuous advection, [75], a joint work of the author of this
thesis with Maria Gualdani and Nicola Zamponi.

4.1 Introduction

Since the classical experiment of J. Adler on Escherichia coli [1] many experiments
have confirmed the formation and propagation of traveling pulses of bacteria. The
Keller-Segel model has been widely used as a basis to explain this phenomena in
bacterial colonies driven by chemotaxis, see [86, 100]: it describes how the cell den-
sity moves towards a nutrient N and a chemical molecule S (chemoatractant) which
is generated by the cells themselves. The velocity of this movement is proportional
to the gradient of these two quantities. The Keller-Segel model has been the subject
of intense mathematical investigation.

In recent works ([44, 59, 65, 108, 117, 127]), a novel class of models has been
formulated, originating from a mesoscopic description of the run-and-tumble phe-
nomenon at the individual cell level. Mathematically, these models deviate from the
classical Keller- Segel framework in that the cells’ velocity (or flux) is saturated and

is proportional to and ~&-. The model, in its more general form, reads as

|VS| |VN|

Owp = D,Ap — div(pus + pun),
&/S == DSAS - OZS + 6/)7
ON = DyAN — vpN,

where

S N
J(O;N,|VN

In [127], the authors present an explicit formula for traveling pulses and establish
the existence of a steady state, mirroring the physical occurrence of cluster formation

us = xsJ(0:S, |VS|) =<
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at the bacteria level (e.g., in the absence of nutrients). They also demonstrate the
alignment of numerical experiments with actual data. The bounded fluxes, distinct
from the flux in Keller-Segel, offer a significant advantage in investigating global well-
posedness and, notably, in exploring traveling pulses and long-term asymptotics.
Overall, this model has demonstrated greater robustness in replicating the observed
traveling bands in experiments, see [127].

More recently, Calvez and Hoffmann [42] considered a simplified version of the
above model (absence of nutrient and quasi-stationary chemoattractant signal)

{ (%p — Ap + xdiv (p%) <= 0, (4.1.1)

—AS+aS\= p,

and perform nonlinear stability analysis. In particular they show that if the initial
data is near, in some norm, to the equilibrium function p,, = %e‘x‘x_z‘)', then the
corresponding solution converges to p,, exponentially fast.

In this chapter, we deal with the model obtained from (4.1.1) by performing the
singular limit in «. After rescaling S — S/a, the limit o — oo yields the following
quasi-linear problem:

v
Bip — Ap + ydiv (pﬁ) 0. (4.1.2)

Unlike (4.1.1), the advection depends on the gradient of the density, making it
a competing term with the diffusion. Note, in fact, that

Ap — xdiv (pé—;) = div (W ((‘ %» (

which shows negative diffusion for profiles that have xp > |Vp|. For example,
Gaussian functions e~ *” will make the diffusion coefficient negative around the
zero. The system is diffusive as long as [Vp| > xp, and the steady-state is governed
by the equation

[V pos| = XPoo- (4.1.3)

One solution to (4.1.3) is
Poo () = ce™Xlz=w0l, (4.1.4)

for some ¢y, zy determined by the conservation of mass and the property of invariance
by translation of the equation. Other admissible (i.e. belonging to L*(R)) solutions
to (4.1.3) exist; for example, for d = 1 another solution is the “multi-peak profile”

Poo(x) = max{cy exp(—x|z —x0|), c1 exp(—x|xr —x1|), ...cp exp(—x|z —xx|) }, (4.1.5)

for a suitable choice of £k > 0, ¢g...c;p > 0, and xg...2p; € R, while for d > 2
another solution is the “factorized profile”

—cexp —-X d Ti — To, 1.
Poo(T) = p \/E;’ i ,J)( (4.1.6)
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which equals the product of (suitably rescaled) single variable steady states. The
proof of existence of solution to (4.1.2) is still out of reach. The main difficulty is
the control on the diffusion coefficient, which can change along the flow and destroy
the parabolic nature of the equation. We believe that if the initial data makes the
diffusion coefficient positive, the coefficient will remain non-negative throughout the
evolution. This is, however, still a claim. Problem (4.1.2) has a more tractable form
in one dimension
Oy — Dwap + X0s (p sign(p,)) = 0,

and is the subject of current investigation [74].

As a first attempt to understand (4.1.2), we introduce an alternative model that
retains some of the essential characteristics of (4.1.2) while being mathematically
more tractable. Specifically, we consider

p — div {(( %)Jr VP} = 0, in R? x (0, 00),

P(()) = Pin, in Rda

(4.1.7)

where (-), \denotes the positive part. Here we use the convention f = f, — f_.
Equation (4.1.7) is quasilinear. The type of nonlinearity poses major challenges
in the construction of solutions. Let us, however, quickly summarize why global
well-posedness for (4.1.7) is more in-reach. First, observe that the operator

X
1-—=—=—1][Vlo
(- i) v

is monotone. More precisely,

X X
A E— 1 — A — 1 1 — Vi < 0.
K( |v10gp|>+vog” (( |v10gz|)+Vogz}<V 08P~ Vlogz) <0

This monotonicity property, coupled with the theory of monotone operators and a
fixed-point argument, proves fundamental in the proof of existence of solutions to
(4.1.7) equipped with extra viscosity terms eAp and ep. The crux of the analysis is
the vanishing viscosity limit € — 0 and the corresponding identification of the limit

of the nonlinear term
X
1— —=———)( Vp..
( |V log p:| ) (

A common strategy would involve showing strong convergence of one of the two
terms. However, standard regularity techniques, usually based on obtaining esti-
mates for the first derivative through second-order test functions, prove unsuitable
here due to the discontinuity of the advection term and the discontinuity of Vp
itself. We overcome this problem using the Boltzmann relative entropy between two
viscosity solutions. Let H|[p., ps] be the nonnegative functional defined as

Hlp, ps] =/ Ps [Elog& Py 1] (drc.
R 5 Ps  Ps
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This functional measures the distance, in L' norm, between the functions p. and ps.
Direct computations show that

e == [ (7).~ ((R0).]
sl o) () O ) Jfe

+ error order terms,

where the error terms derive from the viscosities e Ap., €p., 0Aps and dps. As ¢ and
0 approach zero, the error terms vanish, and consequently

L (R (o) e
S e ) 150 () oo

Note that H|p., ps](0) = 0 because p.and ps; have same initial data. The two limits
above will imply that, as € and 0 approach zero,

X X
[ A . — 1] - —= ,
(( IVIngsl)+Vp ( \Vlogp\)(vP

weakly in L?. The identification of this limit is the content of Section 4.4.1. Almost
automatically, the relative entropy argument will also provide uniqueness of the
solution for the system without viscosity. In conclusion, our analysis establishes the
existence of a unique solution in LP(¢, T; C*(R?)) for any ¢ > 0. We obtain regularity
for 0;p in Sobolev spaces with negative coefficients. The question of whether one
can obtain more regularity is left for future investigation. Potential insights might
be drawn from existing results on the p-Laplacian equation [54, 68]. However, the
structure of our degenerate set is slightly more complicated than the one of the
p-Laplacian, namely |Vp| = 0. A De Giorgi argument for Holder regularity might
pose challenges, since our diffusion coefficient is degenerate, probably in a set of
positive measure, and depends in a nonlinear way on V log p.

