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Summary

This thesis consists of three main parts. In the first one of them, we analyse the suitability of
nonlinear bond-based peridynamics into Solid Mechanics, for which some restrictions are already
known such as the fact that it requires the Poisson ratio to be v = }1. The energy functional in this
description can be written as a double integral on a pairwise potential function. The existence of
minimizers (and thus, optimal deformations) was already shown in [23| as well as the localization
process in order to recover classical hyperelastic energy functions [25]. Nevertheless, when we followed
the study carried out in Part I, we discovered that not many hyperelastic functions can be recovered
after the localization process. In particular, in Part I we recall such localization process depicted
in [25] and follow it assuming certain physical conditions such as isotropy and frame-indifference,
which are shown to remain after passing from the nonlocal density to the local one. Then, we
obtain a condition for a classical hyperelastic function to be recovered from a (nonlocal) pair-wise
potential function. This shows us that even in this simplified case, very few hyperelastic functions
are recoverable. In particular, Money-Rivlin models cannot be recovered after localizing bond-based
peridyamics. We also obtain the restriction of the Poisson ratio v = i, but through a different path.
All this leads us to consider different kinds of nonlocal models, in particular those based on nonlocal
operators such as the fractional gradient, or a nonlocal version over bounded domains. This means
that instead of having a double integral as an energy functional, this would consist of an integral in
terms of a function W which depends, in turn, of another integral operator. In other words, there
would be a function between the two integrals imposing some difficulties at the time of working with
these fractional functionals or searching for bounds of the respective semi-norms.

Secondly, Part IT is devoted to the study of (Bessel) fractional spaces, (a natural type of fractional
spaces as shown in [99]) based on the Riesz s-fractional gradient, where the main goal is the study of
vector fractional problems through Calculus of Variations. So as to do so, Part 11 is divided into three
chapters. The first one focuses on the introduction and study of fractional (gradient) operators and
their associated functional spaces according to some previous results in the literature. We highlight in
particular [99,100] where several important results such as continuous and compact embedding were
already settled. However, a proper density result was not considered therein, although on the other
hand, [37] tackled such issue from a distributional perspective. Such density issue is also addressed in
this document but through a different approach. This chapter comes with some illustrative formulas
that might help to provide a better insight with respect to these operators, showing in particular some
analogous facts to the classical case, as a fractional integration by parts, the Fourier transform of the
fractional gradient or its relationship with the, rather well-known, fractional laplacian. Nevertheless,
not all of those formulas enjoy such similarity with the local case, as is the case of the fractional Leibniz
rule, what will have some implications in the proof of the fractional Piola identity. This chapter ends
with the aforementioned embeddings (with an alternative proof of the compact embedding) and
two examples of functions in these fractional spaces exhibiting some singularity phenomena. In
particular, in this chapter we have collected several results and continued developing the theory
so that we had the tools to prove in the following chapter the existence of solution (a minimizer)
of polyconvex vector fractional energy functionals under a complementary value condition in these



Bessel spaces. This is done following a similar path to that of classical hyperelasticity [10]. In
other words, assuming polyconvexity, it is required to prove the weak continuity of the determinant
of the fractional gradient and then conclude using the direct method of Calculus of Variations. A
key ingredient in this process is the fractional Piola identity, since it allows us to obtain a sort of
integration by parts formula of the determinant. This chapter is completed with the corresponding
Euler-Lagrange equations. Lastly, the third chapter is devoted to the study of the I'-convergence
(localization) when s goes to 1, for which some continuous inequalities in the first chapter (of this
part) had to be written with independence of the index s. This, together with the convergence
of the s-fractional gradients to the local one, leads to the recovering of the classical energy model
over the whole space. A wider description is shown at the introduction of the chapters of Part II.
Nevertheless, besides the clear academic interest of this approach, it may not be the most suitable
one when one wants to deal with applications, since it is required the information from the whole
space R" to compute the fractional gradient as well as the respective energy functionals.

Finally, in Part I1I we consider a model which intends to fix the aforementioned drawbacks of the
previous two parts. To wit, we study a nonlocal framework similar to that of Part II, i.e. based on
a nonlocal gradient, similar to the Riesz s-fractional one but defined over bounded domains, giving
rise to an energy functional whose energy density also depends on a fractional operator, having again
a "function" between the two integrals of the energy functional. Given this structure, it seems that,
as in the previous case, with this approach we could also recover the hyperelastic functions after the
localization process (without the requirement of being defined over the whole space). All these facts
would make this a proper model for nonlocal nonlinear Solid Mechanics, and in particular, as was
suggested in [81], this kind of operators would fit in the state-based description of peridynamics. We
would like to highlight the statement and proof of a nonlocal version of the fundamental theorem
of calculus (to wit, an integral formula with which a function can be recovered from its nonlocal
gradient), since it allows us to prove continuous embeddings as well as a sort of nonlocal mean value
theorem, which allow us, in turn, to obtain a compact embedding result which were lacking in a
nonlocal vector framework based on gradient operators. In particular, this nonlocal version of the
fundamental theorem of calculus is rather involved and requires the use of advanced techniques from
Fourier analysis. Since the localization process in this framework is not included in this manuscript,
this last part consists only of two chapters. The structure is quite similar to that of Part II. The first
chapter introduces the nonlocal operators and functional spaces we are going to deal with, in this
case with a nonlocal (volumetric) boundary. We also show some formulas, results and embeddings in
an analogous way to Part II except for the proof of a nonlocal version of the fundamental theorem of
calculus, which required its own solo section. Then, as in the case with the fractional gradient, in the
second and last chapter we address the existence of minimizers of nonlocal vector energy functionals
under convexity as well as polyconvexity, for which it is also required a nonlocal version of the Piola
identity. Accordingly, the Euler-Lagrange equations are also obtained.



Resumen

Esta tesis consta de tres partes diferenciadas. En la primera de ella analizamos la idoneidad de la
descripcion bond-based de la peridinamica en la mecénica de solidos, para la cual ya se conocia alguna
restriccion, como el hecho de que impone que el ratio de Poisson sea v = }1. El funcional energia
acorde con esta formulacion viene dado por una doble integral de una funcion densidad sobre cada par
de puntos. La existencia de minimizadores (y por tanto, de deformaciones 6ptimas) ya fue probada en
[23] asi como el proceso de localizacion para recuperar funciones clasicas de hiperelasticidad cuando la
no localidad desaparece [25]. Sin embargo, al desarrollar el estudio mostrado en la Parte I, observamos
que no muchas funciones hiperelasticas se pueden recuperar después del proceso de localizacién. En
particular, se recuerda dicho proceso de localizacion mostrado en [25] y éste es reproducido para
el caso més sencillo en el que se asumen ciertas condiciones fisicas naturales como son la isotropia
y la invariancia con respecto al observador. También se muestra que dichas propiedades se siguen
cumpliendo al pasar de la densidad no local a la local. A continuacién, se obtiene una condicioén para
caracterizar las funciones clasicas de hiperelasticidad que pueden ser recuperadas a partir de una
funcion de densidad evaluada sobre cada par de puntos. Esto nos muestra que incluso en este caso
més sencillo, hay muy pocas funciones hiperlasticas que pueden ser recuperadas. Adicionalmente,
también se obtiene en este documento la restriccion sobre el ratio de Poisson v = }L, pero por medio
de un camino diferente. Todo ésto nos lleva a considerar otros tipos diferentes de modelos no locales,
en particular, a aquellos que estan basados directamente en operadores no locales como el gradiente
fraccionario, o una version suya no local que opere sobre dominios acotados. Esto implica que en
vez de tener una doble integral como funcional de energia, ésta consistiria de una integral sobre
una funcion W, que depende, a su vez, de otro operador integral. En otras palabras, habria una
funcion entre las dos integrales, lo cual impondria algunas dificultades a la hora de trabajar con estos
funcionales fraccionarios o en la busqueda de cotas adecuadas de las respectivas semi-normas.

La Parte IT de la memoria esta dedicada al estudio de los espacios fraccionarios (de Bessel), (una
especie natural de espacios fraccionarios como se mostro en [99]) basados en el gradiente fraccionario
s de Riesz, donde el principal objetivo es el estudio de problemas vectoriales fraccionarios a través
del Calculo de Variaciones. Para ello, la Parte II se divide en tres capitulos. El primero de ellos se
centra en la introduccion y estudio de operadores (gradiente) fraccionarios y sus espacios funcionales
asociados de acuerdo con algunos resultados previos en la literatura. Resaltamos en concreto [99,100],
donde varios resultados importantes como son las inmersiones compactas y continuas ya fueron
establecidos. Sin embargo, en dichos articulos no se considerd un resultado de densidad en si, aunque
por otra parte, en [37] abordaron dicho tema desde una perspectiva distribucional. Dicho asunto de
la densidad también se ha abordado en este documento, pero por medio de un enfoque diferente. Este
capitulo incluye algunas férmulas ilustrativas que pueden ayudar a proporcionar una mejor percepcion
de estos operadores, como por ejemplo, mostrando algunos hechos analogos a los que se dan en el caso
clasico, como son una integraciéon por partes fraccionaria, la transformada de Fourier del gradiente
fraccionario o la formula que lo relaciona con el més conocido laplaciano fraccionario. Sin embargo,
no todas esas formulas consiguen tal similaridad con el caso local, como es el caso de la derivada
fraccionaria del producto, lo cuél tendré sus implicaciones en la prueba de la identidad de Piola. Este
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capitulo acaba con las previamente mencionadas inmersiones (incluyendo una prueba alternativa de
la inmersion compacta) y dos ejemplos de funciones en estos espacios fraccionarios que representan
singularidades, como las fracturas o cavitaciones. En particular, en este capitulo se han recogido
varios resultados y se ha continuado desarrollando la teoria de forma que se tenga las herramientas
necesarias para probar en el siguiente capitulo la existencia de solucion (de minimizadores), en
estos espacios de Bessel, de funcionales de energia vectoriales, fraccionarios y policonvexos bajo una
condicion en el complementario del dominio (que sustituye a la condicién de frontera). Esto se ha
llevado a cabo siguiendo un camino similar al tomado en el caso de la hiperelasticidad clasica [10]. En
otras palabras, asumiendo la condicién de policonvexidad, los pasos son probar la continuidad débil
del determinante del gradiente fraccionario y luego concluir usando el método directo del Calculo de
Variaciones. Un ingrediente clave en todo este proceso es la identidad de Piola fraccionaria, dado que
ésta nos permite obtener una especie de formula de integracion por partes del determinante. Para
completar este capitulo se incluyen las correspondientes ecuaciones de FKuler-Lagrange. Por tltimo,
el tercer capitulo de esta parte estd dedicado al estudio de la I'-convergencia (localizacion) cuando
s tiende a 1, para el cual algunas desigualdades en el primer capitulo de esta parte han tenido que
ser escritas con una constante independiente de s. Esto, junto con el hecho de que el gradiente
fraccionario converge al gradiente clasico cuando s tiende a 1, nos lleva a recuperar el modelo clasico
(definido sobre todo el espacio). Sin embargo, a pesar del claro interés académico de este enfoque,
puede que no sea el mas adecuado cuando uno quiere lidiar con aplicaciones, dado que se requiere la
informacion sobre todo el espacio R™ para obtener el gradiente fraccionario asi como los respectivos
funcionales de energia.

Finalmente, en la Parte III consideramos un modelo que busca suplir los mencionados inconve-
nientes de las dos Partes anteriores. Es decir, se estudia un marco no local similar al de la Parte II,
que estd basado en un gradiente no local similar al gradiente fraccionario, pero definido sobre do-
minios acotados de forma que llegamos a tratar de nuevo con funcionales de energia definidos como
una integral cuya funcion densidad de energia también depende a su vez de otra integral, teniendo
de nuevo una funcion entre dos integrales del funcional energia. Dada esta estructura, parece que,
como en el caso anterior, con este enfoque se podrian recuperar también las funciones hiperelasticas
después del proceso de localizacion (sin necesidad de que estén definidas sobre todo el espacio). To-
das estas observaciones harian de éste un modelo adecuado para la Mecanica de Sélidos no lineal, no
local, y en particular, como se comenta en [81], este tipo de operadores encajaria en la descripcion
state-based de la peridindmica. En esta parte, destaca sobre lo demés, como mayor novedad en su
analisis, el enunciado y prueba de una version no local del teorema fundamental del calculo (es decir,
una formula integral con la que recuperamos una funciéon a partir de su gradiente no local), dado
que éste nos permite probar inmersiones continuas asi como una especie de teorema del valor medio
no local, que nos permiten, a su vez, probar un resultado de inmersién compacta que faltaba en un
marco no local vectorial basado en operadores gradiente. En concreto, la prueba de esta versiéon no
local del teorema fundamental del calculo involucra complejidad y requiere el uso de técnicas avan-
zadas de andlisis de Fourier. Dado que el proceso de localizacién en este contexto no esta incluido
en esta memoria, esta ultima parte consta sélo de dos capitulos. La estructura es bastante similar
a la de la Parte II. En el primer capitulo se introducen los operadores no locales y espacios fun-
cionales con los que vamos a tratar, que en este caso conlleva lidiar también con una frontera no local
(volumétrica). También se muestran algunas formulas, resultados e inclusiones de forma anéloga a
la Parte II excepto por la prueba de la mencionada version no local del teorema fundamental del
calculo, el cual requiere una secciéon propia. Luego, como en el caso del gradiente fraccionario, en
el segundo y 1ltimo capitulo abordamos la existencia de minimizadores de funcionales de energia
vectoriales no locales bajo condiciones de convexidad, asi como de, la mas general, policonvexidad.
De manera acorde también se obtienen las ecuaciones de Euler-Lagrange para este caso.
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Chapter 1.
Introduction

Modelling nature has always been a point of interest for physicists, mathematicians and other scien-
tists, who found in mathematics a relevant language and useful tools so as to describe such different
processes. One of the most notable ways to do so is by means of (partial) differential equations which
frequently appear in mathematics, physics, engineering and biology. These equations have become
quite popular in approximating or describing different phenomena in several fields. However, they
have a strong dependence on the classical gradient operator (derivative) which gives them their local
nature, usually imposes some regularity and prevents them from catching some nonlocal informa-
tion. In the last decades, nonlocal problems are gathering more attention and being considered as
alternative or supplementary models to local ones, since they can catch some information that the
previous ones cannot, such as long range interactions. Specifically, they may require less regularity
of the functions, allowing for more general admissible solutions. In fact, typical characteristics of
nonlocal problems include being able to provide an effective modelling for discontinuities or singu-
larities and computing interactions through integration instead of differentiation (which gives rise
to integral or integro-differential equations), which is related to the fact that points separated by a
finite distance exert a force upon each other. This has lead to the development of several studies
considering their applications to various fields such as continuum mechanics [51,52,103,107|, image
processing [9, 34,42, 64|, nonlocal diffusion [3,35,114] or machine learning [4,87]. See also [47] for an
introduction to nonlocal modelling. This interest in nonlocal problems has been accompanied by a
budding but significant progress on its mathematical development.

A feature that frequently appears in several models, is the fact that the range of nonlocal in-
teractions is determined by a positive value, which is generally given by the radius of an Euclidean
ball as in the case of peridynamics theory, (where interactions between particles is assumed to be
negligible when they are further away than a certain distance), which is one of the main motivations
of this work. Peridynamics is a nonlocal alternative model in Solid Mechanics introduced by S.A.
Silling in [103] (bond-based peridynamics), who later added the more general state-based description
of peridynamics [107]. Peridynamics theory was proposed in order to overcome some modelling as-
pects since, although classical elasticity models (whose use is rather spread among the scientific and
engineering communities) have proved to be quite practical in certain situations, they still fail when
singularity phenomena such as fracture or cavitation appears. As with other nonlocal problems, the
development of this theory in the last years, though recent, has been impressive. Some references on
this are [72,75,104,107| and the two books [62,77].

All these advantages in modelling that nonlocal models offer may come at a cost. Concretely, this
usually means that we have to deal with some complex (integral) terms, which pose some technical
difficulties in the mathematical analysis and requires working with more general functional spaces.
Another relevant aspect is that of boundary conditions which require a better understanding since
they could be taken as of volumetric type given their nonlocal nature. Although a significant part
of the development of nonlocal problems has been driven by a practical and applied interest, one of
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Chapter 1. Introduction

the most noticeable disadvantages of this problem comes at the time of numerical simulations since
they often impose an increased computational cost, given the introduction of more complex, integral
operators in the model. There have been several works dealing with this issue [43,45,60].

Deeping a little bit in the structure of nonlocal models, it is usual to see them obtained by means
of the integration against a nonlocal kernel which sometimes can define a nonlocal gradient operator,

/U(l') —u(y) —y a.

|z —y[" s | —y

A particular case is that of fractional calculus, where thanks to a particular kernel the notion of
derivative is extended to non-integer differentiability indexes s € (0,1) which gives rise to spaces
of functions that may admit discontinuities. In one dimension there are a lot of different notions,
where the Lioville and Caputo’s derivative stand out . On the other hand, in several dimensions the
so-called fractional laplacian has captured and enjoyed most of the attention and development in
this framework whereas the Riesz fractional gradient, which is related to the former in a completely
analogous way to their local counterparts, is starting to take off. Actually, [102] showed that the Riesz
fractional gradient enjoys several characteristics such as uniqueness up to a multiplicative constant
under natural requirements, making it the natural definition for a fractional differential object.

We believe that the results showed in this work would be of help so as to obtain a better under-
standing of the nature underlying these models as well as part of the mathematical structure and
provide tools that may make the handling of nonlocal models more treatable.

Hence, the goal of this work is to obtain and study a nonlocal model of hyperelasticity (fully
nonlinear) so that it remains valid for discontinuous deformations. So as to do so we first study
the suitability of bond-based peridynamics when we are dealing with nonlinear problems in Solid
Mechanics. Then we study and continue developing the mathematical foundation of fractional and
nonlocal vector calculus that will allow us to cast the sought energy functionals as well as the existence
of minimizer under polyconvexity.

Given the subjects of Solid Mechanics and Calculus of Variations to which this work belongs, we
provide an introduction to nonlinear elasticity, vector variational problems as well as peridynamics,
talking about the two mentioned descriptions, bond-based and stated-based ones.

1.1 Nonlinear elasticity

Classical elasticity theory is the branch of Solid Mechanics that deals with deformations that are
reversible, i.e. when a material recovers its original shape after being deformed by an external load.
In particular, nonlinear elasticity deals with deformations that can be either large or small, so there
could be a significant difference between the deformed configuration of a material and its original one
(reference configuration). It is usually denoted by u(z,t) € R?® the position occupied by the material
at the point z in a domain €) and at the time ¢. Hence, u is the function that takes the reference
configuration to the deformed configuration u(€2,1).

u(x,t)

S

Further, the deformation u must fulfil the physical requirements of non-interpenetration of matter
and preservation of the orientation. The former translates mathematically into the requirement of
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Section 1.1. Nonlinear elasticity

u being injective, while the latter into the condition det Du(z) > 0 a.e. x € ), where Du is the
deformation gradient, which is itself a measure of strain. As it is usual, the equations of motion are
obtained after imposing Newton’s second law, i.e.

prit = divT(z) + F(x),

where pgril stands for the density times the acceleration, the term F' represents the external body
force, while divT'(x) stands for the interactions of inner particles and T'(x) is the Piola-Kirchhoff
stress tensor, which is related to the Cauchy stress tensor 7 through the identity

T(x) = det Du(x)T (u(z))Du(z)™" = T (u(x)) cof (Du(x))",

where cof A refers to the cofactor matrix of A. This hyperbolic system was shown to have existence
by T.J.R. Hughes, T.Kato and J.E. Marsden but under not totally realistic assumptions [70].
Focusing on the stationary model, classical theory of Solid Mechanics establishes that the defor-
mation produced on the body by external loads must verify the following conditions written in the
reference configuration
—div(T(x)) = F(z), x €,
{ T(x) -n=g(x), x eIy,

where I'; is the subset of the boundary 02 where the surface force g is applied, and n is the outer
normal to I'y.

So as to obtain the constitutive equation, a material is mathematically defined as elastic if the
Cauchy stress tensor T (y) in each point of a deformed configuration y € u(2) is a function exclusively
of z = u~'(y) and the deformation gradient Du(x). In this case, the Piola-Kirchhoff stress tensor is
oW

T(x) = T(z, Du(x)).

Assuming that a Dirichlet boundary condition g is imposed on I'y = 9Q\I'y, the deformation u must
satisfy the following boundary value problem

—div(T'(z, Du(z))) = F(z), €L,
T'(z, Du(z)) - n = g(2), e ?1,
U = Up, xr ely.

We assume here that (as is common in a majority of the interesting applications) body and boundary
forces, respectively F' and ¢, do not depend on the deformation wu.

The existence of solution of this stationary problem (besides some contemporary results by
T.Valent in [113]|) with realistic assumption was solved by John Ball applying Calculus of Varia-
tions [10]. An important concept in such process is hyperelasticity. An elastic material is called
hyperelastic if there exists a function W : Q x R™*" — R, called stored-energy function of the
material, such that the Piola-Kirchhoff stress tensor is the derivative of W with respect to its second

variable.
ow

0A

In this case, the potential elastic energy of the deformation w is

= /QW(x, Du(x)) dx — /Q F(z) - u(x)dr — /F1 g(z) - u(z) dH" (z),

where F' : Q2 — R™ is the distributed body load and ¢g : I'y C 92 — R™ the boundary load. The
term dH""! indicates the Lebesgue (n — 1)-surface integral. Moreover, critical points of the energy
are equilibrium solutions of Cauchy equations of motion.

T(x,A) = —(z,A), z€Q, AecR™"
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Chapter 1. Introduction

For consistency from the physical point of view, it is natural to impose some conditions as the
frame indifference. Thus, it is considered that the stored-energy density must satisfy the frame
indifference condition

W (z, RA) = W (z, A) (1.1)

for all points =z € Q, all matrices A € R™*" and all rotations R € SO(m) = {Q € R™™: detQ =
1, QQT = I,,} (I, the identity matrix of order m). This reflects the fact that the deformation energy
does not depend on the observer.

Another physical property that we are going to consider throughout this document is concerned
about symmetry of the stored energy density function. In particular, we introduce the definition for
isotropic materials. A hyperelastic material is called isotropic if

Wz, AR) = W (z, A), (1.2)

for all points z € 2, all matrices A € R™*™ and all rotations R € SO(n). This means that the elastic
energy is independent of the stretching, or loading, direction. When n = m = 3, Rivlin-Ericksen
representation theorem (see [36, Theorem 4.3-1]) establishes that the hyperelastic body is isotropic
if and only if, at each point, the stored-energy function depends only on |A|?, | cof A|? and det 4; in
other words, if and only if there exists ¢ : 2 X R x R x R — R such that

W(x, A) = p(z,|A]?,| cof A, det A).

A paradigmatic example of isotropic hyperelastic materials are Mooney-Rivlin materials, whose
stored-energy density is given by the expression

W(A) = a|A]> + B| cof A]> + g(det A), (1.3)

with o, 8 > 0 and g a given function. When 3 = 0, we recover the Neo-Hookean materials. Although
the hyperlasticity assumption might be seen like another restriction, it seems that most materials
can be modelled as hyperelastic ones: it was shown in [68, Section 28] that a necessary and sufficient
condition for an elastic material to be hyperelastic is for "the work to be nonnegative in closed
processes", and according to the beginning of [68, Section 28|, nonnegative work in closed processes
is a requirement of thermodynamics. Actually, recent works show some modelling of biological tissues,
like [61] with an accurate model of the heart, or are even used in the film industry in order to make
their animations more realistic [108].

An essential reference on the mathematical theory of nonlinear elasticity is [36]. Other references
are the books [5,39,78,89] and the survey papers [12,14].

1.2 Vector variational problems

1.2.1 Introduction and historical perspective

Previously to the proper theory of Calculus of Variations some problems appeared describing a
law in mathematics or nature by minimizing a certain magnitude, i.e. minimization principles.
That is the case of the law of reflection (specular reflection) stated by Hero of Alexandria, who
said that among every possible path between two points, the light take the shortest one. A more
general principle than that of reflection was given by Fermat in order to include the refraction
process through different media into the problem and using variational techniques. The principle
says that a ray of light between two given points follows the path that minimizes time. Another
problem whose statement dates from antiquity is the isoperimetric inequality. It can be posed as an
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optimization problem: either finding the curve of fixed length enclosing the maximal area, or the
one with minimal length given a fixed area. This problem was later reformulated within Calculus
of Variations terminology. Other problems arose such as finding the minimal path throughout not
necessarily flat surfaces or the search of minimal surfaces with some constrains on their surface
measure or boundary (Plateau’s problem). This phenomena can be observed in the shapes adopted
by soap films. A special mentions goes for the brachistochrone curve problem (i.e. finding the curve
taken by a descending ball between two points that minimizes time), a hallmark in the history of
Calculus of Variations which was proposed as a challenge among the Bernoulli brothers, [.’Hopital,
Leibniz and Newton. A introductory text to Calculus of Variations with a historical perspective can
be found in [112]. Another introductory book to Optimization and Calculus of Variations can be
found in [90].

In general, there are many problems in nature where the system tends to have a state of minimal
energy. This is reflected in the Principle of least action (or stationary action). It says that given
the generalized coordinates ¢(t) that show the evolution of the system, the Lagrangian L[q(t), ¢(t), t]
and the action defined as

for times t; < tq, then the trajectory (solutions of the equations of motion) between times ¢; and ¢,
(and images ¢1 = q(t1) and g2 = q(t2)) is a critical point of S[g(t)] (i.e. zeros of the derivative).
Some years later, Euler and Lagrange showed that the minimizers of a given functional

F) = [ " f e y(@),y (@) d

can be found among the solutions of the corresponding Euler-Lagrange equations.

of / d of /
—(z,ylx z)) — —==(z,y(x z)) = 0.

oy (0(@).¥/(@) = 2 y(@). v (@)

Equivalently, under certain conditions, the existence of solution of a system of equations of motion
can be determined by proving the existence of a minimizer of their energy functional. This assertions
can also be obtained in a framework of several variables as it is the case of hyperelasticity theory
mentioned in the previous section.

1.2.2 Calculus of Variations

The Calculus of Variations is a branch of mathematical analysis that focuses on studying extremals
and critical points of functionals that may depend on one or several functions (and their derivatives),
which might be abided to several constrains of different nature. For relevant references on the
Calculus of Variations see [8,39,65,78,89,95]. This theory also provides an approach to determine
the existence of solutions of certain sets of equations under some conditions. Concretely, for (u) an
integral functional, we consider the problem

min{/(u); u € V}.

An important tool in this framework is the direct method of Calculus of Variations. It is
a way of determining the existence of solution (a minimizer) of a variational problem provided the
following two ingredients.

1. Coercivity: limy|—o0 /(1) = 400
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2. Sequential lower semi-continuity: For every u; — u (weakly), we have that

I(u) < liminf I(u;)

J]—00

with u : R” — R™. The first ingredient is that the functional must be coercive, in the sense that I(u)
blows up as the norm of u increases (a compactness property). For the second ingredient, I must
be lower semi-continuous; in our case, weak lower semicontinuous, since the relevant topology in this
situation is the weak topology in a Sobolev space. Coercivity is usually guaranteed by imposing
proper lower bounds on the stored-energy density, i.e. the integrand function. More delicate is the
weak lower semicontinuity, which, for integral functionals like I, is typically characterized in terms
of convexity notions for the integrand. In the scalar case (n = 1 or m = 1), the standard definition
of convexity guarantees the weak lower semicontinuity [39].

In the pioneering work [10], an existence theory in hyperelasticity was given by means of the
application of the direct method of the Calculus of Variations to the energy functional

um:LW@mmmm (1.4)

In Solid Mechanics we are usually concerned about vectorial problems (n,m > 1). In this case
several options weaker than convexity appear which may also provide the weak lower semicontinuity
of the functional. In this situation, the relevant convexity concept is quasiconvexity (see [39] and the
references therein). We say that a function ¢ : R™*™ — R is quasiconvez if and only if

P(A) < (A + Dou(z)) dx, (1.5)

(0,1)"

for all matrices A € R™™ and test functions v € C2°((0,1)",R™). It turns out that under the
standard coercivity and growth conditions,

émw—ngmwggcu+mm, ae. z€Q, AcR™,

for some 1 < p < oo and C' > 0, and assuming that W (x, -) is quasiconvex for a.e. x € ), the existence
of minimizers for I holds. In hyperelasticity, quasiconvexity of isotropic hyperelastic stored-energy
densities is a consequence of its polyconvexity. When n = m = 3, we say that W is polyconvex if
it can be expressed as

Wiz, A) = p(x, A, cof A det A)

for some ¢ such that ¢(z,-,-,-) is convex for a.e. x € Q (see [39] for the definition of polyconvexity
for general dimensions). For a general definition see Part IT Section 4.3. Polyconvexity implies
quasiconvexity under proper coercivity and growth conditions [10,39]|, and, therefore, it is the right
convexity notion in this context. When dealing with polyconvex densities, upper bounds can be left
behind and existence of minimizers is obtained just by imposing the coercivity conditions

1
(JAP* + | cof A[P2 + |det A|P3) — C < W(x,A), ae. x€Q, all AcR™"

Ql

for suitable exponents p; > 1, i € {1,2,3}. This is in agreement with some physical requirements
such as the fact that it is needed an infinite amount of energy to reduce something of finite volume
to zero volume,

W(A) - oo when detA— 0,
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which would be incompatible with the upper bound conditions (required by the quasiconvexity
assumption).

The proof of the weak lower semicontinuity of the hyperelastic energy functional assuming poly-
convexity goes through the Piola Identity

div cof Du = 0,

a key ingredient in such process.

Well-known references on the application of Calculus of Variations techniques to nonlinear elas-
ticity are again [5, 36, 39,78, 89].

1.2.3 TI'-convergence

Sometimes we may find ourselves with a family of functionals depending on a parameter, for example,
from an approximation argument or fractional or nonlocal framework. As it is common in mathemat-
ical analysis, one would like to see if some asymptotic behaviour can be obtained after a limit process
applied to functionals. Since we are dealing with variational problems, it would be desirable that the
chosen convergence notion satisfies some properties, such as minimizers converging to minimizers.
['-convergence is designed in such a way that it tries to fulfil that, and other properties, making it
the proper notion for the convergence of functionals. For a more detailed explanation see [29,30,40].

Definition 1.2.1. Let X be a metric space and F;, F': X — R be a family of functionals, j € N. We
say that F; I'-converges to F' as j — o0 in the strong topology of X if the following two conditions
hold:

o Liminf inequality: For every family {u;};en in X such that u; — w in X as j — oo, we have

F(u) < liminf Fj(u;).

J—00

o Limsup inequality: For each u € X, there exists a family {u;}jen C X such that u; — uw in X
as j — oo and
lim sup Fj(u;) < F(u).

j—00

Although not in the definition of I'-convergence a condition zero is required in order to ensure
the effectiveness of the I'-convergence. i.e. a compactness property that ensure the existence of
converging sequences.

The I'-convergence can be seen as a generalization of the direct method of the Calculus of Vari-
ations, from which has inherit the lim inf inequality, which together with the extra compactness
requirement, play its role in the existence of minimizers. Then the lim sup inequality ensures that
the I'-limit is reached.

A summary of its properties includes the following. It ensures the existence of solution of the
problem min{F(u); u € X}. Then, we have the convergence of minimum values of Fj to a minimum
value of F, accompanied by the already mentioned fact of minimizers converging to minimizers.
Other properties include being stable under continuous perturbations and that the I' limit functional
is lower semi-continuous.
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1.3 Peridynamics

Peridynamics is a new model of Solid Mechanics proposed by S. Silling in [103] whose goal is to bind
together different phenomena in a single framework. Among its motivations we find the fact that
classical elasticity models (stated in terms of differential equations and energy functionals), despite
having been showed to be quite practical in many situations, stop being valid when singularities
appear such as fracture or cavitation (the sudden formation of voids in a material). In order to
overcome this, the use of gradients is avoided by computing internal forces by integration instead
of differentiation, giving rise to nonlocality as the main difference with classical elasticity [36]. In
other words, points separated by a positive distance exert a force upon each other. As a result,
the underlying model is a suitable framework where discontinuities may appear naturally, such as
fracture, dislocation, or in general, multiscale materials. This would also allow the study of cracks
without doing so in a separated way, as is usually done through crack mechanics. In this approach
it is also considered that the interaction of points further away than a positive distance ¢, called
horizon, is negligible. Since the pioneering paper [103|, the development of peridynamics has been
really overwhelming, both from a theoretical and a numerical-practical point of view. Some references
on this are [72,75,104,107] and the two books [62,77|.

Actually, two descriptions of peridynamics were given. The first of them was depicted in [103]
and was called bond-based peridynamics. Such approach came with some drawbacks as the fact that
it forces the Poisson ratio to be v = i. So as to obtain a more general model, the so-called stated
based description was proposed in [105] later on.

1.3.1 Bond-based peridynamics

The original model proposed in [103] was the so-called bond-based model, in which the elastic energy
is given by a double integral depending on pairs of points in the reference and deformed configurations.
There exists a pair-wise potential function w : R® — R3 such that the energy functional is given by

Epyp = / / w(z — 2’ u(z) — u(z')) da’ de,
 JonB(x,5)

for Q C R?® compact, being the reference configuration of a closed, bounded body with reference
mass density p : R® — R. This is the term that would represent the energy corresponding to the
interaction of the internal forces as opposed to the local version of classical elasticity. Adding the
external forces would equal the mass time the acceleration by Newton second law.

We follow the steps in [107] so as to obtain the equations of motion. In this approach, internal
forces are modelled through pairs of interactions between points. It is also considered that the
interaction of points further away than a positive distance called horizon, 9, is negligible.

Let y : Q x Ry — R? be a motion of €2, so that y(x,t) is the position at time ¢ > 0 of a material
point z € €. Let also €; = y(,t) be the deformed image of 2 at time t. Then, the velocity field is
defined as

v(x,t) = y(z,t) for every x € Q,t > 0.

The main characteristic of bond-based peridynamics is that the term corresponding to the interaction
forces is obtained by means of "bonds" between particles. Let L : Q x R — R? be the force per
unit volume at time ¢ on x due to interactions with other particles in the body. Consequently, if the
external body force density field is given by b : Q x Rj — R3, the total force vector on a subregion

P C Q is given by
/ (L+b)dx.
P
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Additionally, by Newton third law, this L must be self-equilibrated, i.e.:

/QL(:c,t)d:c =0

As nonlocality is the hallmark of the model, instead of using the deformation gradient, as it was
aforementioned, (nonlocal) internal interactions are computed through integration of a dual force
density f:Q x Q x Ry — R3, whose dimensions are force per unit volume squared. We recall that
the dependence on y(x) of the force density functions in [107] is implicit.

Liz,t) = /Q f e t)des o t) = —f( a0,

There also exists a function 7 : 2 x Q x Ry — R3, called bond force density, such that f(z/,z,t) =
7(2',x,t) — 7(2', 2, t). Both of them have units of force per unit volume squared.
Hence, now we can write the equations of motion imposing Newton second law

p(z)i(x,t) = /QT(x’,x,t) —7(z, 2, t)da’ + b(z,t). (1.6)

1.3.2 State-based peridynamics

The initial description of the model suffers from some drawbacks, as previously mentioned, as for
example, it forces the Poisson ratio to be v = }l. In order to overcome this, S.A. Silling proposed later
a reformulation of peridynamics theory called state-based peridynamics. The idea is that with this
approach internal forces are not only determined by each pair of bonds, but by all the information
of the bonds within each neighbourhood of radius . The following is a short introduction of what
appears in [107].

We start following the notation used by Silling to describe peridynamic states [107] and then try
to adapt it to a notation more consistent with the one used throughout the rest of the document.
Firstly, the deformation state is introduced, which apply bonds associated to x, to their deformed
images:

Yz, t]: H—R® (vector state)
Yz, t](z' — z) = y(a',t) — y(x, 1) x, 7' € Q,
where H is a neighbourhood of z. Secondly, the force state
T[z,t] : H— R® (vector state)
Tz, t){z' —x) = 72" 2,t) x,2" € Q.
Next, we study the constitutive equation, which provides us 7(2’, z,t) according to the deformation.
The constitutive equation (for a simple and homogeneous material) determines the force state, whose

argument is the deformation state. R
Tla,t] = T(Y]x, t])

Written in a more systematic notation, (which is the one we are going to use) what we have is the
following

Tl (2’ — x) = T(Y[x,t])(2’ — )
T(y(a' t) —y(x,t), 2, )

In this state-based framework, the equations of motion are

pl)j(z, t) = /Q (Ll t)(z" — z) — T, t)(x — o)) da’ + b(x, ).

(' x,t) =T
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Elastic peridynamic materials

The analogous model to the hiperelastic one studied in the nonlinear elasticity classic theory is the
one considered by Silling as elastic peridynamic material.

Such materials fulfil that there exists a function W = W (Y):; W : ¥V — R called strain energy
density. (As it is indicated in [107], V denotes the set of all vector states). This energy depends
only on Y, and do not on Y, or # (absolute temperature). Furthermore, for the ball B = B(x,r), it
verifies that

W=TeY := / 7(v —v")dz'.
B

So, we can see that

A

T=Wy = T=V,W.

Therefore, the stationary equation yields
0— / V(Y [e]) e — ) — VW (Y [2))(x — 2/’ + b(x). (1.7)
B

Since within the state-based approach each internal force at a point x depends on the collective
deformation of all the bonds connected to x in a ball of radius 9, it would be natural to consider
the dependence of W on Y[z] through an integral collecting all the information in a neighbourhood
of radius ¢ of the deformation state Y|z, t|(a’ — x) = y(a',t) — y(z,t) times a kernel with compact
support in B(0, d) providing information about the mentioned bonds, namely

/ yle) = y/(:c ) @ = m/ p(z —2')dx'. (1.8)
B(z,5) lz —a'| |z —a]

Moreover, with this consideration in mind, (1.7) would remind us of the term div® V, W (u, D*u) or
div§ V, W (u, Dju) appearing in the Euler-Lagrange equations obtained in Part II and Part IIL.

Actually, in |81] it was already mentioned that models based on operators like (1.8) would fit in
state based peridynamics.
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Chapter 2.

Bond-based peridynamics fails to recover
hyperelasticity

In this chapter, we are concerned with the bond-based model in the general nonlinear situation, and
more concretely with its relationship with classical theory of hyperelasticity. A nonlinear model in
bond-based peridynamics is determined by a function w, named as pairwise potential function, such
that the total energy of any deformation u : 2 — R™ of the deformable solid €2 C R" is given by

/Q/mB(x,a) wie -, ule) —u(@)) do' da. (2.1)

where 0 > 0 is the horizon, the model parameter which measures the maximum interaction distance
between the particles. Physically, n = m = 3, but it is of mathematical interest to do the analysis
for any n and m, and so it will be done in this chapter. In the isotropic linear elastic case, for which
the pairwise potential function is quadratic in its second variable, this model limits the Poisson ratio
of homogeneous deformations to be %, as it is explained in Section 1.3. This shows that the bond-
based model suffers from severe restrictions in order to represent a wide variety of elastic materials.
The state-based model was proposed as a more general nonlocal peridynamic model that avoids this
serious limitation (see subsection 1.3.2). Although the bond-based model presents that restriction,
it has been very popular in the last years and has shown to be appropriate and effective in modelling
singularity phenomena in situations of practical and academic interest (see the recent survey [72]
and the references therein).

In [103], the link between the peridynamic bond-based model and conventional ones was estab-
lished in terms of the Piola-Kirchhoff stress tensor. In particular, for a given pairwise potential
function, there exists a stored-energy density function whose local Piola-Kirchhoff stress tensor co-
incides with the nonlocal stress tensor (which also measures force per unit area in the reference
configuration). In that work, it is also argued that even though there is a stored-energy density
verifying such a condition for a given pairwise potential, the reciprocal is not true, i.e., not for every
hyperelastic density one can find a pairwise potential function with the same Piola-Kirchhoff tensor.
We offer here a different perspective which relies on the energy rather than on the stress. First,
we recall that ['-convergence is the proper concept so as to consider the convergence of variational
problems (subsection 1.2.3), and in particular, to tackle the problem of whether the limit of the
nonlinear bond-based model (2.1) when 6 — 0 is a local hyperelastic energy like

/Q W (Du(x)) da. (2.2)

Such question was addressed in [25] in a general setting, showing that the I'-limit is a vector varia-
tional problem, and obtaining an explicit characterization of the I'-limit (hence, of the W in (2.2))
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for a given pairwise potential function w. Now, this chapter is devoted to the results showed in |20],
where we pushed forward the calculations in [25], aimed to determine whether it is possible or not
to recover typical models of hyperelasticity from bond-based models verifying the natural physical
restrictions of frame indifference and isotropy. Our conclusion is that nonlinear bond-based mod-
els converge, in the sense of I'-convergence, to hyperelastic models with very limited structure and
degrees of freedom. In particular, they cannot converge to a typical hyperelastic model like Mooney-
Rivlin. This result is in agreement with the, previously mentioned, limitations of the bond-based
peridynamic model.

Thus, what we show in this chapter is that the nonlinear bond-based peridynamic model suffers
from a similar weakness to its linear counterpart. This drawback was hinted at but, to the best of
our knowledge, not actually proved. Additionally, we corroborate that the linearization of our limit
model requires materials to have a Poisson ratio }L, but through a different path: starting from a
nonlinear peridynamic model, we take the limit to arrive at a nonlinear local model and then we
linearize it to obtain a linear local model.

Other references dealing with convergence of peridynamics models to local models as the horizon
goes to zero are the following. In the nonlinear situation, in [106], the pointwise convergence of
the state-based peridynamics to classical local models is shown, but the mathematical study in the
framework of T'-convergence is still pending. For the linear case, in [82], the I'-convergence of linear
elastic peridynamics to the local Navier-Lamé system is shown. This work is extended in [83] to
the geometrically nonlinear situation. Another reference dealing with the convergence of a nonlocal
operator over bounded domains is [26], where it is considered a truncated fractional laplacian in a
ball of radius J, as well as both limits, i.e., when ¢ goes to zero, recovering the classical operator,
and when § goes to infinity, they recovered the fractional one.

The outline of the chapter is the following. Section 2.1 is devoted to preliminaries, including a
summary of the I'-convergence procedure to pass from nonlocal energies (2.1) to the local energy
(2.2) as the horizon § goes to zero. In Section 2.2, frame indifference and isotropy are imposed to
bond-based models, characterizing the pairwise potential densities and giving rise to energies veri-
fying those physical properties. Tt is also shown that frame indifference and isotropy are preserved
when passing to the limit as 0 — 0. In Section 2.3, we perform a preliminar analysis on which stored-
energy densities can be recovered when making the I'-limit as § — 0 of bond-based models satisfying
frame indifference and isotropy. Finally, in Section 2.4 we show that Mooney-Rivlin models are not
recoverable. For this, apart from the analysis of the previous section, we need a property of quasi-
convexity theory, which states that a strict quasiconvex function can only be the quasiconvexification
of itself.

2.1 Preliminaries

2.1.1 Nonlinear bond-based peridynamics

For a given deformation u : {2 — R, a general nonlinear energy in the framework of bond-based
peridynamics takes the form

En(u) = /Q/Qw(a:, r—2' u(x) —u(x)) d' do — / F(z) - u(x) dx,

Q

[77,103,107]. The pairwise potential function w : Q x Q x R™ — R, with Q = Q — Q (set of
xr— ' with z, 2’ € ), measures the interaction between particles x, 2" € Q both in the reference and
deformed configurations. As the interaction force between particles is expected to increase as the
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distance between them decreases, it is natural to assume that the pairwise density w(x,-,7) blows
up at the origin for each x € Q and § € R™. Furthermore, it is also natural to assume that particles
separated by a distance bigger than a parameter ¢ > 0 do not interact at all, so that w(-,z,-) =0
if |Z| > §. The parameter 0 is the previously mentioned horizon of interaction of particles, and it is
a relevant part of the peridynamic model. The application of the direct method of the Calculus of
Variations for this type of functionals was studied in |23|. An existence theory was obtained in the
Lebesgue L? spaces under suitable growth conditions on w, whereas the relevant nonlocal convexity
notion requires the function

yH/gw(x,x—a:’,y—v(x’))dm’ (2.3)

to be convex for a.e. x € {2 and any test function v € LP(£2, R™). This condition is actually equivalent,
under some technical assumptions, to the weak lower semicontinuity of the functional

L / / ,u(z) —u(z) da’ de (2.4)

in LP(Q,R™) (see [27, 03]) The study of this nonlocal convexity notion, which is strictly weaker than
usual convexity of w(z, Z,-), has been deepened in [24], including relaxation of functionals lacking
this condition (see also [85] for the relaxation).

