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Abstract

The aim of this thesis is to develop two new types of reduction by symmetries for covariant La-
grangian field theories; namely, reduction by fiberwise actions, also known as local gauge reduction
or, simply, gauge reduction, and higher-order Euler–Poincaré reduction. The technique utilized in
both cases consists of studying the geometry of the reduced configuration bundle, i.e., the quotient
of the original configuration bundle by the corresponding action, and next transferring the prin-
ciple of stationary action or Hamilton’s principle to that reduced bundle. The reduced variations
are not free any more, but they are restricted, and when applied to the reduced Lagrangian they
yield the reduced field equations. In addition, the reconstruction problem, which consists of finding
the compatibility condition that guarantee that the solutions of the reduced equations come from
solutions of the original equations, and the relation of the reduced equations (or some of them)
with the Noether conservation law are addressed.

In the gauge reduction case, a Lie group fiber bundle acts fiberwisely in the configuration bundle
of the theory and the Lagrangian is invariant by an affine Lie group subbundle of the first jet lift of
this action. The geometry of the quotient is studied by means of an Ehresmann connection that is
equivariant for the fibered action. For this reason, we include a chapter devoted to the study of the
properties and the curvature of this type of connections, which generalize the notions of principal
connection and affine connection. For higher-order Euler–Poincaré reduction, the Lagrangian is
defined in the higher-order jet bundle of a principal bundle and it is invariant by the action of the
structure group of the principal bundle. The geometry of the reduced bundle is studied canonically,
i.e., without using a connection.

Lastly, the theoretical results are illustrated through several examples. More specifically, gauge
reduction is applied to the classical case of global symmetries (Lagrange–Poincaré reduction), to
the invariance by the full jet, to Electromagnetism (including Electromagnetism with higher-order
forms as well as symmetry breaking) and to non-Abelian gauge theories (in particular, to the
Yang–Mills theory, where we obtain the well-known Utiyama theorem). For this last instance, the
Lie groupoid structure of the 2-jet bundle of functions from a smooth manifold to a Lie group
has to be trivialized with the aid of a linear connection. Hence, a chapter investigating this jet
bundles is included. To conclude, higher-order Euler–Poincaré reduction is applied to higher-order
multivariate splines on Riemannian Lie groups. This type of splines is used to interpolate data on
Lie groups while minimizing higher-order derivatives, such as the acceleration.
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Resumen

El objetivo de esta tesis es desarrollar dos nuevos tipos de reducción por simetŕıas para teoŕıas de
campos lagrangianas covariantes, a saber, reducción por acción fibrada, también conocida como
reducción gauge local o, simplemente, reducción gauge, y reducción de Euler–Poincaré de orden
superior. En ambos casos, la técnica empleada consiste en estudiar la geometŕıa del fibrado de
configuración reducido, esto es, el cociente del fibrado de configuración original por la acción corre-
spondiente, y a continuación transferir el principio de acción estacionaria o principio de Hamilton
a dicho fibrado reducido. Las variaciones reducidas ya no son libres, sino que están restringidas, y
al aplicarlas a la lagrangiana reducida se obtienen las ecuaciones de campo reducidas. Además de
lo anterior, se abordan el problema de reconstrucción, dando las condiciones de compatibilidad que
garantizan que las soluciones de las ecuaciones reducidas proceden de soluciones de las ecuaciones
originales, y la relación de las ecuaciones reducidas (o parte de ellas) con las leyes de conservación
dadas por el teorema de Noether.

En el caso de reducción gauge, un fibrado de grupos de Lie actúa fibra a fibra en el fibrado
de configuración de la teoŕıa y la lagrangiana es invariante por un subfibrado de grupos de Lie
af́ın de la prolongación al primer jet de esta acción. La geometŕıa del cociente se estudia mediante
una conexión de Ehresmann equivariante por la acción fibrada, por lo que se incluye un caṕıtulo
estudiando las propiedades de este tipo de conexiones y su curvatura, las cuales generalizan las
nociones de conexión principal y de conexión af́ın. En el caso de reducción de Euler–Poincaré de
orden superior, la lagrangiana está definida en el fibrado de jets de orden superior de un fibrado
principal y es invariante por la acción del grupo de estructura del fibrado principal. La geometŕıa
del fibrado reducido se estudia de forma canónica, es decir, sin necesidad de utilizar una conexión.

Por último, los resultados teóricos se ilustran mediante diferentes ejemplos. Espećıficamente, la
reducción gauge se aplica al caso clásico de simetŕıas globales (reducción de Lagrange–Poincaré), a
la invarianza por el jet completo, al electromagnetismo (incluyendo electromagnetismo con formas
de orden superior y ruptura espontánea de simetŕıa) y a teoŕıas gauge no-abelianas (en particular,
a la teoŕıa de Yang–Mills, obteniendo el conocido teorema de Utiyama). Para este último ejemplo
es preciso trivializar la estructura de grupoide de Lie del fibrado de 2-jets de funciones de una
variedad diferenciable a un grupo de Lie mediante una conexión lineal, por lo que se incluye un
caṕıtulo estudiando estos fibrados. Finalmente, la reducción de Euler–Poincaré de orden superior
se aplica a splines de orden superior multivariables definidos en grupos de Lie riemannianos. Este
tipo de splines son útiles para interpolar datos en grupos de Lie minimizando derivadas de orden
superior, como la aceleración.
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Introduction

Reduction in geometric Mechanics exploits the symmetries of many physical systems to formulate
the dynamical equations in lower dimensional spaces and obtain conserved quantities. In the math-
ematical model, symmetry means the invariance of the functions describing the system (either the
Lagrangian or the Hamiltonian, the constraints, the external forces, etc.) by the action of a Lie
group. This invariance allows for transferring the variational and geometric structures to a lower
dimensional space: the space of orbits of the group action, leading to the reduced equations of the
system. The modern formulation of reduction by symmetries utilizes differential geometric tools
and was introduced in the seminal works of Arnold [2], Smale [88], Meyer [75], and Marsden and
Weinstein [73], although these ideas were present in earlier works of Lagrange, Poisson, Jacobi,
and Noether. Thereafter, this method has been investigated in many other situations including
Lagrangian reduction [22, 23, 71, 72], where the reduced equations come from a reduced variational
principle.

This philosophy has been extended successfully to the realm of Classical Field Theory [15, 43]
and, in particular, to covariant field theories [3, 11, 12, 13, 14, 15, 16, 17, 32, 43], among others.
Here, the configuration space is a fiber bundle, the objects under study are sections of this bundle
(the fields) and the phase space is the corresponding jet bundle. The base manifold can be the space-
time or, for non-dynamical problems, any manifold. One of the key differences between reduction
in Mechanics and Field Theory is that, in the former, the solutions of the reduced equations always
come from solutions of the original equations (at least locally), whereas this is not true for the
latter. In order for a solution of the reduced field equations to come from a solution of the original
equations an additional requirement, known as the compatibility condition, has to be satisfied. This
is due to the fact that every Ehresmann connection on a bundle over a 1-dimensional base space
is (locally) integrable, but this does not hold for higher dimensional base manifolds. Therefore,
the compatibility condition is given by the vanishing of the curvature of a certain connection. The
problem of finding the appropriate connection in order to ensure that solutions of the original
equations can be recovered, which is somehow the inverse problem to reduction, is known as the
reconstruction problem. For instance, for covariant Euler–Poincaré reduction, the reduced bundle
is nothing but the bundle of connections of a principal bundle. Therefore, the reduced sections are
connections themselves and the compatibility condition establishes that their own curvature must
vanish. For other types of reduction the compatibility condition is not that immediate, but it still
depends on some connection build from the reduced section.

The first attempts to carry out reduction by symmetries in the realm of Lagrangian field theories
were given in [12, 17], and dealt with theories with a principal bundle as configuration bundle
of theory that are invariant by the structure group of that bundle. The corresponding reduced
equations are known as the covariant Euler–Poincaré equations. This was later generalized to other
situations, leading to the covariant Lagrange–Poincaré equations [13, 16, 32], where the group of
symmetries is given by a Lie group acting vertically on the total space of the configuration bundle
of the theory. This type of symmetries are known as global symmetries. Nevertheless, there is a

3



4 Introduction

wide variety of field theories where symmetries are not global but local, that is, the action of the
symmetry group depends on the point of the base manifold. This is also known as local gauge
symmetry (or simply gauge symmetry) and its geometric model is written in terms of a Lie group
fiber bundle acting fiberwisely on the configuration bundle. The main instances of this framework
are pure gauge theories such as Electromagnetism or Yang–Mills, where gauge transformations
are sections of the cotangent bundle of the base manifold or the jet space of an adjoint bundle,
respectively [37, 66]. Interestingly, these gauge theories possess a particular kind of reduction result:
the Utiyama’s theorem [39, 89], also generalized to the setting of interaction [4]. This theorem proves
that gauge invariant Lagrangian densities only depend on the curvature (force), instead of depending
on the principal connection itself (potential). Nevertheless, it is frustrating to see that the standard
field theory reduction scheme (the aforementioned Lagrange–Poincaré reduction) stemmed from
geometric Mechanics does not cover gauge symmetries, a fact that has prevented the gauge case
from taking advantage of the rich geometric interpretations and constructions that the powerful
reduction program has provided so far (for example, geometric integrators just to mention one of
them). On the other hand, Lagrangian reduction in Mechanics (and, in particular, Euler–Poincaré
reduction) has been extended to higher-order systems, i.e., those systems whose Lagrangian density
depends on higher-order derivatives, such as the acceleration (see for example [40, 41, 42]). However,
there is not a counterpart in field theory yet, not even for the Euler–Poincaré case, despite the fact
that there are interesting systems and situations that fit in this context.

The purpose of the present thesis is to address the aforementioned situations by providing two
new reduction schemes for covariant field theories: reduction by (local) gauge symmetries, and
higher-order Euler–Poincaré reduction. More specifically, the mathematical model for these two
types of reduction is the following:

(i) Gauge reduction or reduction by fiberwise actions. The configuration bundle of the
system is a (smooth) fiber bundle Y →X, and a Lie group fiber bundle G →X acts fiberwisely
on it. Unlike the Lagrange–Poincaré case, the Lie group bundle does not act on the first jet
bundle of the configuration bundle, J1Y →X, but its jet bundle has to be considered, J1G →X.
In addition, we consider the fibered action restricted to an affine Lie group subbundle, H ⊂ J1G,
since most physical systems are not invariant by the full jet bundle. The reduced configuration
bundle is thus the ‘fibered’ quotient (J1Y ) /H → Y /G. This reduction theory is presented in
Chapter 4 and some applications are discussed in Chapter 5.

(ii) Higher-order Euler–Poincaré reduction. The configuration bundle is given by a principal
G-bundle, P → X, and the Lagrangian density depends on higher-order derivatives, i.e., it
is defined on JkP , the k-th order jet bundle of the configuration bundle. Unlike the gauge
reduction case, here we only consider the global action of G on JkP . The reduced configuration
bundle is thus (JkP ) /G → X. This type of reduction is developed in Chapter 6 and it is also
applied to multivariate splines on Lie groups.

Although there exist different approaches to reduction, such as dynamical reduction [15, 43] or
Hamiltonian reduction [3, 14], we confine ourselves to the covariant Lagrangian formulation and,
thus, the reduction technique involves the transfer of the variational principle to the reduced spaces.
More specifically, the steps performed are the following:

(i) Identification of the reduced bundle. The first step after posing the problem is to study
the geometry of the reduced configuration bundle, i.e., the quotient of the bundle where the
Lagrangian density is defined by the group of symmetries. For reduction by fiberwise actions,
the reduced bundle is (J1Y ) /H → Y /G and, in order to study its geometry, we need to fix an
Ehresmann connection on Y → Y /G that is equivariant by the fibered action. Since this kind
of connections were not studied in the previous literature, we introduce them and study their
main properties in Chapter 2. We call them generalized principal connections as they extend the
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notion of principal connection on a principal bundle. On the other hand, for higher-order Euler–
Poincaré reduction the reduced bundle is (JkP ) /G → X, which turns out to be isomorphic to

the subbundle of Jk−1C(P ), where C(P ) = (J1P ) /G is the bundle of connections, given by
(pointwise) connections with vanishing curvature (up to certain order). This identification is
canonical, i.e., it does not involve any connections.

(ii) Reduction of the variational principle. Once the reduced bundle is properly identified, the
original variational principle —the principle of stationary action, also known as the Hamilton’s
principle—, has to be transferred to the reduced bundle by means of the corresponding isomor-
phism. Furthermore, thanks to the symmetry invariance, the reduced Lagrangian, also known
as the dropped Lagrangian, is well-defined on the reduced space. By applying the reduced vari-
ational principle to the reduced Lagrangian, we arrive at the main result of the theory, the
reduced field equations.

(iii) Reconstruction problem. As explained above, the solutions of the reduced field equations
do not need to come from solutions of the original equations (not even locally). For this rea-
son, it is convenient to find conditions that guarantee the equivalence between solutions of
the original and the reduced equations. For reduction by fiberwise actions, this condition is
given the vanishing curvature of some generalized principal connection built from the reduced
solution. However, for higher-order Euler–Poincaré reduction, the reconstruction condition is
surprisingly given a priori and, thus, every solution of the reduced equations on the reduced
space is originated by a solution of the original equations.

(iv) Noether’s theorem. It is usually possible to reinterpret some of the reduced equations as a
Noether conservation law, meaning that these equations are satisfied if and only if the Noether
current is preserved. We show that this is the case for the reduction problems considered in this
work.

After performing the aforementioned reduction procedures, some illustrative examples are pre-
sented. In particular, for the last application of the gauge reduction theory, non-Abelian gauge
theories, the Lie group bundle of symmetries is G = J1G̃, where G̃ = (P ×G)/G is the Lie group
bundle associated to a given principal G-bundle, P → X, via the conjugacy. The affine Lie group
subbundle of symmetries is H = J2G̃, which locally reads as J2(X,G), the bundle of 2-jets of func-
tions from X to G. In order to obtain the reduced equations, the Lie group bundle structure of this
bundle is needed. For this reason, we include Chapter 3, where the bundles Jk(X,G) →X, k ∈ Z+,
together with their Lie group bundle structure, are trivialized by using a linear connection on the
tangent bundle of X. On the other hand, the higher-order Euler–Poincaré reduction procedure is
applied to the analysis of multivariate k-splines on Lie groups, which are utilized to interpolate
data while minimizing some cost functional.

The research carried out during the doctoral period has led to the following articles:

1. M. Castrillón López and Á. Rodŕıguez Abella, Gauge reduction in covariant field theory, 2023,
https://arxiv.org/abs/2202.04578.

2. M. Castrillón López and Á. Rodŕıguez Abella, Higher order jet bundles of Lie group-valued
functions, Journal of Lie Theory 33 (2023), no. 3, 831–844, https://www.heldermann.de/JLT/
JLT33/JLT333/jlt33037.htm.

3. M. Castrillón López and Á. Rodŕıguez Abella, Higher-order Euler–Poincaré field equations,
2023, https://arxiv.org/abs/2311.18462.

4. M. Castrillón López and Á. Rodŕıguez Abella, Principal bundles and connections modelled by Lie
group bundles, Geometriae Dedicata 217 (2023), no. 32, 1-26, https://link.springer.com/article
/10.1007/s10711-023-00766-2.

https://arxiv.org/abs/2202.04578
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https://link.springer.com/article/10.1007/s10711-023-00766-2
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5. Á. Rodŕıguez Abella, Interconnection of Lagrange–Dirac systems through nonstandard interac-
tion structures, International Journal of Geometric Methods in Modern Physics 20 (2023), no.
07, 2350124, https://www.worldscientific.com/doi/10.1142/S0219887823501244.

6. Á. Rodŕıguez Abella and L.J. Colombo, Nonholonomic reduction for mechanical systems with
collisions, 2023, https://arxiv.org/abs/2311.07707.

7. Á. Rodŕıguez Abella and M. Leok, Discrete Dirac reduction of implicit Lagrangian systems
with abelian symmetry groups, Journal of Geometric Mechanics 15 (2023), no. 1, 319–356,
https://www.aimspress.com/article/doi/10.3934/jgm.2023013.

The contents of this dissertation are organized as follows:

§ Chapter 1 is devoted to recall the geometric formulation of Lagrangian field theories as well as
the classical Lagrange–Poincaré reduction scheme developed in [32] for systems invariant by the
action of a Lie group bundle. We recover the Euler–Poincaré field equations as a particular case
when the configuration bundle of the theory is a principal bundle and the group of symmetries
is the corresponding structure group.

§ In Chapter 2 we investigate the geometry of principal bundles when the structure group is substi-
tuted by a Lie group fiber bundle acting fiberwisely. This is the situation that appears naturally
when performing gauge reduction. Moreover, we study some properties of the Ehresmann con-
nections that are equivariant by the fiberwise action and, in particular, we conclude that they
always exist and are associated to a connection on the corresponding Lie group bundle. We also
present several examples including standard principal connections and affine connections.

§ Chapter 3 is devoted to study the bundle of k-th order jets of functions from a smooth manifold
to a Lie group. More specifically, the Lie groupoid structure of this bundle is trivialized by
means of a linear connection. The geometric results presented here are utilized to apply the
gauge reduction theory to non-Abelian gauge theories such as Yang–Mills theory.

Chapters 4, 5 and 6 constitute the core of this work, as they present the aforementioned reduction
results: gauge reduction and higher-order covariant Euler–Poincaré reduction.

§ In Chapter 4 we start by studying the geometry of the reduced configuration bundle with the
aid of a generalized principal connection. After that, we transfer the variational principle to
the reduced bundle and apply it to the reduced Lagrangian, thus obtaining the reduced field
equations. We conclude the chapter by addressing the reconstruction problem and the relation
of the reduced equations with the Noether theorem.

§ Chapter 5 presents some applications of the gauge reduction theory; namely, classical Lagrange–
Poincaré reduction, invariance by the full jet, Electromagnetism (including k-form Electromag-
netism and symmetry breaking by product groups) and non-Abelian gauge theories (recovering
the well known Utiyama theorem and the Yang–Mills equations as a particular case).

§ Chapter 6 starts by extending the Lagrangian formulation of field theories to the higher-order
setting, i.e., for the case where the Lagrangian density depends on higher-order derivatives of
the fields. After that, the geometry of the reduced configuration bundle is studied. Unlike the
case of gauge symmetries, here we do not require a connection to define the identification, i.e., it
is canonical. This identification allows for transferring the higher-order Hamilton’s principle to
the reduced configuration bundle and, thus, to compute the higher-order Euler–Poincaré field
equations after applying it to the reduced Lagrangian. As for gauge reduction, we address the
reconstruction problem, which turns out to be trivial, i.e., all sections of the reduced bundle
satisfy the compatibility condition, and we relate the reduced equations with the Noether theo-
rem. At last, the higher-order Euler–Poincaré reduction theory is applied to multivariate splines
on Riemannian Lie groups.

https://www.worldscientific.com/doi/10.1142/S0219887823501244
https://arxiv.org/abs/2311.07707
https://www.aimspress.com/article/doi/10.3934/jgm.2023013
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Notations and conventions

Every manifold or map is assumed to be smooth, meaning C∞, unless otherwise stated. LetX and Y
be smooth manifolds with dimX = n and dimY = n+m, and πY,X ∶ Y →X be a (locally trivial) fiber
bundle. The fiber over each x ∈X is denoted by Yx = π−1Y,X({x}) and the family of (global) sections
of πY,X ∶ Y →X is denoted either by Γ (πY,X) or by Γ (Y ) when there is no possible confusion about
the base space. In particular, the family of vector fields on X is denoted by X(X) = Γ (TX), where
TX is the tangent bundle of X, and the family of k-forms on X is denoted by Ωk(X) = Γ (⋀k T ∗X),
where T ∗X is the cotangent bundle of X. Likewise, the space of local sections on an open set U ⊂X
is denoted by Γ (U , πY,X). Given a vector field U ∈ X(X), the left interior multiplication by U is
denoted by ιU ∶ Ωk(X) → Ωk−1(X). The tangent map of f ∈ C∞(X,X ′), where X ′ is another
manifold, is denoted either by df ∶ TX → TX ′ or f∗ ∶ TX → TX ′. In the same vein, the pull-back of
α ∈ Ωk(X ′) is denoted by f∗α ∈ Ωk(X) and its exterior derivative is denoted by dα ∈ Ωk+1(X ′). A
compact interval will be denoted by I = [a, b] ⊂ R. When working in local coordinates, the Einstein
summation convention for repeated indices and multi-indices will be assumed. In addition, indices
will be denoted by lowercase letters (µ ∈ N, etc.), and multi-indices by capital letters (J ∈ Nn, etc.).
Given two multi-indices J = (J1, . . . , Jn), I = (I1, . . . , In) ∈ Nn, we write

J ! = J1! . . . Jn!, (J
I
) = (J1

I1
) . . .(Jn

In
).

Given k ∈ Z+, the k-th order jet bundle of πY,X (cf., for instance, [87]) is denoted by πJkY,X ∶
JkY →X and its elements by jkxs. Similarly, its fibers are denoted by Jk

xY , for each x ∈X. The k-th
jet lift of a section s ∈ Γ (πY,X) is denoted by jks ∈ Γ (πJkY,X) and it is called holonomic section.

Recall that, for 0 ≤ l < k, the maps πk,l ∶ JkY → J lY , πk,l(jkxs) = jlxs, are fiber bundles, where we
denote J0Y = Y . In particular, the first jet bundle of πY,X may be regarded as

J1Y = {γy ∶ TxX → TyY ∣ γy linear, x = πY,X(y), (dπY,X)y ○ γy = idTxX} ,

where idTxX denotes the identity map on TxX. Subsequently, 1-jets may be regarded as tangent
maps, j1xs ≡ (ds)x ∶ TxX → Ts(x)Y . Recall that πJ1Y,Y is an affine bundle modelled on πT ∗X⊗V Y,Y ,
where V Y = ker(πY,X)∗ is the so-called vertical bundle. Given a manifold F , the k-th order jet
bundle of the trivial bundle, πX×F,X ∶X ×F →X, is known as the k-th order jet of functions from
X to F . Since any section s ∈ Γ (πX×F,X) is of the form s = (idX , f) for some function f ∶ X → F ,
elements of Jk(X,F ) = Jk(X × F ) are denoted by jkxf .

An Ehresmann connection on πY,X ∶ Y → X (see, for example, [76, Ch.IV]) is a fiber map
I ∶ TY → V Y such that I∣V Y = idV Y . Similarly, we can understand an Ehresmann connection as
a horizontal distribution, i.e., a vector subbundle HY ⊂ TY complementary to V Y . Finally, an
Ehresmann connection can also be regarded as a section of the first jet bundle, ν ∈ Γ (πJ1Y,Y ).
In addition, a linear connection on a vector bundle πV,X ∶ V → X is denoted by ∇ ∶ Γ (πV,X) →
Ω1(X,V ) = Γ (πT ∗X⊗V,X), and the corresponding covariant derivative is denoted by ∇/dt.

Given a (connected) Lie group, G, its Lie algebra is denoted by g = TeG. The adjoint representa-
tions of G and g are denoted by Adg ∈ Aut(g) and ad(ξ) = adξ ∈ End(g), respectively, for each g ∈ G
and ξ ∈ g. The dual of g will be denoted by g∗ and the coadjoint representation will be denoted
by ad∗(ξ) = ad∗ξ ∈ End(g∗). Let P be a smooth manifold and Ψ ∶ P ×G → P be a free and proper
right action of G on P . Then the corresponding quotient projection, πP,X ∶ P → X is a principal
G-bundle (cf., for example, [55, Ch.II] or [56, Ch.III]), where we denote X = P /G. Recall that the
vertical bundle of a principal bundle is trivial, V P ≃ P × g, where g = TeG is the Lie algebra of
G. Hence, an Ehresmann connection on πP,X may be regarded as a g-valued 1-form A ∈ Ω1(P,g)
such that A(ξ∗) = ξ for each ξ ∈ g, where ξ∗ ∈ X(P ) is the fundamental field or infinitesimal gen-
erator of the action. Moreover, A is said to be a principal connection if it is G-equivariant, i.e.,
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(Ψg)∗A = Adg−1 ○ A for each g ∈ G, where Ψg(y) = Ψ(y, g) for each y ∈ P . The curvature of the

principal connection, FA ∈ Ω2(P,g), is a basic form of the adjoint type, thus inducing the reduced
curvature, F̃A ∈ Ω2(X, g̃), where g̃ = (P × g)/G is the adjoint bundle of πP,X . Lastly, recall that
πg̃,X is the Lie algebra bundle of the Lie group bundle πG̃,X ∶ G̃ → X, where G̃ = (X ×G)/G with
the action on G on itself given by conjugacy (this will be further developed in Chapter 2). The
coadjoint bundle of πP,X is dual of the adjoint bundle and it will be denoted by πg̃∗,X ∶ g̃∗ → X,
where g̃ = (P × g∗)/G. The (fiberwise) adjoint and coadjoint representations are denoted by the
same symbols for brevity, i.e., Adg̃ ∈ Aut(g̃x), ad(ξ̃) = adξ̃ ∈ End(g̃x) and ad∗(ξ̃) = ad∗

ξ̃
∈ End(g̃∗x)

for each g̃ ∈ G̃x, ξ̃ ∈ g̃x and x ∈X.



Chapter 1

Preliminaries on covariant Lagrange–Poincaré

reduction

This thesis is framed in the context of the geometric formulation of Lagrangian field theories,
which relies on a comprehensive use of differential geometric tools and calculus of variations to
obtain the dynamical equations for the systems under study. As explained in the Introduction,
our main goal is to generalize the Lagrange–Poincaré reduction scheme to systems satisfying a
gauge invariance, i.e., those whose symmetries are given by a fiberwise action (see Chapter 4). A
particular case of the Lagrange–Poincaré equations are the Euler–Poincaré equations, which are
obtained when the configuration bundle of the theory is a principal bundle. Our second main goal
is to generalize the Euler–Poincaré reduction to account for higher-order field theories, i.e., those
theories whose Lagrangian densities depend on higher-order derivatives of the fields (see Chapter
6). For this reason, in this introductory chapter we briefly recall the geometric construction of
Lagrangian field theories (see [47, 48, 66] for a detailed exposition of these contents), as well as the
Lagrange–Poincaré reduction procedure for such theories (cf. [16, 32]).

1.1 Geometric formulation of Lagrangian field theories

A (first order) Lagrangian density on a fiber bundle πY,X ∶ Y →X is a bundle morphism L ∶ J1Y →
⋀n T ∗X covering the identity onX, where n = dimX. Assuming thatX is orientable and v ∈ Ωn(X)
is a volume form, we can write L = Lv for certain L ∶ J1Y → R called Lagrangian function or simply
Lagrangian. Henceforth, we suppose that X is compact for simplicity. The action functional defined
by L is the map

S ∶ Γ (πY,X) → R, s↦ ∫
X

L (j1s) .

A variation of a section s ∈ Γ (πY,X) is a smooth 1-parameter family {st ∈ Γ (πY,X) ∣ t ∈ (−ϵ, ϵ)}
such that s0 = s. The vector field δs = dst/dt∣t=0 ∈ Γ (πs∗TY,X) along s is called the infinitesimal
variation. In what follows, we consider only πY,X -vertical variations, that is, dπY,X ○ δs = 0.

Definition 1.1 A section s ∈ Γ (πY,X) is critical for the variational problem defined by L if the
variation of the corresponding action functional1 vanishes for every vertical variation of s, that is,

δS(s) = d

dt
∣
t=0

S(st) =
d

dt
∣
t=0
∫
X
L (j1st) = 0, ∀δs ∈ Γ (πs∗TY,X) .

In addition, the Euler–Lagrange operator associated to L is the bundle morphism

EL(L)∶J2Y → V ∗Y ⊗⋀n T ∗X,

1 The variation of S only depends on the infinitesimal variation. This means that if {st} and {s′t} are two variations
of s such that δs = δs′, then dS(st)/dt∣t=0 = dS(s′t)/dt∣t=0

1



2 1 Preliminaries on covariant Lagrange–Poincaré reduction

over J1Y , where we omit the necessary pull-backs for simplicity (see [16, §2.4] for details). If (xµ, yα)
are bundle coordinates for πY,X , v = dnx, and (xµ, yα, yαµ , yαµν) are the induced bundle coordinates
on πJ2Y,X , then the Euler–Lagrange operator locally reads

EL(L) = −( ∂L
∂yα
− ∂

∂xµ
( ∂L
∂yαµ
))dyα ⊗ dnx.

The following theorem states that, as in Classical Mechanics, a section is stationary if and only
if it satisfies the Euler–Lagrange equations.

Theorem 1.1 ([48, Theorem 3.1]). Let L∶J1Y → ⋀n T ∗X be a Lagrangian density and s ∈
Γ (πY,X). Then the following statements are equivalent:

(i) The section s is critical for the variational problem defined by L.

(ii) The section s satisfies the Euler–Lagrange field equations, EL(L) (j2s) = 0.
(iii) In local coordinates such that L = Lv, v = dnx, the section s satisfies the following equations:

∂L

∂yα
(j1s) − ∂

∂xµ
( ∂L
∂yαµ
(j1s)) = 0, 1 ≤ α ≤m.

Remark 1.1 (Noncompact base space) The calculus of variations described above is straight-
forwardly extended to a non-compact base manifold X by considering compactly supported varia-
tions. In other words, given a section s ∈ Γ (πY,X), the only variations δs allowed are those for
which {x ∈ X ∣ δs(x) ≠ 0} is contained in some open subset U ⊂ X with compact closure. Observe
that, in particular, δs vanishes on the boundary of U .

1.2 Covariant Lagrange–Poincaré reduction

Let L = Lv ∶ J1Y → ⋀n T ∗X be a Lagrangian density, as in the previous section. Let G be a Lie
group and Ψ ∶ Y ×G→ Y be a free and proper (right) action that preserves the fibers, i.e.,

πY,X ○ Ψg = πY,X , g ∈ G, (1.1)

where we denote by Ψg ∶ Y → Y the map defined as Ψg(y) = Ψ(y, g) = y ⋅ g for each y ∈ Y . This
action may be lifted to the (first) jet bundle of πY,X as follows:

Ψ (1) ∶ J1Y ×G→ J1Y, (j1xs, g) ↦ j1x(Ψg ○ s) = j1x(s ⋅ g). (1.2)

Henceforth, we assume that our Lagrangian is invariant by the lifted action, i.e., L ○ Ψ (1)g = L. In
this situation, G is said to be a group of symmetries of the system, and the reduced or dropped
Lagrangian is well defined as

l ∶ (J1Y ) /G→ R, [j1xs]G ↦ l ([j1xs]G) = L(j1xs),

where [⋅]G denotes the equivalence class given by the G-action.

1.2.1 Reduced configuration space

As the G-action is free and proper, the quotient Σ = Y /G is a smooth manifold. Moreover, the
quotient projection πY,Σ ∶ Y → Σ is a principal G-bundle, and the map πΣ,X ∶ Σ → X given by
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πΣ,X([y]G) = πY,X(y) for each [y]G ∈ Σ (which is well defined thanks to (1.1)) is a fiber bundle. In
summary, we have the following commutative diagram:

Y X,

Σ = Y /G

πY,X

πY,Σ πΣ,X

y x.

[y]G

In order to study the geometry of the reduced configuration bundle, i.e., of the quotient (J1Y ) /G,
we fix a principal connection A ∈ Ω1(Y,g) on πY,Σ . Recall that it induces a linear connection ∇A

on the adjoint bundle πg̃,Σ (cf. [32, Equation (2.6)]). We have the following isomorphism of affine
bundles over the identity idΣ ∶ Σ → Σ:

(J1Y ) /G→ J1Σ ×Σ (T ∗X ⊗ g̃) , [j1xs]G ↦ (j
1
xσs, [s(x), (s∗A)x]G) , (1.3)

where ×X denotes the fibered product. Note that the elements of T ∗X ⊗ g̃ may be regarded as
covectors taking values in the adjoint bundle. Therefore, the reduced Lagrangian may be regarded
as defined on J1Σ ×Σ (T ∗X ⊗ g̃) and given a section s ∈ Γ (πY,X), the reduced section is s =
[s, s∗A]G ∈ Γ (πT ∗X⊗g̃,X). Observe that both the original and the reduced sections project to the
same section of πΣ,X ; namely, σs = πY,Σ ○s = πT ∗X⊗g̃,Σ ○s. The infinitesimal variation of the reduced
section induced by an infinitesimal variation of the original section may be computed with the aid
of the connections A and ∇A (see Theorem 1.2 below).

1.2.2 Lagrange–Poincaré field equations

Let ∇Σ be a linear connection on the tangent bundle of Σ projectable onto a linear connection ∇X

on the tangent bundle of X. Then the connections A and ∇Σ induce an affine connection ∇× on
the reduced bundle, πJ1Σ×Σ(T ∗X⊗g̃),Σ , which enables us to compute the horizontal derivative of the
reduced Lagrangian, δl/δσs ∈ Γ (πT ∗Σ,X):

⟨ δl
δσs
(x), Ux⟩ =

d

dt
∣
t=0
l (γU(t)h) , Ux ∈ Tσs(x)Σ,

where γU ∶ (−ϵ, ϵ) → Σ is such that γ′(0) = Ux and γU(t)h ∈ J1Σ×Σ(T ∗X ⊗ g̃) is the horizontal lift of
γ at (j1xσs, s(x)) given by ∇×. As usual, ⟨⋅, ⋅⟩ denotes the corresponding dual pairing. Furthermore,
the fiber derivatives of the reduced Lagrangian are the sections

δl

δj1σs
∈ Γ (πTX⊗V ∗Σ,X),

δl

δs
∈ Γ (πTX⊗g̃∗,X),

are defined as

⟨ δl

δj1σs
(x), Vx⟩ =

d

dt
∣
t=0
l (j1xσs + t Vx, s(x)) , Vx ∈ T ∗xX ⊗ Vσs(x)Σ,

⟨ δl
δs
(x),Wx⟩ =

d

dt
∣
t=0
l (j1xσs, s(x) + tWx) , Wx ∈ T ∗xX ⊗ g̃σs(x).

Lastly, in order to write the equations we define the following operators (cf. [32, Equation (3.7)]):
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∇A ∶ X(X) × Γ (πg̃,X) → Γ (πg̃,X), (U, ξ) ↦ (∇A
Uξ) (x) =

∇A(ξ ○ γ)(t)
dt

∣
t=0
, (1.4)

∇Σ ∶ X(X) × Γ (πTΣ,X) → Γ (πTΣ,X), (U,α) ↦ (∇Σ
Uα) (x) =

∇Σ(α ○ γ)(t)
dt

∣
t=0
, (1.5)

for each x ∈ X, where γ ∶ (−ϵ, ϵ) → X is such that γ′(0) = U(x). The corresponding divergences,
i.e., minus the adjoints of the previous operators, are denoted by

divA ∶ Γ (πTX⊗g̃∗,X) → Γ (πg̃∗,X) , (1.6)

divΣ ∶ Γ (πTX⊗V ∗Σ,X) → Γ (πV ∗Σ,X) . (1.7)

Note that for the latter we restrict ourselves to vertical sections, which is possible thanks to ∇Σ

being projectable. More explicitly, they are defined by the following conditions:

∫
X
⟨ζ,∇A

ξ⟩ v = −∫
X
⟨divA ζ, ξ⟩ v, ∫

X
⟨β,∇Σ

α⟩ v = −∫
X
⟨divΣ β,α⟩ v,

for each ζ ∈ Γ (πTX⊗g̃∗,X), ξ ∈ Γ (πg̃,X), β ∈ Γ (πTX⊗V ∗Σ,X) and α ∈ Γ (πV Σ,X).
Given a reduced section s ∈ Γ (πT ∗X⊗g̃,X), the coadjoint representation of g∗ induces a map:

ad∗s ∶ Γ (πTX⊗g̃∗,X) → Γ (πg̃∗,X),

which is well-defined for every ζ ∈ Γ (πTX⊗g̃∗,X) such that πTX⊗g̃∗,Σ ○ ζ = πT ∗X⊗g̃,Σ ○ s.

Theorem 1.2 ([32, Theorem 3.5]). Let X be a oriented manifold with volume form v ∈ Ωn(X),
π ∶ Y → X be a fiber bundle, G be a Lie group and Ψ ∶ Y × G → Y be a free and proper action
satisfying (1.1). Let L = Lv ∶ J1Y → ⋀n T ∗X be a Lagrangian density invariant by the first jet lift
of the G-action.

Given a principal connection A ∈ Ω1(Y,g) on πY,Σ, where Σ = Y /G, the reduced Lagrangian is
denoted by l ∶ (J1Y ) /G ≃ J1Σ ×Σ (T ∗X ⊗ g̃) → R. Let ∇Σ be a torsionless linear connection on

the tangent bundle of Σ projectable onto a linear connection ∇X on the tangent bundle of X, and
consider the induced affine connection on the reduced bundle.

Let s ∈ Γ (πY,X), s = [s, s∗A]G be the reduced section and σs = πY,Σ ○ s. Then the following
statements are equivalent:

(i) The variational principle δ ∫X L(j1s) = 0 holds for arbitrary vertical variations δs ∈ Γ (πs∗TY,X).
(ii) The section s satisfies the Euler–Lagrange field equations for L, EL(L) (j2s) = 0.

(iii) The variational principle δ ∫X l (j1σs, s) v holds for variations of the form

δAs = ∇A
η − ads (η) + F̃A(δσs, dσs) ∈ Γ (πσ∗s g̃,X),

where δAs denotes the vertical part of δs, F̃A ∈ Ω2(Σ, g̃) denotes the reduced curvature of A,
and δσs ∈ Γ (πσ∗sTΣ,X) and η ∈ Γ (πσ∗s g̃,X) are arbitrary.

(iv) The reduced section s satisfies the Lagrange–Poincaré field equations:

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

δl

δσs
− divΣ ( δl

δj1σs
) = ⟨ δl

δs
, ιdσsF̃

A⟩ ,

(divA −ad∗s)(
δl

δs
) = 0.

Note that the first equation, which is known as the horizontal equation, holds on πσ∗sV ∗Σ,X ,
whereas the second equation, which is known as the vertical equation, holds in πσ∗s g̃∗,X .
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Example 1.1 (Euler–Poincaré reduction) For the case Σ ≃ X, i.e., when πY,X is a principal
G-bundle, the horizontal reduced equation does not appear and the quotient

C(Y ) = (J1Y )/G→X,

is nothing but the bundle of connections of πY,X , which is an affine bundle modelled on T ∗X⊗g̃→X.
Hence, the quotient of a section s ∈ Γ (πY,X) defines a principal connection [s]G ∈ Γ (πC(Y ),X) of
πY,X . It is easy to check that the reduced section satisfies [s]G = A−s when the principal connection
A is regarded as a section of the bundle of connections. In this case, the vertical reduced equation
is known as the Euler–Poincaré equation (cf. [12, 16]).

1.2.3 Reconstruction

Unlike Mechanics (i.e., X = R), where the solutions of the reduced equations always come from
solutions of the original equations, in field theories there are differential and topological obstructions
to this situation and, thus, certain compatibility conditions are to be imposed in order to achieve
reconstruction. For any s ∈ Γ (πT ∗X⊗g̃,X), we define

Y σ = π−1Y,Σ (σ(X)) = {y ∈ Y ∶ πY,Σ(y) = (σ ○ πY,X)(y)} ⊂ Y.

where σ = πT ∗X⊗g̃,Σ ○ s ∈ Γ (πΣ,X). The G-action restricts to Y σ and Y σ/G ≃ X. Hence, πY σ ,X ∶
Y σ → X is a principal G-bundle and the principal connection A ∈ Ω1(Y,g) may be restricted to
a principal connection Aσ ∈ Ω1(Y σ,g) on πY σ ,X . In addition, the section s may be regarded as
section of T ∗X⊗ g̃σ →X, where g̃σ = (Y σ ×g)/G is the adjoint bundle of πY σ ,X , that is, as a 1-form

s ∈ Ω1(X, g̃σ). Recall that there is a bijection Ω1(X, g̃σ) ∋ s ↔ ωs ∈ Ω1(Y σ,g), where the latter
denotes the family of basic forms of the adjoint type, and that the family of principal connections

on πY σ ,X is an affine space modelled on Ω
1(Y σ,g) [55, Chapter 2]. Therefore, we have the principal

connection As = Aσ − ωs ∈ Ω1(Y σ,g) on πY σ ,X .

Theorem 1.3 ([32, Theorem 3.6]). Let s ∈ Γ (πY,X) be a solution of the Euler–Lagrange equa-
tions. Then the reduced section s = [s, s∗A]G is a solution of the Lagrange–Poincaré equations and
the principal connection As = Aσs − ωs ∈ Ω1(Y σ,g) on πY σ ,X is flat, where σs = πY,Σ ○ s.

Conversely, let s ∈ Γ (πT ∗X⊗g̃,X) be a solution of the Lagrange–Poincaré equations and σ =
πT ∗X⊗g̃,Σ ○ s. If the principal connection As = Aσ − ωs ∈ Ω1(Y σ,g) on πY σ ,X is flat and has trivial
holonomy, then the integral leaves of As (which define sections of πY σ ,X and, thus, sections of πY,X)
are solutions of the Euler–Lagrange equations. Furthermore, if L ⊂ Y is one of such integral leaves,
any other solution of the Euler–Lagrange equations is obtained as Ψg(L) for some g ∈ G.

Observe that if As is flat, we can always restrict ourselves to an open, simply connected subset U ⊂
X. Hence the holonomy of As∣U vanishes and the reconstruction condition holds locally. However,
if the base manifold is not simply connected, the flatness of As is not enough to ensure that the
reduced section can be reconstructed, as illustrated in the following example.

Example 1.2 ([11, §5.2]) Let S1 be the unit circle and Y = S1 ×R. Then the projection onto the
first component, π1 ∶ Y → S1, is a principal bundle with structure group R acting by translation.
Since it is a trivial bundle, J1Y = T ∗S1 ⊗ TR and a section s ∈ Γ (π1) may be written as s(ϕ) =
(ϕ, ŝ(ϕ)) for each ϕ ∈ S1, where ŝ ∈ C∞(S1). Hence, we can consider the following Lagrangian,

L ∶ T ∗S1 ⊗ TR→ R, (ŝ, ŝ′) ↦ (ŝ′)2 .
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The corresponding Euler–Lagrange equation is readily seen to be ŝ′′ = 0, whose solutions are constant
functions on S1 (due to the periodicity).

On the other hand, L is clearly R-invariant. The reduced configuration bundle is given by
(T ∗S1 ⊗ TR) /R = T ∗S1. Similarly, the reduced Lagrangian reads l(σ) = ∣σ∣2 for each σ = fdϕ ∈
Γ (T ∗S1) = Ω1(S1), where f ∈ C∞(S1). The corresponding Euler–Poincaré equations read df = 0.
In this case, there are solutions of the reduced equations that do not come from solutions of the
original equations. For instance, σ = dϕ is a flat connection and locally defines ŝ as a determination
of the angle, which is not globally defined as it has a discontinuity. Geometrically, the horizontal
bundle of the principal connection defined by σ is given by HY = span{∂ϕ−∂t}, where t denotes the
global coordinate of R. Note that HY is integrable and its integral leaves are helices, which do not
define sections of π1.

1.2.4 Noether theorem

The Noether theorem takes advantage of the symmetries of a system to provide conserved quantities
along the solutions. More specifically, a vector field U ∈ X(Y ) is said to be an infinitesimal symmetry
of the Lagrangian L ∶ J1Y → R when £U(1)L = 0 or, equivalently, when £U(1)ΘL = 0, where £ denotes
the Lie derivative, U (1) ∈ X(J1Y ) is the first jet prolongation of U (cf. [87, Definition 6.4.16]) and
ΘL ∈ Ωn(J1Y ) is the (covariant) Cartan form of the Lagrangian density (cf. [87, §5]). In such
case, given a solution of the Euler–Lagrange equations s ∈ Γ (πY,X), the Noether theorem gives the
following conservation law (cf. [48, §4D]):

d ((j1s)∗ ιU(1)ΘL) = 0. (1.8)

In our case, the G-invariance of the Lagrangian ensures that the fundamental field ξ∗ ∈ X(Y ) is
an infinitesimal symmetry of L for each ξ ∈ g. In order to gather these infinitesimal symmetries, we
define the Noether current (also known as the covariant momentum map or multimomentum map)
as the g∗-valued form J ∈ Ωn−1(J1P,g∗) given by

⟨J (j1xs) , ξ⟩ = ι(ξ∗)(1)ΘL (j1xs) , j1xs ∈ J1P, ξ ∈ g,

where ⟨⋅, ⋅⟩ denotes the dual pairing. Hence, the Noether theorem ensures that d ((j1s)∗J ) = 0 for

each solution of the Euler–Lagrange equations s ∈ Γ (πY,X).
In addition, the Noether current is a tensorial form of the adjoint type (cf. [55, §II.5]) on

J1Y → (J1Y ) /G ≃ J1Σ ×Σ (T ∗X ⊗ g̃). Subsequently, it can be projected to the reduced con-

figuration bundle, i.e., it defines a G̃∗-valued form J̃ ∈ Ωn−1 (J1Σ ×Σ (T ∗X ⊗ g̃), G̃∗), where

G̃∗ = (J1Y × g) /G is the adjoint bundle of J1Y → (J1Y ) /G. Note that G̃∗ = π∗ g̃∗, where
π ∶ J1Σ ×Σ (T ∗X ⊗ g) → Σ is the natural projection. As a result, if s = [s, s∗A]G is the re-
duced section of a solution of the Euler–Lagrange equations s ∈ Γ (πY,X) and σs = πY,Σ ○s, then the

Noether conservation law reads dA ((j1σs, s)
∗ J̃ ) = 0, where dA ∶ Ωk(X, g̃∗) → Ωk+1(X, g̃∗) is the

covariant exterior derivative induced by A.

