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Abstract

In this thesis we study the propagation in time of the local Rayleigh condition for
the two-dimensional hydrostatic Euler equations. Under certain assumptions, we get
lower bounds for certain functionals that measure the validity of the local Rayleigh
condition, from which we deduce the formation of singularities or the collapse of the
local Rayleigh condition in finite time. Additionally, we find necessary conditions for
global solvability in the framework of the local well-posedness result by Masmoudi
and Wong [20]. Finally, we establish the finite time blow up of certain smooth
solutions to the Semi-Lagrangian equations introduced by Brenier in [1].



1. RESUMEN

En esta tesis se estudia la propagaciéon de la condiciéon local de Rayleigh para la
ecuacion hidrostatica de Euler dos-dimensional. Bajo ciertas hipdtesis se obtienen
cotas inferiores para algunos funcionales que cuantifican la validez de la condicion
local de Rayleigh, de lo que se deduce la formacion de singularidades o el colapso
a tiempo finito de la condiciéon de Rayleigh. Adicionalmente, se deducen condi-
ciones necesarias que satisfacen las soluciones globales (en el marco del resultado
de existencia local de Masmoudi y Wong [20]) de la ecuacién hidrostatica de Euler.
Finalmente, se establece la formacion de singularidades a tiempo finito de ciertas

soluciones suaves de las ecuaciones semi-lagrangianas introducidas por Brenier en

[1].



2. CONCLUSIONES

Se concluye que las condiciones iniciales que producen soluciones globales (en el
marco del resultado de existencia local de Masmoudi y Wong [20]) de la ecuacién
hidrostatica de Euler son una clase fuertemente restricta de funciones, razén por la
cual el autor conjetura que dicha clase esta compuesta por funciones independientes
de la variable horizontal, las que corresponden a soluciones estacionarias. Lo anterior
es respaldado por la restrictiva condicién obtenida por Brenier en [1] que satisfacen
las soluciones globales de la ecuacion hidrostéatica de Euler. Cabe mencionar que el
resultado principal de esta tesis no permite distinguir entre la formacion de singu-
laridades y el colapso de la condicién local de Rayleigh, lo que queda para futuro
estudio.



3. INTRODUCTION

In this thesis we will study the propagation in time of the local Rayleigh condition
for the two-dimensional hydrostatic Euler equations. More precisely, we will begin by
introducing Rayleigh’s stability condition for the incompressible Euler equations and
its relation with the local Rayleigh condition for the hydrostatic Euler equations.
Secondly, we will give an overview of the previous known results concerning the
smooth solutions to the hydrostatic Euler equations that satisfy the local Rayleigh
condition; in Section 4.3, we will present the local well-posedness result obtained
by Masmoudi and Wong [20], in Section 4.4 we will show the mathematical justifi-
cation of the formal limit (that is, the convergence of the solutions to the rescaled
Euler equation towards the solutions to the hydrostatic Euler equations) obtained
by Masmoudi and Wong [20], in Section 4.5, we will show the stability result in
Sobolev spaces obtained by Masmoudi and Wong [20] and in Section 4.7, we will
deduce the necessary condition for global solvability obtained by Brenier in [1]. On
the other hand, we will present in Section 4.2 the linear and nonlinear instability
of the hydrostatic Euler equations around certain shear flows for which the local
Rayleigh condition do not hold (originally obtained by Renardy [22] and Han-Kwan
and Nguyen [13] respectively). Additionally, in Section 4.6 we will show the previous
known results concerning the singularity formation for certain smooth solutions that
do not satisfy the Rayleigh condition (see [7], [3] and [18]). In Chapter 5 we will
show the original results obtained in this thesis; first, we will show under certain
assumptions that the solution to the hydrostatic Euler equations will develop singu-
larities or collapse the local Rayleigh condition. Secondly, we will deduce necessary
conditions for global solvability in the framework of the local well-posedness result
by Masmoudi and Wong [20]. Finally, we will establish the finite time blow-up of
certain solutions to the semilagrangian equations introduced by Brenier in [1].

3.1. Rayleigh’s stability condition

In this section we will introduce the Rayleigh stability condition for the 3D Euler
equations, which establishes a necessary condition for the existence of certain un-
stable solutions to the linearization of the 3D Euler equations around a shear flow.
The local Rayleigh condition is obtained as an analogue of the above condition for

the case of the hydorstatic Euler equations.

In order to introduce the Rayleigh stability condition we will proceed as in [0]
and [5], where the original work by Rayleigh [21] is presented. Let us consider a 3D
inviscid incompressible fluid with homogeneous density governed by the 3D Euler
equations. That is, the velocity u satisfies the following equations in R? x (0, 1):



ou+u-Vu+ Vp =0,
V-u=0, (3.1.1)

u - n|z:0,1 = 07

U(z)
if we assume that u is given by the perturbation of a shear flow 0 |, we get
0
the following equations for the perturbation 1 in R? x (0, 1):
( w
- - dUu U
8tu+U8$u+E 0|l +u-Va+ Vp=0,
0 (3.1.2)
V-u=0,
\ a- n|z:0,1 = 07
where
U(z)
u=| 0 |+a (3.1.3)
0

and w is the third component of 1. Now, by neglecting the convection term of the
perturbation, we obtain:

v [©
8tﬁ+U0xﬁ+E 0| +Vp=0, in R* x (0,1),
] 0 (3.1.4)
V-id=0,
( U-nf,—o;1 =0,

where w is the third component of u. Applying divergence to the above equation
yields: —Ap = 2%89011). Moreover, by taking the laplacian to the third component
of 3.1.4 and using the above identity, we obtain:

8A@+U@A@—CZ2—U@&) (3.1.5)
t T _d2'2 x . oL

Since the coefficients of the linear differential equations (3.1.4) and (3.1.5) are inde-
pendent of x,y and ¢, we may look for solutions of the form:

{

(Z)ei(aoc—i-ﬁy—act)’

ch
I

f
= g(z)eilomtBy—act) (3.1.6)
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where f and g are complex functions (the physical quantities should be considered
equal to the real part of the above complex solutions). We will say that the above
particular solutions are linearly stable if the real part of i is nonnegative (and
so, the solutions decay) or linearly unstable if the real part of iac is negative i.e.

when the solutions grow exponentially in time.

By plugging the particular form of @ and p (3.1.6) into (3.1.4), we get the fol-
lowing eigenvalue problem:

(

dU
Z()é(U - C)fl + Ef:g +1ag =0,
ia(U —¢) fa +1iBg = 0,

io(U —¢)fs + 0.9 =0, (3.1.7)
iafi +iffa+0.fs =0,
L f3=0, inz=0,1,

where f is an eigenfunction with eigenvalue ¢ (observe that we added the boundary
condition from (3.1.4)). For a fixed shear flow U(z), we will say that the flow is
linearly stable if the real part of iac is nonnegative for all real numbers o and
or linearly unstable if the real part of iac is negative for at least one pair of real
numbers « and . Following the method shown in [23] (originally for viscous flows),
let us introduce the following variables:

Ve

& =
- afi+Bf
===
ézga

By taking the sum of the first equation in (3.1.7) and the second equation in (3.1.7)
multiplied by g, we obtain: i&(U — ¢)f + Cfl—gfg + iag = 0. Multiplying the third
equation in (3.1.7) by 2 yields i&(U — ¢) f3 + 0.g = 0. Thus, we obtain the following
eigenvalue problem:

( - dU
iMU—@f+E;E+m§:Q
ia(U —c)fs + 0.9 =0, (3.1.8)
Z&}‘i‘azf?):()a
fz=0 inz=0,1,

\
which corresponds to the particular case when § = fo = 0in (3.1.7). Thus, without
loss of generality, we may consider 2D perturbations in order to study the linear
instability of the 3D Euler equations.



Let us consider the stream function v of the 2D perturbation u, that is, set
0.v = f; and —0,¢ = f3. Because of (3.1.6), we may assume that the stream
function has the following form (note that ¢ may be a complex function):

U(x, 2, ) = p(z)e @), (3.1.9)

Plugging the above into (3.1.7) (assuming that 8 = fo = 0), we get:

dp dU,
U—c)7 - —¢+9=0,
—a®(U = ¢)¢ + 0.9 = 0, (3.1.10)

ap =0, inz=0,1,

from which we get Rayleigh’s stability equation:

(U —¢) (ﬂj — a%) il 0. (3.1.11)

- 0=
Let us point out that the above equation is independent of the sign of «. Hence,
we may assume that a > 0 without loss of generality, which implies that ¢; > 0 if
the flow is linearly unstable. Moreover, if U(z) produces a linearly unstable flow
associated to an eigenfunction ¢(z) and eigenvalue ¢, +ic;, then ¢ is an eigenfunction
with eigenvalue ¢, — ic; for the same value of a. Thus, every linearly unstable
solution produces (by conjugation) a linearly stable solution. From now on, we will
only consider unstable solutions for which ¢; > 0.

Now we are ready to state Rayleigh’s inflexion point theorem:

d2U

oy cannot

Theorem 1. Assume that the shear flow U is linearly unstable, then

remain positive in the whole domain.

Proof. Since U is linearly unstable, equation (3.1.11) is satisfied, which implies:

(895 - o) - 20 L

dz? dz2 U —¢
Integrating in z € [0, 1], we obtain:
1 2 2 2
o>, o\ U |9
— =] - - — dz = 0. 3.1.12
/0 ( ‘dz ol A2 U —c ( )
Finally, the imaginary part of the above equation is given by:
1 2 2
U |¢]
i —_— dz =0, 3.1.13
: /0 dz? U — c|? : ( )



where ¢; is the imaginary part of ¢, which implies that U” has at least one inflexion
point. This concludes the proof of Theorem 1.

]

In addition to the previous theorem, we will present two further criteria for in-
stability. The following theorem is known as Fjgrtoft’s criterion for instability,
which was proved in [3].

Theorem 2. Assume that the shear flow U is linearly unstable. If z; satisfies

%(zi) =0 then %(U — U(z)) cannot remain nonnegative in the whole domain.

Proof. Let z; be a point Where Y vanishes and denote by ¢, the real part of ¢. By
taking the real part of equation (3.1.12), we get:

1 e PU WU —c)
/(\d w) =

Since U is linearly unstable Equation (3.1.13) is satisfied, which yields:

! do |? [P PU (U -U(z))
/(—\d— —a2|¢|2)dz—/0 = oz,

U —cf?
which completes the proof of Theorem 2. O

Finally, we will present Howard’s semicirlce theorem, which was proved originally

in [14].

Theorem 3. Assume that the shear flow U is linearly unstable. Then, every unstable
solution satisfies:

1 ? 1 2

Where Uy; = max U and U,, = minU. That s, the complex number ¢ = ¢, + ic;
(with ¢; > 0) lies in the semicircle centered at (5(Un + Uy,),0) with radius §(Upy —
Un).

Proof. Since U is linearly unstable, we have:

()~ 055 075 = 2?(U(:) ~ )o(2),

thanks to (3.1.11), which is equivalent to:

(0o -0 % (7o) - Ut - e



because (U(z) — ¢)*4L ( ¢ ) = (U(z) — )% — ¢(2)%2- Multiplying by (Ud),izz )

dz
yields:

(2N (W - ot (L)) = wee) - o

Integrating the above in z € [0, 1], we get (using the boundary condition for ¢):

/OI(U(Z) — ¢)? ( dii (UZ()Z)_ C) 2) dz = 0.

The real and imaginary parts of the above expression are given by:

¢(2)
Uiz)—c|

2

+ a2 ¢(2)

U(z)—c

2

e R -
oo [ 0000 ([ ()| o e ) o

which implies:
[ e - s (|2 (2 ) vl ) -0

which yields

0> / (U(2) - Un) (U (

:/01(U (Unt + Up)U + UniUy,) (%(Uéz) )

:H/;(jz(U(())—c) )d

where
H= cf + c? — (Unp + Un)er + UpfUy,

¢(2)

2
o U(z) —c

([ G5!

2
)dz

o(2) 2) 0

2—
e U(z)—c

2

42| 0@

U(z) -

from which we get:

H=¢c+ (cr - %(UM + Um))2 - (E(UM — Um))2 <0.

The proof of Theorem 3 is now complete. O



4. THE HYDROSTATIC EULER EQUATIONS

4.1. Introduction to the hydrostatic Euler equations

The hydrostatic Euler equations are derived from the incompressible Euler equations
by means of the hydrostatic approximation. More precisely, let us consider the three-
dimensional incompressible Euler equations in R? x (0,1):

du+u-Vu+VP =0,
V-u=0, (4.1.1)
u- n|z:0,1 =0,
where u € R? is the velocity field and P is the scalar pressure. The hydrostatic

approximation of equations (4.1.1) consists in neglecting the material derivative of
the third component of the velocity field u in (4.1.1), namely:

Ov+v- -Vv+wd,v+ VP =0,

0.P =0,

(4.1.2)
V-v+dw=0,
w’z:O,l =0,

where V denotes the two-dimensional gradient. Equations (4.1.2) are also known as
the formal hydrostatic limit of the Euler equations (4.1.1).

In this thesis we will consider the two-dimensional hydrostatic Euler equations
in a periodic channel Q =T x (0,1):

(wy + wu, +ouy + P, =0,
Uy + v, =0,
P, =0, (4.1.3)
U\y=0,1 =0,
uli=o0 = ug,

\

where (u,v) is the velocity field, P is the scalar pressure and u satisfies the local
Rayleigh condition (‘3§u > (. The mathematical justification of the formal hydro-
static limit has been established in several articles under the local Rayleigh condition
(see for instance [2], [I 1] and [20]). On the other hand, if the initial condition does
not satisfies the local Rayleigh condition, the convergence may not hold, as shown
in [12], [L1]. Furthermore, the ill-posedness of the linearization of (4.1.3) around
certain shear flows was proved in [22], as well as the ill-posedness of (4.1.3) around
certain shear flows, which was proved in [13].



The local existence of solutions to (4.1.3) has been proven in [16] and [17] in the
analytic setting. Nevertheless, the finite time blow-up of solutions to (4.1.3) was
established in [18] (under the assumption ug(xg,y,t) = C, for y € [0, 1], which is
incompatible with the local Rayleigh condition) and [3] (under the assumption of
parity, which is again incompatible with the local Rayleigh condition. See also [7],
where the finite time blow-up of certain solutions to the unsteady Prandtl equations
is proved by similar methods).

