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También me gustarı́a agradecer a aquellos miembros (antiguos y actuales) del Departamento de
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Introducción y resultados obtenidos

El uso del problema de Transporte Optimo ha resultado muy fructı́fero para describir la geometrı́a de
un espacio. En los artı́culos de Lott-Villani [60] y Sturm [83], [84] se define una noción sintética de
curvatura de Ricci basada en la convexidad de ciertos funcionales definidos en el espacio de medi-
das de probabilidad. Esta teorı́a recibe el nombre de condición de Curvatura-Dimensión (Curvature-
Dimension condition), dado que usa una cota inferior en la curvatura y una cota superior en la dimen-
sión del espacio subyacente.

Es conocido que la condición de Curvatura-Dimensión CD(K,N) generaliza la noción de cur-
vatura de Ricci acotada inferiormente para variedades riemannianas además de ser estable bajo con-
vergencia de Gromov-Hausdorff y bajo tensorización.

Sin embargo, como es mencionado en los artı́culos citados, existen algunas dificultades que es
necesario tratar: Primero, en general no hay una propiedad local-a-global. Esto llevó a una ligera
modificación por Bacher y Sturm [9] que considera coeficientes de distorsión distintos a los usados
originalmente (véase 1.4). Su condición de Curvatura-Dimensión reducida, CD∗(K,N), resuelve el
problema de local-a-global manteniendo las propiedades de la condición original.

También está el problema de la presencia de ejemplos patológicos que pueden satisfacer la condi-
ción de Curvatura-Dimensión; tales como, las variedades de Finsler [71]. Para solucionar esto Ambro-
sio, Gigli y Savaré [6] propusieron una condición adicional, piden que el espacio de SobolevW 1,2(X)
sea un espacio de Hilbert, o equivalentemente que la energı́a de Cheeger sea una forma cuadrática. Es-
ta condición, llamada “infinitesimalmente Hilbert”(véase 1.7.2) cuando se combina con la condición
de Curvatura-Dimensión resulta estable bajo convergencia de Gromov-Hausdorff e impide el com-
portamiento patológico. Estos espacios se dice que satisfacen la condición de Curvatura-Dimensión
riemanniana, RCD∗(K,N) (Definición 1.7.3).

Los espacios RCD∗(K,N) gozan de propiedades estructurales similares a las que tienen las
variedades riemannianas. En [39] Gigli prueba una generalización del clásico teorema de Splitting de
Cheeger y Gromoll (Teorema 1.7.8). Mondino y Wei [66] prueban que los espacios RCD∗(K,N)
tienen un recubridor universal, sin embargo no es posible afirmar que sea simplemente conexo. En
cuanto a aspectos locales, Mondino y Naber [65] encuentran que es posible dar una estratificación de
un espacio RCD∗(K,N).

La estratificación es respecto a conjuntos mediblesRk, 1 ≤ k ≤ bNc, tales que x ∈ Rk si y solo
si x tiene un único tangente euclideo de dimensión k (véase 1.7.10 para una formulación precisa).
Aquı́ hay que notar que a diferencia de lo que ocurre en una variedad riemanniana la dimensión del
tangente puede variar de un punto a otro. Más aún, en [22], Bruè y Semola prueban que existe un
único estratoRk de medida positiva.

Esta tesis versa sobre el estudio de espacios métricos de medida mediante simetrı́as. Este enfoque
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fue introducido por Grove [45] y ha resultado útil tanto en geometrı́a riemanniana como en geometrı́a
de espacios de Alexandrov (véase por ejemplo [29] para una exposición reciente del tema), particu-
larmente cuando se busca determinar cómo la topologı́a y la geometrı́a de un espacio se afectan entre
sı́. Los espacios métricos de medida que consideraremos serán aquellos que satisfacen una noción
sintética de curvatura de Ricci como las mencionadas con anterioridad.

En el contexto clásico Myers y Steenrod probaron que el grupo de isometrı́as de una variedad
riemanniana es un grupo de Lie (léase por ejemplo [58]), Resultados análogos fueron obtenidos para
espacios más singulares: En espacios de Alexandrov está el artı́culo [33] de Fukaya y Yamaguchi; y
para lı́mites de Ricci (es decir, espacios que se obtienen como lı́mite de variedades riemannianas con
cotas inferiores en su curvatura de Ricci ) este mismo problema fue tratado en [26] por Cheeger y
Colding.

Teorema A ( Estructura de grupo de Lie). Sea (X, d,m) un espacio RCD∗(K,N) con K ∈ R,
N ∈ [1,∞). Entonces el grupo de isometrı́as de X, denotado por Iso(X), es un grupo de Lie.

Hacemos notar que este resultado fue obtenido de manera independiente por Sosa en [82]. La es-
trategia de nuestra prueba es la siguente: Dado que un espacioRCD∗(K,N) es localmente compacto
entonces su grupo de isometrı́as también debe de serlo. Entonces podemos utilizar la caracterización
de Gleason y Yamabe: Un grupo es de Lie si y solo si no tiene grupos pequeños. Es decir, si existe un
entorno V de la identidad, tal que el único subgrupo H contenido en V es trivial (véase también el
capı́tulo 2).

La prueba es por contradicción. Podemos asumir la existencia de una sucesión Hi de subgrupos
compactos y pequeños. Fukaya y Yamaguchi [34] prueban que si tenemos una sucesión de espa-
cios métricos (Xi, di) que converge en la topologı́a de Gromov-Hausdorff a un espacio (X∞, d∞) y
además tenemos subgrupos compactos Γi actuando isométricamente en Xi entonces existe un grupo
lı́mite Γ∞ actuando en X∞ tal que la convergencia de Gromov-Hausdorff es también equivariante.
(véase el capı́tulo 1).

Entonces, usando la estratificación de Mondino y Naber nuestor plan consiste en encontrar un
grupo lı́mite pequeño H∞ actuando en un tangente euclideo. Dado que el grupo de isometrı́as de un
espacio euclideo es un grupo de Lie entonces llegamos a una contradicción. Observamos que hay que
tener especial cuidado al elegir el punto base y el reescalamiento para poder asegurar que el grupo
H∞ es pequeño y no trivial.

Dado que la condición RCD nos provee de una cota superior para la dimensión topológica del
espacio métrico de medida podemos obtener además una cota superior para la dimensión de Iso(X),
(Teorema B) y usando resultados de Berestovskiı̆ [12] clasificamos los espacios en los cuales la cota
superior se alcanza (Teorema C).

Teorema B (Cotas superiores para la dimensión de Iso(X)). Dado un espacio RCD∗(K,N)
(X, d,m) con K,N ∈ R y N <∞. Entonces la dimensión de Hausdorff del grupo de isometrı́as de
X está acotada superiormente por bNc(bNc+1)

2 .

Teorema C (Rigidez para dimensión máxima). Si la dimensión del grupo de isometrı́as de un
espacio RCD∗(K,N) (X, d,m) es bNc(bNc+1)

2 , entonces X es isométrico a alguno de los siguientes
espacios:

1. Un espacio euclideo bNc–dimensional RbNc.
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2. Una esfera bNc–dimensional SbNc.

3. Un espacio proyectivo bNc–dimensional RP bNc.

4. Un espacio hiperbólico bNc–dimensional HbNc.

Estos resultados fueron obtenidos para espacios de Alexandrov por Galaz-Garcı́a y Guijarro en
[35].

En un espacio métrico de medida (X, d,m) hay dos estructuras involucradas; la distancia y la
medida de referencia. Ambas tienen roles definidos en la definición de espacio RCD, sin embargo
no es claro que relación tienen entre sı́ y de ser posible, qué tanta flexibilidad se tiene para alterarlas.
En [80] hacemos la relación entre la medida de referencia y la distancia más estrecha mediante la
acción por isometrı́as de un grupo de Lie compacto, más rigurosamente:

Teorema D (Medida invariante). Sea (X, d,m) un espacio RCD∗(K,N) y G ≤ Iso(X) un sub-
grupo compacto. Entonces existe una medida mG G−invariante, equivalente a m, tal que (X, d,mG)
es un espacio RCD∗(K,N).

Para obtener este resultado procedemos de la siguiente manera: Primero notamos que para todo
g ∈ G, la medida g#m es tal que (X, d, g#m) es toadvı́a un espacio RCD∗(K,N). Un resultado
de Kell [53] (véase también el Teorema 1.7.22) nos dice que entonces m y g#m son mutuamente
absolutamente continuas. Esto nos provee entonces de una densidad ρg ∈ L1

loc(m). Como el grupo G
es compacto podemos usar entonces su medida de Haar para encontrar una media apropiada de las
densidades ρg, g ∈ G tal que la nueva medida mG es G−invariante y además hace a (X, d,mG) un
espacio RCD∗(K,N).

En cuanto a aplicaciones del Teorema D probamos en el Teorema 3.4.9 cotas mejoradas para
la dimensión del grupo de isometrı́as Iso(X) bajo la hipótesis adicional de que la isotropı́a en un
punto satisfaga una condición de rectificabilidad (véase la definición 3.4.7). Estas cotas dependen
de la estratificación de Mondino y Naber [65]. Más aún, en este capı́tulo miramos los casos en los
que el espacio métrico de medida es Homogéneo o Simétrico. En ambos casos la acción del grupo
obliga a que el espacio sea una variedad riemanniana (Teoremas 3.4.14 y 3.6.1). Tambıén nos es
posible encontrar una brecha en las posibles dimensiones de los subgrupos de Iso(X), este resultado
es similar al obtenido por Galaz-Garcı́a y Guijarro para espacios de Alexandrov [35].

Teorema E (Brecha en las dimensiones). Sea (X, d,m) un espacioRCD∗(K,N), tal que dimX =
k 6= 4. Entonces no existen subgrupos cerradosG ≤ Iso(X), que satisfagan la condición de isotropı́a
I, y cuya dimensión esté en el intervalo:

1

2
κ(κ− 1) + 1 < dimG <

1

2
κ(κ+ 1),

donde κ = máx{dimT Rk, dimX}.

En el Capı́tulo 4 centramos nuestra atención en las simetrı́as del espacio de Wasserstein en sı́
mismo. Aquı́ trabajaremos con la distancia en Lp en el espacio de probabilidad en lugar de usar
solamente la versión cuadrática que hemos usado hasta ahora. El espacio de Wasserstein contiene
información importante acerca de la geometrı́a del espacio base, también hereda muchas propiedades
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geometrı́cas de él como; existencia de geodésicas, completez, y curvatura seccional no negativa, por
nombrar algunas.

Dado un punto x ∈ X la función x 7→ δx define un encaje isométrico de X en Pp(X). Además,
si g : X → X es una isometrı́a entonces la función g# : Pp(X)→ Pp(X) definida por µ 7→ g#µ es
también una isometrı́a. Una pregunta natural entonces es si es posible que el espacio de Wasserstein
sea más simétrico que el espacio base. Esta pregunta fue propuesta por Kloeckner [57] en el caso de
espacios euclideos, donde de manera sorprendente existen isometrı́as del espacio de Wasserstein de
Rn que no provienen de isometrı́as euclideas.

Nos enfocaremos en el caso compacto. Primero, dado que el pushforward de una delta de Dirac
es siempre una delta de Dirac debemos estudiar si ∆1, el conjunto de todas las deltas de Dirac, es
invariante bajo isometrı́as. Nuestro resultado es:

Teorema F (Invarianza de las deltas de Dirac). Sea (X, d,m) un espacio métrico de medida com-
pacto que satisface GTBp para algún p ∈ (1,∞). Entonces para toda isometrı́a Φ : Pp(X)→ Pp(X)
el conjunto de deltas de Dirac, ∆1, es invariante, i.e. Φ(∆1) = ∆1.

La condición GTBp, llamada condición de buen transporte (Good Transport behaviour), afirma
que el transporte óptimo que inicia desde una medida absolutamente continua siempre viene dado
por una función (véase 1.7.18). También nos hará falta suponer que en el espacio las geodésicas no
se bifurcan.

Para este Teorema haremos uso de la estructura del transporte óptimo dada por la condición
GTBp y la no bifurcación de geodésicas. Definiendo funcionales adecuados (como por ejemplo la
potencia p de la función distancia) cuyo máximo se alcanza en deltas de Dirac obtendremos el resul-
tado que deseamos.

Para concluir que el grupo de isometrı́as de X coincide con el de Pp(X) tenemos además que
suponer hipótesis adicionales sobre la curvatura del espacio base. Obtenemos el resultado para varie-
dades positivamente curvadas y p = 2, (Teorema G) y para espacios compactos simétricos y de rango
uno (CROSSes) nos es posible obtenerlo para el caso más general 1 < p <∞ (Teorema H).

Teorema G (Rigidez en curvatura positiva). Sea M una variedad riemanniana cerrada con curva-
tura seccional estrictamente positiva. Entonces, el espacio de Wasserstein (P2(M),W2) es isométri-
camente rı́gido, es decir, Iso(M) = IsoP2(M).

Teorema H (Rigidez en CROSSes). Sea M un espacio simétrico compacto de rango uno (CROSS).
Entonces para todo p ∈ (1,∞) los grupos de isometrı́as de M y de Pp(M) coinciden.

La tesis está organizada de la siguente forma:
El Capı́tulo 1 contiene una breve introducción al problema de Transporte Optimo y a algunas pro-

piedades del espacio de Wasserstein, P(X), asociado a un espacio métrico de medida (X, d,m). Más
adelante, damos las definiciones, y refinamientos, de la condición de Curvatura-Dimensión que usa-
remos. Se encuentra allı́ además una discusión sobre espacios geodésicos y acciones por isometrı́as.

Nuestro enfoque para este Capı́tulo consiste solamente en presentar los resultados necesarios
y mostrar algunos ejemplos que los ilustren. Todas las referencias que sean necesarias para el lector
son mencionadas también allı́. Debido al alcance de este trabajo hemos dedicido omitir algunos temas
como el enfoque euleriano a la curvatura de Ricci dado por Bakry-Émery, y los flujos gradientes en
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el espacio de Wasserstein. El resto de los capı́tulos contienen los resultados obtenidos en [46], [80] y
[81]:

En el Capı́tulo 2 trabajamos con el problema de determinar la regularidad del grupo de isometrı́as
de un espacio RCD∗(K,N). Es decir, probamos el Teorema A, además de los Teoremas B,C que
conciernen las cotas superiores sobre la dimesión del grupo.

El Capı́tulo 3 trata sobre modificar la medida de referencia para obtener que la acción de un gru-
po de Lie compacto preserva la medida y es isométrica, Teorema D. Todo esto mientras se mantiene
la cota de curvatura. Más aún, estudiamos propiedades estructurales de las órbitas, obtenemos cotas
mejoradas para la dimensión (Teorema 3.4.9) y estudiamos espacios homogéneos y simétricos (Pro-
posición 3.4.14 y Teorema 3.6.1). La brecha en las posibles dimensiones de subgrupos (Teorema E)
también se prueban allı́.

Finalmente en el Capı́tulo 4 estudiamos las isometrı́as en el espacio de Wasserstein. Nos enfoca-
mos en las simetrı́as del espacio de Wasserstein y su relación con las del espacio base. En la primer
sección probamos la invarianza del conjunto de deltas de Dirac, Teorema F. La prueba se basa en
propiedades de convexidad de la función distancia que provienen de la condición de buen transporte
GTBp . A continuación; con el fin de probar la rigidez isométrica, i.e. que las isometrı́as del espacio
de Wasserstein provienen de isometrı́as del espacio base, necesitamos asumir hipótesis adicionales
sobre la curvatura seccional. Obtenemos la rigidez para p = 2 y curvatura positiva en el Teorema
G, para exponentes en general 1 < p < ∞ la obtenemos para la familia de espacios simétricos
compactos de rango uno en el Teorema H.





Introduction and statement of results.

The use of the Optimal Transport problem has been very fruitful in describing the geometry of a
space. In their seminal papers Lott-Villani [60] and Sturm [83], [84] defined a synthetic notion of
Ricci curvature bound based on convexity properties of functionals defined on the space of probability
measures. This theory recieves the name of Curvature-Dimension condition, as it deals with both a
lower bound on the curvature as with an upper bound on the dimension of the underlying space.

It is known that the Curvature-Dimension condition generalizes the notion of lower Ricci curva-
ture bounds for Riemannian manifolds and also stability under Gromov-Hausdorff convergence.

However, as possed in these papers there are a couple of issues that need to be adressed: First,
there is in general no local-to-global property. This led to a slight modification done by Bacher and
Sturm [9] by considering slightly different distortion coefficients (see 1.4). Their reduced Curvature-
Dimension condition, CD∗(K,N), solves the local-to-global problem while maintaining desired
properties such as stability with respect to Gromov-Hausdorff covergence and tensorization.

Also, there is the problem that some pathological spaces may satisfy the curvature dimension
condition; such as, Finsler manifolds (see [71]). To fix this issue Ambrosio, Gigli and Savaré [6]
proposed to include an additional condition, they asked the Sobolev space W 1,2(X) to be a Hilbert
space. This condition, refered to as “infinitesimally Hilbertian” (see Definition 1.7.2) when coupled
with the curvature dimension condition is known to remain stable under Gromov-Hausdorff conver-
gence and to exclude pathological behaviour (such as the presence of Finsler manifolds ). These
spaces are said to satisfy the Riemannian Curvature-Dimension condition, RCD∗(K,N) (Definition
1.7.3).

Spaces satisfying the Riemanian Curvature-Dimension condition enjoy several structural prop-
erties reminiscent of those of Riemannian manifolds. In [39], Gigli proved a generalization of the
classical Splitting theorem of Cheeger and Gromoll (Theorem 1.7.8). Mondino and Wei [66] proved
that RCD∗(K,N)−spaces have a universal cover, however it is not known whether this cover is
actually simply connected. As for local structure, Mondino and Naber [65] found that it is possible
to stratify an RCD∗(K,N)−space.

The stratification is given by measurable setsRk, 1 ≤ k ≤ bNc, such that x ∈ Rk if and only if x
has a unique Euclidean tangent space of dimension k. (see Definition 1.7.10 for a precise definition).
The thing to notice here is that unlike Riemanian manifolds the dimension of the tangent space might
vary from point to point. Moreover in [22], Bruè and Semola proved that there is only one stratum
Rk of positive measure.

This thesis deals with the study of metric measure spaces via symmetries. This approach was
first introduced by Grove [45] and proved fruitful in both Riemannian and Alexandrov geometries
(see for example [29] for a more recent exposition), particularly when trying to determine how the

xi
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topology and geometry of the space affect one another. The metric meaure spaces we will consider are
precisely those that admit a synthetic notion of lower Ricci curvature bound, like the ones mentioned
before.

In the classical case it is proved by Myers and Steenrod that the isometry group of a Riemanian
manifold is a Lie group (see for example [58]). Analogous results have been obtained for singular
spaces: In the Alexandrov setting there is the paper [33] by Fukaya and Yamaguchi; and for Ricci lim-
its (that is, spaces which are obtained as limits of Riemannian manifolds with lower Ricci curvature
bounds) this problem was treated in [26] by Cheeger and Colding.

In the paper [46] written in collaboration with Prof. Luis Guijarro it was obtained that the isom-
etry group is a Lie group:

Theorem A (Lie group structure). Let (X, d,m) be an RCD∗(K,N)−space with K ∈ R, N ∈
[1,∞). Then the isometry group of X, denoted by Iso(X), is a Lie group.

Let us remark that this result has been proved independently by Sosa in [82]. The strategy for
our proof is the following: Since RCD∗(K,N)−spaces are known to be locally compact then this
implies that their isometry group must also be locally compact. So we can use the characterization of
local compact topological groups being Lie by Gleason and Yamabe: The group is Lie if and only if
it does not have small subgroups. That is, there exists a neighbourhood V of the identity; such that
the only subgroup H contained in V must be trivial. (see also Chapter 2).

The proof then goes by contradiction. We can assume then the existence of a sequenceHi of small
non-trivial compact subgroups. Fukaya and Yamaguchi [34] proved that if we have a sequence of
metric spaces (Xi, di) converging in the Gromov-Hausdorff topology to some metric space (X∞, d∞)
and we have compact groups Γi acting by isometries on Xi then there exists a limit group Γ∞ acting
isometrically on X∞ such that the Gromov-Hausdorff corvergence is also equivariant. (see Chapter
1 for the precise statement).

So, using the stratification of Mondino and Naber our plan will be to find a limit subgroup H∞
acting on some Euclidean tangent such that it is a small non-trivial subgroup. Since the isometry
group of an Euclidean space is known to be a Lie group the result will follow. We observe though
that the delicate part of the proof is finding the appropiate base point and an adequate reescalling in
order to have that H∞ is both non-trivial and small.

Given that the RCD condition provides us with an upper bound on the topological dimension
of the m.m.s. we further obtained upper bound on the dimension of Iso(X), (Theorem B) and using
the results of Berestovskiı̆ [12] we are able to classify the spaces where the upper bound is achieved
(Theorem C):

Theorem B (Upper bounds on dimension of Iso(X)). Let (X, d,m) be an RCD∗(K,N)−space
with K,N ∈ R and N <∞. Then the Hausdorff dimension of the isometry group of X is bounded
above by bNc(bNc+1)

2 .

Theorem C (Rigidity maximal dimension). Let (X, d,m) be an RCD∗(K,N)−space, if the di-
mension of its isometry group is bNc(bNc+ 1)/2, then X is isometric to one of the following space
forms:

1. An bNc–dimensional Euclidean space RbNc.
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2. An bNc–dimensional sphere SbNc.

3. An bNc–dimensional projective space RP bNc.

4. An bNc–dimensional simply connected hyperbolic space HbNc.

These Theorems were proved for Alexandrov spaces by Galaz-Garcı́a and Guijarro in [35].
In a metric measure space (X, d,m) there are two structures in play; the distance and the reference

measure. Both have their respective roles in the RCD definition, however it is not be very clear the
relation between them and if possible how much flexibility is there to alter them. In [80] we make
the relationship between reference measure and distance deeper by taking advantage of the isometric
action of a compact Lie group, more precisely we obtain:

Theorem D (Invariant measure). Let (X, d,m) be an RCD∗(K,N) space and, G ≤ Iso(X) a
compact subgroup. Then there exists a G−invariant measure mG, equivalent to m, and such that
(X, d,mG) is an RCD∗(K,N) space.

To obtain this result we proceed as follows: First we notice that for all g ∈ G, the measure g#m
is such that (X, d, g#m) is still an RCD∗(K,N)−space. A Theorem of Kell [53] (also see Theorem
1.7.22) tells us that then m and g#m are mutually absolutely continuous. Thus this provides us with a
density ρg ∈ L1

loc(m). As the group G is compact we then use its Haar measure to find an appropiate
mean of the densities ρg, g ∈ G such that the new measure mG is both G−invariant and still makes
(X, d,mG) an RCD∗(K,N)−space.

As for applications of Theorem D we are able to prove in Theorem 3.4.9 improved bounds of the
dimension of Iso(X) under the assumption that the isotropy group at a point satisfies a rectifiability
condition (see Definition 3.4.7 ). These new bounds depend on the stratification given by Mondino
and Naber [65].

Furthermore in this Chapter we look at the cases when the m.m.s. is either Homogeneous or
Symmetric. In both of these cases the group action forces the m.m.s. to be a Riemannian manifold
(Proposition 3.4.14 and Theorem 3.6.1).

We are also able to provide a gaps for the possible dimensions of subgroups of Iso(X), this result
is similar to the one proved in [35] by Galaz-Garcı́a and Guijarro for Alexandrov spaces.

Theorem E (Dimensional gaps). Let (X, d,m) be an RCD∗(K,N) space, such that dimX = k 6=
4. Then there are no closed subgroups G ≤ Iso(X), satisfying the isotropy condition I, and whose
dimension lies in the interval:

1

2
κ(κ− 1) + 1 < dimG <

1

2
κ(κ+ 1),

where κ = max{dimT Rk, dimX}.

In Chapter 4 we focus our attention to the symmetric structure of the Wasserstein space itself. In
here we work with the Lp distance on the space of probability measures instead of just the quadratic
one used up till now. The Wasserstein space provides important information on the geometry of
the base space, it also inherits many geometrical features from its base space such as; existence of
geodesics, completeness, and nonnegative sectional curvature, to name a few.
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Given x ∈ X the map x 7→ δx defines an isometric embedding of X into Pp(X). Also, if
g : X → X is an isometry then the map g# : Pp(X) → Pp(X) defined as µ 7→ g#µ is also an
isometry. A natural question then is whether the Wasserstein space can be more symmetrical than the
base space. This was first posed by Kloeckner [57] in the case of Euclidean spaces, where surprisingly
there are isometries of the Wasserstein space of Rn that do not come from Euclidean isometries.

