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0
Introduction

Graph Theory is an important part of discrete mathematics with increasingly strong
links to other branches. There are important connections with pure mathematics like
Algebra [Big93; GR01], Combinatorics [LL00], Geometry [AL95; PR00], Group The-
ory [DD89; Lub94], Riemannian Manifolds [Maj13] and graph-like spaces [Pos12], to
mention only a few. For example, a graph can be seen as a discrete structure resulting
from a limit of specific continuous structure like, e.g., a Riemannian Manifold [Sin06].
The graph can have additional structure, for example, metric graphs [BC08; LP08a; Pos12]
or a metric graph together with a self-adjoint differential operator, known as quantum
graph [BK13; Kuc04; Kuc05] (see also references therein). However, its interest does not
come only from a theoretical, but also from an applied point of view. Many problems in
real-life can be modelled by a diagram (graph) that consists of a set of points (vertices)
together with some lines joining pairs of points (edges). Some applications of graph
theory are, for example, in social-networks [HRH02], chemistry [Jan+07] or computer
science [Deo74].

Graphs are also interesting spaces on which one can do analysis. This branch of the
mathematics is known as spectral graph theory [Bap10; Chu97; Exn+08; Mer94]. The
analysis on graphs is a relatively new and active area of research. In the last years, the
subject has experienced significant growth due to its role as an essential modern tool for
applied mathematics; for example, the graphs are indispensable tools in communication
and social networks [CS11]. The spectral graph theory associates an operators (or
matrices) to the graph and compute or give an estimation of its spectrum. Finally, we
relate the spectrum to the structural property of the graph. The connection between
the topological and combinatorial structure of the graph through the spectrum of the
operator is particularly interesting [LL93]. The Cheeger constant of a graph gives one
these relations, and such constant is the discrete analogue of the Cheeger isoperimetric
constant of a compact Riemannian manifold [Che70]. The Cheeger constant is a measure
of the bottleneck of a graph, and it has much interest in many areas [BS97], for example,
for the constructions of well-connected computer networks. The graphs related to
these networks are sparse graphs which are highly connected; such graphs are known
as expander graphs. Some explicit constructions of expander graphs are studied, for
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example, in [LPS88; Mar73; MSS15]. Also, the analysis on graphs is useful in spectral
clustering, one of the most used and modern techniques for exploratory data analysis,
see, e.g. [Lux07].

On a discrete graph, the most prominent operator is the discrete Laplacian (denoted
by ∆). Such operator is the discrete analogue of the Laplacian on Riemannian mani-
folds [Ros97]. Some standard literature in the topic is [BH12; Chu97; CDS95; Spi12].
The discrete Laplacian can be generalised in a natural way to include a magnetic field
which is modelled by a magnetic potential function defined on the edges of the graph.
Such operator is called in [Shu94] the Discrete Magnetic Laplacian (DML for short) and
is denoted by ∆α. The analysis of the DML is interesting for theoretical issues and in
applications to mathematical physics, particularly in solid state and condensed matters
physic, where the graphs have the free action of a crystallographic group. In [Sun94],
Sunada generalises the magnetic Laplacian for graphs with a free action of a finitely
generated group. The analysis of the spectrum of the magnetic Laplacian is a particu-
larly rich object of study because the presence of the magnetic potential amplifies the
relationship between the operator and the topology of the graph (see [DM06; HS99;
GM08] and the references therein).

In the present dissertation, we are interested in the spectral properties of the magnetic
Laplacian. We study the spectrum of the Magnetic Laplacian under some geometrical
perturbation on the graph. In particular, we are interested in the existence of spectral
gaps, i.e., intervals that do not contain spectrum. We begin this dissertation giving a
general context and a brief summary of some studies about the DML and in relation to
the work in this thesis.

The spectrum of the magnetic Laplacian

The motivation for the study of the DML comes from mathematical physics, where a
Schrödinger operator describes the dynamic of a quantum physical system. Thus, the
study of the spectra of such operator is an essential topic in this field. The magnetic
Laplacians is the discrete analogue of the Schrödinger operator with a magnetic field
(see, e.g. [AHS78]). Moreover, the interest comes from other topics, recently the language
of discrete forms and discrete differential operators has been studied in [DKT08] or
[GP10]. In particular, a magnetic potential is a discrete form that has been used to
study a discrete electromagnetic and the Maxwell’s discrete equations restricted to
lattices (cf. [Bar08]). The study of the spectrum of the magnetic Laplacian goes one step
further and promises to be thrilling for theory and applications (for example, for the
visualisation of directed networks [Fan+18]).

An additional motivation for the study of the magnetic Laplacian comes from the fact
that it is a natural generalisation of the usual Laplacian ∆. More precisely, any magnetic
potential α (where α can be also interpreted as a 1-form acting on the graph) induces a
magnetic flux on each cycle of the graph. Two magnetic potentials are cohomologous
if and only if they induce the same magnetic flux [LL93]. If the magnetic potential is
cohomologous to zero (i.e., α acts trivially on the graph or the magnetic flux is zero on
each cycle), then the usual Laplacian ∆ is unitarily equivalent to the ∆α. In particular, the
spectrum of the usual Laplacian coincides with the spectrum of the magnetic potential
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with vector potential cohomologous to zero. The usual Laplacian has been studied for
example in [BH12; Chu97; Spi12] (see also the references cited therein) while for the
magnetic Laplacian we refer to [HS99; MY99; KS14].

The Laplacian ∆ is an operator defined on the set of vertices of the graph and depends
only on the vertices adjacent to it. Thus, the Laplacian is a second-order local operator.
In the case that the graph is finite, the spectrum of the magnetic Laplacian is simply
the set of eigenvalues of finite multiplicity. Some results known for the spectrum of
finite graphs can be extended to infinite graphs (see, e.g. [Moh82]). For example, if the
graph is finite or infinite, it can be shown that the Laplacian is a bounded, self-adjoint
and positive operator [Chu97; Spi12]; hence its spectrum is a compact subset of the real
numbers. However, when the graph is infinite, the spectrum of the magnetic Laplacian
is a more complex object.

Some natural questions arise from the study of the spectrum of the Laplacian. We are
interested in this dissertation in the following questions :

• Question 1: What can we say about the spectrum of the Laplacian on infinite
graphs? [Moh82]

• Question 2: Does the spectrum have gaps? [Sun08]

• Question 3: Which graphs are determined by their spectrum? [DH03]

The solution of these questions is an active area of research, and some general overview
of results of infinite graphs are, for example [Moh82; MW89]. However, it is almost
impossible to give a general answer, and only partial solutions have been given in recent
years.

Some answers to Question 1. One possibility to answer Question 1 is to work with special
cases of infinite graphs to address this question. Some few examples are the following:

- The Laplacian on infinite graphs in terms of the exponential growth is studied
in [Moh91].

- The Laplacian on infinite periodic graphs, cf., [HS04b; HS99; LP08a; KS14; KS15;
Sun08].

- The Laplacian on infinite trees with pendant edges, see, e.g., [Suz13].
- The Laplacian on infinite graphs are studied with Dirichlet and Neumann boundary

conditions in [Hae+12].

In general, it is a well-known fact that the spectrum of Laplacians or, more generally,
Schrödinger operators with periodic potentials, on Abelian coverings, have band struc-
ture. These properties of the Laplacians are discussed, e.g., in [GT84; GT87; Skr85] and
the references therein. In the context of periodic manifolds or metric graphs, Dirichlet-
Neumann bracketing allows to localise the spectrum of the differential operator in
certain closed intervals whose endpoints are specified by the Laplacian on a fundamen-
tal domain with Dirichlet or Neumann boundary conditions (see, e.g., [LP07; LP08a;
LP08b] and references cited therein). In [KS15] the authors develop a bracketing tech-
nique similar to the Dirichlet-Neumann bracketing and proved estimates of the position
of the spectral bands for the combinatorial Laplacian in terms of suitable Neumann and
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Dirichlet eigenvalue intervals. Moreover, they give an upper estimate of the total band
length in terms of these eigenvalues and some geometric data of the graph; this method
is extended in [KS17a] to the case of magnetic Laplacians with periodic magnetic vector
potentials.

The spectrum of a periodic operator consists of a continuous part (which is the union
of intervals or spectral bands separated by gaps) and a set of eigenvalues with infinite
multiplicity. The spectrum is described in terms of a so-called Floquet (or Bloch)
parameter. This parameter is the dual of the Abelian group acting on the structure. If
two consecutive spectral bands of a bounded self-adjoint operator T do not overlap,
then we say that the spectrum has a spectral gap, i.e., a maximal non-empty interval
(a, b) ⊂ [−∥T∥, ∥T∥] that does not intersect the spectrum of the operator. A method
to open gaps in the spectrum — completely independent of the periodicity of the
underlying graph — was presented by Aizenman and Schenker in [SA00], decorating
each vertex of the original graph with a copy of a given finite graph.

Some answers to Question 2. The study of the spectral bands/gaps from Question 2 is
a quite natural situation in several fields of mathematics and physics. In solid state
physics, where—for example in semiconductors or its optical counterparts, photonic
crystals—the operators modelling the dynamics of particles have some forbidden energy
regions (see, e.g., [Kuc01; KK02]). In band-gap engineering, a process to control de
band/gap of some materials, for semiconductors is controlled for example with the
composition of alloys [SN10], and for the nanoribbons with temperature [Han+07],
etc. Depending on the type of the periodic structure involved, spectral gaps may be
produced by deformation of the geometry (cf., [LP07; LP08b; Pos03]) or by a suitable
decoration of the periodic metric/discrete graph (see, e.g., [SA00; KS15; LP08a; Suz13]
and [Kuc05, Section 4].

The study of energy-gaps has been widely studied. The gaps in nanoribbons as a func-
tion of the width can be found in [SCL06]. The gaps in the armchair structure can appear
because quantum confinement and for the zigzag structure can appear because of an
edge magnetization [ZG11].

Some answers to Question 3. For a graph, we can associate several types of matrices and
operators. The spectral graph theory studies the relationship between the structure of
the graph and the spectrum of these operators. Some graphs have a different structure
but the same spectrum for some Laplacian. These graphs are called isospectral or
cospectral with respect to the Laplacian. Some construction of isospectral graphs for the
adjacency matrix can be found in [GM82]. In this reference, the construction studied can
produce almost all the graphs on 9 vertices that have a isospectral pair for the adjacency
matrix, i.e, graphs that are not determined by its spectrum. In [HS04a], it is enumerated
all graphs on at most 11 vertices that are determinate by their spectrum. Isospectral
graphs for the combinatorial Laplacian are studied in [HS04a; Mer97; CDS95], etc.
Some construction for the normalized Laplacian is presented in [But10; BG11; Tan98].
However, little is known for the isospectral graphs with magnetic potential. The
magnetic potential related with the signless Laplacian (i.e., if αe = π for each edge of the
graph), and its construction of isospectral graphs can be found in [HS04a].
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The next table taken from [BG11] (see also [HS04a]) shows the number of graphs with
an isospectral mate for different types of Laplacians: for the combinational Laplacian,
the signless (combinatorial) Laplacian and for the normalized Laplacian.

No. vertices No. graphs Combinatorial Signless Normalized
1 1 0 0 0
2 2 0 0 0
3 4 0 0 0
4 11 0 2 2
5 34 0 4 4
6 156 4 16 14
7 1044 130 102 52
8 12346 1767 1201 201
9 274668 42595 19001 1092

Observe that as the order of the graph increases, the number of isospectral graphs for the
normalized Laplacian is clearly lower than in the case of Laplacians with other weights.
Many of the isospectral mates are found by computer programs that list the number
of simple graphs with a fixed (and small) number of vertices and, then, determine the
spectra of the corresponding Laplacians by hand. Given the huge complexity of graphs
as the order increases it is clear that this strategy is limited. Few constructions are
known for determining isospectral graphs for the normalized Laplacian.

Answers to Question 1 in this dissertation. We treat a special kind of infinite graphs, that
are known as periodic graphs or covering graph, and we consider the magnetic Laplacian
with periodic potential acting on it. We prove that the spectrum of the Laplacian on the
periodic graph can be reduced to the study of the spectrum of the magnetic Laplacian
in the finite quotient graph (cf. Chapter 3). Thus, information on the spectrum on the
finite quotient can be lifted to the periodic graph.

Answers to Question 2 in this dissertation. We study the spectral gaps of the magnetic
Laplacian on periodic graphs and give a geometrical criterion to detect spectral gaps (cf.
Chapter 4). For the study of the magnetic Laplacian, we develop a discrete bracketing
technique that will be useful to localise the spectrum of the periodic graphs.

Answers to Question 3 in this dissertation. In Chapter 5, we present a new geometrical
construction leading to an infinite collection of families of graphs, where all the elements
in each family are (finite) isospectral (weighted) graphs for the magnetic Laplacian with
standard weights. One motivation for the choice of standard weights is given by the
previous table. The construction is based on the the preorder of graphs introduced in
Chapter 2. Moreover, the parametrization of the isospectral graphs in each family is
given by a number theoretic notion: the different partitions of a natural number.

The answers we give to all the previous questions are based on a new and fundamental
tool that we developed in Chapter 2 of the thesis on which the results of the remaining
chapters are based. Concretely, we present two different preorders (i.e., a reflexive
and transitive relation) on the discrete graphs. The first one is based on a geometric
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perturbation of the graph. The second one is related to the order of the eigenvalues of
the Laplacian (which are real and non-negative). We also present some applications of
these preorders in other fields like, for example, in chemical graph theory (cf. Chapter 6).

The Laplacian under some graph perturbation has been studied for example in the next
papers: the spectral radius of the normalized Laplacian in [Guo07], the last eigenvalue
of signless Laplacian in [WF12], for the adjacency matrix in [CR17], for some operation
for the normalized Laplacian in [Che+04], and many more. Also, the perturbation that
consists on the virtualisation of vertices and edges on discrete graphs studied in this
dissertation is motivated by the metric graph case considered in [LP08a]. The perturba-
tion operation on graphs gives us a natural geometric preorder, and we reference [ST93;
TM76] for some others preorder and orders in graph theory.

Structure of this thesis.

In this section, we will summarise the essential result and techniques developed in each
chapter of the present dissertation. We begin showing in Figure 0.1 the logical depen-
dence of each chapter. As mentioned above, the preorder introduced and developed in
Chapter 2, will be the base of the results presented in Chapter 4-6.

FIGURE 0.1: This first figure shows the interdependences of the chapters
and suggests some pathways through the thesis.

Notation

We denote a magnetic weighted graph (MW-graph for short) as G = (G, α, w), where
G is a graph, w are the weights on edges and vertices and α a vector potential. Any
magnetic weighted graph has canonically associated a DML denoted as ∆G = ∆G

α . We
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will present our analysis for graphs with arbitrary weights w on vertices and on edges.
Nevertheless, the standard and combinatorial weights will be a privileged class of
examples. In this dissertation, we study the spectrum of discrete magnetic Laplacians
on infinite discrete coverings graphs

π∶ G̃ → G = G̃/Γ ,

where Γ is an (Abelian) lattice group acting freely on G̃ (also the graph G̃ is called
as Γ-periodic graph with finite quotient G). We say that G̃ = (G̃, α̃, w̃) is a Γ-periodic
magnetic weighted graph if Γ is an Abelian group, G̃ → G = G̃/Γ is a Γ-covering and w̃
and α̃ are periodic with respect to the group action. In particular, α̃ on the edges of the
covering graph G̃ modelling a magnetic field acting on the graph.

This dissertation is organised as follows.

Chapter 1

In this chapter, we provide the necessary notation and fundamental results in graph
theory and discrete analysis needed for the subsequent chapters. In Section 1.1, we
present an elementary introduction to the Theory of Graphs (some standard references
are [BM08; Sun13]). The combinatorial structure of the graph consists of vertices and
edges, but often need to add some information (as costs on edges and vertices). Thus,
in Section 1.2, we introduce the notion of a weighted graph. The introduction of a
magnetic potential acting on the graph appears in many physical applications (see,
e.g., [ARZ87]), therefore in Section 1.3, we present some relevant results related to the
magnetic potential. This complete the description of the structure needed: a discrete
weighted graph with magnetic potential, that allows defining the twisted derivative in
Section 1.4. Then, the most important operator in this dissertation, the discrete magnetic
Laplacian is defined in Section 1.5, and some important properties of the spectrum
of the operator are collected in Section1.6, more results on spectral graph theory of
Laplacians can be found, e.g., in [Chu97; Spi12]. The importance of this first chapter is
the introduction of the language for working with several Laplacians at the same time
(normalized Laplacian, combinatorial Laplacian, signless Laplacian and more).

Chapter 2

In this chapter, we define two preorders in the class of magnetic weighted graphs.
A geometrical preorder ⊑ for finite and infinite magnetic weighted graphs is defined
in Section 2.1, moreover, for the class of magnetic graphs with normalized or combina-
torial weights, the relation ⊑ is, in fact, a partial order (Theorem 2.1.6). Also, a spectral
preorder ≼ for finite magnetic graphs is defined in Section 2.2. The relation between
the geometrical preorder and the spectral preorder is shown in Section 2.3. Moreover, for
finite graphs, we prove in Theorem 2.3.3 that the preorder ⊑ implies the preorder ≼. We
recalled the well-know variational characterisation of the eigenvalues for an operator
on a finite dimension (Theorem 2.3.2) which will be fundamental in Chapter 2. Finally,
in Section 2.4, we study the behaviour of the spectrum of the magnetic Laplacian under
some perturbation or elementary operations, and obtain results for general weights
on the graph. For example, if we delete an edge (Theorem 2.4.1), for contracting two
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vertices (Theorem 2.4.5), virtualising edges (Corollary 2.4.10) and virtualising vertices
(Corollary 2.4.15). With all the results, we develop a discrete bracketing technique for
finite weighted graphs which is based on the manipulation of the graph. This method
is based on a selective virtualisation of specific edges E0 ⊂ E and vertices V0 ⊂ V of a
given weighted graph G = (G, α, w), where α is the magnetic potential and w denotes
the weights on V and E, respectively. The process of edge and vertex virtualisation
produces two different graphs G− = (G−, α−, w−) respectively G+ = (G+, α+, w+) with
induced vector potentials and weights, such that the spectra of the corresponding DML
have the following relation:

λk(∆G−
α− ) ≤ λk(∆G

α ) ≤ λk(∆G+
α+ ), k = 1, . . . , n − r,

where n = ∣V(G)∣ is the order of the graph and r is the number of virtualised vertices.
We then say that ∆G−

α− is spectrally smaller than ∆G
α (resp. ∆G

α is spectrally smaller than ∆G+
α+ )

and write
∆G−

α− ≼ ∆G
α ≼ ∆G+

α+ .

Virtualising the edges E0 on which the vector potential is supported and a corresponding
set of vertices V0 in the neighbourhood of E0 (see Chapter 2 for precise definitions) we
are able to localise the DML on G±. This allows to introduced the so-called bracketing
intervals

Jk ∶= [λk(∆G−), λk(∆G+)]
in which we are going to localise later the spectrum of Laplacian on the periodic graph.

Chapter 3

In this chapter, we introduce the notion of a covering graph (Section 3.1) or Γ-periodic
graph (Section 3.2) with Γ an Abelian discrete group and denoted as G̃. Also, we define
a Γ-periodic magnetic weighted graph G̃ = G̃, where G̃ is a Γ-periodic graph with α̃ and
w̃ are Γ-invariant, and finite quotient G = G̃/Γ. In Definition 3.2.5, we introduce the
notion of a fundamental domain (denoted as D). In Section 3.3, we introduce a discrete
version of Floquet theory. In Section 3.4, we interpret the magnetic potential α̃ on the
periodic graph G̃ as a Floquet parameter in the finite quotient. We introduce the family
of magnetic potentials with the lifting property and denoted as AD (see Definition 3.4.1).
Such subclass of magnetic potentials is necessary to prove the main result in this chapter:
Theorem 3.4.2. In this result, we show the equivalence of the spectrum of the magnetic
Laplacian on a periodic weighted graph with the union of the spectrum of the magnetic
Laplacian for the family of magnetic potential acting in the finite quotient AD.

Theorem (3.4.2). Consider a Γ-periodic weighted graph G̃ = (G̃, α̃, w̃)with D a funda-
mental domain. If G = (G, α, w)where G = G̃/Γ, then

σ(∆G̃
α̃ ) = ⋃

α∈AD

σ(∆G
α ).
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Chapter 4

In this chapter, we study the Laplacian ∆G̃ (with standard, combinatorial or general
periodic weights) on the infinite periodic graph G̃ that has not the maximal possible
interval as its spectrum. Such Laplacians are said to have a spectral gap. To show the ex-
istence of spectral gaps, we use the discrete bracketing technique based on virtualisation
of edges and vertices on G for the discrete magnetic Laplacian on G (Chapter 2). Given
a weighted graph (G, w) and A a family of magnetic potential acting on the graph G,
we introduce the notion of magnetic spectral gap (with respect to A), which in the case of
standard weights is given by

MSG
A = [0, 2]∖ ⋃

α∈A

σ(∆G
α ) .

In other words, the magnetic spectral gap is the intersection of all resolvent sets of the
magnetic Laplacian ∆G

α for all α ∈ Awith the set [0, 2]. If G is a tree, thenMSG
A coincides

with the spectral gaps SG of the usual Laplacian ∆G with α = 0 (see Section 4.1 for the
details).

Let G = (G, α, w) be a finite magnetic weighted graph, in Theorem 4.1.3 we present
a simple geometric conditions on G that implies the existence of magnetic spectral
gaps for a family of magnetic potential A acting on G. In Subsection 4.1.2, we study
the spectral gaps in Γ-periodic weighted graph, and in Theorem 4.1.10 we solve the
Higuchi-Shirai’s conjecture for Z-periodic trees, i.e.,

Theorem (4.1.10). Let G̃ = (G̃, 0, w̃) be a Z-periodic tree with standard or combinatorial
weights and quotient graph G = (G, 0, w). Then the following conditions are equivalent:

(i) G̃ has the full spectrum property;
(ii) S G̃ = ∅;

(iii) G̃ is the lattice Z;
(iv) MSG = ∅;
(v) G is a cycle graph;

(vi) G has no vertex of degree 1.

We conclude this chapter showing in Section 4.2 how to apply the methods developed
to several classes of examples of periodic graphs. The first example gives an alternative
and simple proof of the result by Suzuki in [Suz13] on the existence of spectral gaps for
Z-periodic graphs with pendants edges.

The other examples are more elaborate and include modelisations of polypropylene
and polyacetylene molecules. We also prove the existence of spectral gaps in these
periodic structures. The last model can be understood as an intermediate covering
of the graphene, where the quotient has Betti number 2. One of the new aspects of
the present dissertation is the generalisation of results in [FLP18] to include a periodic
magnetic field α̃ on the covering graph π∶ G̃ → G = G̃/Γ. In this sense, α̃ may be used
as a control parameter for the system that serves to modify the size and the regions
where the spectral gaps are localised. We apply our techniques to the graphs modelling
the polyacetylene polymer as well as to graphene nanoribbons. The nanoribbons are
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Z-periodic strips of graphene either with an armchair or zig-zag boundaries (see, e.g.,
Figure 4.10). Figure 0.2 corresponds to an armchair nanoribbon with a width 3. It can
be seen how a periodic magnetic potential with constant value α̃ ∈ [0, 2π) on each cycle
(and plotted on the horizontal axis) affects the spectral bands (grey vertical intervals
that appear as the intersection of the region with a line α̃ = const) and the spectral
gaps (white vertical intervals). We refer to Section 4.2.5 for additional details of the
construction.

In the case of the polyacetylene polymer, we find a spectral gap that is stable under
perturbation of the (constant) magnetic field. Moreover, if the value of the magnetic
potential is π on each edge, i.e., αe = π, then the spectrum of the DML degenerates to
five eigenvalues of infinite multiplicity. This discrete model suggests that a varying
uniform magnetic field may drastically change the conductance of a material arranged
as a periodic planar graph.

FIGURE 0.2: The structure of the bracketing intervals J is represented with
grey bands and the spectral gaps with white bands. Both bands depend on

the constant (periodic) magnetic potential α̃ acting on 3-aGNR.

Chapter 5

Using the geometric perturbation as elementary operation on the graphs developed
in Section 2.1, we present in this chapter a geometrical method of construction of
isospectral magnetic weighted graphs. Let G1 = (G1, α1, w1) and G2 = (G2, α2, w2) be
two magnetic weighted graph. We say that G1 and G2 are isospectral if they have the
same spectrum, i.e., satisfy

σ (∆G1
α1 ) = σ (∆G2

α2 ) .
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In this chapter, we treat the spectrum as a multiset. We begin with a motivating class of
example in Section 5.1, where we consider G as a family of magnetic weighted graphs
with the standard weights. By contracting vertices of different elements of the family G
with respect to a partition of a natural number, give us a new graph. Then, if we take
two partitions of the same natural number, with the previous construction, we create
two graphs with the same spectrum. In Section 5.2, we generalise the previous example,
and two crucial characteristics of the family of graphs G are introduced. The spectral
property is in Definition 5.2.5, and a geometrical property is in Definition 5.2.10. These
properties give us in Theorem 5.2.12 a general construction for isospectral graphs. We
conclude the chapter with Section 5.3, where we show how to apply, in an example, for
the construction of isospectral graphs with magnetic potential.

Chapter 6

In this chapter, we present several applications of the results of Chapter 2 and 3. In
Section 6.1, we present some composite operation, like contracting edges and deleting
vertices. These composite operations are a combination of the two fundamental opera-
tions studied in Section 2.4: delete an edge and contracting vertices. In Section 6.2, we
show some simple applications to the combinatorics. For example, how to apply the
results for the fundamental notion of the graph minor. Also, we apply the preorder in
Subsection 6.2.1 to obtain a relation with the Cheeger constant or isoperimetric number
and the frustration index denoted as hk(G) where G is a magnetic weighted graph. In
particular, we show in Theorem 6.2.8 that if G ⊑ G′ then hk(G) ≤ hk(G′). In the final part
of the chapter (Section 6.3), we include some application in Chemical graph theory. In
particular, we show order relation for the most important chemical indices that model
certain properties of the molecule, like the Wiener index, Kirchoff index, and many
more.

Chapter 7

This final chapter, present a conclusion of the results of this dissertation, and we propose
some lines of investigation for the future.

The thesis also contains an appendix. In Appendix A we describe in detail the Floquet
theory for periodic graphs. We apply this theory in Chapters 3 and 4. Moreover, we
present in Appendix B the code made for Mathematica 12.0 to compute the many
examples on which this thesis is based.
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1
Graph Theory and Discrete Analysis

For the convenience of the reader and to do this thesis as self-contained as possible, in
this first rychapter, we include some of the most important definitions, examples and
results in Spectral Graph Theory needed later.

A graph is an abstract mathematical object that describes a set of objects (vertices) and a
relation between them (edges). We present in Section 1.1 an introduction to the Theory
of Graphs. We include the formal definition of graphs (we allow multiples edges and
loops) which is one of the fundamental objects in this thesis. We will also introduce
important concepts needed later like graph homomorphism (that are function between
graphs). Also, we include some essential properties of graphs (bipartite, connected
and more). We show some standard examples of graphs (complete, path, cycle, along
with others) and operation with them (contracting vertices and delete edges). Also we
introduce the definition of an open graph. Additional results and motivations can be
found in, e.g. [BM08; Die05] and the references therein.

In Section 1.2, we put additional structure to the graphs: we will introduce weights
on vertices and edges. In Section 1.3, we introduce an essential ingredient, that is the
magnetic potential. The second fundamental object in our analysis in this thesis is the
discrete magnetic Laplacian (Section 1.4). It is a natural generalisation of the usual
Laplacian and incorporates the presence of a magnetic field on the graph. Typically the
magnetic field is introduced in the analysis via a vector potential which is a function
of the edges α∶E → R/2πZ. Discrete magnetic Laplacians have already been treated,
e.g., in [MY02; MY99] and [Sun94]. Magnetic Laplacians on Abelian covering graphs
are discussed in [HS99; HS04b]. Korotyaev and Saburova treated discrete Schrödinger
operators on discrete graphs in a series of articles (see, e.g., [KS14; KS15; KS16; KS17a;
KS17b] and references therein).

In Section 1.5, we present a geometric definition of discrete Laplacians on a weighted
graph. The general structures on graphs will allow treating many classes of Laplacian
operators (standard, combinatorial, signless or discrete magnetic Laplacians) in a unified
way. Our general approach will allow us to compare all these classes of operators from
a spectral point of view. We conclude this chapter recalling some crucial results on the
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spectrum of the discrete magnetic Laplacians (Section 1.6). For completeness, we also
include some detailed proofs, even if most of the results are known to experts.

1.1 Graph Theory

The following formal definition of a graph is taken from [Sun13].

Definition 1.1.1. A graph G is an ordered pair G = (V, E) of disjoint sets V and E with
two maps ∂ ∶= ∂G∶E → V ×V (incidence map) and ι ∶= ιG∶E → E (inversion map) such that

ι2 = IE (the identity map on E)
ι(e) ≠ e, ∂(ι(e)) = τ(∂(e)), for all e ∈ E,

where τ∶V ×V → V ×V is defined by τ(u, v) ∶= (v, u). If we put ∂(e) = (∂−(e), ∂+(e)), we
obtain the maps ∂−∶E → V and ∂+∶E → V with the relation ∂+(ι(e)) = ∂−(e) for all e ∈ E.

In what follows, V = V(G) is the set of the vertices of the graph G, and E = E(G) is the
set of its (directed) edges of G. If it is clear from the context, we will omit the argument G
and use simply V, E, ∂, ι (and others) instead of the symbols V(G), E(G), ∂G, ιG.

The map ∂ = ∂G is the incidence map that associates an ordered pair of (not necessarily
distinct) vertices of G for each edge of G, while the map ι is called the inversion map
and we usually write ι(e) in form e. With this notation, the equality ∂(ι(e)) = τ(∂(e)) is
expressed as ∂−(e) = ∂+(e) and ∂−(e) = ∂+(e). The inversion map gives rise to an action
of Z2 = Z/2Z on E. An undirected edge is an element of the orbit space E/Z2, i.e., a
undirected edge is obtained by identifying e and e. Along this thesis, by an edge we
mean e or e and by undirected edge we mean the class of e with both directions.

Given an edge e ∈ E, we say that ∂−(e) is the origin, ∂+(e) is the end and e is the inversion
of e (inverse edge or opposite edge).

A loop is an edge e such that ∂+(e) = ∂−(e). Two edges e1 and e2 are multiple edges (or
parallel edges) if e1 ≠ e2 with ∂+(e1) = ∂+(e2) and ∂−(e1) = ∂−(e2).
A graph is simple if it has no loops or multiple edges.

e

∂−(e) ∂+(e)

e

∂+(e) ∂−(e)

e

FIGURE 1.1: The representation of one (directed) edge, its inverse (directed)
edge and the (undirected) edge, i.e., the class of e with both directions.

In a diagram representation of a graph, we represent each directed edge by an arrow,
as is shown in Figure 1.1. Then e and e are expressed by the same line having arrows
with opposite direction. However, we usually omit arrows when we draw the graph as
in Figure 1.2
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FIGURE 1.2: Example of a graph G with a loop and one multiples edges.
Each line represents both directed edges e and e.

For a vertex v ∈ V, the set of directed edges with origin v (resp. end v) is denoted as
E−v (resp. E+v ), i.e.,

E±v ∶= {e ∈ E ∣ ∂±(e) = v} .

Observe that the loops appear two times on each set E±v . Also, define Ev ∶= E−v ∪ E+v .
Throughout this thesis, we only consider locally finite graphs; that is, graphs G = (V, E)
such that ∣E±v ∣ is finite for any v ∈ V.

The degree of a vertex v in the graph G, denoted by degG(v), is the number of elements
of E+v (that is the same that E−v ), i.e., degG(v) = ∣E+v ∣ = ∣E−v ∣. A vertex v with degG(v) = 0 is
called an isolated vertex.

For two subsets V1, V2 ⊂ V, we define

E(V1, V2) ∶= { e ∈ E ∣ ∂−(e) ∈ V1 and ∂+(e) ∈ V2 or ∂−(e) ∈ V1 and ∂+(e) ∈ V2 } (1.1.1)

the set of all edges with one vertex in V1 and another one in V2. If V1 = V2 we write E(V1)
instead of E(V1, V1). For V1 = {v1}, we simply write E(v1, V2) instead of E({v1}, V2) and
similarly for V2 = {v2}. The set of loops at v is E(v) = E(v, v).
A set is a discrete set if it is either finite or countably infinite set. A graph G = (V, E)
considered in this thesis are discrete graphs, i.e., the sets V and E are discrete. The graph
G is a finite graph if the sets V and E are finite sets. The graph G is an infinite graph if the
sets V or/and E are infinite sets. If the graph is finite, the order of the graph denoted as
∣G∣ is the number of vertices, i.e., ∣G∣ = ∣E(G)∣.
Let G = (V(G), E(G)) and H = (V (H) , E(H)) be two graphs. A graph homomorphism
φ∶G → H is a correspondence of vertices and edges that preserve the incidence relation
among them. More precisely, it is a pair φ = (φV , φE) of maps

φV ∶V(G)→ V(H), φE∶E(G)→ E(H)

such that satisfies for every e ∈ E(G) the following

∂−H(φE(e)) = φV(∂−G(e)) ,
∂+H(φE(e)) = φV(∂+G(e)) ,

φE(e) = φE(e) .
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For simplicity, we will use the same symbol φ for both φV and φE.

The mapping φ is a graph isomorphism if φV and φE are bijective, in this case, G and H are
isomorphic graphs, and we will denote this as G ≅ H. The map φ is a graph automorphism
if G = H and φ is an isomorphism.

The Betti number b(G) of a finite graph G = (V, E) is defined as

b(G) ∶= ∣E∣− ∣V∣+ 1 . (1.1.2)

1.1.1 Families of Graphs

In this part, we show how construct graphs from other graphs. Also, we present certain
types and families of graphs. Both play a prominent role in this dissertation.

When we analyse the virtualisation processes of vertices, edges in Chapter 2 and
fundamental domains of periodic graphs in Chapter 3, it will be convenient to consider
the following substructure of a graph.

Definition 1.1.2. Let G = (V, E) be a discrete graph with incidence function ∂G. Consider
V1 ⊂ V and E1 ⊂ E that contains both orientation of each edge with ∂1 = ∂G↾E1 . Define
G1 = (V1, E1)with incidence function ∂1, then:

(i) If E1 ⊂ E(V1), then G1 is a graph (Definition 1.1.1), in this case, we say that the
graph G1 is a subgraph of G.

(ii) Moreover, if E1 = E(V1), then G1 is also a graph. We say that the graph G1 is a say
an induced subgraph of G by the set V0 and we denote G1 = G[V0].

(iii) If E1 /⊂ E(V1), then G1 is not a graph. We say that G1 is an open subgraph in G. We
call

E(G1, G) ∶=E(V1, V ∖V1)∩ E1 (1.1.3)
={e ∈ E1 ∣ ∂−e ∈ V1 and ∂+e ∉ V1 or ∂+e ∈ V1 and ∂−e ∉ V1}

the set of connecting edges of the open subgraph G1 to G.

Remark 1.1.3.

(i) Note that a partial subgraph G1 = (V1, E1) is not a graph as in Definition 1.1.1,
since we do not exclude edges e ∈ E with ∂(e) ∉ V1 ×V1. The edges not mapped
into V1 ×V1 under ∂G are precisely the connecting directed edges of G1 to G. In
other words, we only have ∂G∶E(G1, G)→ V ×V, but ∂G∶E1 ∖ E(G1, G)→ V1 ×V1.

(ii) In contrast, for a subgraph or an induced subgraph, G1 is itself a discrete graph
as E1 ⊂ E(V1) and hence ∂G maps E1 into V1 ×V1. Moreover, a subgraph (or an
induced subgraph), the set of connecting edges from G1 to G is empty.

A complete graph on n vertices, is a simple graph in which any two vertices u, v are
connected by an oriented edge from u to v. A graph is bipartite if its vertices V can be
partitioned into two subsets V1 and V2 so that every edge has one end in V1 and one
end in V2. A bipartite graph G with bipartition V1 and V2 is denoted as G[V1, V2]. If
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G[V1, V2] is a simple graph such that every vertex in V1 is adjacent to every vertex in
V2, then G is called a completed bipartite graph. A star is a complete bipartite graph with
∣V1∣ = 1 or ∣V2∣ = 1.

A path in the graph G is a sequence of directed edges c = (e1, e2, . . . , en) with ∂+(ei) =
∂−(ei+1) for 1 ≤ i ≤ n − 1. A closed path in the graph is a path with ∂+(en) = ∂−(e1).
A graph G is connected if for any two vertices u, v it exists a path from u to v. The graph
G is a tree if G has no cycles. If G1 is a tree and G1 is a subgraph of G with V(G1) = V(G),
we say that G1 is an induced tree of G.

Given two natural numbers n and m, the (n, m)-star is the graph defined by the star
graph with n edges Sn and change all the edge of the star with a path on m edges.
See Figure 1.3 for an example of (2, n)-stars.

(1, 2)-star (2, 2)-star (3, 2)-star (4, 2)-star (5, 2)-star

FIGURE 1.3: Examples of (n, m)-stars.

1.1.2 Basic Operations with Graphs

One basic way of combining graphs is with the union. Let G1 and G2 be two graphs, the
disjoint union of the graphs denoted as G1

⋅∪G2 is the graph with vertex set V making
of the disjoint union V(G1) ⋅∪V(G2), edge set E is the disjoint union E(G1) ⋅∪E(G2) and
incidence function ∂G1

⋅∪G2↾E(Gi)
= ∂Gi for i = 1, 2. This operation (which is associative

and commutative) can extend to an arbitrary number of graphs. If G1 = G2, we denote
G1
⋅∪G1 = (G1)2. Every graph may be expressed as a disjoint union of connected graphs,

these graphs are called the connected components (or simply, components) of G, and the
number of components is denoted as c(G). The next definition formalise it.