Equivalently, we may consider the vorticity formulation of the hydrostatic Euler
equations (4.1.3)

Wi + uwy + vwy, =0,

(u,v) = V*+ Aw, (4.1.4)
wli=0 = wo,
where the vorticity w is defined by
W= Uy. (4.1.5)

Let us point out that any solution to (4.1.3) satisfies fol u(zx,y,t)dy = k (see Propo-
sition 1). Moreover, @(x,y,t) = u(x + kt,y,t) — k solves (4.1.3) with a slightly
different initial data and fol u(z,y,t)dy = 0. Hence, without loss of generality, we
may assume that the solution to (4.1.3) satisfies

/01 u(z,y,t)dy = 0. (4.1.6)

The following proposition summarizes some properties that will be used in the
rest of this thesis.

Proposition 1. Assume that the initial vorticity wy € H*(T x (0,1)) satisfies the
local Rayleigh condition (i.e. dywy > 0). Let w € C([0,T]; HY(T x (0,1))) be the
solution to the problem (4.1.4) that satisfies the local Rayleigh condition in [0,T].
Then we have

10



Aw) = (1—y) /Oy s, 2, )z +y /yl(l = (e, 2 t)dz,
w(w,yt) = /01 s, 2 t)dz — /ylw(x,z,t)dz,

Y 1
oz, y,t) = (1— ) / son (2, 2, )z + g / (1= 2wz, 2, t)dz,
0 Y

1
&5/ udy = 0,
0
1
8t/ udyzo,
0

1

P.(z,t) = =0, (/ u2(x,y7t)dy) ,
0

Ayllull3 = 0,

3
HUHOO < 5”“’0”00‘

Proof. By (4.1.6), we may assume that the stream function A(w) solves

—0rA(w) = w,
A(w)]y=01 =0,

which implies

Yy z 1 z
Aw) = —/ / w(z, s, t)dsdz + y/ / w(z, s, t)dsdz
o Jo o Jo

—(1—y) /Oy sl 2,t)dz + y/ylu — w(z, 2, t)dz,

1
Oy / udy = Oy / udxdy
0 Tx(0,1)
w2
= —/ O (— + P) + vwdzdy
Tx(0,1) 2

= — / uuzdrdy
Tx(0,1)

2
= —/ O0x (u_) dzdy
Tx(0,1) 2

=0,

(4.1.7)
(4.1.8)
(4.1.9)

(4.1.10)
(4.1.11)

(4.1.12)

(4.1.13)
(4.1.14)

(4.1.15)

from which we get (4.1.7). Next, (4.1.8) and (4.1.9) follow directly from (4.1.7).
The incompressibility condition and the boundary value in (4.1.3) implies (4.1.10).
Next, by (4.1.10), (4.1.3), the z-periodicity and integration by parts,

(4.1.16)

11



which proves (4.1.11). Let us prove (4.1.12). By (4.1.3), (4.1.11) and integration by
parts, we have

ut—kuugc—i-vuy—i-P)d

/ (wuy + vuy) dy + P,

0

2/ uuzdy + Py,

which implies (4.1.12). By (4.1.3), the x-periodicity and integration by parts

8,5/ urdedy = 2/ uugdrdy
Tx(0,1) Tx(0,1)

= —2/ (w*uy + vuu, + uPy)dzdy
Tx(0,1)

1
= —3/ wru drdy + 2/ </ uxdy> P(z,t)dz
Tx(0,1) T \Jo

=0,

from which we get (4.1.13). Applying (4.1.8), we get

1
lulloo < lloloc / 2z + ]l
3

= Sl

3

= 5”“’0”00-

This completes the proof of Proposition 1. O

4.2. Linear and nonlinear instability

In this section we will present the linear and nonlinear instability of the hydrostatic
Euler equation around certain shear flows. We will first establish the linear insta-
bility as shown in the work by Renardy [22]. Let us proceed as in Section 3.1, we

will consider the hydrostatic Euler equations in T x (0, 1):

up + Uty + vuy, + Py =0,

P, =0,

Y (4.2.1)
Uy +vy = 0,
U|y:071 = 0.

12



Assume that the solution to the above problem w is given by a perturbed shear flow
U (that is, u = U + @), then the perturbation u satisfies the following equations:

4+ (U +a)u, +o(U" + ay) + P, =0,
P, =0,
(4.2.2)
iy 4 0y = 0,
®|y:0,1 = 07

By neglecting the convection terms, we get the following linear differential equation:

Uy + Uty + 0U'(y) + Py = 0,

P, =0,
(4.2.3)
Uy + 0y =0,
@|y:0,1 = 07
If we derive with respect to y the first equation in (4.2.3), we get
gy + Uty + 0U" (y) = 0. (4.2.4)
Thus, the stream function 1 satisfies:
77le11§; + U(y)¢zyy - ¢:BUH(y) =0. (425)

Since the coefficients of the above linear differential equation are independent of x

and t, we may look for solutions of the form:

D@, y,t) = p(y)e =Y, (4.2.6)

By plugging (4.2.6) into (4.2.5), we obtain:

d*¢ d*U
U—c)— = od(y)—s,
( ) dy? ) dy? (4.2.7)
gbly:O,l = Oa

which is equivalent to (assuming that the imaginary part of ¢ is not equal to 0):

(- ()

d% (qu ) - <U<z§1— c)?’

which implies:

13



for certain constant K, which yields the following compatibility condition:

1 dy B
/o O -2

The real and imaginary parts of the above equation are given by:

YU+ —c2 =20y, ,
/o BT
! ZCI(U(Q) - Cr) o
/0 U —ap V=0

The above computations yields the following theorem, which is the main result
presented in [22].

Theorem 4. Assume that the shear flow U satisfies

1 dy B
/o GO ECH

for certain complex number ¢ = c,+ic;, where c; # 0. Then the linearized hydrostatic
FEuler equations (4.2.3) admit solutions of the form:

U(z,y,t) = dly)e =D,

where V11 = (@,), which yields the linear instability, since the stream function
has an exponential growth in time given by ac;.

Remark 1. Note that in the above theorem « can be chosen arbritrarily (indepen-

dently of c).

Now we will present the nonlinear instability result for the 2D Euler equation
obtained by Grenier in [11].

Theorem 5. Let U = Uéz)) € C®(T x (—1,1)) be a shear flow. If U is linearly

unstable (in the sense that there ezists an eigenvalue of a linearized Fuler operator
with a nonnegative real part), then it is also nonlinearly unstable in the following
sense: There exists positive constants oy and Cs (for s € N) such that for every
s arbitrarily large and every 6 > 0 arbitrarily small there exists a smooth solution
u(t,z,y) of 3.1.1 such that

u(0, 2, y)|| ms(rx(~1,1) <6

and a time

Ts < Cslog ((5_1) + C;

14



such that

Hu(Tg,x,y) - UHL(’O(TX(—LU) 2 50

and

|u(Ts,z,y) — U||L2(’]I‘><(—1,1)) > do.

Finally, we will present the nonlinear instability result for the hydrostatic Euler
equation around a shear flow that may be chosen to be analytic. The above result

was obtained by Han-Kwan and Nguyen in [13].

Theorem 6. There exists a stationary shear flow U(z) such that the following holds.
Forall s € N, a € (0,1], and k € N, there are families of solutions (w.)e=o of 4.2.1,
times t. = O(e|log(e)|), and (xg, z0) € T x (—1,1) such that

lwe — | 20,0 x00)

= +OO7

=0 [|we |10 — ?Tg| ?{S([O,te}xﬁs)

with Q. = B(xo, ") x B(z,").

4.3. Local existence and uniqueness in Sobolev spaces under the local
Rayleigh condition

In this section we will state the local existence and uniqueness of the solution to
(4.1.3) in Sobolev spaces obtained by Masmoudi and Wong in [20]:

Theorem 7. Let s > 4 and m > 0. Suppose that wy € H*(T x (0,1)) satisfies
2m < Oywy < % Then there ezist a time T > 0 such that problem (4.1.4) has a
unique solution w satisfying:

1
e m<w, <—, inl0,T]
m

e sup [[w(t)|msrx.1) < oo
te[0,T

4.4. Mathematical justification of the formal hydrostatic limit under the
local Rayleigh condition

In order to justify the formal hydrostatic limit equations (4.1.3) we may proceed as
follows:

Let us consider the two-dimensional Euler equations in T x (0, ¢)
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(@ + a°u, + 0705, + Ps =0,
T + U + 0505 + P, = 0,
475 =0, (4.4.1)

T)E|y:0,1 = 07

\ 7]6’15:0 = ’ZNL(E)

By plugging the following rescale:

€y =1y,
u(x, g, t) =
et (z,9,t) = v(:c,a‘@,t)
p(2,9,t) = pz,€y,1),

into (4.4.1), we get the rescaled 2D Euler equations in T x (0,1):

[ w et viuy, + Py =0,

e2(vE 4+ utvE + vy ,) + P, =0,
w05 =0, (4.4.2)

UE‘y:O,l =0,

\ U =0 = ug.

Equivalently, we may consider the vorticity formulation of the rescaled Euler equa-
tions (4.4.2):

wy +utw + viw, =0,
(u,v ) = VA% (wf), (4.4.3)
w"|i=0 = wp,
where the rescaled vorticity w® is defined by:
W' = Oyu° — 20,07, (4.4.4)

and the rescaled stream function A®(w®) satisfies:

{—ajAE(wf) — 202 A%(w) = w®, inT x (0,1), (4.45)

As(w€)|y:071 =0.
In this section we will justify the convergence of the solutions to the rescaled
2D Euler equations (4.4.2) towards the solution to the hydrostatic Euler equation

(4.1.3) in Sobolev spaces, which was obtained by Masmoudi and Wong [20]. In order
to prove the convergence result, we will need the following two results:
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Lemma 1. Let wy € HYT x (0,1)) be as in Theorem 7 and let w be the solution
to (4.1.4) for which sup,cio 7y [|wll garx0,1y) < B. Let wi € HY(T x (0,1)) and w* be
the solution to 4.4.3, suppose that:||u|| Lo (jo,11xTx(0,1)), [[V%]| Lo (jo,71xTx(0,1) < M for
a certain constant M. Then:

20 o = xgrago < € (m ML B) (Jln = wflfiaeony + <)
S I

where m < w, < = in [0,T].

Proof. Denote by Dy the material derivative with respect to the incompressible flow
(uf,v%), that is: Dif = 0;f + w0, f + v°0,f. The material derivative of |w — w®|?
and wiy is given by:

D (Jw — w?) = 2(w — W) (v — u)w, + (v° — v)wy,

(Y i () g (L) g L (e
b (W_y) = )0 (wy> T U)ay (Wy) " Wy ( Wy Uz) ‘
Thus:

_ €2
o[ Ea = [ wn) (0002 - ) dedy
Tx(0,1) Wy Tx (0,1) Wy

1
+/ |lw — w|? (Df <—)) dxdy.
Tx (0,1) Wy

The second term is equal to

2/ (w—w)(v° —v)dedy = 252/ vs(v° —v)dzdy
Tx(0,1)

Tx(0,1)

= 2¢? / viudrdy
Tx(0,1)

= —262/ u; 0y A(vy ) ddy
Tx(0,1)
= 252/ (u® — u)0yA(vyy ) dxdy, (4.4.6)
Tx(0,1)

thanks to the identity —02.A(v,) = v,. On the other hand, we have

1
i (2)
Wy

Estimate (4.4.7) and equality (4.4.6) lead to:

Wy

= <C(m,M,T,B). (447)

Wy Il Loo (Tx (0,1)x[0,17)

)

Loo(Tx(0,1)%[0,T))

_ L, El2
8,5/ dedy <C(m,M,T,B)
Tx(0,1) Wy
X (/ (Jw = W + Ju—u[?) dxdy—|—54> .
Tx(0,1)
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By Poincare’s inequality

/ lu — uf|*drdy < C 10, (u — u)|*dzdy
Tx(0,1)

Tx(0,1)

= C/ lw — w — e*S |Pdady
Tx(0,1)

C/ (Jw — | + ei]? — 28%05 (w — wf)) dady

Tx(0,1)
1

< —/ lu — uf[*dzdy + C (Jw — wf* + ', )dzdy,
2 Jrx,1) Tx(0,1)

where we have used that

—252/ (w— w)videdy = —252/ (0, (u — uf) + 20 )vidrdy
Tx(0,1) Tx(0,1)
= —2¢* / v |*dxdy — 2¢* / us, (u—u®)dzdy
Tx(0,1) Tx(0,1)
= —2/ (e*|viPdady + £°|0, (u — u¥)|?) dady
Tx(0,1)
+ 262 / Uz (U — u®)dzdy.
Tx(0,1)

Finally, we have obtained:

— (€| 2
at/ W= iy < € (m. M. T B) (/ MH‘*),
Tx(0,1) Wy Tx(0,1) Wy

which concludes the proof of Lemma 1 by applying Gronwall’s inequality.
[

Proposition 2. Let s > 4, m > 0, wj € H*(T x (0,1)) such that m < yw§ < =.
Let we® be the solution to 4.4.3, then:

at||W€|

He(Tx(0,1)) < C(1 + ||

HS(TX(O,l)))Hw€| ?JS(TX(O,I))'

Proof. Let us point out first that the global existence in H*(T x (0, 1)) of the solution
to (4.4.3) is well known due to the standard theory of the 2D Euler equations, the
main point is that we would like to establish a uniform bound with respect to e
for the growth of ||w®||zs(rx(o,1)). Let us denote by 9* = 9@ = 921922 and
Di = 0y + w0, + v°0,. Now for a; < s and as < s such that a; + @ < s we have:

—D; (0°wf) = Y <O‘) (0" Pu 0w + 0° P Pus) .

B<ai+az ﬁ
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Thus

o) / |0%w*|? dady
Tx(0,1)

=2 Z / 0“w® (a> (0 Purd’ws + 80‘760585@;) dxdy.
eortay JTX(O) s

It is easy to see that we will have either

10%Puf || oo (rx (0,1y) < W[ 1o (T 0,1)),

or

||8ﬂw;“L°°(']I‘><(O,1)) < [Jw® | as (T (0,1))-

Analogously we will have either

10°7 0% || oo (mx0.1)) < [10° [l s (rx0.1))

or
||8ﬂw§||L°°(TX(O,1)) < |l s (rx (0,1))-

Moreover, it is easy to see that the following estimates hold:

||| s (rx0,1)) < C(8)]|w?|

10%v°[| L2 (T (0,1)) < C(8)]|w?|

H#(Tx(0,1))s

Hs(Tx(0,1))5 for a # (57 O)-

By applying the above estimates, we get:
o e2
o [ joref dody < O reony:
Tx(0,1)

The material derivatives of é and JSw*® are given by:
Y

pr (L) - i

€ € e
wy wy (JJy

D (83wf) = — <a;u€w; oW+ Y (Z) (05 Furdbws + a;—kv€a§w5)> :
0<k<s

from which we get:

2
|05

Tx(0,1) Wy
1 1
- / —20°wf (a;ufﬁ — Z0wEDS (—)) dwdy
Tx(0,1) w2 wg

- 2/ oiw® (8;1}5 + Z (Z) (95 Futobws + 8§_kv€8§w2)) dxdy.
Tx(0,1)

0<k<s
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The last term is bounded by:

/ Pw® (05 MufOhws + 95 R 9w dady < C(s)||wf|
Tx(0,1)

3
y Hs(Tx(0,1))"

On the other hand, the highest order term is equal to:
/ diw ol dady = / Opuy Opv° — 2050 0% vidady
Tx(0,1) Tx(0,1)

=0.

