On the method of Bukhgeim for
two-dimensional inverse problems

PhD Thesis

Jorge Tejero Tabernero






Thesis submitted in fulfillment of the requirements for
the degree of

Doctor of Philosophy in Mathematics.

Advisors:
Dr. Daniel Faraco and Dr. Keith M. Rogers.

Universidad Auténoma de Madrid,
Mathematics Department,
2018.






Agradecimientos

En primer lugar, me gustaria agradecer a mis directores Daniel y Keith
su guia y su apoyo en la realizacién de esta tesis. Decidi embarcarme en este
proyecto en unas circunstancias un tanto atipicas, que estaban lejos de ser
las méas propicias; quiero agradecerles que me brindasen esta oportunidad y
que confiasen en mi, no todo el mundo lo hubiese hecho.

En segundo lugar, quiero dar las gracias a mis colaboradores Boris y
Evgeny por haberme permitido trabajar con ellos. Fue una colaboracion
breve pero fructifera. Le agradezco ademads a Evgeny su singular cercania y
hospitalidad.

No puedo olvidarme de QRR y de las personas que la conforman; de
haber estado trabajando en otro sitio esta tesis no hubiese tenido lugar.
Pese a que mi deseo de realizar este doctorado poco tuvo que ver con los
intereses de la empresa, se me dieron siempre todas las facilidades posibles.
Gracias Santiago y Lorenzo por vuestro apoyo y amistad.

La tarea de llevar a cabo este proyecto ha sido al tiempo solitaria y
colectiva, asi que no puedo dejar de mencionar en estos agradecimientos a
todos los miembros del ICMAT que me han ayudado de un modo u otro. Més
alla de la ayuda técnica o académica, les agradezco la cercania y complicidad.
Gracias Daniel, Angel, Juanjo, Victor, Cristina y Javi por arroparme y
aguantarme todo este tiempo.

Quiero agradecer también a mis amigos por todo su afecto, comprension
y empatia. He perdido la cuenta de las veces que me habéis animado y
escuchado durante estos anos. Agustin, Daniel, gracias por vuestra infinita
paciencia.

A mis padres, gracias por haberme inspirado ambiciéon y confianza,
habéis sido ejemplo y guia de lo que significa ser fuerte y determinado.
Gracias por vuestro apoyo y carifio, no solo por el que me habéis dado estos
anos, sino por el recibido durante toda la vida.

Gracias Laura por ser mi amiga y mi cémplice, por ser un punto de apoyo
y también una referencia. Hemos hecho este camino en paralelo, hemos
compartido miedos e inseguridades y también esperanzas y ambiciones; ha
sido genial. Gracias por haber estado ahi siempre y por haberme hecho
sentir menos solo en esta travesia.



Bea, de no haber sido por ti esta tesis no la hubiese empezado y tampoco
la hubiese terminado. Gracias por esa confianza que has tenido siempre en
mi; me he alimentado de ella para hacer posible este trayecto. Y gracias so-
bre todo por ser inflexible, por no permitirme ser mediocre, por tu tremenda
fortaleza y por saber siempre como empujarme hacia adelante. Por ser parte
de mi.



Contents

1 Introduction
1.1 Outline of the problems . . . . .. .. .. .. ... ......
1.2 Tll-posedness of the problems . . . ... ... ... ......
1.3 History of the problems . . .. .. .. ... ... .......
1.4 Outline of the thesis . . . . . . .. ... ... ... ... ...

2 Preliminaries
2.1 Inverse scattering and the Gel’fand problem . . . . . . .. ..
2.2 Quadratic phase solutions . . . . ... ... ... ... ....

3 Piecewise smooth potentials
3.1 Imtroduction. . . . . . ... ... ...
3.2 Preliminaries . . . . . ... ... oo
3.2.1 Piecewise W%!-potentials . . . .. .. ... ......
3.2.2 A topological property of graphs of C! functions . . .
3.2.3 One-dimensional oscillatory integrals . . . . . . . . ..
3.3 Recovery. . . . . . .. .
3.4 Stability . . ...

4 Averaging procedures for potential reconstruction
4.1 Introduction. . . . . . . . . ... ... ...
4.2 Preliminaries . . . . . . .. ... oo
4.3 Proof of Theorem 4.1.1. . . . . . . .. ... ... .. .....
4.4 Polar averaging . . . . . . . . .. ...

5 Uniqueness for complex conductivities
5.1 Introduction . . . . . . .. . ... L o
5.2 Mainsteps . . . . . ..
5.2.1 Reduction to the Dirac equation . . .. ... ... ..
5.2.2  Solving the Dirac equation for large |A| . . . ... ..
5.2.3 Determination of the potential . . . .. .. ... ...
5.3 Proofs . . . . . ..
5.3.1 Preliminary results . . . . . . ... ... ... ..
5.3.2 Proof of Theorem 5.1.1 . . . ... ... ... .....

17
17
19

23
23
23
23
25
26
27
36

43
43
44
45
46



CONTENTS 8

6 Numerical experiments with the Bukhgeim method 67
6.1 Introduction. . . . . . .. ... ... 67
6.2 A peekintotheerror . . .. .. ... ... ... ... 68
6.3 Approximate Bukhgeim solutions . . . . . . . ... ... ... 69
6.4 Convergence of the main term . . . . . . .. .. .. ... ... 73
6.5 Averaging . . . . . . ... Lo 75

6.5.1 Mollifier average . . . . . .. ... ... ... ... 75
6.5.2 Polar average . . . . . .. ... oL 7
6.5.3 Examples: Mollifier vs angular . . . .. ... .. ... 80
6.6 Conclusions . . . . . . . ... o o 83

Bibliography 87



Chapter 1

Introduction

1.1 Outline of the problems

Consider the time-independent Schrédinger equation with potential ¢ in a
bounded domain €2 in R™. Given a function f defined on the boundary, the
Dirichlet problem for this equation is to determine u satisfying

{ Au=qu in
ulaq = f.

Under certain conditions, there is a unique solution to this problem and we
can formally define the Dirichlet to Neumann (DtN) map by

Aglf] == Oyulan

where J, denotes the outward normal derivative on the boundary. The
Gel’fand inverse problem consists of recovering the potential ¢ from the DtN
map. That is, by applying Dirichlet boundary conditions and measuring the
resulting outward normal derivative, the goal is to estimate the values of ¢
inside 2.

This question arises naturally in quantum scattering theory. In this
setting, the problem is to find the potential ¢ from the knowledge of how it
distorts incoming waves. The scattered waves are solutions to

—Au+ qu = k*u in R" (1.1)

where k? is the total energy of the wave. We will see how knowledge of
scattering data at fixed energy yields knowledge of the DtN map, and so
this problem can be reduced to the Gel’fand problem.

In fact this is related to an acoustic scattering problem, where the goal
is to obtain information about an object (position, density, etc.) from the
knowledge of how this object disturbs acoustic waves. In particular, letting
n(z) denote the refraction index of sound inside a medium, and taking

q(z) = k*(1 - n(z))
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equation (1.1) holds for acoustic waves. Thus, the acoustic inverse scattering
problem in an inhomogeneous medium can also be reduced to the Gel’fand
problem.

Finally, the Gel’fand problem is also linked with the inverse conductivity
problem, also known as the Calderén inverse problem. Here the goal is to
estimate the electric conductivity in each point in the interior of a domain
from measurements performed on its surface. Let 2 be a bounded domain
and let vy(x) be the conductivity inside the domain. The Dirichlet problem
for the conductivity equation is to determine v satisfying

{V-(’qu):O in
vloo = f

given f defined on the boundary. Under certain conditions, there exists a
unique solution to this problem, and so we can formally define the DtN map
for this problem by

A, vlaal == v duvlaq.

The inverse conductivity problem is to recover v from the information con-
tained in A,. From the physical point of view, we are measuring the currents
induced by the voltages that we place on the surface.

The inverse conductivity problem can be reduced to Gel’fand problem,
and this reduction has been extensively used for solving the former. The
relation is the following: if v satisfies

V-(yVov)=0
then u = v/2v solves the Schrodinger equation
Au = qu

where the potential is given by g = v~ /2A~Y/2,

Regarding real-world applications, not touched on in this thesis, differ-
ent inverse scattering models arise throughout physics in order to observe
different phenomena. Quantum scattering appears in particle physics, where
the interactions between subatomic particles are studied. Classical scatter-
ing theory also has broad applications, ranging from sonar and radar, to
medical imaging, geophysical exploration or non-destructive testing.

As for the inverse conductivity problem perhaps the most relevant ap-
plication is electrical impedance tomography (EIT), a non-invasive medical
imaging technique. Electrodes are placed on the skin of a patient with which
electric measurements are made and an image of the interior of the body can
be constructed. This technique has proven to be useful in pulmonary imag-
ing and in the detection of breast cancer, and applications in brain imaging
have also been considered (e.g. for the detection of cerebral ischemia and
haemorrhages).



1.2 TIll-posedness of the problems 11

1.2 Ill-posedness of the problems

Jacques Hadamard introduced the term of well-posed to refer to a problem
that satisfied the following three conditions:

e There exists a solution to the problem.
e The solution is unique.
e The solution depends continuously on the initial data.

The inverse problems considered here are ill-posed. In particular, the condi-
tions of uniqueness of the solution and continuity with respect to the initial
data are only satisfied conditional to some a priori assumptions on the po-
tential or conductivity.

Uniqueness is one of the most studied questions in the field. That is to
say, proving that there is no more than one potential or conductivity that
give rise to each DtN map or set of scattering data. One can consider for
which class of conductivities and potentials uniqueness is guaranteed, but
the opposite question is also interesting: which potentials or conductivi-
ties cannot be fully recovered from information on the boundary (cloaking
devices).

With respect to the question of continuity, in inverse problems it is
referred to as stability. This question has also been extensively studied in
the literature. Logarithmic stability is often the best that can be hoped for.

Apart from the three conditions of well-posedness, there are a number of
further interesting questions to address. Certainly one of the most relevant
is the one of reconstruction: obtain a procedure for computing the potential
or conductivity from the data at the boundary. This question is twofold,
we can consider the task of creating a theoretical procedure for recovering
the unknown coeflicient or we may focus on creating a reconstruction pro-
cedure that works in practice, that is, a numerical procedure adapted to
measurements on finitely many points and with finite precision.

Rather than a single and clear question to answer, the design and im-
plementation of numerical reconstruction schemes is a field of research in its
own right. Some of these numerical schemes are based on a theoretical re-
construction procedure, which frequently involve complex operations, such
as singular integrals or the inversion of operators, whose numerical imple-
mentation is non-trivial and requires careful analysis. Other schemes are
base on optimization techniques combined with regularization strategies.

1.3 History of the problems

The inverse boundary problem for the Schrédinger equation dates back to
1954, when it was proposed by Gel'fand in [33]. The inverse conductiv-
ity problem was considered first by Calderén in the 40’s, even though his
groundbreaking paper [22] was not published until 1980; here Calderén
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proved uniqueness for the linearized problem by determining the Fourier
transform of the conductivity. Both problems have been extensively studied
since then, we address now only a few of the most relevant results.

In [45] Kohn and Vogelius proved uniqueness for analytic conductivities
in dimension two or greater. They were able to recover the conductivity and
its derivatives on the boundary from the DtN map and uniqueness followed
from unique continuation. In [46] the same authors extended the result to
deal with piecewise analytic conductivities.

In 1987 Sylvester and Uhlmann introduced the pionering work [61] where
uniqueness for smooth conductivities and potentials is proved in dimension
three or greater. Inspired by the original work of Calderén, the authors
introduced complex geometric optics (CGO) solutions for the Schrodinger
equation; these solutions have been extensively used since then. CGO solu-
tions are paremeterized by a complex vector ¢ € C" satisfying ¢ - ( = 0 and
are of the form u¢(z) = e5%(1 4 w¢(z)) where we is a remainder term which
tends to zero in some sense as |(| grows. The power of these solutions relies
on Alessandrini’s identity; that

/BQ(Aq—AO)[u]v:/Qquv (1.2)

whenever wu is a solution to the Schrodinger equation and v is a solution to
Laplace’s equation. Then given any £ € R" there exists a sequence of CGO
solutions {(;} such that |(;| — oo and

/8 (g = A)fug | 7 = /Q €7 (1 + wg)

where n; € C" satisfies n; - n; = 0 and (; +7; = §. As the remainder terms
we; tend to zero, CGO solutions allow to determine the Fourier transform
of the potential from the DtN map. This uniqueness result was refined later
by Nachman, Sylvester and Uhlmann [52] to bounded potentials and by
Brown [18] to deal with conductivities in C'/?*¢, Nachman [50] (paral-
lel to a similar work by Novikov [53]) extended the uniqueness result to a
reconstruction procedure.

Also relying on the scheme introduced in [61] is the remarkable arti-
cle [36], where Haberman and Tataru proved uniqueness for Lipschitz con-
ductivities satisfying |V log~y|/ - < € and for C! conductivities in dimen-
sions three or greater. The authors introduce a new space of functions,
inspired in Bourgain spaces, and an estimate of the decay for the remainder
of the CGO solutions on average. This work has later been extended by
Habermann [35] to prove uniqueness for conductivities in W< for d = 3,4
and by Caro and Rogers [24], where unique determination for general Lips-
chitz conductivities in dimensions three or greater is proved, as conjectured
by Uhlmann [63].
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The two-dimensional case differs significantly to the higher-dimensional
one. For example, even though CGO solutions continue to be used in this
setting, a first difficulty to emulate the strategy of Sylvester and Uhlmann is
that, for an arbitrary frequency £, one cannot longer express it as £ = (+n
with (- =n-n = 0. The work by Nachman [51] in 1996 supposed a ma-
jor breakthrough in the inverse conductivity in the plane. In this paper, a
non-physical scattering transform is introduced. This transform can be com-
puted from the DtN map, and conductivities can be recovered from it using
the d-method (initially introduced in [15] by Beals and Coifman). Using
this procedure a reconstruction scheme for conductivities with two deriva-
tives in LP with p > 1 is given. It is interesting that this scheme is designed
only for potentials of conductivity type due to the existence of the so-called
exceptional points for general potentials; these are values ¢ € C? satisfying
¢ - ¢ = 0 for which the scattering transform cannot be defined due to the
non-uniqueness of the CGO solutions. Brown and Uhlmann [20] extended
this work, but instead of using the standard reduction to the Schrédinger
equation, they reduced the conductivity equation to a first-order system (fol-
lowing Beals and Coifman [16]), which allowed them to prove unique deter-
mination of conductivities with one derivative (this work has been extended
further in [31, 44]). Finally, in 2006 Astala and Paivérinta [11] extended
the use of the scattering transform to solve the question of uniqueness for
bounded conductivities and gave a reconstruction procedure. Their work
rests on a reduction of the conductivity equation to a Beltrami equation
combined with the theory of quasiconformal mappings.

In 2008 Bukhgeim [21] introduced a new method relying on a family
of solutions which resemble CGO solutions but with quadratic phase. This
new method allowed him to consider general potentials (that is, potentials
which are not of conductivity type) in the two-dimensional setting, and
he proved unique determination for complex-valued C! potentials. Blas-
ten, Imanuvilov and Yamamoto [17] relaxed the smoothness assumption
and proved unique determination for potentials in LP with p > 2. Astala,
Faraco and Rogers [7] extended the work of Bukhgeim to a reconstruction
procedure for potentials in the plane with half a derivative in L?; they also
provide an example of a potential in H'/2~¢ which cannot be recovered on
a set of positive measure using this procedure.

