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Abstract

Contact Hamiltonian systems are a generalization of the Hamiltonian systems of classical
mechanics. The action is added as an extra variable in phase space, and symplectic
geometry is changed by contact geometry. In this way, we are able to model a large
new class of Hamiltonian systems. Indeed, symplectic geometry is unable to deal with
dynamics where there is energy dissipation. Nonetheless, this is possible in the contact
world.

In the recent years, there is a growing interest in the applications of contact Hamiltonian
systems, expanding the classical ones in equilibrium thermodynamics. Several problems
in physics, from areas including dissipative mechanical systems, electromagnetism, non-
equilibrium thermodynamics, geometric optics, celestial mechanics, cosmology and
quantum mechanics can be studied in the framework of contact Hamiltonian systems.
Applications do not end here, but they cover other fields such as information geometry,
control theory and optimization.

The aim of this PhD thesis is to provide a comprehensive theory of contact Hamiltonian
systems, hoping that this will aid other scientists and mathematicians doing research in
this topic. This dissertation incorporates the Hamiltonian and Lagrangian formalism,
including the variational formulation through the Herglotz principle. We study and
classify the symmetries and the dissipated quantities they are related to. Means to
deal with different kinds of constrained systems are provided. We develop alternative
formulations of the dynamics, such as the Hamilton-Jacobi theory and the Tulczyjew
triples. A theory of variational integrators adapted to contact systems is also included.

Apart from this theoretical research, we also discuss novel applications in control
theory and non-equilibrium thermodynamics, using the recently introduced evolution
vector field.






Resumen

Los sistemas hamiltonianos de contacto son una generalizacién de los sistemas hamil-
tonianos de la mecénica clasica, en los que la accién se afiade como una variable extra
al espacio de fases. De esta manera es posible modelizar un amplio abanico de nuevos
sistemas hamiltonianos. La geometria simpléctica es incapaz de tratar situaciones en las
que hay disipacién de energia. Sin embargo, esto si es posible usando la geometria de
contacto.

En los tltimos afios hay un interés creciente en las aplicaciones de los sistemas hamil-
tonianos de contacto que va mas alla de su clasico uso en termodindmica de equilibrio.
Estas incluyen problemas en fisica, de areas tan diversas como los sistemas mecanicos di-
sipativos, el electromagnetismo, la termodindmica de no equilibrio, la 6ptica geométrica,
la mecanica celeste, la cosmologia y la mecénica cuédntica. Los usos de los sistemas de
contacto no acaban aqui, sino que también aparecen en otros campos, entre los que se
encuentran la geometria de la informacién la teorfa de control y la optimizacion.

El objetivo de esta tesis doctoral es construir una teoria exhaustiva de los sistemas
hamiltonianos de contacto, esperando que sirva de apoyo a otros cientificos y mate-
maticos en cuya investigacion participen estos sistemas. En este trabajo se incluyen la
formulacién hamiltoniana y la lagrangiana, incorporando el principio variacional de
Herglotz. Se estudian y clasifican las simetrias y las cantidades disipadas con las que
estdn relacionadas. Se aportan métodos para tratar con sistemas con varios tipos de
ligaduras. Se desarrollan formulaciones alternativas de la dindmica, como la teoria de
Hamilton-Jacobi y los triples de Tulczyjew. También se constuyen integradores discretos
variacionales adaptados a los sistemas de contacto.

Ademas de la investigacion tedrica, se encuentran nuevas aplicaciones dentro de la
teorfa de control 6ptimo y la termodindmica de no equilibrio, en la que se usa el campo
de evolucién.
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Notation

We will assume that all our manifolds and functions are infinitely smooth unless other-
wise stated.
In the following diagram we picture the names of the natural projections we will

frequently be using
R
/ AN x
T, 7T

TQXR%CBQXR%&T*QXR

prTQ\L y iy \LprT*Q (0.1)

TQ R T*Q

TQ N 7TQ

Q

If (x!) are local coordinates for M, we will denote by (x!, %) the induced coordinates
for TM, and by (x, pi) or, in more complex situations (x, pyi) the induced coordinates
for T*M.

The following symbols will be frequently used. They are listed together with the page
in which they are defined, if applicable.

idy, Identity map on the set M.

QM) Differential forms on the manifold M.

X (M) Vector fields on the manifold M.

1x0 Contraction of the vector field X with the form 6.
Lx0 Lie derivative of the form 6 by the vector field X.
TI'(E) Sections of the bundle E.

J'Q Manifold of 1-jets on Q.

j'f 1-ets of the function f.

1 Contact form. ,[17]
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H Contact distribution. ,[17]

U Reeb distribution. ,

R Reeb vector field. ,

o Liouville 1-form of T*Q.

le) Natural contact form of T*Q x R. ,

0, Poincaré-Cartan 1-form for the Lagrangian L : TQ — R.

np Lagrangian contact form for the Lagrangian L : TQ x R — R.



1. Introduction

For more than a century, the relationship of differential geometry and physics is manifest.
With the advent of General Relativity, elaborated by A. Einstein, the structure of space-
time is a dynamical variable, a solution of what we call nowadays the Einstein equations.
These equations show that gravity can be explained by the curvature of space-time
caused by massive objects. In order to have a better description of the laws of physics,
one is forced to abandon flat Euclidean space and model space-time as a Riemannian
manifold.

However, differential geometry was already present on the classical mechanics of
Newton, Lagrange and Hamilton, but in a subtler way. One does not have to look only at
the geometry of the physical space, but to the internal geometry of the system, which
is much richer. The phase space is the set of possible states of the system. In classical
mechanics it is given by cotangent bundle T*Q, the space of positions and momenta of
the system, where Q is the configuration space, i.e., the set of positions of the system.
The study of this space was pioneered by Henry Poincaré on his work on the stability of
the three body problem. Part of the novelty of these methods is that, instead of studying
the properties of individual trajectories that solve the equations of motion, they are able
to study all these solutions at the same time by considering the flow of the Hamiltonian
vector field. This added geometrical and topological methods to the mathematical toolbox
for mechanics, which supplemented the already established analytical methods.

Nevertheless, the study of the geometry of the phase space was far from complete.
Another important development was due to Elie Cartan [59]. With the language of
differential forms and the power of Cartan calculus, one is able to work intrinsically, that
is, without specifying a particular system of coordinates.

The full picture came together at the middle of the 20-th century. According to [2], the
first published modern exposition of mechanics was due to Reeb [220], thought it was
already known in some mathematical circles. The key ingredient was to acknowledge
that the crucial part of geometrical structure held by the cotangent bundle T*Q was its
symplectic form wg. Only a closed and nondegenerate 2-form is sufficient information
to obtain the equations of motion for a Hamiltonian function H defined on the manifold.

Symplectic geometry has been the most relevant driver in the study of Hamiltonian
systems, as well as the natural extension to Poisson geometry, largely motivated by the
study of singular Lagrangian systems and the rich Lie-Poisson structure of the duals
of Lie algebras (or time-dependent systems, with the cosymplectic geometry, which is
again Poisson). In fact, there has been a realignment between Hamiltonian mechanics
and symplectic geometry, enriching both areas of research over the last sixty years.

The symplectic structure of phase space has allowed to formulate in a very efficient
way such relevant facts as Noether’s Theorem, and in general the notion of moment map
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(the bridge between Hamiltonian systems and algebra, with the concept of polytope),
the reduction via symmetries due to Marsden and Weinstein, the study of singularities,
equilibria, bifurcation theory;, etc.

These facts are based on the energy conservation properties of the so-called symplectic
Hamiltonian systems, which is no more than the manifestation of the skew-symmetry of
the symplectic form.

If we look at classical mechanical systems (those whose phase space is the cotangent
bundle, or in its Lagrangian formulation, the tangent bundle of the configuration space),
the Hamilton or Euler-Lagrange equations can be obtained from a variational principle,
Hamilton’s Principle. As it is well known, Hamilton’s Principle is equivalent in this
case to the symplectic formulation, and the invariance of the form of the Euler-Lagrange
equations before a change of coordinates has its basis in this equivalence.

But there are other types of Hamiltonian systems whose essence is dissipative rather
than conservative, so we need an alternative geometry to describe them properly. This
geometry is contact geometry, and it is developed in differentiable manifolds of odd
dimension, so that if this is 21 + 1, there are 2n variables corresponding to the positions
and moments, and an extra one that accounts for the action. Contact geometry makes it
possible to obtain Hamilton’s equations, which now provide an account of this dissipative
character, similarly to the symplectic one. Moreover, the corresponding brackets can be
obtained, which are now not Poisson but Jacobi, since they do not satisfy Leibniz’s rule.

In the case of mechanical systems, i.e., those developed in cotangent and tangent
bundles extended by incorporating an extra variable, Hamilton’s Principle is no longer
valid. Fortunately, even before thinking of this application to Hamiltonian dynamics,
Gustav Herglotz introduced in 1930 [[159]] a generalization (which we now call the
Herglotz Principle) and which, in an almost magical way, provides the generalized Euler-
Lagrange equations (now called Herglotz equations) which correspond to Hamilton’s
with additional dissipative terms. In this case, it can be easily seen that the extra variable
corresponds to the action of the Lagrangian, which is why they are usually called action-
dependent in physics.

We must say that there are many other dissipative Hamiltonian systems apart from
the contact ones, but that the latter are of indisputable interest, both from the more
theoretical aspects as well as for their important applications in many areas of science.

Recent interest in contact Hamiltonian systems is mainly due to the publication of
several papers by Alessandro Bravetti and collaborators [[33]], and Manuel de Leén et
al. The paper [88] can be considered as a first step in which the contact Hamiltonian
systems are systematically studied, connecting them with their description as Jacobi
manifolds, studying the different types of submanifolds (in particular those of Legendre,
the contact counterpart to Lagrangian submanifolds in symplectic geometry), proving
that contact dynamics can always be interpreted as a Legendre submanifold, establishing
a coisotropic reduction theorem, and contact reduction via a Lie group of symmetries.

Since that first paper, our goal has been to develop a systematic study of contact
Hamiltonian systems as well as to explore various applications, especially in the field
of thermodynamics. Most of the results obtained are contained in the memory of this
doctoral thesis.



Symplectic and contact systems in mechanics

A symplectic manifold is, thus, a natural context for studying mechanics [2, [106]]. In-
deed, given a symplectic manifold (M, w) and a Hamiltonian function H on M, then the
Hamiltonian vector field is provided by the equation

ix,w =dH. (1.1)

Notice that we lose the structure of a cotangent bundle T*Q, blurring the distinction
between position and momenta, treating both on equal footing. This can be an advantage.
For example, one can consider symmetries that transform them independently which
are not visible if we only look as lifts of transformations on the configuration space.

Nevertheless, there exist Darboux coordinates (qi, pi), that ensure that the local geome-
try is as the one in the cotangent bundle. But one must remember that those coordinates
are non-canonical. The symplectic form is given by w = dg’ A dp;, and the Hamiltonian
vector field is

_0H 0 oH 0 (12)
" op;og aq ap; '
so that the integral curves (qi(t), pi(t)) of Xy satisty the Hamilton equations
dg’  oH dp; oH
S22 SR (1.3)

dt — adp,” dt  oq
In classical mechanics, the phase space is just the cotangent bundle T*Q of the config-
uration manifold Q, equipped with its canonical symplectic form wg. However, we
remark exist physical systems that are not modelled by a cotangent bundle, but a general
symplectic manifold [237]]. For example, the phase space of the classical spin is the
sphere.

In addition to the Hamiltonian formalism, there is also a Lagrangian counterpart,
which is formulated on the tangent bundle TQ, in terms of the velocities ' instead of
the momenta p;. Here, the dynamics is dictated by the Lagrangian function L : TQ — R.
The equations of motion can be obtained through Hamilton’s Variational principle. The
curves which are solutions of the equations of motion q : [T, T1] — Q are those that are
critical points of the action map

T, .
Adg) = [ LG, qeedt, (14)

among the curves with the same endpoints gy = q(T),q1 = q(T1). The curves satisfying
this principle are the ones that fulfill the Euler-Lagrange equations

d ( oL ) JdL 0 (15)
dt\o4') 94 '
This formulation and the Hamiltonian formulation are related through the Legendre

transformation
FL:TQ - T*Q,

; ; oL (1.6)
q,p;) — (q,a—qi>.



1. Introduction

Provided some regularity conditions, this map transforms solutions of the Euler-Lagrange
equations onto solutions of the Hamilton equations.

In order to be able to model more systems, one can extend this formalism by allowing
explicit time dependence. The variational interpretation is straightforward. Now the
Lagrangian L : R x TQ — R depends also on time ¢. The action is now given by

[ Lt g, qeenat. (17)
0

The critical points of this action map among the curves with fixed endpoints are also
the solutions to the Euler-Lagrange equations, which in coordinates read as the time
independent case ([L.5)), but now the Lagrangian depends explicitly on time.

The geometric perspective of this formalism is related to cosymplectic geometry. In-
deed, a cosymplectic structure on an odd-dimensional manifold is given by a pair (2, )
where (2 is a closed 2-form and 7 is a closed 1-form such that # A (2" # 0 where M has
dimension 21 + 1. Given a function H on M, one defines its Hamiltonian vector field Xg;
as the one satisfying the equations

ix,w=dH, ix,n7=0. (1.8)
The Reeb vector field R, which is defined as

LRpWw = 0, LR = 1. (19)
From this, we define the evolution vector field as
Ey = Xy + R. (1.10)
There are also Darboux coordinates (t, qi, p;) for this geometry such that
) d
Q=dq' Adp;, n=dt, R= ETh (1.11)

The integral curves of Ej; obey the same equations as in ([1.3]), but now the Hamiltonian
is time-dependent [3} 43, 106]].

Nevertheless, both of this geometric models have limitations. For example, they are
unable to deal with situations in which there is energy dissipation. Contact Hamiltonian
systems provide a setting in which new classes of systems can be modeled.

From the variational perspective, the idea is the following. We again add an extra
variable z on the tangent bundle TQ x R, but now it will not represent time, but action.
We now consider an action-dependent Lagrangian L : TQ x R — R. Hence, the action
should be computed as follows

T
2(Ty) = [ Liq(b), (1), z(0)dt. (1.12)
0
Taking derivatives, we obtain the following non-autonomous ODE.
& _ L(q(t),4(t),z(t))
dr = T (113)
Z<T0) = Zo,



for some fixed initial action zy € R. The action of a curve g : [Ty, T1] — Q is, thus, the
value of z(T7), where z(t) is the solution to ([1.13]). The critical points of this action are
the solutions to the Herglotz equations [[159]:

d oL\ oL dLOL
( ) (1.14)

dr\og )~ og 3oz

We note that both the variational principle and the equations of motion reduce to the
usual Euler-Lagrange case if the Lagrangian does not depend on the action z.

The geometric setting takes place on a contact manifold (M, 1) with contact form #.
This means that 7 is a 1-form such that 7 A d" # 0 and M has odd dimension 2n + 1.
There exists a unique vector field R (also called the Reeb vector field) such that

L,Rdﬂ =0, LRy = 1. (115)

We are augmenting the phase space by adding the action as an extra dimension. Physi-
cally, a contact manifold is an extended phase space of the system. Now, we are not only
jointly considering the position and the momenta of the system, but also the action. Of
course, this extra flexibility also allows us to find geometric properties, such as symme-
tries that do not exist on the usual phase space.

There is also a Darboux theorem for contact manifolds, so that around each point in
M one can find local coordinates (called Darboux coordinates) (4',p;, z) such that

. P
n=dz—pdqg, R=-. (1.16)

Then, given a Hamiltonian function H on M we obtain the Hamiltonian vector field Xy,
which is the one satisfying

Lx,n=—-RMH)y, 1x,n1=-H (1.17)

In Darboux coordinates we get this local expression,

X _0JH 9 (8H+ aH)a+( JH H)a (1.18)
B 9p;04  \ ogi Piaz ap; Pi ap; 0z’ '

Therefore, an integral curve (qi(t), pi(t),z(t)) of Xy satisfies the contact Hamilton equa-
tions
d¢ oH dp;  (oH N oH dz  JH o (1.19)
dt ap;” dt  \og Praz ) @ _plapi ’ '

Let us give an example of how these equations can model some dissipative systems.
Consider a Hamiltonian system given by the Hamiltonian

2
H(q,p,z) = g—m + V() + vz, (1.20)



1. Introduction

where v € R is a constant. This Hamiltonian corresponds to a system with a friction
force that depends linearly on the velocity (in our case, on the momenta). Indeed, its
contact Hamilton equations are the following

._ P
= — 1.21
4= (1.21a)
) oV
p= g TP, (1.21b)
2
z= = V(g) — vz (1.21¢)

That are just the damped Newtonian equation, which has a dissipative behavior.
Indeed, as we will later see, along a solution x (t) = (q(t),p(t),z(t)) of the equations
of motion for any Hamiltonian H, the following is satisfied

% = —RE)E)HX®)). (1.22)

Hence, loss of energy is present in these dynamics for non-trivial Hamiltonians.

As one can easily see, the contact Hamilton equations Equation (1.19) are far to
be considered as a simple odd-dimensional counterpart of the symplectic ones: both
geometries show different properties, symplectic and cosymplectic manifolds are Poisson,
but a contact manifold is strictly a Jacobi manifold.

Applications of contact systems

In recent years, several applications of contact Hamiltonian dynamics have been found
in many areas of science [32]]. We provide a non-exhaustive list of recent applications.

e One of its earlier applications was on the geometrization Constantin Carathéodory’s
theory of thermodynamics. The relationship of contact geometry with thermody-
namics was known at least since [[12,(160]. The use of contact Hamiltonian systems
to describe thermodynamic processes was latter introduced [[14} 36, 141, 203| [244]].
More recently, this description has been extended to some non-equilibrium ther-
modynamic systems [7, 118|122} |148) 156].

e Applications have been found in many areas of physics [169]], such as quantum
mechanics [64, 157, 219, geometric optics [57]], electromagnetism [134], celestial
mechanics [37]], cosmology [235, 236]], and statistical mechanics [31, 253]], and
dissipative mechanical systems [53, 129} |200]].

e There are applications in control theory [93} 208, 216 246]].

e The relationship between contact systems, stochastic processes and information
geometry has also been explored [149]].

e Contact Hamiltonian systems may also be used in optimization [[34] and neural
networks [[128]].

10



1.1. Outline of this thesis

e Several kinds of numerical integrators have been developed [6} (9,37, (189, 248]].
e The problem of complete integrability has also been discussed [28) 232, 250]]

The aim of this dissertation and of my research on the last years is to provide tools
which can be useful for other mathematicians, scientist or engineers which encounter
problems that can be modelled using contact Hamiltonian systems in their work. On the
one hand, part of our work is theoretical. It consists on improving our understanding of
contact systems, proving theorems about their behavior, developing alternate formalisms
in order to express the dynamics (as the Tulczyjew triples or the Hamilton—Jacobi theory),
etc. On the other hand, we are also interested on finding potential new applications
of contact Hamiltonian systems. Indeed, we directly worked on thermodynamics and
control theory. Now we present a brief overview of the content of this thesis.

141. Outline of this thesis

This thesis has two parts. The first part is devoted to the theory of contact Hamiltonian
systems, which is the major part of this work. In the second part, we cover applications
on thermodynamics and control theory. The first part is composed by the following
chapters.

In Chapter 2] we introduce the elementary results and definitions on contact geometry
and contact Hamiltonian systems, and put them in the more general context of Jacobi
manifolds. At the end of the chapter, we define the evolution vector field, introduced
in [7]] which provides an alternative dynamics for contact systems. These results are
part of the core of our work, and will be used repeatedly on the thesis. Apart from the
evolution vector field section, this chapter is mostly based in [|88], but some results have
been expanded in order to provide support for the rest of the thesis sections.

Chapter[3|deals with the Lagrangian formalism, which is expressed both geometrically,
where the dynamics is constructed using the structure of the tangent bundle, and through
the Herglotz variational principle. This formalism will be used and extended throughout
the thesis. This work was published on [[89]], except from the part concerning the evolution
vector field, which was also introduced in [[7]].

In Chapter [ we study the transformations which preserve the dynamics of the system.
In our geometric theory, these transformations will consist of diffeomorphisms and vector
tields, their infinitesimal counterparts. We cover both the Hamiltonian and Lagrangian
formalisms, where we obtain a generalization of the Noether’s Theorem. Unlike in the
symplectic case, here symmetries are not related to conserved quantities, but to dissipated
quantities that dissipate at the same rate as the energy [90]. Also, we introduce the
concept of equivalent Lagrangians, which is important to understand how the equations
of motion are modified when we change the way of measuring the action, as in the case
of gauge transformations in electromagnetism [|84]]. Last of all, we cover the reduction
of these systems. We prove a general theorem on coisotropic reduction and use it to
obtain a Marsden-Weinstein-like reduction theorem for contact systems on presence of
symmetries [88]].

11
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In Chapter 5| we deal with the singular Lagrangians, that is, those whose Hessian
matrix with respect to the velocities is singular. We present a geometric model for these
systems, which is not contact geometry, but precontact geometry. The dynamics of those
systems may not be defined on the whole manifold, but just on a submanifold. We
provide an algorithm, similar to the one introduced by Gotay and Nester, which finds
the largest submanifold in which the dynamics can be defined. These results were first
obtained in [|89].

Chapter|[6| concerns about action-dependent Lagrangian systems and constraints, in
two different ways. On the one hand, we can interpret action-dependent Lagrangian
systems as Lagrangian systems in the usual sense with constraints [95]]. On the other
hand, we can add additional constraints to an action-dependent Lagrangian system.
Moreover, these constrained systems also come in two flavors. There is a nonholonomic
principle [87]], which are usually useful in applications to mechanics, and also a vako-
nomic principle [94], which has applications in control theory.

In Chapter|[7} we introduce a set of tools that relate objects in contact geometry with ho-
mogeneous objects on symplectic geometry. This process, which is called symplectization,
sometimes allows converting problems in contact geometry into problems of symplectic
geometry, which are usually better studied. This chapter is based on some unpublished
notes, and it tries to give a general theory expanding some tricks that we have used on
some of our articles.

In Chapter 8| we provide an analog of Tulczyjew triples for contact systems in which
both Hamiltonian and Lagrangian formalism can be interpreted as Legendrian submani-
folds of contact manifolds. These triples were initially introduced in [127]], but here we
present them differently, using symplectization.

In Chapter[9} we introduce the Hamilton—Jacobi theory for contact systems [92]], which
provides an alternative method to solve the equations of motion by solving a PDE instead
of a system of ODEs.

Now we enter on the part of our thesis related to the applications of contact systems,
where we focus on two areas.

In Chapter[I0jwe discuss some applications to thermodynamics. The first section of this
chapter deals with contact geometry in equilibrium thermodynamics, which is a classical
theory tracing back to Arnold [12]. Here we also include examples of applications of
some of the tools developed on the first chapter. On the second section we present a
dynamical theory to describe non-equilibrium thermodynamic contact systems based
on the evolution vector field that we introduced in [7, 10]].

In Chapter [I1]we formulate a generalization of the optimal control problem, which
we call the Herglotz control problem, in which the cost is given by a non-autonomous
ODE instead of a definite integral. We solve the problem in two ways: by developing a
contact version of the Pontryagin maximum principle [93], and by applying the theory
of vakonomic constraints on action-dependent Lagrangian systems [94]].

At the end of this dissertation, in Chapter[I2] we include the highlights of articles in
which I have worked during my time as a predoctoral researcher, but have not been
discussed in this dissertation. Here we include the following items:

12



1.1. Outline of this thesis

e The introduction of a unified formalism [86] (similar to the Skinner-Rusk formal-
ism) in which we are able to study the Hamiltonian and Lagrangian formulation
at the same time.

e A theory of action-dependent Lagrangians in which they are able to depend on
derivative of the position of higher order than the velocity [|85].

e Finally, in [9] we defined what a discrete contact system is and proved that one can
construct an exact discrete Lagrangian from the continuous counterpart, provid—
ing numerical methods to approximate their solutions which preserve geometric
properties of the system, based on a discrete version of the Herglotz principle.

We finish in Chapter [13|by presenting some open problems in contact Hamiltonian
systems.

13
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2. Contact Hamiltonian systems

This chapter is devoted to the introduction of the basic concepts of contact geometry and
contact Hamiltonian systems. Some reference textbooks are [2,13, 21} 22,106, |142]].

In Section [2.1) we provide the elementary definitions of contact geometry and give
some examples of contact manifolds.

Next, in Section 2.2} we add the dynamics to the picture. Hamiltonian vector fields are
introduced, and their elementary properties are studied.

In Section [2.3| contact manifolds are depicted on the more general context of Jacobi
manifolds. Those manifolds are equipped with a bracket which provides a Lie algebra
structure on the space of functions. We compare contact manifolds with other Jacobi
manifolds, including symplectic, cosymplectic and locally conformally symplectic.

In Section 2.4 we deal with the properties of special types of submanifolds of contact
manifolds, such as Legendrian, isotropic and coisotropic submanifolds, and we explain
their relationship with Hamiltonian dynamics.

Up to now, most of the content of this article is an expanded version of the introductory
chapters of [88]. We end in Section2.5|where we present the evolution vector field, which
was introduced by us in [7]] in order to model some non-equilibrium thermodynamic
systems. This vector field provides an alternative dynamics which is not Jacobi, but
almost-Poisson.

2. Contact geometry

In this section we introduce some basic definitions and results of contact geometry.

Definition 2.1. A contact manifold is a pair (M[1), where M is a (21 + 1)-dimensional
manifold and 77 € OV (M) is a contact form, that is, a nondegenerate 1-form such that
A (dq)" is a volume form, i.e., it is non-zero at each point of M.

Definition 2.2. A contact distribution @is a rank 2n distribution on a (2n + 1)-dimensional
manifold M such that H is locally the kernel of a contact form. That is, at any pointp € M
there exist an open set U and a contact form #; on U such that #{,;; = ker ;. We do not
require #{ to be globally the kernel of a contact form. Equivalently, we may require M to
be a maximally non-integrable rank 2n distribution [137]].

Remark 2.1 (Another definition of contact manifold). Some authors [[13| 182,190, 257]]
define a contact manifolds (M, #) as an odd-dimensional manifolds M with a contact
distribution H. However, we will not use this definition for the reasons that we explain
below.

17



2. Contact Hamiltonian systems

Although part of the concepts we will be working with only depend on the contact
distribution, such as those of isotropic and Legendrian submanifold, the choice of contact
forms plays a crucial role on the dynamics of the contact Hamiltonian system. A contact
distribution does not provide enough structure to define the Reeb vector field, or to set
up the correspondence between functions and their contact Hamiltonian vector fields.

We acknowledge that part of this theory can be carried away to the setting of a manifold
with a contact distribution (M, H). As it is explained in [[189]], one denotes by L = M/H
the quotient line bundle. Then, it would be possible to define an L-valued “contact
form” 6 : TM — L such that 8(X) = X (mod H). There is a natural bijection between
Hamiltonian vector fields and sections of the line bundle (but not for functions on M).

What we refer to as contact manifolds is called by some authors exact contact mani-
folds [[190] or co-oriented contact manifolds [257]].

Remark 2.2 (Contact forms vs contact distributions). Given a contact form 5, H = ker 7 is
clearly a contact distribution. Conversely, a contact distribution /¢ is globally the kernel
of contact form if and only if #{is co-orientable [138]].

Notice that in the co-orientable case, the contact form defining / is not unique. Indeed,
if H = ker 77 it will also be the kernel of the contact forms f# for any nonzero f € C™ (M).
Hence, there is no canonical way to obtain a contact manifold (M, ) from a manifold
with a contact distribution (M, ).

Given a contact manifold (M, 77), in addition to the contact distribution ker 7 we can
define the complementary Reeb distribution

= ker dy. (2.1)

By the conditions on the contact form, the following is a Whitney sum decomposition:
T™M=Hel, (2.2)
that is, we have the direct sum decomposition of the tangent space at each point x € M:
TM =M, & U,. (2.3)

We will denote by 7r); and 7 the projections on these subspaces.

We notice that dim /{ = 2m and dim U = 1, and that dy); is nondegenerate, giving
(H, dnly) the structure of a symplectic vector bundle over M.

The contact structure of (M, 77) gives rise to an isomorphism between tangent vectors

and covectors. For each x € M,
b:T.M — T*M 20
v = 1,dy 4+ 1(v)7. '

In fact, the previous map is an isomorphism if and only if # is a contact form [3]]. Similarly,
we obtain a vector bundle isomorphism

b

™ > T*M
\ / (2.5)
™ TTMm

M
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2.1. Contact geometry

where Ty : TM — M and 7y, : T*M — M are the canonical projections.

We will also denote by b : X(M) — Q! (M) the corresponding isomorphism of C™ (M)-
modules of vector fields and 1-forms on M. We denote # to the inverse of b, that is
g=>p"1

Definition 2.3. From the definition of the contact form and the dimensions of the Reeb
and contact distributions, we can easily prove that there exists a unique vector field
named the Reeb vector field, such that

ign =1, 1xdy =0. (2.6)
This is equivalent to say that
b(R) =1, (2.7)

so that, in this sense, R is the dual object of 7.
This vector field generates the Reeb distribution, !} = (R).

There are some interesting classes of maps between contact manifolds.

Definition 2.4. A diffeomorphism between two contact manifolds F : (M, #) — (N, T) is
a contactomorphism if
Frt=mn. (2.8)

A diffeomorphism F : (M, ) — (N, T) is a conformal contactomorphism if there exist a
nowhere zero function f € C™ (M) such that

F*t =fy. (2.9)

That is, F preserves their corresponding contact distributions, i.e. F, (ker#) = ker 7.

A vector field X € X(M) is an infinitesimal contactomorphism (respectively infinitesimal
conformal contactomorphism) if its flow ¢, consists of contactomorphisms (resp. conformal
contactomorphisms).

Proposition 2.3. A vector field X on a contact manifold (M, ) is an infinitesimal contactomor-
phism if and only if
Lxn =0. (2.10)

Furthermore, X is an infinitesimal conformal contactomorphism if and only if there exists
a e C (M) such that
Lxn = an. (2.11)

Proof. Let X € X(M) and let ¢; be the corresponding flow. The proof of both statements
follows from the following fact [2]]

d
=51 = ¢ Ly 212)

O]
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2. Contact Hamiltonian systems

In what it follows, we say Z an infinitesimal conformal contactomorphism with confor-
mal factor a if Lx (1) = an.

Every pair of contact manifolds are locally contactomorphic. Thus, we can use a canon-
ical set of coordinates for any contact manifold. This is implied by Darboux Theorem [2,
Thm. 5.1.5] or [[142]:

Theorem 2.4 (Darboux theorem). Let (M, 1) be a (2n + 1)-dimensional contact manifold.
Around any point x € M there is a chart with coordinates (ql, v 0", P1 v Py, 2) such that:

n=dz—pidq'.
In these coordinates, _
dny =dp; A dq,
)
=5 (2.13)
and 3
(3]
0z (2.14)
H = (A, BYL),
where
) )
A= a_ql + Pim=s (2.15)
. d
Bt = —. 2.1
Ip; (216)
The local vector fields A; and B have the following property:
dn(A;, Ajp) = dy(B,B) =0, dy(A;,B) = 6. (2.17)

Furthermore, {Al,Bl, v, A,,B", R} and {dx1, dyy, ..., dx", dy,, 7} are dual basis.
This basis is not a coordinate basis of any chart, since the form 7 is not closed. The Lie
brackets do not vanish:
[A;,Bl=—-R, Vie{1,...n}. (2.18)

Indeed, these vector fields form a basis for the Heisenberg Lie algebra [35].
We finish this section by providing some examples of contact manifolds.

Example 2.1 (Extended cotangent bundle). The extended cotangent bundle of a manifold
Q is the manifold T*Q x R. The contact structure is constructed using by the pullback of
the Liouville 1-form 6 and the differential of the R coordinate. That is,

=dz —p;dg'. (2.19)

In physical applications, Q is the configuration manifold, which parametrizes the posi-
tions of the system. The points of T*Q x R parametrize the positions, momenta, and the
extra variable is the action.
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2.1. Contact geometry

In some situations it is useful to think about this manifold as the manifold of 1-jets of
functions on Q, J1Q [230]], which is naturally isomorphic to T*Q x R, by the identification
(df,f) = j'f, where jlf is the 1-jet of a function f : Q — R.

Example 2.2 (Projective cotangent bundle). Given an n + 1-dimensional manifold Q, its
projective cotangent bundle P (T*Q) is the (2n — 1)-dimensional manifold whose fibers
atq € Q are the projective space over T;Q (the set of 1-dimensional subspaces of T;Q).

A nonzero covector a; € T;; Q it determines an element ]P’(vq) = (vq> S ]P’(T*Q). Two
covectors determine the same element on P(T*Q) if and only if they are proportional.

Another way to think about this space is as the space of contact elements on TQ, which
is the set of hyperplanes. Indeed, (¢) € T*Q corresponds with the hyperplane ker a.
Since two forms define the same hyperplane if and only if they are proportional, this
correspondence is well-defined and bijective.

Points on the projective cotangent bundle can be described using homogeneous coor-
dinates

(qO,...,q”, (po: - 1pul) = Q((qo,...,q”,po,...,pn)). (2.20)

Another way to describe the points of P(T*Q) is through an affine chart. For this,
we start with a set of projective coordinates, and we assign to each line the point it
intersectﬂ with {p, = =1} C P(T*Q) for some a € {0,...n}. This is defined on the
set U, = {p, # 0} C P(T*Q). Its complement {p, = 0} C P(T*Q) is referred as the
hyperplane at infinity of this affine chart. The correspondence is given by

Po Pa-1  Pa+1 Pn
(qO,...,q”, [(po i 1 pul) — (qo,...,q”,—— ., ——— .= —) (2.21a)

° ! Pa Pa Pa Pa
q°, ., q" [Py : Py i =1:Pypq : Py1) < (4% ..., q", Py ... Py). (2.21b)

The projective cotangent bundle has a natural contact distribution
H = P (ker 0a) = P (ker(g*dp,)). (2.22)
In an affine chart we can define a contact form #* such that { = ker#® in U, by taking
p=dg+ Y Bdp = dgr =Y Pidg. (2.23)
ita ’a i+a

Since the sets U, cover P(T*Q), we see that /{ is a contact distribution. However, the
contact form 7 and 5’ do not agree at U, N U,. Indeed,

=, (2.24)
Pa

hence they do not define a global contact form. In fact, this is an example of a manifold
which has a contact distribution but not a contact form, as in Remark 2.2} This is the case

!Usually, one chooses the plane p, = 1, but we choose p, = —1 so that the affine chart gives us Darboux
coordinates.
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2. Contact Hamiltonian systems

because # is not co-orientable: there exist no distribution (! such that TP (ker GQ) = Hal.
A proof of this fact can be found in [|138, Proposition 2.1.13].

During this text, the projective cotangent bundle of Q = Q x R will appear. On this
case, we note that the affine chart on {p, = —1} provides a contactomorphism with the
extended cotangent bundle of Q, ¢ : T*Q x R —» P(T*(Q x R)) \ {p, = —1}, which is
given by

¥(q,p,2) = @qzIp: -1, (2.25a)
714,z [p: p:D) = G2, —p/p2). (2.25b)

Symplectic manifolds with a Liouville vector field are closely related to contact mani-
folds. Indeed, generic hypersurfaces of those manifolds inherit a contact structure. In
Chapter [/]we will elaborate on this relationship, but now we give an example. More
information will be given about those manifolds in Section

Example 2.3 (Hypersurface transverse to the Liouville vector field ). Given a hypersurface
i:N < (M, w) in a symplectic manifold transverse to a Liouville vector field A (that is, a
vector field satisfying L w = w) of a (2n)-dimensional exact symplectic manifold, the
form 1 = i*6, where 6 = 15w, is a contact form for M [[142, Theorem 5.9].

Indeed, using Cartan’s formula we can proof that LAw = w. Hence,

n_, 1
nA(dy)" =i ((1x0) AN W") = "

n 1i*(LAw”). (2.26)

Since A is transverse to N, at x € N we have that T,M = T,N & (A,). Thus, as «w" is

non-degenerated (i4w™) TN 18 also non-degenerated. Hence, 7 is a contact form.
X

2.2. Contact Hamiltonian systems

Contact Hamiltonian systems are the main subject of study in this work. In this section
we will introduce them and explain their main properties.

As in the case of symplectic manifolds, the contact structure provides a correspondence
between functions and vector fields. Indeed, given a Hamiltonian function the contact
structure will produce dynamical equations.

Definition 2.5. Given a smooth real function H : M — R on a contact manifold (M, %),
we define its contact Hamiltonian vector field (or just Hamiltonian vector field) as the vector
tield X} satisfying

b(Xy) = dH — (R(H) + H). (2.27)

We note that this vector field exists and is unique, since b is an isomorphism.
In Darboux coordinates, this is written as follows

_9JH 9 <8H+ aH> d +< JH H) 0 (2.28)
B 9p;04  \ 9gi Piaz ap; Pi ap; 0z’ '
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2.2. Contact Hamiltonian systems

An integral curve of this vector field satisfies the contact Hamilton equations:

., OH
g' = a_qi' (2.29a)
oH JoH
pi = _<8_ql + Pig), (2.29b)
) oH
z= pia_p — H. (2.29¢)
1

These equations are a generalization of the conservative Hamilton equations. We recover
this particular case when R (H) = 0. That is, when H does not depend on the action z.

The equation for the positions g’ has the same form that the usual Hamilton
equation. However, the equation for the momenta p; has an extra term proportional
to the momenta and the derivative of H with respect to z, which will create dissipative
effects on some situations.

In the last equation (2.29d), we see that z coincides with the expression of the action
on classical mechanics. This will play an important role in the Lagrangian formalism.

We remark that the Reeb vector field is just the Hamiltonian vector field for the Hamil-
tonian H = -1, i.e.,

X 1=R. (2.30)

There are some equivalent definitions of the Hamiltonian vector field, which we will
often use.

Proposition 2.5. Let H : M — R be a Hamiltonian function. The following statements are
equivalent:

1. Xy is the Hamiltonian vector field of H.

2. The vector field Xy is given by
Xy = #(dH) — (R(H) + H)R. (2.31)
3. The vector field Xy satisfies that
n(Xy) = —H, (2.32a)
ix,dn = =R (H)n + dH. (2.32b)
4. The vector field Xy satisfies that
n(Xy) = —H, (2.33a)
Lx,,n=—=RH)7. (2.33b)
5. The vector field Xy is an infinitesimal conformal contactomorphism satisfying

n(Xy) = —H. (2.34a)
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2. Contact Hamiltonian systems

6. The vector field Xy satisfies that

n(Xy) = —H, (2.35a)

Equivalently, the projection of Xy onto the Reeb distribution is —H R and its projection onto
the contact distribution, which is a symplectic vector bundle, (H, dnyy) is the Hamiltonian
vector field of H.

Proof. Items |1 and [2| can be seen to be equivalent because b and # are inverses, and
b(R) = 1.
Now, we will see that([I]is equivalent to[3} Expanding b on(I} we obtain

tx,dn + n(Xg)n = dH — (R(H) + H)1. (2.36)

Contracting both sides of the previous equation with R, we find that #(Xy) = —H.
Substituting this on the previous Equation (2.36]), we obtain Equation (2.32b)), proving
item[3] Conversely, we can prove Equation using the identities in Equation (2.32))
to expand the left hand side of Equation (2.36)).
The equivalence of items[3Jand [4|follows from Cartan’s formula Lx,, /7 = 1x,,dyj+dix, 7.
Now, we turn to item From Proposition we that X is a Hamiltonian vector field if
it satisfies

§(Xp) = —H, (237a)
Lx,,n=an (2.37b)

for some function a. In order to see that this is equivalent to item [4] we just need to prove
thata = —R(H). Indeed, contracting both sides of the second equation with & and
using Cartan’s formula for the Lie derivative Ly, 1, we obtain

a =1Ly, n=1rlx,dn—dH) = —R(H). (2.38)

Last of all, we need to see that item [p]is equivalent to item 3] Clearly, if we restrict
Equation (2.33b) to the contact distribution #{, we obtain Equation (2.35b]). Conversely,
from Equation (2.35b|) we obtain

ix,dn = dH + f1, (2.39)

for some function f. Noticing that —dH = dix,, 77 and using Cartan’s formula, we obtain
that f = —R(H)n. Thus, we retrieve Equation (2.33b)).
O

We will now define the main object of study of this work, which is no more that a contact
manifold equipped with a function, and the dynamical equations of its Hamiltonian
vector field.
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2.2. Contact Hamiltonian systems

Definition 2.6. A contact Hamiltonian system is a triple (M, 17, H), where (M, 1) is a contact
manifold and H is a smooth real function on M that we will refer to as the action dependent
Hamiltonian or just the Hamiltonian.

The contact Hamiltonian vector fields model the dynamics of dissipative systems. As
opposed to the case of symplectic Hamiltonian systems, the evolution does not preserve
the energy, the contact form or the natural volume form.

Theorem 2.6 (Energy and volume dissipation). Let (M, , H) be a Hamiltonian system. The
flow of the Hamiltonian vector field Xy does not preserve the energy H. In fact

Lx,,H=—-R(H)H. (2.40)
The contact form is also not preserved:
Lx,,n=—=RH)7. (2.41)
As well, the contact volume element Q = 5 A (dn)" is not preserved.
Lx, Q2 =—m+1HRH). (2.42)

However, if H and R (H) are nowhere zero, there is a unique volume form depending on the
Hamiltonianﬂ (up to multiplication by a constant) that is preserved [30]]. By this, we mean that
there is a unique form Q) = (g o H)(Q, where ¢ : H(R) — R is a smooth function, which is given

i
O =H""+D, (2.43)

Proof. The first claim follows from contracting Equation with Xp.

The second claim was already proved in Proposition 2.5

We proceed with the third claim. We compute the derivative using the product rule
and Equation ([2.33Db))

Ly, (g A dm™) = =REH)y A (A"
+ng A A" A (=(ARH)) g — R(H)dn) (2.44)
=—m+1HRMH) A (dn)",

as we wanted to show.
Last of all, consider a volume form () = ( g o H)Q. Then

Ly, Q= Ly, (g H)Q+ (g0 H)Lyx, O

24
=—((§'cH)HRH) + (n+1)(g o H)R(H))(. (245)

“This is useful for applications in statistical mechanics, as can be read on the article [30]]. There might be
other invariant volume forms.

®Indeed, the form (2 is just a multiple of the volume form of 7 = #/H, which is the contact form inducing
the same contact distribution as 77, and such that J* = X is its Reeb vector field. This is an example of a
conformal equivalence, which will be studied on Section
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2. Contact Hamiltonian systems

Since 2 is a volume form and R (H) is non-zero, this Lie derivative vanishes if and only
if

g'h+ m+1)gh) =0, (2.46)
for h = H(x) € R. Hence, g is the solution to this linear ODE, which is unique up to
multiplication by a constant, and it is given by

g(h) = Ch=n+1), (2.47)

where C € R is a constant. Therefore, ( is preserved if and only if it is of the form
O =CH "D, (2.48)
O

The question of existence of an invariant measure on a Hamiltonian system in which the
Hamiltonian is allowed to vanish is more subtle and the answer is not always affirmative.
In the case that R is complete R (H) is a non-zero constant on the zero set of H we can
link the existence of an invariant measure to the existence of a geometric construction
called a symplectic sandwich with contact bread [29, Theorem 4.14]. The behavior of the
restriction of the dynamics to the zero level set has, indeed, special properties. The
dynamics outside the zero set are those of a Liouville vector field and inside they are
those of a reparametrization of a Liouville vector field.

Theorem 2.7 (Reeb-Liouville dynamics of contact Hamiltonian systems [29, Section 3]).
Let (M, n,H) be a contact Hamiltonian system. Then:

o The Hamiltonian vector field Xy is the Reeb vector field of fj = y/Hon U = {x € M |
H + 0}.

o Assuming that R(H) # 0 in the zero level set Lo = H1(0) then, the form
wy = —digy (2.49)

is an exact symplectic form on Ly, where iy : Lo — M is the canonical inclusion. Its
Liouwille vector field,
g0 = i3], (2.50)

satisfies

XHlg, = RH) 0 (2.51)
That is, the restriction of the Hamiltonian vector field to the zero level set is a reparametriza-
tion of the Liouville vector field.

Proof. First we prove that Xj; is the Reeb vector field (R of . The contact distribution } =
ker n7 = ker 77 is the same for both forms. Hence, Xj; is a conformal contactomorphism and,
thus, a Hamiltonian vector field Xy for #, with Hamiltonian H = —ix, 7 = —H/H = —1,

by Itemof Proposition Thus, Xy = X_; = R, by Equation .
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2.2. Contact Hamiltonian systems

Now, we continue with the second item. The form wy is closed since it is exact. Then,
it is a symplectic form if it is non-degenerate. Let p € L. Notice that, at that point,
wy = _d’7|Tpio' By the condition R (H) # 0, we have that Rp (and, hence kerdn = (R))
is transverse to T,,Ly. But since 7, A dij; # O,then dyly is non-degenerate for every
subspace V transverse to ker d7. Therefore, wy is also non-degenerated.

Finally, we first remark that Xy (H) = —R (H)H vanishes when restricted to Ly, hence
(ip) , Xu = Xnly, is a well-defined vector field. By Item of Theorem

ix,dn = —R(H)y + dH.
Pulling back by i, we get
Lig) Xplodl = —(R(H) o i)igy + digH = —(R(H) o ip)igy,
dividing by — (R (H) © iy),
—Lig) Xp/ RN = L(ig) Xpp/R(H)YWo = 1],
Thus, (ip), (Xg/R(H)) = Ay, as we wanted to show. O

We also provide some simple examples of contact Hamiltonian systems.

Example 2.4 (System with homogeneous Rayleight dissipation). Let Q be the config-
uration space of a mechanical system and consider is extended cotangent bundle with
its natural contact structure (T*Q x R, 775) as in Example LetHy: T*Q - R bea
Hamiltonian function (in the usual sense) and let y € R. We now consider a Hamiltonian

H:T"QxR - R

2.52
(4,p,2) = Ho(q,p) + 7z (2.52)

Hence, (T*Q x R, 17, H) is a Hamiltonian system. Its Hamiltonian vector field is given
by

oHy @ (9H
XH 0 ( 0

+ ) ? ( My ) J (2.53)
= — - . | = —— —Hp—7vz | —. .
apsor \ag ) ap T\ g T TR %

An integral curve of the Hamiltonian vector field satisfies the following equations of
motion.

. oH
i apo' (2.54a)
oH,
pi = _W’Q —p, (2.54b)
oH,
z = p,-a—o —Hy— 7z (2.54¢)

We can see that the first two equations are the usual Hamilton equations but with an
extra term that causes homogeneous Rayleigh dissipation [143]. That is, a dissipation
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2. Contact Hamiltonian systems

term linear on the momenta. The extra equation describes the behavior of the action and,
in this case, the first two equations are uncoupled from the first one.

A simple particular case is to take Q = R and Hy = %(p2 + qu), for a constant k € R.
That is, the Hamiltonian of a harmonic oscillator of mass 1. In this case, the equations of
motion are those of a damped harmonic oscillator

q=rp, (2.55a)
p=—kq—p, (2.55b)
. dHy

=pig - Hy — vz (2.55¢)

Example 2.5 (Mechanical system). Most examples in mechanics and thermodynamics
have the following structure. Let (Q, ) be a pseudo-Riemannian manifold, and let

H:T"QOxR - R
1 4 1 (2.56)
(q,p,z) — Eg (p,p)+V(gz2) = ng(p,m +V(q,2),

where ¢!, with components g7, is the inverse of the metric g, with components gij- The

first term ¢~ ! (p, p) is the kinetic energy and the second one, V (g, z) the potential, which
is allowed to depend on the action. The equations of motion are

i =g¢"p;, (2.57a)

. loghk oV

pi = _Ea_qqu”’k ~Pig_ (2.57b)
1 .

z = Eg’] (p,p) +V(q,2). (2.57¢)

This generalizes the well-known case when the potential does not depend on the action [2,
Section 3.7].

2.3. Contact manifolds as Jacobi manifolds

Contact manifolds are examples of a more general kind of geometric structures introduced
in [|170} |188]], the so-called Jacobi manifolds. Those manifolds generalize many known
geometric structures and are characterized by having a bracket which provides a Lie
algebra structure on the space of functions. From a dynamical perspective, this is a
vast generalization of the Poisson bracket of classical mechanics, and it provides an
abstract context in which we can talk about Hamiltonian vector fields. Jacobi brackets
are characterized as being the most general local Lie brackets we can write on functions.
It is necessarily given by a bivector field and a vector field having suitable compatibility
conditions.
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2.3. Contact manifolds as Jacobi manifolds

Definition 2.7. A Jacobi manifold is a triple (M, A, E), where A is a bivector field (a skew-
symmetric contravariant 2-tensor field) and E € X(M) is a vector field, so that the
following identities are satisfied:

[A,A]=2EAA (2.58)
LpA = [E,A1=0, (2.59)

where [+, -] is the Schouten—Nijenhuis bracket [205] [231]].

