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Banach lattice algebras

Definition (Banach lattice algebra)
A Banach lattice algebra is

Banach lattice +

Normed algebra (‖x .y‖ ≤ ‖x‖ ‖y‖) +
(x .y ≥ 0 whenever x , y ≥ 0).

A Banach lattice algebra A is said to be a Banach f -algebra if

f ∧ g = 0 and 0 ≤ h ∈ A imply fh ∧ g = hf ∧ g = 0.

A Banach lattice algebra A is referred to 1-Banach lattice algebra if A has
a unit element e and ‖e‖ = 1.
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Examples

1 If X is a locally compact Hausdorff space then C0(X ), the continuous
scalar functions which vanish at infinity is a Banach lattice algebra

2 L1(R) becomes a Banach lattice algebra under the convolution

f ∗ g(x) =
∫

R
f (t)g(x − t)dt

and the usual order.
3 Let E be a Dedekind complete Banach lattice (every non-empty set
that is bounded above has a supremum). Then

Lr (E ) = span {T ∈ L(E ), 0 ≤ T})

is a Banach lattice algebra with respect ‖T‖r = ‖|T |‖
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2017: A. W.Wickstead: Banach lattice algebras: some questions, but very
few answers. Positivity 21 (2017), no. 2, 803-815.

1 Existence of a positive identity or a positive approximate identity.
2 Structure of the Dedekind completion of BLA
3 Arens regularity of BLA
4 Representation of a BLA
5 The tensor product in this category
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Problem 1 (Existence of a positive approximate identity)

Definition
Let A be a Banach algebra and let M be a positive real number. A net
(eλ)λ∈Λ in A is called

bounded approximate identity (B-A-I) if for every λ ∈ Λ, ‖eλ‖ ≤ M
and for all a ∈ A,

eλa −→ a
Left B-A-I

and aeλ −→ a.
Right B-A-I

Weak bounded approximate identity (weak B-A-I) if for every λ ∈ Λ,
‖eλ‖ ≤ M and for all a ∈ A,

eλa
σ(A,A′)−→ a

Left weak B-A-I
and aeλ

σ(A,A′)−→ a
Right weak B-A-I

Remark: M ≥ 1. When M = 1, (eλ)λ∈Λ is referred to a contractive
approximate identity (C-A-I).
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Criteria for the existence of a positive BAI.

Let A be a Banach lattice algebra. A bounded approximate identity
(eλ)λ∈Λ is said to be positive if eλ ≥ 0, ∀λ

Theorem (Azouzi, J (2023))
Let A be a Banach lattice algebra and M a positive real number.

1 There exists a positive left M-approximate identity if and only if for
every ε > 0 and a ∈ A we can find a positive element e ∈ A satisfying
‖e‖ ≤ M and ‖ea− a‖ < ε.

2 There exists a positive right M-approximate identity if, and only if for
every ε > 0 and a ∈ A we can find a positive element e ∈ A satisfying
‖e‖ ≤ M and ‖ae − a‖ < ε.

3 There exists a positive M-approximate identity if, and only if for every
ε > 0 and a, b ∈ A we can find a positive element e ∈ A satisfying
‖e‖ ≤ M , ‖ea− a‖ < ε and ‖be − b‖ < ε.
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Criteria for the existence of a positive approximate identity.

Proof.
[[Idea of the proof]]
1.:Suppose that for all ε > 0 and a ∈ A we can find a positive element
e ∈ A satisfying ‖e‖ ≤ M and ‖ea− a‖ < ε.
Γ = {F ⊆ A+ : |F | < ∞}

Step 1: For all ε > 0 and F ∈ Γ, there exists a positive element eF ,ε
such that ‖eF ,εa− a‖ ≤ ε for all a ∈ F ( by induction on the
cardinality of F )

Step 2: The net (eF ,ε)(F ,ε)∈Γ×]0,∞[ is a positive left B-A-I.

2. Use (i) in the Banach lattice algebra (A, ∗) where a ∗ b = b.a.
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2. Use (i) in the Banach lattice algebra (A, ∗) where a ∗ b = b.a.
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Existence of positive B-A-I?