Our focus is to study the compact case. First, given that the pushforward of a Dirac delta is always
a Dirac delta we must study if ∆1, the set of Dirac deltas, is invariant under isometries. Our result in
this regard is:

Theorem F (Invariant Dirac deltas). Let (X, d,m) be a compact metric measure space with GTBp

for some p ∈ (1,∞). Then for any isometry Φ : Pp(X) → Pp(X) the set of Dirac deltas, ∆1, is
invariant, i.e. Φ(∆1) = ∆1.

The condition GTBp, called good transport behaviour, states that the optimal transport starting
from any absolutely continuous measure is always given by a map (see 1.7.18). We also need to
assume that the m.m.s. is non-branching.

For this Theorem we will make use of the structure of optimal transports provided by the GTBp

and non-branching assumptions. Defining appropiate functionals (such as the p power of the distance
function) whose maximum is achieved by Dirac deltas will help us obtain the desired result.

In order to conclude that the isometry group of X is the same as the isometry group of Pp(X)
we need to assume additional hypothesis on the base space. We obtain this for positively curved
manifolds and p = 2, (Theorem G) and for compact rank one symmetric spaces (CROSSes) we do
obtain it for general 1 < p <∞ (Theorem H).

Theorem G (Rigidity on positive curvature). Let M be a closed Riemannian manifold of strictly
positive sectional curvature. Then, the Wasserstein space (P2(M),W2) is isometrically rigid, i.e.
Iso(M) = IsoP2(M).

Theorem H (Rigidity on CROSSes). Let M be a compact rank one symmetric space (CROSS).
Then for any p ∈ (1,∞) the isometry groups of M and Pp(M) coincide.

The thesis is organized as follows:
Chapter 1 contains a brief introduction to the problem of Optimal Transport as well as to the

properties of the Wasserstein space, P(X), associated to a metric measure space (X, d,m). Later on,
we give the definitions, and refinements, of the Curvature-Dimension conditions that we will use.
Discussion on geodesic spaces and isometric group actions can also be found there.

Our approach to this Chapter is to present only the necessary results while giving some examples
that illustrate them. All of the references that the reader might want to consult are also mentioned.
Due to the scope of this work we have decided to avoid mentioning things like the Eulerian approach
to Ricci curvature bounds of Bakry-Émery, and gradient flows on the Wasserstein space.

The rest of the Chapters contain the results that have been obtained in [46],[80], and [81]:
In Chapter 2 we deal with the problem of determining the regularity of the group of isometries

of an RCD∗(K,N)−space. That is, we prove Theorem A, and the Theorems B,C that concern the
upper bounds on the dimension of the group.

Chapter 3 is devoted to modyfing the reference measure in order to obtain that the action of a
compact Lie subgroup G is both isometric and measure preserving, Theorem D. All this while pre-
serving the lower curvature bound. Furthermore, we study structural properties of the orbits, obtain
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the improved bounds (Theorem 3.4.9) and study Homogeneous and Symmetric spaces (Proposition
3.4.14 ,Theorem 3.6.1). The dimensional gap results (Theorem E) are also proved there.

Finally in Chapter 4 we study isometries at the level of Wasserstein spaces. We focus now on
studying symmetries of the Wasserstein space and their relation to those of the base space. In the
first section we prove the invariance of the set of Dirac deltas, Theorem F. The proof is based on
properties of the distance function that derive from the good transport behaviour GTBp . Next; in
order to prove the isometric rigidity, i.e. that all Wasserstein isometries come from isometries of the
base space, we need to further assume hypothesis on the sectional curvature. We obtain this rigidity
for p = 2 and positive curvature in Theorem G, for general exponents 1 < p < ∞ we obtain it for
the family of compact rank one symmetric spaces in Theorem H.





Chapter 1

Preliminaries.

In this chapter we will talk about the different results that will be needed throughout the thesis. the
main goal is to give the definition of the metric measures spaces that have a synthetic notion of lower
Ricci curvature bounds. This requires first to talk about the optimal transport problem, the distance
on the space of probability measures and properties of certain functionals defined there. We will also
discuss the refinements that are necessary in order to obtain a class of spaces that best reflect the
notion of being Riemannian. Proofs are not included in order to make the exposition easier to read.
However, we will provide the corresponding references and include plenty of examples.

Before starting let us clarify that due to the scope of this thesis certain choices have been made
regarding the material presented here. The reader interested on a more exhaustive presentation can
read for example the survey of Ambrosio [2] and the references therein.

1.1 Geodesic spaces

A complete and separable metric space (X, d) will be called a geodesic space if for any two points
there exists a curve of minimal length between them, these curves will be called geodesics. That is,

Definition 1.1.1. Let (X, d) be a metric space, take x, y ∈ X. A curve γ : [0, 1]→ X will be called
a geodesic between x and y if:

d(γs, γt) = |t− s|d(x, y), ∀s, t ∈ [0, 1].

The set of all geodesics will be denoted as Geo(X) and it will equiped with the sup norm.

Geodesic spaces include much more spaces than Riemannian manifolds and the like. There is the
possibility that geodesics are not uniquely determined by their starting point and their “direction,”
geodesics may as well branch at some point.

Definition 1.1.2. A geodesic space (X, d) will be said to be non-branching if the map

Geo(X)→ X ×X
γ 7→ (γ0, γt) (1.1)

is injective for all t ∈ (0, 1).

1
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Remark 1.1.3. A set Γ ⊂ Geo(X) will be said to consist of non-branching geodesics if the restriction
of the map 1.1 to Γ is injective for all t ∈ (0, 1).

Examples of geodesic spaces that are branching include Banach spaces with norms that are not
strictly convex. More specific examples that will be useful to keep in mind later on are:

Example 1.1.4. Let S1
i := S1(1

i ) be the circle of radius 1/i. For all i ∈ N we glue all of these circles
along a distinguished point p. The space X obtained from this identification is called the Hawaian
ring. It is geodesic and 1−dimensional but notice that geodesics that pass through p branch.

Example 1.1.5. Let (Rn, ‖·‖∞), this space is geodesic but is highly branching. For example, consider
the origin and the point (1, 0, · · · , 0). It is clear that any point of the form (1/2, x2, · · · , xn) with
|xi| ≤ 1/2 is a midpoint.

One invariant associated to a metric space is that of dimension. Let us finish this section with a
brief discusion on it. A reference the reader might want to check is [51].

Let O an open covering of X; its order is defined as the smallest integer n such that every point
in X is contained in at most n members of the cover.

Definition 1.1.6. The topological dimension of X , dimT X is defined as the minimum value n such
that any open covering of X has an open refinement with order n+ 1 or less.

The topological dimension of n-dimensional manifolds agrees with n; thus, for a Lie group with
a closed subgroup H , we have that

dimT G = dimT G/H + dimT H.

A subspace Y ofX satisfies dimT Y ≤ dimT X; thus, if f : Z → X is a topological embedding,
we have dimT Z ≤ dimT X . Therefore, if Z is compact, and f : Z → X is a continuous bijection
onto its image, we get that dimT Z ≤ dimT X .

Since X is a metric space, there is also the Hausdorff dimension dimHX; the relation between
them is given by the inequality dimT X ≤ dimHX (see [51, Page 107]).

1.2 Isometric actions

Since this thesis mainly revolves around isometric actions of groups on some particular metric mea-
sure spaces we will talk in this section about some of the notions and results that will be needed.

Definition 1.2.1. Let (X, d) be geodesic space andG a Hausdorff locally compact topological group.
A map A : G×X → X is a called an action of G on X, if

1. Let e ∈ G be the identity element of the group. Then A(e, x) = x, for all x ∈ X.

2. A(g1,A(g2, x)) = A(g1g2, x) for all x ∈ X and g1, g2 ∈ G.

We will say that the topological group G acts by isometries if there exists an action A such that
d(A(g, x),A(g, y)) = d(x, y) for all g ∈ G.
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When the way the groups acts on the space is clear we will drop the notation and instead instead
just gx = A(g, x).

Definition 1.2.2. Let A : G×X → X be an action and x ∈ X. We define the isotropy group at the
point x as:

Gx := {g ∈ G | A(g, x) = x} ⊂ G,

and the orbit of x
G · x := {A(g, x) | g ∈ G} ⊂ X.

If G · x = {x} then x is a fixed point of the action, if G · x = X then we will say that the action is
transitive.

Now, consider the subgroup ∩x∈XGx, called the ineffective kernel of the action. It this subgroup
is trivial, i.e. it is equal to {e} then we will say that the action is effective. Remark 3.3 in [1] tells us
that by taking a quotient G by the ineffective kernel we can alway obtain an effective action so from
here on all of the group actions will be assumed to be effective.

It is easy to check that the intersection of two orbitsG ·x andG ·y is either empty orG ·x = G ·y.
Therefore an isometric action of G on X induces a partition of the space into orbits; so we consider
the quotient:

X/G := {G · x |x ∈ X},

which we will call the orbit space or quotient space of the action. Using the projection map π : X →
X/G we will induce the quotient topology on the orbit space. In order to also introduce a metric
structure we will need to ask more of the action itself:

Definition 1.2.3. Let A : G×X → X be an action. We will say that it is a proper action if the map

G×X → X ×X
(g, x) 7→ (A(g, x), x)

is proper. That is, if the preimage of a compact set in X ×X, under this map, is compact in G×X.

Assume that the action of G on X is proper, then by Theorem 4.3.4 in [1] we define a metric on
X/G by

d∗(G · x,G · y) := inf{d(x, gy) | g ∈ G}.

It is a well-known fact that the quotient map π : X → X/G is an open map as well as a submetry
(i.e, sendings balls Bp(R,X) to balls Bπ(p)(R,X/G) for small R’s depending on p, see [13]).

Proposition 1.2.4. (X/G, d∗) is locally compact.

Proof. Let G · p ∈ X/G. For small ε > 0, the ball A := Bp(ε,X) is precompact, and π(A) is a
compact set. Since π is open, π(Bp(ε/2, X)) is an open neighbourhood of G · p. Then the closure of
π(Bp(ε/2, X)) is a subset of the compact set π(A), and therefore it is itself compact.

Proposition 1.2.5. (X/G, d∗) is a complete metric space.
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Proof. 1 Let {G ·xi}i∈N be a Cauchy sequence in X/G. Consider an increasing sequence of indices,
{nj}j∈N , such that:

d∗(G · xi, G · xnj ) <
1

2j
, ∀i ≥ nj .

We will define now a Cauchy sequence {yj}j∈N inX. For y1 pick any point inGx1 . The rest of points
are defined recursively as:

yj ∈ G · xnj ∩Byj−1(
1

2j−1
, X).

It is clear that the resulting sequence is Cauchy in X , and by completeness, there exists some y ∈ X
such that yj → y. Finally notice that

d∗(G · yj , G · y) ≤ d(yj , y),

so then the original sequence converges to G · y.

Now we prove that the distance given to the quotient space is such that the distance between two
points x, y is given by the infimum of the lengths of curves joining x and y.

Proposition 1.2.6. (X/G, d∗) is a length space.

Proof. 2 Take G · x 6= G · y so then d∗(G · x,G · y) > 0. Recall that the length L(σ) of any curve σ
in X/G, with endpoints G · x and G · y, is greater or equal than d∗(G · x,G · y).

Let ε > 0. Consider points x1, y1, · · · , xk, yk ∈ X such that:

• x1 ∈ G · x, yk ∈ G · y.

• G · yj = G · xj+1, for j = 1, · · · k − 1.

•
∑k

j=1 d(xj , yj) < d∗(G · x,G · y) + ε
2 .

Consider now curves σj : [0, 1] → X joining xj to yj such that L(σj) < d(xj , yj) + ε
2k . Define

σ̄ : [0, k] → X/G as the concatenation of the curves π ◦ σ1, π ◦ σ2, · · · , π ◦ σk. Since the map
π : X → X/G is a submetry we have that:

L(σ̄) =

k∑
j=1

L(π ◦ σj) ≤
k∑
j=1

L(σj) <

k∑
j=1

d(xj , yj) +
ε

2
< d∗(G · x,G · y) + ε.

So we can conclude that

d∗(G · x,G · y) = inf{L(σ) |σ has endpoints G · x,G · y}.

Propositions 1.2.4, 1.2.5, and 1.2.6 let us conclude by [23, Theorem 2.5.23] that
1This proof appears as Theorem 1.100 in some unpublished notes by Holopainen.
2The proof is the same as that of Proposition 3.2 in some unpublished notes of U.Lang
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Theorem 1.2.7. (X/G, d∗) is a geodesic space.

And we also have the following result regarding the existence of geodesic lifts:

Corollary 1.2.8. Let x, y ∈ X , and suppose that d∗(G · x,G · y) = `. Then there are geodesics
γ∗ : [0, `] → X/G with γ∗(0) = G · x, γ∗(`) = G(y) and γ : [0, `] → X with γ(0) = x such that
π ◦ γ = γ∗.

Proof. Recall that the map π : X → X/G is a submetry, so π(Bp(`,X)) = Bπ(p)(`,X/G); choose
some y′ ∈ Bp(`,X) in the fiber of π over G · y. Since π does not increase distances, d(x, y′) = `.
Let γ be a geodesic in X between x and y, and γ∗ = π ◦ γ. It is clear now that γ and γ∗ satisfy the
requirements of the Corollary.

1.3 Convergence of metric measure spaces

In 1981 Gromov studied the problem of determining how “far” are two metric spaces from being
isometric. To quantify this he defined a distance,dGH , between metric spaces that is reminiscent
of the usual Hausdorff distance between sets. References where this distance is treated include:
Gromov’s book [44], Burago, Burago, Ivanov’s book [23] and, Fukaya’s survey [32].

Amongst his most interesting results in this regard he obtained the following Theorem (see The-
orem 5.3 [44]), commonly refered to as “Gromov’s precompactness theorem”

Theorem 1.3.1. The class

S(n,D) :=

M
∣∣∣∣
M compact Riemannian manifold,

dimM = n, diamM ≤ D,
RicM > −(n− 1)


is precompact with respect to the distance dGH .

As the limit of a sequence of elements in S(n,D) is rarely a Riemannian manifold the natural
question is whether the limit space enjoys some synthetic notion of Ricci curvature. In the upcoming
sections we will present said notion as given by Lott, Sturm and Villani. Now, onto the rigorous
definition of the distance dGH .

Definition 1.3.2. Let (X, dX , pX), (Y, dY , pY ) be complete and separable metric spaces. For ε > 0
we will call a function fε : BpX (1/ε,X) → BpY (1/ε, Y ) a pointed ε-Gromov-Hausdorff approxi-
mation if:

1. fε(pX) = pY ,

2. for all u, v ∈ BpX (1/ε,X), | dX(u, v)− dY (fε(u), fε(v)) | < ε, and

3. for all y ∈ BpY (1/ε, Y ), there exists some x ∈ BpX (1/ε,X) such that dY (fε(x), y) < ε.

Observe that that an ε−Gromov-Hausdorff approximation fε is not assumed to be a continuous map.
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The pointed Gromov Hausdorff distance between the two pointed metric spaces (X, dX , pX),
(Y, dY , pY ), denoted by dGH((X, dX , pX), (Y, dY , pY )), is by definition equal to the infimum of all
ε such that there exist ε-Gromov-Hausdorff approximations from (X, dX , pX) to (Y, dY , pY ), and
from (Y, dY , pY ) to (X, dX , pX).

Let us describe a couple of examples that will be really useful throughout the next couple of
Chapters.

Example 1.3.3. Consider the space

X := {(x, y) ∈ R2 |x ≤ 0} ∪ {(x, y) ∈ R2 |x ≥ 0, y = 0}.

Equip it with the length metric inherited from R2. Now notice that we have four different types of
tangent spaces that depend on our choice of base point.

• For (0, 0) we have limi→∞(X, di, (0, 0)) = (X, di, (0, 0)).

• For (a, 0), a > 0, limi→∞(X, di, (a, 0)) = (R, dE , (0, 0)).

• For (0, b), b ∈ R, limi→∞(X, di, (0, b)) = (Y, d, (0, 0)), where Y = {(x, y) ∈ R |x ≤ 0}.

• For (x, y), x ≤ 0, limi→∞(X, di, (x, y)) = (R2, dE , (0, 0)).

As metric measure spaces have two structures associated to them; metric and measure, we will
need to consider a notion of Gromov-Hausdorff convergence that reflects both of them:

Definition 1.3.4. If (Xk, dk,mk, pk), k ∈ N, and (X∞, d∞,m∞, p∞) are pointed metric measure
spaces, we will say that Xk converges to X∞ in the pointed measured Gromov-Hausdorff topology
if there exist Borel measurable εk−Gromov-Hausdorff approximations such that εk → 0 and

(fεk)#mk ⇀ m∞

narrowly.

In the next couple of Chapters 2 3, we will be dealing with the isometry group acting on a
m.m.s. It will be useful to us to study the effect of isometric group actions and Gromov-Hausdorff
convergence. So we need an equivariant version of it as appears in [34]. For r > 0 and Γ, a group
acting by isometries on a pointed metric space (X, dX , p), we define

Γ(r) := {γ ∈ Γ | γp ∈ Bp(r)}.

Definition 1.3.5. Let (X, dX , p,Γ) and (Y, dY , q,Λ) be two metric spaces and Γ,Λ groups acting
isometrically on X and Y respectively. An equivariant pointed ε–Gromov-Hausdorff approximation
is a triple (f, ϕ, ψ) of maps

f : Bp(1/ε,X)→ Bq(1/ε, Y ), ϕ : Γ(1/ε)→ Λ(1/ε), ψ : Λ(1/ε)→ Γ(1/ε)

such that
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1. f(p) = q;

2. the ε–neighbourhood of f (Bp(1/ε,X)) contains Bq(1/ε, Y );

3. if x, y ∈ Bp(1/ε,X), then

| dX(x, y)− dY (f(x), f(y)) | < ε;

4. if γ ∈ Γ(1/ε) and both x, γx ∈ Bp(1/ε,X), then

dY (f(γx), ϕ(γ)f(x)) < ε;

5. if λ ∈ Λ(1/ε) and both x, ψ(λ)x ∈ Bp(1/ε,X), then

dY (f(ψ(λ)x), λf(x)) < ε.

As usual, we do not assume that f is continuous or that ϕ,ψ are group homomorphisms.

Definition 1.3.6. We will say that a sequence (Xi, dXi , p,Γi) converges to (Y, dY , q,Λ) if there are
equivariant pointed εi-Gromov-Hausdorff approximations with εi → 0.

1.4 Optimal transport

In 1781 Gaspard Monge published “Mémoire sur la théorie des déblais et des remblais” one if his
famous works which contained the first formulation of the optimal transport problem. Suppose that
you have a certain amount of dirt, modelled by a probability measure µ, and that you want to move
it to a specified new location ν. What is left to determine is how you intend to move all the mass
µ. Naturally the movement of a particle from one location to another involves a certain cost c, for
example this cost could be the square of the distance between the point x and its destination T (x).
The problem then consists in finding a scheme, or plan, in which to move all of the mass µ to the new
location ν while minimizing the cost.

More rigorously this can be stated in a modern language as follows: Consider (X, d) a complete
and separable metric space. Let µ, ν be two probability measures supported on X. Monge’s optimal
transport problem (MP) consists on minimizing:∫

d2(x, T (x))dµ(x) (MP)

among all measurable maps T : X → X such that T#µ = ν.

The map T represents the way in which a particle x in the starting configuration µ is moved to a
destination T (x) in the target ν.

The problem MP stated as is, presents some difficulties: First of all, the problem may very well
be ill-posed, that is, there may not exist any map T : X → X such that T#µ = ν. For example
consider µ = δx and ν = 1

2δx + 1
2δy. The second problem is that the set {T : X → X |T#µ = ν}
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is in general not closed with respect to weak convergence of measures. An example of this can be
found in Chapter 1, section 1.4 of Santambrogio’s book [79].

Much later Kantorovich proposed a weaker formulation of the transport problem. Instead of
asking that there exists some function that pushes one measure to another he allows the possibility of
the mass to split. Namely, he proposed to minimize the functional:

π 7→
∫
d2(x, y)dπ(x, y) (KP)

among all admissible measures π ∈ Adm(µ, ν). The set Adm(µ, ν) consists of measures in π ∈
P(X ×X) that have marginals µ and ν, i.e.

π (A×X) = µ(A), π (X ×B) = ν(B), ∀A,B ∈ B(X).

The existence of a minimizer follows from some observations. The functional KP is linear, and
the set of admissible measures Adm(µ, ν) is convex and closed in the weak topology. (see [3] ). A
measure that minimizes the functional will be called an optimal transport, the set of optimal transports
will be denoted by Opt(µ, ν). Also notice that KP really is a weak formulation of the original Monge
problem. If a solution to MP exists then the measure (Id, T )#µ is an optimal plan.

Behind the idea of taking measures in the product space Adm(µ, ν) is that if π is admissible then
a point (x, y) ∈ suppπ contains the information of how much mass is sent from x to y. The important
distinction with the constraint of MP is that for y 6= z it may happen that (x, y), (x, z) ∈ suppπ.
That is, admissible plans allow for the mass to split.

Remark 1.4.1. Eventhough we will only be dealing with the square distance as the cost function
considered in the optimal transport problem the existence of solutions to Kantorovich’s problem
requires little assumptions on the cost, for example positivity and lower semicontinuity. (see [3])

Given a probability measure π ∈ Adm(µ, ν) it would be useful to determine whether it is optimal
or not. Intuitively a point (x, y) ∈ suppπ represents the mass that is sent from x to y. So if our plan
is optimal then there shouldn’t way to rearrange the points in suppπ in a way that decreases the value
of the functional. More rigorously we have:

Definition 1.4.2. We say that a set Γ ∈ X × X is p−cyclically monotone if for all n ∈ N and
(x1, y1), · · · , (xn, yn) ∈ Γ implies

n∑
i=1

d2(xi, yi) ≤
n∑
i=1

d2(xi, yσ(i))

for all permutations σ of {1, · · · , n}.

It is proved in Theorem 2.13 [3] that a plan π is optimal if and only if its support suppπ is
2−cyclically monotone.
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1.5 Wasserstein spaces

Let (X, d) be a geodesic space, and let P(X) be the set of probability measures supported on X. Our
objective for this section is to define a distance between probability measures that has a close relation
to geometrical properties of the base space X. First we will consider the set of probability measures
with finite second moments:

P2(X) :=

{
µ ∈ P(X) |

∫
d2(x0, y)dµ(y) <∞, for some x0 ∈ X

}
.

For µ, ν ∈ P2(X) we define W2 the L2−Wasserstein distance between these measures as:

W2
2(µ, ν) := min

{∫
d2(x, y)dπ(x, y) |π ∈ Adm(µ, ν)

}
.

It is known that W2 defines a distance on P2(X) (Theorem 3.2 in [3]), so then (P2(X),W2) will
be called the Wasserstein space of X. The first thing to note about W2 is its relation to narrow con-
vergence of measures (Theorem 3.7 in [3]). Recall that a sequence of probability measures (µn)n∈N
is said to narrowly converge to a probability measure µ, denoted by µn ⇀ µ, if:∫

φdµn →
∫
φdµ, as n→∞, ∀φ ∈ Cb(X),

where Cb(X) is the space of bounded continuous functions on X.
Let n ∈ N we define the set of totally atomic measures with n atoms:

∆n(X) :=

{
µ ∈ P2(X) |µ =

n∑
i=1

aiδxi , xi ∈ X,
n∑
i=1

ai = 1, ai > 0

}
if the space in which they are supported is clear then we will simplify the notation and just write ∆n.

Now let us state a couple theorems that describe some of the topological structure of the Wasser-
stein space (see Theorem 3.7 in [3] and Remark 6.19 in [86]):

Theorem 1.5.1. Let (X, d) be a complete and separable metric space. Then (P2(X),W2) is complete
and separable as well. Any measure may be approximated by a sequence of totally atomic probability
measures. Also, the following are equivalent:

1. A sequence (µn)n∈N ⊂ P2(X) W2−converges to a measure µ.

2. µn ⇀ µ and
∫
d2(·, x0)dµn →

∫
d2(·, x0)dµ for some x0 ∈ X.

Theorem 1.5.2. The space (X, d) is compact if and only if the Wasserstein space (P2(X),W2) is
compact. If (X, d) is only locally compact then (P2(X),W2) is not locally compact.

In the case where the base space X is unbounded then it will turn out that closed balls around any
measure regarlesss of the radius are not compact. (see Remark 3.8 in [3] for details).
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We will assume that (X, d) is also a geodesic space (Definition 1.1.1). Recall that Geo(X) is the
space of geodesics of X, for every t ∈ [0, 1] we define the evaluation maps:

et : Geo(X)→ X

γ 7−→ et(γ) = γt.