The Jacobi structure can be characterized in terms of a Lie bracket on the space of
functions C™ (M), the so-called Jacobi bracket.

Definition 2.8. A Jacobi bracket {-,-} : C* (M) x C* (M) — C* (M) on a manifold M is a
map that satisfies

1. (CT(M),{-,-}) is a Lie algebra. That s, {-,-} is R-bilinear, antisymmetric and satis-
fies the Jacobi identity:

{f {igm+{ghy+{hifg)=0 (2.60)
for arbitrary f,g,h € C”(M).

2. It satisfies the following locality condition: for any f,¢ € C™ (M),

supp({f,§}) C supp(f) Nsupp(g), (2.61)

where supp(f) is the topological support of f, i.e., the closure of the set in which f
is non-zero.

This means that (C” (M), {-,-}) is a local Lie algebra in the sense of Kirillov [[170]].
Given a Jacobi manifold (M, A, E) we can define a Jacobi bracket by setting
{f,g} = A(df,dg) + fE(g) — gE(f). (2.62)
In fact, every Jacobi bracket arises in this way.

Theorem 2.8. Given a manifold M and a R-bilinear map {-,-} : C" (M) x C* (M) — C* (M),
the following are equivalent.

1. The map {-,-} is a Jacobi bracket.
2. (M, {-,-}) is a Lie algebra which satisfies the generalized Leibniz rule
{f,gh} = g{f, h} + hi{f,g} + ghE(f), (2.63)
where E is a vector field on M.

3. There is a bivector field A and a vector field E such that (M, A, E) is a Jacobi manifold and
{-, -} is given as in Equation (2.62)).
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2. Contact Hamiltonian systems

Proof. By a straightforward computation, (3|) implies ([2]).

The statement follows from by noticing that the generalized Leibniz rule
implies that the map Xf : C°(M) - C°(M) such that Xf(g) ={f,g} +gE(f) is a R-linear
derivation on C™ (M), hence it defines a smooth vector field. Therefore, if g vanishes on
a neighborhood of p € M then X (g) and gE(f) also vanish and, consequently, so does
{f,g}. Hence, supp({f,g}) C supp(f) Nsupp(g).

In [[170, Section 2], it was proven that every local Lie algebra on the space of functions
is provided by a Jacobi structure. That is, (1]) implies (3)). O

The Jacobi structure also induces a morphism between covectors and vectors.

Definition 2.9. Let (M, A, E) be a Jacobi manifold. We define the following morphism of
vector bundles:
gy TM* > TM

o A, (2.64)

which also induces a morphism of C™ (M)-modules between the covector and vector
tields, as in Equation ([2.4)).

We will now discuss the main examples of Jacobi manifolds.

One important particular case of Jacobi manifolds are Poisson manifolds, such as
symplectic manifolds. A Poisson manifold is a manifold M equipped with a Lie bracket
{-,-} on C” (M) that satisfies the following Leibniz rule

{fg, hy =f{g, h}y +{f, hig. (2.65)

This can be seen to imply the weak Leibniz rule, giving a local Lie algebra structure on
C™(M). In terms of the Jacobi structure (M, A, E), Equation ([2.63) shows that a Jacobi
bracket is Poisson if and only if E = 0, hence a Poisson manifold will be denoted (M, A).
Of course, the simplest example of a Poisson manifold is a symplectic manifold (M, 77),
where A is just the inverse of the symplectic form w.
Another example of Poisson manifolds are cosymplectic manifolds.

Example 2.6 (Cosymplectic manifold). A cosymplectic manifold [3| 43, 46] is given by a
triple (M, (2, 77) where M is a (2n + 1)-dimensional manifold, (2 a closed 2-form and # is
a closed 1-form, such that 7 A (2" is a volume form on M.

We consider the isomorphism

b: T,M— T:M

2.66
X = 1xQ + n(X)n. (266)

If we denote its inverse by # = b~!, then

Aa, B) = Q(8a, #P),

is a Poisson tensor on M.
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2.3. Contact manifolds as Jacobi manifolds

Not every Jacobi manifold is Poisson. Indeed, given a contact manifold (M, 7) we can
define a Jacobi structure (M, A, E) by takinﬂ

Ala,p) = —dn(4a, 8p), E=—R, (2.67)

where # is defined as the inverse of b, given in Equation (2.4]). A simple computation
shows that A and E satisfy the conditions of Definition 2.7 In coordinates, A is given by

e d A ) N ) (2.68)
~ap;  \og F= '
Other important examples of non-Poisson Jacobi manifolds are locally conformally
symplectic manifolds.

Example 2.7 (Locally conformal symplectic manifolds). Let (M, (2) be an almost symplectic
manifold. That is, a manifold M equipped with a nondegenerate and antisymmetric, but
not necessarily closed two-form 2 Q% (M).

(M, ) is said to be locally conformally symplectic if for each point x € M there is an
open neighborhood U such that d(e“(2) = 0, for some ¢ € C™(U) so thatdeso (U,e”0)
is a symplectic manifold. If U = M, then it is said to be globally conformally symplectic.
An almost symplectic manifold is a locally (globally) conformally symplectic if there
exists a one-form 7 that is closed dy = 0 (respectively exact y = do) and

dQ =9y AQ.

The one-form v is called the Lee one-form. Locally conformally symplectic manifolds with
Lee form 7y = 0 are symplectic manifolds. We define a bivector A on M and a vector field
E given by

A, B) = Q0 (a),b~1(B)) = QF W), &B)), E=>b"1(y),

with a, B € QY M) and b : X(M) — QY (M) is the isomorphism of C* (M) modules
defined by b(X) = ix. Here # = b~!. In this case, we also have #, = #. The vector field
E satisfies tgy = 0 and L = 0, Lgy = 0. Then, (M, A, E) is an even dimensional Jacobi
manifold.

We will now state the Characteristic Foliation theorem for Jacobi manifolds [75,(170]],
which shows that Jacobi manifolds can be decomposed in contact and locally conformally
symplectic leafs. Before that, we introduce some terminology.

Hamiltonian vector fields associated with functions f on the algebra of smooth functions
C*® (M) are defined as

X = #a(df) +fE, (2.69)

4The minus signs on the definition are chosen so that the equations of motion and the brackets coincide
with the symplectic ones in case of functions independent on z.
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The characteristic distribution C of (M, A, E) is generated by the values of all the vector
fields Xf:

Cy = ({(Xpx) | f € CT (M)}, x €M, (2.70)
C=|] G (2.71)
xeM

This characteristic distribution Cis defined in terms of A and E as follows
Cy = (84) (TiM) +(Ey), Vx€EM
where (84) : TyM — T,M is the restriction of #4 to TyM for every p € M. Then,

Cy = CN T,M is the vector subspace of T,M generated by E, and the image of the linear

mapping #.,.
A Jacobi structure (or Jacobi manifold) is said to be transitive if its characteristic
distribution is the whole tangent bundle TM.

Theorem 2.9 (Characteristic Foliation theorem for Jacobi manifolds [[188]). The char-
acteristic distribution of a Jacobi manifold (M, A, E) is completely integrable in the sense of
Stefan—Sussmann, thus M is equipped with a foliation whose leaves are not necessarily of the
same dimension, and it is called the characteristic foliation. Each leaf has a unique transitive
Jacobi structure such that its canonical injection into M is a Jacobi map (that is, it preserves the
Jacobi brackets). Each leaf can be

1. A locally conformally symplectic manifold (including symplectic manifolds) if the dimen-
sion is even.

2. A manifold equipped with a contact one-form if its dimension is odd.

Remark 2.10. A completely integrable distribution in the sense of Stefan—Sussmann is involutive
but not necessarily of constant rank, therefore it defines a singular foliation in which leaves
are allowed to have different dimensions. A rigorous and more complete statement of
this result, which is a generalization of Frobenius Theorem, can be read in [238, Thm. 4.2].

This theorem generalizes the Symplectic Foliation Theorem [256]] for Poisson manifolds.
In the Poisson case, all the leaves are symplectic manifolds.

2.3.1. Contact manifolds as Jacobi manifolds

We end this section by explaining how some concepts related to contact manifolds and
Hamiltonian systems fields fit in this more general framework.
The map £, (Deﬁnition, in the case of a contact manifold, is given by

Ba(a) = #(a) —a(R)R, (2.72)
where the equality follows from this computation:
A, B) = —lﬁlglmdﬂ
" 273)
= L (B — (#EB)N) = P(Ba) — a(R)B(R),
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2.3. Contact manifolds as Jacobi manifolds

where we have used that

B =b#B = 1ypdy + n(#p)y = 1zpdy + B(R)n. (2.74)
For a contact manifold, #, is not an isomorphism. In fact,
kerfp = (1), im#p = H. (2.75)

The concepts of Hamiltonian vector fields for Jacobi manifolds (Equation )
also generalizes the one introduced for contact manifolds (Equation (2.27))). This can
easily be seen using the characterization on Equation (2.31]) and changing # by #,
using Equation (2.72)).

The Jacobi brackets can also be expressed in terms of the Hamiltonian vector field and
the contact form.

Proposition 2.11. On a contact manifold, the Jacobi bracket can be expressed in the following
ways.
{f, 8} = Xp(g) — gR(f) = =X (f) + fR(Z) = n([Xg, X¢]). (2.76)

In Darboux coordinates, the brackets are given by

_9f g I d% E(a_g ) %(ﬁ )
U 'g}_apiac/i a7 op; 0z \Mop, TP "op; @77)

Moreover, the map f — Xy is an antiisomorphism of the Lie algebras.

Proposition 2.12. Given a contact manifold (M, n), the map f — Xy is a Lie algebra antiiso-

morphism between the set of smooth functions with the Jacobi bracket and the set of infinitesimal

conformal contactomorphisms with the Lie bracket. Its inverse is given by X — —ix1.
Furthermore, X¢is an infinitesimal contactomorphism if and only if R (f) = 0.

Proof. Letf € C™(M). We will see that the map is well-defined. Since Lx = =R,
Xris an infinitesimal conformal contactomorphism, and it is an infinitesimal contacto-
morphism if and only if R(f) = 0.
By contracting Xy with the contact form, we can recover f, so the Hamiltonian map is a
bijection.
—1(Xp) = —n(Eadh) + 1(FR) = 1. (2.78)
Last of all, we will show that X — —ix7 is an antiisomomorphism. Since it is a bijection
because f — Xy is its inverse we only have to show that it is an antthomomorphism. That
is, if f,g € C™ (M),
tx,x )1 = {f, 8} (2.79)
For this, we will use again Cartan’s formula. We first notice that dn(Xf, Xq) = —A(df,dg).
Indeed,
dip(X, Xg) = Xp((Xg)) — Xg(11(Xp)) — tx;,x,11]

= —Xp(@) + Xo (f) — 1x,x 11
= —#A(df)(Q) +fR(Q) + #A(dQ) (f) — gR(f) — X5 X1
= —2A(df,dg) + fR(Q) — gR(f) — yx, x 11

(2.80)
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since #4 (df)(g) = —#A(dg)(f) = A(df,dg), due to the antisymmetry of A. From this,
we get

—{f, g} =-2{f,g) — X5 X1 (2.81)
hence {f, g} = 11X X ) O

2.4. Submanifolds of a contact manifold

As in the case of symplectic manifolds, we can consider several interesting types of
submanifolds of a contact manifold (M, 7).

To define them, we will use the following notion of complement given by the contact
structure:

Definition 2.10 (Contact complement). Let (M, 1) be a contact manifold and x € M. Let
A, C TyM be a linear subspace. We define the Jacobi complement of A,

A =840, (2.82)

where A,° = {a, € TiM | a,(A,) = 0} is the annihilator.
We extend this definition for distributions A € TM by taking the complement pointwise
in each tangent space.

Definition 2.11. Let N C M be a submanifold. We say that N isﬂ
e Isotropic if TN C TN*4.
e Coisotropic if TN D TN*A.
o Legendrian if TN = TN*4,

Indeed, this definition makes sense for arbitrary Jacobi manifolds, in this context, if
TN = TN*4 the submanifolds are called Legendre-Lagrangian, and they also generalize
Lagrangian submanifolds of symplectic manifolds [[162].

The coisotropic condition can be written in local coordinates as follows.

Proposition 2.13. Assume that (M, 1) is a (2n + 1)-dimensional contact manifold. Let N C M
be a k-dimensional submanifold given locally by the zero set of functions ¢, : U — R, with
ae{l,...,2n+ 1 — k}. We use Darboux coordinates (Theorem. We have that

TN = ({Z,)2141K,

where, ) ‘
Za = ﬂA (d¢a) = Ai((pa)Bl - Bl((Pu)Ai

Oy 04\ (D
9! Pioz dp;  Ip; \ 9 Piaz )
These are the usual definitions for Jacobi manifolds. In the context of contact geometry [|138] isotropic

(resp. Legendrian) submanifolds are defined as integrable (maximally integrable) submanifolds of the
contact distribution. We will prove that both definitions are equivalent in Propositionm
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Therefore, N is coisotropic if and only if, Z,(¢p) = 0 for all a,b. In coordinates:

9% a%)a‘f’b %(% %>_
<8qi+Pl oz ) dp;  Ip; 8qi+p’ 2z )=

(2.83)
For studying the properties of these submanifolds we need to analyze the orthogonal
complement 1 4 with some detail.

Proposition 2.14. Let A,I' C TM be distributions. The contact complement has the following
properties:

o (ANT)tr = Ata 4 T4,
o A+ =AtanTia,

Proof. This is due to the fact that the annihilator interchanges intersections and sums,
while the linear map #, preserves them. d

We note that the contact distribution (H, dyly) is symplectic. Let A C H. We denote
by L4, the symplectic orthogonal component:

At = (v e TM | dy(v,4) =0}, (2.84)

We remark that R € A*¢ for any distribution A. There is a simple relationship between
both notions of orthogonal complement:

Proposition 2.15. Let A C TM be a distribution, then
Ata = ﬂ}{(A). (285)

Proof. Letv € Atdr A A, Equivalently, d5(v,A) = 0 and v is horizontal. We will see that
v € Ata. Indeed, we can easily check that

B (Lodn) = b~ (i,dy) — dny(v, R) = b~ (1, dy) =, (2.86)
since,
b(v) = 1,dny + n(v)y = 1,dy, (2.87)

because v is horizontal. Therefore, At H C Ala.

To prove the other inclusion, we just count the dimensions. Let k = dim A, so that
dimA® = 2n + 1 — k. Since A4 = $,(A°), and ker(#,) = (17), we find out that if 7 € A°
(i.e., Ais horizontal), and then dim # 4 (A°) = 2n —k. Otherwise, dim 4 (A°) = 2n—k+1.
This trivially coincides with the dimension of the right hand side. O

We have the following possibilities regarding the relative position of a distribution A
in a contact manifold and the contact and Reeb distributions.

Definition 2.12. Let A C TM be a rank k distribution. We say that a point x € M is

1. Horizontal if A, C H,.
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2. Vertical if A, = (A, N Hy) & (Ry).
3. Oblique if A, = (A, N Hy) & (R + vy), with v, € H, \ A,.

If x is horizontal, then dimA+4 = 2n — k. Otherwise, dimA+4 =2n + 1 — k.
We say that a point x in a submanifold N C M is horizontal, vertical or oblique,
respectively, if x € TN is horizontal, vertical or oblique.

There is a characterization of the concept of isotropic/Legendrian submanifolds as
integral submanifolds of /{ which is frequently used as a definition [[138]).

Proposition 2.16. A submanifold i : N — M of a (2n + 1)-dimensional contact manifold
(M, ) is isotropic if and only if i*y = 0, that it, N is an integral submanifold of #, or N is
horizontal. Furthermore, it is Legendrian if and only if it is isotropic and of maximal dimension
(dim(N) = n).

Proof. If N is isotropic, by Proposition[2.15/then TN C TN*4" 0 }{ C H. Thus, N is clearly
horizontal.

Conversely, if N is horizontal, we already know that TN C H. Hence, if TN C TN Lay ,
thenitis coisotropic. Buti*dy = di*n = 0. Hence, di will vanish on every pairv, w € T,N.
Thus, TN C TN+ A} and, again by Proposition H is isotropic.

If L is isotropic, or, equivalently, horizontal, we can count the dimensions of the
orthogonal to the tangent bundle using Definition and see that it is Lagrangian
precisely when its dimension is 7. O

2.41. Some facts about Legendrian submanifolds

Legendrian submanifolds are of great importance on contact geometry. According to
Alan Weinstein's Lagrangian creed, “everything is a Lagrangian submanifold” [255] (in
the context of symplectic geometry). In many respects, Legendrian submanifolds are the
contact analog of contact submanifolds. Indeed, they also turn out to be “everything” in
contact geometry. We provide a couple of examples.

First consider the extended cotangent space. We can characterize which

Proposition 2.17 (1-jets are Legendrian submanifolds). Let -y be a section of the 1-jet
bundle Example ]1Q =T*QxR - R. Thenimy C T*Q x R is a Legendrian submanifold

of (T*Qx R, nq) ifand only if 7y is the 1-jet of a function f : Q — R. Thatis,y = j'f = (df,f).

Proof. Lety = (a,f) : Q - T*Q x R. Then, either by a coordinate computation or by
using the properties of the Liouville 1-form (a*, = a) we can compute

7*(a) = df —a*bg = df —a. (2.88)

By Proposition im v is a Legendrian submanifold if and only if (2.88|) vanishes. That
is, & = df. O
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This theorem is analogous to the fact that, in symplectic geometry, the image of a
sectiona : Q — T*Q is Lagrangianin (T*Q, wg = —df() if and only if a is closed (hence,
locally the differential of a function) [2].

We can also study when the sections of the extended tangent bundle are Legendrian. In
symplectic geometry, the image of a Hamiltonian vector field is a Lagrangian submanifold
of the tangent bundle, with the appropriate symplectic structure [242]]. The following
two theorem ins [[162]] will show that an analogous result holds for contact manifolds.

Proposition 2.18. Let (M, 1) be a contact manifold. Let ij be the 1-form on TM x R given by
nt=nC+17Y, (2.89)

where t is the usual coordinate on R and y© and n" are the complete and vertical lifts Appendix@
of nto TM.

Then, (TM x R, 1) is a contact manifold with Reeb vector field R = R, that will be called
the contact tangent of M.

Proof. We denote by b the C™ (TM x R)-module morphism given by

b: X(M) - QY(M)

2.90
X = ixdy + 5T (X)7. (2:90)

The map b denotes the contact isomorphism of (M, ) (see Equation (2.4)). Let X be
such that #(X) = 0 and let t be the coordinate corresponding to R in M x R. Then, it
follows from a straightforward computation that

b(X") =b(X)",

(X)) = b(X)C + th(X)V,
b(RY) =T,

b(RC) = —dt + tnT,

(9 v
(5)=1"

Hence, b is an isomorphism and 57 is a contact form (we recall that vertical and complete
lifts are linearly independent). O

(2.91)

Theorem 2.19. Let (M, 1) be a contact manifold, and let X € X(M), f € C™(M). We denote

Xxf:M->TMxR

2.92
x = (X, f(x), (292)

Then, X is a conformal contactomorphism with factor —f if and only if im(X xf) C (TM xR, 77)
is a Legendrian submanifold.
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2. Contact Hamiltonian systems

Proof. LetL = (X xf)(M). Takex € M and z = (X,,f (x)) € L. Then
T.L = {w, = ((Xy), (v),0(f)) |lv e TM} CT,(MxR)

(2.93)

On the other hand, by the properties of lifts [258]],
X = L, (1x)" o (Xx), = 1. (2.94)

Notice that L is n-dimensional, hence, by Proposition it is Legendrian if and only if
n vanisheson TL. Letv € TM,

f(wy) = (Lxm) (0) + £ ()17 (0). (2.95)

Hence, 17T vanishes on TL precisely when (X, —f) is an infinitesimal conformal contacto-
morphism. O

Since a Hamiltonian vector field Xy is a conformal contactomorphism with factor
—R(f), we obtain the following result.

Corollary 2.20. Let Xy be a Hamiltonian vector field of (M, n,H). Then, im(Xy, R(H)) is a
Legendrian submanifold of (TM x R, 57).

This result states that we can understand the dynamics of a contact system as a Legen-
drian submanifold. This is also a translation for the contact setting of the result obtained
by W. M. Tulczyjew in the symplectic setting [241]]. We will further develop this theory
in Chapter

Legendrian submanifolds are also of great importance on applications in thermody-
namics. They represent equilibrium states of the system [203]] (see Section[10.1)).

We end this chapter stating a theorem [[191]] [178, Proposition 43.18] that describes
the semilocal structure of a Legendrian submanifold. Indeed, the neighborhood of a
Legendrian submanifold is like a neighborhood of the zero section of its jet bundle.

Theorem 2.21. Let L be a Legendrian submanifold of a contact manifold (M, n). Then, there
exists an open neighborhood U of L on M and an open neighborhood V of the zero section of
JIL = T*L x R such that (U, n) and (V, 1) are strictly contactomorphic.

This can be seen as a stronger version of Darboux theorem, since the open set might be
taken to contain a Legendrian submanifold. This is also a contact version of Weinstein’s
Lagrangian Neighborhood Theorem [[254]].

2.5. The evolution vector field

As we have shown on the previous sections, given a function f on a contact manifold
(M, 17), one can naturally define its Hamiltonian vector field and study its dynamics.
Nevertheless, another vector can be defined: the evolution vector field 8f. This vector
was introduced in [|[7]] and its properties were further described in [9]]. This work was mo-
tivated by the study of some non-equilibrium thermodynamic systems, but the evolution
vector field can be introduced from a purely geometric perspective.
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2.5. The evolution vector field

Definition 2.13. Given a function H on a contact manifold (M, 1), we define its evolution
vector field Exy by

Eg=#a(dH) =Xy + HR (2.96)
or, equivalently
5(Ep) = df — R() 7. (2.97)
In Darboux coordinates, it is given by:
o o of o\ o of o
™ 9p; g (aql+p’82> ap; oy, oz (238)

As it is shown on the previous sections, a contact manifold naturally carries a Jacobi
structure such that the brackets are related to the contact Hamiltonian dynamics. On
the other hand, the dynamics of the evolution vector field is given by an almost-Poisson
bi-vector A ), which is part of the Jacobi structure (A, E). From this bi-vector, we
can define the Cartan bracket

[f, 81 = A(df,dg) = &(g) = =& (f)
o dg o &g af( %> %( i» (2.99)

“opor  agap oz \"op ) T oz Moy,

which is an almost-Poisson bracket. This means that it is bilinear, antisymmetric and it
fulfills the Leibniz rule, but it does not satisfy the Jacobi identity (hence it is not Poisson),
since [A,A] =2E A A #0.

Remark 2.22. Tt is important to notice that, that unlike the case of the contact Hamiltonian
vector field and like the symplectic case, the dynamics depend on dH. This implies that
the dynamical vector field is unnafected by adding constants to the Hamiltonian.

The dynamical properties of the evolution vector field differ with those of the Hamilto-
nian vector field. Indeed, unlike the Hamiltonian vector field, the evolution vector field
preserves the energy of the system, but it does not preserve the contact distribution.

Proposition 2.23. The flow of evolution vector field preserves the Hamiltonian of the system.
Indeed,

Eg(H) = 0. (2.100)

The Lie derivative of the contact form i with respect to the evolution vector field £y associated
to the Hamiltonian function f satisfies the following relation

Le,,n=—-RH)n +dH. (2.101)
The evolution vector field is tangent to the contact distribution. That is,

e, =0. (2.102)
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Proof. The first statement follows from the antisymmetry of A. Indeed,
éy(H) = A(dH,dH) = 0. (2.103)

The second one follows from the properties of the Lie derivative and those of the
Hamiltonian vector field (Proposition 2.5)):

Legn = Lxgerrn = Lx, 1+ Lary
= =R+ rmdf = =R(f)y + df.
The last claim follows from the fact that im #, = H (Equation (2.75))). O
However, the evolution vector field is not a conformal contactomorphism.

Proposition 2.24. The Lie derivative of the contact form 1 with respect to the evolution vector
field &g associated to the Hamiltonian function f satisfies the following relation

Len = =R(H)yy +df. (2.104)

Proof. The proof is a trivial consequence of the properties of the Lie derivative and those
of the Hamiltonian vector field:

Ley = Lxpprn = Lxgr+ Lery
— Ry + (ipmdf = =Ry + df

O]

An interesting remark is that, on the level sets of the Hamiltonian, the evolution vector
field behaves as a reparametrization of a Liouville vector field. The following theorem
should be compared to Theorem 2.7}

Theorem 2.25. Let L, = H™1(c) be a level set of H: M — R where c € R. We assume that
R(H)(x) # 0 forall x € L. Then

1. The 2-form w, € O*(L.) defined by
w, = —diiy
is an exact symplectic structure. Here i, : L.H — M denotes the canonical inclusion
2. If A. is the Liouville vector field, that is,
A We = g1
then the restriction of gy to L. verifies that
CHl gy = RAEDI, Ac. (2.105)

This just means that the evolution vector field restricted to the level sets of the Hamiltonian
is a reparametrization of the Liouville vector field.
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2.5. The evolution vector field

Proof. The form w; is trivially closed. To see that it is a symplectic form, we just need to
check that is non-degenerate. Letp € L. (H). Notice that, at that point, w, = —d’7|Tp Lo(H)-
By the condition R (H) # 0, we have that J%p (and, hence ker dy = (R)) is transverse
to TPLC(H ). But since 7, A d;yg # 0,then d7|y is non-degenerate for every subspace V
transverse to ker dy. Therefore, w, is also non-degenerate.

For the second part, we first remark that &y = 0, hence (i;) &y = Eyl (m) is a well-
defined vector field. By Proposition [2.24/and Cartan’s identity

te, dn = =R (H)n + dH.
Pulling back by i., we get
Uiy eniedn = —(R(H) o ip)ign + difH = —(R(H) o ic)iy,
dividing by —(R(H) o i),
~Lip), e/ RAD AN = LGy £/ R(EYWe = BT].

Thus, (i;), (Eg/R(H)) = A, as we wanted to show. O
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3. Contact Lagrangian systems

The theory of Hamiltonian mechanics, in its geometric interpretation is placed on the
cotangent bundle T*Q of a configuration manifold Q, equipped with its canonical sym-
plectic form wQ- Given a Hamiltonian function H on T*Q, we obtain a Hamiltonian
system (T*Q, wp, H) such that the integral curves of its Hamiltonian vector field are
solutions to the Hamilton equations.

On the other hand, the Lagrangian formalism takes place on the tangent bundle TQ.
Unlike, the cotangent bundle, the tangent bundle does not carry a canonical symplectic
structure. However, given a regular Lagrangian function L : TQ — R (i.e., the Hessian
matrix L with respect to the velocities is a regular matrix), we can use the structure
of the tangent bundle to construct a symplectic form w;. Then we obtain the usual
Euler-Lagrange equations (in the latter case, the vector field providing the dynamics
is the solution ¢; of the equation iz w; = dE;, where E| is the energy of the system;
¢1 is a second order differential equation on TQ whose solutions are the ones of the
Euler-Lagrange equations). This is the so-called Klein or Cartan geometric formalism of
Lagrangian mechanics (73| 74,171, 226]], which produces the same equations of motion
as the variational formalism through the least action principle. The Lagrangian and
Hamiltonian formalism are related by the Legendre transformation.

This situation is completely mirrored on the contact case. As we have seen in the
previous chapter, the extended cotangent bundle T*Q x R has a natural contact structure.
Hence, given a Hamiltonian function H : T*Q x R — R, we can define the dynamics
through the Hamiltonian vector field Xj;.

On the contrary, the extended tangent bundle TQ x R has no natural contact structure.
However, an action-dependent Lagrangian function L : TQ x R — R satisfying some
regularity conditions induces a contact structure 77; and some dynamics. We remark that
the R factor on the extended tangent bundle represents the action, not the time.

This dynamics is given by the Herglotz equations and can be constructed in two
equivalent ways. One comes from the Herglotz [[159] variational principle, in which
the Lagrangian depends on the action. The connection of the Herglotz principle with
contact geometry was developed in [139, 252]. There is also a geometric, which uses the
structure of the tangent bundle was introduced by us in [89]].

This chapter will have three sections. In the first two, Sections [3.1/and 3.2, we explain
the geometric and the variational theory of action-dependent Lagrangians, and are based
on the first part of our article [|89]. The last part deals with the geometric theory of
Lagrangian mechanics for the evolution vector field, which was introduced in [|7]. We
need new tools to formulate a variational principle for the evolution vector field, so it
will be postponed until Section
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3. Contact Lagrangian systems

3.1. The geometric theory

Consider an action dependent Lagrangian function L : TQ x R — R (which we will often
just call a Lagrangian).

We will assume that L is regular. That is, its Hessian matrix with respect to the velocities
(Wyj) is regular, where

9’L
Wij = W

We denote by S the vertical endomorphism on the tangent bundle TQ and by A, the
Liouville vector field. We will denote with the same symbols their extension to the
product TQ x R by zeros. That is, in local bundle coordinates (qi, qi,z) we have that

(3.1)

L0

S= dq ® a—q_l., (32a)
d

A= —. 2
= (3.20)

Using these structures and the Lagrangian, we are able to define the Lagrangian 1-form
oL . .
np=dz—6p =dz—S*(dL) =dz — a_q‘idql' (3.3)

which is a contact form on TQ x R if and only if L is regular. Indeed,
e A (dyp)" = det(Wij)d"q ANd"gAdz #0, (3.4)
The corresponding Reeb vector field is,

0 " L 0

=5 9479z 9§/’

where (W) is the inverse of the Hessian matrix of L with respect to the velocities.
The Lagrangian energy of the system is defined as

1 : 1 4 1 4 - 1 4

oL
Rp(Ep) = ——. 7
(EL) 5 (37)
We denote by b; the vector bundle isomorphism given by Equation ([2.4) for the contact
form #; on TQ x R. That is,
by : T(TQxR) » T*(TQ x R)

3.8
U= Ly (dnL) + (fr) 11 (3:8)

44



3.1. The geometric theory

The dynamics of the system is given by the Herglotz vector field ¢;, which is just the
Hamiltonian vector field of the system (TQ x R, 5, E; ). That is, it is the unique vector
field satisfying

br(¢r) = dEp — (R(Ep) + Ep) . (3.9)
A direct computation from Equation (3.9)) shows that ¢; is locally given by
. d . 0 )
= -Z—‘ bl - L— 1
6L =1 o0 + o4 +Lo, (3.10)
where the components b’ satisfy the equation
bii<a_L>+ li(%)+Li(%) %_%B_L (311)
ai\ad ) " Tag\agi) T az\ag ) " ag T aj oz’ '

Then, if (qi(t), q'i(t),z(t)) is an integral curve of {; and substituting its values in Equa-

tion (3.11]), we obtain

. 9 (oL +_i8 oL +,a oL dL  JLJL (3.12)

Tai\ag) " Tog\ag) " "az\37) o ~ o oz’ ‘
which corresponds to the generalized Euler-Lagrange equations considered by G. Her-
glotz in 1930 [[159]] (see also [[139(140]])

d/dL oL  JL dL
|\ 55 )55 = 550 (3.13)
dt \ 94" 09" 94' 0z

z=1L (3.14)

Remark 3.1. The vector field {; is a so-called a second order differential equation (SODE) or
a semispray [|106]].
A vector field X is said to be a SODE if, in bundle coordinates (g’, 4, z), it has the form
0 0

.
b 4 c— (3.15)

X = ‘i—. .
Yo7 T o T oz

This condition can be written in algebraic terms as follows

S(X) = A. (3.16)

Also equivalently, X is a SODE if and only if its integral curves are of the form (c, ¢) in
bundle coordinates, where c is a curve in Q and ¢ its derivative.

3.1.1. The Legendre transformation

In classical mechanics the Lagrangian formulation is connected to the Hamiltonian
formulation through the Legendre transformation, which is a map from the tangent to
the cotangent bundle. In the contact framework the Hamiltonian formulation takes place
on the contact manifold (TQ x R, 775) (see Example .
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The Legendre transformation is the fiber derivative of the Lagrangian FL : TQ x R - R
on the vector bundle TQ x R — Q x R. That is, is the map given by

FL(q',d",2z) = (¢',P;,2)
AL (3.17)
pi = a_q’

We say that L is hyperregular if the Legendre transformation is a diffeomorphism. In
that case, the generalized Euler-Lagrange equations are transformed into the contact
Hamilton equations.

Indeed, a direct computation shows that

(FL)* 1o = 11, (3.18)
and then we have
(FL).(C1) = Xn, (3.19)
where H = E; o (FL)™1.
R
2N
FL

H
TQx R Sy T*Qx R (3.20)
M

We note that Equation (3.19) implies that y : [tg,t;] = TQ x R is an integral curve of
¢r if and only if FL o 7y is an integral curve of Xp;.
3.1.2. Examples of action-dependent Lagrangians
The following Lagrangian is the counterpart of Example

Example 3.1 (Mechanical system). Let (Q, ) be a pseudo-Riemannian manifold, and let

L:TOxR - R,
.. . (3.21)
(q,p,2) » 580, ) — V(q,2) = Egij(q,q) -V(q,2).

Again, the first term is the kinetic energy and the second one, V (g, z), the potential, which
is allowed to depend on the action. The Herglotz equations are

1ogh aghy . 9V LoV
(E oq’ B agk )6]]61 B a_ql —8&if = _gijqjgr (3.22a)

=1L (3.22b)
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3.2. The Herglotz variational principle

This can be rewritten as

— vV .oV
z=1, (3.23b)
where
. /1 agfk aglj
i— _olif 6 __ ° 3.23
jk 3 (2 g 8qk) (3.23¢)

are the Christoffel symbols of g (see [2, Section 3.7]).
The Legendre transformation is given by

FL(7', ', 2) = (7, 8", 2), (3.23d)
which maps this system to Example

The following example was introduced in [[131]], and all the computations are per-
formed in detail in [221]]. This Lagrangian Has a different structure that the others that
we have seen so far, and it is able to provide a friction force quadratic in the velocities.

Example 3.2 (Parachute equation). The parachute equation models a falling object under
the action of constant gravity with drag proportional to the square of the velocity. It is
the Herglotz equation of the Lagrangian

L:TRxR - R,

1 mg (3.24)
- =12 — ==2(e®1Y — 1) + 291z.
q,p,2) 2y 2 (e ) + 29yz
Indeed, the equation of motion is
j—7%+g=0. (3.25)

3.2. The Herglotz variational principle

In this chapter we present a variational principle for contact Lagrangian systems. Since
the Lagrangian depends on the action, the action will no longer be defined through a
definite integral, but through a non-autonomous ODE.

LetL: TQ x R — R be a Lagrangian function. In this section we will recall the so-
called Herglotz’s principle, a modification of Hamilton’s principle that allows us to obtain
Herglotz’s equations (Equation (3.13)), sometimes called generalized Euler-Lagrange
equations. See [159], or [|189] for a recent discussion.

Fixq9,91 € Qand aninterval [t(, ;] C R. We denoteby 2(qq, g1, [to, t1]) C (C([to, t1] =
Q)) the space of smooth curves c such that c(ty) = gp and c(t;) = g1. This space has the
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structure of an infinite dimensional smooth manifold whose tangent space at c is given
by the set of vector fields over ¢ that vanish at the endpoints [2, Proposition 3.8.2], that is,

TCQ(qO/‘h/ [tO/ tl]) = {5C € Coo([tO/ tl] - TQ) |

(3.26)
Tgodc =c¢, dc(tg) =0, dc(ty) = 0}.

Curves ¢g, s € R on 02(qp, 41, [to, t1]) are often called variations of the curve c = ¢y on the
physics literature. Tangent vectors at c are infinitesimal variations.
We will define the action in two steps. First, we fix an initial action zy € R. Consider
the operator
Z:0(qo,q1, [to, 11]) = C ([to, 111 > R) (3.27)

that assigns to each curve ¢ the function Z(c) that is the solution of the following Cauchy
problem:
dZ@)(t) .
- L(c(t),é(t), Z(e) (1)), (3.28)
Z(C)(to) = Zp-

The quantity Z(c) (t) can be interpreted as the action of the curve c(t) at time ¢.
Now we define the Herglotz action functional as the map which assigns to each curve its
action increment:

A Oq0, 91, [to, 11]) = R,

! . 3.29
¢ Z(0)(t) —z9 = f: Lo (c,¢, Z(c)), (3.29)
0

thatis, A = evy, ol — evy, oZ, where ev, : { — ((t1) is the evaluation map at .

Remark 3.2. This theorem generalizes Hamilton’s Variational Principle [2, Theorem 3.8.3].
Indeed, in the case that the Lagrangian is independent of the action (i.e., L(qi, q,z) =
L(4',q")) the Herglotz action reduces to the usual Euler-Lagrange action.

Remark 3.3. The action functional and the operator Z do not only depend on the La-
grangian, like in the case of Hamilton’s principle, but also on the initial action z.

Remark 3.4. The action is sometimes defined [|89||140] as the final value of Z(c) instead
of the increment

Ag(c) = Z(c)(t;) = A(c) + zo. (3.30)

This two action functionals only differ by a constant. In particular, they have the same
critical points. We prefer the former one because it coincides with the Euler-Lagrange
action in the case that the Lagrangian is independent on z.

Last of all, we will prove that the critical points of this action functional correspond to
solutions of Herglotz’s equations ([3.13)).

Theorem 3.5 (Herglotz’s variational principle). Let L : TQ x R — R be a Lagrangian
function and let ¢ € (2(qo,q1, [to, t1]1). Then, c is a critical point of A if and only if (c,¢, Z(c))
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satisfies Herglotz's equations:
d /oL , dL .
T (f(c(t),c(f),z(c)(f))) — —(c(t),¢(t), Z(c) (1)
t \ 94" aq'
(3.31)
oL . oL _
= ﬁ(c(t),c(t),Z(c)(t))—(c(t),c(t),Z(c)(t)).
G 0z

Proof. We let éc € T.02(qo,q1, [to,t1]) be an arbitrary infinitesimal variation such that
des
oc = d—i|t:o~

In order to simplify the notation, let ¢ = T.Z(v). It can be naturally identified with a
function ¢ : [tg,t;] — R, such that ¢(ty) = 0 since Z(c,)(0) = z is constant. We remind
that our aim is to compute T A, but, since T, A (éc) = T.Z(d¢)(ty) = P(t1), we will first
compute . For this, we will take the derivative of the ODE defining Z:

ity = S Lzt
B0 = = = Z(e)lemo
d d

" dsdt
= dL t),¢és(8), 2 t
= e Les (), Cs(8), £(cs) ()ls=0

Z(cs())ls=o

_ o $))c (¢ gL 1)) ¢ ( oL ) (t
—aqi(x())C()+aq.1-(?(())C()+aZ(X())lP()-

Hence, the function # is the solution to the first order ODE above. Explicitly

h=—1' (% 5ci(7) + 25 (e (r))oe )d 3.32
P(t) = i o(T) aqi(X(T)) c (1) + aq.i()((T)) ¢(7) |dr, (3.32)

where 5L
t
o(t) = exp (— ft g(;g(r))dr) > 0. (3.33)
0
Note that
d—a(t) = —a—L( (t)o(t) (3.34)
ar T T ’ '

Integrating by parts the last term and using that the infinitesimal variation dc vanishes
at the endpoints, we get the following expression:

T A(dc) = (ty)

1 to oL d oL
= 5 fto 5c'(t) (a(t)a—qimt)) -5 (a(t)a—qimt))))dt
1 t oL d oL JL JL
= T fto o) (a—qimt» — aa—qiw» + a—q,.<x<t>>£<x<t>>> dt.

Using the fundamental lemma of calculus of variations, we can conclude that c is a critical
point of A if and only if
JL oL

t(% t i— t -— t% t)—O 3.35
o) | 55X = g5 AD) + FEAMZK®) | =0, (3.35)
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3. Contact Lagrangian systems

or, reordering terms and dividing by ¢, if and only if c satisfies Herglotz’s equations.
O

Remark 3.6. By the results of the previous section, if the Lagrangian is regular, then
Herglotz’s equations, (and, therefore, the variational problem) is equivalent to a contact
Hamiltonian system. The situation for singular Lagrangians is more subtle. It will be
studied on Section[5.1]

3.3. The Lagrangian formalism for the evolution vector field

In [[7]], we introduced a Lagrangian formalism for the evolution vector field. The geomet-
ric formulation is completely analogous to the one for the Hamiltonian vector field.

Indeed, given a regular Lagrangian L : TQ x R — R we again consider the induced
contact Hamiltonian system structure (TQ x R, 7., £p), and we consider the Herglotz-
evolution vector field Z; . This vector field is just the evolution vector field of this contact
Hamiltonian system. That is, the one fulfilling

bL(EL) = dEL — J%L(EL)WL. (336)
We note that =; is also a SODE:
S(Ep) = A. (3.37)

From a similar argument to the one we used for the Herglotz vector field, we see that
the integral curves of 5| are those of the form (c, ¢, c;), where (c, c;) is a solution of the
Herglotz-evolution equation

a(ay o _ao )
dt\94') dq° 94l oz '

. .oL

z= qla—qi. (3.38b)

We note from Equation (3.38b]) that the z variable can no longer be interpreted as
the action. In some situations, it can be interpreted as a thermodynamic potential (see

Section [10.2]).

One can also check that, in the case that the Lagrangian is hyperregular and (FL)*H =
E;, then the evolution and Herglotz-evolution vector fields are (FL)-related. That is,

(FL).(EL) = Cn- (3.39)

In [9] we introduced an analogous to the Herglotz variational principle for the evolu-
tion vector field. This is a nonlinear nonholonomic principle which we will be explained
in Section
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4. Symmetries and equivalences of
Lagrangian systems

In this chapter we study transformations which preserve the dynamics. These transfor-
mations come in different flavors: similarities, symmetries and equivalences, and each of
them is also classified according how much of the geometry of the system it keeps invari-
ant (e.g. the contact form, the contact distribution or just the dynamics). Similarities are
diffeomorphisms between two different manifolds, symmetries are transformations that
map a system to itself. An equivalence occurs when two different geometric structures
produce the same dynamics. Although an equivalence is not given by a diffeomorphism,
we can formally think about it as a symmetry in which the transformation is the identity
map.

Infinitesimal symmetries and dissipated quantities

Symmetries also have their infinitesimal counterparts that are given by vector fields.
Indeed, X is an infinitesimal symmetry (of a given type) if its flow consists of sym-
metries (of the same type). On classical mechanics, these symmetries are related to
conserved quantities. Indeed, Noether’s Theorem is one of the most relevant results
relating symmetries of a Lagrangian system and conserved quantities of the correspond-
ing Euler-Lagrange equations. In the simplest view, the existence of a cyclic coordinate
implies the conservation of the corresponding momentum. Indeed, if L = L(qi, q'i) does
not depend on the coordinate ¢/, then, using the Euler-Lagrange equation,

4(2) 2 a
dt\ag’) o '
we deduce that (see [|13]])
. d/dL _0 12
hi=7 97 ) =° (4.2)

Noether’s Theorem can be described on a geometric framework [4, 5, 44, 47, 48, 54,
55| 58, 67, |73, 99, 100, 213, 214, 227-229|]. In that framework, L is a function on the
tangent bundle TQ of the configuration manifold Q and X be a vector field on Q. We
denote by X© and X" the complete and vertical lifts of X to the tangent bundle TQ. Then
(see [106]):

Theorem 4.1 (Noether). X©(L) = 0 if and only if XV (L) is a conserved quantity.

This approach has permitted a deep investigation on other possible infinitesimal sym-
metries, relating them with the corresponding conserved quantities. A first distinction
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4. Symmetries and equivalences of Lagrangian systems

with the Hamiltonian framework is that we can consider point-base symmetries and
symmetries on the phase space of velocities.

The literature about this subject is indeed very extensive. See for example Cantrijn and
Sarlet [[44]], Sarlet [228]] and Sarlet and Cantrijn [229], Prince [213,214], Crampin [73],
Marmo and Mukunda [[192]], Cicogna and Gaeta [67]], Aldaya and de Azcérraga [4, 5],
even with more general symmetries, Sarlet, Cantrijn, and Crampin [227], or, for the time
dependent case, Carifena et al. [47, 48,54, 55, 167]], or singular Lagrangian systems [58]],
and for higher order Lagrangian systems in de Le6n and Martin de Diego [99-101]].

Nonetheless, when we try to extend this result to the case of action-dependent La-
grangians, something unexpected happens. Now, our equations of motion are the
Herglotz equations:

d ( oL ) oL  JLJdL

Assume that ¢/ is a cyclic quantity, that is, L does not depend on ¢/. Then, by the Herglotz
equations (4.3)), we obtain

) JL
p]' = g}?]’, (4.4.)
As we know, we also have
E; = aLE (4.5)
L= '

Note that, assuming that E; is nonzero, then p;/E} is a conserved quantity.

A relevant comment here is that in contact Lagrangian systems we do not obtain
conserved quantities, but quantities that dissipate at the same rate as the energy of
the system E;. Those quantities will be called dissipated quantities. They have a nice
characterization using the Jacobi bracket as functions that commute with the Hamiltonian.

On this chapter we will provide a geometric formalism on which this case of a cyclic
variable can be interpreted and generalized.

We note that in [[131]], the authors describe the concept of infinitesimal symmetries
and dissipated quantities on the Hamiltonian framework. Their results and definitions
are particular cases of ours. Also, we acknowledge that symmetries and integrability has
been studied for contact systems of the Reeb type [28,168]].

4.0.1. Equivalent Lagrangians

After discussing symmetries and dissipated quantities, we turn to equivalences. More
precisely, to the problem of equivalent Lagrangians [217]] which can be stated as follows in
the case of classical mechanics. Given a Lagrangian L, find every Lagrangian L that have
the same Euler-Lagrange equations. A sufficient and necessary condition is that their
difference is a total derivative. In coordinates, this means that

o Y. Sof . .
L(ql/ ql) _L(ql; ql) = qla_;i(ql/ql)/ (46)
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for some local function f : U C TQ — R. On some physical theories such as in
electromagnetism [|134]], there are so-called gauge symmetriesﬂ that preserve the dynamics
but change the Lagrangian to an equivalent one. These are understood as changes of the
mathematical formulation of the problem (i.e., the Lagrangian) which leave the physics
invariant. When trying to develop a theory of electromagnetism with dissipation on
a contact framework, we are interested in preserving these symmetries. And hence, a
theory of equivalent action-dependent Lagrangian systems is needed.

Ata first glance, we encounter a problem. Unlike on the classical case, action-dependent
Lagrangians are in one to one correspondence with their Herglotz vector fields, or with
the Herglotz equation. Just note that the last equation is

z2=1L(,4q,2). (4.7)

Hence, we trivially recover the Lagrangian from the last equation. In other words, any
two different Lagrangians give rise to different equations of motion, and hence to two
different dynamics. Hence, the only equivalent Lagrangian to L would be L itself.

However, we argue that we should be more flexible on what we mean by “having the
same dynamics”. We will give two reasons, one from a physical perspective and another
variational one.

From a physical point of view, we are interested on when two dynamics are physically
distinguishable. But the variable z represents the action (or a thermodynamic potential
such as the entropy or the internal energy), which are not directly measurable. If the
change on the dynamics only changes the action z to zZ but preserves the physical mo-
tion of the system, we would be perfectly satisfied. This is the case of the example on
electromagnetism [|134]].

From the variational perspective, on the classical setting theorem of calculus the total
derivative of f, the action of a curve g : [ty,t;] = Q changes from

A = [ Lo, gendt (4.8)

into ) ;
A(q) = ftli<q<t>,q<t>dt
0

. P (4.9)
= [ L), q) ~ 75540 = A +f o) (1),

by the fundamental theorem of calculus. Hence, the action changes by an overall constant
independent on the path g (thus, it has the same critical points and induces the same
dynamics). This also points out that if we want to understand these equivalences on the
more general context of action dependent Lagrangians, we should allow some change
on the action, which is just the variable z on the action-dependent formalism.

These arguments lead us to think that, in order to obtain a more useful statement of the
equivalent Lagrangians’ problem in the action-dependent setting, we need to consider
of equivalence of the dynamics “up to change of variables in z”. In [84] we formalize

IThis is the name in the physics language, in our language those are Lagrangian equivalences.
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4. Symmetries and equivalences of Lagrangian systems

this notion in a geometric with the introduction of extended contact systems, and analyze
their consequences.