Here is our main result:

Theorem 4.1.1. Let py, € LP(RY) N LYR?), with p > d, pm > 0 a.e. in R? and
such that [f, pm| log pin| < 00. Then, for every T > 0 there exists an unique solution
110, T) xR — R to (4.1.7) such that

/ Op dxdt = // ) oV dzdt, Ve e L*0,T; H(RY),
Rd Rd |VP’

(4.1.8)

with p — pin strongly in LP(R?) ast — 0. This solution belongs to C'(0, T; LP(R?))N
Lr(t, T, C*(RY)) for allt > 0 and has the following properties:
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(i) Mass Conservation:
@ ey = [lpin L2 (me)-

(i1) LP norm bound:

()l oy < || Pinll Lo (ra)-

(11i) Moment evolution:

[ ot faPyds < e /ﬂ( (1 +[e) dz
R
(iv) Entropy bound:

(/[(i p| log p| dfv /(/ﬂ( Vool gy a < Clow)-

(iv) L*>° smoothing:

t2

1
sup [p(t)[| Loo ey < Clpin | Lr(rey (1 + T) (
>

(v) LP bound of the gradient:

HVIOEHLP((t,T)x]Rd) < C(pm), YVt>0.

The proof contains two approximation steps: initially we introduce viscosity and
regularize the initial data f;, with a sequence of very smooth functions that converge
(strongly in LP) to fi,,. We establish the existence of solutions to the approximated
problem and subsequently remove the viscosity. In the last step we show how the
solution attains the initial data strongly in L” sense.

Plan of the chapter. The following section provides a concise summary of the
most relevant a-priori estimates. Section 4.3 delves into the global well-posedness
of the model with viscosity. Finally, Section 4.4 focuses on the vanishing viscosity
limit and establishes uniqueness.

4.2 A priori estimates and technical results

In this section we give some a priori estimates of the solutions to

/( [ Oppdadt = /(/R ( éi’)i)(mw d dt (4.2.1)
- /(/ﬂ(vﬂngo dxdt—a/(/ﬂ<p€¢ dz dt,
RY)

for any ¢ € L?(0,T; H'(R?)) with initial smooth data py. The function py belongs
to Whr N L>nN Ll(Rd), W1th p>d.
The following a priori estimates hold:
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Lemma 4.2.1 (Mass evolution). Let p. be as stated, then

/Rd pe(t) = 6‘“/{{(@/}0'

Proof. Testing (4.2.1) with the test function ¢ = ﬁ, for some o > d, we get

(&)

T T vp
(/ psgodx) T) = (1—|—€)// psAgpdxdt—i—X// pe——Vedrdt
R4 0 d 0 JRd ‘Vp5|
(4.2.2)
Xp ’
// ( = ) VpEVgodxdt—e// psgod:cdt—l—/ pop du.
Rd |Vp5 0 d R4

But notice that

/ / 1 - AP ) V.V dedt = XPp: > p.Voda dt
Rd V| dﬂ{|Vp5|<Xp5} Vol
// Vp.Vodedt — v oYL 7 da dt
2N{|Vpe|<xpe} RAN{|Vpe|<xpe} Vel

< (1 +><)// pe|Vep| da dt.
IN{|Vpe|<xpe}

So, introducing the estimate above in (4.2.2) we get

(/dpegodx 1+€/</dp€A<pdmdt+ 2)(4—1/(/ pe |Vl dxdt—l—/ﬂ(powdx
R R
§+ D5 adzs
1+€// Pe s NS xdt
L + ) (1+55)°

R2

/(/ dxdt—e/(/ p5¢dxdt+/ﬂ(pog0dx
R IxP R4 d
1+ / H_d dedt + 3 //
6 2R R ( le 2+1 X X \:):|2 %
—5/(/ pagodxdtJr/“(pogodx.
Rd d

Now, we choose a such that § +1—d > 0 and get

(/deasodx) (T) < }%/(/dea@dxdt—5/(/deecpdxdt+/ﬂ<ipogodx, (4.2.3)

where C' > 0. Gronwall’s Lemma yields

</ pggpdx) (T) < eCRT/I(pogodx < eCR’T/ﬂ:(,ogdx.
Rd d d
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By monotone convergence we can take the limit R — oo and conclude that [p. <

f [00-
(NOW that we know that the mass of p. is bounded, we test again (4.2.1) with ¢,
but this time we pass directly to the limit R — oo in (4.2.2) to find

( /R y d:c) <T) _ . /( /R pede /ﬂ( oo de. (42.4)

The above identity can be rewritten as an initial value problem for an ODE, which
can be easily solved, yielding

( /R P da:) <T) =T /ﬂ( podz,

which finishes the proof. m

Proposition 4.2.2 (L? estimates). Let p. be as stated, then

P
| pell oo 0,7y o (R < |l P0 | Lo (R4, V2| r2(01)xrey < C,
where C'" only depends on ||pol|r», p and x.

Proof. First, notice that testing (4.2.1) with pP~'we get that [p.p2(t) < [ifph.
Then, we compute

<;4<m><>

< _(p-1) (/ P2V g2 da dt + y(p —1)// V.| drdt + 2 /ﬂ(ppdx

_1 // PPV P dzdt + X2 (p — 1) /p”dxdt—l—l/ﬂ(ppdx
/(Rd|Vpg|2dxdt+X _1/(/]1@ phdx dt + - /ﬂ(ppdaz

I

| /\

which yields

=17 (0.7 Lp(Rd)) T ||Vp5 I 220,722y < C,
with the right hand side independent of ¢. u

Proposition 4.2.3 (Moment Evolution). Let p. be as stated, then

oo+ 1o do < e /ﬂ( pal1 +[af?)dr

where C' is independent of €.
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-~ as in Lemma

Proof. We test the equation with (1 + |z|*)¢, where ¢ = ﬁ
1+

4.2.1. Then, by Young’s inequality, noticing that |Ve|,|Ap| < ¢ and 0 <
( R ) [Vpe| < 2xpe, we get

(/{ pe(1+[a*)e dx) (T) < C/(A pe(1 + [x*)p dw dt + /ﬂ(lpo(l +[a]?)p da.

Gronwall’s lemma gives

<[|(d pe(1+ |z[)¢ dx) (T) < QCt[(dpo(l + |2?)p da.

By dominated convergence we pass to the limit in R and we conclude the proof of
the proposition. O

Proposition 4.2.4 (Estimate for ||V\/p:| r2(0.1)xre))- Let pe be as stated, then

(/ﬂ( 0. log p. dx /{/ﬂ( Voel 4 ar < C'(po)

where C' depends on the moment, entropy and L? norm of the initial data.