Theorem (Bernau, Huijsmans 1990)

Let A be a Banach lattice algebra with identity element e. If ‖e‖ ≤ 1 then
e ≥ 0.

Problem (Wickstead 2017)
If a Banach lattice algebra A has a contractive approximate identity
(eλ)λ∈∆ (i,e,: ‖eλ‖ ≤ 1 for all λ) , must it have a positive approximate
identity ?

Case : A is a Banach f -algebra: Yes
If (eλ)λ be a B-A-I then (e

+
λ )λ is a positive B-A-I. Let 0 ≤ x ∈ A,∥∥e+λ x − x∥∥ = ∥∥(eλx)

+ − x+
∥∥ ≤ ‖eλx − x‖ −→ 0
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Existence of positive B-A-I?

Theorem (Bernau, Huijsmans 1990)

Let A be a Banach lattice algebra with identity element e. If ‖e‖ ≤ 1 then
e ≥ 0.

Problem (Wickstead 2017)
If a Banach lattice algebra A has a contractive approximate identity
(eλ)λ∈∆ (i,e,: ‖eλ‖ ≤ 1 for all λ) , must it have a positive approximate
identity ?

Case : A is a Banach f -algebra: Yes
If (eλ)λ be a B-A-I then (e

+
λ )λ is a positive B-A-I. Let 0 ≤ x ∈ A,∥∥e+λ x − x∥∥ = ∥∥(eλx)

+ − x+
∥∥ ≤ ‖eλx − x‖ −→ 0

(Institute) 14/05 8 / 24



Existence of positive B-A-I?

Theorem (Bernau, Huijsmans 1990)

Let A be a Banach lattice algebra with identity element e. If ‖e‖ ≤ 1 then
e ≥ 0.

Problem (Wickstead 2017)
If a Banach lattice algebra A has a contractive approximate identity
(eλ)λ∈∆ (i,e,: ‖eλ‖ ≤ 1 for all λ) , must it have a positive approximate
identity ?

Case : A is a Banach f -algebra: Yes

If (eλ)λ be a B-A-I then (e
+
λ )λ is a positive B-A-I. Let 0 ≤ x ∈ A,∥∥e+λ x − x∥∥ = ∥∥(eλx)

+ − x+
∥∥ ≤ ‖eλx − x‖ −→ 0

(Institute) 14/05 8 / 24



Existence of positive B-A-I?

Theorem (Bernau, Huijsmans 1990)

Let A be a Banach lattice algebra with identity element e. If ‖e‖ ≤ 1 then
e ≥ 0.

Problem (Wickstead 2017)
If a Banach lattice algebra A has a contractive approximate identity
(eλ)λ∈∆ (i,e,: ‖eλ‖ ≤ 1 for all λ) , must it have a positive approximate
identity ?

Case : A is a Banach f -algebra: Yes
If (eλ)λ be a B-A-I then (e

+
λ )λ is a positive B-A-I.

Let 0 ≤ x ∈ A,∥∥e+λ x − x∥∥ = ∥∥(eλx)
+ − x+

∥∥ ≤ ‖eλx − x‖ −→ 0

(Institute) 14/05 8 / 24



Existence of positive B-A-I?

Theorem (Bernau, Huijsmans 1990)

Let A be a Banach lattice algebra with identity element e. If ‖e‖ ≤ 1 then
e ≥ 0.

Problem (Wickstead 2017)
If a Banach lattice algebra A has a contractive approximate identity
(eλ)λ∈∆ (i,e,: ‖eλ‖ ≤ 1 for all λ) , must it have a positive approximate
identity ?