Finally, we come back to symmetries. But now, they are given by the action of a Lie
group. On some situations we may be able to construct a lower dimensional Hamiltonian
system preserving the major features of the dynamics, by taking some kind of quotient.
This process is called reduction, and it has been widely studied in geometric mechanics.
The main result of our paper [[88] is a proof of the contact version of the famous result
due to A. Weinstein, the coisotropic reduction theorem [|196]]. This result provides a
reduced contact quotient manifold such that a Legendre submanifold of the original
contact manifold with clean intersection with the coisotropic submanifold is projected in
areduced Legendre submanifold. This result is used to give a simple proof of the contact
reduction theorem in presence of symmetries (i.e, there is a Lie group acting on the
contact manifold by contactomorphisms and a moment map), an extension of the well-
known symplectic reduction theorem proved by J.E. Marsden and A. Weinstein [196]]
(see also [202] for a previous version of this result). Even if the contact reduction
theorem is known in the literature, we are interested in its dynamical implications when
a Hamiltonian function is also invariant by the group of symmetries.

We also notice that there are some results on coisotropic reduction [27,239]], but from
a different point of view, since we are interested in the applications of the reduction to
the contact Hamiltonian dynamics.

This chapter is structured as follows. In Section 4.1| we introduce the language of
similarities, symmetries and equivalences and their infinitesimal counterpart and study
some of their properties on the context of contact Hamiltonian systems (M, 7, H). Later,
in Section [4.2) we review the relationship between dissipated quantities and infinitesimal
symmetries on contact Hamiltonian systems. Next, Section[4.3]also deals with symmetries
and infinitesimal quantities, but this time in the Lagrangian formalism. Section is
about extended Lagrangian systems and equivalent Lagrangians. Finally, in Section [4.5]
we deal with reduction and moment maps on contact systems.

The results of this chapter are mostly published in [84, 88, 90|]. From [90]] we take the
results on the correspondence of action symmetries and dissipated quantities. The part
of on the Lagrangian equivalence and extended tangent bundles comes from [|84]]. The
results on reduction were published on [|88]].

However, there are some changes. For the sake of having a consistent terminology,
we have adopted the general framework of [90]], which has forced us to rename some
symmetries. Also, whenever possible, we try to relate symmetries with their infinitesimal
counterpart, which made us introduce the generalized dynamical symmetry and the action
symmetry, which is the infinitesimal version of a Lagrangian symmetry. Both do not
appear on the published articles.
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4.1. Similarities, symmetries and equivalences in contact Hamiltonian systems

4. Similarities, symmetries and equivalences in contact
Hamiltonian systems

In order to have a consistent terminology, we will introduce the concepts of equivalence,
similarity and symmetry, as we defined them in [84]. Assume that M and M, are smooth
manifolds equipped some geometric structure and some dynamics (of course, in our
case we will be dealing with contact Hamiltonian system) and let F : M —» M be a
diffeomorphism preserving the dynamics and, perhaps, part of the geometric structure.
Then we will say that F is an equivalence, and that M and M are equivalent. In the case that
M and M are the same manifold we say that F is a symmetry. Furthermore, if F = id,,
we say that the geometric structures on M and M are equivalent. We now proceed to
explain what we mean explicitly from this idea.

In our case (M, 17, H) and (M, 7}, H) are contact Hamiltonian systems. We denote by X
the Hamiltonian vector field of H : M — R with respect to 77 and by X the Hamiltonian
vector field of H : N — R with respect to 7. We also denote by R and & the Reeb vector
fields of 77 and 7, respectively, and H = ker 7 and #{ = ker 77 to the contact distributions.

Similarities and their related symmetries and equivalences are defined according to
how much of the contact structure they preserve (either the contact form, the contact
distribution or just the dynamics).

Definition 4.1. Let (M, 7, H) and (M, 7}, H) be contact Hamiltonian systems. We say that
Fis a:

o Generalized dynamical similarity if it preserves the vertical component of the dynam-
ics. That is, (F, Xp) = 7(Xg).

o Dynamical similarity if it preserves the dynamics. That is, F, Xy = Xp.

o Conformal similarity if it preserves the dynamics and the contact distribution. That
is, F a dynamical similarity (F,Xy = Xpg) and a conformal contactomorphism
(F*7 = fyy for some f : M — R or, equivalently, F,H = }).

e Strict similarity if it preserves the dynamics and the contact form. That is, F a
dynamical similarity and a contactomorphism (F*7j = 7).

In the case that M = M, we say that F is a generalized dynamical, dynamical, conformal or
strict symmetry.

When F = id,,; we say that the systems are equivalent. Thatis, (M, 7, H) and (M, 7}, H)
are

o Generalized dynamically equivalent if n(Xy) = n(Xg)-
o Dynamically equivalent if Xy = Xpg.

o Conformally equivalent if they are dynamically equivalent (F, Xy = X) and idy,
is a conformal contactomorphism (7 = f7 for some f : M — R or, equivalently,

H=H).
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4. Symmetries and equivalences of Lagrangian systems

Remark 4.2. We have not listed the definition of strictly equivalent systems. Indeed, assume
that (M, 7, H) and (M, 7], H) are strictly equivalent, that is, Xy = X and 77 = 7. Then

H=—ix,n=—1x,7=H. (4.10)
Hence, two contact Hamiltonian systems can only be strictly equivalent if they are equal.

Proposition 4.3. Let F : M — M be a strict (resp. conformal with factor f) contactomorphism.
Then, it is a strict (resp. conformal) similarity if and only if F*H = H (resp. F*H = fH).

Proof. We prove it in the conformal case. The strict case follows by setting f = 1.
Since F is a conformal contactomorphism, F*#j = f# for some non-vanishing f : M — R.
Pulling back by F the equation
1(Xg) =—-H, (4.11)
we obtain
Fij(Xpg) = fn((F~).(Xp)) = —F*H. (412)

Assume F*H = fH. Since Xp is a conformal contactomorphism, (F~1),X}; is an
infinitesimal conformal contactomorphism. Moreover, dividing by f on , we obtain
n((FY,Xp) = —H. Thus, by Item [5/in Propositionwe conclude that (F~1), X is the
Hamiltonian vector field of H. Thus, F is a conformal similarity.

Conversely, if F is a conformal similarity, then (F~1), X = Xp. Thus, F*H = —f(Xy) =
fH. O

Demanding that a generalized dynamical similarity preserves the contact distribution
forces it to preserve the dynamics. Indeed:

Proposition 4.4. Let F : M — M be a generalized conformal similarity and a conformal
contactomorphism. Then F is a conformal similarity.

Proof. Assume that F*#j = f1. We let
—F*H = F*(7(Xp))
= F*(n ((F.) ™' Xp)

) (4.13)
= f((F.) "' Xg)
= fn(Xp) = —fH.
Thus, by Proposition it is a conformal similarity. O

Conformal equivalences preserve many geometric properties of the system. Neverthe-
less, they are able to convert any Hamiltonian vector field of a non-vanishing Hamiltonian
into a Reeb vector field of a modified contact form.

Proposition 4.5. Every contact Hamiltonian system (M, y, H) such that H does not vanish, is

conformally equivalent to (M, 7j = —%,H = —1), so that Xy = Xg = R.
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4.1. Similarities, symmetries and equivalences in contact Hamiltonian systems

However, not every Hamiltonian vector field can be turned onto a Reeb vector field.
Indeed, since the conformal factor f has to be non-vanishing, we obtain the following
restriction.

Proposition 4.6. A conformal similarity of contact Hamiltonian systems preserves the zero set
of H. That is F : M — N maps the zero set of H to the zero set of H.

The zero set of the Hamiltonian has interesting geometric properties. For example,
the Hamiltonian vector field can only be tangent to Legendrian manifolds whenever
H = 0 [93]]. This property is important in the thermodynamic formalism, where the
equilibrium states are represented by a Legendrian submanifold of the zero set of H.

This result by [29], Theorem also indicates that the Hamiltonian vector field has a
special behavior at the points where H vanishes. The Hamiltonian is a Reeb vector field
in the set {H # 0}, and it is a reparametrization of the Liouville vector field in H —-10).

Infinitesimal symmetries

In many situations is easier to deal with vector fields than with smooth maps. We will
define “infinitesimal” versions of the symmetries introduced above.

Definition 4.2. Let (M, 77, H) be a contact Hamiltonian system. We say that a vector
field X € X (M) is an infinitesimal dynamical (resp. generalized dynamical, conformal or
strict) symmetry if its flow ¢; : M — M consists of dynamical (resp. generalized dynamical,
conformal or strict) symmetries.

The following characterization can be obtained using the formula Equation (2.12)),
which relates the Lie derivative by X with the time derive along (¢;)*.

Proposition 4.7. Let (M, n, H) be a contact Hamiltonian system. X € X (M) is an:
o Infinitesimal generalized dynamical symmetry if and only if n([X, Xg]) = 0.
o Infinitesimal dynamical symmetry if and only if [ X, X] = 0.

o Infinitesimal conformal symmetry if and only if X is an infinitesimal conformal contacto-
morphism and an infinitesimal dynamical symmetry.

o Infinitesimal strict symmetry if and only if X is an infinitesimal contactomorphism and an
infinitesimal dynamical symmetry

We can also obtain infinitesimal versions of Propositions #.3|and

Proposition 4.8. Let X € X(M) be a strict (resp. conformal with factor a) infinitesimal
contactomorphism. Then, it is a strict (resp. conformal) similarity if and only if H = H (resp.
H =aH).

Proposition 4.9. A generalized infinitesimal dynamical symmetry X that is also an infinitesimal
conformal contactomorphism if and only if it is an infinitesimal conformal symmetry.
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4.2. Infinitesimal symmetries and dissipated quantities

As it is well-known, in Lagrangian and Hamiltonian mechanics, infinitesimal symmetries
can be associated to conserved quantities. In the Lagrangian formalism this can be
done through Noether’s theorem and its generalizations, which we will cover on the
following sections. In the case of Hamiltonian mechanics, this is usually studied through
Poisson brackets. Indeed, on a symplectic manifold, fis a conserved quantity if and only
if {H,f} = XgF = —X¢(H) = 0.

On contact manifolds this is no longer the case. Indeed, using Proposition one
has that {H,f} = 0 if and only if

Xet(f) = —R(HDY. (4.14)
Because of this, we make the following definition.

Definition 4.3. On a Hamiltonian system (M, 1, H), we say that a function fis H-dissipated
if {H,f} = 0. Equivalently, f dissipates at the same rate as the Hamiltonian, i.e., Xy (f) =
— RS

We note that the set of H-dissipated functions is a Lie subalgebra of (C(M),{-, - }).
Indeed, R-linear combinations of H-dissipated functions are H-dissipated, and, because
of the Jacobi identity, the Jacobi bracket of two H-dissipated functions is H-dissipated.
Moreover, it is an algebra over the set of conserved quantities; this is, if fis a H-dissipated
quantity and g is a conserved quantity, then fg is H-dissipated:

Xy(fg) = gXy(f) = —RH)fg. (4.15)

If we assume that H has no zeros, we can relate H-dissipated functions to conserved
functions. Assume that f is H-dissipated, then f /H is a conserved quantity. Indeed:

X (i) _ Xy(HH — fXy(H) _ —RH)H + RH)fH _o. (4.16)

A\ H H2 H2

In general, if f1, f, commutes with H, then f; /f; is a conserved quantity, assuming f,
has no zeros.

The conclusion is that, in order to obtain conserved quantities, one should find quanti-
ties that dissipate at the same rate as the Hamiltonian.

Remark 4.10. In the particular case where R (H) = 0, then the H-dissipated quantities
are precisely the conserved quantities. That is, {H,f} = 0 if and only if X (f) = 0.

In the case that H has no zeros there is a correspondence between sets of m indepen-
dent conserved quantities and sets of m H-dissipated quantities by taking the quotients.
Explicitly, if f1, ... f,, commute with H, then

2L (4.17)
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are conserved quantities. Conversely, if g1, ... ,, are conserved quantities, then

fi=gH (4.18)

are H-dissipated quantities.

We will now study the relationship of infinitesimal symmetries for a contact Hamilto-
nian system (M, 7, H) and H-dissipated quantities. First we prove the following result,
which will help us to compute Jacobi brackets.

Proposition 4.11. Let X be a vector field such that §(X) = —f, then
{H,f} = —n([Xg, X]) = (Lxn) (Xn) + X(H). (4.19)

Proof. 1f n(X) = —f, then (X — Xy) = 0, so that X — X is in the kernel of 7.
Since
Lx,n=—-RH)y,

we deduce that
(Lx,, m Xy = (Lx,, M (X).
Therefore, using Proposition and Cartan’s formula twice, one finds

{H,f} = —n([ Xy, X¢])
= (Lx,, M Xp) = Xg(n(Xp))
= (Lx,,M(X) = Xg((X))
= —1([Xp, X]).

From the second equality, we have

—1([ Xy, X]) = (Lx 1) Xp) = X((Xgy))
= (Lxn) (Xy) + X(H),

applying again Cartan’s formula. O
Using Proposition [4.11} we deduce the following.

Theorem 4.12. Let X be a vector field on M. Then, X is a generalized infinitesimal dynamical
symmetry of (M, n, H) if and only if (X) is an H-dissipated quantity.

Remark 4.13. The natural correspondence between generalized infinitesimal dynamical
symmetries and H-dissipated quantities f is not one-to-one. Indeed, given a general-
ized infinitesimal dynamical symmetry X such that —#(X) = f, the set of vector fields
F = {Xf+ Y | Y € ker} are the generalized infinitesimal dynamical symmetries corre-
sponding to the quantity f. As one easily sees from Item [4| of Proposition X is the
only one which is a Hamiltonian vector field.

Thus, the map f — Xy provides a bijection between infinitesimal conformal symmetries
and H-dissipated quantities.
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There is another concept of symmetry on this setting: Cartan symmetries, which gener-
alizes the concept of Cartan symmetries for symplectic Hamiltonian systems.

Definition 4.4. We say that X € X (M) is a Cartan symmetry for (M, n, H) if Lxn = an+dg
for some functions a,¢ € C™ (M) and X(H) = aH + ¢R(H).

Theorem 4.14. Let X be a Cartan symmetry such that Lyxn = dg +an. Then f = n(X) — g is
an H-dissipated quantity.

Proof. From Proposition[4.1T} we have

{H,f} ={H,n(X)} — {H, g}
= (Lxn) (Xp) + X(H) — Xp(g) — gRH)
= an(Xy) —dg(Xy) + X(H) — Xy (g) — §R(H)
= —aH + X(H) — gR(H) = 0.

O]

Remark 4.15. A Cartan symmetry such that Lxn = dg + a7 is a generalized infinitesimal
dynamical symmetry when dg = 0.

A generalized infinitesimal dynamical symmetry X is a Cartan symmetry when it is
an infinitesimal contactomorphism.

4.3. Symmetries and conserved quantities in contact Lagrangian
systems

We let Lagrangian L : TQ x R — R be a regular Lagrangian and consider the associated
contact Hamiltonian system (TQ x R, 7, E;) defined in Section and its Herglotz
vector field ¢;.

We will not only consider symmetries of the configuration space Q, but also symmetries
that mix the configuration variables and the action, that is, that act on QxR. Several kinds
of symmetries are related to their associated dissipated quantities in several degrees of
generality.

Indeed, we introduce configuration space symmetries of the Lagrangian, generalized
configuration space symmetries of the Lagrangian, Noether symmetries, Lie symmetries
and action symmetries. We also add examples of systems with some of those symmetries.

4.3.1. Lifts of vector fieldsonQand Q x R

A quick overview of the lifts can be seen in Appendix @ The natural extensions of YV
and Y€ to TQ x R will be denoted by the same symbols.
One can consider more general vector fields. Indeed, let Y be a vector field on Q x R
given by
) )

+Z— (4.20)

Y = Yi—.
aq' 0z’
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4.3. Symmetries and conserved quantities in contact Lagrangian systems

that is, Z does not depend on the positions g. In order to obtain a partial complete lift Y©
on TQ x R, we can do as follows. We first consider its complete lift to T(Q x R), which is

yve _yid 9 L Y 9
8q 9z aq/ aq

029 LYo 9Z9
g e T

Thus, Y€ is such that

yC — yi_—_ 9 +Za %i (4.21)
=Vttt e ‘
In such a case, we will denote by YV the vertical lift of the projection of Y to Q, say,
v . d
YV =Y'—, (4.22)
a4’

which is obviously tangent to TQ x R.

4.3.2. Configuration space symmetries

We will now try to understand the symmetries of a Lagrangian system which are lifts of
vector fields on the configuration space.

Definition 4.5. We say that a vector field Y € X(Q) is a configuration space symmetrﬂ of
Lif YS(L) = 0.

Theorem 4.16. Let (M, 171, E;) be a contact Lagrangian system and let Y € X(Q). Then, Y is
a configuration space symmetry of L if and only if f = YV (L) is an E; -dissipated quantity, that
is, it commutes with E; , or,

oL
CL(f) = —Rp(Ep)f = —f. (4.23)

For the proof of Theorem we will use the identities listed on the following lemma,
that can be proved by a direct computation.

Lemma 4.17. Let Y € X(Q). The following identities hold:

n(YC) = =YY(L), (4.24)
_YeW)

Lyenr = =bycqr) = o4 dq’, (4.25)

R (f) =0, (4.26)

[YC,A]=[YC,S]1=0, (4.27)

S(YS) =YV, (4.28)

2These symmetries were called infinitesimal symmetries on [90]], but we change its name here so that they
are not confused with the infinitesimal symmetries presented on Section
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Proof of Theorem We can now compute the Jacobi brackets using the identities form
the previous lemma and Proposition Letf = YV(L) so that #(Y®) = —f. Then we
have,

{EL,f} = Lyenp (&) + YE(EL)
= —Oyc(y (&) + YE(AL) — L)
= (S(ZL)(YC(L)) = YS(AL) — L)
= A(YS(L)) — YE(AL)) — YE(L) = =YE(L).

Therefore, the result follows. O

Remark 4.18. We notice that whenever Y is a configuration space symmetry of L, then
Y€ is the Hamiltonian vector field of YV (L). Indeed, Y is an infinitesimal conformal
equivalence.

Remark 4.19. This result should be compared with the First Noether Theorem from [140]]
in the case that L does not depend explicitly on time. The conserved quantity obtained
from a symmetry in [140] is not a function on M, but a functional that depends on the
chosen integral curve 7y of ¢;. We can recover the result by noticing that the conserved
quantity in [140] is given by

JL
GIYI() = exp(— [ —dv)(YV@) 07 (t)

00
t f.z (4.29)
= exP(— I -d’y> (fom (),
hence, along an integral curve < of ¢, we have:
. . tf tf .
Glylt) = —f exp(— fo J}d’y) + exp(— fo j;d’)/)[ =0. (4.30)
We now consider vector fields Y € X(Q x R) of the form
- d )
Y=Y'—+Z—. 4.31

aq' * 0z (431)

To go further in this case, we need to extend the computations in Lemma [4.17]

Lemma 4.20. Let Y € X(Q x R) with z component Z. Let f = —;.(YC). Then, we have:

n(YS) = -(YV(L) - 2, (4.32)
Lyenp = =R (f)dz — Oyc g, (4.33)
S(YS) =YV, (4.34)

In this setting, we can provide generalization of the concept of configuration space
symmetry and the corresponding dissipated quantities.
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4.3. Symmetries and conserved quantities in contact Lagrangian systems

Definition 4.6. We say that a vector field Y € X(Q x R) is an extended configuration space
symmetry of L if YC(L) = =Ry ()L, where f = —1;(Y©)

Theorem 4.21. Let Y € X(Q x R). Then f = YV(L) — Z is an E-dissipated quantity if and
only if Y is an extended configuration space symmetry.

Proof of Theorem We proceed as in Theorem Letf = YV(L) - Z = —5(Y©).

{EL f} = (Lyenp)(Gr) + YE(EL)

= —Rp(Hdz(@L) = Oyeq, (G) + YEAMDL) — 1)

= —RL(AL+ (SENYL) =Y @AWL) - L)

= —RL(HL+AYL) = YEAWL)) = V(L)

= —Rp ()L — YE(L).
Therefore, the result follows. O
Remark 4.22. In this case, the fact that Y(L) = —R; (f)L does not ensure that Y©
is a Hamiltonian vector field. Indeed, from Equation (4.33)), we compute Lycny, =

—Rp(F)nr + LOg, r), hence Y€ is Hamiltonian if and only if Ox, () = 0. Otherwise, YCis
only an infinitesimal generalized dynamical symmetry.

4.3.3. Noether symmetries

Definition 4.7. We say that Y € X(Q x R) with z component Z is a Noether symmetry if
Y€ is a Cartan symmetry.

From the conservation theorem for Cartan symmetries (Theorem4.14)), we can deduce
a new one for Noether symmetries.

Theorem 4.23. Let Y be a Noether symmetry such that Lyc(nyy) = dg + anp. Then f =
YV(L) — Z — g is an E; -dissipated quantity.

Proof. Apply Theoremto Y€, so, using Lemma U(Yc) -g= YV(L)-Z- g=f

commutes with E;. O

Remark 4.24. Infinitesimal symmetries on Q are Noether symmetries for ¢ = 0. However,
general infinitesimal symmetries on Q x R can fail to be Noether symmetries because its
complete lift is not a Hamiltonian vector field. See Remark [4.15]

4.3.4. Lie symmetries

Definition 4.8. A Lie symmetry is a vector field Y € X(QxR) such that YC is a dynamical
symmetry.

As a consequence of Theorem we obtain the following E; -dissipated quantity.

Theorem 4.25. Let Y be a Lie symmetry. Then f = —n; (YC) = YV(L) — Z is an Ep -dissipated
quantity.

Remark 4.26. Any infinitesimal symmetry of the Lagrangian L is a Lie symmetry.
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4. Symmetries and equivalences of Lagrangian systems

4.3.5. Action symmetries

We can define another kind of symmetries that can be thought as infinitesimal reparametriza-
tions of the action. We will expand on this point of view on the next chapter.

Definition 4.9. Let Z, be a vector field on TQ x R satisfying (pr.. Q) Zoy = 0. That is,

d
Zo=2(q,4,z)—. 4.
0 <q,q,z>az (4.35)

We say that Z is an action symmetry if it is a dynamical symmetry.
Furthermore, Z it is a strong action symmetry if, in addition, it is projectable by Té :
TOQOx R - Qx R. That s,

Zo = Z(,2)2 (4.36)
0= q,z aZ' .

Theorem 4.27. Let L : TQ x R — R be a reqular Lagrangian and let Z be of the form (4.35]).
The following are equivalent:

1. Zy is a strong action symmetry.
2. Zy is an infinitesimal conformal symmetry.

3. Z does not depend on 4 and

g2 (4.37)
oz 1 agt oz’ '

Proof. Z is a strong action symmetry if and only if

oL o7 az>a

[ZOI ‘:L] = (—ZE +4 a_ql +L¥ & =0. (438)

This proves that Items|[I|and [3]are equivalent.

Now we assume Item[2} Since an infinitesimal conformal symmetry is also an infinitesi-
mal dynamical symmetry, we only need to prove that Z does not depend on the velocities
to see that it is an strong action symmetry. Indeed, since Z; is a contactomorphism,

Lz e = any, (4.39)

forsomea: TQ x R - R. Or, in bundle coordinates,

JdL . ’L .
dz — 8_q'idq =a (dZ - Zaqiaqu ) . (4.40)

Contracting the previous equation by d/d4', we obtain

0Z
=0

Pl (4.41)

64



4.3. Symmetries and conserved quantities in contact Lagrangian systems

Hence, Item [1| follows.

Finally, we assume Item [1|and Item [3] (which we have already proven equivalent),
and try to obtain Item 2} Since Z is a dynamical symmetry, it last to show that it is a
conformal contactomorphism. That is, we need to show that Equation is satisfied.

Since Z does not depend on the velocities, the 4 component vanish at both sides of
the equation.

From the z component, we obtain that

0Z

azg.

(4.42)

The g’ components, are equal if and only if

0ZoL _9Z 9°L (4.43)

0z dgt  dg' T ajioz’ '
This expression is deduced by taking the partial derivative to Equation (4.37)) by 4'. Thus,
Zy is a conformal contactomorphism and Item [2|follows. O

Strong action symmetries are the infinitesimal counterpart of strong Lagrangian sym-
metries (which will be defined in Section 4.4]), and this theorem can be seen as an
infinitesimal version of Theorem

4.3.6. Examples

We will provide two examples of infinitesimal symmetries for contact Lagrangian systems.
The first one is similar to the classical angular momentum, but the second one shows that
more symmetries appear when we consider vector fields that also depend on the action.

Example 4.1. We will consider a Lagrangian of a 2D particle with a rotationally symmetric
potential. Let Q = R? and consider the Lagrangian L : TQ x R — R defined by

2142 1242
4 42r<q) v

with a quadratic kinetic energy and a potential energy V. Let the vector field Y € X(Q)
be given by

Lg%, 4%, 4%, ¢%,2) = ((@H2 + (®)2,2), (4.44)

) d
Y= —*— +q' 7. 44
o T 50 (4.45)
We compute its complete lift according to Equation (A.9)):
) ) d )
C__.2 1 _ 2 1
Y~ =—gq a1 +q F¥a g o1 +4 pray (4.46)

We notice that YE(L) = 0, that is, Y© is a configuration space symmetry. Hence, by
Theorem the quantity f is dissipated:

f=X"(L)=—-9"4 + ¢*4". (4.47)
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4. Symmetries and equivalences of Lagrangian systems

This quantity is the well-known angular momentum. Unlike on the symplectic case, it is
not conserved but dissipated:
_JdL.  JV
f=a =%
Example 4.2 (Extended configuration space symmetry: 1D particle). We will study
for which potentials does a 1D particle admit configuration space symmetries. Let
L: TR — R be given by

(4.48)

. 1,
L(g,4,2z) = Eq - V(q,2). (4.49)

This kind of Lagrangians are inspired in those considered in [235]] to describe systems
with scaling symmetry in cosmology.
We consider a generic vector field Y € X(R) given by

y - 2 72 450
—y(q,2>aq+ (@)= (4.50)

Y is a generalized configuration space symmetry (Definition |4.6|) if and only if
YE(L) = R (YO)L = 0. (4.51)

After some computations we find the coordinate expression for Equation (4.51]):

ay 1 ay 1 9Z JdV 9V
277 _'3_'V_ _'2_V_ R —7 =0. 4.52
qaq+(2‘7 q>az+<2q )az+8q +8z 0 (4.52)
Taking the third derivative on Equation (4.52)) with respect to g, we find
%
< =0. 4.
e 0 (4.53)
Moreover, if we now take the second derivative with respect to 4, we get
dy 0dZ
2—=—. 4.54
dqg 0z (454)
Since y depends only on g and Z depends only on z, one has that
0%y ?Z
= =0, 4.5
dqox  dgox (4:55)
hence both y and z are affine functions of the form
= b
yo=aqt (4.56)
Z =2a+c,
where q,b,c € R. Substituting this on Equation (4.52]) we obtain
( +b)av+(2 + )av 2aV =0 (4.57)
a — a — —2aV =0. .
1 99 TS
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The solutions of this PDE for V are

p(bz —cq), ifa=0
V(g,z) = (aq + b)_2¢( 20z + c2 ), ifa 0, (4.58)
(aq +b)
for some arbitrary function ¢. The corresponding H-dissipated quantities are
f=(aq+0b)g— (2az +c). (4.59)

In particular, notice that in the cases that Y is a vector field on Q (thatisa = c = 0),
the only potentials that admit a symmetry are the translation invariant ones: those of the
form V = ¢(z). We conclude that there are 1D systems that have extended configuration
space symmetries but no configuration space symmetries.

4.4. Extended Lagrangian systems and equivalent Lagrangians

When we are given an infinitesimal symmetry on a Lagrangian system, we might be
interested on how the flow of the symmetry modifies the system. Unfortunately, the
tangent bundle structure is not preserved by its flow. In [84]] we introduced the concept of
extended Lagrangian systems. Those systems were defined in order to give a formulation
of the inverse problem and to study equivalent Lagrangians in the contact setting.

In order to do that, we will allow extra flexibility on how to measure the action. We
will “forget” about the projection z : TQ x R - R. We formalize this notion with
the extended tangent bundle (Definition [£.10)). The following sections are devoted to
present and explore the extended tangent bundle and how to define a contact Lagrangian
formalism and its corresponding contact Hamiltonian formalism. Later, we will introduce
the problem of equivalent Lagrangians and explain how it is related to symmetries.

4.41. Extended tangent bundles

The main object that we introduce in this section is the extended tangent bundle over a
manifold Q:

Definition 4.10. An extended tangent bundle P of Q is a line bundle p : P - TQ. p is called
the mechanical state function. We also denote by p° : P - Q to the map p° = 7 o p, where
7o : TQ — Qs the canonical projection.

We can think of the extended tangent bundle as the contact phase space. The projection
p provides the mechanical variables (the positions and velocities). The extra degree of
freedom on the bundle represents the action. However, we do not prescribe how the
action is measured.

Definition 4.11. An action function of the extended tangent bundle p : P — TQ is a
surjective map ¢ : P — R such that TP = ker Tp & ker T'Z.
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4. Symmetries and equivalences of Lagrangian systems

TP 5\ p >
o lpx (4.60)
T(TQ) —2 TQ —3 Q

Given a natural coordinate system (qi, q’i), we can construct a coordinate system ( p*qi, p*q’i, 0)
on P. From now on, we will abuse notation and omit the p* when using the coordinates on
P. Along the text we will use two action functions z and ¢, with the respective coordinate
systems (qi, qi, z) and (qi, q’i, ). Notice that the coordinate basis of vector fields on P de-
pend not only on the coordinates (qi, qi) on TQ, but also on the action functions. To make

. . d 9 0 0 0 Ie] .
this clear, we will denote them as (a_qi’ 37 a—z> and ((a_qi ) g" <a_‘7i>g’ 3—5) respectively.

They are related by:
g 44
(2)=2-Z2 (2)-2-Z2 %22 4
) ag 95 a9z \9§). 9§ 99z 9zdl 0z '
g 0z g 0z

We proceed to study the geometric structure of the extended tangent bundle given
an action function . We have an isomorphism (p,¢) : P - TQ x R. However, only
the projection onto the first factor is independent of the choice of the action function.
The decomposition TP = ker p @ ker { induces a section A® of Tp as follows: given an
elementy € T(TQ), AS (y) € TP is the unique element such that Tp(AC(y)) =yand
T, (AS (y)) = 0. With this section we can lift the canonical elements of TQ to P. In local
coordinates we have that

Aéqui®(i> +dqf®<i> : (4.62)
9"/ XN/

Definition 4.12. The extended almost tangent structure on P by the action function p is the
(1,1) tensor field ¢ = A%0 5o Tp.
The extended Liouville vector field on P by the action function p is A® = A% 0 A o p.

In local coordinates, S¢ is given by

9Z
‘ 0 ‘ d 95 0
(—die( ) —drie| L 29 4
S¢=dg ®<a’7i>§ dg ®(8qf 3_58,2) (4.63)
oz

Note that 5¢ = 5¢ifand only if #—&does not depend on ¢'. Also,im S¢ = ker Tp" C ker S¢,
and ker S¢ is an integrable rank 1 + 1 distribution. The extended Liouville vector field is
given by

s
(9 (9 3 2
Cogi( L) cp| L2l
A= (aqi> 1 (aq'i % 82)' (464)
¢ 0z
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4.4. Extended Lagrangian systems and equivalent Lagrangians

which is precisely the infinitesimal generator of the R-action x(a)v = exp(a)v on the
vector bundle (po, () : P - Qx R. This allows us to define SODEs on TP.

Definition 4.13. A vector field ¢ of P is an extended SODE (Second Order Differential
Equation) if S¢(&) = A% for some action function .

An extended SODE ¢ has the local expression

g:qfa%mia%m%, (4.65)
fora',b € C*®(P).
Lemma 4.28. (is an extended SODE if, and only if, S(0.G,) = Ay forall p € P.
Proof. Since A¢ is a section of Tp:
SE(&) = AS & AY(S(Tp(£))) = MA o p) & S(Tp(§)) =Aop. (4.66)
O

Thus, the concept of extended SODE is independent on the choice of action function.

Extended contact Lagrangian systems

In this section we will define a generalization of contact Lagrangian systems, which will
provide us an adequate formulation of the problem of equivalent Lagrangians.

Definition 4.14. An extended Lagrangian system on an extended tangentbundlep : P - TQ
consists of a Lagrangian function L : P — R and an action function § : P —» R.

From an extended Lagrangian system, we can define the {-Lagrangian form

nt =dg - (s9"dL=dZ — (%> dq’. (4.67)
a4’ :

This form will be a contact form if and only if L is (-regqular, that is, the matrix (Wg )
defined by
2
¢ _( 9°L
WE = ( o aq.j)g (4.68)

is not degenerate. The regularity depends on the Lagrangian and on the action function.

For instance, the Lagrangian L = 502 — 7z is regular by the action function { = z, but it
1
is not regular by the action function { = 502 - 7z.

The pair (P, 77%) is a contact manifold. We denote its Reeb vector field by

d i 0°L d
RE = — oy —_
R = g (50 §<aqf> . (6
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4. Symmetries and equivalences of Lagrangian systems

Given the {-Liouville vector field

(0
=gl — .
A =g (aq'i> , (4.70)
¢
we define the (-energy
E$ = AS(L) - L. (4.71)

(P,71,¢, EL ) is a Hamiltonian contact system. The corresponding Hamiltonian vector
field, that we call the -Herglotz vector field &y  is,

g
lg Mg = —EL (4.72a)

oL
Loy Mg = ~RL(Ef)np ;= s (4.72b)

We remark that if { = z, this is just the usual Herglotz vector field ¢; .

A variational principle may also be written for an extended Lagrangian system (L, ().
Given the space €2(qo, q1) of paths y : [ty,t1] — Q such that y(ty) = g9 and y(t1) = q1,
and given {; € R, we define

Xig00  QWo, 1) = C([to, 1] = P) (4.73)

such that for each curve y € 2(q9,91), XL,CICO (7) is the curve that satisfies po QCL,{:,@O (7) =
%, and its { component, which we denote by Z; ;- (7) = { o Xy 7 ¢ () solves the initial
value problem

dz¢
dt(’)/) =LoXpzz(7), (4.74a)
Z8(y) () = G- (4.74b)

We now define the action
AL 0q0,91) — R,

) ) 4.75
¥ = ZE () = G = f:l L(q'(t), 4 (1), { (1))dt. (475)

By repeating the usual computation, but this time with the coordinates (qi, q'i, ’), we
obtain

Theorem 4.29. v € Q(qq,q1) is a critical point of A if and only if (vy,%, Z¢(7y)) are solutions
to the {-Herglotz equations:

<8L> d<8L> (8L> oL (4.762)
-— -7\ 55 = el -, ./0a
9q c dt \ 94 c a4 gag

=L (4.76b)
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4.4. Extended Lagrangian systems and equivalent Lagrangians

Extended contact Hamiltonian systems

Now we define the Hamiltonian counterpart an extended Lagrangian system.
An extended cotangent bundle is a line bundle § : P — T*Q. A Hamiltonian action
function { : P — R is a surjective map such that TP = ker T & T¢.

50

-
p RN

TP S p S R
) N
T 5 (4.77)
L
T(T*Q) —> T*Q —5 Q
o =dl — g = df — pdq’. (4.78)

Now, given a Hamiltonian function H : P — R we compute its Hamiltonian vector
field X}, » with respect to 7, ¢, which is given in coordinates by

o _PH (3 OH  OH\( 2\ ( OH_.\3? W)
H= 9p; \ g 7 g’ oz Ip; ¢ P "op; 0z '

The maps and spaces that will be used on this section are summarized on the following
commutative diagram:

Z
i Rt
o ' (4.80)
0
o \
TQ

The {-Legendre transformation

Given an extended Lagrangian system (L, {) on the extended tangentbundlep : P — TQ,
we can define its {-Legendre transformation, which maps it to an extended Hamiltonian
system.

First, we need to construct the dual Hamiltonian bundle P of P. Indeed, given the
action function ¢, we will be able to construct ¢ : P — T*Q and the action function .

Welet,o0 =po7g: P — Q. Note that the bundle (pO,g) P> QxR ->QxRhasa
unique structure of a vector bundle such that the map (p,{) : P - TQ x R is a vector
bundle isomorphism. We can then construct the linear dual bundle (g, 0):P - QxR.
Now we define the map ¢ : P — T*Q, such that, for any ay o € P and Uy, € TQ, we
have that

'5(0(‘70,€0>(0170) = %40,00 (0%/50)’ (4.81)
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4. Symmetries and equivalences of Lagrangian systems

where v, - € P is the unique element satisfying p(v,, ) = v, and {(vg 7)) = o )
Now, we can define the {-Legendre transform of L as the fiber derivative F’L:P> P
over the bundle (g, () : P - Q x R. That s,

d
FCL(vg,0) (Wg,0) = =0l (Vg + t0g.0), (4.82)

where Vq,0 Wy,; € (T, 4 y~1 (q,¢). Inlocal coordinates,

oL
BFCL(,4,0)) = (q, (5) ) (483)
4

where we used coordinates (qi, q’i, ¢) on the right and the dual coordinates (qi, p?, J) on
the left. The map F¢L is a local diffeomorphism if and only if L is {-regular. If there exist
H is such that FL,H = E 1,¢, then (FgL)*;yQ/@ = 1r,¢- Hence, FL is a strict similarity for

the contact systems (TQ x R, Eg, 17{) and (T*Q xR, H, ng).

4.4.2. Equivalent extended contact systems

A smooth change in the z variable corresponds to a change in the action function, which
are realized by fiber bundle automorphisms on P.

Definition 4.15. A horizontal diffeomorphism is a fiber bundle automorphism ¢ of p : P —
TQ.

Given two action functions z, {, there exists a unique horizontal diffeomorphism that
satisfies the commutative diagram

R

P/‘q)xp

N Wt
TQ

and it is given by ¢ = (id1q, ) on the trivialization provided by (p, z).

In the case that { does not depend on the velocities, thatis { = 7*{y, where {p : QxR —
R we say that ¢ is a strong horizontal diffeomorphism.

Subsequently, we analyze how the horizontal transformation acts on the structures of
the extended tangent bundle and how they can be used to study equivalent Lagrangians.

(4.84)

Equivalence in extended tangent bundles

A horizontal diffeomorphism ¢ acts on the action function by pullback z = ¢*J = o ¢,
as we can see in diagram (4.84)). The corresponding extended almost tangent structures
and Liouville vector fields are not preserved by ¢, in general. More precisely, we have
the following result.
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4.4. Extended Lagrangian systems and equivalent Lagrangians

Lemma 4.30. If ¢ is a strong horizontal diffeomorphism, then
$.SPC =55, $,APC = AL, (4.85)

Now we will study the action of horizontal diffeomorphisms on extended SODEs.
First we must see that it is well-behaved. It turns out that preserving extended SODEs
actually characterizes horizontal diffeomorphisms.

Proposition 4.31. A vector bundle automorphism ¢ of p° : P — Q preserves extended SODEs
(that is ¢.¢ is a SODE whenever ¢ is a SODE) if and only if it is a horizontal diffeomorphism.

Proof. Let, ¢be a SODE and let ¢(q',4',z) = (¢',v',{). Then, using the characterization
given by Lemma

.0
=y —
STp(@uE) =i (4.86)

¢ is a horizontal diffeomorphism if and only if v/ = 4'. Clearly, this is the case if and only
if ¢.¢is a SODE.
O

Since horizontal diffeomorphisms preserve SODEs, we can classify SODEs by these
transformations.

Definition 4.16. We say that two extended SODEs ¢ and ¢ on P are horizontally similar if
there exists a horizontal diffeomorphism ¢ such that ¢,.& = & If ¢ is a strong horizontal
diffeomorphism, then we say that ¢ and ¢ are strongly horizontally similar.

A direct computation shows that two SODEs, ¢ and ¢, are horizontally similar if, and
only if, there exists a function ¢ = (idTQ, () that satisfies

al = ¢*a, (4.87a)
a—qiqi ' aza—qﬁ e X g, s, (4.87b)
where
;= q’ia%- ; aiaiqi + ba%, (4.88a)
;= qz‘aiqi ; ﬁia%- ; z;aiz. (4.88b)

An interesting particular case is when a SODE ¢ in P is p-projectable. In the coordi-
nates (4.88)), this means that a’ does not depend on z. That is, the Herglotz equations for
the accelerations of the coordinates 4’ are uncoupled form z. Horizontal equivalences
preserve this property.

Proposition 4.32. Let &, ¢ be extended SODEs on P and let & be p- projectable. Then ¢, Care
horizontally equivalent if and only if & is also p-projectable and p,.& = p.¢.
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Proof. Assume that ¢ is p-projectable and horizontally equlvalent to § coordinates (4
then, by (4.87a)), by taking the inverse of ¢, we obtain (¢!~ )'a = a' = @, hence § is 7q-
projectable and 71 & = p,¢.

For the converse, we will see if § is projectable, then it is horizontally equivalent to

{= (4.89)

=g o
By transitivity of the equivalence relation, this will imply that ¢ is horizontally equivalent
to any other SODE with the same projection.
Using (4.87)), we see that &and & are equivalent if and only if there exists a solution for
the following equation
)
A, 9
' I’

Since this is a linear, first order PDE, there exist local solutions. Since the equation only
involves partial derivatives of { with respect to 4' and 4' adding a function of z to the

=, a_g £ 0. (4.90)

0
solution, we can obtain a new one so that ¢ qﬁ 0 does not vanish.
a

Equivalent contact Lagrangian systems

Notice that extended Lagrangian systems are pullbacks by horizontal diffeomorphisms
of usual Lagrangian systems. That is, ¢ = (idTQ, () is a strict similarity for the contact
systems (TQ x R, 77p, Ep) and (TQ x R, 741 ;Ep+1 ) Indeed, we have

¢*Ep = ¢*(A(L)) — ¢*(L) = (9. A)(p*L) — ¢p™(L) = 175,@,
LY a = LN 44
¢ =¢*dl — ¢ (a_qi>dq _dg_(aqi)gdq'

by Proposition Note that given two Lagrangian systems (L, z) and (L, {) the map ¢!

is a dynamical equivalence between the systems (TQ x R, E;,#;) and (TQ x R, Eg, 17{).

As a consequence, L and L are horizontally equivalent if and only if ¢; = {7  for some
action function . Hence, in order to study the problem of equivalent Lagrangians, we
can equally study the following problem.

Problem 4.1 (Equivalent Lagrangians). Find which extended Lagrangian systems (L, z)
(L, {) have the same dynamics.

Definition 4.17. Two extended Lagrangian systems (L, z) (L,7) are equivalent if §; = gi,g-
If { does not depend on ¢, we say that they are strongly equivalent.

Remark 4.33. Note that we can also define that a map is a (strong) Lagrangian symmetry
whenever a horizontal diffeomorphism ¢ : P — P is a dynamical symmetry for the
contact systems induced by the extended Lagrangian systems (L, z) and (L, {). We say
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that it is strong whenever the diffeomorphism does not depend on the velocities (that is,
it is a bundle morphism over (pO, {):P - QxR).

In Section [4.3.5 we introduced the concept of (strong) action symmetry. This concept
is the infinitesimal version of (strong) Lagrangian symmetries. Indeed, the flow of
a (strong) action symmetry, as can be easily seen from its coordinate expression, is a
(strong) horizontal equivalence. By definition, an action symmetry is also an infinitesimal
dynamical symmetry. Hence, the flow of a (strong) action symmetry consist (strong)
Lagrangian equivalences.

Theorem 4.34. Let (L,z) and (L, () be reqular extended Lagrangian systems. Both systems are
equivalent if and only if

p 28, %

L=Lg ()= a—g Lo5 + 52k (491a)
L —
&L §>—( ) (a_> P, (4.91b)
where .
P = (—L> . (4.92)
o4’ c

Proof. Assume that both systems are equivalent. By definition {; , = ¢1,¢» hence L=
81, = Lg, (). Also, ([4.91b)), after changing ¢; . by &7 ., are just the Herglotz equations
for (L, ).

Conversely, assume that conditions hold. Thus, we need to prove that both
Herglotz vector fields are equal. We can do that by proving that ¢; , is the Hamiltonian
vector field of 7 , with respect to the energy function E;. That is,

M,¢(CLz) = —Er g
oL
Leie = g70e
Expanding the first equation, we obtain

L .i LZ. 7
Lo, (O —pi*d' = =4 - 1),
hence it is equivalent to Equation (4.91al). Assuming that the first condition holds, the
second condition yields

dL - Le, (pi)dq! — p;edj' = é,(dé prtdg).
Contracting with (d /aqi)g and d/d{ we obtain 0 on both sides of the equation. If we

contract with (d/ 8qi) ¢, we obtain

oL Lc oL Le
— =——p 4.
(aql)g L5 = =gt (%)
which is Equation (4.91b)). O
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4. Symmetries and equivalences of Lagrangian systems

The notion of strong equivalence has a nice characterization: it coincides with that of
conformal equivalence. Moreover, it is easy to find a closed form for these Lagrangians.

Theorem 4.35. (L,z) and (L, {) be reqular extended Lagrangian systems. Then, the following
are equivalent

1. (L,z) and (L, ) are strongly equivalent.

2. The Hamiltonian systems (TQ x R,n;,E;) and (TQ x R, 17?:, Ez ;) are conformally

equivalent.
3. We have
‘;—SL + ' g—g =1, (4.94)
and { is independent of 4.

Proof. We will proof that3 = 2 = 1 = 3.
Assume that (4.94]) holds. Then,

_ LN i 98 i, 96y, (9oL %) i_ 9
=dé (aqi)gdq 90 9,4 (azaq T og )4 = 5
A oL ac\_ L ol o
e_ i(OL\ . _ 9 9
Ei=4 (aq‘i)g L=q (azaq * aqi) o 150 T Bt

Therefore, both systems are conformally equivalent.

Now, assume that both systems are conformally equivalent. Thus, 1, = f#; for a
non-vanishing f. We now take the contraction of the previous expression with 9/d4'. We
obtain B

9¢

=f35 (4.95)

Hence, both extended Lagrangian systems are strongly equivalent.
Last of all, assume that (L,z) and (L, () are strongly equivalent. Then ¢; ({) = ng(g ),
thus

ZL+4—= =L (4.96)
O

Hence, the set of strongly equivalent Lagrangians is parametrized by a function ¢ :
QxR — R.

Remark 4.36. This result includes the symplectic Lagrangian equivalence [[193| 217]].
Consider Lagrangians that do not depend on z and take { = cz + V(qi), with ¢ a non-zero

constant. Then L(g’,4") = cL(q',4") + qfs—;. In particular, we have 95 = 0; = cO +dv.
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4.4. Extended Lagrangian systems and equivalent Lagrangians

Variational formulation

We will now analyze the problem from a variational perspective.

Let (L,z) and (L, ) be extended Lagrangian systems. We remind that, by Theoremm
the critical points of the action functional are the projections onto Q of the integral
curves of their Herglotz vector fields. Thus, if the two systems are equivalent, their
corresponding action functionals must have the same critical points. But this is not
sufficient, the curves on Q have to be lifted to P, on the same way through the operator X.

Proposition 4.37. Let (L,z) and (L, {) be Lagrangian systems. Both systems are equivalent if
and only if
1. 7y : [to,t1] = Qs a critical point of Z; , . if and only if it is a critical point of Zy ¢ -,
where, §o = ¢ (7y(to), ¥ (o), Z0)-

2. For every critical point 7y of one has that Xp , ., (7) = Xg 7 7, (7).

It will be useful for our purposes to have a geometric characterization of the operator

X.

Proposition 4.38. Let L : P — R be a Lagrangian function and let ¢ be an extended SODE.
Then, for every integral curve & = [to,t1] — P of & if we let v = (0°)'6 : [to, 1] — Q and
£(6(to)) = Go, we have

Xpg,g(7) =9 (4.97)

if and only if
Lel = L. (4.98)

Proof. We note that (4.97)) holds if and only if for every integral curve ¢ of ¢ satisfies

d@d: D _Los (4.99)

while
WM D oy (4:100)
Since ((6(tg)) = (y, by uniqueness of solution of the above ODE, we conclude that
Xi,z,0,(0) = ¢. O

We can assume a stronger hypothesis regarding the action; Xy .. = X7 ; - not only
for the critical points of the action, but for every curve. We then obtain the following.