Proof. Let us test (4.2.1) with the test function ¢ = log(p. + o) — logo, with
0 < o0 << 1. After some computations we get

</ﬂ< [(p= + o) log(ps + o) — pelog o] dx +6/£/ﬂ< pe [log(ps + o) — log o] da dt

/ﬂ( (po + o) log(po + o) — polog o] dz,

which implies

(/ﬂ<1<Ps+U) log(p: + o) da;) (T) g/ﬂ((p0+0) log(po + o) dz
—5/£/H< pelog (pe 4 o) dz dt
“ng’(/ pfdx—/l(l)odx%-e//wpgdxdt)

The last term in the previous inequality is zero by (4.2.4). Taking ¢ — 0, by
monotone and dominated convergence, we get

(/ pelog pe dsr) (T) < /ﬂ( polog po dz — 6/(/[( pe log pe dz dt.
Rd d d
In particular,

( /ﬂ( plog .2 <T> < ¢TC(p),
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where C(py) is a constant that depends on [/, po| log po| dz, the mass and the second

moment of pg, that 1s f,oo(l + |z]?).
To bound fOTf 55 , we define hlp.](t) := ([yfi plog(p:)dz) (t). Using the

‘ / E| ’ / <=-‘| | / €|

and repeating the same computations as before, we obtain

+%/(/ﬂ( Vo g < X //ﬂ(pgda:dt—e/(h[paw)dwh[po],

which yields
1 T |Vp€|2 X2 T .
= dedt < = . dx dt = Cpo).
2/0/n<ipe+0 ) _2/0/Rd'0 7 b+ e Cleol

Lemma 4.2.5 (||Vp.||1» estimate). Let p. be as stated, then

1
||Vpg||LP((t’T)><]Rd) < MO(HPOHLP>, Vi>0.

XPe
J= (1‘ v, r>(v”f‘w€‘

Note that each component of f belongs to L>(0, T; L4(R%)) for any ¢ € [1,4+00). In
fact, in the domain where |Vp.| < xp., the vector function f coincides with Vp,,
which is bounded by yp.. In the complementary domain, we have that

((‘ ). - ((‘ o) (

and |f| < xp.. With this in mind, consider the function u;, solution to

Proof. Define f as

- (1+6)Au2+5u1 :fi7 UAI,O) :0, 1= ]_,...,d.

Parabolic regularity theory tells us that u; € L4(0, T; W*9), with uniform bounds in
e. Direct computations show that p. can be written as the sum of div(u) + g, where
g solves

g0 =(1+¢e)Ag—eg, g(x,0) = po.
Since py € LP(RY), we have that

c
Sup IVgllrr < mHPoHLP,
with ¢ independent of e. Summarizing, div(u) € LP(0,T; W'P), g € L>(¢, T; WhP),

and the thesis follows.
O
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Lemma 4.2.6. Let p. be as stated, then for every T > 0 it holds

1 _dt2
[Pl oo (rrimay < CT'P (1 +T >|pOHLP(]Rd)a
where C' only depends on p, x and other universal constants.

Proof. Let us consider the following sequence of times
To=7(1-27"),

and the following sequence of energies

Up = /(/ﬂ(pfkdx dt, where p.p=(p.—Ck)y, and Cp=M(1— 2—k)’
e

with M > 0 to be fixed later. Then, we test (4.2.1) with pf;frl and we integrate in
time in (thtg), where 0 S Tk S tl S Tk+1 S tg S T. We find

1 2
1 /( /ﬂ(at(ppkﬂ) dz dt
p
v Xp
/ / peV k+1 dmdt+/ / ——V/( ,oakﬂ)v,o€ dx dt.
Rd |Vp€
After some computations, from the expression above we get
2 — 1) & D
8t L jqr) d dt+ |Vp6,€+1\ d:cdt< P2 iq dadt
t 2 t; JRE
2
+2x°Cia(p — 1) /(/ﬂ( kil dz dt.
¢ d

(4.2.5)

Now, we notice that, in the set pert1 > 0, per = pep+1 + Crp1 — Cy, ie. that

(0%
Pe .k _ Pe,k+1 Pe.k
CriiCr — Cra—Cr + 1 > 1. Then, for any a > 0 we have (—CkJrl*Ck) > 1 and,

(0%
) pei™ > peps1. Now, let us choose a = ﬁ to get

2 _p_
| .
Chyr — Ck) ( Pe e H{pek+1>0}

Introducing this expression in (4.2.5) we get

to
1(/ pg,mdx) // Vo2, | do ar < = 1)// Py dadt
p \Jpa"™ > ), Ju
+2x%(p — 1) <£> // pakdxdt—i-l( pfk+1dx) t1).
Ok+1_Ck r a p R

consequently ( C,le o

Pe, k+1 >~
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Then, averaging t; in (Ty, Ty+1) and taking the supremum in ty € (T;11,7") we have

Eyi1:= sup (/ﬂ( k1 dx /( /ﬂ( |VpE k+1|2 dzdt
t€[Thy1,T]
<C (<+ 2" + /(/ﬂ( pdzdt,

where C' only depends on p and y. From now on, this C' will change from line to line
for convenience, always depending only on p and y. Now, notice that Ej ., controls

Pt in L®(Tyiq, T; LP(R?)) and, thanks to Sobolev, LP(T 1, T L%(Rd)), so, by
interpolation

[P atll” pasa) < CEpy < ( +2F 4 ) / / ,Oskdx dt. (4.2.6)
L d (RdX(Tk+1,T)) Tk

Then, Chebyshev’s inequality yields:

Uk11 ::/( /ﬂ(pgkﬂdxdt
+1 JR?
p(d+2)
/ / Pe i1 dxdt / / Lo jyr>0y dodt
+1 JRE
p(d+2)
_ / / P dxdt / / Ly oy ddt
(5"
< CEFE // dxdt)
() ([ [
k
<1+ )VC Uy,

where 8 =1+ 575 +2, using (4.2.6) to obtain the second and the third inequality. From
[70, Lemma 7.1] it follows that Uy — 0 as k — oo, i.e. that p. < M, if

IA

d+2

1\ 2 C
1+ - — 1.
( + T) MPUO <

So, we fix M in order to have

a+2

1\ =
C (1 + —) Uy/? ~ M.
T

Finally, we conclude from Proposition 4.2.2

d+2

1\ 2 1 1
Pl Lo 0rimay < M ~ C (1 + ;) el Lo (0,7mey < CT'v (1 + d—w) (pOHLP(]Rd)a

T 2

as desired. O]
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Lemma 4.2.7 (Compactness Lemma). Let {f,} be a bounded sequence
in L2(0,T; HY(RY)) N L2(0,T;R% /1 + |z[*dx) such that O,f, is bounded in
L*(0,T; HY(RY)), then
fo— f strongly in L*(0,T;R?), as n — oo.
Proof. As {f,} is uniformly bounded in L?(0,T; H'(R?)) we have that
fo— f weakly in L2(0,T; Li2 (R%)).

