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Introducción y conclusiones 

Tipos de EDPs 
Esta tesis es una recopilación de tres trabajos que el autor ha llevado a cabo en 
los ´ nos. El ´ un de estos trabajos son las Ecuaciones enultimos cuatro a˜ area com´ 
Derivadas Parciales (EDPs) parabólicas y eĺıpticas. Sea Ω ⊂ RN un dominio con 
borde ∂Ω, entonces, la EDP eĺıptica canónica es la Ecuación de Laplace: 

−∆u = 0, en Ω, 

con condiciones de contorno en ∂Ω. Entre muchas interpretaciones, una t́ıpica de 
esta ecuación es que u representa una cantidad f́ısica (como la concentración de 
un qúımico, la temperatura, etc.) en equilibrio dentro del dominio Ω bajo ciertas 
condiciones en ∂Ω. Para este tipo de ecuaciones un área de estudio signifcativa es 
el cálculo de autovalores y de cantidades asociadas a estos, como la rigidez torsional 
o la capacitancia. En particular, en el Caṕıtulo 2, abordamos el problema de op-
timización de forma, buscando obtener estimaciones precisas basadas en la forma 
del dominio para una de estas cantidades mencionadas, la δ-rigidez torsional en la 
frontera. 

En dicho caṕıtulo presentamos los resultados del art́ıculo A Steklov version of 
torsional rigidity ([31]), un trabajo conjunto con Lorenzo Brasco y Maŕıa del Mar 
González. 

Por otro lado, la ecuación diferencial parabólica estándar es la Ecuación del 
Calor : 

ut = ∆u, en (0, T ) × Ω, 

usualmente asociada a un estado inicial u0. Pensando en u como la temperatura en 
el momento t y la posición x dentro de una región Ω, esta ecuación determina que la 
temperatura vaŕıa en el tiempo a la misma velocidad que sus segundas derivadas es-
paciales. Esta ecuación tiende a “suavizar” la función desconocida u, a regularizarla. 
Este tipo de ecuaciones se denominan ecuaciones de difusión. 

Tanto la ecuación de Laplace como la ecuación del calor son lineales, es decir, 
que la suma de dos soluciones también es una solución. Sin embargo, la mayoŕıa 
de las EDPs interesantes no lo son. Entre todas las ecuaciones no lineales la más 
cercana a la Ecuación del Calor es, 

ut = ∆u m . 

Cuando m > 1 esta ecuación se conoce como la Ecuación de Medios Porosos (PME 
en inglés) y, cuando m < 1, se llama la Ecuación de Difusión Rápida (FDE en 
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inglés). El nombre “Ecuación de Medios Porosos” proviene de su uso para describir 
el fujo de un gas ideal en un medio poroso homogéneo. 

Tanto la PME como la FDE pertenecen a una clase más amplia de ecuaciones 
de la forma 

ut = ∇ · (a(u)∇u), 
donde a(u) se denomina coefciente de difusión. En el caso de la PME y la FDE, este 
coefciente toma la forma de a(u) = mum−1 . Cuando m > 1 la ecuación degenera 
si u = 0, es decir, a(0) = 0 y la ecuación no difunde, por lo que las soluciones con 
datos iniciales de soporte compacto permanecen con soporte compacto, presentando 
una especie de frontera libre donde la solución se anula. Sin embargo, en el caso 
de FDE el coefciente de difusión a(u) tiende a infnito cuando u → 0, por lo que 
incluso si los datos iniciales tienen soporte compacto, la solución será positiva para 
todo t > 0. Como puede observarse, un pequeño cambio en la “no linealidad” genera 
grandes cambios en el comportamiento de la ecuación. 

Si ahora agregamos un término de convección a cualquier ecuación de difusión, 
la convertimos en una ecuación de convección-difusión: 

ut = ∇ · (a(u)∇u) −∇ · (b u), 

donde b denota la velocidad del fujo. Continuando con el ejemplo anterior, esta 
ecuación modela la concentracion de un gas ideal en un medio poroso condicionado 
por un fujo determinado por b. Una aplicación muy frecuente de las ecuaciones de 
convección-difusión la encontramos en la bioloǵıa a la hora de describir movimientos 
colectivos de células, como por ejemplo, en el modelo de quimiotaxis de Keller-Segel. 
En este modelo las células están sujetas a un proceso de difusión y al mismo tiempo 
son atráıdas por ciertas regiones ricas en nutrientes o por substancias qúımicas 
generadas por otras células. 

El Caṕıtulo 4 presenta los resultados del art́ıculo A quasilinear Keller-Segel model 
with saturated discontinuous advection ([75]) en el cual el autor y sus colaboradores, 
Maria Gualdani y Nicola Zamponi, estudian una ecuación cuasilineal derivada de 
un modelo de quimiotaxis. 

En los procesos de difusión descritos anteriormente se asume que las part́ıculas 
que forman el sistema se mueven de manera continua o, alternativamente, en in-
tervalos cortos que pueden representarse mediante una distribución gaussiana. Al 
depender ´ as inmediato, es razonable que el movimiento deunicamente del entorno m´ 
las part́ıculas esté gobernado por un operador local, por ejemplo, por el laplaciano 
en el caso del movimiento browniano. Sin embargo, existen procesos de difusión 
anómala que requieren operadores no locales debido a que el movimiento de las 
part́ıculas depende de la distribución de las mismas en todo el espacio. Entre es-
tos operadores el más utilizado y estudiado es el laplaciano fraccionario (−∆)s , con 
s ∈ (0, 1), que en RN se puede defnir, entre otras muchas formas equivalentes, a 
través de la integral singular Z 

u(x) − u(y)
(−∆)s dy, u(x) = CN,sP.V. |x − y|N+2s 

RN 

donde CN,s es una constante de normalización y P.V. indica el valor principal. Como 
se puede observar, la integral es singular en x = y, lo que signifca que para que la ex-
presión sea calculable, se requiere cierta regularidad para u en x. Esta singularidad 
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es lo que, de alguna manera, representa la diferenciación de u, ya que necesitaremos 
cierta regularidad en el punto x para que la integral sea fnita. Como se menciona 
anteriormente, en RN hay varias maneras equivalentes de defnir el laplaciano frac-
cionario (a través de la Transformada de Fourier, mediante el semigrupo de calor 
asociado con el operador (−∆)s , etc.). Sin embargo, como veremos más adelante, 
en dominios acotados estas defniciones pueden no ser equivalentes. 

El Caṕıtulo 3 está dedicado a la ecuación de difusión rápida con operadores 
fraccionarios, presentando los resultados del art́ıculo The Cauchy-Dirichlet problem 
for singular nonlocal difusions on bounded domains ([23]) y de otro art́ıculo en 
preparación que es la continuación natural de este. Ambos art́ıculos son trabajos 
conjuntos con Matteo Bonforte y Peio Ibarrondo. 

A continuación presentamos una introducción breve pero más espećıfca de cada 
uno de los caṕıtulos de forma independiente. 

Rigidez torsional en la frontera 
Aqúı presentamos el problema abordado en [31], 

A Steklov version of torsional rigidity, 

un trabajo conjunto del autor con Lorenzo Brasco y Maŕıa del Mar González, pub-
licado en 2023 en Communications in Contemporary Mathematics. 

Tomemos la ecuación de Laplace, agreguemos un término constante en el interior 
e impongamos condiciones de contorno de Dirichlet, es decir: � 

−∆u = 1, en Ω, 
u = 0, en ∂Ω. 

La solución a esta ecuación se llama función de tensión y representa la distribución 
de la tensión generada en una viga cuando se aplica un momento sobre el eje lon-
gitudinal. Ω representa la sección de la viga y la tension total resultante se llama 
rigidez torsional, la cual puede expresarse como Z �R �2 

T (Ω) = u dx, o equivalentemente, T (Ω) = sup R Ω φdx 
. 

φ|∂Ω=0 |∇φ|2 dxΩ Ω 

Sea λ(Ω) el primer autovalor de Dirichlet, es decir, la menor constante λ > 0 que 
satisface � 

−∆u = λu, en Ω, 
u = 0, en ∂Ω. 

Una desigualdad clásica de Pólya [122] establece que 

T (Ω)λ(Ω) ≤ 1. 
|Ω| 

Motivados por esta relación entre el primer autovalor de Dirichlet y la rigidez tor-
sional, el objetivo del Caṕıtulo 2 es encontrar un nuevo concepto de rigidez torsional 
en la frontera f́ısicamente coherente y matemáticamente interesante relacionado con 
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un autovalor de Steklov modifcado. Defnimos este autovalor como la primera con-
stante σ > 0 que satisface � 

−∆u = δu, en Ω, 
⟨∇u, νΩ⟩ = σ u, en ∂Ω, 

donde νΩ es el vector normal unitario exterior de Ω. 
Ahora, defnimos la δ-rigidez torsional fronteriza como �R �2 

φdHN −1 R 
Ω 

RT (Ω; δ) = sup ∂Ω ,
|∇φ|2 dx + δ2 φ2 dx

Ω 

donde HN−1 representa la medida de Hausdorf (N − 1)-dimensional de la frontera 
∂Ω. 

Desde un punto de vista variacional, cuando δ = 1, dicho objeto corresponde a 
la constante óptima para el encaje de traza de W 1,2(Ω) en L1(∂Ω). 

El problema de Cauchy-Dirichlet para difusiones 
no locales singulares 
Esta sección está dedicada al problema abordado en [23], 

The Cauchy-Dirichlet problem for singular nonlocal difusions on bounded domains, 

un trabajo conjunto del autor con Matteo Bonforte y Peio Ibarrondo, publicado en 
2023 en Discrete and Continuous Dynamical Systems. En el Caṕıtulo 3 también 
presentamos algunos resultados nuevos de otro art́ıculo en preparación que es la 
continuación natural del mencionado anteriormente. 

Estudiamos el Problema de Cauchy-Dirichlet (CDP en inglés) para una ecuación 
de difusión no lineal y no local de tipo singular de la forma   

∂tu(t, x) = −Lum(t, x) en (0, ∞) × Ω , 
u(t, ·) = 0 en la frontera lateral, ∀t > 0 , (1) 
u(0, ·) = u0 en Ω , 

donde 0 < m < 1 y Ω ⊂ RN es un dominio suave y acotado con N ≥ 1. 
El operador de difusión lineal L es un operador sub-Markoviano, perteneciente 

a una gran clase de operadores (locales y) no locales, que incluye las tres versiones 
diferentes del ”laplaciano fraccionario”, mientras que la no linealidad es de tipo 

msingular, es decir, u = |u|m−1u con 0 < m < 1. La ecuación prototipo es la 
Ecuación de Difusión Rápida, es decir, cuando L = −∆ es el laplaciano de Dirichlet 
clásico. Centramos nuestra atención en modelos no locales cuyo prototipo es la 
llamada Ecuación de Difusión Rápida Fraccionaria, que corresponde al caso en que 
L es uno de los tres laplacianos fraccionarios de Dirichlet posibles en Ω: el laplaciano 
fraccionario restringido (RFL en inglés, también conocido como el “estándar” o 
simplemente “el” laplaciano fraccionario), el laplaciano fraccionario espectral (SFL 
en inglés) y el laplaciano fraccionario censurado (CFL en inglés, también conocido 
como laplaciano fraccional regional). 
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Dado que permitimos que el operador lineal L sea no local, la condición de 
frontera lateral es dif́ıcil de defnir en general. Superamos esta difcultad utilizando 
la formulación dual del problema y codifcando las condiciones de contorno a través 
de la función de Green del operador. Podemos reformular el (CDP) en su forma 
dual mediante el operador inverso L−1 como 

L−1 ut(t, x) = −u m(t, x). 

Una EDP cuasilineal de quimiotaxis 
A continuación, presentamos el problema abordado en el art́ıculo [75], 

A quasilinear Keller-Segel model with saturated discontinuous advection, 

un trabajo conjunto del autor con Maria Gualdani y Nicola Zamponi. 
La quimiotaxis es un fenómeno biológico que describe el movimiento colectivo de 

una población formada por individuos (como bacterias) que reaccionan a un est́ımulo 
qúımico externo. El modelo más simple para describir el movimiento quimiotáctico 
es el propuesto por Patlak y Keller-Segel, [85, 114]. En este modelo las células 
experimentan un proceso de difusión a la vez que son atráıdas hacia regiones con 
nutrientes o ciertas sustancias qúımicas generadas por otras células. 

En este trabajo nos centramos en un caso particular de un modelo de quimio-
taxis con advección discontinua y en ausencia de nutriente establecido por Calvez-
Hofmann en [42]. Sea d ≥ 1, este modelo pede expresarse como una versión del 
clásico Keller-Segel:  

�� 
ρ ∇S∂tρ − ∆ρ + χdiv = 0, en Rd × (0, ∞),|∇S| 

−∆S + αS = ρ, en Rd × (0, ∞), 

donde χ > 0 es la sensibilidad de las células al qúımico y α ≥ 0 es el decaimiento 
natural del mismo. Tomando el ĺımite singular α → ∞ ( reescalando S 7→ S/α e 
identifcando el ĺımite de viscosidad S = ρ) y escribiendo el resultado en forma de 

i�  
divergencia obtenemos, formalmente, la siguiente EDP cuasilineal: h� 

χρ∂tρ − div 1 − ∇ρ = 0, en Rd × (0, ∞),|∇ρ| 

ρ(0) = ρ0, en Rd . 

Nuestro objetivo es demostrar la existencia de soluciones débiles para este problema. 
Sin embargo, vemos que el coefciente de difusión es positivo cuando |∇ρ| > χρ, 
negativo cuando |∇ρ| < χρ y se anula con la igualdad. Por lo tanto, como enfoque 
inicial, es natural demostrar la existencia del siguiente problema, modifcación del 
anterior, que mantiene la dinámica principal del modelo (ambos comparten el mismo 

� estado estacionario) pero que lo hace matemáticamente más abordable: �� 
χρ 
�  ∂tρ − div 1 − ∇ρ = 0, en Rd × (0, ∞), 
+ (2) 
ρ(0) = ρ0, en Rd , 

|∇ρ| 

donde (·)+ denota la parte positiva, es decir, f+ = max{f, 0}. 
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Conclusiones 
En el Caṕıtulo 2 se exponen algunas motivaciones f́ısicas y matemáticas para estudiar 
la δ-rigidez torsional en la frontera. Además, presentamos algunas propiedades de 
la función de tensión y estudiamos el ĺımite δ → 0. Para terminar, obtenemos 
estimaciones geométricas óptimas de la δ-rigidez torsional fronteriza, tanto para 
conjuntos simplemente conexos en el plano como para conjuntos convexos de RN . 

En el Caṕıtulo 3 proporcionamos una teoŕıa básica completa para soluciones del 
problema (1): existencia y unicidad en la mayor clase de datos conocida hasta ahora, 
efectos clásicos de regularización (smoothing efects en inglés) Lp −L∞ y nuevas esti-
maciones “con pesos” que representan una novedad también en el caso local, es decir, 
ut = ∆um . A la hora de probar los smoothing efects comparamos dos estrategias 
diferentes: la iteración de Moser y el método de la función de Green. El carácter 
singular de la ecuación implica una propiedad peculiar de las soluciones: pueden 
extinguirse en tiempo fnito. De hecho, mostramos tasas de extinción expĺıcitas y 
precisas tanto por arriba como por abajo. A continuación, demostramos los llamados 
Principios Globales de Harnack (GHP en inglés), que proporcionan ĺımites superi-
ores e inferiores precisos de la solución en términos de una función (casi) expĺıcita. 
Estos ĺımites globales claramente implican los locales, las llamadas desigualdades 
de Harnack intŕınsecas, que comparan el supremo y el ı́nfmo de las soluciones en 
”cilindros intŕınsecos” adecuados, cuyo tamaño depende de la solución misma. Es-
tas ´ olderultimas desigualdades, a su vez, permiten deducir regularidad de H¨ en el 
interior de Ω y, aprovechando el GHP, extender cierta regularidad hasta la frontera. 
También demostramos una regularidad interior más alta, cuando el operador lo per-
mite, mostrando que las soluciones acotadas son realmente clásicas. ´Esta ultima 
parte (frontera y regularidad interior más alta) está en proceso y forma parte de un 
art́ıculo en sus etapas fnales de preparación. 

En el Caṕıtulo 4, demostramos la existencia y la unicidad de las soluciones del 
problema (2). Para ello agregamos un término de viscosidad (ε∆ρε) a la ecuación y 
demostramos la existencia de soluciones de este nuevo problema regularizado. Pare 
esto hacemos uso de la teoŕıa para operadores monótonos y de un teorema de punto 
fjo. La difcultad principal al eliminar el término de viscosidad es identifcar el ĺımite � � 
del término no lineal 1 − ρε ∇ρε. Mediante un método de entroṕıa, somos ca-|∇ρε| + 
paces de superar este problema y demostrar la existencia de soluciones. Finalmente, 
a través el mismo método de entroṕıa, obtenemos la unicidad de soluciones. 
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Chapter 1 

Introduction and conclusions 

1.1 Types of PDEs 
This thesis is a compilation of three works that the author has carried out over the 
past four years. The common area of these works is parabolic and elliptic Partial 
Diferential Equations (PDEs). Let Ω ⊂ RN be any domain with boundary ∂Ω, then, 
the canonical linear elliptic partial diferential equation is the Laplace’s Equation: � 

−∆u = 0, in Ω, 
u = g, on ∂Ω. 

Among many interpretations, a typical one of this equation is that u represents 
a physical quantity (such as concentration of a chemical, temperature, etc.) in 
equilibrium within a domain Ω with some boundary conditions in ∂Ω. For equations 
of this type, a signifcant area of study involves eigenvalues and associated quantities 
such as torsional rigidity or capacity. Particularly, in Chapter 2, we deal with the 
issue of shape optimization, aiming to derive sharp estimates for these quantities 
based on the domain’s shape. 

In the mentioned chapter we present the results of the paper A Steklov version 
of torsional rigidity, see [31], a joint work with Lorenzo Brasco and Maŕıa del Mar 
González. 

On the other hand, the standard parabolic equation is the Heat Equation: 

ut = ∆u in (0, T ) × Ω ⊂ R+ × RN , 

usually associated with an initial state u0. Thinking of u as the temperature at time 
t and position x within a region Ω, the equation tells us that the temperature will 
vary in time at the same rate as its second spatial derivatives. This equation tends 
to “smooth out” the unknown function, to regularize it. These types of equations 
are called difusion equations. 

Both the Laplace equation and the heat equation are linear, meaning that the 
sum of two solutions is also a solution. However, most interesting PDEs are nonlin-
ear, and among them, the one closest to the Heat Equation is: 

ut = ∆u m . 

1 
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When m > 1, this equation is known as the Porous Media Equation (PME), and 
when m < 1, it is called the Fast Difusion Equation (FDE). The name “Porous 
Media Equation” stems from its use in describing the fow of an ideal gas in a 
homogeneous porous medium. 

Both PME and FDE belong to a broader class of equations of the form 

ut = ∇ · (a(u)∇u), 

where a(u) is often referred to as the difusion coefcient, and in the case of PME 
and FDE, a(u) = mum−1 . When m > 1, the equation degenerates when u = 0, 
meaning a(0) = 0, and the equation does not difuse, so solutions with initial data 
of compact support remain with compact support, featuring a sort of free boundary 
where the solution vanishes. However, in the case of FDE, a(u) tends to infnity as 
u → 0, so even if the initial data has compact support, the solution will be positive 
for all t > 0. As can be seen, between these two equations, along with the Heat 
Equation, there are many similarities but also signifcant diferences. 

Now, if we add a convection term to any difusion equation, we turn it into a 
convection-difusion equation: 

ut = ∇ · (a∇u) −∇ · (bu), 

where b is the velocity at which en external fux moves. Continuing with the previous 
example, this equation can model the concentration of an ideal gas in a porous 
medium conditioned by a specifc fow with velocity b. The convection-difusion 
equation is also widely used in biology to describe the collective movement of cell 
groups, such as in Keller-Segel model for Chemotaxis. In such model, cells undergo a 
difusion process while also being attracted to regions with food or certain chemicals 
generated by other cells (chemotaxis), meaning they have a bias towards certain 
directions. 

Chapter 4 presents the results of the paper A quasilinear Keller-Segel model 
with saturated discontinuous advection [75], in which the author and collaborators, 
Maria Gualdani and Nicola Zamponi, study a quasilinear equation arising from a 
chemotaxis model. 

In the difusion processes described above, it is assumed that the particles form-
ing the system move continuously or, alternatively, in short intervals that can be 
represented by a Gaussian distribution. However, this is not always the case; for 
instance, there are processes of anomalous difusion that require non-local opera-
tors. Among these operators, the most used and studied is the fractional Laplacian 
(−∆)s , with s ∈ (0, 1), which in RN has many equivalent defnitions, such as through 
a singular integral: Z 

u(x) − u(y)
(−∆)s dy, u(x) = CN,sP.V. |x − y|N+2s 

RN 

where CN,s is a normalization constant and P.V. indicates the principal value. As 
can be seen, the integral is singular at x = y, meaning that for the expression to 
be computable, a certain regularity for u at x is required. This singularity is what 
in some way diferentiates u, so we will need a certain regularity for the integral to 
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be fnite. As mentioned earlier, in RN , there are several equivalent ways to defne 
the fractional Laplacian (via the Fourier Transform, through the heat semigroup 
associated with the operator (−∆)s , etc.). However, as we will see, in bounded 
domains, these defnitions may not be equivalent. 

Chapter 3 is dedicated to the fast difusion equation with fractional operators, 
presenting the results of the paper The Cauchy-Dirichlet problem for singular non-
local difusions on bounded domains, see [23], and of a forthcoming article which 
is the natural continuation of this one. Both papers are joint works with Matteo 
Bonforte and Peio Ibarrondo. 

Next, we give a brief but more specifc introduction of each of the chapters 
independently. 

1.2 Boundary torsional rigidity 
Here we present the problem addressed in [31], 

A Steklov version of torsional rigidity, 

a joint work of the author with Lorenzo Brasco and Maŕıa del Mar González, pub-
lished in 2023 in Communications in Contemporary Mathematics. 

Let us take the Laplace’s equation above, add a constant term in the interior 
and impose Dirichlet’s boundary conditions, this is: � 

−∆u = 1, in Ω, 
u = 0, on ∂Ω. 

The solution to this equation is called the stress function and represents the dis-
tribution of the stress generated in a beam due to an applied torque. The total 
resultant torque due to this stress is called torsional rigidity and can be expressed 
as �Z �2 Z φ dx 

T (Ω) = u dx, or equivalently, T (Ω) = sup Z Ω . 
Ω φ|∂Ω=0 |∇φ|2 dx 

Ω 

Let λ1(Ω) be the frst Dirichlet’s eigenvalue, this is, the smallest constant λ1 > 0 
satisfying � 

−∆u = λ1u, in Ω, 
u = 0, on ∂Ω. 

A classic inequality by Pólya [122] states that 

T (Ω)λ1(Ω) ≤ 1. 
|Ω| 

Motivated by this relation between the frst Dirichlet’s eigenvalue and torsional 
rigidity, the aim of Chapter 2 is to fnd a physically coherent and mathematically 
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interesting new concept for boundary torsional rigidity related to a modifed Steklov 
eigenvalue. We defne this eigenvalue as the frst constant σ > 0 satisfying � 

−∆u = δu, in Ω, 
⟨∇u, νΩ⟩ = σ u, on ∂Ω, 

where νΩ is the unit outer normal vector of Ω. 
Now, we defne the boundary δ-torsional rigidity as �Z �2 

φdHN−1 

T (Ω; δ) = sup Z ∂Ω Z , (1.2.1) 
φ2|∇φ|2 dx + δ2 dx 

Ω Ω 

where HN−1 stands for the (N − 1)-dimensional Hausdorf measure of the boundary 
∂Ω. 

From a variational point of view, when δ = 1, such a new object corresponds to 
the sharp constant for the trace embedding of W 1,2(Ω) into L1(∂Ω). 

1.3 The Cauchy-Dirichlet problem for singular 
nonlocal difusions 

This section is devoted to the problem addressed in [23], 

The Cauchy-Dirichlet problem for singular nonlocal difusions on bounded domains, 

a joint work of the author with Matteo Bonforte and Peio Ibarrondo, published 
in 2023 in Discrete and Continuous Dynamical Systems. In Chapter 3, the one 
dedicated to this problem, we also present some new results of a forthcoming paper 
which is the natural continuation of the one mentioned above. 

We study the Cauchy-Dirichlet Problem (CDP) for a nonlinear and nonlocal 
difusion equation of singular type of the form   ∂tu(t, x) = −Lum(t, x) on (0, +∞) × Ω , 

u(t, ·) = 0 on the lateral boundary, ∀t > 0 , (CDP) 
u(0, ·) = u0 in Ω , 

where 0 < m < 1, and Ω ⊂ RN is a bounded smooth domain, posed on a bounded 
Euclidean domain Ω ⊂ RN with smooth boundary and N ≥ 1. 

The linear difusion operator L is a sub-Markovian operator, belonging to a large 
class of (local and) nonlocal operators, which includes the three diferent versions 
of the Fractional Laplacian, while the nonlinearity is of singular type, namely um = 
|u|m−1u with 0 < m < 1. The prototype equation is the Fast Difusion Equation, 
when L = −∆ is the classical Dirichlet Laplacian. We focus our attention on 
nonlocal models, whose prototype is the so-called Fractional Fast Difusion Equation, 
which corresponds to the case when L is one of the three possible Dirichlet fractional 
Laplacians on Ω, namely, the restricted fractional Laplacian (RFL, also known as the 
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“standard” or simply “the” fractional Laplacian), the spectral fractional Laplacian 
(SFL) and the censored fractional Laplacian (CFL, also known as regional fractional 
Laplacian). 

Since we are allowing the linear operator L to be nonlocal, the lateral boundary 
condition is tricky to defne in general. We overcome this difculty using the a dual 
formulation of the problem, encoding the boundary conditions through the Green 
function of the linear operator. We can reformulate (CDP) in its dual form by 
means of the inverse operator L−1 as 

L−1 ut(t, x) = −u m(t, x). 

1.4 A quasilinear PDE from chemotaxis 
Let us present the problem addressed in the preprint [75], 

A quasilinear Keller-Segel model with saturated discontinuous advection, 

a joint work of the author with Maria Gualdani and Nicola Zamponi. 
Chemotaxis is a biological phenomenon describing the collective motion of a pop-

ulation formed of individuals (such as bacteria) that react to an external chemical 
stimulus. The simplest model for describing the chemotactic motion is the one pro-
posed by Patlak and Keller-Segel, [85, 114]. In this model, cells undergo a difusion 
process while also being attracted to regions with nutrients or certain chemicals 
generated by other cells, meaning they have a bias towards certain directions. 

Let d ≥ 1, in this work we focus in a particular case of the following minimal 
chemotactic model, stated by Calvez-Hofmann in [42], with discontinuous advection 
and in the absence of nutrient, which can be expressed as a version of the classical 
Keller-Segel:   

�� 
ρ ∇S∂tρ − ∆ρ + χdiv = 0, in Rd × (0, ∞),|∇S| 

−∆S + αS = ρ, in Rd × (0, ∞), 

where χ > 0 is the chemoatractant sensitivity and α ≥ 0 is the natural decay of the 
chemical. Taking the singular limit α → ∞ (if we rescale S 7→ S/α and we identify 
the vanishing viscosity limit S = ρ) and writing the result in divergence form we 
formally get the following quasilinear PDE:   

h� 
χρ 

i� 
∂tρ − div 1 − ∇ρ = 0, in Rd × (0, ∞),|∇ρ| 

ρ(0) = ρ0, in Rd . 

We aim to prove existence of weak solutions to this problem. 
Here we see that the difusion coefcient is positive when |∇ρ| > χρ, negative 

when |∇ρ| < χρ and vanishes with equality. Therefore, as a frst approach, it is 
natural to prove existence for the following problem, which is a modifcation of 
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(4.1.2) that maintains the main dynamics of the model (same stationary state) but 
makes it more mathematically tractable: � �� � χρ ∂tρ − div 1 − ∇ρ = 0, in Rd × (0, ∞),|∇ρ| 

+ (1.4.1) ρ(0) = ρ0, in Rd , 

where (·)+ denotes the positive part, that is, f+ = max{f, 0}. 

1.5 Conclusions 
In Chapter 2 we give some physical and mathematical motivations to study the δ-
torsional rigidity. We present some properties of the state function in (1.2.1) and we 
study the limit δ → 0. We obtain sharp geometric estimates of δ-torsional rigidity, 
both for planar simply connected sets and for convex sets in any dimension. 

In Chapter 3 we provide a complete basic theory for solutions to problem (CDP): 
existence and uniqueness in the biggest class of data known so far, both for nonneg-
ative and signed solutions; sharp smoothing estimates: classical Lp − L∞ smoothing 
efects, and new weighted estimates, which represent a novelty also in local case, 
i.e. ut = ∆um . We compare two strategies to prove smoothing efects: Moser iter-
ation VS Green function method. The singular character of the equation implies a 
peculiar property of solutions: they may extinguish in fnite time. Indeed we show 
explicit sharp extinction rates, both from above and from below. We next prove 
the so-called Global Harnack Principles (GHP), which gives precise pointwise upper 
and lower bounds of the solution in terms of a (almost) explicit function. These 
global bounds clearly imply the local ones, the so-called intrinsic Harnack inequali-
ties, that compare the supremum and the infmum of solutions on suitable “intrinsic 
cylinders”, whose size depends on the solution itself. These latter inequalities, in 
turn, allow to deduce Hölder regularity in the interior of Ω and, exploiting the GHP, 
we push the regularity up to the boundary. We shall also prove higher interior 
regularity, when the operator allows it, showing that bounded solutions are indeed 
classical. This last part (boundary and higher interior regularity) is still a work in 
progress (missing only minor technical details), and a paper is in the fnal stages of 
preparation. 

In Chapter 4 we prove existence and uniqueness of solutions of the problem 
(1.4.1). This can be done by adding a viscosity term (ε∆ρε) to the original equation. 
Then, we prove existence for this new regularized problem using theory of monotone 
operators and a fxed point argument. Once this is done, the main difculty of the 
chapter is removing the viscosity term, particularly, identifying the limit of the� � 
nonlinear term 1 − ρε ∇ρε. We are able to overcome this issue by means of|∇ρε| + 
an entropy method. Finally, by the same entropy method we get uniqueness of 
solutions. 
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Chapter 2 

A Steklov version of the torsional 
rigidity 

In this chapter we present the results of the paper A Steklov version of torsional 
rigidity, [31], a joint work of the author of this thesis with Lorenzo Brasco and Maŕıa 
del Mar González. 

2.1 A Steklov version of torsional rigidity 

2.1.1 Background 
In this chapter we introduce a boundary version for the torsional rigidity which is 
modeled on the trace Sobolev embedding W 1,2(Ω) ,→ L1(∂Ω) for an open bounded 
set Ω ⊂ RN with Lipschitz boundary. This will be also closely related to the Steklov 
eigenvalue problem. Before we give the precise defnitions in Section 2.1.2, let us 
briefy recall some facts about the usual torsional rigidity and the Steklov eigenvalue 
problem. 

Let us consider an isotropic elastic cylindrical beam whose cross-section is repre-
sented by an open bounded simply connected set Ω in R2 , with boundary ∂Ω. The 
longitudinal axis of the beam is the z-axis, with the cross-sections perpendicular to 
it. The formulation of the so-called torsion problem began at the end of the 18th 
century, provided by Coulomb, for bars with circular cross section. In this case, it 
is assumed that the cross-sections rotate around z-axis as a rigid body under an 
applied torque. Nevertheless, because of the complex stress distribution in the bar, 
this does not happen when the cross-sections do not have circular symmetry and 
the problem must be reformulated. 

The correct statement for beams of general shape was given (in 1856) by the 
French mechanician and mathematician A. B. de Saint-Venant, who proposed that 
the deformation in a twisted beam consists in two phenomena: the rotation of the 
projections in the x, y plane of the cross-sections as rigid bodies, as in the circular 
case; and the warping, equal for all the cross-sections, which do not remain plane 
after rotation. The distribution of stress generated in the beam due to an applied 
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torque is determined by the stress function, denoted by vΩ, which satisfes � 
−∆vΩ = 1, in Ω, 

(2.1.1)
vΩ = 0, on ∂Ω. 

The total resultant torque due to this stress function is called torsional rigidity and 
can be expressed as Z 

T (Ω) = vΩ dx, 
Ω 

or equivalently, �Z �2 

v dx 
T (Ω) = sup Z Ω . (2.1.2) 

v|∂Ω=0 |∇v|2 dx 
Ω 

We refer the reader to [102] for a thorough description of this physical model. 
De Saint-Venant himself stated in 1856 that the simply connected cross-section 

with maximal torsional rigidity is the circle. In other words, he conjectured the 
validity of the following inequality 

T (Ω) ≤ T (Ω ∗ ), (2.1.3) 

where Ω∗ is any circle having the same area as Ω. This statement was rigorously es-
tablished, almost a hundred years later, by G. Pólya using a symmetrization method 
[120] and by E. Makai [103]. The latter also established the identifcation of equality 
cases, by means of a clever quantitative improvement of the inequality (2.1.3). 

The torsional problem has been extensively studied for its mathematical interest, 
apart of its obvious physical importance: in addition to the classical book [122], we 
refer for example to [79, 89, 116, 118], for classical results, as well as to [8, 11, 12, 
13, 36, 37], for more recent studies. 

It is worth noting that formulation (2.1.2) for the torsional rigidity has a 
close connection with the variational characterization of the frst eigenvalue of the 
Dirichlet-Laplacian and, in fact, similar techniques are used to obtain geometric 
estimates for both quantities (see the references above). 

We now come to the Steklov eigenvalue problem: this was originally posed by V. A. 
Steklov at the turn of the 20th century as � 

−∆u = 0, in Ω, 
⟨∇u, νΩ⟩ = σ u, on ∂Ω, 

where νΩ is the unit outer normal vector. It plays an important role in the study 
of the so called sloshing problem, in which the eigenvalues and eigenvectors of a 
mixed Steklov problem correspond to the fundamental frequencies and modes of 
vibration, respectively, of the surface of an inviscid, incompressible and heavy liquid 
in a container (see [93]). Apart from this interpretation, the Steklov problem has a 
large number of applications in physics and engineering. For instance, it describes 
stationary states of a heat distribution on a bounded domain Ω, where the heat fow 
at the boundary of Ω depends on the temperature at this boundary. 
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From a purely mathematical point of view, the Steklov problem has attracted a 
lot of interest, in particular, in the framework of Spectral Shape Optimization. In 
fact, the connection between the Steklov eigenvalues and the geometry of the domain 
presents some peculiarities that can not be observed in other eigenvalue problems. In 
1954, R. Weinstock showed in [144] that, among all simply connected plane domains 
with given perimeter, the disc maximizes the frst non-zero eigenvalue. Since then, 
many eforts have been devoted in order to give geometric estimates for the spectrum 
of the Steklov-Laplacian: without any attempt of completenes, we cite for example 
[30, 38, 40, 60, 61, 66, 69, 115]. 

From a diferent point of view, the Steklov eigenvalues can be seen as the eigen-
values of the Dirichlet-to-Neumann operator 

W − 1 
2 2D : W 1 ,2(∂Ω) → ,2(∂Ω), 
f 7→ ⟨∇Har(f), νΩ⟩, 

where Har(f) is the harmonic extension of f to Ω. This concept is important in 
many felds such as electric impedance tomography, cloaking and so on (see [93, 
Section 5]). 

2.1.2 The boundary torsional rigidity 
Let Ω ⊂ RN be an open bounded set with Lipschitz boundary. Given δ > 0, we 
introduce a new object, the boundary δ-torsional rigidity, which is defned as �Z �2 

φdHN−1 

T (Ω; δ) = sup Z ∂Ω Z . (2.1.4) 
φ∈W 1,2(Ω)\{0} |∇φ|2 dx + δ2 φ2 dx 

Ω Ω 

We use the symbol HN−1 to indicate the (N − 1)−dimensional Hausdorf measure. 
One may check (see Proposition 2.2.3 below) that the supremum is attained by any 
non-zero multiple of a positive function uΩ,δ ∈ W 1,2(Ω) which is the weak solution 
of the boundary value problem � 

−∆u + δ2 u = 0, in Ω, 
(2.1.5)⟨∇u, νΩ⟩ = 1, on ∂Ω. 

The function uΩ,δ is known as the boundary δ−torsion function of Ω. It is not 
difcult to see that we have Z 

T (Ω; δ) = uΩ,δ dHN−1 . (2.1.6) 
∂Ω 

We note here that, while interior regularity for equation (2.1.5) is not an issue, 
regularity up to the boundary is more delicate under our standing assumptions on 
Ω. Thus, the Neumann condition in (2.1.5) has to be interpreted in weak sense (we 
refer to Remark 2.3.2). 

A strong motivation for the defnition of T (Ω; δ) comes from its relation to the 
(δ−modifed) Steklov problem. In particular, the relation to the frst Steklov eigen-
value is given precisely in Proposition 2.2.6. The latter can be seen as the Steklov 
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version of the classical Pólya inequality relating torsional rigidity, volume and frst 
eigenvalue of the Dirichlet-Laplacian, see [122, Chapter V, Section 4]. 

Additionally, we will discuss the asymptotic behavior of both uΩ,δ and T (Ω; δ), as 
the positive parameter δ goes to 0. We will see in Theorem 2.3.4 that both quantities 
(once scaled by the dimensional factor δ2) converge to a geometric quantity, which 
is a kind of isoperimetric–type ratio. 

2.1.3 Physical interpretation 
The membrane analogy, also known as soap-flm analogy, was discovered by R. 
Prandtl in 1903. It states that the equations governing the stress distribution on 
a beam in torsion are the same as the ones describing the shape of a membrane 
deformed under a pressure applied across it (see [126, Section 9.3.4] and [135]). 
This fact establishes an analogy between the usual torsional rigidity and the volume 
under a forced membrane. 

More precisely, let Ω ⊂ R2 be an open bounded connected set. For ease of pre-
sentation, we suppose in what follows that Ω has a smooth boundary, for example of 
class C2 . Let us consider a thin membrane stretched over the rigid frame represented 
by ∂Ω, with uniform tension N and under an external pressure p. Then, by applying 
the equilibrium equations to this system, we get that the vertical displacement of 
the membrane v(x, y) at a point (x, y) ∈ Ω solves � 

−∆v = p/N , in Ω, 
(2.1.7)

v = 0, on ∂Ω. 

When the pressure p is constant, we recognize the usual torsion problem (2.1.1), up 
to a multiplicative constant. 

Here we are interested in a Neumann version of (2.1.7): � 
−∆u + δ2 u = f(x), in Ω, 

(2.1.8)⟨∇u, νΩ⟩ = 0, on ∂Ω. 

In this case, the boundary of the membrane can move in the vertical direction but 
always keeps a horizontal angle. Moreover, the applied pressure depends on both 
the displacement of the membrane and the x position. For every ε > 0 small enough, 
let us defne the ε−neighbourhood of the boundary n o 

Ωε = x ∈ Ω : dΩ(x) ≤ ε , 

and add a concentration efect near ∂Ω to problem (2.1.8), that is, ( 
C −∆u + δ2 u = 1Ωε , in Ω,
ε (2.1.9) 

⟨∇u, νΩ⟩ = 0, on ∂Ω. 

where 1E denotes the characteristic function of a set E. The precise limit behavior 
of this problem is proven by Arrieta, Jiménez-Casas, and Rodŕıguez-Bernal [6, The-
orem 4.1]. Indeed, this shows that1 by taking the limit as ε goes to 0, the unique 

1With the notation of [6], our equation (2.1.9) corresponds to [6, formula (1.4)] with the choices 

a(x) ≡ 1, c(x) = b(x) = Vε(x) = jε(x) = gε ≡ 0, λ = δ2 , fε(x) ≡ C, 
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solution uε of (2.1.9) converges in W 1,2(Ω) to the solution of � 
−∆u + δ2 u = 0, in Ω, 

⟨∇u, νΩ⟩ = C, on ∂Ω, 

which is our problem (2.1.5). 

Another possible physical motivation is the following one. We consider the time 
evolution of the temperature u of a uniform heat conductor Ω, with an initial temper-
ature equal to 0 and subject to a constant heat fux at the boundary. For simplicity, 
we normalize such a constant fux to be 1. In other words, the function u solves   

∆u = ut, in Ω × (0, +∞), 
u = 0, in Ω × {0}, 

⟨∇u, νΩ⟩ = 1, on ∂Ω ∈ (0, +∞). 

If we introduce the family of probability measures {pδ}δ>0 on the time interval 
(0, +∞), given by 

dpδ(t) = δ2 exp(−δ2 t) dt, 

then it is not difcult to see that for every δ > 0 the averaged (in time) temperature Z +∞ Z 
Uδ(x) := u(x, t) dpδ(t) = δ2 

+∞ 
u(x, t) e −δ2 t dt, 

0 0 

solves (2.1.5), at least formally. 
In this way, we can think of uΩ,δ as a sort of averaged temperature of the heat 

conductor Ω; correspondingly, the quantity T (Ω; δ) can be seen as an averaged heat 
content of the boundary, thanks to (2.1.6). This interpretation is quite close in spirit 
to the probabilistic description of the usual torsional rigidity, in terms of Brownian 
motion. We refer for example to [8, 123]. 

2.1.4 Main results: geometric estimates 
The exact expressions of T (Ω; δ) and uΩ,δ can be computed explicitly only in a few 
special geometries (balls, spherical shells or the hyperrectangles, see Section 2.4). 
Thus, for a general set Ω, it is important to fnd (possibly sharp) bounds in terms 
of known geometric objects. This is the main objective of this chapter. 

For open simply connected sets in two dimensions, it is possible to use the confor-
mal transplantation technique: this amounts to use the Riemann mapping theorem 
to conformally transplant test functions form the disk to any bounded, simply con-
nected Ω ⊂ R2 . This technique yields geometric estimates of eigenvalues for simply 
connected sets in the plane, see for example [119, 122, 132] and [144]. The key point 
here is that the Dirichlet energy is a conformal invariant. By carefully estimating 
the other norms contained in the defnition of T (Ω; δ), in Theorem 2.5.4 we are 
able to give a sharp lower bound for T (Ω; δ) in terms of the corresponding quantity 
for the disk and what we call boundary distortion radius of Ω, defned precisely in 
Defnition 2.5.1. 
and Γ = ∂Ω. 
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On the contrary, in higher dimensions conformal mappings are not available in 
general and we need to modify our approach. We restrict in this case our study 
to the class of convex sets. First, in Theorem 2.5.6, we prove a sharp lower bound 
on T (Ω; δ) using the method of interior parallels introduced by Makai [104, 105] 
and Pólya [121]. We were inspired by an estimate of Pólya, which provides a lower 
bound on the usual torsional rigidity in terms of volume and perimeter, see [121]. 
We point out that the convexity assumption could be replaced by the requirement 
that the distance function dΩ to ∂Ω is weakly superharmonic, which in general is a 
weaker property, see Remark 2.5.7 below. 

Finally, a sharp upper bound for T (Ω; δ) in the convex case is obtained in Theo-
rem 2.5.11: this involves geometric quantities such as the inradius and the proximal 
radius of Ω. A nice by-product of our arguments is the sharp estimate of Corol-
lary 2.5.12, which involves four diferent geometric quantities: the volume of Ω, the 
(N − 1)−dimensional measure of its boundary, its proximal radius and its inradius. 

Plan of the chapter. In Section 2.2 we set the main notations and discuss 
the frst properties of the boundary torsional rigidity. We discuss well-posedness 
of the problem and present various equivalent variational characterizations, as in 
the classical case. We also obtain some basic upper and lower bounds on T (Ω; δ). 
Then, in Section 2.3 we discuss some properties of the boundary δ−torsion function 
uΩ,δ of a set and its asymptotic behavior as δ goes to 0. In Section 2.4 we compute 
the exact shape of the boundary δ−torsion function, for some special sets: the 
ball, the spherical shell and the hyperrectangle. Section 2.5 is entirely devoted to 
prove sharp geometric estimates on the boundary δ−torsional rigidity. Finally, the 
Appendix contains some technical results on the proximal radius of a convex set. 

2.2 Boundary torsional rigidity 

2.2.1 Notation 
In what follows in this chapter, we will always consider N ≥ 2. We will indicate 
by BR(x0) the N−dimensional open ball with radius R > 0 and center x0 ∈ RN . 
When the center coincides with the origin, we will simply write BR. Finally, we will 
denote by B the ball with unit radius, centered at the origin. We also set 

|B| = ωN . 

For a ∈ R, we will use the notation 

a+ = max{a, 0}. 

Let Ω ⊂ RN be a open bounded set, with Lipschitz boundary. We denote by νΩ 
its unit outer normal vector, which is well-defned HN−1−almost everywhere on ∂Ω. 
By dΩ we will indicate the distance function given by 

dΩ(x) = min |x − y| , for x ∈ Ω. 
y∈∂Ω 

It is well-known that under the standing assumptions on Ω, we have the continuous 
trace embedding 

W 1,2(Ω) ,→ Lq(∂Ω), 

12 
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for every 1 ≤ q ≤ 2# , where  
2 N − 2 , if N ≥ 3,
N − 22# =  
any fnite exponent ≥ 1, if N = 2, 

see for example [67, Theorems 6.4.1 & 6.4.2]. Moreover, such an embedding is 
compact, whenever 1 ≤ q < 2# , see for example [67, Remark 6.10.5, points (i) & 
(ii)]. For every admissible q, we will set n o 

ηq(Ω) = inf ∥φ∥2 = 1 > 0, (2.2.1)W 1,2(Ω) : ∥φ∥Lq (∂Ω)
φ∈W 1,2(Ω) 

which is the sharp constant for such a trace embedding. Here we use the norm on 
W 1,2(Ω) defned by �Z Z � 1 

2 

∥φ∥W 1,2(Ω) = |∇φ|2 dx + |φ|2 dx , for every φ ∈ W 1,2(Ω). 
Ω Ω 

2.2.2 First properties 
Given δ > 0, we have defned the boundary δ-torsional rigidity by (2.1.4). It is not 
difcult to see that for every t > 0 we have the scaling law � � 

T t Ω; 
δ 

= tN T (Ω; δ). (2.2.2)
t 

It is also easy to check that T (Ω; δ) is related to the best Sobolev–type constant in 
(2.2.1). More precisely: 

Lemma 2.2.1. Under the previous assumptions, we have T (Ω; δ) < +∞ and the 
supremum in (2.1.4) is attained. Moreover, the following estimates hold 

1 (HN−1(∂Ω))2 1 1 ≤ T (Ω; δ) ≤ , (2.2.3)
δ2 |Ω| min{1, δ2} η1(Ω) 

where η1(Ω) is defned in (2.2.1). 

Proof. We frst observe that �Z �2 

φdHN−1 
1 1 1Z ∂ΩT (Ω; δ) ≤ sup Z = . 

min{1, δ2} min{1, δ2} η1(Ω)φ∈W 1,2(Ω)\{0} |∇φ|2 dx + φ2 dx 
Ω Ω 

This shows that T (Ω; δ) < +∞ and it also proves the upper bound in (2.2.3). 

Existence of an extremal for T (Ω; δ) can be proved by appealing to the Direct 
Method in the Calculus of Variations. It is sufcient to observe that the maximiza-
tion in (2.1.4) is equivalently performed on the set W 1,2(Ω) \ W0

1,2(Ω). Thus, a 
maximizer of (2.1.4) can be obtained by solving�Z Z Z � 

dx + δ2 φ2inf |∇φ|2 dx : φdHN−1 = 1 . (2.2.4) 
u∈W 1,2(Ω) Ω Ω ∂Ω 

13 
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Any minimizing sequence {φn}n∈N of functions in W 1,2(Ω) for this problem is such 
that Z Z Z 

C |∇φn|2 dx + φ2 dx ≤ and φn dHN−1 = 1,n min{1, δ2}Ω Ω ∂Ω 

for some C > 0 independent of n. 
The frst property, in conjuction with the Rellich-Kondrašov Theorem and the 

compactness of the trace embedding W 1,2(Ω) ,→ L1(∂Ω), implies that there exists 
u0 ∈ W 1,2(Ω) such that φn converges to u0 (up to a subsequence), weakly in W 1,2(Ω), 
strongly in L2(Ω) and strongly in L1(∂Ω). In particular, u0 has still unit boundary 
integral. Thus the limit function u0 is still admissible in (2.2.4) and, thanks to the 
lower semicontinuity of the functional, we get that u0 is the desired solution. 

Finally, in order to prove the lower bound (2.2.3), it is sufcient to use the charac-
teristic function of Ω as a test function in the Rayleigh–type quotient which defnes 
T (Ω; δ). 

