
Fixed points in Higgs bundle moduli 
spaces and the 

Prym–Narasimhan–Ramanan 
construction 

Guillermo Barajas Ayuso
 
ICMAT (CSIC-UAM-UC3M-UCM)
 

Tesis presentada para la obtención del tı́tulo de 

Doctor en Matemáticas 
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Chapter 1 

Introducción y conclusiones 

El objetivo de esta tesis es estudiar los puntos fijos de ciertas acciones de grupos finitos 
sobre el espacio de móduli de G-fibrados de Higgs en una superficie de Riemann compacta 
X . En la mayor parte de esta tesis G es un grupo de Lie conexo reductivo complejo arbi
trario, pero algunos de nuestros resultados solo se cumplen cuando G es semisimple. Un 
G-fibrado de Higgs es un par pE, φq que consta de un G-fibrado principal sobre X y una 
sección global φ de Epgq b KX , donde Epgq es el fibrado asociado a E mediante la rep
resentaci´ es el fibrado can´ on φ se llama on adjunta de G en g y KX onico de X —la secci´
campo de Higgs. Existe un espacio de móduli MpX, Gq que clasifica clases de isomor
fismo de G-fibrados de Higgs poliestables, vease el Cap´ ı́tulo 2. Cuando G es clásico, los 
G-fibrados de Higgs corresponden a fibrados vectoriales equipados con un endomorfismo 
tensorizado por KX y cierta estructura adicional. 

Desde su introducci´ as de 35 a˜ odulion por Hitchin hace m´ nos [48, 49], los espacios de m´
de fibrados de Higgs han demostrado ser de gran interés en geometrı́a, topologı́a y fı́sica 
teorica. Tienen una geometr´ ı́a extremadamente rica debido al hecho de que son hiperkähler, 
definen sistemas completamente integrables y, por la correspondencia de Hodge no abeliana, 
se identifican con las variedades de caracteres del grupo fundamental de la superficie. As
pectos importantes de la geometrı́a de MpX, Gq se reflejan naturalmente en el grupo de 
sus automorfismos holomorfos y, en particular, en la acción de subgrupos finitos del grupo 
de automorfismos. 

Consideramos varias acciones naturales de grupos finitos sobre MpX, Gq. Primero, 
el grupo C˚ actúa en MpX, Gq reescalando el campo de Higgs. Los puntos fijos de 
esta acción, llamados fibrados de Hodge, juegan un papel esencial en el estudio de la 
topologı́a del espacio de m´ on.oduli mediante localizaci´ Esto se ha considerado cuando 
G “ GLpn, Cq para rango y grado coprimos, primero para rango 2 y determinante fijo 
por Hitchin [48], después para rango 3 por Gothen [42] y finalmente para rango arbitrario 
por Garcı́a-Prada–Heinloth–Schmitt [35] y Garcı́a-Prada–Heinloth [34]. Los fibrados de 
Hodge también están involucrados en el estudio de variaciones de estructuras de Hodge 
por Simpson [73] y Biquard–Collier–Garcı́a-Prada–Toledo [13]. Un contexto más amplio 
donde aparecen estos objetos es la teorı́a de fibrados de Higgs para formas reales y las cor
respondientes componentes de Teichm¨ ease por ejemplo Bradlow–Garc´uller superiores, v´ ıa
Prada–Gothen [22], Aparicio–Bradlow–Collier–Garcı́a-Prada–Gothen–Oliveira [5], Garcı́a
Prada–Oliveira [36, 37], etc. —para más referencias, consúltese el artı́culo de Garcı́a-Prada 
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[31]. 
En esta tesis hemos restringido nuestra atención a subgrupos finitos de C˚. El ejemplo 

m´ on ι de MpX, Gq que env´as simple es la involuci´ ıa pE, φq a pE, ́ φq, la cual ya fue 
considerada por Hitchin [48] para G “ GLp2, Cq y por Garcı́a-Prada–Ramanan [39] en 
general. Los puntos fijos de ι corresponden a pares de Higgs con grupo de estructura Gθ , 
donde θ es una involuci´ Aqu´ es el subgrupo de puntos fijos de θ yon interna de G. ı, Gθ 

el campo de Higgs toma valores en el autoespacio ´1 del automorfismo de g inducido por 
θ. Estos puntos fijos corresponden a representaciones del grupo fundamental de X en la 
forma real Gσ, donde σ es una involución antiholomorfa de G de tipo Hodge, es decir, la 
composición de una involución compacta con un automorfismo interno. 

En segundo lugar, el grupo de automorfismos AutpGq de G actúa sobre MpX, Gq por 
extensión de grupo de estructura. Más precisamente, dado un automorfismo holomorfo 
θ de G y un G-fibrado de Higgs pE, φq sobre X , podemos torcer la acción de G en el 
espacio total de E por θ ´1 para obtener un nuevo G-fibrado, que llamamos θpEq, y el 
isomorfismo de fibrados vectoriales Epgq – θpEqpgq inducido por θ produce un campo de 
Higgs θpφq para θpEq. La acción del grupo de automorfismos internos IntpGq respeta las 
clases de isomorfismo: para cada g P G, la aplicaci´ onon E Ñ E dada por multiplicaci´
por g induce un isomorfismo de pE, φq a θpE, φq. Por lo tanto, obtenemos una acción de 
OutpGq :“ AutpGq{ IntpGq por la izquierda. 

Por ejemplo, si a es un elemento no trivial de OutpGq tal que a2 “ 1, los puntos fijos 
corresponden a Gθ-fibrados de Higgs, donde θ es una involución exterior de G elevando 
a. Dado que las acciones de OutpGq y C˚ en podemos considerar la conmutan, tambi´
involución que combina tanto a como ´1, enviando pE, φq a pθpEq, ́ θpφqq, en cuyo caso 
los puntos fijos corresponden a representaciones de π1pXq en ciertas formas reales de G 
que ya no son de tipo Hodge. De hecho, al variar a, aparecen todas las posibles formas 
reales de G (véase [39]). 

Otro grupo importante que act´ oduli de G-fibrados de Higgs es ua en el espacio de m´
H1pX, Zq, el grupo de clases de isomorfismo de Z-fibrados, donde Z es el centro de G. 
Dado un G-fibrado de Higgs pE, φq y un Z-fibrado L, podemos definir la tensorización 
E b L como el G-fibrado obtenido a partir del G ˆ Z-fibrado E ˆ L mediante extensión 
de grupo de estructura por el homomorfismo multiplicación. Dado que la acción adjunta 
de Z en g es trivial, el campo de Higgs φ también puede ser considerado como un campo 
de Higgs de E b L. 

Se puede observar que las acciones de OutpGq y H1pX, Zq no conmutan, sino que la 
primera tuerce la segunda por extension de grupo de estructura. As´ ı́, obtenemos una acción 
combinada de H1pX, Zq¸OutpGqˆC˚ sobre MpX, Gq por la derecha, donde el producto 
semidirecto se define utilizando la acci´ pX, Zq, tal on antes mencionada de OutpGq en H1

que un elemento pα, a, µq envı́a un G-fibrado de Higgs pE, φq a θ ´1pE b α, µφq, donde 
θ es cualquier automorfismo de G elevando a. Una descripción de los puntos fijos de la 
accion de un subgrupo c´ ı́clico finito general de H1pX, Zq ¸ OutpGq ˆ C˚ que generaliza 
los casos anteriores se proporciona en [39]. 

Un importante resultado relacionado con la acción de H1pX, Zq en el contexto de fi
brados vectoriales, que nosotros hemos generalizado a fibrados de Higgs, es la famosa de
scripción de Narasimhan–Ramanan de los puntos fijos de la acción de un subgrupo cı́clico 
finito de la Jacobiana. Un fibrado de lı́nea L Ñ X de orden finito r determina un au
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tomorfismo del espacio de móduli de fibrados vectoriales de rango n y grado d mediante 
tensorización. Narasimhan y Ramanan [58] muestran que el subconjunto de puntos fijos es
tables est´ oduli de fibrados vectoriales sobre a contenido en el pushforward del espacio de m´
XL de rango n{r y grado d, donde XL es la cubierta étale de X determinada por L. Nasser 
[60] mejora este resultado mostrando que el conjunto de puntos fijos poliestables es igual 
al pushforward de este espacio de moduli. En particular, si ´ r “ n, entonces la variedad 
de puntos fijos es isomorfa al pushforward de la Jacobiana de XL, y su intersección con 
la subvariedad de fibrados vectoriales con un determinante fijo es isomorfa al pushforward 
de la variedad de Prym. 

La ´ on que consideramos es la del grupo AutpXq de automorfismos holoultima acci´
morfos de X mediante pullback. Esta tuerce la acci´ pX, Zq mediante pullback y, on de H1

por tanto, obtenemos una acción del grupo 

H1
pX, Zq ¸ pAutpXq ˆ OutpGqq ˆ C˚ (1.0.1) 

por la derecha, donde el producto semidirecto está definido por las acciones de AutpXq y 
OutpGq en H1pX, Zq dadas por pullback y extensión de grupo de estructura, respectiva
mente. M´ ıcitamente,as expl´

pE, φq ¨ pα, η, a, µq :“ pη˚θ ´1
pE b αq, µη˚θ ´1

pφqq 

para cada pα, η, a, µq en (1.0.1) y cualquier automorfismo θ de G que eleve a. 
Los puntos fijos para la acción de un subgrupo finito de AutpXq han sido estudiados 

por varios autores, incluyendo Andersen–Grove [4], Andersen [3], Garcı́a-Prada–Wilkin 
[40] y Heller–Schaposnik [46]. Garcı́a-Prada–Basu [12] describen los puntos fijos de un 
subgrupo finito arbitrario de AutpXq ˆ OutpGq ˆ C˚ en términos de fibrados de Higgs 
equivariantes torcidos, los cuales definimos en el Capı́tulo 4. 

El objetivo de esta tesis es la descripción de los puntos fijos de la acción de un subgrupo 
finito arbitrario Γ de (1.0.1) sobre MpX, Gq. En particular, generalizamos [39] a cualquier 
subgrupo finito y unificamos sus resultados con los de [58], obteniendo una construcción 
general de Prym–Narasimhan–Ramanan. También generalizamos [12] agregando la acción 
de H1pX, Zq y mejoramos sus resultados a la luz de la construcción de Prym–Narasimhan– 
Ramanan. Damos una respuesta a este problema general en el Teorema 10.3.1. Sin em
bargo, para que el lector comprenda mejor cómo funciona, hemos aislado sus ingredientes 
principales en casos especiales. El caso particular de la acción de grupos finitos de Z
fibrados sobre el espacio de móduli de G-fibrados holomorfos se desarrolla en un artı́culo 
conjunto con Garcı́a-Prada [9]. La teorı́a de fibrados principales torcidos equivariantes, que 
desempe˜ ıculo conjunto con na un papel central en esta tesis, ha sido desarrollada en un art´
Garcı́a-Prada, Gothen y Mundet i Riera [10]. 

Puntos fijos cuando la acci´ onon no implica tensorizaci´

Sea Γ un subgrupo finito de AutpXqˆOutpGqˆC˚. En esta situación, la variedad de pun
tos fijos MpX, GqΓ se describe en términos de fibrados de Higgs Γ-equivariantes torcidos 
sobre X , los cuales estudiamos en el Capı́tulo 4. Presentamos los resultados correspondi
entes en el Capı́tulo 9. Sea η, a y µ los homomorfismos naturales de Γ en AutpXq, OutpGq 
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y C˚, respectivamente, y sea θ : Γ Ñ AutpGq un homomorfismo que eleva a. Fijemos 
una aplicación c : Γ ˆ Γ Ñ Z. Una acción (por la derecha) pθ, cq-torcida Γ-equivariante 
sobre un G-fibrado E, que denotamos con ‘¨’, es una elevaci´ on η ´1 de Γ enon de la acci´
X a un homomorfismo de Γ al grupo de automorfismos holomorfos del espacio total de E, 
que tuerce la acción de G por θ ´1 y tal que la composición de las acciones de γ1 y γ2 P Γ 
es igual a la composici´ El par pE, ̈ q se llama un on de las acciones de cpγ1, γ2q y γ1γ2. 
G-fibrado Γ-equivariante pθ, cq-torcido. 

Más generalmente, podemos definir acciones (por la izquierda o por la derecha) pθ, cq
torcidas Γ-equivariantes en un conjunto M equipado con una acci´ Tales on del grupo G. 
acciones torcidas son asociativas si y solo si c es un 2-cociclo de Γ con valores en Z, en el 
sentido de cohomologı́a de Galois [69], y asumimos esto de ahora en adelante. Llamamos 
Z2pΓ, Zq al grupo de 2-cociclos. También podemos definir el segundo grupo de cohoa 

mologı́a Ha 
2pΓ, Zq como el cociente de Za 

2pΓ, Zq por una acción del grupo de aplicaciones 
Γ Ñ Z. La teorı́a de las acciones torcidas equivariantes se desarrolla en un artı́culo con
junto con Garcı́a-Prada, Gothen y Mundet i Riera [10], incluyendo una interpretación del 
conjunto de clases de isomorfismo de estos objetos en terminos de cohomolog´ ı́a de Čech. 
Revisamos algunos de los resultados en el Capı́tulo 3. 

Dado una representación ρ : G Ñ GLpV q, una acción pθ, cq-torcida ρΓ de Γ sobre 
V por la izquierda y un G-fibrado Γ-equivariante pθ, cq-torcido E, hay una acción Γ
equivariante en el fibrado asociado EpV q. Un triplete pE, ̈ , φq que consta de un G-fibrado 
Γ-equivariante torcido pE, ̈ q y un campo de Higgs Γ-invariante φ P H0pEpV q b KX q se 
llama un pG, V q-par de Higgs Γ-equivariante pθ, c, ρΓq-torcido. Si Γ es trivial entonces 
pE, φq se llama un pG, V q-par de Higgs. Existen nociones de (semi)estabilidad para pares 
de Higgs equivariantes torcidos y un espacio de móduli MpX, G, Γ, θ, c, V, ρΓq que clasi
fica clases de isomorfismo de objetos polyestables, v´ ıtulo 4. Este formalismo ease el Cap´
se puede aplicar al caso en que V “ g, ρ es la representación adjunta y ρΓ “ µ ´1θ. En esta 
situaci´ on, y escribimos MpX, G, Γ, θ, c, µ ´1θq para referirnos on omitimos g en la notaci´
al espacio de móduli. Tenemos un morfismo natural de olvido MpX, G, Γ, θ, c, µ ´1θq Ñ 
MpX, Gq omitiendo la acción de Γ, cuya imagen llamamos ĂMpX, G, Γ, θ, c, µ ´1θq. 

Ť 
ĂTeorema A (Teorema 9.2.2). La unión MpX, G, Γ, θ, c, µ ´1θq está contenida en 

rcs 

MpX, GqΓ, donde rcs toma valores en H2pΓ, Zq, y el locus simple y estable de puntos fijos 
Ť a 

ĂMsspX, GqΓ está contenido en MpX, G, Γ, θ, c, µ ´1θq.
rcs 

Nótese que en el enunciado del Teorema 9.2.2 se descompone cada componente de esta 
uni´ un la acci´ ıa.on seg´ on de Γ en los puntos de isotrop´

Puntos fijos cuando la acción sobre X es trivial 

En el capı́tulo 5 consideramos la acci´ pX, Zq ¸ on de un subgrupo finito arbitrario Γ de H1

OutpGqˆC˚ sobre X . Las proyecciones sobre OutpGq y C˚ proporcionan homomorfismos 
a y µ, y la proyección sobre H1pX, Zq produce una aplicación α : Γ Ñ H1pX, Zq que 
satisface αγγ1 “ αγ αγ

γ 
1 para cada γ y γ1 en Γ, donde el super´ on de Γındice denota la acci´

en H1pX, Zq inducida por a. Las aplicaciones α que satisfacen esta ecuación se llaman 
1-cociclos, y escribimos Z1pΓ, H1pX, Zqq para el grupo de 1-cociclos. En general, dada a 
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una acci´ on de 1-cociclo y denotamos on b : Γ Ñ AutpAq en un grupo A, tenemos una noci´
el conjunto de 1-cociclos por Zb 

1pΓ, Aq. 
Segun de Siebenthal [70] (v´ ease tambi´ ´ :en [10]), existe un homomorfismo θ Γ Ñ 

AutpGq que eleva a. Sea Gθ el subgrupo de G donde el automorfismo θγ es equiva
lente a multiplicar por algún elemento del centro Z, para cada γ en Γ. Por definición, 
tenemos un homomorfismo Gθ Ñ Za 

1 ucleo es el subgrupo de puntos fipΓ, Zq cuyo n´
jos Gθ ď G. Esto, a su vez, induce una aplicación del conjunto de clases de isomor
fismo de Gθ-fibrados H1pX, Gθq en H1pX, Z1pΓ, Zqq. Dado que G es semisimple, Z esa 

finito y, por lo tanto, X y Γ pueden intercambiarse, proporcionando ası́ una aplicación 
c̃θ : H1pX, Gθq Ñ Za 

1pΓ, H1pX, Zqq que puede considerarse una ”aplicación de clase car
acterı́stica”. Llamamos gθ al subespacio de g donde θ act´ La restricci´µ ua con peso µ. on 
de la acción adjunta a Gθ preserva gθµ y, por lo tanto, tenemos un espacio de móduli 
MαpX, Gθ, gθ q de pGθ, gθ q-pares de Higgs pF, ψq tales que c̃θpF q – α. 

θTambien tenemos un morfismo de extensi´
µ µ

on de grupo de estructura ´ MαpX, Gθ, g q Ñ µ

MpX, Gq, cuya imagen denotamos Ă

θ Esta imagen es independiente de la MαpX, Gθ, g q.µ

clase rθs de θ en HompΓ, AutpGqq{ „, donde „ es la relación de equivalencia definida por 
θ „ θ1 si y solo si existe g en G tal que θ „ Intg θ

1 Int ´1 .g 
Ť 

Ă

θTeorema B (Teorema 5.6.4). La unión MαpX, Gθ, g q, donde rθs es la clase de 
rθs µ

una elevaci´ a contenida en MpX, GqΓ, y el locus de puntos fijos simples y on θ de a, est´
estables MsspX, GqΓ está contenido en esta unión. 

El enunciado exacto del Teorema 5.6.4 es ligeramente diferente, ya que utiliza una 
biyecci´ θ pΓ, IntpGqq en el sentido de cohoon entre elevaciones βθ de a y 1-cociclos β P Z1 

mologı́a de Galois [69], que induce una biyección entre el conjunto de clases de elevaciones 
en HompΓ, AutpGqq{ „ y el primer grupo de cohomologı́a Hθ 

1pΓ, IntpGqq. Aquı́ θ es una 
elevación fija de a. 

La construcción de Prym–Narasimhan–Ramanan 

El Teorema 5.7.2 va un paso m´ a, describiendo cada componente de la descomposici´as all´ on 
Ă

θ
µ on de cocientes finitos de espacios de m´MαpX, Gθ, g q como una uni´ oduli de pares de 

Higgs GalpY {Xq-equivariantes pGθ 
0, g

θ ´ de X ,µq-torcidos sobre ciertas cubiertas etale Y 
donde Gθ 

0 es la componente conexa de Gθ y, por tanto, de Gθ. Esto se basa en una 
equivalencia de categorı́as entre pares de Higgs sobre X con grupo de estructura reduc
tivo posiblemente no conexo Gθ y pares de Higgs GalpY {Xq-equivariantes torcidos sobre 
una cubierta ´ Ñ X con grupo de estructura igual a la componente conexa de la etale Y 
identidad Gθ 

0 ease el Cap´ă Gθ (v´ ıtulo 4). 
M´ Γθ 0. Por la Proposicion 3.2.3 podemos encontrar un ´as precisamente, sea p :“ Gθ{G

θ 

aplicación t : Γpθ Ñ Gθ que elige un elemento de Gθ en cada componente conexa y que 
es un homomorfismo salvo multiplicaci´ 0q de Gθ. Por un on por elementos del centro ZpGθ 

0

lado, la composicion´ Int |Gθ ˝ t, donde Int |Gθ Ñ AutpGθ on de Gθ en: Gθ 0q es la acci´
0 0 

Gθ por conjugaci´ 0q que eleva el homomorfismo on, es un homomorfismo τ : Γ Ñ AutpGθ 

caracterı́stico de la extensión Gθ de G0 
θ por Γpθ. Por otro lado, podemos medir la obstrucción 

para que t sea un homomorfismo por la aplicacion´ c : Γ ˆ Γ Ñ ZpG0
θq que envı́a un par 

18
 

0 



pγ, γ1q a la diferencia entre tγ tγ1 y tγγ1 . Decimos que t es un homomorfismo torcido por 
c. La asociatividad de la multiplicación de grupo en Gθ implica que c es un 2-cociclo en 
Zτ 

2pp

0qq. Adem´ on t induce un isomorfismo de extensiones de grupo Γθ, ZpGθ as, la aplicaci´
Gθ – Gθ 

0 ˆτ,c Γpθ, donde Gθ 
0 ˆτ,c Γpθ es el conjunto Gθ 

0 ˆ Γpθ equipado con una multiplicación 
de grupo que involucra a τ y c —por ejemplo, si c “ 1 entonces esto es un producto 
semidirecto, véase (3.2.13). 

Dado un Gθ-fibrado E sobre X , la proyección E Ñ X puede factorizarse a través de 
E{Gθ 

0, que es un Γpθ-fibrado sobre X . Sea Y una componente conexa de E{Gθ 
0 con grupo 

de estructura ΓY ď Γpθ. Como Gθ es reductivo Γpθ es finito, por lo que Y es una cubierta 
´ on t podemos equipar E con una etale de X con grupo de Galois ΓY . Utilizando la aplicaci´
accion´ Γpθ-equivariante pτ, cq-torcida. Esto proporciona una biyección entre el conjunto de 
clases de isomorfismo de Gθ-fibrados sobre X y un cociente finito del conjunto de clases 
de isomorfismo de Gθ-fibrados ΓY -equivariantes pτ, cq-torcidos sobre Y (Teorema 3.3.4). 0

El grupo finito por el que se cocienta es el centralizador de ΓY en Γpθ. Este resultado 
aparece por primera vez en un artı́culo conjunto con Garcı́a-Prada, Gothen y Mundet i 
Riera [10]. En el Teorema 4.4.8 establecemos el resultado análogo para pares de Higgs. 
Combinando con extensión de grupo de estructura obtenemos un morfismo del espacio 
de móduli de pGθ 

0, gµ
θ q-pares de Higgs torcidos equivariantes sobre Y en MpX, Gq, cuya 

imagen denotamos ‘ ĂMp. . . q’. 

Teorema C (Teorema 5.7.2). Sea qθ : H1pX, Γpθq Ñ Z1pΓ, H1pX, Zqq la composicióna 

de c̃θ con la extensi´ Γθ Ñ Γθ :“ Gθ{G
θ. La uni´on de grupo de estructura por p on 

ď 
Ă

θMpY, Gθ 
0, ΓY , τ, c, g q{Z

p

pΓY qµ Γθ 

rθs,Y 

est´ pX, GqΓ a con-a contenida en MpX, GqΓ, y el locus de puntos fijos suaves Mss est´
tenido en esta uni´ ı, rθs recorre las clases de equivalencia de elevaciones de a enon. Aqu´
HompΓ, AutpGqq{ „, e Y recorre las cubiertas étale de X con grupo de Galois ΓY ď Γpθ 

tales que qθpY q – α. 
En la Sección 6.1 mostramos cómo el Teorema C generaliza la construcción de Prym– 

Narasimhan–Ramanan en [58]: sea G “ GLpn, Cq y Γ ď JpXq generado por un fibrado de 
lı́nea L de orden finito r. En esta situación, el homomorfismo a : Γ Ñ OutpGLpn, Cqq es 
trivial, y se puede ver que solo hay una clase rθs P IntpGLpn, Cqq{ „ en la descomposición 
del locus de puntos fijos del Teorema B, a saber, la clase de la conjugación por la matriz 
diagonal M cuya diagonal contiene cada raı́z r-ésima de la unidad con multiplicidad m “ 
n{r. En particular, r debe dividir a n. En este contexto, GLpn, Cqθ – GLpm, Cqˆr y 
GLpn, Cqθ – GLpn, Cqθ ̧

τ pZ{rZq, donde la acción τ de Z{rZ sobre GLpm, Cqˆr permuta 
las copias de GLpm, Cq. 

Sea pL : XL Ñ X la cubierta étale determinada por L, que tiene grupo de Galois Z{rZ. 
El Teorema C implica que MsspX, GLpn, CqqL es isomorfo a una subvariedad abierta en 
MpXL, GLpm, Cqˆr , Z{rZ, τ, 1q{pZ{rZq. Traduzcamos esto al lenguaje de los fibrados 
vectoriales, sin tener en cuenta el campo de Higgs: sea E un GLpm, Cqˆr-fibrado Z{rZ
equivariante pτ, 1q-torcido sobre XL. El fibrado vectorial asociado es una suma directa 
E1 ‘ ¨ ¨ ¨ ‘ Er, donde Ei es un fibrado vectorial de rango m. on Z{rZ-Hay una acci´
equivariante inducida que permuta los sumandos, por lo tanto Ei – ζ˚iE1, donde ζ es un 
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generador de GalpXL{Xq – El cociente de E por esta acci´Z{rZ. on es el pushforward 
pL˚E1. Por tanto, hemos identificado MsspX, GLpn, CqqL con una subvariedad abierta del 
pushforward del espacio de móduli de fibrados de Higgs de rango m sobre XL, lo cual es 
el resultado de Narasimhan–Ramanan. 

En el capı́tulo 7 se presenta una generalización de este resultado a cualquier subgrupo 
finito Γ de la Jacobiana JpXq. Un homomorfismo l : Γ Ñ Γ˚ :“ HompΓ, C˚q se llama 
antisimétrico si el emparejamiento de cualquier elemento de Γ consigo mismo es igual a 1. 
Para cada emparejamiento antisimétrico fijamos un subgrupo maximal ∆ ď Γ donde el em
parejamiento es trivial, al que llamamos isotr´ a equipado naturalmente opico. El grupo ∆ est´
con un embebimiento en Homp∆, H1pX, C˚qq que, intercambiando ∆ y X , proporciona 
una ∆˚-cubierta p∆ : X∆ Ñ X . Supongamos que |∆| divide a n. Dado un fibrado de 
Higgs pE, φq de rango n{|∆| sobre X∆ y un elemento γ en Γ, podemos construir un nuevo 
fibrado de Higgs plpγq|˚ ˚ γq, lpγq|˚ como∆pE bp φq, donde hemos identificado lpγq|∆ P ∆˚ 

∆ ∆

un elemento de GalpX∆{Xq. Esto define una acción de lpΓq sobre MpX∆, GLpn{|∆|, Cqq.
Ť 

En el teorema 7.5.5 establecemos que la unión p∆˚MpX∆, GLpn{|∆|, CqqlpΓq estál 
contenida en MpX, GLpn, CqqΓ, y el locus MsspX, GLpn, CqqΓ de puntos fijos simples y 
estables est´ on. Aqu´ etricos de a contenido en la uni´ ı l recorre los emparejamientos antisim´
Γ, y declaramos que una componente es vacı́a si |∆| no divide a n. Nótese que, si |Γ| divide 
a n, la componente correspondiente a l trivial es igual a pΓ˚MpX, GLpn{|Γ|qq, lo cual deja 
claro que esto generaliza el resultado para Γ cı́clico. 

También aplicamos el Teorema C al caso en el que G “ Spp2n, Cq y Γ es un subgrupo 
finito de H1pX, Zq. En esta situación, el centro Z es isomorfo a Z{2Z, por lo tanto podemos 
identificar elementos de H1pX, Zq con fibrados de lı́nea de orden 2 sobre X . Mantenemos 
la notaci´ arrafo anterior. on del p´ Dado un elemento q en ∆˚, consideremos el conjunto 
de clases de isomorfismo de tripletes pE, φ, ψq, donde pE, φq es un fibrado de Higgs de 

„rango 2n{|∆| sobre X∆ y ψ es un isomorfismo pE, φq ÝÑ q˚pE˚, φ˚q que satisface q˚ψ˚ “ 
´ψ. Existen nociones de (poli,semi)estabilidad para estos objetos y se puede construir un 
espacio de móduli MpX∆, GLp2n{|∆|, Cq, qq que parametriza tripletes poliestables. En 
particular, MpX∆, GLp2n{|∆|, Cq, 1q es isomorfo a MpX∆, Spp2n{|∆|, Cqq. 

Tenemos un morfismo pushforward 

p∆˚ : MpX∆, GLp2n{|∆|, Cq, qq Ñ MpX, Spp2n, Cqq, 

que envı́a cada triplete pE, φ, ψq al fibrado de Higgs pp∆˚E, p∆˚φq equipado con la forma 
simpléctica p∆˚ψ : p∆˚E Ñ p∆˚q

˚E˚ – p∆˚E
˚ . Recordemos que esto produce un 

Spp2n, Cq-fibrado de Higgs tomando el fibrado de referencias de p∆˚E y luego la re
ducción de grupo de estructura a Spp2n, Cq dada por la forma simpléctica. También se 
puede definir una acción de lpΓq como en el párrafo anterior. En el Teorema 8.5.6 estable

Ť 
cemos que p∆˚MpX∆, GLp2n{|∆|, Cq, qqlpΓq est´ , y a contenido en MpX, Spp2n, CqqΓl,q 

el locus simple y estable MsspX, Spp2n, CqqΓ est´ on. Aquı́, l recorrea contenido en la uni´
los emparejamientos antisimétricos y q recorre los elementos de ∆˚. Consúltese la Sección 
6.3 para un análisis detallado del caso en el que Γ is cı́clico. 

Estudiamos algunos ejemplos adicionales de acciones de grupos finitos cı́clicos en el 
Capı́tulo 6. En la Sección 6.2 consideramos la involución de MpX, SLpn, Cqq que envı́a 
pE, φq a pE˚ b L, φ˚q, donde L es un fibrado de lı́nea de orden finito. Las componentes de 
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puntos fijos descritas por el Teorema C son im´ oduli de fibrados de agenes de espacios de m´
Higgs ortogonales y simplécticos equivariantes torcidos sobre XL, donde los simplécticos 
solo aparecen si n es par. Cuando L es trivial, estos son simplemente fibrados de Higgs 
ortogonales y simplécticos, respectivamente. 

En la Sección 6.4 consideramos la acción del grupo generado por un Z-fibrado L en 
MpX, Spinpn, Cqq, donde Z – Z{2Z ˆ Z{2Z es el centro de Spinpn, Cq. Aplicando 
el Teorema C obtenemos la Proposición 6.4.1, que identifica las componentes de puntos 
fijos relevantes como imágenes de Spinpp, CqˆSpinpq, Cq-fibrados de Higgs equivariantes 
torcidos sobre XL. Aquı́ p y q toman diferentes valores que satisfacen p`q “ n y dependen 
del grupo de monodromı́a de L y el residuo de n módulo 4. 

En la Secci´ on del grupo on 6.5 encontramos que el locus de puntos fijos de la acci´
generado por un fibrado de lı́nea de orden 2 en MpX, E7q, donde E7 es el grupo excep
cional simplemente conexo correspondiente, contiene la imagen de un espacio de móduli 
de pE6 ˆ C˚q{pZ{3Zq-fibrados de Higgs equivariantes torcidos. Aquı́ Z{3Z ă C˚ actúa 
sobre E6 ˆ C˚ por multiplicación en los dos factores. 

Puntos fijos para acciones generales 

Estudiamos el locus MpX, GqΓ de puntos fijos para un subgrupo arbitrario Γ de (1.0.1) 
en el capı́tulo 10. Las proyecciones sobre AutpXq, OutpGq y C˚ proporcionan homo
morfismos η, a y µ, mientras que la proyeccion sobre ´ H1pX, Zq es un 1-cociclo α P 
Z1 

a,ηpΓ, H1pX, Zqq, donde Γ actúa sobre H1pX, Zq enviando L a η˚´1apLq. Para enten
der la descripci´ as general, primero establecemos un on de los puntos fijos en el contexto m´
resultado para el caso de α trivial ”combinando” los teoremas A y B. Más concretamente, 
mejoramos el Teorema A teniendo en cuenta que η puede no ser inyectivo, de tal forma 
que primero obtenemos una reducción de grupo de estructura aplicando el Teorema B a 
la acción de ker η y después conseguimos una acción equivariante torcida del grupo del 
automorfismos de una cubierta étale de X que eleva ηpΓq. 

Supongamos que α es trivial. Fijemos un homomorfismo θ : ker η Ñ AutpGq elevando 
a|ker η y sea Γpθ :“ Gθ{Gθ el grupo de componentes conexas de Gθ. Tomemos una cubierta 0 

´ Γθ y llamemos p al grupo de automorfismos etale conexa p : Y Ñ X con grupo de Galois p ΓY 

de Y que elevan elementos de ηpΓq. Sea Γpη el conjunto de pares pγ, γpq en Γ ̂  ΓpY tales que 
ηγ “ ppγpq, donde ppγpq es el automorfismo inducido en X . Nótese que las proyecciones de 
Γpη en el primer y segundo factor tienen kernel Γpθ y ker η respectivamente. Tomemos un 
homomorfismo τ : ΓpY Ñ AutpGθ 

0q y un 2-cociclo c P Zτ 
2pΓpY , ZpGθ 

0qq cuyas restricciones 
a Γpθ satisfacen un isomorfismo 

Gθ 
p – Gθ 

0 ˆτ,c Γ
θ (1.0.2) 

pde extensiones. Entonces podemos construir un homomorfismo c-torcido eτ,c : ΓY Ñ 
AutpGθ 

0q, dado por la composición de la aplicación obvia ΓpY Ñ Gθ 
0 ̂ τ,c ΓpY con la acción de 

Gθ 
0 ˆτ,c ΓpY sobre sı́ mismo por conjugación. Llamamos Homθ,τ,cpΓpη, AutpGqq al conjunto 

de homomorfismos c-torcidos Γpη on a ker η es igual a θ y que Ñ AutpGq cuya restricci´
preservan Gθ e inducen eτ,c. 

Cualquier elemento τ̃ P Homθ,τ,cpΓpη, AutpGqq determina un homomorfismo c-torcido 
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µ ´1dτ̃ : Γpη Ñ Hompgµ
θ 

τ ,µ : p Ñ, gq, que a su vez induce un homomorfismo c-torcido ρ˜ ΓY 

Hompgθ , gq porque la acción de dτ̃ |ker η sobre gθ es igual a µ. Por tanto tenemos una nociónµ µ 

de pGθ 
0, gµ

θ ΓY -equivariante pτ, c, ρ˜q-par de Higgs p τ ,µq-torcido.
 
El formalismo de los anteriores dos p´
arrafos se puede generalizar al caso en el que el 

grupo de Galois de Y es un subgrupo arbitrario de Γpθ. Consid´ onerese la uni´
ď 

Ă p

θU :“ MpY, Gθ ΓY , τ, c, g τ ,µq.0, , ρ˜µ

rθs,Y,rτ s,rcs,τ̃

Esta est´ etale conexas p : Ya parametrizada por las cubiertas ´ Ñ X con grupo de Galois 
igual a un subgrupo de Γpθ, las clases rθs P HompΓ, AutpGqq{ „ de elevaciones de a|ker η, 
las clases de cohomologı́a rτ s y rcs que cumplen (1.0.2) y homomorfismos c-torcidos τ̃ en 

ĂHomθ,τ,cpΓpη, AutpGqq. La notaci´ Mp. . . q se refiere a la imagen del morfismo dado por on 
la Proposici´ a contenido en MpX, GqΓon 10.2.5. El Teorema 10.2.7 afirma que U est´ y 
MsspX, GqΓ está contenido en U . 

ΓθEl caso general, cuando α es no trivial, requiere reemplazar Gθ por Gθ y p por Γpθ :“ 
Gθ{G

θ. Dado un Γpθ-fibrado p : Y Ñ X , el pullback p˚α determina una cubierta étale Yα0

de Y cuya proyección sobre X vı́a p es una cubierta étale de X . Reemplacemos Y por Yα 

en los p´ ΓY on de ηpΓq a Yα, etc. Podemos arrafos anteriores, de tal forma que p es la elevaci´
definir U como en el párrafo anterior, pero ahora imponemos una condición que relaciona 
τ̃ , c y α (véase (10.3.15). Nuestro resultado general es el siguiente. 

Teorema D (Teorema 10.3.1). La uni´ a contenida en MpX, GqΓ pX, GqΓon U est´ , y Mss

está contenido en U . 

Puntos fijos en variedades de caracteres. 

La correspondencia de Hodge no abeliana proporciona un homeomorfismo entre MpX, Gq

y la variedad de caracteres RpX, Gq que parametriza clases de equivalencia de representa
ciones reductivas π1pXq Ñ G. Existe una versión de esta teorı́a para fibrados de Higgs 
equivariantes torcidos, vease Basu–Garc´ ı́a-Prada [12]: fijemos una acción de un grupo 
finito Γ sobre X , un homomorfismo θ : Γ Ñ AutpGq y un 2-cociclo c P Zθ 

2pΓ, Zq. 
Sea RpX, G, Γ, θ, cq el espacio de m´ on por oduli de clases de equivalencia —por la acci´
conjugaci´ de representaciones reductivas del grupo fundamental equivariante on de G— 
π1pX, Γ, xq de X en Gˆθ,cΓ. Entonces, RpX, G, Γ, θ, cq es homeomorfo a MpX, G, Γ, θ, cq. 
Por lo tanto, podemos traducir nuestros resultados para dar una descripción del locus fijo 
de ciertas acciones de grupos finitos en las variedades de caracteres. 

Más concretamente, un elemento pα, η, aq de H1pX, Zq ¸ pAutpXq ˆ OutpGqq envı́a 
una representacion´ ρ : π1pX, xq Ñ G a θ ´1 ˝ pη˚pρ b αqq. Aquı́, θ P AutpGq es una 
elevación de a, η˚ es inducido por el homomorfismo η˚ : π1pX, xq Ñ π1pX, ηpxqq, y 
llamamos α a su holonomı́a π1pX, xq Ñ Z por abuso de notaci´ N´on. otese que, aunque 
la acci´ on manejable sobre RpX, Gq, su reon de C˚ sobre MpX, Gq no induce una acci´
stricción a Z{2Z Ă C˚ induce una acción antiholomorfa sobre RpX, Gq que ha sido es
tudiada en [39], pero nosotros no consideramos. Con la notación anterior, en el Teorema 
10.3.3 establecemos que la variedad de representaciones irreducibles y simples RsspX, GqΓ 
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que son fijas por Γ est´ on de im´ odulia contenida en una uni´ agenes de espacios de m´

RpY, Gθ 
0, ΓpY , τ, cq, 

y esta uni´ a contenida en RpX, GqΓ Casos particulares de este teorema se pueden on est´ . 
encontrar en las Secciones 5.8 y 9.3. 

Puntos fijos en espacios de móduli de pares de Higgs 

En el Capı́tulo final 11 consideramos acciones de grupos finitos sobre espacios de móduli 
de pares de Higgs pG, V q, donde fijamos una representación ρ : G Ñ GLpV q. En esta 
situaci´ a´ on de H1pX, Zq estáon, las acciones de AutpXq y C˚ un tienen sentido, y la acci´
bien definida siempre y cuando Z est´ ucleo de ρ —en caso contrario podemos con-e en el n´
siderar H1pX, Z X ker ρq en su lugar. Sin embargo, debemos reemplazar OutpGq por el 
grupo OutpG, V q, que definimos a continuación. Sea GLGpV q el subgrupo de GLpV q ˆ 
AutpGq que consiste en pares pκ, θq tales que κ induce un isomorfismo entre ρ y ρ ̋  θ. Ten
emos un homomorfismo ρG : G Ñ GLGpV q que envı́a g a pρpgq, Intgq, cuya imagen ρGpGq

es un subgrupo normal de GLGpV q. Definimos OutpG, V q :“ GLGpV q{ρGpGq. Entonces 
la acción de GLGpV q sobre MpX, G, V q, tal que pκ, θq envı́a pE, φq a pθpEq, κpφqq, donde 
κpφq P H0pX, E ˆκ˝ρ V b KX q – H0pX, θpEq ˆρ V b KX q es el campo de Higgs in
ducido por κ ´1, es una acción por la izquierda cuya restricción a ρGpGq preserva la clase 
de isomorfismo de pE, φq. Combinando todo, obtenemos una acción por la derecha 

MpX, G, V q ý H1
pX, Zq ¸ pAutpXq ˆ OutpG, V qq ˆ C˚ . (1.0.3) 

Sea Γ un subgrupo finito de (1.0.3). Las proyecciones en el segundo, tercer y cuarto 
factor proporcionan homomorfismos η, a y µ, y la proyección en el primer factor propor
ciona un 1-cociclo α P Z1 pX, Zqq, donde Γ actúa sobre H1pX, Zq a través de η y la 
proyección de a en OutpGq. Los teoremas de puntos fijos para espacios de móduli de pares 
Higgs son similares a los de fibrados Higgs, pero tenemos que reemplazar las elevaciones 
θ : Γ Ñ AutpGq por homomorfismos pκ, θq : Γ Ñ GLGpV q que elevan a, la relación de 
equivalencia „ por conjugacion por elementos de ´ ρGpGq, y los subespacios gθ por V κ. Los 

a,ηpΓ, H1

µ µ 

análogos de los Teoremas A, B, C y D son los Teoremas 11.3.4, 11.2.7, 11.2.8 y 11.4.5, 
respectivamente. 

Motivaciones y aplicaciones 

Planeamos aplicar nuestros resultados a varios escenarios en trabajos futuros. Por ejemplo, 
estos podrı́an combinarse con el Teorema de Atiyah–Bott de punto fijo para estudiar la 
topologı́a del espacio de m´ on, Narasimhan–Ramanan [58] calculan oduli. En esta direcci´
el y-género del espacio de móduli de fibrados vectoriales de rango y determinante fijos, 
demostrando en particular que la caracterı́stica de Euler y la signatura se anulan. Andersen 
[3] describe el locus simple de puntos fijos de un automorfismo de orden finito η de X en 
el espacio de móduli de G-fibrados utilizando G-fibrados equivariantes torcidos, y aplica 
esto al c´ Laalculo de invariantes de Witten-Reshetikhin-Turaev del mapping torus de η. 
principal limitación para aplicar nuestro formalismo a los espacios de móduli de fibrados 
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de Higgs es que no son compactos ni lisos. Esto se puede sortear si restringimos nuestra 
atención a la cohomologı́a de subvariedades de fibrados de Hodge, que son compactas. 
Por localizaci´ ıa C˚-equivariante del on, esto puede llevar a resultados sobre la cohomolog´
espacio de móduli. 

La descripción de puntos fijos en términos de fibrados de Higgs parabólicos ya ha sido 
estudiada por Andersen–Grove [4] para fibrados vectoriales de rango 2 y por Garcı́a-Prada-
Wilkin [40] para G arbitrario. Estas se basan en la correspondencia entre G-fibrados equiv
ariantes y fibrados parabólicos. La extensión de esta correspondencia a pares de Higgs 
equivariantes torcidos permitirı́a generalizar sus resultados en nuestro marco de trabajo. 

Una motivación importante para esta tesis es la identificación de subvariedades hiper
k¨ ıaahler o lagrangianas de MpX, Gq, que son el soporte de branas en el contexto de simetr´
especular tal y como la introducen Kapustin y Witten [52]. Por ejemplo, si la proyección 
de un subgrupo finito Γ de (1.0.1) sobre C˚ es trivial, el locus de puntos fijos suave es 
hiperkähler y, por tanto, es el soporte de branas de tipo BBB. Sin embargo, si Γ tiene orden 
dos y la proyección correspondiente en C˚ no es trivial, el locus de puntos fijos suave es el 
soporte de BAA-branas. Esperamos que la construcción de Prym–Narasimhan–Ramanan 
proporcione ejemplos de branas completamente equipadas: esto ya ha sido logrado por 
Franco-Gothen-Oliveira-Peón-Nieto [28] en el caso de la acción de un subgrupo cı́clico 
finito de la Jacobiana. 

Hitchin [50] considera ejemplos de branas de tipo BAA correspondientes a Upn, nq
fibrados de Higgs dentro del espacio de móduli de fibrados vectoriales de rango 2n, los 
cuales son puntos fijos obtenidos al multiplicar el campo de Higgs por ´1. Las supuestas 
BBB-branas duales tienen soporte en la subvariedad de Spp2n, Cq-fibrados. Serı́a intere
sante considerar una extensión finita de Spp2n, Cq en su lugar, cuyos objetos corresponden, 
seg´ ıa, a Spp2n, Cq-fibrados de Higgs equivariantes torcidos sobre ciertas un nuestra teor´
cubiertas ´ Entonces podrı́amos estudiar lo que sucede en el lado de Upn, nqetale de X . 
y la compatibilidad de la simetrı́a especular con la construcción de Prym–Narasimhan– 
Ramanan. 

No hay ejemplos de soportes para branas de tipo ABA y AAB en esta tesis. Al
gunos de estos provienen de acciones que involucran involuciones antiholomorfas de G 
y X , que planeamos considerar en el futuro. Biswas–Calvo–Garcı́a-Prada [15] estudian 
GR-fibrados de Higgs reales, que son la versión real de los fibrados de Higgs equivari
antes torcidos. Otras referencias son Baraglia–Schaposnik [8], Biswas–Garcı́a-Prada [16] 
y Biswas–Garcı́a-Prada–Hurtubise [17, 18, 19]. 

La descripci´ on de Hitchin [49] sobre un espacio vectoon de MpX, Gq como la fibraci´
rial es crucial en el estudio de su geometrı́a. Creemos que nuestras descripciones de puntos 
fijos ser´ utiles para el estudio de las fibras de Hitchin de diferentes subvariedades de punan ´
tos fijos. Algunas referencias en esta dirección son Heller–Schaposnik [46], Schaffhauser 
[66] y Schaposnik [67]. 

Tambi´ on de puntos fijos a espacios de m´en planeamos extender nuestra descripci´ oduli 
de fibrados de Higgs parabólicos en trabajos futuros. Estos corresponden a representa
ciones del grupo fundamental de superficies punteadas a través de la teorı́a de Hodge no 
abeliana [72, 14]. El contexto de fibrados parab´ etricamente m´ asolicos es geom´ as rico y quiz´
más natural desde el punto de vista fı́sico de la simetrı́a especular [44, 52]. 

Finalmente, nuestra descripci´ oduli de pares de Higgs on de puntos fijos en espacios de m´
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se puede aplicar al estudio de subvariedades de puntos fijos para fibrados de Higgs asocia
dos a formas reales, lo que puede conducir a resultados sobre la topologı́a de los espacios 
de Teichmüller [31]. 
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Introduction 

Background and statement of the problem 

The aim of this thesis is to study fixed points of finite group actions on moduli spaces 
of G-Higgs bundles over a compact Riemann surface X . Most of the time we take G to 
be an arbitrary connected reductive complex Lie group, but some of our results require G 
to be semisimple. A G-Higgs bundle is a pair pE, φq consisting of a principal G-bundle 
E over X and a global section φ of Epgq b KX , where Epgq is the bundle associated 
to E via the adjoint representation of G in g and KX is the canonical bundle of X — 
the section φ is called the Higgs field. There is a moduli space MpX, Gq classifying 
isomorphism classes of polystable G-Higgs bundles, see Chapter 2. When G is classical, 
G-Higgs bundles correspond to vector bundles equipped with some extra structure and a 
compatible endomorphism tensored by KX . 

Since their introduction by Hitchin more than 35 years ago [48, 49], moduli spaces 
of Higgs bundles have been of tremendous interest in geometry, topology and theoreti
cal physics. They have an extremely rich geometry coming from the fact that they are 
hyperKähler, they define completely integrable systems and, by the non-abelian Hodge 
correspondence, they are identified with character varieties of the fundamental group of 
the surface. Important aspects of the geometry of MpX, Gq are naturally reflected by the 
group of its holomorphic automorphisms, and in particular by the action of finite subgroups 
of the group of automorphisms. 

We consider several natural group actions on MpX, Gq. First, the group C˚ acts on 
MpX, Gq by rescaling the Higgs field. Fixed points of this action, called Hodge bundles, 
play an essential role in the study of the topology of the moduli space via localization. This 
has been considered when G “ GLpn, Cq for rank and degree coprime, first for rank 2 and 
fixed determinant by Hitchin [48], second for rank 3 by Gothen [42] and finally for arbitrary 
rank by Garcı́a-Prada–Heinloth–Schmitt [35] and Garcı́a-Prada–Heinloth [34]. Hodge bun
dles are also involved in the study of variations of Hodge structures by Simpson [73] and 
Biquard–Collier–Garcı́a-Prada–Toledo [13]. A broader context where these objects ap
pear is the theory of Higgs bundles for real forms and Higher Teichmüller components, 
see for example Bradlow–Garcı́a-Prada–Gothen [22], Aparicio–Bradlow–Collier–Garcı́a
Prada–Gothen–Oliveira [5], Garcı́a-Prada–Oliveira [36, 37], etc. —for more references, 
see the survey paper by Garcı́a-Prada [31]. 

In this thesis we are only concerned with actions of finite subgroups of C˚ . The sim
plest example is the involution ι of MpX, Gq sending pE, φq to pE, ́ φq, which is already 
considered by Hitchin [48] for G “ GLp2, Cq and Garcı́a-Prada–Ramanan [39] in general. 
The fixed points of ι correspond to Higgs pairs with structure group Gθ, where θ runs over 
the inner involutions of G. Here Gθ is the subgroup of fixed points of θ and the Higgs field 
takes values in the ´1-eigenspace of the automorphism of g induced by θ. These fixed 
points correspond to representations of the fundamental group of X in the real form Gσ , 
where σ is an antiholomorphic involution of G of Hodge type, that is, inner equivalent to a 
compact involution. 
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Secondly, the group of automorphisms AutpGq of G acts on MpX, Gq by extension 
of structure group. More precisely, given a holomorphic automorphism θ of G and a G-
Higgs bundle pE, φq over X , we may twist the G-action on the total space of E by θ ´1 

to obtain a new G-bundle, which we call θpEq, and the isomorphism of vector bundles 
Epgq – θpEqpgq induced by θ produces a Higgs field θpφq for θpEq. The action of the 
group of inner automorphisms IntpGq respects isomorphism classes: for each g P G, the 
map E Ñ E given by multiplication by g induces an isomorphism from pE, φq to θpE, φq. 
Hence, we get a left action of OutpGq :“ AutpGq{ IntpGq. 

For example, if a is a non-trivial element of OutpGq such that a2 “ 1, the fixed points 
correspond to Gθ-Higgs bundles, where θ is an outer involution of G lifting a. Since the 
actions of OutpGq and C˚ commute, we may also consider the involution combining both 
a and ´1 sending pE, φq to pθpEq, ́ θpφqq, in which case fixed points correspond to repre
sentations of π1pXq in certain real forms of G which are no longer of Hodge type. In fact, 
varying a, all the possible real forms of G appear (see [39]). 

Another important group acting on the moduli space of G-Higg bundles is H1pX, Zq, 
the group of isomorphism classes of Z-bundles, where Z is the centre of G. Given a G-
Higgs bundle pE, φq and a Z-bundle L, we may define the tensorization E b L to be the 
G-bundle obtained from the G ˆ Z-bundle E ˆ L via extension of structure group by the 
multiplication homomorphism. Since the adjoint action of Z on g is trivial, the Higgs field 
φ may also be regarded as a Higgs field of E b L. 

It can be seen that the actions of OutpGq and H1pX, Zq do not commute, but rather 
the former twists the latter by extension of structure group. Thus we get a combined right 
action of H1pX, Zq ¸ OutpGq ˆ C˚ on MpX, Gq, where the semidirect product is defined 
using the aforementioned action of OutpGq on H1pX, Zq, such that an element pα, a, µq

sends a G-Higgs bundle pE, φq to θ ´1pE b α, µφq, where θ is any automorphism of G 
lifting a. Garcı́a-Prada–Ramanan [39] give a description of the fixed points of the action of 
a general finite cyclic subgroup of H1pX, Zq ¸ OutpGq ˆ C˚ generalizing the above cases. 

An important construction related to the action of H1pX, Zq in the context of vector 
bundles, which we generalize to Higgs bundles, is the famous Narasimhan–Ramanan de
scription of fixed points of the action of a finite cyclic subgroup of the Jacobian. A line 
bundle L Ñ X of finite order r determines an automorphism of the moduli space of vector 
bundles of rank n and degree d via tensorization. Narasimhan and Ramanan [58] find that 
the stable fixed point locus is contained in the pushforward of the moduli space of vector 
bundles over XL of rank n{r and degree d, where XL is the étale cover of X determined 
by L. Nasser [60] improves this result by showing that the whole polystable fixed point 
locus is equal to the pushforward of this moduli space. In particular, if r “ n then the fixed 
point subvariety is isomorphic to the pushforward of the Jacobian of XL, and its intersec
tion with the subvariety of vector bundles having a fixed determinant is isomorphic to the 
pushforward of the Prym variety. 

The last group action on MpX, Gq that we consider is that of holomorphic automor
phisms AutpXq of X via pullback. This twists the action of H1pX, Zq via pullback and so 
at the end we get a right action of the group 

H1
pX, Zq ¸ pAutpXq ˆ OutpGqq ˆ C˚ , (1.0.4) 

where the semidirect product is defined by the actions of AutpXq and OutpGq on H1pX, Zq 
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given by pullback and extension of structure group, respectively. This is given explicitly
 
by 

pE, φq ¨ pα, η, a, µq :“ pη˚θ ´1
pE b αq, µη˚θ ´1

pφqq, 

for each pα, η, a, µq in (1.0.4) and any automorphism θ of G lifting a. 
Fixed points for the action of a finite subgroup of AutpXq have been studied by sev

eral authors including Andersen–Grove [4], Andersen [3], Garcı́a-Prada–Wilkin [40] and 
Heller–Schaposnik [46]. Fixed points of general finite subgroups of AutpXqˆOutpGqˆC˚ 

are described by Garcı́a-Prada–Basu [12] in terms of twisted equivariant Higgs bundles, 
which we cover in Chapter 4. 

This thesis undertakes the task of describing the fixed points of the action of an arbitrary 
finite subgroup Γ of (1.0.4) on MpX, Gq. In particular, we generalize [39] to any finite 
subgroup and unify their results with [58], getting a general Prym–Narasimhan–Ramanan 
construction. We also generalize [12] by adding the H1pX, Zq-action to their work, and we 
improve their results in light of the Prym–Narasimhan–Ramanan construction. Our answer 
to this general problem is given in Theorem 10.3.1. However, in order to give the reader a 
good grasp of it, we have isolated its main ingredients into more special cases where their 
role can be understood best. The particular case of finite group actions of Z-bundles on 
the moduli space of holomorphic G-bundles is treated in a joint paper with Garcı́a-Prada 
[9], and the answer to the general problem will appear in [11]. The formalism of twisted 
equivariant principal bundles, which plays a central role in this study, is developed in a 
joint paper with Garcı́a-Prada, Gothen and Mundet i Riera [10]. 

Fixed points when the action does not involve tensorizarion 

Let Γ be a finite subgroup of AutpXq ˆ OutpGq ˆ C˚ . In this situation, the fixed point 
variety MpX, GqΓ is given in terms of twisted equivariant Higgs bundles over X , which are 
introduced in Chapter 4. The corresponding results are explained in Chapter 9. Let η, a and 
µ be the natural projection homomorphisms from Γ to AutpXq, OutpGq and C˚, and take 
a homomorphism θ : Γ Ñ AutpGq lifting a. Take a map c : Γ ˆ Γ Ñ Z. A (right) pθ, cq
twisted Γ-equivariant action on a G-bundle E over X , which we denote ‘¨’, is a lift of the 
right action η ´1 of Γ on X to a map from Γ to the group of holomorphic automorphisms of 
the total space of E, which twists the bundle G-action by θ ´1 and such that the composition 
of the actions of γ1 and γ2 P Γ is equal to the composition of the actions of cpγ1, γ2q and 
γ1γ2. The pair pE, ̈ q is called a pθ, cq-twisted Γ-equivariant G-bundle. 

More generally, we may define (left or right) pθ, cq-twisted Γ-actions on a set M which 
is equipped with a group G-action. Such twisted actions are associative if and only if c is 
a 2-cocycle of Γ with values in Z, in the sense of Galois cohomology [69], and we assume 
so hereafter. We call Za 

2pΓ, Zq to the group of 2-cocycles. We may also define the second 
cohomoly group Ha 

2pΓ, Zq as the quotient of Za 
2pΓ, Zq by an action of the group of maps 

Γ Ñ Z. The theory of twisted equivariant actions is developed in a joint paper with Garcı́a-
Prada, Gothen and Mundet i Riera [10], including a Čech cohomology interpretation of the 
set of isomorphism classes of these objects. We review some of the results in Chapter 3. 