Delete edges

The first operation on graphs is the edge deletion. By this operation, we obtain a new
graph, and for this reason, we should delete set of edges E0 that contains both direction
of each edge, i.e., E0 = E0 where E0 ∶= { e ∣ e ∈ E0 }. In particular, by delete an edge, we
mean delete the both orientation of the edge in the graph.

Definition 1.1.4 (Deleting edges). Let G = (V, E) be a graph and E0 ⊂ E such that
E0 = E0, delete edges E0 of the graph G (denoted by G − E0) is the subgraph defined by
G − E0 = (V, E ∖ E0)with the same incidence function that G, i.e., ∂G−E0 = ∂G↾E∖E0 .
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If the set E0 contains only one edge with both directions, i.e., if E0 = {e0, e0}, we will
write G − e0 rather than G − {e0, e0}. This operation is fundamental in the next sections,
c.f. Subsection 2.4.1.

An example of G and G − {e0} is shown in Figure 2.2. The reverse operation is called
adding edges: We say that G is obtained from a graph G′ by adding the edges E0 ⊂ G′ if
G′ = G − E0; for short we write G = G′ + E0 and also G = G′ + e0 if E0 = {e0, e0}.
The inclusion homomorphism is a graph homomorphism given by i ∶= iE0 ∶G − E0 → G that
acts as the identity in V(G − E0) = V(G) and the inclusion in E(G − E0) ⊂ E(G).
Let G be a graph; an edge e0 is a cut edge if the deletion of the edge increases the number
of connected components of G, i.e., c(G − e0) = c(G)+ 1. Thus a cut edge of a connected
graph is one edge such deletion results in a disconnected graph.

e0

(A) The graph G. (B) The graph G′ = G − e0.

FIGURE 1.4: If we delete the edge e0 from graph G in Figure 2.2A, we obtain
the graph G′ = G − e0 in Figure 2.2B.

Contracting vertices

The second operation is the contraction of vertices, also know as glueing vertices o
merging vertices.

Let G = (V, E) be a graph and ∼ be an equivalence relation on the set V, i.e., ∼ is a
relation on V which is reflexive, symmetric and transitive. The equivalence classes of
v ∈ V under the equivalence relation ∼ is denoted as [v] and is defined by

[v] ∶= { v′ ∈ V ∣ v′ ∼ v } .

The set of all the equivalence relations of V by the equivalence ∼ is denoted by:

V/∼ ∶= {[v] ∣ v ∈ V}

There is a natural map from V to V/∼, called the projection of the equivalence relation ∼,
i.e.,

π ∶ V → V/∼ defined by π(v) = [v] . (1.1.4)

Under the previous condition, the next operation on graphs is defined.
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Definition 1.1.5 (Contracting vertices). Let G = (V, E) be a graph and ∼ denote an
equivalence relation on the set V, contracting the vertices (respect to ∼) of the graph
G (denoted by G/∼) is the graph defined by G/∼ ∶= (V/∼, E) and incidence function
∂+G/∼ ∶= π ○ ∂+G and ∂−G/∼ ∶= π ○ ∂−G.

Let G be a graph and ∼ an equivalence relation on V(G). If the relation ∼ identifies only
the vertices v1, . . . , vr ∈ V(G) to one vertex in G′, we also say that G′ is obtained from G
by glueing the vertices v1, . . . , vr ∈ V. We write G′ = G/{v1, . . . , vr} for short (see Figure 1.5
for the case r = 2). The spectrum of the DML under the vertex contraction is studied
in Subsection 2.4.2.

The reverse operation is called splitting: we say that G′ is a vertex splitting of G if there is
an equivalence relation ∼ on V(G′) such that G = G′/∼.

v1

v2

(A) The graph G.

w

(B) The graph G′ = G/{v1, v2}

where w = [v1] = [v2].

FIGURE 1.5: Contracting the vertices v1 and v2 of the graph G in 1.5A gives
the graph G′ = G/{v1, v2} in Figure 1.5B.

Given the graph G and G/∼, we have a natural graph homomorphism, named projection
map defined as π∶G → G/∼ given by π(v) = [v] and π(e) = e.

Note that if we glue two adjacent vertices v1 and v2, all edges joining v1 and v2 become
loops in G/{v1, v2}. The operation of identifying two vertices and deleting the adjacent
edges is called edge contraction, and it is a combination of glueing v1 and v2 and deleting
the adjacent edges E(v1, v2).
If G is a finite graph, the size of the equivalence relation ∼ on V(G) is defined as
∣G∣− ∣G/∼∣.

1.2 Weighted Graphs

When a graph G is used to model some practical problem, one often needs to add some
information to the combinatorial structure, such as costs associated with the edges or
vertices. For example, in communications networks, some relevant factors could be
the cost of the transmitting data or the numbers of computers in each communication
centre. In this situation, the additional factors are modelled by putting weight on edges
and/or vertices. Some application of weighted graphs can be found in [BE98].
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Definition 1.2.1. A weighted graph (or W-graph) is an ordered pair G = (G, w) where
G = (V, E) is a graph and w is a weight associated with its vertices and its directed
edges, i.e., w is a pair of functions (denoted with the same symbol) w∶V → (0,∞) and
w∶E → (0,∞) such that w(v) is the weight at the vertex v and we

1 is the weight at e ∈ E
with the property w(e) = w(e).
Given the sets V0 ⊂ V and E0 ⊂ E, it is natural to define the weight of the sets as:

w(V0) ∶= ∑
v∈V0

w(v) and w(E0) ∶= ∑
e∈E0

we . (1.2.1)

The relative weight is a map ρ∶V → (0,∞) defined as

ρ(v) ∶= w(E−v )
w(v) =

w(E+v )
w(v) . (1.2.2)

The weight is normalized if ρ(v) = 1 for all v ∈ V. If we need to stress the dependence of ρ
of the weighted graph, we simply write ρG. We will assume throughout this dissertation
that the relative weight is uniformly bounded, i.e.,

ρ∞ ∶= sup
v∈V

ρ(v) <∞. (1.2.3)

This condition will ensure in Proposition 1.4.4 that the discrete magnetic Laplacian is a
bounded operator.

For each weighted graph G = (G, w), we associate the following Hilbert spaces

ℓ2(V, w) ∶= { f ∶V → C ∣ ∥ f ∥2V,w = ∑
v∈V
∣ f (v)∣2w(v) <∞} (1.2.4)

ℓ2(E, w) ∶= {η∶E → C ∣ ∥η∥2E,w =
1
2
∑
e∈E
∣ηe∣2we <∞ and − ηe = ηe}, (1.2.5)

with inner products

⟨ f , g⟩ℓ2(V,w) ∶= ∑
v∈V

f (v)g(v)w(v) and ⟨η, ζ⟩ℓ2(E,w) ∶=
1
2
∑
e∈E

ηeζewe,

respectively. These spaces can be interpreted as 0- and 1-forms on the graph, respec-
tively.

1.2.1 Examples of weights.

We present some important examples of weights which include the intrinsic weights, i.e.,
weights that depend only on the combinatorial structure of the graph: the combinatorial
weight and the standard weights.

1Later, the virtualisation process of edges can also be interpreted allowing we = 0 on certain edges e.
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Definition 1.2.2. Let G = (G, w) be a weighted graph.

(i) The weight w = 1, i.e., w(v) = 1 for all v ∈ V and w(e) = 1 for all e ∈ E is called the
combinatorial weight. We denote a graph with combinatorial weights as G = (G, 1).

(ii) The weight w given by w(v) = deg(v) for all v ∈ V and w(e) = 1 for all e ∈ E is called
the standard weight. We denote a graph with standard weights as G = (G, deg).
Observe that the standard weight is a normalized weight.

(iii) The weight w such that w(v) = 1 for all v ∈ V and w(e) is the conductance (the
reciprocal of the resistance) of the resistor represented by e ∈ E. In this case,
the graph G represents a resistive electric circuit, i.e., is an electric circuit network
consisting of resistors alone.

(iv) An edge weight on a graph determines a so-called weighted degree of a vertex
defined by

degw(v) ∶= w(E−v ) = ∑
e∈E−v

we.

Recall that a loop counts twice in Ev. In particular, the standard weight deg(v)
agrees with the weighted degree degw(v) if and only if the edge weight equals 1
for all edges. The weighted degree is normalized if

degw(v) = w(v), or, equivalently, ∑
e∈E−v

we = w(v), for all v ∈ V.

The next table summarises the most important weights and some related quantities:

Weight name we w(v) ρ(v) ρ∞
standard 1 deg v 1 1
combinatorial 1 1 deg v sup

v∈V
{deg v}

normalized we w(E−v ) 1 1

electric circuit we 1 w(E−v ) sup
v∈V
{w(E−v )}

1.3 Magnetic Graphs

In this section, we present an additional structure on the graph: a magnetic potential
that acts on the set of edges.

Let G = (V, E) be a graph and R any subgroup of R/2πZ, which we write additively.
We consider the cochain groups of R-valued functions on vertices and edges, which we
denote by

C0(G, R) ∶= { ξ∶V → R ∣ ξ map} and C1(G, R) ∶= {α∶E → R ∣∀e ∈ E∶αē = −αe },

The so-called coboundary operator is given by

d∶C0(G, R)→ C1(G, R), (dξ)e = ξ(∂+e)− ξ(∂ − e).
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Definition 1.3.1. Let G = (V, E) be a discrete graph and R be a subgroup of R/2πZ.

(i) An R-valued magnetic potential α is an element of C1(G, R).
(ii) We say that α, α̃ ∈ C1(G, R) are cohomologous or gauge-equivalent (denote this as

α̃ ∼ α), if α̃ − α is an exact form, i.e. if there is ξ ∈ C0(G, R) such that

(dξ)e = α̃e − αe , for all e ∈ E(G) ,

and ξ is called the gauge. We denote the equivalence class or cohomology class
by [α] = { α̃ ∈ C1(G, R) ∣ α̃ ∼ α }. We say that α is a trivial magnetic potential if it is
cohomologous to 0.

For a path c = (e1, e2, . . . , en), we define the magnetic potential along c as

∫
c

α ∶=
n
∑
i=1

αe.

If the path c is closed, the integral corresponds to the magnetic flux of α through c.

Let ξ∶V → R be a map, i.e. ξ ∈ C0(G, R) and c a path from the vertex u to the vertex v,
then

∫
c

dξ = ξ(v)− ξ(u) ,

and if c is a closed path, then

∫
c

dξ = 0 .

The next lemma shows that the magnetic potential is determined by the magnetic flux
induced.

Lemma 1.3.2. Let α1 and α2 two magnetic potentials acting on a connected graph G, i.e.,
α1, α2 ∈ C1(G, R). The magnetic flux of α1 is equal to that of α2 for every closed path c if and
only if α1 ∼ α2.

Proof. Suppose that the magnetic flux of α1 is equal to that of α2 for every closed path c.
Choose and fix v0 ∈ V(G). We define the function ξ∶V → R as follows: for any vertex
v ∈ V(G), take a path from v0 to v, i.e., p = (e1, e2, . . . , en) such that ∂−(e1) = v0 and
∂+(en) = v, and define:

ξ(v) = ξp(v) ∶= ∫
p
(α1 − α2) =

n
∑
i=1
((α1)e − (α2)e)

We will show that ξ does not depend on the choice of the path p from v0 to v. Take p
and q two paths from v0 to v, and take the closed path c = pq, where q is the inverse
directed path of q. Then

0 = ∫
c

α1 −∫
c

α2 (magnetic flux of α1 is equal to that of α2 )

= ∫
c
(α1 − α2) = ∫

pq
(α1 − α2) = ∫

p
(α1 − α2)+∫

q
(α1 − α2)

= ∫
p
(α1 − α2)−∫

q
(α1 − α2) = ξp(v)− ξq(v) ,
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therefore ξp(v) = ξq(v) and concluding ξ does not depend of the path. Let e ∈ E an edge
such that ∂−e = u and ∂+e = v, and consider a path p1 from v0 to u and p2 from v0 to v,
then c = ep2p1 is a closed path, then:

0 =∫
c

α1 −∫
c

α2 = ∫
c
(α1 − α2) = ∫

ep2 p1
(α1 − α2)

=∫
e
(α1 − α2)−∫

p2
(α1 − α2)+∫

p1
(α1 − α2)

= (α1 − α2)e − ξ(v)+ ξ(u) ,

it follows that (α2)e + (dξ)e = (α2)e + ξ(v)− ξ(u) = (α1)e and it concludes α1 ∼ α2.
Now suppose that α1 ∼ α2, then it exists ξ∶V → R such that

(α1)e = (α2)e + (dξ)e, for all e ∈ E ,

then for any closed path c, it follows:

∫
c

α1 = ∫
c

α2 +∫
c

d f = ∫
c

α2 + 0 ,

then, the magnetic flux of α1 is equal to that of α2 for every closed path c.

The magnetic potential has a significant relation with the topology of the graph. In
particular, the value of the magnetic potential on cut edges is irrelevant, i.e., the magnetic
potential acts trivially on the edges such deletion increase the number of connected
components.

Lemma 1.3.3. Let G be graph and e0 ∈ E(G) a cut edge. Let α1 and α2 be two magnetic
potentials acting on G. If (α1)e = (α2)e for all e ∈ E(G − e0), then α1 ∼ α2.

Proof. If e0 is a cut edge, then e0 does not belong to any cycle, so the magnetic flux of α1
and α2 is the same for any cycle, then by Lemma 1.3.2 conclude α1 ∼ α2.

It can be shown that any magnetic potential on a finite graph can be supported in at
most b(G)many edges, where b(G) is the Betti number of G (c.f. Eq. (1.1.2)). In fact, let
G be a finite graph with α a vector potential acting on it and let T an induced tree of G.
Then we can show that there exists a magnetic potential α′ with support in E(G)∖ E(T)
such that α ∼ α′. Therefore, if G is a cycle, any vector potential is cohomologous to a
vector potential supported in only one edge. Moreover, if the graph G is a tree, then any
magnetic potential acting on G is cohomologous to 0.

1.4 Magnetic Weighted Graphs

In the following important definition, we collect all relevant structures needed in this
dissertation: a discrete weighted graph with magnetic potential.
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Definition 1.4.1. A magnetic weighted graph (or MW-graph for short) is a triple G =
(G, α, w), where G = (V, E) is a discrete graph, w is a weight on G, and α ∈ C1(G) is an
R-valued magnetic potential, i.e. a map α∶E → R such that αē = −αe for all e ∈ E, where R
is a subgroup of R/2πZ.

Let G = (G, α, w) and G′ = (G′, α′, w′) be two magnetic weighted graphs, we say that G
and G′ are isomorphic magnetic weighted graphs, which we denoted by G ≅ G′, if it
there exists a graph isomorphism φ∶G → G′ such that α = α′ ○ φE, and w = w′ ○ φ for the
weights in edges and vertices.

Note that R can be chosen a priori. If we choose R = {0}, then the corresponding
Laplacian (see Definition 1.5.1) is the usual Laplacian (without magnetic potential). If
we choose R = {0, π}, then the magnetic potential is also called a signature, and G is
called a signed graph (see, e.g., [Lan+15] and references therein for details). This setting
includes the so-called signless Laplacian (see Notation 1.5.2(iii)) by choosing αe = π for
all e ∈ E.

Notation 1.4.2 (Classes of magnetic weighted graphs). We denote by G the class of all
MW-graphs. We write the subclasses of MW-graphs with combinatorial respectively,
standard weights just by G1 respectively, Gdeg. Moreover, for a symmetric subset R0 of
R (not necessarily a subgroup but satisfying if t ∈ R0 then −t ∈ R0), we will write

G R0 ∶= {G = (G, α, w) ∈ G ∣αe ∈ R0, e ∈ E(G) } and G t ∶= G {±t}

for the subclass of MW-graphs having magnetic potential with values in R0 respectively
with constant value t ∈ R. Similarly, we denote by G R0

deg resp. G t
deg and G R0

1
resp. G t

1 the
MW-graphs with combinatorial and standard with vector potential with values in R0
respectively with constant value t.

For a magnetic weighted graph, we can define an important operator between 0-forms
and 1-forms.

Definition 1.4.3. Let G = (G, α, w) be a magnetic weighted graph, the (discrete) magnetic
exterior derivative dα is a map dα∶ ℓ2(V, w)→ ℓ2(E, w) defined as:

(dα φ)e = eiαe/2 φ(∂+e)− e−iαe/2 φ(∂−e) for all e ∈ E. (1.4.1)

In [MY02], the derivative dα is called a coboundary operator for a twisted complex. In
particular, if α ∼ 0, then dα is the usual coboundary operator. The next lemma proves
some well-know properties of the twisted differential operator dα.

Proposition 1.4.4. Let G = (G, α, w) be a magnetic weighted graph and dα the magnetic
exterior derivative.

(i) ∥dα∥ ≤
√

2p∞.
(ii) The operator d∗α∶ ℓ2(E, w)→ ℓ2(V, w), given by

(d∗αη) (v) = −1
w(v) ∑e∈E−v

eiαe/2ηewe , for all η ∈ ℓ2(E, w), v ∈ V

is the adjoint operator of dα.
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(iii) ∥d∗α∥ ≤
√

2p∞.

(iv) (d∗αdα f ) (v) = ρ(v) f (v)− 1
w(v) ∑e∈E−v

eiαe f (∂+e)we.

Proof. (i) Let f ∈ ℓ2(V, w) and recall the inequality, i.e., (a + b)2 ≤ 2(a2 + b2) for any
a, b ∈R, then

∥dα f ∥2E,w =
1
2
∑
e∈E
∣(dα f )e∣2we =

1
2
∑
e∈E
∣eiαe/2 f (∂+(e))− e−iαe/2 f (∂−(e))∣2we

≤ 1
2
∑
e∈E
(∣ f (∂+(e))∣2 + ∣ f (∂−(e))∣2 + 2∣ f (∂+(e)) f (∂−(e))∣2)we

= 1
2
∑
e∈E
(∣ f (∂+(e))∣+ ∣ f (∂−(e))∣)2we

≤∑
e∈E
(∣ f (∂+(e))∣2 + ∣ f (∂−(e))∣2)we

= ∑
v∈V

⎛
⎝∑e∈E+v

∣ f (v)∣2we + ∑
e∈E−v
∣ f (v)∣2we

⎞
⎠

= 2∑
v∈V
∣ f (v)∣2

⎛
⎝∑e∈Ev

we
⎞
⎠
= 2∑

v∈V
∣ f (v)∣2ρ(v)w(v)

≤ 2p∞ ∥ f ∥2V,w .

(ii) Let f ∈ ℓ2(V, w) and η ∈ ℓ2(E, w), then the following computation shows that d∗α is,
indeed, the adjoint of dα.

⟨ f , d∗αη⟩ℓ2(V,w) = ∑
v∈V

f (v)d∗αηe(v)w(v) = −∑
v∈V

f (v)∑
e∈E−v

e−iαe/2ηewe

= −∑
v∈V
∑

e∈E−v
f (v)e−iαe/2ηewe

= −1
2
∑
v∈V
∑

e∈E−v
f (v)e−iαe/2ηewe −

1
2
∑
v∈V
∑

e∈E−v
f (v)e−iαe/2ηewe

= 1
2
∑
v∈V
∑

e∈E+v
eiαe/2 f (v)ηewe −

1
2
∑
v∈V
∑

e∈E−v
e−iαe/2 f (v)ηewe

= 1
2
∑
e∈E

eiαe/2 f (∂+e)ηewe −
1
2
∑
e∈E

e−iαe/2 f (∂−e)ηewe

= 1
2
∑
e∈E
(eiαe/2 f (∂+e)− e−iαe/2 f (∂−e)) ηewe

= 1
2
∑
e∈E
(dα f )eηewe = ⟨dα f , η⟩ℓ2(E,w) .
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(iii) Let η ∈ ℓ2(E, w), then

∥d∗αη∥2V,w = ∑
v∈V
∣d∗αη(v)∣2w(v) = ∑

v∈V

1
w(v)

RRRRRRRRRRRR
∑

e∈E−v
eiαe/2ηewe

RRRRRRRRRRRR

2

≤ ∑
v∈V

1
w(v)

⎛
⎝∑e∈E−v

∣ηe∣we
⎞
⎠

2

≤ ∑
v∈V

1
w(v)

⎛
⎝∑e∈E−v

∣ηe∣2we ∑
e∈E−v

we
⎞
⎠

(Using the Cauchy–Schwarz inequality)

= ∑
v∈V

p(v)
⎛
⎝∑e∈Ev

∣ηe∣2we
⎞
⎠
≤ p∞ (∑

e∈E
∣ηe∣2we) = 2p∞∥ηe∥2E,w.

(iv) A simple calculation shows:

(d∗αdα f )(v) = −1
w(v) ∑e∈E−v

eiαe/2(dα f )ewe

= −1
w(v) ∑e∈E−v

eiαe/2 (eiαe/2 f (∂+e)− e−iαe/2 f (∂−e))we

= −1
w(v) ∑e∈E−v

(eiαe f (∂+e)− f (∂−e))we

= 1
w(v) ∑e∈E−v

( f (v)− eiαe f (∂+e))we

= ρ(v) f (v)− 1
w(v) ∑e∈E−v

eiαe f (∂+e)we ,

which concludes the proof.

1.5 Discrete Magnetic Laplacian

The discrete analogue to the magnetic Schrödinger operator was introduced for the
lattice in two dimensions Z2 as the Harper operator in [Har55]. In this case, a mag-
netic potential is defined in a way such that a constant flux through the cells. The
generalisation has been introduced and studied by [Sun08], and is the following:

Definition 1.5.1. Let G = (G, α, w) be a magnetic weighted graph, the discrete magnetic
Laplacian (DML) is an operator ∆α∶ ℓ2(V, w)→ ℓ2(V, w) defined as ∆α = d∗αdα, i.e., by

(∆α f ) (v) = ρ(v) f (v)− 1
w(v) ∑e∈E−v

eiαe f (∂+e)we ∀ f ∈ ℓ2(V, w), ∀v ∈ V, (1.5.1)



1.5. Discrete Magnetic Laplacian 39

where the sum in Eq. (1.5.1) is taken over all edges starting in v and the loops are
counted twice. If we need to stress the dependence on the weighted graph, we will
denote the DML as ∆α = ∆G

α .

Notation 1.5.2 (Special cases of magnetic weighted Laplacians).

(i) Let G = (G, α, w) ∈ G be an MW-graph (respectively, G ∈ Gdeg, G ∈ G1), then ∆α is
the magnetic weighted (respectively, standard, combinatorial) Laplacian.

(ii) Let G = (G, 0, w) ∈ G 0 be an MW-graph (respectively, G ∈ G 0
deg, G ∈ G 0

1 ), then ∆0 is
the weighted (respectively, standard, combinatorial) Laplacian.

(iii) Let G = (G, π, w) ∈ G π an MW-graph (respectively, G ∈ G π
deg, G ∈ G π

1 ), then ∆π is
the weighted (respectively, standard, combinatorial) signless Laplacian.

Remark 1.5.3. For the standard weight, it is convenient to associate to the graph with
only one vertex and no edges the Laplace operator 0 with eigenvalue 0. Hence any
isolated vertex of the standard Laplacian gives one eigenvalue 0 in its spectrum.

The next proposition proves some well-know properties of the DML.

Proposition 1.5.4. Let G = (G, α, w) be a magnetic weighted graph and ∆α the DML.

(i) ∆α is a positive and self-adjoint operator.
(ii) ∥∆α∥ ≤ 2ρ∞. In particular, if G is a uniformly bounded graph, then ∆α is a bounded

operator.
(iii) If α ∼ α′, then ∆α and ∆α′ are unitary equivalent.

Proof. (i) By Definition 1.5.1, the DML is ∆α = d∗αdα, then

∆∗α = (d∗αdα)∗ = d∗αdα = ∆α ,

so ∆α is self-adjoint. Also,

⟨ f , ∆α f ⟩ = ⟨dα f , dα f ⟩ = ∥dα f ∥ ≥ 0 ,

then ∆α is positive.

(ii) Let f ∈ ℓ2(V, w), using Proposition 1.4.4 (i) and (iii) it follows:

∥∆α f ∥ = ∥d∗αdα f ∥ ≤
√

2p∞ ∥dα f ∥ ≤ 2ρ∞ ∥ f ∥

then ∥∆α∥ ≤ 2p∞. If G is uniformly bounded, then ρ∞ < ∞ and we conclude that the
operator ∆α is bounded.

(iii) Suppose α′ ∼ α are two cohomologous (gauge-equivalent) magnetic potentials for
some gauge ξ∶V → R. Then the gauge ξ induces two unitary (multiplication) operators
Ξ0 and Ξ1 on ℓ2(V, w) and ℓ2(E, w), respectively, defined by

(Ξ0φ)(v) ∶= eiξ(v)φ(v) and (Ξ1η)e ∶= ei(ξ(∂+e)+ξ(∂−e))/2ηe. (1.5.2)

Here, ξ ↦ Ξ0 and ξ ↦ Ξ1 are unitary representations of ξ seen as an additive group on
ℓ2(V, w) and ℓ2(E, w). These representations commute with the twisted derivative as
follows:

dαΞ0 = Ξ1dα′ and ∆αΞ0 = Ξ0∆α′ .
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The first equation follows by a straightforward calculation, namely

(dαΞ0φ)e = eiαe/2+iξ(∂+e)φ(∂+e)− e−iαe/2+iξ(∂−e)φ(∂−e)
= ei(ξ(∂+e)+ξ(∂−e))/2(eiαe/2φ(∂+e)− e−iαe/2φ(∂−e)) = (Ξ1dα φ)e.

Then, we have the next intertwining relation

Ξ∗0∆αΞ0 = Ξ∗0d∗αdαΞ0 = (dαΞ0)∗Ξ1dα′ = (Ξ1dα′)∗Ξ1dα′ = ∆α′

using the fact that Ξ0 and Ξ1 are unitary. We conclude that ∆α and ∆α′ are unitary
equivalents.

In summary, the magnetic Laplacian ∆α is a bounded, positive and self-adjoint operator,
and its spectrum satisfies σ(∆α) ⊂ [0, 2ρ∞]. If α ∼ α′, then ∆α and ∆α′ are unitary
equivalent; in particular, σ(∆α) = σ(∆α′). Moreover, if α ∼ 0 then ∆α ≅ ∆ where ∆
denotes the discrete Laplacian with vector potential 0, i.e., the usual discrete Laplacian.
For example, if G = (G, α, w)where the graph G is a tree, then ∆G

α ≅ ∆G for any vector
potential.

Let G = (V, E) be a graph. For all v ∈ V, consider 1v∶V → C the indicator function for the
set {v} and define φv = 1v/√w(v). The set {φv}v∈V is the canonical orthonormal basis of
the Hilbert space ℓ2(V, w) defined in Eq. (1.2.4). Let v1, v2 ∈ V, then

⟨φv1 , ∆α φv2⟩ = ∑
v∈V

⎛
⎝

φv1(v)ρ(v)φv2(v)− φv1(v)
1

w(v) ∑e∈E−v
eiαe φv2(∂+e)we

⎞
⎠

w(v) . (1.5.3)

For the case that v1 = v2, then the Eq. (1.5.3) is simplify as follows:

⟨φv1 , ∆α φv1⟩ =
⎛
⎜
⎝

φv1(v1)ρ(v1)φv1(v1)− φv1(v1)
1

w(v1)
∑

e∈E−v1

eiαe φv1(∂+e)we
⎞
⎟
⎠

w(v1)

= ρ(v1)−
1

w(v1)
∑

e∈E(v1)

cos(αe) ,

For the case v1 ≠ v2, then the Eq. (1.5.3) is simplify as follows:

⟨φv1 , ∆α φv2⟩ = −φv1(v1)
1

w(v1)
∑

e∈E−v1

eiαe φv1(∂+e)wew(v1)

= − 1√
w(v1)w(v2)

∑
e∈E(v1,v2)

eiαe we .

In Proposition 1.5.4 (i), we showed that a necessary condition for ∆α to be a bounded
operator is that G is uniformly bounded. If G has no loops, now we prove that it is a
sufficient condition. Therefore, the following proposition can be understood as a reverse
of Proposition 1.5.4 (i).
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Proposition 1.5.5. Let G = (G, α, w) be a magnetic weighted graph, where the graph G has no
loops, and ∆α is a bounded operator. Then the graph G is uniformly bounded.

Proof. Let {φv}v∈V be the canonical orthonormal basis of the Hilbert space ℓ2(V, w). If
∥∆α∥ is finite, then

∥∆α∥ = sup
φ∈ℓ2
(V);

∥φ∥=1

∣ ⟨φ, ∆α φ⟩ ∣ ≥ sup
v∈V
⟨φv, ∆α φv⟩ = sup

v∈V
ρ(v) = ρ∞

and, therefore, G is uniformly bounded (cf. Eq. (1.2.3)).

As a consequence of the previous results, we can finally give a matrix representation
of the magnetic Laplacian. This representation is the basis of the program presented
in Appendix B. Let G = (G, α, w) be a finite magnetic weighted graph. For computing the
eigenvalues of the DML, it is convenient to work with the associated matrix. Consider a
numbering of the vertices as V(G) = {v1, v2, . . . , vn}. Then the matrix representation of ∆α

with respect to this orthonormal basis is given by

[∆α]jk =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

ρ(vj)−
1

w(vj)
∑

e∈E(vj,vj)

eiαe we, if j = k,

− 1√
w(vj)w(vk)

∑
e∈E(vj,vk)

eiαe we, if j ≠ k
(1.5.4)

Note that this formula includes the case of graphs with multiple edges and loops.

1.6 Spectral Graph Theory

This section presents important results in spectral graph theory.

The spectrum of the discrete magnetic Laplacian is the set of λ such that (∆α − λ I) is not
invertible. The spectrum is denoted as σ (∆α). The next lemma proves some of the most
important properties of the spectrum of the DML.

Lemma 1.6.1. Let G = (G, α, w) be a magnetic weighted graph and ∆α the discrete magnetic
Laplacian.

(i) The spectrum σ(∆α) ⊂ [0, 2ρ∞].
(ii) If α ∼ α′, then σ(∆α) = σ(∆α′).

Moreover, if the graph G is finite, then

(iii) α ∼ 0 implies 0 ∈ σ(∆α).
(iv) If G is connected and 0 ∈ σ(∆α), then α ∼ 0.
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Proof. (i). By Proposition 1.5.4 (i), the operator ∆α is self-adjoint, then σ(∆α) ⊂R, also is
positive, the σ(∆α) ⊂ [0,∞). By Proposition 1.5.4 (ii), the magnetic Laplacian is bounded
by ∥∆α∥ ≤ 2ρ∞. We conclude σ(∆α) ⊂ [0, 2ρ∞].
(ii). If α ∼ α′, by Proposition 1.5.4 (iii) the operators ∆α and ∆α′ are unitary equivalents
and, therefore, they have the same spectrum.

(iii). Consider the constant function 1∶V → C with 1(v) = 1 for all v ∈ V and, because
the graph is finite, it follows that 1 ∈ ℓ2(V, w). Therefore d01 = 0 and 0 ∈ σ(∆0). By
hypothesis α ∼ 0 together with (ii) follows that σ(∆0) = σ(∆α) and therefore 0 ∈ σ(∆α).
(iv). Suppose that 0 ∈ σ(∆α), then there exists a non-zero φ ∈ ℓ2(V, w) such that 0 =
⟨∆α φ, φ⟩ = ∥dα φ∥2. In particular, dα φ = 0, i.e., φ(∂−e) = eiαe φ(∂−e) for all e ∈ E. As the
graph G is connected, we can define a function ξ∶V → R adjusting the phases in such a
way that φ(v)eiξ(v) is constant on V. Then, we have αe = (dξ)e for all edge e ∈ E, hence
α ∼ 0.

1.6.1 Bipartiteness and the spectrum

The next theorem shows some important equivalences on the spectrum, in particular,
the spectrum of a graph has a symmetry if and only if the graph G is bipartite.

Proposition 1.6.2. Let G = (G, α, w) a magnetic weighted graph where the graph G is finite
and connected, and the weight w is a normalized weight. Then the following assertions are
equivalent:

(i) G is bipartite.
(ii) λ ∈ σ(∆α) implies that 2− λ ∈ σ(∆α).

(iii) α ∼ 0 implies 2 ∈ σ(∆α).

Proof. (i)⇒(ii) Let V1 and V2 be the bipartition of the vertices of the graph G and suppose
λ ∈ σ(∆α). Consider the eigenfunction f ∈ ℓ2(V, w) that satisfies ∆α f = λ f .

Define g∶ ℓ2(V, w)→ ℓ2(V, w) given by:

g(v) =
⎧⎪⎪⎨⎪⎪⎩

f (v) , if v ∈ V1

− f (v) , if v ∈ V2 .

If v ∈ V1, then g(v) = f (v) and ∂±e ∈ V2 for all e ∈ E∓v . The next calculation shows
(2− λ)g = ∆αg.

(2− λ)g(v) = 2g(v)− λg(v) = 2 f (v)−∆α f (v) = f (v)+ 1
w(v) ∑e∈E−v

eiαe f (∂+e)we

= g(v)− 1
w(v) ∑e∈E−v

eiαe g(∂+e)we = ∆αg(v).
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Similarly, if v ∈ V2 then g(v) = − f (v) and ∂±e ∈ V1 for all e ∈ E∓v , then

(2− λ)g(v) = 2g(v)− λg(v) = −2 f (v)+∆α f (v) = f (v)+ 1
w(v) ∑e∈E−v

eiαe f (∂+e)we

= g(v)− 1
w(v) ∑e∈E−v

eiαe g(∂+e)we = ∆αg(v).

We conclude that 2− λ is an eigenvalue of ∆α with eigenfunction g.

(ii)⇒(iii) Suppose α ∼ 0, by Lemma 1.6.1 (iii) it follows 0 ∈ σ(∆α), this implies 2 ∈ σ(∆α)
by hypothesis in (ii).

(iii)⇒(i) This part is proved in [Chu97, Lemma 1.7].

The next proposition will be useful in Chapter 2, where this additional symmetry related
to the bipartite graph, allows us to obtain a better localisation of the spectrum of the
magnetic Laplacian (see, e.g., Proposition 2.3 in [LP08b]).

Proposition 1.6.3. Assume that G = (G, α, w) is a magnetic weighted graph where G is a
bipartite graph with normalized weight w. Then the spectrum of ∆α is symmetric with respect
to the map κ∶R→R, κ(λ) = 2− λ, i.e.,

κ(σ(∆α)) = σ(∆α).

In particular, if J ⊂ [0, 2] fulfils σ(∆α) ⊂ J, then we have the inclusion

σ(∆α) ⊂ J ∩ κ(J).

Note that the set J ∩ κ(J) becomes smaller than J if J is not symmetric with respect to κ.
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2
Graphs and preorders

In this chapter, we introduce two preorders on the set of magnetic weighted graphs.
In Section 2.1, we define a preorder ⊑ on the set of infinite magnetic weighted graphs.
We use a graph homomorphism to define ⊑, i.e., we use the geometry of the graph. If
the graph is finite and with some particular weights (for example: for the standard and
combinatorial), in Theorem 2.1.6 we prove that the relation ⊑ is a partial order.

The second preorder presented in Section 2.2, denoted by ≼ is defined in the set of finite
magnetic weighted graphs. In this case, we use the spectrum of the magnetic Laplacian.
In particular, in Theorem 2.3.3, we show that the geometrical preorder ⊑ implies the
spectral preorder ≼.
Finally, in Section 2.4, we present some geometric perturbations and elementary opera-
tions on the graphs and some relation with the preorder defined previously. We studied
three elementary operations: delete an edge (Subsection 2.4.1), contracting two vertices
(Subsection 2.4.2) and the virtualisation of edges and vertices (Subsection 2.4.3). This
spectral ordering and the virtualising operation on the graphs will be needed later to
develop a discrete bracketing technique and show the existence of spectral gaps for
Laplacians on periodic graphs in Chapter 4. Korotyaev and Saburova also present a
discrete bracketing technique in [KS15] for combinatorial weights. Their Dirichlet upper
bound of the bracketing is similar to the one we use here (vertex-virtualised). For the
lower bound Korotyaev and Saburova use a Neumann type boundary condition. In this
dissertation, we propose an alternative edge virtualisation process using the fact that
we work with arbitrary weights.

2.1 Geometric preorder ⊑ for infinite MW-graph

Consider G the class of all magnetic weighted graphs. Let G, G′ ∈ G be two magnetic
weighted graphs, i.e., G = (G, α, w) and G′ = (G′, α′, w′). We say that G and G′ are
isomorphic (denoted as G ≅ G′) if the following holds: there exists a graph isomorphism
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φ∶G → G′ such we = w′φ(e), αe = α′φ(e) for all e ∈ E(G) and w(v) = w′(φ(v)) for all
v ∈ V(G).
Recall from notation 1.4.2, that we denote the class of all magnetic graphs with combina-
torial weights as G1 and the class of all magnetic graphs with standard weights as Gdeg.
In the following definition, we introduce the first preorder in the class of all magnetic
weighted graphs.

Definition 2.1.1 (Geometric preorder ⊑). Let G = (G, α, w) and G′ = (G′, α′, w′) be two
magnetic weighted graphs. We say that G is geometrically smaller than G′, and we
denoted as

G ⊑ G′

if it there exists an MW-graph homomorphism π∶G → G′, i.e., a graph homomorphism
π∶G → G′ such that

(i) The magnetic potential is invariant: α = α′ ○ π, i.e., then αe = α′π(e) for all edge
e ∈ E(G).