Case : A is a Banach f -algebra: Yes
If (eλ)λ be a B-A-I then (e

+
λ )λ is a positive B-A-I. Let 0 ≤ x ∈ A,∥∥e+λ x − x∥∥ = ∥∥(eλx)

+ − x+
∥∥ ≤ ‖eλx − x‖ −→ 0

(Institute) 14/05 8 / 24



General case

A denote a Banach lattice algebra

1 For all x ∈ A we define f .x : y 7−→ f (yx).

τx : A′ −→ A′

f 7−→ f .x

2 For all F ∈ A′′ we define F .f : x 7−→ F (f .x)

τF : A′ −→ A′

f 7−→ F .f : x 7−→ F (f .x)

τx , τF ∈ Lr (A′)
‖τx‖ ≤ ‖x‖ and ‖τF ‖ ≤ ‖F‖.

(Institute) 14/05 9 / 24
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Lemma (Azouzi, J 2023)
Let E be a Banach lattice and T , S two positive operators on E such that
‖T‖ ≤ 1 and T = Id+S . Then T = Id .

Sketch of a proof: It follows from the following formula

T n = (Id+S)n ≥ Id+nS ≥ 0.

implies that n ‖S‖ − 1 ≤ 1 for all n = 1, 2, ... and S = 0.

Proof.
[New proof of Bernau-Huijsmans Theorem]
Assume that the unit element e in A has ‖e‖ ≤ 1. We apply the Lemma to
E = A′, T = τe+ : f −→ f .e+ and S = τe− : f −→ f .e−

τe+ = τe + τe− = IdA′ + τe− , ‖τe+ ‖ ≤
∥∥e+∥∥ ≤ 1 and τe− ≥ 0.

We get τe−(f ) = 0 for all f ∈ A′.So f (e−) = τe−(f )(e) = 0 =⇒
e+ = e ≥ 0.

(Institute) 14/05 10 / 24
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Contractive B-A-I implies weak positive B-A-I

Theorem (Azouzi, J (2023)

Let A be a Banach lattice algebra and (eλ)λ∈∆ be a (left, right)
approximate identity. If ‖eλ‖ ≤ 1 for all λ, then there exist a subnet
(e+β )β∈Γ which is a weak contractive (left, right) approximate identity.

Proof.

[Idea of the proof] From
∥∥e+λ ∥∥ ≤ 1 and ∥∥e−λ ∥∥ ≤ 1 and using the

w ∗-compacity of the unit closed ball of A′′, We can suppose that
e+λ

w ∗−→ V ∈ A′′ and e−λ
w ∗−→ W ∈ A′′. E = V −W ∈ A′′.

τE (f )(x) = lim
λ
f (eλx) = f (x), ∀f ∈ A′ and x ∈ A.

τV = idA′ + τW and ‖τV ‖ ≤ 1.

Lemma 1 =⇒ that τV = idA′ =⇒ ∀ f ∈ A′ and x ∈ A,

lim
λ
f (e+λ x) = τV (f )(x) = f (x).

(Institute) 14/05 11 / 24
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The existence of a positive weak B-A-I equivalent to the
existence of a positive B-A-I

Theorem (Azouzi, J 2023)

Let A be a Banach lattice algebra. Then A has a positive (left, right)
B-A-I if and only if A has a (left, right) positive weak B-A-I.

Proof.
[Idea of the proof]
Assume that (eλ)λ∈∆ is a positive weak left B-A-I (f (eλa) −→ f (a) for all
a ∈ A and f ∈ A′). Let C = CH({eλ : λ ∈ ∆}) ⊆ A+. For a given a ∈ A,
Ca = {ea : e ∈ C}.By hypothesis a ∈ Ca

weak
.

Mazur Theorem =⇒ a ∈ Ca .Consequently, for all ε > 0 there exist
e ∈ A+ such that ‖ea− a‖ < ε and ‖e‖ ≤ M.

(Institute) 14/05 12 / 24



The existence of a positive weak B-A-I equivalent to the
existence of a positive B-A-I

Theorem (Azouzi, J 2023)

Let A be a Banach lattice algebra. Then A has a positive (left, right)
B-A-I if and only if A has a (left, right) positive weak B-A-I.

