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In the last century, the field of geometric mechanics has proven itself to be invaluable in applications
related to physics, aerospace engineering, and robotics. At its core, geometric mechanics seeks to study
mechanical systems from a geometric perspective. Often, this amounts to determining the properties of
some dynamical system by taking advantage of the geometric properties of its configuration manifold.

One particular application that has become increasingly pervasive—and technologically feasible—in
recent years is path planning in robotic systems, from robotic manipulators in assembly lines to teams of
quadrotor UAVs carrying a payload. The first step in such a problem is to design a control scheme which
causes the system to converge to some desired trajectory. Once a trajectory tracking control scheme has been
developed, the natural next step is to design the trajectories themselves. In most cases, these trajectories
must interpolate some set of knot points, and it is desirable that they minimize some quantity while doing
so. A quantity of particular interest is the energy consumption, which in many applications is related to
the magnitude of the controls. The magnitude of the controls, in turn, can often be related to the norm
of the covariant acceleration of the state variables with respect to the Riemannian metric induced by the
kinetic energy—a fundamentally geometric quantity. Thus, such path-planning problems have a natural
correspondence with a certain variational problem on a Riemannian manifold, and can thus be studied using
the tools of geometric mechanics.

This particular variational problem gives rise to curves called Riemannian cubic polynomials, which
have studied extensively in the literature over the last 40 years. In this thesis, we are motivated by a slightly
different problem. Specifically, one where, in addition to finding optimal interpolants, the resulting tra-
jectories avoid certain prescribed obstacles in phase space, or avoid inter-agent collisions in the case of
multi-agent systems. A strategy implemented in recent years to formulate this task as a variational prob-

lem (where the tools of geometric mechanics can be applied) is to augment the action functional which we



iii
wish to minimize with an artificial potential function which grows large near obstacles. In that sense, it is
expected that minimizers of the resulting variational problem will naturally seek to avoid collisions.

In this thesis, we study this variational problem—deriving necessary and sufficient conditions for
optimality, reducing said equations by taking advantage of the symmetry of the configuration manifold and
the associated Riemannian metric, and designing artificial potentials which guarantee obstacle or collision
avoidance. We then apply these techniques to the application of teams of quadrotor UAVs transporting a
payload via inflexible elastic cables. That is, we design a trajectory tracking control scheme, and then write

energy-optimal trajectories in terms of the proposed variational problem.



Resumen

En el dltimo siglo, el &mbito de la mecanica geométrica ha demostrado ser invaluable en aplicaciones
relacionadas con la fisica, la ingenieria aeroespacial y la robética. En esencia, la mecanica geométrica busca
estudiar los sistemas mecanicos desde una perspectiva geométrica. A menudo, esto equivale a determinar
las propiedades de algiin sistema dindmico aprovechando las propiedades geométricas de su variedad de
configuracion.

Una aplicacioén particular que se ha vuelto cada vez mas omnipresente y tecnolégicamente factible en
los ultimos afios es el planeamiento de trayectorias en en sistemas robdticos, desde manipuladores robéticos
en lineas de ensamblaje hasta equipos de vehiculos aéreos cuadrotoes no tripulados que transportan una
carga. El primer paso en tal problema es disefar un esquema de control que haga que el sistema converja a
alguna trayectoria deseada. Una vez que se ha desarrollado tal esquema de control, el siguiente paso natural
es disefiar las trayectorias mismas. En la mayoria de los casos, estas trayectorias deben interpolar algiin con-
junto de puntos, y es deseable que minimicen alguna cantidad al hacerlo. Una cantidad de particular interés
es el consumo de energia, que en muchas aplicaciones estd relacionado con la magnitud de los controles. La
magnitud de los controles, a su vez, a menudo se puede relacionar con la norma de la aceleracion covariante
de las variables de estado con respecto a la métrica Riemanniana inducida por la energia cinética, una canti-
dad fundamentalmente geométrica. Por lo tanto, tales problemas de planeamiento de trayectorias tienen una
correspondencia natural con un cierto problema variacional en una variedad Riemanniana y, como resultado,
pueden estudiarse utilizando las herramientas de la mecénica geométrica.

Este problema variacional particular da lugar a curvas llamadas polinomios ciibicos Riemannianos,

que se han estudiado extensamente en la literatura durante los dltimos 40 afios. En esta tesis, estamos



motivados por un problema ligeramente diferente. Especificamente, uno donde, ademds de encontrar in-
terpolantes 6ptimos, las trayectorias resultantes evitan ciertos obstdculos prescritos en el espacio de fase,
o evitan colisiones entre agentes en el caso de sistemas multiagente. Una estrategia implementada en los
dltimos afios para formular esta tarea como un problema variacional (donde se pueden aplicar las herramien-
tas de la mecénica geométrica) es aumentar el funcional de accién que queremos minimizar con una funcién
de potencial artificial que crece cerca de los obsticulos. En ese sentido, se espera que los minimizadores del
problema variacional resultante busquen naturalmente evitar colisiones.

En esta tesis, estudiamos este problema variacional, derivando las condiciones necesarias y suficientes
para la optimizacién, reduciendo dichas ecuaciones aprovechando la simetria de la variedad de configuracién
y la métrica de Riemann asociada, y disefiando potenciales artificiales que garanticen evitar obsticulos o
colisiones. Siempre buscamos hacerlo de una forma practicamente util, y luego aplicamos estas técnicas
a la aplicacién de equipos de drones cuatrorotores que transportan una carga a través de cables eldsticos
inflexibles. Es decir, disefiamos un esquema de control de seguimiento de trayectoria y luego escribimos

trayectorias de energia 6ptima en términos del problema variacional propuesto.
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Chapter 1

Introduction

1.1 Motivation

In recent years, path planning strategies have become vital in the field of robotics, and more generally,
in the field of control engineering. At its core, path planning seeks to construct trajectories that interpolate
some set of knot points in an “optimal” way (for example, by minimizing some quantity such as the distance
traveled, the time elapsed, or the energy consumed along the path), while completing some additional tasks
such as avoiding obstacles in phase space or avoiding inter-agent collisions in the case of multi-agent sys-
tems. One of the most pervasive cases of path planning arises in rigid body systems. In this case, trajectories
can be modelled as paths in SO(3) x R3 or SE(3), both of which are Lie groups with physically motivated
Riemannian metrics. Finding optimal trajectories can then be interpreted as finding solutions to a varia-
tional problem on a Riemannian manifold. This was first introduced in [89], where necessary conditions for
optimality were derived, giving rise to the notion of Riemannian cubic polynomials.

From that point on, Riemannian cubic polynomials were studied in their own right, both due to their
importance in path planning strategies, and to the interesting geometric and analytic properties that they
possessed. Sufficient conditions for optimality were first derived and studied in [29], and subsequently in
[19], where the notion of bi-Jacobi fields and biconjugate points were first introduced. The existence and
uniqueness of global minimizers was studied in [39], and for higher-order Riemannian polynomials in [40],
utilizing tools of global analysis. Local uniqueness was discussed in [20], where the notion of biexponential
maps were introduced. Reduction by symmetry was discussed on Lie groups in [1, 36], on Riemannian

symmetric spaces in [37], and on Riemannian homogeneous spaces in [114].



Riemannian cubic polynomials, however, are unable to take the tasks of obstacle avoidance or inter-
agent collision avoidance into consideration—which are vital components of path planning in many robotic
systems. One strategy, introduced in [7], is to augment the action functional whose critical points are Rie-
mannian cubic polynomials with an artificial potential that grows radially near the obstacles. The critical
points of this new functional will be referred to as modified Riemannian cubics throughout the thesis. Nec-
essary conditions for optimality were derived in [7, 8] for the obstacle avoidance task, and in [4, 23] for the
collision avoidance task. Reduction by symmetry on Lie groups equipped with bi-invariant metrics and on
symmetric spaces was considered in [9]. The study of modified Riemannian cubics is still very new, and
many desirable results have not yet been obtained.

In this thesis, I seek to rigorously establish an analytic theory for modified Riemannian cubics. This
comes first by proving theoretical results for modified Riemannian cubics (such as existence and unique-
ness of global minimizers, finding sufficient conditions for optimality and studying the local minimizers,
and applying reduction by symmetry on a wide variety of spaces) that have thus far been obtained only
for Riemannian polynomials in the literature. Moreover, I aim to improve the real-world applicability of
modified Riemannian cubics in the obstacle and collision avoidance tasks by studying the artificial potential
design. In particular, sufficient conditions for avoidance in both the obstacle and collision avoidance task
are obtained based on the magnitude of the artificial potential within certain regions surrounding the obsta-
cles/other agents. Artificial potential models are provided which guarantee safety, and closed expressions
are obtained for compact and connected Lie groups and homogeneous spaces, which encompass many of
the most important applications to this work.

Finally, the application of teams of quadrotor UAVs transporting a payload is studied. Such systems
have seen a great amount of attention in recent years, as technological advances in robotics are making them
increasingly available in the public sector (see [42, 71, 73, 75, 112, 101, 31]). In particular, a model is
provided which ensures the integrity of its payload by making use of inflexible elastic cables. A geometric
control scheme is constructed, based on the strategies implemented in [75] and [70], which guarantees the
exponential convergence of the state variables to some desired trajectory, and is robust to disturbances. It is

then shown how modified Riemannian cubic appear naturally when considering the path planning of such



systems.

1.2 Outline of the Thesis and Main Contributions

In this section, an outline for the thesis is provided, and the main contributions of this work are
discussed. In many cases, the results pertain to work that has been published or submitted for publication,
in which case the references therein will be provided.

Chapter 2 is a background chapter which is dedicated to the study of Riemannian manifolds. Many
of the important features of Riemannian geometry will be defined in Section 2.1-2.2, including the general
notions of Riemannian metrics, connections on vector bundles, the Levi-Civita connection, geodesics, and
the exponential map. Along this thesis, the predominant regularity that will be considered is Sobolev class
H? regularity. The most important path spaces of this thesis will be defined in Section 2.3.1. In Section
2.3.2, it is shown that the length and energy functions give rise to geodesics as their critical points. While
this is a classical result, I choose to define these functionals over certain closed subspaces of Sobolev class
H? curves, which, to my knowledge, has not been studied in the literature and demands an alternative
proof strategy. Moreover, in Section 2.3.3, it is shown that the energy functional satisfies the Palais-Smale
condition, which provides an alternative treatment to the classical result that there exist global minimizers
of the energy/length functionals on complete Riemannian manifolds. Finally, in Section 2.4, the notions of
Jacobi fields and conjugate points are studied in their relation to the sufficient conditions for geodesics to be
length-minimizing.

Chapter 3 is dedicated to the study of Lie groups. Sections 3.1 and 3.2 introduce the basic notions
of Lie groups and Lie group actions. Important examples are given throughout the development of the
concepts. In Section 3.3, Riemannian metrics on Lie groups are discussed, and the notion of a Rieman-
nian g-connection is defined—which will be one of the principle tools in studying reduction by symmetry
throughout the thesis. In Section 3.4, the process of reduction by symmetry and the associated Euler-
Poincaré equations are discussed for geodesics. This is extended to the reduction with broken symmetry of
mechanical Lagrangians in Section 3.4.1. While all of the results presented can be found in the literature,

the perspective adopted of using H? regularity instead globally C'!, piecewise smooth curves is unique.



Furthermore, a Riemannian perspective is used in the case of reduction with broken symmetry, whereas the
literature uses a Lagrangian formalism.

Chapter 4 studies Homogeneous spaces. Many results obtained here pertain to the article [50],
which has been conditionally accepted to the SIAM Journal on Applied Algebra and Geometry at
the time of this thesis publication. The horizontal connection is defined in Section 4.1, which is used
in Section 4.1.1 for the purposed of reduction by symmetry on Riemannian homogeneous spaces. The
perspective adopted is novel, and does not appear in any of the literature. Finally, in Section 4.2, Riemannian
homogeneous spaces associated to Lie groups with bi-invariant metrics, and Riemannian symmetric spaces,
are discussed. The unit sphere S is given as an example, where the reduced Euler-Lagrange equations for
mechanical Lagrangians are derived.

In Chapter 5, the variational path planning problem is introduced. In Section 5.1, necessary conditions
for optimality are derived, giving rise to the so-called modified Riemannian cubics. While the necessary
conditions align with those derived in the literature, the result is stronger and the proof strategy is distinct due
to assuming less regularity of the curves in the admissible path space. The existence of global minimizers is
studied in Section 5.2, which uses tools of global analysis discussed in Section 2.3.3, and follows a strategy
similar to that implemented for Riemannian cubic polynomials in [39]. These results were obtained in
[47], which has been published in the IFAC-PapersOnLine journal. Finally, in Section 5.3, sufficient
conditions for optimality are studied. Local minimizers are divided into two classes: {2-local minimizers and
(-local minimizers, which are studied separately. This work has been published in [44] in the Journal of
Geometric Mechanics, although certain results are expanded upon within the thesis.

Chapter 6 is dedicated to the study of the obstacle avoidance and collision avoidance tasks. The
development considered is quite distinct from the literature, and all of the results obtained are original. In
particular, artificial potential design for the obstacle avoidance task is considered in 6.1, where sufficient
conditions for avoidance are provided for point-obstacles and for relatively compact obstacles. In Section
6.3, interpolation on systems with impulse effects is considered as an application to the obstacle avoidance
outlined in the previous sections. Finally, in Section 6.2, the collision avoidance task for multi-agent systems

is discussed, where sufficient conditions for avoidance are similarly provided. The results obtained in this



chapter correspond to [47], which was published in the the IFAC-PapersOnLine journal, and to [48],
which was published in the SIAM Journal on Control and Optimization.

In Chapter 7, reduction by symmetry is studied for modified Riemannian cubics. In Section 7.1, we
study reduction with broken symmetry on Lie groups. In particular, reduction of the necessary conditions
for optimality with partial symmetry on Lie groups equipped with left-invariant Riemannian metrics is
considered in Section 7.1.1, and for bi-invariant metrics in 7.1.2. Applications to rigid body dynamics
are considered. Reduction of necessary conditions on homogeneous spaces in considered in Section 7.2,
first for general Riemannian homogeneous spaces in Section 7.2, and then on Riemannian homogeneous
spaces whose underlying Lie groups admit bi-invariant metrics and Riemannian symmetric spaces in Section
7.2.2. As when applying reduction by symmetry of mechanical Lagrangians in Chapter 4, the framework
employed is original and many of the results obtained are not found in the literature. Additionally, we
return to the obstacle avoidance task, and show how the artificial potential can be designed in such cases. In
particular, closed forms for the gradient vector field of the artificial potential which can be easily calculated
in many important applications are provided. Reduced modified Riemannian cubics on the unit sphere S?
are derived. This work correspond to the article [50], which has been conditionally accepted to the
SIAM Journal on Applied Algebra and Geometry at the time of this thesis publication. Finally, the
reduction of sufficient conditions for optimality on Lie groups is considered in Section 7.1.3, which has not
been discussed in any of the literature.

In Chapter 8, we study the application of teams of quadrotor UAVs transporting a payload via inflex-
ible elastic cables. In particular, in Section 8.2, the task of two quadrotor UAVs transporting a rigid rod is
considered, which had not been explicitly studied in the literature. In Section 8.2.1, dynamics for the control
system are derived using the Lagrange d’ Alembert principle. In Section 8.2.2, we reduce the dynamical
system to the corresponding system with inelastic cables, under the assumption that the spring constants and
damping coefficients of the cables are large, using the techniques of singular perturbation theory. In Section
8.2.3, a control scheme for the reduced model is proposed. While this particular problem had not been
studied in the literature, the control scheme closely resembles that given in [75]. In Section 8.2.4, stability

analysis of the resulting closed-loop system is studied by constructing a Lyapunov function. The constructed



Lyapunov function again closely resembles that which was proposed in [75], however we rigorously prove
the existence of stabilizing gains—a result which had not previously been obtained in the literature for
quadrotor systems. In Section 8.2.5, we show that the control designed for the reduced model also yields
favorable results when applied to the original elastic model. In Section 8.2.6, we additionally show that
the control scheme is well-behaved in the presence of bounded unstructured disturbances. In Section 8.2.7,
a connection is established between the trajectory tracking problem for the two quadrotor system and the
variational path planning problem discussed in the previous chapters. In particular, modified Riemannian
cubics can be chosen as the desired trajectories, and will in some sense minimize the energy consumption
while also allowing for obstacle/collision avoidance tasks to be completed. The results obtained here were
largely based on [49], which has been published in the Journal of Nonlinear Science. Section 8.3 re-
peats all of this analysis, but now for the problem of arbitrarily large teams of quadrotor UAVs transporting
a rigid body load. This, in turn, is based on the work [45], which has been conditionally accepted to
the IEEE Transactions on Control Systems Technology Journal, and is presently undergoing the final

stages of revision at the time of this thesis publication.

For convenience, some commonly used notation along the thesis is provided in Table 1.1. Note that
all differentiable manifolds are assumed to be smooth (in the sense of C°°). When referring to curves, scalar
fields, and vector fields on manifolds, the word ”smooth” will occasionally be used to mean “of sufficient
regularity” (for example, H2-regularity) instead of C, but the particular regularity will be stated if it not

clear from context.



Notation Description

C*(Q) Space of smooth scalar fields on the smooth manifold ().
C*([a,b],Q) Space of smooth curves q : [a,b] — Q.

T E—Q Vector bundle with total space F, base space (), and projection map 7.
I'(E) Smooth sections on the vector bundle 77 : £ — Q.

N(TQ) Smooth vector fields on smooth manifold Q.

I'(q) Smooth vector fields along the curve ¢ : [a,b] — Q

Lx Lie derivative along the vector field X on smooth manifold @ given by Lx (V).
[(X,Y] Lie bracket of vector fields X, Y on smooth manifold Q.

X(f) Application of vector field X on scalar field f given by Lx (f).

Vxu covariant derivative u € I'(E) in the direction of X € I'(T'Q) with respect to the connection V.
DX covariant derivative of X € I'(¢) along the curve ¢ € C*([a, ], Q).

Table 1.1: Commonly used notation




Chapter 2

Riemannian Geometry

Riemannian manifolds have proven to be the most natural setting for many applications in physics,
engineering, and other fields where dynamical systems evolve on nonlinear configuration spaces. In the
later part of this thesis, for example, we will concern ourselves with the application of teams of quadrotor
UAVs transporting payloads via elastic cables—whose configuration space is a differentiable manifold with
a natural choice of Riemannian structure. Variational principles such as Hamilton’s principle of least action
can be viewed through the lens of Riemannian geometry, which we use to derive the dynamical control
system associated to the quadrotor system. Moreover, seeking integral curves which minimize the norm
of the controls leads to an optimal control problem that can be restated as a variational principle on a
Riemannian manifold.

In this chapter, a cursory overview of Riemannian geometry as it is used throughout the thesis is
provided. The reader who is familiar with the basic notions of Riemannian geometry may skip the first
two sections of this chapter entirely, or skim through them to familiarize themself with the notation em-
ployed here. In general, the material presented is highly non-exhaustive and, in many cases, proofs will
not be provided. In Section 2.3, Hilbert manifolds are discussed, and the most important path spaces of
this thesis will be constructed. Using this formalism, alternative proofs to classical results in Riemannian
geometry related to the length and energy functionals are provided. References will be given throughout the
chapter, which are recommended to readers who are new to the concepts. In general, we refer readers to
[81, 103, 63, 53, 86, 92] for a more comprehensive treatment of Riemannian geometry. Basic knowledge of

differentiable manifolds is assumed throughout the chapter (see [72, 15] for a detailed overview), and unless



stated otherwise, all manifolds are smooth. Einstein summation convention is used in most cases.

2.1 Riemannian Metrics

Riemannian metrics are the most basic and fundamental tool of Riemannian geometry, upon which all
other major concepts will be constructed. They allow to extend the notions of length, angles, and distance
from Euclidean geometry to non-linear spaces by taking advantage of the vector space structure of the

tangent spaces of a smooth manifold (where Euclidean geometry may be used).

Definition 2.1.1. Let () be a smooth manifold. A Riemannian metric g on (Q is a 2-tensor field that is
(1) symmetric: g4(X,Y) = g4(Y, X) forall ¢ € Q and X, Y € T,Q.
(2) positive-definite: g,(X, X) > 0forall ¢ € @ and X € T,Q \ {0}.

The pair (Q, g) is called a Riemannian manifold.

We may also interpret the Riemannian metric as a map ¢ : I'(TQ) x I'(T'Q) — C*°(Q) given by
9(X,Y)(q) = g4(Xg,Yq) forall g € Q and X,Y € I'(T'Q). Observe that for any ¢ € @, the restriction
of the Riemannian metric to 7@, given by g,, is an inner product on 7, (). For this reason, we will often
denote the metric by (-, -) instead of g, though it should be noted that the Riemannian metric is not an inner
product itself, but rather a smooth family of inner products. We will often refer to the Riemannian metric
as the “metric” when there is no chance for confusion, and suppress the base point ¢ when it is clear which
tangent space we are applying the Riemannian metric on. It should be noted that every smooth manifold can
be equipped with a Riemannian metric [81], but this choice is not uniquely defined by the smooth structure,
so we consider it to be an extra structure imposed on the smooth manifold.

Let ¢ € Q. We define the norm of X € T,Q to be || X|| := (X, V)2 We say that X,Y € ,Q
are orthogonal if (X,Y) = 0 and that a collection of vectors X7, ..., X, is orthonormal if (X, X;) = d;;
forall 1 <4, < n. Given any local frame F1,. .., Egiy () of T'Q with dual frame et ,fdim(Q), we
may write the Riemannian metric in local coordinates as g = gijﬁiéj , where g;; = (E;, E;). In particular,

if D1, ..., Odim ¢ is a coordinate frame, we find that g = g;jdz’dz’.
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The structure preserving morphisms of a Riemannian manifold (@, g) are called isometries, which
are maps ¢ : (Q,g) — (Q,§) which are diffeomorphisms (preserve the smooth manifold structure) and
satisfy ¢*§ = g (preserve the metric). We say that (Q, g) and (Q, §) are isometric when there exists an
isometry between them. We will often say that () and Q are isometric, or () = Q as Riemannian manifolds
when the metrics are understood.

Riemannian manifolds frequently appear as the product of other Riemannian manifolds. If (@, ¢g) and
(Q, g) are Riemannian manifolds, the product manifold @ x Q has a natural choice in Riemannian metric
called the product metric, which is given by g(X + X, Y +Y) = g(X,Y) + §(X,Y) forall X,Y € T,Q
and X, Y € TQQ, where we have made the identification T(qﬁq)(Q X Q) = T,Q x TqQ. More compactly,
we see that § = g @ g as tensor fields.

Riemannian metrics also provide a way to convert tangent vectors into cotangent vectors (and vice
versa) through the so-called musical morphisms. We define the flat map b : TQ — T*Q by X°(Y) :=
(X,Y) forall X,Y € T,Q, and the sharp map § : T*Q — T'Q as the inverse of the flat map. It is clear
that we may consider the musical morphisms as maps between I'(7'Q)) and I'(T*Q) as well by defining
X°(Y)(q) = (X,Y), where X,Y € I'(T'Q). A particular important consequence of this construction for
us is the gradient vector field of a scalar field V' € C*(Q), defined as gradV' := dV'*. This is equivalent to
the conditions that dV' (X)) = (gradV, X) for all X € T'Q). More generally, we may consider scalar fields
f e C®(@Q™) (where Q" := @ x @ x --- x @ with n copies) and define the gradient vector field of f
with respect to the it" argument (or simply the i*" gradient vector field of f) by grad,f = gradf; where

file) = fld', ..., ¢ 1 q,¢" Y, ..., q") forall 1 < i < n. We similarly denote d; f = df;.
2.2 Connections

While Riemannian metric are widely considered to be the foundational tool of Riemannian geometry,
an alternative (and independent) construction is that of connections. These are differential operators which
generalize the notion of directional derivatives in Euclidean geometry, but unlike the Lie derivative, allow
the introduction of parallelism and some meaningful notion of ”straight lines,” which will be discussed at

length in the subsequent section. Like with Riemannian metrics, any smooth manifold can be equipped with
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a connection, and this choice is not unique, so that we consider it to be an additional structure placed upon
the manifold.
2.2.1 Connections on Vector Bundles

We begin with the notion of connections as defined on smooth vector bundles. It should be noted
that other, more general definitions of connections exist (such as the Ereshmann connection), but for the

purposes of this thesis, these constructions will not be necessary.

Definition 2.2.1. Consider a smooth vector bundle 7 : E — Q. A connectionon E isamap V : I'(T'Q) x

['(E) — I'(E) satisfying:
(D) Vixi+pxu = fiVxu+ foVx,uforall f,g € C(Q),
(2) Vx(crug + coug) = e1Vxus + coVxug forall 1, co € R,
(3) Vx(fu) = fVxu+ X(f)uforall f € C°(Q).
We say that V xu is the covariant derivative of u € I'(E) in the direction of X € I'(T'Q).

For some g € @, consider a local frame E1, . . ., Eqim ¢ of T'Q) on some open subset U C () contain-
ing ¢ € @, and a local frame E1, ..., Eqimg of E on some open subset UcQ containing q. We call the
dim(Q)? dim(E) smooth functions I'¥; : U N U — R defined implicitly by V 5, Ej = I'¥, Ey, the Christoffel
symbols of V with respect to the local frames E and E. Moreover, on U N U, we can locally express any

X € (TQ) and u € T(E) as X = X'F; and u = v/ E;, from which it follows by Definition 2.2.1 that
Vyu = (X(uk) n Xiujrfj) Ey. @.1)

It is not difficult to see from (2.1) that (V xY")(q) depends only on X, and the values of Y in an arbitrarily
small neighborhood of ¢ € Q.

We define the curvature endomorphism R : T'(TQ) x I'(T'Q) x I'(E) — I'(E) as

R(X,Y)u= VxVyu—Vxyju, (2.2)
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where [-,-] : T'(TQ) x I'(TQ) — T'(T'Q) denotes the Lie bracket on (). It is easily verified that R is
C>°(Q)-multilinear, and that in the local frames FE1, . .., Eqim ¢ of T'Q) and El, ceey E~’dim g of E/, we have

RF

ym

= XJ(Tk,) = Y™(TK) + TX s, — Tk T¢. where R(E;, Ey)E; = RE, Ej.
The curvature endomorphism has a number of important symmetries, one of which we provide now

and the remaining we provide when discussing the Levi-Civita connection in Section 2.2.3. In particular,

forall X,Y,Z € I'(T'Q) and u € I'(E),

R(X,Y)u=—R(Y, X)u, 2.3)

2.2.2 Affine Connections

In the case that £ = T'Q), we call a connection V on E an affine connection. Consider an affine

connection V on () and a local frame £ = {Ejy, . .. , Eqim @} of TQ. Equation (2.1) then takes the form
VxY = (X(Y*) + X'YIT}) Ey. (2.4)

where X = X'E;and Y = Y7 E; in the local frame, and the Christoffel symbols are defined implicitly
by Vg, E; = FZEk Equation (2.1) provides a way to construct affine connections on an arbitrary smooth
manifold @). The procedure is as follows: Cover () in coordinate charts, and choose the Christoffel symbols
Ffj in each one—providing a connection within each chart. We then patch these together using a partition
of unity to define a connection on Q).

An affine connection V on () induces a unique connection on each tensor bundle le(Q) satisfying

the following properties:
() Vx(F®G)=(VxF)® G+ F® (VxQG)
(2) Vx(u(Y)) = u(VxY)
3) Vx (w,Y) =(Vxw,Y) + (w,VxY), where Y € I'(F), w € I'*(F), and

@) (VxF)w', ..., Y,.... V) = X(FW, ..., o' Y1,...,Y}3)

YL P Vxwd WY, YY)



13

As with connections on vector bundles, (V xY')(q) depends only on X, and the values of Y in an
arbitrarily small neighborhood of g. However, this statement may be improved for affine connections. In
particular, (VxY")(q) only depends on X, and the values of Y along any curve tangent to X, (for example,
an integral curve of X). This suggests that we may be able to discuss covariant derivatives along vector
fields along curves, rather than globally defined vector fields, which leads us to one of the most important
constructions related to affine connections: covariant differentiation along curves. It is of such importance
because, as we will see, it provides a way to meaningfully discuss acceleration and higher order vector
fields along curves without needing to define higher order tangent bundles and jet bundles. The following

was proven in [81], Lemma 4.9.

Lemma 2.2.2. Let V be an affine connection on Q. For each curve v : I — Q, V determines a unique

operator Dy : T'(v) — T'(v) satisfying:
(1) Di(aX +bY) =aD X +bD;Y forall a,b e R
(2) Dy(fX)=fX + fD;X forall f € C(I)

(3) If X is extendible (that is, there exists a vector field X on some neighborhood of v(I) such that

f(v(t) = X(t) forallt € I), then D: X = Vy)?for any extension of X of X.
Forany X € I'(v), DX is called the covariant derivative of X along .

We inductively denote the repeated application of covariant derivatives along a curve by DF X =
Dt(folX ). The velocity vector field 7 is a valid vector field along ~, so that we may also consider the
covariant acceleration of vy given by D;y. The curves such that the covariant acceleration is identically zero
are of particular importance, and in a sense can be thought to generalize the notion of “straight lines” in flat

geometry.

Definition 2.2.3. Let () be a smooth manifold equipped with an affine connection V. A geodesic of V is a
curve v : I — @ such that D,y = 0 for all t € I C R, where D, denotes the covariant derivative along -y

with respect to V.
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Given a local coordinate system (q*, d;) on @, it can be seen from (2.1) that the coordinates of any
geodesic must satisfy ¢ 4 Zi, j q'q’ Ffj = 0, from which the existence and uniqueness of geodesics immedi-
ately follows by standard ODE theory. In particular, a geodesic is uniquely defined by its initial position and
velocity, which gives rise to the maximal geodesic ~x starting at X € T'(), which has maximal domain. An
important tool that is induced by geodesics is the exponential map exp : £ — () (with respect to an affine
connection V) given by exp(X) = vx(1), where £ = {X € T'Q | vx is defined on [0, 1]}. We denote
the restriction of the exponential map to a particular tangent space 7;,() by exp,, . We outline the important

properties of the exponential map in the following lemma, which combines results discussed in [81]:

Lemma 2.2.4. Suppose that Q) is a smooth manifold equipped with an affine connection V. The following

are properties of the exponential map with respect to V:
(1) exp(tX) = vx(t) forallt € R.
(2) exp is smooth.

(3) For any p € Q, there is a neighborhood V of the origin in T,,(Q) and a neighborhood U of p in Q)

such that exp,, : V — U is a diffeomorphism.

Q is called geodesically complete if every maximal geodesic is defined for all ¢ € R. Equivalently,

this means that exp,, is defined on the entire tangent space 7@ for all p € Q.

223 The Levi-Civita Connection

The most important and most frequently encountered connection in Riemannian geometry and its
applications is the Levi-Civita connection, or Riemann connection. It is natural in that it preserves certain
desirable properties of the traditional directional derivative from Euclidean geometry, and serves to link the
two possible bases of Riemannian geometry discussed in previous sections: the Riemannian metric, and the
affine connection. Before defining the connection, we discuss the properties that we wish for it to have.

Consider a Riemannian manifold ¢ C R"™ be an embedded submanifold some n > dim(()) (such an

embedding is always possible). We may then consider the Euclidean connection V given by the ordinary
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directional derivative, and define the tangential connection V' on Q via V§Y =70V XY/ forall X,Y €
I(TQ), where X,Y are arbitrary extensions of X and Y (respectively) to R”, and 7 : TR™ — T'Q) denotes
orthogonal projection onto T'Q). It can be seen that V7' is a connection on ) (and hence does not depend on
the particular extensions X and Y of X and V). The tangential connection is natural in that it extends the
directional derivative from Euclidean geometry to Riemannian manifolds, which was our original intention
with the definition of connections. However, defining the orthogonal projections requires an embedding of
@ into some R™, and we would like to define connections intrinsically. Hence, we search for additional
properties of V7' that can then be extrapolated to intrinsically defined manifolds. In particular, for all

X,Y,Z € T(TQ), we see that VT satisfies:

(1) VXY —VLIX =[X,Y] (symmetry) (2.5)

(2) X(9(Y,2)=g(VXY,Z)+g(Y,VkZ) (metric compatibility) (2.6)

Where ¢ denotes the standard (Euclidean) inner product g(X,Y) = X - Y on R"™. Given a Riemannian
manifold (@, ¢g) (not necessary embedded in R™), we look for affine connections on ) which are symmetric

and compatible with g, which leads to the following result, which is Theorem 5.4 in [81]:

Theorem 2.2.5. Let (Q, g) be a Riemannian manifold. There exists a unique affine connection ¥V on Q) that
is torsion-free and compatible with g. We call this connection the Levi-Civita connection, or the Riemannian

connection.

In a local coordinate system (%, d;) on @, it can be shown that the Christoffel symbols corresponding
to the Levi-Civita connection are uniquely defined in terms of the metric g and its partial derivatives. In

particular,

1
Ff} = 5g"/’l(é?z-gﬂ + 0591 — 019ij), @7

where ¢! denotes the kl-coordinate of the inverse matrix to gij—that is kg™ = Opn. We may express

this in a coordinate invariant form using the Koszul formula:

29(VxY, 2) = X(9(Y, 2)) + Y (9(X, 2)) = Z(9(X,Y)) = g([Y; X], Z) — g([X, Z],Y) — ¢([Y, Z], X). (2.8)
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The curvature endomorphism R with respect to the Levi-Civita connection is called the Riemannian curvature

endomorphism, and we further define the Riemannian curvature tensor by Rm : T'(TQ)* — C>°(Q) given by
Rm(X,Y,Z,W) = (R(X,Y)Z,W), 2.9)

Which is a type (?)—tensor field. Let X,Y, Z, W,V € I'(TQ). We have the following symmetry relations for the

Riemannian curvature tensor and its covariant derivatives:

Rm(W,X,Y,Z) = —Rm(X,W,Y, Z), (2.10)

Rm(W,X,Y,Z) = —Rm(W,X,Z,Y), 2.11)

Rm(W, X,Y,Z) = Rm(Y, Z,W, X), (2.12)

Rm(W,X,Y,Z) + Rm(X,Y,W, Z) + Rm(Y,W, X, Z) = 0, (2.13)
(VwRm)(X,Y, Z,V) + (VzRm)(X.Y,V,W) + (Vv Rm)(X,Y,W, Z) = 0. (2.14)

The symmetry relation (2.10) clearly follow from the (2.3), and the remaining identities are consequences
of the symmetry and metric compatibility of the Levi-Civita connection. (2.14) is often referred to as the
Bianchi identity, and the covariant derivative of the curvature tensor is as discussed in Section 2.2.2. The
Bianchi identity takes a similar form for connections on a vector bundle 7 : £ — @, where the curvature
endomorphism is interpreted as a section on 7*Q ® T*Q ® End(FE), but such construction will not be
necessary in this thesis.

We now show that the Levi-Civita connection is natural, by which we mean that it preserves isome-

tries.

Theorem 2.2.6. Suppose that ¢ : (Q,g) — (Q, §) is an isometry. Let ¥,V be the Levi-Civita connections
on QQ and Q, respectively, and Rm and Rm be the corresponding Riemannian curvature tensors. Given a
curve v be a curve on ), and define D, to be the covariant derivative along v with respect to V and Dy to

be the covariant derivative along @ o -y with respect to V.

(1) p«(VxY) =V, xp.Y forall X,Y € I'(TQ),
(2) D¢ X = Dy(psX) forall X € T(7).

(3) ¢*Rm = Rm
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The geodesics of the Levi-Civita connection are sometimes referred to as Riemannian geodesics, and
the corresponding exponential map the Riemannian exponential map. It follows from Theorem 2.2.6 that
isometries preserve Riemannian geodesics since 0 = ¢, (D) = Dy;(¢s%) = Di(p o 7). In terms of the

Riemannian exponential map exp on () and exp on @, this implies that ¢ o exp = exp o @s.

23 Hilbert Manifolds and Global Analysis

Thus far, we have primarily discussed finite-dimensional Riemannian manifolds. Indeed, the config-
uration spaces used in our applications of interest and in the path-planning problem in general are all of
finite dimension. However, infinite-dimensional manifolds associated to some finite-dimensional manifold
of interest nonetheless appear in a very natural way. In particular, the space of curves of some regularity on a
manifold forms an infinite-dimensional manifold, and functionals defined on these spaces are the foundation
of the calculus of variations (and related notions like optimal control theory and Lagrangian mechanics). In
Section 2.3.1, we discuss a particularly important example for the purposes of this thesis: Sobolev spaces
of curves. We then define two very important functionals in the study of Riemannian geometry, the length
and energy functionals, over these spaces in Section 2.3.2. Finally, in Section 2.3.3, we disucss an impor-
tant application of these concepts to the field of Global analysis. In particular, how the existence of global

minimizers of functionals defined on Hilbert manifolds can be proven under certain conditions.

2.3.1 Sobolev Spaces of Curves

One often views finite-dimensional smooth manifolds as spaces which are locally diffeomorphic to
R™ for some n € N. Infinite-dimensional manifolds are defined in much the same way, with R" being re-
placed by some infinite-dimensional topological vector space equipped with some additional structure that
allows for the notion of smoothness. Common choices include locally convex topological vector spaces,
Fréchet spaces, Banach spaces, and Hilbert spaces (in decreasing order of generality), which are known as
the model spaces for the manifold. Each type of model space comes with its own advantages and disadvan-
tages, and is often determined by the problem of interest. In this thesis, the most natural choice in model

space turns out to be Hilbert spaces (particularly Sobolev spaces).
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Let I C R be a closed interval and L?(I,R™) denote the space of square integrable functions f :

I — R™ Thatis, f € L*(I,R") if and only if [} ||f(z)||?dz < +oco, where || - || denotes the Euclidean

norm on R". Equivalently, we could say that f = (f!,..., f) is of class L?(I,R") if and only if f? is

of class L2(I,R) for all 1 < i < n. L? becomes a Hilbert space when equipped with the inner product
= [ (f 7 )) dt, where where f - g denotes the dot product” on R"™.

Let £ > 1 and consider functions f,¢ : [a,b] — R™ such that dtjcp( a) = %gp(b) = 0 for all

0 < j < k. It follows via integration by parts that

/ab (f(t) . ﬁgw(ﬂ) dt = (—1)k /ab (j;f(t) ) go(t)) dt,

The left-hand side of the above equation still makes sense if we assume f only to be integrable on [a, b]. If

there exists an integrable function g : [a, b] — R"™ such that

/ab (f(t) . C;ifktp(if)> dt = (_1)'@'/: (g(t) - p(t)) dt

for all ¢ : [a, b] — R™ which vanish at the endpoints along with its first k derivatives, we refer to g as the k™

weak derivative of f, and often denote g = é% f when there is no confusion. We define the Sobolev space
H*(I,R™) :={f: I — R"™| fis C*! and has k™ weak derivative in L*(I,R")}.

It is well-known that H¥(I,R™) becomes a Hilbert space when equipped with the inner product

k di A
Z/(dtﬂ ! (t)> dt—§%<cmf’ dtﬂ‘g>L2
=

The inner product (-, ) ;;« induces the norm

£l = / [0

where || - ||z~ is the Euclidean norm on R™. An alternative way to construct H* (I, R™) is to define it as the

1/2

completion of the space of smooth functions C°° (I, R™) with respect to the norm || - || . It can be shown
that the two characterizations of H*(I,R™) are indeed equivalent.
Let () be a finite-dimensional smooth manifold. We define H k(I ,Q) as the set of curves ¢ : [ — H

such that for all coordinate charts (U, ¢) on @ such that ¢(I") C U for some I’ C I, the chart representation
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poq: I' — RI™® js of Sobolev class H*(I', RY™(@), It can be seen that H*(I, Q) is an infinite-
dimensional smooth manifold modelled on H* (I, R4™(@)) ([63]). It should be noted that H*(I, Q) is not
in general a Hilbert space, as it not generally a vector space and thus has no well-defined inner product
structure. However, the tangent space T, H k(I,Q) of Sobolev class H* vector fields along a curve ¢ on @Q
may be identified with H* (I, R4™(@)) and hence is a Hilbert space.

Suppose that (@, g) is a finite-dimensional complete Riemannian manifold and ¢ € H*(I, Q). We

equip the vector space I'(¢q) of smooth vector fields along ¢ with the norm
1/2

k
XUy = |3 [ 14130 @.15)
=0

where Dg denotes the j" covariant derivative along ¢ with respect to the Levi-Civita connection (by con-
vention, we take DX = X), and || - ||, denotes the norm induced by the Riemannian metric g. Denote
the completion of I'(¢) under || - || i by H, 5 (). Consider an orthonormal basis of parallel vector fields
{&} € I'(q) with respect to g. It follows that if X = X’¢;, then D} X = XU)¢; forall j € N. If we let

A-B:= A'Biforall A, B € I'(q), where A = A’¢; and B = B'¢;, then we have

1/2

k
1| g = Z/I(X(])-X(J)> at| | (2.16)
=0

from which it follows that H, 5([ , @) can be identified with H*(I,R™). Hence any complete Riemannian
metric on @ induces a Hilbert structure associated to I'(g) that coincides with that of T, H* (I, Q). Moreover,

it follows that the inner product

k
(XY ) s = Z/Ig (DgX, DgY) dt, 2.17)
=0

varies smoothly across the tangent spaces, and hence is a Riemannian metric on H*(I, Q)" .
In applications, especially when ultimately interested in solutions to some order 2k ODE, it is often

the case that you wish to consider curves of some specified regularity which satisfy a set of boundary

! For any Hilbert manifold M modelled on a Hilbert space H, any Riemannian structure placed on M is locally equivalent
to the Hilbert structure on H. In particular, for any local coordinate chart (¢, U) on M and point € U, there exists a unique
bounded, positive-definite, self-adjoint operator g(x) on H such that (X,Y),, = (9(z)p«(X), p«(Y)) 4 forall X, Y € T, M.
Moreover, the map « — g(z) is smooth on U.
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values. For example, curves of Sobolev class H2* regularity whose first k (covariant) derivatives (including

positions as k£ = 0) satisfy some specified boundary conditions. For that reason, we define the path space:

Q@) = {q € H*([a,b],Q) | 4(a) = qa, q(b) = @, D]d(a) = & and D}§(b) = & for j =0,1,...,k—1}
(2.18)

where g, ¢, € Q and & € T,,Q and & € T, Q forall1 < j <k — 1.
It is easy to see that Q(2%) is the inverse image of ((qa, ab)s (52,52), .. (fg_l, {f*l)) under the
map F : H**([a,0], Q) — TQ" given by F(q) = ((a(a), q(b)), (4(a), (b)), ..., (D*"q(a), D*"4(b))).
Moreover, it can be shown that F' is a smooth submersion, from which it follows by the implicit function
theorem that Q(?*) is a closed submanifold of H?*([0,1],Q), and hence inherits its Hilbert structure. The
tangent space T,Q?*) can be indentified with the space X € H ng (q) of vector fields in ngk(q) which
vanish at the endpoints along with their first k covariant derivatives. Hence we may equip Q(?¥) with the

Riemannian structure (2.17). We also consider the special case

00 = {g € H'([0,5).Q) | o(a) = go. 4(b) = @} 2.19)

which is itself a closed submanifold of H!([a,b], @), and is of particular importance for geodesics. We will
occasionally use the notation Q(gg;}[f’b} (@) (and similar for higher-order path spaces) when it is necessary to

refer to the boundary conditions, underlying manifold, and interval of integration.

2.3.2 Geodesics: The Length and Energy Functionals

In the later parts of this thesis, we will study the critical points of a functional .J : Q) — R, where
Q®) is as defined in (2.18) and @ is a finite-dimensional Riemannian manifold. We devote this section to
studying the motivating example finding the critical points of the length and energy functionals, and their
connection to geodesics.

Let (Q, g) be a Riemannian manifold and QM) be as defined in (2.19). We define the length functional

L:0W & R:

b
Lmz/www” (2.20)
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where || - || refers to the norm induced by g. The length functional can be used to define a metric on ) (in
the sense of metric spaces). In particular, we consider the Riemannian distance function d : Q x Q — R
given by

d(qa, q») = inf{L(q) | g € QW}, (2.21)

for all g4, ¢» € @ (here we have slightly abused notation by taking the endpoints in QW to be qq, ). If Q
is connected, then the distance function is a well-defined metric on ). That is, every connected Riemannian
manifold is a metric space with respect to the Riemannian distance function induced by the Riemannian
metric. One of the fundamental results of Riemannian geometry is the Hopf-Rinow theorem, which describes

exactly when a connected Riemannian manifold is a complete metric space.

Theorem 2.3.1. A connected Riemannian manifold is complete as a metric space if and only if it is geodesi-

cally complete with respect to the Levi-Civita connection.

We now seek to find the critical points of L over Q). For this, we define the Energy functional

E: 00 5 Ras

b
Bld = [ )P 22

It can be seen that both L and E are smooth on Q1) and have the same critical point. However, E has nicer
analytic properties, and so we switch our attention to calculating its critical points. To do this, we need only
find the curves ¢ € Q) such that dF [q)X = 0forall X € TqQ(l). A standard approach for calculating
dE[q] X is to consider an admissible variation* of q. That is, for some € > 0, we consider a family of curves

I':(—e,€) X [a,b] — @ such that
(1) T'(s,-) € QW forall s € (—¢,€),

(2) T(0,t) = q(t) forall ¢ € [a,b],

2 Admissible variations (as they are defined in this thesis) are typically referred to as proper admissible variations in most texts
on the Calculus of Variations. The adjective “proper” simply refers to the fact that the endpoints are fixed. For us, this is an
immediate consequence of the fact that I'(s, -) € QM| and so the term is redundant.
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(3) 9L(s,t)| _, = X(t) forall ¢ € [a,b].

5=0
X is called the variational vector field of the variation I". Along the thesis, we will often denote variations
of ¢ by ¢s, and the corresponding variational vector field by dq (these are more standard notations in the
Calculus of Variations). We then calculate dE[q] X = 8S‘S:0E[q] [['(s,-)]. It is also common to use the
notation 0 E[q] := dE[q] X, which is often called the first variation of E|q|. Hence, in the language of the
calculus of variations, the statement “d E[q] X = 0 for all vector fields X € 7,21 is stated as "6 E[q] = 0
among all admissible variations of ¢.” The later framework defines what is called a variational principle.
We will switch between the two formalisms at various points throughout the thesis.

In the literature, the admissible path space is almost always taken to be the space of piece-wise
smooth curves on () rather than curves of H' regularity (which is more general). For that reason, we feel it

instructive to prove the following result:

Theorem 2.3.2. Let Q be a complete Riemannian manifold. A curve ¢ € QW) satisfies 6F [q] = 0 among
all admissible variations of q if and only if q is smooth and satisfies DiG(t) = 0 for all t € [a, b] (that is, q

is a Riemannian geodesic).

Before continuing with the proof, we need an important lemma regarding the commutativity of deriva-

tives of an admissible variation, often referred to as the Symmetry lemma:
Lemma 2.3.3. If T is an admissible variation of ¢ € QU), then

D;0T'(s,t) = D0sI'(s,t) (2.23)
forall (s,t) € (—e,€) x [a,b].

Proof. Consider an admissible variation ¢, of ¢ with variational vector field X € T, qQ(l). We calculate

0 b b0 .
ax = 5| [ladde= [ 5]

b
= Ds.57.s
/a< Gs:ds) |

b
- / (DuX, ) dt

dt
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Observe that ¢([a, b]) is bounded by the continuity of g. Since () is complete, there exists an r € R

and qo € @ such that g([a,b]) C B,(qo), where B,(qo) denotes the closed geodesic ball of radius r

centered at go. It is well-known that the space C§°([a, b], B, (qo)) of smooth functions with compact support

in B,(qo) is dense in H'([a, b], Br(qo)) [53], hence there exists a sequence (g,) C C5°([a, b], B, (qo)) of

smooth curves such that ¢, — ¢ with respect to the H' norm. We then find that

b
dE[g,] X = / (DeX, ) dt
a
“ld
:/ [d <X qTL> <X7 Dth>:| dt
o t
b
— [ X D)t
a
Consider the vector field X € T,Q() given by X(t) = f(t)Dign for some f : [a,b] — R such that
b
f(t) > 0forallt € [a,b],and f(a) = f(b) = 0. Then dE[g,]X — 0 implies that/ F®)|| Dedn?dt — 0,
a
from which it follows that D.g, — 0. Therefore, ¢, converges with respect to the H 2_norm, and so in
fact ¢, — ¢ with respect to the H2?-norm by uniqueness. Hence, ¢ is of H? regularity, and by the previous

argument, we see that dE[q]X = 0 for all X € TqQ(l) is equivalent to D;q = 0. It follows immediately

that ¢ is smooth (by expanding in local coordinates and applying Gronwall’s inequality, for instance). [

We similarly see that the critical points of the length functional are smooth geodesics. It follows by
the Hopf-Rinow theorem 2.3.1 that if () is complete and connected, then any two points x and y in () can be
connected by a (not necessarily unique) minimal-length geodesic vy, ,,. In this case, the Riemannian distance

between z and y can be defined by

d(z,y) /Hd%”‘ )| ds = La)- (2.24)

Alternatively, it is easily seen that we may express the square of the Riemannian distance d> : Q x Q@ — R

in terms of the energy functional as

2(2,y) / | Qe )| ds = B (225)

Moreover, if x and y belong to a geodesically convex neighborhood, then by Lemma 2.2.4, it follows that
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we can write the inverse of the Riemannian distance by means of the Riemannian exponential:

d(z,y) = [lexp; 'yl (2.26)

This expression will be utilized frequently when designing artificial potentials in later chapter of the thesis.

2.3.3 Global Analysis: The Palais-Smale Condition

The notion of gradient descent as used in classical analysis can be extended to the context of Hilbert
manifolds, and used to prove existence of minimizers of functionals satisfying certain properties. In the
finite-dimensional Hilbert manifolds, the arguments for the existence of global minimizers can be treated
in a way very similar to Euclidean spaces. For infinite-dimensional Hilbert manifolds, however, additional
compactness assumptions are needed—the most interesting of which is referred to as the Palais-Smale con-

dition:

Definition 2.3.4. Suppose that M is a Hilbert manifold with Riemannian metric, and f : M — Risa
smooth functional. We say that f satisfies the Palais-Smale condition if every sequence {q,} C M for

which | f(gy)| is bounded, and ||df, || — 0, has a convergent subsequence.

Note that in the above definition, ||df,|| refers to the operator norm of df, : T,M — R with respect to
the Riemannian structure on M. That is, ||df,| = {|df,(X)| } X € Ty;M and || X|| = 1}. We have the

following result of Palais and Terng ([92], Theorem 9.1.9):

Theorem 2.3.5. Suppose that M is a Hilbert manifold which is complete as a Riemannian manifold. Let
f: M — R be a smooth functional which is bounded below and satisfies the Palais-Smale condition. Then

there exists a global minimizers of f in M.

It is known that the completeness of () with respect to its Riemannian metric implies the completeness
of QM) with respect to the induced Riemannian metric (2.17) (see [5]). Moreover, the energy functional is
clearly bounded below by 0. According to theorem 2.3.5, we can show that E has global minimizers in Q(!)

provided that it satisfies the Palais-Smale condition. We show this now.

Proposition 1. The energy functional (2.22) satisfies the Palais-Smale condition.
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Proof. Suppose that {g,} C Q) is a Palais-Smale sequence for E. Let sup E[g,] := c. It follows that
neN

sug Lgn] = V¢, so that {q,,} is uniformly bounded over [a, b]. Hence we may consider a finite collection
ne

of charts (U;, ;) on () and an accompanying finite partition I; of [a, b] such that for each 4, there exists a
compact set K; C U; such that ¢, (I;) C K;. In particular, since ;(K;) C (¢ o g,)(I;) is compact, the
sequence (¢ o gy,) is bounded in L?([a,b],R™). Moreover, it is clear that (¢,) is bounded in Lg (gn) by
the definition of the energy functional E. It follows that (g,) is bounded in H', so that there exists some

subsequence (which we again refer to by (g,,) for convenience) which converges weakly to a curve g € Q.

Now observe that, since ||dE[qy]|

1+ o — 0, we additionally have ||gradE/[gy]|| — 0 with respect
an
to the norm induced by the Riemannian metric (2.17) on Q). In particular, if we let A,, := gradElqy|, we

see that D; A,, — 0in L?, and
b
dE[gn] X = / (G, Dy X) dt,
a
b
(An, X) = / (DA, D¢ X) dt,
a
so that the vector field Z,, := ¢, — D¢ A,, satisfies

b
/ (Zn, DeX) dt =0

forall X € anﬂ(l) and n € N. Itis easily seen that Z,, is smooth and D;Z,, = 0 for all n € N. In particular,
since (Z,,) is bounded in L2, it follows that (Z,,) is bounded in H'. Hence, there exists a subsequence (Z,,, )
which converges strongly in L?. Since Gny = Zn, + DAy, , it follows that g, — g € QM) with respect to

the H! norm. OJ

24 Jacobi Fields and Conjugate Points

In section 2.3.2, we discussed how necessary conditions for optimality of a functional on a Hilbert
manifold could be obtained via variational principles. In particular, for the length and energy functionals,
these conditions returned the geodesic equations D;q = 0. We further saw that global minimizers indeed

exist in section 2.3.3, which guarantees solutions to the geodesic equation on QM) —that is, there exist
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solutions to the boundary value problem D;g = 0, ¢(a) = ¢, and ¢(b) = ¢, and at least one of them realizes
the infimum of the length/energy functionals over Q(1).

Presently, we have no way to verify that a solution to this BVP is indeed a minimizer. In general, this
is a hard problem. Even in classical analysis, there are no reliable methods to calculating the global extrema
of a function without very strong convexity conditions. Verifying that a solution is a local minima, however,
is straight-forward (indeed, it is nothing more than the “second derivative test”). Once local minima are
established, the global minima can be obtained by direct comparison (as long as there is a finite quantity of
local minima). In this section, we develop techniques to test whether a critical point of the energy functional
is a local minima—which amounts to calculating the second variation of the energy functional and defining
the notions of Jacobi fields and conjugate points. The techniques used here will be expanded and adapted
later when discussing higher order Riemannian polynomials later in the thesis.

Recall that given a function f : M — R on a Hilbert manifold M, its differential at a point p € M
is a linear map df [p] : T,M — R. The second differential at a point (p, X) € T'M is similarly given by a
linear map d?f[p] X : Tx (T,M) — R. Through the identification Tx (T, M) = T,,M, we may reinterpret
the second differential at p € M as a bilinear map d? f[p] : T,M x T,M — R.