(ii) The following vertex weight inequality holds:

(π∗w)(v) ∶= ∑
v∈V,π(v)=v′

w(v) ≥ w′(v′) for all v′ ∈ V′,

i.e., the push-forward vertex measure π∗w is greater than or equal to w′.
(iii) The following edge weight inequality holds:

(π∗w)e ∶= ∑
e∈E,π(e)=e′

we ≤ w′e′ for all e′ ∈ E′,

i.e., the push-forward edge measure π∗w is smaller than or equal to w′.
(iv) We say that π is vertex and edge measure preserving if equality holds in (ii) and (iii),

respectively, i.e., π∗w = w′ for both the vertex and edge measure. We simply say
that π is measure preserving if π is vertex and edge measure preserving.

Some example of MW-graph homomorphism for the geometrical preorder ⊑ are the
following.

Example 2.1.2. Let G = (G, α, w) and G′ = (G′, α′, w′) be two MW-graphs.

(i) Suppose that G = G′, α = α′ and consider the identity graph homomorphism
idG∶G → G. If w(v) ≥ w′(v) for all v ∈ V(G) and we ≤ w′e for all e ∈ E(G), then
idG∶G → G is an MW-graph homomorphism and hence G ⊑ G′.
In particular, (G, α, deg) ⊑ (G, α, 1).

(ii) Suppose that G′ = G/∼ for some equivalence relation ∼ on V(G) and α = α′.
Consider the projection map given by the equivalence relation ∼, i.e., π∶G → G/∼
defined in Eq. (1.1.4). If ∑

v∈π−1(v′)
w(v) ≥ w′(v′) for all v ∈ V(G′) and we ≤ w′e for all

e ∈ E(G′), then π∶G → G is an MW-graph homomorphism and hence G ⊑ G′.
This condition on weights is automatically true when both weighted graphs G
and G′ have combinatorial or standard weights, i.e., (G, α, deg) ⊑ (G/∼, α, deg)
and (G, α, 1) ⊑ (G/∼, α, 1).
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(iii) Suppose that G′ = G − E0 for some E0 ∈ E(G), α′ = α↾E(G′) and ιE0 ∶G′ → G be the
inclusion map of Definition 1.1.4. If w′(v) ≥ w(v) for all v ∈ V(G) and w′e ≤ we for
all e ∈ E(G′), then ιE0 ∶G → G is an MW-graph homomorphism and hence G ⊑ G′.
The condition on the edges is true when both magnetic weighted graphs G and
G′ have combinatorial or standard weights. However, for the vertices weights is
valid only for the combinatorial case. Then, we have (G′, α′, 1) ⊑ (G, α, 1) but not
valid for the standard weight.

We state below some basic consequences. The most important is that the MW-graph
homomorphism π∶G → G′ is injective on edges and surjective on vertices.

Lemma 2.1.3. Let G = (G, α, w) and G′ = (G′, α′, w′) be two MW-graphs. If π∶G → G′ is an
MW-graph homomorphism such that G ⊑ G′, then:

(i) The map π∶V(G)→ V(G′) is surjective.
(ii) If for some c > 0 we have we = w′e′ = c for all e ∈ E(G) and e′ ∈ E(G′) (e.g., if G has

standard or combinatorial weights), then the map π↾E∶E(G)→ E(G′) is injective and

∑
v∈V,π(v)=v′

degG(v) ≤ degG′(v′) for every v′ ∈ V′. (2.1.1)

If π is not surjective on the edges, then there is a vertex v′ ∈ V′ such that

∑
v∈V,π(v)=v′

degG(v) < degG′(v′).

Proof. (i) Let v′ ∈ V(G′), then 0 < w′(v′) ≤ ∑
v∈π−1(v′)

w(v), and this implies the existence of

v ∈ π−1(v′) such that w(v) > 0, hence π(v) = v′, and we conclude that π is surjective on
vertices.

(ii) If the edge weights on E and on E′ have constant value c > 0, then ∑
e∈E,π(e)=e′

we ≤ w′e′

is equivalent with the fact that { e ∈ E ∣π(e) = e′ } has at most one element, i.e., π↾E is
injective. Let v′ ∈ V(G′); then it exists v ∈ V(G) such that π(v) = v′, and consider the
restriction map πE↾E+v ∶E

+
v → E+v′ , that is well-defined because π is graph homomorphism

and injective because π is. Moreover, note that {E+v}v∈V(G) is a disjoint family of sets (as
an edge only has one initial vertex); hence we have:

∑
v∈V,π(v)=v′

∣E+v ∣ = ∣ ⋃
v∈V,π(v)=v′

π(E+v )∣ ≤ ∣(E+v′)∣ .

Therefore
∑

v∈V,π(v)=v′
degG(v) = ∑

v∈V,π(v)=v′
∣E+v ∣ ≤ ∣(E+v′)∣ = degG′(v′) .

Suppose that π is not surjective on the edges, choose an edge e0 ∈ E(G′) and v′ ∈ ∂+(e),
such πE∶E(G)→ E(G′)∖ e0 is injective and well defined as map; hence we conclude

∑
v∈V,π(v)=v′

degG(v) = ∑
v∈V,π(v)=v′

∣E+v ∣ ≤ ∣ ⋃
v∈V,π(v)=v′

π(E+v )∣− 1 < ∣(E+v′)∣ = degG′(v′)

We have used the fact that π is surjective on the vertices.
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For the combinatorial and for the standard weights, we have the following geometrical
characterisation of the relation ⊑. The geometrical name is justified by the following fact:
the relation ⊑ corresponds to an equivalence relation on the set of vertices.

Proposition 2.1.4. Let G = (G, α, degG) and G′ = (G′, α′, degG′). The following are equiva-
lent:

(i) G ⊑ G′.
(ii) There exists an MW-graph homomorphism π∶G → G′ measure preserving.

(iii) There exists an equivalence relation ∼ on V(G) and a graph isomorphism π′∶G/∼→ G′

such that α = α′ ○π′.

Proof. (i)⇒(ii). Suppose that G ⊑ G′, then there exists a graph homomorphism π∶G → G′,
where π has the properties in Definition 2.1.1 (i)–(iii). We have to prove the equality
in Definition 2.1.1 (ii) and (iii). By Lemma 2.1.3, the map π is surjective on vertices and
injective on edges, hence the Eq. 2.1.1 gives the equality in (ii) of Definition 2.1.1, and
the equality (iii) of Definition 2.1.1 follows by the injectivity on edges.

(ii)⇒(iii). Let π∶G → G′ be a measure preserving map, in particular, π∶G → G′ is a graph
homomorphism. Define an equivalence relation in V(G) as follows: v1 ∼ v2 if and only if
π(v1) = π(v2), by Lemma 2.1.3 (i) π is surjective on the vertices then ∼ is an equivalence
relation on V(G). Consider the map π′∶G/∼ → G′ defined as follows: π′([v]) = π(v)
and π′(e) = π(e). It is easy to see that π′ is a graph homomorphism. Is clear that π′

is bijective on the vertices and injective on the edges. If π′ was not surjective on the
edges, hence the Lemma 2.1.3 (ii) contradicts the fact that π is measure preserving on
the vertices. Finally π = π′ on the edges, then α = α′ ○π′.

(iii)⇒(i). Let π′∶G/∼→ G′ be a graph isomorphism and let π∶G → G/∼ be the projection
given by ∼ defined in Eq. (1.1.4). It is straightforward to show that π′ ○ π fulfil the
conditions in Definition 2.1.1 (i)–(iii), hence G ⊑ G′.

The next proposition states a characterisation for the combinatorial weight; its proof is
similar to the previous proposition.

Proposition 2.1.5. Let G = (G, α, 1) and G′ = (G′, α′, 1), the following statement are equiva-
lent:

(i) G ⊑ G′.
(ii) There exists an equivalence relation ∼ on V(G), a subset of edges E0 ⊂ E(G′) and a graph

isomorphism π′∶G/∼→ G′ − E0 such that α = α′ ○π′.

For the class of magnetic graphs with normalized or combinatorial weights, the next
theorem proves that the relation ⊑ is a partial order.

Theorem 2.1.6. The relation ⊑ is a preorder on the class of all magnetic weighted graph G , i.e.,
it is reflexive and transitive. Moreover, for finite magnetic weighted graphs, the relation ⊑ is a
partial order on the equivalence classes of isomorphic MW-graphs in G1 and in Gdeg.
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Proof. Let G = (G, α, w), G′ = (G′, α′, w′) and G′′ = (G′′, α′′, w′′) be three MW-graphs. It
is trivial to show that G ⊑ G using the identity homomorphism ι∶G → G′ as MW-graph
homomorphism. If G ⊑ G′ (with respect to π1) and G′ ⊑ G′′ (with respect to π2), is easy
to show that G ⊑ G′′ (with respect to π2 ○π1).

Consider two finite MW-graphs G, G′ ∈ G1 with π∶G → G′ and π′∶G′ → G, then by
Lemma 2.1.3 (i) follows that π and π′ are surjective on the vertex sets. Since both
sets are finite, it follows that π and π′ are bijective on the vertex sets. Similarly, from
Lemma 2.1.3 (ii) it follows that π and π′ are bijective on the edge sets. In particular,
G and G′ are isomorphic, and hence ⊑ is a partial order on the equivalence classes of
isomorphic MW-graphs in G1. A similar argument is used to prove that ⊑ it is a partial
order in Gdeg.

The previous result remains true on any subclass G ′ of G with edge weight given by a
constant value.

Remark 2.1.7. In general, it is false that ⊑ is a partial order in G1 and Gdeg for infinite
magnetic weighted graphs. Consider G = (G, 0, deg) and G′ = (G′, 0, deg) where G and
G′ are the graphs in Figure 2.1. It is easy to see that G′ ≅ G/{u, v} and G ≅ G′/{u′, v′},
therefore G ⊑ G′ and G′ ⊑ G, but G /≅ G′ because G and G′ are not isomorphic as graphs.
Therefore, ⊑ it is not antisymmetric for infinite graphs with standard weights; the same
example works with the combinatorial weights.

u

v

(A) The infinite graph G.

u′

v′

(B) The infinite graph G′.

FIGURE 2.1: This example shows that G ⊑ G′ and G′ ⊑ G, but G /≅ G′

2.2 Spectral preorder ≼ for finite MW-graphs

In this section, we consider only finite magnetic weighted graphs, i.e., G = (G, α, w)
of order n, i.e., ∣G∣ = ∣G∣ = ∣V(G)∣ = n, denote the spectrum of the discrete magnetic
Laplacian ∆α of G as follow:

σ(G) = σ(∆α) = (λ1(G), λ2(G), . . . , λn(G)) (2.2.1)
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where the eigenvalues are written in ascending order and repeated according to their
multiplicities.

We start with some general remarks about ordering finite increasing sequences of real
numbers:

Definition 2.2.1. Let Λ and Λ′ two finite sequence of real numbers in increasing order
with length n (resp., n′), i.e.,

Λ ∶= { (λ1, λ2 . . . , λn) ∣λ1 ≤ λ2 ≤ . . . λn−1 ≤ λn };

Λ′ ∶= { (λ′1, λ′2 . . . , λ′n′) ∣λ′1 ≤ λ′2 ≤ . . . λ′n′−1 ≤ λ′n′ }.

Given r ∈N0, we say that Λ is smaller than Λ′ with shift r (and denote this by Λ
r≼ Λ′) if

n′ − r ≤ n and
λk ≤ λ′k+r for 1 ≤ k ≤ n′ − r.

We define ∣Λ∣ ∶= n as the length of the sequence Λ.

We mention below some useful conventions and natural consequences of the above
definition.

Remark 2.2.2. Let Λ, Λ′ and Λ′′ be sequences of real numbers as above.

(i) We denote Λ
0≼ Λ′ simply by Λ ≼ Λ′.

(ii) If Λ
r≼ Λ′ and Λ′

s≼ Λ′′, we will write Λ
r≼ Λ′

s≼ Λ′′.

(iii) The case Λ
0≼ Λ′

r≼ Λ implies that n = ∣Λ∣ ≥ ∣Λ′∣ ≥ n − r. If ∣Λ′∣ = n − r, then

Λ ≼ Λ′
r≼ Λ is equivalent with the interlacing of Λ and Λ′ similarly as in [BH12,

Sec. 2.5], namely

λ1 ≤ λ′1 ≤ λ1+r, λ2 ≤ λ′2 ≤ λ2+r, . . . , λn−r ≤ λ′n−r ≤ λn.

Especially if r = 1 it becomes the usual interlacing (explaining also the name)

λ1 ≤ λ′1 ≤ λ2 ≤ λ′2 ≤ ⋅ ⋅ ⋅ ≤ λn−1 ≤ λ′n−1 ≤ λn.

(iv) If Λ
0≼ Λ′, n = ∣Λ∣ = ∣Λ′∣ and

n
∑
i=1

λi =
n
∑
i=1

λ′i, then is trivial to prove that Λ′ is majorized

by Λ, see [MOA11] for additional results and motivation of majorization and its
applications.

We state in the next lemma some direct consequences of the previous definition.

Lemma 2.2.3. Let Λ, Λ′ and Λ′′ three sequences of real number written in increasing order.

(i) If r ∈N0, then Λ
r≼ Λ (reflexivity).

(ii) If Λ ≼ Λ′ ≼ Λ, then Λ = Λ′ (antisymmetry).
(iii) If Λ

r≼ Λ′ and Λ′
s≼ Λ′′, then Λ

r+s≼ Λ′′ (transitivity).
(iv) If Λ

r≼ Λ′ and r ≤ s, then Λ
s≼ Λ′.
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Proof. The reflexivity property and part (iv) follow from the fact that the sequence Λ is
written in increasing order. The antisymmetry property (ii) is also a direct consequence
of Definition 2.2.1. To show (iii), note that ∣Λ∣ ≥ ∣Λ′∣− r and λk ≤ λ′k+r for 1 ≤ k ≤ ∣Λ′∣− r,
as well as ∣Λ′∣ ≥ ∣Λ′′∣ − s and λl ≤ λ′l+s for 1 ≤ l ≤ ∣Λ′′∣ − s. This implies ∣Λ∣ ≥ ∣Λ′′∣ − r − s
and λk ≤ λ′k+r+s for 1 ≤ k ≤ ∣Λ′′∣− r − s.

We will now apply the relation ≼ described before to relate the spectrum of the magnetic
Laplacian of different MW-graphs.

Let G = (G, α, w) be an MW-graph of order n, i.e. ∣G∣ = n, denote the spectrum of the
discrete magnetic Laplacian ∆α of G as follows:

σ(G) = σ(∆α) = (λ1(G), λ2(G), . . . , λn(G)) (2.2.2)

where the eigenvalues are written in ascending order and repeated according to their
multiplicities.

Definition 2.2.4 (Spectral preorder ≼). Let G, G′ be two finite magnetic weighted
graphs. We say that G is (spectrally) smaller than G′ with shift r, denoted by

G
r≼ G′

if σ(G) r≼ σ(G′), where σ(G) and σ(G′) are the spectra of the corresponding discrete
magnetic Laplacians as in Eq. (2.2.2), i.e., if ∣G∣ ≥ ∣G′∣− r and if

λk(G) ≤ λk+r(G′) for all 1 ≤ k ≤ ∣G′∣− r.

If r = 0 we write again simply G ≼ G′.

Proposition 2.2.5. The relation ≼ is a preorder on G .

Proof. Lemma 2.2.3(i) and (iii) show the reflexivity and transitivity of ≼ taking shift
s = r = 0.

Since there are non-isomorphic isospectral MW-graphs, it follows that ≼ it is not anti-
symmetric (i.e., equality of spectra does not imply that the MW-graphs are isomorphic).
In particular, ≼ it is not a partial order. See Chapter5.

Remark 2.2.6. The name spectral order has been introduced by Olson [Ols71] for two
self-adjoint (bounded) operators T1 and T2 in a Hilbert spaceHwith spectral resolutions
Ej(t) ∶= 1(−∞,t](Tj) (j = 1, 2). Then T1 ⪯ T2 if and only if E1(t) ≤ E2(t) for all t ∈ R (i.e. if
⟨E1(t)φ, φ⟩ ≤ ⟨E2(t)φ, φ⟩ for all φ ∈ H). If T1 ≥ 0 and T2 ≥ 0, then T1 ⪯ T2 is equivalent
with Tp

1 ≤ Tp
2 for all p ∈ N. If both operators have purely discrete spectrum λk(Tj)

(written in increasing order and repeated according to multiplicity) then we have the
implications

T1 ⪯ T2 ⇒ T1 ≤ T2 ⇒ T1 ≼ T2,

where the latter means that λk(T1) ≤ λk(T2) for all k (the latter implication follows from
the min-max principle as in Theorem 2.3.2).
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Definition 2.2.7. For G1 and G2 two MW-graphs, with G1 ≼ G2 we define the associated
k-th bracketing interval Jk = Jk(G1, G2) by

Jk ∶= [λk(G1), λk(G2)] (2.2.3)

for k = 1, . . . , ∣G1∣.
If now G is an MW-graph with G1 ≼ G ≼ G2, then we have the following eigenvalue
bracketing

λk(G) ∈ Jk (2.2.4)

for all k = 1, . . . , ∣G1∣. Moreover,

σ(G) ⊂ J ∶=
∣G1∣

⋃
k=1

Jk (2.2.5)

and we call J = J(G1, G2) the spectral localising set of the pair G1 and G2, with the
convention that λk(G1) = 2ρG1

∞ for all k = ∣G2∣+ 1, . . . , ∣G1∣.
The key observation for detecting spectral gaps in Chapter 4 using the eigenvalue
bracketing technique is the following:

Proposition 2.2.8. Let G = {Gi}i∈I be a family of finite MW-graphs together with H1 and H2
be two MW-graphs and suppose that H1 ≼ Gi ≼ H2 with ∣H1∣ = ∣Gi∣ ≥ ∣H2∣ for all i ∈ I. If
c = sup

i∈I
ρ

Gi
∞ <∞, then

µ(⋃
i∈I

σ(Gi)) ≤ Tr(H2)−Tr(H1)+ c (∣H1∣− ∣H2∣) (2.2.6)

where µ denotes the 1-dimensional Lebesgue measure. In particular, if ∣H1∣ − ∣H2∣ = 1 and
Tr(H2)−Tr(H1) < 0, then⋃

i∈I
σ(Gi) cannot be the entire interval [0, c].

Proof. We have

µ(⋃
i∈I

σ(Gi)) ≤ µ(
∣H1∣

⋃
k=1

Jk) ≤
∣H1∣

∑
k=1
(λk(H2)− λk(H1))

≤ Tr(H2)−Tr(H1)+ c(∣H1∣− ∣H2∣).

The inequality in Eq. (2.2.6) is a direct consequence of the preceding equalities.

The relation between the preorder ⊑ and ≼ is presented in the next section.

2.3 Geometric preorder ⊑ implies spectral preorder ≼ for
finite MW-graphs

We begin lifting maps between vertices and edges to the ℓ2-spaces. Recall the geometric
preorder in Definition 2.1.1 as well as its consequences in Lemma 2.1.3.
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Lemma 2.3.1. Let G = (G, α, w) and G′ = (G′, α′, w′) be two MW-graphs and π∶G → G′ an
MW-graph homomorphism. If G = (V, E) and G′ = (V′, E′), define the identification operators
on functions over vertices J0∶ ℓ2(V′, w′) → ℓ2(V, w) and on edges J1∶ ℓ2(E′, w′) → ℓ2(E, w)
given by J0φ ∶= φ ○π and J1η ∶= η ○π, respectively. Then the following holds:

(i) We have ∥J0φ∥ℓ2(V,w) ≥ ∥φ∥ℓ2(V
′,w′) for all φ ∈ ℓ2(V′, w′). In particular, J0 is injective.

If π is vertex measure preserving, then J0 is an isometry.
(ii) We have ∥J1η∥ℓ2(E,w) ≤ ∥η∥ℓ2(E

′,w′) for all η ∈ ℓ2(E′, w′). If π is edge measure preserving,
then J1 is an isometry.

(iii) We have dα J0 = J1dα′ .

Proof. (i) From Definition 2.1.1 (ii) we have:

∥J0φ∥2ℓ2(V,w) = ∑
v∈V
∣(φ ○π)(v)∣2w(v)

= ∑
v′∈V′
( ∑

v∈π−1(v′)
w(v))∣φ(v′)∣2 = ∑

v′∈V′
(π∗w)(v′)∣φ(v′)∣2

≥ ∑
v′∈V′

w′(v′)∣φ(v′)∣2 = ∥φ∥2ℓ2(V
′,w′).

Clearly, if π is vertex measure preserving, then π∗w = w′ on V′, and equality in the
above estimate holds.

(ii) The assertion of the identification map J1 on the edges follows similarly from
Definition 2.1.1 (iii), i.e.,

∥J1η∥2ℓ2(E,w) =
1
2
∑
e∈E
∣(φ ○ η)(e)∣2we

= 1
2
∑

e′∈E′
( ∑

e∈π−1(e′)
we)∣ηe′ ∣2 =

1
2
∑

e′∈E′
(π∗w)e′ ∣ηe′ ∣2

≤ 1
2
∑

e′∈E′
w′e′ ∣ηe′ ∣2 = ∥η∥2ℓ2(E

′,w′).

(iii) This intertwining equation follows immediately from the properties given in Defini-
tion 2.1.1 (i).

Now, we recall some variations of the well-known variational characterisation of the
eigenvalues, this theorem is fundamental for some relevant results in this dissertation,
for the proof we reference [HJ85].

Theorem 2.3.2 (Courant-Hilbert). Let H be an n-dimensional (complex) Hilbert space and
A∶H → H linear and A∗ = A. Moreover, denote by λ1 ≤ λ2 ≤ ⋅ ⋅ ⋅ ≤ λn be the eigenvalues of A
written in ascending order and repeated according to their multiplicities. Let k ∈ {1, 2, . . . , n},
then

λk = min
S∈Sn−k

max
φ⊥S
φ≠0

⟨Aφ, φ⟩
⟨Aφ, φ⟩ and λk = max

S∈Sk−1
min
φ⊥S
φ≠0

⟨Aφ, φ⟩
⟨Aφ, φ⟩ , (2.3.1)
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and
λk =min

S∈Sk
max
φ∈S
φ≠0

⟨Aφ, φ⟩
⟨Aφ, φ⟩ and λk = max

S∈Sn−k+1
min
φ∈S
φ≠0

⟨Aφ, φ⟩
⟨Aφ, φ⟩ , (2.3.2)

where Sk denotes the set of k-dimensional subspaces of H.

The following result for MW-graphs is just a simple consequence of the previous
Theorem 2.3.2; in the case of ∣G∣ = ∣G′∣+ 1 with a measure preserving it is just known as
the eigenvalue interlacing.

Theorem 2.3.3. Let G, G′ be two finite MW-graphs, if G is geometrically smaller than G′,
then G is spectrally smaller than G′, i.e.,

G ⊑ G′ implies G ≼ G′.

Moreover, if there exists a map π∶G → G′ which is (vertex and edge) measure preserving, then
we have, in addition,

G′
r≼ G , where r = ∣G∣− ∣G′∣ ≥ 0.

Proof. First, note that π is surjective on the set of vertices by Lemma 2.1.3 (i) hence
∣G∣ ≥ ∣G′∣ and therefore r ≥ 0. From Lemma 2.3.1 we conclude

∥dα J0φ′∥2
ℓ2(E,w)

∥J0φ′∥2
ℓ2(V,w)

=
∥J1dα′φ′∥2ℓ2(E,w)

∥J0φ′∥2
ℓ2(V,w)

≤
∥dα′φ′∥2ℓ2(E

′,w′)

∥φ′∥2
ℓ2(V

′,w′)
. (2.3.3)

Denote by S′k the k-dimensional subspace of ℓ2(V′, w′) spanned by the first k eigenfunc-
tions of ∆(G′). From the min-max characterisation of the k-th eigenvalue (first equality
in Eq. (2.3.2)), we then have by the previous estimation:

λk(G) =min
S∈Sk

max
φ∈S
φ≠0

∥dα φ∥2
ℓ2(E,w)

∥φ∥2
ℓ2(V,w)

≤max
φ′∈S′k
φ′≠0

∥dα J0φ′∥2
ℓ2(E,w)

∥J0φ′∥2
ℓ2(V,w)

≤max
φ′∈S′k
φ′≠0

∥dα′φ′∥2ℓ2(E
′,w′)

∥φ′∥2
ℓ2(V

′,w′)
= λk(G′)

for all 1 ≤ k ≤ ∣G′∣, where Sk is the set of all k-dimensional subspaces of ℓ2(V, w).
Moreover, as J0 is injective, S = J0(S′k) is also k-dimensional, i.e., J0(S′k) ∈ Sk. This shows
G ≼ G′.

If π is measure preserving, then J0 and J1 are isometries, hence we have equality
in Eq. (2.3.3). Moreover, let n = ∣G∣, n′ = ∣G′∣ and denote by T′k the space generated by the
n − k + 1 eigenfunctions φ′n′−n+k, . . . , φ′n′ of the Laplacian on G′, then we have similarly
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as before (second equality in Eq. (2.3.2))

λk(G) = max
S∈Sn−k+1

min
φ∈S
φ≠0

∥dα φ∥2
ℓ2(E,w)

∥φ∥2
ℓ2(V,w)

≥ min
φ′∈T′k
φ′≠0

∥dα J0φ′∥2
ℓ2(E,w)

∥J0φ′∥2
ℓ2(V,w)

= min
φ′∈T′k
φ′≠0

∥dα′φ′∥2ℓ2(E
′,w′)

∥φ′∥2
ℓ2(V

′,w′)
= λn′−(n−k+1)+1(G′) = λk−r(G′),

where S = J0(T′k) is (n − k + 1)-dimensional since J0 is injective. From Definition 2.2.1

and 2.2.4 it follows that G′
r≼ G.

We have the following simple consequence of the previous theorem and Example 2.1.2 (i).

Corollary 2.3.4. Let G = (G, α, deg) and G′ = (G, α, 1), then G ⊑ G′. In particular, G ≼ G′,
i.e. the (magnetic) eigenvalues of the standard Laplacian are always lower or equal than the
(magnetic) eigenvalues of the combinatorial Laplacian.

Proof. By Example 2.1.2 (i), we obtain G ⊑ G′ and by Theorem 2.3.3, we conclude
G ≼ G′.

Remark 2.3.5. Note that the converse statement of Theorem 2.3.3 is false, i.e., there are
MW-graphs such that G ≼ G′ but not G ⊑ G′. Choose two non-isomorphic graphs G and
G′ such that their standard Laplacians have the same spectrum (see future Chapter 4).
If G ⊑ G′, then by Proposition 2.1.4 we have G′ ≅ G/∼ for some ∼ equivalence relation
on the vertices of G. As the number of vertices for isospectral graphs are the same, each
equivalence class contains only one element, and hence π is a graph isomorphism.

Another counterexample for the converse statement of Theorem 2.3.3 is given by G = G9
and G′ = G10 in Figure 6.3.

2.4 Geometric perturbations and elementary operations

In this section, we consider some elementary operations on the MW-graphs, and we
study the behaviour of the spectrum of the corresponding magnetic Laplacian. We will
obtain some consequences for general weights, but more precise results are obtained for
the combinatorial and standard weights.

We begin the study of elementary operations with edge deletion.

2.4.1 Deleting an edge

The following theorem generalises some well knows interlacing results. Some particular
cases are proved in the next references: for the standard and combinatorial weights
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without vector potential, i.e. if G ∈ G 0
deg or if G ∈ G 0

1 see [Che+04]; for the standard
signless Laplacian, i.e. if G ∈ G π

deg see [AT14, Thm.8] in relation to Corollary 2.4.2 (i).
The next result is the generalisation of the ideas in the previous articles, but now we
consider any vector potential acting on the magnetic weighted graph.

Let G = (G, α, w) and G′ = (G′, α′, w′) be two MW-graphs and e0 ∈ E(G). Suppose that
G′ = G − {e0} as in Definition 1.1.4 with the same magnetic potential acting on both
graphs, i.e., αe = α′e for all edge e ∈ E(G′) = E(G − e0) ⊂ E(G). We say that G′ is the edge
e0 deletion from G and we denote as G′ = G−{e0}. The Theorem 2.4.1 shows the relation
between the spectrum of G and G′ and respect to their weights. This result complete
and generalise a similar result of [FLP18], where it is considered the virtualisation of
the edge e0.

Theorem 2.4.1 (General weights). Let G = (G, α, w) and G′ = (G′, α′, w′) be two MW-
graphs where G′ = G − e0 for some e0 ∈ E(G).

(i) Suppose that w′e ≤ we for all edge e ∈ E(G′) and w(v) ≤ w′(v) for all v ≠ ∂±e0 ∈ V(G).
(a) If w(v) ≤ w′(v) for v = ∂±e0, then G′ ⊑ G (and hence G′ ≼ G).

(b) If w(v)−we0 ≤ w′(v) for v = ∂±e0 and ρ∞ ≤ 1, then G′
1≼ G.

Moreover if e0 is a loop and αe0 = π then G′ ≼ G.
(ii) Suppose that we ≤ w′e for all edge e ∈ E(G′) and w′(v) ≤ w(v) for all v ∈ V(G), then

G
1≼ G′.

Moreover, if e0 is a loop with αe0 = 0 then G ≼ G′.
(iii) If we = w′e for all edge e ∈ E(G′), w′(v) = w(v) for all v ∈ V(G) and e0 is a loop with

αe0 = 0 then G and G′ are isospectral.

Proof. (ia) Consider the inclusion map ιe0 ∶G′ → G defined in Subsection 1.1.2. Then, the
map ιe0 fulfilled the conditions in Definition 2.1.1, and we conclude G′ ⊑ G. Finally,
by Theorem 2.3.3 we obtain G′ ≼ G.

(ib) We prove the relation G′
1≼ G. We will use Theorem 2.3.2 twice,

λk(G′) = max
S∈Sk−1

min
φ⊥S
φ≠0

∥dα′φ∥2ℓ2(E
′,w′)

∥φ∥2
ℓ2(V

′,w′)

= max
S∈Sk−1

min
φ⊥S
φ≠0

∥dα φ∥2
ℓ2(E,w) − ∣(dα φ)e0 ∣2we0

∥φ∥2
ℓ2(V,w) − ∣φ(∂−e0)∣2we0 − ∣φ(∂+e0)∣2we0

≤ max
S∈Sk−1

min
φ⊥S∪L′(e0)

φ≠0

∥dα φ∥2
ℓ2(E,w) − ∣(dα φ)e0 ∣2we0

∥φ∥2
ℓ2(V,w) − (∣φ(∂−e0)∣2 + ∣φ(∂+e0)∣2)we0

= max
S∈Sk−1

min
φ⊥S∪L′(e0)

φ≠0

∥dα φ∥2
ℓ2(E)

− 4∣φ(∂+e0)∣2we0

∥φ∥2
ℓ2(V,w) − 2∣φ(∂+e0)∣2we0
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≤ max
S∈Sk−1

min
φ⊥S∪L′(e0)

φ≠0

∥dα φ∥2
ℓ2(E,w)

∥φ∥2
ℓ2(V,w)

≤max
S∈Sk

min
φ⊥S
φ≠0

∥dα φ∥2
ℓ2(E,w)

∥φ∥2
ℓ2(V,w)

= λk+1(G),

for k = 1, . . . , n − 1, where L′(e0) = C{ψ′} denotes the linear space generated by

ψ′ = 1
(w(∂+e0))1/2

δ∂+e0 + eiαe0
1

(w(∂−e0))1/2
δ∂−e0 , (2.4.1)

and where we used the fact that φ′ ⊥ L′(e0) implies ∣(dα φ)e0 ∣2 = 4∣φ(∂+e0)∣2 and ∣φ(∂−e0)∣2 =
∣φ(∂+e0)∣2 in the third equality. Moreover, for the second inequality, we use the following
inequality between real numbers a, b and γ (see [Che+04]), namely

a2 − 2γ2 ≥ 0, b2 −γ2 > 0, and
a2

b2 ≤ 2 , then
a2 − 2γ2

b2 −γ2 ≤
a2

b2 .

We also used the fact that ρ∞ ≤ 1 as a2/b2 is the Rayleigh quotient for the graph G and
hence a2/b2 ≤ 2.

The proof of the second part is very similar to the previous. We observe if αe0 = π for
a loop e0, then ψ′ = 0 in Eq. (2.4.1) and L′(e0) = 0. In particular, we do not have to
introduce the function ψ′, hence λk(G′) ≤ λk(G).

(ii) Now, we prove G
1≼ G′. We use Theorem 2.3.2 twice, and we obtain

λk+1(G′) = min
S∈Sn−(k+1)

max
φ⊥S
φ≠0

∥dα′φ∥2ℓ2(E
′,w′)

∥φ∥2
ℓ2(V

′,w′)

≥ min
S∈Sn−(k+1)

max
φ⊥S∪L(e0)

φ≠0

∥dα′φ∥2ℓ2(E
′,w′)

∥φ∥2
ℓ2(V

′,w′)

= min
S∈Sn−(k+1)

max
φ⊥S∪L(e0)

φ≠0

∥dα φ∥2
ℓ2(E,w)

∥φ∥2
ℓ2(V,w)

≥ min
S∈Sn−k

max
φ⊥S
φ≠0

∥dα φ∥2
ℓ2(E,w)

∥φ∥2
ℓ2(V,w)

= λk(G)

for k = 1, . . . , n − 1, where L(e0) = C{ψ} denotes the linear space generated by

ψ = 1
(w(∂+e0))1/2

δ∂+e0 − eiαe0
1

(w(∂−e0))1/2
δ∂−e0 (2.4.2)
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for the canonical orthonormal basis (δv)v of ℓ2(V, w); and where we used the fact that
(dα φ)e0 = 0 if φ ⊥ L(e0), hence we can just take the norm over E′ instead of E for the
second equality.

The proof of the second part is very similar to the previous, we observe that (dα φ)e0 = 0
if αe0 = 0 for a loop e0, and ψ = 0 in Eq. (2.4.2). In particular, we do not have to introduce
the function ψ, hence λk(G′) ≤ λk(G).
(iii) The weights in edges and vertices fulfil the conditions in part (ia), then we conclude
that G′ ≼ G and by part (ii) follows G ≼ G′. Finally, observe that G and G′ have the same
number of vertices, then G and G′ are isospectral.

For standard and combinatorial weights, we immediately obtain more precise results:

Corollary 2.4.2. Let G = (G, α, w) and G′ = (G′, α′, w′) be two MW-graphs where G′ = G− e0
for some e0 ∈ E(G).

(i) If G, G′ ∈ Gdeg, then G
1≼ G′

1≼ G.
Moreover, if e0 is a loop and αe0 = 0 then G′ ≼ G and if αe0 = π then G ≼ G′.

(ii) If G, G′ ∈ G1, then G
1≼ G′ and G′ ⊑ G, hence G

1≼ G′ ≼ G.
If e0 is not a loop, then there exists 1 ≤ k ≤ ∣G∣ such that λk(G′) < λk(G).
If e0 is a loop with αe0 = 0 then G and G′ are isospectral, i.e., their Laplacians have the
same spectrum.

Proof. (i) Observe that degG′(v) = degG(v)−1 for v = ∂±e0 and degG′(v) = degG(v) for all

other vertices, hence by Theorem 2.4.1 (ia) follows that G′
1≼ G and by Theorem 2.4.1 (ii)

follows that G
1≼ G′. We conclude G

1≼ G′
1≼ G. Now, suppose that e0 is a loop. If αe0 = 0,

then then G′ ≼ G by Theorem 2.4.1 (ii) and if αe0 = π then G ≼ G′ by Theorem 2.4.1 (ia).

(ii) By Theorem 2.4.1 (i) follows G′ ⊑ G (and hence G′ ≼ G) and by Theorem 2.4.1 (ii)

follows that G
1≼ G′. Suppose that e0 is not a loop, note that

n
∑
k=1

λk(G) = tr(∆α) = ∑
v∈V

degG(v) > ∑
v∈V′

degG′(v) = tr(∆α′) =
n
∑
k=1

λk(G′),

hence there exists an index k ∈ {1, . . . , n} such that λk(G′) < λk(G). If If e0 is a loop with
αe0 = 0 then G and G′ are isospectral by Theorem 2.4.1 (iii).

Remark 2.4.3. Corollary 2.4.2(ii) is sharp in the sense that one cannot lower the shift
1: for example, the relation G ≼ G′ is false in Example 2.4.4. Similarly, one can find
counterexamples that other shifts cannot be smaller.

Example 2.4.4. For all t ∈ [0, 2π], and using the Notation 1.4.2, we consider the MW-
graph Gt ∈ G t

1 defined by G in Figure 2.2A. Note that the flux through the closed path
adds up to t. The spectrum σ(Gt) consists of five eigenvalues plotted as a solid line in
Figure 2.2C (the spectrum depends on the value of t). Let G′t ∈ G t

1 defined by G′ = G − e0
(see Figure 2.2B). Because G′ is a tree, then σ(G′t) = σ(G′0) for any t. In particular, σ(G′0)
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consists of five eigenvalues (dotted lines in Figure 2.2C). From Corollary 2.4.2(ii) we

conclude Gt
1≼ G′0 ≼ Gt for all t ∈ [0, 2π], and

σ(G′0) = {0,
3−
√

5
2

,
5−
√

5
2

,
3+
√

5
2

,
5+
√

5
2
} ≈ {0, 0.381, 1.382, 2.618, 3.618} .

Finally, we can give a localisation of the spectrum of σ(G′t) for any t ∈ [0, 2π], i.e.,
λi(Gt) ∈ [λi(G′), λi+1(G′)] for i = 1, 2, 3 and 4.

e0

(A) The graph G. (B) The graph G′ = G − e0.

(C)

FIGURE 2.2: If we delete the edge e0 from graph G in Figure 2.2A, we
obtain the graph G′ = G− e0 in Figure 2.2B. Let Gt (respectively G′t) be in G t

1

with underlying graphs G (respectively, G′). In Figure 2.2C, we plot σ(Gt)

(respectively, σ(G′t)) as a solid (respectively, dashed) line for all t ∈ [0, 2π].

Note that Gt
1
≼ G′t ≼ Gt.