Proof.
[Idea of the proof]
Assume that (eλ)λ∈∆ is a positive weak left B-A-I (f (eλa) −→ f (a) for all
a ∈ A and f ∈ A′). Let C = CH({eλ : λ ∈ ∆}) ⊆ A+. For a given a ∈ A,
Ca = {ea : e ∈ C}.By hypothesis a ∈ Ca

weak
.

Mazur Theorem =⇒ a ∈ Ca .Consequently, for all ε > 0 there exist
e ∈ A+ such that ‖ea− a‖ < ε and ‖e‖ ≤ M.

(Institute) 14/05 12 / 24



The existence of a positive weak B-A-I equivalent to the
existence of a positive B-A-I

Theorem (Azouzi, J 2023)

Let A be a Banach lattice algebra. Then A has a positive (left, right)
B-A-I if and only if A has a (left, right) positive weak B-A-I.

Proof.
[Idea of the proof]
Assume that (eλ)λ∈∆ is a positive weak left B-A-I (f (eλa) −→ f (a) for all
a ∈ A and f ∈ A′).

Let C = CH({eλ : λ ∈ ∆}) ⊆ A+. For a given a ∈ A,
Ca = {ea : e ∈ C}.By hypothesis a ∈ Ca

weak
.

Mazur Theorem =⇒ a ∈ Ca .Consequently, for all ε > 0 there exist
e ∈ A+ such that ‖ea− a‖ < ε and ‖e‖ ≤ M.

(Institute) 14/05 12 / 24



The existence of a positive weak B-A-I equivalent to the
existence of a positive B-A-I

Theorem (Azouzi, J 2023)

Let A be a Banach lattice algebra. Then A has a positive (left, right)
B-A-I if and only if A has a (left, right) positive weak B-A-I.

Proof.
[Idea of the proof]
Assume that (eλ)λ∈∆ is a positive weak left B-A-I (f (eλa) −→ f (a) for all
a ∈ A and f ∈ A′). Let C = CH({eλ : λ ∈ ∆}) ⊆ A+. For a given a ∈ A,
Ca = {ea : e ∈ C}.

By hypothesis a ∈ Ca
weak

.
Mazur Theorem =⇒ a ∈ Ca .Consequently, for all ε > 0 there exist
e ∈ A+ such that ‖ea− a‖ < ε and ‖e‖ ≤ M.

(Institute) 14/05 12 / 24



The existence of a positive weak B-A-I equivalent to the
existence of a positive B-A-I

Theorem (Azouzi, J 2023)

Let A be a Banach lattice algebra. Then A has a positive (left, right)
B-A-I if and only if A has a (left, right) positive weak B-A-I.

Proof.
[Idea of the proof]
Assume that (eλ)λ∈∆ is a positive weak left B-A-I (f (eλa) −→ f (a) for all
a ∈ A and f ∈ A′). Let C = CH({eλ : λ ∈ ∆}) ⊆ A+. For a given a ∈ A,
Ca = {ea : e ∈ C}.By hypothesis a ∈ Ca

weak
.

Mazur Theorem =⇒ a ∈ Ca .Consequently, for all ε > 0 there exist
e ∈ A+ such that ‖ea− a‖ < ε and ‖e‖ ≤ M.

(Institute) 14/05 12 / 24



The existence of a positive weak B-A-I equivalent to the
existence of a positive B-A-I

Theorem (Azouzi, J 2023)

Let A be a Banach lattice algebra. Then A has a positive (left, right)
B-A-I if and only if A has a (left, right) positive weak B-A-I.

Proof.
[Idea of the proof]
Assume that (eλ)λ∈∆ is a positive weak left B-A-I (f (eλa) −→ f (a) for all
a ∈ A and f ∈ A′). Let C = CH({eλ : λ ∈ ∆}) ⊆ A+. For a given a ∈ A,
Ca = {ea : e ∈ C}.By hypothesis a ∈ Ca

weak
.

Mazur Theorem =⇒ a ∈ Ca .

Consequently, for all ε > 0 there exist
e ∈ A+ such that ‖ea− a‖ < ε and ‖e‖ ≤ M.