The study of the stability question was pionered by the work of Alessan-
drini [2] in 1988, where logarithmic stability was proved for conductivities
in H*(R™) with s > 24 n/2 and n > 3. More precisely, he proved

”'71 - 72HL<>O(Q) < C""( ||A'yl - A’Y2HH1/2(8Q)_>H—1/2(8Q) )

where w(t) < |log(t)]™® and ¢ depends only on n and s. This apparently
weak estimate is in fact optimal, as was proved by Mandache [48]. The paper
by Alessandrini also contains an example which shows that no L stability is
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possible for discontinuous conductivities. Stefanov [59] obtained a stability
estimate for the computation of the DtN map from the scattering amplitude,
which allowed him to extend Alessandrini’s work [2] to the inverse scattering
problem with fixed energy data. In the recent paper [23] Caro, Garcia and
Reyes lowered the smoothness requirements and obtained a stability bound
for conductivities in C¢ building on the work [36].

In two dimensions one of the first papers considering stability is [12],
where Barceld, Barcel6 and Ruiz obtained a stability estimate for conduc-
tivities in C'*€ relying on the reduction to the first order system introduced
in [20]. The regularity assumption was later relaxed by Barceld, Faraco and
Ruiz [14] and by Clop, Faraco and Ruiz [25] following the scheme intro-
duced in [11]. Alessandrini and Cabib [5] provided counterexamples to L?
stabilty for the conductivity equation based on G-Convergence which were
systematically analyzed in [28] by Faraco, Kurylev and Ruiz; in [28] stabil-
ity with respect to G-convergence it is also discussed. For general potentials
in the plane, Novikov and Santacesaria [54] and Blasten, Imanuvilov and
Yamamoto [17] obtained stability estimates using the quadratic phase ap-
proach introduced in [21]. Finally, in 2018 Faraco and Prats [29], extending
the approach in [25], obtained a characterization of the sets of conductivities
in the plane, in terms of the integral moduli of continuity, for which there
exists stability in the L? norm, as conjectured by Alessandrini in [4].

In broad terms we could say that research focused on the development
of numerical reconstruction schemes has taken two directions. On the one
hand several authors have adapted theoretical reconstruction schemes to
practice; here we can name the relevant works in two dimensions of [58]
where Siltanen, Mueller and Isaacson gave a numerical implementation of
the scheme in [51], [42, 43] where Knudsen implemented numerically the
procedure in [20], or the work by Astala, Mueller, Péivérinta, Peraméki
and Siltanen [9] where the procedure [11] is implemented numerically. The
other direction of research is the adaptation of more general numerical tech-
niques to this problem; see for example the books [26] and [40] for a general
exposition of regularization and optimization strategies in inverse problems.

For the sake of brevity we have omitted other relevant questions, such as
the study of inverse problems with partial data or more general settings, such
as anisotropic conductivities or the Schrodinger equation with a magnetic
term.

1.4 Outline of the thesis

The present thesis extends the quadratic phase approach introduced by
Bukhgeim in [21] to address the inverse problem for the Schrodinger equa-
tion in the plane. Building on this procedure we are able to consider re-
construction and stability for discontinuous complex-valued potentials, we



1.4 Outline of the thesis 15

prove unique determination of complex-valued Lipschitz conductivities and
we develop some new reconstruction formulas which allow to recover H*
complex-valued potentials for any s > 0; these new formulas have also
proven to be useful from a numerical point of view. We also present nu-
merical experiments performed and discuss some conclusions derived from
them.

Chapter 2 contains some previous work on which we rely on. We de-
scribe how the Gel’fand problem and inverse scattering at fixed energy are
connected and we also describe the method of Bukhgeim to address the
former. We will also introduce some of the results of Astala, Faraco and
Rogers [7] which will be used in the following chapters.

In Chapter 3 we consider complex-valued potentials in the plane with
discontinuities along curves. We show that a variant of Bukhgeim’s recon-
struction formula, introduced by Astala, Faraco and Rogers in [7], can be
used to recover the values of the potential at almost every point inside the
domain from the DtN map. Building on this reconstruction result, we are
able to provide a logarithmic stability estimate in the L°® norm given an
approximate knowledge of the location of the discontinuities. We also give
similar results for inverse scattering with fixed energy, where real-valued po-
tentials are reconstructed from the scattering amplitude. The results of this
chapter were published in [62].

In Chapter 4 we provide two new reconstruction formulas for the Gel’fand
problem in the plane based on the Bukhgeim approach. These new formu-
las rely on averaging procedures and are useful in two directions. On the
one hand, we are able to recover complex-valued potentials in H® for any
s > 0; it is worth remarking that the standard approach is known to fail for
potentials in H* with s < 1/2. On the other hand, these formulas improve
the rate of convergence over Bukhgeim’s original formula.

In Chapter 5 we prove that complex-valued Lipschitz conductivities in
the plane are uniquely determined by the DtN map. The proof relies on
the reduction of the conductivity equation to the Dirac equation introduced
by Brown and Uhlmann in [20] combined with the method of Bukhgeim.
The results of this chapter were published in a joint work with Evgeny
Lakshtanov and Boris Vainberg [47], and are presented here in more detail.

Chapter 6 contains some numerical experiments performed with the
Bukhgeim method. We study empirically the convergence of the stationary
phase approximation and relate its convergence with the propagation of
measurement error to the reconstruction. We also show how the averaging
formulas introduced in Section 5 significantly improve the convergence of
the main term to the potential in a number of different examples.






Chapter 2

Preliminaries

2.1 Inverse scattering and the Gel’fand problem

Following [6], we reduce the fixed energy inverse scattering problem with
compactly supported, real-valued potentials in H*(R?), with s > 0, to the
Gel’fand problem.

First we introduce the inverse scattering problem at fixed energy. From
the physical point of view, we are recovering a potential from the measure-
ment of waves disturbed by the potential, where the incoming waves come
from all directions, and the disturbed waves are measured is all directions.
Let £ > 0 and consider the Schrédinger equation

(A +E)u=qu, inR? (2.1)
where k? is not a Dirichlet eigenvalue for the Hamiltonian —A + ¢. Let also

1

T HD (k |z =)

Go(z,y) =

where Hﬁl) are the Hankel functions of the first kind. Then Gy satisfies
(A + k) Go(z,y) = —6(x —y), Vir,ycR?

as well as the outgoing Sommerfeld radiation condition

: 0 .
lim |z|'/? <8[x\ — zk) Go(z,y) = 0; (2.2)

|z|—00

see [57, Proposition 2.1]. For § € S! we can define the outgoing scattering
solutions to (2.1) as the solutions to the Lippmann-Schwinger equation

u(z,0) = el — . Go(z,y) q(y) u(y, 0) dy.
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Then, the scattering amplitude A, : S! x S' — C at energy k? satisfies

Aqy(n,0) = /R2 e *1Y q(y) u(y, 0) dy.

Given an incident plane wave in direction €, the scattering amplitude mea-
sures the probability of scattering in the direction 7. The inverse scattering
problem we consider is to compute ¢ from A,.

Now we introduce the Gel’fand problem in more detail. Let € € R? be a
bounded domain with Lipschitz boundary. Consider the following Dirichlet
problem for the time-independent Schrédinger equation

{ Au=qu in (2.3)

uloq = f.
Suppose that 0 is not a Dirichlet eigenvalue for the Hamiltonian —A + q.

Then for each f € H'/2(9Q) there exists a unique solution u € H'(Q) to
(2.3) and the DtN map

Ag: HYV2(0Q) — HV2(8Q) .= (H'?(00))”

can be defined via duality by
<Aq[f]avfag>=/gquv+Vu-Vv (2.4)

for any v € H(Q). Gel’fand’s problem is to compute ¢ from the knowledge
of A,. With sufficient regularity, the right-hand side of (2.4) equals

/émv(Vu~n),

by Green’s identity, and so we see that this definition coincides with the one
given in the introduction.

In order to relate the problems previously described, let G, be the
Green’s function that satisfies

(—A—{—q—kz)Gq(l‘,y):é(l‘—y), V%?JGR2,

and the outgoing Sommerfeld radiation condition given in (2.2). Using [6,
Theorem 2.2] we can write G, in terms of the scattering amplitude as

—1)" -n+m _(n,m
Colay) — Col) = Y0 D imemafpm)
nme”Z

x H{D (k[a]) Hi (k|y]) e e
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(n,m)

where aq are the Fourier coefficients of A,
Aq(nv 9) — Z a((]n,m) einneimG
n,me”Z

and ay is the angular coordinate of . We can now define the single layer
operator S, : HY/2(9Q) — HY?(9Q) by

Sylfl(z) == - Gq(r,y)f(y)dy

which is invertible, see [39, Proposition A.1]. Then the problem of recon-
struction from the scattering amplitude can be reduced to Gel’fand’s prob-
lem using Nachman’s formula

_ o1 -1
Agi—ie = Ngyi2 = S = Sy,

taking g2 = 0, see [50, Theorem 1.6].

2.2 Quadratic phase solutions

In this section we describe the fundamental aspects of Bukhgeim’s method
to attack Gel’fand’s inverse problem. We also describe the variant of the
reconstruction procedure due to Astala, Faraco and Rogers [7]; a number of
their results will be useful in Chapter 3 and Chapter 4.

In [21] Bukhgeim considered solutions to the time-independent Schrédinger
equation of the form

; . 2
Uy = e (1 4wy L), Ve(2) = 5 (21 — 21+ i(22 — 22)) 7, (2.5)

where w) , tends to zero in some norm as A tends to infinity. Given the
value of these solutions at the boundary, the following recovery formula for
smooth enough potentials holds:

Jim 2 (8 — Ao)funal, ) = g(a). (2.6)

To construct the quadratic phase solutions, we use Wirtinger derivatives

_ 0
0= %(81 —iaz), 0= %(81+i82), where 8j = =,
81‘]’
to rewrite the Schrédinger equation as

400u = qu.

Plugging-in Bukhgeim’s solutions and multiplying both sides by e“‘@, this
becomes

461')\%856@\1!}(1 +w) = g (1+w)
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where ¢ = ¢, is given by
Pu(2) 1= Yu(2) + Yu(2) = (21 — 21)” = (22 — 22)%.
Taking into account that eV = DeiN = 0, we find that
4000w = ¢ (1 + w).

As the derivatives are local operators and we only need to satisfy the equa-
tion inside 2, we look for solutions that satisfy

w = %5_1 [e_im X0 e Xgq(1+ w)”

where & and 9! denote the Cauchy transforms and @ is an auxiliary
axis-parallel square containing 2. In order to simplify notation we define
the multiplication operators

M:t)\ [f] _ €ii>\¢XQ f7
and write

S = %571 oM *od ' oM, Sé\ [f] = S [q f]-
For sufficiently smooth ¢, the operator norm of S ;‘ is small for large enough A
so we can invert (I — S;‘) using Neumann series, yielding

w=(1-5)"5}g. (27)

In order to study the behaviour of these operators we will use the homo-
geneous L? Sobolev space, denoted by H*®, with norm || f|| 7 = ||| - |*fl 2,
where the Fourier transform of f is defined by

[© = | J(@)e7m* da.

The contraction required to compute w through Neumann series in
(2.7) is obtained in three steps: first a contraction for M** is obtained in
Lemma 2.2.1, this leads to the contraction for Sf in Lemma 2.2.2, yielding
the desired contraction for S;‘ in Lemma 2.2.3.

The following lemma is a consequence of van der Corput’s lemma.

Lemma 2.2.1. [7, Lemma 2.1] Let 0 < s1,s2 < 1. Then

|p=15)| ., <o g, Az

The following lemma was essentially proved in [7]; we present minor
modifications, suitable for the stability analysis in Section 3.4.
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Lemma 2.2.2. Let 0 < 51,82 < 1. Then there exists a constant C' such that
|, < XTIl AL,

where T =1 — so + min{sy, sa2}.

Proof. Using Lemma 2.2.1 twice we get

el P

Hs1—Hs2-1
o 1lo M)“

Hs1—Hs2
<A

H51—H52

< C)\_1+52

MAH
Hs1—sH—s2

<COXTT
and the proof is concluded. O

A consequence of Lemma 2.2.1 is the following decay estimate.

Lemma 2.2.3. [7, Lemma 2.3] Let 0 < s < 1. Then

2] < oammmen= g . Az L

H S

We now introduce the oscillatory integral operator Tg;\ defined by

D) =2 [ OfE) gaale) iz 2.9

™

and write TA[f] := T{[f]. The key of the reconstruction formula (2.6) is to
use Alessandrini’s identity

A = .
~{((0 = Ml ) = [ P (1 +ws,)

= T*[g)(z) + Tpld)().

Then, on the one hand, the first term converges to reasonably smooth po-
tentials by the following lemma.

Lemma 2.2.4. [7, Lemma 4.2] Let ¢ € H*(R?) with 1 < s < 3. Then
A 1—s
) — | < OV Jall .

On the other hand the second term tends to zero by the following lemma,
the proof of which is essentially taken from [7] with minor modifications
suitable for the stability analysis in Section 3.4.
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Lemma 2.2.5. Let F,q € H*(R?) where 0 < s < 1. Then there ezists a
constant C such that

‘qu[f]‘ <N £l g Nl e

when X is sufficiently large.

Proof. Using Lemma 2.2.1 we obtain
TAFI@)| < O [aEY|| Ll

< ON|F g

(=807l -

As (I — S;‘)_1 is bounded for A sufficiently large by Lemma 2.2.3,

ITAF)(2)| < ON* |l

sl
< CNE | Fl s Nl s

Hs

where the last inequality comes from applying Lemma 2.2.2. O

The reconstruction formula (2.6) requires the values of the Bukhgeim
solutions at the boundary. The following theorem allows to compute them
from the DtN map.

Theorem 2.2.6. [7, Theorem 1.1] Let ¢ € H*(R?) with s > 0 and suppose
that Q) is Lipschitz. Then, for sufficiently large A, we can identify compact
operators I'y 4 HY2(0Q) — H'Y2(09Q), depending only on X,z and Ag—Ao,
such that

Urglon = I —Thz) eV

lo0)] -
The operator I'y ; is defined by
Taalf] = To[{(Ag = R0)[f]; Gra)]

where the Green’s function G ; is given by

N (2)+ 0 () e—ir:(y)
Gia(2,1) = Xg (1) /Q :

Ar? y—n)(z—-y)

and where Tq, is the trace operator on 0f) acting on the z variable.

This procedure for the construction of the solutions at the boundary is
inspired by the one introduced by Nachman [50, 51] for linear phase solu-
tions, however, there are significant differences between the two procedures.
First of all, although u) , is defined for all x € R?, it is not clear that they
solve the Schrédinger equation globally. On the other hand, invertibility of
the operator I'y , stems from the contraction for S[;\, which ultimately comes
from van der Corput’s lemma for oscillatory integrals.



Chapter 3

Piecewise smooth potentials

3.1 Introduction

In this chapter we consider the two-dimensional inverse problem for the
Schrédinger equation where the potentials are complex-valued and discon-
tinuous on curves. This work was published in [62].

In Section 3.3 we obtain a reconstruction procedure from the DtN map.
The precise statement is given in Theorem 3.3.3, where a decay rate for the
error is also given. As a corollary we obtain recovery of real-valued poten-
tials with discontinuities from the scattering amplitude. We also present
a potential for which the recovery formula fails at points away from the
discontinuities.

In Section 3.4 we give stability estimates from the DtN map and from
the scattering amplitude. Notice that in [17] or in [25] there are stability
estimates for discontinuous potentials but only in the L? sense. A careful
analysis of the dependence of the constants in the reconstruction theorem
yields an L stability estimate for discontinuous coefficients given a priori
knowledge of the discontinuities of the potential. In particular, our The-
orem 3.4.3 provides an estimate which offers better stability as the local
regularity of the potentials increases.