Remark 2.2.2. As simple as it may appear, the lower bound in (2.2.3) is actually 
sharp in some sense. This will be shown in Remark 2.3.5, as a consequence of the 
asymptotic behavior of the quantity 

δ2 T (Ω; δ), as δ ↘ 0. 

See Theorem 2.3.4 below. For the moment, we observe that from (2.2.3) we get that 

lim T (Ω; δ) = +∞, 
δ→0+ 

and T (Ω; δ) diverges precisely at a rate δ−2 . 

As for the usual torsional rigidity, T (Ω; δ) can be equivalently defned through 
an unconstrained concave maximization problem: 

Proposition 2.2.3. Let δ > 0 and let Ω ⊂ RN be an open bounded set, with 
Lipschitz boundary. Then we have � Z Z Z � 

φ2T (Ω; δ) = sup 2 φdHN−1 − |∇φ|2 dx − δ2 dx . (2.2.5) 
φ∈W 1,2(Ω) ∂Ω Ω Ω 

Moreover, the supremum in (2.2.5) is uniquely attained by a non-negative function 
uΩ,δ ∈ W 1,2(Ω), which is the weak solution of the Neumann boundary value problem � 

−∆u + δ2 u = 0, in Ω, 
⟨∇u, νΩ⟩ = 1, on ∂Ω. 

In other words, uΩ,δ satisfes Z Z Z 
⟨∇uΩ,δ, ∇φ⟩ dx + δ2 uΩ,δ φ dx = φdHN−1 , for every φ ∈ W 1,2(Ω). 

Ω Ω ∂Ω 
(2.2.6) 

Finally, we also have Z 
T (Ω; δ) = uΩ,δ dHN−1 . (2.2.7) 

∂Ω 
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Proof. The existence of a solution for the maximization problem in (2.2.5) follows 
again from the Direct Method in the Calculus of Variations. Indeed, we frst observe 
that by using the defnition (2.2.1) of η1(Ω) and Young’s inequality we get, for every 
L > 0, Z Z Z 

φ2F(φ) := 2 φdHN−1 − |∇φ|2 dx − δ2 dx 
∂Ω Ω ΩZ 

≤ 2 φdHN−1 − min{1, δ2} ∥φ∥2 
W 1,2(Ω) 

∂Ω 
2 ≤ p ∥φ∥W 1,2(Ω) − min{1, δ2} ∥φ∥2 

W 1,2(Ω)
η1(Ω)� � 1 ≤ L − min{1, δ2} ∥φ∥2 

W 1,2(Ω) + . 
Lη1(Ω) 

By choosing L = min{1, δ2}/2, we obtain 

F(φ) ≤ − 
1 ∥φ∥2 (2.2.8)
C W 1,2(Ω) + C, 

for some C = C(N, Ω, δ) > 0. This shows that 

sup F(φ) < +∞. 
φ∈W 1,2(Ω) 

Consequently, by the estimate (2.2.8), every maximizing sequence {φn}n∈N is equi-
bounded in W 1,2(Ω). Existence of a maximizer uΩ,δ can now be inferred as in the 
proof of Lemma 2.2.1. 

Uniqueness of the solution follows from the strict concavity of the functional, 
while the defnite sign property is a consequence of the uniqueness and the fact that 

F(|φ|) ≥ F(φ), for every φ ∈ W 1,2(Ω). 

Finally, the equation (2.2.6) is just the optimality condition for uΩ,δ, which can be 
obtained by computing the frst variation of the functional. 

We now come to the proof of (2.2.5). We frst notice that � Z Z Z � 
dx − δ2 φ2 max 2 φdHN−1 − |∇φ|2 dx 

φ∈W 1,2(Ω) ∂Ω Ω Ω� Z Z Z � 
= max 2 |φ| dHN−1 − |∇φ|2 dx − δ2 φ2 dx . 

φ∈W 1,2(Ω)\W 1,2(Ω) ∂Ω Ω Ω0 

Indeed, observe that for every φ ∈ W0
1,2(Ω) we have Z Z Z 

2 |φ| dHN−1 − |∇φ|2 dx − δ2 φ2 dx ≤ 0, 
∂Ω Ω Ω 

while, if φ ∈ W 1,2(Ω) \ W0
1,2(Ω), then for every t > 0 small enough we have Z �Z Z � 

2 t |φ| dHN−1 − t2 |∇φ|2 dx + δ2 φ2 dx > 0. 
∂Ω Ω Ω 
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This also gives in particular that � Z Z Z � 
φ2 max 2 |φ| dHN−1 − |∇φ|2 dx − δ2 dx 

φ∈W 1,2(Ω)\W0
1,2(Ω) ∂Ω Ω Ω� Z �Z Z �� 

φ2 = max sup 2 t |φ| dHN−1 − t2 |∇φ|2 dx − δ2 dx . 
φ∈W 1,2(Ω)\W 1,2(Ω) t>0 ∂Ω Ω Ω0 

(2.2.9) 

For every φ ∈ W 1,2(Ω) \ W0
1,2(Ω), the optimal choice of t is given by Z 

|φ| dHN−1 

t = Z ∂Ω Z . 
φ2|∇φ|2 dx + δ2 dx 

Ω Ω 

By substituting, we get (2.2.5). 

Let us fnally prove formula (2.2.7). From (2.2.5) it follows Z Z Z 
T (Ω; δ) = 2 uΩ,δ dHN−1 − |∇uΩ,δ|2 dx − δ2 uΩ

2 
,δ dx. 

∂Ω Ω Ω 

On the other hand, by taking φ = uΩ,δ as a test function in (2.2.6), we obtain Z Z Z 
dx + δ2 u 2 dx =|∇uΩ,δ|2 Ω,δ uΩ,δ dx. 

Ω Ω Ω 

By joining the last two equations in display, we obtain (2.2.7). 

Defnition 2.2.4. The function uΩ,δ of Proposition 2.2.3 will be called boundary 
δ−torsion function of Ω. We also observe that such a function enjoys the following 
scaling law for t > 0: � � x 

ut Ω,δ/t(x) = t uΩ,δ , for every x ∈ t Ω. (2.2.10)
t 

It is not difcult to see that the concave maximization problem in (2.2.5) admits 
a dual formulation, in the sense of Convex Analysis. This in turn permits to equiv-
alently defne T (Ω; δ) as a convex minimization problem. This fact will be useful in 
the sequel. 

Lemma 2.2.5 (Dual formulation). Let Ω ⊂ RN be an open bounded set, with Lips-
chitz boundary. Let us set � � 

−div ϕ + δ2 g ≥ 0, in Ω A+(Ω) = (ϕ, g) ∈ L2(Ω; RN ) × L2(Ω) : ,⟨ϕ, νΩ⟩ ≥ 1, on ∂Ω 

where the conditions have to be intended in weak sense, i.e. Z Z Z 
φdHN−1 ≤ ⟨ϕ, ∇φ⟩ dx+δ2 g φ dx, for every φ ∈ W 1,2(Ω) non-negative. 

∂Ω Ω Ω 

Then we have �Z Z � 
|ϕ|2 dx + δ2 2T (Ω; δ) = min g dx , (2.2.11) 

(ϕ,g)∈A+(Ω) Ω Ω 

and the minimum is uniquely attained by the pair (∇uΩ,δ, uΩ,δ). 
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Proof. For every non-negative φ ∈ W 1,2(Ω) and every (ϕ, g) ∈ A+(Ω), we have by 
Young’s inequalityZ Z Z 

φdHN−1 ≤ ⟨ϕ, ∇φ⟩ dx + δ2 g φ dx 
∂Ω Ω ΩZ Z Z Z 

1 1 δ2 δ2 
≤ |ϕ|2 dx + |∇φ|2 dx + g 2 dx + φ2 dx. 

2 2 2 2Ω Ω Ω Ω 

This in particular gives Z �Z Z � Z Z 
dx + δ2 φ22 φdHN−1 − |∇φ|2 dx ≤ |ϕ|2 dx + δ2 g 2 dx. 

∂Ω Ω Ω Ω Ω 

and by arbitrariness of φ and (ϕ, g) we get � Z Z Z � �Z Z � 
max 2 φ dσ − |∇φ|2 dx − δ2 φ2 dx ≤ inf |ϕ|2 dx + δ2 g 2 dx . 

φ∈W 1,2(Ω),φ≥0 (ϕ,g)∈A+(Ω)∂Ω Ω Ω Ω Ω 

Since the constraint φ ≥ 0 can be dropped without afecting the maximum value, 
recalling (2.2.5) we get �Z Z � 

T (Ω; δ) ≤ inf |ϕ|2 dx + δ2 g 2 dx . 
(ϕ,g)∈A+(Ω) Ω Ω 

On the other hand, it is easy to see that the pair (ϕ0, g0) = (∇uΩ,δ, uΩ,δ) is admissible 
and it gives �Z Z � Z Z 

inf |ϕ|2 dx + δ2 g 2 dx ≤ |∇uΩ,δ|2 dx + δ2 u 2 dxΩ,δ
(ϕ,g)∈A+(Ω) Ω Ω Ω ΩZ 

= uΩ,δ dHN−1 = T (Ω; δ). 
∂Ω 

This fnally proves (2.2.11) and the fact that (∇uΩ,δ, uΩ,δ) is a minimizer. Its unique-
ness easily follows from the strict convexity of the variational problem in (2.2.11). 

2.2.3 Relation with a Steklov eigenvalue problem 
Here we establish some relations between the boundary torsional rigidity and the 
frst Steklov eigenvalue of the Schrödinger–type operator 

u 7→ −∆u + δ2 u. 

The Steklov spectrum of this operator consists of the real numbers σ such that the 
following boundary value problem � 

−∆u + δ2 u = 0, in Ω, 
⟨∇u, νΩ⟩ = σ u, on ∂Ω, 

admits at least a non-trivial weak solution u ∈ W 1,2(Ω). It is well known that 
the whole spectrum consists of an increasing sequence of eigenvalues {σn(Ω; δ)}n∈N 
diverging at infnity. Indeed, it is sufcient to observe that the resolvent operator 

Rδ : L2(∂Ω) → L2(∂Ω) 
f 7→ uf , 
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is positive, self-adjoint and compact. Then we can apply the Spectral Theorem in 
order to prove the claimed structure of the spectrum. Here, by uf ∈ W 1,2(Ω) we 
mean the unique weak solution to the Neumann boundary value problem � 

−∆u + δ2 u = 0, in Ω, 
⟨∇u, νΩ⟩ = f, on ∂Ω. 

Of course, compactness of Rδ is again due to the compactness of the relevant trace 
embedding 

W 1,2(Ω) ,→ L2(∂Ω). 

The frst eigenvalue has the following variational characterization Z Z 
|∇u|2 dx + δ2 u 2 dx 

Ω Zσ1(Ω; δ) = min Ω . 
u∈W 1,2(Ω)\W 1,2(Ω)0 2 dHN−1 u 

∂Ω 

Observe that by choosing u to be the characteristic function of Ω, we obtain 

|Ω|
σ1(Ω; δ) ≤ δ2 and thus lim σ1(Ω; δ) = 0. 

HN −1(∂Ω) δ→0+ 

This is consistent with the fact that the frst eigenvalue of the Steklov-Laplacian is 
0, associated to constant eigenfunctions (see for example [78, Chapter 7, Section 3]). 

The relation between σ1(Ω; δ) and T (Ω; δ) follows immediately by applying 
Hölder’s inequality on the boundary integral �Z �2 Z 

2 dHN−1u dHN−1 ≤ HN−1(∂Ω) u . 
∂Ω ∂Ω 

This yields the following estimate, which should be compared with the classical Pólya 
inequality relating torsional rigidity, volume and frst eigenvalue of the Dirichlet-
Laplacian, see [122, Chapter V, Section 4]: 

Proposition 2.2.6. Let δ > 0 and let Ω ⊂ RN be an open bounded set, with 
Lipschitz boundary. Then we have 

σ1(Ω; δ) T (Ω; δ) ≤ 1. (2.2.12)
HN−1(∂Ω) 

2.3 Some properties of the torsion function 
In this section, we establish some quantitative properties of the function uΩ,δ and 
study its asymptotic behavior as δ goes to 0. 

Proposition 2.3.1. Let δ > 0 and let Ω ⊂ RN be an open bounded set, with 
Lipschitz boundary. 
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(i) The L1(Ω) norm of uΩ,δ is given by Z 
HN−1(∂Ω) 

uΩ,δ dx = ; (2.3.1) 
δ2 

Ω 

(ii) its trace is in L∞(∂Ω), with the following estimate: for every exponent 2 < 
q < 2# 

q−2 ! q 
2 (q−1) 

qT (Ω; δ)∥uΩ,δ∥L∞(∂Ω) ≤ Cq , (2.3.2)
min{1, δ2} ηq(Ω) 

where ηq(Ω) is the constant defned in (2.2.1) and Cq > 0 is a constant only 
depending on q, which blows-up as q ↘ 2; 

(iii) we have uΩ,δ ∈ L∞(Ω) and it holds 

∥uΩ,δ∥L∞(Ω) ≤ ∥uΩ,δ∥L∞(∂Ω). (2.3.3) 

Proof. Point (i) simply follows by testing (2.2.6) with the characteristic function of 
Ω. 

We now prove that uΩ,δ has a bounded trace, by using a Moser’s iteration. We frst 
show that it is sufcient to prove the claimed estimate (2.3.2) for δ = 1. Indeed, 
let us suppose that (2.3.2) holds true for δ = 1, for every open bounded set, with 
Lipschitz boundary. By recalling (2.2.10), we would get 

1 
uΩ,δ(x) = uδ Ω,1(δ x), for x ∈ Ω,

δ 

and thus 
q−2 ! q 

2 (q−1) 
q1 Cq T (δ Ω; 1) ∥uΩ,δ∥L∞(∂Ω) = ∥uδ Ω,1∥L∞(∂(δ Ω)) ≤ . (2.3.4)

δ δ ηq(δ Ω) 

We now observe that by its defnition and a change of variable, we have Z Z 
φ2|∇φ|2 dx + dx 

δΩ δΩηq(δ Ω) = inf �Z � 2 
φ∈W 1,2(δΩ)\W 1,2(δΩ) q

0 |φ|q dHN−1 Z ∂Ω Z 
δN−2 φ2|∇φ|2 dx + δN dx 

Ω Ω= inf 
1,2 �Z � 2 

φ∈W 1,2(Ω)\W (Ω) q
0 

δ(N −1) 2 
|φ|q dHN−1 q � � ∂Ω 

−2 q−1 
≥ δN q− 

q 
2 

q min{1, δ2} ηq(Ω), 

while by (2.2.2) 
T (δ Ω; 1) = δN T (Ω; δ). 
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Going back to (2.3.4), we get the claimed upper bound in (2.3.2) for δ ̸= 1, as well. 

In order to prove (2.3.2) with δ = 1, for notational simplicity we will write u in 
place of uΩ,1. We fx M > 0 and β ≥ 1, then we insert the test function 

φ = uM
β , where uM = min{u, M}, 

in the weak formulation (2.2.6). Observe that this is a feasible test function, thanks 
to the Chain Rule in Sobolev spaces. We then obtain Z Z Z 

β−1 β β dHN−1β |∇u|2 u dx + uu dx = u .M M 
{u≤M} Ω ∂Ω 

By observing that Z Z � � 2
4 β β+1 

β−1 2β |∇u|2 u dx = ∇ u dx, 
{u≤M} (β + 1)2 Ω 

M 

and using that u ≥ uM , from the identity above we get Z � � 2 Z � �2 Z 
β+1 β+14 β β dHN−1∇ u 2 dx + u 2 dx ≤ u .M M M(β + 1)2 

Ω Ω ∂Ω 

This in particular entails that � � Z 
β+1 2 

(β + 1)2 
β dHN−1 uM 

2 ≤ + 1 uM . 
4 βW 1,2(Ω) ∂Ω 

By recalling the notation (2.2.1), from the trace embedding with 2 < q < 2# we 
obtain �Z � �q � 2 � � Z 

β+1 q 

dHN−1 (β + 1)2 
β dHN−1ηq(Ω) uM 

2 ≤ + 1 uM , (2.3.5)
4 β∂Ω ∂Ω 

which is an iterative scheme of reverse Lp inequalities. Before going further, we 
observe that for every β ≥ 1 we have 

(β + 1)2 β + 1 
+ 1 ≤ + 1 ≤ β + 1 ≤ 2 β, 

4 β 2 

and then defne the sequence of exponents 

β0 = 1, βi+1 = 
q 
(βi + 1), for i ∈ N. 

2 

Then from (2.3.5) we get 

1 1 1 
βi+1 2 2 

�Z � � � q �Z � q 
βi+1 βi+1 

(uM )
βi+1 dHN−1 2 βi dHN−1≤ βi u . 

ηq(Ω) M 
∂Ω ∂Ω 
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If we set for notational simplicity Yi = ∥uM ∥Lβi (∂Ω), the previous scheme can be 
written as 

1 
2 βi+1 

� � q 
2 q βi 

2 βi+1Yi+1 ≤ βi Yi , for every i ∈ N. (2.3.6)
ηq(Ω) 

We start with i = 0 and iterate (2.3.6) n times. We then obtain 
n 1� � ( q ) n−1 n−i βn n 1 P i " # 

2 βn 
i=1 

2 Y ( q ) ( q ) β0 
2 2 βnYn ≤ β Y . (2.3.7)

ηq(Ω) i 0 
i=0 

We now wish to take the limit as n goes to ∞ in this estimate. For this, we observe 
that 

n � � �X q �i 2 q n+1 
∼ , as n → ∞,

2 q − 2 2 
i=1 !� � n � � � q n X q �i q n 2 (q − 1)

βn = + ∼ , as n → ∞,
2 2 2 q − 2 

i=1 

and " # 1 ! 
n−1 n−i βn � � n−1 � �iY n X( q 1 q 2

2 )lim βi = lim exp log βi = Cq < +∞. 
n→∞ n→∞ βn 2 q

i=0 i=0 

Thus from (2.3.7), we get � � q 
2 (q−1) � � q−2

2 2 (q−1)
Y∞ ≤ Cq Y0 . 

ηq(Ω) 

Finally, by recalling the defnition of Yi and that of uM , we get � � q �Z �2 (q−1)2 2 ( 
q
q 
−
− 
2
1) 

uM dHN−1∥uM ∥L∞(∂Ω) ≤ Cq 
ηq(Ω) ∂Ω� � q

q−2�Z �2 (q−1)2 2 (q−1)≤ Cq u dHN−1 
ηq(Ω) ∂Ω� � q 

2 (q−1) � � q−2
2 2 (q−1) 

= Cq T (Ω; δ) . 
ηq(Ω) 

We also used the identity (2.2.7) in the last equality. We eventually get the desired 
result from the previous estimate, by arbitrariness of M > 0. This concludes the 
proof of point (ii). 

Finally, we come to the proof of point (iii), i.e. the maximum principle (2.3.3). Let 
us set for brevity L = ∥uΩ,δ∥L∞(∂Ω), then we have 

uΩ,δ ≤ L, on ∂Ω. 
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∈ W 1,2This implies that φ = (uΩ,δ − L)+ 0 (Ω). By inserting this test function in 
(2.2.6), we obtain Z Z 

⟨∇uΩ,δ, ∇(uΩ,δ − L)+⟩ dx + δ2 uΩ,δ (uΩ,δ − L)+ dx = 0, 
Ω Ω 

that is Z Z 
|∇(uΩ,δ − L)+|2 dx + δ2 uΩ,δ (uΩ,δ − L)+ dx = 0. 

Ω Ω 

Since both terms are non-negative, we get that they both must vanish. This in turn 
implies 

∇(uΩ,δ − L)+ = 0, a. e. in Ω, 

and 
uΩ,δ (uΩ,δ − L)+ = 0, a. e. in Ω. 

The two informations entail that (uΩ,δ − L)+ must vanish almost everywhere in Ω, 
which means that 

0 ≤ uΩ,δ ≤ L = ∥uΩ,δ∥L∞(∂Ω), a. e. in Ω. 

Thus we get ∥uΩ,δ∥L∞(Ω) ≤ ∥uΩ,δ∥L∞(∂Ω). 

Remark 2.3.2 (Regularity of uΩ,δ). We remark that by classical Elliptic Regularity, 
the function uΩ,δ actually belongs to C∞(Ω), i.e. it is a classical solution of 

−∆u + δ2 u = 0, in Ω. 

However, the regularity up to the boundary is more delicate, under our standing 
assumptions on Ω. Indeed, well-known counterexamples show that global smoothness 
may fail in Lipschitz sets, already for harmonic functions and very simple boundary 
data, see for example [72]. Thus in general uΩ,δ has to be considered only as a weak 
solution of � 

−∆u + δ2 u = 0, in Ω, 
⟨∇u, νΩ⟩ = 1, on ∂Ω, 

i.e. the Neumann condition has to be interpreted only in weak sense. 
Finally, we point out that the property uΩ,δ ≥ 0 can actually be improved to 

uΩ,δ > 0, for every x ∈ Ω, 

by virtue of the minimum principle, see [62, Chapter 6, Section 4, Theorem 4]. 
Observe that this holds true also if Ω is a disconnected set, by virtue of the non-
homogeneous Neumann condition. In other words, if Ω is made of k connected 
components, we must have uΩ,δ > 0 on each single component. 

The boundary torsion functions are monotone with respect to the parameter δ. 
This is the content of the next result: 

Lemma 2.3.3 (Monotonicity). Let Ω ⊂ RN be an open bounded set, with Lipschitz 
boundary. For every 0 < δ0 < δ1, we have 

uΩ,δ0 > uΩ,δ1 , in Ω. 
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Proof. Let us set for simplicity 

ui := uΩ,δi , i = 0, 1. 

By subtracting the equations (2.2.6) for u0 and u1, we get Z Z Z 
⟨∇(u1−u0), ∇φ⟩ dx+δ12 u1 φ dx−δ02 u0 φ dx = 0, for every φ ∈ W 1,2(Ω). 

Ω Ω Ω 
(2.3.8) 

We frst observe that by choosing φ to be the characteristic function of Ω, we obtain Z Z 
δ2 dx = δ2 
1 u1 0 u0 dx, 

Ω Ω 

and thus we must have u0 ̸≡ u1. 
We then choose the test function φ = (u1 − u0)+ in (2.3.8), which implies Z Z 

|∇(u1 − u0)+|2 dx + (δ1
2 u1 − δ02 u0) (u1 − u0)+ dx = 0. 

Ω Ω 

This can be rearranged into Z Z Z 
|∇(u1 − u0)+|2 dx + δ2 (u1 − u0) (u1 − u0)+ dx = (δ2 − δ2 u0 (u1 − u0)+ dx.1 0 1 ) 

Ω Ω Ω 

The left-hand side is non-negative, thus by using that δ1 > δ0 > 0, we get that Z 
u0 (u1 − u0)+ dx ≤ 0. 

Ω 

Since u0 > 0 by Remark 2.3.2, the previous estimate entails that (u1 − u0)+ must 
vanish almost everywhere. This shows that 

u1 ≤ u0, a. e. in Ω. 

By the interior smoothness of both functions, this property must actually hold ev-
erywhere. 

Finally, in order to obtain the strict sign, it is sufcient to observe that the 
diference v = u0 − u1 is a non-negative smooth solution of 

−∆v + δ2 = (δ2 − δ2) u1 ≥ 0.0 v 1 0 

By using again the minimum principle, we get that 

either v ≡ 0 or v > 0. 

However, the frst fact has been already excluded at the beginning. This concludes 
the proof. 
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Theorem 2.3.4 (Asymptotics for δ → 0). Let Ω ⊂ RN be an open bounded con-
nected set, with Lipschitz boundary. Then we have 

lim ∥∇(δ2 uΩ,δ)∥L2(Ω) = 0, (2.3.9) 
δ→0+ 

and 

HN−1(∂Ω)
lim δ2 uΩ,δ − = 0, for every 2 ≤ m < ∞. (2.3.10) 
δ→0+ |Ω| Lm(Ω) 

Moreover, it also holds 

(HN−1(∂Ω))2 
lim δ2 T (Ω; δ) = . 
δ→0+ |Ω| 

Proof. From the identity Z Z Z 
|∇uΩ,δ|2 dx + δ2 (uΩ,δ)

2 dx = uΩ,δ dHN−1 , (2.3.11) 
Ω Ω ∂Ω 

we get in particular, for every 0 < δ ≤ 1, Z Z 
|∇(δ2 uΩ,δ)|2 dx ≤ δ4 uΩ,δ dHN −1 = δ4 T (Ω; δ) 

Ω ∂Ω (2.3.12)
δ4 1 δ2 

≤ = . 
min{1, δ2} η1(Ω) η1(Ω) 

Observe that we used formula (2.2.7) and the upper bound (2.2.3). This shows 
(2.3.9). 

Moreover, still from (2.3.11), we also have Z Z 
(δ2 uΩ,δ)

2 dx ≤ δ2 uΩ,δ dHN−1 ≤ 
1 

. 
Ω ∂Ω η1(Ω) 

These show that the family of functions {δ2 uΩ,δ}0<δ≤1 ⊂ W 1,2(Ω) is equi-bounded. 
By the Rellich-Kondrašov Theorem, for every infnitesimal decreasing sequence 
{δn}n∈N there exists a function w ∈ W 1,2(Ω) such that (up to a subsequence) 

lim ∥δ2 uΩ,δn − w∥L2(Ω) = 0, 
n→∞ n 

and Z Z 
lim ⟨∇(δn 

2 uΩ,δn ), ϕ⟩ dx = ⟨∇w, ϕ⟩ dx, for every ϕ ∈ L2(Ω; RN ). 
n→∞ Ω Ω 

Moreover, thanks to (2.3.12), we actually get that it must result ∇w = 0 almost 
everywhere in Ω. The connectedness assumption entails that w is constant on Ω. In 
order to identify the value of such a constant, we recall that from (2.3.1) we have Z 

(δn 
2 uΩ,δn ) dx = HN −1(∂Ω). 

Ω 
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By taking the limit as n goes to ∞ in this identity, we fnally get Z 
w dx = HN−1(∂Ω). 

Ω 

By recalling that w is constant, we get 

HN−1(∂Ω) 
w = . 

|Ω| 
We now observe that the limit function w is uniquely determined and thus does not 
depend on the particular sequence {δn}n∈N. Thus, we can fnally infer convergence 
in L2 of the whole family {δ2 uΩ,δ}0<δ≤1, i.e. we showed (2.3.10) for m = 2. 

In order to get (2.3.10) for an exponent 2 < m < ∞, it is sufcient to observe 
that 

mHN−1(∂Ω) HN−1(∂Ω) 1− 2 

δ2 uΩ,δ − ≤ δ2 uΩ,δ − 
|Ω| |Ω|Lm(Ω) L∞(Ω) 

mHN−1(∂Ω) 
2 

δ2× uΩ,δ − . 
|Ω| L2(Ω) 

The last term converges to 0 thanks to the proof above, while the L∞ norm is 
uniformly bounded, thanks to the fact that by Proposition 2.3.1 we have for every 
0 < δ ≤ 1 

q−2 ! q 
2 (q−1) 

q(δ2 T (Ω; δ))∥δ2 uΩ,δ∥L∞(Ω) ≤ ∥δ2 uΩ,δ∥L∞(∂Ω) ≤ Cq 
ηq(Ω) 

2−q ! q 
2 (q−1) 

qη1(Ω)≤ Cq ,
ηq(Ω) 

for a fxed 2 < q < 2# . Observe that we also used the upper bound in (2.2.3). 
Finally, the last part of the statement easily follows by taking the limit in formula 

(2.2.7) and using the compactness of the trace embedding. 

Remark 2.3.5. With the previous result at hand, we can now prove that the lower 
bound 

1 (HN−1(∂Ω))2 
≤ T (Ω; δ),

δ2 |Ω| 
proved in (2.2.3) is actually sharp, for every fxed δ > 0. Indeed, let us take Ω ⊂ RN 

an open bounded connected set, with Lipschitz boundary. By the scaling law (2.2.2), 
we have 

T (t Ω, δ) = tN T (Ω; t δ), for every t > 0. 
We thus obtain 

|t Ω| |Ω| tN 
lim δ2 T (t Ω; δ) = lim δ2 tN T (Ω; t δ) 
t→0+ (HN−1(∂(t Ω)))2 t→0+ (HN−1(∂Ω) tN−1)2 

|Ω|
= lim (δ t)2 T (Ω; t δ) = 1, 

t→0+ (HN−1(∂Ω))2 

thanks to Theorem 2.3.4. 
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2.4 Exact solutions in some special sets 
In what follows, we will by indicate by Iα and Kα the modifed Bessel functions with 
index α of frst and second kind, respectively. We recall that these functions have 
the following asymptotic behavior for z converging to 0 

1 � z �α 
Iα(z) ∼ , (2.4.1)

Γ(α + 1) 2 

and  � � z − log , for α = 0, 2 
Kα(z) ∼ � �α (2.4.2) 

Γ(α) 2 , otherwise. 
2 z 

Here Γ is the usual Gamma function. We refer to [107] or [97, Chapter 5] for the 
general properties of these functions. 

Lemma 2.4.1 (Balls). Let δ > 0 and let B ⊂ RN be the ball of radius 1, centered at 
the origin. Then uB,δ is a radially symmetric increasing function. This is explicitly 
given by 

ϱ1−N/2 IN/2−1(δ ϱ) 
uB,δ(x) = Uδ(|x|) where Uδ(ϱ) = , for 0 ≤ ϱ < 1. (2.4.3)

δ IN/2(δ) 

Accordingly, we get Z 
N ωN IN/2−1(δ)

T (B; δ) = uB,δ dHN−1 = . (2.4.4) 
∂B δ IN/2(δ) 

Finally, the function ϱ 7→ Uδ 
′ (ϱ)/ϱ is monotone non-decreasing. 

Proof. Let O be an N × N rotation matrix, we set v(x) = uB,δ(Ox). Thanks to the 
symmetries of B and using the change of variable y = Ox, we get that v is still a 
maximizer of (2.2.5). By uniqueness, we thus obtain 

uB,δ(x) = uB,δ(Ox), for x ∈ B. 

By arbitrariness of the matrix O, this gives that uB must be radially symmetric. 
Thus there exists Uδ such that 

uB,δ(x) = Uδ(|x|), 

and the function Uδ must be the unique solution of � Z Z � 
sup 2 φ(1) − |φ ′ (ϱ)|2 ϱN−1 dϱ − δ2 φ(ϱ)2 ϱN−1 dϱ (2.4.5) 

φ∈W 1,2(I) I I 

where we set I = (0, 1). We now construct the new admissible function � Z 1 � 
Ue δ(ϱ) = Uδ(1) − (Uδ 

′ (t))+ dt . (2.4.6) 
ϱ + 
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0 0,25 0,5 0,75 1

0,25

0,5

0 0,25 0,5 0,75 1

0,25

0,5

Figure 2.1: An example of function (on the left) and its rearrangement (on the 
right) given by (2.4.6). 

Observe that this is non-negative and non-decreasing by construction, since � Z 1 � 
d ′ ′ Uδ(1) − (Uδ(t))+ dt = (Uδ(ϱ))+ ≥ 0,
dϱ ϱ 

and thus Ue δ is the composition of two non-decreasing functions. Moreover, we have 
Ue δ(1) = Uδ(1) and ZZ 1 1 

Uδ(1) − (Uδ 
′ (t))+ dt ≤ Uδ(1) − Uδ 

′ (t) dt = Uδ(ϱ). 
ϱ ϱ 

By taking the positive part on both sides and using that Uδ ≥ 0, we obtain 

0 ≤ Ue δ ≤ Uδ. 

Finally, by construction we also have 

|Ue δ 
′ (ϱ)| ≤ |Uδ 

′ (ϱ)|, for a. e. ϱ ∈ I. 

All these properties show that Ue δ must be another maximizer of (2.4.5). By unique-
ness, we obtain Ue δ = Uδ and thus, Uδ has the claimed monotonicity. 

In order to explicitly determine Uδ, it is sufcient to write the optimality condition. 
This is given by the boundary value problem  

−ϱ2 ψ ′′ − ϱ (N − 1) ψ ′ + δ2 ϱ2 ψ = 0, in I, 
ψ ′ (0) = 0, 
ψ ′ (1) = 1. 

The general solution of the ODE is given by (see for example [97, Chapter 5, Section 
7]) 

ψ(ϱ) = C ϱ1−
N 
2 IN/2−1(δ ϱ) + Dϱ1−

N 
2 KN/2−1(δ ϱ), C,D ∈ R. (2.4.7) 

Thus, as Kα is singular at the origin by (2.4.2), the condition w ′ (0) = 0 implies that 
D = 0. This leads to 

Uδ(ϱ) = C ϱ1− 2 
N 
IN/2−1(δ ϱ). 
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We impose the other boundary condition w ′ (1) = 1 in order to fx the constant C. 
By recalling the relation (see [97, equation (5.7.9), page 110]) 

d 
(ϱ−α Iα(ϱ)) = ϱ−α Iα+1(ϱ), (2.4.8)

dϱ 

and using this with α = N/2 − 1, we fnally get the expression (2.4.3). 
We can now substitute this expression in (2.2.7) in order to fnd the explicit 

formula (2.4.4) for the torsional rigidity. 

At last, we prove that 

′ Uδ(ϱ) 1 d ϱ1−N/2 IN/2−1(δ ϱ)W(ϱ) := = ,
ϱ ϱ dϱ δ IN/2(δ) 

is monotone non-decreasing. By using (2.4.8), it is easy to see that this can be 
re-written as 

ϱ−N/2 IN/2(δ ϱ)W(ϱ) = . 
IN/2(δ) 

Thus W solves the ODE 

−ϱ2 W ′′ ′ + δ2 ϱ2 W− ϱ (N + 1) W = 0, in I, 

with boundary conditions 

IN/2+1(δ)W ′ (0) = 0 and W ′ (1) = δ =: cδ. 
IN/2(δ) 

We notice that these can be inferred by appealing again to (2.4.8) and (2.4.1). These 
⊂ RN +2properties and the frst part of the proof imply that, if we denote by B ′ 

the (N + 2)−dimensional unit ball centered at the origin, the radially symmetric 
function 

w(x) := W(|x|), for x ∈ B ′ , 

is the unique solution of � 
−∆u + δ2 u = 0, in B ′ , 

⟨∇u, νΩ⟩ = cδ, on ∂B ′ . 

Thus, it is the unique maximizer of � Z Z Z � 
φ2 sup 2 cδ φdHN+1 − |∇φ|2 dx − δ2 dx . 

φ∈W 1,2(B ′ ) ∂B ′ B ′ B ′ 

By recalling that Iα is always positive for real arguments, we get that cδ > 0 and 
thus the claimed monotonicity of w now follows by using the same argument as for 
(2.4.5). 
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Remark 2.4.2. By recalling the scaling laws (2.2.2) and (2.2.10), for a generic ball 
of radius R > 0 we have � � |x|1− N 

N−1δ R 2 

2 IN/2−1(δ |x|)x 
uBR,δ(x) = RuB,δ R = ,

R IN/2(δ R) 

and 
N ωN IN/2−1(δ R)

T (BR; δ) = RN T (B; δ R) = RN−1 . 
δ IN/2(δ R) 

Lemma 2.4.3 (Spherical shells). Let δ > 0. For 0 < r < R, we consider the 
spherical shell n o 

Ω = x ∈ RN : r < |x| < R . 

Then uΩ,δ is a radially symmetric function. This is explicitly given by 

uΩ,δ(x) = Vr,R,δ(|x|), for x ∈ Ω, 

where 
N−1I (δ ϱ) + D ϱ 2− 0N/2 1 

N−1K (δ ) + R 2rN/2 

N N− −1 1I (δ ) + Rr 2N/2�2 

2 

2 

and the constants C0 = C0(r, R, δ) ̸= 0 and D0 = D0(r, R, δ) ̸= 0 are given by 

2 

2 

1− N 
R1− N 

1− N 
R1− N 

N−1V (ϱ) C ϱ 2= r,R,δ 0 KN/2−1(δ ϱ), 

2
1− N � KN/2(δ R)r � ,C0 = 

δ r IN/2(R) KN/2(r) − IN/2(r) KN/2(R) 

IN/2(δ R)r � .D0 = 
δ r 

Accordingly, we get 

IN/2(r) KN/2(R) − IN/2(R) KN/2(r) 

h i h i 
22 

2 

N−1K (δ r) + R 2N/2 

2 

2
1− N 

R1− N 1− N 

T (Ω; δ) = � �
1− N 

R1− N 

KN/2(δ R) I1−N/2(δ R) + r I1−N/2(δ r)r 

δ r IN/2(R) KN/2(r) − IN/2(r) KN/2(R)i h h i 
22 

N−1R 2 

N−1I (δ ) + R 2rN/2 
N−1δ r 2 

2
1− N 

R1− N 1− N 

+ � � . 
IN/2(δ R) K1−N/2(δ R) + r K1−N/2(δ r)r 

IN/2(r) KN/2(R) − IN/2(R) KN/2(r) 

Proof. The radial symmetry of uΩ,δ can be obtained with the same proof of Lemma 
2.4.1. In order to determine uΩ,δ, we proceed as before, by seeking this time the 
solution of   −ϱ2 w ′′ − ϱ (N − 1) w ′ + δ2 ϱ2 w = 0, in (r, R), 

w ′ (r) = −1, 
w ′ (R) = 1. 

By recalling the expression of the general solution (2.4.7), we can calculate the 
explicit form of both constants C and D by imposing the two boundary conditions. 
Once uΩ,δ is obtained, it is sufcient to use again (2.2.7) to get T (Ω; δ), as well. We 
leave the details to the reader. 
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Lemma 2.4.4 (Hyperrectangle). Let δ > 0 and let ℓ1, ℓ2, . . . , ℓN > 0. If we set 

NY 
Ω = (−ℓi, ℓi), 

i=1 

then we have 

XN 
cosh(δ xi) 

uΩ,δ(x) = , for every x = (x1, . . . , xN ) ∈ Ω. (2.4.9)
δ sinh(δ ℓi)i=1 

Its boundary torsional rigidity is given by " # 
N XX 

T (Ω; δ) = 
1 HN −1(Σk) + 

1 HN −2(Σk,i) ,
δ tanh(δ ℓk) δ2 

k=1 i̸=k 

where n o n o 
Σk = x ∈ Ω : |xk| = ℓk and Σk,i = x ∈ Ω : |xk| = ℓk, |xi| = ℓi . 

Proof. One can directly verify that (2.4.9) is a classical solution of the optimality 
condition (2.2.6). In order to compute the boundary torsional rigidity, we use (2.4.9) 
in formula (2.2.7). We get " #Z N ZX Xcosh(δ xk) cosh(δ xi)

T (Ω; δ) = uΩ,δ dHN−1 = + dHN−1 . 
∂Ω Σk 

δ sinh(δ ℓk) δ sinh(δ ℓi)
k=1 i̸=k 

We then observe that for every k ∈ {1, . . . , N}, we have (observe that cosh(δ xk) is 
constant on Σk) Z 

cosh(δ xk) cosh(δ ℓk)
dHN−1 = HN −1(Σk),

δ sinh(δ ℓk) δ sinh(δ ℓk)Σk 

and for i ̸= k we get Z Ycosh(δ xi) 4 HN−2(Σk,i)
dHN −1 = (2 ℓj ) = . 

Σk 
δ sinh(δ ℓi) δ2 δ2 

j ̸=i,k 

This concludes the proof. 

2.5 Geometric estimates 

2.5.1 Planar simply connected sets 
We start by proving a lower bound for the boundary torsional rigidity by using 
conformal transplantation, when N = 2. As we have mentioned in the introduction, 
this technique has been successfully employed in order to give geometric estimates 
for eigenvalues of planar sets, see for example [119, 122, 132, 144]. 
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Roughly speaking, it consists in producing trial functions for a variational 
problem in an open simply connected set Ω ⊂ R2 , by simply composing functions 
defned on the unit disk D = {x ∈ R2 : |x| < 1} with an holomorphic map 
h : Ω → D. This is particularly useful when tackling problems involving the 
Dirichlet integral, due to its conformal invariance. 

In order to state our lower bound, let us recall a few facts on conformal mappings. 
The celebrated Riemann Mapping Theorem (see [2, Chapter 6]) states that given 
any simply connected region Ω ⊊ R2 and a point x0 ∈ Ω, there exists a unique (up 
to a rotation) holomorphic isomorphism 

fx0 : D → Ω, with fx0 (0) = x0. 

Furthermore, when ∂Ω is C1,α , we know that this mapping can be extended up to 
the boundary, it is C1 in D and we have 

fx 
′ 
0 
(x) ̸= 0, for every x ∈ ∂D. 

We refer to [143, Theorem 1 & Theorem 2] for this result. 

Defnition 2.5.1. Let Ω ⊂ R2 be an open bounded simply connected set, with C1,α 

boundary, for some 0 < α ≤ 1. With the previous notation, we defne the boundary 
distortion radius of Ω by � Z � 1 

1 2 
˙ ′ RΩ := inf |f |2 dH1 . 

x0∈Ω 2 π ∂D 
x0 

It is readily seen from its defnition that this quantity scales like a length. 

Remark 2.5.2. By using that |f ′ |2 is a subharmonic function, we get that the mapx0 Z 
1 ′ ϱ 7→ |f |2 dH1 ,x02 π ϱ {|x|=ϱ} 

is monotone non-decreasing, a result originally due to G. H. Hardy, see [77, Theorem 
III]. In particular, we have � Z � 1 � Z � 1 

1 2 21′ ′ ′ |f (0)| ≤ |fx0 
|2 dH1 ≤ |f |2 dH1 .x0 x02 π ϱ {|x|=ϱ} 2 π ∂D 

Then the defnition of boundary distortion radius is maybe better appreciated by 
recalling that 

ṙΩ := sup |fx 
′ 
0 
(0)|, 

x0∈Ω 

is usually called conformal radius of Ω. This quantity naturally appears in many 
geometric estimates for the spectrum of the Laplacian of a planar simply connected 
set, see for example [119] and [122]. 

Finally, we may notice that the quantity � Z � 1 
1 2 

|f ′ |2 dH1 ,
2 π x0 

∂D 

can be recognized as the norm of the conformal map fx 
′ 
0 
in the Hardy space H2(D). 

We refer the reader to [91] for an introduction to these spaces. 
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Lemma 2.5.3. Let Ω ⊂ R2 be a bounded simply connected open set, with C1,α 

boundary, for some 0 < α ≤ 1. Then we have 

|Ω| ≤ π Ṙ 
Ω
2 . (2.5.1) 

˙In particular, if Ω is a disk of radius R, we have RΩ = R and the equality holds in 
(2.5.1). 

Proof. Let x0 ∈ Ω, with the notation above we recall that |f ′ |2 coincides with thex0 

Jacobian determinant of fx0 , seen as a two-dimensional change of variables. Thus 
we have Z 

|Ω| = ′ |f |2 dw. x0 
D 

We can then write Z Z �Z1 � 
′ ′ 
x0 x0 

dϱ.|f |2 dw = |f |2 dH1 

D 0 {|x|=ϱ} 

By using Remark 2.5.2 and the arbitrariness of x0 ∈ Ω, we then get the desired 
estimate (2.5.1). 

As for the second statement, we observe that for a disk BR(ξ0), by choosing 
x0 = ξ0 and 

fξ0 (x) = Rx + ξ0, 

we have |f ′ | = R and thus ξ0 � Z � 1 
1 2 

˙ ′ RBR(ξ0) ≤ |fξ0 
|2 dH1 = R. 

2 π ∂D 

The reverse inequality follows from (2.5.1). This concludes the proof. 

We are now ready for the main result of this subsection. 

Theorem 2.5.4. Let δ > 0 and let Ω ⊂ R2 be a bounded simply connected open set, 
with C1,α boundary, for some 0 < α ≤ 1. Then it holds � �2 � � 

H1(∂Ω) T BṘ 
Ω 
; δ 

≤ T (Ω; δ). (2.5.2)
2 π Ṙ 2

Ω 

Moreover, equality holds if and only if Ω is a disk. 

˙Proof. We frst give the estimate under the assumption that RΩ = 1. By defnition, 
for every ε > 0, there exists x0 ∈ Ω such that Z 

1 |f ′ |2 dH1 < 1 + ε. (2.5.3)
2 π x0 

∂D 

For simplicity, we indicate by u the boundary δ−torsion function of the unit disk 
D, given by (2.4.3). With the notation above, we use the test function ue = u ◦ hx0 , 
where we have set 

hx0 := fx 
− 
0 
1 : Ω → D. 
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Observe that ue ∈ W 1,2(Ω), thanks to the properties of fx0 . This yields Z Z Z Z 
′ |∇ue|2 dx + δ2 ue2 dx � �2 |∇u|2 dw + δ2 u 2 |f (w)|2 dw 

1 x0δ I1(δ)Ω Ω D D≤ �Z �2 = ,
T (Ω; δ) I0(δ) (H1(∂Ω))2 eu dH1 

∂Ω 
(2.5.4) 

where we used that hx0 : ∂Ω → ∂D and that u is radially symmetric so that, by 
(2.4.3), 

I0(δ) 
ue = , on ∂Ω. 

δ I1(δ) 
In order to estimate the integral Z Z 1 �Z � 

′ 2 ′ u 2 |f (w)|2 dw = u |f |2 dH1 dϱ,x0 x0 
D 0 {|w|=ϱ} 

we set Z 
1 ′ Φ(ϱ) = |f |2 dH1 ,x02 π ϱ {|w|=ϱ} 

then we can rewrite Z Z 1 
u 2 |f ′ (w)|2 dw = 2 π u 2 Φ(ϱ) ϱ dϱ. x0 

D 0 

From Remark 2.5.2 we know that ϱ 7→ Φ(ϱ) is monotone non-decreasing. Thus we 
obtain Z � Z 1 � Z 

u 2 |f ′ (w)|2 dw ≤ 2 π u 2 ϱ dϱ Φ(1) = Φ(1) u 2 dw. x0 
D 0 D 

By recalling (2.5.3), this fnally gives Z Z 
u 2 |f ′ (w)|2 dw < (1 + ε) u 2 dw. x0 

D D 

We insert this estimate into (2.5.4) and use that u is optimal for the disk. We get Z Z � �2 u dH1 + δ2 ε u 2 dw 
1 δ I1(δ) 

T (Ω; δ) 
≤ 

I0(δ) 
∂D 

(H1(∂Ω))2 
D . 

If we now let ε go to 0 and use (2.2.7), we obtain � �2
1 δ I1(δ) T (D; δ)≤ 

T (Ω; δ) I0(δ) (H1(∂Ω))2 . 

Finally, from (2.4.4) we know that 

δ I1(δ) 2 π 
I0(δ)

= 
T (D; δ)

, 

˙from which (2.5.2) follows, for the case RΩ = 1. 
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The general case can be obtained by scaling. Indeed, taking t = 1/Ṙ 
Ω, the scaled 

set Ωe = t Ω has unit boundary distortion radius. Thus, by using the frst part of the 
proof with δ/t and (2.2.2), we have � � !2 � � � �2 � � 

δ H1(∂ e δ H1(∂Ω) T ; δΩ) B ˙−2 T e −2 RΩT (Ω; δ) = t Ω; ≥ t T D; = . 
t 2 π t 2 π Ṙ 2

Ω 

This concludes the proof of the inequality. 

We now come to the equality cases. We frst observe that disks achieve equality in 
(2.5.2), thanks to Lemma 2.5.3. Let us now suppose that Ω is such that equality 

˙holds in (2.5.2). For simplicity, we can assume again that RΩ = 1. This means 
that equality must hold everywhere in the proof above. In particular, there exists 
x0 ∈ Ω such that ue = u ◦ hx0 must be the boundary δ−torsion function of Ω. This 
in particular implies that ue must solve 

−∆ue+ δ2 ue = 0, in Ω. 

By computing the Laplacian of ue, which is given by 

∆ue(x) = |h ′ (x)|2 ∆u(hx0 (x)), for x ∈ Ω,x0 

and using that u solves 
−∆u + δ2 u = 0, in D, 

we then obtain that 
(1 − |h ′ |2) δ2 ue = 0, in Ω.x0 

Recalling that u is positive, the last identity entails that we must have |h ′ | ≡ 1 inx0 

Ω and thus |f ′ | ≡ 1 in D. This implies that f ′ is constant, hence fx0 is actually ax0 x0 

linear isometry and thus Ω is a disk, with radius 1. 

2.5.2 Convex sets: lower bound 
The following technical lemma will be used in a while. We will use again the notation 
I = (0, 1). 