2.1.2 Passage from nonlocal to local as the horizon goes to zero

It is natural to wonder whether the local energy I in (1.4) can be recovered as the limit of the
nonlocal energy I,,; in (2.4) when § — 0. The right framework to study convergence of variational
problems is I-convergence (subsection 1.2.3), as, in particular, it implies convergence of minimizers
and minimum energies. The I'-convergence of nonlocal functionals I,,; as the horizon tends to zero
was studied in [25] in an abstract way. It was shown that under natural assumptions the I'-limit is a
local vector variational problem, and the process to construct such a I'-limit was explicitly described.
The local I'-limit is recovered in several steps:

i) Secaling. Making explicit the dependence of the nonlocal functional with respect to 0, we include
a parameter (3, that will be clarified below, and scale the functional as

Is(u) := T;;? / /QQB . — 2’ u(z) — u(z")) da’ du. (2.5)

ii) Blow-up at zero. We assume 3 € R is such that there exists the limit

1
w(z, &,7) = hmt w(z, tz,ty), (2.6)

t—0 8
for a.e. z € Q, and all # € Q and § € R™.

iii) Definition of the local density w. We define w : Q x R™™ — R as
w(z, A) = / w®(z, 2, Az) dH" 7 (2) reQ AeR™"
S§n—1

where S"! is the n-dimensional unit sphere.
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iv) Quasiconvezification. The candidate to I-limit of I5 as 6 — 0 is then

I(u) :== / w!(z, Du(x)) dz,
Q
where w?¢(z, ) is the quasiconvexification ( [39]) of w(x,-) defined as

wi(z, A) := sup{v(x, A) : v(z, ) < w(z,-) and v(z, ) quasiconvex}.

It is shown in [25] that, under several assumptions on the pairwise potential density w, including the
nonlocal convexity (2.3), Is I-converges to I.

We make some comments on the steps i)-ii) of the above procedure. The scaling §~™+5) of (2.5)
is the only possible one, since it makes that I5(u) — [, w(x, Du) for smooth functions u, and any
other scaling f(8) with f(6) < §=(*%) or §~("*%) < f(4) would make the limit identically zero or
identically infinity. The existence of the limit (2.6) and, hence, of § is natural since some models
(see, e.g., [54,93]) based on fractional Sobolev spaces take the form w(z,z,y) = |Z|~*|g|? for some
a,p € R; in this regard, see Example 2.3.2 below.

Our aim in what follows is to check whether typical stored-energy densities in hyperelasticity can
be obtained by this procedure. This amounts to asking whether hyperelastic models can be obtained
as the I'-limit of bond-based peridynamics models as the horizon of interaction of particles goes to
zero. More concretely, given a polyconvex stored-energy density W, whether there exists a pairwise
potential function w such that its corresponding functional I5 I'-converges to [ as § — 0.

2.2 Frame-indifference and isotropy in the bond-based model

In this section we explore how frame indifference and isotropy are translated in mathematical terms
into the nonlinear bond-based model. For a pairwise potential function w, frame indifference requires
that

w(z,z,9) = w(x, &, Rj), ae ze€Q, i€Q, §eR™ ReSO(m). (2.7)

We are also interested in isotropic materials, i.e., those whose deformation energy does not depend
on the loading, or stretching, direction. Mathematically, this is imposed on the pairwise potential
function by requiring

w(z, z,9) = w(x, RT, ), ae. z€, T€Q, geR™ ReSO(n). (2.8)

The next result, which has appeared in the literature before (for instance in [103,107]), is straight-
forward.

Proposition 2.2.1. The bond-based model satisfies frame indifference and isotropy (i.e., the pairwise
potential function w satisfies (2.7) and (2.8)) if and only if there exists W : @ X R xR — R such that

w(z, Z,79) = w(x,|Z|,|7]) ae r€Q, FTeQ, §eR™

An interesting question is whether frame indifference and isotropy are inferred to the I'-limit
obtained as the horizon goes to zero. The answer to this question is positive, as the next result
shows.

Proposition 2.2.2. Given a pairwise potential function w, assume there exists § € R such that the
limit in (2.6) exists and the function w® may be defined. If the pairwise potential function w satisfies
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(2.7) and (2.8), then the function W, obtained from w by the procedure described in Section 2.1.2
(W = w?), satisfies (1.1) (frame indifference)

W(x,RA) =W (z,A) VexeQ AcR™" Re SO(m)
and (1.2) (isotropy)
W(z, AR) = W(z,A) Yz € Q, AeR™" Re SO(m).

Proof. We prove frame indifference and isotropy of W all at once, but we emphasize that any of those
properties of W is inferred independently from the corresponding property of w. By Proposition 2.2.1,
there exists w such that

w(z, z,9) = w(x, |2, |g), aezeQ, ZeQ, §eR™

By assumption, there exists § € R such that
1 .
w®(z, z,7) = lim —w(x, tz,ty), ae. €N, 1€ gyeR™
t—0 18
Then )
w’(x,Z,7) = %Lr% t—ﬁw(:c,t\x],t\yb, ae.re), Te€Q, gygeR™,

and we write, with a small abuse of language, that

w®(x, |2|, |[ARy2|) dH™ 1 (2)

w(z, |Ry 2|, [Az]) dH" " (2)

I
T

= w(z, |z], |Az]) dH" " (2)

=w

—~

x? A)7

hence w satisfies (1.1) and (1.2), and, therefore, by [39, Th. 6.14], so does its quasiconvexification
wi =W. [l

2.3  Which local densities can be recovered from nonlocal ones?

In this section we make it explicit the relationship between a pairwise potential function w and the
stored-energy function obtained from it by the previous I'-convergence procedure, in the presence of
frame indifference and isotropy. We obtain an explicit identity involving those two functions. In that
way, if w is a pairwise potential function such that the corresponding sequence of nonlocal functionals
['-converges to the local functional given by W the functions w and W are related by that identity.

Thus, it provides a criterium in order to check whether a local functional with energy density W
may be obtained as the I'-limit of functionals like (2.5). There is no doubt this is interesting from
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Chapter 2. Bond-based peridynamics fails to recover hyperelasticity

a mathematical point of view, but also from a mechanical perspective, since it permits to answer
whether local hyperelastic energies are the I'-limit of nonlocal bond-based nonlinear models as the
horizon goes to zero.

For the next result we consider a pairwise potential function w verifying the frame indifference and
isotropy properties, and for simplicity in the exposition we assume that the material is homogeneous,
i.e., w does not depend on the material point z, so that w = w(Z,y). By Proposition 2.2.1, there
exists w : R x R — R such that

w(#,§) =a(|z),|g), €9 FeR™
Note that step ii) of Section 2.1.2 makes w® a homogeneous function of degree § in the pair (Z,7),
ie., w(x,t2,ty) = t°w°(z,7,7). Therefore, we may assume, without loss of generality, that w is
itself homogeneous of degree 3, which amounts to saying that w = w®, with w® defined by (2.6).
Then, according to Section 2.1.2, the density of the I'-limit of Is is the quasiconvexification of the
function

W(A) = /S w(z, Az) dH" ) (z) = /

S§n—1

w(|z|,|Az|)dH”_1(z):/ w(1, |Az]) dH" 1 (2).

S§n—1

Notice that the dependence of w on Z is irrelevant in order to obtain w.
The above process motivates the following definition of recoverable function.

Definition 2.3.1. The function W : R™*"™ — R is recoverable if there exist w : R™*" — R and
w: {1} x [0,00) = R such that
w(A):/ w(1,|Az]) dH" 1 (2), A e R™™ (2.9)
S§n—1

and W = wi.

The following result gives a necessary and sufficient condition for a w to satisfy (2.9) without
invoking w. We denote by o,,_; the H"~! measure of S*~!, and by f the mean integral.

Proposition 2.3.1. The function w satisfies (2.9) if and only if for every A € R™™ one has

W(A) :][ B(|A=|T) dH" (). (2.10)
Sn—1
In this case, a function W giving rise to (2.9) is
o(t]
w(1,t) = oth) sy (2.11)
On—1

Proof. Assume w satisfies (2.9) for some w. Fixed z € S"~!, by (2.9) we have

w(|Az|I) = / w(1, ||Az|IZ|) dH" () = / w(1,|Az]) dH" () = o, 1w(1, |Az]),
Sn—1 §n—1
hence, combining this with (2.9) we obtain (2.10).
Conversely, assuming that (2.10) holds we define w as (2.11) and we readily obtain (2.9). O

What formula (2.10) says is that @ is determined just by its values in matrices multiples of the
identity.

We implement Proposition 2.3.1 to find several examples of stored-energy functions that come or
do not come from a @ as in (2.9).
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Example 2.3.1. The functional

_ "2
:ﬁ// n_Jul@) = ul@)E e we 120, R
0" Ja JonB(as) Tn1

|z — 2’|

I'-converges as 6 — 0 to
:/ |Du(z)*dr, we H'(Q,R™).
Q

This assertion is justified by the result of Section 2.1.2 (noting that 5 = 0 in this case), formula
(2.10) and the following simple computation:

w(A) :/SH - 1|Az]2 dH™( —nz][ (iAijzj)Q dH"(2)
:nzzf Az dH () =303 A2

i=1 j,k=1 i=1 j=1

= |4

The following example is a generalization of Example 2.3.1, with different exponents.

Example 2.3.2. Let p > 1 and o < n+ p. Then the functional

_ I\ |p
Lw) = 2P~ O‘// — U e, we 10, R™)
QNB(z,6) |I—

5n+p a xl|oz

I'-converges as 6 — 0 to
= / / |Vu(x)z|P dH" 1 (2) dv, w € W'P(Q,R™).
(9] Snfl

Again, this is a consequence of the procedure of Section 2.1.2, since the assumptions of [25] are
met. In this case we have B = p — «a and the function

R™™ 35 A |Az|P dH™ 1 (2) (2.12)

S§n—1
18 conver, hence quasiconver.

Example 2.3.2 recovers a similar result of [94], in which a limit procedure is done without the
device of I'-convergence. In particular, he shows that the limit energy density (2.12) is independent
of & and can be expressed as a function of the principal stretches of A. We also recover that result,
since the energy density (2.12) is isotropic.

The following result shows in particular that |A|? does not satisfy (2.10) for p ¢ {0,2}, despite
the representation (2.12). Indeed, as a consequence of the Examples 2.3.1 and 2.3.3, we have that
the only functions of |A|* that satisfy (2.10) are affine functions of |A[*.

Example 2.3.3. Let g : [0,00) — R be a non-affine function of class C*. Then the function g(|A]?)
does not satisfy (2.10).
Indeed, assume, for a contradiction, that formula (2.10) holds. Then,

o1AP) = o (A=) ar ') = f g (al A=) dr' (o),
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As g 1s of class C* and non-affine, there exists an interval I C (0,00) such that g"|; > 0 or ¢"|; < 0.
Suppose that ¢"|; > 0 and take any A such thal the set {|Az|: z € S""'} contains more than one
point, and such that {n|Az|*: = € S"™1} C I. Then, by Jensen’s inequality, using that g is strictly
convez in {n|Az|?: z € S""'}, we obtain

Foowasyaeters g (nf 10k an) = alap)
Sn—1 Sn—1
which is a contradiction. If ¢"|; < 0, the inequality above is reversed and we also obtain a contradic-
tion.
The following example shows in particular that | cof AP does not satisfy (2.10) for p > 1.

Example 2.3.4. Fizn=m = 3. Let g : [0,00) — R be a convez function such that limsup,_, . g(t) =
oo. Then the function w(A) = g(| cof A|) does not satisfy (2.10).
Indeed, given A € R¥3 and z € S* we have that |cof(|Az|I)| = V/3|Az|?, so if formula (2.10)

holds then, by Jensen’s inequality,

1
oot A) = £ o (VBIAR) a3 2 g (V3 f s are)) =g (lap)
S2 s2 V3
Now fizx X > 0 and consider A as the matriz with diagonal elements A\, \~',1. Then, the inequality
g(lcof A) > g (372|AP)

reads as

g <\/)\2 + A2+ 1) >g (37PN + AT +1)),

which amounts to saying that

g(t)>g (3722, t>/3.
Fiz ty > /3. Then
max > max
[to,371/2¢2) [3-1/212,3-3/2¢4]

Repeating this argument and applying induction we find that

max g > max q

[t07371/2t2 to 2n
° t0.V3(1%)

for all n € N. Taking to = 2v/3 we obtain that

max ¢ > max (.

[2v/3,4v/3)] [2v/3,22" V3]

Consequently,
max g > sup (¢,

[2\/§74\/§] [2\/3,00)
which contradicts the assumption lim sup,_, . g(t) = co.

In Example 2.3.4, the convexity hypothesis on g may be relaxed to g being convex on an interval
[a, 00) for some @ > 0. A similar reasoning can be done with g(det A), but we postpone to the next
section a more definitive result.

We finish this section by showing that the linearization of a recoverable function has a Poisson
ratio i.
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Example 2.3.5. Let m = n = 3. Let w : R>3 — R be the function described in the procedure of
Section 2.1.2. Assume that it is of class C*, comes from a homogeneous isotropic material, Dw(I) = 0
and is quasiconver. Then its linearization qives rise to a linear elastic material with Poisson’s ratio
equal to i. See [36] for a mathematical linear elasticity theory.

Indeed, by Definition 2.5.1 there exists g : [0,00) — R of class C* such that

B(A) = ]é g(Az]) dH2(z), A€ RS, (2.13)

Let C be the elasticity tensor of w. On the one hand, as w s isotropic, C is of the form
Ce-e=2ulel> + \(tre)?, e € R¥3, (2.14)

where R3*® stands for the set of symmetric R3*® matrices, and p and \ are the Lamé moduli.
Poisson’s ratio is then calculated through
A
V=,
2(\ + 1)
On the other hand, given e € R3*3 and defining f(t) = w(I + te), we have that the assumption

Dw(I) =0 yields f'(0) =0, while f"(0) = Ce-e. A standard calculation starting from (2.13) shows
that equality f'(0) = 0 implies ¢’'(1) = 0, while

£1(0) = g"(l)][ (2 e2)? dH2(2). (2.15)

SQ

From (2.14) we can see that

Ce- ‘
= 62 ‘ for any e € R¥3 with tre =0 and |e| = 1
and OI.1
3A+2M:T'.

From (2.15) we compute Cé - € for € being the diagonal matriz with diagonal elements \%, %, 0. We
obtain

2¢"(1)
15

Ce-e= g”(l)][ (z-2)% dH?(2) = gT(l)][ (21 — 22725 + 23) dH?(2) =
52 s2

where in the last equality we have used the formulas

1 1
][ 2 dH (2) = ][ zy dH?(2) = =, ][ s dH? (2) = —
o o 5 o 15

(see, e.q., [82, App. A] or [80, App.]). Now, again from (2.15) we compute

CI-1=g'(1) f 2 a3 (=) = g"(1).

With this we oblain that

and, finally,
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The issue of the Poisson ratio % in the linear bond-based peridynamic model is well known [103,
Sect. 11]|. Thus, we have arrived at the same conclusion through a different process. Apart from the
fact that we use ['-convergence, our approach follows the order: we start with a nonlinear peridynamic
model, then we take the limit in the horizon to a nonlinear local model, and finally we linearize to
obtain a linear local model. In contrast, in references [48,55,81,107| the order is: first a nonlinear
peridynamic model, then a linear peridynamic model, and finally a linear local model.

2.4 Mooney-Rivlin materials are not recoverable

By small adaptations of the arguments of Examples 2.3.3 and 2.3.4, one can exhibit large families
of stored-energy functions w that do not satisfy (2.10). Those examples by themselves do not prove
that they are not recoverable. Without the aim of being exhaustive, we present in this section the
fact that Mooney-Rivlin materials are not recoverable. In order to do that, we will use the following
sufficient condition for which equality W = w in the procedure of Section 2.1.2 holds. This result is
possibly known for experts in quasiconvexity, but we have not found a reference of it. First we need
the definition of strict quasiconvexity. We say that a function ¢ : R™*" — R is strictly quasiconvez
if and only if

P(A) < (A + Dou(z)) dx, (2.16)

(0,1)7

for all matrices A € R™*™ and test functions v € C2°((0,1)",R™) \ {0}.

The definition of strict polyconvexity is as follows. We say that ¢ : R™*" — R is strictly
polyconvex if there exists a strictly convex function g defined in the set of minors of R”™*" matrices
such that ¢(A) = g(M(A)) for all A € R™™, where M (A) is the vector formed by all minors of the
matrix A is a given order.

The following sufficient condition for strict quasiconvexity is useful.

Proposition 2.4.1. Any strictly polyconvex function is strictly quasiconvex.

Proof. Let ¢ : R™"™ — R be strictly polyconvex, and let g be strictly convex such that ¢¥(A) =
g(M(A)) for all A € R™". Fix A € R™" and v € C°((0,1)",R™) \ {0}. First of all, since M is
quasiaffine then, by a well known result [39],

M(A+ Du(z))dz = M(A).
(0,1)"

Now, applying Jensen’s inequality, and having into account that g is strictly convex, we have that

/(0 . g(M(A+ Dv(z)))dx > g ( M(A+ Dv(x)) da:> = g(M(A)).

o,
Consequently, v is strictly quasiconvex. O
The result that we seek guaranteeing the equality W = w is the following.

Proposition 2.4.2. Let W : R™"™ — R be strictly quasiconvexr and let w : R™™ — R be such that
W = wi. Then W = w.

Proof. Our proof is based on the application of gradient Young measures [88]. Let Y(A) be the set of
homogeneous gradient Young measures of barycenter A. It is known that W is strictly quasiconvex
if and only if

W(A) < W(F)dv(F),

Rmxn
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for all A € R™" and all v € Y(A) \ {64}, where 64 € Y(A) is the Dirac delta at A.
By assumption, W = w?% < w. Fix A € R™*". By the expression of the quasiconvexification in
terms of Young measures ( [88]), there exists v € Y(A), such that

DT (A) = / w(F)dv(F).

If v # 94 then
/ w(F)dv(F) > W(F)dv(F) > W(A),

RmMmXn

a contradiction with the fact w? = W. Therefore, v = d4 and, hence, wI(A) = w(A). O
With all those preliminaries, we are in a position to prove the final result of this section.

Proposition 2.4.3. Let n = m = 3. Let g : (0,00) — [0,00) be convex and such that there exists
a > 0 for which g|j400) is increasing. Let o, 3 > 0. Assume that:

a>0 or >0 or gisstrictly conver.
Suppose, in addition, that
if B=0, for allt > a there exists t; >t with g(t1) > g(t). (2.17)

Then the function W of (1.3) is not recoverable.

Proof. Assume, for a contradiction, that W is recoverable. We use the notation of Section 2.1.2. The
assumptions of a, # and g imply that W is strictly polyconvex. By Proposition 2.4.1, it is strictly
quasiconvex, and, in turn, by Proposition 2.4.2 we have that W = w.

The proof wil be finished as soon as we show that w does not satisfy (2.10). For any A € R3*3,
using Jensen’s inequality we find that

g |Az|* dH?(2) > <]é ]Az\QdH2(2)>2 = %. (2.18)

Now, it is easy to check that the expression

1
3
( |Az? d’HZ(z))
SQ
defines a norm in R3*3. Since all norms are equivalent in R3*3, there exists ¢ > 0 such that
][ |Az|> dH?(2) > c|AJ?, A€ R¥3,
SQ

In fact, we can assume that ¢ < a=2. Using Jensen’s inequality, we find that for all A € R3*3 with
c|A]® > a,

722 g(|Az[*)dH?(z) > g (722 |Az|3d7-[2(z)) > g(c]A]%). (2.19)

Using (2.18) and (2.19), we have that for all A € R3*® with c|A|]® > a,
F 004D a#2) 2 al AP + S1AL + g(clAP),
S2

37



Chapter 2. Bond-based peridynamics fails to recover hyperelasticity

If w were recoverable, we would have that, if c|A|]> > a,
Bl cof A* + g(det A) > §|A]4 + g(c|A]?).

Let A > 0 and let A be the diagonal matrix with diagonal elements A\, 1/X, {/a/c. Then, the inequality
above reads as

(e @ @) 00 ()23 02 @) o (oo ) )

If 3> 0 then

o) ()5 ).

which yields a contradiction when we send A — oo. If § = 0 we obtain

(@) 20 (05 (),

which is again a contradiction due to (2.17), since g is increasing in [a, 00), and

oz (&) e (e o (2

provided that A is large enough. O
An analogue result holds in the incompressible case.

Proposition 2.4.4. Let n = m = 3. Let a, 3 > 0. Then the function W : R¥>3 — R U {oo} defined
by
alA]? + Bl cof A?, if det A=1,

W(A) :{ .
00 if det A #1

18 not recoverable.

Proof. Assume, for a contradiction, that W is recoverable. It is easy to check that the function
g : R — RU{oo} defined by g(t) = oo for t # 1 and g(1) = 0 is strictly convex at ¢ = 1. As
in Proposition 2.4.3, W is strictly polyconvex where it is finite, so by Propositions 2.4.1 and 2.4.2,
W =w.

If @ were not recoverable, by (2.10) we reach a contradiction by considering the matrix A with
diagonal elements A, 1/\; 1 with A > 1, since the right-hand side is infinity, while the left-hand side
is finite. O

Using the ideas of Example 2.3.3, one can generalize Proposition 2.4.3 to rule out the recoverability
of many families of functions of the style of Mooney-Rivlin, but replacing |cof A|*> with another
convex function of cof A. However, for the sake of simplicity, we have restricted ourselves to a
quadratic dependence on cof A.
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Chapter 3.
Bessel Fractional Spaces

The previous chapter showed us that there are some drawbacks concerning the nonlinear bond-
based model, in particular, at the time of recovering hyperelastic models. This leads us to consider
alternative nonlocal ones. In this sense, in the last years there has been a renewed interest in

variational problems involving the so-called Riesz s-fractional gradient which, for a function u €
C°(R™), is defined as

u(z) —uly) z—y
Diu(x) = cn,s/ dy, r e R, 3.1
@)= Cns o To =gl o=yl &

where ¢, is a suitable constant. Additionally, the s-fractional divergence of a smooth function
¢ : R™ — R" is defined as

(z) +¢(y) z—y
ge T —y|"te |z =y

dy, (3.2)

div® ¢(z) = —cnspv,

where pv, stands for the principal value centred at x. These integral operators have attracted an
increasing attention in recent years since the publication of |99, 100]; (see also references 21,22,
37,38,102]). In such references, variational principles for functionals depending on this fractional
gradient are addressed, as well as the fractional PDE derived from those as equilibrium equations.
The authors consider typical Calculus of Variations problems, with standard growth conditions in
which the classical (local) gradient is substituted by D®u. In particular, they studied existence of
minimizers of energy functionals like

I(u) = W(x,u(zx), D*u(z)) dx (3.3)
Rr

for W a convex function in the scalar case, i.e. when u : R" — R, under the complementary condition
of u equals a fixed function outside of a domain 2. The aim of Part IT of this thesis is the study
of functional (3.3) but in the notable more difficult vectorial case. More concretely, in Chapter 3
the functional analysis framework for this study is addressed, in Chapter 4 we show an existence
theory extending the previous one to the vectorial case with a notion weaker than convexity, called
polyconvexity (see Definition 4.0.1). Finally, in Chapter 5 we address the convergence of functional
(3.3) to its local counterpart when s goes to 1.

Both D*u and div® ¢ are well defined for any v € C°(R") and ¢ € C*(R™, R"), respectively,
and satisfy the remarkable property of being dual operators in the sense of integration by parts
(see Corollary 3.1.2). In [102], the s-fractional gradient together with the s-fractional divergence
are studied in a systematic manner. Several important properties are given, such as the uniqueness
up to a multiplicative constant of the fractional gradient under natural requirements (invariance
under translations and rotations, homogeneity under dilations and some continuity properties in
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Chapter 3. Bessel Fractional Spaces

an appropriate functional space), as well as some fractional calculus rules. The results in [102]
established, both from a mathematical and physical perspective, what was pointed out earlier in
[92,99,100], namely, that the s-fractional gradient is the natural definition for a fractional differential
object. We agree with the previous references on the claim that the s-fractional gradient deserves
more attention in the literature, and likely there will be both more theoretical studies and applications
in different contexts. Another reason for which this object deserves attention is the fact that D*u
converges to the classical gradient Du as s 1. Indeed, for u € C2°(R"), applying Fourier transform

(see Lemma 3.1.7 ),
27m§

Dsu(€) = el

|2m€]" a(S),
which converges to l/)\u(f) as s 1.

This approach based on the fractional gradient would be similar to the philosophy of the state-
based model of peridynamics (Subsection 1.3.2), but with the significant difference of being defined
over the whole space, which makes it less suitable for applications but grants it a rather academic
interest. Thus, we could see this as a first "academic" model of nonlocal hyperelasticity, to wit, the
fractional case.

This chapter is focused on the study of fractional spaces involving the s-fractional gradient. The
previous operator definition allows us to define a functional space with a rather similar structure to
classical Sobolev spaces. Actually, it naturally leads to the consideration of the space

Hs,p(Rn) — Cgo (Rn) H'||H5~P

under the norm
[ullror@ny = llull Lon) + [[D*ul| 2o gy

In fact, this is the notion used in |21, 22,37,38]. In this space H*P(R"), the fractional gradient
and divergence are defined for general functions in H*?(R"™) through a limit process of D* and div®,
respectively, for compactly supported smooth functions (see Definition 3.1.2 and Lemma 3.1.4 ).

Interestingly, these spaces were shown to coincide with Bessel potential spaces, introduced in
[1,6,7,76]; see also |2, Sect. 7.59-7.66]. The Bessel space L*?(R") is defined, for 1 < p < oo and
s> 0, as

L*P(R"™) := gs(LP(R™)), (3.4)

where the Bessel potential g, : R” — R satisfies that its Fourier transform is given by
35(6) = (1 +4mg) 5.

In other words, u € L*P(R") if and only if w can be written as u = g, % f for a function f € LP(R"™).
This space is usually described by means of the Fourier transform,

LR ={ueS : F*1+[¢)3a] € LP(R™)},

equipped with the norm

oo = [FH[(L+[€1%)2a] [lp. (3.5)

Both Fy and ¢ stand for the Fourier transform of ¢, and S’ is the space of tempered distributions.
As it is clear by the previous definition, Bessel spaces were defined as a generalization of classi-

cal Sobolev spaces to a fractional order, albeit the functional spaces which have enjoyed a greater

prominence in the fractional literature have been the Gagliardo fractional spaces WP,

[l
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for 2 C R”. This can be explained by some of their advantages as they are related to a notion
of fractional p-laplacian and their seminorm consists of a double integral which makes it easier to
deal with than if there were an absolute value in between (for a broad explanation on these spaces
and the fractional laplacian see [46]). Nevertheless, the theory on Bessel spaces is re-emerging
since they actually provide structural properties quite useful in the study of variational problems.
Furthermore, the relationship between Bessel potential spaces and Riesz fractional gradients comes
from [99, Th. 1.7], where it was shown the remarkable fact of identifying H*P(R") with Bessel spaces,
ie. H*P(R") = L*?(R") for any s € (0,1) and 1 < p < oo, with equivalence of the norms ||-|| ., and
||| s.o- Notice that in [2] the notation L*?(R") is employed, whereas the same space was denoted
by H®P(R™) in [76]; therefore, all in all and on the basis of this equality of spaces, from now on
we will refer to H¥P(R™) as Bessel fractional spaces whereas we will consider the spaces W*? as
Gagliardo fractional spaces. Moreover, the notation H*?(R"™) for Bessel spaces is consistent with its
characterization in terms of the Fourier transform, which generalizes the characterization via Fourier
transform of Sobolev spaces W*?(R™) to non-integer exponents k (see [67, Sect. 6.2.1] for a detailed
discussion on this).

It is also of interest the affine subspace of functions verifying a complement value condition; to
be precise, given g € H*P(R™) and a bounded domain 2 C R", we consider

Hy?P(Q) ={u e H*P(R") : u=gin Q°},

where Q€ stands for the complement of 2 in R™. Actually, this is the space used by [99,100] to search
for minimizers of 3.3 under the fundamental hypothesis of convexity of W in the last variable, as well
as natural coercivity conditions. Taking advantage of the fractional framework and the properties
of Riesz potentials and Fourier transform, they also show some remarkable results on the functional
spaces H*P including a fractional Sobolev-type inequality or the compact embedding into LP.The
book [92, Ch. 15| also pays attention to the s-fractional gradient, providing a proof not based on
Fourier transform of a fractional fundamental theorem of calculus, also proved in [99], which is used
for showing a Sobolev type inequality from H*P? to LP. Another reference also dealing with the
fractional gradient in the case p = 1 is [98|, whereas p = oo is addressed in some of their results
in [73]. Actually, in [73] they show the very interesting result of the characterization of the weak
lower semicontinuity of functionals like 3.3, and it turned out to be the quasiconvexity of W, i.e. the
same property than in the (vectorial) classical case. This assumption of quasiconvexity (weaker than
polyconvexity) would also provide the existence of minimizers of functionals like 3.3 in the vectorial
case. However, with such assumption some upper bound conditions are also required, which do not
fit in hyperelasticity theory where it is assumed that an infinite amount of energy is needed to reduce
something of finite volume to zero volume (W (u, D*u) goes to oo when det D*u goes to zero). Those
upper bound conditions are avoided assuming polyconvexity. It is worth mentioning that case p =1
is intentionally avoided in these chapters. First, because the original statements of the Bessel spaces
properties and embeddings (Proposition 3.2.2 and Theorems 3.5.8 and 3.5.14) exclude this case, and,
second, because we are concerned with a general existence theory that requires reflexive spaces.
This chapter is devoted to the study of Bessel fractional spaces in a way parallel to any typical
introductory exposition of Sobolev spaces (for example [32]), including the functional space structural
elements required for the existence theory that follows in Chapters 4 and 5. In the first section of this
chapter we first introduce the fractional differential operators D*® and div®, as well as some properties
that will allow us to extend such definitions and results to every function in the Bessel space H*®?
where the fractional integration by parts is of major importance. This first section is completed
with some interesting formulas where the analogy with the classical case is noticed. This leads to a
proper introduction of the functional spaces H*P? in Section 3.2 with some considerations regarding
density results also tackled in Section 3.4. For that part some fractional calculus facts are required,
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which are obtained in Section 3.3 and will also prove to be helpful in Chapters 4 and 5. In Section
3.5 several continuous embeddings from [99] are collected such as Poincaré-Sobolev inequality. Tt is
also completed with some particular results whose proofs is needed in Chapter 5 and an alternative
proof of the compact embedding result based on a sort of fractional mean value theorem. Finally, in
Section 3.6 some special functions in H*? not included in WP are shown. Those functions exhibit
singularities of interest in Solid Mechanics.

Another possibility for the definition of Bessel spaces, also inspired by the classical construction
of Sobolev spaces, would be to consider the space defined as the class of LP(R") functions whose
distributional s-fractional gradient is also in LP(R™). This approach has been carried out in [33,109].
Given u € LP(R"), the distributional s-fractional gradient is naturally defined as the distribution
D*u given by

(DPu, @) = —/u(m) div® ¢(z) dz, (3.6)
for any ¢ € C°(R™,R"). In fact, in [37] (also collected in [109]) is shown that C2°(R") is dense in

the space
{ue LP(R") : D°ue LP(R",R")}

equipped with the norm ||| 4., and, consequently,

H*P(R") = {u € LP(R") : D°u € LP(R",R")}

for 1 < p < 0.

As a third option, the fractional gradient D*® could also lead to the definition of normed spaces by
requiring its integrability and that of the function, in the same line as in Sobolev spaces. Moreover,
taking into account the definition of Sobolev spaces as the functions whose weak derivative is in LP,
asking for fractional integration by parts seems to be a reasonable assumption when working with
D?. Accordingly, we introduce the class

F[S’p(R”) = {u € LP(R"): Déu € LP(R™,R™) and u satisfies (IBP) } :
for D* a extended version of D* for functions in LP through principal value, whenever it exists (see

Definition 3.1.3). We say that a function u : R" — R satisfies the integration by parts property
(IBP) if D*u(z) is well defined as a principal value for a.e. z € R" and

/ﬁsu(x) co(x)dr = —/u(x) div® ¢(z) dz (IBP)

for all ¢ € C°(R™,R"). We equip H*?(R") with the norm

e = lully + [D%ullp.

[l

However, although we managed to prove that C°°(R") is dense in H*?(R") with an alternative proof
to that of [37], it still remains as an open question the fact that if the distributional fractional
gradient exists as a function in LP(R™), then so does the fractional gradient given by the principal
value definition and both of them coincide. This fact would imply that H*?(R") is a Banach space
and its equivalence with H*P(R").

In the last decade there has been a great deal of work on fractional PDE of elliptic type involving
the fractional Laplacian in some way. Our results here enlarge this theory by giving an existence
result of minimizers of nonlinear fractional vector variational problems based on polyconvexity, which
implies, in turn, an existence result of solutions to nonlinear fractional PDE systems. The amount of
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references on nonlocal equations and fractional Laplacian is overwhelming, so for situations related to
this work we just cite the survey [96], the paper [100] and the references therein. Concerning fractional
spaces, in [38], it is addressed the space of functions u whose total fractional variation is finite,
naturally leading to the definition of the space BV*(R"™) and to a s-fractional Caccioppoli perimeter
concept. Several interesting results are shown, including a continuous embedding of fractional Sobolev
spaces into BV?®, a Sobolev-type inequality, a coarea formula, a s-fractional isoperimetric inequality
and a natural s-fractional analogue of De Giorgi’s notion of reduced boundary. It is also worth
mentioning [57], where both the ill- and well-posedness of the classical Eringen model of nonlocal
elasticity are addressed. On the other hand, we would like to point out the relationship of our
study with nonlocal elasticity and peridynamics. As mentioned above, the variational principle
considered in this Partll is not an appropriate model in solid mechanics, but a version in bounded
domains of the functional (3.3) involving a nonlocal gradient similar to (3.1), satisfying additional
requirements in order to be physically consistent, fits into the peridynamics state-based model for
large deformations [107]. Whereas in H*P(R™), the structural functional analysis facts necessary to
prove an existence theory for functionals like (3.3) are known (continuous and compact embeddings
into L?), those were still unknown for an analogous version of this space in bounded domains. In this
sense, and since the proof provided for the fractional Piola identity may be adapted in a more or less
straightforward way to bounded domains, we think this study may be seen as a first step towards a
rigorous mathematical theory of nonlocal hyperelasticity. Furthermore, one primary interest for us
is that H*P is larger than W1?, and functions in H*? may exhibit singularities prohibited in WP,
as we point out in subsection 3.6. We would like to emphasize that, contrary to classical elasticity,
both singularities along points (cavitation) and hypersurfaces are compatible with the existence of
solutions in H*P (see Theorem 4.3.1). This seems to indicate that the LP norm of D*u not only
contributes to the elastic energy, but also to a kind of surface energy, since the latter is necessary in
the modelling of such singularities (see, e.g., [13,41,69,86]).
This Part IT encompasses the results from [17,21,22].

3.1 Fractional differential operators

We start by stating the definition of the s-fractional gradient and divergence. Given a function
f:R" = R and z € R" such that f € L'(B(z,r)¢) for every r > 0, we define the principal value

centered at z of [, f, denoted by
p [ f oo b 1
R’ﬂ

lim f,

r—0 B(.Z’,’/‘)c

as

whenever this limit exists. We have denoted by B(xz,r) the open ball centered at = of radius r, and
by B(z,r)¢ its complement. As most integrals in this chapter (and indeed in the whole Part II of
the manuscript) are over R”, we will use the symbol [ as a substitute for [g...

In order to avoid the principal value in (3.1), we first establish the following definition for C2°
functions and then we extend it by density. The following definitions of s-fractional gradient and
divergence are adapted from [21,84,99,100]. Recall that " denotes Euler’s gamma function.

Definition 3.1.1. Let 0 < s < 1 and set

r
=n+s—1)—%

Cn,s
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Chapter 3. Bessel Fractional Spaces

a) Let u € C*(R™). We define D%u : R™ — R" as

)
dy. 3.7
/rx—mmsu—y| (3.1

b) Let ¢ € C(R™,R"™). We define div® ¢ : R" — R as
o) +9y) z-y ,

lz —y|"ts |-y

div® ¢(z) := —cps PV, (3.8)

The integral (3.7) is easily seen to be absolutely convergent for all € R™. Moreover, regarding
(3.8), by odd symmetry,

o@)+oly) a—y, o)) r—y

Cnos (3.9)
|z — y[nte W—yl |z — y[nte u—m

- Cn,s

and this last integral is also absolutely convergent. Furthermore, D%u € L¢(R" R") and div®¢ €
L4(R™ R™) for all ¢ € [1,00] for smooth and compactly supported u and ¢; see Lemma 3.3.1 ( |21,
Lemma 3.1]), if necessary.

Definition 3.1.1 a) naturally extends to vector fields u € C2°(R", R™) by replacing (3.7) with

r—vy
dvy. 3.10
/‘m—yWH F— (3.10)

Here, ® stands for the usual tensor product of vectors.

Analogously, if M : R" — R™" is such that its rows satisfy the assumptions of Definition 3.1.1,
we denote by Div® M the column vector-function whose components are the s-fractional divergences
of each row of M.

We now extend Definition 3.1.1 to a broader class of functions.

Definition 3.1.2. Let 0 < s <1 and 1 <p < oc0.

a) Let uw € LP(R"™) be such that there exists a sequence of {u;}jen C C2(R"™) converging to u in
LP(R™) and for which {D*u;}en is a Cauchy sequence in LP(R™,R™). We define D*u as the limit
in LP(R™,R") of Du; as j — oo.

b) Let ¢ € LP(R",R™) be such that there exists a sequence of {¢;}jen C CP(R",R™) converging to
¢ in LP(R™,R™) and for which {div® ¢;},en is a Cauchy sequence in LP(R™). We define div® ¢ as
the limit in LP(R™) of div® ¢; as j — oo.

Of course, for a u € LP(R™,R™), the definition of D*u is analogous taking into account (3.10).
The operators D* and div® enjoy a duality property (first shown for smooth functions), which is a
fractional integration by parts showed in |21, Theorem 3.6], whose proof follows the lines of [84, Th.
1.4] (a nonlocal integration by parts), (see also [38,84,102|). The result from |21, Theorem 3.6] was
stated under the following alternative definition for the fractional gradient, which still remains as
an open question to see whether it coincides with Definition 3.1.2 and the distributional fractional
gradient (3.6), for more general functions, or not. Actually, Theorem 3.1.2 helps to provide a sufficient
condition for seeing when such equivalence holds.

Definition 3.1.3. Let u : R" — R be a measurable function. Let 0 < s <1 and x € R", we define
D?u at x as

r—y
Dsu = Cps d
- “’/\x—\HSM—yry

whenever the principal value exists.
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Notice that Dsu = D%u for every u € C®(R™). Section 3.4 is devoted to the study of this
operator, a functional space based on it, and their relationship with H*P(R™) and Definition 3.1.2.

Theorem 3.1.1. Let 0 < s < 1. Let u € L} _(R"™) be such that

/ Mdydx < 0. (3.11)

o=yl

for every compact K C R™. Then D%u € LL (R*,R") and for all ¢ € C}(R™,R"),

loc

/ Déu(x) - ¢(z) dx = — / u(z) div® ¢(x) da

Proof. Assumption (3.11) implies that D*u exists a.e. as a Lebesgue integral and D*u € Li (R™ R"),

we have
r—y
Ds dx—cns// () dy dex. 3.12
/ |:c— I"+S — (@) (3.12)

On the other hand, as ¢ € C}(R",R"), by (3.9)

u(z) div® ¢(x)de = ¢ . ni) i_ dy dzx. (3.13)
! | |z =yl

Thus, it suffices to establish the equality of the right hand sides of (3.12) and (3.13); in fact, we will
establish the equality of the double integrals in the domain Ds := {(z,y) € R" x R" : |x — y| > §}
for each 0 > 0. We have

)z —y —y —y
d dz // dy da.
// !x— !”“ |3?—y| //Ix— y|nts Il’— |z —y |”+S |3?— |

If we interchange now the roles of x and y in the second integral, using the symmetry of Ds, we have

) -y
d dx = // dy dx,
//|96— B |:c— lz—y I"” |:1c— |
and therefore
oy) z—y
dydac—// dy dx,
// Il’— I"“ \ Il’— y[rts Ix—yl

whence the equality of the right hand sides of (3.12) and (3.13) follows. O

In particular, for smooth functions we have the following corollary.

Corollary 3.1.2. Let 0 < s < 1. Then, for all u € C*(R") and ¢ € CX(R™,R") we have

/ D*u(z) - d(x) de = — / u(z) div® ¢(x) de

By taking the constant function u = 1 in the previous integration by parts (Theorem 3.1.2) we
obtain a sort of fractional divergence theorem. It can also be obtained in a straightforward manner
through odd symmetry, as mentioned in [49].
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Proposition 3.1.3. Let 0 < s <1, 1 <p < oo and u € LP(R"™) with diviu € LP(R") then

/ div® u(z) dz = 0.

The following result shows that the above definitions of D*u and div®¢ (Definition 3.1.2) are
independent of the sequences {u;};en and {¢;}en, respectively, and of the exponent p.

Lemma 3.1.4. Let 0 <s <1 and 1 <p,q < oo.

a) Let w € LP(R™) N LY(R") be such that there exist sequences {u;}jen and {v;}jen in CZ(R"™) such
that u; — u in LP(R™) and v; — w in LY(R™), and for which {D%u;},en converges to some U in
LP(R™,R™) and {D*v;}jen converges to some V in LY(R" R™). Then U =V

b) Let ¢ € LP(R™,R™) N LYR",R") be such that there exist sequences {¢;}jen and {0;}en in
C(R™,R™) such that ¢; — w in LP(R™,R") and §; — u in LY (R",R"), and for which {div’ ¢;},en
converges to some ® in LP(R™) and {div°® 0;},en converges to some © in LY(R™, R™). Then ® = ©.

Proof. We prove a), the proof of b) being analogous.
Let ¢ € C°(R™,R™). Then, by Corollary 3.1.2,

/U-gb: lim Dsuj-gb:—hm/ujdivsgb:—/udivsaﬁ
j—o0 j—oo

/V~¢——/udivs¢.
[voo- [0

for all ¢ € C°(R™,R"), whence U = V. O

and, analogously,

Thus,

3.1.1 Insightful formulas about the fractional gradient

In this subsection we are going to introduce several relevant results which, from our perspective, could
give some insight about the fractional gradient since they might remind us of formulas involving the
classical gradient. Most of the fractional literature in the last decade has revolved around a particular
operator, the fractional laplacian. The fractional gradient, on the other hand, is certainly less known,
however, it turns out that both operators are related through a formula similar to that of the classical
case. Next result is from [99, Theorem 1.3].

Theorem 3.1.5. Let s € (0,1). If u € C(R"), then

"o -
( A U—CnspV /‘ ‘n+23 :_Zaxsaxs“:_dw D’u

j=1 3773

where €, s 15 a normalizing constant (see [46]) and

0° / —Yj
u(z) = = Cps dy. 3.14
8.71:;’ ( ) ’{K _ ’n+s ‘iL’ _ y‘ ( )
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Section 3.1. Fractional differential operators

Next, we state a result that can be found in [99, Theorem 1.2] and |92, Lemma 15.9], which
says that the fractional gradient can be written as a convolution of the classical one with the Riesz

potential. We first recall the definition of Riesz potential. Given 0 < s < n, the Riesz kernel
I, :R"\ {0} > R is

1 1
Is(x) = N n—s’
(s) |z|
where the constant 7(s) is given by
(s) 72 2°T(3)
/y s) = n—s
I'(*5*)

The Riesz potential of a locally integrable function f is given by

. Fl) — fw)
Lt = 505 |

Note the relationship between v and ¢, 4

-1
g =282 (3.15)
V(1 =)
Formally, the following result can be seen as moving the derivative from one factor of the convolution
to the other.
Theorem 3.1.6. Let s € (0,1). If u e CX(R"™), then
D’u = I_4 % Du.

It is interesting to regard the s-fractional gradient from a Fourier analysis perspective. As usual,
the Fourier transform of an L! function f : R® — C is defined as

f© = [ Jwemta,

and then is extended by duality to the class of tempered distributions. Sometimes we will also use
the alternative notation F(f) = f . We know that classical differentiation translates, when applying
the Fourier transform, into multiplication of the Fourier transform of a function by a monomial.
This also happens in a fractional sense in this situation. The following result was proved in [99, Th.
1.4] (but it was mistakenly written with a sign switch); we include here a proof for the reader’s
convenience, which appears in [22, Lemma 3.1].

Lemma 3.1.7. Let 0 < s < 1. Then, for all u € C*(R"),
2mi€
2]

Proof. By Theorem 3.1.6, D*u = I,_s % Du for any u € C°(R"). We compute the Fourier transform
of D*u in the sense of distributions. We start by checking that [;_, € &', where S is the Schwartz
space. Given ¢ € S,

¢(z)
V(1= )1, / / @) gy
( 1- E |n+s 1 B0 |x|n+s 1 B(O,l)c ¢(x)]x || |n+s

Dou() = ——|2n€*a(€), €€ R™

T ol H| =
L1(B(0,1))

1
’J;|n+s—1

1(B(0,1)¢)
1

‘x|n+s

_l’_
LY(B(0,1))

Y

< ll¢llee + llol2lll] [

Ll(B(Ovl)"‘)]
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which shows that the Riesz potential is a continuous linear map over the Schwartz space.