Theorem 4.39. Let (L, z) and (L, ) be Lagrangian systems. Both systems are strongly equivalent
if and only if for every curve <y : [tg, t1] — Q, we have

Xpz,20 (1) = XLz 2, (7). (4.101)

where {y = ¢ (v (tg),¥(tg),z0)-
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4. Symmetries and equivalences of Lagrangian systems

Proof. Assume that both systems have the same X operators. By Proposition we
have that both for every extended SODE ¢ such that ng = [, that is, of the form

&= 0 a2 (4.102)
750 g’ djt oz '
one has that
9C, 0C 9, o
Ll =g —= +a'—= + =L =1L. 4.1
=g+ (4.103)

Since this must hold for any extended SODE of this form and the accelerations 4’ are
arbitrary, then it is necessary that { does not depend on 4'. Moreover, since

a7 aé .
qaq +5L=1, (4.104)

by Theorem [4.35] both systems are strongly equivalent.

Conversely, if both systems are strongly equivalent, again, by Theorem we know
that { does not depend on the velocities and that holds. Thus, for every SODE
satisfying Lzz = L one has that Lz{ = L and vice versa. By Proposition both
systems have the same X operators.

4.4.3. Examples

The next examples are some applications of the previous results in equivalent La-
grangians, exploring their limits and implications.

Example 4.3 (Total time derivative). In the action-independent case, two Lagrangians

Lo, Ly : TQ — R are independent if their difference is a total derivative, that is, a function
the form '

ahi (ql ) q.l'

agt "’

(4.105)

for some function /1 : TQ — R. We would like to check that if we extend this Lagrangians
to TQ x R they are still equivalent. In contact geometry one has to be careful, because the
contact equations are not linear on the Lagrangian. Nevertheless, one can proceed in a
similar fashion by considering the transformation { = z + h, resulting in the Lagrangian:

- o oh
L(ql,q'l,g) = L(ql,qllz) aqlq , (4106)

where L(q,4,z) = Lo(q,4), L(q,4,2) = Ly(q,q) are the extensions of Ly, Ly to TQ x R.

The extended Lagrangian systems (L,z) and (L,7) are equivalent by Theorem
When the Lagrangian L does not depend on z we recover the usual result of the symplectic
case, as explained in Remark
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4.4. Extended Lagrangian systems and equivalent Lagrangians

Example 4.4. Lorentz force The classical Lagrangian to describe the motion of a particle
under the Lorentz force is

3
L= —(G")? +kAlq'l) —k¢.
> (3

i
If one performs a change of gauge by a function %(g'), then the new Lagrangian is
L+ s—;qi. Since the difference is a total derivative both Lagrangians have the same

dynamical equations. This is a classical case of a “gauge transformation” in physics,
where we one can change the vector potential A to a different one by adding the gradient
of a function, so one is able to choose the most convenient one in a process called “gauge
fixing” [1155]].

In [[134] a contact version of the previous Lagrangian is considered, which adds a

dissipation term
3

L=) (36 +kAiq) —kp -z 4107
i; ( 5 ()2 + kA ) — kg =y (4.107)
Here, when trying to perform a gauge transformation A’ — A’ + j—;, where the equations
of motion are derived, and they turn out not to change [134].

In order to find a gauge invariant Lagrangian description of the Lorentz force in the
contact setting, in [|134]] is proposed a generalized description of the gauge given by a
triple (¢, A, f), from this triple we construct the Lagrangian

3
m . . ) d
Lgap = Z (5@71)2 + kg’ (Al + a_;l)) — k¢ —z. (4.108)

i=1

The gauge transformation would be given by a function / as (¢ — %,A + Vh,f —h). This
Lagrangian is invariant under a gauge transformation, therefore, there is no need to
invoke equivalence results. However, we can interpret it as a Lagrangian equivalence in
our framework. If we perform a gauge transformation in the usual way

3
L= 2 (%(qi)z + kqui) —k¢p —y(z +kf), (4.109)

which, after a gauge change by / (and renaming z by () transforms into

3

o . - o
Lq',d,0) =) (%(«71)2 + kq’1A1> = kg = 7(C — kh+ k) + k55’ (4.110)
i=1

Using Theorem one can check that (L,z) and (L, { = z + kh) are strongly equivalent.
Hence, the results of [[134] fit in our formulation.

Example 4.5 (Parachute equation). The Lagrangian of the parachute equation (Exam-

plei3.2)) is
1 mg
L=-p2— =% —1) +2yyz.
>Y 2y Y
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4. Symmetries and equivalences of Lagrangian systems

One wonders if there exists a strongly equivalent Lagrangian with a simpler expression.
Theorem [4.35|allows us to explore all possible Lagrangians providing the same dynamics.

We want to find a strongly equivalent Lagrangian which conserve the kinetic energy
term, that is, with the structure:

-1
L= Ey'z +a(y, )y +by, ).
From the Theorem  has to satisfy the identity

aC ag(l

1 mg
-2 . — 2 20y _ .
S +aly, Oy +b(y, &) y—ay +=|zy 2y (e 1) + 2’)fyz> :

oz \ 2
L o _ _ - % —f_
This implies that == = 1, thus { = z +f(y). Thena(y,{) = 3 +2yz = f" = 29f +29(
_ _ Mg, 29y ; ; .
and b(y, ) = — 2 (e=7Y —1). Therefore, the possible Lagrangians are:

-1 m
L= i+ (f = 21f +290§ - 22" 1.
2 2y
Thus, the exponential and the term proportional to jz are necessary for a contact
Lagrangian of this type to describe the parachute equation.

Example 4.6 (Non-strong equivalent Lagrangians). In general, (L,z) and (L,{ = z + 4")
are not equivalent. First, we need to check (4.91b]), which in this case imposes (1 — 12 =
n — 1, therefore n can only be 1 or 2. This leaves us with the Lagrangians

1, 1 5
L1:§q -7 Ly = >4 -¢.

L, is a {-regular Lagrangian, but L, is only {-regular if 7 # =. In this case, they are
equivalent to (L, z) in virtue of Theorem We can check this explicitly by computing
the Herglotz vector field of (L, { = z + 4").

ac=ilap), o (ap), 3
T 7= -— al\ — -
eI\ oy a7 ), 8
¢ ¢
Equation (4.76b)) tell us that ¢ = L. Equation (4.76a)) is
—a(l —yn(n —1)24"2) = yg(1 —yn(n — 1)g"*2). (4.111)

Since a2 = —q (the component of the vector field ¢; corresponding to a%i) does not
depend on z, from Proposition we know that @ = a. Thus, (4.111]) becomes
(1= ynn—1>%4""?) = 1 -ynmn-14""?),

which is only satisfied if n = 1,2. Forn = 2and y = %, 4.111]) becomes 0 = 0 and any
function 4 is a possible solution, a sign that the system is singular and, in particular, not
equivalent to (L, z).
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4.5. Reduction and moment maps

General equivalence of extended Lagrangian systems is given by Theorem [4.34) where
the regularity hypothesis and condition are important, as we will see in this example.
Consider the Lagrangian (v # 0)

. 1.,
L(g,4,z) = Eq -z,

whose Herglotz vector field is
.9 .0 AL 0
L= Mg ~ M5 ™ "oz

Given an action function { = z + 4" (with n # 0), we can use condition (4.91a)) to
compute the potential equivalent Lagrangian:

_ L, 1 0
L(g,4,0) = —ynd +§v/2—7é+w :

4.5. Reduction and moment maps

In this section we present a result of reduction in the context of contact geometry, which is
analogous to the well-known coisotropic reduction in symplectic geometry. This theorem
is not true in more general contexts, such as Jacobi manifolds, where more structure is
needed to perform the reduction [197, 206, 207]].

This will be followed by an application of this theorem to prove a reduction theorem
via the moment map. We relate the symmetries in this context with dissipated quantities.

4.5.1. Coisotropic reduction in contact geometry
Proposition 4.40. Given a coisotropic submanifold 1 : N = M, we define
o = 11 = HlTN,
dng = *(dn) = d*y).

Then,
TN = ker(1y) N ker(dyp),

which will be called the characteristic distribution of N.

Proof. We shall prove the last equality:
TN = {v e TM N M | dy(v, TN) = 0}

={ve TN |n©) =1ny() =0,dy(w, TN) = dny(v, TN) = 0}
= ker 7y N kerdry,

where the first equality is due to Proposition and the second one to the fact that N is
coisotropic, which ensures that all orthogonal vectors are in TN. O
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4. Symmetries and equivalences of Lagrangian systems

The following theorem is very related to [239| Proposition 4.2]. Indeed, this result
provides a coisotropic reduction theorem for regular coisotropic submanifolds 189, Defini-
tion 5.8], which coincides with our notion of coisotropic submanifolds without horizontal
points. The reduction, however, is carried in the context of manifolds with a contact
distribution explained in Remark

Theorem 4.41 (Coisotropic reduction in contact manifolds). Let ¢ : N — M be a coisotropic
submanifold. Then TN is an involutive distribution.

Assume that the leaf space of the characteristic distribution TN LA on N, denoted N = N/TN*4,
is a manifold and that N does not have horizontal points. Let 7t : N — N be the projection. Then
there is a unique 1-form j € QY (N) such that

T = . (4.112)

Moreover, (N, 1) is a contact manifold. 3
Furthermore, if N consists of vertical points, R = 1, R is well-defined and is the corresponding
Reeb vector field.

Proof. First, we will prove that the distribution TN 14 is involutive. Let X, Y € TN*14 =
ker (1) N ker(dyg). We will show that [X, Y] € TN, By Cartan’s formula:

0 =dno(X,Y) = X(10(Y)) = Y(10(X)) = 17o([X, Y]) = =17o([X, YD), (4.113)

thus [X, Y] € ker(yy). Now, we will use Cartan’s formula with d#,. Let Z be a vector
field tangent to N,

0 =ddr(X,Y,Z) = X(dyo(Y,Z)) — Y(dno(X, Z)) + Z(dyo(X, Y))

4.114
_dWO([X/ Y]/Z) + dUO([XIZ]/ Y) - d]70<[Y/Z:|/X) = _dT]O([X/ Y]/Z)/ ( )

from which we conclude that [X, Y] € I'(TN*4).

Now we will check that there is a unique 1-form 7 such that 77*7j = 1*77. We note that it
is enough to show this locally (on open subsets of N).

For proving the existence, we take a smooth section y# : N — N of 77 (thatis, 7wop = idyy),
which always exists locally because 7 is a submersion. Let 7 = p*11.

We check the uniqueness in the tangent space of each x € N. We know that ker(79) 2
TN,%A = ker(Tm ) - Thus, #j;,; does not depend on the chosen element of the preimage
of T, . The following diagram illustrates this situation.

TN —% T M

LT,JN‘”O)XLW (4.115)

- Mx)
T[x]N --=> R.

We also have to prove that this projection does not depend on the base point of the
fiber 71 ({p}) 2 N. We compute the Lie derivative of 7, in the direction X & TNt
using, again, Cartan’s formula:

Lxno = dixng + txdig =0,
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4.5. Reduction and moment maps

hence 7} is well-defined. Likewise, we can check that R projects to R on the vertical
points.

On the horizontal points, we obtain 77 = 0, thus we do not get a contact form.

On non-horizontal points, 77 is nondegenerate because 7 (7, (R +v)) = 1. Given that we
have taken the quotient by ker(d#y) N ker(7y), dﬁ‘ Ker is obviously nondegenerate. []

Corollary 4.42. With the notations from previous theorem, assume that L C M is Legendrian,
N does not have horizontal points, and N and L have clean intersection (that is, N N L is a
submanifold and TIN N L) = TN N TL). Then L = (L) C N is Legendrian.

Proof. Let n + k + 1 be the dimension of N, then, TN 14 has dimension 1 — k by Defini-
tion[2.12] Hence,

dimN = dim N — dim(TN*4) = 2k + 1. (4.116)
Since L is trivially horizontal, we only need to show that
dimL = dimL NN — dim TL N (TN*4) = k. (4.117)
Since by Definition[2.12]
dim (L N N)*4 + dim(L N\ N) =2n +1, (4.118)
and by Proposition[2.14

(L+N)* =LA nNta = LN N1,
using the incidence formula,
dim(L + N*4) =dimL + dimN —dim(LNN) =2n + 1+ k + dim(L N N), (4.119)
and substituting in concludes the proof. O

4.5.2. Moment maps

The moment map is well-known in symplectic geometry. There is a contact analogue [3,
137,190, |257]] which has been used to prove reduction theorems via this map. In our
proof of this theorem we can see that it can be interpreted as a coisotropic reduction of
the level set of the moment map.

We remind that given a Lie group G, we denote its Lie algebra by g and the dual of its
Lie algebra by g*.

Definition 4.18. Let (M, 17) be a contact manifold and let G be a Lie group acting on M
by contactomorphisms. In analogy to the exact symplectic case, we define the moment
map ]| : M — g* such that

Jx) (@) = =n(Em(x)), (4.120)
wherex € M, ¢ € gand ¢y, € X(M) is defined by
d
m(x) = §<exp<tr§) “X)l¢=0 (4.121)

is the infinitesimal generator of the action corresponding to ¢.
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4. Symmetries and equivalences of Lagrangian systems

The moment map has the following properties:

Proposition 4.43. Let G be a Lie group acting by contactomorphisms on a contact manifold
(M, ). If we let

J:g-C"M
Jro= 0o (4.122)
g - _lCMn'
so that J(&)(x) = J(x)(&). We obtain that the so-called moment condition:
dj (&) = iz, dn. (4.123)
Furthermore,
Xje = Sm- (4.124)
Proof. The fact that G acts by contactomorphisms implies that
Le,,n=0. (4.125)
Thus, by Cartan’s formula
dJ(¢) = —dig,, 11 = 1,,d1. (4.126)
The other equality is a consequence of Proposition 2.12] O

Proposition 4.44. The moment map defined as above is equivariant under the coadjoint action.
That is, for every g € G, the following diagram commutes:

M5 M
i] - i] (4.127)
g —> ¢
where Ad™ : G - GL(g*) is the coadjoint representation, that is, if§ € G,a € g*and € g
Ad;()(8) = 2(Adg(8)) = a(T(Rg-1Lg)E), (4.128)
and Lg, Ry = G — G are, respectively, left and right multiplication by g.

Proof. We must show A A
J(§)(gx) = J(Adg-1 &) (x), (4.129)

that is,
(M (8%) = (Lad 1 o) 1) (X).- (4.130)
© M

The proof follows from the following identity [2, Prop. 4.1.26], which is true for any
smooth action

(Adg10) = g"m, (4.131)

together with the fact that g preserves the contact form. O
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4.5. Reduction and moment maps

Lemma4.45. Let (M, 1) be a contact manifold on which a Lie group G acts by contactomorphisms.
Let u € g* be a regular value of the moment map |. Then, for all x € [~ (u)

Te(Gux) = To(Gx) N T (J L (), (4.132)

where G, = {g§ € G | Ad;—l u = u} is the isotropy group of yu with respect to the coadjoint
action.
It is also true that
T (J71 () = To(Gx) ™. (4.133)

In particular, if G = Gy, then T, (Gx) C T, (]‘1(],1)) and Tx(]‘l(y)) is coisotropic and
consists of vertical points. Furthermore,

T (J7 ()" = Ty (G). (4.134)
Proof. In [2, Cor. 4.1.22] we see that
T (Gx) = {m(x) | ¢ € g}- (4.135)

If g, C g denotes the Lie subalgebra corresponding to the Lie subgroup G, C G, we
conclude that g (x) € Tr(G,x) if and only if § € g,,. By Ad”-equivariance, one deduces
that

(T ) (Gm (X)) = g+ (1), (4.136)
thus ¢ € T, (J7¢ (#)) = ker T, ] if and only if ¢y« (1) = 0, which means that y is a fixed
point of AdzXp (-t or, equivalently, exp(¢) € G, which, by basic Lie group theory, is the
same as ¢ € g,

For the second part, remember (Proposition 4.44)) that if { € g and v € T, M, then

dr(Gp(x),0) = dJ(§) (x)(0) = Ty (0)(£). (4.137)

Thus, v € Tx(]_l(y)) = kerT,] if and only if di({p(x),v) = O for all { € g. That is,
T (71 () = To(GX)™ = (G (x) | § € g} .

In the case G = GW we note that, because G acts by contactomorphisms, T, (Gx) C H,
thus, by Proposition [2.15 we see that
L

T (7 ) ™ = Te(Gx) C To(J 7 (). (4.138)

O

Theorem 4.46 (Reduction via moment map). Let (M, ) be a contact manifold on which a

connected Lie group G acts by contactomorphisms and let | be the moment map. Let u € g be a

reqular value of | which is a fixed point of G under the coadjoint action and such that the action of

G is free and proper on ]~ (u). Then, M, = J~Y() /G has a unique contact form 11, such that

Ty = 1], (4.139)

where 7T, ] _1(;1) - M, is the canonical projection and bt _1(;1) — M is the inclusion.
Also, the Reeb vector field of the quotient R, = 7}, R is the projection of the Reeb vector field
of (M, n).
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4. Symmetries and equivalences of Lagrangian systems

A similar result was proved in [[137, Theorem 6]. We present a new proof that clarifies
the role of coisotropic submanifolds and coisotropic reduction.

Proof. This follows from combining Theorem and Lemma Since | 1 u)isa
coisotropic manifold (since y is a regular value, its preimage is a manifold) the quotient
by its characteristic distribution has a unique contact structure projected from M. Also,
the quotient of a manifold by a free and proper group action is again a manifold. Both

quotients coincide because T, (] -1 M) 4 = T,(Gx), so the leaves of the characteristic
distribution of J~1( u) coincide with the orbits of G. ]

Theorem 4.47 (Contact Hamiltonian system reduction). Let G be a connected Lie group
acting by contactomorphisms on (M, n,H) such that H is G-invariant (that is H o ¢ = H for
all g € G). Then, with the notations of previous theorem and assuming that the action is free
and proper on ]~ (u), (M., 11, Hy,) is a Hamiltonian system where H,, is projection of H by the
action of G. This situation is illustrated by the following diagram,

4

M
L,,T H
J7Hw) R (4.140)
I
MI*

Furthermore ny*XHU—l(y) = XHM.

Proof. The fact that (M, 7,,H,,) is a Hamiltonian system is a consequence of Theo-
rem We note that H,, is well-defined because H is G-invariant.

Now we need to see that Xy i €X g1 (1)). Since H is G-invariant, for allg € G
we have
Sm(H) = 17,dH =0, (4.141)

that is, dH, € (T,Gx)°, for all x € J~!(u) or, equivalently, #,(dH) € #,(T,Gx)° =
(TxGx)l". Hence,

(Xp), = $adH, — HO) Ry € (T,G0) @ U = (T,Gx)" = T, (), (4.142)

where the last equality is due to Lemma [4.45]
We remark that 77, Xpylj-1(,,) is well-defined, since both H and 7 are preserved by

the action of G. We now will show that 77, Xplj-1(,) equals Xp,. The b isomorphism
(Equation (2.4)) corresponding to the contact structure in the quotient is denoted by b,.
bl‘(nﬂ*XHU’l(”)) = Lﬂy*XHII—umdUZJ + (l”y*XH\,—um”ﬂml‘
= dH, — (R, (H,) + H)1,,
since 7'[;[17;‘ = -1 by Theorem Hence, ny*XH| -1 s the Hamiltonian vector
field for H,,. O
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Remark 4.48 (Lifting solutions). A solution to the reduced problem can be lifted to a
solution of the initial system [[196]]. That is, any integral curve [c(f)] for XH;I is the
projection of a unique integral curve c(t) for Xy after choosing a base point c(0) = x €
]‘1(;1). To see that, we pick a curve d(t) such that 4(0) = x, [d(t)] = [c(t)], that is,
c(t) = g(t)d(t) with g(t) € G. We can find that g(t) by solving the following equation

Xp(d(t) =d'(t) + ((Tg(t)Rg_(lt))g(t))M(d(t))r (4.143)
which can be seen to have a unique solution by solving

(§()) ), (d (1)) = Xp(d(t)) —d'(b), (4.144)

for ¢ (t) € g and then, we solve

{gu) = TLy 3 (1), (4.145)

g0) =e
for g(t).

Example 4.7 (Angular momentum). Consider Q = R3, a Hamiltonian function H on
M = T*Q x R that is spherically symmetric, say H(q,p,z) = H (ligll, lipll). The manifold
M is naturally equipped with a contact structure

no = dz —ag = dz — p;dq’, (4.146)

where ag = p;dg’ is the Liouville one-form.

Consider the Lie group G = SO(3) = {O € R>3 | OTO = id, det(O) = 1} acting by
rotations on Q. The action can be lifted to TQ x R by extending the cotangent lift with
the identity. Explicitly, for O € SO(3) we let

g0:T"QxR > T*Qx R

4.147
(q,p,2) = (O-q,p-0O7,2). ( )

The group SO(3) acts freely and properly by contactomorphisms away from 0.
The Lie algebra of the group is given by g = s50(3) = {0 € R33 | oT + 0 = 0}. This
algebra will be identified with the algebra of 3-dimensional vectors with the cross product

by taking
0 -G & &
[ G 0 —51) - (52) (4.148)
-6 a0 &
The infinitesimal generator of § € g is given by
Sm(q,p,2) = ( xq,px¢,0). (4.149)

One can identify g with g* by using the inner product on R3. The moment map is then
given by [2, Example 4.2.15]

J(q,p,z) =g xp. (4.150)
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4. Symmetries and equivalences of Lagrangian systems

Identifying g* ~ R3 one sees that the coadjoint actions of G is the usual one (by
rotations). Let u € g*, p # 0 then the isotropy group G, ~ S! of y under the coadjoint
action, which are the rotations around the axis p.

Without loss of generality, one can take y = (0,0, yo). Hence, if (g,p) € | -1 u), both g
and p lie on the xy-plane. Moreover, they must satisfy the equation g'p, — p14% = uo.

We can apply Theorem to our system and find out that (M,,, 77, H,,), which is a
Hamiltonian system over a 3-dimensional manifold. This manifold is similar to the one
obtained on the symplectic case [2, Example 4.3.4], but multiplied by R because of the
extra coordinate z.

4.5.3. Moment maps dissipated quantities

Lie groups acting by contactomorphisms on contact Hamiltonian systems also produce
dissipated quantities. Here we explain how to construct them using the moment map.

Lie group of symmetries on a contact Hamiltonian system

An important case of symmetries for contact Hamiltonian or Lagrangian systems appears
when a Lie group preserving the geometric structure and the energy. That is, let G be a
Lie group acting on a contact Hamiltonian system (M, 7, H) by contactomorphisms and
preserving H. Since

Ho®,=H, Vg €G. (4.151)

Then we deduce that
LgMH =0. (4.152)

Using Proposition [£.11} we can deduce that

(H,J(&)} = Xg(J(©) + J(&)R(H). (4.153)
But,
{H,J(&)} = —{J(&),H}
= —Xj (e, (H) = HR(J (&)
= —Zm(H) —HR(J(&)) =0.
Therefore,

Xp(J()) = —RHE)] (). (4.154)

That is, J(¢) is an H-dissipated quantity. Therefore, we have obtained the following:

Theorem 4.49. & is a dynamical symmetry for (M, 1, &) and ] (€) is an H-dissipated quantity.
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4.5. Reduction and moment maps

Lie groups acting on contact Lagrangian systems

Assume that a Lie group G acts on Q
P:GxQ-Q, (4.155)

such that the action preserves a (regular) Lagrangian L : TQ x R — R. This means that
the lifted action to TQ x R,

$:GxTQxR - TQxR, (4.156)

given by d = (TP, idg ) preserves L. As a direct consequence, G preserves the contact
form 7;. In other words, G acts by contactomorphisms on (TQ x R, 7).
Consider the corresponding moment maps:

Ji :TOxR - g¥,

4.157
JL(vg,2) (04, &) = —HL(ETQxR)- ( )

Notice that c
CTOxR = 60 (4.158)

Using the results of Section we conclude that ¢y, is an infinitesimal symmetry of
L and the function

f=&"W (4.159)
is an H-dissipated quantity.
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5. Singular Lagrangians and precontact
manifolds

As we saw in Chapter {3, from a regular Lagrangian function L : TQ — R we can
construct a symplectic form w;, and we obtain a Hamiltonian system (TQ, wy, E; ) with
well-defined dynamics.

The situation is more subtle when the Lagrangian function is not regular, that is, its
Hessian matrix with respect to the velocities is singular. Hence, the 2-form w; is not
symplectic because it is degenerate, and the equation :xw; = dE; has no solution in
general. Indeed, at each point of the manifold this is a liner equation where the linear
operator is singular, so the solution either does not exist or is non-unique. It can be
the case that the equation can only be solved on part of the manifold. In order to deal
with singular Lagrangians, and motivated for the need to study the quantization of
electromagnetism, P.A.M. Dirac developed a constraint algorithm (which was developed
independently by P. G. Bergmann in order to quantize general relativity and is now called
Dirac-Bergmann algorithm) that allows us to construct the dynamics of the system [[19,
116]], if possible. This constraint algorithm has been later geometrized by M.J. Gotay and
J.M. Nester [147]].

The geometric version of the algorithm relies on the concept of presymplectic systems,
that is, a closed 2-form w on a manifold M which is not symplectic but has constant rank.
So we analyze the Hamilton equations

ixw = dH (5.1)

for a Hamiltonian function H on M. We consider the points where there is a solution of
the above equation, and so we obtain a primary constraint submanifold M, along which
there is a solution. But the dynamics should be tangent to M;, so we have to restrict
ourselves to those points in M; where a solution exists and it is tangent to M7, obtaining
a secondary constraint submanifold M,. The algorithm continues and, in the favorable cases,
it stabilizes at some level, M; 1 = M; which is called the final constraint submanifold.

The above algorithm can be applied to the case of singular Lagrangian systems, but,
when the Lagrangian satisfies some weak regularity condition, we can also develop a
Hamiltonian counterpart and the corresponding constraint algorithm. Both algorithms
are conveniently related by the Legendre transformation.

One issue on the Lagrangian part of the algorithm, the so-called second order equation
problem, is that the solutions of the equations of motion are not necessarily integral curves
of a SODE. Indeed, they might be solutions of the equations of motion (q(t), v(t)) such
that v(t) # 4(t). This problem was solved in [146]]. They showed that along a further
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5. Singular Lagrangians and precontact manifolds

submanifold of the final constraint submanifold, solutions that satisfy (v(t) = 4(t)) may
be found.

In addition, Dirac identified two kinds of constraints, first and second class. The second
class constraints allow to define a Poisson bracket (called Dirac bracket) that gives the
dynamics of the constrained system just as in the classical case with the canonical Poisson
bracket.

The aim of this chapter is to find an analog of the Gotay—Nester algorithm for contact
manifolds. In Section 5.1 we present precontact geometry, which is the geometric model
for precontact systems (the counterpart of presymplectic geometry). In Section
we add dynamics to the picture, defining what a contact Hamiltonian system is and
constructing a constraint algorithm that finds in which submanifold the equations of
motion can be solved. Next, in Section[5.3|we study the constraint algorithm in the context
of Lagrangian mechanics and prove that it commutes with the Legendre transformation.
Later, in Section [5.4{ we introduce a generalization of the Dirac bracket: the so-called
Dirac-Jacobi bracket, which is Jacobi but not Poisson. We are also able to classify the
constraint functions in first or second class, depending on weather they carry dynamical
information or not. Then, in Section 5.5/ we construct explicitly a submanifold S of the
final constraint manifold, such that there is a unique solution to the equations of motion
that satisfy the second order differential equation condition along S. Finally, in Section|5.6]
we provide examples with explicit computations of the constraints and the Dirac-Jacobi
brackets.

Most of the work in this chapter was published in [89]]. We have also introduced a
characterization of a Hamiltonian vector field on a precontact system, and the definition
of morphisms of precontact system which simplifies proving the equivalence of the
Lagrangian and Hamiltonian formalisms. These last ideas come from [93]].

5. Precontact manifolds

The theory presented on Section (3.1| provides well-defined dynamics for regular La-
grangian systems and there is a satisfactory correspondence between the Lagrangian
and Hamiltonian formalisms on the hyperregular case. However, we would like to treat
more general kinds of systems in which Lagrangians are allowed to be singular. For
that, we will need to introduce a geometric model that generalizes contact geometry:
precontact geometry. This geometry plays a similar role than presymplectic geometry
for singular symplectic Lagrangian systems.
Let 7 be a 1-form in an m-dimensional manifold M. We define the characteristic distribu-
tion of n7 as
C=kernnkerdy CTM, (5.2)

which we suppose to be regular, that is, of constant rank. We say that # is a 1—-form of
class c if the rank of the distribution Cis m — c. There exist some characterizations of this
notion for a 1-form given in [142].

Proposition 5.1. Let 17 be a one-form on an m-dimensional manifold M. Then it is equivalent:
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5.1. Precontact manifolds

1. The form n is of class 2r + 1.

2. At every point of M,
nAdp) #0, @yt =o0. (5.3)

3. Around any point of M, there exist local Darboux coordinates ql, g P1, e Pr 2 U, U,
where 2r + s + 1 = m, such that

r

n=dz-— Zpidqi. (5.4)

i=1

In these Darboux coordinates, the characteristic distribution of 7 is given by

~f).. )

Remark 5.2. The distribution Cis involutive, and it gives rise to a foliation of M. If the
quotient 7t : M — M/C has a manifold structure, then there is a unique 1-form 7 such
that 77*7j = 7. From a direct computation, 7 is a contact form on M/C. This justifies the
name of precontact form.

A pair (M, 17) of a manifold equipped with a precontact form will be called a precontact
manifold.
We define the following morphism of vector bundles over M, generalizing (2.4)):

b:TM —» TM* (5.6)
v = Lydiy + 5(0)7. '
The following 2-tensors are associated to b and its transpose
w=dyp+n7®y w=-dp+nen. (5.7)
In other words, b(X) = w(X,-) = @w(-,X). Therefore, w(X,Y) = w(Y, X).
A Reeb vector field for (M, 1) is a vector field R € X (M) such that
igdy =0, n(R) =1 (5.8)

We note that there exists Reeb vector fields in every precontact manifold. Indeed, we

0
can define local vector fields & = == in Darboux coordinates and can extend them using
partitions of unity.

Proposition 5.3. Let (M, ) be a precontact manifold. Then,

C =kerynkerdn = kerb = (imb)°. (5.9)
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5. Singular Lagrangians and precontact manifolds

Proof. We will prove the previous equalities. We first focus on ker # N ker dy = kerb. In
order to see that ker 7 N kerdr C kerb, we let b(X) = 0. Then ixdy + n(X)n = 0. If we
contract the previous expression with a Reeb vector field R we obtain that 7(X) = 0.
Thus, 1xdn also vanishes. The other inclusion is trivial.

Now we will see that (imb)° = kerb. Let X € kerb. By the first equality, txdy = 0 and
txt) = 0. Then, for any vector field Y

1xb(Y) = ixtydy + n(Y)n(X) = —1yixdny =0, (5.10)

hence (imb)° 2 kerb. By noticing that at each point p € M both subspaces of T,M have
the same dimensions, we conclude that both distributions are equal. O

On a precontact manifold, the Reeb vector field is not unique, but there is a family of
them. They are sections of an affine subbundle of TM

Proposition 5.4. A vector field X is a Reeb vector field for (M, n) if and only if b(X) = 5. That
is, the set of Reeb vector fields is R + I'(C), where R is an arbitrary Reeb vector field and I (C)
is the set of vector fields tangent to C.

Proof. Let R be a Reeb vector field. Then, X is also a Reeb vector field if and only if
n(X) = n(R) = 1and 1xdn = 1xdy = 0. That is, if and only if R — X is tangent to C.
Equivalently b(R — X) = 0or b(X) = 7. O

For a distribution A C TM, we define the following notion of complement with respect
to w. Since w is neither symmetric nor antisymmetric, we need to distinguish between

right and left complements:

A ={XeTM|w(Z,X) =b(Z)(X) =0,VZ € A} = (b(A))°,

N (5.11)
A={XeTM|w(X,Z)=0,VZ € A}.
These complements have the following relationship
fahy =dmyT=a+C (5.12)

We remark that these complements interchange sums and intersections, since the annihi-
lator interchanges them and the linear map b preserves them. Consequently, if A, I" are
distributions, we have

AND)*t=At+T4

5.13
A+D)t=Atnrt (513)

A triple (M, n,H), where (M, 1) is a precontact manifold and H & C™(M) is the
Hamiltonian function will be called a precontact Hamiltonian system, which is the main
object of study of this chapter.
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5.2. Precontact Hamiltonian systems and the constraint algorithm

5.2. Precontact Hamiltonian systems and the constraint
algorithm

We aim to solve Hamilton equations on a precontact Hamiltonian system (M, , H). In
order to do that, we will introduce an algorithm similar to the one introduced on [147]]
for presymplectic systems and that was extended in [63,187]] to the cosymplectic case.
Let vy = dH — (H + R(H))n where R is a Reeb vector field (we will later see that
the algorithm is independent on the choice of the Reeb vector field) and consider the
equation
b(X) = . (5.14)
This equation might not have solution, so we will consider the subset My C My = M of
the points in which a solution exists. That is,

My ={pe€ Myl (ym)p € b(T,Mp)}. (5.15)
We note that this condition is equivalent to the following

My = {p € My | {(7p)p, TMg™) = 0}, (5.16)

since b(TMy) = (b(TMp)°)° = (TMy*)".
If we choose a local basis {X, };2,1 of TMy™*, we can easily compute the so-called primary
constraint functions ¢” (p) = (de — (RH)+H My, Xa),s whose zero set is the manifold

M;. We note that TMOL = (imb)° = kerb = Cby Equation (} Hence,

(dH, — (R(H) + H)1,, TMy™) = {Z,(H) = 0| Z, € C,}. (5.17)
Therefore, in Darboux coordinates,
oH
= —, 1
=0 (5.18)

We note that this implies that R = R (H) along M, for every Reeb vector field X, since
Ry — j%p € C,. Consequently, yylp1, is independent on the choice of the Reeb vector field.
Therefore, the election of R doesn’t affect the constraints produced by the algorithm.

Now we can solve Hamilton equations, but, in order to have meaningful dynamics,
the solution X should be tangent to the constraint submanifold. Otherwise, a solution of
the equations of motion might escape from M. This tangency condition is equivalent to
demand that b(Xp) S b(TMp) since b is an isomorphism modulo Cp:

M, = {p € My | ((y)p, TMy ) = 0}, (5.19)

providing a second constraint submanifold, with its corresponding constraint functions.
However, it is not enough. We must again require that the vector field is tangent to the

new submanifold.A sequence of submanifolds is produced
M1 ={p e M; | (yn)p € b(T,M)}

i+1 P il VYH)p pl i (5‘20>

= {P e]\/Iz' | <(’)/H>p/TpMz' ) =0}
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5. Singular Lagrangians and precontact manifolds

which eventually stabilizes, that is, there exist some if such that M; = Mif+1. We call this
manifold the final constraint submanifold and denote it by My. This submanifold is locally

described by the zero set of some constraint functions {¢/ };Ff;l.

If Mr has positive dimension, there will exist Hamiltonian vector fields along M.
The pair (Mf, X) will be called a Hamiltonian vector field solution to the Hamiltonian
precontact system (M, 1, H).

A useful characterization of such pairs is given by the following

Proposition 5.5. X is a Hamiltonian vector field along M’ for (M, n, H) if and only if, at the
points of M’,

Lxn = g1, (5.21b)
where g : M' — R. Moreover, if this holds, then § = —R (H) for any Reeb vector field R.

Proof. Let X be a Hamiltonian vector field along M'. By the definition of b, at the points
of M’, becomes
ixdy +n(X)y = dH — (H + R(H))7, (5.22)

and, by contraction with R, we obtain

n(X) = —H. (5.23)

Combining (5.22)) and ([5.23)), we deduce

ixdy + dixn = —R(H)y, (5.24)

but the left-hand side of this equation equals .Lx# by Cartan’s formula, hence X fulfills
(5.21)) at the points of M'".

Now assume that X satisfies on the points of M'. Once again, by contraction of
with a Reeb vector field &R, we have

g =1 Lx(m) = 1x(ixdy +d(n(X))) = —1x(dH) = =R (H). (5.25)
Combining this with (5.21]), we can easily retrieve (5.22]). O

5.2.1. Tangency of the Reeb vector field

Next, we will discuss when there is a Reeb vector field tangent to the final constraint sub-
manifold. We can guarantee it in some situations, like in the case of Rayleigh dissipation
(as in the example of Example , in which R (H) is constant. However, this is not true
in general, as can be seen in the example of Example

Lemma 5.6. Let N be a submanifold of a precontact manifold (M, n). Then, there exists a Reeb
vector field on M tangent to N if and only if TN C keryy
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5.2. Precontact Hamiltonian systems and the constraint algorithm

Proof. Let )2 be a Reeb vector field on M tangent to N. Let X be tangent to TN*. That is,
for all Y, € TN' and pEN,

b(Y,)(X,) = 0. (5.26)

In particular, if welet Y = R,
b(Ry) (X)) = d(Ry, X)) + 1(R)(X,) = 1(X,) =0, (5.27)

hence TN™* C kery.
For the converse, TN* C ker n implies 7 € (TNL)0 = b(TN). So there = b(Y) with
Y tangent to TN. Y is a Reeb vector field by Proposition [5.4} O

Proposition 5.7. Let (M, 17, H) be a precontact Hamiltonian system. Then, there is a Reeb vector
field R tangent to the final constraint submanifold if and only if Z(R (H)) = 0 forall Z € TMfJ‘.
In particular, if R (H) is constant, then R is tangent to M.

Proof. We will prove the result by induction. Let p € TMyand let R be a Reeb vector
field tangent to M;. Notice that TM;~ C (ker ;1) by Lemma R will be tangent to M; 4

at p if the Lie derivative of the (i + 1)-th constraint functions vanish. That is, for every Z
tangent to TM;" in a neighborhood of p,
(Lrlra, 20y = LRI, L)y + (VE, LXZ))p = 0. (5.28)
We compute the first term. Since Ly = 0, we have that
Lryn = LrdH — Lx(E + R(E))n.
Therefore, because 17(Z) = 0, we deduce
(Lrym, Z) = Z(R(H)) (5.29)
We will now see that [R, Z] p € TPMZ-. Let W be any vector field on M;. Then, along M;,
wWW,[R,Z]) = —LrwW,Z) + Lpr(wW,Z)) + w([R,W],Z) =0.
The first term vanishes since L pw = 0 because Ly = 0. The second and third terms
are also zero because Z € TM;*. Hence, the last term of Equation 1 vanishes along
M; 1. Therefore, R is tangent to M, 1 if and only if
(Lr{rH,Z0)p = Z(R(H)), =0, (5.30)
forall Z, € (TM;)," C (TMp),".

Notice that if KR is not tangent to TpMi it will not be tangent to TMf C TpMi, so the
converse follows. O
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5. Singular Lagrangians and precontact manifolds

As we have proven in Proposition[5.7} the Reeb vector field is not necessarily tangent to
the constraint submanifold My. A modification of the previous algorithm guarantees this
fact, just by requiring that a chosen Reeb vector field R is tangent to the constraint sub-
manifold after each step. This will produce a new sequence of submanifolds. Explicitly,
My = My = M, and for i > 1 we define recursively:

M; = {p € M;_1 | (yn)p € b(TyM;_1)}

= {p € M1 {(rm)p TyMi_1 ) = 0)
M; ={p € M| Ry, € T,M;}

= {p € M; | L{(Yr)p, TpMi—1J_> =0}

(5.31)

Locally, in terms of constraint functions, if M; is described as the zero set of functions
(¢x)k, then M; would be the zero set of (P, R(¢r))k. We get a sequence of constraint
submanifolds as follows:

o Miyg & M; o M s My & My & My = M, (5.32)

The algorithm stops when we reach submanifold such that none of the two steps
produces new constraints. Thatis: M; = M;. = M ;.

Remark 5.8. By construction, the first algorithm will produce the largest submanifold My
in which there is a solution to the equations of motion. The second algorithm produces
a final constraint submanifold My in which there is a solution to the equations of motion
and a Reeb vector field is tangent, hence My C My. Apart from this, no much more
about the relationship between My and My seems possible to state. It can be the case that
My = My, such as in the example of Example or that M = @ and M is nonempty for
any choice of Reeb vector field, as in the example of Example

5.2.2. Morphisms of precontact Hamiltonian systems

Let (M, 7,H) and (M, 7}, H) be precontact Hamiltonian systems. Amap F : M — M is
said to be a conformal morphism of precontact systems if F*j = fy and F*H = fH for some
non-vanishing function f : M — R. If f = 1, we say that F is a strict morphism of precontact
systems.

Theorem 5.9. Let F : M — M be a strict morphism of precontact systems. Assume that X, X are
F-related vector fields defined along submanifolds M' C M and M' = F(M') C M, respectively.
Therefore, if X is a Hamiltonian vector field along M, then X is also a Hamiltonian vector field
along M'.

Proof. Since X is a Hamiltonian vector field, its satisfies (5.21]) along M’

i(X) = —H, (5.33a)
Lgi = 7. (5.33b)
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5.2. Precontact Hamiltonian systems and the constraint algorithm

Pulling back by F, we obtain

fn(X) = —fH, (5.34a)
Lx(fn) = (@ o E)fn. (5.34b)
From this expression, we obtain
n(X) =-H, (5.35a)
Lx () = g1, (5.35b)
where ¢ = 3 o F — (Lxf)/f. Hence, X is a Hamiltonian vector field. O

Observe that if F is a diffeomorphism, then we have a bijective correspondence between
pairs of Hamiltonian vector fields along submanifolds. Moreover, if F is a submersion
onto each image, every vector defined along the image if F is F-related to some vector
field along M. Thus, we have

Theorem 5.10. Let F : M — M be a conformal morphism of precontact systems such that F is a
submersion onto its image. Denote by Myand My the corresponding final constraint submanifolds.
Then,

e For every F-projectable Hamiltonian vector field X along My, (F) (X) is a Hamiltonian
vector field along My.

e For every Hamiltonian vector field Y along ]\7If, every X € X (M) such that (F) (X) =Y
is a Hamiltonian vector field along M.

Moreover, the following diagram commutes

M LS M
]'2/\ Y‘ j\gl
M, M,
]'3/\ \FZ( j\gz
: M,
A

Jf j\gs

My :
\Ff‘ ]\gf
My

where M; and M, are the i-th constraint submanifolds obtained in the constraint algorithm to
M, = Mand to My = F(F) respectively, and j; : M; — M;_1, g; : M; — M;_q are the
canonical inclusions. The submersions F; : M; — M,; are the restrictions of F to the corresponding
constraint submanifolds.

(5.36)
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5. Singular Lagrangians and precontact manifolds

Proof. In order to proof the first claims, we can use Theorem [5.9)and the fact that F is a
submersion onto its image. In order to do that, we need to prove that F (Mf) = Mf. We
will do this by proving the commutativity of the diagram by induction.

We assume that M,;_; = F(M;). Since the algorithm is independent of the choice of
Reeb vector fields R and K, we choose Reeb vector fields which are FL-related.

First, let w = dy + 7 ® nand @ = dij + 77 ® 7. Since (F)*(7) = nr, then (F)* (@) = w.
From this and the fact that F, is surjective, it easily follows that F, maps TM;" onto TM™.

By taking F-related Reeb vector fields, from a straightforward computation we find
that (F)*(7yg) = yy. With this, we have that for any Y € TZ\_/I,'L and any X € TMil such
that (F) X =Y, (E)* (yg(Y)) = yu(X). Hence, F;(M;) = M; because their constraints
are related by F. O

5.3. Singular Lagrangians and the Legendre transformation

In this section, we will apply the previous constraint algorithm to singular Lagrangian sys-
tems. We will also study the Legendre transformation and the existence of a Hamiltonian
formulation.

LetL: TQ x R — R be a singular Lagrangian and assume that 77, = dz — S*dLisa
precontact form of class 2r + 1. We will use the results and notation of Section 3.1}

Let E; = A(L) — L be the energy and yg, = dE;, — (R(E) + Er)7;,. We remark that
(TQ xR, n,Ep) is a precontact Hamiltonian system. Hence, we can apply the constraint
algorithm developed in Section to the equation by (X) = 7, .

If we denote P; = TQ x R, we will obtain a sequence of constraint submanifolds

= Py o Py = Py, (5.37)
where
Pir1 = {p € P; | {(ym)p, TpPi") = 0}, (5.38)

and Pris the final constraint submanifold. If it has positive dimension, then there would
exist a vector field X tangent to Pr that solves the equations of motion along Pr.

Of course, this solution will not be unique in general. We would get a new solution by
adding a section of C; N TPy, where (1, = ker by is the characteristic distribution.

5.3.1. The Hamiltonian side and the equivalence problem

Now we will develop a Hamiltonian counterpart of this theory. This problem was
addressed in [[145] for singular Lagrangians in the presymplectic case and by [63]] for
the time dependent case. We will require the following additional regularity conditions
on L to make sure we get a precontact Hamiltonian system which is amenable to the
constraint algorithm:

Definition 5.1. We say that a contact Lagrangian L € C™ (TQ x R) is almost reqular if

e 7r is precontact.
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5.3. Singular Lagrangians and the Legendre transformation

e FL is a submersion onto its image.
e For every p € T*Q x R, the fibers (FL)_1 (p) are connected submanifolds.

We denote by M; be the image of FL, which will be called the primary constraint
submanifold. Let FL; denote the restriction of FL to My, that is

TOx R —=% T*Qx R

KL} T (5.39)
M,

where g1 : M7 = TQ x R is the canonical inclusion.

The submanifold M is equipped with the form 17; = ¢1* (7o), where 715 is the canonical
contact form in T*Q x R. By the commutativity of the diagram in Equation (5.39)), we
deduce

(FL1)*(m) = (FL)* (110) = 11, (5.40)

Proposition 5.11. Let L : P; = TQ x R — R be an almost regular Lagrangian. Then
11 = 817 () is a precontact form of the same class as 1;..

Proof. Assume 7 is of class 2r + 1. Then, 77; A d#j is nowhere zero because its image by
(FL)™ is nowhere zero.

Also, 7; A dn;t! is everywhere zero. Let p € M;. Since FL; : Py — Mj is a submersion,
there are smooth local sections G : U — Py, where p € U C M; such that FL; o G = idy;.
Then,

0=G*(yp Ady™Y) = G*((FL)* 0y A difithy) = iy A dify L (5.41)
Therefore, 7, is a precontact form of class 2r + 1. O

The last ingredient for setting up a precontact Hamiltonian system on M; is a Hamil-
tonian function H; : M; — R. By requiring that FL has connected fibers we obtain the
following result:

Proposition 5.12. Let L : R x TQ — R, be an almost reqular Lagrangian, then, there is a
unique function Hy : M; — R such that the following diagram commutes:

R
Ep
TOxR —=% T*Qx R |H; (542)
XLi‘ j\gl
M,
That is,
Hl o FL = EL/ (543)
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Proof. We will prove that E; is constant along the fibers of FL, so H; is well-defined.
Since the fibers are connected, it is enough to see that .L;E = 0 for every Z € ker (FL)_.
One can compute (see [63, page 3424])

ker (FL), = kerdf; Nim S = kerdy;, NimS = CNim$. (5.44)
In bundle coordinates, one can see that X € ker (FL)_ if and only if
- d
X=b—, 5.45
where, for all i,
- 9%L
 —— = 5.46
24'ag/ (546)
By using the coordinate expression of the energy (3.6 we find that
2
X(Ep) = ¢’V ——— = 0. 5.47
O

By the results of this chapter we conclude that if the Lagrangian is almost regular,
then (M, 71, H;) is a precontact Hamiltonian system. Thus, we apply the constraint
algorithm (Section ) to the equation by (Y) = yy,, where b is the mapping defined
by #,. Thus, we obtain a sequence of constraint submanifolds

o Mo o My > My, (5.48)

where M is the final constraint submanifold.

We note that if L is almost-regular, then FL is a strict morphism of the precontact
systems (P, 7, Er) and (Mq, 11, H7) that is a submersion onto its image. Thus, applying
Theorem 5.10| we obtain the following results.

Proposition 5.13. The following diagram commutes

TOxR —=% T*Q x R

. FL
]zj\ ! j\g 1

Py My
FL
]3j\ 2 j\gz
M, (5.49)
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where P; and M; are the i-th constraint submanifolds obtained in the constraint algorithm to
P1 = TQ x R and to My respectively, and j; : P; —» P;_q, §; : M; — M;_q are the canonical
inclusions. The submersions FL; : P; — M, are the restrictions of the Legendre transformation
FL to the corresponding constraint submanifolds.

From the commutativity of the diagram, we get the following result.

Theorem 5.14 (Equivalence Theorem). Let L : P x R — R be an almost regular Lagrangian,
let (P, 1y, Ey) be the corresponding precontact system, and let (My,11, Hy) be its Hamiltonian
counterpart. We denote the final constraint submanifolds by Prand My, respectively. Then

e For every FL-projectable solution X of the equations of motion along P, (FL) (X) is a
solution of Hamilton equations of motion along Mj.

e For every solution Y of Hamilton equations of motion along My, every X € X(TQ x R)
such that (FL) (X) =Y solves the equations of motion along Pr.