Given a representation ρ : G Ñ GLpV q, a pθ, cq-twisted left Γ-action ρΓ on V and 
a pθ, cq-twisted Γ-equivariant G-bundle E, there is a right Γ-equivariant action on the as
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sociated bundle EpV q. A triple pE, ̈ , φq consisting of a twisted Γ-equivariant G-bundle 
pE, ̈ q over X and a Γ-invariant Higgs field φ P H0pEpV q b KX q is called a pθ, c, ρΓq
twisted Γ-equivariant pG, V q-Higgs pair. When Γ is trivial this is just called a pG, V q-
Higgs pair. There are notions of (poly,semi)stability for twisted equivariant Higgs pairs 
and a moduli space MpX, G, Γ, θ, c, V, ρΓq classifying isomorphism classes of polystable 
objects, see Chapter 4. This setting may be applied to the case where V “ g, ρ is the 
adjoint representation and ρΓ “ µ ´1θ. In this situation we omit g in the notation, de
noting by MpX, G, Γ, θ, c, µ ´1θq the moduli space. We have a natural forgetful mor
phism MpX, G, Γ, θ, c, µ ´1θq Ñ MpX, Gq omitting the Γ-action, whose image we call 
MpX, G, Γ, θ, c, µ ´1θq.Ă

Ť

ĂMpX, G, Γ, θ, c, µ ´1θq is contained in 

pΓ, Zq, and the simple and stable fixed point locus 
MpX, G, Γ, θ, c, µ ´1θq. 

Theorem A (Theorem 9.2.2). The union
 
rcs 

aMpX, GqΓ, where rcs runs over H2 

MsspX, GqΓ is contained in Ă

Ť 
rcs 

Actually, in Theorem 9.2.2 we decompose each piece MpX, G, Γ, θ, c, µ ´1θq according 
to the action of Γ at isotropy points. 

Fixed points for trivial action on X 

In Chapter 5 we consider the action of an arbitrary finite subgroup Γ of H1pX, Zq ¸ 
OutpGq ˆ C˚ . Projections on OutpGq and C˚ provide homomorphisms a and µ, and 
projection on H1pX, Zq yields a map α : Γ Ñ H1pX, Zq which satisfies αγγ1 “ αγ α

γ for 
each γ and γ1 in Γ, where the superscript denotes the left action of Γ on H1pX, Zq induced 
by a. Maps α satisfying this equation are called 1-cocycles, and we write Z1pΓ, H1pX, Zqq

for the group of 1-cocycles. In general, given a left action b : Γ Ñ AutpA
a 

q on a group A, 
we have a notion of 1-cocycle and we denote the set of 1-cocycles by Zb 

1pΓ, Aq. 
By de Siebenthal [70] (see also [10]), there exists a homomomorphism θ : Γ Ñ AutpGq

lifting a. Let Gθ be the subgroup of G where the automorphism θγ is equivalent to multi
plying by some element of the centre Z, for each γ in Γ. By definition we have a homo
morphism Gθ Ñ Z1pΓ, Zq whose kernel is the subgroup of fixed points Gθ ď G. This, 

γ1 

a 

in turn, induces a map from the set of isomorphism classes of Gθ-bundles H1pX, Gθq to 
H1pX, Z1pΓ, Zqq. Since G is semisimple, Z is finite and so X and Γ may be exchanged, a 

thus providing a map ˜ : H1pX, Gθq Ñ Z1pΓ, H1pX, Zqq which may be thought of as a cθ a 

“characteristic class” map. We may also introduce the µ-weight space gµ
θ of the automor

phism θ of gθµ. The restriction of the adjoint action to Gθ preserves gθµ and so we have a 
moduli space MαpX, Gθ, gθ q of pGθ, gθ q-Higgs pairs pF, ψq such that c̃θpF q – α.µ µ

We also have an extension of structure group morphism MαpX, Gθ, gθ q Ñ MpX, Gq,µ

whose image we denote with a tilde. This image is independent of the class rθs of θ in 
HompΓ, AutpGqq{ „, where „ is the equivalence relation such that θ „ θ1 if and only 
there exists g in G satisfying θ „ Intg θ

1 Int ´1 .g 
Ť


Theorem B (Theorem 5.6.4). The union
 θ q, where rθs runs over the
 ĂMαpX, Gθ, grθs µ

class of θ in HompΓ, AutpGqq{ „, is contained in MpX, GqΓ, and the simple and stable 
fixed point locus MsspX, GqΓ is contained in this union. 

29 



The actual statement of Theorem 5.6.4 is slightly different, since it uses a bijection
 
between lifts βθ of a and 1-cocycles β P Z
θ pΓ, IntpGqq in the sense of Galois cohomology 
[69], inducing a bijection between the set of classes of lifts in HompΓ, AutpGqq{ „ and the 
first group cohomology set Hθ pΓ, IntpGqq. Here θ is any fixed lift. 

1 

1 

The Prym–Narasimhan–Ramanan construction 

Theorem 5.7.2 takes the results of Theorem B one step further, describing each component 
of the decomposition Ă

θ q as a union of finite group-quotients of moduli spaces MαpX, Gθ, g
of twisted GalpY {Xq-equivariant p

µ

Gθ , gθ etale covers Y of X ,´
where Gθ 

0 q-Higgs pairs over certain 
is the connected component of Gθ and hence of Gθ. This is an application of 

µ

an equivalence of categories between Higgs pairs over X with possibly non-connected 
reductive structure group Gθ and twisted equivariant Higgs pairs over an étale cover Y Ñ 

0

θwith structure group equal to the connected component of the identity X G0

Chapter 4). 
ă Gθ (see 

Γθ Ñ Gθ 

00

Ñ θG Aut G: pθ 0

More precisely, let p . By Proposition 3.2.3 we may find a map t : p
which chooses an element of Gθ in each connected component and which is a homomor

θ“ {Γ G G:θ θ 0

phism up to multiplication by elements of the centre ZpGθq of Gθ . On the one hand, the 

Ñ θgation, is a homomorphism τ : Γ Aut Gp 0

composition , where | ˝ |Int Int tθ θG G0 0 

θthe extension ofG Gθ 0

θis the action of G Gonq θ 0

q lifting the characteristic homomorphism of 
On the other hand, we can measure the failure of t to be a 

by conju

by Γpθ. 
Ñ θhomomorphism by the map ˆ: Γ Γ Z Gpc 0

between tγ tγ1 and tγγ1 . 
q which sends a pair pγ, γ1q to the difference 

We say that t is a c-twisted homomorphism. Associativity of the 
group multiplication on Gθ implies that c is a 2-cocycle in Z 0

2 

θG– 0

τ pΓpθ, ZpGθ 

ˆτ,c 

Γθ equipped with a group multiplication involving τ and c —e.g., if c “ 1 then 
0

qq. Moreover, the 
pΓθ, where Gθ ˆτ,c Γθ ismap t induces an isomorphism of group extensions Gθ 

p


0the set Gθ ˆ p

this is a semidirect product, see (3.2.13). 
Now, given a Gθ-bundle E Ñ X , the bundle projection morphism can be factored
 

0through E{Gθ, which is a Γpθ-bundle over X . 
with structure group ΓY ď Γpθ. The reductiveness of Gθ implies that p
may be regarded as an étale cover of X with Galois group ΓY . Via the map t we can further 

Γθ-action which is pτ, cq-twisted. This provides a bijection between the 
set of isomorphism classes of Gθ-bundles over X and a finite group-quotient of the set of 

θLet be a connected component of {Y E G0 

Γθ is finite, hence Y 

θisomorphism classes of -twisted -equivariant τ, c Γ Gp q Y 0

equip E with a p

-bundles over Y (Theorem 3.3.4).
 

0

in Γpθ, which is equal to the centre of Γpθ if 
E{Gθ is connected. All this theory was first developed in a joint paper with Garcı́a-Prada, 
Gothen and Mundet i Riera [10]. An analogous result for Higgs pairs is given by Theorem 

The finite group is equal to the centralizer of ΓY 

4.4.8. Extension of structure group provides a morphism from the moduli space of twisted
 
θequivariant Gp 0

Theorem C (Theorem 5.7.2). Let qθ 

, gθ q-Higgs pairs over Y to MpX, Gq, whose image we denote with a tilde. µ

: H1pX, Γpθq Ñ Z
Γθ Ñ 

1pΓ, H1

Γθ :“ 
pX, Zqq be the com
Gθ{G

θ The union 
a 

position of c̃θ
Ť 

.
 

rθs,Y 
θM Y,Gp 0

Ă

with extension of structure group by p

, ΓY , τ, c, gθ q{Z
p

pΓY q is contained in MpX, GqΓ, and MsspX, GqΓ isµ Γθ 

contained in the union. Here rθs runs over classes of lifts of a in HompΓ, AutpGqq{ „ 
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and Y runs over étale covers of X with Galois group ΓY ď Γpθ such that qθpY q – α. 

In Section 6.1 we show how Theorem C generalizes the Prym–Narasimhan–Ramanan 
construction in [58]. Let G “ GLpn, Cq and Γ ď JpXq be generated by a line bundle L 
of finite order r. In this situation, the homomorphism a : Γ Ñ OutpGLpn, Cqq is trivial, 
and it can be seen that there is only one class rθs P IntpGLpn, Cqq{ „ in the decomposition 
of the fixed point locus of Theorem B, namely the class of the conjugation by the diagonal 
matrix M whose diagonal contains every r-th root of unity with multiplicity m :“ n{r. 
In particular, r must divide n. In this setting GLpn, Cqθ – GLpm, Cqˆr and GLpn, Cqθ – 
GLpn, Cqθ ¸τ pZ{rZq, where the action τ of Z{rZ on GLpm, Cqˆr permutes the different 
copies of GLpm, Cq. 

Let pL : XL Ñ X be the étale cover determined by L, which has Galois group 
Z{rZ. Theorem C implies that MsspX, GLpn, CqqL is isomorphic to an open subvari
ety in MpXL, GLpm, Cqˆr , Z{rZ, τ, 1q{pZ{rZq. Let us translate this into the language of 
vector bundles with no consideration of the Higgs field: let E be a pτ, 1q-twisted Z{rZ
equivariant GLpm, Cqˆr-bundle over XL. The associated vector bundle is a direct sum 
E1 ‘ ¨ ¨ ¨ ‘ Er, where Ei is a vector bundle of rank m. There is an induced Z{rZ
equivariant action which permutes the summands, hence Ei – ζ˚iE1, where ζ is a gen
erator of GalpXL{Xq – Z{rZ. The quotient of E by this action is the pushforward pL˚E1. 
Thus we have identified MsspX, GLpn, CqqL with an open subvariety of the pushforward 
of the moduli space of Higgs bundles of rank m over XL, as required. 

A generalization of this result to any finite subgroup Γ of the Jacobian JpXq is given 
in Chapter 7. A homomorphism l : Γ Ñ Γ˚ :“ HompΓ, C˚q is called antisymmetric if the 
pairing of any element of Γ with itself is equal to 1. For each such antisymmetric pairing 
choose a maximal subgroup ∆ ď Γ where the pairing is trivial, which we call isotropic. 
This is of course equipped with an embedding in Homp∆, H1pX, C˚qq, which by swapping 
∆ and X provides a ∆˚-bundle p∆ : X∆ Ñ X . Assume that |∆| divides n. Given a Higgs 
bundle pE, φq of rank n{|∆| over X∆ and an element γ in Γ, we may construct a new 
Higgs bundle plpγq|˚ ˚ γq, lpγq|˚ φq, where lpγq|∆ P ∆˚ is regarded as an element of ∆pE b p∆ ∆

GalpX∆{Xq. This defines a lpΓq-action on MpX∆, GLpn{|∆|, Cqq.
Ť 

In Theorem 7.5.5 we state that the union p∆˚MpX∆, GLpn{|∆|, CqqlpΓq is contained l 
in MpX, GLpn, CqqΓ, and the simple and stable fixed point locus MsspX, GLpn, CqqΓ is 
contained in the union. Here l runs over antisymmetric pairings of Γ, and we declare a 
component to be empty if |∆| does not divide n. Note that, if |Γ| divides n, the component 
corresponding to trivial l is equal to pΓ˚MpX, GLpn{|Γ|qq, which makes it clear that this 
generalizes the result for cyclic Γ. 

We also apply Theorem C to the case when G “ Spp2n, Cq and Γ is a finite subgroup 
of H1pX, Zq. In this situation the centre Z is isomorphic to Z{2Z, hence we may identify 
elements of H1pX, Zq with line bundles of order 2 over X . Let us keep the notation of 
the previous paragraph. Given an element q in ∆˚, consider the set of isomorphism classes 
of triples pE, φ, ψq, where pE, φq is a Higgs bundle of rank 2n{|∆| over X∆ and ψ is an 

„isomorphism pE, φq ÝÑ q˚pE˚, φ˚q satisfying q˚ψ˚ “ ´ψ. There are (poly,semi)stability 
notions for these objects, and a moduli space MpX∆, GLp2n{|∆|, Cq, qq parametrizing 
polystable triples may be constructed. In particular, MpX∆, GLp2n{|∆|, Cq, 1q is isomor
phic to MpX∆, Spp2n{|∆|, Cqq. 
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We have a pushforward morphism
 

p∆˚ : MpX∆, GLp2n{|∆|, Cq, qq Ñ MpX, Spp2n, Cqq, 

sending each triple pE, φ, ψq to the Higgs bundle pp∆˚E, p∆˚φq equipped with the sym
plectic form p∆˚ψ : p∆˚E Ñ p∆˚q

˚E˚ – p∆˚E
˚ . Recall that this yields an Spp2n, Cq-

Higgs bundle by taking the bundle of frames of p∆˚E and then the reduction of structure 
group given by the symplectic form. An action of lpΓq may also be defined as in the pre

Ť 
vious paragraph. Our result is that p∆˚MpX∆, GLp2n{|∆|, Cq, qqlpΓq is contained in l,q 

MpX, Spp2n, CqqΓ, and the simple and stable locus MsspX, Spp2n, CqqΓ is contained in 
the union (see Theorem 8.5.6). Here l runs over antisymmetric pairings, and q runs over 
elements of ∆˚. See Section 6.3 for a detailed analysis of the case when Γ is cyclic. 

We analyse a few more examples of finite cyclic group actions in Chapter 6. In Section 
6.2 we consider the involution of MpX, SLpn, Cqq sending pE, φq to pE˚ b L, φ˚q, where 
L is a line bundle of finite order. Then the fixed point components described in Theorem C 
are images of moduli spaces of twisted equivariant SOpn, Cq and Spp2m, Cq-Higgs bundles 
over XL, where the last ones only appear if n “ 2m is even. When L is trivial, these are 
just SOpn, Cq and Spp2m, Cq-Higgs bundles. 

In Section 6.4 we consider the action of the group generated by a Z-bundle L on 
MpX, Spinpn, Cqq, where Z – Z{2Z ̂  Z{2Z is the centre of Spinpn, Cq. The application 
of Theorem C yields Proposition 6.4.1, which identifies the relevant fixed point compo
nents as images of twisted equivariant Spinpp, Cq ˆ Spinpq, Cq-Higgs bundles over XL. 
Here p and q take a set of values satisfying p ` q “ n, which depend on the monodromy 
group of L and the divisibility of n by 4. 

In Section 6.5 we find that the fixed point locus of tensoring by a line bundle of order 
2 on MpX, E7q, where E7 is the corresponding simply connected exceptional group, con
tains the image of a moduli space of twisted equivariant pE6 ˆ C˚q{pZ{3Zq-Higgs bundles. 
Here Z{3Z ă C˚ acts on E6 ˆ C˚ by multiplication on both factors. 

Fixed points for a general action 

The fixed point locus MpX, GqΓ when Γ is any finite subgroup of (1.0.4) is studied in 
Chapter 10. Projections on AutpXq, OutpGq and C˚ provide homomorphisms η, a and µ, 
whereas projection on H1pX, Zq yields a 1-cocycle α P Z1 pX, Zqq, where Γ actsa,ηpΓ, H1

on H1pX, Zq by sending L to η˚´1apLq. To understand the fixed point description in this 
general context, we first find a result in the case of trivial α ”combining” Theorems A and 
B. More precisely, we push Theorem A to account for the potential non-injectivity of η, so 
that we first perform a reduction of structure group applying Theorem B to the action of 
ker η and then we get a twisted equivariant action of the finite group of automorphisms of 
an étale cover of X lifting ηpΓq. 

Assume that α is trivial. Fix a homomorphism θ : ker η Ñ AutpGq lifting a|ker η and 
let Γpθ :“ Gθ{Gθ be the group of connected components of Gθ . Take a connected etale´0 

cover p : Y Ñ X with Galois group Γpθ and denote by ΓpY the group of automorphisms of 
Y lifting elements of ηpΓq. Let Γpη be the set of pairs pγ, pγq in Γ ̂  ΓpY such that ηγ “ ppγpq, 
where ppγpq is the induced automorphism of X . Note that the projections of Γpη on the 
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first and second factors have kernels Γpθ and ker η respectively. Consider a homomorphism 
τ : ΓpY Ñ AutpG0

θq and a 2-cocycle c P Zτ 
2pΓpY , ZpG0

θqq whose restrictions to Γpθ fit in an 
isomorphism of extensions 

pGθ 
0 ˆτ,c Γ

θ 
– Gθ (1.0.5) 

as above. Then we have a c-twisted homomorphism eτ,c : ΓpY Ñ AutpGθ 
0q, given by 

composing the obvious map ΓpY Ñ Gθ 
0 ˆτ,c ΓpY with the conjugation action of G0 

θ ˆτ,c ΓpY on 
itself. We call Homθ,τ,cpΓpη, AutpGqq to the set of c-twisted homomorphisms Γpη Ñ AutpGq

whose restriction to ker η is θ and which preserve Gθ and induce eτ,c. 
Note that an element τ̃ P Homθ,τ,cpΓpη, AutpGqq provides a c-twisted homomorphism 

µ ´1dτ̃ : Γpη Ñ Hompgθ , gq, which in turn induces a c-twisted homomorphism ρ˜ ΓY Ñµ τ,µ : p

Hompgθ , gq because the action of dτ̃ |ker η on gθ is equal to µ. Thus we have a notion of µ µ 

pτ, c, ρ˜ ΓY -equivariant pGθ θ q-Higgs pair. τ ,µq-twisted p 0, gµ
The formalism of the above two paragraphs may be generalized to the case when the 

Galois group of Y is any subgroup of Γpθ. Consider the union 
ď 

Ă p

θU :“ MpY, Gθ ΓY , τ, c, g , ρ˜0, µ τ,µq. 
rθs,Y,rτ s,rcs,τ̃

This runs over connected ´ Ñ X with Galois group equal to a subgroup etale covers p : Y 
of Γpθ, classes rθs P HompΓ, AutpGqq{ „ of lifts of a|ker η, cohomology classes rτ s and rcs 
such that (1.0.5) holds and elements τ̃ P Homθ,τ,cpΓpη, AutpGqq. The tilde over M denotes 
the image of the morphism given by Proposition 10.2.5. Then U is contained in MpX, GqΓ , 
and MsspX, GqΓ is contained in U —this is Theorem 10.2.7. 

The general case, where α is not trivial, requires replacing Gθ with Gθ and Γpθ with 
Γpθ :“ Gθ{G

θ 
0. Given a Γpθ-bundle p : Y Ñ X , the pullback p˚α defines an etale cover ´

Yα of Y which, composed with p, provides an étale cover of X . Replace Y with Yα in the 
previous paragraphs, so that ΓpY is the lift of ηpΓq to Yα, etc. We may then define U as in 
the previous paragraph, but now we impose a further condition which relates τ̃ , c and α 
(see (10.3.15)). The general theorem is the following. 

Theorem D (Theorem 10.3.1). The union U is contained in MpX, GqΓ, and the smooth 
fixed point locus MsspX, GqΓ is contained in U . 

Fixed points in character varieties 

The non-abelian Hodge correspondence provides a homeomorphism between MpX, Gq

and the character variety RpX, Gq parametrizing G-conjugacy classes of reductive repre
sentations π1pXq Ñ G. The theory has an analogue for twisted equivariant Higgs bun
dles which we explain next, following Basu–Garcı́a-Prada [12]. Fix an action of a finite 
group Γ on X , a homomorphism θ : Γ Ñ AutpGq and a 2-cocycle c P Zθ 

2pΓ, Zq. Let 
RpX, G, Γ, θ, cq be the moduli space of G-conjugacy classes of reductive representations 
of the equivariant fundamental group π1pX, Γ, xq of X in Gˆθ,c Γ. Then RpX, G, Γ, θ, cq is 
homeomorphic to MpX, G, Γ, θ, cq. Thus we may translate our results to give a description 
of the fixed point loci of certain finite group actions on character varieties. 
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More precisely, an element pα, η, aq in H1pX, Zq ¸ pAutpXq ˆ OutpGqq sends a rep
resentation ρ : π1pX, xq Ñ G to θ ´1 ˝ pη˚pρ b αqq. Here θ P AutpGq is a lift of a, η˚ is 
induced by the homomomorphism η˚ : π1pX, xq Ñ π1pX, ηpxqq and we are calling α to its 
holonomy representation π1pX, xq Ñ Z by abuse of notation. Note that, even though the 
C˚-action on MpX, Gq does not induce a manageable action on RpX, Gq, its restriction to 
Z{2Z Ă C˚ induces an antiholomorphic action on RpX, Gq which is studied in [39], but 
we do not consider. In Theorem 10.3.3 we state that the variety of irreducible and simple 
representations RsspX, GqΓ which are fixed by Γ is contained in a union of images of mod
uli spaces RpY, Gθ 

0, ΓpY , τ, cq, and this union is contained in RpX, GqΓ. Particular cases of 
this theorem can be found in Sections 5.8 and 9.3. 

Fixed points in moduli spaces of Higgs pairs 

In the final Chapter 11 we consider finite group actions on moduli spaces of pG, V q-Higgs 
pairs, where now we are given an arbitrary representation ρ : G Ñ GLpV q. In this situ
ation the actions of AutpXq and C˚ still make sense, and the action of H1pX, Zq is well 
defined as long as Z is in the kernel of ρ —otherwise we may consider H1pX, Z X ker ρq

instead. However, we must replace OutpGq with the group OutpG, V q, which we de
fine next. Let GLGpV q be the subgroup of GLpV q ˆ AutpGq consisting of pairs pκ, θq

such that κ induces an isomorphism between ρ and ρ ˝ θ. We have a homomorphism 
ρG : G Ñ GLGpV q mapping g to pρpgq, Intgq, whose image ρGpGq is a normal sub
group of GLGpV q. Set OutpG, V q :“ GLGpV q{ρGpGq. Then the action of GLGpV q on 
MpX, G, V q such that pκ, θq sends pE, φq to pθpEq, κpφqq, where κpφq P H0pX, E ˆκ˝ρ 

V b KX q – H0pX, θpEq ˆρ V b KX q is the Higgs field induced by κ ´1, is a left ac
tion whose restriction to ρGpGq preserves the isomorphism class of pE, φq. Combining 
everything, we get a right action 

MpX, G, V q ý H1
pX, Zq ¸ pAutpXq ˆ OutpG, V qq ˆ C˚ . (1.0.6) 

Let Γ be a finite subgroup of (1.0.6). Projections on the second, third and fourth factors 
provide homomorphisms η, a and µ, and projection on the first factor provides a 1-cocycle 
α P Z1 pX, Zqq, where Γ acts on H1pX, Zq via η and the projection of a to OutpGq.a,ηpΓ, H1

The fixed point Theorems for moduli spaces of Higgs pairs are similar to those for Higgs 
bundles, but we have to replace lifts θ : Γ Ñ AutpGq with homomorphisms pκ, θq : Γ Ñ 
GLGpV q lifting a, the equivalence relation „ by conjugation by elements of ρGpGq, and 
the weight spaces gµ

θ with Vµ
κ . The analogues of Theorems A, B, C and D are Theorems 

11.3.4, 11.2.7, 11.2.8 and 11.4.5, respectively. 

Motivations and further developments 

We intend to apply our results to several settings in future work. For example, Atiyah–Bott
like fixed point theorems may be applied to study the topology of the moduli space. In this 
direction, Narasimhan–Ramanan [58] calculate the y-genus of the moduli space of vector 
bundles with rank and degree coprime and fixed determinant, showing in particular that 
the Euler characteristic and the signature vanish. Andersen [3] describes the simple fixed 
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point locus of a finite order automorphism η of X in the moduli space of G-bundles using 
twisted equivariant G-bundles, and applies this to the calculation of Witten–Reshetikhin– 
Turaev invariants of the mapping torus of η. The main obstruction to apply our formalism 
to moduli spaces of Higgs bundles is their non-compactness and non-smoothness. This 
may be overcome by restricting our attention to the cohomology of Hodge bundle subvari
eties, which are compact. Via localization, this may lead to results on the C˚-equivariant 
cohomology of the moduli space. 

Fixed point descriptions in terms of parabolic Higgs pairs have been achieved by Ander
sen–Grove [4] for vector bundles of rank 2 and Garcı́a-Prada–Wilkin [40] for arbitrary 
G. These rely on the correspondence between equivariant G-Higgs bundles and parabolic 
bundles. Extending this to twisted equivariant pairs would allow for generalizations of their 
results in our setting. 

An important motivation for this thesis is the identification of hyperkähler or Lagrangian 
subvarieties of MpX, Gq, which are the support of branes in the context of mirror symme
try and Langlands duality as introduced by Kapustin and Witten [52]. For example, if the 
projection of a finite subgroup Γ of (1.0.4) on C˚ is trivial, the smooth fixed point locus is 
hyperkähler and so it is the potential support of BBB-branes. However, if Γ has order 2 and 
the corresponding projection on C˚ is non-trivial, the smooth fixed point locus is the po
tential support of BAA-branes. We expect the Prym–Narasimhan–Ramanan construction 
to provide examples of fully equipped branes: this has been achieved by Franco–Gothen– 
Oliveira–Peón-Nieto [28] in the case of the action of finite cyclic subgroup of the Jacobian. 

Examples of BAA-branes corresponding to Upn, nq-Higgs bundles inside the moduli 
space of vector bundles of rank 2n, which are fixed points of multiplying the Higgs field 
by ´1, have been considered by Hitchin [50]. The conjectural mirrors have support over 
the subvariety of Spp2n, Cq-bundles. It would be interesting to consider a finite exten
sion of Spp2n, Cq instead, whose objects correspond by our theory to twisted equivariant 
Spp2n, Cq-Higgs bundles over certain étale covers of X . We could then study what happens 
on the Upn, nq side, and the compatibility mirror symmetry with the Prym–Narasimhan– 
Ramanan construction. 

There are no instances of supports for branes of type ABA and AAB in this thesis. Some 
of these arise from antiholomorphic involutions of G and X , which we plan to study in the 
future. Biswas–Calvo–Garcı́a-Prada [15] study real GR-Higgs bundles, which are the real 
version of twisted equivariant Higgs bundles. Other references are Baraglia–Schaposnik 
[8], Biswas–Garcı́a-Prada [16] and Biswas–Garcı́a-Prada–Hurtubise [17, 18, 19]. 

The realization of MpX, Gq as the Hitchin fibration [49] over a vector space is crucial 
in the study of its geometry. We expect our fixed point descriptions to be useful for the 
study of the Hitchin fibres of different fixed point subvarieties. Some references in this 
direction are Heller–Schaposnik [46], Schaffhauser [66] and Schaposnik [67]. 

We also plan to extend our fixed point description to parabolic Higgs bundles in future 
work. These correspond to representations of the fundamental group of punctured surfaces 
via non-abelian Hodge theory [72, 14]. The parabolic setup is geometrically richer and 
perhaps more natural from the physics point of view of mirror symmetry [44, 52]. 

Finally, our description of fixed points in moduli spaces of Higgs pairs may be applied 
to the study of fixed point subvarieties for Higgs bundles associated to real forms, which 
may lead to results on the topology of higher Teichmüller spaces [31]. 
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Chapter 2 

Higgs bundles on compact Riemann 
surfaces 

Higgs bundles are the main characters of our story. To introduce them we will need two 
ingredients: a compact Riemann surface X with canonical bundle KX and a reductive 
complex Lie group G with centre Z and Lie algebra g. For now we assume that G is 
connected, but we will study the case when G is non-connected in Section 4.4. 

2.1 Higgs pairs 
Let V be a complex vector space equipped with a holomorphic representation 

ρ : G Ñ GLpV q. 

Given a G-bundle over X , there is an associated vector bundle EpV q :“ E ˆρ V . 

Definition 2.1.1. A pG, V q-Higgs pair over X is a pair pE, φq, where E is a holomorphic 
principal G-bundle and φ is a section of EpV q b KX , called the Higgs field. Two pG, V q-
Higgs pairs pE, φq and pE 1, φ1q are isomorphic if there is an isomorphism f : E Ñ E 1 of 
G-bundles such that the induced isomorphism Epgq b KX Ñ E 1pgq b KX sends φ to φ1 . 

Remark 2.1.2. We may generalize the notion of pG, V q-Higgs pair by allowing tensoriza
tion by any line bundle L Ñ X (or even vector bundles, see [29]). The result is L-twisted 
Higgs pairs, which also appear naturally in the literature (see [21], for example). 

We recall the stability notions for pG, V q-Higgs pairs using the approach in [33]. Fix a 
maximal compact subgroup K of G with Lie algebra k. Choose a non-degenerate pairing 
x¨, ̈ y on g extending the Killing form of a Levi subgroup. Every element s P ik determines 
a parabolic subgroup Ps with Lie algebra ps of G, namely 

tsPs :“ tg P G | e ge ´ts remains bounded as t Ñ 8u. (2.1.1) 

If Ls is its Levi subgroup then Ks :“ K X Ls is a maximal compact subgroup of Ls and its 
inclusion in Ps is a homotopy equivalence. Now let E be a G-bundle with a holomorphic 
reduction τ P H0pX, EpG{Psqq, where EpG{Psq is the G{Ps-bundle associated to E via 
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the natural left action of G on G{Ps. We call Eτ to the corresponding Ps-bundle. Then there 
is a smooth reduction τ 1 P Ω0pX, Eτ {Ksq, and we may equip the corresponding Ks-bundle 
with a connection A with curvature FA. We define 

ż 
i 

deg Epτ, sq :“ χspFAq,	 (2.1.2)
2π X 

where χs is the image of s under the isomorphism g – g˚ induced by the non-degenerate 
pairing. 

For each s P ik we may also define 

tsVs :“ tv P V | ρpe qv remains bounded as t Ñ 8u and (2.1.3) 
V 0 

“ tv P V | lim ρpe tsqv “ vu.s 
tÑ8 

Given a reduction τ P H0pX, EpG{Psqq, we may define a sub-bundle EpV qτ,s :“ Eτ ˆPs 

Vs Ď EpV q. Given a further reduction τ 1 P H0pX, Eτ pPs{Lsqq, we also have a sub-bundle 
EpV qτ

0 
1,s :“ Eτ 1 ˆLs Vs 

0 Ď EpV qτ,s. 

Definition 2.1.3. Let ζ P izk, where zk is the centre of k. A pG, V q-Higgs pair pE, φq over 
X is: 

•	 ζ-semistable if deg Epτ, sq ě xz, sy for any s P ik and any reduction of structure 
group τ P H0pX, EpG{Psq b KX q such that φ P H0pX, EpV qτ,s b KX q. 

•	 ζ-stable if deg Epτ, sq ą xz, sy for any s P ik and any reduction of structure group 
τ P H0pX, EpG{Psqq such that φ P H0pX, EpV qτ,s b KX q. 

•	 ζ-polystable if it is ζ-semistable and, if deg Epτ, sq “ xz, sy for some s P ik and 
a reduction τ P H0pX, EpG{Psqq such that φ P H0pX, EpV qτ,s b KX q, there is 
a further holomorphic reduction of structure group τ 1 P H0pX, Eτ pPs{Lsqq with 
φ P H0pX, EpV q0 

τ 1 b KX q,s 

There is a moduli space Mζ pX, G, V q classifying isomorphism classes of ζ-polystable 
pG, V q-Higgs pairs [68]. Whenever ζ “ 0 we omit it from the notation. 

2.2 Moduli space of G-Higgs bundles 
When V “ g, the Lie algebra of G, and ρ “ Ad : G Ñ GLpgq is the adjoint repre
sentation, Definition 2.1.1 yields the notion of a G-Higgs bundle. We will sometimes 
denote the adjoint bundle Epgq by adpEq. A G-Higgs bundle pE, φq is said to be simple if 
AutpE, φq – Z where AutpE, φq is the group of Higgs bundle automorphisms of pE, φq

and Z Ă G is the centre of G. 

Remark 2.2.1. When G is classical we may regard a G-bundle as a vector bundle equipped 
with some extra structure. This is realized via extension of structure group by an embed
ding of G in GLpn, Cq, followed by taking the associated vector bundle. Similarly, in this 
context a G-Higgs bundle may be regarded as a pair pE, φq, where E is a vector bundle 
with some extra structure and φ is a section of EndpEq b KX . 
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Definition 2.1.3 yields ζ-(poly,semi)stability notions for G-Higgs bundles. Recall that ζ 
is a parameter in izk, where zk is the centre of a maximal compact subalgebra of g, and so it 
is trivial when G is semisimple. However, given a ζ-polystable G-Higgs bundle pE, φq, the 
parameter ζ is completely determined by the topology of E, according to [36]. Indeed, fix a 
volume form ω on X such that volpXq “ 1. For each K-invariant degree one homogeneous 
polynomial p : k Ñ C and any smooth reduction h P Ω0pX, E{Kq with Chern connection 

ş 
Ah and curvature Fh, we have a topological invariant ppFhq of E. The space of K

X 
invariant linear homogeneous polynomials coincides with the space of R-linear maps k Ñ 
C factoring through k{rk, ks – zk, hence it is isomorphic to z˚ 

k . We define µpEq to be the 
element of izk satisfying 

ż 
i 

ppµpEqq “ ppFhq. 
2π X 

The Hitchin equation (2.3.4) implies that µpEq “ ζ . 
According to the previous paragraph, we may say that a G-Higgs bundle is (poly,semi)

stable if it is so for the parameter ζ determined by its topology. We denote by Mζ pX, Gq

the moduli space of polystable G-Higgs bundles with topological class ζ , and by MpX, Gq

the whole moduli space of G-Higgs bundles. This is a complex quasi-projective algebraic 
variety. It is not smooth in general, and its smooth locus is usually the open subvariety 
consisting of stable and simple points, which we call MsspX, Gq. We will simply call this 
the smooth locus by abuse of notation. 
Remark 2.2.2. Let E be a G-bundle. Given a maximal compact subalgebra k Ă g, s P ik 
and τ P H0pX, EpG{Psqq, we have EpV qτ,s “ Eτ ppsq, the adjoint bundle of the Ps 
bundle Eτ determined by τ . Moreover, given a further reduction of structure group τ 1 P 
H0pX, Eτ pPs{Lsqq, we have EpV q0 

τ 1,s “ Eτ 1 plsq, the adjoint bundle of the Ls-bundle Eτ 1 

determined by τ 1. These are all ingredients involved in the definition of (poly,semi)stability. 
A very important tool to study MpX, Gq is the Hitchin fibration. This is a realization 

of MpX, Gq as a fibration over a vector space BpGq whose generic fibres are abelian 
varieties, making MpX, Gq an algebraic completely integrable system. For example, when 
G “ GLpn, Cq the vector space BpGq is equal to 

Àn H0pX, Kbk
q and the projection k“1 X 

MpX, Gq Ñ BpGq is given by taking ”characteristic polynomials” of the Higgs field, 
thought of locally as an endomorphism of a vector bundle. 

Another crucial feature of MpX, Gq is its hyperkähler structure. In other words, it has 
a natural symplectic structure ω and two anticommuting complex structures I and J such 
that both ωp¨, I¨q and ωp¨, J ¨q are Kähler metrics. The complex structure I is induced by 
the complex structure of the Riemann surface X , whereas J is induced by the complex 
structure of G. 

2.3 Non-abelian Hodge theory 
The moduli space of G-Higgs bundles is closedly related to the character variety of π1pXq

with values in G. The proof of this result involves two intermediate steps: the Hitchin– 
Kobayashi correspondence and the Donaldson–Corlette theorem. 

Let K Ă G be a maximal compact subgroup of G. Let pE, φq be a G-Higgs bundle on 
X . Let h be a reduction of structure group of E from G to K, and Fh be the curvature of the 
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Chern connection — the unique connection on E compatible with h and the holomorphic 
structure of E. Let σh : Ω

1,0pX, Epgqq Ñ Ω0,1pX, Epgqq be the C-antilinear map defined 
by the reduction h and the conjugation between p1, 0q- and p0, 1q-forms on X . Consider 
the Hitchin equation 

Fh ` rφ, σhpφqs “ ´i2πζω, (2.3.4) 

where ζ P izk and ω P Ω2pXq is a Kähler form on X with total volume one. One has the 
following (see [48, 71, 33]). 

Theorem 2.3.1. Let pE, φq be a G-Higgs bundle on X and let ζ P izk. Then pE, φq is 
ζ-polystable if and only if the G-bundle E admits a metric h satisfying (2.3.4). 

Remark 2.3.2. Let pE, φq be a GLpn, Cq-Higgs bundle, or the associated Higgs bundle of 
ş 

rank n. Equation (2.3.4) implies that 
2
i
π X tr Fh “ nz. The left hand side is the degree of 

E, a topological invariant, which means that z is completely determined by the topology of 
E. 

By a representation we mean a homomorphism ρ : π1pXq Ñ G. The set of all such 
homomorphisms, Hompπ1pXq, Gq, is an affine variety (this follows from the fact that G is 
linear algebraic, see [41]). The group G acts on Hompπ1pXq, Gq by conjugation 

g ¨ ρpγq :“ g ´1ρpγqg. 

for g P G, ρ P Hompπ1pXq, Gq and γ P π1pXq. The GIT quotient Hompπ1pXq, Gq / G 
is defined by restricting to the subspace Hom ` 

pπ1pXq, Gq of reductive representations: 
otherwise the quotient is not Hausdorff. A representation ρ P Hompπ1pXq, Gq is called 
irreducible if its stabilizer in G is equal to Z. It is reductive if its composition with the 
adjoint representation of G in g is a direct sum of irreducible representations, i.e. repre
sentations which are the compositions of irreducible representations π1pXq Ñ G with the 
adjoint representation. We define the character variety to be the orbit space 

RpX, Gq :“ Hom ` 
pπ1pXq, Gq{G “ Hompπ1pXq, Gq / G. 

This is an affine algebraic variety, since Hompπ1pXq, Gq is affine (see [61] or [65]). 
Let pE, φq be a G-Higgs bundle. By Theorem 2.3.1 the polystability of pE, φq is equiv

alent to a reduction h satisfying the Hitchin equation with z “ 0. A simple computation 
shows that if ∇h is the Chern connection of h, 

D “ ∇h ` φ ´ σhpφq 

is a flat connection on the G-bundle E. Moreover, its holonomy defines a reductive repre
sentation of π1pXq in G. By a theorem of Donaldson [26] and Corlette [24], all reductive 
representations ρ : π1pXq Ñ G arise in this way. More concretely one has the non-abelian 
Hodge correspondence given by the following. 

Theorem 2.3.3 (Non-abelian Hodge correspondence). Let G be a reductive complex Lie 
group. There is a real analytic isomorphism M0pX, Gq – RpX, Gq between the moduli 
space of topologically trivial polystable G-Higgs bundles and the character variety of G. 
Under this isomorphism, the irreducible representations are in correspondence with the 
stable and simple G-Higgs bundles. 
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Remark 2.3.4. When the underlying topological G-bundle is not trivial, there is also a 
version of Theorem 2.3.3 involving representations of the universal central extension of 
π1pXq (see [59] for a version with zero Higgs field). 

2.4 Group actions on the moduli space of G-Higgs bundles 
Let pE, φq be a G-Higgs bundle. An automorphism θ of G provides another G-Higgs 
bundle pθpEq, θpφqq, as follows: the bundle θpEq is the holomorphic principal G-bundle 
with total space E and G-action 

E ˆ G Ñ E; pe, gq ÞÑ eθ ´1
pgq, 

where we have written the action of G on E by adjoining elements of G on the right. 
Alternatively, this is just the G-bundle obtained from E by the extension of structure group 
induced by θ. If φ is locally equal to pe, vq b k for some v P g and local sections e and k of 
E and KX respectively, θpφq is locally equal to pe, θpvqq b k. This is well defined, since 

peg, θpAdg ́ 1 vqq “ peθ ´1
pθpgqq, Adθpg ́ 1q θpvqq

“ pe ¨ θpgq, Adθpg ́ 1q θpvqq

“ pe, θpvqq 

for each g P G, where the presence or absence of the dot denotes the G-action on θpEq or 
E respectively. 

Note that this defines a left action of AutpGq on the set of G-Higgs bundles. We some
times write θpE, φq instead of pθpEq, θpφqq. 

Recall that IntpGq is the group of inner automorphisms of G. There is a surjection 

Int : G Ñ IntpGq; g ÞÑ Intg, 

with kernel equal to Z, the centre of G. The quotient OutpGq :“ AutpGq{ IntpGq is the 
group of outer automorphisms of G. The natural left action of AutpGq induces a right 
action of OutpGq on the set of isomorphism classes of G-Higgs bundles as follows: given 
a class a P OutpGq “ AutpGq{ IntpGq, we may choose a representative θ in AutpGq and 
consider the automorphism of the set of G-Higgs bundles sending pE, φq to θ ´1pE, φq. 
The isomorphism class of θ ´1pE, φq is independent of the choice of θ, since pE, φq is 
isomorphic to IntspE, φq for every s P G: an isomorphism is multiplication by s, since 

egs “ es Int ´1
pgqs 

for each e P E and g P G. 
We also have an action of the group of Z-bundles H1pX, Zq over X on the set of 

isomorphism classes of G-Higgs bundles: let α P H1pX, Zq and a G-Higgs bundle pE, φq. 
Construct the fibre product E ˆX α with respect to X , which is associated to the pullback 
diagramme 

EE ˆX α 
. 

α X 
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There is a Z-action on E ˆX α, such that z P Z sends pe, aq P E ˆ α to pez, az ´1q, 
so we set E b α :“ pE ˆX αq{Z. When equipped with the right G-action given on the 
left factor E, this is a G-bundle over X whose isomorphism class only depends on the 
isomorphism classes of E and α. Since the adjoint action of Z on g is trivial we have 
pE b αq ˆAd g “ E ˆAd g, so that φ may also be regarded as a section of Epgq b KX . 
This defines an action of H1pX, Zq on the set of isomorphism classes of G-bundles which 
is both right and left, since H1pX, Zq is abelian. 

Finally, there is an action of the group of complex automorphisms AutpXq of X given 
by pullback and an action of C˚ given by multiplying the Higgs field. The first one is a 
right action and the second one is right and left, since C˚ is abelian. 

Given elements α and α1 in H1pX, Zq, a and a1 in OutpGq, η and η1 P AutpXq and µ 
and µ1 in C˚, together with a G-Higgs bundle pE, φq over X , we have 

pη1˚θ1´1
pη˚θ ´1

pE b αq b α1
q, µ 1µθ1´1θ ´1

pφqq “ 

ppηη1
q

˚
pθθ1

q ´1
pE b α b η˚´1 apα1

qq, µ 1 µpθθ1
q ´1

pφqq, 

where θ and θ1 are elements of AutpGq lifting a and a1 respectively. Therefore, the three 
actions fit together to provide a right action of the group H1pX, Zq¸pOutpGqˆAutpXqqˆ 
C˚ on the set of isomorphism classes of G-Higgs bundles on X , where the left action of 
OutpGq ˆ AutpXq on H1pX, Zq which defines the semidirect product is given by 

pOutpGq ˆ AutpXqq ˆ H1
pX, Zq Ñ H1

pX, Zq; ppa, ηq, αq ÞÑ η˚´1 apαq. 

Here we are directly writing apαq, which is well defined even at the level of Z-bundles 
themselves because IntpGq acts trivially on Z. Explicitly, pα, a, η, µq P H1pX, Zq ¸ 
pOutpGq ˆ AutpXqq ˆ C˚ sends pE, φq to pη˚θ ´1pE b αq, µφq, where θ P AutpGq lifts 
a. Since this action preserves (ζ-)(poly)stability and simplicity it induces an action on 
MpX, Gq which restricts to the locus of simple and stable points MsspX, Gq. 

Remark 2.4.1. The restriction of the action of H1pX, Zq ¸ pOutpGq ˆ AutpXqq ˆ C˚ to 
H1pX, Zq ¸ OutpGq ˆ C˚ does not coincide with the action considered in [39]. Indeed, 
we have defined a right action such that pα, a, µq P H1pX, Zq ¸ OutpGq ˆ C˚ sends each 
Higgs bundle pE, φq to pθ ´1pE b αq, µθ ´1pφqq for any lift θ P AutpGq of a, whereas the 
action in [39] is on the left and sends pE, φq to pθpEq b α, µθpφqq. The reason is that we 
want all the group actions to be on the right, including the action of G on G-bundles. 

Remark 2.4.2. It is important to notice that, given an isomorphism of G-Higgs bundles 

f : pE, φq Ñ pF, ψq 

and an element pα, θ, η, µq P H1pX, Zq ¸ pAutpGq ˆ AutpXqq ˆ C˚, we may define an 
induced isomorphism 

η˚f b Id : η˚θ ´1
pE b α, µφq Ñ η˚θ ´1

pF b α, µψq 

via the natural biholomorphisms between E and θ ´1pEq, and F and θ ´1pF q. 
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Chapter 3 

Twisted equivariant bundles 

To present the Prym–Narasimhan–Ramanan construction in its full generality we need to 
go one step further and consider G-Higgs bundles equipped with a certain type of twisted 
action of a group of automorphisms of the curve. The theory of twisted equivariant bundles 
is developed in a joint paper with Garcı́a-Prada, Gothen and Mundet i Riera [10]. 

3.1 Twisted equivariant actions 
Let G be a connected reductive complex Lie group. Fix a finite group Γ and a homomor
phism a : Γ Ñ OutpGq. 

Definition 3.1.1. A 2-cochain c P C2pΓ, Zq is a map a 

c : Γ ˆ Γ Ñ Z 

which satisfies cpγ, 1q “ cp1, γq “ 1 for all γ P Γ. The set of 2-cochains inherits a group 
multiplication from Z. The subgroup Z2pΓ, Zq of 2-cocycles consists of those c whicha 

satisfy the cocycle condition 

aγ pcpγ
1, γ2

qqcpγ, γ1γ2
q “ cpγ, γ1

qcpγγ1, γ2
q (3.1.1) 

for γ, γ1, γ2 P Γ. 

By [70] there exists a lift OutpGq Ñ AutpGq of the natural quotient, hence in particular 
we have a homomorphism θ : Γ Ñ AutpGq fitting in the commutative diagramme 

AutpGq OutpGq 
. (3.1.2)a 

θ 

Γ
 

We will sometimes write Zθ 
2pΓ, Zq instead of Z2pΓ, Zq.a 
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Definition 3.1.2. Let M be a smooth (complex) manifold equipped with a smooth (holo
morphic) right G-action. A pθ, cq-twisted right action of Γ on M is a choice of a smooth 
(complex) automorphism of M for each γ P Γ, which we denote ‚ ¨ γ, satisfying: 

pmgq ¨ γ “ pm ¨ γqθ ´1
pgq and pm ¨ γq ¨ γ1 

“ pmcpγ, γ1
qq ¨ pγγ1

q (3.1.3)γ 

for every m P M , g P G and γ and γ1 P Γ. We are sometimes interested in looking at 
the pair consisting of the G-action and the twisted Γ-action, which we call a pθ, cq-twisted 
right pG, Γq-action on M . 

Now fix a right holomorphic action of Γ on a complex manifold X . 

Definition 3.1.3. Let E be a holomorphic principal G-bundle over X . A pθ, cq-twisted 
Γ-equivariant right structure/action on E is a pθ, cq-twisted right action of Γ on E de
scending to the action of Γ on X , i.e. fitting in the commutative diagramme 

¨γ 
E E 

¨γ 
X X 

for each γ P Γ. The pair pE, ̈ q is called a pθ, cq-twisted Γ-equivariant G-bundle. When 
it is clear from the context we will omit ¨ from the notation. 

A morphism between pθ, cq-twisted Γ-equivariant G-bundles over X is a Γ-equivariant 
homomorphism of G-bundles. Sometimes we call this a pθ, cq-twisted Γ-equivariant mor
phism, or just a Γ-equivariant morphism. 

Given a pθ, cq-twisted Γ-equivariant G-bundle E over X and an element γ in the centre 
ZpΓq, there is an induced pθ, cq-twisted Γ-equivariant structure on γ˚E so that each γ1 P Γ 
sends γ˚e P γ˚E to γ˚pe¨γ1q. This descends to the action of Γ on X , since γ commutes with 
γ1. We define a ZpΓq-isomorphism between two twisted equivariant bundles E and E 1 to 
be a Γ-equivariant isomorphism of G bundles E Ñ γ˚E 1 for some γ P ZpΓq. Equivalently, 
this is a map f : E Ñ E 1 of complex manifolds fitting in the commutative diagramme 

f
E ÝÝÝÑ E 1 

§

§

§

§

đ đ 
¨γ

X ÝÝÝÑ X 

for some γ P ZpΓq. To distinguish between isomorphisms as defined earlier and ZpΓq
isomorphisms we sometimes call the former ones fibre-preserving isomorphisms. 

The rest of this section is a discussion on how the choice of the lift θ of a : Γ Ñ 
OutpGq affects the category of pθ, cq-twisted Γ-equivariant G-bundles. First we follow 
[39] to describe the different equivalence classes of lifts of a : Γ Ñ OutpGq to AutpGq in 
terms of non-abelian cohomology. 
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Definition 3.1.4. Let Γ be a group and A another group acted upon by Γ via a homomor
phism θ : Γ Ñ AutpAq, that is, every γ P Γ defines an automorphism of A that we denote 
by θγ . We define a 1-cocycle of Γ in A as a map γ ÞÑ aγ of Γ to A such that 

aγγ1 “ aγ θγ paγ1 q for γ, γ1 
P Γ. (3.1.4) 

The set of cocycles is denoted by Zθ 
1pΓ, Aq. Two cocycles a, a1 P Zθ 

1pΓ, Aq are said to be 
cohomologous if there is b P A such that 

1 
“ b ´1 aγ aγ θγ pbq. (3.1.5) 

This is an equivalence relation in Zθ 
1pΓ, Aq and the quotient is denoted by Hθ 

1pΓ, Aq. This 
is the first cohomology set of Γ in A. 

Coming back to our problem, let Sa be the set of lifts θ : Γ Ñ AutpGq of a : Γ Ñ 
OutpGq. By [70] this is non-empty. If we fix one element in θ P Sa then every other lift θ1 

is equal to βθ for some map β : Γ Ñ IntpGq. For every γ and γ1 P Γ we have 

“ θ1 
“ θ1 θ1βγγ1 θγγ1 γγ1 γ γ1 “ βγ θγ βγ1 θγ1 “ βγ θγ pβγ1 qθγγ1 . 

Comparing the first and last terms we conclude that β P Zθ 
1pΓ, IntpGqq, where by abuse of 

notation we regard θ as an automorphism of IntpGq. Conversely, such a 1-cocycle provides 
a lift. 

Since IntpGq is a normal subgroup of AutpGq, its conjugation action on AutpGq pre
serves the set of lifts of a. It is straightforward to check that this action induces the action 
of IntpGq on Zθ 

1pΓ, IntpGqq given by Definition 3.1.4. Thus we conclude: 

Lemma 3.1.5. Given a lift θ of a, there is a IntpGq-equivariant bijection 

tLifts of au Ø Zθ 
1
pΓ, IntpGqq; βθ ÞÑ β, (3.1.6) 

where the action on the left hand side is given by conjugation and the action on the right 
hand side is given by (3.1.5). In particular, it induces a bijection 

tLifts of au{ IntpGq Ø Hθ 
1
pΓ, IntpGqq. (3.1.7) 

Thus, given another homomorphism θ1 : Γ Ñ AutpGq lifting a, there exists a map 
s : Γ Ñ G such that Ints P Zθ 

1pΓ, IntpGqq and θ1 “ Ints θ. Here Ints is the homomorphism 
of Γ to IntpGq defined by pIntsqγ “ Intsγ . We may assume that sp1q “ 1. Since IntpGq

acts trivially on Z, there is a natural identification Zθ 
2pΓ, Zq – Zθ

2 
1 pΓ, Zq and so we talk 

about 2-cocycles as elements in any of these sets indistinctly. We may define a map 

cs : Γ ˆ Γ Ñ Z; pγ, γ1
q ÞÑ sγ θγ psγ1 qs ´1 (3.1.8)γγ1 . 

This is in fact a 2-cocycle, since 
´1 ´1θγ pcspγ

1, γ2
qqcspγ, γ

1γ2
q “ θγ psγ1 θγ1 psγ2 qsγ1γ2 qsγ θγ psγ1γ2 qs (3.1.9)γγ1γ2 

´1 ´1
“ θγ psγ1 θγ1 psγ2 qsγ1γ2 qθγ psγ1γ2 qsγγ1γ2 sγ 

´1
“ θγ psγ1 qθγγ1 psγ2 qsγγ1γ2 sγ 

´1 ´1
“ sγ θγ psγ1 qsγγ1 sγγ1 θγγ1 psγ2 qsγγ1γ2 

“ cspγ, γ
1
qcspγγ

1, γ2
q, 

44
 



and 
´1 ´1 cspγ, 1q “ sγ θγ psp1qqs “ 1 “ sp1qθ1psγ qs “ csp1, γq.γ γ 

Thus the product ccs is also a 2-cocycle. 

Remark 3.1.6. In (3.1.9) we have used that, given two elements a, b P G such that ab P Z, 
we have ab “ ba, since b ´1ab “ ab ´1b “ a. This fact is applied in the second and fourth 
equations. 

We have the following: 

Proposition 3.1.7 (Proposition 2.15 in [10]). Let s : Γ Ñ IntpGq be a map such that 
Ints P Zθ 

1pΓ, IntpGqq. Let Cpθ, cq be the category of pθ, cq-twisted Γ-equivariant G-bundles. 
Then the categories Cpθ, cq and CpInts θ, ccsq are equivalent. 

Proof. Set θ1 :“ Ints θ as above. Let pE, ̈ q be a pθ, cq-twisted Γ-equivariant G-bundle. We 
have a natural choice of pθ1, ccsq-twisted Γ-equivariant action on E, namely 

E ˆ Γ Ñ E; pe, γq ÞÑ e ˚ γ :“ esγ ¨ γ. (3.1.10) 

This satisfies Definition 3.1.2: 

´1 ´1
pegq ˚ γ “ pesγ s gsγ q ¨ γ “ pesγ q ¨ γθ ´1

ps gsγ q “ e ˚ γθ1´1
pgqγ γ γ γ 

and 

pe ˚ γq ˚ γ1 
“ pesγ ¨ γqsγ1 ¨ γ1 

“ ppe ¨ γq ¨ γ1
qθ ´1 

psγ1 qγγ1 psγ qθγ
´

1 
1 

“ ppecpγ, γ1
qq ¨ γγ1

qθ ´1 
γγ1 psγ θγ psγ1 qq 

qθ ´1
“ ppecpγ, γ1

qq ¨ γγ1
γγ1 pcspγ, γ

1
qsγγ1 q

“ pecpγ, γ1
qcspγ, γ

1
qsγγ1 q ¨ γγ1 

“ pecpγ, γ1
qcspγ, γ

1
qq ˚ γγ1 

for each g P G, γ, γ1 P Γ and e P E. 
A pθ, cq-twisted Γ-equivariant morphism of G-bundles f : E Ñ E 1 is also pθ1, ccsq

twisted Γ-equivariant. Indeed, we have 

fpe ˚ γq “ fpesγ ¨ γq “ fpe ¨ γqθ ´1
psγ q “ fpeq ¨ γθ ´1

psγ q “ fpeqsγ ¨ γ “ fpeq ˚ γγ γ 

for each e P E and γ P Γ. 
Finally it is clear that the functor is invertible, namely we get the action ¨ by composing 

the action ˚ with multiplication by sp‚q ´1 . 