Theorem 1.4 (Noether theorem). Let s ∈ Γ (πT ∗X⊗g̃,X) and σ = πT ∗X⊗g̃,Σ ○ s ∈ Γ (πΣ,X). Then
the Noether conservation law dA ((j1σ, s)∗ J̃ ) = 0 holds if and only if the vertical Lagrange–Poincaré

equation, (divA −ad∗s)(
δl

δs
) = 0, holds.



Chapter 2

Principal bundles and connections modelled by Lie

group bundles

This chapter is based on our first work [21], where we provide a new geometric tool needed to
perform the gauge reduction procedure in Chapter 4 below, namely: generalized principal bundles
and connections (see also [36]). This type of bundles arise from the quotient of a smooth bundle by
a Lie group bundle and they extend the standard notion of principal bundle. Lie group bundles,
along with their infinitesimal counterparts, Lie algebra bundles, have been extensively studied in
the literature (cf. [31]) as they naturally emerge in various geometric contexts and find applications
in different areas. It is noteworthy that Lie group bundles may have non-isomorphic algebraic
structures among different fibers. This situation was addressed in the seminal work by Douady and
Lazard [31] (see [1] for a recent approach). While this scenario is interesting, our focus is confined
to the case where the fibers are algebraically isomorphic and, thus, the bundle is locally trivial from
an algebraic viewpoint. This decision is primarily motivated by the prevalence of such bundles in
applications, particularly when dealing with reduction by local symmetries, as detailed in Chapter
4 (see also [37, 81]). It is worth noting that fibered actions can also be extended to the Lie groupoid
setting (as seen in [26, 29, 64]), although this aspect is not discussed in this work.

Furthermore, we study the main properties and the curvature of Ehresmann connections that are
equivariant with respect to the fibered action, which we call generalized principal connections. This
type of connections require a careful approach given that, unlike standard principal connections,
they are always associated to a Lie group bundle connection, i.e., a connection that respects the
multiplicative structure of the Lie group bundle. This situation yields an additional term in the
equivariance formula and does not have a counterpart in the standard case. From the perspective
of fibered actions, standard principal connections may be regarded as a particular case of gener-
alized principal connections where the Lie group bundle and the corresponding Lie group bundle
connection are both trivial. Hence, the setting here presented is also useful for classical reduction
–i.e., reduction by global symmetries– within Mechanics [22, 23, 72] and Field Theory [12, 16, 32].

2.1 Generalized principal bundles

2.1.1 Actions of Lie group bundles

A Lie group fiber bundle with typical fiber a Lie group G is a fiber bundle πG,X ∶ G →X such that
for any point x ∈X the fiber Gx is equipped with a Lie group structure and there is a neighborhood
U ⊂X and a diffeomorphism x ∈ U ×G→ π−1G,X(U) preserving the Lie group structure fiberwisely.

Note that the multiplication map M ∶ G ×X G → G and the inversion map ⋅−1 ∶ G → G are bundle
morphisms covering the identity idX ∶X →X. Likewise, the map 1 ∶X → G that assigns the identity
element 1x ∈ Gx to each x ∈ X is a global section (called the unit section) of πG,X . Any Lie group

7
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bundle defines a Lie algebra bundle πg,X ∶ g→X as the vector bundle whose fiber gx at each x ∈X
is the Lie algebra of Gx. That is, the Lie algebra bundle is the pull-back bundle g = 1∗(V G), where
V G ⊂ TG is the vertical bundle of πG,X , i.e., the kernel of (πG,X)∗.

Remark 2.1 (Jets of Lie group fiber bundles) Let πG,X ∶ G → X be a Lie group fiber bundle
and r ≥ 0 be an integer. Then the r-th jet bundle of πG,X , JrG → X, is again a Lie group fiber
bundle (see, for example, [37, §3, Th. 1]). The multiplication is inherited from the Lie group bundle
structure of πG,X , that is,

M (jrxγ1, jrxγ2) = jrx (M ○ (γ1, γ2)) , jrxγ1, j
r
xγ2 ∈ JrG.

We consider subgroups of Lie group bundles in the following sense.

Definition 2.1 A Lie group subbundle of a Lie group bundle πG,X ∶ G → X is a Lie group bundle
πH,X ∶ H →X such that H is a submanifold of G and Hx is a Lie subgroup of Gx for each x ∈X. It
is said to be closed if Hx is a closed Lie subgroup of Gx for every x ∈X.

Let πY,X be a fiber bundle and πG,X be a Lie group fiber bundle.

Definition 2.2 A (right) fibered action of πG,X on πY,X is a bundle morphism

Φ ∶ Y ×X G → Y

covering the identity idX ∶ X → X such that Φ(y, hg) = Φ(Φ(y, h), g) and Φ(y,1x) = y, for all
(y, g), (y, h) ∈ Y ×X G, πG,X(y) = x.

For the sake of simplicity, we will denote Φ(y, g) = y⋅g and we will say that πG,X acts fiberwisely on
the right on πY,X . Note that Φ induces a right action on each fiber, Φx = Φ∣Yx×Gx ∶ Yx×Gx → Yx. The
fibered action is said to be free if y ⋅ g = y for some (y, g) ∈ Y ×X G implies that g = 1x, x = πY,X(y).
In the same way, it is said to be proper if the bundle morphism Y ×X G ∋ (y, g) ↦ (y, y ⋅g) ∈ Y ×X Y
is proper. If Φ is free and proper, so is each action Φx, since the fibers of a bundle are closed.

As the fibered action is vertical (i.e., it covers the identity idX), we may regard the quotient
space Y /G as the disjoint union of the quotients of the fibers by the induced actions, that is,

Y /G = ⊔
x∈X

Yx/Gx = {[y]G = (x, [y]Gx) ∶ x ∈X,y ∈ Yx} .

Obviously, the following diagram is commutative:

Y X

Y /G

πY,X

πY,Y /G πY /G,X

y x

[y]G

(2.1)

Example 2.1 (Jet lift of fibered actions) Let Φ ∶ Y ×X G → Y be a (right) fibered action of a
Lie group bundle πG,X on a fiber bundle πY,X . The first jet extension of Φ turns out to be a (right)
fibered action of πJ1G,X on πJ1Y,X ,

Φ(1) ∶ J1Y ×X J1G → J1Y, (j1xs, j1xγ) ↦ j1x(Φ ○ (s, γ)).

If we regard 1-jets as tangent maps of sections at a point, that is, j1xs ≡ (ds)x and j1xγ ≡ (dγ)x for
certain local sections s and γ, then Φ(1) may be seen as

Φ(1)(j1xs, j1xγ) ≡ (dΦ)(s(x),γ(x)) ○ ((ds)x, (dγ)x) ∶ TxX → Ts(x)⋅γ(x)Y.
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2.1.2 Smooth structure of fibered quotients

Theorem 2.1. If πG,X acts on πY,X freely and properly, then Y /G admits a unique smooth structure
such that

(i) πY,Y /G is a fiber bundle with typical fiber G, called generalized principal bundle.

(ii) πY /G,X is a fibered manifold, i.e., a surjective submersion.

Proof. Taking trivializations of πY,X and πG,X on the same neighborhood U ⊂X, the local expression
of the actions is:

U × Ŷ ×G→ U × Ŷ ,
where Ŷ is the typical fiber of Y . This can be seen as a standard Lie group action acting trivially
on U . The classical results on Lie group actions (for example, see [60, Theorem 7.10]) provide a
unique smooth structure on (U × Ŷ )/G that can be used as a chart on Y /G. In these trivializations,
the projections πY,Y /G and πY /G,X are U × Ŷ → (U × Ŷ )/G and (U × Ŷ )/G→ U which gives (i) and
(ii).

Remark 2.2 If a Lie group G acts freely, properly and fiberwisely on a bundle πY,X ∶ Y →X, then

πY /G,X ∶ Y /G → X is a bundle with typical fiber Ŷ /G. However, in the case of action of Lie group
bundle, since the action depends on X, the notion of typical fiber is more delicate. For example, if
X is not connected, the topology of the typical fiber may differ on each component. This is the case
of the action of X ×Z on X × (S1 ×R) with X = R − {0} defined as

Φ ∶ Y ×X G → Y, ((t, (cos θ, sin θ), z), (t, n)) ↦ (t, (sgn(t)n cos θ, sin θ) , z + n) .

The typical fiber is a Klein bottle for t < 0 and a torus for t > 0.
For a connected base manifold X, the quotient Ŷ /G is well-defined (up to diffeomorphisms).

Indeed, given any two points p, q ∈ X connected by a path, p = γ(0), q = γ(1), the action on
Yt = π−1Y,X(γ(t)) can be regarded (from the local trivializations of G and Y ) as a homotopy of

diffeomorphisms of G on Ŷ . This gives a diffeomorphism of the fibers of Y /G on p and q.

We can build a trivializing atlas for πY,Y /G starting from a trivializing atlas {(Uα, ψα
G) ∶ α ∈ Λ}

of πG,X . For α ∈ Λ, let Vα = π−1Y /G,X(Uα) and pick a local section ŝ ∈ Γ (Vα, πY,Y /G) (the existence of

that local section may require the choice of a smaller Uα). We define

ψα
Y ∶ Y ∣Vα = π−1Y,Y /G(Vα) → Vα ×G, y ↦ ([y]G , ĥ) , (2.2)

where ĥ ∈ G is such that y = ŝ([y]G) ⋅g, with g = (ψα
G)−1 (πY /G,X([y]G), ĥ) ∈ G. The element ĥ exists

since Orb(y) = π−1Y,Y /G ([y]G) and it is unique because the fibered action is free. It turns out that

(Vα, ψα
Y ) is a trivialization for πY,Y /G . Indeed, its inverse is given by

(ψα
Y )−1 ∶ Vα ×G→ Y ∣Vα , ([y]G , ĥ) ↦ ŝ([y]G) ⋅ (ψα

G)−1 (πY /G,X([y]G), ĥ) .

As a result, {(Vα, ψα
Y ) ∣ α ∈ Λ} is an atlas for πY,Y /G .

Observe that, by definition of Lie group bundle, the maps ψα
G ∣Gx ∶ Gx → {x} ×G, x ∈ Uα, are Lie

group homomorphisms. It is thus straightforward that the fibered action is locally given by the
right multiplication on the Lie group G.

Corollary 2.2. Let x ∈ Uα, y = (ψα
Y )−1 ([y]G , ĥ) ∈ Yx and g = (ψα

G)−1 (x, ĝ) ∈ Gx, then

y ⋅ g = (ψα
Y )−1 ([y]G , ĥĝ) . (2.3)
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By construction, y = ŝ([y]G) ⋅ (ψα
G)−1 (x, ĥ). Hence,

Φ(y, g) = (ŝ([y]G) ⋅ (ψα
G)−1 (x, ĥ)) ⋅ (ψα

G)−1 (x, ĝ) = ŝ([y]G) ⋅ (ψα
G)−1 (x, ĥĝ)

Moreover, for each x ∈ Uα the following diagram is commutative

Gx {x} ×G

gx {x} × g

ψα
G ∣Gx

exp

(dψα
G ∣Gx)1x

(id{x}, exp)

where πg,X is the Lie algebra bundle of πG,X , g is the Lie algebra of G and exp is the exponential map
between the Lie algebra and its corresponding Lie group. Furthermore, note that (dψα

G ∣Gx)1x is a

linear isomorphism, since ψα
G ∣Gx is a diffeomorphism. In other words, for each ξ = (dψα

G ∣Gx)−11x (x, ξ̂) ∈
gx we have

exp (ξ) = (ψα
G)−1 (x, exp ξ̂) . (2.4)

In fact, we can define a linear trivialization (Uα, ψα
g ) for πg,X from (Uα, ψα

G). Namely,

ψα
g ∶ g∣Uα → Uα × g, ξ ↦ (dψα

G ∣Gx)1x(ξ), x = πg,X(ξ). (2.5)

2.1.3 Infinitesimal generators

If we fix x ∈X, y0 ∈ Yx and g0 ∈ Gx, we can consider the maps

Φy0 ∶ Gx → Yx, g ↦ y0 ⋅ g; Φg0 ∶ Yx → Yx, y ↦ y ⋅ g0.

In the same way, we denote by Lg0 ∶ Gx → Gx and Rg0 ∶ Gx → Gx the left and right multiplication
by g0 ∈ Gx, respectively. Infinitesimal generators (or fundamental fields) are defined in the same
fashion as in classical actions of Lie groups. Namely, for each ξ ∈ gx, then ξ∗ ∈ X(Yx) is defined as

ξ∗y =
d

dt
∣
t=0
y ⋅ exp(tξ) = (dΦy)1x(ξ), y ∈ Yx. (2.6)

Fundamental vector fields are πY,Y /G-vertical, i.e., ξ
∗
y ∈ VyY = ker(dπY,Y /G)y for each y ∈ Yx. Of

course, they are also πY,X -vertical.

Proposition 2.3. Let πg,X be the Lie algebra bundle of πG,X . The following map is a vertical
isomorphism of vector bundles over Y :

Y ×X g→ V Y, (y, ξ) ↦ ξ∗y . (2.7)

In addition, for any (g, ξ) ∈ G ×X g, we have:

(Φg)∗(ξ∗) = (Adg−1(ξ))
∗
. (2.8)

Proof. It is clear that the morphism is vertical by definition. Fix y ∈ Y with πY,X(y) = x. Let us
see that the map Y ×X gy = gx ∋ ξ ↦ ξ∗y ∈ VyY is a linear isomorphism. The linearity is clear from
the second equality of (2.6). Since dim gx = dimGx = dimVyY (the last equality is for being πY,Y /G
a submersion), we just need to prove the injectivity to conclude. Let ξ ∈ gx be such that ξ∗y = 0.
Then, y ⋅ exp tξ = y for every t ∈ (−ϵ, ϵ). Since the action is free, this says that exp tξ = 1x for every
t ∈ (−ϵ, ϵ) and, hence, ξ = 0. The second part is a straightforward computation.
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2.1.4 Generalized associated bundles

Let πF,X ∶ F → X be a fiber bundle on which πG,X acts fiberwisely on the left. This yields a right
fibered action of πG,X on product bundle πY ×XF,X . Namely,

(y, f) ⋅ g = (y ⋅ g, g−1 ⋅ f), (y, f, g) ∈ Y ×X F ×X G.

If the fibered action of πG,X on πY,X is free and proper, so is the induced action on πY ×XF,X . In
such case, we have the smooth manifold

Y ×G F = (Y ×X F )/G.

We denote the equivalence classes by [y, f]G ∈ Y ×G F .

Proposition 2.4. In the above conditions, if F̂ is the typical fiber of πF,X , then πY ×GF,Y /G is a

fiber bundle with typical fiber F̂ , called generalized associated bundle, where

πY ×GF,Y /G ∶ Y ×G F → Y /G, [y, f]G ↦ [y]G .

Proof. It is clear that the projection is well-defined and surjective. For each [y0, f0]G ∈ Y ×GF , let us
find a trivialization through that point. Let U ⊂X be a trivializing set of both πG,X and πF,X , such
that πY,X(y0) = πF,X(f0) ∈ U . Let V = π−1Y /G,X(U) and suppose that it is a trivializing set of πY,Y /G
(maybe we need to choose a smaller U in order to achieve this). Using the above trivializations, we
define

ϕ ∶ (Y ×G F )∣V → V × F̂ , [(σ, g), (x, f)]G ↦ (σ, g ⋅ f) ,

where the action G × F̂ → F̂ is induced by the fibered action of πG,X on πF,X . Observe that this
action may depend on the base point x. Nevertheless, the condition of Φ ∶ Y ×X G → Y is smooth
ensures that ϕ is also smooth.

Of course, [y0, f0]G ∈ (Y ×G F )∣V , since πY,X(y0) = πF,X(f0) ∈ U . In fact, the pair (V, ϕ) is a
trivialization of πY ×GF,Y /G . Indeed, the inverse map is given by

ϕ−1 ∶ V × F̂ → (Y ×G F )∣V , (σ, f) ↦ [(σ,1), (x, f)]G ,

where again x = πY /G,X(σ).

Example 2.2 (Conjugacy bundle) A Lie group bundle πG,X acts fiberwisely on the left on itself
by conjugation: g ⋅h = cg(h) = ghg−1, (g, h) ∈ G×XG. We can thus consider the generalized conjugacy
bundle, Y ×G G, which inherits the Lie group bundle structure from πG,X .

Example 2.3 (Adjoint bundle) In the same vein, πG,X acts fiberwisely on the left on πg,X via
the adjoint map: g ⋅ ξ = Adg(ξ) = (dcg)1x(ξ), (g, ξ) ∈ G ×X g. The corresponding quotient is the
generalized adjoint bundle, which we will denote by g̃ = Y ×G g. It is a vector bundle equipped with
a Lie algebra bundle structure.

Example 2.4 (Coadjoint bundle) Let g∗ be the dual vector bundle of πg,X , where πG,X acts
fiberwisely on the left via the coadjoint representation, g ⋅ η = Ad∗g−1(η), (g, η) ∈ G ×X g∗. Using this

action we get the generalized coadjoint bundle, g̃∗ = Y ×G g∗, which is a vector bundle.
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2.2 Generalized principal connections

2.2.1 Lie group bundle connections

If πG,X is a Lie group bundle, an Ehresmann connection

ν ∶ TG → V G, Ug ↦ Uv
g ,

can be also regarded as a vertical bundle map (denoted by the same letter for the sake of simplicity)

ν ∶ TG → g, Ug ↦ (dRg−1)g (U
v
g ).

Furthermore, it is natural to impose a compatibility of ν with the algebraic structure of G.

Definition 2.3 A Lie group bundle connection on πG,X is an Ehresmann connection ν ∶ TG → V G
satisfying

(i) ker ν1x = (d1)x(TxX) for each x ∈X.

(ii) For every (g, h) ∈ G ×X G and (Ug, Uh) ∈ TgG ×TxX ThG, x = πG,X(g), then:

νgh ((dM)(g,h)(Ug, Uh)) = (dRh)g (νg(Ug)) + (dLg)h (νh(Uh)) ,

where M ∶ G ×X G → G is the fiber multiplication map.

The corresponding conditions when regarded as a map ν ∶ TG → g are

(i) ker ν1x = (d1)x(TxX) for each x ∈X.

(ii) For every (g, h) ∈ G ×X G and (Ug, Uh) ∈ TgG ×TxX ThG, x = πG,X(g), then:

νgh ((dM)(g,h)(Ug, Uh)) = νg(Ug) +Adg (νh(Uh)) .

Geometric interpretations of Lie group bundle connections are provided by the following results.
We denote by ν ∣∣ the parallel transport of ν and by Horνg ∶ TxX → TgG its horizontal lift at any
g ∈ G, x = πG,X(g).

Proposition 2.5. Let ν be an Ehresmann connection on πG,X such that ker ν1x = (d1)x(TxX) for
each x ∈X. Then ν is a Lie group connection if and only if for any curve x ∶ I →X we have

ν ∣∣x(b)
x(a)(gh) = (

ν ∣∣x(b)
x(a)g) (

ν ∣∣x(b)
x(a)h) , g, h ∈ Gx(a). (2.9)

Consequently,
ν ∣∣x(b)

x(a) g
−1 = (ν ∣∣x(b)

x(a) g)
−1
, ν ∣∣x(b)

x(a) 1x(a) = 1x(b). (2.10)

Proof. Suppose that ν is a Lie group connection. Let x ∶ I →X be a curve and g, h ∈ Gx(a). Denote

α1(t) = ν ∣∣x(t)
x(a)g, α2(t) = ν ∣∣x(t)

x(a)h, t ∈ I, and α =M ○ (α1, α2). To show that α(t) = ν ∣∣x(t)
x(a)(gh), t ∈ I,

we use the uniqueness of the parallel transport. It is clear that πG,X ○ α = x and α(a) = gh, so we
only need to check that it is horizontal,

να(t) (α′(t)) = να(t) ((dM)(α1(t),α2(t)) (α
′
1(t), α′2(t)))

= (dRα2(t))α1(t)
(να1(t) (α

′
1(t))) + (dLα1(t))α2(t)

(να2(t) (α
′
2(t))) = 0,
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since α1 and α2 are horizontal.

Conversely, suppose that ν satisfies (2.9). Let x ∈ X, g, h ∈ Gx and (Ug, Uh) ∈ TgG ×TxX ThG.
Then there exists α = (α1, α2) ∶ (−ϵ, ϵ) → G ×X G such that α′(0) = (α′1(0), α′2(0)) = (Ug, Uh).
Denote x = πG,X ○α1 = πG,X ○α2. We conclude that ν is a Lie group connection as a straightforward
consequence of (2.9) and the definition of covariant derivative,

νgh ((dM)(g,h)(Ug, Uh)) = νgh ((M ○ α)′(0))

= D
ν(M ○ α)(0)

Dt

= (dRh)g (
Dνα1(0)
Dt

) + (dLg)h (
Dνα2(0)
Dt

)

= (dRh)g (νg(Ug)) + (dLg)h (νh(Uh)) .

Proposition 2.6. Let ν be an Ehresmann connection on πG,X and consider the corresponding jet
section ν̂ ∈ Γ (πJ1G,G). Then ν is a Lie group bundle connection if and only if

(i) ν̂ ○ 1 = j11 = d1,
(ii) for each (g, h) ∈ G ×X G, we have that ν̂(gh) = ν̂(g) ν̂(h) with respect to the Lie group bundle

structure in J1G.

Proof. It is clear that (i) is equivalent to the condition: ker ν1x = (d1)x(TxX) for each x ∈ X.
Thanks to the previous Proposition, it is enough to show that (ii) is equivalent to (2.9). Let x ∈X,
Ux ∈ TxX and g, h ∈ Gx and pick a curve α ∶ (−ϵ, ϵ) → X such that α′(0) = Ux. We define the
following curve:

βg(t) = ν ∣∣α(t)
α(0)g, t ∈ (−ϵ, ϵ).

We have β′g(0) = Horνg (Ux) = ν̂(g)(Ux), where Horνg ∶ TxX → TgG is the horizontal lifting given by
ν. Performing the same construction with h and gh we obtain curves βh, βgh ∶ (−ϵ, ϵ) → TG.

Suppose that (2.9) is satisfied, then βgh =M ○ (βg, βh). Therefore

ν̂(gh)(Ux) = β′gh(0)
= (dM)(g,h) (β′g(0), β′h(0))
= (dM)(g,h) (ν̂(g)(Ux), ν̂(h)(Ux)) .

Since the equality is valid for every Ux ∈ TxX, we conclude that ν̂(gh) = ν̂(g) ν̂(h).
Conversely, if (ii) holds, then βgh(0) = gh = βg(0)βh(0) and β′gh(0) = (dM)(g,h)(β′g(0), β′h(0)) =

(M ○ (βg, βh))′ (0). By uniqueness of the parallel transport we obtain that βgh = M ○ (βg, βh) for
each local curve α ∶ (−ϵ, ϵ) →X such that α(0) = x.

From the proof above we also deduce that the condition

Horνgh = (dM)(g,h) ○ (Horνg ,Horνh) , (g, h) ∈ G ×X G,

together with (i) of Definition 2.3 characterize Lie group connections. More generally, we have the
following property.

Proposition 2.7. Let ν be a Lie group connection on πG,X . Then for each (g, h) ∈ G×XG, Ux ∈ TxX,
x = πG,X(g), and Uh ∈ ThG such that (dπG,X)h(Uh) = Ux we have

(dM)(g,h) (Horνg (Ux), Uh) =Horνgh(Ux) + (dLg)h (νh(Uh)) .
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Proof. Thanks to the uniqueness of the horizontal lifting, it is enough to show that

U = (dM)(g,h) (Horνg (Ux), Uh) − (dLg)h (νh(Uh))

is horizontal and projects to Ux. For horizontality we have that

νgh(U) = (dRh)g (νg (Horνg (Ux))) + (dLg)h (νh (Uh)) − νgh ((dLg)h (νh(Uh)))
= (dLg)h (νh (Uh)) − νgh ((dLg)h (νh(Uh))) = 0.

The last equality is a particular case of property (ii) of the definition of Lie group connection with
Ug = 0. In such case, we have (dM)(g,h) (0, Uh) = (dLg) (Uh) and, thus,

νgh ((dLg) (Uh)) = νgh ((dM)(g,h) (0, Uh)) = (dLg)h (νh (Uh)) .

At last, we check that it projects to Ux. In order to do so, let α = (α1, α2) ∶ (−ϵ, ϵ) → G ×X G such
that α(0) = (g, h) and α′(0) = (Horνg (Ux), Uh),

(dπG,X)gh(U) = (dπG,X)gh ((dM)(g,h) (Horνg (Ux), Uh)) − (dπG,X)gh ((dLg)h (νh(Uh)))
= d(πG,X ○M)(g,h) (Horνg (Ux), Uh)

= d

dt
∣
t=0
(πG,X ○M ○ α)(t)

= d

dt
∣
t=0
(πG,X ○ α1)(t)

= (dπG,X)g (Horνg (Ux)) = Ux.

With respect to this last Proposition, if the vector Uh is horizontal, then

(dM)(g,h) (Hg, Uh) =Hgh, Uh ∈ ThG, πG,X(g) = πG,X(h),

an identity that is similar to the corresponding property of connections on standard principal
bundles.

2.2.2 Induced connection on the Lie algebra bundle

A Lie group connection induces a linear connection on the corresponding Lie algebra bundle.

Proposition 2.8. Let x ∶ I →X be a smooth curve. Then the map g∣∣x(b)
x(a) ∶ gx(a) → gx(b) defined as

g∣∣x(b)
x(a)ξ =

d

dϵ
∣
ϵ=0

ν ∣∣x(b)
x(a) exp(ϵ ξ), ξ ∈ gx(a)

is a linear parallel transport on πg,X .

Proof. The map is well-defined, since ν ∣∣x(b)
x(a) 1x(a) = 1x(b). Likewise, it is easy to check that g∣∣x(b)

x(a)λξ =

λg∣∣x(b)
x(a)ξ for each ξ ∈ gx(a) and λ ∈ R. To conclude, let ξ, η ∈ gx(a) and ϵ ∈ R “small enough”. We

apply the Zassenhaus formula (for example, cf. [10]):

exp(ϵ(ξ + η)) = exp(ϵ ξ) exp(ϵ η)
∞
∏
n=2

exp(Cn(ϵ ξ, ϵ η)),
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where Cn(ϵ ξ, ϵ η) is a homogeneous Lie polynomial in {ϵ ξ, ϵ η} for each n ≥ 2. Thus, exp(ϵ(ξ+η)) =
exp(ϵ ξ) exp(ϵ η) exp (o(ϵ2)) and are done:

g∣∣x(b)
x(a)(ξ + η) =

d

dϵ
∣
ϵ=0

ν ∣∣x(b)
x(a) exp(ϵ(ξ + η))

= d

dϵ
∣
ϵ=0

ν ∣∣x(b)
x(a) (exp(ϵ ξ) exp(ϵ η) exp (o (ϵ

2)))

= d

dϵ
∣
ϵ=0
(ν ∣∣x(b)

x(a) exp(ϵ ξ)) (
ν ∣∣x(b)

x(a) exp(ϵ η)) (
ν ∣∣x(b)

x(a) exp (o (ϵ
2)))

= d

dϵ
∣
ϵ=0

ν ∣∣x(b)
x(a) exp(ϵ ξ) +

d

dϵ
∣
ϵ=0

ν ∣∣x(b)
x(a) exp(ϵ η) +

d

dϵ
∣
ϵ=0

ν ∣∣x(b)
x(a) exp (o (ϵ

2))
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

0

= g∣∣x(b)
x(a)ξ +

g∣∣x(b)
x(a)η.

This linear parallel transport naturally respects the adjoint representation of g.

Proposition 2.9. Let x ∶ I →X. Then

g∣∣x(b)
x(a)Adg(ξ) = Adν ∣∣x(b)

x(a)
g
(g∣∣x(b)

x(a)ξ) , g ∈ Gx(a), ξ ∈ gx(a).

Proof. Consider the curves α(t) = Adν ∣∣x(t)
x(a)

g
(g∣∣x(t)

x(a)ξ) and β(t) =
g∣∣x(t)

x(a)Adg(ξ), t ∈ I, which satisfy

α(a) = β(a) = Adg(ξ) and πg,X ○ α = πg,X ○ β = x. Thanks to the uniqueness of parallel transport,
to show that α = β it is enough to check that α′ = β′. For each t ∈ I, using the definition of g∣∣ we
have

α′(t) = d

dt

d

dϵ
∣
ϵ=0

cν ∣∣x(t)
x(a)

g
(ν ∣∣x(t)

x(a) exp(ϵ ξ))

(⋆)= d

dt

d

dϵ
∣
ϵ=0

ν ∣∣x(t)
x(a)cg (exp(ϵ ξ))

(†)= d

dt

d

dϵ
∣
ϵ=0

ν ∣∣x(t)
x(a) exp ((dcg)1x(a)(ϵ ξ))

= β′(t),

where (⋆) is due to ν being a Lie group connection and (†) comes from the fact that cg ∶ Gx(a) → Gx(a)
is a Lie group homomorphism.

We denote by ∇g and ∇g/dt the linear connection and the covariant derivative on πg,X corre-
sponding to this parallel transport g∣∣, respectively. A more practical way of regarding ∇g may be
the following. Consider the Lie group bundle connection as a map ν ∶ TG → g. Then, for any section
ξ ∈ Γ (πg,X), we have

∇gξ = d

dt
∣
t=0
ν ○ d exp(tξ). (2.11)

The next result is the infinitesimal version of Proposition 2.9.

Proposition 2.10. Let g ∶ I → G and ξ ∶ I → g be such that πG,X ○g = πg,X ○ ξ = x. Then for all t ∈ I
we have

∇g (Adg ○ ξ) (t)
dt

= Adg(t) (
∇gξ(t)
dt

) + [(dRg(t)−1)g(t) (
∇νg(t)
dt

) ,Adg(t)(ξ(t))]
G
.
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Proof. Fix t ∈ I and denote x = πG,X ○ g. Let α ∶ (−ϵ, ϵ) → Gx(t) be the curve given by

α(s) = ν ∣∣x(t)
x(t+s)g(t + s) for each s ∈ (−ϵ, ϵ). We have α(0) = g(t) and α′(0) = ∇νg(t)/dt. De-

noting β(s) = α(s) g(t)−1 = Rg(t)−1 (α(s)), s ∈ (−ϵ, ϵ), we have that β(0) = 1x(t) and β′(0) =
(dRg(t)−1)g(t) (∇

νg(t)/dt). Hence,

d

ds
∣
s=0

Adα(s) (ξ(t)) =
d

ds
∣
s=0

Adβ(s) (Adg(t)(ξ(t)))

= ad(β′(0)) (Adg(t)(ξ(t)))

= [(dRg(t)−1)g(t) (
∇νg(t)
dt

) ,Adg(t)(ξ(t))]
G
.

Using this, we conclude

∇g (Adg ○ ξ) (t)
dt

= d

ds
∣
s=0
∇g ∣∣

x(t)
x(t+s)Adg(t+s)(ξ(t + s))

= d

ds
∣
s=0

Adν ∣∣x(t)
x(t+s)

g(t+s) (
∇g ∣∣

x(t)
x(t+s)ξ(t + s))

= d

ds
∣
s=0

Adg(t) (∇
g ∣∣

x(t)
x(t+s)ξ(t + s)) +

d

ds
∣
s=0

Adν ∣∣x(t)
x(t+s)

g(t+s) (ξ(t))

= Adg(t) (
∇gξ(t)
dt

) + [(dRg(t)−1)g(t) (
∇νg(t)
dt

) ,Adg(t)(ξ(t))]
G
.

2.2.3 Generalized principal connections

Let πY,X ∶ Y → X be a fiber bundle on which a Lie group bundle πG,X ∶ G → X acts freely and
properly on the right, and denote by Φ ∶ Y ×X G → Y the fibered action.

Lemma 2.11. For every (y, g) ∈ Y ×X G and ξ, η ∈ gx, x = πG,X(g), we have

(dΦ)(y,g) (ξ∗y , η∗g ) = (Adg−1 (ξ + η))∗y⋅g,

where η∗g = d/dt∣t=0 exp(tη)g is the infinitesimal generator of η at g.

Proof. Observe that

(Adg−1 (η))
∗
y⋅g =

d

dt
∣
t=0
y ⋅ g exp (tAdg−1(η))

= d

dt
∣
t=0
y ⋅ g exp(t d

ds
∣
s=0

g−1 exp(s η) g))

= d

dt
∣
t=0
y ⋅ exp (t η) g

= d

dt
∣
t=0
Φy (exp (t η) g) .

The result is a straightforward computation using the previous equation and (2.8),



2.2.3 Generalized principal connections 17

(dΦ)(y,g)(ξ∗y , η∗g ) =
d

dt
∣
t=0
Φ (y ⋅ exp (tξ), exp (tη) g)

= d

dt
∣
t=0
Φ (y ⋅ exp (tξ), g) + d

dt
∣
t=0
Φ (y, exp (tη) g)

= d

dt
∣
t=0
Φg (y ⋅ exp(tξ)) +

d

dt
∣
t=0
Φy (exp (tη) g)

= (dΦg)y(ξ∗y ) + (Adg−1 (η))
∗
y⋅g

= (Adg−1(ξ))
∗
y⋅g +Adg−1 (η)

∗
y⋅g

= Adg−1 (ξ + η)∗y⋅g .

Ehresmann connections on πY,Y /G are identified with forms as follows.

Proposition 2.12. There is a bijective correspondence between Ehresmann connections on πY,Y /G
and 1-forms1 ω ∈ Ω1(Y, g) such that

ωy(ξ∗y ) = ξ, (y, ξ) ∈ Y ×X g.

Furthermore, such forms satisfy

ωy⋅g ((dΦg)y(ξ∗y )) = Adg−1 (ωy(ξ∗y )) , (y, g, ξ) ∈ Y ×X G ×X g.

Proof. The equivalence between Ehresmann connections on πY,Y /G and the 1-forms as in the state-
ment is a consequence of the isomorphism (2.7).

For the second part, let (y, g, ξ) ∈ Y ×X G ×X g, then:

ωy⋅g ((dΦg)y(ξ∗y )) = ωy⋅g ((Adg−1ξ)∗y⋅g) = Adg−1(ξ) = Adg−1 (ωy(ξ∗y )) ,

where equation (2.8) has been taken into account.

Observe that Uv
y = ωy(Uy)∗y for each Uy ∈ TyY , y ∈ Y , and, thus Uy is horizontal if and only if

ωy(Uy) = 0. We are ready to introduce generalized principal connections.

Definition 2.4 Let ν be an Ehresmann connection on the Lie group bundle πG,X . A generalized
principal connection on πY,Y /G associated to ν is an Ehresmann connection H ⊂ TY on πY,Y /G
satisfying:

[(dΦ)(y,g) (Uy, Ug)]
v = (dΦg)y(Uv

y ) + (dLg−1)g(νg(Ug))∗y⋅g,

for every (y, g) ∈ Y ×X G and (Uy, Ug) ∈ TyY ×TxX TgG, where x = πY,X(y).

Thanks to Proposition 2.12, it is easy to check that the following is an equivalent way of defining
a generalized principal connection.

Definition 2.5 Let ν be an Ehresmann connection on the Lie group bundle πG,X . A generalized
principal connection on πY,Y /G associated to ν is a form ω ∈ Ω1(Y, g) satisfying:

(i) (Complementarity) ωy(ξ∗y ) = ξ for every (y, ξ) ∈ Y ×X g.
(ii) (Ad-equivariance) For each (y, g) ∈ Y ×X G and (Uy, Ug) ∈ TyY ×TxX TgG, x = πY,X(x), then

ωy⋅g ((dΦ)(y,g)(Uy, Ug)) = Adg−1 (ωy(Uy) + νg(Ug)) .
1 In fact, we are considering forms with values in (πY,X)∗(g) = Y ×X g but, for the sake of simplicity, we do not write
it. In the same fashion, abusing the notation we suppose that ωy ∈ T ∗y Y ⊗ gx for each y ∈ Y , x = πY,X(y).
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Roughly speaking, generalized principal connections extend the property given in Lemma 2.11
and Proposition 2.12 to non-necessarily vertical vectors Ug with respect to ν.

The next result gives a geometric interpretation of the above Definitions in terms of the parallel
transports ν ∣∣ and ω ∣∣, in the same vein as Proposition 2.5.

Proposition 2.13. Let ν ∶ TG → g and ω ∈ Ω1(Y, g) be Ehresmann connections on πG,X and πY,Y /G,
respectively. Then ω is a generalized principal connection associated to ν if and only if for any curve
γ ∶ I → Y /G, the corresponding parallel transports satisfy

ω ∣∣γ(t)
γ(a)(y ⋅ g) = (

ω ∣∣γ(t)
γ(a)y) ⋅ (

ν ∣∣x(t)
x(a)g) , g ∈ Gx(a), y ∈ Yγ(a), t ∈ I, (2.12)

where x = πY /G,X ○ γ.

Proof. Suppose that ω is a generalized principal connection associated to ν. Let γ ∶ I → Y /G
be a curve, x = πY /G,X ○ γ, y ∈ Yγ(a) and g ∈ Gx(a). Denote α1(⋅) = ω ∣∣γ(⋅)

γ(a)y, α2(⋅) = ν ∣∣x(⋅)
x(a)g and

α = Φ ○ (α1, α2). To show that α(⋅) = ω ∣∣γ(⋅)
γ(a)(y ⋅ g) we use the uniqueness of the parallel transport.

It is clear that πY,Y /G ○ α = γ and α(a) = y ⋅ g, so we only need to check that α is horizontal. For
each t ∈ I we have

α′(t)v = (dΦ)(α1(t),α2(t)) (α′1(t), α′2(t))
v

= (dΦα2(t))α1(t)
(α′1(t)v) + (dLα2(t)−1)α2(t)

(να2(t) (α′2(t)))
∗
α(t) = 0,

since α1 and α2 are horizontal for the corresponding connections.

Conversely, suppose that ω and ν satisfy (2.12). Let (y, g) ∈ Y ×X G and (Uy, Ug) ∈ TyY ×TxX Tg.
We consider α = (α1, α2) ∶ (−ϵ, ϵ) → Y ×X G such that α′(0) = (α′1(0), α′2(0)) = (Uy, Ug) and we
denote γ = πY,Y /G ○ α1 and x = πY,X ○ α1 = πG,X ○ α2. A straightforward consequence of (2.12) and
the definition of covariant derivative is the following:

(Φ ○ α)′(0)v = D
ω(Φ ○ α)
Dt

∣
t=0

= (dΦg)y (
Dωα1

Dt
∣
t=0
) + (dΦy)g (

Dνα2

Dt
∣
t=0
)

= (dΦg)y (Uv
y ) + (dΦy)g (Uv

g ) .

Furthermore, note that (dΦy)g (Uv
g ) = (dΦy⋅g)1x ((dLg−1)g (Uv

g )) = (dLg−1)g (Uv
g )
∗
y⋅g. Thus, we con-

clude that ω is a generalized principal connection associated to ν:

(dΦ)(y,g) (Uy, Ug)v = (Φ ○ α)′(0)v = (dΦg)y (Uv
y ) + (dLg−1)g (Uv

g )
∗
y⋅g .

Proposition 2.14. Let ν ∶ TG → g and ω ∈ Ω1(Y, g) be Ehresmann connections on πG,X and πY,Y /G,
respectively, and suppose that Y /G =X. Let ω̂ ∈ Γ (πJ1Y,Y ) and ν̂ ∈ Γ (πJ1G,G) be the corresponding
jet sections. Then ω is a generalized principal connection associated to ν if and only if

ω̂(y ⋅ g) = ω̂(y) ⋅ ν̂(g), (y, g) ∈ Y ×X g, (2.13)

where the fibered action of πJ1G,X on πJ1Y,X is given by the first jet extension of Φ (recall Example
2.1).

Proof. Thanks to Proposition 2.13 we only need to show that (2.13) is equivalent to (2.12). Let
(y, g) ∈ Y ×X G, x = πY,X(y) and Ux ∈ TxX, and pick a curve α ∶ (−ϵ, ϵ) → X with α′(0) = Ux. We
define the curves
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βy(t) = ω ∣∣α(t)
α(0)y, βy⋅g(t) = ω ∣∣α(t)

α(0)(y ⋅ g), βy(t) = ν ∣∣α(t)
α(0)g,

This way, we have β′g(0) =Horνg (Ux) = ν̂(g)(Ux) and β′y(0) =Horωy (Ux) = ω̂(y)(Ux), and analogous
for βy⋅g.

Suppose that (2.12) is satisfied. Then βy⋅g = Φ ○ (βy, βg). Hence

ω̂(y ⋅ g)(Ux) = β′y⋅g(0)
= (dΦ)(y,g) (β′y(0), β′g(0))
= (dΦ)(y,g) (ω̂(y)(Ux), ν̂(g)(Ux)) .

This equation is valid for every Ux ∈ TxX, whence ω̂(y ⋅ g) = ω̂(y) ⋅ ν̂(g).
Conversely, if (2.13) is satisfied, then βy⋅g(0) = y ⋅ g = βy(0) ⋅ βg(0) = (Φ ○ (βy, βg))(0) and

β′y⋅g(0) = ω̂(y ⋅ g)(Ux)
= (ω̂(y) ⋅ ν̂(g)) (Ux)
= (dΦ)(y,g) (ω̂(y)(Ux), ν̂(g)(Ux))
= (dΦ)(y,g) (β′y(0), β′g(0))
= (Φ ○ (βy, βg))′(0).

By uniqueness of the parallel transport we conclude that βy⋅g = Φ ○ (βy, βg).

We denote by Horωy ∶ T[y]G(Y /G) → TyY the horizontal lift given by ω at y ∈ Y . A different
geometric interpretation of generalized principal connections is the following.

Proposition 2.15. Let (y, g) ∈ Y ×X G and (U[y]G , Ug) ∈ T[y]G(Y /G) ×TxX TgG, where x = πY,X(y).
Then

(dΦ)(y,g) (Horωy (U[y]G), Ug) =Horωy⋅g(U[y]G) + (dLg−1)g(νg(Ug))∗y⋅g.

Proof. We just need to prove that U = (dΦ)(y,g) (Horωy (U[y]G), Ug) − (dLg−1)g(νg(Ug))∗y⋅g is hori-
zontal and projects to U[y]G . With respect to the former

Uv = (dΦ)(y,g) (Horωy (U[y]G), Ug)
v − (dLg−1)g(νg(Ug))∗y⋅g

= (dΦg)y (Horωy (U[y]G)
v) = 0.

For the latter let α = (α1, α2) ∶ (−ϵ, ϵ) → Y ×X G be such that α′(0) = (Horωy (U[y]G), Ug). We then
have

(dπY,Y /G)y⋅g(U) = (dπY,Y /G)y⋅g ((dΦ)(y,g) (Horωy (U[y]G), Ug))
= d(πY,Y /G ○Φ)(y,g) (Horωy (U[y]G), Ug)

= d

dt
∣
t=0
(πY,Y /G ○Φ ○ α)(t)

= d

dt
∣
t=0
(πY,Y /G ○ α1)(t)

= (dπY,Y /G)y (Horωy (U[y]G))
= U[y]G .

Theorem 2.16 (Existence of generalized principal connections). If X is a paracompact
smooth manifold, then there exists an Ehresmann connection ν on πG,X and a generalized principal
connection ω on πY,Y /G associated to ν.
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Proof. Let {(Uα, ψα
G) ∣ α ∈ Λ} be a trivializing atlas for πG,X , {(Vα = π−1Y /G,X(Uα), ψ

α
Y ) ∣ α ∈ Λ} be the

induced trivializing atlas for πY,Y /G , as in (2.2), and {(Uα, ψα
g ) ∣ α ∈ Λ} be the induced trivializing

atlas for πg,X , as in (2.5). For ĝ ∈ G, we denote by L̂ĝ ∶ G → G and R̂ĝ ∶ G → G the left and right

multiplication by ĝ, respectively. In the same way, we denote by Âd the adjoint representation of
G.

Fixed α ∈ Λ, we define the local Ehresmann connection να ∶ TG∣Uα → V G∣Uα on πG,X ∣Uα ∶ G∣Uα → Uα
as follows

(να)g ((dψα
G)−1g (Ux, (dL̂ĝ)1 (η̂))) = (dψ

α
G)−1g (0x, (dL̂ĝ)1 (η̂)) , Ux ∈ TxX, η̂ ∈ g,

where x ∈ Uα, ĝ ∈ G and g = (ψα
G)−1 (x, ĝ) ∈ G∣Uα . Likewise, we define the local 1-form ωα ∈

Ω1 (Y ∣Vα , g∣Uα) as

(ωα)y ((dψα
Y )−1y (U[y]G , (dL̂ĥ

)
1
(ξ̂))) = (ψα

g )−1 (x, ξ̂) , U[y]G ∈ T[y]G(Y /G), ξ̂ ∈ g,

where [y]G ∈ Vα, ĥ ∈ G and y = (ψα
Y )−1 ([y]G , ĥ) ∈ Y ∣Vα . We show that να and ωα satisfy both

properties of Definition 2.5:

(i) (Complementarity) Let ξ = (ψα
g )−1 (x, ξ̂) ∈ g∣Uα and y = (ψα

Y )−1 ([y]G , ĥ) ∈ Y ∣Vα . Using Corollary
2.2 and equation (2.4) we get

ξ∗y = (dψα
Y )−1y (0[y]G , (dL̂ĥ

)
1
(ξ̂)) . (2.14)

Thence,
(ωα)y (ξ∗y ) = (ωα)y ((dψα

Y )−1y (0[y]G , (dL̂ĥ
)
1
(ξ̂))) = (ψα

g )−1 (x, ξ̂) = ξ.