Then, for any R > 0, as 0,f,, € L*(0,T; H'(Bg)) and H'(Bg) CC L(Bg) with 2 <

q< %, by Aubin-Lions Theorem (Theorem 5 in [128]), we have that a subsequence,

{ f,}f}7 converges strongly to f as follows
R f strongly in L*(0,T; LY(Bg)).

By a Cantor diagonal argument, we have a new subsequence f,,, independent of R,
such that

fn — f strongly in L*(0,T; LY(Bg)),
and consequently,
fo— f ae in[0,T] x R%

By Fatou’s Lemma, we also have

T T
/ /ﬂ(f2 +|x\2dxdt§hminf/ / f2/1+ |z]2dz dt < co.
0 d e—0 0 R

Now, setting ¢ = 2, for any ¢ > 0, there exist sufficiently large n and R such that

/OT Rd’fn_f‘zdxdt:/OT[(R’fn—f\dedt—l—/OT/Rd\BRyfn_f|2dxdt

) 1 T
§—+—// P/t ePdzdt <6,
o ﬂ(l\BRv FEVIT T

and this completes the proof. O]

4.3 Existence for the approximated equation

This section is devoted to show existence of solutions to (4.2.1) with smooth initial
data. First, we semi-linearize (4.2.1) and obtain a monotone functional inside the
divergence operator. Then, by standard theory for monotone operators we prove
existence of this new problem. A Leray-Schauder fixed point will yield existence of
solutions to (4.2.1).
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4.3.1 Existence for the semi-linearized equation

For given €, 0 € [0,1] and z € L?(0,T; L?*(R%)), let us present the following regular-
ized weak formulation of (4.1.7)

/ / Ops pdxdt = O'/ / <1 XZ+> VpVodzdt
Rd [V pe|
—E/( Vnggodxdt—a/(‘/ﬂ( pepdxdt, (4.3.1)
Rd d

Vo € L*(0,T; H'(R?)), where p.(0,-) = pime and pi, . is a WP 0 L®(R?) approx-
imation of pi, such that pi,. — pin strongly in Lp(Rd) when ¢ — 0. In order to
prove the existence of the above equation, we use the general theory of monotone
operators, concretely, [146, Theorem 30.A]. We define the following operator A as

(A[u](t), @) =0 /R d ((— %) (Vu(t,x)Vgp da
£ /ﬂ(i Vu(t,z)Vedr + ¢ A(d u(t, z)pde,

which must satisfy the following properties:
1. Monotonicity. The operator A is monotone, since ¥ u,v € H'(R?) we have

(Afu] — Av],u —v) =0 /R K(- |XVZJ|)+ Vu — ((- f(vZ;\L Vv} é(u —v)dz

+ellu — U||12L11(Rd) = 0.

2. Hemicontinuity. Let us check that the map
t — (Alu+tv], p)

is continuous in t € [0, 1] for all u,v, p € H'(R?). Notice that

X%+
] - — 27 <
( ‘V(u+tv)‘)(V(u+tv)V¢ < |Vu||Vg| + |Vo|| V|

SO

lim (A 1-—

tggl()( [u + tv], ) U/ ( u—i—tov (V u+ tov Vgodm+€/ﬂ<V(u+tgv)V<pdx
—|—s/ﬂ< u+tov)pdr = (A(u + tov), ¢

by dominated convergence.
3. Coerciveness. We just compute

X<

so A is coercive.
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4. Growth condition. For this we have to prove that || A[ul]
but, by Holder,

H*(Rd) < CHUHHl(Rd)7

[ Afu]]

H*(R4) = Sup (Alu], )
peH! (RY)
lell<1

= sup / [0 (1 oA ) VuVp +eVuVp + Eugp} dx
peH(RY) JRA ‘VU‘

lell <1
<C||ull g (may-

5. Measurability. By assumption.

Then, by [146, Theorem 30.A], there exists a unique weak solution p. €
L*(0,T; HY(RY)) to (4.3.1) with 9,p € L*(0,T; H~'(R?)) satisfying the initial con-
dition in the sense of the strong L?*(R?) convergence:

p-(t) = pine strongly in L2(R9) as t — 0. (4.3.2)
Therefore we can define the mapping
T :(z,0) € L*((0,T) x RY) x [0,1] = p. € L*((0,T) x R%),

where p. is the unique solution to (4.3.1).

4.3.2 Existence for approximated solutions

Now, we are going to use the Leray-Schauder fixed point theorem to show the
existence of a solution to (4.2.1). To use this theorem we require 7 to be compact.
First, using p. as test function in (4.3.1) we get

/( Rdat p?)dxdt = —a/ /Rd <(%)£V;}E2dxdt
—5//]Vp5]2dxdt—€/ /ﬂ(pgdxdt

which implies
1 2 2 2
§HPEHL°°(O,T;L2(R'1)) + €HIO5HL2(O,T;H1(R'1)) < . Pine da.

Thus, the L*(0,T; H'(R?)) norm of any solution p. has a uniform bound. Now, we

test (4.3.1) with ¢ = p.\/1+ |z|?¢r, where ¢pg € C°(Bsg) is such that ¢p = 1 in
Bpr and |Vog| < % for some C' > 0. Doing this we get

/ps + [2]2¢r da < / DoV Y+ 2> dz + ( a+€// PelVpel lol gy
+ []?
T
z dy

(0+e / { \Vpg|ps\/1+|wr2|v¢md
0
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Then, using | L_ < 1, Young’s inequality and that |Vor]| < , We obtain

Itz ™

/ %( +|$ ¢Rdxdt</ / plne\/ 1+|x|2dxdt+cl‘pEHL20TH1 (R4))
C' 1+ 4|R|?
CVLARE (/ﬂ(mw@lxdt

<O(pm 6)
Taking the limit R — oo we get that solutions to (4.3.1) are bounded in
L*(0,T; HY(RY)) N L2(0,T; R4, \/1 + |z|2dx). Also, for any ¢ € L*(0,T; H'(R?)),
by weak formulation (4.3.1), we have

/(/ﬂ(jatpa(tﬁﬂ dedt < Cllpe(t) |z e lel L2000 @)y < Cllellezomm @ey)-
(4.3.3)

By Lemma 4.2.7, 7 maps bounded sets to precompact sets.