Now, D*u € L*(R"), since u € C>(R"™) (see, e.g., [21, Lemma 3.1] or Lemma 3.3.1) and, so, D*u
can also be regarded as a tempered distribution. Therefore, we can apply the Fourier transform to
D?u = I,_4 x Du and, having in mind that the latter is a convolution of the Riesz potential with a
Schwartz function, as well as that E:S(f) = [27m&]7(1=%) (see [110]), we have

Du(€) = I, * Dul€) = I, (&) Du(€) = [2n€|" =) Du(¢) = %a@, £ ER”,
as desired. O

We have that not just the Fourier transform of this fractional derivative generalizes that of the
classical case but something similar happens with the fractional gradient of a Fourier transform.

Lemma 3.1.8. Let 0 < s < 1. Then, for all u € C*(R"),
2mié
D= F e ) £ € R".
(~fener

Proof. Arguing as in the proof of Lemma 3.1.7 and having in mind that if f is a radial or even
function, then the identity F(f) = f holds, we have that

D*u(€) = D x I,_y(€) = —2mi€u* F(I,_,) = F(—2micul,_,) = F(—2micu|2rE[F*).
O

We end this subsection by showing two uniform bounds on the constant c,, with respect to s.
We denote by w,, the volume of the unit ball in R™. We introduce this result here since several other
results throughout these chapter would be written with a constant independent of s which will be
used in Chapter 5.

Lemma 3.1.9. Let n € N. Consider the function c,.: [—1,1] — [0,00), defined as

T n+s+1 .
n(—Qlj if —1<s<1,
Cp,s = W2275F(Tb)
0 if s =1.
Then
Cn75 . Cn,s 1
Sup  Cps < 00, sup — < o0 and lim —— = —.
s€[—1,1] se[-1,1) L — s s/ 1l —s 0wy

Proof. The function ¢, . is clearly continuous in [—1,1). As I'(2) — 400 as z — 07, we obtain that
¢y, 1s also continuous in [—1,1]. Now, using the property 2I'(z) = I'(# + 1) for z > 0, we find that

Crs NGy

1—s m32iT(32)

Cn,s

and, hence, the function s — is continuous in [—1,1) and admits a continuous extension to

1—s
[—1,1]. In fact,
.G (431
lim —— = — = —.
s 11 —s T2 Wn,
The conclusion follows. O]

Note that the definition of ¢, . in the previous statement extends that of Definition 3.1.1.
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3.2 Fractional spaces

Let 0 <s<1,meNand 1 <p<oo. Givenu e C*(R"), we define |||

Hsp (Rn ’R'm) as

[ u] HsP(R"R™) — HUHLP(R") + HDSUHLP(R"X"L) J

which is easily seen to be a norm. We define the space H*? as the completion of C2° under the norm
[l g0 (g gmy» and extend accordingly the definition of [|-[| s gn gmy t0 H*P(R", R™).

H*P(R",R™) = WII-IIH,S,p

and we denote H*P(R") = H*P(R" R). For the sake of simplicity, we will denote the norm in both
LP(R") and LP(R™,R") by [|-[|,. This is the definition given in [99] (see also [38]).

It is also of interest the affine subspace of functions verifying a complement value condition; to
be precise, given g € H*P(R™) and a bounded domain 2 C R", we consider

Hy?P(Q) ={u e H*P(R") : u=gin Q°}, (3.16)

where ¢ stands for the complement of 2 in R"™.

The space H®P, together with the s-fractional gradient as a mathematical object, was studied
in [99,100] (see also |92, Sect. 15.2]). The first remarkable fact is the identification of H*? with the
classical Bessel potential spaces (see [2,97,110]) established in [99, Th. 1.7].

Theorem 3.2.1. If 1 < p < oo and s € (0,1), then
L*P(R™) = H*P(R")
where L¥P(R™) are defined as in (3.4).

Thanks to this equivalence, and rewriting well-known properties for Bessel spaces in terms of H*?
spaces, we obtain several basic properties that we summarize in the following proposition (see |2, Ch.
7, p. 221]). We denote by < continuous inclusion.

Proposition 3.2.2. Set 0 < s <1 and 1 < p < oo. Then:
a) C(R"™) is dense in H¥P(R").
b) H*P(R") is reflexive.

¢) Ifs<t<landl<qg<p< n_(’ggs)q, then HY1(R™) — H5P(R™).
d) If0<p<s—2%, then H*P(R") — C¥*(R").

e) If p=2, then H**(R™) = W*?(R") with equivalence of norms.

f) If0 < s1 <s<sy <1 then H?>P(R") — W*P(R™) — H*P(R").

We have denoted by W*? the classical fractional Sobolev spaces and by C%* the space of Holder
continuous functions of exponent .
For a ¢ € H*P(R",R™) there is a natural relation between D*¢ and div® ¢.

Lemma 3.2.3. Let 0 < s < 1 and 1 < p < oo. Let ¢ € H¥P(R",R™). Then div’® ¢ is well defined
and tr D*¢ = div® ¢ a.e.
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Chapter 3. Bessel Fractional Spaces

Proof. Let {¢;}jen C C°(R™, R") be a sequence converging to ¢ in LP(R™,R"™) such that {D®¢;},en
converges to D°¢ in LP(R", R™ ™). By linearity, tr D%¢; — tr D*¢ in LP(R") as j — oo. In view of
Definition 3.1.2 b) and Lemma 3.1.4 ), it suffices to show that tr D*¢; = div® ¢; for all j € N. Having
in mind that the integrals of (3.10) and of the right hand side of (3.9) are absolutely convergent, we
obtain that

] o 0 (y) _ ¢i(@) —¢ily) _ = —
“D¢”>‘Q”“(/ u—m%sé§x—m@)‘Q“/“< S e )

¢;(@
dy =div® ¢
ons [ ST i)
which concludes the proof. O

The integration by parts formula of Corollary 3.1.2 can be extended to H*? as follows. We denote
by p’ the conjugate exponent of p.

Proposition 3.2.4. Let 0 < s < 1 and 1 < p < oo. Then, for allu € H*?(R") and ¢ € H*? (R",R")

we have
/DS x)dr = —/u(:z:) div® ¢(x) dx

Proof. Let {u;}jen C CP(R™) be a sequence converglng to w in H*P(R™), and let {¢;};en C
C>(R",R") be a sequence converging to ¢ in H*” (R",R"). Then the following convergences hold
as j — oo:

u; — uin LP(R™), D*u; — D*u in LP(R",R"™), ¢; — ¢ in L¥ (R",R"),
D*¢; — D¢ in LP (R™,R™"), tr D°¢; — tr D*¢ in LF(R"), div® ¢; — div® ¢ in L¥ (R"),
the last convergence due to Lemma 3.2.3. As a consequence,
D*uj-¢; — D’u-¢ and wu;div’ ¢; — udivie  in L'(R"). (3.17)
By Corollary 3.1.2, for each 7 € N,

/Dsuj(x) -~ pi(z) do = — / w;j(x) div® ¢;(x) de
This equality and the convergences (3.17) readily imply the conclusion. O]

It is natural to consider alternative definitions for spaces based on the fractional gradient. Actu-
ally, in [109] it is shown that the space H*P(R") coincides with the class of LP(R™) functions whose
distributional s-fractional gradient (3.6) is also in LP(R"),

H*P(R") = {u € L"(R") : D*u e LP(R",R")}

for 1 < p < oo under the same norm || - ||gs». In our case, we are also concerned about the

identification H*?(R") = H*P(R") where
H*P(R") = {u € LP(R"): D*u € LP(R",R") and u satisfies (IBP) } ,

endowed with the norm |[ul| e, = ||ullzr + [|D%ul|o. In H*?(R") we took the definition for the
fractional gradient as a principal value operator given in Definition 3.1.3 where it was mentioned the
question of the equality between the fractional gradient operators. The question actually encompasses
the equivalence of spaces. We actually show that smooth functions are dense in H #P(R™) (see Section
3.4), although we have left for a future work the fact that if the distributional fractional gradient
exists, then, so does the s-fractional gradient version of Definition 3.1.3 and both coincide, in order
to have that H*P(R"™) is a Banach space and thus, the equivalence with H5?(R™).
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Section 3.3. Calculus with the s-fractional gradient D’u

3.3 Calculus with the s-fractional gradient D°u

In this section we present some calculus rules which are useful in some computations involving
fractional gradients.

We start with a sufficient condition for the s-fractional gradient to be defined everywhere. We
denote by [¢] 0. (Rn) and [¢] o, (R") the a-Hdolder and Lipschitz seminorms of ¢, respectively.

Lemma 3.3.1. Let 0 < a < s < 1 and p € C**(R") N C%(R™). Then

Op—1

sup p(@) =), _ ona

a(pny < OO. 3.18
z€R" |z — y|n+s “1l-s [¥leo (Rn) < OO (3.18)

[90]00,1(Rn) + S —a

where 0,,_1 1S the area of the unit sphere of R™.
If, in addition, ¢ has compact support then D*p € L"(R"), for every r € [1,0].

Proof. Let x € R™,

o(x) — o(v)] dy < / [Pl o @ny dy 4 / Plooemn
B (x,1)¢

|z —y|"*e (1) [z —ylts z —y|rreme
_ / [SO]CO I(Rn) d / [gp]co,a(Rn) dZ
B |2["te B |z
On-1 On—1
< 1—s [@]Co,l(Rn) + E [QD}CO,Q(RH) .

This means that D%p € L>*(R"™). Notice that Definition 3.1.1 also holds for Lipschitz functions.
Either way this result can also be obtained by density.

Next we are going to see that D¢ € L'(R") when ¢ has compact support. Denote by F the
support of ¢. Then

o [ [ e

Now, we observe that, applying Fubini’s Theorem and (3.18),

oo [ EEL W) 220 ‘ 4 < Jensl (A+ B)
|z —y|"ts |x yl

where

A= / Mdm dy < 0. (3.19)

|ZE— |n+

We notice that |p(z) — ¢(y)| = 0 for every (z,y) € F°x F°. Therefore, applying again (3.18) we get

// |$_ |n+s lete) — 2l 4, g </F %dydaj<oo (3.20)

As a consequence of (3.19) and (3.20), D%y € L'(R"™). Finally, through a standard interpolation
argument, we get that D*p € L"(R™) for all r € [1, o0]. O

The proof of Lemma 3.3.1 implies, in particular, that not just D%y but D%y is defined everywhere
for o € COYR") NC*(R") and 0 < v < s < 1.
The following result defines a nonlocal operator related to the s-fractional gradient.
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Chapter 3. Bessel Fractional Spaces

Lemma 3.3.2. Let 1 <g< oo and 0 < a < s < 1. Let p € CO*(R") N C*(R") and k € N. Then,
the operator K3 : LY(R",R¥*") — LI(R",R*) defined as

p(r) — oY) -y
Kst—cns/ U dy, a.e. v € R",
U)o [ FEED )Ty

18 linear and bounded.
Assume, in addition, that ¢ has compact support. Then, given 0 < & < 1, there exists a constant
C = C(n,q,a) such that for every s € (a, 1), every r € [1,q] and U € LI(R", RF*"),

|5 0)), < € (IPdeonqen + [Plensen ) 1Vl (3.21)

Proof. The operator K is clearly linear. Let U € LY(R",R**"). For all z € R" we have

|o(x) = ¢(y)

s |
‘K@(U)(.’E)‘ é ’Cn75| ’Qf ’n+s ‘U( )|dy7

K5 (U)(@)]" < 277 en | (g(2) + h(2)), (3.22)

[p(z) — ¢(y)| )q (/ [p(x) — o(y)| )q
WO =Y vy dy) . h(z) = L) = P9 ey dy )
(o T R VA v ol O
Fix o € (0,@). Then, applying Holder’s inequality, we get
U()] ! g Uz —2)| , \*
9$§90q,n(/ dy | = 1¢]r01pn dz
(@) <1 ]001(R) Ban) [T —y|rTe! | ]001(R) Bo1) 2"t
Uz — 2)) (/ 1 )H
< [p]Lo, n/ —dz ———dz
elcor e By 2" 01 2"
q—1
b (S2) [ Wil
| ]CO (&) (1_3) B(0,1) |Z’ el

where o,,_1 is the area of the unit sphere of R". Integrating,

q—1 q
q Onp—1 1 _ q In-1 q

(3.23)

Q
—
s
~—
I

As for the term h, applying Holder’s inequality,

U (y)| !
M@smwﬂn(/ v,
€. (Rm) Bz 1) y|rts—a
U (2 — 2)|* 1 -1

< 0] %0 / P22 g, dz

Coe R BO1)e |Z|"TeT B(01)e 2]

q—1 q
. Un—l) / \U(x — 2)|
- gp ,a(Rn —dZ.
(Pleos gy (5 -« Boe |2
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Section 3.3. Calculus with the s-fractional gradient D’u

Integrating,

q—1
W) de < [ol%, . [ Zr=L / /U Yp dz = an"“ Ule.
[ rerie <ttt ($5) [ s [ W = e (5) W0

(3.24)

Putting together (6.9), (6.10) and (3.24) we obtain

q q
s — On—1 On—1
HKSO<U)HZ S 2q 1’Cn,3‘q ([(,p]qcf(),l(R’H) (1 o 5) _'_ [(p]qCVO,a(Rn) (3 . a) ) ”UHZ?

so applying Lemma 3.1.9 we find that

|55, < € (Il + [Flcusan ) U], (3.25)

for some constant C' independent of s € (&,1) and U.
Next, we are going to check the boundedness of K3 : LY(R",R"") — L'(R",R¥). Denote by F
the support of ¢. Then

/ K (U) (@) da < Jens| (A+ B), (3.26)

_ [ [ lee) =) . lela) - o)l 5
= [ [ g ayan, = [ [ ED= ) dya

Now, we observe that, applying Fubini’s Theorem, Hélder’s 1nequahty and Lemmas 3.3.1 and 3.1.9
there exists Cy > 0 independent of s € (@, 1) such that

x) — 1 % 1
a< (1wl [ B2 gray < o, pé ([ 0wras) < cn,lFe o, @20
F F

€r —

where

where, for simplicity, we have denoted
Y1
Since |¢(z) — o(y)| = 0 for every (x,y) € F° x F€, in view of Holder’s inequality and Lemma 3.3.1

we get
s [ [ =) dyds
e ey
<ot [ ([ L=l o) ar

Using again Holder’s inequality, Lemma 3.3.1 and Fubini’s Theorem, we obtain

— (GIFID,)? ( [ wr Fdedy)q (3.25)

o=yl

Op—1

D

[@]Co,l(Rn) + [90} CO.a(Rn) *

S —

1

Q=

< (Co|FID,)7 (CoD,) ( rwy)\wy) <o, |Ul,.
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Chapter 3. Bessel Fractional Spaces

where C' > 0 is a constant independent of s and U. Inequalities (3.26), (3.27), (3.28) and Lemma
3.1.9 lead us to

|£5 )], < € ([Plcnnmn + Pleosen ) 1U1l, (3.20)
for some constant C' independent of s € (&,1) and U. The conclusion of the theorem is obtained
through an interpolation of inequalities (3.25) and (3.29). O

As a consequence of Lemma 3.3.2 and a general result, the operator K7 is continuous from the
weak topology of LI(IR™, R**") to the weak topology of LI(R™ R¥) and, in the case of a ¢ of compact
support, from the weak topology of L4(R", R¥*") to the weak topology of LP(R" R¥) for all p € [1, q].

The next lemma shows the spaces where the sequence {D®u;} is convergent, provided that {u;}
is convergent in H*P. Actually, what this lemma shows is that besides the fact that for v : R” — R
a function with compact support, D*u does not need to have compact support, it can be obtained a
fractional equivalent of the fact that if Du € LP(R™) then Du € L"(R") for every r € [1,p].

Lemma 3.3.3. Let 0 < s < 1l and 1 < p < oo. Let u € CP(R") and let {u;}jen C CF(R")
be a sequence converging to u in H*P(R™). Assume that there is a compact K C R"™ such that
UjZ, suppu; C K. Then D*u; — D*u in L"(R") for every r € [1,p].
Proof. By linearity, we can assume that u = 0. Call Kz = K + B(0,1). Then

||D8uj||L1(Rn) < HDSUJ'HLP(KB) K| + HDSUJ'HLl(K%) ) (3.30)

where | Kp| denotes the Lebesgue measure of Kp, and p’ is the conjugate exponent of p.
On the other hand, for every j € N, we use Fubini’s Theorem and Hoélder’s inequality to get

JUEOESTNY /i/|w u,(y)
dy|dz < |c,s dr d
A;\w—mws| | < lensl | [, o=
Z 1
K% |5E | K% [z —y|

Now, for every y € K we have K§ —y C B(0,1)¢, so

1 1 1
/‘——7;W=/ ‘7;“3/ s 07 <00
K¢ |z =y Kg—y || B, 7]

Now, we will use C' to denote a constant (depending on n, s and K) which can vary through the
proof. So, continuing from (3.31) and applying Holder’s inequality again, we obtain

||DSuJHL1(K%) = |Cn,s|

K,

(3.31)

1D, | <C (@ J@PMdp<cmn < Ol
il (i) . |:B oy Yy il e @y Ml fsp®ny 5

where we have used Proposition 3.2.2 f) in the last step. This inequality, together with (3.30), leads
to
HDSUJ'HLl(Rn) <C Huj”Hs,p(Rn) — 0,

by assumption. Finally, through a standard interpolation argument, we obtain the convergence
Dfu; — 0 in L"(R") for every r € [1, p]. O
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“oo7 o HlEs e

Remark 3.3.1. Later on this manuscript it will be proven that Hy?(K) = C*(K) with K a
compact set but without asking it to be Lipschitz yet (Step 1 of Theorem 3.4.8), since K coincides
with its closure. In that case, Lemma 3.3.3 can be extended by density to functions u € HP(R"™) and

{u;}jen € H*P(R").

Now we introduce a product formula for the s-fractional gradient where we consider first the
integral definition 3.1.3. We denote by [ the identity matrix of dimension n.

Lemma 3.3.4. Let 0 < s < 1 and 1 < p < oo. Let g € LP(R") be with Dég € LP(R™,R") and
¢ € CHR"). Then pg € LP(R"), D*(¢g) € LP(R™,R™) and for a.e. x € R",

D*(pg)(x) = p(a)D*g(x) + K3 (g1)(x).
Proof. Clearly ¢g € LP(R™). Now, for a.e. x € R™ we have

~ / (g)(x) — (pg)(y) v —y a

D*(¢g)(x) = cns PV,

[z —y|" o=y
by / pla)g(z) — p(2)9(y) +(2)9(y) — ¢(y)g(y) v~y ,
B & =yt | =y

= p(z)D*g(x) + K3 (g1)(x).

The term ¢ D*g is in LP(R™,R") since ¢ € C;(R"), while the term K (g[) is in LP(R", R") by Lemma
3.3.2. 0

Notice that depending on the regrouping of the terms, this product formula can be written in
different expressions. One of such possibilities is obtained in [38], and in [73| including the case
p =o00. As in Lemma 3.3.4, the following result computes the s-fractional divergence of a product.

Lemma 3.3.5. Let 0 < s <1 and 1 <p <oo. Let g € LP(R",R") be with Dsg € LP(R",R™") and
¢ € CHR"). Then pg € LP(R",R"), D*(pg) € LP(R™,R™ ") and for a.e. z € R",

e oy [PI@) T egy) Ty L RN 4 R (T
e, [ ERELEI . Yy — o) Brgle) + K30 o)

Last results are adapted (through density) so as to obtain the Leibniz rule in H*?(R").
Lemma 3.3.6. Let u € H*?(R") and p € C*(R"™). Then pu € H*P(R"™),
D*(pu)(z) = @(z) D*u(z) + Kg(ul)(x),
and
div*(ieg)(z) = p(x) div* g(z) + K3 (g")(2)-

Proof. By definition, v € H*P(R") if and only if there exists a sequence {u;};en C C°(R") such
that {u;},eny converges to u in LP(R") and {D®u,}jey is a Cauchy sequence in LP(R", R™). It is
immediate to check that pu; — ¢wu in LP(R™). Let us check that {D*(pu;)}en is a Cauchy
sequence in LP(R™, R™). Owing to Lemma 3.3.4 we have

D*(pu;) — D*(pup) = D*(p(uj — ug)) = o D*(uj — ug) + K (uj — ug), J. ke N.

Since D*(uj—uy) — 0in LP(R™,R™) as j, k — oo, we also have that ¢ D*(u; —uy) — 0 in LP(R™, R"™).
By Lemma 3.3.2, since u; —uj, — 0 in LP(R") as j,k — oo, we obtain that K (u; —ux) — 0 in
LP(R™ R™). This shows that ¢u € H®P(R™). The Leibniz rule for the s-fractional divergence is
obtained analogously from Lemma 3.3.5. [

o7



Chapter 3. Bessel Fractional Spaces

3.4 Density results

This section is devoted to see if an alternative definition of functional spaces based on the fractional
gradient would coincide with H*P. This was already hinted at the introduction and at the end of
Section 3.2. In particular, we consider the class

I:IS”’(R") = {u € LP(R"): Dfu € LP(R™,R™) and u satisfies (IBP) } ,

At the moment, the results we have obtained show that every function in H*?(R™) can be obtained
as the limit of a sequence of compactly supported smooth functions. However, this just gives us the
inclusion H*?(R") € H*?(R"). In order to obtain the reverse one, it is necessary to check that the
fractional gradient of every function in H®P(R") can be written using definition 3.1.3 as well. This
coincidence still remains open. The principal difficulty we find is that the fractional gradient Ds is
defined in full generality as a principal value.

Theorem 3.4.1. Set 1 < p < oo and s € (0,1). Then, C2°(R") is dense in H*P(R") with respect to
the norm ||| gs.p- Thus,

= lzse
Co(Rr) N Hor(RY) = H*P(R").
Remark 3.4.1. As mentioned in the introduction, in [33, Th. A.1] it was shown the density of com-
pactly supported smooth functions in the class of LP(R™) functions whose s-fractional distributional
gradient is in LP(R", R"); as a consequence, [33, Cor. 2.1],

{ue LP(R") : D'ue LP(R",R")} = H*"(R").

Now, whenever u € ﬁs’p(R”), we have D*u = Dsu and consequently Theorem 3.4.1 follows as a
consequence of [33, Th. A.1]. In any case, the proof provided here differs considerably from that
of [33,109]. We find that it is interesting in its own right, because we work directly with Dsu, defined
as a principal value. Our approach also leads us to the density result of Hy" (Q) for a bounded domain

Q.

The proof of Theorem 3.4.1 follows the classical path for proving density of compactly supported
smooth functions in W1?(IR™), namely, using smoothing by convolution with a sequence of mollifiers
and truncation with a sequence of cut-off functions. The main difficulty is that we deal with integral
operators involving principal values. We start by defining, for each 0 < s < 1 and r > 0, the
operators D7 and div, as

Diu(x) :== cms/ ) —uly) z—y d

B(z,r)e ‘.Z' - y‘nJrs ‘iL’ - y‘

and

div; ¢(x) == —cn,s/ o) +oly) -y dy.

B(z,r)¢ |JZ - y|n+s |l’ - y|
These operators consist of truncated versions of the integrals appearing in the definition of fractional
gradient and divergence, respectively. In fact, by definition of principal value, for v : R* — R
measurable

li{% Diu(z) = D*u(x) (3.32)

whenever [?su(x) exists. Notice that the fractional divergence is going to be applied to smooth
functions, so no alternative definition is required. Then, for ¢ a smooth function we obviously have
that

li\rg div; ¢(x) = div® ¢(z).
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Lemma 3.4.2. Let g € (1,00) and 0 < s < 1. Then there exists a constant C = C(n, s, q) such that
|div; <P||q <C H(pHWL‘I(R",R") , (3.33)
for any ¢ € CX(R™,R") and any r > 0.

Proof. We fix r < 1 and z € R". Note that, by odd symmetry,

div? o(z) = —cos V ply) —plz) x—y d +/ ply) x—y dy]
B(z,1)\B(z,r) B(z,1)c

|z — y|nts \x—y\ r—y[rrs oyl

| EUEOP o) }
divip(z)| < C / —d + ———dy|, 3.34
divy ()] [B@,U =g e o — e (3.34)

where, from now on, C' > 0 denotes a constant depending on n, s and ¢ whose value may vary from
line to line.
Now, by the fundamental theorem of Calculus,

SO

o(y) — ol(@)] < / Dg(a + t(y — )| dt |y — 2]

so, using Fubini’s theorem,

1
- D +ty — dt D th
B(z,1) lz =yl B(x,1) |z —yl B(0,1) ’h’

Then, continuing the inequality in (3.34), we get

|Dgo x + th)] lo(x — h)|
div; p(z <C{// dhdt + ——~dh|.
| | BO.1) |h| n+s—1 B(0.1)e |h|n+s

We now apply Hélder’s inequality to obtain

! 1 ¥ D th)|? .
/ (/ B - dh) (/ Dot +th)| dh> dt
0 B, [P Bo1) [T
1 1
1 P _ h q q
(S 7)oy e 2%)
B(0,1)° Boe  |h|"T
1 D q % _ q %
/ (/ | sO(ertlh)I dh) dH(/ [p(z — h)| dh) '
0 Bo1  |h|"Te Boe  |h["T

Now we use the triangular inequality, Jensen’s inequality, and Fubini’s theorem to obtain

. |Dg0 x +th)|? |
diviel <C (// / dh dt dx // dhdx
Idivr el N sonr e
1
[ 1Dp(z +th)|* dx ) ( [le(xz —h)|* dx

=C (/ / dhdt)] + / dh

|h|rts=t B(0,1)¢ |h|ts

) 1 ) 1
_c|Ip / —dh)q+ (/ dh)q ,
| <PHq< B(0,1) |h[ns—t H‘PHq B(0,1)¢ h|n+s

|div; ()] < C

<C
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Chapter 3. Bessel Fractional Spaces

which shows (3.33).
When r > 1, only part of the estimates above are needed. To be precise, we have

z,r)¢

Y,
T — y|nts B(z,1) y|nre

and we conclude as before. O

The next lemma establishes that D; and div; are dual operators in the sense of integration by
parts. The proof of the lemma is elementary, and is actually contained within the proof of Theorem
3.1.1 (see also [84, Th. 1.4], [21, Th. 3.6]).

Lemma 3.4.3. Let p € [1,00], s € (0,1) and r > 0. Then, for any v € LP(R") we have Diu €
LP(R™, R™) and, for each ¢ € C°(R", R"),

/ Diu(z) - p(z) de = — / u(w) dive o(z) da.

1
C(n,s,r) = /
B(0,r)c

and note that C(n, s,r) < oco. Therefore, given x € R" for which u(x) is finite, we can express

Proof. Define

uly) =-—vy
Diu(z) = —Cn,s/ dy, (3.35)
B(z,r) y|n+s |‘T - y|

so, by Holder’s inequality, if p < oo,

1

p P

Dol <o [ AUty <t ([ IO g
B(z,r)°c x_y|n 3 B(z,r)° y|n B

Thus, by Fubini’s theorem,

1
L P
||Dﬁu||p§cns n,s,r /<// |x— |n+sdydx) :cmSC'(n,s,T)Hqu.
CCT

If p = oo, we immediately have from (3.35) that || Djull, < ¢, s C(n,s,7) [[ull,
Therefore, when we define A, = {(z,y) € R" x R": |z — y| > r}, we have that

e wy) woy
[ Dinte) - etwyr = e, [ MU E Y ay o(w)a (3.36)

and this integral is absolutely convergent. Similarly,

lei @(x) = _Cn,s/ SD(y) ts Y dy
B(z,r)c |$ - y|n 3 |$ - y|

and

_/u(x) div; p(z) dx = cns/u(zc)/ So(y)mrs XY dy dx. (3.37)
B(z,r)e y| - y|

|z

Since we can apply Fubini’s theorem, it is then immediate to show that the integrals of (3.36) and
(3.37) coincide. O
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Section 3.4. Density results

The next result shows that, if « € H?(R"), the a.e. convergences in (3.32) also hold in the sense
of distributions.

Lemma 3.4.4. Let 0 < s <1 and 1 <p < oo. Then
Diu — Du
in the sense of distributions as r \, 0, for any u € H*P(R™).

Proof. As a consequence of Lemma 3.4.2 and the a.e. convergence div) ¢ — div’p as 7 — 0 (see
(3.32)), we have that for any ¢ € C°(R™, R"),

divé o — div® ¢ in LP' (R™).

Let u € H*?(R"). Applying Lemma 3.4.3 and (TBP), we have

/ Diu(z) - p(a) dz = — / u(z) dive o(z) de — — / u(z) div® o(z) do = / Dou(z) - p(z) do

as r \( 0, which concludes the proof. O]

A crucial fact for proving Theorem 3.4.1, non-trivial in the nonlocal context, is the commutation
of the fractional gradient D® and the convolution. This fact is asserted in the following result for
we H $P(R™). A similar result concerning a commutation with fractional operators was independently
obtained in [37], in the sense of Lipchitz and Bounded variation functions, and measures.

Lemma 3.4.5. Let p € C2°(R") be an even function. Then, for any u € H*?(R"),
D*(p*u) = p* D*u.
Proof. We first show that for any r» > 0,
Di(p*u) = px* Du. (3.38)

Indeed, given = € R™ such that u(x) is finite, as in (3.35), we can express

uly) w-—vy
Diu(zx) = —cms/ dy = (d; * u)(x),
B(zr)e 1T — y’nJrs ’{,E - y’

where d7 : R" — R" is the function

1 =z

di(Z) = —Cp,sXB(0,r)c (Z) WM?

which is in L'(R",R"). Since p € L'(R™), we have, thanks to the commutativity and associativity
of the convolution, as well as Young’s inequality, that

Dj(p*u) =dy = (p*u) = px(dy*u) = p* Dju,

so (3.38) is proved.

Now, by a classical result (e.g., |32, Prop. 4.20]), p* u € C®(R") and D(p * u) = (Dp) * u.
Consequently, by Young’s inequality, D(p*u) € LP(R™,R™) and, hence, p*u € WHP(R"). Following
the embedding into Sobolev spaces (Proposition 3.2.2 or Proposition 3.5.11 from [22, Prop. 2.7, we
have that D*(p*u) € LP(R”, R™); indeed, it is shown there that Dv(z) is well defined as a Lebesgue
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Chapter 3. Bessel Fractional Spaces

integral for a.e. € R” and D*v € LP(R",R"), for any v € WhP(R"). Furthermore, p * u satisfies
the conditions of Theorem 3.1.1, and therefore (IBP), hence p x u € H*?(R"). By Lemma 3.4.4,

Di(p*u) — D*(p*u) (3.39)

in the sense of distributions as r — 0. Again by Lemma 3.4.4, Dju — D*u in the sense of distribu-
tions. Now let ¢ € C2°(R") be an arbitrary test function. Then, by Fubini’s theorem and the fact
that p is even one can easily show (see, e.g., [32, Prop. 4.16]) that

/ (p * Diu)(x)p(x) dz = / (p %) () Diulz) da

and

/ (p % D*u) (x)ple) di = / (0% ) () D*u(x) da.

Consequently, as p x ¢ € C(R™), we have that

/ (p % Diu) () () da = / (p * )(@) Diu(z) dz — / (0 * ¢)(2) Doulzr) = / (0 * D*u)(@)p () da

as r — 0. This shows that )
p* Diu — px* Du (3.40)

in the sense of distributions as r — 0. Comparing (3.38), (3.39) and (3.40) we conclude that
D?®(pxu) = p* D*u as distributions; since both are L? functions, the equality also holds a.e. Thus,
the lemma is proved. O

Notice that last results is verified, in particular, by functions u € C°(R") for which it is known
that D*u = Du. Thus, it can be extended by density so as to obtain the following corollary.

Corollary 3.4.6. Let p € C(R") be an even function. Then, for any u € H*P(R"),
D?(p*xu) = p* Du.
We are in a position to prove Theorem 3.4.1.

Proof of Theorem 3.4.1. Let us take a standard mollifying sequence {pj }ren, so that p, € C2(R™)
is radial, supp pr C B(0,4), pr > 0 and [ pp = 1. Fix a cut-off function h € C°(R") such that
0 < h<1withh =1in B(0,1) and h = 0 in B(0,2)°. Consider also the cut-off sequence
hi(z) = h(Z) for k € N,

Let u € ﬁs’p(R"). For each k € N, define uy = pp * u and vy, = hy ug. Then u, € C°(R") and
v € C°(R™). The proof will be completed as soon as we show that v converges to u in the ||-|

Hep
norm. Convergence in L is elementary since
v —u = hg (u — u) + (hpu — u)
and, hence,
o = ully < llux — ully + g — ufl, — 0 (3.41)

as k — oo (see, e.g., [32, Th. 4.22]).
For the convergence of the sequence of fractional gradients, by Lemma 3.3.4, we have that

stk = th (Uk) + hk Dsuk a.e.,
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Section 3.4. Density results

where the operator K is as in Lemma 3.3.2. This provides us with the bound
D% = D*ullyy < || Kn (un)[lp + 1 D¥ui = D¥ull,.

Recalling from Lemma 3.4.5 that DSuy, = pg * Du, the second term in the right hand side of the
inequality converges to zero as k — 0o by the same argument from (3.41). As for the first term, by
Lemma 3.3.2,

1 0l < C ([l + algorsany) el
Now, by Young’s inequality, [lux||, < ||lull, for all k € N, while

1 1

[hk]CO’Q(R”) = Ja [h]CO’Q(R") and [hk]CO«l(R") % [h]COvl(R")

for all k € N. Therefore, [|Kj, (uk)|[, = 0 and, hence, |D*vg — D*ul|, — 0 as k — oo, ending the
proof. ]

In the second part of this section we show the following density result, of interest for applications
in fractional variational problems and fractional partial differential equations, where complementary
conditions on a given bounded domain are imposed on the admissible functions. We will use the
following density result for functions in the Gagliardo fractional spaces W*P(R™), which was given
in [31, Prop. B.1].

Proposition 3.4.7. Let 1 <p < oo and s € (0,1). Let Q C R™ an open, bounded set with a Lipschitz
boundary. Then, the space of smooth functions compactly supported in S is dense (with respect to
the norm |||l jys.») in the subspace

WP (Q) :={u e W¥P(R") : u=0 in Q°}.
Notice that now we come back to consider the space H*P(R™).

Theorem 3.4.8. Let Q) C R™ be an open, bounded set with a Lipschitz boundary, 0 < s < 1 and
1 <p<oo. Then

s sz
Hy?(Q) = Co ()7,

where

Hy"() = {u € H*"(R") : u=01inQ}.

Of course, any function in C'2°(Q2) is also considered as a function in C2°(R™) by extension by
zero in Q°. The proof of this result relies on two key ingredients. First, the density in Hy?(€Q) of
smooth functions supported in €2, which we show following the classical proof for Sobolev functions.
Second, the fact that C2°(Q) is dense in {u € WP(R™): u = 0 in Q°¢} (see Proposition 3.4.7), which
has been proved in [31, Prop. B.1].

Proof of Theorem 3.4.8. Tt is clear that C°(Q) C Hy*(2) and that H;*(Q2) is closed in the H*P

norm. Therefore, it suffices to prove the inclusion Hy?(Q) C C*(Q) . This is done in two steps.
Step 1. We show that given u € H¥P(R"™) with u = 0 in Q° and € > 0, there exists 7 € C*°(R")
with @ = 0 in Q¢ such that [[u — 9||gs» < 5. The proof of this step follows the line of the analogous
result for Sobolev functions, as for instance in [56, Th. 2, Sect. 5.3.2].
We start by defining

Nl zrs.p

1
E; :={x € Q: dist(z,00) > =}, ieN.

1
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Chapter 3. Bessel Fractional Spaces

Then {E;};>1 is an increasing sequence of open subsets such that 2 = Uf; E;. Let us choose Fy CC 2
and set F; = E; 13\ E; (¢ > 1). Then
Q - U Fi7
i=0

so we have expressed () as a countable union of open sets compactly contained in 2. Moreover, that
union is locally finite. Now, let {;}ien be a smooth partition of unity subordinate to the family of
open sets {F; }ien, that is,

0<¢; <1, p €C*F,), foralli e N,
Yoo =11inQ.

For each i > 0, we have that supp(p;u) C F;. By Lemma 3.3.6, ¢;u € H*P(R").
Let 1 be a standard mollifier: n € C°(R™) is even, n > 0, suppn C B(0,1) and [ = 1. Then
we define the mollifying family

ns(z) = 5% (%) , x € R"™.

As a consequence of Corollary 3.4.6 and a standard result for convolutions (see, e.g., |32, Th. 4.22]),
there exists §; > 0 such that the function u; := ns, * (¢;u) satisfies

£ s s £
lui = eiully < 50 I1D%ws = D¥(pau)lly < 5, suppus C A (3.42)

where A; = F; 4\ E;_; for i > 1, and a suitable open set Ay with Fy CC Ay cC Q.
We consider now the function ¥ : R® — R defined as

o(x) = Zul(a:)

Clearly © € C*°(R"), as the family {4;};>¢ is locally finite. Furthermore, o(x) = 0 for all x € Q°.
Since u = 0 in Q¢ we can write u = ).~ ;u, and using (3.42), we find that

s s~ - s - s S s S N < <
| D*u — D*v||, = ZD (%’U)—ZD U; SZ”D (‘Piu)_Duin§Z2i+3 —
=0 =0 P =0 =0

The conclusion |ju — 9|, < § follows from a similar argument. Therefore,

[ = 0l[rsr <

DN ™

Step 2. For the function v € C*°(R"), with o = 0 in €, constructed in the previous step, we
claim that there exists v € C2°(€2) such that ||v — 0| gs» < §, and, consequently,

™

3
my <5tz =

Hsyp‘i‘Hﬁ—’U| B

lu = vl[gor < [Ju— 7]
and then we would be done.

In order to show the previous claim we first notice that, since ¥ is smooth with bounded support,
v € W' (R™) for any t € (0, 1). Furthermore, W*P(R™) continuously embeds into H*?(R"™) whenever

t > s (see Proposition 3.2.2 ), and therefore there exists a constant C' = C(s,t,p) > 0 such that

Hsp S CHU)HWt,p, for all w € Wt7p(Rn).

[[0]

64



Section 3.5. Embeddings of Bessel spaces

Now, having in mind that o = 0 in Q°, by Proposition 3.4.7, there exists v € C2°(2) such that

e
v = 0f|wer < 20"

SO e
[v =0 msr < 3

]

Remark 3.4.2. The hypothesis of Q) with a Lipschitz boundary comes from [31, Prop. B.1]. However,
it remains as an open problem the fact that such hypothesis could be weakened to sets with non-
Lipschitz boundaries, in particular, those sets whose boundary is a-Hdélder continuous with & > s.

3.5 Embeddings of Bessel spaces

Essential tools for obtaining existence of minimizers for variational functionals and other applications
are continuous and compact embeddings, such as Sobolev-Poincaré and Morrey type inequalities or
Rellich-Kondrachov theorem. The main framework in H*P(R™) was provided by references [99,
100]. We will state such results given therein, in particular, fractional versions of Sobolev, Hardy,
Trudinger and Morrey’s inequalities together with a fractional compactness result for which we
provide an alternative proof based on Fréchet-Kolmogorov theorem (instead of Arcoli-Aszela theorem
as in [100, Theorem 2.2]). To do so we also provide a sort of fractional mean value theorem and
some additional proofs as the one for the fractional Poincaré’s inequality in order to have inequality
constants independent of s.

A crucial fact is the following fractional fundamental theorem of Calculus [38, Th. 3.11] (see
also [99, Th. 1.12] or [92, Prop. 15.8]).

Theorem 3.5.1. Let 0 < s < 1. For every u € C°(R") and every x € R™ we have that

s r—Yy
/D y‘n s+1dy

Last result is the fractional counterpart of the following classical representation theorem which
can be seen in [63, Lemma 7.14| or [92, Prop. 4.14].

Proposition 3.5.2. For every u € CX°(R™) and every x € R", we have

1 T =y
ulr) = — Du .
(@)= [ Dty 7=

)

where o, s the area of the unit sphere.

3.5.1 Continuous embeddings

With such tool (Theorem 3.5.1) Shieh and Spector [99, 100] obtained the aforementioned relevant

inequalities. In the following, we denote p; := —— Sp We begin with the statement of a Fractional

Sobolev inequality proved in [99, Theorem 1.8| for the case sp < n.

Theorem 3.5.3. Let 0 < s < 1 and 1 < p < oo such that sp < n. Then, there exists a constant
C =C(n,p,s) >0 such that for every u € H*P(R™)

HUHLP§(RW) < CHDSUHLP(RH)-
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Corollary 3.5.4. Let 0 < s < 1,1 <p < o0 and u € H*P(R"). If D’u =0 on R", then u =0 on
R™.

For the same case, sp < n, they also provide a Fractional Hardy inequality (see [99, Theorem
1.9)).

Theorem 3.5.5. Let 0 < s < 1 and 1 < p < o0 such that sp < n. Then, there exists a constant
C =C(n,p,s) > 0 such that for every u € H*>P(R™)

p
/ [u(2)l de < C [ |D%u(x)|?dz.

|| Rr

Following with the critical case, [99, Theorem 1.10] also provided a Fractional Trudinger inequal-
1ty.

Theorem 3.5.6. Let 0 < s < 1 and 1 < p < 0o such that sp = n. Then, there exist constants
Ay, Ay, C > 0 such that for every uw € H¥P(R™) and  C R"™ open with finite measure

ju(z)] v
ex dr < A.
/ P [AIOHDSunmRn) -

Finally, for the remaining case, there is also a Fractional Morrey inequality in [99, Theorem. 1.11].
Notice that from this result it can be obtained the fact that H*P(R") C C%*(R") with 0 < u < s— >
stated in Proposition 3.2.2.

Theorem 3.5.7. Let 0 < s < 1 and 1 < p < oo such that sp > n. Then, there exists a constant
C =C(n,p,s) >0 such that for every u € H¥P(R™)

u(z) = u(y)| < Clo —yI” 7 || Dl o).

Putting together all this results the following embedding theorem can be written, from which, in
particular, can be obtained a fractional Poincaré inequality.

Theorem 3.5.8. Set 0 < s <1 and 1 < p < oco. Let Q C R" be a bounded open set. Then there
exists C = C(|Q,n,p,s) > 0 such that

[ull Loy < ClIDul| o @n)

for allw € H*P(R™), and any q satisfying

q€[L,p;] ifsp<nm,
q€[l,00) ifsp=mn,
q € [l,00] if sp>n.

Proof. The case sp < n is an immediate consequence of Theorem 3.5.3 ( [99, Th. 1.8]), where the
continuous embedding of H*P(R") in LPs(R") is shown. Case sp = n is a consequence of Theorem
3.5.6 ( |99, Th. 1.10]), where it is proved in this context the version of Trudinger’s inequality, which
implies the embedding of H*?(R™) in L{ (R") for all ¢ € [1,00). Finally, the case sp > n is a

consequence of Proposition 3.2.2 d). O

It is interesting to trace the dependence of the embedding constant on s. Thus, we provide an
additional proof of the fractional Poincaré inequality for functions in Hy”(€2), which uses some ideas
of [63, Lemma 7.12|, and that will be applied in Chapter 5. Notice that such constant does not
depend on p either.
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Theorem 3.5.9. Let (2 C R” be open and bounded with a Lipschitz boundary. Then there exists
C = C(n,) such that for all0 < s < 1,1 <p < oo andu € Hy"(Q),

C s
HuHLI’(Q) < . 1D UHLP(R")'
Proof. By density, it is enough to prove the inequality for v € C°(Q2). Let R € R, to be specified

later, such that
R>1, Q2 C B(0,R). (3.43)

Define Q; := B(0,2R).
Fix z € Q). By Theorem 3.5.1 and Lemma 3.1.9,

lu(z)| < Cn) [ /Q %dw /Q C%@]. (3.44)

Now €, C B(x,3R), so

1 1 . . 1
/ T dy < / —dy = "L (3R)* < C(n)=R. (3.45)
o |z =yl Bz3R) [T — y|" s s

Similarly, Q C B(y,3R) for every y € €, so

1 1
4z <C(n)-R 3.46
/Qlfr—yln‘s < Ol (3.46)

By (3.45) and Holder’s inequality,

s ﬁ s ) %
/ | Du(y)| dy < {C(m}R} </ | Du(y)| dy) |
o |z —yn=s s o |z —yln=s

Therefore, using (3.46), we find

(L) ol <lewi]” ([ [=mes) o,

< C(n)- RHDSuH

Now, for any y € €2, by Lemma 3.1.9,

sy oy [ 1) —ul@)] X
|D*u(y)| < C(n) iy |n+5 /|y z|”+3d' (3.48)

When z € ) we have

1
|y|§|y—2|+|2|§|y—ZI+R§|y—Z|+§IyI,

o 3ly| < |y — 2| and, hence,

1 2 \"ts 1
— - <2} <cm . 3.49
= (\yr) U= (3.49)
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Similarly, for each x € €2 we have

1 1

s < Cn) (3.50)

[z =yl [y~
Using (3.49) we find that

lu(2)] 1 11
s 42 < C(n) = [[ull 1) < C)IQUY —— [lullr 0 »
/Q ly — 2| + |yt LY() |y|+e Lr(Q)
whence we infer from (3.48) that
s L 1
| D*u(y)| < C(n)|Qf» P el Lo ey - (3.51)

Thus, using (3.50) as well,

| D*u(y)| i / 11 L
———dy < C(n)|Q]* ||ul|, ——dy = C(n)|Q» R™" ||ul| ;g -
/Qi |z — y|7—s () ull, (€2) o ly|P+s [y|n— ()€ [Jull, (€)

This last inequality, combined with (3.44) and (3.47), implies by the triangular inequality that

1 s 2.
lull ooy < C(n) S RIDull, + CLln) QU BT Jull 1oq)

1 S —-n
< C(n) - R||Dull, + C1(n) max{1, QPR [Jull 1o -

Finally, we choose R such that, in addition to (3.43), satisfies C (n) max{1, |Q*}R™" < 1, so that R
depends on n and 2. We obtain that

1 1.
5 Nl < C(n) R Dl pygony

and concludes the proof. O

We will use the following immediate consequence of Theorem 3.5.9.