(ii) (Ad-equivariance) Let ĥ, ĝ ∈ G and [y]G ∈ Vα, and consider y = (ψα
Y )−1 ([y]G , ĥ) and g =

(ψα
G)−1 (x, ĝ), where x = πY /G,X ([y]G) ∈ Uα. Likewise, let ξ̂, η̂ ∈ g and U[y]G ∈ T[y]G(Y /G),

and consider

Uy = (dψα
Y )−1y (U[y]G , (dL̂ĥ

)
1
(ξ̂)) ∈ TyY, Ug = (dψα

G)−1g (Ux, (dL̂ĝ)1 (η̂)) ∈ TgG,

where Ux = (dπY /G,X)[y]G (U[y]G) ∈ TxX. Consider curves γ ∶ (−ϵ, ϵ) → Y ∣Vα and β ∶ (−ϵ, ϵ) →
G∣Uα such that γ′(0) = Uy and β

′(0) = Ug. Then we have that ψα
Y ○γ = (γ1, γ2) and ψα

G○β = (β1, β2)
for certain curves γ1 ∶ (−ϵ, ϵ) → Vα, γ2 ∶ (−ϵ, ϵ) → G, β1 ∶ (−ϵ, ϵ) → Uα and β2 ∶ (−ϵ, ϵ) → G such
that γ′1(0) = U[y]G , γ′2(0) = (dL̂ĥ

)
1
(ξ̂), β′1(0) = Ux and β′2(0) = (dL̂ĝ)1 (η̂). Note that we can

always choose the curves satisfying πY /G,X ○ γ1 = β1. Using these curves, Corollary 2.2 and
Equation (2.14) it can be seen that

(dΦ)(y,g) (Uy, Ug) =
d

dt
∣
t=0
Φ(α(t), β(t))

= (dψα
Y )−1y⋅g (U[y]G , (dL̂ĥĝ)1 (Âdĝ−1 (ξ̂))) + (ψ

α
g )−1 (x, η̂)

∗
y⋅g .

This, together with property (i), lead to

(ωα)y⋅g ((dΦ)y⋅g(Uy, Ug)) = (ψα
g )−1 (x, Âdĝ−1 (ξ̂)) + (ψα

g )−1 (x, η̂)
= Adg−1 ((ψα

g )−1 (x, ξ̂)) + (dψα
G)−11x (0x, η̂)

= Adg−1 ((ωα)y(Uy)) +Adg−1 ((dRg−1)g ((να)g(Ug)))
= Adg−1 ((ωα)y(Uy) + (να)g(Ug)) ,

where we have used (2.5) and the fact that (dψα
G)−11x (0x, η̂) = (dψ

α
G ∣Gx)−11x(x, η̂).
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Therefore, ωα is a generalized principal connection on πY,Y /G ∣Vα ∶ Y ∣Vα → Vα associated to να. At
last, we take a smooth partition of unity {θα ∣ α ∈ Λ} on X subordinated to {Uα ∣ α ∈ Λ}. It is easy
to check that {Θα = θα ○ πY /G,X ∣ α ∈ Λ} is a smooth partition of unity on Y /G subordinated to
{Vα ∣ α ∈ Λ}. Now set ω = ∑α∈Λ(Θα ○πY,Y /G)ωα and ν = ∑α∈Λ(θα ○πG,X)να. They are a well defined
1-form ω ∈ Ω1(Y, g) and a well defined Ehresmann connection ν ∶ TG → V G. It is straightforward
that ν and ω satisfy both properties of Definition 2.5. Thus, ω is a generalized principal connection
associated to ν.

A 1-form α ∈ Ω1(Y, g) is said to be tensorial of the adjoint type if it is horizontal, i.e., αy(Uy) = 0
for each Uy ∈ VyY = ker(dπY,Y /G)y, y ∈ Y , and Ad-equivariant, i.e.,

αy⋅g ((dΦ)(y,g)(Uy, Ug)) = Adg−1 (αy(Uy)) ,

for each (Uy, Ug) ∈ TyY ×TxX TgG, (y, g) ∈ Y ×X G, x = πY,X(y). The family of tensorial 1-forms of

the adjoint type is denoted by Ω
1(Y, g). These forms can be reduced to Y /G in the sense that we

have a bijection

Ω
1(Y, g) → Ω1(Y /G, g̃), α ↦ α̃,

given by α̃[y]G(U[y]G) = [y,αy(Uy)]G , where Uy ∈ TyY projects to U[y]G ∈ T[y]G(Y /G), y ∈ Y . By
an abuse of notation, we identify α ≡ α̃. This construction can be straightforwardly generalized to
k-forms.

Proposition 2.17. Let ν ∶ TG → g be an Ehresmann connection on πG,X . The family of generalized

principal connections on πY,Y /G associated to ν is an affine space modelled on Ω
1(Y, g).

Proof. On the one hand, if ω1, ω2 ∈ Ω1(Y, g) are generalized principal connections on πY,Y /G as-

sociated to ν, then ω1 − ω2 ∈ Ω
1(Y, g). The Ad-equivariance comes from the Ad-equivariance

of ω1 and ω2 and the fact that the adjoint map is linear. For the horizontality, let y ∈ Y and
Vy ∈ VyY = ker (dπY,Y /G)y, we have

(ω1 − ω2)y(Vy)∗y = (ω1)y(Vy)∗y − (ω2)y(Vy)∗y = Vy − Vy = 0.

As the map (2.7) is an isomorphism, we deduce that (ω1 − ω2)y(Vy) = 0.
On the other hand, given a generalized principal connection ω ∈ Ω1(Y, g) associated to ν and

a 1-form ω ∈ Ω1(Y, g), a straightforward computation shows that ω + ω is a generalized principal
connection, since ω vanish on vertical vectors.

Now we give another interpretation of a generalized principal connection as a connection on
πY ×XG,X equivariant under the fibered action.

Proposition 2.18. Let ω ∈ Ω1(Y, g) be a generalized principal connection on πY,Y /G associated to
an Ehresmann connection ν ∶ TG → V G on πG,X . Then the map

ϖ ∶ T (Y ×X G) → V (Y ×X G), (Uy, Ug) ↦ (ωy(Uy)∗y , νg(Ug)) ,

where V (Y ×X G) = ker (πY ×XG,X)∗, is an Ehresmann connection on πY ×XG,X equivariant under
the map Φ ∶ Y ×X G → Y ×X G defined as Φ(y, g) = (y ⋅ g, g), i.e.,

(dΦ)(y,g) (ϖ(y,g) (Uy, Ug)) =ϖΦ(y,g) ((dΦ)y,g(Uy, Ug)) ,

for each (Uy, Ug) ∈ TyY ×TxX TgG and (y, g) ∈ Y ×X G.
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Proof. To begin with, observe that ϖ is well defined, i.e., ϖ(y,g)(Uy, Ug) ∈ V(y,g)(Y ×X G) for
every (Uy, Ug) ∈ TyY ×TxX TgG, (y, g) ∈ Y ×X G. This is a straightforward consequence of equality
V(y,g)(Y ×X G) = VyY ×VgG, where VyY = ker(πY,X)∗, and the fact that infinitesimal generators are
πY,X -vertical. Likewise, it is clear that ϖ is a vertical vector bundle morphism over Y ×X G, since
ωy, νg and the infinitesimal generator are linear maps. To conclude, let us check the Φ-equivariance.
Note that (dΦ)(y,g) (Uy, Ug) = ((dΦ)(y,g)(Uy, Ug), Ug). Hence,

(dΦ)(y,g) (ϖ(y,g) (Uy, Ug)) = (dΦ)(y,g) (ωy(Uy)∗y , νg(Ug))
= ((dΦ)(y,g) (ωy(Uy)∗y , νg(Ug)) , νg(Ug))

= (Adg−1 (ωy(Uy) + νg(Ug))∗Φ(y,g) , νg(Ug))

= (ωΦ(y,g) ((dΦ)(y,g)(Uy, Ug))
∗
Φ(y,g) , νg(Ug))

=ϖ(Φ(y,g),g) ((dΦ)(y,g) (Uy, Ug) , Ug)
=ϖΦ(y,g) ((dΦ)(y,g) (Uy, Ug)) .

So far, we have considered generalized principal connections associated to arbitrary Ehresmann
connections on G →X. We now prove that this Ehresmann connections must be a Lie group bundle
connection, that is, they must respect the algebraic structure of πG,X .

Proposition 2.19. Let ω ∈ Ω1(Y, g) be a generalized principal connection on πY,Y /G associated to
an Ehresmann connection ν ∶ TG → g on πG,X . Then ν is a Lie group bundle connection.

Proof. Let γ ∶ I → Y /G projecting onto x ∶ I →X. Thanks to (2.12) for each y ∈ Yγ(a) and g, h ∈ Gx(a)
we have

(ω ∣∣γ(b)
γ(a)y) ⋅ (

ν ∣∣x(b)
x(a)g) (

ν ∣∣x(b)
x(a)h) = (

ω ∣∣γ(b)
γ(a)(y ⋅ g)) ⋅ (

ν ∣∣x(b)
x(a)h)

= ω ∣∣γ(b)
γ(a)(y ⋅ gh)

= (ω ∣∣γ(b)
γ(a)y) ⋅ (

ν ∣∣x(b)
x(a)(gh)) .

Since the action is free, we conclude that property (2.9) holds.

On the other hand, applying (2.12) with g = 1x(a) and using again the fact that the action is
free, we get

ν ∣∣x(t)
x(a)1x(a) = 1x(b).

This gives that ker ν1x = (d1)x(TxX) for each x ∈ X and we conclude thanks to Proposition 2.5.
Indeed, let Ux ∈ ker ν1x = H1x and denote ux = (dπG,X)1x(Ux) ∈ TxX. Let x ∶ (−ϵ, ϵ) → X be such
that x′(0) = ux. Then we have that

Ux =
d

dt
∣
t=0

ν ∣∣x(t)
x(0)1x =

d

dt
∣
t=0

1x(t) = (d1)x(ux).

Therefore, ker ν1x ⊂ (d1)x(TxX). The other inclusion is due to the fact that both are vector spaces
of the same dimension.

2.2.4 Curvature

The curvature ω as an Ehresmann connection (see, for example [56, §9.4]) is the V Y -valued 2-form
Ω ∈ Ω2(Y,V Y ) defined as
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Ω(U1, U2) = − [U1 − ω(U1)∗, U2 − ω(U2)∗] , U1, U2 ∈ X(Y ).

This is equivalent, by the identification (2.7), to the g-valued 2-form Ω ∈ Ω2(Y, g)

Ω(U1, U2) = −ω ([U1 − ω(U1)∗, U2 − ω(U2)∗]) ,

which will be denoted the same.

The linear connection ∇g induced on πg,X by ν enables us to express the curvature as follows.

Proposition 2.20. Let dg be the exterior covariant derivative2 associated to ∇g. Then3

Ω (U1, U2) = dg ω (Uh
1 , U

h
2 ) , U1, U2 ∈ X(Y ).

As in the case of (standard) principal connections, it is possible to regard the curvature as a
2-form on the base space Y /G with values in g̃.

Definition 2.6 The reduced curvature of ω is the 2-form Ω̃ ∈ Ω2 (Y /G, g̃) taking values in the
adjoint bundle given by

Ω̃[y]G (U1, U2) = [y,Ωy (Horωy (U1),Horωy (U2))]G

for each [y]G ∈ Y /G and U1, U2 ∈ T[y]G(Y /G), where y ∈ Y is such that πY,Y /G(y) = [y]G.

The reduced curvature is well-defined, i.e., it does not depend on the choice of y ∈ Y . Indeed, let
g ∈ Gx, where x = πY,X(y), ui = (dπY /G,X)[y]G(Ui) ∈ TxX for i = 1,2 and γ ∈ Γ (πG,X) be such that
γ(x) = g and νγ(x) ○ (dγ)x = 0. Proposition 2.15 gives

Horωy⋅g(Ui) = (dΦ)(y,g) (Horωy (Ui), (dγ)x(ui)) , i = 1,2.

Hence, we have

[y ⋅ g,Ωy⋅g (Horωy⋅g(U1),Horωy⋅g(U2))]G = [y ⋅ g,−ωy⋅g ([Horωy⋅g(U1),Horωy⋅g(U2)])]G
= [y ⋅ g,−ωy⋅g ([(dΦ)(y,g) (Horωy (U1), (dγ)x(u1)) , (dΦ)(y,g) (Horωy (U2), (dγ)x(u2))])]G
(⋆)= [y ⋅ g,−ωy⋅g ((dΦ)(y,g) ([Horωy (U1),Horωy (U2)] , [(dγ)x(u1), (dγ)x(u2)]))]G
= [y ⋅ g,−ωy⋅g ((dΦ)(y,g) ([Horωy (U1),Horωy (U2)] , (dγ)x ([u1, u2])))]G
= [y ⋅ g,−Adg−1 (ωy ([Horωy (U1),Horωy (U2)]))]G
= [y,−ωy ([Horωy (U1),Horωy (U2)])]G
= [y,Ωy (Horωy (U1),Horωy (U2))]G ,

(2.15)

where we have used that [(dγ)x(u1), (dγ)x(u2)] = (dγ)x ([u1, u2]).

2 The exterior covariant derivative of a linear connection ∇E on a vector bundle πE,X is an operator on the family
of E-valued forms on X, dE ∶ Ωk(X,E) → Ωk+1(X,E). For a 1-form α ∈ Ω1(X,E) it is given by

dEα(U1, U2) = ∇E
U1
(α(U2)) − ∇E

U2
(α(U1)) − α([U1, U2]), U1, U2 ∈ X(X).

3 The generalized connection ω takes values on the vector bundle πY ×Xg,Y , which is the pull-back of πg,X by πY,X .

Hence, we also need to pull-back the linear connection ∇g to compute the exterior covariant derivative of ω. Abusing

the notation, we denote the pull-back connection by the same symbol: π∗Y,X (∇g) ≡ ∇g.
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2.3 Examples

2.3.1 Standard principal bundles and connections

Generalized principal connections reduce to usual principal connections on (standard) principal
bundles. Let πP,X be a principal G-bundle and denote by Ψ ∶ P ×G → P the corresponding right
action. We define a fibered action of the trivial Lie group bundle G =X ×G on πP,X as

Φ ∶ P ×X G → P, (y, (x, ĝ)) ↦ Ψĝ(y) = y ⋅ ĝ.

Note that P /G ≃ X, so we can regard πP,X as a generalized principal bundle with respect to this
fibered action.

Let ν0 be the trivial connection on πG,X , that is, the one given by

(ν0)(x,ĝ) (Ux, Uĝ) = (0x, Uĝ), (Ux, Uĝ) ∈ T(x,ĝ)G = TxX ⊕ TĝG.

In addition, note that the Lie algebra bundle of πG,X is g =X × g.

Proposition 2.21. Let A ∈ Ω1(P,g) and ω ∈ Ω1(P, g) be such that

ωy(Uy) = (x,Ay(Uy)), y ∈ P, Uy ∈ TyP, x = πP,X(y).

Then ω is a generalized principal connection associated to ν0 if and only if A is a (standard)
principal connection.

Proof. Let (y, ξ) ∈ P ×X g and denote ξ = (x, ξ̂), x = πP,X(y), for some ξ̂ ∈ g. Observe that

ξ∗y =
d

dt
∣
t=0
y ⋅ exp(t ξ) = d

dt
∣
t=0
y ⋅ (x, exp(t ξ̂)) = d

dt
∣
t=0
y ⋅ exp (t ξ̂) = ξ̂⋆y ,

where ξ̂⋆y is the infinitesimal generator of ξ̂ ∈ g at y in the sense of principal bundles. Hence,

ωy(ξ∗y ) = ξ ⇐⇒ (x,Ay (ξ̂⋆y )) = (x, ξ̂) ⇐⇒ Ay (ξ̂⋆y ) = ξ̂.

Subsequently, we only need to check Ad-equivariance to conclude.

(⇒) Suppose that ω is a generalized principal connection on πP,X associated to ν0. Let y ∈ P ,
Uy ∈ TyP and ĝ ∈ G, and denote g = (x, ĝ), x = πP,X(y). Pick α ∶ (−ϵ, ϵ) → P such that α(0) = y
and α′(0) = Uy, we have

(dΨĝ)y(Uy) =
d

dt
∣
t=0
Ψĝ (α(t)) =

d

dt
∣
t=0
Φ (α(t), β(t)) = (dΦ)(α(0),β(0)) (α′(0), β′(0)) ,

where β ∶ (−ϵ, ϵ) → G is given by β(t) = ((πP,X ○ α)(t), ĝ). Note that β(0) = (x, ĝ) = g and
β′(0) = (Ux,0ĝ) for Ux = (dπP,X)y(Uy) ∈ TxX. As a result,

(dΨĝ)y(Uy) = (dΦ)(y,g) (Uy, Ug) , Ug = (Ux,0ĝ).

Now, property (ii) of Definition 2.5 ensures that A is a principal connection on πP,X :

(x,Ay⋅ĝ ((dΨĝ)y(Uy)) = ωy⋅g ((dΦ)(y,g) (Uy, Ug))
= Adg−1(ωy(Uy) + (ν0)g(Ux,0ĝ))
= Adg−1 (x,Ay(Uy))
= (x,Adĝ−1 (Ay(Uy))) .
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(⇐) Suppose that A is a principal connection on πP,X . Let (y, g) ∈ P ×X G with g = (x, ĝ), and
(Uy, Ug) ∈ TyP ×TxX TgG with Ug = (Ux, Uĝ) ∈ TxX ⊕ TĝG. Observe that

(dΦ)(y,g) (Uy, Ug) = (dΨ)(y,ĝ) (Uy, Uĝ)
= (dΨĝ)y(Uy) + (dΨy)ĝ(Uĝ)
= (dΨĝ)y(Uy) + (dΨy⋅ĝ)1 ((dLĝ−1)ĝ(Uĝ))
= (dΨĝ)y(Uy) + (dLĝ−1)ĝ(Uĝ)⋆y⋅ĝ,

where Ψy ∶ G → P is given by Ψy(ĝ) = y ⋅ ĝ and Lĝ ∶ G → G denotes the left multiplication by ĝ.
By using this, we conclude

ωy⋅g ((dΦ)(y,g)(Uy, Ug)) = (x,Ay⋅ĝ ((dΨĝ)y(Uy) + (dLĝ−1)ĝ(Uĝ)⋆y⋅ĝ))
= (x,Adĝ−1 (Ay(Uy)) + (dLĝ−1)ĝ(Uĝ))
= Adg−1 (ωy(Uy)) + (dLg−1)g ((ν0)g(Ug))
= Adg−1 (ωy(Uy) + (ν0)g(Ug)) .

2.3.2 Affine bundles and connections

Generalized principal connections on an affine bundle are just affine connections (see [55, 86])
associated to linear connections on the modelling vector bundle. A vector bundle πE,X is an abelian

Lie group bundle with the additive structure. A Lie group connection ν ∶ TE → E is just a linear
connection, since it respects this additive structure. If we consider linear bundle coordinates (xµ, vα)
corresponding to a basis of local sections {eα ∶ 1 ≤ α ≤m} of πE,X , then we may write

ν(xµ, vα) = ναµ,β(xµ) vβ dxµ ⊗ eα + dvα ⊗ eα,

for some (local) functions ναµ,β ∈ C∞(X), 1 ≤ µ ≤ n, 1 ≤ α,β ≤m.

Now consider an affine bundle πE,X modelled on πE,X . We have the following fibered action

E ×X E → E, (y, v) ↦ y + v.

This action is clearly free and proper, and it satisfies that E/E ≃ X, so we can regard πE,X as a
generalized principal bundle. In the following result we see that generalized principal connections
for this action are just affine connections.

Proposition 2.22. Let ω ∈ Ω1 (E,E) and ν be a linear connection on πE,X . Then ω is an affine
connection on πE,X with ν as underlying linear connection if and only if ω is a generalized principal
connection on πE,X associated to ν.

Proof. Let (xµ, yα) be affine bundle coordinates for πE,X associated to (xµ, vα). First, we suppose
that ω is an affine connection with ν as underlying linear connection. The local expression of ω is

ω(xµ, yα) = (ναµ,β(xµ)yβ + Γα
µ (xµ))dxµ ⊗ eα + dyα ⊗ eα

for some (local) functions Γα
µ ∈ C∞(X), 1 ≤ µ ≤ n, 1 ≤ α ≤ m. It is straightforward to check

the equivariance condition from Definition 2.5, that for this case reads ωy+v = ωy + νv for each
(y, v) ∈ E ×X E (observe that the adjoint representation is trivial, since the group is abelian).

Conversely, suppose that ω is a generalized principal connection associated to ν. Locally, ω will
be given by
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ω(xµ, yα) = ωα
µ(xµ, yα)dxµ ⊗ eα + dyα ⊗ eα

for some (local) functions ωα
µ ∈ C∞(E), 1 ≤ µ ≤ n, 1 ≤ α ≤ m. It must satisfy the equivariance

condition, that is, ω(xµ, yα + vα) = ω(xµ, yα) + ν(xµ, vα) for every (xµ, yα, vα) ∈ E ×X E. This gives

ωα
µ(xµ, yα + vα) = ωα

µ(xµ, yα) + ναµ,β(xµ)vβ, 1 ≤ µ ≤ n, 1 ≤ α ≤m.

Thence, ωα
µ(xµ, yα) = Γα

µ (xµ) + ναµ,β(xµ)yβ for 1 ≤ µ ≤ n and 1 ≤ α ≤m, where Γα
µ (xµ) = ωα

µ(xµ,0).
This is the local expression of an affine connection with ν as underlying linear connection.

2.3.3 Gauge transformations

Let πP,X ∶ P → X be a (standard) principal bundle with structure group G. Recall that gauge
transformations on πP,X are in a bijective correspondence with sections of the Lie group bundle

G̃ = (P ×G)/G→X,

where the right action ofG on P×G is given by conjugacy, i.e., (p, g)⋅h = (p⋅h, ch−1(g)) = (p⋅h,h−1gh)
for each p ∈ P and g, h ∈ G. This provides a fibered action of πG̃,X on πP,X . This bundle is a main
instance of a Lie group bundle and, in particular, the question of when an arbitrary Lie group
bundle G → X is the adjoint bundle of a (standard) principal bundle has interesting topological
consequences (for example, see [63]).

Principal connections on πP,X are in a bijective correspondence with sections of the bundle of
connections, πC(P ),X . The group of gauge transformations acts on connections; namely, this action
is fiberwisely expressed as

J1G̃ ×X C(P ) → C(P ), (j1xγ, [j1xs]) ↦ [j1x(γ ○ s)].

The 1-jet lift of this action is

J1 (J1G̃) ×X J1C(P ) → J1C(P ).

This is again a (left) fibered action, but it is not free. Nevertheless, we may consider the following
Lie group subbundle of J1 (J1G̃),

J2
0 G̃ = {j2xγ ∈ J2G̃ ∣ γ(x) = 1G̃x

} ⊂ J2G̃ ⊂ J1 (J1G̃) .

The restriction of the action to this Lie group subbundle is free and proper, making

J1C(P ) → J1C(P )/J2
0 G̃

a generalized principal bundle that is not a (standard) principal bundle. Furthermore, the quotient
is isomorphic to the curvature bundle of πP,X ,

J1C(P )/J2
0 G̃→̃⋀2 T ∗X ⊗ g̃, [j1xA]J2

0 G̃
↦ F̃A

x ,

where we denote by F̃A ∈ Ω2(X, g̃) the reduced curvature corresponding to a principal connection
A ∈ Ω1(P,g). This is (the main part of) the geometric statement of the well-known Utiyama
theorem (for example, see [39, §5]).
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2.3.3.1 An example of generalized principal connection

Within the framework of gauge field theories analyzed above, we now present a simple example of
a generalized principal connection. Even though one initially would like to have such connection
on C(P ) = (J1P )/G, the action of J1G̃ on C(P ) is not free. To remedy this, we may consider the
action on J1P instead,

Φ ∶ J1G̃ ×X J1P → J1P, (j1xφ, j1xs) ↦ j1x(φ ○ s),

that is free and and proper. Actually, this construction is conceptually close to the case of affine
connections (see §2.3.2 above), since J1G̃ acts transitively on J1P .

For the sake of brevity, in the following we work in a trivializing chart of πP,X , i.e., we pick
U ⊂X with U ≃ Rn, so that we can write P ∣U = U ×G, G̃∣U = U ×G and g̃∣U = U × g. For the sake of
simplicity, we write U =X. Furthermore, consider the right trivialization

TG ≃ G × g, Ug ↦ (g, (dRg−1)g(Ug)) .

By using this, we have

J1P = J1G̃ = G ⋉ (T ∗X ⊗ g), J1g̃ = g⊕ (T ∗X ⊗ g),

where the (fiberwise) semidirect product ⋉ is given by the adjoint representation, that is,

(g, ξx) ⋅ (g′, ξ′x) = (gg′, ξx +Adg ○ ξ′x) , (g, ξx) , (g′, ξ′x) ∈ J1
xG̃ = G ⋉ (T ∗xX ⊗ g).

The same expression holds for the trivialized (left) fibered action, i.e.,

(g, ξx) ⋅ (h,Ax) = (gh, ξx +Adg ○Ax) , (g, ξx) ∈ J1
xG̃ = J1

xP ∋ (h,Ax). (2.16)

Remark 2.3 It is easy to check that (g, ξx)−1 = (g−1,−Adg−1 ○ ξx) for each (g, ξx) ∈ J1G̃. In addi-

tion, the adjoint representation of J1G̃ is given by

Ad(g,ξx)(η, ϕx) = (Adg(η),Adg ○ ϕx − [Adg(η), ξx])

for each (g, ξx) ∈ J1G̃ and (η, ϕx) ∈ J1g̃, where [⋅, ⋅] is the Lie bracket of g.

On the other hand, the trivialization P =X ×G also allows us to identify

J1(J1P ) = J1(J1G̃) = G ⋉ ((T ∗X ⊗ g) ⊕ (T ∗X ⊗ g) ⊕ (T ∗X ⊗ T ∗X ⊗ g)) .

Moreover, the jet extension of the action (2.16) is given by

(g, ξx, ηx, ϕx) ⋅ (h,Ax, χx, αx)
= (gh,Adg ○Ax + ξx;Adg ○ χx + ηx,Adg ○ αx + ϕx + [ηx,Adg ○Ax]) (2.17)

for each (g, ξx, ηx, ϕx) ∈ J1(J1G̃) and (h,Ax, χx, αx) ∈ J1(J1P ).

Lemma 2.23. The jet section ν̂ ∈ Γ (πJ1(J1G̃),J1G̃) defined as

ν̂ (g, ξx) = (g, ξx,0x,0x) , (g, ξx) ∈ J1G̃,

is a Lie group bundle connection on πJ1G̃,X .
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Proof. It is clear that (ν̂ ○ 1)(x) = ν̂(1,0x) = (1,0x,0x,0x) = (d1)x for each x ∈X. Besides, we have

ν̂ ((g, ξx) ⋅ (g′, ξ′x)) = ν̂ (gg′, ξx +Adg ○ ξ′x)
= (gg′, ξx +Adg ○ ξ′x,0x,0x)
= (g, ξx,0x,0x) ⋅ (g′, ξ′x,0x,0x)
= ν̂ (g, ξx) ⋅ ν̂ (g′, ξ′x)

and we conclude by Proposition 2.6.

Observe that the Lie algebra bundle of J1G̃ is J1g̃. Theorem 2.16 ensures that there exists a
generalized principal connection ω ∈ Ω1(J1P,J1g̃) associated to ν.

Proposition 2.24. An Ehresmann connection ω ∈ Ω1(J1P,J1g̃) with corresponding jet section
ω̂ ∈ Γ (πJ1(J1P ),J1P ) is a generalized principal connection on πJ1P,X associated to ν if and only if

ω̂(h,Ax) = (h,Ax,Adh ○ f(x),Adh ○ g(x)) , (h,Ax) ∈ J1P,

for some sections f ∈ Γ (πT ∗X⊗g,X) and g ∈ Γ (πT ∗X⊗T ∗X⊗g,X).

Proof. Observe that we may write

ω̂(h,Ax) = (h,Ax,ϖ(h,Ax), ϖ̃(h,Ax)) , (h,Ax) ∈ J1P,

for some ϖ ∶ J1P → T ∗X ⊗ g and ϖ̃ ∶ J1P → T ∗X ⊗ T ∗X ⊗ g. By choosing (h,Ax) = (1,0x) we get

ω̂ ((g, ξx) ⋅ (1,0x)) = ω̂ (g, ξx) = (g, ξx,ϖ(g, ξx), ϖ̃(g, ξx)) .

Likewise, from (2.17) we have

ν̂(g, ξx) ⋅ ω̂(1,0x) = (g, ξx,0x,0x) ⋅ (1,0x,ϖ(1,0x), ϖ̃(1,0x))
= (g, ξx,Adg ○ϖ(1,0x),Adg ○ ϖ̃(1,0x)) .

Proposition 2.14 ensures that ω is a generalized principal connection on πJ1P,X associated to ν if
and only if

ϖ(g, ξx) = Adg ○ϖ(1,0x), ϖ̃(g, ξx) = Adg ○ ϖ̃(1,0x),

for each (g, ξx) ∈ J1P . We conclude by denoting f(x) =ϖ(1,0x) and g(x) = ϖ̃(1,0x) for each x ∈X.



Chapter 3

Higher-order jet bundles of Lie group-valued functions

This short chapter corresponds to our paper [20], where the bundle of k-jets of functions from a
smooth manifold, X, to a Lie group, G, is investigated, for any positive integer k. Our goal is to
trivialize this bundle by using a linear connection on the tangent bundle of X, and to obtain the
explicit expression of the groupoid multiplication on the trivialized space, as well as the formula for
the inverse element. Furthermore, in the last section we give the local expression of the trivialization
on a coordinated chart of X.

Recall, for each k ∈ Z+, the family of k-jets of smooth curves, c ∶ R→ G, where G is a Lie group,
is naturally a Lie group fiber bundle over R. We denote it by Jk(R,G), and its fiber over each
t ∈ R by Jk

t (R,G). In fact, these spaces are frequently known as higher-order tangent spaces and
denoted by T kG. In [93], the Lie group structure of Jk

0 (R,G) was investigated. Namely, the space
was trivialized by the right, yielding an isomorphism of bundles over G,

Jk
0 (R,G) ≃ G × (g⊕

k
⌣. . .⊕ g).

Following that, the explicit expression of the multiplication, as well as the inverse element, were
studied under this identification.

We aim to generalize the results in [93] when an arbitrary manifold, X, is considered instead of
R. As we will see, a linear connection on the cotangent bundle of X is necessary in order to trivialize
the jet bundle, Jk(X,G). It is important to point out that the generalization analyzed here goes
beyond a mere complication of the computations occurring in higher-order tangent bundles of Lie
groups. The situation for dimX ≥ 2 implies qualitative and important differences that entail the
structure jet bundles in their full complexity. In particular, in this case the trivialization is not an
isomorphism any more, but only an injective morphism. Notwithstanding, we take advantage of
this injection to compute explicit formulas for the fibered multiplication and the inverse element.
At last, the local expression of the trivialization is given after choosing a coordinates chart of X.
In particular, this enables us to compute the image of the injective morphism for k = 2.

Jets of curves on Lie groups are essential in the analysis of higher-order Lagrangian mechanical
systems over Lie groups [33], as well as in the higher-order Euler–Poincaré reduction procedure [40]
and its applications to optimal control theory [25]. In turn, our generalization to jets of functions
defined on arbitrary manifolds is of great relevance in the field theoretical counterpart of such
systems and, in particular, in the analysis of non-Abelian gauge theories from the gauge reduction
perspective, as we will see in Chapter 5.

29
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3.1 Partly ordered and anti-lexicographically ordered partitions

Let j ∈ Z+. A partition of {1, . . . , j} of length l ∈ {1, . . . , j} is a tuple λ = (λ1, . . . , λl) where
λ1, . . . , λl ⊂ {1, . . . , j} are disjoint subsets such that λ1 ∪ ⋅ ⋅ ⋅ ∪λl = {1, . . . , j}. We denote by P(j) the
family of all partitions of {1, . . . , j}. Likewise, we denote ji = ∣λi∣, the cardinality of λi, 1 ≤ i ≤ l. Of
course, j1 + ⋅ ⋅ ⋅ + jl = j for each partition λ = (λ1, . . . , λl) ∈ P(j).

Definition 3.1 A partition λ = (λ1, . . . , λl) ∈ P(j) is partly ordered if αi
1 < ⋅ ⋅ ⋅ < αi

ji
for each

1 ≤ i ≤ l, where we denote λi = {αi
1, . . . , α

i
ji
}.

Observe that we ask for the integers to be ordered only within each subset λi, 1 ≤ i ≤ l. The set
of all partly ordered partitions of {1, . . . , j} is denoted by P+(j). At last, we consider the family of
partly ordered partitions with α1

1 = 1, i.e.,

P+1 (j) = {λ = (λ1, . . . , λl) ∈ P+(j) ∣ 1 ∈ λ1} .

Proposition 3.1. Let j ∈ Z+ and 1 ≤ l ≤ j. Fixed j1, . . . , jl ∈ {1, . . . , j} such that j1 + ⋅ ⋅ ⋅ + jl = j,
there are exactly

c(j1, . . . , jl) = (
j − 1
j1 − 1

)
l

∏
i=2
(ji + ⋅ ⋅ ⋅ + jl

ji
)

different partitions λ = (λ1, . . . , λl) ∈ P+1 (j) with ∣λi∣ = ji, 1 ≤ i ≤ l. In particular, the cardinality of
P+1 (j) is

∣P+1 (j)∣ =
j

∑
l=1

∑
j1+⋅⋅⋅+jl=j

c(j1, . . . , jl).

Proof. For the first part, we write λ1 = {α1
1 = 1 < α1

2 < ⋅ ⋅ ⋅ < α1
j1
} for each λ = (λ1, . . . , λl) ∈ P+1 (j).

Thus, there are ( j−1j1−1) ways of choosing the elements α1
2, . . . , α

1
j1
. We have n−j1 remaining elements,

whence there are (j−j1j2
) choices for the elements of λ2. Generally, there are (j−j1⋅⋅⋅−ji−1ji

) choices for
the elements of λi, 2 ≤ i ≤ l. In short, the number of partitions in P+1 (j) with ∣λi∣ = ji, 1 ≤ i ≤ l, is
exactly

c(j1, . . . , jl) = (
j − 1
j1 − 1

)
l

∏
i=2
(j − j1 ⋅ ⋅ ⋅ − ji−1

ji
).

We conclude by recalling that j1 + ⋅ ⋅ ⋅ + jl = j. The second part is a straightforward consequence of
the first one.

Given a partition λ = (λ1, . . . , λl) ∈ P(j), we consider two ways to derive a new partition of
{1, . . . , j + 1}. Namely, fixed 1 ≤ s ≤ l we define

(i) λ+[s] = (λ1, . . . , λs−1, λs ∪ {j + 1}, λs+1, . . . , λl).

(ii) λ−[s] = (λ1, . . . , λs,{j + 1}, λs+1, . . . , λl).

For instance, given λ = ({23},{1}) ∈ P(3), we have λ+[1] = ({234},{1}) and λ
−
[1] = ({23},{4},{1}).

We have the following lemmas.

Lemma 3.2. Let j ∈ Z+, λ = (λ1, . . . , λl) ∈ P+1 (j) and 1 ≤ s ≤ l. Then λ+[s], λ
−
[s] ∈ P

+
1 (j + 1).

Lemma 3.3. Let j ∈ Z+ and λ = (λ1, . . . , λl) ∈ P+1 (j + 1). Then there exists a unique λ̂ ∈ P+1 (j) and
1 ≤ s ≤ l such that λ = λ̂+[s] or λ = λ̂

−
[s].
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Proof. Let 1 ≤ s ≤ l be such that j + 1 ∈ λs. If ∣λs∣ > 1, we pick

λ̂ = (λ1, . . . , λs−1, λs − {j + 1}, λs+1, . . . , λl) ∈ P+1 (j).

It is thus clear that λ̂+[s] = λ. Analogously, if ∣λs∣ = 1, then s ≥ 2 and we choose

λ̂ = (λ1, . . . , λs−1, λs+1, . . . , λl) ∈ P+1 (j).

It is straightforward that λ̂−[s−1] = λ.

Lastly, observe that if we have two different partitions λ̂, λ̃ ∈ P+1 (j), then λ̂+[s], λ̂
−
[s], λ̃

+
[s] and λ̃

−
[s]

are all distinct, whenever they are defined. Hence, the partition λ̂ yielding λ is unique.

The previous lemmas have the following straightforward result.

Proposition 3.4. Let j ∈ Z+ and denote by ⊔ the disjoint union. Then

P+1 (j + 1) = ⊔
λ∈P+1 (j)

l

⊔
s=1
({λ+[s]} ⊔ {λ

−
[s]}) .

Additionally, we are interested in anti-lexicographically ordered partitions.

Definition 3.2 A partition λ = (λ1, . . . , λl) ∈ P(j) is anti-lexicographically ordered if maxλ1 <
⋅ ⋅ ⋅ < maxλl, that is to say, if each subset contains the highest available number when going from
right to left.

We denote by Pa(j) the set of all anti-lexicographically ordered partitions. In order to illustrate
both definitions, consider P(3). Then λ = ({12},{3}) is both partly and anti-lexicographically
ordered, λ = ({3},{12}) is partly ordered but not anti-lexicographically ordered, λ = ({21},{3})
is anti-lexicographically ordered, but not partly ordered, and λ = ({3},{21}) is not partly nor
anti-lexicographically ordered.

Proposition 3.5 ([93]). Let j ∈ Z+ and 1 ≤ l ≤ j. Fixed j1, . . . , jl ∈ {1, . . . , j} such that j1+⋅ ⋅ ⋅+jl = j,
there are exactly

N(j1, . . . , jl) =
l

∏
i=2
(j1 + ⋅ ⋅ ⋅ + ji − 1

ji − 1
)

different partitions λ = (λ1, . . . , λl) ∈ Pa(j) with ∣λi∣ = ji, 1 ≤ i ≤ l.

Given a partition λ = (λ1, . . . , λl) ∈ P(j), we derive a partition of {1, . . . , j + 1} as follows. Fix
1 ≤ s ≤ l and define

λ[s] = (λ̂1, . . . , λ̂s ∪ {1}, . . . λ̂l) ,

where λ̂i = {αi
1 + 1, . . . , αi

ji
+ 1} for each 1 ≤ i ≤ l. Similarly, we define

λ[0] = ({1}, λ̂1, . . . , λ̂l) .

Lemma 3.6. Let j ∈ Z+, λ = (λ1, . . . , λl) ∈ Pa(j) and 0 ≤ s ≤ l. Then λ[s] ∈ Pa(j + 1).

Lemma 3.7 ([93]). Let j ∈ Z+ and λ = (λ1, . . . , λl) ∈ Pa(j+1). Then there exists a unique λ̂ ∈ Pa(j)
and 0 ≤ s ≤ l such that λ = λ̂[s].

Proposition 3.8. For each j ∈ Z+ we have

Pa(j + 1) = ⊔
λ∈Pa(j)

l

⊔
s=0
{λ[s]} .
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3.2 Trivialization for the higher-order jet bundle

Let G be a Lie group, g be its Lie algebra and X be a smooth manifold. In the following, we regard
the jet defined by a (local) function g ∶ X → G as an element of the vector bundle j1xg ≡ (dg)x ∈
T ∗X⊗TG over X. Let ∇X ∶ Γ (TX) → Γ (T ∗X⊗TX) be a linear connection on the tangent bundle
of X, and consider the dual connection, ∇ ∶ Γ (T ∗X) → Γ (T ∗X ⊗ T ∗X), on the cotangent bundle.
For each k ∈ Z+, let

∇(k) ∶ Γ (⊗k T ∗X →X) → Γ (⊗k+1 T ∗X →X)

be the corresponding tensor product connection on⊗k T ∗X →X, which is again a linear connection
[65, §2.4]. Note that ∇(1) = ∇. At last, we extend our linear connections to maps,

∇̃(k) ∶ Γ (⊗k T ∗X ⊗ g→X) → Γ (⊗k+1 T ∗X ⊗ g→X) ,

In the previous expression, the tensor product only concerns the cotangent bundles, but the paren-
thesis is omitted for brevity, i.e.,

⊗k T ∗X ⊗ g = (⊗k T ∗X) ⊗ g.

Observe that this works although ∇(k) is not tensorial, since g is not a vector bundle, but a vector
space. Indeed, if (U , x) is a coordinated chart of X, where we write x = (xµ) = (x1, . . . , xn), and
{B1, . . . ,Bm} is a basis of g, we set

∇̃(k) (ξαµ1,...,µk
dxµ1 ⊗ ⋅ ⋅ ⋅ ⊗ dxµk ⊗Bα) = ∇(k) (ξαµ1,...,µk

dxµ1 ⊗ ⋅ ⋅ ⋅ ⊗ dxµk) ⊗Bα,

for each ξαµ1,...,µk
∶ U → R, 1 ≤ µ1, . . . , µk ≤ n, 1 ≤ α ≤m.

Theorem 3.9. For each k ∈ Z+, the following is an injective morphism of bundles over X ×G,

Jk(X,G) ↪ G ×⊕k
j=1 (⊗j T ∗X ⊗ g) , jkxg ↦ (g(x), ξ(1)(x), . . . , ξ(k)(x)) , (3.1)

where
ξ(1)(x) = (dRg(x)−1)g(x) ○ (dg)x ∈ T

∗
xX ⊗ g,

and
ξ(j)(x) = (∇̃(j−1)ξ(j−1))(x) ∈ ⊗j T ∗xX ⊗ g, 2 ≤ j ≤ k.

Proof. We show the result by induction in k. For k = 1, the first jet defined by a (local) function
g ∶ X → G is given by j1xg = (dg)x ∶ TxX → Tg(x)G. Subsequently, the map is given by composing
this jet with the right trivialization TgG ∋ Ug ↦ (g, (dRg−1)g(Ug)) ∈ G × g. Namely,

J1(X,G) ↪ G × (T ∗X ⊗ g), j1xg ↦ (g(x), (dRg(x)−1) ○ (dg)x),

which is injective since it is an isomorphism of fiber bundles.

Now, given k > 1, we assume that (3.1) is injective for k−1. Let jkxg, jkxh ∈ Jk(X,G) be such that

(g(x), ξ(1)(x), . . . , ξ(k)(x)) ≠ (h(x), η(1)(x), . . . , η(k)(x)) ,

where ξ(1) = (dRg−1)g ○ dg, η
(1) = (dRh−1)h ○ dh, ξ(j) = ∇̃(j−1)ξ(j−1) and η(j) = ∇̃(j−1)η(j−1), 2 ≤

j ≤ k. If either g(x) ≠ h(x) or ξ(j)(x) ≠ η(j)(x) for some 1 ≤ j ≤ k − 1, then jkxg ≠ jkxh by the
induction hypothesis. At last, suppose that g(x) = h(x), ξ(j)(x) = η(j)(x), 1 ≤ j ≤ k − 1 and
ξ(k)(x) ≠ η(k)(x). Recall that, in coordinates, we may write (cf. [65, §2.4]) ∇(k−1) = d + Γ (k−1),
where d ∶ Γ (⊗k−1 T ∗X) → Γ (⊗k T ∗X) is the exterior derivative (which is well-defined, since we are
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working on a coordinated chart) and Γ (k−1) ∈ Γ (T ∗X ⊗End (⊗k−1 T ∗X)), where End (⊗k−1 T ∗X)
is the bundle of endomorphisms of ⊗k−1 T ∗X. We have

Γ (k−1) (ξ(k−1)(x)) = Γ (k−1) (η(k−1)(x))

and
∇̃(k−1)ξ(k−1)(x) ≠ ∇̃(k−1)η(k−1)(x).

Thence (dξ(k−1))
x
≠ (dη(k−1))

x
. Subsequently, jkxg ≠ jkxh, and we conclude.

By means of this map, we denote elements of the k-th order jet bundle by

(g, ξ(1), . . . , ξ(k)) ∈ Jk(X,G),

for some g ∈ G and ξ(j) ∈ ⊗j T ∗X ⊗ g, 1 ≤ j ≤ k, all of them projecting to certain x ∈X.

Remark 3.1 Except for k = 1, the morphism (3.1) does not need to be surjective, that is, there are
elements in G×⊕k

j=1 (⊗j T ∗X ⊗ g), k ≥ 2, that do not represent an element of Jk(X,G). However,
Example 3.2 below will show that (3.1) is always bijective for the particular case X = R.

3.3 Lie groupoid structure of the higher-order jet bundle

Since G is a Lie group, for each k ∈ Z+ the jet bundle Jk(X,G) → X is endowed with a natural
fibered multiplication. More specifically, the following map is well-defined:

Jk(X,G) ×X Jk(X,G) → Jk(X,G), (jkxg, jkxh) ↦ jkx(gh),

where ×X denotes the fibered product of bundles overX. Therefore, Jk(X,G) ⇉X is a Lie groupoid
with both the source and the target maps being πJk(X,G),X . The aim of this section is to compute the
expression of the fibered multiplication under the identification (3.1). We start with the following
technical lemma.

Lemma 3.10. Let j ∈ Z+, g ∶X → G and χ(j) ∈ Γ (⊗j T ∗X ⊗ g→X), and denote χ = (dRg−1)g○dg ∈
Γ (T ∗X ⊗ g). Then for each U ∈ X(X) we have

∇̃(j)U (Adg ○ χ
(j)) = ad(χ(U)) (Adg ○ χ(j)) +Adg ○ ∇̃(j)U χ(j).