We may focus our attention on the ambigüity concerning the 2-cocycle c: two 2
cocycles c and c1 P Z2pΓ, Zq are cohomologous if there exists a map s : Γ Ñ Z sucha 

that 
1 ´1 c pγ, γ1

q “ cpγ, γ1
qsγγ1 sγ θγ psγ1 q (3.1.11) 

for each γ and γ1 P Γ. We define the second Galois cohomology group H2pΓ, Zq to be a 

the set of equivalence classes, equipped with the group structure inherited from Z. 
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Corollary 3.1.8. If c and c1 are cohomologous, there is an equivalence of categories be
tween Cpθ, cq and Cpθ, c1q. 

Proof.	 Note that ccs “ c1 and Ints “ 1, so that Ints θ “ θ. Hence we may use Proposition 
3.1.7. 

3.2	 Non-connected groups and twisted equivariant struc
tures 

There is a very explicit relation between principal bundles with non-connected structure 
group and twisted equivariant bundles which is crucial in our Prym–Narasimhan–Ramanan 
construction and we explain next, following [10, Section 4]. Let G0 be the connected 
component of a (not necessarily connected) reductive complex Lie group G, Z the centre 
of G0 and Γ :“ G{G0. We have a short exact sequence 

1 Ñ G0 Ñ G Ñ Γ Ñ 1,	 (3.2.12) 

making G an extension of G0 by Γ. Let a : Γ Ñ OutpG0q be the characteristic homomor
phism of (3.2.12) and take a lift θ : Γ Ñ AutpG0q. 

Proposition 3.2.1. The multiplication 

pG0 ˆ Γq ˆ pG0 ˆ Γq Ñ G0 ˆ Γ; rpg, γq, pg 1, γ1
qs ÞÑ pgθγ pg 

1
qcpγ, γ1

q, γγ1
q (3.2.13) 

is associative if and only if c P Za 
2pΓ, Zq. Consequently, if c is a 2-cocycle then (3.2.13) 

defines a group multiplication. 

Proof.	 We have 

rpg, γqpg 1, γ1
qspg 2, γ2

q “ pcpγ, γ1
qgθγ pg 

1
q, γγ1

qpg 2, γ2
q

“ pcpγ, γ1
qcpγγ1, γ2

qgθγ pg 
1
qθγγ1 pg 2q, γγ1γ2

q 

and 

pg, γqrpg 1, γ1
qpg 2, γ2

qs “ pg, γqpcpγ1, γ2
qg 1θγ1 pg 2q, γ1γ2

q

“ pcpγ, γ1γ2
qθγ pcpγ

1, γ2
qqgθγ pg 

1
qθγγ1 pg 2q, γγ1γ2

q. 

Thus the product is associative if and only if (3.1.1) holds, as required. 
Now assume that c is a 2-cocycle. It is easy to see that p1, 1q is a neutral element for the 

multiplication, so in order to end the proof of the proposition it is left to show existence of 
inverses. We check that the inverse of pg, γq is pcpγ ´1, γq ´1θ ´1pgq ´1, γ ´1q for each g P G0γ 

and γ P Γ: 

´1θ ´1 ´1θ ´1 ´1θ ´1
pcpγ ´1, γq pgq ´1, γ ´1

qpg, γq “ pcpγ ´1, γq γ pgq γ pgqcpγ ´1, γq, γ ´1γq “ p1, 1qγ 

and 

´1θ ´1	 ´1
pg, γqpcpγ ´1, γq pgq ´1, γ ´1

q “ pgg cpγ, γ ´1
qθγ pcpγ ´1, γqq ´1, γγ ´1

q “ p1, 1q,γ 
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where the last equation follows from 

p3.1.1q
θγ pcpγ ´1, γqq “ θγ pcpγ ´1, γqqcpγ, 1q “ cpγ, γ ´1

qcp1, γq “ cpγ, γ ´1
q. 

Definition 3.2.2. Given a 2-cocycle c, we define the pθ, cq-twisted product of G0 by Γ, 
written G0 ˆpθ,cq Γ, to be the group which is equal to G0 ˆ Γ as a set and has multiplication 
(3.2.13). 

Recall that there is an equivalence relation on the set of extensions of G0 by Γ making 
another extension G1 equivalent to G if and only if there is an isomorphism G – G1 fitting 
in a commutative diagramme 

1 G Γ 1G0 

“–“

G11 Γ 1.G0 

Proposition 3.2.3. There exists a 2-cocycle c P Z2pΓ, Zq such that the extensions of G0a 

given by G and G0 ˆpθ,cq Γ are equivalent. 

Proof. Take a section t : Γ Ñ G of (3.2.12) whose composition with the natural homo
morphism G Ñ IntpGq restricts to θ. Every g P G can be uniquely written in the form 
g0tγ , where γ is the connected component where g lies and g0 P G0. This determines a 
map G Ñ G0 ˆ Γ. Let c : Γ ˆ Γ Ñ Z be the map satisfying tγ tγ1 “ cpγ, γ1qtγγ1 . It is 
straightforward to check that the group multiplication of G induces the product (3.2.13) 
on G0 ˆ Γ, which is therefore a group multiplication, and we have an isomorphism of 
extensions G – G0 ˆpθ,cq Γ. In particular associativity of the group multiplication of G 
implies the associativity of (3.2.13), which in turn implies that c P Z2pΓ, Zq by Proposition a 

3.2.1. 

Choose a 2-cocycle c as in Proposition 3.2.3. Slightly abusing notation, we consider 
the groups G and G0 ˆpθ,cq Γ to be equal. 

Proposition 3.2.4 (Proposition 2.7 in [10]). There is a bijective correspondence between 
holomorphic right G-actions on a complex manifold M and pθ, cq-twisted right pG0, Γq
actions on M (Definition 3.1.2), given as follows: 

•	 Given an action of G on M , the action of the subgroup G0 Ď G on M is defined by 
restriction, and the automorphism determined by γ P Γ on M is defined to be the one 
given by p1, γq P G. 

• Given a pθ, cq-twisted pG, Γq-action on M , we define the G-action on M by 

m ¨ pg, γq “ pm ¨ gq ¨ γ. 
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Proof. Suppose we have an action of G on M . We check the conditions of Definition 3.1.2 
with the given actions of G0 and Γ. Let g P G0 and γ, γ1, γ2 P Γ. Then we have identities 
in G, 

pg, 1qp1, γq “ pg, γq “ p1, γqpθγ 
´1

pgq, 1q and 

p1, γ1
qp1, γ2

q “ pcpγ1, γ2
q, γ1γ2

q “ pcpγ1, γ2
q, 1qp1, γ1γ2

q, 

which show that (3.1.3) is satisfied. 
Conversely, suppose we have a pG0, Γq-twisted action on M , and define the action of G 

as in the statement of the proposition (it is worth noting that this definition is forced upon 
us by the identity pg, γq “ pg, 1qp1, γq). We must check that this in fact defines an honest 
G-action. In the case of a left action we have, for g, g1 P G and γ, γ1 P Γ: 

pm ¨ pg, γqq ¨ pg 1, γ1
q “ ppm ¨ gq ¨ γq ¨ pg 1, γ1

q

“ pppm ¨ gq ¨ γq ¨ g 1q ¨ γ1 

“ ppm ¨ gθγ pg 
1
qq ¨ γq ¨ γ1 

“ ppm ¨ gθγ pg 
1
qcpγ, γ1

qq ¨ pγγ1
q

“ m ¨ pgθγ pg 
1
qcpγ, γ1

q, γγ1
q

“ m ¨ ppg, γqpg 1, γ1
qq, 

as required. 

Let E be a G-bundle over X and set pY : Y :“ E{G0 Ñ X , which is a principal 
Γ-bundle over X . Assume that the total space of Y is connected or, equivalently, that E is 
connected. Then Y is an ´ The pullback F :“ p˚ Eetale cover of X with Galois group Γ. Y 

has a reduction of structure group F to G0 given by the tautological section of F {G0 – 
pY 

˚ pE{G0q. Regarded as a G0-bundle over Y , F is isomorphic to E Ñ E{G0 – Y. Since the 
total spaces of F and E are equal, we have a holomorphic G-action on F . By Proposition 
3.2.4 this provides a right G0-action (making it a holomorphic G0-bundle over Y ) and a 
pθ, cq-twisted Γ-action. The action of Γ is given by the restriction of the action of G to 
the subset tp1, γquγPΓ Ă G, which descends to the natural Γ “ GalpY {Xq-action on Y . 
Hence F inherits a (θ, c)-twisted Γ-equivariant structure. Conversely, given a pθ, cq-twisted 
Γ-equivariant G0-bundle F on Y , the G-action on the total space of F given by Proposition 
3.2.4 provides a holomorphic G-bundle E over X. 

Definition 3.2.5. We denote by C1 the category whose 

• objects are pθ, cq-twisted Γ-equivariant principal G0-bundles E Ñ Y such that the 
twisted Γ-action descends to the action of Γ as covering transformations of the fixed 
Γ-covering E{G0 – Y Ñ X , and whose 

•	 morphisms are ZpΓq-isomorphisms of twisted equivariant bundles, i.e. holomorphic 
maps f : E Ñ E1 both G and Γ-equivariant such that the diagramme 

f
E ÝÝÝÑ E 1 

§

§

§

§

đ đ 

f̄
Y ÝÝÝÑ Y 
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¯commutes and the induced map f : Y Ñ Y is a covering transformation which be
longs to ZpΓq. 

We denote by C2 the category whose 

•	 objects are principal G-bundles on X such that there is an isomorphism E{G0 – Y 
covering the identity on X and whose 

•	 morphisms are morphisms of principal G-bundles. 

Summing up, we get the following. 

Proposition 3.2.6 (Proposition 4.5 in [10]). The categories C1 and C2 are equivalent. 

Proof. It is left to define the corresponding functor on morphisms. An isomorphism of G
bundles E – E 1 over X induces an isomorphism of Γ-bundles E{G0 – E 1{G0. This is just 
an automorphism of Y over the identity on X that commutes with the action of the Galois 
group, i.e. an element of ZpΓq. This shows that the induced map of twisted equivariant 
G0-bundles over Y , which is G0-equivariant (since it is G-equivariant) covers an element 
of ZpΓq. Conversely, a morphism of twisted equivariant G0-bundles over Y which covers 
an element of ZpΓq is both G0 and Γ-equivariant as a map of G-bundles, thus it induces an 
isomorphism of G-bundles over X as required. 

Remark 3.2.7. Note that the equivalence of categories is not true if we replace the cat
egory of twisted equivariant bundles with ZpΓq-isomorphisms with the subcategory of 
twisted equivariant bundles with fibre-preserving morphisms, since an automorphism of 
a G-bundle E on X may not induce the identity on E{G0. 

3.3 Twisted equivariant bundles and monodromy 
Proposition 3.2.6 assumes the G-bundle E to be connected, which may be too restrictive. 
We would like to consider the interaction between general G-bundles and twisted equivari
ant G0-bundles. 

Let E Ñ X be a principal G-bundle (we do not assume that E is connected this time). 
We obtain a principal Γ-bundle 

Y :“ E{G0 Ñ X, 

where the Γ “ G{G0-action is induced by the G-action. Since Γ is discrete, Y is a (possibly 
non-connected) étale cover of X with covering group Γ which we call p : Y Ñ X . Notice 
that Γ acts on Y on the right. Write 

p̃ : E Ñ Y “ E{G0	 (3.3.14) 

–for the quotient map. Since G0 is connected, p̃ induces an isomorphism π0E ÝÑ π0Y . 
Choose compatible base points in X and Y . Fundamental groups will be taken with 

respect to these base points and can be identified with the corresponding covering groups 
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of the (common) universal covering of X and Y . Let Y 1 be the connected component of Y 
containing the base point. The Γ-action on Y induces a Γ-action on π0Y . Let Γ1 Ď Γ be the 
kernel of the corresponding homomorphism Γ Ñ Autpπ0Y q. Then Y 1 Ñ X is a connected 
Γ1-covering. Moreover, we have the exact sequence 

w
1 Ñ π1Y 1 Ñ π1pXq ÝÑ Γ1 

Ñ 1. 

˜Identifying π1pXq with the covering group of the universal covering X Ñ X , the mon
˜odromy w : π1pXq Ñ Γ1 takes a covering transformation of X Ñ X to the induced cov

ering transformation of Y 1 Ñ X . Equivalently, if rαs P π1pXq, then wprαsq P Γ1 is the 
unique element relating the endpoints of the lift of the loop α starting at the base point of 
Y 1. We shall sometimes refer to w : π1pXq Ñ Γ1 Ă Γ as the monodromy of the G-bundle 
E Ñ X and to Γ1 as the monodromy group of E. 

Proposition 3.3.1. Let E Ñ X be a principal G-bundle with monodromy w : π1pXq Ñ 
Γ1 Ď Γ. Then E admits a reduction of structure group to G1 Ď G, where G1 :“ G0 ˆθ,c Γ

1 

is defined by restricting θ and c to Γ1 . Moreover, the total space of the corresponding G1
bundle E 1 Ď E is connected, and Y 1 “ E 1{G0 Ñ X is a connected Γ1-covering with 
surjective monodromy w : π1pXq Ñ Γ1 . 

Proof. Let E1 “ p̃´1pY q, where p̃ was defined in (3.3.14). Then E 1 is connected and, by 
construction, the G-action on E restricts to a G1-action on E 1 which makes E 1 Ñ X into a 
principal G1-bundle. 

We have the following immediate corollary. 

Corollary 3.3.2. Let E Ñ X be a principal G-bundle. Then E admits a reduction to the 
connected component of the identity G0 Ď G if and only if its monodromy is trivial. 

Let H1pX, Gq and H1pY 1, G0, Γ1, θ, cq denote the sets of isomorphism classes of G
bundles over X and pθ, cq-twisted Γ1-equivariant G0-bundles over Y 1, respectively. 

Proposition 3.3.3. Let ZΓpΓ1q be the centralizer of Γ1 in Γ. There is a natural action 
of ZΓpΓ1q on H1pY 1, G0, Γ1, θ, cq on the left given as follows: take a pθ, cq-twisted Γ1
equivariant G0-bundle pE, ̈ q over Y 1 and an element z P ZΓpΓ1q. 

• We have another G0-bundle θzpEq given by extension of structure group (see Section 
2.4. 

• There is a natural pθ, cq-twisted Γ1-action on θzpEq given by 

´1 ´1 e ˚ γ :“ recpz , zq cpz ´1, γqcpz ´1γ, zqs ¨ γ. (3.3.15) 

This induces an action of ZΓpΓ1q on the set of isomorphism classes H1pX, G1qY 1 of G1
bundles E 1 such that E 1{G0 – Y 1 via Proposition 3.2.6, which is just extension of structure 
group by Intp1,zq for each z P ZΓpΓ1q. 
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Proof. Probably the best way to think of the seemingly random formula (3.3.15) is to take 
the G1 :“ G0 ˆθ,c Γ

1-bundle EG1 over X associated to E according to Proposition 3.2.6, 
and then define an alternative G1-action by 

EG1 ˆ G1 
Ñ EG1 ; pe, pg, γqq ÞÑ e ˚ pg, γq :“ ep1, zq ´1

pg, γqp1, zq, (3.3.16) 

i.e. consider the extension of structure group Intp1,zqpEG1 q. Recall that the total space of 
EG1 and E are the same. The restriction of the action to G0 is then given by 

e ˚ g “ ep1, zq ´1 gp1, zq “ eθ ´1
pgqz 

for each e P EG1 and g P G0, which is precisely the G0-action on the total space of the 
underlying G0-bundle E defining the action of G0 on θzpEq. Definition (3.3.15) for the 
action of Γ1 on θzpEq is equivalent to the Γ1-action given by restriction of (3.3.16), since 

´1 ´1 ´1 ´1
p1, zq p1, γqp1, zq “ pcpz , zq , z qp1, γqp1, zq

´1 ´1
“ pcpz , zq cpz ´1, γq, z ´1γqp1, zq

´1 ´1
“ pcpz , zq cpz ´1, γqcpz ´1γ, zq, z ´1γzq

´1 ´1
“ pcpz , zq cpz ´1, γqcpz ´1γ, zq, γq, 

where the last equation follows from the fact that z commutes with every element of Γ1 . 
Thus the pair consisting of the G0-action and the Γ1-action (3.3.15) on E is equivalent to 
the natural G1-action on Intp1,zqpEG1 q by the construction of Proposition 3.2.4. The same 
proposition implies that (3.3.15) defines a pθ, cq-twisted action. 

Theorem 3.3.4. Let Y P H1pX, Γq with monodromy group Γ1 and corresponding con
nected component Y 1, and denote by H1pX, GqY the set of isomorphism classes of G
bundles E over X such that E{G0 – Y . We have a bijection 

H1
Ñ H1

pY 1, G0, Γ
1, θ, cq{ZΓpΓ1

q Ý
„

pX, GqY , (3.3.17) 

where ZΓpΓ1q is the centralizer of Γ1 in Γ, which acts on H1pY, G0, Γ1, θ, cq as in Propo
sition 3.3.3. The bijection is given by Proposition 3.2.6 and extension of structure group 
from G1 to G. 

Proof. Given a G-bundle EG over X such that EG{G0 – Y , take a connected component 
Y 1E Ă EG such that E{G0 – . Then E is a reduction of structure group to G1, and so 

surjectivity follows by Proposition 3.2.6. 
To show that the morphism is well-defined, consider a G1-bundle E and z P ZΓpΓ1q. 

The element s :“ p1, zq P G determines an automorphism β :“ Ints of G1 which defines ´1 

an extension of structure group βpEq. Let EG be the extension of structure group of E by 
the embedding G1 ãÑ G. Then the stabilizer of E under the G-bundle action is equal to G1 , 
which implies that the stabilizer of Es Ă EG is equal to s ´1G1s “ G1. In other words, Es 
determines a reduction of structure group of EG to G1. Moreover, the map 

E Ñ Es; e ÞÑ es 
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induces an isomorphism of G1-bundles βpEq – Es. Indeed, recall from Section 2.4 that 
βpEq may be regarded as the G1-bundle which has the same total space as E and G-action 
determined by 

E ˆ G1 
Ñ E; pe, gq ÞÑ eβ ´1

pgq. 

But we have 
eβ ´1

pgqs “ esgs ´1 s “ esg, 

which shows that the induced map βpEq Ñ Es is G1-equivariant. This implies that E 1s, 
which is a reduction of structure group of EG to G1, is isomorphic to βpEq. In other words, 
EG is the extension of structure group of βpEq by the embedding G1 ãÑ G. 

It is left to show injectivity. Let F and F 1 be two (θ, c)-twisted Γ1-equivariant G0 
bundles over Y 1 and let E and E 1 be the corresponding G1-bundles over X . Since G0 and 
Y 1 are connected, both E and E 1 are connected. Assume that they have the same extension 
of structure group EG to G. Note that EG has an explicit decomposition into connected 
components, namely 

ğ 
EG “ Ep1, γq, 

γΓ1PΓ{Γ1 

where each coset in Γ{Γ1 has one and only one representative component in the union. Thus 
E 1 must be equal to one of these components, say Ep1, γq for some γ P Γ. If s :“ p1, γq

then the stabilizer of E 1 “ Es in G is G1, hence the stabilizer of Es{G0 is Γ1, which 
is identified with the Galois group of Es over X . We may identify Y 1 with the quotient 
E{G0 Ă EG{G0, thus fixing a copy of Y 1 inside E{G0 – Y . The first observation is that, 
on the one hand, Es{G0 “ E 1{G0 – Y 1 and, on the other, Es{G0 “ pE{G0qγ – Y 1γ Ă Y . 
Thus we have an isomorphism of Γ1-bundles Y 1 – Y 1γ. This is the composition of the map 
sending y P Y 1 to yγ P Y 1γ and an automorphism of Y 1γ over the identity on X , i.e. an 
element of the Galois group of Y 1γ over X , which is equal to Γ1 . At the end of the day 
the isomorphism Y 1 – Y 1γ is given by an element z P Γ. Since it is an isomorphism of 
Γ1-bundles it must commute with the action of Γ1, i.e. it must lie in the centralizer ZΓpΓ1q. 
Therefore E 1 “ Ep1, zq for some element z P ZΓpΓ1q, which means that E 1 – Int 

p

´

1
1 
,zq

pEq

as required. 

3.4 Associated bundles 
This Section follows Section 3.2 in [10]. Fix a (smooth, complex) Lie group G. Let E 
be a principal G-bundle over X and M be a smooth or complex manifold equipped with 
a (θ, c)-twisted right (G, Γ)-action (see Definition 3.1.2). We denote by EpMq the orbit 
space pE ̂  Mq{G. In the case of a left action of G on M , we thus have the twisted product 
EpMq “ E ˆG M , which can be viewed as the quotient of E ˆ M by the equivalence 
relation 

peg, mq „ pe, g ¨ mq (3.4.18) 

for any e P E, g P G and m P M . 
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Remark 3.4.1. The smooth (holomorphic) sections s of EpMq are in natural bijection with 
the smooth (holomorphic) maps s̃ : E Ñ M satisfying the G-equivariance condition 

s̃pegq “ s̃peq ¨ g for any e P E and g P G. (3.4.19) 

To see this, let s̃ : E Ñ M satisfy (3.4.19). Then pId, s̃q : E Ñ E ˆ M is G-equivariant 
and, therefore, descends to the quotient so that we have a commutative diagramme 

pId,s̃q
E ÝÝÝÑ E ˆ M 
§

§

§

§

đ đ 
s

E{G ÝÝÝÑ pE ˆ Mq{G , 

and s : E{G “ X Ñ EpMq “ pE ˆ Mq{G is the section corresponding to s̃. Conversely, 
given a section s, we can recover s̃ by setting s̃peq “ m, where spresq “ rpe, mqs. This is 
well-defined because the fibres of E Ñ X are G-torsors. 

We view E as the G-frame bundle of EpMq in the usual way: an element e P E with 
πpeq “ x defines the frame 

–
M ÝÑ EpMqx, (3.4.20) 
m ÞÑ re, ms. 

Proposition 3.4.2. Let M be a manifold equipped with pθ, cq-twisted right pG, Γq-action 
and let π : E Ñ X be a pθ, cq-twisted Γ-equivariant principal G-bundle. Then the associ
ated fibre bundle with typical fibre M , 

EpMq :“ E ˆG M Ñ X; re, ms ÞÑ πpeq, 

defined by the above construction is a Γ-equivariant fibre bundle. 

Proof. Consider the Γ-action on E ˆ M . 

re, ms ¨ γ “ re ¨ γ, m ¨ γs. 

The G-equivariance of the Γ-actions on E and M implies that this action is G-equivariant, 
hence it induces an action on the quotient EpMq “ pE ˆ Mq{G. Moreover, we have 

ppe, mq ¨ γq ¨ γ1 
“ pecpγ, γ1

q, ρpcpγ, γ1
qq ´1 mq ¨ pγγ1

q “ pe, mq ¨ pγγ1
q, 

where pe, mq is the class of re, ms in EpMq, so this is a genuine group action. 

Remark 3.4.3. An important situation where Proposition 3.4.2 may be applied is the case 
when an embedding of Gˆθ,c Γ in GLpn, Cq is provided, where the twisted product Gˆθ,c Γ 
is given by Definition 3.2.2. In this case the right action of Γ on Cn given for each γ P Γ 
by multiplying on the left by the image of p1, γq ´1 in GLpn, Cq satisfies 4.1.1. Hence a 
twisted Γ-equivariant G-bundle E provides a Γ-equivariant vector bundle EpCnq of rank n 
, and conversely an equivariant vector bundle whose bundle of frames has a reduction of 
structure group to G which is preserved by the Γ-action provides a twisted Γ-equivariant 
G-bundle . 
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Remark 3.4.4. Note that the map (3.4.20) has no equivariance properties with respect to Γ. 

Let C8pE, MqG,Γ (HolpE, MqG,Γ) be the space of smooth (holomorphic) maps from 
E to M which are both G and Γ-equivariant, and let C8pX, EpMqqΓ (H0pX, EpMqqΓ) be 
the space of Γ-equivariant smooth (holomorphic) sections of EpMq Ñ X . 

Proposition 3.4.5. With the above notation, there is a bijection 

– –
C8 G,Γ Γ G,Γ Γ

pE, Mq ÝÑ C8
pX, EpMqq pHolpE, Mq ÝÑ H0

pX, EpMqq q 

sending s̃ : E Ñ M to s : X Ñ EpMq defined by 

spxq “ re, s̃peqs 

for any e P E with πpeq “ x P X . The inverse takes a section s : X Ñ EpMq to 
s̃ : E Ñ M defined by 

s̃peq “ m, where spπpeqq “ re, ms. 

Proof. The correspondence between G-equivariant maps E Ñ M and sections of EpMq Ñ 
X is given by Remark 3.4.1 and the Γ-equivariance statement follows from the definition 
of the Γ-action on EpMq. 
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Chapter 4 

Twisted equivariant structures and 
Higgs pairs 

We now apply the formalism of Chapter 3 to Higgs pairs. Throughout this chapter X will 
be a compact Riemann surface with canonical bundle KX . 

4.1 Twisted equivariant Higgs pairs 
This Section follows [10, Section 3.2]. Let G be a connected reductive complex Lie group 
with centre Z. Let V be a complex vector space equipped with a holomorphic representa
tion 

ρ : G Ñ GLpV q. 

This defines a left action of G on V , thus a right action: 

V ˆ G Ñ V ; pv, gq ÞÑ ρpgq ´1 v. 

Recall that we have a notion of pG, V q-Higgs pair, see Definition 2.1.1. 
Consider a finite group Γ equipped with a homomorphism η : Γ Ñ AutpXq to the 

group of holomorphic automorphisms of X . We have a right action of Γ on X such that 
γ P Γ sends x P X to η ´1pxq. Take a homomorphism γ 

θ : Γ Ñ AutpGq; γ ÞÑ θγ 

and a 2-cocycle c P Zθ 
2pΓ, Zq (see Definition 3.1.1). Fix a map ρΓ : Γ Ñ GLpV q. We will 

sometimes write v ¨ ρΓpγq :“ ρΓpγq ´1v. Assume that ρΓ determines a pθ, cq-twisted right 
Γ-action on V (Definition 3.1.2), i.e. it satisfies 

pρpgqvq¨ρΓpγq “ ρpθγ ́ 1 pgqqpv¨ρΓpγqq and pv¨ρΓpγqq¨ρΓpγ1
q “ pρpcpγ, γ1

qq ´1 vq¨ρΓpγγ1
q

(4.1.1) 
for each v P V , g P G and γ, γ1 P Γ. 

Let E be a pθ, cq-twisted Γ-equivariant G-bundle over X . By Proposition 3.4.2 the 
vector bundle EpV q inherits a right Γ-action descending to the action of Γ on X , hence 
EpV q b KX is also Γ-equivariant with γ P Γ sending pe, vq b k P EpV q b KX to pe ̈  γ, v ¨ 
ρΓpγqq b pγ˚kq. 
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Definition 4.1.1. A pθ, c, ρΓq-twisted Γ-equivariant pG, V q-Higgs pair over X is a pG, V q-
Higgs pair pE, φq over X equipped with a holomorphic pθ, cq-twisted Γ-equivariant action 
‘¨’ on E —i.e. satisfying (3.1.3)— such that φ is a Γ-invariant section. To emphasize the 
action of Γ we sometimes denote the object by pE, ̈ , φq. When θ, c, ρΓ or Γ are clear from 
the context we may omit them from the notation. If V “ g, ρ “ Ad and the action of Γ on 
g is given by θ ´1, we call pE, φq a pθ, cq-twisted Γ-equivariant G-Higgs bundle. 

A homomorphism between pθ, c, ρΓq-twisted Γ-equivariant pG, V q-Higgs pairs over 
X is a Γ-equivariant morphism of Higgs pairs. There is a notion of ZpΓq isomorphism as 
in Section 3.1, namely a ZpΓq-isomorphism of twisted equivariant bundles preserving the 
Higgs field. 

Remark 4.1.2. Let pE, φq be a pG, V q-Higgs pair. Let AutpE, φq be the group of auto
morphisms of pE, φq covering the identity of X , and let AutΓ,η,θpE, φq be the group of 
biholomorphic maps f : E Ñ E preserving φ (according to the chosen action ρΓ of Γ on 
V ), so that f covers the automorphism ηγ 

´1 : X Ñ X for some γ P Γ and satisfies that 
fpegq “ fpeqθ ´1pgq for each e P E. Given f, f 1 P AutΓ,η,θpEq, their group product is γ 

ff 1 “ f 1 ˝ f . There is an exact sequence 

1 Ñ AutpE, φq Ñ AutΓ,η,θpE, φq Ñ Γ, (4.1.2) 

where the group multiplication on Γ is transposed, i.e. the product of γ and γ1 P Γ is γ1γ. 
A pθ, c, ρΓq-twisted Γ-equivariant structure on E is simply a c-twisted lift of (4.1.2), i.e. a 
map Γ Ñ AutΓ,η,θpE, φq satisfying the second equation of (3.1.3). 

We have analogous results to Propositions 3.1.7 and 3.1.8 in this context. Let θ1 “ 
Ints θ, where Ints P Zθ 

1pΓ, IntpGqq, and define cs P Zθ 
2pΓ, Zq as in (3.1.8). By Lemma 

3.1.5 θ1 is a homomorphism. Define a map ρs 
Γ :“ ρpsqρΓ : Γ Ñ GLpV q, so that we have a 

right action of Γ on V : 
´1 ´1V ˆ Γ Ñ V ; pv, γq ÞÑ v ¨ ρs 

Γpγq :“ pρpsγ q vq ¨ ρΓpγq “ pρpsγ qρΓpγqq v. (4.1.3) 

This is a (θ1, ccs)-twisted right action: 

pρpgqvq ¨ ρs 
Γpγq “ pρpsγ q ´1ρpgqvq ¨ ρΓpγq

“ pρpInt ´1
pgqqρpsγ q ´1 vq ¨ ρΓpγqsγ 

“ ρpθ ´1 Int ´1
pgqqppρpsγ q ´1 vq ¨ ρΓpγqqγ sγ 

“ ρppIntsγ θγ q ´1
pgqqpv ¨ ρΓ

s 
pγqq

“ ρpθ1´1
pgqqpv ¨ ρs 

Γpγqqγ 

and 

pv ¨ ρs 
Γpγqq ¨ ρs 

Γpγ1
q “ pρpsγ1 q ´1

ppρpsγ q ´1 vq ¨ ρΓpγqqq ¨ ρΓpγ1
q

“ ppρpθγ psγ1 qq ´1ρpsγ q ´1 vq ¨ ρΓpγqq ¨ ρΓpγ1
q

“ pρpcpγ, γ1
qq ´1ρpsγ θγ psγ1 qq ´1 vq ¨ ρΓpγγ1

q

´1 ´1
“ pρpsγγ1 q ´1ρpcpγ, γ1

qsγ θγ psγ1 qsγγ1 q vq ¨ ρΓpγγ1
q

“ pρpccspγ, γ
1
qq ´1 vq ¨ ρs 

Γpγγ1
q 

for every v P V , γ, γ1 P Γ and g P G, so that ρs 
Γ satisfies (4.1.1) as required. 
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Proposition 4.1.3. Let s : Γ Ñ IntpGq be a map such that Ints P Zθ 
1pΓ, IntpGqq. Let 

Cpθ, c, ρΓq be the category of pθ, c, ρΓq-twisted Γ-equivariant pG, V q-Higgs pairs. Then the 
categories Cpθ, c, ρΓq and CpInts θ, ccs, ρΓ

s q are equivalent. 

Proof. Let pE, ̈ , φq be a pθ, c, ρΓq-twisted Γ-equivariant pG, V q-Higgs pair. By the proof 
of Proposition 3.1.7 we may define a new Γ-action ˚ on E making pE, ̊ q a pθ1, ccsq-twisted 
Γ-equivariant G-bundle. It is left to show that φ is Γ-invariant with respect to ˚ and ρs 

Γ. If 
φ is locally equal to pe, vq b k P EpV q b KX , we have 

pe ˚ γ, v ¨ ρs 
Γpγqq b γ˚k “ ppesγ q ¨ γ, pρpsγ q ´1 vq ¨ ρΓpγqq b γ˚k 

“ ppe ¨ γqθ ´1
psγ q, ρpθ ´1

psγ qq ´1
pv ¨ ρΓpγqqq b γ˚kγ γ 

“ pe ¨ γ, v ¨ ρΓpγqq b γ˚k, 

which, since φ is invariant with respect to ¨ and ρΓ, is also equal to φ, as required. 

Corollary 4.1.4. If c and c1 are cohomologous, i.e. there is a map s : Γ Ñ Z such that 
1 ´1 c pγ, γ1q “ cpγ, γ1qsγγ1 sγ θγ psγ1 q, there is an equivalence of categories between Cpθ, c, ρΓq

and Cpθ, c1, ρs 
Γq. 

Proof. Follows directly from Proposition 4.1.3 and (3.1.8). 

By Proposition 4.1.3 we may assume that the lift θ is chosen so that it preserves a 
maximal compact subgroup K of G0. We may define notions of (poly, semi)stability by 
changing slightly Definition 2.1.3: first note that if s is in the Γ-invariant part ikΓ of ik then 
Ps is Γ-invariant and so is its Levi subgroup Ls, since 

ts ´tsLs “ tg P G | lim e ge “ gu. (4.1.4) 
tÑ8 

Hence θ induces Γ-actions on G{Ps and Ps{Ls. If pE, ̈ q is a pθ, cq-twisted Γ-equivariant 
bundle then combining the actions ¨ and θ makes the fibre bundle EpG{Psq into a Γ
equivariant bundle by Proposition 3.4.2, as Z is contained in Ps. This lets us introduce 
the corresponding space of Γ-invariant reductions H0pX, EpG{PsqqΓ. Given such a reduc
tion σ, the corresponding Ps-bundle Eσ is pθ, cq-twisted Γ-equivariant. Moreover, since 
Z is contained in Ls, we also have a Γ-equivariant associated bundle EpPs{Lsq with a 
corresponding space of Γ-invariant reductions H0pX, EσpPs{LsqqΓ . 

For each s P ik we may define 

tsVs :“ tv P V | ρpe qv remains bounded as t Ñ 8u 

and 
V 0 

“ tv P V | lim ρpe tsqv “ vu.s 
tÑ8 

Given a reduction σ P H0pX, EpG{Psqq, we may define a sub-bundle EpV qσ,s :“ Eσ ˆPs 

Vs Ď EpV q. Given a further reduction σ1 P H0pX, EσpPs{Lsqq, we also have a sub-bundle 
0 V 0EpV qσ1,s :“ Eσ1 ˆLs s Ď EpV qσ,s. 

Definition 4.1.5. Let ζ P izk 
Γ, where zk is the centre of k. A pθ, c, ρΓq-twisted Γ-equivariant 

pG, V q-Higgs pair pE, φq over X is: 
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•	 ζ-semistable if deg Epσ, sq ě z for any s P ikΓ and any Γ-invariant reduction of 
structure group σ P H0pX, EpG{PsqqΓ such that φ P H0pX, EpV qσ,s b KX q. 

•	 ζ-stable if deg Epσ, sq ą z for any s P ikΓ and any reduction of structure group 
σ P H0pX, EpG{PsqqΓ such that φ P H0pX, EpV qσ,s b KX q. 

•	 ζ-polystable if it is ζ-semistable and, if deg Epσ, sq “ z for some s P ikΓ and a 
reduction σ P H0pX, EpG{PsqqΓ such that φ P H0pX, EpV qσ,s bKX q, there is a fur

İ

§

§

ther Γ-invariant holomorphic reduction of structure group σ1 P H0pX, EσpPs{LsqqΓ 

with φ P H0pX, EpV qσ
0 

1 b KX q. ,s 

If z “ 0 we omit it. 

Remark 4.1.6. When V “ g, ρ is the adjoint representation of G on g and ρΓ “ θ, we 
have EpV qσ,s “ Eppsq and EpV q0 

σ1 “ Eppsq in Definition 4.1.5. As for G-Higgs bundles,,s 

in this case the parameter ζ is completely determined by the topology of the underlying 
G-bundle, hence we mostly omit it from the notation. 

İ

§

§

There is a moduli space Mζ pX, G, Γ, θ, c, V, ρΓq which classifies isomorphism classes 
of ζ-polystable pθ, c, ρΓq-twisted Γ-equivariant pG, V q-Higgs pairs. To our knowledge this 
has not been constructed in the literature, but we plan to address this in an upcoming paper. 
When ζ “ 0, we omit it from the notation. 

If Γ is trivial we obtain the moduli space of pG, V q-Higgs pairs over X , which we 
denote by MpX, G, V q. If V “ g, ρ is the adjoint representation of G on g and ρΓ “ θ, 
we obtain the moduli space of pθ, cq-twisted Γ-equivariant G-Higgs bundles, which we 
write MpX, G, Γ, θ, cq. Given a character 

µ : Γ Ñ C˚; γ ÞÑ µγ 

of Γ, there is an alternative pθ, cq-twisted action of Γ on g given by ρµ :“ µ ´1θ. It is clearγ 

that the following categories are equivalent: 

1. The category of pθ, c, ρµq-twisted Γ-equivariant G-Higgs bundles. 

2. The category of pθ, c, µq-twisted Γ-equivariant G-Higgs bundles, whose objects are 
pairs pE, φq consisting of a G-bundle E equipped with a pθ, cq-twisted Γ-equivariant 
action ¨ and a Higgs field φ P H0pX, EpgqbKX q fitting in the following diagramme: 

´1
p¨,θ qbη˚ 

Epgq b KX ÝÑ γ 
Epgq b KX 

X	 X 

γ 

φ
 µγ φ , 
´1ηγ

ÝÑ 

and whose morphisms are Γ-equivariant homomorphisms of G-bundles. By abuse of 
notation p¨, θ ´1q denotes the group action of Γ on Epgq induced by the correspondingγ 

pθ, cq-twisted action on E ˆ g. 
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Via this equivalence of categories, we may construct a moduli space MpX, G, Γ, θ, c, µq of 
pθ, c, µq-twisted Γ-equivariant Higgs bundles. 

The notions of (poly,semi)stability for pθ, c, ρΓq-twisted Γ-equivariant pG, V q-Higgs 
pairs also restrict to notions for pθ, cq-twisted Γ-equivariant G-bundles. There is a moduli 
space classifying isomorphism classes of polystable pθ, cq-twisted Γ-equivariant G-bundles 
over X , which we denote by MpX, G, Γ, θ, cq. 

4.2	 Non-abelian Hodge correspondence for twisted equiv
ariant Higgs bundles 

With notation as in Section 4.1 let K Ă G be a Γ-invariant maximal compact subgroup 
of G, where Γ acts on G via θ. Let pE, φq be a pθ, c, ρΓq-twisted Γ-equivariant pG, V q-
Higgs bundle on X . Let h P Ω0pX, EpG{KqqΓ be a Γ-invariant reduction of structure 
group of E from G to K, where Γ acts equivariantly on EpG{Kq by Proposition 3.4.2. Let 
Fh be the curvature of the corresponding Chern connection. Let σh : Ω

1,0pX, EpV qq Ñ 
Ω0,1pX, EpV qq be the C-antilinear map defined by the reduction h and the conjugation 
between p1, 0q- and p0, 1q-forms on X . Consider the Hitchin equation 

Fh ` rφ, σhpφqs “ ´2πizω,	 (4.2.5) 

where ζ P izk and ω is a Kähler form of X with total volume 1. One has the following (see 
[48, 71, 33]). 

Theorem 4.2.1. Let pE, φq be a pθ, c, ρΓq-twisted Γ-equivariant pG, V q-Higgs pair on 
X . Then pE, φq is ζ-polystable if and only if the pG, V q-Higgs pair pE, φq admits a Γ
equivariant metric h satisfying (2.3.4). 

An equivariant base point is a Γ-equivariant map x : Γ Ñ X , where Γ acts on itself by 
multiplication, and on X via η. Suppose that pX, xq has a universal Γ-equivariant covering 
p p xq Ñ pX, xq. By the universal property of such covering, the group of automorphisms X, p
of the equivariant covering Xp over X is uniquely determined by X , up to unique isomor
phism. This group is called the equivariant fundamental group of X with respect to the 
action of Γ and is denoted by π1pX, Γ, xq or simply π1pX, Γq (see [51, Definition 3.1]). 

Let 1 P Γ be the identity, set x1 :“ xp1q and let π1pX, x1q be the fundamental group of 
X with base point x1. By [51, Proposition 3.2], π1pX, Γ, xq fits into an exact sequence 

1 Ñ π1pX, x1q Ñ π1pX, Γ, xq Ñ Γ Ñ 1.	 (4.2.6) 

Note that if Γ acts trivially on X (i.e., η is trivial) then π1pX, Γ, xq “ π1pX, xq and if Γ 
acts freely on X then π1pX, Γ, xq “ π1pX{Γ, x̄q where x̄ is the composite map of x and 
the quotient X Ñ X{Γ (see [51, Proposition 3.4]). 

Suppose that η is non-trivial. Choose x P X so that it is not fixed by any γ P Γ with 
γ ‰ 1. By the description of the equivariant fundamental group in terms of equivariant 
loops (see [51, Section 6]) we can identify the set with the set of all homotopy classes 
of maps σ : r0, 1s Ñ X such that σp0q “ x and σp1q P tηγ pxq | γ P Γu. Under this 
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identification the surjective map p : π1pX, Γ, xq Ñ Γ can be identified with ppσq “ γ if 
σp1q “ ηγ pxq. 

Following [12], let G ˆθ,c Γ be the twisted product given by Definition 3.2.2. A repre
sentation ρp of π1pX, Γ, xq on G ˆθ,c Γ is said to be pθ, cq-twisted Γ-equivariant if it is an 
extension of a representation ρ : π1pX, x1q ÝÑ G fitting in a commutative diagramme 
of homomorphisms 

0   π1pX, x1q   π1pX, Γ, xq   Γ   0 (4.2.7) 

ρ ρp Id
      

0   G   G ˆθ,c Γ   Γ   0. 

Denote by Hompπ1pX, Γ, xq, G ̂ θ,c Γq the set of pθ, cq-twisted Γ-equivariant represen
tations ρp : π1pX, Γ, xq ÝÑ G ˆθ,c Γ. 

Let MpX, G, Γ, θ, cq be the moduli space of pθ, cq-twisted Γ-equivariant G-Higgs bun
dles considered in Section 4.1. Let 

RpX, G, Γ, θ, cq :“ Hompπ1pX, Γ, xq, G ˆθ,c Γq / G 

be the moduli space of G-conjugacy classes of representations of π1pX, Γ, xq in G ˆθ,c Γ 
whose restriction to π1pX, x1q is reductive, where G ˆθ,c Γ is given by Definition 3.2.2. 
We then have the following Theorem (this is Theorem 6.3 in [12]). 

Theorem 4.2.2 (Non-abelian Hodge correspondence). There is a homeomorphism between 
M0pX, G, Γ, θ, cq and RpX, G, Γ, θ, cq, where M0pX, G, Γ, θ, cq is the moduli space of 
topologically trivial polystable pθ, cq-twisted Γ-equivariant G-Higgs bundles. 

4.3 Local structure at isotropy points 
This Section is based on [40, Section 3.2]. Let x P X , and 

Γx :“ tγ P Γ | ηγ pxq “ xu 

be the corresponding isotropy subgroup. Let P :“ tx P X | Γx ‰ t1uu. 
It is well-known that, when Γ acts on X faithfuly and properly discontinuously, P con

sists of a finite number of points tx1, ̈ ¨ ¨ , xru and for each xi P P the isotropy subgroup 
Γxi Ă Γ is cyclic (see [57] for example). Each xi P P is called an isotropy point of X . 

Let pE, ̈ , φq be a pθ, c, ρΓq-twisted Γ-equivariant pG, V q-Higgs pair with bundle pro
jection π : E Ñ X . The underlying pθ, cq-twisted Γ-equivariant structure on E determines 
the following. For each x P P and e P E such that πpeq “ x, there is a map 

σe : Γx Ñ G 

defined by 
e ¨ γ “ eθγ 

´1
pσepγqq ´1 . 

One has the following. 
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Proposition 4.3.1. 1. σepγγ1q “ cpγ, γ1qσepγqθγ pσepγ
1qq, γ, γ1 P Γ. 

2. σegpγq “ g ´1σepγqθγ pgq for all γ P Γ and g P G. 

Proof. For each e P E we have e ¨ pγγ1q “ eθ ´1 
pγγ1qq ´1, and γγ1 pσe

pe ¨ γq ¨ γ1 
“ peθ ´1

pσepγqq ´1
q ¨ γ1 

γ 

“ pe ¨ γ1
qθ ´1

pθ ´1
pσepγqqq ´1 

γ1 γ 

“ eθ ´1
pσepγ

1
qq ´1θ ´1 

pγqq ´1 
γ1 γγ1 pσe

“ eθ ´1 
pγqθγ pσepγ

1
qqq ´1 

γγ1 pσe

Since, by (3.1.3), pe ¨ pγγ1qqθ ´1 
γγ1 pcpγ, γ1qq “ pe ¨ γq ¨ γ1, we have 

´1θ ´1 ´1eθ ´1 
pγγ1

qq γγ1 pcpγ, γ1
qq “ eθ ´1 

pγqθγ pσepγ
1
qqq for every e P E. γγ1 pσe γγ1 pσe

Thus, σepγγ1q “ cpγ, γ1qσepγqθγ pσepγ
1qq. 

To check p2q note that 

´1 ´1θ ´1egθ γ 
´1

pσegpγqq “ eθγ 
´1

pσepγqq γ pgq, 

and so σegpγq “ g ´1σepγqθγ pgq. 

For each isotropy point x P X , let us denote by Z1 
cx pΓx, Gq the set of all β : Γx Ñ G 

satisfying βpγγ1q “ cxpγ, γ1qβpγqθγ pβpγ1qq where cx is the 2-cocycle given by the restric
tion of c to Γx. We call such a β : Γ Ñ G a twisted 1-cocycle for the action of Γ on G 
given by θ. Two twisted 1-cocycles β and β1 are related if there exists a g P G such that 
β “ g ´1β1θγ pgq. We denote the set of all twisted 1-cocycles modulo the above defined 
relation by H1 

cx pΓ, Gq. 
Let pE, φq be a pθ, c, ρΓq-twisted Γ-equivariant pG, V q-Higgs pair. From Proposition 

4.3.1, we have that, for each x P P , there is a unique equivalence class σx of a twisted 
1-cocycle, which only depends on the Γ-equivariant isomorphism class of E. 

We fix a σxi P H1 pΓxi , Gq for each xi P P . We say that a pθ, c, ρΓq-twisted Γcxi 

equivariant pG, V q-Higgs pair pE, φq has local type σxi at a fixed point xi P X if the 
twisted 1-cocycle induced by the pθ, cq-twisted Γ-equivariant structure on E is σxi . 

We define MpX, G, Γ, θ, c, V, ρΓ, σq as the subvariety of the moduli space of twisted 
equivariant Higgs pairs MpX, G, Γ, θ, c, V, ρΓq with fixed local types σxi , i “ 1, ̈ ¨ ¨ , r. 
When V “ g, ρ is the adjoint representation and ρΓ “ θ (i.e., when we consider twisted 
equivariant Higgs bundles) we omit V and ρΓ. If we are considering the moduli space of 
pθ, c, µq-twisted Γ-equivariant G-Higgs bundles we write MpX, G, Γ, θ, c, µ, σq. Similarly, 
we define MpX, G, Γ, θ, c, σq as the subvariety of the moduli space of twisted equivariant 
G-bundles MpX, G, Γ, θ, cq with fixed local types σxi , i “ 1, ̈ ¨ ¨ , r. 

Let c, c1 P Zθ 
2pΓ, Zq be two cohomologous 2-cocycles, that is, there exists a map s : 

Γ Ñ Z such that 

1 ´1 c pγ1, γ2
q “ cpγ1, γ2

qsγ1 θγ1 psγ2 qsγ1γ2 , γ
1, γ2 

P Γ. (4.3.8) 
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Let σxi	 P H1 pΓxi , Gq. We have 1-cocycles σs :“ s ´1σxi P H1 
c1 pΓxi , Gq induced by cxi	 xi xi 

σxi , where we are calling s to its restriction to Γxi by abuse of notation. Indeed, 

´1	 ´1 ´1 s pγγ1
q “ sγ θγ psγ1 qsγγ1 cpγ, γ1

qs pγqθγ psγ1 q ´1θγ pσepγ
1
qqγγ1 σxi γ σe


e e
 

One has the following. 

Proposition 4.3.2. If c and c1 are cohomologous cocycles in Zθ 
2pΓ, Zq with c1pγ, γ1q “ 

´1 cpγ, γ1qsγγ1 sγ θγ psγ1 q, ρΓ 
s :“ ρpsqρΓ and σs “ s ´1σ, 

pX, G, Γ, θ, c, V, ρΓ, σq – Γ

ĂM

1 1 1
“ s sγ, γ σ γ θ σ γp q p q p p qqc .γ	 

1
Ă

sM X,G, Γ, θ, c , V, ρ pĂM , σs
q.
 

Proof. Let pE, ̈ , φq P
 ΓqpX, G, Γ, θ, c, V, ρΓ, σq. We can show that pE, φq admits a pθ, c1, ρs 

twisted Γ-equivariant structure with local types tσx
s 
i 
u namely define 

e ˚ γ :“ pesγ q ¨ γ 

as in the proof of Corollary 3.1.8. By Corollary 4.1.4 this provides a pθ, c1, ρs 
Γq-twisted 

Γ-equivariant action on pE, φq. Moreover, we have 

´1	 ´1 ´1 e ˚ γ “ pe ¨ γqθ ´1
psγ q “ eθ ´1

ps pγqq “ eθ ´1
pσs

pγqq ,γ γ γ σe γ e 

hence the local type of pE, ̊ , φq is tσs u. Similarly we can construct an inverse. xi 

4.4	 Non-connected groups and twisted equivariant Higgs 
pairs 

Let G be a (non-connected) reductive complex Lie group with connected component G0 

and group of connected components Γ :“ G{G0. Let Z be the centre of G0. We have a 
short exact sequence (3.2.12) with characteristic homomorphism a : Γ Ñ OutpG0q. Let 
θ : Γ Ñ AutpG0q be a lift of a and c P Z2pΓ, Zq the 2-cocycle given by Proposition 3.2.3, a 

so that G – G0 ˆθ,c Γ as extensions of G0. Recall that this isomorphism is given by a 
section Γ Ñ G. Let ρΓ : Γ Ñ GLpV q be the pullback of ρ by this section. The right action 
of G on V given by 

V ˆ G Ñ V ; pv, gq ÞÑ ρpgq ´1 v 

yields by Proposition 3.2.4 a right G0-action given by the restriction to G0 and a pθ, cq
twisted Γ-action 

´1 ´1V ˆ Γ Ñ V ; pv, γq ÞÑ v ¨ ρΓpγq :“ ρΓpγq v “ ρp1, γq v. 

Take a connected Γ-bundle Y Ñ X with canonical bundle KY . 

Definition 4.4.1. We denote by Ĉ1 the category whose 
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•	 objects are pθ, c, ρΓq-twisted Γ-equivariant pG0, V q-Higgs pairs pE, φq over Y such 
that the twisted Γ-action descends to the action of Γ as covering transformations of 
the fixed Γ-covering E{G0 – Y Ñ X , and whose 

•	 morphisms are ZpΓq-isomorphisms of twisted equivariant Higgs pairs, i.e. holomor
phic maps f : E Ñ E 1 both G and Γ-equivariant such that the diagramme 

f
E ÝÝÝÑ E 1 

§

§

§

§

đ đ 

f̄
Y ÝÝÝÑ Y 

¯commutes and the induced map f : Y Ñ Y is a covering transformation which be
longs to ZpΓq. 

We denote by Ĉ2 the category whose 

•	 objects are pG, V q-Higgs pairs on X such that there is an isomorphism of Γ-bundles 
E{G0 – Y and whose 

• morphisms are morphisms of principal G-bundles. 

Proposition 4.4.2 (Proposition 4.5 in [10]). The categories Ĉ1 and Ĉ2 are equivalent. 

Proof. We have forgetful functors Ĉ1 Ñ C1 and Ĉ2 Ñ C2 to the category of pθ, cq-twisted Γ
equivariant G0-bundles over Y and the category of G-bundles E over X such that E{G0 – 
Y respectively, see Definition 3.2.5. By Proposition 3.2.6 we have an equivalence of cat
egories between C1 and C2. We show that it lifts to an equivalence of categories between 
Ĉ1 and Ĉ2: given a G-bundle E over X , the corresponding twisted equivariant G0-bundle 
F Ñ Y is given by the factorization E Ñ E{G0 – Y Ñ X . Let p : E Ñ Y be the middle 
map. Now take a Higgs field φ P H0pX, EpV q b KX q. We define a Γ-invariant Higgs field 
ψ P H0pY, F pV q b KY q as follows: for each y P Y let x :“ pY pyq, choose e P p ´1pyq, 
let φx “ pe, vq b k P EpV q b KX |x and set ψ :“ pe, vq b p˚ k P EpV q b p˚ KX |y – Y	 Y 

F pV q b KY |y. This is independent of the choice of e since, given g P G0, the Higgs field 
φ at x is also represented by pe ¨ g, ρpgq ´1vq b k, and pe ¨ g, ρpgq ´1vq “ pe, vq as elements 
of F pV q. Moreover, we have 

pe ¨ γ, v ¨ ρΓpγqq b k “ pep1, γq, ρp1, γq ´1 vq b k “ pe, vq b k 

for every γ P Γ as elements of EpV q b KX , so that ψ is Γ-invariant. Conversely, a Γ
invariant section ψ P H0pY, F pV q b KY q provides a section φ P H0pX, EpV q b KX q

defined by φx :“ pe, vq b K, where pe, vq b pY pkq P F pV q b KY |y is a local expression 
´1of ψ for some y P pY pxq and pY pkq denotes the image of k by the natural homomorphism 

KY – p˚ 
Y KX Ñ KX . The Γ-invariance of ψ implies that this is independent of the choice 

of representative. 
The definition of the functor at the level of morphisms is the same as in Section 3.2, 

which is well defined because a morphism of pG, V q-Higgs pairs over X preserves the 
Higgs fields and so does the corresponding map between twisted equivariant pG0, V q-Higgs 
pairs over Y . 
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Proposition 4.4.2 and Definition 4.1.5 induce notions of (semi,poly)stability for Higgs
 
pairs with non-connected structure group, which we introduce next. Choose the lift θ of 
the characteristic homomorphism of 3.2.12 so that θpΓq preserves a maximal compact sub
group K of G0. In particular we have an action of Γ on k, the Lie algebra of K. 

Definition 4.4.3. Let ζ P izΓ. A pG, V q-Higgs pair pE, φq over X is:k 

•	 ζ-semistable if deg Epτ, sq ě xz, sy for any s P ikΓ and any reduction of structure 
group τ P H0pX, EpG{Psqq such that φ P H0pX, EpV qτ,s b KX q. 

•	 ζ-stable if deg Epτ, sq ą xz, sy for any s P ikΓ and any reduction of structure group 
τ P H0pX, EpG{Psqq such that φ P H0pX, EpV qτ,s b KX q. 

•	 ζ-polystable if it is ζ-semistable and, if deg Epτ, sq “ xz, sy for some s P ikΓ and 
a reduction τ P H0pX, EpG{Psqq such that φ P H0pX, EpV qτ,s b KX q, there is 
a further holomorphic reduction of structure group τ 1 P H0pX, Eτ pPs{Lsqq with 
φ P H0pX, EpV q0 b KX q.τ 1,s 

A moduli space MpX, G, V q classifying isomorphism classes of ζ-polystable pG, V q-
Higgs pairs over X for every ζ P izk may be constructed using GIT, see [68, Section 2.6]. 
Theorem 2.3.1 also holds when G is non-connected, which will be proved in [33]. 

Definition 4.4.4. Consider a complex representation ρ : G Ñ GLpV q as above, a reductive 
subgroup H ď G and a subspace W ď V preserved by the restriction of ρ to H . Given 
a pH, W q-Higgs pair pE, φq over X , its extension of structure group to G is the pG, V q-
Higgs pair pEG, φGq over X given by: 

• The extension of structure group EG of E to G. 

• If φ is locally equal to pe, vq b k P EpW q b KX , then φG is also locally equal to 
pe, vq b k P EGpV q b KX . 

Conversely, pE, φq is a reduction of structure group of pEG, φGq to pH, W q. If W “ V , 
we omit it from the notation. 

Lemma 4.4.5. Let H ď G be a reductive subgroup. Given a pG, V q-Higgs pair pEG, φGq

and a reduction of structure group E of EG to H , there exists a Higgs field φ P H0pX, EpV qb

KX q making pE, φq a reduction of structure group of pEG, φGq. 

Proof. If φG is locally of the form pe, vq b k for some e P EG, v P V and k P KX , by 
transitivity of the action of G on EG we may always find g P G such that eg P E. Thus 
peg, ρpgq ´1vq b k P EpV q b KX is also a local representation of φG, so we may define φ 
to have this same local form. 

