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A mi madre.



Caminante, son tus huellas
el camino y nada más;
Caminante, no hay camino,
se hace camino al andar.
Al andar se hace el camino,
y al volver la vista atrás
se ve la senda que nunca
se ha de volver a pisar.
Caminante no hay camino
sino estelas en la mar.

-Antonio Machado
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Introducción

Introducción histórica

Los grupos de Richard Thompson

En un manuscrito sin publicar, Richard Thompson introdujo en 1965 los tres grupos
F ⊆ T ⊆ V , con el fin de encontrar un contraejemplo a la conjetura de Von Neumann,
que establece que un grupo G es no amenable si y sólo si contiene un subgrupo isomorfo
a un grupo libre con dos generadores, veáse (Day, 1957). En concreto, el grupo F era
un potencial contraejemplo para la (ahora demostrada falsa, véase (Ol’šanskĭı, 1980))
conjetura. En el momento en el que se escriben estas líneas, es todavía un problema
abierto determinar si F es amenable o no, aunque sí se sabe que no es elementalmente
amenable (Cannon et al., 1996).

En las mismas notas sin publicar, Thompson probó que T y V son grupos infinitos
simples finitamente presentados. Tiempo después, en un trabajo conjunto con McKen-
zie, estos grupos fueron utilizados para construir grupos finitamente presentados con
problemas de la palabra irresolubles (McKenzie and Thompson, 1973). Finalmente, en
(Thompson, 1980), V fue usado para demostrar que un grupo finitamente generado
tiene problema de la palabra resoluble si y sólo si dicho grupo puede embeberse en un
subgrupo finitamente generado de un grupo finitamente presentado. Las presentaciones
finitas estándar de F , T , y V se pueden consultar en (Cannon et al., 1996).

Aparte de su propósito original, los grupos de Richard Thompson atrajeron interés a
causa de sus propiedades exóticas. En concreto, como resultado del estudio de homeo-
morfismos de espacios topológicos, el grupo F fue independientemente redescubierto
en 1969, veáse (Freyd and Heller, 1993). En dicho artículo, los autores mostraron que
F es el ejemplo universal de un grupo con una conjugación idempotente. A partir de
este trabajo, se investigaron con más detenimiento propiedades de finitud de F . En
particular, F fue el primer ejemplo de grupo FP∞ infinito dimensional libre de torsión,
(Brown and Geoghegan, 1984).

Originalmente definidos como subgrupos de homeomorfismos lineales a trozos con cier-
tas propiedades adicionales, los grupos de Richard Thompson también pueden verse
como subgrupos del grupo de homeomorfismos del conjunto de Cantor. Este punto de
vista supone una manera consistente de definir otros subgrupos y supergrupos de los
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Introducción

grupos de Thompson, como los grupos de cuasiautomorfismos, que juegan un papel
importante en esta tesis.

En particular, una representación muy útil de los elementos de cualquier grupo de
cuasiautomorfismos es la llamada representación como pares de bosques. En pocas pa-
labras, cualquier elemento puede ser representado como un par de conjuntos de árboles
n-arios finitos con raíz, junto con una biyección entre sus hojas, que pueden tener eti-
quetas. Como ejemplo, los elementos de V se representan como pares de árboles binarios
finitos con raíz junto con una biyección entre sus hojas. Esta biyección puede ser trivial
(respectivamente cíclica) para un elemento de F (respectivamente T ), usando el orden
de izquierda a derecha en las hojas de los árboles representados, véase (Cannon et al.,
1996).

Generalizaciones de los grupos de Thompson

A lo largo de los años se han definido muchas generalizaciones de los grupos de Thom-
pson. La primera generalización natural se debe a Higman, quien definió V para k
copias de un conjunto de Cantor n-ario, los grupos de Higman-Thompson Vn,k (Hig-
man, 1974). Después, en (Brown, 1987), se definieron los grupos Fn,k y Tn,k y se probó
que eran finitamente presentados.

Siguiendo esta línea, Brin presentó un análogo n-dimensional de V , los grupos nV , que
se definen para el producto directo de n copias del conjunto de Cantor binario, véase
(Brin, 2004). Tiempo después, Brin dió una presentación finita para 2V en (Brin, 2005)
y probó la simplicidad de todos estos grupos en (Brin, 2010). Finalmente, se dieron
presentaciones finitas para todos los grupos nV en (Hennig and Matucci, 2012).

La siguiente familia de grupos de Thompson generalizados de gran importancia son los
grupos autosimilares y los grupos de cuasiautomorfismos, algunos de los cuales serán
estudiados en profundidad a lo largo de la tesis.

Por una parte, los grupos autosimilares fueron introducidos por Bartholdi, Grigorchuk
y Nekrashevych en (Bartholdi, 2000), aunque muchos ejemplos de estos grupos ya ha-
bían aparecido anteriormente en la literatura (Grigorchuk, 1980; Guba and Sapir, 1997).
Definidos como ciertos subgrupos de Aut(Tn,k), el grupo de automorfismos de k copias
del árbol n-ario regular, los grupos autosimilares tuvieron en principio un papel impor-
tante con el problema de Burnside, que cuestiona si un grupo de torsion finitamente
generado debe ser necesariamente finito. Existe un grupo autosimilar que da solución
al problema, respondiendo a la cuestión negativamente (el primer contraejemplo fue
dado en (Golod and Šafarevič, 1964)). Este grupo autosimilar es el de Grigorchuk, que
es también el primer ejemplo de grupo de crecimiento intermedio, véase (Grigorchuk,
1980).
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Por otra parte, los grupos de cuasiautomorfismos están definidos como grupos generados
por un grupo autosimilar y un grupo de Thompson Vn,k. Denotamos por AAut(Tn,k) al
grupo de todos los cuasiautomorfismos de Tn,k. La topología natural de AAut(Tn,k) es
la compacto-abierta heredada de Homeo(C). Sin embargo, también admite una única
topología de grupo de tal manera que el embebimiento Aut(Tn,k) � AAut(Tn,k) es
continuo y abierto. Con esta topología es un grupo totalmente disconexo y localmente
compacto, con una topología estrictamente más fina que la compacto-abierta. En par-
ticular, Aut(Tn,k) es abierto en AAut(Tn,k) y Vn,k es un subgrupo numerable y denso
de AAut(Tn,k), véase (Le Boudec, 2017).

Estos grupos fueron considerados por primera vez por Neretin en (Neretin, 1984). El
grupo de Neretin Nn (AAut(Tn,n+1) en nuestra notación) fue interpretado como el
análogo p-ádico del grupo de difeomorfismos del círculo. Kapoudjian se refiere a los
elementos de Nn como esferomorfismos, y demuestra que cada uno de los grupos Nn

es simple (Kapoudjian, 1999). Usando la topología que hace a AAut(Tn,k) un gru-
po totalmente disconexo y localmente compacto, Bader, Caprace, Gelander y Mozes
demostraron que Nn no contiene retículas (Bader et al., 2012). Este fue el primer ejem-
plo de grupo topológico localmente compacto, simple y compactamente generado con
esta propiedad. Además, Le Boudec mostró que una gran familia de grupos de cua-
siautomorfismos son compactamente presentados, es decir, admiten una presentación
cuyo conjunto de generadores es compacto y cuyas relaciones tienen longitud acotada,
(Le Boudec, 2017).

A lo largo de esta tesis centramos nuestra atención en familias específicas de grupos
de cuasiautomorfismos finitamente generados. Concretamente, presentamos resultados
concernientes a los problemas de decisión en grupos simétricos de Thompson, definidos
como grupos de cuasiautomorfismos VnH donde H es un subgrupo del grupo simétrico
de n elementos, Sym(n). En primer lugar, estos grupos han sido destacados como grupos
de interés en (Röver, 1999) y (Nekrashevych, 2004). Además, surgen de manera natural
como una importante subfamilia de los grupos FFS de Hughes, véase (Hughes, 2009).
Brevemente, estos grupos actúan en el conjunto de Cantor por similaridades locales,
es decir, colecciones de aplicaciones que llevan bolas a bolas con ciertas propiedades
adicionales, como ser cerradas bajo composición y bajo restricciones a sub-bolas. Estos
grupos son tratados en profundidad en (Farley and Hughes, 2015), donde se distinguen
clases de isomorfismos de ciertas familias de grupos FFS y se demuestra que todos
estos grupos tienen subgrupos simples de índice finito.

En otra dirección, en (Farley, 2018), Farley demuestra que los grupos simétricos de
Thompson son grupos coCF , esto es, grupos con problema de la co-palabra libre de
contexto. En concreto, si uno consigue demostrar que algún grupo de esta familia no
puede embeberse en V , entonces la conjetura de Lehnert, que establece que un grupo G
es coCF si y sólo si G se embebe en V , se probará falsa, véase (Lehnert and Schweitzer,
2007; Lehnert, 2008; Bleak et al., 2016).
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Aparte de los grupos simétricos de Thompson, otras familias de grupos de cuasiauto-
morfismos importantes son los grupos generalizados de Grigorchuk-Gupta-Sidki (tam-
bién conocidos como grupos GGS), introducidos por Baumslag en (Baumslag, 1993) y
generalizados por Bartholdi en su tesis doctoral (Bartholdi, 2000). Por último, también
merece la pena destacar el grupo de Röver, el grupo de cuasiautomorfismos construido
a partir de V y el grupo de Grigorchuk, (Röver, 1999, 2002).

Finalmente, nos centraremos en una generalización de los grupos de Thompson debida
a Brin y Dehornoy: el grupo trenzado de Thompson, que puede verse como una versión
trenzada de V . Definido independientemente en (Brin, 2006, 2007) y (Dehornoy, 2006),
el grupo trenzado de Thompson pertenece a una familia de grupos generalizados de
Thompson obtenidos a partir de sistemas clonadores, ampliamente cubiertos en (Skip-
per and Zaremsky, 2017; Witzel and Zaremsky, 2018; Zaremsky, 2018). Puesto que los
sistemas clonadores quedan fuera del contenido de esta tesis, sólo subrayaremos que los
grupos originales de Thompson se pueden construir a partir de sistemas clonadores, así
como los grupos de matrices triangulares superiores o los grupos de bucles y trenzas,
(Witzel and Zaremsky, 2018). En cuanto al grupo trenzado de Thompson, Brin da
una presentación finita en (Brin, 2006). Tiempo después, una versión trenzada de F se
define en (Brady et al., 2008): el grupo de trenzas puras de Thompson.

Grupos de Thompson y grupos modulares

Puesto que el último capítulo de la tesis versa sobre grupos modulares, exploraremos
brevemente la conexión entre ellos y los grupos de Thompson.

El grupo modular de una superficie S, Map(S), es el grupo de clases de isotopía de
difeomorfismos de S que preservan su orientación. Para una completa introducción
a estos objetos para superficies de tipo finito, veáse (Farb and Margalit, 2012). El
grupo modular de una superficie de tipo infinito, esto es, cuyo grupo fundamental no
es finitamente generado, ha sido profundamente estudiado en los últimos años desde
numerosos puntos de vista.

Desde el punto de vista geométrico y algebraico, la relación entre los grupos modulares
y los grupos de Thompson surge en el contexto de los grupos modulares asintóticos,
es decir, grupos que preservan asintóticamente una colección de curvas y arcos defini-
dos en una superficie de tipo infinito. También llamados grupos modulares universales,
estos grupos contienen el grupo modular de cada superficie compacta orientable de
género finito con frontera no vacía, véase (Harer, 1985; Funar and Kapoudjian, 2009).
En particular, aparecen como extensiones de V por el grupo modular puro de soporte
compacto de una superficie de tipo infinito, véase (Funar and Kapoudjian, 2004; Ara-
mayona and Funar, 2017). Además, en (Aramayona and Funar, 2017) se demuestra un
resultado análogo con respecto al grupo simétrico de Thompson V2H, donde H es el
grupo simétrico de dos elementos.
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Desde una perspectiva topológica, existe un homomorfismo sobreyectivo desde Map(S),
cuando S es una superficie cerrada menos un conjunto de Cantor, a Homeo(C), el grupo
de homeomorfismos del conjunto de Cantor, véase (Aramayona and Vlamis, 2020).
Además, el grupo modular de una superficie de tipo infinito es un grupo topológico
con la topología cociente heredada de la topología compacto-abierta de Homeo(S). El
núcleo de este homomorfismo es el grupo modular puro de la superficie. Además, se
obtiene un homomorfismo sobreyectivo al grupo de Thompson V cuando se restringe
el homomorfismo anterior a los grupos modulares asintóticos.

Finalmente, el grupo trenzado de Thompson también aparece en este contexto, como se
muestra en (Funar et al., 2012). De hecho, el grupo de Brin-Dehornoy es una extensión
de V por P∞, esto es, el grupo de trenzas puras infinito con soporte compacto, que es
equivalente al grupo modular puro con soporte compacto del disco menos un conjunto
de Cantor. Además, BV es en sí mismo un subgrupo de un grupo modular universal
de la esfera menos un conjunto de Cantor, véase (Funar and Kapoudjian, 2004).

Estado del arte

Puesto que esta tesis se centra principalmente en los problemas de decisión de Dehn,
y más específicamente en los problemas del isomorfismo (incluyendo el caso particular
del embebimiento) y de la conjugación, nos centraremos en los resultados concernientes
a estos temas. También daremos resultados sobre la búsqueda de conjuntos finitos de
generadores para algunas generalizaciones de grupos de Thompson.

Como recordatorio para el lector, un problema de decisión de Dehn es el problema de
encontrar un algoritmo que determine en un número finito de pasos si un elemento de
un grupo es equivalente a la identidad (problema de la palabra), si dos grupos dados
son isomorfos (problema del isomorfismo), o si dos elementos son conjugados dentro
de un grupo (problema de la conjugación), véase (Dehn, 1911, 1987). El problema
del embebimiento, que busca responder a la cuestión de si un grupo puede embeberse
en otro, fue estudiado por primera vez por Higman con el fin de probar la existencia
de grupos finitamente presentados con problema de la palabara no resoluble, véase
(Higman, 1961). En el Capítulo 1 se dan definiciones detalladas de estos problemas.

Con respecto al problema del embebimiento entre grupos de Thompson, el primer
resultado se debe a Higman, quien prueba que Vn,k puede ser emebebido en Vm,k para
n > m si n = 1+(m−1)d para cierto d ≥ 1 (Higman, 1974). En particular cualquier Vn
se embebe en V2. Más tarde, en (Birget, 2020), se demuestra que V2 puede embeberse
en Vn. Usaremos ambas demostraciones para extender estos resultados a los grupos
simétricos de Thompson.

En el caso del problema del isomorfismo, el primer resultado conocido es de nuevo
debido a Higman, que muestra que si m = n y gcd(n − 1, r) = gcd(n − 1, s), enton-
ces Vm,r es isomorfo a Vn,s. La idea detrás de la prueba consiste en contar el número
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de clases de conjugación de homomorfismos de grupos finitos en Vn,r. Más tarde, en
(Pardo, 2011) se demuestra que la condición necesaria también es suficiente, usando
algebras de Leavitt, véase (Leavitt, 1962). Como se dijo anteriormente, Farley y Hughes
distinguen clases de isomorfismos de grupos FSS. Esto se logra usando el Teorema de
Rubin (Rubin, 1996), que establece que dos subgrupos isomorfos localmente densos del
grupo de automorfismos de un espacio topológico X localmente compacto, Hausdorff
y sin puntos aislados, deben ser conjugados en X. Por tanto, prueban que cualquier
isomorfismo entre dos grupos de esta familia debe ser vía conjugación dentro del grupo
de homeomorfismos del conjunto de Cantor. En pocas palabras, encuentran restriccio-
nes para los isomorfismos examinando la estructura dinámica de los elementos de los
grupos.

En cuanto a los grupos simétricos de Thompson, el Teorema de Rubin implica que
dos grupos simétricos VnG y VnH son isomorfos si G y H son subgrupos conjugados
del grupo simétrico de n elementos, como se muestra en (Bleak et al., 2017). Es más,
Bleak, Donoven y Jonušas demuestran que para n ≥ 2, Vn ∼= VnG si y sólo si G es
semirregular, esto es, las permutaciones de G no fijan puntos. También prueban que
para n > 3 existen G,H ∈ Sym(n) con G ∼= H pero de tal manera que los grupos VnG
y VnH no son isomorfos. Intuitivamente, la estructura de las órbitas de las acciones en
el conjunto de Cantor del conjunto de elementos de G y H influyen en el hecho de que
VnG y VnH sean isomorfos o no.

Para continuar, el problema de la conjugación en los grupos de Thompson fue estudiado
en primer lugar por Higman, quien lo resolvió para V . Despues, Guba y Sapir usaron
grupos de diagramas para resolverlo en F , véase (Guba and Sapir, 1997). La principal
referencia en esta tesis para resolver dicho problema es el trabajo de (Belk and Ma-
tucci, 2014), quienes ofrecieron una solución unificada al problema de la conjugación
para F , T y V usando diagramas de hebras. Su solución al problema de la conjugación
es principalmente de naturaleza dinámica y topológica. Está basado en la teoría de
los invariantes de Mather, los cuales son una generalización de los invariantes de con-
jugación para difeomorfismos del intervalo introducidos por Mather (Mather, 1974).
Estos invariantes fueron usados previamente por Brin y Squier para el problema de la
conjugación en el grupo de homeomorfismos lineales a trozos del intervalo (Brin and
Squier, 2001), y por Matucci para describir la conjugación en un grupo más general de
homeomorfismos lineales a trozos (Matucci, 2010). El problema de la conjugación per-
manece sin resolver para algunas importantes generalizaciones de estos grupos, como
el grupo de Thompson 2-dimensional de Brin, 2V .

En cuanto al problema de la conjugación para grupos de cuasiautomorfismos, Le Boudec
y Wesolek clasifican los elementos de AAut(Tn,k) basándose en sus propiedades dinámi-
cas (Le Boudec and Wesolek, 2019). En concreto, dividen los elementos de AAut(Tn,k)
en elementos elípticos y traslaciones, dependiendo de cómo actúan en el conjunto de
Cantor. Inspirados por su trabajo, Goffer y Lederle analizan en mayor profundidad las
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dinámicas de un cuasiautomorfismo, véase (Goffer and Lederle, 2019). En dicho artícu-
lo se demuestra que cada g ∈ AAut(Tn,k) se puede expresar de manera única como
un producto ghge, donde gh es un elemento hiperbólico y ge un elemento elíptico, de
tal manera que los soportes de ge y gh son disjuntos. Centrándose en los elementos
elípticos, es posible definir el tipo de órbita de un elemento de Aut(Tn,k) como un bos-
que con hojas etiquetadas representando el tamaño de las órbitas del elemento en Tn,k.
Como se prueba en (Gawron et al., 2001), dos automorfismos de Tn,k son conjugados
en Aut(Tn,k) si y sólo si tienen el mismo tipo de órbita. Por otra parte, se demues-
tra que los elementos hiperbólicos son conjugados a algún elemento de Vn,k, aplicando
las ideas de (Belk and Matucci, 2014). Todos estos conceptos convergen en una serie
de requisitos que distinguen si dos elementos de un grupo de cuasiautomorfismos son
conjugados o no. Sin embargo, aún es necesario demostrar que existe un algoritmo que
compruebe todos los requisitos en tiempo finito.

Finalmente, aparte de los problemas de decisión de Dehn, se han obtenido presenta-
ciones finitas para diferentes generalizaciones de los grupos de Thompson, incluyendo
Fn,k, Tn,k y Vn,k, los grupos de Thompson n-dimensionales nV y el grupo trenzado de
Thompson, como se ha dicho anteriormente. Es sencillo ver que si un grupo autosimilar
G es finitamente generado, entonces el grupo de cuasiautomorfismos construído a partir
de G también es finitamente generado. Sin embargo, no es inmediato determinar cuándo
un grupo de cuasiautomorfismos finitamente generado es finitamente presentado.

Estructura y contenidos

Esta tesis está estructurada en cinco capítulos. El denominador común en los primeros
cuatro capítulos es el estudio de los problemas de decisión de Dehn en ciertas gene-
ralizaciones de los grupos de Thompson, así como el estudio de ciertas propiedades
básicas de estos grupos, como la generación finita. En el último capítulo nos movere-
mos a superficies de tipo infinito. Este concepto, que ha sido mencionado en los párrafos
anteriores, es el primer resultado original del autor.

Capítulo 1

En este capítulo introduciremos los conceptos preliminares y las definiciones requeridas
para entender los resultados presentados a lo largo de la tesis. Se definirán los problemas
de decisión de Dehn, los conjuntos de Cantor y los códigos de prefijos necesarios para
introducir los grupos de Thompson, así como los grupos autosimilares y los grupos de
cuasiautomorfismos. Algunos de estos grupos (especialmente los grupos simétricos de
Thompson) serán estudiados en los siguientes tres capítulos. En este capítulo no hay
resultados originales.
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Capítulo 2

Este capítulo está dedicado al estudio de los problemas de la conjugación y del iso-
morfismo para los grupos simétricos de Thompson. Con este propósito, generalizamos
y aplicamos las ideas de (Higman, 1974) y (Belk and Matucci, 2014).

Más concretamente, en (Higman, 1974) se presenta una serie de resultados concernientes
al problema del isomorfismo en los grupos de Thompson. En particular, se prueba que
Vn es isomorfo a Vm si y sólo si n = m. Higman demuestra este teorema contando las
clases de conjugación (en Vn) de homomorfismos de grupos cíclicos finitos en Vn. Se
muestra por tanto que hay exactamente n clases en Vn, por lo que Vn no puede ser
isomorfo a Vm para m 6= n.

Con el fin de utilizar un método similar para los grupos simétricos de Thompson, se
requeriría estudiar las clases de conjugación de homomorfismos de grupos cíclicos finitos
en VnH. Sin embargo, no está claro cómo conseguirlo, pues hay elementos de Vn que
no son conjugados en Vn pero sí lo son en algún VnH. Por tanto, el problema del
isomorfismo conduce irremediablemente al problema de la conjugación.

Es en este punto donde generalizamos los métodos presentados en (Belk and Matuc-
ci, 2014) para los grupos de Thompson originales F , T y V . Usando un sistema de
grafos llamados diagramas de hebras, capaces de representar elementos de los grupos
de Thompson, Belk y Matucci son capaces de decidir cuándo dos elementos son con-
jugados o no. La prueba se basa en una serie de transformaciones entre diagramas de
hebras, de tal manera que dos elementos son conjugados si y sólo si existe una sucesión
de transformaciones que lleva el diagrama de hebras que representa al primer elemento
al diagrama de hebras que representa al segundo.

En nuestro caso, este método puede ser generalizado a los grupos simétricos de Thom-
pson considerando una familia más amplia de diagramas de hebras (con etiquetas en
los vértices), y transformaciones. De esta manera, dos elementos de un grupo simétrico
de Thompson son conjugados si y sólo si difieren en una sucesión finita de transforma-
ciones.

Una vez que sabemos distinguir elementos conjugados en los grupos simétricos de
Thompson, somos capaces de arrojar luz al problema del isomorfismo, usando las mis-
mas ideas de (Higman, 1974). En concreto, dos grupos diferentes VmG y VnH no son
isomorfos para ningún par de grupos G, H y n 6= m.

Queda aún disponer de una clasificación completa de los grupos isomorfos para un
mismo n. Sólo se conocen resultados parciales. Como se ha dicho anteriormente, (Bleak
et al., 2017) muestra que existen n, G y H tales que G no es isomorfo a H pero VnG
y VnH son isomorfos.

Los resultados recogidos en el Capítulo 2 han sido publicados en el artículo (Aroca,
2018a).
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Capítulo 3

El Capítulo 3 se centra en el problema del embebimiento para grupos simétricos de
Thompson. Como ocurre en el capítulo anterior, basaremos nuestro trabajo en (Higman,
1974), donde se prueba que Vn se embebe en Vm para n > m si n = 1 + (m− 1)d para
algún d ≥ 1, esto es, n ≡ 1 mód (m − 1), una condición conocida como la Condición
de Higman. La prueba de este resultado se basa en las propiedades topológicas de los
árboles infinitos usados en la representación de los elementos de Vn, véase el Capítulo 1.
En concreto, esto significa que cualquier Vn puede ser embebido en V2. Este resultado
junto con el de (Birget, 2020) muestra que es posible construir un embebimiento entre
cualquier par de grupos de Thompson.

A pesar de la similitud entre los resultados de Higman y de Birget, los métodos uti-
lizados en las demostraciones son diametralmente opuestos. Por una parte, como se
ha dicho previamente, la prueba de Higman se basa en las propiedades topológicas
de los grupos de Thompson. Por otra parte, la demostración de Birget es puramente
algebraica, y utiliza otra representación de los elementos de un grupo de Thompson,
denominada tabla. Es más, los embebimientos mostrados por Birget no suelen preservar
el número de puntos fijos de un elemento, y por tanto, no pueden ser topológicos.

Con respecto a los grupos simétricos de Thompson, adaptando las pruebas de Higman y
Birget se consiguen establecer una serie de condiciones para embeber un grupo simétrico
de Thompson en otro. En particular, un embebimiento topológico (que preserva los
grupos locales de gérmenes) entre VnH y VmG requiere que n ym cumplan la Condición
de Higman, y que exista un recubrimiento del conjunto m-ario de Cantor por n abiertos
disjuntos dos a dos, de tal manera que G actúe en dicho recubrimiento como H.

También seremos capaces de construir un embebimiento algebraico de VmG a VnH
definiendo tablas para los grupos simétricos de Thompson. Por tanto, probaremos que
VmG se embebe en VnH si n y m cumplen la Condición de Higman y H actúa como G
en los primeros m elementos y como la identidad en los n−m restantes.

Todos los resultados del Capítulo 3 han sido publicados en el paper (Aroca and Bleak,
2020), en un trabajo conjunto con Collin Bleak, de la Universidad de St. Andrews,
Reino Unido.

Capítulo 4

En este capítulo definimos una nueva familia de generalizaciones de grupos de Thom-
pson, inspirada en el trabajo de (Brin, 2007, 2006; Dehornoy, 2006). En estos artículos,
Brin y Dehornoy definen independientemente un grupo trenzado de Thompson, llama-
do Vbr (BV2 en esta tesis). La manera de entender BV2 es como sigue: si V2 es un
grupo de homeomorfismos del conjunto diádico de Cantor en sí mismo basado en apli-
caciones afines, BV2 está basado en isotopías de R2 entre conjuntos diádicos de Cantor
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embebidos en el intervalo unidad. Como veremos, los elementos de BV2 son usualmente
representados como trenzas entre las hojas de dos árboles binarios finitos con raíz.

La definición del grupo trenzado de Thompson puede ser fácilmente generalizada a
cualquier grupo de Brown-Higman-Thompson, obteniendo las correspondientes ver-
siones trenzadas BVn,k. Como se demuestra en (Brin, 2007, 2006), BV2 es un grupo
finitamente presentado. La prueba es altamente algebraica, basada en productos de
Zappa-Szép, que son una generalización de productos semidirectos.

El objetivo de este capítulo es ir un paso más allá, definiendo una versión trenzada
de los grupos simétricos de Thompson Vn,kH. En particular, presentamos una familia
de grupos infinitamente trenzados de Thompson BVn,kH, donde H es un subgrupo
del grupo de trenzas de Artin, Bn (Artin, 1947). En este caso, el análogo a las auto-
similaridades son las trenzas recursivas. Una trenza recursiva es una trenza definida
inductivamente: sea β una trenza con n hebras, entonces se puede descomponer cada
hebra de β en n nuevas hebras las cuales son trenzadas de la misma manera que β.
Si continuamos este proceso indefinidamente en cada hebra, obtendremos una trenza
recursiva. Nótese que la trenza está completamente determinada por la trenza definida
en las primeras n hebras.

En lugar de usar los métodos algebraicos de Brin para definir estos grupos, aplicamos la
teoría de los diagramas de hebras para mostrar que los grupos infinitamente trenzados
de Thompson son, en efecto, grupos. Para hacerlo definimos una familia de diagramas
(de hebras) trenzados, y generalizamos los argumentos mostrados en el Capítulo 2 para
definir un isomorfismo entre diagramas trenzados reducidos y clases de equivalencia de
elementos de BVn,kH.

Por otra parte, basándonos en el trabajo de (Higman, 1974), mostramos que todos estos
grupos son finitamente generados. En el artículo citado, Higman demuestra que cada
Vn,k es finitamente presentado usando la profundidad de sus elementos, una propiedad
definida en términos del mínimo numero de intervalos necesarios para representar cada
elemento, veáse el Capítulo 4. Higman demuestra así que cualquier Vn,k está generado
por elementos de profundidad menor o igual que tres, y hace un razonamiento similar
para las presentaciones. Como hay un número finito de elementos de profundidad menor
o igual que tres, se obtiene una presentación finita.

Usamos una estrategia similar para los grupos infinitos trenzados de Thompson, aunque
contengan infinitos elementos de profundidad menor o igual que 3. En resumen, un
grupo BVn,kH es finitamente generado para cualquier n ≥ 2 y k ≥ 1 si H es un
subgrupo finitamente generado del grupo de trenzas de Artin Bn.

Sin embargo, esta adaptación sólo funciona para demostrar que los grupos son fini-
tamente generados, por lo que se desconoce si los grupos infinitamente trenzados de
Thompson son finitamente presentados.
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Finalmente, exploramos con más detalle los grupos BVn,kH cuando H es un subgru-
po parabólico de Bn, esto es, H está generado por un subconjunto del conjunto de
generadores de Artin de Bn.

Todos los resultados del Capítulo 4 han sido publicados en el paper (Aroca and Cumpli-
do, 2020), en un trabajo conjunto con María Cumplido, de la Universidad Complutense
de Madrid, España.

Capítulo 5

El último capítulo de esta tesis está dedicado al estudio de modelos combinatorios para
los grupos modulares de superficies de tipo infinito. Existe interés por el grupo modu-
lar de una superficie en diversas áreas de las matemáticas, como geometría algebraica,
topología y dinámica. Por ejemplo, para superficies de tipo finito, Map(S) es el grupo
fundamental del espacio de móduli (Farb and Margalit, 2012), y la estructura geomé-
trica de Map(S) es un ingrediente esencial en la prueba de la Conjetura de Laminación
Terminal de Thurston, véase (Brock et al., 2012).

Gran parte de los problemas sobre la estructura geométrico-algebraica de Map(S) se
pueden abordar usando combinatoria, esto es, estudiando complejos simpliciales cons-
truidos a partir de curvas y arcos de S. El ejemplo más importante es el complejo de
curvas C(S), introducido en (Harvey, 1981), el cual tiene un símplice por cada conjun-
to de clases de homotopía de curvas simples cerradas en S; y cuyos elementos tienen
representantes disjuntos dos a dos. En (Ivanov, 1997) se demuestra que si S es de tipo
finito, entonces Map(S) es isomorfo al grupo de isometrías del complejo de curvas de S.
En el caso de superficies de tipo infinito, el resultado análogo es probado en (Hernández
and Valdez, 2017).

El resultado de Ivanov fue el punto de partida de teoremas similares para otros comple-
jos. Como ejemplo, Margalit (Margalit, 2004) demostró un resultado similar usando el
complejo de pantalones P (S) (veáse el Capítulo 5 para la definición), en lugar del com-
plejo de curvas, para superficies de tipo finito. Este resultado no puede ser generalizado
para superficies de tipo infinito, ya que P (S) no es conexo.

Empezando en este problema, y modificando una familia de grafos definida en (Fos-
sas and Parlier, 2015), encontramos en el Capítulo 5 el análogo conexo al complejo
de pantalones para superficies de tipo infinito, llamado G′0(S). Usando dicho complejo,
es posible adaptar la prueba de Margalit de manera que Map(S) es isomorfo al gru-
po de automorfismos (con ciertas restricciones) de G′0(S). Además, consideramos otro
complejo definido por Fossas y Parlier en cualquier superficie de tipo infinito S, lla-
mado G∞(S), demostrando que tiene diámetro finito. En particular, se prueba que su
diámetro es menor o igual a tres.

Todos los resultados originales de este capítulo se han publicado en (Aroca, 2018b).
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Introduction

Historical framework

Richard Thompson’s groups

In an unpublished manuscript, Richard Thompson introduced in 1965 the three groups
F ⊆ T ⊆ V , in order to find a counterexample to von Neumann’s conjecture, which
states that a group G is non-amenable if and only if G contains a subgroup that is a
free group on two generators, see (Day, 1957). More concretely, the group F was a
potential counterexample for the now disproved conjecture, see (Ol’šanskĭı, 1980). At
the time of writing, it is still an open problem to determine whether F is amenable or
not, whereas it is known that is not elementary amenable (Cannon et al., 1996).

In the same unpublished notes, Thompson proved that T and V are finitely presented
infinite simple groups. Thereafter, in a joint work with McKenzie, these groups were
used to construct finitely presented groups with unsolvable word problems (McKenzie
and Thompson, 1973). Later, in (Thompson, 1980), V was used in order to prove that
a finitely generated group has solvable word problem if and only if it can be embedded
into a finitely generated simple subgroup of a finitely presented group. Standard finite
presentations for F , T and V are given in (Cannon et al., 1996).

Apart from their original purpose, Richard Thompson’s groups attracted interest be-
cause of their exotic properties. In particular, as a result of the study of homeomor-
phisms of topological spaces, the group F was independently rediscovered in 1969, see
(Freyd and Heller, 1993). In such an article, the authors showed F as the universal
example of a group with a conjugacy-idempotent endomorphism. From that work,
finiteness properties of F were investigated. More concretely, F was the first example
of torsion-free infinite dimensional FP∞ group (Brown and Geoghegan, 1984).

Originally defined as subgroups of piecewise linear homeomorphisms with certain prop-
erties, we will see Richard Thompson’s groups as subgroups of the group of homeomor-
phisms of the Cantor set. This point of view provides a way to define other subgroups
and supergroups of Thompson’s groups, as almost automorphism groups, which play a
central role in this thesis.

In particular, a useful incarnation of elements of any almost automorphism group is
called forest-pair representation. Roughly speaking, any element can be represented as
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a pair of sets of rooted finite n-ary trees together with a bijection between their leaves,
which may be labelled. As an example, elements of V are represented as pairs of rooted
finite binary trees with a bijection between their leaves. This bijection must be trivial
(resp. cyclic) for an element belonging to F (resp. T ), using the order from left to
right in the leaves of the represented trees, see (Cannon et al., 1996).

Generalizations of Thompson’s groups

Throughout the years, many generalizations of Thompson’s groups have been defined.
The first natural generalization is due to Higman, who defined V for k copies of an n-
ary Cantor set, leading to Higman-Thompson’s groups Vn,k (Higman, 1974). Later, in
(Brown, 1987), groups Fn,k and Tn,k were defined and shown to be finitely presented.