Finally, the other terms are bounded by:

=1 1
/ —20°f (a;usﬁ — 20w DS (-)) dxdy
Tx(0,1) wy 2 wy

WE 33 we 43
S C(S><|| iy | ||H<Tx<o,m>’

m m2

from which we obtain:

3t/ ( )Iaawsl2d$dy < C(s,m) (1+ lw s rx0.0))) 190717 (2 0,1));
Tx (0,1

which yields uniform bounds for ||w®||gs(rx(0,1))- This proves Proposition 2.

Now we are ready to prove the convergence result.

Theorem 8. Set s >4 and s’ < s. Let w§ € H*(T x (0,1)) and w® be the solution
to 4.4.2. Suppose that sup,-g ||w§|| ms(rx01)) < M, wo € H*(T % (0,1)) and that m <
dywo < == Letw be the solution to (4.1.3) that satisfies sup,epo 7 ||w]

then there exists a positive time T such that:

Ho(Tx(0,1) < N,

1-% 2(1-%
tSE(l)I;] lw — ¥l gt (rx0.1y) < C(m, s, 8", T, M, N) (HWO — Woll 2rxory T€ ( >) :
€10,

Proof. By Proposition 2, there exists a positive time 7" such that:

sup_sup ||wg|
t€[0,T] €>0

morx0,1) < C(M,s,T).

By the interpolation inequality in Sobolev spaces, we have:

! !

1—s
lw — WEHHS’(Tx(o,n) < O(s)|jw = W6||L2(%X(o,1))||w — W'

ES(TX(OJ))

1-< 2(1-
< C(m,s,s', M,N,T) (Hwo — w5l 2 (01y)€ ( )> :

where we have applied Lemma 1, which completes the proof of Theorem 8.
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4.5. Stability under the local Rayleigh condition

In this section we will present the stability result in Sobolev spaces obtained by
Masmoudi and Wong [20].

Theorem 9. Let s > 4 and wy,w, € H*(T x (0,1)) such that 2m < Oywy, Oyw], <

ﬁ. Let w and W' be the unique solutions to 4.1.4 with initial condition wy and wy

respectively. Let T > 0 be a positive time such that ||w|| ms(rx0,1)) + ||| s (rx (0,1)) <
M and m < Oyw, Oyw' < %, then if 8 < s:

-
SUp [lw — w'll o pu0,y) < Cm, M, 5,8, T)lwo — whl 2

t€[0,T] 0.1)

Proof. Analogously to the proof of Lemma 1, we can first get a bound of the form:

S[UP] ||W - CL/||L2(1rx(o,1)) < C(m, M, s, SIaT)”wo - w6||L2(1rx(o,1))-
telo,T

Secondly, by the interpolation inequality in Sobolev spaces we have:

/ Sl

1_s
H (Tx(0,1)) = C(s)|lw — W/||L2(qsrx(o,1))”"d —u'

/

11—
< C(m,s,s, M, T)||wo — Wé”p(ﬁ}x(o,l

s

Hs(Tx(0,1))

o — o]

)

which ends the proof of Theorem 9.

4.6. Singularity formation without the Rayleigh condition

In this section we will present the finite time blow-up for the hydrostatic Euler
equations (4.1.3) and for the Prandtl equations (4.6.3). More precisely, in The-
orem 10 and 12 we will show the finite time blow-up results for the hydrostatic
Euler equations obtained by Wong [1&] and by Cao, Ibrahim, Nakanishi and Titi [3]
(originally presented for the inviscid primitive equations without rotation) respec-
tively. In Theorem 11, we will prove the singularity formation result for the Prandtl
equations obtained by E and Engquist [7].

It is worth mentioning that certain local conditions such as the local Rayleigh
condition 8§u > 0 for the hydrostatic Euler equations (4.1.3) and the monoticity
condition d,u > 0 for the Prandtl equations (4.6.3) prevents some scenarios that
lead to the formation of singularities, for instance: the assumption dyug(zo,y) =0
in Theorem 10 and the parity assumption in Theorems 11 and 12.

Let us first prove the following blow-up result by Wong [18]:
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Theorem 10. Let ug(x,y) be a smooth function in T x (0,1) satisfying

L Uo(.fo,y) - 07 vy € (07 1)7
e 0,0,up(z0,0) =0,

e 0,07uo(wo,y) <0, Vye(0,1),

for a certain point xy € T. Let u be a smooth solution to (4.1.3), then there exists

a time T* > 0 such that either P, (x,T*) becomes discontinuos or |u (X (t),1,t)] —
oo ast — T, where X(t) 1s the x component of the characteristic curve starting at
(wo,1). Moreover, T* < Wio,l)'

Remark 2. Let us point out that the local existence and uniqueness of the problem
(4.1.3) was established by Kukavica, Temam, Vicol and Ziane [17] in the analytic
setting. On the other hand, Theorem 10 establishes the finite time blow-up of certain
smooth solutions to (4.1.3) for initial data that may be chosen to be analytic. Similar
results for the 3D primitive equations with rotation were obtained by Ghoul, Ibrahim,
Lin and Titi [9] and by Ibrahim, Lin and Titi [15].

In order to prove the above Theorem, we will need the following Lemma (see
[19])-

Lemma 2. Let f € C?([0,1]) be a scalar function satisfying the following conditions:
e f'(0)=0.
o f">0.
o Jy )y =o.

Then, f(1) > 0 and
1
| rua < e,
0

Now let us prove Theorem 10:

Proof of Theorem 10. Let (X (zo,y,t),Y (x0,y,t)) be the characteristic curve start-
ing at (zo,y) (4.1.3), that is, (X (xo,y,t),Y (xo,y,t)) solve the following equations:

.

Y(xﬁayat = U(X(x07y7t)7y(x07y7t)7t)7 S (07T)7

)
)= (4.6.1)
)
)
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Let Xy(t) = X (=g, y,t) be the solution to:

a2 - .
T Xy = —Pa(X, 1), te (0,7),
X, (0) = o, (4.6.2)

3,(0) = wX (20,,0), Y (20,,0,8)) = o (z,1) = 0.

Assume that P,.(x,t) remains continuous, then by the standard existence and
uniqueness theorem for second order nonlinear differential equations we deduce that
Xy(t) is y-independent (and so u(Xy(t),Y(mo,y,t),t) = %Xy(t) is y-independent)
because they solve the same equation with the same initial data. Let us denote
by X(t) the solution to (4.6.2). Set f(y,t) = —u.(X(t),y,t), let us show that
f satisfies the hypothesis of Lemma 2; The first condition follows directly from
9,f(0,t) = —w,(X(t),0,t) = 0. The third condition is a direct consequence of
the boundary value of v: fol fly)dy = vlgzé = 0. Finally, let us verify the second
condition: First observe that D;(w,) = —u,w,; — vyw,, which implies 0,0, f(0,t) =

u, (X (t),0,t)0,f(0,t), from which we get d,f(0,t) = 0, thanks to 9,f(0,0) = 0. On

the other hand, we have 95 f(y,t) = —ws(X(t),y,t). Furthermore, the material
derivative of wy, is equal to:

Dy(way) = Uggpwy — W2 — W — Vyyy,
moreover, since u(X (t),y,t) is y-independent, its vertical derivatives will be identi-

cally 0 ie. uy(X(t),y,t) =w(X(t),y,t) = wy(X(t),y,t) = wyy (X (t),y,t) = 0, which

implies:

%wxy(f((t),Y(xo,y,t),t) — (X (), Y (20,9, 1), 1)

<0

Y

for all y € (0,1). Thus, 9; f(y,t) > 0, since 92 f(y,0) > 0. Applying Lemma 2, we
get:

/Ofg(y,t)dyé f2(1,t)

Wl Wl

u2(X(1),1,1).

Set g(t) = —u,(X(t),1,t), then the time derivative of g is given by:
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dt
=0 =2 [ (uaal K090+ (X0, 001))
— g0 =2%5 [ X0 0a -2 [ Py
> (1)~ 26°0)
= égQ(t),

from which we obtain:

which concludes the proof of Theorem 10.

]

Let us introduce the framework of the blow-up result by E and Engquist [7] for
the Prandtl equations:

We will consider the Prandtl equations in R x (0, co):

u + uiy + vuy, + Pz, t) = 8Zu,
Uy + vy = 0,
ylggo uw(z,y,t) = U(x,t), (4.6.3)
U, V|y=o = 0,
\ ulizol,9) = ol y)

where U and P are prescribed in (0,7") and related by Bernoulli’s law:

2
U + 0, (%(w,t) + P(x,t)) =0, inte(0,7).
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If we assume that the initial condition ug is odd in x and w solves (4.6.3) with
U = P =0, then u admits the following representation: u(x,y,t) = x?)(a:, y,t), since
the oddness of u is propagated in time. Moreover, if we define b by

by, t) = —u.(0,y,1), (4.6.4)

then b satisfies the following evolution equation in R x (0, 7T):

Yy
b, — b+ by/ b(z, t)dz = b,
0

b(0.8) = 0, (4.6.5)

bli=0 = bo(y)-
The following proposition will be useful to show the finite time blow up result.

Proposition 3. Letu be an odd smooth solution to (4.6.3). Assume that —0,ue(0,y)
is nonnegative and compactly supported. Define b by (4.6.4) and E by

<1 1
E= —b* — b2 | dy. 4.6.
|7 (G- ) (46.6)
Then, as long as b remains bounded the following identities hold:
O, / Vdy = —2 / bidy +3 / b3dy, (4.6.7)
0 0 0
<1, = 3%,
o §bydy =— by, dy + 2 b, bdy, (4.6.8)
0 0 0
1 oo o0 4 o0
8t—/ b dy = —2/ bb2bdy—i——/ bidy, (4.6.9)
3 Jo 0 Y 3 Jo

o 2
O — / ((byy + §b2> + 11)4) dy. (4.6.10)

Proof. By integration by parts,

o0 o0 [e.e] Y
8t/ b dy = 2/ bb,, —|—/ (21)3 - 2bby/ b(z)dz) dy
0 0 0 0
= —2/ b2dy + 3/ b dy,
0 0

which proves (4.6.7). The proof of (4.6.9) is completely analogous. The y derivative
of the first equation in (4.6.5) is given by:

Yy
by — bb, — by, /O b(z,t)dz = 2,
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from which we get (4.6.8) after applying integration by parts. Finally, by (4.6.9)
and (4.6.8) :

OE = / bgydy—§ / bedy—§ / bb2bdy + / btdy
0 2 0 2 0 0

o o 3
- /0 by, — 3bb + b'dy = /0 by + Sbub” + by

> 3,\° 7
= byy + 07 bt d
/0 <<y9+4 )+16 )y

thanks to the identity:

/0 bbody = — /0 (b°byy + OB} )dy.
This completes the proof of Proposition 3. O

Remark 3. Note that 9, [~ b*dy = —2 [~ b2dy+3 [;° b*dy < 3|0l [y~ 02dy, which
implies that ||b]| 12 stays bounded as long as b does. Moreover, 9, [, bdy = —b,(0,t)+
2 fo b2dy, from which we deduce that fo 2)dz will remain bounded as well.

With the above notation at our disposal, we will present the finite time blow-up
of certain smooth solutions to the Prandtl equations:

Theorem 11. Let u be an odd smooth solution to (4.6.3) with U = P = 0. Assume
that —0,u0(0,y) is nonnegative and compactly supported. Let b and E be defined by
(4.6.4) and (4.6.6) respectively. Assume that E(0) > 0, then there exists a time T*
such that either ||b]|oo — 00 ast — T* or E(t) — 00 ast — T* .

Proof. Set o € (1,2), then:

0o ) 14+a E 0o ) oo )
bd (7 o0 o T N a = / bdaE—O[Ea/ bd)
</ y) t((fo bdy) ) ( e “Jo 7

The first term is equal to

/O b dyo,E / b2 dy / ((byy+ b2)2+ 176b>dy |
() ([ ety
:(/0 b3dy) ——/ b3dy/ b2dy+(/ bjdy> .
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The second term is given by:

0o 0o 2 00 00 00 2
aFo, / b dy = Zoz ( / b3dy) — 2u / bidy / bidy + o ( / b;dy> .
0 0 0 0 0

Thus

E
’ ((f;o bﬁdy>a>

where we have used that

v

5 ) 2 5 o %

- — bid 2(-— b3d b2d
(Ge) () var) +2(G) [ v [ s
0,

(4.6.11)

v

oo 1 [e.9]
/ bldy < —/ b dy, (4.6.12)
0 2 Jo
thanks to 0,F > 0 and E(0) > 0. By (4.6.7), (4.6.6), (4.6.12) and (4.6.11)

O / b b2 (t)dy > 12E(t)

> 12 ((f[;"]::b(—g?gy)“) (/Ooo bQ(t)dy)a, (4.6.13)

which implies

JRLCT P N E—
o TBGIIE™ ™ o= 1 a5 o5

E(0)

from which we get:

(HZ)HQ%_H(O‘_D (%) t) < [l 13", (4.6.14)

which yields the finite time blow-up of E(t) if ||b(t)||c remains bounded( thanks to
(4.6.13)) . This concludes the proof of Theorem 11.