Corollary 3.5.10. Let 2 C R™ be open and bounded, and let 0 < sqg < 1. Then there exists
C = C(n,R, so) such that for all s < s<1,1<p<oo andu € Hy"(),

||U’||LP(Q) <cC ||D8U||p ~
Following this spirit we also add the continuous embedding of W?P(R") into H*P(R") which is
already known (see |2, Ch. 7]). Nevertheless, in the next result, we prove it again in order to give an

explicit dependence of the embedding constant with respect to s.

Proposition 3.5.11. Let 1 < p < co. Then, there exists a constant C = C(n,p) > 0 such that for
allu € WH(R™) and 0 < s < 1,

C
1D%ully < —llullwirgn),
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Proof. By density, it is enough to prove the inequality for v € C°(R"). For all z € R",

|D*u(x)| < Cns (A(z) + B(z)) (3.52)
with u(2) — u(y) (@) — u(y)
u(z) — uly u(z) — uly
szz/ 2 gy, B:B::/ 2 P gy,
(@) Bz T —y|"Te (=) By T —y|"te
SO
|D*ul, < ns (1141, + 11B1],)
Note that

e + ) — u(a) [ e + ) — ua)
Ax :/ dh, B(x) = dh.
= oy TP @ = [ o TP

Applying Minkowski’s integral inequality (see, e.g., [110, App. A.1]) we obtain

1
h) — v
Al / ( ue + ) — u(@)” dac) dh.
B(0,1) || telp

Now, for all h € B(0,1) \ {0},

w(z +h) —u(z v v 1
SR ) Iy T B ) ey
|| \h\ )

thanks to a classic inequality (see, e.g., [32, Prop. 9.3] and notice that it is still valid for p = 1).
Therefore,

1 Unl

Al < ||Du / = Du 3.53
Al < WPl | s = 7 1Dl (3.53)

where 0,_ is the area of the unit sphere of R".
As for B, we first notice that for all x € R”, by Hoélder’s inequality

lu(z + h)| / |u(z)]
Bz §/ ——~—dh + dh
(@) Boye b B1)e |P]"TS

1
lu(x + h)[? )P (/ 1 ) /
< ———dh —dh + |u(x
(/B(o,l)c | h[ts B, [h|"Fs o) B(0,1)¢
IU(.CI? + h)‘p )’1’ On—1 i On—1
- KAl NP7 R (R T ,
( /B(O?l)c TGE (P + ) 2

so, by Fubini’s theorem,

1
Un 1 $+h | » Onp—1 Un 1
i1, < (Z2) (P i) =, 2P . (s

Putting together (3.52), (3.53) and (3.54), we obtain

e

h|n+s

. 1 2
1Dl < ensones (1 U0l + 2 L, )
and, thanks to Lemma 3.1.9, the proof is finished. O
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3.5.2 Fractional mean value theorem and compact embeddings

In this subsection we provide an alternative proof (based on Fréchet-Kolmogorov theorem instead
of Arcoli-Aszela theorem as in [100]) of the compactness theorem. So as to do so we also obtain a
sort of fractional mean value theorem which was lacking in the literature for p > 1 (case p = 1 was
already proved in [37, Proposition 3.13|). First, we introduce the following technical lemma.

Lemma 3.5.12. There ezists a constant C' > 0, such that for every s € (0,1) we have

w w— e
‘wln—‘rl—s B |U} _ 61|n+1—s

where ey s the first vector of the canonical basis of R™.

dw < L
s(1—s)

Proof. On the one hand, we have that

/B(o,z)

On the other hand, for a fixed w € B(0, 2)¢,

w w — e
|w|n+1—s B |”LU _ 61|n+1—s

¢
=

1 25
dw < C/ —dw < C— <
B(0,2) [w["* s

w B w— e :/li w — tey gl —
|w|n+1—s |w _ 61|n+1—s 0 dt |w _ t€1|n+1—s
! [(w—tey) - eq](w — tey) €1 ! 1
+1-— — dt| < C - dt.
/U (n s) lw — tey |3 lw — tey|ni—s ‘ = /0 W — tey[r+1—s

Now, for w € B(0,2)¢ and t € [0, 1] we have

1
w—te] 2 jw| —t 2 Jw] =1 2 Slul,

SO
1

1
1
n+1l—s n+1
/0 |w _ t61’n+1—s dt S 2 |w|n+1—s S 2 ‘wln—‘rl—s'

By integration, we obtain that

_ 1 2—1+s C
/ :—)0—1—5 N - i‘l*‘l—s dw = C/ n+1—sdw < C < .
B(0,2)¢ ‘w‘ ‘w - 61’ B(0,2)¢ w‘ 1—s 1—s
This yields the result. []

As it was aforementioned, next result could be considered as a sort of fractional mean value
theorem. We prove it for the general case 1 < p < oo. Actually, it is the fractional version
of [32, Proposition 9.3. (iii)].

Proposition 3.5.13. Let 0 < s < 1, 1 < p < o0 and u € H*?(R"™). Then there exists C > 0,
independent of s, such that

» o C
- p <— SDS yJ n
([t s 1) = a@is) < D e

for every h € R".
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Section 3.5. Embeddings of Bessel spaces

Proof. By a standard density argument, it is enough to prove the result for u € C2°(R"). Let us fix

h € R". By Theorem 3.5.1,
z z—h <
/ ('Z‘n—l-l—s - = h|n+1—s) - Du(z + z)dz

z—h s
o = o hp |D*u(x + z)|dz.

[u(x + h) —u(@)] = |cp, ]

(3.55)

<|en.—s

Let us take R € SO(n) (the set of proper rotations in R™) such that RTh = |h|e;, where e; is the first
vector of the canonical basis. Then, making the change of variables z = |h|Rw, applying Holder’s
inequality and using Lemma 3.5.12, we arrive at

/|
—|h|/
SWS( 1—3> (/‘|w|”+15 |w—€!”+18

Now, we raise to the p in (3.55), use the previous estimate, integrate, use Fubini’s theorem and apply
Lemmas 3.5.12 and 3.1.9 to obtain

/ |u(z 4+ h) — u(z)Pdx

p
C p’ w w —
< _ ph5p —
<lewcsl” (55)" [ oo~ e

C v w— e
- n_sphsp DS n
|Cn,—s[”| Al (3(1—8)) | UHLPR )/“w‘n+1 s Jw — eq Pt
C

p
N Dl , g
< lenns P (55 ) 100l

S C P S
< 7 (5 ) 1Dl

as desired. []

z z—h
Z|n+1 s | h|n+l s

|Du(x + 2)|dz

|D*u(x + |h| Rw)|dw

’n+1 s ”LU |n+1 s

|D*u(a + |h|Rw)]”dw)p

/|D8 z + |h|Rw)|" dzdw

dw

Next is the compact embedding of H;?($2) into LI(R") (notice that in [100, Th. 2.2] it was not

known yet the density result Hy?(Q) = CgO(Q)lH‘HS’p ; the formulation is adapted from [22, Th. 2.3]).

In what follows we recall that p = n’f;p, and — denotes weak convergence.

Theorem 3.5.14. Set0 < s < 1landl <p < oo. Let Q C R" be open and bounded and g € H¥P(R™).
Then for any sequence {u;}jen C HP(2) such that

uj —=u in H*P(R"),

for some u € H*P(R"), one has u € H,P(S2) and
a) uj —g — u—gin LYR™) for every q satisfying
g€ [Lpl) ifsp<n,

S [].,OO) ifsp:n,
q € [1,00] if sp>n,
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b) u; — w in LYR") for every q satisfying

q€lp,pi) ifsp<n,
q € [p,o0) if sp=mn,
q € [p,o0] if sp > n.

Proof. Here we will focus on proving the case sp < n using Fréchet-Kolmogorov theorem. Case
sp = n follows from the former having in mind Proposition 3.2.2, part ¢) or else, part f). Finally,
the case sp > n is a consequence of Proposition 3.2.2 d) and the compact embedding of C%#(€2) into
().

Thus, let sp < n. So as to prove a) we assume without loss of generality that g = 0. Then, since
{u;}jen is a weakly converging sequence in H*P(Q2) there exists C' > 0 such that ||u;|gs»@n) < C for
every 7 € N. We have to check that, in order to apply Fréchet-Kolmogorov theorem [32, Theorem
4.26|,

|}lli|1;no |Tht; — uj]|Laeny = 0 uniformly in j € N, (3.56)

where 7,u;(-) = u;(- — h). By Proposition 3.5.13 we have that there exists C' > 0 such that

C

—hSDS' D ny. .
Sy 1D sl (357)

||Thuj - Uj”LP(R") <

Next, considering p < ¢ < pi, we can write

a l—«
_+ »
p Ps

1
- for some « € (0, 1].

q

Let C' denote a constant whose value may vary through the different steps, using the interpolation
inequality, (3.57) and triangular inequality we obtain

||7'huj — UjHLfI(]Rn) < ||7'hUj - Uj”%p(Rn)HThuj - ujH;;a(Rn)

C . 6% . N l—«a

< CIR™ | Dt | oy < M|

where we have used Theorem 3.5.9 and the fact that |u;|| gs»@n)y < C. Thus, (3.56) holds. As a result,
Fréchet-Kolmogorov theorem leads to the compact embedding. Notice that since u; are assumed to
have compact support in €2, there exists C' > 0 such that ||7,u; — u;j||r®n) < C|Thu; — )| pa(rn) for
every r € [1,q]. This proves a). On the other hand, b) is obtained when g € H*?(R") does not have
compact support. ]

3.6 Examples of functions in H*P(R")

One of the motivations of this study is to propose an existence theory for variational principles on
nonlinear fractional PDE formulated in spaces wider than classical Sobolev spaces. As a consequence
of Proposition 3.2.2 f), classical Sobolev spaces are continuously embedded in H*? spaces. Further,
we are interested in functions that belong to H*? but not to WP. Necessarily, those functions
must exhibit some type of singularity. We focus on two important singularities in solid mechanics:
discontinuities along hypersurfaces and at a single point. The later corresponds with the paradigmatic
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Section 3.6. Examples of functions in H*?(R")

case of cavitation. For simplicity, we study as a model for singularities along hypersurfaces a function
whose first component is the characteristic function ¢ of the unit cube ), while the other components
are (' functions. As a model for singularity at a point, we study a radial function of compact
support exhibiting one cavity at the origin. In both examples the functions have compact support:
this simplifies the analysis since it avoids the issue of the integrability at infinity, and, hence, allows
us to focus solely on the singularity.

We start with the case of singularity along a hypersurface. There is an extensive literature on
when the characteristic function of a set (especially, of an open bounded Lipschitz set) belongs to a
functional space of fractional regularity (see, e.g., [58,79,97,101,111]). We exploit those results to
give a quick proof of the following lemma.

Lemma 3.6.1. Set 0 < s <1 and 1 <p <oo. Let Q = (0,1)" and pa,...,p, € CX(R"). Define
u=(XQ:¥2,---¢n). Then

1 1
= Hs,p(Rn7Rn) Zf p< -, and u ¢ HS,p(RnJRn) Zf p>—.
s S

Proof. As C*(R™) C H*P(R") (we will show this in Lemma 3.3.1), we have that u € H*?(R",R") if
and only if xg € H*?(R").

The fractional Sobolev space W*P coincides with the Triebel-Lizorkin space F;, and with the
Besov space B (see, e.g., [111, Sect. 2.3.5] or [97, Prop. 2.1.2]). This result together with [97, Lemma
4.6.3.2] shows that yo € W*? if and only if sp < 1. Proposition 3.2.2 f) concludes the proof. O

For the case of cavitation, the result is the following.

Lemma 3.6.2. Set 0 < s < 1 and 1 < p < oo. Let p € C*([0,00)) be such that ©(0) > 0, and
u(z) = |i_|90(‘37|) Then

ue HP(R",R") if p< ﬁ, and  uw¢ HP(R",R") if p> L
s s

Proof. Tt is well known that u € WH9(R™, R") whenever 1 < g < n (see, e.g., [11, Lemma 4.1]), and
therefore v € H*4(R",R"™) for any 0 <t < 1 and 1 < ¢ < n. Applying now Proposition 3.2.2 ¢), we
have that v € H*?(R",R"™) for any s € (0,t) and p € [q, nﬁ(’ﬁs)q]. Now we observe that the set of
(s,p) € R? such that there exist ¢ € (1,n) and t € (0, 1) for which s € (0,¢) and p € [q, %] is
precisely the set of (s, p) such that s € (0,1) and p € (1, %). Therefore, u € H*?(R",R") if p < .
On the other hand, when p > %, by Proposition 3.2.2 d), H*?(R",R") functions are continuous.
Since u is discontinuous, u ¢ H*P(R",R") if p > 2. O
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Chapter 4.

Existence of minimizers of vector fractional
functionals under polyconvexity

In this investigation we deepen in the existence issue for vector variational problems involving the
s-fractional gradient, as well as the PDE derived from those as equilibrium conditions. In particular,
this chapter focuses on the results obtained in [21]. Thus, we consider the more difficult vectorial
case under conditions weaker than convexity. To be precise, we establish the existence of minimizers
in H*P under the polyconvexity assumption of the integrand. A key ingredient in this process is the
fractional Piola identity

Div® cof D°u =0

(where Div® means the s-divergence by rows). We believe that the fractional Piola identity is a result
of interest in itself. On the one hand, it may serve to show analogous versions in the fractional or
nonlocal situations of classical results in whose proof the Piola identity is invoked, as for instance,
the change of variables formula for surface integrals. On the other hand, it may also be useful in
other fractional or nonlocal models in different contexts, such as fluid mechanics [50]. Furthermore,
an extension to a nonlocal Piola identity for nonlocal gradients defined on bounded domains is easy
from the proof we provide here in the fractional framework.

The goal of this chapter is to prove the existence of minimizers of fractional vector functionals,
following a process inspired by that of J. Ball’s in classical hyperelasticity [10]. In other words, based
on the direct method of Calculus of Variations, we need to check the coercivity (given by growing
conditions and compact embedding results) and the lower semi-continuity properties. With respect
to the later, convexity might be a too strict condition in hyperlelasticity, so the proper notion in this
framework used by J. Ball was polyconvexity (see, e.g, [10,39]).

Definition 4.0.1. Let 7 be the number of submatrices of an n x n matriz. We fix a function
fi: R™™ — R” such that [i(F) is the collection of all minors of an F € R™" in a given order. A
function Wy : R — R U {00} is polyconvez if there exists a conver ® : R™ — R U {oo} such that

for all FF € R™*™,

Polyconvexity is a central notion in Calculus of Variations, with essential implications in the
existence and stability of solutions in solid mechanics, and particularly in elasticity [10,39] . In
order to obtain our results, we follow the usual steps as for classical polyconvex variational problems,
namely, we show that the determinant (or any minor) of the fractional gradient matrix D’u is
continuous with respect to weak convergence in H*P.

Thus, the scheme in the classical case was the following. Assuming polyconvexity and proving the
weak convergence of the determinant of the gradient would provide the weak lower semi-continuity
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of the functional. In such process, for a function u € C%(R") the Piola Identity
Divcof Du =0

is a key ingredient (easily proved in the classical case through the Schwartz Theorem of the symmetry
of second derivatives), since it allows the determinant of the gradient to be written as a divergence,

det Du = div(u(cof Du)).

This property is useful as it allows us to use integration by parts, and thus it provides an option
to study the weak convergence (for which it is also necessary the compactness given by Rellich-
Kondrachov theorem). In particular, for {u;};en a weakly converging sequence in W?, 1 < p < oo,
we have

1
/det(Duj)go = ——/uj - Dy cof Du,;.
n

Now, the weak convergence of det(Du;) is a consequence of the weak convergence obtained for cof Du;
through an induction process and the strong convergence in L? of u; (Rellich-Kondrachov theorem).

This is the scheme we would like to follow in the fractional framework. However some difficulties
arise, as the fractional version of the Leibniz formula Lemma 3.3.6 which makes it more difficult
to prove a fractional version of the Piola Identity or would affect the integration by part of the
determinant of the fractional gradient.

4.1 Fractional Piola Identity

In this section we introduce a fractional version of the Piola Identity. This is the main step in order
to prove the existence of solutions for our fractional energy, since it will allow us to prove the weak
continuity in H®P of the determinant of the s-fractional gradient. Recall that the classical Piola
identity asserts that, for smooth enough functions v : 2 C R"™ — R" one has Divcof Du = 0. Of
course, cof denotes the cofactor matrix, which satisfies cof A AT = (det A) I for every A € R™*",

Contrary to the classical case, the proof of the fractional Piola identity is not trivial even for
smooth functions. Indeed, the classical proof cannot be reproduced in this case as it relies on
Leibniz’s rule and symmetry of second derivatives. Notice that Lemma 3.7 prevents all the terms
of the second derivatives from being cancelled as happens in the classical case. In the next lines we
sketch a possible proof of this identity in order to find out the difficulties. We emphasize that the
next argument is formal in order to illustrate the difficulties in proving the fractional Piola identity.
The main assumption we make is that all integrals involved are absolutely convergent without the
need of the principal value, so that we can apply Fubini’s theorem. In this section we will extensively
employ the following formulas for the fractional gradient and divergence, obtained from Definition
3.1.2 through odd symmetry,

u(y) . / oly) -y
Du(x :—cns/ ®(r—y)dy; divie(xr) = —cnspV, . dy. (4.1
(z) o | oy (z—y)dy ¢(z) 5D PRl P L (4.1)

For simplicity in the calculations, we set n = 2, the simplest case. Then, for u : R?> — R2, with
u; : R? = R, ¢ = 1,2, its components, the first row of cof Du(z) is

s s U2y u2(y
(D3uz(), Diug(w)) = —Cps ( %(mz —y2)dy, — / %@1 — 1) dy) )
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and, using (4.1), the first component of Div® cof D*u(z) is

1
/U = z‘mﬂ —z)dz /!y Z,n+s+1 —a)dzler —g)| e dy

det (x —y,y — 2)
/u2 / \x ‘n+s+1‘y _ Z|n+s+1 dy dz.

Then, the problem is solved is

det (x —y,y — 2)
dy =0 4.2
pV/ |$ y|n+5+1|y _ Zln-‘rs-i-l Yy ( )

Notice that the integrals in (4.2) are not defined as Lebesgue integrals. The real proof will consist
in making these calculations rigorous for arbitrary dimension n. The underlying reason of why the
fractional Piola identity is true is that det D*u is a sort of null Lagrangian in the sense that, for any

n > 2, the integral
det(z —ay,...,x — ay) g
bv 7 — ar [ |z — ap |t L

is zero. This is a consequence of the fact that the determinant is an alternating multilinear form, as
well as that det Du is a classical null Lagrangian. However, as we will see in Lemma 4.1, the previous
integral is not defined as a proper integral but as a principal value centered at points aq, ..., a,, and
this will cause technical difficulties in the proof.

We start by reviewing a version of the change of variables formula for surface integrals (see,
e.g., [86, Prop. 2.7]). Let I' be an oriented (n — 1)-dimensional manifold with continuous unit normal
field v. Let T : R® — R" be affine and injective, with corresponding linear map T. Let g:R" — R"
be smooth. Then

/Fg(T:L‘) - cof Tv(x) dS(z) = /T(F) g(x) - ’(C:fo?];((ilz; dS(z),

where dS denotes the surface element. Now assume that 7" is a symmetry across a hyperplane, so
T '=T,detT=—-1land T-' =T =T7" = — cof T. Therefore,

_ /Fg(Tx) . ’f"]/(l’) dS(x) = — /T(F) g(x) - fu(Tx) dsS(x).

Thus
/F Tg(Tz) - v(x)dS(z) = /T N Tg(z) - v(Tx)dS(x).

As this is true for every g, we have that
[ o) viw)as@) = [ gt v(Ta)as(a) (43)
r (I)

which is the formula we will use in Lemma 4.1.1.
In this and the next sections we will employ the following notation for the submatrices.

Definition 4.1.1. Let k € N be with 1 < k < n. Consider indices 1 < 47 < -+ < i, < n and
1§]1<<]k§n
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a) We define [|ar = ] : RV — RM*K gs the map such that [F)yr is the submatriz of

1oeeoalfidlse-dk

F € R™™ formed by the rows i1, ...,1, and the columns 71, ..., jk.
b) We define []5z = s, . . ., ° RF** — R™" qs the map such that [Fy is the matriz whose
rows i1, . . ., 1, and columns j1, ..., Jjx coincide with those of F', whereas the rest of the entries are

ZET0.

c) We define [-|y = [-]n,, ., :R* = R* as the map such that [v]y is the subvector of v € R™ formed

Bl peens i

by the entries iy, ..., .

d) We define [|y = []5, . R* — R™ as the map such that [v]y is the vector whose entries
i1, ..., 1 coincide with those of v, whereas the rest of the entries are zero.

¢) We define [y =[]y, ., +R" = R"as[]yol]n = [[nlx-

To clarify this notation, we have used letters without diacritical marks to denote a submatrix or
a subvector whereas the ones with diacritical marks are used for the extended versions (by zeros).
The following formulas for the determinant will be useful. Given A € R"*"  we express it as

a1
A=,

an

where aq,...,a, € R" are its rows. Then det A = a; - (cof A); for each i € {1,...,n}, where (cof A);
denotes the i-th row of cof A. Now we realize that if b € R" and

ai

A =119

then
det A" = (cof A); - b. (4.4)

The following lemma is the rigorous version of (4.2).
Lemma 4.1.1. Let k € N be with 1 < k < n. Consider indices 1 < 51 < -+ < ji. < n and

let [|]n = []n,, ., be the function of Definition 4.1.1. Then there exists a continuous function
G :[0,00) x (R")*~! — R such that for any ay,...,a, € R" and 1, ..., e, > 0 we have

det([z — a1]n, ..., [r — ag]n) € s
dr| < G(er,as —aq,...,a, —ay).
‘Awﬂm%@rw—amﬂﬂ~wx—mwﬂﬂa’—@mu%WH“ (=)
Proof. We can assume that the points aq, ..., a; do not lie on an affine manifold of dimension k — 2,
since otherwise det([x — aj]n, ..., [r — ax]y) = 0 for all x € R™.

Define h: R"\ {0} — R as
—1

(n+s—1)|z|rtst

h(z) = (4.5)
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and h; : R"\ {a;} — R as h;(z) = h(z — a;), for each i = 1,... k. Define H : R"\ {ay,...,ar} — R*
componentwise as H = (hy,...,h;)T. Then

Vhi(x) %
DH(z) = : = : . (4.6)
Vhy(x) %

Call 7= (j1,...,Jx) and denote by D;H the submatrix of DH formed by the columns ji,..., ji.
Then, for all z € R"\ {aq,...,ax},

det D>H () — det([zt — a1y, ..., [v — ax]n) (4.7)

As DH € L”((Ufz1 Blaj,€;))",R™") for all p € [1,00], we have det D;H € Ll((Uf:1 Blaj, €;))°).
Therefore,

/ det D;H = lim det D;H.
(Uj=1 Blas.ep))”

R=oo JB(0,R)\UY_, Bajc))
As H is smooth outside U?:l B(aj,€j), we have that
det D;H = div]h;(cof D;H )1,

where (cof D7H), indicates the first row of cof D;H, and [-|y = [y, _, is the function of Definition

N
4.1.1. Let R > 0 be big enough so that Ule B(aj,€;) C B(0, R). Then, by the divergence theorem,

/ det D;H = —/ [hy(cof D;H 1|y - v; + / [hi(cof D;H )1|x - Vg,
BO,R\U, Blasye;) OUE, Blaj.e)) B(0,R)

rT—aj

where v;(z) = 5 in 0B(aj,€;) for j =1,...,k, and vg(x) = % in dB(0, R). Having in mind the
expressions (4.5) and (4.6), we find that, for some constant C' > 0,

C
hi(cof D-H )|y - < -
/33(0,}2)[ 1(cof Dy hly -ve| < R(nts)k—17
which goes to zero as R — oo. Therefore,
/ det D;H = —/ [h1(cof D;H )1|x - v;. (4.8)
(Uj=i Blaje)” OU;-1 Blaje;)

Foreach i =1,...,n we set

k
Ai =0 <U B(aj,ej)> N 8B(ai, Ei)~
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Figure 4.1: Sets A;, Ay, A3 in R?

Moreover, the (n — 1)-dimensional area of A; N A; is zero for 1 <i < j < k. Figure 4.1 illustrates
this situation when k =n = 3.
Next, using (4.4) and (4.6), we have that for j =2,... k and x € 0B(aj, €;),

_det([r — aj]n, [r — ag]n, ... [z — ar]n)

n—+s+1 . n—+s+1 = 0.

[ha(cof DzH )|y - v4()

el — ay | —

As a result, recalling (4.8) and the inclusion A; C 0B(aj, €;), we have that

/ det D;H dx = —/ [h1(cof DyH )1 - 11 dS. (4.9)
( , B(ajvej))c

=1 Ay

Having in mind the expression (4.5), the multilinearity of the determinant and considering (4.4)
and (4.6), we have that, for z € Ay,

[ (cof DsH)ylg - 1 () = ﬁ#(mf DsH): - [ — arlw
B 1 1 det([x — a1]n, [ — as]n, - -, [ — ag|n)
Cnts—1etE |z — ao|" T — T
B 1 1 det([z — a1]n, [a1 — ag]n, - -, [a1 — ag]n)
o n+8—16711+8 |x_a2|n+s+1_”|x_ak|n+s+1
_ 1 1 ([cof([x — a1]n, [a1 — a2]n, - -, [a1 — ak]n)] w1 o (2)
nts—1etst = — az‘n-s-s-i-l |- ak’n+s+1 1(T),
(4.10)
where [y =[]y, ., . is the function of Definition 4.1.1.
Let II, be the only hyperplane in R* passing through the points [ai]y,. .., [ax]y, and consider

one of the two unit normals 7 € R* to II;. Let T}, : R¥ — R* be the symmetry with respect to IIj,
so that for every y € R¥,

Ty =y —2(y — [a1]n) - 7. (4.11)

Let m = [7l] 5, and let II be the affine hyperplane in R™ with normal 7 passing through a;. Consider
T :R"™ — R" as the symmetry across II. Then, for all x € R,

Tx =z —2(x—ay)-m. (4.12)

Let agy1,-..,a, € Il be such that the points aq,...,a, do not lie in an affine manifold of dimension
n — 2. Define Af = {x € A} : +det(z — a1,a; — ay,...,a; —a,) > 0}. Then T(AF) = AT, and
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Section 4.1. Fractional Piola Identity

+
A
A X

H ! al ." '-, a2A2
Ar

Figure 4.2: Sets A, Ay, A7, Ay and II

Af U A7 cover A; up to a set of zero (n — 1)-measure; see Figure 4.2. Using the change of variables
formula (4.3), we obtain

/_ ([cof([z — ar]n, [ar — ag]n, - [a1 — aw]w)]ar ) v (x) dS(z)

‘x _ a2’n+s+1 . ’(x o ak‘n-i-s-l-l

1 (4.13)
B ([cof ([T — a1]n, [a1 — ao]n, - - - [a1 — ar]n)] i) o (T .
B /Al+ 1Tz — ao|" "t | T — a1 1(Tw) d5 ().
Now, thanks to (4.4), for x € A,
([cof([Tx—aq]N, a1 —as]n, - .., a1 —ag]n)] )1 -1 (Tx) = édet([Tx—al]N, l[a1 —as|n, ..., [a1—ag|n).
(4.14)

Let T}, : R — R¥ be the linear map corresponding to the affine map T}, and, analogously, 7' : R" —
R™ the linear map corresponding to 7. We notice that det7, = —1. Having in mind (4.11) and
(4.12), we find that

Ty=y—2y-i, yecR:

and
Tx::v—Q:v-ﬁl, xr € R",
from which we deduce that Ty o []y =[]y o 7. Thus,
det ([T'z — a1]|n, [a1 — as]n, ..., [a1 — ag]n) = det([Tx — Tay|n, [Tar — Tas)y, - .., [Ta; — Tag|n)

— — —

=det([T(x — a1)]n, [T(a1 — az)|n, ..., [T (a1 — ag)|n)
= det(Ty([z — ar]w), Tir([ar — ao]w), - -, Te([ar — ax]n))
= det Ty([x — ar]n, [a1 — asw, - .., [a1 — ax]n)

= —det([z — a1]n, [a1 — az2]n, - .., [a1 — ax]n)-

(4.15)

Putting together (4.13), (4.14) and (4.15), we obtain that

n+s+1 n+s+1 dS(CL’) =

/ det([z — a1]n, (a1 — az]n, ..., [a1 — ax]n)
A

" |z — a| | — ay

- / det([z — al}N;ﬁi - asln, .-, [a711+—s+alk]N) dS(x).
AF Tz — as [T — ay
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Chapter 4. Existence of minimizers of vector fractional functionals under polyconvexity

Consequently, when we define f: R™\ {ag,...,a;r} — R as

1

W) = =

we have that

det([z — ai]n, [a1 — aaly, ..., [a1 — ag]n) _
/Al dS(z) =

|I' o a2|n+s+1 . |.I _ ak|n+s+1

(4.16)
/A+ det([z — a1]n, [a1 — as]n, - -, [a1 — ax]n) [f(x) — f(Tz)] dS(z).

For every x € A], we join x with Tz by a curve 7, inside A;, and note that the length of 7, can
be taken to be bounded by 27e;. Accordingly, let v, : [0,1] — A; be of class C! such that 7,(0) = =,
v2(1) = Tz and |v}| is constant with |7,| < 27me;. Then

[f(z) = f(T2)] = |f(72(0)) = f(r=(1))] < /0 72l IV f (2 ()] dt < 27?61/0 V()] dt.  (4.17)

We calculate

ko

k
VW) =m+s+1)(ly—azl--ly—a) "> [[lv—al, yeR"\{az...,ar}. (4.18)
=2 j ;3

Now, as |y — a;j| > ¢; for every y € A; and j € {2,...,k},

n+s+1 n+s+1
Vi) < ,WHZHW—%K ,WHZHelﬂal—agD

<2 =2 j=2 1=2 j=2
JF#i JFi

so with (4.17) we obtain that

f(2) — f(Tx)| < 2me —— + s +n+15+2 ZH &+ |ay — a;) (4.19)

€2 =2 j=2
J#i

On the other hand, for all z € Ay,
k k
|det([z — a1]n, [a1 — as]n, - -, [a1 — ak]n)| < Ko — a4 H lar —a;| = kle H la; —a;].  (4.20)

Putting together (4.7), (4.9), (4.10), (4.16), (4.19) and (4.20), as well as the fact that the (n — 1)-
dimensional area of A} is bounded by a constant times ¢/, we obtain that, for a constant C' > 0

depending on n and s,

|/ det([x—al]N,[m _GQ]N;'-w[al_ak]N)dI <
B(aj, eJ)

|x — a1’n+5+1 “ e |x — ak|n+5+1

CEl s
(€ 1 nts+2 <H|a1—a]|> ZH €1 +Jar — ay)).
2 en) i
J#i

The existence of the function G of the statement follows. O
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Section 4.1. Fractional Piola Identity

We are in a position to prove the fractional Piola Identity. Henceforth, supp denotes the support
of a function.

Theorem 4.1.2. Let k € N be with 1 < k < n. Consider indices 1 < 31 < -+ < 4 < n and
1< g1 < <Jr <n and the functions

[]M = []le ,,,,, IR IR HM = []le ,,,,, TRT TR

of Definition 4.1.1. Let u € C(R™,R™) and s € (0,1). Then
Div®([cof[D*uas]57) = O.

Proof. Let
HN = [']le ,,,,, Jg? HN = HNJ’

be the maps of Definition 4.1.1. Naturally, Div®([cof[Du]as]57) = 0 if and only if
div*[(cof[D*ulnr)i ]y =0,  £=1,... k.

We shall show div®[(cof[D*u]ar)i, ]y = 0. The rest of the rows would proceed analogously.
Using (4.1), we have that, for a.e. x € R™,

(-1t

k
Cn,s

—1)k1 cof [D*u)pr)iy | v (2 , ,
i [(cof [Dular )5 ] () = Ci)l v / ( lfg)_ i‘nlﬂﬂ( ) (& —2)dr. (4.21)

Now, by (4.4) and (4.1), we have that for a.e. z, 2’ € R™,

/

(=" [(cof [D*ular)u ] w(2") _ (=D (cof [Dou]ar)s, (2)

/
k1 |2/ — g|rtet] (2 =) = 1 2 — gl (2" — x|y
_ (=Dt det ([2" — )i, [D7uiy ()], - ., [Dug (2')]w)
sz:sl ’.CC/ _ x’n+s+1 (422)

et (M . /uiz(yz)[x’ — Yaln dyQ,...,pvx,/uik(yk)[x, — Ui N dyk)

|z! — x|ntstl’ v | 2" — yo|ntstt 2" — y|Hett

e2—0 PR IRE 6k( )7
where for each r € R" and ¢3,...,&; > 0, we have defined fZ _ :R" — R by

B w, (2) [T — 2] v wi, (Ye)[2 — Yl
£ (&) = det <— dyo. . ... ‘ dys
covoee(T) |2 — 2|t J g e |2 — yo et ? Bl enye 10— YT

and we have used the continuity of the determinant. Let p > 0 be such that suppu C B(z/, p) for
all 2’ € suppu, and fix £ € {2,...,k}. By odd symmetry, we have that

[2" =y / [2" =y v
Wi, (Yo) 7 o dye = Wi, (Yo) ——— 7 e
/B(a:’,ej)c ST — gyt B p\Baey) T =y

[ZU/ - yﬁ]N
= (i, (ye) — ug, (2")) —————5 dye,
/B(x',m\B(x/,sj) ‘ ‘ |2/ — yo[rtett
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Chapter 4. Existence of minimizers of vector fractional functionals under polyconvexity

so, using the fact that u is Lipschitz, we have, for some constant L > 0, that

v — N i, (Ye) — wi, (2 1
/ Uu(yé),[—n]ﬂﬂdyz < / | Z(, ) ni(s )‘dyz <L IR —]
B(x'g5)° |:E - y€| B(z/,p) |‘/L‘ - yf| B(z',p) |CL' - y€|

1
B(0,p) Y|

C
!
exz,...,ak ('T )| S ‘33'/ _ x’nJrs

This shows that

for some ¢ > 0 only depending on u and n. As

/ :
/
B($,€1)c

for any ¢; > 0, we can apply dominated convergence to conclude that

. . T / I R T / !
R L Y WSS L
Recalling (4.21) and (4.22), with this we obtain that
ﬂ div®[(cof[D*ulpr)iy ] (x) = lim lim --- lim r o (2f)d. (4.23)
qui,s 1IN 150 £330 ens0 Blaer)e €2,esEk

Now for every ey, ..., > 0 we define D,, ., = B(z,e) U U;C:g B(y,, ;) and have that, thanks to
the multilinearity of the determinant,

[
B(z,e1)°

det ([2' — i F— s ooy Us F—
L[] sl e )
B(z,e1)¢ 7 B(a',e2)¢ B(z! eg)° |‘T - J}| |‘T - y2| e |l’ - yk|

—/uik(yk)'“/uig(yz)/[) det ([2" — z]n, [#' — woln, - [2 — wi]w) i dys - .

. |IE/ _ $|n+8+1|1‘/ _ y2|n+s+1 . |l’/ _ yk|n+s+1
E15eney €k
Set . , .
(2, )= det ([z' — 2w, [2" — wo]n, .-, [#" — yk]n)
g ) 7y27..-7yk? D |aj/_x’n+s+1|aj/_yQ‘n+s+1_..‘:L,/_/ykln+5+1.
Then,

k—1
<hlls [ f
supp u supp u

/ f6x2,...75k (I,) dI’l / g(x, ./L'/, Y2,y ... 7yk) da’,‘/ dy2 e dyk
B(z,e1)° Dg,

(4.24)
Thanks to Lemma 4.1.1,
€l—s
/ 9(33755/,3/27-'-7%) dl’/ < k n+s+2G<€k7x_ykay2 Yk Yk—1 _yk)a (425)
Dg, . e, (€1 €r1)

where G is the function that appears therein. Integrating in (4.25), we find that

1-s
€
k
/ / / g(maxlay%"'ayk) da’ dy2dyk éh(gkam) n+s+27
supp v supp u Dgl yyyyy e €1 €k71>
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Section 4.2. Weak continuity of det D*u

for some continuous function A : [0,00) x R™ — [0, 00). Consequently,

|
€, —0 Supp u supp u

and, in view of (4.23) and (4.24), we obtain that div®[(cof[D*u|p):, |5 (x) = 0. O

/ g(xaxlvy%"'ayk)dm, ddeyk:07
Dgl

4.2 Weak continuity of det D°u

In this section we prove that any minor (determinant of a submatrix) of Du is a weakly continuous
mapping in H*P. We start by expressing a nonlocal integration by parts formula for the minors of
D?u that involves the operator K;; of Lemma 3.3.2. Recall that for any F' € R™" and 1 <7 <n we
denote by F; the i-th row of F.

Lemma 4.2.1. Let k € N be with 1 < k < n. Consider indices 1 < i; < -+ < i < n and
1< g1 < <jgr <n and the functions

= []Mll ,,,,, IR TN I HN = HNZ

=

HM:Hle ..... Uid 1 seeesdfe ) H

of Definition 4.1.1. Letp > k—1, g > z% and 0 < s < 1. Let u € H*?(R",R") be such that

cof[Dsu]y, € LY(R™, R¥**). Then, det[D%uly € Li (R™), and for every o € C2(R") we have that
[u] 5 - K ([cof[D%u]p]57) € L'(R™) and

/det[DSu]M(x) o(z)de = —% /[u]N(x) - K ([eof [D*u ar] ) () div. (4.26)

Proof. The fact det[D%uly € Li.(R") is a consequence of formula (4.4) and Holder’s inequal-

loc

ity, since ¢ = -B5. Moreover, [u]y - K{([cof[D*uu]ir) € LY(R™), since [u]y € LP(R",R™) and

K ([cof[D*ulp]yy) € LM(R™,R™) for all r € [1, q] thanks to Lemma 3.3.2.
Assume first u € C°(R",R") and let ¢ € C°(R"). Fix x € R” and i € {iy,...,i;}. By Lemma
3.3.6 and Theorem 4.1.2,

div* (v ([cof[D"ular]n),) () = 165 (([eof [D*ulad] )] ) (@)
When we apply Proposition 3.1.3, we obtain from integration of the previous formula that
0= [ div? (@ (eotlD*ulun)) &) d = [ K (ot D)) () d
By Fubini’s theorem and the definitions of K7, and fractional gradient,
[ 5 ((cottprads?) @) e = [ D0t0) - (eof (Dbl () .
We thus have the equality
[ Do) (oDl () dy = . (1.27)

Now we assume that v € H*P(R",R") with cof[D%u]y; € LI(R™, RF**) and, again ¢ € C®(R").
Taking into account Proposition 3.2.2, let {u;}jen be a sequence in C2°(R™,R") converging to u
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Chapter 4. Existence of minimizers of vector fractional functionals under polyconvexity

in H*?(R",R™). Then [D%u;]pr — [D*u]ps in LP(R", R**) and, hence, cof[D%u;|y; — cof[DSu]y
in LF1(R", R¥*) so [cof[Dou;]n] i — [cof[D*u]p]yy in LET (R, R™™). Therefore, (4.27) holds
as well, since D%y € L"(R"™) for all r € [1,00] (see Lemma 3.3.1). Now let v € H*P(R") be of
compact support, and let {1;};en be a sequence in C2°(R™) converging to ¢ in H*?(R™) such that
U;ensupp ¢ is bounded. Then, by Lemma 3.3.3 and Remark 3.3.1, D*¢; — D* in L"(R") for all
r € [1,p]. As [cof[D*uln]sr € LY(R™, R™ ™), we have that (4.27) holds as well. To sum up, formula
(4.27) is valid for any u € H*P(R™) with cof[D*u]y; € LI(R", R***) and any ¢ € H*P(R") of compact
support.

We apply (4.27) to ¢ = @u;, which is in H*?(R") thanks to Lemma 3.3.6, and has compact
support since so does ¢. By the formula for D*y given by Lemma 3.3.6, we obtain that

0= / () D*ui(y) - ([cof[D*ular] s (v) dy + / K2 (uid)(y) - ([eof D*ulalin), (o) dy. (428

Using formula (4.4), the fact ¢ € {iy,...,i;} and elementary properties of the functions of Definition
4.1.1, we find that for any ' € R™"*",

F - ([cof [Flaglir), = det[Flay.

Using this and Fubini’s theorem, from (4.28) we arrive at

0= [ wdettDulandy+ cn [wio) [ EEED (ot (Dbl () L dyd

We sum this equality for ¢ =y, ...,i; and obtain that

0=k [ (o) detlDuats) dy + cne [Talsta) [ ZEDZED (ol D) ) = dy

which is the required formula. O

Now we establish the closedness and continuity properties of the minors of D*u in the weak
topology of H*P. Recalling Definition 4.1.1 ¢), a minor of order k is a function p : R™™ — R such
that there exist 1 <i; < --- < i <nand 1< j; < - < ji <n for which u(F) = det[F]y, for all
F € R™". Recall the notation p} of Theorem 3.5.8, and the affine space H;? of (3.16).

Theorem 4.2.2. Letp>n—1and0<s < 1. Let g € H*P(R") and u € H,?(Q,R"). Let {u;}jen
be a sequence in HJP(S,R™) such that uj — w in H¥P(R",R"). Then

a) If k € N with 1 <k <n—2 and pu is a minor of order k then ju(Du;) — p(D*u) in Lk (R") as
j — o0.

b) If cof D°u; — ¥ in LY(R™, R™™) for some q € [1,00) and ¥ € LI(R", R"*") then ¥ = cof D*u.

c¢) Assume det D*u; — 0 in L*(R™) for some { € [1,00) and some 6 € L*(R"™). If sp < n assume, in

addition, that cof D*u; — cof D*u in LI(R"™,R"*") for some q € (pf%l,oo). Then 6 = det D*u.

Proof. We will prove a) by induction on k. For k = 1 the result is trivial. Assume it holds for
some k < n — 3 and let us prove it for £ + 1. Let pu be a minor of order k£ + 1. In the notation
of Definition 4.1.1a), u(F) = det[F]y for all F' € R™", where []ar = []ar, o 1510p,, fOF sOMe

1<ip < <igpr <mand 1 < j; < -+ < jry1 < n. Let ¢ € C°(R™). By induction assumption,
cof [D*u;]pr — cof[D*u]p in LE(R™ REFDXEHDY a5 5 — 00, s0 [cof [D%u;]ar]yy — [cof[D*u]p ]y in
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LE(R", R™™). By Lemma 3.3.2, K ([cof [D*uy]ar]iy) — K ([cof[Dular] ) in L7(R™, R™) for every
r € [1,?]. By Theorem 3.5.14, [u;]5 — [u]z in LP(R™), so

[wil v - Ko ([cof[Duslalir) = [u]y - K([cof[D™u]a]w)  in L'(R™) (4.29)

since % + i < 1. We apply Lemma 4.2.1 and, in particular, formula (4.26) to conclude that

/det[DSuj(x)]M o(z)dr — /det[DSu(x)]M o(z) dz. (4.30)

This shows that det[D®u;]p; — det[D®uly in the sense of distributions. As {det[D®u;|}jen is
bounded in L#1(R") and p > k + 1, we have that det[D*uj|p — det[D®ulps in L7 (R™).

The proof of b) follows the lines of a). Let 1 be a minor of order n—1. In the notation of Definition
4.1.1a), p(F) = det[F]y for all FF € R™™ where [-|;s = [|a, ;5 forsome 1 <ip <--- <
in-1 <mand 1 < j; < -+ < Jpo1 < . Let ¢ € C°(Q). By part a), cof[D*u;]p — cof[D*ulp
in Lz (R", RO-DX0=1) s [cof[D%u;] ] 57 — [cof[D3u]ag]yy in L7z (R?, R™*"). By Lemma 3.3.2,
K ([eof[D*ujar]ar) — K([cof[Dulpr]sy) in LT(R™,R™) for every r € [1, ;55]. By Theorem 3.5.14,
[y — [u]lg in LP(R™), so convergence (4.29) is also valid since ”sz + % < 1. Thanks to (4.26),
we conclude that convergence (4.30) holds. This shows that pu(D%u;) — p(D®u) in the sense of
distributions. As this is true for every minor u of order n — 1, we obtain that cof D*u; — cof D*u in
the sense of distributions. Thanks to the assumption, ¢ = cof D*u.

We finally show part ¢). Let p € C°(£2). Assume first sp < n. By the assumption and Lemma
3.3.2, K (cof D*uj) — K(cof D*u) in L"(R",R") for every r € [1,q]. By Theorem 3.5.14, u; — u
in L*(R™) for every ¢ € [1,p%), so

uj - K (cof D*uj) — uj - K (cof D*u) in L'(R") (4.31)

since %—1— z% < 1.