It will turn out that the Wasserstein will also be geodesic (Theorem 3.10 in [3]):

Theorem 1.5.3. Let (X, d) be a geodesic space. Then (P2(X),W2) is a geodesic space as well.
Also, the following are equivalent:

1. The map t 7→ ηt ∈ P2(X) is a geodesic.

2. There exists some measure η ∈ P2(Geo(X)) such that (e0, e1)#η ∈ Opt(η0, η1) and

ηt = et#η.

The set of measures in P2(Geo(X)) that satisfy this property will be denoted by OptGeo(η0, η1).

Furthermore, this equivalence provides us with some insight on how the optimal transport looks
like in the space X. Since our space X is geodesic it is somewhat clear that the way in which we
send mass from one location to another must be done by moving along geodesics. Then the measure
η ∈ P2(Geo(X)) contains the information of which geodesics are being used and how much mass is
sent through them.

Let us describe some examples of Wasserstein geodesics. First, notice that if we consider the
measures δx, µ ∈ P2(X) then

Adm(δx, µ) = {δx ⊗ µ} = Opt(δx, µ).

Hence the measure η ∈ P2(Geo(X)) described in Theorem 1.5.3 is supported on the set {γ ∈
Geo(X) | γ0 = x, γ1 ∈ supp(µ)}.

Notice that the map x 7→ δx defines an isometric embedding of X into P2(X). A typical Wasser-
stein geodesic between two Dirac deltas is given by t 7→ δγt where γ ∈ Geo(X). However, if there
exists more that one geodesic between the two points then for a fixed λ ∈ (0, 1) the curve

t 7→ (1− λ)δγt + λδγ̃t

is also a Wasserstein geodesic. Observe that this geodesic corresponds to an optimal transport where
the mass is being split.

Non-branching spaces provide some interesting behaviour of the optimal transport between mea-
sures. The non-branching structure will be inherited by the Wasserstein space and we will obtain
some nice regularity for the intermediate measures of a Wasserstein geodesic (Proposition 3.16 [3]):

Theorem 1.5.4. Let (X, d) be a non-branching geodesic space. Then we have that the Wasserstein
space (P2(X),W2) is also non-branching. Furthermore, if t 7→ µt ∈ P2(X) is a geodesic, then for
all t ∈ (0, 1) there exists a unique optimal plan in Opt(µt, µ1) and it is induced by a map from µt.
Also, the measure µ ∈ P2(Geo(X)) described in Theorem 1.5.3 is unique.
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Seeing that the spaces we will be working with are also equipped with a measure we can define
the following weaker non-branching condition.

Definition 1.5.5. A metric measure space (X, d,m) will be said to be essentially non-branching if
given any two measures µ0, µ1 � m the measure η ∈ P(Geo(X)) such that t 7→ et#η is a geodesic
between µ0 and µ1 is concentrated on a set of non-branching geodesics.

Remark 1.5.6. One thing that is worth noting, as it will be used in Chapter 4, is that the results
presented in this section can be proved if the cost is replaced with dp(·, ·) for p ∈ (1,∞).

1.6 Curvature-Dimension conditions

This section is devoted to presenting different notions of lower Ricci curvature bounds that have been
defined for possibly non-smooth metric measure spaces. THe metric measure spaces (X, d,m) will
always be assumed to be geodesic, complete and separable. The measure m, from hereby called
reference measure will have suppm = X.

As a first motivation one might look at other notions of non-smooth curvature. For example, the
theory of Alexandrov spaces which deals with concavity properties of the squared distance function.
(see for example [3], [23])

Given Gromov’s Theorem 1.3.1, one of the first requirements a synthetic notion of curvature
needs is the notion of stability in the following sense:

Definition 1.6.1. A class M of metric measure spaces is said to be stable if it is precompact with
respect to measured Gromov-Hausdorff convergence.

The Wasserstein space (P2(X),W2) has a property which the base space X might lack: convex-
ity. Clearly

∀µ, ν ∈ P2(X)⇒ (1− t)µ+ tν ∈ P2(X) ∀t ∈ [0, 1]. (1.2)

In this section we will talk about a notion of a function being convex in the space of probability
measures. We could naturally define a curve using the property 1.2. However notice that for example
the curve t 7→ (1 − t)δx + tδy, where x 6= y, is not rectifiable. Just observe that W2((1 − t)δx +
tδy, (1 − s)δx + sδy) =

√
|t− s|d(x, y). So using this kind of curves might not be the best idea. It

should be natural then that we consider functionals that are convex in some sense ( see Definitions
1.6.2, 1.6.19) along geodesics.

Given some functional F : X → R ∪ {±∞} we define its finiteness domain D(F) := {x ∈
X | F(x) <∞}.

Definition 1.6.2. Let F : X → R ∪ {±∞}, K ∈ R. We will say that it is K−convex if for all
µ0, µ1 ∈ D(F) there exists some geodesic (µt)t∈[0,1] joining them such that:

F(µt) ≤ (1− t)F(µ0) + tF(µ1)− K

2
t(1− t)W2

2(µ0, µ1), ∀t ∈ [0, 1]. (1.3)

Definition 1.6.3. We define the functional Ent : P2(X)→ R ∪ {±∞}, called the Shannon entropy
as:

Ent(µ) :=

{∫ dµ
dm log dµ

dmdm if µ� m and the integral is finite
+∞ in other case.
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Definition 1.6.4. Let K ∈ R, a metric measure space will be said to satisfy CD(K,∞) if the
Shannon entropy Ent is K−convex.

Remark 1.6.5. Additionally we could requireK−convexity of the Shannon entropy for any geodesic
between two measures µ0, µ1. This is referred to in the literature as strong convexity.

The advantage of requiring strong convexity is that it provides information on how branching the
m.m.s. can be. For example we have the following result of Rajala and Sturm [77]:

Theorem 1.6.6. A strong CD(K,∞) space is essentially non-branching.

Example 1.6.7. Let (M,d,Vol) be a Riemanian manifold. Then:

RicM ≥ K ⇐⇒ it satisfies CD(K,∞).

That is, the CD(K,∞) condition effectively generalizes the notion of lower Ricci curvature in a
smooth setting.

Example 1.6.8. Let (H, ‖ · ‖) be a separable Hilbert space. A probability measure ν ∈ P(H) is said
to be log-concave if for all A,B ⊂ H open sets we have

log ν((1− t)A+ tB) ≥ (1− t) log ν(A) + t log ν(B), ∀t ∈ [0, 1].

Theorem 9.4.11 [5] shows that a probability measure ν is log-concave if and only if Ent is 0−convex.
Therefore Hilbert spaces (without any assumptions on their dimension) are CD(0,∞).

Seeing that the CD(K,∞) condition admits spaces that are infinite dimensional we move to-
wards a definition that is more dimensionally involved in the sense that there is some control in the
dimension of the underlying metric space. First we consider another entropy:

Definition 1.6.9. Given N ∈ [1,∞) we define the Rényi entropy:

entN (µ) :=

{
−
∫ dµ
dm

1−1/N
dm if µ� m

+∞ otherwise

Now consider in the smooth case a Riemannian N−manifold (M, g) with Ric ≥ Kg then by
Theorem 14.12 in [86] we have that the Jacobian functionJ (s, x) := det[∇x exp(s∇φ(x))] satisfies:

J 1/N (s, x) ≥ τ (s)
K,N (θ)J 1/N (1, x) + τ

(1−s)
K,N (θ)J 1/N (0, x) ∀s ∈ [0, 1],

where θ := d(x, exp(∇φ(x))), τ
(s)
K,N (θ) = s1/Nσ

(s)
K/(N−1)(θ)

1−1/N .

For K ∈ R and N ∈ [1,∞) we define the following distortion coefficients, where t ∈ [0, 1] :

σ
(t)
K,N (θ) :=



∞ if Kθ2 ≥ Nπ2,
sin(tθ
√
K/N)

sin(θ
√
K/N)

if 0 < Kθ2 < Nπ2,

t if Kθ2 = 0,
sinh(tθ

√
−K/N)

sinh(θ
√
−K/N)

if Kθ2 < 0.

(1.4)
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Definition 1.6.10. Let K ∈ R and N ∈ [1,∞), a metric measure space will be said to satisfy
CD(K,N) that for all measures µ0, µ1 � m with bounded support there exists some geodesic
(µt)t∈[0,1], induced by some measure η ∈ P(Geo(X)), such that:

entN (µs) ≤−
∫
τ

(1−t)
K,N ′ (d(γ0, γ1))

dµ0

dm

−1/N ′

(γ0)+ (1.5)

+ τ
(t)
K,N ′(d(γ0, γ1))

dµ1

dm

−1/N ′

(γ1)dη(γ),

for all N ′ ≥ N, t ∈ [0, 1], where the distortion coefficients are τ (t)
K,N ′(θ) = t1/tσ

(t)
K/(N ′−1)(θ)

1−1/N ′ .

Remark 1.6.11. The definition presented here follows that given by Sturm in [83], [84]. Lott-
Villani’s definition considers more general classes of entropies. (see [86]).

Remark 1.6.12. The condition CD(K,N) implies CD(K,∞), just notice thatN +NentN → Ent
as N →∞.

And as for our initial requirement with respect to Gromov-Hausdorff convergence in [60], [83],
[84] Lott-Villani and Sturm obtained:

Theorem 1.6.13. The classes of CD(K,N) and CD(K,∞)−spaces are stable.

Example 1.6.14. Theorem 1.7 in [84] shows that a Riemannian manifold satisfies the CD(K,N)
condition if and only if the dimension of the manifold is less that N and Ric ≥ K.

Example 1.6.15. In [74] Petrunin showed that n−dimensional Alexandrov spaces (X, d,Hn) where
Hn is the n−dimensional Hausdorff measure satisfy CD(K,n).

The CD(K,N) notion allows us to obtain more information on the structure of the m.m.s.
(X, d,m) and of the reference measure m. (see [84]).

Theorem 1.6.16. Let (X, d,m) be a CD∗(K,N)−space.Then:

1. (X, d) has Hausdorff dimension bounded above by N.

2. (X, d) is proper, in particular, it is locally compact.

3. The measure m is locally doubling and has no atoms.

4. The measure m satisfies the growth condition ,∫
exp(−cd2(x0, x))dm <∞, for some x0 ∈ X, c > 0.

The local version of the CD(K,N) condition is the following: For any x ∈ X there exists some
R > 0 such that for every µ0, µ1 ∈ P2(X) with supports contained in Bx(R) there exists some
geodesic such that we have inequality 1.5. So a naturally one would wonder if this local version
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implies the global 1.6.10. In [75] Rajala constructed an example of a local CD(0, 4) that does not
satisfy CD(K,N) for any K,N. The idea is to take a compact set in R2 that is convex with respect
to the norm ‖ · ‖∞, in said paper it is proved that unlike (R2, ‖ · ‖∞) which is CD(0, 2) this space
only satisfies CD(0, 4) locally.

Another inconvenient that locally CD(K,N)−spaces have is that this condition is not stable.
In [9], Bacher and Sturm made some modifications to the weights being considered in the defi-

nition of the Curvature-Dimension condition in order to obtain the local-to-global property. Their so
called, reduced Curvature-Dimension condition CD∗(K,N) still uses the Rényi entropy 1.6.9 while
considering the slightly smaller distortion coefficients 1.4.

Definition 1.6.17. Let K ∈ R and N ∈ [1,∞), a metric measure space will be said to satisfy
CD∗(K,N) that for all measures µ0, µ1 � m with bounded support there exists some geodesic
(µt)t∈[0,1], induced by some measure η ∈ P(Geo(X)), such that:

entN (µs) ≤−
∫
σ

(1−t)
K,N ′ (d(γ0, γ1))

dµ0

dm

−1/N ′

(γ0)+ (1.6)

+ σ
(t)
K,N ′(d(γ0, γ1))

dµ1

dm

−1/N ′

(γ1)dη(γ),

for all N ′ ≥ N, t ∈ [0, 1].

This new condition overcomes the issue with the local formulation while mantaining the proper-
ties of the previous CD(K,N). Additionally:

Theorem 1.6.18. The reduced curvature dimension condition CD∗(K,N) is stable.

In [30] Erbar, Kuwada and Sturm defined yet another variant of CD spaces, called entropic
spaces, CDe. Their definition uses the Shannon entropy (which is usually easier to handle) and a new
notion of convexity along geodesics.

Given some functional F : X → R ∪ {±∞} and a real number N ∈ (0,∞) we define the
auxiliary functional

UN (x) := exp

(
− 1

N
F(x)

)
. (1.7)

Definition 1.6.19. Let X be a geodesic space, and let K ∈ R, N ∈ (0,∞). We will that a functional
F : X → R ∪ {±∞} is (K,N)−convex if for any two points x, y ∈ D(F) and any geodesic
γ ∈ Geo(X) we have:

UN (γt) ≥ σ(1−t)
K/N (W2(γ0, γ1))UN (γ0) + σ

(t)
K/N (W2(γ0, γ1))UN (γ1), ∀t ∈ [0, 1]. (1.8)

Let us make a couple remarks on the definition before continuing:

Remark 1.6.20. The use of these distortion coefficients has the following motivation: Consider a
Riemannian manifold M and a smooth function F : M → R. One might define (K,N)−convexity
as:

HessF − 1

N
(∇F ⊗∇F ) ≥ K,

which can be be rewritten using the functional U (1.7) in an integrated form given by equation 1.8.
(see also Lemma 2.2 in [30] for details).
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Let us now state some properties of (K,N)−convex functionals that will be useful later on:

Lemma 1.6.21. IfF is a (K,N)−convex functional and λ > 0 then the functional λF is (λK, λN)−
convex.

Lemma 1.6.22. If F1 and F2 are (K1, N1)−convex, (K2, N2)−convex functionals respectively.
Then F := F1 + F2 is (K1 +K2, N1 +N2)−convex.

Let us now present some examples of (K,N)−convex functionals, taken from [30]:

Example 1.6.23. The following are (K,N)−convex functionals:

1. For N > 0,K > 0 let F : (−π
2 )
√

N
K ,

π
2 )
√

N
K )→ R

F(x) = −N log cos(x
√
K/N).

2. For N > 0, K = 0 let F : (0,∞)→ R

F(x) := −N log x

3. For N > 0 and K < 0 let F : (0,∞)→ R

F(x) := −N log cosh
(
x
√
−K/N

)
.

Example 1.6.24. Consider (M,d) a Riemannian manifold, z ∈M fixed and N > 0.

1. For K > 0 we have that

F(x) := −N log cos
(
d(x, z)

√
K/N

)
defined on the open ball Bz

(
π
2

√
N/K

)
is (K,N)−convex if the sectional curvature of the

manifold is bounded from above by K/N.

2. For K < 0 the function

F(x) := −N log cosh
(
d(z, x)

√
−K/N

)
defined on all of M is (K,N)−convex if the sectional curvature is bounded from below by
K/N.

Definition 1.6.25. A m.m.s. will be said to satisfy the entropic curvature dimension condition
CDe(K,N) for some K ∈ R, N ∈ [1,∞) if the Shannon entropy Ent is (K,N)−convex.

A good source of new examples come from the possibility of modifying the reference measure
by adding an appropiate density (see Proposition 3.3[30] and Chapter 3 of this thesis).



16 CHAPTER 1. PRELIMINARIES.

Proposition 1.6.26. Take (X, d,m) a CDe(K,N)−space and V : X → R a measurable function
that is also strongly (K ′, N ′)−convex. Then (X, d, exp(−V )m) is a strong CDe(K + K ′, N +
N ′)−space.

For esssentially non-branching spaces 1.5.5 we have equivalence with the previous notions (The-
orem 3.12 [30])

Theorem 1.6.27. If (X, d,m) is an essentially non-branching m.m.s. then the conditionsCD∗(K,N)
and CDe(K,N) are equivalent.

We also have the local to global property (Theorem 3.14 [30]),

Theorem 1.6.28. Let (X, d,m) be a metric measure space. Then it satisfies the strong CDe(K,N)
condition if and only if it satisfies the local CDe

loc(K,N).

1.7 The Riemannian Curvature-Dimension condition

In [70], Ohta showed that Finsler manifolds also satisfy the curvature dimension conditions men-
tioned so far. The geometry of Finsler and Riemannian manifolds can be very different, for example:
the heat flow in a Riemannian setting is linear and in a Finsler manifold it is not (see [71] by Ohta
and Sturm).

This led to another refinement of the synthetic notion of lower Ricci curvature bound. The ob-
jective of this one is to capture the notion of “being Riemannian”. The focus is to study properties of
Sobolev spaces on metric measure spaces.

Even in the generality in which we are working in there is some notion of first order differentiable
structure available. Here we only present the basic notions that we will need, for a more detailed
exposition the interested reader may consult [40].

Let LIP(X) be the space of real valued Lipschitz functions on X. Given a Lipschitz function f
denote its finiteness domain by D(f) = {x ∈ X|f(x) ∈ R}; the local Lipschitz constant is defined
as:

Lip f(x) := lim sup
y→x

|f(x)− f(y)|
d(x, y)

, (1.9)

by convention we take Lip f(x) =∞ if x /∈ D(f), and Lip f(x) = 0 if x is isolated.

Definition 1.7.1. Let (X, d,m) be a m.m.s. For f ∈ L2(m) we define the Cheeger energy as:

Chm(f) := inf

{
lim inf
n→∞

1

2

∫
|Lip fn|2dm | fn ∈ LIP(X), fn → f in L2(m)

}
. (1.10)

We denote its domain as D(Chm) := {f ∈ L2(m) | Chm(f) <∞}

It can be proved that for f ∈ D(Chm) if one looks at the optimal approximation in the definition
then there exists a function in L2(m), called the minimal weak upper gradient, |∇f |w such that

Chm(f) =
1

2

∫
|∇f |2wdm.
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The minimal weak upper gradient is of local nature in the sense that for all f, g ∈W 1,2(m)

|∇f |w = |∇g|w m− a.e. on {f = g}. (1.11)

We also have that minimal weak upper gradients satisfy the following Leibniz rule:

|∇fg|w ≤ |f ||∇g|w + |g||∇f |w for all f, g ∈W 1,2(m) ∩ L∞(m). (1.12)

If (X, d,m) satisfies a weak Poincaré inequality and the reference measure m is locally doubling,
then by Theorem 6.1 in [24] we have that for any locally Lipschitz function f

Lip f(x) = |∇f |w(x) m− a.e. x ∈ X.

Definition 1.7.2. Let W 1,2(m) := D(Chm) and equip it with the norm

‖f‖W 1,2 := ‖f‖L2(m) +

∫
|∇f |2wdm.

In the case that this space is actually a Hilbert space we will say that (X, d,m) is infinitesimally
Hilbertian.

In [40] Gigli studied the differential structure of m.m.s. in particular, under the assumption that
W 1,2(m) is a Hilbert space then it is possible to obtain a pointwise version of the parallelogram law
( see Corollary 3.4 in that paper).

|∇(f + g)|2w + |∇(f − g)|2w = 2(|∇f |2w + |∇g|2w) m− a.e. for all f, g ∈W 1,2(m). (1.13)

Given that a Finsler manifold is infinitesimally Hilbertian if and only if it is Riemanian (see [6])
the natural definition is the following:

Definition 1.7.3. A metric measure space (X, d,m) that is both CD∗(K,N) and infinitesimally
Hilbertian will be said to satisfy the Riemanian Curvature-Dimension condition RCD∗(K,N).

The stability of this new condition was proved in the compact case by Ambrosio, Gigli and Savaré
[6], the general case was proved by Gigli, Mondino and Savaré [41]. It is worth mentioning though
that the condition of being infinitesimally Hilbertian is not stable on it is own.

As for examples we have the following:

Example 1.7.4. Riemmanian manifolds and Alexandrov spaces are know to be infinitesimally Hilber-
tian, hence the RCD∗(K,N) condition does not exclude them.

Example 1.7.5. Consider M = S2( 1√
3
) × S2( 1√

3
), in [10] Bacher and Sturm showed that the Eu-

clidean cone over M, C(M), is a CD(0, 5) space that is not an Alexandrov space. Recall that the
m.m.s. (C(M), dC ,mC) is:

• C(M) := M × [0,∞)/M × {0},

• Given (x, t), (y, s) ∈M × [0,∞)

dC((x, t), (y, x)) :=
√
s2 + t2 − 2st cos(d(x, y) ∧ π),
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• dmC(x, t) := dm(x)⊗ t5dt.

Example 1.7.6. The RCD∗(K,N) condition is closed under tensorization. That is, if (X1, d1,m1),
(X2, d2,m2) are RCD∗(Ki, Ni)−spaces then the product space

(X1 ×X2, d,m1 ⊗m2),

where d2((x1, y1), (x2, y2)) := d2
1(x1, x2)+d2

2(y1, y2) is anRCD∗(K1+K2, N1+N2). This follows
first from noting that by [84],[9], [86] the CD∗(K,N) condition is preserved by products and by [6]
the infinitesimally Hilbertian property as well.

Example 1.7.7. In [16] Bertrand, Ketterer, Mondello and Richard studied the Ricci curvature of
compact stratified spaces. Briefly, a stratified space is a topological space that can be decomposed
into different strata, where each stratum is a smooth manifold. The stratum of highest dimension is
called the regular set. What they proved is that a compact stratified space is RCD∗(K,N) if and
only if its dimension is at most N and has bounded Ricci curvature from below by K.

The Riemannian Curvature Dimension condition enjoys many structural properties. We will de-
vote the rest of this section to present some of them. The first of these is a genrealization of the
Splitting theorem of Cheeger and Gromoll proved by Gigli in [39].

Theorem 1.7.8. Let (X, d,m) be a RCD∗(0, N) containing a line. Then it is isomorphic to the
product of (R, dE ,L1) and another space (Y, dY , ν). Moreover:

• If N ≥ 2, then (Y, dY , ν) is a RCD∗(0, N − 1),

• if N ∈ [1, 2), then Y is a point.

In general we don’t know how branching can a metric measure can be. In [77] Rajala and Sturm
proved that the RCD∗(K,N) condition implies that the space is essentially non-branching 1.5.5. In
a posterior paper [43] Gigli, Rajala and Sturm showed that only one of the measures needs to be
absolutely continuous, that is,

Theorem 1.7.9. Let (X, d,m) be an RCD∗(K,N)−space. Then for every µ, ν ∈ P2(X) with
µ � m there exists a unique optimal transport π ∈ OptGeo(µ, ν). Furthermore, π is induced
by a map and concentrated on a set of non-branching geodesics. That is, there exists a Borel set
Γ ⊂ C([0, 1], X) such that π(Γ) = 1 and for every t ∈ [0, 1) the map et : Γ→ X is injective.

Moving on to more local structure, in example 1.3.3 we saw that limits of pointed metric spaces
depend in general of the base point. Let us recall the construction done there with some added
requirements for the reference measure.

For a pointed metric measure space (X, d,m, p) and a constant λ > 0. We can rescale the metric
by taking λd and normalize the measure in the following way

mλ :=

(∫
Bp(λ−1)

1− λd(p, ·)dm

)−1

m.
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Given a sequence λn →∞we can consider a sequence of rescaled and normalized pointed metric
measure spaces {(Xn, dn,mn, pn)}n∈N

We define the tangent at a point p ∈ X as:

Tan(X, p) := {(Y, dY , ν, y)| (Xn, dn,mn, pn)→ (Y, dY , ν, y)}

For any λ > 0, the reescalled m.m.s. (X,λd,m) becomes an RCD∗(λ−2K,N)−space provided
(X, d,m) is an RCD∗(K,N)−space. Then from the stability of the class of RCD∗(K,N)−spaces
we obtain that for any p ∈ X the set Tan(X, p) is non-empty and consists of RCD∗(0, N)−spaces.

Definition 1.7.10. Let k ∈ [1, N ] ∩ N. A point x ∈ X is called k−regular if Tan(X,x) =
{(Rk, dE ,Lk, 0)}. We denote the set of k−regular points asRk.

In [65] Mondino and Naber proved that m−a.e. point in X has a unique Eulidean tangent, how-
ever the dimension of these tangents might vary from point to point.

Theorem 1.7.11. Let (X, d,m) be an RCD∗(K,N)−space for some K ∈ R, N ∈ (1,∞). Then
m(X − ∪bNck=1Rk) = 0. Furthermore, every Rk is k−rectifiable, i.e. it can be covered up to a
m−negligible set by a countable collection of Borel subsets which are bi-Lipschitz equivalent to
Borel subsets of Rk.