Now, we have to prove that the map is continuous, i.e. that lim 7 (o,,z2,) =
n—oo

T (0, z) when 2, — z strongly in L2(0,T; L*(R%)) and o,, — o in [0, 1]. Is easy to see

that lim 7 (o,,2,) = lim 7T (o, z,). Then, as the map is compact, it only remains
n—o0 n—o0

to prove

lim / / ) VpenVipdrdt = / / XZ*) V.V dedt,
n—o0 Rd |Vp5 nl R V|

but as (1 — X&) [y ..» 1s uniformly bounded in L?(0,T; L*(R%)), it has a weakl
P y y

IVpe,nl
convergent subsequénce and we only need Vp.,, — Vp. a.e. z € R% To show this
convergence, we prove that {Vp. ;} is a Cauchy sequence in L2(0, T’; L*(R%)): let p. ,,
and p. j solutions to (4.3.1) with z, and z; respectively. We subtract the equation
for p. from the one of p., and get, after some manipulations:

/((/ﬂ( at psn pe k)%pdxdt
__g// K ) vpg,n—( - (Z’“)+> Vpe’k} Vo dzdt
Rd |Vpsn‘ + |Vps,k| n
o L) we (o), e oo
R4 |vpak| + 7 Ve i 7
_8// (vpsn_vpek)VSDdxdt_g @(/ﬂ( Pen — pz—:k dexdt
]Rd
X(Zn)+) ( Zn +) }
=—0 — Vpen — V. dx dt
//K Npeal) " |Vp€,k| e
X(Zn)+) ( X(Zk)+) }
-0 — — — - s Vodrdt
/ /K Voeil) Vpeal ) U7
_5// (vps,n_vpe,k)+v¢dxdt_€/(/ﬂ< (pe,n_ps,k)gpdxdt-
Rd d
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We use the test function ¢ = p., — p.r and obtain

|pm pesl? dm) ()
)+) ( X(Zn)+> ]
>—0 v en - v €, en — Me, dr dt

+ X(Zk)+> ]
-0 - vpe, -V Pen — Pe, dzdt
Rd mu) (( Voal )| VPV )

5£ \V(pem — psk)\zdxdt

—0 +) Vpem — ((— X(Z")+> Vps,k} (Pem — ) da dt

]Rd |Vpsn‘ |Vps k|

/(/W () (-6 J et
_ _/(/“(W o= e . "

using the Young’s inequality in the second estimate. Now come two key points in
the argument. The first one is that, due to monotonicity, we have

+ X(Zn)-i-) :|
5 Vo= (- Vper| Vpom — pos) dardt < 0.

The second one is that (1 — X(Z”)+> (is Lipschitz continuous with respect to (z,).

vas,kl
In fact, we have the following

(o).~ () = o

Introducing this in (4.3.4) yields:

(/HQPM a pa’k|2dI) (t) < X2—f//d|(zn)+ — (2)4|* de dt
- %//dlv(ps,n — pe) P dz dt.

We conclude that {Vp. ,} is a Cauchy sequence in L?(0,T; L?(R?)), and therefore,
Vpen = Vpe ae. x€[0,T] x R?. The map 7 is continuous, compact and constant
when o = 0. Moreover, fixed points are uniformly bounded in o.

Finally, we have to prove that fixed points of 7 are nonnegative so we can remove
the + sign. Using Stampacchia’s truncation argument, we introduce (p.)_ in (4.2.1)
as test function and we get

(/ﬂ(i(p o)~ dx) ()< /,1(1 (pine)? do.
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If pine > 0, solutions to T (o, p-) = p. are nonnegative.
Then, Leray-Schauder fixed-point yields a solution to

/ Opepdadt = / / 1 _ XPe ) Vp-Vpdxdt — 5/ / Vp-Vpdxdt
R4 R4 |Vp€ d
—€ /(/[( p=dx dt, (4.3.5)

for V ¢ € L*(0,T; H'(R?))

4.4 The limit ¢ — 0 and proof of Theorem 4.1.1

The main difficulty in removing the viscosity terms eAp. and —¢ep. is to pass to the
limit in the nonlinear term (1 — Xpe ) (Vpa. We need to show that

[V el

XPe : 2 d
— . — L7(0,T;R?).
<< rw)f“ ( p ,)(w n L0, T RY)

We already know that
(1 - AL ) VpE S Ca
Vel L2(0,TRY)

XPe . 2 d
1-— Vp. = G in L7(0,T;R%).
( |Vpg|>( (0T

which implies,

The identification G = ( — é—) Vp will follow by almost everywhere convergence
of pe (given by Lemma (4.2.7)) and\of V.. The next two subsections will be devoted

to show that
Vp. = Vp ae in ((0,7) x R)O\{|Vp| < xp}.

Then, in the last two subsections, we will prove the LP convergence of p to the initial
data p;, and the uniqueness of the solutions.

4.4.1 Entropy method

The major tool of this argument is the relative entropy between two functions u and

v, defined as:
u
Hglulv] = /ﬂ(l (u log ST + v) éx (4.4.1)

Notice that, for u,v > 0

Hyalulv](T) >0, as rlog(r)—r+1>0, forall r>0,

125



CHAPTER 4. A QUASILINEAR PDE FROM CHEMOTAXIS

and H[u|v] = 0 if and only if u = v. Let us outline how we use (4.4.1) to show that

XPe XP c T2 d
_ (1= X2 L2(0,T; RY).
(( ). = (- ,)(w TR

Consider p. and ps two viscosity solutions to (4.3.5) with viscosity constants €
and 0 respectively. A formal computation shows that

Hlp:|ps|(T) — H|pine|pins] + /( [p<|ps] dt = error terms. (4.4.2)

The relative entropy production D[p.|ps] is nonnegative as a direct consequence of

the monotonicity of the operator (1 — Vlog p. The error terms originate

IVlogpl
from the viscosities eAp., dAps, ep. and dps. \As €,0 — 0, H|[pine|pins] — 0 by
construction, and the error terms also vanish. Since both H and D are nonnegative,
as 0, — 0, we must have

Hlpe|ps)(T) — 0 and /(D[Mpa] dt — 0.

/(D[ps!pa] dt — 0,

we obtain the almost everywhere convergence of Vp,. in the nondegenerate region
{IVp| > xp}. Consequently, we can identify the limit ( \V ‘> Vop-.
One can make this argument rigorous and obtain (4.4.2) by tesking (4.3.5) for p.

From the convergence

and for ps respectively with test functions ¢; = log (Z—Z) nd ps = '” <. Since neither

1 nor py are admissible test functions, we modify them ccordlngly, at the expense
of some error terms. Specifically, our test functions are of the form

+0o +0o
¢ = log (’OE ) éR, and @, = Pe R,

pst+o ps+o

with ¢ > 0 a small constant and ¢ a cut-off function supported in Br. More
. 1 .

precisely, we chose R = o~ ad, with o > 0 to be fixed, and ¢p € C°(Bygr) such that

¢r =1 1in Bg and |Vog| < % for some C' > 0. With this choice of p; and s we

obtain

/ﬂ(j[%&pa — 20sp5] da =
d pe t+o d
i 3 1 — p. rpdr — — dez. (4.4
i J.. [%) + o) 0g(p5+0> p +p(s]é T = Eépach z. (4.4.3)

By Lemma 4.2.7, we know that

p. — p strongly in L*((0,T) x R%).
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Hence, we can chose €, > 0 small enough such that

/(/ﬂ( |pe — ps|? dz dt < o? (4.4.4)