3.2 Preliminaries

3.2.1 Piecewise W*!-potentials

We say that a curve C in the plane is contained in C"™, with m > 0 and
0 < a < 1, if there exists a finite collection of bounded open sets {Uj}évzl

such that C C Ué-v Uj, and functions f; € C"™(R) such that

CNU; C{(z, fi(z)) : x €R} or CNU; C{(f;(y),y) : y €R}
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When f and its derivatives up to order m are continuous and bounded,
occasionally we will describe the curve as being simply C™.

Consider two curves C; and Co for which there is a finite cover by open
sets {Uj}é\;l such that for each j either we have

CGinU; C{(z, fij(x) : x€eR} and CoNUj; C {(z, fo,j(x)) : z € R}
or we have

Ci N U; C {(ij(y),y) TS R} and CoN U; C {(fg,j(y),y) TS R}.
Then we define the distance between the two curves in C™% norm as
a(Cr.C2) =t {sup {1 = alloma} |
J
where the infimum is taken over all possible common covers. If a common

cover does not exists for the curves, we write d(Cy,Cs) = 0.

Definition 3.2.1. We say that q is a piecewise W5 -potential whenever it
can be expressed as

N
a(x) = " g(x) Xq, (2).
j=1

where q; € WSH(R?) and Q; are bounded Lipschitz domains whose bound-
aries are finite unions of C%* curves with 1/2 < a < 1.

The potentials that we consider are piecewise-W*! with 2 < s < 3, and
therefore are potentials that exhibit line discontinuities. We will use the
following norm for these potentials:

N N
lgll pe.r = inf { > lalhyen (14 [P0yl ) = ate) = D a5(@)x, (fv)}
=1 =1

where 2 <5 < 3,0 <7 < 1/2 and ¢; and §; are as previously described.
The following lemma provides a bound for the L? Sobolev norm for the
potentials of our interest.

Lemma 3.2.2. Let ¢ : R? = C and let Q be a bounded Lipschitz domain in
the plane. Then there exists a constant C' independent of ¢ and ) such that
i) For 0 < r we have

g/l < Cllallprsoa -

ii) For 0 <r < 1/2 we have

lg Xoll g < CllgXall par -
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Proof. Let m be the largest integer less than r, let ¢t = r — m and let
D! = (=A)!/2. For the first case we can use Sobolev embedding (see for
example [1, Theorem 4.12, Part 1, Case C]) and the fact that W’ —
WmtLl t6 obtain

9 9 \1/2 9 9 1/2
lallsr < (Nalm + 1Dl ) < € (lalfim + [ Pallymis )
9 9 1/2
< C (llalfn + laliiprsra) ™ < C llallprsns

For the second case we can use the generalized Leibniz rule [41, Theorem
A.12], which states that

1D"(¢Xa) — ¢ D" (Xa) = Xa D"(g)ll2 < C gl [ID"(Xa)l 12,

and so by triangle inequality we obtain

lg Xall g < C(llall L~ Xallr + llallmr [Xall o) - (3.1)

For the first term in the right-hand side, we can use Sobolev embedding (see
for example [1, Theorem 4.12, Part 1, Case A]) to obtain

HqHLOO <C HQHWQJ .

On the other hand, we have Xq € H" for r < 1/2; see for example [30]. For
the second term in the right-hand side of (3.1) we can use case 4, combined
with the embedding W2! < W'+l concluding the proof. O

3.2.2 A topological property of graphs of C! functions

Now we provide a simple continuity result that will be useful for character-
izing the topological properties of the set of points where the reconstruction
is not guaranteed as well as the continuity properties of the error bound of
the reconstruction.

Lemma 3.2.3. Let f,g € C'[a,b] and {mj}j-v:l € (a,b) be such that f(x;) =
0, f'(z;) #0 and f(z) # 0 for all x € [a,b] \ {x]}évzl Then, for any € > 0,
there exists & such that if |f — gllcx < & then there exists {z é\le € (a,b)
such that

lzj — 23] <,

with g(z3) = 0, g'(z7) # 0 and g(x) # 0 for all x € [a,b] \ {z] ;y:y

Proof. Let n = minj{|f’(x;)|} and let r be such that |f'(x)| > n/2 for all
x € UB,(xj). Let

r= ot {f@))

z€[a,b]\UB(z;
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Then, for all g such that

If = gller < 3 min{7,7/2},
we have
lg(x)| > 7/2, Vx€la,b]\U;B(z))
and we also have
' (x)| >n/4, ¥V x€U;B(z;).

Now, as || f — gl|lco < 7/2, we know that for all z € [a,b] \ UB,(z;) we
have f(x)g(xz) > 0 (f and g have the same sign outside the balls B,(x;)),
and so, by the intermediate value theorem, g must vanish in each of the
balls B,(z;). The fact that g only vanishes at a single point z; in each of
the balls is a consequence of the fact that ¢ is monotonous inside them. As
l¢’(z)| > n/4 inside the balls, then, whenever

1f = gllco < en/4,

we have that
lzj — 23] <e.

Taking 6 = min{7/2, n/4, en/4} concludes the proof. O

3.2.3 One-dimensional oscillatory integrals

Let g : R — R € C™. We say that x, is a stationary point of g of order
m < n if g®)(z,) = 0 for 1 < k < m and g™tV (x,) # 0. We say that g
has stationary points if such points exist. The following lemma describes
the behavior of a one-dimensional oscillatory integral with a C? phase when
there are only a finite number of stationary points of order one.

Lemma 3.2.4. Let h € Whi([a,b]) and g € C?([a,b]) be such that g has
only a finite number of stationary points of order at most one. Then there
exists a constant C, independent of h and depending continuously on the C?
norm of g, such that

b
/ M@ (2) da

a

< A2 bl s

for A > 1.

Proof. Let {s]} ", denote the stationary points and § = min;(|g”(s;)]).

Let € be such that |¢"(x)| > §/2 for all x € U;U;, where U; = (u;l,u;”) =
Bc(s;j)N[a,b]. Then we can make use of a version of van der Corput’s lemma

(see [34, Corollary 2.6.8]), to obtain

—-1/2
/e“9<$>h(x)dx §24(g> A2 <|h \+/ W (x \dx>.
U.

J
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Now let V; = (v?,v;*) denote each of the remaining segments of [a, b],
such that U;V; = [a,b] \ U;U;. Integrating by parts in each V; we obtain

irg(x 1 [ed@n@)]” 1 irxg(z) 4 [ h(z
/e/\g()h(l')dilj—_)\ : (z) - exg()d<l()>dx
v, ? g () wi Y z \g'(z)

J

i
By Sobolev embedding [1, Theorem 4.12, Part 1, Case A] we have that

7l pootay) < Cllllyiag,y- Making use of this and Hélder’s inequality,
altogether we obtain

~1/2 )
—-1/2
< 48N <2> AT Il o)

+ (N + 1A o)

Loo(vj>}7

which is finite, as there are no stationary points in U;Vj. Taking

where

. g —g"
K = max {2 1(g") 1HLOO(‘/7) * H (9')?

J

C=100Nd 2+ (N+1)x

the proof is done, as § and x depend continuously on the C? norm of g. [

3.3 Recovery

Later we will see that recovery is not guaranteed even at points that lie far
from the discontinuities of the potential. In order to bound the measure of
these points we will require the following key lemmas.

Lemma 3.3.1. Let C be a C' curve contained in a bounded planar do-
main Q. Then, the union of tangent lines to C with a fized slope s has zero
Lebesgue measure in 2.

Proof. Let C = {(z,I'(x))}, e > 0 and
I.={x : T(z) € Q, [I'(z) — s| <e}.

As T € C1, I, is open, and as the real line satisfies the countable chain
condition, I, must consist of a countable union of disjoint intervals {Uj;}.
For xg, 21 € Uj, xg < x1, by the Fundamental Theorem of Calculus, we have

1

['(z1) = (o) +/ I'(z)dzx.

o
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As [T"(z) — s| < € in the domain of integration, then
(21— 20)(s — €) <T'(z1) — I'(zo) < (x1 — 20)(s +€),
and
IT(x1) — T(xo) — s(z1 — 20)| < €(x1 — x0). (3.2)

Now let [, s denote the line-segment with slope s that contains the
point (zg, ['(xo));

loo.s = {(z,y) € Q:y =T(x0) + s(x — x0))}.

We write pg = (20, I'(20)) € lyy,s and p1 = (z1,1(21)) € lgy,5- As po € lag,ss
then so is p§ = (z1,'(x0) + s(z1 — x0)). By (3.2) we know that d(pg,p1) <
€(z1 — xo) and so it follows that L; = Umer I s is contained in a rectangle
of width bounded by €|U;| and length bounded by diam(2). Thus,

‘ ULJ-‘ <3 IL < S €Uy diam(Q) < e diam(Q)>.
J J J

Letting € tend to zero, the proof is complete. O
Recall that ¢, (z) = (21 — 71)% — (22 — 22)°.

Lemma 3.3.2. Let Q2 be a bounded domain in the plane and let C be a curve
contained in Q which is the graph of a C** function with1/2 < a < 1. Then
the set of points x € Q such that either

i) ¢zlc has an infinite number of stationary points,

ii) ¢z|c has at least one stationary point of order greater than one,
has zero Lebesque measure and is closed.

Proof. First we see that if ¢,|c has an infinite number of stationary points,
it has at least one stationary point of order greater than one, and so the
first case is contained in the second. Let x be such that ¢,|c has an infinite
number of stationary points. Then, by the compactness of C, there exists a
sequence of stationary points {z;;}°; and a point zj o, such that

.lim 21, = 21,00
11— 00
with
8¢m|C
821

As ¢c is a C? function and 8§zl\c vanishes at all the stationary points then

(Zl,oo) = 0

96, Oba
9 ¢zc o Ole (2 i) — Zele ()
(21,00) = lim

&z% 1—+00 Z14+1 — Rl

=0,
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and therefore z1 o is a stationary point of order greater than one.
Now we see that the set of = such that ¢,|c has a stationary point of
order greater than one is null. That is, the set of z such that
6¢x’(} _ 62¢:p|6 -0
021 82%
has zero measure. Letting I' € C% be such that C = {(21,1(21))}, the
previous condition can be written as

zZ1 — 1 — F’(zl)(F(zl) — .CEQ) =1- F"(zl)(F(zl) — $2) — F,(Zl)Q =0

leading to

T =21+ F,(Zl)(l‘g — F(Zl)), (33)
F//(Zl) (132 — P(Zl)) = P/(21)2 —1.

First we consider the case where [I/(z1)| > 6 > 0. As I'” is continuous
and the real line satisfies the countable chain condition, for this to be sat-
isfied z; must lie in one of at most countably many intervals. Taking one
such interval U and rearranging (3.3) and (3.4), the set of = such that ¢,|c
has a stationary point of order greater than one at z; € U is given by

= (r1,22) = G(21) = (Zl + I'(z1)? —T'(z1) . W) |

ey TG

We see that the set of z is the image of a C%® function. To see that such a set
has zero measure, take {U; }3251 a covering of U such that |U;| = |U|/N. Now
as G(Uj) is contained in a ball of radius < (|U|/N)®, we obtain |G(U)| <
\U|?*N1=22 As o > 1/2, we can let N tend to infinity to conclude that
|G(U)| = 0. This is the only place where we require the Holder regularity.
Now as the countable union of null sets is null, we have concluded the proof
in this case.

On the other hand, if [T”(z1)| < § and x € €, then by (3.4) it follows that
I(21)? must be contained in the interval [1 —d&*, 14 §*] with §* = § diam(2).
Let 1., s be the line that passes through (z1,I'(21)) with slope s, and let

T(6*) =Ly /ey, ¥V 21 : T(2)? € [L—6%,1467).
From equation (3.3) we see that the remaining set of x such that ¢;|c has
a stationary point of order greater than one at (z1,I'(21)) is contained in
T(6*). Using Lemma 3.3.1, we have

lim [T(1/n) N Q| = ﬂ (1/n)NQ)

n=1
U ane+
z1:I(z1)=1

=[T(0)nQ

U  Lin@=o.
z1:1(z1)=—1
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Therefore, for any € > 0 we can take § small enough so that |T(6*) N Q| < e,
allowing us to conclude that the set of points = such that ¢,|c has a sta-
tionary point of order greater than one is null.

To see that the set is closed, first notice that for any J > 0, there exists
r > 0 such that for any 2’ € B,(z) we have

||¢2|C - ¢x’|C”C2 < 0.

Thus, applying Lemma 3.2.3 to % we see that whenever ¢, ¢ has a finite

number of stationary points of degree at most one then ¢,/|¢ has the same
number of stationary points and of the same degree for any z’ close enough
to x. This means that the set of points x such that ¢,|c has a finite number
of stationary points of degree at most one is open, and the complement is
closed, concluding the proof. O

Let uy , be the Bukhgeim solutions given in (2.5). Our reconstruction
theorem for discontinuous potentials is the following.

Theorem 3.3.3. Let Q be a bounded Lipschitz domain in R2, let q be a
piecewise W3 -potential, with 0 < s —2 < 2r < 1, and let uyz be Bukhgeim

solutions to Au = qu. Then, for almost every x € , there exists a constant
Cp = C(x,U0%;) such that

A /m e (Ag — Ao) [urz] — q()

. < Ca NP2 (gl per + )

whenever X\ is sufficiently large. Moreover, if s = 2 then we have
A T
lim / M (Ag — Ao) [upna] = qlz), ae. z€Q.