Proof. Let U1, . . . , Uj ∈ X(X), and recall that we denote by ∇X the linear connection on the tangent
bundle, TX. We pick a curve γ ∶ (−ϵ, ϵ) → X such that γ(0) = x and γ′(0) = U(x). For the sake of
brevity, we denote by φ ∶X → g the map defined as x↦ χ(j)(x)(U1(x), . . . , Uj(x)). Therefore,

U (Adg(φ)) (x) =
d

dt
∣
t=0

Ad(g○γ) (φ ○ γ) (t) =
d

dt
∣
t=0

Ad(g○γ)g(x)−1 (Adg(x) (φ ○ γ)) (t)

= ad (χ(x) (U(x))) (Adg(x) (φ(x))) +Adg(x) ((dφ)x(U(x)))
= ad (χ(x) (U(x))) (Adg(x) (φ(x))) +Adg(x) (U(x) (φ(x))) .

As a result, we get
U (Adg(φ)) = ad (χ(U)) (Adg(φ)) +Adg(U(φ)).

By using this, we conclude
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∇̃(j)U (Adg ○ χ
(j)) (U1, . . . , Uj)

= U ((Adg ○ χ(j)) (U1, . . . , Uj)) −
j

∑
i=1
(Adg ○ χ(j)) (U1, . . . ,∇X

U Ui, . . . , Uj)

= ad (χ(U)) (Adg(φ)) +Adg(U(φ)) −Adg
⎛
⎝

j

∑
i=1
χ(j) (U1, . . . ,∇X

U Ui, . . . , Uj)
⎞
⎠

= ad (χ(U)) (Adg(φ)) +Adg
⎛
⎝
U(φ) −

j

∑
i=1
χ(j) (U1, . . . ,∇X

U Ui, . . . , Uj)
⎞
⎠

= ad(χ(U)) ((Adg ○ χ(j)) (U1, . . . , Uj)) +Adg (∇̃(j)U χ(j)(U1, . . . , Uj)) .

Recall that for each k, r ∈ Z+ there is an injective map Jk+r(X,G) ↪ Jk (Jr(X,G)) , jk+rx g ↦
jkx (jrg). This allows us to identify

Jk(X,G) ∋ jkxg ≃ j1x(jk−1g) ∈ J1 (Jk−1(X,G)) . (3.2)

Theorem 3.11. Let x ∈ X and (g, ξ(1), . . . , ξ(k)) , (h, η(1), . . . , η(k)) ∈ Jk
x(X,G). Then their fibered

product is given by

(g, ξ(1), . . . , ξ(k)) (h, η(1), . . . , η(k)) = (gh, ζ(1), . . . , ζ(k)) ,

where
ζ(j) = ξ(j) + ∑

λ∈Pa(j)
ad (ξ(jl−1)) . . .ad (ξ(j1)) (Adg ○ η(jl)) , 1 ≤ j ≤ k. (3.3)

Proof. We prove it by induction in k. For k = 1, consider two (local) functions g̃, h̃ ∶ X → G
such that g̃(x) = g, h̃(x) = h, (dRg−1)g ○ (dg̃)x = ξ

(1) and (dRh−1)h ○ (dh̃)x = η(1). Recall that
(g, ξ(1)) (h, η(1)) ≃ j1x(g̃h̃). By using this, (3.1) and the Leibniz rule, it can be checked that

(g, ξ(1)) (h, η(1)) = (gh, (dR(gh)−1)gh ○ d (g̃h̃)x) = (gh, ξ
(1) +Adg ○ η(1)) = (gh, ζ(1)) .

Now, given k > 1, we assume that the result holds for k−1 and we pick a (local) function g̃ ∶X → G
such that jkx g̃ ≃ (g, ξ(1), . . . , ξ(k)) via (3.1). Moreover, we have jk−1g̃ ≃ (g̃, ξ̃(1), . . . , ξ̃(k−1)). In the

same vein, we pick a (local) function h̃ ∶X → G such that jkx h̃ ≃ (h, η(1), . . . , η(k)). By the induction

hypothesis, (jk−1g̃) (jk−1h̃) ≃ (g̃h̃, ζ̃(1), . . . , ζ̃(k−1)). Thanks to this and (3.2), we may write

(g, ξ(1), . . . , ξ(k)) (h, η(1), . . . , η(k)) ≃ j1x ((jk−1g̃) (jk−1h̃))

≃ (gh, ζ(1), . . . , ζ(k−1), ∇̃(k−1)ζ̃(k−1)(x)) .

By recalling that ∇̃(j)ξ̃(j)(x) = ξ(j+1), 1 ≤ j ≤ k−1, and analogous for η̃(j), and by using Proposition
3.8, we finish

∇̃(k−1)ζ̃(k−1)(x) = ∇̃(k−1)
⎛
⎝
ξ̃(k−1) + ∑

λ∈Pa(k−1)
ad (ξ̃(jl−1)) . . .ad (ξ̃(j1)) (Adg̃ ○ η̃(jl))

⎞
⎠
(x)

= ξ(k) + ∑
λ∈Pa(k−1)

l−1
∑
s=1

ad (ξ(jl−1)) . . .ad (ξ(js+1)) . . .ad (ξ(j1)) (Adg ○ η(jl))

+ ∑
λ∈Pa(k−1)

ad (ξ(jl−1)) . . .ad (ξ(j1)) (ad (ξ(1)) (Adg ○ η(jl)) +Adg ○ η(jl+1))

= ξ(k) + ∑
λ∈Pa(k)

ad (ξ(jl−1)) . . .ad (ξ(j1)) (Adg ○ η(jl)) = ζ(k).
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For the second equation, we have used that for each j ∈ Z+ and j1, j2 ∈ Z+ such that j1 + j2 = j we
have

∇̃(j)U ad (χ(j1)) (Adg ○ χ(j2)) = ad (∇̃(j1)U χ(j1)) (Adg ○ χ(j2)) (3.4)

+ ad (χ(j1)) (ad (χ(U)) (Adg ○ χ(j2)) +Adg ○ ∇̃(j2)U χ(j2))

for each (local) vector field U ∈ X(X), each (local) section

χ(ji) ∈ Γ (⊗ji T ∗X ⊗ g→X) , i = 1,2,

and each (local) function g ∶ X → G, where χ = (dRg−1)g ○ dg ∈ Γ (T
∗X ⊗ g→X). This is a

straightforward consequence of the Leibniz rule, Lemma 3.10 and the associativity of the tensor
product of linear connections, i.e., ∇̃(j) = ∇̃(j1) ⊗ ∇̃(j2).

Observe that the identity element is given by (e,0, . . . ,0) ∈ Jk(X,G), where e ∈ G is the identity
element.

Corollary 3.12. Let (g, ξ(1), . . . , ξ(k)) ∈ Jk(X,G). Then its inverse is given by (g, ξ(1), . . . , ξ(k))−1 =
(g−1, ω(1), . . . , ω(k)), where

ω(j) = ∑
λ∈Pa(j)

(−1)l Adg−1 ○ (ad (ξ(j1)) . . .ad (ξ(jl−1)) (ξ(jl))) , 1 ≤ j ≤ k. (3.5)

Proof. For k = 1, given (g, ξ(1)) ∈ J1(X,G), it is easy to check using (3.3) that

(g, ξ(1)) (g−1,−Adg−1 ○ ξ(1)) = (e,0) ,

whence (g, ξ(1))−1 = (g−1,−Adg−1 ○ ξ(1)).
Now, given k > 1, we assume that the result holds for k − 1. Let g̃ ∶ X → G be a (local) function

such that jkx g̃ ≃ (g, ξ(1), . . . , ξ(k)) via (3.1). Thanks to (3.2) and the induction hypothersis, we may
write

(g, ξ(1), . . . , ξ(k))
−1
≃ (jkx g̃)

−1 ≃ j1x (jk−1g̃)
−1 = j1x (g̃−1, ω̃(1), . . . , ω̃(k−1)) .

Hence,

(g, ξ(1), . . . , ξ(k))
−1
= (g−1, ω(1), . . . , ω(k−1), (∇̃(k−1)ω̃(k−1)) (x)) .

By recalling that (∇̃(j)ξ̃(j)) (x) = ξ(j+1), 1 ≤ j ≤ k − 1, and by using Proposition 3.8, we conclude:

(∇̃(k−1)ω̃(k−1)) (x) = ∇̃(k−1)
⎛
⎝ ∑
λ∈Pa(k−1)

(−1)l Adg̃−1 ○ (ad (ξ̃(j1)) . . .ad (ξ̃(jl−1)) (ξ̃(jl)))
⎞
⎠
(x)

= ∑
λ∈Pa(k−1)

(−1)l+1 ad (Adg−1 ○ ξ(1)) (Adg−1 ○ (ad (ξ(j1)) . . .ad (ξ(jl−1)) (ξ(jl))))

+ ∑
λ∈Pa(k−1)

(−1)l Adg−1 ○
l−1
∑
s=1
(ad (ξ(j1)) . . .ad (ξ(js+1)) . . .ad (ξ(jl−1)) (ξ(jl)))

+ ∑
λ∈Pa(k−1)

(−1)l Adg−1 ○ (ad (ξ(j1)) . . .ad (ξ(jl−1)) (ξ(jl+1)))

= ∑
λ∈Pa(k)

(−1)lAdg−1 ○ (ad (ξ(j1)) . . .ad (ξ(jl−1)) (ξ(jl))) = ω(k),

where we have used (3.4) and the fact that ad (Adh(ξ)) (Adh(η)) = Adh (ad(ξ)(η)) for each h ∈ G
and ξ, η ∈ g.
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Thanks to Proposition 3.5, for 1 ≤ j ≤ k, we may rewrite (3.3) as

ζ(j) = ξ(j) +
j

∑
l=1

∑
j1+⋅⋅⋅+jl=j

N(j1, . . . , jl) ad (ξ(jl−1)) . . .ad (ξ(j1)) (Adg ○ η(jl)) .

Similarly, (3.5) may be expressed as

ω(j) =
j

∑
l=1

∑
j1+⋅⋅⋅+jl=j

(−1)l N(j1, . . . , jl) Adg−1 ○ (ad (ξ(j1)) . . .ad (ξ(jl−1)) (ξ(jl))) .

Example 3.1 (Second order jet) Let us compute the explicit expressions for the case k = 2. Let
(g, ξ(1), ξ(2)) , (h, η(1), η(2)) ∈ J2

x(X,G) and denote by [⋅, ⋅] the Lie bracket on g. An easy check from
(3.3) yields

(g, ξ(1), ξ(2)) (h, η(1), η(2)) = (gh, ξ(1) +Adg ○ η(1), ξ(2) +Adg ○ η(2) + [ξ(1),Adg ○ η(1)]) .

In the same vein, from (3.5) we obtain

(g, ξ(1), ξ(2))
−1
= (g−1,−Adg−1 ○ ξ(1),−Adg−1 ○ ξ(2) +Adg−1 ○ [ξ(1), ξ(1)]) .

3.4 Local expression of the trivialization

In this section, we work in a coordinated chart (U , x) of X, where we write x = (xµ) = (x1, . . . , xn).
This enables us to (locally) identify X = Rn and, hence, ⊗k T ∗X =X ×⊗kRn. Note that sections of
that bundle are of the form ξ(k) = (idX , ξ̂(k)) for some function ξ̂(k) ∶ X → ⊗kRn. By abusing the

notation, we identify ξ(k) = ξ̂(k). This way, if we pick the canonical flat connection on the trivial
bundle T ∗X =X ×Rn →X, then we have ∇(k)α = dα for each α ∈ Γ (X ×⊗kRn →X).

Example 3.2 Let X = R and denote by t ∈ R its global coordinate. In this case, a function g ∶ R→ G
is a just curve on G and, thus, its derivative, dg ∶ TR→ TG, is uniquely determined by its velocity,
ġ ∶ R→ g∗(TG). Namely, for each t ∈ R we have

(dg)t ∶ TtR ≃ R→ Tg(t)G, v ↦ (dg)t(v) = ġ(t)v.

By using the velocity instead of the derivative, we get a map analogous to (3.1),

Jk(R,G) → G × kg, jkt g ↦ (g(t), ξ(1)(t), . . . , ξ(k)(t)) ,

where kg = g⊕
k
⌣. . .⊕ g and

⎧⎪⎪⎨⎪⎪⎩

ξ(1)(t) = (dRg(t)−1)g(t) (ġ(t)) ∈ g,
ξ(j)(t) = ξ̇(j−1)(t) ∈ g, 2 ≤ j ≤ k.

Note that the information about the base point t ∈ R is lost and, subsequently, the new map is not
injective anymore. Nevertheless, if we restrict ourselves to a single fiber —for instance, the fiber
over t = 0— we obtain an isomorphism of bundles over G: Jk

0 (R,G) ≃ G × kg. The group structure
of Jk

0 (R,G) under this identification was originally investigated in [93].

Additionally, we now assume that we are working with a matrix group, i.e., G ⊂ GL(N,R) and
N ∈ Z+. Hence, (dRh)g(Ug) = Ugh, is the matrix multiplication for each g, h ∈ G and Ug ∈ TgG.
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Let g = (gab)Na,b=1 ∶ X → G be a (local) function, where gab ∶ X → R, 1 ≤ a, b ≤ N . Then, for each
multi-index J , we may consider the partial derivative of g as the following (local) function

∂ ∣J ∣g

∂xJ
= (∂

∣J ∣gab
∂xJ

)
N

a,b=1
∶X → gl(N,R).

Subsequently, the tangent map of g is given by dg = (∂g/∂xµ)dxµ, and analogous for higher-order
tangent maps: d2g ≡ d(dg) = (∂2g/∂xµ∂xν)dxν ⊗ dxµ, and so on. In order to keep the notation
simple, it will be useful to define the maps

ξµ1...µj =
∂jg

∂xµ1 . . . ∂xµj
g−1 ∶X → gl(N,R), 1 ≤ µ1, . . . , µj ≤ n, j ∈ Z+.

Observe that ξµσ1(1)
...µσj(j)

= ξµ1...µj for any permutation σ = (σ1, . . . , σj) ∈ Sj . Hence, we can

always rearrange the indices to be in ascending order. By the Leibniz’s rule, it is easily checked
that

∂ξµ1...µj

∂xν
= ξµ1...µjν − ξµ1...µjξν , 1 ≤ µ1, . . . , µj , ν ≤ n, j ∈ Z+. (3.6)

Lastly, given 1 ≤ µ1, . . . , µj ≤ n and a subset κ = {κ1, . . . , κr} ⊂ {1, . . . , j}, 1 ≤ r ≤ j, we denote

ξκ(µ1...µj) = ξµκ1 ...µκr
.

This way, given a partition λ = (λ1, . . . , λl) ∈ P(j) we denote

ξλ(µ1...µj) =
l

∏
i=1
ξλi(µ1...µj) = ξλ1(µ1...µj) . . . ξλl(µ1...µj). (3.7)

Lemma 3.13. For each k ∈ Z+, k ≥ 2, 1 ≤ µ1, . . . , µk ≤ n and λ ∈ P+1 (k − 1) we have

∂

∂xµk
ξλ(µ1...µk−1) =

l

∑
s=1
(ξλ+

[s]
(µ1...µk) − ξλ−[s](µ1...µk)) .

Proof. It is a computation using (3.6), as well as the definitions of λ+[s] and λ
−
[s]. Indeed,

∂

∂xµk
ξλ(µ1...µk−1) =

∂

∂xµk

l

∏
i=1
ξλi(µ1...µk−1)

=
l

∑
s=1
((

s−1
∏
i=1
ξλi(µ1...µk−1))(

∂

∂xµk
ξλs(µ1...µk−1))(

l

∏
i=s+1

ξλi(µ1...µk−1)))

=
l

∑
s=1
((

s−1
∏
i=1
ξλi(µ1...µk−1))(ξ(λs∪{k})(µ1...µk) − ξλs(µ1...µk−1)ξµk

)(
l

∏
i=s+1

ξλi(µ1...µk−1)))

=
l

∑
s=1
(ξλ+

[s]
(µ1...µk) − ξλ−[s](µ1...µk)) .

We are ready to compute the coordinated expression of the injective morphism Jk(X,G) ↪
G ×⊕k

j=1 (⊗j T ∗X ⊗ g).

Theorem 3.14. Let k,N ∈ Z+, ∇ be the canonical flat connection on the trivial bundle T ∗X =
Rn × Rn and G ⊂ GL(N,R) (and, thus, g ⊂ gl(N,R)). Then the components of the map (3.1) are
given by

ξ(j)(x) = ∑
λ∈P+1 (j)

ϵ(λ) ξλ(µ1...µj)(x) dx
µ1 ⊗ ⋅ ⋅ ⋅ ⊗ dxµj , 1 ≤ j ≤ k, (3.8)

where ϵ ∶ P+1 (j) → {−1,1} is defined by recurrence as follows: ϵ({1}) = 1, ϵ(λ+[s]) = ϵ(λ) and

ϵ(λ−[s]) = −ϵ(λ) for each j ∈ Z+, λ ∈ P+1 (j) and 1 ≤ s ≤ j.



38 3 Higher-order jet bundles of Lie group-valued functions

Proof. Again, we show the result by induction in k. For k = 1, we have

ξ(1)(x) = (dg)xg(x)−1 = (∂g/∂xµ)(x)g(x)−1dxµ = ξµ(x)dxµ.

Note that this expression agrees with (3.8) since P+1 (1) = {({1})} and ϵ({1}) = 1.
To conclude, given k > 1, we assume that the result holds for k − 1. Hence,

ξ(k)(x) = (dξ(k−1))
x
= d
⎛
⎝ ∑
λ∈P+1 (k−1)

ϵ(λ)ξλ(µ1...µk−1)dx
µ1 ⊗ ⋅ ⋅ ⋅ ⊗ dxµk−1

⎞
⎠
x

= ∑
λ∈P+1 (k−1)

ϵ(λ) ( ∂

∂xµk
ξλ(µ1...µk−1)) (x)dx

µ1 ⊗ ⋅ ⋅ ⋅ ⊗ dxµk

= ∑
λ∈P+1 (k−1)

l

∑
s=1

ϵ(λ) (ξλ+
[s]
(µ1...µk)(x) − ξλ−[s](µ1...µk)(x))dx

µ1 ⊗ ⋅ ⋅ ⋅ ⊗ dxµk

= ∑
λ∈P+1 (k)

ϵ(λ)ξλ(µ1...µk)(x)dx
µ1 ⊗ ⋅ ⋅ ⋅ ⊗ dxµk ,

where we have used Proposition 3.4 and Lemma 3.13.

Recall that given a Lie algebra g there exists an associative algebra with identity, which is called
universal enveloping algebra of g (cf. [49, 92]) and is denoted by U(g), together with a linear map
ι ∶ g→ U(g) such that

(i) ι([ξ, η]) = ι(ξ)ι(η) − ι(η)ι(ξ) for each ξ, η ∈ g.
(ii) U(g) is generated, as an algebra, by {ι(ξ) ∣ ξ ∈ g}.
(iii) IfA is an associative algebra with identity and i ∶ g→ A is linear and i([ξ, η]) = i(ξ)i(η)−i(η)i(ξ)

for each ξ, η ∈ g, then there exists a unique algebra homomorphism ϕ ∶ U(g) → A such that
i = ϕ ○ ι.

The following result ensures that we may identify g ∋ ξ ≡ ι(ξ) ∈ U(g) and we regard g ⊂ U(g) as
a vector subspace.

Theorem 3.15 (Poincaré–Birkhoff–Witt [92, Theorem 3.2.2]). Let {B1, . . . ,Bm} be a basis
of g, then

span{ι(ξ1)α1 . . . ι(ξm)αm ∣ αi ∈ Z, αi ≥ 0, 1 ≤ i ≤m} ,

where ι(ξ)0 = 1, the identity of U(g), is a basis of U(g) as a vector space. In particular, the map
ι ∶ g→ U(g) is injective.

In the vein of future generalization of Theorem 3.14 to non-matrix groups we note that the
maps ξµ1...µj take values in the universal enveloping algebra of g. This can be checked by induction;
namely, for each j ∈ Z+, ξµ1...µj ∶X → Uj(g), where we define

Uj(g) = g + span{Bi1 . . .Bij ∣ (i1, . . . , ij) ∈ Sj} ⊂ U(g),

the sum being the one of vector subspaces. Note that the sum becomes direct sum, ⊕, for j > 1,
whereas U1(g) = g + g = g. In any case, despite expression (3.8), the elements ξ(j) take values in g
by construction.

Lastly, we use the previous theorem to compute the image of the map (3.1) for k = 2. We denote
by

Sym ∶ ⊗k T ∗X → ⋁k T ∗X, Skew ∶ ⊗k T ∗X → ⋀k T ∗X
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the symmetrization and skew-symmetrization maps, respectively. Recall that for k = 2 these maps
induce the decomposition T ∗X ⊗ T ∗X = (T ∗X ∨ T ∗X) ⊕ (T ∗X ∧ T ∗X). Similarly, for each ξ1, ξ2 ∈
U(g) we denote by [ξ1, ξ2] = ξ1ξ2 − ξ2ξ1 the commutator, and by {ξ1, ξ2} = ξ1ξ2 + ξ2ξ1 the anti-
commutator.

Corollary 3.16. Let X = Rn and G ⊂ GL(N,R) (and, thus, g ⊂ gl(N,R)). Then

J2(X,G) ≃ G × V2 ⊂ G × (T ∗X ⊗ g) ⊕ (T ∗X ⊗ T ∗X ⊗ g),

where V2 is the affine sub-bundle defined as

V2 = {(ξx, αx) ∈ (T ∗X ⊗ g) ⊕ (T ∗X ⊗ T ∗X ⊗ g) ∣ Skew(αx) = −
1

2
[ξx, ξx]}.

In particular,

Sym(αx) = ξµν(x)dxµ ⊗ dxν −
1

2
{ξx, ξx}.

Proof. Since the map (3.1) is an injective morphism, it is enough to show that its image is, precisely,
G × ((T ∗X ⊗ g) ⊕ V2). Thank to the previous theorem, we know that (3.1) is given by

j2xg ↦ (g(x), ξ(1)(x) = ξµ(x)dxµ, ξ(2)(x) = (ξµν(x) − ξµ(x)ξν(x))dxµ ⊗ dxν) ,

where ξµ(x) = (∂g/∂xµ)(x)g(x)−1 and ξµν(x) = (∂2g/∂xµ∂xν)(x)g(x)−1. It is clear that the first
and second components of the map are surjective onto G and T ∗X ⊗ g, respectively. Additionally,
it is easy to check that

Skew (ξ(2)(x)) = −1
2
[ξ(1)(x), ξ(1)(x)] ,

Analogously,

Sym (ξ(2)(x)) = ξµν(x)dxµ ⊗ dxν −
1

2
{ξ(1)(x), ξ(1)(x)} ,

and we conclude.





Chapter 4

Gauge reduction in covariant field theory

This chapter is based on our work [18], where we develop a Lagrangian reduction theory for covari-
ant field theories with gauge symmetries. Some preliminary results were presented in [81]. These
symmetries are modeled by a Lie group fiber bundle acting fiberwisely on a configuration bun-
dle. In order to reduce the variational principle, we utilize generalized principal connections. After
obtaining the reduced equations, we give the reconstruction condition and we relate the vertical
reduced equation with the Noether theorem. Some applications to illustrate the theory are given
in Chapter 5. The construction of a general Lagrangian reduction procedure for (covariant) field
theories with local symmetries here presented extends the classical case investigated in [32] for
global symmetries. In some sense, we can say that this is the culmination of the reduction program
in its generality.

As explained in the introduction, for this type of reduction we consider a fibered action of a Lie
group bundle πG,X ∶ G → X on the configuration bundle of the theory πY,X ∶ Y → X. Since the
Lagrangian density is defined on the first jet bundle J1Y , we lift the action to the first jets, thus
yielding a fibered action of πJ1G,X ∶ J1G →X on πJ1Y,X ∶ J1Y →X. In most examples found in the
literature the Lagrangian density is not invariant by the whole jet bundle, but only by an affine Lie
group subbundle H ⊂ J1G. This bundle H → X can be thought as a non-holonomic constraint in
the nature of the derivatives of the symmetries. The existence of this constraint is the main source
of complexity of the gauge reduction theory, since the invariance by the full jet is actually rather
trivial as we show in the examples of the next chapter. Therefore, the reduced configuration bundle
is (J1Y )/H → Y /G. We start the chapter by analyzing the geometry of (J1Y )/H. with the aid of a
generalized principal connection. Next, we drop the Hamilton’s variational principle to the reduced
bundle and we apply it to the reduced Lagrangian in order to obtain the reduced field equations.
We finish by investigating the reconstruction problem and the relation of the reduced equations
with the Noether theorem.

4.1 Geometry of the reduced configuration space

Let πG,X be a Lie group bundle. A Lie group bundle connection ν provides an identification of the
affine bundle J1G → G with its model vector bundle T ∗X ⊗ V G ≃ G ×X (T ∗X ⊗ g). If the Lie group
bundle connection is regarded as a 1-form ν taking values in g, the identification is given explicitly
as

Θν ∶ J1G → G ×X (T ∗X ⊗ g), j1xη ↦ (η(x), ν ○ (dη)x) . (4.1)

We can transfer the Lie group bundle structure of J1G → X (for example, cf. [37, §3, Theorem 1])
via the above identification, as

(g, ξx) (h, ηx) = (gh, ξx +Adg ○ ηx), (g, ξx), (h, ηx) ∈ Gx × (T ∗xX ⊗ gx), x ∈X.

41
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Note that the identity element is (1x,0x) ∈ G ×X (T ∗X ⊗ g).
Assumption. Henceforth, let πY,X be a fiber bundle on which πG,X acts fiberwisely, freely and
properly, and πH,X be a closed Lie group subbundle H ⊂ J1G of πJ1G,X such that πJ1G,G(H) = G.
Besides, we suppose that πH,G is an affine subbundle of πJ1G,G . Identification (4.1) enables us to
regard

Θν(H) ⊂ G ×X (T ∗X ⊗ g),
We denote Θν(H) by the same symbol, H, since the context will clarify the distinction between
the two objects. Then H ⊂ G ×X (T ∗X ⊗ g) is both a closed Lie group subbundle over X and an
affine subbundle over G.

Proposition 4.1. Let H ⊂ J1G be a closed Lie group subbundle of πJ1G,X and an affine subbundle
of πJ1G,G. Let φ ∶ G → T ∗X ⊗ g be a bundle morphism such that (g,φ(g)) ∈ H for each g ∈ G
and1 φ(1x) = 0x for each x ∈ X. Taking into account the identification (4.1) there exists a vector
subbundle H ⊂ T ∗X ⊗ g such that

H = {(g, η̂x) ∈ G ×X (T ∗X ⊗ g) ∣ η̂x = φ(g) + ηx, ηx ∈ Hx} .

Furthermore, H is Ad-invariant, i.e., Adg(Hx) ⊂ Hx for each x ∈X and g ∈ Gx.

Proof. Let g ∈ G and x = πG,X(g) ∈X. SinceHg ⊂ {g}×(T ∗xX⊗gx) is an affine subspace, we may write
Hg = {g}×(φ(g)+Hg) for certain vector subspace Hg ⊂ T ∗xX⊗gx. In addition, Hx ⊂ Gx×(T ∗xX⊗gx)
is a Lie subgroup, whence

(1x, ηx) ⋅ (g,φ(g)) = (g,φ(g) + ηx) ∈Hg, ηx ∈ H1x .

Hence, Hg = H1x and we denote Hx ≡ H1x . We thus define H = ⊔x∈X Hx →X.

For the second part, observe that for each ηx ∈ Hx and g ∈ Gx we have

(g,φ(g))(1x, ηx) = (g,φ(g) +Adg ○ ηx) ∈Hg.

Note that, as a vector subbundle, we may consider the quotient (T ∗X ⊗ g)/H, which is again a
vector bundle over X. We denote the corresponding elements by [ξx]H.

Lemma 4.2. The map φ ∶ G → T ∗X ⊗ g satisfies

[φ(gh)]H = [φ(g) +Adg ○ φ(h)]H , g, h ∈ Gx, x ∈X.

Proof. We have that

(g,φ(g)) ⋅ (h,φ(h)) = (gh,φ(g) +Adg ○ φ(h)) ∈Hgh.

Hence, φ(g) +Add ○ φ(h) − φ(gh) ∈ Hx and we conclude.

Now we define the following map

Φφ ∶ (Y ×X (T ∗X ⊗ g)/H) ×X G → Y ×X (T ∗X ⊗ g)/H
((y, [ξx]H), g) ↦ (y ⋅ g, [Adg−1 ○ (ξx + φ(g))]H) .

(4.2)

Remark 4.1 If the action of G on Y is left, then the map (4.2) should be

Φφ ∶ G ×X (Y ×X (T ∗X ⊗ g)/H) → Y ×X (T ∗X ⊗ g)/H
(g, (y, [ξx]H)) ↦ (g ⋅ y, [Adg ○ ξx + φ(g)]H)

(4.3)

1 Observe that (1x,0x) ∈H1x , since H ⊂ G ×X (T ∗X ⊗ g) is a Lie group subbundle (over X).
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Thanks to the Ad-invariance of H, the map (4.2) is well-defined. Moreover, a straightforward
computation shows that it is a (free and proper) right fibered action. As a result, we may consider
the corresponding quotient, which is a fiber bundle over Y /G:

(T ∗X ⊗ g)φ,H =
Y ×X (T ∗X ⊗ g)/H

Φφ
. (4.4)

The elements of this quotient are denoted by Jy, ξxKH,φ, where y ∈ Yx, ξx ∈ (T ∗X ⊗ g)x and x ∈ X.
Analogously, we have the fibered action given by (4.2) with φ = 0, which yields the quotient

(T ∗X ⊗ g)0,H =
Y ×X (T ∗X ⊗ g)/H

Φ0

Proposition 4.3. In the above conditions, the following statements are true:

(i) (T ∗X ⊗ g)0,H → Y /G is a vector bundle.

(ii) (T ∗X ⊗ g)φ,H → Y /G is an affine bundle modelled on (T ∗X ⊗ g)0,H → Y /G.

Proof. For (i), it is easy to check that the following operations are well-defined

Jy, ξxKH,0 + Jy, ζxKH,0 = Jy, ξx + ζxKH,0, λJy, ξxKH,0 = Jy, λξxKH,0,

for each Jy, ξxKH,0, Jy, ζxKH,0 ∈ (T ∗X ⊗ g)0,H and λ ∈ R. Likewise, for (ii), the following map is
well-defined

Jy, ξxKH,φ + Jy, ζxKH,0 = Jy, ξx + ζxKH,φ,
for each Jy, ξxKH,φ ∈ (T ∗X ⊗ g)φ,H and Jy, ζxKH,0 ∈ (T ∗X ⊗ g)0,H.

Remark 4.2 Observe that, given a Lie group subbundle H ⊂ J1G, the map φ ∶ G → T ∗X ⊗ g is not
unique. Furthermore, H ⊂ G ×X (T ∗X ⊗ g) is a vector subbundle over G (that is, (T ∗X ⊗ g)φ,H =
(T ∗X⊗g)0,H) if and only we can choose the map φ = 0. This is equivalent to the condition ν̂(G) ⊂H
when we regard H as a Lie group subbundle of J1G.

Even though the case φ = 0 is very relevant in examples, in the following we will assume that φ
does not necessarily vanish.

Analogous to the adjoint bundle defined in Example 2.3, we can consider the tensor product
T ∗X ⊗ g̃ as the quotient

T ∗X ⊗ g̃ = Y ×X (T
∗X ⊗ g)
G → Y /G

by letting G act trivially on T ∗X. As the vector subbundle H ⊂ T ∗X ⊗ g obtained in Proposition
4.1 is Ad-equivariant, the action of G on Y ×X (T ∗X ⊗ g) restricts to Y ×X H and we may consider
the corresponding quotient

H̃ = Y ×X H

G ⊂ T ∗X ⊗ g̃→ Y /G (4.5)

In addition, πH̃,Y /G is a vector subbundle of πT ∗X⊗g̃,Y /G , so it makes sense to consider the cor-

responding quotient vector bundle, (T ∗X ⊗ g̃)/ H̃, whose elements are denoted by Jy, ξxKH̃, where
y ∈ Yx, ξx ∈ (T ∗X ⊗ g)x and x ∈X. Moreover, it is easily seen to be isomorphic to (T ∗X ⊗ g)0,H.

Lemma 4.4. In the above conditions, we have the following isomorphism of vector bundles over
Y /G,

T ∗X ⊗ g̃
H̃

≃ Y ×X (T
∗X ⊗ g)/H
Φ0

= (T ∗X ⊗ g)0,H.
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On the other hand, the first jet extension of the fibered action Φ is a right fibered action of
πJ1G,X on πJ1Y,X

Φ(1) ∶ J1Y ×X J1G → J1Y, (j1xs, j1xγ) ↦ j1x(Φ(s, γ)). (4.6)

where, for (local) sections s ∈ Γ (πY,X) and γ ∈ Γ (πG,X), we have the (local) section Φ(s, γ)(x) =
Φ(s(x), γ(x)), x ∈X. If we regard 1-jets as tangent maps of sections at a point, that is, j1xs ≡ (ds)x
and j1xγ ≡ (dγ)x, we may rewrite Φ1 as

Φ(1)(j1xs, j1xγ) = (dΦ)(s(x),γ(x)) ○ (dsx, dγx) ∶ TxX → Ts(x)⋅γ(x)Y.

The following result studies the geometry of the quotient of πJ1Y,X by the fibered action (4.6)
when restricted to the Lie group subbundle H ⊂ J1G.

Theorem 4.5. Let ω ∈ Ω1(Y, g) be a generalized principal connection on πY,Y /G associated to a Lie
group connection ν on πG,X and consider a Lie group subbundle H ⊂ J1G as in Proposition 4.1.
Then the following map is a bundle isomorphism over Y /G:

(J1Y ) /H → J1(Y /G) ×Y /G (T ∗X ⊗ g)φ,H
[j1xs]H ↦ (j1xσs,

q
s(x), ωs(x) ○ (ds)x

y
H,φ
) ,

(4.7)

where σs = [s]G = πY,Y /G ○ s ∈ Γ (πY /G,X).

Proof. For j1xs ∈ J1Y and j1xη ∈ H, let s and η be (local) sections defining those jet elements. On
one hand, it is clear that σΦ(s,η) = σs. On the other, by (4.1) we have j1xη ≃ (η(x), ν ○ (dη)x) ∈ H,
whence ν ○ (dη)x = φ(η(x)) + ηx for some ηx ∈ Hx, by Proposition 4.1. Therefore,

q
Φ(s, η)(x), ωΦ(s,η)(x) ○ (dΦ(s, η))x

y
H,φ

=
q
s(x) ⋅ η(x), ωs(x)⋅η(x) ○ (dΦ)(s(x),η(x)) ○ ((ds)x, (dη)x)

y
H,φ

=
q
s(x) ⋅ η(x),Adη(x)−1 (ωs(x) ○ (ds)x + ν ○ (dη)x)

y
H,φ

=
q
s(x), ωs(x) ○ (ds)x + ηx

y
H,φ

=
q
s(x), ωs(x) ○ (ds)x

y
H,φ

.

Subsequently, the map is well-defined. A straightforward computation shows that the inverse map
is

J1(Y /G) ×Y /G (T ∗X ⊗ g)φ,H → (J1Y ) /H, (j1xσ, Jy, ξxKH,φ) ↦ [Horωy ○ (dσ)x + (ξx)∗y]H ,

where Horωy ∶ T[y]G(Y /G) → TyY is the horizontal lifting given by ω at y ∈ Y . Observe that it is
well-defined thanks to Lemma 2.11 and Proposition 2.15.

4.1.1 Connections on the reduced spaces

Let ω be a generalized principal connection on πY,Y /G associated to a Lie group connection ν

on πG,X and ∇X be a linear connection on the tangent bundle of X. These connections induce
a linear connection on the vector bundle πg̃,Y /G , and an affine connection on the affine bundle

π(T ∗X⊗g)φ,H,Y /G as follows. Consider the linear connection ∇g on πg,X induced by ν (cf. Proposition

2.8). As above, denote by ν ∣∣, g∣∣ and ω ∣∣ the corresponding parallel transports. It is easy to check
from the definition that the connections ν and ∇g satisfy the following compatibility relation:
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g∣∣x(b)
x(a)Adg(ξ) = Adν ∣∣x(b)

x(a)
g
(g∣∣x(b)

x(a)ξ) , g ∈ Gx(a), ξ ∈ gx(a) (4.8)

for every curve x ∶ I →X. Indeed, consider the curves α ∶ I → g and β ∶ I → g given by

α(t) = Adν ∣∣x(t)
x(a)

g
(g∣∣x(t)

x(a)ξ) , β(t) = g∣∣x(t)
x(a)Adg(ξ), t ∈ I,

Note that α(a) = β(a) = Adg(X) and πg,X ○ α = x. Thanks to the uniqueness of parallel transport,
to show that α = β it is enough to check that α′ = β′. This holds, as for each t ∈ I we have

α′(t) = d

dt
(dcν ∣∣x(t)

x(a)
g
)
1x

( d
dϵ
∣
ϵ=0

ν ∣∣x(t)
x(a) exp(ϵ ξ))

= d

dt

d

dϵ
∣
ϵ=0

cν ∣∣x(t)
x(a)

g
(ν ∣∣x(t)

x(a) exp(ϵ ξ))

= d

dt

d

dϵ
∣
ϵ=0

ν ∣∣x(t)
x(a)cg (exp(ϵ ξ))

= d

dt

d

dϵ
∣
ϵ=0

ν ∣∣x(t)
x(a) exp ((dcg)1x(a)(ϵ ξ)) = β

′(t),

where we have used that ν is a Lie group connection and cg ∶ Gx(a) → Gx(a) is a Lie group ho-
momorphism. Equation (4.8) and Proposition 2.13 ensure that the following parallel transport is
well-defined.

Proposition 4.6. The assignment sending any curve γ ∶ I → Y /G to the map

g̃∣∣
γ(b)
γ(a) ∶ g̃γ(a) → g̃γ(b), [y, ξ]G ↦ [ω ∣∣

γ(b)
γ(a)y,

g∣∣x(b)
x(a)ξ]G ,

is a linear parallel transport on πg̃,Y /G, where x = πY /G,X ○ γ.

We denote by ∇g̃ the corresponding linear connection on πg̃,Y /G and by ∇g̃/dt the corresponding
covariant derivative.

Lemma 4.7. Let ∇H be a linear connection on πH,X . The assignment sending a curve x ∶ I →X to
the map

H ∣∣x(b)
x(a) ∶Hx(a) →Hx(b),

H ∣∣x(b)
x(a)(g,φ(g) + ηx(a)) = (

ν ∣∣x(b)
x(a)g,φ (

ν ∣∣x(b)
x(a)g) +

H∣∣x(b)
x(a)ηx(a))

for each (g,φ(g) + ηx(a)) ∈Hx(a) is a parallel transport on πH,X .

In the same vein, a parallel transport may be defined on the vector bundle H = G ×X H → X as
follows,

H ∣∣
x(b)
x(a) ∶Hx(a) →Hx(b),

H ∣∣
x(b)
x(a)(g, ηx(a)) = (

ν ∣∣x(b)
x(a)g,

H∣∣x(b)
x(a)ηx(a)) .

Now we extend ∇H to a linear connection ∇⊗ on T ∗X ⊗ g that is compatible with ν, i.e., the
relation (4.8) holds for ⊗∣∣ instead of g∣∣. Similarly, ∇⊗ is said to be compatible with φ if it satisfies

⊗∣∣x(b)
x(a)φ(g) = φ (

ν ∣∣x(b)
x(a) g) , g ∈ Gx(a), (4.9)

for each curve x ∶ I →X. Henceforth, we assume that ∇⊗ is compatible with ν and φ. We are ready
to define a linear connection on the reduced bundle.
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Proposition 4.8. The assignment that each curve γ ∶ I → Y /G corresponds to the map

∣∣γ(b)
γ(a) ∶ ((T

∗X ⊗ g)φ,H)γ(a) → ((T
∗X ⊗ g)φ,H)γ(b) , Jy, ξxKH,φ ↦

r
ω ∣∣γ(b)

γ(a) y,
⊗∣∣x(b)

x(a) ξx
z

H,φ
,

where x = πY /G,X ○ γ, is an affine parallel transport on π(T ∗X⊗g)φ,H,Y /G.

Proposition 2.13, (4.8), together with the Ad-invariance of H and (4.9), guarantee that it is well-
defined. Besides, it is affine thanks to the linearity of ∇⊗. We denote by ∇ the affine connection on
π(T ∗X⊗g)φ,H,Y /G associated to ∣∣ and by ∇/dt the corresponding covariant derivative.

4.2 Reduced variations on (T ∗X ⊗ g)φ,H

Given a section s ∈ Γ (πY,X), the corresponding reduced section is defined to be

s = Js, s∗ωKH,φ ∈ Γ (π(T ∗X⊗g)φ,H,X) .
Observe that the projection π(T ∗X⊗g)φ,H,Y /G ○ s is nothing but the quotient section σs = [s]G =
πY,Y /G ○ s ∈ Γ (πY /G,X). We aim to compute the variation δs of the reduced section induced by a
variation δs of the unreduced section. More particularly, we are first interested in the vertical part

δ∇s(x) = δs(x)v = ∇st(x)
dt

∣
t=0
, x ∈X,

of that reduced variation with respect to the connection ∇ on π(T ∗X⊗g)φ,H,Y /G built in Proposition

4.8. For that, we analyze below the corresponding expression of δ∇s when the variation δs =
dst/dt∣t=0 is vertical or horizontal with respect to ω. By linearity, the expression of δ∇s will be the
combination of both terms. In addition, since (T ∗X ⊗ g)φ,H → Y /G is an affine bundle, we will
identify the tangent space of each fiber with the associated vector space, i.e.,

Vy ((T ∗X ⊗ g)φ,H) = Ty (((T ∗X ⊗ g)φ,H)σ) = ((T
∗X ⊗ g)0,H)σ ,

for each y ∈ (T ∗X ⊗ g)φ,H, where σ = π(T ∗X⊗g)φ,H,Y /G(y) ∈ Y /G. Analogously, the restriction of the
tangent map of φ ∶ G → T ∗X ⊗ g to g = 1∗(V G) yields the following morphism of vector bundles,

φ∗ = dφ∣g ∶ g→ T ∗X ⊗ g.

Lemma 4.9. If {st} is a πY,Y /G-vertical variation, that is, δs = ξ∗s for some ξ ∈ Γ (πg,X), then we
can suppose that it is of the form st = s ⋅ exp(t ξ). In that case,

d

dt
∣
t=0

Adexp(t ξ) ○ (s∗t ω + φ(exp(−t ξ))) = ∇gξ − φ∗ξ.

Proof. The first statement is because the variation of the functional only depends on the infinites-
imal variation. For the second part, we have

d

dt
∣
t=0

Adexp(t ξ) ○ s∗t ω =
d

dt
∣
t=0
s∗t ω +

d

dt
∣
t=0

Adexp(t ξ) ○ s∗ω

= d

dt
∣
t=0
ωΦ(s,exp(t ξ)) ((dΦ)(s,exp(t ξ)) (ds, d exp(t ξ))) + ad(ξ)(s∗ω)

= d

dt
∣
t=0

Adexp(−t ξ) (s∗ω + ν ○ d exp(t ξ)) + [ξ, s∗ω]

= d

dt
∣
t=0
ν ○ d exp(t ξ) + d

dt
∣
t=0

Adexp(−t ξ) ○ ν ○ d1

(⋆)= d

dt
∣
t=0
ν ○ d exp(t ξ)

= ∇gξ.
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Equality (⋆) comes from property (i) in the definition of Lie group connection. Similarly,

d

dt
∣
t=0

Adexp(t ξ) ○ φ(exp(−t ξ)) =
d

dt
∣
t=0
φ(exp(−t ξ)) + d

dt
∣
t=0

Adexp(t ξ) ○ φ(exp(0))

= −φ∗ ((d exp)0(ξ)) + ad(ξ)(φ(1))
= −φ∗ξ,

where we have used that φ(1) = 0 and (d exp)0 = idg.

Proposition 4.10 (δ∇s for vertical variations). If {st} is πY,Y /G-vertical, that is, δs = ξ∗s for
some ξ ∈ Γ (πg,X), then:

δ∇s(x) =
q
s(x), (∇gξ) (x) − (φ∗ξ)(x)

y
H,0

, x ∈X.

Proof. The reduced variations are

st(x) = Js(x) ⋅ exp(t ξ(x)), (s∗t ω)xKH,φ =
q
s(x),Adexp(t ξ(x)) ○ ((s∗t ω)x + φ(exp(−t ξ(x))))

y
H,φ

.

Since π(T ∗X⊗g)φ,H,Y /G ○ st = σs for all t ∈ (−ϵ, ϵ), we have that {st} is a π(T ∗X⊗g)φ,H,Y /G-vertical
variation and ∇st(x)/dt∣t=0 = dst(x)/dt∣t=0. Subsequently, the previous Lemma results in

δ∇s(x) =
s
s(x), d

dt
∣
t=0

Adexp(t ξ(x)) ○ ((s∗t ω)x + φ(exp(−t ξx)))
{

H,0

=
q
s(x), (∇gξ)(x) − (φ∗ξ)(x)

y
H,0

.

Lemma 4.11. If {st} is ω-horizontal, i.e., ω(δs) = 0, then the horizontal component of δs with
respect to ∇ is

δs(x)h = d

dt
∣
t=0

Jst(x), (s∗ω)xKH,φ , x ∈X.