Now let Y Ñ X be a (not necessarily connected) Γ-bundle with monodromy group 
Γ1 ď Γ and connected component pY 1 : Y 1 Ñ X (see Section 3.3). Let G1 – G ˆθ,c Γ

1 be 
the preimage of Γ1 under the natural surjection G Ñ Γ. 

64
 



Proposition 4.4.6. Fix ζ P izk 
Γ . Let pE, φq be a pG1, V q-Higgs pair over X with ex

tension of structure group pEG, φGq to G. Then pE, φq is ζ-polystable if and only if 
pEG, φGq is ζ-polystable. In particular there exists an extension of structure group mor
phism MpX, G1q Ñ MpX, Gq. 

Proof. Assume that pE, φq is ζ-polystable. First we prove that pEG, φGq is ζ-semistable: 
consider a reduction of structure group τG P H0pX, EGpG{Psqq such that φG lies in 
H0pX, EGpV qτG,s b KX q, where s P kΓ . Since s is Γ-invariant the parabolic subgroup 
Ps ď G intersects every connected component in G, hence the fibre of the total space of 
the reduction pEGqτG over x P X intersects every connected component of EG|x. Thus, 
since E|x is a union of connected components of EG|x, its intersection with Ps must be 

tsisomorphic to G1 X Ps “ P 1, where P 1 :“ tg P G1 | e ge ´ts remains bounded as t Ñ 8u s s 

is the parabolic subgroup of G1 defined by (2.1.1). Thus the intersection of pEGqτ with E 
is a reduction of structure group of E to Ps 

1 ď Ps, which we call τ P H0pX, EpG1{Ps
1qq. If 

the Higgs field φG can be locally expressed in the form pe, vq b k, where e P Eτ , v P Vs 

and k P KX , and so φ, which has the same form, is in H0pX, pEτ ˆτ,s Vsq b KX q “ 
H0pX, EpV qτ,s b KX q. We also have 

deg EGpτG, sq “ deg Epτ, sq ě xz, sy, 

where the second equation follows from ζ-semistability of E and the first equation follows 
from definition (2.1.2) and the fact that the connection of EG is induced by a connection of 
E (so that the corresponding curvatures are equal). 

Now assume that deg EGpτG, sq “ deg Epτ, sq “ xz, sy. By ζ-polystability of pE, φq

there is a further holomorphic reduction of structure group τ 1 P H0pX, Eτ pPs
1{Ls

1 qq with 
φ P H0pX, EpV q0 

τ 1 q, where Ls 
1 is the Levi subgroup of P 1 . Thus the extension of struc

ture group of Eτ 1 to 
,s

Ls yields a reduction τ 1 P H0pX, pE
s

GqτG pPs{Lsqq such that φG PG 

H0pX, EGpV q0 q, as required. τ 1 ,sG

The converse can be shown using similar arguments: assume that the pG, V q-Higgs 
pair pEG, φGq is ζ-polystable. For ζ-semistability consider a reduction of structure group 
τ P H0pX, EpG1{P 1qq such that φ P H0pX, EpV qτ,s bKX q, where s P kΓ. Then, extending s

structure group, we get a reduction τG P H0pX, EGpG{Psqq and so we conclude that 

deg Epτ, sq “ deg EGpτG, sq ě xz, sy. 

If equality holds, we may find a further reduction τ 1 P H0pX, pEGqτG pPs{Lsqq withG 

φG P H0pX, EGpV q0 q, and the intersection of pEGqτG with E yields a reduction τ 1 Pτ 1 ,sG

H0pX, Eτ pP 1{L1 qq with φ P H0pX, EpV q0 q.s s τ 1,s

Proposition 4.4.7. Let ZΓpΓ1q be the centralizer of Γ1 in Γ. There is a natural action of 
ZΓpΓ1q on MpY 1, G0, Γ1, θ, c, V, ρΓq on the left given as follows: take a pθ, c, ρΓq-twisted 
Γ1-equivariant pG0, V q-Higgs pair pE, ̈ , φq over Y 1 and an element z P ZΓpΓ1q. Then 
z sends E to pθzpEq, ̊ , ρΓpzqφq, where ˚ is defined as in Proposition 3.3.3, θzpEq is the 
extension of structure group by θz and ρΓpzqφ is defined using the action ρΓ on V . This 
induces an action of ZΓpΓ1q on the moduli space MpX, G1, V qY 1 of pG1, V q-Higgs pairs 
pE 1, φ1q such that E 1{G0 – Y 1 via Proposition 4.4.2, where z P ZΓpΓ1q sends pE 1, φ1q to 
pIntp1,zqpE

1q, ρp1, zqφ1q. 
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Proof. The fact that this is a left group action follows directly from its definition. It is 
left to show that φz :“ ρΓpzqφ is well defined and Γ-invariant. Assume that φ is locally 
equal to pe, vq b k P H0pY 1, EpV q b KY 1 q. Then φz is locally equal to pe, ρΓpzqvq b k P 
pθzpEq ˆρ V q b KX . Another representative is of the form pe ¨ g, ρpgq ´1vq b k for some 
g P G0, which yields 

pe ¨ g, ρΓpzqρpgq ´1 vq b k “ pe ˚ θzpgq, ρpθzpgqq ´1ρΓpzqvq b k “ pe, ρΓpzqvq b k 

where ˚ also denotes the G0-action on θzpEq, so that ρΓpzqφ P pθzpEq ˆρ V q b KX is well 
defined. 

In what follows we denote by ¨ the G1 – G0 ˆθ,c Γ
1-action on E given by Proposition 

3.2.4, or equivalently the G1-action making the total space of E a G1-bundle over X as in 
´1Proposition 3.2.6. Let W be an open subset of X where KX is trivial, and let U :“ pY 1 pW q. 

The open set U is Γ-invariant and trivializes KY 1 – pY 
˚ 

1 KX . Hence the local sections φ|U 

and φz|U may be regarded as G0-equivariant maps φU : EU Ñ V and φz
U : θzpEqU Ñ V 

respectively, and moreover by Proposition 3.4.5 φU is Γ-equivariant. They are related by 
φzpeq “ ρΓpzqφpeq for each e P EU or, using the Γ-equivariance of φU , by φzpe¨zq “ φpeq. 
We have 

φz
ppe ¨ zq ˚ γq “ φz

pe ¨ p1, zq ¨ p1, zq ´1 
¨ p1, γq ¨ p1, zqq

“ φz
ppe ¨ γq ¨ zq

“ φpe ¨ γq

“ φpeq ¨ ρΓpγq

“ φz
pe ¨ zq ¨ ρΓpγq 

for each e P EU and γ P Γ1 . This implies that φz is Γ-equivariant as a map and so, U 

by Proposition 3.4.5, the corresponding section of pθzpEq ˆρ V q b KY 1 |U is Γ-invariant. 
Since U is arbitrary, the global section φz P H0pY 1 , pθzpEq ˆρ V q b KY 1 q is Γ-invariant as 
required. 

Theorem 4.4.8. Let Y P H1pX, Γq with monodromy group Γ1 and corresponding con
nected component Y 1, and denote by MY pX, G, V q the moduli space of pG, V q-Higgs 
pairs E over X such that E{G0 – Y . We have a bijection 

„MpY 1, G0, Γ
1, θ, c, V, ρΓq{ZΓpΓ1

q ÝÑ MY pX, G, V q, (4.4.9) 

where ZΓpΓ1q is the centralizer of Γ1 in Γ, which acts on MpY 1, G0, Γ1, θ, c, V, ρΓq as in 
Proposition 4.4.7. The bijection is given by Proposition 4.4.2 and extension of structure 
group from G1 to G. 

Proof. Given a pG, V q-Higgs pair pEG, φGq over X such that EG{G0 – Y , take a con
nected component E Ă EG such that E{G0 – Y 1 . By Lemma 4.4.5 there exists φ P 
H0pX, EpV q b KX q such that pE, φq is a reduction of structure group of pEG, φGq to G1 , 
and so surjectivity follows by Proposition 4.4.2. 

To show that the morphism is well-defined, consider a pG1, V q-Higgs pair pE, φq with 
extension of structure group pEG, φGq to G. Let z P ZΓpΓ1q, s :“ p1, zq P G and β :“ 
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´1Ints P AutpG1q. In the proof of Theorem 3.3.4 we saw that Es Ă EG is a reduction of 
structure group to G1 isomorphic to βpEq. If φ is locally equal to pe, vq b k P EpV q b KX 

then the Higgs field of Es given by Lemma 4.4.5 is locally equal to pes, ρpsq ´1vq b k “ 
pes, ρΓpzq ´1vq b k. Recall that the isomorphism Es – βpEq is multiplication by s ´1, so 
that the induced Higgs field is locally equal to pess ´1, ρΓpzq ´1vq b k “ pe, ρΓpzq ´1vq b k, 
which is a local representation of ρΓpzq ´1φ. Hence the extension of structure group of 
pInt ´1

pEq, ρΓpzq ´1φq is also pEG, φGq, as required. s 

It is left to show injectivity. Let pF, ψq and pF 1, ψ1q be (θ, c, ρΓ)-twisted Γ1-equivariant 
pG0, V q-Higgs pairs over Y 1 and let pE, φq and pE 1, φ1q be the corresponding pG1, V q-
Higgs pairs over X given by Proposition 4.4.2. Assume that they have the same extension 
of structure group pEG, φGq to G. By the proof of Theorem 3.3.4 E 1 “ Es Ă EG, where 
s “ p1, zq for some z P ZΓpΓ1q, thus E 1 – Int ´1

pEq. By the previous paragraph the s 

Higgs field on Int ´1
pEq induced by the Higgs field on Es given by Lemma 4.4.5 is equal s 

to ρΓpzqφ. Thus pE 1, φ1q – pInt ´1
pEq, ρΓpz ´1qφq, as required. s 

Corollary 4.4.9. Let Y P H1pX, Γq with monodromy group Γ1 and corresponding con
nected component Y 1, and denote by MY pX, Gq the moduli space of G-bundles E over X 
such that E{G0 – Y . We have a bijection 

„
MpY 1, G0, Γ

1, θ, cq{ZΓpΓ1
q ÝÑ MY pX, Gq, (4.4.10) 

where ZΓpΓ1q is the centralizer of Γ1 in Γ, which acts on MpY 1, G0, Γ1, θ, cq as in Propo
sition 4.4.7. The bijection is given by Proposition 3.2.6 and extension of structure group 
from G1 to G. 
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Chapter 5 

The Prym–Narasimhan–Ramanan 
construction 

Let X be a compact Riemann surface with canonical bundle KX and G a connected re
ductive complex Lie group with centre Z. We consider the problem of finding the fixed 
points of the action of a finite subgroup Γ of H1pX, Zq ¸ OutpGq ˆ C˚ on the moduli 
space MpX, Gq of G-Higgs bundles over X (see Section 2.4). Projections on the second, 
third and first factors provide homomorphisms a : Γ Ñ OutpGq, µ : Γ Ñ C˚ and a 
1-cocycle α P Za 

1pΓ, H1pX, Zqq respectively (see Definition 3.1.4). Note the absence of 
η : Γ Ñ AutpXq, which is trivial in this Chapter. 

An answer to this problem is given by [39, Theorem 6.10] when Γ is cyclic, in terms of 
Higgs pairs with smaller structure group over X . We have generalized this to account for 
any finite subgroup Γ of H1pX, Zq¸OutpGqˆC˚ in Theorem 5.6.4. Moreover, we use this 
and Theorem 4.4.8 to obtain Theorem 5.7.2, which describes the fixed points in terms of 
twisted equivariant Higgs pairs over certain étale covers of X . This in turn generalizes the 
result of Narasimhan–Ramanan [58], who restrict themselves to vector bundles (i.e. G “ 
GLpn, Cq and trivial Higgs field) and Γ equal to a finite cyclic subgroup of the Jacobian. 

5.1 Automorphisms of a reductive complex Lie group 
Take a homomorphism 

θ : Γ Ñ AutpGq; γ ÞÑ θγ 

lifting a. We study the fixed points the action of Γ on G. We assume that Z1pΓ, Zq isa 

finite. This is true, for example, if Z is finite (i.e. G is semisimple), since in this case the 
set of maps FunpΓ, H1pX, Zqq from Γ to H1pX, Zq is finite, or if a is trivial, since then 
Z1pΓ, Zq “ HompΓ, Zq.a 

We define 
Gθ :“ tg P G | θγ pgq “ g for every γ P Γu ď G 

and 
Gθ :“ tg P G | θγ pgq “ zpγ, gqg, zpγ, gq P Z for every γ P Γu ď G. 
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The group Γ acts (trivially) on Gθ and, since it acts on Z, it also acts on Gθ (note that Z is 
a subgroup of Gθ). The group Gθ is a normal subgroup of Gθ: for every γ P Γ, g P Gθ and 
s P Gθ, we have 

´1 ´1 ´1θγ psgs 
´1

q “ zpγ, gqsgs zpγ, gq “ sgs . 

To understand better how Gθ lies inside Gθ we use 1-cocycles —see Definition 3.1.4. 
Note that the set of 1-cocycles Za 

1pΓ, Zq has a group structure induced by Z. There is an 
exact sequence of groups 

cθ1 Ñ Gθ 
Ñ Gθ ÝÑ Z1

pΓ, Zq, (5.1.1)a 

where the last homomorphism sends g P Gθ to the map 

Γ Ñ Z; γ ÞÑ g ´1θγ pgq “ θγ pgqg ´1 
“ zpγ, gq P Z. 

To see why cθ is well defined note that, if γ and γ1 are elements of Γ and g P Gθ, we have: 

cθpγγ
1
qg “ θγγ1 pgq “ θγ pθγ1 pgqq “ θγ pcθpγ

1
qgq “ θγ pcθpγ

1
qqθγ pgq “ θγ pcθpγ

1
qqcθpγqg 

“ cθpγqθγ pcθpγ
1
qqg, 

where cθ is evaluated at g. The exactness of (5.1.1) implies that cθ factors through the 
quotient 

Γθ :“ Gθ{G
θ 

via a group embedding Γθ ãÑ Za 
1pΓ, Zq. In particular, the finiteness of Za 

1pΓ, Zq implies 
that Gθ is a finite extension of Gθ, and the reductiveness of Gθ (see Proposition 3.6 in 
chapter 3 of [63]) is inherited by Gθ. 

On the other hand, if FunpA, Bq denotes the set of maps from a set A to a set B, we 
have a natural group homomorphism 

H1
pX, FunpΓ, Zqq Ñ FunpΓ, H1

pX, Zqq, (5.1.2) 

where the group structures on both sides are induced by Z —this is an isomorphism if Z is 
finite (i.e. G is semisimple). To define it we use the homomorphism 

˜Hom pπ1pXq, Aq Ñ H1
pX, Aq; ρ ÞÑ X ˆρ pAq, 

that exists for any abelian group A, where X̃ is the universal cover of X . This has an 
inverse 

„
H1

pX, Aq ÝÑ Hom pπ1pXq, Aq (5.1.3) 

if A is also finite. Then (5.1.2) is the composition 

„ „
H1

pX, FunpΓ, Zqq ÝÑ Hom pπ1pXq, FunpΓ, Zqq ÝÑ FunpΓ, Hom pπ1pXq, Zqq

Ñ FunpΓ, H1
pX, Zqq. 

One can see that (5.1.2) restricts to a homomorphism 

„
H1

pX, Za 
1
pΓ, Zqq ÝÑ Za 

1
pΓ, H1

pX, Zqq, (5.1.4) 

which is an isomorphism if Z is finite. 
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Recall that, given a complex Lie group H , the set of equivalence classes of Čech 1
cocycles on X with values on the sheaf H of holomorphic functions to H is in natural bijec
tion with the set of isomorphism classes of holomorphic H-bundles. We call it H1pX, Hq. 
It has a distinguished element (representing the trivial bundle), which gives H1pX, Hq the 
structure of a pointed set. Using this notation, the homomorphism cθ induces a morphism 
of pointed sets 

H1
pX, Gθq Ñ H1

pX, Z1
pΓ, Zqqa 

by extension of structure group. Composing with (5.1.4), we get a morphism of pointed 
sets 

c̃θ : H
1
pX, Gθq Ñ Z1

pΓ, H1
pX, Zqq.a 

Note that the factorization of c̃θ through the cohomology of the quotient 

H1
pX, Γθq Ñ Z1

pΓ, H1
pX, Zqqa 

is injective, since it is a composition of an isomorphism and a homomorphism induced by 
an embedding in an abelian group. The last one is injective because of (5.1.3). 

The group Gθ is connected when G is simply connected and the image of the homo
morphism θ is cyclic (see chapter 8 in [78]). However, it is not connected in general even 
when G is simply connected. For this reason, we will need to ”refine” (5.1.1) using the 
connected component Gθ 

0 of Gθ . Due to the fact that Gθ is an extension of Gθ by a finite 
group, Gθ 

0 is also the connected component of Gθ. Thus we have an extension 
pθ1 Ñ Gθ 

Ñ Gθ ÝÑ Γpθ Ñ 1, (5.1.5)0 

where Γpθ is a finite group because Gθ is reductive. Of course there is a natural surjective 
homomorphism Γpθ Ñ Γθ, which induces a morphism H1pX, Γpθq Ñ H1pX, Γθq. We call 
qθ to the composition 

qθ : H
1
pX, Γpθq Ñ H1

pX, Γθq ãÑ H1
pX, Z1

pΓ, Zqq Ñ Za 
1
pΓ, H1

pX, Zqq. (5.1.6)a 

5.2 Restrictions of the adjoint representation 
Let g be the Lie algebra of G. We consider the restriction of the adjoint representation 

Ad : G Ñ GLpgq 

to the subgroups Gθ and Gθ, defined in Section 5.1. Given a character 

µ : Γ Ñ C˚; γ ÞÑ µγ , 

we may consider the µ-weight subspace of g, given by 

g θ :“ tv P g | θγ pvq “ µγ v for every γ P Γu.µ 

One can see that it is preserved by the adjoint action of Gθ: for every g P Gθ, γ P Γ and 
v P gµ

θ , we have 

θγ Adgpvq “ Adθγ pgqpθγ pvqq “ Adzpγ,gqgpµγ vq “ µγ Adgpvq. 
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Abusing notation, we call Ad : Gθ Ñ GLpgθ q to the restriction of the adjoint representaµ

tion. 
The following lemma is a crucial ingredient to prove Proposition 5.6.1: 

Lemma 5.2.1. Given a homomorphism θ : Γ Ñ AutpGq, there exists a compact involution 
σ of G preserving Gθ such that, for every character µ : Γ Ñ C˚ , 

dσpg θ 
q “ g θ 

´1 .µ µ 

ř 
θ θ θ θProof. Let gθ :“ µPHompΓ,C˚q gµ. This is a subalgebra of g, since rgµ, gµ1 s “ gµµ1 for every 

pair of homomorphisms µ and µ1 P HompΓ, C˚q. In fact gθ is the subalgebra gC of fixed 
points of g under the action of the commutator C :“ rθpΓq, θpΓqs “ xtθγγ1γ ́ 1γ1´1 uγ,γ1PΓy: 
note that, for each triple γ, γ1 and γ2 P Γ and an element v P gC , we have 

θγγ1γ ́ 1γ1´1 θγ2 pvq “ θγ2 θγγ1γ ́ 1γ1´1 pvq “ θγ2 pvq, 

so that θpΓq acts on gC . The automorphisms of this subalgebra induced by the elements of 
θpΓq can be simultaneously diagonalizable (note that they are semisimple, since they have 
finite order), thus giving a decomposition as in the definition of gθ. This shows gC Ď gθ, 
and the reverse inclusion is clear. 

The subalgebra of fixed points under a family of semisimple automorphisms is reductive 
(see [63]). The restriction of θpΓq to gC is now an abelian group of automorphisms of a 
reductive Lie algebra, in particular it has a decomposition t1u “ Γ0 Ă Γ1 Ă ¨ ¨ ¨ Ă Γk´1 Ă 
Γk “ θpΓq|g by subgroups such that Γi`1{Γi is cyclic (just take a set of generators for C 

θpΓq, order them and let Γi be the subgroup generated by the first i of them). Hence, by 
[20, Theorem 7.6], there exists a Cartan subalgebra t of gC that is preserved by the action 
of θpΓq. Since the proof is inductive on the dimension of the Lie algebra, we may assume 
that tθ “ t X gθ is a Cartan subalgebra of gθ . 

Let Λ be the set of roots of gC , given by the adjoint action of t, and choose a system of 
positive roots Λ `. Consider the root space decomposition 

à 
C C C g “ t ‘ gλ ‘ g´λ. (5.2.7) 

λPΛ ̀  

Since gθ is a reductive subalgebra of gC , its Cartan subalgebra tθ has a root space decom
position too, say 

à 
θ θ θ g “ tθ 

‘ g ‘ g (5.2.8)λ ´λ, 
` λPΛ0 

where Λ0 is the set of roots of gθ . Since root spaces are one-dimensional, (5.2.8) appears 
as a summand in (5.2.7). In particular the space of roots of gC “contains” the space of roots 
of gθ and we may assume that Λ ` “contains” a system of positive roots of gθ, in the sense 
that they are represented by elements of tθ . 

Let GC be the connected reductive subgroup of G with Lie algebra gC . Recall that 
there is a family of compact involutions σ of GC associated with t. We may first define 
a holomorphic involution as follows: the reductive Lie algebra gC can be described using 
sl2-triples pxλ, tλ, x´λq, where λ is a positive root, tλ P t and xλ P gC . The pair pxλ, x´λqλ 
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is well defined up to the action of C˚ such that c P C˚ sends it to pcxλ, c ´1x´λq. Then the 
involution sends pxλ, tλ, x´λq to p´x´λ, ́ tλ, ́ xλq. Composing with the antiholomorphic 
involution which fixes xλ and tλ for every root λ we get a compact involution, which we 
call σ. We now claim that, for every γ P Γ and every eigenspace gν of θγ , we may choose 
the elements xλ so that we have dσpgν q “ gν ́ 1 . 

Fix γ P Γ with order n. Since θγ preserves t, it must commute the roots. Thus, the 
eigenvectors of θγ in t with eigenvalue ν P C˚ (an n-th root of unity) are linear combina
tions of elements of the form tλ ` νtθγ pλq ` ¨ ¨ ¨ ` νn´1tθn´1

pλq, where λ is a root. Each of 
γ 

these elements satisfies 

dσptλ ` νtθγ pλq ` ¨ ¨ ¨ ` νn´1tθn´1
pλqq “ ´tλ ´ νtθγ pλq ´ ¨ ¨ ¨ ´ νn´1tθn´1

pλq,γ γ 

which is a ν ´1-eigenvector. On the other hand, given a root λ, the automorphism θγ sends 
the element xλ to cλxθγ pλq, where cλ P C˚ . If θγ pλq “ λ then cλ must be an n-th root of 
unity. Thus, by choosing a representative root λ in each orbit of the action of Γ on the set 
of roots and then choosing a representative in the intersection of the orbit of xλ with the 
θγ1 pλq-root space for every γ1 P Γ, we may assume that cλ is a root of unity. Moreover, 

tθγ pλq “ θγ prxλ, x´λsq “ c´λcλrxθγ pλq, x´θγ pλqs “ c´λcλtθγ pλq, 

so we must have c´λ “ c ´λ 
1 

“ cλ. A ν-eigenvector in the sum of root spaces is a linear 
combination of elements of the form xλ ` νcλxθγ pλq ` ¨ ¨ ¨ ` νn´1cθγn´2

pλqxθγn´1
pλq. These 

satisfy 
dσpxλ ` νcλxθγ pλq ` ¨ ¨ ¨ ` νn´1 cθγn´2

pλqxθγn´1
pλqq “ 

x´λ ` νcλx´θγ pλq ` ¨ ¨ ¨ ` νn´1 cθn´2
pλqx´θn´1

pλq “ 
γ γ 

x´λ ` νc´λx´θγ pλq ` ¨ ¨ ¨ ` νn´1 c´θγ
n´2

pλqx´θγ
n´1

pλq, 

which is a ν ´1-eigenvector. This proves that dσpgν q Ă gν ́ 1 , but reversing ν ´1 and ν shows 
that dσpgν ́ 1 q Ă gν , which implies that gν ́ 1 Ă dσpgν q too. 

To finish the argument pick a lift τ : Γpθ Ñ AutpGθq of the characteristic homomor
phism of (5.1.5) that leaves tθ invariant. We may further assume that dτγ pxλq “ xτγ pλq for 
each λ P Λ0 and γ P Γpθ, where τγ pλq denotes the image of λ under the automorphism 
induced by τγ on the space of roots of gθ. Then dσ| commutes with dτγ for each γ P Γpθ.θg

Thus σ|Gθ commutes with τpΓpθq, i.e. the maximal compact subgroup K0 :“ pG0
θqσ is 

τpΓpθq-invariant. 
By Proposition (3.2.3) there exists a 2-cocycle c P Zτ 

2pΓpθ, KZ q with values in KZ :“ 
K0 X ZpGθ 

0q such that the extensions Gθ and Gθ ˆτ,c Γpθ of Gθ are isomorphic. Conjugation 0 

by p1, γq P Gθ 
0 ˆτ,c Γpθ on Gθ is equal to τγ , which implies that we have a maximal compact 

subgroup 
ď 

K :“ K0p1, γq 
γPΓpθ 

of Gθ. Extending this to a maximal compact subgroup of G provides the required compact 
form σ on G, which restricts to the original σ on GC . 
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5.3 Galois cohomology and GIT 
Let G be a connected reductive complex Lie group, Γ a finite group and θ : Γ Ñ AutpGq

a homomorphism. Consider the action of G on the set of 1-cocycles given by 

G ˆ Zθ 
1
pΓ, Gq Ñ Zθ 

1
pΓ, Gq; pg, βq ÞÑ gβθpgq ´1 , 

where g is regarded as a constant map. The quotient of Zθ 
1pΓ, Gq by this action is precisely 

the first non-abelian cohomology set Hθ 
1pΓ, Gq. 

There is a closed embedding 

Z1 
θ pΓ, Gq ãÑ HompΓ, G ¸θ Γq; β ÞÑ pγ ÞÑ pβpγq, γqq, 

where the semidirect product is defined using θ. This is G-equivariant for the conjugation 
action of G on HompΓ, G ¸θ Γq, since 

gpβpγq, γqg ´1 
“ pgβpγqθγ pgq ´1, γq 

for each g P G, γ P Γ and β P Zθ 
1pΓ, Gq. 

Recall that a homomorphism HompΓ, G ¸θ Γq is reductive if its composition with the 
adjoint representation is completely reducible. On the other hand, G ¸θ Γ is a reductive 
group (it is a finite extension of a reductive group) and so reductive representations have 
closed orbits [56]. But Γ is finite, hence all its representations are reductive. We have 
shown: 

Proposition 5.3.1. All the elements of Zθ 
1pΓ, Gq have closed orbits under the action of G. 

5.4 Simple G-bundles and Galois cohomology 
Let X be a compact Riemann surface, and G a connected reductive complex Lie group. Let 
Γ be a finite subgroup of H1pX, Zq ¸ OutpGq ˆ C˚. Projections on the second, third and 
first factors provide homomorphisms a : Γ Ñ OutpG, V q, µ : Γ Ñ C˚ and a 1-cocycle 
α P Za 

1pΓ, H1pX, Zqq respectively. Recall that this is a map α : Γ Ñ H1pX, Zq satisfying 

αγγ1 “ αγ aγ pαγ1 q 

for each γ and γ1 P Γ. 
Fix a lift θ : Γ Ñ AutpGq of a. Abusing notation we also call θ to the induced 

homomorphism Γ Ñ AutpG{Zq. The first step to describe the fixed points is to construct 
a map 

fr : H1
pX, Gq

Γ 
Ñ Hθ 

1
pΓ, G{Zq;s 

here H1pX, GqΓ is the set of isomorphism classes of simple G-bundles which are fixed s 

under the action of Γ and Hθ 
1pΓ, G{Zq is the first Galois cohomology set of Γ with values 

in G{Z, consisting of equivalence classes of 1-cocycles as given in Definition 3.1.4. 
Recall from Section 2.2 that a G-Higgs bundle is simple if its group of automorphisms 

is equal to Z. This implies, in particular, a notion of simple G-bundle. Let E be a simple 
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G-bundle over X such that E – θγ 
´1pE b αγ q for every γ in Γ. In other words, for each 

γ P Γ we have an isomorphism 

Ñ θ ´1hγ : E Ý„ pE b αγ q.γ 

This in turn induces an isomorphism 

hγ : E{Z Ñ θ ´1
pE b αγ q{Z. γ 

Note that the simplicity of E implies that this is independent of the choice of hγ . Since 
θγ pZq “ Z, there are natural isomorphisms 

θ ´1
pE b αγ q{Z – θ ´1

pEq{Z – θ ´1
pE{Zq.γ γ γ 

According to Section 2.4, the total spaces of θ ´1pE{Zq and E{Z are naturally biholomorγ 

phic. After composing we may regard the isomorphisms hγ as biholomorphisms 

hγ : E{Z Ñ E{Z 

satisfying 
hγ pegq “ hγ peqθγ pgq. 

Define a holomorphic map 

f : E Ñ FunpΓ, G{Zq 

in such a way that hγ peq “ efγ peq for each e P E{Z. A straightforward calculation shows 
that 

fpegq “ g ´1fpeqθpgq (5.4.9) 

for every g P G{Z and e P E{Z, where we are identifying elements in G{Z with constant 
functions. 

Lemma 5.4.1. For every e P E, fpeq P Zθ 
1pΓ, G{Zq. 

Proof. By Remark 2.4.2, if γ and γ1 are elements of Γ, the isomorphism hγ induces an 
isomorphism 

pE, φqγ1 
Ñ pE, φqγγ1 

which we also call hγ . Since hγ hγ1 h ´1 is in the gauge group of pE, φq, which is Z, we γγ1 

have hγ hγ1 “ hγγ1 and so 

efγγ1 peq “ hγγ1 peq “ hγ hγ1 peq “ hγ pefγ1 peqq “ hγ1 peqθγ pfγ1 peqq “ efγ peqθγ pfγ1 peqq 

for each e P E{Z, as required. 

Note that the fact that G{Z is an affine algebraic variety implies that FunpΓ, G{Zq is 
affine. Since Zθ 

1pΓ, G{Zq is a closed subvariety of FunpΓ, G{Zq, it is itself affine. Consider 
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the action of G{Z on Zθ 
1pΓ, G{Zq, such that g P G{Z sends β P Zθ 

1pΓ, G{Zq to gβθpgq ´1 . 
Because of Lemma 5.4.1 and (5.4.9) we have a morphism 

X Ñ Zθ 
1
pΓ, G{Zq / G{Z, 

where the right hand side is the corresponding GIT quotient [27]. Since Zθ 
1pΓ, G{Zq is 

affine, so is Zθ 
1pΓ, G{Zq / G{Z. Since this is an algebraic morphism from a projective 

variety to an affine variety, it must be constant. Using Proposition 5.3.1 we conclude that, 
for each e P E, the orbit of fpeq under the action of G{Z is closed. Since the closures of 
all these orbits intersect (because their images in the GIT quotient are equal), all the orbits 
must coincide. Thus, we get a map 

rf : H1
pX, Gq

Γ 
Ñ Hθ 

1
pΓ, G{Zqs 

sending E to the class of fpeq for any e P E. Moreover, we have: 

Lemma 5.4.2. An element β P Zθ 
1pΓ, G{Zq is in the class frpE, φq if and only if, for every 

(or for some) x P X , there exists e in the fibre of E over x such that fpeq “ β. 

Proof. The if direction follows immediately from the definition of fr. For the only if direc
tion, fix x P X and let β P frpE, φq. From the previous paragraphs we know that there exist 
e1 in the fibre of x and g P G{Z such that fpe1q “ g ´1βθpgq. By (5.4.9) we get 

fpe 1 g ´1
q “ gfpe 1qθpg ´1

q “ β, 

so we set e :“ e1g ´1 . 

Remark 5.4.3. Using the natural isomorphism G{Z – IntpGq, we will sometimes identify 
the image of frwith Hθ 

1pΓ, IntpGqq, where the action of Γ on IntpGq is conjugation by θ. 

Now let S be the set of isomorphism classes of simple G-Higgs bundles, and let SΓ 

be the subset of fixed points. Using the same arguments above we may define a map 
fr : SΓ Ñ Zθ 

1pΓ, G{Zq – Zθ 
1pΓ, IntpGqq. Moreover, we have 

Lemma 5.4.4. Let pE, φq be a simple G-Higgs bundle preserved by the action of Γ. An 
relement β P Zθ 

1pΓ, G{Zq is in the class fpE, φq if and only if, for every (or for some) 
x P X , there exists e in the fibre of E over x such that fpeq “ β. 

5.5 Simple G-Higgs bundles and fixed points 
We are now ready to describe the fixed points in the set of isomorphism classes of G
bundles under the Γ-action. 

Proposition 5.5.1. Let E be a G-bundle and θ P HompΓ, AutpGqq a lift of a. With notation 
as in Section 5.1, assume that there is a Gθ-bundle F which is a reduction of structure group 
of E such that 

c̃θpF q – α. (5.5.10) 

Then E is isomorphic to Eγ “ θ ´1pE b αγ q for every γ P Γ.γ 
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Proof. It is enough to get an isomorphism 

„
hγ : F ÝÑ θ ´1

pF b αγ q.γ 

This in turn would induce an isomorphism from E to θ ´1pE b αγ q.γ 

Fix γ P Γ and choose an open cover tUiuiPI of X which trivializes both F and αγ . Let 
ei and zi define local sections of F and αγ resp. on Ui. We get transition functions 

gij : Ui X Uj Ñ G, zij : Ui X Uj Ñ Z 

satisfying ej “ eigij and zj “ zizij . A set of local trivializations for θγ 
´1pF b αγ q is 

then tUi, ei b ziu (with the ei b zi’s regarded as local sections of θγ 
´1pF b αγ q), and the 

corresponding transition functions are θ ´1pgij zij q : Ui X Uj Ñ G. But, using (5.5.10), we γ 
´1 ´1may assume that zij “ gij θγ pgij q and so θγ 

´1pgij zij q “ θγ 
´1pgij gij θγ pgij qq “ gij . Hence, 

we may set hγ peiq :“ ei b zi and extend the isomorphism to the whole F imposing that it 
respects the Gθ-actions. 

Proposition 5.5.2. Let pE, φq be a G-Higgs bundle and θ P HompΓ, AutpGqq a lift of a. 
With notation as in Section 5.1, assume that there is a pGθ, gθ q-Higgs pair pF, ψq which is µ

a reduction of structure group of pE, φq satisfying (5.5.10). Then pE, φq is isomorphic to 
pE, φqγ “ pθ ´1pE b αγ q, µγ θ ´1pφqq for every γ P Γ.γ γ 

Proof. Mimicking the proof of Proposition 5.5.1 we get an isomorphism hγ : E Ñ θγ 
´1pEb 

αγ q which is induced by the identity on F . It is left to check that 

hγ pψq “ µγ θ 
´1

pψq.γ 

Note that, if ψ is locally of the form pei, rq b k, where ei is the local section defined above, 
then the local form of hγ pψq is also pei, rq b k with ei considered as a local section of 
θ ´1pEq. But µγ θ ´1pψq is locally equal to γ γ 

µγ pei, θ 
´1

prqq b k “ µγ µ ´1
pei, rq b k “ pei, rq b k, γ γ 

as required. 

Proposition 5.5.3. Let E be a simple G-bundle over X which is isomorphic to Eγ for 
every γ in Γ. Then a 1-cocycle β P Zθ 

1pΓ, G{Zq is in frpEq P Hθ 
1pX, G{Zq (definitions as 

in Section 5.4) if and only if there exists a Gβθ-bundle F which is a reduction of structure 
group of E and satisfies 

c̃βθpF q – α, (5.5.11) 

where we are identifying G{Z with IntpGq. For each β P Zθ 
1pΓ, G{Zq such a reduction is 

unique. 

rProof. Choose an element β P fpEq and let s : Γ Ñ G be a map such that β “ Ints. For 
each γ P Γ take an isomorphism hγ : E Ñ θγ 

´1pE b αγ q. By Lemma 5.4.2, if we define f 
as in Section 5.4, f ´1pβq has non-empty intersection with every fibre of E over X . Define 

F :“ te P E : hγ peq “ esγ b zγ peq, zγ peq P ZpGqu. (5.5.12) 
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This is the preimage of f ´1pβq under the natural projection E Ñ E{Z. Then, given e P F 
and g P G, the element eg is also in F if and only if 

β ´1egsγ b zγ peq “ pesγ b zγ peqqβ ´1
pgq “ hγ peqβ ´1

pgq “ hγ peθ 
´1 

pgqqγ 

“ epβθγ q ´1
pgqsγ b zγ pegq 

for every γ P Γ, or equivalently βθγ pgqg ´1 P Z. This shows that F provides a reduction of 
structure group to Gβθ. Moreover, the isomorphisms 

´1hγ sγ
β ´1 ´1E ÝÑ θ ´1

pE b αγ q ÝÝÑ θγ 
´1 

γ pE b αγ q “ pβγ θγ q pE b αγ q,γ 

´1where the second map is multiplication by sγ on the right, restricts to isomorphisms 

F Ñ pβγ θγ q ´1
pF b αγ q; e ÞÑ e b zγ peq 

for every γ P Γ. To see why (5.5.11) is true we fix γ P Γ and use an open cover tUiuiPI of 
X trivializing F equipped with local sections ei on each Ui, so that zi :“ zγ peiq is a set of 
local sections for αγ . Setting zj “ zizij and ej “ eigij , we have 

peisγ b ziqβ ´1
pgij qzij “ peigij sγ b ziqzij “ ej sγ b zj “ hγ pej q “ hγ peigij qγ 

“ peisγ b ziqθγ pgij q. 

Hence zij “ “ ´1 , which implies that αγ – The uniquenessβγ pzij q βγ θγ pgij qgij cβθpEq. 
of the reduction follows from Proposition 5.5.1, the simplicity of E and the fact that the 
resulting isomorphisms completely determine the reduction by (5.5.12). 

Now let β1 P Z1pΓ, G{Zq be another 1-cocycle and assume that there is a reduction of 
structure group F 1 

a 

of E to Gβ1θ satisfying (5.5.11) with β1 instead of β. Let s1 : Γ Ñ G be 
a map such that β1 “ Ints1 . By Proposition 5.5.1 we have isomorphisms 

1 
„ ´1 s

Ñ θ ´1h1 
γ : E ÝÑ pβ1θγ q pEq b γ Ýγ

pEq b γ,γ 

where the second morphism is multiplication by sγ 
1 P G, and these induce isomorphisms 

Ñ θ ´1hγ 
1 
: E{Z Ý„ pEq{Z.γ 

Note from the proof of Proposition 5.5.1 that there exists e P E{Z such that hγ 
1 
peq “ eβγ 

1 , 
where we regard β1 as the image of s1 in FunpΓ, G{Zq. Thus, by Lemma 5.4.2, β1 P 
rfpEq. 

Proposition 5.5.4. Let pE, φq be a simple G-Higgs bundle over X which is isomorphic to 
pE, φqγ for every γ in Γ. Then a 1-cocycle β P Zθ 

1pΓ, G{Zq is in frpE, φq P Hθ 
1pX, IntpGqq

(definitions as in Section 5.4) if and only if there exists a Gβθ-bundle F which is a reduction 
of structure group of E and satisfies (5.5.11). For each β P Zθ 

1pΓ, G{Zq such a reduction 
is unique. 
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Proof. Take isomorphisms hγ : pE, φq Ñ θ ´1pE b αγ , µγ φq for each γ P Γ and assume 
that a 1-cocycle β P Zθ 

1pΓ, G{Zq is in frpE, φq P Hθ 
1pX, IntpGqq. Mimicking the proof of 

Proposition 5.5.3 and replacing Proposition 5.5.1 with Proposition 5.5.2 we get a reduction 
of structure group of E to a Gβθ-bundle F given by (5.5.12). Let θ1 :“ βθ and let h1 

γ be the 
composition 

´1 

h1 hγ sγ
ÝÝÑ θ1´1

γ : pE, φq ÝÑ θ ´1
pE b αγ , µγ φq pE b αγ , µγ φq, 

where s : Γ Ñ G is any map such that β “ Ints. 
The Higgs field is in H0pX, F pgθ

1 
q b KX q: if φ is locally of the form pe, vq b k, we 

may assume by Lemma 4.4.5 that e 
µ 

P F , hence hγ peq “ esγ b zγ peq by (5.5.12) and so 
h1 
γ peq “ e b zγ peq. Therefore, we have 

θ1´1
pEqpgq b k Q pe, vq b k “ ph1 

γ peq, vq b k “ µγ pe, θ
1´1

pvqq b k (5.5.13)γ γ 

for every γ P Γ (here we are using the identification between θγ 
1´1pE b αγ q ˆAd g and 

θ1´1pEq ˆAd g). That is to say, v “ µγ θ
1´1pvq whenever k does not vanish, and so φγ γ 

is induced by a section of F pgβθq b KX as required. Thus, we have a reduction to a 
βθq-Higgs pair pF, ψq. 

µ 

pGβθ, gµ 

The uniqueness of the reduction and the converse statement (i.e. the if statement) follow 
as in the proof of Proposition 5.5.3 after replacing Proposition 5.5.1 with Proposition 5.5.2. 

5.6 Fixed points in the moduli space of G-Higgs bundles 
We use the results of Section 5.5 to give a description of the fixed points in the moduli 
space of G-Higgs bundles. As in Section 5.1 we assume that Za 

1pΓ, Zq is finite. We start 
with: 

Proposition 5.6.1. Let θ P Hom pΓ, AutpGqq be a lift of a. Take a lift Γpθ Ñ AutpGθ 
0q of the 

characteristic homomorphism of 5.1.5 preserving a maximal compact subgroup Kθ ď G0 
θ 

and extend Kθ to a maximal compact subgroup K of G. Fix ζ P ipzθqΓpθ , where zθ is thek k 

centre of kθ. Then: 

1. If a pGθ, gθ q-Higgs pair pF, ψq is ζ-polystable, the G-Higgs bundle pE, φq obtainedµ

by extension of structure group is also ζ-polystable. 

2. If pE, φq is a ζ-(semi,poly)stable G-Higgs bundle with a reduction of structure group 
to a pGθ, gθ q-pair pF, ψq, then pF, ψq is ζ-(semi,poly)stable.µ

3. Given g P G and θ1 :“ Intg θ Intg ́ 1 , there is an isomorphism between Mζ pX, Gθ, gθ q

and Mζ pX, Gθ1 , gθ
1 
q making the following diagramme commute: 

µ

µ 

Mζ pX, Gθ, gθ q MpX, Gqµ

, (5.6.14) 

Mζ pX, Gθ1 , gθ
1 
qµ 
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where the morphisms to MpX, Gq are given by extension of structure group. For 
each α P Z1pΓ, H1pX, Zqq, it restricts to a diagramme a 

Mζ
αpX, Gθ, gθ q MpX, Gqµ

. 

Mζ
αpX, Gθ1 , gθ

1 
qµ 

Here Mζ
αpX, Gθ, gθ q is the moduli space of ζ-polystable pGθ, gθ q-Higgs pairs pF, ψq

such that c̃θpF q – α
µ

. 
µ

(1), (2) and (5.6.14) are also true after replacing Gθ and Gθ1 by Gθ and Gθ1 
respectively. 

Proof. The proof of (2) is exactly the same as the proof of Proposition 5.7 (2) in [39]: 
suppose that pF, ψq is not ζ-semistable. Following Definition 4.4.3, there is an s P ipkθqΓ 

defining a parabolic subgroup Ps P Gθ, and a reduction τ of F to a Ps-bundle such that 
deg F ps, τq ă xz, sy and ψ P H0pX, F pgθ qτ,s b KX q. But s also defines a parabolic subµ

group Prs of G, and the reduction τ defines a reduction τr of E to Prs such that deg Eps, τrq “ 
deg F ps, τq. Moreover, it is straightforward to check that pgθ qs “ Prs X gθ and so φ Pµ µ 

H0pX, Eτrppsq b KX q. This contradicts the ζ-semistability of pE, φq. The same argument 
applies to stability and polystability. 

Now we prove (1), which also follows [39]: fix a maximal compact subgroup Kθ of Gθ 

and consider a maximal compact subgroup K of G containing it, so that Kθ “ K X Gθ. 
By Lemma 5.2.1 we may assume that K is defined by an antiholomorphic involution σ of 
G satisfying 

dσpg θµq “ g θµ (5.6.15)´1 

for every homomorphism µ : Γ Ñ C˚ . Then, given a ζ-polystable pGθ, gθ q-Higgs pair µ

pF, ψq, by Theorem 4.2.1 and Proposition 3.2.6 there exists a Γpθ-invariant reduction hθ P 
Ω0pF {Kθq satisfying the Hitchin equation (2.3.4). Let pE, φq be the extension of structure 
group of pF, ψq to G. Using the inclusion F {Kθ Ă E{K, we get a reduction of structure 
group h P Ω0pE{Kq. 

On the other hand, (2.3.4) is an equation setting a moment map equal to ´i2πζ: if we 
consider the topological bundle underlying E and the space A of pairs pA, φq, where A is 
a hermitian G-connection on E and φ P Ω1pEpgqq, there is an action of the gauge group 
preserving the metric h and this provides a moment map m : X Ñ Ehpkq˚ , where Eh is 
the reduction of E to K given by h and k is the Lie algebra of K. Using the Killing form, 
m may be regarded as a map X Ñ Ehpkq. The space B of pGθ, gθ q-Higgs pairs pB, ψq, 
where B is a hermitian Gθ-connection and ψ P Ω1pF pgθ qq (here 

µ

F is the reduction of µ

structure group to Gθ determined by the Gθ-connection) is then embedded in A, and the 
corresponding moment map mθ is the restriction of 

m
pkθX ÝÑ Ehpkq Ñ Fhθ q 

to B, where the second homomorphism is given by orthogonal projection and we use the 
obvious notations. Given a ζ-polystable pGθ, gθ q-Higgs pair pF, ψq as in the previous para
graph, the moment map at pF, ψq is given by: 

µ

mpE, φq “ ΛpFh ` rψ, σhpψqsq, 
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where Λ is the adjoint operator of wedging by the Kahler form ¨ ω on X . But Fh “ 
Fhθ (the curvature of the Chern connection for the metric hθ), and (5.6.15) implies that 

θ θ θ θ θrv, σpvqs P rg , g ´1 s Ă g for each v P g , hence rψ, σhpψqs P Ω0pX, Fhθ pk X g qq “ µ µ µ

Ω0pX, Fhθ pk
θqq. This means that the moment map mθ is just the restriction of m and so 

mpE, φq “ mθpF, ψq as required. Thus, pE, φq satisfies (2.3.4) and so, by Theorem 2.3.1, 
it is ζ-polystable. 

The isomorphism in (3) is given as follows: consider a G-Higgs bundle pE, φq, a ho
momorphism θ P Hom pΓ, AutpGqq and a reduction of structure group F to Gθ such that φ 
is induced by a section ψ of F pgθ q b KX . Let g P G and θ1 :“ Intg θ Intg ́ 1 . We show that 
there is also a reduction F 1 to Gθ

µ

1 such that φ is induced by a section ψ1 of F 1pgθ
1 
q b KX .µ 

We set 
F 1 :“ Fg ´1 , 

so that F 1 is a reduction to IntgpGθq. But u P G is contained in IntgpGθq if and only if 

Intg θ Intg ́ 1 puq “ zpγ, uqu 

for each γ P Γ, which yields IntgpGθq “ Gθ1 . Similarly IntgpGθq “ Gθ1 , therefore g ´1 

induces an isomorphism from F {Gθ to F 1{Gθ1 and so c̃θpF q “ c̃θpF 1q. On the other hand, 
if ψ is locally equal to pe, vqbk for some e P F , v P gθ and k P K, we may define ψ1 locallyµ 

as peg ´1 , Adg vq b k. It is straightforward to see that this is a section of F 1pgθ
1 
q b KX . 

The proof for Gθ is precisely the same. 
µ 

Corollary 5.6.2. Let θ P Hom pΓ, AutpGqq be a lift of a and fix ζ P ipzk 
θqΓ

p

θ . Then: 

1. If a Gθ-bundle F is ζ-polystable, the G-bundle obtained by extension of structure 
group is also ζ-polystable. 

2. If E is a ζ-(semi,poly)stable G-bundle with a reduction of structure group to a Gθ 
bundle F , then F is ζ-(semi,poly)stable. 

3. Given g P G and θ1 :“ Intg θ Intg ́ 1 , there is a canonical isomorphism between 
MpX, Gθq and MpX, Gθ1 q making the following diagramme commute: 

MpX, Gθq MpX, Gq 

, 

MpX, Gθ1 q 

where the morphisms to MpX, Gq are given by extension of structure group. For 
each α P Z1pΓ, H1pX, Zqq, it restricts to a diagramme a 

MαpX, Gθq MpX, Gq 

, 

MαpX, Gθ1 q 
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where MαpX, Gθq is the moduli space of Gθ-bundles F such that c̃θpF q – α. 

MαpX, Gθ, g q be the union of the images of the moduli spaces Mζ
αpX, Gθ, gµ µ

Γ θin runs through elements of , and similarly replacing withM X,G ζ i G Gθasp q pz θ 

be the image of in respectively, and so on. M X,G M X,G M X,Gp q p q p qα θ α θ

ĂMαpX, Gθ, g

p

Ă

Ă

Ă

θ θLet
 q

θq
 .
k 

Let
 By
 
Proposition 5.6.1, if θ1 θ

´1“ Intg θ Intg for some g P G, we have “
q
µ

θ1 MαpX, Gθ1 , g
Let MpX, GqΓ and MpX, GqΓ be the fixed point locus of MpX, Gq and MpX, Gq re

spectively under the action of Γ, and let MsspX, GqΓ and MsspX, GqΓ be the intersections 
with the stable and simple loci. Given a 1-cocycle βγ P Zθ 

1pΓ, G{Zq, we call rβs to its co
homology class in Hθ 

1pΓ, G{Zq (see Definition 3.1.4). Combining Propositions 5.5.1 and 
5.5.3 we get: 

q.
µ 

Ă

Theorem 5.6.3. Fix a homomorphism θ : Γ Ñ AutpGq lifting a. We have the inclusions 

ĂMαpX, Gβθq Ă MpX, Gq
Γ 

ď 

MαpX, Gβθq. 

1 
θrβsPH pΓ,IntpGqq 

and

ď
 

MsspX, Gq
Γ 

Ă 
1rβsPH pΓ,IntpGqqθ 

Moreover, the intersections
 

ĂĂMαpX, Gβθq “ Mss MαpX, Gβθq 

are disjoint for different rβs P Hθ 
1pΓ, IntpGqq. 

We also have the corresponding result for Higgs bundles, which follows from Proposi
tions 5.5.2 and 5.5.4: 

Theorem 5.6.4. Fix a homomorphism θ : Γ Ñ AutpGq lifting a. We have the following 
relations between moduli spaces: 

Γ 
XpX, Gq X
Mss pX, Gq


1.

ď
 

ĂMαpX, Gβθ, g 

Γ 
Ă 

βθ 
q Ă MpX, Gq

Γ 
µ .
 

1rβsPH pΓ,IntpGqqθ 

2.

ď
 

Ă

Ă

Ă

MαpX, Gβθ, g 

As rβs runs over Hθ 
1pΓ, IntpGqq, βθ runs over all the conjugacy classes (under conju

gation by IntpGq) of elements of Hom pΓ, AutpGqq lifting a. Moreover, the intersections 

MαpX, Gβθ, g MαpX, Gβθ, g 

βθ MsspX, Gq
 q.
µ 
1rβsPH pΓ,IntpGqqθ 

βθ Γ 
X

βθ MsspX, Gq X
 q “ MsspX, Gq
 q
µ µ 

are disjoint for different rβs P Hθ 
1pΓ, IntpGqq. 
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5.7 

Corollary 5.6.5. If the character µ : Γ Ñ C˚ is trivial, we have the following inclusions: 

1.

ď
 

MαpX, Gβθq Ă MpX, Gq

2. 
Mss

Γ 
Ă MαpX, Gβθq.Ă

Ă

Γ .
 
1 
θrβsPH pΓ,IntpGqq 

ď
 
pX, Gq


1 
θrβsPH pΓ,IntpGqq

Moreover, the intersections
 

MpX, Gβθq “ Mss

are disjoint for different rβs P Hθ 
1pΓ, IntpGqq. 

MpX, Gθ

Ă

Ă

ĂMpX, Gβθq 

q is the image of the extension of structure group morphism 
MpX, Gθq Ñ MpX, Gq and α is trivial, we have the following inclusions: 

Γ 
XpX, Gq X
Mss pX, Gq


Corollary 5.6.6. If


1.

ď
 

ĂMpX, Gβθ 

2. 
Γ 

ĂMss

Ă

Ă

βθ Γ , gµ q Ă MpX, Gq . 

MpX, Gβθ 

MαpX, Gβθ 

1 
θrβsPH pΓ,IntpGqq 

ď
 
βθ 

pX, Gq
 q.
, gµ 
1 
θrβsPH pΓ,IntpGqq 

Ă

Moreover, the intersections 

MαpX, Gβθ βθ Γ 
X

βθ 
pX, Gq X
 q “ MssMss pX, Gq
 q
, g
 , g
µ µ 

are disjoint for different rβs P Hθ 
1pΓ, IntpGqq. 

ĂM1pX, Gβθ, g
denote the trivial 1-cocycle in Z1pΓ, H1pX, Zqq by 1.a 

ĂMpX, Gβθ 

The Prym–Narasimhan–Ramanan construction of fixed 
points 

βθ βθ Proof. Follows from Theorem 5.6.4 using
 q, where we
 q “
 , g
µ µ 

The Prym–Narasimhan–Ramanan construction can be now given as a corollary of Theorem 
4.4.8 which, combined with Theorem 5.6.4, provides a characterization of the subvariety 
of fixed points. 

Let X be a compact Riemann surface and let G be a connected reductive complex Lie 
group with centre Z. Let Γ be a finite subgroup of H1pX, Zq ¸ OutpGq ˆ C˚ and consider 
a lift θ of a. In this section we assume that the order of α P Z1pΓ, H1pX, Zqq and Z1pΓ, Zqa a 

are both finite. 
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Remark 5.7.1. The second assumption is not necessary, since the fact that the structure 
group of α is a finite subgroup ΓY ď Z1pΓ, Zq implies that any Gθ-bundle F such that a 

c̃θpF q – α has a reduction of structure group to c ´1
pΓY q. Thus in what follows we could θ 

´1replace Gθ by cθ pΓY q and eliminate the finiteness assumption on Za 
1pΓ, Zq. However, for 

simplicity we keep this assumption. 

We keep the notation of Section 5.1. Let ZpGθ 
0q be the centre of Gθ and Ŷ P H1pX, Γpθq,0 

a Γpθ-bundle over X . The connected component Y of Ŷ may be regarded as a connected 
´ ď Γpθ. ď Gθ whichetale cover of X with Galois group ΓY Consider the subgroup GY 

is the preimage of ΓY under the quotient Gθ Ñ Γpθ. Choose a lift τ θ : Γpθ Ñ AutpGθ 
0q

of the characteristic homomorphism of the extension (5.1.5). By Proposition 3.2.3, there 
exists a 2-cocycle cθ P Z

τ 
2 
θ pΓpθ, ZpG0

θqq such that Gθ – Gθ ˆpτ θ θ q Γpθ. On the other hand, 0 ,c

ˆa Gθ-bundle E over X satisfies c̃θpEq – α if and only if E{Gθ – Y for some element 0 

Ŷ P H1pX, Γpθq such that qθpY q – α, where by abuse of notation qθ is given by applying 
extension of structure group from ΓY to Γpθ and then using the homomorphism Γpθ Ñ Γθ 

defined in Section 5.1. The application of Theorem (4.4.8) yields: 

Theorem 5.7.2. Let ζ P ipzθqΓpθ . For each homomorphism θ : Γ Ñ AutpGq lifting a wek 

have an isomorphism 
ğ 

Mζ θ θ θ
pY, Gθ 

0, ΓY , τ
θ , c , gµq{ZΓpθ 

pΓY q – Mα
ζ 
pX, Gθ, gµq, (5.7.16) 

qθ pY q–α 

where Z
p

pΓY q is the centralizer of ΓY in Γpθ, which acts on by Proposition 4.4.7. Γθ 

Fix such a lift θ. Let Ă , τβθ βθ βθ pΓY q be the union of the images MpY, Gθ , ΓY , c , g , µq{Z
p0 µ Γθ 

βθ βθ of the moduli spaces Mζ pY, Gθ, τβθ , ΓY , c , g , µq in MpX, Gq via the composition of 0 µ 

the isomorphism given in Theorem 4.4.8 and extension of structure group from Gθ to G. 
Here ζ runs through all the elements of ipzθqΓpθ . Then we have the following inclusions: k 

1. 
ď 

βθ βθ Γ
Ă

0, ΓY , τ
βθ , c , g q{Z

p

pΓY q Ă MpX, Gq .MpY, Gθ 
µ Γθ
 

rβsPH1pΓ,IntpGqq,qθ pY q–α
θ 

2. 
ď 

βθ βθ 
pX, Gq

Γ 
Ă MpY, Gθ 

0, ΓY , τ
βθ , c , g q{Z

p

pΓY q.Mss
Ă

µ Γθ 

rβsPH1pΓ,IntpGqq,qθ pY q–αθ 

As rβs runs over Hθ 
1pΓ, IntpGqq, βθ runs over all the conjugacy classes (under conju

gation by IntpGq) of elements of Hom pΓ, AutpGqq lifting a. Moreover, the intersections 

βθ βθ MsspX, Gq X Ă

0, ΓY , τ
βθ , g q{Z

p

pΓY qMpY, Gθ , c µ Γθ 

are disjoint for different rβs P Hθ 
1pΓ, IntpGqq and Y . 