Assume now sp > n. Then {cof D*u;};en is bounded in L%(R”,R”X") so, thanks to part
b), cof D’u; — cof D*u in L777 (R, R™"). By Lemma 3.3.2, K (cof D*uj) — Kj(cof D*u) in
L"(R™,R™) for every r € [1, -£5]. By Theorem 3.5.14, u; — u in L'(R") for every ¢t € [1,00), so
convergence (4.31) holds since p > n — 1.

In either case, we have convergence (4.31), so by (4.26) we obtain

/det Du;(z) o(x) de — /det Déu(zx) p(z) dz.

This shows that det D*u; — det D*u in the sense of distributions, so 6 = det D*u. O

Remark 4.2.1. A natural question is whether the weak continuity of the determinant of the fractional
gradient may be concluded as a consequence of the weak continuity of the determinant of the classical
gradient. Indeed, one can use the properties of the Riesz potential to give a simpler proof in the case
p > n. To be precise, in [38, Prop. 2.2] (see also [99, Th. 1.2]) it is shown that

Du= D(I1_¢ % u) (4.32)
for any u € CF(R",R"), where I ,(v) = =5 x|~ =9 Now, writing the determinant as a

divergence [10, Sect. 6] and using (4.32), we have that
/det Dupdr = — /(Il_s x ) - (cof D*u Do) d, (4.33)
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for any u € C°(R™,R"™) and any test function ¢ € CX(R™). By density of C in H¥P, equality
(4.33) holds for any v € H®P(R™ R™). Now, taking into account the Hardy-Littlewood-Sobolev
embedding [110, Th. 1,b)], and Theorem 3.5.8 it is easy to obtain the weak continuity of det D*u in
H*P(R™ R™) for p > n. We do not know whether it is possible to extend the previous argument for
p > n — 1 without making use of the fractional Piola identity. This is relevant since, at least in the
classical case, the condition p > n— 1 is sought in order to have more realistic assumptions (in Solid
Mechanics) than p > n.

4.3 Existence of minimizers and equilibrium equations

In this section we prove the existence of minimizers in H*? of functionals of the form
I(u) := /W(w,u(az),Dsu(aj)) dx. (4.34)

under natural coercivity and polyconvexity assumptions. We also derive the associated Euler—
Lagrange equation, which is a fractional partial differential system of equations.

We will assume the hypothesis of polyconvexity, introduced in Definition 4.0.1.

The existence theorem is the following. Its proof relies on a standard argument in the Calculus of
Variations, once we have the continuity (with respect to the weak convergence) of the minors given
by Theorem 4.2.2.

Theorem 4.3.1. Let p >n—1 satisfyp>1and 0 < s < 1. Let W : R" x R" x R"" — RU {o0}
satisfy the following conditions:

a) W is L™ x B" x B"™"-measurable, where L™ denotes the Lebesgue sigma-algebra in R™, whereas
B™ and B™*" denote the Borel sigma-algebras in R™ and R"*", respectively.

b) W(zx,-,-) is lower semicontinuous for a.e. x € R".
¢) For a.e. x € R" and every y € R", the function W (x,y,-) is polyconver.

d) There exist a constant ¢ >0, an a € L'(R"™) and a Borel function h : [0,00) — [0,00) such that

and

{W(w,y,F)2a(:L’)+C\F]p+c]cofF]q~|—h(]detF!) for some ¢ > 2= if sp <,
>a

ps—17
W(z,y,F) > a(z) + c|F", if sp>n,

for a.e. v € R", ally € R" and all F € R™*".

Let Q0 be a bounded open subset of R™. Let ug € H¥?(R",R™). Define I as in (4.34), and assume
that I is not identically infinity in H;P(2,R™). Then there exists a minimizer of I in H;P(€2,R™).

Proof. Assumption d) shows that the functional I is bounded below by [a. As I is not identically
infinity in H3P(€2,R™), there exists a minimizing sequence {u;};en of I in H;P(Q,R"). Assumption d)
implies that {D*u;},en is bounded in LP(R™, R™*"). Thanks to Theorem 3.5.8, {u; };en is bounded in
LP(Q,R™ ™). As u; = ug in Q° for all j € N, we also have that {u;};ey is bounded in L?(R",R"), and,
consequently, also in H*P(R™ R"). As H*P(R", R") is reflexive, we can extract a weakly convergent
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subsequence. Using Theorem 3.5.14, we obtain that there exists u € H;P(R", R") such that for a
subsequence (not relabelled),

uw; — uwin H*P(R",R") and wu; — uin LP(R",R"). (4.35)
Now, by Theorem 4.2.2, for any minor p of order £ < n — 2, we have that
((D*u;) — p(D*u) in LE(R™). (4.36)

If sp < n then, by assumption d), {cof Du;}cn is bounded in L?(R",R"*"), whereas if sp > n
we call ¢ := 2= and have that {cof D*u;};cy is bounded in LI(R",R"*™). In either case we have

that ¢ > 1, so for a subsequence {cof D*u;};en converges weakly in LI(R™, R™*") and, by Theorem
42.2,
cof D*u; — cof D*u in LY(R",R™*"). (4.37)

If sp < n then, by assumption d) and de la Vallée Poussin’s criterion, {det D*u;} ey is equiinte-
grable, whereas if sp > n we have that {det D*u;}cy is bounded in L (R") and 2 > 1. In either

n
case we have that, for a subsequence {det D%u;};cy converges weakly in L‘(R"™) with

{E =1 ifsp<n,
(=12 "if sp >n,
and, hence, by Theorem 4.2.2,
det D*u; — det D*u in L*(R™). (4.38)
Convergences (4.35)—(4.38) imply, thanks to a standard lower semicontinuity result for polyconvex

functionals (see, e.g., [15, Th. 5.4] or [59, Th. 7.5]), that for any R > 0,

Jj—00

/ W (z,u(x), D°u(x))dx < lim inf/ W(x,uj(z), Du;(x)) dx.
B(0,R) B(0,R)
Therefore,

/ (W(z,u(x), D°u(x)) — a(z)) de < lim inf/ (W(x,uj(x), D’uj(x)) — a(x)) dx
B(0,R) B(0,R)

J]—00

< lim inf / (W (2, u;(), D*us(x)) — a(x)) da.

j—00

By monotone convergence,

/ (W (z, u(z), D*u(z)) — a(x)) dz < lim inf / (W (2, (), D*u;(x)) — a(x)) da,

Jj—00
S0
I(u) < liminf I(uy).
j—oo
Therefore, u is a minimizer of I in H;P(Q2,R") and the proof is concluded. O

Comparing Lemmas 3.6.1 and 3.6.2 with Theorem 4.3.1, we see that functions exhibiting singu-
larities as those shown in those lemmas are compatible with the existence result of Theorem 4.3.1, in
opposition to the case of classical elasticity (see, e.g., [10,11,13,14,16,69]). Indeed, for a u € H¥P(R™)
of compact support and p > n, by Holder’s inequality and Remark 3.3.1, cof D*u € LI(R"™, R™*") for
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every q € [1, -%5] and det D*u € L"(R") for every r € [1, 2]. Take now an s € (0, 1) such that sp < n,
so that this regime is compatible with cavitation (see Lemma 3.6.2). Considering the function h of
Theorem 4.3.1 as h(t) := tn, we see that this map u is compatible with the assumptions of Theorem
4.3.1 if and only if 25 > pzp—fl, so n? —np < sp. To sum up, in the regime

n
p>n, 0<s<—
p

a typical cavitation map is compatible with the hypothesis of Theorem 4.3.1. Similarly, if p > n and

n? —np < sp < 1, i.e., in the regime

1
p>n, O0<s<—
p

the hypothesis of Theorem 4.3.1 are compatible with discontinuities along hypersurfaces.

To finish this section, we explore the equilibrium conditions that minimizers of functional (4.34)
satisfy. This Euler-Lagrange, or equilibrium, conditions constitute a nonlinear system of fractional
PDE, and therefore we are providing an existence result for such kind of systems based on polycon-
vexity. To be precise, given g € H¥P(R™ R™), the boundary value problem reads as

oF ou

{dnﬁ(ﬂﬁcuu,Dﬁn)=:ﬂ1@%%lyu% in Q (4.39)
u=g in Q°.

As a consequence of the fractional integration by parts( Proposition 3.2.4), we define a weak solution
of (4.39) as a u € H,P(Q, R") satisfying

ow s 5 ow ) B
/[a—F(x,u,D u)-Dv—i-%(x,u,D u)-v|de=0 (4.40)

for all v € C2°(R™,R™) with v = 0 in Q°.

The derivation of (4.40) for a minimizer v is standard. For this, we make the assumptions a—
b) below, which are slightly adapted from [39, Conditions 3.22 and 3.33|, although other sets of
assumptions are also possible (see, e.g., [10, Sect. 7| or |39, Sect. 3.4.2|).

Theorem 4.3.2. Let W : R” x R" x R"™™ — R be a function satisfying
a) W(-,u, F) is measurable for every (u, F) € R" X R™ " and W (z, -, ) is of class C' for a.e. v € R".

b) There exist an a € LY(R"), an o € R with

o€ [p,pi]  ifsp<n,
o € [p,00) if sp>mn,

and a ¢ > 0 such that

oW oW
W ar add < . P
| (m,u,F)H—’au (x,u,F)‘—l— 8F(I,U,F)‘_a(x)—|—c(|u] +|F]P),

for a.e. x € R" and all (u, F) € R™ x R™*".

Let g € H*P(R™,R"). Define I as in (4.34), and let u be a minimizer of I in HyP(Q,R"). Then u
is a weak solution of (4.39).
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Proof. Let us fix v € C*(R",R") with v = 0in Q°. Asu+71v € H,P(Q,R") for any 7 € R, it suffices
to show that the derivative of I(u + 7v) exists at 7 = 0 and equals the left hand side of (4.40).
Thanks to the dominated convergence theorem, it suffices to show (see, e.g., [74, Ch. 13, §2, Lemma
2.2]) that there exists G € L'(R™) such that for every 7 € R with |7| < 1 we have

I{u+7v) < o0 (4.41)

and
d
d—W([E,u(ZE) + 7v(z), D’u(x) + TDSU(Jf))‘ < G(x), a.e. r € R". (4.42)
-
Let us check condition (4.41). Thanks to b) ,

Hu+7v) < /a+ C/ (|u|® + | D*ul? + |v|* + | D*v|P)

for some constant C' > 0. Clearly, the integral of |v|® is finite since v € C*(R™,R™), and so is
the integral of |D*v|P due to Lemma 3.3.1. In addition, the integral of |D*u|P is finite because u €
H*P(R",R™). Now, by Theorem 3.5.8 and the interpolation (or Holder) inequality, v € L"(R™, R")
for all r € [p,p!] if sp < n, and for all r € [p,00) if sp > n. Therefore, |u|* € L'(R"). Condition
(4.41) is thus satisfied.

We now show condition (4.42). We have, for |7| < 1 and a.e. z € Q,

diTW(x, u(z) + Tv(x), D°u(x) + TD%v(x))

[[0]] Lo

< ‘%—Z/(:ﬂ, u(x) + Tv(x), D°u(x) + 7D%v(x))

ow
+ a—F({E,u(ZE) + 7v(z), D’u(x) + TDSU(Jf))‘ | D*v|| e

where we have used Lemma 3.3.1 to show that D*v € L>°(R"). Now, by b),

+ | D u@) + ola), DPula) + 7D*(a)

< a(z) + O (Ju(@)]* + (@)|* + [D*u(@)[” + [D*(z)[?),

’aw (x,u(z) + Tv(x), D*u(z) + 7D*v(x))

u

(4.43)

for some constant C' > 0. As before, the right hand side of (4.43) is in L'(R"™), so condition (4.42)
is proved. [
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Chapter 5.

['- convergence of polyconvex functionals
depending on the fractional gradient when s
goes to 1

In this section we continue with the study of polyconvex functionals depending on the s-fractional
gradient by further exploring it through the study of its limit when s * 1. The main results of this
part (shown in [22]) are described as follows. We prove the strong convergence in L? of D*u to Du
for functions u € WP, generalizing, and making the topology precise, the convergence mentioned
at the introduction of Chapter 3 for smooth functions. Notice that this convergence is performed in
the fractional parameter s rather than in the horizon, as done in [84]. This result is of interest in
itself, as it provides a precise differential object converging to the distributional gradient. We also
show a weak compactness result in WP establishing that if {u,} is a sequence such that {D%u,}
is bounded in LP, then there exists a u € WP such that u, converges strongly and D*u, converges
weakly in LP as s /1 to u and Du, respectively. We also show the weak convergence of the minors
of D*ug to those of Du, whenever D*u, converges weakly in LP to Du; as a consequence, we establish
a new semicontinuity result for polyconvex functionals. Finally, we show that the family of vector
variational problems based on minimization of

Zs(u) = W(z,u(z), D°u(zx)) dz, ue HP(R", R")

]Rn

[-converges (see Subsection 1.2.3 ) to the functional

Z(u) = W(z,u(z), Du(x)) dz, u € WP(R™ R™)

R"

as s 1, under the essential assumption of polyconvexity of W (z,u,-) (Definition 4.0.1) ; we
also need the extra assumption p > n for the I'-convergence. Other references dealing with I'-
convergence of variational functionals in the nonlocal setting are [91] (in the context of W*P), [25] (in
nonlinear peridynamics) and [82] (in linear and geometrically nonlinear peridynamics). Concurrently
and independently to the work developed in this Chapter, [37] treated a closely related problem.
Essentially, they address somewhat similar I'-convergence questions than us but mainly in the special
case p = 1 and without dealing with polyconvexity. More precisely, they prove some I'-convergence
properties in the space BV*(R") of functions with bounded s-fractional variation, and study the
fractional operators involved. Interestingly, they provide a different proof, not based on Fourier
transform like our Theorem 5.1.1, of the convergence of D*u to Du in LP for u € WP .

The outline of this Chapter is as follows. In Section 5.1 we prove the localization of the fractional
gradient; namely, that D*u converges to Du in LP for a fixed u € W' (Theorem 5.1.1). In Section
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5.2 we prove the compactness result: for any sequence {u;} with a fixed complementary-value data
and bounded {D®u,} in LP, there exist u € W'? and a subsequence strongly convergent to u in
LP, with the s-fractional gradients converging weakly to Du in LP (Theorem 5.2.2). Section 5.3 is
devoted to the weak convergence of the minors of D*u, to the minors of Du when D®u, converges
weakly to Du in L? (Theorem 5.3.2). Finally, in Section 5.4 we prove a novel semicontinuity result for
polyconvex functionals (Theorem 5.4.1) and the ['-convergence result of Z; to Z under the assumption
of polyconvexity (Theorem 5.4.2) and convexity (Theorem 5.4.3).

5.1 Localization of fractional gradients

In this section we prove the convergence of the s-fractional gradient of a WP function to its local
gradient as s * 1. This result is to be expected, and easy to obtain for smooth functions using the
Fourier transform (see Lemma 3.1.7). In this section we provide a complete proof for functions in
WLP(R™). This result, which is of interest in its own right, is a first step to prove the I'-convergence
of the functional Zs to Z (see the Introduction). It should be compared with [28, Cor. 2|, where
the convergence of the Gagliardo seminorm to the L? norm of the fractional gradient is shown (see
also [92, Prop. 15.7]).

The main result of the section is the following. As mentioned previously, a similar result has been
simultaneously proved in [37, Sect. 4.1] without the use of Fourier transform.

Theorem 5.1.1. Let 0 < s <1 and 1 < p < co. Then, for each u € WHP(R"),
D*u — Du in LP(R") as s /1.

Proof. We first prove the result for smooth functions and then extend it by density to W'P(R™).
Let u € C2°(R"). By Lemma 3.1.7,

o 2mig
|2mg]ts

Dsu(€) ag),  £eR

so by the elementary inequality ¢t* < 1+t for all t > 0,
|Du(€)| = 2mel” ()] < (1 + [2€]) [a(©)] (5.1)

As @ is in the Schwartz space (because u € C>°(R™)), both @ and £ u(¢) are in L'(R™). Therefore,
Dsu € L'(R™). On the other hand, by basic properties of the Fourier transform, f)&(g) = 2migu(§),
so clearly, Dsu — Du ae. as s 1. Thanks to the bound (5.1) and dominated convergence,
Dsu — Du in L'(R™). As the inverse Fourier transform is continuous from L'(R") to L°>°(R"), we
also have that

D*u — Du uniformly in R".

Now, using a standard interpolation inequality (or Holder’s), we get that
1 L
|D*u — Dull, < [|[D*u — Dul[7[[D*u — Dul[%

1

1 s »
< ([[1D%ully + [[Dull)* |1 D*u = Dul[2

: B
< Cllullfyrrgm 1 D*w = Dulls,
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where we have used Proposition 3.5.11, considering that, as s /* 1, we can assume s > %, so the

constant C' > 0 does not depend on s. Thus, the convergence D*u — Du in LP follows and the result
is true for C2° functions.

To conclude the proof, we extend this result through a density argument. Let us consider u €
W1P(R™). Then, for every e > 0 we can find v € C2°(R") such that ||v — ul[y1.egn) < e. Thus,

|1D*w = Dull, < [[D*u = D*vll, + [[D*v = Dol + [[Dv = Dull,
< (C+ Ve +[|D% = Dollp,

where we have used again Proposition 3.5.11. Finally, when we take limits we obtain that

lim sup|| D*u — Dul|, < (C' + 1)e,
s

for every € > 0, which concludes the result. O]

Thanks to Lemma 3.2.3, the previous result also implies the convergence in LP of the fractional
divergence.

Corollary 5.1.2. Let 0 < s <1 and 1 < p < co. Then, for each ¢ € WIP(R™ R"),
divi ¢ — dive in LP(R") as s 7 1.

By duality we also have next corollary. Hence, interestingly, last convergence can be extend in
a broader sense, a least in the sense of distribution, showing a certain convergence of more general
sequences, including those with functions that may have singularities.

Corollary 5.1.3. Let 0 < s < 1 and 1 < p < co. Then, for each u € LP(R",R"), D*u converges to
Du in the sense of distributions D', where Du denotes the distributional derivative. I.e.

/Dsu(m)go(x) dr — /Du(:v)cp(x) dx

for every ¢ € C°(R™).

5.2 Compactness

In this section we establish that any sequence {u;}sc(0,1) with bounded H>(€2) norm is precompact
in LY(R™) for a suitable ¢ > 1.

Even though the continuous embedding of H*? into H*? for 0 < 5 < s < 1 is already known, we
start by giving a new proof of this result, where we show that the embedding constant is independent
of s. This proof follows the ideas of Theorem 3.5.9.

Proposition 5.2.1. Let 0 < 5 < so < 1. Let 2 C R" be a bounded open set. Then, there exists a
constant C' = C(Q,n, s9,5) > 0 such that for every s € [so,1), 1 <p < oo and u € Hy"()) we have

I1D%ull, < ClIDull,. (5:2)

Proof. By density, it is enough to prove the inequality for u € C'°(€2). We divide the proof into two
steps.

Step 1. First, we prove that there exists C' = C(2,n, so, 5) > 0 such that

|Dullney < CD%ll, (53)
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Let R > 1 be such that Q C B(0,R). Define ©; := B(0,2R) and fix € Q. Notice that, as a
consequence of [99, Th. 1.2| and the semigroup property of the Riesz potential, we can write

Du=1_gx Du= (I,_sxI,_5)* Du= I, g% D’u.
This equality, together with (3.15) and Lemma 3.1.9 yields

5 1 | D*u(y) / | D*u(y)|
Du(z)| < — / —dy + —— d
D= 35S [ o 7=y YT fo Ty Y

c
1

(5.4)
D? D?
com[[ DML 4y [ 100
R M P
Now €y C B(x,3R), so
1 1 On—-1 (s—3) 1

—_dyg/ oy =TI"L 3R < C(n)——R, 5.5
/91 |z — y|n= (%) Bsr) [T —ynm=d 5—38 (35) ( )S — S (5:5)

Similarly, Q C B(y,3R) for every y € €, so
/;d:c<0(n) y (5.6)

olo—y|n=t=9 s—35 '

By (5.5) and Hélder’s inequality,

D* 1 v Dsu(y)|P »
/ | U(E/)L dy < |Cn)——R / | U(?i)|_7 i)’
o, |z =yt 5—5 o, |z —y[n=%)

Therefore, using (5.6) and Fubini’s theorem, we find, as in (3.47),

UQ (/Q %dy)pdxr < C(n)- i RIIDull,- (5.7)

Now, for any y € Qf, similarly to (3.50), for each x € 2 we have

1 1
‘33' _ y‘nf(sfs) ( ) ‘y’nf(sfs) ( )
and, in fact, (3.51) also holds. Thus, using (5.8) and (3.51),
|Du(y)| 1 / 1 1 1 RS
—————dy < C(n)|Q" ||ul|;, —dy = C'(n)|Q|? — |||/ pron -
/ gt S OO Wil | i 4o = OIS Tl
This last inequality, combined with (5.4) and (5.7), implies by the triangular inequality that
D%y < Cln)—— RID ], + 121C () 2 ]
u n)—— u n u| e ()-
Q) = p— P g5 ullr@)
Finally, we apply Theorem 3.5.9 on the right hand side to obtain
- 1 R™51 1 1
D? < C(n,Q - || D? < C(n,Q D?
1Dl < € (52 + Y Dl < O 0) (s 4 ) Il
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which completes the proof of (5.3).
Step 2. Now we prove (5.2). Let us call Q¢ = Q + B(0,1). Then,

||D§u||p < ||D§u||LP(QC) + ||D§u||Lp(QCC) :
By (5.3) there exists C' > 0 (depending on Q¢,n, s, 5, so, ultimately, on Q,n, sq, 5) such that

[1D%ull, < ClID%ull, + || D%ull Lro,)- (5.9)

D)= ~ens |
o

|WWMsamLE@%;m

and, hence, by Minkowski’s integral inequality,

s |u(y)] ’ 1
HD uHLP(QCC) S C(n) </Cc (/ mdy dl’ < C / |U /S;CC md[ﬁ dy

(5.10)

Now, for z € QF,,

so, by Lemma 3.1.9,

RS

Now, for every y € Q2 we have Qf, —y C B(0,1), and hence

1 1 1 On—1 On_1
————dx = / ——dr < / ——dx = - < —.
/CC x — | e e —y |2|(TP B |2]TP (n+38)p—n s

Thus, continuing from (5.10) we find that

||D§UHLP(QCC) < C(n)

O
p)ldy < Oy mac{1, 4 max{1, 20} [l - (5:11)

Inequalities (5.9), (5.11) and Theorem 3.5.9 finish the proof. O

Now we present the main result of this section. The proof of the following compactness result is
partly inspired by that of [82, Lemma 3.6]. This result should be compared with [91, Th. 1.2], in
which a W*? version is done. In what follows, given p € [1,n) we denote by p* its Sobolev conjugate
exponent, i.e., p* . Recall also the notation p? from Theorem 3.5.14.

Theorem 5.2.2. Let 1 < p < oo and g € WHP(R™). For each s € (0,1), let u, € H;?(Q) be such
that the family {D%u,}se(0,1y s bounded in LP(R™). Then, there exist u € W'P(R™) and an increasing
sequence {s;}jen C (0,1) with im;_,o s; = 1 such that for every q satisfying

q€l[p,p*) ifp<n,
q€p,o0) ifp=mn,
q € [p,oo] ifp>n,

there exists j, € N for which {us, };>;, C LY(R") and the convergences
us; — u in LY(R™) and D%u,, — Du in L(R")

hold as 7 — oo.
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Proof. Thanks to Theorem 5.1.1 and the Sobolev embedding, we can assume, without loss of gener-
ality, that g = 0.

Fix 0 < 5 < sp < 1. By hypothesis and Proposition 5.2.1, { D>} se[s,1) is bounded in LP(R™, R"),
and consequently, by Corollary 3.5.10, {us}sc[s,1) is bounded in H?(2). Since Hy" () is reflexive,
there exist u € Hy"(2) and an increasing sequence {s;};>1 C [so, 1), with lim; ., s; = 1, such that

us, = u in Hy?(Q).

Now, if p < n, given ¢ € [p,p*) (defining p* = oo if p = n), there exists j, € N such that for all
j > jo we have ¢ < ps,- Arguing as above we obtain that u,, — u in ng‘“p(Q), so applying Theorem
3.5.14, we have that {us, };>;, C L(R") and

ug, —u in LY(R").

If p > n, there exists jo € N such that s;;p > n, and arguing as above using again Theorem 3.5.14,
we have that {ug,};>;, C LYR"), for any ¢ € [p, +-oc], and

us;, — u in LY(R").

Next, as {D*uy, } j>, is bounded in LP(R™,R"), there exists V' € LP(R",R") such that D%u,, —
Vin LP(R™, R™) as j — oo, in principle up to a subsequence, but we will see that in fact it holds true
for the whole sequence. Given ¢ € C}(R",R"), using the fractional integration by parts, Proposition
3.2.4, we get

/D%@@y¢wﬂx:—/%kw&W¢@M%

and passing to the limit as j — oo, having in mind that both u,; and div® ¢ are strongly convergent
(Corollary 5.1.2), we obtain

/V@yﬂmmz—/ﬁ@mw¢@m,

and hence Du = V and u € W'P(R"). Since this V is unique, this shows that D%u, — V in
LP(R™,R™) as j — oo without the need of taking a subsequence. This finishes the proof. m

5.3 Weak continuity of the minors for varying s

In this section we prove the analogue in this context of the weak continuity of minors, namely, that
if we have a sequence {u,}sc(,1) such that u, € H*? for each s and D%u, — Du in LP as s /1
for some v € WP then the minors of D%u, converge weakly in some L? to the minors of Du. For
this, we follow the general guidelines of Section 4.2, where the analogue convergence for a fixed s is
proved.

The following result is the key to adapt the continuity of minors of Theorem 4.2.2 to our case. It
establishes the relationship between the operators K and Dy when s 7 1.

Lemma 5.3.1. Letp > 1 and 0 < s < 1. Let p € C*(R") and w € LP(R™,R™"). Consider a family
{ws}sc,) in LP(R™, R™") such that wy — w in LP(R",R"*") as s /1. Then, for all r € (1, p],

K (ws) = wDy in L"(R",R") as s /1.

98



Section 5.3. Weak continuity of the minors for varying s

Proof. Assume first that w, € WhP(R" R™") for all s € (0,1). Fix two indexes 1 < i,j < n, let
us be the (i, j)-th entry of ws and let u be the (7, j)-th entry of w. Let 6 € C°(R™). We apply the
product formula of Lemma 3.3.6 and then Proposition 3.2.4 to obtain

/QK;(USI) Z/HDS(QOUS)—/QchSUS = —/gousdiv59+/usdivs(6’gp).

Now we have from Corollary 5.1.2 that div® 6 — div 6§ and div®(fp) — div®(0p) in LI(R") for every
g€ (1,00) as s /1. As us — u in LP(R™) we obtain

/HK;(USI)—>—/cpudiv9+/udiv(6’go):/HUDgp.

This shows that K(usl) — u Dy in the sense of distributions. Now, by Lemma 3.3.2, for every

r € (1,p]
[ Ko, < Cllusll, < Cy

for some C,Cy > 0 independent of s, which implies that K (usl) — u Dy in L"(R").
Now, we remove the assumption w, € WP(R"). Fix r € (1,p]. For each s € (0,1), let v, €
WHP(R™) be such that [Jus — vs, <1—s. By Lemma 3.3.2,

1K (usl) = K (v )|l = (| K (us] — vol)lr < Cllus — vl = 0,
which implies that KJ(usl) — u Dy in L"(R"). In other words, for each j € {1,...,n}, the family

of functions (2) )
plr)— ey

T Cpg us(y)
/ |z — y[ e

—Yj
de
!x—y!

converges weakly to u(Dy); as s /1. Therefore, for each ¢ € {1,...,n}, the family of functions

s y]
(K ws chs/ |$_ |n+s ws)%](y)| dy

— 9

converges weakly to > 7| w;(Dyp); = (w Dg);. This concludes the proof. O

The following is the main result of this section, and shows the weak convergence of the minors
of Dug to those of Du, whenever ug converges weakly to u. Of course, by a minor we mean the
determinant of a submatrix. Its proof is an adaptation of Theorem 4.2.2 and we will use again the
notation from Definition 4.1.1.

Theorem 5.3.2. Let p >n—1and 0 < s < 1. Let g € W'P(R",R") and v € WHP(R",R"). Let
{us}seo,n) be a family such that u, € HyP(Q,R™) for each s € (0,1), while u, — w in LP(R™,R™) and
Dfug — Du in LP(R™, R"*") as s /1. Then

a) If k € N with 1 <k <n—2 and p is a minor of order k then pu(D%uy) — pu(Du) in Lt (R™) as
s /1.

b) If cof Dsug — ¥ in LI(R",R™™) as s /1 for some q¢ € [1,00) and ¥ € LI(R™ R" ™) then
¥ = cof Du.

¢) Assume det D*u, — 0 in L*(R") as s /1 for some £ € [1,00) and some 0 € L*(R"). [fp <n
assume, in addition, that cof D*u; — cof Du in LY(R",R™") as s /1 for some q € (;F=,00).
Then 0 = det Du.

*_10
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Proof. We will prove a) by induction on k. For k = 1 there is nothing to prove. Assume it holds
for some k£ < n — 3 and let us prove it for k + 1. Let pu be a minor of order k£ 4 1. In the notation
of Definition 4.1.1, pu(F) = det[F]y for all F € R™", where [Jnr = []ar, o, i100p,, fOT sOMe
1<ig < <igpr <mand 1 < j; < -+ < jrr1 < n. Let ¢ € C°(R™). By induction assumption,
cof[D*uy]pr — cof[Duly in LE(R?, REFDXEHDY a5 s A 1 s0 [cof[Dous]y]y — [cof[Dulu]r in
LE(R*, R™"). By Lemma 5.3.1, K ([cof[D*ug]ar]pr) — [cof[Dulpr] iy Dy in L(R™,R™) for every
r € (1,2]. By Theorem 5.2.2, [u]y — [u]5 in LP(R"), so

[us] v - K ([cof[D*us]a]wr) = [u]y - ([cof [Dula]m D) in L' (R™) (5.12)

since % + 1 <1. Now, the nonlocal integration by parts for the determinant given in Lemma 4.2.1
as well as the classical (local) one state that

— 5 [)ste) KalleotD*ululn) @) de = [ detlDou@))ar o) do (5.13)
and )
~ ¢ 1) - GeollDulul0) D)) e = [ aetiDu@lurotoyae, (514

respectively, so
/ det[D*us(2)]ur () da: — / det[Du(x)]ur o(x) da. (5.15)

This shows that det[D®us]y, — det[Du]y; in the sense of distributions. As {det[D*us|ar}seco,1) is
bounded in L#1(R") and p > k + 1, we have that det[D%u,]y; — det[Du]y, in LFT(R") as s 7 1.

The proof of b) follows the lines of a). Let p be a minor of order n — 1. As before, u(F) =
det[F]y for all ' € R™", where [|;y = [|a, 5., forsome 1 <y < .o <idpy <n
and 1 < j; < -+ < g1 < n. Let ¢ € CX(Q). By part a), cof[D%uj]pr — cof[D®ulpy in
L7z (R, ROV g6 [cof[D¥uy]p] iy — [cof[Dulp]yy in Liz (R™, R™"). By Lemma 5.3.1,
K ([eof[D*ugar]nr) — [cof[Dular]yy Dy in L™(R™,R") for every r € (1,;55]. By Theorem 5.2.2,
[us] 5 — [u] 5z in LP(R™), so convergence (5.12) is also valid since %2—'—% < 1. Again thanks to (5.13)—
(5.14), we conclude that convergence (5.15) holds. This shows that u(D%us) — p(Du) in the sense
of distributions. As this is true for every minor p of order n — 1, we obtain that cof D*uy — cof Du
in the sense of distributions. Due to the assumption, ¥ = cof Du.

We finally show part ¢). Let ¢ € C°(2). Assume first p < n. By the assumption and Lemma
5.3.1, K;(cof D*u,) — cof Du Dy in L"(R",R") for every r € (1,q]. By Theorem 5.2.2, us — u in
LY(R™) for every t € [p,p*), so

ug - K (cof D*ug) = u - (cof DuDg) in L'(R") (5.16)

since % + 1% < L.

Assume now p > n. Then {cof D*us}sc(0,1) is bounded in L7717 (R", R"™ ") so, thanks to part b),
cof Dsu, — cof Du in L1 (R", R™"). By Lemma 5.3.1, K (cof D*us) — cof Du Dy in L"(R",R")
for every r € (1,-£]. By Theorem 5.2.2, uy, — u in L'(R™) for every ¢t € [1,00), so convergence

’ n—1

(4.31) holds since p > n — 1.
In either case, we have convergence (5.16), so by the analogue of (5.13)—(5.14) with k = n we
obtain

/det Déug(x) p(z) de — /det Du(x) ¢(x) dz.

This shows that det D*uy, — det Du in the sense of distributions, so # = det Du. O
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5.4 ['-convergence

[-convergence is the main conceptual tool for studying the variational convergence of families of
functionals defined on metric spaces [29]. In this section we show that the functional

L(w) = [ Wieu(e), Du(w) s

defined on H*P(R™ R™), I'-converges, as s /1, to the functional

T(u) = / Wz, u(x), Du(x)) dz,

defined on WH?(R", R") under the assumption of W being polyconvex. We recall (again, see Section
4.3)the concept of polyconvexity (see, e.g, [10,39]). Let 7 be the number of submatrices of an
n x n matrix. We fix a function i : R"*" — R” such that fi(F') is the collection of all minors of
an F' € R™™ in a given order. A function Wy : R"*" — R U {oo} is polyconvex if there exists
a convex ¢ : R™ — R U {oo} such that Wy(F) = ®(i(F)) for all I € R™". Polyconvexity of
W :R" x R" x R — RU {oo} means polyconvexity in the last variable.

It is convenient to consider both Z, and 7 defined on the same functional space independent of s, so
we consider both functionals defined on LP(R"™ R™). The extension of Z, to LP(R", R"™)\ H*?(R", R")
and of Z to LP(R",R") \ W1?(R" R") is done by infinity. Recalling the definition of I'-convergence
in this particular situation, we say that Z, I'-converges to Z as s " 1 in the strong topology of
LP(R™,R™) if the following two conditions hold:

o Liminf inequality: For every family {us}sec0) in LP(R",R") such that us — u in LP(R",R")
as s /1, we have

< Tim
Z(u) < hrsnfllnfl's(us).

o Limsup inequality: For each u € W1P(R™ R™), there exists a family {us}se0,1) C LP(R",R™)
such that ug — win LP(R",R") as s /1 and

lim sup Zs(us) < Z(u).
s 1

Although not in the definition of I'-convergence, it is customary to attach a compactness property
to the conditions above, which, in this context, reads as follows:

o Compactness: For every g € W'P(R" R™) and every family {u;}se0,1) with us = g in Q° for all
s € (0,1) such that liminf, » Z,(us) < oo, there exist an increasing sequence {s;};en in (0,1)
with lim;_ s; = 1 and a u € LP(R",R") such that u,;, — v in LP(R",R") as j — oo.

The limsup inequality will be a consequence of Theorem 5.1.1, while the compactness property
will follow of Theorem 5.2.2. The liminf inequality, on the other hand, is a novel semicontinuity
result, which improves that of Theorem 4.3.1 done for a fixed s, and is singled out in the following
proposition. As we will see, the growth conditions for proving the liminf and limsup inequalities are
compatible only in the range p > n.

Proposition 5.4.1. Let p > n — 1 satisfy p > 1 and 0 < s < 1. Let Q be a bounded open subset of
R" and g € WHP(R™ R™). Let W : R® x R™ x R™" — R U {00} satisfy the following conditions:
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a) W is L™ x B" x B"™"-measurable, where L denotes the Lebesque sigma-algebra in R", whereas
B" and B"*™ denote the Borel sigma-algebras in R™ and R™"™, respectively.

b) W(zx,-,-) is lower semicontinuous for a.e. x € R".
¢) For a.e. x € R" and every y € R", the function W(z,y,-) is polyconver.

d) There exist a constant ¢ > 0, an a € L'(R"™) and a Borel function h : [0,00) — [0,00) such that

t—oo t
and
W(z,y, F) > a(x) + c|F|” + c|cof F|"+ h(|det F|) for some q > pf—il, if p<nm,
Wiz, y, F) = a(x) + c|F[" + h(|det F), if p=n,
W(z,y,F) = a(z) +c|F|, ifp>mn,

for a.e. x € R", ally € R" and oll F € R™™.

For each s € (0,1), let u, € H}P(Q,R") and u € WHP(Q, R™) satisfy us — u in LP(Q,R") as s /1.
Then

Z(u) < limfilnfl's(us) (5.17)
Proof. We can assume that
lim/ilnfl's(us) < 00, (5.18)

hence by assumption d), there exists an increasing sequence {s; }jen in (0, 1) with lim;_,., s; = 1 such
that liminf, » Zy(u,) = lim;_,o Zs, (us,) and the sequence {D%ug, }jen is bounded in LP(R",R™), so
by Theorem 5.2.2, for a subsequence (not relabelled),

us, - u and D%u, — Du in L? as j — o0. (5.19)
By Theorem 4.2.2, for any minor u of order £ < n — 2, we have that
(D% ug,) = p(Du) in L% (R") as j — oo. (5.20)

If p < n then, by assumption d), {cof D*us}o<s<1 is bounded in LI(R™ R™ ™), whereas if p > n

we set ¢ := —Z- and have that {cof D*u,}o<s<1 is bounded in LY(R",R™"*"). In either case we have

that ¢ > 1, so for a subsequence {cof D% u, }jen converges weakly in L?(R™, R"*") and, by Theorem
42.2,
cof D*¥u,; — cof Du in LY(R",R"*") as j — oc. (5.21)

If p < n then, by assumption d) and de la Vallée Poussin’s criterion, {det D*us}o<s<1 is equiin-
tegrable, whereas if p > n we have that {det D*u,}o<s<1 is bounded in L% (R™) and 2> 1. In either
case we have that, for a subsequence, {det D% u,,};en converges weakly in L*(R™) with

and, hence, by Theorem 4.2.2,

det D% uy, — det Du in L‘(R") as j — oc. (5.22)
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Convergences (5.19)—(5.22) imply, thanks to a standard lower semicontinuity result for polyconvex
functionals (see, e.g., [15, Th. 5.4] or [59, Th. 7.5|), that for any R > 0,

/ W(z,u(z), Du(x)) dz < lim inf/ Wz, us;(x), D¥ug,(x)) dx. (5.23)
B(0,R) B(0O,R)

Jj—00

Therefore,

/B(O . [W(z,u(x), Du(z)) — a(r)] dr < lim inf/ [W(:v, us, (x), DV, (x)) — a(x)] dr.

Jj—0o0

By monotone convergence,

/ (W (z,u(zx), Du(z)) — a(z)] dz < lim inf/ (W (2, us; (), D¥uy,(z)) — a(z)] dz,

Jj—o0
SO
Z(u) < liminf Z,, (u,,),
j—00
as desired. []

We finally present the main result of this section, which shows the I'-convergence of polyconvex
functionals defined on Bessel spaces, involving s-fractional gradients, to a classical local polyconvex
functional defined on a Sobolev space. Unfortunately, we crucially need the extra assumption p > n
in order to prove the limsup inequality. This is because the coercivity conditions of W in Proposition
5.4.1 are compatible with the standard upper bound by |F'|P (which makes the functional Z continuous
in W1?; see |39]) only in the case p > n.

Theorem 5.4.2. Let p > n and 0 < s < 1. Let Q be a bounded open subset of R" and g €
WEP(R" R"). Let W : R" x R* x R — R U {oo} satisfy the following conditions:

a) W is L™ x B" x B"*"-measurable.
b) W(zx,-,-) is lower semicontinuous for a.e. x € R".
¢) For a.e. x € R" and every y € R", the function W (x,y,-) is polyconver.
d) Assume there exist ¢ > 0 and a € L*(R™) such that
W(z,y,F) > a(zx) + c|F|", a.e. v € R, ally € R, all F € R™",

and for every R > 0 there exist ap € L*(R") and cg > 0 such that for a.e. v € R", all y € R"
with |y| < R and all F € R™",

W (z,y, F) < ag(z) +cr |FI.
The following statements hold:
i) For each s € (0,1), let u, € HZP(Q,R") satisfy

hrsn/llnf Ts(us) < oo. (5.24)

Then there exist u € WyP(Q,R") and an increasing sequence {s;}jen in (0,1) with lim;_o s; = 1
such that us, — uw in LP(R",R") as j — oo.
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i) For each s € (0,1), let u, € HJP(Q,R") and u € WhP(R™ R") satisfy us — u in LP(R™, R"™).
Then
< limi .
Z(u) < 111811/1111f Zs(us)

iii) For each u € WP(Q,R") and s € (0,1), there exists u, € HJP(Q,R™) such that us — u in
LP(R™, R™) and
lim sup Z(us) < Z(u). (5.25)
s M

Proof. For proving i), just notice that by assumption d), (5.24) implies that there is an increasing
sequence {s;}jen in (0,1) with lim; ,.os; = 1 such that {D%u,,};ey is bounded in LP(R",R").
Therefore, by Theorem 5.2.2, there exists u € W;’p(Q,R") such that, for a subsequence u,; — u in
LP(R™,R") as j — oc.

Part i) is a particular case of Proposition 5.4.1.

Finally we show i), so we let u € W, ?(Q,R"). By Theorem 5.1.1, D*u — Du in LP(R",R"™*")
as s ' 1. Assumption ¢) implies in particular the continuity of W(z,y,-) for a.e. z € R™ and all
y € R" (see, e.g., [39]). The Sobolev embedding shows that u is bounded. By the growth conditions
and dominated convergence,

h}l} W(z,u, D°u) /quDu (5.26)

which proves (5.25). O

Although the bulk of this section has been focused on the assumption of polyconvexity, with the
stronger assumption of convexity we can achieve the analogue result of Theorem 5.4.2 for the full
range of exponents p € (1,00). Since the proof is analogous (and in some steps, simpler) than that
of Theorem 5.4.2, it will only be sketched.

Theorem 5.4.3. Let 1 < p < oo and 0 < s < 1. Let Q be a bounded open subset of R" and
g € WIP(R™ R™). Let W : R™ x R" x R™" — R U {oo} satisfy the following conditions:

a) W is L x B" x B"*"-measurable.
b) W(zx,-,-) is lower semicontinuous for a.e. x € R".
¢) For a.e. x € R" and every y € R", the function W (x,y,-) is convex.

d1) If p < n assume there exist ¢ > 1 and a € L*(R™) such that for a.e. x € R™, all y € R and all
F e R,

1 "
—a(w) + — [FI" < W(a,y. F) < @) +c (gl +|yl”" + [F") .

d2) If p=n assume there exist r € [p,o0), ¢ > 1 and a € L*(R") such that for a.e. v € R", ally € R"
and oll F € R™"™,

1 r
—a(z) + —|FI" < W(a,y, F) < alx) +e(lyl” + [y + [F7) .
d3) If p > n assume there exist ¢ > 0 and a € L'(R") such that

W(x,y, F) > a(x) +c|F|", ae. v € R ally € R", all F € R™™",

and for every R > 0 there exist ar € L*(R") and cg > 0 such that for a.e. x € R", all y € R"
with |y| < R and all F € R™",

W(.I’,y,F) S aR<I> +CRr |F|p
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Then, statements 1)—iii) of Theorem 5.4.2 hold.

Proof. The proof of i) is the same as that of Theorem 5.4.2.

For the proof of i) we initially follow that of Proposition 5.4.1. We can assume inequal-
ity (5.18), so there exists an increasing sequence {s;}jey in (0,1) with lim; .. s; = 1 such that
liminf, ~ Zs(us) = lim;j_o T, (us;) and the sequence {D%uy, }jen is bounded in LP(R™,R™). By
Theorem 5.2.2; for a subsequence, convergences (5.19) hold. By a standard lower semicontinuity
result for convex functionals (see, e.g., [59, Th. 7.5]), for any R > 0, inequality (5.23) holds, and we
conclude (5.17) as in Proposition 5.4.1.

To show iéii) we apply Theorem 5.1.1 and obtain D*u — Du in LP(R™, R™*"™) as s /1. Assump-
tion ¢) implies in particular the continuity of W (z,y, ) for a.e. x € R™ and all y € R™. The Sobolev
embedding in the three cases (p < n, p = n and p > n) shows that the growth conditions allow us to
apply dominated convergence and conclude inequality (5.26), as desired. ]
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Chapter 6.
Nonlocal framework on bounded domains

As a quick recapitulation, we have commented about the increased prominence of nonlocal models
in the last decades, for which it is required a thorough mathematical analysis of the new objects
and operators involved. We have already analysed some of them in this document. In Part I
we have studied the localization of the nonlinear bond-based model of peridynamics. Then, in
Part 1T we have considered the study of fractional spaces and functionals based on the s-fractional
gradient, an operator that generalizes the classical gradient to a degree of differentiability beyond
derivatives of natural order. Now, this Part I1I, which encompasses the results from the in preparation
articles [18,19], intends to fix the following drawbacks of some nonlocal models in Solid Mechanics.
First, in Part T it was showed that the model with energy functional

= [ g (@) — uly) due

does not fit in nonlinear Solid Mechanics. Secondly, in Part II we analysed fractional variational
problems substituting the classical gradient by the one from Definition 3.1.2:

I(u) = W (z,u(x), D°u(z)) dx.
Rn

In these functionals, contrary to hyperelastic modelling, the fractional gradient D*® and the energy
functional Z are defined over the whole space R™. This presents a drawback regarding Solid Mechan-
ics, where it is required to work with bounded domains. Furthermore, this restricts substantially the
possibility of working with a wider range of boundary conditions.