Following this line, Brin presented a higher-dimensional analogue of V , the group nV ,
which is defined for the direct product of n copies of the binary Cantor set, see (Brin,
2004). Later, he gave a finite presentation for 2V in (Brin, 2005), and proved the
simplicity of these groups (Brin, 2010). Finite presentations for all nV were provided
in (Hennig and Matucci, 2012).

The next significant families of generalized Thompson’s groups are self-similar groups
and almost automorphism groups, which will be studied through this thesis.

On the one hand, self-similar groups were introduced by Bartholdi, Grigorchuk, and
Nekrashevych in (Bartholdi et al., 2003), though several examples of such groups had
previously appeared in the literature (Grigorchuk, 1980; Guba and Sapir, 1997). De-
fined as certain subgroups of Aut(Tn,k), the group of automorphisms of k copies of
the regular n-ary rooted tree, self-similar groups were originally related to Burnside’s
problem, which asks whether a finitely generated torsion group must necessarily be
finite. There exists a self-similar group which is a solution for this problem, answering
the question negatively (the first counterexample was given in (Golod and Šafarevič,
1964)). The group in question is Grigorchuk’s group, which was also the first example
of group of intermediate growth, see (Grigorchuk, 1980).

On the other hand, almost automorphism groups are defined as groups generated by
a self-similar group and some Thompson’s group Vn,k. We denote by AAut(Tn,k) the
group of all almost automorphisms of Tn,k. The natural topology of AAut(Tn,k) is the
compact-open topology inherited from Homeo(C). However, it also admits a unique
group topology such that the embedding Aut(Tn,k) � AAut(Tn,k) is continuous and
open. With this topology, it is a totally disconnected locally compact group, with
a topology strictly finer than the compact-open topology. In particular, Aut(Tn,k) is
open in AAut(Tn,k) and Vn,k is a countable dense subgroup of AAut(Tn,k), (Le Boudec,
2017).
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These groups were first considered by Neretin in (Neretin, 1984). Neretin’s group Nn

(AAut(Tn,n+1) in our notation) was viewed as a p-adic analog of the diffeomorphism
group of the circle. Kapoudjian refers to elements of Nn as spheromorphisms, and
proves that each of the groups Nn is simple (Kapoudjian, 1999). Using the topology
which makes AAut(Tn,k) a totally disconnected locally compact group, Bader, Caprace,
Gelander, and Mozes proved that Nn does not contain any lattices (Bader et al., 2012).
This was the first example of a compactly generated, simple, locally compact topological
group with this property. Furthermore, Le Boudec proved that a huge family of almost
automorphism groups are compactly presented, i.e. they admit a presentation whose
generating set is compact and whose relators have bounded length (Le Boudec, 2017).

Along this thesis we focus our attention on specific families of almost automorphism
groups that are finitely generated. More concretely, we present some results concerning
decision problems on symmetric Thompson’s groups, which are almost automorphism
groups VnH where H is a subgroup of the symmetric group on n elements, Sym(n).
Firstly, they were singled out as natural groups of interest in (Röver, 1999) and (Nekra-
shevych, 2004). In addition, they arise naturally as an important subfamily of Hughes’s
FSS groups, see (Hughes, 2009). Briefly, they are groups which act on the Cantor set
by local similarities, namely a collection of maps which takes balls to balls with cer-
tain properties, such as closure under compositions and under restrictions to subballs.
These groups are treated in depth in (Farley and Hughes, 2015), where they distinguish
between isomorphism types of a certain family of FSS groups and show that all such
groups have simple subgroups of finite index.

In another direction, in (Farley, 2018), Farley shows that symmetric Thompson’s groups
are coCF groups, that is, groups with a context free co-word problem. In particular,
if one can show that some group in this family fails to embed in V , then Lehnert’s
conjecture, which states that a group G is coCF if and only if G embeds as a finitely
generated subgroup of V , will be shown to be false, see (Lehnert and Schweitzer, 2007;
Lehnert, 2008; Bleak et al., 2016).

Apart from symmetric Thompson’s groups, there are other interesting families of almost
automorphism groups. One of them is the class of generalized Grigorchuk–Gupta–Sidki
groups (also known as GGS groups), introduced by Baumslag in (Baumslag, 1993) and
generalized by Bartholdi in his Ph.D. thesis (Bartholdi, 2000). Lastly, other important
almost automorphism group is Röver’s group, constructed from V and Grigorchuk’s
group (Röver, 1999, 2002).

Finally, we will concentrate on a generalization of Thompson’s groups due to Brin and
Dehornoy: the braided Thompson’s group, which can be seen as a braided version of V .
Defined independently in (Brin, 2006, 2007) and (Dehornoy, 2006), braided Thompson’s
group belongs to a huge family of Thompson-like groups defined by cloning systems,
fully covered in (Skipper and Zaremsky, 2017; Witzel and Zaremsky, 2018; Zaremsky,
2018). As cloning systems are out of scope of this thesis, we only note that original
Richard Thompson’s groups arise from cloning systems, as well as groups such as
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upper triangular matrix groups, mock reflection groups, and loop braid groups (Witzel
and Zaremsky, 2018). Regarding braided Thompson’s group, Brin provides a finite
presentation for it in (Brin, 2006). Later, a braided version of F is defined in (Brady
et al., 2008): the pure braided Thompson’s group.

Thompson’s groups and mapping class groups

As mapping class groups are the main topic of the last chapter of this thesis, we briefly
explore the connection between them and Thompson’s groups.

The mapping class group of a surface S, Map(S), is the group of isotopy classes of
orientation preserving diffeomorphisms of S. These objects, for finite-type surfaces,
are thoroughly covered in (Farb and Margalit, 2012). The mapping class group of an
infinite-type surface, namely a surface whose fundamental group is not finitely gener-
ated, has been deeply studied from numerous points of view in recent years.

From the geometric and algebraic point of view, the relation of mapping class groups
with Thompson’s groups arises in the context of asymptotic mapping class groups,
groups which asymptotically preserve a collection of arcs and curves defined on an
infinite-type surface. Also called universal mapping class groups, they contain the
mapping class group of every compact orientable surface of genus g with non-empty
boundary, see (Harer, 1985; Funar and Kapoudjian, 2009). In particular, they ap-
pear as extensions of V by the compactly supported pure mapping class group of an
infinite-type surface, see (Funar and Kapoudjian, 2004; Aramayona and Funar, 2017).
Furthermore, in (Aramayona and Funar, 2017) is proven an analogue result concerning
symmetric Thompson’s group V2H, whereH is the symmetric group on two elements.

From a topological perspective, there is a continuous surjective homomorphism from
Map(S), when S is a closed surface minus a Cantor set, to Homeo(C), the group of
homeomorphisms of the Cantor set, see (Aramayona and Vlamis, 2020). The mapping
class group of an infinite-type surface is topological group with the quotient topology
coming from the compact-open topology on Homeo(S). The kernel of this homomor-
phism is the pure mapping class group of the surface. Furthermore, we obtain a surjec-
tive homomorphism to Thompson’s group V when restricting to asymptotic mapping
class groups.

Finally, braided Thompson’s group also appears in this context, as shown in (Funar
et al., 2012). Indeed, Brin-Dehornoy group is an extension of V by P∞, that is, the
infinite pure braided group with compact support, which is the compactly supported
pure mapping class group of a disk punctured along a Cantor set. Furthermore, BV
itself is a subgroup of the universal mapping class group of a surface homeomorphic to
a sphere minus a Cantor set, see (Funar and Kapoudjian, 2004).
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State of the art

As this thesis focuses mainly on Dehn’s decision problems, more specifically the iso-
morphism (including the particular case of embedding) and conjugacy problem, we will
concentrate on the results concerning these matters. We will also provide some results
about finding finite generating sets for some generalized Thompson’s groups.

As a reminder for the reader, a Dehn’s decision problem is the problem of giving an
algorithm which determines in a finite number of steps if an element of a group is the
identity (word problem), if two given groups are isomorphic (isomorphism problem),
or two elements are conjugate inside a group (conjugacy problem), see (Dehn, 1911,
1987). The embedding problem, which asks whether a group can be embedded into
other, was firstly studied by Higman in order to prove the existence of finitely presented
groups with unsolvable word problem, see (Higman, 1961). Detailed definitions of these
problems are provided in Chapter 1.

Regarding the embedding problem in Thompson’s groups, the first result is due to
Higman, which proves that Vn,k can be embedded into Vm,k for n > m if n = 1+(m−1)d
for some d ≥ 1 (Higman, 1974). In particular any Vn embeds into V2. Later, in (Birget,
2020) it is proven that V2 embeds into any Vn. We will use both proofs to extend these
results to symmetric Thompson’s groups.

In the case of the isomorphism problem, the first known result is again due to Higman,
which shows that if m = n and gcd(n − 1, r) = gcd(n − 1, s), then Vm,r is isomorphic
to Vn,s. The idea behind the proof is to count the number of conjugacy classes of
homomorphisms of finite groups into Vn,r. Later, in (Pardo, 2011) it is proven that
this necessary condition is also sufficient by using Leavitt algebras, see (Leavitt, 1962).
As said before, Farley and Hughes distinguishes isomorphism classes of FSS groups.
This is done by using Rubin’s Theorem (Rubin, 1996), which states that two locally
dense isomorphic subgroups of the automorphism group of a locally compact, Hausdorff
topological space X without isolated points must be conjugate in X. Therefore, they
show that any isomorphism between two groups of this family must be via conjugation
inside the group of homeomorphisms of the Cantor set. In a nutshell, by examining the
dynamical structure of elements in the groups, they find restrictions on isomorphisms.

Concerning symmetric Thompson’s groups, Rubin’s Theorem implies that two symmet-
ric groups VnG and VnH are isomorphic if G and H are conjugate as subgroups of the
symmetric group on n elements, as shown in (Bleak et al., 2017). Furthermore, Bleak,
Donoven and Jonušas prove that for n ≥ 2, Vn ∼= VnG if and only if G is semiregular,
that is, nontrivial permutations of G have no fixed points. They also show that for
n > 3 there exist G,H ∈ Sym(n) with G ∼= H but where the induced groups VnG and
VnH are not isomorphic. Intuitively, the orbit structure of the actions on the Cantor
set of the elements of G and H impacts the isomorphism types of the groups VnG and
VnH.
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Next, the conjugacy problem for Thompson’s groups was firstly studied by Higman,
who solved it for V . Later, Guba and Sapir used diagram groups in order to solve it
for F , see (Guba and Sapir, 1997). The reference for this thesis in order to address this
problem is the work of (Belk and Matucci, 2014), who offered an unified solution to
the conjugacy problem for F , T and V by using the theory of strand diagrams. Their
solution to the conjugacy problem is primarily of dynamical and topological nature.
It is based on the general theory of Mather invariants, which are a generalization
of the conjugacy invariants for diffeomorphisms of the interval introduced by Mather
(Mather, 1974). Such invariants were previously used by Brin and Squier for conjugacy
in the group of piecewise-linear homeomorphisms of the interval (Brin and Squier,
2001), and by Matucci to describe conjugacy in more general groups of piecewise-linear
homeomorphisms (Matucci, 2010). The conjugacy problem remains unsolved for some
significant generalizations of these groups, as Brin’s 2-dimensional Thompson’s group
2V .

Regarding the conjugacy problem for almost automorphism groups, the first approach
is due to Le Boudec and Wesolek. They classify elements of AAut(Tn,k) based on
their dynamical properties, see (Le Boudec and Wesolek, 2019). In particular, they
divide elements of AAut(Tn,k) into elliptic elements and translations, depending on
how they act on the Cantor set. Inspired by their work, Goffer and Lederle further
analyze the dynamics for an almost automorphism in (Goffer and Lederle, 2019). They
prove that every g ∈ AAut(Tn,k) can be written uniquely as a product ghge, where
gh is a hyperbolic element and ge is elliptic, such that the supports of ge and gh are
disjoint. Regarding elliptic elements, it is possible to define an orbit type of an element
of Aut(Tn,k), which is a labelled forest representing the size of the orbits of the element
in Tn,k. As proved in (Gawron et al., 2001), two automorphisms of Tn,k are conjugate in
Aut(Tn,k) if and only if they have the same orbit type. On the other hand, hyperbolic
elements are shown to be conjugate to some element of Vn,k, by applying the ideas of
(Belk and Matucci, 2014). All these concepts converge to a series of requirements to
distinguish whether two elements of an almost automorphism group are conjugate or
not. It remains to find an algorithm to check all these requirements in finite time.

Finally, apart from Dehn’s decision problems, finite presentations have been given for
different families of generalized Thompson’s groups, including Fn,k, Tn,k, Vn,k, higher
dimensional Thompson’s groups and the braided Thompson’s group, as said previously.
It is straightforward to see that if a self-similar group G is finitely generated, then the
almost automorphism group constructed from it is also finitely generated. However,
it is not immediate to determine whether a finitely generated almost automorphism
group is finitely presented.
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Structure and contents

This Ph.D. thesis is structured in five chapters. The guiding idea of the first four
chapters is the study of Dehn’s decision problems on generalizations of Thompson’s
groups and some basic properties of these groups, like finite generation. In the last
chapter we move to infinite-type surfaces. This topic, which has been mentioned in the
previous paragraphs, is the first original result of the author.

Next we will briefly discuss the contents of each chapter, highlighting in each case the
main original results.

Chapter 1

In this chapter, we shall introduce the preliminary concepts and definitions needed in
order to understand the results presented along this thesis. We define Dehn’s decision
problems, Cantor sets and prefix codes required to introduce Thompson’s groups, as
well as self-similar groups and almost automorphism groups. Some of these groups (es-
pecially symmetric Thompson’s groups) will be studied in the following three chapters.
In this chapter there are not original results.

Chapter 2

This chapter is devoted to the study of the conjugacy and the isomorphism problems
for symmetric Thompson’s groups. For this purpose, we generalize and apply the ideas
of (Higman, 1974) and (Belk and Matucci, 2014).

More concretely, in (Higman, 1974) a series of results concerning isomorphisms between
Thompson’s groups is presented. In particular it is proven that Vn is isomorphic to Vm
if and only if n = m. Higman proves this theorem by counting the number of conjugacy
classes (in Vn) of homomorphisms of finite cyclic groups into Vn. It is shown that there
are exactly n classes for Vn, so Vn cannot be isomorphic to Vm for m 6= n.

In order to use a similar approach for symmetric Thompson’s groups, one would need
to study the conjugacy classes of homomorphisms of finite cyclic groups into VnH.
However, it is not clear how to do that, as there are elements of Vn which are not
conjugate in Vn but they indeed are in some VnH. Therefore, the non-isomorphism
problem leads irretrievably to the conjugacy problem.

It is at this point where we generalize the methods presented on (Belk and Matucci,
2014) for the original Thompson’s groups F , T and V . By using a system of graphs
called strand diagrams, which represent elements of Thompson’s groups, Belk and
Matucci are able to decide whether two elements are conjugate or not. The proof
relies on a series of transformations between strand diagrams, such that two elements
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are conjugate if and only if there exists a sequence of transformations which takes the
strand diagram representing the first element to the strand diagram representing the
second.

In our case, this work can be generalized to symmetric Thompson’s groups by consid-
ering a wider family of strand diagrams (with labelled vertices) and transformations.
Therefore, two elements of a symmetric Thompson’s group are conjugate if and only if
they differ by a finite sequence of transformations.

Once we know about conjugacy classes in symmetric Thompson’s groups, we are able
to shed light on the non-isomorphism problem, by using the same ideas of (Higman,
1974). In particular two different groups VmG and VnH are not isomorphic for any
G,H and n 6= m.

It remains to know a complete classification under isomorphism for a fixed n. Only
partial results are known. As said before, (Bleak et al., 2017) shows that there exist n, G
and H, such that G is not isomorphic to H but VnG and VnH are indeed isomorphic.

The results contained in Chapter 2 have been published in the article (Aroca, 2018a).

Chapter 3

Chapter 3 focus on the embedding problem for symmetric Thompson’s groups. As in
the previous chapter, we base our work in (Higman, 1974), where it is proven that
Vn embeds into Vm for n > m if n = 1 + (m − 1)d for some d ≥ 1, that is, n ≡ 1
mod (m − 1), a condition known as Higman’s condition. The proof of this result is
based on the topological properties of the infinite trees used for the representation of
the elements of any Vn, see Chapter 1. In particular, this means that any Vn can be
embedded into V2. This result together with the one of (Birget, 2020) show that it is
possible to construct an embedding between any pair of Thompson’s groups.

In spite of the similarity between Higman’s and Birget’s results, the methods used in
both proofs are diametrically opposite. On the one hand, as said previously, Higman’s
proof relies strongly on the topological properties of Thompson’s groups. On the other
hand, Birget’s proof is purely algebraic and uses another representation of elements
of a Thompson’s group, called tables. Moreover, the embeddings presented by Birget
do not generally preserve the number of fixed points of an element, so they cannot be
topological in nature.

Regarding symmetric Thompson’s groups, by adapting the proofs of both Higman and
Birget, we are able to state conditions in order to embed a symmetric Thompson’s
group into another. In particular, a topological embedding (one which preserves the
local groups of germs) between VnH and VmG requires that n and m fulfill Higman’s
condition, and there exists a finite cover of n pairwise disjoint open sets of the m-ary
Cantor set such that G acts on such a covering as H.
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In addition, we are also able to construct an algebraic embedding of VmG into VnH
by defining tables for symmetric Thompson’s groups. Therefore, we prove that VmG
embeds into VnH if n and m fulfill Higman’s condition and H acts as G on the first m
elements and as the identity on the remaining n−m elements.

All results of Chapter 3 have been published in the paper (Aroca and Bleak, 2020), in
a joint work with Collin Bleak, of the University of St. Andrews, UK.

Chapter 4

In this chapter, we define a new family of generalized of Thompson’s groups based on
the work of (Brin, 2007, 2006; Dehornoy, 2006). In these articles, Brin and Dehornoy
define independently a braided Thompson’s group, denoted Vbr (BV2 in this thesis).
The way to understand BV2 is as follows: if V2 is the group of homeomorphisms of the
dyadic Cantor set to itself consisting of affine maps, then BV2 is based on isotopies of
R2 between dyadic Cantor sets embedded in the unit interval. The elements of BV2 are
usually represented as braids between the leaves of two full finite binary rooted trees,
as we will see.

The definition of the braided Thompson’s group can be easily generalized to any Brown-
Higman-Thompson group Vn,k, so it is straightforward to obtain the corresponding
braided versions BVn,k. As it is proven in (Brin, 2007, 2006), BV2 is a finitely presented
group. The proof is highly algebraic, based on Zappa-Szép products, which are a
generalization of semidirect products.

The aim of this chapter is to go a step further, defining a braided version of symmetric
Thompson’s groups Vn,kH. In particular, we present a family of infinitely braided
Thompson groups BVn,kH, were H is a subgroup of the Artin’s braided group Bn
(Artin, 1947). In this case, the analogues of self-similarities are recursive braids. A
recursive braid is a braid defined inductively: let β be a braid on n strands, then we
decompose every strand of β into n new strands which are braided in the same way as β.
We continue this process indefinitely on each strand, obtaining a recursive braid. Note
that this braid is completely determined by the braid defined on the first n strands.

Instead of using Brin’s algebraic methods in order to define these groups, we can apply
the theory of strand diagrams to show that infinitely braided Thompson’s groups are in
fact groups. To do this, we define a family of braided (strand) diagrams and generalize
the arguments shown on Chapter 2 to define an isomorphism between reduced braided
diagrams and equivalence classes of elements in BVn,kH.

On the other hand, based on the work of (Higman, 1974), we show that all these groups
are finitely generated. In the previous article, Higman proves that each Vn,k is finitely
presented by using the depth of its elements, which is a property defined in terms of
the minimal number of intervals needed to represent such an element, see Chapter 4.
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Higman shows that any Vn,k is generated by elements of depth at most 3, and does a
similar reasoning for the presentations. As there is a finite number of elements of depth
less or equal than 3, finite presentation is obtained.

We use a similar approach for infinitely braided Thompson groups, although there are
infinitely many different elements of depth less or equal than 3. Summing up, a group
BVn,kH is finitely generated for any n ≥ 2 and k ≥ 1 if H is any finitely generated
subgroup of Artin’s braided group Bn.

Moreover, this adaptation works only for finite generation, so it is unknown whether
all infinitely braided Thompson’s groups are finitely presented.

Finally, we explore in more detail groups BVn,kH when H is a parabolic subgroup of
Bn, that is, H is generated by a subset of the set of Artin’s generators of Bn.

All results of Chapter 4 have been published in the paper (Aroca and Cumplido, 2020),
in a joint work with María Cumplido, of the Universidad Complutense de Madrid,
Spain.

Chapter 5

The last chapter of this thesis is devoted to the study of combinatorial models for
mapping class groups of infinite-type surfaces. There exists an interest for the mapping
class group of a surface in diverse areas of mathematics, as algebraic geometry, topology
and dynamics. For example, for finite-type surfaces, Map(S) is the fundamental group
of moduli space (Farb and Margalit, 2012), and the geometric structure of Map(S) is a
fundamental ingredient in the proof of the Ending Lamination Conjecture of Thurston,
see (Brock et al., 2012).

A large proportion of the problems about the geometric-algebraic structure of Map(S)
can be tackled by using combinatorics, that is, by studying simplicial complexes con-
structed from arcs or curves of S. The most important example of this is the curve
complex C(S), introduced in (Harvey, 1981), which has as simplex for each set of ho-
motopy classes of simple closed curves of S; and whose elements have representatives
pairwise disjoint. In (Ivanov, 1997) it is proved that if S is of finite type, then Map(S)
is isomorphic to the group of isometries of the curve complex of S. In the case of S
being of infinite type, an analogous result is shown in (Hernández and Valdez, 2017).

Ivanov’s result was the starting point of similar theorems for other complexes. As an
example, Margalit (Margalit, 2004) proved a similar theorem using the pants complex
P (S) (see Chapter 5 for the definition) instead of the curve complex for finite type
surfaces. This result cannot be generalized to infinite-type surfaces, as P (S) is not
connected.
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Starting from this problem, and by modifying a family of graphs defined in (Fossas
and Parlier, 2015), we find in Chapter 5 a connected analogue of the pants complex
for infinite-type surfaces, denoted by G′0(S). Using this complex, it is possible to adapt
the proof of Margalit such that Map(S) is isomorphic to the group of automorphisms
(with some restrictions) of G′0(S). In addition, we consider another complex defined
by Fossas and Parlier on any infinite-type surface S, called G∞(S), proving that it has
finite diameter. In particular, we show that its diameter is less or equal than 3.

All the original results of this chapter have been published in (Aroca, 2018b).
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Chapter 1

Preliminaries

This first chapter is devoted to provide the necessary background to tackle the problems
presented in the next chapters of this thesis. To do that, we start with some basic
definitions about alphabets and group presentations. We next move to the definitions
of Dehn’s decision problems, and finally we give a profound introduction of Thompson’s
groups and generalized Thompson groups.

1.1 Dehn’s decision problems

We start giving a brief introduction to group presentations, which allows us to present
Dehn’s three decision problems, originally defined in (Dehn, 1911). In addition, we also
state the embedding problem, which will be studied for a specific family of generalized
Thompson groups.

Let A be an alphabet, that is, a collection of symbols {x1, x2, . . . }. We call such xi
letters. We define a word over A as a sequence of letters of A. The set of words over
A will be denoted by Aω, which is the disjoint union of the set of infinite words AN and
the set of finite words A∗ over A, including the empty word ε. We define the operation
of concatenation:

|| : A∗ ×Aω → Aω
(w,w′) → w||w′,

where w||w′ is the (finite or infinite) word obtained by appending w′ at the end of w.
Note that A∗ is a monoid under concatenation.

We will often just write the concatenation of two strings without the formal concate-
nation operator, that is, we might write u||v as simply uv, reserving the formal use of
“||” for situations where we wish to stress that a concatenation is occurring.

Definition 1.1. Let G be a group. A generating set of G is a set S = {x1, x2, . . . },
such that every element of G can be expressed as a (not necessarily unique) finite
product of powers of elements in S.
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Chapter 1 Preliminaries

Definition 1.2. Let A be an alphabet. We define GA as the free group with basis
A, that is, the group generated by the elements xi ∈ A and its inverses x−1

i , such that
xi||x−1

i = x−1
i ||xi = ε.

Note that the previous equalities establish an equivalence relation between words in
A∗, such that xi||x−1

i ||w ≡ w||xi||x
−1
i ≡ w for all w ∈ A∗.

Given a generating set S of a group G, we establish a bijection φ : S → A between
the elements of S and an alphabet A. Then the bijection extends to a surjective
homomorphism φ̃ : GA → G. By the First isomorphism theorem,

G ∼= GA/ ker(φ̃).

Let R be a subset of GA such that ker(φ̃) is the normal closure of R. Then R is called a
set of relators of G. We call 〈S|R〉 a presentation for G. A presentation completely
determines G up to isomorphism.

Definition 1.3. We say that a group G is finitely generated if there exists a finite
generating set S for G.

Definition 1.4. We say that a group G is finitely presented if there exists a pre-
sentation of G = 〈S|R〉 such that both S and R are finite.

From these concepts we are ready to state Dehn’s decision problems (see (Dehn, 1987)
for a complete description of them), which were firstly defined in (Dehn, 1911):

Definition 1.5. Let G = 〈S|R〉 be a group presentation and w any word of (S∪S−1)∗.
The word problem is the problem of giving an algorithm which determines if w ≡ ε
in a finite number of steps.

Definition 1.6. Let G = 〈S|R〉 be a group presentation and w,w′ two group elements.
The conjugacy problem is the problem of giving an algorithm which determines in
a finite number of steps if w and w′ are conjugate, that is, if there exists h ∈ G such
that

w′ = h−1wh.

Definition 1.7. Let G = 〈S|R〉 and G′ = 〈S ′|R′〉 be two groups. The isomorphism
problem is the problem of determining whether G and G′ are isomorphic.

Note that an isomorphism between G and G′ does need not to send the set of generators
S to the set of generators S ′. As a variation of Dehn’s isomorphism problem, we consider
also the following one:
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1.2 Thompson’s Groups

Definition 1.8. Let G = 〈S|R〉 and G′ = 〈S ′|R′〉 be two groups. The embedding
problem is the problem of determining whether G′ can be embedded in G, that is,
determining the existence of an injective homomorphism from G′ to G.

Although the embedding problem is a special case of the isomorphism problem for G′

and a subgroup of G, it is not clear how to find such a subgroup or equivalently, the
injective homomorphism (if it exists). The embedding problem was thoroughly studied
by G. Higman, culminating in the Higman embedding theorem (Higman, 1961),
which proves that every finitely generated recursively presented group G (a group whose
set of generators S is indexed by a set consisting of all the natural numbers or a finite
subset of them) can be embedded as a subgroup of some finitely presented group G′.

The word problem and the conjugacy problem were firstly solved by Dehn in (Dehn,
1912) for the fundamental groups of closed orientable two-dimensional manifolds of
genus greater than or equal to 2. It is also important to highlight that there exist
groups for which it does not exist an algorithm which solves the word problem, as
shown in (Novikov, 1955). The same occurs with the conjugacy and the isomorphism
problems. As we will see throughout this thesis, these decision problems are deeply
connected, that is, we will be able to solve a specific decision problem as a consequence
of solving a different one. The most obvious connection is that solving the conjugacy
problem on a group G implies solving the word problem on G. As we will see, for some
generalizations of Thompson’s groups, solving the conjugacy problem implies solving
the isomorphism problem.

1.2 Thompson’s Groups

In this section, we give a brief introduction to the original Richard Thompson’s groups
F , T and V , firstly defined in 1965. These groups (denoted by F2, T2 and V2 in
the thesis) are subgroups of the group of homeomorphisms of the dyadic Cantor set.
Later, in (Higman, 1974), Higman generalized these groups to any n-adic Cantor set (in
fact, he originally defined these groups as automorphism groups of certain algebras).
Defining these sets is the starting point of this section.

1.2.1 Ends and Cantor sets

In order to construct the n-adic Cantor set, we recover some definitions from (Bridson
and Haefliger, 1999):

Definition 1.9. We say that a map f : X → Y between two topological spaces is
proper if f−1(C) ⊆ X is compact whenever C ⊆ Y is compact.
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Definition 1.10. Let X be a topological space. A ray in X is a map r : [0,∞)→ X.
By abuse of notation we identify the map with its image. Let r1, r2 be proper rays. We
say that r1 and r2 converge to the same end if for every compact C ⊆ X there exists
N ∈ N such that r1[N,∞) and r2[N,∞) are contained in the same path component of
X\C.

This defines an equivalence relation which is denoted by end(r) and the set of equiva-
lence classes is denoted Ends(X). If the cardinality of Ends(X) is m, then we say that
X has m ends.

Definition 1.11. A metric (topological) space X is called geodesic if every pair of
points x, y ∈ X can be joined by a continuous path of length d(x, y). We say that the
space is uniquely geodesic if for every pair of points x, y ∈ X there is one and only
one geodesic joining them.

Let Tn be the regular n-ary rooted tree, that is, the infinite simplicial rooted tree
where the root has exactly n neighbours, and every vertex other than the root has
exactly n + 1 neighbours. Then, Tn becomes a uniquely geodesic metric space by
deeming every edge of Tn to have length 1. For i ≥ 0, define the i-th generation T in of
Tn to be the set of vertices of Tn at distance exactly i from the root. Note that there
is a bijection between the set of geodesic rays starting at the root of Tn and the set
Ends(Tn): as Tn is uniquely geodesic, each equivalence class in Ends(Tn) contains only
one representative.

For a natural number n > 1, let Cn be the n-adic Cantor set, which is constructed in-
ductively as follows: C1

n corresponds to first subdividing C0
n = [0, 1] into 2n−1 closed in-

tervals of equal length, numbered 1, . . . , 2n−1 from left to right, and then deleting from
C0
n the even numbered intervals. The remaining intervals are denoted Cn,0, . . . ,Cn,n−1.

Next, C2
n is obtained from C1

n by applying the same procedure to each of the inter-
vals forming C1

n, so C2
n is a collection of n2 intervals Cn,00,Cn,01, . . . ,Cn,(n−1)(n−1). We

continue this process, and define
Cn = ∩iCin.

Now, let An = {0, . . . , n− 1} and give it the discrete topology. Then we build a direct
homeomorphism from the space AN

n equipped with the product topology to Cn, which
maps any finite word w ∈ A∗n to the interval of Cn,w ⊂ Cin, so every element ζ ∈ Cn
can be expressed as an infinite word ζ = w1w2 . . . , where wi ∈ An. It is a classical
result from (Brouwer, 1910) that all of the spaces in the set {Cn}n≥2 are abstractly
homeomorphic to each other. Observe that C2 is the usual “middle-third" Cantor set.

The previous construction provides a unique description of an element of Cn as an
infinite word over the alphabet An. Let Γ be an infinite graph whose set of vertices is
in bijection with A∗n. Two vertices u, v span an edge if one of the corresponding finite
words is obtained from the other by appending an element of An, that is, v = u||i for
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some i ∈ An. It is straightforward to verify that Γ is isomorphic to Tn. Besides, trees
allow us to give a useful alternate incarnation of Cn. Consider a planar representation
of Tn in the plane. For i ≥ 1, label the leaves of T in with the set {0, . . . , n− 1}i, in such
way that labels increase lexicographically from left to right. Then, every geodesic ray
in Tn issued from the root is uniquely encoded by an infinite word ζ ∈ Aωn , thus there
is a bijection between elements of Cn and Ends(Tn). In a similar way, any vertex of T in
is encoded by a finite word w ∈ A∗n of length i, see Figure 1.1.

Figure 1.1: Construction of C2, C3, and the corresponding T2 and T3.

We define Aut(Tn) as the group of all automorphisms of Tn. Note that any element of
Aut(Tn) induces a homeomorphism of Cn, when restricted to Ends(Tn).

1.2.2 Prefix codes

In order to describe elements of Aut(Tn) and other kind of homeomorphisms of the
n-ary Cantor set Cn, we will use finite covers of Cn. To do that, we define prefix
codes, which are symbolic representations of these covers as sets of finite words over
the alphabet An.

Definition 1.12. Let u ∈ A∗n and v ∈ A∗n ∪ AN
n . We say that u is a prefix of v

(u ≤pref v) if v = u||w, for some w ∈ A∗n ∪ AN
n .

Note that this property is transitive for finite length words: If u ≤pref v and v ≤pref w
then u ≤pref w. In addition, u ≤pref u, as ε ∈ A∗n. That is, ≤pref provides a partial
order on A∗n.

We can define a metric on Cn by declaring the distance d(α, β) between two distinct
points α = w1w2 . . . and β = w′1w

′
2 . . . in Cn to be 2−i, where i is the first index for

which wi 6= w′i. This is actually an ultrametric, meaning that it satisfies the strong
triangle inequality

d(α, γ) ≤ max
(
d(α, β), d(β, γ)

)
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for all α, β, γ ∈ Cn. With respect to this metric, the isometry group of Cn is naturally
isomorphic to Aut(Tn): note that any isometry of Cn preserves the distance between
any pair of points, so all sets T in must be preserved for each i ≥ 0.

Given a finite n-ary sequence u ∈ Tn, let Bw be the subset of the Cantor space Cn
consisting of all infinite n-ary words ζ such that u ≤pref ζ. Note that Bu is a metric
ball in Cn with respect to the ultrametric. In fact, every ball in Cn has this form: given
a point ζ = w1 . . . wi . . . ∈ Cn, the set of all points at distance 2−i or less from ζ is
exactly the set of elements of the form ζ ′ = w1 . . . wi||ζ ′′, for some ζ ′′ ∈ AN

n , that is, the
points contained in Bw1...wi .

Such a ball is always clopen in Cn, and every clopen subset of Cn is a finite, disjoint
union of balls. It follows from Definition 1.12 that Bv ⊆ Bu if and only if u ≤pref v.

ε

0

u = 02

Bu

Figure 1.2: An example of ball Bu ⊂ C3 determined by u = 02.

Definition 1.13. Let S be a finite set of words in A∗n. We say that S is a prefix code
of Cn if for every infinite word ζ ∈ AN

n there exists one and only one word s ∈ S such
that s ≤pref ζ. Specifically, a prefix code is a complete anti-chain for the partial order
≤pref .

Equivalently, a prefix code S = {s1, s2, . . . , sk} is a partition of Cn into balls Bsi . We
will move indistinctly between the terms prefix code and partition throughout this
chapter, as appropriate.