2.4.2 Vertex contraction

The second operation considered in this section is the contraction of vertices or glueing
vertices.

Let G = (G, α, w) be a magnetic weighted graph and consider two different vertices
v1, v2 ∈ V(G). Consider the graph G′ = G/{v1, v2} as in Definition 1.1.5, i.e., consider
an equivalence relation ∼ on V(G) that identify (or glueing) the vertices v1 and v2. In
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particular E(G) = E(G′), then the magnetic potential acting on G induces a magnetic
potential on G′. Recall the definition in Subsection 1.1.2 of the projection of the equiva-
lence relation ∼, i.e., π∶V → V/∼ defined by π(v) = [v]. The vertices that belongs to the
same equivalence relation, will be also known as glued vertices.

Let G = (G, α, w) and G′ = (G′, α′, w′) be two MW-graphs and v1, v2 ∈ V(G). Suppose
that G′ = G/{v1, v2} as in Definition 1.1.5 with the same magnetic potential acting on
both graphs, i.e., αe = α′e for all edge e ∈ E(G′) = E(G). We say that G′ is the vertex
contraction from G and we denote as G′ = G/{v1, v2}. The next theorem shows some
relation between the spectrum of the MW-graphs G and G′ and their weights.

v1

v2

(A) The graph G.

w

(B) The graph G′ = G/{v1, v2}

where w = [v1] = [v2].

(C)

FIGURE 2.3: Contracting the vertices v1 and v2 of the MW-graph G in 2.3A
gives the graph G′ = G/{v1, v2} in Figure 2.3B. Let Gt, G′t ∈ Gdeg defined by
G (respectively, G′), then in Figure 2.3C we plot as solid lines σ(Gt) and as

dashed lines σ(G′t) for t ∈ [0, 2π].

Theorem 2.4.5. Let G, G′ be two MW-graphs where G = (G, α, w) and G′ = (G′, α′, w′) with
G′ = G/{v1, v2} for some v1, v2 ∈ V(G) and α = α′.

(i) Suppose we ≤ w′e for all e ∈ E(G) with w′([v]) ≤ w(v) for all v ≠ v1, v2 ∈ V(G) and
w′([v1]) ≤ w(v1)+w(v2), then G ⊑ G′ (and hence G ≼ G′).

(ii) Suppose we = w′e for each e ∈ E(G) and w′(v) = w(v) for all v ≠ v1, v2 ∈ V(G).
(a) If w′([v1]) = w(v1)+w(v2), then G ⊑ G′ and G′

1≼ G(and hence G ≼ G′
1≼ G).
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(b) If w′([v1]) = w(v1) = w(v2), then G ⊑ G′ and G′
r+1≼ G (and hence G ≼ G′

r+1≼ G)
where r = min{degG(v1), degG(v2)}.

Proof. (i) Consider π the projection graph homomorphism that identifies v1 and v2 in
the same equivalence relation, i.e., π∶G → G/∼ defined in Eq. (1.1.4) where v1 ∼ v2. Then
π fulfil the conditions in Definition 2.1.1, and this shows that G ⊑ G′. Hence, G ≼ G′

follows from Theorem 2.3.3.

(iia) This part is similar, but in this case, the map π∶G → G′ is measure preserving, hence

we also conclude G′
1≼ G from Theorem 2.3.3 as ∣G∣− ∣G′∣ = 1.

(iib) By (i) it follows G ⊑ G′. Suppose r = deg(v1) is the minimal degree of v1 and v2,

and we proceed by induction on r to prove G′
r+1≼ G. If r = 0, then v1 is an isolated

vertex in G, then G′ = G/{v1, v2}, so the spectrum of G is just the one of G′ with an extra

0, then G′
1≼ G. Suppose that the statement is true for r = k. Now, we prove the case

r = k + 1. Consider G′′ = (G′′, α′′, w′′) where G′′ = G′ − e0 for any e0 ∈ Ev1 , α′′e = αe and

w′′e = we for all e ∈ E(G′′) and w′′(v) = w(v) for all v ∈ V(G′). By (iia) follows G′
1≼ G′′

and by construction degG′′(v1) = r, hence by inductive hypothesis G′′
r+1≼ G, therefore,

G′′
r+2≼ G.

As a corollary, we obtain again for the combinatorial and standard weight. Note that
our result improves Theorem 10 of [AT14]:

Corollary 2.4.6. Let G, G′ be two MW-graphs where G = (G, α, w) and G′ = (G′, α′, w′) with
G′ = G/{v1, v2} for some v1, v2 ∈ V(G) and α = α′.

(i) If G, G′ ∈ Gdeg, then G ⊑ G′ (hence G ≼ G′) and G′
1≼ G.

(ii) If G, G′ ∈ G1, then G ⊑ G′ (hence G ≼ G′) and G′
r+1≼ G where r = min{degG(v1), degG(v2)}.

Proof. (i) If G, G′ ∈ Gdeg, and the standard weights fulfil the condition in Theorem 2.4.5 (i)–

(iia), then G ⊑ G′ and G′
1≼ G.

(ii) If G, G′ ∈ Gdeg, and the combinatorial weights fulfil the condition in Theorem 2.4.5 (i)–

(iib), then G ≼ G′
r+1≼ G.

Example 2.4.7. For any t ∈ [0, 2π], consider the MW-graph Gt = (G, αt, deg) defined by
G in Figure 2.3A. The magnetic potential αt is defined as follow: αt

e1
= t, αt

e1
= −t and

zero in all the other edges. Since G is a tree, then σ(Gt) = σ(G0) and σ(G0) consists
of the six eigenvalues (solid lines in Figure 2.3C). For any t ∈ [0, 2π], consider the
G′t = Gt/{v1, v2} with the standard weights, i.e. G′ ∈ Gdeg defined by the graph G′ in
Figure 2.3B. Figure 2.3C shows the five eigenvalues of σ(W′

t) changing t from 0 to 2π in

dashed lines. By Theorem 2.4.5 we have Gt ≼W′
t

1≼ Gt for any t, then G0 ≼ G′t
1≼ G0. We
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can use the spectrum of tree G to localised the spectrum of G′ for any vector potential,
i.e.

λ1(G′t) ∈ [0, 1− 1√
2
] , λ2(G′t) ∈ [1−

1√
2

, 1− 1√
6
] , λ3(G′t) ∈ [1−

1√
6

, 1+ 1√
6
] ,

λ4(G′t) ∈ [1+
1√
6

, 1+ 1√
2
] and λ5(G′t) ∈ [1+

1√
2

, 2] .

The previous bracketing is also the same if we contracting any other vertices, i.e. G0 ≼
G′′t

1≼ G0 where G′′t = G/{u, v} for all u, v ∈ V(G).

2.4.3 Virtualising edges and vertices

Let G = (G, α, w) be an MW-graph with a set of edges E0 and a set of vertices V0. It
can be thought the edge virtualisation of the set E0 as putting the weights on the edges
E0 to zero, and the vertex virtualisation of V0 as changing the weights of V0 to zero. By
definition of weights, it allows weight zero at the edges, but not on the vertices. So we
need to explain what does it mean to have zero weight vertex.

Definition 2.4.8 (virtualising edges). Let G = (G, α, w) be a magnetic weighted graph
and E0 ⊂ E(G). We denote by G− = (G−, α−, w−) the weighted graph such that

(i) G− ∶= G and α− ∶= α.
(ii) w−(v) ∶= w(v) for all v ∈ V(G);

(iii) w−e ∶= we for all e ∈ E(G−) = E(G)∖ E0; and w−e ∶= 0 for all e ∈ E0

We call G− the weighted subgraph obtained from G by virtualising the edges E0. We will
sometimes also use the suggestive notation G− ∶= G − E0.

The corresponding discrete magnetic Laplacian is denoted by ∆G−
α− .

Some useful facts are collected in the next remark.

Remark 2.4.9.

(i) Note that ∆G−
α− = (dα−)∗dα− , where dα− ∶= π ○dα and π∶ ℓ2(E(G), w)→ ℓ2(E(G−), w−)

is the orthogonal projection onto the functions on the non-virtualised edges. Note
that π = ι∗ with ι∶ ℓ2(E(G−), w−)→ ℓ2(E(G), w) being the natural inclusion, i.e., for
η ∈ ℓ2(E(G−), w−) ιη is extended by 0 on E(G−) = E(G)∖ E0. Note that the process
of virtualisation of edges can also be described by changing the weights on G: set
me0 = 0 for e0 ∈ E0, and leave all other weights unchanged.

(ii) The process of virtualising edges has consequences for various quantities related to
the graph. The most important for us here refers to the spectrum (see the following
proposition). If ρ− denotes the relative weight of G−, then ρ−(v) ≤ ρ(v) for v ∈ V.
Let G = (G, α, degG) be a magnetic weighted graph with standard weights, and
denote by G′ = (G−, α, degG−) the graph G− with standard weights. If E0 ≠ ∅,
then there exists a v ∈ V(G) such that w−(v) > w′(v), i.e., the new weight w−

is not standard anymore. More generally, if G = (G, α, w) has a normalized
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weight, then w− is no longer normalized; the relative weights of G− and G′ fulfil
ρ−(v) ≤ ρ′(v) = 1 with strict inequality for v ∈ V(G−) incident with an edge in E0.
If G = (G, w, 1) is a weighted graph with combinatorial weight w, then w− as well
has the combinatorial weight, i.e., combinatorial weights are preserved under
edge virtualisation.

(iii) It is also clear that if G is connected, then G− need not to be connected any more.
Moreover, the homology of the graph changes under edge virtualisation. This is
perhaps an important motivation for this definition. Later we will exploit the fact
that deleting a suitable set of edges the graph will turn it into a tree. The graph G−

is sometimes also called spanning subgraph.

The next corollary shows that the process of virtualising edges produces a DML which
is spectrally smaller (cf., Definition 2.2.4).

Corollary 2.4.10. Let G = (G, α, w) be a magnetic weighted graph and E0 ⊂ E(G). Let
G− = (G−, α−, w−) where G− = G − E0 the edge virtualised graph (cf. Definition 2.4.8), then

G− ≼ G .

Proof. By definition of the virtualised magnetic weighted graph G− (see Definition 2.4.8),
then we = w′e for all edge and w(v) = w′(v) for all v ∈ V(G). Then, by Theorem 2.4.1 (ia)
it follows G′ ⊑ G and hence by Theorem 2.3.3 conclude G− ≼ G.

Example 2.4.11. Let G = (G, α, w) be the 6-cycle with standard weights as in Figure 2.4A.
Let G− = (G−, α−, w−) be the graph with the edge e1 virtualised (i.e., G− = G − e1, see
Definition 2.4.8, and w− being the restriction of w to E(G−) = E(G)∖ {e1, e1}. If α is any
vector potential on G, then α can be supported on e1, so α− is trivial on G−. Therefore
∆G−

α− is unitarily equivalent with ∆G− (usual Laplacian with α = 0). Finally, we plot the
six eigenvalues of ∆G

α and ∆G− , when αe1 runs through [0, 2π]. This example illustrates
σ(∆G−

α− ) ≼ σ(∆G
α ) hence, by unitary equivalence, also σ(∆G−) ≼ σ(∆G

α ).
Remark 2.4.12. Example 2.4.11 shows that Corollary 2.4.10 is not valid if we insist
on having standard weights both in G and G− (cf., Remark 2.4.9 (ii)). Take G and
G− = C6 − e1 both with the standard weights (Figure 2.4). Consider the vector potential
supported on e1 such that αe1 = π/2. In this case, we have λ4(∆G−

α− ) = λ4(∆G−
0 ) ≈ 1.31 ≰

1.26 ≈ λ4(∆G
α ), hence ∆G−

α− is not spectrally smaller than ∆G
α .

The next graph operation is dual to edge virtualising.

Definition 2.4.13 (virtualising vertices). Let G = (G, α, w) be a magnetic weighted graph
with V0 ⊂ V(G). We denote by G+ = (G+, α+, w+) the magnetic weighted partial sub-
graph defined as follows:

(i) V(G+) = V(G)∖V0 with w+(v) ∶= w(v) for all v ∈ V(G+);
(ii) E(G+) = E(G)∖ E(V0)with w+e ∶= we for all e ∈ E(G+);

(iii) α+e = αe, for all e ∈ E(G+).
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v5v6

v1

v2 v3

v4

e1

(A) The graph G = C − 6.

v5v6

v1

v2 v3

v4

(B) G− = C6 − {e1}.

(C) Spectra of ∆C6
α (black lines) and ∆G−

α− (dashed lines).

FIGURE 2.4: Virtualisation of an edge in the cycle with six vertices denoted
as C6.

We call G+ the magnetic weighted open subgraph obtained from G by virtualising the
vertices V0. We will also use the suggestive notation G+ = G −V0.

The corresponding discrete magnetic Laplacian is defined by

∆G+
α+ = (dα+)∗dα+ , where dα+ ∶= dα ○ ι

with

ι∶ ℓ2(V(G+), w+)→ ℓ2(V(G), w), (ι f )(v) =
⎧⎪⎪⎨⎪⎪⎩

f (v), v ∈ V(G+),
0, v ∈ V0.

Remark 2.4.14.

(i) Here, we use the notion of G+ being an open subgraph of G. Then G+ have edges
with only one vertex in the V(G+), the other one being in V0 ⊂ V(G); one can also
call the vertices in V0 virtual. Formally, ∂G+ ∶E(G+)→ V(G)×V(G) still maps into
the product of the vertex set, but of the original graph G, not into V(G+)×V(G+).
In general, G+ = (V(G+), E(G+)) is not a graph in the classical sense anymore, as
some edges have initial or terminal vertices no longer in V(G+). One can actually
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see that there is no such proper weighted graph G1 = (G+, 0, deg). In fact, the
corresponding Laplacian ∆G1 has 0 as lowest eigenvalue, but ∆G+ does not have 0
as lowest eigenvalue (provided V0 ≠ ∅) since any function with ∆G+ f = 0 has to be
constant on V, and 0 on V0, hence f = 0.

(ii) The definition of dα+ = dα ○ ι is consistent with the natural definition of dα+ for a
partial subgraph, namely we set

(dα+ f )e =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

eiαe/2 f (∂+e)− e−iαe/2 f (∂−e), if ∂±e ∈ V(G+),
eiαe/2 f (∂+e), if ∂+e ∈ V(G+), ∂−e ∈ V0,
−e−iαe/2 f (∂−e), if ∂−e ∈ V(G+), ∂+e ∈ V0,

see Eq. (1.4.1). This is the same as extending f ∈ ℓ2(V(G+), w+) by 0. In particular,
the notation dα+ is justified. Actually, the magnetic potential on connecting bridges
edges can be gauged away.

(iii) The nature of virtualising vertices is different from the process of virtualising
edges, but dual in the sense that for virtualising edges, we use dα− = ι∗ ○ dα, and
for virtualising vertices, we use dα+ = dα ○ ι with ι being the natural embedding on
the space of edges and vertices, respectively. As a consequence, ∆G+

α+ = d∗α+dα+ =
ι∗∆G

α ι, i.e., ∆G+
α+ is a compression of ∆G

α . If we number the vertices V(G) such
that the vertices of V0 appear at the end, then a matrix representation of ∆G

α (cf.
Subsection Eq. (1.5.4)) has the block structure

∆G
α = [

∆G+
α+ C12

C21 C22
] ,

i.e., ∆G+
α+ corresponds to a principal sub-matrix of ∆G

α . In particular, we have the
following inequality for traces:

Tr [∆G+
α+ ] ≤ Tr [∆G

α ] .

We show next, that the process of vertex virtualisation makes a DML spectrally larger
(cf., Definition 2.2.4).

Corollary 2.4.15. Let G = (G, α, w) be a magnetic weighted graph and V0 ⊂ V(G). Denote by
G+ = (G+, α+, w+) the vertex-virtualised graph with G+ = G −V0 (cf. Definition 2.4.13), then

G ≼ G+.

Proof. Let n = ∣V∣ and r = ∣V0∣. Since ∆G+
α+ = ι∗∆G

α ι is a compression of ∆G
α we can apply

Cauchy’s Interlacing Theorem (see, e.g. [Bha07, Corollary II.1.5]) and obtain

λk(∆G
α ) ≤ λk(∆G+

α+ ) ≤ λk+r(∆G
α ), k = 1, 2, ..., n − r.

Since ∆G+
α+ acts on an (n − r)-dimensional Hilbert space, we have shown that σ(∆G

α ) ≼
σ(∆G+

α+ ) and hence G ≼ G+ (cf., Definition 2.2.4) using only the first inequality.
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Summarising, given a magnetic weighted graph G = (G, α, w) the process of edge
and vertex virtualisation produces two different magnetic weighted graphs G− =
(G−, α−, w−) respectively G+ = (G+, α+, w+) with induced potentials and such that the
corresponding DMLs are spectrally smaller respectively larger than the original one,
i.e.,

G− ≼ G ≼ G+.

This will be the basis for the next bracketing technique used later on.

Corollary 2.4.16. Let G = (G, α, w) be a magnetic weighted graph with E0 ⊂ E(G) and
V0 ⊂ V(G). Then

G− ≼ G ≼ G+ .

where G− = (G−, α−, w−) with G− = G − E0 the edge virtualised graph (cf. Definition 2.4.8) and
denote by G+ = (G+, α+, w+) the vertex-virtualised graph with G+ = G−V0 (cf.Definition 2.4.13).
In particular, we have the spectral localising inclusion

σ(∆G
α ) ⊂

n
⋃
k=1
[λk(∆G−

α− ), λk(∆G+
α+ )]´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=∶Jk

⊂ [0, 2ρ∞] (2.4.3)

where n = ∣G−∣ and the convention that λk(∆G+
α+ ) = 2ρ∞ for all ∣G−∣ < k ≤ ∣G+∣.

Proof. The Corollary 2.4.10 proves G− ≼ G and the Corollary 2.4.15 proves G ≼ G+ and
together with Definition 2.2.7 and Eq. (2.2.5) is obtained the localising inclusion.

Later on, the set E0 will be the set of connecting edges of a periodic graph (Chapter 3),
and we will choose V0 to be as small as possible to guarantee the existence of spectral
gaps (in general, this set is not unique).
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3
Periodic and Covering Graphs

The analysis of Schrödinger operators (in particular Laplacians) and its spectrum on
periodic structures is one of the most important features in solid state physics. Peri-
odicity here means that there is a discrete group Γ (typically Abelian) acting on the
underlying structure, e.g., a manifold or a graph with compact quotient, that commutes
with the operator. Using Floquet theory, the analysis of the operator can be reduced to
the analysis of a related family of operators on the quotient. In the case of graphs, the
family of operators corresponds to a family of finite dimensional operators, i.e., matri-
ces. The study of periodic structures in all fields of mathematics is quite natural, for
examples periodic manifolds [Pos03], periodic differential equations [Eas73], periodic
groups [Zel92], periodic elliptic operators [HP03] to mention only a few.

In order to study the magnetic Laplacian on infinite periodic graphs, we use the concept
of covering maps [Sun13]. A covering map is a morphism between two graphs that,
locally, are essentially the same. Given a covering map, we form an important group:
the covering transformation groups. This concept is fundamental for the Topological
Crystallography [Sun13], and it has an important role in the study of crystals and its
symmetries. The structure of the crystal (or any molecule) is model by a periodic graph,
in which each atom is represented by a vertex on the graph and each edge of the graph
represents a bond.

One application of the theory of covering graphs can be found in [MSS15]. In this
remarkable paper is proved that there exist infinite families of regular bipartite Ramanu-
jan graphs (for every degree greater than 2). This result solves (partially) a conjecture of
Lubotzky. They use the notion of 2-covering and interlacing families of polynomials
to construct infinite families of irregular Ramanujan graphs. Years after, in [HPS18]
is generalised the case r = 2, and it is proved that bipartite Ramanujan graph has a
Ramanujan r-covering for every r using an r-covering. Also, a crucial component of
the proof is the existence polynomials (with the property of interlacing families) for
complex reflection symmetry.

In this chapter, we introduce the formal definition of covering graph in Section 3.1 and
periodic graph in Section 3.2, together with some important properties and examples.
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The basic introduction of the discrete Floquet Theory is presented in Section 3.3 (we
have included more technical results in Appendix A). The principal result from this
section is presented in Theorem 3.4.2. This theorem interprets the magnetic potential
as a Floquet parameter. The result is going to be crucial for proving the existence of
spectral gaps in Chapter 4.

3.1 Covering graphs

The concept of covering graph is fundamental in the theory of Topological crystallography.
A topological crystal G is an infinite-fold regular covering (possibly with parallel edges or
loops) over a finite graph G0 (see [Sun13] for the details), whose covering transformation
group is free Abelian group.

In this section, we present the basic theory of covering maps. Roughly speaking, a
covering map is a continuous map between two topological spaces. This map has two
properties: it is surjective, and it preserves the local topological structure. A discrete
version of covering graphs is presented in the next definition.

Definition 3.1.1. Let G = (V, E) and G0 = (V0, E0) be two connected graphs with ϖ∶G →
G0 a graph homomorphism. We say that ϖ is a covering map if it preserves local adjacency
relations between vertices and edges; more precisely,

(i) The function ϖV ∶V → V0 is surjective.
(ii) For every v ∈ V, the restriction ϖ↾Ev ∶Ev → E0,ϖ(v) is a bijection.

The graph G is finite covering (resp. infinite covering) of G0, if G is a finite graph (resp.
infinite graph).

Example 3.1.2. We show two simple examples of covering maps. The first example can
be found in [Sun13]. Consider the graph G in Figure 3.1A and the graph G0 in Figure
3.1B. It is easy to see that G is a covering of G0 with the next covering map:

ϖ(v) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

w1, if v = v5, v7

w2, if v = v2, v4

w3, if v = v3, v8

w4, if v = v1, v6 .

Observe that for simple graphs, the graph homomorphism is defined by the function
on the vertices, because it determines the function on the edges.

The second example shows an infinite covering. In this case, the infinite lattice in one
dimension (or the infinity path) in Figure 3.1C is an infinity cover of the graph in Figure
3.1D, that is a loop. The covering map is given by ω(vi) = v for i ∈Z.
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v1

v2

v3 v4

v5 v6

v7

v8

(A) The finite graph G.

w1

w2

w3 w4

(B) The graph G0

v−2 v−1 v0 v1 v2

(C) The infinite graph G′.

v

(D) The
graph G′0

FIGURE 3.1: Examples of covering graphs. The graph G is a finite covering
of G0 and the graph G′ is an infinite covering of G′0.

3.2 Periodic graphs

Another way to explain the covering map is by using the periodicity of the graph. To
define a periodic graph, we need to see how a group acts on a graph. A group Γ is said
to act on a set S when is given a map φ∶Γ × S → S satisfying the following conditions for
all s ∈ S:

(i) If 1Γ is the identity element of Γ, then φ(1Γ, s) = s.
(ii) φ(γ, φ(γ′, s)) = φ(γγ′, s) for all γ, γ′ ∈ Γ.

In this case, the group Γ is called a transformation group, S is called a Γ-set and φ is called
the group action. For simplicity, we write γs instead of φ(γ, s). An action of Γ in S is
transitive if, for any s1, s2 ∈ S, there exists γ ∈ Γ with γs1 = s2. We also say that Γ acts
freely on S if γs = s for some s ∈ S, then γ = 1Γ.

If A and B are two Γ-sets, a map f ∶A → B is said to be Γ-equivariant if holds f (γa) = γ f (a)
for all a ∈ A and γ ∈ Γ.

Given a graph G and a group Γ acting on G (on vertices and edges), we can define the
quotient graph, which we denote by G/Γ in a unique way by the next theorem:

Theorem 3.2.1 ([Sun08]). Let G = (V, E) be a graph on which a group Γ acts without inversion,
and let V1 ∶= V/Γ and E1 ∶= E/Γ, the orbit spaces for the Γ-actions. Then there exists a unique
graph structure on the pair G1 ∶= (V1, E1) such that the pair φ ∶= (φV , φE) of the canonical
projections

φV ∶V → V1, and φE∶E → E1

form a graph homomorphism.
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Now, we can extend this construction to the magnetic weighted graph. Intuitively, it is a
periodic structure with a translation action which quotient is a finite magnetic weighted
graph.

Definition 3.2.2. Let G̃ = (G̃, α̃, w̃) be a magnetic weighted graph and Γ a group. We
say that G̃ is Γ-periodic if the graph, weights and magnetic potential are periodic in the
following sense:

(i) Graph periodicity. The graph G̃ = (Ṽ, Ẽ) is Γ-periodic, if the following holds:
(a) The group Γ acts freely on the graph G̃ without inversion, i.e., Γ acts freely

on both sets of vertices Ṽ and edges Ẽ such that γe ≠ e for all e ∈ Ẽ.
(b) The quotient G = G̃/Γ is a finite graph.

(ii) Operator periodicity. The weight w̃ and the magnetic potential α̃ are Γ-periodic ( or
invariant under the action of G), i.e.,

w(γv) = w(v) , v ∈ Ṽ , wγe = we , e ∈ Ẽ and α̃γe = α̃e , e ∈ Ẽ .

Remark 3.2.3. Note that any Γ-periodic graph G̃ is, in fact, a covering graph of G = G̃/Γ
and the canonical map, i.e., the quotient map π∶ G̃ → G is a covering map. If we consider
a periodic graph G̃, then, by definition, the standard or combinatorial weights acting on
G̃ satisfy the invariance conditions on the weights.

Let G̃ = (G̃, α̃, w̃) be a Γ-periodic graph, we can consider the finite magnetic weighted
graph G = (G, α, w) as follow: G = G̃/Γ and the induced weight w and magnetic
potential α on the quotient graph is given by w = w̃ ○π−1 and α = α̃ ○π−1. We denote this
MW-graph as G = G̃/Γ.

Example 3.2.4. Let G̃ = (G̃, 0, deg) be a magnetic weighted graph, where G̃ is either
the Zn-lattice or the graphene lattice (hexagonal lattice consisting of carbon atoms, see
Figure 3.2A and 3.2B) both with standard weights, then σ(∆G̃) = [0, 2]. Hence, the set of
spectral gaps is empty.

The graphane is just the decoration of the graphene adding a hydrogen atom for each
carbon atom (see Figure 3.2C). Here, in the case when G̃ is the graph that models the
graphane, the σ(∆G̃) = [0, 3/4] ∪ [5/4, 2] for the standard weight, hence the interval
(3/4, 5/4) is a spectral gap. The study of spectral gaps is going to be a fundamental part
of Chapter 4.

We define next some useful notions in relation to periodic graphs (see, e.g., [FLP18],
Section 5, [FL19], Section 4 as well as ([KS14], Sections 1.2 and 1.3) and [LP08b]). The
idea behind the periodic structure, it is the existence of a fundamental domain that
repeated with the action of the group acting on it. Then, for the discrete case of the
periodic graph, we have the following definition of a fundamental domain of vertices
and fundamental domain of edges.

Definition 3.2.5. Let G̃ = (Ṽ, Ẽ) be a Γ-periodic graph.
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(A) The Z2-lattice. (B) The graphene.

(C) The Graphane.

FIGURE 3.2: Examples of Z2 periodic graphs.

(i) A vertex fundamental domain, respectively edge fundamental domain on a Γ-periodic
graph is given by two subsets DV ⊂ Ṽ and DE ⊂ Ẽ satisfying

Ṽ = ⋃
γ∈Γ

γDV and γ1DV ∩γ2DV = ∅ if γ1 ≠ γ2,

Ẽ = ⋃
γ∈Γ

γDE and γ1DE ∩γ2DE = ∅ if γ1 ≠ γ2

with the restriction that DE ∩ E(Ṽ ∖DV) = ∅, i.e., an edge in DE has at least one
endpoint in DV , using the definition given with Eq. (1.1.1). We often simply write
D for a fundamental domain.

(ii) A fundamental domain of a periodic graph G̃ is an open subgraph (cf., Defini-
tion 1.1.2)

D ∶= (DV , DE),
where DV and DE are vertex and edge fundamental domains, respectively, and
the connection map ∂D = ∂G̃ ↾DE . We call

E(G̃, D) ∶= E(DV , Ṽ ∖DV)

the set of connecting edges of the fundamental domain D in G̃.

We collect some important observations on periodic graphs in the next remark.

Remark 3.2.6.

(i) Note that once a fundamental domain DV has been specified in a Γ-periodic
graph G̃, we can write any v ∈ V(G̃) uniquely as v = ξ(v)v0 for a unique pair
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(ξ(v), v0) ∈ Γ ×DV . This follows from the fact that the action is free. We call ξ(v)
the Γ-coordinate of v (with respect to the fundamental domain DV). Similarly, we
can define the coordinates for the edges: any e ∈ E(G̃) can be written as e = ξ(e)e0
for a unique pair (ξ(e), e0) ∈ Γ ×DE. In particular, we have

ξ(γv) = γξ(v) and ξ(γe) = γξ(e).

(ii) Once we have chosen a fundamental domain D = (DV , DE), we can embed D it
into the quotient G = G̃/Γ of the covering π∶ G̃ → G = G̃/Γ by

DV → V(G) = V/Γ, v ↦ [v] and DE → E(G) = E/Γ, e ↦ [e],

where [v] and [e] denote the Γ-orbits of v and e, respectively. By definition of a
fundamental domain, these maps are bijective. Moreover, if ∂(e) ⊂ DV in D, then
also ∂([e]) ⊂ V(G), i.e., the embedding is an (open) graph homomorphism.

We introduce now, a way to localise the edges in the periodic graph, so we define the
index of an edge in the following definition, see, e.g.,[KS14; KS15; KS16].

Definition 3.2.7. Let G̃ = (Ṽ, Ẽ) be a Γ-periodic graph with fundamental domain D =
(DV , DE). We define the index of an edge e ∈ E as

indD(e) ∶= ξ(∂+e) (ξ(∂−e))−1 ∈ Γ.

In particular, we have indD∶E ↦ Γ, and indD(e) ≠ 1Γ if and only if e ∈ ⋃
γ∈Γ

γE(D, G̃), i.e.,

the index is only non-trivial on the (translates of the) connecting edges. Moreover, the
set of indices and its inverses generate the group Γ.

Since the index fulfils indD(γe) = γindD(e) for all γ ∈ Γ and by Remark 3.2.6 (i), we
can extend the definition to the quotient G = G̃/Γ by setting indG([e]) = indD(e) for all
e ∈ E(G̃). We denote by [E(D, G̃)] ∶= {[e] ∣ e ∈ E(D, G̃)}.

3.3 Discrete Floquet Theory

Let G̃ = (G̃, w̃) be a weighted Γ-periodic graph where G̃ = (Ṽ, Ẽ) and fundamental
domain D = (DV , DE)with corresponding weights inherited from G̃. In this context, one
has the natural Hilbert space identifications (the details can be founded in Appendix A)

ℓ2(Ṽ, w̃) ≅ ℓ2(Γ)⊗ ℓ2(DV , w̃) ≅ ℓ2 (Γ, ℓ2(DV , w̃)) .

Floquet theory uses a partial Fourier transformation on the Abelian group that can be
understood as putting coordinates on the periodic structure and allows to decompose
the corresponding operators as direct integrals. Concretely, we consider

F∶ ℓ2(Γ)→ L2(Γ̂), (Fa) (χ) ∶= ∑
γ∈Γ

χ(γ)aγ
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for a = {aγ}γ∈Γ ∈ ℓ2(Γ) and where Γ̂ denotes the character group of Γ. We adapt to
the discrete context of graphs with periodic magnetic potential α̃ the main results
concerning Floquet theory needed later. See, e.g., ([LP07] Section 3) or [KS14] for details,
additional motivation and references.

For any character χ ∈ Γ̂, consider the space of equivariant functions on vertices and edges

ℓχ
2 (V, w̃) ∶= {g∶V → C ∣ g(γv) = χ(γ)g(v) for all v ∈ V and γ ∈ Γ} ,

ℓχ
2 (E, w̃) ∶= {η∶E → C ∣ ηγe = χ(γ)ηe for all e ∈ E and γ ∈ Γ} .

These spaces have the natural inner product defined on the fundamental domains DV

and DE:

⟨g1, g2⟩ ∶= ∑
v∈DV

g1(v)g2(v)w̃(v) and ⟨η1, η2⟩ ∶= ∑
e∈DE

η1,eη2,ew̃e .

The definition of the inner product is independent of the choice of the fundamental
domain (due to the equivariance). We extend the standard decomposition to the case of
the DML with periodic magnetic potential (see, for example, [KS14; HS99]).

Proposition 3.3.1. Let G̃ = (G̃, α̃, w̃) be a Γ-periodic magnetic weighted graph where G̃ =
(Ṽ, Ẽ). Then there are unitary transformations

Φ∶ ℓ2(Ṽ, w̃) → ∫
⊕

Γ̂
ℓχ

2 (Ṽ, w̃)dχ given by (Φ f )χ (v) ∶= ∑
γ∈Γ

χ(γ) f (γv)

Φ∶ ℓ2(Ẽ, w̃) → ∫
⊕

Γ̂
ℓχ

2 (Ẽ, w̃)dχ given by (Φη)χ (v) ∶= ∑
γ∈Γ

χ(γ)ηγe ,

such that
σ (∆G̃

α̃ ) = ⋃
χ∈Γ̂

σ (∆G̃
α̃ (χ)) ,

where equivariant Laplacian (fibre operators) is defined as (∆G̃
α̃ (χ)) ∶= ∆G̃

α̃ ↾ℓχ
2 (Ṽ)

.

Proof. Consider the twisted derivative dα̃∶ ℓ2(Ṽ, w̃)→ ℓ2(Ẽ, w̃) specified in Eq. (1.4.1) and
the equivariant twisted derivative on the fibre spaces defined by dχ

α̃
∶ ℓχ

2 (Ṽ, w̃)→ ℓχ
2 (Ẽ, w̃)

(dχ
α̃

g)e ∶= eiα̃e/2g(∂+e)− e−iα̃e/2g(∂−e) , g ∈ ℓχ
2 (Ṽ, w̃) .

It is straightforward to check that if g ∈ ℓχ
2 (Ṽ, w̃), then dχ

α̃
g ∈ ℓχ

2 (Ẽ) and that ∆G̃
α̃ = (d

χ
α̃
)∗dχ

α̃
.

Moreover, we will show that the unitary transformations Φ intertwine these two first
order operators, i.e.,

Φdα̃ f = ∫
⊕

Γ̂
dχ

α̃
(Φ f )χdχ , f ∈ ℓ2(Ṽ) .
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In fact, this is a consequence of the following computation that uses the invariance of
the magnetic potential. For any f ∈ ℓ2(Ṽ, w̃) and χ ∈ Γ̂

(Φ (dα̃ f ))χ,e = ∑
γ∈Γ

χ(γ) (dα̃ f )γe

= ∑
γ∈Γ

χ(γ) [eiα̃γe/2 f (∂+γe)− e−iα̃γe/2 f (∂−γe)]

= ∑
γ∈Γ

χ(γ) [eiα̃e/2 f (γ∂+e)− e−iα̃e/2 f (γ∂−e)]

= (dχ
α̃
(Φ f )χ)e

.

This shows that
∆G̃

α̃ = ∫
⊕

Γ̂
∆G̃

α̃ (χ) dχ

hence, σ (∆G̃
α̃ ) = ⋃

χ∈Γ̂
σ (∆G̃

α̃ (χ)).

3.4 Vector Potential as a Floquet Parameter

The following result shows that in the case of Abelian groups Γ, we can interpret
the magnetic potential α on the quotient graph partially as a Floquet parameter for
the covering graph π∶ G̃ → G (see part (b) in Remark 3.2.6). Moreover, recalling the
definition of coordinate giving in part (a) of Remark 3.2.6) we can define the following
unitary maps (see also [KOS89] for a similar definition in the context of manifolds):

UV ∶ ℓ2(V, w)→ ℓχ
2 (Ṽ, w̃), (UV f ) (v) ∶= χ(ξ(v)) f ([v]),

UE∶ ℓ2(E, w)→ ℓχ
2 (Ẽ, w̃), (UEη)e ∶= χ(ξ(e)) (η)[e] .

It is straightforward to check that UV and UE are well defined and unitary.

Definition 3.4.1. Let G̃ = (G̃, α̃, w̃) a Γ-periodic magnetic graph with fundamental
domain D. We denote by α a magnetic potential acting on the quotient G = G/Γ. We say
that α has the lifting property if there exists χ ∈ Γ̂ such that:

eiα[e] = χ (indD(e)) eiα̃e for all e ∈ E(G̃). (3.4.1)

We denote the set of all the magnetic potentials with the lifting property as AD.

We conclude with the most important theorem of the chapter. This result is going to be
fundamental in the following chapters.

Theorem 3.4.2. Consider a Γ-periodic magnetic weighted graph G̃ = (G̃, α̃, w̃) with D a funda-
mental domain. If G = (G, α, w) where π∶ G̃ → G = G̃/Γ and w = w̃ ○π−1, then

σ(∆G̃
α̃ ) = ⋃

α∈AD

σ(∆G
α ). (3.4.2)
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Proof. By Proposition 3.3.1, it is enough to show

⋃
χ∈Γ̂

σ (∆G̃
α̃ ) = ⋃

α∈AD

σ (∆G
α )

To show the inclusion “⊂” consider a character χ ∈ Γ̂ and define a magnetic potential on
G as follows

eiα[e] ∶= χ (indD(e)) eiα̃e , for all e ∈ E(G̃). (3.4.3)

Then we have

(dχ
α̃
(UV f ))e =e

iα̃e/2(UV f )(∂+e)− e−iα̃e/2(UV f )(∂−e)
=eiα̃e/2χ(ξ(∂+e)) f ([∂+e])− e−iα̃e/2χ(ξ(∂−e)) f ([∂−e]).

On the other hand, we have

(UEdα f )e = χ(ξ(e))(eiα[e]/2 f ([∂+e])− e−iα[e]/2 f ([∂−e])).