Therefore, with these observations in mind and so as to approach the study of a proper model
in Solid Mechanics, we would like to study variational models based on an alternative differential
operator. In particular, we will work with

s u(z) —uly) r—y w(r—y
Diu(x) = ey / () = uly) le=s) 4, (6.1)
Bws) 12—yl |v—yllr—yl

for u € C°(R™), where the nonlocal kernel considered is the Riesz potential multiplied by a cut-off
function w, so it keeps the index s of the fractional differentiability, but it also gives rise to an
operator acting over bounded domains in contrast to the fractional gradient (3.7). Similar operators
have already been studied in works like [82,84], where (6.1) could fit after normalizing its kernel.
It has also been shown in [84] that this kind of operators also converges to the classical gradient
when the non locality vanishes. Thus, among all the properties mentioned at the introduction of
Chapter 3 in order to characterise the fractional gradient, the one that is not fulfilled by (6.1) is the
s-homogeneity under dilations, in favour of considering bounded domains.

In our case, we have decided to fix as support for such kernel the ball B(0,d) of radius § > 0
(a small distance), since our main motivation comes from Peridynamics, where interaction between
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particles is assumed to be negligible when they are further away than a certain distance ¢, known
as the horizon distance of interaction of particles. Peridynamics is a nonlocal alternative model
in Solid Mechanics proposed by Silling in [103, 107] (see Section 1.3), whose goal is to unite in
one model elastic deformations as well as singularity phenomena such as fracture. Although the
development of this theory in the last years has been impressive, most of the work until now is on
linear elastic models [82,83]. A first attempt to rigorously extend this nonlocal theory for a general
nonlocal nonlinear model was made in [23-25], but in [20] (Part I) was shown that it did not meet
its modelling goal in Solid Mechanics.

All these considerations will imply a slight redefinition of the functional space in this nonlocal
framework, as well as another look to certain properties such as integration by parts [21,84] or the
search of new Poincaré-Sobolev inequality and compact embedding results.

The outline of the chapter is the following. In Section 6.1 the new versions of nonlocal gradient
and functional space are established as well as the corresponding version of the nonlocal integration
by parts. Then, in Section 6.2 several formulas are computed, such as the nonlocal derivatives of
a product, the symmetry of the second derivative, or a relevant linear operator Kj;‘S similar to the
one that appeared in Part II. Section 6.3 leads to the process of obtaining a nonlocal version of the
Fundamental Theorem of Calculus, a key and relevant ingredient for the following results. Then in
Section 6.4 it is proved a new nonlocal version of the Poincaré-Sobolev inequality, which, along with
a nonlocal mean value theorem, give rise to the compact embedding result. At the end of this chapter
some comments regarding the fractional and nonlocal gradients are shown as well as different notions
for a nonlocal laplacian.

In the next and last chapter, the existence of minimizers of nonlocal energy functionals is shown.
First, it is done in the scalar case under the convexity assumption. Then the Euler-Lagrane equation
are shown. Finally we prove, using the nonlocal Piola identity, the existence of minimizers of vector
variational problems under polyconvexity (weaker the convexity), a result which is compatible with
the existence of function exhibiting singularities of fracture and cavitation type.

6.1 Functional analysis framework

In this section we state the definitions and basic properties of the nonlocal gradient and divergence,
as well as the natural functional space associated to them.

The framework is the following. As typical in nonlocal models, ‘boundary’ conditions are usually
of volumetric type. In our case, we fix a distance § > 0 and consider a bounded domain 2 C R".
The set € itself is regarded as a nonlocal interior domain, while Qs := Q + B(0,0) is considered as
its nonlocal closure. Accordingly, the set Qp s := Qs \ Q plays the role of nonlocal boundary. We
write B(z,r) to denote the open ball centred at x of radius r.

Qs

Qs \ O

The set Q_5 = {z € Q : dist(x,00Q) > ¢} will also be relevant.
Similarly as in [84], the nonlocal operators are based on an integral kernel. As mentioned in the

introduction, we will consider
1

oD = S sy )
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with 0 < s < 1, where the constant ~y(s) is given by

T2 (3)
r(%)

2

v(s) = (6.2)

and I is Fuler’s gamma function. We assume the following conditions over the cut-off function wy:
a) Smoothness: ws is a non negative radial function such that ws € C°(B(0,0)).

b) Cut-off: There are constants ag > 0 and 0 < by < 1 such that 0 < ws < ag with ws = aqg in
B(0,b09) and ws = 0 in B(0,0)°".

C) fB(O,(S) p(;(’j‘) dr = 1.

The radial representation of ws is denoted by ws.

After this introduction we proceed by setting the definition of principal value. Let Q C R"™ be
a bounded domain, then given a function f : Q — R and z € Q such that f € L'(Q\ B(z,r)) for
every r > 0, the principal value centred at = of fQ f, denoted by

pvz/ﬂf

lim f,
=0 JOo\B(z,r)

is defined as

whenever this limit exists.

As we did in the fractional case (see Part II), in order to avoid the principal value, we first
establish the definition of nonlocal gradient for smooth functions. The definitions of the nonlocal
gradient and divergence are the following. We also recall the definition of the constant ¢, s appearing
in Definition 3.1.1.

Definition 6.1.1. Let 0 < s <1, 0 < ¢ and set

n+s—1

cn,s =
(1 —s)

a) Let u € C°(R™). Then, for every x € Q the nonlocal gradient Diu is defined as

s ulr) —u(y) xr—y ws(x —y
Diu(e) =, [ M1 oy (63
Bws) Tyl lr—yllz—y

b) Let ¢ € C(R",R™). The nonlocal divergence is defined, for x € Q, as

divi d(z) = — PV, Cns / d(x)+oly) T—y wslz—y)

Bwe T—yl |z =yl -yttt

Notice that the integral in (6.3) is absolutely convergent. On the other hand, by odd symmetry,
—pvx/ o)+ o) Ty wlz—y) . _ / $a) —dly) z—y ws(z—y) |
B(z,5) B(w,0)

e —y| |z —y||z—y[rte? lz—yl |z —y||z—y[rte?

y (6.4)

and this last integral is absolutely convergent.
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Note also that, for each x € €,

(/ M@—ﬂ@)w—y1%@—ﬂ)dy:/’wﬂ—ﬂ@)x—ytw@—y)
(,0) Qs

|z =yl |z —y|lz—y/ntst lr =yl |z —yllz—y/ntst

and similarly for the integral in (6.4), since B(z,d) C s and suppws C B(0, 9).
Definition 6.1.1 a) naturally extends to vector fields as shown in [84]. Given u € C°(£25,R™)
measurable and the same setting of Definition 6.1.1, its nonlocal gradient is

u(z) —uly) v —y ws(|lz—yl)
Dsu T) = Cn,s/ ® dy Vm c Q, 65
sul@) @) Tyl [z —y| |o — gyt (6.5)

Here, ® stands for the usual tensor product of vectors.

Analogously, if M : R" — R™" is such that its rows satisfy the assumptions of Definition 3.1.1,
we denote by Divi M the column vector-function whose components are the s-fractional divergences
of each row of M.

The operators of Definition 6.1.1 act as dual operators an integration by parts. Many earlier
versions of a nonlocal integration by parts have been proved in different contexts. For the purposes
of this work, we will use a particular case of [84, Th. 1.4], which, for convenience, we restate here in
our language.

Theorem 6.1.1. Assume v € CX(R"™) and ¢ € CF(R™,R"). Then

) T—y _ B _ o(x Ty B
// |x—y| 7 —y] o(x)ps(z —y)dydx / / \x—y\ |:z;—y|p6($ y) dy dx.

The integration by parts formula suitable in our context is the following.

Theorem 6.1.2. Let 0 < s < 1 and 0 < §. Suppose that u € CX(R™) and ¢ € C(Q,R"™). Then
Dju € L>*(Q,R") and divi ¢ € L>(Q). Moreover,

/QDgu(x) co(x)dr = — /Q u(z) divi ¢(x)de — (n+s—1) /Q/Q U’f)_éb:(j) : ‘i : ::Z‘p(;(aj’ —y)dydx.

Proof. Denoting by L > 0 the Lipschitz constant of u, we have, for each x € €,

Diu(a)| < cn,sL/ (T =Y) s s— 1)L

Blas) [T —y[*T7!
so Dsu € L>(§,R™). Analogously, the integral of the right-hand side of (6.4) is absolutely convergent

and divy ¢ € L>(Q).
We have

) T —y
Dju(x x)dr = ( n+5—1// ps(x —y) - o(x) dydx
J Pt = = LR

with

IS =Ty SRS —

//Q |.CE—y| )|i:Z|p5(I_y)¢($)dyd:E
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Section 6.1. Functional analysis framework

By Theorem 6.1.1,

:L‘_y. ¢ .;L'—y B .
l//i|x—m MFW|¢®MAx )@Mx_/‘ / |x—m m—yWWEZD@d'

On the other hand,

_/Qu(x) div§ ¢(z) de = (n—l—s—l)/u(m)pvz /B( § (@) +0y) | I_z‘p(;(:c—y) dy dx,

Q |z —y| |z —
with
x) + r—y Tr —
o [ B T gy [ 2,
R Py B P Ix—m |z =y
o(r) + T —
+pv, @) +ly). 7 ps(x —y) dy.
aps 1=yl lz—yl
Now, for each z € ,
o(x) + xr — o(x) — x —
DV, @) +ély). T ps(x —y) dy = () =0 ps(x —y) dy
aps lT—yl |z -yl aps  lr—=yl  |r—yl

7 p(r) -y
‘K;Ax—m'u—m”“‘y”y

and these last two integrals are absolutely convergent.
Putting together the formulas above, we obtain the conclusion. O]

Note that the minus sign in the boundary term makes sense since the vector x — y points inwards.
We now extend Definition 6.1.1 a) to a broader class of functions.

Definition 6.1.2. Let 0 < s < 1,0 < and 1 < p < oco. Let u € L*(Qs) be such that there exists
a sequence of {u;}en C C(R™) converging to u in L*(Qs) and for which {Dju;};en converges to
some U in L'(Q,R"™). We define Diu as U.

The following result shows that the above definitions of Dju is independent of the sequence
chosen.

Lemma 6.1.3. Let 0 < s <1 and 0 < 6. Let u € L'(Q5) be such that there exist sequences {u;}jen
and {v;}jen in C°(R™) such that u; — u and v; — u in L*(Qs), and for which {Dju;}jen converges
to some U and {D*v;}jen converges to some V in L*(Q,R™). Then U =V.

Proof. Let ¢ € C(Q2,R™). By Theorem 6.1.2

/U~¢—hm/D5u3
Q
: T—y
= — lim /u]dlv(5¢+ (n+s—1) // : ps(x —y)dy dz
Je %5\x—m |z —y
=— /udiv§¢+(n—|—s—1)// uy)o() x_yp(;(:z:—y)dydx
Q QJQp s lz—yl |z —yl
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Chapter 6. Nonlocal framework on bounded domains

and, analogously,

fiveom(fuamtosoeay [ [ M0 220 ayan).

/QU-qb:/QV-d)

for all ¢ € C°(2,R™), whence U = V. O

Thus,

The consideration of the nonlocal gradient as a single object with some analogous properties
to the classical one leads to the definition of a new functional space similar to the Sobolev spaces
WhP(Q) and the Bessel fractional spaces H*?(R™).

Definition 6.1.3. Let 1 <p < o0, 0 < s <1 and 0 < J. We define the space H*?°(Q) as
Hs,p,5(Q> - WH'”HS,@S(Q)

equipped with the norm

1
P
lell sy = (loan) + 1D5ulE00))
As a consequence of the similarity in its definition, this space enjoys several properties analogous
to those of the aforementioned Sobolev spaces.

Proposition 6.1.4. Set 1 <p < 00,0 < s <1 andé > 0. The space H*?°(Q)) is a separable Banach
space. Moreover, when p > 1 it is reflexive.

Proof. That H*P?(() is a Banach space is immediate since its has been defined as a closure

For the rest of the proof, we apply a standard argument; see, for example, [82, Theorem 2.1| for
the nonlocal case and [32, Proposition 8.1] for the local case.

We have that the space F, = LP(€5;R"™) x LP(2; R™) is separable and, if p > 1, it is reflexive.
Now we define the map T : H*P°(Q) — F), by

o-(3)

IT()F, = llullzs g, + 1D5ullLsq) = llul

Then T is an isometry since

p
Hs:p:9(Q)"

By Definitions 6.1.2 and 6.1.3, it is clear that T(H*?°(Q)) is a closed subspace of F,. Since every
closed subspace of a reflexive space is reflexive (see, e.g., [32, Proposition 3.20]) and every subset of
a separable space is separable (e.g., [32, Proposition 3.25]), it follows that T (H*?°(2)) is separable
and, if p > 1, it is reflexive. The conclusion follows since 7" is an isometry. O

In the next result we compare the spaces H*P?(Q) for different exponents p, as well as with the
better-known Bessel space H*P(R™).

Proposition 6.1.5. Let 1 <p < oo and 0 < s < 1.

a) HSP9(Q) C H*9°(Q) whenever p > q > 1.
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Section 6.1. Functional analysis framework

b) HP(R™) C H*P%(Q). In particular, there exists C > 0 such that for every u € H*P(R"),

||U| Hs,p,é(Q) S CHU;“HS,])(RH).

Proof. The proof of a) is obtained in a straightforward manner applying the known inclusions
LP(Qy) C LU(Qs) and LP(Q2) C L) to the norms of u and Dju.

Regarding b), we first prove the corresponding inequality for smooth functions. Thus, let u €
C(R™). We have that, for z € Q,

Dgu(ac) _ Cn,s/ U(I) _ u(y) r—y w(g(l’ - y) dy
B(z,9)

=yl |z —yllz -yt

/ u(g) —uly) 2—y / u(@) —uly) z—y ao—ws(z —y) ,
Y — Cns

no |z =yt o -y lz—y| |z—vy| |z—ylrts?

= Cp,sQo

)

Y

o —y| |z—y| |z—y/rts!

= agD*u(z) + cms/ uy) v=y a0 —— dy.
Blapos)e 1T — Yl [z —y| |z — y["*s

= apD*u(x) — Cms/ uw) Zuly) &~y @ —wilw —y) dy
B(z,bod)c

We recall that ag and by are the constants from the definition of ws and that ws = ag in B(0, byd).
We therefore have that

|D3u(z)| < ao | D u(z)] + ap s / [u(y)]

oy Jo =y W S @1 D7)+ 0oy
,bp0)°

for some constant ¢; > 0. Consequently,

1
||D§u||LP(Q) < ag ||D8u||LP(Q) + a|Qfr ||u||LP(B(:c,bo6)C)) < ez [[ul Hsp(R)

for some constant ¢, > 0. Since we also have that ||u||zr,) < ||u||Lr®n), We obtain that there exists
C' > 0 such that for every u € C°(R"),

1wl grops )y < Cllul| msm@ny-

Being the spaces H*P?(Q2) and H*P(R") defined as the closure of C>°(R") with their respective
norms, the result follows. 0

The inclusion from Proposition 6.1.5 b) gives a straightforward link with Bessel fractional spaces.
In particular, it implies that functions representing fractures and cavitations, as those shown in
Section 3.6 are also included in H*P°(Q). One of the advantages of the space H*P?(Q) is that,
contrary to H®P(R™), it allows us to deal with elementary functions, such as the identity, which
would be relevant in a future linearization process.

Apart from the operator Dj of Definitions 6.1.1 and 6.1.2, there are two closely related operators
that are similar to others used in the literature (see [38,84]).

Definition 6.1.4. Let 0 < s <1 and é > 0.

a) Let u: Qs — R be a measurable function. For x € Q, we define

~ u\r) —u y €r — y ws\T — y
Diu(z) := Cn,sme/ (z) ) ( n+331 ,
B |T—yl |r—yllr—yl

whenever the principal value exists.
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Chapter 6. Nonlocal framework on bounded domains

b) Let u € LP(Q). Its distributional nonlocal gradient Diu is defined, for ¢ € C°(2,R"), as

Din,0) =~ [ ula) div;o(o) o = . [ 0l /Q uly) | 2ov Wil 9) g g,

—y| |z —y||z -yt

It is immediate to see that these three operators Dy, Dg, D; coincide for smooth functions. In
this thesis we deal with Dj and leave for a future work to find out a broader class of functions for
which they three coincide.

Finally, notice that, since we considered u € C2°(2) in Definition 6.1.1, the function Dju, orig-
inally defined in €2, also makes sense for points outside €2, with the same definition. With a small
abuse of notation, we also denote by Dju the function in R” defined as in (6.3).

Before getting to next section we recall the following definitions.

Definition 6.1.5. We will say that

a) a function f : R" — R is radial if there exists f : Rf — R such that f(x) = f(|z|) for every
x € R".

b) a radial function f : R™ — R is radially decreasing if its radial representation f : RS — R is a
decreasing function.

c) a function ¢ : R* — R™ is vector radial if there exists ¢ : RT — R such that ¢(x) = é(|z|)z for
every v € R™.

It is known (see, e.g., [66, App. B.5]) that the Fourier transform of a radial (respectively, vector
radial) function is radial (respectively, vector radial).

6.2 Calculus in H*P°(())

We start with a sufficient condition for the nonlocal gradient to be defined everywhere. We recall
that ag is the constant appearing in the definition of ws.

Lemma 6.2.1. Let 1 < p < oo and 0 <. Then there exists a constant C = C(n,ag) > 0 such that
for all u € WIP(Qs). and 0 < s < 1,

s _s Cns
I Diulliniy < C8- | Dulsoqa,
Consequently, there exists C' = C'(n, ag, |Q2]) > 0 such that

|1 D5u

—s Cnys
Loy < C'8F 1—_SHDUHLP(Q<§)

for every r € [1,pl.

Proof. By density, it is enough to prove the equality for u € C°(R").
First we consider 1 < p < oo, applying Minkowski’s integral inequality (see [110, App. A.1]) to

the p-norm,
p 1/p
g -
Q ;
- _p p 1/p
/ (/ <|“(“") “<f )’wg(h)) da:) dh.
B(0,8) \Jo R+

/ u(z) —uly) ©—y ws(x—y) d
Bs) |T—yl |r—y||lr -yt
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Section 6.2. Calculus in H*?? ()

Now, for all h € B(0,§)\{0},

|u(z) —u(z — h) P 1/p ao / 1/p g
h)) d < —u(z —h)PPd < N Dull1
</Q < |h|" s wslh) ) d — |nmre g Jule) ~ ule = h)f dv = |h|rtsl [1Dull v 05)

(6.7)
where we have used that ws is a bounded function (by ag > 0) and a classic inequality, [32, Proposition
9.3].

Thus, combining (6.6) and (6.7) we have that
s 1 aOO-n—laliscn,s
[ Djulle(o) < Cn,sCLOHDUHLP(Q)/ Tt dh = —————|Dul|r(0y) (6.8)
B(0,6)

where o,,_; is the area of the unit sphere of R”. Through a density argument, (6.8) remains true for
u € Wl’p(Qg).
1
If p = oo, we apply (6.8) for ¢ < oco. Since for every f € L®(Q), ||fllay) < IfllLoe(s)|s] 7, we
can take a sequence {¢,, }men such that ¢, /oo and

[1D5ullLam (@) = [ Dsulle@)  and  [[Dullgan (g = [[Dull ()
Applying it in (6.8) we obtain

CL()O'nfl(Sl_

s *Cn,s
| Dsul (o) < T IDullr=y).

]

Lemma 6.2.1 implies, in particular, that Dje is defined everywhere for p € C%'(Qs). Tt also
shows that W1P(Qs) C H®P9(Q) for every 0 < s < 1 and 1 < p < oo.
Next result is the analogous case in this framework of Lemma 3.3.2.

Lemma 6.2.2. Let 1 < g < o0, 0 < and 0 < s < 1. Let p € C*Y(Qs) and k € N. Then, the
operator K5° : L™ (Qs, R¥") — LI(Q, R*) defined as

K3(U)(x :cns/ MUyuw x —y)dy, a.e. x € ),
PO = s [y T ey Y

is linear and bounded, for every r € [1,q|, i.e. there exists a constant Cy, = Cy(n, s, q,d,r,ws,|2]) >0
such that
8,0
I1K5°(U)

L7 (Q,RF) S [@]%0,1(96)01HUHL(](Q&RnXk).

[¢]co(qy) denotes the Lipschitz semi-norm of .

Proof. Let U € L9(Q5, R**™). For a.e. x € Q we have

KW@ < lensl [ ED=2ON 500 sz — y)ay,
B(w,5) lz —yl
K (0)@)[" < Jennlg(), (6.9
with
ot = (S e - )
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Chapter 6. Nonlocal framework on bounded domains

Let [¢]co1(q,) be the Lipschitz semi-norm of . Then, using that ¢ is Lipschitz and applying Holder’s
inequality and the bound ws(2) < Cj for every z € R, we get

1U(y)] ! Uz —2)| , \*
9(7) < [@]¢on (/ ————ws(x —y)dy | = [¢]Eo1q.Ch Tz
(@) < [Pleos g Bz |T =yt ( ) WPleosanCo Bos) |z["T
|U(z — 2)|? 1 .
< [p]Los Cq/ —— " dz dz
[ ]CO (£25)~0 B(0.5) | z|nts—1 B(0) |z|rts—1

Op_10175 1/ |U(x — 2)|7
= Ci| —— —d
= Pleoray ( l—s ) Bog) 2" -

where 0,,_1 is the area of the unit sphere of R”.
Integrating,

on 161 s
< 0,1
/Qudx [Plosi0n (1_3

o 151 s)
l—s B(0,6) |Z’”+S !

O 151 s 1
U xn T
( ) Wl [, et

U _ q
/ / ‘ anrs Zl| d d$
05> 2]

/ \U(z — 2)|%dx dz

001 Q&
(6.10)

< Un 151 s

C‘”(Qa) HLq (Qs,RFx1Y -

Thus, by (6.9) we have

On 15175

q
2O oy < elonnglensl®C3 { 25 ) 10 ooy

Therefore, for every r € [1,¢] we have that there exists a constant C; = Cy(n,s,q,d,r,ws, |2]) > 0
such that

”KZ’CS(U)HLT(Q,R’C) < [90]001 OIHUHLq (Q,RXKY -
And the proof is completed. 0

As a consequence of Lemma 6.2.2 and a general result, the operator K;"s is continuous from the
weak topology of L9(2;, R¥*™) to the weak topology of LP(2,R¥) for all p € [1, q].

Now we introduce a product formula for the nonlocal gradient. We denote by I the identity
matrix of dimension n. Notice that these computations would also be admissible with operator [)gu
from Definition 6.1.4.

Lemma 6.2.3. Let 0 < s < 1,0<d and 1 < p < co. Let g € H*P%(Q) and p € C(Qs). Then
wg € H*P(Q) and for a.e. x € Q,

Dj(pg)(x) = p(x)Dig(x) + K5 (gI)().

Proof. Clearly ¢g € LP(R"™). First we consider g € C°(R") and later we will extend it by density.
Now, for a.e. x € 2 we have

Di(¢g)(x) = cns DV, / (pg)(@) ~ (pa)ly) ==y ws(r —y) dy

B(x.5) |z — y[rs |z =yl
by / p(x)g(x) — <p(ﬂﬂ)g(y)f fg)g(y) —vWgly) = Y sz — ) dy
B(x,8) |$ Z/| |$ Z/|

= o(z)Djg(z) + K3°(gI)(x).
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Section 6.2. Calculus in H*?? ()

The term ¢ Dig is in LP(2, R") since ¢ € C}(R™), while the term K;";(gf) is in LP(2, R™) by Lemma
6.2.2 .

Now we consider g € H*P°(Q) and a sequence {g;};jen C C°(R") such that {g;};en converges
to g in LP(€s) and {Djg,} en is a Cauchy sequence in LP(2,R™). It is immediate to check that
pu; — puin LP(Qs). Let us check that {D3(pu;)}jen is a Cauchy sequence in LP(Q,R"). Owing
to Lemma 6.2.3 we have

Dj(pu;) — Di(pur) = Di(p(u; —ur)) = ¢ Dj(u; — ) + K (w; —uy),  jk €N

Since Dj(u; —ug) — 0 in LP(Q,R") as j,k — oo, we also have that ¢ Dj(u; —uy) — 0 in LP(2, R™).
By Lemma 6.2.2 , since u; — u, — 0 in LP({s) as j, k — oo, we obtain that K3°(u; —ug) = 0 in
LP(Q,R™). This shows that o u € H*P9(Q). O

An initial property of the nonlocal divergence is the following, which states that it is well defined
if and only if so is the s-nonlocal derivative. Its proof is analogous to that of [84, Lemma 2.3|, and,
hence, it will be omitted.

For a ¢ € H*P?(Q,R") there is a natural relation between Dj¢ and div§ ¢.

Lemma 6.2.4. Let 0 < s < 1 and 1 < p < co. Let ¢ € H¥P°(Q,R"). Then divi ¢ is well defined
and tr D3¢ = divs ¢ a.e.

Proof. By density, it suffices to show that tr Di¢ = divj ¢ for all ¢ € C°(R"). Having in mind that
the integrals of (6.5) and of the right hand side of (6.4) are absolutely convergent, we obtain that

tr D}o(x) = coptr ( / y @) =) o 22U y)dy)

ws
|z —y["ts T |z =y
B(x,6) |z — y|mts |z =y

e, /B ) — W) TV o gy = div 6(a),

@o) [T =yl |z —y
which concludes the proof. O
As in Lemma 6.2.3, the following result computes the nonlocal divergence of a product.

Lemma 6.2.5. Let 0 < s <1,0<d and 1 < p < oo. Let g € H*P°(Q,R") and ¢ € C1(2). Then
wg € HSP(Q,R") and for a.e. x € R",

divi(ipg)(z) = p(x) divi g(x) + K3°(¢")(x).
Finally we show an analogous of the Schwartz theorem of the symmetry of second derivatives.

Proposition 6.2.6. Let 0 < s <1,0< 6§ and u € C*(R"). Letie {1,...,n} and

D) = (ns=1) [ SR ey dy (6.11)

Then, for every i,j € {1,...,n}, the following equality holds
Dg,j<D§iu) = Dg,z’(ng“)-
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Proof. We have that, making the change of variables y = § + 2/ — z and renaming y = y,
Dju(z) — Dju(z’)
(n+s—1) B

u(x) —u(y) x; — vy, u(z') —u(y) =, — v
/ (z) — u(y) m(x—y)dy—/ ( )/ (y) i (2 — ) dy =
B(z,0) lz -yl |-yl B(z',5) ' —y| |2~y

/ ez s U(i,) er uy + o - 2) (i — yi)ps(z — y) dy.
(2.9) [z — y
Therefore,
D3, (Dyu)(x)
(n+s—1)2
/ / u(y) : U(f ) J_r ul(?; + a2 — )] (i — yi)ps(z — y)(z; — w})p(s(x — o) dyds'.
B(x.) J B(z.6) |z =y |z — 2|

(6.12)

If we apply know Fubini theorem we obtain that

/

u(z)—u(z’) ’ ’
D3 ;(Dj u)() Jn@s) Toma (x5 — 25)ps(w — a’)d
s :/( | d) el . (zi — yi)ps(x — y)dy
x,0

(n+s—1) |z —yl?
u(y)—u(y+a’ )

/ Jos (@ — ) ps(x — 2’)da’
(z,6) |z — yl?

(z; — yi)ps(x — y)dy.

If we make the change of variables T = 2’ — x + y, it yields

_ / _
/ uly) —uly jtj ?) (z; — 2)ps(x — 2')dx =
(z,6) |z — 2| (6.13)
/ ) = ule) (yj — 2)ps(y — 2)dx = _Diuly)_ : |
we ly—z T (n+s—1)
Therefore, combining (6.12) and (6.13), we have that
D; ;(Dj,u)(x) / Dj ju(z) — Dj ju(y)
el R N S— 2 2 i — Yi T — d
D; (D5 u)(x)
(n+s—1)2
and the results follows. O

Remark 6.2.1. If we define each component of the nonlocal divergence of a field p € C°(R™,R") as

: ¢i(x) + i(y) Ti — yi
divj, ¢i(x) = —pvy(n+s—1 / ps(x —y) dy, (6.14)
0 9il2) ( ) Bws) |T—yl |z—y ( )
by odd symmetry we have that
divg’i ¢i(x) = D§z¢z($) (6.15)

Then, and as a consequence of Proposition 6.2.6, we have that for u € C(R™)

divi ;(Dju) = divf;’i(ngu) and  divy;(Dju) = Dj ;(divg, u).
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Section 6.3. Nonlocal version of the Fundamental Theorem of Calculus

6.3 Nonlocal version of the Fundamental Theorem of Calculus

We start by recalling the following classical representation theorem which can be seen in [63, Lemma
7.14] or [92, Prop. 4.14]. Although it has already been introduced in Section 3.5, given the analysis
performed in this section, we show it again here for the sake of the reader.

Proposition 6.3.1. For every ¢ € C°(R"™) and every x € R", we have
1

p(z) = / Ve(y) -

Op—1

r—y

dy,
[z —y|"

where o,_1 1s the area of the unit sphere.

This result may be understood as a fundamental theorem of calculus, in the sense that we recover
a function from its gradient by integration. A fractional version of it, involving the Riesz fractional
gradient in the whole space is also known (see Theorem 3.5.1). This section is devoted to show
a novel nonlocal version of Proposition 6.3.1, where a function can be recovered from its nonlocal
gradient Dj through a convolution with a suitable kernel V.

Our approach is inspired by the proofs of the fractional fundamental theorem of calculus previously
referred in [92,99]. However, those rely on the semigroup properties of Riesz potentials, which our
kernels do not enjoy. Therefore our procedure is much more involved.

To begin with, we show that the kernel in the definition of Dju (see formula (6.3)) can be seen,
in a certain sense, as the gradient of a certain function.

Lemma 6.3.2. Let 0 < s <1 and 0 < 6. Define g5 : [0,00) — R and Q3 : R"\ {0} = R as

5 —
— n+s—1 w(S(T) S/~\ 1 ~
¢(t)=(n+s—1)t /t e dr and Q3(Z) = g 8)|j|n+s_1q(5(]:z:|).

Then:

a) gs is C((0,00)), C"1([0,00)), gs|5,00) = 0 and there exists a constant zy € R such that for every
t €0, bod],
(L;(t) = ag + 2o tn+5_1.

b) Qf is radially decreasing, Q5 € L'(R") and

—1 ps() T

n+s— 1VQ§(£) B (6:16)

Proof. We start with a). The function ¢ is clearly C* in (0,00) as a product of C* functions in

(0,00). We have that
Y 05(t
(;ii_l) = —(n+s— 1)152—55)’ t> 0. (6.17)

Since ¢5(6) = 0 and Ws|;500) = 0, we obtain that gs|;50c) = 0. Now, for 0 <t < §by we have that

bod o T
_ n+s—1 wf;(r) ’LU(;(T)
¢5(t) = (n+s—1)t (/t md”/wmdr

=q 1 — L e + (n 45— 1)tn+371 /6 wcS(T) dr
- bod bos TS
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where ag and by are the constants from the definition of w;. In particular, gs is C"1([0,00)) and the
existence of zp in the statement follows.
We now show b). We get immediately from (6.17) that

n+s—1w(|2|) &
(1 —s) [Z[* |z

VQji(@) = - . & eR"\ {0},

s0 (6.16) holds. The fact that @3 is radially decreasing function is also obtained from (6.17). Finally,
Q5 € L'(R™) as a consequence of the boundedness of ;. n

Next, we show the following proposition, whose goal is to write the nonlocal gradient as a convo-
lution of the classical one with a kernel. Its proof, inspired by that of [92, Lemma 15.9] (see also [99],
which is stated in this document in Theorem 3.1.6), is based on an integration by parts starting with
(6.16). Recall, from the comments after Definition 6.1.4, that Dju is defined in the whole R™ for
u € C°(R™). In this case, supp Diu C suppu + B(0,9).

Proposition 6.3.3. For every u € C(R"™) and v € R™ we have
Dju(z) = | Vu(y)Qs(z — y)dy (6.18)
R”
and Dju € C°(R™).
Proof. Let K be a ball containing supp ¢ and let Ks = K + B(0,9). If x € K§ then both terms of

(6.18) are zero since supp Dip C K and supp Q3 C B(0,0). Thus, we consider z € K;, e € R" with
le| = 1 and the vector field

B:Ks\{z} - R"

defined by
By) = (u(z) — u(y))Qs(z — y)e.

Let € > 0 be such that B(z,¢) C K;. From Lemma 6.3.2 we have that

U(T;:ny)p( _y)‘ Z\ e—Q5(x—y)Vu(y)-e, ye Ks\B(z,e) (6.19)

and notice that div 3 is integrable in K; \ B(z,¢). Applying the divergence theorem we obtain

divB(y) = (n+s—1)

div B(y) dy = v S
/Kg\B(a:,e) v 5ly) dy 6K56(y) Y (y)+/83(“)ﬁ(y) |z — | (@),

where v, is the outer normal vector to K. Now we show that S(y) = 0 for all y € 0K;. Indeed, if
r € K5\ K then u(x) = u(y) = 0 for all y € 0K, whereas if x € K, then Qj(z —y) = 0 for every
y € 0Ky. Thus,
: LY g
[ awswdy= [ s T )
Ks\B(z,e) OB(z,¢) \l’ - y\

Now we estimate the integrand in the right-hand side. As w is Lipschitz, using the definition of ()3
(see Lemma 6.3.2) we find that, for all y € 0B(z,¢),

C Cc

<8 < Vully [ =yl |Q5(x = y)| < [Vull, g2 IVl

]my)

y‘ €n+572
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Section 6.3. Nonlocal version of the Fundamental Theorem of Calculus

for some constant ¢ > 0, so

a_’/’ —
/ Bly) - —— Y d?—[”_l(y)' < ||Vul|, con-1""%,
0B(z¢) |ZE y|

which goes to 0 when ¢ goes to 0. Therefore,

lim div B(y)dy = 0.

e20 ) K5\ B(z,e)

As a result, using (6.19) we obtain that

€20 Jks\B(z.e) |z — y|

r—Yy . s
ps(x — y)m -edy = lim Q5(x —y)Vuly) - edy,

¢20 ) K5\ B(,e)

provided that both limits exists, which is actually true as both integrals are absolutely convergent
in Ks; see the comment after Definition 6.1.4 for the left integral and notice that Q5 € L'(R") (see
Lemma 6.3.2) for the right integral. Thus,

[ s -0 e - = cdy = [ Qs - nTul) -edy

As this is true for every e € R with |e] = 1, we conclude that

/K (n+s— 1)u($) —uly) o7y ps(x —y) dy = / Vu(y)Qi(z —y) dy,

z -yl |-yl Ks

and formula (6.18) is proved.
We have thus shown that Dju = Vu * Q3. As Q5 € L'(R") and both u and Q§ have compact
support, this implies that Dju € C°(R™). ]

Given the previous result, it is straightforward to obtain the following corollary (for more details
on the Fourier transform, see next subsection).

Corollary 6.3.4. Let 0 < s <1 and 0 <. Then, for all u € C*(R"™),

Dyu(€) = 2mic a(€) Q3(6).

Proof. Given u € C°(R™) we apply Fourier transform on (6.18) (a convolution of two functions in
L'(R™)). Thus we obtain

Diu(€) = Vu(£)Q5(€) = 2mica()Q3(€).

We continue with the two main results of this section.

Proposition 6.3.5. Let 0 < s < 1 and 0 < 0. Then there exists a unique function Vi € C*°(R"\{0})
such that

| eGw-d= . yer o) (6.20)

On—1 W>

Moreover, Vi € L (R™,R™), and for every R > 0 there exists M > 0 such that

V5 (2)] <

>~ PR
|x|n s

z € B(0,R)\ {0}.
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Chapter 6. Nonlocal framework on bounded domains

For further properties of V;* see Theorem 6.3.13.

The proof of Proposition 6.3.5 is long and comprises the whole of Section 6.3.1. With this, the
main theorem of this section reads as follows. Tts proof follows the lines from [92, Prop. 15.8|, whereas
the main differences are gathered in Proposition 6.3.5.

Theorem 6.3.6. Let 0 < s <1 and 0 < 0. Let Vi be the function of Proposition 6.3.5. Then, for
every u € C°(R") and x € R,

u(z) = - Diu(y) - V5 (z — y) dy. (6.21)

Proof. Let F(x) denote the right hand side of (6.21). This integral is absolutely convergent since
Ve e L (R™,R"™) (Proposition 6.3.5) and Dju is bounded with compact support (Proposition 6.3.3).

loc
In fact, Proposition 6.3.3 allows us to write the equality

Fa) = [ [ Vu)Qi -2 Vit - ) dzdy.

Next we make the changes of variables n = x — y and £ = x — 2z to obtain

F(zx)= [ Vu(xz =& [ Vin)Qs§—mn)dndE.

Rn Rn

By Proposition 6.3.5,

5 (V)5 IS
/ Vs (M@5(& —n)dn = — e
Thus, thanks to Proposition 6.3.1,
§
F(z) = Vu(r — &) ———d& = u(x
@) = [ Vule =0 St =t
and the proof is complete. O

6.3.1 Inverse Kernel

This section is devoted to the proof of Proposition 6.3.5, which is divided into several intermediate
results. In the first half of the section, we will see that formula

- B —1& 1
VO = srep ane)

(obtained heuristically by applying Fourier transform to (6.20) and using Lemma 6.3.18) is well
defined. The crucial point for this is to show that Qg is positive. We then conclude that V' is at
least a tempered distribution. In the second half, we see that V;’ is actually a function.

We indicate the convention for the Fourier transform of a function that we use:

J©) = | f@emtde

for f € L'(R™). This definition is extended by continuity and duality to many other function and
distribution spaces, notably, as isomorphisms in L2, in the Schwartz space S and in the space of
tempered distributions S’. Sometimes we will also use the alternative notation F(f) for f. Classical
texts in Fourier analysis are [66,71].
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Section 6.3. Nonlocal version of the Fundamental Theorem of Calculus

In a great part of the proof, we will make comparisons with the Riesz potential. Although it has
been extensively used in Part II, we recall (see [99,110]) that given 0 < s < n, the Riesz potential
I, : R"\ {0} — R and, in particular, its Fourier transform are

1 1

o) = el L© = el (6.22)

where 7(s) is defined in (6.2).
We start with an analysis of the Fourier transform of the vectorial version of the ¢s of Lemma
6.3.2.

Lemma 6.3.7. Let 0 < s <1 and 0 < 6. Let q5 : R" — R be defined as qs(x) = qs(|z|). Then its
Fourier transform is an analytic function and qs € Co(R™) N LY(R™).

Proof. Half of this proof comes directly from known facts in Fourier analysis. Given that ¢s €
C"1([0,00)), we have that qs € L'(R") and therefore q; € Co(R"). Actually, since g5 has compact
support, qs is analytic. Now we check that q5 € W?" b1 (R"). Indeed, as a consequence of Lemma
6.3.2, for 1 < j < 2n — 1 there exists z; € R such that

@ (1) = zt" 7 e (0,b0),

where the superindex j indicates the j-th derivative. On the other hand, qg) is bounded in [by0, J]
and vanishes in [0, 00). This implies that the a.e. and weak derivative of order j of qs coincide and
they satisfy, for some constant C; > 0,

DV ()] < Gyl x € B(0,bod) \ {0}

while | D7 (z)| is bounded in B(0,0) \ B(0, by, ) and vanishes in B(0,0)¢. This implies that q; €
W2n=LL(R"). In particular, the Fourier transform of any partial derivative of order 2n — 1 of qs is
bounded, so there exists C' > 0 such that for any multiindex « of order 2n — 1 we have

|(2mi&)*qs(§)] = [0*qs(§)| < C,
and, hence,
e
= 2mgfr 1

This decay at infinity of qs, together with the fact that qs is continuous, implies that q; € L'(R")
for n > 2.

In the rest of the proof, we assume that n = 1. In this case, qs is the even extension of ¢g5. As
shown before, there exists z; € R such that gf(z) = s for 2 € B(0, bod).

Now we consider a ¢ € C°(R) with ¢|B(Ovi) =1 and 90|B(0,%) = (. Then,

las(§)

~ 1 1
e =7 (V(S)lel‘s - zw(s)"m)

-7 (ws)ﬁcw—s B ml<s>qg<‘”)) o (v(ln;f) |

s and ﬁ(s)qg(x) coincide in

B(0, min{by4, 411})7 and both have compact support. Therefore, its difference is a smooth function of
compact support. It particular it is in the Schwartz space, as well as its Fourier transform:

d <7(s)ﬁyls - Zwl(s)qﬁs(w)> €s.

|27 —

Looking at the expression of qj, we notice that the functions i

125



Chapter 6. Nonlocal framework on bounded domains

On the other hand, the function F (7(31;@) is treated in [66, Ex. 2.4.9], and it is concluded that

)|t

its decay at infinity is faster than any negative power of |£|. Consequently, the decay at infinity of

1
217(5)

2|7 — d5(€)

is also faster than any negative power of |£|. In particular, there exists C| > 0 such that

2ré ‘ o
a5 5 < )
2 Y| < forep
which allows us to conclude that s € L'(R). O

The last lemma is useful so as to obtain relevant properties about Qg.
Proposition 6.3.8. Let 0 < s <1 and 0 <. Then

a) Q3 is analytic, bounded, radial, and Q3(0) = Q51 1 (.-
b) For every multi-index «, 6"‘@;‘; 15 bounded.

C %O

lel—o0 [2€|~(1—9)
where ag is the constant from the definition of ws.

Proof. The proof of part a) comes directly from known facts in Fourier analysis. Indeed, as Qj €
L'(R™) we have Q§ € L>(R™). As ()3 has compact support, Q§ is analytic. Since ()5 is radial, so is
Qf;. Finally, the equality Qg(o) = ||Q5]| 1wy is a straightforward consequence of the formula of the
Fourier transform. -

Regarding b), we have that 9°Q% = (27€)*Q;5. Thus, 9*Qs is the Fourier transform of an L'(R")
function (since Q5 € L'(R") has compact support). Therefore, 8‘”@3 is bounded.

In order to show c¢), we apply the Fourier transform to the expression Q5 = I;_sqs (see the
definition in Lemmas 6.3.2 and 6.3.7). Since the Riesz potential I;_, is not an L'(R") function and
qs is not Schwartz, the Fourier transform is, in principle, in the sense of tempered distributions. To
wit, as I}, € LY(B(0,1)) + L>=(B(0,1)¢), both factors I;_, and qs can be seen as distributions; in
addition, qs has compact support, so we can use Lemma 6.3.19 and obtain that

Q3(¢) = [2m€[ 7" % a5(€) (6.23)
in the sense of distributions. Actually, by Young’s inequality for the convolution we have that
\|f1_5 * Qs lloo < Hfl—sXB(O,l)HlufléHoo + ”jl—sXB(O,l)cHoo”élé”l-

Therefore, the integral defining (I;_, *q5)(§) is absolutely convergent for a.e. § € R". Consequently,
equality (6.23) holds a.e., and, since ()3 is continuous, it holds everywhere.

Then, we consider £ = A\, with & € B(0,1/2)¢ fixed and A > 0. Using the change of variables
x = Az’ we have

Oi(A&) = / 27(z — A&) [~ () dar = / 27 (Ar — A&) "0 (M) A" da

= )\"(1-9) / 127 (&0 — )|~ qs(Ax) A" dex.
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Section 6.3. Nonlocal version of the Fundamental Theorem of Calculus

As the function & — WZ“% is radial, in order for ¢) to hold, it is enough that
o Qi0&%)
A a0 W
equivalently,
[12m(g — )15\ da
lim = ay.
A—r00 |27m&|~(1=9)

Define now g, (z) = %q(;()\m))\”. The limit above is equivalent to

lim [ 127(& — o) "9 ga(z) da _
A—00 ’27T§0|_(1_S)

Define now f(¢) = |27&|7(1=%). The limit above is equivalent to

Ao f(&0) 7

and, in turn, equivalent to
tim [ (6~ 2)on(e) do = £(60),

in other words,

/\1£I<>10f * ga(6o) = f(&o)-

We recall from Lemmas 6.3.2 and 6.3.7 that ag = q5(0) = [ qs. Thus, [ g\ =1 for each A > 0.
Then, by construction, g, is a mollifier family tending to the Dirac delta at 0, when A\ — oo in the
sense of distributions. Thus,

|f % gx(&0) — f(&0)| =

f(&o — z)gr(z) dx — - f(&o)gr(x) dx

< - |f(&o — ) — f(&)| |lgr()| dz.