In particular, when M = QM (as defined in (2.19)) and ¢ is a geodesic on (), we refer the map
I(X,Y) = d?E[q](X,Y) as the index form of q. As we did with the first differential, we may calculate
the index form by employing the calculus of variations. In particular, for some €,,e5 > 0, we define a
two-parameter admissible variation of q as a smoothly varying family of curves I' : (—¢,, €,) X (—¢€s, €5) X

[a,b] — @ such that:
(1) T(r,s,-) € QW forall (r,s) € (—€r,€) X (—€s, €5),

(2) T(0,0,t) = q(t) for all ¢ € [a, ],

3 0T(r,5,)] g —0.0) = X € T,
@) OsT(r,5,)] —00) = ¥ € Ty,
We then have that [(X,Y) = & E(I'(r,s,-)). We now wish to calculate the index

905 | (1. 6)—(0,0)
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form along a geodesic, but before doing so provide a lemma discussing the commutativity of second order

(covariant) derivatives:
Lemma 2.4.1. Suppose that T is an admissible variation of ¢ € QW), and V € T, qQ(l). Then,
D,D,V — D;D,V = R(,T',[)V. (2.27)
Proof. See [81], Lemma 10.1. ]
Theorem 2.4.2. The index form along a geodesic q € QW) is given by
b
I(X,Y) = / (DX, DY) — Rm(X,q,q,Y)]dt, (2.28)
a
forall X,Y € Tqﬂ(l).
Proof. Let I be a two-parameter variation of g. Then,
o b .
9B = <D r,r> dt,
ds (L) /a #

- /b <Dt85F,F> dt,
i
|

82
87“83E<F) /a

- / <DtDr83F + R(8,,1)8,T, f> +(D,d,T, Dtasm} dt.

<DTD,585F,I“> n <DT1'“, Dsfﬂ dt,

By equation (2.27). Observe that at<Drasr,F> - <DtDr85F,f> n <Drasr,th>. Taking (7, 5) =

(0,0) and recalling that ¢ is a geodesic, we obtain

82 b
5,5.E0) = /a [at <DT65F

b
— / (DX, DyY) — Rm(X, 4,4, Y)] dt,

() (RXDYV.d) + (DX DY) .

(r,5)=(0,0)

using the fact that D,.0,I" vanishes at the endpoints, and applying the symmetries of the curvature tensor. [
We now introduce some terminology to distinguish between different types of minimizers.

Definition 2.4.3. Consider a smooth functional f : Q1) — R. A curve ¢ € Q) is a:
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(i) Global minimizer of f iff f[q] < f[g] for all § € Q).
(ii) ©-local minimizer of f iff f[q] < f[g] for all § in some C neighborhood of ¢ (within Q(1)).

(i) @-local minimizer of f iff for any 7 € [a, ], there exists an interval [a*, b*] C [a, b] containing 7

such that g|(,« 3+ is a minimizer of f on Q,()})),;,[?*’bﬂ, where pg = ¢(a*), ps = q(b*).

Sufficient conditions for optimality of a geodesic ¢ € Q) can now be understood in terms of the index

form as follows:

Theorem 2.4.4. Suppose that g € Q) is a geodesic. If (X, X) > 0 forall X € TqQ(l) \ {0}, then q is

an Q-local minimizer of E.

Proof. Consider an admissible variation gs of ¢ with variational vector field 0sqs|s—0 = X and define
g(s) = Elgs(-)]. Observe that ¢’(0) = 0 since ¢ is a geodesic, and ¢”(0) = I(X, X) > 0. By the second-
derivative test, g has a local minimum at s = 0, so that E[q] < E[q¢s] for all s € (—¢, ¢). Since this holds for

all admissible variations, the result follows. OJ

In general, verifying I(X, X) > 0 for all X € T,Q(") \ {0} via direct computation is not a feasible
task. Moreover, while the condition is sufficient, it is not necessary—it may happen that there exist vector
fields X € T, qQ(l) such that (X, X) = 0 and ¢ is an Q-local minimizer. What is certain is that if there
exists X € T, qQ(l) such that J(X, X)) < 0, then ¢ is certainly not an Q-local minimizer. We now seek to
characterize the edge case I(X, X) = 0 by discovering which kinds of vector fields lie in the kernel of the

index form.

Theorem 2.4.5. Suppose that ¢ € Q) is a geodesic. A vector field J € TqQ(l) belongs to the kernel of the

index form along q if and only if it is smooth and
D} J+ R(J, )¢ =0, (2.29)
on [a,b]. We call a smooth solution J to (2.29) a Jacobi field.
In local coordinates (¢°, ;), a Jacobi field may be expressed in the form

J'+ Ry T ik =0, (2.30)
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where J = J'0;, ¢ = ¢', and R(5;, 0;)0k = Rji0,. It follows immediately that the set of Jacobi fields along
a geodesic forms a 2 dim(Q)-dimensional linear subspace of I'(¢). Moreover, a Jacobi field is uniquely
determined upon specifying the initial conditions J(a) and D;.J(a). The most important concept related to

Jacobi fields is that of conjugate points, which we now define:

Definition 2.4.6. Suppose that ¢ € Q) is a geodesic. We say that t1,ty € [a, ] are conjugate points if

there exists a non-zero Jacobi field J with J(t1) = J(t2) = 0.

As we will see in the following theorem, conjugate points are precisely the obstructions to a geodesic

being an 2-local minimizers of the energy (or length) functional.

Theorem 2.4.7. Let g € Q) be a geodesic. Then q is an Q-local minimizer of the energy (length) functional

if and only if there does not exist a conjugate point tot = a along q.
Proof. See [63]. ]

This fact turns out to be highly related to the invertibility of the exponential map. We have seen in
Lemma 2.2.4 that the exponential map is a local diffeomorphism around the zero vector. More generally, the
exponential map is a local diffeomorphism around an arbitrary tangent vector precisely until the geodesic
corresponding to the exponential map at that vector reaches a conjugate point. This is summarized in the

following lemma ([81], Proposition 10.11).

Lemma 2.4.8. Suppose thatp € Q, X € T,Q. Then exp,, is a diffeomorphism on some neighborhood of X

if and only if p is not conjugate to exp,(X) along the geodesic exp(tX).



Chapter 3

Riemannian Geometry on Lie Groups

In Chapter 2, we discussed the tools and results from Riemannian geometry that are important to this
thesis. In this chapter, we consider a special case of Riemannian manifolds—Finite dimensional Lie groups
equipped with invariant Riemannian metrics (and the related notions of Riemannian homogeneous spaces
and symmetric spaces). Such spaces have proven themselves to be of utmost importance in many fields
due to their presence in virtually all mechanical systems. In particular, Euclidean space R3, the special
Orthogonal group SO(3) on R?, and the unit sphere S? in R3, are ubiquitous in the majority of robotic
applications and, indeed, together compose the configuration space for the principal application of interest
in this thesis (as we will see in Chapter 8).

Lie groups themselves are smooth manifolds, and so all the results discussed in the previous chapter
apply equally well here. Still, their perversity warrants a study of their construction and properties—if only
to later study the application with teams of quadrotor UAVs. However, it turns out that there is further motive
to study them. Lie groups come with additional structure (namely a group structure) that, when compatible
with the equipped Riemannian metric in a certain sense that we will soon develop, allows for a process
called reduction by symmetry (or Euler-Poincaré reduction). Such a process turns out to be invaluable in
the generation of curves that will be needed later in the thesis when discussing path planning strategies. In
particular, it enables us to view ODEs evolving on the Lie group (a smooth manifold, which in general is not
a vector space) as a lower-order ODE evolving on a vector space (together with a so-called reconstruction
equation). Such a result allows for classical numerical integration schemes to be applied without resulting to

local coordinate charts (which are known to cause erratic behavior [67]). Moreover, certain quantities such
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as the Riemannian curvature endomorphism, the Levi-Civita connection, and the Riemannian exponential
map can be calculated explicitly in some special cases—which greatly reduces computational complexity
while increasing the precision of calculations.

This chapter is not intended to be a self-contained nor exhaustive overview of Riemannian geometry
on Lie groups. For such expositions, we recommend the readers see [16, 34]. The reader who is already
familiar with the basic notions of Riemannian geometry on Lie groups may skip much of this chapter,
or glance through it to familiarize themself with the notation employed here. Familiarity with smooth

manifolds and group theory are assumed, and Einstein summation convention is used throughout the chapter.

3.1 Lie Groups

Definition 3.1.1. A Lie group is a smooth manifold that is also a group, such that the group multiplication

1

operation (g, h) — gh and the group inversion operation g — ¢~ are smooth.

Unless stated otherwise, we will denote Lie groups by G, and the identity element of G will be
denoted by e. Observe that the multiplication map can be used to induce two addition maps for any g €
G': Namely, the left-translation map Ly : G — G given by Ly(h) = gh and the right-translation map
R, : G — G given by Ry(h) = hg for all h € G. It can be seen that both the left- and right-translations
are diffeomorphisms of G onto itself. As such, given any local chart (U, ¢) on G (say, a coordinate chart
covering the identity element e € ), it follows that (Ly(U), ¢ o L,-1)) is a chart covering g € G. Hence,
provided a single chart, the left-translation map (respectively, the right-translation map) allows to construct
an atlas on G.

For any h € G and X € T}, we may interpret the push-forward of the left-translation map as a
linear map Ly« : T, G — Ty, G. We will frequently denote Ly« (X) := gX € Ty, G (similarly, we have
Ry<(X) := Xg € TpyG). Since left-translation is a diffeomorphism, we may apply its push-forward to
entire vector fields. We say that a vector field X € I'(T'G) is left-invariant if Ly=X = X o L, for all
g € G. Equivalently, we have that g X (h) = X (gh) for all g,h € G. We further denote the vector space

of left-invariant vector fields by X1, (G). One of the most important features of left-invariant vector fields is
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that X1, (G) = T.G as vector spaces under the isomorphism ¢ : T.G — X (G) defined by

P(€)(g) = Ly&, (3.1

for all £ € T.G,g € G. Note that this identification may be made equally well with the similarly defined
right-invariant vector fields. We often denote the left-invariant vector field associated to some £ € T,.G by
X¢—which satisfies X¢(g) = g€ forall g € G.

One of the most important objects associated to a Lie group G is its Lie algebra, which will be denoted
(unless stated otherwise) by g. There are some alternative (but equivalent) definitions of g, but in this thesis,
we will choose the convention g := T,.G. Lie algebras are a separable concept from Lie groups, and in the

most general setting, are defined as follows:

Definition 3.1.2. A Lie algebra is areal vector space V' together with a bilinear operation |-, -] : V. xV — V

called the Lie bracket, which satisfies:

(1) [u,v] = —[v,u] (skew-symmetry),

2) [[u,v],w] + [[w,u],v] + [[v,w],u] =0 (Jacobi identity),
for all u,v,w € V.

Given a Lie algebra (V, [, ]), a vector subspace U C V is said to be a Lie subalgebra of V provided
that U is closed under the Lie bracket. That is, provided that [u, w] € U for all u,w € U. Clearly, this just
means that (U, [+, ]) is a Lie algebra in its own right. Let G be a Lie group with Lie algebra g. It can be seen
that I'(T'G) is a Lie algebra when equipped with the Lie bracket of vector fields |-, : TG x TG — TG
defined by [X,Y] = LxY forall X, Y € I'(TG). Moreover, X1(G) is a Lie subalgebra of I'(T'G). This
follows from the fact that Ly« [X, Y] = [Lg X, Ly+Y], since L, is a diffeomorphism for all g € G, together
with the definition of left-invariance. In particular, under the isomorphism ¢ : g — X (G), we may define
a Lie bracket [-, |5 on g by [, 7]y = [¢(£), ¢(n)] for all £, € g. Hence, the Lie algebra g of G is a Lie
algebra in the sense of Definition 3.1.2 when equipped with the aforementioned Lie bracket.

Similarly, we say that a subgroup H of a Lie group G is a Lie subgroup if H is itself a Lie group, and

the inclusion map ¢ : H — ( is a smooth immersion. We have immediately that if H is a Lie subgroup
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of G, the Lie algebra b of H is a Lie subalgebra of g. Observe that it is not necessarily the case that H is
a submanifold of G. A Lie subgroup H of G that is also a submanifold of G will be called a closed Lie
subgroup. This name comes from the fact that any closed Lie subgroup must be closed in the topological
sense. Moreover, any closed subgroup of a Lie group is, in fact, a Lie subgroup (this result is often called
Cartan’s Theorem).

An important class of subgroups of Lie groups are the so-called one-parameter subgroups. The
one parameter subgroup corresponding to some { € g is defined as the unique solution v¢ : R — G to
g = X¢(g) with g(0) = e, where X¢ is the left-invariant vector field associated to £. Note that, in general,
a one-parameter subgroup is not closed and hence need not be a Lie subgroup. It is, however, a Lie group
homomorphism (that is, a smooth map which is also a group homomorphism). We define the Lie exponential
map Exp : g — G by

EXP(&) = 75(1)’ (3.2)

for all £ € g. The similarities between the definitions of the Riemannian exponential map exp as defined
in Section 2.2.2 and the Lie exponential map Exp are apparent. We have simply changed the generating
curves from geodesics to one-parameter subgroups. In Section 3.3, we will explore these similarities in
more detail—in particular, to understand under what conditions the two coincide. For now, we state some
important properties of the Lie exponential map, most of which are direct analogues of the properties of the

Riemannian exponential map discussed in Lemma 2.2.4.
Lemma 3.1.3. Suppose that G is a Lie group with Lie algebra g. Then the following statements hold:
(1) Exp(t&) = v¢(t) forallt € R.
(2) Exp((t + s)&) = Exp(t§)Exp(s) for all s,t € R.
(3) Exp is a smooth.
(4) Exp is a diffeomorphism from some neighborhood of 0 € g onto a neighborhood of e € G.

Since the Lie exponential map is a local diffeomorphism, we can define a local inverse. In particular,

wherever defined, the inverse of the Lie exponential map Log : G — g is called the Logarithmic map.
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Matrix Lie groups (that is, Lie groups whose elements are n x n matrices for some fixed n € N) are
particularly pervasive in applications. Along this thesis, we will only consider real matrices, but they can
be defined over more general fields. The general linear group GL(n,R) of dimension n € N is the set of
all n x n real invertible matrices. It is easily seen that GL(n,R) is a Lie group, and that all other matrix
Lie groups are necessarily subgroups of GL(n, R). Furthermore, the left-translation map (respectively, the
right-translation map) is simply given by matrix multiplication from the left (right). This holds true even for
the push-forward of left-translations, so that L 4+ X = AX, where A € GL(n,R) and X € T4GL(n,R). It
follows that the matrix commutator defined by [A, B] = AB — BA for all A, B € GL(n,R) is also the Lie
bracket of vector fields on I'(T'GL(n, R)). In particular, the matrix commutator satisfies the conditions of a
Lie bracket as defined in Definition 3.1.2. Hence, for any matrix Lie group, its Lie algebra will be a vector
subspace of the space of all n X n real matrices, with the matrix commutator as its Lie bracket. It can be

shown that the Lie exponential map on a matrix Lie group takes the form

oo

Exp(X) =

1=0

X'I’L
— (3.3)
n!
for all X in the Lie algebra, which perfectly mirrors the Taylor series of the exponential function e expanded

around x = 0.

Example 1. It is easily seen that any real vector space is a Lie group, where the group multiplication is
just vector addition. Since the tangent spaces of any real vector space can be identified with the vector
space itself, it follows that the Lie algebra is isomorphic (as a vector space) to the original vector space.
Following the prior construction of the Lie algebra in terms of the Lie bracket of vector fields, it is clear
that the Lie bracket on the Lie algebra of a vector space vanishes identically (i.e. the flows of vector fields
always commute). It should, however, that other Lie brackets (and hence Lie algebras) may be considered
over the same vector space. Of particular importance in mechanical applications is the Euclidean space R3,
which becomes a Lie algebra when equipped with the Lie bracket [z,y] = x x y for all 7,y € R3, where

x X gy denotes the vector cross-product of x and y.

Example 2. A matrix Lie group that appears frequently throughout this thesis, and is ubiquitous in applica-

tions involving rigid bodies, is the special orthogonal group in dimension 3, denoted by SO(3). In particular,
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SO(3) is the space of all 3 x 3 orthogonal matrices with determinant 1. That is, the matrices R € GL(3,R)
such that RT R = I and det(R) = 1. These represent the pure rotations when viewing the elements of
SO(3) as acting on vectors in R3. It can be seen that its Lie algebra, denoted by s0(3), is the space of real
3 x 3 skew-symmetric matrices equipped with the matrix commutator. The hat map * : R — s0(3) is a Lie

algebra isomorphism between s0(3) and R? equipped with the cross-product, and is defined by

T 0 —x3 a9
Tr = T9 =T = T3 0 —xq (3.4)
T3 —xo I 0

. It is easily verified that Zy = = x y and [, 9] = m for all 2,y € R3. The inverse of the hat map is
called the vee map, and is denoted by V- : s0(3) — R3. Similarly, the dual space s0(3)* may be identified
with R via the breve map * : R® — so(3)* defined implicitly by the relation <H Q> — I - Q for all
I1,92 € R3, where (-, -), denotes the natural pairing of s0(3)* with s0(3), and IT - € denotes the standard dot
product in R3. It is easy to see by identifying s0(3) = R3 and s0(3)* = R3, and making use of the natural
pairing on R3 (that is, the dot product), that <ﬁ, Q>* = %tr <fIQT) for all IT, Q2 € R3, where tr denotes
the trace of a matrix. It follows that IT can be identified with %ﬂ under the isomorphism s0(3)* — s0(3)

induced by the trace pairing.

3.2 Lie Group Actions

One of the most important aspects of groups is their use in understanding the symmetry properties of
some set via group actions. That is, the types of groups that are able to act upon a set (together with the
properties of the particular group actions) can illuminate important properties related to the structure and
symmetry of the set itself. The same can be said for Lie groups, where now the sets that they act upon are

smooth manifolds.

3.2.1 Lie groups acting on smooth manifolds

Definition 3.2.1. Let G be a Lie group and () be a smooth manifold. A left-action of G on () is a smooth

map ¢ : G x Q — @ such that
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(1) @(e,q) =g,
(2) @(g, 2(h,q)) = 2(gh,q).
(3) The map @, : Q — @ defined by ®,(q) = ®(g, ¢) is a diffeomorphism,
forall g,h € G, q € Q.

Right-actions may be similarly defined, with ®(g, ®(h, q)) = ®(hg, q) taking the place of condition
(2) in Definition 3.2.1. We will frequently use the notation ®(g,q) = gq (and ®(g,q) = qg for right-
actions), which mirrors the notation used for left-translation. Note that this is consistent, as the multiplication
operator on a Lie group G can be interpreted as a left-action of G on itself, as is easily verified. Moreover,
it is clear that any left-action ® : G x Q — @ induces a right-action ¥ : G x QQ — @ given by ¥(g,q) =
D97, q).

Any left-action ® : G x Q — @ induces an action T® : G x T'Q — TQ, called the tangent lifted
action, given by T®(g, X ) = ¢4+ X forall g € G, X € T'Q). We will denote this action by T®(g, X) = gX
whenever there is no chance for confusion. Similarly, ® induces an action 7*® : G x T*Q — T*(Q), called

the cotangent lifted action, which is given by T*®(g,w) = @;_1w forallg € G,w € T*Q. Hence,

<T*<I>(g,w),X> - <<I>;_1w,X>* - <w,<1>g_1*X>* - <w,T(I>(g_1,X)> ,

* *

forall ¢ € Q,9 € G,w € T;Q, X € Ty Q, where (-,-), denotes the natural pairing of vectors and

covectors.

Definition 3.2.2. Let GG be a Lie group with Lie algebra g, and suppose that GG acts on a smooth manifold )

on the left. For any { € g, we define the infinitesimal generator associated to &, denoted by &g, as

d
Sale) = 5| _ (Exp(t)a), (3.5

for all ¢ € @), where Exp : g — G is the Lie exponential map on G.

Informally, we think of the infinitesimal generator as a map g x ) — T'QQ which describes the

infinitesimal action of g on @), despite not being a group action in the sense of Definition 3.2.1. Moreover,
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the map g — I'(T'Q) which maps £ — & is linear and satisfies [, 7]y = —[{g, ng] for all {,n € g, where
[-,]q is the Lie bracket on g and [+, -] is the Lie bracket of vector fields. The infinitesimal generator induces

another important map, called the momentum map J : T*(Q) — g*, which is defined implicitly by the relation

(J(@), &), = (w,€0(9)), (3.6)

forall ¢ € Q,w € T;Q,§ € g. Momentum maps turn out to be a vital concept in the process of reduction
by symmetry, as we will see in Section 3.4. Moreover, they serve as the connection between the symmetry
of a manifold (invariance under group actions) and conserved quantities, a result which is often known as
Noether’s Theorem [55].

We now define some important classes of group actions:

Definition 3.2.3. Let GG be a Lie group, Q be a smooth manifold, and ® : G x ) — @ be a left-action. We

say that ® is:
(1) transitive if for every p, ¢ € Q, there exists some g € G such that gp = q.
(2) faithful if for all g # e, there exists some ¢ € @ such that gg # q.
(3) freeif gg = q implies that g = e,

(4) proper if, whenever the sequences (¢y ), (gngn) C @ converge in (), the sequence (g,) C G has a

convergent subsequence in G.

Of these, the most important for us along this thesis are the transitive group actions. They serve as the
basis for homogeneous spaces, which we will study in Chapter 4 and revisit in Chapter 7 when discussing

reduction by symmetry for path-planning.

3.2.2 Lie groups acting on themselves

One of the most important cases of a Lie group action is a Lie group acting on itself. As we have
already mentioned, the left and right-translation maps can be viewed as left and right-actions of G on itself,

respectively. In particular, we have the left-action L : G x G — G given by L(g, h) = Ly(h) = gh for all
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g, h € G (and identically for right-actions with R, replacing L,). Of greater interest to us, however, is the
so-called conjugate left-action ® : G x G — G given by ®(g,h) = ghg~! for all g, h € G. This action

induces a number of important actions:
(1) The Adjoint action Ad : G x g — g given by Ad(g,&) = Ady§ :=T®(g,§) forallg € G, € € g.

(2) The Co-Adjoint action Ad* : G x g* — g* denoted by Ad*(g,w) = Ad;_lw and defined implicitly

by the relation <Ad;_1w,§>* = <w,Adgf1§>* forallg € G,w e g*, £ € g.

(3) The adjoint action ad : g x g — g defined by ad(&,n) = aden := &4(n) for all £,7 € g, where g
is the infinitesimal generator associated to £ under the Adjoint action of GG on g (and where we’ve

made the identification T'g = g x g). In particular, we have ad¢(n) = di

t ‘t:oAdeXP(tE)n- It can be

seen that, in fact, we have ad¢n = [€, 7] forall £, 7 € g.

(4) The coadjoint action ad : g x g* — g* defined implicitly by <adgw,n> — (w,aden), for all
&, m € g,w € g*. Itis not difficult to see that the coadjoint action satisfies adgw = —{g+(w) for all
§ € g,w € g*, where £+ denotes the infinitesimal generator associated to § under the Co-Adjoint

action.

Example 3. Every matrix Lie group of dimension G C GL(n,R) has a natural left-action on R™ given by
O(M,z) = Mz forall M € G and z € R™. Due to the natural identification of R™ with its tangent and
cotangent spaces, the tangent lifted and cotangent lifted actions of G on R™ are given by T®(M,z) = Mz
and T*®(M, ) = (M~1)"z. Moreover, the infinitesimal generator associated to {2 € g at M € G is given
by the matrix product Qg(M) = QM.

The left-action L : G x G — G induced by the left-translation map is given by L(M, R) = Ly (R) =
MR for all M,R € G. The tangent lifted action is similarly given by TL(M,Q) = Lp+~Q = M for
all M € G,Q € TG. The cotangent lifted action satisfied T*L(M,II) = L3, ,II = (M ~1)T1I for all
M e G,11 € T*G.

The Adjoint action is given by Ady;Q = MQM ! for all M € G, € TG. The Co-Adjoint action

then satisfies (Ad%, I1,Q) = (I, M~'QM) forall M € G,II € g*,Q € g. Via the trace pairing, we
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find that (IL, M—1QM) = (M~1)TTIIMT,Q)_, from which it follows that Ad},_,IT = (M~H)TQMT.
The adjoint action is simply the matrix commutator ado X = [Q, X]| = QX — XQ for all Q, X € g.
It follows that the coadjoint action satisfies (ad5IT, X) = (IT,adoX) = (I, QX — XQ) = o((QT —
0T XT) = (—[I1,Q7], X) forall Q, X € g,1I € g*. It follows that ad5IT = —[IT, Q7. In particular, for

G = SO(3), we see that:
(1) Adp Q= MQMT,
(2) Ad}, T = MTTIM,
(3) adoX = QX — XQ,
(4) adi Il = IIQ — QII,

for all M € SO(3),Q,X € s0(3),II € so(3)*. Note, however, that through the hat map (as defined in

Example 2), we see that for all M € SO(3) and Q € R3,
Ady Q) = MOQ. (3.7)

Hence, the Adjoint action of SO(3) on s0(3) may be identified with the left-translation action of SO(3) on
R3. Similarly, using the breve map, we see that for all M € SO(3), II € R3, the Co-Adjoint action of SO(3)
on 50(3)* satisfies

Ady, 11 = MTI, (3.8)
so that the Co-Adjoint action of SO(3) on s0(3)* may also be identified with the left-translation action of
SO(3) on R3. By definition, we have adg?) = On — A = Q, which can be easily seen to satisfy:

—

adgyi) = Q x 1) (3.9)

for all Q,17 € R3. Finally, we see under these same identifications that the coadjoint action of s0(3) on
50(3)* satisfies

adiII =TI x Q, (3.10)

for all Q,1I € R3.
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33 Invariant Metrics on Lie Groups

We now specialize our attention to Riemannian geometry on Lie groups. Of course, since every Lie
group is by definition a smooth manifold, they can be equipped with a Riemannian metric (as discussed in
Section 2.1)—at which point all the results discussed in Chapter 2 follow identically. What we are interested

in, however, are metrics which in some sense preserve the structure of the Lie group.

3.3.1 Left-invariant metrics

Let G be a Lie group with Lie algebra g, and consider some inner-product (-, -) o on g. Left-translation
then provides a Riemannian metric (-,-) on G via the relation: (X,Y) := (¢7'X, g‘1Y>g for all g €
G, X,Y € T,G. Such a Riemannian metric is called left-invariant, due to the fact that (¢.X, gY) = (X,Y)
for all g,h € G and X, Y € T,G. It follows immediately that there is a one-to-one correspondence
between left-invariant Riemannian metrics on G and inner products on g, and that Ly : G — Gis an
isometry for all ¢ € G by construction. We may similarly define right-invariant metrics via the relation

(X,)Y):= <Xg_1, Yg_1>g. We have the following results from [34]:

Lemma 3.3.1. Let G be a Lie group equipped with a left-invariant (or right-invariant) metric. Then G is

complete as a Riemannian manifold

Suppose that G is a Lie group with Lie algebra g, and equip G with a left-invariant Riemannian
metric (-,-). Let V be the Levi-Civita connection on G with respect to (-,-). Using the isomorphism

: g — X (G) (3.1), we construct an operator V9 : g x g — g defined by:
p y

Vin = Ve d(n)(e), (3.11)

for all £, € g. Although V9 is not a connection in the strict sense, we shall refer to it as the Riemannian

g-connection corresponding to V, due to the fact that it has many similar properties:

Lemma 3.3.2. V¢ : g x g — g is bilinear, and for all £, 7,0 € g, the following relations hold:

(1) Vin = Vig = (&1,
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(2) (V&&,m) + (& Van) = 0.
Proof. The R-bilinearity of V? follows immediately from (3.11). For (1), observe that

Vin = Vig = (Ve o) — Vemyd()) () = [0(£), d(n)] (e) = [€, 1],

since V is the torsion-free. For (2), note that, since V is compatible with (-, -), we have that

Loy (0(8), 8(n)) (€) = (Vo) 2(€)(€), d(m)(€)) + (&(£)(€), V()b (n)(e))

=(Ve&,m) + (&, Vi),

where £ stands for the Lie derivative of vector fields. But since ¢(&), ¢(n) are left-invariant, (¢(§), ¢(n)) is

a constant function, so Ly (¢(€), ¢(n)) = 0. -

Remark 1. We may consider the Riemannian g-connection as an operator
Vo C*®([a,b],g) x C*([a,b],g) — C*°([a,b],g) in a natural way. Namely, if {,n € C*([a,b], g), we
can write (Vgn)(t) = Vg( t)n(t) for all ¢ € [a, b]. With this notation, Lemma 3.3.2 works identically if we

replace £,7n,0 € gwith §,n,0 € C*®([a,b], g). o

We define an operator ad’ : g x g — g by adgn = (adznb)Ij for all £, € g. It follows that ad™ is
bilinear, and satisfies <ad£n,o> = <ad217b,o>* = <77b,ad§o*>* = (n,ad¢o) for all {,n, 0 € g. Hence, ad”
is nothing more than the adjoint of the adjoint action with respect to the Riemannian metric on GG. Using
this, and the Kozsul formula (2.8), we obtain the following decomposition of V¥ (see Theorem 5.40 of [16],

for instance)
Lemma 3.3.3. The Riemannian g-connection satisfies:

iy = 5 (I€ nla — adfn —adj¢) | (3.12)

N |

forall&,n € g.

Given a basis {4;} of g, we may write any vector field X € I'(TG) as X = X'¢(A;), where

X?: G — R are the component functions. If g € H*([a,b],G) and X € H 5 (g), then we may equivalently
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write X = X’gA;, where now X' : [a,b] — R is of Sobolev class H? and gA; =: L,A;. We denote
X := X'A;, which may be written in a coordinate-free fashion via X (t) = % (g(t)™1X(t)). We wish to
understand how the Levi-Civita connection D; along g is related to the Riemannian g-connection V9. This

relation is summarized in the following result:

Lemma 3.3.4. Consider a Lie group G with Lie algebra g and left-invariant Levi-Civita connection V. Let
g € Qand X be a C' vector field along g with eta := g~ ' X. Then the following relation holds for all
t € la,bl:

DX (1) = g(t) (X(t) + vgn(t)> . (3.13)

Proof. Let {A;} be abasis for g, and suppose that () := g(t)"1g(t) = & (t)A; and n(t) := g(t) 1 X (t) =

n*(t)A;. Expanding out the left-hand side of (3.13), and using that Ly« (n; A;) = 1; Ly A;, we obtain

DX (1) = Dy (W947) (1) = 9() - (1)A: +0/ (10D (947).

Note that g(t)A; = ¢(A4;)(g(t)) forall t € [a,b],1 < i < n. Hence,

Dy (94;(t) = €'(t) (V(and(4;)) (9(1)) = g()E'(1) (Voand(4))) (€) = g()E' () VY, 45,

since ¢(A;) is left-invariant for all 1 < ¢ < n and left-translation is an isometry. Equation (3.13) then

follows by the bi-linearity of V9 together with the definition of X with respect to the basis {A;}. O

Lemma 3.3.5. Suppose that Y, Z : [a,b] — g. Then:
d . .
—.2)=(3.2)+(¥.2) (3.14)

Proof. Let T := v~ '4. From Lemma 3.3.4, the metric compatibility of V, and the left-invariance of the
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metric, we have that:

d d

= (VY v 2) + (W, V1 Z)
= (v (¥ +V8Y) 22) + (W (2+V82)),
= (V+V5>,2)+ (¥, 2+V52),
_ <3>,Z> + <yZ> +(VEY, Z) 4+ (V, VL Z),
= (V.2)+(¥.2),
where in the last equality we've applied Lemma 3.3.2 in the context of Remark 1. 0

Remark 2. Here we see a stark divergence from [1]. Namely, it is claimed in Proposition 5.3 that <y , Z > +
<y, Z> = 0, implying that % (¥, Z) = 0. Considering the case where Z = )/, this would then imply that
every curve in the Lie algebra has constant length, which cannot be true. Consider for instance a curve £(t)
of constant length ¢, and define n(t) = f(¢)£(¢) for some smooth non-constant real-valued function f. Then

(n(),nt)) = f()2 (£(t),£(t)) = (ef(t))?, which is non-constant by assumption.

In anticipation of working with variational principles, we momentarily switch our attention to varia-

tions. Consider a curve g € H?([a,b], G) and an admissible proper variation T : (—¢, €) x [a,b] — G of g

0
with variational vector field — OF(s, t) = dg(t). Denote the vector fields along the main and transverse
Sls=
0 0
curvesof 'as T'(s, t) := af(s, t)and S(s,t) = a—I‘(s, t), respectively. Further denote their pullback (via
s

left-translations) to the Lie algebra g by T (s,t) := ['(s,t) T (s,t) and S(s,t) := I'(s,t)"1S5(s,t) for all

(s,t) € (—¢€,€) X [a, b]. Observe the following relations:

T<O7 t) = g(t)7 T(O7t) = g(t)_lg(t)’
S5(0,t) = dg(t), S(0,t) = g(t)"'og(t).
dim(G)

Consider a basis {4;};, " of g, and write 7 = a’(s,t)A4; and S = b'(s,t)A; for some Sobolev class

%‘li (s,t)A;. Then

H? coordinate functions a’, b on (—¢, €) X [a, b]. We denote S = %bti(s, t)A; and 7' = G-

Lemma 3.3.4 gives the following corollary:
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Corollary 1. The relationships
VrS(s,t) =T(s,t)(S(s,t) + V5-S(s,1)) (3.15)
VT (s, t) =T (s, t)(T'(s,t) + VST (s,1)) (3.16)
hold for all (s,t) € (—¢,€) X [a,b] among all proper variations T of g, with S, T,S,T as defined above.
Moreover, we have that
T=8+IT,8],. (3.17)

Proof. For equation (3.15), we need to only apply Lemma 3.3.4 with g(¢) = I'(s,t) and X (t) = S(s,t)
for fixed s € (—e¢, €). Similarly, equation (3.16) follows with g(¢) = I'(s,¢) and X (¢) = T'(s,t) for fixed
t € [a,b]. Finally, equation (3.17) follows from (3.15) and (3.16) together with the Symmetry Lemma

2.23. U

Remark 3. It is stated in lemma 5.2 of [1] that 7/ = S (so that, in particular, [T,S] = 0). We pro-

vide a counterexample to this assertion now. Consider G = GL(2,R) with Lie algebra gl(2,R). Let

t —1
g : [0,1] — GL(2,R) be defined by g(t) = , and consider the admissible proper variation
1 0
t+ f(s,t) —1
(s, t) = , where f is a smooth function such that f(0,¢) = f(s,0) = f(s,1) =0
1+ f(s,t) 0
and 1 + f(s,t) > ¢ > 0 for all (s,t) € (—¢,¢) x [0,1] and some ¢ € R. It follows that I'(s,#)~! =
) 0 1
76D and so:
—(L+f(s,1) 4 [f(s:1)
1+ f 0 s 0
T == %F == ! s S = gl—‘ = ,
s
ft 0 fs O
1 It 0 1 s 0
T = T+7 ; S = T+7 )
thi—f—(t+1) 0 ft—1) 0

where f, fs denote the partial derivatives of f with respect to ¢ and s, respectively. We show that [T, S] # 0

for appropriate choice in f. As discussed in Section 3.1, the Lie bracket is simply the matrix commutator,
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so in particular we need to show that 7S # S7T. This reduces to the condition

fs(tfe—f—(t+1) = fofe(t - 1) (3.18)

for all (s,t) € (e, €) x [0,1]. We choose f(s,t) = st(t — 1) for s € (—3, 1), which clearly satisfies all
of the constraints imposed on f. It is easy to see that f(s, %) = is, fi(s, %) =0, and fy(s,3) = —i. By

direct computation, we see that (3.18) is not satisfied at t = % for any s € (—%, %)

3.3.2 Bi-invariant Metrics

Now we wish to discuss another important class of Riemannian metrics on a Lie group, the so-called
bi-invariant (or Ad-invariant) metrics. These are the Riemannian metrics (-, -) on G' which are both left-
and right-invariant. Unlike left- and right-invariant metrics, not every Lie group GG admits a bi-invariant
metric. The following Theorem from [34] provides necessary and sufficient conditions for the existence of

a bi-invariant metric.

Lemma 3.3.6. A connected Lie group admits a bi-invariant metric if and only if it is isomorphic to the
Cartesian product of a compact Lie group and a finite-dimensional vector space. Moreover, such a metric

is unique up to scalar multiplication.

Despite this limitation, many important examples of Lie groups satisfy the conditions: In particular,
two of our most important model spaces SO(3) and R3. This is because SO(3) is a compact Lie group,
and R? is a finite-dimensional vector space. Bi-invariant metrics have many nice properties that greatly
simplify calculations in practice. First, it is clear that for all ¢ € G, X,Y € T,G, we have (X,Y) =
< gXg 1, ng_1> = (AdyX, Ad,Y') (this is why such metrics are also called Ad-invariant). Let§,n,0 € g.
Then, (n,o) = <AdExp(t5)n, AdEXp(t@a>. Differentiating at ¢ = 0 and making use of Lemma 3.3.5, we see
that 0 = (ad¢n, o) + (1, ad¢o), which implies that <ad£n, 0> = (—ad¢n, o). Hence, adZn = —aden = [1,¢]

for all £, n € g. Plugging this into (3.12), we obtain the following lemma:

Lemma 3.3.7. Consider a Lie group G equipped with a bi-invariant metric. Let V be the Levi-Civita

connection and V9 be the corresponding Riemannian g-connection. Then:



46
(1) Vin = 3¢, n),
(2) R(& n)o = 1[[&. ), 0],
forall &, 0 € g.

We now show that the Lie exponential map Exp : g — G agrees with the restriction of the Riemannian
exponential map exp : TG — G to the Lie algebra, where exp is taken with respect to the Levi-Civita
connection of a bi-invariant metric. In particular, this implies that geodesics through the identity are just

one-parameter subgroups (and vice verse).

Theorem 3.3.8. Consider a Lie group G equipped with a bi-invariant metric. For all £ € g, we have
Exp(§) = exp, (&), where Exp is the Lie exponential map, and exp, : ¢ — G is the Riemannian exponential

map at the identity e € G with respect to the Levi-Civita connection.

Theorem 3.3.8 turns out to be very useful in many applications on compact matrix Lie groups, due
to the simple expression for the Lie exponential map (3.3). In cases where we are able to calculate the
Logarithmic map Log : G — g directly (on some neighborhood of the identity element e € G), we may
also calculate the Riemannian distance explicitly using (2.26). In particular, we find that d(e, g) = ||Log(g)]|

wherever it is defined.

Example 4. It is well-known that the attitude of a rigid body can be modelled on G = SO(3), equipped
with the left-invariant Riemannian metric <Rl, R2> = (R MRT) for all R € SO(3), 1, Ry € TrSO(3),
where M is a symmetric positive-definite 3 x 3 matrix called the coefficient of inertia matrix. On the Lie

algebra s0(3), the metric reduces to the inner-product
<Q1, Q2> — 0Ty, (3.19)

for all 1,9 € R3, where we have made use of the hat map (3.4) to identify so(3) = R3, and J is a
symmetric positive-definite 3 x 3 matrix called the moment of inertia tensor. In the case that Ml = J = I,
the metric is in fact bi-invariant (and is the unique bi-invariant metric on SO(3) up to scalar multiplication

by Lemma 3.3.6). In this case, we have the following Lemma ([16], Proposition 5.7):
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Lemma 3.3.9. Exp : 50(3) — SO(3) is diffeomorphism between {Q : Q € R?, QTQ < 72} and {R €
SO(3) : tr(R) # —1}, and the logarithmic map is given by

07 R = I
Log(R) =
SR
sy (B~ BY), R#AT

where ¢(R) := arccos(3 (tr(R) — 1)). Moreover, we have |[Log(R)|| = ¢(R).

34 Reduction by Symmetry

Let G be a Lie group equipped with a left-invariant metric (-,-). We saw in Section 2.3.2 that the
critical points of the energy functional £ : Q! — R are geodesics. That is, they are the smooth curves
g € Q! such that D;g = 0 on the full interval [a, b], where D; is the covariant derivative along g induced
by the Levi-Civita connection of (-, -). Observe that from Lemma 3.3.4, this implies that g (f + Vgé ) =0,

where ¢ := ¢g~1¢. Since left-translation is a diffeomorphism, we obtain the following reduction of geodesics:

Theorem 3.4.1. Let G be a Lie group equipped with a left-invariant metric, and suppose that g : [a,b] — G

is a geodesic with respect to the Levi-Civita connection induced by this metric. Then, £ := g~'§ satisfies
£+ VI=0 (3.20)
on [a, b].

Proof. Although we have already seen that the result holds by a direct application of 3.3.4 to the geodesic
equation, we find it instructive to derive (3.20) via the calculus of variations—that is, without assuming
prior knowledge of the geodesic equation. To that end, suppose that I" : (—¢, €) X [a, b] is a one-parameter

variation of g with variational vector field 6g. We define:

T(s,t):= %F(s,t), T(s,t) :==T"L(s, t)T(s,1),

S(s,t) = gsf(s,t), S(s,t) :=T"1(s,)S(s,1).



48

Then, by repeated applications of Lemma 3.3.5 and Corollary 1,

OF = / (VsT,T)|,_,dt,

= [(r T |
-/ <$+ > ottt [ (SATT)

/b<T, dt+/abd<8 ., dt+/ (VeS, TH| .,
/b <T+V >|S:0dt,

= [ (e + w050

Since this must hold for all variational vector fields dg, and it is necessary that £ = 0 along a critical point,

equation (3.20) follows immediately. 0

Theorem 3.4.1 tells us that solving D;g = 0 on a Lie group with a left-invariant metric is equiv-
alent to solving (3.20) (often called the reduced geodesic equation, or the Euler-Poincaré equation for a
geodesic) together with the reconstruction equation § = g&. Hence, we have replaced a second-order equa-
tion with two first-order equations. In mechanical applications, these equations represent the kinematics (the
reconstruction equation) and the dynamics (the reduced geodesic equation) of some agent. Moreover, (3.20)
evolves on the Lie algebra g, so that we have removed the non-linearity of the manifold from our dynamics.
This allows for the use of classical numerical integration schemes in approximating solutions, which can
only be done for equations evolving on non-linear spaces by using local coordinate systems (which often
lead to poor behavior, especially when dealing with chart transitions). In all, the process of converting
some ODE/variational principle evolving on a Lie group G into an equation evolving on g (together with a

reconstruction equation) is known as reduction by symmetry.

Remark 4. Reduction by symmetry may be framed more generally in the language of Lagrangian me-

chanics. That is, given a function L : TG — R called the Lagrangian, we seek to minimize the action
b
Alg] = / L(g, g)dt on Q. It is well-known that the critical points of A satisfy the Euler-Lagrange equa-

oL oL
tions — (8 ) + 90 = = 0. If the Lagrangian is left-invariant, meaning that L(hg, hg) = L(g, g) for all
g g
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g,h € G, then we may consider the reduced Lagrangian | : g — R given by [(§) := L(e, &) = L(g, g),
where ¢ := g~1g. Then, the critical points of the reduced action Awql€] = / b [(§)dt among variations
a

of the form 6§ = 1 + [£,n] (note that this is just (3.17)), where 7 is arbitrary admissible proper varia-
tion, satisfy the Euler-Poincaré equations % (gé) = adzgé. Moreover, it can be seen that g satisfies the
Euler-Lagrange equations corresponding to L if and only if ¢ := g~!g satisfies the Euler-Poincaré equa-
tions corresponding to [ [54]. The equation ¢ = ¢£ is known as the reconstruction equation. The reduced
variational principle is an example of a constrained variational principle, since we are constraining the set
of admissible variations.

The energy function E is precisely the action corresponding to the Lagrangian L(g, §) = %||g||2
Since the Riemannian metric is left-invariant, it follows that the Lagrangian too is left-invariant, and so the

ol
reduced Lagrangian takes the form [(£) = £|¢||%. It is straight-forward to show that — = €, so that the

23
Euler-Poincaré equations associated to [ are given by f b — adZéb, which is equivalent to (3.20) by Lemma

3.3.3. Notice that the Euler-Poincaré equations corresponding to [ naturally live on the dual of the Lie

algebra g*. It is only through the metric that we are able to convert them into equations on g.

Example 5. Consider G = SO(3) equipped with the left-invariant metric <R1, R2> = tr(RlMRg) for all
R € SO(3), Ry, Ry € TrSO(3) and for some coefficient of inertia matrix M. Suppose that R : [a,b] —
SO(3) is a geodesic with respect to the Levi-Civita connection and define {2 := R™'R € s0(3). Then, from

Theorem 3.4.1, we have Q = ad}zfl. First observe that, from equation (3.19),
(@) =TIy = (19) -7
for all 2,7 € R?, so that we may identify ) € s0(3) with JQ € R*. Moreover, from Equation (3.9),
(adl6,7) = (3,adgn) = (5,9 x7)
=oTJ(Q xn) = Jo) - (2 xn) = Jo xQ)-n,

so that we may identify adgc} € s0(3) with Jo x Q € R3. It follows that (3.20) is equivalent to J QO =JaxQ,

which is known as Euler’s equation for a rigid body [55].
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34.1 Reduction with Broken Symmetry

Consider the action functional A : Q! — R given by

b
Al = [ (31901~ Vi) . 621

where V' : G — R is a smooth scalar field called the potential. It is easy to see from Remark 4 that the

critical points of (3.21) are the smooth solutions to the Euler-Lagrange equations

Dyg(t) = —gradV (g(t)), (3.22)

for all ¢ € [a,b]. In general, the process of reduction by symmetry used in Theorem 3.4.1 for the Energy
functional (that is, A with V' = 0) will only apply to A when V' is invariant under left-translations. However,
this is seldom the case in applications, at which point the potential is said to ’break the symmetry” of the

energy functional. Rather, it is more common that V' possesses a partial symmetry.

Definition 3.4.2. We say that the potential V' : G — R admits a partial symmetry over some smooth

manifold @ if there exists a function Vey : G X Q — R called the extended potential such that:
(1) for some ¢y € @ and for all g € G, we have Vex(g,90) = V (9),

(2) there exists a right-action ® : G x Q — @ such that Vi is invariant under the left-action ¥ :

G x (GxQ)— GxQgivenby Uy (g,q) = (hg, ®,-1(q)) forall g, h € G,q € Q.
This leads to the following proposition.

Proposition 2. Let G be a Lie group equipped with a left-invariant metric, and suppose that g : [a,b] — G
is a critical point of the action function defined in (3.21). Then g is smooth, and if the potential admits a

partial symmetry over some smooth manifold Q, then & := g~ 1§ and q := 4 (qo) satisfy

4 VI = —J(daVex(e, 9))", (3.23)

q = &o(a), (3.24)

on [a,b], where J : T*Q — g* is the momentum map corresponding to the right-action of G on Q.
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Proof. g is a critical point of A if and only if 0.4[g] = 0 for all admissible variations g5 of g. This is

equivalent to the condition

I3 /ab <;Hgs”2 — V(gs)) dt = /ab <<Dsgs,gs> - iv(gs)>

0
— dt
15) s=0

From the proof of Theorem 3.20, we know that

b
/ (Dyis )

We now handle the term involving the potential.

b b 8
/a %V(gs B /a S ext g&QO)’ :Odt

Os
b
a
/ s Vext (e, (I)gs(QO))

b
/ (dsVex (€, 9), 10 ()., dt

S=

b

dt

s=0

820(1397195 o (I)g(qO) =

Pexp(sn) (@) = 1g(q). By definition, the momen-

i 0 A 9
since - S:0<I>gs (q0) = 55 35|, g

tum map J : T*Q — g* satisfies (J(d2Vexi(e, q),m), = (d2Vexi(e, ), ng(q)),, It follows that

0A = /ab ((Dtég,g> — <gJ(d2Vext(e,q))ﬁ,69>) dt.

It is straightforward to show that g must be smooth via a similar bootstrapping method as applied in 3.4.1

(and noting that both V' and J are smooth). Hence, integrating the first term by parts, we obtain

/ab <<Dt9 + gJ(d2Vex(e, @))*, 5g>) dt =0

for all §g € Tgﬁl. Equation (3.23) follows from the left-invariance of the metric together with Lemma

3.3.4, whereas (3.24) is a direct consequence of the definition ¢ = ®4(qo). O
We now discuss two important special cases of Proposition 2.

Example 6. Consider 2 in the case where () = W is a finite-dimensional real vector space on which G

acts on the right by linear transformations (that is, ®, : W — W is linear for all ¢ € G). We implicitly



52

define a right-action ¥ : G x W* — W* on the dual space via (Vy(w),z), = (w,®,-1(x)), for all
w € W*, & € W. Consider the map p, : g — W given by p,(§) = &w (), where &y is the infinitesimal
generator associated to ®. Then the dual map p} : W* — g* satisfies (pk(w),&), = (w, pz(£)), for all
x e W,w e W* & € g. Hence, through the identification T*W = W x W*, we see that the momentum
map J : W x W* — g* is given by J(z,w) = p}(w). Another common notation used here is the diamond
operator & : W x W* — g* defined by x o w = pl(w) for all z € W,w € W*. In all, equations

(3.23)-(3.24) take the form

é + Vgg = —pZ(szext(ea Q))ﬁ7

q = pqg(§)-

Example 7. We now consider the case where () = G, which will be our central focus in Chapter 7 when
applying reduction by symmetry in the path planning problem. We let GG act on itself by right-translations.
In this case, it can be seen that the infinitesimal generator takes the form {;(q) = Ry<£ = &g, and the

momentum map takes the form J(w) = Lyw forall ¢ € G,w € T;G [55]. Alternatively, we see that

<J(w)>£>* = <L2w7£>* = <w>Lq*§>*>

- <wﬁ>Lq*§> - <Lq‘“wﬁ’£>’

::<(qu*wﬁy,g> .

*

Hence, J(w) = (Lq_hwﬁ)". It follows that equations (3.23)-(3.24) take the form

é-i- Vgg = _Lq71*grad2Vext(€7 Q))v

q=q§.



Chapter 4

Homogeneous Spaces

We now discuss spaces which are not necessarily Lie groups themselves, but nonetheless possess
certain symmetries and invariances that allow for the similar results to be obtained: Homogeneous spaces.
Let G be a connected Lie group. A homogeneous space H of (G is a smooth manifold on which G acts
transitively (as in Definition 3.2.3). Any Lie group is itself a homogeneous space, where the transitive
action is given by left-translation (or right-translation).

Suppose that ¥ : G x H — H is a transitive left-action, which we denote by gz := ®4(x). It can
be shown that for any x € H, we have GG/Stab(x) = H as differentiable manifolds, where Stab(z) :=
{g € G| gr = =} denotes the stabilizer subgroup (also called the isotropy subgroup) of x, and G /Stab(z)
denotes the space of equivalence classes determined by the equivalence relation g ~ h if and only if g~'h €
Stab(x). Moreover, for any closed Lie subgroup K C G, the left-action ® : G x G/K — G/K satisfying
®,4([h]) = [gh] for all g, h € G is transitive, and so G/ K is a homogeneous space. Hence, we may assume
without loss of generality that H := G/ K is a homogeneous space of G for some closed Lie subgroup K.

Let m : G — H be the canonical projection map. We define the vertical subspace at g € G
by Very := ker(m|y), from which we may construct the vertical bundle as VG = | |,cq{g} % Ver,.
Given a Riemannian metric (-, ), on G, we define the horizontal subspace at any point g € G (with re-
spect to (-, -)) as the orthogonal complement of Ver,. That is, Hor, := Verj. Similarly, we define the
horizontal bundle as HG := | | geG{g} x Hor,. Both the vertical and horizontal bundles are vector bundles,
and are in fact subbundles of the tangent bundle T'G. It is clear that T,G = Ver, ® Hor, for all g € G,

so that the Lie algebra g of G admits the decomposition g = s @ h, where s is the Lie algebra of K and
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bh = T7 () H. We denote the orthogonal projections onto the vertical and horizontal subspaces by V and H,
respectively.

A section Z € I'(HQ) is called a horizontal vector field. Thatis, Z € I'(T'G) and Z(g) € Hor, for
all g € G. A vector field Y € I'(T'G) is said to be m-related to some X € I'(T'H) if 7Y, = X, for all
g € G. Ifin addition Y € T'(HG), we say that Y is a horizontal lift of X. We further define a horizontal lift
of a smooth curve ¢ : [a,b] — H as a smooth curve § : [a,b] — G such that 7 o § = ¢ and ¢(t) is horizontal

for all ¢ € [a, b]. We have the following result from [72]:
Lemma 4.0.1. Let H be a homogeneous space of G. Then, and X € T'(TH). Then:

(1) Forall X € T(TH), there exists a unique horizontal lift X of X. That is, the map = : T(TH) —

I'(HG) sending X — X is R-linear and injective.

(2) For all smooth curves q : [a,b] — H and qo € 7 1({q(a)}), there exists a unique horizontal lift

G : la,b] — H of q satisfying G(a) = qo.
called the horizontal lift of X which is w-related to X.

In general, the horizontal lift map will not be surjective, as it need not be the case that Z, = Z,
whenever 7(g) = w(h) for Z € I'(HG). The image of the horizontal lift map will be denoted by B(G) C
I'(HQG), and its elements will be called basic vector fields. In particular, B(G) = I'(T'H) as an R-vector
space, and a vector field Z € I'(T'G) is basic if and only if it is the horizontal lift of some vector field
in I'(T'H). Basic vector fields are precisely those which can be pushed-forward to a smooth non-zero
vector field on H under 7. We may similarly call a curve g : [a,b] — G basic when it is a horizontal
lift of some curve ¢ : [a,b] — H, and a vector field X € I'(g) basic when it is horizontal and 7-related
to some X € I'(g). That is, (w*)g(t)X’(t) = X(t) for all t € [a,b]. However, it turns out that these
distinctions are redundant, as any smooth curve g : [a,b] — G satisfying §(t) € Horgy ) for all ¢ € [a, 0]
is necessarily the horizontal lift of some ¢ : [a,b] — H. Namely, it is the horizontal lift of ¢ := 7 o g.
Similarly, every horizontal vector field along a basic curve is basic. To see this, first observe that any curve

7} : [a,b] — b induces a curve 7 : [a,b] — Ty H under (7«)e. Now notice that the left-action &, on H
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satisfies &, o m = m o L, for all ¢ € G. Taking the differential of both sides, we see that the following

diagram commutes:

Hory —5 T, (G/K)

Ll |20 4.1
h —T s T (G/K).

Since P is a transitive action, we may translate 1 to a vector field X along any curve ¢ : [a,b] — H via
X (t) := ®j(4)«(n(t)) for all t € [a, b], where § is a horizontal lift of g. X may then be horizontally lifted to
a unique X along ¢. Then X is basic, and due to the identification (4.1), it follows that L(qfl)*X = 7). This

is summarized in the following lemma:

Lemma 4.0.2. Suppose that q : [a,b] — H and q : [a,b] — G is a horizontal lift of q. Then, for any
7l : [a,b] — b, there exists a unique X € T'(q) such that its horizontal lift X along { satisfies Lq(t)_1*)~((t) =

n(t) forallt € [a,b).
4.1 Riemannian Homogeneous Spaces

Consider a connected Lie group G and a homogeneous space H = G/K of G. Since H is a smooth
manifold, it can be equipped with a Riemannian metric. As when discussing Riemannian metrics on Lie
groups in Section 3.3, we are interested in those metrics (-, -) ; which in some sense preserve the structure
of the homogeneous space. In this case, we wish to choose (-, -);; so that the canonical projection map
m : G — H is a Riemannian submersion. That is, so that 7|, is a linear isometry between Hor, and
Tr(q)H forall g € G. In such a case, we call H a Riemannian homogeneous space. It is clear that if H is
a Riemannian homogeneous space, then (H(X), H(Y)), = (m X, 1Y)y forall X, Y € T;G,g € G. In
particular, (X, }7>G = (X,Y) forall X,Y € TG, g € G. The metric (-,-); is said to be G-invariant
if it is invariant under the left-action ®, for all g € G. It can be shown that every homogeneous space
H = G/K that admits a G-invariant metric is reductive. That is, the Lie algebra admits a decomposition
g = s @ bh, where s is the Lie algebra of K, and h satisfies [s,h] C bh. In particular, this implies that

h = Tr(e)(G/K) as vector spaces.