5.4. The Dirac-Jacobi bracket

The aim of this section is to develop a local version of the constraint algorithm based on
the Jacobi bracket of the contact manifold T*Q x R, similar to the Dirac-Bergmann algo-
rithm for the presymplectic case [20,(115]. This bracket also has some global geometric
descriptions [164,186]]. It has been extended to the time-dependent case in [63]].

The bracket formalism will allow us to classify the constraints produced by the al-
gorithm depending on whether they provide dynamical information (first class) or not
(second class). Furthermore, we will define a modified bracket, the Dirac-Jacobi bracket
which will provide us expressions for the evolution of the observables which are mani-
festly independent on the second class constraints.

As we have explained in Section a contact manifold (M, 7) is a particular case of
a Jacobi manifold, with Jacobi structure (A, —R). We remind that the Jacobi bracket is
given by

{f.8} = A(df,dg) — fR(g) +gR(f), (5.50)

forf,g € C™(M). We recall that these brackets are not Poisson. Instead, they satisfy the
following generalized Leibniz rule:

{fg hy =f{g, hy + g{f, i} + fgR(h), (5.51)

for arbitrary functions f,g,h € C(M).
The evolution of an observable f € C™(T*Q) can be written in terms of its bracket
with the Hamiltonian H,

f=Xu(f) = (H,f} — fRH), (5.52)

where H is an arbitrary extension of Hj.
In this section we will be working with the Hamiltonian formulation of a system that
is given by an almost regular Lagrangian L : TQ x R — R as in Section[5.3} Assume that
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5. Singular Lagrangians and precontact manifolds

we obtain the primary constraint submanifold M, = FL(TQ) C T*Q, with a Hamiltonian
function Hy : M7 —» R. We can extend H; to T*Q x R as follows:

Hyp = H + u,¢", (5.53)

where H is an arbitrary extension of Hy, ¢” are a set of constraints defining M; and u,
are Lagrange multipliers. Hence, we can compute the evolution of an observable f with
respect to Hr:

f={Hr,f} = fR(Hr)
= {H,f} + u{¢", f} = fR(H) — fu R(¢")
+ ¢ Qg f} + ugR(f) — fR(uy)) (5.54)
={H,f} = fRH) + u,({$", f} = fR($")) + $p?A(du,, df)
= (Xu + ugXpa) (f) + ¢*A(du,, df),

where we have used the generalized Leibniz rule Equation (5.51]).
The constraint algorithm can be locally interpreted in terms of this bracket, similarly
to the Dirac algorithm for the symplectic case [|147]].

Remark 5.15. A local version of the constraint algorithm for constraints on the extended
phase M; C T*Q x R can be given in terms of the Jacobi bracket as follows.

First, we demand that the primary constraints should be preserved along the evolution
of the system. Geometrically, this means that Xp;,. should be tangent to My, that is:

(0= ¢ = Xp, (9" = {H, pa} + up{¢’, ¢"Dlas,, (5.55)

since ¢, = 0 on M;. We should demand this condition for all linear combinations of the
constraints. Some will be satisfied trivially, others will fix the multipliers u;, and the
remaining ones will be independent on the multiples u;,. The later take the form £ ¢”,
where

(F{9", ¢} = 0)lp, - (5.56)
If we let ¢* = f*¢?, then

(" = fa {H, ¢a})Im, (5.57)
These new constraints may define a secondary constraint submanifold, M, (that we assume
that it is indeed a submanifold). We can now modify the Hamiltonian by adding the

new constraints H; = Hy + v,9* and iterate this procedure until it stabilizes and we get
not additional constraints.

Let My be the final constraint submanifold. We say that a function f € C™(T*Q x R) is
first class if {f, ¢} |p = 0. Denote by F C C™ (M) the set of first class functions, which is a

subalgebra with respect to the Jacobi bracket since, by the Jacobi identity, if ¥, y € Fand
¢ is a constraint, then, along Mf,

{,xt ¢ =y, b X3+ {9, {x, $3} = 0.

104



5.4. The Dirac-Jacobi bracket

The Hamiltonian Hr is an example of a first class function because of the constraint
preservation condition given in Equation (5.55)).

We say that a function is second class if it is not first class.

We will show that family of independent constraints ¢* defining My (by independent,
we mean that their differentials are linearly independent) we may exstract a maximal
subfamily of second class constraints such that the matrix of their pairwise Jacobi brackets
is invertible at each point of the final submanifold.

Consider the matrix ((¢*, 4)/3 Na,p- Assume that it has constant rank k in a neighborhood
of My, that is, up to reordering, the first k rows are linearly independent. Denote by ¢”
(with latin indices) those functions and ¢? (with overlined latin indices) the rest of them.
We use greek indices when we want to refer to every constraint. Then the rest of the
rows are linear combinations of the first k, that is

{97, ¢P}py = B9, 9P}y (5.58)

Define
¢ = ¢ — Big". (5.59)
Using the generalized Leibniz rule (Equation ) we can check that these new con-
straints are first class, so ¢7, ¢“ is a basis of the constraints with the desired properties.
Now let C% = {97, <pb} and let C,, denote the inverse matrix. We define the Dirac-Jacobi
bracket such that

{f,&ypy = .8} = f, #"}Can (9", 8. (5.60)
Proposition 5.16. The Dirac-Jacobi bracket has the following properties:
1. It is a Jacobi bracket (Definition which satisfies the generalized Leibniz rule
{fg,mpy = f{g, Wpy + gif, Wpy + fgRpy(h), (5.61)

where
Rpy = R+ CopR(¢Y) ($4(dg") + $*R). (5.62)

2. The second class constraints ¢* are Casimir functions for the Dirac-Jacobi bracket.

3. For any first class function F,

(F,-}py = {F,-Dlmp

5.63
(Rpj(F) = R(F))Ipm;- (56%)

4. The evolution of observables is given by
(f = {H,f}py — fRpy(H) + 1;({¢, fyp; — f Rpy(§™) (5.64)

= (Xp + 13X 52) (f))my

where H : T*Q x R — R is an arbitrary extension of the Hamiltonian H;.
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5. Singular Lagrangians and precontact manifolds

We remark that the motion depends on the multipliers of the first class constraints ii;, but it is
independent on the multipliers of the second class constraints u,,.

Proof. It is clear that the brackets are bilinear and antisymmetric. The Jacobi identity
follows from a computation as the one performed by Dirac in [116] for the symplectic
case. Moreover, the locality of the Dirac-Jacobi bracket follows from the locality of the
bracket associated to the natural Jacobi structure of T*Q x R. Therefore, by Theorem
there is another Jacobi structure (Ap;, Rpy) on T*Q x R such that

{f, Yoy = Apj(df,dg) — fRpj(g) + §Rpj(f). (5.65)
The vector field Rp; can be computed by taking into account that

Rpy(f) = 1{f, 1ipy
= {f, 1} = {(f, $")}Ca{9", 1}
= R(f) = Cap(A(df, dgp?) — FR(¢7) + "R (F)) R (¢?)
= (R + CapR(P") (B2 (dg") + ¢* RN (F) = fCap R (PR (),
where —Cabﬂ%(qﬂ)ﬁ(gbb) = {1,1}pj = 0, by the antisymmetry of the bracket.
The fact that ¢ are Casimir functions follows from a straightforward calculation from
the definition of the brackets.
For proving the statement (B)), if F is first class it is clear that both brackets coincide

along M since they differ by multiples of the Jacobi brackets of F with constraints. For
the second part, notice that, along M,

R(F) ={1,F} = {1,F}p; = Rp;(F). (5.66)

The last claim follows from the combination of the formula for the evolution of observ-
ables Equation (5.54)) and Item (B]). Since the second class constraints ¢ are Casimir
functions, their brackets, including Rp;(¢*) = {1, ¢*}p;, will vanish, so the terms with
the corresponding multipliers u? will not affect the evolution of the observable. O

5.5. The second order problem

Using the theory developed on the previous section, given an almost regular Lagrangian
L:TQ xR — R we are able to develop the constraint algorithm on the Lagrangian side,
as well as on the Hamiltonian counterpart starting with the image M, = FL(R x TQ),
the precontact form 7, and the restricted Hamiltonian H;. The following diagram
summarizes the situation:

TOx R —=% T*Qx R

()

Py M, (5.67)
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where Prand Myare the final constraint submanifolds on the Lagrangian and Hamiltonian
sides, which are the maximal submanifolds in which solutions to the equations of motion

br(X) =g, (5.68a)
b(Y) = 7p, (5.68b)

exist and are tangent to the respective submanifolds. Both submanifolds are connected
by the Legendre transformation FL¢ : Pr — My, which is a surjective submersion.

Remark 5.17. Notice that in order to get a solution X on the Lagrangian side we can
start with a solution Y and use that FL; : Pr - M is a fibration to construct X such that
(FL) X =Y.

As we know, if the Lagrangian is regular, the Euler-Lagrange equations are of second
order. That is, the solution X is a so-called a SODE (see Remark [3.1)).

However, this is not the case for singular Lagrangians. We are interested on finding a
submanifold R of Prand a solution X tangent to R that satisfies the second order condition
along R. That is S(X), = A, at every p € R. This is the so-called second order problem,
which was studied for presymplectic Lagrangian systems in [146] and in [|63]] for time
dependent Lagrangians.

The connection with Herglotz’s equations and the related variational problem is
apparent from the next result, which parallels [2, Theorem 3.5.17] in the symplectic case.

Proposition 5.18. Let X be a vector field on TQ x R that verifies the second order equation
condition along a submanifold R C TQ x R, and let L : TQ x R — R be a Lagrangian. Then,
along R, X solves the equations of motion for L if and only if it solves Hertglotz’s equations.

Proof. Indeed, if X satisfies the second order equation condition along R, then, along R

.0 - d d
X=f—+b—+c=—. 5.69
Tog 77 Tz (569)
If it solves the equations of motion, necessarily #; (X) = —E;. Substituting the coor-
dinate expression of X, we find out that (c = L)|z. Hence, we can perform the same
computation as in the regular case (Equation (3.10)). That is, along R, the coefficients b’
must satisfy the equation

bia(aL>+,ia(aL>+La(aL> AL AL oL 5.70)
ai\ad ) " Tai\ad) T az\ai ) " ag T aj oz '

Hence, an integral curve (qi, q'i, z) satisfies Herglotz’s equation along R:

d(2) a_aa )
dt\ 94 g 94l 9z '
The converse follows by reversing the computation. O
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5. Singular Lagrangians and precontact manifolds

In this section we will construct a submanifold R C Pralong which the equations of
motion have a unique solution which is a SODE. The first observation is that ker (FLf)

is an involutive distribution. Indeed, it is the vertical distribution of the fibration FL;:
Pf - Mf. By the construction of the constraint submanifolds, we can see that for x € Pf
ker (FL) (x) = ker (FLf)*(x) - Tfo.

Let X be a vector field on TQ x R. We define the deviation of X as

X* =85(X) - A. (5.72)

We note that X* = 0 if and only if X is a second order equation. The next step in the
construction of the solution to the second order problem is the following.

Lemma 5.19. If X is a solution of the equations of motion along Py, then X* € ker (FLy) .

Proof. Assume that X is written in bundle coordinates (qi, q'i,z) on TQ x R by

. d e 0
X: l—, 1—, -. 7
a8q1+b8ql+caz (5.73)
Then 3
X*=8(X)—A= (@@ - qi>a—qi. (5.74)

If we contract both sides of the equation of motion by (X) = yy by a%i we get

2

I fy—— =0 5.75

(@' —4" 3500 (5.75)
Next, we compute
2

FL,(X*) = (@ —§)——— =0 5.76
(X*) = (a q)aqlaq.] (5.76)
Hence, X* is tangent to the leaves of the fibration determined by ker (FLf) , or, in other
words to the fibers of the fibration FLf : Pf - Mf. ]

Next we will construct the submanifold R. Fix a point y € Myand let x be an arbitrary

point on the leaf over y, say FLg(x) = y. Assume thatx = (%, 676, Zg) in bundle coordinates.
Notice that X is projectable, hence along a leaf it can only vary from point to point in a

direction tangent to ker(FL),. Since ker(FL), C im S = ({ aiqf }1), this implies that a' and ¢

are constant functions along the leafs and only b’ might change.
Consider the vector field

. .0
- X* = (4 —al)—, 5.77
(4" —a") 37 (5.77)
and compute the integral curve of —X* passing through x, say

o) = (q'(), 4 (), z(1)). (5.78)
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Therefore, ' ' o
o (0) = (4(0),4'(0),2(0)) = (90, 4o, Z0)- (5.79)
This integral curve has to satisfy the system of differential equations:
dg’ . .
— =4'(t) —a. .
3 =4 (t) —a (5.80)

Consequently, the solution passing through x is just
o(t) = (q,a" + exp(t) (qh —a'), zp), (5.81)
which is entirely contained on the fiber over y. In addition, the limit pointas t - —oo,
¥ = tEr_noo o(t), (5.82)
is also on the same fiber, since fibers are closed. A direct computation shows that
%= (q),a',zp), (5.83)

and that

Summarizing, we have constructed a smooth section « : Mf - Pf of the fibration FLf :
Pr — M, by taking a(y) = X for some x on the fiber over y (notice that ¥ only depends
on FL(x)). By taking R = a(My) we have the following.

Theorem 5.20 (Second order differential equation). Let L : TQ x R — R be an almost
regular Lagrangian and let Py be the final constraint embedded submanifold. Then, there exists a
submanifold R C Pg such that the equations of motion have a unique solution X € X(TM x R)
satisfying the SODE condition. That is, along R,

by (X) =g, S(X) = A. (5.85)

5.6. Examples

We end the chapter by providing examples of singular Lagrangians where the algorithm
can be applied.

Example 5.1. Example 1: Cawley’s Lagrangian The Lagrangian considered by Caw-
ley [|60] can be modified by adding a linear dissipative term <z, where -y is a real number.
Let Q = R3, P; = TQ x R and consider the Lagrangian function L : P; — R such that

L, 4% 4%, 44, 4%, 4°,2) = %(q’l +¢)7 + %(cﬁ)z + V@95 6% + 7z, (5.86)

for some potential function V and some real nonzero constants m, yu. This Lagrangian
induces the following precontact structure on P,

np = dz —m(@G +¢%)(dg' + dg?) — ug>dg® (5.87)
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5. Singular Lagrangians and precontact manifolds

dn, = m(dgq! +dg?) A (dg! + dg?) + u(dg® A dg3), (5.88)
One can check that 7; A (di’]L)2 is nowhere zero and 77;, A (d17L)3 =0, hence (P,7) isa
precontact manifold of class 5, with the corresponding energy function E; = A(L) — L
given by
m._. 2,2 3.2
EL=S@ +) "+ g@f) - V@', ¢ ) -7z (5.89)
We now apply the constraint algorithm to the precontact Hamiltonian system (P4, 7, E),
choosing the following Reeb vector field:

_9
~ 0z

In order to compute the constraints, we find the complement of the tangent bundle of
Py,

(5.90)

TP, ' = =(—= - —,— - —). 91
1 kern; Nkerdyn; <8q1 o 9 % (5.91)

By imposing g, (X) = 0 for X € TP,™, we get the following constraint,

Al + Al (5.92)
ol 9g%’ '

1_ _

which defines the submanifold P, = {p € M | ¢*(p) = 0}. Its tangent space is given by

<a 9 9 9 apl 2 gl 9 gl 9 a¢1a>
TP2: - .

97 3R 9 92 9P 37 oqt o2’ 3P a1~ dql 9P (593)

The complement is given by
TP2l=<——— —— ). (5.94)

Demanding g, (X) = 0for X € Tle produces no new constraints, hence P, = P3 = Py
and the algorithm ends.

Notice that the R vector field is already tangent to the submanifold, so we would
get the same result by using the modified version of the algorithm which imposes the
tangency of K.

Hamiltonian formulation and the Legendre transformation

For this Lagrangian system, the Legendre transformation is given by FL : TQ x R —
T*Qx R,

FL(q%, 4%, ¢, 4%, 4%, d°%,2) = (4%, 4%, 4%, m(g' + ¢%), m(G* + ¢%), ug®,z) (5.95)
We obtain that
ker (FL) —< J a> (5.96)
er x aq'l 8{1’2 ’ :
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hence it is a submersion onto its image and its fibers are connected, so the Lagrangian
system is almost regular. By the Equivalence theorem (Theorem[5.14), there is a Hamil-
tonian formulation of the problem. The primary constraint submanifold is given by
M; = FL(P) and can be described by the following constraint function

¥l =p1—pa (5.97)
The unique Hamiltonian function H; : My — R such that H; o FL = E; is given by

1 1

Hy = %Plz + ZVP32 - V(q1,92,93) — 7z (5.98)

Let 7, = gj(17), where g1 : My = T*Q x R is the inclusion and # is the canonical
contact form on T*Q x R, then (M, 11, H7) is a precontact Hamiltonian system. We can
apply the algorithm to compute the secondary constraints or use the commutativity of
the diagram on Theorem [5.14] We now obtain a secondary constraint submanifold given
by M, = {p € My | ¢*(p) = 0}, where

V. dV
2 _
= o T a (5.99)
The algorithm now ends, as M3 = M = M.
The Dirac-Jacobi bracket
We compute the bracket
2V PV 2V

— _I_ ,
aghHe  99'97%  H(g2)?

which is the determinant of the Hessian matrix of V with respect to (g%, 4%). We will
assume that this bracket does not vanish along M, hence both constraints are second
class.

We will call F = {g!, ¢?}. The Dirac-Jacobi bracket is given by

Iygp2 o1 24 11
.20 = {f g} + {f, v Hy?, g} - {f, *Hy', g} (5.101)
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The non-zero Dirac-Jacobi brackets of the coordinate functions are

a2
0 2
(@', p1oy = 4" p2doy = (5.102a)
2
(@2 p1)py = (0% padpy = —2 (5.102b)
q°,P1ip] =9~ ,P2iD] = T .
2
g3
{qYp3tpy = —{q%, p3}py = % (5.102¢)
(4% p3}py = -1 (5.102d)
2
{q',2}py = —q" + l’% = —q" along My (5.102e)
2
(7% z}p; = —¢* — lp? = —q* along M (5.102f)
9% 23py = —¢°- (5.102g)

With those brackets, we can easily compute the equations of motion along the constrained
submanifold M;,

pLoy? | ps 9y?

gl = - 1o = o0 (5.103a)
pLIY? | pa 9y?
2 2
i = % + M (5.103b)
P = %3 (5.103¢c)
. A%
pi = o7 + i (5.103d)
S SN I V( )+ (5.103e)
z = 2mP1 2ﬂP3 q1,92,93) +7Z -1Uoe

The second order problem

Consider the vector field Y associated to the equations Equation (5.103|). That is,

9 .0
+p— 2= (5.104)

Y =4 2
opt "oz’

aq’
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where (4, p", %) are those from Equation (5.103)). The vector field X is a solution to the
equations of motion on TQ x R that satisfies (FL),X = Y and is given by
39¢°

k)
F oq!

.1 oy? .2 oy?
24 g +4 Ers i
F 0g>

q 0% .
24' =% +4
X=— %

+ | 261 +
+ 43— (5.105)

+ (8_ + 2m 1)1
aq! 2Ll a4
N aV i d
1.2 1.2 J
+ (Zm(q ) +ulg) - V+’yz>az.
We will construct the section « of FL;. Notice that, by the first constraint p; = p;
on Mf, hence any point on Mf has the form y = (ql,qz, q3,p1,p1,p3,z). Take x =
(ql,qz, q3,p1/m, 0,p3/m,2) € Pyso that FL(x) = y. We set a(y) = %, that s,

a(qt,q%,9°,p%, 02,03, 2) = (ql,qz, q°,
pLIY> | ps 9y ploy? | ps 9y? (5.106)
2 2
iog2 HP1 L m g2 p 992 Pu z)
P v m F 7 V4 .

Hence, X satisfies the SODE condition along im a.

Example 5.2. Let Q = R2, P; = TQxR and consider the Lagrangian function L : P; —» R
defined by

Lg%, %, 4%, ¢%2) = %(q’l +62)° +q' + 2z (5.107)
This Lagrangian induces the following precontact structure of class 3
= dz — (¢ +4*)(dg" + dg?) (5.108)
dn = (dg' +dg?) A (dg! + dg?) (5.109)
Ep = %(q’1 +P)° —q' — ¢ (5.110)
We choose the following Reeb vector field,
R = 52. (5.111)
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As in the previous example, we apply the algorithm, obtaining the following con-
strained submanifolds. Since

TPt = <—1 ————— > (5.112)

pl=z—-1. (5.113)
TP, = <i1 i, ii> (5.114)
9q'" 9q>" 94" 94?
2 9 a9 9 9 2
TPy = (= — — — — — (' + P)— —> 11
2 <8q1 o a1 ~a W T a Ty (5:115)

P3={p € M| $*(p) = p*(p) = 0},

1
¢o=L -2 = 5" + i) + 4" + g2z —2) (5.116)
TP —<2 o o 9 o <'1+'2>i i> (5.117)
3 =(( _Z)8q1+8q2'aql an’ 9 +49 Bql aql ’ :
a 9 9 9 a a
L (2 _ 2 92 _ % i 2 11
TP <aq1 o7 3~ ap +‘”aq1+az>’ (5.118)

so we get no new constraints and the algorithm ends.

We remark that any Reeb vector field &R satisfies R(qbl) = 1, hence if we imposed the
tangency of R, we would get the empty set.
Hamiltonian formulation and the Legendre transformation

The Legendre transformation is given by

FL(7', 4% 4%, %, 2) = (7', 4% 4" + 4% 4" + 4%, 2), (5.119)
and then
) )
In this case, the primary constraint submanifold M; = FL(P) is described by the constraint
Yl =p1—pa (5.121)

The corresponding Hamiltonian H; : M; — R is given by

1
Hy = 5(;91)2 —q' — ¢z (5.122)
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By the correspondence with the Lagrangian formulation, there will be two constraint
submanifolds, M3 = M, < M, defined by the constraint functions

P> =z-1, (5.123)
1
9P = S0 + 0 + 2= ), (5.124)
respectively.

The Dirac-Jacobi bracket

The constraints have the following Dirac brackets.

W', ¢*py =0 (5.125a)

(!, ¥®}py = 3 —z =2 along M (5.125b)
1

W', ¢>py = —E(pl)2 +q' —q* = —2(4* — q") along M (5.125¢)

The rank of the matrix ({¢*, IP'B} DJ)a,p 1S 2, 80 we can extract one first class constraint
as a C™-linear combination. We set

X=¢* =@ =g’ = @' -pH@® -qH) +2z-1, (5.126)

which is a first class constraint, and the other two are second class, which we will relabel

1 _ 1 2 _ 3
X =¥, x" =y

The Dirac-Jacobi bracket is given by
{f/ 77[71}{77[72/8} - {f/ 1/72}{1/71/8’}

_%(pl)z +ql— g2
{if, ' 12, 8y — {f, *Hyp' g)
Z(qz _ ql) 4

along M. Notice that the denominators do not vanish along the submanifold.

The non-zero Dirac-Jacobi brackets of the coordinate functions, along My are the
following

(5.127)

9", 92)py = —%(qlqz + @7 +p) (5.128a)
{(qY, p1}py = {9 p2}tpy = % (5.128b)
(4% p1}p) = 9% patpy = —% (5.128¢)
{q',2}py = —ng (5.128d)
(7% z}py = —q' + %qz. (5.128¢)
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5. Singular Lagrangians and precontact manifolds
Now consider the total Hamiltonian Hr : T*"Q xR - R
LT RS T S 5
HTZE(pl) —q —qg°z+ iy = Hy + iy, (5.129)
where il is an unspecified Lagrange multiplier and
o212
Ho=Z(p)"—q —q°z. (5.130)

The other two Lagrange multipliers are irrelevant for the motion, so we can eliminate
them. We can compute the equations of motion. By Equation (5.64)), for any observable f
along My

f=1{Ho,f}p; —fRpjHo) + ({X.f}pj —f Rpy (X))l

5.131
= {Ho,f}py — 92f + UX.f}py — )it ( )
Below we compute the equations of motion along M;,
7= @' =g 26D + (g2 =g (5:132a)
1

= S0P + @) +pr+ (@~ )i (5132b)

pr=p2=p17° +1- (p)it (5.132¢)

z=0. (5.132d)

The second order problem

Consider the vector field Y associated to the equations Equation (5.132)) with & = 0. That
is,

0
Y =gt — i2ya1a2 — 2(a2y? L
G =999 g°) g
1 5 2 d
+<5(P1> 7>+ (q*) +p1)a_q2 (5.133)
0

+ ( 2+1)<i+—>
P op1  Op2)

The vector field X is a solution to the equations of motion on TQ x R that satisfies
(FL),X = Y and is given by

2\ 0
X :((ql _ qZ)qqu _ z(qZ) >a_q1
d
+(26)°P + @ + qu)a—qz (5.134)
d
-1 .2 .
+ (24°q +1)aq1.
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5.6. Examples

We will construct the section a of FLs. Notice that, by the first constraint p; = p, on My,

hence any point on Mf has the form y = (91,92, p1,p1,2). Take x = (41,92,p1,0,2) € Pf
so that F(x) = y. We set a(y) = ¥, that is,

a(q', g%, %, 2) = (44, 9% (q' — 4*)q9'q* — 2(q2)2,2<q'1)2q2 + (qz)2 +241,2). (5.135)

Hence, X satisfies the SODE condition along im «.
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6. Contact systems and constraints

In this chapter, we study the relationship between contact Lagrangian dynamics and
constrained systems.

In the Herglotz variational principle, as it is presented in Section the action is
defined implicitly (through an ODE, instead of as an integral) for arbitrary paths on
Q. We show that it can also be interpreted differently. We can consider instead curves
on Q x R and define the action explicitly. Nevertheless, in order to obtain equivalent
dynamics, we need to implement constraints through a submanifold TQ x R =~ Nj =
{z = L(qi, 4,z)} C T(Q x R), where L is the Lagrangian of the original system.

The constraint submanifold N can be interpreted in two ways, which are, in principle,
not equivalent. From a variational point of view, one possibility is to use a vakonomic
principle [13,23,170,179,/121, 198]], where we minimize the action restricted to the paths
that are tangent to N . This principle has applications in control theory.

Another possibility is to employ a nonholonomic principle [[13,(70, 102, 249]. Now, we
restrict the admissible variations of the paths so that they are tangent to N;. We find
the paths such that the differential of the action vanishes when contracted with all the
admissible variations. This principle is often useful in engineering and mechanics. It can
be interpreted as the limit of a friction force.

Even if nonholonomic mechanics is an old subject [89], it was in the middle of the
nineties that it received a decisive boost due to the geometric description by several
independent teams: Bloch et al. [24], de Leén et al. [96,/1024104, 107, 163]] and Bates and
Sniatycki [[18]], based on the seminal paper by J. Koiller in 1992 [[172]]. Another relevant
but not so well known work is due to Vershik and Faddeev [249]] (see also [26,/174,/175,
177,180, 1222, 223]] for other developments in the field).

Apart from applications in mechanics [|62} 204], nonholonomic systems appear in the
study of thermodynamics [135| 136]].

Once we have established this result, we can take advantage of it in order to add
additional constraints to the action-dependent Lagrangian dynamics. Indeed, we can
easily consider vakonomic or nonholonomic dynamics on a contact Lagrangian system
by taking a further submanifold N C N; =~ TQ x R.

In addition, we will also explain how the dynamics of the evolution vector field can be
obtained from a nonholonomic variational principle.

This chapter contains three sections. In Sections|6.1Jand[6.2lwe cover the vakonomic and
the nonholonomic theory, respectively. On each of these section, we first derive the action-
dependent Lagrangian dynamics as a constrained action-independent system. On a
second subsection of each section, we introduce the vakonomic/nonholonomic dynamics
for action dependent Lagrangians. Finally, in Section we propose a variational
principle for the evolution vector field.
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6. Contact systems and constraints

The vakonomic mechanics for contact systems comes from [94]] and the nonholonomic
part was published in [87]] for the linear case and [95] for the nonlinear case. Also,
in [95]] we made a formulation of the problem based on the Euler-Lagrange and Herglotz
operators that we do not include in this work.

6.1. Action dependent Lagrangian systems and vakonomic
constraints

6.1.1. The Herglotz principle as a vakonomic principle

We will work on the manifold Q(qo, q1,29) of curves ¢ = (c,c;) : [tg,t1] = Q x R such
that c(tg) = g9, c(t1) = q1, c;(tg) = zo. We do not constraint c,(¢;). The tangent space at
the curve c is given by

T.Q(q0,91,20) = {6¢ = (6¢,b¢c,) : [tg,t1] = T(Qx R) |

6.1
oc(t) € Teny(Q x R) forall t € [y, t1],dc(ty) =0, dc(t) =0, bc,(ty) = 0}. (6.1)
In this space, the action functional A can be defined as an integral
/Z\ : O(qO,ql,Zo) d R,
(6.2)

E=(c,cy) m Cy(t) — 29 = f:l ¢, ()dt.

0

We will restrict this action to the set of paths that satisfy ¢, = L. For this, consider the
hypersurface N; C T(Q x R), which is the zero set of the constraint function ¢:

4’(% q/Z/Z) =Z- L(q/ q/Z)~ (63)
We consider the submanifold of curves tangent to N
Q1 (90,91,20) = {¢ € Qqo,91,20) | E(t) € Ny for all t} (6.4)

Notice that the map id xZ : Q(q9,91) = Qn(9o,q1,20) given by (id x2)(c) = (¢, Z(c))
is a bijection, with inverse pr Q(C, c,) = c. Here, Z, is defined on (3.27)). Moreover, the

following diagram commutes
R -
% N (6.5)

Q(qOI [h) id 2 > ‘(_)N(q()/ ‘h/ ZO)

Hence ¢ € !_)N(qo, q1,Zo) is a critical point of Aif and only if c is a critical point of A. So
the critical points of A restricted to 2(qo, 1, 2¢) are precisely the curves that satisfy the
Herglotz equations.

We will also provide direct proof. We find the critical points of A restricted to
On(qo,91,20) € Q(qo,q1,20) using the following infinite-dimensional version of the
Lagrange multiplier theorem [, p. 3.5.29].
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6.1. Action dependent Lagrangian systems and vakonomic constraints

Theorem 6.1 (Lagrange multiplier Theorem). Let M be a smooth manifold and let E be a
Banach space such that ¢ : M — E is a smooth submersion, so that A = g_l ({0}) is a smooth
submanifold. Let f : M — R be a smooth function. Then p € A is a critical point of f| 4 if and
only if there exists A € E* such that p is a critical point of f + A o g.

We will apply this result to our situation. In the notation of this last theorem, M =
f)(qo, d1,z0) is the smooth manifold. We pick the Banach space E = L?([ty,t1] = R) of
square integrable functions. This space is, indeed, a Hilbert space with inner product

(@, B) = f: a(HB(Hdt. (6.6)

We remind that, by the Riesz representation theorem, there is a bijection between
L?([ty,t1] — R) and its dual such that for each @ € L?([ty,t;] — R)* there exists
w € L%([ty,t1] —» R) with &(B) = (a, B) for all B € L?([to, 1] — R).

Our constraint function is

g : 00, 1,20) = L2([to, t1] = R),

. 6.7
Cm ()2 (@0, (©7)

where ¢ is a constraint locally defining N. Note that A = ¢~1(0) = (; (0,91, 20)-

By Theorem ¢ is a critical point of f = A restricted to Q; (o, 41, 2o) if and only if
there exists A € L?([to, ;] —» R)* (which is represented by A € L?([ty,t1] = R)) such
that c is a critical point of Ay = A +A0g.

Indeed,

= [ e, Endt (6.8)

where
L1(q,2,4,2) =z —Ap(q,2,4,2). (6.9)

Since the endpoint of c, is not fixed, the critical points of this functional A, are the
solutions of the Euler-Lagrange equations for ., that satisfy the natural boundary
condition:

agCA‘t ) = 1 Atk 2L acty, ét -0 6.10
g(C(D,C(l))— - (1)E(C(1),C(1))— . (6.10)

For ¢ = z — L, this condition reduces to A(t;) = 1.
The Euler-Lagrange equations of .L, are given by

d Ip(e(t), c(t)) ap(e(t), ct)) _
d IPEt), et 9pE®),cB)
= (A(t)—az, ) My === =0, (6.11b)
since ¢ = z — L, the equation for z is just
dA) . dL
— = M= (6.12)

substituting on (6.11al) and dividing by A, we obtain Herglotz equations.
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6. Contact systems and constraints

Theorem 6.2 (Herglotz’s variational principle, vakonomic interpretation). Let L : TQ x
R — R be a Lagrangian function and let ¢ = (c,c,) € QL(qO, q1,20)- Then, Cis a critical point
of Ay, (go,a1,20) if and only if (¢, ¢, c,) satisfies Herglotz's equations:

d(y_x_da
dt\a94') o9q° o4 9z’ (6.13)
z=L.

Remark 6.3. We could instead have used the action

AL : Q(q01q1120> - R/

‘ _ (6.14)
(c,c2) == [ "Lo(c,¢c),
0

since it coincides with A when restricted to QL(qo, q1,20), hence they give rise to the
same vakonomic principle. This approach was followed in [95]].

Remark 6.4. Given any hypersurface N transverse to the z-parametric curves, by the
implicit function theorem there exists locally a function L such that N is given by the
equation z = L. Hence, this procedure provides dynamics for any hypersurface N C
T(QxR).

6.1.2. The Herglotz principle with vakonomic constraints

So far we have interpreted the Herglotz principle as a vakonomic principle. We will now
study how we can add further constraints to the Herglotz principle. Formally, we can
obtain vakonomic dynamics just by changing ¢ by ¢? and A by A, on (6.11]), where a
ranges from 0 to the number of constraints k. Indeed, we restrict our path space to the
ones tangent to submanifold N C N; C T(Q x R), where N is the zero set of ¢0, given
by ¢V = z — L. We also define the space of paths tangent to N:

On(qo,91,20) = {€ € OQ(qo,91,20) | ¢(t) € Nfor all t} (6.15)

Repeating the similar computations, we would find that the critical points of Al (g0,9;,20)
are the solutions of

d I (C(t), (1)) B dpe(C(t),c(h)

5 (Au(t)—aq_i ) Al =—5 —— =0 (6.16a)

d 9P (1), C(H) ) dpe((t),c(t)

" (Aa(t)—az ) Aa(h—=——"—>= =0, (6.16b)
¢ (1), E(t)) =0, (6.16¢)

~ 0
where (gb“)ZZO are constraints defining N as a submanifold of TQ x R. Since aai; =0, the
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6.1. Action dependent Lagrangian systems and vakonomic constraints

rest of the constraints can be chosen to be independent of z. We denote

l/J‘X(q,q',Z) = ¢a<ql q.zZzL(q/q/Z)), (617>
_le (6.18)

Ha = o .
OCy (q/ q/ z, t) = L(q/ ‘7/2) - ,uﬂc(t)wa(q/ q/Z) (6'19>

for o € {1,...k}, provided that Ay # 0.
From this, we can write the equations ([6.16)) as

d 9L, ELC
(/\O(t)—) + Ao( =0 (6.20a)
dt
d-)LO(t) . agCy _
=== =0, (6.20b)
P, é(t) =0, (6.20¢)
(1) = L, (1), (), b). (6.20d)

Substituting (/6.20b]) onto (6.20a)), dividing by Ay and reordering terms, we obtain

o.L oL, 9.L,0.L
i( ..”) -t =—0—F (6.21a)
dt \ 94 oq' 94" 0z
prE),ét)) =0, (6.21b)
(1) = L, (1), é(), b). (6.21¢)

Theorem 6.5 (Herglotz’s vakonomic variational principle). Let L : TQ x R — R be
a Lagrangian function and let ¢ = (c,c,) € ()N(qo,ql,zo) and y : [ty t1] — Rk, Then,
¢ is a critical point of Alqy g0 a. =, if and only if (c,¢,c,, u®) satisfies Herglotz's vakonomic
equations (|6.21)).

A more geometric approach to these equations can be obtained by considering the
dynamics of an extended action-dependent Lagrangian, assuming that L is regular. This
extended Lagrangian is singular, so it will be a precontact Hamilton system.

Corollary 6.6. Let L : TQ xR — R bea regulall Lagrangian function and let ¢ = (c,c;) €
QN(qo,ql,zo) and p : [tg, t1] - RX. Then, (c, c;, 1) are solution of the vakonomic Herglotz
equations (6.21)) if and only if(c, u, ¢, j1, c,) are the integral curves of a Herglotz vector field ¢
for the smgular Lagrangian

L:TOxRHxR >R
q,1,4,1,2) = L(q,4,2) — u p*(q,4,2)

Proof. This follows from applying the constraint algorithm explained in Section [5.2|to the
singular Lagrangian L. Equation (6.21b]) are the initial constraints. Using the holonomy

(6.22)

- . . d . 9

condition we fix term in Frh Equations (/6.21a)) and (6.21c)) come from the terms on %
J

and —, respectively. These computations are performed with detail in [95]. O

IThis condition could be omitted, but then we should keep adding constraints until the algorithm stops.
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6. Contact systems and constraints

6.2. Action dependent Lagrangians and nonholonomic
constraints

In this section, we will discuss the relationship between nonholonomic principle and
contact mechanics. Nonholonomic principles, are understood in mechanics as princi-
ples for which the constraints depend on the velocities (unlike holonomic constraints,
which only depend on the position). However, the mathematical details are subtle. Non-
holonomic principles, unlike vakonomic principles, are not truly variational (they are
sometimes called pseudo-variational). Instead of restricting the space of admissible curves
(N C O and find the critical points on this submanifold, we directly restrict the space
of admissible variations £ C T(), so that the differential of the action evaluated at the
admissible variations has to vanish only on J). Hence, the solutions of these principles
are not necessarily critical points of the action function restricted to any space.

These setting can be studied in several degrees of generality. We will use three different
ones, form the most general to the most particular: the generalized Chetaev principle,
the Chetaev principle and the linear nonholonomic principle. The first one, described
in [|61]] will be necessary to obtain a principle for the Herglotz-evolution dynamics. The
second one is needed to obtain a principle equivalent to the Herglotz principle. In the
linear case we have a deeper understanding of the geometric properties of the dynamics
(see [[87]]).

We now proceed to prove the principle on the most general case. The other cases are
simple corollaries of this one. In this most general case, we will have some kinematic
constraint Dy and variational constraints Dy, both of which are semi-basic distributions
on the tangent bundle of a manifold M. That is Dy, Dy C (S(TTM)). More concretely,
distributions are can be described locally as the annihilator of a set of semi-basic 1-forms
on TM, which are sections of S*(T*TM). A form « is semi-basic if and only if in natural
bundle coordinates has the expression

a(q,q) = w,(q,4)dq". (6.23)

We will assume that the Dg° is generated by forms a* and Dy,° is generated by forms
B*. We now define the spaces of admissible paths and admissible variations as the spaces
of paths and variations which are tangent to the respective distributions.

a‘/DK([]O,ql) ={ce Q([]O,ql) | ¢(t) € DKfOI' allt e [to, tl]} (624)
ﬁ)y([]o,ql) = {5C e Q(%r‘h) | (SC(t) & vaOI' allt e [to, tl]} (625)

We define the action map given a Lagrangian L : TM — & as usual:

A’ : Q(qor(h) - R/

6.26
CHfLo(c,c'). (6.26)

Then we can formulate the generalized Chetaev principle
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6.2. Action dependent Lagrangians and nonholonomic constraints

Theorem 6.7 (Generalized Chetaev principle). A path ¢ € Dk (qo,q1) satisfies T, A (dc) for
all 6c € (a‘DV(%/fh))c if and only if there exist A : [ty,t1] — R such that (c,)) satisfies the
equations

d(oLy_ oL _ ., (6.270)
ai\aj )~ ag =P 8
aigi = 0. (6.27b)

Proof. The second equation is just equivalent to the statement that the path c is admissible
(i'e'/ ce @K<q0/ 1 ) ) :

In order to obtain the first equation, we use the standard arguments from calculus of
variations to deduce that

tn(0dL d (oL ;
T A(c) = jto (a_qi -3 <$>> scidt, (6.28)
If the integral vanishes for arbitrary variations satisfying the variational constraints, it
must be that
oL d ( oL ) cn
o dt \ 94’ v
Since Dy is generated by the forms a” this is equivalent to Equation (6.27a]). O

In the case of the Chetaev principle, the kinematic constraints are given by Dg = TN,
where N C TM, which is locally given by constraints ¢”(q, 4). The variational constraints
Dy are such that its annihilator is generated by

I
S*(d¢*) = —dg". 6.29
oy o4 q (6.29)

Thus, Chetaev equations are given by

d/aL\ oL _ 9¢"
i (55) 37 =5 o3
¢°(0,) = 0. (6.30b)

In the linear case follows from the Chetaev case when N = D is a distribution on Q. If
D¢ is generated by forms
a’ = a?(q)dg, (6.31)

then the nonholonomic equations are

d/oL\ oL )
a <$> - 5 =A@ (6.32a)
a’(q)g = 0. (6.32b)
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6. Contact systems and constraints

6.2.1. The Herglotz principle as a nonholonomic principle

We are now ready to deduce the Herglotz principle as a particular case of the Chetaev
principle. Indeed, we take

e our manifold M tobe Q x R,

o the Lagrangian to be the pullback of an action dependent Lagrangian L : TQx R —
R,

e The constraint ¢(q,4,z,4) = 4 — L(q,4,z), which defines the submanifold Nj .

We can take the space of admissible curves as (2; (qo, 41, 2z9)- In order to follow strictly
the setting of the beginning of the section we should also fix the value of c, (1), but this
is only necessary to remove the boundary terms when computing T A in Equation (6.28)).

Since % = 0, these boundary terms do not appear anyway.

Z
We also note that 7517, = S*d¢, where 1y : T(Q x R) — TQ x R is the natural
projection. Thus, the admissible curves are the ones whose projection onto TQ x R is
contained in the contact distribution:

(D), = {bc € TLQ| m5n(8c) = 0}. (6.33)
We have the following.
Theorem 6.8 (Herglotz’s variational principle, nonholonomic interpretation). Let L :
TQxR — R bea Lagrangian function and let ¢ = (c,c,) € QL(qO,ql,zo). Then TC—A|(4))C =0
if and only if (c, ¢, c,) satisfies Herglotz's equations:
d /dL dL  dL dL
dt \ 94t gt 94t 9z’ (6.34)
z=1L.

Proof. Using Chetaev’s principle (6.30]), we obtain

JdL dL d dL
d <_> I (6.35a)
dt \ 94 oq’ a4 oq'
AL ap
= =1 =a (6.35b)
s=1L. (6.35¢)

If we substitute the value of A from the second equation into the first one, we obtain the
Herglotz equations. O
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6.3. A nonholonomic principle for the evolution vector field

6.2.2. The Herglotz principle with nonholonomic constraints

As we did with the vakonomic case, we can obtain a variational principle for nonlinear
dynamics by considering a submanifold N C Ny =~ TQ x R given by constraints ¢,
where ¢° = z — L. We let a range from 0 to k and a range from 1 to k.

Now we take again Dx = (2(qo,q1,zo) as the space of admissible paths and Ay, as
defined for the Chetaev principle (6.29). As in the case of the unconstrained Herglotz
principle, we deduce the equations of motion from Equation ((6.30). We obtain the
following:

Theorem 6.9 (Herglotz’s variational principle with nonholonomic constraints). Let L :
TQxR — R bea Lagrangian function andlet ¢ = (c,c,) € On(qo,q1,20)- Then TC—AI(@)C =0

if and only if there exist A : [tg,t1] — R¥ such that (c,¢,c,,A) satisfies Herglotz's equations
with nonholonomic constraints:
d <8L> JL  dL 8L+A oP~
dt\o4') oq° a4 oz " a4’ (6.36)
z=L.
In the linear case, the constraints are given by a non-integrable distribution ) on TQ
extended naturally to TQ x R. In this situation we obtain

Corollary 6.10. A path ¢ € (2(q1,q2, [to, t1]) satisfies the nonholonomic Herglotz variational
principle with linear constraints 1) if and only if

(aL daL+aLaL)dieo@o
9 dtog ' agioz )T S ewr (6.37)
E(t) € Dey.

The linear theory is developed in [|87]]. The results include the interpretation of the
constrained dynamics as an orthogonal projection of the unconstrained dynamics onto
the constraint distribution, and the construction of the nonholonomic bracket, which is
an almost Jacobi bracket on the space of observables and provides the nonholonomic
dynamics. It also includes Chaplygin’s sleigh as an example.

6.3. A nonholonomic principle for the evolution vector field

We end this chapter by explaining the nonholonomic variational principle for the Herglotz-
evolution vector field. The integral curves of the Lagrangian evolution vector field satisfy
anonholonomic variational principle with nonlinear constraints. Indeed, the solutions of
the equations of motion are critical points of the action with a condition of tangency to the
contact distribution. This is also a particular case of the generalized Chetaev principle in
which Dg = Dy = (7'[0)_1(%), where 715 : T(Q x R) = TQ x R is the natural projection.
This is also similar to the one introduced in [|135]], where they also consider principles in
which they take Dg = Dy.
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6. Contact systems and constraints

We also take M to be the manifold Q x R and consider the pullback of an action
dependent Lagrangian L : TQ x R — R. Our spaces of admissible curves and variations

are

Dy = {c € TLNqo,q1,%0) | TGHLE) = 0} (6.38a)
(Dy), = {8c € TLq0,91,20) | T51L(5¢) = 0} (6.38b)
Theorem 6.11 (Nonholonomic variational principle for the evolution vector field). Let

L:TQ xR — R be an action-dependent Lagrangian function and let ¢ = (c,c,) € Dk. Then
TeAlp,) = 0ifandonlyif (c,¢,c,) is an integral curve of the Herglotz-evolution vector field

L.

Proof. Indeed, the solution of the generalized Chetaev principle satisfies

d [/ dL JdL /\aL (6.39)
ar\agi) o ~ "og’ ~7a
d (dL oL
g (ﬁ) -~ (6.39b)
,_ ;0L
z= qla—qi. (6.39¢c)
Since L does not depend on z, the second equation is reduced to
oL
— =4, 6.40
pe (6.40)
So we retrieve the Herglotz-evolution equations (3.38a)).
O
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7. Symplectization and contactization

Symplectic and contact Hamiltonian systems are closely related [28| 162} [245]]. Indeed,
given a contact manifold (M, 77), one can define its symplectization (M°?, § = #°), which
is an exact symplectic manifold of one dimension more than M and symplectic form
w = —d6. Conversely, given an exact symplectic manifold (M, ), one can define its
contactization (M, 7 = 6°°), which is a contact manifold of one dimension more. One
is not only able to simplectize and contactize the forms, but also the symplectomor-
phisms/contactomorphisms, the Lagrangian/Legendrian submanifolds, the functions,
the Hamiltonian vector fields and the brackets. Moreover, these procedures can be
interpreted as functors between the categories of exact symplectic manifolds and homo-
geneous symplectomorphisms and the category of contact manifolds and (conformal)
contactomorphism.

Although symplectization is a powerful tool for studying contact dynamics, it is some-
times problematic to use when more geometric structures than the contact distribution
forms are involved, as in the case of tangent or cotangent bundles. For example, as we
will see in this chapter, it is not trivial to relate the symplectization of the 1-jet bundle
(TQ x R)® with the cotangent bundle T*(Q x R) preserving their natural structures. We
will relate the constructions in Proposition and Theorem to the corresponding
ones in symplectic geometry. In order to facilitate working on these contexts, we will
generalize the concept and define a symplectization as a map X : (MZ%,0) > (M, 1) from
an exact symplectic manifold to the contact manifold satisfying certain properties. In
this way we can work with a different symplectization in each context, but also to prove
general results for all of them.

One issue that will limit the applicability of these techniques on many situations is
that we have been unable to symplectize a contact Lagrangian system. Indeed, we have
not been able to equip its symplectization with a compatible tangent bundle structure.
However, we can relate it to constrained systems in one dimension more (see Chapter [f)).

Another important remark is that symplectization does not relate contact manifolds
with symplectic manifolds, but with exact symplectic ones. In those manifolds a symplec-
tic potential is chosen and one is restricted to consider homogeneous objects. This is called
Liouville geometry by some authors [245]. We will review their properties in Section[7.1}
before discussing symplectization (Section[7.2)) and contactization (Section[7.3)).