R
Let € > 0. Since f is uniformly continuous in B(0, 1/2)¢, there exists » > 0 such that

£ (6o — ) = f(&)| <& V& € B(0,1/2)°,Vz € B(0,7).
Therefore, as f € L>(B(0,1/2)°), in fact,

HfHLOO B(0,1/2)¢) (1/2)—71' a- s)gl,

we have that

Fxaa(6o) — F(&)] < /B o =) = F(E) oa(@) e+ / (€ — ) — F(60)] lga(x)| da

B(0,r)c

<e / on(@)ld + 2]l (5020 / or(@)]de
B(0,r) B(0,r)c

Finally, we use that g, is a mollifier sequence, in particular, limy_ ., fB(O e lga(z)|dz — 0. As a

result, there exists A\g > 0 such that for every A > X, the inequality fB(O rye ()| dz < € holds. As

a consequence

Lf* gx(&0) — f(&)| < (loallr@ny + 2/ fl e (B0,1/2)9))e < (|91 llLr@ny + 2)e,

since ||gall1 = ||g1]|1- This proves the convergence f * g\(§o) — f(&o) for every & € B(0,1/2)¢, when
A — 00, and, hence, the convergence of the statement. O
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Chapter 6. Nonlocal framework on bounded domains

The next step is the positivity of Qf;. For such a process, the following calculation is useful.

Lemma 6.3.9. Let 0 < s <1 and 0 <. Then, for all j € {1,...,n} and r > 0,

/ ‘x|n+s+1 (x) sin (27ra;) de > 0.

Proof. By a change of variables we have

i us(e) sin (2rray) do = v [ g (4 sin (22, o

Let ws be the radial representation of ws. By symmetry, the co-area formula and Fubini’s Theorem
we have

L

Ty .
/ |x|n+s+1 ) sin (27z;) do = 2/{ . ng (;) sin (27x;) dx
zj

7‘5 'LD(S (t) _— . n—1
=2 [ et [ essinGores) )

=9 " '11_)5 (%) in(2 d df}_[nfl
=2/ 2 T sin(27tz;) dt (2),
where ST = {z € "7 : z; > 0}. Finally, let us show that

ré W t
/ % sin(2mtz;) dt > 0

(1)

for each z € S} and r > 0. For this, consider the function f(t) = —=%* and express

rd 5. (T e k£l
ws \;) . zj .
/0 tsgl) sin(27tz;) dt = E /]c f(t)sin(2ntz;) dt
k=0 " =,

We have that each term in the sum is positive; indeed, by splitting the integral in two through points
k+3
i

and making the change of variables t = ' + - in one of them, it is easy to obtain

k:+§

/ F(¢) sin(2tz;) dt = / [f(t)— f(t+2i)] in(2rtz;) dt > 0,

Zj
J
Zj

since sin(2ntz;) > 0 and f is decreasing. In fact,

1

[ [r0= ste s 50 sincemtz aeo

Zj

as f is strictly decreasing in [0, o] for some a > 0, so

[e.9]

Z/ (t)sin(2mtz;) dt > 0,

which concludes the proof. O
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Section 6.3. Nonlocal version of the Fundamental Theorem of Calculus

We conclude the first half of the subsection with the following result.
Proposition 6.3.10. Let 0 < s <1 and 0 < 9. Then Qg(g) > 0 for all £ € R™.

Proof. Since Q3(0) = Q5] 21 mny > 0, we have to show that Q3(€) > 0 for every € € R™\ {0}. In
order to do so, taking into account that Q§ is radial, we will see that

Qa

Qﬂifjég(fjej) = (fj J) 7£ 0 fj >0,

with e; the j-th vector of the canonical basis. Now, we claim that, despite % ¢ L'(R™),
J

5’/62\2 (n+s—-1)
oz, (&) = S —s) / |x’n+s+1 )sin (27€ - x) dx. (6.24)

This is shown at the end of the proof. Assuming the validity of (6.24), by Lemma 6.3.9 we obtain

1 8@5
i Ox; — - (&ej) >0, &> 0.
Now, the formula
G,
2mig;Q5(&5e5) = Q5 (@ €;)

holds in the sense of tempered distributions. Since both terms are actually functions, the equality
holds as functions for almost every point. Moreover, since both functions are continuous, the equality
holds everywhere. We then conclude that

§Q5(Ee) >0, & >0.

Consequently, since Q§ is radial, Qfs(ﬁ) > 0 for all £ € R™.
It remains to prove (6.24). By Lemma 6.3.2,

0% (1) = —(n+s— 2D L

Oz; e

We do have XB(o o € L'(R™) for all € > 0. Moreover, by Lemma 6.3.14

Q3 Q3
o S XB(0e)e oz,

F(0Q5 (0,0)° ) %F(%) inS ase—0.
837] 81’]

inS" ase—0,

SO

We now compute

aQs (TL +5— 1) Lj —2mié-x
F(Gwoar ) 0=~ [ e

v(1 - s)
—(n+—8_1)z' o wg(x)sin (27€ - x) dx
S p)sin(2e o)
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where we have used the odd symmetry. Now, by dominated convergence

X ‘
/B(O) |:L-‘n—is+1 ws(z) sin (27€ - x d:z:—>/’ |n+s+1 ws(x) sin (2r€ - 7) dz

since
X ) 1 1
XB(O,E)CWZ%@) sin (27§ - x)| < Wwd(x) 27€ - 2| < ng(xﬂﬁ €]
and
/ ‘x|n+s 1 dl’ < 0.
This proves (6.24). O

Corollary 6.3.11. Let 0 < s < 1, 0 < 9. There exists a tempered distribution Vi whose Fourier
transform is given by
~ 13 1
VPO =~ —
' 2w Q3(¢)

Proof. The right-hand side of (6.25) is well defined for £ € R" \ {0} since Q3 is positive (Proposition

6.3.10). Next, we subtract the function (and distribution) ‘;| \2775\ of Lemma 6.3.18 from V;:

- e 1 i€ 1 e 1
Vo) = o A = "R Aere  3eIEE Aoy
ml€12 Q3(0) mlE? Qs(e)  2mIEl Q5(0)
This function is in L>®°(B(0, R)) for any R > 0, as a difference of functions in L*(B(0, R)¢) (see

Proposition 6.3.8). Let us see that it is also in L>°(B(0, R)) for some R > 0. By a Taylor expansion,
there exist ¢ > 0 and R > 0 such that for all £ € B(0, R),

(6.25)

(6.26)

@5(0) = @5(6)] < elel

As a result,

ey - i€ L | 1 QO -Gl o 1 c
T2l Qs0)] 2wl Q3©)Q5(0) T 27 Q5(0) mingom Q5

so the function in (6.26) is in L>°(B(0, R)), and, hence, in L>*(R"). In particular, this function is a
tempered distribution, and so is V;°. As the Fourier transform is an isomorphism from &’ into itself,
there exists Vi € S’ such that (6.25) holds. O

In this second part we address the existence of V3 as a function. First we notice that V; does
not belong to any space where we can conclude directly that its Fourier transform is a function. The
main drawback comes from the fact that the tail of 1755 is not integrable enough, although in the limit
it behaves like a homogeneous function with a known Fourier transform. So as to tackle this, we
adapt the proof of |66, Proposition 2.4.8] (homogeneous function) to the non-homogeneous function
Vi

We first need the following decay estimate for the derivatives of \A/;SS. We use the multiindex
notation for the higher-order partial derivatives.

Lemma 6.3.12. For every a € N" there exists C,, > 0 such that for any || > 1,

OV (€)

< 1
’ — |€|s(\o¢|+1) :
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Section 6.3. Nonlocal version of the Fundamental Theorem of Calculus

Proof. Express V; = g f with

§

= Gk f=/riog, filt)y =t g1(€) = 1€1Q3(9).

9(§)

By Leibniz’ formula,

(9= (g) %90 f.

BLla

Let 8 € N® and j € N. Denote by ¢/ the j-th component of g. By induction, it is easy to see that
0%g7(€) can be expressed as

P(¢)
‘5|2\6|+1

for some polynomial P of degree || 4+ 1. Therefore,

00| < e R0, (6:27)

We apply Faa di Bruno’s formula for the higher-order derivatives of a composition, and obtain that

Il
=Y f)oqG
i=1
where (G; is a linear combination of products of ¢ partial derivatives of g;, the order of which adds

up [7/- .
We estimate the partial derivatives of g;. We express g = h Q5 with h(§) = |£|]. Since Vh = g,
we have, by (6.27), that

10°h(&)| < s £ eR™\ {0}. (6.28)

- |€|\ﬁ\*1’
Now we show that

A C
Q3O < e, € R0} (6.29)

Recalling from Lemma 6.3.2 the definition of ), we mention here that it is an L' function of compact
support, smooth outside the origin, and that in a ball B centred at the origin, one has

C
Qi) = W%7 z € B\ {0}

for some Cj € R. Therefore,

(2 Qo) = i, v € BA{0)

for some C3 € R. Moreover, 9°((—27z)?Q3) is smooth outside the origin, has compact support and
is in L'. Consequently, F (85((—27mc)5@§)) is analytic and bounded. But

F (0°((=2m2)°Q3)) = (2m€) F((—2m2)°Q3) = (21€)°9°Q5(€),
which shows (6.29).
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Now, by Leibniz’ formula, (6.28) and (6.29),

N C,
76 < €3 [16)| PO < e RN (0)

for some constant C,, > 0. Hence, if we multiply ¢ partial derivatives of g;, the order of which adds
up ||, we obtain that

Gie)l < Rl €eR"\ ok
for some constants C.,; > 0. On the other hand, by induction,
i Ci 4
1)(t)‘§ti+17 ZGNv t>07
for some constants C; > 0, and, hence,
C

oa©) < ieN, &eR"\{0}

BEEG.

From Proposition 6.3.8 we know that, for |£| > 1,

— < C ].—S,
‘@(5) =l
SO
1 __C
“ i+1 — s(e '
(EG) I
Thus,

Il el 1 C
N
071 < Z VoG <G ) [E[srD =i = E[s(h+D
i=1
We conclude that, for |£] > 1,
1 C
a— [e
9} 0 f} < Ca Z €] (el +D+BI0—5) ’é“s(|a\+1)'

ﬁ<a B<La

oovs| <

]

The decay estimate of Lemma 6.3.12 is not optimal. In fact, a more refined argument would
possibly allow us to prove that the bound

Ca

0°Q(¢)] < R £eR"

holds. With that estimate, an adaptation of the proof of Lemma 6.3.12 would yield

C,
”’—W

8“‘/5
Nevertheless, the bound of Lemma 6.3.12 is enough for our purposes in the following theorem.

132



Section 6.3. Nonlocal version of the Fundamental Theorem of Calculus

Theorem 6.3.13. Let 0 < s < 1 and 0 < 0. Then there exists a radial function V& € C®°(R™\
{0}, R™) such that
- ¢ 1

Vs(§) = —me~ (6.30)

Furthermore, we have the following properties:

a) There exists W € Cp(R™,R"™) (actually, W € Cy(R",R™) when n > 2) such that

Vi) = Wia) + 2

ap ’I|n+1—s'

b) For each x € R"\ {0},
lim A"V (A\z) = L

A0+ ag |z|nti=s’
¢) For any R > 0 there exists M > 0 such that for all x € B(0, R) \ {0},
M

|m’n—s'

Vs (2)] <

d) For every Ry, Ry > 0 there exists M > 0 such that for all x € B(0, R1)\{0} and h € B(0, Ry)\{z},

x r—h
|:C|n+1—s o |.I' _ h’n+1—s '

V5'(z) = Vi(z = h)| <M

Proof. We first prove that there exists a function V¥ € C*°(R™ \ {0}, C") such that (6.30) holds.

We start as in the proof of [66, Proposition 2.4.8]. In order to see that Vy’ is € away from the
origin we will see that F(Vy)(z) = Vi (z) = Vi#(—x) is CM in R™\ {0} for all M. Thus, fix M € N
and let a € N” be any multiindex such that

s(la|+1) —n> M. (6.31)

Now we take ¢ € C°(R") such that ¢ = 1 in B(0,2)¢ and ¢ = 0 in B(0,1). Write u = V,
uy = (1 —¢)u and us = @u. On the one hand, 0% = 0%up + 0%u~ in the sense of distributions and
also in R™\ {0}. On the other hand, as u is smooth outside the origin, we have that 0%u, is smooth

and can calculate
o
0%Usy = 9P 0.
2 (5) i

BLa
Write

v=0%0+ ) ( )aa b (6.32)

B<a
pa

Then v is a distribution with support in B(0,2), so ¢ is C*°. Moreover, 0“u = v + ¢ 0®u. Thus, in
order to see that 0>u is CM it remains to show that ¢ 9u is C™. The function p 0%u is C* and,
by Lemma 6.3.12,

|p(£)0u(§)] < Ca ¢ eR™, (6.33)

| -1+ |€|s(|o¢\+1)’

Having in mind (6.31), a classical result shows that @ is CM.

Once we have shown that 9°u is C™, we note that 8/‘%(5) = (2mi&)*u(§). Let € € R™\ {0}; then
& # 0 for some j € {1,...,M}. Let V be a neighbourhood of £ such that every n € V satisfies
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Chapter 6. Nonlocal framework on bounded domains

n; # 0. Let m € N be such that s(m+1) —n > M and let a be the multiindex (0,...,0,m,0,...,0),
with the component m in position j. Then « satisfies (6.31). Moreover, for any n € V,

() = )
(27TZ77J)m ’

so 4 is of class CM in R"\{0} for every M € N, and therefore, so is V.

Once we have that Vj® is a function, since %“’ is radial and imaginary-valued, standard properties
of the Fourier transform show that V;” must be radial a real-valued.

Now we show the decay of Vy’ at infinity. Case n = 1 is tackled in Theorem 6.3.16. So, let n > 1,
recall that

5 B & 1

Vete) = s L
’ €1 2] Q;
We have that Vg = F1(V), so Vg(—z) = F(V¢)(z). Now, by Lemma 6.3.17

5 ! —& 1 5 —& 1 Cn—s —I
VS—:E)—]-"(VS— -+ )—]—"(VS—— >+ .
! C T alel e T aole] el T al 2eeE) T e el
—i€ 1
ao ] |27€]®
Therefore, the growth of V;* around 0 will be given by that of

will be shown.

Tn order to show that V — =% L _isin L', we first notice that it is in L} (R™\ {0}), since it is in

ao&] [27€]* loc

C(R™\ {0}). It is also in L'(B(0, R)) for any R > 0 since both V$ and =% —L_ are in L(B(0, R)).

c aol¢| [2m€]®
—i 1 . .
i ‘ mm at mﬁnlty.
We will see that, in fact, the decay of V¥ — Jo_é\ﬁ at infinity is faster than any negative power
of [£]. For this we observe that

Consequently, if we show that V}s — is in L', its Fourier transform will be in Cy(R™).

Cn,—s

- Ir\"%’ so the desired estimated

Hence, it remains to show the integrability of Vf —

—ig 1 &1 g 1€ aol2mg T - Q5(¢)
aolé|[2n€]* & 12mE|Q5(€)  aol€l2mEl ISl aol2mElQ3(6)

AGE (6.34)

The terms [27€]* and Q%(€) in the denominator above only contribute as a power of |£| in the growth at
infinity (see Proposition 6.3.8). Therefore, it remains to show that the numerator above ag|27&| ™1+ —

Q3(€) decays faster at infinity than any negative power of |¢|. Recall that F (;) (&) = |2n&| .

Y|z

Now we consider a ¢ € C2°(R") with ¢p(,1) = 1 and pp 1y = 0. Then,

Qo

L )
=7 (s @)+ 7 (s i)

Looking at the expression of Q3 (Lemma 6.3.2), we notice that the difference between W

a0|27E| 1+ — O3(€) = f(

—Z20

and @Q3(x) coincide with the constant gy in B(0, min{byd, i}), and both have compact support.
Therefore, its difference is a smooth function of compact support. In particular, it is in the Schwartz
space, as well as its Fourier transform:

d (7(1 - Z;’i‘”1+s - Qf;(ac)) e S.
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Section 6.3. Nonlocal version of the Fundamental Theorem of Calculus

On the other hand, the function F (W) is treated in [66, Ex. 2.4.9], and it is concluded

that its decay at infinity is faster than any negative power of |¢].
We have concluded that there exists W € Cy(R™, R™) such that

Cns X
ap |l.|n+1—5 :

Vs (x) = Wi(x) +

With this we have that for each x € R™\ {0}, h € R*\ {z} and A > 0,

Cns T
a/_O ’x‘nJrlfs ’

NSVE () = AP () +

S0 e .
lim \"*VE(A\x) = ===

A—0F ag |x|nti=s’

We also have that given R > 0, for all x € B(0, R) \ {0},

& 1 & 1
Vi(x)| < |[W +7w———_ W R+ —= | ——.
V< IW o + 22 s < (Wl 22)
As for the inequality d), we first prove that W is Lipschitz. We know that W is C*°(R™ \ {0}).
In addition, the proof above shows that W(z) = F(Z)(—z) with Z(&) := V3 (€) — =% L, whose

ao¢| [2m€]°
decay at infinity is faster than any negative power of |£|. Thus, VW (z) = F(2miéZ(§))(—x). Since

2miEZ (€) is integrable then F(2mi€Z(£)) is bounded, so W is Lipschitz.
Once we know that W is Lipschitz, we estimate

- Cn—s | — —(z—h
Vi) = Vo = )] £ Wi ] + 22 e

|x|n+1—s B |ZE _ h’n+1—s '

In order to conclude the proof it is enough to show that there exists m > 0 such that

z—h

|n+l s |ZIZ’ _ h|n+1fs :

il < |55

From this point, we divide the proof in three cases, according to the position of the points x and h.
Case 1: |z] < 1|x — h|. Taking

< 11— 2n s
m
= RIR,
we have
T x—h 1 1 1 1 1— 5k
- > — > (1- > 2" > mRy > m|hl.
|:L.|n+l—s |$ _ h|n+1—s — |x|n—s |$ _ h|n—s — ( 2n—s) |x|n—s — R?—S Z miy 2 m| |
Case 2: - (xr — h) < 0. Taking
m< -
~ RIT°Ry
we have
x t—h | 1 N 1 2z - (x —h)
|l.|n+1—s |ZE _ h|n+1—s - |:L.|2(n—s) |$ _ h|2(n—s) ’ZL‘|”+1_8|1’ _ h|n+1—s
S, e 1

2(n—s) — 2(n—s
[P = R
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Chapter 6. Nonlocal framework on bounded domains

Case 3: - (x —h) > 0 and |z — h| < 2|z|. We observe that the inverse of G(z) = s 8

G (y) = —=, with derivative
ly| n=s

+1

— —n—s¥l_ _n—s+l
DG ' y) =y 7+ Py@y+lyl - I,

SO
—s+1

DG~ (y)| < 2ly|” .

With this, using the mean value theorem (or the fundamental theorem of calculus),
Bl =1G"HG(x)) = GGz = h))| < | DG s 6@).ca—m)|G(x) = Gz = h)].

Asz-(x—h) >0 and |z — h| < 2|x|, we have that

DG Mo ic(e).Clom] < 2 S ) G(x)| "= |G — )|
I lsc.[G(a) —n)) < ye[G(g%fx_h)Hy\ max{|G(z)] |Gz — h)] h

=2 IIIaX{’xVLferl7 |x — h|n*3+1} < 2nfs+2|$|nfs+1 < 2”78+2R?78+17

so the inequality holds for
1

— 9n—s+2 pn—s+1
Qs+ Ry

Remark 6.3.1. It can also be proved (and easy to see heuristically) that for each x € R™\ {0},

lim A"V () = et T

n,
Ao Q5] zs ™

Nevertheless it is not going to be needed in this work.
Now we can provide the proof of Proposition 6.3.5.

Proof of Proposition 6.3.5. Given the function V;’ from Theorem 6.3.13 we want to check the equality

Ly
Vi(2)Q5(y — 2)dz = ————, y € R™
| vieait -2 -
In order to do so, we are going to see the equality of the Fourier transforms of both terms. Notice
that V3’ and @5 can be seen as tempered distributions, and, in particular, 5 with compact support.
Hence, by Lemmas 6.3.19 and 6.3.18 we have that the desired equality is equivalent to

78 s . 5 1
V5 (©)Q5(8) = e e
which holds by (6.30) and the result follows. O

Technical results

The next lemma is used in Proposition 6.3.10.

Lemma 6.3.14. Let 0 < s <1 and 0 <. Then

VQixsoe: = VQ;5 inS ase—0.
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Section 6.3. Nonlocal version of the Fundamental Theorem of Calculus

Proof. We recall that VQ3(z) = —(n+s — )22 Fix j € {1,...,n}: we shall prove the desired

lz| =
convergence for the j-th component of VQ3. Let ¢ € S. Using the notation Bj[((),&t)c = {z €
B(0,¢)¢: £x; > 0} and w; for the radial representation of ws we have

xj — - Ij -~ %‘ B
/B(O,s)c x‘msﬂwa(w)@(:lﬁ) dx—/ ym‘ﬁsﬂw(s(x)@(x) dx—i—/ N ’x‘n+s+1w5(x)go(3:) dx

- +
B (0.6)¢ B (0,

- /B_+(O . #U%(%)@(w) — o(—x)) dz.

By the mean value theorem,

T 2[| V| oo |||
‘x|njs+1w6($)(90(x) - @(_m))XBj*(o,e)c ()] < ||t B(0,6) (%)
By dominated convergence we obtain that
/ L y(2)(p(2) — p(—x)) dz (@) (p(x) — p(—a)) da

BF(0,)° z| {e;>0 2]

as € — 0. This proves that
| e e [ el di
B(0,)e |z [ts ||t

and the conclusion follows. O

1-dimensional case

In this appendix we treat the particular case of determining V’ when n = 1. Before doing so we
provide an auxiliary result necessary to prove the following theorem.

Lemma 6.3.15. Let 0 < s < 1,6 > 0 and n = 1. Then the function Z(£) == V3(€) — ;o_@ﬁ can
be identified with the tempered distribution
Zo)= [ 2O - (- d  weS (6.35)
0
and we have the convergence
ZXBoee = Z inS  ase—0. (6.36)

Proof. Let us see that formula (6.35) defines a tempered distribution. By Propositions 6.3.8 and
6.3.10, there exists C' > 0 such that

1 1 1 1 C
Z(6)] < _ — < <1.
2O s Tz S €
Thus, by the mean value theorem
1
| 200 ~ o0 de] < 201 (6.37)
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Chapter 6. Nonlocal framework on bounded domains

On the other hand, in the proof of Theorem 6.3.13, and, concretely, (6.34), we saw that Z decays to
0 at infinity faster than any negative power of £&. In particular,
C

201< o 2L

JEGIEGE dg\ o [

Estimates (6.37) and (6.38) show that Z defined by (6.35) is in S’

As explained before, the fact that Z decays to 0 at infinity faster than any negative power of &
implies that Zxp(o,.) € L'(R) for all ¢ > 0. In particular, ZXB(0,) considered as a distribution acts
as follows: for each p € S,

Consequently,

(6.38)

(Zxsoori = | 2 ECEGEE / — o(—)) de.

As we saw above, the function Z(£)(p(€) — ¢(=£)) is in L*((0,00)), so, by dominated convergence
we have that

[ 20600 - oorie s [ 2@w© - -yt sz

which justifies the identification of the function Z with the distribution (6.35) and shows the conver-
gence (6.36). O

The following is the one-dimensional version of Theorem 6.3.13.

Theorem 6.3.16. Let 0 < s < 1, 0 < 6 and n = 1. Then there exists a real-valued function
Ve e C®(R\ {0}) whose Fourier transform is given by

. e 1
V3O = s
T2l Qs9)
Actually, there exists W € Cy(R) such that
s Cn—s T
Vi(a) = Wia) + 22 (6.39)

In addition, V§ € L (R) and

. S o 1 . . .
a) limg o0 sgn(z) Ve (z) = DIToR where sgn is the sign function.

b) lim, 0 Sgn(x)\xll_svg(m) = Snms

ao

c¢) For any R > 0 there exists M > 0 such that for all x € B(0, R) \ {0},
M

|x|1—s‘

Vs (2)] <

d) For every Ry, Ry > 0 there exists M > 0 such that for all x € B(0, R1)\{0} and h € B(0, Ry)\{z},

T z—h

Vi(x) = Vi(x —h)| <M — .
| 5(1’) 5(1’ )’ — ‘£C|275 |x_h’2,s
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Section 6.3. Nonlocal version of the Fundamental Theorem of Calculus

Proof. The existence of Vi € C°(R\ {0}) as the Fourier transform of V;# was given by the first part
of Theorem 6.3.13, which is valid for n = 1. Thus, we start with (6.39).
As in Theorem 6.3.13, we compute the Fourier transform in the following way using Lemma 6.3.17

R O SR S S S e T
Viee) =7 (1 = St + aer) @ =7 (4~ ) @ S

where, despite ‘755 not being integrable around zero, we are going to see that the function

7 = — 8 L — —ie 1 —1)sin(2wéx
W () _/R( T OiE)  adld \27r€|3>( ) sin(2m€x) dé (6.40)

i€ 1
ag€] [2mg[* "
Actually, the same argument used in Theorem 6.3.13 a) (see the argument following (6.34)) shows
that Z (&) goes to 0 at infinity faster than any negative power of &; consequently, we just have to

focus on the local integrability of the integrand in (6.40), which is in fact given by the inequality

B TR VN
‘( 272 Qs (¢) aoyguzﬂg,s>( i) sin(27éx)

is well defined as a Lebesgue integral and is the Fourier transform of Z(€) := V() —

sin(27éx)

1 || 1
A <
2mEQ5(8)

wl2nel = G3() | aol2nEl”

(6.41)
with the right-hand side being locally integrable in £&. This gives us the Lebesgue integrability of
the integrand in (6.40). With respect to the Fourier transform of Z we argue as in Proposition
6.3.10 with equation (6.24). As explained in Lemma 6.3.15, Zx g0 € L*(R) for all ¢ > 0 and Z is
considered as a tempered distribution via formula (6.35). Moreover,

<

ZXBoege = Z inS ase—0,
so, by the continuity of the Fourier transform in &’
F (ZXB(O,g)c) — F(Z) imS ase—0.

We now compute

| ) it 1 —ig 1 —omix
F(ZXB(O’E)L) (x) /3(076)6 ( 27T|£’2 Qg(g) CLO’£| |27T£‘5> € d§

€ 1 —i€ 1 .
= _ _ o _ d
/B“’@C( 2r(El? Q3(¢)  aolé] |27T€\s>( Ysinanee) dé

where we have used the odd symmetry. Now, by (6.41) and the decay of Z, we have that |Z () sin(27{z)|
is integrable in £ € R. Therefore,

€ 1 - 1 N o
/Bw (_%ié 2056)  wlé |27r§|8> (~iysin(orgr)d - [ ~iZ(€)sin(néa)de, s 0

This proves that W = F(Z) and so, we finally take W (z) = W(—xz).
The function W is C*°(R\ {0}) as a difference of two C*°(R\ {0}) functions. Let us see that W
is continuous, so let us check its continuity at 0. From (6.40) we have the formula

B ¢ 1 B & 1 .
W (x) _/ (27].‘5’2 Qf;(f) aolé| |27T£‘3> sin(27éx) d§.
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For |z| < 1, we have the bound

§ 1 3 1 ) sin(2mwéx) 1
(27T|§|2 Qfs(f) B ap €| |27T§|5) sin(2néz)| < ( 27r§@§(£) ao|2nE [ ) XB 01)( )+ |Z(§)|XB(071)C(£)
1 1
- (Q5< ) aol2nel >X301>< &) +1Z(©)xwoar(©)

with

1 1
/ B(0,1) (Q(;( ) + a0|27]'§|s> §+ /B(o,l)c| (f)‘ ¢ < o0,

which allows us to use dominated convergence and obtain that lim, o W (z) = 0 = W (0).

Now we prove that W is bounded. To that end, we study its behaviour at infinity, for which it is
useful to introduce the function
g1

Y(§) = 2li€l? Os(0) "

XB(0,1)(&)

and express i
W= 'F<ZXB(O,1) - Y) + F(Y) + F(ZXB(O,l)C)'

Since Zxp,1)e € L'(R), by the Riemann-Lebesgue Lemma F(Zxp(o1):) € Co(R). Now we study
the function

ZXB(o,l)(f) -Y () =

i€ 11 —i& 1 ©.
2ni€? \ Qs(e) ~ 03(0) )  aolé] [2me]s | XEOY

Now, for £ € B(0,1), by the mean value theorem,

i€ ( 1 1 )‘< 1 (Qf;)/

< 00,

~

2nlic? \ Q36)  @300) o

2T B(0,1) <Q§>2

—& 1 1 1

ag = ag |2mE|*

which is integrable in B(0,1). Therefore, Zxpo1) — Y € L'(R), so F(Zxpo1 —Y) € Co(R).
Consequently, the limit at infinity of W is the same as that of F(Y), which we analyze now. By odd

symmetry,
FY)(—z) = 7rQ / —sin(2wéx) d§ = le(O) /o %sin(Zwﬁ) dg.
5

This latter function is known to be bounded, and, in fact,

/Oooésin(%rf) d¢ = g,

and, on the other hand,

SO
- 1 1
lim W(z)= lim W(—z)= lim F(Y)(—z)=— = .
T——+00 ( ) r—+00 ( ) T—+00 ( )< ) 2@;(0) 2||Q§||L1(Rn)
This proves that W is bounded and also limit a).
Combining (6.39) and W € C,(R) we have limit ). This limit and the fact VZ € C>*(R \ {0})
implies property c).
Part d) is proved with the same argument as in Theorem 6.3.13. [
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Section 6.3. Nonlocal version of the Fundamental Theorem of Calculus

Fourier analysis auxiliary results

In this appendix we collect together several Fourier analysis results needed throughout the chapter.
First, we recall the following definitions and properties.

Remark 6.3.2. Let u,v € §’. For each [ : R"™ — R, we define f(x) = f(—x) for every x € R™.

a) v €S is defined as
(0,0) = (v,@) VpeS.

b) Assume that 0% p € S for every ¢ € S. Then the tempered distribution v * u is defined as
(vxu,p) =(u,0%x¢) Vp€ES.
¢) We have that F(0) =

We now compute the Fourier transform of the vectorial version of the Riesz potential.

Lemma 6.3.17. a) Letn>2, 0<a<n—1andje{l,...,n}. Then

n—a—1 "x; f
& = 2mE|TY = 6.42
i o) (@ = g el = i (0:42)
b) If n=1and 0 <s <1, then
LT i
Clafre o fE] [2mgle
Proof. On the one hand, we have that
1 0 1  on—a—1 x
YL+ @) Dy o =0~ 5T+ a) falo T
Thus,
1 0 1 n—a—-1 "x;
— 6.43
S (s ) © =S e e © (0:49)
whereas, on the other hand, by standard properties of the Fourier transform,
: 01 (€) = 2mig; 111 = 2mig;[2mg | = ickjamg | (6.44)
=2mi&i [0 = 2mi&; |21 = T .
(1 + @) \ Ouj [~ (4D o : m

Putting together (6.43) and (6.44) we obtain the conclusion of a).
Now we present the proof of b). We recall the formula of the fractional version of the fundamental
theorem of Calculus [38, Th. 3.11| (see also [99, Th. 1.12] or [92, Prop. 15.8]), where, for every

ue C(R),
I_
—Cl S/Ds |2 de.

Next, we take Fourier transform and use the formula for the convolution of a distribution with a
Schwartz function:

R = T B 2mi€ o x
0 = PUOF (e1opi ) = g el 7 (e )
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where we have used the Fourier transform of D*u (see Lemma 3.1.7 ). Now, we multiply both terms
by —i27& and obtain that

_i2nga(€) = 2re[ U a(e)F (ci) .

‘fos
Since that equality holds for every u € C2°(R), the statement follows. O
The following Fourier transform is obtained.

Lemma 6.3.18. The following equality holds:

1 =z _ & 1
d (anl w) ©) = = fame

Proof. Since ﬁlxﬁ € LY(B(0,1)) + L*(B(0,1)¢) we have that ﬁ# € &', and so does its

Fourier transform. Let ¢ € C°(R™). We apply the Fourier transform to the representation formula
of Proposition 6.3.1, obtaining that

X

60 =Fo(0) 7 (o ) (O = 2migo(e) - 7 () ©

On_1|z|” On_1|z|

Since this is true for every ¢ € C2°(R") we infer that

1 = 2mi¢ - F <L> (€.

On_1|z|

Therefore, there exists a function G : R® — R" such that £ - G(§) = 0 and

x €1
Fl—2 V) =—i>— 16
(an_nxw)“) elfang T

On the other hand, F (%) must be a vector radial function, as the Fourier transform of a

n—1la]"
vector radial function. Consequently (recall Definition 6.1.5), there exists g : R® — R such that
G(&) = £ g(&). Thus, [£]?g(€) =0, so g = 0 and, hence, G = 0 a.e. The proof is concluded. ]

Lemma 6.3.19. Let V,Q € 8’ be such that Q is a distribution with compact support. Then
V«Q=V0.

Proof. Firstly, we recall that the convolution V Q@ is well defined since Qxp € S for every p € S [66,
Theorem 2.3.20|, and its action is defined as

(V*Q,p) = <V,<p>x<@> for every ¢ € S,

where we are using the notation @ from Remark 6.3.2. Now, by definition of the Fourier transform
in the sense of distributions, we have that, for every ¢ € S,

V5Q,0) = (V+Q,@) = (V, ¢ Q). (6.45)

Next, by the Fourier transform of a convolution (of a distribution times a Schwartz function),

~ ~

¢+ Q=F(pF Q) = FleQ),
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since F~H(Q) = Q (Remark 6.3.2). This also tells us that ©Q belongs to S because so does ¢ * Q
(by the bijection of the Fourier transform in S). Actually, it is known that @ is a smooth function
(see [66, Theorem 2.3.21|). Therefore, continuing with (6.45) and using again the duality of the
Fourier transform,

(VxQ.0) = (V.¢x Q) = (V. F(pQ) = (V,0Q).
As go@ € S, the product V@ is well defined in a distributional sense and
(VQ,9) = (V, Q) = (V% Q, ).

As a consequence, the statement holds. O

6.4 Nonlocal Poincaré and Sobolev inequalities and Compact
Embedding

In this section we will use this nonlocal fundamental theorem of calculus (Theorem 6.3.6) to prove
compact embeddings of the spaces H*P9 with a complementary-value condition into L9 spaces,
as well as a Poincaré inequality for functions in the space H*P°()) which vanishes in a tubular
neighbourhood of the boundary.

Recall the set Q_s = {z € Q : dist(z, 9Q) > §}. We define the subspace Hi?*(Q_s) as the closure
of C%(Q_s) in H*P°(Q):

s,p,0
1" (0) = Cx(0)"

It is immediate to check that any u € HiP°(Q_s) satisfies u = 0 a.e. in Q5 \ Q_s. In addition, given
g € H*P(Q) we define the affine subspace H;"°(Q_s) as g + HiP°(Q_s). In this section we will use
several times the observation that supp Diu C suppu + B(0,9).

Next we prove the Poincaré-Sobolev inequality in H{?°(Q_s). This result is known in the frac-
tional case, i.e., for the space H*P(R™), which is stated in Theorem 3.5.3 (see [99, Th. 1.8] or |21, The-
orem 2.2|).

Theorem 6.4.1. Let 0 <s< 1,0 >0 and 1 <p < oo with sp <n. Then, there exists C > 0 such
that for all u € Hg’p’é(ﬂ_g),
HUHLq(Q) <C HDguHLP(Q)

np
n—sp’

for every q € [1,p%], where pt =

Proof. By density, it is enough to prove the inequality for u € C°(Qs).

Fix x €  and let C' > 0 denote a constant whose value may vary through this process. Notice
that by Proposition 6.3.3, Dju € C°°(R") and since u = 0 in Qs \ Q_s, we have supp Diu C Q. By
Theorem 6.3.6 and Proposition 6.3.5,

S S Dsu y S
)| < [ D3IV = ldy < © [ L ay = 01,4 D) o)
Q alr—yl
On the other hand, by the Hardy—Littlewood—Sobolev inequality we have that
115 # | D3ull] oz (gny < CllDjul| Lo (rn-
Therefore, for every ¢ € [1,p%], using that suppu C Q_s,

[l Loy < Cllullpez @) < ClHs * [D5ulll pos ny < CllD5ullpoeny = ClIDull 1oy -
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As a corollary, it is obtained a nonlocal Poincaré inequality.
Theorem 6.4.2. Let 0 < s<1,0< 4, and 1 <p < oco. Then there exists C > 0 such that
s $,p,0
ull ooy < C 1 Dsull oy Vu € Hg™(2-5).

Proof. Tf sp < n, the result is a particular case of Theorem 6.4.1. If sp > n and n > 2, we take

ap . .
1= i which satisfies

1<q<p, sg<n and ¢, =p.

By Theorem 6.4.1, we have the inequality
||u”LP(Q) = ||U||Lq*(9) <C ||D§U||Lq(ﬂ) <C HD§U||Lp(Q) .
If sp > n and n = 1 we take any ¢ satisfying
1<qg<np, sq<n and q;>p,
which is easily seen to exist. The proof is concluded analogously. O]

Next we introduce a nonlocal analogue of Morrey inequality, whose fractional version was shown
in Theorem 3.5.7, |99, Theorem 1.11].

Theorem 6.4.3. Let 0 < 9,0 < s <1 and 1 <p < oo be such that sp > n. Then there exists C > 0
such, that for all u € H (Q_s)

(@) —u(y)| < Cle =y 7 [ Djullri),  a.e z,y € Q.

In addition, any u € Hg’p";(Q,(;) has a representative which is Hélder continuous of exponent s — %,
and the continuous inclusion HSP°(Q_s) € C**»(Q) holds.

Proof. Let C'= C(n,s,d,p,|S2|) denote a constant whose value may vary through the different steps.
By a standard density argument, it is enough to prove that

[u(z) = u(y)| < Cle =y 7 |Djullire), @y €

for all u € C°(2_s). Fix z,y € Q. By Theorem 6.3.6, and later by Theorem 6.3.13 d) there exists
C' > 0 such that

|u(z) = uy)| =

| Dyt -t~ [ Do)ty - 2)a:

R‘IL

< [ Wio - 2) = Vi (o - 2)l I Dguz) dz (6.16)
Q

cof
Q

Now define r := |z — y|. We have

T —z y—z

|Dsu(z)|dz.

|ZE _ Z|n+1—s B |y _ Z|n+1—s

rww—uwnsc/

B(z,2r)

o f
B(z,2r)c

\w—ASﬂD%@Wk+C/% ly — 2" | Dgu(2)dz
B(z,2r) (647)

xr—z Yy—=z
T — Z‘n—&—l—s B ‘y _ Z‘n—&—l—s

| Dsu(z)|dz.
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For the first term we have that by Hélder’s inequality,

1
/ & — 2" |Du(z)|dz < ( / |z — 2| dz> ’ ( / |D§u(z)|pdz) ’
B(z,2r) B(z,2r) B(z,2r)

1 (6.48)
_n Un—l(p_ 1) ¥ s—f
s21p(—————) D3l

sp—n

since, as n + (s —n)p’ = I >0,

1 1
/ o n— -1 v P _n n 1 s—n
</ ‘:I:‘— Z|(s—n)P dz>p — (M)p (27“) r < =3 (L) rT.
B(z,2r) Sp—n sp—n

Now, with respect to the second term, since B(x,2r) C B(y, 3r), we have

=

[ =D < [y sl D)z
B(x,2r) B(y,3r)

1
s—n)p’ p’ s
([ ) Dl 649
B(y,3r)
1
1on (ona(p—1)\¥ -
<3 (W——n) P | Diull 1o gy -

Finally, so as to tackle the last term, by the fundamental theorem of Calculus,

r—z _ y—= :/1£ te+ (1 -ty - dt

|z — znHl=s |y — zjntles o dtftw+ (1 =ty — z|"+1=

|l Ul sty ) vy it
: o (1= 0y =5 tr (1= )y — 2t

1 r
= L= dt
< /0 [(n + )]tx + (1 — t) — [t |ta: T (1—ty— Z’n+1_31

1
= 2 dt
(n+ s)r/o i T (L=t — it

L(:{:,Qr)c

1
(n+2— s)r/ / tz + (1 —t)y — 2" |Dju(z)| dz dt.
0 J B(z,2r)c

SO

T—2 y—z
Cy =z

| Dju(z)] dz <

By Hoélder’s inequality,

/ b+ (1— )y — 2" | Dju(z)| d=
B(z,2r)c

1
7

g(/ rm+u—wy—wkwmwh>|wwm”m-
B(z,2r)°
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Since B(tx + (1 —t)y,r) C B(x,2r) for all t € [0,1], we have

tr 4 (1 —t)y — 2| gy < tr 4+ (1 — )y — 2| gy
Y Y Yy
B(z,2r)¢ B(tz+(1-t)y,r)°

_ On—1 7an+(sfnfl)p’
(mn+1—-s)p —n

)

sincen+ (s—n—1)p = — (1;6;)1;%

there exists C' = C/(s,n,p) such that
/;(z,Zr)C

Then, the conclusion follows combining (6.46), (6.47), (6.48), (6.49) and (6.50), as well as the inclusion
supp Dju C €, which implies || Dju||rmny = || Djul|r(0)- O

< 0. Putting together the last three inequalities, we can see that

r—z Yy—z s % [n4-(s—n—1)p'] L +1 s
- |Dsu(z)|dz < Cr P | Diu| e e
@ = 2rrims y — i T SEED T (6.50)

= Cr* v||Dj
= T p H 6U/HLP(R")'

Next we show a kind of ‘nonlocal mean value theorem’. It is similar to the one based on the
fractional gradient, Proposition 3.5.13. This is a key ingredient in order to show below compactness
of embeddings in L? spaces through the Fréchet—Kolmogorov theorem.

Proposition 6.4.4. Let M >0, 6 > 0, and 1 < p < co. Then there exists C > 0 such that for all
s € (0,1), h e B(0,M) and u € Hi"(Q_s),

[t =t < (50 o
Q ~\s(l—ys) oLr (@)

Proof. By a standard density argument, it is enough to prove the result for u € C2°(2). Let us fix
h € R". By Theorem 6.3.6,

u(z + h) —u(z)] =

| @) = Vi ) Diula - )iz
" (6.51)
< [ W) = Vit + W)l IDjuta - 2z

Notice that since suppu C (2_5, we have supp Dsu C ). Thus for every z € {1 we have that
supp(Diu(- + 2)) C Q2 — z C 2 — Q. Let us take then R > 0 big enough such that Q —Q C B(0, R).
By Theorem 6.3.13, there exists C' > 0 such that

z z+h
||+ B |z 4 h|rt1=s

V5(2) =Vi(z+h)| <C

)

for all z € B(0, R). Appling Hélder’s inequality to the right hand side in (6.51),

u(z + h) — u(x)] <

¢ (/B(O,R) |
() (s
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B(O,R)

z z+h
‘Z|n+1—s o |Z+ h|n+1—s

Y e

z z+h
|Z|n+1—s B |Z + h|n+1—s

z z+h
|Z|n+1—s B |Z + h|n+1—s

i)

1

|Dsu(x — z)\pdz) ’
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where we have used Lemma 3.5.12. Next, we integrate and apply Fubini’s theorem to obtain
z z+h

/me+m—uuWWx<(iﬂﬂi)Mﬂ/ . /Mnm@_zw¢mz
Q “\s(l—s) BoR) | 12" 2+ hrE| g °

C|h|s p/p’+1 - C|h|s P -
< () Dl = (5 ) 1Dl

]

Next, we write an analogous of Rellich-Kondrachov theorem for the space H;* ’5(9_5). The
compact embedding result is the following.

Theorem 6.4.5. Set 0 < s <1,0< 3§ and 1 < p < co. Let g € H*P(Q). Then, for any sequence
{u;}jen € HP2(Q_s) such that

= u o in H9PO(Q),

for some u € H*P°(K2), one has u € H7"*(Q_s) and

u; —u in L),

U

for every q satisfying
q€[l,p;) ifsp<n,
g€ [l,00) if sp=n,
qg€[l,o0] if sp>n.

np
n—sp’

Proof. Clearly, u € H;7°(Q_s), since H3?°(€2_s) is a closed affine subspace of H*"({2_s).

The case sp > n follows from Theorem 6.4.3 and the Ascoli-Arzela theorem. The case sp = n
reduces to the case sp < n. Thus, we focus on the case sp < n. Moreover, the case ¢ < p reduces to
the case ¢ > p, so we can assume that ¢ € [p, p¥).