O
Finally, we will introduce the necessary background to prove the finite time blow-

up result by Cao, Ibrahim, Nakanishi and Titi [3] for the inviscid primitive equations.
Let us consider the inviscid primitive equations without rotation in R? x (0, H):
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Uy + Uty + vuy, +wu, + Py =0,
Uy + UV + vvy +wo, + Py =0,
Uy + vy +w, =0,
P.+T=0, (4.6.15)
Ty + uly + 0T, + wT. = ky (07T + 02T + k2027,

w'z:O,H = 07

\ U|t:0($,y> :U’O(‘Tay)7

where (u,v,w) is the velocity vector field, P is the scalar pressure and T is the
temperature. If the initial temperature is given by a constant 7y and the initial
velocity field is y-independent, then equations (4.6.15) are reduced to:

(ut + uuy, + wu, + P, =0,
Uy +w, =0,
P.+T,=0, (4.6.16)

w’z:O,H = 07

\ U’|t:0(may) :Uo(l’,y),

which are equivalent to equations (4.1.3) when Ty = 0. If we assume that ug is odd
in z, then the oddness will be propagated by any solution u to (4.6.16). Moreover,
the z derivative of the first equation in (4.6.16) is given by:

Ugy + Uy + U2 + Vlgy + Vpty + Ppy = 0, (4.6.17)

where P, = —2 fol(uum(x, z,t) + ui(z, z,t))dz (see (4.1.12)), which is reduced to
the following equation in z = 0:

0=ty + ui + VUgy + Py
y 1
= Uy + U2 — / uy(0, 2, t)dzug, — 2/ ul(z, 2, t)dz,
0 0
since the oddness of u is propagated in time. Define b(y,t) by
b(y,t) = uz(0,y,1t), (4.6.18)

then b satisfies:
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o Y 1
by + b — by/ b(z,t)dz — 2/ b (z,t)dz =0, in (0,1) x (0,7,
0 0
1
/ b(z, )z 0, (4.6.19)
0
( bli=0 = bo(y)-
Moreover, if we assume that b(y,t) = 'i(—_yt), then a satisfies:
da Y !
o) +a*) - . [ a2z =2 [ @)az =0, yeo.0)
4 Jo 0 (4.6.20)

Now, let us state the singularity formation result showed in [3]:

Theorem 12. Let ug € C®(T x (0,1)) be an odd function in x. Assume that
0,up(0,y) solves (4.6.20). Let u be a smooth solution to (4.1.3), then u, blows up
in finite time.

In order to prove Theorem 12, we will first show the following two propositions:

Proposition 4. Let b,b € L*((0,T); H*(0, 1)) be solutions to (4.6.19) with the same
initial data by € H*(0,1), then v =w in (0,T).

Proof. First note that:

1
at/ b — b|*dy
0
1 - (-9 Y - N Y
:2/ (b—b) (b —b2+by/ (b—b)der(by—by)/ bdz)dy
0 0 0
1 ~ L
+4/ (b—b)/ (b” — b*)dzdy
0 0
1 _ 5 B 1 -9 5 Y 5
:/ |b—b|2(2b+b)+4(b—b)/ (b —b2)dz+2(b—b)by/ (b — b)dzdy
0 0 0
1
S/O [b— b*dy(6][b]| e + 5]1b]l e + 2][by || )

1
SS/“w—m%mmmp+uwm»
0

By Gronwall’s inequality :
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[o=ttae =< [ dy’toexp< [ |\bqu+ubHH2dt>

= 0.
This concludes the proof of Proposition 4. O

Proposition 5. Problem 4.6.19 admits a solution of the form

a(y)
b= . 4.6.21
T (4.6.21)
Proof. By plugging (4.6.21) into (4.6.19), we get:
da [Y !
a(y) + a*(y) — d_y/ a(z)dz — 2/ a’(z)dz =0, y€(0,1),
0 0. (4.6.22)
/ a(z)dz = 0.
0
Define I by:
1 1
I = \/A_L + 2/ a’(z)dz, (4.6.23)
0
then: . . g
a
—+1 -1 . 4.6.24
(a+2+ )(a+2 ) dy/a(z)dz (4.6.24)

In order to solve (4.6.24) by Separation of variables, we will assume that |a+ 3| < I.
Moreover, if we consider [ a(z)dz > 0 for y € (0,1), then (4.6.24) implies Z—Z < 0.
Thus, a provides a decreasing bijection from (0, 1) to (—% —1, —% +1). Furthermore,
the bijection a satisfies:

da 1 1

d_y(a—l—%qL]) (a+3—1) B Ja(z)dz’

which implies:

da 1 —3+1 n s+1 _a(y)
dy2l \a+3i—-1 a+3+1 _foyoz(z)dz7

which is equivalent to:




for a certain constant C' to be determined. By plugging (4.6.25) into (4.6.22), we
obtain:

1 1 1 1
1 1 da 1 2Tar 1 atar
——1 —+1)=—C ——1 —+1
(oH—2 )<a~|—2—|—> dy ‘+2 a—|—2+ ;
which yields:
dy 1 ~3-ar 1 ~3+ar
—==-C =—1 —+1
Ta a+ 5 a—+ 5 + )
from which we obtain:
¢ dy .,
y(a) :/ da
—%-ﬁ-] da
a *%*% 1 —3tar
:—C/ a+=-—1 a+=+1 da’.
,%Jr[ 2

In order to compute C, we can use the monoticity of a (and its inverse) and the
change of variable 2/s = a + % + I:

1
— Mkl gy dtge—op(iye L L1
/05“ (1=s) s 2 Ay T ar)

where B denotes the beta function. Thus y is given by:

1 1
yla) = i 1_i)/ sHarl(1— )29 ds,
a1

1
B (2 + i3 rstar

a(y)

17—, solves problem

which defines a implicitely. Finally, by construction b(y,t) =
(4.6.19).

O
Finally, let us prove Theorem 12:

Proof of Theorem 12. Let u be a smooth solution to (4.1.3). Since 0,ug(0,y) solves
(4.6.20), 2408 golves (4.6.19). Moreover, by Proposition 4 u(0,y,t) = %400
because ux(O,y, t) and 8”“1+(?’y) solve problem (4.6.19) with the same initial data.
This completes the proof of Theorem 12.

]
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4.7. Semilagrangian equations and Brenier’s condition for global solvabil-
ity

In this section we will introduce the semilagrangian formulation of the hydrostatic
Euler equations, which were originally introduced by Brenier in [!]. Moreover, we
will deduce the necessary condition for global solvability obtained in the article
previously mentioned (see Theorem 13).

Let us consider an initial vorticity wy that satisfies the local Rayleigh condition
Oywo > 0 and

wo(z,0) =k, (4.7.1)
WO(x7 1) =k+ 17

for certain constant k (note that (4.7.1) and (4.7.2) are propagated in time, because
w satisfies a transport equation), then problem (4.1.4) is equivalent to the following
problem in Q =T x (0,1) (see Proposition 6):

(

2
Otha + 0y (vhe) = 0,

1
/ hada— 1 (4.7.3)
0

V2
Vt—i-az (—+P) :O,

0,P =0,
\ (V7 h(l)|t:0 = <V07 aah())a
where v and h, are defined by
w(z, h(z,t,a),t) =k +a, forae|0,1], (4.7.4)

v(z,t,a) = u(x, h(z,t,a),t), fora€l0,1],

in this case we assume that 0,hq is positive, which is equivalent to the validity of
the local Rayleigh condition. Equations (4.7.3) are known as the semilagrangian
equations. In [1], the local existence of solutions to (4.1.4) was proved in the class
C (which is defined as the set of C'-functions in T x (0,1) that satisfy the local
Rayleigh condition, (4.7.1) and (4.7.2)).

The semilagrangian equations (4.7.3) have a natural extension to higher dimen-

sions, namely

32



(Ov+v-Vv+VP=0,
Oha + V - (Vhy) = 0,

1
hada = 1,
/0 ¢ (4.7.6)

0., P =0,
@vj — (9jvi = O, for Z,j < d,
\ (V, ha)lt=0 = (Vo, Oaho),

where v : T¢ x [0,1] — R? is the semilagrangian velocity, P is the scalar pressure
and h, is a positive function in T¢ x [0, 1]. Let us point out that the semilagrangian
equations (4.7.3) establish a vertical change of coordinates by means of the level
curves of the vorticity w, where the injectivity follows by the local Rayleigh condition.
Hence, the extension of the semilagrangian equations to higher dimensions have no
clear physical meaning.

Remark 4. The first equation in (4.7.6), is equivalent to:

2

thanks to the curl free condition O;v; = 0;v;.

[v[®
ov+V|—+P| =0, (4.7.7)

Remark 5. Since 0,v; = 0;v;, there exists a potential ¢ such that

Vo =v(z,t,a)— V(a), (4.7.8)
where ¢ satisfies )
ot 4 b= a1

Remark 6. If (v, h,) is a smooth solution to (4.7.6), then it is easy to see that the
following quantities are time independent:

V(a) = /]I‘d v(x,t,a)dz, (4.7.10)

H,(a) = /?r ol ) (4.7.11)

The following proposition summarizes how the change of variable works between

the hydrostatic Euler equations (4.1.4) and the semilagrangian equations (4.7.3).

Proposition 6. Let w be a smooth solution to (4.1.4) that satisfies the local Rayleigh
condition, (4.7.1) and (4.7.2) in [0,T]. Let (v, h,) be a smooth solution to (4.7.3)
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in [0,T]. Assume that w, h, u and v satisfy (4.7.4) and (4.7.5) in [0,T], then
1

ha 7t; - 5 4.7.12
(o) = Rt @) ) 47.12)
ho(z,t,0) = ——2 (2, h(x,t,a), 1), (4.7.13)
Wy
vo(z,t,a) = (k+ a)hg, (4.7.14)
ve(z,t,a) = <ux — wwwx) (x,h(x,t,a),t), (4.7.15)
v
1 1 1
v(z,t,a) = —k% + (k+a)h — 5/ h*db + / hdb, (4.7.16)
0 a

A(w)(z, h(z,t,a),t) = —v(x,t,a)h(z,t,a) + %(/{: +a)h® — %/ h*(x,t,b)db,
0

(4.7.17)
hi(z,t,a) — 0, (A(w)(z, h(z,t,a),t)) =0, (4.7.18)
v(z,t,a) = (u (“:: - u> (2, h(z,t,a),t) — Px(a:,t)> : (4.7.19)

where 0 <t <T.

Proof. First observe that (4.7.12), (4.7.13), (4.7.14) and (4.7.15) follow directly by
(4.7.4) and (4.7.5). Applying (4.1.8) and the change of variable z = h(x,t,b)

1 1
u(x, h,t) :/ 2w(w, z,t)dz —/ w(z, z,t)dz
0 h

(z,t,a)

1 1
:/ (k;+b)hhbdb—/ (k + b)hydb
0

a

k+1 1 [ !
:—L——/ h2db+(k+a)h+/ hdb,
2 2 Jo a
which proves (4.7.16). Next, by (4.1.4), we have —A(w)(z,y,t) = [ u(z, z,t)d
which implies
h(z,t,a)
—A(w)(z, h,t) :/ u(z, z,t)dz
0

:/ v(z,t,b)hy(z,t,b)db

0

=v(z,t,a)h(x,t,a) —/ (k + b)hhydb
0

1 1 [
=v(xz,t,a)h(z,t,a) — =(k+ a)h* + = h?(x,t,b)db,
2 2

0

which gives (4.7.17). Let us prove (4.7.18). First observe that h(z,t,a) = foa hydb,
because h(x,0,t) = 0. Thus, (4.7.18) follows by integrating the second equation of
(4.7.3) in b € [0,al. Finally, by (4.7.18)
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v = u(z, h,t) + (k+a)hy
= —utg(z, h,t) —v(z, h,t)(k + a) — Py(x,t) + (k+ a)(v(z, h,t) — u(x, h,t)h,)
= —uug(x, h,t) — Pp(z,t) — (k + a)u(z, h,t)hy,

which leads to (4.7.19) thanks to (4.7.13). This concludes the proof of Proposition
6.

]

The next proposition establishes the time independence of [, © 1)|v\2hadxola

and an explicit expression for the pressure P in (4.7.6).

Proposition 7. Let (v, h,) be a smooth solution to (4.7.6), then

8,:/ \v[*hodzda = 0, (4.7.20)
T4x(0,1)
1
P(z,t) = (—A)™* (V -V / (v® V)hbdb> . (4.7.21)
0

Proof. First observe that

1 1
8t/ h,da = —V - / vhyda
0 0

—o. (4.7.22)
By (4.7.7), (4.7.22) and integration by parts
8t/ |v|*hedrda = / 2v - Vihg + |v[?0hodzda
Tdx(0,1) Td % (0,1)
= / —v -V (|[V[*+2P) hy — V - (Vhe)|v|*dzda
T4 x(0,1)

= / —V - (v|v]*he) + 2PV - (vh,)dzda
Tdx(0,1)

1
= 2/ PV . (/ Vhada) dxda
Td 0

=0,

which proves (4.7.20). Now, let us prove (4.7.21). First observe that
1 1 |V|2
8t/ vh,da = —/ (V (7 + P) hy +vV - (vha)) da
0 0
1
- _VP-V- / (v ®v)h,da,
0
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thanks to 0;v; = 0;v;. Applying divergence, we get:

1
0= —AP—V'V‘/ (v ® v)h,da,
0
which implies (4.7.21). This concludes the proof of Proposition 7.
[

The rest of this section follows the procedure presented in [I] for proving the
following necessary condition for global solvability of (4.7.6).

Theorem 13. Let (v, h,) be a global smooth solution to (4.7.6). Let V and H, be
defined by (4.7.10) and (4.7.11) respectively, then:

1
/ |v|2hadxda:/ |V (a)|* Hy(a)da.
Tx(0,1) 0

The next definition will be crucial in the proof of the next three propositions,
which will be used for proving Theorem 13.