Proof. As the DtN is a self-adjoint operator and iMoo satisfies the Laplace
equation, then we can use the DtN map definition (2.4) to see that

A T A .
/ e (Ag — Ao) [u] = / e g (14 w).
o0 Q

s s

Recalling that 0 < s — 2 < 2r < 1, by Lemma 2.2.5 we have

sup
€N

A 4
/ew‘%qw‘ <CAT ||ql3,  as A — oo,
™ Ja

and by part ¢ of Lemma 3.2.2 this yields

sup

zeQ | T

)\/ e qw’ < O\ gl %o, as A — oco. (3.5)
Q

Now, by Lemma 3.3.2 we know that for almost every z in , ¢.|usq,
has only a finite number of stationary points of order at most one. We
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now prove that the reconstruction formula recovers the potential correctly
at these points for piecewise W*!-potentials, s > 2 (almost all of them for
W2l potentials). First we split the integral

\ A N

-2 iNpz o § ' NPz

ﬂ/szel 177 /Q-el el (3.6)
]:1 J

where we write ¢ for ¢, from now on. We will prove that the value of each of
these integrals tends to zero sufficiently fast whenever the integration domain
does not contain x, the point at which we are reconstructing. Then we show
that the value of the integral that contains x converges to ¢(z). Without
loss of generality, we can suppose that x belongs to the interior of €. For

iAp o qj V(z)
J > 1, we use Green’s first identity, with u = 5~ and Vv = ||Jv¢||2, to
obtain
/ ei,\¢q,:i z,\¢%v¢ n—.i ei)\qﬁv.(%'vi)'
Q; iA Joo Vel 2 Vo
Using Green’s first identity again on the second term with u = e;yb and

_v.(4Ve Vo
Vo=V (Ilj |I>H R leads to

A/ ei)\qbq_:l/ oird %Vd)
T Jo, Tam Jao, IVl

L iA¢V,<qJ‘V¢> Vo 3.7
X Jog, © IVol2) Vel (37)

Io
_ 1 M¢v.<v.(qﬂ'w> Ve )
) /Q ‘ ROANTE

As the number of stationary points on 9€); is finite and are of order at
most one, and by trace theorem we know that g;laq, € WL1(6Q;) (see for
example [27, Section 5.5, Theorem 1]), then we can use Lemma 3.2.4 on
each of the C? components of 052, together with Holder’s inequality, to see
that there exists Cl, = C(x, 0€;) such that

/ 7)\(;5 q.]vq5 'n < Cl )\—1/2
oo, |Vel® |7 7

as A — co. As x belongs to the interior of €, we have that ||V¢| 2
bounded, and using the trace theorem this yields to

ng n
Ve

||QJ'||W1,1(@QJ.), (3-8)
We0(99);)

‘ o 4 Vo n’ < C A Y2 gl per s as A — 0. (3.9)
/an Ivel* 1~ ’
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For the second term on the right-hand side of (3.7) we can use Hoélder’s
inequality to obtain

o (28 i
09, Ivell®/ Vel

<|[v el it
VI 1l 1 o,y IV 1l oo 002,
_ Vo
< 1 ernon VO] 2 +HV
(”qb”Wl o) 1907 . RIS
HW n I
/ 1,1 )y
IVl 1 o 69;) T o0)

and by the trace theorem we get

WV‘(ij) VO n| < Caldllper 3.10
% (i) o | <ol 20

Similarly, for the last term on the right-hand side of (3.7) we have

Lo ()
o Ivel*/ Vol

q; —2
< i/1,00(Q) \%
17 5] i 50,
qj Vo
v Hv
IVl A1Vl e
< [ 16llwaeia, 17612 +Hv H )
( o HWW(%) V811 .o ;)
S LY [ N e
| L Vo
(el )
(€25)
H Il

2
< V —2 + |V -
B <H¢|| () HH “ HWLOO(Qj) H ||V¢|| HW1 (e )>

X HQJ'HWZI(Qj)
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yielding

¢A¢v.<v_<‘1jv¢) Vo >‘<Cx o 3.11
/Q.e SANZE Il &1

J

Plugging (3.9), (3.10) and (3.11) into (3.7) we obtain

A .
A / e g,
™ JQ.

J

< Co A V2 gl per  aS A — 0. (3.12)

We now consider le g by decomposing ¢; into

o =QXs  Grem = @1(1 — X),

where x(z) is a bump function such that

1 if ||z —z| <7y,
X(z):{ lz—all <

0 if |z—z| >re,

with 0 < r1 < ro < d(x,0Q1). AS grem(y) = 0 for y close enough to x, we
can use the same arguments that lead to (3.12) to obtain

A .
—- / eM(b Grem
T 0

On the other hand, as ¢ € W21(£2;), we can use Sobolev embedding (see
for example [1, Theorem 4.12, Part 1, Case C]) to see that ¢, € H{ ().
Now, as was noted in [7], % le e? g, can be interpreted as the solution to
a nonelliptic time dependent Schrodinger equation at time 1/A. Thus, using
the almost everywhere convergence result of [56, Theorem 1] we obtain

<Oy )\_1/2 HQrem||W2,1 , as A — oo. (313)

by .
lim / e g = qo(x) = q1(2) = q(z) ae. xR (3.14)

If ¢; € W*! with s > 2, then we can recover at all the remaining points and
we get a decay rate. Indeed, using Lemma 2.2.4 we have

)\ 1
/ew%_%@
QO

<SONT2 gl gors as A — o0
T

and using part ¢ of Lemma 3.2.2 yields

)\ 7
/ew%%@
951

<O gullypsn,  as A — oo. (3.15)
T

Plugging (3.12), (3.13), (3.14), and (3.15) into (3.6), together with (3.5)
concludes the proof. O
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Remark 3.3.4. As noted in [7], %fQ e q can be interpreted as the so-
lution to a nonelliptic time-dependent Schrodinger equation at time 1/\.
Therefore equations (3.12), (3.13), (3.14), and (3.15) imply almost every-
where convergence to the initial data q, whenever q is piecewise-W*' with
2<s<3.

A consequence of Theorem 3.3.3 is that potentials of this type can also
be recovered from the scattering data at a fixed energy when these are real-
valued.

Corollary 3.3.5. Let q be a real-valued piecewise W' -potential. Then q
can be recovered almost everywhere from the scattering amplitude at a fixed
energy k2.

Proof. Let Q be a square such that Uj-vzlflj C Q. Using the expressions in
Section 2.1 we can compute A,_j2 defined on 9Q from the scattering am-
plitude at energy k2. Therefore, the recovery from the scattering amplitude
follows directly from the fact that if ¢ is piecewise W?!-potential, then so
is g — k:QXQ, which allows us to recover the potential using Theorem 3.3.3
together with Theorem 2.2.6. O

For the stability estimates of the sequel we will require some continuity
properties of the constant in Theorem 3.3.3 which we record as a lemma.

Lemma 3.3.6. Let N be the set of x such that ¢x|uagj has a stationary
point of degree greater that one. Then the constant Cp = C(x,U0%;) in
Theorem 3.3.3 has the following continuity properties in Q\ N:

i) It is continuous with respect to x.

i) It is continuous with respect to U0 in the C? norm.

Proof. Let N, §); and r be as in the proof of Theorem 3.3.3. Let 7 = ();
for j =2,..., N and let
Q= \ By ().

The constant C, is given by

—Z

V(Z)n Vo-n

dir
wre@ar ¢l

X <”¢HW1,oo(aQ;)

Lo (9927)

A
T 2T,

e

196172

Lo (09 ))
2
Wheo ()

The constant C, appears in equation (3.8) by the use of Lemma 3.2.4 (taking

g = ¢laa, and h = ‘ﬁgj”;l‘aﬂ_), S0 it is continuous with respect to z and
J

190172

+ ( ”QZ)HWQOO(Q;) Whoo(Q¥)
j
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with respect to U0S2; in the C? norm, and as V¢ does not vanish inside any
of the Q;, then so is ', concluding the proof. O

As is to be expected, the error in the reconstruction increases the closer
we move to the discontinuities of the potential, as the constant C, blows up,
and we are unable to recover at the discontinuities. It is perhaps more inter-
esting that, for certain potentials, there are points where the reconstruction
fails which are far from the discontinuities of the potential.

Indeed, consider the potential given by ¢ = Xq,, where €2; is the rhom-
bus with vertices at (0,0), (1,1),(2,0) and (1, —1); see Figure 3.1. Consider
the problem of recovering the potential inside Q = [-2,2] x [-2,2]. We
might expect to be able to recover at the points © = (—t, —t), for t € (0,2),
far from the potential. However, by Alessandrini’s identity [2, Lemma 1],
we know that the reconstructed potential ¢ at x is the limit as A tends to
infinity of

A T A
2y = o) o) = 2 [ a1 ),
P Q@

m s

which can be rewritten as

A . . .
— < / 61)\@51 q w/\,x + / el)\¢z q + / el)\¢z q> .
T\Ja O\ Q1

For the first term we can use Lemma 2.2.5 and part i of Lemma 3.2.2 to
obtain
A

77/ e qu,w‘ <CXT Hq”%)g,,. , as A — 0o,
Q

for any 0 < r < 1/2. As the potential is equal to 1 inside ©; and zero in the
rest of the domain, this yields

G(x) = lim /\/ ez,
951

A—o0 T

Using Green’s first identity twice we get

)‘/ ei)xqbz:.l/ NGz V%Q.n
T Joy T Jom HV%H

_'_i ei)\qbzv.( V¢z2) v¢x2-n
A Jaq, IV |I”/ IV el

1 iAd)zv.(v.( Vo ) Vo )
m/gf IV6al?) Vel
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As we have seen in the proof of Theorem 3.3.3, the second and third terms
converge to zero as A tends to infinity, and for the first term we can write

/ N Ve 5 I :/ APz Voo 5Ny +/ P Ve 5 - N2
o ||v¢x|| l ||v¢z|| l2 HV%H

Iy V| la IVl

= (s,s) for s € (0,1),
lg—(1+s 1—s) for s € (0,1),
I3 =(2—s,—s) for s € (0,1),
ly=(1-s,s—1) for s € (0,1).

where

As we have ¢,(2) = (21 +t)2 — (22 + )2, we see that

bl (8) =0,
bl (s) = 4s(t+1),
Guliy(s) = 4(t —s+1),
Gty (s) = 4t (1 - s).

Therefore, we can apply Lemma 3.2.4 to three of the sides;

lj ||v¢x||

and on the remaining side we have

1
/lle“‘% Véa 5 N = /0 V2 ds = \4f (log(t) —log(t+1)).

V|l A(s +1)
Putting everything together we obtain
V2i

q(x) = . log(1+1/t) #0

3.4 Stability

We begin with some preliminary results that we will require for the proof of
the stability estimates. The operator Té\ is defined in (2.8).

Lemma 3.4.1. Let q1,q2 € H*(R?), where 0 < 2s < 1 and let F € L*(R?).
Then there exists a constant C' such that

sup 13,0, [F)@)] < €A [Fls ol oo

when X\ is sufficiently large.
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Figure 3.1: Solid lines are the discontinuities of the potential and dashed lines
are points far from the discontinuities where the recovery fails.

Proof. By the Holder and Hardy—Littlewood—Sobolev inequalities,

T2, [FI(@)| < A F wr sl

SAF g2 [ ]l 4wzl s

S OXMFl e llwill grose llwall groe -

As (I — S;‘)_1 is bounded for large A\ (see Lemma 2.2.3), this yields

T2, FI(@)| < C AP e

S?[Ql]”

Sf[%]”

Applying Lemma 2.2.2 twice concludes the proof. O

/2 L2’
We will also require the following crude bound for Bukhgeim solutions.

Lemma 3.4.2. Let 0 < r < 1/2, and let q be a piecewise W' -potential
defined on a bounded planar domain Q0 with diameter d. Then there exists
a constant C' depending on € such that the Bukhgeim solutions satisfy

2
lunallan o) < € (14 llale. )
whenever X\ is sufficiently large.
Proof. Writing u = uy 4,
sy < € (Nl oy + 1950l 20y + 10:ull 2o
—c| 01 qe™ (1 +w)|

eM (1 + w)HL2(Q) +C ‘

L2(Q)
+C Haglqe“‘w(l + w)‘

L2(Q)
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Note that 9! and o0; 1 are bounded operators, as ¢ has compact support
(see for example [8, Theorem 4.3.12]). As we have ||-[|;2q) < C*llp4(q)
then using Holder’s inequality leads to

i
lullp oy < O[], g 1+ ) 124wl 1o

2
<CA (L4 llallps) (1+ wlpaey),
and by the Hardy-Littlewood-Sobolev inequality we get
2
lull 1) < C e (L4 llglla) (1 + [wll 172) -

As (I — S;‘)_1 is bounded for A sufficiently large (Lemma 2.2.3)

ol sy < C e (1+ Jall) (1+ | $2al]| L, ).

Now, by Lemma 2.2.2 we get

2
el ey < C (1 +llgllza) (1+ gl ) -
Using Sobolev embedding (see for example [1, Theorem 4.12]) we have

N

lall e <€D lajll o < llgll pe.r -
j=1

Using part 4 of Lemma 3.2.2 Lemma concludes the proof. O

We now prove a conditional stability estimate for reconstruction from
the DtN map in the L*° norm. Note that the result is interesting when
there is a priori knowledge of where, approximately, the discontinuities lie,
as the constant term depends on the point under consideration with respect
to the discontinuities. The result has been stated in the following form
as in practical situations one could consider where a potential might lie,
given a noisy reconstruction of it. If the assumption that the discontinuities
of the potentials are closed to each other was dropped, the constant C,
would depend on both {0€; ;} and {0 ;}, the discontinuities of ¢; and g2
respectively.

Theorem 3.4.3. Let 0 < s —2 < 2r < 1 and let q1,q2 be piecewise W*!-
potentials supported on a bounded Lipschitz domain Q in R? such that their
discontinuities are close enough with respect to the C? norm. Then, for
almost every x € €1, there exists a constant C, = C(x,U0% ;) such that

1—s/2
41 (2) — go(2)] < Co| In | Agy — Agoll |~ (5 + #7)

whenever Aq, and Ag, are close enough, where k = max{||q1|| ps.r » [|@2|| ps.r }-
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Proof. Let d be the diameter of 2 and let

A= Ay, — Al (3.16)

Note that whenever A, and A, are sufficiently close, then A can be as large
as we need.
By the triangle inequality,

01() = @2(@)| < |a1(@) = Ty, 0] (@)] + |ax(@) = Tyl (@)] - (3.17)
| 1] (@) = Ty 2] ()]
We can use Theorem 3.3.3 on the first two terms to obtain
4/(@) ~ T ) @)] < Co X200 + ) (3.18)

where Cy, = C(z,U0Q, ;). We can take the same constant C,, for both terms
as it is continuous with respect to the discontinuities in the C? norm (due
to Lemma 3.3.6). For the last term we have

’T1+w1 [a1] — T1+w2 a2 ’ ‘T1+w1 1+w2) ) ‘ wr 102 ’
7o 1\mw ]
By Lemma 2.2.5 and part ¢ of Lemma 3.2.2 we obtain
HT&,\2 [ql]HLw <COMN725%2  and HTJ}I [qQ]HLw < ONTE2 2 (3.19)
and by Lemma 3.4.1 and part i) of Lemma 3.2.2 we obtain

HT)‘ [q1 — qg]HLoo < O3, (3.20)

wiw?2

Let u; be Bukhgeim solutions to Au; = gj u;. Then we have

/ (Q1 - QQ) U1 u2

Q o0

/ f1Ag[fo] = f2 Mg [f1]
a0

A
[ st o] -

)
oo

where f; = uj|sq. As the DtN is a self-adjoint operator, we have that

A

™

/(%—Mmmh
o0

Agy[fo] = fa Mgy [f1] .