Therefore, the intertwining equation dχ
α̃
U = UEdα holds if

eiα̃e/2χ(ξ(∂+e)) = χ(ξ(e))eiα[e]/2 and e−iα̃e/2χ(ξ(∂−e)) = χ(ξ(e))e−iα[e]/2

or, equivalently, if

eiα[e] = χ(ξ(∂+e))χ(ξ(∂−e))−1 eiα̃[e] = χ(indD(e)) eiα̃[e] .

However, this equation is true by definition of the magnetic potential on G given in
Equation (3.4.3). Finally, since ∆G̃

α̃ (χ) = (d
χ
α̃
)∗dχ

α̃
and ∆G

α = d∗αdα, then it is clear that these
Laplacians are unitary equivalent.

To show the reverse inclusion “⊃” let α ∈ AD and DE ⊂ E(G̃) is such that {indD(e) ∣ [e] ∈
DE} is a basis of the group Γ. Then define

χ(indD(e)) ∶= eiα[e] e−iα̃[e] , e ∈ DE (3.4.4)

and we can extend χ to all Γ multiplicatively, so that χ ∈ Γ̂. As before, we can show then
σ (∆G̃

α̃ (χ)) = σ (∆G
α ) and the proof is concluded.

We conclude the present section, mentioning an important conjecture that will be
partially solved in the next chapter. We have seen that periodic graphs can also be un-
derstood as covering graphs (see, e.g., [Sun08; Sun13]) and the existence of spectral gaps
is related with the full spectrum conjecture (FSP) stating that the discrete Laplacian on a
maximal Abelian covering π∶ G̃ → G = G̃/Γ has maximal possible spectrum. A covering
is maximal Abelian if the covering group is Γ = Zb with b = b(G) = ∣V(G)∣ − ∣E(G)∣ + 1,
the first Betti number of G (see [Sun13, Chapter 6] for details; as usual, V(G) and E(G)
denote the set of vertices and edges of G, respectively). The conjecture states that the
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(standard) Laplacian on a maximal Abelian covering has maximal possible spectrum
[0, 2], i.e., it has no spectral gaps (see [HS99, Conjecture 3.5]) — at least when there is
no vertex of degree one. This conjecture was partially solved by [HS99, Proposition 3.6
and 3.8] for graphs where all vertices have even degree, and certain regular graphs with
odd degree. Such graphs allow so-called Euler paths, related to the famous Königsberg
bridges problem due to Euler. Besides, Higuchi and Shirai [HS04b] realise that one
needs additional conditions for the conjecture to be true; namely that there is no vertex
of degree one. We prove this conjecture for periodic trees in Corollary 4.1.6 (i.e., when
the quotient graph has Betti number one). Moreover, Higuchi and Nomura [HN09]
show that the normalised Laplacian on a maximal Abelian covering graph of a finite
even-regular graph respectively odd-regular and bipartite graph has an absolutely
continuous spectrum and no eigenvalues.
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4
Application I: Spectral gaps

We this chapter, we apply the spectral ordering studied in Chapter 2 to localise the
spectrum of the magnetic Laplacian on certain bracketing intervals. With this technique,
we can prove the existence of spectral gaps for Laplacians in periodic graphs.

In Section 4.1, we introduce the notion of spectral gap and magnetic spectral gap (for finite
and infinite graphs), and we give a sufficient geometrical condition on the weighted
graph such that the set of magnetic spectral gaps is non-empty (see Theorem 4.1.3). As
a consequence of this result, we give several characterisations of non empty magnetic
spectral gaps for finite weighted graphs with Betti number 1 (cf., Corollary 4.1.6) and
using the magnetic potential as a Floquet parameter (Theorem 3.4.2) we will show the
existence of spectral gaps in periodic graphs. We also present here several examples of
finite graphs with non-empty magnetic spectral gaps and show spectral localisation of
the spectrum of the DMLs in the bracketing intervals.

An essential result of this chapter is the partial solution that we give for the Higuchi-
Shirai’s conjecture in [HS04b] or know as the full spectrum conjecture, more precisely the
Theorem 4.1.10 solve the conjecture for Z-periodic trees.

In solid-state physics, the Laplacian is the operator modelling the dynamics of particles,
and then the spectral gap represents forbidden energy regions (see, e.g., [Kuc01; KK02]).
Spectral gaps may be produced by geometry (cf., [LP07; LP08b; Pos03]), by decoration
(see, e.g., [SA00; KS15; LP08a; Suz13] and [Kuc05, Section 4] or in nanoribbons with
temperature [Han+07].

In this chapter, we generalise the geometric condition obtained in [FLP18, Theorem 4.4],
for α̃ ∼ 0 to non-trivial periodic magnetic potentials. In particular, if G̃ = (G̃, α̃, w̃) is
a Γ-periodic magnetic weighted graph, we will give in Theorem 4.1.3 a simple geometric
condition on the quotient graph G̃ = G/Γ that guarantees the existence of non-trivial
spectral gaps on the spectrum of the discrete magnetic Laplacian ∆G̃

α̃ . To show the
existence of spectral gaps, we use the purely discrete spectral localisation technique
based on the virtualisation of edge and vertices on quotient G developed in Chapter 2.
These operations produce new graphs with, in general, different weights that allow



78 Chapter 4. Application I: Spectral gaps

localising the eigenvalues of the original Laplacian inside certain intervals. We call this
procedure discrete bracketing, and we refer to [FL19] for additional motivation.

4.1 Spectral gaps

We begin by making several precise notions of spectral gaps. Denote by σ(T) and
ρ(T) = C∖σ(T) the spectra and the resolvent set of a self-adjoint operator T, respectively.
Recall that σ(∆G

α ) ⊂ [0, 2ρ∞], where ρ∞ denotes the supremum of the relative weight, see
Equation (1.2.3). We have the following natural question: when do we have J ⊊ [0, 2ρ∞]?
This question motivates the following definition.

Definition 4.1.1. Let G = (G, α, w) a magnetic weighted graph.

(i) The spectral gap set of the DML acting on G is defined by

SG
α ∶= [0, 2ρ∞]∖ σ(∆G) = [0, 2ρ∞]∩ ρ(∆G).

If α ∼ 0, we write SG instead of SG
0 .

(ii) Let A be a set of magnetic potentials acting on G, i.e.,

A ⊂ {α∶E → R ∣αe = −αe for all e ∈ E(G) } ,

the magnetic spectral gaps set (with respect to the family A) of G is defined by

MSG
A = [0, 2ρ∞]∖ ⋃

α∈A

σ(∆G
α ) = ⋂

α∈A

ρ(∆G
α )∩ [0, 2ρ∞].

If A is the set of all the magnetic potentials acting on G, i.e., if A = C1(G, R) as in
Eq. (1.3), we write just simplyMSG and know as the magnetic spectral gaps set.

We have the following elementary properties:

• If A1 ⊂ A2, thenMSG
A2
⊂MSG

A1
and in particular if A2 = C1(G, R) henceMSG ⊂

MSG
A1

.
• If A contains the trivial magnetic potential, then MSG

A ⊂ SG. In particular, if
SG = ∅, thenMSG

A = ∅. Moreover, ifMSG
A ≠ ∅, then SG ≠ ∅.

• If G is a tree, thenMSG
A = SG for any family A of magnetic potentials (because

any magnetic potential on G acts trivially), as all DMLs are unitarily equivalent
with ∆G (the usual Laplacian).

4.1.1 Magnetic spectral gaps on finite graphs

We are now able to prove the following sufficient condition for the existence of magnetic
spectral gaps for a family of magnetic potentials A (i.e., forMSG

A ≠ ∅). We will use this
result (in the case of standard weights) in the examples presented in Section 4.2. Recall
that we allow loops and multiples edges in the graph G. We define an important family
of magnetic potential.
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Definition 4.1.2. Let G = (G, α, w) be a magnetic weighted graph and let E0 ⊂ E(G) a
subset of edges that contain both orientations for each edge, i.e., e ∈ E0 implies that
e ∈ E0.

(i) We say that a vertices subset V0 ⊂ V(G) is in the neighbourhood of E0 if E0 ⊂ ⋃
v∈V0

Ev,

i.e., if ∂+e ∈ V0 or ∂−e ∈ V0 for all e ∈ E0. If V0 = {v0}, the vertex v0 is called center
vertex.

(ii) Let A be a family of magnetic potentials acting on G is said to be centralised on E0,
if the following holds: for all α′ ∈ Awe have that α′e = αe for all e ∈ E(G)∖ E0.

The next theorem gives us a simple geometric condition on an MW-graph G for the
existence of magnetic spectral gaps for a set of magnetic potentials A.

Theorem 4.1.3. Let G = (G, α, w) be a magnetic weighted finite graph and let E0 ⊂ Ev0 (without
loops) for some v0 ∈ V(G). Let A be any set of magnetic potentials acting on G centralised on
E0. If we define G− as the magnetic weighted graph getting from virtualisation of the set of edges
E0,

δ ∶= ρG(v0)−
w(E0 ∩ E−v )

w(v0)
− ∑

e∈E0∩E−v0

we

w(∂+e) − λ1(∆G−) > 0 , (4.1.1)

thenMSG
A ≠ ∅.

Proof. Consider the following edges and vertex virtualised weighted graphs:

G− ∶= G − E0 and G+ ∶= G − {v0} ,

where G− and G+ are graphs as in Definition 1.1.4 and Definition 2.4.13, then by Corol-
lary 2.4.16 follows that

G− ≼ G ≼ G+ ,

then, if n = ∣V(G)∣we obtain

σ(∆G
α ) ⊂

n
⋃
k=1
[λk(∆G−

α− ), λk(∆G+
α+ )]´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=∶Jk

⊂ [0, 2ρ∞].

with the convention that λn(∆G+
α+ ) = 2ρ∞. But, for any α1 ∈ A follows that α−1 = α− and

α+1 = α+ (because A is centralised in E0), hence

⋃
α∈A

σ(∆G
α ) ⊂

n
⋃
k=1
[λk(∆G−

α− ), λk(∆G+
α+ )]´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=∶Jk

⊂ [0, 2ρ∞].

To prove thatMSG
A ≠ ∅, it is enough to show that the measure of [0, 2ρ∞]∖ J is positive.

Furthermore, J it can be estimated from below by:

n−1
∑
k=1
(λk+1(∆G−

α− )− λk(∆G+
α+ )) =

n
∑
k=2

λk(∆G−
α− )−

n−1
∑
k=1

λk(∆G+
α+ )

= Tr(∆G−
α− )− Tr(∆G+

α+ )− λ1(∆G−
α− ). (4.1.2)
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Therefore it is enough to calculate Tr(∆G+
α+ ) and Tr(∆G−

α− )

Step 1: Trace of ∆G−
α− . We define G− = (G−, α−, w−) where G− = G − E0. Recall that

V(G−) = V(G), E(G−) = E(G)∖ E0; the weights on V(G−) and E(G−) coincide with the
corresponding weights on G. The relative weights of G− are

ρG−(v) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ρG(v)− w (E0 ∩ E−v )
w(v) , if v = v0,

ρG(v)− w (E0 ∩ E−v )
w(v) , if v ∈ Bv0 ,

ρG(v), otherwise,

where
Bv0 = {v ∈ V(G) ∣ v = ∂+e for some e ∈ E0 with v ≠ v0}.

The trace of ∆G−
α− is now

Tr(∆G−
α− ) =

n
∑
k=1

λk(∆G−
α− ) = ∑

v∈V(G)
ρG−(v)

= ∑
v∈V(G)

ρG(v)− w (E0 ∩ E−v )
w(v) − ∑

v∈Bv0

w (E0 ∩ E−v )
w(v) . (4.1.3)

Step 2: Trace of ∆G+
α+ . Let G+ = (G+, α+, w+), then the trace of ∆G+

α+ is given by

Tr(∆G+
α+ ) =

n−1
∑
k=1

λk(∆G
α+) = ∑

v∈V(G)
v≠v0

ρG(v). (4.1.4)

Combining Equations (4.1.2)–(4.1.4) we obtain

Tr(∆G−
α− )−Tr(∆G+

α+ )− λ1(∆G−
α− ) = ρG(v0)−

w(E0 ∩ E−v )
w(v0)

− ∑
v∈Bv0

w(E0 ∩ E−v )
w(v) − λ1(∆G−

α− )

= ρG(v0)−
w(E0 ∩ E−v )

w(v0)
− ∑

e∈E0∩E−v0

we

w(∂+e) − λ1(∆G−) = δ

as defined in Equation (4.1.11). This shows that if δ > 0, then the spectrum of the DML
is not the full interval.

Remark 4.1.4.

(i) In the proof, we used the spectral localising inclusion 2.2.3. If the graph is bipartite
and with normalized weights (or more generally if the relative weight is constant),
and if we find B ⊂MSG

A, then we have also κ(B) ⊂MSG
A by Proposition 1.6.3.
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(ii) For applications, in particular, for the examples of Section 4.2, we explicitly write
Condition 4.1.11 for the most important weights (see Section 1.2.1).
(a) If the graph has the standard weights, the condition becomes:

δ = 1− ∑
e∈E0∩E−v0

1
deg(∂+e) −

∣E0 ∩ E−v0 ∣
deg(v0)

− λ1(∆G−
α− ) , (4.1.5)

where ∣E0 ∩ E−v0
∣ denote the cardinality of the set E0 ∩ E−v0

.
(b) If we have the combinatorial weights, the condition becomes simply:

δ = deg(v0)− ∣E0∣− λ1(∆G−
α− ) . (4.1.6)

(c) For the electric circuit weights, the condition is:

δ = w(Ev0)− w(E0)− λ1(∆G−
α− ) . (4.1.7)

(d) For the normalized weights, the condition is:

δ = 1− ∑
e∈E0∩E−v0

we

w(E∂+e)
−

w(E0 ∩ E−v0)
w(E∂+e)

. (4.1.8)

In all of the previous cases, if G is a graph with the corresponding weights and
meets the condition δ > 0, then we can assure the existence of magnetic spectral
gaps, i.e.,MSG

A ≠ ∅.
(iii) In all the previous cases, if the graph G− is a tree or/and α− ∼ 0, then λ1(∆G−

α− ) = 0.

Example 4.1.5. Consider the next two graphs in Figure 4.1, both with the standard
weights, and we want to know if the graphs have magnetic spectral gaps (for all
magnetic potential), i.e.,MSG is empty or not. In the first case of Figure 4.1A, we have
no magnetic spectral gaps, i.e.,MSG1 = ∅. The strategy to produce gaps is to raise the
degree of the vertices v1 and v2. Let α be a magnetic potential acting on the graphs,
without loss of generality, we can suppose that α is supported in E0 = {e1, e2} (and in its
inverse edges). In both graphs, consider v0 is a centre vertex, define the family

A′ = {α′∶E(G2)→ R ∣α′e = −α′e for all e ∈ E(G)with α′e = αe for all e ∈ E(G)∖ E0 } ,

then, A′ is centralised in the set of edges E0. Because for any magnetic potential α1

acting on the graph G2, we can find α2 ∈ A′ such that α1 ∼ α2, thenMSG2 =MSG2
A′ , but

for the second graph 4.1B we have

δ = 1− 1
deg(v1)

− 1
deg(v2)

− 2
deg(v0)

= 1− 1
4
− 1

5
− 2

4
= 1

20
> 0,

thenMSG2 =MSG2
A′ ≠ ∅ as a consequence of Theorem 4.1.3. This example also shows

that Condition (4.1.11) is sufficient but not necessary: consider the graph G2 with only
one decorating edge at each vertex v1 and v2. The corresponding graph still has a
spectral gap, although δ = 1− 1/3− 1/3− 2/4 = −1/6 < 0.
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v1

v0

v2

e1

e2

(A) The graph G1.

v1

v0

v2

e1

e2

(B) The graph G2.

FIGURE 4.1: Producing magnetic spectral gaps by decoration. The graph
G2 is obtained from G1 by adding pendant edges.

As a consequence, we have the following topological characterisation for the existence
of magnetic spectral gaps for finite graphs with Betti number 1:

Corollary 4.1.6. Let G = (G, w) be an weighted graph with the standard or the combinatorial
weights (i.e., w = deg or w = 1) and Betti number b(G) = 1. Then the following conditions are
equivalent:

(i) G has a magnetic spectral gap (i.e.,MSG
A ≠ ∅) for any set A of magnetic potential.

(ii) G is not a cycle graph;
(iii) G has a vertex of degree 1.

Proof. “(i)⇒(ii)”: Suppose that G = Cn. Let now λ ∈ [0, 2] and t ∈ [0, 2π] be such that
cos t = 1 − λ. Consider a sequence of (directed) edges such that c = (e1, e2, . . . , en) is a
(directed) cycle and define the magnetic potential α given by αe = t for all e ∈ c, then
αe = −t. We will show that λ ∈ σ(∆G

α ). In fact, consider the constant function on the
vertices equal to one, i.e., 1(v) = 1 for all v ∈ V(G), then

(∆G
α 1)(v) = 1− e−it + eit

2
= 1− cos t = λ ⋅ 1(v).

We have shown that [0, 2] ⊂ ⋃
α∈A

σ(∆G
α ), i.e.,MSG

A = ∅.

“(ii)⇒(iii)”: Using the fact that b(G) = 1, one can prove this by induction on the number
of vertices.

“(iii)⇒(i)”: Since G has Betti number b(G) = 1 and since G has a vertex of degree 1, there
exists v0 ∈ V(G) such that v0 belongs to the cycle with deg v0 ≥ 3, and it is adjacent with
v1 ∈ V(G) by an edge e1 ∈ E(G) with deg v1 ≥ 2. Consider the family A the set of all
vector potentials supported on the edge (and in its inverse) e0, i.e.

A ⊂ {α∶E(G)→ R ∣α(e) = −α(e) and α(e) = 0 for e ≠ e0 } ,

hence A is centralised on e0. Then if E0 = {e0, e0},

1− ∑
e∈E0∩E−v0

1
deg(∂+e) −

∣E0 ∩ E−v0 ∣
deg(v0)

= 1− 1
degG v1

− 1
degG v0

≥ 1− 1
2
− 1

3
= 1

6
> 0,
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we conclude by Theorem 4.1.3 thatMSG
A ≠ ∅ and hence (i).

Remark 4.1.7.

(i) Corollary 4.1.6 also holds for combinatorial weights: for “(i)⇒(ii)” note that Cn is
a regular graph, hence a simple scaling just relates the spectrum of the standard
weight and the combinatorial weight. For “(iii)⇒(i)” note that the condition on
the weights becomes 2 = ∣E0∣ < 3 ≤ deg v0 (choose v0 to be the vertex of degree
larger than 2). Finally “(ii)⇒(iii)” is independent of the weights.

(ii) If the graph G has the electric circuit weights, then “(i)⇒(iii)” is no longer true. In
fact choose G = C6 as in Figure 2.4 with we = 1 if e ≠ e1 and we1 = 2. For example, an
easy calculation shows that 0 and 1 ∈ σ(∆G) but 0.3 ∈MSG, thenMSG ≠ ∅ even if
there is no vertex of degree 1.

(iii) If the graph G has normalized weights, then in general “(i)⇒(iii)” is not true.
Choose G = C6 as in Figure 2.4 with the following weights: on the edges we = 1 if
e ≠ e1 and we1 = 2, on the vertices w(vi) = 2 for i = 1, 2 and w(vi) = 1 for i = 3, 4, 5, 6.
It is easy to check that 0 and 1 ∈ σ(∆G)with 1/2 ∈MSG. ThenMSG ≠ ∅ but again,
there is no vertex of degree 1.

The next example shows how decoration creates magnetic spectral gaps.

Example 4.1.8. Let G′ = (G′, w′) a weighted graph, where G′ = C6 and w′ are the
standard weights, then by Corollary 4.1.6 we have MSG′ = ∅. To create magnetic
spectral gaps, we add a new edge. Let now G = (G, w) be a weighted graph, where G
is the graph C6 with an edge added to the cycle (see Figure 4.2) and w the standard
weights. Then the Laplacian on G has a magnetic spectral gap by Corollary 4.1.6. Now,
using the bracketing technique of Corollary 2.4.16, we can localise the position of the
gaps.

Consider E0 = {e1, e1}, and recall that any vector potential α can be supported on e1.
Consider also the edge virtualised weighted graph G− = (G−, w−) with G− = G − E0.
Then its spectrum is:

σ(∆G−) ≈ {0, 0.116, 0.5, 0.713, 1.145, 1.638, 1.889}.

Now, we have that V0 = {v1} is a central vertex for E0. Now consider the vertex
virtualised weighted graph G+ = (G+, w+)with G+ = G −V0, then its spectrum is:

σ(∆G+) ≈ {0.121, 0.358, 0.744, 1.256, 1.642, 1.879, 2}.

Therefore, the bracketing intervals in which we can localise the spectrum is given by
(see Figure 4.2):

J1 ≈ [0, 0.121] , J2 ≈ [0.116, 0.358] , J3 ≈ [0.5, 0.744] , J4 ≈ [0.713, 1.256] ,
J5 ≈ [1.145, 1.642] , J6 ≈ [1.638, 1.879] , and J7 ≈ [1.889, 2] .
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In conclusion, we have the following spectral localising inclusion for any vector potential
α, i.e. if A = C(G, R), then

⋃
α∈A

σ(∆G
α ) ⊂ J =

7
⋃
k=1

Ji ⊊ [0, 2]. (4.1.9)

v5v6

v1

v2 v3

v4

v7 e1

0 1 2

J1
J2

J3
J4

J5
J6

J7

J

FIGURE 4.2: Examples of bracketing intervals for the cycle graph C6 with
one pendant edge.

4.1.2 Spectral gaps in Γ-periodic graphs

Consider a Γ-periodic weighted graph G̃ = (G̃, α̃, w̃)with D a fundamental domain. If
G = (G, α, w)where G = G̃/Γ, then to the Eq. 3.4.2, we can add the definition of magnetic
spectral gap from Definition 4.1.1 as follow:

σ(∆G̃
α̃ ) = ⋃

α∈AD

σ(∆G
α ) ⊂ [0, 2p∞]∖MSG

AD
. (4.1.10)

Remark 4.1.9.

(i) If G̃ → G is a maximal Abelian covering, then we have σ(∆G̃) = [0, 2p∞]∖MSG.
In particular, this is true if G̃ is a tree.

(ii) If Γ = Z and if each fundamental domain is connected to its neighbours by a
single connecting edge (and its inverse), i.e., ∣E(D, G̃)∣ = 2. Define the magnetic
potential αt on G as αt

e = t and αt
e = −t if [e] ∈ [E(D, G̃)] and zero otherwise. Denote

σ (∆G̃
αt) ∶= {λt

i ∣ i = 1, . . . , n} be the eigenvalues in ascending order and repeated
according to their multiplicities, then following results in [EKW10] shows that

σ(∆G̃) =
∣V(G)∣
⋃
i=1
[min{λ0

i , λπ
i }, max{λ0

i , λπ
i }].

Let G = (G, 0, w) a magnetic weighted graph. We say that G has the full spectrum property
(FSP) if ∆G = [0, 2ρ∞]. In fact, G has FSP if and only if SG = ∅. The next conjecture
is stated in [HS99]. Let G̃ be a maximal Abelian covering of G, if G has no vertex of
degree 1 then G̃ has FSP. Moreover, they propose the next problem: Characterise all
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finite graphs whose maximal Abelian covering do not has FSP. Next, we partially solve
the conjecture and the problem.

The following result verifies Higuchi-Shirai’s conjecture in [HS04b] for Z-periodic trees.

Theorem 4.1.10. Let G̃ = (G̃, 0, w̃) be a Z-periodic tree with standard or combinatorial weights
and quotient graph G = (G, 0, w). Then the following conditions are equivalent:

(i) G̃ has the full spectrum property;
(ii) S G̃ = ∅;

(iii) G̃ is the lattice Z;
(iv) MSG = ∅;
(v) G is a cycle graph;

(vi) G has no vertex of degree 1.

Proof. In this situation, G̃ → G is a maximal Abelian covering if and only if the Betti
number b(G) = 1 if and only if G̃ is a Z-periodic tree. Since G̃ is a tree and G̃ → G is
a maximal Abelian covering, then we have σ(∆G̃) = [0, 2p∞] ∖MSG. The result then
follows by Corollary 4.1.6.

Remark 4.1.11. In Example 4.2.2 we will confirm the previous theorem. Besides, if
b(G) ≥ 2 one can easily produce periodic graphs based, e.g., with Example 4.1.5 where
do not have the full spectrum property.

We apply now the technique stated in Corollary 2.4.16 to Γ-periodic graphs.

Theorem 4.1.12. Let G̃ = (G̃, α̃, w̃) be a Γ-periodic magnetic weighted graph. Consider a fun-
damental domain D = (DV , DE) and G = G̃/Γ. The functions w and α on G are induced by w̃
and α̃ respectively. Let

E0 ∶= [E(D, G̃)]
be the image of the connectivity edges on the quotient and V0 in the neighbourhood of E0. Define
by

G− ∶= G − E0 and G+ ∶= G −V0 ,

the corresponding edge and vertex virtualised graphs, respectively. Then

σ(∆G̃
α̃ ) ⊂

∣V(G)∣
⋃
k=1
[λk(∆G−

α− ), λk(∆G+
α+ )]´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=∶Jk

where the eigenvalues of σ(∆G−
α− ) and σ(∆G+

α+ ) are as in Corollary 2.4.16, i.e., are written in
ascending order and repeated according to their multiplicities.

Proof. By Theorem 3.4.2 we have

σ(∆G̃
α̃ ) = ⋃

β∈AD

σ(∆G
β ).
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Now, by the bracketing technique of Corollary 2.4.16, we have for any potential with
the lifting property β ∈ AD (cf., Definition 3.4.1):

λk(∆G−
α− ) ≤ λk(∆G

β ) ≤ λk(∆G
α+) for all k = 1, . . . , ∣V(G)∣ .

Therefore, by Equation (2.4.3)

σ(∆G̃
α̃ ) = ⋃

β∈AD

σ(∆G
α ) ⊂ ⋃

β∈AD

∣V(G)∣
⋃
k=1
[λk(∆G−

β− ), λk(∆G+
β+ )] ;

since β has the lifting property, Equation (3.4.1) implies that there exists χ ∈ Γ̂ such that:

eiβ[e] = χ (indD(e)) eiα̃[e] for all e ∈ E.

But for all e ∈ E ∖ E0 = E ∖ [E(D, G)] the index is trivial, i.e., indD(e) = 1Γ (see Re-
mark 3.2.6). Thus by Γ-periodicity, we obtain that βe = αe for oriented edge e ∈ E ∖ E0.
Since α and β are magnetic potentials acting on G, and G− = G̃ − E0 then α− = β−. Sim-
ilarly, for G+ = G −V0 with V0 in the neighbourhood of E0, we have that α+ = β+. We
obtain finally

σ(∆G̃
α̃ ) ⊂ ⋃

β∈AD

∣V(G)∣
⋃
k=1
[λk(∆G−

α− ), λk(∆G+
α+ )]´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=∶Jk

.

Note that the last union does not depend on any more of β, and this fact concludes the
proof.

Note that the bracketing intervals Jk depends on the fundamental domain D. A right
choice is one where the set of connecting edges is as small as possible, providing high
contrast between the interior of the fundamental domain and its boundary. In this case,
we have a good chance that the localising intervals Jk do not cover the full interval
[0, 2ρ∞]. This choice is a discrete geometrical version of a “thin–thick” decomposition
as described in [LP08a], where a fundamental domain of the metric and discrete graph
has only a few connections to its complement.

The next theorem gives a simple geometric condition on a magnetic weighted graph G
for the existence of gaps in the spectrum of the DML on the Γ-covering graph. We will
specify which edges and vertices should be virtualised in G to guarantee the existence
of spectral gaps. This result generalises Theorem 4.4 in [FLP18].

Corollary 4.1.13. Let G̃ = (G̃, α̃, w̃) be a Γ-periodic magnetic weighted graph. Denote by
G = (G, α, w) the quotient graph, where G = G̃/Γ with induced magnetic potential α and
induced weights w, respectively.

The spectrum of the DML has spectral gaps, i.e., σ(∆G̃
α̃ ) ≠ [0, 2ρ∞], if the following condition

holds: there exists a vertex v0 ∈ V(G) and a fundamental domain D such that the connecting
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edges [B(D, G̃)] contain no loops, [B(D, G̃)] ⊂ Ev0 and

δ ∶= ρ(v0)− ∑
e∈[B(D,G̃)]∩E−v0

we

w(∂+e) −
w([B(D, G̃)]∩ E−v0)

w(v0)
− λ1(∆G−

α− ) > 0 , (4.1.11)

where ρ(v0) = w(E−v0
))/w(v0) is the relative weight at v0 and G− = (G−, w−) with G− =

G − [B(D, G̃)].

Proof. By Theorem 4.1.12, we obtain

σ(∆G̃
α̃ ) ⊂

∣V(G)∣
⋃
k=1
[λk(∆G−

α− ), λk(∆G+
α+ )]´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=∶Jk

where
G− ∶= G − E0 and G+ ∶= G −V0.

the corresponding edge and vertex virtualised graphs, respectively, with E0 ∶= [E(D, G̃)]
and V0 = {v0}, then by the same arguments of the condition δ in Theorem 4.1.3 we
obtain the result.

In particular, the next criterion is a necessary condition to find spectral gaps for the
magnetic Laplacian on a periodic magnetic graph (with the standard or normalized
weights). So, under the same hypothesis of the previous corollary, we have the same
remark:

Remark 4.1.14.

(i) If the graph has the standard weights, the condition becomes:

δ = 1− ∑
e∈[B(D,G̃)]∩E−v0

1
deg(∂+e) −

∣[B(D, G̃)]∩ E−v0 ∣
deg(v0)

− λ1(∆G−
α− ) > 0 , (4.1.12)

where ∣[B(D, G̃)]∩ E−v0
∣ denote the cardinality of the set [B(D, G̃)]∩ E−v0

.
(ii) If we have the combinatorial weights, the condition becomes simply:

δ = deg(v0)− ∣[B(D, G̃)]∣− λ1(∆G−
α− ) > 0 . (4.1.13)

4.2 Examples

In this final section, we consider some examples of covering graphs used as models of
important chemical compounds, like the polyacetylene and the graphene nanoribbons.
The bracketing technique of Theorems 3.4.2 and 4.1.12 are used to localise the spectrum
bands and gaps of the infinite covering graphs under the action of a periodic magnetic
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potential α̃. In particular, we show the dependence of the spectral gaps on the periodic
potential α̃.

Let G̃ be a periodic graph. For simplicity, we consider here planar periodic magnetic
potentials α̃ with the property that the flux through all cycles on G̃ is constant and equal
to s for some s ∈ [0, 2π). Two magnetic potentials are cohomologous if and only if they
induce the same flux through all the cycles on the graph (see Lemma 1.3.2). Then, any
periodic α̃ function on the edges is identified with one unique value in s ∈ T. We call α̃ as
a constant magnetic field with value s. A similar analysis could be done for non-constant
magnetic potentials (just taking, for example, a fundamental domain that includes two
cycles with different magnetic flux in each of them).

Let G̃ = (G̃, w̃, α̃) be a periodic weighted graph with α̃ a constant magnetic field. The
graph G̃ models polyacetylene in Subsection 4.2.4 as well as nanoribbons with different
symmetries in Section 4.2.5. In order to study the spectrum σ(∆G̃

α̃ ), we will use the
results in Chapter 3 to obtain bracketing intervals localising the spectrum and showing
the existence of spectral gaps. In Subsection 4.2.1, we present some examples without
magnetic potential, i.e. α̃ ∼ 0 and in Subsection 4.2.2 following the same idea consider
the case of α̃ a constant magnetic potential.

4.2.1 Periodic graph without magnetic field

In this subsection, we include several applications of the methods developed before.
Our first example confirms using our simple geometric method the results by Suzuki
in [Suz13] on periodic graphs with pendants edges (Example 4.2.1). The other exam-
ples are more elaborate and include modelisation of polypropylene (Example 4.2.2) and
polyacetylene molecules (Example 4.2.3). This last example can be understood as an
intermediate covering of graphane and shows that the bracketing technique developed
here extends to a more general situation than the Z-periodic trees, i.e., to higher Betti
numbers of the quotient graphs.

Example 4.2.1. (Suzuki’s example). Consider the graph Tn consisting of the Z-lattice and
a pendant edge at every n-th vertex as decoration (see Figure 4.3) with standard weights
as in [Suz13]. It is easy to see that the tree Tn is maximal Abelian covering graph of
Gn, where Gn is just the cycle graph Cn decorated with an additional edge attached to
some vertex of the cycle (for example, see Figure 4.2 for G6) with the standard weights.
The graph Tn has spectral gaps, i.e., STn ≠ ∅, as Suzuki proves. Our analysis allows an
alternative and short proof: namely, by Corollary 4.1.6 we know thatMSGn ≠ ∅, since
Tn is a covering graph of Gn, we conclude by Theorem 4.1.10 that the Laplacian on Tn
has spectral gaps, i.e., Tn has not the full spectrum property.

Example 4.2.2. (Polypropylene). Consider the graph associated with a thermoplastic
polymer, the propylene or polypropylene. This structure consists of a sequence of carbon
atoms (white vertices) with hydrogen (black vertices) and the methyl group CH3. We
denote the periodic weighted graph of the propylene as G̃ = (G̃, 0, deg), see Figure 4.4A.
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v0 v1 vn−1 vn

w0 w1

vn vn+1 v2n−1 v2n

w2

FIGURE 4.3: The graphs in this figure are trees denoted as Tn.

The infinite graph G̃ is a covering graph of the bipartite graph denoted as G (see
Figure 4.4B). Again, by Corollary 4.1.6 we get that the set of magnetic spectral gaps is
not emptyMSG ≠ 0 and by Theorem 4.1.10 we conclude that the Laplacian on G̃ has
spectral gaps. We show how to apply the technique developed in this dissertation.

First, consider the set of edges E0 = {e1, e1}. Then, we have that V0 = {v1} is in the
neighbourhood of E0 (see Definition 4.1.2). Using the notation in Corollary 2.4.16 and
Theorem 4.1.10 we get that σ(∆G̃) ⊂ J, where J is a subset of [0, 2] (see Figure 4.4C).
Because of G is bipartite, by Proposition 1.6.3 we get σ(∆G̃) ⊂ κ(J) and, therefore, the
symmetry gives tighter localisation of the spectrum σ(∆G̃) ⊂ J ∩ κ(J).
But, the set V′0 = {v2} is also a neighbourhood of the previous set E0. Then, apply the
same argument as before for E0 and V′0 to obtain J′, κ(J′). Again we get that σ(∆G̃) ⊂
J′ ∩ κ(J′). We conclude that σ(∆G̃) ⊂ J ∩ κ(J)∩ J′ ∩ κ(J′). In fact, in Figure 4.4C, we see
that our technique give an excellent estimation for the spectrum.

The previous examples show the existence of spectral gaps in periodic trees covering
finite graphs with Betti number 1. In the next example, we show how to treat more
complex periodic graphs.

Example 4.2.3. (Polyacetylene) Consider the polyacetylene, that consists of a chain of
carbon atoms (white circles) with alternating single and double bonds between them,
each with one hydrogen atoms (black vertex). We denote this magnetic weighted graph
as G̃ = (G̃, 0, deg) and note that the graph G̃ it is not a tree (cf., Figure 4.5A). The main
question is compute σ(∆G̃), and we use Theorem 3.4.2. The graph G̃ is the covering
graph from G (see Figure 4.5B) which is bipartite and has Betti number 2. In this case,

σ(∆G̃) = ⋃
t∈[0,2π]

σ(∆G
αt)

where αt is a magnetic potential supported only in E0 = {e1, e1}with the property that
αt

e1
= t and αt

e1
= −t.

As in the previous examples, since we are interested only in the magnetic potentials α
supported on the set E0, then just define V0 = {v1} being in the neighbourhood of E0.
We can proceed as in the previous example to localise the spectrum within J ∩ κ(J) (see
Figure 4.5). In fact, our method works almost perfectly in this case, since we detect
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(A) The covering graph ̃G.

v2 v1

e1

(B) The quotient graph G.

0 1 2

J
κ(J)

J ∩ κ(J)
J′

κ(J′)
J′ ∩ κ(J′)

J ∩ κ(J)∩ J′ ∩ κ(J′)
σ(∆G̃)

(C)

FIGURE 4.4: Spectral gaps of polypropylene, model by the magnetic weighted
graph G̃ = ( ̃G, 0, deg). J is the spectral localisation of the pair G−E0 (where
E0 = {e1, e1}) and G − {v1}, and bipartiteness gives J ∩ κ(J) as localisation
set. Similarly, J′ is the spectral localisation of the pair G − E0 and G −
{v2}. Putting all this information together, we get the rather good spectral

localisation σ(∆G̃
) ⊂ J ∩ κ(J)∩ J′ ∩ κ(J′).

almost precisely the spectrum and also the spectral gap, i.e., we have the following
equality

J ∩ κ(J)∖ {1} = σ(∆G̃).

The graph G̃ corresponds to an intermediate covering with respect to the maximal
Abelian covering which, in this example, it is graphane. However, we cannot use Theo-
rem 4.1.10, but we can apply the bracketing technique to detect the spectral magnetic
gaps in G and hence spectral gaps in graphane. Just take E0 = {e1, e2, e1, e2} and V0 = {v1}
being in the neighbourhood of E0, we define the bracketing intervals J and κ(J) as before
(see Figure 4.6). Again, our method works almost perfectly since J ∩ κ(J)∖ {1} = σ(∆G̃).

4.2.2 Periodic graph with periodic magnetic potential

For the first illustration of the existence of spectral gaps for covering graphs with
periodic magnetic potential, we study the graph modelling polyacetylene.

Example 4.2.4. (Polyacetylene with magnetic potential.)
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(A) The covering graph G̃.
v1

e1

(B) The quotient graph G.

0 1 2

J
κ(J)

J ∩ κ(J)
σ(∆G̃)

(C) Spectral bands.