Lemma 2.5.5. For every δ > 0, we have 

(φ(0))2 1 
α(δ) := sup Z Z = . (2.5.5) 

φ∈W 1,2(I) δ tanh(δ)|φ ′ |2 dt + δ2 φ2 dt 
I I 

Moreover, the function � � 
1 cosh(δ t) 

uI(t) = − sinh(δ t) ,
δ tanh(δ) 

attains the supremum in (2.5.5). 
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Proof. An argument as in (2.2.9) yields that the maximization problem (2.5.5) can 
be rephrased as � Z Z � 

α(δ) = sup 2 φ(0) − |φ ′ |2 dt − δ2 φ2 dt . (2.5.6) 
φ∈W 1,2(I) I I 

The existence of a (unique) maximizer uI for (2.5.6) is again easily proven by the 
Direct Method. Moreover, by concavity of the maximization problem, we have that 
φ solves (2.5.6) if and only if it verifes the optimality condition Z Z 

ψ(0) = φ ′ ψ ′ dt + δ2 φ ψ dt, for every ψ ∈ W 1,2(I). 
I I 

This is the weak formulation of  
−φ ′′ + δ2 φ = 0, in I, 

φ ′ (0) = −1, 
φ ′ (1) = 0. 

The latter is uniquely solved by the function � � 
1 cosh(δ t)

t 7→ − sinh(δ t) ,
δ tanh(δ) 

which then coincides with the unique maximizer uI . From (2.5.6) and the equation 
in weak form we get Z Z 

α(δ) = 2 uI (0) − |u ′ |2 dt − δ2 u 2 dt = uI(0).I I 
I I 

By using the expression of uI, we conclude. 

We recall the defnition of inradius of Ω, i.e. 

rΩ = sup dΩ(x). 
x∈Ω 

Observe that this is the radius of a largest ball inscribed in Ω. We can then prove the 
following sharp lower bound on T (Ω; δ) for a convex set. This is somehow similar to 
an estimate by Pólya, which provides a lower bound on the usual torsional rigidity 
in terms of volume and perimeter, see [121]. We employ the same technique, i.e. the 
method of interior parallels, introduced by Makai [104, 105] and Pólya [121]. 

Theorem 2.5.6. Let δ > 0 and let Ω ⊂ RN be an open bounded convex set. We 
have the following estimate 

HN−1(∂Ω)
T (Ω; δ) > . 

δ tanh (δ rΩ) 

Moreover, the estimate is sharp in the following sense: we have 

T (Ωn; δ) tanh(δ rΩn ) 1 
lim = , for Ωn := (−n, n)N−1 × (−1, 1). 
n→∞ HN −1(∂Ωn) δ 
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Proof. We frst prove the estimate under the assumption that rΩ = 1. We defne a 
non-negative test function for the torsion functional (2.1.4) of the form 

φ(x) = uI (dΩ(x)), for x ∈ Ω, 

where uI is the same function as in Lemma 2.5.5. We denote n o 
Ωt = x ∈ Ω : dΩ(x) = t , for t ∈ [0, 1]. 

Then, by using the Coarea Formula and the fact that |∇dΩ| = 1 almost everywhere 
in Ω, we get �Z �2 

φdHN−1 

∂Ω (uI (0))
2 (HN−1(∂Ω))2 

T (Ω; δ) ≥ Z Z = Z Z 
φ2 ′ |∇φ|2 dx + δ2 dx |uI (dΩ(x))|2 dx + δ2 (uI (dΩ(x))

2 dx 
Ω Ω Ω Ω 

(uI (0))
2 (HN −1(∂Ω))2 

= Z 1 h i 
|uI 

′ (t)|2 + δ2 (uI (t))
2 HN−1(∂Ωt) dt 

0 

(uI (0))
2 

≥ Z HN−1(∂Ω).1 h i 
|uI 

′ (t)|2 + δ2 (uI (t))
2 dt 

0 

In the last inequality we used that 

HN−1(∂Ωt) ≤ HN−1(∂Ω), for t ∈ (0, 1), (2.5.7) 

which follows from convexity, see for example [39, Lemma 2.2.2]. Observe that this 
inequality is strict, for an open bounded convex set. If we now apply Lemma 2.5.5, 
we get the desired estimate in the case rΩ = 1. 

The general case now follows by scaling: indeed, by taking t = 1/rΩ, the scaled 
set Ωe = t Ω has unit inradius. Thus, by using the frst part of the proof with δ/t 
and (2.2.2), we have � � 

δ HN−1(∂ e 1 HN−1(∂Ω) HN−1(∂Ω)Ω)−N T e −N � �T (Ω; δ) = t Ω; > t = = , 
t δ δ t δ δ tanh (δ rΩ)

tanh tanh(δ rΩ) 
t t t 

as desired. 

We now come to the proof of the sharpness. The idea is to look for equality in 
(2.5.7). For this, let us consider Ωn := (−n, n)N−1 × (−1, 1) ⊆ RN . By Lemma 2.4.4 
with the choices 

ℓ1 = · · · = ℓN−1 = n and ℓN = 1, 

we know that Xcosh(δ xN ) 1 N−1 

uΩn,δ(x) = + cosh(δ xi),
δ sinh(δ) δ sinh(δ n) 

i=1 
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and " # 
N−1 XX 

T (Ωn; δ) = 
1 HN−1(Σk) + 

1 HN−2(Σk,i)
δ tanh(δ n) δ2 

k=1 i̸=k" # 
N−1X 

+
1 HN−1(ΣN ) + 

1 HN−2(ΣN,i) ,
δ tanh(δ) δ2 

i=1 

where we used the notation Σk and Σk,i from Lemma 2.4.4. We now observe that 
N−1 N−2HN−1(ΣN ) = 2N n , HN−1(Σk) = 2N n , for k = 1, . . . , N − 1, 

HN −2(ΣN,i) = 2N n N−2 , for i = 1, . . . , N − 1, 
while (this occurs only for N ≥ 3) 

HN−2(Σk,i) = 2N n N−3 , for k = 1, . . . , N − 1, i ∈ {1, . . . , N − 1} \ {k}, 

and 
HN−2(Σk,N ) = 2N n N−2 , for k = 1, . . . , N − 1. 

This fnally shows that 

N−1T (Ωn; δ) ∼ 
1 HN−1(ΣN ) = 

1
2N n , as n → ∞. 

δ tanh(δ) δ tanh(δ) 
As for the measure of the boundary, we have 

HN−1(∂Ωn) = 2 (2 n)N−1 + 2 (N − 1) (2 n)N−2 ∼ 2N n N−1 , as n → ∞, 

while clearly by construction we have rΩn = 1. By gathering all these informations, 
we get 

2N N−1T (Ωn; δ) tanh(δ rΩn ) 1 n 1 ∼ 
N−1 tanh(δ) = , as n → ∞,

HN−1(∂Ωn) δ tanh(δ) 2N n δ 
as claimed. 

Remark 2.5.7. We observe that the convexity assumption in the previous result has 
been used only to guarantee the property (2.5.7). Thus Theorem 2.5.6 continues to 
hold for every open bounded Lipschitz set Ω which enjoys this property. This is the 
case, for example, when N = 2 and Ω is simply connected or doubly connected, see 
[80, Section 2]. Other sets having property (2.5.7) are those for which the distance 
function dΩ is weakly superharmonic in Ω, i.e. such that Z 

⟨∇dΩ, ∇φ⟩ dx ≥ 0, for every φ ∈ C0 
∞(Ω) with φ ≥ 0, 

Ω 

see for example [29, Remark 3.2]. 
We recall that on a convex set Ω the distance dΩ is always weakly superharmonic, 

since it is a concave Lipschitz function. However, the weak superharmonicity of dΩ 
is equivalent to the convexity of Ω only for dimension N = 2 (see [5, Theorem 2]), 
while in higher dimension this is a weaker condition. We refer to [5, Section 5] for 
an example of non-convex set with superharmonic distance. 

Finally, we also recall that if Ω has a C2 boundary, the superharmonicity of dΩ 
is equivalent to the fact that the mean curvature of ∂Ω is non-negative (see [99]). 
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2.5.3 Convex sets: upper bounds 
By appealing to the dual formulation (2.2.11), we can obtain the following upper 
bound of geometric favor, which can be seen as a sort of Steklov version of the 
so-called Diaz-Weinstein inequality (see [55]). For this, we frst need to recall the 
defnition of high ridge set of an open bounded set Ω ⊂ RN (see for example [50]). 
This is given by n o 

M(Ω) := x ∈ Ω : BrΩ (x) ⊂ Ω , 

i.e. this is the collection of centers of maximal balls inscribed in Ω. 

Proposition 2.5.8. Let Ω ⊂ RN be an open bounded convex set. Then, we have 
the following upper bound � � Z 

1 N2 
T (Ω; δ) ≤ I#(Ω) + |Ω| , where I#(Ω) = min |x − x0|2 dx.

2 δ2r x0∈M(Ω)Ω Ω 
(2.5.8) 

Proof. Let x0 ∈ M(Ω), then accordingly we have BrΩ (x0) ⊂ Ω. Recalling Lemma 
2.2.5, we make the following choices 

x − x0 N 
ϕ0 = and g0 = , (2.5.9)

δ2rΩ rΩ 

and observe that (ϕ0, g0) ∈ A+(Ω). Indeed, we clearly have by construction 

−divϕ0 + δ2 g = 0, in Ω. 

As for the fux condition on the boundary, convexity of Ω entails that 

⟨x − x0, νΩ⟩ ≥ rΩ, for HN−1−a. e. x ∈ ∂Ω, 

see for example [32, Lemma 2.1]. By appealing to Lemma 2.2.5 and to the arbitrari-
ness of x0 ∈ M(Ω), we fnally get the claimed estimate. 

Remark 2.5.9. By recalling the characterization for extremals of the dual problem 
(2.2.11), it is not difcult to see that estimate (2.5.8) is not sharp. Indeed, the trial 
pair (2.5.9) is such that 

ϕ0 ̸= ∇g. 

However, thanks to Theorem 2.3.4, from (2.5.8) we recover in the limit the inequality 

(HN−1(∂Ω))2 N2 |Ω|
= lim δ2 T (Ω; δ) ≤ ,

|Ω| δ→0+ r2 
Ω 

that is 
N |Ω|HN−1(∂Ω) ≤ , 
rΩ 

which is sharp. Equality in the latter is attained for balls, for examples. 
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Figure 2.2: The construction of the proximal radius: in bold line, the boundary of 
the convex set Ω; the thin black line is the high ridge M(Ω). The black dot is the 
proximal center, which in this particular example coincides with the center of 

symmetry of the set. 

Remark 2.5.10. The geometric quantity I#(Ω) defned above is quite similar to 
the more usual one Z 

I(Ω) = min |x − x0|2 dx, 
x0∈RN 

Ω 

which is called polar moment of inertia of Ω. However, in general we have 

I#(Ω) ≥ I(Ω), 

and the inequality is strict, unless the barycenter of Ω, which is the unique minimizer 
for I(Ω), belongs to M(Ω). 

We now exploit once again the dual formulation (2.2.11), in order to give a sharp 
upper bound this time. At this aim, for an open bounded convex set Ω ⊂ RN , we 
defne its proximal radius by n o 

LΩ := inf R > 0 : ∃x0 ∈ M(Ω) such that Ω ⊂ BR(x0) . 

In other words, LΩ is the radius of the smallest ball containing Ω and having center 
in the high ridge set M(Ω). We will call proximal center any point xΩ ∈ M(Ω), such 
that 

Ω ⊂ BLΩ (xΩ). 
Such a point exists and is unique by Lemma 2.5.13 below. Observe that by con-
struction, for the proximal center we have 

BrΩ (xΩ) ⊂ Ω ⊂ BLΩ (xΩ). (2.5.10) 

This will be crucial for the proof of the following result. 

Theorem 2.5.11. Let δ > 0 and let Ω ⊂ RN be an open bounded convex set. With 
the notation above, we have � �N−2 � �2 

rΩ IN/2(δ LΩ)
T (Ω; δ) ≤ T (BLΩ ; δ). (2.5.11)

LΩ IN/2(δ rΩ) 

Moreover, equality holds if and only if Ω is a ball. 
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Proof. Without loss of generality, we can assume that the proximal center of Ω 
coincides with the origin. We set for brevity � � 

′ CΩ,δ = UδLΩ 

rΩ 
, (2.5.12)

LΩ 

where Uδ is the function of Lemma 2.4.1. We then introduce the pair 

1 1 
ϕ0 = ∇uBLΩ ,δ and g0 = uBLΩ ,δ

,
CΩ,δ CΩ,δ 

where as always uBLΩ ,δ is the boundary δ−torsional function of the ball BLΩ . We 
observe that by construction and using (2.5.10), we have � �1 −div ϕ0 + δ2 g0 = −∆uBLΩ ,δ + δ2 uBLΩ ,δ = 0, in Ω. 

CΩ,δ 

Moreover, since we have � � � � 
x |x|

uBLΩ ,δ
(x) = LΩ uB,δLΩ = LΩ UδLΩ ,

LΩ LΩ 

we get that on ∂Ω it holds � � � � 
1 1 |x| 1 1 |x|⟨ϕ0, ν∂Ω⟩ = U ′ ⟨x, ν∂Ω⟩ ≥ U ′ rΩ,δ LΩ δ LΩCΩ,δ |x| LΩ CΩ,δ |x| LΩ 

HN−1−almost everywhere, where we used again [32, Lemma 2.1]. We then recall 
that 

U ′ (ϱ)
ϱ 7→ δ ,

ϱ 
is monotone non-decreasing by Lemma 2.4.1 and by construction 

|x| ≥ rΩ, for every x ∈ ∂Ω. 

This permits to estimate the fux of ϕ0 on the boundary of Ω by � � 
1 rΩ′ ⟨ϕ0, ν∂Ω⟩ ≥ Uδ LΩ 

. 
CΩ,δ LΩ 

Recalling the defnition (2.5.12) of CΩ,δ, we fnally obtain that (ϕ0, g0) ∈ A+(Ω). By 
Lemma 2.2.5, we thus obtain �Z Z � 

1 
T (Ω; δ) ≤ |∇uBLΩ ,δ

|2 dx + δ2 (uBLΩ ,δ
)2 dx 

(CΩ,δ)2 Ω Ω"Z #Z 
1 T (BLΩ ; δ)≤ |∇uBLΩ ,δ

|2 dx + δ2 (uBLΩ ,δ
)2 dx = . 

(CΩ,δ)2 
BLΩ BLΩ 

(CΩ,δ)2 

(2.5.13) 
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We now compute the constant CΩ,δ !� � 
rΩ d (δ LΩ ϱ)

1−N/2 IN/2−1(δ LΩ ϱ)′ CΩ,δ = Uδ LΩ 
= 

LΩ dϱ (δ LΩ)
2− N 

IN/2(δ LΩ)2 rΩ|ϱ= � � LΩ 

ϱ1−N/2 IN/2(δ LΩ ϱ) 
= 

IN/2(δ LΩ) rΩ|ϱ= 
LΩ� � 2−N 

rΩ 2 IN/2(δ rΩ) 
= ,

LΩ IN/2(δ LΩ) 

where we used (2.4.8) in order to compute the derivative. This concludes the proof 
of the inequality. 

Let us now discuss equality cases. At frst, it is quite clear that for any ball we 
get equality in (2.5.11). Indeed, in this case, the set M(Ω) just coincides with the 
center of the ball and rΩ = LΩ. We now assume that Ω ⊂ RN is an open bounded 
convex set for which (2.5.11) holds as an equality. As before, we can suppose that 
xΩ = 0. Then the equality sign must hold in all the inequalities above. In particular, 
equality in (2.5.13) entails that we must have Z Z 

(uBLΩ ,δ
)2 dx = (uBLΩ ,δ

)2 dx. 
Ω BLΩ 

By virtue of (2.5.10) and the fact that uBLΩ ,δ does not vanish, we fnally get that 

|BLΩ \ Ω| = 0. 

By convexity, this fact and (2.5.10) in turn imply that Ω must coincide with the ball 
BLΩ . 

From the previous result, we can get the following sharp geometric estimate, 
involving four geometric quantities. 

Corollary 2.5.12. Let Ω ⊂ RN be an open bounded convex set. With the notation 
above, we have � �2

(HN−1(∂Ω))2 LΩ 
LN−2≤ N2 ωN Ω . (2.5.14)

|Ω| rΩ 

Equality holds if and only if Ω is a ball. 

Proof. We multiply inequality (2.5.11) by δ2 and then take the limit as δ goes to 0. 
By using Theorem 2.3.4 and (2.4.1), we get � �2

(HN−1(∂Ω))2 LΩ (HN−1(∂BLΩ ))
2 

≤ . 
|Ω| rΩ |BLΩ | 

This gives the desired inequality (2.5.14). 
It is straightforward to see that balls give equality in (2.5.14). On the other 

hand, let us suppose that Ω is an open bounded convex set which attains equality 
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in (2.5.14). In order to prove that Ω must be a ball, we go back to (2.5.13): with a 
slightly more careful estimate, we can obtain �Z Z � 

1 
T (Ω; δ) ≤ |∇uBLΩ ,δ

|2 dx + δ2 (uBLΩ ,δ
)2 dx 

(CΩ,δ)2 "Z Ω Ω Z # 
1 ≤ |∇uBLΩ ,δ

|2 dx + δ2 (uBLΩ ,δ
)2 dx 

(CΩ,δ)2 
BLΩ BLΩZ 

− 
δ2 

(uBLΩ ,δ
)2 dx 

(CΩ,δ)2 
BLΩ \Ω Z 

T (BLΩ ; δ) δ2 
= − (uBLΩ ,δ

)2 dx. 
(CΩ,δ)2 (CΩ,δ)2 

BLΩ \Ω 

By recalling the value of CΩ;δ, we get the following enhanced version of (2.5.11) " #� �N−2 � �2 Z 
rΩ IN/2(δ LΩ)

T (Ω; δ) ≤ T (BLΩ ; δ) − δ2 (uBLΩ ,δ
)2 dx . 

LΩ IN/2(δ rΩ) BLΩ \Ω 

As in the frst part of the proof, we multiply both sides by δ2 and then take the 
limit as δ goes to 0. By Theorem 2.3.4, we now get the enhanced version of (2.5.14) " #� �2 � �2

(HN−1(∂Ω))2 LΩ (HN−1(∂BLΩ ))
2 HN−1(∂BLΩ )≤ − |BLΩ \ Ω| . 

|Ω| rΩ |BLΩ | |BLΩ | 

Thus, if Ω attains equality in (2.5.14), in particular it must result 

|BLΩ \ Ω| = 0, 

which implies that Ω is a ball. 

Appendix A 
We give in this section some elementary facts about the proximal radius of a convex 
set. We start with the following 

Lemma 2.5.13. Let Ω ⊂ RN be an open bounded convex set. Then there exists a 
unique proximal center. 

Proof. We frst observe that the high ridge set M(Ω) is a closed convex set. This 
follows from the fact that it coincides with the maximum level set {x ∈ Ω : dΩ(x) = 
rΩ} and the distance function is continuous and concave on Ω. We now claim that � � 

LΩ = inf max |x − y| , (2.5.15) 
x∈M(Ω) y∈∂Ω 

and that the infmum is attained by a proximal center. Indeed, frst observe that 
the function 

x 7→ max |x − y|, 
y∈∂Ω 
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is 1−Lipschitz, as a supremum of a family of 1−Lipschitz uniformly bounded func-
tions. By recalling that M(Ω) is compact, existence of a minimizer follows from 
Weierstrass’ Theorem. 

Let us now take x0 ∈ M(Ω) to be one of these minimizers. By taking the ball 
BR(x0) with R = maxy∈∂Ω |x0 − y|, we clearly have 

Ω ⊂ BR(x0), 

and thus � � 
LΩ ≤ R = max |x0 − y| = min max |x − y| . 

y∈∂Ω x∈M(Ω) y∈∂Ω 

In order to prove the reverse inequality, let r > 0 be such that there exists xr ∈ M(Ω) 
with the property 

Ω ⊂ Br(xr). 

This implies that 
|xr − y| ≤ r, for every y ∈ ∂Ω, 

and thus � � 
min max |x − y| ≤ r. 

x∈M(Ω) y∈∂Ω 

By taking the infmum over admissible r > 0, we conclude the proof of (2.5.15). 
The previous part of the proof also shows the existence of at least a proximal 

center x0 ∈ M(Ω). Let us suppose that x1 ∈ M(Ω) is another proximal center. This 
implies that 

Ω ⊂ BLΩ (x0) ∩ BLΩ (x1). 

In particular, such an intersection is not empty and thus LΩ > |x0 − x1|/2. By 
convexity of M(Ω), the midpoint x = (x0 + x1)/2 still belongs to M(Ω). If we defne r 

|x0 − x1|2 
Re = LΩ

2 − ,
4 

we have 0 < Re < LΩ and by construction 

Ω ⊂ BLΩ (x0) ∩ BLΩ (x1) ⊂ BRe(x). 
This violates the minimality of LΩ, thus giving the desired contradiction. 

The proximal radius is actually comparable to more familiar geometric quantities, 
like the diameter diam(Ω) and the circumradius RΩ. The latter is defned by n o 

RΩ = inf R > 0 : ∃x ∈ RN such that Ω ⊂ BR(x) . 

This is the radius of the smallest ball entirely containing Ω. 

Lemma 2.5.14. Let Ω ⊂ RN be an open bounded convex set. Then we have 

RΩ ≤ LΩ < diam(Ω), 

and both inequalities are sharp. 
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Proof. The frst inequality RΩ ≤ LΩ is a trivial consequence of the defnitions. We 
also observe that we have equality for every convex set such that RΩ is attained by 
a ball centered on M(Ω): this happens for example for every convex sets having N 
orthogonal axis of symmetry. 

For the second inequality, for every y ∈ ∂Ω and every x ∈ M(Ω) we have 

|x − y| < diam(Ω), 

by defnition of diameter. Observe that the inequality is strict, since M(Ω) is at a 
distance rΩ (i.e. the inradius) from the boundary ∂Ω, thus its points can not be 
extremal for the diameter. By recalling (2.5.15), this gives the desired inequality. 

In order to prove sharpness of this estimate, we confne ourselves for simplicity 
to N = 2. We take the sequence of right triangles {Tn}n∈N having vertices at � � � � �� 

1 1 
P1 = (−1, 0), P2 = (1, 0), P3 = cos , sin . 

n + 1 n + 1 

We clearly have that diam(Tn) = 2. In order to compute LTn , we observe that the 
high ridge set is a singleton 

M(Tn) = {(αn, βn)} , with lim αn = 1, lim βn = 0. 
n→∞ n→∞ 

Thus we have 

lim LTn = lim |(αn, βn) − P1| = lim 
p

(αn + 1)2 + βn 
2 = 2, 

n→∞ n→∞ n→∞ 

as desired. 
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Chapter 3 

The Cauchy-Dirichlet problem for 
singular nonlocal difusions on 
bounded domains 

In this chapter we present the results of the paper The Cauchy-Dirichlet problem 
for singular nonlocal difusions on bounded domains, [23], a joint work of the author 
of this thesis with Matteo Bonforte and Peio Ibarrondo. 

Some of the results in Section 3.4 and the totality of Section 3.5 are part of 
a work in progress also with Bonforte and Ibarrondo. This paper is the natural 
continuation of [23]. 

3.1 Introduction 
In this chapter we study the homogeneous Cauchy Dirichlet Problem for a nonlinear 
and nonlocal difusion equation of singular type of the form 

∂tu = −Lu m (FFDE) 

posed on a bounded Euclidean domain Ω ⊂ RN with smooth boundary and N ≥ 
1. The linear difusion operator L is a densely defned sub-Markovian operator, 
allowed to be of nonlocal type, while the nonlinearity is of singular type, namely 
mu = |u|m−1u with 0 < m < 1. 
We shall now review some related results and bibliography. 

3.1.1 Background 
On the whole space, the prototype equation is the so-called Fractional Fast Difusion 
Equation on the whole space, studied in [28, 109, 111, 112, 113], 

ut = −(−∆RN )s u m (3.1.1) 

where the Fractional Laplacian is commonly represented via the hypersingular kernelZ 
f(x) − f(y)

(−∆RN )sf(x) := P.V. dy , 
|x − y|N+2s 

RN 
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but other equivalent defnitions are possible on RN , see e.g. [41, 94]. 
These models have received a lot of attention in the last years, especially because 

of their natural interplay with probability and stochastic processes, but also for the 
numerous applications, for instance to anomalous difusions in physics and biology, 
cf. [17, 98, 130]. These equations appear in boundary heat control problems [7], 
and also as hydrodynamic limits of interacting particle systems with long-range 
dynamics, cf. [81, 82]. We refer to [7, 26, 28, 43, 109, 130, 138, 139] for further 
details about possible applications of these useful nonlinear and nonlocal difusion 
models. 

A quite complete theory for the Cauchy problem on RN for (3.1.1) has been 
developed for all m > 0, covering the Fractional Porous Medium Equation (FPME, 
m > 1) and the Fractional Fast Difusion Equation (FFDE, m < 1) by Athana-
sopoulus, Bonforte, Cafarelli, De Pablo, Quirós, Rodriguez, Stan, Del Teso, Váquez, 
Volzone and many others, see for instance the fundamental contributions [7, 28, 71, 
109, 110, 111, 112, 113, 129, 134, 137, 142], including numerical methods [51, 133]. 
Of course, when m = 1 we have the Fractional Heat Equation (FHE) which has a 
very rich literature, see [15, 25] and references therein. 

These kind of problems have been extensively studied when L = −∆, in which 
case the equation becomes the classical Porous Medium Equation (m > 1) or Fast 
Difusion Equation (m < 1), see for instance the monographs by DiBenedetto [56, 
57], Daskalopoulos and Kenig [52] and Vázquez [140, 141]. 

Even if the results of this work apply also in the local case (s = 1), and provide 
some novelties also for the classical FDE when L = −∆ (and recover the classical 
results with a diferent proof), we shall focus our attention in nonlocal difusion 
operators, in particular fractional Laplacian operators, emphasizing the diferences 
with the classical (local) case. Since we are working on a bounded domain, the situ-
ation dramatically departs from the local case: to begin with, the very defnition of 
“Fractional Laplacian” admits several non-equivalent versions1: the Restricted Frac-
tional Laplacian (RFL), the Spectral Fractional Laplacian (SFL), and the Censored 
Fractional Laplacian (CFL); see Section 3.1.5 for more details. 

The Cauchy-Dirichlet problem for the classical FDE, ut = ∆um , has attracted the 
attention of several researchers since the celebrated paper of Berryman and Holland 
[14]. The basic theory, local and global Harnack inequalities and optimal interior 
regularity are well understood [52, 57, 58]. The asymptotic behaviour is a delicate 
issue, started with the pioneering paper [14] and followed by progressive advances 
[3, 58, 63]. The sharp asymptotic results were found only recently by Bonforte and 
Figalli in [18]. Recent results appeared about optimal boundary regularity [84] and 
asymptotic behaviour [83]. 

1We adopt this terminology, nowadays accepted in the community, which has been introduced 
in previous works [20, 22, 21, 24, 26, 27] to avoid confusion in the abbreviations, but we point out 
that RFL is usually known as the Standard Fractional Laplacian, or plainly Fractional Laplacian, 
and CFL is often called Regional Fractional Laplacian. 
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  

3.1.2 The Cauchy-Dirichlet Problem for singular nonlocal 
difusions. 

Consider the problem 

∂tu(t, x) = −Lum(t, x) on (0, +∞) × Ω , 
u(t, ·) = 0 on the lateral boundary, ∀t > 0 , (CDP) 
u(0, ·) = u0 in Ω , 

where 0 < m < 1, and Ω ⊂ RN is a bounded smooth domain, which we assume at 
least of class C2,α, though most of the results indeed hold for C1,1 domains, but we 
choose not to address delicate questions of boundary regularity here. Throughout 
the chapter we assume N > 2s, but most of the results can be easily adapted to the 
case when N = 1 and s ∈ [1/2, 1) . 
When m = 1, we have the fractional heat equation, whose theory can be considered 
nowadays classical, since Fourier analysis allows to obtain a complete basic theory 
analogous to the case s = 1 of the local heat equation. However many basic questions 
have been solved only recently, like sharp bounds for the heat kernel by Zhang in 
[147], and more recently by many authors often by means of probabilistic techniques, 
we refer to Section 3.1.5 for more details and references. Many fne properties of 
solutions are based on the representation formula, and become quite simple once 
good (or better, sharp) bounds on the heat kernel are known. 

3.1.3 About the lateral boundary condition and the dual 
formulation of the problem 

Since we are allowing the linear operator L to be nonlocal, the lateral boundary 
condition is tricky to defne in general, since it depends on the operator itself. Let 
us make an example with the three most common Dirichlet Fractional Laplacians 
on bounded domains, the Spectral (SFL), the Restricted (or the “standard”, RFL) 
and the Censored (or Regional, CFL). The frst one is defned as the spectral power 
of the Dirichlet Laplacian, hence the boundary condition needs only to be imposed 
on the topological boundary ∂Ω. In the case of the RFL, since the operator needs 
to be defned on the whole RN , we need to impose that our solutions vanish on the 
complement of Ω, or we need to “restrict” the set of admissible functions to the ones 
supported in Ω, hence the name. As for the CFL the boundary condition is even 
more subtle: the Dirichlet boundary condition holds only for s ∈ (1/2, 1), while 
when s ∈ (0, 1/2] a kind of Neumann condition holds. This can be understood in 
terms of the underlying censored α−stable process, see the original paper of Bogdan, 
Burdzy and Chen [16], for more details. 

We overcome this difculty by means of a dual formulation of the problem, 
through the Green function of the linear operator, that automatically encodes the 
boundary conditions. 
Degenerate VS singular difusions: a problem at the boundary. To better understand 
the issue, let us consider the local case, 

m ut = ∆u = m∇ · (u m−1∇u) 
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it is clear that when m > 1 the (time dependent) difusion matrix um−1I becomes 
zero when u does, and in particular always at the boundary. This is the cause 
of the fnite speed of propagation2 and, in the nonlocal case, where the speed of 
propagation is infnite, of the appearance of the anomalous boundary behaviour, see 
[22]. On the other hand, when m < 1, the difusion matrix becomes infnite when 
u = 0, in particular on the lateral boundary. This causes some regularity issues, for 
instance the restriction in the parameters 2s > γ in the smoothing efects, and other 
technical hypotheses. We shall explain in what follows all the subtle technicalities. 

3.1.4 Main assumptions 
In order to understand the main results, it is important to discuss our main hy-
potheses, their connections and basic implications. 
Assumptions on L. The linear operator L : dom(L) ⊆ L1(Ω) → L1(Ω) is densely 
defned and sub-Markovian, more precisely, it satisfes: 

(A1) L is m-accretive in L1(Ω) 

(A2) If 0 ≤ f ≤ 1 then 0 ≤ e−tLf ≤ 1, or equivalently, 

(A2’) If β is a maximal monotone graph in R × R with 0 ∈ β(0), u ∈ dom(L), Lu ∈ 
Lq(Ω), 1 ≤ q ≤ ∞, v ∈ Lq/(q−1)(Ω), v(x) ∈ β(u(x)) a.e., then Z 

v(x)Lu(x) dx ≥ 0 . 
Ω 

We recall that the assumptions on L are the same as in [21], where detailed proofs 
of the claims below can be found as well as a rich set of examples of operators. See 
also [22, 27] and Section 3.1.5. 
Assumptions on L−1 . In order to develop the theory that follows in this paper we 
will need to deal with the dual form of (CDP). Therefore, we asume that L has an 
inverse L−1 : L1(Ω) → L1(Ω) that can be represented by a kernel GΩ as Z 

L−1[f ](x) := GΩ(x, y)f(y) dy, 
Ω 

which satisfes at least one of the next assumptions, for some s ∈ (0, 1] and for a.e. 
x, y ∈ Ω: 

‹ There exists a constant c1,Ω > 0 such that 

c1,Ω
0 ≤ GΩ(x, y) ≤ . (K1)

|x − y|N−2s 

According to Proposition 5.1 of [21], this assumption guarantees that L−1 is 
compact in L2(Ω), hence that is has a discrete set of eigen-elements for L, 

2Finite speed of propagation can be understood as follows: in the whole space, compactly 
supported initial data produce compactly supported solutions at all times. 
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namely (λk, Φk), with Φk ∈ L∞(Ω). In particular there exists a ground state 
Φ1 ≥ 0, and the Poincaré inequality holds with λ1 > 0 Z Z Z Z 
λ1 fL−1f dx ≤ f 2 dx or equivalently λ1 f 2 dx ≤ fLf dx . 

Ω Ω Ω Ω 

The eigenfunction are always Hölder continuous in the interior, see Theorem 
7.1 of [21]. 
(K1) implies Hardy-Littlewood-Sobolev and Sobolev type inequalities: It has 
been shown in Theorem 7.5 of [24] that assumption (K1) implies the Hardy-
Littlewood-Sobolev inequality: 

∥f∥H∗(Ω) ≤ HL∥f∥(2∗) ′ with (2 ∗ ) ′ =
2N

. (3.1.2)
N + 2s 

Moreover, following Lieb’s duality argument [101], as in Proposition 7.4 of 
[24], we have that the above inequality is equivalent to the fractional Sobolev 
inequality: 

∥f∥2∗ ≤ SL∥f∥H(Ω) with 2 ∗ =
2N

. (3.1.3)
N − 2s 

We refer to the Appendix of [24] for further details. 

‹ The second assumption is needed when we want to take into account boundary 
behaviour. Let 

δγ (x) := dist(x, ∂Ω)γ for some γ ∈ (0, 1] . 

There exist c0,Ω, c1,Ω > 0 such that � �� � 
c1,Ω δγ (x) δγ (y) 

c0,Ωδγ (x)δγ (y) ≤ GΩ(x, y) ≤ ∧ 1 ∧ 1 . 
|x − y|N−2s |x − y|γ |x − y|γ 

(K2) 
Proposition 5.3 of [21], guarantees that under this assumption, the boundary 
behaviour of eigenfunction is dictated by the power γ, namely 

κ δγ (x) ≤ Φ1(x) ≤ κ δγ (x) and |Φn(x)| ≤ κn δγ (x) 

In this case, eigenfunction are classical in the interior, i.e. C2s+α , whenever the 
operator allows it, and have a sharp boundary regularity Cγ (Ω), see Theorems 
7.1 and 7.2 of [21] for more details. 
It is therefore convenient to use the ground state as a smooth extension of the 
distance to the boundary (to the power γ), and this allows us to rephrase the 
assumption (K2) as follows: � �� � 

c1,Ω Φ1(x) Φ1(y) 
c0,ΩΦ1(x)Φ1(y) ≤ GΩ(x, y) ≤ ∧ 1 ∧ 1 . 

|x − y|N−2s |x − y|γ |x − y|γ 

(K3) 
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‹ In many examples, the Green function satisfes an even stronger estimate � �� � 
1 δγ (x) δγ (y)GΩ(x, y) ≍ ∧ 1 ∧ 1 . (K4)

|x − y|N−2s |x − y|γ |x − y|γ 

This is the case for instance of the three most common Fractional Laplacians, 
namely for the SFL γ = 1, while for RFL γ = s, and CFL γ = 2s − 1). See 
Section 3.1.5 for more details. R 

Notations. We will write the Lp norm in Ω as ∥f∥p := ( |f |p dx)1/p, but for
Ω �R �1/p

weighted norms with the frst eigenvalue Φ1 we use ∥f∥Lp (Ω) := 
Ω |f |

pΦ1 dx 
Φ1 

in the space Lp (Ω) := {f ∈ L1 (Ω) : ∥f∥Lp The Heaviside functionΦ1 loc (Ω) < +∞}. 
Φ1 

will be denoted by sign+(f) := max{0, signf}, and positive and negative part as 
[f ]+ := max{0, f} and [f ]− = max{0, −f}, respectively. We also use the following 
notation for maxima and minima: f ∧ g := max{f, g}, f ∨ g := min{f, g}. 

3.1.5 Diferent fractional Laplacian operators on domains 
and other examples 

We briefy exhibit a number of examples to which our results apply. These include 
a wide class of local and nonlocal operators. We just sketch the essential points, 
we shall give the values γ, s in each example, and specify the lateral boundary 
conditions. See [22, 27] for a more detailed exposition. 
The Restricted Fractional Laplacian (RFL). We defne the fractional Laplacian 
operator acting on a bounded domain by using the integral representation on the 
whole space in terms of a hypersingular kernel, namely Z 

f(x) − f(y)
(−∆|Ω)

sf(x) = cN,s P.V. |x − y|N+2s dy 
RN 

where we restrict the operator to functions that are zero outside Ω. The initial 
and boundary conditions associated to (CDP) are u(t, x) = 0 in (0, ∞) × RN \Ω 
and u(0, ·) = u0. As explained in [24], such boundary condition can be understood 
via the Cafarelli-Silvestre extension [41]. The sharp expression of the boundary be-
haviour for the RFL was investigated in [124]. The sharp expression of the boundary 
behavior for the RFL was investigated in [125]. We refer to [24] for a careful con-
struction of the RFL in the framework of fractional Sobolev spaces, and [15] for 
a probabilistic interpretation. See also [73]. For this operator, assumptions (A1), 
(A2) and (K4) are satisfed with γ = s, cf. [92]. 
Other RFL-type integral operators “with Hölder coefcients” can be considered Z 

a(x, y)Lf(x) = P.V. (f(x) − f(y)) dy , 
|x − y|N+2s 

RN 

where a is a measurable symmetric function, bounded between two positive con-
stants, and satisfying 

a(x, y) − a(x, x) χ|x−y|<1 ≤ c|x − y|σ , with 0 < s < σ ≤ 1 , 
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for some c > 0. Actually, we can allow even more general kernels, cf. [26, 87]. Then, 
for all s ∈ (0, 1], the Green function GΩ(x, y) of L satisfes (K4) with γ = s , cf. 
Corollary 1.4 of [87]. 
Spectral Fractional Laplacian (SFL). Consider the so-called spectral defnition 
of the fractional power of the classical Dirichlet Laplacian ∆Ω on Ω defned by a 
formula in terms of semigroups, namely Z ∞∞ X1 dt 

(−∆Ω)
sf(x) = (e t∆Ω f(x) − f(x)) = λsf̂  

j ϕj , 
t1+s jΓ(−s) 0 j=1 

where (λj , ϕj ), j = 1, 2, . . . are the eigenvalues and eigenfunctions of the classicalR 
Dirichlet Laplacian on Ω, f̂ = 

Ω f(x)ϕj (x) dx, and ∥ϕj ∥2 = 1. The initial and 
boundary conditions associated to (CDP) are u(t, x) = 0 on (0, ∞)×∂Ω and u(0, ·) = 
u0. For this operator, assumptions (A1), (A2), and (K2) are satisfed with γ = 1. 
Assumption (K2) and also (K4) can be obtained by the Heat kernel estimates valid 
for the case s = 1, cf. [53], as explained in [26, 27]. 
Spectral powers of linear operators in divergence form. Consider any operator A =PN− ∂i(aij ∂j ) with uniformly elliptic C1 coefcients and with discrete spectrum i,j=1 
(λj , ϕj ) (consequence of uniform ellipticity). We can build the following spectral 
power of the operator: for any s ∈ (0, 1] 

∞ ZX 
Lf(x) := Asf(x) := λj

sf̂  
j ϕj (x), where f̂  

j = f(x)ϕj dx . 
Ωj=1 

The Green function of this operator satisfes (K2) with γ = 1, see [53]. 
Censored Fractional Laplacian (CFL) with general kernels. This third 
kind of Fractional Laplacian was introduced in [16], in connection with censored 
stable processes. The operators takes the form: Z 

a(x, y) 1 Lf(x) = P.V. (f(x) − f(y)) 
|x − y|N+2s dy , with < s < 1 ,

2Ω 

where a(x, y) is a symmetric function of class C1 bounded between two positive con-
stants. Actually, not only L satisfes (A1), (A2), but the Green function GΩ(x, y) 
satisfes (K4) with γ = 2s − 1, cf. Corollary 1.2 of [47]. The boundary condition 
is a bit mysterious here: notice that when s ∈ (0, 1/2], the boundary condition 
transitions from Dirichlet to a Neumann type, as explained in [16]. In this case it is 
clear the advantage of the weak dual formulation (WDS) which encodes the bound-
ary condition in the Green function. In literature this is also known as Regional 
Fractional Laplacian. 
Other examples. As it is shown in [22, 27], this assumptions hold for many other 
examples: 
(i) Sums of two fractional operators: L = (−∆|Ω)

s + (−∆|Ω)
σ , with 0 < σ < s ≤ 1 , 

where (−∆|Ω)
s is the RFL. Here, (K4) holds with s ∈ (0, 1) and γ = s, see [48]. 

(ii) Sum of the Laplacian and a nonlocal operator kernels 

L = a(−∆|Ω) + As , with 0 < s < 1 and a ≥ 0 , 
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with Z � � 
Asf(x) = P.V. f(x + y) − f(y) −∇f(x) · yχ|y|≤1 χ|y|≤1dν(y) , 

RN 

where the measure ν on RN \ {0} is invariant under rotations around origin and 
satisfes suitable integrability conditions at zero and infnity. Here, (K4) holds with 
s = 1, γ = 1. 
(iii) Schrödinger equations for non-symmetric difusions L = A + µ · ∇ + ν , where 
A is a uniformly elliptic operator with C1 coefcients both in divergence and non-
divergence form, more details can be found in [88]. Here, (K4) holds with s = 1, 
γ = 1. 
(iv) Gradient perturbation of restricted fractional Laplacians, L = (−∆|Ω)

s + b · ∇, 
where b is a vector valued function belonging to a suitable Kato class. Here, (K4) 
holds with γ = s, see [45]. 
(v) Relativistic stable processes, � �s1/s − ∆L = c − c , with c > 0 , and 0 < s ≤ 1 . 

Here, (K4) holds with γ = s, see [46]. 

3.1.6 The dual formulation of the problem 
We can reformulate problem (CDP) in an equivalent dual form, by means of the 
inverse operator L−1: � 

L−1ut(t, x) = −um(t, x) on (0, +∞) × Ω , 
(CDP∗)

u(0, ·) = u0 in Ω . 

A clear advantage of this formulation is that the lateral boundary condition are 
encoded in the inverse L−1 . Now we defne a concept of weak solution suitable for 
the above formulation, frstly introduced in [26, 27]. 

Defnition 3.1.1 (Weak dual solutions). Let T > 0, we say that u ∈ C((0, T ) :� � 
mL1 (Ω)) is a weak dual solution of (CDP) if u ∈ L1 [0, T ] : L1 (Ω) andΦ1 Φ1 Z T Z Z T Z 

L−1 u ∂tψ dx dt = u mψ dx dt ∀ψ/Φ1 ∈ Cc 
1((0, T ) : L∞(Ω)) . 

0 Ω 0 Ω 
(WDS) 

We say that u is a WDS of the Cauchy-Dirichlet Problem (CDP), corresponding to 
the initial datum u0 ∈ L1 (Ω), if moreover u ∈ C([0, T ) : L1 (Ω)), andΦ1 Φ1 

lim ∥u(t) − u0∥L1 (Ω) = 0. 
t→0+ Φ1 

A WDS is called strong if in addition t ∂tu ∈ L∞((0, T ) : L1
Φ1 
(Ω)). A WDS is called 

Minimal Weak Dual Solution (MWDS) if it is obtained as the non-decreasing limit 
of a sequence of semigroup (mild, gradient fow) solutions. 
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3.1.7 Main results 
The basic theory for the FFDE on bounded domains is only partially understood, [24, 
106, 109], and not in the generality nor in the unifed framework that we present here. 
We shall build a basic theory, which includes existence and uniqueness in the largest 
(known so far) class of data, namely H∗ for signed solutions and L1

Φ1 
for nonnega-

tive ones. We also prove diferent energy estimates and Lp − L∞smoothing efects. 
For the proof of the smoothing estimates, we compare the classical Moser iteration 
with the Green function method, providing two diferent proofs of the smoothing 
efects, under diferent assumptions, in order to cover as many operators as possible. 
Once solutions are bounded we see that they extinguish in fnite time and we show 
explicit sharp extinction rates, both above and below. Knowing this, we are able 
to prove Global Harnack Principles, which gives that the solution is bounded above 
and bellow globally both in space and time. GHP together with the theory of regu-
larity for parabolic nonlocal operators given by Felsinger and Kassmann in [64] will 
provide Hölder regularity in the interior of Ω and at the boundary. All the proofs 
are constructive, meaning that all the constants in the inequalities are computable. 

Plan of the chapter. In Section 3.2 we present two diferent strategies to 
obtain smoothing efects for solutions of CDP with diverse regularity of initial data. 
Section 3.3 is devoted to prove existence and uniqueness of MWDS as limit of GF 
solutions. In Section 3.4 we discuss the decay of the solutions and we see how this 
solutions vanish in fnite time. In Section 3.5 we compute quantitative upper and 
lower bounds up to the boundary and we show GHP. Then, in Section 3.6 we show 
Hölder regularity of the solutions. Finally, in Appendix B. we compute some useful 
inequalities and a rigorous proof of the decay of L1

Φ1 
norm. 

3.2 Smoothing efects. Moser iteration VS Green 
function method 

The aim of this section is to present two diferent strategies to obtain Smoothing 
efects for solutions of (CDP) in order to be able to cover a larger class of operators. 
First, by a Moser iteration we show boundedness of weak dual solutions with initial 
data u0 ∈ Lp and p depending on 0 < m < 1, the second is based on Green function 
method. For these two methods, we use diferent assumptions, as we shall explain 
carefully below. This frst part will require some assumption on the operator to-
gether with the validity of functional inequalities of Sobolev and Stroock-Varopoulos 
type, which we call (M1). Sometime these ingredients are not at hand, but we can 
fnd results about the inverse of the operator. This is the key tool needed in order to 
use the Green function method, introduced in [26], based on the dual formulation of 
the problem, that allows to prove an “almost representation formula”, i.e. pointwise 
bounds essential to prove the smoothing efects. 

The advantage of the Green function method is that the proof is simpler and it 
allows to obtain weighted estimates, which are new also in the case of the classical 
FDE, i.e. L = −∆. As we shall see, the smoothing efect does not always hold 
for merely L1 or L1

Φ1 
functions, as in the degenerate case, cf. [22, 26, 27]. As it 

happens in the local case, more integrability is required to obtain bounded solutions 
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to FDE, and new exponents appear: mc which can be characterized as the frst m 
such that L1 data do not produce bounded solutions, and pc = pc(m) as the minimal 
integrability required to have bounded solutions. This is carefully explained in the 
monograph [140] and in the Appendix of [28]. In what follows, we present new 
critical exponents in the weighted and unweighted case. 

Remark 3.2.1. Boundedness of signed solutions. All our smoothing efects 
are stated for nonnegative solutions, but they can easily be extended to signed 
solutions, since a closer inspection of the proof reveals that they hold for nonnegative 
subsolutions, hence they hold for the positive and negative part (both subsolutions) 
hence for |u|, just by summing the bounds (and possibly paying a 2 in κ). 

3.2.1 Moser iteration 
One possible strategy to prove smoothing efects is to use a variant of the celebrated 
Moser iteration, following the main steps developed in [109] in the case of the frac-
tional Porous medium equation. Moser iteration relies on two main ingredients: a 
suitable Sobolev inequality for the quadratic form associated to the operator, and a 
Stroock-Varopoulos type inequality. This was frstly used in [109], in the case of the 
Fractional Laplacian on RN and of the standard Fractional Sobolev inequality onR 
Hs(RN ), together with the relation fLf = ∥f∥H 

2 ≍ ∥f∥2 
Hs(RN ). In our setting, we 

need the following Sobolev inequality: there exists 2∗ > 2 such that for all f ∈ H(Ω) Z 
∥f∥22 

∗ ≤ SL 
2 ∥f∥H 

2 
(Ω) = SL 

2 fLf dx = SL 
2 ∥L1/2 u∥22 . (3.2.1) 

Ω 

We also deduce a family of Gagliardo-Nirenberg-Sobolev (GNS) inequality: let p > 
q > 0 and 

2q q + m − 1 θ q + m − 1 ≤ 2 ∗ , and = + (1 − θ) , 
q + m − 1 2q 2∗ 2p 

then, by interpolation of Lp norms, we have 

∥f∥ 2q ≤ ∥f∥2 
θ 
∗ ∥f∥1− 

2 
θ 
p ≤ SL 

θ ∥f∥θH(Ω)∥f∥1− 
2 
θ 
p . (GNS) 

q+m−1 q+m−1 q+m−1 

However, GNS are not sufcient to run Moser iteration in the nonlocal setting. We 
need the Stroock-Varopoulos inequality, this is, that there exists a constant cm,p > 0 Z Z 

2 2q+m−1 q+m−1 q+m−1 q+m−1 
uq−1Lu m dx ≥ cm,q u 2 Lu 2 dx = cm,q L1/2 u 2 = cm,q u 2 . 