(Institute) 14/05 12 / 24



The existence of a positive weak B-A-I equivalent to the
existence of a positive B-A-I

Theorem (Azouzi, J 2023)

Let A be a Banach lattice algebra. Then A has a positive (left, right)
B-A-I if and only if A has a (left, right) positive weak B-A-I.

Proof.
[Idea of the proof]
Assume that (eλ)λ∈∆ is a positive weak left B-A-I (f (eλa) −→ f (a) for all
a ∈ A and f ∈ A′). Let C = CH({eλ : λ ∈ ∆}) ⊆ A+. For a given a ∈ A,
Ca = {ea : e ∈ C}.By hypothesis a ∈ Ca

weak
.

Mazur Theorem =⇒ a ∈ Ca .Consequently, for all ε > 0 there exist
e ∈ A+ such that ‖ea− a‖ < ε and ‖e‖ ≤ M.

(Institute) 14/05 12 / 24



The existence of a positive weak B-A-I equivalent to the
existence of a positive B-A-I

Theorem (Azouzi, J 2023)

Let A be a Banach lattice algebra. Then A has a positive (left, right)
B-A-I if and only if A has a (left, right) positive weak B-A-I.

Proof.
[Idea of the proof]
Assume that (eλ)λ∈∆ is a positive weak left B-A-I (f (eλa) −→ f (a) for all
a ∈ A and f ∈ A′). Let C = CH({eλ : λ ∈ ∆}) ⊆ A+. For a given a ∈ A,
Ca = {ea : e ∈ C}.By hypothesis a ∈ Ca

weak
.

Mazur Theorem =⇒ a ∈ Ca .Consequently, for all ε > 0 there exist
e ∈ A+ such that ‖ea− a‖ < ε and ‖e‖ ≤ M.

(Institute) 14/05 12 / 24



Open problems

If A is a Banach algebra which possesses both a left B-A-I and right B-A-I
then A has a two sided B-A-I.

Indeed, Let (eα)α∈∆ be a left B-A-I and (fβ)β∈Γ be a right B-A-I. Then
(u(α,β))(α,β)

u(α,β) = eα + fβ − fβeα.

is a B-A-I.

Problem
If a Banach lattice algebra A possesses both left and right positive
approximate identities, does A necessarily admit a positive approximate
identity?
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Open problems

Fact (Cohen’s factorization property)

If A is a Banach algebra with a B-A-I. Then A = A2 =
{
xy : (x , y) ∈ A2

}

Problem
(Positive Cohen’s Factorization): If a Banach lattice algebra A has a
positive approximate identity, Does A+ =

{
xy : (x , y) ∈ A+2

}
holds?

Remark: The answer is positive if A is a Banach f -algebra with
positive approximate identity. Let 0 ≤ x ∈ A, By Cohen’s
factorization x = ab. So, x = |x | = |a| |b|.
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Problem 2: The positive projective tensor product.

Problem : Can we developpe a theory of tensor product of Banach lattice
algebras?
Let E and F be Banach lattices. E ⊗ F their algebraic tensor product.
On E ⊗ F , Fremlin introduced the positive projective norm ‖.‖|π|

‖u‖|π| = sup{‖ϕ̂(u)‖ : ϕ ∈ L} for all u ∈ E ⊗ F ,

where L is the set of all positive bilinear maps from E × F to all Banach
lattices G with norm ≤ 1 and ϕ̂ : E ⊗ F −→ G is the linear map
corresponding to ϕ.

‖x ⊗ y‖|π| = ‖x‖|π| ‖y‖|π| for all x ∈ E , y ∈ F

(Institute) 14/05 15 / 24
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Positive projective tensor product

Theorem (Fremlin 1974)
Let E ⊗|π| F denote the completion of E ⊗ F with respect to the positive
projective norm ‖u‖|π|.

1 E ⊗|π| F is a Banach lattice.

2 (Universal property): For any Banach lattice G and any positive
bilinear map ϕ : E × F −→ G there exist a unique positive linear map
T : E ⊗|π| F −→ G such that ϕ(x , y) = T (x ⊗ y) for all
(x , y) ∈ E × F .