Lemma 4.1.1. Suppose that g = s @ b is a reductive Lie algebra. Then [s,h] C b.



56

Proof. Since s is Lie subalgebra of g, we have by definition that [s,s] C s. Let{,n € s and o € . Then,

d
0= (f61.0) = { |_ A (.7}
d
= I L:O <AdExp(t5) (), U> .

It follows that the map ¢ — (Adgxp(ie)(n), ) is constant. In particular, since (Adgyp(e)(1),0) |,_, =
(n,0) = 0, we have <AdEXp(t§) (n),0) = 0forall §,n € 5,0 € m,t € R. Since the exponential map is a
local diffeomorphism, and s = {X € g | Exp(tX) € H forall ¢t € R}, it follows that there exists an open
subset V' C G containing e such that Ady(s) C sforall g € V N H. Since H is connected by assumption,

there exists some finite collection of vectors &1, ..., &, € b such that Exp(&;) - - - Exp(&,) = h. Hence, for

all £ € b, Adp(§) = Adgyp(e,) © -+ © Adggp(e,) (§) € b. O

The following result establishes an equivalency between the existence of a GG-invariant metrics on H,

and the existence of a left-invariant metric on G for which H is a Riemannian homogeneous space.

Lemma 4.1.2. If G is equipped with a left-invariant metric (-,-)s, and 7 : G — H is a Riemannian
submersion, then (-, )y is G-invariant. Moreover, if (-, -) ;; is G-invariant, then there exists a left-invariant

metric (-, ) on G such that = : G — H is a Riemannian submersion.

Proof. First suppose G is equipped with a left-invariant metric (-, -) -, and that 7 : G — H is a Riemannian

submersion. Let g € H, X, Y € T,H, g € G, and let X, Y be horizontal lifts of X,Y. Then,

(Do X, By Y) g = (17 0 0 X, 00, Y) = (m7 0 @gu o m X w0 @y 0 mff>G

_ <Lg*X,Lg*Y>G
where the last equality follows from (4.1). By the left-invariance of (-, -), we then have

L*X,L*f/> :<X,f/> — (X,Y),.
< g g a G < >H

In particular, (-, -); is G-invariant.
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Now suppose that H is equipped with a G-invariant metric (-,-),. Since H is reductive, we may
define the orthogonal projections V : g — s and H : g — b, where g = s @ h. Define an inner product on b
via (&, n)h = (m&, men) y forall &, m € b. Let (-, -), be any inner product on s, and define an inner product
on g by (§,n), :== (V(£),V(n))s + (H(E), H(n))y,- We extend (-, ), to a left-invariant Riemannian metric

(-, ) on G via left-translations. Now, for all X, Y € Hory,

<7T*‘ X,W*‘ Y> = <<I>g,1* 071'*‘ X,<I>gf1*o7r*‘ Y>
g g H g 9 H

= <7T*_1‘€ od® 1.0 W*}gX, 71'*_1‘6 o® 1.0 ﬂ*}gY>h

_ -1 -1
= <Lg* o, ‘e oPy-1. OW*‘gX, Ly« o, ‘e o Py-1x o7u‘gY>G

By (4.1), we have that L, o 71*_1’6 o® 1.0 w*‘g is the identity map on Horg, so that (X,Y). =
<7r*’gX, W*’9Y>H for all X,Y € Hor,. Hence 7 is a Riemannian submersion, and so (H, (:,-);) is a

Riemannian homogeneous space with respect to (G, (-, -) ). O

In general, there need not exist G-invariant metrics on a homogeneous space. The following theorem
from [72] describes a sufficient condition which is commonly fulfilled in application (indeed, this theorem

will suffice for our application of interest).

Theorem 4.1.3. Suppose that G and H := G /K is a homogeneous space of G. If Stab(x) is compact for

all x € H, then there exist a G-invariant metric on H.

Hence, if Stab(x) is compact for all z € H (which happens for example if H is compact, or equiva-
lently, that G is compact), then by Lemma 4.1.2, there exists a left-invariant metric on G and a G-invariant
metric on H for which H is a Riemannian homogeneous space. For the remainder of the chapter, we
suppose that G is a simply connected Lie group equipped with a left-invariant metric, and H is a
Riemannian homogeneous space of G. Denote the Levi-Civita connections on H and G with respect to

these metrics by V and Vv, respectively. The following lemma outlines some useful properties of V.

Lemma 4.14. Let X,Y € T(TH), and X,Y € B(G) be the horizontal lifts of X and Y, respectively.
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Further suppose that V. € I'(V Q). Then, the following identities hold:

VY =VxY + 51/([5(,17]), (4.2)

ViV =VyX (4.3)

Proof. Equation (4.2) follows directly from [114]. To see (4.3), observe that 0 = [5( V)= \Y4 5V - Vv X,
where the first equality follows from the fact that X is 7-related to X, and V is 7-related to the 0 vector

field on H, while the second follows from the fact that V is torsion-free. ]

Apart from the Levi-Civita connection, there is another important connection that we will utilize
throughout this thesis when working on (Riemannian) homogeneous spaces. We define the horizontal con-

nection V* : T(TG) x T(HG) — T'(HG) on the horizontal bundle by
VitZ =H(VwZ), (4.4)

for all W € T(TG), Z € T'(HG). It is easy to see that V* satisfies all the conditions required to be
a connection in the sense of Definition 2.2.1. Moreover, V* is simply the projection of the Levi-Civita
connection on G onto the horizontal bundle. Observe that while V* is only a connection in the strict
sense on the domain I'(T'G) x I'(HG), it is still a well-defined operation on the larger domain I'(T'G) x
I'(TG). Here we outline some additional properties satisfied by V* and basic vector fields, which follow

immediately from 4.1.4 and the fact that V is the metric compatible and torsion-free:

Lemma 4.1.5. Let X,Y € I(TH), and X,Y € B(G) be the horizontal lifts of X and Y, respectively.

Further suppose that W, Z € T'(HG), and P € T'(TG). Then, the following identities hold:

VY = VxY (4.5)
P(W,Z), = <@3§W, Z>G n <W @§Z>G 4.6)
Vi z —VEW = H(W, Z]) (4.7)

Proof. Equation (4.5) follows immediately from the definition of V* and Lemma 4.1.4. To see equation

(4.6), note that the metric compatibility (2.6) of ¥ implies that P (W, Z), = <@ oW, Z>G n <W, v PZ>G.
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Now since horizontal and vertical vectors are orthogonal with respect to (-, -) -, it follows that <@ pW,Z > G—l—
<W, @pZ>G = <7—l(@pW), Z>G + <VV, H(VpZ) >G, from which the conclusion follows. Finally, equa-

tion (4.7) is a consequence of the fact that V is torsion-free (2.5). ]
As in Section 3.3, we may define an operator vh h x h — b called the Riemannian h-connection

via
Vin = (Vigom)) (e). 438)

It is clear that @gn = H(@gn), where V9 is the Riemannian g-connection corresponding to the Levi-Civita

Given any C' curve g, we may further define the operator DZ“X = @Z]{X for all C'! horizontal
vector fields X along g. It is clear from Lemma 4.1.5 and 4.0.1 that if g is a basic curve and X is a C!
horizontal vector field along 7 o g, then DZ{X = l/)t\)/( . We now express Lemma 3.3.4 in terms of the

Riemannian h-connection and horizontal connection:

Lemma 4.1.6. Let g : [a,b] — G be a basic curve and X a smooth horizontal vector field along g. Suppose

that £(t) = g(t)~1g(t) and n(t) = g(t) =1 X (t). Then the following relation holds for all t € [a,b]:
DEX(1) = g(t) (X (1) + Vi) - (4.10)

Another important object in our studies is the type (1, 2)-tensor field A : I'(TG) xI'(T'G) — I'(T'G)
defined by

AxY = H (@H(X)V(Y)) +V (@H(X)H(Y)) . @.11)

As a direct consequence of Lemma 4.1.5 and the definition of A, we have the following lemma.

Lemma 4.1.7. Let X, Y € B(G) and V € I'(VG). Then,

AyY = %V([X, ¥]) 4.12)

AxV = ViV (4.13)
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A induces a 4-tensor field Am : I'(T'G)* — I'(T'G) defined by
Am(W, X,Y, Z) = (AwAxY, Z), . (4.14)

Of particular interest to us are the symmetries of Am on the space of basic vector fields B(G), which we

show in the following lemma.

Lemma 4.1.8. Let W, X, Y, Z € B(QG). Then,

Am(W, X,Y, Z) = —Am(W,Y, X, Z) (4.15)
Am(W, X,Y,Z) = —Am(Z, X, Y, W) (4.16)
Am(W, X,Y, Z) = Am(X, W, Z,Y) (4.17)

Proof. Equation (4.15) is an immediate consequence of equation (4.12). To see equations (4.16) and
(4.17), first observe that (AxY, 7). = 0. By the metric compatibility of V, it then follows that 0 =
W(AXxY,Z)qn = <@7V'{/AXY, Z>G + <AXY, @WZ>G. Now, it is clear from equation (4.12) that AxY
is vertical, so that @?V"‘,A xY = AwAxY by equation (4.13). Moreover, equation (4.11) shows that
<AXY, 6WZ>G — (AxY, AwZ). Hence, (Aw AxY, Z)s = — (AxY, Aw Z).. Equation (4.16) now

follows from
Am(W, XY, 7) = —(AxY, AwZ) o = (AxY, AzW) o = — (AZzAxY, W) = —Am(Z, X, Y, W).
Similarly, equation (4.17) can be seen from:
Am(W, XY, 7)) = —(AxY, AwZ) o = — (AwZ, AxY ) o = (Ax AW Z,Y ) = Am(X, W, Z,Y).
O

Since A is tensorial, we may also evaluate it along a vector field along some curve g : [a,b] — G
by defining A, X = A;X for all X € I'(g9). Moreover, if { = g 'gand n = g~'X, then we have
A X = gAen. Note, however, that the right-hand side of (4.11) is only well-defined in the case that g is

horizontal, at which point it is clear that A; X = DJ*V(X) + V(D;H(X)). To evaluate this quantity when
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g is not horizontal, we need only consider for each 7 € [a, b] any vector fields Z,,Y; € I'(T'G) such that
Z:(g(7)) = g(7) and Y, = X (7), and then evaluate (A, X)(7) = (Az.Y>)(g(7)).

In order to relate the second derivatives with respect to V*, we now study the curvature endomor-
phism (in the sense of (2.2)) Q : I'(T'G) x I'(T'G) x T(HG) — T'(HG) corresponding to V. Namely, we
have

QW, X)Y = ViEVEY — VEVILY - Vi, Y (4.18)
forall W, X € I'(TG),Y € I'(HG). Moreover, we may define the horizontal curvature tensor Qm by
Qm(W, XY, Z) := (Q(W, X)Y, Z) . Due to the fact that [I¥, X] is not in general basic even when W, X

are, the symmetries of Qm over B(G) don’t immediately follow from the symmetries of Rm or Rm. In fact,

if W, X,Y e B(Q) are the horizontal lifts of W, X, Y € I'(T'H), then we have from (4.13) and (4.3) that

—_—~—

QW,X)Y = R(W, X)Y — 24, A; X. (4.19)

Therefore,

Qm(W,X,Y,Z) =Rm(W, X,Y, Z) - 2am(Y, W, X, Z) (4.20)

forall W, XY, Z € I'(TH). Hence, we may understand the symmetries of Qm on B(G) by studying those
of Am (as in Lemma 4.1.8) and Rm (as in equations (2.10)-(2.14)). As we will see, most of the symmetries
of Rm will be preserved. The only exception is that Qm(W, X, Y, Z)+Qm(X, Y, W, Z) +Qm(Y, W, X, Z)

in general fails to vanish.

Lemma 4.1.9. Forall W, XY, Z € B(G), the following relations hold:

Qn(W, XY, Z) = —-Qm(X, W, Y, Z) @21)
Qm(W, X,Y, Z) = Qm(Y, Z, W, X) (4.23)

Proof. Equation (4.21) follows immediately from the definition of Qm. Now let W := 7, W, and similarly

for X and Y. Then, on one hand, using equation (4.15), we have:

Qm(W, X, Y, Z) = Rm(W, X, Y, Z) + 2Am(Y, X, W, Z)
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On the other hand, using equations (4.16), (4.15), and (2.11),

Qm(W, X, Z,Y)=Rm(W,X,Z,Y)+2Am(Z, X,W,Y) = —Rm(W, X, Y, Z) — 2Am(Y, X, W, Z).
Adding the two equations yields equation (4.22). Similarly,

Qm(W, X, Y, Z) = Rm(W, X, Y, Z) + 2Am(Y, X, W, Z)

Qm(Y, Z, W, X)=Rm(Y,Z, W, X) +2Am(Z, X,W,Y) = Rm(W, X,Y, Z) + 2Am(Y, X, W, Z),
Subtracting these equations from each other yields equation (4.23). O

Finally, from equation (4.19), observe that the (3, 1)-tensor field Q : D(T'G) x T'(TG) x I(TG) —
I'(HG) defined by

QW,X)Y = QW,X)H(Y) + 2H(A; A X) (4.24)

—_~—

satisfies Q(W, X)Y = R(W, X)Y forall X,Y,Z € B(G). Hence, @ maps basic vector fields to basic
vector fields, and we may interpret Q as a sort of horizontal lift of the Riemannian curvature endomorphism

Ron H to G.

4.1.1 Reduction by Symmetry on Riemannian Homogeneous Spaces

Throughout the section, we assume that G is a Lie group with left-invariant metric, and H := G/K
is a Riemannian homogeneous space of G. For some smooth scalar field V' : H — R, we consider the
action function Ay : Q) (H) — R on H as in (3.21). As usual, our aim is to find the critical points of
Apg over Q). Since H is a Riemannian manifold, this may be done via variational analysis (as we did
for the energy function in Theorem 2.3.2). However, in many cases, it will be more convenient to work
on G—especially in cases where we can apply reduction by symmetry. To that end, we seek variational
principles on G which are equivalent to the variational principle Az = 0 on H (whose solutions are given
by (3.22)). Ultimately, this equivalency will come from the relationship between the metrics on G and H.
In particular, suppose that g € Q1) (@) and let ¢ := 7o g. It is clear that ¢ € Q()(H), and ¢ = m,.¢. Hence,

Il zr = |7mgllzr = ||#(9)]|. On the other hand, suppose that ¢ € Q) (H) and let g be a horizontal lift of
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g. Then for some g,, gy, We have g € Qg?,gb( G),and ||H(9)llc = llgllc = ||¢|| - This motivates the action
functional Ag : Q(V(G) — R given by
- b /1 -
da= [ (GG - Vige) ae @25)
a

where V := V o . We have the following Proposition:
Proposition 3. Let ¢ € QW (H) and g € QW(G) satisfy w0 g = q on [a,b). Then q is a critical point of
Ay if and only if g is a critical point of Ag.

Proof. Suppose that g is a critical point of A, and consider an admissible variation g, of g. It follows that

(s := T o gs is an admissible variation of ¢, and ¢; = m.¢g. Hence,

sAcla = o [ (310l - 71 ) a

0 b )
N 85)820/ <2||dsHH - V(qs)> dt,

= Aplq] =

Therefore, g is a critical point of Ag. Now suppose that g is a critical point of Ag, and consider an
admissible variation ¢ of ¢q. Let g5 be the horizontal lift of g5 at g(a), and consider the family of curves
defined by gs(t) = Gs(t)Gsie—a) () Lg(b) for all (s,t) € (—¢,€) x [a, b]. Observe that
b—a
(1) go(t) = Go(t)qo(b) "' g(b) = g(t) for all ¢ € [a, b],
(2) gs(a) = Gs(a)do(b) "' g(b) = g(a) s € (—¢,€),
(3) gs(b) = Gs(b)d5 ' (b)g(b) = g(b), forall s € (—¢,€).

(4) Togs = Tods = g, Since Gs—a) (b)) and g(b) belong to the same equivalency class for all

(s,t) € (€,€) x [a,b].

It follows that g, is indeed an admissible variation of g, so that

/ b (3hal - Vi ) at
. b (310013 - Vi)

= Aglg) =

0Am|q] =

0
s ls=
0
" s ls=
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O

From Proposition 3, we can generate critical points of Az by finding critical points of Ac on then
projecting them onto H. Assuming that V' o 7 admits a partial symmetry, we could then, in principle, apply
symmetry reduction to Ac. However, the inclusion of the horizontal projection H in A¢ makes the analysis
difficult. Our goal now is to find a constrained variational principle for Ag : QM - R defined by (3.21)

on G with the potential V.

Definition 4.1.10. We call an admissible variation g of a basic curve g € Q) (G) for which both g,(t) and

8% gs(t) are horizontal vector fields a basic variation of g.

Before proceeding to define the desired constrained variational principle for Ag, we demonstrate

some properties of the horizontal covariant derivative along basic variations that will be useful later.

Lemma 4.1.11. Let g : [a,b] — G be a basic curve and g5 be a basic variation of g. Then,

- . 0a

DI, = D}t ;’S ° (4.26)
o
D"DHg, — DFD? g, =Q (5595,%) Js- 4.27)

Proof. Equation (4.26) follows directly from the definition of the horizontal connection and the Symmetry
Lemma (2.23). To see (4.27), first note that, since g is a basic variation, there exists an admissible variation
gsof mog: [a,b] — H such that ¢ : [a,b] — H and a corresponding proper variation g5 such that g5 is the
horizontal lift of ¢, at g(a). Hence, from Lemma 2.4.1,

DID}'g, — D}'D}tg, = DI'Dys — D' Dyds

/\_//\_/

= DsDiqs — Dy Dyqs

0
R(agQSJ(‘IS) 8

0
8898798 S'

I
reY
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Proposition 4. Suppose that g € QW (G) is a critical point of Ag. If g is basic, then §Ag[g] = 0 among

all basic variations.

Proof. Let gs be a basic variation of g. Then,

b ~
Pl = % s:O/ (;Ilgs(tﬂ%} - V(gs(t))> dt
b
- 835 sO/a <;||H(gs(t))”2G - ‘N/(gs(t))> dt
=36 A[g] =0

We now derive necessary conditions on g to solve the constrained variational principle on G.

Proposition 5. A basic curve g € QW) satisfies the variational principle 5§ Ag [g] = 0 among all basic

variations of g if and only if g is smooth and satisfies
DI*g(t) = —gradV (g(1)), (4.28)
forallt € [a,b).

Proof. Let g, be a basic variation of G with variational vector field dg. Then, from Lemmas 4.1.11 and

4.1.5,

0Ac[g] =

Sy b( 19012 = 7(0u(0) )t
DH

- 0 .
Gs. gs <gradV(gs), 8sgs> )
G

Dﬂég g <gradf/(g), 6g>G) dt.

dt
s=0

(o
-

As in the proof of Theorem 3.4.1, the smoothness of g can be shown via a bootstrapping method. Integrating

once by parts, we then obtain

b ~ ~
6Acglg] = / <DZ{Q + gradV (g), 6g>G dt =0
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for all basic variational vector fields 6g. Now let h € G, X € Very, and observe that < gradf/(h), X >G =

dV(X) = dV om.(X) = 0. Hence gradV € I'(HG). Moreover, if we consider any Y € Hory,, then:

(eradV(n), V) = dV(¥) = aV(¥) = (gradV (n(h)), Y) ; = (gradV (x(h)), V') .
where Y = Y. It follows that gradV is precisely the horizontal lift of gradV. Hence,

b, B b, B
/ <DZ{g + gradV (g), 5g>G dt = / <DZ{Q + gradV (g), 5g>G dt.

It follows from 4.0.1 and the fact that G is simply connected that every horizontal variational vector field is

the variational vector field of some basic variation, from which (4.28) follows. L]

Corollary 2. If ¢ € QW (H) is a critical point of Ap, then its horizontal lift § satisfies equation (4.28).

Moreover, if g € QW (Q) is smooth, basic, and satisfies (4.28), then 7 o g is a critical point of Ap.

Proof. The first direction is an immediate consequence of Propositions 4, 3, and 5. Now suppose that

g € Q(l)(G) is basic and satisfies (4.28). Since g is smooth and basic, the curve q := 7 o g is smooth and

—_—

satisfies D}g = Dy. Moreover, from the proof of Proposition 5, we have gradV (g) = gradV (q). Hence,

P

0= D}*g + gradV (g) = Dy + gradV (q),
so that Dyg + gradV (¢q) = 0 on [a, b], which are precisely the Euler-Lagrange equations for .Ay;. O

Now that we have found a (constrained) variational principle on G which is equivalent to . Ag = 0
on H, we seek to apply reduction by symmetry under the assumption that V' admits a partial symmetry over

some smooth manifold Q).

Proposition 6. Let g € Q) (G) be a smooth, basic solution to (4.28), and suppose that V admits a partial

symmetry over some smooth manifold Q (as in Definition (3.4.2). Then € := ¢~ ¢ and q := @, (qo) satisfy

€+ Vi = —H(J(d2Veu(e, ), (4.29)

q = &q(a), (4.30)

on [a,b], where J : T*Q — g* is the momentum map corresponding to the right-action ® : G x Q — Q.
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Proof. From Lemma 4.1.6, we have Dt g = g(f + VY 5) Hence, if g, is a basic variation of g, then from

the proofs of Propositions 5 and 2,

b1 b 0
| ) (Gl = Vesteugteo)) = [ (D60, - 5

9
ds
N /b €+V > - <J(d2‘7ext(6,q))ﬁ,n>c) dt,

V(gs@e))) i

s=0

where 7 := g~ 1dg € b. O
4.2 Bi-invariant metrics and Riemannian Symmetric Spaces

Suppose G is a Lie group equipped with a left-invariant metric, and H := G/K is a Riemannian
homogeneous space. It is easily seen that the metric (-, ), is right K-invariant. That is, (Xk,Yk), =
(X,Y) forall k € K. In the case that the metric (-, -) ; is bi-invariant, we have the following lemma as an

analogue to Lemma 3.3.7

Lemma 4.2.1. Suppose that G is a Lie group equipped with a bi-invariant metric, and H is a Riemannian

homogeneous space of G. Then, forall £,m,0 € b,

=~ = DN =

Q& mo =~ (H(lov [&,m)]) — €, V([n, o]) + [, V(€ 0])] + 2[0, V([ n])]).- (4.32)

Proof. Equation (4.31) follows immediately from Lemma 3.3.7 together with the fact that AV e = ’H(@gn)
To see equation (4.32), we have from Theorem 2.3 of [114] that Q(&,n)0 = H(R(&,1)0) — AcAuo +
A, A¢o + 2A,Aen. Note that H(R(E,n)o) = 1H([o, [¢,7]]) from Lemma 3.3.7. From the definition of
A, it is clear that if uy,us € b and v € s, then Ay, us = V(VS up) = $V([u1, ug)) and Ay v = Vi =
$H([u1,v]). Hence, AcA,0 = TH([£,V([n,0])]), and similarly for A, A¢o and A, Agn. Since H is a
Riemannian homogeneous space, and hence reductive, we have in particular that [, s] C . Equation (4.32)

follows immediately upon observing that V : g — s, and H acts as the identity map on b. 0

Another important special case of spaces that appears frequently in applications are Riemannian sym-

metric spaces, which are Riemannian homogeneous spaces such that there exists an involutive automorphism
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0:G— Gwith K = {g € G o(g) = g} It can be seen that every Riemannian symmetric space of the

form G/ K satisfies the Cartan Decomposition:
[s,8] Cs, [s,0] C b, [hb] Cs. (4.33)

The condition [s,s] C s follows from the fact that s is a Lie subalgebra of g, and [s, h] C b follows from
the fact that every Riemannian homogeneous space is reductive. The novel condition, then, is [, ] C s,
which is not in general true for Riemannian homogeneous spaces. Moreover, if G is simply connected
(an assumption that we always make), then every Riemannian homogeneous space satisfying (4.33) is a
Riemannian symmetric space. It is neither necessary nor sufficient that (-, ) be bi-invariant in order for
G/K to be Riemannian symmetric, though it is the case in many important applications. In particular,
we have the following decomposition in the case that H is a Riemannian symmetric space, we have the

following result:

Lemma 4.2.2. Suppose that G is a Lie group equipped with a left-invariant metric, and H is a Riemannian
symmetric space of G. Then, for all £,n,0 € b,

Vin=0 (4.34)

Q(&ﬁ)a = _[[5,7]]%7] (435)

Proof. Observe that the condition [h, h] C s in the Cartan decomposition (4.33) also implies that adg(h) C

5, since <ad£n,J>G = (n,§,0])¢ = 0forall {,m,0 € bh. Equation (4.34) then follows immediately

—_—

from equation (4.9). Equation (4.35) follows directly from [90], together with the fact that R(&, 7)o

Q& n)o.

O

Example 8. Consider the Lie group G = SO(3) equipped with the bi-invariant metric defined by <Ql, Qs >so(3) =

QT for all 1,0y € R3, where we’ve made use of the hat map (3.4) to identify s0(3) = R3. We let
SO(3) act on R? from the matrix multiplication (i.e. ® : SO(3) x R?® — R? given by (R, z) — Rx). We
let K C SO(3) be the Lie subgroup given by

cos(d) sin(f) O
K=< |—sin@) cos(9) 0| | 0 €R 3 =SO(2).

0 0 1
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It is clear that K = Stab(es), where e3 = [0 0 1} ' and Stab(eg) denotes the stabilizer subgroup of
the left-action ®. Moreover, the restriction of ® to the unit sphere .S 2 (embedded in R? via inclusion) is
transitive. It follows that the quotient space H = SO(3)/SO(2) = S? is a homogeneous space of SO(3),
and the projection map 7 : SO(3) — S? is given by 7(R) = Res for all R € SO(3).

We consider the orthonormal basis {1, 2y, Q3} of g = s0(3) given by

00 0 0 0 1 0 -1 0
Q=10 0o -1/, Q=10 o0 o, B=1[1 0 of- (4.36)
01 0 10 0 0 0 0

It is clear from the definition of the hat map (3.4) that Ql = éq, Qg = é9, and Qg = é3. Moreover, we
have m.Q1 = —ey, my = e, and m,.Q3 = 0, so that, in particular, s = ker(w*‘l) = span{Qg} and
h = st. Define an inner product on T,,S? via the relation (X, Y)Te352 = (m1X, 7r*_1Y>so(3) for all
X,Y € T.,S% Since {e, ez} forms a basis for T, 52, it is clear that—letting X = X'e; + X2ey and

Y = Yle; + Y2es—that

<X7Y>TESS2 =X'v! (e1, €1>T6352 +X'y? (e1, 62>T63$2 +X°Y! (e2, €1>T5352 +X%Y? (e2, 62>TESS2 )

— xly? <Ql,§21>s ; +X2Y2<QQ,QQ>

o " xly? <Ql, Qz>s0(3) + x2y! <Qz, Ql>s

0(3) 50(3)’

_ lel +X2Y2,

so that (-, '>Te3 g2 is just the standard Euclidean metric with respect to the basis {e1,e2}. We extend this

inner product to an SO(3)-invariant Riemannian metric on S? by left-action. That is,
(X,YV)e =(R"X,R"Y), o, =R'X R'Y=X.Y (4.37)
e3

for all X,Y € T,5? and for any R € SO(3) such that 7(R) = g¢. It is clear that with this metric, S?

becomes a Riemannian homogeneous space, and from the matrix commutator relations,
[Q1, 2] = Q3, [Q1, 23] = =, [Q2, Q3] = (U,

it is immediately clear that the decomposition g = s & b satisfies Cartan’s Decomposition (4.33), so that S?

is in fact a Riemannian homogeneous space of SO(3).
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Consider a curve q : [a,b] — S2, and let R : [a,b] — SO(3) be a horizontal lift of g. Hence,
q(t) = R(t)es for all ¢ € [a,b]. Let X € T'(q), and denote its horizontal lift by X. It follows that X = R

for some curve ) : [a,b] — b. Then,

DX = m(D}'X) = (D}*X)es = RQ + V", Q)es

Since S? is a Riemannian symmetric space, we have from (4.34) that @?QT RQ = 0. Hence,
RQes = R(Q x e3) = R x Res = RQ x q.

Let w := RN, Then, on one hand, & = RQ+ RQ = R(Q x Q) + RQ = RQ, so that D; X = & X q. On the
other hand, we have X = X e3 = RQeg = R X ¢ = w x q. Since X is everywhere orthogonal to ¢, this
further implies that w = ¢ x X, so that @ = ¢ X X +¢ x X. Therefore, D; X = (Gx X)xq—gx(gx X).

It is easy to see from the vector triple product rule that (¢ x X) x ¢ = 0, so that
DiX = —q x (g x X), (4.38)

which is precisely the orthogonal projection of X onto the tangent bundle. It follows that the Riemannian
geodesics ¢ on S? satisfy ¢ x (¢ x ¢) = 0,. Alternatively, with w = ¢q x ¢, we have & = ¢ x ¢, from which
it follows that w is in fact orthogonal to g (i.e., it lies in the tangent bundle). On the other hand, the geodesic
equation says that w x ¢ = 0, which means that w is parallel to g. This is only possible if, in fact, w = 0. In

summary, geodesics on S2 can alternatively be characterized by the system of equations:

q(t) = w(t) x q(1),

w(t) =0.
Finally, under the identifications s0(3) = R3 and s0(3)* = R? through the hat and breve maps, respectively,
we have from [55] that the infinitesimal generator corresponding to the left-action of SO(3) on S? takes the
form QQ(q) = ) x ¢. Hence, the momentum map is given by J(q, p) = ¢ X p. It follows that, in the context
of Proposition 6, the Euler-Poincaré equations (4.29)-(4.30) take the form

Q= —x x dyVexi(e, ),

T=Q Xz,



together with the reconstruction equation R = RQ.
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Chapter 5

Modified Riemannian Cubics

Path planning has become ubiquitous in fields such as robotics, industrial engineering, physics, bi-
ology, and related disciplines. Typically, we have an agent governed by some physical laws or control
schemes, and we wish for it to connect some set of knot points (interpolating given positions and velocities,
and potentially higher order derivatives [28, 29]) while minimizing some quantity such as time or energy
(e.g. battery consumption). For such problems, the use of variationally defined curves has a rich history due
to the regularity and optimal nature of the solutions. In particular, the so-called Riemannian splines [89] are
a particularly ubiquitous choice in interpolant, which themselves are composed of Riemannian polynomi-
als—satisfying boundary conditions in positions, velocities, and potentially higher-order derivatives—that
are glued together. In Euclidean spaces, Riemannian splines are just cubic splines. That is, the minimizers
of the total squared acceleration.

Riemannian polynomials are smooth and optimal in the sense that they minimize the average square
magnitude of some higher-order derivative along the curve. This quantity is often related to the magni-
tude of the controller in control engineering applications (which itself is related to energy consumption).
Moreover, Riemannian polynomials carry a rich geometry with them, which has been studied extensively in
the literature (see [39, 18, 89] for a detailed account of Riemannian cubics and [40] for some results with
higher-order Riemannian polynomials).

It is often the case that—in addition to interpolating points—there are obstacles or regions in space
which need to be avoided. In this case, a typical strategy is to augment the action functional with an artificial

potential term that grows large near the obstacles and small away from them (in that sense, the trajectories
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which minimize the action are expected to avoid the obstacles) [68]. This was done for instance in [7]
and [8], where necessary conditions for extrema in obstacle avoidance problems on Riemannian manifolds
were derived. In addition to applications to interpolation problems on manifolds and to energy-minimum
problems on Lie groups and symmetric spaces endowed with a bi-invariant metric. Along this chapter, we
will adopt the same strategy. However, we will define the action functional on a more general admissible
path space, with which the necessary conditions for optimality will be derived (and shown to be equivalent
to those found in [7]) in Section 5.1. We then proceed to prove the existence of global minimizers in Section
5.2 using techniques from global analysis (as discussed in 2.3.3). Finally, in Section 5.3, we derive sufficient
conditions for optimality and extend the framework of Bi-Jacobi fields and biconjugate points (as defined in

[20]) to this context.

5.1 Necessary Conditions for Optimality

Consider a Riemannian manifold Q, and the space Q := Q2 (2.18). The principle object of study

along this chapter will be the functional J : 2 — R as:

b
s = [ (51001 + Via(o)) . 6.0

where V : (Q — R is a smooth non-negative function called the artificial potential, which we will
later design in Chapter 6 for the obstacle avoidance and collision avoidance tasks. Of particular interest
to us are the critical points of J—in particular the curves ¢ € ) which minimize J. However, even in
classical analysis, finding global minima often requires first finding all local minima, classifying them,
and then comparing the local minima to determine which are global minima. The first step, which we
handle in this section, is to derive necessary conditions for the critical points of J on (2. We do this via
variational analysis—in particular, we search for curves g € 2 such that 6.J[g] = 0 (or equivalently, such
that dJ[q] X = 0 for all X € T,). In the case where (2 is the space of piecewise smooth curves satisfying
the relevant boundary conditions in positions and velocities, such necessary conditions were derived in [7],
and the critical points were shown to be smooth. We extend this result to the case where the admissible

path space consists of Sobolev class H? curves satisfying the same boundary conditions in the following
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proposition.

Proposition 7. A curve q € Q is a critical point of the functional J if and only if it is smooth on [a,b] and

satisfies:

D}q+ R(Diq,q) ¢ = —grad V(q(2)). (5.2)

Proof. Let ¢ € €1 be a critical point of J and X € T,{). Consider an admissible proper variation « :

(—€,€) x [a,b] of g such that %‘Szoa(s,t) = X. Since ¢ is a critical point of .J, we must have that

dJ[q) X = % s/ la(s,+)] = 0. Hence,
) Yo 1, o
ol ot = [ o S Ipal + v |

b . . 0
:/a [(DsDtm Dta>—}-asV(oz)] s:odt

(e (30 ) i )

dt.
s=0

Where we have suppressed the arguments of o, & = gt and we have applied Lemma 2.4.1 in the last line.

From (2.10)-(2.13), it follows that

dt
s=0

o= = ["[(Dupige) + (R i+ mmavi. )

b
:/ (D4, DIX) + (R(Dy, 4)q + gradV (q), X)] dt,

for all X € T,8. By construction, the space I'(¢) of smooth vector fields along ¢ is dense in H gl(q) (as
defined in (2.17)), hence there exists a sequence (Y;,) C I'(¢) of smooth vector fields along g such that

Y, — ¢ with respect to the H, gl norm. Observe that

/ b [(DiYr, D?X) + (R(DiYn, Y)Yy, + gradV (q), X)] dt

b
:/ [ (D}Y,, DiX) + (R(D,Y,,Y,)Y, + gradV (q), X)] dt

b
<DtY + R(DiYy, Y)Yy, + gradV (), X )] dt — 0,
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as n — oo, where in the second line we have used the fact that <DtYn, DEX > 2= — <D152Yn7 D X > 12
by definition of the weak derivative D?X with D; X (a) = D;X(b) = 0, and in the last line we have
integrated the resulting term by parts and used the fact that X (a) = X (b) = 0. Considering the vector field
X = [ [D}Y, + R(D:Y,, Y)Y, + gradV(q)] for some f : [a,b] — R satisfying f(a) = f(b) = 0 and

f(t) > O0forallt € [a,b], we find
b 2
/ @) || DYy + R(DeYy, Yy )Yy + gradV (g(t))||” dt — 0.

It follows that D}Y,, — —R(D;Yy,, Y;,)Y,,—gradV (q) uniformly on [a, b]. On the other hand, R(D;Y,,, Y;,)Y, —
R(D¢q,q)q in L?l(q) by the smoothness of the curvature tensor, from which it follows that D}Y;, con-
verges in Lg. By the uniqueness of limits, it must be the case that Y;, — ¢ in H2, so in fact ¢ is of
H* regularity. Repeating this argument inductively, it is clear that in fact ¢ must, in fact, be smooth, and

D}Y,+R(DiYy, Y,)+gradV (q) — D3¢+ R(Dyq, G)+gradV (q) uniformly, from which we find (5.2). [

We will call any smooth curve satisfying equation 5.2 a Riemannian cubic polynomial modified by V'
(or just a modified Riemannian cubic for short, when the artificial potential V' is understood) following the

nomenclature that the solutions to the 6.4 when V' = 0 are referred to as Riemannian cubic polynomials.

5.2 Existence of Global Minimizers

Due to standard ODE theory, the existence and uniqueness of solutions to (5.2) is guaranteed upon
specifying initial conditions ¢(a), ¢(a), Dij(a), D?¢(a). This is known as an initial value problem (IVP).
Ultimately, however, we are concerned with the boundary value problem (BVP) given by solving (5.2)
with the boundary data specified by the admissible path space (). Existence of solutions to BVPs is more
challenging and case specific than for IVPs, and the uniqueness of solutions often fails even for the most
regular ODEs. For example, for any choice of boundary conditions on the unit sphere S? (equipped with the
round metric), there are at least two geodesics satisfying them [81]. Moreover, if the boundary conditions
are antipodal points, then there are infinitely many geodesics satisfying them, and all of them are global

minimizers of the length functional.
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In this section, we seek to prove the existence of solutions to the BVP specified by (5.2) and the
boundary data on €. In fact, we will prove the stronger result that there exists a global minimizer of J in €2.
We will provide two proofs, one known as the direct method, which amounts to establishing the weak lower
semicontinuity of J on {2, and one utilizing tools from global analysis 2.3.3. In particular, we will show that
J satisfies the Palais-Smale condition, from which existence is guaranteed by Theorem 2.3.5. The strategies
implemented here closely resemble those given in [39] to prove the existence of global minimizers in the
case that V' = 0. Certain details are changed due to the inclusion of the artificial potential, and to fit with
the framework outlined in Section 2.3. Before beginning the proof, we prove a lemma that will simplify the

analysis considerably.

Lemma 5.2.1. Let () be an m-dimensional complete Riemannian manifold, and suppose that {q,} C Q

is a sequence such that sup J[q,| < +oo. Then, {qn} and {¢,} are uniformly bounded, and there exists a
neN

subsequence of {qn} which converges weakly to some q € Q with respect to the H? norm.

Proof. Suppose that {g,,} is such a sequence. Setting G, := g(v,, v,) and using the Fundamental Theorem

of Calculus and the Cauchy-Schwarz inequality, for all n € N we have

9n(®:n(®) = 9(n(@).dnl@) + [ 59 () () du

b
< Gat2 / 19 (Dudn (), dn ()|

1/2
<Ga+2[/ | Dudin ()2 dt} U lin(w)| du]

12 1/2
<Gt 20— >[supJ[qk1] [sup \qnw] ,

1/2

keN t€la,b]

where we have used the fact that V' is non-negative in the last inequality. Let ¢ := supJ[gx] and G :=
keN

sup ||¢n(t)||. Taking the supremum of the inequality over ¢ € [a, b], we have
te(a,b]

G <Gut20b—aeG — G< ((b—a)\/5+\/(b—a)20+Ga)2 _

Now observe that the sequence of lengths of the curves similarly satisfies

b
Lan) = [ lin®)]ldt < 6~ VG <16~ a).
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Hence, the image of g, is contained in the closed geodesic ball Fr(b—a) (gn), which is compact and
independent of n € N. Therefore, the sequence {¢,} is uniformly bounded over [a, b]. Now observe that,

for the Riemannian distance d(-,-) and foralla <t < 7 < b,

d(qn(t), 4n(7)) < L (anler)) = /; lgn(w)|| du < (1 = 1),

where gy (;,r) denotes the restriction of g, to the interval (t,7) C [a,b]. Hence, {g,} is equicontinuous
on [a, b], and by the Arzela-Ascoli Theorem, there exists a subsequence {¢,, } C {¢n} which converges
uniformly to a continuous curve g,, satisfying the boundary conditions in position.

Let (U;, ;) be a finite collection of charts on () and I; an accompanying finite partition of [a, b] such
that, for sufficiently large n, there exists a compact subset K C U; containing g, (I;). In local coordinates,
we may consider g, to be a curve on R”* (however, we will abuse this notation by continuing to call it g,

both on the chart U; and its image in R™). Hence, in K, we have

2 2 .2 . 12
lanllzz = lanllzz + lldnllz2 + llgnllze

- /I ln ()20 dt + /I i ()12 dt + /I léin (£)][3 .

The first integral is bounded since ¢; is a homeomorphism and K is compact—hence ¢;(K) D (¢;0¢,)(I;)
is bounded in R™. For the second integral, note that for some scalars «, § we have a || X ||f§m <|IX|? <
B X |3 forall X € T, Q with = € K. Hence, the boundedness of the second integral is equivalent to the

boundedness of

/ ldn ()12 dt,
I;

which follows immediately by the uniform boundedness of ||, ||* on [a, b] (and hence also on the subset I;).

For the final integral, note that
Dign = Gn +F(Qn§4na4n)~ (5-3)

where I' : R3™ — R™ is continuous in the first argument and bilinear in the last two—and is determined
by the ordinary Christoffel Symbols induced by the connection and chart. It follows that the boundedness

of the final integral is equvialent to the boundedness of
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/I | D)2 .

Since I' and V' are uniformly bounded on I; by continuity, and g, and ¢,, are uniformly bounded, it
follows by the assumption sup.J[g,| < +oo that the above integral is bounded. Hence, (g,,) is bounded in
neN

H?. Since H? is a Hilbert space, we then get the weak convergence of some subsequence of (g,) to g € Q

under the H? norm. O
Theorem 5.2.2. The functional J attains its minimum in §.

Proof. Suppose that {g,} C € is a minimizing sequence, so that rlbienﬁl! Jlan] = ;ggfz J[g] > 0. Such a se-
quence must satisfy the assumptions of Lemma (5.2.1), so that there exists a subsequence of ¢, (which we
also denote by {g,,} for convenience) which converges weakly to some g € 2 with respect to the H2 norm.
It suffices to show that J[q] < linrg iolgf J[gn). As in the proof of Lemma 5.2.1, ||g,||? is uniformly bounded,
and so there exists a finite collection of charts (U;, ;) on @ and I; an accompanying finite partition of
[a, b] such that, for sufficiently large n, there exists a compact subset X C U, containing gy, (I;). In local
coordinates, we may consider ¢, to be a curve on R™ (as before, we will abuse this notation by continuing
to call it g,, both on the chart U; and its image in R™).

Observe first that V'(g,,) converges to V' (¢) uniformly on [a, b] since the interval is compact, V' is

continuous, and ¢, — ¢ uniformly. Hence, J[¢] < liminf J[g,] is equivalent to showing that for all

n—oo
intervals I; and n € N,
/ I1Dsd(8)||? de < lim in / | Dedin (1)t 5.4)

Moreover, the weak H? convergence of ¢, to ¢ implies that ¢, — ¢ uniformly, so that ||g,||* — ||4]|.
Hence, (5.4) is equivalent to HqHH; < liminf, 00 anHH; with H](q) defined by (2.15). However, we
showed that H;(q) and H'(I;,R™) are equivalent as normed linear spaces, and as such induce the same
weak topology. That is, the weak convergence of ¢, to ¢ with respect to the H' norm implies its weak
convergence with respect to the H; norm, from which ||¢]| < lim inf,, o0 || || H} follows immediately.

O]
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We now provide an alternate (and stronger) proof of existence. Since {2 is a smooth and complete
Hilbert manifold and J : 2 — R is smooth and bounded below, we have from Theorem 2.3.5 that there
exists a global minimizer of J in {2 if J satisfies the Palais-Smale condition (2.3.4). We show this in the

following theorem.
Theorem 5.2.3. J satisfies the Palais-Smale condition on ).

Proof. Suppose that {¢g,} C 2 is a Palais-Smale sequence for .J, and let B,,(¢) and C),(¢) be vector fields

along ¢,, satisfying
D} By (t) = R (Didn(t), dn(t)) dn(t) and D7Cy(t) = gradV (g, (t)).

Note that such vector fields can be shown to exist by, for example, moving to local coordinates and apply-
ing standard ODE estimates (Gronwall’s inequality). From Lemma 5.2.1, some subsequence of g, (again
denoted by g,,) converges weakly to a curve ¢ € § with respect to the H2 norm. Hence {¢,} and {¢, } are
uniformly bounded, and D;,, is bounded with respect to the L? norm. Therefore, R (DyGy (1), Gn(t)) Gn(t)
and gradV (gy,) are bounded in L?. Hence B,, and C,, are bounded in H?, so that there exists subsequences
converging strongly in L? (which we denote again by A,, and B,, for convenience).

Observe that

[d71n]llgy 0 =0 = llgrad (gl 7, o O,

with respect to the Riemannian structure on €2 induced by (2.17). Hence, for A,, := grad.J[g,]|, we have

D} A, — 0in LZ(gy), and

Wl X = [ (Dintt) + Ba(0) + Cu0), DI X) .

b
gradJ[g,] X = / (D} A,, D} X)dt,
for all X € T,, Q. It follows that, with Z,,(t) := Dy (t) + By (t) + Cn(t) — D? A,

b
/ (Zn,D}X)dt =0,



80

for all X € 7,9 and n € N. For each n € N, we may consider a sequence of smooth vector fields

(Zn, )k C T'(gn) along gy, such that Z,,, — Z,, in Lg(qn). Therefore,

b
/ (Zp,, DiX)dt — 0as k — oo, forall X € T, Q.
a
Using the definition of weak derivative and integrating by parts once, we find that
b —
/ (D} Zy,,X)dt — 0as k — oo,
a

for all X € T, €2, from which it follows that D?Z,,, — 0 uniformly. In particular, this implies that D7 Z,,,
converges in Lg(qn), so that Z,,, — Z, in H, g2 (qn). Repeating the above argument with Z,, in place of Z,,,
we find that D?Z,, = 0 for all n € N. By standard ODE estimates, it can be seen that Z,, is smooth on [a, b]
forallm € N.

To conclude the result, it suffices to show that the sequence (D;Z,,) is bounded in L?, for this will
immediately imply that some subsequence of (Z,,) converges strongly in L?—and hence so will D;,, since
D?A,,, B, and C, all converge strongly in L2. Defining the sequence of functions 3, : R — R by
Ba(t) := || Zn(t)]|%, we see by direct computation that %,Bn (t) = 0forall t € [a,b], from which it follows

immediately that /3,,(¢) is a sequence of quadratic polynomials. Observe that:
(1) Bn(t) > 0forallt € [a,b]
@) [P Bu(t)dt = [7]|Zy|%dt is bounded since (Zy,) is bounded in L2.

From [40], it follows that the sequences of coefficients of 3,, are bounded. In particular, the quadratic
terms given by %%@L(t) = || D¢ Z,,(t)||? are bounded, so that || D;Z,,(t)||? is uniformly bounded on [a, b].

In particular, this implies that (D, Z,,) is bounded in L2, as desired. O
As a consequence of Theorem 5.2.3 and 2.3.5, we have the following:
Proposition 8. Suppose that () is connected and complete, and V : ) — R is smooth and non-negative.

Then there exists a curve ¢* € ) satisfying (5.2) and such that J[q*] = ing’2 Jlq].
q€
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53 Sufficient Conditions for Optimality

We have seen that the critical points of J, the so-called modified Riemannian cubics, must satisfy
equation (5.2). Ultimately, however, we are concerned only with the minimizers of .J. Proposition 8 guaran-
tees the existence of a global minimizer in {2, but we do not yet know how to find such a curve. As discussed
in Section 5.1, the problem of finding global minimizers is difficult. Indeed, even in the case of smooth
bounded functions on the real line, global minima typically must be found by first finding all critical points
and values, and then comparing them to determine the global minima.

In our case, finding all critical points amount to finding all smooth solutions to the BVP determined by
(5.2) together with the boundary conditions specified by €2. This, in general, is a difficult problem. Even if
we are able to approximate critical points via numerical methods (e.g. a numerical integrator and a shooting
method), there may be no systematic way to find all of them, and no way to know even when we have. Thus,
we reduce our search to local minimizers of .J, based on the hope that they will be well-behaved enough
to be useful in path-planning strategies. For functions whose domain is a subset of some Euclidean space,
this amounts to applying the second-derivative test at the critical points in question. For our problem, the
principle is similar—we need only replace the second derivative with the second variation (or differential)
along a modified Riemannian cubic, as was done for the energy functional along geodesics in Section 2.4.

For consistency, we introduce the following types of minimizers:
Definition 5.3.1. A modified Riemannian cubic g € {2 is a:
(i) Global minimizer of J iff J[q] < J[q] for all § € Q.
(ii) Q-local minimizer of .J iff J[q] < J[g] for all § in some C'! neighborhood of ¢ (within ).

(iii) @-local minimizer of J iff for any 7 € [a,b], there exists an interval [a*,b*] C [a,b] contain-

[a”,b"]

ing 7 such that g|(+ ;] is a global minimizer of J on € ™", where { = (q(a”),¢(a")), n =

(q(b%), 4(b")).

It should be noted that we have slightly abused our notation in the definition of a ()-local minimizer.

*

1
Technically, we are concerned with minimizing the integral / (5 | Dy || + V (q(t)))dt, which has differ-
a*
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ent limits of integration than J as defined in equation (5.1). We will continue to refer to integrals of this form
by J throughout the chapter—and in every case, the limits of integration will match that of the boundary

]

conditions defined by the admissible set Q[a;]b on which J is being discussed.

5.3.1 -local minimizers

In order to understand when a critical point of J (that is, a modified Riemannian cubic) is an -
local minimizer of J, we utilize second variations. Suppose that ¢ € € is a modified Riemannian cubic,
and let I, = (—¢,,¢,) and Iy = (—eg,€5) for some €,,e5 > 0. We consider a two-parameter variation

a: I, x I X [a,b] = Q of g satisfying
(1) a(r,s,-) € Qforall (r,s) € I, x I,
2) al--t) € C%(I, x I,,Q) forall t € [a,b],
(3) «(0,0,t) = q(t) forall ¢ € [a,b],
@) £ _,a(r,0,)) = X € T,Q,

(5) dis‘s:()a(ov S, ) =Y S TqQ

82

We calculate the second variation of .J along v by §2.J[q] = s ‘ (r.5)=(00
rds ! (r:s)=(0;

)J(a(r, s,+)). As for geodesics
in Section 2.4, we define the index form I : T,§) x T;€) — R associated to the modified Riemannian cubic
q € Qas I[(X,Y) = d%J[q)(X,Y) for all X,Y € T,Q, where we’ve considered the second differential
of J as a bilinear map d?J : T,Q2 x T,Q2 — R via the identification T (T,Q) = T,Q. It is clear that
I(X,Y) = 6%J[q], where X and Y are the variational vector fields of the variation along which we consider
62.J[g] (note that every vector field in 7,2 can be written as the variational vector field of some variation

[81]). Mirroring 2.4.4, we show the utility of the index form (and hence the second variation) in the problem

of classifying critical points of J with the following theorem.

Theorem 5.3.2. Suppose that q € ) is a modified Riemannian cubic. If [(X, X) > 0 forall X € T,Q\{0},

then q is an Q-local minimizer of J.
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Proof. First, suppose that (X, X)) > 0 for all X € T;€. For some € > 0, consider an admissible variation
gs of ¢ with variational vector field 0sqs|s=0 = X, where s € (—e¢,€). Let f(s) := J][gs], and observe
that f/(0) = 0 since ¢ is a modified Riemannian cubic. Moreover, f”(0) = I(X, X) > 0, so that by the
second-derivative test, f has a local minimum at s = 0. It follows that J[¢] < J[gs] for all s € (—¢,e¢).

Since this holds for all admissible variations, it follows that ¢ is an {2-local minimizer. ]
We give an expression for the index form in the following proposition:

Proposition 9. Let g € ) be a modified Riemannian cubic. Then the index form along q is given by

b
I(X,Y) = / (DX, DY) + (F(X,q) + VxgradV,Y)] dt, (5.5)
forall XY € T,S), where
F(X,Y)=(VIR)(X,Y)Y + (VxR)(VyY,Y)Y + R(R(X,Y)Y,Y)Y + R(X,V}Y)Y
2[(VyR)(Vy X, Y)Y + (VyR)(X,VyY)Y + R(V3 X,Y)Y] (5.6)
3[(VyR)(X,Y)VyY + R(X,Y)VY + R(X,VyY)VyY] +4R(Vy X,Y)VyY.

- da

= X an 5 =Y. We calculate
S
(r,8)=(0,0)

Proof. Let a be a two parameter variation of ¢ with 2 5
"

(0, (r,5)=(0,0)
I(X,Y)=6%J[q] = %;S (0 O)J(a(r, 8,0)) = gr 8@ OJ(a(r, s,-)). From Proposition 7, we see
that
0 b . Oa Coy Oa
o SZOJ[a] :/a KDM tha >+ <R(Dta,a)a+gradV(a), (9s>] L
Therefore,
0? b 2 0a ) 50
oros|(rs)= 00) / <D Drev, Dy L 0s > + <Dta7DTDt 88>
+ Daa)aa—a + R(DDdo'z)o'za—a
t Os Tt " Os
8@ Lo . Oa
+ <R (D, Dy cv) 83 > + <R(Dta,a)Droz, 8s>
o Cy Oa
+ < D,gradV (a 0> + <R(Dta, &) é + gradV (a), Dras>} oo
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Upon multiple applications of Lemmas 2.23 and 2.4.1, we find

Dy Dyéa = D2X + R(X, §)d,
les=00 71 (X, 4)q
Oa o
D, Dy~ - p?(D, 2% DiR)(X, )Y
" 0s (r,5)=(0,0) t < 83) (r,5)=(0,0) + ( t )( 7Q)

+ R(D:X,§)Y + R(X,Diq)Y + 2R(X,§)D,Y.

Moreover, if we define () := «(r,0,t), and denote ¥;(r) = %%(r), then D, 0gradV(Oz(r, 0,t)) can
be expressed as:

D, = VxyeradV.

- gradV (v¢(r)) = V(- gradV’

r=0

It follows that

82
0rds | (r,s)=(0,0)

Jla] = / ’ [(Dfx, DFY') + (VxgradV (q),Y) + (R(X, §)¢, D}Y')
+ ((DiR)(X,4)Y + R(D:X,q)Y + R(X, Diq)Y + 2R(X, §)D,Y, D;q)

O > } dt
(r,5)=(0,0)

+ Db+ RUD.d)0 + erad (0), D, G
The final term vanishes identically since ¢ is a modified Riemannian cubic. Upon applying the symmetries

of the curvature tensor (2.10)-(2.14) as was done in [29], we obtain (5.5). ]

When the artificial potential vanishes identically, we recover the index form for Riemannian cubics
that was obtained in [29] and [19]. Observe, however, that (5.5) is defined for vector fields of Sobolev class
H? along ¢ which vanish at the endpoints along with their covariant derivatives—whereas the index form
discussed in the literature assumes more regularity—in particular, that the vector fields are piecewise smooth
(and globally C1).

Unlike the case of Riemannian cubics and geodesics where the corresponding index form is sym-
metric, the artificial potential introduces an asymmetry. Namely, we can decompose [ as I(X,Y) =

I.(X,Y)+ P.(X,Y)+ P_(X,Y), where

e I(X,Y) = f; [<Ddi§, %;Y> + (Y, F(X,q(t)))| dt is the index form for Riemannian cubics.
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s P (X,)Y) =35 f (Y, VxgradV) + (X, VygradV)] dt is a symmetric bilinear form describing

the symmetric contribution of the artificial potential.

« P(X,)Y)=1 f; [(Y,VxgradV) — (X, VygradV')| dt is an antisymmetric bilinear form describ-

ing the antisymmetric contribution of the artificial potential.