In the case of Ricci limits, Colding and Naber [27] showed that there exists l ∈ [1, N ] ∩ N such
that m(X − Rl) = 0. Using a regularity result for Lagrangian flows of Sobolev vector fields over
RDC∗(K,N) spaces Bruè and Semola extended this for general RCD∗(K,N)−spaces.

Theorem 1.7.12. Let (X, d,m) be an RCD∗(K,N)−space for some K ∈ R, N ∈ (1,∞). Then
there exists k ∈ [1, N ] ∩ N such that m(X −Rk) = 0.

Kitabeppu introduced in [55] a new concept of dimension that coincides with previous definitions
made by Colding and Naber for Ricci limit spaces [27] and by Han [47]. Thanks to Theorem 1.7.12
this definition can be restated as follows:

Definition 1.7.13. Let (X, d,m) be an RCD∗(K,N)−space. The analytic dimension of X, dimX,
is defined as unique number k such that the corresponding k−regular set has positive m−measure.

Using the concept of analytic dimension it was possible to obtain the lower semicontinuity of
tangent cones in RCD∗(K,N)−spaces.

Theorem 1.7.14. Let (Xn, dn,mn, xn) be a sequence of RCD∗(K,N)−spaces converging in the
pointed measured Gromov-Hausdorff topology to a limit space (X∞, d∞,m∞, x∞). Then

dim(X∞, d∞,m∞) ≤ lim inf
n→∞

dim(Xn, dn,mn).

In regards to low dimensional spaces several important results have been made. For 1− dimen-
sional spaces Kitabeppu and Lakzian [56] obtained the following characterization:

Theorem 1.7.15. Let (X, d,m) be an RCD∗(K,N)−space for some K ∈ R and N ∈ (1,∞). The
following statements are equivalent:
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1. R1 6= ∅,

2. Rj = ∅ for any j ≥ 2,

3. m(Rj) = 0 for any j ≥ 2,

4. X is isometric to R, to [0,∞), to S1(r) for r > 0, or to [0, a] for a > 0.

In a smooth setting it is quite trivial to check that if the dimension of the manifold is 2 then the
notions of Sectional and Ricci curvature coincide. In the non-smooth setting however the analogous
result is much more involved. In [61] Lytchak and Stadler provide an affirmative answer:

Theorem 1.7.16. Let (X, d) be a geodesic space and, H2 its 2−dimensional Hausdorff measure. If
(X, d,H2) satisfies RCD∗(K, 2) then (X, d) is an Alexandrov space with curvature bounded from
below by K.

In [53] Kell studied properties of the optimal transports with first marginal absolutely continuous
with respect to the reference measure. Moreover, he studied this in the setting of the more general
costs dp(·, ·), p ∈ (1,∞) (see also Remark 1.5.6 ).

Definition 1.7.17. A measure m is said to be qualitatively non-degenerate if for allR > 0 and x0 ∈ X
there is a function fR,x0 : (0, 1)→ (0,∞) such that

lim sup
t→0

fR,x0(t) >
1

2

and for every measurable set A ⊂ Bx0(R) and all x ∈ Bx0(R), t ∈ (0, 1) we have:

m(At,x) ≥ fR,x0(t)m(A).

Where At,x := {γt | γ ∈ Geo(X), γ0 ∈ A, γ1 = x}.

As for optimal transports induced by maps we will recall definition given by Kell in [53]:

Definition 1.7.18. A m.m.s X, d,m is said to have good transport behaviour GTBp if for all µ, ν ∈
Pp(X) such that µ� m then any optimal transport between µ and ν is given by a transport map.

Example 1.7.19. The following spaces have good transport behaviour:

1. For p = 2 essentially non-branching MCP (K,N)−spaces with K ∈ R, N ∈ [1,∞). Par-
ticularly we have essentially non-branching CD∗(K,N)−spaces, essentially non-branching
CD(K,N)−spaces and RCD∗(K,N)−spaces.

2. p−essentially non-branching, qualitatively non-degenerate spaces (Definition 1.7.17) for all
p ∈ (1,∞).

3. Any (locallly) doubling measure m on (Rn, dE) or on a Riemannian manifold.
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Definition 1.7.20. Let (X, d,m) a m.m.s where m is qualitatively non-degenerate. We will say that
it has the p−strong interpolation property (sIPp) for some p ∈ (1,∞) if: Given any µ0, µ1 ∈ Pp(X)
with µ0 � m there is a unique optimal transport, induced by a map, and the geodesic (µt)t∈[0,1]

satisfies µt � m for all t ∈ [0, 1).

As an immediate corollary of Theorem 5.8 in [53], we have:

Theorem 1.7.21. If (X, d,m) is a non-branching m.m.s. and m is qualitatively non-degenerate then
GTBp and sIPp are equivalent.

Finally in the context of RCD∗(K,N)−spaces Kell obtained the following rigidity result:

Theorem 1.7.22. If (X, d,m1) and (X, d,m2) are both RCD∗(K,N) spaces for N ∈ [1,∞), then
m1 and m2 must be mutually absolutely continuous.





Chapter 2

On the isometry group.

In this chapter we will prove that the isometry group of an RCD∗(K,N)−space is a Lie group.
Additionally, we will prove upper bounds for its dimension and discuss the case where the dimension
is maximal.

Let us begin we some general properties on the isometry group as well as a couple of examples.

2.1 General properties of Iso(X).

We denote by Iso(X) the isometry group of a metric space (X, d), the natural topology to equip on
it is the compact-open topology.

In an arbitrary metric space the isometry group might lack the desired regular structure that we
seek. We present a couple of examples taken from [33]:

Example 2.1.1. Consider X the Hawaian ring previously mentioned in Example 1.1.4, it is easy to
see that any isometry ofX must fix the point pwhere all the circles are identified. Hence the isometry
group is:

Iso(X) = {±1}∞,
which is a totally disconnected, i.e. the only connected components of X are points. As the number
of connected components is not countable it then follows that Iso(X) cannot be a Lie group.

This next example does satisfy a notion of lower Ricci curvature bound but its isometry group is
not a Lie group.

Example 2.1.2. This example is due to Plaut but we will do some modifications in order to obtain a
suitable metric measure space. Consider X∞ =

∏∞
i=0[0, 1/2i], and equip it with the distance:

d2 ((xi), (yi)) :=

∞∑
i=0

|xi − yi|2.

Observe that the topology induced by this distance is equivalent to the product topology, hence X∞
is compact. In this case we have a non-branching geodesic space, with sectional curvature equal to
zero (in the sense of Alexandrov), and infinite dimensional. The isometry group is:

Iso(X∞) = {±1}∞.

23
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Now we will define a measure that will make it a metric measure space with a lower Ricci curva-
ture bound.

For n ∈ N, we have that the space Xn :=
∏n
i=0[0, 1/2i] equipped with the product metric

is an RCD∗(0, n)−space since each interval itself is an RCD∗(0, 1)−space and this condition is
stable under tensorization. The reference measure in this case is given by the product of normalized
Lebesgue measures:

L0 ⊗ · · · ⊗ Ln,
where Li([0, 1/2i]) = 1 for i ∈ {0, · · ·n}.

It is easy to see that Xn converges to X∞ inthe Gromov-Hausdorff topology as n → ∞. To
obtain the convergence in the measure sense; that is, convergence as metric measure spaces, we need
to equip first X∞ with a reference measure.

Notice that L0 ⊗ · · · ⊗ Ln ∈ P2(X∞) for all n ∈ N, and that the sequence converges with
respect to the Wasserstein distance. Let m,n ∈ N, m < n and define the map pn,m : Xn →
Xm, pn,m(x1, x2, · · · , xn) = (x1, · · · , xm). It is clear that this map is measurable and that the
pushforward p#n,m(L0 ⊗ · · · ⊗ Ln) = L0 ⊗ · · · ⊗ Lm. So then

W2
2(L0 ⊗ · · · ⊗ Ln,L0 ⊗ · · · ⊗ Lm) ≤

∫
d2(x, y)d(Id, pn,m)#(L0 ⊗ · · · ⊗ Ln) ≤ 1

22m+2
.

So the sequence converges to some probability measure say L∞. It will follow then that the se-
quence of m.m.s. (Xn, dn,L0 ⊗ · · · ⊗ Ln) will converge in the measured Gromov-Hausdorff topol-
ogy to (X∞, d,L∞). Observe that each member of the sequence satisfies RCD∗(0,∞), and that by
the stability of this under measured Gromov-Hausdorff convergence we have that the limit is also
RCD∗(0,∞).

So in conclusion, this example shows that Theorem A, cannot possibly be obtained for the class
of RCD∗(0,∞)−spaces.

Therefore we can conclude from this last example that the upper bound on the dimension must
play a vital role in the structure of the isometry group. The following result is quite useful and its
proof might be found in van Dantzig and van der Waerden’s paper (in German) [28] or in Kobayashi’s
book [58]:

Theorem 2.1.3. Let (X, d) be a connected, locally compact metric space and Iso(X) its isometry
group. For each p ∈ X , denote by Iso(X)p the isotropy group of Iso(X) at p. Then Iso(X) is locally
compact with respect to the compact open topology, and Iso(X)p is compact for every p. Moreover,
if X is compact, Iso(X) is compact.

SinceRCD∗(K,N)−spaces are always locally compact (see Theorem 1.6.16) then we can apply
this Theorem to Iso(X). It will also be useful to note that since the isotropy groups are compact
then by results found for example in [31, Theorem 11.8] each isotropy group admits a unique Haar
measure.

2.2 The isometry group of an RCD∗(K,N)−space

Seeing that the structure of the isometry group of a metric space requires some extra structure on the
space it would first be useful to to identify whether a topological group is Lie or not; we will use the
following characterization of Gleason and Yamabe [85]:
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Theorem 2.2.1. Let G be a locally compact topological group. Suppose that G is not a Lie group.
Then, for every neighbourhood U of the identity element in G, there exists a nontrivial compact
subgroup of G contained in U .

Let us observe that the isometry groups of Examples 2.1.1 and 2.1.2 do have small subgroups,
such as the subgroup {g ∈ Iso(X) | g(x) = id, x ∈ S1

i , 1 ≤ i ≤ i0} for some fixed i0.
So before continuing we might need to describe a bit better the behaviour of isometries and their

relationship with the optimal transport between probability measures. The next lemma has also been
proved in [82] but our argument is different.

Lemma 2.2.2. Let X be an RCD∗(K,N)–space, and let g ∈ Iso(X) with g 6= Id. Then Fix(g),
the fixed point set of g, has m−measure zero.

Proof. The proof proceeds by contradiction. Suppose that m(Fix(g)) > 0 where g 6= Id. Choose
some point m–density point x0 ∈ Fix(g) and some R > 0 such that

0 < m(Fix(g) ∩Bx0(R,X)) <∞.

Define
F := Fix(g) ∩Bx0(R,X)

and the measure
µ0 :=

mxF
m(F )

� m.

We will denote the isotropy group of a point x by Gx. Since X − Fix(g) is a non-empty open
set, there exists a ball Bx(r′, X) ⊂ X−Fix(g). Consider H the Haar measure of Gx0 and define the
measure µ1 on X as

µ1 :=

∫
Gx0

h#δx dH(h).

Since g ∈ Gx0 , g#µ1 = µ1, and µ1(X) = µ1(Gx0 · x) = 1. We also have that, since d(x0, Gx0 ·
x) = d(x0, x), µ1 actually belongs to the set P2(X).

Observe that Gx0(x) ∼= Gx0/Gx0 ∩Gx, so for the quotient map p : Gx0 → Gx0/Gx0 ∩Gx and
for ε > 0, it follows that p−1(Bx(ε,X) ∩Gx0(x)) ⊂ Gx0 is open. Then

µ1(Bx(ε,X)) =

∫
Gx0

h#δx(Bx(ε,X)) dH(h)

= H(p−1(Bx(ε,X) ∩Gx0(x))) > 0.

So we have that µ1(X−Fix(g)) > 0. Therefore Theorem 1.7.9 yields a unique optimal plan Π ∈
OptGeo(µ0, µ1) concentrated on a non-branching set of geodesics Γ. Furthermore, the evaluation
maps et : Γ→ X are injective for all t ∈ [0, 1).

The two measures µ0 and µ1 are left fixed by g, and by uniqueness of the plan Π, we must have
that Π = g#Π. But because g#Π is concentrated on gΓ, it must follow that Γ agrees (as a set) with
gΓ.

Finally, since µ1(X − Fix(g)) > 0, there exist geodesics γ, gγ ∈ Γ such that γ1 6= gγ1 (i.e.
γ 6= gγ) and γ0 = gγ0. This contradicts the fact that e0 : γ → X is injective.
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Remark 2.2.3. Lemma 2.2.2 implies that if Γ is a compact non-trivial subgroup of Iso(X), then
X − Fix(Γ) is a set of full measure. Therefore, if Γn is a countable collection of subgroups of
Iso(X), there is a full measure set of points in X that are not fixed by any of the Γn’s.

Done this, let us now describe the idea behind the proof of Theorem A (see also [82]). Let
(X, d,m) be an RCD∗(K,N)−space. By the stratification of Mondino and Naber [65] (see also
Theorems 1.7.11 and 1.7.12) we know that almost every point in x ∈ X has a unique Euclidean
tangent. If we assume that the isometry group Iso(X) is not a Lie group then we may consider a
sequence of small subgroups {Γi}i∈N.

The next Theorem of Fukaya and Yamaguchi [34], gives us a link between the usual Gromov-
Hausdorff convergence and its equivariant version:

Theorem 2.2.4. Let (Xi, dXi , p,Γi) such that (Xi, dXi , p) converges to (Y, dY , q) in the pointed
Gromov-Hausdorff distance. Then there exist some group of isometries of Y , Λ, such that by passing
to a subsequence if necessary, we have that

(Xik , dXik , p,Γik)→ (Y, dY , q,Λ).

Using this we would have then:

(Xi, p,Γi)→ (Rk, H) in the equivariant Gromov-Hausdorff topology.

Intuitively the subgroup H ≤ Iso(Rk) should be small. The difficulty of the proof lies in that, a
priori, the subgroup H need not be trivial or small.

In the rest of the section we will assume that Iso(X) is not a Lie group, and that {Γn}n∈N is a
sequence of small subgroups.

Definition 2.2.5. Given a compact subgroup Γ ≤ Iso(X), R > 0, and a point p ∈ X , we define the
displacement function

Disp(Γ, R, p) := max{ d(gq, q) | g ∈ Γ, q ∈ Bp(R/2, X) }.

For R = 0 we define the displacement in a compatible way as

Disp(Γ, 0, p) := max{ d(gp, p) | g ∈ Γ }.

Lemma 2.2.6. Let {Γn}n∈N ⊂ Iso(X) be a sequence of compact non-trivial small subgroups, and
let p 6∈ Fix(Γn) for all n. Then for every δ > 0, there exists a positive integer n, and some 0 < λ < δ
such that

Disp(Γn, λ, p) =
λ

20
.

Proof. From the definition of small groups and of the compact-open topology, it is clear that for every
p ∈ X ,

lim
n→∞

Disp(Γn, δ, p) = 0. (2.1)

Thus there exists n ∈ N such that

0 < Disp(Γn, 0, p) ≤ Disp(Γn, δ, p) ≤
δ

20
.
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On the other hand, for any θ with 0 < θ < Disp(Γn, 0, p), we have

0 < θ < Disp(Γn, 0, p) ≤ Disp(Γn, θ, p),

thus
θ

20
≤ Disp(Γn, θ, p).

Remember that for fixed n ∈ N and p ∈ X, the map s 7→ Disp(Γn, s, p) is continuous. By the
intermediate value theorem there exists θ < λ < δ such that Disp(Γn, λ, p) = λ

20 .

We prove now the first main result of this section.

Theorem A. Let (X, d,m) be anRCD∗(K,N)−space withK ∈ R, N ∈ [1,∞). Then the isometry
group of X, denoted by Iso(X), is a Lie group.

Proof. We will proceed by contradiction. Assume that Iso(X) is not a Lie group, and let {Γn}n∈N ⊂
Iso(X) denote the sequence of compact non-trivial small subgroups provided by Theorem 2.2.1.

From Lemma 2.2.2, we have that m(Fix(Γn)) = 0 for every n ∈ N, and then the set⋂
n∈N

(X − Fix(Γn))

is of full measure. From the definition of the strataR, for any p ∈ ∩n∈N(X −Fix(Γn))∩R and any
ε > 0, there exists some δ > 0 and 1 ≤ k ≤ bNc such that p ∈ (Rk)ε,δ. Choose some such p in what
follows.

Now consider a sequence εn → 0. By Lemma 2.2.6, we can find sequences of subgroups {Γn}
and of positive numbers {λn} approaching zero such that

Disp(Γn, λn, p) =
λn
20
,

dGH(Bp(1, λ
−1
n X), B0(1,Rk)) < εn.

By Theorem 2.2.4, there exists a closed subgroup Γ in the isometry group of Rk such that
(Bp(1, λ

−1
n X),Γn, p) Gromov-Hausdorff converges equivariantly to (B0(1,Rk),Γ, 0). Consider the

functions:

• fn : Bp(1, λ
−1
n X)→ B0(1,Rk),

• ϕn : Γn( 1
εn

)→ Γ( 1
εn

),

• ψn : Γ( 1
εn

)→ Γn( 1
εn

),

appearing in the definition of equivariant Gromov-Hausdorff convergence.
For each n ∈ N there exist xn ∈ Bp(1/2, λ−1

n X) and gn ∈ Γn such that

d(gnxn, xn) = Disp(Γn, λn, p) =
λn
20
.
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Then

1

20
= λ−1

n d(gnxn, xn) < εn + dE(fn(xn), fn(gnxn))

< 2εn + dE(fn(xn), ϕn(gn)fn(xn)),

so the group Γ is not trivial.
Take y ∈ B0(1/2,Rk) and h ∈ Γ. For n large enough h ∈ Γ( 1

εn
). By Remark 27.18 of Villani

[86] there also exists x ∈ Bp(1/2, λ−1
n X) such that dE(fn(x), y) < 3εn. So we have

dE(y, hy) ≤ dE(y, fn(x)) + dE(fn(x), hy)

≤ 3εn + dE(h−1fn(x), fn(ψn(h−1)x)) + dE(fn(ψn(h−1)x), y)

≤ 8εn + λ−1
n d(ψn(h−1)x, x)

≤ 8εn +
1

20
.

Since εn → 0, it follows that Disp(Γ, 1, 0) ≤ 1
20 . This contradicts well-known properties of the

isometry group of the Euclidean space, that rule out the existence of nontrivial compact subgroups in
Iso(Rk) with such a displacement function.

Remark 2.2.8. It is worth noting that Theorem A can actually be obtained for a broader class of
metric measure spaces. Namely, we need that the metric measure space (X, d,m) in question satisfies:

• X is locally compact, so that by Theorem 2.1.3 its isometry group is also locally compact.
Furthermore, this allows us to use the characterization of Gleason and Yamabe 2.2.1.

• It has the good transport behaviour property GTBp for some p ∈ (1,∞) (Definition 1.7.18),
so that we can obtain Lemma 2.2.2.

• m−a.e. x ∈ X has a unique Euclidean tangent, with the dimension of the Euclidean space
possibly depending on the base point.

2.3 Dimension bounds for Iso(X)

Now that we have proved that the isometriy group of an RCD∗(K,N)−space is a Lie group we will
provide upper bounds on its dimension and look at the case where this dimesion is maximal.

We will start by bounding the dimension of the isotropy group of a point (recall Definition 1.2.2);
recall that this subgroup consists of isometries that fix said point.

The next result regarding the Hausdorff dimension of level sets of Lipschitz maps will be needed
later, its proof may be found in Ambrosio’s and Tilli’s book [8, Proposition 3.1.5]:

Proposition 2.3.1. Let E,F be metric spaces and ϕ : E → F be a Lipschitz map. Assume that
Hk(E) <∞ and m ≤ k. Then∫

F
Hk−m

(
ϕ−1(y)

)
dHm(y) ≤ [Lip(ϕ)]m

ωmωk−m
ωk

Hk(E).
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In particular, ϕ−1(y) has finite Hk−m−dimensional measure for Hm−almost every y ∈ F. More-
over, the map y 7→ Hk−m

(
ϕ−1(y)

)
isHm−measurable if E is locally compact.

Proposition 2.3.2. Let (X, d,m) be an RCD∗(K,N)-space with N ≥ 1, K ∈ R. For any p0 ∈ X ,
the topological dimension of the isotropy group Gp0 is bounded above by bNc(bNc−1)

2 .

Proof. Denote by n the Hausdorff dimension of X; from Theorem 1.6.16, and the relation between
the topological and Haudorff dimensions of X , we get the inequalities

dimT X ≤ bnc ≤ n ≤ N.

From [42] and [54], there exist p0 ∈ X and R > 0, such that the ball B := Bp0(R,X) has
n-dimensional Hausdorff measure 0 < HnXB <∞. We define the function

F1 : B → R, F1(q) := d(p0, q).

This function is 1-Lipschitz, so 2.3.1 on the Hausdorff dimension of level sets of Lipschitz maps
gives a constant C > 0 such that∫

[0,R]
Hn−1
X (F−1

1 (t)) dH1(t) ≤ CHnX(B) <∞.

This implies that for H1-a.e. t ∈ R, the measure Hn−1
X (F−1

1 (t)) < ∞ and the Hausdorff dimension
dimH F

−1
1 (t) ≤ n − 1. We pick p1 ∈ B such that dimH F

−1
1 (d(p0, p1)) ≤ n − 1; notice that the

orbit Gp0 · p1 ⊂ F−1
1 (d(p0, p1)), thus dimT Gp0 · p1 ≤ bnc − 1.

Recall that for a compact topological group H , H · p ' H/Hp, so using this with H = Gp0 , we
obtain

dimT Gp0 = dimT Gp0 · p1 + dimT Gp0 ∩Gp1
≤ bnc − 1 + dimT Gp0 ∩Gp1 .

Next, we define recursively the following functions for 1 < ` ≤ bnc,

F` : B → R`, F`(q) := (F`−1(q), d(p`−1, q)).

These functions are again Lipschitz, so as before, for H`–a.e. point x ∈ R`, we have that
Hn−`X (F−1

` (x)) < ∞ and the (n − `)–Hausdorff dimension of F−1
` (x) ≤ n − `. The next point

p` is chosen in one of such level sets. Observe that at each `, the orbit(
Gp0 ∩ · · · ∩Gp`−1

)
· p` ⊂ F−1

` (F`−1(p`), d(p`−1, p`)),

and since
Hn−`X (F−1

` (F`−1(p`), d(p`−1, p`))) <∞,

we get that
dimT

(
Gp0 ∩ · · · ∩Gp`−1

)
· p` ≤ bnc − `.

Notice that, since(
Gp0 ∩ · · · ∩Gpl−1

)
· pl '

(
Gp0 ∩ · · · ∩Gpl−1

)
/ (Gp0 ∩ · · · ∩Gpl) ,
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we get

dimT

(
Gp0 ∩ · · · ∩Gpl−1

)
= dimT

(
Gp0 ∩ · · · ∩Gpl−1

)
· pl

+ dimT (Gp0 ∩ · · · ∩Gpl)
≤ bnc − `+ dimT (Gp0 ∩ · · · ∩Gpl) .

So, after iterating the above procedure enough times, we reach

dimT Gp0 ≤
bnc(bnc − 1)

2
+ dimT

(
Gp0 ∩ · · · ∩Gbnc−1

)
.

Observe that 0 ≤ n − bnc < 1, and that for Hbnc-a.e. point x ∈ Rbnc, Hn−bnc(F−1
bnc(x)) < ∞;

this implies that dimT F
−1
bnc(x) = 0. Then for all points in the set

D := { q ∈ B |Hn−bnc(F−1
bnc (Fbnc−1(q), d(pbnc−1, q ) ) ) <∞},

we have

dimT Gp0 ∩ · · · ∩Gpbnc−1
= dimT Gp0 ∩ · · · ∩Gpbnc−1

(q)

+ dimT Gp0 ∩ · · · ∩Gpbnc−1
∩Gq

= dimT Gp0 ∩ · · · ∩Gpbnc−1
∩Gq.

We consider now the connected components of the identity in these groups, that we denote (Gp0 ∩
· · · ∩Gpbnc−1

)0 and (Gp0 ∩ · · · ∩Gpbnc−1
∩Gq)0. Since they have the same topological dimension,

they must be equal, so (
Gp0 ∩ · · · ∩Gpbnc−1

)
0
· q = q,

and all of D is fixed by
(Gp0 ∩ · · · ∩Gpbnc−1

)0.