Lo



3.4 Stability 40

For f € H'Y?(09) the DtN map satisfies A,[f] € H~'/2(99Q), where the
space H~1/2(9Q) is the dual of H'/2(d€). Thus, for any = € 2, we have

A
/89 (Aq1 - Aq2) [fl] f2

s

<A HAQI - Aq2” Hf1”H1/2(aQ) Hf2HH1/2(aQ)

S AMAg = Mgl 1uall ey luzll )

and we can use Lemma 3.4.2 to obtain

A
/3 (= A (A

T
Inserting (3.18), (3.19), (3.20) and (3.21) into (3.17), and noting that we
have \ < e for large \, leads to

01(2) — (@) < Co X172 5+ K9) + CllAg — Agy| € (1 + 1Y),
Taking A as in (3.16) we obtain

<COXNPT Ay — Al (1+£Y) . (3.21)

1 1—5/2
00) - (@] < G, (G mlldn —Agl) (14
+ ClAg — Mgl (1 + 5%

where the second term can be omitted for ||Ag, — Ag,|| small enough, con-
cluding the proof. O

To obtain the stability estimate from the scattering amplitude we adapt
the proof of Stefanov (see [59]) to the two-dimensional case. Due to the se-
vere ill-posedness of the problem, a norm for the scattering amplitude which
penalizes the higher components of the frequency spectrum is required. Let ¢
be a potential supported on the unit disk, then we define the norm for its
scattering amplitude at a fixed energy k? as

3+3n)\*" /343 m[\ 2™ )
= S () () fee ]
n,mez
where al(]n,m) are the Fourier coefficients of A,
Aq(n,0) = Z ag”’m)einnJrimH'
n7m€Z

Before passing to the proof, we recall the definition of the single layer po-
tential operator

S:lf1(x) = /8 Gyl ()

where G is the Green’s function that satisfies
(—A+q—k2)Gq($,y):5($—y), VlE,yGRQ,

and the outgoing Sommerfeld radiation condition given in equation (2.2).
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Lemma 3.4.4. Let q1,q2 € L=(R?) be two real-valued potentials supported
in the unit disk. Then there exists a constant Cy, = C(k) such that

”Aq1 - Aq2HHl/2(s1)_>H—1/2(S1) < Ck‘ ”Atn - AQQHk‘
Proof. Using Nachman’s formula [50, Theorem 1.6] we have

ANgy gz — Mgy g2 =81 = S}
= Sq:l (Sg2 — Sq) Sq;1~

As S, is a bounded and invertible mapping from H~'/2(S!) to HY/?(S') (see
[39, Proposition A.1]), we have

HAq1—k2 o Al]2—/€2||H1/2(S1)—>H—1/2(S1) <CSy - Sq2||H—1/2(Sl)—>H1/2(Sl) :
Letting B, = (1 — A,)/* we write

HSQl - Sq2 HH71/2(S1)ﬁH1/2(S1)

= sup (Gq(z,y) — Ggo(z,9)) f(y) dy)
Ifll=1 /st e
2 1/2
B ||§01H1£1 </§1 (Bx /Sl(qu (x,y) - Gq2 (x,y))f(y) dy) dx)
1/2

2
s </s ( | Bu(Ga(@.y) = Ganl@. 1) f () dy) m)

by Pareseval’s identity we have

1/2

- sup ( L (] <ByBx<qu<x,y>—G@(x,y)))B;lf(y)dy)zdx)

lFl1=1
using Minkowski’s integral inequality we get

su o) — . . 2 1/2
= IIfIIEI/Sl </s ((ByB: (G (,y) = G (2,9))) B, ' f(y)) " d ) dy

1/2
— su -1 . 7 . 9 )
= ||f||£1 St }By f(y)’ (/Sl (ByBx(qu( ’y) qu( ,y))) d ) dy

and using the Cauchy-Schwarz inequality

< ”‘;1”181 ”f”H*l/Z(Sl) 1Gg, — Gq2HH1/2(51)®H1/2(§1)

= Hqu - Gq2HHI/2(Sl)®H1/2(Sl) :
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From [6, Theorem 2.2] we know that

—~

—1)"

Go(2,y) = Gg(w,y) = Z 16

n,me”Z
x H{V (k) HS (k [y]) e o= timos

q1 q2

i (afem — afpm)

where H) denotes the Hankel function of the first kind. Now, using Par-
seval’s identity and the bound for the Hankel function in [6, Lemma 2.3],
there exists C}, = C(k) such that

2
”Gq1 - qu ”H1/2(S1)®H1/2(Sl)

2 2 2
< 3 (140D 214 m?)Y? ‘ag’;’m) - agnmﬂ‘ ‘H,(Ll)(k:)’ ‘Hﬁ)(k’)‘
n,me”L
9 ) ) 3 2|n|+2|m|
<G Y (W) 24 m?) 0l — ol ) ! (k>
nmezZ
! 3+3’n’ 2l 3+3‘m’ 2 (n,m) (n,m) 2
< Ck Z B . Qg7 — Agy’
k k
nmeZ
concluding the proof. O

Corollary 3.4.5. Let 0 < s—2 < 2r < 1 and let q1, g2 be two piecewise-W**
real-valued potentials supported on a bounded domain in R? such that their
discontinuities are close enough in the C? norm. Then, for almost every
x € Q, there exist constants Cp = C(x,U08);), Cy, = C(k), such that

1—s/2
1 (2) — g2()] < Ca|In (Ci [ Agy — Agsll.) |2 (5 + #7)

whenever Aq, and Ag, are close enough, where k = max{||q1|| s, ||g2]l ps.r }-



Chapter 4

Averaging procedures for
potential reconstruction

4.1 Introduction

In this chapter we will exploit the fact that the reconstruction formula in the
Bukhgeim approach commutes, in some sense, with taking averages. This
allows us to obtain a reconstruction formula for complex-valued potentials
in H*(R?) for any s > 0, and also to obtain reconstruction formulas with
improved convergence (see Chapter 6) compared to the standard formula.
Let ¢ be a Schwartz function, supported in the unit ball, that satisfies

p(x) >0 and / o(x)de =1,
R2

and we write @, () := 0 2 p(c71z) for ¢ > 0. For z € Q we denote the

boundary information at frequency A by

A A
BI)\(z) = ;<(Aq — Ao)[uxzlo0l; €1A¢x‘89>

where u) , are Bukhgeim solutions of the form (2.5). The following result
will be proved in Section 4.3.

Theorem 4.1.1. Let s > 0, let ¢ € H*(R?) be a complex-valued potential
supported in a bounded Lipschitz domain Q C R? and let 0 = A™Y/%. Then

lim ¢, * BIy(z) =q(z) a.e. x €.
A—00

Together with the proof of Theorem 4.1.1, we will also give a bound for
the dimension of the set of points where the recovery fails and provide an
estimate for the decay rate of the error of the reconstruction if the potential
satisfies some stronger hypothesis.



4.2 Preliminaries 44

In Section 4.4 we present a different reconstruction formula which also
relies on an averaging procedure. In this case the averaging is taken over
rotations of the potential, and over a range of the frequencies A\. We are
able to prove a result similar to Theorem 4.1.1 for this formula, but requiring
some additional local regularity. This formula is of interest for the purpose of
the numerical implementation of a reconstruction algorithm (see Chapter 6).

4.2 Preliminaries

We introduce two lemmas for controlling the norm and the rate of conver-
gence of the mollified potential.

Lemma 4.2.1. Let ¢ € H*(R?) with 0 < s < s'. Then
o * all grr < C o™ gl s -
Proof. Given that ¢, (&) = p(c€), by Holder’s inequality we have
lia e <l sup {161 (06)}
=" Jal g sup {17 20)
As ¢ belongs to the Schwartz space, the proof is concluded. O
Lemma 4.2.2. Let ¢ € C%*(R?). Then

||900' *q — q”Loo S Ua |q|CO,a.

Proof. For x € R? we have

o * q(x) —q(z)| =

o() - /B ) pale )y

< /B 0@ =) e =)y

Then by Holder’s inequality,

oo * q(x) — q()] S/B( )WIw—ylasoa(:ﬂ—y)dy

< |q|co.a / [z —y|*po(r —y) dy
B(z,o
< o%|q|co.e,

which completes the proof. O
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4.3 Proof of Theorem 4.1.1

We use dimg{E} to denote the Hausdorff dimension of E. Theorem 4.1.1
is a consequence of the following more precise statement.

Theorem 4.3.1. Let s > 0, let ¢ € H*(R?) be a complex-valued potential
supported in a bounded Lipschitz domain Q C R? and let 0 = \™Y4. Then

dimpg {a: : )\lim Yo * BI)(z) # q(x)} <2-—2s.
—00
Proof. Let TgA as in (2.8). By Alessandrini’s identity (1.2) we have

BI\(z) = 2 /Q 293 g(2) (1 + w0 (2)) dz = T g)(2) + Tpa](x)

™

leading to
o % BI) = @5+ T gl + po * Tlq]-
Let ¢, := ¢s * q. Using the triangle inequality we have

0o * BIx = q| < |0 * T*[g] — go| + a5 — al + |0 * Tpdll- (4.1)
For the first term, we can use Fubini’s theorem to obtain

A % z
oo xTal() =2 [ goly) [ 00 g(z)ddy
R2 Q
by .
== / o ly) / A=) g(2) dz dy
R2 Q

™

by .
= / e“%‘(z)/ vo(y)a(z —y) dy dz
R2 R2

™

leading to

0o * TMq] = T o).

Using Lemma 2.2.4 and Lemma 4.2.1, for s’ satisfying 1 < s’ < 3, we have

1-s' 1=s" o
7o) = 4o < CNF gl < €A 0" gl

To deal with the third term, we note that by Lemma 2.2.5 we have that
o+ Tolall < | 70|, < ANl
Plugging these estimates into (4.1), we can see that

1—s’ _ </ _
oo BIx —q| <CX 2 0" |lgllge + CA ™ Nlall % +aw —al.  (4.2)
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Thus we have

[po * BIx(x) — q(2)| < C A" (llall o + llalifye) + o (2) = a(2)]

for any « satisfying 0 < k£ < min{(1 + s)/4, s}. It only remains to see that
dimpy {x lim gy (7) # q(:n)} <2-2s
o—0

which follows from, for example, [13, Lemma A.1]. O

Remark 4.3.2. If the potential satisfies the Héolder condition in some neigh-
borhood of the point to reconstruct, we can obtain an estimation for the decay
rate of the error term. More precisely, for x such that |q\co,a(3(xw)) < 00
for some r,a > 0, we have

(o % BI(@) — a(a)] < O X (gl 4l + lalcoa s -
This follows from using Lemma 4.2.2 to bound |q,(x) — q(z)| in (4.2).

Corollary 4.3.3. Let s > 0 and let ¢ € H*(R?) be a real-valued potential
with compact support. Then the potential can be recovered from the scattering
amplitude almost everywhere.

This follows from the expressions in Section 2.1 to compute A,_z2 from
the scattering amplitude at energy k2.

4.4 Polar averaging

First we introduce some averaging operators which are used to express our
recovery formula involving polar averaging.
For f: R x [0,27) — C we define the angular averaging operator by

1 27

Aang [f](?“, 0) = % 0 f(n a) dOé,

and the radial smoothing operator by

1
Seaalf1(r, 0) ::/0 Fr(1+ 5)712,0) ds.

For A € RT and F € L} (RT) we define the frequency averaging operator

loc

2\
Aueal FIV = 5 [P0yt

In the following lemma, we connect the frequency averaging with the radial
smoothing operator.
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Lemma 4.4.1. Let f € L'(R?). Then

Ateeq [TV F(0)] (A) = T [Seaa[£1](0)-
Proof. First we note that by a change of variables
1 2\

1
AnealFI) = 5 [ 0yt = [ PO+ 9) ds

so that Ageq [T(')[f](())] (A\) can be written as
1 1
/ TA(l—i—s)[f](O) ds = / )‘(1 + 8) / ei)\(l-i-s 22— 22)f< )dzds.
0 0 n R2

Now, switching to polar coordinates, changing variables r = (1+ s)/? p and
applying Fubini’s theorem, we find

1
/ )\(1+5)/ /\(1+8)(21*Z2)f( )dzds
0

™

[y

A(145)p? cos(20) f( )d& pdp ds

)\ Lo ,
— / / / f ( (1+s) —1/2 ¢ > eiAr? os(20) 4o 1y ds
T™Jo Jo Jo
)\ 00 2 1 )
/ / / f ( 1 + 8 1/2 > ds 61)\r2 cos(20) do rdr
T™Jo Jo 0
)\ 00 2 9 0
n / Srad z)\r cos(2 )de rdr
T™Jo Jo

= T>\ [Srad[f

and the proof is concluded. ]

We use the notation C’(’f with k£ € N to refer to the space of continuous
functions with & continuous derivatives and compact support. The follow-
ing lemma is useful to see that the angular averaging operator preserves
regularity.

Lemma 4.4.2. If f € C¥(R?), then Aang[f] € C5(R?).

Proof. For the case k = 0, note that f is uniformly continuous given that
it has compact support. Thus, for any ¢ > 0 there exists some ¢ > 0 such
that, for 2,y € R? satisfying |z — y| < § we have |f(x) — f(y)| < ¢, so that

|Aang[f] (:U) - Aang[f](y)

2T
—\ £(121.0) — £(yl,0) db)] < ¢

whenever |z — y| < 4.
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For k > 0, as Aang|f] is radial, the angular derivatives are zero. For the
radial derivative, we note that

8k 1 2w akf
WAang[f] (Tv 9) - % 0 W(ra Oé) da.

Applying the previous argument to the derivatives of the function concludes
the proof. ]

The following lemma describes how S;.q, considered here as acting on
one-dimensional functions,

Sraalf](r) = / F(r(1+5)712) ds,

regularizes away from the origin while at the same time it preserves regu-
larity in the whole domain.

Lemma 4.4.3. Let f € L'(R"). Then
(i) Srad[f] € CO(Ov OO)
(i3) If f € C*(0,00), then Spaq[f] € C*1(0, 00).
(iii) If f € C*[0,00), then Swalf] € C*[0,0).
(iv) If supp(f) C (a,b), then supp(Sraalf]) C (a,bv/2).

Proof. Let € > 0 and write g = Syaq[f]. Then
1 1
gt +6)—g(t) = / F(E+ (1 +5)712) ds - / QL+ 5)712) ds)
0 0
Changing variables in the first integral by taking

s = t+6(1—|—8)_1/2 (4.3)

and in the second integral taking

s =(1+s)"1/? (4.4)
we have
I+ t+e€ 2 1
gt+e)—g(t)=2 f(ts) < " > s_3ds—2/ f(ts)s3ds
2 1+€ L_A'_ €
t
:2( —l—e) / tf(ts)s_gds—2/1\/§ tﬁf(ts)s_gds
! G
2¢ 2 1
+ 262_6/ f(ts)s3ds.
t LJ’_ €

V2 T tv2
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Given some fixed t > 0 we have f(ts)s™> € L'((1/v/2,00)). By absolute
continuity with respect to the Lebesgue measure, the first two integrals are
smaller than ¢ for any 4 > 0 by taking e small enough. The third term
is smaller than 6¢t~ | f(ts) 8*3\\131((1/\/5’00)). Therefore we know that g is
right-continuous in (0, 00). Taking € < ¢ a similar change of variables yields

2 .1
> /\/§ f(ts)s3ds
%f_ €

2 tV2

t—e¢
t

1
g(t)—g(t—e):2/1_6f(ts)3_3ds—2<

€

e — 2 1-<
—1-2( 6t2 < >/1 tf(ts)s_?’ds

V2

and by the same arguments we see that g is left-continuous in (0, c0), con-
cluding the proof of (7).
Now, differentiating under the sign of the integral we obtain

1
d®(#) = / (14 8) %2 F9) (£ (1 + 5)~1/2) ds
0
and using the same change of variables as in (4.3) and (4.4) we obtain
gt +e) = gM(1)

9 2k pl+€ 1
= % / ' FF(ts)sF3ds — 2/ f®(ts)sP3 ds
¢ I V2

V2 V2
9 (¢ 2—k 14+ € Ly e
= (;—2—613 / LW (ts) sk ds — 2 / VEUWE b (1 6) 653 g
1 1
V2

t 2—k _ t2_k 1
G e)tQk F®)(ts) $F73 ds.

1
Vitiz

+2

For t > 0 we can divide by € and take the limit as € tends to 0 to get

70D+ A2 [ g - as
V2

22—k/2

¢

g (1) = 20 )

t

As the right-hand side is continuous in (0, 00), so is g*+1), and (i) is proved.
To prove (i) just see that for any 6 > 0 we can take ¢ > 0 such that
for t < e then [f®)(t) — f®)(0)| < &. Thus

g(k)(e) — g(k)(o)‘ < /1(1 + g)—k/z ‘f(k) (e(l + s)—1/2) _ f(k)(o)‘ ds
0

1
</ (1+5)7"26ds < 6.
0

The continuity of g*) away from zero follows from (7).
Point (iv) is a straightforward consequence of the definition of S;aq. O
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Remark 4.4.4. The gain of regularity in point (ii) cannot be extended to
[0,00). We can see this by taking f(t) = t*/2.