From Theorem 5.3.2, we wish to determine when the index form corresponding to some modified
Riemannian cubic is positive-definite. In general, such a task will not be computationally feasible to verify
via the direct method (that is, calculating I(X, X) for all X € T,(2), so we turn our attention to studying
the vector fields which belong to the kernel of the index form. As we will see, this yields the analogue of

Jacobi fields for modified Riemannian cubics.

Proposition 10. A vector field X € T, () belongs to the kernel of I if and only if X is smooth and satisfies
DX + F(X,q) + VxgradV(q) = 0 (5.7
forallt € [a,b).

Proof. Since I'(q) is dense in HZ(q), we may consider a sequence (X,,) C I'(¢) of smooth vector fields
along ¢ such that X,, — X with respect to the HZ norm (2.15). It follows that D7 X,, — DX in L7, and
hence F(Xn,q) — F(X,q) in L? since both the curvature endomorphism and ¢ are smooth. Moreover,
Vx,gradV(q) — VxgradV (q) uniformly since V' is smooth. It follows that nh_)rrolo I(X,,Y)=I(X,Y)=0
for all Y € T,2. From (5.5), we see upon applying the definition of weak derivative, integrating by parts,

and using Y (a) = Y (b) = DY (a) = D;Y (b) = 0, that
b
/ (DX, DIY') + (F(Xn,q) + Vax,gradV (q), )] dt
b
= / (DX, + F(Xn,d) + Vx,gradV (q),Y)] dt -0 asn — oo

for all Y € T,Q. It follows that D{X,, — —F(X,,q) — Vx,gradV(q) uniformly on [a,b]. Hence
D}X, — —F(X,q) — VxgradV (q) with respect to the Lg norm. By the uniqueness of limits, it must be
the case that X is of H;l—regularity, and D{X + F(X,q) + VxgradV(¢q) = 0 on [a,b]. Moreover, this

implies that, in fact, F'(X,,q) — F(X,q) and Vx,gradV(q) — VxgradV (q) with respect to the ng
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norm—implying the convergence of X, with respect to the Hg6 norm. Repeating this argument ad infinitum

shows that X is smooth. OJ
This motivates the following definition:

Definition 5.3.3. Let ¢ € () be a modified Riemannian cubic. We call any vector field X along ¢ satisfying

(5.7) for all t € [a, b] a modified bi-Jacobi field.

Observe that in the case where V' = 0, (5.7) reduced to the equation describing bi-Jacobi fields along
a Riemannian cubic, as defined in [19]. Moreover, the ODE (5.7) is linear in X, so that (since V' is smooth)
all solutions are necessarily smooth and the existence and uniqueness of solutions on [a, b] given initial
values X (0), D;X(0), D?X(0), D} X (0) follows immediately (say, by moving to coordinate charts). In
particular, the set of modified bi-Jacobi fields along a modified Riemannian cubic ¢q forms a 4n-dimensional
vector space. Note that we do not make any assumptions about the initial or final values of bi-Jacobi

fields—that is, it is not necessarily the case that a bi-Jacobi field X is an element of the tangent space T,

Definition 5.3.4. Two points ¢t = t; < t2 € [a, b] are said to be biconjugate along a modified Riemannian

cubic q if there exists a non-zero modified bi-Jacobi field X such that
X(tl) = X(tz) = 0, and DtX(tl) = DtX(tg) =0.

It is clear that the existence of biconjugate points is equivalent to the existence of a bi-Jacobi field X €
Tq\[tlh]QEZtQ] for some t1,t2 € [a,b], where q|[;, ;,) denotes the restriction of ¢ to the interval [tq,t2] C
[a,b] and & = (q(t1),4(t1)),n = (q(t2),q(t2)). Analogous to the case of geodesics and conjugate points

([63], Theorem 4.3.1), or Riemannian cubic polynomaials and biconjugate points ([19], Theorem 7.2), we

now show that modified Riemannian cubics do not minimize past their biconjugate points.

Proposition 11. Suppose that ¢ € Q is a modified Riemannian cubic and that a < t1 < to < b are

biconjugate. Then q is not an Q-local minimizer of J.

Proof. Since t1,ty are biconjugate, there exists a modified bi-Jacobi field U such that U(t1) = U(ta) =

D.U(t1) = DU(t2) = 0. Note that at least one of D?U(t1), D3U (1) are non-zero and at least one of
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U(t), teti,ta]
D?U(t3), D3U(to) are non-zero (otherwise, U = 0). Consider the vector field X () = .

0, otherwise

It is clear that X is globally C'', and smooth except possibly at the points ¢ = t1,t5. We also see that
X(a) = X(b) = D;X(a) = D;X(b) = 0, so that in particular X € T;,€2. Moreover, since X satisfies (5.7)
on [a,t1], [t1, t2], and [ta,b], it is clear that I(X, X) = 0. Now, let Z,W € T'(¢q) be smooth vector fields
such that

Z(t1) = —=DjU(t1),  Z(t2) = —DjU(tz),  DiZ(t1) = DiZ(t2) =0,

W(t) =W(t2) =0,  DW(t) =DiU(tr),  DW(tz) = D{U(t2).
For § > 0, consider Y (t) = ¢(t)Z(t) + ¥ (t)W (t), where ¢, € C*°(R) are such that

P(t1) = o(t2) = 1, P(t1) = ¢(t2) = 0, supp(¢) C (t1 — 0,1 +6) U (t2 — 6,2 + ),

w(tl) = ’(/}(tQ) = 0> ’(/}(tl) = w(tZ) = 17 Supp(w) - (tl - 6>t1 + 6) U (tQ - 67 to + 5)7
and 0 < ¢(t) < (t) < 1forallt € R. Then, in particular, Y satisfies:

Y (t1) = —D3U(ty), D,Y (t,) = D*U(t1), Y (ty) = —D3U(t2), D,Y (t3) = DU (ty),

with supp(Y') C (t1 —9,t1 +0) U (t2 — 0, t2 + ). Moreover, we find by direct computation that I(X,Y") =

— [V (t)])* = | DY (1) [1* = Y (t2)]]” — || DeY (t2)]|* < 0, and that
I(Y,X) = I.(Y,X) + P,(Y,X) + P_(Y, X)

= I(X,Y) + Py (X,Y) — P_(X,Y)

= I(X,Y) - 2P_(X,Y).
Consider the 2-form G(X,Y) = (Y, VxgradV) — (X, VygradV). Then we have:

G(X,Y)| < 9lG(X, Z2)| + ¢|GX, W) < (¢ + )| Z[[[VweradV | + [W][|V zgradV'])),
hence
b
P_(X,Y)| < / G(X,Y)dt
< 26 max {IZ@IVw () gradV (g(®)[] + WV z(t)gradV (q(2)) [}

= 0C.
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It follows that I(Y, X)) < I(X,Y) + 25C. Now, for € > 0, we consider the vector field U, = X + €Y. Itis

clear that U, € T2, and by the bilinearity of /, we have

I(U,U) =I(X,X)+e(I(X,Y)+ 1Y, X)) + €I(Y,Y)

< 2¢(I(X,Y) + 6C) + E1(Y,Y).

Hence, if we choose ¢ so that I(X,Y) 4+ 6C < 0, then it is clear that I (U, U) < 0 for sufficiently small

€. O

We are now interested in the reverse problem. That is, we would like to show that if there are no
biconjugate points along a modified Riemannian cubic ¢, then ¢ is an {2-local minimizer. Before proceeding
to the result, we introduce a symmetry of modified bi-Jacobi fields that will help to simplify calculations.

Let ag(X,Y) := (DX, Y) + 2(R(DiX,4)4,Y) + (DX, DY) + 2(R(X, 4) Diq, Y).

Lemma 5.3.5. If X and Y are bi-Jacobi fields along q such that X(0) = Y (0) = 0 and D;X(0) =
DY (0) = 0, then

L (03(X.Y) — (Y, X)) = PL(X.Y) 58)
Proof. Observe that
(DiX + F(X,q) + VxgradV,Y) — (D;Y + F(Y,§) + VygradV, X) = 0
since X and Y are bi-Jacobi fields along q. We may separate this as
(DX + F(X,q),Y) — (DY + F(Y,§),X) = (VygradV, X) — (VxgradV,Y). (5.9)
In [19], it was shown that
(DX + F(X,0),Y) — (DY + F(Y,4), X) = Dy [ay(X,Y) — ag(Y, X)]..
Using (5.9) and integrating over ¢ from ¢ = a to ¢t = b, we obtain the desired result. O

Proposition 12. Suppose that ¢ € () is a modified Riemannian cubic, and t = a and t = tg are not

biconjugate along q for each to € (a,b]. Then q is an Q-local minimizer.
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Proof. Suppose that X € H, 92 (¢) and satisfies X (a) = Dy X (a) = 0. We will show that, for the bi-Jacobi
field J along ¢ satisfying J(a) = D;J(a) = 0, J(b) = X (b), D:J(b) = DX (b)—which exists and is
uniquely defined since there are no biconjugate points along ¢ (see [19]), we have 0 = I(J,J) < I(X, X)
with equality if and only if J = X. The result then follows from the fact that, if there are no biconjugate
points, there is no non-zero bi-Jacobi field in 7;{2—and hence the equality J = X cannot hold for any
non-zero X € T,€).

Following the strategy implemented in [19], let {v;}}"_; be a basis for T}, () and consider the bi-Jacobi

fields {.J;}2", defined by

Ji(a) =0, DyJi(a) =0,

Ji(b) = v;, D J;(b) =0, fori=1,...,n

Ji(a) =0, DyJi(a) =0,

Ji(b) =0, Dy J;(b) = vi—n, fori=n+1,...,2n.

Since there are no biconjugate points along g, these 2n bi-Jacobi fields are uniquely defined and linearly
independent, and hence form a basis for the vector space J,(a) of bi-Jacobi fields along ¢ which vanish at
t = a along with their first covariant derivatives. Thus, J = ¢'.J; for some real numbers ¢’, i = 1,...2n.
Moreover, it is clear that (J; (o), D¢ Ji(t)) forms a basis for Tj ;) Q x Ty, @ for each tg € (a, b] since t =
a and t = t are not bi-conjugate. Hence, we may write (X (t), D; X (t)) = 21221 Fit)(Ji(t), D J;(t)) for
all t € [a,b] where f* € H?([a,b],R) is such that f*(b) = ¢’ foralli = 1,...,2n,and 2", f/(t)Ji(t) = 0

forall t € [a, b]. Observe that
D?X = fiD,J; + f'D?J;, (5.10)
F(X,q) = f'F(J;, V) + 2f' R(DiJi, )4 (5.11)
Hence,
I(X,X) = / b L D2 + (f Dedi, f7DRI;) + | DRI

+ (f' i, FPF(Jj,4) + 7V 5 gradV) + 2(f"J;, fIR(DyJ;, 4)4) | dt.
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Observe that
If*DEJi||* = Dy | (f*DiJi, f7 D7) — (f* i, [/ D} J;)
+(fTi, DRI + (fidi, P DETS) + (f1 s, f2 DY)

Substituting this identity into 7(X, X') and making use of the fact that .J; is a bi-Jacobi field for each ¢ =

1,...,2n, we obtain
(X, X) ={c'DJi(T), D} J;(T)) — (" Ji(T), D} J;(T))
+ /ab <||fiDtJi”2 + fif [<D?Jia Jj) —(D}J;, Ji)
+ (DyJi, D2J;) — (DyJj, D2J;) + 2(R(DyJ;, §)d, Jj)Ddt.

The first line in the expansion is simply I(.J, J), which can be seen by integrating I(.J, J) twice by parts.

Moreover, since we have f i J; = 0, it follows that
F P RDT;, @), [ 7)) =0, fIP (R @)D, J;) =0, f'f(R(Jj,4) Did, Ji) = 0.
Hence we may add these terms into our expansion to utilize Lemma 5.3.5. That is,
b .. .. .
(X, X)=1(J,J) +/ | fiDyJ; || %dt + fr P P_(Ji, Jj).
a

However, P_ (-, -) is atensor field, and so f* f P_(J;, J;) = P_(f'J;, f1J;) = Osince f.J; = 0. Therefore,
I(X,X)—1(J,J) = f; | /1Dy J;||2dt > 0. Moreover, if fab | /1Dy J;||2dt = 0, it follows immediately that
fiDtJi = 0. Since it also holds that fZJZ = 0, and (J;, D¢J;) is a basis for T,Q x T,Q), it must be the case
that fi(t) = O forallt € [a,b],i =1,...,2n. As fi(b) = ¢ foralli = 1,...,2n, it follows that, in fact,

fi(t) = ctforallt € [a,b],i =1,...,2n. Therefore, X = J on [a, b]. O
Propositions 11 and 12 can be combined into the following corollary:

Corollary 3. A modified Riemannian cubic q € ) is an )-local minimizer of J if and only if there are no

biconjugate points along q.
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One might wish to understand the robustness of being an (2-local minimizer. That is, if ¢ is an €2-
local minimizer, is it also true that the restriction of ¢ to a subset of [a, ] is an {2-local minimizer on its

corresponding admissible set? This question is addressed in the following proposition.

Proposition 13. Suppose that q is an Q-local minimizer of J and let [a*,b*] C [a, b]. Then the curve q

[a*,b*]

is an anb*-local minimizer, where £ = (q(a*), ¢(a*)), n = (¢(b*), ¢(b*)) € TQ.

Proof. Since ¢ is an (2-local minimizer, there exists a Cl—neighborhood B of g contained in €2 such that

Jlg] < J[q] for any ¢ € B. Let B* be the set of curves ¢* € Qg*y;b* such that the curve ¢(t) =

q(t), tela,a*)uU(b*,Db
is contained in B. Clearly, B* is a non-empty C'-neighborhood of ¢* con-

g (t), tela* b
tained in Qg*n’b*. Now, fix any ¢* € B*, and the corresponding ¢ € B. Then by the additivity of integration

and the fact that J[g] < J[q], it follows that

I [dlia,ar1] + I [dlfar p1] + T [alppr )] < T[] + T [@

o= p71] + T[]
Jdlaae] + I aljap] + I dlprp] < T dlaen] + [0 e p1] + I [l 0]

J[q

fa=+1] < T[4 far b))
Hence, q|[4= 5+ is an Qg*n’b* -local minimizer of J. O

Denote by Tq : [a,b] — TQ the tangent lift of the curve g € Q. That is, the curve lying in the tangent

bundle T'Q) whose local coordinate expression is given by (¢, ¢°).

Proposition 14. Suppose that q is an Q-local minimizer of J, and let B be a C' neighborhood of q contained
in Q such that J(q) < J[q] for any § € B. If qo € B satisfies J[qo] = J[q] and Tqo(7) = Tq(T) for some

T € (a,b), then gy = q on [a, b).

Proof. Suppose that gy € B is such that Tq(7) = Tqo(7) and J[q] = J[qo], and consider the curve

q(t), tela,T)
q(t) = . Clearly, ¢ is contained in B and J[gq] = J[q], so that ¢ is an §2-local minimizer

q(t), te]r,Db]
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(on B, for instance) and hence is a critical point of J on 2. But by Proposition 7, this implies that § is

smooth, and therefore
q(7) = qo(7), 4(7) = qo(7)
Dig(r) = Dedo(7),  D7d(r) = Digo(7).
By the uniqueness of solutions to equation (5.2) with the above initial conditions, we have that q|[77b} =

qol(r,5]- Repeating this argument backwards in time, we reach the desired conclusion. O

Lemma 14 can be interpreted as saying that the tangent lifts of sufficiently nearby {2-local minimizers
cannot intersect away from the boundary points. Alternatively, this means that €2-local minimizers are
(locally) uniquely determined by a single internal position and velocity. If we were to consider Proposition
14 in the case that ¢ is a global minimizer, we could of course extend B to be the entire space (2. Together

with Proposition 13, this leads to the following corollary.

Corollary 4. Suppose that q € Qg’z is a global minimizer of J, and let [a*,b*] C [a,b] be a proper
subinterval. Then, for i = (q(a*),q(a*)), v = (q(b*),q(b*)) € TQ, the curve qlig» p+] is the unique

L * b*
minimizer of J on S, ;,

5.3.2 QQ-local minimizers

We now wish to understand when critical points of J are (-local minimizers. In Proposition 16, we
will show that, in fact, every modified Riemannian cubic is a ()-local minimizer of J—just as every geodesic
is a (-local minimizer of the length functional (or equivalently, the energy functional). In particular, we will
do this by first establishing a local uniqueness result for modified Riemannian cubics, based off of a similar
result for Riemannian cubic polynomials provided in [20].

Consider the 3-tangent bundle (T'Q)> := U (T,Q)3. Tt is easily seen (for example, by considering

pe@

local coordinate charts and applying standard results of ODEs) that a modified Riemannian cubic is uniquely

determined by initial conditions

gla)=p, d(a)=v, Dij(a)=y, Dij(a)=z,
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for (p,v,y,2) € (TQ)3. That is, there exists a neighborhood B C (T'Q)> containing (p,v,¥, z) and a
d > 0 such that for each (pg, Vg, Ya, 24) € B, there exists a unique modified Riemannian cubic ¢ : (a —
§,a + &) — @ with the conditions prescribed by (pa, Va, Ya, za) at t = a. If we consider a set C C (T,Q)?
defined such that {(p,v)} x C' C B, we may then define the bi-exponential map biexpﬁpvv) :C = TQ
by bieszp,v) (y,z) = (q(t),q(t)), where ¢ is the unique modified Riemannian cubic satisfying the initial
conditions prescribed by (p, v, y, z) € (TQ)3,and t € (a,a + §).

The bi-exponential map serves as a connection between the initial value problem and the bound-
ary value problem. As we will see below, the differential of the bi-exponential map determines when we
have local uniqueness of solutions to equation (5.2) (that is, when modified Riemannian cubics are locally
unique). Furthermore, there is an intimate connection between biconjugate points and the differential of the
bi-exponential map, described by Lemma 5.3.7. Lemma 5.3.6 and Lemma 5.3.7 appear in [20] in the case

that V' = 0, however, the proofs follow virtually identically in both cases, and so we will not provide them

here.

Lemma 5.3.6. Let (p,v,y,2) € (TQ)? and biexp(pr) be defined in a neighborhood C of (y, z) € (T,Q)>
for some T > 0. If biexp(Tpﬂ)) is not critical at (y, z), then there exists a neighborhood W1 of (y, z), a
neighborhood Wo ofbiexp(Tpvv) (y, ), and a neighborhood V of (p,v,y, z) such that for each (p1,v1) € W1

and (pa,v) € W, there exists a unique modified Riemannian cubic q satisfying

q(0) =p1, ¢(0) =vi, q(7)=p2, §(7) =02,
and (¢(0), 4(0), D¢4(0), D7¢(0)) € V.

Since we know that there exists a unique global minimizer of J independent of the boundary condi-
tions chosen on (2, it is clear that the unique modified Riemannian cubic given in Lemma 5.3.6 must be this
minimizer. We will return to this point later, but now we wish to understand when exactly the biexponen-
tial map biexp(pyv) is not critical at some given (y, z) € (1,Q)%. In the subsequent lemma, we establish a
connection between this criticality of the biexponential map and the biconjugate points along the modified

Riemannian cubics that it generates.
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Lemma 5.3.7. bie:npzp’v) is not critical at (y,z) € (T,Q)? if and only if the points t = a,T are not
biconjugate along the modified Riemannian cubic t — T o biexp’ép v)(y, z), where ™ : TQ — Q is the

canonical projection map.

We now wish to establish that there are a finite number of points biconjugate to any 7 € [a, b)—for
this will immediately imply that biconjugate points are isolated (and hence, for sufficiently small § > 0,
there will be no points biconjugate to 7 in [, 7 4 d]). To that end, we return to our study of the index form
I:T,Q2x T, — R given by (5.5) along a modified Riemannian cubic g € €2. Define the extended index of

¢, denoted by Indy(q), as the dimension of the largest subspace of 732 on which I is negative semi-definite.
Lemma 5.3.8. Ind(q) is finite.

Proof. Assume towards contradiction that Indy(g) is infinite. Under the identification 7,2 = H g%(q) (as
discussed in Section 2.3), there then there exists a sequence (X,,) C H gQ(q) such that I(X,, X,) <0, and

(X,,) is orthonormal with respect to the H (} product given by
b
(Y )y = [ 06Y) + (DX DY) e
a
forall X,Y € Hg Since I(X,,, X,,) < 0, we have that

b b
[ D8P e < [, ) + i, graav)

a ab
< / IXull|F(Xnyd) + Vx, gradV]|dr.

Since gradV, ¢, and R are smooth, we may consider the family of linear maps A; : Ty Q — Ty, @
given by Ay(Z) = F(Z,4(t)) + VzgradV (q(t)) for all Z € T;)Q, together with the induced norm on

End(T}+ Q) given by [A¢| = sup [|A;(Z)]. Since [a,b] is compact, it follows that sup |4 < +oo.
ETq(t)Q te[a,b}
1Zll=1

Hence, utilizing the Cauchy-Schwarz inequality,

b
/ X[ F(Xn, d) + Vo, gradV]|de < sup ]At\/ 1|24t < sup 141,

tEa tEa

since

b
[ 1P = 13035 < X =1
a
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by construction. Hence, (X,,) is bounded with respect to the H 3 norm. By the Rellich—Kondrachov theorem,
there exists a subsequence (X, ) which converges strongly in H ql. However, this is impossible since (X, )

is orthonormal with respect to the product on H!, and hence cannot be Cauchy. O

Corollary 5. Suppose that q € Q) is a modified Riemannian cubic. Then, for any T € [a, ], there are finitely

many points biconjugate to T along q.

Proof. Suppose that there are infinitely many points biconjugate to 7. Then, at least one of the sets 7~ =
{t < 7 : t,7 biconjugate} and 7+ = {t > 7 : t,7 biconjugate} are infinite. Without loss of generality,
suppose that 77 is infinite, and consider a sequence (t,) C 7. For each n € N, there exists a bi-Jacobi
Field J,, along q such that J,,(7) = J,(t,) = D¢ J,(7) = Dy J,(t,) = 0. Consider the sequence of vector

. Jn(t), te€[rtn]
fields X, € H}(q) defined by X,,(t) = . Then it is clear that (X,,) C T,{ since

0, otherwise

each X, is C! on [a, b], smooth except possibly at t = 7,t,, and satisfies X,,(a) = X,,(b) = D;X,,(a) =
D;X,,(b) = 0. Moreover, (X,,) is a linearly independent sequence and (X, X,) = 0 forall n € N.

However, this implies that Indy(q) is infinite, which contradicts Lemma 5.3.8. O

In the following Proposition, we show that the bi-exponential map biexpﬁp v) is not critical provided

that ¢ is sufficiently small. This follows from the fact that the set of points biconjugate to any fixed 7 € [a, ]

is finite, and hence consists of isolated points. We use this idea to show that the restrictions of modified

Riemannian cubics to sufficiently small intervals are unique.

Proposition 15. Suppose that q is a modified Riemannian cubic and T € |a,b]. Then there exists an

interval [a*,b*| C [a,b] containing T such that q| (4« ) is the unique solution of (5.2) on Q[ga;’bﬂ

§ = (q(a”),q(a")), n = (q(b"),4(b")) € TQ.

, where

Proof: From Corollary 5, there are a finite number of points biconjugate to ¢ = 7. Hence, for some

d > 0, the interval (7,7 + &] C [a, b] contains no points biconjugate to 7. Consider a* = 7,b* = 7+0,p =

|b* —a*|

(pw) 1S DOt critical at (y,2) := (Dyg(a*), D?q(a*)) € (T,Q)>.

q(a*), v =¢(a*). By Lemma 5.3.7, biexp

Therefore, by Lemma 5.3.6, the curve ¢* : [a*,b*] — @ given by ¢*(t) = w o biexp’Ep » (¥, 2) is the unique
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modified Riemannian cubic satisfying T'¢*(a*) = § and T'q*(b*) = 7. Since q|[q+ 4+ is clearly another such
modified Riemannian cubic, it follows immediately that ¢/ b ] ="

We are now in a position to prove that the modified Riemannian cubics are exactly the ()-local mini-
mizers of J. In fact, we will show something stronger—namely that modified Riemannian cubics are locally

the unique minimizers of J, as is the case for geodesics with the length functional.

Proposition 16. ¢ € ) is a modified Riemannian cubic if and only if it is a Q-local minimizer of J.

Moreover, q is the locally unique minimizer.

Proof. 1t is clear that if g is a ()-local minimizer of .J, then it is a modified Riemannian cubic. For the other
direction, fix 7 € [a, b]. From Proposition 15, there exists a neighborhood [a*, b*] containing 7 such that

[a*,b+] 18 the unique critical point of J on Qéa;’b*], where £ = T'q(a*), n = Tq(b*) € TQ. However, from

q
Proposition 8, there exists a global minimizer of J on Qéa;’b*]—which must itself be a critical point of J.

Hence, ¢

[a*,b] is this minimizer. u



Chapter 6

Artificial Potential Design

In Chapter 5, we considered a variational problem that gave rise to the so-called modified Riemannian
cubics, and studied their analytic properties. This was done under the guise that such curves could be used
in path planning strategies. Indeed, when the artificial potential vanishes identically, the resulting curves
(Riemannian cubic polynomials) are smooth, energy-optimal, and satisfy some prescribed boundary condi-
tions. Hence, they may be used to produce optimal trajectories in interpolation problems that necessitate the
minimization of energy consumption.

However, this is insufficient in many real-world applications (especially in robotics and control engi-
neering) where agents must additionally avoid obstacles in phase space, or inter-agent collisions in the case
of multi-agent systems. This is precisely the role of the artificial potential. In principle, we would like to
design V' so that it grows large as an agent approaches an obstacle, and otherwise remains small. In that
sense, modified Riemannian cubics will naturally avoid collision, and will approximate Riemannian cubic
polynomials away from obstacles/other agents. In this chapter, we consider the obstacle and collision avoid-
ance tasks in more detail. In particular, we seek to find sufficient conditions on the artificial potential under
which the corresponding modified Riemannian cubics avoid collisions, and to design parameterized fami-
lies of artificial potentials which can be used to provide safety guarantees in the obstacle/collision avoidance

tasks.
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6.1 The Obstacle Avoidance Task

In this section, we explore the task of obstacle avoidance. As in previous sections, we assume that ()
is a complete and connected finite-dimensional Riemannian manifold. In the most general case, we consider
an obstacle to be a region U C () that we wish for our trajectories to avoid. That is, we design the artificial
potential function V' : @ — R such that solutions to the BVP (5.2) on €2 remain within the set @ \ U.

Recall that () is a (complete) metric space when equipped with the Riemannian distance function
d: @ x Q — R given by (2.21). Hence, for any subset P C @ and p € @, we may define d(p, P) =
inf{d(p,q) | ¢ € P}. Moreover, for r € R, we define B,(P) = {¢ € Q | d(q,P) < r}. An obstacle
avoidance problem P is a pair (P, r), where P C @ is called the obstacle and r > 0 is called the tolerance.
We also call the 4-tuple Pexy = (P, 7, 7%, R) with r < r* < R an extended obstacle avoidance problem.

With respect to an extended obstacle avoidance problem Pey, we define:

(1) the Collision region as C'p := B,(P), and say that ¢ € () avoids the obstacle P with tolerance r
if g(t) € Q\ Cp for all t € [a, b]. Moreover, we say that ¢ collides with P if ¢(t) € Cp for some

t € [a,b].
(2) the Risk region C'} := B,~(P), and say that ¢ is at risk of collision with p whenever ¢(t) € C5\Cp.
(3) the Safety region Sp := Q \ Br(P), where Bg(P) denotes the topological closure of Br(P).

We call an (extended) obstacle avoidance problem feasible with tolerance s € R if there exists a curve
g € § avoiding the obstacle with tolerance s (note that this requires s < min {d(P,q,), d(P,q)}). For
an extended obstacle avoidance problem, we define a reference trajectory to be a curve ¢ € €2 such that
q(t) € Sp forall t € [a,b]. Clearly, the existence of a reference trajectory is equivalent to saying that

obstacle avoidance is feasible with the tolerance R of the Safety region.

6.1.1 Point-Obstacles

Consider the extended obstacle avoidance problem Peyy = (P, r,r*, R). In the case that P = {p}

for some p € @, we call P a point-obstacle, and the corresponding extended obstacle avoidance problem
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Pext = (p,r,7*, R) an extended point-obstacle avoidance problem. In Figure 6.1, we show the regions

corresponding to an extended point-obstacle avoidance problem.

Figure 6.1: The regions Cy,, C7, and S, taken with respect to the position of the point-obstacle p € Q.

We now wish to derive conditions on the artificial potential V' under which obstacle avoidance is guar-
anteed in a feasible point-obstacle avoidance problem. The strategy will be to first derive general conditions

for obstacle avoidance in terms of upper and lower bounds on the potential and some reference trajectory.

Proposition 17. Consider the extended point-obstacle avoidance problem Pey = (p,r,7*, R) and suppose

that there exist constants 0 < V'~ < V* such that V"> V* on C’; and V. < V™ on S,. Further suppose

that Pex. is feasible and q € ) is a reference trajectory. If V* > %, where A := tzF%} [| D (t)
a7

>

c:=(A24+V7)(b—a), andv = \/c(b— a)++/c(b — a) + ||va||%, then any minimizer ¢* € Q of J avoids

p with tolerance r.

Proof. Since our reference trajectory ¢ remains in the .S, for all ¢ € [a, b],

Ta = [ (D21 + v (atey)] a

< - o) s {110 + Vi)

S(A+VT)(b-a)=:c

Now suppose that v* = sup {||¢"(¢)||}, and observe that, by the fundamental theorem of calculus and the
t€la,b]
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Cauchy-Schwarz inequality,

b
- d ..
10O = [l + [ 416 @)1t
b
—leall* +2 [ g (D01, (0)

<l 2 [ [ i 0P dt]m [l

< [Jval|* + 20"/ I (¢*) (b — a)

1/2

< [lvall® + 20* \/elb — a),

since J(q*) < J(q) < cby definition of minimizer. Taking the supremum over ¢ € [a, b] on both sides of the

inequality, we find (v*)? < [[vg]|? + 2v*\/c(b — a), so that v* < \/c(b—a) + \/c(b — a) + ||va||2 =1 v
Now suppose towards contradiction that ¢* collides with p. That is, there exists 7 € [a, b] with ¢*(7) € C,,.

It follows that forall a < ¢t < 7,

d(q*(t),p) < d(q"(t),q" (7)) +d(q"(7),p)

<L (q*|(‘r,t)) +r

=/ ld@)de +

vt —T1)+r<v(t—T1)+T,

and so ¢*(t) € C,, forallt € [7, min{r + =" b}) By considering a similar argument with t* < ¢t < b,

it can be seen that ¢*(¢t) € C* forall ¢t € ( ,min{7 + ==, b}). Therefore, since V' is

positive-definite and V* < V on Cj,

So that V* < ﬁ By contradiction, ¢* avoids the obstacle with tolerance 7. O
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The conditions outlined in Proposition 17 depend intimately on the chosen reference trajectory. In

particular, the smaller the value for A = S?p} || D¢g(t)||, the smaller we must take V* to guarantee collision
tela,b

avoidance. Generating such curves on a Riemannian manifold can be a complicated task, and so we wish to
somehow remove the dependency of the conditions on the particular reference trajectory chosen. Moreover,
it will often be the case that the collision region is determined by the application, whereas the tolerances for
the risk and safety regions are somewhat arbitrary. That is, they are unlikely to correspond to any physical
parameters of a system. Hence, we would ultimately like to find safety guarantees for the point-obstacle

problem P rather than the extended point-obstacle problem Pex. We will accomplish this by constructing a

family of artificial potentials satisfying certain desired properties.

Definition 6.1.1. We call a family of artificial potentials VT’f p : @ — Rof the form VT’fD(q) = fﬁ pd(p,q))
an avoidance family for the obstacle p € (@, where fﬁ p : R — R is a family of smooth non-negative

functions parameterized by k, D, 7 € R such that:
(1) fﬁD(O) = 7 is the unique global maximum of f.
2) lim f*,(z) = 0forall |z| > D
k—oo 7
(3) lim ff,(z) = forall |z| < D
k—oo 7

) 0 < lim fEp(D) <.

Corollary 6. Suppose that the point-obstacle avoidance problem P = (p, D) is feasible. Then for all
r < D, there exists T* € RT, k* € N such that for all T > 7* and k > k*, every minimizer of J with

V= VT’f p avoids p with tolerance r, where VT’f p Is an avoidance family of artificial potentials.

Proof. Fix r < D and consider the extended obstacle avoidance problem Pexy = (p, 7, D, D). Since P is
feasible, there exists a reference trajectory g € €2 of Py that remains in S, for all ¢ € [a,b]. Fix ¢, 7" > 0
such that 7% — ¢ > ﬁ for A := t:}g;} IDeg(t)]], ¢ := (A% 4+ €)(b — a), and v := /c(b—a) +
Velb = a) + [Jval[%

Now, since lim V*,(z) = 0 whenever d(p,z) > D, and lim V*;(z) = 7 whenever d(p, ) < D,
k—oo k—oo 7’

it follows that there exists k™ such that k& > k* implies VT]in(:E) > 7" —eford(p,z) < D and VTk*’D (x) <e
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for d(p,x) > D (that is, for z € S,). Hence, for sufficiently large k, we may choose V* = 7% — ¢ and

V™ = e. It follows immediately by Proposition 17 that any minimizer of J avoids p with tolerance . O

Remark 5. In applications, distances can be calculated by, for instance, attaching a sensor to the agent. Due
to technological limitations, it is often the case that distance measurements are only possible/reliable within
some given ball of the sensor, the radius h of which is called the sensing radius. We may account for this by
demanding that the potential vanish identically whenever the distance between the sensor and the obstacle
exceeds h. This can be handled while still preserving the regularity and positive-definiteness of the obstacle
avoidance potential by utilizing bump functions. In particular, we consider the family of artificial potentials
given by

VT":D(q) _ €T exp (—W) d(p,q) < D 61

0 else.

It is easily seen that VTkD is an avoidance family of artificial potentials, and when D < h, we satisfy the

requirement that the potential vanishes identically outside of the sensing radius.

Remark 6. In many cases, it will be more convenient to use even powers of the Riemannian distance, as
its gradient can be computed explicitly (see [9]). If d*> : Q@ x Q@ — R and V : Q — R is defined by
V(q) = f(d*(q,p)), then we have gradV (q) = f'(d*(q, p))grad,d?(q,p). Provided that q is within some
geodesically convex neighborhood of p on which the Riemannian exponential map is a diffeomorphism, we

have from (2.26) that d(q, p) = || exp,*(p)||. This leads to the following lemma.

Lemma 6.1.2. Let q,p € @ are contained within some geodesically convex neighborhood on which the

Riemannian exponential map is a diffeomorphism. Then,

grad1d2 (¢,p) = -2 exp;1 p. (6.2)

Proof. Let X € T,Q and let v : (—¢,€) — @ be any curve such that a(0) = ¢ and /(0) = X. Consider

the family v : [0,1] x (¢,€) — G of geodesics given by 7(s,t) = exp, s (t exp;(ls) (p)). From Lemma



103

224,
1(5,0) = as), (5,00 = o'(s)
v(s,1) = p, gty(s, 1)=0
1(0,) = exp, (texp; (p)) %710,0) = exp; ()

forall t € (—e¢,€). Using Lemma 2.23, we find that

d 2
= s s:Od (a(s),p) = ds

1 vy Oy L g oy Oy
=2 Dsiji =2 —_ —,
/0 < ot 8s> s:Odt /0 dt<83 8t>

= <*26Xp¢;1(p)7X> y

(grad;d*(q,p), X)

6.1.2 General Obstacles

We now focus our attention to avoiding more general obstacle avoidance problem P = (P,r,r*, R),
where P C Q. For points m,p € @, it is easy to see that the triangle inequality holds as d(m, P) <
d(m,p) + d(p, P). From this, it is clear that the analysis carried out in Proposition 17 and Corollary 6

follows identically, with all occurrences of d(p, x) replaced by d(P, z).

Corollary 7. Suppose that the obstacle avoidance problem P = (P, D) is feasible. Then for all r < D,
there exists T* € R™, k* € N such that for all T > 7% and k > k*, every minimizer of J with V = VT’fD
avoids P with tolerance r, where V = VT’f p is an avoidance family of artificial potentials for the obstacle

PcaQ.

This corollary poses an issue for practical purposes, as calculating d(P, z) is in generally compu-
tationally intensive (if possible at all). Even in the case where the boundary points q,, ¢, € @ for €2 are
sufficiently close so that the distance between points may be represented via the inverse of the exponential
map as d(x,p) = ‘ |exp; L(p) } !, we would still need to calculate the infimum of this term over all of P to find

d(P, ). Moreover, the gradient grad, d(P, ) may not have a closed form (and so neither will gradV*(z)).
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We seek an alternative characterization which relies only on the distance between points. In particular,
we suppose that the obstacle P is totally bounded, so that we may cover it in a finite collection of open
balls—the centers of which will be treated as point-obstacles. The potential will then be taken as a sum of
the point-obstacle avoidance potentials that result in the minimizers of .JJ avoiding these balls. Before stating
the result, we introduce a lemma describing some basic facts of totally bounded sets that will be useful in

the subsequent proof.

Lemma 6.1.3. Suppose P C Q is totally bounded. Then,
(1) P is totally bounded.
(2) Any subset A C P is totally bounded.
(3) B, (P) is totally bounded for any r > 0.

Proposition 18. Suppose that the obstacle avoidance problem P = (P, D) is feasible. Then for all r < D,
there exists T* > 0, k* € N, and a finite collection of points {p;} C P such that for all T > 7 and k > k*,
any minimizer of J corresponding to the potential V(x) = ), Vi(x) avoids P with tolerance r, where

Vi(z) = VT’f p(z) is an avoidance potential for p;.

Proof. Fix r < r* < D and §,¢ > 0 such that § < r* — r and ¢ < D — r*. By lemma 6.1.3, the set B,.(P)

is totally bounded and hence 9B, (P) C B,(P) is totally bounded, where dB,.(P) denotes the boundary
N

of B.(P). Let {p;}¥., c dB,(P) be a finite collection of points such that dB,(P) C U Bs(p;), and
i=1

{p;}X., C P be a finite collection of points such that d(p;, pi) = rforl < i < N. We further define

Py = Uf\il B, (p;). We aim to show the chain on inclusions

N
0B,(P) C Py C B(Ry) C | J Bo(pi) € Bo(P).
=1

(1) 9B,(P) C Py: Letx € 9B,(P) and choose p; € {p;}X, such that x € Bs(p;). Then d(z, pj) <

d(z,p}) + d(p},pj) <6 +r <r*. Hence x € By+(p;).

(2) Py C B.(P) s trivial.
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(3) B(Py) C Ulj\il Bp(p;) : Let x € Be(P,). Then there exists a p € Py with d(p, z) < e. Suppose
that p; € {p;}, is such that d(p,p;) < r* (such a p; must exist). Then we have d(p;,z) <

d(p,x) + d(p,p;) < e+1r* < D,sothatx € Bp(p;) C Uf\il Bp(pi).

@) UY, Bp(pi) € Bp(P) : Consider = € |, Bp(pi). Then there exists a p; € {p;}, with

x € Bp(pj), and d(P,x) < d(p;,z) < D sothat z € Bp(P).

Consider the obstacle avoidance problem Py = ([P, €). Since P is feasible and B.(P)) C Bp(P),
it follows that Py is feasible. From Corollary 6, it is clear that we may make the potential V; arbitrarily
large on Bp(p;) by choosing 7, k sufficiently large. Since every potential of this form is positive-definite,
it follows that the sum V' = i\f: Vi can be made arbitrarily large on Uf\il Bp(pi) D Bc(Fy). Moreover,

i=1
N

V= Z Vi can be made arbitrarily small on @) \ UZ]\L 1 Bp(p;). Using arguments similar to those given in

i=1
N

Proposition 17 and Corollary 6, it follows that every minimizer of J with the potential V' = Z V; avoids
i=1

Py with tolerance €, and hence avoids 0B, (P) by inclusion. Since any trajectory must cross 0B, (P) to

enter B, (P), the conclusion follows. O

Remark 7. Proposition 18 implies that we can avoid a finite collection of point-obstacles (when feasible)
by summing over an appropriate family of potentials—each of which correspond to the avoidance of one of
the point-obstacles. Similarly, we can avoid a finite collection of totally bounded obstacles (when feasible)

by summing over appropriate potentials.

Example 9. We conduct numerical simulations of the obstacle avoidance problem in the case of ) =
R3 with the Euclidean metric. For our obstacle, we choose the section of the unit sphere given by P =
{(sin(¢) sin(0), sin(¢) cos(f), cos(p)) € R? : 0 < ¢ < m/4, 0 < § < 7/2}. We consider the boundary

conditions

q(0) = (0,0,0), G(0) = (0.125,0.125, 0.45),

q(1) = (0.2,0.5,1.8), G(1) = (0.3,0.25,0.5),
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which were chosen so that the minimizing Riemannian cubic satisfying the boundary conditions collides
with the obstacle (thus prompting the need for the artificial potential).

Motivated by Proposition 18, we choose three point obstacles p1, p2, p3 of the form
(w,y,2) = (sin(¢) sin(0), sin(¢) cos(f), cos(p)) with (¢,0) = ({5, §), (£, 5), (£, 5) so that the balls of
radius R = 0.3 centered at these points completely cover the obstacle P. We consider the artificial potentials

Vi :R3 = R (6.1) with D = 0.3, k = 4, and 7 = 100/e. That is,

100 exp —% lpi —qll < R
Vi(q) = ( 1—(llpi—qll/0.3) )

0 else,

and construct the artificial potential V : R? — R defined by V (q) = Vi(q) + Va(q) + V3(q) for all ¢ € R3.
In Figure 6.2, we plot the solutions to the necessary conditions (5.2) with the artificial potential V' as defined
above, from which it is clear that the agent avoids the obstacle P while solving the boundary value problem.
Numerical integration was conducted via the Euler method with a time step of A~ = 0.001. A shooting

method based on the downhill simplex algorithm was used to find the initial accelerations and jerks that led

to solutions to the boundary value problem.

.50 1.3
.25 12
.00 11
1.0
z 09
0.6 0.8
0.5 0.7
0.4 0.6
03y 0.5

0.0

00 01 02 03 04 05 06 07
X

Y 0.6
0.8

Figure 6.2: Numerical solutions to equation (5.2) with the potential V' as defined above (left), and the
covering of the obstacle P by balls of radius R = 0.3 centered at the points p;, p2, and p3 (right).
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6.2 The Collision Avoidance Task

We now switch our attention to multi-agent systems and the collision avoidance task. Consider a set
V consisting of s > 2 agents on (), a complete and connected Riemannian manifold. The configuration
of each agent at any given time is determined by the element ¢;(¢t) € @, i = 1,...,s. The neighboring
relationships are described by an undirected time-invariant graph G = (V, £) with edge set £ C V x V. The
set of neighbors N; for the agent i € Vis givenby N; = {j € V : (i,j) € £}. An agenti € V can measure
its Riemannian distance from other agents in the subset A; C V. The assumptions that () is complete and
connected and G is undirected and time-invariant will remain for the remainder of the section.

For ¢ = 1,...;s, and points &;,7m; € T'Q), consider the sets €2; := Qg,)%a’b] as in (2.18) and the

functional J.o on € := €y X - - - X {5 defined by:

Jeon(a1, o -+ 4s) = Z/ HD% + > Vislailt), ;) )dt. 63)

(i,)€€

where V;; : @ x  — R is a smooth non-negative function called an artificial potential satisfying the
symmetry relations V;; = Vj; and V;;(p, z) = Vi;(z,p) forall (4,j) € £ and (p,z) € Q x Q.

As discussed in Section 2.1, the sets Q° := Q X Q X ...(Q (s times) and {2 are (complete) Rieman-
nian manifolds when equipped with the respective product metrics. Moreover, €2 is an infinite-dimensional
Hilbert manifold with model space (H?([a,b],R™))®, which may be identified with the path space Q(?)
(2.18) of °. With this identification, it is clear that J ., may be identified with J : Q@) 5 Rasin (5.1),
where V : Q° — R is given by V(q) = V(q¢},...,¢%) := 2/2/ Vij(qi(t), q;j(t)). It follows that the anal-
ysis done in Chapter 5 also applies to Jo and its minimize]ri. iIn particular, the necessary conditions for

optimality take the following form:

Proposition 19. A curve ¢ = (qi, ..., qs) € QL is a critical point of Jeoy if and only if for each i € V, q; € Q;
is smooth and for all t € [0,T] satisfies

D + R(DtQi7Qi>Qi == ) grad, Vij(ai(t), ¢;(1)), (6.4)
JEN;

where R denotes the curvature endomorphism (2.2) on () and grad, V;; denotes the gradient vector field of

Vij with respect to the first argument (as discussed in Section 2.1).
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We now consider the collision avoidance problem. That is, we seek to design the artificial potential so
that the agents (whose trajectories are given by the BVP (6.4) on 2) avoid one another within some desired
tolerance. The methodology will mirror that of the point-obstacle avoidance task discussed in Section 6.1.1.
We define a collision avoidance problem P = (1) as a |V| x |V| symmetric matrix (7;;) whose coordinate
elements 7;; > 0 for all (4,j) € &£ and otherwise are zero are called the tolerances for P (in particular,
r;; denotes the tolerance between the i and j™ agents). We further define an extended collision avoidance
problem as a 3-tuple Pexe = (rij, 7, Rij), where (r45), (r7;), (Ri;) are all [V] x [V| symmetric matrices
whose coordinate elements satisty 0 < r;; < r7; < R;; for all (7,7) € &€ and otherwise are all zero. As for

obstacle avoidance problems, we define the following sets for each (7, j) € &:

Cij ={(p,q) € Q@ xQ : d(p,q) <ri}, the collision region for the edge (i,j) € &,
Gl =1{p,q €RQ xQ : dp,q) <rj;} the risk region for the edge (i, j) € £,
Sii ={(p,q) € Q@ xQ : d(p,q) > Ri;} the safety region for the edge (i, j) € &,

Since the matrices (r;;), (r};), (R;;) are symmetric, it follows immediately that each of these regions is
symmetric in (¢, j). That is, C;; = C}; and equivalent statements for C;; and S;;. We say that ¢ € Q avoids
collision with tolerances 14j if (q;(t), q;(t)) ¢ Cyj forall (i.j) € £ and t € [a, b]. Moreover, we say that the
collision avoidance task is feasible with tolerances r;; if there exists such a ¢ € €2 which avoids collision

with tolerances r;;. In Figure 6.3, we depict these regions with respect to the agent g;.

Figure 6.3: The regions Cj;, C;.

+;» and S;; for (i,7) € & taken with respect to the position of the agent g;.
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We call a curve ¢ = (qi, ..., ¢s) € € such that (¢;(t), g;(t)) € S;j foreach (i,j) € Eandt € [a,b] a
reference trajectory. Observe that a reference trajectory exists if and only if collision avoidance is feasible
with the tolerances R;;. Moreover, this existence is independent of the chosen artificial potentials V;;, and
requires R;; < min {d (g, 43), d(q?, qé?) } We now seek to prove that the minimizers of J.o) over €2 avoid
collision under some conditions on the artificial potential expressed in terms of a reference trajectory. The

conditions and proof follow analogously to those in Proposition 17.

Proposition 20. Suppose that the extended collision avoidance problem Pex = (rij, 'r;}-, R;j) is feasible,
and that there exists a reference trajectory q € ). For all i € V, define the non-negative real numbers:
S

A= swp (DGO}, ei= 0-a) 3 |2+ 3 Vi | = Velb— a)yfeld - a) + g2

t€la,b] i=1 JEN;

Ifvs > Mfor all (i,7) € &, then every minimizer ¢* = (qi, ..., q%) € Q of J avoids collision with

205 —7ij)

tolerances r;j.

Proof. Observe that, since each pair of agents in our reference trajectory remains in the Safety Region for

all t € [a, b],

s b
J(q) = Z/ 1D ()11 + D Vij(ai(t), q;(1) | dt
i=17a

JEN;

<(b—a)y sup D)l + D Vijlai(t). q;(t)

i=1 te[(l,b] ]e-/\/z

S

§(b—a)z A?"’ZVJ =:c.

i=1 JEN;
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Foralli € V,let v} = sup {||¢;(¢)||}, so that
t€la,b]

. 2 a 2 b d - % 2
£ = 2] /dtnqz-(wu dt
b
— [[of]? + 2 / 0 (Dus (), &2 (1)) dt

1/2
<r|v“\|2+2[/ Dy (¢ |dt} [/ I |dt}

< [[of]1 + 20 v/ T (¢*) (b — a)

1/2

< [[of[]? + 20] V(b — a),

since J(¢*) < J(q) < c. Taking the supremum over ¢ € [a, b] on both sides of the inequality, we have

(0)? < |32 + 207 y/c(b — a), so that v} < \/c(b—a) + /c(b—a) + [[v¢]]2 =: v;.

Now assume towards contradiction that ¢* does not avoid collision. Then for some (7,j) € £ and

7 € [a,b], (¢f(7),qj(7)) € Cyj, and so for t > 7 we have by repeated applications of the triangular

inequality that

d(g; (t),q;(t)) < d(g; (t),q; (7)) + d(g; (), ¢;(t))
< d(g; (), i (1)) + d(gj (1), 45 () + d(g; (1), 45 (7))
< L(alirny) + L (glr) +7ig
= [aoia+ [ g,
< (0 +v5)(E—7) +ry

S (Ui +Uj)(t — T) +Tij,

and so for all t € |7, min{b, 7 4 - ) then ((q;(t),q;(t)) € Cj;. It can be seen by repeating the argu-

v +v” }

. . TS = Tij . T
ment with ¢ < 7 that in fact ((g;(¢), q;(t)) € C}; forallt € (max {a, T— viﬂj } , min {b T+ vi+vjj })

Therefore,
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NG Ul S
v (L) < Y Viglar (8), 45 () dt

max{ a,r— 49 L
’ viFv; JEN;

b
<[5 vita oy

@ jeN;

< J(g") < J(g) <e

So that sz < 20((;15 Jf:] )_) . By contradiction, ¢* avoids collision with tolerances r;;. O
i Tij

Example 10. Consider 4 agents on R? with the Euclidean metric, and the following neighboring relations
between agents N7 = {2,3,4}, Mo = {1,3}, N3 = {1,2,4}, Ny = {1, 3}. We choose [a,b] = [0,4] and

the boundary conditions as:

¢1(0) = (=1, -1,0), @ (4) = (1,1,0), 1(0) = ¢1(4) = (0.5,0.5,0)
¢2(0) = (=1,1,0), ¢2(4) = (1,-1,0), G2(0) = ¢2(4) = (0.5,-0.5,0)
3(0) = (1,1,0), g3(4) = (=1,-1,0), 43(0) = ¢3(4) = (0.5,0.5,0)
4(0) = (1,-1,0), q(4) = (=1,1,0), G4(0) = ¢a(4) = (=0.5,0.5,0)

For our reference trajectories, we choose piecewise defined curves consisting of cubic polynomials,
with constant speed arcs along the circle of radius 2 centered at the origin. For example, the reference
trajectory 1 for g1 consists of the cubic polynomial verifying the relevant initial conditions and ~(1.5) =
(2,0,0), 4(1.5) = (0, —m,0), followed by the circular arc y(t) = (2 cos(5(t—1.5)), —2sin(5(t—1.5), 0)
for 1.5 < t < 2.5, followed by the cubic polynomial starting from the circular arcs end points in position
and velocity to the final points in the boundary value problem. Note that, in this manner v; € ;. The
other reference trajectories were chosen similarly, so that v = (71, ...,74) € €. It can be seen that ||~;(t) —
v;(t)|| > 2 forall (i,5) € £and t € [0,4]. We consider the avoidance family of artificial potentials given
by Vij(p,q) = W. With D = 2, we clearly have V;;* = 1 in the context of Proposition 20.

Moreover, it can be shown numerically that A; < 3.22, so that ¢ < 185.9 and v; < 54.57 for

1 =1,...,4. We choose our tolerances for the Collision regions and Risk regions as 7;; = % and r;“j =1 for
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all (¢, 7) € &, so that by Proposition 20, collision is avoided if we choose k and 7 such that 1+2%2k > 20, 290.
One such solution is € = 100, 000 and k& = 8, with which the necessary conditions for extrema (19) take the

form

dg 5~ 6400000}, = gll**
dth e (1+||g — q5]]1¢)?

In Figure 6.4, we numerically integrate equations (6.5) with the above initial conditions. For the

purposes of comparison, we also include the numerical solutions to the cubic polynomials satisfying the
boundary conditions (that is, the solutions to the necessary conditions for extrema in the case that V' = 0).

Note that the

-1.0
=05 0.0

0.50 0.75 1.00 X
0.25 05
50.00 ¥ (m) 10

0.2
-1.0070.750-50" y (m)

Figure 6.4: The Riemannian cubics (left) and solutions to the necessary conditions for extrema (right)
satisfying the boundary conditions in positions and velocities as above. In the case of Riemannian cubics,
all four agents collide at the center. With the potential, it is easily verified that collision is avoided within

the desired tolerance given by 7;; = %

As for the obstacle avoidance problem, we wish to remove the dependency of the reference trajectory
on our conditions for collision avoidance. We can do this by using the same family fj_f p R — R of
smooth non-negative functions and then defining a collision avoidance family of artificial potentials via
VT’fD(:c, p) = f p(d(z,p)) forall (z,p) € @ x Q. This leads to the following corollary of Proposition 20:
Corollary 8. Suppose that the collision avoidance problem P = (D;j) is feasible. Then, if r;; < D;j for
all (i,7) € &, there exists Tij € RT, kij € N such that every minimizer of Jeon with Vi = VTIZJ Dy avoids

collision with tolerances r;, where VTk p 1s a collision avoidance family of artificial potentials
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Proof. Fix r;; < D;; for all (i,j) € & and consider the extended collision avoidance problem Pey; =
(ri7, Dij, Dij). Since P is feasible, there exists a reference trajectory ¢ = (¢',...,¢°) € Q of Pex

such that (¢*(t),¢’(t)) € S;; for all (i,5) € £ and t € [a,b]. Fix €;; > 0 for (i,j) € £ and define
S
Ai = sup {|[Digi(t)][}, ci=(b—a)d_ | A7+ ) €|, vi=/e(b—a)+ \/c(b—a) + |[v%| |2 for
te[a,b] i=1 ]6/\/1
all 1 < < s. Take T{; > c+ ¢ forall (4,5) € £.

Forall (i,7) € £, since lim V’%‘jDij (p,x) = 0 whenever d(p, z) > D;jand 1 an Dy, (p,x) =71

kij—oo T kljiinoo
whenever d(p, ) < D;j, it follows that there exists k; such that k;; > k7; implies VT]ZJ D, (p,x) > 75 — €
for d(p, z) < D;; and VT’};{DU (p,x) < € for d(p, ) > D;j (that s, for (p, ) € S;;). Hence, for k;; suffi-
ciently large, we may choose VJ = 7',5;- — € and VU_ = ¢;j. It follows immediately by Proposition 20 that

any minimizer of Jo avoids collision with tolerance r. Moreover, it is clear that the same result holds for

any 7;; > 75 ]

In certain robotic applications, restrictions may be placed (either for security or due to physical re-
strictions) on the magnitudes of the derivatives of the trajectories (see [61] and [82] for instance). While
the existence of minimizers is not guaranteed in such a case, we still find its analysis instructive. In partic-
ular, we provide alternate conditions for V;;—expressed in terms of the uniform bounds and initial condi-
tions—which ensures the collision avoidance of minimizers. We do so by taking advantage of an invariant
for the flow of equations (6.4). In fact, the analysis will guarantee the collision avoidance for all critical
points of J.o rather than just the minimizing trajectories (as was the case in Proposition 20 and Corollary
8)—provided that the derivatives of these solutions satisfy the given bounds.