Proof. Let Hor∇
s(x) ∶ Tσs(x)(Y /G) → Ts(x)((T ∗X ⊗ g)φ,H) be the horizontal lift given by ∇ at s(x).

Then δs(x)h = Hor∇
s(x) (δσs(x)), since (dπ(T ∗X⊗g)φ,H,Y /G)s(x) ○ δs(x) = δσs(x). By construction of

∇, we have2:

Hor∇
s(x) (δσs(x)) = (dq)(s(x),(s∗ω)x) (Hor

ω
s(x) (δσs(x)) ,Hor

∇⊗
(s∗ω)x(0x)) ,

where q ∶ Y ×X (T ∗X ⊗ g) → (T ∗X ⊗ g)φ,H is the quotient projection. The horizontality of δs(x)
yields Horωs(x) (δσs(x)) = δs(x), and it is clear that Hor∇

⊗

(s∗ω)x(0x) = 0(s∗ω)x . Hence,

δs(x)h =Hor∇
s(x)(δσs(x)) =

d

dt
∣
t=0
(q ○ γ)(t) = d

dt
∣
t=0

Jst(x), (s∗ω)xKH,φ ,

where for the computation of the tangent map dq, we consider the curve γ ∶ (−ϵ, ϵ) → Y ×X (T ∗X⊗g),
γ(t) = (st(x), (s∗ω)x), since γ(0) = (s(x), (s∗ω)x) and γ′(0) = (δs(x),0x).

Proposition 4.12 (δ∇s for horizontal variations). If {st} is ω-horizontal, i.e., ω(δs) = 0, then

δ∇s(x) =
q
s(x),Ωs(x) (δs(x), (ds)x)

y
H,0

, x ∈X.

2 Recall that (dπY /G,X)σs(x)(δσs(x)) = 0, since the variation {st} is πY,X -vertical.
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Proof. Thanks to the previous Lemma:

δ∇s(x) = δs(x) − δs(x)h

= d

dt
∣
t=0

Jst(x), (s∗t ω)xKH,φ −
d

dt
∣
t=0

Jst(x), (s∗ω)xKH,φ

= d

dt
∣
t=0

Jst(x), (s∗t ω)x − (s∗ω)xKH,0

=
s
s(x), d

dt
∣
t=0
(s∗t ω)x

{

H,0

.

Since the formula that we are proving is local, we can suppose that our bundles are trivial, that
is, G = X ×G, g = X × g and Y = Y /G ×G, where g is the Lie algebra of G. We can thus regard ω
as a 1-form on Y with values in g. Then

d

dt
∣
t=0
(s∗t ω)x = s∗£δsω = s∗(iδsdω + d(iδsω)) = dωs(x)(δs, ds),

where £ is the Lie derivative and ω(δs) = 0. Then
d

dt
∣
t=0
(s∗t ω)x = dωs(x)(δs, (ds)h) + dωs(x)(δs, (ds)v)

= dωs(x)(δs, (ds)h)
= dgω(δs, ds) = Ωs(x)(δs, ds),

since dωs(x)(δs, (ds)v) = δs(ω((ds)v)) − ωs(x)([δs, (ds)v]) = 0. Indeed, we are working on a trivial-

ization, so we can write (ds)v = ξ̂∗ for some ξ̂ ∈ g. Thus, ω((ds)v) = ω (ξ̂∗) = ξ̂ and δs(ξ̂) = 0. In
addition, we have

[δs, (ds)v] = (£(ds)vδs)

= d

dt
∣
t=0
(dΦ)(s,g(t)) (δs,0g(t))

= d

dt
∣
t=0
Ut = U,

where g ∶ (−ϵ, ϵ) → G is defined as g(t) = exp (tξ̂). Note that U ∈ TsY is πY,Y /G-horizontal since so
is each Zt ∈ Ts⋅g(t)Y :

ωs⋅g(t) ((dΦ)s,g(t) (δs,0g(t))) = Adg(t)−1 (ωs(δs(x)) + ν(0g(t))) = 0.

Since every arbitrary variation δs can be split into its πY,Y /G-vertical and horizontal parts, we
obtain the following result. We also make use of Lemma 4.4.

Corollary 4.13. Let δs be a variation of a section s ∈ Γ (πY,X) and consider the induced variation
δ∇s of the reduced section s = Js, s∗ωKH,φ ∈ Γ (π(T ∗X⊗g)φ,H,X). Then:

δ∇s =
q
s,∇gξ − φ∗ξ +Ω (δs, ds)

y
H̃
, ξ = ω(δs).

At last, we express the reduced variation in terms of the reduced section. To that end, we define

the operator ∇g̃ ∶ Γ (πg̃,X) → Γ (πT ∗X⊗g̃,X) as

(∇g̃U ξ̃) (x0) =
∇g̃ (ξ̃ ○ x) (t)

dt

RRRRRRRRRRRRt=0
, ξ̃ ∈ Γ (πg̃,X), U ∈ X(X), x0 ∈X, (4.10)

where x ∶ (−ϵ, ϵ) →X is a curve such that x′(0) = U(x0).
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Lemma 4.14. For each ξ̃ = [s, ξ]G ∈ Γ (πg̃,X), we have

∇g̃ξ̃ = [s,∇gξ + ads∗ω(ξ)]G .

Proof. Given U ∈ X(X) and x0 ∈ X, let x ∶ (−ϵ, ϵ) → X be such that x′(0) = U(x0). Let γ =
πY,Y /G ○ s ○ x ∶ (−ϵ, ϵ) → Y /G and write

(s ○ x)(t) = (ω ∣∣γ(t)
γ(0)s(x0)) ⋅ g(t) (4.11)

for some g ∶ (−ϵ, ϵ) → G. Observe that πG,X ○ g = x and g(0) = 1x0 . From Proposition 4.6 and (4.8),
we get

(∇g̃U ξ̃) (x0) =
∇g̃ (ξ̃ ○ x) (t)

dt

RRRRRRRRRRRRt=0
= d

dt
∣
t=0
g̃∣∣

γ(0)
γ(t) [(s ○ x)(t), (ξ ○ x)(t)]G

= d

dt
∣
t=0
g̃∣∣

γ(0)
γ(t) [

ω ∣∣γ(t)
γ(0)s(x0),Adg(t) ○ (ξ ○ x)(t)]G

= d

dt
∣
t=0
[ω ∣∣γ(0)

γ(t) (
ω ∣∣γ(t)

γ(0)s(x0)) ,
g∣∣x(0)

x(t) (Adg(t) ○ (ξ ○ x)(t))]G

= d

dt
∣
t=0
[s(x0),Adν ∣∣x(0)

x(t)
g(t) ○

g∣∣x(0)
x(t) (ξ ○ x)(t)]G

= [s(x0), (∇gUξ) (x0) + adζ(ξ(x0))]G ,

where we denote ζ = d
dt
∣
t=0

ν ∣∣x(0)
x(t) g(t) ∈ gx0

. By taking the covariant derivative in (4.11), we obtain

Dω

Dt
∣
t=0
(s ○ x)(t) = d

dt
∣
t=0

ω ∣∣γ(0)
γ(t) (s ○ x)(t)

= d

dt
∣
t=0

ω ∣∣γ(0)
γ(t) ((

ω ∣∣γ(t)
γ(0)s(x0)) ⋅ g(t))

= d

dt
∣
t=0
(s(x0) ⋅ ν ∣∣

x(0)
x(t) g(t))

= ζ∗s(x0),

where Proposition 2.13 has been used. We conclude by applying ω at both sides of the previous
equation:

(s∗ω)x0(U(x0)) = ωs(x0) ((ds)x0(U(x0)))

= ωs(x0) (
d

dt
∣
t=0
(s ○ x)(t))

= ωs(x0) (
Dω

Dt
∣
t=0
(s ○ x)(t))

= ωs(x0) (ζ
∗
s(x0))

= ζ,

where (i) of Definition 2.5 has been used.

By linearity, the following map is well defined

φ̃∗ ∶ g̃→ T ∗X ⊗ g̃, [y, ξx]G ↦ [y,φ∗ξx]G . (4.12)
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Moreover, given α⊗ ζ̃ ∈ T ∗X ⊗ g̃, we define the vector bundle morphism

adα⊗ζ̃ ∶ g̃→ T ∗X ⊗ g̃, ξ̃ ↦ α⊗ adζ̃(ξ̃), (4.13)

which is well defined provided πg̃,Y /G(ξ̃) = πg̃,Y /G(ζ̃), where ad ∶ g̃×Y /G g̃→ g̃ is the (fibered) adjoint
representation on the (generalized) adjoint bundle. Note that we keep the same symbol for both
maps for simplicity. By denoting s̃ = [s, s∗ω]G ∈ Γ (πT ∗X⊗g̃,X) and ξ̃ = [s, ξ]G ∈ Γ (πg̃,X), it is clear

that [s,ads∗ω(ξ)]G = ads̃(ξ̃). Thence, the following result is now straightforward.

Corollary 4.15. Let δs be a variation of a section s ∈ Γ (πY,X) and consider the induced variation
of the reduced section s = Js, s∗ωKH,φ. Then for each x ∈X we have

δ∇s(x) = [∇g̃ξ̃ − ads̃(ξ̃) − φ̃∗ξ̃ + Ω̃(δσs, dσs)]
H̃
,

where ξ̃(x) = [s(x), ωs(x)(δs(x))]G and s̃(x) = [s(x), (s∗ω)x]G for each x ∈X.

4.3 Variations on J1(Y /G)

The induced variations δσs of σs = πY,Y /G ○ s are just the projection of the variations of s, that is,

δσs = dπY,Y /G(δs).

In particular, these reduced variations are free, with no particular constraints (in contrast with
the constraints for δs analyzed in the previous section). For later convenience, we now analyze the
vertical part of the 1-jet lift of δσs to J1(Y /G) with respect to a suitable connection.

Let ∇Y /G be a linear connection on the tangent bundle T (Y /G) → Y /G and consider the operator

∇Y /G ∶ Γ (πT (Y /G),X) → Γ (πT ∗X⊗T (Y /G),X) defined as

(∇Y /G
U α) (x) = ∇

Y /G(α ○ γ)(t)
dt

∣
t=0
, α ∈ Γ (πT (Y /G),X), U ∈ X(X), x ∈X, (4.14)

where γ ∶ (−ϵ, ϵ) → X is such that γ′(0) = U(x). The following Lemma is an adaptation of [32,
Corollary 3.4].

Lemma 4.16. Let {st} be a variation of a section s ∈ Γ (πY,X) and consider the induced variation
of σs ∈ Γ (πY /G,X). Then:

∇Y /Gd(σs)t(Ux)
dt

∣
t=0
= (∇Y /G

U δσs) (x) + T Y /G (δσs(x), j1xσs(Ux)) , x ∈X, Ux ∈ TxX,

where U ∈ X(X) is such that U(x) = Ux, and T
Y /G ∈ T 1

2 (Y /G) is the torsion tensor of ∇Y /G.

The connection ∇Y /G is said to be projectable on a linear connection ∇X on πTX,X if the following
diagram is commutative:

T (T (Y /G)) T (Y /G)

T (TX) TX

d(dπY /G,X)

νY /G

dπY /G,X

νX
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where νY /G and νX are the vertical projections of the connections ∇Y /G and ∇X , respectively.
Consider the vector bundle

πV,Y /G ∶ V = T ∗X ⊗ T (Y /G) → Y /G.

A section ρ ∈ Γ (πJ1(Y /G),Y /G) can be regarded as a section ρ ∈ Γ (πV,Y /G) since J1(Y /G) ⊂ V .
Likewise, ρ can be regarded as a connection on πY /G,X . The next Proposition is an adaptation of
[54, Theorem 3.1, Lemma 3.1] to our case. See also [32, Equations (3.13), (3.14)].

Proposition 4.17. If ∇Y /G is projectable onto ∇X , then it induces an affine connection ∇J1(Y /G)

on πJ1(Y /G),Y /G given by

∇J1(Y /G)
Z ρ = (id⊗ νρ) ○ ∇V

Zρ, Z ∈ X(Y /G), ρ ∈ Γ (πJ1(Y /G),Y /G),

where id ∶ T ∗X → T ∗X is the identity map, νρ is the vertical projection associated to ρ, and ∇V is
the linear connection induced on V = T ∗X⊗T (Y /G) → Y /G by the tensor product of the connections
∇Y /G and ∇X .

Corollary 4.18. For any variation δσs = d/dt∣t=0(σs)t of a reduced variation σs, the vertical part

with respect to the connection ∇J1(Y /G) of its 1-jet lift is given by

δJ
1(Y /G)j1σs =

∇J1(Y /G)j1(σs)t
dt

RRRRRRRRRRRt=0
= ∇Y /G

δσs + T Y /G (δσs, dσs) .

Proof. Given x ∈X and Ux ∈ TxX, the tensor product connection ∇V satisfies

∇V j1x(σs)t
dt

(Ux) =
∇Y /Gj1x(σs)t(Ux)

dt
− (j1xσs)(

∇XUx

dt
) = ∇

Y /Gj1x(σs)t(Ux)
dt

.

Since the projection of j1x(σs)t(U)x by dπY /G,X is constantly Ux, we have that ∇Y /Gj1x(σs)t(Ux)/dt
is πY /G,X vertical so that

∇Y /Gj1x(σs)t
dt

= (id⊗ νj1σs) ○ ∇
V j1x(σs)t
dt

= ∇
V j1x(σs)t
dt

,

and the proof is complete by Lemma 4.16.

If the connection ∇X is torsionless (and that will be our choice from now on), the formula above
simply reads

δJ
1(Y /G)j1σs = ∇Y /G

δσs.

4.4 Reduced field equations

Let L ∶ J1Y → ⋀n T ∗X be a (first order) Lagrangian density on a fiber bundle πY,X ∶ Y → X with
compact base manifold X. Assuming that X is orientable and v ∈ Ωn(X) is a volume form, we
write L = Lv for certain L ∶ J1Y → R. Let πG,X ∶ G → X be a Lie group bundle and H ⊂ J1G be a
closed, affine, Lie group subbundle, as in Proposition 4.1. If L is H-invariant, i.e., if

L (Φ(1) (j1xs, j1xη)) = L (j1xs) , ∀(j1xs, j1xη) ∈ J1Y ×X H,

then the dropped or reduced Lagrangian is well defined as
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l ∶ (J1Y ) /H → R, [j1xs]H ↦ l ([j1xs]H) = L (j
1
xs) .

Let ω ∈ Ω1(Y, g) be a generalized principal connection on πY,Y /G associated to a Lie group
connection ν on πG,X , and choose a map φ ∶ G → T ∗X ⊗ g for the Lie group subbundle H as in
Proposition 4.1. Thanks to Theorem 4.5, we may regard the reduced Lagrangian as defined on
J1(Y /G) ×Y /G (T ∗X ⊗ g)φ,H. Recall that, given s ∈ Γ (πY,X), the corresponding reduced section is

s = Js, s∗ωKH,φ ∈ Γ (π(T ∗X⊗g)φ,H,X) .

A variation {st} of s induces a variation {st = Jst, s∗t ωKH,φ} of the reduced section s = Js, s∗ωKH,φ.
By construction, L (j1st) = l (j1(σs)t, st) for every t ∈ (−ϵ, ϵ). Therefore:

d

dt
∣
t=0
∫
X
L (j1st) v =

d

dt
∣
t=0
∫
X
l (j1(σs)t, st) v (4.15)

J1Y

(J1Y ) /H J1(Y /G)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

(T ∗X ⊗ g)φ,H
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Y

Y /G

X

∼ ×Y /G

j1s

s

σs
j1σs

s

Let H○ ⊂ TX ⊗ g∗ be the annihilator of H ⊂ T ∗X ⊗ g. Then, H̃○ = (Y ×X H○)/G ⊂ TX ⊗ g̃∗ is the
annihilator of H̃ ⊂ T ∗X ⊗ g̃. This space is canonically isomorphic to the dual vector bundle

H̃○ ≃ ((T ∗X ⊗ g̃)/H̃)∗ ,

where the dual pairing is given by ⟨[y, ζx]G , Jy, ξxKH̃⟩ = ⟨ζx, ξx⟩ for each [y, ζx]G ∈ H̃○ and Jy, ξxKH̃ ∈
(T ∗X ⊗ g̃)/H̃.

On the other hand, J1(Y /G) ×Y /G (T ∗X ⊗ g)φ,H → Y /G is an affine bundle, since both J1(Y /G)
and (T ∗X ⊗ g)φ,H are affine bundles over Y /G. Let ∇× be the affine connection on this bundle

induced by the affine connections ∇J1(Y /G) and ∇ introduced above.

Definition 4.1 Let s ∈ Γ (πY,X) and consider the reduced section s = Js, s∗ωKH,φ, as well as σs =
πY,Y /G ○ s. The partial derivatives of the reduced Lagrangian

l ∶ J1(Y /G) ×Y /G (T ∗X ⊗ g)φ,H → R

are the sections

δl

δσs
∈ Γ (πT ∗(Y /G),X) ,

δl

δj1σs
∈ Γ (πTX⊗V ∗(Y /G),X) ,

δl

δs
∈ Γ (πH̃○,X)

defined as
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⟨ δl
δσs
(x), Ux⟩ =

d

dt
∣
t=0
l (γU(t)h(t)) , ∀Ux ∈ Tσs(x)(Y /G),

⟨ δl

δj1σs
(x), Vx⟩ =

d

dt
∣
t=0
l (j1xσs + t Vx, s(x)) , ∀Vx ∈ T ∗xX ⊗ Vσs(x)(Y /G),

⟨ δl
δs
(x),Wx⟩ =

d

dt
∣
t=0
l (j1xσs, s(x) + tWx) , ∀Wx ∈= ((T ∗X ⊗ g̃)/H̃)σs(x) ,

for each x ∈ X, where γU(t)h is the horizontal lift with respect to the connection ∇× of a curve
γU ∶ (−ϵ, ϵ) → Y /G such that γ′(0) = Ux. As usual, ⟨⋅, ⋅⟩ denotes the corresponding dual pairings.

We remark that, whereas the two latter derivatives are (intrinsic) fiber derivatives, the par-
tial derivative δl/δσs depends on the choice of the connections. Anyway, all of them are sections
projecting onto σs.

Since δl/δs lies in the annihilator of H̃, then for each Js, ξKH̃ ∈ Γ (π(T ∗X⊗g̃)/H̃,X) the dual pairing

satisfies

⟨ δl
δs
, Js, ξKH̃⟩ = ⟨

δl

δs
, [s, ξ]G⟩ (4.16)

Indeed, let g ∈ Γ (πG,X) and η ∈ Γ (πH,X). Then [s ⋅ g,Adg−1 ○ (ξ + η)]G = [s, ξ]G + [s, η]G and

⟨δl/δs, [s, η]G⟩ = 0, since [s, η]G ∈ H̃.

Definition 4.2 The divergence of the operator ∇g̃ defined in (4.10) is minus the adjoint of ∇g̃,
i.e., the operator divg̃ ∶ Γ (πTX⊗g̃∗,X) → Γ (πg̃∗,X) given by:

∫
X
⟨ζ,∇g̃ξ⟩ v = −∫

X
⟨divg̃ ζ, ξ⟩ v

for every ζ ∈ Γ (πTX⊗g̃∗,X) and ξ ∈ Γ (πg̃,X).

Analogously, the divergence of ∇Y /G
is minus the adjoint of (4.14) restricted to vertical sec-

tions (the restriction is allowed since the linear connection ∇Y /G is projectable), that is, divY /G ∶
Γ (πTX⊗V ∗(Y /G),X) → Γ (πV ∗(Y /G),X).

In the same vein, the dual operator of φ̃∗ ∶ g̃ → T ∗X ⊗ g̃ given in (4.12) is denoted by φ̃†
∗ ∶

TX ⊗ g̃∗ → g̃∗.

The (pointwise) coadjoint representation of the morphism ads̃ ∶ g̃→ T ∗X⊗ g̃ introduced in (4.13),
i.e., minus its dual morphism, is denoted by ad∗s̃ ∶ TX ⊗ g̃∗ → g̃∗.

Lemma 4.19. In the previous conditions, the coadjoint representation can be restricted to H̃○ yield-
ing the following vector bundle morphism:

ad∗s ∶ H̃○ → g̃∗, ζ̃ ↦ ad∗s̃(ζ̃).

Proof. Let x ∈ X. As a consequence of the Ad-invariance of H, we have that adη̃(ξ̃) ∈ H̃ for each
η̃ ∈ H̃σs(x) and ξ̃ ∈ g̃σs(x). Indeed, adη̃(ξ̃) = −[ξ̃, η̃] = d/dt∣t=0Adexp(t ξ̃) ○ η̃ ∈ H̃. Hence, the map

ad∗s ∶ H̃○ → g̃∗ is well defined. Indeed, for each ζ̃ ∈ H̃○ we have ⟨ad∗s̃(x)+η̃(ζ̃), ξ̃⟩ = ⟨ζ̃,ads̃(x)+η̃(ξ̃)⟩ =
⟨ζ̃,ads̃(x)(ξ̃)⟩ = ⟨ad∗s̃(x)(ζ̃), ξ̃⟩, where Proposition 4.3 and Lemma 4.4 have been taken into account.

Theorem 4.20 (Reduced field equations). Let πY,X be a fiber bundle over a compact manifold
X, πG,X be a Lie group bundle and πg,X be its Lie algebra bundle. Suppose that πG,X acts fiberwisely,
freely and properly on the right on πY,X . Let ω ∈ Ω1(Y, g) be a generalized principal connection on
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πY,Y /G associated to a Lie group connection ν on πG,X . Let H ⊂ J1G be a Lie group subbundle
projecting surjectively onto G and such that, with the identification J1G ≃ G ×X T ∗X ⊗ g given by
ν, it is an affine subbundle φ +H as in Proposition 4.1.

For an H-invariant Lagrangian density L = Lv ∶ J1Y → ⋀n T ∗X we consider the corresponding
reduced Lagrangian l ∶ J1(Y /G) ×Y /G (T ∗X ⊗ g)φ,H → R. Then, for any section s ∈ Γ (πY,X) and its
reduced section s = Js, s∗ωKH,φ and σ = πY,Y /G ○ s, the following assertions are equivalent:

(i) The variational principle δ∫
X
L(j1s) = 0 holds for arbitrary (vertical) variations of s.

(ii) The section s satisfies the Euler–Lagrange equations for L, i.e., EL(L) (j2s) = 0.

(iii) The variational principle δ∫
X
l(j1σs, s)v = 0 holds for variations of the form:

δ∇s = [∇g̃ξ̃ − ads̃ (ξ̃) − φ̃∗ξ̃ + Ω̃(δσs, dσs)]
H̃
,

where ξ̃ ∈ Γ (πg̃,X) is an arbitrary section and δσs is an arbitrary variation of σs.

(iv) The reduced section s satisfies the reduced field equations:

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

δl

δσs
− divY /G ( δl

δj1σs
) = ⟨ δl

δs
, ιdσsΩ̃⟩ ,

(divg̃ −ad∗s + φ̃
†
∗)(

δl

δs
) = 0.

The expressions above take into account the connections described in §4.1.1.

Proof. The equivalence of (i) and (ii) is a well-known fact as stated above. The equivalence of (i)
and (iii) is a straightforward consequence of equation (4.15) and Corollary 4.15. To complete the
proof, we show the equivalence of (iii) and (iv).

Let δs be a πY,X -vertical variation of s and consider induced variations of σs and s. Then:

d

dt
∣
t=0
∫
X
l (j1(σs)t, st) v = ∫

X
dl (δ (j1σs, s)) v

= ∫
X
dl (δ (j1σs, s)

h) v + ∫
X
dl (δ (j1σs, s)

v) v

= ∫
X
⟨ δl
δσs

, δσs⟩ v + ∫
X
⟨ δl

δj1σs
, δJ

1(Y /G)j1σs⟩ v + ∫
X
⟨ δl
δs
, δ∇s⟩ v,

where the vertical parts δJ
1(Y /G)j1σs and δ∇s are defined with the connections ∇J1(Y /G) and ∇

respectively. Making use of Corollaries 4.15 and 4.18 (with vanishing torsion) we get

d

dt
∣
t=0
∫
X
l (j1(σs)t, st) v = ∫

X
⟨ δl
δσs

, δσs⟩ v + ∫
X
⟨ δl

δj1σs
,∇Y /G

δσs⟩ v

+ ∫
X
⟨ δl
δs
, [∇g̃ξ̃ − ads̃ (ξ̃) − φ̃∗ξ̃ + Ω̃(δσs, dσs)]

H̃
⟩ v.

Thanks to (4.16), we may write:

⟨ δl
δs
, [∇g̃ξ̃ − ads̃ (ξ̃) − φ̃∗ξ̃ + Ω̃(δσs, dσs)]

H̃
⟩ = ⟨ δl

δs
,∇g̃ξ̃ − ads̃ (ξ̃) − φ̃∗ξ̃ + Ω̃(δσs, dσs)⟩ .
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Analogously, thanks to Lemma 4.19, we have

⟨ δl
δs
,ads̃ (ξ̃)⟩ = ⟨ads (

δl

δs
) , ξ̃⟩ .

Using this and the divergence operators defined above we get:

d

dt
∣
t=0
∫
X
l (j1(σs)t, st) v = ∫

X
⟨ δl
δσs

, δσs⟩ v + ∫
X
⟨−divY /G ( δl

δj1σs
) , δσs⟩ v

+ ∫
X
⟨(−divg̃ +ad∗s − φ̃

†
∗)(

δl

δs
) , ξ̃⟩ v

+ ∫
X
⟨− ⟨ δl

δs
, ιdσsΩ̃⟩ , δσs⟩ v.

As a result, the variational principle of (iii) reads

∫
X
⟨ δl
δσs
− divY /G ( δl

δj1σs
) − ⟨ δl

δs
, ιdσsΩ̃⟩ , δσs⟩ v

− ∫
X
⟨(divg̃ −ad∗s + φ̃

†
∗)(

δl

δs
) , ξ̃⟩ v = 0

for every section ξ̃ ∈ Γ (πg̃,X) and every variation δσs of σs.

The previous Theorem is the main result of this Chapter. In §5.1 we will see that this result is
a generalization of Theorem 1.2.

Remark 4.3 The first equation holds on πσ∗sV ∗(Y /G),X , and the second one on πσ∗s g̃
∗
,X . On the

other hand, if the connection ∇Y /G had non-vanishing torsion, then the reduced equations would
read

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

δl

δσs
− divY /G ( δl

δj1σs
) + ⟨ δl

δj1σs
, ιdσsT

Y /G⟩ = ⟨ δl
δs
, ιdσsΩ̃⟩ ,

(divg̃ −ad∗s + φ̃
†
∗)(

δl

δs
) = 0.

4.5 Reconstruction

Let s be a section of the reduced bundle (T ∗X ⊗ g)φ,H →X and let

σ = π(T ∗X⊗g)φ,H,Y /G ○ s

be the induced section of Y /G →X. We consider the subset

Y σ = π−1Y,Y /G (σ(X)) = {y ∈ Y ∶ πY,Y /G(y) = σ(πY,X(y))} ⊂ Y.

The action of G on Y restricts to Y σ and Y σ/G ≃ X. In fact, we can regard Y σ as a pull-back
bundle Y σ ≃ σ∗Y →X on which the Lie group bundle G acts transitively along the fibers:

Y Y σ ≃ σ∗Y

Y /G X

σ
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In particular, the adjoint bundle of Y σ →X is the pull-back σ∗g̃→X. From this point of view, the
section s can be also considered as a section of the pull-backed bundle

σ∗((T ∗X ⊗ g)φ,H) =
Y σ ×X (T ∗X ⊗ g)/H

Φφ
→X,

Moreover, the restriction of the connection form ω to Y σ is a generalized principal connection
on Y σ → X associated to the Lie group connection ν, which we denote by σ∗ω. From Proposition
2.17 we know that, for any section ξ̃ of T ∗X ⊗σ∗g̃→X, the form σ∗ω − ξ̃ is a generalized principal
connection on Y σ →X.

Proposition 4.21. Let s ∈ Γ (πY,X). We regard s as a section of Y σ → X, where σ = πY,Y /G ○ s.
Then the generalized principal connection defined as

ωs = σ∗ω − s̃

is flat, where s̃ = [s, s∗ω]G ∈ Γ (πT ∗X⊗σ∗g̃,X).

Proof. To begin with, we have that s(X) ⊂ Y σ is an integral leaf of σ∗ω − s̃. Indeed, it is easy to
check that (ds)x(TxX) is ωs-horizontal for each x ∈X. This means that Curv (ωs)

s(x) = 0 for each

x ∈X, where Curv (ωs) is the curvature of ωs.

An analogous computation to (2.15) yields

[s(x) ⋅ g,Curv (ωs)
s(x)⋅g]G = [s(x),Curv (ω

s)
s(x)]G = 0, x ∈X, g ∈ Gx,

whence Curv (ωs)
y
= 0 for every y ∈ Y σ.

Theorem 4.22 (Reconstruction). Let s ∈ Γ (π(T ∗X⊗g)φ,H,X) be a critical section for the varia-
tional problem defined in (iii) of Theorem 4.20, and σ = π(T ∗X⊗g)φ,H,Y /G ○ s ∈ Γ (πY /G,X). Let s̃ be
a section of T ∗X ⊗σ∗g̃→X such that s(x) = Jy, ξxKH,φ for each x ∈X, where s̃(x) = [y, ξx]G. If the
connection

ωs = σ∗ω − s̃
is flat and has trivial holonomy, then the integral leaves of the ωs are critical sections of the varia-
tional problem defined by L. Furthermore, any critical section of L is obtained in this way.

Proof. The trivial holonomy of ωs implies that its integral leaves are sections of σ∗Y → X that
project to the reduced section s. According to Theorem 4.20, these sections are critical.

Conversely, if s is a critical section of L, then ωs is flat and s is an integral leaf of ωs, by
Proposition 4.21.

Corollary 4.23. If X is simply connected, then any connection has trivial holonomy and we have
the following equivalence of equations

EL(L)(j1s) = 0 ⇐⇒

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

δl

δσs
− divY /G ( δl

δj1σs
) = ⟨ δl

δs
, ιdσsΩ̃⟩

(divg̃ −ad∗s + φ̃
†
∗)(

δl

δs
) = 0

Curv (ωs) = 0

For non-simply connected manifolds, the equivalence above holds locally only. There are topo-
logical obstructions and examples of reduced sections that do not admit global unreduced sections
(cf. [11, §5.2]).
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Remark 4.4 Given a reduced section s, there may be many sections s̃ satisfying the conditions of
Theorem 4.22. Each choice will induce different solution s, and the transitions between them are
governed by the symmetries of the system, that is, sections of G →X with 1-jets lying on H →X.

4.6 Noether theorem

The well known Noether’s theorem establishes that infinitesimal symmetries of the Lagrangian
density yield preserved quantities for the dynamics of the system. The aim of this section is to
show that the vertical part of the reduced equation is equivalent to the Noether’s conservation law
defined by the action of a Lie group bundle. As before, let L = Lv be an H-invariant Lagrangian
density for some H ⊂ J1G ≃ G ×X (T ∗X ⊗ g) as in Proposition 4.1

Definition 4.3 An infinitesimal symmetry of L is a vector field U ∈ X(J1Y ) such that £UL = 0 or,
equivalently, £UΘL = 0, where £ denotes the Lie derivative and ΘL ∈ Ωn(J1Y ) is the (covariant)
Cartan form of L (cf., for instance, [87, §5]).

If s ∈ Γ (πY,X) is a critical section for L and U ∈ X(J1Y ) is an infinitesimal symmetry of the
Lagrangian density, the Noether’s theorem gives (see, for example, [38]) the following conservation
law

d ((j1s)∗ ιUΘL) = 0.

In particular, if ξ ∈ Γ (πg,X) is such that its 1-jet extension falls in the Lie algebra bundle Lie(H) of
H, it is clear that (ξ∗)(1) ∈ X(J1Y ) is an infinitesimal symmetry of L, thanks to the H-invariance.
Recall that, from Proposition 4.1, we know that

Lie(H) = {(ξ, η̂x) ∈ g ×X (T ∗X ⊗ g) ∣ η̂x = φ∗(ξ) + ηx, ηx ∈ Hx} ⊂ J1
g. (4.17)

Theorem 4.24. Let L ∶ J1Y → R be an H-invariant Lagrangian for some subgroup bundle H ⊂ J1G
as in Proposition 4.1 and let s be a section of πY,X . If s = Js, s∗ωKH,φ is the induced section of
π(T ∗X⊗g)φ,H,X and l ∶ J1(Y /G) ×Y /G (T ∗X ⊗ g)φ,H → R is the reduced Lagrangian, then the Noether
conservation law

d((j1s)∗i(ξ∗)(1)ΘL) = 0

holds for any section ξ ∈ Γ (πg,X) such that ξ(1) ∈ Γ (πLie(H),X) if and only if the vertical reduced
equation

(divg̃ − ad∗s + φ̃
†
∗)(

δl

δs
) = 0

is satisfied for s.

Proof. The result being local enables us to work in coordinates. Some conditions on these coordi-
nates will be imposed along the proof.

Let (xµ, yi, yα) be bundle coordinates for πY,X and consider the corresponding bundle coordinates
(xµ, yi, yα, viµ, vαµ) for πJ1Y,X . Suppose that they are chosen so that (xµ, yi) are bundle coordinates

for πY /G,X and, thus, (xµ, yi, viµ) are bundle coordinates for πJ1(Y /G),X . Let {Bα ∶ 1 ≤ α ≤ m} be a
basis of local sections of πg,X and {Bα ∶ 1 ≤ α ≤m} be its dual basis. For a fixed x0 = (xµ0) ∈X, we
suppose that, using these coordinates, we have

Lie(H)x0 = span{(dxµ)x0 ⊗Bα(x0) ∶ 1 ≤ µ ≤ r,1 ≤ α ≤ s} ⊂ T ∗x0
X ⊗ gx0

(4.18)

for some r, 1 ≤ r ≤ n, and s, 1 ≤ s ≤m. We start by finding the local expression of the infinitesimal
symmetries of our Lagrangian density.
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We also suppose that (yα) are normal coordinates of G on a neighbourhood U ⊂ G of the identity
element, 1. This means that there exist gαβγ ∈ C∞(U × U), 1 ≤ α,β, γ ≤m, such that

yα (ĝ1ĝ2) = yα (ĝ1) + yα (ĝ2) + gαβγ (ĝ1, ĝ2) yβ (ĝ1) yγ (ĝ2) , 1 ≤ α ≤m,

for each ĝ1, ĝ2 ∈ U such that ĝ1ĝ2 ∈ U . Hence, the infinitesimal generators are given by

(Bβ)
∗
y
= (δαβ + gαγβ(ĝ,1)yγ(ĝ)) (∂α)y, y = (σ, ĝ) ∈ Y /G × U , 1 ≤ β ≤m.

Denote by ĝ ∶ Rm → G the inverse of (yα) ∶ G→ Rm, and define fγαβ ∈ C
∞(Rm), 1 ≤ α,β, γ ≤m, as

fγαβ(y
α) = gγαβ(ĝ(y

α),1)

Therefore, given ξ = ξβBβ ∈ Γ (πg,X), where ξβ ∈ C∞(X), 1 ≤ β ≤m, the previous expressions yield

ξ∗(xµ, yi, yα) = ξβ(xµ) (δαβ + fαγβ(yα)yγ)∂α.

From the formula of 1-jet lift of vector fields (for example, see, [87]), we get

(ξ∗)(1) = ξβ (δαβ + fαγβyγ)∂α + (∂µξβ (δαβ + fαγβyγ) + vδµξβ (∂δfαγβyγ + fαδβ))∂µα. (4.19)

On the other hand, in coordinates the map φ ∶ G → T ∗X ⊗ g reads

φ(xµ, yα) = φα
µ(xµ, yα)dxµ ⊗Bα,

for some φα
µ ∈ C∞(G). By denoting φ̂α

µ,β(xµ) = (∂φα
µ/∂yβ)(xµ, yα = 0), we have

φ∗(ξ) = ξβφ̂α
µ,βdx

µ ⊗Bα, ξ = ξαBα ∈ Γ (πg,X). (4.20)

Similarly, our generalized principal connection, ω ∈ Ω1(Y, g), locally reads

ω(xµ, yi, yα) = (ωα
µ(xµ, yi)dxµ + ωα

i (xµ, yi)dyi + dyα) ⊗Bα,

for some functions ωα
µ , ω

α
i ∈ C∞(Y /G), 1 ≤ µ ≤ n, 1 ≤ i ≤ k, 1 ≤ α ≤ m, being k ∈ Z+ the dimension

of the fiber of πY /G,X . Furthermore, there exist bundle coordinates (xµ, yi, viµ;wα
µ) for the reduced

space, where the indices of wα
µ go through µ ∈ {r + 1, . . . , n} and α ∈ {s + 1, . . . ,m}, such that

identification of Theorem 4.5 is given by

(J1Y ) /H → J1(Y /G) ×Y /G (T ∗X ⊗ g)φ,H
[xµ, yi, yα, viµ, vαµ]H ↦ (xµ, yi, viµ;wα

µ)

and, in the fiber over x0, they satisfy

wα
µ = φα

µ(x
µ
0 ,0) + ω

α
µ(x

µ
0 , y

i) + ωα
i (x

µ
0 , y

i)viµ + vαµ , r + 1 ≤ µ ≤ n, s + 1 ≤ α ≤m.

Likewise, using the definition of reduced Lagrangian, i.e.,

l(xµ, yi, viµ;wα
µ) = L(xµ, yi, yα, viµ, vαµ),

it is easy to find the local expression of the vertical equation. Namely, the local expression of the
partial derivative of l is

δl

δs
(xµ) = ∂l

∂wα
µ

(xµ, si(xµ), ∂s
i(xµ)
∂xµ

;wα
µ(xµ))∂µ ⊗Bα,

and then, the vertical reduced equation becomes
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(divg̃ −ad∗s + φ̃
†
∗)(

∂l

∂wα
µ

∂µ ⊗Bα) = 0. (4.21)

From Lemma 4.14, we may locally write divg̃ = divg +ad∗s , where divg is the divergence of ∇g.
Observe that σ∗s (g̃) ≃ g, since we are working locally. By definition, div⟨ζ, ξ⟩ = ⟨divg ζ, ξ⟩ + ⟨ζ,∇gξ⟩,
for each ζ = ζµα∂µ ⊗ Bα ∈ Γ (πTX⊗g∗,X) and ξ = ξαBα ∈ Γ (πg,X). An easy computation using this
expression shows that

divg ζ = (∂µζµα − Γ β
µ,αζ

µ
β )B

α

where Γ β
µ,α ∈ C∞(X), 1 ≤ µ ≤ n, 1 ≤ α,β ≤m, are the Christoffel symbols of ∇g, i.e.,

∇gξ = (∂µξα + Γα
µ,βξ

β)dxµ ⊗Bα, ξ = ξαBα ∈ Γ (πg,X).

We choose the bundle coordinates on πg,X so that ∇g is flat at x0 = (xµ0), i.e., Γ
β
µ,α(xµ0) = 0 for each

1 ≤ µ ≤ n and 1 ≤ α,β ≤m. Analogously, ⟨φ∗(ξ), ζ⟩ = ⟨ξ,φ†
∗(ζ)⟩. Thus, from (4.20) we get

φ̃†
∗(ζ) = φ̂β

µ,αζ
µ
βB

α, ζ = ζµα∂µ ⊗Bα ∈ Γ (πTX⊗g∗,X).

As a result, (4.21) reads

⎛
⎝
∂µ (

∂l

∂wα
µ

) + φ̂β
µ,α

∂l

∂wβ
µ

⎞
⎠
(x0)Bα(x0) = 0, (4.22)

where we recall that the summation is for r + 1 ≤ µ ≤ n and s + 1 ≤ α,β ≤m.

Using the expression for the coordinates wα
µ at x0 we have

● ∂L
∂vαµ
(x0) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩

0, 1 ≤ µ ≤ r, 1 ≤ α ≤ s,
∂l

∂wα
µ

(x0), r + 1 ≤ µ ≤ n, s + 1 ≤ α ≤m.

● ∂L
∂viµ
(x0) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

∂l

∂viµ
(x0), 1 ≤ µ ≤ r,

∂l

∂viµ
(x0) +

m

∑
α=s+1

∂l

∂wα
µ

(x0)ωα
i , r + 1 ≤ µ ≤ n.

In addition, if the volume form is given by v = dnx = dx1 ∧ ⋅ ⋅ ⋅ ∧dxn, then the local expression of the
Poincaré-Cartan form is

ΘL =
∂L

∂viµ
(dyi − viµdxµ) ∧ dn−1xµ +

∂L

∂vαµ
(dyα − vαµdxµ) ∧ dn−1xµ +Ldnx,

where dn−1xµ = ι∂µdnx. By using (4.19), we obtain

ι(ξ∗)(1)ΘL (xµ, yi, yα, viµ, vαµ) =
∂L

∂vαµ
(xµ, yi, yα, viµ, vαµ) ξβ(xµ) (δαβ + fαγβ(yα)yγ)dn−1xµ

= ∂l

∂wα
µ

(xµ, yi, viµ;wα
µ) ξβ(xµ) (δαβ + fαγβ(yα)yγ)dn−1xµ.

The last condition on the coordinates is the requirement that s(x0) = (σs(x0),1) ∈ Y /G ×G, i.e.,
sα(xµ0) = 0, 1 ≤ α ≤m. Therefore,

(j1s)∗ (ι(ξ∗)(1)ΘL) (xµ0) =
∂l

∂wα
µ

(xµ0 , s
i(xµ0), ∂µs

i(xµ0);w
α
µ(x

µ
0)) ξ

α(xµ0)d
n−1xµ.
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Observe that the jet extension of ξ is given by j1ξ = (ξ, dξ) ∈ Γ (πg×X(T ∗X⊗g),X). Subsequently, from
(4.17), (4.18) and (4.20) we deduce that the condition ξ(1) ∈ Γ (πLie(H),X) at x0 reads

(∂µξα) (x0) = ξβ(x0)φ̂α
µ,β(x0), r + 1 ≤ µ ≤ n, s + 1 ≤ α ≤m.

Therefore, the Noether conservation law reads

d( ∂l

∂wα
µ

ξαdn−1xµ)(x0) = [∂µ (
∂l

∂wα
µ

) ξα + ∂l

∂wα
µ

∂µξ
α] (x0)(dnx)x0

=
⎡⎢⎢⎢⎣
∂µ (

∂l

∂wα
µ

) + ∂l

∂wβ
µ

φ̂β
µ,α

⎤⎥⎥⎥⎦
(x0)ξα(x0)(dnx)x0 = 0.

As ξ(x0) = ξα(x0)Bα(x0) ∈ gx0
is arbitrary, this is equivalent to (4.22), and we conclude.



Chapter 5

Applications of the gauge reduction theory

This chapter is devoted to provide some applications to illustrate the significance of the gauge
reduction theory developed in the previous chapter. We begin with classical reduction in field
theories (global symmetries), followed by reduction under the full jet symmetry. We continue with
Electromagnetism in vacuum, as well as k-form Electromagnetism. Moreover, the case of symmetry
breaking when there is a product of groups is analyzed for Electromagnetism. The last application
is to non-Abelian gauge theories, where the Lie group bundle of symmetries is G = J1G̃, being
G̃ = (P × G)/G the Lie group bundle associated to a given principal G-bundle, P → X, via the
conjugacy. The affine Lie group subbundle corresponding to gauge transformations is H = J2G̃,
which locally reads as J2(X,G), the bundle of 2-jets of functions from X to G. In order to obtain
the reduced equations, the trivialized Lie group bundle structure considered in Chapter 3 is utilized.
In particular, we get a new proof of Utiyama theorem from a reduction point of view. In addition,
the reduced equations, together with the reconstruction condition, are the celebrated Yang–Mills
equations for the appropriated Lagrangian density. In fact, the reduction technique of this work
sheds light to an uncomfortable situation that Utiyama reduction does not fully explain: even
though the reduced Lagrangian depends on curvature only, the equations still depend on both
curvature and connection. Surprisingly, we prove that this is connected with the fact that the non-
Abelian gauge symmetry is not a free action and the reduction is, in principle, singular. There is not,
even in Mechanics, a well defined theory of Lagrangian singular reduction. The way to overcome
this difficulty is to enlarge the phase bundle (from the bundle of connections C(P ) = (J1P ) /G to
its 1-jet bundle J1P ) before reduction. It turns out that the reduced phase bundle comprises both
connections and curvature and thus the equations as well. But the elimination of that augmented
geometry after reduction (in a sort of unreduction-reduction process) gives that the Lagrangian
does not depend on the connection, without eliminating that dependence in the equations.

5.1 Classical case: global symmetries

The Lagrange–Poincaré reduction scheme recalled in §1.2 may be recovered as a particular case of
our theory. Namely, the action considered in that section may be regarded as a fibered action of
the trivial Lie group bundle,

G =X ×G,
by setting Φ(y, g) = Ψĝ(y) = y ⋅ ĝ for each (y, g) ∈ Y ×X G, with g = (x, ĝ). It is clear that the fibered
and the standard quotients agree, i.e., Y /G ≃ Y /G = Σ.

Recall that πY,Σ is a principal bundle and the Lie algebra bundle of πG,X is g = X × g, where
g is the Lie algebra of G. From Proposition 2.21 we know that a generalized principal connection
ω ∈ Ω1(Y, g) on πY /G associated to the trivial connection ν0 on πG,X is simply a principal connection
A ∈ Ω1(Y,g). Thanks to the bijective correspondence between (local) sections of πG,X and (local)

61
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functions X → G, the identification (4.1) for ν0 may be written as

J1G ≃ G × T ∗X ⊗ g, j1xγ ↦ (γ̂(x), d(Rγ̂(x)−1 ○ γ̂)x) ,

where γ = (idX , γ̂) and Rg ∶ G → G denotes the right multiplication by g ∈ G. Let H be the Lie
group subbundle of πJ1G,X corresponding to locally constant functions, i.e.,

H ≃ G × T ∗X ⊗ {0} ≃X ×G = G.