Now we prove that D is dense in B: let q ∈ B and ε > 0, and notice that for every q′ ∈ Bq(ε,X)
we have ∣∣ d(pl, q)− d(pl, q

′)
∣∣ < ε, for all 1 ≤ ` ≤ bnc − 1,

so we can easily find a q′ ∈ D ∩Bq(ε,X).
With this it is easy to see that the whole ball B is fixed by (Gp0 ∩ · · · ∩Gpbnc−1

)0: for any q ∈ B,
choose a sequence (qi)

∞
i=1 ⊂ D such that qi → q; then for h ∈ (Gp0 ∩ · · · ∩ Gpbnc−1

)0, qi → q
implies that hqi → q.

Finally suppose that (Gp0 ∩ · · · ∩ Gpbnc−1
)0 was not trivial. Then for a nonidentity element

h ∈ (Gp0 ∩ · · · ∩Gpbnc−1
)0, there would exists x ∈ X −B that is not fixed by h and such that there

exists a unique non-branching geodesic γ from p0 to x. Then hγ is a geodesic from p0 to hx, and for
all t ∈ [0, 1) such that γt ∈ B, we have that hγt ∈ B and γt = hγt; this means that γ must branch
and we have a contradiction.

We conclude that (Gp0 ∩ · · · ∩Gpbnc−1
)0 must be trivial and then
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dimT Gp0 ≤
bnc(bnc − 1)

2
≤ bNc(bNc − 1)

2
.

Remark 2.3.3. In the proof of Theorem C, we will need to return to the proof of the above Proposition
and consider the case when the equality is reached, i.e,

dimT Gp0 =
bNc(bNc − 1)

2
.

If this happens, then the above proof gives bnc = bNc.

And we can now prove the upper bounds for the whole isometry group:

Theorem B. Let (X, d,m) be an RCD∗(K,N)−space with K,N ∈ R and N < ∞. Then the
Hausdorff dimension of the isometry group of X is bounded above by bNc(bNc+1)

2 .

Proof. Choose some p0 ∈ X , and consider the Myers-Steenrod map

F : G→ X, F (g) := gp0.

It is easy to see that it is continuous. The quotient map π : G → G/Gp0 is a fibration, thus we can
find a compact subset V of G/Gp0 with nonempty interior, and a continuous section s : V → G
of π passing through the identity. The map F̃ = F ◦ s is injective and since V is compact, it is a
topological embedding. Then the dimension of V , that agrees with that of G/Gp0 , is bounded above
by bNc.

With this we conclude that

dimG = dimG/Gp0 + dimGp0 ≤
bNc(bNc+ 1)

2

as desired.

The Myers-Steenrod map was also used in [35] to obtain Theorem B for the case of Alexandrov
spaces. Let us now make a couple remarks.

Remark 2.3.5. Observe that the above proof gives that there are compact sets V in G/Gp0 with
nonempty interior that embed topologically in X .

Remark 2.3.6. It is interesting to notice that the arguments in this section apply to measured metric
spaces more general than RCD∗(K,N)−spaces; in fact, we only need for the space to have finite
Hausdorff dimension, and such that any nontrivial isometry does not leave fixed an open set.
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2.4 Isometry groups of maximal dimension

We finish this chapter by studying the case when the isometry group has maximum dimension. To
make the exposition clearer we will divide the proof into several lemmas.

Lemma 2.4.1. The topological dimension of any RCD∗(K,N)-space is less or equal than bNc.

Proof. Theorem 1.6.16 says that the Hausdorff dimension of X does not exceed N ; on the other
hand, Szpilrajn’s inequality gives that the Hausdorff dimension of X is greater or equal than the in-
ductive dimension ofX (see [51, Chapter 7]). But for Polish spaces, the topological and the inductive
dimension coincide ([73, Ch.4, corollary 5.10]).

Lemma 2.4.2. Let (X, d,m) be an RCD∗(K,N)-space . If the dimension of the isometry group of
X is bNc(bNc+ 1)/2, then

1. X has topological dimension equal to bNc;

2. each orbit G · p0 has topological dimension equal to bNc;

3. dimGp0 = bNc(bNc−1)
2

Proof. For the Lie group action of G = Iso(X) on X , we have that

dimG/Gp + dimGp = dimG.

Since there are compact neighbourhoods in the orbit G/Gp that embed topologically in X (see Re-
mark 2.3.5), we have that dimG/Gp ≤ dimT X , and then

bNc(bNc+ 1)

2
= dimG ≤ dimT X + dimGp ≤ bNc+ dimGp. (2.2)

From Proposition 2.3.2 and equation (2.2), we deduce that

dimGp0 =
bNc(bNc − 1)

2
.

Once we have this, the first two claims follow from Remark 2.3.3.

Lemma 2.4.3. If X is an RCD∗(K,N)-space with isometry group G of maximal dimension, then G
acts transitively on X .

Proof. We will proceed by contradiction. Suppose there are two different orbits G · p0 and G · p1.
From Corollary 1.2.8 , we know that there is a geodesic γ∗ : [0, `]→ X/G connectingG ·p0 toG ·p1

that lifts to a geodesic γ : [0, `] → X with γ(0) = p0 and γ(`) ∈ G · p1. Without loss of generality,
we can assume that γ(`) = p1.

Consider the map
Φ : G× [0, `]→ X, Φ(g, t) = g · γ(t).
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Observe that for fixed t, the image Φ(G, t) is the orbit of G through γ(t), and coincides with the set
of points in the image of Φ at distance t from G · p0.

Choose the function f : X → R, f(p) = d(p,G · p0), and restrict it to Img Φ; its level sets are
clearly the orbits G · γ(t). Since f is Lipschitz, we can use again [8, Proposition 3.1.5] to conclude
that almost every orbit G · γ(t) has Hausdorff dimension less or equal to n − 1, where n is the
Hausdorff dimension of X (technically, we should restrict f to a compact subset of Img Φ with non
empty interior; this can be easily reached using a section of the fibration G → G/Gp0 , but we will
skip details to facilitate the reading).

Using Lemma 2.4.2, we get the chain of inequalities

dimHG · γ(t) ≤ n− 1 ≤ N − 1 < bNc = dimT G · γ(t)

which gives a contradiction.

As with this we have all the results we need to prove:

Theorem C. If the dimension of the isometry group of an RCD∗(K,N)−space (X, d,m) is equal
to bNc(bNc+ 1)/2, then X is isometric to one of the following space forms:

1. An bNc–dimensional Euclidean space RbNc.

2. An bNc–dimensional sphere SbNc.

3. An bNc–dimensional projective space RP bNc.

4. An bNc–dimensional simply connected hyperbolic space HbNc.

Proof. Choose some p0 ∈ Rm where m ∈ [1, N ] ∩ N. Lemma 2.4.3 says that G acts transitively
on X , therefore X is homeomorphic to G/Gp0 and locally contractible. Berestovskiı̆ [12, Theorem
3] characterizes X as isometric to the quotient of G by Gp0 endowed with a Carnot-Carathéodory-
Finsler metric dcc that corresponds to a k−dimensional tangent distribution ∆, and a norm F defined
over it. In order to ensure that the metric is actually Riemannian, we now look at the tangent spaces
corresponding to these structures.

On the one hand, the tangent spaces of X at p0 are of the form (Rm, dE ,Lm, 0), obtained by
means of measured Gromov-Hausdorff convergence; note that the Hausdorff dimension of this space
is m.

On the other hand, the tangent spaces of spaces of the form (G/Gp0 , dcc) are Carnot groups
whose Hausdorff dimension is, by [67] , greater or equal than bNc, with equality being achieved if
and only if the dimension of ∆ is exactly bNc. Note that this tangent space is obtained by using
Gromov-Hausdorff convergence without any requirement on a measure.

By uniqueness of the tangent spaces we have that these must be isometric, so they must have the
same Hausdorff dimension. It follows then that the distribution ∆ has dimension bNc. From this we
have by Theorem 7 of [12] that X is actually a Finsler manifold; since it is also an RCD∗(K,N)-
space, it must have quadratic Cheeger energy, and therefore be in fact a Riemannian manifold [6].
The Theorem follows now from Theorem 3.1 of [58], that characterizes Riemannian manifolds with
maximal isometry groups.
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Finally note that by [26] the measure n that we give to the resulting Riemannian manifold and the
bNc−dimensional Hausdorff measure are mutually absolutely continuous.



Chapter 3

Invariant measures.

The curvature-dimension condition RCD∗(K,N) involves both the metric and a reference measure.
Even though they play different roles it is interesting to know how related they are and if we can
make their relationship deeper. In this chapter we modify the reference measure m according to the
isometric action of a compact Lie group, all while preserving the original curvature-dimension bound.
We further use this to obtain results regarding Lie group actions on metric measure spaces.

3.1 Isometries, group actions and quotients.

In Chapter 2 we proved the isometry group Iso(X) is a Lie group. We also obtained upper bounds for
its dimension and discussed the case when it is maximal. In this section we will talk about a bit more
about isometric group actions on RCD∗(K,N)− spaces and the kind of results one can obtain.

First, it is clear for metric measure spaces that the most natural group of transformations to con-
sider are those that preserve both the metric and the reference measure, though in the last Chapter we
proved that it suffices to consider just isometries in order to obtain the Lie group structure. In [82],
Sosa considered the actions by measure preserving isometries and obtained the following:

Lemma 3.1.1. For anRCD∗(K,N)−space (X, d,m) consider the group {g ∈ Iso(X) | g#m = m},
then this group is a closed subgroup of Iso(X) and therefore it is also Lie.

Given a closed subgroup of isometries G acting properly on X it has already been proved in
the Preliminaries (see Theorem 1.2.7 there) that the quotient space X/G is a geodesic space. In the
theory of Alexandrov spaces it is proved that the quotient space is an Alexandrov space if the original
space is also Alexandrov. So, if one assumes a weaker notion of curvature bound then it is desirable
to obtain a similar result. In [36] Galaz-Garcı́a, Kell, Mondino and Sosa obtained the following:

Theorem 3.1.2. Let (X, d,m) be an RCD∗(K,N)−space, K ∈ R, N ∈ [1,∞) and G ≤ Iso(X) a
compact subgroup of measure preserving isometries. Then the quotient space (X/G, d∗,m∗) is also
an RCD∗(K,N)−space.

Orbits of an isometric group action contain useful information on both the group and the space
where the action is taking place. This has already appeared in the proofs of Theorems B, C in the
previous Chapter.

35
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In [36], the following result was obtained for compact subgroups of measure presrving isometries;
as we will show, it also holds for general proper group actions. It is known as the Principal Orbit
Theorem.

Theorem 3.1.3. Let (X, d,m) be an RCD∗(K,N) space and G ≤ Iso(X) a closed group of isome-
tries. Fix an orbit G ·x ∈ X/G. Then for m−a.e. y ∈ X there exists a unique x̄ ∈ G ·x and a unique
geodesic connecting y to x̄ such that d(x, y) = d∗(G · x,G · y). In particular, Gy ≤ Gx̄ and there
exists a unique (up to conjugation) subgroup Gmin ≤ G such that for m−a.e. y ∈ X the orbit G · y
is homeomorphic to G/Gmin. We will call such orbits principal.

Remark 3.1.4. By [72] we know that the action is proper. Then the isotropy groups are always
compact, the quotient space X/G is geodesic and we can lift geodesics (recall Chapter 1 for details).
This allows us to follow the same argument as in [36] and obtain the result.

First we recall the definitions and results used in the proof.

Definition 3.1.5. Let ψ : X → R ∪ {±∞} be a function. We define its c−transform, ψc : X →
R ∪ {−∞} , as

ψc(x) := inf
y∈X
{d(x, y)2 − ψ(y)}.

We will say that a function ϕ is c−concave if it is the c−transform of some other function ψ, i.e.
ϕ = ψc

Definition 3.1.6. Let ϕ : X → R ∪ {−∞} be a c−concave function. The c−superdifferential is
defined by

∂cϕ := {(x, y) ∈ X ×X |ϕ(x) + ϕc(y) = d(x, y)2}.

For x ∈ X define

∂cϕ(x) := {y ∈ X | (x, y) ∈ ∂cϕ},

or equivalently y ∈ ∂cϕ(x) if and only if

ϕ(x)− d(x, y)2 ≥ ϕ(z)− d(x, z)2, ∀z ∈ X. (3.1)

Lemma 3.1.7. The lift of a c−concave function is c−concave. That is, if ϕ : X/G→ R ∪ {−∞} is
a c−concave function on X/G then ϕ̂ : X → R∪{−∞} defined by ϕ̂(x) := ϕ(G · x) is c−concave
in X.

Lemma 3.1.8. Let (X, d,m) be an RCD∗(K,N) space then for m−a.e. point x ∈ X and every
c−concave function ϕ, the c−superdifferential contains at most one point. In particular for any
c−concave function ϕ and m−a.e. x ∈ X there exists a unique geodesic connecting x and ∂cϕ(x),
whenever the set ∂cϕ(x) is not empty.

Proof of the Principal orbit theorem. Fix an orbit G · x, and define the function ϕ : X → R, ϕ(y) =
d∗(G · x,G · y)2 = d(G · x, y)2. By Lemma 3.1.7 it is clear that this function is c−concave.
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By lifting a geodesic in X/G we can find a point x̄ ∈ G · x such that it realizes d(x̄, y) =
d∗(G · x,G · y). Using the characterization of the c−superdifferential given by (3.1) it is easy to
check that x̄ ∈ ∂cϕ(y).

Now, from Lemma 3.1.8 we have that for m−a.e. y ∈ X the point x̄ we previously obtained is
unique and moreover that the geodesic connecting them is also unique.

Notice that ∂cϕ(y) is Gy−invariant, therefore it follows that from the m−a.e. uniqueness of the
c−superdifferential that Gy ≤ Gx̄.

Finally take a point x0 with minimal isotropy group Gx0 . By the argument above, for m−a.e.
point y ∈ X there exists g ∈ G such that Gx0 = gGyg

−1. Since the action is proper it follows that
G · x0 ' G/Gx0 , G · y ' G/Gy (see for example Proposition 3.41 in [1]). The map Gx0h 7→
gGx0hg

−1 = Gyghg
−1 is an homeomorphism between G/Gx0 and G/Gy. Hence

G · x0 ' G/Gx0 ' G/Gy ' G · y,

are homeomorphic.

3.2 The measure m is quasi-invariant.

Recall that a measure m is quasi-invariant with respect to Iso(X) if for every g ∈ Iso(X) the mea-
sures g#m and m are mutually absolutely continuous.

Let (X, d,m) be an RCD∗(K,N) space for some K ∈ R, N ∈ [1,∞), and take g ∈ Iso(X).
Our goal for this section will be to prove that the m.m.s. (X, d, g#m) is both infinitesimally Hilbertian
and CDe(K,N). We begin with the observation that Iso(X) acts isometrically on (P2(X),W2) by

Iso(X)× P2(X)→ P2(X)

(g, µ) 7−→ g#µ.

Next, notice that if µ ∈ P2(X,m), µ = ρm, then g#µ ∈ P2(X, g#m) and for any E ∈ B(X) :

g#µ(E) = µ(g−1E) =

∫
g−1E

ρ dm =

∫
g−1E

ρ d(g−1 ◦ g)#m =

∫
E
ρ ◦ g−1 dg#m.

hence g#µ = ρ ◦ g−1g#m.

From this we have that the relative entropies behave as:

Entg#m(g#µ) =

∫
ρ ◦ g−1 log(ρ ◦ g−1) dg#m =

∫
ρ log ρ dm = Entm(µ), (3.2)

and g#D(Entm) = D(Entg#m).

Proposition 3.2.1. (X, d, g#m) is CDe(K,N).

Proof. Let µ0, µ1 ∈ P2(X, g#m). Then g−1
# µ0, g

−1
# µ1 ∈ P2(X,m), notice that since (X, d,m) is an

RCD∗(K,N) space by Theorem (1.7.9) there is a unique geodesic connecting g−1
# µ0 and g−1

# µ1.
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Furthermore, we write the unique geodesic between them as (g−1
# µt)t∈[0,1] ⊂ P2(X,m). From (3.2)

we obtain that Entg#m(µt) = Entm(g−1
# µt) and therefore

Ug#m
N (µt) = exp

(
− 1

N
Entg#m(µt)

)
= exp

(
− 1

N
Entm(g−1

# µt)

)
= Um

N (g−1
# µt).

Since g is an isometry W2(µ0, µ1) = W2(g−1
# µ0, g

−1
# µ1). So we conclude that

Ug#m
N (µt) ≥ σ(1−t)

K/N (W2(µ0, µ1))Ug#m
N (µ0) + σ

(t)
K/N (W2(µ0, µ1))Ug#m

N (µ1),

as desired.

Proposition 3.2.2. (X, d, g#m) is infinitesimally Hilbertian.

Proof. We define the map:

W 1,2(m)→W 1,2(g#m)

f 7−→ f ◦ g−1.

It is clear that ‖f‖L2(m) = ‖f ◦ g−1‖L2(g#m). As for the Cheeger energy, let f ∈ W 1,2(m) and
consider a sequence (fn)n∈N ⊂ LIP(X) such that fn → f in L2(m). Notice that∫

|fn ◦ g−1 − f ◦ g−1|2dg#m =

∫
|fn − f |2dm,

therefore fn ◦ g−1 → f ◦ g−1 in L2(g#m).

Also it is easy to see that Lip fn ◦ g−1(x) = Lip fn(g−1x) so∫
|Lip fn ◦ g−1|2dg#m =

∫
|Lip fn|2dm.

If on the other hand we start with a sequence of functions (hn)n∈N ⊂ LIP(X) such that hn → f ◦g−1

in L2(g#m) we have analogous observations. Namely that hn ◦ g → f in L2(m) and∫
|Liphn ◦ g|2dm =

∫
|Liphn|2dg#m.

We conclude that
Chm(f) = Chg#m(f ◦ g−1).

So then the map f 7→ f ◦ g−1 is an isometry and we have the result.

By Theorem 7 in [30] a space that is bothCDe(K,N) and infinitesimally Hilbertian is equivalent
to being RCD∗(K,N). It follows from Theorem 1.6.16 that the reference measure g#m satisfies the
growth condition (4) (see Theorem 1.6.16 in Chapter 1 ), for some non-zero constant and some point
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in X. Specifically the same constant as for m and the point gx0 will work out. We will need to prove
that for any compact subgroup G ≤ Iso(X) there exists some constant c′ > 0 such that∫

X
exp(−cd2(x0, x)) dg#m <∞, for all g ∈ G.

Let δ := DiamG · x0. Notice that for all x ∈ X −Bx0(δ,X),

d(gx0, x) ≤ d(gx0, x0) + d(x0, x) ≤ 2d(x0, x)

so then ∫
X−Bx0 (δ,X)

exp(−4cd2(x0, x))dg#m ≤
∫
X−Bx0 (δ,X)

exp(−cd2(gx0, x))dg#m

≤
∫
X

exp(−cd2(gx0, x))dg#m

=

∫
X

exp(−cd2(x0, x))dm <∞.

As for the integral over the ball∫
Bx0 (δ,X)

exp(−4cd2(x0, x))dg#m ≤Mg#m(Bx0(δ,X)) <∞,

where M := max{exp(−4cd2(x0, x)) |x ∈ Bx0(δ,X)}. So g#m satisfies the growth condition (4)
for x0 and 4c.

3.3 G−invariant measures.

Let (X, d,m) be an RCD∗(K,N) space, throughout this section G will denote a compact subgroup
of Iso(X). Recall that two measures are said to be equivalent if they are mutually absolutely contin-
uous.

Proposition 3.3.1. If g ∈ Iso(X) then m and g#m are equivalent.

Proof. Let g ∈ Iso(X). In the previous section we proved that (X, d, g#m) is an RCD∗(K,N)
space. Since (X, d,m) is also an RCD∗(K,N) space by Theorem 1.7.22 g#m and m must be
equivalent.

Denote the Radon-Nikodym derivative of g#m by ϕg =
dg#m
dm .

Proposition 3.3.2. For all g, h ∈ Iso(X), we have that the following cocycle condition holds: ϕhg =
ϕg ◦ h−1ϕh.

Proof. For any A ∈ B(X),∫
A
ϕhg dm = (hg)#m(A) = g#m(h−1A) =∫

h−1A
ϕg dm =

∫
h−1A

ϕg d(h−1 ◦ h)#m =

∫
A

(ϕg ◦ h−1)ϕh dm.
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The main objective of this section will be to prove the following result:

Theorem D. Let (X, d,m) be an RCD∗(K,N) space and, G ≤ Iso(X) a compact subgroup. Then
there exists a G−invariant measure mG, equivalent to m, such that (X, d,mG) is an RCD∗(K,N)
space.

A natural way to construct a G−invariant measure m̃ is just to take the mean of the measures
g#m with respect to H, the Haar measure of G. That is,

m̃ :=

∫
G
g#m dH(g).

It is easy to see that m̃ is a Radon measure equivalent to the original m. Therefore m̃ =
∫
G g#m dH =

ΦGm.

By exercise 6.10.72 of [20] we can find a m ⊗ H−measurable function F on X × G such that
for all g ∈ G, x ∈ X, (x, g) 7→ F (x, g) = ϕg(x) :=

dg#m
dm (x). It is clear that F is non-negative. If

A ∈ B(X), by Fubini-Tonelli

m̃(A) =

∫
A

ΦG dm =

∫
G
g#m(A) dH =∫

G

(∫
A
ϕg dm

)
dH =

∫
A

(∫
G
FdH

)
dm.

It follows then that ΦG =
∫
G ϕg dH.

Now we define the locally integrable function

ΨG(x) := exp

(∫
G

logϕg(x) dH
)
≤ ΦG(x), (3.3)

where the inequality follows from applying Jensen’s inequality. The aim of this section will be to
prove that the m.m.s. (X, d,mG), where mG := ΨGm, is an RCD∗(K,N) space. Notice that mG

and m are mutually absolutely continuous.

Lemma 3.3.4. mG is a G−invariant measure.

Proof. The result follows from the cocycle condition proved in Proposition 3.3.2. If h ∈ G, notice
that h#mG = (ΨG ◦ h−1)ϕhm. Then

(
ΨG ◦ h−1

)
ϕh = exp

(∫
G

logϕg ◦ h−1dH(g)

)
ϕh

= exp

(∫
G

logϕhgϕ
−1
h dH(g)

)
ϕh

= exp

(∫
G

logϕhgdH(g)

)
ϕ−1
h ϕh = ΨG.
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Now, before checking Curvature-Dimension condition, let us look at the entropy functional. The
next Lemma characterizes the domain of EntmG .

Lemma 3.3.5. The entropy functional, EntmG , satisfies the following:

1. For all µ ∈ P2(X), EntmG(µ) ∈ (−∞,∞]

2. Let D := {µ ∈ P2(X) |µ � mG, suppµ is compact, ΨG,
dµ
dmG

are bounded in suppµ}, then
D ⊂ D(EntmG) ∩ D(Entm). Furthermore, the set D is dense in energy, that is, for all ν ∈
D(EntmG) there exists a sequence (νi)i∈N ⊂ D such that

• W2(νi, ν)→ 0,

• EntmG(νi)→ EntmG(ν).

3. g# (D(EntmG)) = D(EntmG) for all g ∈ G.

Proof of (1). From previous discussions we have that there exist c > 0 and x0 ∈ X such that∫
X

exp(−cd2(x0, x)) dg#m <∞ for all g ∈ G.

Meaning each of the measures g#m satisfies the growth condition. Integrating over G and then
recalling that ΨG ≤ ΦG we obtain∫

X
exp(−cd2(x0, x)) dmG ≤

∫
G

∫
X

exp(−cd2(x0, x))ϕg dm dH <∞.

Hence mG satisfies the growth condition and by the argument made in Section 2 of [4] we have that

EntmG(µ) > −∞ for all µ ∈ P2(X).

Proof of (2). For (2). Let µ ∈ D. Since mG = ΨGm we have the following formula (see Section 7.1
in [7])

EntmG(µ) = Entm(µ)−
∫ ∫

G
logϕg dHdµ. (3.4)

First, as dµ
dmG

is bounded and the support of µ is compact then:

EntmG(µ) =

∫
dµ

dmG
log

dµ

dmG
dmG < +∞.

Also since µ = dµ
dmG

mG = dµ
dmG

ΨGm, meaning dµ
dm = dµ

dmG
ΨG, the density of µ with respect to m

is also bounded. It is clear then that Entm(µ) < +∞.
Notice that

−
∫ ∫

G
logϕg dHdµ = EntmG(µ)− Entm(µ) ∈ R. (3.5)

For the density in energy, let us begin by considering a measure ν ∈ D(EntmG) with compact
support supp ν. Let ε > 0, then there exists F (ε) ⊂ supp ν such that
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• m(supp ν − F (ε)) < ε,

• dν
dmG

,ΨG are bounded when restricted to F (ε).