For each i € V, we define the domain

QP = {g € Q| @)l < o™, [[Deq(t)]] < @™, |[DFq()|] < 1™, vt € [a,b]},

(2

max max

max a
where v"**, a"**, 7} I,

are non-negative real numbers with v/*** > max { v}

‘vﬂ ‘ } and further define

(max ._ Qllnax X oo X anax and T]Zq = qu(a)

Proposition 21. Suppose that the collision avoidance problem P = (r;;) is feasible, and that ¢ = (q1, ..., qs) €
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QM js such that q; satisfies equation (6.4) for all 1 < i < s. If

> Z max maxn;nax ‘HJ??% 4= Z

jGN
forall (i, j) € &, then q avoids collision with tolerances r;;.
Proof. We define the function H by:
S
H (q,4,Ded, D74) =Y |9 (di D7) — HDthH +5 Z Vii(qi, 45)
i=1 jGN

Using the symmetry of the potential and since G is undirected, we have that the time evolution of H satisfies

H Z [ (QM (Gi, Dedi) ¢i + Z gfadlvij(%‘,%))

JEN;
+- Z (grad, Vij(gi, 45), i) +9(gfadjvij(ql"qﬂ‘)"b))}
]GN
S
=3[ 9o B Dudi) i) — D 9 (G erady Viglai ) + 3 g (e Vi 07), )
=1 jGM jeM
S
= —ZRm (DtQ’MQHQquZ)?

i=1
which vanishes identically due to the symmetries of the curvature tensor (2.11). Suppose towards con-
tradiction that ¢ does not avoid collision. Then, there exists some (i,j) € € and 7 € [a,b] such that
d(qi(7),q;(7)) < rij, so that Vi;(¢i(7), ¢;(7)) > V;}. But, since H = 0, we have:

Vi3 [t v < o) = 5O £ 3 ot + 5 305
i=1

i=1 ]EN

— V* Z max maxn;nax_‘_,ugnl 4= Zj\[ ’
]6

which contradicts the assumption on V7. O

Observe that Proposition 21 applies almost identically in the case of the obstacle avoidance task by

removing the subscripts corresponding to the agents. For that reason, we do not prove the result here.
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6.3 Obstacle Avoidance in Systems with Impulse Effects (SIEs)

In recent years, hybrid dynamics systems have become increasingly ubiquitous in control engineer-
ing and robotics due to their versatility in applications and ability to encapsulate complex behaviors with
relatively simple descriptions. At their core, these systems combine continuous and discrete dynamical
systems into a single theory—allowing for instantaneous changes between continuous dynamical systems
when certain conditions are met. In this section, we view interpolation in a common class of hybrid dy-
namical systems known as systems with impulse effects as an application of the obstacle avoidance problem
discussed in Section 6.1.2. We are motivated by robotic applications (such as bipedal walkers [58]), which
make extensive use of hybrid periodic orbits to generate favorable behavior—and which can be viewed as a

particular case of the interpolation problem considered here.

6.3.1 Multiple-Domain Hybrid Dynamical Systems

A Dynamical system with impulse effects (SIEs) is a class of dynamical system that exhibits both
discrete and continuous behaviors [41], [46], [51]. The transition from one to the other occurs when the
continuous-time flow reaches a co-dimension one submanifold of the state space and re-initializes via a C!
map on this submanifold.

Definition: A k-domain SIEs is a tuple 57 = (I, Q, S, A, X), where:

(i) T' = (V,€) is a connected, directed graph such that V = {y1,...,yx} is a set of k vertices, and
E C Q x Q is the set of edges. We further define the set of neighbors of a vertex ¢ € V by

M:{jGVZeijeg}.

(i) @ = {Qy}yev is a collection of smooth complete, connected Riemannian manifolds with Rieman-

nian metric g,.

(iii) S = {Sec}eee is a collection of guards, where for e = (y;,;) € &, Se is assumed to be a totally

bounded embedded open section of (), .

(iv) A = {A.}ece is a collection of reset maps, which are C'! mappings where, for e = (y;, yj) € &,
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Ae: Se — Myj.
(v) X = {Xy}yev is a collection of smooth vector fields X, : Q, — T'Q,.

The underlying dynamical system with impulse effects is then defined by

¢ = Xi(q) if g€ Qi\Ujen, Sij
gt =2N0(q7) if ¢ € S5 forsome j € N,

where it is understood that X; = X, Q; = Qy,, and S;; = Seij, Ay = Aeij, and where ¢~ and ¢ denote
the left-limit and right-limit, respectively, of the trajectory as it intersects .5; (and is correspondingly reset
by A). In general, ¢~ # ¢, so that there may be a point of discontinuity here. However, as in [46], we are
given the choice in deciding whether the trajectory will be left-continuous or right-continuous at this point.
That is, whether ¢~ € S;; or ¢ € A;;(S;;) belong to our trajectory. We will choose the former. Note that

the results that follow in this work hold regardless of this choice [51].

Remark 8. The above definition may in principle lead to a phenomenon known as Zeno behavior, char-
acterized by an infinite number of resets in finite time—which is particularly problematic in applications
where numerical work is used, as computation time grows infinitely large at these Zeno points. There are

two primary modes through which Zeno behavior can occur:

(1) A trajectory is continuously reset back to a guard. To exclude this type of behavior, we require that
( Ure N, Sjk> N A;j(Si;) = 0. This ensures that the trajectory will always be reset to a point with

positive distance from the subsequent guard.

(2) The set of times when a solution to our system reaches the guard (called the set of impact times) has
a limit point (as happens, for instance, in the case of the bouncing ball with coefficient of restitution
less than 1). To exclude this type of situation, we require that the set of impact times be closed and

discrete, as in [46].

The above two assumptions will be assumed implicitly throughout the remainder of this chapter.
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6.3.2 Interpolation on Hybrid Systems

SIEs appear in a variety of robotic applications, typically with some control parameters in the dy-
namics. It is common in practice to develop a trajectory tracking controller, which causes the dynamics to
converge to a desired trajectory exponentially fast from some set of initial conditions. Once such a controller
is designed, one need only select the trajectory to track. For example, one may wish to design this trajectory
so that it solves some interpolation problem. In general, however, the energy consumed along the task will
depend on the particular choice in trajectory.

In continuous-time dynamical systems, cubic splines are a ubiquitous choice, because they are piece-
wise smooth and low energy or even energy-optimal interpolants. In SIEs, however, cubic polynomials may
intersect a guard along its trajectory by chance and fail to reach the desired boundary condition. This can be
rectified, for instance, by using the minimizers of J with an appropriate potential used to avoid the guard as
needed. For this to be possible, we will assume that obstacle avoidance is feasible whenever necessary.

For some s € N, consider a collection of times a = t; < to < --- < tg = b and knot points
{ @Z(n)}, where o : {1,...,s} — V such that for each n € {1,...,s}, §Z(n) = (qg(n), vg(n)) € TQo(n)
and ¢3") ¢ S(o(n),j) forany j € Ny ().

Interpolation Problem: Find a piecewise smooth curve v : [a,b] — @ such that y(t,,) = 2™ and
Y(t) = 5™,

Procedure: We will construct a sequence of piecewise smooth curves, each of which solve some

o(n+1)

boundary conditions of the form v, (t,) = &5 and v, (tni1) = &

. We then need only ”glue” the
curves together to get the desired result. We consider the two operators as follows: For any £, € T'Q;,
denote by P7(&,7;+) : [0,7] — @Q; a minimizer of J (equation (5.1)) on €f = corresponding to some
avoidance potential used to avoid U S (as, for example, was designed in Section 6.1.2). Denote by
JEN;
P7; (& m;+) : [0,7] — Q; a minimizer corresponding to some potential used to avoid U Six. In other
JEN; k#]

words, P avoids all guards in @Q;, while P}; avoids all guards except for .S;;.

Case 1: o(n) = o(n + 1). In this case, we wish to remain in (4, along the trajectory, and so we

must avoid each guard. Clearly it suffices to consider
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(1) = Pttt (g7 70 g ) for t € [t b sa).

Case 2: o(n) # o(n + 1). Here, we must move to a different component of the SIEs by passing
through the guard(s). In general, it may happen that there is no edge connecting the vertices y,(,) and
Yo(n+1)- However, since the graph is connected by assumption, we can always find a path through the graph
connecting Yy (n) 0 Yo (n41)- We denote such a path by y,(,) = yi — ¥3 = .« = Yy = Yo(nt1), and
further define the edge S;+ := S(yf,y;;l) and similarly for A;« and P.. Set o, = W and choose a
point 7; € Si+. We consider the curve v, (t) := Pir (Eo(n)smst —ty) fort € [ty,ty + anl. Lett, + 7
denote the first time for which y(¢,, +71) € Si~ (it may happen by chance that the curve intersects the guard
before reaching ;). Denote this point of contact by &7 := (¢, + 71).

We now define the curve 'y% recursively for j = 2,...,m — 1. Choose 1; € Sj«, and let 7} :=
tn + Zi;ll 73, Define v (t) := PEr(Aj«(&§5_1),myt — 77) fort € [17, s + jouy]. Further let 7; and &7 be
defined by the relation &} := ’y%(T; +7;) € Sj~ and Vi (t) ¢ Sy forany t < 77 + 7; in its domain.

For 7 = m, we choose

Dtn+1—T, _ * 1 . *
P(E) 1= B Tt (A 10 (€, 1) €201 it — T )
fort € [75,_,, tn+1). Finally, we set

7711(15) for ¢ € [ty, 1)

Ya(t)  for t € [rf,73)

k%T(t) for t € 1 _1,tn+t1]

(n)

From which it is clear that 7, is a piecewise smooth curve satisfying v, (t,) = gn"" (n)

) 'Yn(tn) = vy, ) 'Yn(thrl) =

qgflﬂ), Ant1(tns1) = vgffrl) forn=1,...,s.

This strategy, when feasible, produces a solution to the interpolation problem. However, it is worth
noting that the procedure (particularly along Case 2) requires some choice in point on the guard. This
choice can be made arbitrarily, but one may desire to understand if an “optimal” choice can be made. We

can find necessary conditions for the final point by redoing the derivation of Proposition 5.2, but without the

assumption that the variational vector fields vanishing at the end point. The effect of this is that the boundary
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terms picked up when integrating by parts will no longer vanish at ¢ = b, from which necessary conditions

can be derived with appropriate choices in the variational vector field. In particular, we have

Lemma 6.3.1. Suppose S C Q. A critical point q of J satisfying the initial conditions q(a) = q, and

G(a) = vy, and the unilateral constraint q(b) € S is a smooth curve satisfying

D}i(t) + R(Dad(t),d(1) ) lt) = —erad V (q(1)). (6.6)

Dy(b) = D}4(b) = 0. (6.7)

We see that equation 6.6 is identical to the necessary conditions 5.2 where the end points were both
fixed. On the other hand, (6.7) tells us that J is minimized among the modified Riemannian cubics whose
final (covariant) acceleration and jerk vanish. Note, however, that when closed forms for the solutions to
(6.6) cannot be found (which in general cannot be expected), solving (6.7) may be difficult. Moreover, it is
not guaranteed that the trajectory will not intersect the guard at some point before reaching the desired final
point (though we may get arbitrarily close by choosing a point near the desired point that is not on the guard
and then solving the boundary value problem with the avoidance potential—however this may lead to a very
costly trajectory). Note also that condition (6.7) is different from the one imposed for velocities to reach a

final submanifold in [4].

Remark 9. Analogous to continuous-time dynamical systems, periodic orbits can be defined in a SIEs by
a continuous curve v : R — @ and a real number 7' € R such that v(t + T') = ~(¢) for all t € R. The
prevailing difference in a SIEs is that such orbits will in general not be closed. Note that the solution to the

interpolation problem can be used to construct periodic orbits in a SIEs by choosing the knot points such

that &7 = ¢79),



Chapter 7

Reduction by Symmetry in the Obstacle Avoidance Problem

The major drawback of utilizing variationally defined curves in path planning strategies is that they are
typically impossible to compute explicitly, and often computationally expensive to approximate numerically.
However, in many applications, the configuration manifold is a Lie group or a Riemannian homogeneous
space, which possess special symmetries that allow to express the necessary conditions as some lower-order
ODE evolving on the Lie algebra of the underlying Lie group (together with a reconstruction equation). The
Lie algebra, in turn, carries a natural vector space structure, and therefore is well-suited for classical numer-
ical integration schemes. Such a process is known as reduction by symmetry (or Euler-Poincaré reduction in
the Lagrangian formalism). Moreover, the symmetries of such spaces allow for explicit computations of the
Levi-Civita connection, Riemannian curvature, and artificial potentials that were designed in Chapter 6.

The inclusion of potentials in the action functional further complicates the reduction process. In
general, the potential will not share all the symmetries of the kinetic component of the Lagrangian, but
instead will be invariant under the action of some isotropy subgroup of the underlying Lie group (with
respect to its action on some parameter space (). That is, the potential must admit partial symmetry to
allow for reduction (as discussed in Section 3.4). Such problems are typically referred to as reduction with
symmetry breaking. Reduction with symmetry breaking on Lie groups has been studied in [36] using a
Lagrangian formalism, for variational principles of arbitrary order and where the parameter space is some
smooth manifold. For homogeneous spaces, reduction with symmetry breaking has only been studied using
a Lagrangian formalism for first order variational principles [109].

In this chapter, we consider reduction by symmetry in the obstacle avoidance problem. Reduction by
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symmetry for Riemannian cubic polynomials on Lie groups has been studied in [1, 114] using a Riemannian
formalism. Reduction by symmetry for modified Riemannian cubics on SO(3) and S? were studied in [7]
using the Riemannian formalism (but without symmetry breaking), and may be viewed as an application of
the results derived in [36]. In this chapter, we will adopt the Riemannian formalism, and our strategy will
parallel that which was implemented in Section 3.4 for mechanical Lagrangians. On homogeneous spaces,
reduction by symmetry for modified Riemannian cubics has not been studied in the literature, neither from
the Riemannian nor the Lagrangian perspective. The strategy we use here differs significantly from that
proposed by [114] for Riemannian cubics, as we will be using the horizontal connection defined in Section
4.1 to define a constrained variational principle on the underlying Lie group whose critical points project to
modified Riemannian cubics on the associated homogeneous space, rather than lift the modified Riemannian
cubics to the Lie group. In particular, our process allows for reduction with broken symmetry, provides a
different form for the necessary conditions on the Lie group which directly parallels the necessary condi-
tions for modified Riemannian cubics (5.2) (but with a different connection and tensor field), and allows
understanding which curves on the Lie group project to modified Riemannian cubics (which is more useful
for the purposes of applications). Reduction of the sufficient conditions for optimality (framed in terms of
the reduction of the bi-Jacobi equation (2.29)) on Lie groups will also be considered—which has neither
been addressed in the literature for modified Riemannian cubics nor for Riemannian cubic polynomials.

In the particular case of reduction with symmetry breaking for the obstacle avoidance problem, a
challenge arises from the fact that the potential is typically a function of the Riemannian distance between
the agent and the obstacle, which is often impossible to compute explicitly outside certain special cases
(such as Lie groups with bi-invariant metrics), and many applications (rigid body motions, for example) are
not modelled using metrics which are only left-invariant. Even numerical approximations are very costly,
rendering the strategy undesirable for the purpose of path-planning. A principal goal of this chapter is to
extend the notion of reduction with symmetry breaking in such a way that the generated trajectories may be

found in a cost-effective manner—amplifying considerably the strategy’s utility in applications.
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7.1 Reduction by Symmetry on Lie Groups

In this section, we reduce the necessary conditions (5.2) by symmetry on a Lie group G equipped with
a left-invariant Riemannian metric. This process amounts to left-translating the necessary conditions on G
to some equivalent set of equations on the Lie algebra g, together with a reconstruction equation. In Section
7.1.2, we will additionally consider the special case that G admits a bi-invariant metric, and show how the
gradient vector field of the artificial potential can be calculated explicitly in the obstacle avoidance problem
(as discussed in Chapter 6). Reduced Riemannian cubics for rigid body motions in SO(3) are considered
as an example. Finally, in Section 7.1.3, we reduce the bi-Jacobi equation (5.7) and find an equivalent

statement to Corollary 3 in terms of the invertibility of some curve in the set of 2n x 2n matrices M (2n,R).

7.1.1 Reduction of Necessary Conditions

We wish to obtain Euler-Poincaré equations corresponding to (5.2) under the following assumption:

G1: Q = G is a connected Lie group endowed with a left-invariant Riemannian metric
and corresponding Levi-Civita connection V.

To do this, we first must understand the forms that D¢ and R(D;g, §)g take when left-translated to curves

in the Lie algebra g. This is summarized in the following lemma:

Lemma 7.1.1. Let g : [a,b] — G be a smooth curve and set €0 .= ¢14. Recursively define € =

0D 4 7801 fori = 1,2 Then

Dig = (€@ + V8,€@), .1)

R(D1g,§) g = gR(¢W, @), (7.2)

Proof. 1t’s clear from Lemma 3.3.4 and Lemma 3.3.3 that &) = g~1Dig for i = 0,1, 2. One more ap-
plication of Lemma 3.3.4 to D?g = g¢ @) yields equation (7.1). Equation (7.2) follows immediately by
the fact that R is a left-invariant tensor field and observing that R (D;g,g) g = R(g¢W, g¢©)g¢® =

gR(g(l)’ 5(0))5(0), O



123

The quantities calculated in Lemma 7.1.1 may be substituted directly into equation (5.2). If g were a
Riemannian cubic polynomial (i.e., in the case that V' = 0), we would immediately obtain reduced equations
on the Lie algebra g. However, we still must handle the artificial potential. There are two strategies that we
may employ. First, we may left-translate the gradient potential directly to the Lie algebra. That is, we write
gradV'(g) = Ly« o L,-1.gradV (g), and substitute this directly into (5.2) along with equations (7.1) and (7.2)
to obtain the reduced equations. Alternatively, we may consider the extended artificial potential at gy € G,
Vext : G x G — R, defined by Vix(g,h) = V(goh~'g) for all g, h € G. The extended artificial potential
is left-invariant (that is, Vexi(rg, 7h) = Vexe(g, h) for all g, h € G), and satisfies Vexi(g, go) = V(g) for all
g € G. Moreover, it is easily seen that Vi, as we’ve defined it, is the unique scalar field on G x G satisfying

these two properties. Observe that

Lg+grad, Vex(e, g~ ' g90) = grad, Vex(g, go) = gradV (g). (7.3)

While not strictly necessary, we choose to work with the extended artificial potential formalism. This is
due to two major reasons: 7) It is more consistent with the literature, where extended Lagrangians (which
follow similar definitions) are necessarily considered for the purposes of Euler-Poincaré reduction. i) The
left-invariance of the extended artificial potential is convenient in the analysis that follows related to the
obstacle avoidance problem. Moreover, the role of the obstacle is more easily seen: if we wish to avoid the
point-obstacle gy € G, we consider the extended artificial potential at gg.

Using (7.1), (7.2), and (7.3), we may reduce equation (5.2) directly. However, for consistency with

the Euler-Poincaré reduction literature, we will reduce the equations via variational analysis.

Proposition 22. Suppose that G satisfies assumption G1. Then g € () is a modified Riemannian cubic if

and only if €9 := g=1g and h := g1 g solve:
h=—£Op, (7.4)

£0) = gli+D) _ Vg(mf(i), i=0,1 (7.5)

€2 + Ve + R(EW,€9)€© = —grad; Vex(e, h). (7.6)
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on [a, b), together with the boundary conditions £ (a) = g7 1v,, £ (b) = g, 'vy, and h(a) = g3 g0, h(b) =
9y 9o

Proof. Suppose that g € (0 satisfies equation (5.2). Then, it is clear from Proposition 7 and the definition of

the extended artificial potential that
b b
0J0g] = / (D}g + R(D1g,9)g,0g) dt + 6 / Vext(9, go) dt. (7.7)
a a

0
Let gs be an admissible variation of g with variational vector field 8—‘ . gs = 6g, and define 1 := g~ 'dg.
Sls=

Then,

b b B b o
5/a Vext(%g())dt:/a ({)SLOVext(gs,go)dtZ/a %L:O%m(gflgs,h)dt

b
:/ <grad1‘/ext(evh)a77> dt'

Plugging this into (7.7) and using Lemma 7.1.1, we obtain

b

The conclusion follows upon applying the fundamental lemma of the calculus of variations, together with

the observation that h = —g~1gg g9 = —¢Oh. O

Remark 10. As in the first order case discussed in Remark 4, Proposition 22 can be considered as a special
case of Euler-Poincaré reduction for second order Lagrangians (that is, Lagrangians defined on the second
order tangent bundle T2G). This was studied on Lie groups in [36], where the corresponding higher order
Euler-Poincaré equations were obtained. Using the Riemannian formalism, we bypass the necessity to
work with higher-order tangent bundles, and obtain equations evolving Lie algebra g rather than its dual g*.
Furthermore, equations (7.4) -(7.6) can be shown to be equivalent to those obtained in [9], where instead of
considering the extended artificial potential Vi, the gradient vector field gradlV was left-translated to the

Lie algebra.

We now switch our attention to the obstacle avoidance task, as discussed in Chapter 6. In particular,

following the strategy implemented in Section 6.1.1, we define an artificial potential V' : G — R by
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V(g) = f(d?*(g,g0)) forall g € G, where f : R — R is a smooth non-negative function, d? : G x G — R
is the square of the Riemannian distance on G, and g9 € G is the obstacle that we wish to avoid. The
extended artificial potential is then given by Vex (g, h) = V(goh™1g) = f(d*(goh~'g, go)) forall g, h € G.
We now show that the Riemannian distance d is invariant under left-translation, which follows immediately

by the left-invariance of the metric:
Lemma 7.1.2. d(gq, gp) = d(q,p) forall g,q,p € G.

Proof. Since G is complete as a Riemannian manifold, there exists a geodesic v : [0,1] — G which
minimizes the length functional L(c) = /0 1 |l¢(t)||dt among all smooth curves ¢ : [0,1] — G satisfying
¢(0) = p, ¢(1) = q. Moreover, we have d(p, g) = L(~) by equation (2.24). By left-invariance of the metric,
we then have that d(p, q¢) = L(v) = L(gvy) > d(gp, gq), since in particular g~y is a smooth curve such that

97(0) = gp, gy(1) = gq. On the other hand, there exists some geodesic v* such that L(~*) = d(gp, gq),

and so d(gp, gq) = L(v*) = L(g~'v*) > d(p, q). It follows that d(p, ¢) = d(gp, 9q). O

In particular, we find that Vey( (g, h) = f(d?(g, h)), so that grad, Vexe(g, h) = f'(d*(g, h))grad,d?(g, h).
Evaluating this quantity in practice is highly non-trivial due to the fact that, in general, there is no closed
form for the Riemannian distance function nor its gradient. However, we have seen in Lemma 6.1.2 that the
Riemannian distance and its gradient can be understood in terms of the inverse of the Riemannian exponen-
tial map in the case that this inverse is well-defined. This leads to the following additional assumption:

DIST: The curve h : [a,b] — G is contained within a geodesically convex neighborhood
of the identity e € G on which the Riemannian exponential map is a diffeomorphism.

Under assumption DIST, we obtain the following expression for the gradient of the extended artificial

potential using Lemma 6.1.2:
grad; Vex(e, h(1)) = =2/ (| exp; * (h(1))]12) exp; (h(2)). (1.8)

Unfortunately, equation (7.8) suffers from the same basic issue that the previous expression did. Namely, in

general, there is no closed form for the Riemannian exponential map or its inverse, due to a lack of closed
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form expressions for the geodesics on G. In the next section, we will study a special case where such closed

form expressions may be obtained.

7.1.2 Reduction on Lie Groups with Bi-invariant Metrics

Equations (7.4) - (7.6) can be simplified dramatically in the case that the metric (-, -) is bi-invariant,
as we saw in Section 3.4 for mechanical Lagrangians. In particular, we view equipping G' with such a

bi-invariant metric as a strengthening of assumption G1:

G2 : G is a connected Lie group equipped with a bi-invariant Riemannian metric and
corresponding Levi-Civita connection V.

Using Lemma 3.3.7, we obtain the following corollary to Proposition 22.
Corollary 9. Suppose that G satisfies assumption G2. Then g € () is a modified Riemannian cubic if and
only if € := g~ Vg and h := g~ gg solve:
h=—¢h, (7.9)

£ + [€,€] = —grad; Vexi(e, h), (7.10)
together with the boundary conditions £(a) = g; 'v,, £(b) = g;lvb, and h(a) = g; g0, h(b) = g;lgo.
Proof. From Proposition 22, it follows that if we take & () = ¢, then g € § solves (5.2) if and only if:

h = —¢h,
£ = glir) - [5 ¢, i=01

1

4 [[5(1)75] ) 5] = _gradl‘/ext(ev h)

£+ [§ ] -
Now observe that, from Lemmas 7.1.1 and 3.3.7:
E=€0 — [6,6] = €0
E=E0 =@ C[5d],
=0 6.

Substituting these into the necessary conditions, we obtain (7.9) and (7.10). ]
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Perhaps even more important than the simplified form that the reduced equations take under assump-
tion G2, we have from Theorem 3.3.8 that the restriction of the Riemannian exponential map to the Lie
algebra, exp,, agrees with the Lie exponential map Exp : g — (. In particular, under assumption DIST,

equation (7.8) takes the form

grad; Vex(e, h(t)) = —2f'(|Log(h(1))[|*)Log(h(1)), (7.11)

where Log : g — G is the Logarithmic map, as discussed in Section 3.1. As seen in Lemma 3.3.9, the
logarithmic map can be calculated explicitly in certain special cases, such as G = SO(3).

In Example 4, we saw that the left-invariant metric for a rigid body is in-fact bi-invariant in the
case that the coefficient of inertia matrix M (or equivalently that the moment of inertia tensor J) is a scalar
multiple of the identity. This is akin to the rigid body being symmetric about all of its axes, which is a strong
assumption that typically does not hold in application. Hence, even in the case that G admits a bi-invariant
metric, this metric may not correspond to the kinetic energy of the physical system that we are interested
in studying, and a left-invariant metric must be used anyway. However, as we will see, we may still take
advantage of the bi-invariant metric to design our artificial potential. Consider the following alternative
assumption to G1:

G3 : G is a connected Lie group equipped with a left-invariant metric (-, -), with corre-
sponding Levi-Civita connection V. Moreover, G admits a bi-invariant Riemannian metric

(-,-)pj» and B : g — g is the unique linear endomorphism such that ({, 7). = (8(£),n)
forall(,n € g.

Let h € G and n € g. Observe that:

<grad1 V:axt(ea h), n Vext(EXp(ST}), h)

d
> o %‘5:0
= <grad1131Vext(€7 h),m)g:

= <B(grad]fi‘/éxt(ea h>)7 77> )
for all s € (—¢,€), where grad]f‘i%m(e, h) denotes the gradient vector field of Vx with respect to its first

argument and (-, -)g:. It follows that grad, Vex(e, h) = B(gradf'Vex (e, b)) for all h € G. Hence, we have

the following corollary to Proposition 22 in the case that assumption G3 is satisfied.
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Corollary 10. Suppose that G satisfies assumption G3. Then g € () is a modified Riemannian cubic if and

only if €©) .= g~ g and h := g~ 'gq solve:

é(i) _ £(i+1) _ ng)ﬁ(i)a i=0,1, (7.13)
£P + V80 ® + R(€W, )60 = —p(grad? Vex (e, b)), (7.14)

on [a, b), together with the boundary conditions £ (a) = g 1va, £ (b) = g, 'vy, and h(a) = g; ' g0, h(b) =

95 90-

In the context of Corollary 10, we now design the artificial potential to be of the form V(g) =
f(d3:.(g9,90)), where dgi : G x G — R is the Riemannian distance function corresponding to the bi-

invariant metric (-, -)g.. The extended potential is similarly defined by Vix(g,h) = f(d3;(g,h)) for all

i

g, h € G. Under assumption DIST, equation (7.11) applies to grad® Vi, (e, h(t)). That is,

Bgrad? Vex(e, h(t))) = —2f'(|[Log(h(t))||*) B(Log(h(1))), (7.15)

Example 11. We return to the example of the rigid body modelled on SO(3). As in Example 4, we equip
SO(3) with the left-invariant metric <R1, R2> = w(BMRT) for all R € SO(3), R1, Ry € TrSO(3).
Using the hat map (3.4), this takes the form of <Q, 77> = Q7 Jn (3.19) on the Lie algebra s0(3). we see the

following:

(adg, &) = J(Q x 1) -0

<adgﬁ,&> —(InxQ)-o

for all 2,1, 0 € R3. It follows from Lemma 3.3.3 that the Riemannian g-connections can be decomposed

as:

|
<V%ﬁ,&>:§(J<an)—JnxQ—Jan)-a. (7.16)

We also consider the bi-invariant metric (-, -) ; defined by <R1, R2>B' = tr(Ry RY) forall R € SO(3), Ry, Ry €

1

TrSO(3). Through the hat isomorphism, we find that <Ql, QQ>B. = QT'Q,, which is just the standard inner

1
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product on R3. From this, it is clear that 3(€2) = QM for all € s0(3), since

<ﬂ(f21),f22> — (UM HMOL) = (L) = <fh,Qz>B_

1

for all 1,y € s0(3). Moreover, considering the restriction of 3 to s0(3), we see that

Qo= (Q5) =(BQ).6) =B I =I8O)) 0 = (JB@QY.6) .
from which it follows that 3({) = J1Q forall Q € R,

Consider a point-obstacle Ry € SO(3), and the artificial potential V (R) = f(d3;(R, Ro)), where f :
R — R is smooth and non-negative. The extended artificial potential satisfies Vex (R1, R2) = f(d%;(R1, R2))

for all Ry, Ry € SO(3). It follows from Lemma 3.3.9 and Equation (7.11) that

_2f'(¢(H)*)¢(H)
sin(¢(H))

grad® Vo (e, H) = (H—-HT). (7.17)

for all H € SO(3) such that tr(H) # —1. Hence, from Corollary 10, we have the following Proposition:

@l
(Ravﬂa)v(Rb7Qb)

Then, R is a modified Riemannian cubic if and only ifﬂ(o) := RTR and H := R” Ry solve:

Proposition 23. Consider a rigid body with moment of inertia tensor J and attitude R € ) (SO(3)).

H=-0OH

)

.. ) 1 ) . )
JOO — Joi+D) _ i(J(Qm) % Q) — JQ© % Q) — 10 Q<o>)7 i=01,

2@ 1 L1000 « 0@ _ 100 « 0@ _ 102 « o0 51 oYY _ 2 (GE))SH) o or
70 +2(J(Q % Q@) — 10O x 0@ _ J0® x 0 )+J(R(Q RPLONY) ) = ey ¥ HTYY,

on [a,b], together with the boundary conditions Q% (a) = RIQ,, QO(b) = RIQy and H(a) =

RTRy, H(b) = R] Ry, and as long as tr(H) # —1.

PN
Observe that the curvature term (R(Q(l), Q(O))Q(O)) can be written in terms of Q(*) and Q) via the

relation R(QM, QOO0 = v¢ vI OO0 _ ve

am Y a0 a0 A% PN o O v ¢ 1C) together with equation

QM QD xQ0)
(7.16). Moreover, it follows from Corollary 6 that (when feasible) the point-obstacle Ry can be avoided
within some desired tolerance by choosing f appropriately. For example, using an avoidance family, as in

Definition 6.1.1.

In the case that J = I, we obtain the following corollary from Corollary 9:
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Corollary 11. Consider a rigid body with moment of inertia tensor J] = I and attitude R € QE‘ZH O),(Ry O )(80(3)).
asséa )\ Lhys b

Then, R is a modified Riemannian cubic if and only if Q) := RTR and H := RT Ry solve:

HZfQHa
><..72]”’(¢)(H—)2)(;5(]r{) _ gT\V
DO ="

on [a, b], together with the boundary conditions Q(a) = REQq, Q(b) = ROy and H(a) = R Ry, H(b) =

RI'Ry, and as long as tr(H) # —1.

Remark 11. Recall that in the collision avoidance task (as described in Section 6.2), the artificial poten-
tial takes the particular form V' (g1,...,9s) = Z Vik(9;, gk), and the corresponding modified Rieman-
nian cubics satisfy (6.4). For the purposes oéjf())lelfsion avoidance, the particular sub-potentials V}; will
take the form V;x(g;,9x) = f(d*(g;,9x)), and as such there is no symmetry breaking. That is, we have
Vik(hgj, hgr) = Vik(gj, gx) forall h € G, (j, k) € &, from which it is clear that V' is left-invariant with
respect to left-translation on G°. As such, there is no extended artificial potential to be considered, and we
instead left-translate (6.4) directly to the Lie algebra.

Observe that gj_1 grad, Vi, (g5, gr) = grad,Vj(e, gj_1 gr)- As in Proposition 22, this motivates the
definition hj, = g; ' g, from which we find that /vjx = —g5" ;95 gk + 9; "9k = —&5hjk + hjkle, Where

=g, Lg;foralli =1,...,s. This leads to the following result:

Proposition 24. Suppose that Q = G°, where G satisfies assumption G1. Then g = (g1,...,9s) €

C*([a,b], G)* satisfies (6.4) if and only iffj(-o) = gj_lgj and hjj, == gj_lgk solve:

i = =" i+ ity (7.18)

§ =" -ving) =0 (1.19)

&+ Vao&” + RGN = = 3 ey Virles ), (7:20)
reN;

forallj=1,...,sand k € Nj.

Analogues to Corollaries 9 and 10 follow similarly in the case that G admits a bi-invariant metric.
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7.1.3 Reduction of Sufficient Conditions on Lie Groups

As we did in the previous section for the necessary conditions for optimality (5.2), we can also apply
reduction by symmetry to the sufficient conditions for optimality on a Lie group equipped with a left-
invariant metric. In the end, this amounts to left-translating the Bi-Jacobi fields described by equation (5.7)
to the Lie algebra g, and studying the corresponding bi-conjugate points so that we may apply Corollary 3.

To that end, suppose that GG is a Lie group satisfying condition G1, and g € () is a modified Rieman-
nian cubic. Let £ := ¢g~1¢, and recursively define gt — é(i) + Vg(mf(i) fori =0, 1, 2. Consider a vec-
tor field X € T'(g). From Lemma 3.3.4, it is clear that if we recursively define X1 .= x(®) 4 Vg(o) x 0
with X(© := ¢~1 X, then g IDiX = X for all i € N. In particular,

g 'D}X =X + Vi, X0 (7.21)

We now translate each term of F'(X, ¢), defined in (5.6). Since the Riemannian curvature R is a tensor field,

it follows that

R(R(X, )9, 9)g = gR(R(X, £0)c0 ¢0))¢(©) (7.22)
R(X,D}§)g = gR(X), )¢ (7.23)
R(D}X,g)§ = gR(X®), £0)c® (7.24)
R(X,§)D}g = gR(X®), )¢ (7.25)

R(X,Dy§)Dyg = gR(X©, xWyx™) (7.26)
R(D;X, §) Dy = gR(XW, ), (7.27)

The remaining terms of F'(X, ) involve covariant derivatives of the Riemannian curvature. Note that for



132

X,Y,Z €T'(g), we have
(DiR)(X,Y)Z = Dy(R(X,Y)Z) — R(D\X,Y)Z — R(X,D,Y)Z — R(X,Y)D,Z

= Di(gR(X,Y)Z) — gR(X + VEX, V) Z — gR(X,Y + VIV)Z — gR(X,V)(Z + V{Z)

— DgR(X.9)2) g ( G RX. D)2 ~ RVEX.D)Z - R(X.TI)Z - RX,Y)V32 )

Moreover,
Di(gR(X,V)Z) = ( i (X, 9)Z + V(R (x,y)3)> .
Hence, if welet X = g7 'X, Y = ¢~ 'Y, Z = ¢~ 'Z, we find that
(DiR)(X,Y)Z = ( YR(X,Y)Z) ~ R(VIX,V)Z — R(X,VIV)Z — R(X,y)vgz) . (7.28)
Therefore,

TUDR)(DiX, §)g = T, (RAW, )@ ) — R(TE, 20, €0 (7.29)
_ R(X(l),Vg(O)ﬁ(O))ﬁ(o) _ R(X(l),f(o))vg(o)ﬁ(o),

“UDR)(X, Dig)g = Vi (RO, €M) — R(VE, 20, D) (7:30)
~ R, 92, €0)e® — R(x©) )72, €O,

TUDR)(X,§)Dig = Vi (RO, €MD) — RVE, 20,0 (7.31)

— R(X O, VgDV — R(X©,£)vi M.
By a similar argument,
“UDER)(X,Y)Z = Vi (DR)(X,9)2) — (D,R)(Vi0) X, V) Z — (DiR)(X, V0, V) E — (DR)(X, V)V, 2

which may then be used to calculate g~ (D?R)(X, §)¢ as a function of X(©) and £(©) and written in terms

of the Riemannian curvature R by applying (7.28) to each term.
The remaining term of F'(X, ¢) is (Vx R)(D:g, §)g, which differs from the rest because we are now

taking the covariant derivative of the curvature with respect to X. To address this, suppose that I'(s, t) is a
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two-parameter variation of g, and define 7' = 0,I'(s,t) and S := 9sI'(s, t) ‘ Further define 7 (s,t) :== T 71T
and S(s,t) := I'"1S, and suppose T" is defined such that T(0,¢) = ¢(¢) and S(0,¢) = X (¢). Then, it can
be seen by applying equation (7.28) that:

(DyR)(D:T,T)T = Dy(R(D,T,T)T) — R(D,D;T,T)T — R(D,T, D,T)T — R(D;T,T)D,T

=T[VE(R(T + VST, T)T) — R(VE(VE+T), T)T — RV + T,VET)T — R(V% + T, T)VLT]

Setting s = 0, we obtain

9 (VXR)(Dig, )3 = V 0 (R(ED, £O)¢@) = R(V, 6™, 606 (7.32)

= R(EW, V30 € EW — REW, €9 V5,6

X

From the previous analysis, it is clear that F'(X, ¢) satisfies
g F(X,4) = F©,x0, x®) 0 W ),

for some smooth multilinear function F : g% — g.
Finally, we must translate V y gradV'(g) to g. To that end, let « be a variation of ¢ such that 9sa|s—o =
X. Moreover, let {A;} be a basis for g and write gograd; Vexc(g,90) = V(g, 90)gA; for Vi : G x G — R

fori =1,...,dim(G), we have

VixgradV/(g) = DsgradV ()] _,
= Dsgradl‘/ext(aa 90) |5:0

= Dsa (V' (e, 90)Ai) |,

o )
=9 <83V (a,go)L:OAi + V%9 1grad1‘/éxt(g7go)> .

Observe that, due to the symmetry of the extended potential,

0 0 _
<grad1%Xt(g790)7X> = % S:O%Xt<a,go) = %L:O%Xt(g 1a7 h) == <ggrad1%Xt(ev h)7X> )

so that g~ tgrad, Vexe(g, o) = grad;Vexi(e, h). Moreover, this implies that Vi(a, go) = V(g ', h), so

that £Vi(a(r),g0)| _ Ai = V(g a(r),h")

s

:oAi =d; V(ie’h)(X )A;. Furthermore, this expression
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is independent of the chosen basis for g, which allows to define a linear operator Dy : g — g such that

Dygrad, Vexe(e, h) = di V(Z6 h) (X)A; when written with respect to any basis { A;} for g. In all, we see that
VxgradV(g) = g(Dx + V¥ )grad; Vexi(e, h). (7.33)
Hence, we have proven the following proposition:

Proposition 25. Suppose that G satisfies assumption GI, and let g € § solve (5.2). Define £(it1) =
é(i) + Vg(m{(i) fori = 0,1,2, with €0 := ¢g=1¢, and let h := g gy for some gy € G. Then X is a

bi-Jacobi field along g if and only if?((o) = ¢~ X solves:

AUt = @) 4 Vg(g);((i), fori=0,1,2, (7.34)

x® L VE@X(?’) + JT-'(X(U)7 X(I), X(2), 5(0)7€(1)’§(2)) + (DX<0> + vi(o)) grad, Vexi(e, h) = 0, (7.35)
We call a smooth solution X©) 1o (7.34)-(7.35) a reduced bi-Jacobi field.

Note that, contrary to the case of modified Riemannian cubics, where the reduction process reduces
the order of the governing ODE by 1 (as seen in Proposition 22), the resulting reduced equations in Propo-
sition 25 are of the same order as the original equation describing bi-Jacobi fields. Ultimately, equations
(7.34)-(7.35) are simply a translation of (5.7) to the Lie algebra g. Despite not reducing the order, there
are numerous advantage to this. As we will see in Proposition 26, the vector space structure of g allows
us to express the sufficient conditions for optimality (as outlined in Corollary 3) succinctly in terms of the
determinant of a matrix which depends only on the solutions to a series of initial value problems. Moreover,
in many applications where G admits a bi-invariant metric, the curvature tensor R (and thus F) may be cal-
culated explicitly on g (see Lemma 3.3.7 and Example 11), in addition to many obstacle avoidance artificial
potentials, which greatly simplifies the solution of the initial value problems.

Observe that left-translation provides an isomorphism 7,2 = H?2([a,b], g), where H2([a,b], g) de-

notes the space of Sobolev class H? curves 7 : [a, b] — g such that

77(a> = 77(5) =0, ﬁ(a) = —Vg(o)(a)ﬁ(a% 77(5) = _vg(o)(b)n(b)a
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where ¢ := g~'§. Hence, we are able to reinterpret the index form (5.5) along a modified Riemannian cubic

g € Q as the bilinear form Z : H2([a,b], g) x H%([a,b],g) — R defined by:

b
2(x®, ) = [T[(a0,59) + (30, FX. + (Do + Vi) grad Veulesg 'g0)) ]t (7.36

where we have used the notation £ = (¢, €2 ¢B)) and X = (X, x(D x(?)), and recursively defined
gl = £0) 4 Vi@ and X0 = X0 + v A0 fori = 0,1,2, with £©) := g71g. We call T the
reduced index form. It is clear that 7 is equivalent to I, in the sense that for all X,Y € T}, we have that
X =g 'XandY = g7V satisty I(X,Y) = Z(X, X), and vice versa. In particular, we have ker(Z) =
{97'X € H([a,b],9) | X € T,€2 is a bi-Jacobi field }. From Proposition 25, it follows that the kernel of
7 is precisely the set of reduced bi-Jacobi fields. Moreover, ¢t = ¢y and ¢ = ¢; are biconjugate along g if and
only if there exists a reduced bi-Jacobi field satisfying X0 (ty) = X (t;) = XMW (ty) = xW(2y) = 0.

This leads to the following proposition:

Proposition 26. Let { A;} be a basis for g, and suppose that Xi(o) is a reduced bi-Jacobi fields satisfying the

initial conditions

X9 =0, xY@ =0 xPa) =4, xPa)=0, fori=1,...,n,

X% =0, V) =0, P =0 xP)=A,,  fori=n+1,...,2n.

Let of B € R be such that Xi(o) (t) = af(t) Ay and Xi(l)(t) = BF(t)Ay fori = 1,...,2n and define

al ..ot Bt BT
At)y=1| + . © .. 1 | .Then gisan Q-local minimizer of J if and only if det(A(t)) #
Oy oo Oy Pay e B

0 forallt € (a,b).

Proof. Let X; := gXZ.(O) forv =1,...,2n. From Proposition 25, it is clear that each X; is a Bi-Jacobi field.
Moreover, since {4;} is a basis for g, {X;}?" is a basis for the space J,(0) of Bi-Jacobi fields along g

which vanish at ¢ = a along with their first covariant derivatives. Hence, for all Z € J,(0), there exists 2n
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constants a* € R such that
2n ' 2n '
Z = Za’Xi = gz alXi(O),
i=1 i=1
2n . 2n .
DiZ =Y dDX;=g) ax
i=1

=1

for all t € [a,b]. In particular, this implies that (Z, D;Z) = gz (X © X ), where we define the
left-action G x (g x g) = g x gby (g,(&,m)) = (Lg=&, Lg=n).

Let ty € (a,b] and suppose that g is an 2-local minimizer of J. Then the only bi-Jacobi field
Z € Jg4(0) such that Z(tg) = D;Z(ty) = 0 is the zero vector field Z = 0 by Corollary 3. This implies

2n
that Y @' (A% (t0), 2 (o)) = 0 if and only if @' = 0 for i = 1,...,2n. It follows immediately that

{(Xi“)) (to), X (t0)) }2; is a basis for g x g, which implies that det(A(fo)) # 0. Since this holds for all
to € (a,bl, the result holds.

Now suppose that g is not an {2-local minimizer. Then there is a time ¢t = ¢y € (a, b] which is bicon-
jugate to t = a by Proposition 12. Hence, by definition, there exists a non-trivial bi-Jacobi field Z € J,(0)
such that Z(ty) = D;Z(ty) = 0, and so there is a non-trivial solution to 2", a (Xi(o) (to), Xi(l)(to)) =0.

In particular, the vectors (Xi(o) (to), Xi(l)(to)) are linearly dependent, so that det(A(tp)) = 0. O

Remark 12. As we did in Section 7.1.2 for the reduction of necessary conditions, we too may consider
Proposition 26 and the corresponding equations for the reduced bi-Jacobi fields (7.34)-(7.35) in the case
that GG satisfies conditions G2 or G3, as well as the artificial potential design for the obstacle avoidance
task in both cases under assumption DIST. These results follow from exactly the same reasoning as used in
Section 7.1.2 (namely by applying Lemma (3.3.7) to each term in the reduced Bi-Jacobi equations), and so

we do not repeat the analysis here.

7.2 Reduction by Symmetry on Riemannian Homogeneous Spaces

In this section, we reduce the necessary conditions (5.2) by symmetry in the case that Q = H is

a Riemannian homogeneous space of some Lie group equipped with a left-invariant Riemannian metric,
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under the assumption that the lift of the artificial potential to G admits a partial symmetry. In particular,
we will find some set of equations on G whose solutions project to modified Riemannian cubics on H,
and subsequently left-translate these equations to some system of equations on the Lie algebra g (together
with a reconstruction equation). As in the previous section, we will additionally consider the special case
that G’ admits a bi-invariant metric, and show how the gradient vector field of the artificial potential can be
calculated explicitly in the obstacle avoidance problem (as discussed in Chapter 6). Moreover, the case that
H is a Riemannian symmetric space of GG (and the subsequent analysis of the artificial potential) will be

considered. Reduction by symmetry on the unit sphere S? is considered as an example.

7.2.1 Reduction of Necessary Conditions

Suppose that H is a homogeneous space of some Lie group G. If H is equipped with a Riemannian
metric, then it is a Riemannian manifold in its own right. Hence, we may consider the functional J : (2 — R,
as defined in (5.1), and the necessary conditions for optimality (5.2) derived in Proposition 7 will hold. As
in Section 7.1, however, the goal of this section is to reduce these equations by symmetry. In this case,
there is no explicit Lie group symmetry on H. However, we may nonetheless take advantage of the Lie
group symmetry on G provided that m : G — H is a Riemannian submersion (that is, H is a Riemannian
homogeneous space of (7). In this case, Lemmas 4.1.2 and 4.1.4 apply. With that in mind, the assumptions
that we may employ throughout the section are as follows.

H1 (respectively H2): H := G/ K is a Riemannian homogeneous space, where G satisfies
assumption G1 (respectively G2).

H3: H := G/K is a Riemannian homogeneous space with respect to the left-invariant
metric (-,-) on G. We denote the Levi-Civita connection on G with respect to (-, ) by
V, and the corresponding Riemannian g-connection and curvature tensor are denoted by
V9 and R, respectively. G also admits a bi-invariant metric, denoted by (-, )](3;’ and we let
S : g — g be the linear endomorphism such that (¢, n%i = (B(n),n) forall &, n € g.

S1 (respectively S2, S3): H := G/ K is a Riemannian symmetric space satisfying assump-
tion H1 (respectively H2, H3).

For the remainder of the section, we assume that assumption H1 is satisfied. In [114], the necessary

conditions (5.2) on H were horizontally lifted to a set of equations on G in the case that g = ¢ and V' = 0.
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However, these equations are not derived from a variational principle, and as such are more limited in
analysis. Moreover, they do not lend themselves to the reverse (and often more practical) problem of finding
curves on GG which project to modified Riemannian cubics on H under 7 : G — H. To that end, we now
seek a variational principle defined on G which is equivalent to §.J[¢g] = 0. The methodology employed here
will in many ways mirror that used in Section 4.1.1.

Denote the admissible path space on H by () (as defined in (2.18)) and the admissible path space
on G by €. We suppose that the boundary conditions on € are chosen so that g, € 7 ({¢q}) and g; €
7~ ({g}). Consider some ¢ € Q and let g € ) be any curve satisfying 7 o ¢ = ¢. Then, it follows that

| De(749)||r = || D || . This motivates the functional .J : Q — R defined by

b
Jlg) = / @\\Dt(mg)HH + V(g(t))) dt, (737)

where V : G — R is some smooth and non-negative artificial potential on G. Following the same argument

presented in Proposition 3, we have the following proposition.

Proposition 27. Suppose that H satisfies assumption HI. Let ¢ € Q and g € §) satisfy w0 g = q on [a, b].

IfV =V o, then q solves 6.J[q] = 0 if and only if g solves 6.J[g] = 0.

While Proposition 27 demonstrates that §.J = 0 <= 9§ J = 0 as variational principles, deriving the

necessary conditions for optimality that correspond to & J=0is complicated. First, in order to eventually

apply reduction by symmetry, we will need to express the integrand of J in terms of the norm | |l on G.
This is straight-forward, as | Dy(m.¢)|| g = || Di(7+§)||. However, unless g € € is a basic curve, we have

no clear way to express this quantity in terms of the Levi-Civita connection Dy on G (or equivalently, the
horizontal connection f)Z‘l defined by (4.4)). Even in the case that we assume g to be basic (so that it is the
horizontal lift of some ¢ € (), the variations taken along g need not be. Hence, in order to derive necessary
conditions for optimality, we will need to consider a constrained variational principle which aligns with

6.J = 0 in the case that g is basic. Consider J : Q — R defined by

- b1 . -
J"g) = / <2HDZ*§/!%;+V<9>> dt, (7.38)
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where V : G — R is smooth and non-negative. It is easily seen by Lemma 4.1.5 that J%[g] = J[g] for
all basic curves g € Q if we take V = V o . Moreover, the integrand of JH s completely analogous to
that of the functional .J, with the horizontal connection taking place of the Levi-Civita connection. We now
would like to consider the variational principle § JH=0 along all basic variations (see Definition 4.1.10).

For simplicity, we denote this variational principle by & JH [g] = 0. This leads to the following proposition.
Proposition 28. Suppose that g € () is basic and solves §.J[g] = 0. Then 53,.J™[g] = 0.

The remainder of the section is dedicated to deriving necessary conditions corresponding to d JH lg] =

0, and then using the symmetry of G and partial symmetry of V' to reduce them to some set of equations on
b.
Proposition 29. Suppose that H satisfies assumption HI. Then, a basic curve g € Q solves 5HJ~ Higl =0

if and only if it is smooth and satisfies
~7H 3 . i~ ~H - - o C;
(D1) 5+ @ (D4.9) g + HleradV (g)) =0, (7.39)

on the full interval |a, b|.

Proof. Consider a basic variation g5 of g with variational vector field dg, and let T' = ags and S = ags.

Then, from Lemmas 4.1.5, 4.1.11, and the symmetries of the curvature tensor 2.10-2.14,
11 ~ - el ~ - -
/ f HDﬁg +V(gs) ) dt = / ((DHDFT.DIT) + (gradV(g,),5) )
s=0 2 ) G G
b
- / (<DZ‘D§‘T, D#T> < (S,T)T, DZfT> + <gradV(gS),S>G>
a

_ / ’ (D128, DYT) -+ (QDIT.T)T + grad¥ (g,), ) )

d

dt
ds

TH
0=0%[g] = _

dt
s=0

dt
s=0

b
= [ ({01259, D9)  + (@DY.9)9 + HeradV (5). b)) de
a
where in the last line, we have used the fact that (X,Y), = (H(X),Y) forall X € I'(T'G),Y € I'(HG).
The smoothness of g can be proven using a bootstrap argument (as was done, for example, in the proof of

Proposition 7). As a result, we can integrate by parts and use the fact that dg(a) = dg(b) = D}*6g(a) =

DM5g(b) = 0 to see that

b
/ (D29 + QD9, 99 + HlgradV (), 59 ) i = 0.
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As a consequence of Lemma 4.0.2 and the definitions of D™ and @, the left-hand side of (7.39) is a basic
N i -
vector field, so that we may consider dg = f(t) [(DZ“) g+ Q(Dltg, g)g + H(gradV (g))| , where f :

[a,b] — R is smooth and satisfies f(t) > 0 fort € (a,b) and f(a) = f(b) = f(a) = f(b) = 0. Then,

[ 10 (92" 5+ @293+ Htama o)

Il
o

from which equation (7.39) follows immediately. ]

Note that, since g € Q™, it is the horizontal lift at gq of some ¢ € €. It is clear from their respective
definitions that (Dﬁ)g g = li)’/q and Q([)ng, 9)g = R(Bt\é,/q)q Moreover, from Lemma 4.0.2, there
exists some vector field X € T'(¢) whose tangent lift satisfies X (t) = H(gradV (g(t))) for all t € [a, b].
Observe that X is locally extendable. That is, for any ¢y € [a, ], there exists some subinterval (a*, b*) C
[a, b] containing t(, a neighborhood U C H containing ¢((a*, b*)), and a smooth vector field Y : U — TH
such that Y (¢(t)) = X(¢) for all ¢ € (a*,b*). Consequently, the horizontal lift of Y satisfies Y (g(t)) =
H(gradV (g(t)) for all t € (a*,b*). On the other hand, consider the 1-form Y”. If H is simply connected
(this follows for instance if G is simply connected and K is connected), then there must exist a scalar
field V : U — R such that dV = Y”. Hence, gradV = Y, and so m(g(t)) = H(V(g(t))) for all
t € (a*,b*). Observe that these vector fields need not agree away from the curve g, however we obtain

immediately that g is locally the horizontal lift of a modified Riemannian cubic with respect to V. This,

together with Proposition 27, leads to the following corollary to Proposition 29.

Corollary 12. Suppose that g : [a,b] — G is a basic curve satisfying equation (7.39) for some smooth
V : G — R. Then for each ty € [a,b], there exists some (a*,b*) C [a,b] containing to, a neighborhood
U C H containing q((a*,b")), and a scalar field V : U — R such that the curve q|(g= p+) := 7 0 g|(q= b+

is a modified Riemannian cubic with respect to V.

If we take V := V o m, the above corollary is strengthened significantly. Namely, it follows that
gradV/ (g) must be horizontal, since <gradf/(h), U>G =dV(U)=dV o (U) =0forall h € G,U € Vj,.