83
 



Theorem 5.7.3. For each homomorphism θ : Γ Ñ AutpGq lifting a we have an isomor
phism 

ğ 
MpY, Gθ 

0, ΓY , τ
βθ , c βθq{Z

p

pΓY q – MαpX, Gθq, (5.7.17)Γθ
 

qθ pY q–α
 

where Z
p

pΓY q is the centralizer of ΓY in Γpθ, which acts on by Proposition 4.4.7. Γθ 

Fix such a lift θ. Let Ă 0, ΓY , τ
βθ βθq{Z

p

pΓY q be the image of the moduli space MpY, Gθ , c Γθ 

MpY, Gθ 
0, ΓY , τ

βθ, cβθq{Z
p

pΓY q in MpX, Gq via the composition of the isomorphism given Γθ 

in Theorem 4.4.8 and extension of structure group from Gθ to G. Then we have the follow
ing inclusions: 

1. 
ď 

Ă	 βθ
q{Z

p

MpY, Gθ 
0, ΓY , τ

βθ , c Γθ 
pΓY q Ă MpX, Gq

Γ . 
rβsPH1pΓ,IntpGqq,qθpY q–αθ 

2. 
ď 

Γ 
Ă	 Ă

βθ
q{Z

p

MsspX, Gq	 MpY, G0
θ , ΓY , τ 

βθ , c pΓY q.Γθ 

rβsPHθ 
1pΓ,IntpGqq,qθ pY q–α 

As rβs runs over Hθ 
1pΓ, IntpGqq, βθ runs over all the conjugacy classes (under conju

gation by IntpGq) of elements of Hom pΓ, AutpGqq lifting a. Moreover, the intersections 

MsspX, Gq X MĂpY, G0
θ , ΓY , τ

βθ , c βθq{Z
p

pΓY qΓθ 

are disjoint for different rβs P Hθ 
1pΓ, IntpGqq and Y . 

5.8	 The Prym–Narasimhan–Ramanan construction for char
acter varieties 

Keep the assumptions of Section 5.7, namely that the order of α P Z1pΓ, H1pX, Zqq anda 

Z1pΓ, Zq are both finite. If we suppose that µ is trivial, Theorem 5.7.2 yields a description a 

of the fixed points of a Γ-action on the character variety RpX, Gq. We keep the definitions 
of Section 4.2. The action of Γ on RpX, Gq induced by its action on MpX, Gq via Theorem 
2.3.3 is given as follows: for each γ P Γ, the corresponding Z-bundle αγ is flat —it has 
finite order by assumption— and so it is given by a representation ργ : π1pXq Ñ Z. Given 
a representation ρ : π1pXq Ñ G, we may multiply it by ργ to get a new representation 
ρ b ργ . Now, given the automorphism θγ of G and ρ P Hompπ1pX, xq, Gq, there is another 
representation of π1pX, xq in G given by θγ ˝ ρ. This defines a left action of AutpGq

on RpX, Gq that clearly descends to an action of OutpGq. So for every γ P Γ and ρ P 
Hompπ1pXq, Gq we have ρ ¨ γ P Hompπ1pXq, Gq given by 

ρ ¨ γ “ θ ´1 
˝ pρ b αγ q.γ 

It is straightforward to show (see [15, 39, 40] for a similar computation) that the right 
action of Γ on RpX, Gq given by this coincides with the action of Γ on MpX, Gq defined 
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in Section 2.4 via the non-abelian Hodge correspondence (recall that here we are taking the 
character µ : Γ Ñ C˚ to be trivial). 

θ Gθ 
pFor each lift θ of a, let τ θ and c satisfy Gθ – 0 ˆτθ ,c Γθ. Let Y be the connected θ 

component of a Γpθ-bundle, with Galois group ΓY ď Γpθ. Then, by Proposition 5.6.1 and 
Theorem 4.4.8 and the non-abelian Hodge correspondence 4.2.2, we have a morphism 

rRpY, Gθ 
0, ΓY , τ

θ, cθq{Z
p

pΓY q Ñ RpX, Gq. Let RpY, Gθ 
0, ΓY , τ

θ, cθq{Z
p

pΓY q be its imΓθ Γθ 

age. By Theorem 5.7.2 we have the following result: 

Theorem 5.8.1. Let µ be trivial and fix θ P Hom pΓ, AutpGqq lifting a. We have the 
following relations between character varieties: 

1. 
ď 

RrpY, Gβθ , ΓY , τ
βθ , c βθq{Z

p

pΓY q Ă RpX, Gq
Γ .0 Γθ
 

rβsPH1pΓ,IntpGqq,qβθ pY q“α
θ 

2. 
ď 

RirrpX, Gq
Γ 

Ă RrpY, Gβθ , ΓY , τ
βθ , c βθq{Z

p

pΓY q.0 Γθ 

rβsPH1pΓ,IntpGqq,qβθ pY q“αθ 

85
 



Chapter 6 

Prym–Narasimhan–Ramanan 
construction for a finite cyclic group 
action 

6.1	 Action of a finite cyclic subgroup of the Jacobian on 
the moduli space of GLpn, Cq-Higgs bundles 

In this section we apply Theorem 5.7.2 to the case where G “ GLpn, Cq and a is trivial. 
In particular this shows that the construction in [58] follows from Theorem 5.7.3 when 
applied to GLpn, Cq-bundles, or vector bundles of rank n. 

Let L be a line bundle over X with order r, which may be seen as an element of 
H1pX, Z{rZq, and assume that n “ rm is divisible by r (otherwise there would be no 
fixed points). Let Γ ă H1pX, Z{rZq be the subgroup generated by L and consider a 
homomorphism 

µ : Γ Ñ C˚; γ ÞÑ µγ . 

We want to calculate the fixed points of the action of Γ on MpX, GLpn, Cqq. 
Every element in HompZ{rZ, IntpGLpn, Cqqq is determined by the image of the gen

erator of Z{rZ. Moreover, every element in GLpn, Cq with finite order is diagonalizable 
and so every class in H1pZ{rZ, IntpGLpn, Cqqq, which is equal to the character variety 
XpZ{rZ, IntpGLpn, Cqqq :“ HompZ{rZ, IntpGLpn, Cqqq{ IntpGLpn, Cqq, is represented 
by an automorphism of the form θ :“ IntM , where 

˛¨ 
Ip1 0 . . . 0 
0 ζIp2 . . . 0 ‹

‹

‹ 
‚ 
, 

ζ is a primitive r-th root of unity and p1 ̀ . . .`pr “ n. The group of fixed points GLpn, Cqθ 

under this automorphism is equal to GLpp1, Cq ˆ GLpp2, Cq ˆ . . . ˆ GLppr, Cq. 
In order to define the group GLpn, Cqθ, as defined in Section 5.1, note that the group 

multiplication Z{rZ ˆ Z{rZ Ñ Z{rZ induces an inclusion of Z{rZ in the group of per
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M :“
 . . ... . . . . . . . 
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mutations of the eigenvalues of M . Let A be a matrix permuting the eigenspaces of M , in 
the sense that it sends each eigenspace to its permutation. We denote by ppAq the corre
sponding permutation of the eigenvalues of M . We then call A a permutation matrix if 
ppAq P Z{rZ. The group GLpn, Cqθ is generated by GLpn, Cqθ and a set of permutation 
matrices, one for each element k in Z{rZ such that the eigenspaces corresponding to the 
same orbit of eigenvalues under the action of xky have the same dimension. On the other 
hand, we know from Theorem 5.6.4 that the moduli of fixed points MΓpX, GLpn, Cqq is 
empty unless the homomorphism 

cθ : GLpn, Cqθ Ñ Z{rZ 

is surjective. This happens if and only if all the eigenspaces have the same dimension, i.e. 
p1 “ ¨ ¨ ¨ “ pr “ m. We will assume this from now on. 

Thus, GLpn, Cqθ is a Z{rZ-extension of GLpn, Cqθ generated by GLpn, Cqθ and the 
permutation matrix 

˛¨ 
0 Im 0 . . . 0 
0 0 Im . . . 0 
. . . . . 

˚

˚

˚

˚

˚

˝
 

‹

‹

‹

‹

‹ 
‚ 
. 

Since Sr “ 1, the 2-cocycle involved is the trivial map 

Z{rZ ˆ Z{rZ Ñ ZpGLpn, Cq
θ
q – pC˚

q
r . 

This provides an isomorphism 

GLpn, Cqθ – GLpn, Cq
θ 

ˆpIntS ,1q Z{rZ “ GLpn, Cq
θ 

¸IntS Z{rZ, 

where by abuse of notation we are writing the image IntS of the generator instead of the 
whole homomorphism 

Z{2Z Ñ AutpGLpn, Cq
θ
q. 

Let 
pL : XL Ñ X 

be the Galois r-cover of X defined by L and let λ be a generator of its Galois group 
ΓL, which is isomorphic to Z{rZ. According to Theorem 5.6.4, simple fixed points come 
from pIntS , cq-twisted Z{rZ-equivariant GLpn, Cqθ-bundles over XL. The associated vec
tor bundles are direct sums of vector bundles of rank m with a Γ-equivariant action. Take 
one of them, and call it V “ F ‘ F1 ‘ . . . ‘ Fd´1. The automorphism induced by λ 
via Remark 3.4.3 and the natural embedding of GLpn, Cqθ in GLpn, Cq exchanges the ac
tion of the copies of GLpm, Cq (as does the conjugation by S), therefore its effect on V is 
permuting the summands. This provides an isomorphism 

V – λ˚V 

permuting the summands or, in other words, 

V – F ‘ λ˚F ‘ λ2˚F ‘ . . . ‘ λpr´1q˚F. 

S :“
 . .
 .
 . .
.
 .
. .
 .
 
0 0 0 . . . Im 

Im 0 0 . . . 0 
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The action of the Galois group is the permutation action on V . 
To see what happens to the Higgs field, we first note that glθµ is the vector space of 

permutation matrices A such that ppAq “ µpLq ´1 . The homomorphism π1pXq Ñ C˚ 

determined by L induces a natural isomorphism ΓL – Γ˚ :“ HompΓ, C˚q. Regarding 
µ as an element of ΓL and using the ΓL-equivariance, we find that the Higgs field on V 
must be induced by homomorphisms λk˚F Ñ µ ´1˚λk˚F b KL obtained by pulling back a 
homomorphism 

ψ : F Ñ µ ´1˚F b KL 

under the elements of GalpXL{Xq where KL is the canonical bundle of XL. 
In summary, 

Proposition 6.1.1. A simple GLpn, Cq-Higgs bundle pE, φq over X is isomorphic to pE b 
L, µpLqφq if and only if it is the pushforward of a vector bundle F of rank m over XL and 
φ is induced by a homomorphism 

ψ : F Ñ µ ´1˚F b KX . 

´Corollary 6.1.2. Let L be a line bundle of order 2 over X with corresponding Etale cover 
XL Ñ X . Consider the involution of MpX, GLp2m, Cqq sending each Higgs bundle 
pE, φq to pE b L, ́ φq. Then a smooth point is fixed under this action if and only if it is 
the pushforward of a vector bundle F of rank m on XL equipped with a homomorphism 
ψ : F Ñ λ˚F b KL, where λ is the generator of GalpXL{Xq – Z{2Z and KL is the 
canonical bundle of XL. 

Remark 6.1.3. With data pF, ψq as in Corollary 6.1.2, the higgs bundle pF ‘ λ˚F, ψ ‘ λ˚ψq

—whose quotient by the permutation action of GalpXL{Xq is the pushforward of F — is a 
Upm, mq-Higgs bundle on XL. 

6.2 Dualization of Higgs bundles 
Throughout this section, attaching an “N” to the left of a subgroup of SLpn, Cq denotes 
its normalizer in SLpn, Cq. If n ě 3, the group of outer automorphisms of SLpn, Cq is 
isomorphic to Z{2Z. A lift of its generator a is given by the automorphism θ sending A to 
At´1. Given a line bundle L, 

LθpLq “ LL˚ 
– O, 

the trivial bundle. Thus we have a homomorphism 

Z{2Z Ñ H1
pX, C˚

q ¸ OutpSLpn, Cqq 

sending the generator ´1 P Z{2Z to pL, aq. If E is a simple fixed point, 

O – detpEq – detpE˚
q b Ln 

– Ln , 

so that necessarily L has finite order r dividing n and so L reduces to a Z{nZ-bundle. From 
[45] we also know that every class of Hθ 

1pZ{2Z, IntpSLpn, Cqqq is represented either by θ 
or, in case that n “ 2m is even, ν :“ IntJ θ, where 

ˆ ˙ 
0 ImJ :“ . (6.2.1)

´Im 0 
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We need to calculate the extensions NSOpn, Cq “ SLpn, Cqθ and NSpp2m, Cq “ 
SLpn, Cqν (see [39]) of SOpn, Cq and Spp2m, Cq, respectively. To do so, we first cal
culate cθpNSOpn, Cqq and cν pNSpp2m, Cqq. Recall that cθ is the homomorphism which 
sends g P NSOpn, Cq to θpgqg ´1, which is an element of the centre of SOpn, Cq, and we 
may define cν similarly. For the symplectic group consider the group of invertible matrices 

ˆ ˙ 
Im 0 

Mc :“ , (6.2.2)
0 c ´1Im 

where c P C˚. They satisfy 
cν pMcq “ cIn, 

so that cν is an isomorphism from the group to C˚. Since C˚ coincides with the centre of 
GLp2m, Cq, every coset of the normalizer of Spp2m, Cq in GLp2m, Cq must be represented 
by a matrix Mc. Classes in the quotient NSpp2m, Cq{Spp2m, Cq must be in bijection with 
elements of the group with determinant 1, which are exactly the elements Mc such that c is 
an m-th root of unity. Choose a primitive m-th root of unity ζ and set 

IntM : Z{mZ Ñ IntpSpp2m, Cqq; k ÞÑ IntM . 
ζk 

Then we get an isomorphism 

NSpp2m, Cq – Spp2m, Cq ˆpIntM ,1q Z{mZ, (6.2.3) 

i.e. NSpp2m, Cq is a semidirect product of Spp2m, Cq by Z{mZ. 
For the orthogonal group, given c P C˚ , 

cθpcInq “ c ´2In, 

and varying c we get the whole centre of SLpn, Cq. Again, classes in NSOpn, Cq{SOpn, Cq

are represented by scalar matrices with determinant 1, which are just n-th roots of unity. 
When n is odd, taking a power ´2 is an automorphism of the group of n-th roots Z{nZ, 
so that NSOpn, Cq is a semidirect product of SOpn, Cq with Z{nZ given by conjugation by 
an element of the centre. In other words, a direct product. However, when n “ 2m is even 
the restriction of cθ to Z{nZ is not an isomorphism and so a 2-cocycle appears. In this case 
we may restrict to n-th roots of unity with argument less than π to give a bijection between 
NSOp2m, Cq and SOp2m, Cq ˆ Z{mZ. Since conjugation by elements in the centre is 
trivial, so is the characteristic homomorphism. The cocycle c is defined as follows: define 
a map 

σ : Z{nZ Ñ Z{2Z 

which assigns an n-th root to 1 if its argument is less than π and ´1 otherwise. Then set 

c : Z{nZ ˆ Z{nZ Ñ Z{2Z; pδ, δ1
q ÞÑ σpδ 

1 
2 δ1 1 

2 q, (6.2.4)
 

where δ
 
1 
2 is the unique square root of δ with argument less than π. 
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Remark 6.2.1. We may explicitly check that this is a 2-cocycle since, if δ, δ1 and δ2 are n-th 
roots of unity, 

1 
2 δ1 11 

δ1 1 
2

1 
2 qσpδ1 1 

2
1 
2 q “ cpδδ1, δ2

qcpδ, δ1
q,
cpδ1, δ2

qcpδ, δ1δ2
q “ σpδ δ2 δ2

qσpδ
2 2

where we have used that
 
1 1 11 

2 qδ
2 δ1 1 
pδδ1 δ1

“ σpδ
q
2 2 2 .
 

Applying the proof of Proposition 3.2.3 we have isomorphisms
 
#
 
SOpn, Cq ˆ Z{nZ if n is odd 

NSOpn, Cq – (6.2.5)
SOpn, Cq ˆp1,cq Z{mZ if n “ 2m. 

Remark 6.2.2. Note that the same reasoning that gives the even case in (6.2.5) also provides 
an isomorphism 

NSpp2m, Cq – Spp2m, Cq ˆp1,cq Z{mZ. 

Thus we have two descriptions of NSpp2m, Cq, one with trivial 2-cocycle and one with a 
trivial lift of the characteristic homomorphism. 

We are now ready to describe the simple fixed points. Let r be the order of L. Using 
Theorem 5.6.4, we first conclude that there are no simple fixed points if r does not divide 
n, or if it does not divide m when n “ 2m. Let XL be the étale cover of X associated to 
L, which has degree equal to r. If r divides n [or m], we have: 

Proposition 6.2.3. Let Γ – Z{2Z equipped with the homomorphism 

Γ Ñ JpXq ¸ AutpSLpn, Cqq 

which assigns ´1 to pL, θq, where θ is taking transpose and inverse and L is a line bundle 
over X of order r dividing n, if n is odd, or m “ n{2 if n is even. Let XL Ñ X be the 
´
etale cover of degree r determined by L. Then we have:
 

1. If n is odd: 

Ă

Mss

Γ 

Ă

MpXL, SOpn, Cq, Z{rZ, 1, 1q Ă MpX, SLpn, Cqq

pX, SLpn, Cqq
Γ 

Ă MpXL, SOpn, Cq, Z{rZ, 1, 1q. 

and
 

Ă

Ă

Ă

Ă

2. If n “ 2m is even: 

MpXL, SOpn, Cq, Z{rZ, 1, cqY 

MpXL, Spp2m, Cq, Z{rZ, IntM , 1q ĂMpX, SLpn, Cqq

MpXL, SOpn, Cq, Z{rZ, 1, cqY 

MpXL, Spp2m, Cq, Z{rZ, IntM , 1q. 

Γ and
 

pX, SLpn, Cqq
Γ 

ĂMss

, 

where c and M are given by (6.2.4) and (6.2.2) respectively. 
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6.3	 Tensorization of Spp2n, Cq-Higgs bundles by line bun
dles of order 2 

Let L P	 H1pX, Z{2Zq be a line bundle of order 2 and let XL be the corresponding étale 
cover of degree two over X . Consider the involution of the moduli space of Spp2n, Cq-
Higgs bundles which sends pE, φq to pEbL, ̆ φq. In other words, the generator of Γ is sent 
to pL, 1, ̆ 1q P H1pX, Z{2Zq¸OutpSpp2n, CqqˆC˚ —general actions of finite subgroups 
of H1pX, Z{2Zq are considered in Chapter 8. We note on passing that OutpSpp2n, Cqq is 
trivial and the centre of Spp2n, Cq is Z{2Z, so that this covers all the possible subgroups of 
order 2 of H1pX, Z{2Zq ¸ OutpSpp2n, Cqq ˆ C˚ . 

Consider the embedding of Spp2n, Cq in GLp2n, Cq associated to the symplectic form 
J defined by (6.2.1). According to [45] the conjugacy classes of involutions in the quotient 

¨ 
AutpSpp2n, Cqq{ IntpSpp2n, Cqq are represented by IntJ and IntKp,q 

´Ip 0 0 0 

, where
 
˛ 

‹

‹

‚

, 

˙ˆ 

and
 Kp,q :“ i 
˚

˚

˝
 
0 Iq 0 0 
0 0
 ´Ip 0
 

0 In 

´In 0
 
J :“
 

0 0 0 Iq 

and p ` q “ n. The matrix J is conjugate to 
˙
ˆ
 

J 1 
“ 

0 
i 

´

0 
i
. 

Set θ :“ IntJ 1 and τp,q :“ IntKp,q . By Theorem 5.6.4 we have 

Γ
pX, Spp2n, Cqq
 “
Mss

˜
 ¸

ď
 

τp,q 
˘1 q

ĂĂMLpX, Spp2n, Cqθ, g MLpX, Spp2n, Cqτp,q 

where the subscript L indicates that the quotient by the action of the fixed-point subgroups 
Spp2n, Cqθ and Spp2n, Cqτp,q respectively, is a Z{2Z-bundle isomorphic to L. Since 

Spp2n, Cqτp,q “ Spp2n, Cq
τp,q 

unless p “ q, we actually have 

Γ 

θ
pX, Spp2n, Cqq X
 q Y
 Mss , g
 ,
˘1

p`q“n 

pX, Spp2n, Cqq
 (6.3.6)
“
Mss
´
 ¯
 

Ă

˙ˆ 

ĂMLpX, Spp2n, Cqθ, g MLpX, Spp2n, Cqτ , g 

where τ :“ τn{2,n{2 and the second component is only present if n is even. From now on, 
whenever n{2 appears it will be implicit that n is even. 

We find that Spp2n, Cqθ – GLpn, Cq is the subgroup of matrices of the form 

θ τ 
˘1qpX, Spp2n, Cqq X
 q Y
Mss ,
˘1

A 0 
0 At´1 , 
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and Spp2n, Cqθ is the subgroup of Spp2n, Cq generated by Spp2n, Cqθ and S. Since S2 “ 
´I , we get an isomorphism 

Spp2n, Cqθ – Spp2n, Cq
θ 

ˆIntJ ,´1 Z{2Z, 

where we call ´1 to the 2-cocycle c P Z2 pZ{2Z, ZpSpp2n, Cqθqq such that cp´1, ́ 1q “ IntJ 

´I2n. 
On the other hand, Spp2n, Cqτ 

of the form
– Sppn{2, Cq ˆ Sppn{2, Cq is the subgroup of matrices
 
¨ ˛ 
A 0 B 0 
0˚

˚

˝C 
0 

O 
0 
Q 

0 
D 
0 

P‹ 
‹ 
‚

,
0 
R 

where

˙ˆ˙ˆ 

A B O P
and 

C D Q R 

are in Sppn{2, Cq. The group Spp2n, Cqτ is generated by Spp2n, Cqτ – Sppn{2, Cq ˆ 
Sppn{2, Cq and

˛¨ 
0 In{2 0 0 
In{2 0 0 0 
0 

‹

‹ 
‚

, 

which has order 2. Thus, Spp2n, Cqτ – Spp2n, Cqτ ˆIntT ,1 Z{2Z. 
Let XL be the étale cover of X associated to L. Consider the action of Γ on C2n such 

that the generator of Γ multiplies vectors by S on the left. This is the action provided by 
Remark 3.4.3 and the embedding of Spp2n, Cqθ in GLp2n, Cq. By Proposition 3.4.2 we 
may describe pIntJ , ́ 1q-twisted Z{2Z-equivariant Spp2n, Cq-bundles over XL in terms of 
vector bundles of rank 2n over XL which have the form E ‘E˚, where E is a vector bundle 
of rank n over XL and the automorphism corresponding to the generator λ of the Galois 
group exchanges the two summands. Let f : E Ñ λ˚E˚ and f 1 : E˚ Ñ λ˚E be the 
restrictions of the homomorphism induced by the action of GalpXL{Xq on E ‘ E˚ . On 
the one hand the equivariance of the Γ-action implies that λ˚pfqf 1 “ 1. On the other, the 
fact that the action preserves the symplectic form implies 

xe, e ˚y “ ωpe, e ˚q “ ωpfpeq, f 1
pe ˚qq “ ´xf 1

pe ˚q, fpeqy “ ´xf 1˚fpeq, e ˚y 

for each e P E and e˚ P E˚, where x‚, ‚y denotes the natural pairing between E and E˚ 

and ω is the corresponding symplectic form. Thus f 1 “ ´f˚´1, and we conclude that 
λ˚pf˚q “ ´f . The action of the Galois group on E ‘ E˚ given by f ‘ ´f˚ is induced 
by the natural permutation action on E ‘ λ˚E using the isomorphism λ˚pfq between λ˚E 
and E˚ . 

Similarly, when n is even, by Remark 3.4.3 we know that pIntT , 1q-twisted Z{2Z
equivariant Sppn{2, Cq ˆ Sppn{2, Cq-bundles over XL have associated vector bundles of 
the form E ‘ E 1, where both E and E 1 are symplectic vector bundles. The action of the 

˚

˚

˝
T :“
 
0 0 In{2 

00 0 In{2 
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Galois group exchanges E and E 1, so that E 1 – λ˚E and the symplectic form on E 1 is just 
the pullback of the symplectic form on E. 

Thus the relevant twisted equivariant principal bundles are in correspondence with the 
following objects: 

1. For ĂMLpX, Spp2n, Cqθq: vector bundles E of rank n on XL equipped with an iso
„morphism f : E ÝÑ λ˚E˚ satisfying λ˚f˚ “ ´f , where λ P Γ˚ “ GalpXL{Xq is 

the generator. The corresponding vector bundle on X is the pushforward of E, and 
the symplectic form is given by the standard one on E ‘ E˚ and f . 

2. For ĂMLpX, Spp2n, Cqτ q, assuming n is even: symplectic vector bundles E of rank 
n on XL. Again, the corresponding vector bundles on X are the pushforwards. 

Let KL is the canonical bundle of XL. The Higgs field has values in the ˘1-weight space 
of the corresponding involution. In the `1 case this means that it preserves E, in the sense 
that it is given by a homomorphism E Ñ E ˆ KL, whereas in the ´1 case it is determined 
by a λ˚-invariant homomorphism E Ñ λ˚E b KL, i.e. the Higgs field exchanges E and 
λ˚E. Summing up and plugging in the stability conditions, which for symplectic bundles 
mean that no isotropic sub-bundle has non-negative degree, yields: 

´Proposition 6.3.1. Let L be a line bundle of order 2 over X with corresponding Etale cover 
pL : XL Ñ X and Galois group generated by λ P AutpXLq. Let KL be the canonical 
bundle of XL. Consider the automorphism of MpX, Spp2n, Cqq sending pE, φq to pE b 
L, φq. Then the smooth fixed points in MpX, Spp2n, Cqq are pushforwards (under pL) of 
the following two types of Higgs bundles with extra structure: 

1. A stable Higgs bundle pF, ψq of rank n on XL equipped with an isomorphism f : 
„

pF, ψq ÝÑ λ˚pF ˚, ψ˚q such that λ˚f˚ “ ´f . 

2. Only if n is even: a stable symplectic Higgs bundle of rank n{2 over X . 

Conversely, such pushforwards are fixed points. 
Now consider the automorphism of MpX, Spp2n, Cqq sending pE, φq to pE b L, ́ φq. 

Then the smooth fixed points in MpX, Spp2n, Cqq are pushforwards (under pL) of the fol
lowing two types of vector bundles with extra structure: 

1. A vector bundle bundle F of rank n on XL equipped with a homomomorphism ψ : 
„

F Ñ λ˚F b KL and an isomorphism f : pF, ψq ÝÑ λ˚pF ˚, ψ˚q such that λ˚f˚ “ 
´f . 

2. Only if n is even: a symplectic vector bundle of rank n{2 over X with a homomor
phism ψ : F Ñ λ˚F b KL which preserves the symplectic form. 

Conversely, such pushforwards are fixed points. 

Remark 6.3.2. Let η be the compact involution of Spp2n, Cq yielding the maximal compact 
subgroup Spp2nq “ Spp2n, Cq X Upnq. Under the given embedding in GLp2n, Cq this is 
just conjugating, transposing and inverting, and it can be seen with a simple computation 
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that it commutes with θ and τ . Then ηθ P AutpSpp2n, Cqq is a conjugate of η IntJ (see 
6.2.1) which, since IntJ is just taking transpose and inverse on Spp2n, Cq, is the antiholo
morphic involution given by conjugation of matrices. Thus the fixed point real subgroup 
Spp2n, Cqηθ is isomorphic to Spp2n, Rq. We may also see that Spp2n, Cqητ is isomorphic 
to Sppn{2, n{2q. Let NSpp2n, Rq and NSppn{2, n{2q denote the respective normalizers 
in Spp2n, Cq. Their quotients by their connected components, which are Spp2n, Rq and 
Sppn{2, n{2q respectively, are isomorphic to Z{2Z. According to Section 8.2 in [39] the 
non-abelian Hodge correspondence provides isomorphisms 

MpXL, Spp2n, Cq
θ , g´

θ 
1q – RpXL, Spp2n, Rqq, 

MpXL, Spp2n, Cq
τ τ , g´1q – RpXL, Sppn{2, n{2qq, 

where RpXL, ‚q denotes the character variety of π1pXLq with values in ‚ . Thus our state
ments may be regarded as a correspondence between fixed points in MpX, Spp2n, Cqq and 
twisted equivariant Spp2n, Rq and Sppn{2.n{2q-Higgs bundles on XL respectively. 

6.4	 Tensorization of Spinpn, Cq-Higgs bundles by elements 
of order 2 

First we briefly recall the construction of the group Spinpn, Cqq. For more details see [55]. 
Consider a complex vector space V of dimension n equipped with an orthogonal form ω.

À 
The tensor algebra T pV q :“ V bk has an ideal IpV, ωq generated by elements of the k 
form vbv`ωpvq, where v P V and ωpvq :“ ωpv, vq, and the quotient is the Clifford algebra 
ClpV, ωq :“ T pV q{IpV, ωq. We define Pinpn, Cq Ă ClpV, ωq to be the multiplicative group 
generated by elements v P V such that ωpvq “ ˘1, and Spinpn, Cq ă Pinpn, Cq to be the 
subgroup of elements of even length. We have a degree two covering 

f : Spinpn, Cq Ñ SOpn, Cq 

given by associating an element of Spinpn, Cq to its adjoint action on V . The fibre of the 
automorphism Adv1...v2k is ˘v1 . . . v2k. We assume that ω is the standard orthogonal form 
on V “ Cn . 

According to [45], the involutions of SOpn, Cq are given, up to conjugation by IntpGq, 
by IntIp,q (for any p, q such that p ` q “ n) and, when n is even, IntJ , where 

ˆ ˙	 ˆ ˙ 
0 In{2	 ´Ip 0 

J :“	 and Ip,q :“ . (6.4.7)
´In{2 0	 0 Iq 

The only inner automorphisms of order 2 up to conjugation are IntIp,q for one of p or q 
even (and p ̀  q “ n) and IntJ for n “ 4m. This is of course also true for Spinpn, Cq, since 
IntpSOpn, Cqq – IntpSpinpn, Cqq. If we assume without loss that p is even, we find 

IntIp,qSOpn, Cq “ SpOpp, CqˆOpq, Cqq “ pSOpp, CqˆSOpq, Cqq\pO ´ 
pp, CqˆO ´ 

pq, Cqq, 

where O ´ pp, Cq is the non-trivial coset of SOpp, Cq in Opp, Cq. 
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We split our analysis for IntIp,q in two cases: first consider that p ‰ q. Then the 
IntIp,q .group SOpn, CqIntIp,q 

is equal to SOpn, Cq Therefore Spinpn, CqIntIp,q 
is equal to 

IntIp,qf ´1pSOpn, CqIntIp,q q, which is an extension of Spinpn, Cq by either Z{2Z or 1. But 
IntIp,qSpinpn, Cq is connected, since Spinpn, Cq is simply connected [63], so that necessar

ily 

IntIp,q ´1Spinpn, Cq “ f pSOpp, Cq ˆ SOpq, Cqq “ Spinpp, Cq ˆ Spinpq, Cq. 

An element in f ´1pO ´ pp, Cq ˆ O ´ pq, Cqq with order 2 is sp :“ iv1vp`1, where v1 P Cp 

and vp`1 P Cq have norm 1. The adjoint action on Spinpp, Cq ˆ Spinpq, Cq is determined 
by reflections on v1 and vp`1, and 

sp 
2 

“ ´v1vp`1v1vp`1 “ v1v1vp`1vp`1 “ p´1qp´1q “ 1, 

so that the 2-cocycle c given by Proposition 3.2.3 is trivial. Thus we get an isomorphism 

Spinpn, CqIntIp,q 
– pSpinpp, Cq ˆ Spinpq, Cqq ˆIntsp ,1 Z{2Z, 

a semidirect product, where by abuse of notation we are writing the image of the generator 
instead of the whole homomorphism 

Z{2Z Ñ AutpSpinpp, Cq ˆ Spinpq, Cqq. 

When n “ 4m we have the remaining case p “ q “ 2m, where SOpn, CqIntI2m,2m 
is 

generated by SOp2m, CqˆSOp2m, Cq and J . In this case Spinp4m, CqIntI2m,2m 
is generated 

by Spinp2m, Cq ˆ Spinp2m, Cq, one of the elements J 1 P f ´1pJq and s2m. Since J 12 “ 
J2 “ ´1, we have an isomorphism 

Spinp4m, CqIntI2m,2m 
– pSpinp2m, Cq ˆ Spinp2m, Cqq ˆτ,c pZ{2Zq

2 . 

If the generators of pZ{2Zq2 are a and b then τa “ IntJ 1 , which exchanges the two factors, 
and τb “ Ints2m . The 2-cocycle c is trivial except for the pairs pb, aq, pa, aq, pba, bq and 
pb, abq, which are mapped to ´1. 

Finally, when n “ 4m we have that SOp4m, CqJ – GLp2m, Cq is the subgroup of 
matrices of the form 

ˆ ˙ 
A B

, (6.4.8)
´B A 

where the isomorphism sends this matrix to A ` iB. The extension SOp4m, CqJ is gener
ated by SOp4m, CqJ and I2m,2m, so that 

SOp4m, CqJ – GLp2m, Cq ˆθ,1 Z{2Z, 

where θ P AutpGLp2m, Cqq consists of taking transpose and inverse. Indeed, note that the 
Lie algebra of SOp4m, CqJ consists of matrices of the form (6.4.8) with A antisymmetric 
and B symmetric. The automorphism AdI2m,2m sends this matrix to 

ˆ ˙ 
A ´B 

,
B A 
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which is mapped to A´iB P glp2m, Cq, thus the induced automorphism of glp2m, Cq sends 
M to ́ M t. Since this coincides with the differential of θ, the automorphism IntI2m,2m must 
induce θ. 

The preimage of each component in Spinpn, Cq is connected: we may define a path 
from 1 P Spinpn, Cq to ´1 in f ´1pSOp4m, CqJ q by choosing a vector v of norm ´1, so 
that vv “ 1, and rotating one of the factors inside a two-dimensional subspace of V until it 
gets to ´v. Since f is a degree two covering given by quotienting by t˘1u, this proves that 
f ´1pSOp4m, CqJ q is connected. Since this is the preimage of the connected component 
of SOp4m, CqJ , the preimage of the remaining component is also connected. Note that 
f ´1pSOp4m, CqJ q is a 2-cover of GLp2m, Cq, hence it is isomorphic to GLp2m, Cq itself. 

Summing up, we have: 

Proposition 6.4.1. Let L be a ZpSpinpn, Cqq-bundle of order 2 over X , and let XL be the 
(connected) étale cover associated to it. Let f : Spinpn, Cq Ñ SOpn, Cq be the natural 
2-cover, J the matrix given in (6.4.7) and J 1 P Spinpn, Cq one of the elements in f ´1pJq. 

1. If n ‰ 4m then, with definitions as in Section 5.7, 

MpXL, Spinpp, Cq ˆ Spinpq, Cq, Z{2Z, Intsp 
Ă

ď
 
, 1q Ă MpX, Spinpn, Cqq
L 

p even, p`q“n 

and 
ď
 

ĂMpXL, Spinpp, CqˆSpinpq, Cq, Z{2Z, Intsp 

Ă

where sp “ iv1vp`1, 1 is the trivial 2-cocycle and we are calling Intsp to the homo
morphism Z{2Z Ñ AutpSpinpp, Cq ˆ Spinpq, Cqq whose image of ´1 is Intsp by 
abuse of notation. 

2. When n “ 4m there are several possibilities depending on the image of the mon
odromy representation of L: if the monodromy group is Z{2Z ˆ Z{2Z then 

MpXL, Spinp2m, Cq ˆ Spinp2m, Cq, Z{2Z ˆ Z{2Z, τ, cq Ă MpX, Spinpn, Cqq

pX, Spinpn, Cqq
L 

ĂMss , 1q,
 
p even, p`q“n 

L 

and
 

ĂMpXL, Spinp2m, Cq ˆ Spinp2m, Cq, Z{2Z ˆ Z{2Z, τ, cq. 

If the generators of pZ{2Zq2 are a and b then τa “ IntJ and τb “ Ints2m . Moreover, 
c is the 2-cocycle in Zτ 

2pZ{2Z ˆ Z{2Z, ZpSpinp2m, Cq ˆ Spinp2m, Cqqq which is 
equal to ´1 at pb, aq, pa, aq, pba, bq and pb, abq and trivial at every other pair. 

3. If n “ 4m and the monodromy group of L is a subgroup of order 2 in Z{2Z ˆ Z{2Z 
whose image under f is ˘1 P SOpn, Cq then: 

pX, Spinpn, Cqq
L 

ĂMss

Ă

ĂMpXL, Spinp2m, Cq ˆ Spinp2m, Cq, Z{2Z, IntM , ́ 1qY 

Y MpXL, GLp2m, Cq, Z{2Z, θ, 1q Ă MpX, Spinpn, Cqq
L 
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and
 

Y

where M “ J 1 or J 1

ĂMsspX, Spinpn, Cqq
L 

ĂMpXL, Spinp2m, Cq ˆ Spinp2m, Cq, Z{2Z, IntM , ́ 1qY 

MpXL, GLp2m, Cq, Z{2Z, θ, 1q,Ă

s2m depending on the actual monodromy group and θ consists 
of taking transpose and inverse. 

4. If n “ 4m and the image of the monodromy is f ´1p1q “ ˘1 P Spinp4m, Cq then: 

MpXL, Spinpp, Cq ˆ Spinpq, Cq, Z{2Z, Intsp 
L

Ă

ď
 

p even, p`q“n 

and 

, 1q Ă MpX, Spinpn, Cqq


ď
 
ĂMpXL, Spinpp, CqˆSpinpq, Cq, Z{2Z, Intsp 

6.5 Action of a line bundle of order 2 on E7 

Let E7 be the simply connected group with exceptional Lie algebra e7. We briefly review 
the construction of E7 —for more details see [80]. Recall that the Cayley algebra C is 
the R-algebra generated by the group of octonions, which is equipped with a conjugation. 
The exceptional Jordan algebra J consists of 3 ˆ 3 hermitian matrices over C, and we may 
construct its complexification JC and define the Freudenthal vector space 

BC :“ JC 
‘ JC 

‘ C ‘ C. 

Given two elements u and v in BC, we may define a C-linear mapping u ̂  v : BC Ñ BC . 
We define E7 as the group of C-linear automorphisms f : BC Ñ BC such that 

fpu ˆ vqf ´1 
“ fpuq ˆ fpvq. 

This has centre t˘1u – Z{2Z. Two elements in E7 are ι and s, defined by 

ι : BC 
Ñ BC; pu, v, a, bq ÞÑ p´iu, iv, ́ ia, ibq 

and 
s : BC 

Ñ BC; pu, v, a, bq ÞÑ pv, ́ u, b, ́ aq. 

They anticommute and their squares are both ´1, so that the corresponding inner auto
morphisms have order 2. According to [80], if E6 is the simply connected group with 
Lie algebra e6 then E7

Intι – pE6 ˆ C˚q{pZ{3Zq, where Z{3Z Ă C˚ acts by simultaneous 
multiplication on both factors. The action of τ :“ Ints on pE6 ˆ C˚q{pZ{3Zq is given by 
transposing and inverting the factor E6 and inverting the factor C˚, and we have 

MsspX, Spinpn, Cqq
L 

Ă , 1q.
 
p even, p`q“n 

pE7qIntι – pE6 ˆ C˚
q{pZ{3Zq ˆτ,´1 Z{2Z. 
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Now let L be a line bundle of order 2 on X , which may be regarded as Z{2Z-bundle, 
and let Γ be the subgroup of H1pX, Z{2Zq generated by L. Let XL be associated etale´
cover. According to the previous paragraph and Theorem 5.7.2, the image of 

MpXL, pE6 ˆ C˚
q{pZ{3Zq, Z{2Z, τ, ́ 1q 

is contained in MpX, E7q
Γ and its intersection with the smooth locus is a union of con

nected components of MsspX, E7q
Γ . 
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Chapter 7 

Action of a finite subgroup of the 
Jacobian on the moduli space of 
GLpn, Cq-Higgs bundles 

Let X be a compact Riemann surface and consider the moduli space MpX, GLpn, Cqq, 
isomorphic to the moduli space of Higgs bundles of rank n. Applying Theorem 5.7.2 
we find a description for the locus of fixed points in MpX, GLpn, Cqq under the action 
of a finite subgroup Γ in the Jacobian JpXq – H1pX, C˚q. In other words, we give a 
description of MpX, GLpn, CqqΓ . For simplicity we make our arguments in the moduli 
space MpX, GLpn, Cqq of vector bundles of rank n, which are also valid for Higgs bundles. 
We write Γ˚ :“ HompΓ, C˚q. This will be our ΓY , the Galois group of the étale cover 
constructed in Section 5.7. 

7.1 Antisymmetric pairings and character varieties 
The first step is to achieve a better understanding of the character variety 

XpΓ, IntpGLpn, Cqqq :“ HompΓ, IntpGLpn, Cqqq{ IntpGLpn, Cqq, 

where IntpGLpn, Cqq acts by conjugation. 
Let l : Γ Ñ Γ˚ be an antisymmetric pairing, i.e. a homomorphism whose associated 

pairing satisfies xγ, γy “ 1 for each γ P Γ. In particular note that 

1 “ xγγ1, γγ1
y “ xγ, γ1

yxγ1, γy (7.1.1) 

for every γ and γ1 P Γ. Consider a maximal subgroup ι : ∆ ãÑ Γ satisfying that the 
induced homomorphism ∆ Ñ ∆˚ is trivial, which we call a maximal isotropic subgroup. 
In particular, the kernel of Γ Ñ Γ˚ Ñ ∆˚ is equal to ∆. Indeed, if it were bigger than ∆ 
then there would be an element γ P Γ such that xγ, δy “ 1 for each δ P ∆, hence because 
of the antisymmetry of l the subgroup of Γ generated by γ and ∆ would pair trivially with 
itself, contradicting the maximality of ∆. Hence we get an injection 

f : Γ{∆ ãÑ ∆˚ . 
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Consider a homomorphism 

s : ∆ Ñ C˚n 
Ă GLpn, Cq 

landing in the subgroup of diagonal matrices of GLpn, Cq. The set of weights for the action 
of ∆ on Cn is a subset ∆p Ď sp∆q˚ ď ∆˚. We call Wδ to the weight space in Cn with weight 
δ P ∆˚ . A matrix whose only non-zero entries are contained in blocks corresponding to 
each weight space of sp∆q is called a ∆-matrix. Given a ∆-matrix M , we call Mδ to the 
block which is the restriction to the weight space Wδ for each δ P ∆p . A matrix M which is 
given by a set of linear isomorphisms Mδ1δ,δ1 going from a weight space Wδ1 to the weight 
space Wδ1δ, where δ and δ1 P ∆p , is called a permutation matrix. The element δ P ∆˚ is 
denoted ppMq. In particular, ∆-matrices are permutation matrices with trivial p-image. 

Definition 7.1.1. A representative triple for Γ is a triple pl, ∆, sq, where l : Γ Ñ Γ˚ is an 
antisymmetric pairing, ∆ ď Γ is a maximal isotropic subgroup and s : Γ Ñ GLpn, Cq is a 
map satisfying that: 

1. It restricts to a homomorphism s|∆ : ∆ Ñ C˚n Ă GLpn, Cq. 

2. The map Ints is a homomorphism. 

3. The antisymmetric pairing 

´1 ´1Γ Ñ Γ˚; γ ÞÑ pγ1 
ÞÑ sγ sγ1 s sγ1 q,γ 

which is well defined because of (2) and the fact that Γ is abelian, is equal to l. In 
particular, for every γ P Γ the matrix sγ is a permutation matrix such that ppsγ q “ 
ι˚lpγq ´1 . Note that this condition only depends on the class of Ints in XpΓ, GLpn, Cqq 

4. The image of s consists of permutation matrices whose blocks are multiples of the 
identity. 

Lemma 7.1.2. For every class in the character variety XpΓ, IntpGLpn, Cqqq there exists a 
representative triple pl, ∆, sq such that Ints is in the class. 

Proof. Let 
θ : Γ Ñ IntpGLpn, Cqq; γ ÞÑ Intsγ 

be a homomorphism. Since Γ is abelian, we get an antisymmetric pairing 

´1 ´1l : Γ Ñ Γ˚; γ ÞÑ pγ1 
ÞÑ sγ sγ1 s s q.γ γ1 

Choose a maximal isotropic subgroup ι : ∆ ãÑ Γ and call the corresponding injection 
f : Γ{∆ ãÑ ∆˚ . Since the elements in sp∆q are semisimple (a finite power of each of them 
is in C˚) and commute with each other, they can be simultaneously diagonalised and so 
we may assume (after conjugating θ if necessary) that they are all diagonal. Moreover, we 
may assume after rescaling that the map s|∆ is a homomorphism and every element of sp∆q

has some diagonal entries equal to one. The set of weights is a subset ∆p Ď sp∆q˚ ď ∆˚ 

containing 1. A matrix M whose conjugation by the elements in sp∆q induces an element 
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δ P ∆˚ must be a permutation matrix with ppMq “ δ. Therefore, the homomorphism 
ps

Γ{∆ ÝÑ ∆˚ induced by p is precisely equal to the multiplicative inverse of f . Given a 
weight δ P ∆p Ă ∆˚ there is a coset of weights δfpΓ{∆q, and the dimensions of all the 
weight spaces in a given coset must be equal. The subgroup fpΓ{∆q of ∆˚ preserves ∆p , 
since the corresponding cosets are the orbits of the conjugation action of spΓq. 

We show that there exists a ∆-matrix S such that IntS θ Int 
´
S 
1
pΓq consists of conjuga

tions by permutation matrices whose blocks are multiples of the identity. Since conjugating 
by a ∆-matrix does not change the elements of sp∆q, it is enough to choose representatives 
γ P Γ of each coset γ∆ P Γ{∆ and find a ∆-matrix S so that SspγqS ´1 is a permutation 
matrix with blocks in C˚ for each γ∆ P Γ{∆. Choose a representative δ P ∆p of each 
orbit δfpΓ{∆q P ∆p {fpΓ{∆q. Consider the ∆-matrix S determined by Sδδ1 “ spγδ1 q ´1 

δδ1,δ, 

where γδ1 P Γ is any element in f ´1pδ1q and δ P ∆p is the representative of δfpΓ{∆q. Here 
spγδ1 qδδ1,δ is just the square matrix representing the restriction of spγδ1 q to the δ-weight 
space, whose image is the δδ1-weight space. We show that S satisfies the claim. 

Indeed, let γ∆ P Γ{∆ be represented by γ P Γ. We want to show that 
´1Sδ1f pγ∆qspγqδ1f pγ∆q,δ1 Sδ

´
1 
1 

“ spγ2
qδ1fpγ∆q,δspγqδ1fpγ∆q,δ1 spγ1

qδ1,δ 

is a multiple of the identity for each δ P ∆p {fpΓ{∆q and δ1 P δ, where fpγ2∆q “ 
δ ´1δ1δ ´1δ1fpγ∆q and fpγ1∆q :“ . But, since θ is a homomorphism, spγ2q “ spγqspγ1qd 

for some ∆-matrix d such that dδ P C˚ for each δ P ∆p , hence 
´1 

“ d ´1 ´1 ´1 
“ d ´1 spγ2

qδ1fpγ∆q,δspγqδ1f pγ∆q,δ1 spγ1
qδ1,δ δ spγ

1
qδ1,δspγqδ1fpγ∆q,δ1 spγqδ1f pγ∆q,δ1 spγ1

qδ1,δ δ , 

as required. 

7.2 The homomorphism cθ 
Let θ : Γ Ñ IntpGLpn, Cqq be a homomorphism. When studying fixed points we only care 
about the class of θ in XpΓ, IntpGLpn, Cqqq by Theorem 5.6.3, hence by Lemma 7.1.2 we 
may assume that θ “ Ints for some representative triple pl, ∆, sq. The group GLpn, Cqθ 

defined in Section 5.1 consists of all the invertible ∆-matrices M such that Mδ “ Mδ1 

whenever δ and δ1 are elements of ∆p in the same coset of ∆p {fpΓ{∆q. From Section 5.1 we 
have a homomorphism 

cθ : GLpn, Cqθ Ñ Γ˚ . 

Recall that the objects MΓpX, GLpn, Cqθq in the statement of Theorem 5.6.3 are defined as 
the subvariety of MpX, GLpn, Cqθq consisting of GLpn, Cqθ-bundles E such that cθpEq – 
Γ. Thus the second step in the description of MpX, GLpn, CqqΓ is to understand cθ. 

Lemma 7.2.1. The image of cθ is equal to 

Γθ :“ tγ P Γ˚ 
| γ|∆∆p “ ∆p and dim Wγδ “ dim Wδ for every δ P ∆p u, 

where Wδ is the δ-weight space. Moreover, there is a subgroup ΓZ ă GLpn, Cqθ conθ 

taining the centreZpGLpn, Cqθq of GLpn, Cqθ such that the restriction cθ|ΓZ induces an 
isomorphism 

θ 

ΓZ 
{ZpGLpn, Cq

θ
q – Γθ.θ 
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Proof. For each element γ P Γθ we define a permutation matrix M τ such that ppM τ q “ γ|∆ 

and 
IntspγqpM

τ 
q “ γpγqM τ (7.2.2) 

for each γ P Γ. First choose a representative δ P ∆p of each coset δfpΓ{∆q P ∆p {fpΓ{∆q. 
Then, for each δ1 P δfpΓ{∆q, choose γ P Γ such that fpγ∆q “ δ1δ ´1 and define 

´1 ´1Mδ
τ 
1γ,δ1 :“ spγqδ1γ,δγ spγq γpγq .δ1,δ

This is independent of the choice of γ since, for every δ0 P ∆ “ ker f , we have 
´1 ´1 ´1 ´1 ´1 spγδ0qδ1γ,δγ spγδ0qδ1,δγpγδ0q “ dspγqδ1γ,δγ spδ0qδγ d ´1 spγqδ1,δspδ0qδ γpγq ´1γpδ0q “ 

´1 ´1 ´1 ´1 spγqδ1γ,δγ spγq γpγq ´1γpδ0qγpδ0q “ spγqδ1γ,δγ spγqδ1,δγpγq ,δ1,δ

where d P C˚ depends on γ and δ0. Moreover, for each element γ1 P Γ, we have 

spγ1 ´1
qfpγ1∆qδ1γ,δ1γ Mδ

τ 
1γ,δ1 spγ1

qf pγ1∆qδ1,δ1 “ 
´1 ´1 ´1 spγ1

qf pγ1∆qδ1γ,δ1γ spγqδ1γ,δγ spγqδ1,δspγ
1
qfpγ1∆qδ1,δ1 γpγq 

which, since spγqspγ1q and spγγ1q differ by a constant, is equal to 
´1 ´1 spγγ1

qfpγ1∆qδ1γ,δγ spγγ
1
qf pγ1∆qδ1,δγpγq “ Mf

τ 
pγ1∆qδ1γ,f pγ1∆qδ1 γpγ1

q. 

This shows that M τ satisfies Intsγ pM
τ q “ γpγqM τ for every γ P Γ. 

Note that, if γ P Γ˚ did not restrict to an element of ∆˚ preserving ∆p , there would 
be no matrix M satisfying Intδ M “ γpδqM for each δ P ∆, since this implies that M 
is a permutation matrix such that ppMq “ γ|∆. The automorphism M would then send 
some non-zero weight space to a trivial weight space via an isomorphism, which is absurd. 
Something similar happens when Wδ and Wγδ have different dimension for some δ P ∆p . 
Therefore, the map 

cθ
tM τ 

uγPΓθ ÝÑ Γθ 

is a bijection. 
| pNow we prove that, if ZpGLpn, Cqθq – pC˚q ∆{fpΓ{∆q| is the centre of GLpn, Cqθ, the 

set ΓZ :“ ZpGLpn, CqθqtM τ uγPΓθ is actually a subgroup of GLpn, Cq, so that cθ inducesθ 

an isomorphism ΓZ {ZpGLpn, Cqθq – Γθ. Indeed, it is enough to see that whenever γ andθ 

γ1 P Γ˚ preserve ∆p and the corresponding weight spaces have the same dimension, the 
matrix M τ M τ 1 is equal to M ττ 1 multiplied by an element of ZpGLpn, Cqθq, which is a ∆
matrix whose restriction to each orbit of ∆p {fpΓ{∆q is constant. Given δ1 P ∆˚, the chosen 
representatives δ P δ1fpΓ{∆q and δ0 P δ1γ1fpΓ{∆q and elements γ and γ0 P Γ satisfying 
fpγ∆q “ δ1δ ´1 and fpγ0∆q “ δδ ´1γ1, we have 0 

M τ ´1 ´1 ´1 γ1 ´1 
δ1γγ1,δ1γ1 Mδ

τ
1

1 

γ1,δ1 “ spγγ0qδ1γγ1,δ0γ spγγ0qδ1γ1,δ0 
γpγγ0q spγqδ1γ1,δγ1 spγqδ1,δ pγq , 

which is equal to 
´1 ´1 ´1 ´1 spγqδ1γγ1,δγγ1 spγ0qδγγ1,δ0γ spγ0qδγ1,δ0 

spγqδ1γ1,δγ1 spγqδ1γ1,δγ1 spγqδ1,δγγ
1
pγq ´1γpγ0q “ 

´1 ´1 ´1 spγqδ1γγ1,δγγ1 spγq γγ1
pγq rspγ0qδγγ1,δ0γ spγ0q γpγ0q ´1

s “ δ1,δ δγ1,δ0 

M ττ 1 ´1 ´1
δ1γγ1,δ1 rspγ0qδγγ1,δ0γ spγ0q γpγ0q s.δγ1,δ0 
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The expression in brackets only depends on δ, δ0, γ and γ1, so that Mδ
τ 
1γγ1,δ1γ1 M τ 1 andδ1γ1,δ1 

M ττ 1	 differ by an element of ZpGLpn, Cqθq as required. δ1γγ1,δ1 

Corollary 7.2.2. The homomorphism cθ : GLpn, Cqθ Ñ Γ˚ is surjective if and only if 
the set of weights is the whole ∆˚ and the weight spaces have all the same dimension. In 
particular, under this assumption s|∆ is injective, ∆p is identified with ∆˚ via s˚ and the 
order of ∆ must divide n. 

We call pl, ∆, sq an admissible triple if any of the two equivalent conditions in the 
statement of Corollary 7.2.2 are met. In particular this implies, by injectivity of s|∆ and 
f “ ps, that θ “ Ints is injective. 

7.3	 Admissible triples and components of the fixed point 
variety 

With definitions as in Section 5.6 we show that ĂMΓpX, GLpn, Cqθq is empty unless the 
triple pl, ∆, sq is admissible. Moreover, we parametrize the components of the fixed point 
locus using solely antisymmetric pairings. 

Corollary 7.3.1. If MpX, GLpn, CqqΓ is the stable fixed point locus, the intersection 

MpX, GLpn, Cqq
Γ 

X ĂMpX, GLpn, Cqθq 

is empty unless pl, ∆, sq is an admissible triple. 