Define νε := dν
dmG

χF (ε)

ν(F (ε))mG ∈ D. Let us check that νε correctly approximates ν.
For the entropy,

0 ≤
(
dν

dmG
χF (ε) log

dν

dmG
χF (ε)

)±
≤
(
dν

dmG
log

dν

dmG

)±
,

where the superindices ± indicate the positive and negative part of the functions.

As both
(

dν
dmG

log dν
dmG

)±
are integrable with respect to mG then∫

dν

dmG
χF (ε) log

dν

dmG
χF (ε)dmG →

∫
dν

dmG
log

dν

dmG
dmG,

we also have 1
ν(F (ε)) → 1 and − log(µ(F (ε)))→ 0.

Hence∫
dν

dmG

χF (ε)

ν(F (ε))
log

dν

dmG

χF (ε)

ν(F (ε))
dmG =

1

ν(F (ε))

∫
dν

dmG
χF (ε) log

dν

dmG
χF (ε)dmG

− log(ν(F (ε))

converges to EntmG(ν) as ε→ 0.
For the convergence in W2 we will prove narrow convergence and convergence of the second

moments. Let ϕ ∈ Cb(X), then ∫
ϕdνε =

∫
ϕ
dν

dmG

χF (ε)

ν(F (ε))
dmG.

Then, ∣∣∣ ∫ ϕ
dν

dmG

χF (ε)

ν(F (ε))
dmG −

∫
ϕ
dν

dmG
dmG

∣∣∣ ≤ ∫ |ϕ dν

dmG

χF (ε)

ν(F (ε))
− ϕ dν

dmG
|dmG

≤ C
∫
|χF (ε) − 1|dν,

whereC > 0 is the bound for |ϕ|. It is clear that |χF (ε)−1| → 0, |χF (ε)−1| ≤ 1 and 1 is ν−integrable,

⇒ C

∫
|χF (ε) − 1|dν → 0,

recall that 1
ν(F (ε)) → 1, we conclude then that νε converges narrowly to ν as ε→ 0.

By a similar argument we obtain:∫
d2(x, x0)dνε →

∫
d2(x, x0)dν.

We conclude then that W2(νε, ν)→ 0 as ε→ 0. Finally, for a general measure ν ∈ D(EntmG), take
a sequence of compact sets K1 ⊂ K2 ⊂ · · · such that
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• Ki ⊂ supp ν for all i ∈ N,

• ν(Ki) > 0 for all i ∈ N,

• ∪i∈NKi = supp ν.

Define in a familiar manner,

νi :=
νxKi

ν(Ki)
.

These measures belong to D(EntmG) and are compactly supported, thefore they can be approxi-
mated by sequences in D. A diagonal argument yields the result.

Proof of (3). Let g ∈ G, and µ ∈ D(EntmG). Suppose µ = fmG, it is easy to see that g#µ =
f ◦ g−1mG and so EntmG(µ) = EntmG(g#µ).

Observation 3.3.6. Consider µ ∈ D, from equation 3.5 in the previous Lemma we have that the
integral −

∫
logϕgdµ ∈ R for H−a.e. g ∈ G. As we also have that µ ∈ D(Entm) this implies that:

Entg#m(µ) = Entm(µ)−
∫

logϕgdµ ∈ R.

Hence µ ∈ D(Entg#m) for almost every g ∈ G.

In the proof of the Theorem we will need Lemma 2.11 from [30], for readability we include it
here:

Lemma 3.3.7. For any fixed t ∈ [0, 1] the function Gt : R× R× (−∞, π2)→ R given by

Gt(x, y, κ) = log
[
σ(1−t)
κ (1) exp(x) + σ(t)

κ (1) exp(y)
]

(3.6)

is convex. Furthermore, notice that we have that σ(s)
κ (θ) = σ

(s)
κθ2

(1), for θ ≥ 0 and κ ∈ (−∞, π2/θ2).

In the next Proposition we prove that having (K,N)−convexity on a dense in energy set is suffi-
cient.

Proposition 3.3.8. Let (Y, d) be a geodesic space and S a lower semicontinuous functional such
that −∞ /∈ S(Y ), and D(S) is uniquely geodesic, that is, for all x, y ∈ D(S) there is a unique
geodesic joining them. Assume that there exists D dense in energy such that S restricted to D is
(K,N)−convex then S is a (K,N)−convex functional.

Proof. Let x0, x1 ∈ D(S) and
(
y0
i

)
i∈N ,

(
y1
i

)
i∈N ⊂ D sequences which converge in energy to x0, x1

respectively.
By hypothesis we have:

UN (yti) ≥ σ
(1−t)
K/N (d(y0

i , y
1
i ))UN (y0

i ) + σ
(t)
K/N (d(y0

i , y
1
i ))UN (y1

i ),

where yti denotes the unique geodesic between y0
i and y1

i evaluated at t.
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The functional S is l.s.c which implies that UN (·) = exp(− 1
N S(·)) is upper semicontinuous.

Note that the function

(x, y, z) 7→ σ
(1−t)
K/N (z) exp(− 1

N
x) + σ

(t)
K/N (z) exp(− 1

N
y)

is continuous.
Therefore we have

lim sup
i→∞

UN (yti) ≥ lim
i→∞

σ
(1−t)
K/N (d(y0

i , y
1
i ))UN (y0

i ) + σ
(t)
K/N (d(y0

i , y
1
i ))UN (y1

i ).

On the LHS we use the u.s.c.

⇒ UN (xt) ≥ lim sup
i→∞

UN (yti).

As for the RHS we use continuity

lim
i→∞

σ
(1−t)
K/N (d(y0

i , y
1
i ))UN (y0

i ) + σ
(t)
K/N (d(y0

i , y
1
i ))UN (y1

i ) = σ
(1−t)
K/N (d(x0, x1))UN (x0)

+ σ
(t)
K/N (d(x0, x1))UN (x1).

We conclude that the functional S is (K,N)−convex.

With this we can then prove:

Theorem 3.3.9. The m.m.s. (X, d,mG) is a CDe(K,N) space.

Proof. Let µ0, µ1 ∈ D. Since µ0, µ1 are absolutely continuous with respect to m and (X, d,m) is an
RCD∗(K,N) space, by essential non-branching there exists a unique geodesic (µt)t∈[0,1] ⊂ P2(X)
connecting them.

From Observation 3.3.6 we have that µ0, µ1 ∈ D(Entg#m) for H−a.e. g ∈ G, and since every
(X, d, g#m) is a CDe(K,N) space then the whole geodesic (µt)t∈[0,1] ⊂ D(Entg#m).

Let t ∈ [0, 1], by the inequality of the entropy in the definition of a (K,N)−convex functional
we have:

Ug#m
N (µt) ≥ σ(1−t)

K/N (W2(µ0, µ1))Ug#m
N (µ0) + σ

(t)
K/N (W2(µ0, µ1))Ug#m

N (µ1).

Applying logarithms and multiplying by −N we obtain:

Entg#m(µt) ≤−N log(σ
(1−t)
K/N (W2(µ0, µ1))Ug#m

N (µ0)

+ σ
(t)
K/N (W2(µ0, µ1))Ug#m

N (µ1)).

Here notice that on the RHS we have the function of Lemma 3.3.7 multiplied by−N thus making
it a concave function. So if we integrate over G using the Haar measure H and apply Jensen’s
inequality on the RHS we obtain:
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∫
G

Entg#m(µt)dH ≤−N log(σ
(1−t)
K/N (W2(µ0, µ1)) exp(− 1

N

∫
G

Entg#m(µ0)dH)

+ σ
(t)
K/N (W2(µ0, µ1)) exp(− 1

N

∫
G

Entg#m(µ1)dH)).

Now
∫
G Entg#m(µi)dH = Entm(µi)−

∫
G

∫
logϕgdµtdH = EntmG(µi) for i = 0, 1, t. Finally,

multiply both sides of the inequality by −1/N and apply the exponential. By Proposition 3.3.8 it is
clear that the functional EntmG is (K,N)−convex.

Remark 3.3.10. It is also easy to convince oneself that (X, d,mG) is also essentially non-branching.
Let µ0, µ1 ∈ P2(X) with µ0 � mG. Since mG and m are equivalent then µ0 � m. Then by Theorem
1.7.9 we have that there exists a unique π ∈ OptGeo(µ0, µ1) that is concentrated on a set of non-
branching geodesics.

So by Theorem 3.12 in [30] this m.m.s is CD∗(K,N). Then we have that mG is locally doubling
and that (X, d,mG) supports a weak Poincaré inequality. (see [9])

Before checking that the Cheeger energy ChmG is quadratic we need to make some observations
on how we can approximate functions in W 1,2(mG) conveniently.

Consider a m.m.s (X, d,m), with m locally doubling and such that the minimal weak upper gra-
dients of Lipschitz functions coincide m−a.e. with their local Lipschitz constant. Let Lipb(X),
Lipc(X) denote the space of bounded Lipschitz functions and compactly supported Lipschitz func-
tions respectively. Let f ∈ Lipb(X)∩L2(m) and consider a sequence of compact sets (Kn)n∈N ⊂ X
such that χKn ↑ 1. Notice that each Kn has finite measure.

Let φ : R → [0, 1] be a 1−Lipschitz, non-increasing function such that φ ≡ 1 on [0, 1/3] and
φ ≡ 0 on [2/3,∞). With this we define φn := φ(d(x,Kn)), this function is upper semicontinuous,
Lipschitz, bounded and

• φn(x) = |∇φn|w(x) = 0 on {x ∈ X|d(x,Kn) > 2/3},

• |∇φn|w = Lipφn on Kn.

It is clear that φnf ∈ Lipc(X) ∩ L2(m). For the sequence (φnf)n∈N we have that:∫
|φnf − f |2 dm =

∫
{x∈X | d(x,Kn)≤1/3}

|φnf − f |2 dm

+

∫
{x∈X | d(x,Kn)>1/3}

|φnf − f |2 dm.

The first integral on the RHS is equal to zero because for all n ∈ N φn ≡ 1 in {x ∈ X | d(x,Kn) ≤
1/3}. The second integral may be bounded from above by ‖f‖∞m({x ∈ X | d(x,Kn) > 1/3}).

Since χKn ↑ 1 it follows that m({x ∈ X | d(x,Kn) > 1/3}) → 0 as n → ∞. Hence φnf → f
strongly in L2(m).
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For the sequence (|∇φnf |w)n∈N we have a similar argument.∫
X
||∇φnf |w − Lip f |2 dm =

∫
{x∈X | d(x,Kn)≤1/3}

||∇φnf |w − Lip f |2 dm

+

∫
{x∈X | d(x,Kn)>1/3}

||∇φnf |w − Lip f |2 dm.

The first integral on the RHS is zero because φn ≡ 1 on {x ∈ X | d(x,Kn) ≤ 1/3} and |∇f |w =
Lip f m−a.e. The second integral can be bounded from above by ‖Lip f‖2L2(m)m({x ∈ X | d(x,Kn)

> 1/3}). This is clear because f ∈ W 1,2(m). As before m({x ∈ X | d(x,Kn) > 1/3}) → 0 as
n→∞. Therefore it follows that |∇φnf |w → Lip f strongly in L2(m).

Theorem 3.3.11. The m.m.s. (X, d,mG) is infinitesimally Hilbertian.

Proof. Let f, g ∈ Lipc(X) ∩ L2(mG); notice that f, g ∈ Lipc(X) ∩ L2(m). Then we have the
pointwise parallelogram law (1.13) m−a.e. By Theorem 6.1 in [24], for m and mG the minimal weak
upper gradients of f and g are just the corresponding Lipschitz constants. Since m � mG � m it
follows that we also have the pointwise parallelogram law (see also equation (1.13))

∇(f + g)|2w + |∇(f − g)|2w = 2(|∇f |2w + |∇g|2w) mG − a.e.

Therefore by integrating we obtain that ChmG is quadratic on Lipc(X)∩L2(mG). By the approx-
imation done before we have this on Lipb(X)∩L2(mG), and by Proposition 4.1 in [7] this last set is
dense in W 1,2(mG).

With this we have finished the proof of Theorem D

Remark 3.3.12. The measure mG is not unique in the sense that there might be differentG−invariant
measures that satisfy the Riemannian Curvature Dimension condition. Consider ([−1, 1], dE ,L1),
where dE is the Euclidean distance and L1 is the Lebesgue measure restricted to [−1, 1]. From ex-
ample 2.6 ii) in [30] we have that given a ∈ [−1, 1], N > 0, and K > 0 the function

Sa(x) := −N log(cosh(dE(x, a)
√
−K/N)) (3.7)

is (K,N)−convex. It is clear that Sa is also continuous and bounded from below. Therefore from
Proposition 3.31 in [30] we have that

([−1, 1], dE , exp(−Sa)L1)

is an RCD∗(K,N + 1) space. The only non-trivial isometry of [-1,1] is the map x 7→ −x. We apply
Theorem A to ([−1, 1], dE , exp(−Sa)L1) and obtain G−invariant measures mG,a, all of which are
equivalent to one another but not equal, since given a, a′ ∈ [−1, 1] such that a 6= ±a′ we have that

mG,a([−1, 1]) 6= mG,a′([−1, 1]).
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3.4 Applications to Lie group actions

By Theorem D proved in the previous section we can safely change the reference measure without
losing the lower Ricci curvature bounds. So from here on we can assume without loss of generality
that whenever we consider a compact subgroupG ≤ Iso(X) it acts by measure preserving isometries
on (X, d,m).

3.4.1 Improved dimension bounds on the isometry group.

Here we will provide refinements of the bounds obtained in Chapter 2 under additional hypothesis.
Let us start by showing that isometries preserve the stratification into k−regular sets defined by
Theorem 1.7.11.

Proposition 3.4.1. If g ∈ Iso(X), and p ∈ Rk, then gp ∈ Rk

Proof. If (Y, dY .ν) ∈ Tan(X, gp), it is easy to see that (Y, dY ) is isometric to (Rk, dE). Hence Y
has lines. Recall that (Y, dY , ν) is a RCD∗(0, N) space, so by the Splitting Theorem 1.7.8 we get
that (Y, dY .ν) is isomorphic as a metric measure space to (Rk, dE ,Lk).

Remark 3.4.2. From Theorem 1.7.11 we have that for every k ∈ [1, N ] ∩ N there exists a set,
R̃k ⊂ Rk such that m(Rk − R̃k) = 0 and dimH R̃k ≤ k.

In general it is not clear that dimHRk ≤ k or that G · p ⊂ R̃k. So the only conclusion we can
derive from the previous result is that dimT G · p ≤ dimT Rk.

Proposition 3.4.3. Let G ≤ Iso(X) be a closed subgroup of positive dimension. Then for m−a.e.
x ∈ X the topological dimension of the orbit G · x is positive.

Proof. Suppose that A := {y ∈ X| dimT G · y = 0} has positive measure. Denote the isotropy
group at point y ∈ X as Gy. Then for every point y ∈ A we have that dimG = dimGy. In particular
the connected components at the identity are equal, G0 = (Gy)0, so G0 · y = {y} for all y ∈ A, but
this implies that FixG0 has positive measure, contradicting Lemma 2.2.2.

In [36], an additional condition on the group action was imposed in order to study the k−regular
sets on X/G (See Theorem 6.3 [36]).

Definition 3.4.4. Let G ≤ Iso(X) be a compact subgroup equipped with a bi-invariant metric dG.
We will say that G acts locally Lipschitz and co-Lipshitz on principal orbits if for every y ∈ X in a
principal orbit there exist constants C,R > 0 such that for all 0 < r < R

By(C
−1r,X) ∩G · y ⊂ {g · y | g ∈ Be(r,G)} ⊂ By(Cr,X) ∩G · y.

Recall that an RCD∗(K,N) (X, d,m) has analytic dimension dimX = k if k is the largest
number such that m(Rk) > 0.

Proposition 3.4.5. Let G ≤ Iso(X) a compact subgroup acting locally Lipschitz and co-Lipschitz
on principal orbits. If the dimension of G is positive then

dimX/G < dimX.



48 CHAPTER 3. INVARIANT MEASURES.

Proof. Let x0 be a regular point with principal orbit G · x0. Such point exists since by Theorem
3.1.3 and Remark 3.1.4 the set of points with principal orbit has full m−measure. Denote by n the
dimension of the Euclidean space in Tan(X,x0), and by n∗ the dimension of the Euclidean space in
Tan(X/G,G · x0).

The group G satisfies the hypothesis of Theorem 6.3 of [36],so we have

n = dimT G · x0 + n∗

Also since G is of positive dimension we may assume that dimT G · x0 > 0, therefore

n∗ < n ≤ dimX,

which gives us the result.

We now extend Proposition 4.1 of [48] to RCD∗(K,N) spaces. The main tool we need is the
lower semicontinuity under Gromov-Hausdorff convergence of the analytic dimension.

Theorem 3.4.6. Let G ≤ Iso(X) be a compact subgroup acting locally Lipschitz and co-Lipschitz.
Take p ∈ Rk, λn →∞, and a closed subgroup H ≤ Iso(Rk) such that

(λnX, dn, p,G)→ (Rk, dE , 0, H),

in the equivariant Gromov-Hausdorff topology. Then the functions ϕn : G → H used in the conver-
gence may be chosen to be injective Lie group homomorphisms.

Proof. Let p ∈ Rk, λn →∞. Then we have that

(λnX, dn,mn, p)→ (Rk, dE ,Lk, 0)

in the pointed measured Gromov-Hausdorff topology. By Theorem 2.2.4 there exists a closed group
H ≤ Iso(Rk) such that

(λnX, dn, p,G)→ (Rk, dE , 0, H)

in the equivariant Gromov-Hausdorff topology. By Theorem 3.1 of [48] the functions ϕn : G → H
used in the convergence may be chosen to be Lie group homomorphisms.

Now we consider the subgroups Kerϕn ≤ G, which are compact. Then by Theorem 3.1.2 the
spaces X/Kerϕn are still RCD∗(K,N) and Proposition 3.4.5 implies that dim(X/Kerϕn) ≤
dimX = k.

We have that the pointed sequence (λnX/Kerϕn, d
∗
n,m

∗
n, p) convergences in the pointed mea-

sured Gromov-Hausdorff topology to (Rk, dE ,Lk, 0). Recall that by Theorem 1.7.14 we have

k = dim(Rk, dE ,Lk, 0) ≤ lim inf
n→∞

dim(λnX/Kerϕn, d
∗
n,m

∗
n, p),

which implies that for large enough n, Kerϕn must be discrete. So the corresponding ϕn must be
injective.

As mentioned before, in [36] an additional condition (see Definition 3.4.4 ) was assumed in order
to obtain information on the dimension of the tangents spaces of X/G. Here we define a weaker
assumption which will be sufficient for us.
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Definition 3.4.7. Let (X, d,m) be an RCD∗(K,N) space of analytic dimension dimX = k. A
closed subgroup G ≤ Iso(X) satisifes the isotropy condition I if for some fixed point p ∈ Rk we
have:

(I) Gp acts locally Lipschitz and co-Lipschitz.

For the remainder of this subsection we will consider closed subgroups G that satisfy this condi-
tion. We need to impose this in order to use Theorem 3.4.6.

Proposition 3.4.8. Let (X, d,m) be an RCD∗(K,N) space of dimX = k, consider a closed sub-
group G ≤ Iso(X) satisfying the isotropy condition I, then:

1. dimGp ≤ 1
2k(k − 1),

2. dimGp ∩Gq ≤ 1
2(k − 1)(k − 2), for m−a.e. q ∈ X.

Proof of (1). Consider λn → ∞, From Theorem 2.2.4 there exists a subgroup H ≤ Iso(Rk) such
that

(λnX, dn, p,Gp)→ (Rk, dE , 0, H)

in the equivariant Gromov-Hausdorff convergence. It is easy to check that the orbit H · 0 = {0},
hence H ≤ O(k). From Theorem 3.4.6 we may choose ϕn : Gp → H to be injective. We then get
the desired bound.

Proof of (2). Consider q ∈ Rk such that there exists a unique geodesic γ, such that γ0 = p and
γ1 = q. Notice that γ must be fixed by Gp ∩Gq.

As in the previous item, for a sequence λn → ∞ we have a group H ≤ Iso(X) and the conver-
gence (λnX, dn, p,Gp ∩Gq)→ (Rk, dE , 0, H) in the equivariant sense.

Take a sequence tn ∈ (0, 1) such that tn → 0 and set d(p, γtn) = λ−1
n . Consider fn be an

εn−approximation, we have that |1 − dE(0, fn(γtn))| < εn. So then the points fn(γtn) converge to
a point x0 ∈ Sk−1.

We will now prove that H fixes x0. Let h ∈ H, from the definition of equivariant convergence
we have functions ψn : H → Gp ∩Gq such that

dE(fn(ψn(h)γtn), hfn(γtn)) < εn.

So then

dE(hx0, x0) ≤ dE(hx0, hfn(γtn)) + dE(hfn(γtn), x0)

≤ dE(x0, fn(γtn)) + dE(hfn(γtn), fn(ψn(h)γtn))

+ dE(fn(ψn(h)γtn), x0)

< 2dE(x0, fn(γtn)) + εn.

Which implies that hx0 = x0.We conclude then that ϕn(Gp∩Gq) must be isomorphic to a subgroup
of O(k − 1).
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Theorem 3.4.9. Let G ≤ Iso(X) be a closed subgroup satisfying the isotropy condition I, then

dimG ≤ 1

2
κ(κ+ 1),

where κ = max{dimT Rk, dimX}.

Proof. Let k = dimX, and p ∈ Rk. As noted before,G acts onRk and so we have that dimT G ·p ≤
κ. The isotropy condition I is satisfied by Gp so by Proposition 3.4.8 we conclude:

dimG = dimG · p+ dimT Gp ≤ κ+
1

2
k(k − 1) ≤ 1

2
κ(κ+ 1).

Remark 3.4.10. Under the additional assumption that the group G is compact and acts locally
Lipschitz and co-Lipschitz (Definition 3.4.4) by measure preserving isometries Galaz-Garcı́a, Kell,
Mondino and Sosa obtained similar results to Proposition 3.4.8 and Theorem 3.4.9 (see Theorem 6.7
in [36]).

3.4.2 Homogeneous RCD∗(K,N) spaces.

We will now talk about transitive group actions on RCD∗(K,N) spaces. If we have a compact
group G acting on X then, since the quotient measure m∗ has no atoms it is clear that orbits have
zero m−measure. For general closed groups this is still true as is shown in the next proposition.

Proposition 3.4.11. Let (X, d,m) be an RCD∗(K,N) space and G ≤ Iso(X) a closed subgroup of
isometries. If there exists an orbit G · p of positive m−measure then G · p = X.

Before giving the proof we recall Lemma 1.2 of [42]:

Lemma 3.4.12. Let (X, d,m) be a doubling m.m.s. Let E ∈ B(X) and let p ∈ X be an m−density
point of E. Then for all ε > 0 there exist r > 0 such that for all x ∈ Bp(r,X) there exists a point
y = y(x) ∈ E such that d(x, y) < εd(x, p).

Proof of Proposition 3.4.11. We proceed by contradiction. Since m(G · p) > 0 then without loss of
generality we may assume that p is a m−density point of its orbit.

By Remark 3.1.4 of the principal orbit theorem we can take y ∈ X such that there exists a unique
gyp ∈ G · p such that d(gyp, y) = d∗(G · p,G · y). Furthermore these two points are joined by a
unique geodesic γ.

Let 0 < ε < 1, and t ∈ (0, 1] such that d(p, g−1
y γt) < r, where r is the one given by Lemma

3.4.12. By this same Lemma we can find a point x ∈ Bp(r,X) ∩ G · p such that d(x, g−1
y γt) <

εd(p, g−1
y γt) Therefore

d(x, g−1
y y) < d(p, g−1

y y) = d∗(G · p,G · y),

and we have a contradiction.

We have this immediate corollary.
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Corollary 3.4.13. Suppose that a closed subgroup G ≤ Iso(X) acts transitively on some strata Rk
such that m(Rk) > 0. ThenRk = X.

Proposition 3.4.14. Let (X, d,m) be a homogeneous RCD∗(K,N) space. Then (X, d) is isometric
to a Riemannian manifold and dimX = dimT X.

Proof. Let k = dimX. The fact that (X, d) is homogeneous implies that it is locally compact, locally
contractible and the metric d is intrinsic. From Theorem 3 of [12] there exists a connected Lie group
G′, and a compact subgroup H ′ ≤ G′ such that (X, d) is isometric to (G′/H ′, dcc) where dcc is a
Carnot-Caratheodory-Finsler metric.