We now consider Bukhgeim solutions for the Schrodinger equation where
the potential has been rotated. Using these solutions, we construct a new
family of solutions uy ;¢ for the Schrodinger equation with the original po-
tential (before taking the rotation). These new solutions depend on an
additional parameter 6 € [0, 27).

More precisely, let z,2 € R? and let R, (z) denote the rotation of z
around x by an angle 6, given by

Ryp(2) =z + ( cosf —sinf ) (z — ).

sinf  cosf
Letting ¢;.9(2) := g o Ry 9(2), we consider Bukhgeim solutions
Upg = ei)‘wz(l +wy z)
to the Schrodinger equation with rotated potential Au = g, g u. We write
Ung,0(2) = Urg 0 Ry —p(2),

and consider the boundary information at frequency A defined by

A

27 _
/ <(Aq — Ao)[urglan], V=00 Iaﬂ> df.
0
By the conformal invariance of the Laplacian,
Au}\,xﬂ = A(u)\,x o Rz,fe) = (Au/\,x) o Rx,797

we see that the u) . solves the original Schrodinger equation Au = qu.
By the same rotational invariance, e*¥=°F=.—¢ ig a solution to Laplace’s
equation, and so we can still use Alessandrini’s identity (1.2) to reinterprete
the boundary information. Moreover uy ; g|aq can be recovered from Ay —Ag
by a suitably rotated version of Theorem 2.2.6.

Theorem 4.4.5. Let s > 0, let ¢ € H*(R?) be a complex-valued potential
and let Q be a bounded Lipschitz domain in the plane. Then, for any x such
that ¢ € C?(B(x,r)) for some r > 0, we have

lim Ag [BI:](A) = q(x).
A—00

Proof. Without loss of generality, we can suppose that we are recovering the
potential at the origin, and so we omit the dependence on z = 0. The first
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step is to split the reconstruction formula into a main term and a remainder
term using Alessandrini’s identity (1.2), to obtain

A

~ o2

27
0 R?

BL()\) /0 " < (Ag — Ao)[urmo(2)], e NPoR-0 |39> o

2
= 25;2/ / q o Ry(2) €3 (1 + wy(2)) dz db
0o Jr2

1

T 2r

2
/ T*q o Rg] + Tip[q o Rg) db.
0

Now, by Fubini’s theorem we see that

1 27 )\ ) 27T

— IR o = - irg(2) / dod

o /0 [q © Ry 52 /]R2 e aC Ry(z) df dz
= T*[Vq]

where Vy(2) = Aanglq](|2]). Thus, we find

ARBLIN = A [FOA]) + A [ o [ 0000 Rl a0]
Now by Lemma 4.4.1, we have that
Ao [TOMR] () = TA[VA],  where Vj = Spaa[Vi1l,
and by Lemma 2.2.5 we know that the remainder satisfies
Jim. TMg o Ry] = 0.
Thus we find that
Jim Ag [BL](A) = lim T*[V].

Noting that V3(0) = ¢(0), it remains to prove that V3 € H?(R?) so that we
can conclude using Lemma 2.2.4.
To see that V3 € H%(R?), recall that ¢ € H*(R?) is compactly supported,

so that ¢ € L'(R?), which gives us
1 27
[ ato0)a8| oy

1 1
/ IVo(p,H)\pdpz/ 5
0 0 |47

1 2
S/O/O lq(p,0)| dbl pdp < oo




4.4 Polar averaging 52

for any 6 € [0,27). By Lemma 4.4.2 we know that Vy € C%(B,) so Vy(p, )
is bounded for p < r/2; therefore the one variable function Vj(p) belongs
to LY(RT). Let ¢ € C°(B,) be a radial function such that ¢(z) = 1 for
|z| < r/2. As Vy € C?(B,) we can use part (iii) of Lemma 4.4.3 to obtain

Sradlp Vo] € CF(R?),
part (i) of Lemma 4.4.3 to gain regularity away from zero
Srad[(1 — ¢)Vo] € CH(R?),
and part (iv) of Lemma 4.4.3 to control the support
Srad[(1 = @)Vo (-, )](p) =0, for p <r/2,
leading to
Vi € Gy(R?) N C*(B,2)

given that Vi = Spaq[eVo] + Sraa[(1 — ©)Vp]. Using the same arguments
(but using part (77) of Lemma 4.4.3 to gain regularity instead of part (i)
of Lemma 4.4.3) we can see that Vo € C§(R?) N C*(B, ) and finally V3 €
C23(R?) C H*(R?). O



Chapter 5

Uniqueness for complex
conductivities

5.1 Introduction

In this chapter we consider the Calderdén’s inverse problem in the plane. We
show that complex-valued Lipschitz conductivities are uniquely determined
by the DtN map. This is a joint work with Evgeny Lakshtanov and Boris
Vainberg and was published in [47].

In particular, the conductivities « that we consider are of the form
v(z) = o(z) + iwe(z), where o is the electric conductivity and € is the
electric permittivity. In much of the literature, the frequency w is consid-
ered negligibly small, so that v is a real-valued function, however here we
will avoid this approximation. The Dirichlet problem for the conductivity
equation is to find u satisfying

{V-('qu):O in

ulpn = f (5.1)

where Q is a bounded Lipschitz domain in the plane and f € HY2(99).
Supposing that 0 < ¢ < 0 < ¢!, there is a unique solution and the DtN
map

Ay - HY2(0Q) — H-Y2(0Q) := (H?*(09))"
can be defined via duality by

(Aol vlon) = [ V- Vo
for any v € H'(2). With sufficient regularity, this definition coincides with

that of the introduction by integration by parts.
The main aim of this chapter will be to prove the following theorem.
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Theorem 5.1.1. Let~y;,v2 € Lip(Q2) be complex-valued conductivities. Then
Ay =7y = =7

The result is based on a development of the Bukhgeim approach com-
bined with some arguments of Brown and Uhlmann from [20].

Remark 5.1.2. From now on we make the usual assumption that v takes
the value one near the boundary of the domain Q2. This assumption can be
made because the conductivity can be recovered at the boundary (see [3] or
[19]) and then extended to a larger domain using the method of Whitney
such that the extended conductivity is equal to one close to the boundary of
the larger domain. See [51, Section 6] for more details or [32, Section 2] for
the case of Lipschitz conductivities.

In the following section we give a sketch of the proof, with the details
given in Section 5.3.

5.2 Main steps

5.2.1 Reduction to the Dirac equation

The following observation made in [20] plays an important role. Let u be a
solution of (5.1). Then the vector

0= 71/2 (au7 gu)t

satisfies the Dirac equation

<g g)gzqg (5.2)

< 0 qi2(?)

q21(2) 0 > v 12 = *%810@77 q21 = *%glog’y. (5.3)

If ¢ is found and the conductivity 7 is known at one point zy € €2, then v in
2 can be immediately found from (5.3).

From now on, we use a different form of equation (5.2); instead of Beals-
Coifmann notation o = (o1, 02)!, we rewrite the equation in Sung’s notation:
v1 = 01,2 = 02. Then the vector v = (v1,v2)! is a solution of the system

ov=QU (5.4)

where
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5.2.2 Solving the Dirac equation for large |)\|

Let v be a matriz solution of (5.4) that depends on parameter A € C and
has the following behaviour at infinity

lim vy ;(2) e ME0)?2 — (5.5)

|z]—o0

It is worth noting that, contrary to standard practice, we consider the func-
tion v (and other functions defined by v) for all complex values of A, not
just for ¢A with A > 0. This allows us to generalize the Bukhgeim method
to the case of potentials in L>°(R?). From the technical point of view, this
allows us to use the Hausdorff-Young inequality.

Problem (5.4)-(5.5) can be rewritten using a bounded function

png(2) == vy 2(2) e M=mm)/2, (5.6)
that is to say (5.4)-(5.5) is equivalent to
Ipna(2) = Q(2) i () NV Am/2 (5.7)
with lim,| oo = I. Let py, be the real-valued function defined by
pra(2) = —i (N = 2)2 = Az — 2)2) /2
and let £y be the operator defined by

1 eip)\,z (Z/)

Ll = [

T Je 22— 72

f(Zd.

Equation (5.7) can be reduced to the Lippmann-Schwinger equation

1 , eipk,x(zl) , ,
para(z) =1+ — g Q) — —rPalz) dz, (5.8)

where lim|;|_,o, ¢ = 1. The previous equation can be rewritten using £, as

p=1+L[Q+QL\Q u].
In particular, for each of the components we have
pi1 = 1+ La[qi2 Lalg2r pui]],
2 = La[gi2] + L [q12 La[g21 pa2]],

pa1 = La[q1) + £ [@21 L1 [G12 pnl]
po2 = 1+ L [Ga1 La[q12 paz]]-

Let M[f] = L [qlg L[q21 f]] Then, for the component 17 we have
(I = M)pa1 — 1] = M[1] (5.9)
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and for the component w12 we have

(I — M)[p12 — La[qr2]] = M o Li]q12].

Switching the roles of 12 and g21 we can obtain similar expressions for the
other elements of the matrix pu. By inverting I — M, we can obtain each of
the components of u. We work in the following space
o 1P
Lz,m L AI>R
consisting of bounded functions of z, x € C with values in the Banach space
LT’M>R, defined by

L, =LC(\: |\ > R).

P
[AI>R

The following lemmas show that M : Lg%, Lf)\|> r = L% Lf)\|> R is a

contractive operator if R is large enough, and that M[1] and ML) qi2]

belong to L5, Lf/\\>R‘ Thus, one can find the solution p of (5.8) using

Neumann series to invert (I — M).

Lemma 5.2.1. Let p > 2. Then

~re,p, =0

P}E)nooHMHLg?x L\pM>R z,x F|X\|>R

Lemma 5.2.2. Let p > 2. Then there exists R > 0 such that

M1} € L, Ly o -

Lemma 5.2.3. Let p > 2. Then there exists R > 0 such that

Mo ,C)\[qlz] S L?x L1|D/\\>R'

Note that (5.9) together with Lemmas 5.2.1, 5.2.2 and 5.2.3 allows one to
solve the direct but not the inverse problem, since the operator M depends
on (). That is, for the purpose of reconstruction a different characterization
of p, in terms of the DtN map, would be required.

5.2.3 Determination of the potential

For ¢ a 2 x 2 matrix-valued function let 7> be the operator defined by
gl = [ Q.
Q

We define the (generalized) scattering data as the matrix h given by

h(\, 2) = T [fing)- (5.10)



5.3 Proofs 57

By (5.7) we have h = [, Opy  so we can use Green’s formula

— 1
/Q 0f =g | vr
to rewrite h as
1
h(\ z) = 22/ V) g (5.11)

where (v1,14) is the exterior normal vector to 92 and v = vy + ive. Thus,
one does not need to know the potential @ in order to find h. The function
h can be evaluated if the Dirichlet data v|gq is known for the equation (5.4),
since p|opn in (5.11) can be expressed via v|go using (5.6).

The spectral parameter ¢ A with real A was used in the standard Bukhgeim
approach to recover the potential from scattering data (5.10), and the po-
tential was recovered by the limit of the scattering data as A — oco. Instead,
in the present chapter, we have A € C, and the potential is determined by
integrating the scattering data over a large annulus in the complex A-plane,
which we denote by

Ar={ € C: R < |\ <2R}.

For a matrix M, let M denote the matrix with the entries in the main
diagonal equal to those of M and with the remaining entries equal to zero,
and let M° denote the matrix with entries off the main diagonal equal to
those of M and with the entries in the main diagonal equal to zero.

The next lemma is useful in the proof of the theorem below. The theo-
rem indicates how @ is uniquely determined by the scattering data h.

Lemma 5.2.4. Let p > 1. Then there exists R > 0 such that

Afd
TN =1 e Ly L|)\|>R

Theorem 5.2.5. Let (Q be a complex-valued bounded potential. Then for
any g € C§°(Q2) we have

1m/ e 1/ 2) BO(A, 2) dz dA = /Q(Z)Q(z)dz.

27T2 In2 R—oo

5.3 Proofs

5.3.1 Preliminary results

Before stepping into the proofs of the previously stated results, we introduce
some auxiliary results.
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Lemma 5.3.1. Let A,z € C and let ¢ € L*(C). Then

lim o(z) ") dz = 0

[A| =00 S
uniformly in x.

Proof. Let us approximate ¢ by a sequence ¢, € C5° in the L' norm. For
any € > 0 there exists N = N(g) such that

/(p(z) etPrx(2) dz—/goN(z) etPra(2) 1,
C C

< /C lo(2) — on(2)| dz <e.

Now, using the stationary phase method [60, Chapter VIII, Proposition 5]
there exists a constant C', independent of A, o and x, such that

/ on(2) etPrx(2) 1,
C

/ on(z+x) eiPr0(2) g,
C

< CA2(lon g + IVeonll L)

and the proof is concluded. ]

Lemma 5.3.2. Let 1 <p < 2 and let R > 0. Then, for a € C\ {0}, there
exists constants C' = C(p, R) and 6 = 6(p) > 0 such that

Jw™ Vit = @) gy < CC1+ ]~ 49)
where Bp is the ball of radius R.

Proof. The statement is obvious if |a| > 1. If |a| < 1, we make the substi-
tution u = |a|?v and @ = a|a|~! to obtain

g _ N\
o™ (V= @) M oy = lal? ™ o™ Vo = @) | g
with R’ = R |a|~2. We now split the domain to see

[~ (Vo - a)_luLP(Bg) <C

and

o™ (Vo = @) o ) < 4

o172

LP(Bp/\B2)

Using polar coordinates we can compute the right-hand side

R’ 1/p
— (27r / 1=3p/2 dt>
LP(Bg/\Bz2) 2

which is bounded by a constant if p > 4/3, by C(1 + |In |a]|?/*) if p = 4/3,
4
and by Cla|*"» if p < 4/3. O

o=
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Lemma 5.3.3. Let z,x € C, p > 2 and ¢ € LF(C). Then there ezists a
constant C, which depends only on the support of ¢ and on 6 = d(p) > 0,

such that
eip)\,z(zl)
/ —— p(z1)d=
C

zZ—2

|| Lo
<(C—"———.
|z — z|t—0°

LY (C)

Proof. Let

Zp)\,z(zl)
(e A ) = / T () dan.
C

zZ— 21

Making a change of variables u = (27 — x)? in f and taking into account
that du = 4|21 — z|?dz; we have

Z(Au Au)/2

42/@\u| VIR

Using the Hausdorff-Young inequality with p’ = p/(p — 1) and Lemma 5.3.2

ez £Vu) ol Lo
<(OC—"———
17z < Z WGVt G-y = -
and the proof is concluded. O
Proof of Lemma 5.2.1
Let gro(2) € LSS, L \/\|>R and let
)\ eipk,x(zl) _'LPA ac(ZQ) d
f(Z,ZQ, aI) = /Q 2_721(112(2 )ﬂ@l(zz) 21,
so that, using Fubini’s theorem, we have
Migaa)(z /f 222, 2) g (22) da.

Then, from Minkowski’s integral inequality and Holder’s inequality, we have

[Mlgrzl(2)ll

IAI>R |A\>R

/ 17(2, 220 M ) gaa(22) 17

<sup oo (a)los, [ sup |fz0 0 0)]
22 QX|A>R

Thus it remains to show that uniformly in z € C and =z € © we have

lim / |f(z, 22, A\, )| dzo = 0.