2 H(Ω)Ω Ω 
(3.2.2) 

So that, combining the two above inequalities, one gets Z q+m−1 
2θ2q+m−1 ∥u∥q 

uq−1Lu m dx ≥ cm,q u 2 ≥ cm,qSL
−2 

1−θ q+m−1 . (M1) 
H(Ω) θ 2Ω ∥u∥p 

This implies the decay of the Lq-norm, i.e. ∥u(t)∥q ≤ ∥u(t0)∥q for all t ≥ t0 ≥ 0 and 
all q ∈ [1, ∞]. 
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The latter inequality is the minimal assumption to run the Moser iteration. We 
shall discuss under which assumption this is true. Somehow, the Stroock-Varopoulos 
inequality is a quantitative version of (A2’), which only asserts that the above 
integral is nonnegative. 

In the local case, the validity of this (M1) is usually a consequence of the classical 
ellipticity condition: there exist 0 < λ < Λ such that for all ξ ∈ RN 

XN N� � X 
if L[f ] = − ∂i ai,j∂jf then we need λ|ξ|2 ≤ ξiai,j ξj ≤ Λ|ξ|2 , (3.2.3) 

i,j=1 i,j=1 

and the Stroock-Varopoulos inequality follows by integration by parts and chain 
rule: Z Z Z 

2p+m−1 
2up−1Lu m dx ≥ λ ∇(up−1) · ∇(u m) dx = cm,pλ ∇u dx 

Ω Ω Ω 

and we obtain (M1) just by using the classical Sobolev inequality on H0
1(Ω), with 

2∗ = 
N 
2 
− 
N 
2 > 2. 

In the nonlocal case, we need assumptions on the kernel of the operator: defne 
the operator as Z 

if L[f ](x) = P.V. [f(x) − f(y)] K(x, y) dy (3.2.4) 
RN 

restricted to functions supported in Ω, and impose the ellipticity condition on the 
kernel: 

λ Λ 
|x − y|N+2s ≤ K(x, y) ≤

|x − y|N+2s . (3.2.5) 

Under this assumptions, using the Stroock-Varopoulos inequality (3.2.2), and the 
Sobolev inequality on H0 

s(Ω), one can prove (M1) , as it has been done for the 
frst time in [112]. See also [24] for more details about Sobolev spaces on bounded 
domains. 

Unfortunately, the above assumptions do not cover the case of the Spectral Frac-
tional Laplacian, and more generally “spectral type operators”, i.e. powers of elliptic 
operators of type (3.2.3) or even of type (3.2.4). This is because spectral operators 
can be represented with a kernel as follows: Z 

Ls[f ] = P.V. [f(x) − f(y)] K(x, y) dy + B(x)f(x) (3.2.6) 
Ω 

and there exist 0 < λ < Λ such that for a.e. x, y ∈ Ω we have 

cδγ (x)δγ (y) δγ (x)δγ (y)
λ 
|x − y|N +2s ≤ K(x, y) ≤ Λ 

|x − y|N+2s and 0 ≤ B(x) ≤ , (L1)
δ(x)2s 

and having a kernel supported in Ω and zero at the boundary, they clearly do 
not satisfy the ellipticity condition (3.2.5). We will show how to deal with these 
operators more easily, with the Green function method in Section 3.2.2, but we can 
also take into account the following remark. 
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Assumption (K1) and (L1) imply (M1). We have seen that assumption (K1) 
implies the validity of a Hardy-Littlewood (HLS) inequality: for all f ∈ H∗(Ω) 

∥f∥2 
H∗ = ∥L−1/2f∥22 ≤ HL∥f∥(2∗) ′ with (2 ∗ ) ′ =

2N
, (3.2.7)

N + 2s 

which is equivalent to the desired Sobolev inequality, 

2N ∥f∥22∗ ≤ SL 
2 ∥f∥2 

H(Ω) with 2 ∗ = , (3.2.8)
N − 2s 

by using Legendre duality, as carefully explained in Appendix 7.8 of [24]. 
On the other hand, the Stroock-Varopoulos inequality follows by the fact that 

K(x, y) ≥ 0, see Lemma 3.6.5 for a proof. Hence, (M1) holds under the assumption 
(K1), an upper bound on the Green function, the kernel of the inverse L−1 . 

We refer to [27, 21, 22] for more details and further examples of operators, briefy 
summarized in Section 3.1.5. 
(K1) and critical exponents for unweighted smoothings. When dealing with 
the question of boundedness of solutions, it is convenient to introduce the following 
exponents 

N − 2s N(1 − m) 
mc := and pc := . 

N 2s 
As in the local case s = 1, when m < mc we have that L1 data do not necessarily 
produce bounded solutions, as frstly shown by Brezis and Friedman [35], see also a 
thorough discussion in [140, 28]. 

We begin by proving how (M1) easily implies smoothing efects from Lp to Lq 

with pc < p < q < +∞. 

Lemma 3.2.2 (Lp - Lq smoothing). Let L satisfy (A1), (A2), and (M1) with 
2∗ = 2N/(N − 2s). Let u be a GF solution with 0 ≤ u0 ∈ L∞(Ω). Then, for 
all max{1, pc} < p < q < +∞ there exists κp,q > 0 such that for all t > t0 ≥ 0: 

pϑp 

∥u(t0)∥p 
qϑq 1 ∥u(t)∥q ≤ κp,q N(q−p) , with ϑr = (3.2.9)

ϑp 2sr − N(1 − m)q(t − t0) 

where κp,q only depends on p, q, N, m, s, Ω and is given in (3.2.10). 

Proof. Let us begin by deriving the Lq-norm and using (M1), recalling that in this 
case the constant in the Stroock-Varopoulos inequality is given by 

4(q − 1)m 
cm,q = ,

(q + m − 1)2 

so that 
q+m−1Z Z Z 

d 4q(q − 1)m ∥u∥q 
2θ 

uq dx = q uq−1∂tu dx = −q uq−1Lu m dx ≤ −S−2 .L 1−θ q+m−1dt Ω Ω Ω (q + m − 1)2 
∥u∥p 

θ 2 
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Few remarks are in order: frst, we have to ensure that 

2p 2N N(1 − m)≤ 2 ∗ = , that is p ≥ pc = . 
p + m − 1 N − 2s 2s 

Hence, we have Z �Z � q+m−1 
S−2d qθ 4q(q − 1)m L uq dx ≤ − κ0 uq dx with κ0 = .

(1−θ)(q+m−1)dt (q + m − 1)2 
Ω Ω θ∥u0∥p 

Integrating the above inequality on [t0, t], we get �Z �− q+m−1 +1 � � 
qθ q + m − 1 

uq dx ≥ κ0 − 1 (t − t0) 
Ω qθ 

recalling that 
q + m − 1 2sp − N(1 − m)− 1 = 

qθ N(q − p) 
we obtain 

N(q−p) 
2sp−N (1−m) 

Z � �−
2sp − N(1 − m) 

u(t)q dx ≤ κ0 (t − t0) 
Ω N(q − p)   N(q−p) 

2sq−N (1−m) 2sp−N (1−m) 
N(q−p)N SL 

2 (q + m − 1)2(q − p) ∥u0∥p
p   ,= · 

4 q(q − 1) m (2sp − N(1 − m)) t − t0 

which gives exactly (3.2.9) with the constant 

� �N(q−p)ϑp 

NS2 (q − p)(q + m − 1)2ϑp
κp,q := L 

q 

. (3.2.10)
4 q (q − 1)m 

Notice that we cannot let q → ∞ in the Lemma above, since the constant blows 
up. In the next theorem we use Moser iteration to prove from Lemma 3.2.9 that 
solutions are bounded 

Theorem 3.2.3 (Lp - L∞ smoothing). Let L satisfy (A1), (A2), and (M1) with 2∗ = 
2N/(N −2s). Let u be a nonnegative WDS with u0 ∈ Lp(Ω) and p > pc if m ∈ (0,mc] 
or p ≥ 1 if m ∈ (mc, 1). Then, there exists a constant κ = κ(N, m, s, p, SL, Ω) > 0 
such that for any t > t0 ≥ 0 

2sp ϑp∥u(t0)∥p 1 ∥u(t)∥∞ ≤ κ with ϑp = . (3.2.11)
(t − t0)Nϑp 2sp − N(1 − m) 

Proof. We split the proof in three steps: frst we establish the bound (3.2.11) for 
nonnegative bounded GF solutions for p > max{1, pc}, then we establish it for p = 1 
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when m ∈ (mc, 1) in Step 2, then we will deduce the fnal result by approximation 
in Step 3. 
• Step 1. Smoothing estimates for bounded GF solutions. We begin by establishing 
the bound (3.2.11) for nonnegative bounded GF solutions, more precisely we will 
prove the following 
Claim: Let L satisfy (A1), (A2) and (M1) with 2∗ = 2N/(N − 2s) and let u be a 
GF solution with 0 ≤ u0 ∈ L∞(Ω). Then, for any p > max{1, pc} there exists a 
constant κ = κ(N, m, s, p, SL, Ω) > 0 such that (3.2.11) holds for any t > t0 ≥ 0. 
Proof of the claim. Let us rewrite (3.2.9) for each k ≥ 1 with pk = 2kp and tk such 
that tk − tk−1 = t− 

2k 
t0 , 

� �N(pk−pk−1) 
ϑk−1 pk−1 ϑk−1pk pk ϑk∥u(tk)∥pk ≤ 

ck ∥u(tk−1)∥pk−1 (3.2.12)
tk − tk−1 

where ϑk := ϑpk = (2spk − N(1 − m))−1 and 

NSL 
2 (pk − pk−1)(pk + m − 1)2ϑk−1 

ck := . 
4 pk (pk − 1)m 

Then, let us bound ck uniformly in k using the defnition of pk: 

)2NS2 (pk + m − 1)2 NS2 (1 − 1−m 
L L pk ck ≤ = 

8m (pk − 1)(2spk−1 − N(1 − m)) 8m (1 − 1 )(s − N(1−m) )
pk pk 

NSL 
2 p2 

≤ =: c 
2m (p − 1) (2sp − N(1 − m)) 

which is bounded since p > pc. Hence, we can iterate in (3.2.12) 

� �N(pk−pk−1) 
ϑk−1 pk−1 ϑk−1 c pk pk ϑk∥u(tk)∥pk ≤ ∥u(tk−1)∥ 

tk − tk−1 
pk−1 � �N(pk−pk−1) � �N(pk−1−pk−2) pk−1ϑk−1ϑk−1 ϑk−2 pk−2ϑk−2 c pk c pk−1 pkϑk 

= ∥u(tk−2)∥pk− 
p 
2 
kϑk 

tk − tk−1 tk−1 − tk−2 
. . . 

k � �N (pj −pj−1) ϑj ϑj−1 p ϑpY c pk ϑk pk ϑk= ∥u(t0)∥p 
j=1 

tj − tj−1  
k � �N(ϑj−1−ϑj )  pk 

1 
ϑk p ϑpY 2sc pk ϑk=  2j  ∥u(t0)∥p , 

t − t0j=1 

(ϑj−1−ϑj )where in the last inequality we have used that (pj − pj−1)ϑj−1ϑj = 
2s . 
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Now, we see that the product is uniformly bounded with respect to k: �N(ϑj−1−ϑj ) " # 
k � k � � kY 2s X Xc N log(2) N c 

2j = exp j(ϑj−1 − ϑj ) + log (ϑj−1 − ϑj )
t − t0 2s 2s t − t0j=1 j=1 j=1" # 

k � �XN log(2) j N c ≤ exp + log (ϑp − ϑk)
2s 2s pj−1 2s t − t0j=1" # 

k � �XN log(2) j N c ≤ exp + log (ϑp − ϑk)
4s2 p 2j 2s t − t0j=1 � �N(ϑp−ϑk) 

N 2sc
2p= 2 2s . 

t − t0 

Notice that lim (pkϑk)
−1 = 2s and lim ϑk = 0. Therefore, since t ≥ tk for all k ≥ 1 

k→∞ k→∞ 
and decay of the Lp-norm holds, we conclude that 

∥u(t)∥∞ = lim ∥u(t)∥pk ≤ lim ∥u(tk)∥pk
k→∞ k→∞ 

1� �N(ϑp−ϑk) pk ϑk 
  

p ϑp 2sp ϑp 
2p 

c 2s ∥u(t0)∥p
2s pk ϑk≤ lim 2 
N  ∥u(t0)∥p ≤ κ . 

k→∞ t − t0 (t − t0)Nϑp 

This is exactly (3.2.11) when p > max{1, pc} , and the proof of the claim is complete. 
• Step 2. The case p = 1 and m ∈ (mc, 1). We extend the claim of Step 1 to the 
case p = 1. Let u be a nonnegative gradient fow solution with u0 ∈ L∞(Ω) and 
m ∈ (mc, 1). Take any p1 > 1 > pc, hence u(t) satisfes the claim for p1, �Z �2sϑp1c1 2s p1ϑp1 c1 

u(t0)
(p1−1)+1 dx∥u(t)∥∞ ≤ ∥u(t0)∥p1 = 

(t − t0)Nϑp1 (t − t0)Nϑp1 Ω ! ϑ1 
2sϑp1 (p1−1) 2sϑp1 ϑp1c1∥u(t0)∥∞ 2sϑp1 1 c1 ∥u(t0)∥1≤ ∥u(t0)∥ ≤ ∥u(t0)∥∞ + 22sϑ1(p1−1) 

(t − t0)Nϑp1 
1 2 (t − t0)Nϑp1 

1 α 1 
where we have used Young inequality, ab ≤ 1 aα +2 1−α b 1−α , with α = 2s ϑp1 (p1 − 1) < 1.2 

1We can eliminate the term ∥u(t0)∥∞ by applying De Giorgi’s Lemma 3.6.6 and conclude2 
the proof of the claim also in this case. 
• Step 3. Approximation with GF solutions. We approximate the initial data 0 ≤ u0 ∈ 
Lp(Ω) by truncation, u0,n = min{u0, n}, so that u0,n → u0 in Lp. Since u0,n ∈ L∞(Ω) ⊂ 
H∗(Ω), there exists a gradient fow solution un(t) given by Theorem 3.3.2, that is also 
bounded and satisfes the Claim of Step 1. Hence, by lower semicontinuity of the L∞ 

norm we obtain 

κ(t − t0)−Nϑp ∥un 
2spϑp = κ(t − t0)−Nϑp ∥u(t0)∥

2spϑp∥u(t)∥∞ ≤ lim ∥un(t)∥∞ ≤ lim (t0)∥p p . 
n→∞ n→∞ 

This concludes the proof. 

3.2.2 Green function method 
In this section we will show the advantage of the Weak Dual Formulation (WDS) and 
the power of the Green function method: we shall obtain the fundamental pointwise 
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estimate (3.2.17) of Lemma 3.2.5, the “almost representation formula”, the nonlinear 
analogous of the representation formula in the linear case, proven in [26, 27] in the 
case m > 1. Another advantage, is that we only need assumption (K1) to obtain the 
same results obtained with the Moser iteration in the previous section, with a much 
simpler proof. On the other hand, the Green function method allows also to prove 
weighted smoothing efects, and boundary estimates: since in the nonlocal setting 
it is quite rare to have weighted Sobolev type inequalities, essential to run a Moser 
Iteration, here we just need to know the boundary behaviour of the Green function, 
namely (K2). 

Let us recall the assumptions on L−1 that we will use in this section: 

(K3) 

‹ There exists a constant c1,Ω > 0 such that 

0 ≤ GΩ(x, y) ≤ 
c1,Ω 

|x − y|N−2s . (K1) 

‹ Let Φ1 ≥ 0 be the frst eigenfunction of L. Then, Φ1(x) ≍ dist(x, ∂Ω)γ , and 
we assume � �� � 
c0,ΩΦ1(x)Φ1(y) ≤ GΩ(x, y) ≤ 

c1,Ω 

|x − y|N−2s 
Φ1(x) 
|x − y|γ ∧ 1 

Φ1(y) 
|x − y|γ ∧ 1 . 

As we have already explained in Section 3.1.4, assumption (K1) guarantees existence 
of a positive and bounded eigenfunction Φ1, and the validity of HLS, Sobolev and 
Poincaré inequalities. If we assume (K2) then Φ1 ≍ dist(· , ∂Ω)γ , cf. [21] for further 
details. Also, (K2) implies (K3), which is more practical in the computations: Φ1 
turns out to be a smart and smooth extension of dist(· , ∂Ω)γ . 

In what follows, we shall use the following useful Lemma of [21] that allows to 
estimate the Lq norm of the Green function, under (K1) and (K2) assumptions. 

Lemma 3.2.4 (Green function estimates I, [21]). Let GΩ be the kernel of L−1 , and 
assume that (K1) holds. Then, for all 0 < q < N/(N − 2s), there exists a constant 
c2,Ω(q) > 0 such that Z 

Gqsup (x, x0) dxΩ
x0∈Ω Ω 

≤ c2,Ω(q) . (3.2.13) 

Moreover, if (K2) holds, then for the same range of q there exists a constant 
c3,Ω(q) > 0 such that, for all x0 ∈ Ω, �Z � 1 

q 

Gqc3,Ω(q)Φ1(x0) ≤ Ω(x, x0) dx ≤ c4,Ω(q)Bq(Φ1(x0)) , (3.2.14) 
Ω 

where Bq : [0, ∞) → [0, ∞) is defned as follows:  
Φ1(x0) , for 0 < q < N ,

N−2s+γ 1� � 
Bq(Φ1(x0)) := Φ1(x0) 1 + log Φ1(x0) q , for q = N ,

N−2s+γ  N−q(N −2s) qγ N NΦ1(x0) , for < q < .
N−2s+γ N−2s 
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Finally, for all 0 ≤ f ∈ L1
Φ1 
(Ω), (K2) implies that Z 

f(x)GΩ(x, x0) dx ≥ c0,ΩΦ1(x0)∥f∥L1 (Ω) for all x0 ∈ Ω . (3.2.15)
Φ1Ω 

The constants ci,Ω , i = 0, . . . , 5 , depend only on s, N, γ, q, Ω, and have an explicit 
expression, cf. [21]. 

Lemma 3.2.5 (Fundamental pointwise estimates). Assume (A1) and (A2). Let u 
be a bounded and nonnegative GF solution, then for all x0 ∈ Ω and 0 ≤ t0 ≤ t1 we 
have Z 

um(t1, x) 1 u(t0, y) − u(t1, y) um(t0, x)≤ 1 1 GΩ(x, y) dy ≤ . (3.2.16) 
1−m 1−m 
m 

1 − m Ω 
m 

1−m 1−mt1 t1 − t0 t0 

The proof presented here is an adaptation to the FDE of the proof of Proposition 
4.2 of [26], or Proposition 5.1 of [27]. 

Proof. Let us give frst a formal proof: test the weak formulation (WDS) of the 
equation with (the a priori not admissible test function) χ[t0,t1] δx0 , in order to obtain 
on the left-hand side Z t1 

Z Z 
ut(t, x) L−1[δx0 ] dx dt = (u(t1, x) − u(t0, x))GΩ(x0, x) dx , 

t0 Ω Ω 

and on the right-hand side Z Z Zt1 t1 

− u m(t, x)δx0 (x) dx dt = − u m(t, x0) dt . 
t0 Ω t0 

1 1 
1−m 1−m 

� � � � 
Using the time monotonicity, namely that t u(t1) ≤ u(t) ≤ u(t0) t ,

t1 t0 

we can estimate the time integral from above and below, and obtain (3.2.16).
χB1/n(x0)For a rigorous proof it sufces to approximate δx0 with φn = which is|B1/n(x0)|

admissible in the (WDS) formulation, and obtain that Z Z Zt1 t1 
n→∞ 

u m(t, x)φn(x) dx dt −−−→ u m(t, x0) dt 
t0 Ω t0 

at every Lebesgue point of u(t, ·). Also, we shall approximate χ[t0,t1] with χn as in 
Lemma 3.6.7. 

In what follows we will only need the lower bound of (3.2.17), in the following 
form: 

Proposition 3.2.6 (Fundamental upper bounds). Assume (A1), (A2) and Kato’s 
inequality (3.6.10). Let u be a bounded and nonnegative GF solution, then for all 
x0 ∈ Ω and 0 ≤ t0 ≤ τ < t ≤ t1 we have 

p+m−1 
1−m Z 

t 
up+m−1(t, x0) ≤ cp,m 

1 u(τ, x)p GΩ(x0, x) dx . (3.2.17) 
(t − τ) 

p 
Ω1−m 

p+m−1where cp,m = . Note that when p = 1 the above inequality follows from 
m(1−m) 

(3.2.16), and there is no need of assuming Kato’s inequality (3.6.10). 
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Proof. First, we multiply the equation by pup−1GΩ and integrate on [0, T ] × Ω. On 
one hand, we obtain Z Z t1 

Z 
pup−1(t, x) ∂tu(t, x) GΩ(x0, x) dt dx = (u(t1, x)

p − u(t0, x)p) GΩ(x0, x) dx. 
Ω t0 Ω 

p+m−1 
mOn the other hand, we use Kato’s inequality with v = um and f(v) = m v 

p+m−1 Z t1 
Z 

−p up−1L (u(t, x)m)GΩ(x0, x) dx dt ≤ 
t0 Ω Z t1 

Z 
≤− 

pm L(up+m−1(t, x))GΩ(x0, x) dx dt 
p + m − 1 t0 ΩZ t1 

= − 
pm 

up+m−1(t, x0) dt . 
p + m − 1 t0 

1� � 
Using the time monotonicity, namely that 

t
t 
1

1−m 
u(t1) ≤ u(t), we can estimate 

the time integral from above and obtain (3.2.6). 

Lemma 3.2.7 (Lp -stability). Let u be a nonnegative GF solution with u0 ∈ Lp (Ω)Φ1 Φ1 

and p ≥ 1, then 

∥u(t1)∥Lp (Ω) ≤ ∥u(t0)∥Lp (Ω) for every 0 < t0 < t1 < T . 
Φ1 Φ1 

Proof. Without loss of generality, we assume u(t) ∈ L∞(Ω). Let us multiply the 
equation pointwise with pup−1Φ1χ[t0,t1] and integrate: Z t1 

Z Z T Z 
pup−1∂tu Φ1 dx dt = ∂t (u

p Φ1) χ[t0,t1] dx dt 
t0 Ω 0 ΩZ Z 

= up(t1)Φ1 dx − up(t0)Φ1 dx . 
Ω Ω 

On the other hand, by Kato’s inequality we get Z Z Z Zt1 t1p(p + m − 1)p−1Lu p+m−1Φ1 dx dt− pu m Φ1 dx dt ≤ − Lu 
mt0 Ω t0 ΩZ t1 

Z 
λ1 p(p + m − 1) 

= − up+m−1Φ1 dx dt ≤ 0 . 
m t0 Ω 

Finally, we shall approximate χ[t0,t1] with χn as in Lemma 3.6.7. 

(K2) and critical exponents for weighted smoothing efects. Before present-
ing the main results of this section we shall introduce frst two new exponents that 
naturally appear in this weighted setting 

N + γ − 2s N(1 − m) 
mc,γ := and pc,γ := . 

N 2s − γ 

Now, we are in a position to prove the following two results: 
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Theorem 3.2.8 (Lp − L∞ smoothing). Let N > 2s, m ∈ (0, 1) and assume (A1), 
(A2) and either (K1) or (M1). Let u be a nonnegative WDS of (CDP) corresponding 
to the initial datum u0 ∈ Lp(Ω) with p ≥ 1 if m ∈ (mc, 1) or p > pc if m ∈ (0,mc]. 
Then, for every t > t0 ≥ 0 we have 

2spϑp∥u(t0)∥p 1 ∥u(t)∥∞ ≤ κ with ϑp = , (3.2.18)
(t − t0)Nϑp 2sp − N(1 − m) 

where 0 < κ only depends on N, m, s, p and Ω. 

Theorem 3.2.9 (Lp 
Φ1 

− L∞ smoothing). Let N > 2s > γ, m ∈ (0, 1) and assume 
(A1), (A2) and (K2). Let u be a nonnegative WDS of (CDP) corresponding to the 
initial datum u0 ∈ LΦ 

p 
1 
(Ω) with p ≥ 1 if m ∈ (mc,γ , 1) or p > pc,γ if m ∈ (0,mc,γ ]. 

Then, for every t > t0 ≥ 0 we have 

(2s−γ)p ϑp,γ∥u(t0)∥Lp (Ω) 1 ∥u(t)∥∞ ≤ κ Φ1 with ϑp,γ = . (3.2.19)
(t − t0)Nϑp,γ (2s − γ)p − N(1 − m) 

Proof of Theorems 3.2.8 and 3.2.9 
We shall prove simultaneously Theorems 3.2.8 and 3.2.9, indeed the only difer-

ence in their proof is one step (Step 2A and 2B below) that involve Green function 
estimates which hold under assumptions (K1) or (K2), respectively. This shows 
how the Green function method allows to deal with both weighted and unweighted 
smoothing efects essentially in the same way. It is enough to prove the result for 
bounded nonnegative GF solutions u and then approximate the WDS by means of 
GF solutions un(t) starting at u0,n(t) = min{u0, n}, see Step 3. 
• Step 1. Fundamental pointwise estimate and De Giorgi Lemma. Let us assume 
that u is a nonnegative GF solution with u0 ∈ L∞(Ω). Then the following estimate 
holds for all 0 ≤ t0 < t1   

  
p+m−1 

εZp+m−1 

t 1−m 
p+m−1−ε 

∥u(t1)∥p+m−1 
∞ 

1 1−m+ε(τ, x) GΩ(x0, x) dx≤ 2 ε cp,m p sup u 
(t − τ) 1−m τ ∈[t0,t1] BR(x0) 

x0∈Ω Zp+m−1 

t 1−m 
1 u(τ, x)p GΩ(x0, x) dx .+ cp,m supp 

1−m(t − τ) τ ∈[t0,t1] Ω\BR(x0) 
x0∈Ω 

(3.2.20) 

To prove the above inequality, we apply the Fundamental upper bounds (3.2.17) of 
Proposition 3.2.6 to obtain that for all x0 ∈ Ω and 0 ≤ t0 ≤ τ < t ≤ t1, Zp+m−1 

t 1−m 
1p+m−1(t, x0) ≤ cp,m u(τ, x)p GΩ(x0, x) dx . (3.2.21)u 

1−m(t − τ) 
p 

Ω 

Next, we split the last integral in two parts: fx R > 0 to be determined later and 

63 



CHAPTER 3. THE CAUCHY-DIRICHLET PROBLEM FOR FFDE 

let ε ∈ (0, p + m − 1) 

up+m−1(t, x0) ≤ Zp+m−1 

t 1−m 
1 ∥u(τ)∥p+m−1−ε 

p ∞ u 1−m+ε(τ, x) GΩ(x0, x) dx≤ cp,m 
(t − τ ) 1−m BR(x0) Zp+m−1 

t 1−m 
1 p(τ, x) GΩ(x0, x) dx+ cp,m up 

cp,m 

 
(t − τ) 1−m Ω\BR(x0) p+m−1 

1−m+ε(τ, x) GΩ(x0, x) dx 
Zp+m−1 

1 
ε 

1−m 

≤ 
1 
2 

tp+m−1−ε 
ε ∥u(τ)∥p+m−1+ 2 ∞ u 

1−m(t − τ) 
p 

BR(x0) 

p+m−1 

t 1−m 
1 

Z 
u(τ, x)p GΩ(x0, x) dx+ cp,m p 

1−m(t − τ) Ω\BR(x0) 

σ−1 p+m−1by using Young’s inequality, ab ≤ 1 aσ + 2 
1 
bσ− 

σ 
1 , with σ = > 1.

2 p+m−1−ε 
Taking supremum on both sides we obtain for all 0 ≤ t0 ≤ τ < t ≤ t1, 

∥u(t)∥p+m−1 ≤∞ 

≤ 
1 ∥u(τ)∥∞ 

p+m−1 
2  cp,m 

  
p+m−1 

εZp+m−1 

t 1−m 
p+m−1−ε 1 sup u 1−m+ε(τ, x) GΩ(x0, x) dxp+ 2 ε 

(t − τ) 1−m τ ∈[t0,t1] BR(x0) 
x0∈Ω Zp+m−1 

t 1−m 
1 u(τ, x)p GΩ(x0, x) dx.+ cp,m supp 

1−m(t − τ) τ ∈[t0,t1] Ω\BR(x0) 
x0∈Ω 

We can conclude by De Giorgi’s Lemma 3.6.6, with the function Z(t) := ∥u(t)∥p+m−1 
∞ 

and obtain (3.2.20). 
Important: The next step is the only point where we shall distinguish between 
weighted (Step 2B) and unweighted smoothing efects (Step 2A). 
• Step 2.A. Lp −L∞ smoothing efects via (K1). Given any p as in Theorem 3.2.8, 
we shall prove the following estimate for bounded GF solutions: for every t > t0 ≥ 0 
we have 

2spϑp∥u(t0)∥p 1 ∥u(t)∥∞ ≤ κ with ϑp = , (3.2.22)
(t − t0)Nϑp 2sp − N(1 − m) 

where κ > 0 only depends on N, m, s, p and Ω. 
The proof consists in carefully estimating the two terms in the right-hand side of 

(3.2.20) separately, using assumption (K1), namely GΩ(x0, x) ≤ c1,Ω|x − x0|−(N−2s). 
N ′ q NFirst, we observe that for all exponent 0 < q < and q = > we can use

N−2s q−1 2s 
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Hölder’s inequality Z Z 
u1−m+ε(τ, x) 

u 1−m+ε(τ, x) GΩ(x0, x) dx ≤ c1,Ω dx 
|x − x0|N−2s 

BR(x0) BR(x0) �Z � 1 
1 q 

≤ c1,Ω∥u(τ)∥1−m+ε dx q ′ (1−m+ε) |x − x0|q(N−2s)
BR(x0) 

N−q(N −2s) 
q≤ c2∥u(t0)∥1−m+ε R q ′ (1−m+ε) 

2s− N 
′ q= c2∥u(t0)∥1−m+ε R ,q ′ (1−m+ε) 

where c2 > 0 depends on q, N, s and c1,Ω. We have also used the Lp-norm decay � � 
2sp−N (1−m) ′ psince if we fx ε ∈ 0, ⊂ (0, p + m − 1) we can choose q := as

N (1−m+ε) 

N p
< q ′ = . 

2s 1 − m + ε 

On the other hand, using the Lp-norm decay we have Z Z 
u(τ, x)p ∥u(t0)∥pp 

u(τ, x)p GΩ(x0, x) dx ≤ c1,Ω dx ≤ c1,Ω . 
|x − x0|N−2s RN−2s 

Ω\BR(x0) Ω\BR(x0) 

Plugging the above estimates in (3.2.20) and choosing t0 = 0, we obtain � � p+m−1 

p+m−1−ε ∥u0∥1−m+ε 
2sp−N(1−m+ε) ε ∥u0∥pp 1 ∥u(t1)∥p+m−1 

ε p∞ ≤ 2 c2 
p 

R + c3 . 
RN−2st1 t1 

Finally, we choose 
p 

2sp−N(1−m) 
� � 

t1
R = 

∥u0∥1 
p 
−m 

and, by the time-shift invariance of the equation, we obtain the desired smoothing 
efects (3.2.22) for every p ≥ 1 if m ∈ (mc, 1) and p > pc if m ∈ (0,mc). 
• Step 2.B. Lp 

Φ1 
− L∞ smoothing efects via (K2). Under assumption (K2), we 

shall prove the following smoothing efect for bounded GF solutions and any p as in 
Theorem 3.2.9: for every t > t0 ≥ 0 we have 

(2s−γ)p ϑp,γ∥u(t0)∥Lp (Ω) 1 ∥u(t)∥∞ ≤ κ Φ1 with ϑp,γ = . (3.2.23)
(t − t0)Nϑp,γ (2s − γ)p − N(1 − m) 

The proof follows analogously to Step 2.A, that is, we have to estimate properly 
the two terms of (3.2.20), but in this case we have to use assumption (K2), namely 
GΩ(x0, x) ≤ c1,Ω|x − x0|−(N+γ−2s)Φ1(x). 

N ′ q NFirst, observe that for every 0 < q < and q = > we can defne
N+γ−2s q−1 2s−γ 
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p := q ′ (1 − m + ε) to obtain by Hölder’s inequality that Z Z 
u1−m+ε(τ, x)Φ1(x) 

u 1−m+ε(τ, x) GΩ(x0, x) dx ≤ c1,Ω dx 
|x − x0|N+γ−2s 

BR(x0) BR(x0) "Z # 1 

1− 1 q 
q ′ 1 ≤ c1,Ω∥Φ1∥∞ ∥u(τ)∥1−m+ε dx

Lp (Ω) |x − x0|q(N+γ−2s)Φ1 BR(x0) 
N −q(N+γ−2s) 

≤ c2∥u(t0)∥1 
L 
− 
p 
m+ε R q 
(Ω)Φ1 

(2s−γ)p−N (1−m+ε) 
p= c2∥u(t0)∥1 

L 
− 
p 
m+ε R ,
(Ω)Φ1 

(3.2.24) 

where c2 > 0 depends on q0, N, s, Φ1 and c1,Ω, and we have also used the Lp -norm� � Φ1 
(2s−γ)p−N(1−m)decay. Notice that we have to choose ε ∈ 0, 

N ⊂ (0, p + m − 1) to 
ensure 

N p
< q ′ = . 

2s − γ 1 − m + ε 
On the other hand, we use the Lp 

Φ1 
-norm decay to obtain Z Z 

u(τ, x)pΦ1(x) 
u(τ, x)p GΩ(x0, x) dx ≤ c1,Ω dx 

|x − x0|N+γ−2s 
Ω\BR(x0) Ω\BR(x0) 

∥u(t0)∥pLp (Ω) 
≤ c1,Ω 

Φ1 . 
RN+γ−2s 

Plugging the above estimates in (3.2.20) and choosing t0 = 0, we obtain   p+m−1 
ε 

p+m−1−ε (Ω) (2s−γ)p−N(1−m+ε) ∥u0∥1 
L 
− 
p 
m+ε 

Φ1∥u(t1)∥p+m−1 
ε p  

∞ ≤ 2 c2 R 
t1 

(3.2.25) 
∥u0∥pLp (Ω) 1Φ1+ c3 . 

RN+γ−2st1 

with c2, c3 > 0 depending on p, N, s, γ, Φ1 and c1,Ω. Finally, we choose in (3.2.25) 
p 

(2s−γ)p−N(1−m) 
� � 

t1
R = 

∥u0∥1 
p 
−m 

and, by the time-shift invariance of the equation, we obtain the desired smoothing 
efects (3.2.23) for every admissible p. 
• Step 3. Approximation with GF solutions. We approximate the initial data 
0 ≤ u0 ∈ Lp(Ω) by truncation, u0,n = min{u0, n}, so that u0,n → u0 in Lp. Since 
u0,n ∈ L∞(Ω) ⊂ H∗(Ω), there exists a gradient fow solution un(t) given by Theorem 
3.3.2, that is also bounded and satisfes the Claim of Step 1. Hence, by lower 
semicontinuity of the L∞ norm we obtain 

κ(t − t0)−Nϑp ∥un(t0)∥2spϑp∥u(t)∥∞ ≤ lim ∥un(t)∥∞ ≤ lim p
n→∞ n→∞ 

= κ(t − t0)−Nϑp ∥u(t0)∥2spϑp .p 
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This concludes the proof of the smoothing efects of Theorems 3.2.8 and 3.2.9 as-
suming Kato inequality. 
• Step 4. Smoothing without using Kato inequality. We notice that when p = 1, the 
fundamental upper bound (3.2.17) of Proposition 3.2.5 does not require the validity 
of Kato inequality, hence we can repeat Step 1 with p = 1, and obtain inequality 
(3.2.20) with p = 1 without using Kato inequality. We can then repeat Steps 2.A 
and 2.B respectively, and this is where the restriction p < N/(2s − γ) comes from, 
as we shall see. The unweighted case corresponds to γ = 0 and follows with minor 
modifcations. 

The frst integral of (3.2.20) can be estimated as in (3.2.24) Z Z 
u1−m+ε(τ, x)Φ1(x) 

u 1−m+ε(τ, x) GΩ(x0, x) dx ≤ c1,Ω dx 
|x − x0|N+γ−2s 

BR(x0) BR(x0) (3.2.26)
N−q(N +γ−2s) (2s−γ)p0−N(1−m+ε) 

≤ c2∥u(t0)∥1− 
q ′ 
m 
(1 
+ 
−m 
ε 

+ε) R q = c2∥u(t0)∥1− 
p0 
m+ε R p0 

L (Ω) Φ1 
L (Ω)

Φ1 

N(1−m+ε)where we have set p0 := q ′ (1 − m + ε) > 
2s−γ . 

We next have to estimate the second integral of (3.2.20) as follows Z Z 
u(τ, x)Φ1(x) 

u(τ, x) GΩ(x0, x) dx ≤ c1,Ω dx 
|x − x0|N+γ−2s 

Ω\BR(x0) Ω\BR(x0) (3.2.27)
∥u(t0)∥Lq (Ω)Φ1≤ c2,Ω,p 
Rq ,′ (N+γ−2s)−N 

′ N Nwith q > , so that q < . This is where the restriction on p comes from.
N+γ−2s 2s−γ 

N(1−m+ε)We would like to chose now p0 = q, and this is possible only when = 
2s−γ < p0� � 

N(1−m)q < N for all ε ∈ (0,m), which means in fact for all p0 ∈ , N . Hence,
2s−γ 2s−γ 2s−γ 

for all such p0 we have  m 
ε 

p0 p0∥u0∥1−m+ε 
m−ε L (Ω) (2s−γ)p0−N (1−m+ε) c4 

∥u(t0)∥L (Ω)Φ1 Φ1ε p0∥u(t1)∥m ≤ 2 c2 R  + ,∞ p0t1 t1 (N +γ−2s)−N 
p0−1R 

with c2, c4 > 0 depending on p0, N, s, γ, Φ1 and c1,Ω. Letting Rp0ϑp0 = ∥u0∥mL 
−1

(Ω) t1p0 
Φ1 

gives the desired bounds. This concludes the proof of Theorems 3.2.8 and 3.2.9. 

3.2.3 H∗ − L∞ smoothing efects. Proof of Theorem 3.2.11 
It is possible to use the Lp − L∞ estimate obtained above to get H∗ − L∞ smoothing 
efects, for which we have to introduce another critical exponent: 

N − 2s 
ms = . 

N + 2s 

For this estimate it is required to be in the regime m ∈ (ms, 1), since we need the 
energy estimates below. 
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Lemma 3.2.10 (GF solutions are Energy solutions). Assume (A1) and (A2) and 
let u be a GF solution with u0 ∈ H∗(Ω). Then, for every t1 > t > t0 ≥ 0 we have 

∥u(t)∥1+m ∥u(t0)∥21 1+m 1 H∗(Ω)∥u m(t1)∥2 
H(Ω) ≤ ≤ . (3.2.28)

2m (t1 − t) 2m(1 + m) (t1 − t)(t − t0) 

Proof. We provide a formal proof in order to explain the main ideas, for a rigorous 
proof see Proposition 11.9 of [4]. 
First inequality. Let us diferentiate the H∗ -norm as in (3.4.4) and use the decay of 
the L1+m-norm Z �R �2 �R �2mLum dx mLum dxd u u mLu Ω Ω u m dx ≤ −2m R ≤ −2m R . 

dt u1+m dx u(t0)1+m dxΩ Ω Ω 

The result folows by integrating on [t, t1]. 
Second inequality. We diferentiate the L1+m-norm (the energy) as in (3.4.2) to 
obtain the following ODE, Z �Z �2

d 1 + m 1+m dxu 1+m dx ≤ − u . 
dt Ω ∥u(t0)∥2 ΩH∗(Ω) 

Then, the upper estimate follows by integrating on [t0, t]. 

From the above energy estimate easily follows: 

Theorem 3.2.11 (H∗ − L∞ smoothing). Let N > 2s, m ∈ (ms, 1) and assume 
(A1), (A2) and (K1). Let u be a nonnegative WDS of (CDP) corresponding to the 
initial datum u0 ∈ H∗(Ω). Then, for every t > t0 ≥ 0 we have 

4s ϑ1+m∥u(t0)∥H∗(Ω) 1 ∥u(t)∥∞ ≤ κ with ϑ1+m = ,
(t − t0)(N+2s)ϑ1+m 2s(1 + m) − N(1 − m) 

(3.2.29) 

where 0 < κ only depends on N, m, s and Ω. 

Proof of Theorem 3.2.11. We combine the energy estimate of Lemma 3.2.10 with 
L1+m − L∞ smoothing efect. Given t > t0 ≥ 0, let us choose t̃ = t+

2 
t0 so that 

(1+m)2sϑ1+m 4sϑ1+m∥u(t̃)∥ c ∥u(t0)∥H∗(Ω)∥u(t)∥∞ ≤ c 1+m ≤ 
(t − t̃)Nϑ1+m (1 + m) (t − t̃)Nϑ1+m (t̃− t0)2sϑ1+m 

4sϑ1+m∥u(t0)∥H∗(Ω)≤ κ . 
(t − t0)(N+2s)ϑ1+m 
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3.3 Existence and uniqueness 
In this section, we prove the existence and uniqueness of MWDS. To do this, frst, we 
prove the existence of GF solutions, adapting to our setting the celebrated theorem 
of Brezis-Komura [34, 90]. This class of solutions enjoys useful properties and we 
use them to build a monotone approximating sequence, needed to build the MWDS. 
In Section 3.3.2, we prove the time monotonicity of the norm and the fact that GF 
solutions are strong in L1

Φ1 
(Ω), and we also give a explicit bound for ∥∂tu∥L1 (Ω). Φ1 

Then, we use the strong formulation of the problem to prove the T-contractivity in 
L1
Φ1 
(Ω). In Section 3.3.3, we prove that nonnegative GF solutions are indeed WDS. 

Finally, in Section 3.3.4 we give the proof of Theorem 3.3.15, and in Section 3.3.5 
we prove Theorem 3.3.17. 

3.3.1 Existence of GF solutions 
We will construct our WDS, more precisely the MWDS, as the monotone limit of 
gradient fow solutions in a suitable Hilbert space, modeled ad hoc for the operator 
L. The class of nonnegative WDS contains the nonnegative semigroup solutions that 
will form our approximating sequence, see Lemma 3.3.14. We shall construct such 
semigroup solutions using the celebrated theory of Brezis on Maximal Monotone 
Operators [34, 33], see also Komura [90] and the excellent lecture notes [4]: we 
defne the free energy (or entropy functional) as follows � 

1 R |u|1+m(x) dx if u ∈ L1+m(Ω),
1+m ΩE(u) = 

+∞ otherwise, 

and show that L is the subdiferential of the convex and lower-semicontinuous en-
ergy functional E on the Hilbert space H∗(Ω). Note that H∗(Ω) is defned as the 
(topological) dual space of H(Ω), the domain of the quadratic form associated to 
L : � Z � 

H(Ω) = u ∈ L2(Ω) : u Lu dx < ∞ . 
Ω 

We can endow H∗(Ω) with the natural scalar product and the associated norm Z Z 
⟨u, v⟩H∗(Ω) = u L−1 v dx and ∥u∥2 = ⟨u, u⟩H∗(Ω) = u L−1 u dx .H∗(Ω) 

Ω Ω 

We refer to [24] for further details about the spaces H(Ω) and H∗(Ω) and their 
relation with the fractional Sobolev spaces H0 

s(Ω), H00
1/2

(Ω), Hs(Ω) and their duals 
H−s(Ω). Following [4, 34, 33], we recall the defnition of semigroup (or gradient 
fow) solutions adapted to our setting: 

Defnition 3.3.1 (Gradient fow). We say that u : (0, +∞) → L1+m(Ω) is a gra-
dient fow (GF) of the functional E defned above, if u(t) ∈ ACloc((0, ∞) : H∗(Ω)) 
and 

−∂tu(t) ∈ ∂E(u(t)) for a.e. t ∈ (0, ∞). 

We say that u(t) starts from u0 ∈ H∗(Ω) if lim ∥u(t) − u0∥H∗(Ω) = 0. 
t→0+ 
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It is well-known that if E is convex and lower-semicontinuous then a locally 
absolutely continuous curve u(t) ∈ H∗(Ω) is a GF if and only if it is a EVI solution, 
see for instance Theorem 11.15 of [4]. We are now in the position to state the 
celebrated Brezis-Komura Theorem, the nonlinear analogous of the Hille-Yosida or 
Lumer-Phillips Theorem. The statement, adapted to our setting, reads: 

Theorem 3.3.2 (Brezis-Komura [34, 90]). For every u0 ∈ H∗(Ω), there exists a 
unique gradient fow starting from u0 that we denote by u(t) = Stu0. This defnes 
a continuous semigroup St : H∗(Ω) → L1+m(Ω) for t > 0 with the T-contraction 
property in H∗(Ω) 

∥(Stu0 − Stv0)±∥H∗(Ω) ≤ ∥(u0 − v0)±∥H∗(Ω), ∀t > 0, ∀u0, v0 ∈ H ∗ (Ω) . (3.3.1) 

Moreover, GF solutions are H∗ -strong, namely for all T > 0 we have 

t um , t ∂tu ∈ L∞((0, T ) : H ∗ (Ω)) . 

Indeed, GF solutions are H-energy solution, i.e. the following energy estimate for 
every t > t > t1 ≥ 0 we have 

(1 + m) E(u(t)) 1 ∥u(t0)∥2 
H∗(Ω)∥u m(t1)∥2 

H(Ω) ≤ ≤ . 
2m (t1 − t) 2m(1 + m) (t1 − t)(t − t0) 

To apply Brezis-Komura Theorem, the functional E(u) must be convex and lower 
semicontinuous in H∗(Ω) as it is proven in the following lemma: 

Lemma 3.3.3. The functional E(u) is convex and lower semicontinuous in H∗(Ω). 
We prove the above lemma in Section 3.6. This is enough to prove Theorem 3.3.2, 
indeed: 
Proof of Theorem 3.3.2. Once we know by Lemma 3.3.3 that E is convex and lower 
semicontinuous in H∗(Ω), the rest of the proof follows as in Theorem 2.2 of [24], 
which is the adaptation to our setting of the proof of Brezis [34] for the classical 
H−1 case. See also [4]. 

Remark 3.3.4. (i) Note that in this class of GF solutions, the comparison principle 
holds, namely by (3.3.1) it is clear that if u0 ≤ v0 a.e. in Ω, then u ≤ v a.e. in 
(0, ∞) × Ω. A formal proof of (3.3.1) is the following: by Kato inequality we know 
that sign+(u

m − vm)L(um − vm) ≥ L(um − vm)+ so that Z 
d m − v m − v m)L−1(u − v)+ dx∥(u − v)+∥H 

2 
∗ = −2 sign+(u m)L(u 

dt ZΩ 

≤ −2 (u m − v m)+(u − v)+ dx . 
Ω 

Indeed, this is rigorous since solutions are H∗ -strong, i.e. ∂tu(t, ·) ∈ H∗(Ω). 
(ii) Notice that uniqueness in H∗ follows by (3.3.1), indeed we have the H∗ -
contraction (just summing the positive and negative part estimates) 

∥u(t) − v(t)∥H∗(Ω) ≤ ∥u0 − v0∥H∗(Ω) for all t ≥ 0. 
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(iii) Note that here we do not assume any sign condition on u0, and this is to 
the best of our knowledge the largest class of data without sign restrictions, for 
which existence and uniqueness hold. The above theorem generalizes the existence 
and uniqueness result of [24], Theorem 2.2, where the case of SFL and RFL were 
thoroughly investigated in the framework of fractional Sobolev Spaces. Most of that 
theory applies also in the present case, but we have preferred to simplify the setup 
aiming at a larger class of nonnegative solution, which are the WDS in the L1

Φ1 

framework. 
(iv) This Theorem follows by adapting Brezis’ proof [34] originally in the H−1 frame-
work, to the present H∗ setting, as it has been done in [24], where more general 
nonlinearities and further details are given; in particular, we recall that under as-
sumption (K1) it is possible to identify H∗ and H−s , when s ̸= 

2
1 . 

3.3.2 Time Monotonicity and L1
Φ -contractivity 

1 

In this section, we prove the Benilan-Crandall estimates, i.e. the time monotonicity 
of solutions. We shall also see that nonnegative GF solutions are strong in L1

Φ1 
(Ω), 

and we show diferent L1
Φ1 
-contractivity of solutions. All these properties hold for GF 

solutions, this makes them a very good choice to build the approximating sequence 
needed to construct the MWDS, that will inherit most of these properties. 