Definition 1. Let (v/,h],) : T¢ x (0,1) — R? x R be a smooth pair of functions. We
will say that (v', h)) is an admissible solution for the semilagrangian equations
(4.7.6) if satisfies the following properties:

ol + V- (v'h]) =0, (4.7.23)
1

/ B da =1, (4.7.24)
0

he(x,0,a) — k! (x,0,a) = he(z,T,a) — b (z,T,a) = 0. (4.7.25)

Proposition 8. Let (v, h,) be a solution to (4.7.6), then every admissible solution
(V',hl) to (4.7.6) satisfies:

T
/ / <|V—V|2 ha + v =V h, — |V,—V|2h:1> dzdadt = 0.
0 Tdx(0,1)

In particular we have:

T T
/ / \v(z,t,a)—V(a)|*hdzdadt < / / V' (z,t,a)—V(a)|*h, dzdadt.
0 JTix(0,1) 0 JTdx(0,1)

Proof. Let ¢ be defined by (4.7.8). By (4.7.9) and integration by parts
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0 = 2(ha — hg)¢liZy

=2(h
= 2/ / — hl)¢) dxdadt
Tdx 01)

=y . (w (o =i+ (= 10) (B 4 Pla0)) ) s

T
_ / / 0V - (Vha — VL)) + (W, — ha) |v|dedadt
0 Tdx (0,1
T
= / / 2(v—V)-(vhy — V'h)) + (h, — hy) |v|*dzdadt
0 JT4x(0,1)
T
= / / [V|*he — 2v - Vh, — 2v - V'R, + 2V - VI, + |v|*h, dxdadt
Tdx (0,1
T
_ / / V= Ve + [v = VR, — V' = VI, + V(K. — hy)dadadt
Tdx (0,1
T
:/ / (Iv = Vb Iv = VPl = |V = VB, ) dedadt,
Tdx(0,1)

where we have used that fol heda = fol h! da = 1. This proves Proposition 8.
]

Proposition 9. Let ¢ be a smooth compactly supported function in (0,T) and q € R?
be a fized vector. Let (v, h,) be a solution to (4.7.6), then:

T T
[ s aco). b~ vt hale taydsdadt < dlaf [ 1C(0)dr
0 JTdx(0,1) 0
Proof. Let q € R? be a fixed vector and ¢ be a smooth compactly supported function
n (0,7). Set v'(z,t,a) = v(z — q((t),t,a) + a¢’ and hy(z,t,a) = ha(z — al(t)),
then (v, h!) is evidently an admissible solution. Now, Proposition 8 yields:
T
L[ = acto): )+ ac't) = vio ) bule - a0, a)dodad
Tdx(0,1)
T
- / / Vi, t,a) + al'(t) — V(@ + (), t, @) ha(w, t, a)dudadt
Tdx(0,1)
T
:/ / <]v’—V]2h; - \V—V\Qha) drdadt
0 Tdx(0,1)
T
= / / (=2¢'()ya - VA, +2¢'q - vh, + |('[*|a]?) dzdadt
Td x (0,1

T
~|aP / P,
0
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since f']l‘dx(o,l) vhgdrda and f']l‘dx((),l) v'hl dxda are time independent. Thus:

T
/ / \v(x,t,a) — v(z +ql(t),t,a)|> he(z, t, a)drdadt
0 JTix(0,1)
T
< 2/ / v(z,t,0) +al’(t) = v(z + a((t), t, a)[* ha(w, t, a)dzdadt
0 Tdx (0,1)
T
+2faP [P
0
T
<4jqf [ [¢Pat
0

which proves Proposition 9.

O

Proposition 10. Let (v, h,) be a smooth solution to (4.7.6). Then there ezists an
admissible solution (V',h) to (4.7.6) such that:

T T
/ / v'(x,t,a)h (z,t,a)dxdt = / / v(z,t,a)hy(x,t,a)dxdt, for all a € [0,1].
0 Td 0 Td

(4.7.26)
r C
/ / V' (z,t,0)|* . (x, ¢, a)dzdadt < — + T||Vi||?, (4.7.27)
0 Jrix(,1) T
where Vr(a) and |Vr||? are defined by:
1 T
Vr(a) = THQ/O /W v(z,t,a)he(x,t,a)dxdt, (4.7.28)
1
I :/ \Vr(a)|* Hy(a)da. (4.7.29)
0

Proof. Let (v,h,) be a smooth solution to (4.7.6). Let us define the lagrangian
trjectories by:

t
X(a,t,a) =« +/ v(X(a,s,a),s,a)ds.
0

Then for every smooth periodic function f, we have:

F@)ha(a,t,a)de = | F(X(2,t,a))ha(,0,a)dz,
’]I‘d ’]I‘d

where we have used that:

Ordet (Vo X(a,t,a)) =V, - v(X(a,t,a),t,a)det (Vo X(a,t,a)),
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which implies:

O (ho(X (o, t,a),t,a) det (Vo X (o, t,a))) = 0.
Let g(x,a) = X (x,T,a) be the final configuration, then:

Vr(a) = THt(CL) /Td(g(m,a) — x)hy(x,0,a)dz,

because:

/Td(g(x,a) — 2)he(x,0,a)dr = /Td /OTV(:c,t,a)dtha(x,O,a)dx

T
= / / v(z,t,a)he(x,t,a)dzdt.
o Jrd

For 0 <r < % and y € T? let € be the following trajectory linking = with g(z,a):

T+ &, if 0<t<rT,
§(z,t,a,y) =Sz +y+ (g(x,a) —x)%, if rT<t<(1—r)T, (4.7.30)
g(x,a)—(t;—py, if 1—r)T <t<T.

Let b/, and v/ € R? be defined implicitely by:

f(x)h! (x,t,a)dx :/ f&(x,t,a,y))he(z,0,a)dzdy,

Td Td JTd

f(x)WV'h(z,t,a)de = / 0&(x,t,a,y) f(&(x,t,a,y))he(z,0,a)dxdy,
Td

Td JTd

for every smooth function f in T¢. From the above definition we see that v’ and
h!, > 0 will be smooth functions that satisfy (4.7.23) and:

//]l'd (z,t,a)hl (x,t,a)dxdt = //Td Tdf}’tfxtay) o(2,0, a)dzdydt
—/Td(g(xa) 2)ha(2,0,a)dz = TH,(a)Vr(a),

from which we get (4.7.26). Now, let us write explicitly v/ and hl:

Jpaha (z = £.,0,a) dy, if0<t<rT,
ho(z,t,a) = { Hy(a), ifrT<t<(1—1)T, (4.7.31)
Jraha (x+ELy, Tya)dy, if 1—r)T <t<T.
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(Note that evidently fol h!da =1 and h, = h, for t =0,T).

JraFha (v = 35,0,a) dy, — if 0<t<oT,
V'hi(2,t,a) = H,(a) Y22, if rT <t<(1—nrT,
Jpa —%h, (v + SFy, Tya) dy, if (1—7)T <t<T.

For 0 <t <rT and (1 —r)T <t <T, we have:

/ V' (z,t,a)|?h, (z,t, a)dvda <
Tdx(0,1)

On the other hand, for 7' <t < (1 —r)T, we have:

r272 ’

1 1
/ 217/ 2

- - H

/de(oﬁl) |V'(z,t,a)|*h,(x,t,a)dxda =2 /0 Vi (a)H,da,

which yields:

C 1 1
2R drda < / 2Ha d
/me,l) VP dede < o+ g [ Ve(@)P Haa)da

from which we get (4.7.27). This ends the proof of Proposition 10.

(4.7.32)

]

Theorem 14. Let (v, h,) be a smooth solution to (4.7.6) in (0,T). Let V and H,

be defined by (4.7.10) and (4.7.11) respectively, then:
Ik
—|IV]l] < —
vl =1 |||_C<T+ )

1
||V||2=/ \v|*hedxda and ||V||2:/ \V|*H,da.
Tdx (0,1) 0

where

(4.7.33)

Proof. Let (v',h!) be an admissible solution satisfying the properties mentioned in

Proposition 10, then:
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T/ \v|*hedzda
Tdx(0,1)

:/ / |v[*hadxdadt
Tdx(0,1)

T
_/(/ (V= V[ he +2v - Vh, — [V[?h,) dedadt
0 Tx (0

J
)

T
= / / \v'|2 B, —2v' - VA, +|V]*h, + 2V - VA, — ]V]Qh;> dxdadt
0 JTdx( 01)

:/ / v'|? b dzdadt
(0,1)
C’

< = +T|Vr|?,

IN
!

/ |V’ —V[*h, +2v-Vh, — |V|2ha> dxdadt
Tx(0,1)

N

/ |V' — VPR, +2v' - Vil — |V|2hfl> dxdadt
Tdx (0

from which we obtain:

c
L(UM%mmgﬁ+mw%
T 0

By (4.7.29)

2

vhodxdt| H,da

% ||2—/1;
e 0 T2H§(a) T

0 d
1 1 T T ,
< —_ hodxdt / v|“h,dzdtda
- /0 T2H,(a) ’/0 /Td | 0 Jrd M

= / |v[*hqdxda.
Tdx(0,1)

Thus:

VI =1Vl = lIvIl = (Ve

S0

(4.7.34)

On the other hand, we have:

TH,(a)(Vr(a) / /]I‘d /’]I‘d v(z,t,a) —v(2' t,a))he(x, t, a)ded'dt,
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which implies:

/ |VT— |2H da

:/om v

Td
</1 ! /T/ v(z,t,a) —v(z',t,a)|]” he(z,t, a)deda'dt - TH,(a)d
—_— viz,t,a) — vz, t,a o, t,a)drdx' dt - oa)da
- 0 TzHa(CL) 0 Td JTd T T
81
S_
T Jraxo,)

1 T—1 1
+ —/ / / v(z,t,a) —v(z',t,a)|* he(z, t, a)dede’ dadt,
T/ o JrdJra

2

v(x,t,a) — v(2',t,a))he(z,t,a)dxdx’dt| da

|v[*hedxda

for all 7 € (0, %) Taking a suitable smooth function ¢ compactly supported in [0, T']
such that ((t) = 1if t € (7,7 — 1), we can bound the second integral by applying
Proposition 9:

1 Tt 1
— / / / V(z,t,a) — v(z + () (2 —2),t,a)| he(z, t, a)dzdadtds’ < —g,
T Td JO 0 Td T

T

from which we get:

1 1 C
/ Ve — V(a)|*H,da < — (8r||v||2 + —) ,
0 T T

where C'is 7-independent. If we minimize the above in 7, we get that the minimum
is attained when 8|v||*7? = C (assuming that 277?||v||*> > C). Thus, we have
obtained:

/ e | H,da < —||V|| (4.7.35)

Finally, by (4.7.35) and (4.7.34):

VI = IV = VI = Vel + Vel = VI

il
<C
(=+7)
where we have used the reverse triangle inequality. This concludes the proof of

Theorem 14.
O

Proof of Theorem 13. 1t is a direct consequence of Theorem 14, because global
smooth solutions to (4.7.6) satisfy (4.7.33) for arbitrarily large T

]
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5. RESULTS

5.1. Introduction

In this chapter we will present the original results obtained in this thesis, which are
available as a preprint in [1]. In the following subsections, we will state the three
main results of this thesis, namely: the collapse of the local Rayleigh condition or
the singularity formation for the hydrostatic Euler equations (4.1.3), the deduction
of certain necessary conditions for the global solvability of the hydrostatic Euler
equations (4.1.3) under the local Rayleigh condition and the finite time blow-up of
the semilagrangian equations (4.7.6) for certain class of initial data.

5.1.1. Collapse of the local Rayleigh condition or singularity formation

Theorem 15. Assume that the initial vorticity wy € H*(T x (0,1)) satisfies the
local Rayleigh condition (i.e. Oywo > 0) and Oywo is not identically 0. Let w €
C([0,T]; HY(T x (0,1))) be the solution to the problem (4.1.4) that satisfies the local
Rayleigh condition in [0,T]. Set

Ei(t) = / it dxdy = / (wwm - um) dxdy (5.1.1)
Tx(0,1) Wy Tx(0,1) \ Wy

and

Ey(t) = / W dudy = / u? (W"” - u) —uPdrdy.  (5.1.2)
Tx(0,1) Wy Tx(0,1) Wy

Assume that E1(0) > 0 or Ey(0) > 0. Then there exists a positive time T* such
that at least one of the following properties holds:

o limsup |[w(t)||g(rx(0,1)) = 00,

t—=T*
_ 1

e limsup = 00.
o1+ || wy(t) L (Tx(0,1))

1

Furthermore, as long as ||w(t)||H4(Trx(0,1)) and wy(t)

remain bounded,
Lo (Tx(0,1))
we have the following estimates:

1 1 8 Wo .
log < / log < Y > dxdy, if E1(0) >0, (5.1.3)
<E1<O) Ell(o) - t) Tx(0,1) wy<t> '
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lo HU’H% 1 < tC 3yw0 .
g > < tCy(wp) + Ca(wp) log dxdy, if F2(0) > 0,
E5(0) g;‘(”g) —t Tx(0,1) wy(t)
(5.1.4)
1 t , 1 ,
—— < Ei(t) < Ei(0) 4 Cs(wo) wy | 1+ — | dedydr, if Ey(0) >0,
EL (0) t 0 JTx(0,1) Wy
(5.1.5)

2 t 1
gﬂ'é) ¢ 0 JTx(0,1) Wy

(5.1.6)

4 4
where C(wy) = (g“ron) Ex(0)] + 549, Co(wo) = (g”“O“w) . Cylwo) =

lull2

2ljwollZ, + 2 and Ciy(wo) = 2 (£f|wolloo)” + 2 (3lwolloc)” Cs (o).

Remark 7. If wy € HY(T x (0,1)) satisfies the local Rayleigh condition and Oywy =
0, then the solution to (4.1.4) is stationary. Conversely, the stationary solutions
in H*(T x (0,1)) that satisfy the local Rayleigh condition are x-independent (see
Corollary 2).

Remark 8. Suppose that wy € H*(Tx (0,1)) is even in x, satisfies the local Rayleigh
condition and 0wy is not identically 0, then E1(0) = 0, which implies the collapse in
finite time (more precisely, the local Rayleigh condition will collapse or w will develop
singularities) of the solution to (4.1.4). Moreover, since w(x,y,t) and w(—x,y, —t)
solve (4.1.4) with the same initial condition, w(x,y,t) = w(—x,y, —t) (thanks to the
uniqueness). In that case, the solution will collapse going forward and backward in
time.

Remark 9. It is worth mentioning that the set of initial conditions that satisfy
the assumptions of Theorem 15 is nonempty. Indeed, if we choose wo(x,y) = 2y —
sin(2rx — y), then Oywy = —2mwcos(2rx — y) and Oywy = 2 + cos(2mx — y), which
yields
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E41(0)

% — sin(2rz — y)) - —2mcos(2mr —
_/ (2y — sin(2rx — y)) mcos(2mx y)dxdy
T (0,1) 2 4 cos(2mx — y)

(2y — sin(2rx — y))
<(0,1) 2+ cos(2mx —y)

= —27r/ (2y — sin(2rx — y)) dedy + 47r/ dxdy
Tx(0,1) T

47 - 2
= 27 +/ il dxdy
Tx(0,1) 2+ cos(2mr — y)

=21+ —/ 2ydy

~2r (1)

> 0.

Remark 10. Suppose that wo(x,y) € H*(T x (0,1)) satisfies the local Rayleigh
condition, Oywy is not identically 0 but £,(0) < 0, then &o(z,y) = wo(—x,y) satisfies
E1(0) > 0 (the same applies for Es). Hence, the assumptions of Theorem 15 are
not so restrictive.