In terms of graphs, let Tn be the regular n-ary rooted tree. We say that a rooted subtree
T of Tn is full if all vertices of T have degree either n + 1 or 1 (excluding the root,
which has degree either n or 0). Therefore, any prefix code S can be seen graphically
as a full finite n-ary rooted tree TS ⊂ Tn consisting of the union of all paths which start

6



1.2 Thompson’s Groups

at the root of Tn and finish at a vertex si ∈ S. Therefore, there is a bijection between
the leaves (vertices of degree 1) of TS and the elements of S, see Figure 1.3. We say
that TS is the tree representation of the prefix code S.

Figure 1.3: Tree representation of the prefix code S = {00, 010, 011, 10, 110, 111}.

Let s ∈ S be an element of a prefix code. We can construct a prefix code S′ from S by
considering S′ = (S\{s}) ∪ {s||0, . . . , s||(n− 1)}. Note that, in terms of covers, S′ is a
refinement of S of the form:

Bs
ref−→ Bs0 ∪ · · · ∪Bs(n−1).

We say that S′ is an elementary expansion of S, and in particular, the set {s||i}n−1
i=0

is the elementary expansion of s. Conversely, S is an elementary reduction of S′.
In a similar way, a prefix code S′ is an expansion (resp. reduction) of a prefix code
S if S′ may be obtained from S by a finite sequence of elementary expansions (resp.
elementary reductions). These definitions can also be applied to the corresponding tree
representations of any prefix code.

Let TS and TS′ be two tree representations such that S′ is an elementary expansion of
S. Then the subgraph TS′\TS is called a caret. A caret can always be represented
by its set of vertices {s||i}n−1

i=0 for some finite n-ary word s. Note that any full finite
n-ary rooted tree is a finite union of carets. Moreover, a caret c ⊂ TS is final if the
elements of c are leaves of TS . In light of these definitions, it is straightforward to
see that expansions and reductions consist of adding and removing carets from a tree
representation.

Definition 1.14. We define the greatest common refinement of two prefix codes
S and S′ as the smallest prefix code (with respect to the prefix order) containing both
S and S′.

Lemma 1.15. Any pair of prefix codes has a greatest common refinement.

7
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Proof. Given two prefix codes S and S′, consider the following sets:

RS = {s ∈ S | ∃s′ ∈ S′ such that s′ ≤pref s},
RS′ = {s′ ∈ S′ | ∃s ∈ S such that s ≤pref s

′}.

Then RS ∪RS′ is a prefix code, by construction, and it is the greatest common refine-
ment of S and S′. Indeed, suppose that there exists a common refinement R of S and
S′ such that r <pref r′ for some r ∈ R and r′ ∈ RS ∪ RS′ . Then either r ∈ S and
r′ ∈ S′ or r ∈ S′ and r′ ∈ S. In both cases r ∈ RS ∪RS′ by construction, so we have a
contradiction, as both r and r′ cannot be simultaneously in RS ∪RS′ .

In terms of trees, let TS and TS′ be the tree representations of the prefix codes S and
S′ respectively. Then, the tree representation of the greatest common refinement of S
and S′ is simply TS ∪ TS′ , where TS and TS′ share the root.

1.2.3 Thompson’s groups

With all this machinery about prefix codes and refinements, we are now able to de-
fine Thompson’s groups. These groups and their generalizations are based on prefix
replacement homeomorphisms, which we proceed to define.

For any two balls Bu, Bv ⊂ Cn, there is a natural prefix replacement homeomor-
phism:

puv : Bu → Bv
uζ → vζ,

for all ζ ∈ Cn. Note that any prefix replacement puv is indeed a homeomorphism, as
p−1
uv = pvu takes any open ball B ⊆ Bv to an open ball pvu(B) ⊆ Bu. A homeomorphism
f : Cn → Cn is called a rearrangement of Cn if there exist partitions (or equivalently
prefix codes) {B1, . . . , Bm} and {B′1, . . . , B′m} of Cn into balls such that f maps each
Bi to B′i by the corresponding prefix replacement homeomorphism.

Observe that there are infinitely many pairs of partitions which define the same home-
omorphism. More concretely, by considering a refinement of the ball Bu, we have the
following commutative diagram:

Bu

puv

��

ref // {Bu0,

puv

��

Bu1,

puv

��

. . . Bu(n−1)}

puv

��
Bv

ref // {Bv0, Bv1, . . . Bv(n−1)}

such that Bv is the image of Bu by the prefix replacement homeomorphism puv, and
{Bv0, . . . Bv(n−1)} its corresponding refinement. Therefore, for any given prefix re-
placement homeomorphism puv : Bu → Bv, it is always possible to define puv on the
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1.2 Thompson’s Groups

refinement
ref : Bu → Bu0 ∪ · · · ∪Bu(n−1).

However, the converse is only possible if there exists a prefix replacement homeomor-
phism puv and two refinements {Bu0, . . . Bu(n−1)} and {Bv0, . . . Bv(n−1)} such that the
puv maps Bui to Bvi for every i ∈ {0, . . . , n− 1}. In that case, Bu and Bv are reduc-
tions (with respect to puv) of {Bu0, . . . Bu(n−1)} and {Bv0, . . . Bv(n−1)}.

The previous process turns out to be the key for composing rearrangements (and more
particularly prefix replacement homeomorphisms). Indeed, let f be a rearrangement
from the prefix code S to the prefix code T and g a rearrangement from the prefix code
T ′ to the prefix code S′. It is possible to compose g ◦ f by considering the greatest
common refinement of T and T ′, say T̃ ; and taking S̃ = f−1(T̃ ) and S̃′ = g(T̃ ). Then
g ◦ f is a rearrangement from S̃ to S̃′.

Summing up, we define Thompson’s group Vn as the group of all rearrangements
of Cn.

1.2.4 Tree-pair representation

Following (Cannon et al., 1996), we now explain a useful way of encoding elements of Vn
in terms of pairs of finite full n-ary trees. Given f ∈ Vn, let S and S′ be two prefix codes.
Let TS and TS′ be the corresponding tree representations of S an S′ respectively. Then
f can be represented as a tree-pair (TS , TS′) such that both TS and TS′ have d leaves;
together with a bijection between their leaves τ(f) ∈ Sym(d), where Sym(d) is the
permutation group on d elements. We call (TS , τ(f), TS′) a tree-pair representation
of f , where TS is the domain tree and TS′ the range tree.

As there exist infinitely many pairs of partitions which define the same rearrangement,
this way of encoding is far from unique: we say that a tree-pair representation f =
(TS , τ(g), TS′) is reduced if TS and TS′ cannot be reduced any further with respect
to a prefix replacement homeomorphism of f : recall that both tree representations can
be reduced if τ(f) maps w||i to w′||i for every i ∈ {0, . . . , n − 1}, where w and w′ are
two finite words such that the sets {w||i}n−1

i=0 and {w′||i}n−1
i=0 are final carets of TS and

TS′ respectively. Finally, we simply write (T, τ, T ′) for a tree-pair representative of f
whenever it is not necessary to specify the particular prefix codes giving rise to the tree
representations.

There are two subgroups of Vn of special interest, named Thompson’s group Tn and
Thompson’s group Fn. The elements of Tn are depicted as triples (T, τ, T ′) such that τ
is a cyclic permutation. Similarly, elements of Fn are depicted as pairs (T, T ′), that is,
triples (T, τ, T ′) such that τ is the identity permutation. Originally, the group Tn was
defined as the group of piecewise linear homeomorphisms of the unit circle, whereas
Fn was defined as the subgroup of Tn (and consequently of Vn) of piecewise linear
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1

2 3

4

3 1 2 4

Figure 1.4: A reduced element of V2.

homeomorphisms of the unit interval. The reader can find in (Cannon et al., 1996) a
proof of the equivalence between both definitions of Fn and Tn.

F2 has special mention, with its two generator presentation (Cannon et al., 1996):

〈A,B | [AB−1, A−1BA] = [AB−1, A−2BA2] = Id〉,

where [x, y] = x−1y−1xy, is the commutator operator. It was defined by Thompson to-
gether with T2 and V2 in some unpublished notes in 1965, as a possible counterexample
to Von Neumann’s conjecture (Day, 1957):

Conjecture 1.16. A group G is non-amenable if and only if G contains a subgroup
that is a free group on two generators.

It is still not known whether F2 is amenable or not, but it does not contain a subgroup
isomorphic to F2, the free group on two elements, as shown in (Brin and Squier, 1985).

To finish this section we proceed to prove a useful result regarding embeddings between
Thompson’s groups:

Theorem 1.17. (Higman, 1974) Vn embedds into Vm if n = 1 + (m − 1)d for some
d ≥ 1.

The previous condition is known as Higman’s condition, and will be used later in
Chapter 3 as a requirement to generalize this result to some generalizations of Thomp-
son’s groups.

Proof. Higman’s condition is equivalent to n ≡ 1 mod (m − 1). By the previous
congruence, there exists a full finite m-ary tree TS with exactly n leaves. Therefore,
there exists a (not unique) tree transformation that takes any caret of Tn to TS . This
transformation extends to an injective homomorphism of groups from Vn to Vm. This
homomorphism is given by the map h : i → si for all i ∈ {0, . . . , n − 1}, where
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S = {s0, . . . , sn−1} is the prefix code of Am of length n represented by TS , see Figure
1.5.

1

2 3 4

5 2 1

4 5 3

1

2

3 4

5

2

1

4

5 3

Figure 1.5: An embedding of V3 into V2: any caret of T3 is transformed into a full finite
binary tree with 3 leaves.

In particular, this means that any Vn embeds into V2. Later, in (Birget, 2020), it was
proved that V2 embeds into any Vm, so we have the following result:

Theorem 1.18. Vm embeds into Vn for any pair n,m ≥ 2.

1.3 Generalized Thompson’s Groups

In this section, we define some generalizations of the Higman-Thompson groups Vn.
Some of them will be repeatedly used throughout this thesis, whereas others will be
further generalized. We explore two different generalizations of Thompson’s groups:
Brown-Higman-Thompson’s groups and almost automorphism groups. In Chapter 4
we will see a third one: braided Thompson groups.

1.3.1 Brown-Higman-Thompson’s groups

The first generalization considered in (Higman, 1974) for Vn and in (Brown, 1987) for
Fn and Tn is based on the idea of taking k disjoint copies of Cn instead of only one.
Let Cn(k) = Cn∪ k. . .∪Cn. Again, Cn(k) is homeomorphic to Cn (Brouwer, 1910), so all
definitions of the previous subsection can be easily generalized to any Cn(k). Therefore,
we define the following groups of homeomorphisms of Cn:

11
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Definition 1.19. We define the Brown-Higman-Thompson group Vn,k as the
group of all rearrangements of Cn(k). In a similar way, we define the groups Fn,k and
Tn,k.

To express any prefix code of Cn(k), consider the set embedded in the interval [0, k),
such that each Cantor set embeds in a unit interval of the form [i, i + 1), for some
i ∈ {0, . . . , k− 1}. Therefore, any point ζ ∈ Cn(k) can be expressed as an infinite word
ζ = z.w1w2 . . . , where z ∈ {0, . . . , k − 1} and w1w2 . . . ∈ Cn. Every partition S of
Cn(k) (apart from the partition into a single ball containing the whole Cn(k)) must be
a refinement of the partition Cn ∪ k. . . ∪ Cn, that is, there is no ball B ( Cn(k) of S
containing points from two different Cantor sets. Therefore, any prefix code S of Cn(k)
contains a prefix code Si for the i-th copy of Cn.

There are two different representations of these groups. First, an element f ∈ Vn,k
can be depicted as a forest-pair representation ({T}ki=1, τ, {T ′}ki=1), where both
{T}ki=1 and {T ′}ki=1 are disjoint unions of k rooted finite full n-ary trees, each of them
representing a partition of one of the Cantor sets. As before, τ is a bijection between
the leaves of both forests.

The other representation is again a tree-pair. It is constructed from the forest-pair
representation by linking the roots of the k trees to a new vertex, such that any forest
{T}ki=1 is depicted as a rooted tree such that the root has degree k and the other vertices
(excluding the leaves) have degree n+ 1. It is straightforward to obtain the forest-pair
representation from the tree-pair representation, and vice versa. Composition for all
these groups works as in Thompson’s groups: given two elements f, g ∈ Vn,k, it is
possible to find the greatest common refinement of the range partition of f and the
domain partition of g, so that g ◦ f is well defined.

We now give a useful result about these groups that will be used later.

Theorem 1.20. (Higman, 1974) Let n ≥ 2 and k < k′. Then Vn,k ∼= Vn,k′ if k ≡ k′

mod (n− 1).

Proof. Consider a forest {Ti}ki=1 in Cn(k) with k′ leaves. This forest exists because
k ≡ k′ mod (n − 1). Then we append the k′ roots of an element of Vn,k′ to the k′

leaves of {Ti}ki=1. This gives an injective map from Vn,k′ to Vn,k. However, this map
is also surjective, as any element f ∈ Vn,k can be obtained from an element of Vn,k′
by considering prefix codes which are refinements of the forest {Ti}ki=1. This is always
possible because of the previous congruence. The map is also a homomorphism of
groups given by

h : z.w1w2 . . .→ siw1w2 . . . ,

for all z, i ∈ {0, . . . , k′ − 1} and wi ∈ {0, . . . , n − 1}, where S = {s0, . . . , sk′−1} is a
prefix code of Cn(k) of length k′. Thus we obtain an isomorphism, see Figure 1.6.
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T1 T2
T1 T2

1

2 3

4 5 5 1

2 4

3

1

2 3

4 5 5 1

2 4

3

Figure 1.6: The isomorphism between V2,2 and V2: the roots of any pair of trees T1, T2

can be appended to a caret of T2.

We can further generalize these concepts by considering infinitely many copies of Cn and
rearrangements with compact support. In this case, we obtain groups V̂n and F̂n (Fn,∞
and Vn,∞ in (Brown, 1987)). Note that there is no definition of T̂n, as bijections can
no longer be cyclic. As before, prefix codes in V̂n and F̂n are encoded by infinite words
ζ = z.w1w2 . . . such that z ∈ N and w1w2 . . . ∈ Cn. The elements of both groups are
represented by forest-pair representations ({T}∞i=1, τ, {T ′}∞i=1) such that almost every
tree consists of the root alone and τ ∈ FSym(N), the finitary symmetric group on
N, that is, the group of permutations on infinitely many elements which permute only
a finite number of them.

As the reader may have noticed, most of Brown-Higman-Thompson groups do not
belong to Aut(Tn) as they involve “cuttings” and “gluings” of some branches of Tn, as
occurs with all Tn,k and Vn,k. We will explore some families of groups of Aut(Tn) in
the next subsection.

1.3.2 Almost automorphism groups

We now introduce self-similar groups, which are indeed subgroups of Aut(Tn). In
combination with Brown-Higman-Thompson groups, self-similar groups allow us to
define the group of almost automorphism groups AAut(Tn), which plays a central role
in this thesis.

Self-similar groups

Let Aut(Tn) the group of all automorphisms of Tn, and Sym(n) the group of permuta-
tions of the set {0, 1, . . . , n− 1}. Then Sym(n) acts naturally on Cn by permuting the
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first digit of any infinite sequence, i.e.

σ(w1w2w3 . . . ) = σ(w1)w2w3 . . .

for any σ ∈ Sym(n) and ζ = w1w2 . . . ∈ Cn. Given any σ ∈ Sym(n) and a collection
of automorphisms f0, . . . , fn−1 ∈ Aut(Tn), we can define a new automorphism f =
σ(f0, . . . , fn−1) in Aut(Tn) by

f(0||w2w3 . . . ) = σ(0)||fσ(0)(w2w3 . . . ),

...
f((n− 1)||w2w3 . . . ) = σ(n− 1)||fσ(n−1)(w2w3 . . . ).

Conversely, any automorphism f ∈ Aut(Tn) can be expressed uniquely as σ(f1, . . . , fn)
for some σ ∈ Sym(n) and f1, . . . , fn ∈ Aut(Tn): note that f corresponds to an isometry
of Cn, thus it maps i||ζ to i′||fσ(i)(ζ), where i, i′ ∈ {0, . . . , n − 1} and fi ∈ Aut(Tn), as
each fσ(i) is again an isometry of Cn. We refer to f1, . . . , fn as the components of f .
By iterating this process:

f = σ(f1, . . . , fn) = σ(σ1(fσ(1)1, . . . , fσ(1)n), . . . , σn(fσ(n)1, . . . , fσ(n)n)) = · · · ,

we obtain all iterated components of f . This gives a natural isomorphism between
Aut(Tn) and the wreath product Sym(n) o Aut(Tn) = Sym(n) n Aut(Tn)n. More gen-
erally, a restriction of an automorphism f ∈ Aut(Tn) is any iterated component of f .
More precisely, given any finite word w ∈ A∗n, the restriction f |w is the automorphism
of Tn that satisfies

f(w||v) = f(w)||f |w(v)

for all v ∈ Tn.

By abuse of notation, we may identify an element f ∈ Aut(Tn) with some of its iterated
components fi if they act in the same way on the infinite regular tree Tn. See Exam-
ples 1.24 and 1.25. With this identification in mind, we proceed to define self-similar
groups:

Definition 1.21 (Self-similar group). A subgroup G ≤ Aut(Tn) is said to be self-
similar if each component of each element of G is contained in G.

As a class of groups, self-similar groups were introduced by Bartholdi, Grigorchuk, and
Nekrashevych in (Bartholdi et al., 2003), though several examples of such groups had
previously appeared in the literature: (Grigorchuk, 1980; Guba and Sapir, 1997).

We give some examples of self-similar groups below. See (Nekrashevych, 2005) for more
examples and a thorough introduction to these groups.
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Example 1.22 (Grigorchuk’s group). Let a ∈ Sym(2) be the transposition (0 1), and
let b, c, and d be the unique automorphisms of T2 satisfying

b = (a, c), c = (a, d), d = (Id, b),

such that b, c and d generate a group isomorphic to the four Klein group, that is: b2 =
c2 = d2 = Id and d = bc. Then the subgroup of Aut(T2) generated by σ, b, c, and d is
self-similar, and is known as Grigorchuk’s group.

It is straightforward to check that Grigorchuk’s group G is self-similar: the components
of each generator of G belong to G, thus any product of generators is an element whose
components are products of generators, which lie in G.

Grigorchuk’s group was the first of two groups introduced in (Grigorchuk, 1980), and
was the first known example of a group of intermediate volume growth. Grigorchuk’s
group is also a concrete solution to the Burnside problem (Burnside, 1902):

Question 1.23. If G is a finitely generated, torsion group (every element of G has
finite order), is then G necessarily finite?

Grigorchuk’s group answers the question in the negative, as it is an infinite, finitely-
generated torsion group where each element has order a power of 2 (Grigorchuk,
1980).

1 2 2 1

1 2 1a 2d 1 2

1 2

1 2b

1a 2c

Figure 1.7: The four generators of Grigorchuk’s group.

The next example is a subgroup of Aut(Tp), where p ≥ 3 can be any prime.

Example 1.24 (Gupta–Sidki groups). Let p be an odd prime, a ∈ Sym(p) be the cyclic
permutation (0 1 · · · p− 1), and b be the unique element of Aut(Tp) satisfying

b = (a, a−1, Id, . . . , Id, b).

Then the subgroup of Aut(Tp) generated by a and b is self-similar, and is known as the
Gupta–Sidki p-group.
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These groups were introduced by Gupta and Sidki in (Gupta and Sidki, 1983) as ex-
amples of infinite, finitely generated p-groups, i.e. torsion groups where the order of
every element is a power of p.

Example 1.25 (Adding Machine). Let σ ∈ Sym(2) be the transposition (0 1), and let
a ∈ Aut(T2) be the automorphism

a = σ(Id, a).

Then a is called the adding machine, and the infinite cyclic group generated by a is
the adding machine group.

Almost automorphism groups

Before defining self-similar groups we stressed that Thompson’s group Vn is not an
element of Aut(Tn). In order to define a new family of homeomorphisms of the Cantor
set, it is possible to combine Vn with any self-similar group. The resulting group belongs
to the family of almost automorphisms.

Definition 1.26. The almost automorphism group of Tn, denoted AAut(Tn), is
the group generated by the automorphism group Aut(Tn) and Thompson’s group Vn.

Elements of AAut(Tn) are called almost automorphisms. More generally, we can
consider the almost automorphism group AAut(Tn,k) for any k ∈ N, where Tn,k denotes
a disjoint union of k copies of Tn, as in Brown-Higman-Thompson’s groups. Note that
AAut(Tn,k) ∼= AAut(Tn,k′) as long as k ≡ k′ mod (n − 1), by Theorem 1.20, so we
usually only consider almost automorphisms of Tn,k for k < n. All these groups are
totally disconnected locally compact second countable groups, see (Le Boudec and
Wesolek, 2019).

We now provide a useful description of elements in AAut(Tn,k). We say that a home-
omorphism f : X → Y between metric spaces is called a similarity transformation
(or homothety) if there exists λ > 0 such that

dY
(
f(x1), f(x2)

)
= λ dX(x1, x2)

for all x1, x2 ∈ X. For example, if Bu, Bv are balls in Cn, then the prefix-replacement
homeomorphism puv : Bu → Bv is a similarity transformation with λ = 2|u|−|v|. More
generally, any similarity transformation f : Bu → Bv must have the form

f(uζ) = v h(ζ)

for all ζ ∈ Cn, where h is some automorphism of Tn. In this case, we say that f maps
Bu to Bv via h. For example, the prefix replacement puv maps Bu to Bv via the
identity.
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Theorem 1.27. A homeomorphism f : Cn → Cn is an almost automorphism of Tn
if and only if there exist partitions {B1, . . . , Bm} and {B′1, . . . , B′m} of Cn into balls
such that f maps each Bi to B′i by a similarity transformation.

Proof. On the one hand, if there exist partitions {B1, . . . , Bm} and {B′1, . . . , B′m} of
Cn into balls such that f maps each Bi to B′i by a similarity transformation, then f
can be expressed as:

f(w1ζ) = w′1fi(ζ),

...
f(wmζ) = w′mfm(ζ),

for every ζ ∈ Cn, where wi (resp. w′i) is the finite word corresponding to Bi (resp.
B′i). Therefore, f is a composition of a rearrangement which maps Bi to B′i for every
i ∈ {1, . . . ,m}, and automorphisms fi ∈ Aut(Tn), thus it is an almost automorphism.

On the other hand, let fg be a product of an element f ∈ Vn and g ∈ Aut(Tn). Then,
there exist partitions {B1, . . . , Bm} and {B′1, . . . , B′m}, and g1, . . . , gm such that f maps
Bi to B′i for every i ∈ {1, . . . ,m} and gi is an automorphism of B′i (thus it belongs to
Aut(Tn)), where g = g1 . . . gm. This idea can be generalized to any product of elements
in Vn and Aut(Tn), thus we have the desired result.

Let H be a subgroup of Aut(Tn). Suppose that there exists h ∈ H such that h can be
expressed as a nontrivial composition of two elements h1 and h2 ∈ H, that is, h = h2h1.
Let f : Bu → Bv be a similarity transformation of the form

f(uζ) = v h(ζ) = v h2h1(ζ),

that is,
f : u||ζ → v||h(ζ) = v||h2h1(ζ)

for every ζ ∈ Cn. By the previous fact, f can be expressed also in the following ways:

f : u||h−1
2 (ζ)→ v||h1(ζ),

f : u||h−1
1 h−1

2 (ζ)→ v||ζ.

From now on, we will consider the first one (from ζ to h(ζ)) as the standard repre-
sentation for elements of any almost automorphism group. The last two, which are
equivalent to the first one, will be considered only in Chapter 3, in order to prove an
embedding result for some families of almost automorphism groups.

As before, we proceed to give some examples of almost automorphism groups. In fact,
each of the previous examples of self-similar groups G leads to an almost automorphism
group by considering the group generated by Vn,k and G. We denote by Vn,kG the
almost automorphism group generated by the self-similar group G. Note that n is
determined by G.

17



Chapter 1 Preliminaries

Example 1.28 (Röver’s group). Röver’s group V2G is the group generated by Thomp-
son’s group V2 and Grigorchuk’s group G (see Example 1.22).

This group was firstly considered in (Röver, 1999), where it is proved that V2G is finitely
presented and simple. Later, in (Röver, 2002) it is shown that V2G is isomorphic to
the abstract commensurator of Grigorchuk’s group. Subsequently, Belk and Matucci
proved that Röver’s group is of type F∞ (Belk and Matucci, 2016).

Finally, any element of an almost automorphism group Vn,kG has a labelled tree-pair
(or forest-pair) representation. In particular, the prefix replacement homeomorphism
is expressed as a forest-pair ({Ti}ki=1, τ, {T ′i}ki=1), such that both {Ti}ki=1 and {T ′i}ki=1

are partitions of Cn(k), and τ is a bijection between its sets of leaves. On the other
hand, elements of G are expressed as decorations on the leaves of {T ′i}ki=1, that is,
the leaves of each T ′i are labelled with elements of G (note that we are considering
only standard representations, so the leaves of each Ti are always labelled with the
identity). This completely determines any similarity transformation f : Bu → Bv of
the form f(uζ) = vh(ζ), where h ∈ G, by putting a label h on the leaf representing Bv
(or a label h−1 on the leaf representing Bu). Therefore, any element of f ∈ Vn,kG can
be represented as a tuple

f = ({Ti}ki=1, τ, λ, {T ′i}ki=1),

such that τ ∈ Sym(d) and λ = (λ1, . . . , λd) is the set of labels of the ordered set of d
leaves of {T ′i}ki=1.

Figures 1.7 and 1.8 are examples of tree-pair representations with labelled vertices.
Note that the decoration representing an element of a self-similar group is appended to
the number representing the bijection between the leaves. In addition, if the decoration
of a leaf corresponds to the identity we do not put any labels, in order to be consistent
with the tree-pair representation of Brown-Higman-Thompson’s groups.

As occurs with Thompson’s groups, this representation is far from unique. Firstly, we
have seen that there are several ways to express a similarity transformation. Indeed,
supposing that we follow the standard representation, if we consider the following
diagram:

Bu

f

��

ref // {Bu0,

f

��

Bu1,

f

��

. . . Bu(n−1)}

f

��
Bv

ref // {Bvh(0), Bvh(1), . . . Bvh(n−1)}

then f is well defined on the refinement of Bu, so any element of the almost automor-
phism group corresponds to an equivalence class of tree-pair representations.

We can use tree-pair representations in order to define the following result:
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1.3 Generalized Thompson’s Groups

1 2 2 1a

1 2

3 3

2 1a

Figure 1.8: The generator of the adding machine group as two different tree-pair rep-
resentations. Note that the first is the reduction of the second.

Lemma 1.29. Every element of AAut(Tn) can be written as a product fg, where f ∈ Vn
and g ∈ Aut(Tn).

Proof. As AAut(Tn) is the group generated by Aut(Tn) and Thompson’s group Vn, any
element of AAut(Tn) can be expressed as a product f1f2 . . . fm, where fi is either an
element of Aut(Tn) or Vn. Suppose that we have a product fifi+1 where fi ∈ Aut(Tn)
and fi+1 ∈ Vn. We can express this product as tree-pair representations:

fifi+1 = (Tfi , τfi , λ, T
′
fi

)(Tfi+1
, τfi+1

,
−→
Id, T ′fi+1

)

where T ′fi = Tfi+1
without loss of generality, and

−→
Id = (Id, . . . , Id) by abuse of notation.

Therefore, we obtain a tree-pair representation for the product:

fifi+1 = (Tfi , τ
′, λ′, T ′fi+1

).

By considering:
f ′i+1f

′
i = (Tfi , τ

′,
−→
Id, T ′fi+1

)(T ′fi+1
, Id, λ′, T ′fi+1

),

we have that fifi+1 = f ′i+1f
′
i , where f

′
i+1 ∈ Vn and f ′i ∈ Aut(Tn). Therefore, we can

express the product f1f2 . . . fm as a product f ′1f ′2 . . . f ′m such that f ′1 . . . f ′j ∈ Vn and
f ′j+1 . . . f

′
m ∈ Aut(Tn), for some j ≥ 0.

Similarly, we can express any element of AAut(Tn,k) as a product fg where f ∈ Vn,k
and g ∈ Aut(Tn,k).

Symmetric Thompson’s groups

We now focus our attention on a family of almost automorphism groups that will be
thoroughly studied in this thesis.

Definition 1.30. Let H be a group isomorphic to a subgroup of Sym(n). Let ϕ be
such an isomorphism. The symmetric Thompson’s group VnH is the group of
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Chapter 1 Preliminaries

almost automorphisms generated by Thompson’s group Vn and the self-similar group
H such that:

h = ϕ(h)(h, . . . , h),

for all h ∈ H.

By abuse of notation, we identify the elements ofH with the corresponding permutation
of Sym(n), thus any element has the form:

σ = σ(σ, . . . , σ),

for some σ ∈ Sym(n). In terms of tree-pair representations, a similarity transformation
σ ∈ H maps a ball Bu to a ball Bv such that

f(uζ) = vσ(ζ) = vσ(w1)σ(w2) . . . ,

for every ζ = w1w2 . . . ∈ Cn, thus any refinement of Bu is mapped by f as follows:

Bu

f

��

ref // {Bu0,

f

��

Bu1,

f

��

. . . Bu(n−1)}

f

��
Bv

ref // {Bvσ(0), Bvσ(1), . . . Bvσ(n−1)}

We explore these groups in more detail in the next chapters, giving some interesting
results about them.
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Chapter 2

The conjugacy problem for symmetric
Thompson’s groups

In this chapter we present a solution to the conjugacy problem for symmetric Thomp-
son’s groups. In order to do that, we generalize a family of graphs called strand
diagrams, originally used in (Belk and Matucci, 2014) to solve the conjugacy problem
for F , T and V . In addition, these methods allow us to prove a non-isomorphism result
for certain pairs of symmetric Thompson’s groups.

More concretely, the starting point of this work is based on (Higman, 1974), where it is
proven that Thompson’s groups Vn and Vm are isomorphic if and only if n = m. The
idea of Higman is to count the number of conjugacy classes (in Vn) of homomorphisms of
finite cyclic groups into Vn. In particular, there are exactly n classes for Vn. From that
point, the non-isomorphism result follows. Regarding generalizations of Thompson’s
groups, it is difficult in general to decide whether two arbitrary groups are isomorphic to
each other. Some results have been obtained in this direction for symmetric Thompson’s
groups (Bleak et al., 2017; Farley and Hughes, 2015), but a complete classification
remains unknown.

The purpose of this chapter is to reproduce a similar result to the work of Higman, by
studying the conjugacy classes of finite-order elements of some symmetric Thompson’s
groups, so the non-isomorphism problem will be closely related to the conjugacy prob-
lem. In our case, we use the approach of Belk and Matucci (Belk and Matucci, 2014),
and generalize strand diagrams to a bigger family of graphs which can represent ele-
ments of any VnH. By defining a series of transformations between strand diagrams we
prove, in general terms, that two elements of VnH are conjugate if and only if they are
represented by the same strand diagram up to an equivalence relation, see Section 2.3.
In order to do that we use the theory of rewriting systems of Newman (1942), which
associates a graph to the collection of all equivalence classes of strand diagrams:

Theorem 2.1. Let n ≥ 2, and H ≤ Sym(n). Let f and g be two elements of VnH.
Then f and g are conjugate if and only if their corresponding reduced closed strand
diagrams are 2-equivalent.

The results contained in this chapter have been published in the article (Aroca, 2018a).
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Chapter 2 The conjugacy problem for symmetric Thompson’s groups

Once this is done, we prove the following, using the ideas described previously:

Theorem 2.2. Let m,n ≥ 2 be two different natural numbers. Then VmG and VnH
are not isomorphic for any G ≤ Sym(m) and H ≤ Sym(n).

The next section is devoted to the definition of strand diagrams and the transformations
which can be performed on them. In Section 2.2 we present a modified version of
rewriting systems, necessary for the proof of Theorem 2.1. Finally, in Sections 2.3 and
2.4 we prove Theorems 2.1 and 2.2, respectively.

2.1 Strand diagrams for symmetric Thompson’s groups

In this section we introduce strand diagrams, which are a family of directed graphs with
labelled vertices. As we will see, strand diagrams represent elements of any symmetric
Thompson’s group. Once they are defined, we establish an equivalence relation between
them which will turn out to be the key to solve the conjugacy problem.

2.1.1 Basics about graphs

Let Γ be a directed graph. We will assume that the vertices of Γ are labelled by
elements of Sym(n), so let V (Γ) = {vλ11 , vλ22 , . . . , vλkk } be the set of vertices vi with
label λi ∈ {∅} ∪ Sym(n)\{Id}, for some n ≥ 2. More concretely, in order to be
consistent with the definition of strand diagram of (Belk and Matucci, 2014), instead
of using a label λi = Id, we put λi = ∅, thus the corresponding vertex has no labels.
For the sake of simplicity, we write v when the label is not relevant for the definitions
or proofs.

Let E(Γ) = {e1, e2, . . . , es} ⊂ V (Γ) × V (Γ) be the set of edges, which have the form
e = (vλii , v

λj
j ). An edge e = (v, v′) is oriented from the start point v to the endpoint v′.

An oriented path is a sequence of edges {e1, ..., et} = {(vi(1), vj(1)), . . . , (vi(t), vj(t))}
such that vj(k) = vi(k+1) for all k ∈ {1, . . . , t− 1}. In addition, if vj(t) = vi(1), we have
an oriented loop. We say that Γ is acyclic if it has no oriented loops.

Definition 2.3. The degree of a vertex v ∈ V (Γ) is the number of edges which have v
as an endpoint, that is, those which have the form (v, v′) or (v′, v) for some v′ ∈ V (Γ).
If some edge has the form (v, v), it is counted twice.

Definition 2.4. A vertex v is a source (resp. a sink) for a finite set of directed edges
if they have v as start point (resp. endpoint). An empty-labelled vertex v∅ is a main
source (resp. a main sink) if it is a source (resp. a sink) of degree one.
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2.1 Strand diagrams for symmetric Thompson’s groups

Definition 2.5. Let n ≥ 2. A split (resp. a merge) is an empty-labelled vertex v∅ of
degree n+ 1 which is a sink for one edge and a source for the others (resp. a source for
one edge and a sink for the others). A white vertex is a labelled vertex vλ of degree
2 which is a sink for one edge and a source for the other.

In the graphs depicted on this chapter, splits and merges will be represented as black
vertices with no labels on them, while white vertices will be represented with the
corresponding label, see Figure 2.1.

Definition 2.6. A pitchfork graph is defined as any graph whose vertices are only
main sources, main sinks, splits, merges or white vertices.