In order to prove that GF solutions are strong in L1
Φ1 
(Ω) we need the following 

theorem of Benilan and Gariepy [9], that we restate here in our notations: 

Theorem 3.3.5 (Theorem 1.1 of [9]). Let w = u 1+2 
m ∈ W 1,1((0, T ) : L1

Φ1 
(Ω)), 

p(r) = 
1+
2 
m r 

1−m 
and1+m Z w 

v = p(r)dr ∈ BV ((0, T ) : L1
Φ1 
(Ω)), 

0 

where BV is the class of functions of bounded variation. Then v ∈ W 1,1((0, T ) : 
L1
Φ1 
(Ω)) and the chain rule holds for the time derivative: 

∂tv(t) = p(w(t))∂tw(t) = ∂tu(t) . 

We recall that u ∈ L1
Φ1 
(Ω) is a BV function if its distributional derivative ∂tu can 

be represented by a fnite Radon measure. In our case, the distributional derivative 
∂tu must be a Radon measure, as the limit of incremental quotients of u that are 
uniformly bounded in L1

Φ1 
(Ω). Our purpose is to prove that, indeed, this limit is a 

function of L1
Φ1 
(Ω). 

The following result holds for the whole class of nonnegative WDS, and will be 
essential later. 

Lemma 3.3.6. Let 0 ≤ u ≤ v be two ordered WDS of (CDP) with initial data 
0 ≤ u0 ≤ v0. Then, for all 0 ≤ t0 ≤ t1 < ∞, the following property holds Z Z 

[v(t1) − u(t1)]Φ1 dx ≤ [v(t0) − u(t0)]Φ1 dx . 
Ω Ω 
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Proof. We apply the weak formulation (WDS) to the diference v − u, using the 
admisible test function ψn = Φ1 χn, where χn is the same as in Lemma 3.6.7. Then, 
the left-hand side of the equality (WDS) reads Z T Z Z T Z 

L−1(v − u)∂tψn dx dt = (v − u)∂tχnL−1Φ1 dx dt 
0 Ω 0 Ω Z 

n→∞ � � 
−−−→ λ− 

1
1 (v(t0) − u(t0)) − (v(t1) − u(t1)) Φ1 dx . 

Ω 

As for the other side of the equality, we have Z T Z Z T Z 
L−1(v − u)∂tψn dx dt = (v m − u m)ψn dx dt 

0 Ω 0 ΩZ t1 
Z 

n→∞−−−→ (v m − u m)Φ1 dx dt ≥ 0 , 
t0 Ω 

since u ≤ v implies um ≤ vm whenever m > 0, and this proves the lemma. 

The proofs of the next results, Lemmata 3.3.7, 3.3.8 and 3.3.9, follow the ideas 
in [49, 9], adapted in [112] to the case of the RFL on RN and on domains. However 
we ofer few interesting twists and variants. 

Lemma 3.3.7 (Time Monotonicity). Let u be a GF solution to (CDP), then 
u 

ut ≤ , (3.3.2)
(1 − m) t 

in the sense of distributions. This is the weak formulation of the fact that t 7→ 
1 

1−mt− u is non increasing on t for a.e. x ∈ Ω. 

We will adapt the classical proof of [49] for the L1 case, see also [141]. 

Proof. First of all, notice that GF solutions satisfy T-contractivity property in H∗ , 
hence, given two ordered solutions u ≤ v, we have that for every 0 ≤ t0 ≤ t1 ≤ ∞, 

0 ≤ ∥(u(t1) − v(t1))+∥L1 (Ω) ≤ λ1
1/2∥(u(t1) − v(t1))+∥H∗(Ω)

Φ1 

1/2≤ λ1 ∥(u(t0) − v(t0))+∥H∗(Ω) = 0, 

which implies comparison in L1
Φ1 
(Ω) and, particularly, almost everywhere in Ω. 

Consider the rescaled function 

uλ(t, x) = λ− 
1− 

1 
m u(λt, x), 

which is also a solution of (CDP). Now, for a fxed t, let us choose λ = t+ 
t
h with 

1−mh ≥ 0 and observe that, λ ≥ 1 and λ− 1 
≤ 1, hence, uλ(0) ≤ u0 and uλ(t) ≤ u(t) 

by comparison. Then, "� 1 #� 
u(t + h, x) − u(t, x) 1 t + h 1−m uλ(t, x) − u(t, x) 

= uλ(t, x) − uλ(t, x) + 
h h t h 

1 1 
1−m 1−m(t + h) − t uλ(t, x)≤ . (3.3.3)
h t 1− 

1 
m 
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The above formula has to be understood in the distributional sense. Since we know 
by Theorem 3.3.2 that GF solutions are H∗ -strong, namely t ∂tu ∈ L∞((0, T ) : 
H∗(Ω)), this implies convergence of the right-hand side to the distributional time 
derivative ∂tu as h → 0+ , and concludes the proof. 

1+m ∈ L2
2Lemma 3.3.8. Let u be a GF solution of (CDP), then ∂tu loc((0, T ) : 

L2(Ω)), more precisely, we have that for all 0 < t0 < t1 < T � �� � 
c(1 + m)∥u(t0/2)∥2 

2 1 2 1H∗(Ω)
2∥∂tu 

1+m 
∥2 ≤ + − . (3.3.4)L2((t0,t1): L2(Ω)) 4m2 t0 T − t1 t0 t1 

Moreover, the bound is uniform in t0 ≥ 0, since ∥u(t0/2)∥2 ≤ ∥u0∥2 
H∗(Ω) H∗(Ω). 

Proof. We follow the strategy of Lemma 8.1. of [109] who, in turn, gives a generalized 
result of the the original one in [9]. We would like to use ξ(t)∂tum(t, x) as test 
function in the H∗(Ω) formulation of the problem (see Defnition 3.3.11), where 
ξ(t) ∈ Cc 

∞(0, ∞). However, a priori we do not know if ∂tum(t, x) is sufciently 
regular for this purpose so, following the idea in [9], we will use the Steklov averages. 

For any g ∈ L1 (R) we defne the Steklov average asloc Z t+h1 g(t + h, x) − g(t + h, x) 
g h(t, x) = g(τ, x) dτ, so that ∂tg h(t, x) = . 

h t h 

We already know that a GF solution satisfes the equation pointwise in the H∗(Ω) 
sense and, consequently, so does its Steklov average, i.e. for every t ∈ (0, T ) 

∂tu h = −L[(u m)h] a.e. in Ω 

with ∂tuh , L[(um)h] ∈ H∗(Ω). Now, we multiply the above equation by a suitable 
test function ψ and we integrate in time and space to get the following expression Z T Z Z T Z 

u ht ψ dx dt = − L(u m)hψ dx dt ∀ψ ∈ Cc 
1([0, T ], H(Ω)). 

0 Ω 0 Ω 

mAt this point, notice that ∂t(um)h has the same regularity as u , namely, by Lemma 
m3.2.10 we have that u ∈ H(Ω) so, therefore, we can take ψ = ξ∂t(um)h as test 

function in the equation above, where ξ ∈ Cc 
∞((t0/2, T )), 0 ≤ ξ ≤ 1 and ξ = 1 ∈ 

[t0, t1] for 0 ≤ t0 ≤ t1 ≤ T . Since everything is well defned now, we have Z T Z Z T Z 1 ∂ 
∂t(u h)∂t(u m)hξ dx dt = − ξ |L1/2[(u m)h]|2 dx dt 

2 ∂t 0 Ω 0 ΩZ T Z 1 
= ∂tξ |L1/2[(u m)h]|2 dx dt . 

2 0 Ω 

Then, we apply numerical inequality (3.6.12) on the left hand side to get 

m)h 1 
∂t(u h)∂t(u = 

h2 [u(t + h) − u(t)] [u m(t + h) − u(t)m] h i21+m 1+m 1+m 
2 

4m 1 4m ≥ u (t + h) − u(t) 2 = |∂t(u 2 )h|2 . 
(1 + m)2 h2 (1 + m)2 
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Now, notice that ∥∂tξ∥L∞( t0 ,t1) ≤ c(
t 
2 
0 
+ 

T − 
1 
t1 
) for every t0 < t1 in (0, T ), so that 

2 Z t1 
Z 

|∂t(u 
1+m 

)h|2 dx dt2 

t0 Ω Z Z 
(1 + m)2 t1 

≤ ∥∂tξ∥ ∂t|L1/2[(u m)h]|2 dx dtL∞( t0 ,t1)8m 2 t0/2 ΩZ Z Z Zt1 t+h t+h(1 + m)2 1 
=

8m 
∥∂tξ∥ t0 

h2 u m(τ)Lu m(ζ) dx dτ dζ dtL∞( ,t1)2 t0/2 t t ΩZ Z Zt1 t+h t+h(1 + m)2 1 ≤ ∥∂tξ∥L∞( t0 ∥u(τ)m∥H(Ω)∥u(ζ)m∥H(Ω) dτdζ dt 
2 ,t1)8m h2 

t0/2 t t Z t1(1 + m)2 2 ∥u(t0/2)∥2 
H∗(Ω)≤ ∥∂tξ∥ dtL∞( t0 

28m ,t1) 
t0/2 m(1 + m) t2 � �� � 

c(1 + m)∥u(t0/2)∥2 
H∗(Ω) 2 1 2 1 ≤ + − ,

4m2 t0 T − t1 t0 t1 

where we have used Cauchy-Schwarz inequality, in the third line, and Lemma 3.2.10. 
Finally, the result follows by taking the limit as h → 0 on the left hand side and 
using Fatou’s Lemma. 

Lemma 3.3.9. Let u ∈ H∗(Ω) be a GF solution to the problem (CDP) with initial 
data 0 ≤ u0 ∈ H∗(Ω). Then, u is a strong solution in L1

Φ1 
(Ω) and for every t ∈ 

(0, T ), 
2∥u0∥L1

Φ1 
(Ω) 2λ

1
1 
/2∥u0∥H∗(Ω)∥∂tu∥L1 (Ω) ≤ ≤ . 

Φ1 (1 − m) t (1 − m) t 

We will adapt the classical proof of [49] for the L1 case, see also [141]. The 
main diference in the L1

Φ1 
case, is that we will only use the “half” contractivity 

for ordered solutions of Lemma 3.3.6, instead of the full contractivity as in original 
proof of [49]. 

Proof. We follow the same idea of the proof of Lemma 3.3.7 to get 
1� � 

1 1 t + h 1−m 1 ∥u(t + h) − u(t)∥L1 (Ω) ≤ − 1 ∥uλ(t)∥L1 (Ω) + ∥uλ(t) − u(t)∥L1 (Ω) . Φ1 Φ1 Φ1h h t h 

Here, using Lemma 3.3.6 and the decay of L1
Φ1 
(Ω)-norm we arrive to 

1� � 
1 1 t + h 1−m 1 ∥u(t + h) − u(t)∥L1 (Ω) ≤ − 1 ∥uλ,0∥L1 (Ω) + ∥uλ,0 − u0∥L1 (Ω) . Φ1 Φ1 Φ1h h t h 

Then, passing to the limit as in Lemma 3.3.7 we get that the time increments are 
bounded in L1

Φ1 
(Ω), 

2∥u0∥L1 
Z 

u(t + h, x) − u(t, x) Φ1 
(Ω) 2λ1

1/2∥u0∥H∗(Ω)
lim Φ1 dx ≤ ≤ , (3.3.5)
h→0 Ω h (1 − m) t (1 − m) t 

by (3.3.12), thus, we have that u ∈ BV ((0, T ), L1
Φ1 
(Ω)). With this and Lemma 3.3.8, 

applying Theorem 3.3.5 with v = u, we conclude that ∂tu ∈ L1
Φ1 
(Ω). 
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The above result implies that the equation is satisfed pointwise as functions of 
L1
Φ1 
(Ω). We use this fact to prove the following proposition: 

Proposition 3.3.10 (T-contractivity in L1
Φ1 
). Let u and v be two GF solutions of 

(CDP) with initial data u0, v0 ∈ H∗(Ω). Then, for all 0 ≤ t0 ≤ t1 < ∞ we have the 
following property Z Z 

[u(t1) − v(t1)]±Φ1 dx ≤ [u(t0) − v(t0)]±Φ1 dx . 
Ω Ω 

Notice that T-contractivity implies usual contractivity, 

∥u(t1) − v(t1)∥L1 (Ω) ≤ ∥u(t0) − v(t0)∥L1 (Ω) . Φ1 Φ1 

Proof. It is sufcient to prove the result for [ · ]+, the case of [ · ]− being completely 
analogous. We start from the strong formulation of (CDP). Let us multiply the 
equation by 

ψ(t, x) = sign+(u − v)Φ1χ[t0,t1](t) 

and integrate in time and space. Then, notice that on one hand Z Z Z ZT T � � 
(∂tu − ∂tv) ψ dx dt = − (u − v) ∂t sign+(u − v)χ[t0,t1] Φ1 dx dt 

0 Ω 0 ΩZ Z 
= − [u(t0) − v(t0)]+Φdx + [u(t1) − v(t1)]+Φ1 dx . 

Ω Ω 

On the other hand, we compute Z T Z Z T Z 
(∂tu − ∂tv) ψ dx dt = −L(u m − v m)ψ dx dt 

0 Ω 0 ΩZ t1 
Z 

= − L(u m − v m)sign+(u − v)Φ1 dx dt Zt0 ZΩ Z Zt1 t1� � 
≤ − L [u m − v m]+ Φ1 dx dt = −λ1 [u m − v m]+Φ1 dx dt ≤ 0 

t0 Ω t0 Ω 

where we have used Kato inequality (3.6.10) for the convex function [ · ]+. 

3.3.3 Nonnegative GF solutions are WDS 
In this Section, we prove a technical fact needed in Section 3.3.4, in the proof of the 
existence of WDS. We will show in Lemma 3.3.12, that GF solutions, in the sense of 
Def. 3.3.1, satisfy a suitable weak formulation, that characterizes an “intermediate” 
class of solutions that we will call H∗-solutions. Finally, Proposition 3.3.14, shows 
that nonnegative H∗-solutions are WDS. 

We need to introduce an intermediate concept of solution, a weak formulation 
suitable for GF solutions. 
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Defnition 3.3.11 (H∗-solutions). u ∈ C([0, T ] : H∗(Ω)) is an H∗-solution of 
m(CDP) if u ∈ L1([0, T ] : H(Ω)) such that Z T Z Z T Z 

uψt dx dt = u mLψ dx dt ∀ψ ∈ Cc 
1([0, T ], H(Ω)) , 

0 Ω 0 Ω 

or equivalently, Z T Z Z T Z 
u∂t(L−1φ) dx dt = u mφ dx dt ∀φ ∈ Cc 

1([0, T ], H ∗ (Ω)) . 
0 Ω 0 Ω 

Notice that both statements are equivalent due to the fact that L is an isomor-
phism between H(Ω) and H∗(Ω), as remarked in [24] where this concept of solutions 
has been previously introduced. 

We show next that GF solutions satisfy the H∗(Ω) formulation, which constitutes 
the link between the two important class of solutions of this chapter, i.e. GF and 
WDS. 

Lemma 3.3.12. Let u ∈ ACloc((0, ∞); H∗(Ω)) be a GF solution of (CDP) given by 
Theorem 3.3.2, then, it is an H∗-solution. 

Proof. Let ϵ ∈ R \ {0} and φ ∈ C1([0, T ], H∗(Ω)), then, from the defnition ofc 
gradient fow and subdiferential we have that 

E(u + ϵφ) ≥ E(u)+ ϵ⟨−ut, φ⟩H∗×H∗ a.e. in t ∈ (0, ∞), ∀φ ∈ Cc 
1([0, T ], H ∗ (Ω)). 

Now, if we compute the Taylor expansion of |u + ϵφ|m+1 around u we getZ Z 
ϵ |u|m−1uφ dx + o(ϵ) ≥ −ϵ utL−1φ dx. 

Ω Ω 

Here, we divide by ϵ and noticing to the fact that ϵ can be either positive and 
negative, we fnd Z Z 

|u|m−1uφ dx = − utL−1φ dx a.e. in t ∈ (0, ∞), ∀φ ∈ C1([0, T ], H ∗ (Ω)).c 
Ω Ω 

with ut ∈ H∗(Ω) and therefore |u|m−1u ∈ H(Ω). As x : (0, ∞) → D(E) ⊂ H∗ is 
absolutely continuous we have that ut, |u|m−1u ∈ L1((0, T ); H∗). Finally, since L is 
an isomorphism between H and H∗ we have that φ = Lψ for ψ ∈ H, so integrating 
by parts in time we get Z T Z Z T Z 

|u|m−1 u Lψ dx dt = uψt dx dt for all ψ ∈ C1([0, T ], H(Ω)).c 
0 Ω 0 Ω 

Hence u is a H∗ solution. 

Lemma 3.3.13. Let u be a nonnegative GF solution with u0 ∈ L1
Φ1 
(Ω). Then, for 

every t1 ≥ t0 ≥ 0 we have Z 
0 ≤ (u(t0) − u(t1))Φ1 dx ≤ cm∥u0∥mL1 (Ω)(t1 − t0) , (3.3.6) 

Φ1Ω 

with cm = λ1∥Φ1∥11−m . Moreover, letting T = T (u0) be the extinction time, we get 
1 

1−m 
Φ1 

∥u(t)∥L1 (Ω) ≤ c1(T − t) . (3.3.7) 
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Proof. Let us derive the L1
Φ1 
-norm of the solution and use Hölder inequality, Z Z Z 

d 
u(t)Φ1 dx = − Lu mΦ1 dx = −λ1 u mΦ1 dx 

Ω Ω Ωdt �Z �m (3.3.8) 
≥ −λ1∥Φ1∥11 

−m u(t)Φ1 dx . 
Ω 

We apply the decay of L1
Φ1 
(Ω) on the right hand side and we integrate in (t0, t1) to 

get 
∥u0∥m∥u(t1)∥L1 (Ω) − ∥u(t0)∥L1 (Ω) ≥ −λ1∥Φ1∥11 

−m
L1 (Ω)(t1 − t0)

Φ1 Φ1 Φ1 

(3.3.6) follows by the nonnegativity of u(t). For the extinction rate, we just integrate 
(3.3.8) on [t, T ]. 

Proposition 3.3.14 (Nonnegative GF solutions are WDS). Let u be a GF solution 
of (CDP) with initial datum 0 ≤ u0 ∈ H∗(Ω) . Then, u(t) is a WDS, according to 
Defnition 3.1.1. 

Proof. By Lemma 3.3.12, we have that u(t) is a H∗ solution. Therefore, let us prove 
that the set of test functions in H∗ solutions is bigger than in the case of weak dual 
solution. Since ∥Φ1∥L2 = 1, we have Z 

∥ψ∥2 = ψL−1ψ dx ≤ λ−1∥ψ/Φ∥2 
H∗(Ω) 1 ∞. 

Ω 

Moreover, by (3.3.12) we have that non negative solutions in H∗ are indeed in the 
natural space for WDS: 

∥u∥L1 (Ω) ≤ λ11 
/2∥u∥H∗(Ω). 

Φ1 

Then, we have to verify that the next equality is true Z TZ Z TZ 
u∂t(L−1ψ) dx dt = L−1u∂t(ψ) dx dt ∀ 

ψ ∈ Cc 
1([0, T ], L∞(Ω)). 

0 Ω 0 Ω Φ1 
(3.3.9) 

Indeed, we have Z Z 
∥∂tψ∥2 = ∂tψL−1(∂ψ) dx ≤∥∂tψ/Φ1∥∞ Φ1L−1(∂tψ) dx ≤ λ−1∥∂tψ/Φ1∥2 

H∗(Ω) 1 ∞ 
Ω Ω 

and (3.3.9) holds. It remains to prove that u ∈ C((0, T ] : L1
Φ1 
(Ω)). From the time 

monotonicity of Lemma 3.3.7, we deduce that 
1 !� � 

t0 1−m 

u(t1) − u(t0) ≤ 1 − u(t1) ∀t1 ≥ t0 > 0 and a.e. x ∈ Ω , 
t1 

and hence we have the following estimate for the positive part, 
1 1 

1−m 1−mt1 − t0[u(t1) − u(t0)]+ ≤ 1 u(t1) ∀t1 ≥ t0 > 0 and a.e. x ∈ Ω . (3.3.10) 
t 1−m 
1 
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Recalling that |f | = 2[f ]+ − f for any function, let us bound ∥u(t1) − u(t0)∥L1 (Ω)Φ1 
as follows Z Z 

∥u(t1) − u(t0)∥L1 (Ω) = 2 [u(t1) − u(t0)]+ Φ1 dx − (u(t1) − u(t0)) Φ1 dx 
Φ1 Ω Ω 

1 1 Z
1−m 1−mt − t ≤ 1 0 u(t1)Φ1 dx + cm∥u0∥m (t1 − t0) ,1 L1

Φ1 
(Ω) 

t 1−m Ω 
1 

(3.3.11) 

where we have used (3.3.10) and Lemma 3.3.13 to conclude. 

3.3.4 Existence of nonnegative MWDS 
In this section we prove the existence of nonnegative MWDS by approximating WDS 
from below with bounded GF solutions, which reads: 

Theorem 3.3.15 (Existence and uniqueness of nonnegative MWDS in L1
Φ1 
). Let 

(A1) and (A2) hold. Then, for every 0 ≤ u0 ∈ L1
Φ1 
(Ω), there exist a unique minimal 

weak dual solution u of (CDP) with 

2∥u0∥L1u(t + h) − u(t) Φ1
(Ω) 

lim ∥u(t) − u0∥L1 (Ω) = 0 and lim ≤ . 
t→0+ Φ1 h→0+ h (1 − m) tL1

Φ1
(Ω) 

Moreover, the T-contraction estimates hold: let 0 ≤ u0, v0 ∈ L1
Φ1 
(Ω) and u(t), v(t) 

be the corresponding MWDS, then, for all t ≥ 0 we have 

∥(u(t) − v(t))±∥L1 (Ω) ≤ ∥(u0 − v0)±∥L1 (Ω) . Φ1 Φ1 

Remark 3.3.16. (i) As for the previous Theorem, the T-contraction implies com-
parison and uniqueness in L1

Φ1 
(via contractivity), but we stress on the fact that our 

proof only guarantees the validity of these properties for the MWDS, a priori we 
can not exclude that u0 ∈ L1

Φ1 
produces other WDS. 

(ii) A closer inspection of the proof reveals that the MWDS does not depend on the 
particular choice of the approximating sequence, we only require the approximating 
sequence to be monotone increasing, see Step 4 of the proof of Theorem 3.3.15 for 
more details. 
(iii) The question of uniqueness is a delicate issue in this L1

Φ1 
-setting, since the 

energy functional is Z 
F [u] = u mΦ1 dx 

Ω 

which is clearly not convex when m ∈ (0, 1). A full uniqueness result for WDS is still 
missing. This is an intriguing open problem and it would imply that all WDS are 
minimal (hence a priori more regular). This lack of convexity makes it impossible 
to apply Crandall-Liggett type Theorems, as done in the L1-setting in [10]. See [71, 
134] for related uniqueness results on RN . 
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(iv) A larger “existence” class of nonnegative solutions. When we deal with non-
negative functions, H∗(Ω) ⊂ L1

Φ1 
(Ω), indeed by Cauchy-Schwartz inequality and the 

normalization ∥Φ1∥2 = 1, we get Z Z 
L− 1 1 

∥u∥L1 (Ω) = u Φ1 dx = 2 (u) L 2 (Φ1) dx 
Ω Ω 

Φ1 
(3.3.12)

1 

L− 1 1 
≤ 2 u L 2 Φ1 = λ1 

2 ∥u∥H∗(Ω) . 
2 2 

To the best of our knowledge, the largest class of nonnegative data for which existence 
of solutions to the (CDP) is guaranteed, is precisely L1

Φ1 
. 

Proof of Theorem 3.3.15. The proof is divided into several steps. 
• Step 1. Existence of the minimal limit solution.. We approximate 0 ≤ u0 ∈ 
L1
Φ1 
(Ω) from below with the non-decreasing and bounded sequence 0 ≤ u0,n = 

u0 ∧ n ∈ L∞(Ω). Recall that the integrability of GΩ implies that L∞(Ω) ⊂ H∗(Ω), 
therefore u0,n ∈ H∗(Ω) for all n ≥ 1. By monotone convergence, we have that 
u0,n → u0 in the strong L1

Φ1 
topology, namely Z 

n→+∞
0 ≤ ∥u0 − u0,n∥L1 (Ω) = (u0 − u0,n)Φ1 dx −−−−→ 0 . (3.3.13)

Φ1 Ω 

Now, we are in the position to apply Theorem 3.3.2 which provides us the existence 
of the nonnegative GF solution un(t) in H∗(Ω) starting at u0,n. Since the L∞ norm 
is non-increasing in time (just let p → ∞ in (3.4.15)), we know that un(t) ∈ L∞(Ω). 
Next, Lemma 3.3.14 tells us that un is also a WDS corresponding to the initial 
datum u0,n ∈ L∞(Ω). Finally, since GF solutions satisfy the comparison principle, 
we have that un(t, x) ≤ un+1(t, x) for a.e. (t, x) ∈ (0, ∞) × Ω . 

Since for any fxed t > 0 and a.e. x ∈ Ω the sequence un(t, x) is monotone 
increasing in n, the limit exists (can be +∞) and we can defne our candidate limit 
solution as follows 

u(t, x) := lim inf un(t, x) for a.e. (t, x) ∈ (0, ∞) × Ω . 
n→∞ 

We shall see that this limit solution defnes a continuous path in t 7→ u(t) ∈ L1
Φ1 
(Ω) . 

Convergence in L1
Φ1 
. Notice that for all t > 0 we have that (take k > n so that 

uk ≥ un) 

∥u(t) − un(t)∥L1 (Ω) ≤ lim inf ∥uk(t) − un(t)∥L1 (Ω) ≤ lim inf ∥uk(0) − un(0)∥L1 (Ω)Φ1 Φ1 Φ1k→∞ k→∞ 
n→+∞ 

= ∥u0 − u0,n∥L1 (Ω) −−−−→ 0 ,
Φ1 

(3.3.14) 

where the frst inequality follows by Fatou’s lemma, in the second step we have used 
the L1

Φ1 
contraction for ordered WDS, and fnally that u0,n and uk(0) = u0,k tend to 

u0 strongly in L1
Φ1 
(Ω) by (3.3.13) . 

• Step 2. u ∈ C((0, T ], L1
Φ1 
(Ω)). By Proposition 3.3.14, we know that un ∈ 

C((0, T ] : L1
Φ1 
(Ω)), indeed, by (3.3.11) and the decay of ∥un(t)∥L1 (Ω), we have that Φ1 
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for every 0 < t0 ≤ t1 ≤ T 
1 1 

1−m 1−m 
1t1 − t0 

1−m 
Φ1 Φ1 

∥un(t1) − un(t0)∥L1 (Ω) ≤ 1 ∥u0,n∥L1 (Ω) + cm(t1 − t0) . 
t 1−m 
1 

Then, since u0,n → u0 strongly in L1
Φ1 
(Ω) as explained in Step 1, we have that by 

Fatou’s Lemma 

∥u(t1) − u(t0)∥L1 (Ω) ≤ lim ∥un(t1) − un(t0)∥L1 (Ω)Φ1 n→∞ Φ1 
1 1 

1−m 1−m 
1 (3.3.15)t1 − t0 

1−m 
Φ1 

≤ 1 ∥u0∥L1 (Ω) + cm(t1 − t0) , 
t 1−m 
1 

hence u ∈ C((0, T ], L1
Φ1 
(Ω)) as desired. Notice that the above estimate just gives 

uniform boundedness of the limiting Radon measure when t0 = 0, and it is not 
sufcient to conclude continuity on [0, T ]. 
• Step 3. The limit solution is a WDS. Let us prove that the limit solution u 
constructed above is a WDS in the sense of Defnition 3.1.1. Indeed, we shall show 
that it satisfes the weak formulation (WDS), which amounts to check that Z T Z Z T Z 

mlim L−1(u − un) ∂tψ dx dt = lim (u m − un )ψ dx dt = 0 . 
n→∞ n→∞0 Ω 0 Ω| {z } | {z } 

(I) (II) 

First, notice that (I) vanishes as n → ∞ as a consequence of (3.3.14) Z T Z ∂tψ 
(I) ≤ L−1(u − un) Φ1 dx dt 

Φ1 ∞ 0 ΩZ Z 
∂tψ T

n→+∞≤ λ− 
1
1 (u(t) − un(t))Φ1 dx dt −−−−→ 0 . 

Φ1 ∞ 0 Ω 

On the other hand, by Proposition 3.3.10, we have that following the same argument 
as for (I), Z Z Z Z 

ψ T
m ψ T 

(II) ≤ (u m − un )Φ1 dx dt ≤ (u − un)mΦ1 dx dt 
Φ1 ∞ 0 Ω Φ1 ∞ 0 ΩZ T �Z �m 

n→+∞≤ 
ψ ∥Φ1∥11 

−m (u(t) − un(t))Φ1 dx dt −−−−→ 0 . 
Φ1 ∞ 0 Ω 

We conclude that u ∈ C((0, T ], L1
Φ1 
(Ω)) is a MWDS. 

• Step 4. The initial datum is taken strongly in L1
Φ1 
. Once we have shown that 

our limit solution is a WDS according to Defnition 3.1.1, we need to show that it 
takes the initial datum strongly in L1 , that is u ∈ C([0, T ], L1 (Ω)) satisfying theΦ1 Φ1 

limit lim ∥u(t) − u0∥L1 = 0. Actually it is enough to check the latter which in turn 
Φ1t→0+ 

implies the L1
Φ1 
-continuity at zero. Let us add and substract in ∥u(t) − u0∥L1 (Ω) the Φ1 

truncation of the initial data u0,n ∈ L∞(Ω) ∩ H∗(Ω) and the associated GF solutions 
un(t) ∈ L∞(Ω) ∩ H∗(Ω): 
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Z 
|u(t) − u0|Φ1 dx Z Z Z 

≤ |u(t) − un(t)|Φ1 dx + |un(t) − un,0|Φ1 dx + |u0,n − u0|Φ1 dx 

= (I) + (II) + (III). 

Now let us analyse each addend in order to pass to the limit. Since un(t) ≤ u(t), 
by Lemma 3.3.6 we have that Z Z 

(I) = (u(t) − un(t))Φ1 dx ≤ (u0 − u0,n)Φ1 dx. 
Ω 

Moreover, by construction it holds that u0,n ≤ u0, therefore Z 
(III) = (u0 − u0,n)Φ1 dx . 

Ω 

On the other hand, let us estimate (II) using that un(t) ⇀ un,0 in H∗(Ω) as 
t → 0+ by defnition of GF solution and ∥un(t)∥2 ≤ ∥un,0∥2 for all t > 0. 
First, we prove that weak convergence in H∗(Ω) implies weak convergence in L2(Ω) 
using that H(Ω) is dense in L2(Ω). Given any function ψ ∈ L2(Ω) consider a 
sequence {φk}k≥1 ⊂ H(Ω) satisfying φk → ψ in L2(Ω). Then, Z Z Z 

(un(t) − un,0)ψ dx = (un(t) − un,0)φk dx + (un(t) − un,0)(ψ − φk) dx 
Ω Ω ΩZ 

≤ (un(t) − un,0)φk dx + ∥un(t) − un,0∥2∥ψ − φk∥2 ZΩ 

≤ (un(t) − un,0)φk dx + 2∥un,0∥2 ∥ψ − φk∥2 . 
Ω 

If we take limit when t → 0+ we obtain Z 
lim (un(t) − un,0)ψ dx ≤ 2∥un,0∥2 ∥ψ − φk∥2 ∀k ≥ 1 , 
t→0+ 

Ω 

since un(t) ⇀ un,0 in H∗(Ω). Letting k → ∞ above gives the weak-L2(Ω) con-
vergence of un(t) to un,0 as t → 0+ . Next we prove convergence of L2(Ω)-norms, 
namely that ∥un(t)∥2 → ∥un,0∥2 as t → 0+ , using the weak lower semicontinuity of 
the norm: since un(t) ⇀ un,0 in L2(Ω) and ∥un(t)∥2 ≤ ∥un,0∥2, we have 

∥un,0∥2 ≤ lim inf ∥un(t)∥2 ≤ lim sup ∥un(t)∥2 ≤ ∥un,0∥2 . 
t→0+ 

t→0+ 

This implies strong-L2(Ω) convergence of un(t) to un,0 as t → 0+ , since in any 
Hilbert space, weak convergence plus convergence of norms implies strong conver-
gence. Then, we estimate (II) as follows Z 

t→0+ 
(II) = |un(t) − un,0|Φ1 dx ≤ ∥un(t) − un,0∥2∥Φ1∥2 = ∥un(t) − un,0∥2 −→ 0 . 

Ω 
(3.3.16) 
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Finally, putting together the estimates of (I), (II) and (III) we have shown that Z Z 
|u(t) − u0|Φ1 dx ≤ 2 (u0 − un,0)Φ1 dx + ∥un(t) − un,0∥2 , 

Ω Ω 

which implies by (3.3.16) Z Z 
lim |u(t) − u0|Φ1 dx ≤ 2 (u0 − un,0)Φ1 dx ∀n ≥ 1 . 
t→0+ 

Ω Ω 

We conclude taking limit when n → +∞ and applying (3.3.13). 
• Step 5. Independence of approximating sequence and uniqueness of MWDS. Let 
us see that MWDS does not depend on the particular choice of the approximating 
sequence, we only require the approximating sequence to be monotone increasing. 
We adapt here the proof of Theorem 3.2 of [28] for reader’s convenience. Let us 
choose another nonnegative monotone sequence {v0,k} ∈ L∞(Ω) which converges to 
u0 from below. Repeating the construction of the previous steps, there exists a weak � � 
dual solution v(t, x) ∈ C [0, T ] : L1

Φ1 
(Ω) generated by the GF solutions starting 

from v0,k. We want to prove that u = v, i.e. that the minimal weak dual solution 
is unique. For this, we start by proving that u ≥ v and then we prove the opposite 
inequality. First, let us prove that u ≥ v. By Proposition 3.3.10, we have that Z Z Z 

lim [vk − un]+Φ1 ≤ lim [v0,k − u0,n]+Φ1 ≤ [v0,k − u0]+Φ1 = 0, 
n→∞ n→∞Ω Ω Ω 

as v0,k ≤ u0 by construction. This gives that vk ≤ u for all k, so taking the limit we 
get that v ≤ u. The opposite inequality follows by exchanging the roles of u and v. 
Remark. Notice that we have proven uniqueness of MWDS, which does not exclude 
a priori that there can be other WDS starting from u0 which are not obtained as 
limit of a nondecreasing sequence of GF solutions. Strong uniqueness is known so 
far only for strong WDS solutions, c.f. Theorem 3.3.17. 
• Step 6. T-contractivity for MWDS. Comparison and Contractivity. We approx-
imate again u0 ∈ L1

Φ1 
(Ω) by the same sequence as in the uniqueness proof un so by 

Lemma 3.3.10 we have that Z Z 
lim [un(t1) − vn(t1)]±Φ1 ≤ lim [u0,n − v0,n]±Φ1. 
n→∞ n→∞Ω Ω R 

The strong L1 convergence of u0,n, v0,n implies the fact that [u0,n − v0,n]+Φ1 →R Ω 

Ω
[u0 − v0]+Φ1, and Fatou’s Lemma applied on the left-hand side allow to conclude. 

Consequently, we have contractivity for MWDS, hence, uniqueness in L1
Φ1 

of MWDS, 
as solutions get closer as t increases. Moreover, by T-contractivity we have that 
comparison holds for MWDS, i.e. if u0(x) ≤ v0(x) a.e x ∈ Ω then Z Z 

0 ≤ [u − v]+Φ1 ≤ [u0 − v0]+Φ1 = 0, 
Ω Ω 

which implies that u(t) ≤ v(t) a.e x ∈ Ω, as Φ1 > 0 in the interior of Ω. 
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• Step 7. Boundedness of incremental quotient of u . Again, for the approximating 
sequence, notice that before passing to the limit h → 0 in (3.3.5) we have Z 

un(t + h, x) − un(t, x) 1 1 1 2∥u0,n∥L1 (Ω) 
Φ1 dx ≤ [(t + h) 1−m − t 1−m ] Φ1 . 

Ω h h t 1− 
1 
m 

Now, we pass to the limit as n → ∞ on the right hand side and on the left by 
Fatou’s lemma. The rest follows by the same argument as in the last part of the 
proof of Lemma 3.3.9. 

3.3.5 Existence of L1 -strong solutions and uniquenessΦ1 

We prove now in which cases MWDS are actually L1
Φ1 
-strong solutions and satisfy 

mthe equation ut = −Lu pointwise as functions of L1
Φ1 
. Indeed, this also provides 

T-contractivity hence strong uniqueness in L1
Φ1 
. All of this is summarized in the 

following theorem: 

Theorem 3.3.17 (LΦ
1 

1 
-strong solutions). Let (A1) and (A2) hold. Then, the 

MWDS u corresponding to the initial datum 0 ≤ u0 ∈ L1 (Ω), is moreover a L1 -Φ1 Φ1 

strong solution, with the bound 

2 ∥u0∥L1 (Ω) 
∥∂tu(t)∥L1 (Ω) ≤ Φ1 ∀t > 0 ,

Φ1 (1 − m)t 

whenever one of the following additional conditions hold: 

1. Let N > 2s > γ and either (K1) or (M1) hold. Moreover, assume u0 ∈ Lp(Ω) 
with p ≥ 1 if m ∈ (mc, 1) or p > pc if m ∈ (0,mc]. 

2. Let N, γ > 2s, m ∈ (0, 2 
γ
s ) and either (K1) or (M1) hold. Assume moreover 

that u0 ∈ Lp(Ω) with p ≥ 1 if m ∈ (mc, 1) or p > pc if m ∈ (0,mc]. 

3. Let N > 2s > γ and (K2) hold. Assume moreover that u0 ∈ Lp 
Φ1 
(Ω) with 

p ≥ 1 if m ∈ (mc,γ , 1) or p > pc,γ if m ∈ (0,mc,γ ]. 

Remark 3.3.18. Essentially the above theorem says that MWDS are strong when 
they are bounded. Since the L1 − L∞ smoothing efects are not true for L1

Φ1 
data 

when m is close to zero, it is therefore quite natural to expect that we need some 
extra Lp integrability on the initial datum to obtain bounded -hence strong- solutions, 
as it will be made precise below. 

Proof of Theorem 3.3.17. In the three cases we follow the same steps. We use 
Theorem 3.3.5 for the MWDS in order to prove that ∂tu is a integrable function, more 
precisely that t∂tu ∈ L∞((0, T ) : L1

Φ1 
(Ω))). We have to check if the assumptions of 

Theorem 3.3.5 are satisfed, namely, if the solution satisfes u ∈ BV ((0, T ) : L1
Φ1 
(Ω)) 

2and u 1+m ∈ W 1,1((0, T ) : L1
Φ1 
(Ω)). 
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• Step 1. u ∈ BV ((0, T ) : LΦ
1 

1 
(Ω)): The former condition follows by applying 

Lemma 3.3.9 to the monotone increasing GF solutions un(t) that approximate the 
MWDS u(t) and passing to the limit, 

2 ∥u0,n∥L1 (Ω) 2 ∥u0∥L1 (Ω)Φ1 Φ1∥∂tu∥L1 (Ω) ≤ lim ∥∂tun∥L1 (Ω) ≤ lim = 
Φ1 n→∞ Φ1 n→∞ (1 − m)t (1 − m)t 

since we use Fatou’s Lemma and u0,n → u0 in L1
Φ1 
(Ω). 

2• Step 2. u 1+m ∈ W 1,1((0, T ) : L1
Φ1 
(Ω)): On the other hand, the latter condition 

will be satisfed by Lemma 3.3.8, but frst we have to bound the ∥un(t0/2)∥H∗(Ω) in 
terms of ∥u0,n∥L1 (Ω) in order to pass to the limit. Thus, let study the three cases 

Φ1 
of Theorem 3.3.17: 

1. Let un(t) be a GF solution, then by Theorem 3.5.1, recalling the fact that 
L−1Φ1 = λ− 

1
1Φ1, we have Z Z 

un(t)∥un(t)∥H 
2 

∗(Ω) = un L−1 un dx ≤ 1 (L−1 un)Φ1 dx 
Ω ∞ ΩΦm 

1 
2spϑp 

mun(t) ∥u0,n∥p 
= λ−1 

1 1 ∥un(t)∥L1 (Ω) ≤ κλ− 
1
1∥u0,n∥L1 (Ω) 1+NϑpΦ1 Φ1m tΦ ∞ m 

1 
2spϑp1+ 

m∥u0,n∥p≤ κλ− 
1
1 ∥Φ1∥ 1+N ϑp 

p 
p−1 

t m 

where we have used the decay of the L1
Φ1 
-norm and Hölder’s inequality. Hence, 

combining the above estimate with inequality (3.3.4) of Lemma 3.3.8, we ob-
tain � �� � 

1+m 2 1 2 1 
2∥∂tun ∥L2((t0,t1):L2(Ω)) ≤ cm + − ∥un(t0/2)∥2 

H∗(Ω)t0 T − t1 t0 t1 
2spϑp� �� � 1+ 

m2 1 2 1 ∥u0,n∥p 
p≤ cm + − κλ1 

−1∥Φ1∥ 1+N ϑp . t0 T − t1 t0 t1 p−1 
m(t0/2) 

We can let n → ∞ and using Fatou’s Lemma on the left-hand side, and 
that u0,n → u0 in Lp(Ω) on the right-hand side, therefore we conclude that 
u 1+m ∈ W 1,1((0, T ) : L1

Φ1 
(Ω)).2 

2. Let un(t) be a GF solution, then by Theorem 3.5.1 with m < 2 
γ
s < 1 and 

L−1Φ1 = λ1 
−1Φ1, we have 
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Z Z 
2sun(t) γm L−1 L−1∥un(t)∥H 

2 
∗(Ω) = un un dx ≤ 2s Φ1 un dx 

Φ γm Ω ∞ Ω Z 1 
2s 2s−1 un(t) −1 un(t)γm γm ≤ ∥Φ1∥∞ Φ1L−1 un dx ≤ λ−1∥Φ1∥∞ ∥un(t)∥L1 (Ω)2s 1 2sΦ1γm γm ∞ Ω ∞Φ Φ1 1 

2spϑp 2spϑp1+ 
2s m 2s m−1 ∥u0,n∥p −1 ∥u0,n∥pγm γm 

p 
Φ1 p−1 

≤ κλ− 
1
1∥Φ1∥∞ ∥u0,n∥L1 (Ω) 1+N ϑp ≤ κλ− 

1
1∥Φ1∥∞ ∥Φ1∥ 1+N ϑp 

m mt t 
2spϑp1+ 

2s m p−1 ∥u0,n∥pγm ≤ κλ−1 ∥Φ1∥∞ |Ω| ,1 
p 

1+N ϑp 
t m 

where we have used the decay of the L1
Φ1 
-norm and Hölder’s inequality. Hence, 

combining the above estimate with inequality (3.3.4) of Lemma 3.3.8, we ob-
tain 

1+m 
2∥∂tun ∥L2((t0,t1):L2(Ω)) ≤� �� � 

2 1 2 1 ≤ cm + − ∥un(t0/2)∥2 
H∗(Ω)t0 T − t1 t0 t1 

2spϑp� �� � 1+ 
2 1 2 1 2s ∥u0,n∥p 

m 
γm ≤ cm + − κλ−1 ∥Φ1∥∞ |Ω| 

p−1 
.1 

p 
1+N ϑpt0 T − t1 t0 t1 m(t0/2) 

We can let n → ∞ and using Fatou’s Lemma on the left-hand side, and 
that u0,n → u0 in Lp(Ω) on the right-hand side, therefore we conclude that 
u 1+m ∈ W 1,1((0, T ) : L1

Φ1 
(Ω)).2 

3. Let un(t) be a GF solution, then by Theorem 3.5.1 and recalling the fact that 
L−1Φ1 = λ− 

1
1Φ1, we have Z Z 

un(t)∥un(t)∥H 
2 

∗(Ω) = un L−1 un dx ≤ 1 (L−1 un)Φ1 dx 
Ω ΩΦm ∞

1 
(2s−γ)pϑp,γ 

m 
un(t) ∥u0,n∥LΦ 

p 
1 
(Ω) 

= λ−1 ∥un(t)∥L1 (Ω) ≤ κλ−1 ∥L11 1 1 ∥u0,n (Ω) 1+Nϑp,γΦ1 Φ1
Φm ∞ t m 

1 
(2s−γ)pϑp,γ1+ 

m 
p ∥u0,n∥Lp 

p−1 Φ1≤ κλ−1 ∥Φ1∥ 
(Ω) 

1 1 1+Nϑp,γ 
t m 

where we have used the decay of the L1
Φ1 
-norm and Hölder’s inequality. Notice 

that in the case p = 1 we just stop at the second inequality and the Theorem is 
proven. In the rest of the cases, we combine the above estimate with inequality 
(3.3.4) of Lemma 3.3.8, to obtain � �� � 

1+m 2 1 2 1 
2∥∂tun ∥L2((t0,t1):L2(Ω)) ≤ cm + − ∥un(t0/2)∥2 

H∗(Ω)t0 T − t1 t0 t1 
(2s−γ)pϑp,γ 

m� �� � 1+ 
p ∥2 1 2 1 ∥u0,n Lp (Ω)

p−1 Φ1≤ cm + − κλ− 
1
1 ∥Φ1∥1 1+N ϑp,γ . 

t0 T − t1 t0 t1 m(t0/2) 
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We can let n → ∞ and using Fatou’s Lemma on the left-hand side, and 
that u0,n → u0 in Lp(Ω) on the right-hand side, therefore we conclude that 
u 1+m ∈ W 1,1((0, T ) : L1

Φ1 
(Ω)).2 

3.4 Energy estimates and Finite Extinction Time 
Once we have that solutions exist and are bounded for sufciently smooth initial 
data, we will prove that they vanish in fnite time, with estimates from above and 
below for the extinction time in diferent norms. Also we will show sharp time decay 
estimates as t → T − that show how bounded solution extinguish in fnite time, and 
constitute the frst step towards the understanding of the asymptotic behaviour, 
which is a really delicate issue already in the local case, cf. for instance [18]. 

Some of the results from this section are presented in terms of nonlinear Rayleigh 
quotients and their decay along the fow: 

3.4.1 Nonlinear Rayleigh Quotients and extinction rates 
Let us consider the “Dual” Nonlinear Rayleigh Quotient R 

∥f∥1+m |f |1+m dx1+m ΩQ∗ [f ] = 
∥f∥1+m = �R � 1+m . 

H∗ fL−1f dx 2 
Ω 

We shall show that Q∗[u(t)] is decreasing along the FFDE fow, namely that 

d Q∗ [u(t)]
dt �R �2 �R �m−1 �R � 

1+m dx uL−1 2 1+m dxu u dx u
Ω Ω Ω≤ −(1 + m)�R � 1+m + (1 + m) �R �1+m = 0 ,

+1 uL−12 
Ω uL−1u dx Ω u dx 

(3.4.1) 

since we have that �Z � 1+m �Z �m−1 �Z � 
1+m dx 

d 
uL−1 u dx 

2 

= −(1 + m) uL−1 u dx 
2 

u 
dt Ω Ω Ω 

and also that Z 1+m Z Z Z 
d u mLu 

(L1/2um)2 (L−1/2u)2 
dx = u m ∂tu dx = − u m dx = − dx 

dt 1 + m (L−1/2u)2 
Ω Ω Ω Ω �Z �2∥(L1/2um)(L−1/2u)∥2 11 1+m dx≤ − ≤ − u , (3.4.2)

∥(L−1/2u)2∥1 ∥u(t0)∥2 
H∗ Ω 

where we have used the decay of the H∗ -norm and the Cauchy-Schwarz inequality 
in the following form Z 

f 2 ∥f∥21dx ≥ . (3.4.3) 
Ω g ∥g∥1 
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Let us consider the Nonlinear Rayleigh QuotientR 
∥fm∥2 fmLfm dx 

Q[f ] = H(Ω) 
= �R Ω � .2m∥f∥2m 

1+m1+m |f |1+m dx
Ω 

As before, Q[u(t)] decays along the FFDE fow, �R � �R 
d �2 

d umLum dx umLum dx
dt Ω ΩQ[u(t)] = �R � 2m + 2m�R � 2m +1 

≤ 0 
dt 1+m dx 1+m 1+m dx 1+mu u

Ω Ω 

since (3.4.3) implies that Z Z �R �2 
d u2m(Lum)2 umLum dx 

u mLu m dx = −2m dx ≤ −2m ΩR . (3.4.4)
1+m 1+m dxdt Ω Ω u u

Ω 

The decay of the Nonlinear Rayleigh Quotient Q[u(t)] provides another proof of the 
upper estimate of the L1+m-norm without using a Sobolev-type inequality. 