5.1.2. Necessary conditions for global solvability

Theorem 16. Assume that the initial vorticity wy € H*(T x (0,1)) satisfies the
local Rayleigh condition (i.e. dywo > 0). Let w € C([0,T]; HY(T x (0,1))) be the
solution to the problem (4.1.4) that satisfies the local Rayleigh condition in [0,T)].
Let Ey and Ey be defined by (5.1.1) and (5.1.2) respectively. Assume further that T
can be chosen arbitrarily large, then we have:

o) 2
/ / P, +u (uw - wwx> dxdydt = —FE»(0), (5.1.7)
Tx(0,1) Wy
/ / _ dudydt = —E,(0), (5.1.8)
Tx(0,1) Wy
9
/ / P2dxdt < —2F5(0) — §HWOHgOE1(O), (5.1.9)
0o Jm
> 2
/ | By (t)]dt < / log (M) dxdy, (5.1.10)
0 Tx(0,1) Oywo

where F1(0), E5(0) < 0.

Remark 11. Let us observe that in the semilagrangian formulation (4.7.3), the
above energies are equal to (see Proposition 6):
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T
E((T) = —/ vehedrda = E1(0) + / / v2hedxdadt,
T (0,1) 0 JTx(0,1)

T
Ey(T) = —/ v, hedzda = Fy(0) + / / v:hodzdadt,
Tx(0,1) 0 JTx(0,1)

thanks to the change of coordinates y = h(x,t,a). The above identities are a partic-
ular case of (5.6.2) and (5.6.3), when d = 1.

5.1.3. Finite time blow-up of the Semi-lagrangian equations

Theorem 17. Let (v, h,) be a smooth solution to (4.7.6). Set

Ei(t) = —/ (V-v) hydzda (5.1.11)
Tdx(0,1)
and
Eq(t) = / (v - v¢) hedxda. (5.1.12)
Tdx(0,1)

Assume that E1(0) > 0 or Ey > 0, then the solution blows up in finite time.
Moreover, as long as the solution exists, we have the following estimates:

i1
dlog ! < / log(ha (7)) ha(F)dzdal™=h, if E1(0) > 0, (5.1.13)
E,(0) t Tdx (0,1)

E1(0)

d t
4 4 S El(t) = El(o) +/ / |VV’2hada:dadt, Zf El(o) > 07
13 0 JTdx(0,1)

Ei1(0)
(5.1.14)

v I®

R

t
< B(t) = Es(0) + / / 10,v|2hadadadt, if E»(0) > 0,
51(0) 0 JTdx(0,1)

(5.1.15)
where |[V[* = [ra, o |VIhadzda.

The following corollary is a direct consequence of Theorem 17, Jensen’s inequality

and Lemma 9 (applied to the probability measure yu = h,dxda).

Corollary 1. Let (v, h,) be a smooth solution to (4.7.6) in [0,T]. Let E; be defined
by (5.1.11). Suppose that Ey(0) > 0, then
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d
d 1
exp / 0yho log (0,h da:da)
< Tdx(0,1) ’ ( O) El(O) _Eld(O) —1

< exp < /T oy DR (D) d:r;da>

1/p
< (/ ha(T)1+pd£L’dCL> ,
Tdx(0,1)

for every p € (0,00). Moreover

exp (/ ha log(ha)dxda) = lim (/ h(11+pd$da) " (5.1.16)
Tdx (0,1) P=0 \ Jrdx(0,1)

Remark 12. Corollary 1 gives a lower bound for the LP(T¢ x (0,1)) norm of h, for
p > 1, which cannot be extended to p = 1, because dex(o 3 ho.drda = 1.

Remark 13. In particular, smooth solutions to (4.7.6) satisfy the following equa-
tions in T4

(

1 1
8t/ Vhada—l—v-/ v®vh,da+ VP =0,
0 0

1
/ hada = 0,
0 (5.1.17)

1
V-/ vheda = 0,
0

@-vj — 8jvi = O, fO?" Z,j < d,

\

which can be seen as an averaged version of the incompressible Fuler equations
in T¢

ov+V-(vev)+ VP =0,
V.v=0, (5.1.18)

V|t:0 = Vp.

5.2. Monoticity and lower bounds for F; and E,

Throughout this section we will work in the framework of the local well-posedness
result by Masmoudi and Wong [20], namely, we will assume that wy € H*(T x (0,1))
satisfies the local Rayleigh condition. We will show the monoticity of £ and Fjs, as
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well as the validity of certain lower bounds that will be useful for proving Theorem
15.

The following two lemmas are elementary, so the proof will be omitted.

Lemma 3. Assume that wy € H*(T x (0,1)) satisfies the local Rayleigh condition.
Let w € C([0,T]; H(T x (0,1))) be the solution to (4.1.4) that satisfies the local
Rayleigh condition in [0,T]. Let f,g € C*([0,T]; H*(T x (0,1))). Denote by D, =
Oy + u0, + v0, the material derivative, then:

Gt/ flx,y, t)dzdy = / Dy f(z,y,t)dxdy, (5.2.1)
Tx(0,1) Tx(0,1)
(fg9) = fDig + gD f, (5.2.2)
D D
( 9 tf f tg, if g is strictly positive, (5.2.3)
Dy (log(g)) = —, if g is strictly positive, (5.2.4)

where 0 <t < T,

Lemma 4. Assume that wy € H*(T x (0,1)) satisfies the local Rayleigh condition.
Let w € C([0,T); H*(T x (0,1))) be the solution to (4.1.4) that satisfies the local
Rayleigh condition in [0,T]. Denote by D, = 0y + u0, + v0, the material derivative,
then:

Di(u) = —P,, (5.2.5)
Dy(w) =0, (5.2.6)
Dy(uy) = —u? — vpw — Py, (5.2.7)
Dy(P,) = Py + uP,, (5.2.8)
Di(wy) = —Ugwy — Vywy, (5.2.9)
Di(wy) = ugwy — wwy, (5.2.10)

where 0 <t <T.

Lemma 5. Assume that wy € H*(T x (0,1)) satisfies the local Rayleigh condition.
Let w € C([0,T); H{T x (0,1))) be the solution to (4.1.4) that satisfies the local
Rayleigh condition in [0,T]. Denote by D, = 0y + u0, + v0, the material derivative,
then:
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2
D, (u2 <wwx — ux) — qu) = |u (wwx — uw> — P,| —uPy,
Wy Wy
for0<t<T.
Proof. By Lemmas 3 and 4,
1 Ugly — Wy
Dt log — = —
Wy Wy
Wy
wy T
which gives (5.2.11). Next, by Lemmas 3 and 4,
D Wy, — U Wz Wy — vxwwg — Up Wz Wy + waz
"Nw, | w2
2
Wy
= — Uy WU, — U
Wy
Thus, by (5.2.14) and (5.2.7)
e, e, 2
Dt( I_ua:): x_um +Pa:ac7
Wy Wy

from which we get (5.2.12). Finally, by Lemmas 3 and 4 and (5.2.12)
D, (u2 (wwx — ux) — qu)
Wy
= u2 (

Wy,
Ul — —uy |u— P,
Wy

which implies (5.2.13). This completes the proof of Lemma 5.

Wy,

_/u/m

Wy Wy

2
_upxta

(5.2.11)
(5.2.12)

(5.2.13)

(5.2.14)

2
+ Pm> — 2uP, (Wﬂ” - ux) + P? — u?P,, — uP,,

]

Proposition 11. Assume that wy € H*(T x (0,1)) satisfies the local Rayleigh con-
dition. Let w € C([0,T]; HY(T x (0,1))) be the solution to (4.1.4) that satisfies the

local Rayleigh condition in [0,T]. Set

Ei(t) = / (wwx - ux) drdy = / Rt dxdy
Tx(0,1) \ Wy Tx(0,1) Wy

(5.2.15)
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and

Ey(t) = / (u2 (wwx - uz) - qu> drdy = / W22 dady. (5.2.16)
Tx(0,1) Wy Tx(0,1) Wy

1
E, = at/ log (—> dxdy, (5.2.17)
Tx(0,1) Wy
2
O,F) — / up — 222 drdy, (5.2.18)
Tx(0,1) Wy

2
dxdy, (5.2.19)

8tE2 — /
Tx(0,1)

P, +u (uz — wwx>
Wy
Proof. By Lemma 3, (5.2.11) and the z-periodicity

1 =
8t/ log (—) dxdy = / (ww — uJC) dxdy, (5.2.20)
Tx(0,1) Wy Tx(0,1) \ Wy

which proves (5.2.17). Next, by Lemma 3, (5.2.12) and the z-periodicity

where 0 < ¢t < T.

2

8t/ (wwx — um> dxdy = / bl Uy| + Ppedxdy
Tx(0,1) \ Wy Tx(0,1) | Wy
2
:/ bt — u,| dxdy,
Tx(0,1) | Wy
which gives (5.2.18). Finally, by Lemma 3 and (5.2.13)
ww, \ |2
O, Fy = / P, +u (uw - x) — uPdxdy
Tx (0,1) Wy
2
= / P.+u (uI — wwx) + u, Pdxdy,
Tx(0,1) Wy

from which we get (5.2.19), thanks to (4.1.10). This concludes the proof of Propo-
sition 11.

O

Lemma 6. Assume that wy € H*(T x (0,1)) satisfies the local Rayleigh condition.
Let w € C([0,T); H*(T x (0,1))) be the solution to (4.1.4) that satisfies the local
2

Rayleigh condition in [0,T]. If fo(o N
stationary and independent of x.

wWw.
Up — =
Wy

dxdy = 0 (at any time) then w is
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Proof. Assume that “:J—ff —u, =0 at time ¢ = ¢y. Then,

9, (E) _ e T ety Yy (% - u$> =0, ifw#0. (5.2.21)

w? w2\ wy
Let us first assume that w does not vanishes. By (4.1.10), there exists yo € [0, 1] such

that u,(z,yo(z), to) = % = 0. By (5.2.21), u, = 0 at time ¢t = ty. Thus, w

is z-independent at t = tq. Moreover, w(y, to) and w(x,y, to + ) satisfy (4.1.4) with
the same initial condition, since the solution is unique, w(x,y,to +t) = w(y, ty) (see

[20])-

Conversely, assume that w vanishes in some points. Applying (5.2.21), we have

fz to)w(z,y,to) + c(z), if w>0,
us(z,y,t0) = < f(, to)w(z,y,to) + &(x), if w <O, (5.2.22)
0, if w=0.

Since u, is continuous, ¢ = ¢ = 0. Moreover,

f(x,to)wy, if w>0,
we = 4 f(z,to)wy, if w<O, (5.2.23)
0, if w=0.

Therefore, the continuity of = yields f (z,to) = f(x,tp). Thus, u, = f(x,ty)w and
wy = f(x,ty)w,. Integrating in y € [0, 1], we get

1 1
/ uydy =0 = f(x,to)/ wdy = f(a:,to)u|zzé, (5.2.24)

0 0

1 1
/ wedy = f(x,to)/ wydy = &Cu@ié. (5.2.25)

0 0

Applying (5.2.24), (5.2.25) and the positivity of w,, we get

0 (Ju(1) — u(0)*) = 2u|’Zs0ul’=; = 0. (5.2.26)
Finally, if f(zo,t0) # 0, (5.2.24) implies u(zg, y, to) Zzé = 0. Moreover, by (5.2.26),

u(z,y,to) Zz[l) = 0, which contradicts (5.2.25). Thus, f = u, = 0 at time ¢t = t,.
Furthermore, w(y,ty) and w(z,y,to + t) satisfy (4.1.4) with the same initial data.
Then, by uniqueness w(z,y,to+t) = w(y, to) (see [20]). This completes the proof of
Lemma 6.

]

Corollary 2. Letw € H*(T x (0,1)) be a stationary solution to (4.1.4) that satisfies
the local Rayleigh condition. Then, w is x-independent. Conversely, if w is an x-

independent solution to (4.1.4), then w is stationary.
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Proof. Let w be a stationary solution, then by (5.2.18):

3tE1 - /
Tx(0,1)

By Lemma 6, w is z-independent. On the other hand, if w is an x-independent
solution to (4.1.4), then

Wy

2
dzdy = 0.

— Uy

Wy

wr = —uw, — A(wy)wy, =0,
where A(w) is defined by (4.1.7), which concludes the proof of Corollary 2.
[

Lemma 7. Assume that wy € H*(T x (0,1)) satisfies the local Rayleigh condition.
Let w € C([0,T]; H(T x (0,1))) be the solution to (4.1.4) that satisfies the local

2
Rayleigh condition in [0,T]. If fo(o | Pe +u (um - %)‘ dxdy = 0 (at any time)
then w is stationary and independent of x.

Proof. Assume that P, + u <ux — Ww—?> =0 at time t = ty. Then,

P, +u (ux — wwx) = P, + uu, + Wy | Wy | WM W w. (5.2.27)
Wy Wy Wy Wy Wy
Furthermore,
9, <ﬂ> LT iy Sy (% - ut> =0, if w#0. (5.2.28)
w w w Wy

Let us first assume that w does not vanishes. By (4.1.11), there exists yo € [0, 1] such
that w(z, yo(x), tp) = “&mllio) — g By (5.2.28), u, = 0 at time ¢ = ;. Moreover,

w(z,yo(x),to)
w(z,y,ty) and w(x,y,to + t) satisfy (4.1.4) with the same initial condition. Since

the solution is unique, w(z,y,ty +t) = w(z,y,ty). Furthermore, by Corollary 2, w
is z-independent.

Conversely, assume that w vanishes in some points. Applying (5.2.28), we have
f(‘ra to)W(fE, yatO) + C(l’), Zf w > 07

u(z,y,to) = < f(x, to)w(x, v, to) +&(x), if w<0, (5.2.29)
0, if w=0.

Since u; is continuous, ¢ = ¢ = 0. Moreover,

f(x,to)wy, if w>0,
we = ¢ f(x,to)wy, if w<O, (5.2.30)
0, if w=0.
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Therefore, the continuity of ot yields f(z,to) = f(z,to). Thus, uy = f(z,ty)w and
wy = f(z,to)w,. Integrating in y € [0, 1], we get

1 1
/ udy =0 = f(:r,to)/ wdy = f(x,to)u\zzé, (5.2.31)
0 0

1 1 1
/ widy = f(x,to)/ wydy = 8tu|Zi(1] = —0,(u*(0) — u?(1)). (5.2.32)
0 0 2

Applying (5.2.31), (5.2.32) and the positivity of w,, we get

O (|u(1) — u(O)\2) = 2u\gi(l)8tu\zzl) = ZUIZZ%@I (u*(0) — (1)) = 0. (5.2.33)

Multiplying by u(1) + «(0), we obtain

0, (Ju*(0) — (1)) = 0. (5.2.34)

Finally, if f(xo,t0) # 0, (5.2.31) implies u(xo,y,to)]zz(l) = 0. Moreover, by (5.2.34)
and (5.2.32), u(zx, y, t0)|Zz(1] = 0, which contradicts (5.2.32). Thus, f = u; = 0 at time
t = to. Furthermore, w(z,y,ty) and w(z, y, to+1t) satisfy (4.1.4) with the same initial
data. Then, by uniqueness w(z,y,to +t) = w(x,y,to) (see [20]). Moreover, since
w is stationary, 0;Fy = 0. Applying Lemma 6, we deduce that w is z-independent.
This concludes the proof of Lemma 7.