2.1.2 Strand diagrams

Let g ∈ VnH for some n ≥ 2, H ≤ Sym(n), and (T, τ, λ, T ′) a tree-pair representative
of g. We build a graph from g by linking the leaves of T and T ′ as stated by τ and
appending to the roots of both T and T ′ an edge and a vertex. We put white vertices
when linking the leaves of both T and T ′, representing the elements of the self-similar
group of λ, with the corresponding label. See Figure 2.3. We give the orientation from
the vertex appended in T to the leaves of T , from the leaves of T to the leaves of T ′

and finally from them to the appended vertex of T ′. In this way, we obtain an acyclic
labelled pitchfork graph called the strand diagram of g.

If Γ is not planar, that is, it cannot be embedded in the plane, there must be crossings
between some edges. In other words, two edges intersect in a point which is not a vertex
of Γ. To distinguish isomorphic graphs with different crossings, we impose a rotation
system:

Definition 2.7. Let Γ be a pitchfork graph. A rotation system of Γ is a map
ρΓ : E(Γ) −→ {0, . . . , n}2 which assigns a number to the endpoints of every edge of Γ
as follows:

1. A counterclockwise order to the directed edges of a split v, where the 0-th edge
is the edge which has v as sink.

2. A clockwise order to the directed edges of a merge v, where the 0-th edge is the
edge which has v as source.

3. A 0 to the edge which has a white vertex v as sink, and a 1 to the one which has
v as source.
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Chapter 2 The conjugacy problem for symmetric Thompson’s groups

0

0

1
2 n− 1

n

1
2 n− 1

n

0

1

λ

Figure 2.1: A split, a merge and a white vertex with the rotation system ρ.

It follows that every edge of Γ has a rotation pair assigned depending on the labels of
its endpoints; see Figure 2.1. Observe that ρΓ completely determines the crossings of
Γ.

We obtain a strand diagram as a consequence of the process described at the beginning
of this subsection, but not all strand diagrams are obtained in this way. We proceed
to give the definition:

Definition 2.8. A strand diagram is a finite labelled acyclic pitchfork graph Γ. Two
strand diagrams Γ and Γ′ are equal if there exists an isomorphism φ : Γ → Γ′ such
that:

1. φ(ρΓ) = ρΓ′ , and

2. φ(vλ) = φ(v)λ, for all v ∈ V (Γ).

Remark. Note that the second condition of Definition 2.8 means that any isomorphism
of strand diagrams must preserve the labels of the set of white vertices. In other words,
it must be a ‘colored graph isomorphism’.

In particular, if a strand diagram has p main sources and q main sinks, we call it a
(p, q)-strand diagram. Note that the rotation system ρ imposes an order from left to
right on its main sources and its main sinks, in order to distinguish crossings between
them, as Figure 2.2 shows. We omit the prefix (p, q) when the number of main sources
and main sinks is not relevant for the definitions and proofs.

Definition 2.9. The composition of a (p, q)-strand diagram with a (q, r)-strand di-
agram is a (p, r)-strand diagram which is obtained by gluing the i-th main sink of the
former with the i-th main source of the latter, and removing the identified vertices.

It is straightforward to check that the set of (p, q)-strand diagrams is a groupoid with
the operation of composition.
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2.1 Strand diagrams for symmetric Thompson’s groups

1 2 3

1 3 52 4
Figure 2.2: An example of (3, 5)-strand diagram.

2.1.3 Closed strand diagrams

Let Γ be a (p, p)-strand diagram. Suppose that we fix a bijection between the main
sources and the main sinks, and identify each main source with the corresponding main
sink, erasing the resulting vertex, as Figure 2.3 shows. Let E = {e1, . . . , ep} be the
set of edges created by the identification. Then Γ is naturally immersed in an annulus
as follows: let c(α) ∈ H1(Γ,Z) be the counterclockwise winding number of a directed
loop α around the central hole. Then we impose that c(αi) = j for all directed loops
αi ⊂ Γ containing j pairwise different elements of E. We denote by Γ the closure of a
strand diagram Γ by this process. Again, not all closed strand diagrams are obtained
in this way, so we give the formal definition.

Definition 2.10. A closed strand diagram is a finite labelled pitchfork graph with-
out main sources and main sinks, where c(α) > 0 for every oriented loop α ⊂ Γ. Two
closed strand diagrams Γ and Γ′ are equal if there exists an isomorphism φ : Γ → Γ′

such that:

1. φ(ρΓ) = ρΓ′ ,

2. φ(vλ) = φ(v)λ, for all v ∈ V (Γ), and

3. c(α) = c(φ(α)) for every oriented loop α ⊂ Γ.

Remark. Observe that every (p, p)-strand diagram has the same number of splits and
merges, and the same is true for closed strand diagrams.

2.1.4 Equivalence relations between strand diagrams

We now define the set of transformations for modifying any (closed) strand diagram
Γ. Let v1, v2 ∈ V (Γ), we define the subgraph between v1 and v2 as the union
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1

1λ1

2
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3
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4λ2

λ1

λ2

λ1

λ2

e

Figure 2.3: A strand diagram and a closed strand diagram.

of all acyclic oriented paths which start at v1 and end in v2. The support of all
transformations will be the ε-neighbourhoods of these subgraphs for ε < 1, assuming
that Γ is undirected and all edges have length 1. This ensures that all vertices contained
in the ε-neighbourhood of the subgraph will be between v1 and v2.

Definition 2.11. Let Γ be a closed strand diagram. A free loop of Γ is an oriented
loop which has neither splits nor merges.

Definition 2.12. Let λ ∈ Sym(n) be fixed. We define the following cases as type 1
moves. The reader should keep Figure 2.4 in mind as help:

1. Let Γ0 be the subgraph between a split v1 and a merge v2 such that there is
an edge e connecting the i-th edge of v1 and the λ(i)-th edge of v2, with Γ0

containing a (possibly empty) sequence of white vertices {vλi1 , . . . , vλ
i
t(i)} with

λit(i) ◦ · · · ◦λ
i
1 = λ, for every i ∈ {1, . . . , n}. Then we replace the ε-neighbourhood

of Γ0 with the ε-neighbourhood of a single strand containing a white vertex vλ if
λ 6= Id; and the ε-neighbourhood of a single strand, if λ = Id.

2. Consider the ε-neighbourhood of the subgraph Γ0 between a merge v1 and a split
v2 such that there is an edge e connecting their 0-th edges, with Γ0 containing a
(possibly empty) sequence of white vertices {vλ1 , . . . , vλt(e)} with λt(e) ◦ · · · ◦λ1 =
λ. Then we replace the ε-neighbourhood of Γ0 with the ε-neighbourhood of n
white vertices vλ such that the i-th edge of v1 and the λ(i)-th edge of v2 have the
same white vertex vλ as endpoint, for all i ∈ {1, . . . , n}. If λ = Id, then we replace
the ε-neighbourhood of Γ0 with the ε-neighbourhood of n edges connecting the
i-th edge of v1 and the i-th edge of v2.

3. Let Γ0 be a free loop containing a sequence of white vertices, then it is possible
to perform an inverse of a type 1(1) move on one of them, leading to a strand
diagram Γ1 that contains a split u and a merge v which share the same 0-th edge.
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2.1 Strand diagrams for symmetric Thompson’s groups

We then perform a type 1(2) move on Γ1, between the 0-th edges of both u and
v, obtaining a strand diagram Γ2. A type 1(3) move replaces Γ2 by Γ0.

Remark. Note that there exist infinitely many subgraphs Γ0 such that performing a
type 1(1) or a type 1(2) move produces the same result. In other words, type 1(1) and
1(2) moves do not have a unique inverse. Therefore, there are also infinitely many cases
of type 1(3) moves, depending on which inverse of 1(1) is considered for the move, as
said before.

τ τ

τ

λ
λ

Γ2 Γ1 Γ0

Figure 2.4: From top to bottom: examples of type 1(1) moves where τ takes i to i+ 1
mod (n), examples of type 1(2) moves where λ takes i to −i− 1 mod (n);
and a type 1(3) move.

Definition 2.13. Let λ ∈ Sym(n) be fixed. We define the following cases as type 2
moves:
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Chapter 2 The conjugacy problem for symmetric Thompson’s groups

1. We replace the ε-neighbourhood of the subgraph Γ0 consisting of one edge whose
endpoints are two white vertices vλ1 and vλ2 , with a white vertex vλ2◦λ1 . If
λ2 ◦ λ1 = Id, it replaces the ε-neighbourhood of Γ0 with an edge.

2. Let Γ0 be the ε-neighbourhood of the subgraph consisting of an edge e whose
endpoints are a merge and a white vertex vλ, where e is the 0-th edge of the
merge. Consider Γ1, obtained from Γ0 by performing an inverse of a type 1(1)
move on vλ. Let Γ2 be obtained from Γ1 by performing a 1(2) move on the merge
and the new split created by the previous move. The move replaces Γ0 with Γ2.
The symmetric case (a split whose 0-th edge has a white vertex vλ as endpoint)
is treated in a similar way.

Remark. As before, there are several cases of type 2(2) moves, as there exist infinitely
many inverses of a type 1(1) move.

Γ2

Γ1
Γ0

Γ2

Γ1

Γ0

Figure 2.5: Type 2(2) moves for n = 4 with white vertices vλ, where λ takes i to −i−1
mod (n).

2.2 Rewriting Systems

We use a modified theory of rewriting systems (Newman, 1942) in order to prove that
there exists a bijection between equivalence classes of strand diagrams and elements of
VnH. We construct a directed graph R from the set of all strand diagrams as follows:
the vertex set of R consists of the set of all strand diagrams. The vertices are called
states. Two states s, s′ span a labelled directed edge:

s
i−→ s′, i ∈ {1, 2,−2},

if we obtain s′ from s by performing a move of type 1 or 2, or the inverse of a type 2
move. The graph R is called a 12-rewriting system.
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2.2 Rewriting Systems

Definition 2.14. A 12-rewriting system is 1-terminating if for every infinite se-
quence:

s0
ε0−→ s1

ε1−→ s2
ε2−→ s3

ε3−→ . . .

we have εi ∈ {−2, 2} for all but finitely many i.

Definition 2.15. A state s is 1-reduced if for every finite sequence:

s = s0
ε0−→ s1

ε1−→ s2
ε2−→ . . .

εn−→ sn+1

all εi ∈ {−2, 2}.

Note that if a 12-rewriting system is 1-terminating, then every state has a 1-reduced
form, that is, a state from which no more moves of type 1 can be performed. We say
that

s
1
� s′

if there exists a sequence

s = s0
ε0−→ s1

ε1−→ s2
ε2−→ . . .

εn−→ sn+1 = s′

such that at least one of εi = 1. Otherwise, we write

s
2
� s′.

Definition 2.16. For i, j ∈ {1, 2,−2} we say that a 12-rewriting system is locally
ij-confluent if for all states s0, s1, s2 with s0

i−→ s1 and s0
j−→ s2, there exists an

s3 such that s1
i′

� s3 and s2

j′

� s3 for some i′, j′ ∈ {1, 2}. We say that a 12-rewriting
system is locally ijk-confluent if for all states s0, s1, s2 with s0

i−→ s1 and s0
j−→ s2,

there exists s3 and s4 such that s2
k−→ s3, s1

i′

� s4 and s3

j′

� s4 for some i′, j′ ∈ {1, 2}.

Definition 2.17. Two states s, s′ are 2-equivalent if there exists a sequence s =

s0, s1, . . . , sn = s′ such that si
j−→ si+1 where j ∈ {−2, 2} for each i. We say that

s
2≡ s′.

Note that the sequence of Definition 2.17 is always finite. The reason is that the number
of vertices (white or not) that any strand diagram can have is always finite as well as
the number of different labels that a white vertex can have, since they belong to a
finite group. We proceed to state a crucial proposition in order to solve the conjugacy
problem.

Proposition 2.18. Every strand diagram can be reduced to a unique 1-reduced strand
diagram up to 2-equivalence.
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Chapter 2 The conjugacy problem for symmetric Thompson’s groups

Proof. In order to prove this result, we only need to show that the 12-rewriting system
of strand diagrams is 1-terminating, locally 11-confluent and locally 1j1-confluent for
j ∈ {−2, 2}.

On the one hand, the 12-rewriting system is 1-terminating, as every strand diagram has
a finite number of splits, merges and connected components. Every 1-move reduces at
least one of these numbers, while 2-moves do not change them. On the other hand, it is
easy to check the local 11-confluence. Suppose that we can perform two different moves
r0, r1 on a strand diagram Γ. We need to show that there exist two sequences of moves
s0, s1 such that s1 ◦ r1(Γ) = s0 ◦ r0(Γ), where ◦ is the composition of moves. Let Γi be
the support of ri. If Γ0∩Γ1 = ∅, then r0 and r1 commute, that is, r0◦r1(Γ) = r1◦r0(Γ).
If Γ0 ∩ Γ1 6= ∅, suppose that r0 and r1 are both type 1 moves:

1. If r0 is of type 1(1) and r1 is of type 1(2) and λ = Id for both, then r0(Γ) = r1(Γ).

2. If r0 is of type 1(2) with λ and r1 of type 1(1) with Id, then there exists a type
2(2) move b with support Γ0 ∪ Γ1 such that r0(Γ) = b ◦ r1(Γ).

3. If r0 is of type 1(2) with λ and r1 is of type 1(1) with λ′, then there exists a
type 2(2) move b with support Γ0∪Γ1 and type 2(1) moves m0, . . . ,mn such that
b ◦mn−1 ◦ · · · ◦m0 ◦ r0(Γ) = mn ◦ r1(Γ).

We leave the reader checking the 1j1-confluence for j ∈ {−2, 2}, which is very similar
to the previous cases. As a help, note that any type 1 move can be performed on a
strand diagram regardless of the number of type 2 moves performed before. In other
words, for all states s0, s1, s2 with s0

1−→ s1 and s0
2−→ s2, there exists s3 such that

s1
2
� s3 and s2

1
� s3, so s1 and s3 are always 2-equivalent, see Figure 2.7.

Once that we have the three conditions, we proceed to prove the following proposition:
suppose that two states s, r are 2-equivalent, then there exist two states s′ and r′ such

that s
1
� s′, r

1
� r′ and s′

2≡ r′. In order to help, we consider the following diagram,
which depicts an example of the process followed for proving the proposition.

s = s0
0

2 //

1
��

s0
1

1
}}

−2 // s0
2

2 //

1��

. . .
2 // s0

t0−1

1
��

−2 // s0
t0 = r

1{{
1
��

s1
0

2 // s1
1

2 // s1
2
−2 // . . .

2 // s1
t1−1

1
����

s1
t1

1
����

s2
t2−1

2

## ##

s2
t2

2
����
s3
t3
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Starting on the top, we suppose that s and r are 2-equivalent by a sequence of moves
s0
i

i−→ s0
i+1 where i ∈ {−2, 2}. Using 1j1-confluence for j ∈ {−2, 2}, as we perform

moves of both type 1 and 2 on s = s0
0 obtaining s0

1 and s1
0 respectively, we have that

there exists a move f1 of type 1 such that f1(s0
1) and s1

0 are 2-equivalent (or equal).
We can do the same process until we arrive at r = s0

t0 . At this point, the move of type
1 applied to s0

t0 from the previous step and the one considered by hypothesis may be
different, as shown in the case of s1

t1−1 and s1
t1 .

Nevertheless, by 11-confluence, there exists s3
t3 such that s1

t1−1

1
� s3

t3 and s1
t1

1
� s3

t3 .
Let s2

t2−1 and s2
t2 be two states such that no more moves of type 1 must be performed in

order to obtain s3
t3 . By definition, s

1
� s′ = s2

t2−1 and r
1
� r′ = s2

t2 . Indeed, s
′ 2≡ r′, so

we can repeat the previous process with s′ and r′ until we have two 1-reduced diagrams,
as the 12-rewriting system is 1-terminating.

λ

λ′

λ
λ′

λ

λ′

Figure 2.6: Examples of confluences of Proposition 2.18.

Proposition 2.19. There is a bijection between 1-reduced (1, 1)-strand diagrams and
reduced elements of VnH, up to 2-equivalence.

Proof. On the one hand, we always obtain a 1-reduced (1, 1)-strand diagram Γ from a
reduced element g ∈ VnH, as shown in Subsection 3.2. On the other hand, let Γ be
any 1-reduced (1, 1)-strand diagram. Then every oriented path from the main source
to the main sink consists of a finite sequence of vertices which are splits, merges or
white vertices. We have the following facts, bearing in mind that Γ is 1-reduced:
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λ

λ′

λ′′

λ

λ

λ

λ

Figure 2.7: Examples of 121-confluence of Proposition 2.18, where λ′′ ◦ λ′ = λ.

1. There are no two (or more) consecutive white vertices, otherwise we could perform
a move of type 2(1) on Γ.

2. There are no merges followed by a split, or a merge followed by a sequence of
white vertices and then by a split, otherwise we could perform a type 1(2) move
on Γ.

3. There are no white vertices before any split or after any merge, otherwise we
could perform a type 2(2) move on Γ.

Therefore, every oriented path of Γ consists of a sequence of a finite number of splits
followed by at most one white vertex and the same finite number of merges. We then
‘cut’ Γ, cutting every of these paths in one edge between the set of splits and the set of
merges, obtaining a tree-pair representing an element g ∈ VnH. Both trees of g have
the same number of leaves by Remark 2.1.3. Finally, g must be reduced: otherwise a
type 1(1) move could be performed on Γ before cutting it.

2.3 The conjugacy problem

In this section, we prove Theorem 2.1, which will be an immediate consequence of
Theorem 2.20 below. Theorem 2.20 and the argument for proving it are adaptations
of (Belk and Matucci, 2014, Theorem 3.1) to our generalization of (closed) strand
diagrams.

From now on, let H be a fixed subgroup of Sym(n). We then consider VnH, that is,
we assume that all white vertices have labels in H. If Γ is a (p, q)-strand diagram

32



2.3 The conjugacy problem

(resp. a closed strand diagram), we denote by [Γ] the class of all (p, q)-strand diagrams
(resp. closed strand diagrams) which are equivalent to Γ modulo any move. We say
that two equivalence classes [Γ], [Γ′] are conjugate if there exist two elements Γ ∈ [Γ]
and Γ′ ∈ [Γ′] which are conjugate.

Theorem 2.20. Let Γ be a (p, p)-strand diagram, and let Γ′ be a (q, q)-strand diagram.
Then [Γ] and [Γ′] are conjugate if and only if Γ and Γ′ are equivalent or 2-equivalent.

Once we prove Theorem 2.20, the main theorem of this Chapter follows:

Proof of Theorem 2.1. The the result follows from Theorem 2.20 and the bijection be-
tween reduced (1, 1)-strand diagrams and reduced tree-pair representatives. Observe
that if two (1, 1)-strand diagrams are conjugate in the groupoid, the conjugating ele-
ment must be another (1, 1)-strand diagram. Therefore, the conjugating element cor-
responds to another element of VnH.

The following two propositions will allow us to prove Theorem 2.20.

Proposition 2.21. Let Γ be a (p, p)-strand diagram, and let Γr be a closed strand
diagram obtained by applying a move to Γ, the closure of Γ. Then there exists a (q, q)-
strand diagram Γ′ such that Γ′ = Γr and [Γ] and [Γ′] are conjugate.

Observe that Proposition 2.21 can be used multiple times: if we apply another move
Γr → Γr2 , the new Γ′r is obtained by conjugating Γ′.

Proof. If the move performed on Γ can be also performed on Γ, then we set Γ′ = Γ.
If not, we have several cases, depending on the type of move performed and whether
the move can be performed when identifying n main sinks and sources or more. Since
the arguments used in this proof are essentially the same in all cases, we will explain
in detail only the first one, using only one white vertex instead of a sequence of them,
for simplicity. We encourage the reader to keep in mind Figures 2.8 and 2.9 as help.

Type 1(1) move.

1(1).a. It occurs when n main sinks are identified with n main sources in Γ, such
that there exist two subgraphs Γ1, Γ2 ⊂ Γ whose concatenation produces the con-
ditions required to perform a type 1(1) move. On the one hand, Γ1 consists of an
ε-neighbourhood of a subgraph between n main sources and one merge, such that the
λ(i)-th edge of the merge has the i-th or λ(i)-th main source as endpoint, or has a white
vertex vλ as endpoint whose 0-th edge has the i-th or λ(i)-th main source as endpoint,
for every i ∈ {1, . . . , n}. On the other hand, Γ2 consists of a split and n main sinks in
which the same move occurs as in Γ1. We have the following symmetry conditions:
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Chapter 2 The conjugacy problem for symmetric Thompson’s groups

1. If the λ(i)-th edge of the merge has the i-th main source as endpoint in Γ1, then
the i-th edge of the split has the i-th main sink as endpoint in Γ2.

2. If there is a white vertex vλ between the i-th main source and the merge in Γ1,
then there are no white vertices between the split and the i-th main sink in Γ2.

In fact, (1) and (2) hold if we interchange the roles of merges by splits and main
sources by main sinks. We conjugate Γ by an element Γ′′ which is a copy of Γ1, so
the concatenation Γ2Γ′′ produces the same type 1(1) move as in Γ. Besides, (Γ′′)−1Γ1

produces a type 1(1) move with λ = Id.

1(1).b. If there are more than n main sources and n main sinks glued together in the
type 1(1) move, we can do the same as in the case 1(1) multiple times, one for every
set of n main sources, as Figure 2.8 shows.

Type 1(2) move.

1(2).a. The move occurs when Γ ends with a merge followed by a main sink. On the
other hand Γ starts with a main source followed by a white vertex vλ followed by a
split. In this case we conjugate Γ by an element Γ′′ which has a main source followed
by a split.

1(2).b. There are more than one main sources and main sinks involved in the move
and one white vertex vλ after one of the main sources. We conjugate Γ by an element
which glues a split to every main sink involved.

Type 1(3) move.

1(3).a. If it involves only n main sources and n main sinks and the closure of Γ
produces free loops, we conjugate Γ by an element which has n main sources followed
by a merge.

1(3).b. If the type 1(3) move involves more than n main sources and n main sinks we
proceed as in the case 1(1).b.

Type 2(1) move.

In this case Γ ends with a white vertex vλ1 followed by a main sink, and starts with a
main source followed by a white vertex vλ2 . We conjugate Γ by an element which has
a main source followed by a white vertex vλ2 followed by a split.

Type 2(2) move.

2(2) If it involves only n main sources and n main sinks and the closure of Γ does not
produce free loops, we do the same process as in the case I.a.

Proposition 2.22. Let Γ be a (p, p)-strand diagram, and let Γ′ be a (q, q)-strand dia-
gram. If Γ = Γ′, then [Γ] and [Γ′] are conjugate.
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2.3 The conjugacy problem

1(1).a 1(1).b 1(2).a 1(2).b

λ−1

λ

λ

λ

Γ

Γ1

Γ2

Γ1

Γ−1
1

Γ1

Γ2

Γ−1
2 Γ1

Γ−1
1Γ2

Γ′′

(Γ′′)−1

Figure 2.8: Type 1(1) and 1(2) moves.

2(1) 2(2) 1(3).a 1(3).b

Γ

Γ′′

(Γ′′)−1

λ−1
2

λ2

λ1

λ2

λ

λ

λ−1

λ

Figure 2.9: Type 2(1), 2(2) and 1(3) moves.
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Chapter 2 The conjugacy problem for symmetric Thompson’s groups

The following proof is taken word for word from (Belk and Matucci, 2014, Proposition
3.3), included here for completeness:

Proof. Let Γ∞ be the infinite strand diagram obtained when we concatenate infinitely
many times Γ with a copy of itself. Thus Γ∞ is an infinite directed graph with a
rotation system. In addition, Γ∞ is a cyclic cover of Γ. Since Γ = Γ′, then Γ∞ and Γ′∞

must be equal. Therefore, Γ∞ =
⋃
k∈Z Γk =

⋃
k∈Z Γ′k, where Γk = Γ and Γ′k = Γ′ for

all k, so there exists a deck transformation t such that t(Γk) = Γk+1 and t(Γ′k) = Γ′k+1

for all k. Let:

Γ′′l =

( ⋃
k≥0

Γk

)
∩
( ⋃
k<N

Γ′k

)
and Γ′′r =

( ⋃
k>0

Γk

)
∩
( ⋃
k≤N

Γ′k

)
.

It follows that Γ′′l and Γ′′r are strand diagrams, with t(Γ′′l ) = Γ′′r , so they are equal to
the same strand diagram Γ′′. Since Γ0 ∪ Γ′′r = Γ′′l ∪ Γ′N , we have ΓΓ′′ = Γ′′Γ′.

Now, we are ready to prove Theorem 2.20:

Proof of Theorem 2.20. On the one hand, if Γ and Γ′ are conjugate, we have that
Γ = (Γ′′)−1Γ′Γ′′ for some (p, q)-strand diagram Γ′′. Then the closures of both Γ =
(Γ′′)−1Γ′Γ′′ and Γ′ are 2-equivalent, depending on the order in which the type 2(1)
moves are performed when (Γ′′)−1 and Γ′′ are glued together in Γ.

On the other hand, suppose that the closures of Γ and Γ′ are 2-equivalent. Performing
type 2 moves does not change the conjugacy class of both Γ and Γ′, so Proposition
2.21 can be applied. Therefore, suppose that Γ and Γ′ are equivalent. It means that
there exists an element Γ′′ which is the reduction of both. By Proposition 2.21, there
exist Γ1 and Γ2 such that Γ′′ = Γ1 = Γ2 and [Γ1], [Γ2] are conjugate to [Γ] and [Γ′]
respectively. Finally by Proposition 2.22, [Γ1] and [Γ2] are conjugate, so [Γ] and [Γ′]
are conjugate too.

Note that Theorem 2.1 provides us an algorithm in order to solve the conjugacy problem
for any group VnH in finite time: given two elements v, w ∈ VnH, we construct their
corresponding closed strand diagrams and reduce them until we obtain two 1-reduced
closed strand diagrams Γv and Γw. Then, we only need to consider the set of closed
strand diagrams which are 2-equivalent to Γv and the ones which are 2-equivalent to
Γw. As these sets are finite, we can check in finite time if there is (or not) a common
1-reduced closed strand diagram in both sets.
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2.4 A non-isomorphism result

2.4 A non-isomorphism result

In this section, we give an application of Theorem 2.1, which generalizes a non-
isomorphism result of Higman (Higman, 1974). We start by proving the following:

Proposition 2.23. Let v ∈ VnH be an element of prime order ord(v) = p such that p
does not divide ord(H). Let Γ be its associated strand diagram. Then Γ has a reduced
closure with no white vertices.

In particular, this result says that such an element v ∈ VnH is conjugate to an element
of Vn.

Proof. Let v = (TS , τ, λ, TS′) be a reduced tree-pair representation. We consider the
sets of prefix codes (leaves) {vk(S)}0≤k≤p, that is, the set of orbits of v inside Tn. Since
v is an element of prime order p, every orbit contains exactly one leaf or p different
leaves. In the first case, the orbit corresponds in Γ to a free loop which contains a
number k ≤ p of white vertices vλi such that λk ◦ · · · ◦ λ1 = Id. By performing type
2(1) and 1(3) moves we obtain a free loop with no white vertices. In the second case
v acts as the identity on the leaf, since ord(λ)| ord(H) for all λ ∈ H. Therefore, the
closure of [Γ] consists only of free loops without white vertices.

In order to prove Theorem 2.2 we need to study the conjugacy classes of isomorphisms
of finite groups K into VnH, as done in (Higman, 1974).

Definition 2.24. Given a group K, a K-space is a set on which K acts. We say that
the K-space is transitive if the action is transitive.

Lemma 2.25. (Higman, 1974, Lemma 6.1) Let S1, . . . , St be a set of representatives
of the isomorphism classes of transitive K-spaces. Then the conjugacy classes of ho-
momorphisms of K into Vn are in bijective correspondence with the solutions of

n1|S1|+ · · ·+ nt|St| ≡∗ 1 mod (n− 1),

where a ≡∗ b mod (n− 1) means that a ≡ b mod (n− 1) and a = 0 ⇐⇒ b = 0.

We extend a result (Higman, 1974, Lemma 6.2) from Vn to VnH as follows:

Lemma 2.26. If p is a prime which divides neither n−1 nor ord(H), then the number
of conjugacy classes of elements of order p in VnH is n.
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Chapter 2 The conjugacy problem for symmetric Thompson’s groups

Proof. We apply the result of Higman to symmetric Thompson’s groups. In this case,
K will be a cyclic group of order p, so theK-space can be any set of leaves of a full finite
n-ary tree on which K acts. The key idea of the proof is that the congruence of Lemma
2.25 holds for VnH. By Lemma 2.23, the tree-pair representative of the elements of
VnH which represent the generators of these conjugacy classes of homomorphisms are
always conjugate to an element of Vn. Therefore, the number of conjugacy classes of
homomorphisms of a cyclic group of order p in VnH is equal to the number of solutions
of

n1 + pn2 ≡∗ 1 mod (n− 1).

For every n1 ∈ {0, 2, 3, . . . , n−1} there is only one possible solution for n2, since p does
not divide n−1. For n1 ≡∗ 1, where we have n2 ≡∗ 0 and n2 ≡∗ n−1. Apart from the
identity homomorphism, there are n different conjugacy classes of elements of order p
in VnH.

Finally, suppose that for two elements u, v ∈ Vn there exists w ∈ VnH\Vn such that
w−1vw = u. In terms of strand diagrams, this means that the reduction of Γw−1ΓvΓw
is 2-equivalent to the reduction of Γu. As the moves can be performed in any order
and Γw−1 = (Γw)−1 by Proposition 2.19, this is equivalent to saying that the reduction
of Γv is 2-equivalent to the reduction of Γu. Therefore, using the result of (Belk and
Matucci, 2014), u and v are also conjugate in Vn, as the strand diagrams Γu and Γv
contain no white vertices.

Proof of Theorem 2.2. We take p to be sufficiently large so that it does not divide any
of ord(G), ord(H), m− 1 and n− 1. By Lemma 2.26, the number of conjugacy classes
of elements of order p in VmG and VnH are m and n respectively, so these two groups
cannot be isomorphic.
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Chapter 3

The embedding problem for symmetric
Thompson’s groups

This chapter concerns embeddability conditions for pairs of groups from the family of
symmetric Thompson’s groups. For this purpose we present two different methods, one
of them mainly topological, based on the work of (Higman, 1974); and the other purely
algebraic, based on the ideas of (Birget, 2020). Topological embeddings give conditions
for embedding a group VnH in VmG, for n > m, whereas algebraic embeddings go from
VmG to VnH, for n > m. In particular, we prove the following:

Theorem 3.1. Let m ≤ n such that n ≡ 1 mod (m−1), and let G ≤ Sym(m). Then,
there exists H ≤ Sym(n) such that VmG� VnH.

We investigate conditions on m ≤ n, G ≤ Sym(m), and H ≤ Sym(n) that guarantee
the existence of embeddings between the groups VmG and VnH. Thus, this chapter can
be thought of as a continuation of the investigations in (Bleak et al., 2017), and is partly
inspired by the work of Birget (Birget, 2020). On the other hand, embeddings in the
other direction have been known since Higman’s book (Higman, 1974). In this context,
these two embedding results depend on the direction of the embedding (VmG� VnH
or VnH � VmG), and the constructed embeddings require in both cases the Higman
condition:

n ≡ 1 mod (m− 1).

We can now state and discuss the main results of this chapter. For the topological
embedding, we need to define a group RG(S̃), where G ≤ Sym(m) and S̃ is a prefix
code of Cm of length n. Firstly, by establishing a bijection between a prefix code of
Cn and S̃, we are able (under certain conditions) to translate the action of an element
σ ∈ Sym(n) into an action of an element σ̃ ∈ Sym(m). Furthermore, we translate a
whole group G ≤ Sym(m) into RG(S̃) ≤ Sym(n). To achieve that, we also need RG(S̃)
to be permutation isomorphic to H, that is, they are conjugate in Sym(n). This is

All results of this chapter have been published in the paper (Aroca and Bleak, 2020), in a joint work
with Collin Bleak, of the University of St. Andrews, UK.
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equivalent to the existence of an n-element prefix code S̃ in A∗m which is preserved by
the action of the iterated permutations of G on A∗m and where the cycle structure of
the action of G on S̃ is isomorphic (element-for-element) to the cycle structure of the
action of H on An.

Theorem 3.2. Let n,m ≥ 2 be natural numbers such thatm < n, and let G ≤ Sym(m),
H ≤ Sym(n). Suppose that:

1. There exists a prefix code S̃ of Cm such that |S̃| = n,

2. the group RG(S̃) can be defined, and

3. RG(S̃) and H are permutation isomorphic.

Then VnH embeds in VmG.

Summing up the previous discussion, we are able to describe a recipe for topological
embeddings. Thus we have the following general observation.

Observation 3.3. In practical terms, natural applications of Theorem 3.2 occur by
choosing m and a prefix code that is closed under the action of iterated permutations
from some G ≤ Sym(m). When this occurs, one immediately obtains a permutation
isomorphic group H in Sym(n).

Regarding algebraic embeddings:

Theorem 3.4. Let n,m ≥ 2 be natural numbers such that n = k(m− 1) +m for some
k ≥ 1, and let G ≤ Sym(m). Let H = Gext ≤ Sym(n) be the permutation group whose
elements act as the elements of H on the first m elements, and act as the identity on
the remaining n−m.

Then VmG embeds in VnH.

3.1 Tables for symmetric Thompson’s groups

In this section, we introduce an alternative definition of symmetric Thompson’s groups,
giving an easy way to express its elements as tables. This corresponds to a generalised
construction of Higman used by Scott and Röver in the creation of their extensions of
V , see (Scott, 1984a,b,c; Röver, 1999).

For natural n > 1, let Cn be the n-adic Cantor set, as before. Consider A∗n the set of
finite words in An, the alphabet on n letters, where the empty word ε is also in A∗n.
We recommend the reader to keep in mind Definitions 1.12 and 1.13 about prefix order
and prefix codes, as they will be used throughout this chapter.
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For convenience, we will use the following notation: let σ ∈ Sym(n) be an element
of the symmetric group on n elements. Given any word ζ = z1z2z3 . . . ∈ Aωn we
define σ(ζ) = σ(z1)σ(z2)σ(z3) . . . ∈ Aωn . Note that we are using left actions here, so if
σ, τ ∈ Sym(n) then the product τσ means employ the permutation σ first, and then
employ τ . Let σi ∈ H ≤ Sym(n).

With the above notation, an element of VnH can be (non-uniquely) described by a
table as follows:

v =


p1 p2 · · · pk
σ1 σ2 · · · σk
q1 q2 · · · qk
τ1 τ2 · · · τk

 ,
where pi, qi ∈ A∗n, σi, τi ∈ H and such that the sets P = {pi}ki=1 and Q = {qi}ki=1 are
prefix codes of Cn. We say that k ≥ 1 is the length of the table. The homeomorphism
of Cn induced can be expressed as follows: for every infinite word ζ such that pi ≤pref ζ,
that is ζ = pi||u for some u ∈ AN

n , we have

v : pi||σi(u)→ qi||τi(u).