3.4.2 Norm estimates and bounds for the extinction time 
The estimates that we present about the Lp-norm requires Sobolev and Stroock-
Varopoulos inequalities which can be deduced from assumption (K1) and (M1) as we 
show in Section 3.2.1. For the estimates involving smoothing efects with weighted 
norms we will require (K2). 
Proposition 3.4.1 (H∗ estimates and extinction time). Assume (A1), (A2), (K1) 
and let m ∈ (0, 1). Let u be a nonnegative WDS with u0 

α ∈ H∗(Ω), where αc ≤ α 
(N+2s)(1−m)with αc = max{1, }. Then, there exists a fnite extinction time T > 0

4s 
such that 

1−m 

0 ≤ T = T (u0) ≤ cα ∥u α∥ α ∀α > αc ,0 H∗(Ω) 

with cα depending on α, m, s, N and HL . Moreover, for every 0 ≤ t0 ≤ t ≤ T we 
have 

1−m 1−m 
α αcα(T − t) ≤ ∥u α(t)∥ ≤ ∥u α(t0)∥ − cα(t − t0) . (3.4.5)H∗(Ω) H∗(Ω) 

Proof. Let us derive in time the H∗ -norm of uα for any α > αc,Z Z Z 
d α dx = 2α α−1 ∂tu L−1 α dx = −2α α−1 Lu α dx αL−1 m L−1 u u u u u u 
dt Ω Ω ΩZ Z 

2 αm 2 αm α+m−1L−1≤ − Lu u α dx = − u 2α+m−1 dx , 
α + m − 1 Ω α + m − 1 Ω 

α+m−1 
mwhere we have applied Kato’s inequality (3.6.10) with f(v) = m v and

α+m−1 
mv = u . Assumption (K1), ensures the validity of the HLS inequality for the H∗ -

α 2α+m−1 norm (3.1.2), that applied to f = u with q = , gives Z Z α 

d 2 αm 2α+m−1αL−1 α) αu u α dx ≤ − (u dx 
dt Ω α + m − 1 Ω 

− 2α+m−1 �Z � 2α+m−1 
2α2 αm H α 

L αL−1≤ − u u α dx . 
α + m − 1 Ω 
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Integrating this ODE on the intervals [t0, t] and [t, T ] we conclude (3.4.5). The upper 
bound of the extinction time is provided by choosing t = 0 in the lower bound of 
(3.4.5). 

Once we have proven the extinction of the solution, we can study the rate of 
extinction. For this purpose, we provide the decay of the L1

Φ1 
-norm in terms of the 

extinction time. This result is deduced directly from the formulation of the WDS 
without assumptions on L−1 . 

Proposition 3.4.2 (L1
Φ1 

estimate and extinction time). Assume (A1), (A2), (K1) 
and let m ∈ (0, 1). Let u be a nonnegative WDS with u0 ∈ L1

Φ1 
(Ω), and let T > 0, 

be its extinction time. Then 
1 

1−m 
Φ1 

∥u(t)∥L1 (Ω) ≤ c1(T − t) ∀0 ≤ t < T , 

1 

with c1 = λ1 
1−m ∥Φ1∥1. As a consequence, we have the following lower bound for the 

extinction time, � �1−m 
T ≥ λ1 ∥u0∥L1 ∥Φ1∥1 . 

Φ1 

Proof. Let us consider the test function ψ(τ, x) = λ1Φ1(x) χ[t,T ](τ) in the weak dual 
formulation (we approximate χ[t,T ] as in Lemma 3.6.7) and use that Φ1 satisfes 
L−1Φ = λ−1 

1 Φ1, Z TZ Z TZ 
L−1∥u(t)∥L1 − ∥u(T )∥L1 = u ∂τ χ[t,T ] Φ1 dx dτ = λ1 u ∂τ χ[t,T ] Φ1 dx dτ 

Φ1 Φ1 0 Ω 0 ΩZ Z Z Z Z ZT T T 
= L−1u ∂τ ψ dx dτ = u mψ dx dτ = λ1 u mΦ1 dx dτ 

0 Ω 0 Ω t ΩZ T 
≤ λ1∥Φ∥1−m ∥u(τ)∥m dτ ≤ λ1∥Φ1∥1−m ∥u(t)∥m (T − t),1 L1 1 L1 

Φ1 Φ1t 

where we have use Hölder and the L1
Φ1 
-decay in the last inequalities. The result 

follows from the fact that T is the extinction time, hence ∥u(T )∥L1 = 0. 
Φ1 

Proposition 3.4.3 (H∗ extinction rate). Let 0 < m < 1 and u be a nonnegative 
WDS with initial data u0 ∈ L1+m ∩ H∗(Ω). Assume (A1) and (A2). If there exists 
an extinction time T > 0 and (K1) holds, then 

1−m∥u(t)∥H∗(Ω) ≤ c1 Q∗ [u0] 1− 
1 
m (T − t) 

1 
for every 0 ≤ t < T, (3.4.6) 

1 
with c1 = (1 − m) 1−m . In addition, if m ∈ (ms, 1), then we also have the lower 
estimate 

1 1 1 
1−m 1−mc0(T − t) ≤ ∥u(t)∥H∗(Ω) ≤ c1 Q∗ [u0] 1−m (T − t) for every 0 ≤ t < T, 

(3.4.7) 
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with c0 depending on m, s, N, Ω and HL. Moreover, let ϵ ∈ (0, 1) and tϵ = ϵT , then 

1−m 

∥u(t)∥1+m ∗Q∗ 2 

( 
T 

2 
t−1 , for 0 < t ≤ tϵ, 

1+m ≤ c 1−m [u0] (3.4.8)1+m 
cϵ(T − t) 1−m , for tϵ < t ≤ T. 

2 
∗ (1−m) 1−m 

= ϵ−1(1 − ϵ)− 1+m 
where c = 

1+m and cϵ 1−m . In addition, ( 
2 

2 4 T t−2 , for 0 < t ≤ tϵ,∥u m(t)∥2 ≤ c ∗Q∗ 1−m [u0] 
1−m 

(3.4.9)H(Ω) 
cϵ(T − t) 1

2 
− 
m
m , for tϵ < t ≤ T, h i−1 

(1−m) 1−m √ 
2(1+m)where c ∗ = 

2 

and cϵ = (1 − 1 − ϵ)(1 − ϵ) 
2+3m 

.
2m(1+m) 

Proof. Proof of (3.4.6). We derive the H∗ -norm and use the monotonicity of 
Q∗[u(t)], Z Z �Z � 1+m 

d 2 

uL−1 1+m dx = −2 Q∗ [u(t)] uL−1 u dx = −2 u u dx 
dt Ω Ω Ω�Z � 1+m 

2 

≥ −2 Q ∗ [u0] uL−1 u dx . 
Ω 

The upper estimate follows from integrating in [t, T ] the ODE for ∥u(t)∥H∗ . 
2NProof of lower bound in (3.4.7). Since 1 + m > (2∗) ′ = 

N+2s , we have that (K1) 
implies HLS inequality. Therefore, 

N+2s 1 
2N 1+m 

N+2s 
∥f∥H∗ ≤ HL∥f∥ ≤ HL|Ω| − ∥f∥1+m .2N 

Proof of (3.4.8). Now, we derive in time the H∗ -norm of the solution u(t) and we 
apply the estimate above, Z Z �Z � 1+m 

−(1+m)d 
uL−1 u dx = −2 u 1+m dx ≤ −2 (cΩHL) uL−1 u dx 

2 

. 
dt Ω Ω Ω 

The lower estimate follows from integrating on [t,T] the ODE for ∥u(t)∥H∗ . From 
(3.2.28) and (3.4.6) we have that for every t > t0 ≥ 0 

2∥u(t0)∥2 2 
∥u(t)∥1+m 1 H∗(Ω) c1 2 (T − t0)

1−m≤ ≤ Q∗ [u0] 
1−m 

. (3.4.10)1+m (1 + m) t − t0 (1 + m) t − t0 

t−ϵ T Now, let t ∈ [tϵ, T ) with tϵ = ϵ T with ϵ ∈ (0, 1) and t0 = 
1−ϵ , and notice that 

t0 ≥ 0 ⇐⇒ t ≥ tϵ and t > t0 ⇐⇒ t < T. 

Introducing this t0 in (3.4.10) we arrive to 

2c 2 1+m 
∥u(t)∥1+m 1≤ Q∗ [u0] 1−m (T − t) 1−m , (3.4.11)1+m 1+m 

ϵ (1 − ϵ) 1−m (1 + m) 
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2 
so calling c ∗ = 

1+ 
c1 
m we arrive to the second part in (3.4.8). For the case t < tϵ, we 

just take t0 = 0 in 3.4.10 and the result follows. 
Proof of (3.4.9) . For the case t ≥ tϵ we use now the frst part of estimate (3.2.28) 
combined with the previous decay (3.4.8). For this we choose tϵ0 defned as above 
such that for every t ≥ tϵ0 we have 

1+m 
c ∗ cϵ0 2 (T − t)

1−m∥u m(t1)∥2 ≤ Q∗ [u0] 
1−m 

(3.4.12)H(Ω) 2m (t1 − t) 
t1−ϵ0 TNow, set t = 
1−ϵ0 

and notice that 

t1 − ϵ0 T 
t0 = ≥ tϵ0 ⇐⇒ t1 ≥ (2ϵ0 − ϵ20) T. 1 − ϵ0 

√ 
So, setting ϵ = (2ϵ0 − ϵ20) ≥ ϵ0, i.e. ϵ0 = 1 − 1 − ϵ, we have that for every 
t1 ∈ [tϵ, T ). 

m(t1)∥2 c ∗ cϵ0 Q∗ [u0] 1− 
2 
m (T − t1) 1

2 
− 
m
m .∥u ≤ (3.4.13)H(Ω) 2m 

ϵ0 (1 − ϵ0) 2m1−m 

2 √ ∗ c cϵ0Setting t1 = t, c = 1 and cϵ = with ϵ0 = 1 − 1 − ϵ we get2m2m(1+m) 1−mϵ0 (1−ϵ0) 
(3.4.9). 

For t < tϵ, from (3.2.28) 
21 ∥u(t0)∥2 

H∗(Ω) c1 2 (T − t0) 
2 

1−m∥u m(t1)∥2 ≤ ≤ Q∗ [u0] 
1−m 

.H(Ω) 2m(1 + m) (t1 − t)(t − t0) 2m(1 + m) (t1 − t)(t − t0) 
(3.4.14) 

Here we just take t0 = 0, t = t1/2 and the result follows from the estimate above. 

Proposition 3.4.4 (Lp estimates and Extinction Time). Assume (A1), (A2), (M1) 
and let m ∈ (0, 1). Let u be a nonnegative WDS corresponding to the initial datum 
u0 ∈ Lp(Ω) with p > pc. Then, there exists a fnite extinction time T > 0 such that 

0 ≤ T = T (u0) ≤ cp∥u0∥1 
p 
−m , 

where cp > 0 only depends on p, m, s, N, λ1, SL, Ω. In addition, for every 0 ≤ t0 ≤ 
t ≤ T we have 

cp(T − t) ≤ ∥u(t)∥1 
p 
−m ≤ ∥u(t0)∥1 

p 
−m − cp(t − t0) . (3.4.15) 

Moreover, for every t ∈ [tϵ, T ), where tϵ = ϵ T with ϵ ∈ (0, 1), there exists cp,ϵ, which 
blows up when ϵ → 0, such that 

2sp ϑp 
![p−(1+m)]+ 

∥u0∥p 2 1+m 
∥u(t)∥pp ≤ cp,ϵ κϵ 

T Nϑp 
Q∗ [u0] 1−m (T − t) 1−m , (3.4.16) 

where 
3−m 

p(1 − m) 1−m h √ 2+3m 
i−1 

2(1+m)cp,ϵ = (1 − 1 − ϵ)(1 − ϵ) and κϵ = κ/ϵNϑp ,
2m(1 + m)2 

with κ as in Theorem 3.2.8. When p < 1 + m the correct exponent comes from 
introducing p = 1 + m in (3.4.16) and by Holder’s inequality. 
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Proof. Recall that (K1) and (L1) implies (M1) and Sobolev inequality, see Section 
3.2.1. Hence, Z Z 

d 1 p+m−1 
up dx = −p up−1Lu m dx ≤ −cm,p∥L 2 u 2 ∥22 (3.4.17)

dt Ω Ω 
p+m−1 

2≤ −cm,p,Ω S−1∥u ∥2 
2p = −cm,p,Ω S−1∥u∥p+m−1 ,L L p 

p+m−1 

where in the last inequality we have used Sobolev in the following form, 
p+m−1 p+m−1− 1 − 1 

2p 2 ∗ 2p 2 ∗∥u∥ 2p ≤ |Ω| ∥u∥2∗ ≤ |Ω| SL ∥L−1 u∥2 , 
p+m−1 

2p 2Nsince p > pc implies < 2∗ = . Now, integrating the ODE that ∥u(t)∥p 
p+m−1 N−2s p 

satisfes on the intervals [t0, t] and [t, T ] we obtain (3.4.15). For the upper bound on 
T , just let t = 0 in (3.4.15). 

Now, we prove (3.4.16). For p > 1 + m, the rest of the cases follow by Hölder, 
we compute Z Z Z 

d p dx = −p p−1Lu m dx ≥ −p ∥u(t)∥p−(1+m) mLu m dxu u u∞dt Ω Ω Ω!p−(1+m)2sp ϑp 

= −p ∥u(t)∥p−(1+m) ∥u0∥p 
∞ ∥u m(t)∥H 

2 
(Ω) ≥ −p κ ∥u m(t)∥H 

2 
(Ω),Nϑpt0 

for every t > t0, by Theorem 3.2.8. Now, by (3.4.9), for every t ≥ ϵ T with ϵ ∈ (0, 1) !p−(1+m)Z 2sp ϑpd κ ∥u0∥p 
up dx ≥ −p ∥u m(t)∥H 

2 
(Ω) (3.4.18)

ϵNϑp Nϑpdt Ω t0 !p−(1+m)2sp ϑp 
2 2mκ ≥ −p c ∗ cϵ 

∥u0∥p Q∗ 1−m [u0](T − t) 1−m 

ϵNϑp Nϑpt0 

where κϵ = κ/ϵNϑp , with c ∗ and cϵ as in (3.4.9); and κ as in Theorem 3.2.8. Inte-
grating (3.4.18) over suitable [t0, t1] and choosing t1 = T and t0 = t we arrive to 
(3.4.16). 

Proposition 3.4.5. Let N > 2s, m ∈ (0, 1) and assume (A1), (A2) and either 
(K1) or (M1). Let u be a nonnegative WDS of (FFDE) corresponding to the initial 
datum u0 ∈ Lp(Ω) with p ≥ 1 if m ∈ (mc, 1) or p > pc if m ∈ (0,mc]. Then, for all 
t ∈ [tϵ, T ) with ϵ ∈ (0, 1), there exists c = c(N, m, s, p, Ω, ϵ) blowing up when ϵ → 0, 
such that !2sϑp[p−(1+m)]+2sp ϑp 

4sϑp 1∥u0∥p ϑp 
1−mϑ1+m . 

T Nϑp 
∥u(t)∥∞ ≤ c∞,ϵ κϵ Q∗ [u0] 1−m (T − t) (3.4.19) 

Proof. For every t0 > ϵ0 T , by Theorem 3.2.8 and (3.4.16), !2sϑp[p−(1+m)]+ 2sϑp(1+m)2sp ϑp 2sp ϑp 
4sϑp 1−m∥u(t0)∥p ∥u0∥p (T − t0)
1−m∥u(t)∥∞ ≤ κ ≤ κ c 2sϑp Q∗ [u0]

(t − t0)Nϑp p,ϵ κϵ0 T Nϑp (t − t0)Nϑp 
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t−ϵ0 Twith κ and cp,ϵ as in Theorem 3.2.8 and (3.4.16) respectively. Then, we set t0 = 
1−ϵ0 

and ϵ = 2ϵ0 − ϵ02 , and by the same argument as in (3.4.13) we have that for every 
t ∈ [tϵ, T ) !2sϑp[p−(1+m)]+2sp ϑp 

4sϑp 2sϑp(1+m)−Nϑp(1−m)∞ ∥u0∥p 
1−m∥u(t)∥∞ ≤ cϵ κϵ0 T Nϑp 

Q∗ [u0] 1−m (T − t) 

where 
κ cp,ϵ 2sϑp √ 

c ∞ = with ϵ0 = 1 − 1 − ϵ.ϵ ϑp 1
Nϑpϵ0 (1 − ϵ0)ϑ1+m 1−m 

We fnish noticing that 

2sϑp(1 + m) − Nϑp(1 − m) ϑp 1 
= . 

1 − m ϑ1+m 1 − m 

Proposition 3.4.6. Let N > 2s > γ, m ∈ (mc,γ , 1) and assume (A1), (A2) and 
(K2). Let u be a nonnegative WDS of (FFDE) corresponding to the initial datum 
u0 ∈ L1

Φ1 
(Ω) and let ϵ ∈ (0, 1), then for every t ∈ [tϵ, T ) with tϵ = ϵT we have 

1 
∥u(t)∥∞ ≤ c̄1,ϵ (T − t) 1−m , (3.4.20) 

with c̄1,ϵ = c̄1,ϵ(N, m, s, p, Ω, λ1, ϵ) blowing up when ϵ → 0. 

Proof. By Theorem 3.2.9 and Proposition 3.4.2, for every t > t0 ≥ 0 

(2s−γ) ϑ1,γ (2s−γ) ϑ1,γ∥u(t0)∥L1 (Ω) 1−m 
Φ1 (T − t0)∥u(t)∥∞ ≤ κ ≤ c̄1 , (3.4.21)

(t − t0)Nϑ1,γ (t − t0)Nϑ1,γ 

(2s−γ) ϑ1,γwhere c̄1 = κc1 and κ and c1 are as in Theorem 3.2.9 and Proposition 3.4.2. 
t−ϵ T Now, imposing t > ϵ T with ϵ ∈ (0, 1) and introducing t0 = in (3.4.21) we get
(1−ϵ) 

1 
1−m ,∥u(t)∥∞ ≤ c̄1,ϵ (T − t) 

where c̄1,ϵ = c̄1
1 . 

ϵNϑ1,γ (1−ϵ) 1−m 

3.5 Boundary behaviour and Global Harnack 
Principles 

By means of the estimates in the previous section, here we prove quantitative upper 
and lower bounds of the solutions in terms of the frst eigenfunction of the operator 
L, that we recall to satisfy 

Φ1(x) ≍ δγ (x) = dist(x, ∂Ω)γ . 
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This provides the information necessary to state our Global Harnack Principles. 
In the classical setting, the frst GHP for the fast difusion equation where proven 
by Kwong [96, 95] and diBenedetto, Kwong and Vespri [58], in the range m ∈ 
(ms, 1). They introduce the name “Global Harnack Principle”, because they provide 
a uniform Harnack inequality globally both in space and in time. In these works, the 
Harnack constants depend on the initial data u0 by means of Q[u0], that is, ∥∇um∥2 
and ∥u0∥1+m. In [19], Bonforte and Figalli provide a new proof which eliminates 
the dependence on Q[u0], replacing it with Q∗[u0]. They also extend the result to 
the whole range m ∈ (0, 1), paying the price of an extra time exponent in the bad 
range m ∈ (0,ms]. By similar arguments to the ones in [19] we get the following 
results, which provide strong quantitative information of how the lateral boundary 
conditions are satisfed. 

3.5.1 Upper boundary estimates 
Theorem 3.5.1 (Upper boundary estimate). Let N > 2s, m ∈ (0, 1) and assume 
(A1), (A2) and (K2). Let u be a nonnegative WDS of (CDP) corresponding to the 
initial datum u0 ∈ Lp(Ω) with p ≥ 1 if m ∈ (mc, 1) or p > pc if m ∈ (0,mc]. Then, 
u(t) satisfes boundary condition and we have 

2spϑp∥u(t0)∥p 
u m(t, x0) ≤ κ B1(Φ1(x0)) for a.e. x0 ∈ Ω and ∀t > t0 ≥ 0, (3.5.1)

(t − t0)1+Nϑp 

with κ depending on p, m, s, γ, N and Ω, and B1 is defned as in Lemma 4.1 of [21],  Φ1(x0), for 2s > γ, 
B1(Φ1(x0)) := Φ1(x0)(1 + | log Φ1(x0)|), for 2s = γ, (3.5.2) 2s 

γ 

Φ1(x0) , for 2s < γ. 

In addition, 

um 2sϑp− [p−(1+m)]
1−m 1−m≤ c̄[u0, t](T − t) 
m 

, (3.5.3)
Φ1 

where  
2spϑp∥u0∥p , for 0 < t ≤ T/2, 2spϑp 

1−mtc̄[u0, t] = cn,p,s,N,Ω � �2sϑp[p−(1+m)]+2sp ϑp 4sϑp ∥u0∥ 
1−m , p 

T Nϑp Q∗[u0] for T/2 < t ≤ T. 

Proof. Let us frst prove (3.5.1). From Theorem 3.2.8 it follows that u(t) is bounded 
for every t > 0. Indeed, for a.e. x0 ∈ Ω and t > 0 we have (recall that B1 is defned 
in (3.5.2)) Z 

u(t/2, x)GΩ(x0, x) dx ≤ ∥u(t/2)∥∞∥GΩ(x0, ·)∥L1(Ω) ≤ c1∥u(t/2)∥∞B1(Φ1(x0)) , 
Ω 

(3.5.4) 
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where in the last step we have used Lemma 4.2 of [21] which requires (K2). We 
remark that constant c1 depends on m, s, γ and N . Then, we use (3.5.4) in estimate 
(3.2.17) with p = 1, t1 = t and τ = t/2, 

1 1Z 
1−m2 2 1−m c1 

u m(t, x0) ≤ u(t/2, x) GΩ(x0, x) dx ≤ ∥u(t/2)∥∞B1(Φ1(x0)) . 
(1 − m) t Ω (1 − m) t 

Now, let us apply the smoothing estimate of Theorem 3.2.8, 

1 2spϑp 2spϑp
1−m2 1−m c1 2 c1 ∥u0∥p 

u m(t, x0) ≤ ∥u(t/2)∥∞ B1(Φ1(x0)) ≤ B1(Φ1(x0)) . 
t1+Nϑp(1 − m) t (1 − m) 

Estimate (3.5.1) follows from the property of semigroups (time-shift invariance). 
For the weighted result with 2s > γ, we repeat this last step with the smoothing 
estimate of Theorem 3.2.9, 

1 (2s−γ)pϑp,γ (2s−γ)pϑp,γ∥u0∥2 1−m c1 2 1−m c1 Lp 
Φ1 

(Ω) 
u m(t, x0) ≤ ∥u(t/2)∥∞Φ1(x0) ≤ Φ1(x0) . 

(1 − m) t (1 − m) t1+Nϑp,γ 

Now, to prove (3.5.3) we take the pointwise estimate (3.2.16) and compute 
m� � 

1−m 1−mum(t, x0) c t 
m 

T ∥u(t0)∥∞≤ ∥u(t0)∥∞ ≤ c , (3.5.5)
Φ1(x0) 1 − m 

1− 
1 
m 

1 t0 t − t0t − t0 
1−m 

m 
1−m 1 

t 
1−m 1−musing that t 

1 
is convex and so 0 ≤ t 

1 
− t 1−m . Now, we use (3.4.19) and we 

1−m 0 
get, for any t0 such that t0 ≥ tϵ0 > 0, 

ϑp!2sϑp[p−(1+m)]+ 1
2sp ϑpum(t, x0) ∥u0∥p 4sϑp (T − t0)ϑ1+m 1−m 

1−m 
ϵ0 T Nϑp 

≤ c · c ∞ κϵ0 Q∗ [u0] . 
Φ1(x0) t − t0 

t−ϵ0 TThen, we set t0 = 
1−ϵ0 

and ϵ = 2ϵ0 − ϵ02 , as in (3.4.13). Choosing ϵ0 such that 
ϵ = 1/2, we have that for every t ∈ [T/2, T ) !2sϑp[p−(1+m)]+2sp ϑpum(t, x0) ∥u0∥ 4sϑp 2sϑpp − [p−(1+m)]

1−m 1−m 

T Nϑp 
≤ cm,p,s,N,Ω Q∗ [u0] 1−m (T − t) 

m 
. 

Φ1(x0) 

In the case t < T/2, we just use Theorem 3.2.8 in the frst inequality in (3.5.5) and 
we get 

2spϑp 2spϑp 2spϑp
1−m mum(t, x0) c t 
m 

∥u0∥p ∥u0∥p ∥u0∥p≤ 1 κ ≤ C ≤ C (T − t) 1−m ,
Nϑp tNϑp+1 2spϑpΦ1(x0) 1 − m 1 

t 1−m − t0 
1−m t0 t 1−m 

where C depends on m, p, s, N and Ω. The expression above implies (3.5.3) when 
t ≤ T/2. 
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Theorem 3.5.2. Let N > 2s > γ, m ∈ (mc,γ , 1) and assume (A1), (A2) and 
(K3). Let u be a nonnegative WDS of (FFDE) corresponding to the initial datum 
u0 ∈ L1

Φ1 
(Ω). Then, for every t ∈ [T/2, T ) we have 

um(t, x0) ≤ cγ (T − t) 1− 
m
m , (3.5.6)

Φ1(x0) 

where ( 
1 for 0 < t ≤ T/2,m , 

1−mtcγ = cn,p,s,N,Ω 
1, for T/2 < t ≤ T. 

Proof. We follow the same proof of Theorem 3.5.1 until (3.5.5), where we just apply 
the L∞ estimate (3.4.20). We choose ϵ0 such that the result holds for all T/2 ≤ t. 

3.5.2 Lower boundary estimates 
Theorem 3.5.3 (L1

Φ1 
norm lower estimates). Let N > 2s > γ, m ∈ (0, 1) and as-

sume (A1), (A2) and (K3). Let u be a nonnegative WDS of (FFDE) corresponding 
to the initial datum u0 ∈ Lp(Ω) with p ≥ 1 if m ∈ (mc, 1) or p > pc if m ∈ (0,mc]. 
Then, for every t ∈ [T/2, T ) we have 

2sϑp[p−(1+m)]+1 
1−m 1−m 

Φ1 
∥u(t)∥L1 ≥ c(T − t) + , (3.5.7) 

where  
c2 

4sϑ1+m(2−m) , when m ∈ (ms,mγ,c] ,Q∗[u0] 1−m 

c =  c3 p−2m+1 , when m ∈ (0,ms] . 
4sϑp 2sp ϑp 

!2sϑp[p−(1+m)]+Q∗[u0] 1−m ∥u0∥p N ϑpT 

In addition, if u0 ∈ L1
Φ1 
(Ω) and m ∈ (mc,γ , 1), then 

1 
∥u(t)∥L1 ≥ c1(T − t) 1−m . (3.5.8)

Φ1 

The constants c1, c2 and c1 depend only on m, p, s, N, Ω. 

Proof. We follow the proof in [19] for (3.5.7). First, diferentiating the L1
Φ1 

norm 
and setting p ≥ 2m we have Z Z Z 
d 

u Φ1 dx = − L(u m)Φ1 dx = −λ1 u mΦ1 dx 
dt Ω Ω Ω Z p 

λ1 ∥u∥p 1−m
p 

1−mup Φ1 p λ1 cp (T − t)
= −λ1 dx ≤ − ≤ − 

up−2m um ∥u∥p−2m∥um ∥u∥p−2m∥um 
Ω ∞ ∥∞ ∞ ∥∞Φ1 Φ1 

(3.5.9) 

where we have used the lower estimate for the Lp norm in (3.4.16). Now, we split 
the proof in three parts depending of the range of m ∈ (0, 1). 
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• m ∈ (ms, 1). Here, we take p = 1 + m in the estimates (3.4.19) and (3.5.3) 
and choose ϵ such that 

4sϑ1+m 1 um(t) 4sϑ1+m m 
∥u(t)∥∞ ≤ c∞,1/2Q ∗ [u0] 1−m (T − t) 1−m and ≤ cb,1/2Q ∗ [u0] 1−m (T − t) 1−m 

Φ1 ∞ 
(3.5.10) 

for every t ∈ [T/2, T ), with both c and c ′ depending only on n, p, s, n and Ω. 
Introducing (3.5.10) in (3.5.9) with p = 1 + m we get 

1+mZ 1−m 1−md λ1 c1+m (T − t) 
m 

u Φ1 dx ≤ − . (3.5.11)
4sϑ1+m(2−m)dt 1−mΩ 1−mc cb,1/2 Q∗[u0]∞,1/2 

Then, integrating over [t, T ] we get 
1+m 

1λ1 (1 − m) c 1−m (T − t) 
1 

1−m 
4sϑ1+m(2−m)

∥u(t)∥L1 ≥ 1+m 1−m 

= c(u0) (T − t)
Φ1 1−m 1−mc cb,1/2 Q∗[u0]∞,1/2 

for all t ∈ [T/2, T ). 
• m ∈ (mc,γ , 1). In this case, we are allowed to use estimates (3.4.20) and 

(3.5.6) so that, setting again p = 1 + m in (3.5.9) and ϵ = 1/2, we get for all 
t ∈ [T/2, T ) Z 1+m 1+m1+m m 

1−m 1−m1−m 1−md λ1 c (T − t) λ1 c (T − t)1+m 1+m u Φ1 dx ≤ − ≤ − 
∥um 1−mdt ∥u∥1−m ¯ Ω ∞ ∥∞ c cmc,1/2Φ1 1,1/2 

which integrated over [t, T ] gives 
1+m 1 

λ1 (1 − m) c 1−m (T − t) 1 
∥u(t)∥L1 ≥ 1−m 

1+m 1−m 

= c (T − t) 1−m . (3.5.12)
Φ1 c̄ cmc,1/21,1/2 

• m ∈ [0,ms). For the remaining case, in which we have that p > 1+ m > 2m, 
we introduce estimates (3.4.19) and (3.5.3) in (3.5.9) to obtain 

pZ 
1−m 1−md λ1 cp (T − t) 

p 

u Φ1 dx ≤ − 
∥umdt ∥u∥p−2m 

Ω ∞ Φ1 
∥∞ 

m + 2sϑp[p−(1+m)] 
1−m 1−mλ1 (T − t)≤ − � ,�2sϑp[p−(1+m)]+(p−2m+1)p 2sp ϑp 4sϑp

1−m p−2m ∥u0∥p (p−2m+1)
1−mcp c∞,ϵ cb,ϵ κϵ0 T Nϑp Q∗[u0]

which integrated over [t,T] gives 
1 2sϑp[p−(1+m)]

+
1−m 1−mλ1 (1 − m) (1 + 2sϑp(p − 2m + 1)[p − (1 + m)])−1 (T − t)∥u(t)∥L1 ≥ " # 

Φ1 p 
� �2sϑp[p−(1+m)]+ 

p−2m+1 
4sϑp 2sp ϑp 

1−m p−2m ∥u0∥p1−mcp c∞,ϵ cb,ϵ Q∗[u0] κϵ0 T N ϑp 

1 2sϑp[p−(1+m)]
+ = cp(u0)(T − t) 1−m 1−m . 

Setting ϵ and ϵ0 such that the expression above holds for t ∈ [T/2, T ] we get the 
result. 
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Theorem 3.5.4 (Global lower bounds ). Let N > 2s, m ∈ (0, 1) and assume 
(A1), (A2) and (K3). Let u be a nonnegative WDS of (FFDE) corresponding to the 
initial datum u0 ∈ Lp(Ω) and extinction time T = T (u0). Then, for all t ∈ (0, T ): 

m 
um(t, x0) t 1−m 2sϑp[p−(1+m)]+ 

≥ c[u0] (T − t) 
m + , (3.5.13) 

� � 
1−m 1−m 

Φ1 T 
where  

c2 
4sϑ1+m(2−m) , when m ∈ (ms,mγ,c] , Q∗[u0] 1−m 

c[u0] =  c3  when m ∈ (0,ms] .!2sϑp[p−(1+m)]+ 
p−2m+1 , 

4sϑp 2sp ϑpQ∗[u0] 1−m ∥u0∥p NϑpT 

In addition, if u0 ∈ L1
Φ1 
(Ω) and m ∈ (mγ,c, 1), then � � 

1−mum(t, x0) t 
m 

≥ c1 (T − t) 1− 
m
m . (3.5.14)

Φ1 T 

Constants c1, c2 and c3 depend only on m, p, s, N, Ω. 

Proof. When t ∈ [T/2, T ], to prove estimates (3.5.13) and (3.5.14) we compute Z 
1−m1 t 
m 

u m(t, x0) ≥ u(t, x)GΩ(x0, x) dx 
1 − m T 

1 
− t 

1 
Ω1−m 1−m 

m 
c t 1−m 

≥ 1 1 ∥u(t)∥L1 (Ω) Φ1(x0)
Φ11 − m 1−m 1−mT − t 

m ∥u(t)∥L1 
� � 

1−m (Ω)t ≥ c Φ1 Φ1(x0)
T T − t 

where we have used that T 1/(1−m) − t1/(1−m) ≤ 
1− 
1 
m T m/(1−m) (T − t), as t1/(1−m) is 

convex and Lemma 3.2.4. Choosing the right lower estimates for L1
Φ1 
-norm in 3.5.3 

both results follow. 
When 0 < t < T/2 we notice that by (3.2.16) 

m 
1−m 

� � 
um(t0) t0 um(t)≥ . 
Φ1 t Φ1 

um(t)Using 0 < t0 < T/2 ≤ t ≤ T and the estimate for 
Φ1 

when t ∈ [T/2, T ] we get the 
result for t0 ∈ (0, T/2). 

3.5.3 Global Harnack Principles 
Here we combine upper and lower estimates above to get the following Global Har-
nack Principles: 
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Theorem 3.5.5 (Global Harnack Principle I). Let N > 2s > γ, m ∈ (0, 1) and 
assume (A1), (A2) and (K3). Let u be a nonnegative WDS of (FFDE) correspond-
ing to the initial datum u0 ∈ Lp(Ω) with extinction time T = T (u0). Then, for all 
t ∈ (0, T ), we have 

m 
1−m 2sϑp[p−(1+m)]+ 2sϑp 

� � 
t um 

+ − [p−(1+m)]+1−m 1−m 1−m 1−mc[u0] (T − t) 
m 

≤ ≤ c̄[u0, t](T − t) 
m 

,
T Φ1 

(3.5.15) 

where  
2spϑp∥u0∥p 2spϑp , for 0 < t ≤ T/2, 

1−mtc̄[u0, t] = cn,p,s,N,Ω � �2sϑp[p−(1+m)]+2sp ϑp 4sϑp ∥u0∥p 
T Nϑp Q∗[u0] 1−m , for T/2 < t ≤ T. 

and 
cm,p,s,N,Ω 

c[u0] = " � �2sϑp[p−(1+m)]+ 
#p−2m+1 . 

4sϑp 2sp ϑp∥u0∥p1−mQ∗[u0] T Nϑp 

Theorem 3.5.6 (Global Harnack Principle II). Let N > 2s > γ, m ∈ (mc,γ , 1) and 
assume (A1), (A2) and (K3). Let u be a nonnegative WDS of (FFDE) correspond-
ing to the initial datum u0 ∈ L1

Φ1 
(Ω) with extinction time T = T (u0). Then, for all 

t ∈ (0, T ), we have 
m 

1−m 
� � 
t um(t, x0)

1−m 1−mc (T − t) 
m 

≤ ≤ c̄[t] (T − t) 
m 

(3.5.16)
T Φ1(x0) ( 

1 for 0 < t ≤ T/2,m , 
c̄[t] = c̄ · t 1−m 

1, for T/2 < t ≤ T, 

where c and c̄ depend only on m, p, s, N, Ω. 

Remark 3.5.7. (i) Notice that, when m ∈ (ms, 1) we can choose p = 1 + m in 
(3.5.15) and get matching exponents in the GHP: 

m 
t 1−m um 

c[u0] (T − t) 
m 

≤ ≤ c̄[u0, t](T − t) 1− 
m
m , 

� � 
1−m 

T Φ1 

(ii) When m ∈ (mc,γ , 1), we remove the dependence of the constant of the GHP in 
the initial data, see defnition of c and c̄(t) in (3.5.16). 

3.6 Regularity 
Once we know that solutions to (CDP) are globally positive and bounded, with 
precise pointwise bounds given by the GHP, the next natural question is whether 
or not they are continuous. Indeed, we show that they are Hölder continuous in 
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space and time and up to the boundary, cf. Theorem 3.6.1. For the general class 
of operators that we consider, this is the best result that one can expect, as the 
coefcients of the linear operator are, in general, only measurable and bounded. 
This is proven in Theorem 3.6.1, by means of a localization argument and Hölder 
estimates for linear parabolic operators with measurable coefcients. An intriguing 
open problem is represented by the optimality of the Hölder exponent. This part 
is still a work in progress, as we shall comment further on. On the one hand, we 

β/2s,β
shall show that the solution can be classical in the interior, namely Ct,x for some 
β ∈ (0, 1), when the operator L allows it. We shall see how to use standard Schauder 
estimates for linear operators to obtain such improvement, namely Theorem 3.6.3. 
On the other hand, the GHP show that the optimal boundary regularity may difer 
from the one in the interior. We conjecture that the optimal exponent is determined 
by the power of the distance to the boundary in the GHP, namely α = γ/m > 0. 
We notice that γ/m can be bigger than one, in which case the Cα regularity has 
to be understood in the sense of C [α],α−[α], where [α] is the integer part of α. This 
would follow by exploiting the interior higher regularity and delicate localization 
and scaling arguments, in the spirit of [20, 22]. From now on, we will assume the 
following form of the operator: Z 

[f(x) − f(y)]a(x, y)Lf(x) = dy + B(x)u(x), (3.6.1)
|x − y|N+2s 

RN 

where 

λ ≤ a(x, y) ≤ Λ, and 0 ≤ B ∈ L∞(Ω). 

for some 0 < λ, Λ < ∞. In what follows, for the sake of simplicity, we will ignore 
the lower order term B(x)u(x), but all the calculations work also with this term. 

We are now ready to state the frst main result of this section, concerning Hölder 
regularity for solutions. 

Theorem 3.6.1 (Interior and boundary Hölder regularity). Let N > 2s > γ, m ∈ 
(0, 1) and assume (A1), (A2) and (K3). Let L be as in (3.6.1) and u be a nonnegative 
WDS of (FFDE) corresponding to the initial datum u0 ∈ Lp(Ω). Then, for any 
0 < t0 < t1 < T 
Interior regularity: There exists α ∈ (0, 1) such that 

∥u∥Cα/2s,α((t0,t1)×Ωϵ) ≤ Cϵ, (3.6.2) 

where, for fxed 0 < ϵ, Ωϵ ⊂ Ω is such that, if x0 ∈ Ωϵ then ϵ < dist(x0, ∂Ω). 
Boundary regularity: For any α ′ ∈ (0, 2sγ ∧ α) we have that

2sm+γ(1−m) 

∥u∥Cα ′ /2s,α ′ Ω) ≤ C. (3.6.3)((t0,t1)× ̄  

The proof follows the main lines of [20, 22]. We frst localize the problem in a 
domain inside (0, T ) × Ω. Next we rewrite the nonlinear problem as a linear one 
with “good” coefcients a(t, x, y), to be able to exploit the linear theory for nonlocal 
parabolic operators, in our case represented by a celebrated result by Felsinger and 
Kassmann [64], recalled below. We can use the GHP of Theorem 3.5.5 to ensure 
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that “the coefcients a(t, x, y) are uniformly parabolic”, that is there exist constants 
0 < λ < λ̄ such that λ ≤ a(t, x, y) ≤ λ̄. We fnally extend the Cα regularity up to 
the boundary. 

We recall here the key result needed in the proof of Hölder regularity of solutions, 
which we have adapted from [64] to our notations and we have modifed by adding 
a non homogeneous term f . 

Theorem 3.6.2 (Felsinger-Kassmann [64]). Let L be like. Z 
a(t, x, y)Laf(x) = P.V. [f(x) − f(y)]

|x − y|N+2s dy 
RN 

with Λ−1 ≤ a(t, x, y) ≤ Λ for some 1 ≤ Λ < ∞. Then, there exists β ∈ (0, 1) 
depending on N, s and Λ such that for every solution to ∂tu + Lu = f in (0, 1) × B1 
with ∥f∥L∞((0,1)×B1) < C satisfes � � 

∥u∥Cβ/2s,β (1/2,1;B1/2) ≤ C ∥u∥L∞((0,1)×RN ) + ∥f∥L∞((0,1)×B1) . 

for some C that depends only on N , θ, m, s and Λ. 

Proof of 3.5.6. We begin by proving the interior Hölder estimates. Given (t0, x0) ∈ 
(0, T ) × Ω, let R ≥ 4 such that � �1/θ

dist(x0, ∂Ω) T − t0≤ 
R 2 

and we defne 
dist(x0, ∂Ω) 

r = . 
R 

Now, defne θ := 2s + γ(
m 
1 − 1) and rescale the equation 

∂tu + Lu m = 0 in (t0, t0 + r θ) × Br(x0) ⊂ (0, T ) × Ω , 

so that 
−γ/m θ ur(t, x) = r u(t0 + r t, x0 + rx) , 

is solution of 
∂tur + Lurm = 0 in (0, 1) × B3(0) . (3.6.4) 

By Theorem 3.5.5, we have that for all (t, x) ∈ (0, 1) × B3(0) 

1 (t, x) 1−γ/m θ +σ+ ur −γ/m θ −σ
1−m 1−mr c[u0](T − t0 − r t) ≤ ≤ r c[u0](T − t0 − r t) . 

dist(x0 + rx, ∂Ω)γ/m 

(3.6.5) 
Notice that 

i) 1 ≤ r −γ/mdist(x0 + rx, ∂Ω)γ/m ≤ 2Rγ/m ∀x ∈ B3(0) , 

T − t0ii) ≤ (T − t0 − r θt) ≤ T − t0 ∀t ∈ (0, 1) . 
2 
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Hence, from (3.6.5) we deduce the following bounds for ur(t, x) with (t, x) ∈ (0, 1) × 
B3(0), 

1 1 
c[u0](T − t0) 1−m +σ ≤ ur(t, x) ≤ c[u0](T − t0) 1−m −σ . (3.6.6) 

Now, let η ∈ Cc 
∞(B2) be such that η = 1 in B1. Then, we can write 

u mr (t, x) − u mr (t, y) = [ur(t, x) − ur(t, y)]a(t, x, y) + h(t, x, y), 

where 

um(t, x) − um(t, y) 
a(t, x, y) = r r η(x − y) + [1 − η(x − y)] 

ur(t, x) − ur(t, y) 

and 

m m mh(t, x, y) = [u (t, x) − u (t, y) − ur(t, x) + u (t, y)](1 − η(x − y)).r r r 

So we can write (3.6.4) as 

∂tur + La,rur = fr in (0, 1) × B3(0) , 

where Z 
La,rur(t, x) = P.V. (ur(t, x) − ur(t, y))a(t, x, y)Kr(x, y) dy 

RN 

and Z 
fr(t, x) = P.V. h(t, x, y)Kr(x, y) dy . 

RN 

Notice that, as m ∈ (0, 1) we have that 

m umr (t, x) − umr (t, y) m ≤ ≤ . 
1−m 1−mmax{u1−m(t, x), u1−m(t, y)} (t, x) − ur(t, y) min{u (t, x), u (t, y)}r r ur r r 

Then, for (t, x, y) ∈ (0, 1) × B1 × RN we have the following estimate 

λ ≤ a(t, x, y) ≤ Λ, 

where 
m 

λ = η(x − y) + [1 − η(x − y)] 
c[u0]1−m(T − t0)1−σ(1−m) 

and 
m 

Λ = η(x − y) + [1 − η(x − y)]. 
c[u0]1−m(T − t0)1+σ(1−m) 

On the other hand, is easy to see that h(t, x, y) = 0 when |x − y| ≤ 1. This, with 
the fact that ur is bounded, leads to 

∥fr∥L∞(0,1)×B1 ≤ C. 
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So we satisfy all conditions in Theorem 3.6.2 and we have that � � 
∥ur∥Cα/2s,α((1/2,1)×B1/2) ≤ C ∥ur∥L∞((0,1)×RN ) + ∥fr∥L∞((0,1)×B1) . 

Recalling the defnition of ur, the expression above implies 

r−γ/m|u(t0 + rθτ, x0 + rx)| − u(t0 + rθτ ′ , x0 + rx ′ ) 
sup ≤ C. α 

τ,τ ′ ∈(1/2,1) |τ − τ ′| 2s + |x − x ′|α 

x,x ′ ∈B1/2 

Now, we can write 

r−γ/m|u(t0 + rθτ, x0 + rx) − u(t0 + rθτ ′ , x0 + rx ′ )|
|τ − τ ′| 2 

α
s + |x − x ′|α 

r−γ/m|u(t0 + rθτ , x0 + rx)| − u(t0 + rθτ ′ , x0 + rx ′ ) 
= α1 |rθτ − rθτ ′| 2s + 1 |rx − rx ′|α 

αθ αr2s 

− γ αθ ′ 
r 

+ θτ θτ r m 2s |u(t0 + r , x0 + rx)| − u(t0 + r , x0 + rx ′ )≥ α |rθτ − rθτ ′| 2s + |rx − rx ′|α 

This gives 
γ − αθ 
m∥u∥Cα/2s,α((t0+rθ /2,t0+rθ)×Br/2(x0)) ≤ Cr 2s , 

which, by a covering argument, yields the interior regularity result. 
The Hölder regularity can be extended up to the boundary by noticing that if 

α ≤ γ
θm 
2s , the right hand side in the above formula does not depend on r. We can 

therefore let r → 0 we get the regularity up to the boundary in Ω, namely inequality 
(3.6.3). 

The last main result of this section consists in showing that solutions are classical 
when the operator allows it. Let us be more precise: we shall provide a bound for 
the C1+2s,β+2s norm, where β is the Hölder regularity exponent of the coefcients of 
the operator L. This implies that weak dual solutions of (CDP) are classical when 
bounded. 

Theorem 3.6.3 (Classical solutions in the interior). Let N > 2s > γ, m ∈ (0, 1) 
and assume (A1), (A2) and (K3). Let L be as in (3.6.1) and u be a nonnegative 
WDS of (FFDE) corresponding to the initial datum u0 ∈ Lp(Ω). Assume in addition 

|a(x, y) − a(x ′ , y ′ )| ≤ c(|x − x ′ |β + |y − y ′ |β ), with β ∈ (0, 1 ∧ 2s), 

such that β + 2s is not an integer. Then, 

∥u∥C1+β/2s,2s+β ((t0,t1)×Ωϵ) ≤ Cϵ, (3.6.7) 

where Cϵ depends only on the norm ∥u∥Cβ1/2s,β1 ((t0,t1)×Ωϵ)
, where β1 = (α ∧ β). 
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The proof relies on an improvement of the arguments used in the proof of The-
orem 3.6.1, but we replace the linear result with a Schauder estimate for uniformly 
parabolic equations given by Dong and Zhang in [76, Theorem 1.1]. Unfortunately, 
their result only holds for “a priori” smooth solutions, hence it does not directly ap-
ply to weak (dual) solutions as the result by Felsinger and Kassmann. This difculty 
can be overcome by an approximation argument, by means of mollifers, incremen-
tal quotients, or simply by regularizing the initial data. As of now, this Theorem 
only has a “formal proof”, which we have decided to include because it allows to 
appreciate the main ideas. Making it rigorous is a work in progress (a joint work 
with Bonforte and Ibarrondo, in fnal stages of preparation), and we sketch the 
approximation argument at the end of the proof. 

Proof. Let ur, La,r and fr be as in the proof of Theorem 3.6.1. Once we know that 
ur ∈ C α ,α((1/2, 1) × B1/2), we just apply Theorem 1.1. by Dong and Zhang in [76].2s 

For this, let us defne v = ρUr, where ρ ∈ Cc 
∞(B1/2) is a cut-of function such that 

ρ ≡ 1 in B1/4. Then, for any (t, x) ∈ (1/2) × B1/4 we have 

∂tur + La,rur = ∂vt + La,r[vr] + La,r[ur − vr] = fr, 

this is, 

∂vt + La,rvr = fr + gr, in (1/2, 1) × B1/4, 

where Z 
gr(t, x) = La,r[vr − ur] = P.V. ur(t, y)(1 − ρ(t, y))a(t, x, y)Kr(x, y) dy . 