A= Jo
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Using Fubini’s theorem we can see

1 1 1 1
/ / —————dz1dz = / — ——dzodz < 0.
B1(0) JB1(0) |71] |21 — 22 B1(0) 1211 JBy(0) 121 — 22

Then for each € > 0 there exists § = d(¢) such that

1 1
/ (22 A ) dzg < ||Q||ioo/ / dordzy < 2.
B;s(2) Bs(z) JQ |z — 21| |21 — 22|

For z; € Q\ B;s(z) we can use Lemma 5.3.1 to see that

lim f(z,22,A\,2) =0 (5.12)

[A| =00
uniformly in z. Note that f is the Cauchy transform of g on z, given by

. ( ) eiip)\,:c(z2)
9(2, 22, A\, x) = PP qia(2) ————qa1(22)
zZ — Z9
and we have g € LE with 2 < p/ < 0o given that 2, € Q \ Bs(z). Thus, by
[8, Theorem 4.3.13] we have

12 p’2 2 -1

[fllce < P 91l S Qe &

with & = 1—2/p/, and where the implicit constant depends only on 2 and p'.
Therefore f is equicontinuous with respect to z, and convergence in (5.12)

is also uniform with respect to this variable. ]

Proof of Lemma 5.2.2

Applying successively Minkowski’s integral inequality, Holder’s inequality
and Lemma 5.3.3, we have

Mi etra(21) e~ (22) p J
< z _ z z: 4
MUl < [ e [ S (e de o
[IX|>R
12(21 e—ipx(22)
S/ qi2(=1) / —q21(%2) d2o dz
Q|7 — % Q Rl — 22 »
L
N>R
1
<C dz1 < 00,

o lz—zllz — 210

since § > 0, and where C' is a constant depending on ||Q||ze and €. O
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Proof of Lemma 5.2.3
Let f be given by

9 e_ip)\(zl) Cipk(z2)
f(zv )‘7 l’) =T ——— 421 (21) q12(22) dZQ le.
Q

Z—2z1 0 R1— 22
Then we have

eipk (Zl)

Mo Lyq12)(2) = 7'('_1/ q12(z1) f(z1, A\, ) dz.

07— Z

By Minkowski’s integral inequality and Hoélder’s inequality we have

eip/\(zl)
Mo EA[q12]||LfM>R < /Q p— q12(z1) f(z1, A, x) p dz
L\is>r
<1fll,» / q12(21) dzy
- Lk Qlz2— 21

Applying successively Minkowski’s integral inequality, Holder’s inequality
and Lemma 5.3.3, we have

e~ (z1) eiPa(z2)
£z, S/Q Z_Zlflzl(zl)/Q q12(22) dz2

S/
Q

etPa(22)
/ q12(%2) dz2
Q
<C

le
p
Lixsr

¢21(21)
zZ—z1

dZ1

21 — 22

P
Lixsr

1
o lz— 2|z — 2170

dzy < 00,
since § > 0, and where C' is a constant depending on ||Q||ze and €. O

Proof of Lemma 5.2.4

Note that T2[a¢ — 1] is a matrix with zeros on the diagonal. The entry
(T)‘ I I])21 depends only on p11; we perform the computations for this
entry. The other entry follows from the same arguments. We start with the
relation

pin — 1= Mlpnn — 1] + M(1]

and this leads us to

(T A" = 1)y, = /

&MWmMmHH+/éMWmMm.
Q

Q
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Let f = i1 — 1. Applying successively Fubini’s theorem, Minkowski’s
integral inequality, Holder’s inequality, and Lemma 5.3.3, we see that

i”*’”( D @i(2) MIf](2) d2

Li\sr
etPral ipxz(22)
/ qzl(’z) dz / — (%) f(22) dz dz
02—z 12v Q <1 — 22 Lo
[IAI>R N>R
eipk,m(z)i o1
< CQ/ / QQ1(Z) dz / w ”f(22)|’L2p d22 dz,
alJa =7 4 2P Qlz1— 22
[AI>R

3 1
<C Hf”L‘beR /Q deI < o9,
since 0 > 0 and f € LS L|)\|>R (due to (5.9) and lemmas 5.2.1 and 5.2.2),
and where C'is a constant depending on ||Q||~ and .

For the other term we follow similarly. Applying successively Fubini’s
theorem, Minkowski’s integral inequality, Holder’s inequality, and Lemma
5.3.3, we see that

/ ¢i0+() g7 () M[1](2) dz
Q

L;\D)\\>R
eire(2) e~z (22) ipsa(21)
< / / q21(2) dz / —————@21(22) dz |e"P2 =¥ g1a(21)| dzy
QllJa #— 1 Q *l1— %2 P
IAI>R
'Lp)\ z( —ZPA «(22)
Q21(Z) dz / ——— (=) dz dz
Z—21 2 Q Rl 22 2p
LiN>r LiN>r

1 1
< C? dz; < 00
- /Q 21— [0 [z — o107
since § > 0, and where C' is a constant depending on ||Q||ze and €. O

Proof of Theorem 5.2.5

First note that
=7 @] = T+ T [ - 1]
So we can write

_ o B - A
/AR|>\| 1/Qg(x)h Arydrar= [ 1/99(33)7' 11 dar d

+/AR A /Qg(x) T {ﬁd—l} dz d.
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For the main term, first note that using the stationary phase method
[60, Chapter VIII, Proposition 6] for |A| large enough we have

/ g(x) e+ du = 7|\ g(2) + O(IA|?)
Q
which leads to
lim I~ 1/ e?+) dg d\ = lim A2 g(2) + O\ 73) dA
R—o00 Ag R—o0 AR

=21% In2g(2).

Then, by Fubini’s theorem and the dominated convergence theorem we have

R1Ln;0 I~ 1/ g(z) T[] dz dX (5.13)
:ng]&j//AR A~ 1/ ) =) Q(z) da dX dz
—27r21n2/g(z) Q(z)dz.

Q

Now, for the remainder term we use Holder’s inequality

I,

Taking 1 < p < 2 we can use Lemma 5.2.4 to see that

1/q
A7 Tk[ﬁd—l]‘ ir = </AR A dA) I - Ullze,,

Tp* -1 € L L o g

and given that ¢ > 2 we have

1/q
lim (/ |>\|_qd)\> —0.
R—o0 Agp

Then, by Fubini’s theorem and the dominated convergence theorem

lim [ A" /g(x) T [ﬁd—l} dz d (5.14)
R—o0 AR C

= lim g(x)/ A7t [ﬁd—l} d\dz = 0.
R—oo J Agp

Combining (5.14) and (5.13) completes the proof. O



5.3 Proofs 64

5.3.2 Proof of Theorem 5.1.1

Let 71,72 be two Lipshitz conductivities in £ such that A,, = A,,, and let
QY ,vW 1) ) j =12, be the potential and the solution in (5.4), the
function in (5.6) and the scattering data in (5.10) for the conductivity ;.
We follow the strategy used in [20, Theorem 4.1] and [31, Theorem 5.1].
The main idea of the proof is that, given that the two DtN maps coincide,
the solutions v and v(®) are equal in C\ €, and therefore the scattering
data coincide. Then, using Theorem 5.2.5 we know that the potential Q¥
is uniquely determined by the scattering data k) for |A| large enough, and
therefore so is ;.

Recall from Remark 5.1.2 that we can assume that the conductivities
are equal to one close to the boundary of the domain. We extend the
conductivities to be equal to one outside the domain.

Due to equation (5.11), we have

: 1 A
D (N w) = % /89 19 (2, \,w) dz.

Thus it is enough to prove that u()|sq = 1?50, or equivalently
v a0 = 0?0, (5.15)

for |A| large enough.
Let ¢ denote the first column of v(!). Also let

~1/2, (1)

-1/2 (1)
n=m 11 s w:%/vm'

Since (1) satisfies

then it follows that
I =—ndn +wdmn)@2n) " =ow
and there exists uy such that
Oup =n, Ou; =w inC,
which is a solution to
V-(11Vu) =0 inC.

Now we define us by

{m in C\ Q
U9 =

4 in Q,
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where % is the solution to the Dirichlet problem

{ V- (yeVa)=0 inQ
Ulon = u1lsn-

Let g € C§°(C). Then
/'}/QVUQ‘ngZ:/ fyqul-ngz—i-/’yQVﬂ'ngz
C C\Q Q

_ _/ An[uﬂag]gdw/ A liloo) g dz = 0.
o0 o0
Hence
V- (’)/QVUQ) =0 inC

and ¢ = (Quy, duz)" satisfies

580(2) — Q(2) 0.

Lemmas 5.2.1, 5.2.2 and 5.2.3 imply the unique solvability of the Lipp-
mann-Schwinger equation when |A] > R and R is large enough. Thus, o2
is equal to the first column of v(?) when |A| > R. On the other hand, ¢(?)
in C\ Q coincides with ()| the first column of v(}). Thus the first columns
of v and v®) are equal on C\ Q when |\| > R. Repeating the same steps
with the second columns of v, v we obtain that v loq = v laq when
|A| > R, and therefore (5.15) holds.

The uniqueness of h and Theorem 5.2.5 imply that the potential ) in the
Dirac equation (5.4) is defined uniquely. Now the conductivity = is uniquely
determined by (5.3) up to an additive constant. Finally, this constant is
uniquely determined since v|pn can be computed from A,. ]






Chapter 6

Numerical experiments with
the Bukhgeim method

6.1 Introduction

In this chapter we perform some numerical experiments on the reconstruc-
tion method based on quadratic phase solutions. Numerical implementation
of Theorem 2.2.6 is beyond the scope of this thesis; we approximate the
Bukhgeim solutions on the boundary, or we start directly with the oscilla-
tory integral inside the domain omitting the remainder term w) ;. In the
latter case, our experiments consider the standard formula of Bukhgeim and
those involving the averaging procedures introduced in Chapter 4.

In Section 6.2 we give a naive estimation on how measurement errors on
the boundary are amplified and numerical instabilities worsen as A grows.
In Section 6.3 we reconstruct from the boundary data, using a first order ap-
proximation of the Bukhgeim solutions wuy ; = ez rather than proposing
an alternative reconstruction method we want to study possible numerical
instabilities and the tolerance to measurement errors.

Let ¢) denote the recovery of ¢ by boundary measurements using the
standard Bukhgeim reconstruction formula at frequency A

ga(z) =2 /8 Ay = B

™

By Alessandrini’s identity and splitting into a main term and a remainder
term we have

gr(x) = T*[a] + T3ld]

where

T)‘[q] = /e“‘%(z) q(z)dz, with ¢,(2) = (21 — xl)z — (29 — x2)2,
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and the remainder term is defined similarly as in (2.8). In Section 6.4 we see
how T [q] converges to the potential. Finally in Section 6.5 we study how the
averaging strategies introduced in Chapter 4 improve the convergence of the
main term of the approximation. In Section 6.6, we discuss our conclusions.

6.2 A peek into the error

We start by assuming that ) is the unit ball. The reconstruction at fre-
quency A satisfies

)\ =
=2 [ (8= o]
™ Jon
\ - -
= / Agup] €™ — Ag[e™] uy
™ Jon
A T T
=— Agup] €™ — uy 8,
™ Jox

where 0, denotes the outward normal derivative on the boundary. In order
to compute the integral in the boundary, we approximate it by a finite sum
of evaluations of the integrand on a regular mesh on the boundary

N
2 NG i
Dy = 5o 2 Aglual(e) €276 — up (27) 9,6
j=1

where the points in the regular mesh are given by
zj = (cos(2mj/N), sin(2mj/N)).

The DtN map is not measured with arbitrary precision, instead we deal
with A7, a noisy measurement of A,. It is interesting to see how this noise
propagates in the computation of ¢). Given that the Bukhgeim solutions
are obtained from the DtN map, there will be an error in their computation.

Let u} denote the noise computation of u) which we model as
uy = uy +ex

where e is error term, which we model as a Gaussian white noise with
standard deviation e. We model the error in the outward normal derivative
of uy in a similar way

Aglunl = Agua] + ez

where es is a Gaussian white noise, and for simplicity we assume independent
to e; and with the same standard deviation e.

Let ¢y 5 denote the approximation obtained by discretizing the integral
and considering the error from the measurement of the DtN map. As the
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error in each point is a normal variable independent of the error in the other
points, the variance of the sum is equal to the sum of the variances. Thus,
the standard deviation of the error of the approximation ¢y 5 satisfies

o) [ & N2 a2\
ot )= 5 (5 () o))

Jj=1

2\ N 1/2
_ W <Z 6262/\|Im P(z4)] + 62A262)\\Im z/)(Zj))
j=1

where Im denotes the imaginary part.

The value of the previous expression could be made arbitrarily small
by taking a thinner mesh to estimate the integral. However in practice this
cannot be achieved, as the number of data source points cannot be increased
arbitrarily. Also, and perhaps more relevant, is the fact that the decrease
in the error as IV increases is due to the independence assumption between
the errors at each point, but this hypothesis does not seem to be realistic
as, for example, one would expect that u} is continuous.

We obtain the following straightforward bound for the standard devia-
tion of the error by taking only the largest term in the sum

2

olan —n) < €

¥ )\2 e)\az

where oy = sup,cpq [Im 9(2)].

Remark 6.2.1. Note that o, increases as x approaches the boundary, so we
can expect that the standard deviation of the error also increases as the point
we are reconstructing approaches the boundary. In particular, in the current

setting, we have Hw(O:O)HLOO(BQ) =1/2 and [[¢a| oo 9y = 2 for z € Q.

6.3 Approximate Bukhgeim solutions

In this chapter we make the first order approximation of the Bukhgeim solu-
tions so that uy , = e+ on the boundary. This scheme resembles the use
of the Born approximation in the numerical reconstruction scheme given
in [58]. Our goal is not to propose an alternative reconstruction scheme,
but rather to study the possible numerical instabilities that could arise in
Bukhgeim’s reconstruction procedure as A grows. Also we study how mea-
surement error could propagate.
Approximating the standard Bukhgeim formula, we compute

2 [ = Al e
o

™
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for different values of A and potentials of conductivity type.

To compute the DtN map, we follow the strategy in [58] and consider
radially symmetric conductivities. For radially symmetric conductivities
v(z) = v(|z|) and Q the unit circle, the eigenfunctions of the DtN map are

bn(0) = (2m) /2.
For v =1 we have

Arl¢n] = In| $n

and for other conductivities we have

A’Y [¢n] = )\n an

with A\, = |n| for n large. From [58] we know that for two conductivities that
satisfy v, (r) < yu(z) the eigenvalues of their DtN maps satisfy AL < AU,
Together with Lemma 4.1 in the same article (see below), we can compute
the DtN map of a radial conductivity in the disk by approximating it from
above and below. For conductivities equal to one close to the boundary we
have A, = A,,.

Lemma 6.3.1. [58, Lemma 4.1] Let Q € R? be the unit disc and 0 = ro <
rn < ...<rny-1 <ry =1, where N > 2. Let ~vj,j = 1,...,N, be a
collection of positive real numbers satisfying v; # i1 forj=1,...,N —1,
and assume yn = 1. Set y(r) =; forrj-1 <r <r;,j=1,...,N.

Then, the eigenvalues of A are

Ao = Il = 2n|(1+ Cpy) ™!

2|n|

where the values C; are given recursively by C1 = piry and

Cj = (piCj—1 + Tj—Q\nl)/(pj + Cj—ﬂ“?'”‘)

forj=2,...,N =1, where pj = (vjx1+7;)/(Vj+1 —7)-

In Figure 6.1 and in Figure 6.2 we can see the approximate reconstruc-
tion formula for different frequencies in the case of two low contrast radially
symmetric potentials. The figures show the true potential (blue) and the
approximate formula (red) on the positive x-axis as a function of the radius.
The approximate formula seems to come closer to the potential as the fre-
quency increases but numerical instabilities show up for moderate frequency
values (A = 25,30). As expected by Remark 6.2.1, numerical instabilities
appear first close the boundary and then travel to the interior of the domain.