Hence H(gradV) = gradV. Moreover, if we consider any X € Hory, then:

<gradf/(h),5(>G = dV(X) = dV(X) = (gradV (r(h)), X) ;; = <gradV(7r(h)), X>G,
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where X = 7, X. Therefore, gradf/ is precisely the horizontal lift of gradV'. Moreover, we see that equation
(7.39) is the horizontal lift of equation (5.2) on H. From Lemma 4.0.2, it follows that the projection of any
basic curve satisfying equation (7.39) onto H is a modified Riemannian cubic. Together with Propositions

28 and 27, we have the following equivalency:

Proposition 30. Suppose that H satisfies assumption HI, and V- = V or. If ¢ € Q is a modified Riemannian
cubic, then any horizontal lift g of q satisfies equation (7.39). Moreover, if g is a basic curve and solves

(7.39), then its projection q := m o g is a modified Riemannian cubic.

We now seek to derive the Euler-Poincaré equations corresponding to (7.39). For this, we will make
use of the Riemannian h-connection, as defined by equation (4.8). Moreover, following the nomenclature
of Section 7.1, we let the extended artificial potential on G be defined by Vext(g, h) = V(mw(goh~'g)) for
all g, h € G. Following the same strategy employed in the proof of Proposition 22, and utilizing equation

(4.9), Lemma 4.1.6, and Proposition 29, we obtain the following result:

Proposition 31. Suppose that H satisfies assumption H1, and V =V om. Then g € Q satisfies equation

(7.39) if and only if €©) .= g~ g and h := g~ g solve

b= _{(O)h’ (7.40)
£0) = ¢litd) _ @2(0)5(%')7 i=0,1 (7.41)
£2 1+ ViE® + Qe €9)e® = —grad Vex(e, h), (7.42)

on [a, b, subject to the boundary conditions ) (a) = g3 v,, £©0(b) = g, 'y, and h(a) = g7 ' go, h(b) =

gb_lgo-

From Propositions 27, 28, and 31, we know that the horizontal lift g of any modified Riemannian
cubic g on H satisfies the reduced equations (7.40)-(7.42). In application, we are interested in the reverse
problem. That is, we wish to find modified Riemannian cubics on H by solving some equations on the
Lie algebra g on GG. Proposition 30 tells us that any solution g to (7.39) that is basic projects to a modified
Riemannian cubic in H. In the context of Proposition 31, this means that £(°)(¢) € b for all t € [a, b]. The

following proposition gives the criteria for this to occur.
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Proposition 32. Suppose that H satisfies assumption HI, and €9 : [a,b] — g fori = 1,2,3 and h :

[a,b] — G solve (7.40)-(7.42). Then, g := goh~" is basic if and only if €9 (a), €M) (a), £€?)(a) € b.

Proof. Observe that g = goh ™ is equivalent to ¢ = g&(?), so that g is basic if and only if £(©) (t) € b for all

t € [a, b]. Now, the system (7.40)-(7.42) may be written in the form
£0) = X(O)(g(o)’g(l))
£ = X(l)(g(l)’gﬂ))
5(2) — X(Q)(f(o),f(l),g(Q),h)
h=—¢h,
where X () is smooth for each i = 0, 1, 2. Moreover, it is clear from (7.41) that X(0>(§<0>,5(1>) € b if and
only if € € p. Similarly, X1 (¢ ¢®2)) ¢ g if and only if £2) € b. Finally, by the definition of Q (4.24)

and the fact that V = V o, we have that X (?) (& 0) () £ h) € b independently of its arguments. From

the decomposition g = s @ b, it is clear that we may write

T
X = 00 --- 0 X?szrl X,SQ)] ,whereeachXi(Q) g XgxgxG — gissmooth, n =
T
dim(G), and m = dim(H). Hence, we find that £(2) = [éz) e 57(12)] satisfies 5](2) (t) = §§2) (a) for

j=m+1,...,nand forall t € [a,b]. It follows immediately that £(*)(¢) € b for all ¢ € [a, b] if and only
if & (2)(a) € h—which in turn implies that X() € h. Repeating this argument inductively, the conclusion

follows. O

There is a one-to-one correspondence between the modified Riemannian cubics on H and the basic
solutions to (7.39) on GG, with the artificial potential V = V o . Note, however, that there is no reason to
suspect that basic solutions exist on Q. This is because, if ¢ is a modified Riemannian cubic on H and § is
its horizontal lift at the initial point g, € 7 ({g(a)}) specified by Q, then §(b) need only be some element
of 7~1({gy}) and not necessarily the point g, € 7 ({g}) specified by 2. However, in application, this is
of no consequence to us.

In general, we will be supplied with some boundary conditions (g4, wg), (qp, wp) € TH, and will be

tasked with finding a modified Riemannian cubic satisfying them. Due to Propositions 30, 31, and 32, this
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can be accomplished as follows: Fix some g, € 7~ 1({q,}) and let v, := 77*‘;1 o(ws). Solve equations
9a

(7.40) - (7.42) for h(a) = g; g0, €9 (a) = g5 'va, and €1, ) € h. Apply a shooting method over

¢M €2 yntil a solution satisfying goh(b) ™" € 7= ({gp}) with 7.6 (b) = wy, is found (such a solution

exists by Proposition 8). Then, g := 7(goh~!) is the desired modified Riemannian cubic.

7.2.2 Reduction on Symmetric Spaces and Homogeneous Spaces with bi-invariant Metrics

Analogously to Section 7.1.2, we are interested in further simplifying equations (7.40)-(7.42) in the
case that GG is endowed with a bi-invariant metric. We obtain the following result by combining Proposition

31 with Lemma 4.2.1.

Proposition 33. Suppose that H satisfies assumption H2, and V. = V o w. Then g satisfies (1.39) if and
onlyif€ := g 'gand h := go_lg satisfy:
h=—¢h., (7.43)

E 6 8) — 7H(E HE €D)]) = —erad; Ve, ), (7.44)

Similarly, if H satisfies assumption H3, then g satisfies (7.39) if and only if £ O .= g 1gand h := g 1g

solve

h(t) = =0 (t)n(t), (7.45)

0 = gli+1) _ @g(o)f(i), i=0,1 (7.46)

€2 4+ ViE® + Q6. €9)¢” = —p(grad} Vex (e, h)), (7.47)
Bi

where grad]fif/ext denotes the gradient vector field of Vet with respect to its first argument and (-, -) .
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Proof. Using Lemma 4.2.1,

g =¢
%) = €0 1 24((6, €V)
= &+ (6 4)
€0 = € + (e, &)
ViE® = VI(E + %H([&é]))
— S H(€8) — JH(1E HEED)

# (16, €, €11+ 316, V(€. €]))
# (16 (. €)] + 46, V(E.€))

== = N

Substituting these quantities into equation (7.42) yields (7.44). Equations (7.45)-(7.47) follow directly from
Proposition 31, together with the identity 5(gradbiVex (e, h)) = grad, Vex((e, h) (as shown in Section 7.1.2).

O]

Another special class of spaces that appears frequently in applications is Riemannian symmetric
spaces (as discussed in Section 4.2. As an immediate consequence of Lemma 4.2.2 and Proposition 31,

we obtain the following result:

Proposition 34. Suppose that H satisfies assumption SI or S2, and V. =V o 7. Then g satisfies equation

(7.39) ifand only if € == g~ g and h = galg satisfy:

h(t) = —£(t)h(t), (7.48)

€+ (€, (€, €]] = —grad, Ve (e, h). (7.49)

Ifinstead H satisfies assumption 83, then g satisfies equation (7.39) if and only if € := g~ g and h := 9o lg

satisfy:

h(t) = —£(t)h(t), (7.50)

£+ 16, 6,8) = —BgradiVey (e, h)). (7.51)
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We now return to the obstacle avoidance task. Let g9 € H be a point-obstacle, and consider the
artifical potential V(¢) = f(d%(q,qo)), where d% : H — H is the square of the Riemannian distance
on H corresponding to (-,-) ;. As in Lemma 7.1.2, the G-invariance of dy follows immediately from the

G-invariance of || - ||
Lemma 7.2.1. d(gq, gp) = d(q,p) forall g € G,q,p € H.

Proof. Since any Riemannian homogeneous space is complete as a Riemannian manifold, there exists a
geodesic 7 : [0,1] — H which minimizes the length functional L(c) = /0 1 ||¢(t)|| rdt among all smooth
curves ¢ : [0,1] — H satisfying ¢(0) = p, ¢(1) = ¢. Moreover, we have d(p,q) = L(y). From Lemma
4.1.2, we obtain d(p,q) = L(v) = L(gy) > d(gp, gq), since in particular g+ is a smooth curve such that

97(0) = gp, gy(1) = gq. On the other hand, there exists some geodesic v* such that L(~*) = d(gp, gq),

and so d(gp, gq) = L(v*) = L(g~'v*) > d(p, q). It follows that d(p, ¢) = d(gp, 9q). O

Fix some go € 7 *({qo}). and consider the artificial potential V : G — R given by V(g) =
f(d%(n(g),7(g0))) for all g € G, from which it is clear that V' = V o 7. From Lemma 7.2.1, the extended
artificial potential is then given by Veu(g1,92) = f(d%(m(g1),7(g2))) for all g1, g2 € G, which clearly
satisfied Vexi(g, go) = V (g) for all g € G, and is invariant under left-translation by Lemma 7.2.1.

Observe, however, that in order to take advantage of a bi-invariant metric on G to calculate the
potential through the Lie exponential map (as we did in Section 7.1.2), we must be able to write Vexe With
respect to the Riemannian distance dg on G. Unfortunately, it is not necessarily the case dg(g,g0) =
du(m(g),m(go)). In fact, if we let ¢ : [0, 1] — G be the length-minimizing geodesic such that dg (g, go) =
L(c) (here we assume that g, gy € G are contained in some geodesically convex ball), then ¢ :== mocis a

smooth curve connecting 7(g) and 7 (gg), and

1 1 1
dG(g7go)=/0 HC'HGdtZ/O HH(C')HGdt=/O el gdt = dr (7 (g), 7(g0))-

In particular, equality holds if and only if the geodesic c is basic, at which point ¢ is also a geodesic by
Proposition 5. On the other hand, the horizontal lift of a geodesic on H is in turn a geodesic on G, so that in

particular the curve ¢* := 7 o ¢ with ¢*(0) = g is the length-minimizing geodesic connecting its endpoints.
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However, it will not generally be the case that ¢*(1) = go; we need only have ¢*(1) € 7! ({m(go)}). This

leads to the following lemma.

Lemma 7.2.2. Let g € G. Then, for all h in a geodesically convex neighborhood of g, there exists a unique
h* € 7Y ({m(h)}) such that dc(g, h*) = dg (7(g), m(h*)). Moreover, the function 6 : G x G — G defined

implicitly by 6(g, h) = h* is smooth and left-invariant.

Proof. We have already seen that such an h* exists, as we need only consider the end point of the horizontal
lift of the length-minimizing geodesic on H connecting m(g) and 7(h) with initial point g. The unique-
ness of h* follows by the uniqueness of geodesics satisfying boundary conditions in a geodesically convex
neighborhood.
To see that 6 is smooth, first let §,(-) := 6(g, -) and observe that dg (g, 0,(h)) = dg(n(g), 7(h)) for
all h in a geodesically convex neighborhood of G. Moreover, it is clear that we have
min  dg(g,7) = dg(n(g),m(h)) = dg(g, h*). In particular, by uniqueness of the length-minimizing

ren=!({x(h)})
geodesic, we find that ,(h) = argmin dg(g,r). Since dg is smooth and r — dg(g,r) has a unique

-1
global minimum foreachg € G ,T \ezvﬂe ﬁil{(;r iﬁ)a}t) 64 is smooth by an application of the implicit function theorem.
A similar argument then shows that 6 is smooth.

Let 71 : [0,1] — G be the length-minimizing geodesic from 0(g, go) to go. Then for any h € G, the
curve hy; satisfies hy1(0) = hg and hy1(1) = h6(g, go), and we have d(g, (g, go)) = d(hg, h8(g, go)) by
Lemma 7.1.2. Let 7 : [0, 1] — G be the length-minimizing geodesic from hg to 6(hg, hgo). By definition
of 0, we must have d(hg, 0(hg, hgy)) < d(hg,h8(g, go)), and by another application of Lemma 7.1.2, we
find that d(g, h=10(hg, hgo)) < d(g,0(g,go)), which is only possible if in fact they are equal. By the

uniqueness of length-minimizing curves, we then find h6(g, go) = 0(hg, hgo). O

We have shown that the previously chosen artificial potential V in fact satisfies

V(g) = f(d%(n(g),7(90))) = f(dE(g,6(9: 90)))-

Due to the left-invariance of ), we are able to employ the same strategy used in 7.1.2 to express grad, Vexe in

terms of the Lie logarithmic map in the case that G possesses a bi-invariant metric. However, we still don’t
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know how to calculate 6, and so the advantage of this strategy is somewhat superficial. To that end, we now

seek to express 6 in terms of some more well-known quantities.

Lemma 7.2.3. Suppose that g, h € G are contained within a goedesically convex neighborhood on which

the exponential map is a diffeomorphism. Then,

0(g,h) = expg(’H(expg_l(h))). (7.52)

Proof. Since g and h are contained within a geodesically convex neighborhood, it follows that, for X :=
exp, ' (h), the curve ¢(t) = exp,(tX) is the unique geodesic satisfying ¢(0) = g and ¢(0) = X, and
we have ¢(1) = h. Let ¢ be the curve defined by ¢(t) = 7o e/xf)_g/(tX) with ¢(0) = g. It follows from
Proposition 5 is a geodesic, and ¢(0) = #(X). Moreover, the geodesic ¢* defined by c*(t) = exp, (tH(X))
satisfies ¢*(0) = g and ¢*(0) = H(X). Hence c* = ¢. It follows that 7 o exp,(tX) = 7 o exp,(tH (X)),

and so exp, (H(X)) := exp,(H(exp, ' (h))) € 7 ({m(h)}). O

Supposing that i : [a,b] — G remains within a geodesically convex neighborhood of e on which
the Riemannian exponential map is a diffeomorphism, we see from Lemma 7.2.3 that exp_ 1 (0(h(t))) =

H(exp, ' (h(t)) for all t € [a,b]. Hence, from Lemma 6.1.2, and equations (7.8) and (2.26), it follows that:
grad Vew(e, h(t)) = =2 ([ H(expy  (h(1))IIE)H (expy * (h(2)). (7.53)

Moreover, if G is equipped with a bi-invariant metric, then Theorem 3.3.8 yields:
grad; Vext(e, h(t)) = —2f'(|H(Log(h(1))[1)H (Log(h(t))) (7.54)

Finally, in the case that GG is equipped with a left-invariant and a bi-invariant metric, and we take dg to be

the Riemannian distance with respect to the bi-invariant metric, we have

grad; Vexi(e, h(t))) = =2 ((|[Hsi(Log(h(1)))I1&)?) B(Mai(Log(8(h(t))))), (7.55)

where the gradient vector field is taken with respect to the left-invariant metric, 5 : g — g is the linear
endomorphism such that (£,7)g, = (8(£),n) for all ,n € g, and Hg; : g — bg; is the projection onto

hei = s+, where the orthogonal complement is taken with respect to the bi-invariant metric. Note that in
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general, it is not the case that hg; = b, so that the orthogonal projections that they induce are not equivalent

maps. It need only be true that £ € hp; if and only if 5(§) € b.

Remark 13. Following Corollary 12, we may alternatively consider the potential

whose left-invariant extension is given by Vexi(g1, g2) = f(d% (g1, g2))- In this case, equations (7.40)-(7.42)

take the form:

g‘(i) — §(i+1) _ @g(mf(i)’ i=0,1 (7.56)
£@ 4 @gm) €D+ QM €©)e® 1 9(grad, Vey (e, h)) = 0, (1.57)
h=—¢cOp, (7.58)

The gradient potential may then be calculated exactly as in (7.11) if G is equipped with a bi-invariant
metric. In general, the solutions to (7.56)-(7.58) will only correspond locally to horizontal lifts of modified
Riemannian cubics on . Moreover, the artificial potential V' corresponding to these modified Riemannian
cubics may vary among the curve segments, and we will not in general know its exact form.

However, for the purpose of the obstacle avoidance application, we only care that g := g o 7 is well-
behaved in the sense that it is smooth, avoids obstacles, and is sufficiently close to a Riemannian cubic. This,
of course, still holds true. Namely, we can design f so that ¢ avoids the given obstacle and approximateas
a Riemannian cubic. Moreover, we may guarantee that g avoids the given obstacle by choosing 7, D, N
appropriately (in particular, 7 will determine how “far” from a Riemannian cubic ¢ is in a global sense).
Hence, we see that, morally, ¢ has all the relevant features that we desire from modified Riemannian cubics,

despite not globally being one in the strict sense of the definition.

Example 12. Consider the Lie group G = SO(3) equipped with the bi-invariant metric defined by <Ql, QZ>SO(3) =
QT for all 1,92 € R3. We consider the unit sphere S? = SO(3)/SO(2), where gy = e3 is the obsta-

cle we wish to avoid, and SO(2) = Stab(e3). As was shown in Example 8, S? becomes a Riemannian

symmetric space of SO(3) when equipped with the Riemannian metric defined by (4.37).
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Using the orthonormal basis (4.36) for g, it is easily seen that
IH(Q)lle = IQes]l = 12 x es|l = Q]| sin(@)] = |2lc|sin(8)],

2
Sﬁéﬁ) is the angle between €2 and e3. In particular, sin(f) = /1 — (KIIIQEIT) . Moreover,

where § = arccos (
we have #(Q2) = Q x e3. Fix Ry € SO(3) such that Roes = o, and let Vex(R1, Ra) = f(dZ05) (R1, R2)).

From Lemma 3.3.9 and equation (7.54), we have

_2f"(¢(H)?sin®(0))$(H)
sin(¢(H))

grad, Vey (e, H) = (H—-HT) x e3)",

where ¢(H) := arccos(4 (tr(H) — 1)). From Proposition 34, we have the following result:

Proposition 35. Suppose that Q € C*°([a,b],R3) and H € C*([a, b], SO(3)) solve

2f'(¢(H)?sin®(0))$(H)
sin(¢(H))

H=—-QH, (7.60)

Q+Qx(QxQ) = (H—HT)V x e3, (7.59)

with Q(a), Q(a), Q(a) horizontal. Then, the curve q : [a,b] — S? defined by q(t) = RoH(t) 'es is a

modified Riemannian cubic.

Note that if we wish to use Proposition 18 to ensure obstacle avoidance, we must in fact avoid the

entire fiber 7~!({go}). Such a problem was handled in Section 6.1.2.



Chapter 8

Quadrotor Load Transportation

8.1 Background

The use of aerial robots has become increasingly popular in the last years due to their superior mo-
bility and versatility in individual and cooperative tasks (see [59, 31, 113, 3, 33, 93, 80, 107, 97, 104], and
references therein). For instance, aerial robots can be utilized for monitoring [6], mapping [25], agriculture
tasks [96], and many other applications. These vehicles are typically underactuated by construction, which
poses several challenges from the control perspective [95, 105]. Most of the control approaches for individ-
ual UAVs are based on feedback linearization [71] and backstepping methods [94] which are also analyzed
in terms of stability, e.g. in [32, 77].

Multiple aerial robots can be used to transport heavier payloads, thus expanding the capabilities of
a single aerial robot [35, 108, 87, 84, 66, 99]. In the aerial transportation task with multiple quadrotor
UAVs considered in this work, a cable establishes a physical connection between the UAV and the cargo.
Geometric control of single and multiple quadrotors with a suspended point-mass load with inelastic cables
has been studied in [101, 42] and with a rigid body load in [112, 75]. In [43], the authors model the
cables as flexible chains comprised of inflexible links with mass. While these works have considered the
cable to be inelastic, we are instead motivated by applications where the elasticity in the cable tethers
cannot be ignored without compromising the validity of the estimations [62]. In this chapter, we study the
problem of two quadrotors transporting an inflexible rigid rod suspended through inflexible, elastic cables.
While the use of elastic cables provides the benefit of reducing impulsive forces on the load, large or rapid

oscillations of the load can produce undesired aggressive movements, compromising the load. Therefore,
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we propose to use elastic cables with high stiffness and damping to guarantee the safety of the rigid load in
the transportation task inspired by the fact that most industrial springs are quite stiff and have high damping
effects, meaning that larger forces are required to notice the stretching, and oscillations decay quickly. By
employing techniques from singular perturbation theory, these assumptions will additionally allow us to
reduce the model to that of the corresponding model with inelastic cables, which is differentially flat [100].
Such techniques have been applied in the case of a single quadrotor carrying a point-mass load via an
inflexible elastic cable in [70].

Methods for trajectory tracking and estimation algorithms for underactuated robotic systems evolv-
ing on differentiable manifolds such as Lie groups are commonly employed for improving accuracy in
simulations. In addition, these methods avoid singularities by working with coordinate-free expressions
of controllers [67, 78, 60]. The use of geometric controllers in the UAVs literature has been extensively
developed in the last years (see, for instance, [77, 42, 73, 75, 79], and references therein). In this chapter,
we propose a coordinate-free form of the equations of motion for the cooperative task, which are derived
according to Lagrangian mechanics on manifolds—in particular, via the Lagrange d-Alembert principle for
forced systems [13]. Working directly on the manifold allows us to avoid potential singularities of local
parameterizations (e.g. Euler Angles), generating agile maneuvers of the payload in a uniform manner. In
particular, a geometric control scheme for an underactuated multi-body system taking the form of a geomet-
ric PD controller (with additional feedback terms) is designed such that both the load position and attitude
track a given desired trajectory exponentially fast. We suppose a familiarity with the basic notions of control

theory throughout the chapter.

8.2 Two Quadrotors Transporting a Rigid Rod via Elastic Cables

In this section, we model the cooperative task of two quadrotor UAVs transporting a rigid rod via
inflexible, elastic cables. Consider two identical quadrotor UAVs of mass m transporting a rigid rod of
length 2L, and total mass m,. as it is shown in Figure 8.1. The rod is considered inflexible and of uniform
mass density. Each endpoint of the rod is connected to the center of mass of one quadrotor via a massless

inflexible elastic cable of rest length L.. Note that we consider the rest lengths of both cables to be equal,



152

however this in general will not affect the analysis in the remainder of the section and can be easily modified
to consider cables with different rest lengths. The basic notation and methodology is fairly standard within
the literature, and we have attempted to use traditional symbols and definitions wherever feasible. Table 8.1

provides the symbols and geometric spaces that are used frequently throughout the section.

-\

2
1

Xr

2L,

Figure 8.1: Modeling of the mechanical system describing the cooperative transportation task.

The configuration space of the mechanical system is given by

Q = (5? x R?) x (S? x R)? x (SO(3) x SO(3)). The system has 17 degrees of freedom—?5 degrees cor-

Rigid rod Cables Quadrotor attitudes
responding to the rod, 3 degrees for each cable, and 3 degrees for each quadrotor. Observe that the positions

of the quadrotors do not appear in the configuration space, as they are uniquely defined in terms of the other
state variables due to the holonomic constraint ¢, = x, + (—1)j L.q, — ljq; for j = 1,2. Meanwhile, we
have 8 inputs to the system in the form of two thrust controls f1, fo € R, corresponding to the total lift force
exerted on the quadrotors by the spinning propellers, and two moment controls My, Mo € R3, which are
related to the torques induced on the quadrotors by the rotating propellers. Thus, the complete system has 9
degrees of under-actuation. Note also that, upon fixing a body frame to each quadrotor such that the vector
ez = [0,0,1]7 points in the direction of the applied thrust, we may additionally express the thrust controls
f;j via the vectors u; = fjRje3 € R3 in the inertial frame for j = 1,2. We will utilize this representation
frequently throughout the section. Observe that only the quadrotor attitudes and positions are directly ac-

tuated by the control inputs. Hence, we will control the load position and attitude (the primary goal of our



Variable Space Description

mQ R Mass of quadrotor.

mr, R Mass of the load.

2L, R Length of rod.

L. R Rest length of the elastic cables.

l; R Length of elastic cable attached to quadrotor j.

zQ, R3 Position of quadrotor j in inertial frame.

T, R3 Position of center of mass of rod in inertial frame.

qr S? Attitude of rod in inertial frame.

Wy TS? Angular velocity of rod in inertial frame.

qj S? Direction vector of cable suspended from quadrotor j.
wj T5? Angular velocity of cable j in the inertial frame.

R; SO(3) Attitude of quadrotor j.

Q; 50(3) Angular velocity of quadrotor j in body frame.

Jg Sym, ((R) | Moment of inertia of quadrotor.

Jrod Sym. (R) | Moment of inertia of rod.

uj R3 Net thrust applied vertically in the body frame of quadrotor j.
uti R3 The component of u that is perpendicular to g;.

ulli R3 The component of u that is parallel to g;.

M; R3 Moment vector in the body frame of quadrotor j.

Table 8.1: Nomenclature in the problem of two quadrotor UAVs transporting a rigid rod.

trajectory tracking problem) indirectly by finding the quadrotor positions and attitudes corresponding to our

desired load trajectory.

Remark 14. Instead of controlling the total thrust and moment, we may choose to control the total thrust
of each propeller individually. Such an approach is equivalent under certain assumptions. In particular, we

T
, where fj"»f is the thrust exerted

have a correspondence of the form { f; M]T] T - K [ fjl sz fj3 ff}
by the k™ propeller of the j™ quadrotor for j = 1,2, and K is a 4 x 4 matrix [77]. Under the assumption
that the propellers lie in a plane and adjacent propellers spin in opposite directions, K is invertible and
so the approaches are equivalent. More general UAVs, such as those with different numbers of propellers
(e.g. hexarotors) and those with alternative propeller orientations and attitudes, may be considered. In such
cases, the results obtained throughout the remainder of the chapter will apply as long as a similar one-to-

one correspondence can be established between the total thrust and moment control pair and the individual

thrusts of the propellers. That said, we choose to work with the total thrust control and moment control
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because they lead to the (very convenient) decoupling of the quadrotor attitude dynamics from the rest of

the system dynamics, as will be seen in Proposition 40.

8.2.1 Dynamics

We now seek to derive the dynamics corresponding to the model derived in the previous section.
We will do this using a Lagrangian formalism (see 4). In particular, we must construct the total kinetic
and potential energies of the mechanical system describing the cooperative task—in addition to the virtual
work done by non-conservative forces—and subsequently apply the Lagrange d’Alembert Principle [13].
The translational kinetic energy of each quadrotor can be described by m &0, ||%, where m( denotes the
mass of the quadrotor. Similarly, the translational kinetic energy of the rod is %mr ||4:-]|%. As the quadrotors
and the rod are rigid bodies, we further have rotational kinetic energy components in the total kinetic energy.
Fixing a body frame to each quadrotor and denoting the angular velocity in this body frame by €); € R3
through the hat map (3.4), the angular kinetic energy is given by %HRJ ||§O(3) = %Q?J €2, where J is the
moment of inertia tensor and ) j = Rij.

The angular kinetic energy of the rod is similarly given by %Q;:FJ rod€2r, however the symmetry of the
rod allows us to reinterpret the expression. In particular, we will fix a body frame to one of the endpoints
of the rod with e; := ¢, as one of the (orthonormal) basis vectors. In this frame, the component of the

(body) angular velocity along e; is identically zero. Moreover, we can describe the inertia tensor explicitly

0 0 0
by Jwd = |0 %mr L2 0 . From this is clear that %QZJronT = %m,L?HQTHQ. The angular
0 0  2m.L?

velocity of the rod in the inertial frame is defined implicitly by the kinematic relation ¢, = w;, X ¢, together
with the condition that w! g, = 0, from which it is obvious that ||¢, || = ||w.||. Moreover, for some rotation
R, € SO(3), we have 2, = R,w,, and since ||-|| g2 is SO(3)-invariant, we see that |2, || = ||¢,||. Altogether,
the angular kinetic energy of the rod is given by %mrL% lldr|I2.

Recall that, for all n € N, we have TR™ = R™ x R" since R" is a vector space. Moreover, we

may make the identification TSO(3) = SO(3) x s0(3) by a left-trivialization. That is, the map (R, R) €
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TSO(3) — (R,R™'R) =: (R,)) € SO(3) x s0(3) is a diffeomorphism. Therefore, the tangent bundle of

() can be identified as
TQ = (TS? x R? x R?) x (T'S? x R x R)? x (SO(3) x 50(3))>.

Finally, the total kinetic energy K : T'() — R of the system is given by summing the respective

translational and angular kinetic energies of the quadrotors and rigid rod:

2 2
1 . 1 . 2 . 1
K = fmr||erQ + smollg, ||2 + fmrL%HqTH2 + E fQ}ﬂJQQj.
2 = 2 3 = 2

Translational K.E. Angular K.E.
Next, we fix a basis for the inertial frame such that e3 is oriented opposite to the direction of gravita-

tional acceleration, from which the total potential energy U : () — R of the system is given by

2 2
1
U= ZngegTa:Qj + mrgegxr + Z §k(Lc — lj)2,

- =1 —
Gravitational P.E. Elastic PE.

j=1
which corresponds to the gravitational potential energies of the quadrotors and the rigid rod, as well as
the elastic potential of the cables. As usual, the Lagrangian of the system L : T'()Q — R is defined by
L=K-U.

The controls take the form of non-conservative external forces, so that we must use the Lagrange
d’Alembert Variational Principle (see [13] for instance) — where the controls play the role of the virtual
forces in our system — to obtain our system dynamics from the Lagrangian L. We further wish to add a non-
conservative force corresponding to a damping in the elastic cables. In particular, we use the standard model
of a damped harmonic oscillator [62], used for instance in surgical robotic applications [106], wherein the
damping force is proportional to the rate of oscillation of the spring, and is applied in the direction which
serves to reduce the amplitude of the oscillations. It should be noted that this model may fail in the case of
high oscillation rates—in which non-linear velocity dependent terms may begin to dominate. Throughout
the section, we will assume implicitly that we remain in the low-velocity regime. This in part is justified by
the assumption that the spring constant £ and damping coefficient ¢ are large, which naturally prevents this

extreme behavior.
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Denote by C*°(Q, qa, qp) the space of smooth function from [a, b] to @ with fixed endpoints, denoted

by ¢, and g, respectively. Consider the action functional A : C*°(Q, q4, q») — R given by
b 2 b ) N )
Aett) = [ Lty e®)ae+ > [ (15 Bsealla+ 19 — ) de=0. @D
a ]:1 a

where || Mjlloo(s) = (M, M;)'/2 = [Te(MT M), with () = (qr(8), 2 (1), q;(8). Li (1), Ry (1)) €
C*(Q, qa, qp)- In order to use the aforementioned Lagrange d’Alembert Variational Principle, we must
describe the variations of our state variables. In particular, we choose dz, € R? and 0l; € R arbitrary,
dq; = % le=0 exp(efj)qj = xXqj € quSz, 0q, = % le=0 exp(eé})qr =& x g € T, 52 satisfying
§j - qj = 0and &, - ¢, = 0, for arbitrary vectors §;, & € R3 and j = 1,2. By defining the curve on the
Lie algebra so(3) given by 7j; = R;‘F(SRJ- € s0(3), it can be shown that gf\)j = Qjﬁj + 7); with 7); satisfying

nj(a) = 1;(b) = 0 (see for instance [78], Chapter 6). Moreover, we have the following relations
01, = 0y + (=1) Ly8q, — (813)a; — 1;(3q;),
diq, = 6y + (=1 Lr8dy — (615)a; — (81;)d; — 1(8a5) — 1;(8d)-

Proposition 36. A smooth curve q = (z,,q,,q1,11, q2,l2, R1, R2) € Q is a critical point of A if and only if

it satisfies the controlled Euler-Lagrange equations

Ty = Uy, (8.2)

Mgt (0 + ges) = u1 4+ ug +mg(C1 + C2), (8.3)
qr = wWr X qr, (8.4)

Lo = qr ¥ [u2 —u +mg(l — G|, (8.5)
mQQ?gj = quJT(i)r + (=1) LGy + ges — leu]) — cij + k(Lc — 1), (8.6)

gj % G = qj X (o + (=1 LnGr + gez — Wi@uj), (8.7)

R; = R;Q;, (8.8)

JoQ =JoQy x Q; + M, forj=1,2 (8.9)

where megr := 2mq + my, Lo = (2mg + %mT)LT, and (j = ljq;.
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Remark 15. Equations (8.2)-(8.3) describe the kinematics and dynamics of the rod’s position, respectively.
Similarly, equations (8.4)-(8.5) describe the kinematics and dynamics of the rod’s attitude, and equations
(8.8)-(8.9), corresponds with the kinematics and dynamics of the attitudes of each quadrotor, respectively.
Equation (8.6), indexed for j = 1,2, describes the dynamics of the lengths of the elastic cables.
This can be understood by observing that the projection of C] onto g; preserves the acceleration of the
length (which is inherently oriented along the cable), while removing the acceleration of the attitude from
consideration with the identity q]Tijj = —||g; |?. Conversely, equation (8.7), indexed for j = 1,2, describes

the dynamics of the attitudes of the elastic cables, as the cross-product with g; preserves the acceleration of

the cable attitude while annihilating the acceleration of the cable length.

Proof of Proposition 40: We wish to apply Lagrange- d’Alembert Variational Principle. Therefore, our

system dynamics must satisfy

5/bL(c(t), o(t)) dt + f: /b (6085 + (RIR;, ;) — clyl; ) dt = 0, (8.10)
a =17
where the integral on the right represents the virtual work done by the thrust controls u;, the moment controls
M; e R3, and the spring damping, respectively.
Expanding the variations within (8.10), substituting the corresponding infinitesimal variations, and

grouping like terms, we obtain
b . .
0 :/ [5x'z(meffj:r — mQ(Cl + Cz)) + (5%?(—meffg€3 + up + ILQ) dt
b
+ Ly / (€7 (ar % e+ ma(Co = &) + €7 (@ x ma(Ca = 1) + ar X (uz = ur) | dt
2 b _ :
_ Z/ [mQ(élj)qu:i:Qj + 5lj(qu;‘»F5UQj — nge?)qu —k(Le— 1) +clj + quuj)} dt
j=17a
2 b . .
- Z/ [SJT (qj x (mqljiq; — mqgljes + lLju;) + g; x mdﬁ@) +& (g % leji“Qj)] dt
j=17a
2 b
+Z/ [’OJTJQQ] + an (JQQ]' X Qj + M])] dt,
j=17a

where (j := 1jqj, megr = 2mq + my, and Iy = (2mg + %mT)LT. Integrating by parts and applying the
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equality of mixed partial derivatives and the fact that variations vanish on the endpoints, we obtain
b .. .. 2 b .
0 :/ 6, [men(iy + ges) = mo(C +Ca) — (w +w2))| dt + Z/ 0l [Jafh — TSy x @ — M) dt
a i—1Ja
b .. ..
+ Lr/ qu {Ieff(QT X QT) —qr X <u2 — U + mQ(CQ - Cl))] dt
a

2 b
— Z/ 5lj [mQQJT(i'r + ( 1) Tq7’ CJ + 963) - Cl + k( ZJ) q]Tuj:| dt
j=1"7

2 b

Each of these integrals can be treated independently, as their respective variations are independent.
That is, for the above equation to be satisfied, we necessarily have that each integral vanish identically.
Applying the Fundamental Lemma of the Calculus of Variations [38] to each integral yields the dynamical

system:

metr(Zr + geg) =ur + ua + mQ(&l + (o),
Ler(gr X Gr) =qr X [Uz —uy +mq(l— )|,
mqQq] (& + (=1) Lrgr — G + ges) =clj — k(Le — ;) + ¢ uj,
mqq; x (i + (=1 Lydr — G + ges) =q; x uj,
R; =R;$;,
JoQ; =JoQy x Q + M;,  forj=1,2.
where we have made the assumption that /; # 0. After implicitly defining the translational and angular

velocities of the load with the kinematic equations ¥, = x, and ¢, = w, X ¢,, and rearranging terms, we

have the desired dynamical control system. O

8.2.2 Reduction via Singular Perturbations

While the use of elastic cables provide the benefit of reducing impulsive forces on the rod, large
or rapid oscillations of the rod can produce undesired aggressive movements, compromising the safety of

the cooperative task. Therefore, the strategy is to use elastic cables with high stiffness and damping to
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guarantee the safety of the rod in the transportation task. To this end, we will employ techniques from

singular perturbation theory [56] to study such a situation.

k —
In particular, we will consider the case that K = — and ¢ = — with k,¢ > 0 and € > 0 sufficiently

€2

a ol

small, and we will show that the dynamics approach that of the same model with inelastic cables (that
is, with | = L.) as ¢ — 0. We further consider a change of variables of the form [; = erj + L. and
le = ez;, which is motivated by observing that k(L. — [;) = —Eyj and cij = czj. From this, we can see
that {; = (¢*y; + Lc)q;. Therefore, ¢; = L.; + €(2jq; + 2jd;) + €*y;G;. Making these substitutions into
the dynamics described in Proposition 40, in addition to defining the angular velocity of the cables w; by
gj = wj X q; and ijqj = 0, we obtain
& = vr,
Mefe(Vr + ges) = ur + ug +moLe(d1 + d2) + moe (21q1 + 22q2 + 2141 + 2242) + moe* (Y11 + y2da),
Gr = wWr X g,
Lgitoy = —qr X [ug — u1 + moLe(Go — G1) + mqe (32g2 — 21q1 + 2242 — 21G1) + mqe (yada — yid)]
€Yj = Zj,

. 1 _ . . . T
€zj = mT;%T [—c2ja; — kyja; — uj +mq(Le + €2y;)d; +mq(or + (=1) Lydir + ges)] ,

4j = wj X qj,
1 . i 1 . -
wj = 745 X |0 + (=1)"LrGr + ges — gl €(2ja5 + zjws) — € i | »
(&
R; = RS,
JoQ; =JoQ; x Q; + M,  forj=1,2.

The previous system of differential equations can be written as

i=f(t,x z€), 8.11)

ez =g(t,z,z;€), (8.12)

where f and g are smooth functions, x is the vector representing (., vy, ¢, wr, ¢, wj, R;,€);), and z is the

vector representing (y;, zj), for j = 1, 2. The above dynamical system is known as a singular perturbation
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model [64], with (8.11) describing the slow dynamics and (8.12) describing the fast dynamics.
Evaluating at e = 0, the fast dynamics provide us with algebraic equations that can be solved to obtain
z = h(t,x). In particular,

T

Yi = =q; [—Uj + mQLcijj + mQ(z')r + (—1)er('jT + geg)] , (8.13)

S =

“j

(8.14)

Substituting these equations back into the slow dynamics, we obtain the reduced (slow) model of the

control system describing the cooperative task, given by & = f(¢,z, h(t,x),0). That is,

= vy, (8.15)
mett(Vr + gez) = w1 + ug + mgLc(G1 + G2), (8.16)
¢r = wr X gr, (8.17)

Lefiwr = —qr X [ug —u1 + mqLy (G2 — G1)], (8.18)

q; = wj X gqj, (8.19)

mqLewj =mqqj x (0r + (—1)! Ly, + ges) — qj X uj, (8.20)

R; = R;Q;, (8.21)

J0Q; = JgQ; x Q; + M;, forj=1,2. (8.22)

Note that the previous dynamical control system is equivalent to the model with inelastic cables (that is,
where [ = L). Achieving exponentially stable tracking of the reduced model on some set of initial conditions
will guarantee exponentially stable tracking in some subset of those initial conditions — whose relative
size depends on €. This claim will be formalized in the subsequent section, and will make direct use of
Proposition 11.2 in [64]. We will work within this reduced model to design geometric controllers towards

the end of tracking the position and attitude of the rod.

Remark 16. As discussed in [101], it is more physically realistic to model our system by a hybrid dynamical
system which transitions between the cases of a taut cable (with positive tension magnitude) and a cable
with zero tension. However, such a consideration will not play a role in the control design and subsequent

analysis, so we will omit such a development.
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Observe that the reduced model (8.15) - (8.22) preserves the original 8 inputs given by f1, fa, M1, Mo,
but two degrees of freedom (namely the cable lengths) have been removed from the configuration space.
Hence, the reduced model has 7 degrees of under-actuation. We now show that it is in fact differentially flat
[85]. In other words, its states and inputs can be written as algebraic functions of 8 flat outputs and their
derivatives. Such a notion dramatically reduces the difficulty involved in generating dynamically feasible
trajectories for under-actuated systems.

The differential flatness of the under-actuated system comprised of one quadrotor carrying a cable-
suspended point-mass load is discussed for instance in [101]. In that case, the 4 flat outputs are given by
(r1,%) € R3 x R, where z, is the load position and v is the yaw angle of the quadrotor. The strategy for

the rod is similar, as summarized in the following lemma.

Lemma 8.2.1. Y = (v, 71,,¥1,%2) € (R3)? x (R)? is a set of flat outputs for the reduced model (8.15)

- (8.22), where 1; € R denotes the yaw angle of the " quadrotor.
J M 8 q

Proof: We may follow the same analysis as in [101] to show that the state variables and inputs
qj, Rj, €, uj, M; may be recovered from the outputs (ij ,U5) € R3 x R for j = 1, 2. It remains to be seen
that the load position x, and load attitude ¢, can additionally be recovered. This follows immediately from
the fact that x,; = @, + (—1)7 L,.q, for j = 1,2, as we obtain § (x1, +21,) = *, and i(xh —2r,) = qr.

O

8.23 Control Design for the Reduced Model

In this section, we will design a thrust controller u; € R? such that the position and attitude of
the rigid rod reach a desired position Z, € R? and attitude §. € S2. The strategy is to split u; into its
components which are parallel and perpendicular to the cable attitudes g;. This is motivated by the fact that
these components appear independently of one another within the system, and as such can be considered as
decoupled controllers.

Notice that equations (8.21)-(8.22) describing the quadrotor attitudes are decoupled from the rest of

the dynamical system, and the moment controllers M; appear exclusively within them. Moreover, these
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equations are identical to those that appear in [74], for which M; was designed to attain almost-global
exponential tracking of desired trajectories. We will use the same controller for the attitude of the quadrotors.

We will also introduce configuration error functions for each state variable, from which we may
derive our error dynamics. The controls will be selected such that the origin is an exponentially stable
equilibrium point of the error dynamics. In particular, the controls will take the form of a geometric PD
controller with some additional feedback terms. We begin by further simplifying the dynamical system
(8.15)-(8.20). In particular, we find an equation for ¢; that we will substitute into equations (8.16) and
(8.20). By differentiating (8.19) and expanding it with the vector triple product identity, it can be shown that

Gj = w; X q;j — ||w;||?q;. Now we may substitute (8.20) in for w; to find that

mqLei; = —qj X (mqLedj) — mqLellw;|*q;
= —q; x [mqq; x (0 + (=1)7 Lrdir + ges) — q; x u;] — mgLel|lw; g
— 52 ¢ 1V L.i 520, — L 1120,
= —mqg; [Ur +(=1) TQT+9€3] + qjuj —mq cllw;l*g

1 . 1; 1;
=mq(0r’ + (=1 LeGy” + ge3”) — u;” — moLelws*q;,

where “L;” stands for the component of the vector that is perpendicular to the cable attitude ¢; € S2.
Similarly, for every vector v € R®, we define the component v!li parallel to gj such that v = olli 4+ ot
Notice that vli = (vTqj)qj and v = —(jjzv. Substituting the above equation for mqL.G; into (8.16) and

making use of the fact that meg = 2mg + m,., we obtain

my (O + ges) = [ur — mq(0r + ges) + mqLcdi] + [ug — mq(r + ges) + mqLedal
— |, i h 7 2, _ [ ¢l
uyt =m0 + ges' + Lellwi|[*q1 rGpt)

+ [ug2 _ mQ(®ﬂ2 +g€£|2 + Lc||w2||2q2 + Lréfﬂ] ]
Define the parallel component of the thrust controllers as
= i+ m iy + gel’ + Lellw;|2g; + (1) L), (8.23)

where 115 is an additional control to be designed later — and which is constrained to be parallel to g;. Re-
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peating this procedure with (8.18) yields

Loty = —qp X [ug + mqLecGa] — qr X [ur +mqLed],
= —q, X [uQQ +mo(62 + geg® — Lellwa*q2 + Lr@ﬂlz’)}
g x [ul +mo(o + gest — Lelon a1 — Lr)]

= —qr X [#2 — p1+ QmQLr(jr] .

Similarly, we see from (8.20) that mq L.(q; X w;) = —mq (v + (—1) LGy, + ges)ti + uij, which
motivates the definition

u;? = v+ mo(iy + (=1)' Loy + ges)™, (8.24)

where v; is a control to be later designed, and is constrained to be perpendicular to ¢;. Further making use
of the fact that It = 2mgL, + %mrLr, we see that the dynamical system (8.15)-(8.22) is equivalent to the

following dynamical system

iy = vy, (8.25)
my (0 + ge3) = p1 + po2, (8.26)
Gr = wr X qr, (8.27)
2 :
gmrLrwr = —qr X (p2 — 1), (8.28)
qj = wj X qj, (8.29)
moLewj = —q; X v;. (8.30)
R; = R, (8.31)
JoQy = IgQ; x Qj + M;, forj=1,2. (8.32)

Equations (8.25), (8.27), and (8.29) are the kinematic equations for the load position, load attitude,
and cable attitude, respectively, while equations (8.26), (8.28), and (8.30) describe the dynamics. We now
introduce the tracking errors for the position and velocity of the rod as e;, := z, — Z, and e, := v, — U, =

€, respectively. These clearly have the desirable property that e, = e,, = 0 implies z,, = Z, and v, = 0,.
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We define the tracking error for the attitude of the rod as e, := ¢, X ¢, which is a tangent vector
in T, S 2 with the property that if e;, = 0 then ¢, = ¢, or ¢, = —¢,. Note that w, and @, will in general
belong to different tangent spaces, and so to compare them, we must first translate w, to T;, S 2. After which,
they are vectors belonging to the same tangent space and this be can be compared using their difference, just
as we did with e, and e,,.. That is, we can define the tracking error for the angular velocity of the rod as
Ew, = Wr + (jfd)r. This analysis is not specific to g, or w,, but instead relies only on the manifold structure
of S2. Hence, we may use the same configuration errors to compare qj,w; with their respective desired
trajectories for j = 1, 2.

Similarly, we define the configuration error function on S? for gias W, =1— (j]qu, forj =1,2,r,
which clearly satisfies 0 < ¥; < 2, with ¥; = 0 if and only if g; = ¢;. Observe that for some 6 € [0, 27),
we may write ¥; = 1 — cos(f) and ||e,,[|> = sin?(f). With this representation, is it easy to see that
whenever U; < 1; < 1, we have |leg, [|> < ¥; < Q%ijequ?.

Note that, from (8.26), the error dynamics for the load position are given by m,.(é,, + Uy + ges) =

w1 + po, while the error dynamics for the load attitude are described by

. 2 . . - .- o
gmrLrewr = gmrLr [UJT + qr X (QT X WT) +qr X (QT X Wr) + qzwr]
2 . o T~ N
= gmrLr [Wr + qzwr + (qgwr)QT + (qzwr)%"]
. 2 L 2 T- 2~ 2 T~
= dqr _(,UQ - Ml) + ngLT’quT - gmrLr(qr wr)(ewr - qrwr) + gmrLr(qr WT)Q’/‘-

This motivates us to choose our ”desired” controls i1, jio such that their sum is a feedback lineariza-

tion plus a PD controller for the above error dynamics. That is

/11 + [LZ = mr(ér + ges — kjvrevr - erexr)a (8.33)
-2 Lo [—a.d T~ 2~ _ (T~ . . 4
M2 — H1 = 3mr r [ drwr + (qT WT)Qer (Qr wT)eWr + ku, Grew, + qu(b‘eqr] . (8.34)

Note, however, that we can not simply take y; = fi;, as ji; is not guaranteed to satisfy the constraint
of parallelism to g;. Therefore, we take ; as the projection of fi; onto the corresponding cable attitude,
given explicitly by p; = (I + cjf) ft;. We further select our desired cable attitudes with the goal that ¢; — ¢;

as fi; — ;. In particular, we define §; = —

at I so that ¢; is parallel to ji;. With such a choice, the error
J

|
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dynamics of the translational and angular velocities of the rod become

_ 1 1

evr = _kv'revr - krrex'r‘ + E”:U&quelh + m7r||uz||q26q27

) T~ 3 i~ . A

Cw, = (%TWT)CIT — kw, €w, — queqr + om L QT(HMQHQQGQQ - H/“queth)'
=T

Next, we design v; in such a way ¢; approaches g; asymptotically. Repeating the procedure that we
used to find e,,,., we find from (8.29)-(8.30) that the error dynamics for the angular velocities of the cables

are given by
mQLeéw, = mqLe; +mqLe 45 % (g7 % @5) + q; X (45 % @) + ¢50;)]
=mqLe [§iw; — (4 @5)djw; + (4] @5)a5] — 4jv;-
We design v; as follows:
djv; = mqLe (505 — (qf ©5)G5w;j + kq;€q; + K, €0, ]
vj = —mqLec [(qf&)j)wj - de’j + kg Qieq; + kwjdjewj} ) (8.35)
which clearly satisfies the orthogonality constraints and leads to the following error dynamics for w;

éw, = (4 @5)q5 — kqyeq; — K, €u;- (8.36)

8.24 Stability Analysis for the Reduced Model

We now show that an appropriate choice of gains will cause the origin of the error dynamics for
the reduced model to be exponentially stable, where the control inputs are defined as above. In particular,
we use a Lyapunov candidate to find sufficient conditions under which the origin of the error dynamics
is exponentially stable. These conditions are written in terms of the gains and some arbitrary Lyapunov
parameters. Then, we show that these conditions can be satisfied, provided that the initial errors in the cable
attitudes are sufficiently small.

Consider the indexing set Z = 1, 2, r, the domain

D= {(61'7‘7eU’r’SQT7ewr7eq17ewl7eq27ew2)| ”efErH § él“r? ||e’0r|| S évm ||ewj|| é éwj’ \Ilj S wj for ] EI}?
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and define a Lyapunov candidate function on D given by

1 1 - 1 T
V = Sllew I + ko llea I + o ef, 0, + [QH% I+ ko, ¥ + cpeqie |
JjeT

where c;, and c,; are positive real numbers for j € Z. Observe that V. defined as V, := Hlew 1> +

Co el ey, + kg, |, ||? can be bounded from above and below as $22P,z, < V, < 32I'P,z, where

ke,  —cCo | _ ke, Ca, T _
P, = , P, = ,and z; = [Hem I H%TH] . Further note that both P, and P,
—Cy 1 Cr 1

T T

are positive-definite provided that ¢, < \/kg,.

.. . 1 2 T . .
Similarly, for j € Z, we define Vg, = 3llew;||* + cqeq €0, + kq;¥q,, which is bounded as
2kq,
LIP 2, <V, <1IP herep, = | F0 0| b [T | s, '
2%q;5q;%0; = Va; = 3%¢;17q;7¢;, WheT€ Ly, = gy = sand zg; = leg |l llew, | -
—Cq; 1 Cq, 1

As before, P, and Pq], are positive-definite when ¢, < \/ky;.

Observing that V' = V, + > .7 V., we then have that our Lyapunov candidate is bounded as

jET

T
1.7 1. T5 -
27 Pe <V <527 Pz, where 2 = Jles || lew, || lleq, | lew |l lleall llew | llea | H6w2||:| ;

P, O 0 0 P, 0 0 0
0P, 0 0 o B, 0 o0
P= , and P =
0 0 P, 0 0 0 P, 0
0 0 0 P, 0 0 0 P,

where P, P are positive-definite for ¢, < /kz, and Cq; < A /k:qj. Next, note that by the invariance of

circular shifts of the scalar triple product and the fact that q;fpeqj = (, we have:

d
7 Y4

=G4 —q; 4 = —q, (W x q;) — q; (@5 X )
=w] (G % qj) — @] (¢ % q5)

~ \T T ~ ~ \T T
= (wj —@5)" eq; = (wj + (qj @0)qj — @) eq; = €., €q;-
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Additionally, from the vector triple product, we see
éq, = (@5 ¥ qj) + (G5 % ¢5) = (@ x §5) x q; — (wj X g;) x G
= @j X (@5 X q5) = G5 < (@5 X qj) —wj ¥ (g5 * G;) +¢j ¥ (wj X gj)
= (wj + @5) X eq, + (@ @)ew, — (@) 3)(a) @)
= ew, X eq, + (@) j)ew; + 205 x eq; — (45 43)(a ©5)a;,
so that
.T ~T ~ T
Egye; = (@5 47)llew; I” + 25 % eq,) ew, < llew, 1* + Coylleg, Il lew, I,

where C,; < 2sup ||w;|| is a non-negative constant depending on €., €,,, €s;, and ¥; for j € Z, as well
as the desired trajectories z, and g,. Therefore, the time derivative of the proposed Lyapunov function is

bounded as

V S - (kv'r - Cl"r‘)||evr”2 + Cﬂﬁrkereer”efErH - erk;ereerQ

1
+ —(llewll + ez, llez DIV I = (b, = cq)llew |1
.

I I?

+ qu (kwr + C T)HGUJTH ||€(I7‘|| - CQTk:que(I'I‘ - qu ij ”er

2
+ g el + callea DIV = (Ko, = cq)llews |

+ g5 (Fw; + Cyp)lleq;lllew; Il
where Y satisfies the inequality
2
Y] < [mr(kaewH t+ Eallea ) + 3meLe((Co, + ko )llew, || + Kalleq ) + C1 (lleall + llea 1)

for a non-negative constant C' < m,. sup H?L)T |+ %m,,LT sup chr ||. Furthermore, within D, we have ||e, || <

\/Vq; (2 = 1y;) == aj. With @ = 2max{a1, a2} and I, = %m,,«LT, we have

1
—(llewll + ez, llea, DIV I Salkw, lew,|I* + carkor lealllew, || + ez, lea. )

r

I
+ ——a(llew | + ex, llea ) ((Cq, + ko llew, | + Fa, lleq, [)
.

1 _
+ (O + mrks, €, )llev. || + ca, Cllea, 1) (lleq, | + lleq. ),
,
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and,

(lew, || + cq lleq DY || <La((CF, + K, )llew, I
+ Cq'r (Cq%n + kw'r)HeQTH ||ew7‘H + C(IT‘k(IrHeQTHQ)
+ eré(Heer + CQrHQQTH)(k'UT Hevr” + kmrHemru)

+ ((C + Lrkg ) [[ew, |+, Clleg. ) (e, | + llegs[1)-

Applying this inequality directly to the above bound for V', we find that V' < —z7 Wz, where W is the 8 x 8

matrix defined as

1 1

2W1’r _WZ’IW(]T _Qmefh _§WIT,Q2
1

_WCEWQT 2W(I7‘ _§W(I7‘7(]1 _§WQT7¢I1
W =
1 1
_§W$T,Q1 _§WQT7Q1 Wlh 0
1 1
__§W:BT,Q2 _§WQT7q2 0 W(I2

for 2 x 2 sub-matrices given by

(1 — a@)eg, ks, —%(1 + a)cy, ky,

1
er = 5 ’
—%(1 + a)eg ky, (1 —a)ky,, —cq,
1
Cq; K, —3¢q; (Kw; + Cy)
ij _ 1 j Jj j ’
_chj(kwj + Ctu) kuw; — cq
W ]. (1 - O[)ququ _%qu((]‘ + a)kwv‘ + CQT + OZC(?T)
@ — 5
2
_%CQT((]‘ + a)kwr + CQT + vaQT) (1 - a)kwr - C(Ir - O[Cgr
Tflf?ﬂrcxr kQT + %CQW' kl‘r %CJ"T (qur + kw") + %er
ervqr = ’
2 kg + TEcq ko, L (C2 + ko) + T,
1 Cz, C 0 1 ¢q, C 0
er G = ’ ) qu 4G — 7 !
) m, B , I,
C+mpky. e, 0 C+ Lk ap 0O

Note that JV is not necessarily symmetric, so the quadratic form defined by 27 Wz is positive definite if and
only if the symmetric part of W—that is %(W + W) —is a positive definite matrix. The following proposi-

tion states, in essence, that the gains and Lyapunov constants can be chosen such that P, P, and %(W +wT)
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are simultaneously positive-definite—thus ensuring that the origin is exponentially stable—provided that the

initial errors in the cable attitudes are sufficiently small.