Note that H⊥ = TX⊗g∗ and, hence, Y ×GH⊥ ≃ TX⊗ g̃∗. The first jet extension of the fibered action
(4.6) restricted to πH,X and first jet extension of the Lie group action (1.2) yield the same quotient:

(J1Y ) /H ≃ (J1Y ) /G.

Since φ = 0 and H = {0}, the quotient (4.4) is isomorphic to

(T ∗X ⊗ g)0,H→̃T ∗X ⊗ g̃,
r
y, (x, X̂x)

z

H,0
↦ [y, X̂x]G,

where g̃ = (Y × g)/G is the adjoint bundle of πY,Σ .

Theorem 5.1. Let A ∈ Ω1(Y,g) be a principal connection on πY,Σ and consider the corresponding
generalized principal connection ω ∈ Ω1(Y, g) on πY,Y /G associated to the canonical connection ν0
on πG,X . Then the fiber diffeomorphism (4.7) reduces to (1.3) under the previous identifications.

Let A ∈ Ω1(Y,g) be a principal connection on πY,Σ , ∇g0 be the canonical connection on πg,X and
∇X be a linear connection on πTX,X , and consider the linear connection ∇⊗ = ∇∗⊗∇g0 on πT ∗X⊗g,X ,
where ∇∗ is the dual of ∇X . They yield a linear connection ∇ on π(T ∗X⊗g)0,H,Y /G ≃ πT ∗X⊗g̃,Σ , as
we have seen in Proposition 4.8. By using bases of local sections of these vector bundles, it can
be seen that ∇ agrees with the linear connection defined in [32, Equation (3.19)]. Recall that the
linear connection ∇A on πg̃,Σ associated to A descends to (1.4), whose divergence is denoted by
(1.6). Lastly, given a torsion free linear connection ∇Σ on πTΣ,Σ projectable onto ∇X , consider the

induced affine connection ∇J1Σ on πJ1Σ,Σ , as well as the operator (1.5) and its divergence (1.7).

Theorem 5.2. Let L ∶ J1Y → R be a G-invariant Lagrangian and l ∶ J1Σ ×Σ (T ∗X ⊗ g̃) → R be the
reduced Lagrangian. Let s ∈ Γ (πY,X) and consider the reduced section s = [s, s∗A]G ∈ Γ (πT ∗X⊗g̃,X).
Then the reduced equations for s given in Theorem 4.20 are equivalent to the Lagrange–Poincaré
field equations given in Theorem 1.2.

5.2 Full jet symmetry

Let πG,X be a Lie group bundle endowed with a Lie group connection ν, and suppose that it acts
(on the right) on a fiber bundle πY,X freely and properly. In this example we consider a Lagrangian
L ∶ J1Y → R which is invariant by the whole jet bundle, that is,

H = J1G ν≃ G ×X (T ∗X ⊗ g).

It is clear that (T ∗X⊗g)φ,H =X. Consequently, the identification of Theorem 4.5 can be performed
without fixing a generalized principal connection:

(J1Y ) /J1G → J1(Y /G), [j1xs]J1G ↦ j1xσs. (5.1)
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In the same way, since the reduced section s vanishes, the second equation of (iv) in Theorem
4.20 does not appear. Therefore, the reduced equations are the usual Euler–Lagrange equations for
the reduced Lagrangian l ∶ J1(Y /G) → R:

δl

δσs
− divY /G ( δl

δj1σs
) = 0.

Of course, in order to write them we have fixed a linear connection ∇Y /G on πT (Y /G),Y /G projectable

onto a linear connection ∇X on πTX,X .

5.3 Electromagnetism in vacuum

To describe Electromagnetism in vacuum as an Abelian geometric Yang–Mills theory, let (X,g)
be a 4-dimensional, compact, oriented pseudo-Riemannian manifold with volume form vg ∈ Ω4(X),
and let πP,X ∶ P → X be a principal U(1)-bundle. The configuration bundle of this theory is the
bundle of connections of πP,X , i.e.,

C(P ) = (J1P ) /U(1) →X.

Recall that it is an affine bundle modelled on T ∗X →X.

Definition 5.1 The Maxwell Lagrangian density for Electromagnetism in vacuum is L = Lvg with:

L (j1A) = g (F̃A, F̃A) , A ∈ Γ (πC(P ),X),

where F̃A ∈ Ω2(X) is the reduced curvature of the principal connection A.

Gauge transformations are defined by maps g ∶ X → U(1), that is, sections of the trivial bundle
X ×U(1) →X. The Maxwell Lagrangian is invariant with respect to the transformation

Ax ↦ Ax + (dg)xg(x)−1, x ∈X,

which can be understood as a symmetry by the fibered action C(P )×J1(X,U(1)) → C(P ) defined
above. Note that the value g(x) ∈ U(1) does not play an essential role and that (dg)x g(x)−1 ∈
T ∗xX ⊗ u(1) ≃ T ∗xX. Subsequently, this fibered action induces another one,

C(P ) ×X T ∗X → C(P ), (Ax, αx) ↦ Ax + αx, (5.2)

which can be straightforwardly extended to the first jets, J1C(P ) ×X J1(T ∗X) → J1C(P ). By
virtue of this, the Lie group bundle of symmetries for Electromagnetism is the cotangent bundle of
X with the additive structure,

G = T ∗X →X.

Second derivatives of gauge transformations correspond to the Lie group subbundle J2(X,U(1)) ⊂
J1 (J1(X,U(1))). One can readily obtain the corresponding subbundle of jet symmetries as

H = {j1xα ∈ J1(T ∗X) ∶ (dα)x = 0} ⊂ J1(T ∗X).

Note that C(P )/T ∗X = X. In order to study the quotient J1C(P )/H we need to consider a
generalized principal connection on πC(P ),X . The following lemma can be easily proven using local
coordinates.
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Lemma 5.3. Let ν be a linear connection on πT ∗X,X , then it is Lie group bundle connection and
any affine connection ω on πC(P ),X modelled on ν is a generalized principal connection associated

to ν. Furthermore, if the connection ν is torsionless, then ν̂(T ∗X) ⊂H, where ν̂ ∈ Γ (πJ1(T ∗X),T ∗X)
is the section induced by ν.

The identification (4.1) reads J1(T ∗X) ν≃ T ∗X ×X (T ∗X⊗T ∗X) and for a torsionless connection
ν we have

H
ν≃ T ∗X ×X ⋁2 T ∗X. (5.3)

Subsequently, in Proposition 4.1 we may choose φ = 0 and H = ⋁2 T ∗X.

Proposition 5.4. Let ω be the affine connection on πC(P ),X induced by a torsionless linear con-
nection ν on πT ∗X,X . Then the isomorphism of Theorem 4.5 is the curvature mapping (up to a
minus sign), that is,

J1C(P )/H → ⋀2 T ∗X, [j1xA]H ↦ Skew (A∗ω)x = −F̃A
x ,

where Skew ∶ T ∗X ⊗ T ∗X → ⋀2 T ∗X is the skew-symmetrization.

Proof. Firstly, note that (T ∗X ⊗T ∗X)/⋁2 T ∗X ≃ ⋀2 T ∗X via the skew-symmetrization. Likewise,
as φ = 0 and the Lie group is Abelian, the action (4.2) reads

(C(P ) ×X ⋁2 T ∗X) ×X T ∗X → C(P ) ×X ⋁2 T ∗X, ((Ax, ξx) , ηx) ↦ (Ax + ηx, ξx) .

Subsequently, (T ∗X ⊗ T ∗X)0,H ≃ ⋀2 T ∗X, whence the isomorphism of Theorem 4.5 becomes
J1C(P )/H ≃ ⋀2 T ∗X, since C(P )/T ∗X ≃ X. To conclude, by using local coordinates it can be
checked that Skew(A∗ω) = −F̃A for each A ∈ Γ (πC(P ),X).

Therefore, for each F̃A ∈ Γ (π⋀2 T ∗X,X), the reduced Lagrangian is given by

l (F̃A) = g (F̃A, F̃A) ,

for which the partial derivative is1

δl

δF̃A
= 2 ιF̃Ag ∈ Γ (π⋀2 TX,X) .

Let ∇∗ ∶ Γ (πT ∗X,X) → Γ (πT ∗X⊗T ∗X,X) be the covariant derivative on πT ∗X,X corresponding to
the linear connection ν and div∗ ∶ Γ (πTX⊗TX,X) → Γ (πTX,X) be its divergence. From Theorem
4.20 we know that if A ∈ Γ (πC(P ),X) is a solution of the Euler–Lagrange equations for L, then the

reduced section F̃A ∈ Γ (π⋀2 T ∗X,X) satisfies the following reduced equation,

div∗ (ιF̃Ag) = 0. (5.4)

Recall that the Hodge star operator ⋆ ∶ Ωk(X) → Ω4−k(X) is defined implicitly as:

α ∧ ⋆β = g(α,β) vg, α, β ∈ Ωk(X), (5.5)

and it satisfies ⋆⋆ = (−1)k(4−k)ϵ(g) on Ωk(X), being ϵ(g) the parity of the signature of g.

1 Observe that (⋀2 T ∗X)∗ = ⋀2 TX = (⋁2 T ∗X)⊥ = ((T ∗X ⊗ T ∗X) /⋁2 T ∗X )∗
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Theorem 5.5 (Maxwell equations). In the above conditions, the reduced equation (5.4) is equiv-
alent to the Maxwell equation in vacuum, that is:

d⋆F̃A = 0,

where d⋆ = ⋆ ○ d ○ ⋆ ∶ Ωk(X) → Ωk−1(X) denotes the codifferential.

The equivalence is proved in local charts, making use of the isomorphisms ♯ ∶ T ∗X → TX and

♭ ∶ TX → T ∗X implicitly defined as g (α♯, U) = g (α,U♭) = α(U), (α,U) ∈ T ∗X ×X TX.

Theorem 5.6 (Reconstruction). Let U ⊂X be a simply connected domain and let

F ∈ Γ (U , π⋀2 T ∗X,X)

be a solution of the Maxwell’s equations in vacuum. Then there exists a solution A ∈ Γ (U , πC(P ),X)
of the Euler–Lagrange equations for L such that F = F̃A if and only if the following compatibility
condition holds:

dF = 0.

In short, we have the following local equivalence for sections A ∈ Γ (πC(P ),X):

EL(L) (j1A) = 0 ⇐⇒ {d
⋆F̃A = 0,

dF̃A = 0.

5.3.1 k -form Electromagnetism

When the principal bundle P is trivial P = X × U(1), the bundle of connections is T ∗X and the
Maxwell formulation of the previous section is defined on 1-forms. This can be generalized to k-form
Electromagnetism, k ∈ N (see for example [78]). In this case, both the configuration and Lie group
bundle are the same so that the fiberwise actions is

⋀k T ∗X ×X ⋀k T ∗X → ⋀k T ∗X, (Ax, αx) ↦ Ax + αx.

A generalized principal connection ω ∈ Ω1 (⋀k T ∗X,⋀k T ∗X) on π⋀k T ∗X,X is just a linear con-
nection on that vector bundle, and it is associated to itself. The corresponding isomorphism (4.1)
is

J1 (⋀k T ∗X) → ⋀k T ∗X ⊕ (T ∗X ⊗⋀k T ∗X) , j1xα ↦ (α(x), (α∗ω)x) .

Analogous to classical Electromagnetism, we pick the Lie group subbundle of closed forms and we
restrict the previous isomorphism to it, i.e.,

H = {j1xα ∈ J1 (⋀k T ∗X) ∶ (dα)x = 0}
ω≃ ⋀k T ∗X ⊕ (T ∗X ∨⋀k T ∗X) .

By using local coordinates, it can be shown that the identification of Theorem 4.5 reads (compare
to Proposition 5.4)

J1 (⋀k T ∗X)/H → ⋀k+1 T ∗X, [j1xA]H ↦ Skew(A∗ω)x = −(dA)x.

The Yang–Mills Lagrangian L ∶ J1 (⋀k T ∗X) → R is defined as

L (j1A) = g(dA,dA), A ∈ Γ (π⋀k+1 T ∗X,X) .
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It is H-invariant, so we may consider the reduced Lagrangian l ∶ ⋀k+1 T ∗X → R. Namely, it is given
by

l(C) = g(C,C), C ∈ Γ (π⋀k+1 T ∗X,X) .

Fixed C ∈ Γ (π⋀k+1 T ∗X,X), the partial derivative is δl/δC = 2 ιCg ∈ Γ (π⋀k+1 TX,X) and, hence, the
reduced equation is

div∗ (ιCg) = 0.

In the previous expression, div∗ ∶ Γ (πTX⊗⋀k TX) → Γ (π⋀k TX,X) is the divergence of the linear
connection ω. Similarly to classical Electromagnetism, this reduced equation is equivalent to the
Maxwell equations,

d⋆C = 0.

5.4 Symmetry breaking by product groups

In this example, we consider a gauge theory whose structure group is a direct product and we
suppose that the gauge symmetry is broken to the subgroup given by one of the factors. More
specifically, let πP,X ∶ P →X be a principal G-bundle with

G = N ×U(1),

being N a semisimple Lie group, and denote by g = n⊕R the corresponding Lie algebra. Consider
the Lie subgroup G0 = {1}×U(1) ≃ U(1). Since action of G on G0 by conjugation is trivial, we have
G̃ = (P ×G)/G ≃ (P ×N)/G ×U(1). Hence, we may write:

J1G̃ ≃ J1 (P ×N
G
) ×X J1(X,U(1)).

As a usual gauge theory, the configuration bundle is the bundle of connections of πP,X , that
is, πC(P ),X , but we suppose that the symmetry is broken to G0, i.e., we only consider gauge
transformations coming from elements of this subgroup. In other words, we restrict the right fibered
action C(P )×X J1G̃→ C(P ) to the Lie group subbundle J1(X,U(1)) ≃ {1}×X J1(X,U(1)) ⊂ J1G̃.
A quick computation shows that it is given by:

C(P ) ×X J1(X,U(1)) → C(P ), (Ax, j
1
xg) ↦ Ax + (dg)xg(x)−1.

Analogous to Electromagnetism in vacuum, T ∗X may be taken as the Lie group bundle of symme-
tries,

C(P ) ×X T ∗X → C(P ), (Ax, αx) ↦ Ax + αx. (5.6)

A trivialization of πP,X enables us to prove the following result.

Lemma 5.7. Let P0 = P /G0, which is a principal N -bundle over X, and consider the corresponding
bundle of connections, C(P0) →X. Then there exists a bundle isomorphism given by

C(P )/T ∗X → C(P0), [Ax]T ∗X ↦ (A0)x.

On the other hand, from the jet extension of the fibered action (5.6), we are only interested
in elements coming from J2(X,U(1)) ⊂ J1 (J1(X,U(1))), which correspond to the Lie group
subbundle

H = {j1xα ∈ J1(T ∗X) ∶ (dα)x = 0} ⊂ J1(T ∗X).
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Let ν be a linear connection on πT ∗X,X such that ν̂(T ∗X) ⊂ H. Note that equation (5.3) is also
valid for this case, so we may choose φ = 0 and, hence, H = ⋁2 T ∗X. Similarly, we have

(T ∗X ⊗ T ∗X)0,H ≃ C(P0) ×X ⋀2 T ∗X.

A slight modification of the proof of Proposition 5.4 leads to the following result.

Proposition 5.8. Let ω ∈ Ω1(C(P ), T ∗X) be a generalized principal connection on πC(P ),C(P0)
associated to ν. Then the identification of Theorem 4.5 reads

J1C(P )/H → J1C(P0) ×X C(P0) ×X ⋀2 T ∗X, [j1xA]H ↦ (j
1
xA0,A0(x),−F̃A

x ) .

Thanks to this identification, for each section A ∈ Γ (πC(P ),X) we define the reduced section as

A = (A0, F̃
A) ∈ Γ (πC(P0)×X⋀2 T ∗X,X) .

Let L ∶ J1C(P ) → R be an H-invariant Lagrangian density and consider the reduced Lagrangian,
l ∶ J1C(P0) ×X C(P0) ×X ⋀2 T ∗X → R. Let ∇0 be a torsion free linear connection on T (C(P0))
projectable onto a linear connection ∇X on TX. We know that it induces an affine connection ∇(1)
on πJ1C(P0),C(P0). In addition, we assume that ν is the dual connection of ∇X . These connections
induce an affine connection on the reduced space, as described in Proposition 4.8. The partial
derivatives of the reduced Lagrangian are

δl

δA0
∈ Γ (πT ∗(C(P0)),X) ,

δl

δj1A0
∈ Γ (πTX⊗V ∗(C(P0)),X) ,

δl

δF̃A
∈ Γ (π⋀2 TX,X) .

Let ∇∗ ∶ Γ (πT ∗X,X) → Γ (πT ∗X⊗T ∗X,X) be the covariant derivative associated to ν and denote
by div∗ ∶ Γ (πTX⊗TX,X) → Γ (πTX,X) its divergence. Likewise, let div0 ∶ Γ (πTX⊗V ∗(C(P0)),X) →
Γ (πV ∗(C(P0)),X) be the divergence of the operator ∇0

defined from ∇0 in (4.14). The reduced
equations are straightforwardly obtained from (iv) of Theorem 4.20.

Theorem 5.9. Let ω ∈ Ω1(C(P ), T ∗X) be a generalized principal connection on πC(P ),C(P0) as-
sociated to ν, and A ∈ Γ (πC(P ),X) be a solution of the Euler–Lagrange equations for L. Then the

reduced section A = (A0, F̃
A) ∈ Γ (πC(P0)×X⋀2 T ∗X,X) satisfies the following reduced equations:

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

δl

δA0
− div0 ( δl

δj1A0
) = ⟨ δl

δF̃A
, ιdA0Ω̃⟩ ,

div∗ ( δl

δF̃A
) = 0.

5.5 Non-Abelian gauge theories

In §5.3 we presented Electromagnetism, which constitutes an instance of an Abelian gauge theory.
In this last example, those results are extended to non-Abelian gauge theories. In particular, we
show that the Utiyama theorem (see [89] for the original version, and [39] for the geometric version)
and the Yang–Mills equations may be obtained through the gauge reduction process described in
the previous chapter.
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5.5.1 Geometric formulation

Let πP,X ∶ P → X be a (standard) principal bundle with a semisimple structure group G. The
configuration bundle of gauge theories is the bundle of connections:

πC(P ),X ∶ C(P ) = (J1P ) /G→X,

whose sections define principal connections on πP,X , and which is an affine bundle modelled on
πT ∗X⊗g,X ∶ T ∗X⊗ g̃→X, the bundle of covectors taking values in the adjoint bundle g̃ = (P ×g)/G,
where g is the Lie algebra of G and the action of G on g is given by the adjoint representation.

The main instance in this framework is the Yang–Mills theory. In this case, given a pseudo-
Riemannian metric, g, on X and the Killing metric, K ∶ g × g → R, on the Lie algebra, we first
define a fibered inner product:

⟨⋅, ⋅⟩g ∶ (⋀2 T ∗X ⊗ g̃) ×X (⋀2 T ∗X ⊗ g̃) → R, (α1 ⊗ [p, ξ1]G, α2 ⊗ [p, ξ2]G) ↦ g(α1, α2)K(ξ1, ξ2).

Then the Yang–Mills Lagrangian density is L = Lvg, where vg ∈ Ωn(X) is the pseudo-Riemannian
volume form and

L ∶ J1C(P ) → R, j1xA↦ ⟨F̃A
x , F̃

A
x ⟩g . (5.7)

The Yang–Mills Lagrangian density is a particular case of a gauge invariant Lagrangian. From the
perspective of fibered actions, gauge transformations can be regarded as sections of the associated
bundle πG̃,X ∶ G̃ = (P ×G)/G→X, where the action of G on itself is by conjugation, which is a Lie
group bundle with the fiberwise group structure inherited from G. This Lie group bundle acts on
the left on πP,X . In order to have a fiber action on C(P ), we need first derivatives of the sections
of πG̃,X , i.e., we consider its first jet bundle. More precisely, we define

J1G̃ ×X C(P ) → C(P ), (j1xγ, [j1xs]G) ↦ [j1x(γ ⋅ s)]G . (5.8)

Following the notation in the previous chapter, G = J1G̃ is the Lie group bundle of the reduction.
Furthermore, the gauge invariance of a Lagrangian is understood with respect to the Lie group
subbundle H = J2G̃ ⊂ J1 (J1G̃) = J1G.

Unfortunately, since the fibered action (5.8) is not free, the corresponding quotients fail to be
manifolds and our results cannot be applied as they are. However, this singular situation can be
fixed by extending the configuration bundle of the theory; namely, we take πJ1P,X instead of πC(P ),X
as the configuration bundle. The action of J1G̃ is now free and, in fact, fiberwisely transitive, i.e.,
(J1P ) /J1G̃ ≃X.

Observe that any Lagrangian L ∶ J1C(P ) → R may be lifted to a new (unreduced) Lagrangian

L̂ ∶ J1 (J1P ) → R, j1xŝ↦ L̂ (j1xŝ) = L (j1x[ŝ]G) . (5.9)

As a straightforward consequence of (5.1), a function L̂ ∈ C∞ (J1 (J1P )) comes from a function

L ∈ C∞ (J1C(P )) if and only if it is invariant with respect to the following (right) fibered action:

J1 (J1P ) ×X J1(X,G) → J1 (J1P ) , (j1xŝ, j1xh̃) ↦ j1x (ŝ ⋅ h̃) . (5.10)

5.5.2 Trivialized spaces and actions

Since all the results concerning reduction are local, for simplicity of the exposition, we will confine
ourselves to trivializing charts. More precisely, we may assume that P =X ×G with X = Rn. Hence,
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G̃ =X ×G and g̃ =X ×g. Moreover, sections s = (idX , g̃) ∈ Γ (πP,X) may be identified with functions
g̃ ∶ X → G, as in Chapter 3. Recall from Theorem 3.11 that by means of the right trivialization of
the tangent bundle of G,

TG ≃ G × g, Ug ↦ (g, ξ = (dRg−1)g(Ug)) ,

we have the following identifications:

J1P = J1G̃ = G ⋉ (T ∗X ⊗ g), J1g̃ = g × (T ∗X ⊗ g), (5.11)

where the (fibered) semidirect product is given with respect to the adjoint representation, i.e.,

(g, ξx) ⋅ (h,Ax) = (gh, ξx +Adg ○Ax) , (g, ξx), (h,Ax) ∈ J1G̃, (5.12)

This expression also holds for the fibered action of πJ1G̃,X on πJ1P,X . The inverse element is given
by

(g, ξx)−1 = (g−1,−Adg−1 ○ ξx), (g, ξx) ∈ G ⋉ (T ∗X ⊗ g),

and the adjoint representation reads

Ad(g,ξx)(η, ϕx) = (Adg(η),Adg ○ ϕx + [ξx,Adg(η)]) (5.13)

for every (g, ξx) ∈ G⋉(T ∗X⊗g) and (η, ϕx) ∈ g×(T ∗X⊗g), where [⋅, ⋅] is the Lie bracket of g. With
the aid of a linear connection ∇X on the tangent bundle of X, Theorem 3.9 yields the following
identification of the iterated jet:

J1 (J1P ) = J1 (J1G̃) ≃ G × (T ∗X ⊗ g) ×X (T ∗X ⊗ g) ×X (T ∗X ⊗ T ∗X ⊗ g)
j1x (g̃, ξ̃) ↦ (g = g̃(x), ξ̃(x); (dRg−1)g ○ (dg̃)x , ∇̃ξ̃(x)) ,

(5.14)

where ∇ is the dual connection of ∇X and ∇̃ is the extension of ∇ to g-valued forms on X.

Lastly, Corollary 3.16 ensures that the second jet bundle takes the form

H = J2G̃ ≃ {(g, ξx;ηx, ϕx) ∈ J1 (J1G̃) ∶ ξx = ηx, Skew(ϕx) = −
1

2
[ξx, ξx]} , (5.15)

where Skew ∶ T ∗X ⊗ T ∗X → ⋀2 T ∗X is the skew-symmetrization map.

Remark 5.1 The previous identification hold provided we are dealing with a matrix group, as in
§3.4. Therefore, we assume this is the case in the following. Furthermore, recall that the bracket of
1-forms is understood as follows:

[ξx, ηx](Ux, Vx) = [ξx(Ux), ηx(Vx)], ξx, ηx ∈ T ∗xX ⊗ g, Ux, Vx ∈ TxX, x ∈X.

5.5.3 Reduced configuration space

Consider the Lie group bundle connection ν on J1G̃ = G ⋉ T ∗X ⊗ g → X given in Lemma 2.23, as
well as the generalized principal connection ω associated to ν given in Proposition 2.24 with f = 0
and g = 0, that is,

ω̂ ∶ J1P → J1 (J1P ) , (h,Ax) ↦ (h,Ax; 0x,0x). (5.16)

Clearly, the isomorphism (4.1) reduces to the identity map and, from (5.15), the affine map defining
the subbundle H is
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φ ∶ J1G̃→ T ∗X ×X J1g̃, (g, ξx) ↦ (ξx,−
1

2
[ξx, ξx]) . (5.17)

Moreover, the vector subbundle from Proposition 4.1 is given by

H = {0} ×X (⋁2 T ∗X ⊗ g) ⊂ (T ∗X ⊗ g) ×X (T ∗X ⊗ T ∗X ⊗ g) = T ∗X ⊗ J1g̃,

From (5.13), we know that the quotient (4.5) is given by H̃ = H.

Proposition 5.10. Let x ∈X and ŝ = (g̃, ξ̃) ∈ Γ (πJ1P,X), and write j1xŝ = (g, ξx;ηx, ϕx) ∈ J1 (J1P )
under the identification (5.14). Then the pull-back by ŝ of the connection 1-form corresponding to
(5.16) is given by

(ŝ∗ω)x = (ηx, ϕx + [ξx, ηx]) .

Proof. Recall that (5.16) is understood through identification (5.14). More specifically, if (γ, ρ) ∈
Γ (πJ1P,X) is such that j1x(γ, ρ) ≃ ω̂(g, ξx) via (5.14), then γ(x) = g, ρ(x) = ξx, (dγ)x = 0 and

∇̃ρ(x) = 0. Observe that ρ ∶ X → T ∗X ⊗ g can always be chosen so that (dρ)hx = (dξ̃)
h

x
, where the

superscript h denotes the horizontal part given by ∇̃. As a result,

(dŝ)vx = (dŝ)x − d(γ, ρ)x = ((dg̃)x , ∇̃ξ̃(x)) = ((dRg)1 ○ ηx, ϕx) , (5.18)

where the superscript v denotes the vertical part given by ω.

On the other hand, we compute the infinitesimal generator of (α,βx) ∈ J1g̃ for the fibered action
(5.12). Namely, (2.6) leads to

(α,βx)∗(g,ξx) =
d

dt
∣
t=0
(exp(tα), tβx) ⋅ (g, ξx)

= d

dt
∣
t=0
(exp(tα)g, tβx +Adexp(tα) ○ ξx)

= ((dRg)1(α), βx − [ξx, α]) .

Lastly, by using this expression with α = ηx and βx = ϕx + [ξx, ηx], together with (5.18) and (i)
of Definition 2.5, we conclude:

(ŝ∗ω)x = ωŝ(x) ○ (dŝ)x
= ω(g,ξx) ○ (dŝ)

v
x

= ω(g,ξx) ○ ((dRg)1 ○ ηx, ϕx)
= ω(g,ξx) ○ (ηx, ϕx + [ξx, ηx])

∗
(g,ξx)

= (ηx, ϕx + [ξx, ηx]) .

Proposition 5.11 (Reduced configuration space). In the above conditions, the identification
(4.7) reads

(J1 (J1P ))/J2G̃ ≃ (T ∗X ⊗ g) ⊕ (⋀2 T ∗X ⊗ g)

[g, ξx;ηx, ϕx]J2G̃ ↦ (Adg−1 ○ (ηx − ξx),Adg−1 ○ (Skew ○ϕx −
1

2
[ξx, ξx])) .

(5.19)

Proof. Observe that

T ∗X ⊗ J1g̃

H
≃ (T ∗X ⊗ g) ×X (⋀2 T ∗X ⊗ g) , [ηx, ϕx]H ↦ (ηx, ϕ̂x = Skew ○ϕx) . (5.20)
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By using this, (5.12) and (5.13), it can be checked that the action (4.3) is given by

(h,Ax) ⋅ ((g, ξx), (ηx, ϕ̂x)) =

((hg,Ax +Adh ○ ξx), (Adh ○ ηx +Ax,Adh ○ ϕ̂x + Skew ○[Ax,Adh ○ ηx] −
1

2
[Ax,Ax])),

for each (g, ξx), (h,Ax) ∈ J1P = J1G̃ and (ηx, ϕ̂x) ∈ (T ∗X ⊗ g) ×X (⋀2 T ∗X ⊗ g). Subsequently,

J(g, ξx), (ηx, ϕx)KH,φ =s
(1,0x),(Adg−1 ○ (ηx − ξx),Adg−1 ○ (Skew ○(ϕx − [ξx, ηx]) −

1

2
[ξx, ξx]))

{

H,φ

,

for each (g, ξx) ∈ J1P and (ηx, ϕx) ∈ T ∗X ⊗ J1g̃. Observe that, for each Ux, Vx ∈ TxX, we have

Skew ○[ξx, ηx](Ux, Vx) =
1

2
([ξx(Ux), ηx(Vx)] − [ξx(Vx), ηx(Ux)])

= 1

2
([ηx(Ux), ξx(Vx)] − [ηx(Vx), ξx(Ux)])

= Skew ○[ηx, ξx](Ux, Vx).

By using this and Proposition 5.10, we conclude:

[g, ξx;ηx, ϕx]J2G̃

(4.7)
≃ J(g, ξx), (ηx, ϕx + [ξx, ηx])KH,φ

(5.20)
≃ (Adg−1 ○ (ηx − ξx),Adg−1 ○ (Skew ○(ϕx) −

1

2
[ξx, ξx])) .

5.5.4 Utiyama’s theorem

In order to show Utiyama’s theorem we now present two auxiliary results that allow for reformulate
the identification of the reduced configuration space.

Lemma 5.12. The (right) fibered action (5.10) induces the following (right) fibered action on the
reduced space:

(Ax, Fx) ⋅ (h,µx) = (Adh−1 ○ (Ax + µx),Adh−1 ○ Fx) ,
for each (Ax, Fx) ∈ (T ∗X ⊗ g) ×X (⋀2 T ∗X ⊗ g) and (h,µx) ∈ G ⋉ (T ∗X ⊗ g).

Proof. Firstly, we transfer the right action

J1P ×G→ J1P, (j1xg̃, h) ↦ j1x (g̃h) ,

to the trivialized space (5.11), yielding

J1P ×G→ J1P, ((g, ξx), h) ↦ (gh, ξx).

As a result, the right fibered action (5.10) reads

J1 (J1P ) ×X J1(X,G) → J1 (J1P ) , (j1x (g̃, ξ̃) , j1xh̃) ↦ j1x (g̃h̃, ξ̃) .

By taking the identification (5.14) into account, we arrive at

(g, ξx;ηx, ϕx) ⋅ (h,µx) = (gh, ξx;ηx +Adg ○ µx, ϕx).



72 5 Applications of the gauge reduction theory

At last, we transfer this fibered action through identification (5.19), i.e,

Ax = Adg−1 ○ (ηx − ξx), Fx = Adg−1 ○ (Skew ○ϕx −
1

2
[ξx, ξx]) ,

which gives
(Ax, Fx) ⋅ (h,µx) = (Adh−1 ○ (Ax + µx),Adh−1 ○ Fx) .

Lemma 5.13. Under the above trivializations, the projection of the bundle of connections reads

J1P → C(P ), (g, ξx) ↦ Ax = −Adg−1 ○ ξx.

Furthermore, by identifying

J1C(P ) ≃ (T ∗X ⊗ g) ×X (T ∗X ⊗ T ∗X ⊗ g), j1xA↦ (Ax = A(x), Bx = ∇̃A(x)),

the jet lift of the projection reads

J1 (J1P ) → J1C(P ), (g, ξx;ηx, ϕx) ↦ (Ax = −Adg−1 ○ ξx, Bx = −Adg−1 ○ (ϕx − [ηx, ξx])) .

Proof. A connection form Ax ∈ T ∗xX ⊗ g defines a principal connection on πP,X as follows,

TxX ⊕ TgG↦ g, (Ux, Ug) ↦ (dLg−1)g (Ug) +Ax(Ux).

On the other hand, let g̃ ∶ X → G be a local function such that g̃(x) = g and (dRg−1)g ○ (dg̃)x = ξx.
Thus, the principal connection defined by (g, ξx) reads

TxX ⊕ TgG→ g, (Ux, Ug) ↦ (dLg−1)g(Ug) −Adg−1(ξx(Ux)),

where we have used that (Ux, Ug)v = (Ux, Ug)−d (idX , g̃)x (Ux) = (0x, Ug −(dg̃)x (Ux)). By equating
the two previous expression we conclude that Ax = −Adg−1 ○ ξx.

For the second part, let g̃ ∶X → G and ξ̃ ∈ Γ (πT ∗X⊗g,X) be such that g̃(x) = g, (dRg−1)g ○(dg̃)x =
ηx, ξ̃(x) = ξx and ∇̃ξ̃(x) = ϕx. By using Lemma 3.10 and the fact that (dRg)g−1 ○ (dg̃−1)x =
−Adg−1 ○ ηx, we conclude:

Bx = −∇̃ (Adg̃−1 ○ ξ̃)x
= −(−[Adg−1 ○ ηx,Adg−1 ○ ξx] +Adg−1 ○ ϕx)
= −Adg−1 ○ (ϕx − [ηx, ξx]) .

A straightforward consequence of the previous Lemma is that the curvature of the connection
Ax = −Adg−1 ○ ξx reads

FA
(x,g) = −Adg−1 ○ (Skew ○(ϕx − [ηx, ξx]) −

1

2
[ξx, ξx]) ∈ ⋀2 T ∗X ⊗ g. (5.21)

Locally, the reduced curvature is obtained when the previous expression is evaluated at the identity
element g = 1, i.e., F̃A

x = FA
(x,1) ∈ ⋀

2 T ∗X ⊗ g.

Corollary 5.14 (Reduced configuration space). The identification (5.19) may be written as

(J1 (J1P ))/J2G̃ ≃ (T ∗X ⊗ g) ⊕ (⋀2 T ∗X ⊗ g) , [1, ξx; 0x, ϕx]J2G̃ ↦ (Ax,−F̃A
x ) .
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Proof. Given [1, ξx; 0x, ϕx]J2G̃ it is a straightforward consequence of Lemma 5.13 and equa-
tion (5.21). To conclude, let us check that we can always choose representatives of the form
(1, ξx; 0x, ϕx) ∈ J1 (J1P ). Indeed, given (g, ξx;ηx, ϕx) ∈ J1 (J1P ), let

(g−1,−Adg−1 ○ ηx;−Adg−1 ○ ηx,−
1

2
Adg−1 ○ [ηx, ηx]) ∈ J2G̃.

Hence,

(g−1,−Adg−1 ○ ηx;−Adg−1 ○ ηx,−
1

2
Adg−1 ○ [ηx, ηx]) ⋅ (g, ξx;ηx, ϕx)

= (1,Adg−1 ○ (ξx − ηx); 0x,Adg−1 ○ (ϕx − [ηx, ξx] −
1

2
[ηx, ηx])) .

Therefore, [g, ξx;ηx, ϕx]J2G̃ = [1, ξ̃x; 0x, ϕ̃x]J2G̃
, where

ξ̃x = Adg−1 ○ (ξx − ηx), ϕ̃x = Adg−1 ○ (ϕx − [ηx, ξx] −
1

2
[ηx, ηx]) .

The Utiyama’s theorem is now straightforward.

Corollary 5.15 (Utiyama’s theorem). A Lagrangian L ∶ J1C(P ) → R is gauge invariant if and
only if L = l ○ F̃ , where

F̃ ∶ J1C(P ) → ⋀2 T ∗X ⊗ g̃, j1xA↦ F̃A
x ,

is the reduced curvature map, and l ∶ ⋀2 T ∗X ⊗ g̃→ R is an Ad-invariant function.

Proof. As above, we work locally. Let L̂ ∶ J1 (J1P ) → R be the lifting of L, as in (5.9), which is

J1(X,G)-invariant. Let (1, ξx; 0x, ϕx) ∈ J1 (J1P ) projecting to j1xA ∈ J1C(P ) (recall Lemma 5.13).

Then Corollary 5.14 ensures the existence of a reduced Lagrangian, l̂ ∶ (T ∗X⊗g)⊕(⋀2 T ∗X ⊗ g) →
R, such that L (j1xA) = L̂(1, ξx; 0x, ϕx) = l̂ (Ax,−F̃A

x ). Lastly, from Lemma 5.12 we know that l̂ do
not depend on its first variable and it is Ad-invariant on its second variable, that is, there exists
an Ad-invariant function l ∶ ⋀2 T ∗X ⊗ g→ R such that l̂ (Ax,−F̃A

x ) = l (F̃A
x ), and we conclude.

This represents an alternative proof of the Utiyama’s theorem that relies on the gauge reduction
theory developed in the previous chapter. Roughly speaking, this new approach takes advantage of
the gauge invariance of the Lagrangian density to transfer it to the corresponding fibered quotient
and, by means of the identification of Corollary 5.14, this quotient space is seen to be nothing but
the curvature bundle of the theory. Of course, the Ad-invariance of the reduced Lagrangian is also
taken into account from our perspective.

5.5.5 Reduced field equations

Lastly, we present two lemmas in order to compute the reduced equations given in (iv) of Theorem
4.20 for non-Abelian gauge theories.

Lemma 5.16. Let φ ∶ J1G̃→ T ∗X ×X J1g̃ be the bundle morphism defined in (5.17). Then the map
(4.12) reads

φ∗ ∶ J1g̃→ T ∗X ⊗ J1g̃, (η, ϕx) ↦ (ϕx,0x).
Therefore, its adjoint is given by

φ†
∗ ∶ TX ⊗ (J1g̃)∗ → (J1g̃)∗ , (αx, βx) ↦ (0, αx).
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Proof. The vertical space of πJ1G̃,X at each (g, ξx) ∈ J1G̃ reads

V(g,ξx) (G ⋉ (T
∗X ⊗ g)) ≃ TgG × (T ∗xX ⊗ g),

where we identify

T ∗xX ⊗ g ≃ Vξx(T ∗X ⊗ g), ϕx ↦
d

dt
∣
t=0
ξx + tϕx.

In particular, for (g, ξx) = (1,0x) we have

J1
x g̃ = V(1,0x) (G ⋉ (T

∗X ⊗ g)) ≃ g × (T ∗xX ⊗ g).

As a result, for each (η, ϕx) ∈ J1
x g̃ we get

φ∗(η, ϕx) = (dφ)(1,0x)(η, ϕx)

= d

dt
∣
t=0
φ(exp(tη),0x + tϕx)

= d

dt
∣
t=0
(tϕx,−

t2

2
[ϕx, ϕx])

= (ϕx,0x) ∈ T ∗xX × J1
x g̃.

For the second part, let (αx, βx) ∈ TxX ⊗ (J1
x g̃)

∗
. Thence,

⟨ϕx, αx⟩ = ⟨(ϕx,0x), (αx, βx)⟩ = ⟨φ∗(η, ϕx), (αx, βx)⟩ = ⟨(η, ϕx), φ†
∗(αx, βx)⟩ .

Since the previous expression is valid for every (η, ϕx) ∈ J1
x g̃, we conclude.

The exponential map on the Lie group G is denoted by exp ∶ g → G. Note that the exponential
map on T ∗X ⊗ g is the identity as it is a vector bundle. The exponential map on the fibered
semidirect product is denoted by

˜exp ∶ J1g̃ = g ⋉ (T ∗X ⊗ g) → J1G̃ = G ⋉ (T ∗X ⊗ g).

Lemma 5.17. The covariant derivative on πJ1g̃,X induced by the Lie group connection ν is given

by ∇J1g̃(η, ϕ) = (dη, ∇̃ϕ) for each (η, ϕ) ∈ Γ (πJ1g̃,X).

Proof. To begin with, from [80, Theorem 3.1] we know that

˜exp(tη, tϕ) = (exp(tη),Adexp(tη) ○ tϕ + o(t2)) . (5.22)

Furthermore, recall from the proof of Proposition 5.10 that the infinitesimal generator of (α,βx) ∈
J1g̃ for the fibered action (5.12) is given by (α,βx)∗(g,ξx) = ((dRg)1(α), βx − [ξx, α]). Subsequently,
ν reads

ν ∶ T (J1G̃) → J1g̃, (Ug, Uξx) ↦ ((dRg−1)g(Ug), Uv
ξx − [ξx, (dRg−1)g(Ug)]) , (5.23)

where the superscript v denotes the vertical part given by ∇̃ and the identification Vξx(T ∗X ⊗ g) ≃
T ∗xX ⊗ g has been used.

On the other hand, recall that (cf., for instance, [92, Theorem 2.14.3])

(d exp)tη = (dLexp(tη))e ○
1 − exp(−adtη)

adtη
= (dLexp(tη))e + o(t) ∶ g→ Texp(tη)G,

being
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1 − exp(−adtη)
adtη

=
∞
∑
i=0

(−1)i
(i + 1)!ad

i
tη ∈ End(g).

From this and Lemma 3.10, we get

● d exp(tη) = (d exp)tη ○ tdη = (dLexp(tη))e ○ tdη + o(t2),
● ∇̃ (Adexp(tη) ○ tϕ) = Adexp(tη) ○ t∇̃ϕ + o(t2).

(5.24)

By gathering all, we conclude:

∇J1g̃(η, ϕ) (2.11)= d

dt
∣
t=0
ν ○ d ˜exp(tη, tϕ)

(5.22)= d

dt
∣
t=0
ν ○ (d exp(tη), d (Adexp(tη) ○ tϕ) + o(t2))

(5.23)= d

dt
∣
t=0
((dRexp(−tη))exp(tη) ○ d exp(tη), ∇̃ (Adexp(tη) ○ tϕ) + o(t2))

(5.24)= d

dt
∣
t=0
(Adexp(tη) ○ tdη + o(t2),Adexp(tη) ○ t∇̃ϕ + o(t2))

= (dη, ∇̃ϕ) .

Lemma 5.18. Let j1xŝ = (1, ξx; 0x, ϕx) ∈ J1 (J1P ) under the identification (5.14). From Corollary

5.14, we may write s(x) = (Ax,−F̃x) ∈ (T ∗X⊗g)×(⋀2 T ∗X ⊗ g). Then the coadjoint representation
introduced in Lemma 4.19 is given by

ad∗s ∶ H○ → (J1g̃)∗ , (ϖx,Πx) ↦ (ad∗Ax
○ϖx − ad∗F̃x

○Πx, ad
∗
Ax
○Πx) .

where H̃○ = (TX ⊗ g∗) ×X (⋀2 TX ⊗ g∗).

Proof. Firstly, we compute the adjoint representation corresponding to (5.13). Let (α,βx), (η, ϕ′x) ∈
g × (T ∗xX ⊗ g), then

ad(η,ϕ′x)(α,βx) =
d

dt
∣
t=0

Ad ˜exp(tη,tϕ′x)(α,βx)

(5.22)= d

dt
∣
t=0

Ad(exp(tη),Adexp(tη)○tϕ′x+o(t2))(α,βx)

(5.13)= d

dt
∣
t=0
(Adexp(tη)(α),Adexp(tη) ○ βx + t (Adexp(tη) ○ [ϕ′x, α]) + o(t2))

= (adη(α),adη ○ βx + adϕ′x(α)) .

Subsequently, for each (α,βx) ∈ g × (T ∗xX ⊗ g) and (ϖx,Πx) ∈ (TX ⊗ g∗) × (TX ⊗ TX ⊗ g∗), we
have

⟨ad∗s(x)(ϖx,Πx), (α,βx)⟩ = − ⟨(ϖx,Πx),ad(Ax,−F̃x)(α,βx)⟩

= − ⟨(ϖx,Πx), (adAx ○ α,adAx ○ βx − adF̃x
(α))⟩

= ⟨ad∗Ax
○ϖx, α⟩ + ⟨ad∗Ax

○Πx, βx⟩ − ⟨ad∗F̃x
○Πx, α⟩ .

Since the previous expression is valid for every (α,βx) ∈ g × (T ∗xX ⊗ g), we conclude.

Theorem 5.19 (Reduced field equations). Let d̃iv ∶ Γ (TX ⊗ TX ⊗ g∗) → Γ (TX ⊗ g∗) be the
divergence of ∇̃, i.e., minus its adjoint. A section (A,−F̃ ) ∈ Γ (T ∗X ⊗ g) ⊕ (⋀2 T ∗X ⊗ g)) is critical
for l̂ if and only if
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ad∗
F̃
( δl
δF̃
) = 0, (5.25)

(d̃iv − ad∗A)(
δl

δF̃
) = 0. (5.26)

Proof. From (iv) of Theorem 4.20, it is clear that the horizontal equation vanishes since

(J1P )/J1G̃ ≃X.