Proof. The whole point here is that the monodromy of Γ when considered as an element of 
H1pX, HompΓ, C˚qq – HompΓ, H1pX, C˚qq is precisely Γ˚ by Proposition 7.3.2. There
fore, according to Theorem 5.6.3, in order for the smooth fixed point locus MpX, GLpn, CqqΓ 

to be non-empty we need Γθ to be isomorphic to Γ˚ via the homomorphism cθ : GLpn, Cqθ Ñ 
Γ˚. Equivalently, cθ must be surjective. 

Let p : XΓ Ñ X be the étale cover which underlies the Γ˚-bundle Γ. 

Proposition 7.3.2. The cover XΓ is connected. In other words, the monodromy of Γ is 
equal to Γ˚ . 

Proof. We prove this by induction on the minimal number of generators of Γ. Let Γ “ 
xγ1, . . . , γky be a choice of generators identifying Γ with a product of cyclic groups. Let 
Γ1 :“ xγ1, . . . , γk´1y ď Γ (this may be trivial). Let p1 : XΓ1 Ñ X be the connected étale 
cover determined by Γ. By induction hypothesis p1 : XΓ1 Ñ X is connected and has Galois 
group Γ1˚, so it is enough to show that the monodromy of Γ contains an element of Γ˚ 

which is trivial on Γ1 and has order equal to the order of γk. 
First note that the kernel of the pullback p1˚ : JpXq Ñ JpXΓ1 q is equal to Γ1: indeed, 

there is an equivalence of categories between line bundles on X and Γ1˚-equivariant bun
dles on XΓ1 . The only possible actions on the trivial bundle are elements of pΓ1˚q˚ – Γ1 

multiplied by the trivial action (holomorphic functions are trivial on XΓ1 , and the compo
sition of any action with the inverse of the trivial action is just a group of holomorphic 
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functions), and each of those actions determines an element of Γ1 and vice versa. Thus, 
since no power of p1˚γk is in Γ1 by assumption, its order is equal to the order of γk. Hence 
the monodromy of p1˚γk must contain an element of C˚ with order equal to the order of γk, 
in other words there is an element of π1pXΓq ď π1pXq whose image γ P Γ˚ via holonomy 
satisfies that γpγkq has this order. On the other hand, the fact that p1˚Γ1 is trivial implies 
that γ is trivial on Γ1 . 

Remark 7.3.3. In fact the proof of Proposition 7.3.2 provides an inductive construction of 
XΓ in terms of étale covers associated to line bundles with finite order. It also shows that 
we may characterize XΓ by the condition that kerppΓ 

˚ : JpXq Ñ JpXΓqq “ Γ. 

Lemma 7.3.4. Given an antisymmetric pairing l : Γ Ñ Γ˚ such that the order of a maximal 
isotropic subgroup ∆ ď Γ divides n, there exists a map s : Γ Ñ GLpn, Cq making pl, ∆, sq
an admissible triple. Moreover, the class of θ :“ Ints in XpΓ, Intsq is unique, i.e. it only 
depends on l. 

Remark 7.3.5. The assumption is independent of the choice of ∆, since |∆| only depends 
on n and l: given two maximal isotropic groups ∆ and ∆1 in Γ, the pairing l induces an 
injection ∆1{∆ X ∆1 ãÑ p∆{∆ X ∆1q˚. Indeed, the kernel of ∆1 Ñ ∆˚ is ∆ X ∆1 because 
otherwise the group generated by the kernel and ∆ would be isotropic and would strictly 
contain ∆, and ∆ X ∆1 is in the kernel of ι˚lp∆1q, where ι : ∆ ãÑ Γ is the inclusion. This 
implies that |∆1| ď |∆|, and by symmetry we get |∆1| “ |∆|. 

Proof of Lemma 7.3.4. Let x¨, ̈ y be the pairing associated to l. We define the restriction of 
s to ∆ to be an isomorphism to a subgroup of diagonal matrices of GLpn, Cq whose set of 
weights is ∆˚ and whose weight spaces have the same dimension (this is possible because 
|∆| “ |∆˚| divides n). It is easy to see that any such choice of s|∆ is in the same class of 
Xp∆, GLpn, Cqq. 

Let γ1, . . . γ be a minimal set of generators for Γ{∆ (this gives an isomorphism be-m 

tween Γ{∆ and a product of finite cyclic groups). Consider the quotient κ : Γ Ñ Γ{∆ 
and assume that s has been defined for a subgroup κ ´1pHq, where H ă Γ{∆ is generated 
by the first k ´ 1 generators. Set γ :“ γk with representative γ P Γ and let H 1 ď Γ{∆ 
be the subgroup generated by H and γ. We extend s over the subgroup κ ´1pH 1q of Γ as 
follows: first consider a permutation matrix M τ defined as in the proof of Lemma 7.2.1, 
where γ :“ lpγq P H˚. The matrix M τ satisfies 

sphqM τ sphq ´1 
“ xh, γyM τ (7.3.3) 

for each h P κ ´1pHq and, in particular, ppM τ q “ γ|∆. Note that multiplying M τ by a 
∆-matrix d whose restriction to 

à 
WδfpHq :“ Wδ1 

δ1PδfpHq 

is a multiple of the identity for each δ P ∆˚ preserves (7.3.3), where f : H Ñ ∆˚ is the 
homomorphism induced by l. We may choose d such that pM τ dq|γ| is a multiple of spγ|γ|q. 
Set spγq :“ M τ d and define sphγrq :“ sphqspγqr for each h P κ ´1pHq and natural number 
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r. Note that the elements of spκ ´1pHqq commute up to multiplication by C˚ . Moreover, 
given an element h P H , the fact that sphγrq|κphγr q| is a multiple of the the correct diagonal 
matrix (namely spphγrq|κphγr q|q, where phγrq|κphγrq| P ∆) follows from the corresponding 
properties of the generators and the fact that s|∆ is a homomorphism. The minimality of 
the generators chosen in Γ{∆ implies that the new definitions are compatible with the old 
ones. The fact that the map s induces the pairing l follows from (7.1.1) and (7.3.3). 

Finally note that, given s|κ ́ 1pHq, the choice of spγq (or rather Intspγq) is determined by 
lpγq|κ ́ 1pHq up to conjugation by a ∆-matrix which is constant on each set of blocks de
fined by a coset of ∆˚{fpHq. Of course, conjugating s by such a matrix does not change 
s|κ ́ 1pHq. Moreover, by induction Ints |κ ́ 1pHq is unique up to conjugation by an element 
Intg P IntpGLpn, Cqq, and it can be seen that gspγqg ´1 satisfies (7.3.3) if s|κ ́ 1pHq is re-
placed by gs|κ ́ 1pHqg ´1 . Thus the class of θ “ Ints in XpΓ, GLpn, Cqq only depends on l 
and ∆. To see that it does not depend on ∆ notice that, given another maximal isotropic 
subgroup ∆1 ď Γ, by Lemma 7.1.2 there exists a homomorphism θ1 “ Ints1 in the class 
of θ such that pl, ∆1, s1q is admissible, and by the previous argument this only depends on l 
and ∆1. Thus the class of θ is the same for ∆ and ∆1, as required. 

7.4 Fixed points as twisted equivariant bundles 
Let pl, ∆, sq be an admissible triple. In order to apply Theorem 5.7.2 we need to describe 
the homomorphism τ fitting in the commutative diagramme 

ΓZ Int AutpGLpn, Cqθqθ 

τ . (7.4.4)φ cθ 

Γ˚ 

This map lifts the characteristic homomorphism Γθ Ñ OutpGLpn, Cqθq of the extension 
GLpn, Cqθ. Recall that ΓZ consists of permutation matrices with constant blocks and θ 

the conjugation of a ∆-matrix M by an element a P ΓZ
θ is described by the equation 

paMa ´1qδ “ Mpι˚cθ paqqδ for every δ P ∆˚ . Hence, for each γ P Γ, τpγq permutes the 
blocks of an element in AutpGLpn, Cqθq according to the multiplication by ι˚pγq ´1 in ∆˚ . 
Since an element M P GLpn, Cqθ satisfies Mδ “ Mδ1 for each δ and δ1 in the same coset 
of ∆˚{fpΓ{∆q, the automorphism τpγq is actually determined by the coset of ι˚pγq ´1 in 
∆˚{fpΓ{∆q. Choosing a map φ : Γ˚ Ñ ΓZ such that cθφ “ 1 gives an isomorphism θ 

GLpn, Cqθ ˆτ,c Γ
˚ for a suitable 2-cocycle c P Zτ 

2pΓ˚, ZpGLpn, Cqθqq as in Proposition 
3.2.3. 

Let XΓ be the (connected by Proposition 7.3.2) étale cover determined by the Γ˚-bundle 
Γ. We may simplify the description of polystable pτ, cq-twisted Γ˚-equivariant GLpn, Cqθ
bundles over the étale cover XΓ Ñ X determined by the Γ˚-bundle Γ as follows: 

Definition 7.4.1. The antisymmetric homomorphism l induces a pairing on ι˚´1pfpΓ{∆qq “ 
lpΓq – Γ{ ker l, which we will also denote x¨, ̈ y. Let E be a vector bundle of rank n{|∆|

over XΓ equipped with an action χ of lpΓq descending to the inverse of the action on XΓ 

and satisfying 
χγ χγ1 “ xγ, γ1

yχγ1 χγ for every γ and γ1 
P lpΓq. (7.4.5) 
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We also assume that χγ
|γ| is a fixed multiple of the identity for each γ P lpΓq. We call the 

pair pE, χq stable if every χ-invariant sub-bundle has smaller slope (which is the degree 
divided by the rank), and we call it polystable if it is a direct sum of stable χ-invariant 
sub-bundles with the same slope. We denote the moduli space parametrizing isomorphism 
classes of such polystable pairs MpXΓ, l, nq. 

Lemma 7.4.2. There is a surjective morphism MpXΓ, l, nq Ñ MpXΓ, GLpn, Cqθ , Γ˚, τ, cq, 
where the moduli spaces are given in Definition 7.4.1 and the end of Section 4.1 resp. The 
preimage of the stable locus of MpXΓ, τ, c, GLpn, Cqθ , Γ˚q is the subvariety U of stable 
pairs pE, χq P MpXΓ, l, nq such that E is not χ|lpΓq-equivariantly isomorphic to γ˚E for 
any γ P Γ˚{lpΓq. The restriction of the surjection induces an isomorphism 

„ θ , Γ˚U{pΓ˚
{lpΓqq ÝÑ MsspXΓ, τ, c, GLpn, Cq q, 

where Γ˚{lpΓq acts via pullback. 

Proof. First let E 1 be a pτ, cq-twisted Γ˚-equivariant GLpn, Cqθ-bundle with Γ˚-action χr. 
The associated vector bundle E is equal to a direct sum of |∆˚| “ |∆| vector bundles of 
rank m :“ n{|∆| such that any two summands corresponding to elements δ and δ1 in the 

À 
same coset of ∆˚{fpΓ{∆q are isomorphic. Set E “ δP∆˚ Eδ, where Eδ1 – Eδ for every 
δ and δ1 P ∆˚ such that δ ´1δ1 P fpΓ{∆q. The pτ, cq-twisted Γ˚-equivariant action on E 1 

induces, by Remark 3.4.3, an action χ : lpΓq “ ι˚´1pfpΓ{∆qq Ñ AutpE1q on the summand 
E1. Note that, for each γ P lpΓq, the element φpγq P P is a permutation matrix with blocks 
equal to multiples of the identity and satisfying the commutativity relations (7.3.3), which 
implies that it is equal to sΓD for any γ P l ´1pγq and some D P ZpGLpn, Cqθq (depending 
on γ). But, for any pair of elements γ and γ1 P Γ, we have sγ sγ1 “ xγ, γ1ysγ1 sγ , and 
this does not change if we introduce elements of ZpGLpn, Cqθq because such elements 
commute with sγ1 and sγ . This implies (7.4.5). 

Conversely, let pE1, χq be a vector bundle of rank m with an lpΓq-action χ satis
γ1˚E1fying (7.4.5). In particular we have isomorphisms γ˚E1 – for each γ and γ1 

in the same coset of Γ˚{lpΓq, so that we write γ˚E1 instead of γ˚E1, where γ is the 
À 

coset of γ P Γ˚ . Let F :“ γPΓ˚{lpΓq γ
˚E1. We define an action χr on F as fol

lows: first we define the action of lpΓq on E1 so that χrγ |E1 χrγ1 |E1 “ cpγ, γ1q1χrγγ1 |E1 

for every γ and γ1 P lpΓq, which is done rescaling the action χ. For example, we may 
choose a minimal set of generators γ1, . . . , γm of Γ˚ defining an isomorphism with a 
product of cyclic groups. We define χrpγkq|E1 :“ zkχpγkq, where zk P C˚ is such that 
zk

|γk| 
“ |γk|

χpγkq´|γk|. Then define χrpγ1 
r1 . . . γrm q :“ χpγ1qr1 . . . χpγmqrm , where φpγkq1 m γ r

γ “ rφpγ1q
r1 . . . φpγmqrm φpγr1 . . . γm

rm q ´1s1 is completely determined by c. Then the com1 

plex number χrpγqχrpγ1qχrpγγ1q ´1 depends solely on the commutators of χpΓ˚q, which are 
the ones of φpΓ˚q, and so it is equal to cpγ, γ1q1. We then extend χr|E1 arbitrarily (but 
independently of the choice of pE1, χq) to get a Γ˚-action on E1 (note that the images 
of elements in Γ˚ ∖ lpΓq are not in E1 though) and, for each γ and γ1 P Γ˚, we set 
χrpγ1q|γ˚E1 :“ rφpγ1qφpγqφpγγ1q ´1sγ χrpγγ1qχrpγq ´1 . Note that this is compatible with the 
existing definitions because of the definition of χrplpΓqq|E1 , and moreover it is independent 
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of the choice of γ in γ P Γ˚{lpΓq. Then we have 

χrpγ2
q|pγγ1q˚E1 χrpγ1

q|γ˚E1 “ 
´1 ´1 ´1

rφpγ2
qφpγγ1

qφpγγ1γ2
q ´1φpγ1

qφpγqφpγγ1
q sγ χrpγγ1γ2

qχrpγγ1
q χrpγγ1

qχrpγq “ 

rφpγ2
qφpγ1

qφpγqφpγγ1γ2
q ´1

sγγ1γ2 χrpγγ1γ2
qχrpγq ´1 

“ 
´1 ´1 ´1

rφpγ2
qφpγ1

qφpγ1γ2
q sγ1γ2 rφpγ1γ2

qφpγqφpγγ1γ2
q sγγ1γ2 χrpγγ1γ2

qχrpγq “ 

cpγ2, γ1
qχrpγ1γ2

q|γ˚E1 . 

This shows that, if E is a direct sum of |lpΓq{pΓ{∆q˚| copies of F and E 1 is the GLpn, Cqθ
bundle whose extension of structure group to GLpn, Cq is the bundle of frames of E, then 
χr induces a pτ, cq-twisted Γ˚-equivariant action on E 1 . 

To see the compatibility between the stability notions suppose that E1 is polystable. 
The decomposition of E1 into stable lpΓq-sub-bundles with the same slope induces a de
composition of F into lpΓq-invariant sub-bundles with the same slope, so we may further 
assume that E1 is stable. Note that polystability of E 1 is equivalent to the fact that F is a di
rect sum of Γ˚-invariant sub-bundles, each of which has no proper Γ˚-invariant sub-bundle 
with larger or equal slope. First let Γ ď Γ˚{lpΓq be the subgroup of elements γ such that 
there are isomorphisms ψγ : E1 – γ˚E1 compatible with the respective restrictions of the 
lpΓq-action. For each homomorphism µ : Γ Ñ C˚ set 

# + 
ÿ

Fµ :“ µγ ψγ peq : e P E1 Ă F. 
γPΓ 

This has no proper Γ-invariant proper sub-bundles with slope bigger than or equal to the 
slope of E1 (which is equal to the slope of F ): any sub-bundle with bigger or equal slope 
has non-trivial projection on γ˚E1 for some γ P Γ and so the only possibility is that it has 
the same slope and the projection is an isomorphism, which implies that it is the whole Fµ. 
Moreover 

À 
γ˚E1 – 

À 
µPΓ˚ Fµ is a decomposition into Γ-invariant sub-bundles which are 

isomorphic to E1 via projection, thus having the same slope as F .
ř 

We claim that 
À

Fµ 
1 :“ γlpΓqPΓ˚{lpΓq χrγ pFµq Ď F is stable as a Γ˚-invariant sub-bundle 

of F . Since F “ µPΓ˚ Fµ
1 , this will be enough. Let F0 be a Γ˚-invariant sub-bundle of Fµ 

1 

with slope equal or greater. The projection on some summand of Fµ 
1 must be non-trivial, 

and the image must have slope smaller or equal to the summand because it is Γ-invariant. 
Thus the kernel must have slope greater than or equal to the slope of Fµ. Repeating the 
same argument with the kernel we arrive at a situation where the projection on a summand 
has trivial kernel. At this point we conclude that the slope of F0 must be equal to the slope 
of Fµ and the projection is an isomorphism, let’s say to Fµ without loss. If the projection 
to every other summand is zero then we get a sub-bundle of F0 contained in Fµ and, by Γ˚
equivariance, F0 must be the whole F 1 . Otherwise we get a second summand, say χrγ pFµqµ

with γ P Γ˚ ∖ Γ, such that the corresponding projection is also an isomorphism. Since 
projections are lpΓq-equivariant this yields an lpΓq-equivariant isomorphism Fµ – χrγ pFµq, 
which contradicts the definition of Γ. 

Finally, given two pairs pE1, χq and pE1
1 , χ1q in U Ď MpXΓ, l, nq such that the corre-

À À 
sponding bundles F :“ γPΓ˚{lpΓq γ

˚E1 and F 1 :“ γPΓ˚{lpΓq γ
˚E1 

1 are Γ˚-equivariantly 
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isomorphic. Because of the definition of U this implies that E1 is isomorphic to γ˚E1 
1 for 

some γ P Γ˚{lpΓq, which proves the last statement. 

7.5 Fixed points as pushforwards 
Let p∆ : X∆ Ñ X be the étale cover of X determined by the ∆˚-bundle ∆ ă JpXq. Note 
that there is a natural isomorphism ∆˚ – Γ˚{lp∆q given by the short exact sequence of 
abelian groups 

1 Ñ pΓ{∆q
˚ 

Ñ Γ˚ 
Ñ ∆˚ 

Ñ 1 

and the fact that the homomorphism ∆ Ñ pΓ{∆q˚ induced by l is surjective (this follows 
from injectivity of f ). The pairing l determines an isomorphism Γ{∆ – lpΓq{lp∆q (this is 
injective because l induces the injection f : Γ{∆ Ñ ∆˚). 

Definition 7.5.1. Consider the moduli space MpX∆, GLpn{|∆|, Cqq of vector bundles of 
rank n{|∆| over X∆. We define a subvariety MpX∆, GLpn{|∆|, CqqlpΓq consisting of iso
morphism classes of polystable vector bundles E such that E – lpγq˚E b p˚ γ for every ∆

γ P Γ. There is a natural pushforward morphism 

p∆˚ : MpX∆, GLpn{|∆|, Cqq
lpΓq 

Ñ MpX, GLpn, Cqq. 

On the other hand, by the equivalence of categories between lp∆q-equivariant bundles 
over XΓ and bundles over X∆, we have a morphism 

pl : MpXΓ, l, nq Ñ MpX∆, GLpn{|∆|, Cqq
lpΓq. 

Indeed, given a twisted equivariant bundle E P MpXΓ, l, nq, the lp∆q-action on E is equiv
ariant and so E{lp∆q is a vector bundle over X∆. Moreover, the lpΓq-action satisfies (7.4.5) 
and so, for each γ P Γ, E – lpγq˚E and the induced lp∆q-action on lpγq˚E is defined, for 
each δ P ∆, as the pullback of the lpδq-action on E multiplied by xγ, δy “ plpδqpγqq ´1. In 
other words, E is equivariantly isomorphic to lpγq˚E tensored by the trivial line bundle on 
XΓ equipped with the lp∆q-action determined by γ ´1 . But this is the natural lp∆q-action 
on pΓ

˚ pγq, so we get lp∆q-equivariant isomorphisms E{lp∆q – lpγq˚pE{lp∆qq b p˚ γ as∆

required. A stable bundle E P MpXΓ, l, nq contains no proper lp∆q-invariant sub-bundles 
with greater or equal slope and so the corresponding image in MpX∆, GLpn{|∆|, CqqlpΓq 

contains no proper sub-bundles with greater or equal slope, so the stability notions are 
compatible. 

Lemma 7.5.2. The composition 

MpXΓ, l, nq Ñ MpXΓ, τ, c, GLpn, Cq
θ , Γ˚

q Ñ MpX, GLpn, Cqθq Ñ MpX, GLpn, Cqq, 

where the last morphism is defined in Proposition 5.6.1 and the second one is defined in 
Theorem 4.4.8, factors as 

lpΓq p∆˚MpXΓ, l, nq Ñ MpX∆, GLpn{|∆|, Cqq ÝÝÑ MpX, GLpn, Cqq. 

In particular, by Lemma 7.3.4 and Proposition 5.6.1, the image of the pushforward is inde
pendent of the choice of maximal isotropic subgroup ∆. 
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The morphism pl is not surjective. Indeed, (7.4.5) implies that, for every polystable 
„vector bundle E P plpMpXΓ, l, nqq, the corresponding isomorphisms fγ : E ÝÑ lpγq˚E b 

p˚ γ satisfy∆

γ1 q ˝ fγ1 “ xγ, γ1
yplpγq

˚fγ1 b Id

for every γ and γ1 P Γ, so that l fixes the ”commutators” of the isomorphisms. On the other 

plpγ1
q

˚fγ b Id γ q ˝ fγ˚ ˚ p p∆ ∆

„hand, any polystable bundle E P MpX∆, GLpn{|∆|, CqqlpΓq has isomorphisms fγ : E ÝÑ 
lpγq˚E b p˚ γ such that ∆

fγγ1 “ cplpγq
˚fγ1 b Id
 γ q ˝ fγ˚ p∆

for some c P C˚ depending on γ and γ1 P Γ. This is trivial if E is stable because E is 
simple, and in general this follows by redefining the original isomorphisms so that both the 
left and right hand sides send each stable summand of E to the same stable summand in 
lpγγ1q˚E b p∆

˚ pγγ1q (and maybe rescaling the restriction to each summand). Thus either 
way we may choose the isomorphisms fγ so that the ”commutators” are multiples of the 
identity, which defines an antisymmetric pairing l1 : Γ Ñ Γ˚ . Note that this pairing is 
trivial on ∆, so that E is actually in the image of MpXΓ, l

1 , ∆q. We conclude that 
ď 

MpX∆, GLpn{|∆|, Cqq
lpΓq 

“ plpXΓ, l, nq, (7.5.6) 
l 

where l runs over all antisymmetric pairings of Γ having ∆ as a maximal isotropic sub
group. 

We conclude: 

Theorem 7.5.3. We have the inclusions 
ď 

p∆˚MpX∆, GLpn{|∆|, Cqq
lpΓq 

Ă MpX, GLpn, Cqq
Γ 

l 

and 
ď 

MsspX, GLpn, Cqq
Γ 

Ă p∆˚MpX∆, GLpn{|∆|, Cqq
lpΓq, 

l 

where MpX∆, GLpn{|∆|, CqqlpΓq is defined in Definition 7.5.1. The parameter l runs over 
all antisymmetric pairings on Γ such that the order of a maximal isotropic subgroup ∆ 
divides n. The choice of ∆ is fixed for each l. 

Similar arguments (replacing Theorems 5.6.3 and 5.7.3 by Theorems 5.6.4 and 5.7.2 
respectively) give the result for Higgs bundles, which we introduce next. 

Definition 7.5.4. Consider the moduli space MpX∆, GLpn{|∆|, Cqq of Higgs bundles of 
rank n{|∆| over X∆. We define a subvariety MpX∆, GLpn{|∆|, CqqlpΓq consisting of 
isomorphism classes of polystable Higgs bundles pE, φq such that pE, φq – plpγq˚E b 
p˚ γ, lpγq˚φq for every γ P Γ. There is a natural pushforward morphism ∆

p∆˚ : MpX∆, GLpn{|∆|, Cqq
lpΓq 

Ñ MpX, GLpn, Cqq. 
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Theorem 7.5.5. We have the inclusions 
ď 

p∆˚MpX∆, GLpn{|∆|, Cqq
lpΓq 

Ă MpX, GLpn, Cqq
Γ 

l 

and 
ď 

Γ 
Ă lpΓqMsspX, GLpn, Cqq p∆˚MpX∆, GLpn{|∆|, Cqq , 

l 

where MpX∆, GLpn{|∆|, CqqlpΓq is defined in Definition 7.5.4. The parameter l runs over 
all antisymmetric pairings on Γ such that the order of a maximal isotropic subgroup ∆ 
divides n. The choice of ∆ is fixed for each l. 

7.6 The case Γ – Z{2 ˆ Z{2 

We apply Proposition 7.5.5 to the case when Γ has order 4 with two generators a and b. We 
consider its action on the moduli space of Higgs bundles of rank n and degree d. There are 
two possible antisymmetric pairings, the trivial one and the non-degenerate one l. Maximal 
isotropic subgroups have order 4 and 2 resp. Thus the smooth fixed point locus is empty 
unless n “ 4m or 4m ` 2 for some natural number m. 

1. If n “ 4m ̀  2 then 4 does not divide n and so the only relevant pairing in the decom
position of Theorem 7.5.5 is l. Let pa : Xa Ñ X be the étale cover of X associated 
to a. Call MpXa,m`1, dqb to the variety of polystable Higgs bundles pE, φq of rank 
m ̀  1 and degree d on XΓ equipped with an isomorphism pE, φq – γ˚pE b p˚b, φq,a

where γ is the generator of the Galois group of Xa. Then pa˚MpXa,m ` 1, dqb is 
contained in the fixed point locus and contains its intersection with the smooth locus 
of MpX, n, dq. 

2. If n “ 4m then we have a second component corresponding to the trivial pairing, 
namely the pushforward of the moduli space of Higgs bundles of rank m and degree 
d over XΓ. In this case the smooth fixed point locus is contained in the union of 
pΓ˚pMpXΓ, m, dqq and pa˚pMpXa, 2m, dqbq, and this union is contained in the fixed 
point locus. 
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Chapter 8 

Action of a finite group generated by line 
bundles of order 2 on the moduli space 
of Spp2n, Cq-Higgs bundles 

Let Spp2n, Cq be the symplectic group. Its centre is t1, ́ 1u – Z{2. Let Γ Ă H1pX, Z{2q

be a finite subgroup. Note that, via the Abel–Jacobi Theorem, we may identify H1pX, Z{2q

with the subgroup of JpXq consisting of elements of order at most 2. Since JpXq is an 
abelian variety of dimension equal to the genus g of X , this is isomorphic to pZ{2Zq2g. We 
adapt the definitions and arguments of Section 7 to describe MpX, Spp2n, CqqΓ, and we 
divide it into analogous sections to emphasize the parallelism. The same arguments give 
the result for MpX, Spp2n, CqqΓ, which we just state for simplicity. 

Throughout this chapter we regard Spp2n, Cq as the subgroup of GLp2n, Cq preserving 
the standard symplectic form on C˚2n . 

8.1 Antisymmetric pairings and character varieties 
Definition 8.1.1. Recall that an antisymmetric pairing on Γ is a homomorphism l : Γ Ñ 
Γ˚ :“ HompΓ, Z{2Zq – HompΓ, C˚q such that every element of Γ pairs trivially with 
itself. We may choose a maximal isotropic subgroup ι : ∆ ãÑ Γ where the pairing is 
trivial, and we have an induced injection f : Γ{∆ ãÑ ∆˚ . 

A representative quadruple for Γ is a quadruple pl, ∆, q, sq, where l : Γ Ñ Γ˚ is an 
antisymmetric pairing, ∆ is a maximal isotropic subgroup, q P ∆˚ and s : Γ Ñ Spp2n, Cq

is a map satisfying that: 

1. It induces a homomorphism Ints : Γ Ñ IntpSpp2n, Cqq. 

2. It restricts to a map ∆ Ñ C˚2n Ă GLp2n, Cq. 

3. The antisymmetric pairing 
´1 ´1Γ Ñ Γ˚; γ ÞÑ pγ1 

ÞÑ sγ sγ1 s s qγ γ1 

is equal to l. In particular, for every γ P Γ the element sγ is a permutation matrix 
such that ppsγ q “ ι˚lpγq. 

111
 



4. The image of s consists of permutation matrices whose blocks are multiples of the 
identity. 

5. For each δ P ∆, the eigenspaces of C2n of the automorphism spδq are either isotropic 
(i.e. the restriction of the symplectic form is trivial) or symplectic (i.e., the restriction 
of the symplectic form is non-degenerate). This provides a homomorphism ∆ Ñ 
Z{2Z which maps γ to ´1 if the eigenspaces are isotropic and to 1 otherwise, which 
must be equal to q. 

We call q the characteristic homomorphism of s. 

The only statement in (5) which is not tautological is the fact that the characteristic 
homomorphism is equal to q: note that (1) imposes that the eigenvalues of spδq be either 
˘1 or ˘i, thus there are only two eigenspaces. The fact that spδq preserves the symplec
tic form implies that the eigenspaces are isotropic if and only if the eigenvalues are ˘i 
(with each isotropic subspace having opposite eigenvalue), and they are ˘1 if and only 
if the eigenspaces are symplectic. It follows from (2) that the characteristic homomor
phism is an actual homomorphism: given δ and δ1 P ∆, the eigenspaces of spδδ1q are 
isotropic/symplectic if and only if the eigenspaces of spδqspδ1q are isotropic/symplectic (by 
(1) they differ by a constant), if and only if the eigenvalues of spδqspδ1q are ˘i/˘1. These 
are the product of the eigenvalues of spδq and spδ1q, hence the result reduces to checking 
the possibilities. 

Lemma 8.1.2. For every class in the character variety XpΓ, IntpSpp2n, Cqqq there exists a 
representative quadruple pl, ∆, q, sq such that Ints is in the class. 

Proof. Let 
θ : Γ Ñ IntpSpp2n, Cqq; γ ÞÑ Intsγ 

be a homomorphism. Since Γ is abelian, we get an antisymmetric pairing 

´1 ´1l : Γ Ñ Γ˚; γ ÞÑ pγ1 
ÞÑ sγ sγ1 s sγ1 q.γ 

Choose a maximal isotropic subgroup ι : ∆ ãÑ Γ and consider the corresponding injection 
f : Γ{∆ ãÑ ∆˚ . Since the elements in sp∆q are semisimple (the square of each of them 
is in Z{2Z Ă C˚) and commute with each other, they can be simultaneously diagonalised 
by symplectic matrices (this follows, for example, from the fact that every two maximal 
tori in Spp2n, Cq are conjugate to each other). Thus we may assume, after conjugating θ if 
necessary, that they are all diagonal. 

Let q P ∆˚ be the characteristic homomorphism of s. It follows from the fact that every 
element of ∆ has order 2 that, for each δ P ∆, the diagonal matrix spδq has eigenvalues 
˘1 if qpδq “ 1 and ˘i otherwise. Thus we may further assume after rescaling by ˘1 that 
the first vector of the standard basis of C2n has eigenvalue 1 or ´i. For convenience we 
redefine the eigenvalues of spδq so that they are always ˘1 by multiplying them by i if 
qpδq “ ´1. Note that, under this convention, the first vector of the standard basis always 
has eigenvalue 1. We call a simultaneous eigenspace for the action of sp∆q a weight space, 
whose corresponding weight is an element of sp∆q˚ ď ∆˚ which associates its eigenvalue 
(in this new sense, so that it takes values ˘1) to each δ P ∆. The fact that each weight is a 
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homomorphism ∆ Ñ C˚ follows from the first vector of the standard basis having weight 
1, since spδδ1q “ ˘spδqspδ1q for every δ and δ1 P ∆. Note that, since the only possible 
eigenvalues are 1 and ´1, the eigenspaces of each element in sp∆q determine that element. 
This implies that the set of weights is precisely equal to sp∆q˚ ď ∆˚ . 

psAs in the proof of Lemma 7.1.2, the homomorphism Γ{∆ ÝÑ ∆˚ induced by p is 
equal to the multiplicative inverse of f , which in this case is equal to f . Given a weight 
δ P sp∆q˚ Ă ∆˚ we get an orbit of weights δfpΓ{∆q, and the dimensions of all the weight 
spaces in a given orbit must be equal. In particular the subgroup fpΓ{∆q of ∆˚ must be 
contained in sp∆q˚. For each δ P sp∆q˚ we call Wδ to the corresponding weight space. 

As in the proof of Lemma 7.1.2, we choose representatives γ P Γ of each coset 
γ∆ P Γ{∆ and show that there exists a symplectic ∆-matrix S such that SspγqS ´1 is a per
mutation matrix with blocks in C˚ for each γ∆ P Γ{∆. Choose a representative δ P sp∆q˚ 

of each coset δfpΓ{∆q P sp∆q˚{fpΓ{∆q. We split the argument into three cases: first as-
sume that the characteristic homomorphism q P ∆˚ is non-trivial and q P fpΓ{∆q. Choose 
an element δq P q ´1p´1q and consider the subgroup ker δq ă fpΓ{∆q, which has degree 2 
(because δq P fpΓ{∆q˚ has order at most two and qpδqq “ ´1). Consider the ∆-matrix S 

´1 ´1determined by Sδδ1 “ spγδ1 q and Spqδqδ1 “ spγδ1 qqδδ1,qδ, where δ1 P ker δq, γδ1 P Γ is any δδ1,δ 

element whose coset γδ1 ∆ P Γ{∆ is equal to f ´1pδ1q and δ P sp∆q˚ is the representative of 
δfpΓ{∆q. Note that there is a decomposition into symplectic subspaces 

à 
C2n 

“ Wδ ‘ Wqδ, 
δPker δq 

where Wδ is isotropic. This follows from the fact that Wqδ is contained in the same 
eigenspaces as Wδ for elements in ker q, which have symplectic eigenspaces, and in dif
ferent eigenspaces for elements in q ´1p´1q, which decompose C2n into maximal isotropic 

´1 ´1subspaces. Thus spγδ1 q ‘spγδ1 q may be regarded as an automorphism of Cdim Wδ ‘ δδ1,δ qδδ1,qδ 

Cdim Wδ preserving the standard symplectic form, which shows that S P Spp2n, Cq. The 
same calculation as in the proof of Lemma 7.1.2 shows that SspγqS ´1 has constant blocks 
for every γ P Γ such that lpγq P ker δq. We take this for granted hereafter. 

Now choose γq P Γ such that fpγq∆q “ q. Since γq has order 2 we know that, for 
each δ P ker δq ď sp∆q˚ , spγqqqδ,δspγqqδ,qδ is equal to 1 or ´1. Since spγqq preserves the 
symplectic form, we have spγqqqδ,δ “ ´spγqq

t´1 (recall that the restriction of the standard δ,qδ 
symplectic form to Wδ ‘ Wqδ is the standard one in lower dimension). Thus spγqqδ,qδ is 
either symmetric or skew-symmetric and so it is diagonalizable, which implies that it has 
a square root spγqq 1{2 in GLpdim Wδ, Cq. Now let S1 P GLp2n, Cq be the ∆-matrix such δ,qδ 

´1{2 1{2that S 1 “ spγqq and S 1 “ spγqq for every δ P ker δq ď sp∆q˚ . The matrix S 1 is a δ δ,qδ qδ δ,qδ 
multiple of a symplectic matrix because, for every (skew-)symmetric matrix A, 
ˆ ˙ ˆ ˙ ˆ ˙ ˆ ˙ ˆ ˙ 
A1{2 pA1{2qt A1{2 ˘A1{20 0 1 0 0 0

“ 
A ´1{2 pA ´1{2qt ´A ´1{2 ˘A ´1{20 ´1 0 0 0 0 

ˆ ˙ 
0 ˘1

“ .
¯1 0 

Moreover, since Ints is a homomorphism, spγq has constant blocks for every γ P Γ such 
that lpγq P ker δq and fpΓ{∆q “ ker δq \ q ker δq, we know that spγqqδδ1,qδδ1 is a multiple 
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of spγqqqδ,δ for every δ1 P fpΓ{∆q. This implies that the restrictions of S 1 to Wδ and 
Wδδ1 differ by a constant and so a permutation matrix M with ppMq P fpΓ{∆q satisfies 
pS 1MS 1´1qδ “ cMδ for some c P C˚ . Therefore, S1spγqS 1´1 still has constant blocks for 
every γ P Γ such that lpγq P ker δq. Hence, since Ints is a homomorphism, in order to 
prove that the image of S 1sS 1´1 consists of permutation matrices with constant blocks it is 
enough to show that S1spγqqS

1´1 has constant blocks: 

qS 1´1 ´1{2 ´1{2 
pS 1 spγq qδ,qδ “ Sδ

1 spγqqδ,qδS
1´1 

“ spγqq spγqqδ,qδspγqq “ 1qδ δ,qδ δ,qδ 

and 

pS 1 
qS 1´1

“ S 1 1{2 1{2 
spγq qqδ,δ qδspγqqqδ,δSδ 

1´1 
“ spγqqδ,qδspγqqqδ,δspγqqδ,qδ “ 

1{2 ´1 1{2
˘spγqqδ,qδspγqqδ,qδspγqqδ,qδ “ ˘1 

for each δ P ker δq. 
It remains to consider the cases when either q is trivial or q R fpΓ{∆q. If q is trivial 

then the weight spaces are all symplectic vector spaces with the standard symplectic form. 
The elements of spΓq are permutation matrices whose blocks preserve this form, hence the 
matrix S defined in the proof of Lemma 7.1.2, which is a ∆-matrix built up from these 
blocks, must be symplectic. If q is not trivial and q R fpΓ{∆q, choose δq P q ´1p´1q as 
before. In this situation the kernel of δq in fpΓ{∆q is equal to the whole fpΓ{∆q, so the 
matrix S which we defined when addressing the first case (with non-trivial q P fpΓ{∆q) 
does the trick. 

8.2 The homomorphism cθ 
Let θ “ Ints be the homomorphism corresponding to a representative quadruple pl, ∆, q, sq. 
The group Spp2n, Cqθ consists of all the symplectic ∆-matrices M such that Mδ “ Mδ1 

whenever δ and δ1 are elements of sp∆q˚ in the same orbit of sp∆q˚{fpΓ{∆q. From Section 
5.1 we have a homomorphism 

cθ : Spp2n, Cqθ Ñ Γ˚ . 

Lemma 8.2.1. The image of cθ is equal to 

Γθ :“ tγ P Γ˚ 
| γ|∆ P sp∆q

˚ and dim Wγδ “ dim Wδ for every δ P sp∆q
˚
u. 

Moreover, there is a subgroup ΓZ
θ ă Spp2n, Cqθ containing the centreZpSpp2n, Cqθq of 

Spp2n, Cqθ such that the restriction cθ|ΓZ induces an isomorphism 
θ 

ΓZ 
{ZpSpp2n, Cq

θ
q – Γθ.θ 

Proof. Choose representatives δ P sp∆q˚ for each coset δfpΓ{∆q P sp∆q˚{fpΓ{∆q and 
define 

´1 ´1 ´1M τ 
δ1γ,δ1 :“ spγqδ1γ,δγ spγq γpγq “ spγqδ1γ,δγ spγq γpγqδ1,δ δ1,δ
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as in the proof of Lemma 7.2.1, where δ1 P δfpΓ{∆q and γ P Γ is such that ppspγqq “ 
δ1δ ´1 “ δ1δ. Recall that this definition is independent of the choice of γ. We start by 
showing that, for each γ P Γθ, the matrix Mγ is equal to a symplectic matrix multiplied 
by an element of the centreZpGLp2n, CqInts q of the fixed point subgroup GLp2n, CqInts of 
GLp2n, Cq. Note that this symplectic matrix still satisfies (7.2.2). 

First suppose that the characteristic homomorphism q is trivial. In this situation every 
weight space for the action of sp∆q is symplectic with standard symplectic form. Thus 
spγqδ1γ,δγ and spγqδ1,δ are both symplectic. Moreover γpγq “ ˘1, which also preserves the 
symplectic form, so M τ P Spp2n, Cq. 

Now let q be non-trivial. If q R fpΓ{∆q then we may assume that, if δ is the chosen 
representative for δfpΓ{∆q, the element qδ P qδfpΓ{∆q also represents its class and so, on 
the one hand, for every δ1 P δfpΓ{∆q, 

Mδ
τ 
1γ,δ1 “ spγqδ1γ,δγ spγq ´1 γpγqδ1,δ

and, on the other, 
M τ ´1

“ spγqδ1qγ,δqγ spγq γpγq.δ1qγ,δ1q δ1q,δq

If γ ‰ q then, since spγqδ1γ,δγ ‘ spγqδ1qγ,δqγ and spγqδ1,δ ‘ spγqδ1q,δq preserve the standard 
symplectic form, the restriction of M τ to Wδ1 ‘ Wqδ1 is symplectic for every δ1 P sp∆q˚ . 

If q “ γ then M τ and M τ are inverses of each other, in other words M τ exδ1γ,δ1 δ1qγ,δ1q 

changes Wδ1 and Wqδ1 with the restrictions being inverses of each other. By antisymmetry 
of the symplectic form the restriction to Wδ1 ‘ Wqδ1 multiplies the symplectic form by ´1. 
If we choose representatives δ1 of each coset δ1t1, qu Ă ∆˚ in such a way that the action of 
fpΓ{∆q preserves representatives (recall that q R fpΓ{∆q) then we may define a ∆-matrix 
D which is equal to 1 when restricted to Wδ1 and ´1 when restricted to Wδ1q. It is clear that 
D is constant on 

à 
WδfpΓ{∆q :“ Wδ1 

δ1PδfpΓ{∆q 

for every δ P sp∆q˚, hence it is in ZpGLp2n, CqInts q. Moreover D multiplies the symplectic 
matrix by ´1, so DM τ is symplectic as required. 

Now assume that q P fpΓ{∆q and choose γq P Γ such that fpγqq “ q. Let d “ ˘1 such 
that spγγqq “ dspγqspγqq. Then 

M τ 
“ spγγq q ´1 γpγγqqδ1qγ,δ1q qδ1qγ,δγ spγγq δ1q,δ

´1 ´1
“ dspγqδ1qγ,δqγ spγqqδqγ,δγ d ´1 spγq spγqq γpγγqqδ1q,δq δq,δ

´1 ´1
“ rspγqqδqγ,δγ spγqq γpγqqsspγqδ1qγ,δqγ spγq γpγq,δq,δ δ1q,δq

where the expression in square brackets only depends on q, γ and the coset δfpΓ{∆q. Since 
spγqδ1γ,δγ ‘ spγqδ1qγ,δqγ and spγqδ1,δ ‘ spγqδ1q,δq are symplectic, this shows that the re-

À 
striction of M τ to δ1PδfpΓ{∆q Wδ1 ‘ Wqδ1 multiplies the symplectic form by a constant, 
which implies that multiplying this restriction by a suitable complex number (namely 
rspγqqδqγ,δγ spγqq ´1 γpγqqs ´1{2) yields a symplectic transformation. In other words, M τ 

δq,δ

is equal to a symplectic matrix multiplied by a diagonal matrix which is constant on 
WδfpΓ{∆q for every δ P sp∆q˚ yields a symplectic matrix. But such diagonal matrix is 
in ZpGLp2n, CqInts q, as required. 
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Hereafter we rename the matrices M τ so that they are symplectic. 
Note that, if γ P Γ˚ did not restrict to an element of sp∆q˚, there would be no matrix 

M satisfying Intδ M “ γpδqM for each δ P ∆, since this implies that M is a permutation 
matrix such that ppMq “ γ|∆. The automorphism M would then send some non-zero 
weight space to a trivial weight space via an isomorphism, which is absurd. Similarly, 
given δ and γ P sp∆q˚ , the weight spaces Wδ and Wδγ must have the same dimension if 
there is a permutation invertible matrix M with ppMq “ γ, since the image of Wδ after 
applying the linear transformation M is Wδγ . Therefore, the map 

cθ
tM τ 

uγPΓθ ÝÑ Γθ 

is a bijection. 
In the proof of Lemma 7.2.1 we showed that, for every γ and γ1 P Γθ, M τ Mγ1 

“ zMγγ1 

for some z P ZpGLp2n, CqInts q. The new definition of M τ only differs from the old one 
by an element of ZpGLp2n, CqInts q, so this still holds. Moreover, since M τ is symplectic 
for every γ P Γθ, it follows that z P ZpGLp2n, CqInts q X Spp2n, Cq. But, on the one hand, 
ZpGLp2n, CqInts q X Spp2n, Cq Ă GLp2n, CqInts X Spp2n, Cq “ Spp2n, Cqθ. On the other, 
the adjoint action of ZpGLp2n, CqInts q on Spp2n, Cqθ ă GLp2n, CqInts is trivial. Thus 
z P ZpSpp2n, Cqθq and so we may define Γθ

Z :“ ZpSpp2n, CqθqtM τ uγPΓθ . 

Corollary 8.2.2. The homomorphism cθ : Spp2n, Cqθ Ñ Γ˚ is surjective if and only if 
sp∆q˚ is identified with ∆˚ via s˚ and all the weight spaces have the same dimension. In 
particular, under this assumption s|∆ is injective and the order of ker q ď ∆ must divide n. 

Proof. The first statement follows from Lemma 8.2.1. To show that the order of ker q 
divides n we distinguish two cases: if q is trivial then the restriction of the symplectic form 
to every weight space is the standard one, which implies that the intersection of each weight 
space with a copy of Cn in C2n has half its dimension. Dividing n by this dimension (which 
is equal for every weight space) gives the number of weights, which is equal to the order of 
∆ “ ker q. If q is non-trivial then ker q is a subgroup of ∆ of degree 2. Since the quotient 
of 2n by the dimension of any weight space gives the number of weights, which is equal to 
|∆| “ 2| ker q|, the order of ker q must divide n as required. 

We call pl, ∆, q, sq an admissible quadruple if any of the two equivalent conditions in 
the statement of Corollary 8.2.2 are met. In particular this implies, by injectivity of s|∆ and 
f “ ps, that θ “ Ints is injective. 

8.3	 Admissible quadruples as components of the fixed point 
variety 

Consider the image ĂMpX, Spp2n, Cqθq
Γ of the extension of structure group morphism 

MpX, Spp2n, Cqθq Ñ MpX, Spp2n, Cqq 

given in Proposition 5.6.1. 
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Corollary 8.3.1. If MsspX, Spp2n, CqqΓ is the moduli space of stable fixed points, the in
tersection MsspX, Spp2n, CqqΓ X ĂMpX, Spp2n, Cqθq is empty unless pl, ∆, q, sq is an ad
missible quadruple. 

Proof. The monodromy of Γ when considered as an element of 

H1
pX, Γ˚

q – HompΓ, H1
pX, Z{2qq – HompΓ, H1

pX, C˚
qq, 

where the last isomorphism follows from the Abel–Jacobi Theorem, is equal to Γ˚ by 
Proposition 7.3.2. Therefore, according to Theorem 5.6.3, in order for the smooth fixed 
point locus MsspX, Spp2n, CqqΓ to be non-empty we need Γθ to be isomorphic to Γ˚ via 
the homomorphism cθ : Spp2n, Cqθ Ñ Γ˚. Equivalently, cθ must be surjective. 

Lemma 8.3.2. Given an antisymmetric pairing l : Γ Ñ Γ˚, a maximal isotropic subgroup 
∆ ď Γ and an element q P ∆˚ such that the order of ker q divides n, there exists a map 
s : Γ Ñ Spp2n, Cq making pl, ∆, q, sq an admissible quadruple. 

Proof. Let x¨, ̈ y be the pairing associated to l. Choose an injective map s1 : ker q ãÑ 
GLpn, Cq whose image consists of diagonal matrices with eigenvalues ˘1 and weight 
spaces of dimension n{ ker q. Take the composition 

s1‘s1

s|ker q : ker q ÝÝÝÑ GLpn, Cq ‘ GLpn, Cq ãÑ GLp2n, Cq. 

If q is non-trivial we then choose δq P q ´1p´1q, set 
ˆ ˙ 
iIn 0 

spδqq :“ 
0 ´iIn 

and define s|∆ so that s preserves the group multiplication up to factors of ˘1 (note that 
∆ “ ker q \ δq ker q). 

Since every element of Γ has order 2, we may find a set of generators γ1, . . . , γm iden
tifying Γ with a product of Z{2Z’s and such that ∆ is generated by the first k of them. We 
prove the statement by induction on the number of generators of Γ{∆, so assume that we 
have a map s : Γ1 :“ xγ1, . . . , γm´1y Ñ Spp2n, Cq making pl|Γ1 , ∆, q, sq an admissible 
quadruple for some m ą k. Let γ :“ lpγmq|Γ1 and M τ P Spp2n, Cq as defined in the 
proof of Lemma 8.2.1. We claim that pM τ q2 “ ˘1. Note that γ cannot be in lpΓ1q, since 
f : Γ{∆ Ñ ∆˚ is an injection. Hence we may choose the representative of each coset in 
∆˚{fpΓ1{∆q so that, if δ represents δfpΓ1{∆q, so does γδ in γδfpΓ1{∆q. Recall that if q is 
trivial or q R fpΓ1{∆q then 

´1 ´1M τ 
“ spγqδ1γ,δγ spγq γpγq or spγqδ1γ,δγ spγq γpγqDδ1γ,δ1 ,δ1γ,δ1 δ1,δ δ1,δ

where D is defined in the proof of Lemma 8.2.1, depending on whether q ‰ γ or q “ γ 
resp. On the other hand, if q is non-trivial and q P fpΓ1{∆q, 

M τ 
“ rspγqqδqγ,δγ spγqq ´1 γpγqqs ´1{2 spγqδ1γ,δγ spγq ´1 γpγq,δ1γ,δ1 δq,δ δ1,δ

where fpγq “ δ1δ and fpγq∆q “ q. In the first case, if q ‰ γ then 

2 ´1 ´1
pM τ 

qδ1,δ1 “ Mδ
τ 
1,δ1γ Mδ

τ 
1γ,δ1 “ spγqδ1,δspγqδ1γ,δγ γpγqspγqδ1γ,δγ spγqδ1,δγpγq “ 1. 
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If q “ γ then, since M τ and D anticommute (the restrictions of D to Wδ and Wqδ differ by 
´1 for every δ P ∆˚ and M τ “ M q permutes them), we have, by the previous calculation, 

1 “ pM τ Dq
2 

“ ´pM τ 
q
2D2 

“ ´pM τ 
q
2 . 

In the second case, i.e. if q P fpΓ{∆q is non-trivial, 

pM τ 
qδ
2 

1,δ1 “ rspγqqδq,δspγqq ´1 γpγqqs ´1{2 spγqδ1,δspγq ´1 γpγqδqγ,δγ δ1γ,δγ 

´1 ´1{2 ´1
rspγqqδqγ,δγ spγqqδq,δγpγqqs spγqδ1γ,δγ spγqδ1,δγpγq “ 1, 

assuming that we have chosen the square roots in a compatible way. 
Now it can be seen that the map s : Γ Ñ Spp2n, Cq which sends γγk to spγqpM τ qk 

m 

for each γ P Γ1 induces a homomorphism Ints: indeed, pspγqM τ q2 is equal to ˘1 because 
the square of each factor is ˘1 and they commute up to multiplication by ˘1. Moreover, s 
yields an admissible quadruple: for example, the antisymmetry of l and the construction of 
s imply that l is induced by s. 

Remark 8.3.3. Unlike the case of GLpn, Cq (see Lemma 7.3.4), given the data l, ∆ and q, 
the class of θ “ Ints in XpΓ, IntpSpp2n, Cqqq is not unique. Indeed, on each inductive step 
in the proof of Lemma 8.3.2 we have a choice: having already defined s|γ1 and letting γ :“ 
lpγmq|Γ1 , let us think about the possible choices for a permutation matrix in Spp2n, Cq with 
constant blocks satisfying (7.3.3) and having square ˘1 (any such a matrix would extend s 
to Γ by setting spγmq :“ M τ , in such a way that pl, ∆, q, sq is an admissible quadruple). We 
know by Lemma 8.3.2 that this matrix exists, namely the matrix M τ defined in the proof 
of Lemma 8.2.1. Another symplectic matrix satisfying the requirements is equal to M τ C, 

À

where C is a symplectic ∆-matrix which is equal to a constant in C˚ when restricted to 
for every δ P ∆˚. We split the argument into three different WδfpΓ{∆q :“ δ1Pδf pΓ{∆q Wδ1 

cases. 
If q P fpΓ{∆q then, according to the proof of Lemma 8.3.2 we may choose M τ to have 

order 2. Moreover, C is symplectic if and only if its restriction to WδfpΓ{∆q is equal to ˘1 
for every δ P ∆˚, since WδfpΓ{∆q is symplectic. The condition pCM τ q2 “ ˘1 implies that 
the restriction of C to Wδf pΓ{∆q is equal to ˘1 multiplied by its restriction to Wγδf pΓ{∆q. A 
representative of the `1 case is just C “ 1, whereas we call a representative for the ´1 
case C ´. Each sign yields a different class in XpΓ, IntpSpp2n, Cqqq: the matrices M τ and 
M τ C ´ have different order (2 and 4 resp.), since pM τ C ´ q2 “ ´pM τ q2pC ´ q2 “ ´1. Now, 
if IntMτ and IntM τ C ́  where conjugate in IntpSpp2n, Cqq then M τ would be conjugate to 
˘M τ C ´, which has different order, so this is impossible. Hence we have two different 
choices for the class of Ints completely determined by the order of spγmq. 

If q R fpΓ1{∆q and q ‰ γ then, for every δ P ∆˚, the subspaces WδΓ1{∆ and WδqΓ1{∆ 

are different. The automorphism C|WδγΓ1{∆ 
may differ from C|WδΓ1{∆ 

by a factor, say k, 
but then the fact that C is symplectic implies that C|WδγqΓ1{∆ 

“ k ´1C|WδqΓ1{∆ 
. However, 

conjugation by the matrix
˛ 

‹

‹

‚

¨ 

, 

1 0 0 0 
k ´1{20 0 0˚

˚

˝
0 0 1 0 
0 0 0 k1{2 
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which is defined on WδΓ1{∆ ‘ WδγΓ1{∆ ‘ WδqΓ1{∆ ‘ WδγqΓ1{∆ (note that this preserves the 
standard symplectic form), reduces the possible cases to k “ 1. Then C is of the form 
c ‘ c ‘ c ´1 ‘ c ´1 on WδΓ1{∆ ‘ WδγΓ1{∆ ‘ WδqΓ1{∆ ‘ WδγqΓ1{∆, and so M τ C is conjugate 
to M τ via the matrix

¨
 ˛
 

, 
‹

‹ 
‚

so there is only one possible choice for the class of Ints in this case. 
Finally, if q “ γ, the matrix C is symplectic if and only if its restriction to WδΓ1{∆ ‘ 

WδqΓ1{∆ is equal to c ‘ c ´1 for some c P C˚. Then M τ C is conjugate to M τ via the matrix 

˚

˚

˝
 

´1{2c 0 0 0 
´1{20 c 0 0 

1{20 0 c 0 
1{20 0 0 c

ˆ

´1{2c 0 

˙
 

1{2 ,
0 c

so again there is only one possible choice for the class of Ints. 

8.4 Fixed points as twisted equivariant bundles 
Let pl, ∆, q, sq be an admissible quadruple. As we saw in Section 7, the group GLp2n, Cqθ 

consists of ∆-matrices M such that Mδ “ Mδ1 whenever δδ1 P fpΓ{∆q. We have a similar 
description for Spp2n, Cqθ “ GLp2n, CqθXSpp2n, Cq. Let ΓZ :“ ZpSpp2n, CqθqtM τ uγPΓθ ăθ 

Spp2n, Cqθ as in the proof of Lemma 8.2.1. According to Lemma 8.2.1 the group Spp2n, Cqθ 

is generated by Spp2n, Cqθ and ΓZ and the commutative diagramme (7.4.4) restricts to θ 

ΓZ Int AutpSpp2n, Cqθqθ 

,τφ cθ 

Γ˚ 

where φ is a section of cθ. Let XΓ ´be the (connected by Proposition 7.3.2) etale cover 
determined by the Γ˚-bundle Γ. According to Lemma 7.4.2 pτ, cq-twisted Γ˚-equivariant 
GLpn, Cqθ-bundles over XΓ are in correspondence with twisted lpΓq-equivariant vector 
bundles of rank 2n{|∆| over XΓ, where the action satisfies (7.4.5). Hence pτ, cq-twisted 
Γ˚-equivariant Spp2n, Cqθ-bundles may be described in terms of twisted lpΓq-equivariant 
vector bundles equipped with some ”symplectic form”. There are two main possibilities 
depending on q: 

1. If q is trivial then we get symplectic vector bundles of rank 2n{|∆| equipped with 
an lpΓq-action satisfying (7.4.5) which respects the symplectic form. Note that a 
symplectic form on a vector bundle E may be regarded as an isomorphism ψ : E – 
E˚ such that, for every e and e1 P E, 

ψpeqpe 1q “ ´ψpe 1qpeq “ ´ψ˚
peqpe 1q, 

i.e. ψ˚ “ ´ψ. 
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2. If q is not trivial then, because of the description of Spp2n, Cqθ, we get a symplectic 
form on E ‘ q˚E, where by abuse of notation q P Γ˚ is an extension of q and E 
is a vector bundle of rank 2n{|∆| with a symplectic lpΓq-action satisfying (7.4.5). 