Proposition 37. Consider the control system defined by equations 8.25 - 8.30 with control inputs 8.33, 8.34,
and 8.35. For sufficiently small o, there exists control gains ky,, ky,, kq,, ko, kg1, ks Kgy, and kg, such
that the zero equilibrium of the tracking errors ey, , €y, €q., €u,., €q1, €uys €qo and €, is exponentially

stable.

Before proving Proposition 37, we state some general facts about positive-definite matrices that will

be used multiple times in the proof.

Lemma 8.2.2. (Facts about positive-definite matrices) Let A = 0 and B = 0 with Apin(A) > Amax(B),

and M arbitrary, be n X n matrices. Then, the following characterizations hold
(1) |lz/l[yllAmin(4) < 2T Ay < ||2]|]|yl| Amax(4),
(2) MTAM =0,
(3) A= B > 0with Amin(A = B) > Ain(A) = Amax(B) and Amax(A = B) < Amax(A).
(4) A+ B = 0 with Apin(A + B) > Amin(A) 4 Amin(B).

Proof of Proposition 37. Observe that the condition V < ZTWzis equivalent to vV < > j=1,2 Z;erZj,

where

w. 1‘17 1[17
Ty o VVxr,qr T2 VVar,q;
T

2= llea, | Newll leall Nlew Il lleq Il llew,ll| and Wi = 3w, W, ~3Wa,.q, | - By Lemma

r

1 1
e Wara;  —3Warg, W,

J

8.2.2, it suffices to show that each WV; is positive-definite. Denote the symmetric part of W, by W, =
3(W; + W) and similarly define the symmetric parts of the submatrices by Wi, q,, Wa, q;, and Wy, 4.

_ _ P S W,
It is clear that VV; can be expressed in the form W; = , where P =

ST Q -

T
_§W5’7T7QT

r

W-T rdqr WQT'

N[

T
1| -
=3 [er,tﬁ qu,qj] »and Q = W,
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Now, observe that V¥ can be decomposed as:

T
P S I SQ'| |P-sQ'sT of |1 sQ!

— (8.37)
ST Q 0 I 0 Q| |0 1

Where P — SQ ST is often referred to as the Schur complement of ). From Lemma 8.2.2, it then follows

that W; = 0 if and only if P — SQ~1ST = 0 and @ >~ 0. Note that P — SQ 157 can itself be expressed

in form of a 4 x 4 block matrix given by

1 177, 111 1 —111
W$r - ZWx7'7QjW 1 Wx’l'v‘]j _§W5’7T7QT' 2"V aqr,q; ij W-T'MQJ'

P—5Q st =
111 111 —111 1yr, —1171,
_§W:c,-,q7- - ZWQT'7Qjo W.Z’7-,q]' qu - ZWQMQJ' ij W%'v‘]j

Repeating the previous analysis, but now on P — SQ~1ST, we find that W; = 0 if and only if the

following three conditions hold:
(1) Wy, =0, () Wy, — §Wo, ;W' W, 4, = 0,

3)

o

A

=
|

_ 1. . .
er,‘]r (W(Zr' - ZWQ’V‘vqj Wq]'1WQerj) 1W1‘m‘17‘

a5

—1yx —117, —1yx
zrv‘]r(WQT - ZWQWQjW W%ﬂ‘]j) quvtﬁ ij me‘]j

| = O = | =

—11x —111 —111
W Waa)) ™ War s Wor Wa, g,

Moreover, the minimum (maximum) eigenvalue of VV; is exactly the smallest (largest) of the min-
imum (maximum) eigenvalues of the three matrices in the above conditions. We now seek to verify that
appropriate choices in the gains and constants can be made to satisfy the above conditions. First, by looking

at the characteristic equation of W, it can be seen that

2min(Way) = (b, = o, + Ca;key) = 1/ (b, — €4, = Cabiay) + €2 (kuy + Co) ).

ke

By taking c,; sufficiently small, k,,, sufficiently large, and kg, = - — 1, Ayin(Wy;) can be made

qu

arbitrarily large. Consequently, )\maX(Wq;l) = )\min(ij)_l can be made arbitrarily small (and positive).
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117 -177 : bt :
From Lemma 8.2.2, we have that Zthqj ij thqj > 0 and, since thqj and ij are independent, we
can shrink the maximum eigenvalue of qu,q]. Wq;l thqj arbitrarily by shrinking the maximum eigenvalue
-1
of Wq]_ .

Similarly, from the characteristic equation of W, , we see that the eigenvalues satisfy

20+ = ((1 — a)cg, kg, + (1 — @)k, — cq, — aC’;)

+ \/((1 — a)cg kg, — (1 — a)ky, + ¢q, + aC’%F + cgr((l + )k, +Cy + anT)Q.

Now choose ky, = 12-C2 + cq, kg, + 1= Cq, > 0 and define kg, = cg, kq,. Then,

2min(Wy,) = 2(1 — a)kg, —cq, <12_aaczi +Cq, + (1 + a)ky, + 1 —_cmqr> )
from which it is clear that Amin (1V,,) can be made arbitrarily large (and positive) by choosing c,, and Eqr
appropriately. Another application of Lemma 8.2.2 then shows that W, — 1W,, . Wy 'We,q; = 0, and its
minimum eigenvalue can be made arbitrarily large with appropriate choices of kg, ky;, ¢q; for j € Z.

Now we look at condition 3. First, choose ky,, ky,, ¢y, such that W, > 0 (this can always be
done by, for instance, choosing c,, sufficiently small). We now wish to show that the remaining sub-
tractive terms can be shrunk arbitrarily. Observe that meqj and qu are independent, so that we may
force the maximum eigenvalue of Wy, o, W, 'Wy, 4, = 0 to be arbitrarily small after (potentially) further
shrinking the maximum eigenvalue of W, '. Observe that we may write the third term, Wy qr (W, —
Wara; W, Waq;) " W, g, in the form o MT AM, where M is independent of v and the terms of A
are at most of O(1). Hence, we may shrink this term arbitrarily by shrinking c. The fourth and fifth terms

are transposes of each other and therefore may be handled simultaneously. Note that find that the maximum

eigenvalue is bounded above by

— 1 - e _ - e -
)\max((WQT_ZWQMQJ'W(]J'lW(IWCIj) 1)‘|WQTaquQj1W$r:(IjH Hery(]rH

—— _ 1 - - = B _
< )‘maX(qu'l)AmaX((Wq _*quqg'W Iqu,qj) 1)||Wq

— r 4 q; ” ||Wx

W, .1

r,dj 45

This term therefore can be arbitrarily shrunk by shrinking the maximum eigenvalue of ij. Moreover, the

presence of the norm ||V, ,. || also gives us control of the size of the term via . The final term is handled
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similarly—we find that the maximum eigenvalue is bounded by

R L I L
Amax((qu _EWq’!ij ij'lw‘Irv(Ij) 1) HWQT7QJ ij IWxMQj H2
o _ 1. - . -
S)\max(ijl)/\max((qu - Z qmquqjlwamij) l)HququQ HWI'I’vqu27

which again may be shrunk arbitrarily by shrinking the maximum eigenvalue of Wq_} !, In summation, for
sufficiently small o and Apax (W, ) sufficiently large, condition 3 is satisfied and Wj = 0.
Now, letting € S such that 2 = (1, 22) € R* x R?, we get that

Amin(V;) > min{Amin(Q), Amin(P — SQ71ST)}H|z + SQ1a2%. Note that ||SQ~1z2|| can be made
arbitrarily small by increasing the maximum eigenvalue of ), so that ||z +SQ~'x|| can be made arbitrarily
close to 1. Further decomposing P — SQ~1ST, we find that the minimum eigenvalue of VV]- is bounded
below by a quantity that can be made arbitrarily close to the minimum of the minimum eigenvalue of the
matrices in conditions (1), (2), and (3) above—all of which can be made arbitrarily large. Hence, the
minimum eigenvalue of W, can be made arbitrarily large. Hence, the minimum eigenvalue of WV can also

be made arbitrarily large. O

Remark 17. Observe that, in the proof of Proposition 37, it is not important that the minimum eigenvalue
can be made arbitrarily large—we need only have that it is positive. However, in Proposition 39 of Sec-
tion 8.2.6, we will introduce unstructured bounded disturbances to the problem. In such a case, this fact
will be crucial. Moreover, while we have no exact estimates on the gains needed to guarantee exponen-
tial tracking, the proof does provide us with a strategy which may be used to decrease the complexity in
numerically calculating/verifying gains. In particular, for any gains k,, > 0 and k,, > 0, we have that

W We, We., P, P qu > 0 if the following 7 conditions are satisfied:

45 =%y =qr’

. (l—a)karkW
M e, <min { g eelpmt VR

D) ky, > %552 2 + 72(11_@ Cy..,

.| 20—a)ke, — 22 C2 —C,,
(II) ¢4, < mln{ (o), + T8 s Vg ¢

1

(V) ky, = 1295C2 + ¢ kg, + 125 Cars
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(V) ky; > Cy; + 2,

ke
J
(VD 1 <¢q < Fu; 7Cq, 12°

ke .
(VID) g, = 22 + 1.

It is easily verified that these conditions are consistent. The proof of Proposition 37 tells us exactly that
exponential tracking is guaranteed so long as « is sufficiently small and Ayin (W) is sufficiently large.
The latter of which can always be satisfied for instance by fixing ¢;; = 1 + € for some arbitrary small
0 < e < 1 and taking k,,; sufficiently large. In particular, this reduces the 9 degrees of freedom involved
in satisfying W; > 0 to a single degree of freedom—namely k,,;,—while simultaneously guaranteeing that
P, Py Py >~ 0. Finding an appropriate k,,; can then be solved numerically, provided that « is sufficiently

small to guarantee a solution.

Remark 18. Due to the constraint rQ, = Trt+ (— 1)j L;q,— L.qj, and the fact that the desired cable attitudes

are pre-selected as ¢; = fi;/||i;||, we are not able to choose the desired trajectories of the quadrotors while
also choosing the desired trajectories for the load position and attitude. In particular, such choices will force
the “desired” quadrotor positions Z, to similarly obey Zg, = & + (—=1)7 LG, — Lefij/||fiz]|. This leads
to the concern that the quadrotors may stretch apart and play “tug of war” with the rod, or in the case that

2L, > L., may even collide with one another. To find conditions under which this behavior is avoided, note

that

TQ, — 7@, = Le (/|| ll — i/l fi2l]) — 2LrGy-

- 1 - 1 . NN
i = gmr (Ur =+ 963) + (_1)]§mTL7’ (_qur + (qfwr)qzwr) + O(ex,, €u,, €gr > Corr)-

Suppose now that || 2m, L, (—Gr@, + (¢7@,)¢2@,) || is small compared to || 3m, (@, + ges) || This
can be accomplished for instance by choosing §, such that ||@&,|| and ||&,|| are sufficiently small (that is,
that the desired angular velocity and angular acceleration of the rod’s orientation are sufficiently small).
Further suppose that the initial errors e, (0), €,,(0), €, (0), and e, (0) are small, and that the gains are
chosen so that the origin of the error dynamics is an exponentially stable equilibrium point (in accordance

with Proposition 37). It follows that both fi; and fio will remain close to the vector %mT (@ + geg), SO
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that g, — Zg, will remain close to 2L,.g,. In particular, this implies that ||Zg, — Z@, || remains close to
2L,. Moreover, since the gains have been chosen to guarantee exponential tracking, we further have that
|lzg, — @, || will remain within some small neighborhood of 2L, from which it is clear that the quadrotors

will neither converge to nor diverge from one another to an undesirable degree.

8.2.5 Control Design for the Full Model

We begin by incorporating the attitude dynamics for the quadrotors (8.31)-(8.32) back into the re-
duced model. Note that, in the design of the geometric controllers u;, we assumed that each quadrotor can
generate a thrust in any direction. However, in reality, the direction of the total thrust is always parallel to
its third body-fixed axis via the relation u; = f;R;e3. Only the magnitude of the thrust f; can be changed
arbitrarily. The strategy we implement, following [77], is to choose the desired trajectories for the quadrotor
attitudes Rj such that the third body-fixed axis becomes parallel to the direction of the control force u;
designed by (8.23) and (8.35). Moreover, we will design the total thrust f; as the magnitude of the u;.
Using the moment control M; designed in [101], we then guarantee that the actual thrust control f;R;e3
converges exponentially fast to the u; that we previously designed.

The desired direction of the third body-fixed axis for each quadrotor, denoted by b? € 52 is given by

b;’ = ”ZJ: ik Usually, such an expression is considered as a constraint on the desired attitude of each quadrotor.
J

Therefore, to solve the dimensionality problem arising after introduce the constraint, and to be able to solve
the system, the desired direction of the first body-fixed axis bjl(t) € S? is introduced as a smooth function
of time. Since the first body-fixed axis is normal to the third body-fixed axis, one can not reach the arbitrary
body axis b} exactly. The usual strategy in this situation is to project bjl onto the plane normal to b;’-, and

the desired direction of the second body-fixed axis is chosen to obtain an orthonormal frame. That is, the

£3\231 72331
(6%)2p! b2b!

desired attitude for each quadrotor are given by R, 4 = - ——
a SV TS fenmie e

—b? € SO(3).

Using (8.21), the desired angular velocity for each quadrotor is given by Qj = (RJTR])V € R3, where
()Y : s0(3) — R3 is the vee map. Define the tracking error vectors for the attitude of each quadrotors
eR; = %(}?]TRJ — R;‘FR]-)V, and the tracking error vectors for the angular velocity of each quadrotor as

eq; = Q; — RJTR]- Qj. The moment control is chosen as a tracking controller on SO(3) defined in [77]. In
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particular,
fi = uj - Rjes, (8.38)
kg ko 5 PTG Th.G .
Mj = —?eRj — ?er + Qj X JQQJ' - JQ(Q]'R]- Rij — Rj Rij), ] = 1,2, (839)

where ¢, kr, kq are positive constants.

Stability of the corresponding controlled systems for the unreduced model can be studied by using
singular perturbation theory for the attitude dynamics of quadrotors as in [101]. In particular, as a direct
application of [73], in the context of Proposition 37 for our particular cooperative transportation task lead to

the following result.

Corollary 13. Consider the control system defined by (8.15)-(8.22) and the control inputs designed by (8.38)
and (8.39). Then, there exists § > 0, such that for all € < 0, the zero equilibrium of the tracking errors

(€25 €,y €qrs €y €q1 > €wr s €qas Euwns ERy» €Q s ERy s €Qy ) IS exponentially stable.

Now that we have established the exponential tracking of the full reduced model, we wish to connect
this back to our original model with elastic cables. This can be done by showing that our system is under
the conditions of Theorem 11.2 in [64]. The first condition is a regularity condition for f, g, h (as defined
by (8.11)-(8.12) and (8.13)-(8.14)), and the continuity and boundedness of their partial derivatives. Both the
original and reduced model have smooth dynamics, and h is clearly smooth as well, so that the regularity
follows. Moreover, we consider our control system as evolving on the bounded domain D, so that bound-
edness follows immediately. The second condition requires that the reduced model have an exponentially
stable equilibrium point at the origin (note that we must consider the error dynamics instead of the dynam-
ical model (8.15)-(8.22) for this to make sense, but the result follows all the same since the configuration
errors are smooth functions of the state variables). This follows immediately by Proposition 37. The third
condition in Theorem 11.2 in [64] is that the boundary layer system for (8.11)-(8.12) have an exponentially

stable equilibrium point at the origin—which we define now.

Definition 8.2.3. The boundary layer system for the singular perturbation problem given by (8.11)-(8.12) is



176

defined as:

0
== = g(t,x,7+ h(t,7),0),
or

where r := z — h(t,z) with h(t, ) as defined by (8.13)-(8.14) and 7 := % for t( the value of time from

which we obtain our initial data.

Corollary 14. The boundary layer system for (8.11)-(8.12) with control inputs u; and M; as defined above

has an exponentially stable equilibrium point at the origin.

Proof: The analysis follows almost immediately from the case of a single quadrotor transporting a point
mass load with an elastic cable (see Lemma 2 in [70]). O
With all conditions of Theorem 11.2 in [64] satisfied, we obtain the following proposition relating the

dynamics of the original model to the dynamics of the reduced model.

Proposition 38. Let the control inputs w; and M; be defined as above. Denote by x(t) a trajectory of
the reduced model (8.15)-(8.22) which converges exponentially to the desired trajectory. Denote by r(t) a
trajectory of the boundary layer system which converges exponentially to the origin. Then, there exists a
positive constant €* such that for all t > ty and 0 < € < €*, there exists a unique solution x(t,€), z(t, €) of

the singular perturbation problem (8.11)-(8.12) on [to, 00) satisfying

x(t,e) —x(t) = O(e),

“(t.0) - h(t.a(0) - (1) = 0G0

€

uniformly on t € [to, 00). Moreover, for t; > to, we have

z(t,e) — h(t,z(t)) = O(e),

uniformly on (t1,00) for e < €** < €*.

8.2.6 Stability in the Presence of Bounded Unstructured Disturbances

While the control scheme developed in Section 8.2.3 is theoretically sound, in practice there may be

disturbances and measurement errors which cause its failure. This in part is handled by the well-known fact
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that exponential stability is robust to small disturbances [65]. However, it would additionally be beneficial
to understand how the proposed controller behaves when it is subject to larger disturbances. Note that
disturbances in the attitude of the quadrotors under the proposed control (8.39) has been discussed already
in [76]. Since the attitude dynamics are decoupled from the rest of the system, we temporarily omit them
from our analysis.

We introduce bounded unstructured disturbances to the reduced dynamical model (8.25)-(8.30). That

is, for some real numbers dx,., dq; for j € Z, we consider the dynamical system

Ty = Uy, (8.40)
my(Or + ges) = p1 + p2 + Az, (8.41)
er = Wr X gr, (842)

2 .
gmrLrwr = —qr X (M? - Hl) + Agy, (8.43)
qj = wj X qj, (8.44)
mQLCU:Jj = —q; XV; + qu', (8.45)

where for j € Z, Ax,, Ag,, Ag; are unstructured disturbances satisfying | Az, || < dx, and ||Ag;| < dg;.

Defining the controllers, configuration errors, and Lyapunov candidate V' as in section (8.2.4), the bounds
: : : 1.T 1T 5

on the Lyapunov function remain the same. That is, we have 5ijqu Zq; < qu < 2%g; qu Zg;- However,

some additional terms appear in its derivative (last three terms in the following inequality):

. 1
V <= (ko = ca)llew, I + ez oo, llev, Mea = co,ka, lea I + —(llew, || + ez, lea DY

r

- (kw'r - CQT)HeWTHQ + CQT(kW'r + C r)”ewrn”eqr” - CQTkQ'rHBQ'r”2 - Cijqj||eqj||2

+ (lew, Il + g lleq DY I = (kus, = g, llew, I + cg; (u; + Cyy)lleg, e, |

3m, L,

+ E"Z—; (ev'r + Cx'rex?“) + Eg:‘ (ew’r + CQ'F6Q7‘) + Eg; (e‘-’-’j + qu er)’

Ag; . ..
where Ey, , By, , and E; are defined as E,, = ﬁ;ﬁr By, = ;’ﬁ%, Eq = quic' We may then write this is

the form V < —2TWz + ETz, where E := | x0Ty dzp ¢qr30ar 30y o001 _dqu  Cap0%2 _dga | apd
my ) my? 2mp Ly 0 2me Ly’ mgLe’ mgLe’ mgLe’ mgLe
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W is as in section 8.2.4. From Young’s Inequality, we have E7 z < @ + €||z||? for any € > 0. Hence,
. El?
V< —2TOW —el)z+ ’4H .
€

Fix ¢ > 0. Analogous to before, we replace the matrix YW — el with its symmetric part W* :=

(W +WT) — el. Observe that:

AminWV*) = min{zT (W — ez} = min{z? Wz — ¢||z]|*} = min{zT Wz} — ¢
zeSh €St zeS6

= Amin(W) — ¢

From the proof of Proposition 37, A\pin(¥V) can be made arbitrarily large by choosing gains appropriately.
Hence, we can choose them so that W* = 0, with an arbitrarily large minimum eigenvalue. We then have

the following inequalities:
)‘min(E)||Z”2 <V< )‘maX(p)HZHQ,

) _ El?
7 < Auia W) 22 + 12

Amax (P) [IE]?
)\min(W*) 4e

This implies that Vv < —)‘)‘\“‘“(@?V + HZHQ, so that V < 0 when V > := dy > 0. Clearly,

d1 can be arbitrarily small by making \pi, (WW*) sufficiently large. If we now define the set S, := {z € D :
V(2) < r}, where r is some real number, then any trajectory starting in the open set D \ Sy, will converge
exponentially to the region Sy,, where Sy, denotes the topological closure of Sy,. Since V' is continuous

and positive, Sy, is some closed neighborhood of the origin that can be made arbitrarily small (by shrinking

d1). We formalize this result with the following proposition:

Proposition 39. Consider the control system with disturbances defined by equations 8.40 - 8.45 with control
inputs 8.33, 8.34, and 8.35. For sufficiently small o, there exists control gains ky,., ky,, kq,, kw,, kq» K,
kq,, and k., such that the zero equilibrium of the tracking errors ey, €y,, €q,, €w,, €q> €wy> €go ANd €y, are

uniformly ultimately bounded with an arbitrarily small ultimate bound.

Remark 19. We will not extend this result to include the quadrotor attitude kinematics and dynamics here,
nor relate it back to the original elastic model. Such a task follows by essentially the same strategy as
employed in Section 8.2.5, just replacing exponential stability with uniform ultimate boundedness where

appropriate.



179

8.2.7 Energy-Optimal Path Planning with Obstacle Avoidance

Now that we have designed a control scheme which allows the two quadrotor system to converge
exponential fast to a desired trajectory, the natural question arises of how one should design the trajectory to
be tracked. In application, it is often the case that we wish for the trajectories to interpolate some collection
of knot points (for example initial and final positions and velocities). Moreover, it may be desirable that
some quantity is minimized along the trajectory—be it the time taken to connect knot points, the jerk (for
example, if the payload is delicate), or the energy consumption. In this section, we will choose to minimize
the latter. In particular, we seek to find trajectories which minimize the magnitude of the controls, as these
quantities are directly related to energy consumption in most applications. That is, we are interested in

solving the optimal control problem
2 b
win Y- [ (gl + 135]7) . (8.46)

over all curves ¢ = (2, qr, q1, 2, R1, R2) € Q(Q) and controls u = (uy,uz, My, M3) € C*([a,b],R3)*
subject to the constraints (8.15)-(8.22). Note that we have chosen the state dynamics of the reduced model
as our constraints, but this will still lead to desirable behavior in the original elastic model by Proposition
38. As discussed in Section 8.2.5, the quadrotor attitude dynamics are not completely decoupled from the
rest of the system dynamics due to the physical constraint u; = f;R;e3. However, due to the fact that we
choose Rj and the controls so that f;R;e3 — u; exponentially fast, we may effectively treat the system as

if it were decoupled. In particular, we split (8.46) into the following three optimal control problems:

b
n;iun/ (|1 + [|uzl|?) dt, (8.47)

over all curves ¢ = (7, gr, q1,q2) € C°([a, b], R? x (5?)3) and controls u = (uy,us) € C*([a, b], R3)?

subject to the constraints (8.15)-(8.20), and
i M;||%dt 8.48
le,‘nr || J || ’ ( )

over all curves R; € C°°([a, b],SO(3)) and controls M; € C°°([a, b], R?) subject to the constraints (8.21)-

(8.22) for j = 1,2.
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We equip each copy of SO(3) with the left-invariant metric (-, -)gq3) induced by (3.19) with J = .

It follows by (8.21)-(8.22) and Example (5) that (8.48) is equivalent to the variational principle

b
) / ID: R[50 dt = 0 (8.49)

for j = 1, 2, taken over all admissible variations of I7;. Clearly, the solutions to (8.49) are just Riemannian
cubic polynomials, so that the moment controls ); are minimized when the desired trajectories Rj are
chosen to be Riemannian cubic polynomials for j = 1,2. In the presence of an obstacle, which may in
this case be interpreted as undesirable quadrotor attitudes, we may augment the action functional in (8.49)
with an artificial potential designed for the obstacle avoidance task (as in Section 6.1). In such a case, the
optimal desired trajectories are modified Riemannian cubics. Hence, upon applying reduction by symmetry,
Rj satisfies the necessary conditions given by Proposition 23 for j = 1, 2.

We now seek to handle (8.47). First, note that from (8.23) and (8.24), we have
uj = pj +vj + mqQ(Er + ges + Lellwil*qj + (1) Lydr).- (8.50)

Since the control scheme has been designed for exponential tracking, we see that in the limit that the state
variables approach their desired trajectories (and the configuration errors approach 0), the controls (8.50)
approach

uj = fij + v; +mo(&, + ges + Le|@j)%6; + (=1)7 L,qy), (8.51)

where, from (8.33), (8.34), and (8.35), /i; and v; approach

fir + iz = my (2, + ges) (8.52)

N - 2 -

fio — fi1 = gmer-qr X Wy (8.53)
v = mQch~j X (,:1] (854)

We now equip the configuration space for the reduced system (excluding the quadrotor attitudes), given by

Q = (5% x R?) x (8? x §?), with a Riemannian metric as follows: Equip R? with the Riemannian metric

Rigid rod Cables
(X,Y)ps = mer(X - Y) forall X,Y € R3. Equip the copy of S? corresponding to the rigid rod attitude

with the Riemannian metric (-,-) g = ILefr (-, -) g2, Where (-, -) oo is the SO(3)-invariant metric defined in
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(4.37). Similarly, equip the copies of S? corresponding to the cable attitudes with the Riemannian metric
()52 =m@Le (-, ") g2, where (-, ) g2 is the SO(3)-invariant metric defined in (4.37).

It is easily seen that scalar multiples of a Riemannian metric induce the same Levi-Civita connection,
so that in particular, the Levi-Civita connection on (R?, (-, -)p3) is given by the ordinary directional deriva-
tive. On S2, the covariant derivative induced by the Levi-Civita connection is given by (4.38). Hence, with

w = ¢ X g, we find that D;¢ = g x w. It follows that the system (8.52)-(8.54) can be written in the form

- 1 - 1 -
H1 = §mr(Dtxr + 963) + gm’l”LT‘th’l‘ (855)
- 1 . 1 -
fio = 5mr(Dtx7« + ges) — gmrLrDtQT (8.56)
vj = mqgLcq;Did;. (8.57)

In particular, the control (8.51) takes the form

_1 ] o o ~ ~ y ~ ~
) LettDiGr + mq Le Dy + moLel|@;)1°@; + (—1)?moLr || G (8.58)

1 -
uj = §meff(Dtxr+geg) + (

The final two terms, mq L. D;q; + mqLe||@;)%d; + (—1)?mgLy||@|| 2y, correspond to lift forces exerted
on the cables and load in the direction of their respective attitudes. We see that their magnitudes are modu-
lated by the norms of their respective angular velocities (which in turn are equivalent to the norms of their
respective linear velocities). In all, we see that the norms of the controls (8.58) are minimized provided that

the desired trajectories satisfy the following variational principles:

b

5 / | Der + ges|[as dt = 0 (8.59)
’ 1 - 12 2014 112

0 §||DtCIr”sg+TqurHsg dt =0 (8.60)
’ 1 2 2 2

o [ (G0l + w30l ) de =0, forj = 1.2 (5:61)

where 7., 71, 70 € R are called elastic parameters, which serve to control how closely the resulting critical
points resemble geodesics or Riemannian cubic polynomials (that is, when the elastic parameters vanish
identically, we obtain Riemannian cubics polynomials, and when the elastic parameters are large, we obtain
curves that approximate geodesics). The variational principles (8.60) and (8.122) yield solutions known

as elastica, which have been studied for instance in [17]. In general, the values for the elastic parameters
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will depend on the desired behavior in the particular application. For our purposes, we choose 7, = 7 =
79 = 0, so that the corresponding critical points are Riemannian cubic polynomials. This assumption is
partially justified by the desire to minimize the torques applied to the load and cables (which correspond
to minimizing the respective covariant accelerations with respect to our Riemannian structure), as large
torques can lead to erratic behavior that compromises the load and the mechanical features of the cables and
quadrotors.

As for the quadrotor attitudes, we may augment the action functionals in (8.59)-(8.122) with artificial
potentials to avoid obstacles (for example, physical obstacles in phase space and undesirable cable/load atti-
tudes). In particular, g,, g1, and g2 are chosen to be modified Riemannian cubics, which may be calculated

as in Proposition 35, whereas Z, is easily seen to satisfy

d*z,
dt

= —ge3 — VV,(2,), (8.62)

where V, : R? — R is some artificial potential, and VV : R3 — R3 is its gradient vector field. In summary,
with respect to the trajectory tracking controls u;, ug, M7, Ma designed in Section 8.2.3, the reduced two
quadrotor system is energy-optimal (while avoiding obstacles) when the desired trajectories for the state

variables are chosen to be modified Riemannian cubics.

8.2.8 Simulation Results

We now test the results of Proposition 37 with numerical simulations. Simulations of the dynamics
for the reduced model were conducted using the proposed controller.

We implement an Euler method for the numerical integration of equations (8.25)-(8.30) with time

step h = 0.002 and 7" = 20 seconds. The system parameters were chosen as mg = 0.755, m, =
0.082 0 0
0.5, Lo = L, = 1.0, and Jg = 0 0.0845 0 . The gains we consider are k,, = 9, k. =
0 0 0.1377

6, ky = 2, ku, = 2v2, kg = 36, ky, = 12, kg = 36, kuw, = 12. It should be noted that
both smaller and larger gain-sets were found that yielded convergence. This particular set was chosen

because it offered an appropriate balance between performance and feasibility, in particular with regards
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to the convergence of the load position, which was chosen as the Lissajous curve described by Z(t) =
(1.2sin(0.47t), 4.2 cos(0.27t), —0.5), together with a constant desired load attitude G,(¢) = (0,1,0) (in
accordance with Remark 18 to guarantee that the quadrotors do not collide nor stretch apart). The initial con-
ditions were chosen as z,(0) = (1,4.9, —1), v,(0) = (1.2,0.55,0.15), ¢,(0) = (0.24,0.97,—-0.1), w,(0) =
(0.1,-0.1,0), g1 = (0.53,0.63, —0.56), w1(0) = (0,0,0), g2(0) = (0.48,0.67, —0.56),

w2(0) = (0,0,0).

Figure 8.2 shows the magnitude of the error functions versus times. In each case, the blue curve
represents the error in the position/attitude, and red curve represents the error in the velocity/angular velocity.
Additionally, we plot the magnitude of the controllers ||u; || and ||uz|| versus time. For illustrative purposes,
we also include Figure 8.2, which plots the load position (blue curve), the desired trajectory for the load (red
curve), and the positions of the quadrotors (green and yellow curves) in 3D space. The highlighted points
along the yellow and green curves mark the final positions of the two quadrotors.

Note that, as expected, the error asymptotically converge to zero (or a small neighborhood of zero) in

all cases, while the controls approach steady state solutions.

8.3 Arbitrarily Large Teams of Quadrotors Transporting a Rigid Body Load via Elastic
Cables

In this section, we repeat the procedure of the previous sections, but instead for the task of an arbi-
trarily large team of quadrotors transporting a rigid body load via inflexible elastic cables. A majority of
the analysis will follow similarly to that performed in 8.2, so that we will skip many of details. It should be
noted that the same model with inelastic cables was considered in [75], and we will utilize the same control
scheme here.

We begin by modelling the control system describing the transportation task between the quadrotors.
As before, this will done by constructing the total kinetic & and potential U energies of the system, in addi-
tion to the virtual work done by non-conservative forces and, subsequently, using the Lagrange d’ Alembert
Principle on the Lagrangian L := K — U.

Consider N identical quadrotor UAVs transporting a rigid body of total mass mj, € R+ and positive-
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Figure 8.2: Configuration errors vs. time and control magnitude vs. time.

definite inertia matrix J;, € R3*3. The load is considered rigid and of uniform mass density. Massless

inflexible elastic cables with of rest length L connect the center of mass of each quadrotor to the load. A

graphical depiction of the proposed model is given in Figure 8.3, and Table 8.2 provides the symbols and

geometric spaces that are used frequently throughout the section.



Figure 8.3: Proposed model for the transportation task with quadrotor UAVs.
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Variable Space Description

mQ R Mass of quadrotor.

my, R Mass of the load.

k R Spring constant of the elastic cables.

c R Damping coefficient of the elastic cables.

L R Rest length of the elastic cables.

l; R Length of elastic cable attached to quadrotor j.

zQ; R3 Position of quadrotor j in inertial frame.

zr R3 Position of center of mass of load in inertial frame.

Ry SO(3) Attitude of load in body frame.

Qr, 50(3) Angular velocity of the load in body frame.

qj S? Direction vector of cable suspended from quadrotor j.

wj T5? Angular velocity of cable j in the inertial frame.

Tj R3 Connection point of elastic cable g; to the load as measured in the body
frame of the load.

R; SO(3) Attitude of quadrotor j.

Q; 50(3) Angular velocity of quadrotor j in body frame.

Jo Sym, ((R) | Moment of inertia of quadrotor.

Jr Sym, o(R) | Moment of inertia of the load.

U R3 Net thrust applied vertically in the body frame of quadrotor j.

uts R3 The component of « that is perpendicular to g;.

ulli R3 The component of u that is parallel to g;.

M; R3 Moment vector in the body frame of quadrotor j.

Table 8.2: Nomenclature for arbitrarily large teams of quadrotor UAVs transporting rigid body load.

The configuration space of the mechanical system describing the cooperative task is given by

Q = (SO(3) x R?) x (8% x R)N x

Rigid load Cables

(S0(3))"

Quadrotor attitudes
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The system has 6(N + 1) degrees of freedom—6 degrees corresponding to the load, 3 degrees for each
cable, and 3 degrees for each quadrotor. As in the two quadrotor system system described in Section 8.2, the
positions of the quadrotors do not appear in the configuration space, as they are uniquely defined in terms
of the other state variables due to the constraints g, = zr, + Rprj —l;q; for j € {1,..., N}. Meanwhile,
we have 4N inputs to the system in the form of IV thrust controls f; € R, corresponding to the total
lift force exerted on the quadrotors by the spinning propellers, and N moment controls M; € R3, which
are related to the torques induced on the quadrotors by the rotating propellers—for each j € {1,...,N}.
Hence, the complete systems has 2N + 6 degrees of under-actuation, with the quadrotor positions and
attitudes being directly actuated. Note also that upon fixing a body frame to each quadrotor such that the
vector 3 = [0,0, 1] points in the direction of the applied thrust, we may alternatively express the thrust
controls f; via the vectors u; = fjRje3 € R3 in the inertial frame for j € {1,..., N'}. We will utilize this
representation frequently throughout the section. Alternatively, one may choose to control the total thrust of
each propeller individually. However we opt for the former approach both because it is more pervasive in
the literature, and because it leads nicely to the separation of the quadrotor’s attitude dynamics from the rest
of the system’s dynamics. The thrust generated by the i" propeller along the e3-axis can be determined by

the total thrust and the moment controller [77].

8.3.1 Dynamics

Following [75] and the analysis conducted in Section 8.2, it is easily seen that the total kinetic energy

K : T@Q — R of the system is given by

N N
1 .12 1 ; 2 1 T 1 T
K = gmylér|® + ; smali, P +5911L0r +j; 5% Jo%,

Translational K.E. Angular K.E.
while the total potential energy of the system, U : () — R, is given by
al 1
U = Z nge;{ij + nge3T:UL + §k'(L — lj)2 ,
j=1

Gravitational P.E. Elastic PE.
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As usual, the Lagrangian of the system L : T'() — R is defined by L := K — U. As in Section 8.2, the
control inputs take the form of non-conservative external forces, so that we must use Lagrange d’ Alembert
Principle to obtain our system dynamics from the Lagrangian, and we further wish to add a non-conservative

force corresponding to a damping in the elastic cables. In particular, we wish to minimize the action

b N b .
Ae(t) = [ Lty eyt + 3 [ (15 Rseallha + 1351 - i) at,
a j=17a

over C*°(Q, qa, qp). Following similar arguments as in the proof of Proposition 40, and in [75], we obtain

the following system dynamics:

Proposition 40. Critical points of the action functional A for variations with fixed endpoints corresponds

to solutions of the controlled Euler-Lagrange equations

.%"L = vy, (863)
N . .
mest(Vr, + ges) Z [uj +mgC — moRL(Q% + QL)T]} , (8.64)
7j=1
Ry = RQr (8.65)
N
: . — ' . 1
Jeitr, + QrlessQr, = ZmerRL (—geg — v, + Cj + Uj> , (8.66)
=1 mQ
. . ~ X 1 .
mQq; G = mqq; <vL + Rp(0F + Qp)rj + ges — m@“j) — cly + k(L — 1)), (8.67)
. . A X 1
qj X GG =q; X <UL + R(3 +Qp)r; + ges — m@w) (8.68)
R; = R;Q; (8.69)
JoQy =JoQ; x Q;+ M;, j=1,...,N (8.70)
N
where megr 1= NmQ +mp, Jesr :=J1 — ZmQT and Cj = quj-
7=1

Remark 20. Equations (8.63) and (8.65) describe the kinematics of the load’s position and attitude, re-
spectively. Similarly, equations (8.64) and (8.66) describe the dynamics of the load’s position and attitude,
respectively. Equations (8.67), indexed for 7 = 1, ..., N, describe the dynamics of the lengths of the elastic

cables. This can be understood by observing that the projection of ¢ ;j onto g; preserves the acceleration of the
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length (which is inherently oriented along the cable), while removing the acceleration of the attitude from

consideration with the identity q;fpc'jj = —||¢;|*>. Conversely, equations (8.68), indexed for j = 1,..., N,
describe the dynamics of the attitudes of the elastic cables, as the cross-product with g; preserves the accel-
eration of the cable attitude while annihilating the acceleration of the cable length. Finally, the kinematics
and dynamics of the quadrotor attitudes are described by equations (8.69) and (8.70), respectively, with each

indexed forj =1,..., N.

8.3.2 Reduction via Singular Perturbations

As in Section 8.2.2, we now wish to reduce the dynamical system (8.63)-(8.70) using singular per-
turbation theory based on the premise that, in many applications, elastic cables have large spring constants
and damping coefficients. As we will see, this results in the model described in [75] with inelastic cables
(that is, by setting [; = L in the original model). The advantage of using singular perturbation theory is that
it allows to obtain results in the elastic model from results in the inelastic model, as was done in Section
8.2.5 for the two quadrotor model. In particular, any control scheme that guarantees exponential tracking
in the reduced model will provide near exponential tracking in the elastic model, provided that £ and c are
sufficiently large.

Consider the case that k = f; and c = S with k,¢ > 0 and € > 0 sufficiently small. We show that the
dynamics approach that of the same model with inelastic cables (that is, with [; = L) as ¢ — 0. Consider
the change of variables ; = €y, + L and le = €2;, which is motivated by observing that k(L — I;) = ky;
and cij = Cz;. From this, it is clear that (; = (€%y; + L)q;. Therefore, C] = Lj; + e(2jq5 + 2jG;) + €2y;dj.

Making these substitutions into the dynamics described in Proposition 40, in addition to employing the
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equation ¢; = w; X q;, we obtain

T = vr,
Ry, = ROy,
6:0]‘ = Zj

4j = wj X qj,

R; = R;Q;

N .
Merr(0r, + ges) = » (uj —mqQRL(Q] + Qu)rj + mo(Lj; + e(2iq; + 2i4;) + €2yjq'j)>,
=1
N
. A R . ; . . 2 . 1
JettQr, + Qrlerf = ZmQTjRL< — ges — U1, + L + e(25q; + zj4;) + € yid; + mQuj),
j=1

mqlLez; = q;-r (52’]’(]]‘ + Eyjqj + mqou; + mQL(l + erj)qj — mQ({)L — MQRL(Q% + QL)T]' + ge;;)),

1

) 1 . A A . .
wj = 7¢; X (UL — Rp(QF +Q)rj + ges — o e(3j4j + zjwj) — 62%’%’),

L

JQQj:JQQj XQj—{—Mj, j=1,...,N.
The previous system can be written in the form

T = f(t,x, z;¢€) (8.71)

ez =g(t,z,z;€), (8.72)

where f and g are smooth functions, z is the vector representing (xr,, v, Rr, 1, ¢j,w;, Rj,€;), and z is
the vector representing (y;, z;), for j = 1,..., N. Note that the singular perturbation model (8.71)-(8.72)
is equivalent to the elastic model (8.63)-(8.70), just condensed and with a change of variables. Evaluating at
e = 0, the fast dynamics (8.72) provide us with algebraic equations that can be solved to obtain z = h(¢, x).

In particular,

2 =0, (8.73)

m .. . A A
yj = —qu]T [u]- + Lg; — or, + RL(Q% +Qp)r; — geg} . (8.74)
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Substituting these equations back into the slow dynamics, we obtain the reduced (slow) model of the

control system describing the cooperative task, given by & = f (¢, z, h(t,x),0). That is,

i =g (8.75)
N .

meff(’l')L + ge3) = Z (uj — mQRL(Q% + QL)Tj + mQLijj>, (8.76)
j=1

qj = wj X ¢y, (8.77)

L1y, . 1

wj = 74 (vL — Rp(Q7 +Qp)rj + ges — mQuj>, (8.78)

R = R.Qy, (8.79)

. N 1
Jeit€dr, + Qrlesdr, = Zmeij( —ges —Ur, + Lc'jj + 7Uj>, (8.80)
j=1 mQ
R; = R;Q;, (8.81)
JoQ =Joy x Qj+ M;,  j=1,..,N. (8.82)

Remark 21. Observe that the reduced model (8.75) - (8.82) preserves the original 4N inputs of the system,
but the configuration space has lost IV degrees of freedom (namely the cable lengths). Hence, the reduced
model has N + 6 degrees of under-actuation. As previously mentioned, the reduced model is equivalent to
the original model with inelastic cables (that is, where [; = L for j = 1,..., N). This system was shown to

be differentially flat in [100].

8.3.3 Control Design

In this Section, a control design for the reduced model (8.75)-(8.82) is provided. That is, we provide a
set of controllers u; € IR3 such that the position and attitude of the load reach a desired position Z;, € R3 and
attitude Ry, € SO(3) exponentially fast. As in the two quadrotor task, we first treat the attitude dynamics as
if they were decoupled from the rest of the system dynamics, and design u; under the assumption that thrust
can be generated in any direction. We will later design the total thrust controls f;, the moment controls
M, and the desired quadrotor attitudes R;, so that the quantity f;R;e3 converges exponentially fast to the

u; that we design. The strategy again will be to decompose u; into components which are parallel and
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perpendicular to the cable attitudes g; via u; = u;

This is motivated by the fact that only the uy

+ uj-, where uy = (q;fpuj)qj and u]L =(I- qjq;fp)u]

components influence the dynamics of the load, while only the

u]l components influence the cables’ dynamics. Its graphical description is shown in Figure 8.4.

Figure 8.4: Graphical description for the decomposition of the control input viewed on each cable.
We begin by further simplifying the dynamical system (8.75)-(8.82). From equation (8.78) and the
identity q] = (.Uj X q; — HOJj ||2qj, we find that

Li; = —q; x (L) — Ll|w;[*g

. A A 1
= (1= 56 [ = Rel@ + Qu)rs +ges — i = Ll g3

Substituting this equation for into (8.76) and making use of the fact that megr = Nmg + mp, we obtain

=

M UL + g€3 = Z {qu]qj RL QL + QL)T’] u”

Jj=1

—mqL w45 (8.83)

where M = mpl + Zjvzl qujqf. Repeating this procedure with (8.80), and making use of the fact that
Jer =T — Z L, mqr; yields

N
- X . _ 1
JLQL+QLIL0L =Y mf;RY [qufRL(erLJrQ%?‘j)—Qﬂf(vﬁrge:a) L|jw;|? Wr*@u ] (8.84)
=1

With equation (8.83) in place of (8.75), and (8.84) in place of (8.80), the reduced model is exactly the control

system discussed in [75]. As such, we may adopt the control scheme used there. In particular, if we denote
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our desired trajectories by Z,, 01, Rr, {1, ;,w; and define tracking errors as:

€rr =x; — I, evL:UL_{}L7

L/ xr 5\ ThH &
er, = 5 (RLRL — RLRL> : eq, = Q1 — RTRQ;,
(& =q; X : e —w+ A2(Ij
g = 4 X 4, w; = Wi T q;W5,

then for some choice of gains k., , k., , kR, , ko, , kq, ko € R, the controllers take the form:

uj = p; + maLllwsl*a; + mq(a] ;) (®.83)
uy =mQLi; (~koeq, — huew, — (0] @)d; — §j05) — mqdjay, (8.86)

where a; = v, + ge3 + RLQ%rj — RijQ L» and ; is an additional controller which satisfies:

1 = (q; fij)q; (8.87)
N
> iy =mp (—kapeay, — kuyeu, + U1 + ges) (8.88)
j=1
N ~ o~ A ~ o~ ~ X
> #REAG = —kryer, — koye, + (RLRLOL) TLRERLOL + IR Ry (8.89)
j=1
We further define the desired cable attitudes as ¢; = —”g—?”, so that p; — [i; as ¢; — ¢;. Notice that
J

equations (8.88) and (8.89) can also be written in the form

i1 .
RTFy
Pdiag(RY,..RY) | : | =| "
My,
N
where
I3xg -+ I3x3
p= | 1 e ROX3N, (8.90)
T
Fr, = my (—kg,ea;, — ko, €0, + 01 + ges) (8.91)

~ ~ A ~ ~ ~
My, = —kpyen, — koeo, + (RLRLOL) JLRERLQL + JLRTRLOL. (8.92)
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Then, if we assume that rank(P?) = 6 (which depends on the physical connection points of the cables to the
T
load), there is guaranteed to exist a solution [ gio-- fi N} . However, in general there will exist multiple

solutions, so we choose the solution with minimal (Euclidean) norm. This is given by

fi1
RTF;
= diag(Ry, ..., Ry)PT(PPT)y L | 7 7. (8.93)
My,
AN
With these controllers, we have the following error dynamics:
1N
éUL = _k;ULeUL - xLe-TL — %Z q] ,LLj qjeqj, (894)
j=1

N
Jréa, = —kayeq, — kryer, + [Trea, + (2T, — (IR RO ea, — > #RL(G] fij)djeq;,
j=1

(8.95)

Cs = (qj 0j)q5 — kwewj — kqeqj. (8.96)

8.34 Stability Analysis

The goal now is to prove that the gains can be chosen in such a way that the error dynamics (8.94)-
(8.96) have an exponentially stable equilibrium point at the origin. This will be accomplished via Lyapunov
analysis, and the procedure will follow similarly to that implemented in Section 8.2.4. Before this, how-
ever, we will introduce two configuration errors—W,. and Wg,. These are real-valued functions which
are positive-definite about the points ¢; = ¢; and R = Rr, respectively, and are defined explicitly as
Wy, =1l g and Wp, = b (1 - RERL).

We now define a Lyapunov candidate V' : D — R defined as

1
—eSLJLQL +kr, VYR, + CRegLJLeQL

1 1
:§H€UL|’2 + §kaH€a:LH2 + CmegLeUL + 9

N
1
+ Z |:2H€Wj I”+ kqWo; + qug;ewj} ’
j=1

which is defined on the domain

D= {(efl'L’eUL’eRIﬂeQL’eij’er) : HexLH < €Limans \PRL < wRL <1, \Iqu' < ¢Qj < 1}v
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where ¢z, ¢q, R, Yy, , R, are positive real numbers. Before establishing sufficient conditions for the gains
which ensure exponential stability of the zero equilibrium for the tracking error, we state the following

Lemma, which follows from [75].

1 ky —Cg 5 1 kz Cy 1 k:R _CRAmaX(JL)
P =- L P, =- L , Pp =-— L , (8.97
=L 2 |:_Cg; 1 :| ’ L 2 I:Cg: 1:| ~Rr 2 |:_CR)\max(JL) Amin(aHL) ( )
2kRr 2k
_ 1 L 1 - _ 1 1
PRL -5 2~Yry CR)\maX(JL) ’ EQ' —2 |: kq Cq:| ’Pij = | Yy “ ’ (8.98)
2 CR)\maX(JL) )\max (JL) ! 2 —Cq 1 2 Cq 1
W —=WeR., W,
Zj 2k 27" xq; 1 _ . 1 .
W_] - |:%1WxR] YVRJ- _%WRQJ' ) ij = Z |:_clxckx]§(1(1 —fijaﬁ)ﬁ) k QC(xlkiLi;_;;l(ijf)] ’
AW, —IWry, W, 2 Cafivy, j L j
(8.99)
W — 11 crkr, (1 —4aj05) — B (kq, + B+ 4aj0) W c: B 0
Rj B 4 _CTR(kQL + B + 4a]0]) kQL (1 - 4aJU]) - 2CR)\max ("]IL) 7 G kaL exmax + B O ’

(8.100)

W cqkyq —%cq(kw +Cy;) Wor — o veokr, + 0jcrky,  Yezka, + 0jks,
4 —%cq(kw +Cy;) ko —cq ’ okR; | vkr, + djcrky, vko, + 0jky, |’
(8.101)

. CRB 0

Wqu = |:OZLO'jk7RL B 0:| . (8.102)

Lemma 8.3.1. Consider the set of matrices (8.97)-(8.102) for aj := /4, (2 — 1y;), ar = /¥R, (2 —Vr,),
Y= W, B =mpy, 0; = mL\/%, oj = n%’ Cy, is a positive constant that can be ob-
tained from q;, and B is a positive constant which can be obtained from I 1, and R;. IfP,,,P, s pRL Pr, , qu , qu,

and %(W] + W]T) are positive-definite matrices for 5 = 1,..., N, then the origin of the error dynamics

(8.94)-(8.96) is an exponentially stable equilibrium point.

While Lemma 8.3.1 was obtained in [77] and [75], no rigorous study guaranteeing the existence of
stabilizing gains, much less strategies to obtain said gains, were ever obtained. That is what we seek to do

in the following Theorem, which adopts a similar strategy to that used in Proposition 37.

Proposition 41. Consider the control system defined by (8.75)-(8.80) and control inputs determined by

(8.87)-(8.89), with u|j| and uj- given by equation (8.85)-(8.86). For sufficiently small o, there exists gains

kyp, kv, kR, k. kg kw, such that the zero equilibrium of the tracking error (ez, , €y, , €R, , €0, , €q; ewj)
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is exponentially stable, for j =1,... N.

Proof. It is easy to see that the matrices P, 1Py PRL PR, qu, and qu are positive-definite for ¢, cg, ¢4

sufficiently small. In particular, the matrices are simultaneously positive-definite for any choice of gains if

and only if we take
kR)\min (JL)
Amax (JL )

Now denote the symmetric part of W; by W; = (W, + WJ-T) and similarly define the symmetric

Ce < Vkz, cqg<+kg, cr<

parts of the submatrices by Wyg,, Waq;, and Wyg,. It is clear that JW; can be expressed in the form
P S We,  —3Wag, . T

W, = . , Where P = X , 8= =3 quj Wqu ,and QQ = ij. Now,
STQ —5WaR; Wr.

J
observe that VW can be decomposed as:

T
P S I SQ ' |P-SQ7 ST of |I SQ!

ST Q 0 I 0 Q|0 I
where P — SQ~1S7 is often referred to as the Schur complement of Q. It then follows that VW »~ 0 if and
only if P — SQ~'ST = 0 and Q > 0. Note that P — SQ~1S” can itself be expressed in form of a 4 x 4

block matrix given by

1 -1 1 1 -1
P_g Qfl T — ij - ZWIQJ' ij Wﬂqu' _EWQij - ZWqu ij Wﬂqu
1 1 — 1 _
_EWLBRJ' - ZW‘IRJ' ijlVquj WRj - ZWqu ijlwqu
Repeating the previous analysis, but now on P — SQ~1S”, we find that W; = 01if and only if the following

three conditions hold: (1) W, = 0, (2)Wg; — WqRJW "Wyr, = 0and (3)

1 _
0 < Wiy = Wag, Wy, Wag,

1 1 _ _

4WxR (Wr; — 4Wquij1Wqu) "War,

1 1 -1 -1 ~1
SW Rr; (Wg, — ZWquij War;)™ War;We, Wag;
1 1 _ .
8qu]W 1WqR (W, ZWquijlwqu) 1Wij

1 _ _ _
War, W Wyr, )™ War, Wy, Wy,

-1
1—6vvmjwqj War, Wr, —
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Moreover, the minimum (maximum) eigenvalue of W is precisely the smallest (largest) of the min-
imum (maximum) eigenvalues of the three matrices in the above conditions. We now seek to verify that
appropriate choices in the gains and constants can be made to satisfy the above conditions. For (1), observe

that the characteristic polynomial of W, yields

2Amin(We,;) =(kuw — ¢q + cqkq) — \/(kw — ¢q — cqkg)? + i (kw + Cyy)?.

This motivates the choice k,, = ¢ kq+cy, from which we obtain Ayin (Wy,) = ¢4 (2kzq —cq(kg+1) — C’qj).

kq 70‘1
1tkg *

Now let C; := max;j—1, .4 C’qj and choose ¢, = For some fixed ¢ > 0, we then require k, >
Cy + € := kg, from which it follows that ¢j := =57 < ¢q < /g, and Anin(Wy;) = cgkg > 0. In

summary, P > 0, and W, > 0 provided that k, > k. Consequently, Apax (W, 1) = Amin(Wy,;) ™! can be

q; qj
made arbitrarily small (but positive). Hence, For (2), we have iWq R; WCE 1V\/q r; = 0and, since Wy, and
Wy, are independent, we can shrink the maximum eigenvalue of Wyr, W~ w, R, arbitrarily by shrinking

the maximum eigenvalue of Wq; 1. Moreover, observe that

2>\min(WR_]‘) = (CRkRL + kQL)l/j - QCR)\maX(JL) — \/((CRkRL - kQL)Vj + QCR)\maX(JL))Q + C% (kQL +B+1-— I/j)2.