We do not write £(0),d(0) and R(o) on o for readability purposes, but notice that

lime,§ =0, and lim R(0) = oc.
o—0

o—0

Next, we subtract equation (4.3.5) for ps, tested with 9, to the equation (4.3.5)
for p., tested with ¢;. This yields:

pet+ o pe+ o0
- ) dz dt 4.4.5
/(/Rd W)ép 2 ] 149
XPe pe+0 pe+a) ]
Vp. |V + Vor| [dzdt
( !Vps)+ P { ( gpﬁa)(bR <‘€gpa+0 % (
/ X”) v [V<E+0)¢ +<E+J)V¢]dxdt+E
R |VP§‘ Ps R R R R €,0

where E s are error terms, which must vanish when o — 0.
Note that (4.4.5) is an approximation of fOT %Hml [p<|ps]. We will show

i H,
Jim_ /( g retlpelps] <

to find that, in fact, hm H.alpe|ps](T') = 0. This limit will provide the necessary

information about the convergence of Vpe.
To do this, let us analyze the error terms first:

55——5//“<p€logpa ? ppdz dt+5// p‘f+0¢Rd dt (4.4.62)
Rd

£ ch V.V (gp€+0> 5V,05V( 5+U)] dodt  (4.4.6b)
ps+o s+ O

VQSR SV,OE( gp€+0) 5vp5(”f+">} dedt.  (4.4.6¢)
ps+o ps + 0

For the first term above, assuming without loss of generality ¢ < § and recalling
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that we can always choose § such that § < o0 << 1 we compute

(4.4.68) = — eH|p.|ps] —i—sa/(/ﬂ( log 2= gdexdt—e//Rd — ps)prdzrdt
+5/(/ﬂ( ks gdexdt
< — eHlp.|ps] + o /(/ﬂ( p€+U¢Rdxdt (4.4.7)
+0/(/ﬂ(p5¢3dxdt+a/(/ﬂ( pe + o) da dt
< — eH|[p:|ps] +cr/(/[( (2p: + ps + o) dzdt

< —eHlpelps] + Co =, (4.4.8)

where C' > 0 only depends on the L! norm of the initial data. In the last inequality
we have used Lemma 4.2.1 and the fact that [/, ¢ dx = C(d)o " . From now on,
C will be a positive universal constant that carl change from line to line.

For expression (4.4.6b), we compute

2
(4.4.6b) = { \pre| drdr dt + (¢ + ) /(/ﬂ( V’W’%Rd dt
R2 FPe
—5// pe +0) Po
R4 5 g
2 2
(”5/ |WE’¢ dodt + M /(/ﬂ( Vb5 e drdt
R4 pg +o0
Vs
=5 [ [ (- o) ¢Rd dt
+ 0o

2
5—!—5 ﬂ<|V E| o dedt
JC, (4.4.9)

¢R dz dt

| /\

IN

using Lemma 4.2.4 in the last inequality. For the first term in (4.4.6¢) we get

T T
6//E(V¢RVpa (log pg—l—a) dz dt SE// |log(pe + 0)||Vor||Vp:| dz dt
0 JRd ps + 0 0 JRd
bo /( ot woniveaar

Since |log(p + 0)| < |log(o)| + (p + o) and |Vér| < Coai, we estimate the two

128



CHAPTER 4. A QUASILINEAR PDE FROM CHEMOTAXIS

integrals above as

/(/ﬂ( ‘log P+ o0 V¢RVp5| dxdt
<Coaat! /(/‘( (|log(a) ||V pe| + [V pe|(p- + o)) da dt
+1 pE‘Q
< Co‘ad | log(o | + pe | daxdt
BQR Pe
1 IO€|2 2 2
+_O'ad +0-pe+‘vp€| +ps
2 BzR Pe
< Co,

for sufficiently small o, by Lemma 4.2.1 and Proposition 4.2.4 in the last inequality.
Similar computations can be done for the integral involving ps.
For the second term in (4.4.6¢), we compute

T et o LT
5// V¢RVp5< )éxdt §0ad// IVps|(pe + o) drdt

0 JRE ps+o

> 2
Od/i/ P|2+pe | P6| +Up5)<ixdt

< gadl (4.4.11)

(4.4.10)

using Proposition 4.2.2 in the last inequality. Summarizing, by (4.4.7), (4.4.9),
(4.4.10) and (4.4.11), for a sufficiently small o, we have the following estimate for
the error term

E.5s < —eH|p|ps] + C o5a. (4.4.12)

Now, we have to estimate the following two terms from (4.4.5) involving Vog:

/(/ 1 _ yéf; )(vpquﬁfi log (;i‘;) éx dt, (4.4.13)

R4 s

// (1 - ‘éi‘; )( Vor (”ig) da dt. (4.4.13)
Rd

Pursuing the same strategy as in (4.4.10), for (4.4.13a) we get that

L] S Cowillog(o)].

Similarly, (4.4.13b) can be estimated as

2] < aald// [V ps] (<—|— lo- = pil _p‘;’) éxdt
Rd ps+o
L | P6|2 2 i 2
< gad +ps + [Vos|” + = lpe — ps|” | [dzdt
Rd Ps 9

1
<oaiC,
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by a priori estimates and (4.4.4).
Now, let us see what happens with the remaining term in (4.4.5). These are

XPe Pe + 0O
/ /Rd (( V.| ) VeV (‘ég st ) ¢rdxdi (4.4.14)
— _ XPs pet+ 0
Iy = /(/Rd 1 ]Vpg\)(vp&v (05 n 0) éRdxdt. (4.4.15)

We can reformulate I3 as
x(pe + cr)> < pe + a)
Vp:V | lo dx dt
//]Rd (( |vpe| + P gp5+0' ¢R
XP- X(Ps+0)) 1 ( p5+0'>
|1 -=—== Vp:V | log dx dt.
/‘(/R;d |Vp5 >+ (( ‘vp€| + Ps +o f
We rewrite I, in a similar way. It follows
I+ 1 = _// ( _—X(p€+a)> Vp.V (logp€+a> rdzdt
R4 |vp€‘ + ps+o
+// ( —M> VsV ("”“) rdzdt+ R, + R,
R4 [V ps] + ps +o

LR (5
e :/(/ ( |§Zi| ((‘ X(fvﬁ;f)u v (

We recall that

where

qu dz dt,

jps
é rdzdt.