]
Lemma 8. Let f: [0, L) — R be a C* function and C' > 0. Assume that 0,f > C'f?

and f(0) > 0. Then there exists a positive time T* such that f — oo ast — T*.
Moreover, T* < —+— and f satisfies:

Cf(0)
1 1
cro !
fort <T™.
Proof. Since f is positive we have:
o 5

Integrating the above we get:

“f,o 1 1 to
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From which we obtain:

T
7oy — Ot

which concludes the proof. O

Proposition 12. Assume that wy € H*(T x (0,1)) satisfies the local Rayleigh con-
dition and Oywy is not identically 0. Let w € C([0,T); H*(T x (0,1))) be the solution
to (4.1.4) that satisfies the local Rayleigh condition in [0,T]. Then, E; satisfies:

if E1(0) > 0, (5.2.36)

where 0 <t <T.

Furthermore, if E1(0) = 0 there ezists a positive time t' (sufficiently small) such
that Ey(t') > 0 and

1
E(t+t)> ———, (5.2.37)
El(t’) - t
where 0 <t <T.
Proof. By (5.2.18) and Hélder’s inequality,
ww, |2
0 F —/ Uy — ——| dady
Tx (0,1) Wy
2
([ (o 5) o)
Tx(0,1) Wy
= E2(1). (5.2.38)

If F1(0) > 0 the result follows by applying Lemma 8. On the other hand, if £;(0) =
0, Lemma 6 implies
/Tx((],l)

at every time. Therefore, for every positive time t" we have

tl
/0 /H‘X(O,l)

Choose t' such that w € C([0,T + ¢']; HY(T x (0,1))) satisfies the local Rayleigh
condition in [0,7 + t']. Applying (5.2.36) to w(t +t') we get

2
bt dzxdy > 0,

_u$

Wy

Wy,

_fu/z

2 4
0

Wy

1
Bt +1) 2 ——,
El(t’) —t
for 0 <t < T, which completes the proof of Proposition 12. n
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Proposition 13. Assume that wy € H*(T x (0,1)) satisfies the local Rayleigh con-
dition and O,wy is not identically 0. Let w € C([0,T]; H*(T x (0,1))) be the solution
to (4.1.4) that satisfies the local Rayleigh condition in [0, T). Then, Ey satisfies:

2
Uu .
Ey(t) > Jlgﬁ if E5(0) > 0, (5.2.39)
Ex(0) t

where 0 < t < T. Furthermore, if E5(0) = 0 there exists a positive time t' (suffi-
ciently small) such that Es(t') > 0 and

B+ 1) > 5.2.40
20+ 2 (5.2:40)
Ez(t’ —t

~

where 0 <t <T.

Proof. By (5.2.19), Holder’s inequality, (4.1.10) and the z-periodicity:

luall3 - OeEa(1)

2
= (/ qu:cdy) : / P, +u (ux — w%) ’ dxdy
Tx(0,1) Tx (0,1) Wy
2
( U <Px +u (ugc — wwx)) dxdy)
Tx(0,1) Wy
EY(

>

1 3 2
/ (/ udy) P.dx +/ Oy (u_) dxdy —/ w2 ded )
Tx(0,1) 3 Tx(0,1) Wy

.2 Wy 2
d:cd

’]1‘><(0 1)

(5.2.41)

Thus
By > |ull52E3,

where ||u||? is time independent thanks to (4.1.13). If E5(0) > 0, Lemma 8 yields
2
Eg(t) > ||U”2 7

=B,
E>(0)

where 0 < ¢ < T'. On the other hand, if E5(0) = 0, Lemma 7 implies

/H‘X(O,l)

at every time, from which we get

2
P, +u (ux — wwz>' dzdy > 0,

Wy
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tl
dadydr = / 0, Badr = Es(t) > 0,
0

v wwy \ 2
/ / P, +u (ux — x)
0 JTx(0,1) Wy

for every ¢’ > 0. Choose ¢’ such that w € C([0,T + t']; H*(T x (0,1))) satisfies the
local Rayleigh condition in [0,7" + t']. Applying (5.2.39) to w(t + t') we get

2
Bt +1)> e

for 0 <t < T, which concludes the proof of Proposition 12.

5.3. Proof of Theorem 15: Collapse of the local rayleigh condition or
singularity formation

Proof. Let us proceed by contradiction. Suppose that ||w(t)|| z4(rx(0,1)) and

“y(t) HLOO (Tx(0,1))
remain bounded for every time ¢ > 0. Assume first that £;(0) > 0. By Proposition

12, F; blows up in finite time. Moreover, by (5.2.18) and Poincare’s inequality

1 (
/ /TX(OI
ww, 2
SQ// ui—i—( x) dxdydt
Tx (0,1) Wy
2
<2// ( +llwol% ( ) )dxdydr
Tx (0,1) Wy
! 1
< (—2+2||woy|go)// W2 (1+—2> dedydr (5.3.1)
m 0 JTx(0,1) Wy

2 t 17
< = +2[|woll? ] 1 d
< (2 +2al) | ||wx<r>||Lz(Tx(071))( +— mem») :

which yields a contradiction because t is arbritrary and E; blows up in finite time.
Next, if E5(0) > 0, by Proposition 13, E5 blows up in finite time. Furthermore, by
(5.2.19)

Ey(

2
| Wwg

dxdydrt

Wy

Ba(7) TO_//T 0,1)
X
<2// P2—|—u
Tx(0,1)

P, +u (ux — %) ‘ dxdydt

)

— ‘ ) dxdydrT.
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By (4.1.12), Hélder’s inequality, Poincare’s inequality and (4.1.14)

2

1
/dex—él/ (/ uuxdy) dz
T T \Jo
1 1
<4 / uzdy/ uldydz
T Jo 0
3 21
<t (D) & [ 2oy
2 T JTx(0,1)

3 2
= (Zhall) [ deay
Q0 Tx(0,1)

Applying (5.3.1) and (4.1.14), we get

Es(7)|724

T=

0
3 2 2 t 1

<(2(Cte) +2(Zr2bal) ) [ ] w14 %) dotnar 532
- 7 0 JTx(0,1) Wy

A t 1 2
< |6 0o 5 z I L ¢ 7
< ( llwolloo -+ 7T2)/0 l|lw (7')”L2(’]I‘><(0,1)) ( + Hwy(T) Loo(Tx (0 1))> i

which again yields a contradiction because t is arbritrary and Es blows up in finite

time. From now on, we will assume that ||w(t)||ga(rx(0,1)) and HﬁHLW(TX(OJ))
remain bounded, so we can apply the local well-posedness result by Masmoudi and
Wong [20]. First let us prove (5.1.3). Assume that E;(0) > 0. By Proposition 12,

1
— < Ey (7).
B0

Applying (5.2.17) and integrating in 7 € [0, t], we get:

1 1 t 1
log = / ——dr
(El(o) By t) 0 Tmo 7

t

< / Ey(7)dr
ot 1

:/ aT/ log (—) dxdydr
0 Tx(0,1) wy(T)

= / log (aywo) dzxdy,
Tx(0,1) wy(t)

which completes the proof of (5.1.3). Let us now deduce the estimate (5.1.4). As-
sume that F»(0) > 0. By Proposition 13,

ull3
T i t E3 (). (5.3.3)
E5(0)
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Moreover, by Hélder’s inequality and (5.2.18),

2
E3(t) = (/ u? <ww$ - ux> dxdy>
Tx (0,1) Wy

2

<fulf [ 2w dey
Tx(0,1) | Wy
= [lul[30:Er. (5.3.4)
Therefore, by (5.3.3), (5.3.4) and (4.1.14),
[Jull3 ||U||
pp -~ Ol = )
Ex(0) t

/

/waEl
(\mm) Bi(t) - B (0))
(;H%Hm) Ey(t) + |E(0)]).

Thus

1 B (0 3 Jwolloo \ * 3 |wollso \*
o S(@ﬁ*(£ﬁh>*&@0+<ﬁﬁ”>Eﬁy
B ! 2 ?
Integrating in time, we get

lul 1
E,(0) IulE _,

log < tCh(wo) + Ca(wo) / log <8yw0 ) drdy,
Tx(0,1) wy(t)

which concludes the proof of (5.1.4). Finally, Propositions 12 and 13, (5.3.1) and
(5.3.2) lead to (5.1.5) and (5.1.6). This completes the proof of Theorem 15.

]

5.4. Proof of Theorem 16: Necessary conditions for global solvability

In this section we will prove Theorem 16, which establishes necessary conditions for
the global solvability of (4.1.3). The following proposition will be useful for proving
Theorem 16.
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Proposition 14. Assume that wy € H*(T x (0,1)) satisfies the local Rayleigh con-
dition. Let w € C([0,T]; HY(T x (0,1))) be the solution to (4.1.4) that satisfies the
local Rayleigh condition in [0,T). Let Ey and Ey be defined by (5.1.1) and (5.1.2)
respectively. Then, we have:

/ / Pdxdt < 2,7 + 2 y|wo||go]51 =T (5.4.1)

Proof. By (5.2.19), (5.2.18) and (4.1.14)

T T
/ / P2dudt — / /
0 T 0 Tx(0,1)

2
dxdydt

Px—ku(uz—

Wy Wy
E) ()
Wy

T 2
< 2/ / P.+u (ux ) (— — ux> dxdydt
Tx(0,1)
Www 2
< 2/ Oy Es(t)dt + 2 ( Hw0|]oo> / / = — u,| drdydt
(0,1)
= 2E2’t 0ot 35 ||W0||ooE1t —0>
which concludes the proof of Proposition 14.
]

Now we are ready to prove Theorem 16.

Proof of Theorem 16. By Theorem 15, F'i(t) and E»(t) remain negative, for all ¢ > 0.
Moreover, by (5.2.18)and (5.2.19), Ey(t) and Es(t) are convergent (since they are
monotone and bounded). Furthermore, by (5.2.38) and (5.2.41),

t
/ Eidr < BEy|7Z). (5.4.2)
0
t
| Bar < g (5.4.3)
0

Which implies that E(t), F»(t) — 0, as t — oo (otherwise (5.4.2) and (5.4.3) would
growth arbitrarily, which is a contradiction). Thus,

TO_//
Tx(0,1)

2
e uz| dedydr — —FE;(0), ast — o0 (5.4.4)

Wy
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a

nd
T=t ! Wy
EQ =0 — Pa: +ul u, —
0 JTx(0,1) Wy

which proves (5.1.7) and (5.1.8). Next, Proposition 14, (5.4.4) and (5.4.5) lead to
(5.1.9). Finally, by Jensen’s inequality

2
dxdydr — —FE5(0), ast — oo, (5.4.5)

exp (/ log (wy (1)) dxdy) < / wydxdy
Tx(0,1) Tx(0,1)
< 2[|wolloc- (5.4.6)

Thus, (5.2.17) and (5.4.6) implies

T T
/ |E1(t)|dt:—/ Ey(t)dt
0 0
T
:/ log <wy( )> dzdy
Tx(0,1) Dywo
2
g/ log( ”“0”‘”) dady,
Tx(0,1) Dywo

which gives (5.1.10) because T is arbitrary. This completes the proof of Theorem
16.

]

5.5. Propagation of the local Rayleigh condition and H' control

It is worth mentioning that Theorem 15 does not give any information about what
happens first; the collapse of the local Rayleigh condition or the formation of singu-
larities, even if the lower bounds (5.1.3) and (5.1.4) hold, Theorem 15 does not guar-
antees that ||w|| g4(rx(0,1)) remains bounded before the collapse of the local Rayleigh
condition. Nevertheless, if we assume that the vorticity w does not vanishes, then we
can control the L>=([0, T]; H'(Tx (0, 1))) norm of w and the L>([0, T]; L>=(Tx(0,1)))

norm of i by means of
T
- |
0

which is the main result of this section. The next proposition will be useful for

Wy,

dr, (5.5.1)

[e.9]

Ug

Wy

proving Theorem 18.

Proposition 15. Assume that wy € H*(T x (0,1)) satisfies the local Rayleigh con-
dition. Let w € C([0,T); HX(T x (0,1))) be the solution to (4.1.4) that satisfies the
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local Rayleigh condition in [0,T]. Assume further that |wo| > 0 in T x (0,1). Then,

we have:
[ty |00 < (M + 1> | (5.5.2)
min|wol Wy -
2 &CwQ T
/ &d:r;dy]t:T < / | O‘dxdy exp (C(wo)/ W _ Uy dt) ,
Tx(0,1) Wy Tx(0,1) Oywo 0o | Wy 00
(5.5.3)

where C(wp) = 3 4 2ol

min|wo|

Proof. Let x be any point in T. By (4.1.10), there exists yo(z) € [0,1] such that
uz(x,yo(x),t) = 0. The positivity of |w| yields

Uy Vo w, — uyw
Y

0(z) w
V' wwy — Ugy wy
= ——2dy,
yo(z) Wy w

from which we get:

(1, 1) < Jw|(x, §,8) | o — e

]
o
[oe] yo(z)w

w(x, §,t) ‘
1
w(‘ra yO(‘T)J t)

Wy — Uy

Wy

Wy — UgWy

wy o]

(el )
min|wo|

for every g € [0, 1], which leads to (5.5.2). On the other hand, by Lemmas 3 and 4:

Y
oo

Wy

D (@f) —2u wiw, — 2%@%%3 — Upwiwy, + ww
t pu—

2
O)y

2
Wy w
= ( — 3uz> —£ — 2,0,
Wy Wy

integrating in T x (0, 1), we get

2 2
3t/ &dxdy = / Yo <wwx - 3ux> dxdy, (5.5.4)
Tx(0,1) Wy Tx(0,1) Wy \ Wy

where we have used that

/ WU drdy = / UgUzpdady = 0,
Tx(0,1) Tx(0,1)
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thanks to integration by parts and the z-periodicity. Thus, by (5.5.4) and (5.5.2)

2 2
3t/ &d:vdy = / Ya <wwx — 3ux> dzdy
Tx(0,1) Wy Tx(0,1) Wy \ Wy
w2
< < +2 |u33|oo) / —~dxdy
Y 00 Tx(0,1) Wy

< <3 + 2“.“’0“‘”) o — Uy / “e drdy,
min|wp| 0o JTx(0,1) Wy

By applying Gronwall’s inequality, we get (5.5.3), which completes the proof of

Wy — Ugly

Wy

Proposition 15.
O]

Let us state the main result of this section.