2¢ R Amax . ) -
Now choose kg, = crkgr, + M, where v = II111H4 v;. We will also need to similarly define
14 1=1,...,

V= ax vj;. Inall,

7j=1,...4

Nuin(Wh,) = e |2k, vy = VE? + (enF + GP?| |

% k
for £ =2 (V — 1) Amax(Jr), F = QL, and G = B +1 —v. Furthermore, we assume that v; > %
|4 CR

(which amounts to requiring the initial cable attitude errors to be sufficiently small). It can be shown that

with
—E+\/E?2+(G+¢)? .
kRL Z ( ) = kRL,
v
, v(\/k% V2 +2kg, Ev—G
¢r = min Fry Amin(J1) (\/ e - )

)\max(v]]L) ’ kRLZ"i' 2)\max(JL) ’

we have cp > ¢}, where

N . B+1—v+e ve
Cr = min ) .
{ \/ v —E+ E?*+ (G+¢€)?+ 2AmaX(JL)}
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Hence, Py, = 0, and Awin(Wr;) > civjkg,. Therefore, Wg, = 0 for j = 1,...,4, and Ayin(Wk,)
can be made arbitrarily large by taking kp, sufficiently large. In total, condition (2) can easily be satisfied
by taking the appropriate combination of Amin(Wy;) and Ayin (WEg,) (say, but taking each to be sufficiently
large).

Now, we look at condition (3). First notice that, by a similar argument to those provided for Apin (W, )

*

~. bounded away from zero which

and )\min(WRj ), it can be shown that there exists positive constants k;L ,C
depend only on the initial cable attitude errors, the desired trajectory chosen for Zr, the connection points
of the cable to the load, and the parameter ¢ > 0, such that, for k,, = cyks, + ;—j and k;, > k] > We
have P, > 0, ¢z > ¢k, and )\min(ij) > cynjky, , where nj := 1 — 4a;3. In particular, Wy, > 0 for
J=1,...,4, and Apin(Wy,) can be made arbitrarily large by taking &, sufficiently large. Now suppose
that such a choice is made, so that W, > 0 for j = 1,...,4. We wish to show that the remaining subtrac-
tive terms in condition (3) can be shrunk arbitrarily, independent of W,,. Observe that W, and W, L are
independent, so that we may force the maximum eigenvalue of W, Wq;lwxq ; = 0 to be arbitrarily small
after (potentially) further shrinking the maximum eigenvalue of Wq; L

The fourth and fifth terms are transposes of each other and therefore may be handled simultaneously.

Note that find that the maximum eigenvalue is bounded above by
1 _ _ _
)\max((WRj a ZWquijlwqu) 1)HWquij1qujH HW’”RJH

_ 1 _ _
< )‘maX(ijl))\maX((WRj - ZWquijlwqu) 1)||WquH HqujH ||W;tR]H

Consequently, this term can be made arbitrarily small by making the maximum eigenvalue of W, suffi-

ciently large. The final term is handled similarly—we find that the maximum eigenvalue is bounded by

1 _ _ _
AmaX((WRj - ZWquijIWqu) 1)HWquij1W$qg' ”2

_ 1 _ -

S )\maX<ij1)Amax(<WRj - ZWqu ijlwqu) 1) HWqu H2 ”Wlle sz

which again may be shrunk arbitrarily by shrinking the maximum eigenvalue of Wq_jl. Finally, the third term
J

%Wij (Wg.— %Wqu Wq;lVVqu )_1Wij may be written in the form o2 M” AM , where M is independent

of v and the terms of A are at most of O(2). It follows that if « is sufficiently small and Amax (W) is
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sufficiently large, condition (3) holds and W; > 0. O

Remark 22. We now wish to address the issue of control saturation, which is marked by the control mag-
nitude becoming larger than is permitted by the system’s physical constraints. From the control design
conducted in Section 8.3.3, it is clear that saturation depends in part on the chosen desired trajectories. This
is intuitively sensible, as trajectories with very high velocities, accelerations, and jerks will be impossible to
track effectively. Beyond this, the control depends linearly on the gains. Assuming that sufficiently “nice”
desired trajectories are chosen, and initial configuration errors are sufficiently small to allow exponential
convergence to said trajectories, it is reasonable to assume that control saturation may be avoided provided
that the gains can be chosen sufficiently small. For simplicity, we assume that the initial configuration errors
are zero, from which the result will immediately follow for sufficiently small initial errors.

For simplicity, let = Apin(Wg,), ¥ = Amin(Wg;), and z = Apin(Wy,), and choose the gains
and Lyapunov constants so that they satisfy the conditions previously outlined in the proof of Theorem 41.
That is, we have kg > k¢, kr, > k% ,and ky;, > kj , which implies that ¢; > ¢, cgp > ¢k, and
Cy > Cy, Where ki, ki k7 ¢y, ¢, and ¢ are positive constants which are bounded away from zero and
depend only on the norms of the velocities, accelerations, and jerks of the chosen desired trajectories, the
initial configuration errors (which we assume to be zero), and some fixed parameter ¢ > 0. Moreover, as
B, C, — 0 (which depends only on the chosen desired trajectories), k, — €, kr, — (1+¢)?, and k,, tends

to a quadratic polynomial in €. With these choices, we have

ky < =, ko < kg + 1,

C
q
Y

kRL < P kQL < kRL +2)\maX(JL)7
CRr,
z

kep < — kv, < kg, +1.
Cl?

B%(1 + 2cf)?
16z

can always be made). Moreover, we see that as B — 0 (which depends only on the desired trajectories

Condition (2) from the proof of Theorem 41 will be satisfied if y > (such a choice

chosen for x7, and Ry), we need only take z,y > 0. Similarly, condition (3) from the proof of Theorem 41
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will be satisfied if
BY(1+2¢:)?  BY1+2¢2)%(1 4+ 2cp)?
16z 162(16zy — B2(1 + 2¢5,)?

z >

As before, we see that if the desired trajectory data B tends to zero, we need only take x, y, z > 0. Moreover,
since the gains are bounded above by linear functions of the corresponding eigenvalues x, y, or z, and below
by polynomials in € (which is a free parameter), it follows that the exponential convergence of the state
variables to their desired trajectories can be obtained while also choosing the gains small enough to avoid
control saturation provided that the initial errors are sufficiently small and the desired trajectories are chosen

sufficiently “nice,” as expected.

8.3.5 Control Design for the Full Model

Along the control design discussed in Section 8.2.3, we assumed that the thrust u; could be generated
in any direction. In reality, however, the constraint u; = f;R;e3 requires the thrust to always point in the
direction of the third fixed-body axis. That is, u; cannot be designed to point in any arbitrary direction.
However, as in the two quadrotor task, may design the thrust controls f;, the moment controls M, and the
desired quadrotor attitudes Rj, so that the quantity f;?;e3 converges exponentially fast to the u; that we
designed in Section 8.2.3. We again use the controls (8.38) and (8.39), and design Rj as we did in Section

8.2.5, which leads to the following corollary to Proposition 41:

Corollary 15. Consider the control system defined by (8.75)-(8.82) and control inputs determined by (8.87)-
(8.89), with uy and uj- given by equation (8.85)-(8.86), and moment control (8.39). There exists 6 > 0, such
that for all € < 0 and for sufficiently small o, there exists gains k., kv, kr,, ko, k¢ ko, k:R]., k‘Qj, such

that the state variables x1,, Ry, q;, Rj approach their desired trajectories Ty, R L, Qs Rj exponentially fast

forj=1,..., N.

Moreover, as in Section 8.2.5, we may make the following conclusion about the tracking problem in
the original (elastic) using Corollary 15, Theorem 11.2 in [64], and the analysis conducted in Lemma 2 of

[70]):
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Proposition 42. Let the control inputs wj and M; be defined as above. Denote by x(t) a trajectory of
the reduced model (8.75)-(8.82) which converges exponentially to the desired trajectory. Denote by r(t) a
trajectory of the boundary layer system which converges exponentially to the origin.

There exists a positive constant € such that for all t > tg and 0 < € < €*, there exists a unique
solution x(t,€), z(t,€) of the singular perturbation problem (8.71)-(8.72) on [to, 00) satisfying x(t,€) —
z(t) = O(e) and z(t,€) — h(t,z(t)) — r (=22) = O(e), uniformly on t € [ty, 00). Moreover, for t; > t,

we have z(t,€) — h(t, z(t)) = O(e), uniformly on (t1,00) for e < € < €*.

Finally, for completion, we consider the case of unbounded unstructured disturbances. In particular,

consider the dynamical system

i =vr (8.103)
N .
meir(0r, + ges) = 3 (uj — moRL(O2 + Q) + mQLq'j> + Axy, (8.104)
j=1
qj = wj X gy, (8.105)
. 1. /. N b 1
wj = qu' <’UL - RL<Q% + QL)T‘j + ges — leu]> + AQj, (8.106)
R = R.Qy, (8.107)
N
: A o T . . 1
JettQr + Qrler, = Z’mQTjRL< —gez — vr, + Lg; + mfuj) + ARy, (8.108)
- Q
7=1
R; = R;Q;, (8.109)
JoQy =JoQ x Q; + M; + AR;,  j=1,..,N, (8.110)

where Az, Agj, ARy, AR; are unstructured disturbances satisfying the bounds | Az | < 7,

Agjll <
@i, |ARL| < Ry, ||AR;|| < R; for some real numbers Zr,, §;, Rr, Rj, forj =1,...,N.
From the proof of Proposition 41 and a near identical analysis to that conducted in Section 8.2.6, we

obtain the following result:

Proposition 43. Consider the system with disturbances defined by equations (8.103)-(8.110) with control

inputs determined by (8.87)-(8.89), with uljl and u]L given by equation (8.85)-(8.86), and moment controller
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(8.39). There exists 6 > 0, such that for all e < ¢ and for sufficiently small o, there exists gains k., ky,,
kr,, ko, kg kK, k‘Rj, ij j =1,..., N, such that the zero equilibrium of the tracking errors ey, , €,,,

€Rp» €Qp, €q;» Cw;» €R;» €Q;, ATE uniformly ultimately bounded.

8.3.6 Energy-Optimal Path Planning with Obstacle Avoidance

As in Section 8.2.7, we now wish to design our desired trajectories so that the state variables are
energy-optimal (that is, that the magnitude of the controls u;, M; are minimized for j = 1,..., N) under
the control scheme designed in Section 8.3.3. In particular, we are interested in solving the optimal control

problem
N b
: 2 2
1=+ || M;1|7) dt, 8.111
FD I gt? + 1) @.111)

over all curves ¢ € Q(Q) and controls v = (uy,...,uy, Mi,...,My) € C*®([a,b],R3)?V subject to
the constraints (8.75)-(8.82). As before, we have chosen the state dynamics of the reduced model as our
constraints, since we will nevertheless expect favorable energy behavior in the original model as long as the
cables are sufficiently stiff and have high damping by Proposition 42. As in Section 8.2.7, we will treat the
quadrotor attitude dynamics as if they were decoupled from the rest of the system dynamics, which allows

us to split (8.111) into the following N 4 1 optimal control problems:

N b
: 2
min g w;||“dt, 8.112
q,u j:l/a Il ( )

overallcurves ¢ = (21, Rp,q1,...,qn) € C®([a,b],R3xSO(3)x (5%)) and controls u = (u1,...,uy) €

C*>([a, b], R3)" subject to the constraints (8.75)-(8.78), and

b
R?iﬁ/a | M;||%dt, (8.113)

over all curves R; € C°°([a, b],SO(3)) and controls M; € C°°([a, b], R?) subject to the constraints (8.81)-
(8.82)for j =1,..., N. Clearly, (8.113) is equivalent to (8.48), which was already solved in Section 8.2.7.
In particular, upon equipping each copy of SO(3) corresponding to the quadrotor attitudes with the left-
invariant metric (-, '>So(3) induced by (3.19) with J = Jq, we find that the energy-optimal trajectories are

given when the desired trajectories Rj are chosen to be Riemannian cubic polynomials for j = 1,..., N.
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Moreover, in the presence of an obstacle, we may instead utilize modified Riemannian cubics, whose nec-
essary conditions for optimality are provided by Proposition 23, and with the artificial potential as designed
in Section 6.1.

We now handle the remaining optimal control problem (8.112). From (8.85) and (8.86), the control

u; approaches
U; = /ij + mQ(fL + ges + LH(ZJ]‘HQQJ‘ + LQj X (j)j + RLerj - RLTA’]‘QL) (8.114)
as the state variables approach their desired trajectories, where fi; is given by (8.93). Moreover, we see that

Fr, — mp(Zr + ges) (8.115)

My — 3.9 — Irr % (8.116)

as the state variables approach their desired trajectories. We now equip the configuration space for the
reduced system (excluding the quadrotor attitudes), given by Q1 = R3 x SO(3) x (52)"V with a Riemannian
metric as follows: Equip R3 with the Riemannian metric (X, Y )gs = m(X -Y) forall X, Y € R3. Equip
SO(3) with the left-invariant metric (-, -)go(3) induced by (3.19) with J = Jy.. Finally, equip S? with the
Riemannian metric (-,) g2 = mq@L (-, ) g2, where (-, ) s is the SO(3)-invariant metric defined in (4.37).
We may consider ()7, as a Riemannian manifold equipped with the product metric. It follows that the limit

of the control (8.114) can be written as:
uj = fi; + mo(Didr + ges) + moLDyq; + mo(L||@;|2q + RpQPrj — Rp#iQy), (8.117)
and we similarly see that

Fr, — mp (D + ges) (8.118)
M; — RTD,R; (8.119)
From (8.93), it is clear that £i; will approach some linear combination of thv I + ges and Rth}L%L, also

involving the physical connection points 7; for j = 1,..., N. Moreover, the terms RLQQT]‘ - ]:?,ijfl 7, in

(8.117) depend on the physical connection points of the cables to the load, which will be determined by the
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shape of the load and the particular configuration that we have in the application. For that reason, we will
neglect these terms as they appear in the optimal control problem 8.112. As in Section 8.2.7, we see that
the norms of the controls (8.58) are minimized provided that the desired trajectories satisfy the following

variational principles:

b

5/ | Diey + ges||as dt = 0 (8.120)
a
b B 2

5/ DRy dt=0 (8.121)
a SO(3)
"1 2 2 2

5/ <2\|thj||52 +7; ]qj||52> dt=0, forj=1,...,N, (8.122)
a

where 7; € R are the elastic parameters for j = 1,..., N. As before, we choose 7; = 0, so that the cor-

responding solutions to (8.122) are Riemannian cubic polynomials. As we did with the quadrotor attitudes,
we may augment the action functionals in (8.120)-(8.122) with artificial potentials to avoid obstacles. In
particular, g; is chosen to be a modified Riemannian cubic for j = 1, ..., NV, which may be calculated as in
Proposition 35, Ry, is chosen to be the modified Riemannian cubic as calculated in Proposition 23, and z,

is chosen to satisfy
d*z
it = —ges = VVa(xy), (8.123)
where V, : R® — R is some artificial potential, and VV : R?® — R3 is its gradient vector field. In
summary, with respect to the trajectory tracking controls up,...,un, Mi,..., My designed in Section

8.3.3, the reduced system is energy-optimal (while avoiding obstacles) when the desired trajectories for the

state variables are chosen to be modified Riemannian cubics.

8.3.7 Simulation Results

To validate the controller, we consider a numerical simulation with four quadrotors carrying a load
with a mass of 1.5 kg, and rigid body shape of rectangular box with length, width and height are 1.0 m,
0.8m of 0.2m, respectively! . The mass of each quadrotor is mg = 0.5kg. The rest length of the cables
are set to L = 1.0 m and the load is attached in a symmetric manner to the cables. All further parameters of

the configuration, initial values, and controller parameters are presented in Table 8.3.

! The video of the simulation can be found here: https://youtu.be/0Pc_1ATgDlg


https://youtu.be/0Pc_1ATqDlg
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Symbol Value Symbol Value
mQ 0.755kg mr, 2kg
g 9.81m/s? JL [1.04,5.0,4.04]
ry [0.4,0.5,0.1] ry [—0.5,0.4,0.1]
r3 [0.5,—0.4,0.1] T4 [—0.5,—0.4,0.1]
Initial Conditions
21,(0) [0,0,0.3]" m vr,(0) [—2,-3.5,0]T m/s

—-049 087 0
R1,(0) —0.87 —0.49 0 01(0) [0,0,0]"

0.03 0 1

Q1,...,4(0) [0’07 _1]T wl,--,4(0) [O> 0>O]T
Controller
ke, 8 kv, 5.2
kr, 10 ko, 2
kq 10 ke 3
Cables
L 1.0m l1’273’4(0) {1,1,1,1}m
krun:l72,3 {10, 8, 20} Crun=1,2,3 {5, 30, 33}

Table 8.3: Simulation parameters

The numerical simulation was realized with 20s of simulation, with time step of 0.1 ms imple-
mented in Python on a computer with an Apple M1 Pro processor and 32 GB of RAM memory. The
desired trajectory for position of the load used for this simulation is given by x41(t) = 1.2sin(0.67(¢ +
1.66)), xq2(t) = 4.2cos(0.37(t + 1.66)), z43(t) = 0.5 tanh(¢ — 1.5) + 2.5, and the desired attitude by
[ U 630

R4(t) = ﬂ, ﬁ’ 63:| , where v is the desired velocity. As discussed in Section 8.3.3, the quadrotor atti-
V| |esv

tudes are independent of the rest of the dynamics and almost-global exponential stabilizing controllers for

the attitude have been presented in [77] and [75]. Thus, we use the same controller for the attitude of the

quadrotors, and focus here on the discussion on the position results.

8.3.7.1 Reduced Model with Inelastic cables

We begin by conducting a simulation of the reduced model (8.75) - (8.82) with the controller (8.85),
(8.86). That is, the cables are considered inelastic, each with length L. The values for the control gains,
as shown in Table 8.3, were selected to guarantee the global exponentially stability for the system by using

conditions (1), (2) and (3) in the proof of Proposition 41. After 10s, the system is perturbed by an unknown
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disturbance. The disturbance, as introduced in Section 8.2.6, is set to

0.55in(0.43t) 0.2 + 0.45sin(3.0¢)
Azp(t) = 0.5 cos(0.21¢) ) ARL(t) = 0.3 — 0.65 cos(1.4t)
0.2sin(0.75t) — e~ 0.05sin(2.1t)

The positions for the desired and simulated trajectories are given in Figure 8.5, from which the following

two observations can be made:

» Before the introduction of the disturbance in the time-frame (0s-10s), the actual trajectory con-

verges to the desired trajectory as proposed in Proposition 41.

* In the presence of the disturbance (10s-20s), the tracking error is increased in contrast to the

undisturbed case, but remains ultimately bounded as expected from Proposition 43.

Note that the magnitude of the tracking error bound depends on the value of the feedback gains, which can
be increased to reduce the error. In practice, the limit is given by input constraints on the thrust and moment.

However, such an analysis is out of the scope of this thesis.

8.3.7.2  Original Model with Elastic Cables

Next, we evaluate the performance of the controller on the original model with elastic cables, as
described in Proposition 40. The setting and system parameters of the load and quadrotors are the same
as they were in the previous simulation for the reduced model. In particular, all simulation parameters are
again provided in Table 8.3. We consider three alternative sets of values for the stiffness and damping of the
cables, namely kpyn—12,3 = {10,8,20} and crun=1,2,3 = {5, 30, 3.3}, respectively.

The response of the controlled system with elastic cables is visualized in Figure 8.6. Each column
belongs to a different set of stiffnesses and dampings, as indicated by the corresponding titles. The top
row shows the tracking error of the load. It can be observed that the tracking error is similar among the
settings with oscillating behavior. Note that the frequencies and damping of the oscillations are impacted by
i) the desired trajectory ii) the properties of the cables and iii) the selected feedback gains of the controller.

By comparing the tracking error in Figure 8.6 with the desired position in Figure 8.5, it can be seen that
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desired trajectory actual trajectory

X-position [m]
=

y-position [m]

Z-position [m]
= -
o= &

Time [s]

Figure 8.5: Desired position and actual position of the transported load for the controlled reduced model.
After 10 s the system is perturbed by an external disturbance. As shown in Theorem 41 and Theorem 39,
the tracking error is asymptotically stable (in case of no disturbance) and ultimately bounded (in case of a
disturbance).

the frequency of the oscillation in the x and y tracking error is synchronous to the desired trajectory. In
contrast, the amplitude is impacted by the properties of the cables, see e.g., the x-error and the length of
the cables in the middle column of Figure 8.6. As stated in Proposition 38, the tracking error remains
bounded for all time. The second row visualizes the length of the four cables /; to [4 connected to the load
and quadcopters. As expected, the dynamics of the cables mainly depends on their stiffness and damping
properties. With decreased damping, more oscillations can be observed, as seen in the third column. Note,
that the controller (8.85)-(8.86) does not actively reduce the oscillation but guarantees boundedness of the
tracking error. Finally, the bottom row displays the trajectory of the load (black) and the quadcopters (red,
blue, green, yellow) in the 3d-space. It can be observed that the four quadcopters anticipate the oscillation

to reduce the tracking error of the load.



207

stiffness k£ = 10, damping ¢ = 5 stiffness k& = 8, damping ¢ = 30 stiffness k& = 20, damping ¢ = 3.3
— 0.1
El
e
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g 0
o
=)
= =)l
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= y-error
B 0.2 z-error || —0.2 —-0.2
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Time [s] Time [s] Time [s]
‘ —— position load —— quadcopter 1 —— quadcopter 2 —— quadcopter 3 quadcopter 4 ‘

4
x-pos. [m] y-pos. [m]

Figure 8.6: Dynamics of the controlled model with elastic cables for different stiffness and damping values
of the cables. Top row: Tracking error of the load is similar among the different setting and remains bounded
as proposed. Second row: The oscillations of the cables mainly depend on their properties. Bottom row:
Trajectory of the load and the quadcopters. Video: https://youtu.be/0Pc_1ATgDlg


https://youtu.be/0Pc_1ATqDlg

Chapter 9

Concluding Remarks and Future Work

On the whole, this thesis is dedicated to the study of the so-called modified Riemannian cubics on
Riemannian manifolds, and how they can be applied to the tasks of obstacle and collision avoidance. Among
their many applications, such curves appear naturally in a wide variety of trajectory tracking problems for
robotic systems (such as the task of teams of quadrotors transporting a payload via elastic cables, as we saw
in Chapter 8) when searching for energy-optimal trajectories that also allow for prescribed obstacles to be
avoided.

In Chapter 5, the equations governing modified Riemannian cubics were derived as the critical points
to a smooth functional on a closed submanifold of the Hilbert manifold H?([a, b], Q). This, in a sense, is
the most general framework under which the modified Riemannian cubics can be described, as any lower
degree of regularity would not allow for the functional (5.1) to be well-defined. As a future work, I would
be interested in seeing if the potential can somehow be incorporated into the manifold geometry, giving
rise to normal Riemannian cubic polynomials over some appropriate Lorentzian manifold. Using the tech-
niques of global analysis, the existence of global minimizers was established. We concluded the chapter
by conducting a study of local minimizers, which were divided into two categories: (2-local minimizers,
and @)-local minimizers. It was shown that the ()-local minimizers were equivalent to modified Riemannian
cubics, which is analogous to the result that all geodesics are locally length-minimizing. For the €2-local
minimizers, sufficient conditions for optimality were derived in terms of the index form. This led naturally
to the definitions of bi-Jacobi fields and biconjugate points, from which more tractable sufficient conditions

could be derived. As a future work, I would be interested in further exploring the properties of the biexpo-
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nential map. Moreover, it would be interesting to find some analogue of Riemannian normal coordinates for
Riemannian cubic polynomials, with which analysis could be conducted more easily.

In Chapter 6, we developed sufficient conditions for safety guarantees in the obstacle and collision
avoidance tasks, and designed avoidance families of artificial potentials that can be used to guarantee avoid-
ance. There are many potential” ways to extend the results here. First, I would like to consider a more
diverse class of obstacles, such as moving obstacles. Moreover, I would like to make the sufficient condi-
tions more practically useful. As can be seen in Example 10, using the conditions outlines in Proposition 20
often lead to very large parameter values for the obstacle avoidance potential. In such a case, the resulting
modified Riemannian cubics are not good approximations of the corresponding Riemannian cubic polyno-
mials, and so may not be good options in applications where energy-optimal curves are highly desirable. In
reality, much smaller parameter values are likely to work, and I believe that the configuration of the bound-
ary values and the obstacle, together with the particular manifold geometry (such as its curvature) could
play a role in obtaining more optimized conditions. Moreover, this further begs the question: how far is a
modified Riemannian cubic from its corresponding Riemannian cubic polynomial in general? Answering
such a question could prove extremely useful in applications. Finally, I would like to apply the extension of
the obstacle avoidance task to interpolation on SIEs to actual hybrid dynamical systems, such as the bipedal
walker.

In Chapter 7, the necessary and sufficient conditions for optimality were reduced on Lie groups with
left-invariant metrics, on Riemannian homogeneous spaces, and a number of special cases. As a future work,
I would like to develop artificial potentials which can be practically applied on Riemannian homogeneous
spaces whose underlying Lie group do not possess a bi-invariant metric. As it stands, there is no simple way
to calculate the Riemannian distance in such cases, so that the types of artificial potentials that we utilize
would not be useful in applications. This could either be rectified by finding easy-to-manage approximations
to the (gradient of the) Riemannian distance, or by using an alternative type of artificial potential altogether.

Finally, in Chapter 8, we considered the task of teams of quadrotor UAVs transporting a payload
via elastic cables. Dynamics for the control system were derived, which were subsequently reduced via

singular perturbations under the assumption that the cable stiffnesses and dampings were large (a physically
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reasonable assumption). Controls were designed to guarantee the exponential convergences of the state
variables to some desired trajectories in the reduced model, and the uniform ultimate boundedness in the
original model. Robustness results were obtained in the case that the system is perturbed by bounded,
unstructured disturbances. Riemannian cubic polynomials were shown to be the energy-optimal trajectories
for the control system, at which point modified Riemannian cubics may be used in the case that obstacle
avoidance is needed. As a future work, I would like to produce better simulations—particularly towards the
end of making detailed comparisons between modified Riemannian cubics and other trajectories that solve
the interpolation tasks while avoiding obstacles. I would also like to expand on the treatment of the physical
connection points between the cables and the payload in the task of an arbitrarily large team of quadrotors
carrying a rigid body load. These terms were neglected in the optimal control analysis conducted in Section
8.3.6, but it would be useful to better understand the role that these terms play. Finally, I would like to

develop variational integrators which can be applied in such cases to further improve simulation results.



Chapter 10

Conclusiones e Investigacion Futura

En general, esta tesis estd dedicada al estudio de las denominadas ctbicas Riemannianas modificadas
sobre variedades Riemannianas, y como se pueden aplicar a las tareas de evasion de obstdculos y colisiones.
Entre sus muchas aplicaciones, tales curvas aparecen naturalmente en una amplia variedad de problemas
de seguimiento de trayectoria para sistemas robdticos (como la tarea de equipos de cuadrotores que lle-
van una carga a través de cables eldsticos, como vimos en el Capitulo 8) cuando buscando trayectorias
energéticamente Optimas que también permitan evitar los obstaculos prescritos.

En el Capitulo 5, las ecuaciones que gobiernan las ctibicas Riemannianas modificadas se derivaron
como los puntos criticos de un funcional de clase C* en una subvariedad cerrada de la variedad de Hilbert
H?([a,b], Q). Este, en cierto sentido, es el marco mas general bajo el cual se pueden describir las ctibicas
Riemannianas modificadas, ya que cualquier menor grado de regularidad no permitiria que el funcional (5.1)
esté bien definido. Como trabajo futuro, me interesaria ver si el potencial puede incorporarse de alguna
manera a la geometria de la variedad, dando lugar a polinomios cuibicos Riemannianos normales sobre
alguna variedad Lorentziana apropiada. Utilizando las técnicas de andlisis global, se estableci6 la existencia
de minimizadores globales. Concluimos el capitulo realizando un estudio de los minimizadores locales, que
se dividieron en dos categorias: {2-minimizadores locales y ()-minimizadores locales. Se demostr6 que los
minimizadores locales () eran equivalentes a las cibicas Riemannianas modificadas, lo que es andlogo al
resultado que todas las geodésicas minimizan la longitud localmente. Para los minimizadores {2-locales,
se derivaron condiciones suficientes para la optimizacién en términos de la forma del indice. Esto condujo

naturalmente a las definiciones de campos bi-Jacobi y puntos biconjugados, a partir de los cuales se podrian
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derivar condiciones suficientes mds manejables. Como trabajo futuro, me interesaria seguir explorando las
propiedades del mapa biexponencial. Ademds, seria interesante encontrar algtin andlogo de las coordenadas
normales de Riemann para los polinomios cibicos Riemannianos, con los que se podria realizar el andlisis
m4s facilmente.

En el Capitulo 6, desarrollamos condiciones suficientes para garantizar la seguridad en las tareas de
evasion de obstdculos y colisiones, y diseflamos familias de evasion de potenciales artificiales que pueden us-
arse para garantizar la evasién. Hay muchas formas “potenciales” de extender los resultados aqui. Primero,
me gustaria considerar una clase més diversa de obstdculos, como los obstdculos en movimiento. Ademads,
me gustaria hacer que las condiciones suficientes sean mds utiles en la practica. Como se puede ver en
el Ejemplo 10, el uso de las condiciones delineadas en la Proposicién ?? a menudo conduce a valores de
pardmetros muy grandes para el potencial de evasién de obstdculos. En tal caso, las cibicas Riemannianas
modificadas resultantes no son buenas aproximaciones de los polinomios ctibicos Riemannianos correspon-
dientes y, por lo tanto, pueden no ser buenas opciones en aplicaciones donde las curvas de energia 6ptima
son muy deseables. En realidad, es probable que funcionen valores de pardmetros mucho més pequeiios, y
creo que la configuracidn de los extremos de la trayectoria y la posicién del obstéculo, junto con la geometria
particular de la variedad (como su curvatura), podria desempefiar un papel en la obtencion de condiciones
mds optimizadas. Ademads, esto plantea la pregunta: ;qué tan lejos estd una cibica Riemanniana modificada
de su polinomio cibico Riemanniano correspondiente en general? Responder a esa pregunta podria resultar
extremadamente util en las aplicaciones. Finalmente, me gustaria aplicar la extension de la tarea de evasion
de obstaculos a la interpolacién en SEIs a sistemas dindmicos hibridos reales, como el andador bipedo.

En el Capitulo 7, las condiciones necesarias y suficientes para la optimizacion se redujeron en gru-
pos de Lie con métricas invariantes a la izquierda, en espacios homogéneos Riemannianos y en varios
casos especiales. Como trabajo futuro, me gustaria desarrollar potenciales artificiales que puedan aplicarse
pricticamente en espacios homogéneos Riemannianos cuyo grupo de Lie subyacente no posea una métrica
bi-invariante. Tal como estd, no existe una forma sencilla de calcular la distancia Riemanniana en tales
casos, por lo que los tipos de potenciales artificiales que utilizamos no serian utiles en las aplicaciones cor-

respondientes. Esto podria corregirse encontrando aproximaciones faciles de manejar al (gradiente de) la
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distancia Riemanniana, o usando un tipo alternativo de potencial artificial por completo.

Finalmente, en el Capitulo 8, consideramos la tarea de equipos de VANTSs que llevan una carga a
través de cables eldsticos. Se derivé la dindmica para el sistema de control, que posteriormente se redujo a
través de perturbaciones singulares bajo el supuesto de que las rigideces y los amortiguamientos del cable
eran grandes (un supuesto fisicamente razonable). Se disefiaron controles para garantizar las convergen-
cias exponenciales de las variables de estado a algunas trayectorias deseadas en el modelo reducido, y la
acotacién dltima uniforme en el modelo original. Los resultados de robustez se obtuvieron en el caso de que
el sistema sea perturbado por perturbaciones no estructuradas y acotadas. Se demostré que los polinomios
cuibicos Riemannianos son las trayectorias energéticamente Optimas para el sistema de control, momento
en el cual se pueden usar las cibicas Riemannianas modificadas en el caso de que sea necesario evitar
obsticulos. Como trabajo futuro, me gustaria producir mejores simulaciones, particularmente hacia el final
de hacer comparaciones detalladas entre cibicas Riemannianas modificadas y otras trayectorias que resuel-
ven las tareas de interpolacién mientras evitan obstidculos. También me gustaria ampliar el tratamiento de
los puntos de conexién fisica entre los cables y la carga en la tarea de un equipo arbitrariamente grande
de cuadrotores que transportan una carga de cuerpo rigido. Estos términos se ignoraron en el andlisis de
control 6ptimo realizado en la Seccidn 8.3.6, pero seria ttil comprender mejor el papel que desempefian
estos términos. Finalmente, me gustaria desarrollar integradores variacionales que puedan aplicarse en tales

casos para mejorar ain mas los resultados de la simulacion.



(1]

(2]

(3]

(4]

(5]

[6]

[7]

(8]

[9]

[10]

[11]

[12]

Bibliography

C. Altafini. Reduction by group symmetry of second order variational problems on a semidirect
product of lie groups with positive definite riemannian metric. ESAIM: Control, Optimisation and
Calculus of Variations, 10(4):526-548, 2004.

B. Anderson, C. Yu, J. M. Hendrickx, et al. Rigid graph control architectures for autonomous forma-
tions. IEEE Control Systems, 28(6), 2008.

F. Arab, F. A. Shirazi, and M. R. H. Yazdi. Planning and distributed control for cooperative trans-
portation of a non-uniform slung-load by multiple quadrotors. Aerospace Science and Technology,
117,2021.

M. Assif, R. Banavar, A. Bloch, M. Camarinha, and L. J. Colombo. Variational collision avoid-
ance problems on riemannian manifolds. Proceedings of the 2018 IEEE International Conference on
Decision and Control, pages 2791-2796, 2018.

M. Bauer, C. Maor, and P. W. Michor. Sobolev metrics on spaces of manifold valued curves. Annali
della Scuola Normale Superiore di Pisa, 2022.

A. M. Bayen, R. L. Raffard, and C. J. Tomlin. Adjoint-based control of a new Eulerian network
model of air traffic flow. IEEE Transactions on Control Systems Technology, 14(5):804-818, 2006.

A. Bloch, M. Camarinha, and L. J. Colombo. Variational obstacle avoidance on riemannian mani-
folds. Proceedings of the 2017 IEEE International Conference on Decision and Control, pages 146—
150, 2017.

A. Bloch, M. Camarinha, and L. J. Colombo. Dynamic interpolation for obstacle avoidance on
riemannian manifolds. International Journal of Control, 94(3):588-600, 2021.

A. Bloch, M. Camarinha, and L. J. Colombo. Variational point-obstacle avoidance on riemannian
manifolds. Mathematics of Control, Signals, and Systems, 33:109-121, 2021.

A. Bloch, L. J. Colombo, R. Gupta, and D. Martin de Diego. A geometric approach to the opti-
mal control of nonholonomic mechanical systems. Analysis and geometry in control theory and its
applications, pages 35-64, 2015.

A. Bloch, L. J. Colombo, R. Gupta, and T. Ohsawa. Optimal control problems with symmetry break-
ing cost functions. SIAM Journal on Applied Algebra and Geometry, 1(1):626-646, 2017.

A. Bloch, R. Gupta, and I. Kolmanovsky. Neighboring extremal optimal control for mechanical
systems on riemannian manifolds. Journal of Geometric Mechanics, 8(3):257-272, 2016.




215

[13] A. M. Bloch. Nonholonomic mechanics and control. Springer-Verlag, second edition, 2015.

[14] B.Bonnard, J.B. Caillau, and E. Trélat. Second order optimality conditions in the smooth case and ap-
plications in optimal control. ESAIM: Control, Optimisation and Calculus of Variations, 13(2):207-
236, 2007.

[15] W. M. Boothby. An introduction to differentiable manifolds and Riemannian geometry, Revised,
volume 120. Gulf Professional Publishing, 2003.

[16] F. Bullo and A. D. Lewis. Geometric control of mechanical systems: modeling, analysis, and design
for simple mechanical control systems, volume 49. Springer, 2019.

[17] M. Camarinha. The Geometry of Cubic Polynomials on Riemannian Manifolds. Universidade de
Coimbra, 1996.

[18] M. Camarinha, F. Silva Leite, and P. Crouch. Splines of class c® on non-euclidean spaces. IMA
Journal of Mathematical Control & Information, 12:299-410, 1995.

[19] M. Camarinha, F. Silva Leite, and P. Crouch. On the geometry of riemannian cubic polynomials.
Differential Geometry and its Applications, 15:107-135, 2001.

[20] M. Camarinha, F. Silva Leite, and P. Crouch. Existence and uniqueness for riemannian cubics with
boundary conditions. Lecture Notes in Electrical Engineering, 695:322-331, 2020.

[21] C. M. Campos, S. Ober-Blobaum, and E. Trélat. High order variational integrators in the optimal
control of mechanical systems. arXiv preprint arXiv:1502.00325, 2015.

[22] Y. Cao, W. Yu, W. Ren, and G. Chen. An overview of recent progress in the study of distributed
multi-agent coordination. IEEE Transactions on Industrial informatics, 9(1):427-438, 2013.

[23] R.S. Chandrasekaran, L. J. Colombo, M. Camarinha, R. Banavar, and A. Bloch. Variational collision
and obstacle avoidance of multi-agent systems on riemannian manifolds. Proceedings of the 2020
European Control Conference, 2020.

[24] D. Chang, S. Shadden, J. Marsden, and R. Olfati-Saber. Collision avoidance for multiple agent
systems. Proceedings of the 42" IEEE International Conference on Decision and Control, pages
539-543, 2003.

[25] S. Chung, A. A. Paranjape, P. Dames, S. Shen, and V. Kumar. A survey on aerial swarm robotics.
IEEE Transactions on Robotics, 34(4):837-855, 2018.

[26] L. Colombo and J. Goodman. A decentralized strategy for variational collision avoidance on complete
riemannian manifolds. Proceedings of the 2020 Portuguese Conference on Automatic Control, pages
363-372, 2020.

[27] J. Cortés. Geometric, control and numerical aspects of nonholonomic systems. Springer-Verlag.

[28] P. Crouch and F. Silva Leite. Geometry and the dynamic interpolation problem. Proceedings of the
1991 American Control Conference, 16(4):1131-1137, 1991.

[29] P. Crouch and F. Silva Leite. The dynamic interpolation problem: on riemannian manifolds, lie
groups, and symmetric spaces. Journal of Dynamical and Control Systems, 1:177-202, 1995.




216

[30] C. de Boor. Best approximation properties of spline functions of odd degree. Journal of Mathematics
and Mechanics, 12:747-749, 1963.

[31] K. K. Dhiman, M. Kothari, and A. Abhishek. Autonomous load control and transportation using
multiple quadrotors. Journal of Aerospace Information Systems, 17(8):417-435, 2020.

[32] E. Frazzoli, M.A. Dahleh, and E. Feron. Trajectory tracking control design for autonomous heli-
copters using a backstepping algorithm. Proceedings of the 2000 American Control Conference,
pages 2269-2274, 2000.

[33] S. Gajbhiye, D. Cabecinhas, C. Silvestre, and R. Cunha. Geometric finite-time inner-outer loop
trajectory tracking control strategy for quadrotor slung-load transportation. Nonlinear Dynamics,
pages 1-18, 2021.

[34] J. Gallier and J. Quaintance. Differential Geometry and Lie Groups, volume 13. Springer, 2020.

[35] M. Gassner, T. Cieslewski, and D. Scaramuzza. Dynamic collaboration without communication:
Vision-based cable-suspended load transport with two quadrotors. IEEE International Conference on
Robotics and Automation, pages 51965202, 2017.

[36] F. Gay-Balmaz, D. D. Holm, D. M. Meier, T. S. Ratiu, and F. X. Vialard. Invariant higher-order
variational problems. Communications in Mathematical Physics, 309(2):413-458, 2012.

[37] F. Gay-Balmaz, D. D. Holm, D. M. Meier, T. S. Ratiu, and F. X. Vialard. Invariant higher-order
variational problems ii. Journal of Nonlinear Science, 22:553-597, 2012.

[38] L. Gelfand and S. Fomin. Calculus of variations. Prentice-Hall, Inc., 1963.

[39] R. Giambo, F. Giannoni, and P. Piccione. An analytical theory for riemannian cubic polynomials.
IMA Journal of Math, Control, and Information, 19(4):445-460, 2002.

[40] R. Giambo, F. Giannoni, and P. Piccione. Optimal control on riemannian manifolds by interpolation.
Mathematics of Control, Signal and Systems, 16(4):278-296, 2004.

[41] R. Goebel, R. Sanfelice, and A. Teel. Hybrid Dynamical Systems: Modeling, Stability, and
Robustness. Princeton University Press, 2012.

[42] F. A. Goodarzi, D. Lee, and T. Lee. Geometric control of a quadrotor uav transporting a payload
connected via flexible cable. International Journal of Control, Automation and Systems, 13(6):1486—
1498, 2015.

[43] F. A. Goodarzi and T. Lee. Dynamics and control of quadrotor uavs transporting a rigid body con-
nected via flexible cables. In Proceedings of 2015 American Control Conference, pages 4677—4682,
2015.

[44] J. R. Goodman. Local minimizers for variational obstacle avoidance on riemannian manifolds.
Journal of Geometric Mechanics, 15(1):59-72, 2022.

[45] J. R. Goodman, T. Beckers, and L. J. Colombo. Geometric control for load transportation with
quadrotor uavs by elastic cables. Conditionally accepted to IEEE Transactions on Control Systems

Technology, 2022.




217

[46] J. R. Goodman and L. J. Colombo. On the existence and uniqueness of poincaré maps for systems
with impulse effects. IEEE Transactions on Automatic Control, 65(4):1815-1821, 2019.

[47] J. R. Goodman and L. J. Colombo. Variational obstacle avoidance with applications to interpolation
problems in hybrid systems. IFAC-PapersOnLine, 54(19):82-87, 2021.

[48] J. R. Goodman and L. J. Colombo. Collision avoidance of multiagent systems on riemannian mani-
folds. STAM Journal on Control and Optimization, 60(1):168-188, 2022.

[49] J. R. Goodman and L. J. Colombo. Geometric control of two quadrotors carrying a rigid rod with
elastic cables. Journal of Nonlinear Science, 32(65), 2022.

[50] J. R. Goodman and L. J. Colombo. Reduction by symmetry in obstacle avoidance problems on rie-
mannian manifolds. Conditionally accepted in the SIAM Journal on Applied Algebra and Geometry,
2022.

[51] W. Haddad, V. Chellaboina, and S. Nersesov. Impulsive and hybrid dynamical systems. Princeton
University Press, 2006.

[52] E. Hairer, C. Lubich, and G. Wanner. Geometric numerical integration: structure-preserving
algorithms for ordinary differential equations, volume 31. Springer Science & Business Media, 2006.

[53] E. Hebey. Sobolev Spaces on Riemannian Manifolds. Springer-Verlag, 1996.

[54] D. Holm, J. E. Marsden, and T. S. Ratiu. The euler—poincaré equations and semidirect products with
applications to continuum theories. Advances in Mathematics, 137(1):1-81, 1998.

[55] D. D. Holm. Geometric Mechanics and Symmetry. Oxford University Press, 2009.

[56] M. Holmes. Introduction to perturbation methods, volume 20. Springer Science & Business Media,
2012.

[57] 1. Hussein and A. Bloch. Dynamic interpolation on riemannian manifolds: an application to interfer-
ometric imaging. Proceedings of the 2004 American Control Conference, pages 413—418, 2004.

[58] S. H. Hyon and T. Emura. Symmetric walking control: Invariance and global stability. Proceedings
of the 2005 IEEE International Conference on Robotics and Autonomation, 2005.

[59] P.Cruzl. Palunko and R. Fierro. Agile load transportation. IEEE Robotics and Automation Magazine,
19(3):69-79, 2012.

[60] M. Izadi and A. K. Sanyal. Rigid body attitude estimation based on the lagrange—d’alembert principle.
Automatica, 50(10):2570-2577, 2014.

[61] J. Johnson and K. Hauser. Optimal acceleration-bounded trajectory planning in dynamic environ-
ments along a specified path. In Proceedings of 2012 IEEE International Conference on Robotics and
Automation, pages 2035-2041, 2012.

[62] S. Joshi and C. D. Rahn. Position control of a flexible cable gantry crane: theory and experiment. in
Proceedings of the 1995 American Control Conference, pages 2820-2824, 1995.

[63] J. Jost. Riemannian geometry and geometric analysis. Springer, 2008.




218

[64] H. K. Khalil. Nonlinear Systems. Prentice-Hall, Inc., third edition, 2002.

[65] H. K. Khalil. Nonlinear Control. Pearson Education Limited, 2015.

[66] H. B. Khamseh, F. Janabi-Sharifi, and A. Abdessameud. Aerial manipulation—a literature survey.
Robotics and Autonomous Systems, 107:221-235, 2018.

[67] M. B. Kobilarov and J. E. Marsden. Discrete geometric optimal control on lie groups. IEEE
Transactions on Robotics, 27(4):641-655, 2011.

[68] D. E. Koditschek and E. Rimon. Robot navigation functions on manifolds with boundary. Advances
in Applied Mathematics, pages 412442, 2004.

[69] T. G. Kolda and J. R. Mayo. An adaptive shifted power method for computing generalized tensor
eigenpairs. SIAM Journal on Matrix Analysis and Applications, 35(4):1563-1581, 2014.

[70] P. Kotaru, G. Wu, and K. Sreenath. Dynamics and control of a quadrotor with a payload suspended
through an elastic cable. In Proceedings of the 52nd IEEE Conference on Decision and Control,
pages 3906-3913, 2017.

[71] D. Lee, H. Jin Kim, and S. Sastry. Feedback linearization vs. adaptive sliding mode control for
a quadrotor helicopter. International Journal of Control, Automation and Systems, 7(3):419-428,
2009.

[72] J. M. Lee. Introduction to Smooth Manifolds. Springer Science + Business Media, second edition,
2013.

[73] T. Lee. Geometric control of multiple quadrotor UAV's transporting a cable-suspended rigid body. In
Proceedings of 53rd IEEE Conference on Decision and Control, pages 6155-6160, 2014.

[74] T. Lee. Global exponential attitude tracking controls on so(3). IEEE Transactions on Automatic
Control, 60(10):2837-2842, 2015.

[75] T. Lee. Geometric control of quadrotor UAVs transporting a cable-suspended rigid body. IEEE
Transactions on Control Systems Technology, 26(1):255-264, 2018.

[76] T. Lee, M. Leok, and M. H. McClamroch. Nonlinear robust tracking control of a quadrotor uav on
se(3). In Proceedings of the 2012 American Control Conference, 2012.

[77] T. Lee, M. Leok, and N. H. McClamroch. Geometric tracking control of a quadrotor UAV on SE(3).
Proceedings of the 49th IEEE Conference on Decision and Control, pages 5420-5425, 2010.

[78] T. Lee, M. Leok, and N. H. McClamroch. Global formulations of Lagrangian and Hamiltonian
dynamics on manifolds. Springer, 2017.

[79] T. Lee, K. Sreenath, and V. Kumar. Geometric control of cooperating multiple quadrotor UAVs with
a suspended payload. In Proceedings of 52nd IEEE Conference on Decision and Control, pages
5510-5515, 2013.

[80] X.Li, J. Zhang, and J. Han. Trajectory planning of load transportation with multi-quadrotors based
on reinforcement learning algorithm. Aerospace Science and Technology, 116, 2021.

[81] Lee J. M. Riemannian Geometry: An Introduction to Curvature. Springer-Verlag, 1997.




219

[82] S. Macfarlane and E. Croft. Jerk-bounded manipulator trajectory planning: design for real-time
applications. IEEE Transactions on robotics and automation, 19(1):42-52, 2003.

[83] L. Machado, F. Silva Leite, and K. Krakowski. Higher-order smoothing splines versus least squares
problems on riemannian manifolds. Journal of Dynamical and Control Systems, 16:121-148, 2010.

[84] 1. Maza, K. Kondak, M. Bernard, and A. Ollero. Multi-uav cooperation and control for load trans-
portation and deployment. In Proceedings of the 2nd International Symposium on UAVs, pages
417-449, 20009.

[85] D. Mellinger and V. Kumar. Minimum snap trajectory generation and control for quadrotors.
Proceedings of the 2011 IEEE international conference on robotics and automation, pages 2520-
2525, 2011.

[86] J. Milnor. Morse Theory.(AM-51), Volume 51. Princeton university press, 2016.

[87] A.Mohiuddin, T. Tarek, Y. Zweiri, and D. Gan. A survey of single and multi-uav aerial manipulation.
Unmanned Systems, 8(02):119-147, 2020.

[88] M. E. J. Newman. Properties of highly clustered networks. Phys. Rev. E, 68, August 2003.

[89] L. Noakes, G. Heinzinger, and B. Paden. Cubic splines on curved spaces. IMA Journal of
Mathematical Control and Information, 6(4):465-473, 1989.

[90] K. Nomizu. Invariant affine connections on homogeneous spaces. American Journal of Mathematics,
76(1):33-65, 1954.

[91] B. O’Neill. The fundamental equations of a submersion. The Michigan Mathematical Journal,
13(4):459-469, 1966.

[92] R. Palais and Ch.-L. Terng. Critical Point Theory and Submanifold Geometry. Springer, 1988.

[93] I Pizetta, Henrique B., A. S. Branddo, and M. Sarcinelli-Filho. Avoiding obstacles in cooperative
load transportation. ISA transactions, 91:253-261, 2019.

[94] G. V. Raffo, M. G. Ortega, and F. R. Rubio. Backstepping/nonlinear H, control for path tracking of
a quadrotor unmanned aerial vehicle. Proceedings of the 2008 American Control Conference, pages
3356-3361, 2008.

[95] M. Reyhanoglu, A. van der Schaft, N.-H. Mcclamroch, and I. Kolmanovsky. Dynamics and control of
a class of underactuated mechanical systems. 44(9):1663-1671, 1999.

[96] A. Ribeiro and J. Conesa-Mufioz. Multi-robot systems for precision agriculture. Innovation in
Agricultural Robotics for Precision Agriculture, pages 151-175, 2021.

[97] F. Rossomando, C. Rosales, J. Gimenez, L. Salinas, C. Soria, M. Sarcinelli-Filho, and R. Carelli.
Aerial load transportation with multiple quadrotors based on a kinematic controller and a neural smc
dynamic compensation. Journal of Intelligent & Robotic Systems, 100(2):519-530, 2020.

[98] Helgason S. Differential Geometry, Lie Groups, and Symmetric Spaces. Academic Press, Inc., 1978.

[99] G. Skorobogatov, C. Barrado, and E. Salami. Multiple uav systems: A survey. Unmanned Systems,
8(02):149-169, 2020.




[100]

[101]

[102]

[103]
[104]

[105]

[106]

[107]

[108]

[109]

[110]

[111]

[112]

[113]

[114]

220

K. Sreenath and V. Kumar. Dynamics, control and planning for cooperative manipulation of payloads
suspended by cables from multiple quadrotor robots. Robotics: Science and Systems, 23, 2013.

K. Sreenath, T. Lee, and V. Kumar. Geometric control and differential flatness of a quadrotor UAV
with a cable-suspended load. Proceedings of the 52nd IEEE Conference on Decision and Control,
pages 2269-2274, 2013.

Z. Sun, S. Mou, B. Anderson, and M. Cao. Exponential stability for formation control systems with
generalized controllers: A unified approach. Systems & Control Letters, 93:50-57, 2016.

Sakai T. Riemannian Geometry. American Mathematical Society, 1996.

S. Thapa, H. Bai, and J. A. Acosta. Cooperative aerial manipulation with decentralized adaptive
force-consensus control. Journal of Intelligent & Robotic Systems, 97(1):171-183, 2020.

Marco Tognon and Antonio Franchi. Theory and Applications for Control of Aerial Robots in
Physical Interaction Through Tethers, volume 140. Springer Nature, 2020.

B. Yao. V. Agrawal, W. Peine. Modeling of a closed loop cable-conduit transmission system. In
Proceedings of 2008 IEEE International Conference on Robotics and Automation, pages 3407-3412,
2008.

D. Villa, A. S. Brandao, and M. Sarcinelli-Filho. Load transportation using quadrotors: A survey
of experimental results. In Proceedings of the 2018 International conference on unmanned aircraft
systems (ICUAS), pages 84-93, 2018.

D. K. D. Villa, A. S. Brandao, and M. Sarcinelli-Filho. A survey on load transportation using multi-
rotor uavs. Journal of Intelligent & Robotic Systems, 98(2):267-296, 2020.

C. Vizman. Lagrangian reduction on homogeneous spaces with advected parameters. Symmetry,
Integrability and Geometry: Methods and Applications, 11, 2015.

B. Wirth W. Ring. Optimization methods on riemannian manifolds and their application to shape
space. SIAM Journal on Optimization, 22:596-627, 2012.

D. E. Woessner, S. Zhang, M. E. Merritt, and A. D. Sherry. Numerical solution of the Bloch equations
provides insights into the optimum design of PARACEST agents for MRI. Magnetic Resonance in
Medicine, 53(4):790-799, 2005.

G. Wu and K. Sreenath. Geometric control of multiple quadrotors transporting a rigid-body load. In
Proceedings of 53rd IEEE Conference on Decision and Control, pages 6141-6148, 2014.

G. Yu, D. Cabecinhas, R. Cunha, and C. Silvestre. Aggressive maneuvers for a quadrotor-slung-load
system through fast trajectory generation and tracking. Autonomous Robots, 46(4):499-513, 2022.

E. Zhang and L. Noakes. Left lie reduction for curves in homogeneous spaces. Advances in
Computational Mathematics, 44(5):1673-1686, 2018.




	Portada
	Abstract
	Resumen
	Acknowledgements
	Contents
	Tables
	Figures
	Chapter 1Introduction
	Chapter 2   Riemannian Geometry
	Chapter 3  Riemannian Geometry on Lie Groups
	Homogeneous Spaces
	Riemannian Homogeneous Spaces
	Reduction by Symmetry on Riemannian Homogeneous Spaces

	Bi-invariant metrics and Riemannian Symmetric Spaces

	Modified Riemannian Cubics
	Necessary Conditions for Optimality
	Existence of Global Minimizers
	Sufficient Conditions for Optimality
	-local minimizers
	Q-local minimizers


	Artificial Potential Design
	The Obstacle Avoidance Task
	Point-Obstacles
	General Obstacles

	The Collision Avoidance Task
	Obstacle Avoidance in Systems with Impulse Effects (SIEs)
	Multiple-Domain Hybrid Dynamical Systems
	Interpolation on Hybrid Systems


	Reduction by Symmetry in the Obstacle Avoidance Problem
	Reduction by Symmetry on Lie Groups
	Reduction of Necessary Conditions
	Reduction on Lie Groups with Bi-invariant Metrics
	Reduction of Sufficient Conditions on Lie Groups

	Reduction by Symmetry on Riemannian Homogeneous Spaces
	Reduction of Necessary Conditions
	Reduction on Symmetric Spaces and Homogeneous Spaces with bi-invariant Metrics


	Quadrotor Load Transportation
	Background
	Two Quadrotors Transporting a Rigid Rod via Elastic Cables
	Dynamics
	Reduction via Singular Perturbations
	Control Design for the Reduced Model
	Stability Analysis for the Reduced Model
	Control Design for the Full Model
	Stability in the Presence of Bounded Unstructured Disturbances
	Energy-Optimal Path Planning with Obstacle Avoidance
	Simulation Results

	Arbitrarily Large Teams of Quadrotors Transporting a Rigid Body Load via Elastic Cables
	Dynamics
	Reduction via Singular Perturbations
	Control Design
	Stability Analysis
	Control Design for the Full Model
	Energy-Optimal Path Planning with Obstacle Avoidance
	Simulation Results


	Concluding Remarks and Future Work
	Conclusiones e Investigación Futura
	 Bibliography