RN \B1/4 

Notice that ur(t, y)(1 − ρ(t, y)) = 0 in B1/4. Let us defne β1 = (α ∧ β), where β is 
the one in the regularity assumption of K(x, y). It is easy to see that 

∥gr + fr∥Cβ1/2s,β1 ((1/2,1)×B1/4) ≤ C0 and v ∈ Cβ1/2s,β((1/2, 1) × RN ), 

and that � � 
C |t1 − t2|β1/2s + |x1 − x2|β1 

|a(t1, x1, y)Kr(x1, y) − a(t2, x2, y)Kr(x2, y)| ≤ . 
yN+2s 

Then, formally, by Theorem 1.1. in [76] we have that � � 
∥v∥C1+β1/2s,2s+β1 ((3/4,1)×B1/8) ≤ C ∥v∥Cβ1/2s,β1 ((1/2,1)×B1/4) + C0 . 

At this point, if α ≥ β, and thus β1 = β, we are done. Otherwise, we repeat the 
whole argument with β1 = β and we get � � 

∥ur∥C1+β/2s,2s+β ((7/8,1)×B1/16) ≤ C ∥ur∥Cβ/2s,β ((3/4,1)×B1/8) + C0 . (3.6.8) 

Recalling the defnition of ur, by a covering argument we get (3.6.7). 
This concludes the proof for smooth solutions, hence it is still formal for general 

bounded (hence Hölder continuous) WDS. This is due to the fact that Theorem 
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1.1. in [76] only applies to C1+β/2s,2s+β solutions, for some β ∈ (0, 1). In order to 
make the previous proof rigorous, it is sufcient to approximate the initial data by a 

n→∞
sequence of u0,n of smooth functions, such that u0,n −−−→ 0. Next, we need to prove 
that smooth data generate sufciently smooth solutions, namely u0,n ∈ Cc 

∞ implies 
∈ C1+β/2s,2s+β(at least) un , for which the above proof is rigorous and estimate 

(3.6.8) is valid for such un. Since the constants involved in estimate (3.6.8) do not 
depend on un, we are allowed to take the limit as n → ∞ and conclude the proof. 

Appendix B 

Useful inequalities 
Operators with nonnegative kernels. Let L be an operator of the form Z 

L[v](x) := P.V. [v(x) − v(y)] K(x, y) dy + B(x)v(x) with K, B ≥ 0 . 
Ω 

(3.6.9) 
We show next a simple formal proof of Kato and Stroock-Varopoulos ([131, 

136]) inequalities, without any claim of originality, indeed diferent proofs appear 
in literature for operators like L. Our proof of Stroock-Varopoulos is inspired from 
[109], and from personal communications with the authors of that paper. Of course, 
justifying that all the integrals involved are fnite would make this proofs rigorous. 
Throughout the paper, we pay attention to this fact and all the involved quantities 
are fnite. 

Lemma 3.6.4. (Kato’s inequality). Let L be an operator as in (3.6.9), and let 
f ∈ C0(R) be a convex function with f(0) ≤ 0. Then, if L[v] ∈ L1 Katoloc(Ω), 
inequality holds in the sense of distributions: 

Lf(v) ≤ f ′ (v) Lv . (3.6.10) 

Proof. Recall that a convex function lies above its tangent: 

f(v) − f(w) ≤ f ′ (v)(v − w) ∀v, w ∈ R. 

Then, since K(x, y) > 0 and B(x) ≥ 0, it holds that Z 
Lf(v(x)) = [f(v(x)) − f(v(y))] K(x, y) dy + B(x)f(v(x)) ZRN 

≤ [f(v(x)) − f(v(y))] K(x, y) dy + B(x) [f(v(x)) − f(0)] ZRN 

≤ f ′ (v(x)) [v(x) − v(y)] K(x, y) dy + B(x)f ′ (v(x))v(x) 
RN 

= f ′ (v(x))Lf(v(x)) . 
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Lemma 3.6.5. (Stroock-Varopoulos inequality). Let L be an operator as in 
(3.6.9) with s ∈ (0, 1).Then for any q > 1 Z Z 

4(q − 1) 2 L1/2 q/2 vq−1Lv dx ≥ v dx (3.6.11) 
q2 

Ω Ω 

for all v ∈ Lq(Ω) such that Ls/2v ∈ Lq(Ω). 

Proof. In this proof we will use the following inequality: let 0 ≤ α, β ∈ R such that 
α + β = 2, then 

(a α − bα)(a β − bβ ) ≥ αβ(a − b)2 , ∀a, b ∈ R, (3.6.12) 

which can be proved just by Cauchy-Schwarz inequality as follows � Z a �2 � Z a �2 � Z a �� Z a �α−1 β−1 
2(a − b)2 = dt = t t 2 dt ≤ tα−1dt tβ−1dt 

b b b b 

(aα − bα) (aβ − bβ ) 
= . 

α β 

Using the symmetry of the kernel, Fubini’s theorem and inequality (3.6.12) we get Z Z � Z � � � 
vq−1Lv dx = vq−1(x) v(x) − v(y) K(x, y) dy + B(x)vq(x) dx 

Ω Ω ΩZ Z Z 
1 � �� � 

= vq−1(x) − vq−1(y) v(x) − v(y) K(x, y) dy dx + B(x)vq(x) dx 
2 Ω Ω ΩZ Z Z 
1 4(q − 1) � �2q/2(x) − vq/2(y)≥ v K(x, y) dy dx + B(x)vq(x) dx 
2 q2 

Ω Ω ΩZ 
4(q − 1) q/2Lvq/2 = v . 

q2 
Ω 

Now, we can use the assumption (L1) to get Z Z Z � �2 Zq/2(x) − vq/2(y)vq/2Lvq/2 ≍v dy dx + B(x)vq(x) dx,
|x − y|N+2s 

Ω Ω Ω Ω R 
q/2Lvq/2which tells us that 

Ω v is a Dirichlet form (symmetric and closed). This 
and the fact that −L is a non-positive self-adjoint operator allows us to write Z Z 

2q/2Lvq/2 L1/2 q/2 v = v dx . 
Ω Ω 

We recall a variant of a brilliant Lemma due to De Giorgi, often used in Elliptic 
equations that we adapt here for our purposes. 

Lemma 3.6.6. (De Giorgi). Let Z(t) be a bounded nonnegative function in the 
interval [t0, t1]. Assume that for t0 ≤ τ < t ≤ t1 we have 

A B 
Z(t) ≤ θZ(τ) + + + C (3.6.13)

(t − τ)α (t − s)β 
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with A, B, C ≥ 0, α > 0 and 0 ≤ θ ≤ 1. Then 

Ac(α, λ, θ) Bc(β, λ, θ) C 
Z(t1) ≤ + + (3.6.14)

(t1 − t0)α (t1 − t0)β (1 − θ) 

where 
1 

c(α, λ, θ) = α � θ � for any λ ∈ (θ 
(1 − λ) 1 − 

λα 

Proof. We defne the sequence {τi} as follows 

τ0 = t1, τi+1 = τi − (1 − λ)λi(t1 − t0) Pk−1 so τk = (1 − λ)λi(t1 − t0) and limk→∞ τk = Now, we can iterativelyt1 − i=0 t0. 
write (3.6.13) as 

A B 
Z(τ0) ≤θZ(τ1) + + + C 

(τ0 − τ1)α (τ0 − τ1)β 

θA θB A B ≤θ2Z(τ2) + + + θC + + + C 
(τ1 − τ2)α (τ1 − τ2)β (τ0 − τ1)α (τ0 − τ1)β 

. . . 
k−1 � �i k−1 � �i k−1X X XA θ B θ ≤θkZ(τk) + + + C θi . 

(1 − λ)α(t1 − t0)α λα (1 − λ)β (t1 − t0)β λβ 
i=0 i=0 i=0 

Finally, as the series on the right-hand side converges, we take the limit as k → ∞ 
and we get (3.6.14). 

Technical proofs 
Lemma 3.6.7. (Decay of L1

Φ1 
-norm). Let u(t) be a nonnegative WDS, then 

∥u(t1)∥L1 ≤ ∥u(t0)∥L1 for every 0 < t0 < t1 < T . 
Φ1 Φ1 

Proof. We want to use the inadmissible test function ψ(t, x) = χ[t0,t1](t)Φ1(x) in the 
equation, therefore we consider the Cc 

1 approximation in time ψn(t, x) = χn(t)Φ1(x) 
where  2n 1 )2(t − t0 + if t ∈ [t0 − 1 , t0),2 n n 

11 − n2 
(t − t0 − 1 )2 if t ∈ [t0, t0 + ),

2 n n1 if t ∈ [t0 + 
n 
1 , t1 − 

n 
1 )

χn(t) = 
1 )21 − n2 

(t − t1 + if t ∈ [t1 − 1 , t1),2 n n  n2 
(t − t1 − 1 )2 if t ∈ [t1, t1 + 1 ),

2 n n 
0 otherwise . 

Using the LHS of (WDS), we obtain Z Z Z Z ZT T T 
L−1 u ∂tψ dx dt = u ∂tχn L−1Φ1 dx dt = λ− 

1
1 ∥u(t)∥L1

Φ1 
∂tχn(t) dt . 

0 Ω 0 Ω 0 

1 
1)α , . 
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Let us show that ∂tχn is an approximation of δt0 − δt1 . We know that  
1 n2(t − t0 + )
n if t ∈ [t0 − 1 , t0),n −n2(t − t0 − 1 ) n if 1t ∈ [t0, t0 + ),

n 
∂tχn = 1−n2(t − t1 + )

n if t ∈ [t1 − 1 , t1),n 

n2(t − t1 − 1 )
n0 

if 1t ∈ [t1, t1 + ),
n 

otherwise . 

Now, let us consider the following approximation of the identity:  n2(t + 1 ) if t ∈ [− 1 , 0), n n 
hn(t) = −n2(t − 1 ) if t ∈ [0, 1 ), n n 

0 otherwise . R 
It can be seen that for any f ∈ C(R) it holds that lim R f(t)hn(t) dt = f(0), 

n→∞ 
since we can take limits in Z 

inf {f(t)} ≤ f(t)hn(t) dt ≤ sup {f(t)} ∀n > 0 . 
1t∈[− 1 , ] 1 

n n R t∈[− 1 , ]
n n 

Notice that the inf{f} and the sup{f} above are attained due to Weierstrass The-
orem. 
Then, as we can rewrite ∂χn(t) = hn(t − t0) − hn(t − t1), we conclude that Z T � � 

∥u(t0)∥L1 − ∥u(t1)∥L1 = lim ∥u(t)∥L1 hn(t − t0) − hn(t − t1) dt 
Φ1 Φ1 n→∞ Φ1 Z0 

T 
= lim ∥u(t)∥L1 ∂tχn(t) dt 

n→∞ Φ10 Z T Z 
= lim λ1 u mΦ1χn dx dt ≥ 0 , 

n→∞ 0 Ω 

since using ψn as a test function in (WDS), it follows that Z T Z T Z 
∥u(t)∥L1 ∂tχn(t) dt = λ1 u m Φ1 χn dx dt ≥ 0 ∀n > 0 . 

Φ10 0 Ω 

Proof of Lemma 3.3.3. We defne j(r) = 
m 
1
+1 |r|

m+1 and we notice that it satisfes 
lim j(r) = +∞. Convexity condition follows from the convexity of j, thus, let us|r||r|→+∞ 

check the l.s.c condition. We have two diferent convergence settings: R 
‹ Let un → u in H∗(Ω) and assume ∀λ > 0 ∃n ∈ N such that 

Ω j(un) > λ. 
Then, it holds that 

lim inf E(un) = +∞ ≥ E(u) . 
n→∞ R 

‹ Let un → u in H∗(Ω) and suppose ∃λ > 0 such that ∀n ∈ N 
Ω j(un) ≤ λ. 
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In this second case, we follow the same strategy as Brezis does for H−1(Ω) in [34]. 
First, we show that (un)n∈N is uniformly integrable, i.e. Z 

∀ϵ > 0 ∃δ > 0 such that if |E| < δ then |un| < ϵ ∀n ∈ N. 
E 

Let A > 2 
ϵ
λ and R be such that j | 

( 
r
r 
| 
) ≥ A for |r| > R. If we choose δ < 

2 
ϵ
R , then Z Z Z 

|un|dx = |un| dx + |un| dx 
E {x∈E:un(x)≥R} {x∈E:un(x)<R}Z Z 

j(un) λ ≤ dx + R dx ≤ + Rδ < ε . 
A AΩ E 

Then, we apply Dunford-Pettis theorem, which states that in bounded domains 
uniformly integrable implies weakly precompact in L1(Ω). Hence, (un)n∈N has a 
subsequence (unk )k∈N which converges weakly in L1(Ω), that is, 

∃ũ ∈ L1(Ω) such that unk ⇀ ũ in L1(Ω). 

Further, u = ũ in H∗(Ω), as {un} already converges weakly to u in H∗(Ω) and 
Cc 

∞(Ω) ⊂ L∞(Ω) ∩ H(Ω), which is dense in H. 
Now, to conclude the proof, we just have to show that E(u) is weakly lower 

semicontinuous in L1(Ω). So, let un → u in L1(Ω), then, there exists a subsequence 
(unl )l∈N which converges almost everywhere to u. Since j is non negative, we can 
apply Fatou’s Lemma,Z Z Z 
lim inf j(un) dx ≥ lim inf j(un) dx = lim inf {j(un)} dx 
n→∞ n→∞ n→∞ m≥nΩ Ω ΩZ Z Z 

≥ lim inf {j(unk )} dx = lim inf j(unl ) dx = j(u) dx, 
l→∞ m≥nl l→∞Ω Ω Ω 

where we have used in the last equality that j is continuous (notice that it sufces 
to be l.s.c.). Finally, since E(u) is convex and l.s.c. in L1(Ω), it holds that E(u) is 
weakly l.s.c. in L1(Ω) by Mazur’s Lemma. 
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Chapter 4 

A quasilinear Keller-Segel model 
with saturated discontinuous 
advection 

In this chapter we present the results of the preprint A quasilinear Keller-Segel 
model with saturated discontinuous advection, [75], a joint work of the author of this 
thesis with Maria Gualdani and Nicola Zamponi. 

4.1 Introduction 
Since the classical experiment of J. Adler on Escherichia coli [1] many experiments 
have confrmed the formation and propagation of traveling pulses of bacteria. The 
Keller-Segel model has been widely used as a basis to explain this phenomena in 
bacterial colonies driven by chemotaxis, see [86, 100]: it describes how the cell den-
sity moves towards a nutrient N and a chemical molecule S (chemoatractant) which 
is generated by the cells themselves. The velocity of this movement is proportional 
to the gradient of these two quantities. The Keller-Segel model has been the subject 
of intense mathematical investigation. 

In recent works ([44, 59, 65, 108, 117, 127]), a novel class of models has been 
formulated, originating from a mesoscopic description of the run-and-tumble phe-
nomenon at the individual cell level. Mathematically, these models deviate from the 
classical Keller-Segel framework in that the cells’ velocity (or fux) is saturated and 

∇S ∇Nis proportional to |∇S| and |∇N | . The model, in its more general form, reads as 

∂tρ = Dρ∆ρ − div(ρuS + ρuN ), 
∂tS = DS ∆S − αS + βρ, 
∂tN = DN ∆N − γρN, 

where 
∇S ∇N 

uS = χS J(∂tS, |∇S|) , uN = χN J(∂tN, |∇N |) . 
|∇S| |∇N | 

In [127], the authors present an explicit formula for traveling pulses and establish 
the existence of a steady state, mirroring the physical occurrence of cluster formation 
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at the bacteria level (e.g., in the absence of nutrients). They also demonstrate the 
alignment of numerical experiments with actual data. The bounded fuxes, distinct 
from the fux in Keller-Segel, ofer a signifcant advantage in investigating global well-
posedness and, notably, in exploring traveling pulses and long-term asymptotics. 
Overall, this model has demonstrated greater robustness in replicating the observed 
traveling bands in experiments, see [127]. 

More recently, Calvez and Hofmann [42] considered a simplifed version of the 
above model (absence of nutrient and quasi-stationary chemoattractant signal) ( � � 

ρ ∇S∂tρ − ∆ρ + χdiv = 0,|∇S| (4.1.1) 
−∆S + αS = ρ, 

and perform nonlinear stability analysis. In particular they show that if the initial 
−χ|x−x0|data is near, in some norm, to the equilibrium function ρ∞ = χ 

2 e , then the 
corresponding solution converges to ρ∞ exponentially fast. 

In this chapter, we deal with the model obtained from (4.1.1) by performing the 
singular limit in α. After rescaling S 7→ S/α, the limit α → ∞ yields the following 
quasi-linear problem: � � 

∇ρ 
∂tρ − ∆ρ + χdiv ρ = 0. (4.1.2)

|∇ρ| 
Unlike (4.1.1), the advection depends on the gradient of the density, making it 

a competing term with the difusion. Note, in fact, that � � � � �� 
∇ρ χρ 

∆ρ − χdiv ρ = div ∇ρ 1 − ,
|∇ρ| |∇ρ| 

which shows negative difusion for profles that have χρ ≥ |∇ρ|. For example, 
−|x|2 

Gaussian functions e will make the difusion coefcient negative around the 
zero. The system is difusive as long as |∇ρ| > χρ, and the steady-state is governed 
by the equation 

|∇ρ∞| = χρ∞. (4.1.3) 

One solution to (4.1.3) is 
−χ|x−x0|ρ∞(x) = ce , (4.1.4) 

for some c1, x0 determined by the conservation of mass and the property of invariance 
by translation of the equation. Other admissible (i.e. belonging to L1(Rd)) solutions 
to (4.1.3) exist; for example, for d = 1 another solution is the “multi-peak profle” 

ρ∞(x) = max{c0 exp(−χ|x−x0|), c1 exp(−χ|x−x1|), ...ck exp(−χ|x−xk|)}, (4.1.5) 

for a suitable choice of k ≥ 0, c0 . . . ck > 0, and x0 . . . xk+1 ∈ R, while for d ≥ 2 
another solution is the “factorized profle” ! 

dXχ 
ρ∞(x) = c exp −√ |xi − x0,i| , (4.1.6) 

d 
i=1 
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which equals the product of (suitably rescaled) single variable steady states. The 
proof of existence of solution to (4.1.2) is still out of reach. The main difculty is 
the control on the difusion coefcient, which can change along the fow and destroy 
the parabolic nature of the equation. We believe that if the initial data makes the 
difusion coefcient positive, the coefcient will remain non-negative throughout the 
evolution. This is, however, still a claim. Problem (4.1.2) has a more tractable form 
in one dimension 

∂tρ − ∂xxρ + χ∂x (ρ sign(ρx)) = 0, 

and is the subject of current investigation [74]. 
As a frst attempt to understand (4.1.2), we introduce an alternative model that 

retains some of the essential characteristics of (4.1.2) while being mathematically 
more tractable. Specifcally, we consider  �� �� χρ ∂tρ − div 1 − ∇ρ = 0, in Rd × (0, ∞),|∇ρ|  + (4.1.7) ρ(0) = ρin, in Rd , 

where (·)+ denotes the positive part. Here we use the convention f = f+ − f−. 
Equation (4.1.7) is quasilinear. The type of nonlinearity poses major challenges 
in the construction of solutions. Let us, however, quickly summarize why global 
well-posedness for (4.1.7) is more in-reach. First, observe that the operator � � 

χ 
1 − ∇ log ρ 

|∇ log ρ| + 

is monotone. More precisely, �� � � � � 
χ χ 

1 − ∇ log ρ − 1 − ∇ log z (∇ log ρ −∇ log z) ≤ 0. 
|∇ log ρ| |∇ log z|+ + 

This monotonicity property, coupled with the theory of monotone operators and a 
fxed-point argument, proves fundamental in the proof of existence of solutions to 
(4.1.7) equipped with extra viscosity terms ε∆ρ and ερ. The crux of the analysis is 
the vanishing viscosity limit ε → 0 and the corresponding identifcation of the limit 
of the nonlinear term � � 

χ 
1 − ∇ρε. |∇ log ρε| + 

A common strategy would involve showing strong convergence of one of the two 
terms. However, standard regularity techniques, usually based on obtaining esti-
mates for the frst derivative through second-order test functions, prove unsuitable 
here due to the discontinuity of the advection term and the discontinuity of ∇ρ 
itself. We overcome this problem using the Boltzmann relative entropy between two 
viscosity solutions. Let H[ρε, ρδ] be the nonnegative functional defned as Z � � 

ρε ρε ρε
H[ρε, ρδ] = ρδ log − + 1 dx. 

Rd ρδ ρδ ρδ 
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This functional measures the distance, in L1 norm, between the functions ρε and ρδ. 
Direct computations show that Z �� � � � �2

d 1 χρε χρδ
H[ρε, ρδ] = − ρε 1 − − 1 − dx 

dt 2 Rd |∇ρε| |∇ρδ|Z � � 2
+�� � �+ � � 

1 ρε χρε χρδ− ρε ∇ log 1 − + 1 − dx 
2 Rd ρδ |∇ρε| |∇ρδ|+ + 

+ error order terms, 

where the error terms derive from the viscosities ε∆ρε, ερε, δ∆ρδ and δρδ. As ε and 
δ approach zero, the error terms vanish, and consequently Z T Z �� � � � �2

1 χρε χρδ− ρε 1 − − 1 − dx dt → 0,
2 Rd |∇ρε| |∇ρδ|0 + + 

and Z T Z � � 2 �� � � � � 
1 ρε χρε χρδ− ρε ∇ log 1 − + 1 − dx dt → 0. 
2 0 Rd ρδ |∇ρε| + |∇ρδ| + 

Note that H[ρε, ρδ](0) = 0 because ρεand ρδ have same initial data. The two limits 
above will imply that, as ε and δ approach zero, � � � � 

χ χ 
1 − ∇ρε ⇀ 1 − ∇ρ,

|∇ log ρε| |∇ log ρ|+ + 

weakly in L2 . The identifcation of this limit is the content of Section 4.4.1. Almost 
automatically, the relative entropy argument will also provide uniqueness of the 
solution for the system without viscosity. In conclusion, our analysis establishes the 
existence of a unique solution in Lp(t, T ; Cα(Rd)) for any t > 0. We obtain regularity 
for ∂tρ in Sobolev spaces with negative coefcients. The question of whether one 
can obtain more regularity is left for future investigation. Potential insights might 
be drawn from existing results on the p-Laplacian equation [54, 68]. However, the 
structure of our degenerate set is slightly more complicated than the one of the 
p-Laplacian, namely |∇ρ| = 0. A De Giorgi argument for Hölder regularity might 
pose challenges, since our difusion coefcient is degenerate, probably in a set of 
positive measure, and depends in a nonlinear way on ∇ log ρ. 

Here is our main result: 

Theorem 4.1.1. Let ρin ∈ Lp(Rd) ∩ L1(Rd), with p > d, ρin > 0 a.e. in Rd andR 2 
such that ρin| log ρin| < ∞. Then, for every T > 0 there exists an unique solution Rd 

ρ : [0, T ) × Rd → R to (4.1.7) such that Z TZ Z TZ � � 
∂tρφ dx dt = − 1 − 

χρ ∇ρ∇φ dx dt, ∀φ ∈ L2(0, T ; H1(Rd)), 
0 Rd Rd |∇ρ|0 + 

(4.1.8) 

with ρ → ρin strongly in Lp(Rd) as t → 0. This solution belongs to C(0, T ; Lp(Rd))∩ 
Lp(t, T, Cα(Rd)) for all t > 0 and has the following properties: 
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(i) Mass Conservation: 
∥ρ(t)∥L1(Rd) = ∥ρin∥L1(Rd). 

(ii) Lp norm bound: 
∥ρ(t)∥Lp(Rd) ≤ ∥ρin∥Lp(Rd). 

(iii) Moment evolution: Z Z 
ρ(t)(1 + |x|2) dx ≤ e C t ρin(1 + |x|2) dx. 

Rd Rd 

(iv) Entropy bound: �Z � Z T Z |∇ρε|2 
¯ρ| log ρ| dx (T ) + dx dt ≤ C[ρin]. 

Rd 0 Rd ρε 

(iv) L∞ smoothing: � � 
1 

sup ∥ρ(t)∥L∞(Rd) ≤ C∥ρin∥Lp(Rd) 1 + d . 
t>0 2pt 

(v) Lp bound of the gradient: 

∥∇ρε∥Lp((t,T )×Rd) < C(ρin), ∀ t > 0. 

The proof contains two approximation steps: initially we introduce viscosity and 
regularize the initial data fin with a sequence of very smooth functions that converge 
(strongly in Lp) to fin. We establish the existence of solutions to the approximated 
problem and subsequently remove the viscosity. In the last step we show how the 
solution attains the initial data strongly in Lp sense. 

Plan of the chapter. The following section provides a concise summary of the 
most relevant a-priori estimates. Section 4.3 delves into the global well-posedness 
of the model with viscosity. Finally, Section 4.4 focuses on the vanishing viscosity 
limit and establishes uniqueness. 

4.2 A priori estimates and technical results 
In this section we give some a priori estimates of the solutions to Z T Z Z T Z � � 

χρε
∂tρφ dx dt = − 1 − ∇ρε∇φ dx dt (4.2.1) 

0 Rd Rd |∇ρε|Z T Z 0 Z T 
+Z 

−ε ∇ρε∇φ dx dt − ε ρεφ dx dt, 
0 Rd 0 Rd 

for any φ ∈ L2(0, T ; H1(Rd)) with initial smooth data ρ0. The function ρ0 belongs 
to W 1,p ∩ L∞ ∩ L1

2(Rd), with p > d. 
The following a priori estimates hold: 

113 



CHAPTER 4. A QUASILINEAR PDE FROM CHEMOTAXIS 

Lemma 4.2.1 (Mass evolution). Let ρε be as stated, then Z Z 
ρε(t) = e −εt ρ0. 

Rd Rd 

Proof. Testing (4.2.1) with the test function φ = � 1 �α/2 , for some α > d, we get
|x|2 

1+ 
R2 �Z � Z Z Z ZT T ∇ρε

ρεφ dx (T ) = (1 + ε) ρε∆φ dx dt + χ ρε ∇φ dx dt 
Rd Rd Rd |∇ρε|0 0 

(4.2.2)Z Z � � Z Z ZT χρε
T 

− 1 − ∇ρε∇φ dx dt − ε ρεφ dx dt + ρ0φ dx. 
|∇ρε|0 Rd − 0 Rd Rd 

But notice that Z TZ � � Z TZ � � 
χρε χρε− 1 − ∇ρε∇φ dx dt = 1 − ∇ρε∇φ dx dt 

0 Rd |∇ρε| − 0 Rd∩{|∇ρε|≤χρε} |∇ρε|Z Z Z ZT T ∇ρε≤ ∇ρε∇φ dx dt − χ ρε ∇φ dx dt 
0 Rd∩{|∇ρε|≤χρε} 0 Rd∩{|∇ρε|≤χρε} |∇ρε|Z TZ 

≤ (1 + χ) ρε|∇φ| dx dt. 
0 Rd∩{|∇ρε|≤χρε} 

So, introducing the estimate above in (4.2.2) we get Z Z TZ Z TZ Z 
( ρεφ dx)(T ) ≤(1 + ε) ρε∆φ dx dt + (2χ + 1) ρε |∇φ| dx dt + ρ0φ dx 

Rd 0 Rd  0 Rd  Rd Z TZ  α(α + 1) |x|
2 

αd 1 2 R4 R2 
= (1 + ε) ρε � �α − � �α  dx dt

+2 +1 
0 Rd 

1 + |x|
2 2 

1 + |x|
2 2 

R2 R2 Z TZ Z TZ Z 
ρεα |x| 

+ 3χ � R�2 
α +1 dx dt − ε ρεφ dx dt + ρ0φ dx 

|x|2 20 Rd 0 Rd Rd
1 + 

R2 Z TZ Z TZ α ρε(
α + 1 − d) α ρε≤ (1 + ε) � 2 �α +1 dx dt + 3χ � �α 

2R 0 Rd R 0 Rd
1 + |x|

2 2 
1 + |x|

2 2 

R2 R2 Z TZ Z 
− ε ρεφ dx dt + ρ0φ dx. 

0 Rd Rd 

Now, we choose α such that α 
2 + 1 − d > 0 and get �Z � Z TZ Z TZ Z 

C 
ρεφ dx (T ) ≤ ρεφ dx dt − ε ρεφ dx dt + ρ0φ dx, (4.2.3) 

Rd R Rd Rd Rd0 0 

where C > 0. Gronwall’s Lemma yields �Z � Z Z 
CT CT 
R Rρεφ dx (T ) ≤ e ρ0φ dx ≤ e ρ0 dx. 

Rd Rd Rd 
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R 
By monotone convergence we can take the limit R → ∞ and conclude that ρε ≤R 
ρ0. 
Now that we know that the mass of ρε is bounded, we test again (4.2.1) with φ, 

but this time we pass directly to the limit R → ∞ in (4.2.2) to fnd �Z � Z TZ Z 
ρε dx (T ) = −ε ρε dx + ρ0 dx. (4.2.4) 

Rd 0 Rd Rd 

The above identity can be rewritten as an initial value problem for an ODE, which 
can be easily solved, yielding 

2 

�Z � Z 
ρε dx (T ) = e −εT ρ0 dx, 

Rd Rd 

which fnishes the proof. 

Proposition 4.2.2 (Lp estimates). Let ρε be as stated, then 

p 

ε ∥L2((0,T )×Rd) ≤ C, ∥ρε∥L∞((0,T );Lp(Rd)) ≤ ∥ρ0∥Lp(Rd), ∥∇ρ 

2 

where C only depends on ∥ρ0∥Lp , p and χ. R R 
Proof. First, notice that testing (4.2.1) with ρpε 

−1we get that Rd ρε
p(t) ≤ Rd ρ0 

p . 
Then, we compute � Z � 

1 
ρp 
ε dx (T ) 

p Rd Z TZ Z TZ Z 
1 

ρp−2 ρp−1 ρp≤ −(p − 1) |∇ρε|2 dx dt + χ(p − 1) |∇ρε| dx dt + 0 dxε ε p0 Rd 0 Rd RdZ Z Z Z Z 
(p − 1) T T 1 

ρp−2 ρp ρp≤ − |∇ρε|2 dx dt + χ2(p − 1) dx dt + dxε ε 02 p0 Rd 0 Rd RdZ TZ Z TZ Z 
2(p − 1) 1 

ε |2 dx dt + χ2(p − 1) 
p 

ρp 
0 ρp 

0≤ − |∇ρ dx dt + dx, 
p2 pRd Rd Rd0 0 

2 

which yields 
p 

∥ρε∥p + ∥∇ρ
L∞(0,T ;Lp(Rd)) ε ∥L2(0,T ;L2(Rd)) ≤ C, 

with the right hand side independent of ε. 

Proposition 4.2.3 (Moment Evolution). Let ρε be as stated, then Z Z 
ρε(t)(1 + |x|2) dx ≤ e C t ρ0(1 + |x|2) dx, 

Rd Rd 

where C is independent of ε. 
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Proof. We test the equation with (1 + |x|2)φ, where φ = 
|x 

1 
|2 as in Lemma� �α/2 

1+ 
R2 

4.2.1. Then, by Young’s inequality, noticing that |∇φ|, |∆φ| ≤ φ and 0 ≤� � 
1 − |∇ 

χρ
ρ 
ε

ε| |∇ρε| ≤ 2χρε, we get 
− �Z � Z TZ Z 

ρε(1 + |x|2)φ dx (T ) ≤ C ρε(1 + |x|2)φ dx dt + ρ0(1 + |x|2)φ dx. 
Rd 0 Rd Rd 

Gronwall’s lemma gives �Z � Z 
ρε(1 + |x|2)φ dx (T ) ≤ e C t ρ0(1 + |x|2)φ dx. 

Rd Rd 

By dominated convergence we pass to the limit in R and we conclude the proof of 
the proposition. 

√ 
Proposition 4.2.4 (Estimate for ∥∇ ρε∥L2((0,T )×Rd)). Let ρε be as stated, then �Z � Z T Z |∇ρε|2 

¯ρε log ρε dx (T ) + dx dt ≤ C(ρ0) 
Rd 0 Rd ρε 

where C̄ depends on the moment, entropy and L2 norm of the initial data. 

Proof. Let us test (4.2.1) with the test function φ = log(ρε + σ) − log σ, with 
0 < σ << 1. After some computations we get �Z � Z TZ 

[(ρε + σ) log(ρε + σ) − ρε log σ] dx (T ) + ε ρε [log(ρε + σ) − log σ] dx dt 
Rd 0 RdZ 
≤ [(ρ0 + σ) log(ρ0 + σ) − ρ0 log σ] dx, 

Rd 

which implies �Z � Z 
(ρε + σ) log(ρε + σ) dx (T ) ≤ (ρ0 + σ) log(ρ0 + σ) dx 

Rd Rd Z TZ 
− ε ρε log (ρε + σ) dx dt 

0 �Rd Z Z Z Z �T 
+ log σ ρε dx − ρ0 dx + ε ρε dx dt . 

Rd Rd 0 Rd 

The last term in the previous inequality is zero by (4.2.4). Taking σ → 0, by 
monotone and dominated convergence, we get �Z � Z Z TZ 

ρε log ρε dx (T ) ≤ ρ0 log ρ0 dx − ε ρε log ρε dx dt. 
Rd Rd 0 Rd 

In particular, �Z � 
ρε| log ρε| dx 

Rd 

εT C(ρ0),(T ) ≤ e 
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R 
where C(ρ0) is a constant that depends on ρ0| log ρ0| dx, the mass and the second R Rd 

moment of ρ0, that is, ρ0(1 + |x|2).R T R �R �|∇ρε|2 
To bound 

0 Rd ρε 
, we defne h[ρε](t) := Rd ρε log(ρε) dx (t). Using the 

fact that � � � � � � 
χρε χρε χρε

1 − = 1 − + 1 − ,
|∇ρε| |∇ρε| |∇ρε|+ − 

and repeating the same computations as before, we obtain Z T Z Z Z T1 
Z 

|∇ρε|2 χ2 T 
h[ρε](T ) + dx dt ≤ ρε dx dt − ε h[ρε](t) dt + h[ρ0],

2 0 Rd ρε + σ 2 0 Rd 0 

which yields Z Z Z ZT χ2 T1 |∇ρε|2 
εT C[ρ0].dx dt ≤ ρε dx dt + e 

2 0 Rd 2ρε + σ 0 Rd 

Lemma 4.2.5 (∥∇ρε∥Lp estimate). Let ρε be as stated, then 

1 ∥∇ρε∥Lp((t,T )×Rd) < C(∥ρ0∥Lp ), ∀ t > 0. 
t1/2 

Proof. Defne f as � � 
χρε

f := 1 − ∇ρε −∇ρε. |∇ρε| + 

Note that each component of f belongs to L∞(0, T ; Lq(Rd)) for any q ∈ [1, +∞). In 
fact, in the domain where |∇ρε| ≤ χρε, the vector function f coincides with ∇ρε, 
which is bounded by χρε. In the complementary domain, we have that � � � � 

χρε χρε
1 − = 1 − ,

|∇ρε| |∇ρε|+ 

and |f | ≤ χρε. With this in mind, consider the function ui, solution to 

uit − (1 + ε)∆ui + εui = fi, ui(x, 0) = 0, i = 1, ..., d. 

Parabolic regularity theory tells us that ui ∈ Lq(0, T ; W 2,q), with uniform bounds in 
ε. Direct computations show that ρε can be written as the sum of div(u)+ g, where 
g solves 

gt = (1 + ε)∆g − εg, g(x, 0) = ρ0. 
Since ρ0 ∈ Lp(Rd), we have that 

c 
sup ∥∇g∥Lp ≤ ∥ρ0∥Lp , 
t>0 t1/2 

with c independent of ε. Summarizing, div(u) ∈ Lp(0, T ; W 1,p), g ∈ L∞(t, T ; W 1,p), 
and the thesis follows. 
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Lemma 4.2.6. Let ρε be as stated, then for every τ > 0 it holds � � 
p 2p∥ρε∥L∞(τ,T ;Rd) ≤ CT 
1 

1 + τ− d+2 
∥ρ0∥Lp(Rd), 

where C only depends on p, χ and other universal constants. 

Proof. Let us consider the following sequence of times 

Tk = τ (1 − 2−k), 

and the following sequence of energies Z T Z 
Uk = ρp dx dt, where = (ρε − Ck)+, and Ck = M(1 − 2−k),ε,k ρε,k 

Tk Rd 

with M > 0 to be fxed later. Then, we test (4.2.1) with ρp−1 and we integrate inε,k+1 
time in (t1, t2), where 0 ≤ Tk ≤ t1 ≤ Tk+1 ≤ t2 ≤ T . We fnd Z t2 

Z 
1 

∂t(ρ
p ) dx dtε,k+1 p Rdt1 Z Z Z Zt2 t2 

≤ − ∇ρε∇(ρp−1 ) dx dt + 
χρ ∇(ρp−1 )∇ρε dx dt.ε,k+1 ε,k+1 

Rd Rd |∇ρε|t1 t1 

After some computations, from the expression above we get Z Z Z Z Z Zt2 t2 t2 

∂t(ρ
p p 

|2 dx dt ≤ ρp
1 (p − 1) 

2 
(p − 1)

) dx dt + |∇ρ dx dtε,k+1 ε,k+1 ε,k+1 p Rd p2 
Rd 2 Rdt1 t1 t1Z t2 

Z 
ρp−2+2χ2C2 (p − 1) dx dt.k+1 ε,k+1 

t1 Rd 

(4.2.5) 

Now, we notice that, in the set ρε,k+1 > 0, ρε,k = ρε,k+1 + Ck+1 − Ck, i.e. that� �α
ρε,k ρε,k+1 ρε,k= + 1 > 1. Then, for any α > 0 we have > 1 and,

Ck+1−Ck Ck+1−Ck Ck+1−Ck� �α 
1 ρ1+α 2consequently Now, let us choose α = to get

Ck+1−Ck ε,k > ρε,k+1. p−2 

1 
2 

p−2 p 
� � 

p−2ρρε,k+1 ≤ ε,k 1{ρε,k+1>0}. 
Ck+1 − Ck 

Introducing this expression in (4.2.5) we get �Z � Z Z Z Zt2 t21 (p − 1) 
2 

(p − 1)
ρp dx (t2) + |∇ρ 

p 

|2 dx dt ≤ ρp dx dtε,k+1 2 ε,k+1 ε,k+1 p Rd p Rd 2 Rdt1 t1� �2 Z t2 
Z �Z � 

Ck+1 1 
+ 2χ2(p − 1) ρp dx dt + ρp dx (t1).ε,k ε,k+1Ck+1 − Ck t1 Rd p Rd 
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Then, averaging t1 in (Tk, Tk+1) and taking the supremum in t2 ∈ (Tk+1, T ) we have �Z � Z T Z 
2Ek+1 := sup ρp dx + |∇ρ 
p 

|2 dx dtε,k+1 ε,k+1 
t∈[Tk+1,T ] Rd Tk+1 Rd � �Z T Z 

ρp≤ C 1 + 2k +
2k 

ε,k dx dt,
τ RdTk 

where C only depends on p and χ. From now on, this C will change from line to line 
for convenience, always depending only on p and χ. Now, notice that Ek+1 controls 

dp 
ρε,k+1 in L∞(Tk+1, T ; Lp(Rd)) and, thanks to Sobolev, Lp(Tk+1, T ; L d−2 (Rd)), so, by 
interpolation � �Z Z 

2k T 
′ ρp∥ρε,k+1∥p 

p(d+2) ≤ CEk+1 ≤ C 1 + 2k + ε,k dx dt. (4.2.6) 
L d (Rd×(Tk+1,T )) τ Tk Rd 

Then, Chebyshev’s inequality yields: Z T Z 
ρpUk+1 := dx dtε,k+1 

RdTk+1 ! d ! 2Z T Z Z T Zd+2 d+2 
p(d+2) 

≤ ρ d dx dtε,k+1 1{ρε,k+1>0} dx dt 
Rd RdTk+1 Tk+1 ! d ! 2Z T Z Z T Zd+2 d+2 

p(d+2) 

= ρ d dx dt M dx dtε,k+1 1{ρε,k> }
2k+1Rd RdTk+1 Tk+1 � � 2p �Z Z � 2 

2k+1 d+2 T d+2 

ρp dx dt≤ CEk+1 ε,kM Rd� � Tk 

1 Ck 
≤ 1+ 2p Uk

β ,
τ d+2M 

2where β = 1+ 
d+2 , using (4.2.6) to obtain the second and the third inequality. From 

[70, Lemma 7.1] it follows that Uk → 0 as k → ∞, i.e. that ρε ≤ M , if � � d+2 
1 2 C 

1 + U0 < 1. 
Mpτ 

So, we fx M in order to have 

1 
� � d+2 

2p 

C 1 + U0
1/p ∼ M. 

τ 

Finally, we conclude from Proposition 4.2.2 � � d+2 � � 
2p 11 1 

p∥ρε∥L∞(0,T ;Rd) ≤ M ∼ C 1 + ∥ρε∥Lp(0,T ;Rd) ≤ CT 1 + d+2 ∥ρ0∥Lp(Rd),τ τ 2p 

as desired. 
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Lemma 4.2.7 (Compactness Lemma). Let {fn} be a bounded sequence 
in L2(0, T ; H1(Rd)) ∩ L2(0, T ; Rd , 

p
1 + |x|2 dx) such that ∂tfn is bounded in 

L2(0, T ; H−1(Rd)), then 

fn → f strongly in L2(0, T ; Rd), as n → ∞. 

Proof. As {fn} is uniformly bounded in L2(0, T ; H1(Rd)) we have that 

fn ⇀ f weakly in L2(0, T ; L d 
2 
− 
d 
2 (Rd)). 

Then, for any R > 0, as ∂tfn ∈ L2(0, T ; H−1(BR)) and H1(BR) ⊂⊂ Lq(BR) with 2 ≤ 
q < 

d 
2 
− 
d 
2 , by Aubin-Lions Theorem (Theorem 5 in [128]), we have that a subsequence, 

{fR}, converges strongly to f as follows n 

fn
R → f strongly in L2(0, T ; Lq(BR)). 

By a Cantor diagonal argument, we have a new subsequence fn, independent of R, 
such that 

fn → f strongly in L2(0, T ; Lq(BR)), 

and consequently, 

fn → f a.e. in [0, T ] × Rd . 

By Fatou’s Lemma, we also have Z Z Z ZT p T p
f 2 f 21 + |x|2 dx dt ≤ lim inf 1 + |x|2 dx dt < ∞. 

ε→0 n 
0 Rd 0 Rd 

Now, setting q = 2, for any δ > 0, there exist sufciently large n and R such that Z Z Z Z Z ZT T T 
|fn − f |2 dx dt = |fn − f |2 dx dt + |fn − f |2 dx dt 

0 Rd 0 BR 0 Rd\BRZ Z 
δ 1 ≤ + √ 

T 
|fn − f |2

p
1 + |x|2 dx dt ≤ δ, 

2 1 + R2
0 Rd\BR 

and this completes the proof. 

4.3 Existence for the approximated equation 
This section is devoted to show existence of solutions to (4.2.1) with smooth initial 
data. First, we semi-linearize (4.2.1) and obtain a monotone functional inside the 
divergence operator. Then, by standard theory for monotone operators we prove 
existence of this new problem. A Leray-Schauder fxed point will yield existence of 
solutions to (4.2.1). 
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4.3.1 Existence for the semi-linearized equation 
For given ε, σ ∈ [0, 1] and z ∈ L2(0, T ; L2(Rd)), let us present the following regular-
ized weak formulation of (4.1.7) Z Z Z Z � �T T χz+

∂tρε φ dx dt = − σ 1 − ∇ρε∇φ dx dt 
|∇ρε|0 Rd 0 Rd +Z T Z Z T Z 

− ε ∇ρε∇φ dx dt − ε ρεφ dx dt, (4.3.1) 
0 Rd 0 Rd 

∀φ ∈ L2(0, T ; H1(Rd)), where ρε(0, ·) = ρin,ε and ρin,ε is a W 1,p ∩ L∞(Rd) approx-
imation of ρin such that ρin,ε → ρin strongly in Lp(Rd) when ε → 0. In order to 
prove the existence of the above equation, we use the general theory of monotone 
operators, concretely, [146, Theorem 30.A]. We defne the following operator A as Z � � 

χz+⟨A[u](t), φ⟩ =σ 1 − ∇u(t, x)∇φ dx 
Rd |∇u(t, x)|Z + Z 

+ ε ∇u(t, x)∇φ dx + ε u(t, x)φ dx, 
Rd Rd 

which must satisfy the following properties: 
1. Monotonicity. The operator A is monotone, since ∀ u, v ∈ H1(Rd) we have Z �� � � � � 

χz+ χz+⟨A[u] − A[v], u − v⟩ =σ 1 − ∇u − 1 − ∇v ∇(u − v) dx 
Rd |∇u| |∇v|+ + 

+ ε∥u − v∥2 ≥ 0.H1(Rd) 

2. Hemicontinuity. Let us check that the map 

t 7→ ⟨A[u + tv], φ⟩ 

is continuous in t ∈ [0, 1] for all u, v, φ ∈ H1(Rd). Notice that � � 
χz+

1 − ∇(u + tv)∇φ ≤ |∇u||∇φ| + |∇v||∇φ|
|∇(u + tv)| + 

so Z � � Z 
χz+

lim ⟨A[u + tv], φ⟩ =σ 1 − ∇(u + t0v)∇φ dx + ε ∇(u + t0v)∇φ dx 
t→t0 Rd |∇(u + t0v)| Rd+Z 

+ ε (u + t0v)φ dx = ⟨A(u + t0v), φ⟩, 
Rd 

by dominated convergence. 
3. Coerciveness. We just compute Z � � 

χz+⟨A[u], u⟩ = σ 1 − |∇u|2 dx + ε∥u∥2 ≥ ε∥u∥H 
2 

1(Rd),H1(Rd)
Rd |∇u| + 

so A is coercive. 
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4. Growth condition. For this we have to prove that ∥A[u]∥H∗(Rd) ≤ C∥u∥H1(Rd), 
but, by Hölder, 

∥A[u]∥H∗(Rd) = sup ⟨A[u], φ⟩ 
φ∈H1(Rd) 
∥φ∥≤1 Z � � � � 

χz+ 
= sup σ 1 − ∇u∇φ + ε∇u∇φ + εuφ dx 

|∇u|φ∈H1(Rd) Rd + 
∥φ∥≤1 

≤C∥u∥H1(Rd). 

5. Measurability. By assumption. 
Then, by [146, Theorem 30.A], there exists a unique weak solution ρε ∈ 

L2(0, T ; H1(Rd)) to (4.3.1) with ∂tρ ∈ L2(0, T ; H−1(Rd)) satisfying the initial con-
dition in the sense of the strong L2(Rd) convergence: 

ρε(t) → ρin,ε strongly in L2(Rd) as t → 0. (4.3.2) 

Therefore we can defne the mapping 

T : (z, σ) ∈ L2((0, T ) × Rd) × [0, 1] 7→ ρε ∈ L2((0, T ) × Rd), 

where ρε is the unique solution to (4.3.1). 

4.3.2 Existence for approximated solutions 
Now, we are going to use the Leray-Schauder fxed point theorem to show the 
existence of a solution to (4.2.1). To use this theorem we require T to be compact. 
First, using ρε as test function in (4.3.1) we get Z T Z Z T Z � � 

1 χ(z+ + ε)
∂t(ρ

2 
ε) dx dt = − σ 1 − |∇ρε|2 dx dt 

2 Rd 0 |∇ρ(t, x)|0 Z T ZRd Z + 
T Z 

ρ2− ε |∇ρε|2 dx dt − ε dx dt,ε 
0 Rd 0 Rd 

which implies Z 
1 ∥ρε∥2 + ε∥ρε∥2 ≤ ρ2 dx.L∞(0,T ;L2(Rd)) L2(0,T ;H1(Rd)) in,ε2 Rd 

Thus, the L2(0, T ; H1(Rd)) norm of any solution ρε has a uniform bound. Now, we 
test (4.3.1) with φ = ρε 

p
1 + |x|2ϕR, where ϕR ∈ Cc 

∞(B2R) is such that ϕR ≡ 1 in 
BR and |∇ϕR| ≤ C for some C > 0. Doing this we get

R Z Z Z T Z 1 p 1 p ρε|∇ρε| · |x|
ρ2 1 + |x|2ϕR dx ≤ ρ2 1 + |x|2 dx + (σ + ε) p dx dtε in,ε2 Rd 2 Rd 0 B2R 1 + |x|2 Z Z 

+ (σ + ε) 
T 

|∇ρε|ρε 
p

1 + |x|2|∇ϕR| dx dt. 
0 B2R 
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Then, using √ |x| ≤ 1, Young’s inequality and that |∇ϕR| ≤ C , we obtain
R1+|x|2 Z Z Z ZT p T p

ρ2 ρ21 + |x|2ϕR dx dt ≤ 1 + |x|2 dx dt + c∥ρε∥2 
ε in,ε L2(0,T ;H1(Rd)) 

0 Rd 0 Rd 

C
p

1 + 4|R|2 Z T Z 
+ ρε|∇ρε| dx dt 

R 0 Rd 

≤C(ρin,ε). 