FIGURE 4.5: Spectral gaps of polyacetylene. In this example, the quotient
graph has Betti number larger than 1. Here, J is the spectral localisation
of the pair G − E0 where E0 = {e1, e1} and G − {v1}, and bipartiteness gives
again J ∩ κ(J) as localisation set. The spectral localisation J gives almost

exactly the actual spectrum of G̃, except for the spectral value 1.

As we said in the previous example, his compound is an organic polymer that consists
of a chain of carbon atoms (white circles) with alternating single and double bonds
between them, each with one hydrogen atoms (black vertex). We denote this MW-graph
as G̃ = (G̃, α̃, w̃), where G̃ is the graph in Figure 4.7A. The polyacetylene belongs to
the family of polymers, a chemical compound in long repeated chains modelled by
covering graphs. The importance of the application of a magnetic potential on the
polyacetylene is that the polymers have relevant electrical properties (see, e.g., [Chi12;
Shi01] and references therein). In particular, the polyacetylene is a simple polymer with
good electric conductance (cf., [EKN83]). In [FLP18] (as in the previous example) is
studied the spectrum of the Laplacian in the infinite polyacetylene graph without any
magnetic field. Applying the results of Section 3.4, we can now study the spectrum of
the DML in the polyacetylene graph under the action of a periodic magnetic potential,
in particular, the size and localisation of the spectral gaps. For the polyacetylene we
will prove the following facts:

• Fact 1. Let w be the standard weights and α̃ a constant periodic magnetic potential.
We show how to apply the bracketing technique to localise the spectrum for
a specific value of the magnetic potential (equal to s = π/2) and then, how the
bracketing intervals change as a function of α̃. We will show the existence of
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(A) The Graphane ̃G.

v1
e2

e1

(B) Quotient graph G.

0 1 2

J
J′

J ∩ J′

σ(∆G̃)

(C) Spectral bands

FIGURE 4.6: Spectral gaps of graphane. This graph is again an example
where the quotient graph has Betti number larger than 1. Here, J is the
spectral localisation of the pair G−E0 where E0 = {e1, e2, e1, e2} and G−{v1}

giving an excellent result for the actual spectrum of G (except for the
spectral value 1) again.

spectral gaps.
• Fact 2. Let w be the combinatorial weights and α̃ a periodic magnetic potential

(not necessarily constant). Using the condition on δ in Equation (4.1.6), we show
the existence of spectral gaps.

• Fact 3. Let w be the standard weights; we show the existence of periodic magnetic
spectral gaps, i.e., a spectral gap which is stable under any perturbation of the
constant periodic magnetic field.

Fact 1. We define a periodic magnetic potential α̃ acting as in Figure 4.7A, i.e., the
potential acts only on the cycles defined by the double bonds. Observe that the action of
any constant magnetic field on the polymer can be described by putting a suitable value
s for the magnetic potential as in Figure 4.7A. To be concrete, we put first the value
s = π

2
and want to specify the band/gap structure of the spectrum σ(∆G̃

α̃ ). The graph G̃
in Figure 4.7A is the infinite covering of the finite graph G in Figure 4.7B. This graph
is bipartite and has Betti number 2. In this case, if G = (G, α, w) with w the standard
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weights, we have by Theorem 3.4.2 that

σ(∆G̃
α̃ ) = ⋃

t∈[0,2π)

σ(∆G
αt),

where αt is a magnetic potential acting on the quotient graph G with αt(e1) = t, αt(e2) = s,
αt(e1) = −t, αt(e2) = −s and zero in all the other edges. Define E0 ∶= {e1, e1} and V0 ∶= {v1},
so that V0 is in the neighbourhood of E0 (see Definition 4.1.2). Then we construct G+

and G− as before virtualising edges and vertices, i.e., G− ∶= G − E0 and G+ ∶= G −V0
as in Figure 4.7C. The induced weights w− is defined as in Definition 2.4.8 and w+

as in Definition 2.4.13. Using the notation of the Corollary 2.4.16 and 4.1.12, we get
σ(∆G̃

α̃ ) ⊂ J ⊂ [0, 2], where J is the union of the localising intervals Jk (see Figure 4.7d for
the case of s = π/2). Since G is bipartite, we have the symmetry of spectrum under the
function κ(λ) = 2 − λ (cf., [LP08a], Proposition 2.3), hence we also have σ(∆G̃

α̃ ) ⊂ κ(J).
Therefore, the intersection gives a finer localisation of the spectrum, i.e., we obtain
finally σ(∆G̃

α̃ ) ⊂ J ∩ κ(J). In this example, our method works almost perfectly, since we
can determine almost precisely the spectrum:

J ∩ κ(J)∖ {1} = σ (∆G̃
α̃ ) .

In conclusion, given a covering graph G̃ with a periodic magnetic potential α̃ (see
Figure 4.7 for s = π/2), we were able to localise σ(∆G̃

α̃ ) just by specifying the localisation
of the spectrum is given by J ∩ κ(J) (and without computing explicitly the spectrum).
Obviously, J depends on α̃ and therefore of the value of s. Therefore for each value of
α̃ we can construct a bracketing J(α̃) of intervals for the spectrum of ∆G̃

α̃ and, since in
this case we have the reflection symmetry specified by κ and an additional interlacing
property of G− due to Cauchy’s theorem, we are able to give a much finer localisation
of the spectrum. In Figure 4.8 we plot the spectrum σ(∆G̃

α̃ ) of the DML as a function
of the periodic magnetic potential α̃ varying within the interval [0, 2π]. Here one can
appreciate how the size of the gaps and their localisation within the interval [0, 2]
changes as a function of the external magnetic field.

Fact 2. We have proved using the bracketing technique that the polyacetylene with
standard weights has spectral gaps for any constant periodic magnetic potential acting
on it. Now, if we consider the polyacetylene with combinatorial weight, we will prove
more easily the existence of spectral gaps for all periodic magnetic potentials (not
necessarily constant). Formally, let G = (G̃, α̃, w̃) be the periodic MW-graph where G̃ is
the polyacetylene (Figure 4.7A), w̃ are the combinatorial weights and α̃ any periodic
magnetic potential. Let G− as in Fact 1, but now w− are also the combinatorial weights.
First, we observe that λ1(∆G−

α− ) < 2, then we calculate δ from condition in Eq. 4.1.13, i.e.,

δ = deg(v1)− ∣[B(D, G̃)]∣− λ1(∆G−
α− ) > 4− 2− 2 = 0,

then by Corollary 4.1.13, we can assure the existence of spectral gaps. Observe we do
this without computing explicitly any eigenvalue and only using the geometry of the
graph.
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s

0

s

0

(A) Polyacetylene modelled by the covering graph ̃G.

v1 v2e2

e1

(B) The quotient graph G.

v1 v2e2

e1

v1 v2e2

e1

(C) The graph G− and the graph G+.

0 1 2

J
κ(J)

J ∩ κ(J)
σ(∆G̃

α̃ )

(D) Spectral bands.

FIGURE 4.7: Spectral gaps of the polyacetylene graph for a constant magnetic
potential α̃ = π/2. Here, J is the spectral localisation for the pair G − E0
where E0 = {e1, e1} and G − {v1}. Bipartiteness gives a finer localisation
J ∩ κ(J). In this case, we obtain the spectrum almost exactly, except for the

spectral value 1.
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FIGURE 4.8: The horizontal axis represents the values of the magnetic
potential α̃ ∈ [0, 2π) acting on the polyacetylene polymer with standard
weights. For any fixed α̃ we obtain the intervals J given by the bracketing
technique as we did in the case α̃ = π/2 in Figure 4.7 (and also using the
symmetry given by the bipartiteness). In the vertical axis, we represent the

spectral bands and gaps for each constant value α̃.

Fact 3. Our method of virtualising suitable edges and vertices allows proceeding also
alternatively. Define now E1 ∶= {e1, e2, e1, e2} and V1 ∶= {v1} so that V1 is a neighbour-
hood of E1 (see Definition 4.1.2). We construct as usual the MW-graphs G+1 and G−1
setting G+1 = G − E1 and G−1 = G −V1 as in Figure 4.9 and inducing the weights as in
Definition 1.1.4 and 2.4.13 (observe that in this case G+1 = G+). Using the notation of
the Corollary 2.4.16 and Theorem 3.4.2, we observe now that the spectral localisation
intervals do not depend on the periodic magnetic potential. In fact, using the same idea
that before we obtain

σ(∆G̃
α̃ ) ⊂ [0, 3/4]∪ [5/4, 2] for all periodic constant magnetic potential α̃,

in particular, (3/4, 5/4) is a spectral gap which is stable under any perturbation by the
magnetic field. Finally, we note that if the magnetic potential has a constant value equal
to π, then the spectrum degenerates to four eigenvalues with infinity multiplicity, i.e.,
the gaps consist of the whole interval [0, 2] except for the four eigenvalues. In this case,
the polyacetylene becomes essentially an insulator under the influence of this particular
value of the magnetic field.

Example 4.2.5. (Graphene nanoribbons)

In this example, we will apply our method to study the example of the graphene
nanoribbons (GNRs), also known as nano-graphene ribbons or nano-graphite ribbons.
These are strips of graphene with semi-conductive properties which are very promising
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v1 v2e2

e1

v1 v2e2

e1

FIGURE 4.9: Using this graph G−1 and G+1 , we can find spectral gaps in
common for all periodic magnetic potential α̃ acting on the polyethylene,

represented by the covering graph G.

FIGURE 4.10: Two structures of the graphene nanoribbons: armchair and
zigzag. These structures are covering graphs only in one direction.

as nano-electronic devices (see, e.g., [SCB09]). One of the most interesting fields of
research of the nanoribbons is the energy gaps as a function of their widths. We refer,
for example [SCL06]. The GNRs repeat their geometry structure in two different ways
and can be represented as Z-covering graphs (see Figure 4.10).

(i) The first variant is called armchair nanoribbon with a width equal to Na and
denoted as Na-aGNR (see Figure 4.10). Consider, for example, the case of a 3-aGNR
which has a similar structure as the poly-para-phenylene (PPP), one of the most
important conductive polymers. Let G̃ = (G̃, α̃, w̃) the MW-graph with standard
weights where G̃ the Z-covering graph representing the 3-aGNR and α̃ a constant
(periodic) magnetic potential, the idea will be using the bracketing technique to
localise σ(∆G̃

α̃ ) and we proceed as in the previous examples. Figure 4.11A is the
finite quotient graph G = G̃/Z. Define in this case E1 = {e1, e1} and V1 = {v1} so
that V1 is a neighbourhood of E1 (see Definition4.1.2). We construct G+1 and G−1 as
before: G+1 = G − E1 and G−1 = G −V1 (cf., Figure 4.11B). The weights are induced
as in Definitions 1.1.4 and 2.4.13. Using again the notation of the Corollary 2.4.16
and Theorem 3.4.2 we obtain now a spectral localisation J that depends on α̃.
Finally, in Figure 4.11C, we plot the spectral bands and gaps specified by J for the
different values of the magnetic field within the interval [0, 2π]. Observe that in
this case, we do not have a spectral gap common to all values of α̃ (as we had for
the polyacetylene).
A similar analysis could be done for any Na-aGNR under the action of any periodic
magnetic potential, and the bracketing technique will give good estimates of the
intervals where the spectrum lies.
Also, observe that for the combinatorial weights, we can show the existence of
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spectral gaps using the condition of Eq. 4.1.13 as in Fact 2 in the polyacetylene
example. We have in this case,

δ = deg(v1)− ∣[B(D, G̃)]∣− λ1(∆G−
β− ) > 3− 2− 1 = 0.

(ii) The second variant is the so-called zigzag nanoribbon with a width equal to Nz
are denoted as Nz-zGNR (see Figure 4.10). Consider G = (G, α, w) the MW-graph
with standard weights and G̃ is the graph given by the zigzag nanoribbons for a
fixed Nz, and α̃ ∼ 0 acting on G̃. In this case, our spectral localisation method does
not specify spectral gaps (i.e., the spectral bands overlap). The reason is that for
any width Nz the spectrum of the zigzag nanoribbons satisfies σ(∆G̃

0 ) = [0, 2], i.e.,
in this case, there are no spectral gaps. This fact is also confirmed by our method.
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v1
e1

(A) The quotient graph G of 3-aGRN.

v1
e1 v1

e1

(B) The graph G− and the graph G+ .

(C) Spectral bands and gaps as a function of the constant (periodic) magnetic potential α̃.

FIGURE 4.11: Spectral gaps of 3-aGNR for a constant magnetic potential
α̃ = s. Here, J is the spectral localisation of the pair G− {e1, e1} and G− {v1},
bipartiteness (and interlacing) gives again the bracketing J as localisation

set.
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5
Application II: Isospectral graphs

Since Weyl’s seminal article in 1912 [Ivr16; Wey12] on the asymptotic distributions of
eigenvalues of the Laplacian on a compact Riemannian manifold and, in particular, since
Kac’s celebrated article Can you hear the shape of a drum? [Kac66], the relation between
the spectrum of the Laplacian and the geometric properties of the underlying space
has been addressed from many different perspectives. The first example of two non-
isomorphic compact Riemannian manifolds whose Laplacian operators have exactly
the same eigenvalues was constructed by Milnor using 16-dimensions [Mil64]. The
two-dimensional remained open until 1992 (cf. [GWW92]). For a survey on the variety
of techniques used in the inverse spectral problems, we refer to [LR15]. In general, the
construction of non-isomorphic structures (Riemannian manifolds, quantum graphs or
discrete graphs) with isospectral Laplacians (or other natural operators) has been a very
fruitful mathematical question with many applications. Recall that two linear operators
with discrete spectrum are called isospectral (or cospectral), if their spectrum coincides,
i.e., they have the same eigenvalues with the same multiplicity. One of the most widely
used techniques is Sunada’s method for constructing isospectral manifolds [Sun85].
Some construction for isospectral quantum graphs are presented in [BPB09]. Finally, for
some application of the isospectrality, we refer [AYY13] and [Row91].

In this chapter, isospectrality refers to the spectrum of their discrete magnetic Laplacian of
the corresponding MW-graphs. We will present a geometric method for the construction
of isospectral graphs with normalized weights and a magnetic potential acting on it.
More precisely, we find Gi = (Gi, αi, wi) and Gj = (Gj, αj, wj) two magnetic weighted
graphs, such Gi and Gj are two non-isomorphic graphs, but theirs discrete magnetic
Laplacians (with normalized weights) satisfy

σ(∆Gi
αi
) = σ(∆Gj

αj
) .

We will use the geometric and spectral preorders introduced in Sections 2.1 and 2.2 in
the construction of the isospectral graphs. Moreover, an infinite number of isospectral
pairs of graphs are labelled by different partitions of natural numbers. First, it will be
necessary to construct families of MW-graphs with certain geometrical and spectral
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properties. Then, we chose two s-partitions of a natural number r. An s-partition of
r is a way to write r as a sum of s positive integer, i.e., by decomposition r into two
different sums with the same number of summands equal to s. We obtain two different
s-partitions of the number r:

r = a1 + . . . as = b1 + . . . bs ,

if at least a pair of a-summands is different from a pair of b-summands. In the previous
chapters of the present dissertation, given a magnetic weighted graph (MW-graph
for short) of order n, the spectrum of the discrete magnetic Laplacian was denoted by
σ(∆G) = {λ1, . . . , λn}where the eigenvalues are written in ascending order and repeated
according to their multiplicities. In this chapter, we will not follow this convention.
Instead, it will be more useful to write the spectrum as a multiset in order to control the
effect of the geometric operations on the spectra of the corresponding graphs.

To finish this short motivation, let us also mention also why the choice of normalized
weights, e.g., standard weights, is particularly interesting. In the next table taken
from [BG11] (see also [HS04a]) the number of graphs with an isospectral mate are
shown for different types of Laplacians: for the combinational Laplacian, the signless
(combinatorial) Laplacian and for the normalized Laplacian. The underlying graphs are
simple and have up to nine vertices.

No. vertices No. graphs Combinatorial Signless Normalized
1 1 0 0 0
2 2 0 0 0
3 4 0 0 0
4 11 0 2 2
5 34 0 4 4
6 156 4 16 14
7 1044 130 102 52
8 12346 1767 1201 201
9 274668 42595 19001 1092

Observe that as the order of the graph increases, the number of isospectral graphs for the
normalized Laplacian is clearly lower than in the case of Laplacians with other weights.
Many of the isospectral mates are found by computer programs that list the number
of simple graphs with a fixed (and small) number of vertices and, then, determine the
spectra of the corresponding Laplacians by hand. Given the huge complexity of graphs
as the order increases it is clear that this strategy is limited. Few constructions are
known for determining isospectral graphs for the normalized Laplacian. We present in
this chapter a new geometrical construction leading to an infinite collection of families
of graphs, where all the elements in each family are (finite) isospectral non-isomorphic
graphs for the magnetic Laplacian with normalized weights. The construction is based
on the the preorder of graphs introduced in Chapter 2. Moreover, the parametrization of
the isospectral graphs in each family is given by a number theoretic notion: the different
partitions of a natural number.
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In this chapter, we will work with magnetic graphs with normalized weight (for ex-
ample, the standard weights), because for the construction, it will be necessary the
interlacing properties of the eigenvalues when we identify or glue some vertices, e.g.,
see the spectral interlacing in Corollary 2.4.6.

5.1 A motivating class of examples

We begin this chapter by defining the disjoint union of MW-graphs as follows: Consider
G1 = (G1, α1, w1) and G2 = (G2, α2, w2) two magnetic weighted graphs, the disjoint union
of the MW-graphs denoted as G = G1

⋅∪G2 is the magnetic weighted graph G = (G, α, w)
where G = G1

⋅∪G2 is the disjoint union of graphs (defined in Subsection 1.1.2 ), the
magnetic potential α↾E(Gi)

= αi and weights w↾Gi = wi for i = 1, 2.

Now, we present a class of examples of non-isomorphic isospectral graphs that motivate
the geometric construction formalised later. For simplicity, we will refer in this section
to the standard Laplacians with magnetic field equal to zero, i.e., consider the next
family of weighted magnetic graphs {Gi}i∈N where Gi = (Gi, 0, deg) with Gi are rooted
diamond graphs specified in Figure 5.1. The root (distinguished vertex) is coloured in
green and will be needed for constructing the isospectral graphs.

G1 G2 G3 G4 G5 G6

FIGURE 5.1: The family of diamond graphs Gi for i ∈N. Each graph Gi has
a root vertex (in colour green).

Note that the family of graphs in Figure 5.1 has a high degree of symmetry, and this
fact is reflected in the spectrum through eigenvalues with high multiplicity. The idea of
the construction is to take this family of graphs as a frame which can be geometrically
manipulated to produce new non-isomorphic graphs that preserve most of the eigen-
values of the initial frame. We will be able to control the spectrum of the new graphs
thanks to the preorder relations studied in Chapter 2. The geometric operations will be
described by different s-partitions of a natural number r ∈N.

To be concrete, let us begin by specifying two isospectral graphs out of the family of
rooted diamonds given in Figure 5.1. Consider, for example, the following two different
2-partitions of the number 5: A = [1, 4] and B = [2, 3], i.e.,

5 = 1+ 4 = 2+ 3 .

Then, we construct the following magnetic graph associated with the first partition
G(A) as follow: The first graph is constructed from the elements labelled by [1, 4] in the
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family of diamond graphs in Figure 5.1 . Consider the MW-graph G1
⋅∪G4 that is the

disjoint union of the magnetic weighted graphs G1 and G4. Let ∼A be the equivalence
relation on V(G1

⋅∪G4) that identifies (or glues) the set of two green root vertices of the
graphs G1 and G4. Then, we define G(A) ∶= (G1

⋅∪G4) /∼A, i.e., the MW-graph G(A) is
made by glueing the roots of G1 and G4. Similarly, we can construct the second MW-
graph G(B) ∶= (G2

⋅∪G3) /∼B where ∼B is the equivalence relation on V(G2
⋅∪G3) that

identifies (or glues) the roots of G2 and G3. The graphs G(A) and G(B) are represented
in Figure 5.2.

G(A) G(B)

FIGURE 5.2: The graphs G(A) and G(B) are isospectral but not isomorphic
magnetic weighted graphs.

An explicit computation of the eigenvalues of the corresponding Laplacian with stan-
dard weights and α = 0 shows that both MW-graphs G(A) and G(B) are isospectral,
concretely, their eigenvalues are the following:

[0, 1− 1√
2

, 1(4), 1+ 1√
2

, 2] .

Moreover, it is clear that they are not isomorphic, because G(A) has a pendant vertex
while G(B) has no vertex of degree 1.

The important feature of the preceding example is the partition of a natural number that
selects the diamonds that will be identified. In fact, there are many more isospectral
graphs that can be constructed from the family of rooted diamonds {Gi}i∈N. Given A a
general s-partition of r ∈N, it will be convenient to define it as a multiset of natural num-
bers (that can be repeated) and with sum r (for a formal definition see Definition 5.2.1):

A = [a1, a2, . . . , as] with
s
∑
i=1

ai = r.

The size of the partition A is the number s (which is its cardinality as a multiset) and we
say that A is an s-partition of r. Note that s ≤ r.

Given s, r ∈N with s ≤ r and let A, B be two s-partition of the number r. Consider the
graph ⋃̇

i∈A
Gi, i.e., the disjoint union of graphs labelled by the partition A. Let ∼A be the
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equivalence relation defined on V(⋃̇
i∈A

Gi) that identifies all the root (green) vertices of

the graph into one vertex. Finally, define the MW-graph G(A) ∶= (⋃̇
i∈A

Gi)/∼A. Similarly,

the graph G(B) = (⋃̇
i∈B

Gi)/∼B consists of the disjoint union of ⋃̇
i∈B

Gi, where the roots are

glued together. We will show in the next section that G(A) and G(B) are isospectral.

Example 5.1.1. Consider the following 4-partitions of the number 8: A1 = [1, 1, 1, 5],
A2 = [1, 1, 2, 4], A3 = [1, 1, 3, 3], A4 = [1, 2, 2, 3] and A5 = [2, 2, 2, 2]. For each partition Ai
with i = 1, 2, . . . , 5 construct the MW-graphs G(Ai) as previous, i.e.,

G(Ai) ∶= (⋃̇
j∈A

Gj)/∼Ai

where each equivalence relation ∼Ai identifies the green roots of the graph V(⋃̇
j∈A

Gj) into

one vertex.

In Figure 5.3 we present the five different graphs G(Ai), for i = 1, . . . , 5, where Ai
correspond to 4-partitions of the number 8.

G(A1) G(A2) G(A3)

G(A4) G(A5)

FIGURE 5.3: The graphs G(Ai) defined by the partition Ai, where A1 =

[1, 1, 1, 5], A2 = [1, 1, 2, 4], A3 = [1, 1, 3, 3], A4 = [1, 2, 2, 3] and A5 = [2, 2, 2, 2].

An explicit calculation of the eigenvalues of the Laplacian of G(Ai) shows that the
graphs are isospectral for all 1 ≤ i ≤ 5 and mutually non-isomorphic. More concrete,
their eigenvalues are:

⎡⎢⎢⎢⎢⎣
0,(1− 1√

2
)
(3)

, 1(5),(1+ 1√
2
)
(3)

, 2
⎤⎥⎥⎥⎥⎦

.
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Finally, we need to show that the MW-graphs G(Ai) in Figure 5.3 are non-isomorphic
graphs. We use its degree sequence.

Let G be a graph with n vertices and degrees d1 ≤ d2 ≤ ⋅ ⋅ ⋅ ≤ dn, then the n-tuple
(d1, d2, . . . , dn) is called the degree sequence of G. Note that this sequence is unique, even
if G has several vertex enumerations. The degree sequence is a graph invariant, so
isomorphic graphs have the same degree sequence. Then, in the examples mentioned
above the degree sequence of the graphs G(Ai) are the following:

Graph Degree sequence
G(A1) (1, 1, 1, 2, 2, 2, 2, 2, 2, 2, 2, 5, 8)
G(A2) (1, 1, 2, 2, 2, 2, 2, 2, 2, 2, 2, 4, 8)
G(A3) (1, 1, 2, 2, 2, 2, 2, 2, 2, 2, 3, 3, 8)
G(A4) (1, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 3, 8)
G(A5) (2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 8)

Each degree sequence is different, then the MW-graphs G(Ai) are non-isomorphic.
Observe that each partition Ai is contained in its degree sequence (the bold numbers).
Since the construction is based on different partitions of the same number, the resulting
graphs must be non-isomorphic too.

5.2 Geometric construction of isospectral graphs and par-
titions of a natural number

To formalise the geometric method illustrated in the class of examples above and to
prove our main theorem, first, we need to fix some notion. Given a countable family of
graphs, two fundamental properties of this family on which the method is based are
called Λ-spectral and Λ-geometric (see Definitions 5.2.5 and 5.2.10 below). Here Λ ⊂R+
is a finite subset of non negative real numbers. Each element of the set Λ will appear
as an eigenvalue with constant multiplicity in the different spectra associated with the
Laplacians of the constructed graphs. The geometric property of the family of graphs is
related to the geometric preorder ⊑ studied in Chapter 2.

We begin introducing the notion of a multiset and specify some elementary operations
on them. It will be convenient to simplify the reasoning later to denote multisets in
different ways.

Definition 5.2.1. A multiset is an ordered pair (A, m)where A is a set and m∶A →N a
function on A. If A = {a1, a2, . . . , as}, then the multiset is also denoted as

(A, m) = [am(a1)
1 , am(a2)

2 , . . . , am(as)
s ]

= [a1, . . . , a1´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
m(a1)

, a2, . . . , a2´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
m(a2)

, . . . , as, . . . , as´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
m(as)

] .

The function m counts the number of occurrences of each element of the set A. The map
m is called the multiplicity or characteristic value.
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Let (A, mA) and (B, mB) be two multisets. We say that (A, mA) is a multisubset of (B, mB)
if A ⊂ B and mA(x) ≤ mB(x) for all x ∈ A, and we will denote this by (A, mA) ⊂ (B, mB).
If (A, mA) ⊂ (B, mB) and (B, mB) ⊂ (A, mA), then we say that the multisets are equal and
denoted this by (A, mA) = (B, mB).
The sum of two multisets is defined as (A, mA) ⊎ (B, mB) = (A ∪ B, mA ⊎mB), where
mA ⊎mB ∶= mA1A +mB1B and 1A is the indicator function for the set A, i.e., 1A(x) = 1 if
x ∈ A, and 0 otherwise.

The multiset (A, mA) is called a constant multiset if all of its objects occur with the same
multiplicity, i.e., there is an i ∈N such that the multiplicity function mA∶A →N is given
by mA(x) = i for all x ∈ A. We denote these constant multisets simply as A(i). With this
notation, a simple calculation shows that the sum of constant multisets gives us a new
constant multiset, i.e., A(i) ⊎ A(j) = A(i+j). We define A(0) ∶= ∅. Constant multisets will
often appear as spectra of Laplacians associated with graphs resulting from geometric
operations.

The cardinality of the multiset is the sum of the multiplicities of all its elements, i.e.,
given (A, mA) its cardinality is ∣(A, mA)∣ = ∑

x∈A
mA(x). In particular, if the multiset is

constant then ∣A(i)∣ = i∣A∣ where ∣A∣ is the cardinality of the set A. Moreover, if A is
an s-partition of the number r, then the cardinality of the partition A as a multiset is
denoted as the size of the partition: s.

Definition 5.2.2. An s-partition of a positive integer r is a multiset A of natural numbers
with sum r, i.e.,

A = [a1, a2, . . . , as] such that
s
∑
i∈1

ai = r ,

The number s is named the size of the partition.

As mentioned above, it will be convenient for the proof of isospectrality property to
denote the spectrum of the Laplacian also as a multiset.

Notation 5.2.3. Let G = (G, α, w) be a magnetic weighted graph, in this chapter we
denote the spectrum of the discrete magnetic Laplacian ∆G as the multiset σm(G),
where σ(G) is the set of eigenvalues of ∆G and m the multiplicity of each eigenvalue,
i.e., m∶σ(G)→N.

The following result will be important in the development of the method to construct
the isospectral graphs.

Lemma 5.2.4. Let G = (G, α, degG) and G = (G′, α′, degG′) two finite magnetic weighted
graph such that G′ = G/∼ for some equivalence relation ∼ on V(G) and α = α′. If λ is an
eigenvalue of the Laplacian on G with multiplicity k, then λ is an eigenvalue of the Laplacian
on G′ with multiplicity at least k − s, where s = ∣G∣− ∣G′∣ (with the convention that if k < s, the
multiplicity is zero).
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Proof. Suppose that ∣G∣ = n and write the spectrum of the discrete magnetic Laplacian
∆G

α of G as follow:

σ(G) = σ(∆G
α ) = (λ1(G), λ2(G), . . . , λn(G))

where the eigenvalues are written in ascending order and repeated according to their
multiplicities, in a similar way ∣G′∣ = n − s and we denote the spectrum of ∆G′

α′ of G′ as
follow:

σ(G) = σ(∆G′
α′ ) = (λ1(G′), λ2(G′), . . . , λn−s(G′)) .

Applying s-times the Corollary 2.4.6 (i), we obtain that

G
0≼ G′

s≼ G . (5.2.1)

But, the eigenvalue λ ∈ σ(G) have multiplicity k, i.e., there exists i ∈ {1, 2, . . . , n} such
that λ = λi(G) = λi+1(G) = ⋅ ⋅ ⋅ = λi+k−1(G)with i + k − 1 ≤ n. Therefore, using Eq. (5.2.1),
we obtain the inequalities

λ = λi+j(G) ≤ λi+j(G′) ≤ λi+j+s(G) = λ for all j ∈ {0, 1, . . . , k − s − 1}

hence λ = λi+j(G′) for all j ∈ {0, 1, . . . , k − s − 1}, and we have proved that λ is an
eigenvalue of the Laplacian on G′ with multiplicity at least k − s.

Let G ∶= {Gi ∣ i ∈N} be a discrete family of magnetic graphs and r ∈N. Consider A an
s-partition of r, we define the next magnetic weighted graph given as the disjoint union
of the graphs labelled by the integers specifying the partition:

G(A) ∶= ⋃̇
i∈A

Gi . (5.2.2)

Moreover, if ∼A is an equivalence relation on the set of vertices V(G(A)), we define the
MW-graph G(A,∼A) ∶= G(A)/∼A (see Subsection 2.4.2).

We introduce the first important property of a family of graphs to qualify as a frame for
constructing isospectral graphs. This property says that the different members of the
family have a common degree of symmetry; hence, the difference in the spectra of the
Laplacians of distinct members of the family is reflected only in the multiplicity of a
fixed set Λ.

Definition 5.2.5. Let G ∶= {Gi ∣ i ∈ N} be a countable family of magnetic graphs and
Λ ⊂R+ a finite set of non negative real numbers. The family G is Λ-spectral if

σmi(Gi) = σm1(G1)⊎Λ(i−1) for all i ∈N , (5.2.3)

where the equality is understood as multisets.

Before continuing the analysis, let us check that Λ-spectrality is verified for two impor-
tant infinite families of graphs. For simplicity, in the following two examples, we will
set the magnetic potential α = 0.
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Example 5.2.6. Let G = {Gi}i∈N be a family of MW-graphs Gi = (Gi, 0, deg) where Gi
are the diamond graphs specified in Figure 5.1. In this case we have

σm1(G1) = [0, 1, 2] , and

σmi(Gi) = [0(1), 1(i), 2(1)] = [0, 1, 2]⊎ [1(i−1)] , i = 2, 3, . . .

Defining the set Λ ∶= {1}, we have

σmi(Gi) = σm1(G1)⊎Λ(i−1) for all i ∈N .

In conclusion, G is a Λ-spectral family of graphs.

Example 5.2.7. Consider G′ = {G′i} the family of MW-graphs, where G′i = (G′i , 0, deg)
and G′i are the star graphs given in Figure 5.4. Let i = 1, 2, 3, . . . , then for each star Gi,
we will distinguish i roots vertices corresponding to the degree one vertices and colour
them in red.

G′1 G′2 G′3 G′4 G′5 G′6

FIGURE 5.4: The family of MW-graphs G′ = {G′i}, where G′i = (G
′
i , 0, deg)

and G′i are the rooted family of star graphs in the figure.

It is straightforward to show that the spectrum of this family of MW-graphs are the
following:

σm1(G
′
1) = [0, 1, 2] , and

σmi(G
′
i) =
⎡⎢⎢⎢⎢⎣
0,(1− 1√

2
)
(i−1)

, 1,(1+ 1√
2
)
(i−1)

, 2
⎤⎥⎥⎥⎥⎦

= [0, 1, 2]⊎
⎡⎢⎢⎢⎢⎣
(1− 1√

2
)
(i−1)

,(1+ 1√
2
)
(i−1)⎤⎥⎥⎥⎥⎦

, for all i = 2, 3, . . .

Therefore, if we define the set Λ ∶= {1− 1√
2

, 1+ 1√
2
}, then

σmi(G
′
i) = σm1(G

′
1)⊎Λ(i−1)

1 for all i ∈N

hence, the family G′ is Λ-spectral.

Consider A and B two s-partitions of r, defining the disjoint union of graphs as in
Eq. (5.2.2) for each partition. The following result shows that if G is Λ-spectral, then the
graphs constructed are isospectral. This is the first step towards the proof of the main
result.
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Lemma 5.2.8. Let G ∶= {Gi ∣ i ∈ N} be a discrete family of magnetic graphs and Λ ⊂ R+ a
finite set. Consider r ∈N and A and B two s-partitions of r.

If G is Λ-spectral and define

G(A) ∶= ⋃̇
i∈A

Gi , G(B) ∶= ⋃̇
i∈B

Gi ,

then the MW-graphs G(A) and G(B) are isospectral.

Proof. The family G(A) is the disjoint union of some MW-graphs, and their correspond-
ing Laplacians decompose as a direct sum of Laplacians of each Gi and, therefore

σm(G(A)) = σm(⋃̇
j∈A

Gj) = ⊎
j∈A

σmj (Gj)

= ⊎
j∈A
(σm1(G1)⊎Λ(i−1))

= (σm1(G1))
(s) ⊎Λ(r−s) , (5.2.4)

where for the last equation, we have used the elementary properties of multisets men-
tioned before. Now, since the last equation only depends on the s-partition, then we can
repeat the computation for the MW-graph G(B), and we obtain

σm(G(B)) = ⊎
j∈B
(σm1(G1)⊎Λ(i−1)) = (σm1(G1))

(s) ⊎Λ(r−s) .

Both equations show that both MW-graphs are isospectral.

Remark 5.2.9. Note that the proof of the previous result, already allows counting the
number of eigenvalues of magnetic Laplacian associated with the graph G(A):

∣σm(G(A))∣ = ∣G(A)∣ = s∣G1∣+ (r − s)∣Λ∣ . (5.2.5)

The second important notion for the construction of isospectral graphs is based on the
geometric preorder ⊑ introduced in Definition 2.1.1 of Section 2.1.

Definition 5.2.10. Let G = {Gi ∣ i ∈N} be a countable family of magnetic graphs. We say
that G is geometric if there exists a family of magnetic weighted graphs G′ = {G′i ∣ i ∈N}
with the following properties: for any s, r ∈N with s ≤ r and for any s-partition A of r,
there is an equivalence relation ≈A on the vertex set V(G′r) and an MW-homomorphism
from G(A) = ⋃̇

i∈A
(Gi) into the quotient graph, i.e., G(A) is geometrically smaller than

the quotient
G(A) ⊑ G′r/≈A

with ∣G′r∣− ∣G(A)∣ = r − s.

If, in addition, the family G′ is also Λ-spectral for some finite set Λ ⊂R+, we say that G
is Λ-geometric.
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Under the hypothesis of Definition 5.2.10, in particular,

G(A) ⊑ G′r/≈A

and by Proposition 2.1.4 (iii) there exist ∼A an equivalence relation on V(G(A)) such
that

G(A,∼A) ∶= G(A)/∼A ≅ G′r/≈A ,

and ∣G(A)∣− ∣G(A,∼A)∣ = s − 1.

We show next a class of graphs having the property of being Λ-geometric. Again, for
simplicity, we will assume that the vector potential fulfils α = 0.

Example 5.2.11. Let G = {Gi} be a family of MW-graphs Gi = (Gi, 0, deg)where Gi are
the rooted diamonds graphs given in Figure 5.1. We will show that G is Λ-geometric.
For prove it, we use the family of rooted star graphs G′ = {G′i} defined in Figure 5.4. Let
s, r ∈N with s ≤ r and consider A any s-partition r. We will show that

G(A) ⊑ G′r/≈A

for some ≈A in V(G′r) with ∣G′r∣ − ∣G(A)∣ = r − s. Observe that the vertices of the stars
V(G′r) contain r pendant vertices (with degree 1) which we have distinguished as roots
and marked with red in Figure 5.4. Numerate the set the roots as V0 = {v1, v2, . . . , vr}.
Based on the partition A = [a1, a2, . . . , as] we construct a partition the set of roots V0 into
s disjoint sets

Vk ∶= { v ∈ V0 ∣ v = vak−1+1, vak−1+2, . . . , vak−1+ak } , for all 1 ≤ k ≤ s

with the convention that a0 = 0. Let ≈A be the equivalence relation on V(G′r) that glues
all the vertices of the set Vk into a single one denoted as [vk]. Since

G(A) ⊑ G′r/≈A ,

we define the MW-graph homomorphism φ∶G(A)→ G′r/≈A that takes each green vertex
of Gk into the vertex [vk] for all 1 ≤ k ≤ s. Note that the quotient graph G′r/≈A has order
∣G′r∣ − ∣G(A)∣ = r − s. Moreover, the Example 5.2.6 shows that G′ is Λ2-spectral with
Λ2 = {1}, therefore G is Λ2-geometric. Finally, the equivalence relation ∼A is just the
identification of the green vertices of the family of magnetic graphs in Figure 5.1.

We arrive finally to the main result in this chapter.