„The symplectic form ω is codified by an isomorphism ψ : E ÝÑ q˚E˚ which is 
equivariant with respect to the lp∆q-action on E and the dual of the pullback of this 
action on q˚E˚ . The restriction of ω to E is equal to ψ, whereas the restriction to 
q˚E is equal to q˚ψ. The antisymmetry of ω is equivalent to q˚ψ˚ “ ´ψ since, for 
every e P E and e1 P q˚E, 

q ˚ψ˚
peqpe 1q “ q ˚ψpe 1qpeq “ ´ψpeqpe 1q. 

Remark 8.4.1. A subtle point of contrast with the case of GLp2n, Cq is the ambigüity in the 
choice of θ for each triple pl, ∆, qq, see Remark 8.3.3. This implies that we have different 
choices for the orders of the different elements of the lpΓq-action. We have not made 
explicit mention of this so far, but see Remark 8.5.2 for a more clear interpretation in terms 
of pushforwards. 

For each antisymmetric pairing l, choose a maximal isotropic subgroup ∆ ď Γ and let 
MpXΓ, l, ∆, 2n, qq be the moduli space of triples pE, ψ, χq, where E is a vector bundle of 

„rank 2n{|∆|, ψ : E ÝÑ q˚E˚ is an isomorphism such that q˚ψ˚ “ ´ψ and χ is an lpΓq
action on E respecting ψ and satisfying (7.4.5). Cases (1) and (2) form a partition of these 
moduli spaces. We have morphisms MpXΓ, l, ∆, 2n, qq Ñ MpXΓ, τ, c, Spp2n, Cqθ , Γ˚q

which follow as in Lemma 7.4.2 

8.5 Fixed points as pushforwards 
As in the case of GLpn, Cq we have an interpretation of the moduli spaces MpXΓ, l, ∆, 2n, qq
in terms of pushforwards. 

Definition 8.5.1. Let MpX∆, GLp2n{|∆|, Cq, qq be the moduli space of pairs pE, ψq con
„sisting of a vector bundle E of rank 2n{|∆| and an isomorphism ψ : E ÝÑ q˚E such that 

˚ψ˚q “ ´ψ (this may be constructed using the techniques in [68]). We define 

MpX∆, GLp2n{|∆|, Cq, qqlpΓq 

to be the subvariety parametrizing pairs pE, ψq such that lpγq˚pE b p˚ γ, ψq – pE, ψq for∆

each γ P Γ (we define the pullback lpγq˚ψ as it is usual for homomorphisms of vector 
bundles). The pushforward of vector bundles induces a morphism 

p∆˚ : MpX∆, GLp2n{|∆|, Cq, qqlpΓq 
Ñ MpX, Spp2n, Cqq. 

Note that we are calling lpγq to its coset in Γ˚{lp∆q by abuse of notation, see the 
discussion before the statement of Lemma 7.5.2. As in such discussion the correspondence 
between lp∆q-equivariant vector bundles on XΓ and vector bundles over X∆ implies the 
existence of a morphism pl,q : MpXΓ, l, ∆, 2n, qq Ñ MpX∆, GLp2n{|∆|, Cq, qqlpΓq. As in 
the case of GLpn, Cq, this determines a decomposition 

ď 
MpX∆, GLp2n{|∆|, Cq, qqlpΓq 

“ pq,lMpXΓ, l, ∆, 2n, qq, (8.5.1) 
l,q 
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where l runs over all antisymmetric pairings of Γ with maximal isotropic subgroup ∆ and 
q runs over ∆˚ . 
Remark 8.5.2. This decomposition of MpX∆, GLp2n{|∆|, Cq, qqlpΓq manifests the differ
ent choices that we have for the commutators between the different isomorphisms fγ : 

„
pE, ψq ÝÑ lpγq˚pE b p∆

˚ γ, ψq, where γ P Γ and pE, ψq represents an element of the mod
uli space MpX∆, GLp2n{|∆|, Cq, qqlpΓq, as it is the case with (7.5.6). However, the moduli 
space MpXΓ, l, ∆, 2n, qq itself has different components corresponding to different choices 
for the orders of this isomorphisms because of the considerations of Remark 8.3.3. In other 
words, for each non-trivial γ we have the possibilities plpγq˚fγ b Id γ q ˝ fγ “ ˘1 and in ˚ p∆
general only one of them is possible (note that multiplying ifγ does not preserve ψ, which 
is something that we do not need to worry about for GLpn, Cq). 

Lemma 8.5.3. The morphism 

MpXΓ, l, n, qq Ñ MpXΓ, τ, c, Spp2n, Cq
θ , Γ˚

q Ñ MpX, Spp2n, Cqθq Ñ MpX, Sppn, Cqq, 

where the last morphism is defined in Proposition 5.6.1 and the second one is defined in 
Theorem 4.4.8, factors as 

lpΓq p∆˚MpXΓ, l, n, qq Ñ MpX∆, GLp2n{|∆|, Cq, qq ÝÝÑ MpX, Sppn, Cqq. 

In particular, by Lemma 7.3.4 and Proposition 5.6.1, the image of the pushforward is inde
pendent of the choice of maximal isotropic subgroup ∆. 

We conclude: 

Theorem 8.5.4. We have the inclusions 
ď 

p∆˚MpX∆, GLp2n{|∆|, Cq, qqlpΓq 
Ă MpX, Spp2n, Cqq

Γ 

l,q 

and 
ď 

MsspX, Spp2n, Cqq
Γ 

Ă p∆˚MpX∆, GLp2n{|∆|, Cq, qqlpΓq, 
l,q 

where MpX∆, GLp2n{|∆|, Cq, qqlpΓq is defined in Definition 8.5.1. The parameter l runs 
over all antisymmetric pairings on Γ such that the order of a maximal isotropic subgroup 
∆ divides n. The choice of ∆ is fixed for each l. The parameter q runs over elements of 
∆˚ . 

Proof. Follows from Lemmas 8.1.2, 8.3.2 and 8.5.3, Theorem 5.6.3, Corollary 8.3.1 and 
(8.5.1). 

Definition 8.5.5. Let MpX∆, GLp2n{|∆|, Cq, qq be the moduli space of triples pE, φ, ψq
„consisting of a Higgs bundle pE, φq of rank 2n{|∆| and an isomorphism ψ : pE, φq ÝÑ 

q˚pE, φq such that q˚ψ˚ “ ´ψ (this may be constructed using the techniques in [68]). We 
define MpX∆, GLp2n{|∆|, Cq, qqlpΓq to be the subvariety parametrizing triples pE, φ, ψq

such that lpγq˚pE, φ b p˚ γ, φ, ψq – pE, φ, ψq for each γ P Γ (we define the pullback ∆

lpγq˚ψ as it is usual for homomorphisms of vector bundles). The pushforward of vector 
bundles induces a morphism 

p∆˚ : MpX∆, GLp2n{|∆|, Cq, qqlpΓq 
Ñ MpX, Spp2n, Cqq. 
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Theorem 8.5.6. We have the inclusions 
ď 

p∆˚MpX∆, GLp2n{|∆|, Cq, qqlpΓq 
Ă MpX, Spp2n, Cqq

Γ 

l,q 

and 
ď 

MsspX, Spp2n, Cqq
Γ 

Ă p∆˚MpX∆, GLp2n{|∆|, Cq, qqlpΓq, 
l,q 

where MpX∆, GLp2n{|∆|, Cq, qqlpΓq is defined in Definition 8.5.5. The parameter l runs 
over all antisymmetric pairings on Γ such that the order of a maximal isotropic subgroup 
∆ divides n. The choice of ∆ is fixed for each l. The parameter q runs over elements of 
∆˚ . 

8.6 An abelianization phenomenon 
In particular, if 2n “ 2m is some power of 2 and the genus of X is greater than m{2, 
there are subgroups Γ ď H1pX, Z{2Zq of order 2m . If l is the trivial pairing then the 
pushforward p∆˚MpX∆, C˚, qqlpΓq is a component of the fixed point locus, where q is any 
non-trivial element of Γ˚ . In this situation MpX∆, C˚, qqlpΓq is just the moduli space of 

„isomorphism classes of pairs pL, ψq, where L is line bundle over XΓ and ψ : q˚L ÝÑ L˚ 

is an isomorphism satisfying q˚ψ “ ´ψ˚, and the image p∆˚pL, ψq is just the pushforward 
of L equipped with the induced symplectic form. This ”abelianization” phenomenon is 
a manifestation, with the extra structure of the symplectic form, of the corresponding de
scription of a component in the fixed point locus of MpX, GLp2n, Cqq under the action of 
a subgroup of order 2n in JpXq. 
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Chapter 9 

Fixed points in the absence of 
tensorization 

Throughout this Section G is a connected semisimple complex Lie group with centre Z and 
Lie algebra g, X is a compact Riemann surface and Γ is a subgroup of AutpXqˆOutpGqˆ 
C˚ . From Section 2.4 we have an action of Γ on MpX, Gq given by homomorphisms 
η : Γ Ñ AutpXq, a : Γ Ñ OutpGq and µ : Γ Ñ C˚ . We also fix a lift θ of a. Note the 
absence of α P Z1pΓ, H1pX, Zqq, which is taken to be trivial in this Chapter. a 

Let us denote the fixed-point subvariety of MpX, Gq under the above defined action 
of Γ by MpX, GqΓ . This section gives a description of MpX, GqΓ which is a particular 
case of the answer in Chapter 10 when η is injective. When η is not injective it gives a 
description which is refined in Chapter 10. 

9.1 The forgetful morphism 
Let c a 2-cocycle in Z2pΓ, Zq and µ a character of Γ.a 

Proposition 9.1.1. Let pE, ̈ , φq be a pθ, c, µq-twisted Γ-equivariant G-Higgs bundle as 
defined in Section 4.1. 

1. If pE, φq is (semi)stable then pE, ̈ , φq is (semi)stable. 

2. If pE, ̈ , φq is semistable then pE, φq is semistable. 

3. If pE, ̈ , φq is polystable then pE, φq is polystable. 

Proof. The statement p1q is obvious. For the statement p3q let pE, ̈ , φq be a polystable 
twisted equivariant G-Higgs bundle. Then by Theorems 4.2.1 and 2.3.1 the underlying 
G-Higgs bundle is polystable. 

Now we prove p2q. Suppose pE, ̈ , φq is semistable but pE, φq is not semistable. Note 
that, in char 0, pE, φq is semistable if and only if padpEq, adpφqq is semistable ( see [2, 
Lemma 2.10]). Thus padpEq, adpφqq is not semistable. Then there is a unique filtration of 
padpEq, adpφqq by adpφq invariant sub-bundles 

0 “ F0 Ă F1 Ă ¨ ¨ ¨ Fn´1 Ă Fn “ adpEq 
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such that each pFi{Fi´1, adpφq|Fi{Fi´1 q is semistable and µpFi{Fi´1q ă µpFi´1{Fi´2q, for 
all i “ 1, 2, ̈ ¨ ¨ , n. Then n is odd and Fn`1{2 is a parabolic subalgebra bundle of adpEq

(see proof of [17, Lemma 2.5] and [2, Lemma 2.11]). Moreover, as padpEq, adpφqq is 
not semistable we have degpFn`1{2q ą 0. Let AdpEq :“ E ˆG G be the group scheme 
associated to E for the action of G on itself. By [1, Lemma 4] there exists a parabolic 
sub group scheme P Ă AdpEq such that the associated Lie algebra bundle is Fn`1{2. By 
uniqueness of Harder Narashimahn filtration we get Fn`1{2 ¨ γ “ Fn`1{2 for all γ P Γ. Now 
we can show that there exists a parabolic subgroup P Ă G and a reduction of structure 
group Eσ Ă E to P such that AdpEσq “ P (see the proof [2, Lemma 2.11]. Therefore, 
Fn`1{2 “ Eσppq. But this would contradict our assumption that pE, ̈ , φq is semistable. 
Therefore, padpEq, adpφqq is semistable. 

Let σxi P Z1 pΓxi , Gq for each isotropy point xi P X (notation as in Section 4.3). By cxi 

Proposition 9.1.1 here exists a forgetful morphism 

MpX, G, Γ, θ, c, µ, σq Ñ MpX, Gq. (9.1.1) 

We denote the image of the forgetful map inside MpX, Gq by ĂMpX, G, Γ, θ, c, µ, σq. 
The image of the forgetful map consists of those isomorphism classes of polystable 

G-Higgs bundles which admit a pθ, c, µq-twisted Γ-equivariant structure. Now if a G-
Higgs bundle pE, φq admits a pθ, c, µq-twisted Γ-equivariant structure then, by definition 
of twisted equivariant structures, we have 

pE, φq – pηγ 
˚θ ´1

pEq, µpγqηγ 
˚θ ´1

pφqq,γ γ 

where – denotes isomorphism of G-Higgs bundles. As points of MpX, Gq consist of 
isomorphism classes of polystable G-bundles we immediately have the following. 

ĂProposition 9.1.2. MpX, G, Γ, θ, c, µ, σq Ă MpX, GqΓ . 

9.2 Fixed points and simplicity 
Recall that a G-Higgs bundle pE, φq is said to be simple if AutpE, φq “ Z. 

Proposition 9.2.1. Let θ : Γ Ñ AutpGq be a lift of a : Γ Ñ OutpGq, and let pE, φq be a 
simple G-Higgs bundle over X such that pE, φq – pηγ 

˚θ ´1pEq, µγ ηγ 
˚θ ´1pφqq for each γ Pγ γ 

Γ. Then pE, φq admits a pθ, c, µq-twisted Γ-equivariant structure for some c P Zθ 
2pΓ, Zq. 

Proof. Let pE, φq be a G-Higgs bundle over X such that 

θ ´1
pE, φq – pη˚ 

pEq, µγ η
˚θ ´1

pφqq (9.2.2)γ γ γ γ 

for all γ P Γ. Let AutpE, φq be the group of automorphisms covering the identity of X , and 
AutΓ,η,θ,µpE, φq be the group defined in Remark 4.1.2. The simplicity of pE, φq implies 
that AutpE, φq – Z, and hence (4.1.2) gives an extension 

1 Ñ Z Ñ AutΓ,η,θ,µpE, φq Ñ Γ Ñ 1. 
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This extension defines a cocycle c P Zθ 
2pΓ, Zq, and a c-twisted homomorphism 

Γ Ñ AutΓ,η,θ,µpE, φq 

with cocycle c, that is, a pθ, c, µq-twisted Γ-equivariant structure on pE, φq. 

We have the following. 

Theorem 9.2.2 (Proposition 5.1 and Theorem 5.7 in [12]). Let MsspX, Gq Ă MpX, Gq

be the subvariety of MpX, Gq consisting of those G-Higgs bundles which are stable and 
simple. Fix a homomorphism θ : Γ Ñ AutpGq lifting a : Γ Ñ OutpGq. Then 

ď 
ĂMpX, G, Γ, θ, c, µ, σq 

ĂMpX, G, Γ, θ, c, µ, σq Ă MpX, Gq

Ă

rcsPHa 
2pΓ,Zq,rσsPtH1 pΓxi ,Gqucxi 

Proof. Let pE, φq P MsspGqΓ . Then, by Proposition 9.2.1, pE, φq admits a pθ, c, µq
twisted Γ-equivariant structure, where c P Zθ 

2pΓ, Zq, the set of all 2-cocycles where Γ 

Γ 
ĂMsspX, Gq


rcsPHa 
2pΓ,Zq,rσsPtH1 pΓxi ,Gqucxi 

and

ď
 

Γ .
 

acts on Z via θ. Thus pE, φq P

that the union should run over rcs P H2 
It follows from Proposition 4.3.2
 MpX, G, Γ, θ, c, µ, σq.
 

a pΓ, Zq and rσs P tHc
1 
xi 

pΓxi , Gqu.
 

Theorem 9.2.3. Let MsspX, Gq Ă MpX, Gq be the subvariety of MpX, Gq consisting of 
those G-bundles which are stable and simple. Fix a homomorphism θ : Γ Ñ AutpGq lifting 
a : Γ Ñ OutpGq. Then 

ď
 
Ă

Ă

MpX, G, Γ, θ, c, σq 

MpX, G, Γ, θ, c, σq Ă MpX, Gq

rcsPHa 
2pΓ,Zq,rσsPtH1 pΓxi ,Gqucxi 

9.3 Fixed points in the character variety 
We study now the action of Γ on the character variety RpX, Gq and describe the fixed points 
in terms of twisted equivariant representations. Recall that we are given homomorphisms 
η : Γ Ñ AutpXq, a : Γ Ñ OutpGq and θ : Γ Ñ AutpGq, where θ is a lift of a. 

Fix a point x P X . The automorphism ηγ of X produces a homomorphism 

ηγ ̊  : π1pX, xq Ñ π1pX, ηγ pxqq . 

MsspX, Gq
Γ 

Ă 
rcsPHa 

2pΓ,Zq,rσsPtH1 pΓxi ,Gqucxi 

and

ď
 

Γ .
 

This induces an automorphism of RpX, Gq since the quotient Hompπ1pX, xq, Gq{G is in
dependent of the base point of X . Combining this with the action of AutpGq given in 
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Section 5.8, for every γ P Γ and ρ P Hompπ1pXq, Gq we have ρ ¨ γ P Hompπ1pXq, Gq

given by 
ρ ¨ γ “ θγ 

´1 
˝ ρ ˝ ηγ ̊ . 

Combining Theorem 2.3.3 with Theorems 4.2.2 and 9.2.2 and Proposition 9.1.2 we 
have the following. 

Theorem 9.3.1. Let RirrpX, Gq Ă RpX, Gq be the subvariety of RpX, Gq consisting of 
risomorphism classes of irreducible representations, and let RpX, G, Γ, θ, cq be the image 

of RpX, G, Γ, θ, cq in RpX, Gq under the natural map defined by diagramme (4.2.7). Let 
RpX, GqΓ be the fixed-point subvariety for the action of Γ defined by the homomorphism 
pη, aq : Γ Ñ AutpXq ˆ OutpGq. Then 

ď 
rRpX, G, Γ, θ, cq Ă RpX, Gq

Γ 

rcsPH2pΓ,Zqa 

and 
ď 

RirrpX, Gq
Γ 

Ă RrpX, G, Γ, θ, cq. 
rcsPH2pΓ,Zqa 

Here θ : Γ Ñ AutpGq is any lift of a : Γ Ñ OutpGq. 

Remark 9.3.2. We could have considered also a non-trivial character µ : Γ Ñ C˚ with 
image the subgroup of C˚ given by t˘1u – Z{2Z. With a minor modification in the 
definition of the group G ˆθ,c Γ one would obtain similar results (see [15, 39, 40] for an 
analogous situation). 

9.4 Example 1 
Let G “ SLp2, Cq and pX, σq be a hyperelliptic curve together with the hyperelliptic invo
lution σ. In this case let Γ “ Z{2Z and consider the homomorphism η : Z{2Z Ñ AutpXq

defined by sending ´1 ÞÑ σ. In this case OutpGq “ 1 and Z “ Z{2Z, hence AutpGq “ 
IntpGq, and therefore AutpGq acts trivially on the centre Z. So, in this case, we have 
H2pZ{2Z, Zq “ Z{2Z. Also, there are only two characters µ˘, defined by µ˘p´1q “ ˘1. 
We can then define actions on the moduli space of SLp2, Cq-Higgs bundles defined by η 
and µ˘. The case in which η is the trivial homomorphism from Γ to AutpXq and µ “ µ ´ 

is studied in [48, 30, 38, 39]. 

9.5 Example 2 
Let G “ SLpn, Cq, with n ą 2 and X a hyperelliptic curve together with the hyperelliptic 
involution σ, as above. Let Γ “ Z{2Z and η : Z{2Z Ñ AutpXq be the homomorphism 
defined by sending ´1 ÞÑ σ. In this case OutpGq – Z{2Z and Z – Z{nZ. Let us denote 
the trivial homomorphism from Γ Ñ OutpGq by a ` and the homomorphism which sends 
´1 to b, where OutpGq “ xby, by a ´ . In the first case we have the trivial action of Γ on 
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the centre Z via a `. To compute the second group cohomology of Z{2Z with coefficients 
in Z{nZ we will use the following fact: Let C be a cyclic group of order r generated by t 
and A be a finite abelian group with a C-action. Let N “ 1 ` t ` ¨ ¨ ¨ ` tr´1 P ZrΓs then 
obviously Na, a P A, is fixed by all α P C. With these notations we have HppC, Aq “ AΓ 

,
NA 

p “ 2, 4, 6.... Thus we have , in this case, H2pΓ, Zq “ 0 when n is odd and H2pΓ, Zq “ 
pZ{2Zqr when n is even, where r is the minimal number of generators of the 2-Sylow 
subgroups of Z{nZ. On the other hand the action of the generator of Z{2Z on Z induced 
by a ´ sends x P Z to x ´1 . In this case we have H2 

´ pΓ, Zq “ ZZ{2Z . Thus the action is a 
trivial when n is odd and hence H2 

´ pΓ, Zq “ 0, and if n is even then H2 
´ pΓ, Zq consists 

of all order 2 elements of Z{nZ. 
a 
As in the previous example, we have 

a 
µ˘ as possible 

characters. 
The cases in which η is the trivial homomorphism from Γ to AutpXq and µ “ µ˘ is 

studied in [30, 39] (see also [46, 66] for related work). 

9.6 Example 3 
Let G “ Spinp8, Cq. Then Z “ Z{2Z ̂  Z{2Z, OutpGq – S3. In [39] the authors consider 
various actions of cyclic subgroups Γ of OutpGq, with Γ acting trivially on X , and identify 
the fixed-point subvarieties. 

Now in our situation the following three cases are relevant. 
Case (I): Let X be a compact Riemann surface of genus g ą 2 and Γ :“ S3. Let η : Γ Ñ 

AutpXq be an injective homomorphism in other words the action of Γ on X is faithful. Let 
σ and τ generate the group OutpSpinp8, Cqq – S3. Let a : Γ Ñ OutpSpinp8, Cqq be the 
isomorphism defined by sending an order 2 generator to σ and an order 3 generator to τ . 
Let µ : Γ Ñ C˚ be a character of S3. We know that S3 has three non-equivalent conjugacy 
classes. Let µi, i “ 1, 2, 3, be the corresponding characters. We define homomorphisms 
Fi “ pη, a, µiq : Γ Ñ AutpXq ˆ OutpGq ˆ C˚ , i “ 1, 2, 3. Then each Fi determines an 
action on the moduli space of G-Higgs bundles. Let H “ xτy be the normal subgroup of 

H2G generated by τ . Then by ([64, Lemma 2.2.4]) H2pΓ, Zq “ pΓ{H, ZH q. As τ is an 
element of order 3 either ZH “ peq or ZH “ Z. So, we have either H2pΓ, Zq “ 0 or 
H2pΓ, Zq “ Z{2Z. 

Case (II): Let X be a hyperelliptic curve and Γ :“ S3. We define a homomorphism 
η : S3 Ñ AutpXq by sending σ to Id and τ to an order 2 hyperelliptic involution. Let 
bi P OutpGq be the class of an order 2 automorphism of G and θi : Γ Ñ OutpGq be 
the homomorphism defined by τ ÞÑ 1 and σ ÞÑ bi. We define Fi :“ pη, θi, µiq : Γ Ñ 
AutpXq ˆ OutpGq, i “ 1, 2, 3. Then the respective actions of Γ on the moduli space of 
G-Higgs bundles are determined by Fi. In this case the subgroup H acts on Z trivially, 
therefore ZH “ Z, and hence H2pΓ, Zq “ Z{2Z. 

Case (III): X is a cyclic trigonal curve. In other words we assume that the subgroup 
ă τ ą acts trivially on X and f is an order 3 automorphism such that X{ ă f ą– P1. This 
case is related to the work of Oxbury and Ramanan [64], and to what they refer as Galois 
Spinp8, Cq-bundles. We define a homomorphism η : S3 Ñ AutpXq by sending σ to Id and 
τ to the order 3 automorphism f . Let b be the class of unique order 3 automorphism of X 
and θ : S3 Ñ OutpGq be defined by sending σ to I and τ to b. As in the previous case we 

127
 



define Fi :“ pη, θi, µiq : Γ Ñ AutpXq ˆ OutpGq, i “ 1, 2, 3. Then the action of Γ on the 
moduli space of G-Higgs bundles is determined by Fi. Since Z{3Z and Z “ Z{2Z ̂  Z{2Z 
have coprime order, by [64, Lemma 2.2.4] H2pZ{3Z, Zq “ 0. 

9.7 Example 4 
Let G be a group of type E6. In this case OutpGq “ Z{2Z. Let X be a hyperelliptic 
curve together with a hyperelliptic involution σ and Γ “ Z{2Z. We define a homomor
phism η : Γ Ñ AutpXq by sending ´1 ÞÑ σ. As in the case of example 1 we have two 
homomorphisms a˘ : Γ Ñ OutpGq and two characters µ˘ . 
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Chapter 10 

Fixed points for a general action 

Throughout this chapter we fix a finite group Γ, a compact Riemann surface X and a 

Ñ θ1 G0

connected semisimple complex Lie group G with centre Z and Lie algebra g. 

´10.1 Etale covers and lifts of a 

Let η : Γ Ñ AutpXq and a : Γ Ñ OutpGq be homomorphisms. By [70], there exists a 
homomorphism 

θ : ker η Ñ AutpGq 

lifting a|ker η. With definitions as in Section 5.1 we have an extension 

0
2 

pθ
Ñ Gθ 

ÝÑ Γpθ 
Ñ 1, (10.1.1) 

is the connected component of the identity and p

Γθ. Let τ be the characteristic homomorphism of (10.1.1). By [10] there exists 
q of the characteristic homomorphism of (10.1.1), and consequently 

τ pΓθ, ZpGθ 

θrestricting (5.1.5) where G0

Ñθ θa lift pτ Γ Aut G: p 0

θG– 0

subgroup of p

by Proposition 3.2.3 we can find c P Z

Γθ is a (finite) 

qq such that we have an isomorphism 
, i.e. we have a commutative diagramme Gθ θ θas extensions of ˆ pΓ Gτ,c 0

Gθ 
0 ΓpθGθ1
 1 

. 

1
Gθ 
0

„

Gθ 
0 Γpθˆτ,c Γp

θ 

pΛq and let p : Y Ñ X be a connected ´

1
 

´1θ θNow let be a subgroup, ď pΛ Γ GΛ etale
:“ p
θ 

ΓY ď AutpY q liftingcover associated to a Λ-bundle over X and consider the subgroup p
ηpΓq. This contains Λ, the Galois group of Y over X , as a normal subgroup (Λ is the kernel 
of the projection ΓpY Ñ ηpΓq). Let 

Γpη :“ tpγ, pγq P Γ ˆ ΓpY | ηγ “ ppγpqu. 
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This contains the subgroup ker η ˆ 1, which is a copy of ker η. Let pΓ : Γpη Ñ Γ be the 
projection on the first factor. We have the following commutative diagramme: 

1 1
 

Λ Λ
 

p p1 ker η 1Γη ΓY 
, (10.1.2) 

ppΓ 

η 
1 ker η Γ ηpΓq 1 

1 1 

whose rows and columns are exact. 
We say that a map τ̃ : Γpη Ñ AutpGq is a c-twisted homomorphism if it satisfies 

τ̃γ,γpτ̃γ1 ,γp1 “ Intcpγ,γ1q τ̃γγ1 ,γpγp1 (10.1.3) 

for every pγ, pγq and pγ1 , pγ1q P Γpη, where c P Zτ 
2pΓpY , ZpGθ 

0qq; of course we are assuming that ˜

τ̃pΓpY q preserves ZpGθ 
0q. Equivalently, the associated (left) action of Γpη on G is c-twisted. 

We have a similar notion of a c-twisted homomorphism ΓpY Ñ Gθ. Denote by HomcpA, Bq

the set of c-twisted homomorphisms from A to B and let HomcpΓpη, AutpGqqG
θ be the Λ 

set of c-twisted homomorphisms whose associated c-twisted Γpη-action on G preserves 
Gθ We have a restriction map rker η : HomcpΓpη, AutpGqq Ñ Hompker η, AutpGqq. TheΛ. 
image consists of homomorphisms because c is trivial on ker η P Γpη{ ker η – ΓpY . Let 
Homθ,cpΓpη, AutpGqq :“ HomcpΓpη, AutpGqqG

θ 
X r ´1 

pθq. We also have a restriction map ker η

rGθ : Homθ,cpΓpη, AutpGqq Ñ Homc ΓY , AutpGθ τ P Homθ,cpΓpη, AutpGqq,pp

Λqq: indeed, given ˜
Λ 

pγ, pγq P Γpη, γ1 P ker η and g P Gθ , we have Λ

τ̃pγγ1 ,γpqpgq “ Int ´1 
γ,1q ˜ γqτ̃γ1 pgq “ τ̃pγ,γpqθγ1 pgq “ τ̃pγ,γpqpgq,cpp

τpγ,p

hence the induced map τ̃ : Γpη Ñ AutpGθ 
Λq factors through ΓpY . 

Note that any automorphism of Gθ preserves the connected component Gθ of Gθ , hence Λ 0 Λ

we have a map rGθ : HomcpΓpY , AutpGθ qq Ñ HompΓpY , AutpGθ 
0qq, where the fact that Λ0 

ZpGθ 
0q acts trivially on Gθ by conjugation implies that the image consists of (honest) ho0 

momorphisms. Conversely, given a homomorphism τ : ΓpY Ñ AutpG0
θq and a 2-cocycle 

c P Zτ 
2pΓpY , ZpG0

θqq such that Gθ ˆτ,c Λ and Gθ are isomorphic as extensions of Gθ (see0 Λ 0 
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ΓY Ñ AutpGθ 
Λq given as follows: Proposition 3.2.3), there is a 

0 

c-twisted extension eτ,c : p

Gθ 
p IntpGθ 

0 ˆτ,c ΓpY q AutpGθ AutpGθΓY ΓY 0 ˆτ,c Λq Λq,ˆτ,c 
p
 – 

eτ,c 

where the first map sends γ P Γ to p1, γq P Gθ ˆτ,c ΓpY and the existence of the sec0 

Λ 

ond map follows from the fact that Λ is normal in ΓpY . The map eτ,c is c-twisted, since 
pIntp1,γq Intp1,γ1q “ Intcpγ,γ1q Int1,γγ1 by definition of the group multiplication on Gθ 

0 ˆτ,c ΓY . 
In summary, we have the following diagramme: 

r 
Gθ 

pΓpY , AutpGθ 
ΛqqHompΓpη, OutpGqq 

p 

Homθ,cpΓpη, AutpGqq Homcq˚ 

r˚ 
0 

Λ

Gθ 

HompΓ, OutpGqq HompΓpY , AutpG0
θqq

(10.1.4) 
where q˚ is the pushforward of the natural projection AutpGq Ñ OutpGq and p˚ is the Γ 

pullback of pΓ : Γpη Ñ Γ. For each homomorphism τ : ΓpY Ñ AutpG0
θq and each 2-cocycle 

c P Zτ 
2pΓpY , ZpGθ 

0qq as above we set 

Γη, AutpGqq
Gθ 

,
 
Γ 

´1 andΓη, AutpGqq :“ r peτ,cq Ă Homθ,cpp

Γη, OutpGqq :“ q˚pHomθ,τ,cpΓpη, AutpGqqq. 

Homθ,τ,cpp

Homθ,τ,cpp

pNow let τ̃ : Γη Γη, AutpGqq

preserving gθ .µ
Ñ AutpGq be a c-twisted homomorphism in Homθ,τ,cpp

There exists an associated left pτ, cq-twisted action (with respect to the 
adjoint action of Gθ 

0 on gθ ) of Γpη on gθ , namely µ µ

˚ ´1 θ ´1ρ˜ Γpµ qτ̃ : Γpη Ñ GLpg q; pγ, γpq ÞÑ pv ÞÑ µ ˜ γ pvqq. (10.1.5)τ ,µ :“ p µ γ τγ,p

Moreover, since by definition of gθ and the fact that rker ηpτ̃q “ θ the action is trivial on µ 

ker η, and c only depends on the coset in ΓpY , this factors through a pτ, cq-twisted action of 
p

θΓY on g τ ,µ.µ which we also call ρ˜
Remark 10.1.1. In Sections 10.2 and 10.3 we will encounter c-twisted homomorphisms τ̃
living in the set Homθ,τ,cpΓpη, AutpGqq which do not necessarily preserve gθ . However, we 
still have a well defined linear homomorphism 

µ

ρτ ,µ ˜ : ΓpY Ñ Hompgµ
θ , gq. 

Given a Gθ-bundle F over Y , this induces a map H0pY, F pgθ qbKY q Ñ H0pY, F pgqbKY q.0 µ

Hence we have a notion of pτ, c, ρτ ,µ˜ q-twisted ΓpY -equivariant pGθ θ q-Higgs pair over 0, gµ
Y , which is given precisely as in Definition 4.1.1 by regarding the images of the Higgs field 
under the action of ΓpY as sections of F pgq b KY and imposing that they actually live in 
F pgθ q b KY and are equal to the Higgs field. µ
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10.2 Fixed points for trivial α 

Fix a homomorphism 

Γ Ñ AutpXq ˆ OutpGq ˆ C˚; γ ÞÑ pfγ , aγ , µγ q. 

Keep the notation of Section 10.1. We refine the results of Chapter 9. 

Proposition 10.2.1. Consider a lift θ : ker η Ñ AutpGq of a|ker η and a subgroup Λ ď 
Γpθ . Take a connected etale cover p : Y Ñ X associated to a Λ-bundle over X and the ´
group ΓpY ď AutpY q fitting in (10.1.2). Let τ : ΓpY Ñ AutpGθ 

0q be a homomorphism and 
c P Zτ 

2pΓpY , ZpG0
θqq a 2-cocycle such that there is an isomorphism of extensions Gθ :“ Λ 

p ´1
pΛq – Gθ ˆτ,c Λ. Assume that p˚ 

Γa P Homθ,τ,cpΓpη, OutpGqq (see Section 10.1). θ 0 

Let F be a pτ, cq-twisted ΓpY -equivariant G0
θ-bundle over Y . Then F can be regarded 

as a Gθ -bundle over X via Theorem 3.3.4, and its extension of structure group E to G isΛ

isomorphic to Eγ for each γ P Γ. 

Proof. Throughout the proof we call τ : ΓpY Ñ AutpGθq to the extension eτ,c of the given 
τ : ΓpY Ñ AutpG0

θq by abuse of notation. We have to show that E – Eγ for every 
γ P Γ. Pick pγ P ΓpY such that ηpγq “ ppγpq (in other words, pγ, γpq P Γpη). Consider the 
automorphism of F given by pγ. We want to know how it interacts with the Gθ -action on Λ

F . Consider the twisted product Gθ 
0 ˆτ,c ΓpY . For each e P F and pg, λq P G0 

θ ˆτ,c Λ – Gθ 
Λ, 

γ ´1
pepg, λqq ¨ γp “ ppegq ¨ λq ¨ γp “ ppppegq ¨ pγq ¨ γp´1

q ¨ λq ¨ pγ “ ppegq ¨ γpq ¨ p1, p qp1, λqp1, γpq “ 
´1 ´1 ´1

pe ¨ pγqτγp pgqτγp p1, λq “ pe ¨ γpqτγp pg, λq, 

thus pγ induces an isomorphism 

Ñ η˚´1hγ : F Ý
„

γ pF q; e ÞÑ η˚´1 e ¨ pτ
p

γ, γ γ 

where F is regarded as a Gθ -bundle over X .Λ

Now let τ̃ P q ´1pp˚ 
Γaq Ă Homθ,τ,cpΓpη, AutpGqq. Using the extension τ̃γ,p P AutpGq of˚ γ 

τ we may extend the above isomorphism to E, thus getting E – ηγ 
˚τ̃γ,γppF q. Since τ̃γ,γp is a 

lift of aγ , we are done. 

Proposition 10.2.2. Let Λ ď Γpθ be a subgroup. Consider a lift θ : ker η Ñ AutpGq

of a|ker η, a connected ´ Ñ X associated to a Λ-bundle over X and the etale cover p : Y 
group ΓpY ď AutpY q fitting in (10.1.2). Let τ : ΓpY Ñ AutpGθ 

0q be a homomorphism and 
c P Zτ 

2pΓpY , ZpG0
θqq a 2-cocycle such that there is an isomorphism of extensions Gθ :“ Λ 

p ´1
pΛq – Gθ ˆτ,c Λ. Assume that p˚ 

Γa P Homθ,τ,cpΓpη, OutpGqq (see Section 10.1) and pick θ 0 

τ̃ P Homθ,τ,cpΓpη, AutpGqq such that q˚pτ̃q “ pΓ
˚ a. 

Let pF, ψq be a pτ, c, ρτ ,µ˜ q-twisted ΓpY -equivariant pGθ θ q-Higgs pair over Y . Then0, gµ
pF, ψq can be regarded as a pGθ θ q-Higgs pair over X via Proposition 4.4.2, and its Λ, gµ
extension of structure group pE, φq to G is isomorphic to pE, φqγ for each γ P Γ. 
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„Proof. It is left to show that the isomorphism hγ : E ÝÑ Eγ defined in the proof of Propo
sition 10.2.1 for each γ P Γ respects the higgs field. Let pe, vq b k be a local expression for 
ψ, where e P F , v P gθ and k P KY . By ΓpY -invariance of ψ we have µ 

´1η˚´1ψ “ ψ ¨ pγ “ pe ¨ p d˜ γ vq b η˚k “ µ dτ̃γ,γpphγ pψqq,γ, µ ´1 τγ,pγ γ γ γ 

´1thus we conclude that hγ pψq “ µγ η
˚τ̃γ,γppψq and so hγ sends φ to φ ¨ γ as required. γ 

Proposition 10.2.3. Let E be a simple G-bundle over X which is isomorphic to Eγ for 
every γ P Γ. Then there exist a lift θ of a|ker η and a reduction of structure group F of E 

´1 ´to Gθ :“ pθ pΛq satisfying the following: let p : Y Ñ X be the connected etale cover Λ 

associated to the Λ-bundle F {Gθ Ñ X and ΓpY the subgroup of AutpY q lifting ηpΓq. Then 0 

there is a homomorphism τ : ΓpY Ñ OutpGθ 
0q such that, for every lift τ : ΓpY Ñ AutpGθ 

0q

(which exists by [70]), we can find a 2-cocycle c P Zτ 
2pΓpY , ZpG0

θqq such that: 

1. We have an isomorphism Gθ – Gθ ˆτ,c Λ as extensions of Gθ 
Λ 0 0. 

2. pΓ
˚ a P Homθ,τ,cpΓpη, OutpGqq (see Section 10.1). 

3. The tautological reduction of p˚F to Gθ is a pτ, cq-twisted ΓpY -equivariant Gθ-bundle. 0 0

Proof. Let E be a simple G-bundle which is isomorphic to Eγ for each γ P Γ. According 
to Proposition 5.5.3 there is a lift 

θ : ker η Ñ AutpGq 

of a|ker η and a reduction F with structure group Gθ . Another lift of a|ker η gives such a 
reduction if and only if it is in the orbit of θ under the conjugation action of IntpGq. On the 
other hand, according to [70] there exists a homomorphism 

rθ : Γ Ñ AutpGq 

rlifting a. For each γ P ker η we set θγ “ Intsγ θγ , where 

Ints : ker η Ñ IntpGq; γ ÞÑ Intsγ 

is an element of Z1pker η, IntpGqq by Lemma 3.1.5. Fix an element β P Γ. We claim that 
rθ 

θŕ 1 
β pGθq “ Gθ1 , where 

rθ1 : ker η Ñ AutpGq; γ ÞÑ θγ 
1 :“ Intθr ps θγ . (10.2.6)´1 

β βγβ ́ 1 q 

Indeed, for every γ P ker η and g P Gθ , 

r θŕ 1 
“ r rIntθŕ 1

ps θrγ θβ 
´1

pgq “ Intθŕ 1
ps β θ

r

βγβ ́ 1 θβ 
´1 Intsβγβ ́ 1 θβγβ ́ 1 pgq “ 

β βγβ ́ 1 q β βγβ ́ 1 q 

θŕ 1θβγβ ́ 1 pgq “ θŕ 1
pgq,β β 
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θ ´1so the inclusion r pGθq Ď Gθ1 follows. Note that the same reasoning applied to β insteadβ 

θ ´1of β ´1 and θ1 instead of θ gives θrβ pG
θ1 

q Ď Gθ, so Gθ1 
Ď r pGθq also follows. Moreover, β 

we can see that θ1 is a homomorphism, or equivalently (see Lemma 3.1.5) that the map 
Intθr psβ‚β ́ 1 q : ker η Ñ IntpGq is an element of Z

r

1pker η, IntpGqq: for every γ and γ1 P´1 
θβ 

ker η we have 

Int
ŕ

1 ´1 “ Int
ŕ

1 
r

“ Int
ŕ

1 ,θβ psβγβ ́ 1 qθrγ pθrβ psβγ1β ́ 1 qq θβ psβ ́ 1γβ θβ ́ 1γβ psβγ1β ́ 1 qq θβ psβγγ1β ́ 1 q

where the last equality follows from the fact that Ints P Z1pker η, IntpGqq. 
rθ 

For each γ P Γ there is an isomorphism (unique up to multiplication by an element of 
Z) 

hγ : E Ñ η˚´1 
r

γ θγ E. 

Consider the sub-bundle F 1 :“ η˚hβ pF q of E. For every e P E and g P G we have β 

η˚ θ ´1 
β hβpegq “ ηβ 

˚hβpeqr pgq,β 

and so by the previous paragraph F 1 is a reduction of E with structure group θŕ 1
pGθq “ β 

Gθ1 . 
Thus, we have shown that F 1 is a reduction of structure group of E to Gθ1 . Since θ1 is a 

lift of a|ker η, it must be a conjugate of θ by an element of IntpGq. Moreover, F 1tβ “ F for 
some element tβ P G by Proposition 5.5.3 and so θrβ Inttβ preserves Gθ . Note that, given 
another element t1 β P G such that F 1t1 β “ F , we must have tβ “ t1 βg for some g P Gθ . 

Now let p : Y Ñ X be the ´ 0. For simplicity we assume etale cover of X defined by F {Gθ 

that it is connected, so that Λ “ Γpθ and Gθ “ Gθ. The general case follows using the same Λ 

argument after taking a connected component of Y and the corresponding monodromy 
group Λ. The map t determines a map from Γ to the group of automorphisms AutpY q of Y 
which is a homomorphism if we equip AutpY q with its trasposed multiplication, defined as 
follows: for each γ P Γ take an element of Y “ F {G0

θ, choose a representative in F , apply 
η˚hγ p‚qtγ and take the image in F {Gθ. Different choices of t provide different choices of γ 0

the map Γ Ñ AutpY q differing by elements of Γpθ, which is the Galois group of Y over X . 
Consider the subgroup ΓpY ď AutpY q consisting of the lifts of ηpΓq to Y . By the previous 
discussion this is the subgroup generated by Γpθ and the image of Γ under any of the maps 
Γ Ñ AutpY q that we have defined. Recall that we are assuming that ΓpY acts on Y on the 
right (in fact Γpθ acts naturally on the right, since it comes from a principal bundle action). 
The rest of the proof is committed to defining a suitable action of ΓpY on the tautological 
reduction of p˚F to Gθ 

0, which we also call F (they have the same total space). 
Let Γpη Ď Γ ˆ ΓpY be the subset of pairs pγ, pγq such that ηpΓq “ ppγpq. First note that 

for each pair pγ, pγq P Γpη we can define an automorphism η˚hγ p‚qtγ,γp of F lifting pγ, where γ 

tγ,γp P G is chosen suitably. This is an automorphism of the total space of F as a complex 
variety, and in general it does not preserve the Gθ 

0-action. Note that another such choice 
tγ,

1 
γp is equal to tγ,γpg for some g P Gθ 

0. We claim that the map 

rθ Intt : Γpη Ñ AutpGq; pγ, γpq ÞÑ θrγ Inttγ,p

,
γ 
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0 induces a homomorphism ΓpY Ñ OutpGθ 
0q. Indeed, for every pγ, γpq P Γpη, e P F and g P Gθ 

we have 

η˚ 
“ η˚ θŕ 1 ´1hγ pegqtγ,γp hγ peqtγ,γppInt t

´

γ,

1 
γp

pgqq “ η˚hγ peqtγ,γpppθrγ Inttγ,p

q pgqqγ γ γ γ γ 

and so, since both ηγ 
˚hγ peqtγ,γp and ηγ 

˚hγ pegqtγ,γp lie in F , the automorphism θrγ Inttγ,p

of G
γ 

must preserve Gθ. Moreover, the image of the restriction θrγ Inttγ,p

|Gθ in OutpG0
θq does not 0 γ 0 

depend on γ: given another γ1 P Γ such that ηpγ1q “ pppγq, the element γ ´1γ1 must lie in 
ker η. By simplicity of pE, φq, the morphism 

hγ ́ 1γ1 p‚qsγ ́ 1γ1 : pE, φq Ñ η˚´1 
γ ́ 1γ1 θγ ́ 1γ1 pE, µγ ́ 1γ1 φq “ θγ ́ 1γ1 pE, µγ ́ 1γ1 φq 

must be equal to the isomorphism induced by the identity on pF, ψq up to an element of Z. 
Thus the restrictions of ηγ 

˚hγ p‚qtγ,γp and ηγ
˚ 

1 hγ1 p‚qtγ1 ,γp to F differ by an element of G and, 
since they both preserve F and lift pγ, this element must actually be in Gθ. The compatibility 0

of the G0
θ-actions then implies that θrγ Inttγ,γp and θrγ1 Inttγ1 ,γp

must differ by an element of 
IntpGθ 

0q, as required. 
Therefore, we get a map ΓpY Ñ OutpG0

θq. It is left to show that it is a homomorphism. 
For every pγ, pγq and pγ1 , γp1q P Γpη we have 

pη˚ 
“ η˚ 

“ ηγ
˚ 

1 hγ1 pη˚´1 
γγ1 hγγ1 pF qqtγγ1 ,γpγp1 “ F hγ pF qtγ,γp hγ pF qtγ,γpqtγ1 ,γp1γ γ 

θγ
´

1 
1

“ pηγγ
˚ 

1 hγγ1 pF qqr ptγ,γpqtγ1 ,γp1 z 

for some element z P Z. Hence there exists g P Gθ 
0 such that 

rθγ1 ptγ,γpqtγ1 ,γp1 z “ tγγ1 ,γpγp1 g, 

and so 
r rθγ Inttγ,γp θγ1 Inttγ1 ,γp1 “ θrγγ1 Intθr

γ
´

1 
1

ptγ,γp qtγ1 ,γp1 
“ θrγγ1 Inttγγ1 ,γpγp1 Intg, 

as required. 
Thus we have obtained a homomorphism 

τ : ΓpY Ñ OutpGθ 
0q. 

By [70] τ lifts to a homomorphism ΓpY Ñ AutpGθ 
0q. In other words, we may rechoose the 

map t : Γpη Ñ G to impose 
τ :“ θrIntt |Gθ . (10.2.7)

0 

More precisely, for each coset γp P ΓpY – Γpη{ ker η we may choose a representative pγ, γpq P 
Γpη and define tγ,γp so that τγ :“ θrγ Inttγ,p

|Gθ and then, for each γ1 P γ ker η, take the unique 
tγ1 ,γp that fits into the equation 

γ 0 

η˚ 
“ η˚ 

γ hγ p‚qtγ,γp|F γ1 hγ1 p‚qtγ1 ,γp|F (10.2.8) 
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(this exists because of simplicity of E and because ker η acts trivially on Gθ 
0 via θ). Let 

c : ΓpY ˆ ΓpY Ñ ZpG0
θq be the (unique) map satisfying 

ηγ
˚ 

1 hγ1 pη˚hγ p‚qtγ,γpqtγ1 ,γp1 |F “ hγγ1 p‚cppγ, γp1
qqtγγ1 ,γpγp1 |F (10.2.9)γ 

for each p γ1 P ΓpY γq and ηpγ1q “ pppγ1q. Note that cγ, p and any γ, γ1 P Γ satisfying ηpγq “ ppp

is well defined: both sides of (10.2.9) are independent of the choice of γ and γ1 by (10.2.8), 
rand they are both G0

θ-equivariant with respect to the G0 
θ action given by θrγ Inttγ θγ1 Inttγ1 “ 

rθγγ1 Inttγγ1 , hence they defer by an element of G0 
θ commuting with Gθ 

0 (in other words, an 
element in ZpGθ 

0q). Because of associativity of the composition of homomorphisms of Gθ 
0 

bundles, c P Zτ 
2pΓpY , ZpG0

θqq is a 2-cocycle. 
Define a right action of ΓpY on F as follows: 

γ :“ η˚´1F ˆ ΓpY Ñ F ; pe, γpq ÞÑ e ¨ p hγ peqtγ,γp, ηpγq “ ppγpq. (10.2.10)γ 

This is independent of the choice of γ by (10.2.8), it descends to the action of ΓpY by the 
construction of t and it is pτ, cq-twisted by (10.2.7) and (10.2.9). Thus it is a right pτ, cq
twisted ΓpY -equivariant action on F . 

This finishes the proof of (3). Statements (1) and (2) follow by construction, so we are 
done. 

Proposition 10.2.4. Let pE, φq be a simple G-Higgs bundle over X which is isomorphic 
to pE, φqγ for every γ P Γ. Then there exist a lift θ of a|ker η and a reduction of structure 
group pF, ψq of pE, φq to Gθ :“ p ´1

pΛq satisfying the following: let p : Y Ñ X beΛ θ 

the ´ 0 ΓY the subgroup of AutpY qetale cover associated to the Λ-bundle F {Gθ Ñ X and p

lifting ηpΓq. Then there is a homomorphism τ : ΓpY Ñ OutpG0
θq such that, for every lift 

τ : ΓpY Ñ AutpG0
θq (which exists by [70]), we can find a 2-cocycle c P Zτ 

2pΓpY , ZpGθ 
0qq

such that: 

1. We have an isomorphism Gθ – Gθ ˆτ,c Λ as extensions of G0
θ .Λ 0 

2. pΓ
˚ a P Homθ,τ,cpΓpη, OutpGqq (see Section 10.1). 

3. There exists τ̃ P Homθ,τ,cpΓpη, AutpGqq such that q˚pτ̃q “ pΓ
˚ a and the tautological 

reduction of p˚pF, ψq to Gθ is a pτ, c, ρ˜ ΓY -equivariant pGθ 
0, g q-Higgs τ ,µq-twisted p θ 

0 µ

pair. 

Proof. The argument is the same as the proof of Proposition 10.2.3 after replacing Propo
sition 5.5.3 with Proposition 5.5.4. However, we need to check several things related to the 
Higgs field. 

First recall that at the beginning of the proof we used Proposition 5.5.1 to get a lift 
θ : ker η Ñ AutpGq of a|ker η and a reduction of structure group F of E to Gθ. In this case 
we use Proposition 5.5.4, so that we obtain a reduction of structure group pF, ψq of pE, φq

to pGθ , gθ q. On the other hand take any lift θr : Γ Ñ AutpGq of a. By Lemma 3.1.5 there µ

ris a 1-cocycle Ints P Z1pker η, IntpGqq such that θ “ Ints θ. By assumption we have an 
rθ 

isomorphism 
rhγ : pE, φq Ñ η˚´1θγ pE, µ ´1φqγ γ 
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for every γ P Γ. In the proof of Proposition 10.2.3 we showed that F 1 :“ ηγ 
˚hγ pF q is a re

duction of E to Gθ1 , where θ1 is given by (10.2.6). It is left to show that there exists a section 
ψ1 P H0pX, F 1pgθ

1 
qbKX q such that the Higgs pair pF 1, ψ1q is a reduction of structure group µ 

of pE, φq —in other words, that the Higgs field φ actually lies in H0pX, F 1pgθ
1 
q b KX q. 

Using the equation hβpφq “ µ ´1η˚θrβ pφq we know that 
µ 

β β 

φ “ µβθŕ
1η˚hβ pφq P H0

pX, Epgq b Kq.β β 

Given x P X , e P ηx, k P Kx and an element v P gµ
θ such that φx “ pe, vq b k, we have 

θ ´1φηβ pxq “ rpηβ 
˚hβpeq, µβ dr

β pvqq b ηβ 
˚ksηβ pxq, 

hence it is enough to show that dθrβ 
´1

pgµ
θ q Ď gµ

θ1 (in fact they are equal). But, for every 
γ P ker η and v P gµ

θ , we have 

θ ´1 θ ´1 θ ´1 θ ´1dθγ 
1 dr pvq “ Ad

r

θγ dr pvq “ dr Ads dθrβγβ ́ 1 pvq “ dr θβγβ ́ 1 pvq “ ´1 dr

β β β βθβ psβγβ ́ 1 q βγβ ́ 1 

µβγβ ́ 1 dθrβ 
´1

pvq “ µγ dθrβ 
´1

pvq, 

where the last equality follows from the fact that C˚ is abelian and µ is a homomorphism. 
Next we defined an ´ :“ F {Gθ, which we assume for simplicity that is etale cover Y 0

connected, and a pθ, cq-twisted ΓpY -action on F , which is thought of as a Gθ 
0-bundle over 

Y . According to Section 10.1, in order to define the action of ΓpY on H0pY, F pgθ q b KX q

we need τ to be the restriction of a c-twisted homomorphism τ̃ : Γpη Ñ AutpGq 
µ

such that 
q˚τ̃ “ pΓ˚ a (which is statement (2)). We claim that τ̃ :“ θrIntt : Γpη Ñ AutpGq is a 
c-twisted homomorphism: we have an action 

E ˆ Γpη Ñ E; pe, pγ, γpqq ÞÑ e ¨ pγ, pγq :“ ηγ 
˚hγ peqtγ,γp. 

By simplicity of E we have 

γ1egpγ,γpq,pγ1 ,γp1q ¨ pγ, γpq ¨ pγ1 , γp1
q “ e ¨ pγγ1 , γpp q 

for each e P E, pγ, pγq and pγ1 , γp1q P Γpη and some gpγ,γpq,pγ1 ,γp1q P G (depending on pγ, γpq and 
pγ1 , γp1q but not on e). But this action restricts to (10.2.10) on F , hence in fact gpγ,γpq,pγ1 ,γp1q “ 
cpp γ1q. The claim follows by considering the G-action on E and noting that q˚p˜ Γ

˚ aγ, p τq “ p
is implied by the fact that θ̃ lifts a. 

Thus we have constructed a c-twisted homomorphism τ̃ P Homθ,τ,cpΓpη, AutpGqq such 
that q˚pτ̃q “ p˚ 

Γa. Moreover, F is a pτ, cq-twisted ΓpY -equivariant Gθ-bundle. To finish 0

the proof of (3) we have to show that the Higgs field ψ such that pF, ψq is a reduction of 
structure group of pE, φq is ΓpY -invariant with respect to the twisted equivariant action of 
ΓpY τ ,µ (see Section 10.1). Let pe, vq b k be a local expression for ψ, where on F and ρ˜
e P F , v P gµ

θ and k P KY . Keeping the notation of the proof of Proposition 10.2.3, we 

137
 



have
 

ppe, vq b kq ¨ pγ “ pe ¨ γ, ρ ´1 
γ kτ ,µpvqq b η˚ 

“ pe ¨ 

p

pγ, µγ dτ̃γ 
´1

pvqq b η˚k 
˜

γ 

“ pη˚hγ peqtγ,γp, µγ Adt
´

γ,

1 
γp
dθrγ pvqq b η˚kγ γ 

“ pη˚hγ peq, µγ dθrγ pvqq b η˚´1kγ γ 

“ pe, vq b k 

for every pγ, pγq P Γpη, where the last equation follows from the definition of h. 
This finishes the proof of (3). Statements (1) and (2) follow by construction, so we are 

done. 