Taking the limit R → ∞ we get that solutions to (4.3.1) are bounded in 
L2(0, T ; H1(Rd)) ∩ L2(0, T ; Rd , 

p
1 + |x|2 dx). Also, for any φ ∈ L2(0, T ; H1(Rd)), 

by weak formulation (4.3.1), we have Z T Z 
∂tρε(t)φ dx dt ≤ C∥ρε(t)∥H1(Rd)∥φ∥L2(0,T ;H1(Rd)) ≤ C∥φ∥L2(0,T ;H1(Rd)). 

0 Rd 

(4.3.3) 

By Lemma 4.2.7, T maps bounded sets to precompact sets. 
Now, we have to prove that the map is continuous, i.e. that lim T (σn, zn) = 

n→∞ 
T (σ, z) when zn → z strongly in L2(0, T ; L2(Rd)) and σn → σ in [0, 1]. Is easy to see 
that lim T (σn, zn) = lim T (σ, zn). Then, as the map is compact, it only remains 

n→∞ n→∞ 
to prove Z T Z � � Z T Z � � 

χ(zn)+ χz+
lim 1 − ∇ρε,n∇φ dx dt = 1 − ∇ρε∇φ dx dt, 
n→∞ 0 Rd |∇ρε,n| 0 Rd |∇ρε|� � + + 

1 − χ(zn)+but as ∇ρε,n is uniformly bounded in L2(0, T ; L2(Rd)), it has a weakly |∇ρε,n| + 
convergent subsequence and we only need ∇ρε,n → ∇ρε a.e. x ∈ Rd . To show this 
convergence, we prove that {∇ρε,k} is a Cauchy sequence in L2(0, T ; L2(Rd)): let ρε,n 
and ρε,k solutions to (4.3.1) with zn and zk respectively. We subtract the equation 
for ρε,k from the one of ρε,n and get, after some manipulations: Z TZ 

∂t(ρε,n − ρε,k)φ dx dt 
0 Rd Z Z �� � � � �T χ(zn)+ χ(zk)+ 

= − σ 1 − ∇ρε,n − 1 − ∇ρε,k ∇φ dx dt 
0 Rd |∇ρε,n| + |∇ρε,k| +Z TZ �� � � � � 

χ(zn)+ χ(zn)+− σ 1 − ∇ρε,k − 1 − ∇ρε,k ∇φ dx dt 
0 Rd |∇ρε,k| + |∇ρε,k| +Z TZ Z TZ 

− ε (∇ρε,n −∇ρε,k) ∇φ dx dt − ε (ρε,n − ρε,k) φ dx dt 
Rd RdZ0 

TZ �� � � 0 � � 
χ(zn)+ χ(zn)+ 

= − σ 1 − ∇ρε,n − 1 − ∇ρε,k ∇φ dx dt 
0 Rd |∇ρε,n| + |∇ρε,k| +Z TZ �� � � � � 

χ(zn)+ χ(zk)+− σ 1 − − 1 − ∇ρε,k∇φ dx dt 
0 Rd |∇ρε,k| + |∇ρε,k| +Z TZ Z TZ 

− ε (∇ρε,n −∇ρε,k) ∇φ dx dt − ε (ρε,n − ρε,k) φ dx dt. + 
0 Rd 0 Rd 
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We use the test function φ = ρε,n − ρε,k and obtain �Z � 
|ρε,n − ρε,k|2 dx (t) 

RdZ TZ �� � � � � 
χ(zn)+ χ(zn)+≤− σ 1 − ∇ρε,n − 1 − ∇ρε,k ∇(ρε,n − ρε,k) dx dt 

0 Rd |∇ρε,n| + |∇ρε,k| +Z Z �� � � � �T χ(zn)+ χ(zk)+− σ 1 − − 1 − ∇ρε,k · ∇(ρε,n − ρε,k) dx dt 
0 Rd |∇ρε,k| + |∇ρε,k| +Z TZ 

− ε |∇(ρε,n − ρε,k)|2 dx dt Z0 
TZRd �� � � � � 

χ(zn)+ χ(zn)+≤− σ 1 − ∇ρε,n − 1 − ∇ρε,k ∇(ρε,n − ρε,k) dx dt 
0 Rd |∇ρε,n| + |∇ρε,k| +Z TZ �� � � � �2

σ2 χ(zn)+ χ(zk)+ 
+ 1 − − 1 − |∇ρε,k|2 

2ε 0 Rd |∇ρε,k| + |∇ρε,k| +Z TZ ε − |∇(ρε,n − ρε,k)|2 dx dt, (4.3.4)
2 0 Rd 

using the Young’s inequality in the second estimate. Now come two key points in 
the argument. The frst one is that, due to monotonicity, we have Z Z �� � � � �T χ(zn)+ χ(zn)+−σ 1 − ∇ρε,n − 1 − ∇ρε,k ∇(ρε,n − ρε,k) dx dt ≤ 0. 

0 Rd |∇ρε,n| + |∇ρε,k| + � � 
1 − χ(zn)+The second one is that is Lipschitz continuous with respect to (zn)+.|∇ρε,k| 

In fact, we have the following 
+ 

� � � � 
χ(zn)+ χ(zk)+ χ 

1 − − 1 − ≤ |zn − zk|. |∇ρε,k| + |∇ρε,k| + |∇ρε,k| 

Introducing this in (4.3.4) yields: �Z � Z TZ χσ2 
|ρε,n − ρε,k|2 dx (t) ≤ |(zn)+ − (zk)+|2 dx dt 

2εRd 0 RdZ TZ ε − |∇(ρε,n − ρε,k)|2 dx dt. 
2 0 Rd 

We conclude that {∇ρε,n} is a Cauchy sequence in L2(0, T ; L2(Rd)), and therefore, 
∇ρε,n → ∇ρε a.e. x ∈ [0, T ] × Rd . The map T is continuous, compact and constant 
when σ = 0. Moreover, fxed points are uniformly bounded in σ. 

Finally, we have to prove that fxed points of T are nonnegative so we can remove 
the + sign. Using Stampacchia’s truncation argument, we introduce (ρε)− in (4.2.1) 
as test function and we get �Z � Z 

(ρε)
2 
− dx (t) ≤ (ρin,ε)− 

2 dx. 
Rd Rd 
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If ρin,ε ≥ 0, solutions to T (σ, ρε) = ρε are nonnegative. 
Then, Leray-Schauder fxed-point yields a solution to Z T Z Z T Z � � Z T Z χρε

∂tρεφ dx dt = − 1 − ∇ρε∇φ dx dt − ε ∇ρε∇φ dx dt 
|∇ρε|0 Rd 0 Rd + 0 Rd Z T Z 

− ε ρεφ dx dt, (4.3.5) 
0 Rd 

for ∀ φ ∈ L2(0, T ; H1(Rd)). 

4.4 The limit ε → 0 and proof of Theorem 4.1.1 
The main difculty in removing the viscosity terms ε∆ρε and −ερε is to pass to the� � 
limit in the nonlinear term 1 − χρε ∇ρε. We need to show that|∇ρε| + � � � � 

χρε χρ 
1 − ∇ρε ⇀ 1 − ∇ρ in L2(0, T ; Rd). 

|∇ρε| |∇ρ|+ + 

We already know that � � 
χρε

1 − ∇ρε ≤ C, 
|∇ρε| + L2(0,T ;Rd) 

which implies, � � 
χρε

1 − ∇ρε ⇀ G in L2(0, T ; Rd). 
|∇ρε| + � � 

The identifcation G = 1 − χρ ∇ρ will follow by almost everywhere convergence |∇ρ| 
+ 

of ρε (given by Lemma (4.2.7)) and of ∇ρε. The next two subsections will be devoted 
to show that 

∇ρε → ∇ρ a.e. in ((0, T ) × Rd)\{|∇ρ| ≤ χρ}. 

Then, in the last two subsections, we will prove the Lp convergence of ρ to the initial 
data ρin and the uniqueness of the solutions. 

4.4.1 Entropy method 
The major tool of this argument is the relative entropy between two functions u and 
v, defned as: Z � � u 

Hrel[u|v] ≡ u log − u + v dx. (4.4.1) 
vRd 

Notice that, for u, v ≥ 0 

Hrel[u|v](T ) ≥ 0, as r log(r) − r + 1 ≥ 0, for all r ≥ 0, 
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and H[u|v] = 0 if and only if u = v. Let us outline how we use (4.4.1) to show that � � � � 
χρε χρ 

1 − ∇ρε ⇀ 1 − ∇ρ in L2(0, T ; Rd). 
|∇ρε| |∇ρ|+ + 

Consider ρε and ρδ two viscosity solutions to (4.3.5) with viscosity constants ε 
and δ respectively. A formal computation shows that Z T 

H[ρε|ρδ](T ) − H[ρin,ε|ρin,δ] + D[ρε|ρδ] dt = error terms. (4.4.2) 
0 

The relative entropy production D[ρε|ρδ] is nonnegative as a direct consequence of� � 
the monotonicity of the operator 1 − χ ∇ log ρ. The error terms originate|∇ log ρ| 

+ 
from the viscosities ε∆ρε, δ∆ρδ, ερε and δρδ. As ε, δ → 0, H[ρin,ε|ρin,δ] → 0 by 
construction, and the error terms also vanish. Since both H and D are nonnegative, 
as δ, ε → 0, we must have Z T 

H[ρε|ρδ](T ) → 0 and D[ρε|ρδ] dt → 0. 
0 

From the convergence Z T 
D[ρε|ρδ] dt → 0, 

0 

we obtain the almost everywhere convergence of ∇ρε in the nondegenerate region� � 
{|∇ρ| > χρ}. Consequently, we can identify the limit 1 − |∇ 

ρ
ρ 
ε

ε| ∇ρε. 
+ 

One can make this argument rigorous and obtain (4.4.2) by testing (4.3.5) for ρε� � 
ρε ρεand for ρδ respectively with test functions φ1 = log and φ2 = . Since neither 
ρδ ρδ 

φ1 nor φ2 are admissible test functions, we modify them accordingly, at the expense 
of some error terms. Specifcally, our test functions are of the form � � 

ρε + σ ρε + σ 
φ1 = log ϕR, and φ2 = ϕR,

ρδ + σ ρδ + σ 

with σ > 0 a small constant and ϕR a cut-of function supported in BR. More 
precisely, we chose R = σ− 1 

c (B2R) such thatαd , with α > 0 to be fxed, and ϕR ∈ C∞ 

ϕR ≡ 1 in BR and |∇ϕR| ≤ C for some C > 0. With this choice of φ1 and φ2 we R 
obtain Z 

[φ1∂tρε − φ2∂tρδ] dx = 
Rd Z � � � � Z 

d ρε + σ d 
= (ρε + σ) log − ρε + ρδ ϕR dx − ρδϕR dx. (4.4.3)
dt Rd ρδ + σ dt Rd 

By Lemma 4.2.7, we know that 

ρε → ρ strongly in L2((0, T ) × Rd). 
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Hence, we can chose ε, δ > 0 small enough such that Z T Z 
|ρε − ρδ|2 dx dt < σ2 . (4.4.4) 

0 Rd 

We do not write ε(σ), δ(σ) and R(σ) on σ for readability purposes, but notice that 

lim ε, δ = 0, and lim R(σ) = ∞. 
σ→0 σ→0 

Next, we subtract equation (4.3.5) for ρδ, tested with φ2, to the equation (4.3.5) 
for ρε, tested with φ1. This yields: Z TZ �� � � 

ρε + σ ρε + σ 
log ∂tρε − ∂tρδ ϕR dx dt (4.4.5) 

Rd ρδ + σ ρδ + σ Z TZ � � � � � � � � 
χρε ρε + σ ρε + σ 

= − 1 − ∇ρε ∇ log ϕR + log ∇ϕR dx dt 
Rd |∇ρε| ρδ + σ ρδ + σ Z0 

TZ � �+ � � � � � � 
χρδ ρε + σ ρε + σ 

+ 1 − ∇ρδ ∇ ϕR + ∇ϕR dx dt + Eε,δ, 
0 Rd |∇ρδ| + ρδ + σ ρδ + σ 

where Eε,δ are error terms, which must vanish when σ → 0.R T dNote that (4.4.5) is an approximation of Hrel[ρε|ρδ]. We will show 
0 dt Z T d 

lim Hrel[ρε|ρδ] ≤ 0, 
ε,δ→0 0 dt 

to fnd that, in fact, lim Hrel[ρε|ρδ](T ) = 0. This limit will provide the necessary 
ε,δ→0 

information about the convergence of ∇ρε. 
To do this, let us analyze the error terms frst: Z Z Z ZT ρε + σ T ρε + σ 
Eε,δ = − ε ρε log ϕR dx dt + δ ρδ ϕR dx dt (4.4.6a) 

Rd ρδ + σ Rd ρδ + σZ 0Z � � � 0 � ��T ρε + σ ρε + σ − ϕR ε∇ρε∇ log − δ∇ρδ∇ dx dt (4.4.6b) 
Rd ρδ + σ ρδ + σ Z0 Z � � � � ��T ρε + σ ρε + σ − ∇ϕR ε∇ρε log − δ∇ρδ dx dt. (4.4.6c) 

0 Rd ρδ + σ ρδ + σ 

For the frst term above, assuming without loss of generality ε < δ and recalling 
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that we can always choose δ such that δ < σ << 1 we compute Z T Z ZZ Tρε + σ 
(4.4.6a) = − εH[ρε|ρδ] + εσ log ϕR dx dt − ε (ρε − ρδ)ϕR dx dt 

0 Rd ρδ + σ 0 RdZ TZ ρε + σ 
+ δ ρδ ϕR dx dt 

ρδ + σ0 Rd Z TZ ρε + σ ≤ − εH[ρε|ρδ] + σ2 ϕR dx dt (4.4.7)
ρδ + σZ TZ 0 Rd Z TZ 

+ σ ρδϕR dx dt + σ (ρε + σ)ϕR dx dt 
0 Rd 0 RdZ TZ 

≤ − εH[ρε|ρδ] + σ (2ρε + ρδ + ϕR) dx dt 
0 Rd 

α−1 
α≤ − εH[ρε|ρδ] + Cσ , (4.4.8) 

where C > 0 only depends on the L1 norm of the initial data. In the last inequality R α−1 
αwe have used Lemma 4.2.1 and the fact that Rd ϕR dx = C(d)σ . From now on, 

C will be a positive universal constant that can change from line to line. 
For expression (4.4.6b), we compute Z TZ Z TZ |∇ρε|2 ∇ρε∇ρδ

(4.4.6b) = − ε ϕR dx dt + (ε + δ) ϕR dx dt 
0 Rd ρε + σ 0 Rd ρδ + σ Z ZT ∇ρδ 

2 

− δ (ρε + σ) ϕR dx dt 
ρδ + σ0 ZRd 

TZ Z TZ 2
(ε + δ) |∇ρε|2 (ε + δ) ∇ρδ≤ ϕR dx dt + (ρε + σ) ϕR dx dt 

2 Rd 2 0 Rd ρδ + σ0 ρε + σ Z TZ 2∇ρδ− δ (ρε + σ) ϕR dx dt 
ρδ + σ0 ZRdZ 

(ε + δ) T |∇ρε|2 
≤ ϕR dx dt 

2 0 Rd ρε 

≤σC, (4.4.9) 

using Lemma 4.2.4 in the last inequality. For the frst term in (4.4.6c) we get Z Z � � Z ZT ρε + σ T 
ε ∇ϕR∇ρε log dx dt ≤ε | log(ρε + σ)||∇ϕR||∇ρε| dx dt 

ρδ + σ0 Rd 0 RdZ TZ 
+ ε | log(ρδ + σ)||∇ϕR||∇ρε| dx dt. 

0 Rd 

1 
Since | log(ρ + σ)| ≤ | log(σ)| + (ρ + σ) and |∇ϕR| ≤ Cσ αd , we estimate the two 
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integrals above as Z TZ 
ε |log(ρε + σ)∇ϕR∇ρε| dx dt 

0 Rd Z TZ 
1 
αd≤Cσ +1 (| log(σ)||∇ρε| + |∇ρε|(ρε + σ)) dx dt 

0 B2R Z Z � �T |∇ρε|2 
αd≤ Cσ 
1 +1| log(σ)| + ρε dx dt 

0 B2R ρεZ TZ � � 
C |∇ρε|2 

αd+ σ 
1 +1 σ + σρε + |∇ρε|2 + ρ2 

ε2 0 B2R ρε 

≤ Cσ, (4.4.10) 

for sufciently small σ, by Lemma 4.2.1 and Proposition 4.2.4 in the last inequality. 
Similar computations can be done for the integral involving ρδ. 

For the second term in (4.4.6c), we compute Z Z � � Z ZT ρε + σ 1 T 
δ ∇ϕR∇ρδ dx dt ≤ σ αd |∇ρδ|(ρε + σ) dx dt 

0 Rd ρδ + σ 0 Rd 

1 Z TZ � � 
σ αd |∇ρδ|2 

≤ |∇ρδ|2 + ρε 
2 + σ + σρδ dx dt 

2 0 Rd ρδ 
1 

≤ σ αd C, (4.4.11) 

using Proposition 4.2.2 in the last inequality. Summarizing, by (4.4.7), (4.4.9), 
(4.4.10) and (4.4.11), for a sufciently small σ, we have the following estimate for 
the error term 

1 
αd .Eε,δ ≤ −εH[ρε|ρδ] + C σ (4.4.12) 

Now, we have to estimate the following two terms from (4.4.5) involving ∇ϕR: Z TZ � � � � 
χρε ρε + σ 

I1 := − 1 − ∇ρε∇ϕR log dx dt, (4.4.13a)
|∇ρε| ρδ + σ0 Rd +Z Z � � � �T χρδ ρε + σ 

I2 := 1 − ∇ρδ∇ϕR dx dt. (4.4.13b) 
Rd |∇ρδ| ρδ + σ0 + 

Pursuing the same strategy as in (4.4.10), for (4.4.13a) we get that 
1 

|I1| ≲ Cσ αd | log(σ)|. 

Similarly, (4.4.13b) can be estimated as Z TZ � � 
1 |ρε − ρδ|
αd|I2| ≤ σ |∇ρδ| 1 + dx dt 

0 Rd ρδ + σ Z TZ � � 
1 |∇ρδ|2 1 ≤ σ αd + ρδ + |∇ρδ|2 + |ρε − ρδ|2 dx dt 

σ2 
0 Rd ρδ 

1 
≤ σ αd C, 
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by a priori estimates and (4.4.4). 
Now, let us see what happens with the remaining term in (4.4.5). These are Z Z � � � �T χρε ρε + σ 

I3 := − 1 − ∇ρε∇ log ϕR dx dt (4.4.14) 
Rd |∇ρε| ρδ + σ Z TZ0 � � + � � 

χρδ ρε + σ 
I4 := 1 − ∇ρδ∇ ϕR dx dt. (4.4.15) 

Rd |∇ρδ| ρδ + σ0 + 

We can reformulate I3 as Z Z � � � �T χ(ρε + σ) ρε + σ 
I3 = − 1 − ∇ρε∇ log ϕR dx dt 

|∇ρε| ρδ + σ0 Rd +Z TZ �� � � � � � � 
χρε χ(ρε + σ) ρε + σ − 1 − − 1 − ∇ρε∇ log ϕR dx dt. 
|∇ρε| |∇ρε| ρδ + σ0 Rd + + 

We rewrite I4 in a similar way. It follows Z TZ � � � � 
χ(ρε + σ) ρε + σ 

I3 + I4 = − 1 − ∇ρε∇ log ϕR dx dt 
0 Rd |∇ρε| + ρδ + σ Z TZ � � � � 

χ(ρδ + σ) ρε + σ 
+ 1 − ∇ρδ∇ ϕR dx dt + R1 + R2, 

0 Rd |∇ρδ| + ρδ + σ 

where Z Z �� � � � � � �T χρε χ(ρε + σ) ρε + σ 
R1 := − 1 − − 1 − ∇ρε∇ log ϕR dx dt,

|∇ρε| |∇ρε| ρδ + σ0 Rd + +Z TZ �� � � � � � � 
χρδ χ(ρδ + σ) ρε + σ 

R2 := 1 − − 1 − ∇ρδ∇ ϕR dx dt. 
|∇ρδ| |∇ρδ| ρδ + σ0 Rd + + 

We recall that � � � � 
χρε χ(ρε + σ) χσ 

1 − − 1 − ≤ , (4.4.16)
|∇ρε| |∇ρε| |∇ρε|+ + 

and also that �� � � � � 
χρε χ(ρε + σ)

0 ≤ 1 − − 1 − . 
|∇ρε| |∇ρε|+ + 

Similar bounds hold in R2 for the term with ρδ. Using this, we estimate R1 as 
follows: Z Z �� � � � �T χρε χ(ρε + σ) ∇ρδ

R1 ≤ 1 − − 1 − ∇ρε ϕR dx dt 
Rd |∇ρε| |∇ρε| ρδ + σ0 + +Z TZ Z TZ |∇ρδ| |∇ρδ|≤χσ ϕR dx dt ≤ χσ1/2 √ ϕR dx dt 
0 Rd ρδ + σ 0 Rd ρδ + σ 

1− 1 
2α C, ≤χσ 2 
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which vanishes when σ → 0 if α > 1. We estimate R2 in a similar way: Z TZ �� � � � � 
χρδ χ(ρδ + σ) ∇ρδ∇ρε

R2 ≤ 1 − − 1 − ϕR dx dt 
Rd |∇ρδ| |∇ρδ| ρδ + σ0 + +Z TZ Z TZ √ |∇ρε| |∇ρε| ρε≤χσ ϕR dx dt ≤ χσ1/2 √ √ ϕR dx dt 
0 Rd ρδ + σ 0 Rd ρε ρδ + σ �Z TZ �1/2 �Z TZ �1/2 |∇ρε| ρε≤χσ1/2 ϕR dx dt ϕR dx dt 

0 Rd ρε 0 Rd ρδ + σ �Z TZ Z TZ �1/2 |ρε − ρδ| ρδ≤Cσ1/2 ϕR dx dt + ϕR dx dt 
0 Rd ρε + σ 0 Rd ρδ + σ �Z Z Z Z Z Z �1/2T T T|ρε − ρδ|2 

≤Cσ1/2 
σ2 dx dt + ϕR 

2 dx dt + ϕR dx dt 
0 Rd 0 Rd 0 Rd � Z TZ �1/2 

≤Cσ1/2 1 + (ϕR + ϕR 
2 ) dx dt 

0 Rd 

1 
α . 
1 

≤Cσ −
2 2 

We conclude that, if α > 1, R1, R2 → 0 when σ → 0. 
Straightforward computations lead to Z TZ �� � � � � 

ρε + σ χ(ρε + σ) χ(ρδ + σ)
I3 + I4 = − 1 − − 1 − × 

2 |∇ρε| |∇ρδ|0 Rd + +� � 
× |∇ log(ρε + σ)|2 − |∇ log(ρδ + σ)|2 dx dt Z Z � � 2 �� � � � �T ρε + σ ρε + σ χ(ρε + σ) χ(ρδ + σ)− ∇ log 1 − + 1 − dx dt 

Rd 2 ρδ + σ |∇ρε| |∇ρδ|0 + + 

+R1 + R2 Z Z �� � � � �2T χ(ρε + σ) χ(ρδ + σ)ρε + σ ≤ − 1 − − 1 − dx dt 
2 |∇ρε| |∇ρδ|0 Rd + +Z Z � � �� � � � �T ρε + σ ρε + σ 2 χ(ρε + σ) χ(ρδ + σ)− ∇ log 1 − + 1 − dx dt 

Rd 2 ρδ + σ |∇ρε| |∇ρδ|0 + + 

+ R1 + R2, 

where, in the second inequality, we have used that �� �2 �� �� � � � � �χ χ χ χ � �
2 − s 21 − − 1 − ≤ C 1 − − 1 − r , for any r, s > 0. 

r + s + r + s + 
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Therefore, (4.4.3) and (4.4.5) give �Z � � � � � 
ρε + σ 

(ρε + σ) log − ρε + ρδ dx (T ) 
Rd ρδ + σZ � � � � 

ρin,ε + σ − (ρin,ε + σ) log − ρin,ε + ρin,δ dx 
Rd ρin,δ + σZ 

= (ρδ(T ) − ρin,δ)ϕR dx 
Rd Z TZ �� � � � �21 χ(ρε + σ) χ(ρδ + σ)− (ρε + σ) 1 − − 1 − dx dt 
2 Rd |∇ρε| |∇ρδ|0 + +Z TZ � � 2 �� � � � � 
1 ρε + σ χ(ρε + σ) χ(ρδ + σ)− (ρε + σ) ∇ log 1 − + 1 − dx dt 
2 0 Rd ρδ + σ |∇ρε| |∇ρδ|+ + 

+ R1 + R2 + I1 + I2 + Eε,δ, (4.4.17) 

where, R1, R2, I1, I2 and Eε,δ vanish when σ, ε, δ → 0. Now, we need to prove R 
Rd (ρδ(T ) − ρin,δ)ϕR dx → 0 when σ, ε, δ → 0. For this, we test (4.3.5) with ϕR to 
get �Z � Z Z T Z � � 

χρδ
ρδϕR dx (T ) = ρin,δϕR dx − 1 − ∇ρδ∇ϕR dx dt 

Rd Rd Rd |∇ρδ|Z T Z 0 Z T Z + 

− ε ∇ρδ∇ϕR dx dt − ε ρδϕR dx dt. (4.4.18) 
0 Rd 0 Rd 

Since |∇ϕR| ≤ C → 0 and δ → 0 when σ → 0, we have that
R(σ) Z Z � �T χρδ C √ 

lim 1 − ∇ρδ∇ϕR dx dt ≤ lim ∥∇ ρδ∥2∥ρδ∥1 = 0. 
σ→0 Rd |∇ρδ| σ→0 R(σ)0 + 

The viscosity terms in (4.4.18) also vanish when σ → 0, and therefore we get that �Z � Z 
lim ρδφ dx (T ) = lim ρin,δφ dx. 
σ→0 σ→0Rd Rd 

Finally, taking the limit σ, ε, δ → 0 in (4.4.17) yields Z TZ �� � � � �2
1 χ(ρε + σ) χ(ρδ + σ)

lim (ρε + σ) 1 − − 1 − ϕR dx dt = 0, 
ϵ,δ→0 2 Rd |∇ρε| |∇ρδ|0 + + 

(4.4.19a)Z Z � � 
1 T ρε + σ 2 

lim (ρε + σ) ∇ log × 
ϵ,δ→0 2 ρδ + σ0 Rd�� � � � � 

χ(ρε + σ) χ(ρδ + σ)× 1 − + 1 − ϕR dx dt = 0. (4.4.19b)
|∇ρε| |∇ρδ|+ + 

4.4.2 Identifcation of the limit of ∇ρε 

Now, from (4.4.19a) is easy to see that � � 
χ(ρε + ε) � � 

1 − → G a.e. x ∈ [0, T ] × Rd \ {ρ = 0} . 
|∇ρε| + 
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And on the other hand, from (4.4.19b) 
∇ρε � � �� 

→ w a.e. in [0, T ] × Rd \ {ρ = 0} ∪ {G = 0} . 
ρε + ε � � 

1 − χ(ρε+ε)Notice, moreover, that if converges almost everywhere in [0, T ]×Rd \|∇ρε| + 
{ρ = 0} then 

|∇ρε| � � 
< ∞ a.e. in [0, T ] × Rd \ {ρ = 0} ,

ρε + ε 
and we have � �� � 

|∇ρε| |∇ρε| χ(ρε + ε) ∇ρε
(ρε + ε)3 + χ 1 − → w,

ρε + ε ρε + ε |∇ρε| ρε + ε � � 
almost everywhere in [0, T ] × Rd \ {ρ = 0} , or, which is equivalent, � � 

|∇ρε|2 − (ρε + ε)2χ2 ∇ρε → w, � � + 

almost everywhere in [0, T ]× Rd \ {ρ = 0} . But as ρε → ρ strongly in L2(0, T ; Rd), 
ρε → ρ a.e. in (0, T ) × Rd , and � � 

|∇ρε|2 − ρ2χ2 ∇ρε → w, � + � 
almost everywhere in [0, T ] × Rd \ {ρ = 0} . 

Defne QR,τ,T = [τ, T ] × (BR ∩ {ρ > 0}). Egorov’s and Lusin’s Theorems im-
ply that, for every η > 0, there exists Qη ⊂ compact such that R,τ,T QR,τ,T 
|QR,τ,T \Qη | < η,R,τ,T � � 

|∇ρε|2 − ρ2χ2 ∇ρε ∈ C0(Qη ),
+ R,τ,T � � 

|∇ρε|2 − ρ2χ2 ∇ρε → w uniformly in Qη 
+ R,τ,T . 

Then, as ∇ρε ⇀ ∇ρ weakly in Lp(Rd × (0, T )) we have that Z ih� � � � 
|∇ρε|2 − ρ2χ2 ∇ρε − |∇ρ|2 − ρ2χ2 ∇ρ (∇ρε −∇ρ) dx dt 

+ + 
Qη Z R,τ,T ih� � 

= |∇ρε|2 − ρ2χ2 ∇ρε − w (∇ρε −∇ρ) dx dt 
+η 

R,τ,TQZ h i� � 
+ w − |∇ρ|2 − ρ2χ2 ∇ρ (∇ρε −∇ρ) dx dt → 0. 

+ 
Qη 

R,τ,T 

But, notice that Z h� i� � � 
|∇ρε|2 − ρ2χ2 ∇ρε − |∇ρ|2 − ρ2χ2 ∇ρ (∇ρε −∇ρε) dx dt 

+ + 
Qη 

R,τ,T 

1 
Z h� � � � i 

= |∇ρε|2 − ρ2χ2 + |∇ρ|2 − ρ2χ2 × |∇(ρε − ρ)|2 dx dt (4.4.20a)
2 + + 

Qη 
R,τ,TZ 

1 h� � � � i � � 
+ |∇ρε|2 − ρ2χ2 − |∇ρ|2 − ρ2χ2 × |∇ρε|2 − |∇ρε|2 dx dt → 0. 

2 + + 
Qη 

R,τ,T 

(4.4.20b) 
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Since both integrals in (4.4.20a), (4.4.20b) are nonnegative, the convergence to 0 of 
(4.4.20a) implies that we can fnd a subsequence (not relabeled) such that ∇ρε → ∇ρ 
a.e. in Qη \ {ρχ ≥ |∇ρ|}. W.l.o.g. we can choose η = 1/N , N ∈ N, and assumeR,τ,T 

1/N1 1/N2that Q ⊂ Q for N1 < N2. Since |QR,τ,T \ Qη | < η, a Cantor diagonalR,τ,T R,τ,T R,τ,T 
argument yields the existence of a subsequence (not relabeled) such that ∇ρε → ∇ρ 
a.e. in QR,τ,T \ {ρχ ≥ |∇ρ|}. Via another Cantor diagonal argument we conclude 
that (up to a subsequence) � � 

∇ρε → ∇ρ a.e. in (0, T ) × Rd \ {ρχ ≥ |∇ρ|} . (4.4.21) 

Thus � � � � 
χρε χρ � � �� 

1 − ∇ρε ⇀ 1 − ∇ρ in L2 (0, T ) × Rd \ {ρχ ≥ |∇ρ|} . 
|∇ρε| |∇ρ|+ + 

Furthermore ih� � � � � � 
|∇ρε|2 − ρ2χ2 − |∇ρ|2 − ρ2χ2 × |∇ρε|2 − |∇ρε|2 h� + � � + � i2 
= |∇ρε|2 − ρ2χ2

+ − |∇ρ|2 − ρ2χ2
+ i h� ih� � � � � � � 

− |∇ρε|2 − ρ2χ2 − |∇ρ|2 − ρ2χ2 |∇ρε|2 − ρ2χ2 − |∇ρ|2 − ρ2χ2 
+ + − − h� � � � i2 

= |∇ρε|2 − ρ2χ2 − |∇ρ|2 − ρ2χ2 � +� � � + � � � � 
+ |∇ρε|2 − ρ2χ2 |∇ρ|2 − ρ2χ2 + |∇ρε|2 − ρ2χ2 |∇ρ|2 − ρ2χ2 . 

+ − − + 

So, (4.4.20b) gives � � � � � � �� 
|∇ρε|2 − ρ2 

εχ
2 → |∇ρ|2 − ρ2χ2 a.e. in L2 (0, T ) × Rd ∩ {ρ > 0} . 

+ + 

Moreover, notice that � � 
χρε � � 

lim 1 − ∇ρε (|∇ρε| + ρεχ)+ ≤ lim |∇ρε|2 − ρ2 
εχ

2 
ε→0 |∇ρε| ε→0 

+ � � + 

= |∇ρ|2 − ρ2χ2
+ = 0, � � 

a.e. in (0, T ) × Rd ∩ {ρχ ≥ |∇ρ, | ρ > 0} . Finally, it holds � � � � 
χρε √ √ χρ 

1 − ∇ρε ≤ 2 ρε|∇ ρε| → 0 = 1 − ∇ρ a.e. in {ρ > 0}. 
|∇ρε| |∇ρ|+ + 

This means that � � � � 
χρε χρ 

1 − ∇ρε → 1 − ∇ρ a.e. in (0, T ) × Rd ,
|∇ρε| |∇ρ|+ + 

and we fnally get � � � � 
χρε χρ 

1 − ∇ρε ⇀ 1 − ∇ρ weakly in L2((0, T ) × Rd). 
|∇ρε| |∇ρ|+ + 
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4.4.3 Limit ε → 0 in (4.3.5) 
As in (4.3.3), we have that 

∥∂tρε∥L2(0,T ;H−1(Rd)) ≤ C∥ρin,ε∥L2(Rd), 

and, as ρin,ε is uniformly bounded in L2(0, T ; Rd), this yields 

∂tρε ⇀ ∂tρ weakly in L2(0, T ; H−1). 

On the other hand, due to what is stated in the previous section, we have that � � � � 
χρε χρ 

1 − ∇ρε ⇀ 1 − ∇ρ weakly in L2(0, T ; Rd). 
|∇ρε| |∇ρ|+ + 

For the regularizing terms we have the following: Z T Z Z T Z 
lim ε ∇ρε∇φ dx dt + ε ρεφ dx dt ≤ lim εC∥ρin,ε∥L2(0,T ;Rd)∥φ∥L2(0,T ;Rd)
ε→0 ε→00 Rd 0 Rd 

= 0. 

Finally we have that ρ is the weak solution to (4.1.8). 

4.4.4 Obtaining the initial data ρin for ρ 
In what follows, we will show that ρ(t) → ρin strongly in Lp(Rd) as t → 0. 

We start by reminding that ρε is bounded in the space � 
u ∈ L2(0, T ; H1(Rd)) : ∂tu ∈ L2(0, T ; H−1(Rd)) 

which embeds continuously into C0([0, T ]; L2(Rd)) [145, Prop. 23.23]. In particular 
it follows that ρε(t) ⇀ ρ(t) weakly in H−1(Rd) for every t ∈ [0, T ], hence Z Z 

lim ρε(t)φdx = ρ(t)φdx ∀φ ∈ H1(Rd). (4.4.22)
ε→0 Rd Rd 

Also remember that the initial condition for the approximated problem (4.3.5) is 
satisfed in the sense of (4.3.2).� � � � 

χρε χρDefne for brevity Aε := ε+ 1 − , A := 1 − . Choose φ ∈ H1(Rd)|∇ρε| |∇ρ|
+ + 

independent of time in (4.3.5). It follows Z Z 
ρε(τ )φ dx − ρin,εφ dx 

Rd RdZ τ Z Z τ Z 
= Aε∇ρε · ∇φ dx dt + ε ρεφ dx dt 

0 Rd 0 Rd� � 
≤ (1 + ε) ∥∇ρε∥L2(0,τ ;L2(Rd))∥∇φ∥L2(0,τ ;L2(Rd)) + ∥ρε∥L2(0,τ ;L2(Rd))∥φ∥L2(0,τ ;L2(Rd)) 

≤ Cτ 1/2∥φ∥H1(Rd). 
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Relation (4.4.22) allows us to take the limit ε → 0 in the above estimate and obtain Z Z 
ρ(τ)φ dx − ρ0φ dx ≤ Cτ 1/2∥φ∥H1(Rd), 

Rd Rd 

implying 
ρ(t) → ρ0 strongly in H−1(Rd) as t → 0. (4.4.23) 

Defne now, for M > 0 arbitrary, (Z s p−1ps 0 ≤ s ≤ M, 
FM (s) = fM (σ)dσ, fM (s) = . 

0 p(p − 1)Mp−2(s − M) + pMp−1 s > M. 

Choose φ = fM (ρ)χ 
[t1,t2](t) ∈ L2(0, T ; H1(Rd)) in (4.1.8). It follows Z Z Z t2 

Z 
FM (ρ(t2)) dx − FM (ρ(t1)) dx = AfM 

′ (ρ)|∇ρ|2 dx dt 
Rd Rd Rdt1 Z t2 

Z 
4 

M 
′ (ρ)ρ2−p|∇ρp/2|2 dx dt.= Af 

p2 
Rdt1 

Since fM 
′ (ρ)ρ2−p = p(p−1) min(ρp−2,Mp−2)ρ2−p ≤ p(p−1), FM (ρ) ≤ ρp, Proposition 

4.2.2 and the dominated convergence theorem allow us to take the limit M → ∞ in 
the above identity and deduce Z Z Z Z 

4(p − 1) t2 

ρ(t2)
p dx − ρ(t1)

p dx = A|∇ρp/2|2 dx dt 
Rd Rd p Rdt1 

for a.e. t1, t2 ∈ [0, T ]. It follows that the function t 7→ ∥ρ(t)∥p is in W 1,1(0, T ),
Lp(Rd) 

hence, up to changing the values of ρ : [0, T ] → Lp(Rd) in a zero measure set, it 
holds that t 7→ ∥ρ(t)∥p is continuous in [0, T ]. As a consequence, the bound 

Lp(Rd) 
∥ρ(t)∥Lp(Rd) ≤ ∥ρ0∥Lp(Rd) holds for every t ∈ [0, T ]. In particular ρ(t) is weakly 
convergent (up to subsequences) in Lp(Rd) as t → 0; however, its weak limit has to 
be ρ0 due to (4.4.23), hence ρ(t) ⇀ ρ0 weakly in Lp(Rd) as t → 0 (no longer up to 
subsequences). It follows 

∥ρ0∥Lp(Rd) ≤ lim inf ∥ρ(t)∥Lp(Rd) ≤ lim sup ∥ρ(t)∥Lp(Rd) ≤ ∥ρ0∥Lp(Rd), 
t→0 t→0 

implying that ∥ρ(t)∥Lp(Rd) → ∥ρ0∥Lp(Rd) as t → 0. This fact and the weak conver-
gence ρ(t) ⇀ ρ0 in Lp(Rd) imply that ρ(t) → ρin strongly in Lp(Rd) as t → 0. 

4.4.5 Uniqueness 
Let ρ1 and ρ2 be two solutions to (4.1.8) with the same initial data. As in Section 

ρ1+σ ρ1−ρ24.4, we subtract equation (4.1.8) for ρ2 tested with φ2 = −1 = to the
ρ2+σ ρ2+σ� � 

equation for ρ1 tested with φ1 = log 
ρ
ρ 
2

1 
+
+ 
σ
σ . Following the same computations as 
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in (4.4.3), we get Z T Z 
[φ1∂tρ1 − φ2∂tρ2] dx dt = 

0 Rd Z Z �� � � � � � �T d ρ1 + σ ρ1 + σ ρ1 + σ 
= (ρ2 + σ) log − + 1 dx dt 

0 dt Rd ρ2 + σ ρ2 + σ ρ2 + σZ �� � � � � � � 
ρ1 + σ ρ1 + σ ρ1 + σ 

= (ρ2 + σ) log − + 1 (T ) dx. 
Rd ρ2 + σ ρ2 + σ ρ2 + σ 

After some manipulations, this yields Z �� � � � � � � 
ρ1 + σ ρ1 + σ ρ1 + σ 

(ρ2 + σ) log − + 1 (T ) dx (4.4.24) 
Rd ρ2 + σ ρ2 + σ ρ2 + σ Z TZ �� � � � � 

1 χ(ρ1 + σ) χ(ρ2 + σ) 
= − (ρ1 + σ) 1 − − 1 − · 

2 Rd |∇ρ1| |∇ρ2|0 + +� � 
· |∇ log(ρ1 + σ)|2 − |∇ log(ρ2 + σ)|2 dx dt Z Z � � 2 �� � � � �T χ(ρ1 + σ)1 ρ1 + σ χ(ρ2 + σ)− (ρ1 + σ) ∇ log 1 − + 1 − dx dt 

2 ρ2 + σ |∇ρ1| |∇ρ2|0 Rd + + 

+ ξ1 + ξ2 

≤ ξ1 + ξ2 

where Z TZ �� � � � � � � 
χρ1 χ(ρ1 + σ) ρ1 + σ 

ξ1 := − 1 − − 1 − ∇ρ1∇ log dx dt, 
0 Rd |∇ρ1| |∇ρ1| ρ2 + σ+ + 

and Z TZ �� � � � � � � 
χρ2 χ(ρ2 + σ) ρ1 + σ 

ξ2 := 1 − − 1 − ∇ρ2∇ dx dt. 
0 Rd |∇ρ2| |∇ρ2| + ρ2 + σ+ 

We want to show that lim supσ→0(ξ1 + ξ2) ≤ 0. We estimate frst ξ1 and then ξ2. Z TZ �� � � � � 
χρ1 χ(ρ1 + σ) ∇ρ2

ξ1 ≤ 1 − − 1 − ∇ρ1 dx dt 
0 Rd |∇ρ1| |∇ρ1| ρ2 + σ Z Z �� +� � +� � 
1 T χρ1 χ(ρ1 + σ) |∇ρ1|2 

≤ 1 − − 1 − dx dt 
2 Rd |∇ρ1| |∇ρ1| ρ2 + σ0 + +| {z } Z TZ �� � (I)� � � 

1 χρ1 χ(ρ1 + σ) |∇ρ2|2 
+ 1 − − 1 − dx dt . 

2 Rd |∇ρ1| |∇ρ1| ρ2 + σ0 + +| {z } 
(II) 

√ 
It is easy to see that the integrand in (II) is controlled by |∇ ρ |2 ∈ L1(Rd ×(0, T )).

2 
For (I) we use the Lipschitz condition (4.4.16) and we get 

1 √ √ |Integrand in (I)| ≤ |∇ρ1| ≤ |∇ ρ | ρ1 ∈ L1(Rd × (0, T )).12 

137 



CHAPTER 4. A QUASILINEAR PDE FROM CHEMOTAXIS 

This shows that ξ1 is uniformly bounded with respect to σ. Let us estimate ξ2: Z TZ �� � � � � 
χρ2 χ(ρ2 + σ) ∇ρ2∇ρ1

ξ2 ≤ 1 − − 1 − dx dt 
Rd |∇ρ2| |∇ρ2| ρ2 + σ0 + +Z TZ �� � � � � 

χρ2 χ(ρ2 + σ) (ρ1 + σ)|∇ρ2|2 
− 1 − − 1 − dx dt 

|∇ρ2| |∇ρ2| (ρ2 + σ)2 Z0 ZRd �� �+ � �+� 
1 T χρ2 χ(ρ2 + σ) |∇ρ1|2 

≤ 1 − − 1 − dx dt 
2 Rd |∇ρ2| |∇ρ2| ρ1 + σ0 + +Z TZ �� � � � � 
1 χρ2 χ(ρ2 + σ) (ρ1 + σ)|∇ρ2|2 

− 1 − − 1 − dx dt 
2 |∇ρ2| |∇ρ2| (ρ2 + σ)2 

0 Rd + +Z Z �� � � � � 
1 T χρ2 χ(ρ2 + σ) |∇ρ1|2 

≤ 1 − − 1 − dx dt 
2 0 Rd |∇ρ2| + |∇ρ2| + ρ1 

√ 
The integrand in the last expression is controlled by |∇ ρ1| ∈ L1(Rd × (0, T )). 
Therefore by dominated convergence we can take the limit σ → 0 in (4.4.24) to 
obtain Z � � � � 

ρ1
ρ1 log − ρ1 + ρ2 (T ) dx≤ lim sup(ξ1 + ξ2) ≤ 0. 

Rd ρ2 σ→0 

This implies that ρ1 = ρ2. 
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[4] L. Ambrosio, E. Brué, D. Semola, et al. Lectures on optimal transport. 

Springer, 2021. 
¨ [5] D. H. Armitage and U. Kuran. “The convexity of a domain and the super-

harmonicity of the signed distance function”. In: Proceedings of the American 
Mathematical Society 93.4 (1985), pp. 598–600. 
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inequality for torsional rigidity and frst Dirichlet eigenvalue”. In: Integral 
Equations and Operator Theory 86 (2016), pp. 579–600. 

[13] M. van den Berg and A. Malchiodi. “On some variational problems involving 
capacity, torsional rigidity, perimeter and measure”. In: Advances in Calculus 
of Variations 16.4 (2023), pp. 961–974. 

139 



BIBLIOGRAPHY 

[14] J. G. Berryman and C. J. Holland. “Stability of the separable solution for 
fast difusion”. In: Archive for Rational Mechanics and Analysis 74.4 (1980), 
pp. 379–388. 

[15] R. M. Blumenthal and R. K. Getoor. “Some theorems on stable processes”. 
In: Transactions of the American Mathematical Society 95.2 (1960), pp. 263– 
273. 

[16] K. Bogdan, K. Burdzy, and Z. Q. Chen. “Censored stable processes”. In: 
Probability Theory and Related Fields 127 (2003), pp. 89–152. 

[17] M. Bologna, C. Tsallis, and P. Grigolini. “Anomalous difusion associated 
with nonlinear fractional derivative Fokker-Planck-like equation: Exact time-
dependent solutions”. In: Physical Review E 62.2 (2000), pp. 2213–2218. 

[18] M. Bonforte and A. Figalli. “Sharp extinction rates for fast difusion equa-
tions on generic bounded domains”. In: Communications on Pure and Applied 
Mathematics 74.4 (2021), pp. 744–789. 

[19] M. Bonforte and A. Figalli. “The Cauchy–Dirichlet problem for the fast dif-
fusion equation on bounded domains”. In: Nonlinear Analysis 239 (2024), 
p. 113394. 

[20] M. Bonforte, A. Figalli, and X. Ros-Oton. “Infnite speed of propagation 
and regularity of solutions to the fractional porous medium equation in gen-
eral domains”. In: Communications on Pure and Applied Mathematics 70.8 
(2017), pp. 1472–1508. 

[21] M. Bonforte, A. Figalli, and J. L. Vázquez. “Sharp boundary behaviour of 
solutions to semilinear nonlocal elliptic equations”. In: Calculus of Variations 
and Partial Diferential Equations 57 (2018), pp. 1–34. 

[22] M. Bonforte, A. Figalli, and J. L. Vázquez. “Sharp global estimates for lo-
cal and nonlocal porous medium-type equations in bounded domains”. In: 
Analysis & PDE 11.4 (2018), pp. 945–982. 

[23] M. Bonforte, P. Ibarrondo, and M. Ispizua. “The Cauchy-Dirichlet problem 
for singular nonlocal difusions on bounded domains”. In: Discrete and Con-
tinuous Dynamical Systems 43.3 (2023), pp. 1090–1142. 

[24] M. Bonforte, Y. Sire, and J. L. Vázquez. “Existence, uniqueness and asymp-
totic behaviour for fractional porous medium equations on bounded do-
mains”. In: Discrete and Continuous Dynamical Systems 35.12 (2014). 

[25] M. Bonforte, Y. Sire, and J. L. Vázquez. “Optimal existence and unique-
ness theory for the fractional heat equation”. In: Nonlinear Analysis: Theory, 
Methods & Applications 153 (2017), pp. 142–168. 

[26] M. Bonforte and J. L. Vázquez. “A priori estimates for fractional nonlinear 
degenerate difusion equations on bounded domains”. In: Archive for Rational 
Mechanics and Analysis 218 (2015), pp. 317–362. 

[27] M. Bonforte and J. L. Vázquez. “Fractional nonlinear degenerate difusion 
equations on bounded domains part I. Existence, uniqueness and upper 
bounds”. In: Nonlinear Analysis 131 (2016), pp. 363–398. 

140 



BIBLIOGRAPHY 

[28] M. Bonforte and J. L. Vázquez. “Quantitative local and global a priori esti-
mates for fractional nonlinear difusion equations”. In: Advances in Mathe-
matics 250 (2014), pp. 242–284. 

[29] L. Brasco. “On principal frequencies and isoperimetric ratios in convex sets”. 
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