Theorem 5.2.12. Let G = {Gi ∣ i ∈N} be a countable family of magnetic graphs, Λ1, Λ2 ⊂R+
be two disjoint sets satisfying Λ1 ⊂ σ(G1) and ∣Λ2∣ = ∣G1∣ − 1. Let r ∈ N and A, B are two
s-partitions of r.

If G is Λ1-spectral and Λ2-geometric, then

G(A,∼A) and G(B,∼B) are isospectral.
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Proof. In this proof, we will count the number of eigenvalues always taking the multi-
plicities into account. We divide the proof into two steps that exploit the properties of
being Λ1-spectral and Λ2-geometric.

i) Suppose that A, B are s-partitions of r and G is Λ1-spectral. Then by Eq. (5.2.4) we
have

σm(G(A)) = (σm1(G1))
(s) ⊎Λ(r−s)

1

= (σm1(G1)∖Λ(1)1 )
(s)
⊎Λ(s)1 ⊎Λ(r−s)

1

= (σm1(G1)∖Λ(1)1 )
(s)
⊎Λ(r)1 .

In particular, σm(G(A)) has s∣G1∣ + ∣Λ1∣(r − s) eigenvalues and the equivalence rela-
tion ∼A is such that ∣G(A)∣ − ∣G(A)/∼A∣ = s − 1, then by s − 1 iterative application of
the Corollary 2.4.6 we obtain

G(A) 0≼ G(A)/∼A
s−1≼ G(A) .

Then, by Lemma 5.2.4, any eigenvalue λ in the spectrum of the magnetic Laplacian
acting on the MW-graph G(A) with multiplicity k, appears as an eigenvalue λ of the
DML of the magnetic graph G(A)/∼A with multiplicity k − s + 1 (for the case k ≥ s − 1).
Therefore, we obtain

σm(G(A,∼A)) ⊃ (σm1(G1)∖Λ(1)1 )
(s−(s−1))

⊎Λ(r−(s−1))
1

= (σm1(G1))⊎Λ(r−s)
1 . (5.2.6)

Moreover, we know the graph G(A,∼A) has ∣G1∣+ (r − s)∣Λ1∣ eigenvalues.

ii) Since G is also Λ2-geometric, there exists a family G′ of MW-graphs with the proper-
ties given in Definition 5.2.10, i.e.,

σm′r(G
′
r) = σm′1

(G′1)⊎Λ(r−1)
2 ,

and, therefore, for the equivalence relation ≈A, we have ∣G′r∣ − ∣G′r/≈A∣ = r − s. This
implies

G′r
0≼ G′r/≈A

r−s≼ G′r
and, by Lemma 5.2.4, it follows that any eigenvalue with a multiplicity r − 1 in G′r has
multiplicity at least (r − 1)− (r − s) in G′r/≈A. It follows that

σm′r(G
′
r/≈A) ⊃ Λ(r−1−(r−s))

2 = Λ(s−1)
2 ,

and since G(A)/∼A ≅ G′r/≈A, we finally obtain

G(A)/∼A ⊃ Λ(r−1−(r−s))
2 = Λ(s−1)

2 . (5.2.7)



5.2. Geometric construction of isospectral graphs and partitions of a natural number111

Taking into account the inclusions given in Eqs. (5.2.6) and (5.2.7) and since Λ1 and Λ2
are disjoint we obtain

σm(G(A,∼A)) ⊃ (σm1(G1))⊎Λ(r−s)
1 ⊎Λ(s−1)

2 . (5.2.8)

Hence we have identified ∣G1∣ + (r − s)∣Λ1∣ + (s − 1)∣Λ2∣ eigenvalues in the spectrum
of the DML associated with G(A,∼A). By hypothesis ∣Λ2∣ = ∣G1∣ − 1 and, therefore,
we know ∣G1∣ + (r − s)∣Λ1∣ − (s − 1) eigenvalues which are precisely the cardinality of
∣σm(G(A),∼A)∣. This implies that the inclusion in Eq. (5.2.7) is actually an equality.

Finally, observe that the spectrum does not depend on the partition but just on the
size s of the partition of r. Therefore we can repeat the process described above for the
partition B, and deduce that

G(A,∼A) and G(B,∼B) are isospectral,

which concludes the proof.

The proof of the previous theorem also allows specifying the spectrum of the corre-
sponding graphs explicitly.

Corollary 5.2.13. Consider G and Λ1, Λ2 ⊂R+ with the hypothesis of the preceding theorem.
For any pair of s-partitions A, B of the number r, we have

σm(G(A,∼A)) = σm(G(B,∼B)) = (σm1(G1))⊎Λ(r−s)
1 ⊎Λ(s−1)

2 .

We verify next that the examples constructed before using the rooted diamonds fulfil
the conditions of the main theorem.

Example 5.2.14. Let G = {Gi} be the countable family of rooted diamond graphs without
vector potential given in Figure 5.1. In Example 5.2.6, we have proved that G is Λ1-
spectral with the set Λ1 ∶= {1}. Also, in Example 5.2.7 we prove that G = {Gi} is

Λ2-geometric defined by the set Λ2 ∶= {1− 1√
2

, 1+ 1√
2
}.

If A and B are two s-partition of the number r and ∼A and ∼B is just the identification
of the green vertices of the family G(A) and G(B) of magnetic graphs in Figure 5.1,
then by Theorem 5.2.12, we conclude that G(A,∼A) and G(B,∼B) are isospectral. In
particular, he MW-graphs G(Ai) given by the 4-partition of the number 8 showed in
Figure 5.3 are isospectral.

In the following example, we show how an infinite number of families of the class G
also fulfil the hypothesis of Theorem 5.2.12.

Example 5.2.15. Fix n ∈N, and consider the countable family of MW-graphs Gn = {Gi}
of n-diamond graphs. The case n = 2 is in Figure 5.1 and the case n = 3 is in Figure 5.5.
More precisely, consider Gi = (Gi, 0, deg) and Gi is the n-diamond graphs, i.e., Gi is
the graph obtained by the identification of all the pendant vertices of the (i, n)-star
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(see Subsection 1.1.1 and Figure 1.3) into one vertex, then we obtain families of n-
diamond graphs. Then

σm1(G1) = [1− cos( πk
n − 1

)]
n−1

k=0
and

σmi(Gi) = σm1(G1)⊎ ([1− cos( πk
n − 1

)]
n−2

k=1
)
(i−1)

.

Therefore, if we define the set

Λn = {1− cos( πk
n − 1

)}
n−2

k=1
,

then
σmi(Gi) = σm1(G1)⊎Λ(i−1)

n for all i ∈N .

In conclusion, and by Definition 5.2.5, we have showed that the family of MW-graphs
Gn is Λn-spectral.

Now, for the fixed n ∈N, consider G′n = {G′i} be a countable family of magnetic graphs,
where G′i = (G′i , 0, deg) and Gi is the (i, n)-star (see Subsection 1.1.1 and Figure 1.3),
then:

σm1(G
′
1) = [1− cos( πk

2n − 2
)]

2n−2

k=0
and

σmi(G
′
i) = [1− cos( πk

n − 1
)]

n−2

k=1
⊎ ([1− cos( πk

n − 1
)]

2n−1

k=1,k is odd
)
(i−1)

.

Therefore, if we define

Λ2 = {1− cos( πk
n − 1

)}
2n−1

k=1,k is odd
.

then, by Definition 5.2.10, we conclude that G′n is Λ2-geometric

G1 G2 G3 G4 G5 G6

FIGURE 5.5: The family of diamond graphs Gi for i ∈N. Each graph Gi has
a root vertex (in green).

As in Example 5.2.14, we can construct isospectral graphs because the family Gn defined
in this example fulfil the condition in Theorem 5.2.12 for each n ∈N. An example for
isospectral graphs (mutually non-isomorphic) for n = 3 and for several partitions of the
number 8 is showed in Figure 5.6.

To show that the MW-graphs G(Ai) in Figure 5.6 are non-isomorphic, we use their
degree sequence presented in the following table:
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Graph Degree sequence
G(A1) (1, 1, 1, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 5, 8)
G(A2) (1, 1, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 4, 8)
G(A3) (1, 1, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 3, 3, 8)
G(A4) (1, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 3, 8)
G(A5) (2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 8)

Each degree sequence is different, then the MW-graphs G(Ai) are non-isomorphic.
Observe that each partition Ai is contained in its degree sequence (the bold numbers).

G(A1) G(A2) G(A3)

G(A4) G(A5)

FIGURE 5.6: The graphs G(Ai) are isospectral for all partition Ai, where
A1 = [1, 1, 1, 5], A2 = [1, 1, 2, 4], A3 = [1, 1, 3, 3], A4 = [1, 2, 2, 3] and A5 =

[2, 2, 2, 2].

5.3 Examples of isospectral graphs with magnetic poten-
tials

For simplicity and to illustrate more clearly the geometric method we have considered
examples with a zero magnetic potential acting on it. However, the principle described
in the previous section can also be applied to graphs with a non-trivial magnetic
potential. We present next a class of examples of non-isomorphic graphs with non
trivial magnetic potential whose DMLs have the same spectrum. These examples show
how universal the geometric procedure is.

Example 5.3.1. Fix t ∈ [0, 2π] and consider the countable family of magnetic weighted
graphs Gt = {Gi ∣ i ∈ N} ⊂ Gdeg (cf. Notation 1.4.2), where Gi = (Gi, αt

i , degGi
) is a

magnetic graph defined by the graph Gi, this graph is a decorated diamond graph
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showed in Figure 5.7 and considered with the standard weights and the magnetic
potential defined as (αt

i)e = t and (αt
i)e = −t if e is a loop and 0 otherwise.

G1 G2 G3 G4

FIGURE 5.7: The family of decorated diamond graphs Gi for all i ∈N. Each
graph Gi has a root vertex (in green).

It can be shown that the family Gt of decorated diamond graphs is Λ-spectral where

Λ = {1− cos(t)
2
} ,

and also the family Gt is Λ′-geometrical for the set

Λ′ = {1− cos(t)
4
− a, 1− cos(t)

4
+ a}

with a =
√

cos(2t)+ 17

4
√

2
. By Theorem 5.2.12 and proceeding as in Example 5.2.14, we

can show that the two graphs in Figure 5.8 are isospectral for any magnetic potential αt
i

with t ∈ [0, 2π] defined previously. Then, clearly non-isomorphic graphs, because G(A)
has a pendant vertex and G(B) has not.

G(A) G(B)

FIGURE 5.8: The graphs G(A) and G(B) are isospectral (non-isomorphic)
graphs with non trivial magnetic potential.

Finally, in Figure 5.9, we show in the vertical axis the six (different) eigenvalues of the
MW-graphs G(A) and G(B) for all the values t ∈ [0, 2π] represented in the horizontal
axis.
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FIGURE 5.9: This figure shows the spectrum of the isospectral graphs for
all the values t ∈ [0, 2π].
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6
Miscellaneous Applications

In his chapter, we present a large variety of applications of the different relations and
preorder on the magnetic weighted graphs developed in Chapter 2. One of the most
important applications is in chemical graph theory [Bal76; Tri92], where the graph
theory is a useful tool because a graph is a mathematical object to represent a molecule
(vertices) and the bonds between them (edges). One element of the chemical graph
theory is the study of the chemical index (as the Estrada index or quasi-Wiener index), this
is a number related to the chemical properties of the molecule, as the energy or boiling
point, see, e.g., [Ayy+11; Aza15; Fis+02; GM96; Gut+09] and the reference therein.

In Section 6.1, we study some composite operation as edge contraction (Subsection 6.1.1)
or delete a vertex (Subsection 6.1.2). For this, we use the results in Section 2.4, in
particular, the spectrum of the magnetic Laplacian under two basic operation: delete an
edge (Theorem 2.4.1) and contracting two vertices Theorem 2.4.5.

Also, we apply our results to study certain combinatorial aspects of graphs (Section 6.2),
to prove how Cheeger’s constant change under MW-homomorphisms (Subsection 6.2.1)
and to study the stability of eigenvalues under perturbation of graphs with high multi-
plicity; Our results are also useful in order to show the monotony of indexes in chemical
graph theory under elementary operation on the graphs (Section 6.3). These indexes
(e.g., the magnetic quasi-Wiener index or the Estrada index) describe important physical
and chemical properties of the molecules modelled by the graph.

6.1 Composite operations

6.1.1 Edge contraction

The modification of the graph called contracting an edge is just the composition of the two
operations: deleting an edge e0 (and its inverse e0), and contracting the adjacent vertices
(note that the order of the operations does not matter). Formally, let G be a graph, an
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edge contraction of G is the graph G′ where G′ = (G− e0)/{∂+e0, ∂−e0} = G/{∂+e0, ∂−e0}− e0
for some edge e0 ∈ E(G) (see Subsection 2.4.1). We shortly write G′ = G/{e0}.
An example of a graph G is showed in Fig. 6.1A, and the contraction of the edge e0 is in
showed in Fig. 6.1B.

Let G = (G, α, w) and G′ = (G′, α′, w′) be two MW-graphs, where G′ = G/{e0} for some
e0 ∈ E(G) and αe = α′e for all edge e ∈ E(G − e0). We say that G′ is the edge e0 contraction
from G and we denote as G′ = G/{e0}. For the standard and combinatorial weights, we
have the following corollary.

Corollary 6.1.1. Let G and G′ be two MW-graphs with G′ = G/{e0}.

(i) If G, G′ ∈ Gdeg, then G
1≼ G′

2≼ G. Moreover, if e0 is a cut edge, then G ≼ G′
1≼ G

(ii) If G, G′ ∈ G1, then G
1≼ G′

r+1≼ G where r =min{∂+e0, ∂−e0}. Moreover, if e0 is a cut edge,
then G ≼ G′.

Proof. Let G = (G, α, w) and G′ = (G′, α′, w′) be two MW-graphs where G′ = G/{e0} for
some e0 ∈ E(G) such that ∂(e) = (v1, v2) and αe = α′e for all edge in E(G − e0). We define
some auxiliary MW-graphs related with G = (G, α, w): G0, G1 and G2 giving by the same
graph G and weights w, but that differed only by the magnetic potential acting on G,
i.e., let G0 = G, G1 = (G, α1, w) and G2 = (G, α2, w), where (α1)e0 = (α1)e0 = 0, (α2)e0 = π,
(α2)e0 = −π and (α1)e = (α2)e = αe for all e ≠ e0, e0 ∈ E(G). If e0 is a cut edge from the
graph G, by Lemma 1.3.3 it follows that α ∼ α1 ∼ α2 and hence σ(G0) = σ(G1) = σ(G2).
Define also the auxiliary MW-graphs G′′i = (G′′, α′′i , w′′) for i ∈ {0, 1, 2}, determined by
the graph G′′i = G/{v1, v2}, w′′e = we for all edge e ∈ E(G) and α′′i = αi.

(i) Suppose that G, G′ ∈ Gdeg. Consider G′′i ∈ Gdeg where G′′i = Gi/{∂−e0, ∂+e0} for
i ∈ {0, 1, 2}; then we conclude

G ≼ G′′i
1≼ G for i ∈ {0, 1, 2} , (6.1.1)

by Corollary 2.4.6 (i). Since G′ = G′′i − e0 for i ∈ {0, 1, 2}, we have by Corollary 2.4.2 (i)

G′′i
1≼ G′

1≼ G′′i for i ∈ {0, 1, 2} . (6.1.2)

Moreover, Eq. (6.1.1) and Eq. (6.1.2) together with the transitivity in Lemma 2.2.3 (iii)

then imply G
1≼ G′

2≼ G.

If e0 is a cut edge, we conclude G′ ≼ G′′1 and G′′2 ≼ G′ from Corollary 2.4.2 (i). Together

with Eq. (6.1.1) and by the transitivity in Lemma 2.2.3 (iii) we finally have G ≼ G′
1≼ G.

(ii) Suppose that G, G′ ∈ G1. Consider G′′i ∈ G1 with G′′i = Gi/{∂−e0, ∂+e0} for i = 0, 1.

By Corollary 2.4.6 (ii) it follows that G ≼ G′′i
r+1≼ G for i = 0, 1 where r =min{∂+e0, ∂−e0}

. Since G′ = G′′i − e0 for i ∈ {0, 1, 2}, by Corollary 2.4.2 (ii) that G′′i
1≼ G′ ≼ G′′i for i = 0, 1.

Finally by the transitivity in Lemma 2.2.3 (iii) we conclude G
1≼ G′

r+1≼ G. If e0 is a cut
edge, similar to (i) we have G ≼ G′.
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u v
e0 e1

(A) Graph G.

w
e1

(B) Graph G′ = G/{e0}.

(C) The spectrum of G and G′ with magnetic potential.

FIGURE 6.1: If we contract the edge e0 of the graph G in Fig. 6.1A, we obtain
the graph G′ = G/{e0} as in Fig. 6.1B. Let t ∈ [0, 2π] and Gt, G′t ∈ Gdeg the
corresponding magnetic weighted graphs, then σ(Gt) (respectively, σ(G′t))
as solid (respectively, dashed) lines are plotted in Fig. 6.1C for all t ∈ [0, 2π].

Here, we have Gt ≼ G′t
1
≼ Gt, and one can see this classical interlacing by the

fact that the solid and dashed lines do not intersect, and solid and dashed
lines alternate. Note that the horizontal eigenvalue (independent of t) is an

eigenvalue for both graphs.
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In particular, if e0 is a pendant edge, the relation in (ii) is G
1≼ G′

2≼ G because of r = 1.
We show an example to illustrate the Corollary 6.1.1.

Example 6.1.2. For any t ∈ [0, 2π], consider the magnetic weighted graph Gt = (G, αt, 1).
The graph G is in Figure 6.1A. The magnetic potential αt is defined as follow: αt

e1
= t,

αt
e1
= −t and zero in all the other edges. Thus, σ(Gt) consists of six eigenvalues that

depend on the value of t. The spectrum σ(Gt) is plotted as a solid line in Figure 6.1C for
all t ∈ [0, 2π]. If we consider G′t = (G′, αt

1, 1)where G′ = G/{e0} (see Figure 6.1B) and αt
1 =

αt↾E(G′). The spectrum σ(G′t) consists of five eigenvalues (dashed lines in Figure 6.1C).
Since e0 is a cut edge, we see graphically the interlacing given by Corollary 6.1.1 (the

solid and dashed line alternate); i.e. Gt ≼ G′t
1≼ Gt for any t ∈ [0, 2π].

6.1.2 Delete a vertex

Let G be a graph and v0 ∈ V(G), the graph G − v0 is obtained by deleting the vertex v0
and together with all the edges adjacent to v0. Let G = (G, α, w) and G′ = (G′, α′, w′) be
two MW-graphs, where G′ = G − v0 for some v0 ∈ V(G) and αe = α′e for all edge e ∈ E(G′).
We say that G′ is the vertex v0 deletion from G and we denote as G′ = G − v0. For the
standard and combinatorial weights, we have the following corollary.

Corollary 6.1.3. Let G, G′ be two MW-graphs where G′ = G − v0. If r = deg(v0), then

(i) Let G, G′ ∈ Gdeg, then G
r−1≼ G′

r≼ G.

(ii) Let G, G′ ∈ G1, then G
r−1≼ G′

1≼ G.

Proof. First, delete r−1 edges of v0 and apply Corollary 2.4.2, then v0 is a pendant vertex,
and delete v0 is equivalent to contract the pendant edge, then apply Corollary 6.1.1.
Finally, with the transitivity in Lemma 2.2.3 (iii) the result follows.

In particular, if v0 is a pendant vertex, the relation in (i) is G ≼ G′
1≼ G because r = 1

and similarly the relation in (ii) is G ≼ G′
1≼ G. We show an example to illustrate

the Corollary 6.1.3.

Example 6.1.4. For all t ∈ [0, 2π], consider the magnetic weighted graph Gt = (G, αt, 1).
The graph G is in Figure 6.2A. The magnetic potential αt is defined as follow: αt

e1
= t,

αt
e1
= −t and zero in all the other edges. Thus, σ(Gt) consists of five eigenvalues that

depend on the value of t. The spectrum σ(Gt) is plotted as a solid line in Figure 6.2C
for all t ∈ [0, 2π]. If we consider G′t = (G′, αt

1, 1) where G′ = G − v0 (see Figure 6.2B).
and αt

1 = αt↾E(G′). The spectrum σ(G′t) consists of four eigenvalues (dashed lines in
Figure 6.2C). Since v0 is a pendant vertex, we see graphically the interlacing given by

Corollary 6.1.3 (the solid and dashed line alternate); i.e. Gt ≼ G′t
1≼ Gt for any t ∈ [0, 2π].

This interlacing property for the combinatorial weights is only true for pendant vertex
and not for vertex with degree greater than 1.
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v0

e1 e0

(A) The graph G.

e1

(B) G′ = G − v0.

(C) The spectrum of G and G′ with magnetic potential.

FIGURE 6.2: The graph G with v0 a pendant vertex (Fig. 6.2A). If we delete
the vertex v0, we obtain the graph G′ = G−v0 in Fig. 6.2B. For any t ∈ [0, 2π],
consider the MW-graphs Gt, G′t defined by G (respectively, G′). In 6.2C, we
plot σ(Gt) (respectively, σ(G′t)) in solid (respectively, dashed) line for all

t ∈ [0, 2π].
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6.2 Spectral graph theory and combinatorics

(a) (Spectral order of graphs) We begin mentioning some natural interaction between
the spectral preorder relations ⊑ (Section 2.1) and ≼ (Section 2.2) and combinatorics.
First, we apply the geometric perturbation and elementary operations on graphs
established in Section 2.4 to present a new spectral order of MW-graphs. We
illustrate this in the example of simple graphs up to order 6 and with combinatorial
weights.
We have seen in Theorem 2.1.6 that for any fixed value t ∈ [0, 2π] the family G t

1 (see
the notation established in 1.4.2) is partially ordered with respect to ⊑. In particular,
the spectral relations below include the cases of the combinatorial Laplacian (if
t = 0) and the signless Laplacian (if t = π). In Figure 6.3, we specify the spectral
relations of a chain of simple graphs of order up to 6. Note first that Gi ⊑ Gi+1 for
1 ≤ i ≤ 7 is a consequence of Corollary 2.4.2 (ii) and the fact any two consecutive
graphs differ by an edge. Moreover, G8 ⊑ G9 is a consequence of Corollary 2.4.6 (ii)
since the graph G9 is obtained from G8 by glueing the upper right vertex with the
lower right vertex. Recall also that by Theorem 2.3.3 we directly obtain also the
relation Gi ≼ Gi+1, 1 ≤ i ≤ 8. Finally, note that the G9 ⊑ G10 is false as a consequence
of Lemma 2.1.3 since there can not be a homomorphism between G9 and G10
which is injective on the edges. Corollary 6.1.3 (ii) gives the relation G9 ≼ G10 both
graphs differ by a pendant vertex.

G1 G2 G3 G4 G5 G6 G7 G8 G9 G10

⊑ ⊑ ⊑ ⊑ ⊑ ⊑ ⊑ ⊑ /⊑
≼ ≼ ≼ ≼ ≼ ≼ ≼ ≼ ≼

FIGURE 6.3: Example of the order in G t
1 .

(b) (Minors) A fundamental notion in combinatorics is that of a graph minor. Several
fundamental results in this field are presented in terms of these (e.g. a characteri-
zation of the planarity of a graph). A graph H is called a minor of a given graph
G if H is obtained from G by applying certain elementary operations. We can
generalise this construction to MW-graphs and apply the results of the previous
sections to give a spectral relation between a graph and its minor. We consider the
following three elementary operations:

– Deleting an edge (Subsection 2.4.1),
– Contracting an edge (Subsection 6.1.1),
– Deleting pendant vertex (Subsection 6.1.2).

Let G ∈ G . If G′ ∈ G is obtained from G by successive application of the previous
operations, then we say that G′ is a minor of G.
Corollary 6.2.1. Let G ∈ G and G′ be a minor of G obtained by deleting p edges,
contracting q edges and deleting s pendant vertices.

(i) If G, G′ ∈ Gdeg, then G
p+q
≼ G′

p+2q+s
≼ G.
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(ii) If G, G′ ∈ G1, then G
q
≼ G′

p+q+r+s
≼ G where r = ∑

e∈E0

min{deg ∂+e0, deg ∂−e0} and

E0 is the set of q contracting edges.
(c) (Cliques and stability of eigenvalues) Let G = (V, E) be a graph. A d-clique of G

is an induced subgraph G[V0], for some V0 ⊂ V, isomorphic to the complete graph
Kd of order d (see Definition 1.1.2 (ii)). For simplicity, we will denote the d-clique
by Kd.
Let G be a graph with n vertices, m edges and k connected components, the first
Betti number is defined as

b1(G) ∶= m − n + k. (6.2.1)

In this item, we consider combinatorial weights and magnetic potential α = 0.
In the next theorem we will apply the geometric and spectral preorder relations
given in Definitions 2.1.1 and 2.2.4 to identify the eigenvalue d in the spectrum of
the Laplacian of the graph with a maximal d-clique and to provide a lower bound
of its multiplicity.
Theorem 6.2.2. Let G = (G, 0, 1) be an MW-graph where G = (V, E) is a connected
graph having n vertices, m edges and a maximal d-clique (n ≥ d ≥ 1) and assume

m ≤ (d − 1)(d + 2)
2

. Then d ∈ σ(G) with multiplicity at least

(d − 1)(d + 2)
2

−m .

Proof. The strategy of the proof is to delete suitable edges on the complement of
the maximal clique and control the spectral shifts s, t so that we finally obtain

relations G
s≼ Kd

t≼ G where Kd = (Kd, 0, 1). Then we can exploit the fact that for
combinatorial weights the eigenvalue d ∈ σ(Kd) has high multiplicity, concretely
multiplicity d − 1.
The first Betti numbers of the graphs G and Kd are b1(G) ∶= m − n + 1 and b1(Kd) ∶=
d(d − 1)

2
− d + 1 and denote its difference by

r ∶= b1(G)− b1(Kd) = m − n − d(d − 3)
2

.

Denote by Ẽ ∶= E(G) ∖ E(Kd) and let Ê be a subset of r edges of Ẽ such that no
cycles are present in the complement of the clique, i.e. G − E(Kd) − Ê has no
cycles. Construct first the MW-graphs G1 = (G1, 0, 1) defined by the subgraph
G1 = G− Ê = (V1, E1), i.e., V1 = V(G) and E1 = E(Kd)∪(Ẽ ∖ Ê). Applying iteratively
Corollary 2.4.2 (ii) we obtain

G
r≼ G1 ≼ G . (6.2.2)

Note that the graph G1 − E(Kd) is a forest. Therefore, delete next all n − d edges of
this forest starting from the leaves and proceeding towards the d-clique Kd. (Note
that it is important to control the spectral shift that one deletes only leaves in this
process.) Then, applying Corollary 6.1.3 (ii) (observe that each leave is a pendant
edge), we obtain

G1 ≼ Kd
n−d≼ G1 .
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Using the transitivity of the relation ≼ as well as Eq. (6.2.2) we get finally the
relations

G
r≼ Kd

n−d≼ G . (6.2.3)

We denote the spectra of the corresponding Laplacians as σ(G) = {λ1, . . . , λn}
(again the spectrum is written in ascending order and repeated according to their
multiplicities) and σ(Kd) = {µ1, . . . , µd}, where for the complete graph of order d
we have µ1 = 0 and µk = d, k = 2, . . . , d. The relations in Eq. (6.2.3) imply

λk ≤ µk+r for 1 ≤ k ≤ d − r and µk ≤ λk+(n−d) for 1 ≤ k ≤ d .

Note that the relations between the orders of the graphs and the spectral shift
needed in Definition 2.2.4 are automatically satisfied in our case since ∣E(Kd)∣ =
d(d − 1)

2
≤ m. Combining the preceding inequalities we obtain

d = µk ≤ λk+n−d ≤ µk+(n−d)+r = d for 2 ≤ k ≤ 2d − n − r ,

hence d is an eigenvalue of G with multiplicity given by

2d − n − r − 1 = d(d + 1)
2

−m − 1

which completes the proof.
Example 6.2.3. We illustrate the preceding theorem with some examples having
combinatorial weights, a vector potential cohomologous to zero (α = 0) and a
maximal 6-clique as shown in Figure 6.4. Concretely, the graphs G1, G2 and G3
have m = 17 edges, n = 7, 8 vertices and a maximal 6-clique K6. The three graphs
have the eigenvalue d = 6 in its spectrum with multiplicity at least 3.

(A) G1 (B) G2 (C) G3

FIGURE 6.4: An illustration of the Example 6.2.3 for p = 6. Let G1, G2 and
G3 be MW-graphs (with combinatorial weight and no magnetic potential)
defined by the graphs G1, G2 and G3 respectively. The three graphs have
m = 17 edges, n = 8 vertices and K5 as an induced subgraph; therefore, the
three subgraphs has the number 6 in its spectrum with multiplicity at least

3.

6.2.1 Cheeger constants and frustration index

The Cheeger constant (also know as isoperimetric number) is a quantitative measure of
the connectedness of a graph, see, e.g. [Chu97]. Using the so-called frustration index,
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one can also define a Cheeger constant for magnetic Laplacians (see, e.g. [Lan+15] and
references therein).

We now show that the preorder ⊑ (Section 2.1) in MW-graphs also gives simple inequal-
ities for Cheeger constants. Here, we always denote the underlying graphs of G and G′

by G = (V, E) and G′ = (V′, E′).
We first define an ingredient necessary for the magnetic potential:

Definition 6.2.4 (Frustration index). Let G = (G, α, w) be an MW-graph and consider a
function τ∶V → R, where R is a subgroup of R/2πZ. We set

ι(G, τ) ∶= ∥dα(eiτ)∥ℓ1(E,w) =∑
e∈E

we∣eiτ(∂+e) − e−iαeeiτ(∂−e)∣.

The frustration index of G is defined as

ι(G) ∶= inf
τ∈RV

ι(G, τ), (6.2.4)

where RV denotes the set of all maps τ∶V → R.

Note that the infimum is actually a minimum. It is not hard to see that ι(G) = 0 if
and only if α ∼ 0, i.e. if the magnetic potential is cohomologous to 0. An MW-graph
homomorphism gives a natural inequality for the frustration indices:

Lemma 6.2.5. Let π∶G → G′ be MW-graph homomorphism and let τ′∶V′ → R a map, then

ι(G, τ′ ○π) ≤ ι(G′, τ′) and ι(G) ≤ ι(G′).

Proof. Note first that dα(eiτ′○π) = (dα′(eiτ′)) ○ π as π is a graph homomorphism and
α′ ○π = α. Moreover, we have

ι(G, τ′ ○π) =∑
e∈E

we∣(dα(eiτ′○π))e∣ = ∑
e′∈E′

∑
e∈E,π(e)=e′

we∣(dα′(eiτ′))e′ ∣

= ∑
e′∈E′
(π∗w)e′ ∣(dα′(eiτ′))e′ ∣

≤ ∑
e′∈E′

w′e′ ∣dα′(eiτ′)∣ = ι(G′, τ′),

as π is MW-graph homomorphism (and in particular, (π∗w)e′ ≤ w′e′ for all e′ ∈ E′).
For the last inequality, note that the set RV of maps τ∶V → R is larger than the subset
{ τ′ ○π ∣ τ′ ∈ RV′ } ⊂ RV ; hence we have

ι(G) ≤ inf
τ′∈RV′

ι(G, τ′ ○π) ≤ inf
τ′∈RV′

ι(G′, τ′) = ι(G′).

We denote by G[V0] the induced subgraph G[V0]with vertex set V0 ⊂ V, and edge set
E(V0) (see Definition 1.1.2 (i)) together with the natural restrictions of w and α to V0
respectively E(V0). A k-subpartition of V is given by k pairwise disjoint non-empty
subsets V1, . . . , Vk of V; the set of all k-subpartitions Π = {V1, . . . , Vk} of V is denoted by
Πk(V).
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Definition 6.2.6. Let G be an MW-graph. For a subset V0 ⊂ V, we set

h(G, V0) ∶=
ι(G[V0])+w(E(V0, Vc

0 ))
w(V0)

.

The k-th (also called k-way) (magnetic weighted) Cheeger constant hk(G) is defined as

hk(G) ∶= inf
Π∈Πk(V)

sup
V0∈Π

h(G, V0). (6.2.5)

Note that the infimum and supremum are actually minimum and maximum. It is not
hard to see that hk(G) ≤ hk+1(G). Moreover, for k = 1 resp. k = 2 we have

h1(G) = min
V0⊂V,V0≠∅

h(G, V0) resp. h2(G) = min
V0⊂V,V0≠∅,V0≠V

max{h(G, V0), h(G, Vc
0 )}

for the first and second Cheeger constant (the latter is usually called the Cheeger
constant). If α ∼ 0 then the second (usual) Cheeger constant equals

h2(G) = min
V0⊂V,V0≠∅,V0≠V

w(E(V0, Vc
0 ))

min{w(V0), w(Vc
0 )}

.

Lemma 6.2.7. Let π∶G → G′ be an MW-graph homomorphism, then

h(G, π−1(V′0)) ≤ h(G′, V′0)

for all V′0 ⊂ V′, V′0 ≠ ∅.

Proof. If π∶G → G′ is an MW-graph homomorphism, then the restriction π∶G[π−1(V′0)]→
G′[V′0] is defined as map (as π(π−1(V′0)) ⊂ V′0 and π(EG(π−1(V′0))) ⊂ EG′(V′0) because
the graph homomorphism preserves the orientation, and again MW-graph homomor-
phism. In particular, from Lemma 6.2.5, we conclude that

ι(G[π−1(V′0)]) ≤ ι(G′[V′0]).

Next, we have EG(π−1(V′0), (π−1(V′0))c) = π−1(EG′(V′0, (V′0)c)) again by π is a graph
homomorphism and as (π−1(V′0))c = π−1((V′0)c). In particular, we conclude

w(EG(π−1(V′0), (π−1(V′0))c)) = (π∗w)(EG′(V′0, (V′0)c)) ≤ w′(EG′(V′0, (V′0)c))

as π is an MW-graph homomorphism. Similarly, we have

w(π−1(V′0)) = (π∗w)(V′0) ≥ w′(V′0),

and the desired inequality follows.

We are now able to prove the main result of this section:
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Theorem 6.2.8. Let π∶G → G′ be an MW-graph homomorphism between two MW-graphs G
and G′, then we have

hk(G) ≤ hk(G′)
for all k ∈N.

Proof. Let the minimum in hk(G′) be achieved at Π′ = {V′1, . . . , V′k} ∈ Πk(V′), and the
maximum at V′1, i.e. assume that hk(G′) = h(G′, V′1). As π is surjective on the vertices
(see Lemma 2.1.3 (i)), Π ∶= {π−1(V′1), . . . , π−1(V′k)} is again a k-subpartition (all sets are
pairwise disjoint and non-empty by the surjectivity). Now we have

hk(G) ≤ sup
j=1,...,k

h(G, π−1(V′j )) ≤ sup
j=1,...,k

h(G′, (V′j )) = h(G′, V′1) = hk(G′)

as hk(G) is the infimum over all k-subpartitions, and Π is such a k-partition of V (first
inequality). The second inequality follows from Lemma 6.2.7, and the last equality from
the choice of the partition Π′ and V′1.

Remark 6.2.9. Note that we have proven in Theorem 2.3.3 the inequality λk(G) ≤
λk(G′) if there is an MW-graph homomorphism π∶G → G′. We have just proven
in Theorem 6.2.8 that an MW-graph homomorphism also increases the k-th Cheeger
constant, hence Theorem 6.2.8 is in accordance with the (magnetic weighted) Cheeger
inequalities

1
2

λk(G) ≤ hk(G) ≤ Ck3
√

ρ∞λk(G)

for all k ∈ {1, . . . , ∣G∣} proven in [Lan+15], where C > 0 is a universal constant (recall that
ρ∞ is the supremum of the relative weight, see (1.2.3)). If k = 1, then C = 1, and if k = 2
and if α ∼ 0, then one can choose C =

√
2/4.

Example 6.2.10. Let G = (G, α, w) and G′ = (G′, w′, α′) be two magnetic weighted
graphs.

• Combinatorial weight and removing edges: If E0 ⊂ E(G) and G, G′ = G−E0 ∈ G1,
then hk(G − E0) ≤ h(G). Heuristically, this means that removing edges decreases
the connectivity.

• Standard and combinatorial weight compared: If G = G′, w = deg and w′ = 1,
then hk(G) ≤ hk(G′) (the combinatorial weight has higher Cheeger constants).

• Standard weight and glueing vertices: If ∼ is an equivalence relation on V(G),
and if G, G′ = G/∼ ∈ Gdeg, then hk(G) ≤ hk(G/∼). Heuristically, this means that
glueing vertices together increases the connectivity.

6.2.2 Algebraic connectivity and spanning trees

We collect some basic facts that also follow from our spectral preorder. theory.

• Algebraic connectivity. Let G = (G, 0, 1), the algebraic connectivity is defined as
a(G) = λ2(G). This number gives information about how well connected is the
graph.
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G ≼ G′ Ô⇒ α(G) ≤ α(G′)
Naturally deleting an edge increases the connectivity and contracting vertex
increase the connectivity.

• Number of Spanning Trees. Let G = (G, 0, 1), the number of spanning trees can be
computed by

τ(G) = 1
n

n
∏
i=2

λi(G).

Also, it is clear that G ≼ G′ implies τ(G) ≤ τ(G′).

6.3 Chemical graph theory

Chemical graph theory is a branch of mathematics which uses graph theory to describe
properties of chemical compounds. In this fields, one typically associates numbers
(indices) to a finite graph modelling certain properties of the molecule. Many chemical
indices are functions of the eigenvalues of a combinatorial Laplacian without magnetic
potential. In particular, if the function is monotonous, then the spectral preorder
introduced in Chapter 2 induces an order of the corresponding indices. Moreover,
we have a natural generalisation to magnetic indices by allowing non-trivial magnetic
potentials.