Observe that all points in (X, d,m) are k−regular. This implies that all the tangent spaces of
G′/H ′ are Euclidean spaces, so then (G′/H ′, dcc) must be a Finsler manifold.

Let g : X → G′/H ′ be an isometry. Since (X, d,m) is infinitesimally Hilbertian then by
Proposition 3.2.2 (G′/H ′, dcc, g#m) must also be infinitesimally Hilbertian. With this we get that
(G′/H ′, dcc) must actually be a Riemannian manifold. Finally notice that this implies that dimX =
dimT X.

3.5 Dimension Gaps.

In this section we will prove the main results of the Chapter, namely the dimensional gaps that occur
for closed subgroups of Iso(X). For readability we divide the proof of the first of these results into
several Lemmas. First we recall the statement of the theorem:

Theorem E. Let (X, d,m) be an RCD∗(K,N) space, such that dimX = k 6= 4. Then there are no
closed subgroups G ≤ Iso(X), satisfying the isotropy condition I, and whose dimension lies in the
interval:

1

2
κ(κ− 1) + 1 < dimG <

1

2
κ(κ+ 1),

where κ = max{dimT Rk, dimX}.

We will proceed by contradiction. Let p ∈ Rk be the point mentioned in the isotropy condition
I (see Definition 3.4.7).

Lemma 3.5.2. dimGp = 1
2k(k − 1)

Proof. We have the following

1

2
κ(κ− 1) + 1 < dimG = dimG · p+ dimGp ≤ κ+ dimGp

Therefore

dimGp >
1

2
(κ− 1)(κ− 2) + 1.

The group Gp satisfies the hypothesis of Theorem 3.4.6, so we can find an injective Lie group homo-
morphism ϕ : Gp → O(k).
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This implies that ϕ(Gp) is a subgroup of O(k) whose dimension is strictly larger than 1
2(k −

1)(k − 2) + 1. Since k 6= 4, Lemma of [58, p. 48] it shows that ϕ(Gp) = O(k) or ϕ(Gp) = SO(k).
In either case the dimension of Gp equals 1

2k(k − 1).

Lemma 3.5.3. dimX/Gp ≤ 1, and m(X −Rk) = 0.

Proof. Let q ∈ Rk such that there exists a unique geodesic γ between them and the orbit Gp · q is
principal.By Proposition 3.4.8 we obtain the upper bound dim (Gp ∩Gq) ≤ 1

2(k − 1)(k − 2) so we
have

1

2
k(k − 1) = dimGp = dimGp · q + dimGp ∩Gq

≤ dimGp · q +
1

2
(k − 1)(k − 2).

Which implies that dimGp·q ≥ k−1. SinceGp is compact and acts by measure preserving isometries
then (X/Gp, d

∗,m∗) is still an RCD∗(K,N) space. Let us denote by n∗ the dimension of the
Euclidean space contained in Tan(X/Gp, Gp · q). By Theorem 6.3 of [36] and the previous Lemma

k = dimGp · q + n∗ ≥ k − 1 + n∗.

Hence n∗ ≤ 1. This implies that Gp · q is a 1−regular point in X/Gp. Using Theorem 1.7.15 we
deduce that X/Gp must be isometric to a circle, to R or to an interval (possibly with boundary).
Observe that p is fixed by Gp and therefore it belongs to the boundary of the quotient space, this
implies that X/Gp must be isometric to [0, a) a ∈ R+ ∪ {∞} or to [0, b] b ∈ R+. In either case
dimX/Gp = 1.

Now consider l < k such that m(Rl) > 0. Take a point y ∈ Rl such that Gp · y is principal. Then
by Theorem 6.3 of [36] dimGp · y = l− 1. On the other hand we have seen that dimGp · y ≥ k− 1,
so it must follow that l ≥ k and we have a contradiction.

Lemma 3.5.4. Let q ∈ X. Then Gp acts transitively on ∂Bp(d(p, q), X).

Proof. By the previous Lemma we know that X/Gp is an interval. Observe that

d(p, u) = d∗(Gp · p,Gp · u) for all u ∈ ∂Bp(d(p, q)).

It is clear that d∗(Gp · q,Gp · u) = 0 for all points u in the boundary of the ball. So then the action of
Gp must be transitive.

Lemma 3.5.5. The action of G on X is transitive.

Proof. We will prove that G · p has non-empty interior. First observe that

dimG · p = dimG− dimGp >
1

2
k(k − 1) + 1− 1

2
k(k − 1) = 1.

So we can consider a curve σ : [0, 1]→ X such that σ(0) = p and σ(t) ∈ G · p for all t ∈ [0, 1].
We define the function Λ : [0, 1] → R+, Λ(t) = d(p, σ(t)). This function is continuous and

achieves a maximum at say R > 0. Then for all r ∈ (0, R) there exists tr ∈ [0, 1] such that
d(p, σ(tr)) = r. It follows then that ∂Bp(r,X) ⊂ G · p and then Bp(R,X) ⊂ G · p. Since G
acts transitively on G · p then the orbit is open. Now X is connected and so we conclude that
G · p = X.
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From the last Lemma it follows that X = G · p and then (X, d,m) is homogeneous. Therefore
using Proposition 3.4.14 we get that k = κ. So then

dimG = dimT X + dimGp =
1

2
k(k + 1),

and we obtain a contradiction. We have then proved theorem E

Theorem 3.5.6. Let (X, d,m) be an RCD∗(K,N) space, such that dimX = k 6= 4. If Iso(X) has
dimension 1

2κ(κ− 1) + 1, where κ = max{dimT Rk,dimX}, and satisfies the isotropy condition I
then (X, d) is isometric to a Riemannian manifold.

Proof. By Proposition 3.4.14 it suffices to check that the action of the isometry group is transitive.
Notice that k ≤ κ so then

dim Iso(X)p ≥
1

2
κ(κ− 1) + 1 ≥ 1

2
(k − 1)(k − 2) + 1.

So we proceed exactly as in the proof of Theorem E and obtain that the action is transitive.

We also have an extension of Mann’s gap theorem [62].

Theorem 3.5.7. Let (X, d,m) be an RCD∗(K,N) space of dimension dimX = k and such that
κ := max{k,dimT Rk} 6= 4, 6, 10. Then the isometry group Iso(X) has no compact subgroup G
such that the dimension of G falls in the ranges:(

κ− l + 1

2

)
+

(
l + 1

2

)
< dimG <

(
κ− l + 2

2

)
, l ≥ 1.

Proof. From Remark 3.1.4 we have that m−a.e. point x ∈ X is in a principal orbit. It is also clear
that orbits are topological manifolds. Therefore we can follow Mann’s proof (see Theorem 1 and 2
in [62]) verbatim.

3.5.1 Four dimensional RCD∗(K,N) spaces.

Now we look for the 4−dimensional analogues of theorems B and C. The first inconvenient is that
the Lemma [58, p. 48] is no longer valid. However, we have the following result:

Theorem 3.5.8. Let (X, d,m) be an RCD∗(K,N) space such that dimX = 4, and dimT R4 ≤ 4.
If G ≤ Iso(X) is a closed subgroup, satisfying the isotropy condition I and has dimension 7 or 8
then (X, d,m) is homogeneous.

Proof. Let p ∈ R4 be a point where G satisfies the isotropy condition. Then we have

dimG = dimT G · p+ dimGp ≤ 4 + dimGp.

Since p ∈ R4, by Theorem 3.4.6 there exists an injective Lie group homomorphism ϕ : Gp →
SO(4). Observe that SO(4) doesn’t admit subgroups of dimension 5. (see Lemma in [52], p. 347).
Therefore dimGp is either 3, 4 or 6.
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Suppose dimGp ≥ 4. Since ϕ(Gp) acts on S3 by isometries and S3 is a three dimensional
Alexandrov space then by Theorem E dimϕ(Gp) = 6 = dim Iso(S3).

From here we proceed as in the proof of Theorem E and conclude that X is homogeneous.
Now, if dimGp = 3 then the orbit G · p has dimension 4. Since the group G is closed then it

acts properly on X. By Theorem 2.1.4 of [72] we can consider a slice S at p that has the following
properties:

• G · S is open in X.

• S is closed in X and Gp−invariant.

• If gS ∩ S 6= ∅ then g ∈ Gp.

The dimension of the isotropy group Gp is positive so by Proposition 3.4.3 m−a.e. point has an
orbit of positive dimension. So we can assume that for a point q ∈ S, dimT Gp ·q > 0 andGp ·q ⊂ S.

Consider V ⊂ G/Gp a compact set homeomorphic to a closed ball in R4. Then we can find a
local section sV : V → G such that the function v 7→ v · p is an homeomorphism.

By intersecting S with a closed ball centered at p we may assume that S is compact. We define
the function Ψ : V × S → X, (v, s) 7→ v · s. We see that it is an embedding. It suffices to show that
Ψ is injective. Let v · s1 = w · s2, for some v, w ∈ V, s1, s2 ∈ S. Then s1 = v−1w · s2 and since S is
a slice this implies that v−1w ∈ Gp. But then v · p = w · p, and we have that v = w. It follows that
s1 = s2.

Now if we restrict Ψ to V ×Gp · q then we have that Ψ(V ×Gp · q) ⊂ R4 and that dimT Ψ(V ×
Gp · q) ≥ 5. So we have a contradiction.

Remark 3.5.9. Notice that from the discussion made in the Preliminaries we need to add the hy-
pothesis on the bound of the topological dimension of R4. Otherwise it is not clear that the action is
transitive.

Now, using the paper of Ishihara [52], we get the 4−dimensional analogue of Theorem E. In the
case that the dimension of the group G is 8 we obtain that X is isometric to a Kähler manifold with
constant holomorphic sectional curvature. (see Section 4 [52]).

3.6 Symmetric spaces

In this final section we look at symmetric spaces (compare with [11] and [35]). We will say that an
RCD∗(K,N) space (X, d,m) is locally (uniformly) symmetric if for every p ∈ X there exists a
neighbourhood p ∈ U(p) and r > 0 such that for all q ∈ U(p) the ball Bq(r,X) admits an isometric
involution that only fixes q. The space will be said to be symmetric if the involutions extend to all of
X.

In this final section we will see that, much like in the case of Alexandrov spaces (see Theorem 8.4
in [35]), a space being symmetric is quite restrictive. Notice that we don’t need to assume anything
else on the way involutions act on the reference measure m.

Theorem 3.6.1. A symmetric RCD∗(K,N) space is isometric to a Riemannian manifold.
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Proof. Take a point x ∈ X and consider its orbit G · x. Consider U(x) the neighbourhood of x
mentioned in the definition of symmetric space. We may assume this neighbourhood is a ball. Since
m(U(x)) > 0 by Remark 3.1.4 of the Principal Orbit Theorem we have that for m−a.e. y ∈ X there
exists x̄ ∈ G · x ∩ U(x) such that:

• y and x̄ are joined by a unique geodesic, and d(x, y) = d∗(G · x,G · y).

• Gy ≤ Gx̄

We may further assume that there exists an involution σy ∈ Gy. It is clear that σy ∈ Gx̄, but σy
has only one fixed point in U(x). Hence y = x̄, and then d∗(G · x,G · y) = 0.

With this we have that U(x) ⊂ G ·x and m(G ·x) > 0. Proposition 3.4.11 shows that X = G ·x.
Finally Proposition 3.4.14 gives us that (X, d,m) must be a Riemannian manifold.

In [11] Berestovskiı̆ studied locally symmetric spaces as well and he showed that in simply con-
nected G−spaces the two notions coincide. However, examples 8.1, 8.2 and 8.3 constructed in [35]
exhibit that this is no longer true for Alexandrov spaces.





Chapter 4

Isometries of the Wasserstein space.

In this chapter we will look at intrisic properties of the symmetries of the Wasserstein space itself. So
far we have seen that the geometric properties of the Wasserstein space and the base space affect one
another, here we will address the question of whether the Wasserstein space can be more symmetric
that its base space.

Recall that in the previous Chapter we noticed that Iso(X) acts isometrically on the Wasser-
stein space via pushforwards. As the Wasserstein space is itself a metric space then it has its own
Iso(Pp(X)). The natural question which will be a addressed in here is whether Iso(Pp(X)) can be
strictly larger than Iso(X).

This question was first posed by Kloeckner in [57], in the context of Euclidean spaces. Surpris-
ingly he found exotic isometries that don’t come from Euclidean isometries (see Lemmas 5.2, 5.3
in [57]). To our knowledge the only other work where compactness has been assumed is in [87] by
Virosztek, he proves there Theorem F on round spheres.

4.1 Restricting Wasserstein isometries to Dirac deltas.

For the remainder of this chapter we will assume that our spaces satisfy the following: (X, d,m) is
a m.m.s. such that it is compact, non-branching, m a qualitatively non-degenerate measure (recall
Definition 1.7.17) and with GTBp for some p ∈ (1,∞).

Let us note that the assumptions, though rather weak, already give us information on the space
itself, the refererence measure for example yields the following:

Lemma 4.1.1. Let (X, d) a metric space and m a qualitatively non-degenerate probability measure
on it. Then m is doubling and X has finite Hausdorff dimension.

Proof. The first affirmation is proved in Proposition 5.3 in [53], as for the second, notice that since
(X, d) is a doubling space then its Assouad dimension (see definition 10.15 in [50]) is finite. Finally
this implies that the Hausdorff dimension of X must be finite.

The non-branching assumption on the space also yields the interior regularity mentioned in The-
orem 1.5.4, we also have the following observation:

57
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Observation 4.1.2. One of the immediate consequences of Theorem 1.5.4 is that measures in ∆n(X)
can only be in the interior of geodesics with endpoints in ∆1(X)∪· · ·∪∆n(X). This will be extremely
useful for determining how Wasserstein isometries behave.

Given a map T : X → X, it is clear that for all x ∈ X, T#δx = δT (X), that is, the pushforward
of a Dirac delta is always a Dirac delta. Since the set of Dirac deltas ∆1, is an isometric copy of our
base space X it is of interest to determine if it is invariant under isometries.

In the next result we first look at how the distance function from a fixed measure behaves:

Proposition 4.1.3. Let (X, d,m) be a m.m.s. with GTBp and µ ∈ Pp(X) such that µ� m Then the
functional:

ν 7→Wp
p(µ, ν),

is linearly strictly convex, That is, for any ν0, ν1 ∈ Pp(X) and t ∈ (0, 1) we have Wp
p(µ, (1− t)ν0 +

tν1) < (1− t)Wp
p(µ, ν0) + tWp

p(µ, ν1).

Proof. Suppose there exist η0, η1 ∈ Pp(X) and t∗ ∈ (0, 1) such that:

Wp
p(µ, (1− t∗)η0 + t∗η1) = (1− t∗)Wp

p(µ, η0) + t∗Wp
p(µ, η1).

Consider now the optimal plans π0 ∈ Adm(µ, η0) and π1 ∈ Adm(µ, η1). It is clear that (1− t∗)π0 +
t∗π1 is an admissible plan between µ and (1− t∗)η0 + t∗η1.

Then: ∫
dp(x, y)d(1− t∗)π0 + t∗π1 = (1− t∗)

∫
dp(x, y)dπ0 + t∗

∫
dp(x, y)dπ1

= (1− t∗)Wp
p(µ, η0) + t∗Wp

p(µ, η1)

= Wp
p(µ, (1− t∗)η0 + t∗η1).

And this gives us a contradiction since the plan (1− t∗)π0 + t∗π1 cannot be induced by a map.

And this lemma gives us as a Corollary:

Corollary 4.1.4. For µ� m, arg max(Pp(X) 3 ν 7→Wp
p(µ, ν)) ⊂ ∆1.

Proposition 4.1.5. Let Φ ∈ Iso(Pp(X)) then the set of absolutely continuous measures µ such that
Φ(µ) is also absolutely continuous is dense in Pp(X).

Proof. Let µ, ν � m, and consider the geodesic (µt)t∈[0,1] such that µ0 = µ and µ1 = Φ−1(ν).
Since the m.m.s. has GTBp we have that µt � m for all t ∈ [0, 1), now apply the isometry to the
geodesic to obtain a new geodesic (Φ(µt))t∈[0,1], it is clear then that Φ(µ1) = ν � m and so we
conclude that Φ(µt)� m for all t ∈ (0, 1).

Since the measures µ, ν were picked arbitrarily we obtain the thesis.

Remark 4.1.6. Actually we have a stronger property: For any ν ∈ Pp(X) there exists µ0 � m with
Φ(µ0) � m such that if (µt)t∈[0,1] is the unique geodesic joining µ0 with ν then Φ(µt) � m for all
t ∈ [0, 1).
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Observation 4.1.7. For every x ∈ X and R > 0 the set ∂Bδx(R) is compact and linearly convex.
This is just a consecuence of the fact that the optimal transport between a δx and any other measure
µ is given by δx ⊗ µ.

Lemma 4.1.8. Let x, y ∈ X be two points such that Φ(δx),Φ(δy) ∈ ∆1, where Φ ∈ Iso(Pp(X)).
Then there exists a geodesic γ ∈ Geo(X) such that γ0 = x, γ1 = y and Φ(γt) ∈ ∆1 for all t ∈ [0, 1].

Proof. Let x, y ∈ X be such that Φ(δx),Φ(δy) ∈ ∆1. Take µ � m such that Φ(µ) � m which
exists by Proposition 4.1.5. Now consider:

Mid(δx, δy) := e1/2#{(ηt)t∈[0,1] ∈ Geo(Pp(X)) | η0 = δx, η1 = δy}.

and notice that this set has the following properties:

• Mid(δx, δy) = ∂Bδx(d(x,y)
2 ) ∩ ∂Bδy(

d(x,y)
2 ), so by Observation 4.1.7 is a linearly convex and

compact set.

• Φ(Mid(δx, δy)) = Mid(Φ(δx),Φ(δy)).

Since Φ is an isometry then it is clear that:

max{Wp
p(µ, ν) | ν ∈ Mid(δx, δy)} = max{Wp

p(Φ(µ), ν) | ν ∈ Mid(Φ(δx),Φ(δy))}.

And by Proposition 4.1.3 and the fact that both µ,Φ(µ)� m

arg max
(

Mid(δx, δy) 3 ν 7→Wp
p(µ, ν)

)
⊂ ∆1

arg max
(

Mid(Φ(δx),Φ(δy)) 3 ν 7→Wp
p(Φ(µ), ν)

)
⊂ ∆1

Hence there must exists some point z ∈ X such that δz ∈ arg max(Mid(δx, δy) 3 ν 7→ Wp
p(µ, ν))

and Φ(δz) ∈ ∆1.

The idea for proving Theorem F boils down to proving that there exists some set S ⊂ X with
non-empty interior such that for all x ∈ S, Φ(δx) ∈ ∆1. Using then Observation 4.1.2 gives us the
result. As for how we build the set S we recall that from Lemma 4.1.1 the Hausdorff dimension of
X is finite. So then for sufficiently enough points x1, · · · , xn such that Φ(δxi) ∈ ∆1 the geodesic
convex hull of {x1, · · ·xn} will have non-empty interior.

Given a set E ⊂ X we define the antipodal set of E as:

A(E) := arg max(X 3 x 7→ d(x,E)).

With this we can prove the main result of the section.

Theorem F. Let (X, d,m) be a compact metric measure space with GTBp for some p ∈ (1,∞). Then
for any isometry Φ : Pp(X)→ Pp(X) the set of Dirac deltas, ∆1, is invariant, i.e. Φ(∆1) = ∆1.
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Proof. Take µ � m such that Φ(µ) � m (such measure exists by Proposition 4.1.5). Then by
Corollary 4.1.4:

arg max(Pp(X) 3 ν 7→Wp
p(µ, ν)) ⊂ ∆1 (4.1)

arg max(Pp(X) 3 ν 7→Wp
p(Φ(µ), ν)) ⊂ ∆1 (4.2)

Since Wp
p(µ, ν) = Wp

p(Φ(µ),Φ(ν)) the isometry Φ sends the set 4.1 to the set 4.2. That is, there
exists some x1 ∈ X such that Φ(δx1) ∈ ∆1.

Suppose now that we have found x1, · · · , xn ∈ X such that Φ(δxi) ∈ ∆1. By Lemma 4.1.8
the geodesic convex hull S(x1, · · · , xn) ⊂ X consists of points with the property that for all y ∈
S(x1, · · · , xn), Φ(δy) ∈ ∆1.

Now consider the totally atomic measure
∑n

i=1
1
nδxi , by the density stated in Proposition 4.1.5

we can find some measure µn+1 such that:

• µn+1,Φ(µn+1)� m.

• suppµn+1 ⊂ tni=1Bxi(εi), for some εi > 0, i ∈ {1, · · · , n}.

• There exists some y ∈ A(S(x1, · · · , xn)) such that Wp
p(µn+1, δy) ≥ Wp

p(µn+1, δz) for all
z ∈ S(x1, · · · , xn).

So we just need to look at the arguments of the maxima for the linearly strictly convex functionals
Wp
p(µn+1, ·),Wp

p(Φ(µn+1), ·) and obtain a point xn+1 ∈ X − S(x1, · · · , xn) such that Φ(xn+1) ∈
∆1.

Since by Lemma 4.1.1 the Hausdorff dimension of X is finite we have that there must exist
m ∈ N such that S(x1, · · · , xm) has nonempty interior.

So for points z ∈ X and x in the interior of S(x1, · · · , xm) a geodesic γ with endpoints y and
x must satisfy: There exists t ∈ (0, 1) such that γt ∈ S(x1, · · · , xm). So by applying Observation
4.1.2 then Φ(δz) ∈ ∆1.

And with this we also have as a Corollary:

Corollary 4.1.10. Let (X, dX ,m), (Y, dY , n) be two compact m.m.s such that they have GTBp for
some p ∈ (1,∞). Suppose there exists some isometry Φ : Pp(X) → Pp(Y ). Then X and Y are
isometric.

Proof. Let Φ : Pp(X)→ Pp(Y ) be the isometry. Then from Theorem F we have that for all x ∈M,
Φ(δx) ∈ ∆1(Y ). So we define F : X → Y as the function such that F#(δx) := Φ(δx). It is clear
that this defines an isometry of the base metric spaces.

The main question this Chapter is concerned about is determining whether the Wasserstein space
can be more symmetric than its base space, that is , we ask if the Wasserstein space is isometrically
rigid. In the previous section we just proved that the set of Dirac deltas is an invariant set under
isometries.

In this next couple of sections we will work with compact Riemannian manifolds equipped with
their usual distance. We will make assumptions on their curvature in order to prove rigidity. Using the
curvature of the base space has been used before, in [17] Bertrand and Klockner proved the isometric
rigidity of Hadamard spaces, which have strictly negative sectional curvature.
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4.2 Positively curved manifolds and p = 2

In this subsection we will prove that if we additionally ask that the manifold has positive sectional
curvature then it is possible to obtain isometric rigidity. We will restrict only to the case where p = 2,
the reason being that the flatness condition (see Definition 4.2.2) is of no use to us for general p. In
the next subsection however, we will prove isometric rigidity in the case that we have more structure
on the manifold.

Theorem G. Let M be a closed Riemannian manifold of strictly positive sectional curvature. Then,
the Wasserstein space (P2(M),W2) is isometrically rigid, i.e. Iso(M) = IsoP2(M).

Given an isometry Φ : P2(M)→ P2(M) we have obtained from Theorem F that it restricts to an
isometry of the Riemannian manifold. Therefore from here on out we will only consider isometries
Φ of P2(M) such that Φ(δx) = δx for all x ∈M.

Our aim will be to prove that for all n ∈ N, µ ∈ ∆n Φ(µ) = µ. Since the union of these sets over
all n is dense then we will be done.

Consider γ : [0, 1]→M a geodesic. Then γ# : (P2([0, 1]),W2)→ (P2(M),W2) is an isometric
embedding of (P2([0, 1]),W2) into (P2(M),W2). We will deonte the set of probability measures
supported in the geodesic γ as P2(γ).

Our first step will be to prove that P2(γ) is not only invariant under isometries Φ that fix Dirac
deltas but that Φ(µ) = µ for all µ ∈ P2(γ).

In general, regardless on any curvature assumption on the manifold M the only possible totally
geodesic embedded submanifolds that one can expect to find are precisely the minimizing geodesics.
These geodesics are actually flat spaces in the sense that their curvature is identically 0. The next
definition gives an alternative formulation of a metric space being flat just in terms of the distance.

Definition 4.2.2. Let (X, d) be a geodesic space, we will say that it is flat if given any three points
x, y, z ∈ X and every γ : [0, 1]→ X geodesic such that γ0 = y, γ1 = z we have:

d2(x, γt) = (1− t)d2(x, γ0) + td2(x, γ1)− (1− t)td2(y, z), ∀t ∈ [0, 1].