As was the case with tree-pair representatives, there are infinitely many tables which
induce the same homeomorphism of Cn. We proceed to define the four basic moves
we can perform on a table in order to obtain an equivalent one. The four basic moves
naturally split as two essential sorts of moves, together with their inverse (or “near-
inverse”) moves.

The first basic move, already seen for tree-pair representations, is elementary expan-
sion: for a given prefix code

P = {p1, . . . , pi, . . . , pk},

we can consider
P̃ = {p1, . . . , pi0, . . . , pi(n− 1), . . . , pk}

by expanding the word pi. This elementary expansion not only occurs in P , as the
image of pi must be also expanded. So we have

Q̃ = {q1, . . . , qi0, . . . , qi(n− 1), . . . , qk}.

It is easy to see that both P̃ and Q̃ are also prefix codes. Then:
p1 · · · pi · · · pk
σ1 · · · σi · · · σk
q1 · · · qi · · · qk
τ1 · · · τi · · · τk

 ≡

p1 · · · piσi(0) · · · piσi(n− 1) · · · pk
σ1 · · · σi · · · σi · · · σk
q1 · · · qiτi(0) · · · qiτi(n− 1) · · · qk
τ1 · · · τi · · · τi · · · τk

 .
One can always perform an elementary expansion, and naturally, the inverse of an
elementary expansion (when it is defined) is called an elementary reduction. As
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in Chapter 1, any sequence of elementary expansions (resp. elementary reductions) is
simply called expansion (resp. reduction).

The second move we can perform on a table is pushing down (resp. pushing up)
the action of all σi such that σi = Id for every i ∈ {1, . . . , k} (resp. τi = Id for every
i ∈ {1, . . . , k}): 

p1 p2 · · · pk
σ1 σ2 · · · σk
q1 q2 · · · qk
τ1 τ2 · · · τk

 ≡


p1 p2 · · · pk
Id Id · · · Id
q1 q2 · · · qk

τ1σ
−1
1 τ2σ

−1
2 · · · τkσ

−1
k



≡


p1 p2 · · · pk

σ1τ
−1
1 σ2τ

−1
2 · · · σkτ

−1
k

q1 q2 · · · qk
Id Id · · · Id

 .
This move allows us to switch between the standard representation of an element and
its equivalent representations.

It is not hard to see that a table represents a well-defined homeomorphism of the
appropriate Cantor space, and if two tables are related by a finite sequence of our four
moves then they represent the same homeomorphism. The reader can also check that
if a homeomorphism of an appropriate Cantor space is represented by two tables, then
in fact these tables are in the same equivalence class under our four basic moves on
tables. Thus, we can just consider our group elements to be the equivalence classes of
tables with the aforementioned relations.

Again, as occurs with tree-pair representatives, the composition of two different ele-
ments u, v ∈ VnH is easy to compute using the equivalences. Let u, v ∈ VnH, such
that u takes the prefix code P to the prefix code Q (resp. v takes P ′ to Q′). We need
to find a prefix code S such that, for every element s ∈ S, there exists one element
q ∈ Q and one element p′ ∈ P ′ such that q ≤pref s and p′ ≤pref s. This can always be
done by expanding P ′ and Q until we obtain the same prefix code S. Thus, without
loss of generality:

u =


p1 p2 · · · pk
σ1 σ2 · · · σk
s1 s2 · · · sk
τ1 τ2 · · · τk

 , v =


s1 s2 · · · sk
σ′1 σ′2 · · · σ′k
q′1 q′2 · · · q′k
τ ′1 τ ′2 · · · τ ′k

 .
Finally, we push up the action of u and push down the action of v:

u =


p1 p2 · · · pk

σ1τ
−1
1 σ2τ

−1
2 · · · σkτ

−1
k

s1 s2 · · · sk
Id Id · · · Id

 ,
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v =


s1 s2 · · · sk
Id Id · · · Id
q′1 q′2 · · · q′k

τ ′1(σ′1)−1 τ ′2(σ′2)−1 · · · τ ′k(σ
′
k)
−1

 ,
so

v ◦ u =


p1 p2 · · · pk

σ1τ
−1
1 σ2τ

−1
2 · · · σkτ

−1
k

q′1 q′2 · · · q′k
τ ′1(σ′1)−1 τ ′2(σ′2)−1 · · · τ ′k(σ

′
k)
−1

 .
As the reader may notice, tables are an alternative incarnation of elements of VnH. It
is straightforward to construct the tree-pair representation of an element f ∈ VnH from
a table representation of it, and vice versa. The reason we use tables in this chapter is
that they are a useful way to prove the embedding results, as done in (Birget, 2020).

3.2 Topological Embeddings

In this section, we present topological embeddings between symmetric Thompson’s
groups. The key idea is, given any group VnH, to translate the action of an element
σ ∈ H into a permutation σ̃ of the elements of some prefix code of Cm. Therefore,
σ̃ ∈ VmG for some G.

Our method will be first to understand when actions on prefix codes over smaller al-
phabets can represent embeddings of permutations on larger alphabets which commute
with our core operations of expansion and contraction of prefix codes. With that un-
derstanding in hand, we can then build the desired embedding from a group VnH to a
group VmG for m ≤ n.

We first establish some useful definitions.

3.2.1 The Root Group RG(S)

Given a linear order ≤ on An (we choose 0 < 1 < . . . < n − 1), there is an induced
standard dictionary order:

Definition 3.5. Let An = {a0, . . . , an−1} be an alphabet with linear order ≤. We
define the dictionary order on A∗n as follows. Let u, v ∈ A∗n, then u ≤dict v if and
only if:

1. u ≤pref v,
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2. u 6≤pref v and there exist p, s, t ∈ A∗n and α, β ∈ An such that u = pαs, v = pβt,
and α < β.

Let 2 ≤ m < n ∈ N be fixed, and let G ≤ Sym(m). We assume Higman’s condition for
the construction: n = k(m− 1) + 1 for some k ≥ 0. In other words:

n ≡ 1 mod (m− 1).

Then, we can find S = {s0, . . . , sn−1} an ordered prefix code of Cm of length n (using
the dictionary order, so si ≤dict si+1). Observe for now that if σ(S) = S for all σ ∈ G,
then σ : S → S will induce the desired rearrangement σ̃ of the elements of S, that is,
σ̃ ∈ SymS

∼= Sym(n).

We will be interested in the set T of triples (m,n,G) wherem ≤ n, n ≡ 1 mod (m−1),
and G ∈ Sym(m). We will say a triple (m,n,G) ∈ T is satisfiable if there is a prefix
code S ⊂ A∗m with |S| = n and where for each σ ∈ G the action of σ on A∗m preserves
S as set. In this case we say S is a solution for the triple (m,n,G).

Example 3.6. Let m = 2, n = 4 and G ≤ Sym(m), generated by the permutation
σ = (0 1). Then, the triple (2, 4, G) is satisfiable, as the pair (m,n) satisfies Higman’s
condition, and G acts on a prefix code S ⊂ A∗2 with |S| = 4, preserving it as set. Indeed,
if S = {00, 01, 10, 11}, then:

σ(00) = σ(0)σ(0) = 11, σ(01) = σ(0)σ(1) = 10,

σ(10) = σ(1)σ(0) = 01, σ(11) = σ(1)σ(1) = 00,

so S is a solution for the triple (2, 4, G). On the other hand, the triple (2, 5, G) is not
satisfiable, as there is no prefix code S ⊂ A∗2 of length 5 preserved by the actions of the
elements of G.

Definition 3.7. Given a triple (m,n,G) ∈ T and a solution S, we define the root
group RG(S) ≤ Sym(n) to be the group of permutations of S induced by the action
of G on S.

As seen in the example, it is the case that not every triple (m,n,G) ∈ T admits a
solution S. However, when it does admit a solution S, it is immediate that RG(S) is
isomorphic to G.

Definition 3.8. Let σ ∈ Sym(n). The cycle type c of σ is the multiset (a set,
but allowing multiple elements that are equal) of lengths of the cycles in the cycle
decomposition of σ. We say that two subgroups H,H ′ ∈ Sym(n) are permutation
isomorphic if there exists an isomorphism ψ : H → H ′ which preserves the cycle type
of every permutation, that is, c(σ) = c(ψ(σ)) for all σ ∈ H.
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Remark. Two subgroups H and H ′ of Sym(n) are permutation isomorphic if and only
if they are conjugate in Sym(n), but our focus is on cycle structure and that is why
we are using the language we have chosen. (N.B., there exist exotic automorphisms
of Sym(6) which do not arise from conjugation, but these automorphisms change the
cycle structure of some elements of order two.)

3.2.2 The induced group G

We proceed to define the group G < VmG such that VnH is isomorphic to G.

Let VmG and VnH be two symmetric Thompson’s groups such that m and n satisfy
Higman’s condition. Let S̃ = {s0, s1, . . . , sn−1} be an ordered prefix code of Cm of
length n, such that RG(S̃) can be defined. We may think of RG(S̃) as a subgroup of
Sym(n) by using the bijection from S̃ to An induced by the lexicographic ordering of
S̃. We define G as the set of equivalence classes of tables of the form:

v =


p1 p2 · · · pk
σ1 σ2 · · · σk
q1 q2 · · · qk
τ1 τ2 · · · τk

 ,
where σi, τi ∈ RG(S̃) ∀i and the prefix codes P and Q consist of words in the alphabet
S̃, that is, every pi and qi is a nonempty concatenation of elements of S̃.

It is straightforward to check that G is a group, since the concatenation of two words
in S̃∗ is another word in S̃∗. Tables of G are well defined by expansions and pushings,
and the action of an element σ ∈ RG(S̃) on a word in S̃ gives another word in S̃ by
the definition of root group, so the composition of any two elements in G gives another
element of G.

Proof of Theorem 3.2. Let VmG and VnH be two symmetric Thompson’s groups. Let
An = {0, 1, . . . , n− 1} and S̃ = {s0, s1, . . . , sn−1} such that RG(S̃) can be defined. We
define the following translating map:

t̃ : An −→ S̃
i −→ si,

and
t : H −→ RG(S̃)

σ −→ σ̃
,

where t is the isomorphism between H and RG(S̃). Note that t and t̃ have the following
property:

t̃(σ(i)) = aσ(i) = σ̃(si) = t(σ)(si) = t(σ)(t̃(i)),∀σ ∈ H,∀i ∈ An,
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as σ̃(ai) = aσ(i),∀σ ∈ H,∀i ∈ An, since RG(S̃) and H are permutation isomorphic.

Our embedding is as follows:

v =


p1 p2 · · · pk
σ1 σ2 · · · σk
q1 q2 · · · qk
τ1 τ2 · · · τk

 ι−→


t̃(p1) t̃(p2) · · · t̃(pk)
t(σ1) t(σ2) · · · t(σk)

t̃(q1) t̃(q2) · · · t̃(qk)
t(τ1) t(τ2) · · · t(τk)

 .
We see that ι commutes with expansions and pushings, that is, ι(exp(v)) = exp(ι(v))
and ι(push(v)) = push(ι(v)) ∀v ∈ VnH:

push(v) =


p1 p2 · · · pk
Id Id · · · Id
q1 q2 · · · qk

τ1σ
−1
1 τ2σ

−1
2 · · · τkσ

−1
k

 ,

ι(push(v)) =


t̃(p1) t̃(p2) · · · t̃(pk)
Id Id · · · Id

t̃(q1) t̃(q2) · · · t̃(qk)

t(τ1σ
−1
1 ) t(τ2σ

−1
2 ) · · · t(τkσ

−1
k )

 ,

push(ι(v)) =


t̃(p1) t̃(p2) · · · t̃(pk)
Id Id · · · Id

t̃(q1) t̃(q2) · · · t̃(qk)

t(τ1)t(σ−1
1 ) t(τ2)t(σ−1

2 ) · · · t(τk)t(σ
−1
k )

 .
As t is an isomorphism of groups, the commutativity follows. On the other hand,
suppose that we expand the prefix code P = {p1, . . . , pk} on pi (we argue below that ι
commutes with expanding, but our argument uses the pushed version of v: it is easy
to see that this is sufficient):

exp(v) =


p1 · · · pi0 · · · pi(n− 1) · · · pk
Id · · · Id · · · Id · · · Id

q1 · · · qi||τiσ−1
i (0) · · · qi||τiσ−1

i (n− 1) · · · qk
τ1σ
−1
1 · · · τiσ

−1
i · · · τiσ

−1
i · · · τkσ

−1
k

 .
The table for ι(exp(v)) is:


t̃(p1) · · · t̃(pi0) · · · t̃(pi(n− 1)) · · · t̃(pk)
Id · · · Id · · · Id · · · Id

t̃(q1) · · · t̃(qi||τiσ−1
i (0)) · · · t̃(qi||τiσ−1

i (n− 1)) · · · t̃(qk)

t(τ1σ
−1
1 ) · · · t(τiσ

−1
i ) · · · t(τiσ

−1
i ) · · · t(τkσ

−1
k )

 ,
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Finally, the table for exp(ι(v)) is:
t̃(p1) · · · t̃(pi)a0 · · · t̃(pi)an−1 · · · t̃(pk)
Id · · · Id · · · Id · · · Id

t̃(q1) · · · t̃(qi)||t(τiσ−1
i )(a0) · · · t̃(qi)||t(τiσ−1

i )(an−1) · · · t̃(qk)

t(τ1σ
−1
1 ) · · · t(τiσ

−1
i ) · · · t(τiσ

−1
i ) · · · t(τkσ

−1
k )

 ,
Both tables exp(ι(v)) = ι(exp(v)) are equal as:

t̃(pi||j) = t̃(pi)||t̃(j) = t̃(pi)||t̃(aj),

t̃(qi||τiσ−1
i (j)) = t̃(qi)||t̃(τiσ−1

i (j)) = t̃(qi)||t(τiσ−1
i )(t̃(j)) = t̃(qi)||t(τiσ−1

i )(aj).

We have used the concatenation symbol “||” in these tables and the immediate discussion
after, wherever we think it makes terms easier to read. In our later explanations we
will generally refrain from using it.

To finish the proof, we need to show that ι(v) ◦ ι(u) = ι(v ◦u). This follows easily from
the fact that ι commutes with expansions and pushings. Without loss of generality,
consider:

u =


p1 p2 · · · pk
Id Id · · · Id
s1 s2 · · · sk
τ1 τ2 · · · τk

 , ι(u) =


t̃(p1) t̃(p2) · · · t̃(pk)
Id Id · · · Id

t̃(s1) t̃(s2) · · · t̃(sk)
t(τ1) t(τ2) · · · t(τk)

 ,

v =


s1 s2 · · · sk
τ1 τ2 · · · τk
q′1 q′2 · · · q′k
τ ′1 τ ′2 · · · τ ′k

 , ι(v) =


t̃(s1) t̃(s2) · · · t̃(sk)
t(τ1) t(τ2) · · · t(τk)

t̃(q′1) t̃(q′2) · · · t̃(q′k)
t(τ ′1) t(τ ′2) · · · t(τ ′k)

 .
Thus:

ι(v) ◦ ι(u) = ι(v ◦ u) =


t̃(p1) t̃(p2) · · · t̃(pk)
Id Id · · · Id

t̃(q′1) t̃(q′2) · · · t̃(q′k)
t(τ ′1) t(τ ′2) · · · t(τ ′k)

 .

Example 3.9. To continue the example of this section, let m = 2, n = 4 and G ≤
Sym(m), generated by the permutation σ = (0 1). As the triple (2, 4, G) is satisfiable, we
can define an embedding from V4H to V2G, where H = RG(S̃), for S̃ = {00, 01, 10, 11}.
It follows that H is isomorphic to a group generated by the permutation (0 3)(1 2). The
embedding takes the element depicted at the top of Figure 3.1 to the element at the
bottom.
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1 2 3 4 4σ 3σ 2σ 1σ

1 2 3 4 4σ̃ 3σ̃ 2σ̃ 1σ̃

Figure 3.1: Example of embedding of V4H into V2G, where H is generated by σ =
(0 3)(1 2) and G is generated by σ̃ = (0 1).

3.3 Algebraic Embeddings

In this section we present some algebraic embeddings VmG� VnH between symmetric
Thompson’s groups. Recall that n−m = k(m− 1) for some positive k, G ≤ Sym(m)
and with H a particular extended version of G in Sym(n).

We call these embeddings “algebraic” as they do not arise via topological conjugacy.
In particular, these embeddings do not preserve the orbit lengths of the points of Cn
(when n > m, which is our primary case of interest).

3.3.1 Successors

Here, we give the key idea for our algebraic embeddings, which relies on extending
an idea of Birget into our context. In particular, we will generalize its definition of
successor, defined in (Birget, 2020) in order to embed V2 in Vn, for all n ≥ 2.

Assume that m and n satisfy Higman’s condition and let Am = {a0, a1, . . . , am−1}
and An = Am ∪ {am, am+1, . . . , an−1}, so Am ⊆ An. We will embed a symmetric
Thompson’s group on alphabet Am into a symmetric Thompson’s group on alphabet
An.

Definition 3.10. (Birget, 2020) Let P ⊂ A∗n be a prefix code of Cn. We define the
set of prefixes of P , spref(P ) as follows:

spref(P ) = {w ∈ A∗n : ∃p ∈ P, w <pref p}.

In other words, spref(P ) is the set of strict prefixes of the elements of P .

In what follows, we take a prefix code P ⊂ am−1||A∗m (so each element of P begins with
the letter am−1), and transform it to a new prefix code Succ(P ) ⊂ A∗n by appending
letters from the set {am, am+1, . . . , an} to the elements of P .
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Definition 3.11. Let P ⊂ am−1||{a0, . . . , am−1}∗ be a prefix code for the set am−1ζ,
where ζ ∈ Aωm, so |P | ≡ 1 mod (m − 1). Let |P | = l ≥ 1, and let {p1, . . . , pl} be the
ordered list of all the elements of P , using the reverse dictionary order, that is,
pi >dict pi+1 for all i ∈ {1, . . . , l − 1}.

We build a new prefix code Succ(P ) inductively using our ordered list (p1, p2, . . . , pl).

As m and n satisfy Higman’s condition, let k be the smallest non-negative integer so
that n − m = k(m − 1). We define (inductively) nested sets Ps,i, where s will grow
from 1 to l, and for each value of s, we will have i grow from 1 to k.

Set Am,n := {am, am+1, . . . , an−1}. For every ps ∈ P , and i ∈ {1, 2, . . . , k} the i-th
successor (ps)

′
i of ps is the element of spref(P )||Am,n defined as follows. Assuming

that

Ps,i−1 =


(p1)′1, (p1)′2, . . . , (p1)′k,
(p2)′1, (p2)′2, . . . , (p2)′k,

...
(ps)

′
1, (ps)

′
2, . . . , (ps)

′
i−1


has already been defined, where Ps,0 = Ps−1,k and P1,0 = ∅, we set:

(ps)
′
i = min{xaj ∈ spref(P )||Am,n : ps <dict xaj and xaj 6∈ Ps,i−1},

where min uses the dictionary order in {a0, . . . , an−1}.

Example 3.12. Suppose m = 3 and n = 5, so that k = 1. In the definition above,
am−1 = 2. So, consider the set P = {20, 210, 211, 212, 22}. Now, k = 1 and spref(P ) =
{ε, 2, 21}. We obtain

p1 = 22 (p1)′1 = 23
p2 = 212 (p2)′1 = 213
p3 = 211 (p3)′1 = 214
p4 = 210 (p4)′1 = 24
p5 = 20 (p5)′1 = 3,

as depicted in Figure 3.2.

Figure 3.2: The set of successors of P = {20, 210, 211, 212, 22} for m = 3 and n = 5.
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We proceed to check that the length of the set of successors of a prefix code is consistent
with Higman’s condition:

Remark. If every element has k successors, then:

n−m = k(m− 1), k ≥ 0,

which is Higman’s condition.

Proof. If we expand an element pi ∈ P , we need to assign successors to each element
piaj for every 0 ≤ j ≤ m−1. In particular, the number of successors k of every leaf does
not vary, and each element piar for every m ≤ r ≤ n − 1 needs to be the successor of
some element in P̃ = (P\{pi})∪{pia0, . . . , piam−1}. Then P̃ has m− 1 more elements
than P and there are n−m new elements piar for m ≤ r ≤ n−1. Thus, we need m−1
to evenly divide n−m, and k is the factor of this division.

We proceed to prove the following lemma, essential for the proof of Theorem 3.4. The
lemma ensures that the set of successors of a prefix code is well-defined and defines the
set of successors of an elementary expansion of the prefix code:

Lemma 3.13. Suppose m ≤ n are natural numbers such that there is k also natural
with n−m = k(m− 1). Suppose l is a positive integer congruent to m modulo m− 1.
Let S = {am, . . . , an−1} and let P ⊂ am−1||{a0, . . . , am−1}∗ be an l-element prefix code,
ordered as pl <dict pl−1 <dict . . . <dict p1. Let i with 1 ≤ i ≤ l. Then, the successors
(pi)

′
1, (pi)

′
2, . . ., (pi)

′
k are well defined, and furthermore, the elementary expansion in

which we replace P by P̃ = (P\{pi})∪pi{a0, . . . , am−1} has successors (piaj)
′
i uniquely

determined as follows:

(piam−1)′1 = piam
...

(piam−1)′k = piam+k−1

(piam−2)′1 = piam+k
...

(piam−2)′k = piam+2k−1
...

(pia1)′1 = piam+(m−2)k

...
(pia1)′k = piam+(m−1)k−1 = pian
(pia0)′1 = (pi)

′
1

...
(pia0)′k = piam+(m−1)k = (pi)

′
k.
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Proof. We prove the two statements by induction on l.

Base Case (l = 1):
If l = 1 then P = {am−1}. We have spref(P ) = {ε}. It then follows that the k
successors are, the set {am, am+1, . . . , am+k−1}, noting that these are given in order
and are the results of the inductive definition of the k successors of am−1. Thus
we have in the base case that the successors are well defined. We need to ver-
ify the existence of well defined successors for an expansion of P = {am−1}. In
this case, P admits only one elementary expansion, which is precisely the set P̃ =
{am−1am−1, am−1am−2, . . . , am−1a0}. We have spref(P̃ ) = {ε, am−1} and we have

(am−1am−1)′1 = am−1am
...

(am−1am−1)′k = am−1am+k−1

(am−1am−2)′1 = am−1am+k
...

(am−1am−2)′k = am−1am+2k−1
...

(am−1a1)′1 = am−1am+(m−2)k

...
(am−1a1)′k = am−1am+(m−1)k−1 = am−1an
(am−1a0)′1 = (am−1)′1

...
(am−1a0)′k = am−1am+(m−1)k = (am−1)′k.

We can directly observe these successors are well defined and distinct. Thus, the
statement is true for l = 1.

Inductive Case (l > 1):
Now let us assume that P̃ is a result of v elementary expansions from the one-element
prefix code {am−1}, for some v ≥ 1, where for any prefix code resulting from u elemen-
tary expansions from {am−1} for 0 ≤ u < v the statement of the lemma holds. We will
show that the successors of our expansion P̃ are well defined. In particular, if P is the
prefix code (of size l) arising from doing only the first t−1 elementary expansions from
{am−1} towards the prefix code P̃ , and pi is the element of P which is being replaced
by and m-fold expansion to create P̃ , then by induction, the successors (pi)

′
1, (pi)

′
2, . . .,

(pi)
′
k of pi ∈ P are well defined.

Note that Pi−1,k = P̃i−1,k, as the involved subsets of both P and P̃ are equal. Thus
the first successor to assign is (piam−1)′1. Suppose that (piam−1)′1 <dict piam, then
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(piam−1)′1 = pat for some p ∈ spref(P ) : p <dict pi and at ∈ {am, . . . , an−1}. Thus,
before expanding P , pat is one of the successors of some pr ∈ P .

If pr <dict pi, then the set of successors of pi is defined before the set of successors of
pr. Because pi is expanded, the set of k successors of piam−1 is equal to the set of
successors of pi, and this set does not contain pat, which is a contradiction. On the
other hand, if pr >dict pi, then pat ∈ Pi−1,k = P̃i−1,k, which is also a contradiction.
Thus (piam−1)′1 = piam. We can use a similar argument for all (piam−1)′1 . . . (pia1)′k.

For pia0, all successors of the form pias, as ∈ {am, . . . , an−1}, have already been as-
signed. Thus, the remaining k successors are precisely the k successors of pi, taken in
order.

We depict in Figure 3.3 an example of the set of successors of Example 3.12 when an
elementary expansion of P is performed at the element 210.

Figure 3.3: The set of successors for P = {20, 210, 211, 212, 22}, m = 3 and n = 5; and
the set of successors of an elementary expansion of P performed at 210.

Remark. Birget in (Birget, 2020) gives a formula for the i-th successor of an element,
for the case of m = 2. The statement of Lemma 3.13 above shows that the natural
generalisation of that formula holds when Higman’s condition holds (as it must for
successors to be well defined). The resulting formula is given as follows:

Let P ⊂ am−1||{a0, . . . , am−1}∗ be a prefix code with |P | ≥ 2, such that the elements of
P are ordered in reverse dictionary order. Then every element of w ∈ P can be written
uniquely in the form uaia

t
0, where u ∈ {a0, . . . , am−1}∗ and t ≥ 0. The i-th successor

of w is:
(w)′i = (uaja

t
0)′i = uam−1+(m−1−j)k+i.

We stress that this formula is only valid if P is ordered in reverse dictionary order.
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3.3.2 The algebraic embedding

Let n > m such that m and n satisfy Higman’s condition. We proceed to define the
algebraic embedding of VmG in VnH = VnGext. Let g ∈ VmG be given by the following
table:

g =


p1 p2 · · · pl
σ1 σ2 · · · σl
q1 q2 · · · ql
τ1 τ2 · · · τl


We define the embedding ι(g) below. The first row of ι(g) has entries following the
ordered list given here:

a0, a1, . . . , am−2,
am−1p1, am−1p2, . . . , am−1pl,

(am−1p1)′1, (am−1p2)′1, . . . , (am−1pl)
′
1,

(am−1p1)′2, (am−1p2)′2, . . . , (am−1pl)
′
2,

...
(am−1p1)′k, (am−1p2)′k, . . . , (am−1pl)

′
k,

am+k, am+k+1, . . . , an−1.

We use vertical bars “|” in our table to separate the rows detailed above, for clarity of
grouping. The element ι(g) is now defined by the following table:


a0 · · · am−2 | am−1p1 · · · am−1pl | (am−1p1)′1 · · · (am−1pl)

′
1 | · · ·

Id · · · Id | σ′1 · · · σ′l | σ′1 · · · σ′l | · · ·
a0 · · · am−2 | am−1q1 · · · am−1ql | (am−1q1)′1 · · · (am−1ql)

′
1 | · · ·

Id · · · Id | τ ′1 · · · τ ′l | τ ′1 · · · τ ′l | · · ·



=


· · · | (am−1p1)′k · · · (am−1pl)

′
k | am+k · · · an−1

· · · | σ′1 · · · σ′l | Id · · · Id
· · · | (am−1q1)′k · · · (am−1ql)

′
k | am+k · · · an−1

· · · | τ ′1 · · · τ ′l | Id · · · Id


By definition, the set of successors of P = {p1, . . . , pl} have been assigned supposing
that pl <dict . . . <dict p1. Therefore, the set of successors of Q = {q1, . . . , ql} is
assigned following the order ql → · · · → q1, which need not follow the dictionary
order on Q. Indeed, the first and third rows of ι(g) are both prefix codes of Cn. On
the one hand, suppose that the number of columns of g is l = m + d(m − 1) for
some d ≥ 0. It follows that the number of columns of ι(g) whose elements of the
first row start with am−1 is n + d(n − 1) (observe that the last k terms from the
successor substitution will not begin with am−1). On the other hand, as the number of
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columns of g is (m + d(m− 1)), and we assign k successors to every column, we have
(m+d(m−1))(k+ 1) columns on ι(g). As we have Higman’s condition, the reader can
verify that (m + d(m − 1))(k + 1) = n + d(n − 1) + k. From this, we see firstly that
(n − 1)|k, but more importantly, this embedding/successor operation does not place
any constraints on the number of elementary expansions d that were used to create the
original prefix code for the domain of g.

We proceed to prove Theorem 3.4. We need to show that embeddings are consistent
with the operations of expansion, pushing down and composition of tables.

Proof of Theorem 3.4. We prove that ι is injective. Note that any table representing the
identity has the same first and third rows, and the second and fourth rows consist of the
identity elements. By definition, if ι(g) has this form, then the second and fourth rows
of g consist of identity elements. On the other hand, note that if (am−1pi)

′
j = (am−1qi)

′
j ,

then pi = qi, by the definition of successor. Therefore, if the first and third rows of ι(g)
are equal, then the first and third rows of g are equal, so g is the identity element.

If we push down the action of every σi, we have:

push(g) =


p1 p2 · · · pl
Id Id · · · Id
q1 q2 · · · ql

τ1σ
−1
1 τ2σ

−1
2 · · · τlσ

−1
l


Thus the table for ι(push(g)) is:


a0 · · · am−2 | am−1p1 · · · am−1pl | (am−1p1)′1 · · · (am−1pl)

′
1 | · · ·

Id · · · Id | Id · · · Id | Id · · · Id | · · ·
a0 · · · am−2 | am−1q1 · · · am−1ql | (am−1q1)′1 · · · (am−1ql)

′
1 | · · ·

Id · · · Id | (τ1σ
−1
1 )′ · · · (τlσ

−1
l )′ | (τ1σ

−1
1 )′ · · · (τlσ

−1
l )′ | · · ·



=


· · · | (am−1p1)′k · · · (am−1pl)

′
k | am+k · · · an−1

· · · | Id · · · Id | Id · · · Id
· · · | (am−1q1)′k · · · (am−1ql)

′
k | am+k · · · an−1

· · · | (τ1σ
−1
1 )′ · · · (τlσ

−1
l )′ | Id · · · Id



On the other hand the table for push(ι(g)) is:
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a0 · · · am−2 | am−1p1 · · · am−1pl | (am−1p1)′1 · · · (am−1pl)

′
1 | · · ·

Id · · · Id | Id · · · Id | Id · · · Id | · · ·
a0 · · · am−2 | am−1q1 · · · am−1ql | (am−1q1)′1 · · · (am−1ql)

′
1 | · · ·

Id · · · Id | τ ′1(σ′1)−1 · · · τ ′l (σ′l)−1 | τ ′1(σ′1)−1 · · · τ ′l (σ′l)−1 | · · ·



=


· · · | (am−1p1)′k · · · (am−1pl)

′
k | am+k · · · an−1

· · · | Id · · · Id | Id · · · Id
· · · | (am−1q1)′k · · · (am−1ql)

′
k | am+k · · · an−1

· · · | τ ′1(σ′1)−1 · · · τ ′l (σ′l)−1 | Id · · · Id


Recall from the statement of Theorem 3.4 that for an element τ ∈ Sym(m), the ex-
tended version τ ′ of τ in Sym(n) is that element of Sym(n) which agrees with τ on the
set Am and acts as the identity on the points of Am,n in An. Thus, both tables are
equal, as (τiσ

−1
i )′ = (τ ′i)(σ

′
i)
−1, ∀i ∈ {i, . . . , l}. If we expand g on pi:

exp(g) =


p1 p2 · · · pia0 · · · piam−1 · · · pl
Id Id · · · Id · · · Id · · · Id
q1 q2 · · · qiτi(a0) · · · qiτi(am−1) · · · ql
τ1 τ2 · · · τi · · · τi · · · τl


Then the table for ι(exp(g)) is:
a0 · · · am−2 | am−1p1 · · · am−1pia0 · · · am−1piam−1 · · · am−1pl | · · ·
Id · · · Id | Id · · · Id · · · Id · · · Id | · · ·
a0 · · · am−2 | am−1q1 · · · am−1qiτi(a0) · · · am−1qiτi(am−1) · · · am−1ql | · · ·
Id · · · Id | τ ′1 · · · τ ′i · · · τ ′i · · · τ ′l | · · ·



=


· · · | · · · (am−1pia0)′j · · · (am−1piam−1)′j · · · | am+k · · · an−1

· · · | · · · Id · · · Id · · · | Id · · · Id
· · · | · · · (am−1qiτi(a0))′j · · · (am−1qiτi(am−1))′j · · · | am+k · · · an−1

· · · | · · · τ ′i · · · τ ′i · · · | Id · · · Id


On the other hand, the table for exp(ι(g)) is:


a0 · · · am−2 | am−1p1 · · · am−1pia0 · · · am−1pian−1 · · · am−1pl | · · ·
Id · · · Id | Id · · · Id · · · Id · · · Id | · · ·
a0 · · · am−2 | am−1q1 · · · am−1qiτ

′
i(a0) · · · am−1qiτ

′
i(an−1) · · · am−1ql | · · ·

Id · · · Id | τ ′1 · · · τ ′i · · · τ ′i · · · τ ′l | · · ·



=


· · · | · · · (am−1p1)′j · · · (am−1pi)

′
j · · · (am−1pl)

′
j · · · | am+k · · · an−1

· · · | · · · Id · · · Id · · · Id · · · | Id · · · Id
· · · | · · · (am−1q1)′j · · · (am−1qi)

′
j · · · (am−1ql)

′
j · · · | am+k · · · an−1

· · · | · · · τ ′1 · · · τ ′i · · · τ ′l · · · | Id · · · Id
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It is straightforward to check that for both tables the columns starting at am−1pias for
0 ≤ s ≤ m− 1, are equal, as τ ′i(s) = τi(s),∀s ∈ {0, . . . ,m− 1}.

For m ≤ s ≤ n−1 by Lemma 3.13, we know there is a correspondence between the first
two rows of ι(exp(g)) and the first two rows of exp(ι(g)). On the other hand, from the
description of the algebraic embedding, the order in which successors for every qj are
selected depends only on the order of {p1, . . . , pl}, so we have the following calculations:

(am−1qiτi(am−1))′1 = am−1qiam = am−1qiτ
′
i(am),

...
...

(am−1qiτi(am−1))′k = am−1qiam+k−1 = am−1qiτ
′
i(am+k−1),

(am−1qiτi(am−2))′1 = am−1qiam+k = am−1qiτ
′
i(am+k),

...
...

(am−1qiτi(a1))′1 = am−1qiam+(m−2)k = am−1qiτ
′
i(am+(m−2)k),

...
...

(am−1qiτi(a1))′k = am−1qian = am−1qiτ
′
i(am+(m−1)k−1),

(am−1qiτi(a0))′1 = (am−1qi)
′
1,

...
(am−1qiτi(a0))′k = (am−1qi)

′
k.