Examples

C0(X )⊗|π| C0(Y ) = C0(X × Y ).

`1 ⊗|π| F =
{
x = (xn) ∈ FN : ‖x‖ =

∞
∑
n=1
‖xn‖ < ∞

}

(Institute) 14/05 16 / 24
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Fremlin tensor product of Banach lattice algebras

Let A and B be Banach lattice algebras.The algebraic tensor product
A⊗ B can be furnished in a canonical way with an algebra product
satisfying

(a⊗ b)(a′ ⊗ b′) = (aa′ ⊗ bb′).

Theorem (Jaber 2021)
The canonical multiplication can be extended to a Banach lattice algebra
product on the Fremlin projective tensor product A⊗|π| B.
Moreover, A⊗|π| B satisfy the universal property:
For any Banach lattice algebra G and any bilinear and multiplicative
ϕ : E × F −→ G there exist a unique positive multiplicative linear map
T : E ⊗|π| F −→ G such that ϕ(x , y) = T (x ⊗ y) for all (x , y) ∈ E × F .

(Institute) 14/05 17 / 24
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Problem 3: Existence of a B-A-I in the positive projective
tensor product

Theorem (J 2021)

Let A and B be a Banach algebras with positive (left, right) B-A-I. Then
their Fremlin projective tensor product A⊗|π| B has a (left,right) positive
B-A-I.

Proof.
[[Idea of the proof] ] If (eλ)λ∈∆is a positive left B-A-I in A and (fβ)β∈Γ a
positive B-A-I in B. Consider (eλ ⊗ fβ)(λ,β)∈∆×Γ in A⊗|π| B.

(eλ ⊗ fβ)(a⊗ b) = eλa⊗ fβb −→ a⊗ b for all a ∈ A and b ∈ B.
(eλ ⊗ fβ)u −→ u for all u ∈ A⊗|π| B
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Converse

Theorem (Azouzi, J 2023)
Let A and B be two Banach lattice algebras. Then the Fremlin projective
tensor product A⊗|π| B has a positive (left-right) bounded approximate
identity if and only if both A and B have a positive (left-right) bounded

Proof.
Assume that (uλ)λ∈∆ be a positive B-A-I in A⊗|π| B. Choose 0 ≤ x ∈ A
and 0 ≤ f ∈ A′ with f (x) = 1. Let ϕ : (a, b) −→ f (a)b

U .P
=⇒ there exist

Tf : A⊗|π| B −→ B with Tf (a⊗ b) = f (a)b. Let y ∈ B.

Tf .x (a⊗ b)y = Tf ((a⊗ b)(x ⊗ y)) for all (a, b) ∈ A× B. (1)

Tf .x (uλ)y = Tf (uλ(x ⊗ y)) −→ Tf (x ⊗ y) = y (2)
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Representation of approximately unital Banach lattice
algebra

Problem (Wickstead 2017)

Is every Banach lattice algebra (isometrically) isomorphic to a closed
subalgebra and sublattice of some algebra of regular operators Lr (E )?

Let A be a Banach lattice algebra with a contractive B-A-I.
for all x ∈ A,

σx : A′ −→ A′

f 7−→ f .x
f .x : y 7−→ f (yx)

1 σx ∈ Lr (A′) for all x ∈ A.
2 σxy = σx ◦ σy for all x , y ∈ A.
3 ‖σx‖ = ‖x‖ for all x ∈ A.
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Representation of approximately unital Banach f-algebra

Theorem
Let A be a approximately unital Banach f -algebra, then A is isomorphic to
a closed subalgebra and sublattice of Lr (A′).

Proof.
[Idea] If A is an f -algebra then for all 0 ≤ f ∈ A′, (f .x) = f .x+. So,
|σ(x)| = σ(|x |) for all x ∈ A.
‖σ(x)‖r = ‖|σ(x)|‖ = ‖|x |‖ = ‖x‖.
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Thank you very much
Muchas gracias
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