This chapter is made up of unpublished work. Our main objective was trying to
formalize some tricks that we used on some of our articles [92,93}|127]], and fit them on
a more general theoretical framework.
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7. Symplectization and contactization

7.1. Exact symplectic manifolds and homogeneous Hamiltonian
Systems

Exact symplectic manifolds are symplectic manifolds in which a symplectic potential is

chosen. Equivalently, it can be defined as a symplectic manifold with a Liouville vector
field.

Definition 7.1. An exact symplectic manifold is a pair (M, 6) such that w = —dfis a
symplectic form. We call 8 the symplectic potential. We note that two symplectic potentials
give rise to the same symplectic form if and only if they differ by a closed one-form.
Given an exact symplectic manifold (M, 6), we can define a vector field A dual to the
symplectic potential. That is,
0 = —ipw. (7.1)

The field A is a Liouville vector field for (M, w), meaning that
Lpw = w. (7.2)

Conversely, given a Liouville vector field A for (M, w), it follows from Cartan’s formula
that 0 = 1yw is a symplectic potential.
There exist (symplectic) Darboux coordinates (g’, p;) such that

0 = p;dq’, (7.3a)
w =dg’' Adp;, (7.3b)
d
A=p,—. 7.
pl apl ( 3C)

During this section, we will assume that our exact symplectic manifolds have no
singular points, that is, those in which A (equivalently ¢) vanish. Notice that those points
form a closed subset which is contained on a submanifold of dimension at most half of
the original manifold. In the case that M = T*Q is a cotangent bundle, we would remove
the zero section.

We notice that,

A0 = —ipipw =0, (7.4a)
£A9 = tAd(? + thG = 0. (74.b>

We now define the maps that preserve the geometry of this system.

Definition 7.2. A diffeomorphism between two exact symplectic manifolds F : (M;,601) —
(My, 8) is a homogeneous symplectomorphism if and only if F*6, = 6.

We also say that a vector field X is an infinitesimal homogeneous symplectomorphism for
(M, 0) if and only if its flow consists of symplectomorphisms. By a similar argument to
the one in the proof of Proposition X is an infinitesimal homogeneous symplecto-
morphism if and only if Lx60 = 0.
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7.1. Exact symplectic manifolds and homogeneous Hamiltonian Systems

The flow ¢* of the Liouville vector field A can be thought as homogeneous dilations
of our geometry. Indeed, given a tensor 7, we say that it is homogeneous of degree n if

LAT =nT. (7.5)

Equivalently,
P T =exp(nt)T. (7.6)

We also say that a map F : (My,01) — (M, 6,) is homogeneous if and only if the corre-
sponding Liouville vector fields A;, A, are F-related. Equivalently,

A A
Fog;' = ¢ oF, (7.7)

where <ptAi are the flows of A; at time t.
Homogeneous symplectomorphisms are indeed homogeneous and symplectomor-
phisms.

Proposition 7.1. A map F : (Mq,01) — (M,, 6,), with Liouville vector fields Ay, A, is a
homogeneous symplectomorphism if and only if it is a symplectomorphism (F*w, = wy ), and it
is homogeneous (F, A1 = A;).

A vector field X on (M, 0) is an infinitesimal homogeneous symplectomorphism if and only if it
is an infinitesimal symplectomorphism Lw = 0, and it is homogeneous of degree 0 (L X = 0).

Proof. Assume that F preserves the symplectic potentials. Then it is obviously a symplec-
tomorphism, since
F*(—dez) = —dF*Qz = —dgl. (78)

One can check that a symplectomorphism preserves the symplectic potential if and only
if preserves the Liouville vector field by computing

0= F*(1A2Cd2 - 92) = Lry-1a,01 — F*Qz. (79)

Since w, is nondegenerate, F*6, = ¢; if and only (F,)~1A, = A;.
For the vector fields the proof follows form Cartan calculus. Indeed, if Lx6 = 0, then
Lyw = —dLx8 = 0. We now let X be a symplectomorphism and compute

0= £X(1Aw — 6) = —lOCAXa) — LXg (710)
Thus, Lx6 vanishes if and only if L4 X vanishes. O

We now discuss the Hamiltonian vector fields of the system, but we only focus on the
ones which are homogeneous. Indeed, homogeneous Hamiltonian of degree one are in
natural correspondence with infinitesimal homogeneous symplectomorphisms.

Proposition 7.2. Let H : (M, 0) — R be a function. If H is homogeneous of degree 1 (A(H) =
H), then Xy is a homogeneous of degree 0.

Moreover, there is a bijection between infinitesimal homogeneous symplectomorphisms X and
homogeneous functions H of degree 1 given by

H'—)XH,

0(X) < X. (7.11)
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7. Symplectization and contactization

Proof. Let Xy be the Hamiltonian vector field of H. Now,
0= Lp(x,,w—dH) =17, x,,w—dAH) = 11,x,,w, (7.12)

Thus, Ly Xy = 0 and Xp is homogeneous of degree 0.

In order to proof that the map above is a well-defined bijection, we need to see that, for
any infinitesimal homogeneous symplectomorphism X, 0(X) is homogeneous of degree
1 and that Xy x, = X. The first claim follows form,

Lp0(X) = (Lp0)(X) = 0(X). (7.13)

The second one by noting,
Ixw = —1xdig0 = dixip0 = d(0(X)). (7.14)
Thus, X is the Hamiltonian vector field of 6(X). O

We note that in coordinates 6(Xy) = H reads as

oH _ H (7.15)
pi o .
Hence, this can be understood as a geometric version of Euler’s theorem for homogeneous
functions.
We now make the central definition of this section.

Definition 7.3. A homogeneous Hamiltonian system is a triple (M, 6, H) where (M, 0) is an
exact contact manifold and H : M — R is a Hamiltonian function which is homogeneous
of degree 1.

Its dynamics is given by the homogeneous (of degree 0) Hamiltonian vector field Xp.

We turn to study the submanifolds of these manifolds. First we notice that these spaces
carry a natural distribution.

Definition 7.4. Given a (2n) — dimensional exact manifold (M, 6), we define its Liouville
distribution
L = ker(0). (7.16)

This distribution is of dimension 2n — 1.

We note that, since
W'l = —df A W — Gwedgedw™ = —d(0 A w") # 0, (7.17)

the form (6 A d6") does not vanish. By Frobenius theorem, this distribution is maximally
non-integrable and its maximal integrable submanifolds are of dimension n.

Definition 7.5. We say that an n-dimensional submanifold i : N = (M, 0) of a (2n)-
dimensional exact symplectic manifold is homogeneous Lagmngiarﬂ if it is an integral
submanifold of the Liouville distribution. Equivalently, i*6 = 0.

1Also called Liouville submanifolds in [245]].
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7.1. Exact symplectic manifolds and homogeneous Hamiltonian Systems

Again a homogeneous Lagrangian submanifold is precisely a submanifold that is
homogeneous and Lagrangian.

Proposition 7.3. The submanifold i : N — (M, 0) is homogeneous Lagrangian if and only if
i*w = 0and A is tangent to N.

Proof. Let N be such that i*6 = 0. Then i*w = —i*df = —di*0 = 0, thus N is Lagrangian.
Now, let x € N and X, € TN, then

WA, X,) = 0(X,) =0, (7.18)

thus w(T,N,A,) =0, hence A, € TN because N is Lagrangian, thus w(TN, -)* = TN.
Conversely, if N is Lagrangian and A is tangent to N, then for any X tangent to N

0=w(A,X)=—-6(X)=0. (7.19)
Thus, i*n = 0. O

Remark 7.4. Notice that at some points A and 6 vanish. The Liouville distribution will be
singular at those points. By the Darboux theorem these points are at most an n-dimension
submanifold, so they can be largely ignored.

Homogeneous Lagrangian submanifolds seem to be as ubiquitous as Lagrangian
and Legendrian submanifolds, when we consider homogeneous objects. These are the
analogs for Theorem and Proposition[2.17/on symplectic and contact systems.

Theorem 7.5. Let (M, 0) be an exact symplectic manifold. Then, (TM, 6C) is also an exact sym-
plectic manifold. Moreover, a section X : M — TM is such that im X C (M, 1) is homogeneous
Lagrangian if and only if X is a homogeneous symplectomorphism.

Proof. Tt is well-known that d6¢ = (d6)C isa symplectic form [2]]. Now, im X is homoge-
neous Lagrangian if and only if

0 = X*6C = Lx6, (7.20)
which is precisely when X is a homogeneous symplectomorphism. O

If we try to find a counterpart of Proposition[2.17} naively one can ask when a section
7 :Q — T*Qis such thatimy C (T*Q, ) is homogeneous Lagrangian. Unfortunately,

Y00 =7, (7.21)

hence it is only homogeneous Lagrangian if and only if v is the zero section.

A possible problem is that it is not clear what it means for a section y : Q — T*Q to
be homogeneous without more geometric structure. One possibility is that Q is itself a
homogeneous symplectic manifold. We can now modify the symplectic potential without
changing the symplectic form and obtain the following result.
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7. Symplectization and contactization

Theorem 7.6. Let (M, 0) be an exact symplectic manifold and A its Liouville vector field. We
consider the exact symplectic manifold (T*M, 6,), where

0, = Oy — dA, (7.22)

and A : T*M — M is just the function A(ax) = ip (ay).
Then a section y : M — T*M is such that imy C (T*M, 0,) is Legendrian if and only if
7y = df for some homogeneous function of degree one f : M — R. That is, A(f) = f.

Proof. Again, we compute
Y (0s) = 700 — 7" dA =y — d(1a7). (7.23)

Hence, we have that im 7y is Legendrian if and only if 9 — d(14y) = 0. Thus, ¢ = df
where f, = 14y. Moreover, it satisfies

d(A(fo)) = dipdfo = dfo. (7.24)

Thus, fj is homogeneous function plus a locally constant term. We can obtain a homoge-
neous function with the same differential by taking

f=0(X). (7.25)

Indeed,
df = dg(XfO) = —d(lJ(A, Xfo) = dlAleo(U = dlAdfO = dfo (726)

Thus, im 7y is homogeneous Lagrangian if and only if one can write y = df for a homoge-
neous function f. O

7.2. Symplectization

On most references [28, 162, [245]] the symplectization of a contact manifold (M, ) is
defined as a specific symplectic manifold M*® which is constructed form M and allows to
convert the relevant objects from contact geometry into their symplectic analogs. We will
take a different approach. Instead of considering “the” symplectization of M, we will
define what “a” symplectization is, abstracting the properties of other symplectizations
which are useful for us. In this way, we will be able to choose the symplectization that
suits our needs better on each situation.

Definition 7.6. A symplectization of a manifold with a contact distribution (M, #) is
fiber bundle X : (M%,0) —» (M, H), where (M, 6) is an exact symplectic manifold with
Liouville vector field A and Liouville distribution L = ker # and a manifold with a contact
distribution (M, H). The map X satisfies

z.L=H, (7.27)

outside the singular pointsEI on which 6 = 0.

During this section we will be ignoring those points. Indeed, one can remove those points and latter
extend the maps by continuity if necessary.
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7.2. Symplectization

An important property of the symplectization is the following one.

Theorem 7.7. A symplectization X : (M*,0) - (M, H) satisfies ker TX = (A). Thus,
homogeneous objects of degree 0 in M* project onto M.

Proof. SinceimTX D H and im TX is involutive, then necessarily im TX D [, H] =TM.
Thus, since the rank of the image is (2n + 1), then the rank of the kernel is 1. Now we
need to see that A is in the kernel.

Lety € M*andx =X (). Now, let N be any Legendrian submanifold passing through
x. Consider the submanifold N* = X~1(N). Since TN C H, TN* = (TZ)_l(TN) C L,
so N%, is an integral submanifold of .L. From the first isomorphism theorem in linear
algebra, it follows that since T, OMZ is surjective, for any y, in M?Z, then dim(TyOMz ) =
dim(TZ(yO)M ) +dim (ker TyOZ ) = n+1. Hence, N* isindeed a homogeneous Lagrangian
submanifold.

Now, by Proposition Ay (S TyMZ . Hence, TZy (Ay) is tangent to any Legendrian
submanifold N passing through x. If we can show that the only vector tangent to all such
submanifolds is the 0 vector, we would conclude that TZ,Ay). Thus, ker T,2 =<4y,
finishing the proof of the theorem.

For this last part of the argument we take a Darboux chart around x, so that x cor-
responds to the point ' = p; = z = 0. We consider the submanifolds i; : Ny —» M,
ip : No - M defined by the equations

Ny ={p;=0,z=0}, N, ={q,=0,z=0}.
Clearly, x is in both submanifolds and the two are Legendrian, since
iin =0, i310.
The tangent bundles at x are thus given by
T,N; = (dg’,dz)°, TN, = (dp;,dz)". (7.28)

A simple calculation shows that T,N1 N T,.N, = {0}, hence we have proved that the only
vector tangent to all Legendrian submanifolds is the zero vector. O

By counting the dimensions of the distributions, it is enough for a symplectization X
to satisfy X, .L C H. By taking duals, this condition is equivalent to

IF(H°) C L° = (0). (7.29)
If H = ker(n) is a contact form, we have the following characterization.

Proposition 7.8. A map X : (M*,0) — (M, n) is a symplectization if and only if there exists a
function o : M= = R, which we call the factor of X, such that

cXn =6. (7.30)
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7. Symplectization and contactization

The factor o is necessarily homogeneous, hence the level sets {0 = s} give a foliation of M* into
contact manifolds (Mg, i*0 = sn). This also induces a local trivialization (X, 7). Indeed, given a
coordinate chart (x') on M, (X*x*, o) is a coordinate chart on M*. In that chart,

0
A= oo (7.31)
Proof. Since X,A = 0, one has:
0 = Lp(0) = Lp(0Z*n) = A(0) 2 4+ 0 X (Lg A1) = A(0) X7 (7.32)

Hence, A(0)X*n =0 = 0cX*15. So, A(0) = 0.

Note that the pullback of functions f on M satisfies A(X*(f)) = 0. Hence, ¢ is function-
ally independent to those pullbacks, and it provides the local trivialization mentioned on
the theorem. Thus, given a set of coordinates x!, we have that A(X*x’) = 0and A(0) = 0.
Therefore, A takes the coordinate expression ([7.31)). ]

Now that we have established some basic results, we will explain how to relate contact
objects to the symplectic counterparts.

Theorem 7.9 (Simplectization of conformal contactomorphisms). A pair of symplecti-
zations X1 : (MT,0;) — (M, Hy), Zp © (M%,0,) — (My, Hy) provides a bijection be-
tween conformal contactomorphisms F : My — Mj and homogeneous symplectomorphisms
F* : Mf — MZ. A pair (F,F7) are related by the bijection if and only if the following diagram
commutes:

boN =, (7.33)
Il
M—> M

We say that F* is the symplectization of F.
Given a pair of contact forms H; = ker (1), H, = ker(y,) with factors o1 and o5, FZ has

the expression
1
F* = (F, —) 7.34
N0 (7.34)

on the trivialization induced by the contact forms. Here, f is the conformal factor of F.
Moreover, the symplectization is functorial, meaning that if F and G are conformal contacto-
morphism on the appropriate spaces, (G o F)* = G* o FZ.

Proof. Let F¥bea homogeneous symplectomorphism. Since (FZ)*Al = A, andker (X)), =
Ay, F* projects onto a function F such that the diagram Equation (7.33)) commutes.
Now, using the commutative diagram, we obtain

F My = (Zp), 0 (FE), 0 (1)) " (Hy) = (Zo) 0 (FE) Ly = (), Lp = Hp.  (7.35)

Thus, F is a conformal contactomorphism.
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Now assume that F is a conformal contactomorphisms. We take forms #; and 75,
generating locally both contact distributions. On the trivialization induced by the forms,
we let F¥ = (F,F) be a function that satisfies Equation ). We will see that the
unique function of this form that is a homogeneous symplectomorphism is the one in

Equation (7.34). Indeed,
(F¥) 6, = (F¥) (02(Z2) ")
= (F5) (02(F)* 1)
= (F¥) (02)(Z{F* 1) (7.36)
= (F¥)" (02)(Z} ()
= (F5) (02)Zi(f)o16; = 65

Thus,
1

F=(F*)(03) = =——. 7.37
2 = = heo (7.37)
Then, we have proved that the correspondence F — F* is well-defined and bijective.
In order to show the functorial character of the symplectization, we consider the

following diagram:

(GoF)*
MF S M 5 MF
7.38)
b5 s (
ook
M, > My > M3
GoF

Since the symplectization is unique and GX¥oF¥isa homogeneous symplectomorphism

that projects onto G o F, we can conclude that it is its symplectization. That is, G* o F* =
=

(Go F)~. O

The fact that the symplectization preserves the composition of morphisms allows us
to simplectize the vector fields. Let X be a conformal contactomorphism, and let ¢, be its
flow. Notice that

z
Prir = (Pro @)™ =97 o 7. (7.39)
Hence, ¢7 is also a flow. Since it is the symplectization of contactomorphisms, it is a

flow of homogeneous symplectomorphisms. Hence, its infinitesimal generator, X* is an
infinitesimal homogeneous symplectomorphism. Thus, we have the following:

Theorem 7.10 (Symplectization of vector fields). A symplectization X : (M*,0) — (M, H)
provides a bijection between infinitesimal conformal contactomorphisms X on M and infinitesimal
homogeneous symplectomorphisms X* on M* such that X and X* are related by the bijection if
and only if

I X*E = X. (7.40)
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If the contact distribution is generated by a form 1, this vector field can also be characterized as
the one that projects onto X and satisfies

X(o) = —axo, (7.41)
where ay is the conformal factor of X. We can also write it as
X* = X —axA, (7.42)

where XY is the vector field that projects onto X and satisfies X7 (c) = 0. In particular, for the
Reeb vector field,
R* = R7. (7.43)

Moreover, for any pair of infinitesimal conformal contactomorphisms X,Y
[X,Y]* = [X*,Y*]. (7.44)

Proof. In order to prove that the one-to-one correspondence is well-defined, we only
need to apply Theorem[7.9]to their flows. Thus, given the flow ¢ of X there exist a unique
flow ¢* which projects onto ¢, thus there exist a unique infinitesimal homogeneous
symplectomorphisms X%, which is the infinitesimal generator of ¢*. Of course, reversing
the argument we see that this correspondence works on the opposite direction.

We now consider the contact form 77 with factor oand let X be an infinitesimal conformal
contactomorphism with factor ax. Then, since X* is a homogeneous symplectomor-
phism,

0= Lx=0 = Ly=(cZ*y) = (XZ(0) + cax)7n. (7.45)

Thus. X*(0) = —0oay.
Since ker X = (A), X is of the form XY + bA for some function b. Thus,

—axo = X*(0) = bA(0) = bo, (7.46)

since ¢ is homogeneous of degree 1. Hence, b = —axb.

Finally, we also obtain that the symplectization commutes with the Lie brackets as
a consequence of the fact that it preserves composition. Indeed, the Lie bracket is the
second derivative of the commutator of the flows and the commutator is preserved by
symplectization ([|173, Lemma 6.19.2]). O

Since the contact Hamiltonian vector fields and the functions on (M, 1) on one side,
and the homogeneous Hamiltonian vector fields and the homogeneous functions on
(MZ, 6), are in one-to-one correspondence, we can obtain a bijection between both sets
of functions. Indeed,

Theorem 7.11. Given a symplectization X : (MZ%,0) - (M, 1) with factor o, there is a bijection
between functions f on M and homogeneous functions f* on M* such that

Xz = (Xp)™. (7.47)
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This bijection is given by
f* =0z . (7.48)
Moreover, one has that
= 8%y = {f, 8} (7.49)

Proof. In order to obtain f*, we compute
¥ =0Xpz) = 0((Xp>) = oZ* (N ((Xp*) = eZ* ((Xp) = o Z*f. (7.50)

The other claims follow from Proposition the equivalent theorem for symplectic
geometry, that is X(r o) = [X¢, X¢], and the result that symplectization preserve the Lie
brackets. O

Remark 7.12. The last theorem shows that
cXf,ocX*g = oX*{f,g}. (7.51)

This implies that (X, ) is a conformal Jacobi morphism [|162,188]].

We say that X : (M%,0,H*) - (M, 1, H) is the symplectization of a contact Hamiltonian
system if X : (M*,0) — (M, n) is a symplectization with factor c and H* = ¢ X*H..

Finally, from the definition of symplectization and taking into account that homo-
geneous Lagrangian and Legendrian submanifolds are integral submanifolds of their
corresponding distributions, we can also symplectize them.

Theorem 7.13. Let X : (M%,0) — (M, 1) be a symplectization and N — M be a submanifold.
Then, £~1(N) is homogeneous Lagrangian if and only if N is Legendrian. On that situation, we
denote N* = X~1(N) and call it the symplectization of N.

Now we provide examples of symplectizations.

Definition 7.7. The natural symplectization of a manifold with a contact distribution
(M, H), where H = ker 7, and M? is the exact symplectic manifold (M®, #°), that can be
defined intrinsically as

M? =ker(m)° \ Opspg = () \ Oepg = {(x,777,) CT*M | r € R \ {0}}, (7.52a)
65 = i*6y, (7.52b)

where 07+, is the zero section of T*"M — M and i : () \ Op+p; = T*M is the canonical
inclusion.
The symplectization map is X° = M s/ where )y : T*M — M is the canonical
projection.
Proposition 7.14. The natural symplectization is indeed a symplectization. Its conformal factor
is
M° - R,

My = T.

(7.53)
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Moreover, the symplectization of a function F : M, — My, which we denote F* : M] — My, is
given by the restriction of the inverse of the cotangent lift:

T*M, < T*M,

ilj\ "2T
sy Mi FHS M; M, (754)
23 >3

M, ——= M,

Proof. First we prove that 6°, which is given by

O ri) = s (7.55)
is a symplectic potential. Indeed,
de® =dr An+rdy, (7.56)
and hence,
(d6%" =r*dr Ay A dy (7.57)

does not vanish outside the zero section. Thus, (M?, 6°) is an exact symplectic manifold.
One has that

rEP () =11 = e?x,r;yx)/ (7.58)

thus X° is a symplectization with conformal factor r.
We will proof directly that F° is a homogeneous symplectomorphism, using that F* is
a homogeneous symplectomorphism (see [2, Thm. 3.2.12]),

(F$)*(83) = (F*)"(i362) = (ip o F*)*(65)

s NP " ; (7.59)
= (F, 0i1)"(62) = i1 ((F,)*(01)) = 1701 = 65.

O]

Definition 7.8 (An equivalent symplectization). Let (M, 1) be a contact manifold. Its
symplectization is defined in [[162] as the exact symplectic manifold (M, exp (s)), where

M =MxR (760)
i1 =exp (s)1, (7.61)

where s is the R-coordinate. The symplectization is just £ = pr v - Mx R — M, which
is the canonical projection. Here, the factor is & = exp(s).
Moreover, let F : (Mq,11) — (Mp, 11,) be a diffeomorphism [|162, Thm 3.16]. Then, the
map
FIZIM1XR—>M2XR,

(x,a) = (x,a +log(a)) (7.62)
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is a symplectomorphism (with respect to the symplectized structures) if and only if

Frnp = any.
This symplectization is equivalent to the natural symplectization. Indeed, the map

d: M- M5,

(7.63)
(x,a) = (x,exp(a)1y)

is a symplectomorphism onto its image. Moreover, it allows us to translate the lifts of
contactomorphisms F : M; — M, with conformal factor 2 > 0 as follows

I
My — M,

. N

Ml (Dl ‘152 M2 (764>

M —— M3
where @; are the maps (7.63)) for the symplectization of M;.

7.2.1. Symplectization of a Hamiltonian system on a cotangent bundle

The extended cotangent bundle, T*Q x R has a natural contact structure 75 = dz — 6.
In the presence of a Hamiltonian function H : T*Q x R — R, it is the natural frame-
work for Hamiltonian mechanics on contact manifolds. Its natural symplectization
((T*Q x R)*, 6°, H®), is a symplectic Hamiltonian system. However, we loose the cotan-
gent bundle structure. We would like to obtain a symplectization X : (T*(QxR), 65) —
(T"Q xR, 10)-

One way to approach the problem is to start with the natural symplectization and try
to find a symplectomorphism (T*Q x R)® - T*(Q x R). However, this identification is
not completely trivial. There is a natural map ¢ : (T*Q x R)® - T*(Q x R) given by

T*(T*Q x R)
T w*m (7.65)
(T"QxR)’ = > T"(QxR)
In coordinates, the map # is given by
Yo(q,p,z,1) = (4,p,27). (7.66)

Unfortunately, a quick computation shows that this map is not a homogeneous symplec-
tomorphism. However, we can construct another map ¢ using the canonical involution of
a double vector bundle xg : T*T*Q — T*T*Q [242], such that k5 (q,p, &, B) = (9,4, p, B).
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Let ¢ be defined by

Koxidpsgr
T*(T*Q x R) S S*T*(T*Q x R)

,T inmm (7.67)

(T"Qx R)* —X% T*(QxR),
where T*(T*Q x R) is identified with T*T*Q & T*R. In coordinates, ¢ satisfies

¥q,p,z,1) = (q,z,—1p, 1), (7.68a)
v 4, 2,p,p2) = (@,2,—p/p=p2) (7.68b)

A simple computation, shows that *(6gxr) = 773, hence it is a homogeneous sym-
plectomorphism.

A nice interpretation of the projection X° : (T*QxR)* — T*QxR is the projectivization
of the cotangent bundle. Indeed, since ¢ preserves the symplectic potential, it also maps
the Liouville vector field of (T*Q x R )® onto the canonical Liouville vector field on T* (Q x
R). Now, notice that the quotient of (T*Q x R)? by this vector field is naturally equivalent
to T*Q x R. Moreover, the quotient of T*(Q x R) by its Liouville vector field is the
projectivization of the cotangent bundle P(T*(Q x R)). Thus, i descends to the quotient
and induces a map ¢, which is precisely the one in Example 2.2land Equation (2.25)).

(T*QxR) > T*(QxR)

QXR

T*QXR

We define the map X5 = 7° o ! = ¢ o P. Then, we have:
Theorem 7.15. The map X : (T*(Q x R), 0p) = (T*Q x R, 1), given by
Xo: T*(QOxR) » T*Q x R,
4,2,p,p2) = (q,—p/Pz2),

is a symplectization with conformal factor p,. Moreover, it is a fiber bundle morphism over Q x R.
That is, it satisfies the following commutative diagram:

(7.70)

T*(QxR)

—

T*QOx R TTOxR (7.71)

1
\”Q‘

OxR
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We will try to use symplectization in order to give a proof of Proposition

Let v = (a,f) be a section of the 1-jet bundle T*Q x R — Q. We would like to relate it
to a section of T*(Q x R) and apply the theorem that the image of a form is Lagrangian
if and only if it is closed. Nevertheless, by , the only section of (T*(Q x R), Og.r)
having homogeneous Lagrangian image is the zero section, we will be forced to modify
the symplectic potential.

We start again from the natural symplectization. Indeed, by the above results, im 1y is
Legendprian if and only if (ZS)_1 (imy) is Lagrangian. Also notice that (X° )_1 (imvy) =
im °, where

71 QxR - (T*Qx R)’,

7.72
(q,1) ~ (q,a(@),f(q),1) 7.72)
Notice that 7 is a section over the bundle
it (T R)® - R,
T ITOx R~ Qx (7.73)

(q,p,z,v) = (q,1).

We would like to construct a symplectomorphism that maps (T*Q x R)® onto T* (QxR)
and maps 9° onto a 1-form. Unfortunately, no symplectomorphism can map sections to
sections and preserve the Liouville 1-form 6.

In order to fix this, we need to exchange the position and momenta variables on the
T*R component. Consider the following map

P:(T*Qx R)* - T(QxR),
P(q,p.zr)=(qr,—1p,—2), (7.74)
g,z p,p2) = 4, —p/z,—p22),

which is given by (id7-g, x) o ¢, where T*(Q x R) = T*(Q) x R x R and

XZRZ*RZ,

7.75
(z,p7) = (P2, —2). ( )

The map ¢ is a (non-strict) symplectomorphism and a fiber bundle morphism. Indeed,
*0g = 0°, where
Ooxr = Ooxr — d(p,2) = p;dg’ — zdp,. (7.76)
Continuing our discussion, we know have that (im *) = im ¥ is Lagrangian if and
only if (im+®) is and that 4% = ¥ o 7 : Q x R is one-form.

Since the image of a one-form is Lagrangian if and only if it is closed, we can conclude
that im(7) is Legendrian if and only if % is closed. This is the situation:
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7. Symplectization and contactization

SN

(T*Q x R)? > T"(QxR)

T*Qx R ” QxR 7 (7.77)

N,

We just need to compute %y and see when it is closed. Indeed,

\//

¥(q, 1) = Pq,a@),f (@), 1) = q,r,—ra(q), —f (). (7.78)
That is,
¥ = —ra — fdr. (7.79)
Thus,
dy=—-rda—drAa—-df Adr=0 < df =a. (7.80)

Hence, we have proved that im(7) is Legendrian if and only if v = jlf. Moreover, in
that situation,

¥ = —rdf —fdr = =d(rf) = d(f*). (7.81)

We now consider the map £g = X° o 1. We have proved the following.

Theorem 7.16. The map le :T*(Qx R, §Q) - (T*"Q xR, 1), where éQ is given in ([7.76)),
and the map is given by
)fQ T*(QxR) > T*Ox R,

(7.82)
(EI/ zZ, p/ pz) = (EI/ _P/Zr _pz)/

is a symplectization with conformal factor —z. Moreover, given a section o, the section 7 (q,s) =
so satisfies

T*Qx R QxR (7.83)

We will introduce one last way to symplectize cotangent bundles. In some situations,
the base M might be a contact manifold itself, with a symplectization X : (M%,0) —
(M, 7). We can lift it to a symplectization X : T*M* — T*M. However, we will need to
modify our symplectic form as in Theorem
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7.2. Symplectization

Theorem 7.17 (Cotanget lift of a symplectization). Let X : (M, 6) — (M, 1) be a symplec-
tization with factor o. Then, there exist a symplectization ST (T*M*,0,) - (T*M xR, M),
where

0, = 05 + dA, (7.84)

A is the Liouville vector field of M, and A:T*M —» Mis just the function Ay = i (ay),
which makes the following diagram commutative

T*M x R M= (7.85)

The symplectization is given by X7 = M o (T*Z, o)~Y. In local coordinates, it is
T T*M* - T*M x R,
p (7.86)
(x/ o, P/ p0'> g (q/ - _po') .
o
The conformal factor of £ is 715 .0

Proof. We start with the symplectization in Theorem EM 2 (T*M, Opper) — (T*M, M),
and we will choose a symplectization so that the following diagram commutes

2]\/1
T*M x R £ T*(M x R)
ZT* T*(Z,U/
T*MZ
Tt \L”MZ TTMXR (7.87)
MZ
2 (210)
~ ~
M < prM M xR

First, we need to see that T* (M, ') is a homogeneous symplectomorphism. We choose
a chart (x') of M, so that (x!, o) is a chart of M* and (x/, 7, p;, p,) is a chart of T*M*. By
Equation 1} A= ops- Thus, in this chart,

éMxR = QMZ - dA
=p;dx' +p, +do — d(p,0) = p;dx’ — odp,, (7.88)
=TX*0rp — To* (zdp,) = T(X,0)* 0.

We now just compute X7 so that the diagram Equation (7.87)) commutes, obtaining

Equation ([7.86)). O
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7. Symplectization and contactization

This construction relates Proposition and Theorem|[7.6] Indeed, section y : M —
T*M x R, are in one-to-one correspondence with homogeneous sections 7> = ¢ X*y :
M?* — T*M?*, such that the following diagram commutes:

T*M* <\7
7T
e (7.89)

T*M x R M=
04 M

In this situation, it is equivalent
e imy is Legendrian,
e im < is homogeneous Lagrangian,
o v=Jf,
o v =df*,
for somef : M - R.

7.2.2. The contact tangent and symplectization

Using symplectization we can give an alternate construction of the contact tangent
(Proposition 2.18)). Indeed, let X : (MY, ) — (M, i7) be a symplectization. Consider the
pullback bundle i;;TMZ given by,

PBTME 1y TME

lTM lTME (7.90)
i']
M — M*
where iy (X) = 1.

We choose a local trivialization such that x € M, (x,r) € M*, (x,r,%,7) € TM* and
(x,x,7) € 1';;TMZ . We note that the manifold i;;TMZ can be identified with TM x R just
by taking 7 as the R coordinate.

It is well known that the tangent bundle of an exact symplectic manifold (M, 0) is also
an exact symplectic manifold [2], with the symplectic potential #€. In our case, the form
is given by

0C = (r© = Vi€ +ryY =€ + V. (7.91)
Here, we used the identity Equation (A.12)). The map j, is given by

jy: TM xR - TM*

_ , (7.92)
(x,%,t) = (x,1,%,1),
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7.2. Symplectization

Hence,
Jp0C == +ty~ =y (7.93)
Therefore, we retrieve the construction of the contact tangent that was made in Proposi-
tion2.18
We can also recover Theorem This will come as a corollary of the following
theorem.

Theorem 7.18 (Tangent lift of a symplectization). Let X : (MZ%,0) > (M, 1) be a symplecti-
zation with factor o. Then, there exist a unique symplectization >T . (TMZ%, 6% - (TM, 17T)
that makes the following diagram commute:

TM*
/ \LTZ\K
TMx R —™y Taf (7.94)
m inf/
M
This map is given by .
5T = (TZ,%), (7.95)

and the factor of the symplectization is o

Proof. Since XT fibers over TM, it is of the form XT = (TX, %,). We compute X; so that
X7 is a symplectization with factor o7, using the properties of the lifts (see Appendix,

cTZTY ) = eT(TZY () + Z(TE)* (V) = e T( =< + Z,2%Y).  (7.96)
This must equal 8. Indeed,

0C = oz ¢ = o€z + oV (7.97)

T

Equating the last two expressions, we obtain ¢ = ¢V, and X; = ¢C/0V. O

As in the case of the cotangent lift of the symplectization, we can use this construction
to relate Theorem 2.19)and Theorem [7.5] Now, let X : M — TM x R be a section that
is X-related with homogeneous vector field, X*¥ = M*¥ —» TMZ. That is, such that the

following diagram commutes:

Under these circumstances, the following statements are equivalent:

Y

TM x R (7.98)

%
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7. Symplectization and contactization

e im X is Legendrian,

e im X* is homogeneous Lagrangian,
o X = (Xp,R(f)),

o X* =X,

for somef : M — R.

7.3. Contactization

Although contactization not as useful for us as symplectization for our interests, since it
is mostly a tool to understand symplectic dynamics from the contact point of view, we
include it for completeness. Given an exact symplectic manifold (M, #), one can easily
create a contact manifoldﬂ of one dimension more (M, 8°), which is just given by

M®=MxR (7.99a)
6% = dz — (71°°)*6, (7.99b)

where 71 : M x R — M is the canonical projection and z is, as usual, the R coordinate.

All the relevant geometric objects are easy to contactize. Indeed, a map F : M; — M,
is a symplectomorphism if and only if F*° = (F,id) is a strict contactomorphism.

Similarly, a vector field X is an infinitesimal symplectomorphism if and only if X
(which is no more that X extended by 0 using the product structure on Q x R) is a
conformal infinitesimal contactomorphism.

Finally, we can define H® = (71°°)"H for a function H : M —» R and immediately see
that (X)) = Xpyeo.

Nevertheless, the contactized dynamics is not very interesting. All the contactized ob-
jects preserve not only the contact distribution, but the contact form. In local coordinates
this means that the objects do not depend on z. Hence, there will be no dissipation and
the equations on motion will look just as Hamilton’s.

% Alternatively, one can also create a contact manifold from an S*-bundle satisfying certain topological
properties [25]]. This construction has the advantage of preserving compactness.
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Lagrangian Dynamics is generated by a Lagrangian function defined on the tangent
bundle TQ (or TQ x R in the contact case) of the configuration space of a physical
system whereas Hamiltonian Dynamics is governed by a Hamiltonian function on the
cotangent bundle T*Q which is canonically symplectic, (or the extended cotangent
bundle T*Q x R, which is canonically contact). If a Lagrangian function is regular then
the Legendre transformation provides an equivalence between the Hamiltonian and
Lagrangian formulations of the system.

In the case that the Lagrangian is degenerate, we obtain then the Legendre transfor-
mation fails to be a local diffeomorphism, and we are forced to apply the constraint
algorithm Section 5.1} obtaining a presymplectic/precontact Hamiltonian system on a
submanifold, possibly smaller than the image of the Legendre transformation. A related
approach is the Skinner-Rusk unified formalism [|86| 233, 234], in which Lagrangian
and Hamiltonian formalisms are united on the Whitney sum of tangent and cotangent
bundles. In this chapter we will review a different approach, due to Tulczyjew. First, we
will review the Tulczyjew triple for symplectic systems, and then we will introduce its
contact counterpart.

Tulczyjew’s triple is a commutative diagram linking three symplectic bundles namely
TT*Q, T*T*Q and T*TQ via symplectomorphisms. This geometrization enables one to
recast Lagrangian and Hamiltonian dynamical equations as Lagrangian submanifolds of
the Tulczyjew symplectic space TT*Q [241]] as Lagrangian submanifolds. In this picture,
we can understand the Legendre transformation as a change of generating function [240,
242]]. This definition is free of non-degeneracy conditions. Evidently, this approach is in
harmony with the creed by Weinstein “everything is a Lagrangian submanifold” [255]].

Tulczyjew’s triple has been generalized for more geometric frameworks: higher order
Lagrangian dynamics [76]], physical theories where the configuration space is a Lie
group [|124,151]]. Also, for principal fiber bundles [11]] and vector bundles [[152]]. There
has been extensive work on studying Tulzyjew’s formalism for field theories [40, 45| 77,
81]], including the higher order case [[150].

The aim of this chapter to give a construction of the Tulczyjew’s triple for the case of
contact manifolds. Here, in the contact case, we will change the role of Tulczyjew’s sym-
plectic spaces (TT*Q, T*T*Q and T*TQ) by their extended counterparts (T(T*QxR) xR,
T*(T*QxR) xR and T*(TQ x R) x R); the symplectomorphism by contactomorphism,
and the Lagrangian by Legendrian submanifolds. This picture enables us to understand
Lagrangian and Hamiltonian functions as generating functions of the same Legendrian
submanifold, even in the case of singular systems.

Instead of following the presentation of our results from [127]] we take a different
route. We connect the contact with the symplectic dynamics through symplectization,
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8. Tulczyjew triples for contact systems

and we obtain the contact version of Tulczyjew isomorphism «, B in this fashion. We
note that on [|127]] are result on Morse families, the Legendre transformation and the
triples for the evolution vector field which are not present in this chapter. These tools are
specially interesting for equilibrium thermodynamics systems, since the Hamiltonians
usually are not regular and there is no Lagrangian formulation in the usual sense.

This chapter has two sections. After recalling the symplectic Tulczyjew triples in
Section[8.T} we introduce contact special submanifolds, show how to symplectize them
in order to obtain the contact triples in Section

8.1. The symplectic Tulczyjew'’s triple

8.1.1. Special Symplectic manifolds.

The concept of special symplectic manifold is central for Tulczyjew’s approach to dynam-
ics. It is just a fiber bundle which is equivalent to the cotangent bundle.

Definition 8.1. A special symplectic manifold is a quintuple (P, p, Q, 8, @) where:
e p: P — Qisafiber bundle.
e (P, 0) is an exact symplectic manifold.

®: (P,0) - (T*Q,0) is a fiber bundle morphism over Q and a homogeneous
symplectomorphism.

A special symplectic manifold can be drawn in a commutative diagram as

(T*Q,0g) —=—— (P,6)

\ / (8.1)

The symplectic diffeomorphism ¢ can be characterized by the following pairing [241]]
(p(x), Tt o Xy) = (04, Xy) (82)

for a vector field X on P, for any point x in P.

8.1.2. The Tulczyjew triples

We now construct the special symplectic manifolds concerning the Hamiltonian and
Lagrangian formulations of mechanics.
The Hamiltonian part of the triple was developed in [241]].

Theorem 8.1. Given an exact symplectic manifold (M, 0), the quintuple (TM, Ta;, M, 61, B) is
a special symplectic manifold, where
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8.1. The symplectic Tulczyjew’s triple

e 0y is the symplectic potential given by the canonical pairing, that is, for X € TTM,
0(X) = (tpmX, Ttpm(X)). In local coordinates it is given by

61 = pidq’ —¢'dp;. (83)
o The isomorphism  : TM — T*M is given by contraction with the symplectic form, i.e.,
b(X) = ixw = —1xd6. In local coordinates, it is given by
B:TM — T*M,
(8.4)

@ pi g’ pi) = @ pi i =)
Moreover, forany H : M — R, im dH and im Xy are Lagrangian submanifolds which are related
by B. This construction is illustrated on the following commutative diagram.

™ P S T*M

™ M (8.5)

The Lagrangian part was also introduced by Tulczyjew in his follow-up article [242]].

Theorem 8.2. The quintuple (TT*Q, T, TQ, HQC, ) is a special symplectic manifold.
Here, the isomorphism « was defined by Tulczyjew in [242|] and its coordinate expression is
a:TT*Q - T*TQ,
(qi/ Pi, qil Pz> = <qil Pi, r.’l'/ ql)
Moreover, for any L : TQ — R, imdL is a Lagrangian submanifold such that the Lagrangian
submanifold N; = a~'dL is given by the local expression
. oL oL
pi = o’ pi = o7
which are the Euler-Lagrange equations.
This construction is illustrated on the following commutative diagram.

T*TQ < a TT*Q
’x‘ / T (8.8)

Connecting the Hamiltonian part for (M, ) = (T*Q, QQ) and Lagrangian part, we
obtain the Tulczyjew triple

(8.6)

(8.7)

S T*T*Q

T*T%: TTT*W\\ n%
Ny /

(8.9)
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8.2. Tulczyjew triples for contact systems

8.2.1. Special contact manifolds and its symplectization

Now we will introduce the analog of the Tulczyjew triples for contact systems. We start
by defining special contact submanifolds.

Definition 8.2. A special contact manifold is a quintuple (P, p, Q, 17, @) where:
e p: P — Qisafiber bundle.
e (P, 1) is a contact manifold.
e ¢:P - T*Q x R is a fiber bundle morphism over Q and a contactomorphism.

A special contact manifold can be drawn in a commutative diagram as

(T*Qx R, 7jg) —2— (P, 1)
\ / (8.10)

We will use symplectization in order to obtain the contact geometric counterparts of the
Tulczyjew isomorphism « and . When developing mechanics on a symplectic manifold,
the symplectic potential does not play an important role. Instead, the symplectic form is
the important piece of geometric information. Nevertheless, for homogeneous symplectic
systems, the symplectic potential is crucial. Indeed, on some situations taking 6, as
the form on Q does not lead to the desired homogeneous structure. We will extend the
definition of special symplectic structure in order to take that into account

Definition 8.3. A special homogeneous symplectic manifold is a 6-tuple (P,p,Q, 6,0, @)
where:

e p: P — Qis afiber bundle.

(P, 9) is an exact symplectic manifold.

éQ is a symplectic potential for (T*Q, wg). Thatis, wg = —d@Q = —db.

D :(P,0) - (T*Q, §Q) is a fiber bundle morphism over Q and a homogeneous
symplectomorphism.

The corresponding diagram is obtained by changing 6 by 65 on the diagram for a
special symplectic manifold

(T*Q,fg) —2—— (P, )

\ / (8.11)
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We remark that o« = éQ — GQ is a closed form and that (P, p, Q, 6, éQ, ®) is a special ho-
mogeneous symplectic manifold if and only if (P, p, Q, 0 — ®*a, P) is a special symplectic
manifold. Conversely, given a closed 1-form o € (2(T*Q), (P,p,Q, 0 + P*x, 9Q +a,P)is
a special homogeneous symplectic manifold.

Now we can define the symplectization of a Tulczyjew triple as follows.

Definition 8.4. A symplectization of a Tulczyjew triple is given by the data (P,p, Q, 7, ®
Pz,pz, 0,9, éé,ﬁ, QDZ,EQ,Z) such that

e (P,p,Q,n,P) is a special contact manifold.

(P%, pz, 0,9, §Q, d*) is a special homogeneous symplectic manifold.

g : Q - Qis a fiber bundle with 1-dimensional fibers.

E’Q :(T*Q, 9Q~) - (TQ x R, 10) is a symplectization and a fiber bundle morphism
overp: QxR - Q.

&~ is the symplectization of ®.

X :N(MZ, 0) — (M,n) is a symplectization and a fiber bundle morphism over
p:0Q—-Q.
This is depicted on the following diagram.

(T*Q,85) < (M*,6)

\/
L7 N

(T*Qx R, 7g) < (M 7

(8.12)

M
o]
?O%IQI
M

Part of the information on this definition is redundant. For example, we can use
Theorem in order to obtain ®* from @ or vice-versa. Indeed, we will obtain the
Tulczyjew isomorphisms for the contact systems in this fashion.

8.2.2. The contact Tulczyjew Triples

First we start with the Hamiltonian part of the triple:
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8. Tulczyjew triples for contact systems

Theorem 8.3. Let X : (M=, 0) - (M, 1) be a symplectization, and let A be the Liouville vector
field of M*. Then, the following diagram represents a symplectization of a Tulczyjew triple

(TMZ, 6°) b S (T*MZ, 6,)
M= T2
X, = (M*,0) dH=
=T \Lz = (8.13)
XH/ (M, 1) /'H
~ /TM %\r
I4

where the corresponding forms and symplectizations are defined in Theorems and and
Xy = (Xg, R(H)). The map B, is given explicitly by

Be: TM xR - T*"M x R,

14
(x, %, 1) = (x,tn + 15 dn, —1(%y)). (8.14)

Moreover, the differentials, one jets and Hamiltonian vector fields are related as depicted on the
diagram.

Proof. We need to proof that the map § is still a homogeneous symplectomorphism with
this new choice of forms. If this holds, the commutativity of the diagram then follows
from Theorems and

In order to do that, we let *6, = B*(6p) — dB*A = 6, — dB*A.

We take a Darboux chart (qi, p;) for M?Z%, and in the bundle charts induced on its tangent
and cotangent bundles we have

B*A = B (pidp,,) = —pij'. (8.15)
Hence,
B*0x = pidq’ — 4'dp; + d(ps') = pidq’ + pid’ = 65 (8.16)

Thus § is a symplectomorphism.

Now, we only need to compute f, using the commutativity of the diagram. Let (x') be
a chart for M, and we denote by (&' = Z*x!, o) the induced coordinates on M%. In those
coordinates,

ST, 0,8, 0) = (o, 1, o)), (8.17)

Thus, if y = (x,%,t) is a point of TM x R, the point § = (&, 1,3?i, t) € TM?* satisfies
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25(9) = y. Now, we compute

BW) = tp),,,dw
= —l@t)(ill)dwz*;y)
= —l(i )0, (A0 AT — 0dX*dy) (8.18)
= —tX" 0 + ZH (k) do — 27 (1, )
= (=250 = X (1, i), Z0(82))).

Finally, we project () onto T*M x R using £, and B, is computed using the commu-
tativity of the diagram

Be(y) = B(ZT (@) =ZT (B@))
= T (X%, — Z* (1, 1, Z¥0(3y) (8.19)
= (X, tn + 1 d17, =17 (Xy))-

As a corollary of this construction, we obtain the analog of Theorem

Corollary 8.4. Given a contact manifold (M, 1), the quintuple (TM x R, T](\)/I,M, 17T, Be)isa
special contact manifold. Moreover, for any H : M — R, im j'H and im Xy are Legendrian
submanifolds which are related by B.. This construction is illustrated on the following commutative
diagram.

TM x R P > T"M x R
’&T& y (8.20)
Xu M j'H

Now we turn to the Lagrangian part of the triple.

Theorem 8.5. Then, the following diagram represents a symplectization of a Tulczyjew triple,

T*T(QxR) < - TT*(Q x R)
TTT(QxR) TTtoxR
T(QxR)
I i(prm,zo st (8.21)
TOxR
T*(TOxR)x R < m T(T*OxR)x R
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8. Tulczyjew triples for contact systems

where the map

Zroxr 1 T"T(QxR) 2 T*((TQxR) xR) - T*(TQx R) x R
Pg Pi Pz 2) (8.22)

( 12, '/Z./ rFPzrPgr ) = ( s ./Z/__
9:2:9,2,Pq: Pz Pgr Pz 4.9 v p. s

is the symplectization in Theorem and

Z5:TT(QxR) » T(T*Q x R), xR
L. p .. p pzp P (8-23)
( 1Z,P,Pz: 9,2, P, )'_) ( 12—, IZ/__+_I_)I
9:2,P/Pzr 9,2, Ps Pz q qu v 2y,

is the tangent lift (Theorem[7.18)) of the symplectization of Theorem[7.15]
The map w. is given by
T (TOXxR)xR > T(T"Qx R) xR

L . . (8.24)
(q,p,z,49,p,2,u) = (4,2,4,p +up,p, —u,2).