That is, e.g., (am−1qiτi(am−1))′1 comes first in the choice of successor as (am−1piam−1)′1
appears first under the order of the pi, independent of τi. Thus, the latter two rows of
these tables are also equivalent.

Finally, it is easy to see that ι(h ◦ g) = ι(h) ◦ ι(g), as ι commutes with expansions and
pushings. Indeed, we only need to obtain row equality on the first part of the table as
the remaining part depends entirely on P (resp. on Q for the element h):

ι(g) =


· · · am−1pi · · · (am−1pi)

′
j · · ·

· · · Id · · · Id · · ·
· · · am−1qi · · · (am−1qi)

′
j · · ·

· · · τ ′i · · · τ ′i · · ·

 ,

ι(h) =


· · · am−1qi · · · (am−1qi)

′
j · · ·

· · · τ ′i · · · τ ′i · · ·
· · · am−1ri · · · (am−1ri)

′
j · · ·

· · · τ ′′i · · · τ ′′i · · ·

 ,

ι(h) ◦ ι(g) =


· · · am−1pi · · · (am−1pi)

′
j · · ·

· · · Id · · · Id · · ·
· · · am−1ri · · · (am−1ri)

′
j · · ·

· · · τ ′′i · · · τ ′′i · · ·

 = ι(h ◦ g).

Thus the result follows.
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Chapter 4

A new family of infinitely braided
Thompson’s groups

So far, we have focused on generalized Thompson’s groups which are generated by
V and a self-similar group. However, as said in the Introduction, there exist other
generalizations which cannot be expressed in terms of self similarities of the Cantor
set. In this chapter we focus on one of these generalizations, a braided version of
V , and further generalize it by using another version of strand diagrams, braided
diagrams. We finally prove that all these groups are finitely generated.

The braided version Vbr (BV2 in this chapter) of R. Thompson’s group V was defined
independently by (Dehornoy, 2006) and (Brin, 2007, 2006). Roughly speaking, BV2 is
the group of affine and orientation-preserving isotopies from the binary Cantor set (by
considering it embedded in the unit interval) to itself, using finite covers consisting of
dyadic intervals. Using a ‘geometric’ approach, we extend their work by defining new
families of Thompson-like groups based on BV2.

More concretely, we firstly give the natural generalization of BV2 by using k copies of
n-ary Cantor sets Cn for all k ≥ 1 and n ≥ 2, obtaining all braided versions BVn,k
of the well-known Brown-Higman-Thompson groups Vn,k. Next, we apply a recursive
definition of braid (inspired by the definition of self-similar group) to construct a family
of infinitely braided Thompson-like groups BVn,kH for any H ≤ Bn, where Bn is
the braid group with n strands. In the spirit of this thesis, we define these groups
geometrically, by using a braided version of strand diagrams. This allows us to prove
also finite generation. In addition to the groups BVn,kH, it is also possible to define
the groups B̂VnH, which are the infinitely braided versions of V̂nH.

The first part of the chapter is devoted to prove that all these families are groups. For
this aim we use, as in Chapter 2, a generalization of the Belk-Matucci theory of strand
diagrams (Belk and Matucci, 2014) and rewriting systems (Newman, 1942). Finally,
we prove the main theorem:

All results of this chapter have been published in the paper (Aroca and Cumplido, 2020), in a joint
work with María Cumplido, of the Universidad Complutense de Madrid, Spain.
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Theorem 4.1. If H ≤ Bn is finitely generated, the groups BVn,kH are finitely generated
for every k ≥ 1, n ≥ 2.

For this purpose, we use a different and simpler approach than the one used by Brin.
With the help of groups Fn,k and the properties of braids and braided diagrams, we
generalize the ideas of (Higman, 1974) to prove that for all these groups are finitely
generated. In particular, we provide an explicit finite set of generators for k = 1 and
H = Id, Bn and when H is a standard parabolic subgroup of Bn.

4.1 The infinitely braided groups BVnH

In this section we define the main objects of this chapter: the braided versions of
Higman-Thompson’s groups, BVn,k; and its generalization, the family of infinitely
braided groups BVn,kH. The fact that these are indeed groups, is proved in Section
4.2.

4.1.1 Descriptions of Vn,k, BVn,k and B̂Vn

As a reminder for the reader, we recall that the elements of the Thompson’s group Vn
are defined by using covers of the n-ary Cantor set Cn by pairwise disjoint subintervals
of [0, 1] of the form Cn,w, for w ∈ A∗n; chosen from any Cjn, see Chapter 1. For any pair
of covers C and C ′ with the same number of intervals, we define a bijection from the
elements of C to the elements of C ′ such that, on each interval, the effect of the map
is an affine and orientation-preserving transformation. Then we restrict the map to
Cn. This restriction is a homeomorphism of Cn. Finally, we define Vn as the set of all
maps of this kind, which turns to be a group under composition. As seen previously,
elements of Vn are encoded by pairs of finite full n-ary trees together with a bijection τ
between their leaves. Therefore, any element v ∈ Vn can be (not uniquely) represented
as a triple (T, τ, T ′).

The set of leaves of all possible n-ary trees is in bijection with the set of finite words
on the alphabet An = {0, . . . , n − 1}, denoted by A∗n. The word assigned to each leaf
depends on the path taken from the root to reach the leaf. This labelling induces a
natural (lexicographic) order on the set of leaves of a tree. By abuse of notation, we
will say that a word in A∗n is its represented leaf.

The previous description of Vn can be easily extended to obtain the braided Thompson’s
groups BVn. The braided Thompson’s group BV2 was introduced in (Brin, 2007, 2006)
and (Dehornoy, 2006). As before, given any pair of covers C and C ′ of Cn with the same
number m of elements, we embed them in R×{1} and R×{0} respectively. Then, we
define an orientation-preserving isotopy from R× [0, 1] to itself with compact support,
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4.1 The infinitely braided groups BVnH

from the elements of C to the elements of C ′. In this case, the isotopy is represented
by a braid β with m strands.

Definition 4.2. A braid is a collection of m disjoint paths in a solid cylinder connect-
ing m points of its upper disk to m points of its lower disk and running monotonically
in the vertical direction (see Figure 4.1). Two braids β, β′ are equivalent if we can
continuously deform β into β′ without intersecting the paths. The equivalence classes
of these objects (that will be called braids by an abuse of notation) are the elements of
the braid group with m strands, Bm, introduced in (Artin, 1947), which is presented
as follows:

Bm = {σ1, . . . , σm−1 |σiσj = σjσi if |i− j| > 1, σiσjσi = σjσiσj if |i− j| = 1.}

Here σi (resp. σ−1
i ) is the braid in which the strand in the i-th position passes over

(resp. under) the strand in the (i + 1)-th position. The set of σi’s is called the set of
Artin generators.

A representative of an element v ∈ BVn is a pair of finite full n-ary trees together with
a braid β between their leaves, that is, v = (T, β, T ′). This triple is called braided
tree-pair representation. The composition of these elements works as in Vn. In
order to better understand braided tree-pairs, we will use braided diagrams in which
the range tree is pictured upside down below the domain tree, as pictured in Figure
4.1. These diagrams will be thoroughly used in this chapter.

In a similar manner, by considering a finite number k of copies of Cn and using the
same definition as above, we get the group BVn,k.

1 2 3 4 5

σ3

σ2

σ−1
1

σ−1
4

σ−1
3

Figure 4.1: An element of BV3 with its braid β = σ3σ2σ
−1
1 σ−1

4 σ−1
3 .

The group B̂Vn is built by embedding a countable number of copies of Cn, one on each
interval [2i, 2i + 1] × {1} and [2i, 2i + 1] × {0} of R × {1} and R × {0} respectively.
Consider two infinite covers C and C ′ such that the intervals are pairwise disjoint, as
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Chapter 4 A new family of infinitely braided Thompson’s groups

before, and all but finitely many of them are of the form [2i, 2i+ 1]× {1} for C (resp.
of the form [2i, 2i+ 1]×{0} for C ′). Finally, we map C to C ′ by an isotopy of R2, such
that the images of the chosen intervals are parallel to the x-axis. Since the number of
intervals is infinite, the isotopy could be a “shift” taking place for large values of x. We
impose that a shift must be done by an isotopy of the form

(x, y)→ (x+ td(1− |y|), y)

outside a compact set, for |y| < 1, x > K for some positive constant K; and by the
identity otherwise. The integer d is the total amount of shift and t is the parameter
of the isotopy, see (Brin, 2007). An example of such an element is depicted in Figure
4.2.

Figure 4.2: An element of B̂V3.

The proof of the fact that BV2 and B̂V2 are groups can be found in (Brin, 2007), where
it is shown that they are finitely presented. In Section 4.3, we will prove that our
groups are finitely generated, as well as for the ones defined hereunder.

4.1.2 Descriptions of BVnH and B̂VnH

Let H be a subgroup of the group of braids on n strands Bn. The aim of this chapter
is to define new groups BVnH as a generalization of BVn.

Let C and C ′ be two covers of Cn with the same number of elements. Let c ∈ C,
c′ ∈ C ′, and h ∈ H ≤ Bn. A recursive braid of type h between c and c′ is a braid
with infinitely many strands obtained by the following process: Replace c and c′ by
two subcovers c1, . . . , cn and c′1, . . . , c′n respectively, such that h is an isotopy from ci
to c′j , (that is, c1, . . . , cn and c′1, . . . , c′n are braided by h). We repeat this process on
every ci and c′j by subdividing them and applying h again, and so on. In Figure 4.3, we
can see graphically how to construct a recursive braid. We define the composition of a
recursive braid of type h1 between c and c′ with a recursive braid of type h2 between
c′ and c′′ as the recursive braid of type h2h1 between c and c′′.
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σ1

σ1 σ1

Figure 4.3: An example of recursive braid where h = σ1.

The group BVnH is the group of elements in BVn together with (possibly) recursive
braids between covers of Cn. The way to represent an element v ∈ BVnH is as a
triple (T, β, T ′) ∈ BVn together with a set λ = {hi}mi=1, hi ∈ H ≤ Bn, where m is the
number of leaves of both T and T ′. This set corresponds to the set of recursive braids
on the m strands of β. Each label indicates that there is a recursive braid of type hi
between the β(i)−1-th (the interval i′ such that β(i′) = i), and i-th intervals linked by
the corresponding strand of β. Therefore, we write v = (T, β, λ, T ′). As before, there
are infinitely many braided tree-pair representations of the same element v ∈ BVnH.
In this case, final carets are mapped by elements of H: if some c ∈ C is mapped
to c′ ∈ C ′ with a recursive braid h, then the same isotopy maps the subcover ci to
h(ci) = c′j(h) with a recursive braid h for all i ∈ {1, . . . , n}, where j is the permutation
on n elements induced by h. In terms of braided tree-pair representations, v maps a
final caret to another one following the rules of h. Finally, note that elements of BVn
can be expressed in terms of recursive braids, where λ = {Id, . . . , Id}. Therefore,
BVn = BVnId.

The group B̂VnH is defined in the same way as B̂Vn, by adding recursive braids.
Similarly, if we consider a finite number k of copies of Cn, we obtain BVn,kH.

4.2 Braided diagrams and rewriting systems

In this section we prove that all the previously defined groups are in fact groups. In
order to do that, we use a generalization of the theory of strand diagrams (Belk and
Matucci, 2014) and rewriting systems (Newman, 1942), as in Chapter 2. This section is
heavily inspired by the aforementioned work. For the sake of completeness, we include
here all definitions needed in order to define braided diagrams, even if some of them
are similar to the ones of Chapter 2. As the reader may notice, once the basics about
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graphs are defined, all transformations and results differ from the ones presented on
the aforementioned chapter.

Consider a directed graph Γ. Let V (Γ) be its set of (possibly labelled) vertices, and
let E(Γ) = {e1, e2, . . . , es} ⊂ V (Γ) × V (Γ) be the set of oriented edges, which have
the form e = (v, v′) or (v′, v) depending on the orientation. An oriented path is a
sequence of oriented edges {e1, ..., et} = {(vi(1), vj(1)), . . . , (vi(t), vj(t))} such that vj(k) =
vi(k+1) ∀k ∈ {1, . . . , t− 1}. If vj(t) = vi(1), we have an oriented loop.

Definition 4.3. The degree of a vertex v ∈ V (Γ) is the number of edges which have
v as endpoint, that is, those which have the form (v, v′) or (v′, v) for some v′ ∈ V (Γ).
If an edge has the form (v, v), v has degree 2.

Definition 4.4. A vertex v is a source (resp. a sink) for a finite set of directed edges
if they have v as starting point (resp. ending point). A vertex v is a main source
(resp. a main sink) if it is a source (resp. a sink) of degree one.

Let n ≥ 2. A split (resp. a merge) is a vertex v of degree n + 1 which is a sink for
one edge and a source for the others (resp. a source for one edge and a sink for the
others). A white vertex vh is a vertex of degree 2 with a label h ∈ H ≤ Bn.

Definition 4.5. We say that Γ is acyclic if the graph has no oriented loops.

From now on, Γ will be a directed acyclic graph.

Definition 4.6. A pitchfork graph is a graph whose vertices are only main sources,
main sinks, white vertices, splits or merges for a fixed n ≥ 2.

4.2.1 Braided diagrams

Let g ∈ BVnH for some n ≥ 2, H ≤ Bn and (T, β, λ, T ′) a braided tree-pair representa-
tion of g. We recall that we can construct a braided diagram representation Γ′ from an
element (T, β, T ′) of BVn by picturing T ′ upside down below T and joining the leaves
of both trees with the braid β (see again Figure 4.1). The aim if this subsection is to
construct a well-defined braided diagram for g.

Notice that Γ′ may not be planar. However, we can consider the unique natural planar
projection inherited from the tree-pair representations, depicted in Figure 4.1, such
that T and T ′ are embedded in a plane (as in the usual tree-pair representation of
an element of a Thompson’s group); and β is projected such that the projection has a
finite number of self-intersections. We formalize this idea in the following definitions:
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Definition 4.7. We say that an oriented path of an acyclic graph is a strand if it
only contains white vertices (excluding its endpoints).

Definition 4.8. A braided diagram is a planar projection Γ := p(Γ′) of a finite
directed acyclic pitchfork graph Γ′ satisfying the following properties:

• Two vertices of Γ′ never have the same image,

• No vertex is mapped onto an edge of which it is not an endpoint,

• The images of the edges of Γ′ intersect in a finite set of points,

• The image of a strand cannot intersect itself.

The set of edge intersections that are not endpoints is the set of crossings C(Γ) of Γ.

Note that this projection may not exist for every Γ. However, as we will see, given any
element of BVnH, it is possible to construct a braided diagram from it.

To distinguish isomorphic planar graphs with different crossings, we impose a rotation
and a crossing system:

Definition 4.9. Let Γ be a braided diagram. A rotation system of Γ is a map
ρΓ : E(Γ) −→ {0, . . . , n}2 which gives an order to every edge of Γ around its endpoints
as follows:

1. A counter-clockwise order to the directed edges of a split v, where the 0-th edge
is the edge which has v as sink.

2. A clockwise order to the directed edges of a merge v, where the 0-th edge is the
edge which has v as source.

3. A 0 to the edge which has a white vertex vh as sink, and a 1 to the one which
has vh as source.

Definition 4.10. Let Γ be a braided diagram. A crossing system of Γ is a map
κΓ : C(Γ) −→ {1,−1} which gives a label to every crossing of Γ. Geometrically, the
crossings are depicted as in Figure 4.4.

Figure 4.4: The positive and negative crossings.

Observe that ρΓ and κΓ completely determine the crossings of Γ and will represent the
Artin generators composing a braid and their inverses. From now on, we will always
consider that a braided diagram is endowed with a crossing and a rotation system.
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Remark. Note that these systems provide a natural injection f : Γ ∪ C(Γ) → R3. By
abuse of notation, we will denote f(Γ ∪ C(Γ)) by f(Γ). Γ will be called a natural
projection of f(Γ).

Definition 4.11. Two braided diagrams Γ1 and Γ2 are equal if there exists an isomor-
phism φ : Γ1 → Γ2 such that:

1. φ(ρΓ1) = ρΓ2 ,

2. φ(κΓ1) = κΓ2 , and

3. φ(vh) = φ(v)h, ∀v ∈ V (Γ1).

for every white vertex vh.

It is possible to compose two braided diagrams Γ′ and Γ′′ if the number of main sinks
of Γ′ is equal to the number of main sources of Γ′′. We then identify from left to right
the main sinks of Γ′ with the main sources of Γ′′ without creating any new crossing.
The composition is again a braided diagram.

We now explain how to construct a braided diagram for an element g ∈ BVnH, with
a braided tree-pair representation (T, β, λ, T ′). Take the braided diagram of (T, β, T ′)
and then append to the β−1(i)-th leaf of T the corresponding white vertex vhi . Next,
append to the roots of both T and T ′ an edge and a vertex. Give the orientation from
the vertex appended in T to the leaves of T , from the leaves of T to the leaves of T ′

and finally from the leaves of T ′ to the appended vertex of T ′. The resulting directed
acyclic pitchfork graph is a braided diagram of g. The process is similar for elements
of BVn,kH and B̂VnH, but using forests instead of trees. Note that not all braided
diagrams are obtained as a consequence of this process: as we will see, we can perform
transformations on them to produce new ones.

As example, Figure 4.5 depicts a braided diagram of the element (T, β, λ, T ′), where T
(resp. T ′) represents the prefix code S = {00, 01, 02, 1, 2} (resp. S′ = {0, 1, 20, 21, 22}),
β = σ3σ2σ

−1
1 σ−1

4 σ−1
3 and λ = (h1, Id, h2, h3, Id). To simplify all braided diagrams

depicted in this chapter, we omit the main source and the main sink, and omit the
arrows indicating the orientation of the diagram, as this orientation is depicted on all
figures from the top of the braided diagram to the bottom.

4.2.2 Rewriting systems and confluence

As said at the beginning of this section, we use the theory of rewriting systems (New-
man, 1942) in order to prove that there exists a bijection between equivalence classes
of braided diagrams and elements of BVnH. We proceed to define the moves between
braided diagrams, as in Chapter 2. However, in the case of braided diagrams, there
are more cases to be considered. In addition, we need to keep in mind that moves are
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4.2 Braided diagrams and rewriting systems

h1 h2 h3

Figure 4.5: An element of BV3H with braid β = σ3σ2σ
−1
1 σ−1

4 σ−1
3 and recursive braids

h1, h2 and h3 ∈ H.

performed on a 3-dimensional neighbourhood of the braided diagram, thus we can only
perform a move if the corresponding subgraph is contained in a neighbourhood which
is not crossed by other strands of the braided diagram.

Definition 4.12. Let Γ′ be a finite directed acyclic pitchfork graph. Suppose that
Γ′ has a collection of strands S that has a neighbourhood homeomorphic to a solid
cylinder which does not contain other edges. If, up to isotopy (fixing the boundary of
the cylinder), such collection defines a braid α, we say that S is a sub-braid α of Γ′.
For example, in Figure 4.1, the collection of the second and third strands of β defines
a trivial sub-braid.

Definition 4.13. Let Γ′ = f(Γ) be the natural injection of a braided diagram Γ in R3.
We define the following moves on Γ:

(1) Consider a split v1 and a merge v2 of Γ (and Γ′). Suppose that Γ′ has a sub-
braid h on n strands connecting every i-th edge of v1 with the h(i)-th edge of v2.
Also suppose that each strand of h contains a (possibly empty) sequence of white
vertices {vh1 , . . . , vht(i)} with ht(i) ◦ · · · ◦ h1 = h, where each t(i) depends on the
strand.

Take the connected subgraphs Γ0 of Γ and Γ′0 of Γ′ formed by v1, v2, h, the edges
starting at v1 and the edges arriving at v2. Replace a neighbourhood of Γ′0 by a
neighbourhood of a single strand Γ′′0 containing a white vertex vh if h 6= Id; or a
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Chapter 4 A new family of infinitely braided Thompson’s groups

neighbourhood of a single strand with no white vertices, if h = Id. Let Γ′′ be the
new pitchfork graph. A 1-move replaces Γ by a natural projection p(Γ′′) such
that p(Γ′′ \ Γ′′0) = Γ \ Γ0. See Figure 4.6.

(2) Consider a merge v1 and a split v2 of Γ (and Γ′). Suppose that v1 and v2 are
connected by a strand d. Let {vh1 , . . . , vht} be a (possibly empty) sequence of
white vertices on this strand with ht ◦ · · · ◦ h1 = h.

Take the connected subgraphs Γ0 of Γ and Γ′0 of Γ′ formed by v1, v2 and d. Replace
a neighbourhood of Γ′0 with the neighbourhood of the subgraph Γ′′0 obtained by
adding a white vertex vh to every strand of h. This braid connects the i-th edge
of v1 with the h(i)-th edge of v2, for all i ∈ {1, . . . , n}. If h = Id, then we replace
the neighbourhood of Γ0 with the neighbourhood of n edges connecting the i-th
edge of v1 and the i-th edge of v2, with no crossings between them. Let Γ′′ be the
new pitchfork graph. A 2-move replaces Γ by a natural projection p(Γ′′) such
that p(Γ′′ \ Γ′′0) = Γ \ Γ0. See Figure 4.6.

h h h h h h

h1 h1

h2 h2

hn hn

h1

h2

hn

h h h

Figure 4.6: Examples of 1-moves and 2-moves, where hn ◦ · · · ◦ h2 ◦ h1 = h.

As occurs in Chapter 2, moves 1 and 2 have infinitely-many inverses, depending
on the sequence of white vertices used to define them.

(3) Let Γ0 be the subgraph of Γ consisting of a crossing between two edges, such that
one of them contains a white vertex. Then a 3-move moves the white vertex
along the crossing, as Figure 4.7 shows.

(4) Let Γ0 be the subgraph of Γ consisting of one edge whose endpoints are two
white vertices vh1 and vh2 . A 4-move replaces the neighbourhood of Γ0 with the
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4.2 Braided diagrams and rewriting systems

neighbourhood of a strand containing a single white vertex vh2◦h1 . If h2◦h1 = Id,
it replaces the neighbourhood of Γ0 with a neighbourhood of a strand with no
white vertices. See Figure 4.7.

(5) Suppose that in Γ we have a crossing between two strands such that one of them
ends on a split. Then a 5-move pushes the crossing along the split, such that
the strand without the split crosses the n strands of the split as in Figure 4.8.
The same occurs for the symmetric case involving two strands and one merge.

(6) Let Γ0 be the neighbourhood of the subgraph of Γ consisting of an edge e whose
endpoints are a merge and a white vertex vh, where e is the 0-th edge of the
merge. Consider Γ1, obtained from Γ0 by performing a inverse of a type 1-move
on e. Let Γ2 be obtained from Γ1 by performing a 2-move on the merge and the
new split created by the previous reduction. A 6-move replaces Γ0 with Γ2 (see
Figure 4.8). The symmetric case (a split whose 0-th edge has a white vertex as
endpoint) is analogously treated. There are several cases contained here, as the
inverse of a 1-move is not unique.

h h

h h

h

h′
h′′

Figure 4.7: Examples of 3-moves and 4-moves, where h′ ◦ h = h′′.

Definition 4.14. For two braided diagrams Γ, Γ′, we say that Γ′ is a reduction of
Γ if there exists a sequence of moves which takes Γ to Γ′. Two braided diagrams are
equivalent if one is a reduction of the other.

Definition 4.15. A braided diagram is reduced if no moves can be performed on it.

As in Chapter 2, we construct a a rewriting system R from the set of all braided
diagrams as follows: the vertex set of R consists of the set of all braided diagrams. The
vertices are called states. We have an oriented edge from a state s to a state s′ if we
obtain s′ from s by performing a move.
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Chapter 4 A new family of infinitely braided Thompson’s groups

h
h h

h

h h

Figure 4.8: Examples of 5-moves and 6-moves.

Definition 4.16. A rewriting system R is terminating if every oriented path of R
has finite length. A state s is reduced if no oriented paths start from s.

Note that if a rewriting system is terminating, then every state has a reduced form. In
the case of braided diagrams, we only need one type of confluence, that we proceed to
define:

Definition 4.17. We say that a rewriting system is locally confluent if for all triples
of states s0, s1, s2 such that s1 and s2 are reductions of s0, there exists a state s3 which
is a reduction of both s1 and s2.

Proposition 4.18. Every braided diagram is equivalent to a unique reduced braided
diagram.

Proof. As it is explained in (Newman, 1942), we only need to show that the rewriting
system of braided diagrams is terminating and locally confluent.

Firstly, we claim that the rewriting system of a braided diagram is terminating. Let s
be a state representing a braided diagram, and consider a path starting from it. This
path cannot be infinite as:

• The number of 1-moves and 2-moves in the path is finite, as there is a finite
number of splits and merges on s. Both 1-moves and 2-moves reduce them,
whereas the other moves do not increase it.

68



4.2 Braided diagrams and rewriting systems

• The number of 5-moves and 6-moves in the path is finite, as there is a finite num-
ber of crossings followed by splits, merges followed by crossings, merges followed
by white vertices or white vertices followed by splits. The other moves do not
increase these numbers.

• Finally, the number of 3-moves and 4-moves in the path is finite, as there is a
finite number of white vertices and white vertices followed by crossings. In this
case, these numbers can be increased by performing 5-moves and 6-moves, but
they can be performed a finite number of times, as we have seen.

Note that the previous facts are true because there are no oriented loops in any braided
diagram, by definition. Therefore, the process of reducing is finite, so the rewriting
system is terminating.

On the other hand, it is easy to check the local confluence for all moves, that is, if
we perform two different moves to the same braided diagram, there exists a braided
diagram which is a reduction of both. For this purpose, it is enough to check all
possibilities: given a fixed braided diagram Γ, let Γ′ (resp. Γ′′) be the braided diagram
obtained from Γ by performing one i-move (resp. one j-move). One needs to prove
that there exists a braided diagram Γ′′′ which is a reduction of both Γ′ and Γ′′, for all
i, j ∈ {1, . . . , 6}. Suppose that we can perform two different moves r0, r1 on a braided
diagram Γ. We need to show that there exist two sequences of moves s0, s1 such that
s1 ◦r1(Γ) = s0 ◦r0(Γ), where ◦ is the composition of moves. Let Γi be the support of ri.
If Γ0 ∩Γ1 = ∅, then r0 and r1 commute, that is, r0 ◦ r1(Γ) = r1 ◦ r0(Γ). If Γ0 ∩Γ1 6= ∅,
suppose that r0 and r1 are 1 or 2-moves:

1. If r0 is a 1-move and r1 is a 2-move and λ = Id for both, then r0(Γ) = r1(Γ).

2. If r0 is a 2-move with λ and r1 is a 1-move with Id, then there exists a 6-move b
with support Γ0 ∪ Γ1 such that r0(Γ) = b ◦ r1(Γ).

3. If r0 is a 2-move with λ and r1 is a 1-move with λ′, then there exists a 6-move b
with support Γ0∪Γ1 and 4-movesm0, . . . ,mn such that b◦mn−1◦· · ·◦m0◦r0(Γ) =
mn ◦ r1(Γ).

4. If r0 is a 1-move (resp. a 2-move) and r1 is a 3-move, a 4-move, a 5-move, then
there exists another 1-move (resp. a 2-move) b such that r0(Γ) = b ◦ r1(Γ).

5. If r0 is a 1-move and r1 is a 6-move, then there exists another 1-move b such that
r0(Γ) = b ◦ r1(Γ).

6. If r0 is a 2-move and r1 is a 6-move, then there exists another 2-move b and
4-moves m0, . . . ,mn such that r0(Γ) = m0 ◦ · · · ◦mn ◦ b ◦ r1(Γ).

A similar reasoning works for the remaining combinations of moves. More concretely,
as the number of splits and merges of the braided diagram does not vary, it is easier to
find the moves which lead to the confluence.
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Corollary 4.19. There is a bijection between classes of equivalent braided diagrams
and classes of equivalent elements of BVnH.

Proof. We only need to prove that there is a bijection between reduced braided di-
agrams and reduced elements of BVnH, as performing reductions and expansions of
an element in BVnH corresponds to performing 1-moves and their inverses on the
corresponding braided diagrams.

On the one hand, it is easy to see that a reduced element of BVnH produces a reduced
braided diagram when doing the construction described at the beginning of this section.
On the other hand, given a reduced braided diagram, we obtain the corresponding
reduced element of BVnH by taking into account the following facts: every oriented
path from a main source to a main sink has the following form:

vmso → vs1 → · · · → vsi → vh → vm1 → · · · → vmj → vmsi

where vmso (resp. vmsi) is the main source (resp. the main sink), vs1 , . . . , vsi (resp.
vm1 , . . . , vmj ) are splits (resp. merges) and vh is a white vertex.

• If there were a merge followed by a split we could perform a 2-move.

• If there were a white vertex before a split or after a merge, then we could perform
a 6-move.

• If there were more than one white vertex on an oriented path, then we could
perform a 4-move.

• Regarding the crossings, note that all strands must cross after the set of splits
and before the set of white vertices. Otherwise, we could perform a 5-move and
a 3-move respectively.

Finally, consider making two cuts on every oriented path of the braided diagram as
follows: one cut between the last split and before any crossing of the corresponding
strand; and the second cut after the last crossing of the strand and before the white
vertex (if it exists). The result is a division of the braided diagram into three pieces.
The first one is the domain tree T , the second one the braid β and the third one the
range tree T ′ with a set of labels λ on its leaves. That is the tree-pair representation
of the element.

Consider the set of all braided diagrams with only one main source and one main sink.
This set turns out to be a group with the equivalence relation of Definition 4.14 and the
operation of composition, such that two braided diagrams are composed by appending
an edge between the main sink of the former and the main source of the latter. The iden-
tity element is the equivalence class of the braided diagram consisting of a single strand.
On the other hand, the inverse of a braided diagram Γ is the braided diagram obtained
by reflecting Γ throughout the x-axis and exchanging all white vertices vh by vh

−1 .
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Therefore, the previous bijection turns out to be a homomorphism of groups: com-
posing two elements of BVnH corresponds to composing their corresponding braided
diagrams constructed from its given braided tree-pair representations. Performing a 1-
move on a braided diagram corresponds to performing a reduction on the corresponding
element of BVnH. The 2-moves are used in order to compose braided diagrams, and
they do not change the equivalence class of the composition, as the reader can check.
The same argument can be applied to 3-moves and 5-moves. Finally, 4-moves allow
us to compose recursive braids, and 6-moves do not properly appear on a composition
of braided diagrams (they are compositions of inverses of 1-moves with 2-moves), but
they are needed in order to obtain local confluence on the rewriting systems.

Therefore, we have that B̂VnH and BVn,kH are groups for every n, k ≥ 2 and H ≤ Bn,
as the definitions of moves and all proofs given in this section do not depend on the
number of main sources or main sinks of the braided diagrams.

4.3 Finite generation

In this section we show that the groups BVnH are finitely generated for every n ≥ 2
and finitely generated H ≤ Bn. The proof is inspired by the one of (Higman, 1974,
Chapter 4) for Vn, based on the depth of the elements; and it is different from the one
used in (Brin, 2007, 2006) for the braided Thompson group BV2.

The forthcoming proofs can seem very technical at a first sight, but they are very
intuitive when one draws the corresponding braided diagrams. We have depicted the
diagrams with the details that we believe can be more difficult to understand only by
reading. However, before going ahead, we advise the reader to have in mind a clear
picture of what the braided diagram of a braided tree-pair looks like.

Definition 4.20. We say that a tree T has depth d ≥ 1 if it contains exactly d different
carets. The depth of a braided tree-pair representative v = (T, β, λ, T ′) ∈ BVnH is
the depth of both T and T ′.

For simplicity, we will sometimes refer to an element v ∈ BVnH as one of its (braided)
tree-pair representatives (T, β, λ, T ′), making clear which tree-pair representation we
choose, as the depth depends on the choice. In addition, as we defined expansions and
reductions of prefix codes and trees in Chapter 1, we introduce a useful notation for
these concepts that will be used throughout this section in the construction of full finite
n-ary trees.

Definition 4.21. Let T be a full finite n-ary tree. Let w ∈ A∗n be a leaf of T . We
denote by T [w] the tree obtained from T by appending a final caret to w. Similarly,
we define T [c]−1 as the tree obtained from T by removing a specific final caret c =
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Chapter 4 A new family of infinitely braided Thompson’s groups

{w0, . . . , w(n−1)} from it. Note that T [w] (resp. T [c]−1) is an elementary expansion
(resp. elementary reduction) of T .

Keep in mind that, in a composition of expansions T [w][w′], w′ must always be a leaf
of T [w], although it does not need to be a leaf of T . We want to prove the following
theorem.

Theorem 4.22. Let R be the n-ary tree of depth 1 and let R′ := R[1] if n = 2 and
R′ := R[2] otherwise. Then BVnBn, for n > 1 can be generated using the following 2n
elements:

• The n generators of Fn given in (Brown, 1987), that is, the elements(
R[n− 1], Id,

−→
Id,R[i]

)
for i = 0, . . . , n− 2 and

(
R[n− 1][(n− 1)(n− 1)], Id,

−→
Id,R[n− 1][(n− 1)0]

)
,

• the element
(
R′, σ2n−2,

−→
Id,R′

)
, and

• the n− 1 elements (R, Id, {σj , Id, . . . , Id}, R), for j = 1, . . . , n− 1.

σ1 σ2

Figure 4.9: The six generators of BV3B3.

We depict in Figure 4.9 the six generators of BV3B3. As we will see at the end of this
section, we can adapt this theorem for each H ≤ Bn.

4.3.1 Proof of Theorem 4.22

Our strategy uses a special type of braid, called ribbon. The following definition is a
particular case of the ribbons defined in (Fenn et al., 1996). We say that a braid β
is positive if it can be written by using only positive powers of the Artin generators.
Moreover, we say that a braid β is simple if it is positive and every pair of strands
crosses at most once.
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Definition 4.23. Let T and T ′ be two finite full n-ary trees with the same number l
of leaves. Let c and c′ be final carets of T and T ′ respectively. Let R be the set of all
simple braids β ∈ Bl such that the natural injection in R3 of the braided diagram of
(T, β, T ′) contains a trivial sub-braid connecting the leaves of c to the leaves of c′. We
define the ribbon r connecting c to c′ as a braid in R with minimal length (as a
word with respect to the positive Artin generators).

We include here Figure 4.10 in order to help the reader. A ribbon is called like that
because the neighbourhood of the trivial sub-braid connecting the final carets can be
seen as a ‘ribbon’ or a ‘tube’ that the other strands cannot touch. This allows us to
reduce a braided diagram associated to (T, β,

−→
Id, T ′) by performing a 1-move, as shown

in Section 4.2.

c

c′

Figure 4.10: A diagram containing a ribbon connecting c to c′, and its reduction.