Let F ∶ [0,∞)→R be a function and let G ∈ G be a finite MW-graph. We define by

F(G) ∶=
∣G∣

∑
k=1
F(λk(G))

the F-index of G, i.e. the index is the restriction of F to the eigenvalues of the DML. By
the definition of ≼ (cf. Definition 2.2.4), we have the following simple observations:

Proposition 6.3.1. Let G, G′ ∈ G , with G ≼ G′ and F a monotonous function,

(i) If F is a non-negative decreasing function, then F(G) ≥ F(G′).
(ii) If F is increasing and if ∣G∣ = ∣G′∣, then F(G) ≤ F(G′).

Proof. From G ≼ G′ we conclude ∣G∣ ≥ ∣G∣′ and λk(G) ≤ λk(G′) for k = 1, . . . , ∣G′∣, and
hence

F(G) =
∣G∣

∑
k=1
F(λk(G)) ≥

∣G′∣
∑
k=1
F(λk(G′)) = F(G)

The second statement is obvious.

Remark. Note that the second statement is not true if G ≼ G′, but ∣G∣ > ∣G′∣: for example
let G and G′ be the combinatorial path graph with 3 and 2 vertices, respectively. Then

their spectra are (0, 1, 3) and (0, 2), respectively, hence G
G≼
′

. But if we choose F(λ) = λ,
then F is increasing, but F(G) = 4 > 2 = F(G′).
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Graphs considered in chemical graph theory use combinatorial weights and no magnetic
potential; hence we restrict the following theorems only to this case, i.e. we consider
only G ∈ G1. However, these results can be generalised to other graphs G, G′ ∈ G if we
have the relation G ≼ G′.

Theorem 6.3.2. Let G, G′ ∈ G1 be finite graphs and let F1 (respectively, F2) be a monotonously
decreasing (respectively, increasing) function.

(i) Deleting an edge increases the index F1 and decreases the index F2, i.e. if G′ = G − e0
then F1(G) ≤ F1(G′) and F2(G′) ≤ F2(G).

(ii) Contracting vertices decreases the index F1, i.e. if G′ = G/{v1, v2}, then F1(G′) ≤
F1(G).

(iii) Contracting a bridge edge decreases the index F1, i.e. if G′ = G/{e0} for some bridge edge
e0, then F1(G′) ≤ F1(G).

(iv) Deleting a pendant vertex decrease the index F1, i.e., if G′ = G − v0 for a pendant vertex
v0, then F1(G′) ≤ F1(G).

We now specify the function F and obtain special cases:

Corollary 6.3.3. Let G = (G, α, w) and G′ = (G′, α′, w′) be any two MW-graph.

• If G ≼ G′ with ∣G∣ = ∣G′∣, then MLEL(G) ≤MLEL(G′) and MLEE(G) ≤MLEE(G′).
• If G ≼ G′ where G and G′ are connected with α ∼ 0 and α′ ∼ 0 (or α /∼ 0 and α′ /∼ 0 ) then

W(G) ≥W(G′).
• If G ⊑ G′, w = deg, G and G′ are connected with α ∼ 0 and if α′ ∼ 0 (or α /∼ 0 and α′ /∼ 0)

then K∗(G) ≥ K∗(G′).
One of the more studied properties in the literature of these chemical indices is found
bounds for these numbers (especially for combinatorial weights). With the spectral
preorder given in this dissertation, we can find some bounds in an easier way.

Corollary 6.3.4. Let G = (G, α, w) be an MW-graph where G is a simple connected graph of
order n, then:

(i) If G ∈ G 0
1 , then LEL(G) ≤ (n − 1)

√
n, LEE(G) ≤ 1+ (n − 1)en and W(G) ≥ n − 1.

(ii) If G ∈ G π
1 , then IE(G) ≤

√
2n − 2+ (n − 1)

√
n − 2 and SLEE(G) ≤ e(n−2)(en + n − 1).

(iii) If G ∈ G 0
deg, then NLEE(G) ≤ 1+ (n − 1)en/(n+1).

Proof. We only prove the first part of (i), as the proofs of the other assertions are similar.
Let Kn = (Kn, 0, 1)where Kn the complete graph with n vertices. From Theorem 2.4.1 (ii)
we conclude G ≼ Kn. Moreover, by Corollary 6.3.3, we have LEL(G) ≤ LEL(Kn). Finally,

one can see that LEL(Kn) =
n
∑
i=1

√
λi(Kn) =

n
∑
i=2

√
n = (n − 1)

√
n.
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7
Conclusions and future work

In this final chapter, we give a summary of the main results of this dissertation. We also
present some natural developments based on the results given in this thesis and suggest
some open questions for the near future.

The main object of study is the relation between the spectrum of the discrete magnetic
Laplacian on weighted graphs and several aspects of its underlying graph. In particular,
we study how geometric perturbations on finite graphs are manifested at the level of
the spectrum. Also, we treat a special kind of infinite graphs, that are known as periodic
graphs or covering graph and we consider the magnetic Laplacian with periodic potential
acting on it. Some of the concrete results and their applications are:

• We present two different preorders on the discrete graphs to study the spectrum
of the magnetic Laplacian under some geometrical perturbations (Section 2.1).
The first one is based on a geometric perturbation of the graph. The second one
is related to the order of the eigenvalues of the Laplacian (which are real and
non-negative).

• We prove that the spectrum of the Laplacian on the periodic graph can be reduced
to the study of the spectrum of the magnetic Laplacian in the finite quotient graph
( Theorem 3.4.2).

• We solve (partially) the Higuchi and Shirai’s conjecture with Theorem 4.1.10.
• We developed a discrete bracketing technique in the finite quotient graph, and by

some perturbation on it, we obtain a localisation of its spectrum (Theorem 4.1.12).
• We give a geometrical criterion for the existence and localisation of spectral gaps

in the spectrum of the Laplacian on periodic graphs in Theorem 4.1.3.
• We develop a geometrical technique producing an infinite collection of fam-

ilies of graphs, where all the elements in each family are (finite) isospectral
(weighted) graphs for the magnetic Laplacian. The parametrization of the isospec-
tral graphs in each family is based on different partitions of a natural number
(Theorem 5.2.12).

• We also find some interesting application of the geometrical and spectral pre-
order, for example, in combinatorics in Section 6.2 or Chemistry (Section 4.2 and
Subsection 6.3).
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In relation to the previous items, we present some ideas that we are going to study in
the future.

(i) Address a complete answer to the Higuchi and Shirai’s conjecture stated in
[HS04b]. With Theorem 4.1.10, we solve and provide a complete characterisation
of the periodic graphs which have spectral gaps and its quotient graph has Betti
number 1. For the proof, we use only the virtualisation of vertices and edges. But,
with more general operations (deleting edges or vertices, contracting vertices or
contracting edges), we can extend our criterion for graphs with a more complex
topology. A first step will be to solve the conjecture for periodic graphs with finite
quotient Betti number equal to 2.

(ii) An important topic in Graph Theory are expander graphs [HLW06], in particular,
Ramanujan graphs [LPS88]. The expanders graphs are sparse graphs with high
connectivity properties, and the optimal expander graphs are called Ramanujan
graphs. These graphs are very important with a lot of application in computer
science and communications (see, e.g., [Lub12]). However, to prove the exis-
tence and, in particular, the explicit construction of Ramanujan graphs is a very
hard problem. An important recent breakthrough has been given in the recent
article [MSS15]. The authors use the signature of a graph to construct a proper
2-lifting. The signature of a graph is just the action of a magnetic potential that
takes values on all the edges equal to π, i.e., a magnetic potential α is a signature if
αe = αe = π for all edge. An ambitious idea is to give a construction of Ramanujan
graphs using a general magnetic potential and the geometric perturbation.

(iii) In Chapter 5, we developed a geometric construction (Theorem 5.2.12) resulting
in the construction of large classes of examples of non-isomorphic isospectral
magnetic weighted graphs with standard weights. The proof is based on the
vertex contraction operation. This operation gives a small perturbation of the
spectrum, but only for the normalized weight (see Corollary 2.4.6 (i)). For the com-
binatorial weights, the vertex contraction gives, in general, a larger deviation of its
eigenvalues (see Corollary 2.4.6 (ii)). Therefore, the construction of Theorem 5.2.12
does not work for the combinatorial weights. However, for combinatorial weights
the operation of deleting edges gives a small perturbation of the spectrum of
the graph (see Corollary 2.4.2 (ii)). We think that the construction of isospectral
magnetic weighted graphs with combinatorial weights could be using the delete
edge operation (instead of the vertex contraction).

(iv) One of the important ideas in the construction of isospectral graphs in Chapter 5 is
the use of frames that have high symmetry. Therefore, the frames have eigenvalues
with high multiplicity that will persist the geometric manipulations of the graphs.
An alternative idea is to develop the combination of the high symmetry directly
with the construction of eigenfunctions of the Laplacian. With this alternative
point of view, one can address, in principle, the construction of isospectral graphs
for more general weights (and not only for normalized, combinatorial or standard
weights).

(v) The construction of isospectral graphs presented in this thesis refers to finite
MW-graphs. But, with the techniques studied for covering graphs developed in
Theorem 3.4.2, it seems plausible to find a family of isospectral graphs for any
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magnetic potential in the family AD. This fact would immediately lead to the
construct of isospectral periodic graphs.
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A
Discrete Floquet Theory

The Floquet Theory is a tool that finds applications in several areas of mathematics that
study periodic structures. For example, this theory is used in Differential Equations
in the study of solutions of periodic linear differential operators [Kuc93] or in the
analysis of spectral gaps of Laplacian on periodic Riemannian manifolds [LP07], etc.
In recent years, this theory has attracted much interest, particularly concerning the
study of periodic elliptic equations in photonic crystals. The photonic crystals consist
of a dielectric medium in which electromagnetic waves of specific frequencies cannot
propagate [Kuc01]. The application of this theory can even reach our ability to control
sound using the Floquet topological insulators [FKA16].

In this appendix, we develop a discrete Floquet Theory for the periodic graphs. We
will assume throughout this appendix that G = (V, E) is a Γ-periodic graph with
Γ an Abelian, finitely generated discrete group with a fixed fundamental domain
D = (DV , DE) as in Definition 3.2.5. The main idea in this appendix is to use the
group action on V(G) and a partial Fourier transformation to decompose the Hilbert
space ℓ2(V(G)) and the periodic operators (the DML) into a direct integral of simpler
components that can be analyzed more easily. This appendix is just an adaptation for
the main results of the Floquet theory to our context: the discrete graphs. For more
details and additional motivations, we refer to [LP07, Section 3] and references therein.

Consider the following unitary operators:

T∶Γ → U (ℓ2(V)) , (Tγ0 f )(v) = f (γ−1
0 v)

R∶Γ → U (ℓ2(Γ)) , (Rγ0a)γ = aγγ0

L∶Γ → U (ℓ2(Γ)) , (Lγ0a)γ = aγ−1
0 γ ,

where f ∈ ℓ2(V), γ, γ0 ∈ Γ and a = (aγ)γ∈Γ ∈ ℓ2(Γ). In fact, T represents thetranslations on
the graph G while the map R/L is the right/left regular representation of Γ.

A unitary character or simply a character χ of a group Γ is a group homomorphism
χ∶Γ → T, where T = {z ∈ C ∶ ∣z∣ = 1} is a group respect to the complex multiplication.
Then, χ satisfies the following properties:



136 Appendix A. Discrete Floquet Theory

(i) If 1Γ is the unit in Γ, then χ(1Γ) = 1.
(ii) For any elements γ1, γ2 ∈ Γ we have χ(γ1γ2) = χ(γ1)χ(γ2). In particular χ(γ−1

1 ) =
χ(γ1).

The group of all characters is known as the dual group of Γ and is denoted by Γ̂. As
mention before, the idea is to decompose the space ℓ2(V) into a direct integral of simpler
components that are the equivariant functions. Given a character χ, we can define the
space of equivariant functions as follow:

ℓχ
2 = ℓ

χ
2 (V) = {g∶V(G)→ C ∣ g(γv) = χ(γ)g(v) for all v ∈ V(G) and γ ∈ Γ} /; .

The space ℓχ
2 has the natural inner product defined as

⟨g1, g2⟩ = ∑
v∈DV

g1(v)g2(v)m(v),

where the previous product is independent of the choice of the fundamental set. The
principal result of this appendix is the following:

Theorem A.0.1. Let G = (V, E) be a Γ-periodic graph with fundamental domain D = (DV , DE).
There is a unitary transformation

Φ∶ ℓ2(V(G))→ ∫
Γ̂

ℓχ
2 dχ

given by:
(Φ ( f ))χ (v) = ∑

γ∈Γ
χ(γ) f (γv)

that satisfies the equation Φ ○ Tγ0 = L̂γ0 ○Φ and Φ ○ Tγ−1
0
= R̂γ0 ○Φ, where R̂γ0 = FRγ0 F−1,

L̂γ0 = FLγ0 F−1 and F∶ ℓ2(Γ)→ L2(Γ̂) is the Fourier transformation.

To give the complete proof of the previous Theorem, we develop with details the discrete
Floquet Theory.

A.0.1 The Fourier transformation

Roughly speaking, a discrete Floquet transformation is a partial Fourier transformation
which is applied only on the group part. The Fourier transformation is the operator
F∶ ℓ2(Γ)→ L2(Γ̂), defined by

(Fa) (χ) = ∑
γ∈Γ

χ(γ)aγ with a = (aγ)γ∈Γ ∈ ℓ2(Γ).

For example, if {δγ}γ∈Γ is the standard orthonormal basis of ℓ2(Γ), then:

(F(δγ0)) (χ) = ∑
γ∈Γ

χ(γ) (δγ0)γ = χ(γ0).
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It’s easy to check that Rγ0δγ = δγγ−1
0

and Lγ0δγ = δγ0γ. Finally, since the group is abelian,

it is also immediate that Lγ0 = R−1
γ0

.
The inverse of the Fourier transformation is the operator F−1∶ L2(Γ̂)→ ℓ2(Γ), given by

(F−1u)
γ
= ∫

Γ̂

χ(γ)u(χ)dχ with u ∈ L2(Γ̂).

We prove that the operator F−1 is the inverse of F. In one side, we have the following
equality

(F−1(Fa))
γ
= ∫

Γ̂

χ(γ)(Fa)(χ)dχ = ∫
Γ̂

χ(γ) ∑
γ′∈Γ

χ(γ′)aγ′dχ

= ∑
γ′∈Γ

⎛
⎜
⎝
∫
Γ̂

χ(γ)χ(γ′)dχ
⎞
⎟
⎠

aγ′ = ∑
γ′∈Γ
(δγ)γ′ aγ′ = aγ.

On the other side, we have

(F(F−1u)) (χ) = ∑
γ∈Γ

χ(γ)(F−1u)γ = ∑
γ∈Γ

χ(γ)∫
Γ̂

χ′(γ)u(χ′)dχ′

= ∫
Γ̂

∑
γ∈Γ

χ(γ)χ′(γ)u(χ′)dχ′ = ∫
Γ̂

⟨χ, χ′⟩u(χ′)dχ′

= ∫
Γ̂

δχ(χ′)u(χ′)dχ′ = u(χ).

We conclude checking that F preserves the inner product, i.e.,

⟨Fa, Fb⟩L2(Γ̂)
= ∫

Γ̂

(Fa) (χ)(Fb) (χ)dχ = ∫
Γ̂

∑
γ′∈Γ

χ(γ′)aγ′ ∑
γ∈Γ

χ(γ)bγdχ

= ∫
Γ̂

∑
γ′,γ∈Γ

χ(γ′)aγ′χ(γ)bγdχ = ∑
γ′,γ∈Γ

∫
Γ̂

aγ′bγχ(γ)χ(γ′)dχ

= ∑
γ′,γ∈Γ

aγ′bγ ∫
Γ̂

χ(γ′)χ(γ)dχ = ∑
γ′,γ∈Γ

aγ′bγ(δγ)γ′

= ∑
γ∈Γ

aγbγ = ⟨a, b⟩ℓ2(Γ) .

Altogether we have shown that the Fourier transformation F is a unitary operator.

We present the relation between the Fourier transformation and the right/left regular
representation. We define the next transformation operator R̂γ0 ∶= FRγ0 F−1. Then, the



138 Appendix A. Discrete Floquet Theory

next explicit calculation shows that the operator is just a multiplication on the right, i.e.,

(R̂γ0 (u)) (χ) = (FRγ0 F−1 (u)) (χ) = ∑
γ∈Γ

χ(γ) (Rγ0 F−1u)
γ
= ∑

γ∈Γ
χ(γ) (F−1u)

γγ0

= ∑
γ∈Γ

χ(γ)∫
Γ̂

χ′(γγ0)u(χ′)dχ′ = ∫
Γ̂

χ′(γ0)∑
γ∈Γ
(χ(γ)χ′(γ))u(χ′)dχ′

= ∫
Γ̂

χ′(γ0) ⟨χ, χ′⟩u(χ′)dχ′ = χ(γ0)u(χ).

In a similar way, if we define the next operator L̂γ0 ∶= FLγ0 F−1, then

(L̂γ0 (u)) (χ) = (FLγ0 F−1 (u)) (χ) = ∑
γ∈Γ

χ(γ) (Lγ0 F−1u)
γ
= ∑

γ∈Γ
χ(γ) (F−1u)

γ−1
0 γ

= ∑
γ∈Γ

χ(γ)∫
Γ̂

χ′(γ−1
0 γ)u(χ′)dχ′ = ∫

Γ̂

χ′(γ−1
0 )∑

γ∈Γ
(χ(γ)χ′(γ))u(χ′)dχ′

= ∫
Γ̂

χ′(γ−1
0 ) ⟨χ, χ′⟩u(χ′)dχ′ = χ(γ−1

0 )u(χ).

Therefore R̂γ0/L̂γ0 is just a multiplication operator with χ(γ0)/χ(γ−1
0 ). Moreover, we

will show that the inverse of R̂γ0 is L̂γ0 , i.e.

(R̂γ0 L̂γ0 (u)) (χ) = χ(γ0) (L̂γ0 (u)) (χ) = χ(γ0)χ(γ−1
0 )u(χ) = u(χ),

therefore R̂γ0

−1 = L̂γ0 .

A.0.2 Discrete Floquet theory on graphs.

In this section, we will make precise in which sense the Floquet Theory can be un-
derstood as a partial Fourier transformation. Since we are working with G = (V, E) a
Γ-periodic graph with Γ an Abelian, finitely generated discrete group with a fundamen-
tal domain D = (DV , DE), the idea is just split the periodic graph into two parts: the
fundamental domain and the group part. We will apply the Fourier transformation on
the last one. We begin proving the following result:

Lemma A.0.2. Let G a Γ-periodic graph with fundamental domain D = (DV , DE), then

ℓ2(V) ≅ ℓ2(Γ)⊗ ℓ2(DV) ≅ ∫
Γ̂

ℓ2(DV)dχ .

Moreover, for the quotient G0 = G/Γ, we also have ℓ2(V(G0)) ≅ ℓχ
2 ≅ ℓ2(D).

Proof. We show the unitarily equivalence with several operators in the following steps.
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• The first step is to split f into a sequence of γ-translates over the fundamental
domain to show

ℓ2(V) ≅ ℓ2(Γ)⊗ ℓ2(DV).
We define the operator

U∶ ℓ2(V)→ ℓ2(Γ)⊗ ℓ2(D) given by U ( f ) = ∑
γ∈Γ

δγ ⊗ (Tγ f ∣D).

The operator U preserves the inner product:

⟨U f , Ug⟩ℓ2(Γ)⊗ℓ2(D)
= ⟨∑

γ∈Γ
δγ ⊗ (Tγ f ∣D), ∑

γ′∈Γ
δγ′ ⊗ (Tγ′g∣D)⟩

= ∑
γ,γ′∈Γ

⟨δγ, δγ′⟩ ⟨Tγ f ∣D, Tγ′g∣D⟩

= ∑
γ∈Γ
⟨Tγ f ∣D, Tγg∣D⟩ = ⟨ f , g⟩ℓ2(V(G)) .

Since U is onto, we obtain that U is unitary. In addition, we have the following
diagram,

ℓ2(V) ℓ2(Γ)⊗ ℓ2(D)

ℓ2(V) ℓ2(Γ)⊗ ℓ2(D)

U

Tγ0 Rγ0⊗1

U

commutes because the following equality holds

(U ○ Tγ0) ( f ) = U (Tγ0 f ) = ∑
γ∈Γ

δγ ⊗ (TγTγ0 f ∣D) = ∑
γ∈Γ

δγ ⊗ (Tγ0γ f ∣D)

= ∑
γ′∈Γ

δγ−1
0 γ′ ⊗ (Tγ′ f ∣D) = Rγ0 ⊗ 1

⎛
⎝∑γ′∈Γ

δγ′ ⊗ (Tγ′ f ∣D)
⎞
⎠

= Rγ0 ⊗ 1(U f ) = (Rγ0 ⊗ 1 ○U) f .

• The second step is to show

ℓ2(Γ)⊗ ℓ2(D) ≅ L2(Γ̂)⊗ ℓ2(D).

This is clear by applying the Fourier transformation on the first factor. More
formally, we define the unitary map

V∶ ℓ2(Γ)⊗ ℓ2(D)→ L2(Γ̂)⊗ ℓ2(D) given by V (a⊗ φ) = Fa⊗ φ.

We have the following commutative diagram

ℓ2(Γ)⊗ ℓ2(D) L2(Γ̂)⊗ ℓ2(D)

ℓ2(Γ)⊗ ℓ2(D) L2(Γ̂)⊗ ℓ2(D)

V

Rγ⊗1 R̂γ⊗1

V
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• In the third step, we show

L2(Γ̂)⊗ ℓ2(D) ≅ ∫
Γ̂

ℓ2(D)dχ.

Consider the unitary operator

W∶ L2(Γ̂)⊗ ℓ2(D)→ ∫
Γ̂

ℓ2(D)dχ given by W(b⊗ f ) = (b(χ) f )χ

Which, again, preserves the inner product:

⟨W(b1 ⊗ f1), W(b2 ⊗ f2)⟩ = ∫
Γ̂

⟨b1(χ) f1, b2(χ) f2⟩ℓ2(D)
dχ

= ∫
Γ̂

∑
v∈D
⟨b1(χ), b2(χ)⟩ f1(v) f2(v)m(v)dχ

= ∑
v∈D

f1(v) f2(v)m(v)∫
Γ̂

⟨b1(χ), b2(χ)⟩ dχ

= ⟨ f1, f2⟩ ⋅ ⟨b1, b2⟩ = ⟨b1 ⊗ f1, b2 ⊗ f2⟩ .

Since W is onto, we obtain again that W is unitary. In addition, we have the
following diagram,

L2(Γ̂)⊗ ℓ2(D) ∫
Γ̂

ℓ2(D)dχ

L2(Γ̂)⊗ ℓ2(D) ∫
Γ̂

ℓ2(D)dχ

W

Rγ⊗1
χ(γ)⋅

W

(W ○ R̂γ ⊗ 1) (b⊗ f ) =W(R̂γb⊗ f ) = (R̂γb(χ) f )
χ
= (χ(γ)b(χ) f )χ .

• Now, for the last part, it is clear that ℓ2(V(G0)) ≅ ℓ2(D) since ∣V(G0)∣ = ∣D∣. Finally,
we need to show ℓ2(D) ≅ ℓχ

2 , for this just define

T∶ ℓ2(D)→ ℓχ
2 given by (Th) (γv) = χ(γ)h(v) for all h ∈ ℓ2(D).

T preserves the inner product since:

⟨Th1, Th2⟩ = ∑
v∈D

h1(v)h2(v)m(v) = ⟨h1, h2⟩ .

Since T is onto, we obtain that T is unitary.
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Now, we can prove the principal result of this appendix.

Proof of Theorem A.0.1 First, we prove that (Φ ( f ))χ ∈ ℓ
χ
2 ,

(Φ ( f ))χ (γ0v) =∑
γ∈Γ

χ(γ) f (γγ0v) = χ(γ)∑
γ∈Γ

χ(γ)χ(γ0) f (γγ0v)

=χ(γ) ∑
γ′∈Γ

χ(γ′) f (γ′v) = χ(γ) (Φ ( f ))χ (v).

Now, in order to show that Φ is a unitary transformation, we used the transformation
given in Lemma A.0.2, in fact, is enough to show that:

Φ =W ○V ○U

Let f ∈ ℓ2(V(G)), then

W ○V ○U ( f ) =W ○V
⎛
⎝∑γ∈Γ

δγ ⊗ (Tγ f ∣D)
⎞
⎠
=W
⎛
⎝∑γ∈Γ

F(δγ)⊗ (Tγ f ∣D)
⎞
⎠

=
⎛
⎝∑γ∈Γ

χ(γ)(Tγ f ∣D)
⎞
⎠

χ

=
⎛
⎝∑γ∈Γ

χ(γ) f (γ−1⋅)∣D
⎞
⎠

χ

= Φ ( f ) .

Then Φ is a unitary operator. Now, we prove that Φ ○ Tγ0 = R̂γ0 ○Φ. Since R̂γ0/L̂γ0 is just
a multiplication operator with χ(γ0)/χ(γ−1

0 ). Then,

(Φ ○ Tγ0 ( f ))
χ
= (Φ ( f (γ−1

0 ⋅)))χ = χ(γ−1
0 ) (Φ( f ))χ = (L̂γ0 ○Φ( f ))

χ

In conclusion Φ ○ Tγ0 = L̂γ0 ○Φ and in a similar way we can show Φ ○ Tγ−1
0
= R̂γ0 ○Φ.
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B
Program

In this Appendix, we present a simple routine to compute the eigenvalues of a finite
magnetic weighted graph. The code is made for Mathematica 12.0 software. The routine
needs the input of the edges of the graph G (we allow loops and multiple edges), the
weights w (in vertices and in edges) and the magnetic potential α. Using the previous
information, it is constructed the matrix associated with the magnetic Laplacian as
in the Eq. (1.5.4) (we use the orthonormal basis). The output of the code is a draw
of the graph, the matrix associated to the ∆G

α and its eigenvalues. Also, we present
some routines for constructing some family of graphs and the spectrum of its magnetic
Laplacian.

The code was very useful along the process of doing this dissertation. We did a lot
of examples of computing the spectrum of the magnetic Laplacian on a graph (and
geometrical perturbations). Such experiments were the motivation for some results of
this thesis, for example, Theorem 4.1.10. Also, the properties prove in this thesis was
checked by simple numerical examples (cf. the geometric perturbation in Section 2.4).
Finally, the plots to draw the spectrum of the magnetic Laplacian in this work was done
with this program (for example, Figure 0.2).

B.0.1 Code

The next program draws the graph, computes the magnetic Laplacian matrix and
its spectrum. Because of the presence of the magnetic potential and to simplify the
computation, we define an orientation of the graph (i.e., we replacing each edge by one
if its possible arcs {e, e}). The inputs of the program are the following:

• Input: G. We define an orientation on the graph, then we introduce the set of arcs
and its vertices that joins, For example, the arc {1, 2} is the arc that joins the origin,
the vertex 1 to the final vertex 2.

• Input: Alpha. Define the magnetic potential, i.e., if R any subgroup of R/2πZ the
Alpha is the map α∶E → R.
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• Input: wE. Define the weights on G, i.e., in the set of edges w∶E → (0,∞). If we
put value equal to 1, all the edges take this value.

• Input: wV. Define the weights on the set of vertices V(G), i.e., w∶V → (0,∞). To
consider the standard weights is enough to put std and for the combinatorial
weights put comb.

The code is the following.

1 MagLap[G_, Alpha_, wE_, wV_] := (
2 Ver = DeleteDuplicates@Flatten@G;
3 n = Dimensions[Ver][[1]];(∗number of vertices ∗)
4

5 L = ConstantArray[0, {n, n}];(∗Define the Laplacian matrix as zero∗)
6

7 m = Dimensions[G][[1]];(∗number of edges∗)
8

9 deg = Table[
10 Count[G, Ver[[i ]], 2], {i , n}] ; (∗degree vector of the vertices ∗)
11

12 VP = If[NumberQ[Alpha], ConstantArray[0, {m}], Alpha];(∗If 0,
13 then \alpha\sim 0∗)
14

15 mE = If[NumberQ[wE], ConstantArray[1, {m}],
16 wE];(∗standart weight if wE=0 or wE=1∗)
17

18 mV = Switch[wV, std, deg, comb, ConstantArray[1, {n}], _,
19 wV];(∗standart weight if wV=deg∗)
20 For [ i = 1, i <= m, i++,
21 j = Position[Ver, G[[ i , 1]]][[1]][[1]];
22 k = Position[Ver, G[[ i , 2]]][[1]][[1]];
23 L[[ j , k ]] = −(mE[[i]])∗
24 E^(−I∗VP[[i]])/(Sqrt[mV[[j ]]]∗ Sqrt[mV[[k ]]]) + L[[ j , k ]];
25 L[[k, j ]] = −(mE[[i]])∗
26 E^(I∗VP[[i ]]) /(Sqrt[mV[[j ]]]∗ Sqrt[mV[[k ]]]) + L[[k, j ]];
27 L[[ j , j ]] = mE[[i]]/mV[[j ]] + L[[ j , j ]] ;
28 L[[k, k ]] = mE[[i]]/mV[[k]] + L[[k, k ]]
29 ]; (∗compute the laplacian∗)
30

31 Edges = Table[G[[i, 1]] −> G[[i, 2]], {i , 1, m}];
32 (∗ labels =Table[Subscript[e,Ver [[ i ]]],{ i ,m}];∗)
33

34 Gra = Graph[Edges(∗,VertexLabels\[Rule]Table[ i \[Rule] Subscript [v,
35 Ver [[ i ]]],{ i ,n}],EdgeLabels\[Rule]Table[Edges[[
36 i ]]\[ Rule] Subscript [e, i ],{ i ,m}]∗)];(∗define grpah draw∗)
37 {Gra,
38 Simplify[L] // MatrixForm,
39 Sigma = Sort[FullSimplify[Reverse[Eigenvalues[L, Cubics −> True]]],
40 Greater]}(∗output: graph,matrix and eigenvalues∗)
41 )

We show in this Appendix some simple examples of how use the code. More informa-
tion and elaborated examples are collected in the following link https://github.com/
JohnFabila/Magnetic-Laplacian.

https://github.com/JohnFabila/Magnetic-Laplacian
https://github.com/JohnFabila/Magnetic-Laplacian
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Example B.0.1. A graph with multiple edges is considered in this example, see Fig-
ure 2.1. The graph G is defined by its arcs, and we consider standard weights and zero
magnetic potential. We obtain, a vector, where the first element contains the picture of
the graph, the second element contains the matrix associated to the magnetic Laplacian
and finally, the exact values of its eigenvalues are in the third element of the vector.

FIGURE 2.1: A simple example to show how works the program.

Example B.0.2. Consider the magnetic weighted graph Gn = (G, α, w), where the graph
G is making of decorating the complete graph Kn with a pendant edge on each vert of
the graph, α is the zero magnetic potential and w is the combinatorial graph. A simple
code is presented for computing the eigenvalues of the magnetic Laplacian of Gn for
any n integer. The case n = 4 is illustrated in Figure 2.2:

FIGURE 2.2: Example for the decorated complete graph.

Example B.0.3. Similar to the previous case, consider the magnetic weighted graph
Gn,m = (G, α, w), where the graph G is making of decorating the complete bipartite graph
Kn,m with n pendant edges attached on each of the n vertices that give the bipartition,
α is the zero magnetic potential and w is the standard weights. We can compute the
spectrum for the decorated complete bipartite graph with the next line of code, and the
case of Figure 2.3 shows an example: for n = 5 and m = 3.

We conclude these examples, with the computation of the spectrum of the decorated
diamond graphs Figure 5.7, this example shows how include loops in the graph.

Example B.0.4. Let Gn = (Gn, αt, degGn
) be a magnetic graph where Gn is a decorated

diamond graph Figure 5.7 and magnetic potential αt
e = t, if e is a loop and 0 otherwise.

For a fixed n integer, in Figure 2.4 we compute its eigenvalues of the magnetic Laplacian
for the case n = 4.
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FIGURE 2.3: Example for the decorated complete bipartite graph.

FIGURE 2.4: Example for the decorated diamond graph.
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List of Abbreviations

DML Discrete Magnetic Laplacian
FSP Full Spectrum Property
M-graph Magnetic graph
MW-graph Magnetic Weighted graph
W-graph Weighted graph

Chemical indexes

LEE Laplacian-Estrada index
LEL Laplacian-Energy-Like invariant
LIE Laplacian-Incidence-Energy
MLEL Magnetic Laplacian-Energy-Like invariant
MLEE Magnetic Laplacian-Estrada index
NLEE Normalized Laplacian Estrada index
SLEE Signless Laplacian Estrada index
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List of Symbols

N Set of natural numbers
N0 Set of natural numbers with the 0
Z Additive group of integers
Zn additive group of n-ple integers
Zn(=Z/nZ) Additive group of integers modulo n
∣A∣ cardinality of the set A
A × B Cartesian product of the sets A and B
A ∖ B Difference of A and B
A ⊂ B A is a subset of B
degG(v) degree of the vertex v in the graph G
E(G) set of edges of the graph G
Ev set of edges adjacent to v
f ∶A → B A map of A into B
G graph
G ≅ H isomorphic graphs
Kn Complete graph on n vertices
trA Trace of the square matrix A
V(G) set of vertices of the graph G
w(A) weight of the set A
w(v) weight of the vertex v
we weight of the edge e

α magnetic vector potential
b1(G) Betti number of graph G
dα (discrete) magnetic exterior derivative
∂ = ∂G incidence function of the graph G
∂−(a) the initial vertex of the edge e
∂+(a) the final vertex of the edge e
ρ(v) the relative weight of the vertex v
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Alphabetical Index

Symbols
Γ-periodic, 70
3-aGNR, 22

A
action, 69
algebraic connectivity, 127

B
Betti number, 28
bipartite, 28
bond, 67
bottleneck, 13
bracketing interval, 52

C
center vertex, 79
centralised, 79
character, 135
characteristic value, 104
Cheeger constant, 13, 23, 124
chemical index, 117
closed path, 29
coboundary operator, 33, 36
cochain groups, 33
cohomologous, 34
combinatorial, 33
combinatorial weight, 33
complete graph, 28
completed bipartite graph, 29
components, 29

connected, 29
connected components, 29
connecting edges, 28
constant multiset, 105
contracting an edge, 117
contracting the vertices, 31
cospectral, 99
covering graph, 17, 67, 68, 131
covering map, 67–69
covering transformation groups, 67
cut edge, 30

D
degree of a vertex, 27
degree sequence, 104
delete edges, 29
deleting the vertex, 120
diamond graphs, 101
discrete graphs, 27
discrete magnetic Laplacian (DML), 38
disjoint union, 29, 101
DML, 14, 93
dual group, 136

E
edge, 62
edge contraction, 31, 118
edge fundamental domain, 71
edges, 13, 26
electric circuit, 33
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equivariant, 69
equivariant functions, 136
exact form, 34
expander graphs, 13

F
finite covering, 68
finite graph, 27
Floquet Theory, 135
Fourier transformation, 136
free, 68
freely, 69
frustration index, 23, 124
FSP, 84
full spectrum conjecture, 75, 77
full spectrum property, 84

G
gauge-equivalent, 34
geometric, 108
geometric method, 99
geometrical, 48
geometrically smaller, 46
glueing, 59
graph, 13, 26
graph automorphism, 28
graph homomorphism, 27
graph isomorphism, 28
graphane, 92
Graphene nanoribbons, 95
group action, 69

I
incidence map, 26
inclusion homomorphism, 30
index, 72
indicator function, 105
induced subgraph, 28
induced tree, 29
infinite, 49
infinite covering, 68
infinite graph, 27
intrinsic weights, 32
inverse edge, 26
inverse of the Fourier transformation, 137
inversion, 26

inversion map, 26
isolated vertex, 27
isomorphic graphs, 28
isoperimetric number, 23, 124
isospectral, 22, 99
isospectrality, 99

L
lifting property, 74
locally finite graphs, 27
loop, 26

M
magnetic exterior derivative, 36
magnetic flux, 34
magnetic spectral gap, 77
magnetic spectral gaps set, 78
magnetic weighted graph, 36
matrix representation, 41
maximal Abelian, 75
metric graphs, 13
minor, 122
multiple edges, 26
multiplicity, 104
multiset, 23, 100, 102, 104
multisubset, 105
MW-graph, 36

N
nanoribbons, 21
neighbourhood, 79
normalized, 32, 33
normalized weight, 33

O
open subgraph, 28, 64
opposite edge, 26

P
partial order, 45
partition, 102, 105
path, 29
periodic graph, 67
periodicity

graph, 70
operator, 70

polyacetylene, 21, 89, 95
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polypropylene, 21, 88, 90
projection, 30, 60
projection map, 31
propylene, 88

Q
quantum graph, 13
quotient graph, 69

R
relative weight, 32
resistive electric circuit, 33

S
signature, 36
signed graph, 36
signless Laplacian, 36
simple graph, 26
size, 31
size of the partition, 105
smaller than Λ′ with shift r, 50
spectral, 106, 108

gap, 21, 78
spectral gap, 77, 78
spectral localising set, 52
spectral order, 51
spectrally, 51
spectrum, 41
splitting, 31
standard, 33
standard weight, 33
star, 29
subgraph, 28
sum of two multisets, 105

T
topological crystal, 68
transformation group, 69
transitive, 69
translations, 135
tree, 29
trivial magnetic potential, 34
twisted complex, 36

U
undirected edge, 26
uniformly bounded, 32

union, 29
unitary character, 135

V
vertex, 13, 26, 62
vertex fundamental domain, 71
vertices, 63
virtual, 64
virtualisation, 21, 62
virtualising, 63, 64

W
W-graph, 32
weight, 31

combinatorial, 33
of a set, 32
relative, 32
standard, 33

weighted
degree, 33
graph, 32
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