There exists M > 0 such that ||u;|| gers) < M for each j € N. By Proposition 3.5.13 we have
that for j € N

where p% 1=

Clhl* | s
[70u; =l Lr(e) < mHD(suj”LP(Q)a (6.52)
with mu; = u;(- — h). Next, as p < ¢ < px, we can write
1 1-—
—=2y a for some a € (0, 1].
q p p*x

Let C' > 0 denote a constant whose value may vary through the different steps. Finally, using the
interpolation inequality, (6.52), the triangular inequality and Theorem 6.4.1,

17; — wjll oy < 17y — willfog Iy — usllz5q)

C’h‘s “ s fe% l1-a
< (5125) 1Dsule (2luslino)
il \* cnl
< | —— Diui|lprey <M | ———— | .
< (52 ) sl < v (S

I —y = 0.
lgéjlelg\mu] UjllLog@) =0

Thus,

As a result, the Fréchet-Kolmogorov criterion leads to the compactness of {u;};en in L9(2), so
finishing the proof. O]
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6.5 Comments on the fractional and nonlocal gradients

In this chapter we have already seen several results that allow us to make a comparison between
the notions of fractional gradient and the nonlocal one. Thus, we can make some comments and
observations here regarding the advantages and disadvantages of considering one operator or the
other. As it was already mentioned at the introduction of Part II, [102] showed that the s-fractional
gradient is the only fractional derivative up to a multiplicative constant verifying several natural
requirements (invariance under translations and rotations, homogeneity under dilations and some
continuity properties in an appropriate functional space). As for the nonlocal gradient, it seems it
would be able to verify all of them except one, the homogeneity under dilations, in favour of being
defined over bounded domains.

The fractional gradient seems to be the clear academic option when one wants to extend the
concepts of differentiability to real exponents between 0 and 1. However, there are some properties
that one would initially have thought to hold, but then it turned out it was not the case. For example,
it is widely known that any (classical) derivative of a function f € S (the Schwartz space) remains in
such space, however it does not hold that D*(S) C S. This assertion can easily be seen in the formula
of the Fourier transform of the fractional gradient, which exhibits some differentiability problems at
& = 0, preventing it from being a Schwartz function. Actually, the same issue might be observed in
the set of (tempered) distributions, a set that was conceived as a set where one could derivate (with
a natural exponent) indefinitely. Sometimes, the fractional gradient of a distribution cannot even be
defined (it can for distributions with compact supports or L? functions seen as distributions). This
issue is not exhibited by the nonlocal gradient Dj, since Di(C°(R"™)) C C° and Di(S) C S (see
Proposition 6.3.3). Hence, by duality, the corresponding distributional spaces are also close under
this operation.

Therefore, besides the common properties of both notions, typical characteristics of the fractional
gradient include being defined over the whole space and homogeneity under dilations. It also enjoys
a semi-group property and it is closely linked to Bessel fractional spaces and the fractional laplacian
as we have seen in Chapter 3. According to the formulas shown in Part II and the clear resem-
blance to they analogous ones in the local case, the fractional gradient might be seen as the suitable
generalization from an academic approach.

As for the nonlocal gradient, it is defined over bounded domains (which is relevant for applica-
tions), and thus, there could be considered more general nonlocal boundary conditions. Nevertheless,
it does not seem to enjoy a semi-group property. As opposed the fractional gradient, we have that
given F a space of test functions, in particular £ = S or E' = C°(R"), then Dj(F) C E. By duality,
such property is inherited by the corresponding distributional spaces. Finally, as with the fractional
gradient, a nonlocal laplacian can be defined from the nonlocal gradient. This is shown in the next
section.

6.5.1 Nonlocal laplacian

Given the definitions of nonlocal gradient and divergence, it is natural to consider the composition
of those two in order to obtain a sort of nonlocal laplacian. Actually, such issue is addressed in [44]
where Definition 6.1.1 would be a particular case of what they call weighted nonlocal gradient and
divergence. Here we would like to see that the operator obtained with this particular kernel ps (the
Riesz potential times a cut-off function) gives rise to a notion where several equivalent characterization
can be given. This is something that does not hold with the settled definitions for a fractional
laplacian over bounded domain (as opposed to its counterpart over the whole domain). In fact, for
0<s<1,0<6and ue CP(R"), we have that the following characterizations are equivalent. We
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recall that the function ()5 was defined in Lemma 6.3.2.
1) Fourier transform:
Rju(©) = —4x1¢° Q5 ()al©)
2) Nonlocal divergence of the nonlocal gradient:
Aju(z) = divi Dju(z).
3) Inverse of a potencial

Aju(z) = (n+ s — 1) /B M8 ) dy

where 3 = (VQEk\VQf;)
z—I

80) = [ Sl = gyonlz = )

We start with the definition from 2). Let u € C°(R™), if we take into account (6.11), (6.14) and
(6.15) we have that

Aju(z) = divi Dju(z) = Y Dj,(Dju)(z).
=1

Applying Corollary 6.3.4 twice it yields

Nsule) =Y 2mi&; Dy u(€) Q3(6) = = Y 4n2€2aQ3(6)? = —4n* (€] Q; + Qs
=1

=1

where Q§(§)2 = Q@g by the Fourier transform of the convolution of two integrable functions.
Finally, a step forwards in the previous equation (i.e. V f(§) = 2mi& f(&)) gives us that

Ajul€) = (VQ; + VQ(©)i(e),

then, taking inverse Fourier transform and recalling Lemma 6.3.2 so as to define 3, 3 follows.
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Chapter 7.

Existence of minimizers of nonlocal energy
functionals. Euler-Lagrange equations

Finally, in a similar way to what was done in Part II, the results collected in the previous chapter
allow us to study the existence of minimizers of nonlocal functionals. First, we consider the scalar
case under hypothesis of convexity. Then, we proceed with the computation of the Euler-Lagrange
equations as the equilibrium equations of the system. Most part of this chapter is devoted to the
analysis of vector variational problems involving the nonlocal gradient Dj. Specifically, we want to
study the existence of minimizers of polyconvex energy functionals based on D3 (see Definition 4.0.1
for the notion of polyconvexity). The corresponding Euler-Lagrange will also be shown. This time,
as opposed to the one addressed in Chapter 4, the energy functional would be defined over bounded
domains, making it suitable as a nonlocal model for hyperelasticity. At the moment, we are going to
consider just Dirichlet (nonlocal) boundary conditions on the tubular neighbourhood Q5\Q_s, which,
although the radius (20) is actually imposed by the embedding theorem from the previous chapter,
make sense since we would be taking two nonlocal derivatives of a function in the model. Actually,
as happened in the fractional case, we will have to deal with a nonlocal Piola identity

Div; cof D§u =0

(where Div§ means the nonlocal divergence by rows). This is a nonlocal version of that of Theorem
4.1.2 and, as it was appointed at the introduction of Chapter 4, it might be useful in other contexts.
In fact, we refer to the introduction of such chapter, since the steps followed here so as to obtain
the existence of minimizers are practically the same. We recall that although we have shown the
symmetry of second (nonlocal) derivatives (Proposition 6.2.6), it is not enough for the proof of a
nonlocal Piola identity, since, as happened in the fractional case, the nonlocal version of the Leibniz
formula gives rise to non symmetric terms, making the proof of such identity more difficult. Either
way, once we had reached a particular step, we would be able to refer ourselves directly to the
fractional case, so as to conclude the proof of the nonlocal Piola identity.

7.1 Convex functionals

We start this chapter with we prove the existence of minimizers of functionals of the form

I(u) = /Q W (z, u(x), Diu(x)) da (7.1)

under coercivity and convexity conditions. We also show in the next section the corresponding
Euler-Lagrange equations satisfied by the minimizers.

The result on the existence of minimizers, which is a standard application of the direct method
of the Calculus of Variations, is as follows.
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Theorem 7.1.1. Let ) be a bounded open subset of R™. Letp >1and0 < s < 1. Let ug € H*P°(Q).
Let W : Q xR x R* — RU {0} satisfy the following conditions:

a) W is L x B x B"-measurable, where L™ denotes the Lebesque sigma-algebra in R", whereas B
and B™ denote the Borel sigma-algebras in R and R™, respectively.

b) W(zx,-,-) is lower semicontinuous for a.e. x € R".
¢) For a.e. x € Q and every y € R, the function W(x,y,-) is convet.
d) There exist ¢ > 0 and a € L'(Q)) such that
W(z.y,F) > a(z) +c|FF
for a.e. x € Q, all y € R and all F € R™.

Define I as in (7.1), and assume that I is not identically infinity in H;j;)p"s(Q_(;). Then there exists
a minimizer of I in HP(Q_s).

Proof. Assumption d) shows that the functional I is bounded below by [a. As I is not identically
infinity in H5P°(Q_s), there exists a minimizing sequence {u;};en of I in HZP?(Q_5). Assumption
d) implies that {Dju,;};en is bounded in LP(2,R™). By Theorem 6.4.1, {u;}en is bounded in
LP(Q2). Therefore, {u;};cy is bounded in H*P°(Q). As H*P(Q) is reflexive (Proposition 6.1.4),
we can extract a weakly convergent subsequence. Using Theorem 6.4.5, we obtain that there exists
u € H¥P°(Q) such that for a subsequence (not relabelled),

wj — uin H¥P°(Q) and wu; — uin LP(Q). (7.2)

Moreover, u € HiP9(Q_s).
A standard lower semicontinuity result for convex functionals (see, e.g., [59, Th. 7.5]) shows that

I(u) < liminf I(u;).
j—00

Therefore, u is a minimizer of I in H5P°(Q_s) and the proof is concluded. O

7.2 Euler-Lagrange equations

We show in this section the Fuler-Lagrange equation satisfied by any minimizer.

Theorem 7.2.1. Let Q be a bounded open subset of R™. Letp > 1 and 0 < s < 1. Let ug € H¥P°().
Let W : Q2 x R x R" — R satisfy the following conditions:

a) W(-,y, F) is L"-measurable for each y € R and F € R"™, where L denotes the Lebesgue sigma-
algebra in R™.

b) W(z,-,-) is of class C' for a.e. z € Q.

c¢) There exist ¢ > 0, ¢ € [1,00), a € LY(Q) and a function f : R — R sending bounded sets in
bounded sets such that

a@) + e (g +1FP) if sp<n.
(W (2, y, F)| + [D,W (z,y, F)| + |DeW (2,9, F)| < { a(z) + c(jy|? + |F|))  if sp=n,
a(z) + fly) +c|F[" if sp>n,

for a.e. x € Q, ally € R and oll FF € R™.
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Define I as in (4.34). Let u be a minimizer of I in HP*(Q_5). Then, for every ¢ € CZ(Q),
/Q [DyW (2, u(x), Diu(x)) () + D-W (2, u(x), Diu(x)) - Dip(x)] dz = 0. (7.3)

If, in addition, D,W (-, u(-), Diu(-)) € C'(Qs,R") then

D, W (x,u(z), Dsu(z)) =divsy D,W (x,u(x), Dsu(z))

D. W (y, , D3 —
Qs [z — | [z —

for a.e. x € Q.

Proof. Using a standard argument, in order to show (7.3) it is enough to check that one can differ-
entiate under the integral sign in the function ¢ — I(u + t¢). Assumption ¢) shows that this is the
case (see, e.g., |74, Ch. 13, §2, Lemma 2.2|). Indeed, in the case sp < n we use Theorem 6.4.1; in the
case sp = n we use Theorem 6.4.1 and the embedding H***(Q) C H*%°(Q) for all ¢ < 2. In the
case sp > n we use the embedding provided by Theorem 6.4.3. Thus, (7.3) is proved.

In order to derive (7.4) from (7.3) we make the abbreviation D, W (z) for D, W (x, u(z), Diu(x)).
We use Theorem 6.1.2 to obtain

/ D.W(z) - Djp(x)dr = — / o(x)divy DW (z) dz
Q Q

p@) DWly) a—y . .
‘““‘”/9/93,5 oy ooy YW

Then we combine it with (7.3), apply the fundamental lemma of the Calculus of Variations and (7.4)
follows. =

7.3 Polyconvex functionals

7.3.1 Nonlocal Piola Identity

In this section we introduce a nonlocal version of the Piola Identity. In the classical case, the
Piola identity can be easily computed thanks to the symmetry of the second derivatives (Schwartz
Theorem), however, as it was aforementioned, the nonlocal version of the Leibniz rule (derivative of a
product) does not mimic exactly its local counterpart, which causes the appearance of non symmetric
terms. Therefore, although Proposition 6.2.6 may be enough to prove the nonlocal Piola identity
when n = 2, it is not so for n > 3, when nonlinearities appear in such computation.

This identity is the main step in order to prove the existence of solutions to our vectorial nonlocal
energy, since it will allow us to prove the weak continuity in H*?? of the determinant of the nonlocal
gradient. We recall that cof, the cofactor matrix, satisfies cof A AT = (det A) I for every A € R™*™.

In this section we will extensively employ the following formulas for the nonlocal gradient and
divergence, obtained from Definition 6.1.1 through odd symmetry.

Dium—pron [ M rov e ),
B(z,5) |z —yl |z —y[ |z -y

div;qj(x):_pvxn/ oy)  z—y willz—yl)

B 1T =yl | —y||r -yt

(7.5)
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forx € Q, u: Qs — Rand ¢ : Q5 — R".

Given the strong similarity with the fractional Piola identity (subsection 4.1) we refer to the
introduction of such section as a foretaste of the ideas and steps involved. Moreover, in this and the
next sections we will employ again the notation for the submatrices shown in Definition 4.1.1.

The following lemma will be useful in the proof of the nonlocal Piola identity.

Lemma 7.3.1. Let k € N be with 1 < k < n. Consider indices 1 < 77 < -+ < ji < n and

let N = Nj, ;. be the function of Definition 4.1.1. Then there exists a continuous function G :
[0,00) x (R™)*"! — R such that for any ai,...,a; € R™ and byd > €1, ..., e > 0 we have
det(|z — o=
/ e niﬂi\/’ e iﬂﬁ}l ws(x —ay) ... ws(x — ay)dz| <
(Ury Blagey)) |7 — @ | — ag
1-s
€ a
(62.”6k)n+s+2 (Elaa/Q_ah"'aak‘_al)v

where by is the constant from the definition of ws.

Proof. We can assume that the points aq, ..., a; do not lie on an affine manifold of dimension k — 2,
since otherwise det([x — ai]n, ..., [ — ar]y) = 0 for all x € R™.

Now, we have from Lemma 6.3.2 that there exists a function Q§ € C*>°(R™\{0}) N L'(R") such
that Q§ = 0in B(0,6)¢ and

T

VQji(z) = _Cn,sztS(x)?
and by Lemma 6.3.2 there exists zp € R such that
Q3(x) = a0 + 0 vz e B(0,by) (7.6)

Q) 1 K T W

where by is the constant from the definition of ws. Next define h; : R"\{a;} — R as h;(z) = i@g(x—
a;), for each i = 1,... k. Define Hs : R"\ {ay,...,ar} — R¥ componentwise as Hs = (hy,...,h;)".
Then

Vhi(z) gl
DH(x) = : = : : (7.7)
Vhy(z) (z—ak)ws(r—ak)

‘m_ak|n+s+1

Call = (j1,...,Jx) and denote by D;Hs the submatrix of DH; formed by the columns ji,. .., ji.
Then, for all z € R™\ {a1,...,ax},

det ([3: —ay|yws(z — ay), ..., [z — ap]yws(z — ak))

’x —_ al‘n+8+1 “ e |:U — ak’n+5+1

det D]-'Hg(l') = (78)

Let R > 0 be big enough so that Ule B(a;,8) C B(0, R), then supp Hs C B(0, R), as a result

/ det D]-'H(; = / det D]-'Hg.
k c k
( B(ajuej)) B(0,R\Uj=1 Blaj.€;)

j=1
As Hjy is smooth outside Ujf:l B(aj,€;), we have that

det D;Hs = div]h;(cof D3Hs)1]w,
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Figure 7.1: Sets A;, Ay, A3 in R?

where (cof D;Hs), indicates the first row of cof D7H;, and []y = []g,  is the function from
Definition 4.1.1. By the divergence theorem,

det DHy — — / (1 (cof DsH )]s - v, (7.9)

/B(o,m\u?l B(aje)) oUs_, Blaj.e;)

where v;(z) = m;_“j in B(aj,¢;) for j = 1,...,k, and we have used that hi(z) = 0 in 9B(0, R)
(recall that hy = 0 in B(0,a1)¢ D B(0, R)¢).

We continue as in the proof of Lemma 4.1.1. For each : =1,...,n we set
k
Ai =0 <U B((Zj, Ej)) N 83(6%, Ei).
j=1
As a consequence of the inclusion (9U§f:1 B(aj,€;) C Ule 0B(a;,€;), we have that
k k
ol Blaj ) = 4
7j=1 7=1

Moreover, the (n — 1)-dimensional area of A; N A; is zero for 1 < i < j < k. Figure 7.1 illustrates
this situation when &k =n = 3.
Next, using (4.4) and (7.7), we have that for j =2,... k and = € 0B(aj, ¢;),

det ([:U — aj|n, [ — ag]yws(x — az), ..., [v — ag]vws(z — ak))
[hi(cof D;H )1 |x - v;(z) = = 0.

|x — aJHx — a2‘n+3+1 “ .. ‘:L- — ak’n+s+1

As a result, recalling (7.9) and the inclusion A; C 0B(aj, €;), we have that for every z € A,
/ det DsH dz — — / [y (cof DsH )1l - 11 dS. (7.10)
(U§:1 B(“jvfj))c Ar

Next, if we denote h = ( h1 = h(z — a;) and recall (7.6), we have that for every

-1
nts—1)[z[nFs— 1

S Al C 8B(a1,61) with 0 < ¢ < b0(5, h1($> = —m and
€1
7 2 - Z - _
hi(z) = aghi(x) + Y : y apha () — Y : )(" +s = D™ h(r) = z(e)h(2) (7.11)
1-s 1-—s

with z(€;) € C"}(R) such that z(0) = ao.
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+
Al
A X

H ! al ." '-, a2A2
Ar

Figure 7.2: Sets A, Ay, A7, Ay and II

Having in mind the expression (7.11), the multilinearity of the determinant and considering (4.4)
and (7.7), we have that, for z € A,

— I (cof DsH )] - () = %67;5 (cof DSH )1 - [ — an]y =
1 z(e) det([x — a1]w, [x — ag]yws(x — ag), ..., [v — ax]yws(x — ag))

nts—1lets 7 — aa[ T |z — g = 71
1 z(€) det([x — a1]n, [a1 — ag]yws(x — ag), ..., (a1 — ax]yws(z — a)) _ '

n+s—1ete |z — ag" T — ag M
1 z(€) ([cof([x — ar]n, [a1 — ag]yws(z — az), ..., [a1 — ag]vws(x — ag))] i)

n4s—1etsT 1z — ag T |z — [P -n(w),

where []y =[]y, ., s the function from Definition 4.1.1.
Let II;, be the only hyperplane in R* passing through the points [ai]w,. .., [ax]n, and consider

one of the two unit normals 7 € R* to II;. Let T}, : R¥ — R* be the symmetry with respect to IIj,
so that for every y € R”,

Ty =y — 2(y — [aa]n) - 7. (7.13)
Let m = [7] 5, and let II be the affine hyperplane in R™ with normal 7 passing through a;. Consider
T :R™ — R"™ as the symmetry across II. Then, for all z € R",

Te=x—2x—ay)-m. (7.14)

Let axi1,...,a, € II be such that the points ay, ..., a, do not lie in an affine manifold of dimension
n — 2. Define Af = {x € A} : +det(z — a1,a; — ay,...,a; —a,) > 0}. Then T(AF) = AT, and
A} U AT cover A; up to a set of zero (n — 1)-measure; see Figure 7.2. Using the change of variables
formula (4.3), we obtain

/_ ([cof ([ — a1]w, [ay ‘;jff]cllv:yfiﬁil— a2’);c_ ;L]EC‘L:H—SJFC?@]N’LUJ(CU — )] -v1(x) dS(x)
_ [ (eof([Tz — ai]n, [a1 — ag]wws(z —az), ..., [ — aw]vws(z —a))lih oy g6
/Aj Tz — a2|n+s+1 o |Tx - ak|n+s+1 1(Tx) dS(x).
(7.15)
Now, thanks to (4.4), for z € A,
([cof ([Tx — ai]n, [a1 — as]yws(x — az), ..., a1 — ap]vws(z — ax))] )1 - 1 (Tx) =
1 (7.16)

o det([Tx — aq]n, [a1 — ag]yws(x — as), ..., [a1 — ax]vws(z — ag)).
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Let Ty : R¥ — R* be the linear map corresponding to the afﬁng map 7y, and, analogously, T:R" —
R™ the linear map corresponding to 7. We notice that detT, = —1. Having in mind (7.13) and
(7.14), we find that

Ty=y—2y-i, yecR*

and .
Tr =x—2x-m, reR",
from which we deduce that Ty o []y =[]y o 7. Thus, by the multilinearity of the determinant we
can write next equation without the scalar terms (m—jﬂll), j=2,... k.
det ([TZB — al]N, [a1 — CLQ]N, ceey [CLl — ak]N) = det([Tx — Ta,l]N, [Tal — TGQ]N, PN [Ta1 — Tak]N)

= det([T(z — a)n, [T(ar — ag)]n, - -, [T(ar — ax)]n)
= det(Ti([x — ar]n), Ti(lar — as]n), - - ., Tellar — axln))

= det fk([.f — Cll]N, [al — CZQ]N, Cey [&1 — ak]N)
= — det([:v — al]N, [a1 — (Ig]N, ey [a1 — ak]N).
(7.17)
Putting together (7.15), (7.16) and (7.17), we obtain that
det([z — a1]n, [a1 — ao]nvws(z — az), ..., [a1 — ag|yws(x — ay))
dS(x) =
/_ |$ _ a2’n+s+1 . |$ _ ak|n+s+1 ( )
det([z — a1]n, [a1 — as]nvws(Tx — as), ..., (a1 — ax]vws(Tx — ay,))
- n+s+1 n+s+1 dS(I)
Af Tz — as T — ag
Consequently, when we define f: R"\ {ay,...,a,} - Rand g: R" — R as
) 1 (4) = ws(y — a2) ... wsly — @)
y) == —, () =ws(y —az) ... ws(y — ax
(ly — az - ly — ax)" ™"
and J : R"\ {ag,...,ar} = Ras J(y) = f(v)g(y), we have that
/ det([z — a1]n, a1 — ao]nvws(z — ag), ..., [a1 — ag]yws(x — ay)) 48 () =
A |.T _ a2’n+s+1 . ’l’ o ak‘n-l-s-l-l
(7.18)

/A+ det([z — a1]n, [a1 — ag]n, - ., [a1 — agln) [J(x) — J(Tx)] dS(x).

For every x € A, we join x with T'z by a curve 7, inside A;, and note that the length of 7, can
be taken to be bounded by 27e;. Accordingly, let v, : [0,1] — A; be of class C! such that 7,(0) = =,
v:(1) = Tz and || is constant with |v.| < 27e;. Then

(@) — J(T2)| = | T(3(0)) — Jra(1))] < / VT ()] dit < 276, / VI (a(t)] dt. (7.19)

By (4.18) in Lemma 4.1.1,

k

VW) =m+s+1)(ly—al-ly—a) "> [[lv—al.  yveR"\{a,...,a}.

1=2 j=2
;éz
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Again, by the same computation in Lemma 4.1.1, as |y —a;| > ¢; for every y € Ay and j € {2,...,k},

n+s+1 n+s+1
|Vf( >| = n+s+2 ZH|y aJ| < 6 n+s+2 ZH €1 + |Cl1 —CL]D
. g

(€2 i=2 j=2 i=2 j=2
JF JF

Then, since ¢ is smooth with compact support, we have that there exists C' > 0 such that

VIl < IVFW)llg(y )|+|f( )IIV( )|

n+s+1 C
SC(E i n+s+QZH€1+|a1_a]|> (2'..€)n+8+1

i=2 j=2 k
J#
so with (7.19) we obtain that
n+s+1 1
|J(z) — J(Tx)| < 2me;C P e ZH €1+ lar — a;) + G o | (7.20)
P e
J#i

On the other hand, for all z € Ay,
k k
|det([x — a1]n, [a1 — a2]n, .-, [a1 — ak]w)| < Kz — aq H lar —a;| = ke H la; —a;].  (7.21)
=2 =2

Putting together (7.8), (7.10), (7.12), (7.18), (7.20), (7.21) and the function z(e;), as well as the fact
that the (n — 1)-dimensional area of A] is bounded by a constant times /' and that 0 < ¢; < by,

it =1,...,n, we obtain that, for a constant C' > 0 depending on n, s and ay,
det(|z — a aL—a o lar—a
e e E
aj,ej |CL'—CL1| |£C—(Zk|

C —s k k
(e2--- n+3+2 (H a1 — a]]> ZH(Q + |ay — ag]) + (bod)" !

i=2 j=2
J#

The existence of the function GG of the statement follows. O

We are in a position to prove the nonlocal Piola Identity. Henceforth, supp denotes the support
of a function.

Theorem 7.3.2. Let k € N be with 1 < k < n. Consider indices 1 < 31 < -+ < 4 < n and
1 <51 < < gk <n and the functions

[]M - []le ,,,,, IRT IR I HM = []le ,,,,, Ueid el
of Definition 4.1.1. Let u € C*(R™,R") and s € (0,1). Then
Div;([cof[Dju]a]s7) = 0.
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Proof. Let

be the maps of Definition 4.1.1. Naturally, Divg([cof[Dju]as]y;) = 0 if and only if
div§[(cof[Dsular)i, |5 = 0, C=1,... k.
We shall show div§[(cof[Djular)i, ] = 0. The rest of the rows would proceed analogously.
Using (7.5), we have that, for a.e. x € R™,

i div;[(cof[Diular)s | x(x) = =™ PV, /B( 5) e (@ — 2)ws (2’ — ) da’.

i o — et
(7.22)
Now, by (4.4) and (7.5), we have that for a.e. z,2" € R™,
(—=1)** [(cof [D3ular)is ]y (=) (—=1)** (cof [Diular)i, (')
AT i —ap e P L

_ (=D det ([2" — 2], [Diuiy ()], - - - [Diui, (2)]x)

- Cﬁ,_sl |.I’/ o x|n+s+1 w(s(.’ll'

— det ([Jc’ — @] yws (2’ — :U)’ V., / Wi, (Y2) [ — o] N

/
‘I‘/—[B‘nJrerl |$/—y2’"+5+1 wg(.’L' _y2) dyg,...,

pvx,/Uik(yk)[fC'—yk]N

/
|27 — gt ws (2" = y) dyk)

/

(2 — 2 )ws(x — ) =

2 =z yws(2f — x)

/

_x)

= lim --- lim f* x’
ea—0 er—0 Ek( )’

(7.23)
where for each r € R" and ¢&3,...,e; > 0, we have defined fZ _ :R" — R by
x [2" — z]yws (2’ — x) Uiy (Y2)[2" — y2]n
ek(fl?/) = det ( 5 o 2

|[El _ x’n—&-s—&-l |.ZU, _ y2|n+8+1

wi, (W)@ —welw
ws(@" — yi) dy
é(x’,sk)e |J,'/ - yk|n+s+1
and we have used the continuity of the determinant. From now on, for the sake of clarity, since the
compact support of the domain of most integrands is actually determined by that of ws we will avoid

writing it in the integration domain and we will write [ g = fRn g.
By odd symmetry, we have that

ws(z' — y2) dya, . . .

[ — Y] )
Uiy (Yo) g ws (2" — ye)dye =
/B(w’ el =yttt

[ =yl ,
U (yg)—w(;(x - yf)dyﬁ =
/13(576':5)\3(90’,8;‘) It — e

[2" — Y] v ,
(i, (ye) — wiy (2")) " ws(z’ — ye)dye,
/B(:v’,é)\B(x’,aj) ‘ ‘ |SL‘/ - yf|n+s+1

so, using the fact that u is Lipschitz and that w;s is bounded by Cy, we have, for some constant L > 0,
that

dy, <

[2" — yiln Co [wi, (ye) — wi, (2")]
U; (yf)—wé(x - y@)dyé <
/B(x/,ej)c ST ol — g et B ,5) |2/ — yo|"t

1 1
COL/ .y = COL/ —— dy < oo
B s) 17— Y|P Tt B |y"T!
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This shows that c
/
&i,...,ak (‘1. )| S |I‘, _ x|n+s

for some ¢ > 0 only depending on v and n. As

/B(m,€1)c

for any ; > 0, we can apply dominated convergence to conclude that

/
o x‘nJrde < 00,

/B(%El)c 6121210 ce 8113210 sxg,...,ek (17/) dx' = Elzigo . -Elkiglo Bloer)e exz,...,sk (ZL’,) dx’.
Recalling (7.22) and (7.23), with this we obtain that
D™ s (cof [DSular)i Ly () = lim. Timn - - Timm F () de (7.24)
ck J §HIM i lN 10250 &0 [, e 2K ' )

Now for every €y, ..., > 0 we define D., ., = B(z,e1)U U?:2 B(y;,e;) and have that, thanks to
the multilinearity of the determinant,

[
B(:ﬂ,€1)C
:/ / / (det([x,_x}N7ui2(y2)[‘r,_yQ]Nﬂ"'7uik(yk>[x/_yk]N>
B(z,e1)¢ J B(a! g2)¢ B(z/ e ’l’/ - x‘n+s+1’x/ - yQ‘nJrSJrl e |.Z'/ - yk‘n+s+1
ws(2' — 2)ws(x' — y2) ... ws(x' — yk)) dys - - - dyy, dx’

det ([2/ — z]n, [2" — yo)n, - - - [ — ykln)
= ulk(yk) uiz(yQ) I pelnadstl] gl n+s+1 ’_ n+s+1
o =iy — Pt = e

,,,,,

ws(2' — v)ws(x" — y2) ... ws(x — yk)) dx’ dysy - - - dyy.

Set
det ([2' — x]n, [2 — yaln, -, [ — yr]N)

/ L ) ) ) r r 1
g(xwrvy?a"wyk) T |ZE,—I|n+s+1|$,—y2|n+s+1""I/—yk’n+s+1w6(x I)w(;(x yQ)wt;(x yk)
Then,

/ é,...,ek(x/) d.l’/ S ||u||lc<>:o_1/ / / g(Jf,ZL‘/,yQ,...,yk) dl’l ddeyk

B(z,e1)° supp u suppu |/ D¢ o,

(7.25)
Thanks to Lemma 7.3.1,
/ / Ellg_s
9<5’7>xay27~--73lk) dr < n+5+2G<€k7‘r_ykﬂy2_ykr"uyk*l _yk)7 (726)
Dg, ey, (€1 €r-1)

where G is the function that appears therein. Integrating in (7.26), we find that

1-s
€
k
/ / / g(maxlay%"'ayk) da’ dy2dyk éh(gkam) n+s+27
supp v supp u Dgl yyyyy e €1 €k71>
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for some continuous functions A : [0,00) x R™ — [0, 00) Consequently,

|
e, —0 Supp u supp u

and, in view of (7.24) and (7.25), we obtain that div§[(cof[Djulp )i, |5 (z) = 0. O

/ g(xaxlvy%"'ayk)dm, ddeyk:07
Dg,

7.3.2 Weak continuity of det Dju

In this section we prove that any minor (determinant of a submatrix) of Dju is a weakly continuous
mapping in Hy? ’5((25). We start by expressing a nonlocal integration by parts formula for the minors
of D3u that involves the operator K;;"S of Lemma 6.2.2. Recall that for any FF € R"™" and 1 <i<n
we denote by F; the i-th row of F.

Lemma 7.3.3. Consider indices 1 < i1 < --- <ip <nand1l < j; <--- < Jjp <n and the functions

HM = Hle ..... gk H i = [']Mil ..... IR HN = HNZ

~

Toeenrig

of Definition 4.1.1. Letp > k—1, ¢ > -5, 0<d and 0 < s < 1. Let u € HP(Q_s, R™) be such
that cof[Djulpr € LI(Q,R¥**). Then, det[Dsuly € L'(Q), and for every ¢ € C(Q) we have that
[u] - K3 ([cof[D3ulnr]wr) € L'(Q) and

| detlDsulun(o) pla) do = =1 [ lul(o) - K2 (ool Djulal) o) do (7.27)

Proof. The fact det[Dju]y € L*(2) is a consequence of formula (4.4) and Holder’s inequality, since
q > P5. Moreover, [ug - K3°([cof[Dyula)lir) € L'(Q), since [u]z € LP(Qs,R") and

K3 (lcof[Diular)]) € LT (2,R")
for all r € [1,¢] thanks to Lemma 6.2.2 .

Assume first u € C°(Q_5,R") and let ¢ € CX(Q_s). Fix x € R” and i € {iy,...,ix}. Applying
Lemma 6.2.5 and Theorem 7.3.2 to each row of [cof[Du|n] 7,

div (¢ ([cof[Diulalin),) (2) = K37 (([eof [D3ular) )] ) ().

When we apply Theorem 6.1.2 to the constant function 1, we obtain from integration of the previous
formula that

0= [ divy (v (cotlDiululan) (2) do+ [ wlaeollDjululue) - | ——chuste = y))dyda

B,s

= J 55 (teottpgulaca)?) @) o+ [ wi@iottDiulalate) - | o st — )y
(7.28)

By the definition of Kjfs (Lemma 6.2.2),

y—x

ly — |

[ 52 (oot D7) () o = [ [ S cotl (Dl ) = i) dd
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and that of the nonlocal gradient (Definition 6.1.1),

| Divt(eotiDisnln), )y = e [ [ SO ot (Dl 1) L= i) dad

If we add now the remaining terms, we obtain an equality relating both integrals. Recalling the
compact supports of ¢ and ws, by Fubini’s theorem we have

| 5 (ot D)) o) do = [ Divty cof[Dgu]Mﬂmi (9) dy
Y () s T y—z ws (o — "
s / |y_x‘n+s L cof (Diu i) () o—ws(e — v) oy
—w Vly) co (ARYaly Y72 sz — x
reus [ e cotlIDil () e ) dyda
Since supp Dju C €2 and so is supp ),
[ K3 (teottDiudunlin? ) @)= [ Do) (eoflDiudsnl) (o)
Q
H )i . L y— 1t ws(x — T
. / S oDl )« |t ) dedy

Thus, combining this with (7.28) we have the equality

/ D3(y) - (cof[Dgular)]r)s () dy = 0. (7.29)

Now we assume that u € Hi"°(Q_s, R") with cof[Dju]y; € L9(Q, R¥*), and, again ¢ € C(12). By
definition of Hy"(Q_s), let {u;};en be a sequence in C°(Q_s, R") converging to u in H*(€, R™).
Then [Diu;]p — [Diu]a in LP(Q, R¥*) and, hence, cof[Dju;]y — cof[Diu]y in L¥1 (€, RF*F), so
[cof [Dsu;]a] 57 — [cof[Diu]ar]yz in L1 (€2, R™™). Therefore, (7.29) holds as well, since D3y € L7 (£2)
for all r € [1,00] (see Lemma 6.2.1). Now let ¢ € Hy”°(Q_;), and let {1;},en be a sequence
in C>®(Q_s) converging to ¢ in H*P9(Q). Then, Djy; — D3 in L"(Q) for all r € [1,p]. As
[cof[Diulp] iz € L2, R™™), we have that (7.29) holds as well. To sum up, formula (7.29) is valid
for any u € HiP°(Q_s) with cof[Dju]y € L9(Q, R¥*) and any ¢ € Hy"°(Q_).

We apply (7.29) to ¢ = @u;, which is in HSpé(Q, ) thanks to Lemma 6.2.3, and has compact
support. By the formula for D31 given by Lemma 6.2.3, we obtain that

0= / () Dius(y) - ([coflDgulan)]n)s (v) dy + / K59 (u)(y) - ([cof [Diular)]ir); () dy.  (7.30)

Using formula (4.4), the fact ¢ € {iy,...,i;} and elementary properties of the functions of Definition
4.1.1, we find that for any F' € R"*",

Fi - ([cof [Falr); = det[Far

Since supp u; C §2_g, the integral defining K;"s(uil) has 2 as integration domain. Then, using this
and Fubini’s theorem, from (4.28) we arrive at

0= [ o) detiDiuluats) s + o [ o) [ @) = PW) (ot Diular) )y () - Y dy dr

|z — y|nts Jz —y]

162



Section 7.3. Polyconvex functionals

We sum this equality for ¢ = iy, ..., % and obtain that

0=t [ el detlDfulu) dy + o [ (o) [ 2@) = 2W) (o Diulan)ar) () LY

|z —y|"*
which, recalling again that supp|cof[Djulas)]7 C €, is the required formula. O

Now we establish the closedness and continuity properties of the minors of Dju in the weak
topology of H*P?, In the notation of Definition 4.1.1 a), a minor of order k is a function p : R — R
such that there exist 1 < iy < -+ <ip <nand 1 <j; <--- < jr <n for which u(F) = det[F]y, for
all ¥ € R"". Recall the notation p; of Theorem 6.4.5, and the affine space H*.

Theorem 7.3.4. Let p > n—1and 0 < s < 1. Let g € H*P*(Q) and u € H;?*(Q_s,R"). Let
{u;}jen be a sequence in H3P*(Q_s,R™) such that u; — u in H*P°(Q,R"). Then

a) If k € N with 1 <k <n—2 and p is a minor of order k then pu(Dju;) — p(D3u) in LE(Q) as
J — Q.

b) If cof D3u; — ¥ in LI(Q,R™™) for some q € [1,00) and ¥ € LI(Q,R™™) then 9 = cof Dju.

c¢) Assume det D3u; — 6 in L*(R™) for some { € [1,00) and some 6 € LE(R”). If sp < n assume, in
addition, that cof Dju; — cof Dju in LI(R",R"*") for some q € (;f=,00). Then 6 = det Dju.

*_19

Proof. Without loss of generality we assume g = 0, therefore, let u € HE?°(Q_s). We will prove
a) by induction on k. For k = 1 the result is trivial. Assume it holds for some k < n — 3 and
let us prove it for k + 1. Let u be a minor of order k£ + 1. In the notation of Definition 4.1.1 a),
pu(F) = det[Fy for all F € R™™, where []ar = [ag, i1y, f0Fsome 1 <ip <-o- <igpp <n
and 1 < j; < -+ < jpy1 < n. Let ¢ € C°(Q2). By induction assumption, cof[Dsu;|y — cof[Djulp
in L& (Q,REFDXEXDY a5 § — 00, 50 [cof[Diuj]a]i — [cof[Diu]ar)]iy in LE (2, R"*™). By Lemma
6.2.2 , K3°([cof[Dju;]a]ir) — Ksa([cof[Dau] )ar) in L7(Q,R") for every r € [1,7]. By Theorem
6.4.5, [ ] — [u]z in LP(2), so

[l - K2° ([cof [Diuglarlir) = [uly - K3° ([cof [Dular)lia) - in L'(€) (7.31)

since % + % < 1. We apply Lemma 7.3.3 and, in particular, formula (7.27) to conclude that

/Qdet[Dguj ()] ar () do — /Qdet[Dgu(x)]M o(x) du. (7.32)

This shows that det[Dju;]ps — det[Dju]y in the sense of distributions. As {det[Dju;]|}jen i8
bounded in L#1(Q) and p > k + 1, we have that det[Dsu;]y, — det[Dju]y in LF1(€).

The proof of b) follows the lines of a). Let 1 be a minor of order n—1. In the notation of Definition
4.1.1a), p(F) = det[F]y for all F € R™", where [-];y = [ar,, ., forsome 1 <idp <--- <
in-1 <mand 1 < j; < -+ < jpo1 < n. Let ¢ € C°(Q). By part a), cof[Diuj]y — cof[Djulp
in Lz (Q,RO-DX0=1)) 5o [cof [Diu,]p] i — [cof[Diula)]iy in L2 (Q, R"X”). By Lemma 6.2.2 ,
K3 ([cof [Dyujlarlir) = K5°([cof[Dyular)]ir) in L7(Q,R™) for every r € [1 —25]. By Theorem 6.4. 5
[uj]lx — [u]z in LP(£2), so convergence (7.31) is also valid since =2 + 1 - < 1. Thanks to (7.27),
we conclude that convergence (7.32) holds. This shows that M(Déu]) — (Dju) in the sense of
distributions. As this is true for every minor y of order n — 1, we obtain that cof Dju; — cof Dju in
the sense of distributions. Thanks to the assumption, v = cof Dsu.
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We finally show part ¢). Let ¢ € C2°(£2). Assume first sp < n. By the assumption and Lemma
6.2.2 , Kj}‘s(cof Dju;) — K;’é(cof Dju) in L™(Q,R") for every r € [1,q]. By Theorem 6.4.5, u; — u
in LY(Q) for every t € [1,p*), so

uj - K;;"S(cof Djuj) — u; - Kj;é(cof Diu) in L'() (7.33)
since é + 1% < 1.
Assume now sp > n. Then {cof Dju;}jen is bounded in L%(Q,R”X”) so, thanks to part

b), cof Diu; — cof Dju in L77(Q,R™"). By Lemma 6.2.2 Kfa’a(conguj) - K;’5(cofD§u) in

L7(,R") for every r € [1,-£5]. By Theorem 6.4.5, u; — u in LY(Q) for every ¢t € [1,00), so

convergence (4.31) holds since p > n — 1.
In either case, we have convergence (7.33), so by (7.27) we obtain

/Q det Diuj(x) p(x) do — /Q det Dju(z) p(z) dx.

This shows that det Dju; — det Dju in the sense of distributions, so ¢ = det Dju. O

7.3.3 Existence of minimizers

In this section we prove the existence of minimizers in H*P° of functionals of the form
Y

I(u) ::LW(x,u(:E),Dgu(x))dm. (7.34)

under natural coercivity and polyconvexity (Definition 4.0.1) assumptions. +

The existence theorem of this chapter is as follows. Its proof relies on a standard argument in
the calculus of variations, once we have the continuity (with respect to the weak convergence) of the
minors given by Theorem 7.3.4.

Theorem 7.3.5. Letp > n—1 satisfyp > 1,0 > 0and0 < s < 1. Let W : R*"xR"xR™" — RU{c0}
satisfy the following conditions:

a) Wis L™ x B" x B"™"-measurable, where L™ denotes the Lebesgque sigma-algebra in R™, whereas
B™ and B™"™ denote the Borel sigma-algebras in R"™ and R"*", respectively.

b) W(x,-,-) is lower semicontinuous for a.e. x € R".
¢) For a.e. x € R" and every y € R", the function W (x,y,-) is polyconver.

d) There exist a constant ¢ > 0, an a € L'(R") and a Borel function h : [0,00) — [0,00) such that

t—oo t
and
W(z,y, F) > a(x) + c|F|” + c|cof F|?"+ h(|det F|) for some q > pfil, if sp < n,
W(z,y,F) > a(z) +c|F[”, if sp > n,

for a.e. v € R", ally € R" and all F € R™*".
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Let Q be a bounded open subset of R™. Let ug € H*P°(Q,R"). Define I as in (7.34), and assume that
I is not identically infinity in HyP°(Q_s,R™). Then there exists a minimizer of I in HP°(,Q_sR™).

Proof. Assumption d) shows that the functional I is bounded below by [a. As I is not identically
infinity in ij"s(Q,g,R”), there exists a minimizing sequence {u;}jen of I in Hi;}’”‘s(ﬂ,g,R”). As-
sumption d) implies that { Dju;} ey is bounded in LP(2, R™*"). We claim that {u;};en is bounded in
LP(Q2_5,R™ ™). Indeed, in the case sp < n we use Theorem 6.4.1; in the case sp = n we use Theorem
6.4.1 and the embedding H*5(Q) C H*°(Q) for all ¢ < . Finally, in the case sp > n we use
the embedding provided by Theorem 6.4.3. Thus, {u;},en is bounded in LP(Q_s, R™™). As u; = ug
in Q5\Q_s for all j € N, we also have that {u;};en is bounded in LP(Qs, R™), and, consequently,
also in H*P2(Q,R"). As H*P9(Q), R") is reflexive, we can extract a weakly convergent subsequence.
Using Theorem 6.4.5, we obtain that there exists u € Hjé)p"s(Q_g,R”) such that for a subsequence
(not relabelled),

wj — win H5P°(Q,R") and u; — uin LP(Q,R™). (7.35)

Now, by Theorem 7.3.4, for any minor p of order £ < n — 2, we have that
u(Djuy) = p(Dju) in LE(Q). (7.36)

If sp < n then, by assumption d), {cof Dju;};en is bounded in L(Q,R™"), whereas if sp > n
we call ¢ ;= 2= and have that {cof Dju;};en is bounded in L4(£2,R™*"). In either case we have that
q > 1, so for a subsequence {cof Dju;} ey converges weakly in L9(€Q, R"*") and, by Theorem 7.3.4,

cof Dju; — cof Dju in L(2, R™*"). (7.37)

If sp < n then, by assumption d) and de la Vallée Poussin’s criterion, {det Dju;} ey is equiinte-
grable, whereas if sp > n we have that {det Dju;};en is bounded in L= (Q2) and 2 > 1. In either case
we have that, for a subsequence {det Diu;} ey converges weakly in L*(Q) with

and, hence, by Theorem 7.3.4,
det Dju; — det Dju in L*(Q). (7.38)

Convergences (7.35)—(7.38) imply, thanks to a standard lower semicontinuity result for polyconvex
functionals (see, e.g., [15, Th. 5.4] or [59, Th. 7.5]), that for any R > 0,

/QW(x,u(m),D;;u(x))dx gliminf/QW(x,uj(x),Dguj(x))dx.

Jj—o0
Therefore,
I(u) < liminf I'(u;).
j—o0
Hence, u is a minimizer of [ in ng”"s(Q_(g, R™) and the proof is concluded. ]

Notice that the same comments after the existence (of minimizer) theorem in Section 4.3 regarding
the examples from Section 3.6 are also valid in this case. In other words, this theorem determining
the existence of minimizers of a nonlocal hyperelastic energy is compatible with functions exhibiting
singularities of fracture and cavitation type.
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