Definition 4.24. Let R be the tree of depth 1. Define the ‘spine’ tree Sd of depth d
as the full finite n-ary tree constructed inductively from R by expanding its last leaf,
that is:

Sd = R[n− 1][(n− 1)(n− 1)] . . . [

d−1︷ ︸︸ ︷
(n− 1) . . . (n− 1)].

The proof of the following proposition gives a way to decompose elements of BVnH.

Proposition 4.25. Let v = (T1, β, λ, T2) be an element of BVnH such that T1 (and
T2) has depth d > 4. Then we can express v as a product of elements in BVnBn having
depth less than d. Furthermore, each factor (T ′1, β

′, λ′, T ′2) satisfies one of the following
properties:

• T ′2 = T3, β′ is a ribbon and λ′ =
−→
Id,

• T ′1 = T3, β′ is a ribbon and λ′ =
−→
Id,

• T ′1 = T ′2 = T3, β′ = σ±1
i , where σi is an Artin generator and λ′ =

−→
Id,
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• T ′1 = T ′2 has depth 1, β′ is trivial and λ′ = {σ±1
i , Id, . . . , Id}, where σi is an Artin

generator,

where T3 is a tree of depth d with exactly 3 final carets.

Note that, even if T3 has depth d, the tree-pair representation of each factor of the
proposition can be reduced to obtain a factor of depth less than d. The moral of the
proof, as is the case in (Higman, 1974), is to decompose any element v ∈ BVnH of
depth d ≥ 4 into a product of elements which have less depth than v. We first do it
for elements of BVn, and then we deal with recursive braids.

Proof. Let c1 be a final caret of T1 and let c2 be a final caret of T2. Let also c3 and
c4 be two different final carets of T3. Consider a ribbon r1 connecting c1 to c3 and a
ribbon r2 connecting c4 to c2. Then(

T1, β,
−→
Id, T2

)
≡
(
T1, r1r

−1
1 βr−1

2 r2,
−→
Id, T2

)
≡
(
T1, r1,

−→
Id, T3

)(
T3, r

−1
1 βr−1

2 ,
−→
Id, T3

)(
T3, r2,

−→
Id, T2

)
,

where ≡ means that all tuples (or compositions of tuples) represent the same element
of BVnH. The diagram constructed from (T1, r1,

−→
Id, T3) is not reduced, because there

is a ribbon r1 connecting c1 to c3 and one can perform a 1-move. Hence, the corre-
sponding element has depth less than d. For the same reason, the element represented
by (T3, r2,

−→
Id, T2) has depth less than d. Also notice that (T3, r

−1
1 βr−1

2 ,
−→
Id, T3) is equiv-

alent to a product of elements of the form (T3, σ
±1
i ,
−→
Id, T3). Since T3 has 3 final carets

and σ±1
i is a crossing of two consecutive strands, we can always reduce its diagram.

This means that it has depth less than d.

It remains to prove that the factor which has T3 as domain and range trees can be
decomposed into factors with at most one recursive braid. Let T4 be the spine tree Sd.
Let also T5 be the full finite n-ary tree of depth 1 and notice that the greatest common
refinement of T4 and T5 is T4, as T5 ⊂ T4. Suppose that we have (T1, β, λ1, T2), where
λ1 = {`1, . . . , `j , . . . , `m}. We show that it is possible to obtain an element (T1, β, λ

′
1, T2)

from the previous one such that λ′1 = {`1, . . . , `jσ±1
i , . . . , `m} for some σi. Let γ be

any braid performing the permutation γ(j) = 1, and λi,j = {`k}mk=1 such that `j = σ±1
i

and `k = Id for k 6= j. Then, we have that the following products are equivalent:

(T1, β, λ1, T2)
(
T2, γ,

−→
Id, T4

)
(T5, Id, λi,1, T5)

(
T4, γ

−1,
−→
Id, T2

)
≡

≡ (T1, β, λ1, T2) (T2, Id, λi,j , T2) ≡ (T1, β, λ2, T2) .

Since we have already shown that we can express (T2, γ,
−→
Id, T4) using the desired gen-

erators, this finishes the proof.
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Note that the previous proof works for depth d ≥ 5 because 5 is the minimal depth
that T3 can have for n = 2. Also notice that the previous proposition can be refined
to obtain a set of generators for BVnH if H is finitely generated, by using recursive
braids (labels) that correspond to the generators of H.

Let T be the depth 1 tree (a caret). We define

T (n) =

{
T [0][1][00][01], if n = 2,

T [0][1][2], if n > 2.

Let m(n) be the number of leaves of T (n).

Corollary 4.26. For every n ≥ 2, BVnBn is finitely generated by the generators de-
scribed in Theorem 4.22, where every generator has depth at most 5 (4 if n ≥ 3), and
has a tree-pair representative (T, β, λ, T ′) satisfying one of the following conditions.

• T ′ = T (n), β = Id and λ =
−→
Id. This generator is denoted by eT , because of the

domain tree T of (T, β, λ, T ′).

• T = T ′ = T (n), β = σi, where σi is an Artin generator of Bm(n) and λ =
−→
Id.

This generator is denoted by hi.

• T = T ′ has depth 1, β is trivial and λ = {σj , Id, . . . , Id}, where σj is an Artin
generator of Bn. This generator is denoted by gj.

We define the generators of the previous corollary as generators of type e, h or g,
depending on the case.

Proof. As one can always perform a inverse of a 1-move to a braided diagram, we
can always apply Proposition 4.25 (performing the inverse of a 1-move corresponds to
performing an elementary expansion to the domain and the range trees of the corre-
sponding tree-pair). Then, by applying induction on the depth of elements, it follows
that we can use as generators the elements described in Proposition 4.25 by replacing
T3 with T (n). All these elements have depth less than 4 (or 3 if n ≥ 3).

Notice that (T (n), σi,
−→
Id, T (n)) is the inverse of (T (n), σ−1

i ,
−→
Id, T (n)), so we can con-

sider only the first one as a generator. Analogously, we can discard the (T, Id, λ, T )
containing λ = {σ−1

j , Id, . . . , Id}. On the other hand, if β is a ribbon, we have that(
T, β,

−→
Id, T (n)

)
≡
(
T, Id,

−→
Id, T (n)

)(
T (n), β,

−→
Id, T (n)

)
.

Observe that (T (n), β,
−→
Id, T (n)) can be written as a product of elements with represen-

tatives (T (n), σ±1
i ,
−→
Id, T (n)). Then use (T, Id,

−→
Id, T (n)) as a generator and get rid of
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(T, β,
−→
Id, T (n)). Similarly, we can replace the generators of the form (T (n), β,

−→
Id, T ) by

(T (n), Id,
−→
Id, T ). Finally, notice that (T (n), Id,

−→
Id, T ) is the inverse of (T, Id,

−→
Id, T (n)),

hence we can discard it.

Remark. Notice that the set of generators {eT , h1, . . . , hm(n)−1}, for all trees T of depth
less than 5 (or 4 if n > 2), generate all elements in BVn. Also, if SH is a generating set
for H ≤ Bn and T is the n-ary tree of depth 1, we can substitute the set of generators
gj by the set of generators (T, Id, {s, Id, . . . , Id}, T ) for every s ∈ SH .

Example. Figure 4.11 is a visual example of how to decompose an element of BV3B3,
represented by (T, σ2, {σi, Id, . . . , Id}, T ′), using the generators of Corollary 4.26. Let
Td(3) be an n-ary tree of depth d with exactly 3 final carets. The reader will notice
that, to make this example simpler, we always choose Td(3) so that we already have
the necessary (trivial) ribbons to reduce the depth of elements. We describe now the
decomposition process.

The element (T, σ2, {σi, Id, . . . , Id}, T ′) has depth 5 and is decomposed as the product
of the following two factors:(

T, Id,
−→
Id, T5(3)

)(
T5(3), σ2,

−→
Id, T5(3)

)(
T5(3), Id,

−→
Id, T ′

)
,(

T ′, Id,
−→
Id, S5

)
gi

(
S5, Id,

−→
Id, T ′

)
.

1. The element (T, Id,
−→
Id, T5(3)) has a ribbon connecting the leftmost final carets of

T and T5(3). Then, there is an equivalent representative (T1, Id,
−→
Id, T ′1) of depth 4

obtained by performing a 1-move that removes the previous final carets. This new
representative is decomposed as the product (T1, Id,

−→
Id, T (3))(T (3), Id,

−→
Id, T ′1),

where T1 (resp. T ′1 is a reduction of T (resp. T5(3)).

2. The element (T5(3), σ2,
−→
Id, T5(3)) has a ribbon connecting the second final carets

of both T5(3)’s. Then, there is an equivalent representative (T2, σ2,
−→
Id, T2) of

depth 4 obtained by removing the previous final carets. This new representative
is decomposed as the product

(T2, Id,
−→
Id, T (3))(T (3), σ2,

−→
Id, T (3))(T (3), Id,

−→
Id, T2).

3. The element (T5(3), Id,
−→
Id, T ′) has a ribbon connecting the second final carets

of T ′ and T5(3). Then there is an equivalent representative (T3, Id,
−→
Id, T ′3) of

depth 4 obtained by removing the previous final carets. This new representative
is decomposed as the product: (T3, Id,

−→
Id, T (3))(T (3), Id,

−→
Id, T ′3).

4. The element (T ′, Id,
−→
Id, S5) is decomposed as (T ′, Id,

−→
Id, T5(3))(T5(3), Id,

−→
Id, S5).

In this case, one can redefine T5(3) such that:
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4.3 Finite generation

(1)

(2)

(3)

(1)
(2)

(3)

(4)

(5)

(4)

(5)

Figure 4.11: How to decompose v ∈ BV3B3 in generators of depth less than 5.

77



Chapter 4 A new family of infinitely braided Thompson’s groups

a) The element (T ′, Id,
−→
Id, T5(3)) has a ribbon connecting the leftmost final

carets of T ′ and T5(3). Then there is an equivalent representative of depth
4, (T4, Id,

−→
Id, T ′4), obtained by removing the previous final carets. This rep-

resentative is decomposed as the product (T4, Id,
−→
Id, T (3))(T (3), Id,

−→
Id, T ′4).

b) (T5(3), Id,
−→
Id, S5) has a ribbon connecting the rightmost final carets of T ′

and T5(3). Then there is an equivalent representative (T5, Id,
−→
Id, T ′5) of

depth 4 obtained by removing the previous final carets. This representative
is decomposed as the product (T5, Id,

−→
Id, T (3))(T (3), Id,

−→
Id, T ′5).

Therefore, the element (T, σ2, {σi, Id, . . . , Id}, T ′) is also represented by the word

eT1e
−1
T ′1
eT2h2e

−1
T2
eT3e

−1
T ′3
eT4e

−1
T ′4
eT5e

−1
T ′5
gieT ′5e

−1
T5
eT ′4e

−1
T4
.

Note that, at this point, we have proven finite generation for any group BVnH. How-
ever, in the case of BVnBn, the set of generators in Corollary 4.26 can be further
reduced. The following two lemmas will prove that we just need only one generator of
type h, namely hm(n)−1.

Lemma 4.27. The generators hi, for 1 ≤ i ≤ n−1, of Corollary 4.26 can be expressed
with words containing only generators of type e and g.

The reader may notice that, once this lemma is proved, we still need to use the gen-
erators hi for i ∈ {n, . . . ,m(n)− 1}. They will be treated in the next lemma, proving
that only hm(n)−1 is needed.

Proof. First of all, notice that vi := (T (n), σi, λi, T (n)), where

λi = {
n︷ ︸︸ ︷

σi, . . . , σi, Id, . . . , Id}

is equivalent to the generator gi.

Define

w
(k)
i :=

(
T (n), Id, {µj}m(n)−1

j=0 , T (n)
)

where

{
µj = σi, if j = k,

µj = Id, otherwise.

zi :=
(
T (n), σi, {ξj}m(n)−1

j=0 , T (n)
)

where

{
ξj = σi, if j ∈ {i+ 1, . . . , n− 1},
ξj = Id, otherwise.

for i ∈ {1, . . . , n− 1}.
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4.3 Finite generation

Claim. For any i ∈ {1, . . . , n − 1}, the elements zi and w
(k)
i , with 0 ≤ k ≤ i, can be

generated by using only type e and type g generators.

We prove it by induction. For k = 0, w(0)
i ≡ e

−1
Sd
gieSd

, where Sd is a spine tree and d is
the depth of T (n) depending on whether n = 2 or not. Suppose that the claim holds
for j < k < i. We need to prove that we can generate w(k)

i . Denote by rp the braid
σpσp−1 · · ·σ1 for p > 1 and consider the element represented by r(k) := zkzk−1 · · · z1

for 0 ≤ k < i. A representative of this element is (T (n), rk, ρk, T (n)), where

ρk = {Id, Id, r1, r2, . . . , rk,

n−k−2︷ ︸︸ ︷
rk+1, . . . , rk+1, Id, . . . , Id}.

Then we have that w(k)
i ≡ r(k)e−1

S gieSr(k)−1, for 0 ≤ k < i (see Figure 4.12).

Now define xi := vi

(
w

(i−1)
i

)−1
, so w(i)

i ≡ vix
−1
i (see Figure 4.13). To finish the proof

of the claim, notice that zi ≡ vi
(
w

(0)
i

)−1 (
w

(1)
i

)−1
· · ·
(
w

(i)
i

)−1
. �

To prove the statement of the lemma, we also proceed by induction. For i = n − 1,
hn−1 = zn−1. Now suppose that the statement holds for i + 1, we prove it for i. By
Claim 1, we have seen that w(i−1)

i can be expressed using generators of type e and g.
We prove that hi is equal to the following product:

hi+1w
(i−1)
i zihi+1z

−1
i

(
w

(i−1)
i

)−1
h−1
i+1.

Notice that zihi+1z
−1
i ≡

(
T (n), σiσi+1σ

−1
i , {νj}m(n)−1

j=0 , T (n)
)
, where νi−1 = σi, νi+1 =

σ−1
i and νj = Id if j 6= i, i+ 2 (see Figure 4.14). By the braid relation σiσi+1σ

−1
i (i) =

i+2, the conjugate of
(
T (n), σiσi+1σ

−1
i , {νj}m(n)−1

j=0 , T (n)
)
by w(i−1)

i has trivial labels.
Hence we obtain

hi+1

(
T (n), σiσi+1σ

−1
i ,
−→
Id, T (n)

)
h−1
i+1 ≡

(
T (n), σi+1σiσi+1σ

−1
i σ−1

i+1,
−→
Id, T (n)

)
.

By using braid relations we know that σi+1σiσi+1σ
−1
i σ−1

i+1 = σi, so the expression is
equivalent to hi, as we wanted to prove.

Lemma 4.28. All generators hi, for i ≥ n, can be expressed in terms of generators hi
for i < n and hm(n)−1.

Proof. We proceed by induction. Let c be the right-most final caret of T (n):

c =

{
{10, 11} if n = 2,
{20, . . . , 2(n− 1)} otherwise.
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Chapter 4 A new family of infinitely braided Thompson’s groups

σ2σ1σi

σ−1
2σ−1

1

w
(2)
i

≡≡

r(2)

e−1
S

gi

eS

r(2)−1

Figure 4.12: The element w(2)
i ≡ r(2)e−1

S gieSr(2)−1 for n = 4. Consider the diagrams
up to equivalence to match the labels.

σ−1
1

σ1

v1

x−1
1

≡ ≡ σ1
w

(1)
1

Figure 4.13: The element w(1)
1 ≡ v1x

−1
1 for n = 3. Consider the diagrams up to equiv-

alence to match the labels.
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4.3 Finite generation

σ2 σ−1
2z2

h3

z−1
2

≡≡

Figure 4.14: The product z2h3z
−1
2 ≡ (T (4), σ2σ3σ

−1
2 , ν2, T (4)) for n = 4. Consider the

diagrams up to equivalence to match the labels.

Let also

T1 =

{
T (n)[c]−1[000] if n = 2,

T (n)[c]−1[00] otherwise; and T2 =

{
T (n)[c]−1[001] if n = 2,

T (n)[c]−1[01] otherwise.

Note that h1 ≡
(
T1, σnσn−1 . . . σ1,

−→
Id, T2

)
. Hence we have the product (see Figure

4.15):

hn ≡
(
T (n), Id,

−→
Id, T1

)
h1

(
T2, Id,

−→
Id, T (n)

)
h−1

1 h−1
2 · · ·h

−1
n−1.

Suppose that the statement of the lemma is true for every j < i when i > n, and
let T ′(n) := T (n)[c]−1[n − 1] for n > 3, that is, the tree obtained from T (n) by
attaching a final caret to its last leaf and erasing the final caret c. If n = 2, 3, we set
T ′(n) = T (n). Also let T ′′(n) := T ′(n)[{(n − 1)0, . . . , (n − 1)(n − 1)}]−1[0]. Notice
that, for 1 < i < m(n)− n, we have(

T ′(n), σi,
−→
Id, T ′(n)

)
≡
(
T ′′(n), σi+n−1,

−→
Id, T ′′(n)

)
Then we obtain hi as the product of these two factors (see Figure 4.16):(

T (n), Id,
−→
Id, T ′′(n)

)(
T ′(n), Id,

−→
Id, T (n)

)
hi−n+1,(

T (n), Id,
−→
Id, T ′(n)

)(
T ′′(n), Id,

−→
Id, T (n)

)
.
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h−1
2

h−1
1

h1

(T (3), Id, T1)

(T2, Id, T (3)) h1≡

Figure 4.15: The element h3 ≡ (T (3), Id, T1)h1(T2, Id, T (n))h−1
1 h−1

2 for n = 3.

≡ h11
(T ′(4), σ8, T

′(4))

(T (4), Id, T ′′(4))

(T ′′(4), Id, T (4))

Figure 4.16: How to shift a crossing to the right using conjugation when n = 4. Con-
sider the diagrams up to equivalence to match the labels.
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4.3 Finite generation

The generators of type e belong to the well studied Thompson’s group Fn, consisting
of all elements represented by triples (T, τ, T ′) where τ is trivial. This group is finitely
generated:

Lemma 4.29 (Brown, 1987; Cannon et al., 1996). The generators of type e in Corollary
4.26 can be generated by using the n elements x0, . . . , xn−1 depicted in Figure 4.17.

Therefore, we have proved that the 2n elements in Theorem 4.22, which are precisely
x0, . . . , xn−1, hm(n)−1, g1, . . . , gn−1, generate BVnBn.

xi i

i ∈ {0, . . . , n− 2}

xn−1

Figure 4.17: Brown’s generators of Fn.

4.3.2 Other generating systems for specific subgroups H

The reader may have noticed that, in most cases, the set of generators given in Theorem
4.22 is not contained in BVnH.

IfH is trivial, Remark 4.3.1 together with Lemma 4.28 and Lemma 4.29 provide another
set of 2n generators for BVn. These elements are x1, . . . , xn, h1, . . . , hn−1, hm(n)−1. In
particular, BV2 is generated by x1, x2, h1 and h5. The generators of BV2 given by
(Brin, 2006) are also four: x1, x2, h1 and (R, σ1,

−→
Id,R), where R is the tree of depth

1.

In general, if there is a known generating system SH for H, one can use the three
mentioned results to obtain a generating system:

{(R, Id, {s, Id, . . . , Id}, R) | s ∈ SH} ∪ {x1, . . . , xn, h1, . . . , hn−1, hm(n)−1}.

As the reader may notice, Lemma 4.27 cannot be used in this case, so it is necessary
to include the generators h1, . . . , hn−1.
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Chapter 4 A new family of infinitely braided Thompson’s groups

4.3.3 The specific case when H is a parabolic subgroup.

Important types of subgroups H are parabolic subgroups. If Σ is the set of Artin gen-
erators of Bn, a standard parabolic subgroup AX is the subgroup of Bn generated
by a subset X ⊂ Σ. A parabolic subgroup is defined as any conjugate of a standard
parabolic subgroup. To obtain a set of 2n generators in BVnAX , one shall slightly
modify the proof of Lemma 4.27:

Lemma 4.30. Let X be a subset of the Artin generators Σ of Bn. The generators hi
in Corollary 4.26 such that σi ∈ X can be expressed as a word using generators of type
e, hj such that σj ∈ Σ \X and gi such that σi ∈ X.

Proof. As for Lemma 4.27, let

w
(k)
i :=

(
T (n), Id, {µj}m(n)−1

j=0 , T (n)
)

where

{
µj = σi, if j = k,

µj = Id, otherwise.

zi :=
(
T (n), σi, {ξj}m(n)−1

j=0 , T (n)
)

where

{
ξj = σi, if j ∈ {i+ 1, . . . , n− 1},
ξj = Id, otherwise.

for i ∈ {1, . . . , n− 1}. Let also I := {i |σi ∈ X}.

Claim. For any i ∈ I, the elements zi and w
(k)
i , with 0 ≤ k ≤ i, can be expressed by

using generators of type e, hj such that j 6∈ I and gi′ such that i′ ∈ I.

For k = 0, w(0)
i ≡ e−1

S gieS , where S is the spine tree of same depth as T (n). We have

also seen that if xi := gi

(
w

(i−1)
i

)−1
, then w(i)

i ≡ gix
−1
i . Since

zi ≡ gi
(
w

(0)
i

)−1 (
w

(1)
i

)−1
· · ·
(
w

(i)
i

)−1
,

we have to prove that w(k)
i is generated as desired, for 1 < k < i.

Suppose that the claim holds for j < k < i. Denote by rp the element σpσp−1 · · ·σ1 for
p > 1 and let r′p := σ′pσ

′
p−1 · · ·σ′1 where σ′q = σq if q ∈ I and σ′q = Id, if q 6∈ I. Consider

the element represented by r(k) := z′kz
′
k−1 · · · z′1 for 0 ≤ k < i, where z′q = zq if q ∈ I

and z′q = hq, if q 6∈ I. A representative of this element is (T (n), rk, ρk, T (n)) where

ρk = {Id, Id, r′1, r′2 . . . , r′k,
n−k−1︷ ︸︸ ︷

r′k+1, . . . , r
′
k+1, Id, . . . , Id}.

Then we have that w(k)
i ≡ r(k)e−1

S gieSr(k)−1, for 0 ≤ k < i. This finishes the proof of
the claim.
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4.3 Finite generation

Finally, as hn−1 = zn−1, the result follows by induction using the product:

hi+1w
(i−1)
i zihi+1z

−1
i w

(i−1)
i

−1
h−1
i+1.

Proposition 4.31. Let X be a subset of the Artin generators Σ of Bn. Then BVnAX
is generated by 2n elements in BVnAX , namely the set

{x0, . . . , xn−1} ∪ {hi |σi ∈ Σ \X} ∪ {hm(n)−1} ∪ {gi |σi ∈ X}.

Similarly, BVnAX,α, where AX,α = α−1AXα, α ∈ Bn, is generated by the union of the
following sets:

{h−1
α x0hα, . . . , h

−1
α xn−1hα}, {h−1

α hihα |σi ∈ Σ \X},
{h−1

α hm(n)−1hα} and {h−1
α g−1

α gigαhα |σi ∈ X},

where hα :=
(
T (n), α,

−→
Id, T (n)

)
, gα := (R, Id, {α, Id, . . . , Id}, R) and R is the n-ary

tree of depth 1.

Proof. For AX , this a direct consequence of Remark 4.3.1, Lemma 4.28, Lemma 4.29
and Lemma 4.30. As conjugacy defines a group isomorphism, it is easy to prove (see
Remark 4.3.1) that

h−1
α {x0, . . . , xn−1, h1, . . . , hm(n)−1}hα ∪ h−1

α g−1
α {gi |σi ∈ X}gαhα

generates BVnAX,α. This set can be reduced to

h−1
α {x0, . . . , xn−1, h1, . . . , hn−1, hm(n)−1}hα ∪ h−1

α g−1
α {gi |σi ∈ X}gαhα

by reproducing the proof of Lemma 4.28 with all elements conjugated by hα. We need
to show that one does not need hi such that σi ∈ X in this generating system. To prove
that, we encourage the reader to rewrite the proof of Lemma 4.30, doing the following
conjugacy changes:

• Redefine w(k)
i := h−1

α

(
T (n), Id, {µj}m(n)−1

j=0 , T (n)
)
hα with µk = α−1σiα and

µj = Id when j 6= k.

• Redefine zi := h−1
α

(
T (n), σi, {ξj}m(n)−1

j=0 , T (n)
)
hα with ξj = α−1σiα when j =

i+ 1, . . . , n− 1 and ξj = Id otherwise.

• Conjugate generators of type e and h by hα and conjugate generators of type g
by gαhα.

• Conjugate all σq by α.
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Chapter 4 A new family of infinitely braided Thompson’s groups

4.3.4 Finite generation for BVn,kH

It is straightforward to prove that the groups BVn,kH are finitely generated by using
the previous methods of this section together with a result of (Brown, 1987), whose
proof is included hereunder for completeness.

Theorem 4.32. Let n ≥ 2. Then Fn,k ' F̂n for every k ≥ 1.

Proof. Every Vn,k contains an isomorphic copy of V̂n in the following way: consider the
set of k roots of Vn,k and expand the last one by adding a final caret to the k-th root.
We continue this process expanding the rightmost leaf of the resulting tree, and so on.
The final result is an infinite right spine appended to the last root. This tree is invariant
by any element of Fn,k, so the restriction map Fn,k → F̂n is an isomorphism.

1 k − 1

k
k + 1
k + 2

k + n

1 2 3 4

Figure 4.18: The isomorphism between Fn,k and F̂n.

Theorem 4.33. If H ≤ Bn is finitely generated, the groups BVn,kH are finitely gen-
erated for all n ≥ 2, k ≥ 1.

Proof. All the ideas applied in this section can be adapted to any BVn,kH, getting sim-
ilar generators of type g, h and e. This is an easy but laborious exercise. In particular,
the generators of type e are elements in Fn,1, so we can replace them by the generators
of Fn,k, which can be obtained via the isomorphism of Theorem 4.32. With these gener-
ators in hand, we are able to obtain any element of the form ({T}ki=1, Id,

−→
Id, {T ′}ki=1).

Next, we only need to generate all braids and recursive braids between any pair of
forests. The generators of H provide the set of generators of any recursive braid on a
fixed leaf of a forest (the first one for example, as in Figure 4.9). Finally, we need to
move recursive braids between leaves and generate the elements of BVn,k. As before,
this is done by using the set of elements of depth less than d with ribbons between their
leaves, where d depends on n and k. This set is clearly finite. Therefore, all the previous
results concerning this issue can be adapted to obtain the desired generators.
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Chapter 5

Pants-like graphs for infinite-type surfaces

As said in the Introduction, in the last chapter we provide some results concerning
simplicial complexes defined on infinite-type surfaces. All new definitions and results
required to understand these objects are provided in the chapter.

The starting point for this chapter is (Fossas and Parlier, 2015), where a family of graphs
Gk(S) with k ∈ N ∪ {0,∞} are defined, constructed from multicurves on connected,
orientable surfaces of infinite-type equipped with an upper bounded hyperbolic
metric. We concentrate on two graphs defined in their article, G0(S) and G∞(S),
which we now briefly define; see Section 5.2 for a precise definition.

The vertices of G∞(S) are multicurves µ ⊂ S such that the supremum of the lengths
of the curves in µ and the supremum of the complexities of the components of S\µ are
both finite. In (Fossas and Parlier, 2015), it is proved that diam(G∞(S)) ≤ 3 when S
has exactly two ends, each of which is non-planar. Our first objective is to generalize
this result to arbitrary infinite-type surfaces:

Theorem 5.1. Let S = SH be a connected orientable infinite-type upper-bounded hy-
perbolic surface. Then:

diam(G∞(S)) ≤ 3.

Next, we consider a modification of G0(S) denoted by G′0(S), which may be regarded as
an analogue of the pants complex (Margalit, 2004) for infinite-type surfaces. Here,
the vertices of G′0(S) are pants decompositions of S, and two vertices span an edge when
they differ by exactly one elementary move, or by infinitely many of them performed
simultaneously on ‘sufficiently far’ pairwise disjoint subsurfaces (see Definition 5.12 for
a formal description). We will see in Section 5.2 that the graph G′0(S) is connected.

In (Margalit, 2004), Margalit proved that the group of simplicial automorphisms of
the pants complex coincides with the extended mapping class group for finite type
surfaces. However, a similar result for infinite-type surfaces remains unknown, as the
pants complex cannot be used (in particular, it is not connected). Thus, a natural

All the original results of this chapter have been published in (Aroca, 2018b).
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Chapter 5 Pants-like graphs for infinite-type surfaces

question is whether the same holds for the graph G′0(S) introduced above. Our next
result proves that this is indeed the case, provided one considers only label-preserving
automorphisms. More concretely, we will say that an edge is a 1-edge (resp. ∞-edge)
if its endpoints differ by one (resp. infinitely many) elementary move. Consider the
subgroup AutL(G′0(S)) of Aut(G′0(S)) whose elements preserve the labelling of G′0(S).
We will prove:

Theorem 5.2. Let S be an orientable connected surface of infinite type. Then

AutL(G′0(S)) ∼= Map±(S),

the extended mapping class group of S.

In Section 5.1 we will explain the classification of infinite-type surfaces, plus some basic
facts about multicurves and hyperbolic metrics on surfaces. Section 5.2 is devoted to
the definition of the graphs G′0(S) and G∞(S). Finally, in Sections 5.3 and 5.4 we prove
Theorems 5.1 and 5.2, respectively.

5.1 Surfaces, curves and hyperbolic metrics

In this section, we introduce the classification theorems for finite and infinite-type
surfaces and give some basic definitions about curves, multicurves and hyperbolic met-
rics.

Let S be a compact connected orientable surface of finite topological type, i.e., with
finitely generated fundamental group. Then S ' Sg,b, where g is the genus, and b the
number of boundary components. The classification of such surfaces is well known:
two finite-type connected orientable surfaces Sg,b and S′g′,b′ are homeomorphic if and
only if g = g′ and b = b′. The complexity of a finite-type surface is defined by the
following formula:

κ(Sg,b) = 3g − 3 + b.

If S is a second-countable infinite-type surface with compact boundary, then the home-
omorphism type of S is uniquely determined by its genus, its number of boundary
components and its space of ends. For infinite-type surfaces, the complexity is infi-
nite. We refer the reader to (Richards, 1963) for a full discussion on the space of ends
of a surface. From now on, we will assume that S has no punctures or planar ends.

We briefly proceed to give some basic definitions about curves, multicurves and hyper-
bolic metrics. These objects are thoroughly covered in (Farb and Margalit, 2012).

Let S be a finite or infinite-type connected orientable surface. A closed curve α ⊂ S
is a continuous map α : S1 → S. To simplify, we denote α as the image of S1 in S
by the homonymous map. In addition, we only consider the isotopy classes of closed
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curves in S so by an abuse of notation, α = [α] will be taken as a representative of
all curves isotopic to α. We will say that a curve is essential if it is not isotopic
to a point or a boundary component; and it is simple if it may be realized without
self-intersections.

Definition 5.3. The geometric intersection number i(α, β) between two curves α
and β is

i(α, β) = min{|α ∩ β|, α ∈ [α], β ∈ [β]}.

Two curves α and β are disjoint if and only if i(α, β) = 0.

Definition 5.4. A multicurve µ ⊂ S is a collection of essential simple closed curves
ci, such that they are pairwise disjoint and non-isotopic. Two multicurves µ and ν can
be realized disjointly if: ∑

α∈µ,β∈ν
i(α, β) = 0.

Definition 5.5. A pants decomposition of S is a locally finite multicurve µ ⊂ S
which is maximal with respect to inclusion. Therefore, S\µ consists of a set of pairwise
disjoint subsurfaces homeomorphic to S0,3, known as pair of pants.

Remark. Note that the number of curves of a pants decomposition of S is exactly κ(S).

It is a well known fact of hyperbolic geometry that every topological surface S that
has negative Euler characteristic admits a hyperbolic metric H with totally geodesic
boundary, which is a riemannian metric of constant curvature −1. We denote the pair
(S,H) = SH as hyperbolic surface. A metric allows us to compute the length of any
curve α ⊂ SH. In order to build a well defined length function, it suffices to consider
the length of the unique geodesic αg isotopic to α, which depends on the metric (Farb
and Margalit, 2012). Thus the length of α is defined as: l(α) = l(αg). We will focus
our attention on the following family of hyperbolic metrics:

Definition 5.6. (Alessandrini et al., 2012) Let SH be a hyperbolic surface, we say that
SH is upper-bounded with respect to a pants decomposition P if:

∃M > 0 such that l(α) < M ∀α ∈ P.

We highlight that there are hyperbolic metrics which are not upper-bounded for any
pants decomposition P, see (Alessandrini et al., 2012). We only need to find, for every
infinite-type topological surface, a hyperbolic metric that is upper-bounded. This can
be always done if the surface is built gluing pairs of pants, that is, surfaces homeomor-
phic to S0,3, whose boundary components have length less than M . Then, the hyper-
bolic metric H is completely determined by its Fenchel-Nielsen coordinates (Alessan-
drini et al., 2012).
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5.2 G∞(S), G′
0(S) and connectedness

We proceed to describe two graphs developed by Fossas-Parlier (Fossas and Parlier,
2015), which are constructed from multicurves on S: G∞(S) and G′0(S), a modification
of G0(S) described in (Fossas and Parlier, 2015). From now on, let SH = S be an
infinite-type surface equipped with an upper-bounded hyperbolic metric.

Definition 5.7. (Fossas and Parlier, 2015) G∞(S) is defined as the simplicial graph
whose vertices are multicurves µ ⊂ S such that:

sup{`(αµ)|αµ ∈ µ is a connected component of µ} <∞. (5.1)

sup{κ(Γ)|Γ is a connected component of S\µ} <∞. (5.2)

Two vertices span an edge if they can be realized disjointly on S.

We give some necessary definitions before describing G′0(S).

Definition 5.8. (Aramayona, 2010) A multicurve µ ⊂ S has deficiency n if κ(S\µ) =
n, that is, there exists a collection of simple closed curves {α1, α2, ..., αn} such that
µ t {α1, α2, ..., αn} is a pants decomposition of S.

Definition 5.9. We say that two curves α and β intersect minimally if i(α, β) = 1
when the minimal subsurface containing them is S1,1 and i(α, β) = 2 when it is S0,4.
Two pants decompositions X1 and X2 differ by an elementary move if there exists
a deficiency-1 multicurve µ such that X1 = µ t α and X2 = µ t β, where α and β
intersect minimally in the subsurface S′ ⊆ S\µ such that α, β ⊂ S′.

