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State of art in Banach spaces

Every real separable Banach E is isometrically isomorphic to a
closed subspace of C(A), where A = 2.

For every separable Banach space E, there exist a surjective
contractive bounded linear U: ¢1(w) — E.
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State of art in Banach lattices |

Theorem 3 (Leung, Li, Oikhberg, Tursi, 2018)

Every separable Banach lattice X embeds lattice isometrically into
C(A; Li(A)).

Mariusz Niwinski Polish spaces of Banach lattices



State of art in Banach lattices Il

Free Banach lattice generated by a Banach space (Avilés,
Rodriguez, Tradacete, 2017)

Let E be a real Banach space. We define a free Banach lattice
generated by E, denoted by FBL[E] by following universal property.
Let X be any Banach lattice and ¢g: E — FBL[E] be an isometric
embedding. Then for any contractive linear operator T: E — X,
there exist a unique lattice homomorphism T: FBL[E] — X such
that the following diagram commutes

FBL[E]

v N

E—T 3 x

and ||T||B(E,X) = H—’A_HB(FBL[E],X)-

Mariusz Niwinski Polish spaces of Banach lattices



State of art in Banach lattices Il

The free Banach lattice FBL[E] admits an explicit construction.
By "The free Banach lattice generated by a Banach space" (Avilés,
Rodriguez, Tradacete, 2017):

@ Let H[E] = {f: E/ —» R : f — positively homogeneous}
@ Consider a norm

IFlrsuie = sup { S 170+ 0}y © X', sup -7l < 1.
i=1 x€EBE i=1

O Let H[E] = {F € HIE]: |fllrauie < o).
Q Define dg : E 5 x — 05 € Hi[E]

@ A closure of a free vector lattice generated by dg(E), with
respect to || - ||reL[£], Satisfies the universal property of FBL[E].
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State of art in Banach lattices IV

Theorem 4 (Avilés, Rodriguez, Tradacete, 2017)

FBL[¢1(w)] is isometrically lattice isomophic to the FBL(w).

Theorem 5 (de Pagter, Wickstead, 2012)

Let E be a Banach lattice and assume that unit ball of E has a
dense subset of cardinality a. Then there exist a closed ideal J of
FBL(a) such that E is isometrically lattice isomorphic to FBL(a)/J.
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Polish space of separable Banach spaces |

Let X be a Polish space and let F(X) be the collection of all
nonempty closed sets. Let 7 be the topology on F(X)
Admissible topology (Godefroy, Saint-Raymond, 2018)

Q@ Aset EF(U)={E e F(X): UNE # 0} is T—open for every
open set U in X

@ There exist a subbase of 7, such that every element of that
subbase can be represented as a countable union of sets of the
form ET(U)\ET(V).

© Theset {(x,F) € X x F(X) : x € F} is closed in product
topology on X x F(X).
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Polish space of separable Banach spaces Il

Theorem 6 (Godefroy, Saint-Raymond, 2018)

Let 7,7’ be the admissible topologies on F(X). Then every
T—open set is X3 in 7.

Examples of admissible topologies (Godefroy, Saint-Raymond, 2018)

@ Topology induced by a totally bounded distacnce on X

@ Wijsman topology
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Polish space of separable Banach spaces IlI

Theorem 7 (Godefroy, Saint-Raymond, 2018)

Consider a space F(C(A)). Let SB(C(A)) € F(C(A)) will be the
the set of all closed vector subspaces of C(A). Consider a dense
sequence {¢;}jcw C C(A) with ¢9 = 0. Then F € SB(C(A)) iff,
Q@ ¢poEF
Q@ Vp,g,n€w: FNB(¢p,27") =10
VF N B(¢g,2"") =0V F B(qsp - %,21*") £ 0
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Polish space of separable Banach spaces IV

Theorem 8 (Godefroy, Saint-Raymond, 2018)

Consider a separable Banach space X. Then there exist a
continuous functions f;: SB(X) — X such that for all F € SB(X)

we have F = {fj(F) : j € w}.
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Another approach to the Polish space of separable Banach

spaces |

In article "Polish spaces of Banach spaces" (Cath M, Dolezal M,
Doucha M, Kurka O) we are introduced to another approach to
encode the separable Banach spaces:

QP
Q P
QB
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Another approach to the Polish space of separable Banach

spaces |l

Let V be the vector space over Q of all finitely supported
sequences of rational numbers.

Consider a P a space of all seminorms on V. P is closed subset of
RY. hence a Polish space. It can be shown that the subbasis of P
consists of sets of form

Uy ={neP:p(v) e},

where v € V and [ is some open interval.
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Another approach to the Polish space of separable Banach

spaces |l

We can identify 1 € P with its extension onto cyg.
For every € P we define

X, = X/N,

where X = (cpo, 1) and N = {x € cgo : pu(x) = 0}.

Poo denotes space of those pu € P, for which X, is
infinite-dimensional.

B denotes space of those u € P, for which extension of 1 to ¢y is
a norm.
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Another approach to the Polish space of separable Banach

spaces |V

Theorem 9 (Cuath, Dolezal, Doucha, Kurka, 2019)

Consider a infinite-dimensional separable Banach space X. Then

{v € B: X, is finitely representable in X} = (X) N B,

where (X) = {p e B: X, = X}.

Theorem is true if we replace B with P, and P.
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Polish space of separable Banach lattices

Consider a separable Banach lattice E. We can consider a space of
its closed linear subspaces SB(E) and the sequence of continuous
functions {f;};c. that arise from Michael's selection theorem. Let
Ideal(E) denote the set of a closed lattice ideals of E.

F € Ideal(E) iff,

Q@ Vnew:fH(F)N—Ff(F)eF
Q@ Vmnecw:(fm(E)yA0=0)
V_‘(fm(E) A fn(F) = fm(E)) v fm(E) eF
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Projective approach - open questions

Tj: FBL[{1(w)] 3 x = x V 0¢; € FBL[1(w)]
T: FBL[A(w)] 3 x — |x| € FBL[A ()]
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Thank you for attention.
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