Proposition 10.2.5. Consider a lift θ : ker η Ñ AutpGq of a|ker η, a subgroup Λ ď Γpθ, a 
connected étale cover p : Y Ñ X with Galois group Λ and the group ΓpY ď AutpY q fitting 
in (10.1.2). Let τ be a homomorphism τ : ΓpY Ñ AutpGθ 

0q and c P Zτ 
2pΓpY , ZpGθ 

0qq a 2
cocycle such that there is an isomorphism of extensions Gθ “ p ´1

pΛq – Gθ ˆτ,c Λ. AssumeΛ θ 0 

that p˚ 
Γa P Homθ,τ,cpΓpη, OutpGqq (see Section 10.1) and pick τ̃ P Homθ,τ,cpΓpη, AutpGqq

such that q˚pτ̃q “ pΓ
˚ a. 

We have a morphism 

Mζ 
pY, Gθ 

0, ΓpY , τ, c, g θµ, ρ˜ (10.2.11) τ ,µq Ñ MpX, Gq, 

given by Theorem 4.4.8 and extension of structure group. Here ζ is any element of ipzk 
θqΓ

p

θ , 
where K is any θ-invariant maximal compact subgroup of G. 

Proof. Let pE, ̈ , φq be a polystable pτ, c, ρ˜ ΓY -equivariant pGθ θ q-Higgs pairτ ,µq-twisted p 0, gµ
over Y . By Theorem 4.2.1 there exists a ΓpY -invariant metric satisfying the Hitchin Equa
tion (2.3.4). In particular it is Γpθ-invariant, hence by Theorem 4.2.1 the underlying twisted 
Λ-equivariant Higgs pair is polystable and, by Proposition 4.4.6 and Theorem 4.4.8, the 
pGθ , gθ q-Higgs pair over X given by Propositions 4.4.2 and extension of structure group isµ

polystable. By Proposition 5.6.1 the extension of structure group to G, which is a G-Higgs 
bundle, is polystable as required. 

Corollary 10.2.6. Consider a lift θ : ker η Ñ AutpGq of a|ker η, a subgroup Λ ď Γpθ, a 
connected ´ Ñ X with Galois group Λ and the group p ď AutpY qetale cover p : Y ΓY 

fitting in (10.1.2). Let τ be a homomorphism τ : ΓpY Ñ AutpGθ 
0q and c P Zτ 

2pΓpY , ZpGθ 
0qq

a 2-cocycle such that there is an isomorphism of extensions Gθ “ p ´1
pΛq – Gθ ˆτ,c Λ.Λ θ 0 

Assume that pΓ
˚ a P Homθ,τ,cpΓpη, OutpGqq (see Section 10.1). 

We have a morphism 

MpY, Gθ 
0, ΓpY , τ, cq Ñ MpX, Gq, (10.2.12) 

given by Theorem 4.4.9 and extension of structure group. 
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Let Ă

0, ΓpY , τ, c, gµ
θ 

τ ,µq be the union of the images of the moduli spaces MpY, Gθ , ρ˜

Mζ pY, Gθ 
0, p

θ , ρ˜ MpY, Gθ 
0, ΓpY , τ, cq be the imΓY , τ, c, gµ τ,µq in MpX, Gq as ζ varies and let Ă

age of MpY, Gθ 
0, ΓpY , τ, cq in MpX, Gq, and similarly when the isotropy data is fixed. 

Theorem 10.2.7. Fix θ P Hompker η, AutpGqq lifting a. We have the following relations 
between moduli spaces: 

1. 
ď 

βθ βθ Γ
Ă pMpY, Gβθ , ΓY , τ

βθ , c , gµ , ρ˜ .0 τ ,µ, σq Ă MpX, Gq
βθ s,˜rβs,Y,rτ βθ s,rc τ ,rσs 

2. 
ď 

βθ βθ MsspX, Gq
Γ 

Ă Ă

0 , ΓpY , τ
βθ , c , g , ρ˜MpY, Gβθ 

τ ,µ, σq.µ 
βθ s,˜rβs,Y,rτ βθ s,rc τ ,rσs 

Here rβs runs through Hθ 
1pΓ, IntpGqq, Y ´runs over etale covers of X with Galois group 

Γβθ , rτβθ βθ βθ βθ Λ ď p s P HompΓpY , OutpG0 qq and rc s P H
τ 
2 
βθ pΓpY , ZpG0 qq are such that 

p˚ Γη, OutpGqqq, their restrictions to Λ satisfy Gβθ 
ˆτ βθ ,cβθ Λ – Gθ 

Γa P pHomβθ,τ βθ ,cβθ pp

0 Λ 

as extensions and rσs P H1 pp , Gq. Moreover, for each choice of rβs, rτβθs and rcβθs,βθ ΓY,xicxi 

the element τ̃ P Homβθ,τβθ ,cβθ pΓpη, AutpGqq satisfies q˚τ̃ “ p˚ 
Γa.
 

Proof. Follows from Propositions 10.2.2, 10.2.4 and 10.2.5.
 

Theorem 10.2.8. Fix θ P Hompker η, AutpGqq lifting a|ker η. We have the following rela
tions between moduli spaces:
 

1. 
ď 

Ă p

ΓMpY, Gβθ , ΓY , τ
βθ , c βθ, σq Ă MpX, Gq .0 

βθ s,rσsrβs,Y,rτ βθs,rc

2. 
ď 

Ă ppX, Gq
Γ 

Ă MpY, Gβθ , ΓY , τ
βθ , c βθ, σq. 

βθ s,rσs 

Mss 0 

rβs,Y,rτβθ s,rc

Here rβs runs through Hθ 
1pΓ, IntpGqq, Y ´runs over etale covers of X with Galois group 

βθ βθ Λ ď Γpβθ , rτβθs P HompΓpY , OutpG0 qq and rcβθs P H
τ 
2 
βθ pΓpY , ZpG0 qq are such that 

βθ pΓpη, OutpGqqq, their restrictions to Λ satisfy Gβθ 
–pΓ

˚ a P pHomβθ,τ βθ ,c 0 ˆτ βθ ,cβθ Λ GΛ 
θ 

as extensions and rσs P H1 pp , Gq.βθ ΓY,xicxi 

Proof. Follows from Propositions 10.2.1 and 10.2.3 and Corollary 10.2.6. 
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10.3 The general theorem 
Now we tackle the general case. Let X be a compact Riemann surface, G a connected 
semisimple complex Lie group with centre Z and Γ a finite subgroup of H1pX, Zq ¸ 
pAutpXq ˆ OutpGqq ˆ C˚. By Section 2.4 we have a right action of Γ on MpX, Gq. The 
projections on each factor provide homomorphisms η : Γ Ñ AutpXq, a : Γ Ñ OutpGq

and µ : Γ Ñ C˚, together with a 1-cocycle α P Z1 pX, Zqq, where the action of Γa,ηpΓ, H1

on H1pX, Zq is determined by a (via extension of structure group) and η (via pullback). In 
other words, this is a map α : Γ Ñ H1pX, Zq satisfying 

“ αγ η
˚´1αγγ1 aγ pαγ1 q (10.3.13)γ 

for each γ and γ1 P Γ. The restriction α|ker η is 1-cocycle in Za 
1pker η, H1pX, Zqq – 

H1pX, Z1pker η, Zqq, thus any of its connected components provides an étale cover Xα,η Ña 

X with Galois group Γα,η ď Z1pker η, Zq.a 

Now pick a lift θ : ker η Ñ AutpGq of a|ker η. Let p : Y Ñ Xα,η Ñ X be a con
nected component of a Γpθ-bundle in q ´1

pα|ker ηq (see (5.1.6)), and set Λ :“ GalpY {Xq ď θ 

Γpθ. Consider the subgroup α̂ ď H1pX, Zq generated by the image of α, which is fi
nite because both Γ and Z are finite (thus any element of H1pX, Zq has finite order). 
Its image p˚α̂ ď H1pY, Zq via pullback is also a finite subgroup determining a con
nected ´ : ÝÑ Y Ñ X . Like any pullback, this also has a projecetale cover pYα Yα

pα̂

tion Yα Ñ α P H1 α, Zqq, where ˆ ´ Letˆ pX, Hompˆ α is regarded as an etale cover of X . 
Λ :“ GalpYα{Xq, call ΓpY to the group of automorphisms of Yα lifting ηpΓq ď AutpXq

and let Γpη :“ tpγ, γpq P Γ ˆ ΓpY | ηpγq “ ppγpqu. The commutative diagramme (10.1.2) 
still holds and it has exact rows and columns. We also have a diagramme (10.1.4), with the 
same notation. We may also define Homθ,τ,cpΓpη, AutpGqq. 

Given τ θ : ΓpY Ñ AutpG0
θq and cθ P Z

τ 
2 
θ pΓpY , ZpG0

θqq whose restrictions to Λ factor 
through Λ and satisfy Gθ – Gθˆτ θ ,cθ Λ, together with an element τ̃ P Homθ,τ,cpΓpη, AutpGqq,0Λ 

there is a pτ θ, cθq-twisted ΓpY -right action on gθ defined by (10.1.5), which we call ρ˜ :µ τ ,µ 

ΓpY Ñ Hompgθ , gq.µ

As in Proposition 10.2.5, for each ζ P ipzk 
θqΓ

p

θ we have a morphism 

Mζ 
pYα, G

θ 
0, ΓpY , τ

θ , c θ , g θµ, ρτ̃ ,µ, σq. Ñ MpX, Gq. 

Here σ P tZ
τ 
1 
θ pΓxi , G

θ 
0qu, where xi are the isotropy points of Yα, with isotropy groups Γxi . 

Let Ă

0, ΓpY , τ
θ, cθ , gµ

θ 
τ ,µ, σq be the union of the images of these morphisms as ζMpYα, G

θ , ρ˜
varies. We define 

MĂpYα, G
θ 
0, ΓpY , τ 

θ , c θ, σq Ă MpX, Gq 

similarly. 

Theorem 10.3.1. Fix θ P Hompker η, AutpGqq lifting a. We have the following relations 
between moduli spaces: 

1. 
ď 

Ă p

βθ βθ ΓMpYα, G
βθ 
0 , , c τ , g τ ,µ, σq Ă MpX, Gq .ΓY , τ 

βθ , ˜ µ , ρ˜
βθ s,˜rβs,Y,rτβθ s,rc τ ,rσs 
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2.
 
ď 

βθ βθ Γ 
Ă Ă pMsspX, Gq MpYα, G

βθ , ΓY , τ
βθ , c τ , g τ ,µ, σq., ˜ , ρ˜0 µ 

βθ s,˜rβs,Y,rτ βθ s,rc τ ,rσs 

Here rβs runs through Hθ 
1pΓ, IntpGqq, Y ´runs over etale covers of Xα,η which are con

nected components of Γpθ-bundles in q ´1
pα|ker ηq, rτβθs P HompΓpY , OutpGβθ 

qq and rcβθs P θ 0 

H2 βθ 
τ βθ pΓ, ZpG qq are such that their restrictions to Λ factor through Λ and satisfy 0 

Gβθ 
0 ˆτβθ ,cβθ Λ – Gθ , (10.3.14)

Λ

and rσs P H1 pp , Gq. Moreover, for each choice of rβs, rτβθs and rcβθs, the twisted βθ ΓY,xicxi 

homomorphism ˜ βθ pΓpη, AutpGqq is chosen so that it preserves gβθ and q˚τ̃ “τ P Homβθ,τβθ ,c µ 

pΓ
˚ a (if such a choice exists) and, if t : Λ Ñ Gθ is the map realizing (10.3.14) as in the 

Λ 
proof of Proposition 3.2.3, we have 

γθ γ ´1 ´1 γθ γθ ´1 ´1 c pˆ , γ̂q c pγ̂´1, λqc pγ̂´1λ, γqτ̃ ptλqt “ xαγ , λy, (10.3.15)γ,γ̂ γ̂´1λγ̂

for every γ P Γ and λ P Λ, where pγ, γ̂q P Γpη and xαγ , λy is the evaluation of pY ˝ λ P 
Hompα̂, Zq at αγ . 

Sketch of the proof. (1) follows by an argument analogous to the proof of Proposition 10.2.4, 
except for (10.3.15). To prove (2) let pE, φq be a simple G-bundle which is fixed by the Γ
action. Using Proposition 5.5.4 we get a reduction of structure group pF, ψq to a pGβθ, gβθ q-
Higgs pair for some lift βθ of a|ker η. Let Y be the ´

µ 

etale cover of X given by a connected 
component of the Γpθ-bundle F pGθ{G

θ 
0q. Using the equivalence between Higgs bundles on 

X and Λ-equivariant Higgs bundles on Yα, together with the fact that p˚ 
Yα 
α̂ is trivial on 

Yα, we may get a twisted equivariant ΓpY -action on p˚ pF, ψq as in the proof of Proposition Yα 

10.2.3. 
We get (10.3.15) by considering each pY

˚ 
α 
αγ as the trivial bundle with action twisted by 

the pairing of αγ with the elements of the Galois group Λ. 

Theorem 10.3.2. Fix θ P Hompker η, AutpGqq lifting a. We have the following relations 
between moduli spaces: 

1. 
ď 

Ă p

ΓMpY, Gβθ , ΓY , τ 
βθ , c βθ, σq Ă MpX, Gq .0 

rβs,Yα,rτ βθs,rcβθ s,rσs 

2. 
ď 

Γ 
Ă Ă pMsspX, Gq MpY, Gβθ , ΓY , τ

βθ , c βθ, σq.0 

rβs,Yα,rτ βθ s,rcβθs,rσs 

Here rβs runs through Hθ 
1pΓ, IntpGqq, Y ´runs over etale covers of X with Galois group 

equal to a subgroup Λ ď Γpβθ , rτβθs P HompΓpY , OutpGβθ 
0 qq and rcβθs P H

τ
2 
βθ pΓpY , ZpGβθ 

0 qq 
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are such that pΓ
˚ a P pHomβθ,τβθ βθ pΓpη, OutpGqqq, their restrictions to Λ factor through Λ,,c

satisfy 
βθ G0 ˆτβθ ,cβθ Λ – Gθ ,

Λ

and rσs P H1 pΓpY,xi , Gq. Moreover, if t : Λ Ñ Gθ is the map realizing (10.3.14) as in the 
c	 βθ Λ
xi
 

proof of Proposition 3.2.3, we have (10.3.15). 

If µ is trivial, we may use the notation of Sections 4.2 and 9.3 to get a generalization of 
Theorems 9.3.1 and 5.8.1: 

Theorem 10.3.3. Let µ : Γ Ñ C˚ be trivial. Fix θ P Hompker η, AutpGqq lifting a. We 
have the following relations between character varieties: 

1. 
ď 

RrpY, Gβθ , ΓpY , τ
βθ , c βθq Ă RpX, Gq

Γ .0 
βθ srβs,Y,rτ βθs,rc

2. 
ď 

Γ 
Ă rRirrpX, Gq	 RpY, Gβθ , ΓpY , τ

βθ , c βθq.0 
βθ srβs,Y,rτ βθ s,rc

Here rβs runs through Hθ 
1pΓ, IntpGqq, Y ´runs over etale covers of Xα,η which are con

nected components of Γpθ-bundles in q ´1
pα|ker ηq, and rτβθs P HompΓpY , OutpGβθ 

qq andθ 0 

rcβθs P H
τ
2 
βθ pΓpY , ZpGβθ 

0 qq are such that p˚ 
Γa P pHomβθ,τ βθ ,cβθ pΓpη, OutpGqqq and their re

strictions to Λ factor through Λ and satisfy (10.3.14). Moreover, if t : Λ Ñ Gθ is the map 
Λ 

realizing (10.3.14) as in the proof of Proposition 3.2.3, we have (10.3.15) for every γ P Γ 
and λ P Λ, where pγ, γ̂q P Γpη. 

Proof. Use Theorems 4.2.2 and 10.3.1. 
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Chapter 11 

Fixed points on moduli spaces of 
arbitrary Higgs pairs 

Even though we are particularly interested in the study of fixed points in moduli spaces of 
Higgs bundles, the same arguments may be performed for more general moduli spaces of 
Higgs pairs. Throughout this chapter X will be a compact Riemann surface, G a connected 
semisimple complex Lie group with centre Z and Lie algebra g and ρ : G Ñ GLpV q a 
representation in a complex vector space V . Our aim is to describe the fixed points of 
certain finite group actions on the moduli space of pG, V q-Higgs pairs, which are defined 
in 2.1.1. This generalizes the previous results for G-Higgs bundles. 

We assume that Z Ă ker ρ, i.e. the action of Z on V is trivial —this is of course true in 
the case of the adjoint representation. It implies, for example, that for each z P Z and each 
pG, V q-Higgs pair pE, φq, we have an automorphism sending e P E to ez which preserves 
the Higgs field. As usual, we call the Higgs pairs with automorphism group equal to Z 
simple. 

Remark 11.0.1. The previous assumption is mostly a matter of notation, since it can be 
omitted by replacing Z with Z X ker ρ. With this minor change, all the results of this 
section hold. 

11.1 Group actions on moduli spaces of Higgs pairs 
Definition 11.1.1. We denote by GLGpV q Ă GLpV qˆAutpGq the set of pairs pκ, θq, where 
θ P AutpGq is a group automorphism and κ P GLpV q is a θ-twisted linear automorphism, 
i.e. a linear automorphism satisfying 

κρpgqv “ ρpθpgqqκv (11.1.1) 

for each v P V and g P G. 
This has a group structure given by the restriction of the product multiplication on 

GLpV q ˆ AutpGq, since for every two pairs pκ, θq and pκ1, θ1q P GLGpV q we have 

κκ1ρpgqv “ κρpθ1
pgqqκ1 

“ ρpθθ1
pgqqκκ1 v. 
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Note that, setting V “ g and ρ equal to the adjoint representation, we find the group
 
GLAdpgq – AutpGq. 

We have a homomorphism 

ρG : G Ñ GLGpV q; s ÞÑ pρpsq, Intsq, 

since, for every v P V and every two elements s, g P G, we have 

ρpsqρpgqv “ ρpsgs ´1
qρpsqv. 

The subgroup ρGpGq ď GLGpV q is normal: 

pκ, θqρGpsqpκ, θq ´1 
“ pκ, θqpρpsq, Intsqpκ ´1, θ ´1

q “ pρpθpsqq, Intθpsqq “ ρGpθpsqq 

for every pκ, θq P GLGpV q and s P G. 
The group GLGpV q acts on the set of pG, V q-Higgs pairs on the left: each pκ, θq sends 

a Higgs pair pE, φq to pθpEq, κpφqq, where θpEq is given in Section 2.4 and κpφq is defined 
using the action of κ on V . We check that κpφq is well defined: if a local expression for 
φ P H0pX, EpV q b KX q is pe, vq b k for some v P V and local sections e and k of E and 
KX respectively, we have 

peg, κpρpg ´1
qvqq “ peθ ´1

pθpgqq, ρpθpg ´1
qqκpvqq

“ pe ¨ θpgq, ρpθpgqq ´1κpvqq

“ pe, κpvqq, 

where the presence or absence of the dot denotes the G-action on θpEq or E respectively. 
Moreover, the isomorphism class of pE, φq is preserved by ρGpGq: for each g P G, the 

morphism 
E Ñ IntgpEq; e ÞÑ eg 

induces the Higgs field ρpgqpφq. Thus, we get a left action of 

OutpG, V q :“ GLGpV q{ρGpGq (11.1.2) 

on the set of isomorphism classes of pG, V q-Higgs pairs. 
We also have a (right and left) action of H1pX, Zq, such that α P H1pX, Zq sends 

pE, φq to pE b α, φq. This is due to the fact that Z acts trivially on V , so that E ˆρ V – 
pE b αq ˆρ V . Finally, AutpXq and C˚ act on the right by pullback and rescaling of the 
Higgs field as in Section 2.4. 

Altogether, we get a right group action of H1pX, Zq ¸ pOutpG, V q ˆ AutpXqq ˆ C˚ 

on the set of isomorphism classes on pG, V q-Higgs pairs, so that pα, a, η, µq sends the class 
of pE, φq to the class of 

η˚
pθ ´1

pE b αq, µκ ´1
pφqq, 

where pκ, θq P GLGpV q is any element in the coset a P OutpG, V q. Here OutpG, V q
acts on H1pX, Zq via its projection on OutpGq. We check that this is a well defined right 
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group action: for every two elements pα, pκ, θq, η, µq and pα1 , pκ1, θ1q, η1, µ1q in H1pX, Zq¸ 
pGLGpV q ˆ AutpXqq ˆ C˚, we have 

ppE, φq ¨ pα, pκ, θq, η, µqq ¨ pα1 , pκ1, θ1
q, η1 , µ 1q

“ rη˚
pθ ´1

pE b αq, µκ ´1
pφqqs ¨ pα1 , pκ1, θ1

q, η1 , µ 1q

“ η1˚η˚
pθ1´1

pθ ´1
pE b αq b α1

q, µ 1µκ1´1κ ´1
pφqq

˚ ´1 1 ´1
“ pηη1

q ppθθ1
q pE b αθpα1

qq, µµ pκκ1
q pφqq

“ pE, φq ¨ pαθpα1
q, pκκ1, θθ1

q, ηη1 , µµ 1q

“ pE, φq ¨ ppα, pκ, θq, η, µqpα1 , pκ1, θ1
q, η1 , µ 1qq. 

This action preserves polystability, hence we have a right group action of H1pX, Zq ¸ 
pOutpG, V q ˆ AutpXqq ˆ C˚ on the moduli space MpX, G, V q of pG, V q-Higgs pairs 
over X . 

11.2 Fixed points for trivial action on the curve 
Let Γ be a finite subgroup of H1pX, Zq ¸ OutpG, V q ˆ C˚ . Projections on the second, 
third and first factors provide homomorphisms a : Γ Ñ OutpG, V q, µ : Γ Ñ C˚ and a 
1-cocycle α P Za 

1pΓ, H1pX, Zqq respectively —here Γ acts on Z via the projection of a on 
OutpGq. Assume that there is a homomorphism Γ Ñ GLGpV q lifting a and fix one, say 
pκ, θq, where θ : Γ Ñ AutpGq is a homomorphism and κ : Γ Ñ GLpV q is a θ-twisted 
representation. 

We denote by Vµ
κ the µ-weight space of the action of Γ on V , i.e. the subspace of V 

consisting of vectors v P V such that κγ pvq “ µγ v. Note that the action of Gθ on V via ρ 
preserves Vµ

κ, since 
κγ ρpgqv “ ρpgqρpzqκγ v “ µγ ρpgqv 

for every γ P Γ, g P Gθ and v P V and some z P Z. Here we are using that ρpZq is trivial. 

Proposition 11.2.1. Let pE, φq be a pG, V q-Higgs pair. With notation as in Section 5.1, 
assume that there is a pGθ, V κq-Higgs pair pF, ψq which is a reduction of structure group 
of pE, φq satisfying (5.5.10): 

µ 

c̃θpF q – α. 

Then pE, φq is isomorphic to pE, φqγ “ pθ ´1pE b γq, µγ κ ´1pφqq for every γ P Γ.γ γ 

Proof. Follows from the proof of Proposition 5.5.1 as the proof of Proposition 5.5.2 after 
replacing the action θ of Γ on g with the action κ on V . 

Let SΓ be the set of isomorphism classes of pG, V q-Higgs pairs which are fixed by Γ. 
As in Section 5.4 we may construct a map 

rf : SΓ 
Ñ Hθ 

1
pΓ, G{Zq. 

Proposition 11.2.2. Let pE, φq be a simple pG, V q-Higgs pair over X which is isomor
rphic to pE, φqγ for every γ in Γ. Then a 1-cocycle β P Zθ 

1pΓ, G{Zq is in fpE, φq P 
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Hθ 
1pX, IntpGqq if and only if there exists a Gβθ-bundle F which is a reduction of structure 

group of E and satisfies (5.5.11): 
c̃βθpF q – α. 

For each β P Zθ 
1pΓ, G{Zq such a reduction is unique. 

Proof. Follows from the proof of Proposition 5.5.3 as the proof of Proposition 5.5.4 after 
replacing the action θ1 of Γ on g with the action ρpsqκ on V , where β “ Ints. 

Fix a non-degenerate G-invariant pairing on g. Choose a maximal compact subgroup K 
of G satisfying Lemma 5.2.1 and a hermitian metric hV on V such that ρpKq is contained in 
the group UpV q of unitary automorphisms of V . Given a pG, V q-Higgs pair pE, φq, choose 
a metric h P Ω0pX, EpG{Kqq on E. We define 

i 
µhpφq :“ dρ˚

p´ φ b φ˚h,hV q, (11.2.3)
2 

P Ω0 ˚ b K˚
 

φ b φ˚h,hV
 

where φ˚h,hV pX, EpV q X q is defined using the metric on E and the hermitian 
metric on V . Here we identify ´ i as a skew symmetric section of EndpEpV q b 

2 
Kq˚ “ EndpEpV qq˚, hence a section of EhpupV qq˚, where upV q is the Lie algebra of 
UpV q. The map dρ˚ : EhpupV qq˚ Ñ Ehpkq˚ is induced by the dual of the infinitesimal 
action dρ of k on V . 

Theorem 11.2.3. Let pE, φq be a pG, V q-Higgs pair on X and ζ P izk, where zk is the 
center of a maximal compact subalgebra of g. Then pE, φq is ζ-polystable if and only if the 
G-bundle E and the vector space V admit compatible metrics h satisfying the Hermite– 
Yang–Mills–Higgs equation 

ΛFh ` µhpφq “ ´i2πζ, (11.2.4) 

where Fh P Ω2pX, Ehpkqq is the Chern curvature and Λ : Ω2pXq Ñ Ω0pXq is the adjoint 
of wedging with the volume form on X . The left hand side of (11.2.4) may be regarded as 
a moment map. 

Proof. Will appear in [33]. 

Lemma 11.2.4. Given a homomorphism pκ, θq : Γ Ñ GLGpV q and a θpΓq-invariant max
imal compact subgroup K of Gθ, there exists a K-invariant hermitian metric on V which 
is also κpΓq-invariant. 

Proof. Take any hermitian metric h0 on V and define a new metric h by 
ż

ÿ

hpv, v 1q “ h0pκγ ρpkqv, κγ ρpkqv 1qdk. 
KγPΓ 

This is both K and Γ-invariant, as required. 

Proposition 11.2.5. Let pκ, θq P Hom pΓ, AutpGqq be a lift of a. Then: 

1. If a pGθ, V κq-Higgs pair pF, ψq is polystable, the pG, V q-Higgs pair obtained by µ 

extension of structure group is also polystable. 
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2. If pE, φq is a (semi,poly)stable pG, V q-Higgs pair with a reduction of structure group 
to a pGθ, V κq-pair pF, ψq, then pF, ψq is (semi,poly)stable. µ 

3. Given g P G and pκ1, θ1q :“ ρGpgqpκ, θqρGpgq ´1, there is a canonical isomorphism 
between MpX, Gθ, V κq and MpX, Gθ1 , V κ

1 
q making the following diagramme comµ µ 

mute: 
MpX, Gθ, V κq MpX, G, V qµ 

, (11.2.5) 

MpX, Gθ1 , V κ
1 
qµ 

where the morphisms to MpX, G, V q are given by extension of structure group. For 
each α P Z1pΓ, H1pX, Zqq, it restricts to a diagramme a 

MαpX, Gθ, V κq MpX, G, V qµ 

, 

MαpX, Gθ1 , gκ
1 
qµ 

where MαpX, Gθ, V κq is the moduli space of pGθ, V κq-Higgs pairs pF, ψq such that µ µ 

c̃θpF q – α. 

(1), (2) and (11.2.5) are also true after replacing Gθ and Gθ1 by Gθ and Gθ1 
respectively. 

Proof. The proofs of (2) and (3) are analogous to the proofs of the respective statements in 
Proposition 5.6.1. In order to prove (1) fix a maximal Γ-invariant compact subgroup Kθ of 
Gθ and consider a maximal compact subgroup K of G containing it, so that Kθ “ K X Gθ. 
Note that Kθ exists because Gθ ¸θ Γ is reductive, hence it must have a maximal compact 
subgroup. Its intersection with Gθ, which is a maximal compact subgroup of Gθ, must 
then be Γ-invariant. By Lemma 11.2.4 there is a Γ-invariant metric hV on V such that 
ρpKq Ă UpV q. 

Given a polystable pGθ, V κq-Higgs pair pF, ψq, by Theorem 4.2.1 and Proposition 3.2.6 µ 

there exists a Γpθ-invariant reduction hF P Ω0pF {Kθq satisfying the Hermite–Yang–Mills– 
Higgs Equation (11.2.4). Let pE, φq be the extension of structure group of pF, ψq to G. 
Using the inclusion F {Kθ Ă E{K, we get a reduction of structure group hE P Ω0pE{Kq. 

On the other hand, (2.3.4) is an equation setting a moment map equal to 0: if we 
consider the topological bundle underlying E and the space of G-connections A on it, there 
is an action of the gauge group preserving the metric h and this provides a moment map 
m : X Ñ Ehpkq˚ , where Eh is the reduction of E to K given by h and k is the Lie algebra 
of K. Using the Killing form, m may be regarded as a map X Ñ Ehpkq. The space B of 
pGθ, V κq-Higgs pairs pB, ψq, where B is a hermitian Gθ-connection and ψ P Ω1pF pV κqqµ µ 

(here F is the reduction of structure group to Gθ determined by the Gθ-connection) is then 
embedded in A, and the corresponding moment map mθ is the restriction of 

m
pkθX ÝÑ Ehpkq Ñ Fhθ q 
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to B, where the second homomorphism is given by orthogonal projection and we use the 
obvious notations. Given a polystable pGθ, V κq-Higgs pair pF, ψq as in the previous para
graph, the moment map at pF, ψq is given by: 

µ 

mpE, φq “ Fh ` µhpψq. 

But Fh “ Fhθ (the curvature of the Chern connection for the metric hθ), so if we can prove 
that µhpψq P Ω0pX, Fhθ pk

θqq then the moment map mθ would just be the restriction of m 
and so mpE, φq “ mθpF, ψq. Thus, pE, φq would satisfy (11.2.4) and so, by Theorem 
11.2.3, it would be polystable. 

„Consider the C-antilinear isomorphism hV : V ÝÑ V ˚ given by hV . For each v P Vµ
κ 

and each γ P Γ we have 

κγ hV pvq “ hV pκγ pvqq “ hV pµγ vq “ µ ´1hV pvq,γ 

where we are using that γ has finite order and so µγ is a root of unity, which satisfies 
µγ “ µ ´1. Thus hV pV κq “ pV ˚qκ

˚ , where κ˚ : Γ Ñ GLpV ˚q is the dual representation. γ µ µ ́ 1 

This implies that ψ b ψ˚h,hv P Ω0pX, Fhθ pV κ b V ˚κ
˚ 
qq Ă Ω0pX, Fhθ pEndpV qκqq, where ´1µ µ 

EndpV qκ is the fixed point subspace of the action of Γ on EndpV q induced by its action 
on V . Since dρ is Γ-equivariant by (11.1.1), we conclude using (11.2.3) that µhpφq P 
Ω0pX, Fhθ pk X gθqq “ Ω0pX, Fhθ pk

θqq, as required. 

We call Ă

µ µ By Propo-MαpX, Gθ, V κq to the image of MαpX, Gθ, V κq in MpX, G, V q. 
sition 5.6.1, if pκ1, θ1q :“ ρGpgqpκ, θqρGpgq ´1 for some g P G, we have ĂMαpX, Gθ, V κq “ 
ĂMαpX, Gθ1 , V κ

1 
q. 

µ 

µ 

Using the notation of Sections 2.4 and 11.1, we have the following: 

Lemma 11.2.6. Fix a lift pκ, θq of a : Γ Ñ OutpG, V q. Let Sa be the set of lifts of a. There 
is a G-equivariant bijection 

tLifts of au Ø Zp
1 
κ,θqpΓ, ρGpGqq; pInts κ, ρpsqθq ÞÑ pInts, ρpsqq, (11.2.6) 

where the action on the left hand side is given by conjugation using ρG and the action on 
the right hand side is given by (3.1.5). In particular, this induces a bijection 

tLifts of au{G Ø Hp
1 
κ,θqpΓ, ρGpGqq. (11.2.7) 

Proof. This is analogous to the proof of Lemma 3.1.5. 

Let MpX, G, V qΓ be the fixed point locus of MpX, G, V q under the action of Γ, and 
let MsspX, G, V qΓ be the intersection with the stable and simple locus. 

Theorem 11.2.7. Fix a homomorphism pκ, θq : Γ Ñ GLGpV q lifting a. We have the 
following relations between moduli spaces: 

1. 
ď 

Ă

ΓMαpX, Gβθ, V δκ 
q Ă MpX, G, V q .µ 

rδ,βsPH1pΓ,ρGpGqqθ 
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2. 
ď 

Γ 
Ă ĂMsspX, G, V q


rδ,βsPH1 
θ pΓ,ρGpGqq 

MαpX, Gβθ, V δκ 
q.µ 

Moreover, the intersections 
ď 

ĂMsspX, G, V q X
 
rδ,βsPH1 

θ pΓ,ρGpGqq 

MαpX, Gβθ, V δκ 
qµ 

are disjoint for different rδ, βs P Hθ 
1pΓ, ρGpGqq. 

Proof. Follows from Propositions 11.2.1 and 11.2.2. 

With notation as in Section 5.7, for every lift pκ, θq of a and a section t : Γpθ Ñ Gθ 

– Gθ 
pof (5.1.5) inducing the isomorphism Gθ ˆpτ θ ,cθ q Γθ as in Proposition 3.2.3, we have 0 

a pτ θ, cθq-twisted action ρptq of Γpθ on V κ . Let Y be a ΓY -bundle over X , where ΓY ďµ 

Γpθ. We denote by MpY, Gθ 
0, ΓY , τ

βθ, cβθ, V κq the moduli space of pτβθ, cβθ, ρptqq-twisted 
ΓY -equivariant pGθ 

0, g
θ q-Higgs pairs over Y 

µ 

given by ρptq. We have the following Prym– µ

Narasimhan–Ramanan construction: 

Theorem 11.2.8. For each homomorphism pκ, θq : Γ Ñ GLGpV q lifting a we have an 
isomorphism 

ğ 
MpY, Gθ, τ θ , ΓY , c 

θ, V κq{Z
p

pΓY q – MαpX, Gθ, V κq, (11.2.8)0 µ Γθ µ
 
qθpY q–α
 

where Z
p

pΓY q is the centralizer of ΓY in Γpθ, which acts on by Proposition 4.4.7. Γθ 

Fix such a lift θ. Let Ă

0, ΓY , τ βθ, cβθ, V κq{Z
p

pΓY q be the image of the moduli MpY, Gθ 
µ Γθ 

space MpY, Gθ 
0, ΓY , τ

βθ, cβθ, V κq in MpX, G, V q via the composition of the isomorphism µ 

given in Theorem 4.4.8 and extension of structure group from Gθ to G. Then we have the 
following inclusions: 

1. 
ď 

ĂMpY, Gθ 

rδ,βsPH1 
θ pΓ,ρGpGqq,qθpY q–α 

0, ΓY , τ
βθ , c βθ, V δκ 

q{Z
p

pΓY q Ă MpX, G, V qΓ .µ Γθ 

2. 
ď 

Γ 
Ă ĂMss MpY, Gθ

pX, G, V q

rδ,βsPH1 

θ pΓ,ρGpGqq,qθpY q–α 

0, ΓY , τ
βθ , c βθ, V δκ 

q{Z
pµ Γθ 

pΓY q. 

The intersections 

MsspX, G, V q X Ă

0, ΓY , τ 
βθ , c βθ, V δκ 

q{Z
p

pΓY qMpY, Gθ 
µ Γθ 

are disjoint for different rδ, βs P Hθ 
1pΓ, ρGpGqq and Y . 
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11.3 Fixed points in the absence of tensorization 
Let Γ be a finite subgroup of AutpXq ˆ OutpG, V q ˆ C˚. Projections on the second and 
third and first factors provide homomorphisms η : Γ Ñ AutpXq, a : Γ Ñ OutpG, V q and 
µ : Γ Ñ C˚, respectively. Assume that there is a homomorphism Γ Ñ GLGpV q lifting a 
and fix one, say pκ, θq, where θ : Γ Ñ AutpGq is a homomorphism and κ : Γ Ñ GLpV q is 
a θ-twisted representation. 

Proposition 11.3.1. If pE, ̈ , φq is a polystable pθ, c, µ ´1κq-twisted Γ-equivariant pG, V q-
Higgs pair, so is the underlying pG, V q-Higgs pair pE, φq. Thus we have a forgetful map 

MpX, G, Γ, θ, c, V, µ ´1κq Ñ MpX, G, V q. (11.3.9) 

Proof. Analogous to Proposition 9.1.1. 

We denote the image of (11.3.9) with a tilde as usual. 

ĂProposition 11.3.2. MpX, G, Γ, θ, c, V, µ ´1κ, σq Ă MpX, G, V qΓ . 

Proof. Straightforward from definitions. 

Proposition 11.3.3. Let pE, φq be a simple pG, V q-Higgs pair over X such that pE, φq – 
pη˚θ ´1pEq, µγ η

˚κ ´1pφqq for each γ P Γ. Then pE, φq admits a pθ, c, µ ´1κq-twisted Γγ γ γ γ 

equivariant structure for some c P Zθ 
2pΓ, Zq. 

Proof. Analogous to Proposition 9.2.1. 

Theorem 11.3.4. Let MsspX, G, V q Ă MpX, G, V q be the subvariety of MpX, G, V q
consisting of those pG, V q-Higgs pairs which are stable and simple. Fix a homomorphism 
pκ, θq : Γ Ñ GLGpV q lifting a : Γ Ñ OutpG, V q. Then 

ď 
MsspX, G, V qΓ 

Ă 
rcsPH

ĂMpX, G, Γ, θ, c, V, µ ´1κ, σq
2pΓ,Zq,rσsPtH1 

cxi 
pΓxi ,Gqua 

and 
ď 

Ă

ΓMpX, G, Γ, θ, c, V, µ ´1κ, σq Ă MpX, G, V q . 
rcsPH2pΓ,Zq,rσsPtH1 

cxi 
pΓxi ,Gqua 

Proof. Follows from propositions 11.3.2 and 11.3.3. 

11.4 Fixed points for general actions 
We keep the notation of Section 11.3 for now. We keep the assumption that there is a 
homomorphism θ : Γ Ñ GLGpV q lifting a, which we fix. 

Γθ ´1 ´Let Λ ď p be a subgroup, Gθ :“ p pΛq and let p : Y Ñ X be a connected etaleΛ θ 

cover associated to a Λ-bundle over X and consider the subgroup ΓpY ď AutpY q lifting 
ηpΓq. This contains Λ, the Galois group of Y over X , as a normal subgroup. Let 

Γpη :“ tpγ, pγq P Γ ˆ ΓpY | ηγ “ ppγpqu. 
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Recall the commutative diagramme (10.1.2).
 
Ñ GLGpV q is a c-twisted homomorphism for some 

τ is c-twisted —i.e. if it satisfies (10.1.3)— and c P Z
 qq if ˜

We say that a map pϵ,̃ τ̃q : Γpη 

τ pΓpY , ZpGθ 

˜

0
2
˜

“ ρpcpγ, γ1
qqϵ̃γγ1 ,γpγp1 (11.4.10) 

Equivalently, the associated (left) actions of p

Λ

As in Section 10.1 denote by Homc
Gθ be the set of c-twisted ho

γ ̃ϵγ1 ,γp1ϵγ,p

for every pγ, pγq and pγ1 , pγ1q P Γpη.
 
G and V are c-twisted.
 
homomorphisms from A to B and let Homc


Γη on 
pA, Bq the set of c-twisted
 

. As in Section
 θ-action on Γ G Gpreserves η Λ

pΓpη, GLGpV qq

pp

momorphisms whose associated c-twisted p

10.1 we have a restriction map rker η : Homc

Homθ,cpΓpη, GLGpV qq :“ Homc Γη, GLGpV qq

θially on G0

map r θGΛ 

r θG0 

Γη, GLGpV qq Ñ Hompker η, GLGpV qq. Let 
Gθ ´1

X r We also have a restriction pκ, θq.
ker η

θpreserves the connected component G0

pp

: Homθ,cpΓpη, GLGpV qq Ñ Homc

Γ GL θ,Y GΛ

θautomorphism of GΛ

.
 Any
 pΓ GLp θ,Y GΛ

Γ GL θ,Y G0

θ, since is trivial on V θ Gp qq Λ

θ, where the fact that V Z Gp qq p 0

Λof Gθ , hence we have a map 
pV qq Ñ Hompp

by conjugation implies that the image consists of (honest) homomorphisms. 
In summary, we have the following diagramme: 

q acts trivpp
: Homc

r
Gθ 
ΛHompΓpη, OutpG, V qq Homθ,cpΓpη, GLGpV qq Homc

pΓ GLp θ,Y GΛ
pV qq
q˚ 

0 
r 
Gθ˚ ,
pΓ

pHom Γ Out G, V Hom Γ GLp p qq p θ, ,Y G0

θ
ˆ ϵ G: 0

0
2 

where q˚ is the pushforward of the natural projection GLGpV q Ñ OutpG, V q, given by 
is the pullback of pΓ : p

Conversely, given a c-twisted homomorphism pκ, τq : p

τ pΓpY , ZpGθ 

ˆτ,c Λ Ñ GLpV q. 

pV qqq

(11.4.11) 

Γη Ñ Γ. ˚ 
Γ(11.1.2), and p


0 

Ñ GL θG0

q are isomorphic if there is an 
such that ρ ˝ f “ ρ|Gθ ˆ ϵ, i.e. 

pV q, where c is a
 ΓY 

2-cocycle in Z


|, ρ θGΛ

0θG0

|ρ θG0 

qq, we have a representation 

Gθ 

θandˆ ϵ Gq p Λ

Λ

making the following diagramme commute: 

θof extensions of G0

0 
ˆτ,c Λ, ρ|Gθ 

„
ÝÑ Gθ 

θWe say that the pairs Gp 0
θisomorphism f G: 0 ˆτ,c Λ 

ρ| ˆϵ 

ˆτ,c Λ GLpV q
 
ρ .f 

GL θGΛ

θGΛ 

Ñ GL θGΛ

Assuming that τ, ϵ and c are chosen so that this is the case, there is a c-twisted extension 

ρGˆϵ 

pV q given as the composition:
 eϵ,τ,c : ΓpY 

GL θG00G
θ 

pΓY
pΓY ˆτ,c ˆτ,cΛpV q pV q,
– 

eϵ,τ,c 

151 



0 ˆτ,c 

ΓY Ñ GLGθ 

θwhere the first map sends P q P toγ Γ 1, γ Gp

0
For each homomorphism τ : p

as above we set 

´1Γη, GLGpV qq :“ r 

pΓY . 
pV q and each 2-cocycle c P Z2 

Γη, GLGpV qq 

τ pΓpY , ZpGθ 
0qq 

and
Homθ,ϵ,τ,cpp

Gθ peϵ,τ,cq Ă Homθ,cpp

Homθ,ϵ,τ,cpΓpη, OutpG, V qq :“ q˚pHomθ,ϵ,τ,cpΓpη, GLGpV qqq. 

Now fix homomorphisms pκ, θq : ker η Ñ GLGpV q and τ 
cocycle c P Z2 

Ñ GL θG0

´1

pV q, a 2: pΓY 

Γη, GLGpV qq. There exists an 
˚ 
Γpµ 

τ pΓpY , ZpGθ 
0qq as above and pϵ,̃ ˜˜

The restriction
 qϵ̃.
 
τq P Homθ,ϵ,τ,cpp

associated left pτ, cq-twisted action of Γpη on V , namely ρϵ̃,µ :“ p
to V κ factors through a pτ, cq-twisted homomorphism µ 

p Ñ HompV κ, V q.ΓY µ 

Consequently, as in Remark 10.1.1 we have a notion of pτ, c, ρ˜
, V κ 

ΓY -equivariant 

Ñ GL θG0

ϵ,µq-twisted p
pGθ q-Higgs pair over Y .0 µ 

Proposition 11.4.1. Consider a lift pκ, θq : ker η Ñ GLGpV q of a|ker η and a subgroup 
Λ ď Γθ . Take a connected etale cover p : Y Ñ X associated to a Λ-bundle over ´

Λ

p

X and the group ΓpY ď AutpY q fitting in (10.1.2). Let pϵ, τq : 

homomorphism and c P Zτ 
2pΓpY , ZpG0

θqq a 2-cocycle such that there is an isomorphism 
pGθ ˆτ,c Λ, ρ|Gθ ˆ ϵq – pGθ , ρ|Gθ Γa P Homθ,ϵ,τ,cpΓpη, OutpG, V qq and pick 

0 

pV q be a
 pΓY 

˚q. Assume that p
˚ 

0 Λ

τ̃ P Homθ,ϵ,τ,cpΓpη, GLGpV qq such that q˚p˜

Let pF, ψq be a pτ, c, ρ˜
Γa.τq “ p

ΓY -equivariant pGθ, V κ 
0 µ q-Higgs pair over Y . Then
 

Λ, V κ 

ˆ | |Λ, ρ , ρθ θτ,c G GΛ0 

ϵ,µq-twisted p
pF, ψq can be regarded as a pGθ q-Higgs pair over X via Proposition 4.4.2, and its 
extension of structure group pE, φq to 

µ 

G is isomorphic to pE, φqγ for each γ P Γ. 

Proof. Follows from Proposition 10.2.1 like Proposition 10.2.2. 

Proposition 11.4.2. Let pE, φq be a simple pG, V q-Higgs pair over X which is isomorphic 
to pE, φqγ for every γ P Γ. Then there exist a lift pκ, θq of a|ker η and a connected reduction 
of structure group pF, ψq of pE, φq to pGθ :“ p ´1

pΛq, V κq satisfying the following: let Λ θ µ 

p : Y Ñ X be the ´ Ñ X and p the subgroup etale cover associated to the Λ-bundle F {Gθ ΓY0 

of AutpY q lifting ηpΓq. Then there is a homomorphism pϵ, τ q : p Ñ OutpGθ, V q such ΓY 0

that, for every homomorphism τ : ΓpY Ñ GLpGθ 
0q lifting τ (which exists by [70]), we can 

find a 2-cocycle c P Zτ 
2pΓpY , ZpGθ 

0qq and a map ϵ : ΓpY Ñ GLpV q such that: 

1. The pair pϵ, τq is a c-twisted map ΓpY Ñ GLGpV q. 

02. We have an isomorphism pGθ ˆ ϵq – pGθ 
Λ q.
 

3. p˚ 
Γa P Homθ,ϵ,τ,cpΓpη, OutpG, V qq. 

4. There exists pϵ̃, τ̃q P Homθ,ϵ,τ,cpΓpη, GLGpV qq such that q˚pϵ̃, τ̃q “ pΓ
˚ a and the tauto

logical reduction of p˚pF, ψq to Gθ 
ϵ,µq-twisted p 0, V κq-is a pτ, c, ρ˜ ΓY -equivariant pGθ 

0 µ 

Higgs pair. 
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Proof. Follows from Proposition 10.2.3 like Proposition 10.2.4, after replacing Proposition 
5.5.3 with Proposition 11.2.2. The existence of ϵ follows from the construction of τ̃ : take 
a lift p˜ θq : Γ Ñ GLGpV q of a, which exists by assumption —see the beginning of the κ, ˜

˜section. Following the proof of Proposition 10.2.3, τ̃ “ θ Intt for some map t : Γpη Ñ G 
and so we may set ϵ̃ :“ κ̃ρptq. 

Proposition 11.4.3. Consider a lift pκ, θq : ker η Ñ GLGpV q of a|ker η, a subgroup Λ ď 
Γpθ, a connected etale cover p : Y Ñ X with Galois group Λ and the group p ď´ ΓY 

AutpY q fitting in (10.1.2). Let pϵ, τq : ΓpY Ñ GLGθ pV q be a c-twisted homomorphism, 
0 

where c P Zτ 
2pΓpY , ZpGθ 

0qq is a 2-cocycle, such that there is an isomorphism pGθ 
0 ˆτ,c 

Λ, ρ|Gθ ˆ ϵq – pGθ , ρ|Gθ q. Assume that p˚ 
Γa P Homθ,ϵ,τ,cpΓpη, OutpG, V qq and pick pϵ,̃ τ̃q P Λ0 Λ 

Homθ,ϵ,τ,cpΓpη, GLGpV qq such that q˚pϵ,̃ τ̃q “ pΓ
˚ a. 

We have a morphism 

MpY, Gθ ΓpY , τ, c, V κ, ρϵ̃,µq Ñ MpX, G, V q, (11.4.12)0, µ 

given by Theorem 4.4.8 and extension of structure group. 

Proof. Same as Proposition 10.2.5 after replacing Theorem 2.3.1 with Theorem 11.2.3, and 
Proposition 5.6.1 with Proposition 11.2.5. 

Theorem 11.4.4. Fix θ P Hompker η, GLGpV qq lifting a|ker η. We have the following rela
tions between moduli spaces: 

1. 
ď 

Ă p

ϵ,µ, σq Ă MpX, G, V qΓMpY, Gβθ , ΓY , τ
βθ , c βθ, V δκ , ρ˜ .0 µ
 

rδ,βs,Y,rϵβθ ,τβθ s,rcβθ s,p˜ τ q,rσs
ϵ,˜

2. 
ď 

Γ 
Ă Ă ppX, Gq MpY, Gβθ , ΓY , τ

βθ , c βθ, V δκ , ρϵ,µ˜ , σq.Mss 0 µ 

rδ,βs,Y,rϵβθ,τ βθ s,rcβθ s,pϵ,̃τ̃q,rσs 

Here rδ, βs runs through H1 etale covers of X with Galois group κ,θpΓ, ρGpGqq, Y runs over ´
equal to a subgroup Λ ď Γpβθ, the elements rϵβθ, τβθs P Hom βθ pΓpY , OutpGβθ , V qq andc 0 

rcβθs P H
τ 
2 
βθ pΓpY , ZpGβθ 

0 qq are such that pΓ
˚ a P pHomβθ,ϵβθ ,τ βθ ,cβθ pΓpη, OutpGqqq, their re

strictions to Λ satisfy 

pGβθ 
ˆτ βθ,cβθ Λ, ρ| βθ ˆ ϵq – pGβθ , ρ| q0 G Λ Gβθ 

0 Λ 

and rσs P H1 pΓpY,xi , Gq. Moreover, for each choice of rδ, βs, rϵβθ, τβθs and rcβθs, the βθ cxi 

element ˜ βθ pΓpη, GLGpV qq satisfies q˚τ̃ “ p˚τ P Homβθ,ϵβθ ,τβθ ,c Γa. 
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Now we tackle the most general case. Let X be a compact Riemann surface, G
 
a connected semisimple complex Lie group with centre Z and Γ a finite subgroup of 
H1pX, Zq ¸ pAutpXq ˆ OutpG, V qq ̂  C˚. By Section 11.1 we have a right action of Γ on 
MpX, G, V q. The projections on each factor provide homomorphisms η : Γ Ñ AutpXq, 
a : Γ Ñ OutpG, V q and µ : Γ Ñ C˚, together with 1-cocycle α P Z1 pX, Zqq asa,ηpΓ, H1

defined in Section 2.4, where the action of Γ on H1pX, Zq is determined by a (via extension 
of structure group) and η (via pullback). This is a map α : Γ Ñ H1pX, Zq satisfying 

“ αγ η
˚´1αγγ1 γ aγ pαγ1 q 

for each γ and γ1 P Γ, where aγ acts on Z via its projection on OutpGq. In what follows 
we assume that there is a homomorphism Γ Ñ GLGpV q lifting a. 

The restriction α|ker η is 1-cocycle in Z1pker η, H1pX, Zqq – H1pX, Z1pker η, Zqq,a a 

thus any of its connected components provides an ´ Ñ X with Galois etale cover Xα,η 

group Γα,η ď Z1pker η, Zq.a 

Pick a lift pκ, θq : ker η Ñ AutpGq of a|ker η. Let p : Y Ñ Xα,η Ñ X be a connected 
component of a Γpθ-bundle in qθ 

´1
pα|ker ηq (see (5.1.6)), and set Λ :“ GalpY {Xq ď Γpθ. 

Consider the subgroup α̂ ď H1pX, Zq generated by the image of α, which is finite because 
both Γ and Z are finite (thus any element of H1pX, Zq has finite order). Its image p˚α̂ ď 
H1pY, Zq via pullback is also a finite subgroup determining a connected étale cover 

pα̂pYα : Yα ÝÑ Y Ñ X. 

Like any pullback, this also has a projection Yα Ñ α̂, where ˆ pX, Hompˆα P H1 α, Zqq is re
garded as an étale cover of X . Let Λ :“ GalpYα{Xq, call ΓpY to the group of automorphisms 
of Yα lifting ηpΓq ď AutpXq and let Γpη :“ tpγ, γpq P Γ ˆ ΓpY | ηpγq “ ppγpqu. The com
mutative diagramme (10.1.2) still holds and it has exact rows and columns. We also have a 
diagramme (11.4.11), with the same notation. We may also define Homθ,ϵ,τ,cpΓpη, GLGpV qq

and Homθ,ϵ,τ,cpΓpη, OutpG, V qq. 
Given pϵθ, τ θq : ΓpY Ñ AutGθ pV q and cθ P Z

τ 
2 
θ pΓpY , ZpG0

θqq whose restrictions to Λ 
0 

factor through Λ and satisfy 

pGθ , ρq – pGθ 
ˆτθ,cθ Λ, ρ| ˆ ϵq,βθ 0Λ G0 

together with ˜ Γη, GLGpV qq, there is a pτ θ, cθq-twisted ΓpY -right action ρ˜τ P Homθ,ϵ,τ,cpp

ϵ,µ :“ 
µ ´1ϵ̃ : p Ñ HompV κ, V q. As in Proposition 11.4.3 we have a morphism ΓY µ 

MpYα, G
θ 
0, ΓpY , τ

θ , c θ, V µ
κ, ρϵ̃,µ, σq Ñ MpX, G, V q 

for each σ P tZ
τ
1 
θ pΓxi , G

θ 
0qu (here xi are the isotropy points of Yα, with isotropy groups 

Γxi ), whose image we call Ă

0, ΓpY , τ
θ, cθ, V κ 

ϵ,µ, σq.MpYα, G
θ , ρ˜µ 

Theorem 11.4.5. Fix pκ, θq P Hompker η, GLGpV qq lifting a. We have the following rela
tions between moduli spaces: 
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1.
 
ď 

Ă p

βθ ΓMpY, Gβθ , ΓY , τ
βθ , c τ , V βθ 

ϵ,µ, σq Ă MpX, G, V q ., ˜ , ρ˜0 µ
 

rδ,βs,Y,rϵβθ,τ βθs,rcβθ s,pϵ,̃τ̃q,rσs
 

2. 
ď 

βθ βθ MsspX, Gq MpY, G0 , ΓY , τ
βθ , c , ˜ µ , ρ˜

Γ 
Ă Ă p τ , V βθ 

ϵ,µ, σq. 
rδ,βs,Y,rϵβθ ,τ βθ s,rcβθs,pϵ,̃τ̃q,rσs 

Here rδ, βs runs through H1 runs over etale covers of X with Galois κ,θpΓ, ρGpGqq, Y ´
group equal to a subgroup Λ ď Γpβθ , rϵβθ, τβθs P Hom βθ pΓpY , OutpGβθ , V qq and rcβθs P c 0 

H
τ 
2 
βθ pΓpY , ZpGβθ 

qq are such that p˚ 
βθ pΓpη, OutpGqqq, their restrictions 0 Γa P pHomβθ,ϵβθ,τ βθ,c

to Λ factor through Λ and satisfy 

pGβθ 
ˆτ βθ βθ Λ, ρ| βθ ˆ ϵq – pGβθ , ρ| βθ q0 ,c G Λ G0 Λ 

and rσs P H1 pΓpY,xi , Gq. Moreover, for each choice of rδ, βs, rϵβθ, τβθs and rcβθs, the βθ cxi 

twisted homomorphism pϵ,̃ ˜ βθ pΓpη, GLGpV qq is chosen so that q˚τ̃ “ p˚τ q P Homβθ,ϵβθ ,τ βθ ,c Γa 
and, if t : Λ Ñ Gθ is the map realizing (10.3.14) as in the proof of Proposition 3.2.3, we 

Λ 
have 

γθ γ ´1 ´1 γθ γθ ´1 ´1 c pˆ , γ̂q c pγ̂´1, λqc pγ̂´1λ, γqτ̃ ptλqt “ xαγ , λy,γ,γ̂ γ̂´1λγ̂

for every γ P Γ and λ P Λ, where pγ, γ̂q P Γpη and xαγ , λy is the evaluation of pY ˝ λ P 
Hompα̂, Zq at αγ . 
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