Note that S′ must be homeomorphic to S1,1 or S0,4 because they are the unique surfaces
of complexity one. In addition, X1 ∩ X2 = µ, since both pants decompositions share
the same deficiency-1 multicurve.

Definition 5.10. LetX be a pants decomposition of S and let α, β be two non-isotopic
simple closed curves in X. If α and β are in the boundary of the same pair of pants in
X, then α and β are said to be sisters. If they are not, but they belong to two different
pair of pants that share a boundary component, they are contiguous. Otherwise, they
are far.

It is straightforward to check that the previous properties are invariant by elementary
moves: let µ be a deficiency-1 curve and X1 = µ t α, X2 = µ t β two pants decompo-
sitions which differ by one elementary move. Then ∀γ ⊂ µ, γ and α are sisters (resp.
contiguous or far) if and only if γ and β are sisters (resp. contiguous or far).

We proceed to define both G0(S) and G′0(S):
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Definition 5.11. (Fossas and Parlier, 2015) We define G0(S) as the simplicial graph
whose vertices are pants decompositions µ of S which satisfy (5.1). Two vertices v and
w span an edge if the pants decompositions associated to v and w differ by exactly
one elementary move or by a countable subset of elementary moves replacing pairwise
contiguous or far curves.

Definition 5.12. We define G′0(S) as the simplicial graph whose vertices are pants
decompositions µ of S which satisfy (5.1). Two vertices v and w span an edge if the
pants decompositions associated to v and w differ by exactly one elementary move or
by a countable subset of elementary moves replacing pairwise far curves.

As the reader may notice, the difference between the original graph defined in (Fossas
and Parlier, 2015) and this one is that in the former, simultaneously elementary moves
between contiguous curves are allowed, so G′0(S) ⊂ G0(S). In addition, the graphs
G∞(S) and G′0(S) are non-empty since the associated pants decomposition P of the
upper-bounded hyperbolic metric H is a vertex of both.

Lemma 5.13. The graphs G0(S) and G′0(S) are quasi-isometric with respect to the path
distance in the simplicial graphs.

Proof. On the one hand, as G′0(S) ⊂ G0(S), the distance between any two vertices in
G0(S) is less than or equal to its distance in G′0(S).

On the other hand, consider an edge e of G0(S). If e corresponds to a single elemen-
tary move, this edge is also in G′0(S), so there is nothing to do. If e corresponds to
infinitely many elementary moves performed simultaneously, we will show that there
exists a path of length 4 in G′0(S) with the same endpoints as e. Let G(e) be the graph
defined as follows: the set of vertices of G(e) corresponds to the set of curves which are
changed when performing the elementary moves of e. Two vertices span an edge if the
corresponding curves are contiguous. It is straightforward to check that at most four
different curves of G(e) can be pairwise contiguous. Therefore, the set of vertices of
G(e) can be coloured with only four colours such that every pair of vertices connected
by an edge have different colours. We now consider a path in G0(S) consisting of four
edges. The first edge corresponds to performing elementary moves on the curves of
G(e) coloured with the first colour, and so on. This path has the same endpoints as
e and is contained in G′0(S), since equal-coloured vertices correspond to pairwise far
curves. We can do the same process on every edge of G0(S). Therefore,

1

4
dG0(S)(v, w) ≤ dG′0(S)(v, w) ≤ 4dG0(S)(v, w)

for any pair of vertices v, w ∈ G0(S),G′0(S).

Lemma 5.14. G∞(S) and G′0(S) are both connected.
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Proof. The cases k = 0 and k =∞ for Gk(S) are proven in (Fossas and Parlier, 2015).
For G′0(S) we can use the proof of Lemma 5.13, since the set of vertices of G0(S) is
equal to the set of vertices of G′0(S).

Finally, in (Fossas and Parlier, 2015) it is shown that diam(G0(S)) = ∞. In the next
section we will prove that diam(G∞(S)) <∞ for every infinite-type surface, generalizing
a result of the aforementioned paper.

5.3 The diameter of G∞(S)

The goal of this section is to prove Theorem 5.1. To do that, we will first subdivide
S into subsurfaces using a family of separating curves that will be called a system of
i-levels Λi(S). Then, for every pair of vertices µ, ν ∈ G∞(S) we will build another pair
v′, w′ ∈ G∞(S) such that µ, v′, w′, ν is a path in G∞(S).

Definition 5.15. Let S be a topological surface. Let α ⊂ S be an essential simple
closed curve. Then α is a torus curve if S − α = S′ t S′′, where S′ is homeomorphic
to a torus with one boundary component.

Consider the maximal set T of torus curves in S with respect to inclusion. Then

S − T ' S0 ∪
⊔
α∈T

S1,1,

where S0 has genus zero and (possibly) boundary components. Indeed, if S0 had
positive genus, then there would be a torus curve not included in T , which contradicts
the maximality of the set. Let P be a pants decomposition of S such that T ⊂ P
and P is upper bounded with respect to S, which can be constructed for the reason
explained in Definition 5.6. We consider P0, the restriction of P to S0. It follows that
P0 is a pants decomposition of S0 which is upper bounded with respect to it.

We define Γ(S0) as the graph whose vertices are in one-to-one correspondence with
every pair of pants and every boundary component of S0. Two vertices span an edge in
Γ(S0) if they represent two pairs of pants that share a curve in P0, or if they represent
a boundary component of S0 and the pair of pants to which it belongs. Observe that
Γ(S0) is an infinite tree, because S0 is a surface of genus zero.

Now, the set of vertices of Γ(S0) can be divided into two families: 3-degree vertices
representing pairs of pants, and 1-degree vertices representing boundary components
of S0. We denote the first family by V3(Γ(S0)) or simply V3. Equivalently we divide
the set of edges of Γ(S0) into the subset that link two 3-degree vertices and the ones
which link a 3-degree vertex with a 1-degree vertex. We denote the first family by
E3(Γ(S0)) = E3. As a help for the reader the construction of Γ(S0) is depicted in
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Figure 5.1: Example of construction of Γ(S0).

Figure 5.1. We take Γ3 = V3 ∪ E3. Note that Γ3 is also an infinite tree because it is
a connected subgraph of Γ. Consider, for every edge e ∈ E3, the simple closed curve
γ ∈ P which is the shared boundary between the two pairs of pants associated to the
endpoints of e. By an abuse of notation we identify e with γ. This curve is always
separating in S0 and, in addition, in S. Let dΓ3 be the distance in Γ3, which is the
restriction of the usual path distance associated to Γ(S0). We consider the following
family of curves: starting in an arbitrary edge γ0 ∈ E3, γ0 will be the 0-level of S,
Λ0(S). Then we define:

Λi(S) = i− level of S = {γ ∈ E3 : dΓ3(γ, γ0) = i} = {γik}k∈N(i),

where N(i) <∞ is the number of curves in Λi(S). Note that every edge in E3 belongs
to Λi for a unique i ∈ N, because Γ3(S0) is a tree. Figure 5.2 shows an example of
i-levels.

Figure 5.2: Example of Λi(S).
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Proof of Theorem 5.1. For µ, ν ∈ G∞(S), take two pants decompositions v, w ∈ G∞(S),
such that µ ⊂ v y ν ⊂ w. Consider L = max{Lv, Lw}, where:

Lv = sup{`(αv)| αv is a curve of v},
Lw = sup{`(αw)| αw is a curve of w}.

Let P ′0 ⊂ P0 the subset of curves of P0 which are not boundary components of S0. If
we choose v and any curve γik ∈ P ′0, we define Sv(γik) as the minimal finite subsurface,
with respect to inclusion, containing all the curves of v that intersect γik. Observe that
S\Sv(γik) is a set of at most two connected subsurfaces, because Sv(γik) contains γik,
which is separating in S. In addition κ(Sv(γ

i
k)) < ∞, by the collar lemma (Farb and

Margalit, 2012). Otherwise, γik would be crossed by an infinite number of curves, each
of them with a collar neighbourhood of a fixed area. So γik would have infinite length,
which is a contradiction with the upper-bounded metric hypothesis. We define Sw(γik)
in the same way for the pants decomposition w.

Now, note that if we take dS(γik, γ
i′
k′) > L, then Sx(γik) and Sy(γ

i′
k′) are disjoint for every

x, y ∈ {v, w}. Indeed, if some curve belongs to Sx(γik) and Sy(γi
′
k′) simultaneously, it

cuts both γik and γ
i′
k′ , so it has length greater than L, which cannot be possible. Consider

a subsequence of levels Λij , j ∈ N, such that:

inf{dS(γ
ij
kj
,Nij )} > L, ∀ 1 ≤ kj ≤ N(ij), (5.3)

sup{dS(γ
ij
kj
,Nij )} <∞, ∀ 1 ≤ kj ≤ N(ij), (5.4)

where Nij is the subset of curves of Λij+1 whose representing edges are the closest to
γ
ij
kj
, that is, there is no other edges of Λij between them. We point out that it is always

possible to find a subset of levels which fulfils assumptions (5.3) and (5.4) because of
the hypothesis that the hyperbolic metric be upper-bounded.

For even j ∈ N, let v′ ⊂ v be the multicurve:

v′ =

{
α ∈ v : α ∈

⋃
j∈2Z

⋃
1≤kj≤|Λij

|

Sv(γ
ij
kj

)

}
,

and w′ ⊂ w the multicurve obtained for odd j ∈ N. Note that v′ is a vertex of G∞(S)

even if some of the subsurfaces Sv(γ
ij
kj

) need not be disjoint for a fixed level Λij . This
could happen when the subsurfaces are defined by curves in the same level such that
the distance between them is less than L. If this is the case, the distance between the
closest curves of two consecutive levels of the subsequence is bounded above by (5.4),
and so is the complexity of every connected component of S\v′. Thus v′ is a vertex of
G∞(S). By a similar argument, w′ also is a vertex of G∞(S).

Now, µ and v′ span an edge by construction because v′ and µ are subsets of the same
pants decomposition v, so they can be realized disjointly on S. The same occurs with ν
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and w′ with respect to w. Finally, v′ and w′ span an edge because every component of
v′ is disjoint from any component of w′, as they belong to subsurfaces that are distance
at least L.

5.4 Proof of Theorem 5.2

In this section we prove Theorem 5.2. First we study some loops in G′0(S) which are
essential in the proof: ∞-alternating squares. Let C(S) be the curve complex of
a surface S, that is, the simplicial graph whose vertices are essential simple closed
curves on S, and whose set of edges corresponds to pair of curves which can be realized
disjointly on the surface. We define the map φ : AutL(G′0(S))→ Aut(C(S)) and prove
that it is an isomorphism. Since Aut(C(S)) ∼= Map±(S), as shown in (Bavard et al.,
2018; Hernández and Valdez, 2017), the main result follows. The most difficult point
is to prove that φ is well defined, so we will use ∞-alternating squares to achieve that.
This section is heavily inspired from (Aramayona, 2010) and (Margalit, 2004).

Definition 5.16. A loop in G′0(S) is a set X0, ..., Xk of vertices such that Xi and Xi+1

span an edge ∀i ∈ {0, ..., k − 1} and X0 = Xk. We may omit the repeated vertex.

We define a 1-triangle T = {X0, X1, X2} as a loop of three vertices which span a
1-edge pairwise, see (Margalit, 2004).

Lemma 5.17. (Margalit, 2004) Let T = {X0, X1, X2} be a loop in G′0(S). Then T is a
1-triangle if and only if there exists a deficiency-1 multicurve µ such that Xi = µt αi,
where αi and αj intersect minimally pairwise.

Proof. ⇒) By definition of elementary move (Definition 5.9), X0 ∩ X1 = µ, where µ
is a curve of deficiency 1. Since X2 span a 1-edge with both X0 and X1, X0 ∩ X1 =
X0 ∩X1 ∩X2 = µ. So Xi = µ t αi, where αi, αj intersect minimally for i 6= j.

⇐) Every two different vertices of T differ by an elementary move. Thus T is a 1-
triangle.

Corollary 5.18. If two 1-triangles T and T ′ share a 1-edge, then there exists a
deficiency-1 multicurve µ such that every vertex of both T and T ′ contains µ.

Proof. Suppose that T = {X0, X1, X} and T ′ = {X0, X1, X
′}. Since X and X ′ span a

1-edge with both X0 and X1, X ∩X0 ∩X1 = µ = X ′ ∩X0 ∩X1.
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Definition 5.19. The standard Farey graph is the simplicial graph whose vertices
are: {

p

q
: p, q ∈ Z,

p

q
is irreducible

}
∪
{

1

0
=∞

}
,

where two vertices
p

q
and

s

t
span an edge if |pt− qs| = 1.

The standard Farey graph can be realized as an ideal triangulation of the hyperbolic
disk, as it is depicted in Figure 5.3.

1

−1

0∞

2

3 1
3

1
2

3
2

2
3

−1
2−2

Figure 5.3: The standard Farey graph.

Definition 5.20. A 1-Farey graph is a subgraph of G′0(S) which is isomorphic to the
standard Farey graph and whose edges are all 1-edges.

Note that for every pair of vertices in a 1-Farey graph which span an edge, there are
always two different 1-triangles which contain them.

Lemma 5.21. For every two vertices X, X ′ in a 1-Farey graph there is a sequence of
1-triangles {T1, ..., Tn} such that X ∈ T1, X ′ ∈ Tn and every two consecutive 1-triangles
Ti, Ti+1 have two vertices in common.

Proof. The dual of the standard Farey graph F is an infinite tree TF with all vertices
of degree 3, such that there is a bijective correspondence between vertices of TF and
triangles of F . In addition, two vertices of TF span an edge if and only if the corre-
sponding triangles of F have two vertices in common. Let v1 and vn be the vertices
of TF which correspond to the triangles T1 and Tn respectively. Then, a path in TF
joining v1 and vn has the desired sequence of triangles {T1, ..., Tn} as dual.
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By Lemma 5.21 and Corollary 5.18, there exists a deficiency-1 multicurve µ such that
every pants decomposition of a 1-Farey graph contains µ.

Definition 5.22. For a multicurve µ, we define Pµ as the subgraph of G′0(S) whose
vertices are pants decompositions which contain µ.

For any pair of multicurves µ, ν ⊂ S:

Pµ ∩ Pν =

{
Pµ∪ν if µ ∪ ν is a multicurve,
∅ otherwise.

Lemma 5.23. Let F ⊂ G′0(S) be a subgraph. Then F is a 1-Farey graph if and only if
there exists a multicurve µ of deficiency 1 such that F = Pµ.

Proof. ⇐) Since all vertices in F share a deficiency-1 multicurve µ, every vertex Xi ∈ F
has the form Xi = µ t αi. There is an isomorphism from F to P (S\µ) which takes
Xi = µ t αi to αi, where the unique subsurface of positive complexity in S\µ is
homeomorphic to S0,4 or S1,1. The pants complex of both surfaces is isomorphic to the
standard Farey graph, see for instance, (Minsky, 1996).

⇒) Let F be a 1-Farey graph. By Lemma 5.21 it follows that V (F ) ⊂ Pµ. Since F is
isomorphic to P (S\µ), then V (F ) = Pµ.

Lemma 5.24. Two different 1-Farey graphs intersect at most in one vertex.

Proof. Let F and F ′ be two different 1-Farey graphs. By Lemma 5.23, F = Pµ and
F ′ = Pν . If F and F ′ intersect, then F ∩F ′ = Pµ∩Pν = Pµ∪ν . As µ and ν are different
deficiency-1 multicurves, Pµ∪ν is non-empty when µ ∪ ν is a pants decomposition.

Note that, for any 1-Farey graph F , the deficiency-1 multicurve µ such that F = Pµ
can be identified by intersecting two different vertices of F .

Definition 5.25. A marked 1-Farey graph is a pair (F,X) where F is a 1-Farey
graph and X is one of its vertices.

Note that for every marked 1-Farey graph (F = Pµ, X) there exists a single curve
α ∈ X such that α 6∈ Pµ. We will say that (F,X) represents α. We will also consider
other loops in G′0(S). Alternating loops, which are defined below, are introduced in
(Margalit, 2004). First we need a definition:

Definition 5.26. A loop L ⊂ G′0(S) has deficiency k if the intersection of all its vertices
is a deficiency-k multicurve.
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For instance, a 1-triangle is a deficiency-1 loop.

Definition 5.27. (Margalit, 2004) An alternating loop AL ⊂ G′0(S) is a deficiency-2
loop {X0, X1, ..., Xk−1}, k ∈ {4, 5, 6}, whose edges are all 1-edges and such that there
is no 1-Farey graph in G′0(S) containing any three consecutive vertices Xi, Xi+1, Xi+2.

Observe that in an alternating loop X0 ∩ · · · ∩ Xk−1 = Xi ∩ Xi+1 ∩ Xi+2 ∀i mod k.
In (Margalit, 2004, Section 4) it is proven that alternating loops are defined only in
simplicial terms, so we have the following result:

Lemma 5.28. The set of alternating loops is preserved by the action of any automor-
phism A ∈ AutL(G′0(S)).

Definition 5.29. An∞-alternating square S ⊂ G′0(S) is a loop of length 4 with the
following structure, up to cyclic reordering:

X0
1−X1

∞−X2
1−X3

∞−X0,

where X0 (resp. X1) do not span an ∞-edge with X2 (resp. X3).

Let S be an ∞-alternating square. Then:

X0 = {α, σ1, ..., σm, κ1, ..., κn, λ1, ...},

X1 = {α′, σ1, ..., σm, κ1, ..., κn, λ1, ...},

where {σi}mi=1 are the sister curves of both α and α′, {κi}ni=1 the contiguous curves and
{λi}∞i=1 the far curves. Note that 1 ≤ m ≤ 4 and 1 ≤ n ≤ 8. Now, since X1X2 is an
∞-edge and X0, X2 do not span an ∞-edge, the elementary move between X0 and X1

cannot be performed simultaneously with the elementary moves between X1 and X2.
Furthermore, no elementary move is performed on a sister curve because S has length
4. So:

X2 = {α′, σ1, ..., σm, κ
′
1, ..., κ

′
j , κj+1, ..., κn, λ1, λ

′
2, λ3, λ

′
4, ...},

where the infinitely many elementary moves are performed, without loss of generality,
on λ2k, k ∈ N and some contiguous curves. Observe that all these simultaneous ele-
mentary moves must be performed on curves which are pairwise far by the definition
of ∞-edge. Regarding the 1-edge X2X3, if X3 contains any κi or λ2k, then X1 and X3

span an ∞-edge, so it must contain α:

X3 = {α, σ1, ..., σm, κ
′
1, ..., κ

′
j , κj+1, ..., κn, λ1, λ

′
2, λ3, λ

′
4, ...}.

Therefore: X0 ∩ ... ∩X3 = Xi ∩Xi+1 ∩Xi+2 ∀i mod k.

Summing up:
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Lemma 5.30. The set of ∞-alternating squares is preserved by the action of any
A ∈ AutL(G′0(S)), since it is defined only in simplicial terms.

Proof of Theorem 5.2. We proceed to define the isomorphism of Theorem 5.2. Consider
A ∈ AutL(G′0(S)), so A takes marked 1-Farey graphs to marked 1-Farey graphs. Let
(F,X) be an arbitrary marked 1-Farey graph. Then (F,X) represents some curve
v ∈ C(S). Let A((F,X)) be the image of (F,X) by A, then A((F,X)) represents
another vertex w in the curve complex. We define w = φ(A)(v); thus φ(A) is a map
from C(S) to itself. We will prove that φ(A) is an automorphism of the curve complex,
and that φ is a well defined isomorphism.

φ(A) is well defined. Let (F,X) and (F ′, X ′) be two marked 1-Farey graphs repre-
senting the same vertex v ∈ C(S). We need to prove that A((F,X)) and A((F ′, X ′))
also represent the same vertex φ(A)(v). This is true when X and X ′ differ by a fi-
nite number of elementary moves (Margalit, 2004). The idea of (Margalit, 2004) is to
find a sequence of vertices W,X,X ′, Y which is contained in an alternating loop AL,
where W,X ∈ (F,X) and X ′, Y ∈ (F ′, X ′). By the properties of an alternating loop,
v = W ∩X ∩X ′ = X ∩X ′ ∩ Y . Now, by Lemma 5.28, AL is preserved by the action
of A ∈ AutL(G′0(S)), so the sequence A(W ), A(X), A(X ′), A(Y ) is also contained in
an alternating loop. Therefore A(W ) ∩ A(X) ∩ A(X ′) = A(X) ∩ A(X ′) ∩ A(Y ), so
A((F,X)) and A((F ′, X ′)) represent the same vertex φ(A)(v).

When X and X ′ span an ∞-edge, the previous idea can be applied finding a sequence
contained in an∞-alternating square S, as we will see. Once this is done, Lemma 5.30
will again give us the desired result. We refer the reader to Figure 5.4 as a help for
the following proof. Let X = {α′, µ} and X ′ = {α′, µ′} where F = Pµ and F ′ = Pµ′ .
Suppose that at least one elementary move of XX ′ is performed on a contiguous curve
of α′. Then X and X ′ have the form:

X = {α′, σ1, ..., σm, κ1, ..., κn, λ1, ...},
X ′ = {α′, σ′1, σ2, ..., σm, κ

′
1, ...κ

′
j , κj+1, ..., κn, λ1, λ

′
2, λ3, λ

′
4, ...},

Note that two different sister curves of α are respectively sister or contiguous, so at
most one sister curve can be replaced in an ∞-edge. Now consider X ′′, where:

X ′′ = {α′, µ′′} = {α′, σ′1, σ2, ..., σm, κ1, ..., κn, λ1, λ2, ...},

with F ′′ = Pµ′′ . As X and X ′′ differ by one elementary move, we use the the result
in (Margalit, 2004) to conclude that A((F,X)) and A((F ′′, X ′′)) represent the same
vertex in C(S). Finally, we proceed with the contiguous and far curves of α′. Consider
the following ∞-alternating square:

S : W 1−X ′′∞−X ′ 1−Y∞−W,
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where:

W = {α, σ′1, σ2, ..., σm, κ1, ...κj , κj+1, ..., κn, λ1, λ2, λ3, λ4, ...},
X ′′ = {α′, σ′1, σ2, ..., σm, κ1, ...κj , κj+1, ..., κn, λ1, λ2, λ3, λ4, ...},
X ′ = {α′, σ′1, σ2, ..., σm, κ

′
1, ...κ

′
j , κj+1, ..., κn, λ1, λ

′
2, λ3, λ

′
4, ...},

Y = {α, σ′1, σ2, ..., σm, κ
′
1, ...κ

′
j , κj+1, ..., κn, λ1, λ

′
2, λ3, λ

′
4, ...},

with W,X ′′ ∈ (F ′′, X ′′) and X ′, Y ∈ (F ′, X ′). We use Lemma 5.30 to deduce that
A((F ′′, X ′′)) and A((F ′, X ′)) represent the same vertex in C(S). Thus A((F,X)) and
A((F ′, X ′)) also represent the same vertex.

If no elementary move is performed on a contiguous curve of α′, then X ′ has the form:

X ′ = {α′, σ′1, σ2, ..., σm, κ1, ..., κn, λ1, λ
′
2, λ3, λ

′
4, ...}.

In that case consider first:

X ′′′ = {α′, σ′1, σ2, ..., σm, κ
′
1, κ2..., κn, λ1, λ

′
2, λ3, λ

′
4, ...}.

Observe that we can assume that κ′1 is far from all λ2k. If not, we perform a finite
number of single elementary moves on some λ2k until this κ′1 exists, and use the result
of (Margalit, 2004). As X ′ and X ′′′ differ by one elementary move (or a finite number
of them), the marked 1-Farey graphs (F ′, X ′) and (F ′′′, X ′′′) represent the same curve
in C(S). Then proceed with (F ′′′, X ′′′) in the same way as before.

F

F ′′

F ′

X

X ′′

X ′

W

Y
1

1

1

1

∞∞

Figure 5.4: Scheme of the alternating loops.

φ(A) is an automorphism. We need to prove that two vertices v, w ∈ C(S) span
an edge if and only if φ(A)(v) and φ(A)(w) span an edge. For that purpose is enough
to prove that v and w span an edge in C(S) if and only if there exist two different
marked 1-Farey graphs (F,X) and (F ′, X) which intersect at X, where (F,X) and
(F ′, X) represent α and β respectively. Since A takes pants decompositions to pants
decompositions, A(X) is a pants decomposition containing both φ(A)(v) and φ(A)(w).
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5.4 Proof of Theorem 5.2

Suppose that v, w are the curves α and β respectively. On the one hand, if v and
w span an edge in C(S), α and β are disjoint, so there exists a pants decomposition
containing both, say X = {α, β, γ1, γ2, ...}. The marked 1-Farey graphs (F,X) and
(F ′, X), where F = Pµ and F ′ = Pν with µ = {β, γ1, γ2, ...} and ν = {α, γ1, γ2, ...}
intersect at X.

On the other hand, if two marked 1-Farey graphs (F,X) and (F ′, X) representing α
and β respectively intersect at X, this vertex must be a pants decomposition containing
both α and β by Lemma 5.24, so α and β are disjoint curves.

φ is an isomorphism. First, we prove that φ(AB)(v) = φ(A)φ(B)(v) for every
v ∈ C(S). φ(AB)(v) is represented by AB((F,X)), where (F,X) represents v. Fur-
thermore, w = φ(B)(v) is represented by B((F,X)) and hence φ(A)φ(B)(v) is repre-
sented by A((F ′, Y )), where (F ′, Y ) is a marked 1-Farey graph that represents w. If
we choose (F ′, Y ) to be B((F,X)), then we have that φ(A)φ(B)(v) is represented by
AB((F,X)) and so φ is a homomorphism.

We now prove that if φ(A) is the identity in Aut(C(S)), then A is the identity in
AutL(G′0(S)). For X = {α1, α2, α3, ...} we choose the collection of marked 1-Farey
graphs (Fi, P ), where Fi = Pµi , with µi = {α1, α2, ..., αi−1, αi+1, ....}, and vi is the
curve αi. By construction, the intersection of all Fi is exactly X. In addition, because
A(F ) represents φ(A)(v) and φ(A) is the identity, it follows that the intersection of all
A(Fi) = Fi is X, so A(X) = X.

Finally, we will prove the surjectivity of φ by using the isomorphism

η : Aut(C(S))→ Map±(S)

for infinite-type surfaces (Bavard et al., 2018; Hernández and Valdez, 2017; Hernández
et al., 2018). For a vertex v ∈ C(S), we define A(v) as the action of η(A) in α, the cor-
responding curve of (F,X). Similarly, for a pants decomposition X = {α1, α2, α3, ...},
we define ψ(A)(X) as {η(A)(α1), η(A)(α2), ...}:

AutL(G′0(S))
ψ←− Aut(C(S))

η←→ Map±(S)
ψ(A) ←− A ←→ η(A)

(F,X) ←→ v ←→ α
↓ ↓ ↓

ψ(A)((F,X)) ←→ A(v) ←→ η(A)(α)

It remains to prove that φ◦ψ(A) = A, which is equivalent to prove that ψ(A)((F,X)) =
(F ′, Y ), where (F ′, Y ) represents the vertex A(v) ∈ C(S). For F = Pµ where µ =
{α2, α3, ...}, it follows that F ′ = ψ(A)(F ) = Pν , where ν = {η(A)(α2), η(A)(α3), ...}.
As X = {α, α2, α3, ...}, ψ(A)(X) = {η(A)(α), η(A)(α2), η(A)(α3), ...} and η(A)(α)
corresponds to A(v), the desired result follows.
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Conclusions

To conclude, we highlight some ideas extracted from this Ph.D. thesis.

In the first place, we should remark the profound connection between Dehn’s deci-
sion problems, at least when studying generalizations of Thompson’s groups. As seen
in these chapters, the relation between the conjugacy problem, the non-isomorphism
problem and the embedding problem is evident. As an example, in Chapter 2 the tech-
niques used to solve the conjugacy problem shed light into the question about pairs
of non-isomorphic symmetric Thompson’s groups. On the other hand, the embedding
problem is related to the isomorphism problem, as shown in Chapter 3.

Second, we should also stress that a wide range of techniques and proofs presented
in this thesis for original Thompson’s groups and Brown-Higman-Thompson groups
can be adapted to obtain similar results for their generalizations. In particular, the
techniques of (Belk and Matucci, 2014) for the conjugacy problem of Chapter 2, the
works of (Higman, 1974) and (Birget, 2020) for the embedding problem of Chapter 3;
and the methods of (Higman, 1974) for the isomorphism problem and finite generation
of Chapters 2 and 4. The work of Higman has proved to be an inspiration for the
author and a useful source of methods for a significant part of the results presented
here.

We end this thesis with a short discussion of some problems we are interested in and
we would like to tackle in the future.

1. As mentioned in Chapter 3, for given m and G semiregular, the work of (Bleak
et al., 2017) shows VmG ∼= Vm, while Higman’s book (Higman, 1974) gives an
embedding of Vm into R. Thompson’s group V2. The semiregularity condition
above has to do with local groups of germs of the action of VmG on Cm, see (Bleak
et al., 2017; Bleak and Lanoue, 2010). These topological embeddings preserve the
local groups of germs, while the algebraic embeddings (for G non-trivial) do not.
Thus, it is impossible to chain these two families of embeddings together to get an
embedding from VmG into V2 when G is not semiregular. Therefore, the following
question arises naturally from the previous discussion:

Question 5.31. Do there exist m ∈ N and G ∈ Sym(m) such that G is not
semiregular, but for which there is an embedding from VmG into V2?
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In particular, there may exist an algebraic embedding from some VmG such that
G is not semiregular to some VnH, for n > m and H semiregular. From that
point, the previous results give the desired embedding to V2.

2. The next step in the study of the family of infinitely braided Thompson groups
BVn,kH is to ask whether they are finitely presented.

Conjecture. BVn,kH is finitely presented when H is finitely presented.

Our guess is that this conjecture should be true, because it is likely that Brin and
Dehornoy methods to find presentations for BV2 can be extended to any BVn,k.
Once a presentation for BVn,k is found, it should be possible to deal with finding
relations between the generators of H and the generators of BVn,k. Another
promising approach is the one of (Bux et al., 2016), in which it is proven that
BV2 is of type F∞.

3. As said in the Introduction, mapping class groups of infinite-type surfaces and
Thompson’s groups are connected, see (Aramayona and Funar, 2017). The same
seems to occur in the case of some symmetric Thompson’s groups, especially
when they can be understood in geometric terms, as occurs with VnH when
H is a dihedral group. However, working with infinite-type surfaces instead of
infinite trees puts some obstructions on the symmetric Thompson’s groups that
can appear. In a current work with his advisor, the author is trying to delve into
this question.
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Conclusiones

Para terminar, subrayaremos algunas ideas extraídas de la tesis.

En primer lugar, sería importante remarcar la profunda conexión que hay entre algunos
de los problemas de decisión de Dehn, al menos cuando se están estudiando generali-
zaciones de los grupos de Thompson. Según se ha visto a lo largo de estos capítulos, la
relación entre el problema de la conjugación, el problema del isomorfismo y el problema
del embebimiento es evidente. Como ejemplos, las técnicas usadas en el Capítulo 2 para
resolver el problema de la conjugación han arrojado luz sobre la cuestión de qué pares
de grupos simétricos de Thompson no son isomorfos. Por otro lado, el problema del
embebimiento está relacionado con el del isomorfismo, según se ha visto en el Capítulo
3.

Además, se debería también subrayar que gran parte de las técnicas y pruebas pre-
sentadas en esta tesis para los grupos de Thompson originales y los grupos de Brown-
Higman-Thompson se pueden adaptar para obtener resultados similares para ciertas
generalizaciones. En particular, las técnicas de (Belk and Matucci, 2014) para el proble-
ma de la conjugación en el Capítulo 2, los trabajos de (Higman, 1974) y (Birget, 2020)
para el problema del embebimiento del Capítulo 3; y los métodos de (Higman, 1974)
para el problema del isomorfismo y la búsqueda de un conjunto finito de generadores
de los Capítulos 2 y 4. El trabajo de Higman ha demostrado ser una inspiración para el
autor, y una fuente de recursos para lograr los resultados presentados en esta tesis.

Concluímos la tesis con una breve discusión de algunos problemas de interés que podrían
ser abordados en el futuro.

1. Como se ha mencionado en el Capítulo 3, para cualquier m y G semirregular,
el trabajo de (Bleak et al., 2017) demuestra que VmG ∼= Vm, mientras que el
libro de Higman (Higman, 1974) presenta un embebimiento de Vm en el grupo
de Thompson V2. La condición de semirregularidad tiene que ver con los grupos
locales de gérmenes de la acción de VmG en Cm, como se muestra en (Bleak et al.,
2017; Bleak and Lanoue, 2010). Estos embebimientos topológicos preservan los
grupos locales de gérmenes, mientras que los embebimientos algebraicos (para G
no trivial) no lo hacen. De esta manera, es imposible encadenar estas dos familias
de embebimientos con el fin de conseguir un embebimiento de VmG en V2 cuando
G no es semirregular. Por tanto, la siguiente cuestión surge de manera natural:
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Cuestión 5.32. ¿Existe m ∈ N y G ∈ Sym(m) tal que G no es semirregular,
pero existe un embebimiento de VmG en V2?

En particular, podría existir un embebimiento algebraico de cierto VmG con G
no semirregular en VnH, para n > m y H semirregular. A partir de ese punto,
los resultados citados anteriormente definen el embebimiento a V2.

2. El siguiente paso en el estudio de la familia de los grupos de Thompson infinita-
mente trenzados BVn,kH es dilucidar si son finitamente presentados.

Conjetura 5.33. BVn,kH es finitamente presentado si H es finitamente presen-
tado.

Nuestra opinión es que la conjetura debería ser cierta, ya que es altamente pro-
bable que los métodos de Brin y Dehornoy para encontrar presentaciones de BV2

puedan extenderse a cualquier BVn,k. Una vez obtenida una prentación para
BVn,k, sería posible encontrar las relaciones entre los generadores de H y los de
BVn,k. Otro enfoque prometedor es el de (Bux et al., 2016), en el cual se prueba
que BV2 es de tipo F∞.

3. Como se ha dicho en la Introducción, se pueden establecer conexiones entre los
grupos modulares de superficies de tipo infinito y los grupos de Thompson, como
se muestra en (Aramayona and Valdez, 2018). Parece ocurrir lo mismo con algu-
nos grupos simétricos de Thompson, especialmente cuando se pueden entender en
términos geométricos, como es el caso de VnH cuando H es un grupo diedral. Sin
embargo, el hecho de trabajar con superficies de tipo infinito en lugar de árboles
infinitos pone restricciones a los grupos simétricos de Thompson que pueden apa-
recer. En un trabajo actual con su director, el autor está intentando profundizar
en esta cuestión.
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