Countable unions of operator ranges and spaceability

Miguel Angel Ruiz Risuefio
Departamento de Matematicas, Universidad de Castilla-La Mancha
Joint work with Mar Jiménez Sevilla and Sebastian Lajara

Workshop on Banach spaces and Banach lattices
ICMAT, Madrid, May 2024

Miguel Angel Ruiz Risuefio Countable operator ranges and spaceability MAD 2024



© Preliminaries

@ Increasing sequences of operator ranges
© Countable unions and spaceability
@ Quasicomplements with disjointness properties

© Separable quotients and rangeability

Miguel Angel Ruiz Risuefio Countable operator ranges and spaceability MAD 2024



© Preliminaries
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Definition (Operator range)

A linear subspace R C E is an operator range if there exist a Banach space
F and an operator T : F — E such that

R=T(F).

Theorem (Rosenthal, 1969; Saxon and Wilansky, 1979)

Let £ be a Banach space. Then TFAE:
@ There exists X C E closed such that E/X is separable.
@ There exists a proper dense operator range in E.

© There exists a strictly increasing chain of closed subspaces {Xpn}m in
E such that |J,,, X, is dense in E.

© There exists a pair of proper quasicomplements Yi, Y> C E; i. e.,

YlﬂYQZ{O}, Y14+ Y>=E and Y1+Y275E.
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Theorem (Plichko, 1981; Drewnowski, 1984)

If E is a Banach space, then for every infinite-codimensional operator
range R in E, the set (E\ R)U {0} is spaceable, i. e., there exists X C E
closed with dim X = oo s. t.

RN X = {0}.

Theorem (Kitson and Timoney, 2011)

Let E be a Banach space. Let R, be operator ranges and set

R = span <L{J R,,,) .

If R is not closed in E, then

(E\ R)U{0} is spaceable.

Miguel Angel Ruiz Risuefio Countable operator ranges and spaceability MAD 2024




R(E) ={R C E: R operator range with codimg R = oo}
R4(E) ={R C E: R proper dense operator range}

S(E) = {U Rn CE: {Rn}mC R(E)}
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@ Increasing sequences of operator ranges
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Theorem (Bennett and Kalton, 1973)

Let {Xm}m be a strictly increasing chain of closed subspaces in E such that

UX,,,:E.
m

Then there exists R € R4(E) such that

UJXm CR.
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Let {Rm}m>1 C R(E) be a strictly increasing sequence such that

JRm=E.

Then there exists R € R4(E) such that

UJRmCR.
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© Countable unions and spaceability
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If S € S(E), then there is X C E closed such that

SN X = {0}.
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Lemma (Jiménez Sevilla and Lajara, 2023)

Let S € S(E) and {x,}» C E minimal. Then, there exist an isomorphism
¢ : E — E and {u,}, C Be minimal such that

Q ©(xn) and u, are collinear and thus

p([{xn}nl) = [{un}al-

@ {un}, satisfies property (x) with respect to S: if {a,}, € {1 satisfies
that Y, apu, € S, then

ap =0 forall n > 1.

Lemma (Generalization of a result by Drewnowski)

Let {w;}; C E be a sequence of linearly independent elements and let
{Ch}n be a sequence of bounded closed convex subsets such that

C,Nspan{w;}; =0 foreach n>1.
Then there is a block sequence {z;}; C E \ {0} of {w;}; such that

Co N [{z:}5] = 0.
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A dual counterpart

Let E be a Banach space which has a quotient with separable dual, then
for every S € S(E™*) there exists Z C E* w*-closed such that

SnZ={o}.

Theorem (Johnson and Rosenthal, 1972

If E* is separable, then there exists {f,}, C E* w*-basic such that [{f,},]
is w*-closed.
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@ Quasicomplements with disjointness properties
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Theorem (Cross and Shevchik, 1998)

Let E be a separable Banach space and let R € R(E). Then there exists a
pair of proper quasicomplements X, Y C E such that

RN(X+Y)={0}.
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Definition (Nuclear operator)

A bounded operator T : E — F is nuclear if there exist {x,},>1 C E and
{fa}n>1 C E* such that >~ ||fs]|||xn]| < oo and

T(u) = Z fo(u)xn, u€E.

Definition (Nuclearly adjacent quasicomplements)

Let X, Y be two quasicomplements in E. Y is nuclearly adjacent to X if
for the quotient map Qx : E — E/X, the restriction Qx|y is a nuclear
map.