In Figure 6.3 we can see the approximate reconstruction formula for
different frequencies for a potentials with higher contrast. The figures show
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the true potential (blue) and the approximate formula (red) on the positive
x-axis as a function of the radius. The approximate formula fails to converge
to the potential in the frequencies considered and numerical instabilities
are more significant. As expected by Remark 6.2.1, numerical instabilities
appear first close the boundary and then travel to the interior of the domain.

Figure 6.4 shows the impact of measurement error in the approximation
of a potential for A = 20. The figure shows the true potential (blue) and the
approximation (red) on the positive x-axis as a function of the radius. The
noise incorporated in the measurements is a Gaussian white noise. We can
see how small errors affect the approximation in a pronounced way.

6.4 Convergence of the main term

We compute the main term 7[q] for different values of A to study its con-
vergence to the potential ¢q. Given that wy , is considered a remainder, the
study of the performance of this integral as an approximation to ¢ could
throw some light on the performance of the reconstruction gy.

The computation of these type of integrals is not trivial for large values
of A, as standard quadrature schemes are not viable for highly oscillating
integrands. For example, the standard quadrature routine quad2d in the
Matlab software package fails to converge for values of A larger than 100
when ¢ is taken to be the indicator of a square.

A standard approach to compute these type of integrals is the Filon
method. This method relies on the fact that with P a polynomial and ¢ an
appropriate real-valued function, integrals of the form

/ MNP
Q

can be computed with closed form formulas. Any bounded function f is
then approximated by a polynomial P so that

/ei)\gf _/ei/\gp
Q Q

See [55] for a detailed description of the method.

However, there a number of parameters involved in the Filon method,
such as the degree of the polynomials or the subdomains used to split the in-
tegration domain. To avoid the possibility of contaminating the results from
a suboptimal choice of parameters, and given that there where no compu-
tational performance requirements, we decided to estimate the integrals by
brute force, evaluating the integrand over a sufficiently dense mesh. We have
used a uniform rectangular mesh, where the number of points varies between
640,000 and 64,000,000 depending on the value of A\. The main term has
been computed on a coarser mesh, also regular, with 40,000 points. That
is, the resolution of the images shown is of 40,000 pixels.

<|f =Pl -
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Figure 6.5: Disk indicator. Standard main term for different frequencies.

Figure 6.6: Shepp-Logan phantom. True potential and
standard main term for A = 20, 50, 100, 200 and 500.
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Figure 6.5 shows the main term for different values of A\ when ¢ is taken
to be the indicator of the disk with radius 1/2. We can see how the main
term converges to the potential.

Figure 6.6 shows the main term for different values of A when ¢ is the
Shepp-Logan phantom. We can see how the main term converges to the
potential. Clearly the values of A needed to have the main term close to the
potential are higher than the ones required in Figure 6.5, where a simpler
potential is considered.

6.5 Averaging

We study the effect of the averaging procedures introduced in Chapter 4 on
the convergence of the main term to the potential. To compute the integrals
we use the same approach and parameters as in Section 6.4.

6.5.1 Mollifier average

We consider the reconstruction formula introduced in Section 4.1

lim g, BIy(x) = ()

A—00
where ¢, () := 0~ 2p(c~tx) with ¢ a positive mollifier supported in the
unit ball, and
A i,
BIy(@) = =((Aq = Ao)lureloal, €70 ). (6.1

Recall that, using Alessandrini’s identity (1.2), we have
o * BI\ = @o % Tq] + 9o * Tld]

where the first term in the right hand side is the main term which converges
to the potential, and the second term is a remainder term which tends to
zero. We study the convergence of the main term ¢, * T*[q], compared to
the convergence of the main term in the standard Bukhgeim reconstruction
formula T*[g]. We will use the mollifier given by

—1
el=l:7  for |z| < 1
Z) =
#(2) {0 for [z] > 1

appropriately normalized so that its integral is equal to 1.

In the majority of the experiments considered the mollifier average has
improved significantly the convergence of the main term to the potential for
certain choices of the parameter o. In Figure 6.16 we see the reduction of
the error in the L' norm for different potentials and frequencies; the value
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Figure 6.7: Error reduction in the mollifier average as a function of o.

of o used is different for each example. The most convenient value of ¢ in
order to reduce the L' error depends on the potential and the frequency; we
do not provide a criterion for its selection.

In Figure 6.7 we can see how the mollifier average reduces the error with
respect to that of the main term. The reduction is shown as a function of
the parameter 0. More precisely, in the figure we can see

F(0) =1~ ||a = po =Tl

o/ Hq - TA[Q]’

Lt

where A = 50 and o € [0.01,0.25]. The domain where the reconstruction
error is measured is the [—1,1] x [—1, 1] square, where the support of the
potentials is contained. The original potentials can be found in figures 6.13
and 6.15. We can see how the error reduction behaves differently for each
potential; for the Shepp-Logan phantom we see a maximum reduction of
30% at o = 0.21, while for the circles spirals the maximum reduction is 21%
at o = 0.14.

To use the mollifier average in practice we also have to take into account
the effect of the boundary on the averaging. In the numerical experiments
performed we have seen that the most convenient value of o can lead to the
support of the mollifier having diameter comparable to the size of the domain
so that the support does not always fit inside the domain. In particular, for
the example in Figure 6.7 with the Shepp-Logan phantom, 38% of the time.
To overcome this difficulty we have simply computed the main term on the
extended domain [—1.25,1.25] x [-1.25,1.25] and afterwards we compute the
mollifier average in [—1, 1] x [—1, 1]; the comparison between the methods is
evaluated considering only the values inside [—1, 1] x [—1,1].

In Figure 6.8 we can see the effect of the mollifier average on the Shepp-
Logan phantom with A = 100 for ¢ = 0.07,0.14 (optimal) and 0.25; the
error is reduced by 26%, 33% and 29% respectively. The effect of taking a
suboptimal value for o can be noticed in the images.
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Figure 6.8: Shepp-Logan phantom A = 100. Top: potential, standard main
term. Bottom: mollifier average for o = 0.07,0.14 (optimal) and o = 0.25.

6.5.2 Polar average

We recall briefly the reconstruction formula using the polar average intro-
duced in Section 4.4. Letting

1 2
Afreq[F]()‘) = X F(t) dt,
A
and R, ¢(z) denote the rotation of z around = by an angle 6, the reconstruc-
tion formula with polar averaging reads

lim A2 [BLI(N) = q(x)
A—00
where

BL() = 2

27 —
=53 /0 <(Aq — AO)[u)\,L@]aQ],e’)‘wIORx’*"]aQ>d0 (6.2)

and the uy ;¢ are rotated Bukhgeim solutions for the Schrodinger equation.
Recall that, using Alessandrini’s identity, we can decompose the recon-
struction formula in terms of the angular averaging operator of Section 4.4

1 2m
Af?eq[BIx](A) = Ageq ° T/\ [Aang[Q]] + Af?req o % /0 TJA [q o RO] dg. (63)
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where the first term is the main term which converges to the potential as A
tends to infinity, and the second term is a remainder which tends to zero
as A tends to infinity.

We study how the averaging operators A.,e and Ageq affect the con-
vergence of the main term to the potential. Instead of studying the main
term in (6.3), which involves the action of four operators, we consider three
simpler cases:

e A frequency average Ag.eq © T*[q].
e An angular average T [Aang|q]] -
e Both averages together Ag.eq © T [Aang [q]]

Note that the angular average applied to the potential is a consequence
of the average taken over rotated Bukhgeim solutions in the boundary infor-
mation (6.2). Thus, the first of these cases, where only a frequency average is
applied, corresponds to the use of a boundary information with non-rotated
Bukhgeim solutions as in (6.1).

Experiments performed indicate that the angular average greatly im-
proves the convergence of the main term to the potential. In other words,
the angular average applied to the main term gives an approximation to the
potential T* o Aang[g] which is significantly more accurate than the main
term of the standard formula T [¢] in all the experiments performed; see
Figure 6.16. The performance of the frequency average is not so good, as
the error reduction is not so significant and is not consistent across all the
experiments performed.

Note that the recovery formulas (the standard formula and the ones
involving averages) are asymptotic as A tends to infinity. Thus, in practical
terms, for the purpose of reconstruction we would always use the maximum
possible value for A. In this sense, introducing an average in frequency
implies having to use suboptimal values of A, as we need to use values smaller
than the maximum possible. Following this reasoning, in the numerical
experiments performed we compare frequency average in a band [Amin, Amax]
against the standard formula (or the angular average) with frequency Amax-

Another drawback in the use of the frequency average is that it is a
parameter dependent method, as it depends on the size of the band for A
in which we perform the average. As numerical results obtained for this
method have not been so exciting, we have not studied deeply the effects of
taking bands with different sizes, or considered the use of weighted averages.

In Figure 6.9 we can see the effect of the polar average on the ovals for
A = 20, where the frequency average is performed for A € [10,20]. In this
example the frequency average reduces the L' error by a 1%, the angular
average reduces the error by a 17% and the combination of both methods
provides a reduction of a 11%. Thus, once applied the angular average, the
frequency average increases the L' error. In the image we can see how the
angular average has a significant positive effect.
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Figure 6.9: Ovals A = 20. Top: potential, standard main term. Bottom:
frequency average, angular average, angular and frequency average.

.

Figure 6.10: Shepp-Logan A = 100. Top: potential, standard main term.
Bottom: frequency average, angular average, angular and frequency average.
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In Figure 6.10 we can see the effect of the polar average on the Shepp-
Logan phantom for A = 100, where the frequency average is performed for
A € [50,100]. In this setting the frequency average reduces the L' error by
18%, the angular average reduces the error by 20% and the combination of
both methods provides a reduction of 24%. The angular average improves
the image from standard formula significantly, and the image is further
improved when we combine both averaging procedures. The improvement
in the image from the use of the frequency averaging alone is not so evident.

6.5.3 Examples: Mollifier vs angular

We now compare the mollifier average with the angular average. To compute
the mollifier average we use the value of o which best reduces the L' norm
error in each example. We see that both averaging procedures improve
the L' error and the visual image obtained. The effect of both averaging
procedures is significant.

We also consider a combined averaging, where we apply a mollifier av-
erage after having applied an angular average. Our experiments indicate
that, for the best choice of o, this combined method gives less error than
the other two averaging procedures alone, but the extra improvement is not
so pronounced. Note that for this combined averaging we also need to select
a value for the parameter o; we follow the same strategy as before and we
use the most convenient value for each example.

In Figures 6.11 to 6.15 we can see how the averaging procedures improve
the convergence of the main term to the true potential. We have considered
different geometries and frequencies.

In Figure 6.12 we see the effect of the mollifier and the angular average
on the rectangles with frequency A = 10. In the mollifier average we use
o = 0.02 while the combined method does not improve the error for any
o (compared to the angular average). The mollifier average reduces error
less than 0.1% and there are no significant changes in the image (the value
o = 0.02 is small and the average hardly affects). The angular averaging
reduces the error by 17% and the improvement can be noticed in the image.

In Figure 6.12 we see the effect of the mollifier and the angular average
on the ovals with frequency A = 15. In the mollifier average we use o = 0.24
and in the combined average we use o = 0.20. The error reduction is 9% for
the mollifier, 13% for the angular and 15% for the combined.

In Figure 6.13 we see the effect of the mollifier and the angular average
on the circles spiral with frequency A = 30. In the mollifier average we use
o = 0.22 and in the combined average we use ¢ = 0.13. The error reduction
is 20% for the mollifier, 23% for the angular and 24% for the combined.

In Figure 6.14 we see the effect of the mollifier and the angular average
with frequency A = 50. In the mollifier average we use ¢ = 0.15 and in
the combined average we use o = 0.13. The error reduction is 18% for the
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Figure 6.11: Rectangles A = 10. Top: potential, standard main term.
Bottom: mollifier average, angular average.

Figure 6.12: Ovals A\ = 15. Top: potential, standard main term.
Bottom: mollifier average, angular average, angular and mollifier average.
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Figure 6.13: Circles spiral A = 30. Top: potential, standard main term.
Bottom: mollifier average, angular average, angular and mollifier average.

Figure 6.14: Geometric figures A = 50. Top: potential, standard main term.
Bottom: mollifier average, angular average, angular and mollifier average.
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Figure 6.15: Shepp-Logan phantom A = 100. Top: potential, standard main
term. Bottom: mollifier average, angular average, angular and mollifier average.

mollifier and for the angular and 21% for the combined.

In Figure 6.15 we see the effect of the mollifier and the angular average
on the Shepp-Logan phantom with frequency A = 100. In the mollifier
average and in the combined average we use ¢ = 0.14. The error reduction
is 33% for the mollifier, 20% for the angular and 34% for the combined.

In Figure 6.16 we can compare the error reductions in the L' norm
for the mollifier average, the angular average and the combination of the
angular and the mollifier average. The table contains the reduction for the
examples previously described and for the same potentials with other choices
of the frequency parameter \; we see that results are stable in this sense. It
is interesting that the effect of the averaging procedures seems to be more
pronounced as frequency increases.

6.6 Conclusions

Numerical experiments performed suggest that the convergence rate of the
standard formula for the Bukhgeim method could be too slow for some
practical applications, but the averaging procedures discussed could make
the difference.

In order to obtain reasonably accurate reconstructions, the standard
Bukhgeim method seems to require values A which could be too large to
avoid numerical instabilities. Note that the parameter A\ controls both the
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A | Mollifier Angular Combined
Rectangles 10 0% 17% 17%
Rectangles 15 1% 16% 16%
Rectangles 20 12% 22% 24%
Rectangles 30 18% 27% 28%
Ovals 15 9% 13% 15%
Ovals 20 13% 17% 18%
Ovals 30 12% 17% 19%
Circles spiral 20 23% 20% 26%
Circles spiral 30 20% 23% 24%
Circles spiral 50 21% 24% 26%
Geometric figures 20 ™% 14% 14%
Geometric figures 30 11% 13% 15%
Geometric figures 50 18% 18% 21%
Shepp-Logan phantom | 50 30% 19% 30%
Shepp-Logan phantom | 75 31% 18% 32%
Shepp-Logan phantom | 100 33% 20% 34%

Figure 6.16: Error reduction in the L' norm.

amplitude and the frequency of the solutions, and when these are too large,
the error of the numerical integration at the boundary becomes large as well.

Numerical difficulties as the frequency of the solutions increases have
also been observed in other reconstruction procedures. For example in [42],
where Knudsen develops a numerical algorithm for reconstructing a conduc-
tivity in the plane, it is pointed out that the scattering transform becomes
highly inaccurate for |k| > 25. Similar inacuracies are also present in other
numerical methods relying on CGO! (e.g. [10, 49, 58]), where |k| is never
taken larger than 35. Values for the frequency parameter k£ used in real-
life measurement studies are considerably lower (e.g. [37, 38]) for similar
reasons.

However, the averaging procedures introduced have proven to be useful
for improving the convergence of the main term in the Bukhgeim approach
and the images of the potentials obtained are clearly enhanced. In our exam-
ples, the angular averages outperformed the mollifier averaging procedure
at lower frequencies. On the other hand, the artefacts introduced by the
standard Bukhgeim formula are removed more effectively by the mollifier
procedure rather than the angular. Both procedures improved the contrast

!Note that within the unit ball, the maximum amplitude of Bukhgeim’s solutions for
A = 15 is the same as the amplitude of CGO solutions with k£ = 30.
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of the images and reduced the L' significantly, and these improvements are
more pronounced when both procedures are combined.
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