Proof. By the choice of the maps, it is clear that this is a symplectization of a Tulczyjew
triple. We only need to find a.. Welety = (9,p,z,4,p,2,u) € T(T*Q x R) x R. Then,
7 =1(q,z,p,—1,4,%2,p + up, —u) satisfies Z(Tg(g) = 1. Now we compute its image through
« using Equation (8.6).

x(y) =alq,z,p,—1,4,2,p +up,—u) = (q,2,4,z,p + up, —u,p, —1). (8.25)

Thus, we obtain
x.(y) = ZTQxR(zx(g)) =X(q,z,4,2,p +up,—u,p,—1) = (q,z,4,p + up,p, —u,z), (8.26)
which is the map we obtained in [92]. O

Using this map, we construct the Lagrangian part of the triples.

Theorem 8.6. The quintuple (T(T*QxR) xR, (Tﬂ%, z), TOxR, 17QT, ) is a special contact
manifold.

Moreover, for any L : TQ x R - R, imdL is a Lagrangian submanifold such that the
Lagrangian submanifold Ny = a_1j'L is given by the local expression

oL
pi:a_qi’
9L aLaL
Pi= g 9z g (8.27)
s=1,
oL
u——g,
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which are the Herglotz equations.
This construction is illustrated on the following commutative diagram.

e

T*(TQx R) x R < T(T*Q x R) x R

TTQR 7o (8.28)

L TOx R

The following diagram shows the symplectization of the triples.

B

T*T(QxR) £ = TT*(Q x R) > T*T*(Q x R)
TTT(QxR) TT*(QxR) TIT*(QxR)
T(QxR) T*(QxR)
] = Jze 2
TOxR T*Qx R
T*(TQXR) x R % T( T*QXR)XR —) T*(T*QXR)XR

(8.29)
The complete contact version of the triples is depicted bellow.

T*(TQx R) x R % T(T*Qx R) x R % T*(T*QXR) x R

dL TOx R Np x4 T*Qx ]R j'H
\0) /
Q

(8.30)
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9. Hamilton-Jacobi theory

The Hamilton-Jacobi equation [2} 13, 144] is an alternative formulation of classical
mechanics, equivalent to other formulations such as Hamiltonian mechanics, and La-
grangian mechanics for regular systems. It is particularly useful in identifying conserved
quantities for mechanical systems, which may be possible even when the mechanical
problem itself cannot be solved completely.

The Hamilton-Jacobi equation has been extensively studied in the case of symplectic
Hamiltonian systems, more specifically, for Hamiltonian functions H defined in the
cotangent bundle T*Q of the configuration space Q.

The Hamilton-Jacobi problem consists in finding a function S : Q — R (called the
generating function) such that

.5
H q/a_ql =E, (91)

for some E € R. The above equation (9.1) is called the Hamilton-Jacobi equation for H.
Of course, one can easily see that (9.1]) can be written as follows

d(H o dS) =0, (9.2)

which opens the possibility to consider general 1-forms on Q (considered as sections of
the cotangent bundle 775 : T*Q — Q), instead of just differentials of a function.

Recently, the observation that given such a section y : Q — T*Q permits to relate the
Hamiltonian vector field X with its projection X}; via v onto Q, in the sense that X}; and
Xy are y-related if and only if holds, provided that <y is closed (or, equivalently, its
image is a Lagrangian submanifold of (T*Q, wg)) has opened the possibility to discuss
the Hamilton-Jacobi problem in many other scenarios, such as nonholonomic systems [49)
50,197,165, 209], singular Lagrangian systems [|83} 98, |184]], higher-order systems [68],
and field theories [39, 41} 105, 110, |113} 251, 259]]. A unifying Hamilton-Jacobi theory
for almost-Poisson manifolds was developed in reference [112]. The Hamilton-Jacobi
theory has also been generalized to Hamiltonian systems with non-canonical symplectic
structures [199]], non-Hamiltonian systems [218]] locally conformally symplectic mani-
folds [[126]], Nambu-Poisson and Nambu-Jacobi manifolds [[111]], Lie algebroids [[185]] and
implicit differential systems [|125]], mechanical systems with external forces [91]], as well
as more general dynamical systems [51]]. The applications of Hamilton-Jacobi theory in-
clude the relation between classical and quantum mechanics [|38, 52,56, 194], information
geometry [65}|66|], control theory [224]] and the study of phase transitions [|176]].

In this section, we study the Hamilton—Jacobi theory for the contact Hamiltonian
vector field and the evolution vector field. Moreover, we will consider sections of 7'((02 :
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9. Hamilton—Jacobi theory

T*Q x R — Q, what we call approach I, and also sections of né tTOxR - QxR
(approach IT).

We notice that the Hamilton-Jacobi problem has been treated by other authors [42,
166|], who establish a relationship between the Herglotz variational principle and the
Hamilton-Jacobi equation, although their interests are analytical rather than geometrical.

This chapter is composed by three sections. In Section 9.1} we introduce the Hamilton-
Jacobi equation for both vector fields and both approaches. The relationship of this
problem with its symplectic counterpart is treated in Section An example is given
in Section[9.3, One more example is given in Section [10.1.2} related to thermodynamics.

The results on this chapter were published in [92,109]. Nonetheless, in this dissertation
we introduce the concept of pseudolegendrian submanifold, which generalizes the properties
of the submanifolds of TQ x R that appeared on the approach II to Hamilton—Jacobi theory
to arbitrary contact manifolds, and give a simpler definition from the geometric point of
view.

9.1. The Hamilton-Jacobi equations

9.1.1. The Hamilton-Jacobi equations for a Hamiltonian vector field
Approach |

Let (T*"QxR, 1o, H) be a Hamiltonian system on the extended cotangent bundle. We will
consider a section <y of the canonical projection 7'[% :T*Q x R — Q. In local coordinates
it reads

7:Q->TQxR,

9.3
q = (7@, (q). ©3)
We can use 7y to project Xy onto Q by defining
Xfy=TrgoXyo, (9.4)
as it is depicted on the following diagram
Xy
T"Qx R — T(T*Q x R)
-

f(iLn& ) T2 1Ty (9.5)

Q ————TQ

But this diagram does not necessarily commute. Indeed, X;; and X7; are not necessarily
7-related. That is,

XH o ’)/ = T’)/ o Xg{ (96)
does not necessarily hold. The local expression of X?{ is given by
oH 0
Xi=—oy|—. 9.7
H ( Ip; 7) aq' G7)
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9.1. The Hamilton—Jacobi equations

Thus, Equation in local coordinates is given by

( oH a_H) _ 9H 9y (9.8a)

Y52 T oq) T oy oq e
OH 9H 97

Skl (9.8b)

o _g=20
i Ip; dp; ag'’

where we have abused notation and the Hamiltonian and its derivatives are actually
evaluated at y(g).

By Proposition[2.17} im 1y is a Legendrian submanifold if and only if it is the 14jet of a
function, namely 7 = jl9%. Performing the substitution

0y*
Vi = Er (9.9)
we can see that Equation transform into
d(Hov) =0, (9.10a)
Hovy=0. (9.10b)

Obviously, the first one is redundant. Hence, we have proved the following.

Theorem 9.1. Let vy be a section of TQ x R — Q such that im vy is a Legendrian submanifold of
(T"Q xR, 10).
Then, X}; and Xy are y-related if and only if the Hamilton—Jacobi equation holds:

Hovy =0. (9.11)

Under the conditions of the above theorem, we say that v is a solution of the Hamilton—
Jacobi problem. In this case, we can compute integral curves of Xy by computing those of
Xg[ Indeed, since both vector fields are y-related, given c : [0, T] — Q, we have thaty oc
is an integral curve of Xy if and only if ¢ is an integral curve of X7;.

Approach Il

Instead of taking a section 7y of 71?2 :TQ xR — Q, we can take a section ¥ of the bundle
7'((12 : T*Q xR — Q x R and repeat the computations on the previous case. The section ¥
takes the local expression

Y:OxR ->T*QOxR,

(9.12)
(q,2) = (q,7q,2),2).

First, we will give a couple of definitions. Given sectiona : Q x R — AR(Q) x R,
(which we call a z-dependent k-form) and z € R, we let

Q' Q - Ak(Q)

9.13
q - prAk(Q)(“(q/Z))/ ( >
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9. Hamilton—Jacobi theory

where pr : AK(Q) x R - AK(Q) is the canonical projection.

AkQ)
Furthermore, we define the exterior derivative at fixed z, which is a section of AFL(Q) x

R — Q x R given by

doa(g,z) = (da,(g),2). (9.14)

In local coordinates, forf : QxR — Randa : QxR — T*Qx R, the local expressions
are

of .,
de— a_qldq ’
(9.15)
; 80c] i .
do(adg') = a—ql_dq Ndg.
Again, we project Xy through 7 and define
X} =TyoXyo. (9.16)

The corresponding diagram is now

T*Ox R = T(T*Q x R)
ﬂingg o ’/T T (9.17)

Y

QxR —— T(QxR)

Note that im(y) is (n + 1)-dimensional, so it no longer makes sense to require it to
be Legendrian. Demanding it to be coisotropic is not enough to obtain a satisfactory
Hamilton—Jacobi equation. Our submanifold will need to have the following properties.

Definition 9.1. We say that an (1 + 1)-dimensional submanifold i : N = M ofa (2n + 1)-
dimensional contact manifold (M, 1) is quasilegendrian if and only if

1. N is coisotropic.
2. i*dy =0.
We make a small detour and analyze the properties of quasilegendrian submanifolds.

Proposition 9.2. Assume that an (n + 1)-dimensional submanifold N of a (2n + 1)-dimensional
contact submanifold (M, ) is locally the zero set of the constraint functions {¢,}_,. Then, N is
quasilegendrian if and only if the following equations hold in Darboux coordinates

I¢pa 9Py _ 9Py P4

oq' dp;  aq' Ip;’

'agba a¢b — '%a(pa
Pioz p; Pioz p;

(9.18a)

(9.18b)
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9.1. The Hamilton—Jacobi equations

Proof. Equation (9.18b)) is obtained by requiring that i*d#y = 0. In order to obtain Equa-
tion (9.18a)), we use the equations for a coisotropic submanifold (Equation (2.83))) and
simplify them using Equation (9.18b)). O

For our case, we let N = im 7, which is locally defined by the constraints ¢; = p; — 7;.

Applying the previous result we obtain the following;:

Corollary 9.3. Let % be a section of T*Q x R over Q x R. Then im7 is a quasilegendrian
submanifold if and only if

9 9v;

o _ 25 (9.19a)
af  of

97; 37

AL 1

A coordinate-free characterization of when im % is coisotropic can be given as follows.

Theorem 9.4. Let % be a section of T*Q x R over Q x R. Then, im % is a quasilegendrian
submanifold if and only if do7y = 0 and Ly,5,7 = a’y for some functiona: Q x R — R. That

is, there exists locally a function f : Q x R — R such that dof = 7 and dQ% = adgf.
Proof. im % is coisotropic if and only if % fulfills Equation (9.19)).
Equation (9.19a)) can be written as
do7 =0. (9.20)
We can also write Equation (9.19b)) as
TN Lojazr =0, (9.21)

or, equivalently, that 4 and L, 5.7 are linearly dependent.
Locally, by the Poincaré Lemma, we obtain that %, is exact for every z € R, thus

¥ = dgf. The other condition is just dQ% = adgf. O
We continue deriving the Hamilton-Jacobi equation. X;; and X}, are y-related, that is,
Xy o7 = TY(XE), (9.22)

if and only if the following local expression holds:

0H 07 0H oH  0vjoH _ 97

Assuming that im % is quasilegendrian and using Equation (9.19)), we obtain the
following expression.
oH 0H dy; oH 0H dy; 97
_+_j+(_+_i»_i:
o dp; og dz  dp; 0z 0z
This can be written globally, though the resulting equation is more involved than on
the case of sections of TQ x R — Q.

0. (9.24)
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9. Hamilton—Jacobi theory

Theorem 9.5. Let % be a section of né :TQ xR — Q x R such that im % is a quasilegendrian
submanifold of (T*Q x R, 11¢).
Then, X}, and Xy are y-related if and only if the Hamilton-Jacobi equation holds:

do(H o 7) + Lo (Ho )7 = (Ho ) Ls 7. (9.25)
Jz Jz

Whenever 7 satisfies the conditions of the above theorem, we say that it is a solution of
the Hamilton—Jacobi problem.

Remark 9.6. Notice that if 7 is a solution of the Hamilton—Jacobi problem for H, then
Xy is tangent to the coisotropic submanifold %, but not necesarily to the Lagrangian
submanifolds im %, for z € R. This occurs when

XH(Z - Zo) =0 (926)
for any z, that is, if and only if
_ oH
Ho 7y, = Ur (9.27)

In such a case, we call y a strong solution of the Hamilton—Jacobi problem.

Complete solutions

Next, we shall discuss the notion of complete solutions of the Hamilton—Jacobi problem
for a Hamiltonian H in approach II.

Definition 9.2. A complete solution of the Hamilton-Jacobi equation for a Hamiltonian
H is a diffeomorphism @ : Q x R x R” — T*Q x R such that for any set of parameters
A e R"A=(Aq,...,A,), the map

D :OxR->T*QxR

. . . (9.28)
q',z) » DG, 2) = P(q',z,A)

is a solution of the Hamilton-Jacobi equation. If, in addition, any &, is strong, then the
complete solution is called a strong complete solution.

We have the following diagram

QxRxR”ﬁT*QxR

[

R" — %\ R
where we define functions f; such that for a point p € T*Q x R, it is satisfied

filp) = mioa o @ (p), (9.29)

and a : Q x R x R"” — R" is the canonical projection.
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9.1. The Hamilton—Jacobi equations

The first result is that
im®, =N, 1),

where A = (A4, -, A,,) € R™. In other words,
im®, ={xeT* QxR |fi(x) =A;,i=1,...,n}
Therefore, since Xy is tangent to any of the submanifolds im &,, we deduce that
Xy(fi) =0.

Hence, these functions are conserved quantities.
Moreover, we can compute

{fi.f;i} = A@fi, dfp) — fiR(f;) + i R(f).
But
Addfy, df)) = g4 @df) (f;) =0
since (Tim @)+ = #,((Tim @,)°) C Tim @), so

Fif) = —fiRE) + LR (9.30)

Theorem 9.7. There exists no linearly independent commuting set of first-integrals in involu-
tion (9.29)) for a complete strong solution of the Hamilton—Jacobi equation.

Proof. If all the particular solutions are strong, then the Reeb vector field K will be
transverse to the coisotropic submanifold @, (Q x R). Indeed, if R is tangent to that
submanifold, we would have

(D))
oz

Rp; — (Py);) = —

where @, (q',z) = (qi, (®@));,2). So, @, does not depend on z, hence it cannot be a
diffeomorphism.

Therefore, if the brackets {f;, fj} vanish, then we would obtain that the functions f;
cannot be linearly independent. Indeed, we should have

[iR(fp) = fiR(f),

for all 7,j. But this would imply that f; and f; are linearly dependent in the case A =
O,...,0).
O

9.1.2. The Hamilton-Jacobi equations for the evolution vector field

In this section we will repeat the computations of the Hamilton-Jacobi equation, but this
time we will use the evolution vector field, £ instead of the Hamiltonian vector field
Xy, of a contact Hamiltonian system (M, 7, H).
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9. Hamilton—Jacobi theory

Approach |
We use the notation from Section Let 7y be a section of the canonical projection
0 . 7=
7TQ . T Q X R i Q
This time we project vector field £, obtaining
& =Trho&yory. (9.31)
Both vector fields are 9-related, that is
Egoy=Tyo &, (9.32)
if and only if

OH oHJy;  oH

a_qj + a_pza_ql + ’)/]-g =0, (933&1)
oH ([ 07, _

If we assume that ¢ = jl9Z, (or, equivalently, im v is a Legendrian submanifold of
(T*Q x R,74)), then Equation (9.33b]) is automatically satisfied and (9.33a)) just states
that H o y is closed. Therefore, we have the following.

Theorem 9.8. Let 7y be a section of TQ x R — Q such that im vy is a Legendrian submanifold of
(T"Q xR, 10).
Then, £ and E; are «y-related if and only if the Hamilton-Jacobi equation for the evolution
vector field holds:
d(Ho7y) =0. (9.34)

A section 7 fulfilling the assumptions of the theorem and the Hamilton-Jacobi equation
will be called a solution of the Hamilton—Jacobi problem for the evolution vector field.

Approach Il

As in Section we take a section % of the bundle né :T*Ox R - Qx R. As usual,
we define the projected evolution vector field

821: T?TéogHO’?.
We have that those vector fields are J-related, thatis £ oy = T’y((‘iz[) if and only if

OH o0HOJy;  0HOJy ~ oH

a—[]]+a—naql +’)/l'a—pi¥+’ng =0 (935)

Assuming that im 7 is quasilegendrian and using Equation (9.19)), we can arrive to the
following global expression.
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9.1. The Hamilton—Jacobi equations

Theorem 9.9. Let y be a section of TQ x R — Q x R such that im 7 is a quasilegendrian
submanifold of (T*Q x R, 110).

Then, EZI and Eyy are y-related if and only if the Hamilton—Jacobi equation holds:
do(Hey)+ (Hey) Loy + Lo (Hey)y =0. (9.36)
oz dz
Whenever the conditions of the above theorem hold, we say that % is a solution of the
Hamilton—Jacobi problem for the evolution vector field.

Complete solutions

As in the case of the Hamiltonian vector field, we can consider complete solutions for
the evolution vector field.

Definition 9.3. A complete solution of the Hamilton—Jacobi equation for the evolution
vector field £y of a Hamiltonian H on a contact manifold (M, %) is a diffeomorphism
@ : QxR xR" - T*Q x R such that for any set of parameters A = (A9, A4,...,A,) €
R x R", the mapping

®,:Q - ~ T*QxR
(ql> = QA(ql) = ®(qll/\()l/\1/"'l/\n)

is a solution of the Hamilton—Jacobi equation.

(9.37)

For simplicity, we will use the notation (A, , « =0,1,...,n).
As in the previous case, we define functions f, such that for a pointp € T*Q x R, itis
satisfied

fu(p) = 110 0 @ L(p), (9.38)

where 77, : Q x R x R"” — R is the canonical projection onto the « factor.
A direct computation shows that
im @y = Nj_ofa' (A
In other words,

im®P, ={xeT*QxR|[f,(x) =A,,a=0,...,n}

Therefore, since under our hypothesis, &y is tangent to any of the submanifolds im &,,
we deduce that

Eu(fy) = 0.

Hence, these functions are conserved quantities for the evolution vector field.
Moreover, we can compute

(Fruofs) = Afy, dfg) — fu R(fg) + f5 R F).

But
A(dfa/dfﬁ) = #A(dfzx)(fﬁ) =0,
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9. Hamilton—Jacobi theory

since (Tim @)+ = Tim @), so

{fmfﬁ} = _fa‘]?/(fﬁ) +f,BJ%(ftx)' (9:39)

Theorem 9.10. There exist no linearly independent commuting set of first-integrals in invo-
lution (9.38)) for a complete solution of the Hamilton—Jacobi equation for the evolution vector
field.

Proof. Since the images of the sections are Legendrian then they are integral submanifolds
of ker 775. So, the Reeb vector field R will be transverse to them, and consequently, there
is at least some index a( such that

Rifay) #0

Therefore, if all the brackets {f,,fz} vanish, then we would obtain that the functions f,
cannot be linearly independent.
O

9.2. Symplectization of the Hamilton-Jacobi equation

We will try to understand the relationship of the Hamilton—Jacobi problem for the
contact Hamiltonian system (TQ x R, o, H) and the Hamilton-Jacobi problem for the
symplectization of this system (T(Q x R), wg, H 2. For this, we will use the result and
notation of Chapter|[7] specially, those of Section[7.2.1}

Now we will establish a relationship between solutions to the Hamilton—Jacobi problem
in both scenarios. Suppose that

¥: QxR - T*(Qx R)
(q',2) = (', 7,4,2),2,7,(d",2))

is a solution of the symplectic Hamilton—Jacobi equation, i.e., Y(Qx R) is Lagrangian
and

dHo¥) =0,

or, equivalently,

1

:XHO ,

o=

Tyo X

where X?q = Tp o Xp o 7 is the projected vector field and p: T*(Q x R) - Q x R the
canonical projection. We want to use the solution % of the Hamilton-Jacobi problem in
the symplectization (which we will often refer to as “symplectic solution”) to obtain a
section that is a solution in the contact setting (“contact solution”, for simplicity).
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9.2. Symplectization of the Hamilton—Jacobi equation

9.2.1. Approach |

For each z, we have sections v = (T7g,2) o ’?Z: Q - T*Q x R of the form (qi) —
(q’,i/],(ql,z),ﬁ/t(ql,z)), being (T7g,2) : (', pi,z,t) = (q',pi, t). We know that 1 is a solu-
tion of the contact Hamilton-Jacobi problem if and only if (Q) is Legendrian and

Hoy=0.
The condition that 7y (Q) is Legendrian is equivalent to

o
1 aql/

where we write v(q") = (4,7;(4'), 7-(q")), which by definition of  and using that 7 (Q x
R) is Lagrangian reads
2

7= of — oz’

and therefore ’?i = ¢%g(q"), with g; functions depending only on the (g'). This can be
summarized as follows:

Theorem 9.11. Suppose 7: Q x R — T*(Q x R) is a solution of the symplectized Hamilton—
Jacobi problem. Then,

Y Q->T*QOxR
@) = (4" 7,(q",2),7,4',2))

is a solution of the contact Hamilton—Jacobi problem if and only if H o y = 0 and ':yl, = €%g;.

9.2.2. Approachli

In this approach we can relate the contact and the symplectic solution using the sym-
plectization on Theorem We will use the map X9 defined in Equation (7.70). That
is,

X:T*(QxR) » T*Q xR,

(9.40)
(q,2,p,p2) = (4,2, —p/pz)-
We also denote by H = H* = p, (Zo)"H the symplectized Hamiltonian
H:T*(QxR) - R,
@xR) (9.41)

q,z,p,v2) = p-H(q,—p/p2 2).
We assume ?t(qi,z) #0and takey = X2 o0 4: Q x R —» T*Q x R. In local coordinates

Y:OxR ->T*QOxR

’?j(qi,Z) )
Z

( ilz) g i/ ( i/Z) = —3Z : 7
q (q (9 53D
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9. Hamilton—Jacobi theory

We can summarize the situation in the following commutative diagram:

Y
o
OxR —1 3 T*(QxR) —22 3 T*Ox R
~_
X ox o X, X, (9.42)
s Y, T=Q .
TOxR) ——= T(T"(QxR)) — T(T"Q x R)
\ 7
AN 7/
eeee

We note that the projected vector fields X?:I and XZI coincide. The dashed lines of T%

(resp. T7) commute if and only if  is a symplectic solution (resp. 7 is a contact solution)
of the Hamilton—Jacobi problem.

Lemma 9.12. Let H be a Hamiltonian and H its symplectized version. Assume '?t(qi,z) # 0.

Then, XZI and Xy are y-related if and only if XZ, and Xy are y-related.

Proof. Assume that XZI and X are 7-related. Then, by the commutativity of the dia-

gram (0.42) we see that X} and Xy are ‘y-related.
Conversely, assume that XIZI and Xy are y-related. Let P, € R \ {0} and let

:T*Qx R - T*(Qx R),
¢ I.Q ; Q S (9.43)
(9", Pi,z) = (q',2z,—Pyy,(q",2)).

We note that ¢p is the inverse of X2 along the submanifold {P, = ’Qyt} CT*(QxR). In
particular 4 = ¢ o 4. Looking at the diagram (9.42)), this implies that Xg and Xy are
Y-related. O

Lemma 9.13. Assume that the image of 7y = (':yQ, 7,) is Lagrangian. Then, the image of 7 is
quasilegendrian if and only if doyo = Ty for some function T: Q x R —» R.

Conversely, if the image of 7y is quasilegendrian, then we can choose 7, so that the image of  is
coisotropic. Indeed, it is given by either f:yt = +exp(g), where g is a solution to the PDE

dog + 7Laja:8 = —Laja7- (9.44)

Proof. Let?y = ('?Q,'cyt) be such that its image is Lagrangian. That is, dy = 0. Splitting
the partin Q and in R, we see that this is equivalent to

La/az’?Q = dQ%tl dQ’?Q =0. (945)
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9.2. Symplectization of the Hamilton—Jacobi equation

Now, ¥ = —’eyQ/'Tft. By Theorem it is necessary that doy = 0 and (Ly,5.7) Ay = 0.
We compute

M) ATy LasaTg) Mg

dQ’)/ - ~2 =2 (9‘46)
Y T
But
(oCa/az’j’t)’? - (oCa/az’? )’:Yt Y
(968/82’7) Ny=-— QQZ 2 A :_Q
%, T
N (947)
B (La/az’)’Q) A ,)/Q
- a2
Ty

Hence, im 7 is pseudolegendrian if and only if L, 5, (Y o) is proportional to % o
Conversely, assume that 7 satisfies doy = 0 and L,5.7 = a%. We must find '7t SO
that (9.45)) are satisfied. Since ny = —’?t"y, we have that (9.45)) are equivalent to

Lojo=(7) = —(Lajaz, + ay)¥ = dg¥, (9.48)
dQ(ny) = —dpy, AF =0. (9.49)

A solution for 7, on the first equation above clearly solves the second one. Since we look
for nonvanishing 7, we let g = log o|7,|, so that (9.48)) is just

dog + 7Lo/a-8 = —ay = —Ly,a:7- (9.50)
If we let
A; = 9 + 9 (9.51)
this equation can be written as
i
A. =2 9.52
l<g) az ( )
and we note that this vector fields commute, indeed
9% o
[Ai Al = Yimg- =15 = aviy —ay = 0. (9.53)

If this PDE has local solutions, operating with the equations above, one has

d7y; ov;
Al =) -4 ) =0
(%)-4(%)
This condition is clearly necessary, and it is also sufficient by [183, Thm. 19.27]. We have
that

A, % _ A 9% _ i %y .a(ﬂ’)’j)_ 9@ay:)
0z I\ oz

=, — . = =0. 9.54
%(82)2 7f<az>2 T, 152 0 (9:54)

O]

171



9. Hamilton—Jacobi theory

Combining the last two results, we obtain a correspondence between symplectic and
contact solutions to the Hamilton—Jacobi problem.

Theorem 9.14. Let H be a Hamiltonian and H its symplectized version. Then, 7: Q x R —
T*(Q x R) is a solution of the symplectic Hamilton—Jacobi problem for H, if and only if ¥ =
Qo %: QxR — T*Q x R is a solution of the contact Hamilton—Jacobi problem for H and
deyQ = Tyq for some function T : Q x R - R.

Conversely, given a contact solution % of the Hamilton—Jacobi equation, there exists a symplectic
solutions ':yt such that |y|= exp(g), where g is a solution to the PDE

dog + 1Laja:8 = —Lajaz7- (9.55)

9.3. Example: Particle with linear dissipation

Consider the Hamiltonian H

2

H(q,p,2) = §—m + V(@) + Az, (9.56)

where A € R is a constant. The extended phase space is T*Q x R ~ R3.
The Hamiltonian and evolution vector field are given by

Xi=150 - (_aq +)Lz> Rl Crid ) -2z ) =, (9.57)
- Bi — a_ i ﬁi

Assume that y : Q — T*Q x R is a section of the canonical projection T*"Q x R — Q,
that is,

Y@ =@ 7@, 7=(). (9.59)

We assume that v (Q) is a Legendrian submanifold of T*Q x R as in Section[9.1.2} then,

_ 41

and & and & are y-related if and only if
Hoy =k, (9.61)

for a constant k € R. Then, the Hamilton—Jacobi equation becomes

2
Y
H(y(q)) = ﬁ + V() + Ay, =k, (9.62)
or, equivalently,
1 (dy, 2
—| == \% Ay, =k .
(G ) V@ an =k (9.63)
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which is a non-linear ordinary differential equation.
A general solution of the Hamilton—Jacobi equation (9.63)) is then

Yp(q) = exp(—2mAq) f(ka —2mV(q)) exp(2mAq)dq. (9.64)
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10. Thermodynamics

In this chapter we study the relationship between contact geometry and thermodynamics.

Section deals with the so-called classical or equilibrium thermodynamics, and
its relationship with contact geometry and contact Hamiltonian systems has been ac-
knowledged for the last decades [203]]. We add and example that we used in [92]].
Another example is present in Section[I1.3] Also, an application of Tulczyjew’s triples to
thermodynamics, including a Lagrangian formalism, can be found on [[127]].

In Section we show how some non-equilibrium systems can be studied through
the evolution vector field. These are novel results developed in [7} [10].

10.1. Equilibrium thermodynamics

According to Arnold [12]], “Every mathematician knows it is impossible to understand an
elementary course in thermodynamics. The reason is that thermodynamics is based—as
Gibbs has explicitly proclaimed—on a rather complicated mathematical theory, on the
contact geometry. Contact geometry is one of the few ‘simple geometries’ of the so-called
Cartan’s list, but it is still mostly unknown to the physicist.”

Nevertheless, thermodynamics has been studied extensively in the framework of
contact geometry during the last decades. For some recent work directly related with
the present discussions, we cite [32, 36, (141, 203, 215]].

The relation between symplectic and contact manifolds via the symplectization proce-
dure has permitted to go deeper in the geometric description of thermodynamic systems.
This way has been explored in [[14]].

10.1.1. Thermodynamic systems and contact geometry

Equilibrium thermodynamics deals with processes in systems in which thermal effects
are taken into account. The aim is not to describe the time evolution of the system, but to
analyze which of these processes are possible, and how to go from one state to another
in the most efficient way.

The state of the system can be described by a finite number of variables (indeed, the
thermodynamic phase space will be a finite-dimensional manifold M). Those variables
are typically denoted (U, T, S, P;, V1), where U is the internal energy, T is the temperature,
S is the entropy, P; are the generalized pressures and V' are the generalized volumes. This
last two quantities, in the case of gases are physical pressures and volumes, but, for
example, in the case of magnets, they are the magnetic field and the magnetization.
These variables are divided in extensive (U, S, V), and intensive variables (T,P;). The
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10. Thermodynamics

Thermodynamics Contact geometry

Thermodynamic phase space Manifold with a contact distribution (M, H)
Equilibrium states Legendrian submanifold L C (M, H)
Thermodynamic system Triple (M, #, L)

Process isotropic curve c : [ - (M, H)

Quasistatic process Curvec:I - L

Table 10.1.: Correspondence between some thermodynamic and geometric concepts.

first ones are proportional to the quantity of matter in the system and the last ones are
independent on it.

A thermodynamic process is just a curve c : I = [ty,t;] — M (here, the variable ¢
is not the physical time, but just an evolution parameter). According to the laws of
thermodynamics, along this curve it must be satisfied

dU — TdS — P;dVi = 0. (10.1)

That is, it must be tangent to the contact distribution H = ker(77y;), where 7 is the
so-called Gibbs one-form,
ny = dU — TdS — P;dV". (10.2)

In other words, y(I) C (M, #) is an isotropic submanifold (see Section.
The Gibbs form #; is written in energy representation, but we can choose another contact
form that generates the same contact distribution. For example, we can obtain the entropy

representation by taking

1
s = 7_'771/[ =dSs — ﬁdll — pidV, (103)

where f = 1/T is the inverse temperature and p; = P;/T.

When unperturbed, a thermodynamic system always lies on the equilibrium submani-
fold L C M, which is described by the equations of state. Since equilibrium processes fulfill
the laws of thermodynamics, they are forced to be integral submanifolds of the contact
distribution. Indeed, L is a Legendrian submanifold. The triple (M, H, L) is a thermody-
namic system. A process c : I — L that is contained on the Legendrian submanifold (it
only passes through equilibrium processes) is called a quasistatic process.

On a thermodynamic system (M, #, L), one can consider the dynamics generated by a
Hamiltonian vector field Xy associated to a Hamiltonian H. If this dynamics represents
quasistatic processes, that is, its evolution states remain in the submanifold L, it is
required for the contact Hamiltonian vector field XHF to be tangent to L. This happens if
and only if H vanishes on L. On Table [10.1]we summarize the correspondence between
some thermodynamic and geometric concepts.

Equivalently, using symplectization X : (M*,0) — (M, H) (Section , one can
consider the extended thermodynamic phase space

WOxR = dPi A dP; + dS A dPg + P dU (10.4)

178



10.1. Equilibrium thermodynamics

In this formulation a thermodynamic system is a triple (MY, 6, L), where L is a homoge-
neous Lagrangian submanifold. Dynamics are given by a homogeneous Hamiltonian
K. Indeed, in [|14} 247], they use the projective cotangent bundle P(T*Q x R) as the
thermodynamic phase space and the cotangent bundle T*(Q x R) as the extended ther-
modynamic phase.

10.1.2. Hamilton-Jacobi: the classical ideal gas

This example is fully described in [141]]. In [92]] we applied the Hamilton-Jacobi theory
to it.
The open classical ideal gas is described by the following variables.

e U internal energy,

e T: temperature,

S: entropy,

e P: pressure,

e V: volume,

e y: chemical potential,
e N: mole number.

Thus, the thermodynamic phase space is T*R3 x R and the contact 1-form is
n=dU—TdS + PdV — udN (10.5)
The Hamiltonian function is

H=TS—RNT +uN - U, (10.6)

where R is the constant of ideal gases. The Reeb vector field is R = %.

The Hamiltonian and evolution vector fields are just

Xy =(S 1<N)i+1\fi+13i+1<iri+ui (10.7)
H= S ' ON ' oP ou = oU ‘

= S —RN)Z - N-L £ pL 4 RT-L 4 (TS — RNT + )2 (10.8
o= G- RN)Fs +NaN T 0 TR, + (5 - RNT+ oo 8)

The Hamiltonian vector field here represents an isochoric and isothermal process on the
ideal gas.
Assume that 7 : R3 —» T*R3 x R is the section locally given by

(S, V,N) = (5 V,N, 71, 7p, Yu'ru)- (10.9)
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10. Thermodynamics

we know that y(R3) is a Legendrian submanifold of (T*R3 x R, 1) if and only if,

_
T 35/
__2u
Yp Y ’
y, =
B 9N’
The Hamilton-Jacobi equation is
(HO')/)(S,V,N) = (S_RN>')/T+N')/]4_,}/U:k/ (1010)
for some k € R. That is,
(H o7)(S,V,N) = (5 — RN) 2L 4 NOTU _ o (10.11)
Y 2S oON

This is a first order linear PDE, whose solution is given by

S
—S2 4 (—=7N + 5)?

Yu(S,V,N) = karcsinh( ) + F(=S?+ (RN - S)%,V), (10.12)

with F: R?2 - R an arbitrary function. The case k = 0, which is the one relevant for the
thermodynamic interpretation, is given by

Yu(S,V,N) = F(=5% + (RN = S5)2, V). (10.13)

Using Hamilton-Jacobi theory, one sees that a section ¢ satisfied H o ¢ = 0 if and only
if X{; and X} are o-related.

10.2. Non-equilibrium thermodynamics of simple systems

There are several nonequivalent definitions of what a non-equilibrium thermodynamic
system is in the literature. We will be dealing with systems which can be described by
a finite number of Variablesﬂ (we will suppose that phase space is a finite dimensional
manifold). We are interested in describing how the state of the system changes with
time. Its evolution will be given by the flow of a vector field satisfying the laws of
thermodynamics. A thermodynamic process will be an integral curve of this vector
field. The aim of this section is to describe how we can use the evolution vector field
(Section2.5) to model systems satisfying these properties.

IThere are also situations in which the thermodynamic variables, such as the temperature and the pressure
are not uniform along the system. This would require a field theory, which is outside the scope of this
work.
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10.2. Non-equilibrium thermodynamics of simple systems

We will restrict ourselves to simple systemsﬂ That is, thermodynamic systems whose
configuration space is composed by just one scalar thermal variable (in our case the
entropy) and a finite set of mechanical variables (position and momenta). We will
assume that the system is isolated, that is, there is not any transfer of work, matter or heat.

The thermodynamic phase space is naturally equipped with two linearly independent
one forms: the work 6l and the heat 60O one-forms. The energy of the system is given by
an energy function H : T*Q x R — R. For a closed system (one that does not exchange
matter, but may exchange energy), the first law can be written as follows. Along any
process, x,

dH = 60 — 5. (10.14)

Since our system is simple, the form 60 needs to have rank one. Therefore, it can be
written as
00 =TdS, (10.15)

for some functions T and S (which will be the temperature and the entropy). Furthermore,
SW can be written locally as follows

s = P,dq’, (10.16)

which as many functions P; and g’ as the rank of 6UJ. Moreover, ' and S are functionally
independent. In the physical interpretation, P; is the pressure.
Thus, the first law of thermodynamics in this setting states that along x, the following
is satisfied
dH = TdS — P,dq'. (10.17)

From this, by contracting with d/dS, we obtain the relationship

_0H

T—g.

(10.18)
Furthermore, for an isolated system, the energy must be constant along x. Hence, we
must have the relationship

0 = TdS — Pidq’, (10.19)
or, dividing by the temperature, and identifying

pi = Pi/T, (10.20)

we obtain
no =dS—p;dg' =0 (10.21)

Hence, x satisfies the first law of thermodynamics for an isolated system if and only if
the energy is constant along x and x is tangent to ker 775.

We now assume that x is an integral curve of the evolution vector field £y. By Propo-
sition [2.23] we can extract the following conclusion.

2In [[10]] we proposed a model for non-simple systems, but it is outside the realm of contact geometry.
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10. Thermodynamics

Proposition 10.1. The integral curves of £y describe an isolated system, that is
dH 0
dt

Moreover, the time evolution of the entropy is locally given by

ds  dq
ar ~FPrar
which is exactly the first law of thermodynamics with p; = P;/T.

Remark 10.2. Note that the first law of thermodynamics for an isolated system may be
geometrically written as a tangency condition, that is,

e, =0. (10.22)

The second law of thermodynamics follows from the expression of the evolution vector
fields (2.98)), or (3.38a)) for the Lagrangian formalism, and it depends on the choice of
Hamiltonian function.

Proposition 10.3. The integral curves of £y (respectively = ) satisfy the Second law of thermo-
dynamics, that is,

ds
T 0 (10.23)
if and only if Ag(H) > 0 (respectively, A(L) > 0), where
Ap = o A—'ia (10.24)
QTP T o '

are the Liouville vector fields of the tangent and cotangent bundle, respectively.

Remark 10.4. The variational principle satisfied by the evolution vector field (Theo-
rem might have some physical significance. Indeed, it states that the integral
curves extremize the entropy with the nonholonomic constraint given by the first law of
thermodynamics (tangency to the contact distribution).

10.21. An example

Let the Hamiltonian H be given by

) 1 .
H(q',pi, ) = 587pirj + V4, 5) (10.25)

where (g'/) is a symmetric bilinear tensor on Q. Note that al]ﬂ the integral curves this
system satisfies the second law of thermodynamics if and only if

Aq(H) = 28"pip; 2 0, (10.26)

that is, if g;; is a positive semi-definite metric.

%if the metric is pseudo-Riemannian, the light-like and space-like curves still satisfy the second law of
thermodynamics.
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10.2. Non-equilibrium thermodynamics of simple systems

Example 10.1 (Linearly damped system). Consider a linearly damped system [7]] de-
scribed by coordinates (g,p,S), where g represents the position, p the momentum of
the particle and S is the entropy of the surrounding thermal bath. We assume that the
system is subjected to a viscous friction force, proportional to the minus velocity of the
particle. The system is described by the Hamiltonian

2
H(q,p,S) = g—m LV@)+9S, 7>0 (10.27)
and T = ?9—1; = 7 > 0 represents the temperature of the thermal bath.
Therefore, the equations of motion for £ = #, (dH) are:

P
=

p=-Vig)—p (10.28)
2
="
m

Obviously, the system is isolated since H = 0, and it is also clear from the equation for
S that the first and second laws are satisfied since S > 0.
In the Lagrangian side we obtain the system given by

mg = =V'(q) —ymq

! 10.29
S = mg?. ( )

Observe that in this system the friction force is given by the map Ff, : TQ - T*Q given
by
Fr,(q,4) = vd'dq'. (10.30)

Therefore, the equation of entropy production can be rewritten in terms of the friction

force as follows .
TS = —<Ffr(q,q'>,67>

These equations coincide with the set of equations proposed in [[135, 136]] for this partic-
ular choice of Lagrangian L and friction force Fy,.
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11. Optimal control and contact systems: the
Herglotz control problem

The Herglotz optimal control problem was introduced in [93]]. It is a generalization of
an optimal control problem in which the cost equation is given by a non-autonomous
differential equation, instead of by a definite integral like on the usual optimal control
problems. We will see that the solutions are integral curves of a precontact Hamiltonian
system. This is a generalization of the presymplectic approach to the optimal control
problems, which we now explain.

After recalling the presymplectic theory of control systems in Section[11.1} we introduce
the Herglotz control problem and solve it in two ways in Section[11.2l One, published
in [93]], through a presymplectic optimal control principle. The other one, introduced
in [94], is through vakonomic dynamics. Finally, in Section we provide some
examples of control problems in contact mechanics and equilibrium thermodynamics.

11.1. The presymplectic approach to optimal control problems: a
review

A control problem is given by the data (M, pg, Wy, F, X, 1, x9, x1). That is:
o A state space My, which is a smooth manifold.

e A control bundl{] 0o : Wy = My, with local coordinates (x!, u), which we refer as
the variables x*, and the controls u®.

o A cost function F : Wy — R.

e A control equation, which is a vector field along py, that is:

M,
V LTMO (11.1)

W0L>Mo

In local bundle coordinates it is given by

X =X'(q u)i. (11.2)
" oxt

In [93] the control bundle is trivial W = M x U. However, considering an arbitrary fiber bundle is useful
in some situations, as the control of mechanical systems with non-parallelizable configuration manifolds.
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11. Optimal control and contact systems: the Herglotz control problem

e A time interval I = [ty,t1] C R and the initial and final values of the variables
Xo, X1 € M.

Problem 11.1 (Optimal control problem). Find the curvesc: I = [tg,t1] - W, (in a local
trivialization we write ¢ = (e, cu) ), which satisfy the following conditions:

1. End points conditions: cjy, (tg) = Xo,cpm, (1) = X1.

2. Control equation: ¢y, is an integral curve of Xy: ¢ = Xg o c.

3. Maximal condition: A(c) = f:l F o ¢ is maximum over all curves satisfying 1. and 2.
0

For our purposes, it will be simpler to consider the extended optimal control problem.
This problem is equivalent to the previous optimal control problem, but now we include
the cost as an extra variable. Explicitly, form a control problem, we construct an extended
optimal control problem, which is given by the data (M, p, W, X, I, x¢, x;) where:

e The extended state space is M = R x My, which has coordinates (x?, x?).

o The extended control bundle is p = (idg,pg) : W = R x Wy - R x My = M. This
bundle has coordinates (x9, x?, u?)

o The extended control equation X is given by

Xx=rL 1 x (11.3)
B aXO 0 '

This is the statement of the problem.

Problem 11.2 (Extended optimal control problem). Find the curvesc : I = [ty,t;] = W, (in
a local trivialization we write ¢ = (cpy, cyp), cp = (€2, cm,)), which satisfy the following
conditions:

1. End points conditions: cpy, (tg) = Xo,cp, (t1) = x1,¢9(tg) = 0.
2. Control equation: cyy is an integral curve of X: ¢y = X oc.
3. Maximal condition: c®(t;) is maximum over all curves satisfying 1. - 2.

Remark 11.1. This problem is clearly equivalent to the optimal control problem. Indeed,
the part of the control equation on ¢° can be integrated to obtain

t
O = fo F o (e, cur)s (11.4)

thus x9(t;) = Aepmy cu)-

A necessary condition for this problem is given by the Pontryagin maximum principle.
A detailed proof can be found on [15]]. However, now we are interest on its presymplectic
formulation [|114}|119]] which is as follows. Given a control problem, we construct the
following presymplectic Hamiltonian system (W, w, H), where
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11.1. The presymplectic approach to optimal control problems: a review

e Thebundleg: W — T*Misjust W = W xy; T*M

W
0
W T*M

(11.5)
o
™M
M
which has local coordinates (x°, x?, Po, Pi, u*).
e The presymplectic form w = p*wy,, which in local coordinates is
w =dz Ap, +dx' Adp;. (11.6)

e The Hamiltonian is given by contraction with the control equation: H (ag,u) =
&y (X(x,u)), 0Or, in local coordinates

H(x, x', po, pi, u") = poF (x', u®) + p; X" (x', u"). (11.7)

Theorem 11.2 (Presymplectic version of Pontryagin’s maximum principle). Given the
extended optimal control problem (M,p, W,F,X,1,xq,x1), we let ¢ : I — W be a solution,
¢ = (cp,cy)- Then, there exists 0 : 1 — W, 0 = (0rsp1, 0y) Such that

1. It is a solution to the Hamiltonian presymplectic problem (W, w,H). That is, it is an
integral curve of Y, solution to the equation 1yw = dH.

2. The projection ¢ = 7ty o 0 onto W satisfies the end points condition.

Using the constraint algorithm [147]], we can see that Hamiltonian vector fields of the
presymplectic system are of the form

P) ) OF 9x/\ o 9
(11.8)

Y=F— Xi—. — — i— | — =
o0 T oy ooxi | Pigy p; TG

where Ay € R. Moreover, the first step of the algorithm produces the constraint

oH
out

which is called the compatibility equation. In the case that this equation determine the
controls u“, we say that the problem is regular. In this situation, the terms A, of the
Hamiltonian vector fields are determined on the first step of the algorithm, and we obtain
a first constraint submanifold symplectomorphic to T*M. Otherwise, the problem is
singular, and we need to keep applying the constraint algorithm.

Here, some contact dynamics are visible. We divide the solutions ¢ in two cases.
If the constant Ay = pg present in (11.8) is non-zero, then we say that it is a normal

(11.9)
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solution. Otherwise, if A\g = 0, it is called an abnormal solution. In [93]] we showed that
Ny = {po = A} C W inherits the structure of a precontact Hamiltonian system for the
normal case (A # 0) and a presymplectic one in the abnormal case (A = 0). Moreover,
on the regular and normal case, one can obtain a contact system by fixing the constraints.
Also, as proposed by [[208]] one can give a unified formulation by using the projective
cotangent bundle. We will discuss these constructions later, in the context of the more
general Herglotz control problem.

11.2. The Herglotz control problem

A Herglotz control problem is given by the following elements (M, p, W, F, X, I, X9, X1, Z9)-
That is,

o A state space My, and the corresponding extended state space M = My x R.

e A control bundle p : W — My x R, with local coordinates (x!,z, u"), which we refer
as the variables x', the action or cost z, and the controls u®.

W
y ip\ (11.10)
MO W MO x R ﬁ R

o A cost function F : W — R.

e A control equation, which is a vector field along py, that is:

™,
y‘ iTMO (11.11)
W — My
In local bundle coordinates it is given by
, d
Xo = Xl(q,z,u)ﬁ. (11.12)

e A time interval I = [to,t1] C R, initial and final values of the variables xy,x; € My,
and the initial action or cost zy € R.

The Herglotz control problem can be formulated as follows.

Problem 11.3 (Herglotz control problem). Find the curvesc : I = [ty,t;] = W, (in a local
trivialization we write ¢ = (e, €2, cur) ), which satisfy the following conditions:

1. End points conditions: cpy, (o) = X4, cpm, (D) = xp,¢2(tg) = 2.
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11.2. The Herglotz control problem

2. Control equation: ¢y, is an integral curve of Xp: ¢pr, = X o c. That is,
éy=Xoc (11.13)

3. Cost equation c, satisfies the differential equation ¢, = F o ¢, and
4. Maximal condition: c,(b) is maximum over all curves satisfying 1. — 3.

Remark 11.3. In the case that the both cost function and the control equation do not
depend on z, this problem reduces to the usual optimal control problem for (cp,, cyp)-
Indeed, one has

t
Co(ty) = ft: F o (cpm,, Q) (11.14)

and the control equation does not depend on c;.

There are two approaches to find necessary conditions to solve this problem. In [93]] we
added extra variables in order to convert this problem in a usual optimal control problem.
Then we reduce the system eliminating the extra variables. We obtain a precontact
formulation of the optimal control principle.

Another possibility, which we explored in [[94] is to consider a related Herglotz vako-
nomic principle, and then we can directly obtain the equations of motion. However, we
do not obtain the abnormal solutions (those that do not depend on the cost function).