X and Y are mutually nuclearly adjacent if X is nuclearly adjacent to Y
and vice versa.
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Let E be a separable Banach space and let S € S(E). Then, for every

e > 0 there exists an isomorphism ¢ : E — E such that ||¢ — Ig|| < &, and
a closed subspace X C E such that

(1) ¢(X) and X are mutually nuclearly adjacent quasicomplements.

(2) (p(X)+X)Nn S = {0}.

\

Definition (M-basis)
A biorthogonal system {x,, fo}» C E is a Markushevich basis (M-basis) if

[{(xa}a] = E and [{H)]" = E*.
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Lemma (Jiménez Sevilla and Lajara, 2023)

Let S € S(E) and {x,}n C E minimal. Then, there exist an isomorphism
¢ : E — E and {up}, C Be minimal such that

Q [lp—Iell <e.
@ ¢(xs) and uj, are collinear and thus

p([{xn}nl) = Hun}al-

© {un}n satisfies property (x) with respect to S: if {a,}, € {1 satisfies
that Y, apup € S, then

ap,=0forall n>1.
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Theorem (Jiménez Sevilla and Lajara, 2023)

Let E be a separable Banach space, let X C E and let {Ri}«>1 C R(E)
be such that

X C () R
k>1

Then, for every € > 0 there exists an isomorphism ¢ : E — E with
llp — Ig|| < € satisfying the following properties:
@ ¢(X) is a nuclearly adjacent quasicomplement of Y and
#(X) N (Uis1 Re)) = {0}

@ X is a nuclearly adjacent quasicomplement of ¢(Y).
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Suppose that E is separable and let S € S(E). Then, for every Y C E and
every € > 0 there exist two isomorphisms 1, ¢ : E — E such that

I — Ig|| < e and |[¢ — Ig|| < &, and a closed subspace X C (YY) such
that

(1) ¢(X) and X are mutually nuclearly adjacent quasicomplements.
(2) (¢(X)+X)N S ={0}.

Theorem (dual version)

Suppose that E* is separable and let S € S(E*). Then, for every Y C E*
and every € > 0 there exist two isomorphisms v, ¢ : E — E such that
v — Ig|| < e and ||p — Ig|| <€, and Z C ¢¥*(Y) w*-closed such that

(1) ¢*(Z) and Z are mutually nuclearly adjacent quasicomplements.
(2) (p*(2)+2)nS = {0}.
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Theorem (Johnson, 1973)

Let £ be a Banach space s. t. E* is separable and let Y C E*. Then
there exists a w*-closed quasicomplement Z C E of Y.

Let E be a Banach space s. t. E* is separable and let {Rpy}m>1 C R(E*)
such that

ﬂ R, is spaceable.

m

Then, for every Z C (,,, Rm closed there exists Y C E* w*-closed which is
a quasicomplement of Z and

(9 Rm> nY ={0}.
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© Separable quotients and rangeability
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Proposition (Jiménez Sevilla and Lajara, 2024)

Let E be a Banach space and R € R4(E). Then there exists X C E
closed such that E/X is separable and

codimg(R + X) = .
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Proposition

Let E be a Banach space with a separable quotient and let

{Rm}m>1 C R(E). Then TFAE:

(1) There exists X C E closed such that E/X is separable and
codimg(Ry, + X) = oo for all m > 1.

(2) There exists a pair of quasicomplements X, Y C E such that
codimg(Ry + X+ Y) = oo for all m > 1.

(3) There exists R € Ry4(E) such that codimg(Rm + R) = oo for all
m > 1.
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Let £ be a Banach space with w*-separable dual and let

{Rm}m>1 C R(E). Then TFAE:

(1) There exists X C E closed such that E/X is separable,
codimg(Ry, + X) = 00 and R, N X = {0} for all m > 1.

(2) There exists X C E closed such that E/X is separable,
codimg(Rm + X) = o0 and Ry, N X = {0}, and for every € > 0 there
exists an isomorphism ¢ : E — E with ||¢ — Ig|| < e such that
©(Rm + X) N (Rm + X) = {0} for all m>1 and ¢(X) and X are
mutually nuclearly adjacent quasicomplements.

(3) There exist X, Y C E mutually nuclearly adjacent
quasicomplementary such that Ry, N (X + Y) = {0} for all m > 1.

(4) There exists R € Ry4(E) such that R,, N R = {0} for all m > 1.
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