Similarly, the vertical equation reads

(divJ1g̃ −ad∗s + φ
†
∗)(

δl̂

δA
,
δl̂

δF̃
) = 0,

where divJ
1g̃ is the divergence of ∇J1g̃. By using Lemmas 5.16, 5.17 and 5.18, we get

d∗
δl̂

δA
− ad∗A ○

δl̂

δA
+ ad∗

F̃
○ δl̂

δF̃A
= 0,

d̃iv
δl̂

δF̃
− ad∗A ○

δl̂

δF̃
+ δl̂

δA
= 0.

We conclude by using Corollary 5.15, which yields

δl̂

δA
= δl

δA
= 0, δl̂

δF̃
= − δl

δF̃
.

In fact, the next result ensures that the first equation is nothing but the already known Ad-
invariance of l.

Proposition 5.20. Equation (5.25) is equivalent to the Ad-invariance of the reduced Lagrangian
l ∶ ⋀2 T ∗X ⊗ g̃→ R, i.e., l ○Adg = l for each g ∈ G.

Proof. Given F̃ ∈ ⋀2 T ∗X ⊗ g, the Ad-equivariance of l reads

d

dt
∣
t=0
l (Adexp(tξ) ○ F̃) =

d

dt
∣
t=0
l (F̃) = 0, ∀ξ ∈ g.

Additionally, we have

d

dt
∣
t=0
l (Adexp(tξ) ○ F̃) = ⟨

δl

δF̃
,adξ ○ F̃ ⟩ = ⟨

δl

δF̃
,−adF̃ (ξ)⟩ = −⟨ad

∗
F̃
( δl
δF̃
) , ξ⟩ .

Since the previous expression is valid for every ξ ∈ g, we conclude.

We have thus the single equation (5.26). Note that, even though the reduced Lagrangian l does
not depend on A, this variable is still a variational field of the reduced problem and it appears in
the equations.

In particular, for the Yang–Mills reduced Lagrangian, l(F̃ ) = ⟨F̃ , F̃ ⟩g, we recover half of the
Yang–Mills equations. In order to prove that, recall that the Hodge star operator (5.5) is may
be extended to vector bundle valued forms, ⋆ ∶ Ωk(X, g̃) → Ωn−k(X, g̃). Additionally, a principal
connection A ∈ Γ (πC(P ),X) yields a covariant exterior derivative dA ∶ Ωk(X, g̃) → Ωk+1(X, g̃).
Hence, we can define the covariant codifferential as

(dA)⋆ = ⋆ ○ dA ○ ⋆ ∶ Ωk(X, g̃) → Ωk−1(X, g̃)
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Theorem 5.21. Equation (5.26) for the Yang–Mills Lagrangian (5.7) is equivalent to

(dA)⋆ F̃ = 0. (5.27)

Proof. Let (xµ) be local coordinates for X, {Bα ∣ 1 ≤ α ≤ m} be a basis of g and {Bα ∣ 1 ≤ α ≤ m}
be its dual basis. The Riemannian metric and the Killing form are locally given by

g = gµσ dxµ ⊗ dxσ, K =KαβB
α ⊗Bβ,

for some local functions gµσ ∈ C∞(X) such that gµσ = gσµ, 1 ≤ µ,σ ≤ n, and Kαβ ∈ R such
that Kαβ = Kβα, 1 ≤ α,β ≤ m. The induced metric on 1-forms reads g = gµσ ∂µ ⊗ ∂σ, where
(gµσ) = (gµσ)−1 as matrices. Moreover, let η = ηαµ dxµ ⊗ Bα ∈ Γ (T ∗X ⊗ g). The linear connection
∇̃ ∶ Γ (T ∗X ⊗ g) → Γ (T ∗X ⊗ T ∗X ⊗ g) locally reads

∇̃η = (
∂ηαµ

∂xσ
+ ωρ

µση
α
ρ )dxµ ⊗ dxσ ⊗Bα,

for certain functions ωρ
µσ ∈ C∞(X), 1 ≤ µ,σ, ρ ≤ n, which can be assumed to satisfy ωρ

µσ = ωρ
σµ

for each 1 ≤ µ,σ, ρ ≤ n, that is, ∇̃ is assumed to be torsionless. In the same fashion, given A =
Aα

µ dx
µ ⊗ Bα ∈ Γ (T ∗X ⊗ g), the adjoint representation adA ∶ Γ (T ∗X ⊗ g) → Γ (T ∗X ⊗ T ∗X ⊗ g)

reads
adA(η) = cαβγ Aβ

µ η
γ
σ dx

µ ⊗ dxσ ⊗Bα,

where cαβγ , 1 ≤ α,β, γ ≤ m, are the structure constants of the basis {Bα ∣ 1 ≤ α ≤ m}. In addition,
recall that the covariant exterior derivative for 1-forms is locally given by

dAη = dη + [A,η] = (
∂ηαµ

∂xσ
+ cαβγ Aβ

µ η
γ
σ)dxµ ⊗ dxσ ⊗Bα.

Let ξ = ξµσα ∂µ ⊗ ∂σ ⊗ Bα ∈ Γ (⋀2 TX ⊗ g∗), that is, ξµσα + ξσµα = 0, 1 ≤ µ,σ ≤ n, 1 ≤ α ≤ m, and

denote ξ♭ = gµρ gστ Kαβ ξµσα dxρ ⊗ dxσ ⊗Bβ ∈ Γ (⋀2 T ∗X ⊗ g), where (Kαβ) = (Kαβ)−1 as matrices.
On the one hand, by using the previous expressions, we get

∫
X
⟨η, (d̃iv − ad∗A) (ξ)⟩ vg = ∫

X
⟨(∇̃ + adA) (η), ξ⟩ vg

= ∫
X
⟨(
∂ηαµ

∂xσ
+ ωρ

µση
α
ρ + cαβγ Aβ

µ η
γ
σ)dxµ ⊗ dxσ ⊗Bα, ξ

µσ
α ∂µ ⊗ ∂σ ⊗Bα⟩ vg

(†)= ∫
X
⟨dAη, ξ⟩ vg

(⋆)= ∫
X
⟨η, (dA)⋆ ξ♭⟩ vg.

For equality (†) we have used that ωρ
µσ η

α
ρ ξ

µσ
α = 0 due to the symmetry properties, and for equality

(⋆) we have used that the codifferential is the adjoint of the exterior derivative. Since this is valid
for every η ∈ Γ (T ∗X ⊗ g), we conclude that (d̃iv − ad∗A) (ξ) = (dA)

⋆
ξ♭.

Observe that the Yang–Mills Lagrangian (5.7) is locally given by l(F̃ ) =Kαβ g
µρ gστ Fα

µσ F
β
ρτ for

each F̃ = Fα
µσ dx

µ ⊗ dxσ ⊗Bα ∈ Γ (⋀2 T ∗X ⊗ g), whence we conclude:

δl

δF̃
=Kαβ g

µρ gστ Fα
µσ ∂ρ ⊗ ∂τ ⊗Bβ, ( δl

δF̃
)
♭
= F β

ρτ dx
ρ ⊗ dxσ ⊗Bβ = F̃ .

Equation (5.27) may be rewritten as ⋆(d⋆ F̃ +[A,⋆F̃ ]) = 0 and, together with the reconstruction
equation, dAF̃ = dF̃ +[A, F̃ ] = 0, are the Yang–Mills equations. In conclusion, the reduced equations
consists of the Ad-invariance condition for the reduced Lagrangian l ∶ ⋀2 T ∗X ⊗ g̃ → R, as well as
the dynamical equations. When the original Lagrangian is the Yang–Mills Lagrangian, then the
dynamical equations, together with the reconstruction condition, are the Yang–Mills equations.





Chapter 6

Higher-order Euler–Poincaré reduction

This chapter is based on our work [19], where the Euler–Poincaré reduction theory for covariant
field theory investigated in [12] is extended to higher-order theories, i.e., those theories whose
Lagrangian densities not only depend on the values of the field and its velocities, but also on
higher-order derivatives.

Firstly, some essential facts about higher-order jet bundles are recalled in Section 6.1, including
the total partial derivatives and the jet prolongation of vector fields. The formulation of higher-
order Lagrangian field theories is recalled in 6.2. Next, in Section 6.3 the geometry of the reduced
configuration space (JkP )/G for a k-th order Lagrangian theory on a principal bundle is inves-
tigated. The understanding of this reduced phase bundle is essential for a correct analysis of the
reduced variational principle. For first order theories, this reduced bundle is the bundle of con-
nections C(P ), the sections of which are principal connections on P . However, even though one
might suspect that (JkP )/G ≃ Jk−1C(P ), k ≥ 2, it turns out that this reduced phase bundle is
the space of (k − 1)-th order pointwise principal connections with vanishing curvature up to k − 2
order. This fact is already shown for particular cases in [53] and is analyzed in depth in [34]. We
follow the strategy of the latter. The main result of the paper is established in Section 6.4, where
we compute the reduced equations, i.e., the higher-order Euler–Poincaré field equations. For k ≥ 2
the reconstruction process providing solutions of the original problem from solution of the reduced
equations is given in detail (at least locally). In this case, the situation k = 1 and k ≥ 2 show a dif-
ferent conceptual behaviour, since the first order case requires an auxiliary compatibility condition,
whereas that condition is implicit in the set of admissible solution for higher-order Lagrangians.
Furthermore, the reduced equations are reinterpreted as a Noether conservation law in Section 6.5.
At last, Section 6.6 is devoted to illustrate the previous theory by computing the reduced equations
for multivariate k-splines (brane splines) on Lie groups.

6.1 Higher-order jet bundles

We summarize the main results about higher-order jet bundles that we will need in the following
(see, for example, [87, Chapter 6]). Let πY,X ∶ Y →X be a fiber bundle and k ∈ Z+. The k-th order
jet bundle of πY,X is denoted by

πJkY,X ∶ JkY Ð→X,

and its elements by jkxs. The k-th jet lift of a section s ∈ Γ (πY,X) is denoted by jks ∈ Γ (πJkY,X).
Recall that the maps πk,l ∶ JkY → J lY , jkxs ↦ jlxs, 0 ≤ l < k, are fiber bundles, where we denote
J0Y = Y . In addition, πk,k−1 is an affine bundle modelled on

π∗Jk−1Y,X (⋁k T ∗X) ⊗ π∗k−1,0(V Y ),
where V Y = ker(πY,X)∗ is the vertical bundle of πY,X .

79
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Let (xµ, yα) be bundle coordinates for πY,X . The induced coordinates on JkY are (xµ, yα; yαJ ),
1 ≤ ∣J ∣ ≤ k, where ∣J ∣ = J1 + ⋅ ⋅ ⋅ + Jn is the length of J . If, locally, s(xµ) = (xµ, sα(xµ)) for some
(local) functions sα ∈ C∞(X), 1 ≤ α ≤m, then jks(xµ) = (xµ, sα(xµ); sαJ(xµ)) with

sαJ(xµ) =
∂ ∣J ∣

∂xJ
∣
x=(xµ)

sα(x) = ( ∂

∂x1
)
J1

. . .( ∂

∂xn
)
Jn

∣
x=(xµ)

sα(x), 1 ≤ ∣J ∣ ≤ k.

Definition 6.1 Let πY,X and πY ′,X′ be fiber bundles, k ∈ Z+, and F ∶ Y → Y ′ be a bundle morphism
covering a diffeomorphism f ∶ X → X ′. The k-th order jet lift of F is the map jkF ∶ JkY → JkY ′

defined as jkxs↦ jkf(x) (F ○ s ○ f
−1).

If πY ′′,X′′ ∶ Y ′′ → X ′′ is another fiber bundle and G ∶ Y ′ → Y ′′ is bundle morphism covering a
diffeomorphism g ∶X ′ → X ′′, then jk(G ○ F ) = jkG ○ jkF . In other words, the following diagram is
commutative.

JkY JkY ′ JkY ′′

Y Y ′ Y ′′

X X ′ X ′′

jkF

πk,0 π′k,0
F

πY,X πY ′,X′
f

jkG

G

g

π′′k,0

πY ′′,X′′

jk(F ○G)

(6.1)

Proposition 6.1. The following is a canonical decomposition of vector bundles over JkY ,

π∗k+1,k (T (JkY )) = π∗k+1,k (V (JkY )) ⊕H(πk+1,k),

where V (JkY ) = ker(πJkY,X)∗ is the vertical bundle of πJkY,X and H(πk+1,k)jk+1x s = d(jks)x(TxX)
for each jk+1x s ∈ Jk+1Y .

Given jk+1x s ∈ Jk+1Y and Ux ∈ TxX, the vector Uk
jk+1x s

= d(jks)x(Ux) ∈ H(πk+1,k) is called k-th

holonomic lift of Ux by jk+1x s. In coordinates, if we write jk+1x s = (xµ, yα; yαJ ) and Ux = Uµ∂µ, then

Uk
jk+1x s = U

µ ⎛
⎝
∂µ + yα1µ∂α +

k

∑
∣J ∣=1

yαJ+1µ∂
J
α

⎞
⎠
,

where 1µ is the multi-index given by (1µ)ν = δµν , and ∂µ, ∂α and ∂Jα are the partial derivatives of
the coordinates xµ, yα, yαJ , respectively, 1 ≤ µ, ν ≤ n, 1 ≤ α ≤ m, 1 ≤ ∣J ∣ ≤ k. In particular, the k-th
holonomic lifts of the partial vector fields, ∂µ, 1 ≤ µ ≤ n, are called coordinate total derivatives and
are given by

d

dxµ
= (∂µ)kjk+1x s = ∂µ + y

α
1µ∂α + y

α
J+1µ∂

J
α .

Example 6.1 (Total time derivative) Let Q be a smooth manifold and consider the trivial bun-
dle πR×Q,R with (local) coordinates (t, qα). Given q(t) = (t, qα(t)), the total time derivative is given
by

d

dt
= ∂

∂t
+ ∂q

α

∂t
∂α +

k

∑
j=1

∂j+1qα

∂tj+1
∂jα
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Note that given a (local) function f ∈ C∞(JkY ) and a multi-index J = (J1, . . . , Jn), then

d∣J ∣f

dxJ
∈ C∞(Jk+∣J ∣Y ).

Furthermore, for a section s ∈ Γ (πY,X) we have

d∣J ∣f

dxJ
○ jk+∣J ∣s =

∂ ∣J ∣ (f ○ jks)
∂xJ

. (6.2)

Next, we define the prolongation of vector fields.

Definition 6.2 Let l ∈ Z+. A generalized vector field on J lY is a section U ∈ Γ (π∗l,0TY → J lY ).
Furthermore, it is said to be vertical if U(jlxs) ∈ Vs(x)Y for each jlxs ∈ J lY .

Note that (standard) vector fields on Y would be regarded as a generalized vector fields for l = 0.
Locally, generalized vector fields are given by

U = Uµ∂µ +Uα∂α, Uµ, Uα ∶ J lY → R, 1 ≤ µ ≤ n, 1 ≤ α ≤m.

This way, vertical generalized vector fields are those ones such that Uµ = 0 for 1 ≤ µ ≤ n.
Given a generalized vector field, U ∈ Γ (π∗l,0TY → J lY ), and k ∈ Z+, it may be defined the k-th

order prolongation of U , which is a section U (k) ∈ Γ (π∗k+l,k (T (JkY )) → Jk+lY ) (cf. [87, Definition
6.4.16]). In particular, k-the prolongations of (standard) vector fields on Y are (standard) vector
fields on JkY .

Proposition 6.2. Let k ∈ Z+, (xµ, yα; yαJ ) be bundle coordinates for JkY and V = V α∂α ∈ X(Y ) be
a vertical vector field on Y , where V α ∶ Y → R, 1 ≤ α ≤ m. Then k-th order prolongation of V is
given by

V (k) = V α∂α +
d∣J ∣V α

dxJ
∂Jα ∈ X (JkY ) .

Proposition 6.3. Let k ∈ Z+ and U ∈ X(Y ) be a πY,X-projectable vector field on Y . Then the flow
of its k-th order prolongation, U (k) ∈ X (JkY ), is {jkϕt ∣ t ∈ (−ϵ, ϵ)}, where {ϕt ∣ t ∈ (−ϵ, ϵ)} is the
flow of U .

To conclude this brief overview, we present the Leibniz rule for higher-order, multivariable cal-
culus, which can be straightforwardly proven by induction in the number of factors (see [50, Propo-
sition 6] for two factors).

Lemma 6.4 (Higher-order Leibniz rule). Let m ∈ Z+ and f1, . . . , fm ∈ C∞(Rn). Then

∂ ∣I ∣

∂xI

m

∏
α=1

fα = ∑
I(1)+⋅⋅⋅+I(m)=I

I!

I(1)! . . . I(m)!

m

∏
α=1

∂ ∣I
(α)∣fα

∂xI
(α)

, ∣I ∣ ≥ 0.

6.2 Calculus of variations for higher-order Lagrangian densities

We now recall higher-order calculus of variations (for a comprehensive exposition see, for example,
[7, 35, 77]). Let X be a compact, πY,X ∶ Y → X be a fiber bundle, and k ∈ Z+. A k-th order
Lagrangian density on πY,X is a bundle morphism
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L ∶ JkY Ð→ ⋀n T ∗X

covering the identity on X. If X is oriented by a volume form v ∈ Ωn(X), we will write L = Lv for
a function L ∈ C∞ (JkY ) known as Lagrangian. The action functional defined by L is

S ∶ Γ (πY,X) → R, s↦ ∫
X

L (jks) .

A variation of s ∈ Γ (πY,X) is a 1-parameter family of sections {st ∈ Γ (πY,X) ∣ t ∈ (−ϵ, ϵ), s0 = s}.
The corresponding infinitesimal variation is

δs = d

dt
∣
t=0
st ∈ Γ (πs∗TY,X) .

Henceforth, only πY,X -vertical variations are considered, that is, those ones satisfying δs(x) ∈ Vs(x)Y
for each x ∈X. The variation of the action functional induced by {st} is defined as

δS[s] = dS[st]
dt
∣
t=0
,

and it only depends on the infinitesimal variation. That is to say, if {st} and {s′t} are two variations
of s such that δs = δs′, then dS[st]/dt∣t=0 = dS[s′t]/dt∣t=0.

Definition 6.3 A section s ∈ Γ (πY,X) is critical or stationary for S if the variation of the corre-
sponding action functional vanishes for every vertical variation of s, i.e.,

δS[s] = 0, δs ∈ Γ (πs∗V Y,X) .

Unlike the first order case, the covariant Cartan form,

ΘL ∈ Ωn (J2k−1Y ) ,

is not uniquely defined for higher-order Lagrangians if dimX = n > 1. The main reason is that,
although there is a canonical embedding JkY ↪ J1 (Jk−1Y ), there are many different choices for
the corresponding projection. Nevertheless, it is always possible to construct a globally defined
projection by means of tubular neighborhoods, thus yielding a globally defined covariant Cartan
form on JkY (cf. [87, Theorem 6.5.13]). In any case, there is a unique choice for the Euler–Lagrange
form associated to L,

EL(L) ∈ Ωn (J2kY,π∗2k,0 (V ∗Y )) ,

where πV ∗Y,Y is the dual of the vertical bundle πV Y,Y . There exist adapted coordinates (xµ, yα; yαJ )
for J2kY such that the covariant Cartan form is locally given by1

ΘL =
k−1
∑
∣I ∣=0

k−∣I ∣−1
∑
∣J ∣=0

(−1)∣J ∣ d
∣J ∣

dxJ
⎛
⎝

∂L

∂yαI+J+1µ

⎞
⎠
(dyαI − yαI+1νdx

ν) ∧ (ι∂µv) +Lv, (6.3)

where ι ∶ X(X)×Ωk+1(X) → Ωk(X) denotes the left interior product. Similarly, the Euler–Lagrange
form is given by

EL(L) =
k

∑
∣J ∣=0
(−1)∣J ∣ d

∣J ∣

dxJ
( ∂L
∂yαJ
) v ⊗ dyα. (6.4)

1 Since the higher-order covariant Cartan form is not uniquely determined, its local expression depends on the choice
of bundle coordinates (cf. [48, §3B], [87, §5.5] for first order, and [28, §5], [87, §6.5] for higher orders).



6.2 Calculus of variations for higher-order Lagrangian densities 83

Proposition 6.5. Let δs ∈ Γ (πs∗V Y,X) be a variation of a section s ∈ Γ (πY,X). Then the variation
of the action functional is given by

δS[s] = ∫
X
⟨(j2ks)∗ EL(L), δs⟩ ,

where ⟨⋅, ⋅⟩ denotes the dual pairing within the vector bundle V Y → Y .

Proof. Since the variation is vertical, we have st = ϕt ○ s, t ∈ (−ϵ, ϵ), where {ϕt ∶ Y → Y ∣ t ∈ (−ϵ, ϵ)}
is the flow of a vertical, πY,X -projectable vector field V ∈ X(Y ). Subsequently,

d

dt
∣
t=0

L (jkst) =
d

dt
∣
t=0
(jks)∗ (L(jkϕt)) = (jks)

∗ ( d
dt
∣
t=0

L (jkϕt)) = (jks)
∗ (£V (k)L) , (6.5)

where £ denotes the Lie derivative and we have used the commutativity of (6.1) and Proposition
6.3. Since X is boundaryless, the Stokes theorem leads to

∫
X
(jks)∗ d (ιV (k)L) = ∫

X
d ((jks)∗ (ιV (k)L)) = ∫

∂X
(jks)∗ (ιV (k)L) = 0. (6.6)

Similarly, we pick bundle coordinates (xµ, yα; yαJ ) for JkY , which allows us to write V = V α∂α for
certain (local) functions V α ∶X → R, 1 ≤ α ≤m. Thus, Proposition 6.2 yields

ιV (k)dL = (
∂L

∂yα
V α + ∂L

∂yαJ

d∣J ∣V α

dxJ
) v. (6.7)

Lastly, the higher-order integration by parts formula for boundaryless manifolds (see, for example,
[9, Lemma 4.5]), together with (6.2), give

∫
X
(jks)∗ ( ∂L

∂yαJ

d∣J ∣V α

dxJ
v) = ∫

X

∂

∂yαJ
(L ○ jks) ∂

∣J ∣V α

∂xJ
v (6.8)

= (−1)∣J ∣∫
X

∂ ∣J ∣

∂xJ
( ∂

∂yαJ
(L ○ jks)) V α v

= (−1)∣J ∣∫
X
(j2ks)∗ ( d

∣J ∣

dxJ
( ∂L
∂yαJ
)V α v) .

On the other hand, it is clear that δs = (d/dt)∣t=0 (ϕt ○ s) = V ○s = V α∂α ∈ Γ (πs∗V Y,X). Hence, form
the local expression of the Euler–Lagrange form (6.4) we get

⟨(j2ks)∗ EL(L), δs⟩ = (j2ks)∗
⎛
⎝

k

∑
∣J ∣=0
(−1)∣J ∣ d

∣J ∣

dxJ
( ∂L
∂yαJ
)
⎞
⎠
V α v. (6.9)

By using Cartan’s formula, i.e., £ = d ○ ι + ι ○ d, and by gathering the previous expressions, we
finish

δS[s] = d

dt
∣
t=0
∫
X
L (jkst)

(6.5)= ∫
X
(jks)∗ (£V (k)L)

= ∫
X
(jks)∗ (ιV (k)dL) + ∫

X
(jks)∗ d (ιV (k)L)

(6.6),(6.7)= ∫
X
(jks)∗ ( ∂L

∂yα
V α + ∂L

∂yαJ

d∣J ∣V α

dxJ
) v

(6.8)= ∫
X
(j2ks)∗ ( ∂L

∂yα
+ (−1)∣J ∣ d

∣J ∣

dxJ
( ∂L
∂yαJ
))V α v

(6.9)= ∫
X
⟨(j2ks)∗ EL(L), δs⟩ .

The following result is a straightforward consequence of the previous Proposition and it gives
the higher-order version of the well-known Euler–Lagrange equations.
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Theorem 6.6. Let L = Lv ∶ JkY → ⋀n T ∗X be a k-th order Lagrangian density, and consider
the corresponding Euler–Lagrange form, EL(L). Then the following statements for a section s ∈
Γ (πY,X) are equivalent:

(i) The variational principle δS[s] = 0 holds for arbitrary variations δs ∈ Γ (πs∗V Y,X).
(ii) s satisfies the k-th order Euler–Lagrange field equations, i.e., (j2ks)∗EL(L) = 0.

From (6.2) and (6.4), we obtain the local expression of the higher-order Euler–Lagrange equa-
tions:

k

∑
∣J ∣=0
(−1)∣J ∣ ∂

∣J ∣

∂xJ
( ∂L
∂yαJ
(jks)) = 0, 1 ≤ α ≤m.

Remark 6.1 The calculus of variations described above is straightforwardly extended to a non-
compact base manifold X by considering compactly supported variations. In other words, given a
section s ∈ Γ (πY,X), the only variations δs allowed are those satisfying

jk−1x δs = 0, x ∈ ∂U ,

for some open subset U ⊂X with compact closure, U . Locally, this condition ensures that δs as well
as its partial derivatives up to order k − 1 vanish on the boundary, ∂U . As a result, no boundary
terms appear when integrating by parts and, thus, Proposition 6.5 is still valid.

6.3 Geometry of the reduced configuration space

Let G be a Lie group, g = TeG be its Lie algebra, e ∈ G being the identity element, and g∗ be the
dual of the Lie algebra. The corresponding exponential map is denoted by exp ∶ g → G, and the
adjoint representation of G is denoted by Adg ∶ g → g for each g ∈ G. In the same vein, the adjoint
and coadjoint representations of g are denoted by adξ ∶ g → g and ad∗ξ ∶ g∗ → g∗, respectively, for
each ξ ∈ g.

Let πP,X ∶ P →X be a principal G-bundle. The corresponding right action is denoted by

Ψ ∶ P ×G→ P, (y, g) ↦ Ψy(g) = Ψg(y) = y ⋅ g.

Recall that the infinitesimal generator of ξ ∈ g is the vertical vector field ξ∗ ∈ X(P ) given by

ξ∗y =
d

dt
∣
t=0
y ⋅ exp(tξ) = (dΨy)e (ξ), y ∈ P.

For each k ∈ Z+, the k-th jet extension of the action,

Ψ (k) ∶ JkP ×G→ JkP, (jkxs, g) ↦ jkx(s ⋅ g),

is again free and proper, thus yielding a principal G-bundle, JkP → JkP /G.
We denote by C(P ) = (J1P ) /G→X the bundle of connections of πP,X , which is an affine bundle

modelled on T ∗X ⊗ g̃→X. Recall that there is a bijective correspondence between (local) sections
of πC(P ),X and (local) principal connections on πP,X , which we denote by

Ω1(P,g) ∋ A 1∶1←→ σA ∈ Γ (πC(P ),X).

The following result ensures that holonomic sections of the jet bundle yield flat principal connec-
tions.
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Lemma 6.7. Let s ∈ Γloc(πP,X), where Γloc(πP,X) denotes the family of local sections of πP,X , and
define σA = [j1s]G ∈ Γloc(πC(P ),X). Then the local connection A ∈ Ω1

loc(P,g) is flat.

Proof. The local section s induces a trivialization of πP,X on its domain U ⊂X,

φ ∶ U ×G ∼→ P ∣U , (x, g) ↦ φ(x, g) = s(x) ⋅ g.

Recall that any connection is uniquely determined by its horizontal lift at each point. Given y =
s(x) ⋅ g ∈ P ∣U , we denote by HorAy ∶ TxX → TyP the horizontal lifting of A at y. Since σA = [j1s]G,
we have

HorAy (Ux) = d(Ψg ○ s)x(Ux) ∈ TyP, Ux ∈ TxX. (6.10)

On the other hand, consider the canonical flat connection A0 ∈ Ω1(X ×G,g) on the trivial bundle
πX×G,X . For each (x, g) ∈X ×G it is defined as

HorA0

(x,g)(Ux) = (Ux,0g) ∈ T(x,g)(X ×G), Ux ∈ TxX.

It turns out that φ∗A = A0∣U×G, so A is a flat connection. Indeed, let (x, g) ∈ U ×G and Ux ∈ TxX.
Since φ covers the identity on U , we have

Horφ
∗A
(x,g)(Ux) = (dφ−1)s(x)⋅g (Hor

A
φ(x,g)(Ux)) = (dφ−1)s(x)⋅g (d(Ψg ○ s)x(Ux))

= d (φ−1 ○ Ψg ○ s)x (Ux) = (dιg)x(Ux) = (Ux,0g) =HorA0

(x,g)(Ux),

where X ∋ x↦ ιg(x) = (x, g) ∈X ×G.

The main goal of this section is to study the geometry of the quotient (JkP )/G, which was
first investigated in [34]. For the convenience of the reader, we present a detailed proof of the main
result (see Corollary 6.14 below). To begin with, we introduce the following bundle morphisms.

Proposition 6.8. For each k ≥ 2, the bundle morphism Θk ∶ JkP → Jk−1C(P ) defined as jkxs ↦
jk−1x [j1s]G is well-defined and it descends to a map on the quotient, Ξk ∶ (JkP )/G→ Jk−1C(P ).

Proof. To begin with, note that Θk is the composition of the natural immersion JkP ↪ Jk−1 (J1P )
with the (k − 1)-th jet lift of the canonical projection π1 ∶ J1P → C(P ). Thus, it is well-defined.

For the second part, let g ∈ G. Then

Θk ((jkxs) ⋅ g) = Θk (jkx(s ⋅ g)) = jk−1x [j1(s ⋅ g)]G = jk−1x [(j1s) ⋅ g]G = jk−1x [j1s]G = Θk (jkxs) .

The previous result may be summarized in the following commutative diagram.

JkP Jk−1C(P )

(JkP )/G

Θk

πk
Ξk

jkxs jk−1x [j1s]G

[jkxs]G

(6.11)

Consider the curvature map, i.e.,

F̃ ∶ J1C(P ) → ⋀2 T ∗X ⊗ g̃, j1xσA ↦ F̃A(x),
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where F̃A ∈ Ω2(X, g̃) is curvature of the (local) principal connection A ∈ Ω1(P,g) regarded as a
2-from on M with values in the adjoint bundle. By lifting it to the (k − 2)-jet and by composing it
with the natural immersion of Jk−1C(P ) ↪ Jk−2 (J1C(P )) we obtain

jk−2F̃ ∶ Jk−1C(P ) → Jk−2 (⋀2 T ∗X ⊗ g̃) , jk−1x σA ↦ jk−2x F̃A.

Let 0̂ ∶ X → ⋀2 T ∗X ⊗ g̃ be the zero section, and consider its (k − 2)-jet lift, jk−20̂ ∶ X →
Jk−2 (⋀2 T ∗X ⊗ g̃). We define the kernel of jk−2F̃ as

ker jk−2F̃ = {jk−1x σA ∈ Jk−1C(P ) ∣ jk−2x F̃A = jk−2x 0̂} .

Proposition 6.9. For each k ≥ 2, we have

(i) Ξk is an injective bundle morphism over X.

(ii) imΞk ⊂ ker jk−2F̃ .

Proof. To check (i), let [jkxs]G ≠ [j
k
xs
′]
G

be two different elements in (JkP)/G. In other words,

jkxs ≠ (jkxs′) ⋅ g = jkx(s′ ⋅ g) for each g ∈ G. Subsequently, [j1xs]G ≠ [j1xs′]G and, thus, Ξk ([jkxs]G) ≠
Ξk ([jkxs′]G). On the other hand, (ii) is a straightforward consequence of Lemma 6.7.

Let us introduce a trivializing chart of πP,X , i.e., we pick an open subset U ⊂X with U ≃ Rn via
the local coordinates x = (xµ) and such that P ∣U ≃ U ×G. To keep the notation simple, we write
U = X. Likewise, let {Bα ∈ g ∣ 1 ≤ α ≤ m} be a basis of g and consider normal coordinates (yα)
in a neighborhood of the identity element e ∈ G, i.e., g = exp(yαBα). This way, we have normal
bundle coordinates (xµ, yα) for πP,X . Note that for each g = exp(yαBα), h = exp(zαBα) ∈ G close
enough to the identity, we have gh = exp (fαCDy

CzDBα), where C = (C1, . . . ,Cm) is a multi-index,

yC = (y1)C1 . . . (ym)Cm and fαCD, 1 ≤ α ≤m, ∣C ∣, ∣D∣ ≥ 0, are the constants of the Baker–Campbell–
Hausdorff formula (cf. [92, §2.15] and [34, Theorem 4.1]). By using this, it can be checked that

P × g ≃ V P, ((xµ, yα), ξαBα) ↦ aαβξ
β∂α, (6.12)

where
aαβ(y1, . . . , ym) = fαC1β

yC .

Note that for y = (x, e) we have aαβ(0, . . . ,0) = δαβ , 1 ≤ α ≤ m. Hence, the inverse of the matrix

(aαβ(yα)) is well defined in a neighbourhood of y = (x, e), and we denote it by (bαβ(y1, . . . , ym)). In
such case, the inverse of the previous isomorphism is given by

V P ≃ P × g, (y,Uα∂α) ↦ (y, bαβUβBα). (6.13)

We pick bundle coordinates (xµ,Aα
µ) and (xµ, Fα

µν) for πC(P ),X and π⋀2 T ∗X⊗g̃,X , respec-
tively. Similarly, we consider the corresponding bundle coordinates (xµ, yα; yαJ ), (xµ,Aα

µ;A
α
µ,J) and

(xµ, Fα
µν ;F

α
µν,J) for JkP , Jk−1C(P ) and Jk−2 (⋀2 T ∗X ⊗ g̃), respectively. In order to keep the no-

tation simple, we will write yαJ0 = y
α, Aα

µ,J0
= Aα

µ and Fα
µν,J0

= Fα
µν for J0 = (0, . . . ,0).

Remark 6.2 Given two multi-indices I, J , the inequality I ≤ J means that Iµ ≤ Jµ for 1 ≤ µ ≤ n.
Likewise, we denote I < J when I ≤ J and I ≠ J , that is, Iµ ≤ Jµ for 1 ≤ µ ≤ n and there exists
µ0 ∈ {1, . . . , n} such that Iµ0 < Jµ0.

Let us compute the coordinated expression of Θk.
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Proposition 6.10. For each k ≥ 2 and each (xµ, yα; yαJ ) ∈ JkP with ∣yα∣ small enough, 1 ≤ α ≤ m,
we have Θk(xµ, yα; yαJ ) = (xµ,Aα

µ;A
α
µ,J), where2

Aα
µ = bαβ(yα)y

β
1µ
, Aα

µ,J =
∂ ∣J ∣

∂xJ
(bαβ(yα)y

β
1µ
)∣

x

, 1 ≤ µ ≤ n, 1 ≤ α ≤m, 1 ≤ ∣J ∣ ≤ k − 1.

Proof. We denote j1xs = (xµ, yα; yαJ ). Recall from (6.10) that the horizontal lift given by [j1s]G ∈
C(P ) reads HorAs(x) = dx

µ ⊗ ∂µ + yα1µdx
µ ⊗ ∂α. From this and (6.13), we get

As(x) = bαβ(yα) (−y
β
1µ
dxµ + dyα) ⊗Bα ∈ T ∗s(x)P ⊗ g.

Then [j1s]G = (xµ,Aα
µ = bαβ(yα)y

β
1µ
). By taking partial derivatives, we conclude.

Now some technical lemmas are presented.

Lemma 6.11. Let k ≥ 2 and jk−1x σA = (xµ,Aα
µ;A

α
µ,J) ∈ Jk−1C(P ). Then jk−2x F̃A = (xµ, Fα

µν ;F
α
µν,J) ∈

Jk−2 (⋀2 T ∗X ⊗ g̃) is given by

Fα
µν,J =

1

2
(Aα

ν,J+1µ −A
α
µ,J+1ν + ∑

I≤J
(J
I
)cαβγA

β
µ,IA

γ
ν,J−I) , (6.14)

for each 1 ≤ µ, ν ≤ n, 0 ≤ ∣J ∣ ≤ k − 2 and 1 ≤ α ≤m, where we denote by cαβγ = 2fα1β1γ , 1 ≤ α,β, γ ≤m,
the structure constants of g.

Proof. We show it by induction in 0 ≤ ∣J ∣ ≤ k − 2. The case ∣J ∣ = 0 is straightforward, since the
curvature of j1xσA = (xµ,Aα

µ;A
α
µ,1ν) is given by (cf. [86, Chapter 1, §4])

Fα
µν =

1

2
(Aα

ν,1µ −A
α
µ,1ν + c

α
βγA

β
µA

γ
ν) .

Now assume that (6.14) holds for 1 ≤ ∣J ∣(< k − 2). To conclude, we need to show that it holds for
J ′ = J + 1σ for each 1 ≤ σ ≤ n. Note that

(J
′

I
) = (J + 1σ

I
) = (J

I
) + ( J

I − 1σ
), 1σ ≤ I ≤ J.

Furthermore, note that

∑
I≤J,
Iσ=0

(J
′

I
) = ∑

I≤J,
Iσ=0

(J
I
), ∑

I≤J ′,
Iσ=Jσ+1

(J
′

I
) = ∑

I≤J ′,
Iσ=Jσ+1

( J

I − 1σ
).

Hence,

∑
I≤J ′
(J
′

I
) = ∑

I≤J,
Iσ=0

(J
I
) + ∑

1σ≤I≤J
((J
I
) + ( J

I − 1σ
)) + ∑

I≤J ′,
Iσ=Jσ+1

( J

I − 1σ
) = ∑

I≤J
(J
I
) + ∑

1σ≤I≤J ′
( J

I − 1σ
).

By using this and by taking the partial derivative of (6.14) with respect to xσ, we finish

2 By abusing the notation, for each multi-index J we denote

∂Jbαβ
∂xJ

(y)∣
x

=
∂bαβ
∂yγ
(y)∣

yα=0

yγ
J , 1 ≤ α,β ≤m.
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Fα
µν,J ′ =

1

2
(Aα

ν,J ′+1µ −A
α
µ,J ′+1ν + ∑

I≤J
(J
I
)cαβγ (A

β
µ,I+1σA

γ
ν,J−I +A

β
µ,IA

γ
ν,J−I+1σ))

= 1

2

⎛
⎝
Aα

ν,J ′+1µ −A
α
µ,J ′+1ν + ∑

1σ≤I≤J ′
( J

I − 1σ
)cαβγA

β
µ,IA

γ
ν,J ′−I + ∑

I≤J
(J
I
)cαβγA

β
µ,IA

γ
ν,J ′−I

⎞
⎠

= 1

2
(Aα

ν,J ′+1µ −A
α
µ,J ′+1ν + ∑

I≤J ′
(J
′

I
)cαβγA

β
µ,IA

γ
ν,J ′−I) .

Lemma 6.12. Let k ≥ 2 and g = exp(yαBα) ∈ G with ∣yα∣ small enough, 1 ≤ α ≤m. Then

cλβγb
β
α(y)bγϵ (y) =

∂bλα
∂yϵ
(y) − ∂b

λ
ϵ

∂yα
(y), 1 ≤ α, ϵ, λ ≤m.

Proof. For each 1 ≤ β, γ ≤m and y = (xµ, yα) ∈ P , the infinitesimal generator is given in coordinates
by (Bβ)∗y = aαβ(y)∂α and, from the equality [Bβ,Bγ] = cαβγBα, they satisfy

cαβγa
δ
α(t)∂δ = [aαβ(y)∂α, aδγ(y)∂δ] =

⎛
⎝
aαβ(y)

∂aδγ

∂yα
(y) − aαγ

∂aδβ(yα)
∂yα

(y)
⎞
⎠
∂δ. (6.15)

Since (aαβ(y)) (bαβ(y)) = I, the identity matrix, we have aδγ(y)b
β
δ (y) = δ

β
γ and, thus,

∂aδγ

∂yα
(y)bβδ (y) + a

δ
γ(y)

∂bβδ (y
α)

∂yα
(y) = 0, 1 ≤ α,β, γ ≤m.

As a result,
∂aδγ

∂yα
(y) = −aδβ(y)aϵγ(y)

∂bβϵ
∂yα
(y), 1 ≤ α, γ, δ ≤m.

By substituting this into (6.15) and rearranging indices, we get

cκβγa
δ
κ(y) = aαβ(y)aδλ(y)aϵγ(y)(−

∂bλϵ
∂yα
(y) + ∂b

λ
α

∂yϵ
(y)) , 1 ≤ β, γ, δ ≤m.

Lastly, we multiply each side by bβ
′

α (y)bλ
′

δ (y)b
γ′
ϵ (y) and we sum over α, δ and ϵ:

cλβγb
β
α(y)bγϵ (y) =

∂bλα
∂yϵ
(y) − ∂b

λ
ϵ

∂yα
(y), 1 ≤ α, ϵ, λ ≤m.

We are ready to show the main result about the map Ξk.

Theorem 6.13. For each k ≥ 2, we have that:

(i) imΞk = ker jk−2F̃ ⊂ Jk−1C(P ) and,
(ii) Ξk is a proper map.

Proof. To begin with, we show (i). Thanks to Proposition 6.9(ii), we only need to prove that
ker jk−2F̃ ⊂ imΞk. Similarly, the commutativity of (6.11) yields imΞk = imΘk.

The fact that the maps are local enables us to work locally. More specifically, we employ the
bundle coordinates introduced above. Let jk−1x σA = (xµ,Aα

µ;A
α
µ,J) ∈ ker jk−2F̃ . We need to find

jkxs = (xµ, yα; yαJ ) ∈ JkP , such that Θk(jkxs) = jk−1x σA. For that matter, we set yα = 0, 1 ≤ α ≤ m.
Besides, we define yαJ , 1 ≤ ∣J ∣ ≤ k, by recurrence. Namely, fix 0 ≤ r ≤ k − 1, and assume that yαJ has
been defined for 1 ≤ α ≤m, 0 ≤ ∣J ∣ ≤ r − 1 in such a way that they satisfy
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∂ ∣J ∣

∂xJ
(bαβ(y)y

β
1µ
)∣

x

= Aα
µ,J , 0 ≤ ∣J ∣ ≤ r − 2, 1 ≤ µ ≤ n, 1 ≤ α ≤m. (6.16)

Now pick J ∈ Nn with ∣J ∣ = r and consider 1 ≤ µ ≤ n such that Jµ > 0. Then we set

yαJ (µ) = Aα
µ,J−1µ − ∑

I<J−1µ
(J − 1µ

I
)
∂ ∣J−1µ−I ∣bαβ(y)
∂xJ−1µ−I

RRRRRRRRRRRRx
yβI+1µ , 1 ≤ α ≤m.

Observe that it makes sense, since the elements yαJ considered in the RHS are only up to order
r − 1. In addition, for each 1 ≤ α ≤m we have

∂ ∣J−1µ∣

∂xJ−1µ
(bαβ(y)y

β
1µ
)∣

x

= yαJ (µ) + ∑
I<J−1µ

(J − 1µ
I
)
∂ ∣J−1µ−I ∣bαβ(y)
∂xJ−1µ−I

RRRRRRRRRRRRx
yβI+1µ = A

α
µ,J−1µ ,

since bαβ(yα = 0) = δαβ . Hence, yαJ (µ) keeps satisfying (6.16).

Let us check that the definition do not depend on the µ chosen, so we can write yαJ = yαJ (µ). Let
1 ≤ ν ≤ n be another index such that Jν > 0. This enables us to write J = J ′ + 1µ + 1ν for some
multi-index J ′ with ∣J ′∣ = r − 2. Hence, J − 1µ = J ′ + 1ν and J − 1ν = J ′ + 1µ. Therefore,

∑
I<J ′+1ν

(J
′ + 1ν
I
)
∂ ∣J

′+1ν−I ∣bαβ
∂xJ ′+1ν−I

(y)
RRRRRRRRRRRRx
yβI+1µ − ∑

I<J ′+1µ
(J
′ + 1µ
I
)
∂ ∣J

′+1µ−I ∣bαβ
∂xJ

′+1µ−I (y)
RRRRRRRRRRRRx
yβI+1ν (6.17)

= ∂ ∣J
′+1ν ∣

∂xJ ′+1ν
(bαβ(y)y

β
1µ
)∣

x

− ∂ ∣J
′+1µ∣

∂xJ
′+1µ (b

α
β(y)y

β
1ν
)∣

x

= ∂ ∣J
′∣

∂(y)xJ ′ (
∂bαβ

∂yγ
∣
x

(y) yγ1νy
β
1µ
+ bαβ(y)y

β
1µ+1ν −

∂bαβ

∂yγ
∣
x

(y) yγ1µy
β
1ν
− bαβ(y)y

β
1µ+1ν)

= ∂ ∣J
′∣

∂xJ ′
((
∂bαγ

∂yβ
(y) −

∂bαβ

∂yγ
(y)) yγ1µy

β
1ν
)∣

x

Similarly, by inserting the condition jk−1x σA ∈ ker jk−2F̃ , i.e., jk−2x F̃A = jk−2x 0̂, in Lemma 6.11, and
by using (6.16), we obtain

Aα
µ,J ′+1ν −A

α
ν,J ′+1µ = ∑

I≤J ′
(J
′

I
)cαλϵAλ

µ,IA
ϵ
ν,J ′−I (6.18)

= ∑
I≤J ′
(J
′

I
)cαλϵ

∂ ∣I ∣

∂xI
(bλγ(y)y

γ
1µ
)∣

x

∂ ∣J
′−I ∣

∂xJ ′−I
(bϵβ(y)y

β
1ν
)∣

x

= ∂ ∣J
′∣

∂xJ ′
(cαλϵbλγ(y)bϵβ(y)y

γ
1µ
yβ1ν)∣

x

for each 1 ≤ α ≤m, and 1 ≤ µ, ν ≤ n. By gathering (6.17) and (6.18), and by making use of Lemma
6.12, we conclude

yαJ (µ) − yαJ (ν) = Aα
µ,J ′+1ν −A

α
ν,J ′+1µ −

∂ ∣J
′∣

∂xJ ′
((
∂bαγ

∂yβ
(y) −

∂bαβ

∂yγ
(y)) yγ1µy

β
1ν
)∣

x

= ∂ ∣J
′∣

∂xJ ′
(cαλϵbλγ(y)bϵβ(y)y

γ
1µ
yβ1ν)∣

x

− ∂ ∣J
′∣

∂xJ ′
(cαλϵbλγ(y)bϵβ(y)y

γ
1µ
yβ1ν)∣

x

= 0.