11.2.1. The Pontryagin maximum principle approach

We first consider the extended version of the Herglotz control problem. In order to which
is given by (M, p, W, X, I, x¢, x1,zo) where

o The extended state space is M = My x R, which has coordinates (x},z).

e The control bundle is p = (idr, pg) : W = Wy x R - My x R = M. This bundle has
coordinates (x!,z, u®)

o The extended control equation X is a vector field along p

™
V lTM (11.15)

w—3s M

The problem is stated as follows.

Problem 11.4 (Extended Herglotz optimal control problem). Find the curvesc : [ =
[fo,t1] = W, (in a local trivialization we write ¢ = (¢, i), cpm = (cp,, ¢;) which satisfy
the following conditions:

1. End points conditions: cpy, (tg) = Xo,cp, (1) = xq,¢,(tg) = 0.
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11. Optimal control and contact systems: the Herglotz control problem

2. Control equation: cyy is an integral curve of X: ¢y = X oc.
3. Maximal condition: c,(t1) is maximum over all curves satisfying 1. — 2.

Again, given a Herglotz control problem, (M = My x R, p, W, F, Xy, I, xy,x1,29) we
can construct an extended Herglotz control problem (M, o, W, X, 1, xg, x1,zg), where

x=r2 i x (11.16)
0z 0s '

and vice versa.
We construct a similar precontact system to the one in Theorem that is, consider
the system (W, w, H), where, again:

e The bundle g : W — T*M isjust W = W x,; T*M which has local coordinates
(', 2, pi, pz1").

e The presymplectic form w = 0*wy,.

w=dp? Ap, +dx' Adp'. (11.17)

e The Hamiltonian is given by contraction with the control equation: H (ag,u) =
X (x,z) (X(x,z,u)), OF, in local coordinates

H(X,z,pi,p2,u") = pF(x,z,u®) + p; X (x', 2, u®). (11.18)

Although the following result looks identical to Theorem it is a generalization.
Indeed, now the control equation and the cost function are allowed to depend on z.

Theorem 11.4 (Presymplectic version of Herglotz-Pontryagin’s maximum principle).
Given the extended optimal control problem (M, p, W, X, 1,xq,x1,20), we let ¢ : I — W be a
solution, ¢ = (cpg,cyy). Then, there exists & : 1 — W, & = (0pspy, 0y) such that

1. It is a solution to the Hamiltonian presymplectic problem (W,w,H). That is, it is an
integral curve of Y, solution to the equation 1yw = dH.

2. The projection ¢ = ftyy o 0 onto W satisfies the end points condition.

Proof. We cannot apply Theorem directly since our control equation depends on
z. Although this could be proved directly, we will do the following trick: adding new
variable x° that duplicates z. Thatis, welet M = R x M, W = W xp; T*M and g = idg xp.
We also let

_ 0
X:F—+X:F<—+—)+Xo. (11.19)
Z

Note that (cys,, c,) fulfills the control equation X if and only if (c;, ¢, c;) fulfills the
control equation for X, so the solutions of this extended control problem for which A =c,
are precisely the solutions of the extended Herglotz control problem. Nevertheless, now
F does not depend on %0, and we are on the situation of Theoremm
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11.2. The Herglotz control problem

Thus, we obtain the corresponding presymplectic system (W, 8,H). Here,

H = poF + p.F + p;X". (11.20)
0, we consider the submanifold
No={z=2xp} CW,andweleti: N < W be the canonical inclusion. The Hamiltonians

vector fields of (W 6,H) tangent to N are thus Hamiltonian vector fields of (N, i*@,i*H).
In local coordinates (x%, z, Po,Pis Pz U")

Since we are only interested in solutions with z = x

i*@=dz A (pg +p.) +dg' Adp;,

) 11.21
= (pO +pz)F +pz’XZ~ ( )

Thus, (py + p-) plays the role of the “momentum for z”. We consider the following
projection
7T @ NO - W,

; . ; . (11.22)
(X', 2,p0,Pis Pz, U') = (X', 2,05, p0 + P, u?).

One then checks that 7t projects the solutions of Hamilton’s equation for (N, i* @, i*H) onto
those of (W, w, H). Thus, the integral curves of the system (W, w, H) are the projections
of the integral curves of the system (W, 6, H) satisfying o = 0. O

Again, using the constraint algorithm, we obtain solutions of this form

d ) oF X7\ o d
Y=F—+X— - Ag=— — +A,—, 11.23
2" o ( 09x p]8x1>ap,-+ " (11.23)
where Ay € R. Moreover, we also obtain a similar compatibility equation
oH
=0, 11.24
E (11.24)

In the case that this equation determine the controls u, we say that the problem is
regular. In this case, the values of A, are determined, and we can obtain a formulation on
T*M by substituting the values of u,. Otherwise, the problem is singular, and we need to
keep applying the constraint algorithm. Again, we say that solutions are normal if Ay # 0
and abnormal if Ag = 0.

We obtained a precontact formulation of the Pontryagin maximum principle for our
problem. Now, we will obtain a precontact one by nothing that our system is homo-
geneous, thus it is the symplectization of a contact system on the projective cotangent
bundle. On the case that the solutions are normal, one can obtain a precontact system.
The abnormal solutions will take place on the hyperplane at infinity {p, = 0}.

Indeed, the system (W, 1,Hy) is constructed as follows
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11. Optimal control and contact systems: the Herglotz control problem

e The bundle gy : Wy — T*Mj x R is constructed as W = W x; T*M, x R

Wo
x
W, T*M (11.25)
0
iy

M()XR

which has local coordinates (x, pi,z, u).

e The precontact form 1 = p*w,,, which in local coordinates is
7 =dz—p' Adx. (11.26)

e The Hamiltonian is given by the cost function minus the contraction with the
control equation H (& y ), ) = &y 2 (X(xz,u)) — F(x,2,u), or, in local coordinates

HEO, 5, po, pi, u®) = F(x', u®) — p; XE(x, u®). (11.27)

Theorem 11.5 (Contact approach to the Pontryagin maximum principle). Given the
extended optimal control problem (M,p, W, X,1,xq,x1,2¢), we let ¢ : I — W be a normal
solution, ¢ = (cpp,cyy). Then, there exists 60 : I - Wy, 60 = (UOT*Moer O'Ou) such that

1. It is a solution to the Hamiltonian precontact problem (W, 11, Hy). That is, it is an integral
curve of a Hamiltonian vector field Y.

2. The projection ¢ = fty, o &° onto W satisfies the end points condition.

Proof. We start from the presymplectic Hamiltonian system (W, w, H) defined in The-
orem Moreover, the system is exact by taking 6 = §*6; and the Hamiltonian H
is homogeneous. We just need to project its solutions onto a solution of the system
(Wo,11,Hp). In order to do that, we use the map Mo . T*(Mgx R) - T*M, x R defined
in Theorem 7.15/induces a map £Mo : W — W,

4%

P
~

P(W) —— Wo
P(5) (11.28)
g

Mo
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11.2. The Herglotz control problem

In local coordinates, this map is given by
Mo L W S W,

y (11.29)
(q,2,0,pz,u) = (XV0(q,2,p,p),u) = (q,2,—p/Pz)-

This map is well-defined whenever p, # 0, which is the case of the normal solutions that
we are interested in.
One now checks that
H = p,(ZMo)"H,. (11.30)

Nevertheless, the map Mo (W,0,H) - (W, 1,Hp) is not a symplectization, because
these are precontact systems, not contact. Instead of developing a theory of “presymplec-
tization”, we can do the following trick. For any section ( and its pullback section 7, so
that

W
p Mo
T*Mlz >‘ W, (11.31)

T*M, x R

one notices that g : (TMy x R, 11p,, v0H) — (Wo, 1, Hy) is a morphism of precontact
systems (Theorem ), and v : (TM,wy;, v*H) —» (W, w, H) is, which we might call
a morphism of presymplectic systems. Anyway, from a direct calculation it is easy to see
that (im,*X) and (im -y, 75X() are Hamiltonian vector fields for their respective
presymplectic/precontact systems if and only if X and X, are. Moreover, y*X is homo-
geneous if and only if X is. Since the map XQ: (TMy x R, My Y0H) = (W,0,H) is a
symplectization, there is a bijection between Hamiltonian vector fields tangent to im 7y
and Hamiltonian vector fields tangent to im 7.

Since every non-trivial solution & or 9 are contained to the image of a section, then
solutions of the precontact system are the projections of the solutions of presymplectic
systems. Indeed, if a solution is not tangent to the image of any section then they project
onto the constant path. O

The equations of motion of the aforementioned Hamiltonian problem are

i = X1 (11.32a)
. OF X N oF 90X/ (11.32b)
pl - pl aZ p] axl‘ axl‘ az plp]/ .

:=F, (11.32¢)

subjected to the constraints

oH oF  oX
o owr Pigm T

(11.32d)
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11. Optimal control and contact systems: the Herglotz control problem

Remark 11.6. Some authors [208]] prefer to work on P(T*M) and P(WW) instead. The
advantage of those manifolds is that we do not lose the abnormal solutions by taking out
the points at infinity (see Example[2.2)). The disadvantage is that those manifolds do
not possess a global (pre)contact form, just a (pre)contact distribution, hence we cannot
construct a Hamiltonian system directly. We should project the Hamiltonian vector fields
from the (pre)symplectic systems, or map them from T*M, and W, and extend them to
the plane at infinity by continuity.

11.2.2. The vakonomic approach

In [94] we found an alternate way to obtain this equations by proposing the vakonomic
Herglotz principle. We will derive Equation from Theorem First, from a Her-
glotz control problem (Mg, p, W, F, Xy, 1, xo, X1,z¢) we construct the following vakonomic
problem:

e The configuration space is Wy (the extended configuration space is W = Wy x R).

e The Lagrangian is the pullback of cost function L = (T%NO)*F :TWy xR - R,
where T%NO :TWpx R - Wy x R = Wis the canonical projection.

e The constraints are given by the control equation ¢' = X’(x,u,z) — ¢’ and N is the
submanifold defined by those constraints and the one given by the Lagrangian
¢ =z—L.

e The initial and final points are xy and x;, respectively. The initial action is z.

Thus, a path ¢ = (¢, ¢2,¢,) : I — W satisfies the Herglotz vakonomic variational
principle if:

e ¢ € On(qo,91,20) which implies that c satisfies the boundary conditions and the
initial action condition, thus it satisfies Item [T of Problem It also implies that ¢
is tangent to the submanifold N. By our choice of constraints ¢, this implies that c
satisfies the control equation (Item. The addition constraint ¢° makes ¢ fulfill
the cost equation (Item[3).

e cisacritical point of Al (g0,q,,20) (€) = ¢z (t1). Item@dldemands c, () to be maximal
among the paths satisfying Items |1/ to 3] That is, maximal among the paths in
N (G0, 91,20)- This means c is a maximum of /L|QN<%’,71,ZO), hence it implies that c
is a critical point of the action restricted to the space of admissible paths.

We have just proved that a solution of the Herglotz control problem must satisfy the
Herglotz vakonomic variational principle, which, by Theorem implies that ¢ solves
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the equations

q'i — Xi,
CoF axI (OF X
Wi=op “Hioe ~Hila “Hig:

oF 0X/  oF 9X

=iz Mg *ad T o M
z=F,
subjected to the constraints
oF X/
aur M ous

These equations are identical to Equation ((11.32)).

=0.

11.3. Applications

11.3.1. Herglotz variational principle

11.3. Applications

(11.33a)

(11.33b)

(11.33¢c)

(11.33d)

One of the simplest applications we can think of is to obtain a new derivation of Herglotz’s
variational principle for a Lagrangian L : TQ x R — R. Notice that this problem is a

particular case of the Herglotz optimal control problem, where

e Controls are the velocities u? = v'.

e The cost function is the Lagrangian F = L.

e The control equation is X = vi%, demanding that the solution is a SODE.

The solutions to this problem are given by Theorem (11.32

qi — ’UZ,
. oL N oL
z=1,
with the constraints
oL
ﬁ = Pi

which are precisely the Herglotz equations.

(11.34)
(11.35)

(11.36)

(11.37)
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11. Optimal control and contact systems: the Herglotz control problem

11.3.2. Control of contact systems

Welet M = T*Q x R be our extended state space, with coordinates (qi, pi,z), and assume
that we are given a parametrized family of Hamiltonians H : W — R, wherep : W —
M = T*Q x R is the control bundle. In a local trivialization of W, we consider the
Hamiltonian contact vector fields Xy , where H,(q,z,p) = H(q,zp,u), u being the
coordinate of the fiber of the control bundle. Then, we can define the extended control
Z(q,p,z,u) = X, (q,p,2). Acurvec = (cpr, ¢y) 2 I = [tg, 1] — W satisfies the extended
control equation if and only if cs; satisfies the contact Hamilton equations for H, )

dg’ 0H,

dt op;

dp;  9dH, J0H,

@ o Pa

dz  dJH, o

E = Pi 3Pi - Hy-

One can consider the extended Herglotz control problem given by these elements.
Then, by Theorem we know that the normal solutions are the projections of the
solutions to the precontact system Wy, Hy), where

oo, 0H _0H OH  OH (11.38)
0_pqlapi pp[aqi Pz aZ plapi . .

11.3.3. Application: Optimal control on thermodynamic systems

Port-thermodynamic systems were introduced in [247]], but in a homogeneous symplectic
formalism.

Definition 11.1 (Port-thermodynamic system). A port-thermodynamic system on T*(QxR)
is defined as a pair (L, K), where the homogeneous Lagrangian submanifold .L C
T*(Q x R) specifies the state properties. The dynamics is given by the homogeneous
Hamiltonian dynamics with parametrized homogeneous Hamiltonian K := K* + K, u* :
T*(QxR) » R, u € Rk, K : T*(Q x R) » RX, with K?, K¢ both equal to zero on the
points of .L, and K” as the internal Hamiltonian. One needs the additional condition

—lc >0, (11.39)

so that the second law of thermodynamics holds.

Using the results of Sections [7.2| and we could instead consider the following
contact formulation.

Definition 11.2 (Port-thermodynamic system, contact formalism). A port-thermodynamic
system on (T*Q x R, 170) is defined as a pair (L, k), where the Legendrian submanifold
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L C T*Q x R specifies the state properties. The dynamics is given by the contact Hamil-
tonian dynamics with parametrized contact Hamiltonian & = h* + hqu” : T*Q x R —
R,ue R" h°: T*Qx R — Rk with h%, h¢ zero on L, and the internal Hamiltonian h?
satisfying

oh

55l >0, (11.40)

so that the second law of thermodynamics holds.

Our theory provides tools to understand which of the available thermodynamic pro-
cesses minimize the entropy production of the system. Observe that we can consider
processes that maximize or minimize other thermodynamic variables, such as the energy,
via a Legendre transform. We end this section with an explicit example which can be
found in [247]].

Example 11.1 (Gas-Piston-Damper system). Consider an adiabatically isolated cylinder
closed by a piston containing a gas with internal energy U(V, S).
The extended phase space has the following extensive variables
e the momentum of the piston 7,
o the volume of the gas V,
e the energy E,

e the entropy S.

They correspond to QxR with local coordinates (V, 7t, E, S). The Legendrian submanifold
is given by

2
7T
]L = {(V/ n/E/pV/pn'/pE/ S)|E = 2_ + U(S/ V)/

m (11.41)

IS St

Pv = —PE 8V’p” = PEmrpE = 5g)

The energy is then given by

T ou d(%)z us

h:PV; + P (_W_ E>_ ou +(Pn+PEE>M, (11.42)

as

where d is the diameter of the piston and m is its mass.
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11. Optimal control and contact systems: the Herglotz control problem

The Hamiltonian vector field is given by

_md mtd N auy o N o
"= mav YTV ) on T m OE
U 22U
Pu g N Pu  mdggs |
Pravas 2(811)2 PvrPrgy2 z(au>2 py
s "\ %s
Pu
N U ”zda_sz dp. peu  py N 2nd | 0
Pravas ~ L rou2 " T T m T m T ,22U | ap,, (11.43)
(5) 7
pu s ?
Pravas oun2 |PEap;
(5)
( 2d ) 9
29U | 98
"mos

d 2 7td
H:_(ﬁ_@_f’_v+ au)pn
m m m mZ_
aS
a2
2 m2d-2—U(V,S)
—|p,——uw,s) - —2Vos P 11.44
pﬂ(av)z ( ) 281,12 \% ( )
m=>s
P, u 7P %d
m=3s

J— __u+_ ‘/
a[/ !

where we denote by qi, pqi,Hqi,Hpqi the natural coordinates on T*T*(Q, where qi runs
through V, 7, E, and qu,Hpql. are the corresponding moments to g, p; respectively.

The solutions to the control problem are then the integral curves of the Hamiltonian

vector field of this system, which are the following
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b, 2U
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Pt m m  om 20U
a5

PE
P U 02U 22U
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11. Optimal control and contact systems: the Herglotz control problem

where

oF I 3X]‘
o=——I[—
dS 7 98

2 22u 2

_ g u 2y Bu g 2°u PER 2u T dpEH”E( asz>

T TPEPApE Gyasz TP Hen Gyasz TPrP VY Gyasz TP v Guzas T avas T 2(au)3
m X

2 2
2u 2u Pu Bu
2 ﬂzdpnnnn( (—,Tz) 2 ”2dpvnnv( (—,Tz) mRAppllpp <oy 7dprllp, s

- 3 - 3 2 2
ou ou ou u
n2(%5) n2(%5) (55 ) n2(%5)
> RBu 5 P u > 22u 22u 5., 92U 21
7T deHpViaSS N 7T dnﬁViE)VE)SZ _271: deViaVBS T B dTSz 27‘[de” 552
2 2 3 2 2
u u ou u u
n2(%5) (%) n2(%5) (%) (%)
and they are subject to the constraint
el 7l
PEry —Peyq1, =0, (11.45)

m m
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12. Other topics in contact Hamiltonian
systems

121. Discrete contact mechanics

Discrete Lagrangian mechanics and variational integrators provide a tool to construct
numerical methods that preserve the geometric properties of the system. One replaces
the tangent bundle TQ, which represent initial positions and velocities, by the discrete
version Q x Q, which represents initial and final positions. The article [195] is a major
reference for this theory. Given the wide range of applications of contact Hamiltonian
mechanics, it is necessary to adapt discrete mechanics to this setting.

To our knowledge, the first attempt give a discrete version of contact mechanics is
in [248]], where the authors present geometric numerical integrators for contact flows
that stem from a discretization of Herglotz’ variational principle. On [9] we made some
contributions to this theory.

First, we argued that the choice of Q x Q x R instead of Q x Q x R?, as in [248] made
more sense from a geometric point of view. Then, we were able to formulate a discrete
version of the Herglotz principle and obtain some discrete equations for arbitrary regular
discrete Lagrangians L; : Q x Q x R — R. We provided a geometric formulation in
the spirit of [195]. A theorem providing a relationship between the discrete version
symmetries and dissipated quantities.

Finally, we construct the exact discrete Lagrangian of a continuous Lagrangian, for
which we are lead to define the contact exponential map and prove that it is a local
diffeomorphism.

In the following pages we give an overview of [8]]. We invite the reader to check it for
more results, the missing proofs and examples.

12.1.1. The discrete Herglotz principle

On discrete mechanics, instead of trajectories, one uses their discrete counterpart. The
discrete path space is just the set of sequences of some fixed length N + 1 € N.

C%J\I(Q) = {([10/[11,---111N)|11k € Q} (121>

Given a discrete Lagrangian L : Q x Q x R —» R, for each q; € Cg (Q) and some initial

discrete action zy € R, we can construct a sequence z; = (zk)Z:1 S C{i\’ (R), that we call
the discrete action defined by the following difference equation

Z41 — Zk = Ld(qk/qk + 1,Zk), ke {0,...,N—1}. (12.2)
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12. Other topics in contact Hamiltonian systems

Thus, we define the Herglotz discrete action map as

Ay R->R

Ag: (3 (Q) , (123)
(qd/ ZO) = ZN-

We say that a path satisfies the discrete Herglotz principle if it is a critical point of A;.

Theorem 12.1. Let L; be a discrete Lagrangian function such that 1 + D,L, is non-vanishing.

Given zy € R, a discrete path q; € Cld\’ (Q) satisfies the discrete Herglotz principle if and only if
it satisfies the discrete Herglotz equations

D1Li (G, Gre+1,26) + (1 + DL Gk, Gxe+1,2k) ) D2Lg (Gx—1, 95, 2Zk—1) = 0, (12.4a)
zj+1 — Zj = La(q;, 9541, 2)) (12.4b)
forke{l,..,N—1}andj € {0,...,.N — 1}.

12.1.2. Discrete Lagrangian flows

Given the discrete Lagrangian, we can define the discrete Legendre transforms
F*L1(q0,91,20) = (91, D2La(q0,91,20),21), (12.5a)

) B D1L;(q0,91,20)
F~Li(q0,91,20) = (f]o/ 1 +DzLd(40,ﬂllzzo),ZO .

The discrete Herglotz equations can be written as
FTLy(q0,91,20) = F"La(q1, 92, 21). (12.6)

We say that the Lagrangian is reqular whenever F~L is a local diffeomorphism. In this
situation, there is a well-defined local discrete flow given by

D;:0x0OxR->0x0QOxR,
(90,91,20) = (q1,92,21),

(12.5b)

(12.7)

where (g9, 41, 9>) is solution of the discrete Herglotz equations for L; with initial action
Z0.

We can also locally define the Hamiltonian discrete flow @y : T*Qx R - Qx Q x R as
the one fulfilling the following commutative diagram.

OxOxR — 21 S OxQOxR

/ \I”‘Ld / \“fﬂ (12.8)

T'QxR —— T'"QxR ———> T"QxR

The discrete Hamiltonian flow is a conformal contactomorphism. We can obtain two
contact forms on Q x Q x R using the Legendre transformes, i.e.,

i, = FLy*n, g, = (F Ly (12.9)
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These forms define the same discrete Herglotz distribution Hy, = keryf =y . Indeed,
they are related by the discrete conformal factor i, = o, where
o (Go,q1,20) =1+ DzLa(qo, 91, 20)- (12.10)

The discrete flow is a conformal contactomorphism with respect to these forms. Indeed,

(@)t = (0o @)nt, (P)*n~ =on". (12.11)

12.1.3. Discrete symmetries and dissipated quantities

We proved a discrete version of the results on Section[4.5.3] Indeed, assume that a Lie
group G acts on Q, by diffeomorphisms @, : Q x R - Q x R for ¢ € G. We can lift it to
an action on Q x Q x R, by setting CNDg = (P, Py, idR) : Qx QxR - QxQxR. We
denote by Ge the infinitesimal generator of the action on Q, and by Eg = (¢, ¢,0) is the
lifted action.

Now consider the discrete moment map J; given by

: R - g%,
Ja:QxQx 9_ ) (12.12)
J4(q0,91,20)(8) = 1,(5 (0,91, 20))-

We say that f : Q x Q x R - R is a dissipated quantity for a discrete Lagrangian
Ly : Qx QxR — R if it satisfies f o @; = of, where ¢ is the discrete conformal
factor Equation ((12.10)).

Theorem 12.2. Let L, be an invariant discrete Lagrangian function for the lifted action ®. Then
& acts by contactomorphisms on Q x Q x R and the function J;(&) : Q x Q x R — R given by

Ja(€) (@0, 91,20) = Ja(q0,91,20) (£)
is dissipated for Ly, where { € g.

12.1.4. The exponential map and the exact discrete Lagrangian

So far, we studied discrete Lagrangians on Q x Q x R without making reference to a
continuous one. Nevertheless, the most important application of discrete mechanics is
creating integrators for continuous systems. There is a tool to construct a discrete La-
grangian that perfectly matches the continuous dynamics, the so-called exact Lagrangian.
In order to construct this, we need to overcome a technical prerequisite.

Define the open subset U, of TQ x R given by

Uy = {(qo, do, z0) € TQ x R | ¢S" is defined for t € [0, 1)}
and let the contact exponential map be defined by
exng: U, CTOxR - 0QOx0OxR

. (12.13)
(q0,490,20) = (90,91,%0),
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where g, = T% ° <ng (90,90, 2z0)- That is, this map sends the initial position, initial velocity
and initial action of the system to the initial position, final position and initial action. In
order to construct the exact Lagrangian we need the following result.

Theorem 12.3. The contact exponential map exng is a local diffeomorphism.

The proof of this theorem is somewhat involved. We use the construction on Sec-
tion[6.2.1]to lift our contact Lagrangian system to one on T(Q x R) with nonholonomic
constraints. Then we use the results on [§8] to prove that the exponential map restricted
to the constraint submanifold is a local diffeomorphism. Finally, we use the Herglotz
principle to proof that one can project back the image of the lifted exponential map.

Since the contact exponential map is a local diffeomorphism we can define a local
inverse called the exact retraction and denote itby R°™ : Ox QxR — TQx R. The discrete
Lagrangian is thus defined as

h
L}, (9o, q1,20) = fo Lo ¢;" o R (4o, q1,20)dt. (12.14)

The dynamics of this Lagrangian is the discrete version of the contact Lagrangian dy-
namics. Among other results, we have the following one.

Theorem 12.4. Take a reqular Lagrangian L and fix a time step h > 0. Then we have that:

1. Lj is a regular discrete Lagrangian function.

2. If H is the Hamiltonian function corresponding to L, and gbf(H is its contact Hamiltonian
flow, we have that

FLS* = ¢ o FLS™. (12.15)

3. If (,2) : [0,Nh] — Q x R is a solution of the Herglotz's equations, then it is related
to the solution of the discrete Herglotz's equations {(qq, o), (91,21), -, (qn,2N) } for the
corresponding exact discrete Lagrangian with (q(0),q(h),z(0)) as initial conditions in the
following way:

qx = q(kh), z =z(kh) fork =0,...,N. (12.16)

We remark that computing the discrete Lagrangian is not possible on many appli-
cations, since in order to compute the retraction one needs to solve the equations of
motion. However, one is usually able to approximate this Lagrangian. On the symplectic
case there is a Variational Error Theorem [[195]], which relates the error on the discrete
Lagrangian and the error on the solutions. We hope that a similar result holds in this
situation, but it remains to be proven.

On [9]] we provide examples of explicit computations of the discrete Lagrangian and
examples of other discrete Lagrangians produced with more ad-hoc discretizations
where we see the numerical behavior of the discrete Herglotz equations.
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12.1.5. Unified formalism for contact mechanics

In the seminal paper [233]], Skinner and Rusk introduced a new formalism which unifies
the Lagrangian and Hamiltonian formalism in a common framework. In this so-called
unified or Skinner-Rusk formalism takes place on the unified or Pontryagin bundle TQxoT*Q.
This formalism was extended to many situations, including time-dependent systems [[71],
general non-autonomous system [|17]], higher order systems [[154]], control theory [|16,
69], and fields [[39} 82, 120].

In [86]] we adapted this formalism for contact systems. We will summarize the main
results below. The reader will find more details and examples in the aforementioned
article.

12.1.6. The unified bundle
We define the extended unified bundle (also called the extended Pontryagin bundle)

W=TQxoT"QxR, (12.17)
which is endowed with the natural submersions that we show on the following diagram.

R
A
z

z z

TOxR <2 w 2% T*"Ox R

prmi 0 0 iprT*Q (12.18)

TQ Qg @ T*Q

TQ ~ Qo

Q

It has natural coordinates (qi, v, pi,z), We say that a vector field X on W is a SODE if
its integral curves (qi(t), vi(t),pi(t),z(t)) satisfty v(t) = {(t), or, equivalently, it has the
following expression

—+f=. 12.1
42 (12.19)
The bundle W has the following canonical structures.
e The coupling function defined as

C:W-R,

(12.20)
w = (Vg,Pq,2) = (Pg, Vg)-

e The canonical precontact form 11 = p7(110).
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12. Other topics in contact Hamiltonian systems

Given a Lagrangian L : TQ x R — R, we define the Hamiltonian H : W — R by
H=C-L=puo —L. (12.21)

Thus, (W, #n,H) is a precontact system that can be studied through the constraint
algorithm.

12.1.7. The unified equations of motion

By applying the constraint algorithm (see Chapter 5)) to an arbitrary vector field of the
form ((12.19)), we obtain the following constraints

e ' = v, which ensures that the Hamiltonian vector fields are SODEs.

°p = o defining for the first constraint submanifold Wy, which is the graph of the
aq’

Legendre transformation.

o G; = g—; + pi% provides dynamical equations.

We remark that this formalism automatically solves the second order problem (see
Section[5.5)), since the solutions are necessarily SODEs. Also, the algorithm itself provides
the definition of the Legendre transformation.

If the Lagrangian is regular, then we are able to determine the functions F’ and the algo-
rithm ends. In case that the Lagrangian is singular, we will obtain further submanifolds
Wy = W; = W, by applying the algorithm which might stop on a final constraint
submanifold Wy.

Even on the singular case, the constraint submanifolds, the Lagrangian solutions which
are SODEs and the Hamiltonian solutions can be retrieved through the projections p!, p?.

12.2. Higher order Lagrangian systems

The Hamiltonian formulation of systems described by higher order regular Lagrangians
(depending on derivatives of order greater than 1) was first developed by Ostrogradsky
[210]] in 1850, providing the corresponding Euler-Lagrange and Hamiltonian mechanics.
Nevertheless, the geometrization of took a long time, compared with the theory of first
order Lagrangians and Hamiltonian systems. Nowadays, there exist geometric versions
for both autonomous and non-autonomous mechanics and field theory [|80,108, 153,154,
211}, 212]], and with application in control theory [|16, 69]].

The geometric setting for this theory is the tangent bundle of order k, T*Q. Indeed, if
the Lagrangian L depends on derivatives up to order k, then it is a function on T*Q.
Its dynamics occurs on the bundle of order 2k — 1, T?~1Q, giving the Euler-Lagrange
equations of order 2k. In addition, the Hamiltonian description takes place on the
cotangent bundle T*(T*~1Q), which is canonically a symplectic manifold and (for regular
Lagrangians) both are connected by the Legendre transform FL: T?~1Q — T*(T*1Q).
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12.2. Higher order Lagrangian systems

In [|85]] we developed the theory of higher order action-dependent Lagrangian. We
obtain the dynamics on two ways: through a variational approach generalizing the
Herglotz principle, and through a unified formalism. Both dynamics coincide. Below,
we present the variational formalism and obtain the equations of motion, which have a
similar proof than the first order case. The reader can find the full geometric theory and
some examples on the paper.

12.2.1. The higher order Herglotz principle

Assume that L is a Lagrangian on the tangent bundle of order k, T*Q x R. This bundle has
local coordinates (q;), for o € {0, ..., k}, representing the k-th derivative of the position
on the i-th direction.
For a curve c : [ty,t1] — Q, we define its canonical lift & to TFQ by
dxc

ki
(@)= 4 (12.22)

If go, g1 € T*Q, we denote by (2(qo, 41) the space of smooth curves c : [ty, ;] — Q such
that their k-jet lifts fulfill E];(O) = qo,,x,c"pi(tl) =1, for0<a<k-1
Given a Lagrangian of order k, L: T"Q x R — R. We fix zy € R, and define the
operator
Z1 2t 2q0,q1) = C ([t 11]) (12.23)

which assigns to each curve c the function Z; . (c) that solves the following differential
equation
dZL,Z 0 (c)
dt
Z1,2,(€)(0) = zg.

Definition 12.1. The higher-order contact action functional associated with a Lagrangian
function L is the map which assigns to each curve ¢, the increment of the solution to the

equation ({12.24)):
‘A’L,ZO ZQ(qo,Cll) - R,

= L(, Z ., (0)), (12.24)

. 12.25
¢ Zp L, (©h) —zo = f: L(ck(t))dt. (1225)

We remark that the Euler-Lagrange action of order k is retrieved from this principle in
case that the Lagrangian does not depend on the action z. We also obtain the Herglotz
action in the case that k = 1.

Theorem 12.5 (Higher-order Herglotz variational principle). Let L: T"Q x R — R bea
Lagrangian function and let ¢ € €2(qo,q1) and zy € R. Then, c is a critical point of Ay . if,
and only if, (C, Zp - (c)) satisfies the following equations

k oL
Z (—1)“@f,ZO,C (W(Ek(f),ZL,zo(C)(t))> =0; (12.26)
a=0 o
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12. Other topics in contact Hamiltonian systems

where, for f: R — R, the Herglotz operator 0y . . is defined as

d oL
(D2, (1) 1= d—{(t) - g(c_k(t),ZL,zO(C)(t))f(t) ; (12.27)

Equations ((12.26)) are called the (2k)-th order Herglotz equations.
Proof. Let c € (qo,91). Then c is a critical curve of the map A; ., if and only if
(TeAr ) (6c) = 0 for every oc € T.02(qo,q1)- This tangent space is given by

T .o, q1) = {6c = (c; 6, b¢1, ..., k1) = [to, 1] = T*Q |

‘ (12.28)
po 0 0c =c,0cy(tg) =0, bcy(t;) =0for0 <a <k -1}

First, we compute (TCZL,ZO) (6c). Letcy € 02(q0,91), A € (=9,9) C R, be a smoothly
parametrized family of curves giving éc and their k-jets with respect to A at A = 0. That
is:

d d# )
dcg = ab\:ocm ocy = dAa lA=0€A- (12.29)
We also denote
oc = iI/\—od—kcA :
dA T dek

In order to simplify the notation, we write ¢ = (T, Z; . ) (c). Since Z; . (c))(tg) = zg
for all A, then ¥ (ty) = 0. Also notice that ¥ (t1) = (TCZL,ZO)(éc)(tl) = (TCA,L,ZO)(&). We
have that:

d
Y= (TCZL,ZO)(‘SC> = aZ’L,zO(CA”)\:O .

Then, computing the derivative of i with respect to t, interchanging the derivatives, we
have:

beEy — d d > ; _d dZ ;
P(t) = ETETY Lz (€A) (D=0 = a|/\=0 T L,z (CA) (F)

d
= ab\zoL(Eﬁ(t), ZL,ZO(C)\)<t>)
k
oL : JL
=) (@ (t), Zp 2, (©) (D)dch (1) + E(C_k(t)/ZL,zo(CNt))lp(t)

a=0 aqa
=A(t) + B(Hy(t) .

Hence, 1 is the solution to the Cauchy condition problem:

P(t) = At) + BHy(b),

12.30
P(tg) =0. ( )

The solution is given by

P(t) = exp (ft: B(s)ds) ft: duA(u) exp (— ft: B(s)ds) , (12.31)
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12.2. Higher order Lagrangian systems

and writing

oL
UL,Z()(t) = exp (— J.;; E(Ek(’r), ZL,ZO (C)(T))dT) >0, (1232)

we have that

P(t) =

k
ULzo(t) f ULZO<T) (Z‘

(1), 21,2, (€) (1)) ¢y (T)) (12.33)

Now integrating by parts, and taking into account that variations vanish at the endpoints,
we have that:

P(ty) = (T, AL ZO><5c>

(U(T

We know that i vanishes if the curve c is a critical point. Then as the variations éc, are
arbitrary, by the fundamental theorem of calculus of variations, we obtain

(C)(T)))

(%3 Zo(t)

— (7K
ULZO(D Z( V3@ (0'(” - (), ZLzo(C)(t)))

where we have used that oy, : [f,t1] = R, asithasbeen defined, satisfies the conditions

dUL,ZO JL

T 5, L0 - 0L,20 (o) = 20+

Then, introducing the operator 1); . . defined in ([12.27)), this equation reduces to ([12.26]).
O

Although the Herglotz operator makes the equations look simpler, written explicitly
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12. Other topics in contact Hamiltonian systems

for the second order case the equations are as follows

oL oL
"= ot 3’12 - Lﬂ‘acfza A rwewpm 8q28q’28q2
+qk< Q2L %L 42 PL s oL Lo L
\ agh afh oy aqz 2 agkaq, aq, aqkoghaq,  dg 92995
°L L 9L 9L L
+ 2L —2— : )
oq5ozdqh  dqkozdgs 9z ag5ags
+qk< oL PL_, Ly L oL L
2\ ogk a‘h aq]{ aq,oq, 945075 ! agkoghog,  9qk 92945
PL L oL _JL 9°L
+ 2L -2 : )
dqkozag,  oqkoz oy 0z dgfag,
+qk<— azL. N 83; oL azL.
\ogkoq, " agkoqhaq, ol 0204
Y >PL L oL _JL 9°L )
gk 6zaq2 gk oz 8q2 9z 98 9q’
+L2 SL - — azLa—L.— oL azL. _OLoL oL _ azL. pOLoL
0z0zdgh,  0z0z dg, 0z 0zdq, 0z 0z dgh dzoqy, 9z dq}

Nevertheless, in cases of interest, most of the higher order derivatives vanish.
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13. Open problems and further work on
contact systems

Several major problems are still open in the field of contact Hamiltonian systems. Here
we explain in detail two of them.

13.1. The inverse problem for the Herglotz principle

The inverse problem of mechanics has a long history since its establishment by Helmholtz
[[158]] and Hirsch [[161]] at the end of the 19th century. It was solved it in two dimensions
by Douglas [[117]], who received the Fields medal for it. This problem has been studied
extensively from numerous viewpoints and generalized to many other situations [54, 78|,
179,201}, 225, 243]].

Given a Lagrangian function L : TQ — R one obtains the Euler-Lagrange vector field
¢r, which is a second order differential equation such that its integral curves c(t) are
solutions of the Euler-Lagrange equation for L. As its name suggests, the inverse problem
asks the inverse question. Consider a SODE ¢ on TQ such that its integral curves c(t)
satisfy the equation

ci(t) = fl(c(t),é(h)) (13.1)

for some local functions f' : U C TQ — R. The so-called inverse problem of calculus of
variations asks if the equation above can be derived through a Lagrangian L. Namely, is
¢ = ¢ for some Lagrangian L. A partial solution to this problem is given by Helmholtz
conditions [72]]. The inverse problem can be solved if and only if there exist functions g;;
such that

detg; =0 (13.2a)
2 = 8 (13.2b)
9ij _ gk
— = , 13.2
gk 9g (13.2¢)

dgii 10f* 1 of*

ar + Ea—q]glk + Ea—qlgk] =0 (132d)
d [ ofk ofk  1of! ofk d [of* off  10of! ofk
(A(L ) 1LY (A 2 1y,
dt \ a4/ g 29q 94! dt \ 94 dqt 294t 94!

Nevertheless, there are systems that cannot be described through the Euler-Lagrange
equations, but they can be obtained form the Herglotz principle, such as the mechanical
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13. Open problems and further work on contact systems

system with action-dependent potential (Example 3.1)), including systems with homoge-
neous Rayleigh dissipation as a particular case, or the parachute equation (Example3.2)).
Something like the Helmholtz conditions form the Herglotz principle would be of great
help for recognizing Herglotz vector fields from ODEs, and enlarging the number of
applications of contact Hamiltonian systems. Nonetheless, the naive extension to the
contact case is problematic.

Problem 13.1 (Inverse Herglotz problem, first attempt). Given a SODE ¢ on TQ x R,
determine if there exists a contact Lagrangian L : TQ x R - R such that § = ¢;.

Indeed, the local form of the Herglotz vector field is

§L=q8%+h ;q+L; (13.3)
where K is the unique solution to the equation
‘?.ZL,.hg + 4 ‘?.ZL +L PL L _ a—_L.%. (13.4)
94/ 94’ o4/ 9g' 94/ 9z aq] g/ 0z
So, if ¢ is a SODE on TQ x R with a coordinate expression
‘- q-fa% ; aia% b2 (135)

Hence, comparing coefficients, if { = ¢y, then L = b. In order to solve this problem, it
would suffice to compute the Herglotz equations for L = b and see if they match those of
¢, which makes the problem trivial.

Nonetheless, the language of equivalent Lagrangians (Sectionf4.I)) suggests a formula-
tion of the inverse problem which is both interesting from the mathematical point of view
and can be useful for the applications. As it was discussed in Section 4.1} the variable
z is not measurable on many practical situations. What can be directly observed is an
equivalence class of Lagrangians (Definition [4.17)). Taking this into account, we would
obtain the following problem.

Problem 13.2 (Inverse Herglotz problem). Givena SODE {on TQxR, determine weather it
is an extended Herglotz vector field, that is, weather there exists an extended Lagrangian

system (L, () such that ¢ = 55 .

Now we work on an extended Lagrangian system, and we are able to choose inde-
pendently the action function ¢ and the Lagrangian L. That is, we are asking if ¢ is
horizontally equivalent to a Lagrangian system.

For some Lagrangians, such as the one for the parachute equation (Example[3.2)), the
Herglotz equations for the position are uncoupled from the z variables. Geometrically,
the Herglotz vector field & is p-projectable (defined before Proposition [4.32), where
pP — TQ is an extended tangent bundle. The equations of motion for the positions
would be represented geometrically by ¢, = p.¢, removing the information about the
equation { = L. Given second order differential equations on Q, we might ask if it is
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13.2. The Herglotz principle for fields

possible to add an extra action variable { and an action-dependent Lagrangian L so that
the Herglotz equations of L for the positions (removing the equation { = L) coincide
with the aforementioned second order equations. Geometrically, this can be expressed
as follows.

Problem 13.3 (Inverse Herglotz problem, projectable version). Given a SODE ¢, on TQ,
determine weather there exists an extended Herglotz vector field ég such that p*gf = p.

By Proposition[4.32] given an extended Lagrangian (L, {) with a p-projectable Herglotz
vector field, all the extended Lagrangians equivalent to (L, {) are also p-projectable and
have the same projection. This allows as to see that the following problem is completely
equivalent to the previous one.

Problem 13.4 (Inverse Herglotz problem, projectable version). Given a SODE ¢, on TQ,
determine weather there exists a Herglotz vector field ¢; such that (prTQ) ¢r = Co, where

P g TQ x R — TQ is the canonical projection.

These problems were formulated and studied in [84]. In that paper we provide a
geometric characterization in the spirit of [[225] and a partial solution for the strong case,
but the problem is largely unsolved.

13.2. The Herglotz principle for fields

There are several approaches to generalize both classical field theory and contact systems.
One of them is a geometric framework introduced in [[130,(132] (see also [221]]) called the
k-contact formalism. This theory is inspired by the k-symplectic formalism, combining it
with the contact theory. The phase space of this theory is the k-tangent &*TQ x R (or
the k-cotangent @*TQ x R bundle). Many important PDEs which are not Lagrangian,
such as the damped wave equation or the Burger’s equation fit on this framework. Some
disadvantages of this theory is that it is not covariant and that arbitrary jet bundles cannot
be chosen as phase space.

From a variational point of view, there has been several attempts [140,181]] to generalize
the Herglotz principle to field theories.

In [[133] we propose a variational theory that works on arbitrary fiber bundles with-
out extra structure and generalizes the previous variational principles available on the
literature. It is inspired on the vakonomic approach to the Herglotz principle that we
described in Section[6.1.1]

We let M be a spacetime manifold and the fields ¢* (x,) are local sections of the fiber

bundle E - M. Let]| LE be the first jet bundle of E, with natural coordinates (x*,u?, u;’,).

Now, instead of adding an extra coordinate to the phase space for the action, we
will add an action density {, which is a (m — 1)-form on M. Hence, our extended phase
space will be the product of the bundle of (m — 1)-forms with the jet bundle J'E over M,
that is, J'E x5, A™~!. The Lagrangian density will be allowed to depend on the action
density in addition to the spacetime position, the fields, and their first derivatives. Hence,

L : JVE x5y A""IM — A™M is a fiber bundle morphism over M.
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13. Open problems and further work on contact systems

Now we need to generalize the fact that the time derivative of the action is the La-
grangian. From a geometrical viewpoint, a good candidate is to change the Lagrangian
by the Lagrangian density and the time derivative of the action by the exterior derivative
of the action density:

dZ = Lo (j'o, ). (13.6)

The situation is described by the following commutative diagram

J'E <— J'E x, A" 1M

LN AN

o Am=1GleD)

NN

Given a set of local coordinates x* of M, we can construct a basis *(dx)y =dx'A ... A
dx#= L Adat1 AL Adx™ of the (m—1)-forms. This basis induces a set of coordinates z* on
A™=1 1f, in local coordinates, .L(x*, u?, u ,zHY = L(xH,u?, u ,z0d"x,and = H * (dx)y
is an m-form. If ¢ € I'y(E, its 1-jet 1s] o= (%9 cT”) Equatlon (13.6)) is written as
follows

d, M (xt) = L(x¥,0%,0,0% 2,) .

Now, let D C M be a compact manifold with boundary diffeomorphic to the n-
dimensional closed ball. We fix a section g = (p, 7) : dD — E @ A™IM of boundary
values. We consider the space Q(p) of sections & = (¢, () of E ®,; A"~ M satisfying the
boundary condition o|yp = .

The action A : Q(9) — R is defined as

Ao, Q) = fD dg = faD Z, (13.7)

where the equality follows from Stokes theorem.

We consider the set of admissible sections ¢ = (o, ), with vakonominc constraints given
by Equation . We denote it by Q () C Q1 (0). For those admissible sections, the
action equals

Mo, 0= [, LeoG'e,D). (13.8)

In particular, it coincides with the usual action for fields in the case that the Lagrangian
density does not depend on (.
With this action we can obtain the following vakonomic principle.

Theorem 13.1 (Herglotz variational principle, constrained version). Let .L : J'E @),
A"IM - A™M be a Lagrangian density and let (o, () € O (p). Then, (j1 o, () satisfies the
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13.2. The Herglotz principle for fields

Herglotz equations for fields:

(8L> oL AL oL 139)
#\ ouf, ous  ou gzt ’ ’
oL oL
(13.10)

Vot = g
if and only if (o, () is a critical point of the action restricteaﬂ to the space of admissible sections.

The missing ingredient of this theory is a geometric formulation. On the action-
independent case, this is achieved through multisymplectic geometry. Here we hope to
find something that we might call multicontact geometry. This theory is almost completely
undeveloped, and studying its properties and applications is a fascinating research
project.

1By technical reasons we need to allow the admissible variations 7, to violate the constraints up to first
orderins,
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A. Lifts of functions, vector fields and forms
to the tangent bundle

Given a form « or a vector field X on a manifold M, one is able to lift it to a form or
a vector field on the tangent bundle TM. In order to clarify this, we will explain the
definition vertical and complete lifts of differential forms, which can be found in [[106)
Sec. 2.5]. For a comprehensive reference on lifts of tensor fields, one can read [258]].

Definition A.1 (Vertical lift). Let M be an m-dimensional differentiable manifold with a
set of coordinates (x, ..., x;,), let TM be its tangent bundle, with induced coordinates
(X1, eee s Xy, X1, ..., Xyyy), and let Ty : TM — M be the canonical projection.

Let a € OOX(M) be a form, which can be expressed in coordinates as

Z ail,...,ikdxil FANRTRAN dxik. (Al)
(i1 ,0ee/0g)

The vertical lift of a is the form a” € (2(TM) such that,
aV =15 (A.2)
In coordinates, this is written as follows
Z a;, i dx’t A LA dxk, (A.3)
where we remark that we are using the coordinates from TM, and not the ones form M.

Let X be a vector field on M. Its vertical lift XV is the unique vector field on TM
satisfying [258, Proposition 2.1]

XV (@) = @(X))Y, (A4)

where N e Q'(M) and & : TM — R is just the function #(X,) = a,(X,). If X has the
coordinate expression

X=X J (A.5)
- oxt’ '
then ;
vV _vi %
XV =X pr (A.6)

Definition A.2 (Complete lift). Using the same notations as in the previous definition,

let f € C™(M). We define the complete lift of the function f, which we will denote f¢:
fC:TM - R
(A7)

v, = dyf (V).
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A. Lifts of functions, vector fields and forms to the tangent bundle

It has the coordinate expression
of ..
€= a—j;.x’ (A.8)

The complete lift of a vector field X € X(M) is denoted X© € X(TM) and it is defined as
the infinitesimal generator of T¢,;, where ¢; is the flow of X. In coordinates it is given by

oo xild XD
T T od o

(A9)

The complete lift of a form w € (OF(M) is denoted w© € QF(TM), and it is defined as
the unique (see [106, Sec. 2.5]) form such that

W€ (XS, ..., X)) = (w(Xq, ..., Xi))E, (A.10)
where X, ..., Xy € X(M). For a 1-form & = a;dx it is given by
a€ = (ac)idxi + (sz)idfci (A.11)
The complete lift of forms has the following property [258, Eq. 3.30]:
(WA P =wC ApY +w” ApC. (A.12)
Other properties that we will use are [[106| 258]]
X*(©) = Lxy, X*(pV =n. (A.13)

d@C) = (da)¢, d@V) = (da)” (A.14)
Also, givenamap F : TM — M; and a form o« € Q(M5),

TF*(a,) = (F*a)C. (A.15)
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