Examples of flat spaces include Hilbert spaces, closed intervals [a, b] equipped with an interior
product, and Wasserstein spaces (P2([a, b]),W2). One important observation to make though is that
even if the base space X is flat then P2(X) in general is only non-negatively curved. (see Example
3.2.1 in [3]).

Observation 4.2.3. Before moving on with the next results we will make some observations regarding
the structure of the Wasserstein space of a closed interval say , [0, 1] equipped with its usual Euclidean
metric. In [57] it is noted (Proposition 3.4 ) that the set ∆2(R) plays a special role as the convex hull
of it is dense. This is used in order to define the exotic isometries (see Lemma 5.3 in [57]). It is clear
that the convex hull of ∆2([0, 1]) will also be dense in P2([0, 1]).

We will use this as well in the proofs of the next Propositions. The next result appears in Section
2.2 of [37], we include a proof since our arguments are different.

Proposition 4.2.4. Let ([0, 1], dE) be the interval equipped with its usual Euclidean metric. Then the
Wasserstein space (P2([0, 1]),W2) is isometrically rigid.
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Proof. First, let us notice the following: For the functional µ 7→W2
2(δ1/2, µ), µ ∈ P2([0, 1])

arg max
(
µ 7→W2

2(δ1/2, µ
)

= {(1− λ)δ0 + λδ1 |λ ∈ [0, 1]}.

We can mimic the argument done in Theorem F to obtain that all Wasserstein isometries send Dirac
deltas to Dirac deltas. Hence it suffices to look at isometries Φ : P2([0, 1]) → P2([0, 1]) such that
Φ|δ1 ≡ id.

It is immediate that Φ ({(1− λ)δ0 + λδ1 |λ ∈ [0, 1]}) = {(1 − λ)δ0 + λδ1 |λ ∈ [0, 1]} since
Φ(δ1/2) = δ1/2.

Now, for (1 − λ)δ0 + λδ1 suppose Φ((1 − λ)δ0 + λδ1) = (1 − t)δ0 + tδ1 for some t ∈ (0, 1).
Then

t = W2((1− t)δ0 + tδ1, δ0) = W2((1− λ)δ0 + λδ1, δ0) = λ.

So t = λ. That is Φ restricted to {(1− λ)δ0 + λδ1 |λ ∈ [0, 1]} is the identity.
Consider now (1− λ)δa + λδb, WLOG a < b, then it is an interior point of the unique geodesic

joining δa/(1+a−b) with (1− λ)δ0 + λδ1.

Since Φ fixes both δa/(1+a−b) and (1 − λ)δ0 + λδ1 it must fix the whole geodesic including
(1 − λ)δa + λδb (See Observation 4.1.2), hence Φ fixes ∆2([0, 1]). Using Observation 4.2.3 we
conclude then that Φ ≡ id.

Proposition 4.2.5. Let x ∈ M and consider γ a geodesic starting at x and such that it cannot be
extended past γ1 while remaining minimizing. Then for any isometry Φ such that it fixes all Dirac
deltas we have that Φ(P2(γ)) = P2(γ).

Proof. Let Φ : P2(M)→ P2(M) be an isometry such that Φ|∆1 ≡ id. In order to get the result, from
the Observation 4.2.3 it will be sufficient to prove that Φ(∆2(γ)) = ∆2(γ).

First, we will prove that the set {(1− λ)δγ0 + λδγ1 |λ ∈ [0, 1]} is invariant.
Consider two points in γ([0, 1]) and a geodesic σ : [0, 1] → M joining them. Notice that σ is

completely contained in γ([0, 1]).

Let µ = (1− λ)δγ0 + λδγ1 , since P2(γ) is a flat space we have that

W2
2(µ, δσt) = (1− t)W2

2(µ, δσ0) + tW2
2(µ, δσ1)− (1− t)tW2

2(δσ0 , δσ1),

for all t ∈ [0, 1]. And since Φ fixes every Dirac delta we have an analogous equation for Φ(µ),
which can be rewritten in the following way since the product measure Φ(µ)⊗ δσt is optimal for all
t ∈ [0, 1].∫

d2(y, σt)− (1− t)d2(y, σ0)− td2(y, σ1) + t(1− t)d2(σ0, σ1)dΦ(µ)(y) = 0.

As the manifold is of positive sectional curvature then the integrand must the Φ(µ)−a.e. identically
0. That is,

d2(y, σt)− (1− t)d2(y, σ0)− td2(y, σ1) + t(1− t)d2(σ0, σ1)) = 0,

for all t ∈ [0, 1] and Φ(µ)-a.e. The positive curvature then forces the support of Φ(µ) to be in γ[0, 1],
otherwise we would have Euclidean traingles embedded in M. Therefore we obtain the thesis.
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Clearly given a geodesic γ ∈ Geo(M) we have that P2(γ) and P2([0, d(γ0, γ1)]) are isometric so
combining Propositions 4.2.4 and 4.2.5 we obtain the following corollary:

Corollary 4.2.6. For any geodesic γ : [0, 1]→ M and Φ : P2(M)→ P2(M) an isometry that fixes
all Dirac deltas. Φ restricted to (P2(γ),W2) is the identity map.

And noting that given any µ ∈ ∆2(M) its atoms are contained in some geodesic we obtain:

Corollary 4.2.7. Let Φ : P2(M) → P2(M) be an isometry such that it fixes Dirac deltas. Then Φ
fixes ∆2(M) as well.

Now we will like to see what happens when we look at measures not necessarily supported on
a geodesic. Given a measure µ ∈ P2(M) and a geodesic γ ∈ Geo(M) we define projγ(µ) the
projection of µ onto γ as:

projγ(µ) = arg min
(
ν ∈ P2(γ) 7→W2

2(µ, ν)
)
. (4.3)

Note that in general µ 7→ projγ(µ) is not a function since the set on right hand side of 4.3 may
contain more than one element. For example consider in the sphere µ = δN the north pole and γ a
geodesic in the equator. It is clear that every measure in P2(γ) is equidistant to ∆N .

Nevertheless it will be very useful to us to work with projections onto geodesics. It is easy to
convince oneself that if µ is a totally atomic measure in say, ∆n(M) the projection onto any geodesic
contains at least one totally atomic measure.

Proposition 4.2.8. Let µ ∈ ∆n(M), then for every geodesic γ

projγ(µ) ∩ (∆1(M) ∪ · · ·∆n(M)) 6= ∅.

Proof. Let µ =
∑n

i=1 λiδxi and γ ∈ Geo(M). Take now a measure ν ∈ P2(γ).

Take π ∈ Opt(µ, ν), so then:

W2
2(µ, ν) =

∫
M×M

d2(x, y)dπ(x, y)

=

∫
{x1}×M

d2(x, y)dπ(x, y) + · · ·+
∫
{xn}×M

d2(x, y)dπ(x, y)

≥ λ1d
2(x1, y1) + · · ·+ λnd

2(xn, yn).

Where the points yi are such that:

yi ∈ arg min
(
∆1(γ) 3 δy 7→ d2(xi, y)

)
, ∀1 ≤ i ≤ n.

Hence we conclude that
n∑
i=1

λiδyi ∈ projγ(µ).
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So, let us describe our plan for proving the isometric rigidity. First we will prove that for each
n ∈ N the set ∆n(M) is invariant. Then we will prove that totally atomic measures supported on a
sufficently small ball B are fixed. A density argument will yield that any measure whose support is
contained in B is also fixed. Finally we will use a non-branching argument to conclude.

We divide each of these steps into several Lemmas to make the argument as clear as posible.

Lemma 4.2.9. Let Φ : P2(M) → P2(M) be an isometry that fixes all Dirac deltas, consider γ ∈
Geo(M) and P2(γ) the set of measures supported at γ. For ε� 1 consider:

Tubε(P2(γ)) :=
⋃

µ∈P2(γ)

Bµ(ε)

a tubular neighbourhood around P2(γ). Then for every n ∈ N, and µ ∈ ∆n(M) such that supp(µ) ⊂
Tubε(P2(γ)) we have that Φ(µ) ∈ ∆n(M).

Proof. We may assume that all the measures considered are such that they give zero mass to γ[0, 1].
The proof will be done by induction over n ∈ N. For n = 1 the result is clear as it follows from
Theorem F. Let µ ∈ ∆n+1(M) be such that supp(µ) ⊂ Tubε(P2(γ)). Then we may write µ =∑n+1

i=1 λiδxi , where all atoms are different and for all i, λi 6= 0.
Now take ν ∈ projγ(µ) ∩∆n+1(γ) such that ν =

∑n+1
i=1 λiδyi . Denote by ri = d(xi, yi). Notice

that since ε is sufficiently small there exists only one geodesic between xi and yi, and that such
geodesic may be extended up to another point zi such that d(xi, zi) = 2ri.

Note that this makes ν the midpoint between µ and the totally atomic measure
∑n+1

i=1 λiδzi .
And so we have that since Φ(ν) = ν using Theorem 1.5.4 and the induction hypothesis this forces
Φ(µ) ∈ ∆n+1(M).

Lemma 4.2.10. Let Φ : P2(M) → P2(M) be an isometry that fixes all Dirac deltas, then for every
n ∈ N Φ(∆n(M)) = ∆n(M).

Proof. Let µ ∈ ∆n(M), and consider a geodesic γ ∈ Geo(M) such that for some ν ∈ projγ(µ) ∩
∆n(γ). Furthermore assume that the transport between these two measures is given by a map.

Now if we consider the Wasserstein geodesic (ηt)t∈[0,1] ⊂ ∆n(M) between Φ(µ) and ν = Φ(ν)
there exists some t0 ∈ (0, 1) such that supp(ηt0) ⊂ Tubε(P2(γ)) for some sufficiently small 0 < ε.
From the previous Lemma 4.2.9 we obtain that ηt0 ∈ ∆n(M), and from Theorem 1.5.4 we have that
Φ(µ) ∈ ∆n(γ).

Remark 4.2.11. Notice that in the proofs of the previous Lemmas 4.2.9, 4.2.10 the transports consid-
ered were actually given by a map. Hence the weights given to each of the atoms are also preserved.

Lemma 4.2.12. Let Φ : P2(M)→ P2(M) be an isometry that fixes all Dirac deltas, and n ∈ N then
for every µ =

∑n
i=1 λiδxi ∈ ∆n(M) such that d(xi, xj) < ε for all i 6= j and ε sufficently small we

have that Φ(µ) = µ.

Proof. Given a geodesic γ ∈ Geo(M) it is clear that projγ(µ) consists only of totally atomic mea-
sures. It also easy to check that:

projγ(µ) = Φ(projγ(µ)) = projγ(Φ(µ)).
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Furthermore if we additionally assume that γt0 = x1 for some t0 ∈ [0, 1] we obtain that for all
ν ∈ projγ(µ), ν({x1}) ≥ λ1.

From Lemma 4.2.10 we know that Φ(µ) is also totally atomic, actually with the same number of
atoms as µ. Suppose that there exists some r > 0 such that d(x1, y) > r for all y atom of Φ(µ). This
implies however, that there exists some geodesic σ ∈ Geo(M) such that σ0 = x1 and that for some
ν̃ ∈ projσ(Φ(µ)) ν̃({x1}) = 0. This gives us a contradiction. Hence x1 is one of the atoms of Φ(µ).

We repeat this argument for every xi and conclude that µ and Φ(µ) must have the same atoms.
From the Remark 4.2.11 we conclude then that µ = Φ(µ).

Lemma 4.2.13. M is isometrically rigid.

Proof. Take a fixed point w ∈ M and some ε � 1. from the Lemma 4.2.12 we have that for all
µ ∈ P2(Bw(ε)), Φ(µ) = µ.

Consider then µP2(Bw(ε)) absolutely continuous and ν ∈ P2(M) some arbitrary measure. Ad-
ditionally assume that supp(µ) ⊂ Bw(ε/2). Let (ηt)t∈[0,1] be the unique Wasserstein geodesic such
that η0 = µ and η1 = ν. Hence it follows that (Φηt)t∈[0,1] is also a Wasserstein geodesic but now
with endpoints µ and Φ(ν).

Then there exists some t0 ∈ (0, 1) such that supp Φ(ηt0) ⊂ Bw(ε), hence Φ(ηt0) = ηt0 . Since
the Wasserstein space P2(M) is non-branching it follows then that Φ(ν) = ν. Therefore M is iso-
metrically rigid.

4.3 Rigidity on CROSSes

The question of isometric rigidity can certainly be posed for Wasserstein spaces equipped with the
more general exponent 1 < p < ∞, instead of just the quadratic case. As far as we know the only
other work where this is treated is in [37] by Gehér, Titkos and Virosztek, where they work on the
real line. They prove that the behaviour of the isometries depends on the exponent p, being the case
p = 1 the most exotic.

In this last subsection we will restrict ourselves to the class of Compact Riemannian Symmet-
ric Spaces (CROSSes). Several properties of these spaces are discussed in Chapter 3 of [19].They
have been completely classified and are: Euclidean spheres, projective spaces (with field either real,
complex or quaternionic numbers), and the Cayley plane.

In the next Lemma we summarize the properties that will use:

Lemma 4.3.1. Let M be a CROSS. Then:

• For any point x ∈M the isotropy group at x acts transitively on any sphere ∂Bx(R).

• For any x ∈M the cut locus, Cut(x), is either a point or a totally geodesic embedded CROSS
of codimension 1.

An immediate but important consecuence of this Lemma is that for any point x the distance to
Cut(x) is constant and equal to the diameter of M.

Using Theorem F we will now restrict to isometries that fix every Dirac delta. But before con-
tinuing let us describe the motivation of our strategy to prove Theorem H. In [57] Kloeckner proved
(Proposition 3.4) that for n ≥ 2 the geodesic convex hull of ∆1(R) is dense in P2(R). Thefore it
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is enough to describe the behaviour of the isometries on ∆1(R). Now, in our setting, fix some point
x ∈M and consider the Lipschitz function:

d(x, ·) : M → [0,Diam(M)].

The preimage of an element in ∆n([0,Diam(M)]) consists of measures whose supports are contained
on spheres ∂Bx(ri) 1 ≤ i ≤ n; for example, measures in ∆n(M) are included here. Therefore a
naive (but ultimately useful) approach would be to look at the behaviour of Wasserstein isometries at
these measures. More precisely we have:

Proposition 4.3.2. Let M be a CROSS, Φ ∈ Iso(Pp(X)), p ∈ (1,∞) and assume that for all x ∈M
every probability measure supported on Cut(x) is fixed by Φ. Then, for µ ∈ Pp(M) such that:

supp(µ) ⊂
n⋃
i=1

∂Bx(ri), 0 ≤ ri ≤ d(x,Cut(x))

we have that

supp(Φ(µ)) ⊂
n⋃
i=1

∂Bx(ri), 0 ≤ ri ≤ d(x,Cut(x)).

Moreover, the weights are preserved, i.e. µ(∂Bx(ri)) = Φ(µ)(∂Bx(ri)) for all i ∈ {1, · · · , n}.

Before proving this Proposition we will need a couple simple observations and an auxiliary
lemma:

Observation 4.3.3. The following are simple properties of the geodesics in the Wasserstein space
Pp(M).

• If µ0, µ1 ∈ Pp(M) are measures fixed by Φ ∈ Iso(Pp(M)) then the set of geodesics with
endpoints µ0 and µ1 is invariant under Φ.

• If µ0 = δx, and µ1 such that suppµ1 ⊂ Cut(x). Then for any (η)t∈[0,1] ∈ Geo(Pp(X))
joining them we have that supp ηt ⊂ ∂Bx(td(x,Cut(x))) for all t ∈ [0, 1].

• If µ0 = δx and ν is supported on some ∂Bx(td(x,Cut(x))), 0 < t < 1 then there exists a
measure µ1 supported on Cut(x) such that ν is in the interior of some geodesic joining µ0

and µ1. This is clear, just notice that every point in the support of ν is of the form γt for some
geodesic starting at x. So just extending these geodesics yields the measure µ1.

Lemma 4.3.4. Let M be a CROSS, Φ ∈ Iso(Pp(M)), p ∈ (1,∞) and assume that for all x ∈ M
every probability measure supported on Cut(x) is fixed by Φ. Then, for µ ∈ Pp(M) such that:

supp(µ) ⊂
n⋃
i=1

∂Bx(ri), 0 ≤ ri ≤ d(x,Cut(x)).

Then
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• For n = 2 there exist ν0 supported on {x} ∪ Cut(x) and ν1 supported on some ∂Bx(r) such
that the geodesic between them passes through µ.

• If n ≥ 3 there exist ν0, ν1 ∈ Pp(X) supported on n − 1 spheres ∂Bx(ri) and such that the
geodesic between them passes through µ.

Proof. It will be sufficient to consider totally atomic measures µ such that they satisfy the following:
If y ∈ suppµ and γ ∈ Geo(X) is such that γ0 = x and γt = y for some t ∈ [0, 1] then γ[0, 1] ∩
suppµ = {y}. Let D denote the diameter of M.

Case 1 (n = 2). Consider µ = (1 − λ)µ1 + λµ2 where suppµi ⊂ ∂Bx(ri) and r1 < r2 < D. As
µ1 is supported on a single sphere then from Observation 4.3.3 we can find some measure µ̃, with
supp µ̃ ⊂ Cut(x) such that µ2 is in the interior of some geodesic joining δx with µ̃. We will take
then ν0 = (1− λ)δx + λµ̃. As for ν1 we do the following: Every point in suppµi is of the form γti ,
where ti = ri/D, γ ∈ Geo(M) starting at x and i = {1, 2}. So we can just send the mass of these
points to γt1/(1+t1−t2).

Therefore ν1 will be a totally atomic measure whose atoms are of the form γt1/(1+t1−t2) with
mass either µ1(γt1) > 0 or µ2(γt2) > 0. It is easy to see that the geodesic joining ν0 with ν1 passes
through µ.

Case 2 (n ≥ 3). Let now µ = a1µ1 + · · ·+ anµn, suppµi ⊂ ∂Bx(ri), ai > 0, and 0 < r1 < · · · <
rn < D. We will do a similar construction as in the previous case. Take

ν0 = a1µ1 + a2η + a3µ3 + · · ·+ anµn,

ν1 = a1µ1 + a2η̃ + a3µ3 + · · ·+ anµn.

Where supp η ⊂ ∂Bx(r1), supp η̃ ⊂ ∂Bx(r3). These measures η, η̃ are obtained by sending the
mass of µ2 along the appropiate geodesics to ∂Bx(r1) and ∂Bx(r3) respectively. It is clear that µ is
in the interior of the geodesic between ν0 and ν1

With this previous result we can now prove the Proposition.

Proof of Proposition 4.3.2. We will proceed by induction on the dimension ofM. Take x ∈M, since
Cut(x) is either a CROSS or a point then we can assume that the measures supported there are fixed
by Φ. Denote by D the diameter of M.

Take µ ∈ Pp(X) and let n bethe number of spheres ∂Bx(ri) on which the support of µ is
contained. The case n = 1 follows clearly from Observation 4.3.3.

Case 3 (n = 2). Consider a measure of the form (1 − λ)δx + λµ where µ is supported on Cut(x)
and absolutely continuous with respect to the volume measure of Cut(x).

Observe that the geodesic from µ to (1 − λ)δx + λµ cannot be extended further since the
length of the geodesics involved in the optimal transport is already maximal. This implies that there
must exists some set Γ ⊂ suppπ, π ∈ Opt(µ, (1 − λ)δx + λµ) such that π(Γ) > 0 and for all
(y, z) ∈ Γ, d(y, z) = D. Also, from the p−cyclical monotone condition (see Definition 1.4.2) for all
(y1, z1), (y2, z2) d(y1, z2) = d(y2, z1) = D.
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Now, since µ(e0Γ) > 0 and µ is absolutely continuous with respect to the volume measure on
Cut(x) it follows that e1Γ = {x}. So we deduce that Φ((1−λ)δx+λµ) = (1−α)δx+αν, α ∈ (0, 1)
and ν ∈ Pp(M).

Consider now η ∈ Mid(δx, µ), so

Wp
p(1− α)δx + αν, η) ≤ (1− α)Wp

p(δx, η) + αWp
p(ν, η)

= (1− α)(
D

2
)p + αWp

p(ν, η).

If there exists a set Γ̄ ⊂ π̄, π ∈ Opt(η, ν) such that π̄(Γ̄) > 0 and for all (y, z) ∈ Γ̄ d(y, z) < (D/2)p

then Wp
p(ν, η) < (D/2)p. But this contradicts the fact that Wp

p((1− λ)δx + λµ,Φ−1(η)) = (D/2)p.
As before, the p−cyclical monotonicity of the support of π̄ guarantees that for every z ∈ supp ν

d(x, z) = D, i.e. supp ν ⊂ Cut(x).
Finally, Wp

p((1 − λ)δx + λµ, µ) = (1 − λ)Dp,Wp
p((1 − λ)δx + λµ, δx) = λDp forces α = λ

and ν = µ.
The case proved just now is sufficient. First, from the density of the absolutely continuous mea-

sures supported on Cut(x) we can extend it for all µ ∈ Pp(M), with suppµ ⊂ Cut(x). Next, given
a measure ν supported on ∂Bx(r1) ∪ ∂Bx(r2), 0 < r1 < r2 < D there exists by Lemma 4.3.4
measures µ0, µ1 supported on {x}∪Cut(x), ∂Bx(r1/(1 + r1− r2)) respectively such that ν is in the
interior of the geodesic joining µ0 with µ1. As previously proved both Φ(µ0),Φ(µ1) are supported
on the same spheres and this forces Φ(ν) to do so as well.

Case 4. (n ≥ 3) By an induction argument on n we obtain the thesis. Lemma 4.3.4 tell us that
measures µ supported on n spheres lie in the interior of a geodesic joining two measures supported
on n − 1 spheres. So by the induction hypothesis the endpoints when we apply the isometry Φ are
supported on the same spheres. Hence this also happens to the support of Φ(µ).

And so finally we prove the main Theorem of this subsection.

Theorem H. Let M be a CROSS. Then for any p ∈ (1,∞) the isometry groups of M and Pp(M)
coincide.

Proof. Let us do induction on the dimension of the spaceM. Take µ ∈ ∆n, such that µ =
∑n

i=1 aiδxi
where ai > 0,

∑n
i=1 ai = 1. Fix x1 and notice that Cut(x1) is either a point or a totally geodesic

embedded CROSS of dimension one less than the dimension of X. By the induction hypothesis we
have that any probability measure supported on Cut(x1) is fixed by Φ.

Since µ satisfies the hypothesis of Proposition 4.3.2 for ri = d(x1, xi), i ∈ {1, · · · , n} we obtain
then:

Φ(µ) = a1δx1 +
n∑
i=2

aiµi, where supp(µi) ⊂ ∂Bx1(ri).

We repeat this argument for the remaining xi and obtain that µ = Φ(µ). Since the clousure of totally
atomic measures is dense in Pp(M) we conclude that Φ must be the identity.



Conclusions

Throughout the Thesis we have studied geometric aspects of metric measure spaces via symme-
tries. Our approach has yielded several results from which we would like to highlight two of them:
First, from Theorem A we obtained that the group of isometries of spaces satisfying the Riema-
nian Curvature-Dimension condition is a Lie group. Second, we put this to use by showing that it
is possible to alter the reference measure in a suitable manner (Theorem D); that is, by preserving
the Curvature-Dimension condition. We have also looked at the geometry of the space of probabil-
ity measures, putting in evidence just how much the base space determines the symmetries of the
Wasserstein space.

From this it is clear that the use of isometric group actions on metric measure spaces is a fruitful
viewpoint that should be further developed in the future.
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Conclusiones

A lo largo de la Tesis hemos estudiado aspectos geométricos de espacios métricos de medida via
simetrı́as. Nuestro enfoque ha dado lugar a varios resultados dentro de los cuales destacamos dos:
Primero, del Teorema A obtuvimos que el grupo de isometrı́as de espacios que satisfacen la condición
Curvatura-Dimensión riemanniana es un grupo de Lie. Después, hacemos uso de esto para mostrar
que es posible alterar la medida de referencia de manera adecuada (Teorema D); esto es, preservando
la condición de Curvatura-Dimensión. También miramos la geometrı́a del espacio de medidas de
probabilidad, poniendo en evidencia cuanto es que el espacio base determina las simetrı́as del espacio
de Wasserstein.

Esto deja claro que el uso de acciones por isometrı́as en espacios métricos de medida es un
enfoque fructı́fero que debe de ser desarrollado en el futuro.
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