Once we have defined jkxs = (xµ, yα; yαJ ) ∈ JkP , the last step is to check that Θk(jkxs) = jk−1x σA,
which is straightforward from (6.16) and Proposition 6.10.
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Lastly, we show that Ξk is proper. Let ([jkxn
sn]G)

∞
n=1 be a sequence in (JkP )/G such that

(jk−1xn
σAn = Ξk ([jkxn

sn]G))
∞
n=1 converges to some jk−1x σA ∈ Jk−1C(P ). Since jk−2xn

F̃An = jk−2xn
0̂ for

each n ∈ N, by continuity we conclude that jk−2x F̃A = jk−2x 0̂, that is, jk−1x σA ∈ ker jk−2F̃ = imΞk.
Thus, there exists jkxs ∈ JkP such that Ξk([jkxs]G) = jk−1x σA. In coordinates, we write jkxn

sn =
(xµn, yαn ; (yn)αJ), jk−1xn

σAn = (x
µ
n, (An)αµ; (An)αµ,J), jkxs = (xµ, yα; yαJ ) and jk−1x σA = (xµ,Aα

µ;A
α
µ,J).

Without loss of generality, we may assume that yαn = 0 and yα = 0, 1 ≤ α ≤m. This way, by recalling
Proposition 6.10, we have

lim
n

∂ ∣J ∣

∂xJ
(bαβ(yn)(yn)

β
1µ
)∣

xn

= lim
n
(An)αµ,J = Aα

µ,J =
∂ ∣J ∣

∂xJ
(bαβ(y)y

β
1µ
)∣

x

for each 0 ≤ ∣J ∣ ≤ k − 1, 1 ≤ α ≤ m and 1 ≤ µ ≤ n. Subsequently, by recurrence as above, it can be
checked that limn(yn)αJ = yαJ for each 0 ≤ ∣J ∣ ≤ k and 1 ≤ α ≤ m and, thus, (jkxn

sn)
∞
n=1 converges to

jkxs.

By gathering the previous results, we obtain the geometry of the reduced configuration bundle.

Corollary 6.14. For each k ≥ 2, there is an isomorphism of fiber bundles covering the identity idX ,

(JkP ) /G ≃ ker jk−2F̃ = {jk−1x σA ∈ Jk−1C(P ) ∣ jk−2x F̃A = jk−2x 0̂} .

Proof. Let us show that Ξk is an immersion, i.e., that dΞk is everywhere injective. Since the property
is local we can work in a trivialization of πP,X , that is, we assume that P =X×G. Given two sections
s = (idX , f), s′ = (idX , f ′) ∈ Γ (πP,X), we define τ ∶ P → P as τ(x, g) = (x, f ′(x)f(x)−1g) for each
x ∈ X, which is a principal bundle automorphism such that τ ○ s = s′. Besides, the jet extension
j1τ ∶ J1P → J1P is G-equivariant, i.e., j1τ(j1xs)⋅g = j1τ ((j1xs) ⋅ g) for each g ∈ G and each j1xs ∈ J1P .
Hence, it induces an automorphism of the bundle of connections, τ̂ = [j1τ]G ∶ C(P ) → C(P ). By
taking the jet lift of these maps, we arrive at the following commutative diagram

JkP Jk−1C(P )

JkP Jk−1C(P )

Θk

jkτ jk−1τ̂

Θk

Therefore, Θk has constant rank, since τ and τ̂ are isomorphisms and this construction can be
done for every pair of sections s, s′ ∈ Γ (πP,X). By using this and the fact that πk is a submersion,
and by recalling (6.11), we conclude that Ξk has constant rank too. Since Ξk is injective (recall
Proposition 6.9(i)), the Global Rank Theorem (see, for example, [60, Theorem 4.14]) ensures that
Ξk is an immersion.

In short, Ξk is an injective immersion and proper (by (ii) of Theorem 6.13), whence it is an
embedding (cf. [60, Proposition 4.22]). Hence, imΞk = ker jk−2F̃ is a submanifold of Jk−1C(P )
and, again by the Global Rank Theorem, Ξk ∶ (JkP )/G→ ker jk−2F̃ is a diffeomorphism.

Notation. Henceforth, we will denote

Ck−1
0 (P ) = imΞk = ker jk−2F̃ .
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6.4 Higher-order Euler–Poincaré reduction

At this point, we are ready to develop the Euler–Poincaré reduction for higher-order field theories.
Given a principal G-bundle, πP,X ∶ P →X, over a boundaryless manifold X and k ≥ 2, we consider
a k-th order Lagrangian density, L = Lv ∶ JkP → ⋀n T ∗X, that is G-invariant, i.e.,

L ○ Ψ (k)g = L, ∀g ∈ G.
As a result, we have a dropped or reduced Lagrangian,

l = lv ∶ (JkP )/G→ ⋀n T ∗X, [jkxs]G ↦ l ([jkxs]G) = L (j
k
xs) .

By means of Corollary 6.14, we may regard the reduced Lagrangian as defined on Ck−1
0 (P ) =

ker jk−2F̃ ⊂ Jk−1C(P ). For an open subset U ⊂ X with compact closure and s ∈ Γ (U , πP,X), the
corresponding reduced section is defined as

σA = [j1s]G ∈ Γ (U , πC(P ),X) .
A variation δs of the original section induces a variation δσA of the reduced section. By construction,
the original and the reduced variations satisfy L (jkst) = l (jk−1 (σA)t) for all t ∈ (−ϵ, ϵ) and, thus,

d

dt
∣
t=0
∫U L

(jkst) =
d

dt
∣
t=0
∫U l
(jk−1 (σA)t) . (6.19)

If we choose a fixed principal connection A0 ∈ Ω1(P,g) on πP,X , we can identify the bundle of
connections with the modelling vector bundle,

C(P ) ∋ σA(x)
1∶1←→ σA(x) = σA(x) − σA0(x) ∈ T ∗X ⊗ g̃. (6.20)

By taking the (k − 1)-jet lift of this map, we can also identify the reduced configuration space with
some subbundle of Jk−1 (T ∗X ⊗ g̃), that is,

Jk−1C(P ) ⊃ Ck−1
0 (P ) ∼←→ Ck−1

0 (P ) ⊂ Jk−1 (T ∗X ⊗ g̃) ,
so that the reduced Lagrangian could be regarded as

l ∶ Ck−1
0 (P ) → ⋀n T ∗X.

The whole situation is summarized in the following commutative diagram:

JkP

(JkP )/G Ck−1
0 (P ) Ck−1

0 (P )

J1P

P (J1P ) /G C(P ) T ∗X ⊗ g̃

U (⊂X)

s

jks

πk

π1

Ξk ∼

σA
σA

∼ ∼
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Definition 6.4 Let ∇A0 ∶ Γ (πg̃,X) → Γ (πT ∗X⊗g̃,X) be the linear connection on the adjoint bundle,

πg̃,X , induced by A0. The divergence of ∇A0 is minus the adjoint of ∇A0, i.e., the map divA0 ∶
Γ (πTX⊗g̃∗,X) → Γ (πg̃∗,X) implicitly defined by

∫
X
⟨η,∇A0ξ⟩ v = −∫

X
⟨divA0η, ξ⟩ v, ξ ∈ Γ (πg̃,X) , η ∈ Γ (πTX⊗g̃∗,X) .

Given σA ∈ Γ (πT ∗X⊗g̃,X), we define the map ad∗σA
∶ Γ (πTX⊗g̃∗,X) → Γ (πg̃∗,X) as the coadjoint

representation of g̃∗ and the dual pairing of TX and T ∗X. In the following, since πT ∗X⊗g̃,X is a
vector bundle, we identify its vertical bundle with itself, V (T ∗X ⊗ g̃) ≃ T ∗X ⊗ g̃, and analogous
for its dual.

Theorem 6.15 (Higher-order Euler–Poincaré field equations). Let k ≥ 2, πP,X ∶ P →X be a
principal G-bundle and L ∶ JkP → ⋀n T ∗X be a k-th order, G-invariant Lagrangian density. Let l ∶
Ck−1
0 (P ) → ⋀n T ∗X be the reduced Lagrangian density, where Ck−1

0 (P ) ≃ (JkP )/G ⊂ Jk−1(C(P ))
is the reduced space, and consider an extension l̂ ∶ Jk−1 (C(P )) → ⋀n T ∗X of the reduced Lagrangian
l to the whole jet. Let A0 ∈ Ω1(P,g) be a principal connection on πP,X , which enables us to identify
C(P ) ≃ T ∗X ⊗ g̃, and let ∇A0 be the linear connection on πg̃,X induced by A0.

Given a (local) section s ∈ Γ (U , πP,X), where U ⊂X is an open subset with compact closure, and
the corresponding reduced section σA ∈ Γ (U , πC(P ),X), the following statements are equivalent:

(i) The variational principle δ∫U L
(jks) = 0 holds for arbitrary variations of s such that jk−1x δs = 0

for each x ∈ ∂U .
(ii) The section s satisfies the Euler–Lagrange field equations, (j2ks)∗ EL(L) = 0.

(iii) The variational principle δ∫U l
(jk−1σA) = 0 holds for variations of the form

δσA = ∇A0ξ − [σA, ξ] ∈ Γ (U , πT ∗X⊗g̃,X) ,

where ξ ∈ Γ (U , πg̃,X) is an arbitrary section such that jk−1x ξ = 0 for each x ∈ ∂U .
(iv) The reduced section σA satisfies the k-th order Euler–Poincaré field equations:

(divA0 − ad∗σA
) ((j2k−2σA)

∗ EL (̂l)) = 0, (6.21)

where EL (̂l) ∈ Ωn (J2k−2(C(P )), TX ⊗ g̃∗) is the Euler–Lagrange form of l̂.

Proof. The equivalence between (i) and (ii) is established in Theorem 6.6. In addition, the induced
variations of the reduced section were computed in [12, Theorem 1]. Hence, the equivalence between
(i) and (iii) is straightforward from this fact and equation (6.19). To conclude, let us show the
equivalence between (iii) and (iv). Firstly, note that given a variation of the original section,
together with the induced variation of the reduced section, we have jk−1x (σA)t ∈ Ck−1

0 (P ) for all

t ∈ (−ϵ, ϵ) and x ∈ U . Hence, δ (jk−1σA) (x) = (δσA)(k−1) (x) ∈ Tjk−1x σA
(Ck−1

0 (P )). By applying the
explicit expression of the reduced variations and Proposition 6.5, we obtain

δ∫U l̂
(jk−1σA) = ∫U ⟨

(j2k−2σA)
∗ EL (̂l) , δσA⟩

= ∫U ⟨
(j2k−2σA)

∗ EL (̂l) ,∇A0ξ − [σA, ξ]⟩

= −∫U ⟨div
A0 ((j2k−2σA)

∗ EL (̂l)) − ad∗σA
((j2k−2σA)

∗ EL (̂l)) , ξ⟩ = 0.

Since this holds for every ξ ∈ Γ (U , πg̃,X) vanishing at the boundary, we conclude.



6.4 Higher-order Euler–Poincaré reduction 93

Remark 6.3 Since (the (k−1)-th jet lift of) the reduced section lies in Ck−1
0 (P ) and the infinites-

imal reduced variations are tangent to this space, the solutions of the reduced equations do not
depend on the choice of the extended Lagrangian l̂ ∶ Jk−1C(P ) → ⋀n T ∗X. That is, if we have two
such extensions l̂1, l̂2 with l̂1∣Ck−1

0 (P ) = l̂2∣Ck−1
0 (P ), then a reduced section is critical with respect for l̂1

if and only if it is critical for l̂2. In other words, Ck−1
0 (P ) ⊂ Jk−1C(P ) may be regarded as a kind

of holonomic constraint.

Remark 6.4 If we choose the connection A0 = A itself, that is, the connection defined by the
reduced section σA = [j1s]G, the reduced equation (6.21) has the simpler form

divA ((j2k−2σA)
∗ EL (̂l)) = 0.

Let us find the local expression of the reduced equations. As in Section 6.3, let {Bα ∣ 1 ≤ α ≤m} be
a basis of g, (xµ, yα) be normal bundle coordinates for πY,X and (xµ,Aα

µ) be bundle coordinates for
πC(P ),X . Similarly, consider the adapted coordinates (xµ, yα; yαJ ) and (xµ,Aα

µ;A
α
µ,J) for JkY and

Jk−1C(P ), respectively. For the sake of simplicity, we fix the flat connection on πY,X under these
coordinates, i.e., A0 = dyα⊗Bα. This way, (xµ,Aα

µ) may also be regarded as bundle coordinates on
πT ∗X⊗g̃,X , and we denote by (xµ, vµα) the bundle coordinates on the dual bundle, πTX⊗g̃∗,X .

Lemma 6.16. With the above bundle coordinates, let η = ηµα ∂µ ⊗ Bα ∈ Γ (πTX⊗g̃∗,X) and σA =
σαµ dx

µ ⊗Bα ∈ Γ (πT ∗X⊗g̃,X). Then we have

divA0(η) = ∂µηµαBα, ad∗σA
(η) = −cαβγ ηµα σβµ Bγ .

Proof. Let ξ = ξαBα ∈ Γ (πg̃,X) and note that ∇A0ξ = ∂µξαdxµ ⊗ Bα. By definition of divergence
and the integration by parts formula [9, Lemma 4.5], we finish

∫
X
⟨divA0(η), ξ⟩ v = −∫

X
⟨η,∇A0ξ⟩ v

= −∫
X
⟨ηµα∂µ ⊗Bα, ∂µξ

αdxµ ⊗Bα⟩ v

= −∫
X
(ηµα∂µξα) v = ∫

X
(∂µηµαξα) v.

For the second part, we have

⟨ad∗σA
(η), ξ⟩ = − ⟨η,adσA

(ξ)⟩ = − ⟨ηµα ∂µ ⊗Bα, [σαµ dxµ ⊗Bα, ξ
αBα]⟩

= − ⟨ηµα ∂µ ⊗Bα, cαβγ σ
β
µ ξ

γ dxµ ⊗Bα⟩ = −cαβγ ηµα σβµ ξγ .

Corollary 6.17 (Local equations). With the above coordinates, we write

σA = σαµdxµ ⊗Bα ∈ Γ (U , πT ∗X⊗g̃,X)

for the reduced section. Then the local expression of the k-th order Euler–Poincaré field equations
is given by

k−1
∑
∣J ∣=0
(−1)∣J ∣

⎛
⎝
∂ ∣J+1µ∣

∂xJ+1µ
⎛
⎝

∂l̂

∂Aα
µ,J

(jk−1σA)
⎞
⎠
− cγβασ

β
µ

∂ ∣J ∣

∂xJ
⎛
⎝

∂l̂

∂Aγ
µ,J

(jk−1σA)
⎞
⎠
⎞
⎠
= 0, 1 ≤ α ≤m.

Proof. From (6.4) and (6.2), it is clear that

(j2k−2σA)
∗ EL (̂l) =

k−1
∑
∣J ∣=0
(−1)∣J ∣ ∂

∣J ∣

∂xJ
⎛
⎝

∂l̂

∂Aα
µ,J

(jk−1σA)
⎞
⎠
v ⊗ dAα

µ.

Recall that we are identifying V ∗ (T ∗X ⊗ g̃) ≃ TX ⊗ g̃∗, i.e., dAα
µ ≃ ∂µ ⊗Bα. The result is now an

straightforward consequence of (iv) of Theorem 6.15 and Lemma 6.16.
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At last, note that a solution of the reduced equations lying in the reduced space corresponds to
a flat principal connection and, thus, the reconstruction condition is automatically satisfied.

Theorem 6.18 (Reconstruction). In the conditions of Theorem 6.15, let σA ∈ Γ (U , πC(P ),X)
be a solution of the k-th order Euler–Poincaré field equations (6.21) such that A ∈ Ω1(P ∣U ,g)
has trivial holonomy on a domain and jk−1σA ∈ Γ (U , πCk−1

0 (P ),X). Then there exists a section

s ∈ Γ (U , πP,X) that is critical for the original variational problem defined by L and such that
σA = [j1s]G. Furthermore, any critical section on U of L is of the form s ⋅ g for certain g ∈ G.

Proof. From the condition jk−1σA ∈ Γ (U , πCk−1
0 (P ),X) we know that A ∈ Ω1(P ∣U ,g) is a flat connec-

tion. Therefore, there exists a foliation of P ∣U given by the integral leaves of A. The trivial holonomy
ensures that each integral leaf intersects once and only once each fiber of P ∣U . Subsequently, given
a integral leaf of A, it defines a section s ∈ Γ (U , πP,X) projecting onto σA. This section is critical
thanks to theorem 6.15. Moreover, the remaining integral leaves of A are obtained from s as follows,

Fg = s(U) ⋅ g ⊂ P ∣U , g ∈ G.

Hence, given another critical section, s̃ ∈ Γ (U , πP,X), projecting onto σA, we conclude that s̃ = s ⋅ g
for some g ∈ G, since s̃(U) must belong to the previous family.

If X is a simply connected manifold, then every flat connection has trivial holonomy and we
have the following equivalence

(j2ks)∗ EL(L) = 0 ⇐⇒
⎧⎪⎪⎨⎪⎪⎩

(divA0 − ad∗σA
) ((j2k−2σA)

∗ EL (̂l)) = 0,
F̃A = 0.

In an arbitrary manifold the equivalence above is valid locally only.

Remark 6.5 That fact that the reconstruction process requires the flatness of a connection is a
characteristic trait in Field Theories that does not show up in Mechanics, i.e., when dimX = 1
(see for example [12, 32] for comments on this situation). However, there is a significant difference
from first order to higher-order reduction. Indeed, the flatness condition is a compatibility equation
that must be incorporated by hand for k = 1 theories, whereas this condition comes directly from
the geometry of the reduced phase space for k > 1. In other words, for higher-order Euler–Poincaré
reduction the reconstruction is not inserted ad hoc, but it is intrinsic in the nature of the reduced
sections.

6.5 Noether theorem

The well-known Noether theorem establishes that infinitesimal symmetries of a Lagrangian density
lead to conserved quantities for the dynamics of the system. As in the previous section, let L = Lv ∶
JkP → ⋀n T ∗X be a G-invariant k-th order Lagrangian on a principal G-bundle, πP,X ∶ P → X.
The aim of this section is to prove that the conservation laws of L arising from its G-invariance are
equivalent to the higher-order Euler–Poincaré field equations.

We start by recalling the definition of an infinitesimal symmetry and the Noether theorem for
higher-order Lagrangian densities. (cf. [77, §10]).

Definition 6.5 An infinitesimal symmetry of L is a projectable vector field U ∈ X(P ) such that
£U(k)L = 0, where £ denotes the Lie derivative and U (k) ∈ X(JkP ) is the k-th order prolongation
of U .
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For a vertical vector field V ∈ X(P ), being an infinitesimal symmetry is equivalent to £V (2k−1)ΘL =
0, for any covariant Cartan form, ΘL ∈ Ωn(J2k−1P ), of L.

Theorem 6.19 (Noether theorem). Let s ∈ Γ (πP,X) and U ∈ X(U) be a critical section and an
infinitesimal symmetry of L, respectively. Then

d ((j2k−1s)∗ ιU(2k−1)ΘL) = 0,

for any covariant Cartan form, ΘL, of L.

Henceforth, we focus on the covariant Cartan form given locally by (6.3). As our Lagrangian is
G-invariant, each infinitesimal generator ξ∗ ∈ X(Y ) of an element ξ ∈ g is an infinitesimal symmetry
of L. We define the Noether current as the g∗-valued form J ∈ Ωn−1 (J2k−1P,g∗) given by

⟨J (j2k−1x s) , ξ⟩ = ι(ξ∗)(2k−1)ΘL (j2k−1x s) , j2k−1x s ∈ J2k−1P, ξ ∈ g,

where ⟨⋅, ⋅⟩ denotes the dual pairing, as usual. Observe that the Noether theorem ensures that

d ((j2k−1s)∗J ) = 0 (6.22)

for every critical section s ∈ Γ (πY,X). We are ready to show the main theorem of this section.

Theorem 6.20. Let πP,X ∶ P → X be a principal G-bundle, L = Lv ∶ JkP → ⋀n T ∗X be
a G-invariant Lagrangian, l = lv ∶ Ck−1

0 (P ) → ⋀n T ∗X be the reduced Lagrangian, and J ∈
Ωn−1 (J2k−1P,g∗) be the Noether current given by the Cartan form ΘL ∈ Ωn(J2k−1P ) locally defined

by (6.3). Consider a section, s ∈ Γ (πY,X) and the corresponding reduced section, σA ∈ Γ (πC(P ),X).
Then the Noether equation (6.22) holds if and only if the k-th order Euler–Poincaré field equations
hold for the principal connection A ∈ Ω1(P,g), i.e.,

divA ((j2k−2σA)
∗ EL(l̂)) = 0,

where l̂ ∶ Jk−1(C(P )) → ⋀n T ∗X is an extension of the reduced Lagrangian.

Proof. Let (xµ, yα; yαJ ) be adapted coordinates for J2kP . Some conditions will be imposed on these
coordinates along the proof. Firstly, suppose that (yα) are normal coordinates on some neighbor-
hood of the identity element. Hence, given a basis {Bα ∣ 1 ≤ α ≤ m} of g, we may use equation
(6.12) and Proposition 6.2 (recall that ξ∗ ∈ X(P ) is a vertical vector field) to obtain

(ξ∗)(2k−1)y = ξβaαβ(y)∂α + ξβ
d∣J ∣aαβ(y)
dxJ

∂Jα , y = (xµ, yα) ∈ P.

If the coordinates are chosen so that the volume form is given by v = dnx = dx1 ∧ ⋅ ⋅ ⋅ ∧ dxn, the left
interior product of the covariant Cartan form (6.3) by (ξ∗)(2k−1) reads

ι(ξ∗)(2k−1)ΘL =
k−1
∑
∣I ∣=0

k−∣I ∣−1
∑
∣J ∣=0

(−1)∣J ∣ξβ d
∣J ∣

dxJ
⎛
⎝

∂L

∂yαI+J+1µ

⎞
⎠
d∣I ∣aαβ(y)
dxI

dn−1xµ,

where dn−1xµ = ι∂µdnx. In coordinates, the critical section is written as s(xµ) = (xµ, sα(xµ)), for
some local functions sα ∈ C∞(X), 1 ≤ α ≤m. From the previous expression and (6.2), we get

(j2k−1s)∗J =
k−1
∑
∣I ∣=0

k−∣I ∣−1
∑
∣J ∣=0

(−1)∣J ∣ξβ ∂
∣J ∣

∂xJ
⎛
⎝

∂L

∂yαI+J+1µ
(jks)

⎞
⎠
∂ ∣I ∣aαβ(sα)

∂xI
dn−1xµ. (6.23)
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On the other hand, let (xµ,Aα
µ;A

α
µ,J) be adapted coordinates for J2k−1C(P ). Observe that locally

C(P ) ≃ T ∗X ⊗ g̃, so we will use these coordinates for both spaces indifferently. For the reduced
section, we write σA(xµ) = σA(xµ) = (xµ, σαµ(xµ)) for some local functions σαµ ∈ C∞(X), 1 ≤ µ ≤ n,
1 ≤ α ≤m. Since σA = [j1s]G, Proposition 6.10 yields

σαµ = bαβ(sα)∂µsβ, 1 ≤ µ ≤ n, 1 ≤ α ≤m.

From this and Lemma 6.4, we get

∂

∂yαI+J+1µ
( ∂
∣I+J+K∣

∂xI+J+K
(bβγ(sα)∂µsγ)) (6.24)

= ∂

∂yαI+J+1µ

⎛
⎝ ∑
I(1)+I(2)=I+J+K

(I + J +K)!
I(1)!I(2)!

∂ ∣I
(1)∣bβγ(sα)
∂xI

(1)

∂ ∣I
(2)∣∂µsγ

∂xI
(2)

⎞
⎠

= (I + J +K)!
K!(I + J)!

∂ ∣K∣bβα(sα)
∂xK

,

for each 1 ≤ µ ≤ n, 1 ≤ α,β ≤ m, 0 ≤ ∣I ∣ ≤ k − 1, 0 ≤ ∣J ∣ ≤ k − ∣I ∣ − 1 and 0 ≤ ∣K ∣ ≤ k − ∣I ∣ − ∣J ∣ − 1.
Moreover, by definition the extension of the reduced Lagrangian satisfies

l̂(xµ, σαµ(xµ);∂Jσαµ(xµ)) = l̂ (jk−1x σA) = L (jkxs) = L(xµ, sα(xµ);∂Jsα(xµ)),

where ∂J = ∂/∂xJ . By using this relation and equation (6.24), we obtain

∂L

∂yαI+J+1µ
(jks) =

k−∣I ∣−∣J ∣−1
∑
∣K∣=0

(I + J +K)!
K!(I + J)!

∂l̂

∂Aβ
µ,I+J+K

(jk−1σA)
∂ ∣K∣bβα(sα)

∂xK
,

for each 1 ≤ µ ≤ n, 0 ≤ ∣I ∣ ≤ k − 1 and 0 ≤ ∣J ∣ ≤ k − ∣I ∣ − 1. For brevity, we have denoted Aα
µ,J0
= Aα

µ

for J0 = (0, . . . ,0). By introducing this in (6.23) and by using Lemma 6.4, we obtain

(j2k−1s)∗J =
k−1
∑
∣I ∣=0

k−∣I ∣−1
∑
∣J ∣=0

k−∣I ∣−∣J ∣−1
∑
∣K∣=0

(−1)∣J ∣ (I + J +K)!
K!(I + J)! ξ

β (6.25)

∂ ∣J ∣

∂xJ
⎛
⎝

∂l̂

∂Aβ
µ,I+J+K

(jk−1σA)
∂ ∣K∣bβα(sα)

∂xK
⎞
⎠
∂ ∣I ∣aαβ(sα)

∂xI
dn−1xµ

=
k−1
∑
∣I ∣=0

k−∣I ∣−1
∑
∣J ∣=0

k−∣I ∣−∣J ∣−1
∑
∣K∣=0

J

∑
∣L∣=0
(−1)∣J ∣ (I + J +K)!J !

K!(I + J)!L!(J −L)!ξ
β

∂ ∣L∣

∂xL
⎛
⎝

∂l̂

∂Aβ
µ,I+J+K

(jk−1σA)
⎞
⎠
∂ ∣J+K−L∣bβα(sα)

∂xJ+K−L
∂ ∣I ∣aαβ(sα)

∂xI
dn−1xµ.

In addition, we have bβα(sα)aαβ(sα) =m. Hence, from Lemma (6.4) we get

∂ ∣M ∣

∂xM
(bβα(sα)aαβ(sα)) = ∑

M(1)+M(2)=M

M !

M (1)!M (2)!

∂ ∣M
(1)∣bβα(sα)
∂xM

(1)

∂ ∣M
(2)∣aγβ(s

α)
∂xM

(2)
= 0, ∣M ∣ > 0.

By introducing this in (6.25), we arrive at

(j2k−1s)∗J =m
k−1
∑
∣J ∣=0
(−1)∣J ∣ξα ∂

∣J ∣

∂xJ
⎛
⎝

∂l̂

∂Aα
µ,J

(jk−1σA)
⎞
⎠
dn−1xµ.

Thence, the Noether conservation law, d ((j2k−1s)∗J ) = 0, locally reads
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k−1
∑
∣J ∣=0
(−1)∣J ∣ ∂

∣J+1µ∣

∂xJ+1µ
⎛
⎝

∂l̂

∂Aα
µ,J

(jk−1σA)
⎞
⎠
= 0, 1 ≤ α ≤m, (6.26)

where we have used that ξ = ξαBα ∈ g is arbitrary.

Lastly, fix x0 = (xµ0) ∈X and assume that our adapted coordinates are chosen so that A is flat at
y = s(x0), i.e., As(x0) = (dyα)s(x0) ⊗Bα. It is now clear that (6.26) are exactly the local equations

computed in Corollary 6.17 for σA = 0̂, i.e., σαµ = 0 for 1 ≤ µ ≤ n and 1 ≤ α ≤m.

6.6 Multivariate k-splines on Lie groups

Variational splines are piecewise polynomial functions that allow for interpolating while minimizing
some cost functional. For this reason, they have many applications in different areas such as optimal
control theory, medical imaging or robotics (cf., for instance, [59]). Here we focus on higher-order
splines, i.e., those in which the cost functional depends on higher-order derivatives. Namely, the
reduction theory for 1-dimensional k-splines on Lie groups developed in [40, §3.2] (see also [62]) is
extended to multivariate functions on Lie groups (cf. [24]).

Let G be a Lie group endowed with a right-invariant, (pseudo-)Riemannian metric, g. The inner
product induced on the Lie algebra, g, is denoted by the same symbol, g ∶ g × g → R, and the
induced norms on TG and g are denoted by ∥⋅∥g ∶ TG→ R and ∥⋅∥g ∶ g→ R, respectively. Similarly,

the adjoint of adξ induced by g is denoted by ad†
ξ ∶ g→ g, i.e.,

g(adξ(η), ζ) = g(η,ad†
ξ(ζ)), ξ, η, ζ ∈ g.

On the other hand, let X = Rn (recall Remark 6.1) with the standard (global) coordinates and
volume form given by (xµ) = (x1, . . . , xn) and dnx = dx1 ∧ ⋅ ⋅ ⋅ ∧ dxn, respectively. The configuration
bundle is given by

πP,X ∶ P =X ×G→X, (x, g) ↦ x.

The bundle being trivial yields JkP = Jk(X,G), the family of k-jets of functions ς ∶X → G, whose
elements are denoted by jkxς. Let ∇ ∶ X(G) ×X(G) → X(G) be the Levi–Civita connection of g. Its
pull-back by a (local) function ς ∶ X → G, which is a linear connection on πς∗TG,X ∶ ς∗TG → X, is
denoted by ς∗∇ and, given 1 ≤ µ ≤ n, the corresponding covariant derivative is denoted by

∇
∂xµ

= ς∗∇∂µ ∶ Γ (πς∗TG,X) → Γ (πς∗TG,X).

Definition 6.6 The Lagrangian for multivariate k-splines on G is given by

Ls (jkxς) =
1

2
κµ ∥ ∇

k−1

∂(xµ)k−1 ∣x
(∂µς)∥

2

g

, jkxς ∈ Jk(X,G), (6.27)

for certain κµ ∈ R, 0 ≤ µ ≤ n.

Given a (local) function ς ∶X → G, we set

σ = dRς−1 ○ dς = (dRς−1 ○ ∂µς)dxµ ∈ Γ (πT ∗X⊗g,X) = Ω1(X,g),

where Rg ∶ G→ G denotes the right multiplication by g ∈ G. This induces the following isomorphism,

J1(X,G) ≃ G ⋉ (T ∗X ⊗ g), j1xς ↦ (ς(x), σ(x)) ,
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where ⋉ denotes the fibered semidirect product given by the adjoint representation (cf. [21, §4.3.1]).
Hence, the isomorphism Ξk given in (6.11) becomes

Jk(X,G)/G ∋ jkxς ↦ jk−1x σ ∈ Ck−1
0 (P ).

Observe that for the canonical principal connection on the trivial bundle πP,X , the isomorphism

(6.20) reduces to the identity and, thus, Ck−1
0 (P ) = Ck−1

0 (P ).

Proposition 6.21. The Lagrangian (6.27) is right invariant. Furthermore, a (natural) extended
reduced Lagrangian is

l̂s (jk−1x σ) = 1

2
κµ ∥ξk−1µ (x)∥2

g
, jk−1x σ ∈ Jk−1C(P ), (6.28)

where σ = σµdxµ and ξjµ ∶X → g are defined recursively as follows,

ξ0µ = σµ, ξjµ = ∂µξj−1µ + 1

2
(ad†

σµ
(ξj−1µ ) + ad

†
ξj−1µ

(σµ) − adσµ (ξj−1µ )) , 1 ≤ j ≤ k − 1.

Proof. Given a (local) function ς ∶X → G, suppose that

∇k−1

∂(xµ)k−1 (∂µς) = dRς ○ ξk−1µ , 1 ≤ µ ≤ n. (6.29)

In such case, the Lagrangian (6.27) may be written as

Ls (jkxς) =
1

2
κµ ∥(dRς(x))e (ξ

k−1
µ (x))∥2

g
= 1

2
κµ ∥ξk−1µ (x)∥2

g
,

where right invariance of g has been used. It is now clear that L is right invariant, since the maps
ξk−1µ do not depend on the value of ς, but only on its derivatives (regarded as elements of the Lie
algebra). By recalling that σ = dRς−1 ○ dς, i.e., σµ = dRς−1 ○ ∂µς, the reduced Lagrangian reads

ls (jk−1x σ) = Ls (jkxς) =
1

2
κµ ∥ξk−1µ (x)∥2

g
.

Although the reduced Lagrangian is computed for elements jk−1x σ ∈ Ck−1
0 (P ), it can extended

straightforwardly to the whole jet, l̂s ∶ Jk−1C(P ) → R, by taking arbitrary functions σµ ∶ X → g,
1 ≤ µ ≤ n.

Lastly, let us check (6.29) by induction. For k = 1 it is straightforward. Now let k > 1. The
formula for the Levi–Civita covariant derivative of the right-invariant metric g (cf. [40, Eq. (3.13)]
or [58, §46.5]), together with the definition of pull-back connection, yield

ς∗∇∂µς
∗U = ς∗(∇dς(∂µ)U) = dRς ○ (dϕU ○ ςµ +

1

2
ad†

σµ
(ϕU) +

1

2
ad†

ϕU
(σµ) −

1

2
adσµ(ϕU)) ○ ς

for each U ∈ X(G), where ϕU ∈ C∞(G,g) is given by ϕU(g) = (dRg−1)g(U(g)), g ∈ G. By using this
and the induction hypothesis, we finish:

∇k−1

∂(xµ)k−1 (∂µς) = ς
∗∇∂µ (

∇k−2

∂(xµ)k−2 (∂µς)) = ς
∗∇∂µ (dRς ○ ξk−2µ )

= dRς ○ (∂µξk−2µ + 1

2
ad†

σµ
(ξk−2µ ) + 1

2
ad†

ξk−2µ
(σµ) −

1

2
adσµ (ξk−2µ )) = dRς ○ ξk−1µ .

Let us compute explicitly the reduced equations for k = 2. This corresponds to the minimization
of the accelerations, which in specific applications is directly related with the fuel expenditure
of trajectories (cf. [51]). In such case, for each σ = σµdxµ ∈ Ω1(X,g), it is easy to check that
ξ1µ = ∂µσµ + ad†

σµ
(σµ), 1 ≤ µ ≤ n.
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Theorem 6.22. The Euler–Poincaré field equations for (6.28) with k = 2, i.e.,

l̂s (j1xσ) =
1

2
κµ ∥∂µσµ + ad†

σµ
(σµ)∥

2

g
, j1xσ ∈ J1C(P ),

are given by
κµ (∂µ − ad†

σµ
) (ad†

ηµ(σµ) + adηµ(σµ) + ∂µηµ) = 0, (6.30)

where ηµ = ∂µσµ + ad†
σµ
(σµ) for each 1 ≤ µ ≤ n.

Proof. Let σ = σµdxµ ∈ Ω1(X,g). The musical isomorphisms defined by g are denoted by ♯ ∶ g∗ → g
and ♭ ∶ g→ g∗. For each 1 ≤ µ, ν ≤ n, it can be easily checked that

∂l̂s
∂(∂νσµ)

(j1σ) = δµνκµη♭µ, ∂ν (
∂l̂s

∂(∂νσµ)
(j1σ)) = κµ∂µη♭µ. (6.31)

As straightforward computation shows that ad†
ξ(ζ) = ad∗ξ (ζ♭)♯ for each ξ, ζ ∈ g. Thus, for each

1 ≤ µ ≤ n we have

∂l̂s
∂σµ
(j1σ) = κµg (ηµ,ad†(σµ) + ad†

σµ
(⋅)) (6.32)

= κµ (g (ad(ηµ), σµ) + g (adσµ(ηµ), ⋅)) = κµ (−g (adηµ(⋅), σµ) − g (adηµ(σµ), ⋅))
= −κµg (ad†

ηµ(σµ) + adηµ(σµ), ⋅) = −κ
µ (ad∗ηµ(σ

♭
µ) + adηµ(σµ)♭) .

By gathering (6.31) and (6.32), the Euler–Lagrange form of l̂s = l̂s dnx ∶ J1C(P ) → ⋀n T ∗X is
readily seen to be

(j2σ)∗ EL (̂ls) = (
∂l̂s
∂σµ
(j1σ) − ∂ν (

∂l̂s
∂(∂νσµ)

(j1σ)))dnx⊗ ∂µ (6.33)

= −κµ (ad∗ηµ(σ
♭
µ) + adηµ(σµ)♭ + ∂µη♭µ)dnx⊗ ∂µ ∈ Ωn(X,TX ⊗ g∗).

On the other hand, since we have chosen A0 as the canonical connection, we obtain the standard
divergence, that is,

divA0 ∶ Γ (πTX⊗g∗,X) → C∞(X,g), ηµα ∂µ ⊗Bα ↦ (∂µηµα)Bα,

where {Bα ∈ g ∣ 1 ≤ α ≤ m} is a basis of g and {Bα ∈ g∗ ∣ 1 ≤ α ≤ m} is its dual basis. In the same
fashion, we have

ad∗σ ∶ Γ (πTX⊗g∗,X) → C∞(X,g∗), ηµα∂µ ⊗Bα ↦ ηµα ad
∗
σµ
(Bα).

From this and (6.33), we obtain the Euler–Poincaré field equations for l̂s,

0 = κµ (divA0 −ad∗σ) (ad∗ηµ(σ
♭
µ) + adηµ(σµ)♭ + ∂µη♭µ)dnx⊗ ∂µ

= κµ (∂µ − ad∗σµ
) (ad∗ηµ(σ

♭
µ) + adηµ(σµ)♭ + ∂µη♭µ)dnx.

By applying ♯, we conclude.

Corollary 6.23. If the metric g is bi-invariant, then the Euler–Poincaré field equations for 2-
splines (6.30) become

κµ (∂3µσµ + [σµ, ∂2µσµ]) = 0.

Proof. For a bi-invariant metric, we have ad†
ξ(ζ) = −adξ(ζ) for each ξ, η ∈ g. Therefore, ηµ = ∂µσµ

for each 1 ≤ µ ≤ n and we finish.
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Remark 6.6 (Elastica) The incorporation of elastic terms to the Lagrangian for multivariate k-
splines is motivated by optimal control problems where the velocities (first order derivatives) have
to be minimized together with their accelerations [8, 51, 79]. In such case, the Lagrangian is given
by

Le (jkxς) = Ls (jkxς) +
1

2
τµ ∥∂µς∥2g , jkxς ∈ Jk(X,G), (6.34)

for certain τµ ∈ R, 1 ≤ µ ≤ n, with Ls ∶ Jk(X,G) → R as in (6.27). The reduced Lagrangian, as well
as the reduced equations, are computed by adding the extra term in the above results. Namely, it is
clear that

l̂e (jk−1x σ) = l̂s (jk−1x σ) + 1

2
τµ ∥σµ∥2g , jk−1x σ ∈ Jk−1C(P ),

with l̂s ∶ Jk−1C(P ) → R as in (6.28). The corresponding Euler–Poincaré field equations for k = 2
are given by

κµ (∂µ − ad†
σµ
) (ad†

ηµ(σµ) + adηµ(σµ) + ∂µηµ) = τ
µ (∂µ − ad†

σµ
)σµ.

Lastly, when the metric g is bi-invariant, the previous equations boil down to

κµ (∂3µσµ + [σµ, ∂2µσµ]) = τµ∂µσµ. (6.35)



Conclusions and further directions

In this thesis, two new types of covariant reduction by symmetries for Lagrangian field theories have
been developed. On the one hand, we have generalized the Lagrange–Poincaré reduction theory to
account for local gauge symmetries, which have been modelled by fiberwise actions of Lie group
bundles. As most physical systems are not invariant by the full jet extension of the fibered action, we
have studied the reduction procedure when the Lagrangian is invariant only by an affine Lie group
subbundle. In order to study the geometry of the reduced configuration bundle and to drop the
variational principle, an Ehresmann connection equivariant by the fiberwise action has been utilized.
This has led to the notion of generalized principal connection, a natural generalization of principal
connections. Furthermore, the gauge reduction scheme has been applied to several examples, such
as the classical case of global symmetries (Lagrange–Poincaré reduction) and Electromagnetism
(including k-form electromagnetism and symmetry breaking by product groups). We have also
considered non-Abelian gauge theories, leading to the well-known Utiyama theorem and the Yang–
Mills equations. In this application, the fibered action is not free, so our theory cannot be applied
a priori. This situation has been handled through a sort of unreduction-reduction procedure in
which higher-order jets of functions with values on a Lie group have arisen. For this reason, the
Lie groupoid structure of those jets has been studied using a trivialization. On the other hand,
we have extended the covariant Euler–Poincaré reduction to higher-order theories. In this case,
the geometry of the reduced configuration space has been identified canonically, i.e., without using
any connections. Lastly, the reduced field equations have been applied to higher-order, multivariate
splines on Lie groups.

The reduction schemes investigated in this work open new interesting questions for future work:

1. Gauge reduction. Even though the gauge examples examined have symmetries defined by an
affine subbundle, the generalization of our theory to any subbundle H ⊂ J1G is a valuable topic.
However, in this case the reduction of the configuration bundle is more intricate, as Proposition
4.1 is not available. In addition, it would be interesting to connect the present reduction ap-
proach to some constructions of curved gauge theories [36, 57]. In short, curved gauge theories
are constructed as standard gauge theories by substituting the principal bundle by a general-
ized principal bundle. For that reason, the fiberwise approach to local gauge symmetries here
developed is suitable to analyze those theories. The singular actions in these cases could be
tackled again with the unreduction-reduction idea used for Yang–Mills in Chapter 5. Lastly, the
next natural step in the study of local symmetries would be to substitute the Lie group bundle
of symmetries by a Lie groupoid [26, 64], which will allow to study symmetries that are not
vertical, i.e., when the action moves the base point of the manifold, as well as local symmetries
where the dimension of the Lie group is not constant, but it varies with the point of the base
manifold.

2. Hamiltonian reduction. In the Hamiltonian formulation of mechanics, reduction is performed
on each level set of the momentum map (cf. [67, 73]). An alternative approach to Hamiltonian
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reduction that avoids the use of momentum maps consists of reducing the Poisson bracket [70].
This latter approach has been extended to covariant field theories yielding the Hamiltonian
counterparts of the Euler–Poincaré and the Lagrange–Poincaré reduction theories, that is, the
Lie–Poisson [14] and the Poisson–Poincaré [3] reduction theories, respectively. Of course, the
Lagrangian and Hamiltonian viewpoints are related via the Legendre transform. It would be
highly desirable to extend the covariant Poisson reduction to account for local gauge symmetries,
yielding the Hamiltonian counterpart of the theory developed in Chapter 4.

3. Higher-order reduction. The higher-order Euler–Poincaré reduction developed in Chapter
6 constitutes the first step towards a comprehensive understanding of reduction in higher-
order field theories, but much work to provide more general higher-order reduction schemes is
yet to be done. For example, Euler–Poincaré reduction by a subgroup of the structure group,
Lagrange–Poincaré reduction and gauge reduction could be extended to the higher-order realm.
One paradigmatic example of application would be higher-order gauge theories [27].

4. Multi-Dirac reduction. The Lagrange–Dirac formulation of mechanics [94, 95] provides a
unifying framework to deal with degenerate systems with nonholonomic constraints that al-
lows for treating interconnected systems [52, 82], infinite dimensional systems [84] or systems
with irreversible processes (thermodynamics) [45, 46], among others. Of course, reduction by
symmetries has also been developed from the Dirac point of view [44, 83, 85, 96, 97]. Given
the relevance of the Dirac approach in mechanics, it has been extended to covariant field theo-
ries by means of the so-called multi-Dirac structures [91]. Nevertheless, the different reduction
schemes coming from Lagrangian field theories (Euler–Poincaré, Lagrange–Poincaré and gauge
reduction) have not been explored in this context yet.

5. Discrete reduction. The construction of discrete theories mimicking the continuous ones has
been a fruitful approach to obtain variational and geometric integrators for the dynamical
equations of the systems (see, for example, [74] for Mechanics or [30, 61] for field theories). In
the same vein, reduction by symmetries has also been analyzed in the discrete setting for both
mechanics [5, 6, 68, 69, 85] and field theories [90]. The construction of variational integrators
for gauge theories and higher-order theories is a big goal that will require a careful analysis of
the discrete analogs of the objects introduced here.
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1994, pp. 41–59.

35. M. Ferraris and M. Francaviglia, On the global structure of Lagrangian and Hamiltonian formalisms in
higher order calculus of variations, Proceedings of the IUTAM-ISIMM Symposium on Modern Develop-
ments in Analytical Mechanics I, 1983, pp. 43–70.

36. S.R. Fischer, Integrating curved Yang–Mills gauge theories: Gauge theories related to principal bundles
equipped with Lie group bundle actions, arXiv.2210.02924 (2022), 1–171.

37. M. Forger and B.L. Soares, Local symmetries in gauge theories in a finite-dimensional setting, J. Geom.
Phys. 62 (2012), no. 9, 1925 – 1938.
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