<1 _ %L _ (<_ %)( < %, (4.4.16)
ol ) ()

Similar bounds hold in R, for the term with ps. Using this, we estimate R; as
follows:

Xpe X(pa+0)> 1 Vps
R —_ XPeT9)) vp, dz dt
' //RdK< IVpe) (( Vol ) et o Prda
<xo /( 1Vl opdzdt < xo 1/2/(/}( Vsl —r= g dadt
Rd P5 T O

and also that

<xo2 2(,
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which vanishes when o — 0 if & > 1. We estimate R, in a similar way:

e LI ). () ez

V.| / / |V pel\/Pe
< dedt < ol dz dt
=XO /(/R ot olE X NN

1/2
// Voel - dw dt) (// Pe qﬁRdxdt)
Rd  Pe Rd P5 + O
(/ loe=psl s dt+// pe ¢Rdxdt)1/2
R Pe T O Rd P5 + O
1/2
1/2 p= — psl* g 2 g
<Co —dxdt+ ¢Rdxdt+ ¢rdxdt
0 JRrd
1/2
<(Jal/2 1+/( (br + %) dxdt)
Rd

<Co2 2.

<yo'/?

We conclude that, if a > 1, Ry, Ry — 0 when o — 0.
Straightforward computations lead to

o ) ()

x (|V1og(ps + o)|* — |V 1og(ps + 0)[?) C:p dt

I el (e () oo

+Ry + R
T

_// p6+0|:< PE+U) <_ P(S"‘U) :| da dt
0Jra 2 IV pe| + [Vps| +
T

_//pa+0 v10g<pa+a> [( pa+a ( XP<$+U dxdt
0 a 2 5+ o |VP8 \Vﬂé\ +

+R1+R27
where, in the second inequality, we have used that

(3 o9 =el(- .09 Jer o e ros
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Therefore, (4.4.3) and (4.4.5) give

(L[ rora(z32) o] e

+ O'
. |:(pin,a + 0’) log Pm c 6 Pine + Pin,s (
- pin,5)¢R dx

_R Pings T 0O

/ﬂ(wﬂ

e 1), ) ]
e (52 T %) () e

+Ri+Re+ 1 + 12+ E., (4.4.17)

where, Ry, Ry, I, I and E, 5 vanish when o0,¢,0 — 0. Now, we need to prove
Jifi(ps(T) = pins)prdx — 0 when o,e,8 — 0. For this, we test (4.3.5) with ¢r to
gat

(/[ promac) (1) - /ﬂ(pmmdx— /( L ( ) (vpév%dxdt
—5/</ﬂ<vmv¢3dxdt_5/(/ﬂ<%¢}zdxdt (4.4.18)

Since |Vog| < 55 7 — 0 and 6 — 0 when o — 0, we have that

. XPs . C
] ~ A} WpsVopdrdt < lim ——||V = 0.
i [, <( o), T entadt < i 9Vl

The viscosity terms in (4.4.18) also vanish when o — 0, and therefore we get that

lim (/ PP dx) (T) = lim /|]< Pins da.
o—0 d o—0 d

Finally, taking the limit o,&,d — 0 in (4.4.17) yields

pe+a p6+0) ’
i (o () (- ) v

(4.4.19a)
Ps+<7
6lér_%z// p: +0) Vlog (
“ { _M) J”“*") } rdzdt=0.  (4.4.19D)
‘Vps| + |Vp5‘ +

4.4.2 Identification of the limit of Vp.
Now, from (4.4.19a) is easy to see that

W)(ﬁ@ a.e. z €[0,T] x (Rd\{PZO})(
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And on the other hand, from (4.4.19b)

Vpe
pe +¢€

—w ae in[0,7]x (R"\ ({fp=0}U{G =0}))

Notice, moreover, that if (1 - %) converges almost everywhere in [0, 7] x R\
{p =0} then

|V e |
Pe T €

<oo ae in[0,7]x (R*\ {p= O})<

and we have

35 1Voel (VP )< _X(pe+€)) (Vo _
(b t-e) Ps+€(ps+€+x [V pe| ‘QE+5—>w’

almost everywhere in [0,7] x (R?\ {p = 0}) igor, which is equivalent,
(IVpel® = (pe +)°x

ins — W,
almost everywhere in [0, 7] x (R*\ {p = 0})./Bug as p. — p strongly in L2(0, T'; R?),
pe — p ae. in (0,T) x RY, and

(IVpel* = p°X%) [Vpe =,
almost everywhere in [0, 7] x (g%‘\l \ {p=0})

Define Qr,r = [1,T] x (BgN{p > 0}).| Egorov’s and Lusin’s Theorems im-
n

ply that, for every n > 0, there exists Qp r C Qrrr compact such that
’QRﬂ—,T\Q%ﬂ',T’ < 777

(IVeel* = p*X°) (V- € CO Q).
(IVpe]? - 02x2)<vpa — W
Then, as Vp. — Vp weakly il\L?(R? x (0,T)) we have that

niformly in Q% ;.

/n [(I pel = 0°x°) Vo= = (IVol* = p°x°) vp} (Vp. — Vp)dz dt

R,7,T
= /n [(| Ps|2 — ,02)(2) Vp: — @} (Vps — Vp) dx dt
R,7,T
+/ — (VoI - 02X2)<V,0} (Vp. — Vp)dadt — 0.
R,7,T

But, notice that

/ [(| pel> = 0*x%), V- — (C:ﬂ2 —’x°) Vﬂ] (Vp- = Vp.) dz dt

:%l( (0012 = p2), + (o = 027), | ¢ 1900 = p)Pdwdt (4.4.200)

n
R,7,T

R

,7, T
1
+ §/<n (|Cps|2 — p2x2)+ — (|Vp|2 . p2X2>+ % (|Cp€|2 . |Vpg|2) Cl’dt 0
R,r,T

(4.4.20b)
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Since both integrals in (4.4.20a), (4.4.20b) are nonnegative, the convergence to 0 of
(4.4.20a) implies that we can find a subsequence (not relabeled) such that Vp. — Vp
a.e. in Q% o\ {px > |Vpl}. W.lo.g. we can choose n = 1/N, N € N, and assume
that Q}{ﬁ} C Q%ﬁ?p for Ny < Ny. Since |Qpr1 \ Q?—zmﬂ < n, a Cantor diagonal
argument yields the existence of a subsequence (not relabeled) such that Vp. — Vp
a.e. in Qr,r \ {px > |Vp|}. Via another Cantor diagonal argument we conclude
that (up to a subsequence)

Vp. = Vp ae. in (0,T) x (R*\ {px > |Vp|})( (4.4.21)
Thus
((‘ w), 7 (“wﬁ)(w in L2((0.1) x <fd\{pxz rwu))(
Furthermore
[(I pel> = X%, = (IVo* = p°x° } X ICM_;I2 V.| (
=N(IFpl> = p°x%), = (¥ ol +
- CWZ P’X

gg L —(IVol* = p°x%) 2< ‘Cm‘z_px (W2p2X2)<]
2_ 22 2= 023 IVl = 023 /.
B St S R

(IVp=|* = p2x ) — (IVp|]* - p2x2)< a.e. in L* ((0,T) x (R*N{p > 0})) (

Moreover, notice that

. Xps 2
lim (1-— V. ([Vpe| + pex <hm Vo> = px
i yw)( pe (901 + o), < i (19 ).(
0

(IVol* )<:
a.e. in (0,T) x (RYN{px > |Vp,| p> O}).(Finally, it holds

XPe XP .
1-— Vp: <2/p:\V/p:| = 0= (1——) Vp ae.in {p>0}.
( |Vp5|)( p VPl V/pel 7 ( {p> 0}

This means that

<<_ !éf;fl) Ve (1 N %> (Vp a.e. in (0,T) x RY,
el / +

and we finally get

<<_ I%) Ve (1 . Ié_ppl) (W weakly in L*((0,T) x R).
el/ +
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4.4.3 Limit ¢ — 0 in (4.3.5)
As in (4.3.3), we have that

10:e | 20,011 )y < Cllpinell L2 gey,
and, as p, . is uniformly bounded in L?(0, T; R?), this yields
Oip. — O,p weakly in  L*(0,T; H™ ).