Theorem 18. Assume that wy € H*(T x (0,1)) satisfies the local Rayleigh condi-
tion. Let w € C([0,T]; HY(T x (0,1))) be the solution to (4.1.4) that satisfies the
local Rayleigh condition in [0,T]. Let Ey and Ey be defined by (5.1.1) and (5.1.2)
respectively. Assume further that |we| > 0 in T x (0,1). Then, we have:

1 1
< ‘ exp(M(t)), for0<t<T, (5.5.5)
wy () || oo (Tx(0,1)) dywo Lo (Tx(0,1))
Hwy(t)HLoo('ﬂ‘x 0,1)) < Hgy"‘JOHLoo('ﬂ“X(o 1)) exp(M(t)), for0<t<T, (5’5’6>
we (1) il exp( ((;O)M(t)>,f0r0§t§T,
wy(t) L2(Tx(0,1)) Oy L2(Tx(0,1))
(5.5.7)
&Ewo ]_ ~
B(T) < | % e oo || 57— exp (C(wo)M(T)) , (5.5.8)
y0 || 2T (0,1)) y 0 [l Loe (T (0,1))
9| Odyw 1 ~
By(T) < 7 |72 el || 5 exp (Clwo) M(T))
v0 || 21 (0,1)) Y90l Lo (T (0,1))
(5.5.9)
where .
M(t) = / ey dr, (5.5.10)
0 | Wy Lo°(Tx(0,1))
C(wo)

C(wo) =3+ 2wolleo gy g Cwo) = T+ =

min|wo|

Proof. Let o be any point in T x (0,1). By (5.2.11)
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dr,

L= (Tx(0,1))

where (X (a,7),Y (e, 7)) is the characteristic curve starting at «. Thus, applying
exponential we get (5.5.5) and (5.5.6). From (5.5.3) we get (5.5.7). By Holder’s
inequality, (5.5.5) and (5.5.7)

/ Mdmdy<‘& ‘ d
Tx(0,1)) Yy V9l e o, T V& 20
< ||W0||L°<>(Tx(0,1)) ‘ ai 2
Y0 || Loo (T (0,1))

ax Wo

\/ 8yw0

9

L2(Tx(0,1))
(5.5.11)

X exp (MQ@ . C(wo;Mu))

which yields (5.5.8) and (5.5.9) thanks to (4.1.14). This concludes the proof of
Theorem 18.

]

5.6. Proof of Theorem 17: Finite time blow-up of the Semi-lagrangian
equations

The aim of this section is to prove Theorem 17, which establishes the finite time
blow-up of solutions to the semilagrangian equations (4.7.6) for certain class of initial
data. The following proposition will be useful for proving Theorem 17.

Proposition 16. Let (v,h,) be a smooth solution to (4.7.6). Let Ey and Ey be
defined by (5.1.11) and (5.1.12) respectively. Then, we have:

E, = 0t/ log(hg)hedzda, (5.6.1)
Tdx(0,1)
OB, = / IVv|* hodzda, (5.6.2)
Tdx(0,1)
OBy — / O ]? hodada. (5.6.3)
Tx(0,1)
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Proof. By (4.7.6) and the x-periodicity

Oihy,
at/ log(hg)hedxda :/ e, + log(hgy)0ihadzda
Tdx(0,1) Tdx(0,1)

hq
= / =V - (vhy) — log(ha)V - (vh,)dzda
Tx(0,1)

= / V(log(ha)) - (Vhe)dxda
Tdx(0,1)

= / V(h,) - vdzda
Tdx(0,1)

= / (—=V - v)h,dzda,
Tex(0,1)

which proves (5.6.1). Next, let us compute the time derivative of Ej:

O E5 (1)
v|®

:/ V-V|——+P|hy+V-vV . (vh,)dzda

Tdx (0,1) 2

1

= / (v -AV)h, + (Vv -VVv)h, + V- vV - (vh,)dxda + / AP/ hodadz

Tdx(0,1) Td 0
= / (v - AV)he 4 |VV[ by + V- (V- V)Vhe) — V(V - V) - Vhydada

Tdx(0,1)
= / (v - AV)hg + |VV[* hg — (AV - V) hedzda

Tx(0,1)

= / Vv hodada,
Tx(0,1)

where we have used the identity V(V - v) = Av, which follows by the curl free
condition 9;v; = 0;v;. Thus, we proved (5.6.2). Finally, let us compute the time
derivative of Es:

O Fs(t) = / Vi - Vihg + Vv - vyhg — v - vV - (Vhy)dzda. (5.6.4)
Tdx (0,1)
The second term is equal to:

/ v - vyghedrda = — / v-V(v-v,+ B) h,dxda
Tdx(0,1)

Tdx(0,1)

1
= / PV - / vhydadx + / v - vV (vhy)dzda
Td 0 Tdx (0,1)

d
t
/ v-v;V - (vhy)dzda,
T4x(0,1)

64



thanks to (4.7.22), which leads to (5.6.3). Thus the proof of Proposition 16 is now
complete. O

Now we can prove Theorem 17.

Proof of Theorem 17. First assume that (5.1.14) holds. Integrating in time and
applying (5.6.1), we get:

T1os (E;go) ) /0
[ mie

/ log(ha(7))he(T)dxda|7ZE,
Tdx(0,1)

which implies (5.1.13). Next, by (5.6.2) and Holder’s inequality

IN

O Fy :/ Vv |*h.dzda
Tx(0,1)

1
> —/ |V - v|*h.dxda
d Jrax (o)
1 2
> — </ |V - V|hadxda>
d Tex(0,1)
1
> - FE%. 5.6.5
>1 (5.6.5)
Thus, Lemma 8, (5.6.2) and (5.6.5) lead to (5.1.14). Finally, by (5.6.3) and Hélder’s

inequality
2
/ |v|*hodzda - 0, Fy > (/ \vHvt]had:Eda)
Tdx(0,1) Tdx(0,1)

2
> (/ V- Vthadxda)
Tex(0,1)

= B3 (5.6.6)

Thus, Lemma 8, (5.6.6), (5.6.3) and (4.7.20) lead to (5.1.15). This concludes the
proof of Theorem 17. n

5.7. Appendix

5.7.1. Integral lemma

The aim of this appendix is to prove the integral identity conerning the integral of
the logarithm of a function.

65



Lemma 9. Let (Q, 1) be a measure space and let f € L*(Q) be a positive function
in Q. Assume that u(Q) =1, then

exp ( /Q log( f)du) = lim ( /Q fpdu>;. (5.7.1)

Proof. Let us proceed as in [10], let p, be any positive sequence converging to 0. By
Jensen’s inequality,

exp (/Q log(f)du) < (/Q f”du)p, Vp >0,
oo [ty < et [ o) 572)

Since logt <t — 1, for t > 0, we conclude that

log ( /Q fp"du) < /Q (7 — 1)dp. (5.7.3)

Multiplying (5.7.3) by i and applying exponential, we get

1
Pn 1
( / fp"du) < exp (— / (f”"—l)du>,
Q Pn Ja
which implies

= 1
lim sup (/ fp"d,u) < lim sup exp (p_/ (ffr—1) d,u) ) (5.7.4)
Q n JQ

Now, let us compute lim sup exp (ﬁ Jo (ffr=1) d,u). Assume that ¢, \, 0 , then

which implies

qi(tqn 1)\ log(t), VE> 0. (5.7.5)

Let h, : 2 — R be a sequence of positive functions defined by

hn (i) (f*°=1) (fi"=1).

- 1 1
qo Gn
By (5.7.5),

() qi (f© — 1) — log(f).

Applying Lebesgue’s monotone convergence theorem, we get
ymg g g

[ o 2 [ (5= 1) = dos(
Q Q 90
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Thus,
1
/Q (= 1) du s /Q log(f)du.

Therefore,

lim sup exp <pin /Q (fP» —1) d,u) = exp (/Q log(f)du> . (5.7.6)
Finally, by (5.7.2), (5.7.4) and (5.7.6)

lim sup (/ fp"du>pn < exp (/ log(f)du) < lim inf (/ fp”d,LL)pn.
Q Q Q

This concludes the proof of Lemma 9.

5.7.2. Convergence of the pressure for global solutions

The aim of this appendix is to prove the convergence in L?(T) of the pressure P(z,t)
as t — oo for the global solutions to (4.1.3) that satisfy the local Rayleigh condition
dru > 0.

Proposition 17. Assume that the initial vorticity wy € HY(T x (0,1)) satisfies the
local Rayleigh condition (i.e. dywo > 0). Let w € C([0,T]; HY(T x (0,1))) be the
solution to the problem (4.1.4) that satisfies the local Rayleigh condition in [0,T].
Assume further that T can be chosen arbitrarily large, then we have:

2
dr — 0 ast — 0. (5.7.7)

/T’P(l’ﬂf) + HUH%Q(’EX(OJ))

Proof. Since u is global and convex in y we have that Ey(f) < 0 for all t > 0 (see
Theorem 16). Let E3 be defined by:

Ey — / ul (“% - u> — W3P,dady. (5.7.8)
Tx(0,1)

Wy
Applying (5.2.13), Lemma 3 and (5.2.5), we get

(1 (o (2 - ) -ar))

2
u (wwx — u:c) — P,| —u*Py —2uP, <u2 (wwz — ux> — qu)
Wy Wy

2

=
2
ot | Up| — 4uP, (wwr — ux> + 3u*P? — u’ Py
wy wy
2
= [u? (wwwx — um) —2uP,| —u’P? —u’P,. (5.7.9)
y
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Next, observe that

(x,t) = 0y / (x,2,t)d (5.7.10)

Then, by Lemma 3, (5.7.9) and (5.7.10)

2
O Fs5 = / 2uP, + u? (uz — wwx) —
Tx(0,1) Wy
:/ u? (wwx — ux) —uP, 2
Tx(0,1) Wy
> / u? (wwx - ux) —ubP,
Tx (0,1) Wy

Set C' > (g\|w0\|oo)4 , by (5.7.12), (5.2.18), (4.1.14) and Hélder’s inequality

ww

u2( = —ux) —ubP,
Wy
Wy,

u? — Uy | —ubP;
Wy

2
e C
= - (/ (u4 <ww — ux) — u3Pz> dxdy) + —E?
[Jwll2 Tx(0,1) Wy 2
+

u? P2 + P2dxdy (5.7.11)

Wy,

+ P? + 2u*P? — 2u°P, ( - ux) dxdy
Wy
2

1
dxdy.  (5.7.12)

_ux

Wy

2
C
+R A+

Wy,

2
dxdy

Ug

Wy
2

dxdy + gEf

which implies F3(t) < —CE;(t) for all t > 0, otherwise E3 + C'E; would blow-up

in finite time, as a consequence of Lemma 8. Evidently Fj3 is convergent (since
Es3(t) + CEy(t) is increasing and bounded by 0). Furthermore, by (5.7.11) and
Holder’s inequality:

/ / /PQd:vdt < Eyi= 0T+/ / u? P2dxdt, (5.7.13)
‘UH4 Tx(0,1)

from which we deduce that E3 must convege to 0 (if not, then FEj3 converges to
a negative number, which makes the left hand side arbitrarily large, which is a
contradiction). Applying (5.7.13) and (5.1.9), we have:

/ / P?dxdt < oco. (5.7.14)
0 T
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Observe that
2 T 2
/\P+||u||%\ dasli—%:/ 6t/|P+||u||g\ drdt
T 0 T
T
:2/ /Pt (P + lul}2) dadt.
o JT

Moreover, by (5.7.14), Poincare’s inequality and (5.1.9)

T T
/ dt§2/ /|Pt(P+ lul2) | dwdt
0 0 T

T
g/ /P3+|P+||u||§\2dmt
0 T

T

< / / P? + 72 P2dxdt
0 T

< 00

o [ |P o+l do
T

which implies the convergence of [ |P + |u||2|? dz as t — oo. On the other hand

/|P+ HU‘|§|2dﬂf§7r_2/P§dx and / /Pﬁdazdt< 00,
T T o Jr

/ P+ Hu||§|2dx — 0 ast — oo.
T

lead to

(Note that the above yields the convergence of ||u||} as t — oo, because ||u||;—2[| P||3
is time independent). This concludes the proof of Proposition 17.

O

5.7.3. Growth of certain smooth global solutions

The aim of this appendix is to establish a lower bound for ||wy(¢)||Le(rx(0,1)) for
global solutions to (4.1.3) that satisfy the local Rayleigh condition aju > 0.

Proposition 18. Assume that the initial vorticity wy € H*(T x (0,1)) satisfies the
local Rayleigh condition Oywy > 0 and Oywy is not identically O on the boundary. Let
w e C([0,T]; HY(T x (0,1))) be the solution to the problem (4.1.4) that satisfies the
local Rayleigh condition in [0,T]. Assume further that T' can be chosen arbitrarily
large, then we have:

C(wo)ﬁﬁ sup [|lwy (8)[| 2o (1 (0,1) (5.7.15)

te[0,7

where C(wo) is given by

C(wo):\/ sup  —woOywoOywo (T, y).

€T,y=0,1
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Proof. Without loss of generality, assume that

sup  —woOywoOywo (T, y) = —woOswoOywo(xg, 0) > 0.
zeT,y=0,1
Set f(t) = —wwywy(X(x0,0,1),0,t), where X (z0,0,t) is the  component of the

characteristic curve starting at (zo,0). By Lemma 3, (5.2.9) and (5.2.9)

O f(t) = (voww) + w?w?) (X (0, 0,t),0,t)
= WW3(X(0,0,1),0,t)
f2(t)
wZ(X (20,0,1),0,1)
f2(t)

Nyl rx 0,1

Y

which implies:

EERNS S 0
fO) 1) Jo f?
- /T dt
~Jo Nwy@ON s rnony)
T

)

~ SUDP¢e(o,7] “wy(t)H%w('ﬂ‘x(O,l))

from which we get:

-1
1 T
— < f(T).
(f (0)  supsep ||Wy(t)||%oo(1rx(o,1))>

Since w is a global smooth solution, f cannot blow-up in finite time, which yields:

f(0)T < sup ||wy(t)||%°°(1l‘><(0,1))a
te[0,7

which proves Propostion 18.
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