On the other hand, due to what is stated in the previous section, we have that

(). 7= () o e oz
el/ +

For the regularizing terms we have the following:
lim e /( Vp-Vodrdt+¢ /( /ﬂ( peodrdt < UmeC||pmel| 20,mra) |2l 220, 75R)
e—0 R4 d e—0

=0.

Finally we have that p is the weak solution to (4.1.8).

4.4.4 Obtaining the initial data p;, for p

In what follows, we will show that p(f) = pi, strongly in LP(R?) as ¢ — 0.
We start by reminding that p. is bounded in the space

(i€ L*0,T; H(RY) : du e L*0,T; H ' (R?)

which embeds continuously into C°([0, T'; L?(R?)) [145, Prop. 23.23]. In particular
it follows that p.(t) — p(t) weakly in H~1(R?) for every ¢ € [0, 7], hence

e—0

lim » pe(t)pdx = /ﬂ(lp(t)wdx Vo € H'Y(RY). (4.4.22)

Also remember that the initial condition for the approximated problem (4.3.5) is
satisfied in the sense of (4.3.2).

Define for brevity A, := €+< — |§ZE|> A= ( IVPI) Choose p € H'(R?)
Hrt
independent of time in (4.3.5). I

/ Ps(T)%Odl‘_/ﬂ(Pin,a(PdI
R4
= /(/ ANp, - Vgodxdt—ke/(/ﬂ(paapdxdt
R4

<(1+¢) vaEHL2 0.7:22®NI VOl r20 m:22®ay) + || Pl 200,72 ey 12| 22 OTLZ(Rd)))
< Ol 1 (ray.

follows
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Relation (4.4.22) allows us to take the limit € — 0 in the above estimate and obtain

/dP(T)<de—/ﬂQPOSOd$ < O/l 1 (may,
R

p(t) — po strongly in H*(R?) as t — 0. (4.4.23)

implying

Define now, for M > 0 arbitrary,

B B psP! 0<s<M,
Fu(s) = /(fM(J)dU’ futs)= {p(P —DMP2(s — M) +pMP~' s> M.

Choose ¢ = far(p) X1 (t) € L2(0,T; HY(R?)) in (4.1.8). It follows

[ Futote s = [ Futpte))d = /( /ﬂ(AfM( IVl
== (/ﬂ( Fai(p)p¥ PV P22 d dt.

Since f1,(p)p* P = p(p—1) min(pP~2, MP~?)p*™? < p(p—1), Fur(p) < p, Proposition
4.2.2 and the dominated convergence theorem allow us to take the limit M — oo in
the above identity and deduce

/Rd p(ts)? dz — /ﬂ(ip(tl)de = Zl(pp%l)/:/ﬂémvpp/ﬂ? de dt

for a.e. t1,ty € [0,T]. It follows that the function ¢ — ||p(t )||Lp Ra) 15 1D wh1(0,7),

hence, up to changing the values of p : [0,7] — LP(R?) in a zero measure set, it
holds that ¢ — || p(t)H}zp(Rd) is continuous in [0,7]. As a consequence, the bound
()]l Lrray < llpollLeray holds for every ¢ € [0,T]. In particular p(t) is weakly
convergent (up to subsequences) in LP(R?) as t — 0; however, its weak limit has to
be po due to (4.4.23), hence p(t) — po weakly in LP(R?) as ¢t — 0 (no longer up to

subsequences). It follows
[ pol] L (rey < lim inf o) || o (ray < limsup ||p(t)]| Lo ey < [lpoll ey,
—0 t—0

implying that ||p(¢)| zo@ay — ||pollLer@ay as t — 0. This fact and the weak conver-
gence p(t) — po in LP(R?) imply that p(t) — pi, strongly in LP(R?) as ¢ — 0.

4.4.5 Uniqueness

Let p1 and py be two solutions to (4.1.8) with the same initial data. As in Section
1+o

4.4, we subtract equation (4.1.8) for py tested with s = £52—1 = B=F2 to the

equation for p; tested with ¢; = log ( 1+") (Following the same computations as
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n (4.4.3), we get

/(/ﬂ( [10tp1 — p20,p2] d dt =
/ dt/ﬂ( p2+0) {(,0210) log (Z;ig) — (g;ij) —i—l} dx dt
- &<p2+a> (2 Yiog (27) - (222) 4] <T>dx.
After some manipulations, this yields
/ﬂ((ﬂ2+0) [(215) log <Z;ig> - <Zig> +1] <T)dx (4.4.24)
(% ()
(|V log(p1 +U)] ]Vlog(pg—i-a)\ %) Az dt
e one(222) () () o

+&+ &
<&+ &

where

L) () e () e
- ‘/(/w (- 20). - () J o () o

We want to show that limsup,_,,(§ + &2) < 0. We estimate first £ and then &.
Xp1 X(p1+ 0)) } Ve
— - dx dt
o= /(/Rd Vol ) ( Vpil Mot o
2
< // Xp1 ,01+0 ] Voil®
2 IVm V1 b2t o

Gl é@i)(n(%”vli“)Mfde

) (K
It is easy to see t(qat the integrand in (IT) is conkrolled by |V/p,|* € L' (R x\0,T)).
For (I) we use the Lipschitz condition (4.4.16) and we get

—

1
[Integrand in (I)| < §|Vp1| < |V/p, /P € LYR? x (0,T)).

137



CHAPTER 4. A QUASILINEAR PDE FROM CHEMOTAXIS

This shows that &; is uniformly bounded with respect to o. Let us estimate &:

X2\ ({_ Xlp2t+0)\ | Fr2Vp
= /(/Rd |V02) << V2] )J p2+0 dodt

{ sz ( x(p2 + 0) [pr + )Vl (o

\VPQ\ Vool + (p2 +0)?

—2//Rd |§f»> (1 fv:f)] 2
L) - (%) e
L) () T

The integrand in the last expression is controlled by |Vy/pi| € L*(R* x (0,7)).
Therefore by dominated convergence we can take the limit ¢ — 0 in (4.4.24) to

obtain
/ [pl log (ﬂ) 6 pr+ Pz} (T) dz< limsup(&§ + &) < 0
Rd P2 oc—0

This implies that p; = ps.

dx dt
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